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MATHEMATICAL MODEL OF FLOW OF FLUID IN POROUS MEDIA

ABSTRACT

In this Jissertation. we investigate the flow of fluid in porous media. The mathematical
drainage models are developed in a domain that is partitioned into a saturated portion and a
unsaturated portion. The boundary value problem of elliptic equation and parabolic equation on
the time dependent domain which represents the model of pressure in the saturated domain were
posted with given inflow and outflow measurements. By change of variables. we formulate
the problem with time dependent coefficients on a fixed domain at every time ¢. We prove
the axistence and uniqueness of the weak solution of the problem by the variational method.
The continuity of the solution with respect to permeability was also discussed. I[n crder to
estimate the permeability of existing pavement system, we pose a minimization problem to
find the permeability A minimizing the error between calculated outflow and observed outtlow.
Furthermore. the numerical analysis and computer simulation results are presented for both

elliptic and parabolic problems.
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CHAPTER ONE
Introduction

We consider a rectangular solid region Q that is partitioned into two subdomains {” and I
that represent unsaturated and saturated domains, see Figure 1. It is further assumed unrealis-
tically that there is no fluid in the domain U and that the domain 11" has saturation 1. Fluid is
assumed to enter ) through the upper boundary and essentially to pass immediately into 11"
Fluid may leave through a portion of a boundary. As a result of the inflow and outflow of
fluid through Q. the domains {” and T1” are time dependent. We determine a differential equa-
tion that relates these domains to the measured inflow and outflow. Within 11" we assume that
fluid flows according to Darcy's law. Our models consist of (1) an initial value problem gov-
erning the domain and (2) a partial differential equation governing flow within 1I". The partial
differential equations are either elliptic or parabolic depending on the inclusion of the com-
pressibility term. In either case a change of variables determines boundary value problems on

a fixed domain but with time dependent coefficients.

To validate our model we consider roadbed drainage field data. Our approach is to pose
a parameter identification problem to estimate permeability so as to fit the observed inflow
and outflow data. To carry out this program requires an analysis of properties of the partial
differential equations. numerical solution of these equations. and an analvsis of minimization
problems associated with the identification problem.

The theory of boundary value problem of elliptic equations and parabolic equations with
initial condition can be found in Hormander. Lions and Magenes and Ladyzenskaya. The nu-
merical solution of resulting system by finite difference technique is studied in [3]. In the book
by Chavent and Jaftre [2]. the finite element method is applied to the porous media problems. In

the paper [11] by Luther White and M. Zaman, a simplified model and some simulation results

in two dimension are presented.
In Chapter Twvo. we construct the mathematical mode! of the height function and the models

in the saturated domain for both incompressible und compressible fluid. [n Chapter Three and



Four we use the change of variable to formulate the problem as a differential equation with time
dependent coefficients on a fixed domain at every time ¢, and then reformulate the problem as
a variational problem and furthermore, prove the existence an uniqueness of solution. The
continuity of the solution with respect to permeability is also discussed. Ir order to estimate the
permeability of existing roadbed system, we establish the detail analysis of the minimization
problem in Chapter Five to estimate the permeability £ minimizing the error between calculated
outflow and observed outflow. A comprehensive numerical analysis is discussed in Chapter
Six. We use finite element method to solve the partial differential equation and use this together

with gradient decent method to iteratively solve the minimization problem. All posed problems

are solved on 3 dimensional domain, and the results are presented.

The problem considered in this work is motivated by the very practical need to model the
drainage in roadbeds of high performance highways and the effort to explain data accumulated
over years by the Oklahoma Department of Transportation. Historically, the rational modeling
of flow of fluid in porous media has always been an important consideration in environment.
energy. construction and other related fields. Drainage of water was an important consideration
in old construction practices in ancient Rome, Greece. and Egypt. In 18th and early 19th cen-
turics. French and English engineer addressed this problem. PM.J. Tresaquet. the introducer of
the “French drain™ in France. and Thomas Telford and John L. McAdam in England made sig-
nilicant contributions in this regard. In the early 20th century, The mechanization of handling.
processing and placing of materials resulted in major changes in roadway designed for drainage
of internal water. Usually these roads were not designed for drainage of internal water. With
increase in traffic volume and load. however. these types of roads are no longer successful. As
a result. drainage has drawn more attention of the pavement designer and theoretical treatment
becomes more important. Determination of drainage properties. estimate permeability of the

media. and asset the degradation of water become more important factors for the construction

designer.

12



CHAPTER TWO
Development of Mathematical Models

The models of flow in a porous medium serve a variety of purposes and will vary in degrees
of precision. It is important to realize that generally porous media models are complicated
nonlinear problems. Without simplifying assumptions they may be difficult to analyze and
may require substantial computational effort. In this research. we consider a domuin as shown
in Figure 1. denoted by €. which is defined as follow: Let Gbe givenby G = (0. L} x (0). L.
and Hy, H, : G — R be real valued functions defined on G. where H,(r.y) < H,(.r. y) for

any (z.y) € G. Define the domain
Q={(z.y.2):(x.y) EG. Hpr.y) < : < H..r.yj}
Denote the upper boundary of Q by
F.={te.y.2): (x.y) = CG.2 = Hir.p}

Suppose that /{ : ¢ x {0.T) — R is a real valued function defined on G x (i). T such that
Hnr.y) < Hir.y.y) < Hi(z. y) which represents the height of surtface I separating fully

saturated domain 117(#) and unsaturated domain (714}
Cit) = iy Hiry.t): (r.y) = G}
Wit ={(r.g.z):(r.y) €EG. Hyir.y) <: < Hir.y.H}
U =:eoy. )i (ey) €EG Hicy t) < z < Hy(x.y)}
Ch={(r.y.r iy <r<ray=u Hlr.p! <z < Hlr.y.t'}

Without loss of generality, we assume H(r.y) = 0, Hyr.y) = =, Let ot represent the
outflow leaving [, and u(f) represent the inflow of fluid into the domain from .. .» denote

the porosity. s denote fluid saturation. and p denote mass density of the fluid.



Mathematical model of height function

The behavior of the fully saturated domain 1V(£) as time evolves is one of the issues when
drainage is of importance. The saturation in 117(¢) is equal to 1. As time varies, the boundary
of 11°(¢) determined by height H(r. y.t) will vary. Let p = py(1 + cp). where p is pressure.
pu is a constant and ¢ is compressibility. In order to develop the model in the fully saturated
region 117i#) with upper boundary ['(¢), we suppose that p(z. y.¢t) is the fluid flux entering
[1°(#) through [(¢). and o(t) is the fluid flux leaving IV'(¢) through ['y(¢). so the mass of fluid

entering 117i¢) through ['(¢) is expressed in term of integral

/ pui.c.y. t)ydrdy (2.1)
Cit

and the mass leaving 11°(¢) through [y is given by integral

/ pot)drd:s.
Iy

Let §71#) denote the volume of fluid in 117(¢), then

nH 2.y
ity = / o(r.y. 2dxdyd: = / / o(.L.y. 2)dzdrdy
e Je:Ju

Heace. the change in mass of fluid in [17{#) per unit of time is

d (- ooyt .
m-lp ) = ‘”// olc. y. z)dzdrdy
= p/ o(.r. y. H(J:._l/.t)iH(.r.y.f)d.rd_q. 2.0
it ot

On the other hand. from (2.1) and (2.2) we have

i{ 1) /;n’r.y.t,)d.rdy /n(f)d::d:.
G

dt
[ {FATN]]
/u(r Y. f)d.uh/—mﬁ/ / dzdr (2.4
o ,

/u(r y. tydrdy — ot} H(.r yo. Helx

G Iy

Combining (2.3) and (2.4) we obtain a relation satistied by the height function / for cach time

4
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Proposition 2.1 Let p & po, then

7] 2
/ o(r.y. Hiz.y. t))-a—t- H(x.y.t)dedy = / ulr.y.t)— o(l.)/ H(zr.yot)dr
(4 (4 I
If we consider the domain is relatively thin, @ = ¢(. y). we have the following corollan.

Corollary 2.2 Suppose that o = o(£.y), H(r. y.t) = J(z. yjh(t). and pu(z. y. t) = alc. y)r:).

then the height function /(t) satisfies the following ordinary differential equation

qpo-d‘!f-h(t) = ar(t) - bo(t)h(t) (2.5

where
@ = / o(x. y).3(z. y)drdy
«

n = /a(.z. y)drdy

L2
b = / J(c. yojdr
£

L}

The solution ot'(2.5) will give the height of surface [(#) which determines the time dependent
domain I17i7). Next. we scek to develop the model describing the pressure fieid within the
saturated domain 11°(1).

Mathematical models in fully saturated domain
Assume that pressure is zero. actually a constant in unsaturated domain Q* 117 /). and that

fluid entering 117} is incompressible. Suppose that /{(.c. y. ). the solution from (2.5), satisties

0 < Hir.y.!) - . for anytime f. Then the mass in {1°(/) can be expressed in terms of integral

/ op-dr
L1 93]

So. the change of mass at time /, derivative with respect to / is

1 / Dol
— o) ol
Al Jyyqy f

th



So. the change of mass at timc ¢, derivative with respect to ¢ is

d
—_ op - dv
dit Jyqr p

on the other hand. the change of mass is difference between of water entering and leaving 117 #).

