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M ATHEM ATICAL M ODEL OF FLOW  OF FLU ID  IN  PO R O U S M E D IA

A BSTR A C T

In this Jisscnaiion. we investigate the flow of fluid in porous media. The mathematical 

drainage models arc developed in a domain that is partitioned into a saturated portion and a 

unsaturated portion. The boundary' value problem of elliptic equation and parabolic equation on 

the time dependent domain which represents the model of pressure in the saturated domain were 

posted with given inflow and outflow measurements. By change of variables, we formulate 

the problem with time dependent coefficients on a fixed domain at ever)' time t. prove 

the existence and uniqueness of the weak solution of the problem by the variational method. 

The continuity of the solution with respect to permeability was also discussed. In order to 

estimate the permeability of existing pavement system, we pose a minimization problem to 

find the pemieability fc minimizing the error between calculated outflow and observed outflow. 

Furthermore, the numerical analysis and computer simulation results arc presented for both 

elliptic and parabolic problems.
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CHAPTER ONE 

Introduction

consider a rectangular solid region 0  that is partitioned into two subdomains U  and IT 

that represent unsaturated and saturated domains, see Figure 1. It is further assumed unreaiis- 

tically that there is no fluid in the domain U and that the domain W  has saturation 1 . Fluid is 

assumed to enter Q through the upper boundary and essentially to pass immediately into Tl". 

Fluid may leave through a portion of a boundary. As a result of the inflow and outflow of 

fluid through H. the domains C  and \V  are time dependent. determine a differential equa­

tion that relates these domains to the measured inflow and outflow. Within II ' we assume that 

fluid flows according to Darcy's law. Our models consist of (1) an initial value problem gov­

erning the domain and (21 a partial differential equation governing flow within II'. The partial 

differential equations are either elliptic or parabolic depending on the inclusion of the com­

pressibility term. In either case a change of variables determines boundary value problems on 

a fixed domain but with time dependent coefficients.

To validate our model we consider roadbed drainage field data. Our approach is to pose 

a parameter identification problem to estimate permeability so as to fit the observed inflow 

and outflow data. To cany out this program requires an analysis of properties of the partial 

differential equations, numerical solution of these equations, and an analysis of minimization 

problems associated with the identification problem.

The theory of boundary value problem of elliptic equations and parabolic equations with 

initial condition can be found in Hormander. Lions and .Vlagenes and Ladyzenskaya. The nu­

merical solution of resulting system by finite difference technique is studied in [3]. In the book 

by Chavent and JatTre [2], the finite element method is applied to the porous media problems. In 

the paper {11 ] by Luther White and .VI. Zaman, a simplified model and some simulation results 

in two dimension are presented.

In Chapter Two. we construct the mathematical model of the height function and the models 

in the saturated domain for both incompressible and compressible fluid. In Chapter Three and



Four we use the change of variable to fonnulate the problem as a differential equation with time 

dependent coefficients on a fixed domain at every time t, and then reformulate the problem as 

a variational problem and furthermore, prove the existence an uniqueness of solution. The 

continuity of the solution with respect to permeability is also discussed. In order to estimate the 

permeability of existing roadbed system, we establish the detail analysis of the minimization 

problem in Chapter Five to estimate the permeability k minimizing the error between calculated 

outflow and observed outflow. A comprehensive numerical analysis is discussed in Chapter 

Six. use finite element method to solve the partial differential equation and use this together 

with gradient decent method to iteratively solve the minimization problem. All posed problems 

arc solved on 3 dimensional domain, and the results are presented.

The problem considered in this work is motivated by the very practical need to model the 

drainage in roadbeds of high performance highways and the effort to explain data accumulated 

over years by the Oklahoma Department of Transportation. Historically, the rational modeling 

of flow of fluid in porous media has always been an important consideration in environment, 

energy, construction and other related fields. Drainage of water was an important consideration 

in old construction practices in ancient Rome. Greece, and Egypt. In 18th and early 19th cen­

turies. French and English engineer addressed this problem. RM.J. Tresaquet. the introducer of 

the “French drain" in France, and Thomas Telford and John L. Mc.Adam in England made sig­

nificant conu-ibutions in this regard. In the early 20th century. The mechanization of handling, 

processing and placing of materials resulted in major changes in roadway designed for drainage 

of internal water. Usually these roads were not designed for drainage of internal water. \\uh  

increase in traffic volume and load, however, these types of roads are no longer successful. As 

a result, drainage has drawn more attention of the pavement designer and theoretical treatment 

becomes more important. Determination of drainage properties, estimate permeability of the 

media, and asset the degradation of water become more important factors for the construction 

desiuner.



