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'CLASSIFICATION OF THE NORMAL SUBGROUPS OF GLn(R)
CHAPTER I
THE NORMAL SUBGROUP PROBLEM

Let R be a ring and n a positive integer. Denote by
(R)n the ring of alln xn matrices with elements in R. Let

GLn(R), the general linear croup, be the group of all inver-

tible elements of (R)n. The elementary matrix units Eij are

- those elements of (R)n with 1 in the ith rowv and jth

column
and 0 in all other 'positions, From these we form thé elemen-

tary transvections Tijﬁx) =1+ AEij where I is the n xn iden-

tity matrix, A is in R, and i#j. The group generated by
{Tij(A)Ii#j,li;,jip,xﬁxR},is denoted by En(R) and is called

the group of elementary transvections. For any element o

th h

of (R)n we denote by oij the element in the i~ row and jt
coiumn of o.

Let A be a two-sided ideal of R. The surjective ring

morphism A:R+*R/A induces a natural group morphism

AA:GLn(R)+GLn(R/A). The normai Subgroup of En(R) generated
1
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by all elementary transvections in the kernel of AA is denoted

by En(R,A) and is called Ehe elementary congruence subgroup

of level A. The general congruence subgroup of level A, de-

noted by GLn(R,A), is the inverse image under AA of the center

of GLn(R/A).

A normal subgroup H of GLn(R) is said to be standard

normal if there is a two-sided ideal A such that

E_(RA) < H < G (R,A).
The "normal subgroup problem" is then one of determining when
normal subgroups of GLn(R) are standard normal.

If R is a field; then noncentral normal subgroups of Gpn(R) where
n>3 contain.the special'linear~groqb (see Artin [1], Dieudonné
fﬁ]). Brenner ([4],[5]1,[6]) was the first to examine the
problem for a ring which was not a field. He showed that if
n>3, the normal subgroups of GLn(R) are standard normal where
R is the ring of rational integers or its residue class rings.
In 1961, Klingenberg [9] characterized the normal subgroups
of GL, (R) as standard normal if n>3 and R is a commutative
local ring with 2 a unit. Later Dennin and McQuillan [7]

were to show this for semilocal rings. In 1964 Bass [3]

showed that for any ring R, normal subgroups of GLn(R) are

standard normal if n>max {2,stable range of R}. He also
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showed that for any ring R, normal subgroups of
GL(R) = |} GL, (R) are staﬁdard normal. If F is a free
n
R-module of dimension n, then GLn(R) is isomorphic to
{0:F+F|0 is an invertible linear map}. Thus if V is free
of infinite dimension, we denote {o:V+V|c is an invertible

linear mapl} by GL(V). Some work has also been done [10]

on the "normal subgroup problem" for normal subgroups of

GL(V).
A significant result by J.S. Wilson [15] in 1970

shows that for any commutative ring R, normal subgroups of

GL (R) are standard normal if n>4.

Suppose n>4 and let A = [aij] be annxn invertible
matrix over an arbitrary ring R. The matrix A is invertible
means there is a matrix B with AB = BA = I. Let A = [b,.] .

Consider the system of equations

)
bnl Xl + bn3x3 + ...t bnan =0

that is, a system whose coefficient matrix is the submatrix

~1

of A obtained by deleting the first row and second column
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of a”L

. Denote the above system by S(<1,2>,A). We may
construct S(<i,j>,A) similarly.
Wilson's argument depends on the»solvability of the

system S(<i,j>,A) for all distinct i and j and all invertible

A when R is a commutative ring. Ananalysis of this proof in II

shows that for any ring R (not necessarily commutative) the
solvability of such systems is sufficient to show that normal
s&bgroups of GLn(R) are standard normal when n > 4.

The case n ; 2 has always been more difficult to
investigate. Dieudonné [8] showed that for R a field, the
normal subgroups of GLz(ﬁ) are standard normal. The ring of
integers, however, was shown by Mennicke [12] to give patho-

logical results to the normal subgroup problem. Klingenberg

[9] was able to show that if R is a local ring with 2 a unit,
the normal subgroups of GLZ(R) are again standard normal.

Thus, it appears that the structure of GLZ(R) depends
on the number of units of R, since fields and local rings,
rings with many units, have standard normal subgroups of
GLZ(R), while the ring of integers, a ring with few units,
does not.‘ Hence, McDonald [11] shows that normal subgroups
of GLZ(R) are standard normal when R is a ring "with many

units."



CHAPTER II
CLASSIFICATION OF NORMAL SUBGROUPS

Let R be a ring and suppose that the system
S(<i,j>,A), i#j, described in the previous chapter has a
solution; We will show that all normal subgroups H of
GL (R) are standard normal for n2>4.

Let o = [cij] be in GL, (R). Define the order of
0, denoted by 0(c), to be the two-sided ideal generated by
{oijllii,jip, i#j} together with {Uii-cjjllii,jgp,i¢j}.
For H a subgroup of GLn(R), define 0(H), the order of H,

by 0(H) = Z 0(0).
oinH

Iema II.1 Let ¢ be in GLn(R) and B = ofl. Then

0(c) =-0(B).