It can be calculated by integral of pdv - n along the boundary, where n is outward normal along

the boundary. Thus. we have

i/ op-dv = —/ pv - ndo (2.6)
dt Jyi) e
from the divergence theorem.
/ opv - ndo = - V(pv)de (2.0
e we)

combine (2.6) and (2.7)

d

/ o—p-dv =— V(pr)dv
wiy  dt W)
we ubtain the equation for mass conservation within 11(¢)
7]

05;‘1) =-V- ([)l') (2.3

Since p = pn. e = 1. and from Darcy’s law ¢ = —AV . we thus obtain an elliptic equation

VAV D) =0

in 1), where @ = p - pgz.
In addition. we suppose that pressure is equal to zero. or constant on top surtuace [ and side

outlet [, and there is no flow on the part of boundary =y E\Cw(y = Tithie.
AVD.n =10
and also suppose that there is the additional outflow condition on [,
AND - n =o(l),
we can conclude the lollowing.

Proposition 2.3 Suppose that the fluid is incompressible. g, is density of the rluid. then the



pressure p is the solution of the elliptic boundary problem

V. (kVD)=0 in 1°(¢t) 2.,
p=0 on['UTl, (2.10)
AV =0 on AW (t)/T U, (.11

with additional boundary condition
AVD - n =o(t) only 2.1
Remark 2.4 This elliptic equation is time independent. but the boundary is time varying deter-
mined by height function H.
If we assume that the fluid is compressible with the compressibility - from (2.8) we will
derive that pressure p satisfies a parabolic equation with same boundary condition as (2.10).
(2.11) and (2.12).

Proposition 2.5 Suppose that the fluid is compressible with compressibility «. g, is density of’

the fluid. then the pressure p is the solution of the parabolic boundary value problem

co%’t: =V.(kVD) in [17¢¢) (2.13
p =1 onl"U T, Q.14
AND = 0 onIit) T2, (215
with initial condition
p0) = p’ (2.16)

and additional boundary condition

ANVD-n =ot) 207



CHAPTER THREE
Boundary Value Problem Of Elliptic Equation With A Time Dependent Domain

In Chapter Two we developed the mathematical models in fully saturated domain and posed
the elliptic boundary value problem (2.9)-(2.11) on accretive domain when assuming fluid is
incompressible. In this chapter. we will define the change of variables and reformulate the
problem as a variational problem on a fixed domain for every time ¢. Then we prove the exis-

tence of an unique solution of the variational problem and discuss the continuous dependence

of solution with respect to the permeability & of the porous media.

Define IT(¢) : B% — R® map (r.y.z)to (€.n,C) by

E=r
_n=y (3.1)

(= H l_:..y.l)

then [T(#) will map domain 117{¢) to 1y, where [Ty = {(£,7,¢) : 0<E< L 0<n< Lo < < 1

(see Figure-2).
Remark 3.1 The map F is invertible, because the Jacobian determinant can be simply calcu-

lated as

ll 00 !
J=1010 =F¢0. if H =0.

Detine at€. 1. o, t) as pressure function under change of variables

wi&.n.g.t) =p(r.y. =.t).

then
pPr = Uu —S& i
r = 3 H 4
¢H,
Py = Ug— U
) = L i
l: - H «*
G H,
m = Tllc.

1
]



To simplify the notation, we define, through this dissertation,

_ ¢H,
aQ = H
_ ¢4
ar = H
oo L
T H
o =
‘ H
then in terms of new variables. the equation can be expressed as
(a a—q-—a—a-a-i) k(@—aa—(pa—(p-—agft—,ng‘—b)-() 3.2
o ~Macan ~ Mac e’ e " Mac e T Mag M T (=)
where
$ =u+pyCH
Existence of solution
Let V" be Hilbert space defined by
V={,:€H'(_Q).,:=() onl"ul"-.} 3.3

with inner product defined by (u.v) = [,. ur. Unless otherwise specified. let i-" denote the
norm of Hilbert space 17 We seek the solution of variational problem and utilize the famous

Lax- Milgram Lemma quoted below to obtain the existence of solution.

Lax-Milgram Lemma: Let 17 be a Hilbert space. a(-.-) : 1¥ x V* — R be a continuous
1 "-elliptic bilincar form, and let f : 1" — R be a continuous linear form. Then the abstract
variational problem: Find an element u such that

wel’ and Yrel. a(u.r) = flr)

has one and only one solution.

Take any = 17, Multiply (3.2) by » and integrate the both sides on [}, we obtain
J J ad g a ,db ad b ob o

—d; T .mT T W ay—"' -k — =ty — =t — 13— - _-"I'f"'l'u’C

0 = (— . —_—
", ()S ()C L)I’ -()C



k(‘p £~ a;@ ¢ P ' 02¢ ) 43([’ ()‘L'dd’
Ly

k(‘p €= aﬂb Ce ] n— a2<I> ¢r a3<I> ;)(‘UE — QW V¢ Py —a2U¢, a:,v;)dfdnd(
"y
Applying the boundary condition, we have

k(Pe—arPe, @y —a2®;.0390 ) (ve — v vy — as g, a3 )dédnd¢ = 0
Wy
since b = u + pgCH.
0 = k(lls —Q Ui Up— QU .azl C)(L'E —q ;. by —agly. a;,v;_)dfdr;d(
i,
+ | kpgH(ayve + asv 5 + (ai — af — a3)v)d€dnd(
W

Define operator a(-.-) : V x V' —— R by

alu.v) = / kg —ayu¢. vy ~ayuc.azu)(ve —agte. vy = aat . azr NdSdnd¢
'

and linear functional F : V' ~— R by
F(rV= [ kpgH(ayv ¢ + ast, + (a5 — ai — a3)v ;)dSdnd(
o
then represent the boundary value problem (2.9)-(2.11) as a variational problem{1°P): Find

u =V suchthat a(u.v) = F(v) forall v € V.

It is clear that u(-. - is a bilinear form. and for any » € V"
a(e.r) = kl(ve —aie ) + (v, —asv )* + a;';u"l-;dfdl)dg’
i,

2 .1 2.2
= / k(ce + vy — 2yt er ; + 2aar v + (@] + a5 +aj)r
Wa

~
-l

"
; . . Iy . (

.,,2 2 2 2, oy a8 =2 2

2 / k:.'-'£+u"+(al+a-_' T (l:’)l; -LE __U.\-—:l,,— -L::
"'u -

* ) =y 9 9 U] 1 ) ) ¥
= / k(1 =)o + (1 = 2)es, + (af + a3 + a5 — —(af ~ a3 3.4
“-u * -

We want to choose () < £ < 1) such that

23, o2 a Loa s
aj + a3 +ay — —(ay +a3)



is greater than a positive number. Suppose that
)
af+a§+a§—;(a;+a§)>do>0 (3.5)
then
@ +02 + 63 —dp > ~(a +a3)
[

Hence, = must satisfy the following condition
aj + a3
ai +a3 + a3 — dy

E>
and since a3 # 0. if we choose dg < a3, then

a9 9 b ] e d 9
a;+a;<aj+as+a3—dy

S0, .
aj + a3

2., 3. 2 <l
ai + a3 +aj —dy
thus, we can choose positive number = < 1 satisfying (3.5). With = chosen as above and

condition k > ¢y > 0. from (3.4) we have
a(e.tv) > al|vl? (3.6)
for some constant . On the other hand. for any v € V, assume k € L (). H € X. where .X

isdefinedas X = {H| H > Hy > 0. H € C!{0.T: W 4(Q))

iF(v)l = I'A kpgH(a\ve +asv, + (a3 — aj - a:::)u;)d.frlurlc|

' 1 | : , 1 , ot 12 ' TR .
< pyllkil e (HH:M - flvell + [ Hyily - lva]l + E;“ + i Helly = 1Hyy ;)
< Cllef

where C is dependent on norm of k in L*(€) and norm of H in .X. Therefore. F is continuous

functional and we can conclude the following theorem by applying the Lax-Milgram Theorem.

Theorem 3.2 Suppose that k € L>(Q). H{x. y. :.t).e XX and there exist ¢y > 0 such that
k > ¢g > 0. then the problem (2.9)~(2.11) have unique solution

u(t.:) eV foreveryte (0.7T)



such that
a(uv.v) = F(v), forallveV.

