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electromotive force of concentration cell with
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function defined by equation (3-11)
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Boltzmann constant = 1.38026 x lO"16 erg/degree-
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ﬁmolal"

-

v
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Avogadro's number = 6,02380 x 1023
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in an unsymmetrical electrolyte; concentration
(molecules/cubic centimeter)

ionic or molecular partition function (described
more completely in text by subscripts); mobility
function in conductivity equation

gas constant = 1.98719 calorie/degre -mo}e; radius
of cell in cell theory = T7.346 x 10~ c-1/3centimeter

variable representing distance in centimeters
absolute temperature

ionic transference number at infinite dilution
volune in cublic centimeters

the quantity Ze2/2DT

mean ionlc actlivity coefficient on molar scale
valence coefficient of electrostatic energy terms

expansibility or coefficient of thermal expansion
= (91n V/bT)P

mean lonic activity coefficient on molal scale
integral heat of dilution (heat absorbed per mole
of electrolyte upon diluting an electrolyte solu-
tlon from a specified concentration to infinite
dilution)

viscosity

"reciprocal radius of ionic atmosphere"” in centi-
meters

equlvalent conductivity of electrolyte
equivalent conductivity at infinite dilution

number of moles of ions formed from one mole of
electrolyte

relative apparent molar heat capacilty
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CELL THEORY OF STRONG ELECTROLYTE SOLUTIONS
CHAPTER I
INTRODUCTION

Some forty years ago, the Debye—Hackel formulation of
interionic attraction theory was brought forth (1). Although
that attempt to explain the properties of electrolyte solu-
tions on the basis of ionic interactions was not the first,
1t has been the most useful and most durable.

A few years prior to the advent of the theory of Debye
and Hackel, Milner had arrived at essentially the same re-
sult (2,3). Milner's approach, although straightforward in
principle, entailed much tedious computation. Its predic-
tion of a simple square-root-of-concentration dependence of
the equilibrium properties of a mixture of ions was so well-
hidden that Milner himself apparently did not realize it im-
mediately. With Milner's work in the background, Debye and
Hsckel produced their simpler treatment which predicted lin-
earlity of thermodynamic properties in the square root of con-
centration at high dilutions.

"

The Debye~-Huckel argument 1ls based on the combination

of the Poisson eguation of electrostatics and the classical
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Boltzmann distribution function. The principal feature of
the Debye-HGckel theory 1s 1its implication of complete dis-
order among the ions around any arbltrary central ion ex-
cept for the spherically symmetrical orienting forces of
electrical interaction with the central ion. Later treat-
ments such as those of Mayer (4), Meeron (5), aund Kirkwood
and Poirier (6) are apparently quite rigorous, but the com-
plexity of applying or even testing the results puts them at
a considerable practical disadvantage., Poirier, however, has
applied Mayer's equations for the activity coefficient to a
few salts of different valence types (7). Good agreement
with experiment up to a concentration of about 0.1 mole per
liter was obtained only with sodium chloride.

In general, these later approaches yleld the Debye-
Hackel results when considered at very low concentrations.
For convenience then, only the Debye-Hackel theory itself
need be dealt with in the ensuing dlscussions.

The Debye-Hackel theory was born primarily of a need
for a consistently reliable means of extrapolating low-con-
centration data on strong electrolytes to infinite dilution.
Its success in this respect has fostered a tolerant atti-
tude toward shortcomings in others, most notably its ina-
bllity to cope, except through semi-empirical extensions,
with concentrated solutions. Dissatisfaction with this state
of affairs has prompted some recent investigators to re-exam-
ine the whole problem in terms of a lattice wmodel. This model

1s successful from only a limited point of view, but is sug-
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gestive of the lmportant characteristics that a better model
must have.

A lattice model of strong electrolyte solutions is
actually not a new approach. Ghosh (8) proposed a lattice
theory that predlcted cube-root dependence of colligative
properties in 1918. His theory unfortunately contained un-
satisfactory elements that were independent of the square-
root vs. cube~root issue, and 1t was discredited even before
the Debye-Hackel theory captured the atteation of scientists
by its successful predictions--all carrying with them a lim-
1ting square-root dependence of colligative properties. This
combination of circumstances tended to suppress further in-
gquiry into the relevance of cube-root dependence.

From 1923 on, a great deal of low-concentration elec-
trolyte data has been turned out in order to test the Debye-
Huckel relations. Cousistency of the data with limiting
square-root equations has been universally deemed adequate
proof of the theory. Cube-root plots, however, also show
consistency with low-concentration experimental results.

The formulation of the cell theory is therefors preceded
by discussions of the extrapolation problem and of the lat-

tice model.



CHAPTER II

EXTRAPOLATION PROBLEMS AND THE LATTICE MODEL OF
STRONG ELECTROLYTE SOLUTIONS

Extrapolation Functions in the Treatment of
Strong KElectrolyte Data

The extrapolation functions generally employed to
obtain the value of E° from electromotive force and of A°
from conductance data are based on the conventional model of
interionic attraction, which requires, at sufficiently low
concentration, linearity of appropriately chosen data against
the square root of concentration. 1In practice the square-
root relation is frequently modified because it is not strict-
ly valid at experimentally realizable concentrations. It is
demonstrated here that (unmodified) cube-root-of-concentra-
tion as an extrapolation function in the same concentration
region also produces linear plots and that extrapolations
made along these plots result in values (such as j\o and E°)
that differ appreciably from those commonly accepted.