Proof Let 0 = Ao (gy (o) and B = Ao(g) (B) (see page 1). Then
I=2g(g) T = Ag(g) (9B) = Xg(g) (0) Ag(q) (B) = OB But

oI for some a« in R/0(0). Thus, I = (0I)B = aB. Then

al
]

5
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for every i, 1l<i<n, aﬁii = 1 in R/0(c). Thus & is a unit in

R/0(c). Hence B = o« 1. Thus 0(8) = 0(0).

Theorem II.2 Let H be a subgroup of GLn(R) normalized by

E (R) with n>4. Let B = 10(0) where the sum extends over all
0 in H differing from the identity by at most two columns.
Then 0(H) is contained in B.

Proof We show first that for any ¢ in H, all off-diagonal
positions of ¢ are in B. This is done by constructing, for

each Gij' an element q of GLn(R) whose order, 0(q), contains

Uij and is contained in B.

- : -1 _ . _
Let 0 = [oij] be in H and let © = f = [Bij].

Consider the system of equations S(<1,2>,0):
B X tBygXathy X pte By X) = 09

B3le+B33X3+B34X4+. . .+B3an =0

x1+s X.+B +...+B8__X = 0

Bnl n3"3 n4x4 nn“n

By hypothesis this system has a solution. Then let

L ox 0]
0 l 0...0
0 X 1...0
3 ® &
g= . * L ] L] °
0 X 0...1




Now

72

T (I+X
r#2

1;2 Tr2 (Xr) °

Hence g is in En(R).

But

I BXI%QO =

2 *

Now

r#2

I+ Z X_E

A2 s s2

o

rErZ)

let p = [o0,9]

I+ I Xr Er2

B(I- & errz)c(I

-z

r#2

o g 1og.

t;é xsEsz)

erErZ

311x1+313x3+---+31n35 0

L.o Bn1x1+8n3x3+...+8nnxn 0
] B x_1 Onq . O o]
iy 1T [923,922/ * =+ 9]
rizszrxr
rﬁzsnrxr

Then

r#2
s#2

g - Z(BXrEr

o

O ¢ o 0

2§)XéEs

2.



-l -
AL (031 0221 =+ 40q]
%21
- 0
0
r' * * .. * -
o 2 G0 0s+0
21 21722 217 2n
= 0 0 ees O .
0 0 .ee O
Then
ré X OQOIF r.* * ‘oo e * ] '-.* * oo *.—
1
2 2 '
0 0 0...0 021 021022 °21°2n 021 021022...02102 n
XE,.
p_= 0 X3 00..0 — 0 0 oo 0 - 2 0 0 * o0 0 ssz
. . ] . - [} . sfz L ] '] [ ]
0 X 0...0 0 0 ees O 0 0 0
N n - b el ot —d
Thus for i>2 and j#2,
(p—-I)ij =0, (1)

Let 0(p) be the two-sided ideal generated by
{(p—I)Zjllf_jf_n}. We note that since Py is in 0(p) for j#¥2

and Pyo=1 = Ppy ~ P33 is in O0(p), then O0(p) is contained in 0(p).



Now (P‘I)zj = "‘51(62j+s§2°25x86j2) where

5.. = 1 if i=j
ij 0 if i#3°
Thus for j#2, (p'I)2j="°21°2j and hence '021°2j is in O(p) for j#2.

Then

(p-I) 55 = ~0p; (Op5+ sﬁz‘%sxs)

- - DA
= " 91%0%g#2 (79219250 %5 -
- % —(om
SO 051023 = g2 (021955) %5~ (P=1) 55

But from above, each of the coefficients of xs is in

o(p) and by definition of o(p), (p—I)22 is in 0(p). Thus

A

since o(p) is an ideal, 951922 is in o(p).
Since oB = I,

21 = %211

n

= 0,,(Z 0,.B.,)
21j=1 23732

g

n
= I(o

51 21%25'852°

But as shown above, the coefficient 021°2j is in 0(p) for

1<j<n. Thus 0,; is in 0(p).
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Now choose distinct r and s with r,s<n and s>2.

1f q = p~1, 1et

o
!

= [p,I + Ers]

q(I-Ers)p(I+Ers)

' = I-q E.gP B o= @ Ep P + Epge

Then (b-I)ij = Girajs - qirpsj - jsqixpsr. But since s>2,
then by (1),
o = st if j#2 and p _ Gsr=0 if r#2 .
P sr ~ .
SJ Pgo if j=2 Pgo if r=2

Thus

(b=I) ;5 = 85,855 = 9385518550~ 3,R205:05,0559;,Psp

= 8;:8567 U3p0557 U3rPg2025702, 85593 Ps2e @)

Then (b--I)ij = 0 if j#z and j#s; that is, b differs from the

th

identity matrix only in the second and the s column.

We now show that for all distinct i and r, 5y is in

B and q;; is in B and hence 0(g) is contained in B.