Properties of solution of variational problem

We have proved the variational problem has unique solution u(t,-) € V forevery time ¢ and
given parameter k. Now, we discuss the continuous dependence of the solution with respect to

k. Define a mapping from k € L™(Q2) to the corresponding solution u(k)

g9: L*(Q) — Vig(k) = ulk)
Proposition 3.3 Let {k,},., , be a sequence in L=(Q), satisfying kn > co > 0, and k, — ko
in L>=(Q), where ko € L*(2), and kg > co > 0. Suppose that u,, = u(k,) and ug = u(ko) are

solutions of (VP)
a(u.y) = F(p) forallpeV

corresponding to k, and ko respectively, then [Ju,, — up|] — 0, when n — oc.
Proof: Since u,, ug are solutions of (VP) corresponding to &y, ko, for any o € V"
/ kn {(u,,f — 0ytnc)(P.s = 1¥.5) + (tng — Qattnc)(Pq — G29.0) + agunc'.-’..'] d§dnd¢
L0 ]

(3.7

/ knHpg [‘Il(r‘.s —aeg) +aalyg —axv) + “gv’.(] d€dnd(

wo

and

/ ko [(tae — artiac)(v.c — a1.;) + (toy ~ aatioc)(9.n — Gav.c) + auiney.;] dSdnd(
(3]

= / koHpyg [al(»?.s —a1p:) + ey, —aawe) + ﬂgv’:] d€dnd¢ 3.9

Let - = u, — ugy in (3.7) and (3.8) and take the difference of (3.7) and (3.8), then

/ kn [(tng — artnc) — ko(ttag — ayuoc)] [(un — uo)g — ar(un — uo).;]dSdnd¢

+ / kn [(tny — azttn¢) — ko(uon — azu;)c')] [(2a — uo).p — a2(un ~ uo).;}dSdnd¢

+/ a; [k,, U — ’Co‘llo.;] (un = !lo),g (3.9)



= / (ka — ko) Hpglai((un — uo).c — a1(tun — to).c) + a2((un — 1o).n — a2(un — uo).¢)

+a3(un — )¢
For the sake of convenience. define the first integral in the left hand side as I;, the second one

as [, and the third one as /3, and define the right hand side as I, then the (3.9) is
.[1+Ig+.[3=[,- (310)

L = / {(Kn ~ ko) ttng = @1ttng) + Kol(tin — o). — a1(ttn — u0)..]}
[(un ~ ug).c — ay(un — uo).c] d€dnd¢
L = / {(Fw = ko) (ting — G1ttng)[(ttn — t0) ¢ — @1(tn — 10).]

+ko(un — ug)%s — 2koa: (tn ~ to) £(tn — to).c + kou(un — uo)%

I, = / {(kn — ko)(uny — astin¢) + ko[(un — t0).n — @a{un — uo).c[}
[(un - uo).rp - a'l(un - uO)-(] df(h]d(
/ {(kn — ko) (1tan — azttnc)[(1tn — Ua).n — @1(un — to)..]

~ko(un — Uo),?,, — 2kouz(un — o) .p(1tn — ug).; + koad(tty — Uo)_z,.,

oy
]

Iy = / a3l{kn = ko)tne + ko(un — u0).cJ(tun — uo) dSdndc
wn

L = / a:.f(k_., — ko)unc(ttn — ug).c + a_:,"ko(-u,. - un)i.
wn

dei = | / (hn — kﬂ)[{l"y[al((un - uO).E - al(un - l.lo)_,;_) +a2((un - “0).11 - a2("n - "0).;)

+uf,( iy — ).}

1 f 1 ] P 1 ' ' 1%
=y tkn =Kol Z (1 Hellz + 1H,ll; + 35) + o ilun — uoi’
0 0 -

Substitute /. [». I3. /[, into (3.10). then we have

IA

. 2 . 2, 2, 2 , 2 2 2. 2
/ koltn — o) + ko(un — ug)s, + koai(un - "0).5 + kqu(un - uo)_,, + azky(un — un)*.
wy

13



| / 2koa1 (tn — Uo).£(tn — t0).c + 2koa2(tn — Uo).n(Un — t0).c — a3(kn — Ko)ung(un — o).

<
2k — o) (tng — @112nc)l(t — o) = 01t ~ ) ]
—(kn — ko) (ttny — @atinc)[(tn — u0).n — a1 (tn —u0) <+ 14
< s/ ko(un — uoﬁ +%/ koa (tn — uo)z +=/ ko(un “"0)2 / koa2(u,. - llo)2

a3(kn — ko)’un; + / a3 (un — o)’
1
+59 / (un — uo)% + -z/ a3 (un — uo)t + ;z-/wo(k,. ~ ko)*(ule + alu?.
+53/ (un — uo)% + .-:3/ a2(un — uo)% + _l/ (kn —~ ko)*(u3, + ajul.
wy wo <3 Juwg
I, | 1
+—pg [ikn = Foil Fz(" H.ll3 + | Hy I3 + '2') + 20 [[un — uoll?
=0 o

(1-:-—:-,)/ ko(un—uo).’g+(1-=‘—=‘2)/ ko(un — ),

ca . o 1 :
+Hui =0y +0f — 2(a} +a3) a0} — 20z — €13] | Ko(un = o)

P |
- ‘Mn = koll5 ilaall} Huil® +- 'Ikn — kollo (1 + Ilalllz) flull®

IA

1
+:.(_,P.‘I hn — koil o Hz('lH "2 + "Hyllz + ‘) + =g J|un ~ Uoll

Choose < satistving (3.5) and =y. =1, 2. =3 small enough, and note that kg > o > 0.we therefore

have
fun — uall* < C(|Hllx - l1ull . p-9) kn = Koll

where C({|Hy . [luil . p. g) is a number dependenton || H|| . lu]| . p- and g. Thus, [|u, — uo|| —
0.as n — x if |k = koil, — 0.0

Remark 3.4 Similar to The Propesition 3.3. we can discuss the continuous dependence of solu-
tion « with respect to /. Let tn, — £ in 0. T), u(t,) and u(to) be solutions corresponding to ¢,
and fo. If H = 3(z. y)h(t), and h(t) € C'[0. T}, then we can show that [ju(l,) — u(te)l] — 0

as I, — to, with the similar procesure in the proof of Proposition 3.3.

Remark 3.5 Let v be the solution of (2.9)-(2.11), from Remark 3.4. if H € X. we actually have

14



u € C°(0,T; V).



CHAPTER FOUR

Boundary Value Problem of Parabolic Equation

In this chapter, we consider that the fluid is compressible with compressibility c. The mathe-
matical model in the fully saturated domain W(t) was developed in Chapter Two. The pressure
p is the solution of a parabolic equation with boundary conditions (2.13) - (2.15) and initial con-
dition (2.16). The additional boundary condition is given in (2.17). Under the same mapping
[1(¢) as in Chapter Three for change of variables, we reformulate the problem (2.13)-(2.15) as
a variational problem on a fixed domain for every time ¢ and prove the existence of an unique

solution of the variational problem and discuss the continuous dependence of the solution with

respect to the permeability &.
Existence of solution

Recall TI{t) : BY — R? defined in (3.1) which maps domain 11°(¢) to [} and define

u(§. n. . t) as pressure function under change of variables
u($.n.¢.t) = p(r.y.=.1)

then in terms of new variables. the equation (2.13) can be expressed as

b o dJd Jd 9 a d dd Jd a¢ e o

Cle —thy=) = (7 —a1 537 5= — Qayz -—.) Mo —a13=. s ay=) =)

— {— '
or ~ " ac! T 0 TMac ey T M ac TN N MR R
(+.1)

Let 17 be Hilbert space defined by in (3.3), and take any v € V', multiply (4.1) by « and integrate

the hoth sides on 11} and apply the boundary condition we then obtain

921 -c/ 1 @l'
w, O Il.,”ac
/ kibe—a1P .. P, —asb; a,tbg)(v e —apu, syt 2 )dSdnd¢

since b = u + pyCH.

Ju du
l/;" TR c/ u,()“o -./“’p_qa,Hc

16



k(ue—aiuc.uy—aguc,a3uc)(ve — arve, vy — aav ;. a3v ¢ )dédnd(

o
+ | kpgH(ayv¢ +asvy + (a3 — ai — a3)v )dEdnd¢
"y

Define operator a(-.-) : V' x V" — R by

a(u.v) = / kue—ayu;.uy —asug.azu)(ve — art e, vy — asr ;. asv : )d€dnd()
o

and linear functional F : V' —— R by

Fiv) = / kpgH(a v ¢ + aavp + (a3 — a} — a2)v ;)dEdnd( +/ pga, Hv
: "

LY

From (3.6) we have «(-. -) is a bilinear elliptic operator. Define an operator a;(-.-) : I"x |7 —

Rby
ay(u.v) =a(u,v) - c/ Qi v
"

and impose the condition on H such that H € X, where X, = {H > Hy, > 0.H €
CHO.T: L )NCNO.T:1174(9Q))} then

2 T S
a;(n.u) = a(u. u) - c/ aucu 2 alluf” —clla]l . (2 ]uil” - - j;u;!.;’_.,)
Wy £ :

ar(uu) + 2 Yy, 2 o full® - efadl 2 ju’
Choose the = such that (@ — ¢la,i| =) 2> ¢ > (), therefore. we have

ay(u.u) +:=' Eluli';"_‘ > o Jul* +.2)

On the other hand. forany r € V5 if A € L (). H = X|

. s . . |
iF(r) = / kpgH(a v ¢ + age 5 + (a§ ~ uj a:.;)ug-)clfrlmlg'l, + Il./u pga,Hri'

: , l T Y AU
< pyilkie (1 el - e ell + 0 Hyly - fvall + (1 + ALY + 1 H, ) e )
(1)
+py il H ]y e,
< Cirj
where C i's_dcpcndcnt on norm of & in L>*({2) and the norm of H in .\';. Therefore. F is
continuous functional and we can conclude the following theorem:

Theorem 4.1 Suppose that & = L>*(Q). H(.r.y. :.t) € X, forevery t < (), T3, and there exist

17



co > Osuch that k& > ¢y > 0, then there exists an unique solution[9]

u(t,-) eV foreveryt € (0.T)

such that
/cu,u +a(u.v)=F(v), forallveV 4.3

Corollary 4.2 Let u(t.-) be a solution of (4.3), then u(t..) € C*0.T: V") if the condition

H ¢ X, is satisfied.