The hydrochloric acid data obtained by Harned and

Ehlers (9) from the cell without transference

Hy HClI(m)[AgCl,Ag

4
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have been examined by several different methods. The elec-
tromotive force, E, of a cell of this type is gilven by the
equation

E + 2k log m = E° - 2k log 7 (2-1)
where k = 2.3026RT/F. By plotting the left side of this
equation against a suitable function of concentration and
extrapolating to zero concentration, the intercept EC is
obtained. A plot against ml/2 at low concentrations would
be linear 1f the limiting law of Debye and Hackel were strict-
ly valid there. A curvature still exists at low concentra-
tion which, however, can be interpreted in Debye-H;ckel theory
as an effect of lon size. Harned and Ehlers overcame the dif-
ficulty by taking for log 4

- log % = O.5m1/2 - bm (2-2)
(b an undetermined constant) and substituting into (2-1):

B+ 2k log m - km'/2 = B® - 2kbm (2-3)
Plots of the left side of (2-3) against m were linear and
resulted in a value of 0.22239 volts for E° at 25°. Results
of other investigations obtained by simllar extrapolation
techniques differ by less than one part per thousand.

Extrapolation of the left side of equation (2-1)

against m, which implies an Arrhenlus incomplete dissocia-
tion model, is complicated by still more curvature. Using
extrapolation means which utilize only a few of the lowest

concentration poilnts leads to E° = 0.22480. The equation

employed for this extrapolation was obtained by converting

the logarithms in equation (2-1) to the base e, rearranging,
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and taking the exponential of both sides. The resulting
equation is

exp(-FE/2RT) = m % exp(-FE®/2RT) (2-14)
By plotting the left-hand side of the equation against m, E°
can be found from the limiting slope. Hlgher concentration
points, however, as well as other types of data are inconsis-
tent with m as the extrapolation function. Such is not the

1/3

case with m as the extrapolation function.

The above data for hydrochloric acid (Figure 1) as
well as data in Figure 2 for potassium (10) and sodium chlo-
ride (11) from concentration cells with transference, have
been plotted against ml/s (or 01/3) as would be required by
an expanded lattlce model of solutions. The left side of
(2-1) was plotted on the ordinate in the case of hydrochlo-
ric acid, and the quantity E' + 2k log C for the cell-with-
transference data, E' is defined as

E .
E! =8 AE/bu (2-5)
o)
where t. 1s the ftransference number of the cation. The
value of E' at any concentration is obtained by graphical
integration of a plot of 1/t. against E. The complete equa-
tion for concentration on the molar scale is thus
E' + 2k log C = Ep - 2k log v, (2-6)
where Eﬁ is the intercept at zero concentration and depends

on the concentration of the reference solution. All three

plots give straight lines that extend from the lowest con-
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centration (about 0,005 M). The linearity persists to al-
most 0.1 M for potassium chloride, with the upper limit de-
creasling somewhat for sodium chloride and hydrochloric acid,
in that order. EO for the hydrochloric acid cell without
transference is determined to be 0.22104 volts by means of
the ml/3 extrapolation function. However, it has been ob-
served that the hydrogen-calomel electrode cell data of Hills
and Ives (12) show less data scatter in E + 2k log m than
that of Harned and Ehlers, and that the ml/3 plot shows
slight but distinct departure from linearity.

In the case of HCl, we thus have three very differ-

ent values of Eo:

Extrapolation Function E°
mt/3 0.22104
ml/2 0.22239
m 0.22480

It is obvious that the use of different E°'s will
lead %o different values of 4., a fact not generally appre-
ciated. It 1s in fact common practice to analyze the con-
centration dependence of 7+ determined and widely tabulated

on the basis of the mY/2

extrapolation, as if these values
had absolute significance; in the use of such tables the
relative nature of 7: should always be borne in mind. A
change in the value of E° has the effect of shifting all

values of log %: in the table by a constant.

Lattice Model Q§ Strong Electrolyte Solutions

¢
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The above findings suggest an expanded crystal lat-
tice as a model for electrolyte solutions. In an ilonic crys-
tal the eiedtrical potential energy 1s directly proportional
to the reciprocal of the distance between an ion and 1ts
nearest nelghbors. Thus in a solution the energy would vary

directly with 01/3.

Electrostatic Energy and Thermodynamic
Properties of the Lattice Model
M The electrostatic energy of a solution containing one
mole of a 1-1 electrolyte can be expressed as
U - U° = -NAe?/Dr (2-7)
where U° is the electrostatic energy at infinite dilutionm,
N is Avogadro's number, A is the Madelung constant (for the
rock salt lattice, A = 1,74756), e is the electronic charge,
D is the dlelectric constant of the solvent, and r is the
distance between an ion and 1ts nearest opposltely charged
heighbor. If equation (2-7) 1is taken to be the electrosta-
tic contribution to the Gibbs free energy, the activity co-
effliclent can be immediately written as
1n y, = -(Ae?/2DkT) (2NC/1000)1/3 (2-8)
where k is the Boltzmann constant and T the absolute temper-
ature. For an aqueous solution at 250, equation (2-8) becomes
-log y, = 0.2881 ¢1/3
or
2k log y. = -0.0341 c%/3 (2-9)

where again k has the value assigned to 1t in egquation (2-1).
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As will be discussed later, this theoretical value of the
activity coefficient for a 1-1 electrolyte agrees well with
experiment, considering the oversimplification of the model.
Equations for the limiting thermochemical behavior

of a 1-1 electrolyte can be obtained by differentiating (2-8)
with respect to temperature, (See Chapter III for a fuller
account of thermochemical quantities.) The relative partial

molar eunthalpy Eé ¢an be expressed by the equation

fe = -2RT[('01nV/alnT)/3 + (21nD/21nT)+ 1] (Ke2/2DkT) (2-10)
in which k, the effective reciprocal radius of the ionic at-
mosphere 1s given by the lattice model as
- &/r = A(2NC/1000) /3 (2-11)
The relatlve apparent molar enthalpy ¢L,in the lim-

1ting case comes from the relation

#, - /o) T 00 AT, (2-12)

which gives for a 1-1 electrolyte in water at 250

¢I,= 194.5 01/3 c¢alories/mole (2-13)
In Figure 3 are plotted the heat-of-dilution data of Gul-
bransen ard Robinson (13) on sodium chloride with comparison
curves froh the lattice model, the Debye-Hackel limiting equa-

tion, and the cell model to be discussed in Chapter III.