T 9pr

Since n>4, then given i and r we may choose s with s>2 and

s#r and thus obtain a matrix b as above. Then from (2),

é $

(b-1);, ir82s™ 9ir8s2™ 93,Ps2822™ 82192595, Ps2

- qir?s2
and
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)

(b=I)g™ 63,855~ T3.855™ Ti7Ps2825™ S2r95s9irPs2
= 85 i~ 85,95, Pgp .
Thus
_ (s) -
0 ~q;, g, 0. . .0 =gy (1+§, p_,) 0. . .0
b-I= L J [ ] L] [ ] - - [ 3 .
(r) { O Ty Pgo 0. . .0 l-qrr(1+62rpsz) 0. . .0
0 ~4yPgy 0. . .0 =g (146, p) 0... .0 |

Hence the off—diagonai positions of b contain the elements
R ) where i#2, -qir(1+62rpsz) where i#r and i#s, and
l—qrr(l+52rp52). The differences of dlagona; positions of

b are given b_Y qzrpszl qsr(l+62rp52) [4 and qzrpsz' qsr(1+62rp52)'

From this we see that for all i, g; p_, and 8, =95 (148, Pg,)

are in 0(b). It follows that if r=2, then for all i,

[q; Pl + 185,795 (M8, Po) ] = q P ot 6557 Q55 (148,5p,5) =

512’q12 = Gir—qir is in 0(b). Also, if r#2, then for all

i, Gir-qir(l+62rpsz) = éir— d is in 0(b).

Thus, for every i and r, there exists a matrix b in

H which differs from the identity in at most two columns with
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$ in O0(b). Hence, for every i and r, §

ir %ir ir~9ip 1
In particular, if i¥r, q . is in B and d4i"9pp = (l-qrr) -
(l-qii), as the sum of elements of B, is in B. Since all
the generators of 0(q) are of these forms, 0(g) is contained
in B.
Now 0,4 is in O?p) which is contained in 0(p) and
since q = p-l, 0(p) = O(q) by II.1. Thus 0, is contained'
in o(g) and hence in B.
Similarly , we can show cij is in B for all i and j
with i#j.
Next we show that all differences of diégonal positions

of elements of H are in B. Let

_ -1
£ = (1+E,) o1 + Ep,)
= (I - Elz) o(I + Elz)
=0 - ElZO' + 0 E12 - EIZGEIZ
%31 %12°°*%1n 991 022...02;1 0 011 0...0
= |0gy Ogpe++0gyy 0 0 ... 0 0 gy 0...0
. . « ™ . . . + . . . .
Onl onzcooona L—O 0 2 e e 0.-l L? O'nl 00..0_!
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‘117%1  %127%2"117%1  %13™%3 -+ -+ i m
%21 9227921 %3 ... x .
i n1 n2"%n1 %n3 * ° “nn

Since H is normalized by En(R), t is in H. By the first
part of this proof, all off-diagonal positions of elements
of H are in B. Thus t12 = 01570,5%0,1=05; is in B. But
again by the first part of this proof, 051 and 0, are in B.
Hence (012-022+011-021) + 05y = O35 = 0qq = 0Oy, is in B.

A similar argument shows 043 ~ °jj is in B for all
i and j with i#j.

Thus all elements of the forms oij and oii-o with

33

| i#j are in B. Hence 0(c) is contained in B.
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Since ¢ was arbitrary in H,0(H) is contained in

B and the proof is complete.

Theorem II.3 Let H be a subgroup of GLn(R) normalized

by En(R) where n>4. Then En(R,O(H)) is a subgroup of H.

Proof Let B = £ 0(h) where the summation extends over all
' h

h with h differing from the identity in only one row.

Vie shoh first that B = 0(H). Let h be in H with h
differing from the identity by at most two columns. We may -
assume without loss of generality that h differs from the

identity in the first two columns, that is,

* % 0

- A

Choose r and s with r#s and r>2 and form

P = [hlI"'Ers]

-1
h (I—Ers)h(I+Ers)

1 1

= I-h Ersh+Ers-h ErShErs'
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By direct computation, we find that (h"l).. = 5., for j>2.

ij ij

1

~ s R _
Then, since h ErshErs 0,

o w1
p-1I-= Ers h Ersh

= E.g - E gh

L]
o
L]
L]
.
A J
L]

s

o O
o O

0
(r) fhgy hgpy O - - . e .0 if s>2

Ers- 0 0 o ... 0
(r) |hgy hgy 0 « . . 0 if 5_52
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So (p-I)ij = sirsjs - (SlrhsJ Now p differs from the

. . . th . .
identity only in the r~ row. So prj with j#r and Prr=P11

are in B. But if j#r, p -h_. and p_.-p;; = § . ~h_..

rj st sJ
Hence st_hsj is in B for all j.

Now let j and s be arbitrary with j#s. Then since

n>4, we may choose r with r#¥s and r>2 and form p as above.