CHAPTER TWO 

Development of Mathematical Models

The models of flow in a porous medium serve a variety of purposes and will van in degrees 

of precision. It is important to realize that generally porous media models are complicated 

nonlinear problems. Without simplifying assumptions they may be difficult to analyze and 

may require substantial computational effort. In this research, we consider a domain as shown 

in Figure 1. denoted by H. which is defined as follow: Let C  be given by G =  (0.1, ; x (O.Lji. 

and Ho, Hi : G —  R  be real valued functions defined on O. where H„{x. y) < Hi (.r. //) for 

any (x. y) € C. Define the domain

S2 =  {(X.//.C) : (x.y) € G.H„[X.y) < z < H:[.v.y)\

Denote the upper boundary of Q by

r ,  =  {(X. (/. :) : Ix.y)  € G.z  = //i(x./yi}

Suppose that H : G ^  (0 . D  '—  2? is a real valued function defined on G < lil. T- such that 

Hn(X.y) < H ir .y .y )  < Hi(x.y) which represents the height of surface F separating fully 

saturated domain and unsaiurated domain L'tt)

f*7) = {i./-.//. Hix .y . t )  : (x.y) •= G}

II if I -= {|./-.;/.rl : {x.y) € G .H , \ x . y )  < z <  H(x.y.f )}

i ' l f )  = :) : (x.y) € G .H ix .y . t )  < z < Hi(x.y)\

r,i =  {(./•. y. : .f; < x <  Xj.// =  //,). //n(x.//,.) < :  < Hix.y . t^)

Without lo.ss of generality, we assume H„(x.y) =  0. Hi\x.y)  = Let >)(f: represent the 

outflow leaving F„ and /t(f) represent the inflow of fluid into the domain from F,. o  denote 

the porosity, s denote fluid saturation, and /> denote mass density of the fluid.



Mathematical model of height fùnction

The behavior of the fully saturated domain \V{t) as time evolves is one of the issues when 

drainage is of importance. The saturation in U'(t) is equal to 1. As time varies, the boundary 

of ir(f) determined by height H{x. y. t.) will vary. Let /i =  po(l +  pp), where p is pressure, 

pi is a constant and v is compressibility. In order to develop the model in the fully saturated 

region H’l.') with upper boundary F(f), we suppose that p(x.y.f) is the fluid flux entering 

[['I f| through r(/). and o{t) is the fluid flux leaving Wit) through Fo(f). so the mass of fluid 

entering ll'i f) through F(t) is expressed in term of integral

I pfiix.ij,t)dxdy (2.1)
Tit)

and the mass leaving 1 1 'ff.) through Fo is given by integral

I  poi t)(ixdz.
JWi

Let I '«/) denote the volume of fluid in II'i f), then

y  y  t-lK x.yJ)
/  o{x.y. :)dxdydz = /  /  o[x.y.:)dzd.rii!j 

Jw-n
lienee, the change in mass of fluid in Wit)  per unit of time is 

d d r  r ‘‘
—i/>r{t)) =  p— / / o(x.y.z)dzdxtiy 
•It dr

= P o{x. y. H{x. !j.t)— H(x. y.t)dxdi/. i2.3)
Ja ot

On the other hand, from (2.1) and (2.2) we have

■ ^ r /) = I  p \x .y . t )dxdy -  f o(t)dzdx
dt Ja ./[■„

y ' yxj y/rff.gj.d
= /  p[x.y.f)dxd!/ -  o[t) /  /  ilzdx 12.4)

Jt; Jx\ Jn

— J  ti(x.y. t)dxdy -  ui/) H{x. i/o. t)dx 

Combinins ( 2.31 and 12.4) we obtain a relation satisfied by the height function II for each time



L

Proposition 2.1 Let % then

J  o{x. y. ff ix. y.t))-̂ ff (x. y, t)dxdy - y(x. y.t)-o{l) j  H  (x . yot )dx
If we consider the domain is relatively thin, o =  p(x. y). we have the following corollaiy.