Theory of Conductivity Based on the Lattice Model
Data for the equivalent conductivity of hydrochloric

acid (14) have been plotted against the cube rdot of concen-
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tration in Figure 4. A linear relationship is found from be-
low 0,001 to 0,05 M., Sodium and potassium chloride conduc-
tivity data (15) (not shown here) are linear in the same
range., These facts have been interpreted in terms of the
lattice model.
It is assumed that Onsager's limiting equation for

the equivalent conductivity in the form

A= (A° - Fou/3tom) (1 + AX/X) (2-14)
is correct, with gk, the reciprocal radius of the ionic at-
mosphere, dependent on the model. Here

A° = 1limiting A 2t infinite dilution.
For/3tN = correction term for electrophoresis
(Mis the viscosity of the solvent).
AX/X = -0.2929¢2k/3DKT for 1-1 electrolytes,
correction for relaxation.
The complete equation for low concentration conduc-
tivity therefore tecomes, upon dropping the product of elec-

trophoretic and relaxation terms,

1/3

A=A -[0.2929¢2 p° + F2\ A onc (2-15)
DiT NTR | 3|T000

The slope predicted by (2-11) is plotted in Figure 4

along with other theoretical slopes to be discussed later.

Discussion of Lattice Model
The agreement of the slopes calculated from the lat-
tice model with those observed experimentally is good for all

kinds of data--electromotive force, conductivity, and heat

¢
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of dilution. The results are all the more striking 1f one
considers that no attempt has been made to blur the lattice
structure by introducing temperature-dependent terms into
the theory. Thus, from the electromotlve force data, val-
ues for 2k log % (or y.) of -0.0300m1/3, -0.0319¢1/3, and
-0.0323C1/3 were found for hydrochloric acid, sodium chlo-
ride, and potassium chloride, respectively, as compared
with the predicted value of -0.0341cY/3,

Bjerrum (16) was apparently the first to suggest the
dependence of the activity coefficient on the cube root of
concentration. He does not seem to have based his proposal

on other than empirilical grounds, however,

More recently, Robinson and Stokes (17) have called
attention to the correspondence of low concentration activ-
1ty coefficlient data with the cube-root relation and with
the energy of an expanded rock-salt lattice, and Glueckauf
(18) and Frank and Thompson (19) have expressed the view that
a diffuse lattice structure may account for the observed de-
pendencies of equllibrium properties, Glueckauf sets the
lower concentration limit of validity of the Debye-HSckel ex-
pression at 0.1 M, but we find, as do Frank and Thompson,
that the cube-root dependence is followed at much lower con-
centrations.

The data for the heat of dilution of sodium chloride
are linear in 01/3 from the lowest measured concentration

to about O,1 M, The experimental slope is 213, as compared
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with the lattice model slope of 194.5,

In the conductance data, the slopes for Avs. 01/3
calculated on the basis of the lattice model were -B89.54,
-50.93, and -53.99. The calculated slopes would be changed
but little if values of A° closer to those commonly accepted
were used, The observed slopes, 1n the same order as be-
fore, are -83.7, -48.7, and -52.0.

Although in his later years he decided in favor of
a limiting square-root dependence, Kohlrausch (20) who pio-
neered investigations in the fleld of electrolytic conduct-
ance, had long utilized linearity in the cube root of con-
centration. Thus, both eguilibrium and conductivity data
can be fitted to a lattice model with almost quantitative
prediction of properties into solutlons of moderate con-
centration.

There are two obvious limitations of the lattice
model: (1) in the crystal close packing of ions, along with
the electrostatic interactions, forces a nearly perfect or-
dering. The steric factor 1s removed when the lattice is
substantlally expanded, thus permitting thermal effects to
reduce the order; no account of this 1s taken in the theory.
The facts denoted above suggest, however, that the system
rearranges itself to a configuratlon not greatly different
in energy from that of the lattice model, (2) No provision
1s made for higher concentrations, where the properties will

be affected by ilon size and other factors. Thus the ability
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of the lattlice model to predict the limiting slopes of strong
electrolyte data as well as it does must be viewed as a re-

markable coincidence.



CHAPTER III
CELL THEORY OF STRONG ELECTROLYTE SOLUTIONS

A model of strong electrolyte solutions is needed
that will remedy the defects of the lattice model while re-
maining both conceptually and mathematically simple., It
would not have to concern itself with detalled ionic dis-
tribution if it would lead to the correct electrostatic
energy; many conflgurations can have the same energy: the
crystal lattice 1s suggestive. After having evaluated the
energy of the known distributlion of N molecules of electri-
cally interdependent catlons and anions, one finds fhat it
can be represented as N times the energy of an electrically
independent palr of oppositely charged ions at a distance
r/A, where r is the nearest neighbor distance. The distance
r/A is less than the radius of a spherical cell of volume
V/N, where V is the total volume of solution.

The findings above suggest the consistency of the
model with a cube-root-of-concentration dependence of prop-
erties such as log ys: at sufficiently low concentrations.

The model proposed here will be justified initially

by plausibility arguments; 1ts consequences will then be

18



19
tested against experimental data. It must be emphasized that
this treatment 1s no attempt to describe a detailed ionic
distribution in the solution, only an energetic equivalent

of the distribution.

Partition Function for Symmetrical Electrolytes

Consider one of the two types of ions in a binary
electrolyte solutién;-the cation. If the total volume avall-
able is divided into n equal vblumes, each of the subdivided
volumes will be occupied on the average by one cation. As-
suming for the moment that both particles were uncharged,
there would be on the average one other particle in the same
volume. Introduction of the coulomb force requires this to
be an anion. The cell concept is therefore based on the av-
erage occupancy of a molecular volume element in the solu-
tion by one cation and one anion.

| With the center of coordinates fixed on the selected
ion, 1ts counter ion in the cell is . pictured as a spherically
symmetrical atmosphere of unit charge. Its electrostatic
potential outside the cell is the same as if it were at the
centef of the cell, It shields electrostatically the cen- |
tral ion. Hence the net potential due to the selected ion
and its atmosphere is zero everywhere outside the cell, .