By the above, st-hsj = "hsj is in B and Gss-hss = l-hss is

in B. An logou t sh that 6.. - h,. = 1-h.. i

in analogous argument shows a 55 33 33 is |
in B. Thus, hss-hjj = (l-hjj) - (1—hss) is in B. Hence 0(h)

is contained in B. Since h was an arbitrary element of H
differing fram the identity in at most two columns, B is contained
in B where B is defined as in II.2. But by II.2, 0(H) is

contained in B. Hence 0(H) is contained in B. But B is

contained in 0(H). Hence 0(H) = B.
We wish to show now that En(R,O(H)) is contained in
H. But since 0(H) = B, En(R,O(H)) is generated by elements

of the form I + AEij where i#j and A is in B, hence'by elements

of the form I + AEij where i#j and A is in 0(k) for some k in

H differing from the identity in only one row. 1In fact, then,

E, (R,0(H)) is generated by elements of the form I + (k. - rt)E 197

i#j, where k 1is "an element of H differing from the
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identity in only the rth row. We show that all such elements

are contained in H.

Let k be in H with k differing from I in only the

rth row. Let i and j with i¥j be given. Since n>4, we may

choose s with s#i, s#r, and s#t; Form y = [I+Ets'k-1] which

is in H since k is in H and H is neormalized by En(R). Then

T -1 -1
y=1I-E_+kE_K " +E_kE K",

By direct computation we find that k™1 also differs

from the identity in only the rt row. Now

(‘_‘ (S)T

1w

L (r) .
k E = L _k ‘

if t#r

ts
(s)

K\ krﬁ" (t=r)

where zeros occur in all unmarked positions of these matrices.

if t=r

It is easy to show then that
// (s)
1 - (t)

" if r#t
| -1 4 . (r)
kK Etsk = rt o

(s)

k (t=xr) ‘if r=t

rt
\ |




Ets + krtErs if r#t
krt Ers if r=t

rt “rs

Also< Ets k Ets k™= = 0.

Thus

Yy=I=-E + Kk E + (l Ser)Ees

‘Hence if r=t, y=I + ({c_rr-l)Ers and if r#t, y = I+krtErs

E which is in H.

This says y = I + (krt - drt) rs

Suppose j#r. If j=s, this gives y = I + (krt rt)Erj

in H. If j#s, [y,I+Esj] = [I+(kit-5rt)Ers’I+Esj] = I +

(krt-srt)Erj is in H since H is normalized by En(R). Hence

JE_. is in H for all j with j#r. If ifr and i#j,

I+(kt reFr;

=I+ (k . is in H since H is

[I+Elr,I+( : rt-srt)EiJ

rt~ rt)ErJ]

normalized by En(R). Thus I + (k E, j is in H for all

rt” rt)
i and j with i#j. Since this is an arbitrary generator of

En(R,O(ﬁ)), En(R,d(H)) is contained in H and the prdof is

complete.
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Theorem II.4 Let H be a subgroup of GLn(R) normalized by

E,(R) and suppose E (R,O(H)) is contained in H. Then

AO(H)(H) is contained in the center of GLn(R/O(H)).

Proof Recall the natural group morphism AO(H):GLn(R) -
GL_ (R/O(H)). Let H= Ao (n) (H). Clearly H ={ oI|la is a unit

in R/0(H)}. Now since H is normalized by E (R) and

AO(H):En(R)->En(R/O(H)) is surjective, H is normalized by
En (R/O(H)) .

We show now that H is contained in the penter'of
GLn(R/O(H)). Note that the center of GLn(R/O(H)) =
{A1|x is in the center of R/C(H)}. Then let oI be in H

and let B be in R/O(H). Since H is normalized by E,(R/O(H)),

y = (I+B‘E1'2) (o) (I—Eglz) is in H. But

y = (a+B 0 E;,) (I-BE;,)

al+B o E n=0 B Eig

Since y is in H, B o - a B = 0, that is, B o = o B. Thus
@ lies in the center of R/0(H). Hence al lies in the center
of GLn(R/O(H)). Thus H is contained in the center of

GLn(R/O(H)).
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The following theorem gives the desired result that

the normal subgroups of GLn(R) are standard normal if n>4.

Theorem IX.5 Let H be a subgroup of GLn(R) normalized by

E (R) with n>4. Then E_(R,0(H)) < H < GL (R,0(H)).

Proof By II.3, En(R,O(H)) is contained in H. Then by II.4,

AO(H)(H) lies in the center of GLn(R/O(H)). But

GLq(R,O(H)) is the inverse image under AO(H) of the center
of GLn(R/O(H)). Hence H is contained in GLn(R,O(H)).

This ansvers, in a sense, half of the normal subgroup
problem. The normal subgroups are shcwn to be sandwiched be-
tween congruence subgroups of certain types. It remains to
be shown that En(R) and En(R,A) are themselves normal sub-

groups. If R is commutative, the normality of En(R) and

En(R,A) was proven by Suslin in a letter to H. Bass in 1975
(A short proof of this occurs in the appendix of B.R. McDonald,
"Automorphisms of GLn(R)," Trans. A.M.S. 246 (1978), 170-171.).
At the writing of this paper the qguestion remains open for R

noncommutative.