Corollary 2.2 Suppose that o =  o{x.y), H{x.y.l) =  J(x.y)h(t),andn(x.y.t) = o (x .//)/•!/). 

then the height function h(t) satisfies the following ordinary differential equation

=  ar(t) -  bo{l}h{t) (2 .5 i

where

Oo =  /  ô(x.y):i{x.y)dxdyJon = a{x.y)dxdy
rx2b = I .i{x.yo)dx 

Jx\

The solution ol't 2.5) will give the height of surface F(f ) which determines the time dependent 

domain IT;/). Next, we seek to develop the model describing the pressure field within the 

saturated domain \V{t).

Mathematical models in fully saturated domain

Assume that pressure is zero, actually a constant in unsaturated domain and that

fluid entering H / 1  is incompressible. Suppose that I I(x. y. / ). the solution from 12.51, satist'ies

(J < /f  (x. y. t  ) :,i. for anytime t. Then the mass in (T(/ ) can be expressed in terms of integral

.oy • dv
Irnv)

So. the change of mass at time f. derivative with respect to / is

— f up-dr
Jwit)



So. the change of mass at time t, derivative with respect to t is

—  f 4>p-dv 
at

on the other hand, the change of mass is difference between of water entering and leaving tl'if ;. 

It can be calculated by integral of pdv ■ n along the boundary, where n is outward normal along 

the boundary. Thus, we have

^  f o p -d v  = — [  pv ■ nda (2 .6 i
dt Jwit) Jinv(t)

from the diverccncc theorem.

I  opv • nd(T = — I  ^(pv)dv  (2.7)

combine (2.6) and (2.7)

I  o —p ' d v  =  -  I  ViptAdv  
Jn'it) dt Jwit)

we obtain the equation for mass conser\ation within \ V{t)

o-r-p =  - V  • [pv) (2.S)
Ur

Since p % v = H. and from Darcy’s law c =  we thus obtain an elliptic equation

V(A-V«&) = 0

in M■; /). where *1’ -  /> — pyz.

In addition, we suppose that pressure is equal to zero, or constant on top surface f  and side 

outlet r,,. and there is no flow on the part of boundary P = -  Pi/), i.e.

• n =  0

and also suppose that there is the additional outflow condition on P„

k'V'P • n =  oil ],

we can conclude the following.

Pniposition 2.3 Suppose that the fluid is incompressible. />,) is density of the I'luid. then the



pressure p is the solution of the elliptic boundary problem

V • = 0  in (2.9)

p =  0 o n F u T o  (2.10)

=  0 on )/r U To (2.11 )

with additional boundaiy condition

k 'V '^ -n = o i t )  on To (2 . 1 2 )

Remark 2.4 This elliptic equation is time independent, but the boundar\ is time \ ar\ ing deter­

mined by height function H.

If we assume that the fluid is compressible with the compressibility from (2.8) we will 

derive that pressure p satisfies a parabolic equation with same boundary condition as (2 . 1 0 ). 

(2 . 1 1 ) and (2 . 1 2 ).

Proposition 2.5 Suppose that the fluid is compressible with compressibility /«,, is density ol' 

the fluid, then the pressure p is the solution of the parabolic boundary' value problem

c o ^  = V  • (A*V‘I>j in ll 'i/)  (2.131

p  = () on rU  r„ (2.14)

A-V'b = 0  o n J i r . 7 | ,T j r „  (2.15,

with initial condition

/;(())= //’ (2.16)

and additional boundary condition

k'V'P ■ n -  o{f) (2.17)



CHAPTER THREE 

Boundary Value Problem Of Elliptic Equation Vi t̂h A Time Dependent Domain

In Chapter Two we developed the mathematical models in fully saturated domain and posed 

the elliptic boundarv' value problem (2.9)-(2.11) on accretive domain when assuming fluid is 

incompressible. In this chapter, we will define the change of variables and reformulate the 

problem as a variational problem on a fixed domain for every time t. Then we prove the exis­

tence of an unique solution of the variational problem and discuss the continuous dependence 

of solution with respect to the permeability k  of the porous media.

Define fltf) : / f ’ ■—  map (x .y .z)  to (^. q,C) by
Ç =  x
n  =  y  (3 . 1)

^ ~  Hix.g.t\

then ri(/) will map domain Il'(f) to Hi), where II’o =  {(^, /?, 0  : 0  < s < Ii.O  < n < 0  < 1 }

(see Figure-2).

Remark 3.1 The map F  is invenible, because the Jacobian determinant can be simply calcu­

lated as

./  =
I 0 0 
0 I 0 = — #  0 , if / /  *  0 .