The abllity to effect such a simplification in trans-
ferring from the rigid lattice to the solution is due to the
disappearance of steric factors, for in crystalline sodium

chloride we have no choice but to consider the interaction of
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a selected ion with first six unlike, then twelve like, and
so on, neighbors. The movement of the unlike 1lon causes the
smearing out of charge and the resulting cell becomes subject
to the aforementioned electrostatic theorem.

A particular ion constituting the atmosphere is not
to be regarded as trapped in the cell., Ions can move from
cell to cell on an exchange basis. But at any given instant,
no ion could be included in the atmosphere of more than one
cell,

The assumptions of the cell model for symmetrical
electrolytes can be summarized as follows:

1. A selected ion 1s assumed to be situated in a
spherical cell of volume V = 1000/CN. The radius of the cell
1s found to be 7.346 x 10-8¢-1/3,

| 2. One oppositely charged ion in the cell consti-
tutes the ilonic atmosphere., The radius varies, subject to
the coulomb force and thermal agltation, between a, the dis-
tance of closest approach, and R, the celllradius, assumed
to be the same for all cells,

3. Each cell is electrostatically independent of
all other cells., The energy of the solution is thus the sum
of the energies of the individual cells.

4, The energy of an lon and its atmosphere, when at
a distance r, is Ze2/2Dr, as determined by a reversible
charglng process starting with charge reservoirs at infinity.

(Z is the product of the valences of the two ions,)



21

5. Except for the electrostatic interactions, each
ion is to be treaced as ideal gas-like.

6. Dielectric constant and ion size are assumed to
be independent of concentration.

Spherical cell size, uniform radius, and aésumptiOn
6 will be recognized as approximations whose sole Justifi-
cation is simplification of mathematical treatment.

The partition function for a particular ion is there-
fore obtained from the product of its translational parti-
tion function with the Boltzmann factor averaged over the
cell,

(R
q = (ermkT/02)372 (vov) X e exp(Ze®/2DKTr)dr
a

(4m/3) (R°-23)

The free volume factor (V-b) is taken equal to (Mﬂ/3)(R3—a3),

so that the expression becomes

R
qd = d¢p g Unir® exp(ze®/2DkTr)dr (3-1)
a

where Q4p 1s the translational contribution per unit volume
to the partition function. The partition function for the

ion and its atmosphere is the product of two such terms.

Partition Function for Unsymmetrical Electrolytes

Generallization of the cell concept to unsymmetri-
cally valent types of electrolytes follows immediately from
the preceding treatment of symmetrical electrolytes. For

any l-n or n-1 electrolyte (n represents .the valence of the
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more highly charged ion) a model similar to that of symmet-
rical electrolytes can be postulated. The same assumptilons
noted for symmetrical electrolytes also hold in this case,
except that more than one ion of the lower valence type
can exist together in & cell., The theory has not been ex-
tended to encompass 2-3 or higher order unsymmetrical types
pecause 1t 1is doubtful that such bona fide strong electro-
lytes exist free from hydrolysis.

Flgure 5 schematlcally deplcts the model for a 2-1
electrolyte. The two anions are assumed equidistant from
the central cation. Because of electrostatic repulsion the
anions will tend always to remain the maximum distance away
from each other. This distance is, for the case in guestion,
2r, or twlice the cation-anion distance. The partition func-
tion for the cation 1s thus given by

R .

g = qtrg Uere exp (UeE/EDkTP)dr (3-2)

a
The value of the coefficient Z = 4 is obtained by consid-
ering the electrostatic energy term in the partition func-
tion as the sum of the interactions of the bivalent cation
with each univalent anion. A similar partition function
holds for each anion except that Z = 3/2 since each anion
interacts with the other as well as with the central cation,
This coefficient also arises from the sum of two inter-
actions--one with the cation at a distance of r and the

other with the remaining anion at a distance of 2r. The
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Fig. 5--Model of cell for 2-1 electrolyte.
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total molecular partition function exclusive of transla-
tional contributions is therefore

R, R
q = S Urer® exp(4e2/2DkTr)dr S Urip? exp(1.5e2/2DkTr)dr}2

a a
(3-3)

An analogous argument 1is applicable to 3-1 (or 1-3)
electrolytes. 1In this case the condition of maximum sepa-
ration of like-charged lons constrains the univalent ions
to the relative configuration of an egquilateral triangle.
Likewise, for a 4-1 electrolyte the univalent ions would
be at the corners of a regular tetrahedron. The molecular
partition function without translational contributions for

a 3-1 electrolyte would accordingly be

Mﬂr2 exp(1.8453e2/2DkTr)dr]3

(3-4)
The partition function for a 4-1 electrolyte can be obtained

R R
q = S imr2 exp(9e®/2DkTr)dr S
a a

 similarly.

Thermodynamic Properties

All the useful equilibrium properties of an elec-
trolyte solution can be predicted with the preceding mol-
ecular partition function., The statistical thermodynamic
relation for the Helmholtz free energy is

A = -RT 1n g (3-5)
where gt 1s the total molecular partition function. As is
customary, the very good approximation is made here that

there 18 no difference between the Helmholtz and the Gibbs

L]



25
free energy. From equation (3-5) the mean ionic activity co-
efficlent and all thermochemical propertlies can ultimately

be derived.