CHAPTER III

SOLUTIONS OF S(<i,j>,A)

In Chapter II we showed that for any ring R in
which we have solutions to all systems S(<i,j>,A), i#j,
the normal subgroups of GLn(R) are standard normal when
n>4. In this chapter we examine various rings in which the

solvability of the £(<i,j>,A) occurs.

(a) Commutative Rings

Let R be a commutative ring and A an element of

GLn(R). Consider the system S(<1,2>,A). If A = [aij] and

aAl=3-= (b;;1, then S(<1,2>,A) is the system

b,,X, + Db

21%1 23X3 + e + b, X = a21

2n"n

b31X1 + b33X3 + ... + b3an =0 .

bnlxl + bn

i
o

3X3 + o e o + bnnxn

Iet M be the coefficient matrix of this system.

21
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Denote the cofactor of b2i in M by Mo Then by Laplace

expansion, I b, M, _ = 0 for i>2 and I b, M, = det M.
r#2 ir2r r#2 2r 2r

The cofactor of b12 in B is -det M. Since

= 1 __ aa4
A= T2EE) adj (B),
a,. = ———c (adj(B))
21 © Fer(y) ‘221
= =~ __ (cofactor in B of b,,)
det (B) 12

1
'a"e"t_(' "B ) ( -det M)

Thus det M = -det(B)a21

Then setting X, = - dei(B M2i for i=1,3,4,...,n,

we.get a solution to the system S(<1,2>,34).

Similarly we- may solve S$(<i,j>,A) where

'1iijfp and i#j. This was Wilson's approach in [15].

(b)  Division Rings

Let k be a division ring and let A be an element
of GL,(k). The system S(<i,j>,A) is a system of equations

with coefficients in k.
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To show the solvability of S(<i,j>,A) we make use

of the Ore determinant defined in [13]. For an element of

(k), we define the right-hand determinant of order two by

831 212
ayiRgy ~ 2y1Ry, Where a; R 5=a55R,,.
421 @22
We make the assumption.that if alzfo and a22¢0, then AZZ#O

and AIZ#O; if a12=0 and a22#0, then A12=0 and AZZ#O; if

alz#O and a22=0, then A12¢0 and A22=0; and if a12=a22=0,

then A12=A22=0. The chosen A;, are not unigue but it is easily

shown that if a different choice is made for the pair, then
the determinants based on the two paifs are multiples of each
other, that "is A =A"h for some non-zero h. Hence either
both determinants are zero or both are non-zero. We say the

twvo determinants are equivalent, denoted by A~A'.

Similarly, we define the left-hand determinant of

of order two by

11+ 712

b b

ByaPy1-Byabyy where B,,b;,=Byobss,

21 22
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Assumptions an;logous to those for a right-hand deterﬁinant
are made in the case one or both of b12 and b22 are zero.
Likewise, any two left-hand determinants of the same matrix

are equivalent.

Call two determinants ai s|| and |b; s proportional if

S and = blT'bZS_ where
sT = tS. Likewise we may define when two left-hand deter-

‘minants are proportional.

For the right-hand system
X13); + %ay, = by

X + X a

1221 2822 2

I
o

we may show that

>
-
0
]
o]
o7}
]
I

2 252 a5y 3yy|| P2 2ap

where in each equality the two determinants are proportional.
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a1 212 b, a
Let = allA22 - a21A12 and

21 222

12

= b -b
122270285
b, ay,

where ale22 = a22A12. Multiplying the first equation in the

system on the richt by A22 and the second on the right by A12

we get:
Xja)1855 + Xpa3y5R8,5 = bidy,

X A

1321815 * X5355Ry5 = byRq,

Subtracting gives

Xy (211855725181 5) + Xy(ay5Ry5-85,5R15) = iR, 5=boRy 4,

that is, -
a | a b a
11 12 _ 1 12
ay; 233 by a3,
312 231 b, ap
Analogously, we may show that X2 = .
a a b a
22 21 2 21
Observe that
%12 11|} | %11 %12
([{13],p.471) and thus this

32 221] 1321 222
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%11 %12 v
system has a solution if and only if # C.

a1 922

Similarly for the left-hand system

C11¥) * X, = 4y
| )
Cy1Xy + %y = 4y
we have
c11 12 d; ¢, ¢2 ©11 d oy
Xl = and X2
Cy1 C23 dy, ©C5y C2 C21 dy ¢33

where in each equality the two determinants are proportional.
Likewise, this system has a solution if and only if

c c,.
11 12 £ 0.

€1 %22

We define the right-hand determinant of order n

inductively. We assume we can solve both right-hand and

left-hand systéms of order less than n. For A = [aij] an

element of (k)n, let

) 4 aZlA(z) * et A a(m)

:.Iaij" - allA(l L
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where
ale(l) + azzA(z) teoot anzA(n) = 0
' alBA(l) + a23A(2) Hook an3A(n) =0
alnA(l) + aZnA(z) ;...+ annA(n) =0 .

To show that the A(l) satisfying this system exist we use

the induction hypothesis. Let Ai be the left-hand deter-

th

minant of the matrix obtained by deleting the i column of

P B
a an2

al3 a23 e o » an3

8n 8n - * annJ'

If A,=0 for all i, then let At oo for a1l i. 1If A, #0

(k)

for some k, we may arbitrarily assign a value to A and

we can solve the remaining (n-1l)x(n-1l) system by induction.