Dollne ui^. //. s', f) as pressure function under change of variables

= p{x,y.z .t).

then
CM,

P r  =

p,j =

/K =  ^

P f  =



To simplify the notation, we define, through this dissenation,

m =  - r j r  

1
a.i =  ^

CHt
=  I T

then in terms of new variables, the equation can be expressed as
d  0  d  d  d  , , d ^ l \  ^

'â ç  -  " W  a7i ■ ■ ‘' 'â ç  ■ “ ‘â c  • ^  ~  " - â c  • " ‘â c  '  = “

where

$  =  U-r P!J<̂  H

Existence of solution

Let V  be Hilbert space defined by

V '=  { ^ - € / / ‘l,n).^' = 0 onT uT .,}  (3.3)

with inner product defined by (//. v) = nv. Unless otherwise specified, let j- denote the 

norm of Hilbert space U. W: seek the solution of variational problem and utilize the famous 

Lax- .Vlilgram Lemma quoted below to obtain the existence of solution.

Lax-Milgram Lemma: Let I ’ be a Hilbert space. «(•. ) : I ' x I '   /? be a continuous

I -elliptic bilinear form, and let /  : I ' ■—  /? be a continuous linear form. Then the abstract 

variational problem: Find an element u such that

n S I ' and V«* € T. a{u. r) =  f ( r \

has one and only one solution.

Take any /• € W  .Multiply (3.2) by /• and integrate the both sides on It;,, we obtain 
f  , ) 0  d  d o ,  c?‘I» O' l^ 0>I> O^P

“  " w " ‘â ? ' ÿ c ' ■ " w



JaWa

-  /  k { ^ c - a i ^ i , ^ , , - a 2^ c , a 3^ i ) ( v c - a i V ç , i p , , - a 2V c , a 3L \]d ^ d T jd Ç  
J\\\i

Applying the boundary condition, we have

/  k ( ^ c -  0 ,  -  @ 2 $ a .3 $ ; ) ( ( , '(  -  aiu ^ -. Ü , -  a î L \ , a 3 i \ ) d ^ r i t ] d Ç  =  0
Jl\o

since «& =  u — pgÇH.

0  =  /  k{n< -  (ZiU(. Ur,- a-2 U ^ .a n u ^ ) {c ^ -a i i \ , v , ,  -  a2 i \ . a 3 V;]dÇ(iT]dÇ
Jn„

-r  /  A r/iÿ //(ai Ü Ç +  021;,, 4- (ajj - a f -  a .] )v  (^)d^drjdÇ
Jw„

Define operator o f . ) : y  x I/" i—  R  by

a(u.v)  = /  A-(Mc-0 iU ^ .i> ,-a 2 Uc-“:H^c)( ’̂f
J  H%l

and linear functional F  : V  <— ‘ 7? by

F{v) = /  kpgH(aiVc + n-^c,, — (ai; -  a, -  d^)L\-)d^d/fd<^
Jlla

then represent the boundary value problem (2.9)-(2.11) as a variational problem (rP): Find 

0  € r  such that o(o. r) = F(v) for all v €  V’.

It is clear that ./( •. ) is a bilinear form, and for any o € V.

n { : \  r ]  =  I  k [ { v c  -  O i t \ ) -  -i- ( r , ,  -  - i- fL iv i)d ^ d i)d ( ;
Jw»

=  /  k { c \  -r  Ü-, - 2a i U c L ' ; -  la - iV , ,v  ■ +  [a]  -f- cq  ^  a ; ) r ; .
J\i„

r  1Î J_ /  I r “> 1 1 o , ■» •! OT 0." .
> /  A[t'c +  Ü- 4. (a[ 4- o; -r ur,)c;- -  ^c “  =»•■», -  T

Jir„ = :

=  I  k [ ( l  — z}c~e 4- (1 — £ ) t '“, 4- (fz[ 4- c-2 4 " o j --------- (Oj — o i h  j  ( 3 .4 )
Ji\„ ' * -Min

V\fc want to choose r|() < • < 1 ) such that
•1 "> *1 I "I *1,

f l j  r~ 01  4 - o | ; -------(0 7  4 - O.j)

I I I



is greater than a positive number Suppose that

fli +  a | +  0 3  — p(a[ +  Og) >  do >  0 (3.5)

then
4 9 9 t 1 ,  9 9 .

fli +  Og +  a j — d) > rC®! +  Œâ) 

Hence, £ must satisfy the following condition
07 +  03f ^ ------- * "