Activity Coefficients
The Helmholtz free energy of an electrolyte can be

expressed in ﬁerms of 1ts concentration in solution:

A= A° +YRT 1n C + VYRT 1n ¥. (3-6)
The symbol A®° in equation (3-6) is the standard Helmholtz
free energy of the electrolyte, R is the gas constant, and
Y = n+ 1, the number of ions per molecule. By equating the
right-hand sides of the latter two equations, one obtains

VRT 1n y. = -A° - RT 1n(q.C") (3-7)
Upon converting the molar concentration C to BOOO/MHNR3, and
iﬁcorporating all concentratlion-independent terms into Ao,
the following expression for the molar activity coefficient

results:

Vin ye = -1n[(3/4m83)" qp)] (3-8)

The quantity gqjp is the total’molecular partition function
exclusive of concentration-independent terms. Equation (3-8)
can also be expressed for an unsymmetrical n-1 or 1l-n elec-
trolyte as

Vin y, = -1n[(3/unR3)q1] [(3/unR3)q2]n (3-9)
where d1o has been factored 1into g from the central ion of
valence * n, and do from the univalent ions. Each of these
g's corresponds to the integral in equation (3-1). Evaluation

of ln y+ for any of the unsymmetrical valence types of elec-
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trolytes discussed consists simply in adding the logarithm
of one integral to n times the logarithm of the other inte-
gral, In the case of a symmetrical electrolyte, equation
(3=-8) is just
2 1n y. = -1n[(3/’4“R3)q]2
or

3, 2
1in ys = —ln’}3/MWR )& Urep® exp(Ze /2DkTr)dr]
a

Calculations of 1ln y. can be performed by either
(1) reducing the intesrals in the partition functions to
the exponential integral function or (2) expanding the ex-
ponential in the integrand and integrating directly. The
former procedure is carried out by changing the variable

and integrating by parts. The result is

1

R
1n[(3/4nR3)§ Urtp® exp(ZeE/EDkTr)er
3

= w3 [1(x/2) - 1(x/R)] &%} (3-10)
which is -1ln y, for a symmetrical electrolyte (X represents
the quantity Ze®/2DkT). The function I(x) is defined as

6 I(x) = Bi(x) - e* (1 + 1/x + 2/%%)/x (3-11)
where Ei(x) is the widely tabulated exponential integral:
£ yo-1
Ei(x) = &_evv dv
The method of evaluating In y, by expanding the exponential
gives for the right-hand side of equation (3-10)
k3 y
3 ¥ [(rK - a37kRm3) Wk (3-0)]
k=0

R-31n(R/a) x3/31} (3-12)
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If (3-12) is written term by term, there results for a
symmetrical electrolyte
Iny = —ln[l - a3+ 3X (11/3 - a2y) + ;XE (12/3 - ax)+.”}

2 2
(3-13)

where ¥ = 4TINC/3000. By expansion of the logarithm one ob-
serves that the low concentration limiting value of 1n y.
willl be proportional to 01/3:

In e = -(3/4)(2ze2/puT)2 /3 (3-14)

Thermochemical Quantities

Equations for the enthalples and heat capaclties of
an electrolytic solute are obtained by taking temperature
derivatives of the expression for the logarithm of the mean
activity coefficient. Rigorously, since the molar concen-
tration varies with temperature, 1n y. cannot be differen-
tiated partially with respect to temperature. Thils compli-
cation, however, is not of great consequence below moder-
ately high concentrations. Also, fhe convenlence in em-
ploying 1n y+ rather than converting to the molal activity
coefficient would hardly be worth sacrificing for somewhat
more accuracy in the calculations. This would be especially
true at hilgher concentrations where fthe decreasing distance
of closest approach of the lons and decreasing dielectric
constant have a large effect on the agreement of theory
with experiment. Consequently, the expression in (3-12)
which is -1n y. for a symmetrical electrolyte or part of

a sum of two such expressions leading to -V/ln y. for an un-
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symmetrical electrolyte has been differentiated with respect
to temperature on the approximation of constant concentration

to obtain the thermochemical quantities.

Relative partial molar enthalpy. This property of thne

solute is its partial molar entﬁalpy at a particular concen-
tration relative to that at infinite dilution. It is defiued
by the relation

T, = =BT (01n 3 /oT) (3-15)
The symbol R is taken as the gas constant, and the subscript
P as denoting constant pressure. Now for a symmetrical elec-

trolyte, differentiation of (3-12) gives
15-3:3 -
-(01lnys /2T)p = ¥+ [ ( (-kR"K + 3a3'kR 3)Xk/kl(3-k)

+[R‘3-3R'31n(R/a)] x3/31} - 3(1/T + @1n D/2T)

1

[:ii (R-k—a3-kR—3)ka/kl (3-k) + 3R'31n(R/a)X3/3 I]J (3-16)

where & 18 2 1n V/3T, the expansibility of the solvent, and
X is Ze2/2DkT. From equation (3-15) one sees that multi-
plying the right-hand side of (3-16) by YRT® gives Ip. It
should be remembered that this result holds only for a sym-
metrical electrolyte where V= 2; otherwise fé comprises
two such expressions. From equations (3-9), (3-13) and
(3-14) the limiting low-concentration behavior of L, can be
expressed for a symmetrical electrolyte as

L, = -2RTZ [(Oln VMA1in T)/3 +eln D/21n T + 1]

(3/4) (2 /DkT) X3 (3-17)
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or for an unsymmetrical n-1 or l-n electrolyte as
I, = -RT(Z; + nzg)[}aln V/oln T)/3 + 21n D/21n T + 1]
(3/4) (2/Dwem)2™3 (3-18)
Z1 and ZE are the electrostatic energy coefficients arising

from the n-valent 1on and the univalent lon, respectively.

Relative apparent molar enthalpy. The integral quan-

tity corresponding to L, is $;, the enthalpy of the solution
per mole of solute at a particular concentration relative
to that at infinite dilution. On the molar scale, $1, is de-

fined as

C
B = (1/C) g I, dc (3-19)
o}

Of all the thermochemical quantities, ¢I;is nearest being
the actual calorimetrically obtained quantity. ¢:L is the
negative of.ZSHD, the integral heat of dilution to infinite
dilution, which 1s considered to be positive if the process
of diiution 1s endothermic. The experimentally determined
quantity is the heat of dilution from one finite concen-
tration to another. In the limit of low concentration the
relative apparent molar enthalpy is given by equations (3-19)
and (3-17) or (3-18):

Br, = (3/4)I; (3-20)