Of course, each choice of A(k)

may give a different solution
to the system but each solution may be obtained from a given
by right multiplication by a non-zero constant. Thus the

resulting determinants may be determined from a given by right

multiplication by a non-zero constant and thus are equivalent.
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Then for the right-hand system

we have

+ X,a

+ . . . + Xnal = Db

2712 n 1
+ X2a22 + . . . + xna2n = b2
+ XzanZ + . . + xnann = bn
all L] L] L] al ’k-l al ,k+l . L] . am

8 ,k+l * * * %l

anl e o o an’k_l

where the two detemminants are proportional.

chosen the same solution to the system

a1,k+l ¢« o o a]Il

az ’k+l * ° * a2n

L] .
° 3

4h,k+l ° ° * %m

This means we have
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(1) (k-1) (k+1) (n) _

allB + L Y + al,k"lB + al’k+lB . + LN + a] B - O
(1) (k-1) (k+1) (n) _

3.21 B + se s + az ,k-lB + az’k+lB + “e + aan - 0
(1) (k-1) (k+1) (n) _

a B + ... F an,k—lB + an,k+lB + .00 F av B =0

for both '‘determinants.

It can be shown ([13],p.474) that if two columns of
a matrix are interchanged we get equivalent determinants.

Hence the above system has a solution if and only if

laijllf 0.

The definition of left-hand determinants and ‘the
solution of left-hand systems are analogous to the above.

We can show ([13],p.475) that for any matrix A,

|a]] ~|| at

We now use these ideas developed by Ore to show the

solvability of S(<i,j>,A). Again we let A = [a,.] and

i]
al =g = [by4] . First we show that |[|B|# 0.
n . n
Since AB = I, kﬁl aikbki = 1 and kzl aikbkj=o if 1#5.
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Let
- (1) v (2) (n)
i8] = C; 7 byg + € by e . o+ Cp by
where
(1) (2) (n) =
Cl b12 + Cl b22 + . . .+ Cl bn2 0
(1) (2) (n) =
Cl b13 + Cl b23 + . . . F Cl bn3 =.0 . '
: (3)
(1) (2) (n) -
Cp by +C by koL o+ G D =0
Since , . . .
ayy byp ¥ 819 byy o o o+ ByD, =0
231 B3 * 335 Bpg . . o F Ay by =0
* 14
ayq b1n + a;, b2n'+ e o o+ alnbnnv= 0
then Cl(l) = a5y Cl(z) = a12""'C1(n) = ay, is a solution
to (3). Thus any other solution must be cl(l) ='allh,
(2) _ .- (n) _ _ N .
C1 = ath""’cl = alnh for h#0. Then
| B] = a;qbyih + a;,byph + il +ap b b

(allbll + a12b21 + ... + alnbnl)h

1l-h
h

Since h#0, |B| # 0.
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The system £(<2,1>,3)

byaXy + bygXy + . ..

b3yX5

+ b33x3 + 4 e W

x + bn3X3 + L] . .

bn2 2

3n | and

(2) ,p 23,

Right multiply equations (3) by a

is

In“n

+ b3nxn

+ bnnxn

N~ =

(2)

(3)

Ia ’ ocvla

(n)

(4)

respectively:
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o (2)

a (2),

P L P

(1)
C; b 222 1 Ppa

1 12 +C

¢, b a4+ 0 P, 0 v w2 0

L]

c; b a®™ 4o @y, a4 4 M _a™a o

Adding these together we get

133 Heeotby @ty C 2 . a?

(3) (n)
b,,a +b23a +...+b2na )

+ cl(3) (b32a(2)+ b a(3)+ «e. +Db

33 3n

C

1 + ... +hb

(n) (bnza(2)+ b a(3) 32

n3

The summations in all but the first two terms are zero fram 4.

Thus (1) o (k) (2) o (k)
C (z b 'y + C (£ b,,a'™y = 0.
1 o 12 1 o, 2k
But z b IN || so that
k=2 WK W) ot am 202 ()
c |N H*Ci lezxa ) = 0. (5)
Jet B

) be the matrix obtained from B by rearranging
.th

(:L

colunmns with the i column of B in the first column position

and the other columns in ascendinc order. For i>l, let

n n
B3yl = 2 ci(k).bki where I C-(k)b . = 0 for J=l,...,n,J#i.

k=1 k=1 kj



Then
(1) (2) (n)
¢ o vee O by byy eee by
. e, c,? ... c,™ | | P21 Py -ee Py _
(1) (2) (n) .
Lcn C, s C) _bnl IRITR T ]
” B(l)l 0 C
0 IIB(Z)I 0
0 0 ...||B (n)l
- -
Since BA = I,
'IIB(I)I 0 .o 0 i
C = 0 ||B(2)| 0 A
0 0 eeell B(n)l