Proof: Take v = u in (4.3)
/ cuyu + ay(u. u) = F(u)

wo
1d 2
12 / cu? +ay(u.u) < C fluy?
from (+.2)
ay(u.u) > o' Jul]* - ¢ """ig
)

ld ” . S o
sq | €% +a'fuff <c {[uﬂi‘ + C lJulf® (4.4
[ntegrate (4.4) from 0 to . for é:'ery' te 0.T

1 1 a2 1 1 32 ‘ .. nd ’ ¢ 02 ’- 12
s¢ i = se flu0)ii” + [ olljullt <& [ fuily, = C [ Hul
2 2 n 0 "
Suppose the initial condition uz(0) = u®. then
[4 2 ] " l. iy
T I U U R T
0 0 0
9 t "
< e [ 1
0

Define

]
@'(t) = Julf* + / fjuell? (4.5
[{]

then integrate (4.5) with respectto ~ from 0 to ¢, -

: 2 t 9 ¢ “
v =ldF = /iill(s)i!'ds-g—/ (/r!!u(.s-)ﬁ"d.s')d.'
0 JA) 0



- [ Juls?ds + [e-nuirer
0‘ 0
2
> /0 fu(s)l?ds

)
v'(t) = Huﬂg+/o- flull® < ”u°"2+6"/0‘ flull® < Juol)? + C'(v (t) - ”u°"2)
< (1-OY) [ +C w () (4.6)
Define

o(t) = (1~ C) ||u°|°
then the (4.6) can be expressed as
vi(t) <O +C v (t) +.7
Solve (4.7), we obtain ,
e'(t) < O(t) +C’ec'/ ©(s)ds
0
since O(¢) = (1 - () ﬂu“ﬂz is independent of time ¢, then
() < (1 - C) | + CeST(1 = C') iluoil®
thus.
lul < (1 =€) [l + CeTT(1 = ) ol
where C is a constant dependent on || H|| . . Therefore, u(t.-) € C*(0. T:1"). Thus. we com-

plete the proof. B
Properties of solution of variational problem

We have proved the variational problem has unique solution u(t.-) € C°(0.T: ") for everv
given parameter k. Therefore, in order to discuss the continuous dependence of the solution with
respect to A. we can define a mapping from every k € L>(Q) to the corresponding solution
(k).

g: L*(Q)— V:g(k) = u(k)

Proposition: Let {£,},_, be a sequence in L*(R) satisfying k, > ¢y > 0.and k, — &, in
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L>(£2), where kg € L>=(2), and kg > cg > 0. Suppose that uy, and u, are solutions of (4.3)
/C‘Hgtp + a,(u. ) = F(), forallceV
corresponding to k, and kq respectively, then [Ju, — uofl — 0.

Proof’: Since u,. iy are solutions of (4.3) corresponding kn, ko,

/ Clingy? + @1 (timei?) = F(2)

/ cugy +ai(un ) = F(v)
similar to the proof in Chapter Three for the elliptic (VP), Let 2 = up, — uq. then the difference
between above equations is as
[ ot = w)un = o) + [ axlum — )t = ) + 1+ o + = I
where [. [,. I5. I, are same as defined in Chapter Three.
—ro— /(u,. wW+h+hL+I < |I]+ I/a.(u,.¢ — ug ) un — ug)|

< Ml+5 ||a,|| (Nung — uoz13 = (1 — ua)[3)

< |+ "ﬂt"m | tn ~ uo))? (+.8)
substitute the estimate of I;. Lo, I;. I, from Chapter Three into (4.8) then we have
20 it = i = it = ol < CH g, -0-9) W — Kol ] o | 1t = ] (4:9)

2 Tdt’
where C is a number dependent on {| H| ;. . p. and g. For every t. integrate (4.9) from 0 to #.

l ! 2 t )
5 i, - uOI"- ""[ ”"ﬂ - U()"' < tC”‘H"\’I .0.9) "kn - kU"x +./0 i',"f"z; "un - "0;l'-

since A < X. there exist constant. denoted by C again for convenience such that
t t
Min = uoif” -'-/ lta = unll® < tCUHY g, -p.9) kn = kol +C'/ it = uo)t®
0 ° 0

let

/]
() = Jun — upl® + / - (4.10)
0
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s0, integrate (4.10) from 0 to ¢, then

v(t) = /o lun — uoll® + /o ‘( /o 7 [[un(8) — uo(s)||* ds)dr
= [ lua-ul®+ | "t = 7) l(r) = wo(r)[?
0 0

4
> / lta = wol?
0

and let
o(t) = tC(|Hly, .p.5) IHen — Kolloc
then
. ¢ 2 ¢ 2
U0 = = o + / llun — wll < 6(8) + C /0 T
0
< O(t) +Cu(t) (4.11)

by solving (4.11).

4
v(t) < / eCt="Q(s)ds

0

then .

e'(t) < O(t) + C'cc‘/ O(s)ds
0

therefore.

\ 1 1. .. .
Jit = i’ < (1= 30C [a = kalle S T+ 35TIC Tk ~ ol

we thus can conclude that u, — ug. in C0. T: V) when &k, — Ay in L(9). [ |



CHAPTER FIVE
Optimal Estimation Of Permeability

Formulation of Optimization Problem

In Chapter Two and Three we presented the boundary value problems to solve the pressure
in fully saturated domain with given permeability. Based on the analysis of the existence of
solution. a2 mapping from permeability k to the pressure u has been established. For any given
permeability k, we can obtain an unique u € V' by solving the variational problem. Let Z be
a given Hilbert space serving as the space of observation. Let C' : V —— Z be a bounded
linear operator and = be the desired target. Let Q = H%(R), Qua = {k € Q,k 2 ¢o > 0}. and
consider the following optimization problem(OP): Find kg € Qqg, such that

J(hy) = d = inf{J(k)|k € Qaa}
with T
T = [ NCuth) - <1 + 30kt (5.0
0
where .7 is a constant.
Remark 5.1 In this research, we consider the target functional C : C(0.T: V') — RTas
C(u) = | kVu-ndo

)
which represents the volume of fluid leaving Iy at time £. Other target functionals can also be

considered as necessary for various application problems.

Proposition 5.2 There is a solution k¢ of optimization problem.

Pruof: Let d = inf{.J(k)|k € Qaa} and k, be a-decreasing sequence in Q.. such that
| J(kn) = d

so, there exist M/ > 0 such that [{A,j| < 1/. Consequently, there is a subsequence k,, weakly

converges to &, in H*. Since Qqq is closed. ky € Quq. By the continuous dependence of « on
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k, we have

[u(kn,) = uko)|| — 0

Hence,
lim inf J(ky,) > J(ko)
J—c

it follows that
J(ko) = d.

Thus, ky is a solution of the optimization problem. [ |

Furthermore. in order to analyze more properties of solution, we define a functional
G:H*— H. Gk)=co -k
where r is a constant satisfying :_'f- < r < 2, and reformulate the optimization problem as follows:
Find Ay which minimize
T
s = [ Cutk) - ott))* + 3k
subjectto G(k) < 0

To obtain optimization condition, we apply the generalized Kuhn-Tucker theorem[5] which is
quoted here.

Definition 5.3 Let .\ be a vector space and Z be a normed space with positive cone P having
nonempty interior. Let G be a mapping G : X — Z. A point £y € X is said to be a regular
point of inequality G(.X') < 0if G(.ry) < 0.and there is & € X such that G(ry) +£G(ry: h) <
0.

Theorem 5.4(Generalized Kuhn-Tucker Theorem) Let .X be a vector space and Z a normed
space having positive cone P which has nonempty interior. Let f be a Gateaux differentiable

mapping from .X into Z. Assume that the Gateaux differentials are linear in their increments.

Suppose .\, is regular point of G(z) < 0. Then there is a Z; € Z°, o = 0 such that the

Lagrangian
f(x) +1{Gir). Z;)



is stationary at X, furthermore, {(G(zo), Z;) = 0.
Lemma 5.5 If k, is a solution of (OP), let Z = HT then there exists A € Z° such that the

Lagrangian
F(k,A) = J(k) + (A\.G(k)) (5.2)

is stationary at ky.