Relatlve partlal molar heat capacity. The partial

heat capacity of the solute at an arbitrary concentration

relative to infinite dilution 1s defined as
Jp = (0Tp/2T)p ' (3-21)
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or
7, = 25/1 + 12[0(Ty/1%) /o1 p (3-22)
Execution of the operations denoted in (3-22) on the ex-
pression for L, obtained from (3-16) gives for a symmetrical

electrolyte

3,2 2L,/ T-(L/T)*/VR +VRy.{ T*(oa/>T)
[{i (kR 438 R™) X at (310 + (R™3R™ In(R/a)) X /31 ]
+301-T*(* InD/aT3) i (R a* R™)aX Mt (3-%) +3R7 [n (R /@) X 73!]
(T L R 9a R )X Vi (310 +36R? n(RA)- 2R™) X 31]
2 Ta(+TamsT)] 3 KR 32 R ThL G-+ 3R 3R IR X5

+30+TomD/aT)* [ T (R R X it (349 + IR n(R/2) X751
(3-23)

Relative apparent molar heat capacity. The heat ca-

paclty of a solution per mole of solute relative to its heat
capacity at infinite dilution is denoted by ¢J. This quan-
tity is found from 3} in a way analogous to that by which

$, 1s determined from Eé:

c
b5 = (1/C) g T5 dc (3-24)

o)

Computer Program for Calculatlion of Actlvity Coefficients

Equation (3-10) was utilized in a program written in

Fortran for the I.B.M. 1410 computer. Activity coefficients
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were calculated for different valence types of electrolytes
by employing as input data the ion size parameter a, elec-
trostatic energy coefficient Z, dielectric constant D, and
absolute temperature T. Calculations were made over a con-
centration range by iterating the calculations for 0.1 unit
increments of 01/3. The value taken for D was from the re-
cent data of Malmberg and Maryott (21) which give 78.303 for
the dielectric constant of water at 250.

The maln chore of the program was the evaluation of
I(x) as defined in equation (3-11l). The evaluation of the
exponeatial integral function in I(x) was performed by cal-

culating the infinlte series
Ei(x) =7 + In x+ ) x"/nln (3-25)
n=1
where 77 = 0,577216 is Euler's constant. (See Appendix.)

Conductivity

In order to test the cell model against low concen-
tration conductlvity data, one needs only to insert the
appropriate value of K’into Onsager's limiting equation
which is (2-14) for 1-1 electrolytes or is as follows for
n-1 or l-n electrolytes:

A =A° - (7.156 X 10'8n[q/(1 + ql/?)]ﬁf

+ 2.763 x 10"61/} k/3 (3-26)

Equation (3-26) employs the most recent and reliable values

for the dielectric constant (21) and viscosity (22) of water
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at 250. The symbol g denotes the guotient

nA(ntd + t9) (3-27)

where tg is the limiting transference number of the uni-
valent lons and tg 18 the transference number of the n-va-
lent ion.

For the cell theory, r can be determined from the low
concentration limiting form of (3-9). The cell model equa-

tion for £ (n-1l or l-n electrolyte) 1is thus
€= 3(2y + nz,)2M3/mv (3-28)
or in water at 250
k= 1.021 x 107(2q + nzg)cl/3/u (3-29)

The subscripts on the Z's in (3-29) have the same meaning as
on the t's in (3-27). From (3-14) the limiting equation for

£ is seen to be 1in the case of a symmetrical electrolyte

= 3223y (3-30)



CHAPTER IV

EXPERIMENTAL TESTS OF THE CELL THEORY

Activity Coefflcients

Theoretlcal activity coefficient curves for agueous
solutions at 250 are shown in Figure 6 for 1-1 and in Fig-
ure 7 for 2-2 electrolytes for values of the ion size a
ranging from 1 to 5 R. Since a 1s the only adjustable pa-
rameter employed in the theory, it must bear fthe burden of
predicting the individualities observed among electrolytes
of a given valence type. That 1t does 1s amply verified
by the examples cited below. (In many of these examples
density data from standard sources has been utllized to
convert from an experimental wmolal scale to molar scale
of concentration.)

In Figure 8 the electromotive force data for po-
tassium chloride, sodium chloride, and hydrochloric acid
reierred to previously, along with higher concentraéion
data obtained from cells without transference (23,24,25)
are compared graphlically with theoretical predictions.

The derived 1lon Size parameters are reasonable: HCl, 5.30;

0
NaCl, 4.00; and KCl, 3.50 A, The intercepts are respectively,

33
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0.21956, -0.13475, and -0.16798 voits.

In filgure 9, the cell-without-transference data of
Bray (26) and of LaMer and Cowperthwailte (27) on zinc sul-
fate are compared wlth several theoretical curves. The data
cannot be fitted to any of the theoretical curves, but the
limiting slope 1s not greatly in error. The discrepancy is
readily explained, for zinc sulfate is known %to hydrolyze (28).
In fact, it is unlikely that useful data can be obtained for
any electrolyte all of whose ions are multiply charged. Even
if hydrolysis does not occur, interference may be expected
from lonic assoclation due to the high ionic charges.

Famllles of cell theory curves calculated for the
activity coefficients of 2-1 and 3-1 electrolyftes are shown
in Figures 10 and 1ll, respectively. Calculated activity co-
efficients have been compared with experimental data for a
2-1 and 3-1 electrolyte. The data of Robinson (29) and
Shedlovsky and MacInnes (30) obtained by isopiestic and
electromotive force measurements on calcium chloride solu-
tions at 250 are plotted 1in Flgure 12. The theoretical
curve employs an ion size of 5,70 X. In Flgure 13 the elec~
tromotive force and isoplestic data on lanthanum chloride of
Shedlovsky and MacInnes (31), Shedlovsky (32), and Robinson
(33) are presented with the accompanying cell model curve
which is based’ on an ion size of 6.30 K.

In all the above cases, except that of zinc sulfate,

the cell theory correctly predicts the value of the activity
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coefficients up to moderately high concentrations. Further-
more, 1t describes qualitatively the correct shape and mag-
nitude of the activity coefficient curves to much higher con-

centrations.