(6)
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n .
Suppose z bZka(k) = 0. Then from (5), either

k=2
(1) | t | ph (X)
o = 0or [N']] = 0. The equation I b, ,a = 0 may
1 (og 2K

replace any of the equations in (4) and a(z),...NJn) will

satisfy any of the new systems. Thus

INt||~ all n-1 order determinants in

b b b

12 22 °°° "n2

n3 . (7)

so if |NY||] = 0, all n-1 order determinants in
b12 b22 o e @ bn2
b13 b23 e 0 bn3

1n 2n

ib b ooe bnn

are 0. Then ||B] = 0 from (3). But ||B|] # 0 so we must have

(1) _
C; = 0.
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(1)

Since C4 = 0, then from (3),

||B|~ all n-1 order determinants in

by byy «ee by

(Any of the equations in (3) may be left out and we have the

‘'same solutions.) In particular,

Doy byg ee by
b b e o @ b *
32 P33 3n
|| B]~ |
* ® L ] !

From (7) we have that

b22 b32 ee. b

||~
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But since lMt}I;[lml for any M, then

-1 b

Hence ||B|*[N¥||. Since [|B]: 0, [N # 0. But [N°|| ~[j§]. 50 |IN|# 0
and thus we have a solution to the system S$(<2,1>,3).

: n (k) . (2)
Now suppose I b2ka # 0. If in addition, C1 #0,
k=2 ’

by (5) |N%||#0. Then |[N|# 0 and again we have a solution

to the system S(<2,1>,A). But if Cl(2)= 0, then

HB[al2 = 0 by (6). Since HBI#O,alZ = 0. Then the system

S(<1,2>,A) has the trivial solution X;

0’ i=2,3,-¢¢’n.
An argument analogous to the above shows that a

solution exists for all the systems S(<i,j>,A), 1<i,j<n,i#j.
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(c) Product of Rings Having Solvability of S(<i,j>,A)

Let R= 1 R)\ where for sach A in A,
AinA
S(<i,j>,AA) is solvable for zall AA in (R)\)n and

1<i,j<n,i#j. Clearly R is a ring if we consider both multi-
plication and addition to be done component—wi'se, that is,

if ¥ = <ry>y5np. 20 S = <S>, 040 TS = <ryds,>,,, and
¥S = <IyS)>xinA°
. ) | | 1 .
let A = [aij] be in (R)n with A "= [bij]. Then if

L

: =]
b1 Paz --- by
.b31 ;b33 . b3n
[b311,2> = .. .
A -
the system S§(<1,2>,3) is
[b..]: %) 221
ij <1,2> = .
XB 0
X 0
n
Lo L
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Iet b = <b A> X. = <X A> and a = <a A>
ij ij "AinA’ “i i “AdinA’ 21 21 “AinA.

Then S(<1,2>,A) is equivalent to the family of systems

P }\_-l _— -1
(. M Xy : a1
bij 1<1,2>
A
X3 0
x 0
" | L
for each A in A.
It is easily shown that if AA = [ain] ‘then
~1 _ A . . e ien 2o
AA = [bij ]1in (Rk)n‘ Thus each system in this family is

S(<1,2>,A,). By hypothesis each of these is solvable.
A

= A - A ey A
The products Xl = <X >yinA 7 x3 = X3 >AinA"°'J%f'<%n>AinA

are a solution to S(<1,2>,A).

An analogous argument shows that S(<i,j>,a) is

solvable for all distinct i and j with 1<i,j<n.
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(d) Direct Limit of Rings Having Solvability of S(<i,j~>,A)

Let I be a directed set, that is, a partially ordered
set such that for each h and & in I, there exists k in I such

that h<k and 2<k. Let {R,} be a family of rings. For

2inI

each h and £ in I with h<? , let Hhg Ry~ R, be a ring

L
morphism such that (1) Moy is the identity mapping on RZ for

all £ in I and (2)i, =Wy, when h<f<k. Form the direct sum

C=8 IR, and let D be the ideal generated by
2inI

{xp- wpo(x)|x, in R and h<2}. Define R = C/D and let
H:C+C/D = R be the canonical map with uQ:R2+Rtthe'restrictioh

of u to R

Then R is called the direct limit of {R,}

L LinI,

written by R = 1lim Ry Clearly,

Hp = ¥y Wp (8)

for h<?. It can be shown (2] that every element of R can
be written in the form uz(rl) for some £ in I and some

rz in R.Q,'
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Now let R = Eiglz where each Ry has solvability of
S(<i,j>,C) for all i and j with i#j and all C in GL_(R,).

_ . . -1 _ _
let A = [aij] be in GLn(R) with A =B = [bij] and

consider the system S(<i,j>,A).

For each i and j with 1<i,j<n, there exists kij in

I and r in Rk with bi' = uki.(rk. ). Also there exist

X. . . .
ij ij J i Fij

tij in I and rtij in Rtij with aij = utij(r#ij).

Since {kijllii,jip}U{tij|lii,j5p} is finite and
contained in I, a directed set, there exists k in I w;th
tijik and kijik for all i and j.

By (8),

= Uk. . (rk ) = Uk(uki'k) (rk- ')

b, .
3 ij "1ij J ij

and aij = ut._(rt )= uk(utijk)(rtij).