Proof: Forany k € Q.q and any positive h € H?,

G(k)=c—-4+<0

and
G(k)+ DG(k)h =¢cg-k—-h <0

so. regular point condition is satisfied. However. space C? has positive cone[5] and H" imbeds

into C*, from the gencralized Kuhn-Tucker Theorem there exist a positive \ € (H")* such that

solution &y of (OP) is a stationary point of F. n
From lemma 3.5. we obtain thc necessary condition of Ay
DF(kg, \)h = DJ(kg)h — (A.h) =0 (5.3)

Since -
D.J(ka)h = ‘2/ (Cu(t.k) — o(t)) - Du(ko. h) + 2i3(ky. h)g
0

then (5.3) can be written as

o T
2 / (Cu(k) — o(t)) - Dutka. k) = 2.3(ko. h)g — (\. ) = 0 (5.4)
0

Lemma 5.6 Let « be the solution of (2.9), then the Gateaux differentials of u with respect to &
cxists and let v = Du(k). then v is a solution of the following problem
~V(kVr) = V(hV®)
v =0 onTl

kVv-n = 0 ondlV/T



Proof: Let u be the solution of (2.9),

V(kV®) =0 (5.5
for any = > 0 and increment h € L. let u(k + =h) be the solution of (2.9) corresponding
k + zh.

V((k+=zh)VO(k +:=h)) =0 (5.6)
Subtract (5.5) from (5.6),
Vilk +zhVO(k +2h)) = V(ANV®) = V((k +:zh)(VO(Kk +zh) - V(L))
+V((k +zh ~ kE)V®(k))

divide the equation by =
V((k+ sh)(Vu(l:' < sh) — Vu(k)) — VAV ()

wk-<sh)~m k)

Letrv, =
IV((k = =h)Ve ;] = [[ViRVE(E))]|

since the right hand side is independent of =. let = — 0. then || V(AV v )|l is bounded. therefore.
v, — v weekly. and furthermore.

C(kVr) = V(hV (k) (5.7)

We next introduce the adjoint equation in order to obtain the regularity of the parameter. Let
p be the adjoint. multiply p to both side of (5.7) and integrate over 11",
/ =V(kVep = / V(hV®)p
113 i
Applying integration by part and boundary condition
/ VAV e)p = - kN vp -ndo + / AVeNp
u an . 1w

= - / kN vp - ndo - / vk p - ndeo — / TV p)
r ing’ w

= - / K ep - nde - / ek p- ndo — / AT
r amyer )

JU
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/ V(hVP)p = / hV®p-ndo - | hVEVD
w aw w
= / hV®p - ndo — / hVoVp
rulo w

impose the boundary condition
p =0 onl
ANp = 0 ondW/TUTL,

then we can conclude that p satisfies
/ vhVUp-n —/ v-V(kVp) = —/ hV®-Vp+ [ hVPp-n (5.8)
Ca w w lo

We define the adjoint problem
V(kVp) = 0
KNp-n = 0 ondw/TUT,
p =10 onl
kp-n = Vulky) -:=
The existence of the solution of adjoint problem can be obtained similar to ( VP). Now. if pis a
solution of the adjoint equation, from (5.8),

/ (Vitkg)=zWw-n= | kVper-n= —/ AVP - Up
[ I'., 13

theretore, T
DJ(ky}h = ~2 / / RV - Vp + 23 (k. h)g
0 w
and .
DFikh = —2/ / hVD - Vp+23(ko. h)g — (\.I} =0
0 w
ry? 'r—r g 3
AE(H"Y =H torr>§
Since p.u € H'.Su-VpsLl.soforr>1Vu- Vp € H™". We rewrite the equation as
1 1 .
(k. hlg = / hVu-Vp+ 5o\ R) (5.9)
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Let A = %/\ + %Vu - Vp. then \eH =7, and the equation (5.9) becomes
(ko,h)q = (X, ) (5.10)

Introduce some basic properties of the intermediate spaces which can be used to show the

result of regularity of the parameter. Let V = H?, W = L2, then the relation between 1", I
and their dual space can be given as

Vcw=wcV
and for any r, satisfying 3 < r < 2.

VCHcW=WCH)cCV
Define operator A : H*> — (H")’ by
(Au.v) = (u.v)q

then the operator A has the following properties:

1°. Operator 4 has countably many positive eigenvalues \; = u?. i = 1.2.- - - such that

O0<Ai<A<----,
and choose the corresponding eigenvectors ¢; such that they form an orthonormal basis in IT°
and orthogonal basis in 1" and 1.
2°. Letv = Y%, v,e;, then v € V" if and only if

x
Z wiv? < +00

=1

3°. Let r = Y2, t,€,. define the fractional power of operator 4. A" by
b ] -
A% = Z wive,
1=l

and
x 0

DiA®) ={r= Z vie,| Z wer? < +x}
=1

=1



with the inner product (u.v)p(1e) = Y.y wieu;v;, then

D(A®)c D(47%) fora>p
with dense and compact imbedding.

4°. In our problem. we supposed V = H2. W = L

o x
DiA%) = {v= Zv.-e.-lz whli<+x}=H'=V

i=l i=l

€K x
D) = {v= Zv.—e.l Z;"v;" < +x}=L2=W
=] i=l1
Theorem 5.7 Let \ € (H")'. with 3 < r <2and
(ko h)g = (X. h)
then
kf)GHz_s. 0_<_s<%

Proof: Let V. 11" and .1 be same as defined above. introduce the intermediate spaces for

N<A<1
"’- "-}0 = .'H2. Hﬂja = H(l-0)0+02 = H.w

and
H* = D(4F)

s0. we have
D(4%) = H?
D(43) = H!
D(4%) = Hi

Using property 3. for £ < r < 2.

D(A%) C H™ = D(4%)



therefore, there exist 1, satisfying 3 < n < 4, such that

DA =H" forg <r<2,

However,
D(A™) = (H")

sO.
X € (H) = D(A™)

From the definition of operator ..

(Ako, b = (ko, h)g = (A. h)

we have
Akg € D(A™")

and from the Property 2.
0
Aky = wike; € D(A™")
i=1

if and only if
x

3wk} < +c

=1
that is, -

z w2 < e
Therefore. =

ky € D(A'™")
Let = = 1 — 1. then r satisfies § < r < 2. from property 3 again. we obtain
D(A%) c D(AT) C D(A?)

and

Hic D(A™) C H?

thus. for ~satisfving 0 < s < 1.



Stability of parameter with respect to observation

Suppose original data is 2, and let = be perturbed data, &, is the solution of Optimization
Problem (OP) and k be the solutions of Optimization Problem with respect to perturbation
=(OP:). We discuss the stability in the sense defined as follows[!]

Definition 5.8 The family of problems, (O P. ) is said to be stable at 2, if there exist real number
r > 0,a > 0. and neighborhood V' of =g such that for each = € V,
(a) For any sequence {k,} C Q,with property lim,_.oo J(An, =) = e.(z), it follows that
ky € intB(ky, r) for sufficiently large n.
(b) If there exists a point k. € Q. with e.(z) = J(kn, 2), then k, € intB(ky.r) and
ks = koll 2 < |z — o]l
Proposition 5.9 For the Lagrangian defined in (5.2), there exists a A, such that
DPF(k.A)(h.h) > AA)? (5.11)

if
3 — [|Cu(k) = =|| ;]| D*u|| > 0

Proof: Let ir; = Du(hh. va = D*u(k)(hy, ha), and recall (5.2)
F(k.\) = J(K) + (\. G(k))
and

T
D.J(ky)h = 2/ (Cu(t, k) — ot)) - Du(ko, h) + 23(ko, k)
0

L{¢]
T
DF(k.\h =2 / (Cu(t. k) — o(t)) - Duu(ko, h) +28(ko, h)g — (A. h)

a
then the second order derivative of the Lagrangian F' is given by
DE(k.\)(h.h) = 2 / (CDu)? +2 / (Cutk) - 2D%u + 2.3 |[hi[}

> 2 / (Cu(k) = =) D*u+ 20 |[hll




> 28AJ} - 20(Culk) - ) - | Du]] - 11
= 2(3~ [I(Culk) - )| - || D?ul]) IAJ*
s0,if 3 — [|(Cu(k) = 2)]| - | D?ull > 0, let A = 2(8 — [[(Cu(k) — 2)|| - | D?u))
D*F(k, A)(h. h) < A |[h*
|
Applying the result from above Proposition into Theorem 5.6 in [6], we obtain the following
theorem.
Theorem 5.10 If (5.11) hold at ko, then there is @ > 0. p > 0. such that
J(k) 2 J(ko) +allk — koll*  for k € Qus
for all k satisfving [|k — kof| < p-
In family of optimization problem (OP.), let
Gik.z) = G(k)
J(k,2) = /o (Cuth) - 23+ K

LX]

and A’ is closed convex cone defined by

K = {G(k)|k 2 co}
Definition 5.11 &, is called regular if G(-. =) is Gateaux-differentiable in a neighborhood of A
for each =. G and DG are continuous at (kg, %), and 0 € int{G{ky. z0) + DiG(ky. %)X - K'}.
where X = H=.
Lemma 5.12 The optimal solution Ay is regular.