Thermochemical Quantities

Only low concentration limiting cases of thermochemical
properties are presently interpretable on the basis of the cell
theory. Preliminary calculations with the complete equations
given in Chapter III show the right order of magnltude for
the various properties and in many cases predict the correct
shapes of the curves. But because of the highly individual
thermochemical characteristics displayed even among electro-
lytes of the same valence type, the good general agreement
of theory with experiment obtained for activity coefficients
1s not observed for these properties. This lack of corre-
spondence 1is directly traceable to the ion size parameter a.

An assumption involved in the fthermochemical equations of
Chapter III is the constancy of a with concentration and tem-
perature. If elther or both of these assumptions fail to
hold, however, the thermochemical behavior of the electrolyte
may be profoundly affected. This may be the case even though
the temperature dependence of a has no effect on the activity
coefficlent at‘a glven temperature, and the concentration
dependence an observable effect only at rather high concen-
trations.

The following comparisons of heat-of-dilution data
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with the limiting cell theory equations typify the results
obtained for thermochemical quantities in general. The equa-
tions employ for the dilelectric constant of water the value
of Malmberg and Maryott (21) and the density data of Chap-
puls as formulated by Tilton and Taylor (34). The limiting
equation for the relative partlal molar heat content for a
water solution of a 1-1 electrolyte at 250 is seen from equa-
tion (3-17) to be
= 284.8¢Y/3 cal/mole (4-1)

Ly

Equation (3-20) then gives the limiting relation for D1,

. = 213.6¢Y/3 cal/mole (4-2)

Figure 3 shows that (4-2) predicts exactly the limiting
slope for the integral heat of dilution of sodium chloride
(35). Agreement over such an extended concentration range
is probably fortuitous, but the concordance is nonetheless
striking. The Debye—HGckel limiting equation 1s also plotted.
In the neilghborhood of 0,001 M it predicts the correct slope,
but veers upward beyond this point. The intercept for the
square root curve comes from Harned and Owen (36). Equa-
tion (3-20) predicts a slope for'ﬁllof 7“7.601/3 for 2-1
electrolytes and 155201/3 for 3-1 electrolytes. Data for
calcium chloride (37) and lanthanum nitrate (38) are plotted
along with the limiting cell model slopes in Figure 14. The
D-H limlting curves are also shown--the intercept for cal-
cium chloride being taken from Harned and Owen (39); and for

lanthanum nitrate from the plot ofgﬁL of Lange and Miederer
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(38). The cell model theoretical limiting slopes of ¢I‘are
not inconslstent with the lowest concentration experimental
slopes for calcium chloride and lanthanum nitrate, but the
data do not reach low enough concentrations for unambiguous

verification.

Conductivity

The equatlons for conductlvity based on Onsager's
limiting expression, assuwing k£ to be dependent on the
particular model, are plotted for hydrochloric acid at 250
in Figure 4. Included are the cell model, lattice model,
and Debye-HSckel slopes. Plots of potassium and sodium
chlorlide conductivity data compare similarly with the the-
oretlcal slopes.

Data for the eguivalent conductance of calcium
chloride (40) and lanthanum chloride (41) are compared with
the limlting Debye—HSckel and cell model equations in Fig-
ure 15, The limiting cell model slope is 1In almost perfect
agreement with experiment for calcium chloride, but the the-

oretical slope 1s several per cent higher than the experi-

mental in the case of lanthanum chloride.

Comparison of Results of Lattice Model and Cell Model

The limiting slopes of log y: curves are about 10%
more negative for the cell model than for the lattice model,
corresponding to a 10% more negative electrostatic energy.
The concentration dependence of the lattice model slope is

the same as that of the limiting cell model slope, but in

£
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the cell model the dependence is more complicated at ob-
served low concentration owing to the importance of higher
order terms., The significance of the latter fterms and of
the ion size parameter in the cell model brings slopes at
low concentration into even closer correspondence with
those actually observed than the lattice model.

The approximately 10% Gifference between the limiting
cell model slope and lattice model slope also appears in com-

paring predicted heats of dilution and conductivity.



CHAPTER V
EXTENSION OF CELL THEORY TO HIGHER CONCENTRATIONS

The problem of interpreting the behavior of concen-
trated solutions 1s one that faces any theory of solutions.
Modifications of the Debye—HGckel theory, all of a com-
pletely emplrical or semiempirical nature, have met with
varying degrees of success, These approaches have 1in gen-
eral treated the question in terms of decreasing dielectric
constant with increasing concentration (41,42), decreasing
volume of "free" solvent with increasing concentration due
to ionic hydration (43,44), or excluded volume effecis on
the ions (45).

In the cellltheory expliclt consideration of the
hydration aspect 1s unnecessary. The molar scale employed
throughout is based on the overall solution volume which is
independent of whether or not the ilons are hydrated. Of
course hydration cannot be disregarded, for it is the ex-
tent of hydration that)determines the distance of closest
approach of the iomns, Furthermore, the effect of changing
dielectric constant is always present no matter what the

concentration scale may be. The effect of a smaller di-

4o
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electric constant on the lonic activity coefficlent is to
decrease its value., .-Qualitatively, the same effect 1is to
be expected with increasing concentration as a result of de-
creasing distance of closest approach of the ions. As the
ionic concentration increases, the average degree of hydra-
tion will decrease owing to competition for the water of hy-
dration by a larger number of ions, and the apparent value of
a will decrease.

It would obviously be an advantage to incorporate
the dielectric constant and ion size effects rather than
treating each separately. Since the ion size parameter a
must be adjustable in order to fit experimental data, the
advantage of incorporation would be enhanced by letting the
value of a reflect both effects. That this is a reasonable
approach i1s pointed out by Robinson and Stokes (46). It has
been shown that nearly all of the lowering of the observed
bulk dielectric constant occurs in the first layer of water
molecules surrounding an lon. If this primary hydration
sheath 1s considered to be part of the solute particle, then
the bulk dielectric constant of the solvent wmay be appropri-
ately used.