ÛÏ -h a5 -f- 0 5  -  oo 
and since 0 3  Ü. if we choose do < o^, then

0 , 0  0 , 0 . 0  t
Oj +  Og <  oj +  Og +  Û3  ~  do

so,
o o

a i+ o-j
Ol +  Og - r  03  -  do

thus, we can choose positive number £ < 1 satisfying (3.5). With £ chosen as above and 

condition k > c\, > 0. from (3.4) we have

o(u, c) > q ||u!|̂  (3.6j

for some constant n. On the other hand, for any u 6  K assume k  € L^{ü ) .  H  £ .Y. where .Y 

is defined as .Y = f f  > ^  > 0. f f  £ C ‘(0. T: Hl.i(O))

i F ( i ' ) |  =  ! f kpgH{aiVc  - f  a g u ,  +  («5  -  n j  -  a . j |) i \ - ) d ^ d / / r /C  
I V u  9

,2 r ■< «  i n iu  ( i i% k  • ii'-'sii+ K h  ■ + ^ ( 1  -  ^
« 0

< Cilril

where C  is dependent on norm of k in and norm of H  in A'. Therefore. F  is continuous 

functional and we can conclude the following theorem by applying the La.\-.VIilgram Theorem.

Theorem 3.2 Suppose that k  £ L^{Q ) .H \x .y .z . t )  £ .Y and there exist O) > Ü such that 

k > r.vj > 0. then the problem (2.9)-(2.11 ) have unique solution

u [ t . - ) £ V  for every ( £  10. T)

I I



such that

û(«. v) = F(v), for all V €  V.

Properties of solution of variational problem

have proved the variational problem has unique solution u ( t ,  •) €  V  for every time t  and 

given parameter k. Now, we discuss the continuous dependence of the solution with respect to 

k. Define a mapping from k  €  [  *(0) to the corresponding solution u{k)

g : L * { Q ) ^ V ; g i k ) = t i { k )

Proposition 3 J  Let , be a sequence in £ * (0 ) , satisfying fcn >  Q) > 0, and Atq

in L'*(Î2), where A*o € and Aro > Co >  0. Suppose that Un =  «(Ar„) and uo =  u{ko) are

solutions of (VP)

a(u. =  F{(p) for all ^  6  V 

corresponding to k„ and ko respectively, then |fit„ — uo|| —» 0 , when n  —*■ oc.

Proof: Since Un, uq are solutions of (VP) corresponding to Am, Aq, for any ^ € V.

/  Am [(Umf -  +  (Unij ”  Û2 «nc)(^.f7 ~ “av̂ -c) +  d^dgdÇ

=  I  knHpg [uI(y.( -  aiy.c) -r ~ Ovr-c) +  ®3 iP.c] d^dr\dÇ (3.7)
Jwn

and

I  Ao [(«og -  rtiUoc)(’î .£ “  +  («oij -  a2“oç)(v’.ii ”  ‘*2'k.c) +  “i “ocy.c] dÇdi]d(^
J  ?ro

=  /  A o///a*/[a,(^.c-ai^.c)+a2(v3.,-a2v3.c)+tt^v34:]dÇdî?dc,* (3.8)
Jw n

Let y  = Un -  U() in (3.7) and (3.8) and take the difference of (3.7) and (3.8), then

I  Am [(Umf -  UlUnc) “  Ao(U(jç -  UiUô )̂] [(Um — Uo)  ̂— Ol(On ”  Uo).J dÇdl]dÇ
J  wn

+  J  k„ [(umj, -  02Um() — Aq(uo^ — a2UQ(')] [(î/n ~  Uo).i» ~  U2(Um — Uo).J d^dqd(^
Jw o

-r /  (I3 [A„t/„̂ - -  AoUoc] (Um -  Uo).̂ - (3.9)
Jw n
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=  /  ( t m  -  ko)Hpg[a\,{{Un — « 0 ) 4  —  a i ( u „  —  « 0 ) 4 )  +  O a ( (W n  — —  a 2 ( U n  —  ^ 0 ) 4 )
-/tco
4-Üa(Un -  »«o).cI

For the sake of convenience, define the first integral in the left hand side as I \ , the second one 

as I2 , and the third one as /a, and define the right hand side as Ir. then the (3.9) is

/i  +  /? +  /a =  /r (3.1 0 )

A  =  /  { { k f i  — A b ) ( « n €  “  +  ^ o [(W n  -  « 0 ) 4  — a i ( M n  ~  U o ) . J }
J  IVQ

[(n„ -  uo)4 -  üi(un -  

A  =  /  { ( ^ n  -  ^ o ) ( « i 4 — Û i« T M ;)[(M n  —  “ 0 ) 4  “  “ o ) . J
Jw n