Proof: All conditions can be easily verified. - |

Lemma 5.13 Let .J. k, ko, =, and 2 be as defined in problem (OP) and (OP-:). Then there
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exists a constant L > 0 such that

|J(k, 2) = J(ka, 20)| < L([|k = koll3 + lIz — 20ll7)

Proof:
T
[J(k. 2) = J(ko.20)] = | [ ICu(k) = =% + B1IkIG = ICulke) — 20llz + 31[koll5

T
< /0 ICu(k) — = = Cuko) + zoll + 3k = ko

IA

T
/o ICu(k) — Culka)ll® + 12 = ll® + 311k - ko3
ICul? - e = koll? + 1= = 2ol + B1lk — kol
< L(lIk = koll* + = — =|*)

IA

where L = (1 +J+ j;,T ICu®). [ |

With the regularity of kg and the result of above lemma, all conditions of the theorem 5.6 in

[6] are satisfied. Thus, we obtain the following theorem.

Theorem 5.14 The family of optimization problem (OFP.) is stable at A in the sense defined

in Definition 35.8.

Ve
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CHAPTER SIX

Numerical Analysis

In this chapter, we present the numerical analysis of solving pressure from the variational
problem discussed in previous chapters. The finite element method is introduced to find the
approximation of the solution. From resulting pressure, Volume of fluid leaving [y can be
calculated. Comparing the calculated outflow with given observed data. we define the error

criteria and then use the Gradient Descent Method to estimate the parameter. In later of this

chapter, the simulation results are also presented.

Approximation Theory

In general, approximation must be carried out for both the state function and parameter. To
formulate corresponding discrete minimization problems for (OP), it is desirable to relate the

admissible set for the discrete problem with that of (OP).

Let {,= }}/, be alinearly independent set of function in Q = H*{€) and that span a subspace
Q' of Q. Assume that IV : Q — QY is interpolation operator with /M (k) = kY, then IV
has the following properties[8]:

I° For any € Q.
177 = ¢ll, £ Cllellg (6.1)

2° Forany - € H'.
112 = ¢llg < (M) ol s (6.2)
where a(.1/) is a function independent of ;2 and x(M) — O as M — x.
From the interpolation of linear opemtor; {4]. we conclude that tor any » € H"{Q) with

rg 2.4
1Y = 2l < WM e, (6.3)
where a()M) = (""" 2a(MY™2 2 for r € 2.4]. Applying this discussion to the optimal
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coefficient kg, we see from (6.3) and the theorem of regularity that
174k = ko[l a < B lKall,
from the embedding of H? into L=
[IMky — kol < c||I ko = ko[ . < cB(M) [Ikoll,
Setting =3y = ca(M) j|ko|l, , we define .1/ sufficiently large such that ¢ — =, > 0.

at={k€QV:k>c—=sy}

we note that Ik, € Q1.

For the approximation of state, we let {B,};Y, be a set of linearly independent functions
in V", and V¥ = span{B; : | = 1.....NV}. We assume that VvV € V"V=! ¢ ...1" and that
cl( v‘j : 1"V) = 1" Hence. for given ,~ € V" there is sequence sy — > as .V — . We consider

the following problem:

Find «V € Q" such that

a(uV, B)) = F(B) forl =1......V (6.4)
and introduce the family of minimization problems as follows:
Find k3™ € Q. such that
J “’(I.'.‘,‘"‘\') = inf{.J MR = Q,',‘,f (6.5)

where T
J¥ (k) = / (Cu¥ (k) = oit))? + 3|k}
0

Remark 6.1 The existence of solution to problem (6.4) and (6.5) are straightforward.

Theorem 6.2 Let {k*} & Q3 with & — k weakly in ) and strongly in L= as M/, — x.
Then the sequerice of solutions {u¥(A*")} of equation (6.4) has the property that «¥ (k) —

(k) weakly in V.

7]
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Proof: Since uV(k*") is a solution of (6.4), we have estimate from (3.7)

pgC

) < o=

where C is dependent on || H|| . Therefore, {u"(k*")} is a bounded set in V. Then there exists

a subsequence {u~:(k*")} such that u™r (k*) — u weakly in V. Since {k*"} converges 10 a

k € Qqq. it follows that for 7 € VY c VV=1 C ... C V, we have

a(u"t,¢) = F(g).
By uniqueness. we see that u = u(k) and uV(k*') — u(k) as N — oc.and M; — x. W
Theorem 6.3 Let /¥ be a solution of problem (6.5), and denote the set of solutions of (6.5)
by AY-Y. 4 = L v, AV, then any weak limit point of the set A is the solution of original
(OP).

Proof: Suppose that k)" is a solution of (6.5) and ky is the solution of original (OP), from the
regularity results and the approximation assumption (6.1) and (6.2) and /"ky — kg in Q and

[Mkq € QL. then
J.'\’('[.\Iko) 2 J.\’(kb\f.N)_

From above theorem. we have

J¥UMky) — Jlhe)  as V.M —x

therefore. the set .1 is bounded in Q. From theorem 6.2, A is closed and furthermore. compact.
So. any sequence {k"¥"} has a weak cluster point. say ko. From Theorem 6.2, u™(k; ') —

u( A:;)) as | — . Since function J is continuous, it follows that
lim inf J (k3*%) > J(ko),

therefore .J (k) > .J (ku). Since ko € Q. then I:, is a solution of original (OP). B

Approximation of elliptic problem

From previous chapter, we posed the elliptic boundary value problem with minimization

problem when assuming fluid is incompressible. In order to solve this problem numerically.
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we approximate the solution of the boundary value problem (2.9)-(2.11) for a given k by means
of linear combinations of known functions. We must then update k£ by means of minimization
procedure so as to decrease the functional J(k) given in (3.1). We accomplish this in two cases.
For the purpose of validating our models, in fact we take k to be much simpler that in the

previous sections.
In the first case. we suppose that parameter £ is a constant. Recall boundary value problem

on I1°(¢)
~V(kVP) =0
with boundary condition
u =0 onlul

kV® = 0 ondW/Toul.

Multiplying equation by - € V/(¢) and integrate over 117(¢)
/ ~V(kVe)2 =0
(e

then integrate by part and apply the boundary condition, we obtain
kNuNV o= —pg keo-. (6.6)
1w 1v(e)

Since A is constant,
VuVye = —pg / ¥z

wie) w(e)
Let {,~,} be set of linearly independent functions and express u as linear combination

u= Z Qiyi,

=1
for j = 1.---. M. we have .\ equations
M .
f Y oV Vi = —pg / i (6.7)
we) =1 wie)

Define M x M matrix
(Go)yj = Vi, - Vg

i)
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and the M dimensional vector
(FO)J' = —pg/ ')
w(e)
then the discrete form of problem is given by

Goa = Fy (6.8)

where a = (aj. - - -.aar)T is M dimension coefficient vector. By solving (6.8) we obtain «.

then the approximation of pressure is given by

To find the k which is assumed constant, we calculate the volume of fluid leaving I at time ¢
M M

KV = kVu—/ Lza.v.,,.~1.2a./ i

To =l
and compare it with the given measurement o(t). For the simplicity, let f; = Z,_l a, [, Fur
fo = o(t)h(t). The parameter k is estimated by selecting the value of & that minimize the
functional

T
J(k) = /o (kfi+ fo)

and the solution can be obtained by

ﬁ' fife (6.9
Jo £
In the second case. we Suppose that permeability £ is a piecewise constant function.
. k[ < S_ ho
k={ ky z>hg

where kg is a positive number satisfying 0 < ho < zp. Without loss of generality, we suppose
h(t) < hgfort = 1. --. T} where T} < T. With the same procedure as that in the first case.
we can estimate the &y by (6.9). Then take an initial guess for the value of k,. write the both

integral of (6.6) as sum of two integral in each domain the k is constant

.Iln ~3 ho £
k[/ VuV,:-:'—k-_r/ VuVy = —pg// kigs — —pg/ kagz.. (6.1
¢ Jo < Jhy GcJo e Jny
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Let {2} be the set of linearly independent functions and set the linear combination
N
uV = Eai(t)‘Pi
i=1

i = 1.---, N, to approximate u. Substituting u¥ for u in equation (6.10) and replacing ;= by ,;

fori = 1,..., N, we obtain .\ equations

RV he M 20
kY au(t) / / ViV +k2 ) ailt) / / ViV (6.11)
=1 GJo i=l1 GJ/ho
ho 20
= —pgklff ‘l’jz"ng'.’// Pjz
GcJo G Jho
Define M x M matrices
ho
(G1)i; = / / VeiV;
cJo
0
(G2)ij = // ViVi;
GJh

(F); = -Pg./c/n-h‘Pj:

20
(F2); = —pgka / / 22
¢ Jhe

and let a(t) = (a(t).a(t).- - -.ayr(£))7T, then the (6.11) can be expressed by

and vectors

(k161 + k-_)Gg)a(t) =k F + ko Fs (6.12)

After solving (6.12) for a(t), the approximation of pressure is given by

A
u= Za.-(t)«p,-.