Thus modulo D, A and B are in GLn(Rk) and hence

" S§(<i,j>,A) is solvable.
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(e) The Ring of Cross-Sections of a Sheaf over a Boolean Space

Let X be a topological space. Suppose that for each
x in X, there is a ring R with zero 0  and identity'Ix and
that R f[R, = ¢ for x # y. Let L = | R. Then define
Y xin X

N:2+X by 7(r) = x if r is in Rx' Impose a topology on I
satisfying the following:

(1) For each r in I, there exist open sets U in I
with r in U and N in X with N the homeomorphic
iﬁage of U under 1.

(2) Let £ + I be {(r,s)|N(r) = M(s)} with the
topology induced by ghe product topology in
I x L. Then the mappiné on I to I given by
r»-r and the mappings on £ + £ to I given by
(x,s) +r+s and (r,s)+rs are continuous.

(3) The mapping x-»lx is continuous on X to L.

Then I is called a sheaf of rings over X. The rings Rx are

called stalks of the sheaf L.

Let Y be a subset of X. A cross-section 95_2 over Y

is a continuous mapping o of Y to I such that I(o(y)) =y

for all y in Y. The collection of all cross-sections of I
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over Y is denoted by T(y,Z) and is a ring with

(ol+02) (x) = 0,(x) + 0, (x),(0,0,) (x) = Gl(X)Gz (x), 0(x)=0,,

and 1l(x) = lx ([14]1, Lemma 3.2(b)).

Now suppose that X is a Boolean space and let I be
a sheaf of rings over X each stalk of which has solvability

of the systems S(<l,j>,Ax) for all Ax in GLn(RX).

Let R = T(X,Z) and let A = [aij] be an element of GLn(R) with

A-l = B = [bij]. Consider the system 8(<1,2>,7A):
b3v1Xl + b33x3 + ... + b3an = 0

a4 -1 n . n

ince A = B, jil aijbji = 1 for 1<i<n and j§—-l aijbjk = 0

for 1<i,k<n,i#k. Then for eachx in X, I a..(x)b..{x)=1, for 1<i<n
SLa R =1 ij ji X ——
n

and jE:l aij (x)bjk(x) = Gx for 1<i,k<n,izk. Thus 1if

= _ _ . -1
A = [aij(x)] , then Bx = [bij (x)] = Ax in GLn(Rx). The

system S(<l,2>,Ax) has a solution by hypothesis, that is,
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there exist (Xl)x,(x3)x,...,(xn)x in Rx with

+

Bay (%) (X)), + Dyg () (Xg)y + «uu + by () (X)), = @y ()

]
Q

b31(x)(x1)x + b33(x)(x3)x + ... + b3n(x)(xn)x

Il
(=}

bnl(x)(xl)x + bn3(x)(x3)x + ... + bnn(x)(xn)x

Let i in {1,3,4,...,n} be fixed. By Lemma 3.2(c) of
[14] we see that for each x in X, there exists a neighborhood
N, o of x and a 05y in P(Nix,Z) such that oix(x) = (xi)x.

The set {Nixlx in X} is an open cover of X and
hence, by the partition property of the Boolean space X, there
exists a finite set {M1’M2,...,Mr} of open-closed subsets of

X such that

(1) For each j with j<r, there exists xj in X with

M. <N, .
J 1xj
(2) Mjan =g if j#k.
r
(3) U M =X,
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By Fact (1), p. 13 of [14], T;, = 0,, IMj is in
J 3

P(Mj,Z) and by Fact (2), p. 13 of [14], we may define

T; in T'(X,I) by T; = Tixl|JTix2U"'UTixr' that'is,

T.(x) = T._ (x) if x is in M.. Then for each x in X, x is
i 1xj J

in Mj for some j with 1<j<r. Thus

(xi)x ix

= oix(x) = °ixj(X) = T. j(x) = Ti(X)'

Then the system S(<1,2>,Ax) may be written as

b21(x)Tl(x) + b23(x)T3(x) + ... + bzn(x)Tn(x) a21(x)

b31(x)Tl(x) + b33(x)T3(x) + ... + b3n(x)Tn(x) =0

1
(=

bnl(x)Tl(x) + bn3(x)T3(x) + ... * bnn(x)Tn(x)

Since this is true for all x in X,

+ \..+b T =

b 2nTn = 321

21Ty * Pa3T3

b3lTl + b33T3 + ... +,b3nTn =0

banl + bn3T3 + ... +b T =10
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Thus the system S(<1,2>,A) has a solution.

Solutions of S(<i,j>,A) for 1<i, j<n, i#j are
found analogously.

Thus we have shown that the systems S(<i,j>,A) are
solvable for all distinct i and j and A any invertible
matrix over a commutative ring, a division ring, a product
or direct limit of rings in which the systems S(<i,j>,B)
are solvable, or the ring of cross-sections of a sheaf over
a Boolean'space. As shown in Chapter I1I, this is sufficient
to show that for R any of these rings, then all normal

subgroups of GLn(R) are standard .normal if n>4.
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