It has been found that plots of the apparent values
of a required to achleve complete agreement with experimental
activity coefficlent data are linear in the ilnverse cube »
root of concentration over a wlde range. Such a plot is shown

2
for potassium chloride electromotive force data (23) in Fig-
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ure 16.  One way of interpreting this relation is by means
of an excluded volume approach. Referring back to Chapter
III, it 1s seen that the first equation for the ionic par-
tition function prior to (3-1) contains a free volume factor.
The free volume was at that point set equal to the total cell
volume minus the spherical volume described by the mean dis-
tance of closest approach, or MW(R3—a3)/3. A better pro-
cedure consists in utilizing the effective excluded volume
encountered by a pair of colliding bodies. A treatment a-
long these lines leads to a relation for the effective ex-
c¢lusion volume for potassium chloride whose slope is close

to that observed in Figure 16.7

. .
The author is indebted to Dr. G.W. Murphy for this infor-
mation,



CHAPTER VI
SUMMARY AND CONCLUSIONS

An analysis of the extrapolation problem with ilow-
concentration data of three~typical strong 1l-1 electrolytes
leads to the following conclusions: (1) Intercepts, such as
Eo in the analysis of electromotive force data, and activity
coefficients derived therefrom, are not unlque but depend
upon the model chosen to represent thermodynamic non-ideal-
1ty; (2) at low concentration, the cube root of concentra-
tion ylelds a better fit of equilibgium data than does the
square root, and is not inconsistent with conductlvity data;
(3) slopes of such plots are in good agreement with the pre-
dictions of an expanded rock-salt lattice model.

The fact that an arrangement of lons as well-ordered
as that in a rigld lattice cannot possibly exist in a fluid
solution glves rise to the cell approach. The cell model
serves as a bridge between the rigid lattice and conven-
tlonal interionic attract;on theory.

At vanishingly small concentrations the Debye-H&ckel
theory predicts square-rooft dependenée of properties; the

cell theory cube-root. But with the possible exception of

53
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conductivity and heat of dilution, it 1s doubtful that data
on single electrolytes are avallable which will permit a di-
rect test of limiting equations. Avallable iow-concentra-
tlon data are conslstent with both theories. Ion size effects
and higher-order terms are ilmportant in this concentration
reglon.

Extrapolations based on the two theories wlll yileld
two mutually exclusive sets of intercepts. The cell theory
goes beyond this in its ability to interpret concentrated
solutions.

Of course a square-root and a cube-root limiting
relation cannot both be right in a finite concentration
range. Only a future extension of rellable experimental
techniques into the presently inaccessible region can settle
the issue. The question ¢f what theory 1is correct in this
region 1s actually less important than it may appear. If
a model on which a limiting equation is based is consis-
tent with data obtained at experimentally realizable con-
centrations, 1t becomes, by extrapolation to infinite dilu-
tion, an arbitrary reference state which may be convenlent
to use even 1if 1t 1s incorrect on theoretical grounds at
finite concentrations below those experimentally realizable.
Hypothetical reference states are common choices in thermo-
dynamic analyses. This is the only thermodynamic meaning
of the ambiguity in activity coefficients referred to ear-

lier. Intercepts from 'extrapolations depend on the chosen
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reference state, and, these in turn, determine a set of activ-
1ty coefficlents.

'~ The work that remains to ircrease the usefulness of
the cell theory is indicated in Chapters IV and V. The first
step 1s to provide better agreement of theory with thermo-
chemlcal measurements, and the second is to extend the theory
to higher concentrations., Hopefully, both of these objec~
tives may be acoomplishéd through the free volume approach
mentioned 1n Chapter V. A treatment of this type appears to
be feasible, and 1f so, the cell theory can still bé utilized

with only the single adjustable parameter a.
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APPENDIX

FORTRAN PROGRAM FOR COMPUTING ACTIVITY COEFFICIENTS
ACCORDING TO CELL THEORY

40
41

39

W 0w ~N O U, &=

10
11
12
13
14
15

READ 35, A, 2, D, T, MAX
I (A) 41, 41, 2

STOP 13

X1 = Z%*8.3540 E-4/(D*T)

A = A¥1,0 E-8
X = X1/A
P=0.0

DO 33 N = 0, MAX

H= 1.0

F = 1.0

EIX = 0.577216 + LOGF(X)
T = X**H/(F*H)

EIX = EIX + T

H= H+ 1.0

F = H*F

IF(T - 1.0 E-6) 14, 14, 9
RECIP = 1.0/X

TERM = EXPF(X) *(RECIP*(1.0 + RECIP*(1.0 + 2.0%RECIP)))
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16 IF (P) 17, 17, 20
17 S1 = (EIX - TERM)/6.0
18 PRINT 35, A, Z, D, T, MAX
38 PRINT 36
19 GO TO 28
20 S2 = (EIX - TERM)/6.0
21 DIFF = S1 - 82
22 IF (DIFF) 1, 1, 23
23 B = 3. 0¥XX¥X*X*DIFF
24 YLOGE = -LOGF(B)
25 YLOG = 0.43429%YLOGE
26 CLY2K = 0.051386*YLOGE
27 PRINT 37, CUBRC, C, YLOGE, YLOG, CLY2K
28 P= P+ 1.0

29 CUBRC = O.1%P

30 C = CUBRC*CUBRC*CUBRC
31 R = 7.346 E-8/CUBRC
32 X = X1/R

33 CONTINUE
34 GO TO 1
35 FORMAT (4F10.5, I10)

36 FORMAT (6H CUBRC, 6X, 5H C , 4X, 6H YLOGE, 5X, 5H YLOG,
5X, 6H CLY2K)

37 FORMAT (1X, F4.1, 4X, 4F10,5)

Input data: A, ion size parameter a in Xngstrom units;
Z, electrostatic energy valence coefficient; D, dielectric
constant; T, absolute temperature; MAX, maxlimum number of
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concentration points desired in computation.
Output data: C, molar concentration; CUBRC, Cl/j;
YLOGE, 1ln y:, YLOG, log y.; CLY2K, 2k 1l0Z ¥s .