Calculate the volume of fluid leaving Iy at time ¢

M M L1 pho M Ly p2
AVD = kVu=/k a;Voi=k- a,-/'/ .+ K a,-/ / St
-/l:u To Z T l ; 0 0 ‘Py ; v ho i

Ay =1
and compare it with the given measurement o(¢), and then construct the minimization problem:
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Find k; minimize the

T M Ly rho M Ly 2
(k) = A kYo /o /o otk /o /:.., o) +o(DAR(E)%d.  (6.13)

i=1 i=l

Ly pho
1] 0

Ly pzo
0 ho

then the equation (6.13) can be written in vector form as

T
J(ky) = /0 (kT a(t) + kana(t) + o(t)h(t))?

Let

Proposition 6.4 The derivative of J(k») with respect to &3 can be calculated as follow
T
DJ(ks) =2 / (kT a(t) + kanda(t) + o(t)h(2))[(kinT + kand)Da(t) + nia]  (6.14)
0
and Da(t) can be obtained by solving the equation

(k\Gy + kaGa)Da + Gaa = F (6.15)

Now, we summarize the algorithm used to solve the numerical problem.
Algorithm—-1

Step-1 Select all the dara such that height h(t) < hg, and Compute k| from (6.9) described

in the first case.

Step-2 Take an initial guess of &, denoted by k._‘,m. and compute the n(k._(,m) as the solution
of (6.12).

e Step-3 Compute Da(t) by solving equation (6.15) fort = 1,---.T.

o Step~+ Compute DJ(k") from (6.14). * . '

Step-5 Update k.. define k"' = & — uDJ (k5™). where 2 is chosen so that J( Y <

J().
Step-6 If .J( I.'.‘_,"") is less than the predefined threshold. stop: if it is not. goto step 2.
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Approximation of parabolic problem

Consider the fluid is compressible with compressibility c, we resulted in the parabolic equa-
tion with boundary and initial conditions from previous chapters. Also, we posed the mini-
mization problem to estimate the permeability. In order to solve this problem numerically, we
approximate the solution of the variational problem (2.11)«(2.13) for a given k£ by means of
linear combinations of known functions. We must then update k£ by means of minimization

procedure so as to decrease the functional J(k) defined in (5.1). we assume that

H(z.y,z, t) = h(t)

then,
_Cht)y _ _ 1
Q= A0 .a; =0,a; =0.03 = 7 (6.16)

and consider two cases.

In the first case. we suppose that parameter X is a constant, L, = L, = 1. and recall par-
abolic equation (2. 13) with boundary condition (2.14)~(2.15) and initial condition (2.16). Under

change of variables defined in (3.1),
o od d o 0 d 0% ad od ob 9%

a3

G e~ ) MG TR iy

Multiplying equation by - € V'(t) and integrating over I¥y(¢), then applying (6.16)

a'I"._/ Qh'{t)c?tb (a d _a_ -k(g?- Qf[: a-@)-—o
wo BET g, CRE) BT e, B B0 O T OE Bn BT
integrate by part and apply the boundary condmon. we obtain
S 5 1 '
cPyy - v+ k(@Peprec+P,2 +—.,‘[’,;"‘; =.
./‘;“ ty h(t) " ( £y $ ny n h2 v )

Since b = p <+ pg=.

. (,h'(t) . . | 1 o
/_"C'uh» / ) uep+ [ Mlugpe+ungsng+ hg“g‘r"()"‘ h[;_u,‘rc =

1 9
Let {7} be set of linearly independent functions and express u as linear combination

M
u=Y ait)y.

=]
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Forj = 1.- - -, AL, we have M equations

L
/ cza(t)v.,a, / C:(f))zas(t)s:.-.;-;ﬁ- [ I'-Zal(t)(msrf

i=l1 =1 1=1

1
+einein + araeic) ¥+ [ ke =0.
h h 1o

Define M x M matrices

(Ga)ij = / i
o
Gy = - ¥y

o

(Ga)yy = (wiev:e + ¥inijn)
"5

(Ga)y = / i
o

and the 1/ dimensional vector

(F); = —pg / e
11 15

then the discrete form of problem is given by
’ k I‘.
l'Go(l’(t) -+ C%G;O”) + kG-_vﬂ(l') - h—._.G:;(.t(t) = FF (6.17)

where a is M dimension coefficients vector. & = (.- --.ay)7. Take the A ¢ as time step. the

discrete equation of (6.17) with respect to ¢ can be written as

A H—alt J k (t~ At —=aitt k
ar- m)“\LLGr—I\G’— ,G:Hn A0 o =7I-F (6.18)

G
o At 2

Note that the initial condition u(-.¢)|;=n = to. and assume that [V (uy) = Y =: Q5. there-

fore. by taking initial value ,(0) = a,, we can solve a(t) from (6.18) iteratively for ¢ =

l.....T. Then the approximation of pressure is given by
Y
u=Y_ait). fort =1....T.

To find the k& which is assumed constant, we calculate the volume of fluid leaving T, at time ¢

//.v«b LVu—/ £3 ar ,,,—I.Zn,/ o
s I Ty |

=1
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compare it with the given measurement o(t), and construct the minimization problem: Find k

minimizing the
M

T 1 1
Jk) = /o *Y o /o /o m + o(t)h(£))dt (6.19)

=1

n='[/°lsam-

then the equation (6.19) can be written in vector form as

r o]
J(k) = ./o (knTa(t) + o(t)h(t))?

Let

Proposition 6.5 The derivative of J(k) with respect to & can be calculated as
T
DJ(k) =2 / (knTa(t) < o(t)h(t))[knT Da(t) + nTa] (6.20)
0

and Da(t) can be obtained by solving the equation iteratively with given initial value of Da(0)

cGoDa'(t) - (c%—Gl +~kGa + %G;,)Da = {-‘ — (G2 + %G:;)a(t). (6.21)

Now, we summurize the algorithm used to solve the numerical problem.
Algorithm-2

¢ Step-1 Initialize the permeability A-.

Step-2 Computer a(A"") as the solution of (6.18).

Step-3 Compute Da(t) by solving equation (6.21) fort = 1.- - -T.

e Step-+ Compute D.J(k'?') from (6.20).

Step-5 Update k. define k'P = kO — 4 D.J(k'?), where u is chosen so that J(k'!') <

J(E™),
Step-6 If .J(k'"') is less than the predefined threshold, stop; if it is not. go to step 2.

In the second case. we Suppose that permeability & is a piecewise constant function,
k 1 it S ho
Ii?-_n > h“



where kg is a positive number satisfying 0 < hg < zo. Initialize k; and k3, and write the both

integral of (6.5) as sum of two integral in each domain the k is constant

M (h’(t) i hy k M 1
c)_ai(thewi— [ 5= ) ailt "‘r"'+// ) ait)(Cieieting jint e SicyS s |
/wo Zl: ( Yivj - h(t) b ( )Y C¥i cJo lg ( )(Y Yy i$T vinv jn PR IN

g 1 1 [ 1 !
<+ k-_ O.,f(“, "'s:— Sy in + T iICriC +—/ ky i —// k. ce=0
/c‘ 2 ) (t) LY J Yy jn h_r’zgrvg) koo 1¥jc T h A T,

"’l =1
(6.22)

ho

where by = g%.

Define M x )/ matrices
(Go)j = / Pivj
wo
_/ .1::( >
wo
hy
(Gu)y = /./o. (¥ievie + Fum)

i
(Gm),j = / (Vrew'ss + Fmvin)
GJh

hy

(G.'H.)IJ // YI¢Y S
;J0
1

(G.‘l:)u = [/ Yy

hy

F, = —pyf/ ¥
;J0
1

F = -P!l// Fic:
«GJh

then the (6.22) can be expressed as

(Gl)l'J

and \/ Jdimension vectors

h' . -
_ eGon'it) + CZ'GlQ(t) + (K G+ kaGda(t) + %(A‘[G:n + kaGaalalh)

1
- E(lel + ko Fa) (6.23)

Solving (6.23) for n{#) with initial n{0) = ag same as in the first case. for ¢ = 1.....T. Then



the approximation of pressure is given by

M
u=)Y_ at)a:

=1

To estimate k; and k, . we calculate the volume of fluid leaving [y at time ¢

M Ar 1 phy M 1 pl
kV® = lcVu=/ kZa.Vg. =klzai/ / cp,,.-+kf.»za.-/ / Py
Lo o Jo 0 Jiy

Ty o =1 i=l =1

compare it with the given measurement o(t), and construct the minimization problem: Find

k. k» minimize the

T M 1 phy M 1 pl
J(ki. k3) = / (k1 Za,-/o. /o on + l.:gz:a.-/o /’: o) +o(t)h(t))*dt.  (6.24)
0 1

=1 i=l1

1 fy
m = / / Py
0 JO
1 i
h = -/./‘r"'yi!
0 Jhy

then the equation (6.24) can be written in vector form as

T
J(ky. ka) =/ (kynTa(t) + kang a(t) + o(t)h(t))*.
0

Let

Proposition 6.6 The derivative of .J( k;. k) with respect to A, and &, can be calculated respec-

tively as follow:

T
DStk k) = 2 / (kunTolt) + kanfa(t) 6.25)
0
+o(t)h(t)[(krn] + k2 ) Di,a(t) + nf o]
T
D‘.,‘c,('k[,k'z) = 2/ ("lrlr(l(t)'l‘k-_)!]g'd(t) (6.261
0

+o(t)h(t))[(kynl + kand ) Di,a(t) + nt o
and Dy, n(t) and Dy, (t) can be obtained respéctively by solving the equations
’ ’ h' k i}
¢GyDy,a'(t) + (C-’TG'; + k1Gay + k:Gx + h—.:G:u + %G:;-.')Dk,a

Fy

1
= 5 (Gay — 7{011)0”) (6.27)



K k k
cGaDiae(t) + (c5-G1 + k1Gon + kaGoa + h—;Gm + h—icaz)Dk,a

= 71: - (G + %Gsz)a(t)-
Now, we summarize the algorithm used to solve the numerical problem.
Algorithm-3
o Step-1 Take initial values of k) and k; denoted by k}m and k.§°).

o Step-2 Compute the a as the solution of (6.23)

fort=1.....T.

v = Ka

s Step-5 Define k" = &% = uDJi, (V. £37), K
v are chosen so that J({". V) < J(&°. E").

Simulation-1

Step-6 If .J( k:”. k;”) is less than the predefined threshold, stop: if it is not, goto step

(6.28)

Step-3 Compute Dy, a(t) and Dy,a(t) by solving equation (6.27) and (6.28) respectively

Step4 Compute Dy, J(k'®. &) and Dy, J(k®'. ki) from (6.25) and (6.26) respectively.
D = gt vDy,J (k‘;m. '}}”). where u and

-

In this simulation. the rainfall and measurement outflow data are collected for May. 11.

1993[11] as follow:

rainfall

outflow 0.0 10.0 40.0 220.0 175.0 1300 70.0 40.0 35.0 25.0

1500.0 0.0 12000.0 0.0 2000.0 3500.0 00 0.0 0.0 0.0 0.0

20.0

Take a = 0.0001. b = 0.002 in the height equation. and solve the equation with time step

1.0. then we obtain the height

Height 0.0 0.15 0.123 0.91 0.00009 0.073 0.1226 0.0022 0.001 0.00046

When fluid is assumed incompressible, or compressibility is small enough to be ignored.

we solve the elliptic equation and optimization problem numerically in two cases. In case-1.

assuming permeubility is constant. we have the estimated outflow with relative error 0.09. and
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k = 1.9024. See Observed outflow(O) and Estimated outflow(E) as follow. Also see Figure-3.

O 0.0 0.03 0.098 4.003 0.00034 0.189 0.01712 0.00173 0.0006+ 0.00022
E 0.0 0.348 0.247 3.968 0.000001 0.095 0.0029 0.00001 0.00001 0.00003

In case—2, when permeability is piecewise constant, we estimate &, by (6.9) and take initial
value of k» = .1, follow the Algorithm—1 we have the estimated outflow with relative error
0.03. and k; = 11.3118. and k; = 3.1833. See Figure4.

O 0 0.03 0.098 4.0028 0.00034¢ 0.189 0.01712 0.00173 0.0006+ 0.00022
E 0 0.04 0.032 4.0032 0.000001 0.0047 0.01719 0.0005 0.00009 0.00002

When fluid is compressible with compressibility c. we solve the parabolic equation and the
optimization problem numerically in also two cases. In the first case, we suppose permeability
is constant, using Algorithm—2, we obtain the estimated outflow with relative error 0.25 and
permeability is estimated as £ = 0.178. See Figure-5.

O 0 0.0299 0.108 4.79809 0.00017 0.27v73 0.0741 0.02038 0.0118 0.0059
E 0 0.848 0.072 41.46397 0.00020 0.9984 0.3153 0.19688 0.1106 0.0878

Also with constant permeatility, we take the time step as .5. we solve the height and use

Algorithm—2, we obtain the estimated outflow with relative error 0.0438 and the permeability
is estimated as k& = 1.123. See Figure-6.

In the second case. we suppose the permeability is piecewise constant. we take initial value
of k&, = 0.1. and A+ = 0.1. and apply the Algorithm—23. we estimated the outflow with relative

error (.0021 and the permeability is estimated as k; = .2, k2 = 1.96. See Figure-7.

O 0 0.03 0.0987 4.0028 0.00034 0.18902 0.0172 0.00173 0.00064 0.0002
E 0 0.1938 0.0183 3.985 0.00008 0.18948 0.0019 0.00176 0.00075 0.00036

Simulation-2
In this simulation. the rainfall and measurement outflow data are collected for April. 14.

1993[11] as follow:

rainfall 0.0 270 200 300 300 380 400 380 280 200 100
outflow 3000 0.0 4000 1000 2000 0.0 7500 750 1000 5000 0.0
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Take a = 0.001, b = 0.002 in the height equation, and solve the equation with time step 1.0,
then we obtain the height

Height 0.0 0.000099 0.270100 0.000099 0.15 0.05 0.43 0.000099 0.217 0.14

When fluid is assumed incompressible, or compressibility is small enough to be ignored.
we solve the elliptic equation and optimization problem numerically in two cases. In case-1,

assuming permeability is constant, we have the estimated outflow with relative error 0.3284.

and &k = 5.96054. Also see Figure-8.

O00 2.16 0.000199 06 O 6.45 0.000149 0.4343 0.14
E 0 0.0000006 2.v62 0.0000006 1.09 0.146 5.29 0.0000006 1.9854 0.971

In case—2. when permeability is piecewise constant, we take initial value of k; = .1.k, =
.1. follow the Algorithm—1 we have the estimated outflow with relative error 0.08008, and
ky = 18.01. k, = 75.76. See Figure 9.

O 0 0 216 0.00019 0.6 0.0 6.45 0.0001499 0.4343144 0.14
E 0 0 2153 0.00000 0.2246 0.0 6.412188 0.00 0.8313454 0.16043

When fluid is compressible with compressibility c. we solve the parabolic equation and the
optimization problem numerically in also two cases. In the first case, we suppose permeability
is constant. using Algorithm—2, we obtain the estimated outflow with relative error 0.562.
permeability A = 2.21 when porosity ¢ = 0.1 and relative error 0.559, permeability & = 2.16

when porosity o = 0.05. see Figure-10,11.

In the second case. we suppose the permeability is piecewise constant, we take initial value
of k; =0.1. and &» = 0.1. and apply the Algorithm—3. we estimated the outflow with relative

error 0.05-419. permeability &, = .158, k2 = 6.05 when porosity © = ().1 and relative error

0.055, permeability &, = 0.165. k2 = 6.095 when porosity o = 0.05. See Figure-12,13.
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CHAPTER SEVEN
SUMMARY

In this dissertation, we have developed the mathematical models for the fully saturated do-
main. The surface of the fully saturated domain H satisfies a ordinary differential equation.
the solution of this equation with assigned initial condition determines the time dependent sat-
urated domain. The model in saturated domain for the pressure results in a elliptic boundary
value problem and a parabolic boundary and initial value problem in terms of the compress-
ibility of the fluid. The existence of solution and continuous dependence of the solution with
respect to the parameters have been proved. Also, the optimization problem has been analyzed
to approximate the permeability.. The simulation results has been presented for two set of data
collected from May. 11 and April, 13, 1996. However. the model discussed in this dissertation
has been simplified under some assumption, such as we assume that water entered in the top
surface I, will immediately enter the I'. For more complicated case, we need to consider the
time delay. and we need to study on the sensitivity of solution with respect to 3(.r. y) and the

initial condition. Moreover. the analysis on the unsaturated domain need to be developed.
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Figure 2: Change of V
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Figure-3: Estimation of Qutflow from Elliptic Problem
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Figure-4: Estimation of Outflow from Elliptic Problem
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Figure-5: Estimation of Outflow from Parabolic Problem
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Figure-6: Estimation of Qutflow from Parabolic Problem
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Figure-7: Estimation of Outflow from Parabolic Problem
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Figure-8: Estimation of Qutflow from Elliptic Probiem
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Figure-9: Estimation of Qutflow from Elliptic Problem
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Figure-10: Estimation of Qutflow from Parabolic Problem
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Figure-11: Estimation of Outfiow from Parabolic Problem
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Figure-12: Estimation of Outfiow from Parabolic Problem
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Figure-13: Estimation of Qutflow from Parabolic Problem
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