+ A ro ( t tn  — — 2k o a \ { U n  — U o ) ^ { U n  — Uo)-C  +  k iic i\{ U n  —  « 0 ) 4

A  =  I  {(^n — A:o)(Mtiij — a-iMnc) +  &o[(Mn ~  Uo).i; ~  aa(«Ti -  “o ) .J }
Jw o

[(«n -  Uo).„ -  aa{“ « -  «0)4]

A  =  I  [{^n — ’̂o)(«nrf — Œat/nc)[(«n ~  «o).ij “  ûl(U n ~  » o ).J
Jw n

—Alf'/n — Uo)f,j — 2Aroüa(Wn — Wo).ij(«n — “ 0 )4  -i- kQtl {̂ll„ — I/o)*.,

A  =  /  «*[(^n -  A-o)l«nC +  to ((4 , -  Uo)4](“ n ”  Uq),̂d̂(Ind(;
Jwn

A =  /  ÛaĈ ’n — lro)(/n((7/n ~  ^0)4 +  ajko(Un ~ Mfl)*-
J’cn

I A i =  I j  (k„ — Ao)//,v</[ai((i/„ — 1/0)4 — a i ( u „  -  //o)4) 4- (%a((Wn -  "o).,, — ûa(«n -  "0 )4 )
./nvi

-  «0)4]!

<  — PU il '̂n -  A’oll^  TTaHl^xlla +  iUAIIa +  9 ) -0 il“ n -  “ oil^&0 “0 ^

Substitute A • A  A- A  into ( 3 .10). then w e have

/  kniUn — "0)4 +  A'o(//n — Uo)* f" k̂ \{v̂  — «0)4 4- ^oU-2(Un “  Uq)*,, U*Ao(//n ~  Ui))‘-
J  If.)
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< I /  2Aroai(Un -  Wo)4 («n — «o).C +  2 Â0«2 («» -  Uo).,(«m — tlo).C — “  ko)UT^{Un — Uq).^
JwQ

-(*„  -  to)(Un( -  a i« n J [ K  -  «0 ) 4  -  «l(«n ~

-(kn  — ko)(Um, — a2Mfic)f(“n ~  «0 ).? “  «l(“n ~  Mo).cJ +  |/r |

<  £ f  ko{Un -  Uo)^ + -  I  - « 0 )* + ê  A M “n ~  «o)Ü, +  ~ /  A:oû|(m„ -  I/o)*
Vti/n -  •/too «/tog *  i/ioo

+ T  f  5 /  Û3(«n -  tio)i
~ I «/lOQ •/ too

+=■2 f  (Wn -  Uo)* + = 2  /  a?(Mn ~  Uq)* +  ̂  /  (*„ -  t o ) * %  +
./•ro "/ico ^2  Jw o

+ £ 3  f  (Un -  Uo)* +^3 f  -  Uo)* +  r  /  ^0 )*(U*, +  Û U*̂ -)
y !f(j Jwo ^3  Jwo

i i ^ n  -  ^ O l 'U  +  l l ^ l l g  +  g )  +  - 0  II " m  -  U o ll*

(1 -  :  -  =1) f  ko{Un — Mo)*ç +  (1 ~  s “  ^2) j  ko{Un — Mo)Ü,
Ju ja Vwo

+ [fz f  — (Zg +  a f  — 7 ( ^ 1  +  0.2 )  “  S2A 1 — S3ZZ2 “  - IÛ 3] f  k o (U n  —
- Vu%

<  - ii<-,- iiftiiiîi i « f + T k - w i ( i + i i « i i i 2 )ii“ ii'
= i =i

+ — W  !^'n -  ^ o i u  772(11 ̂ •̂'112 +  ll^ ïil?  l|U" -  Uoll*
: 0  « 0

Choose £ satis tying (3.5) and £». =i, =2 . =:i small enough, and note that Ao >  co > 0,we therefore 

have

i|«, -  « o f  <  C ( ||/ / | |,J . i|u|| ,p.g) ! |t, -  *„iu  

where C( 11/ f  IIY . j|//il .//.<;) is a number dependent on ||// ||^  . ||u|| .p and//.Thus, ||7/n -  i/o|| -*

0 . as « — 3 C if ||A-„ -  A'oll  ̂ -» 0 . ■

Remark 3.4 Similar to The Propesition 3.3. we can discuss the continuous dependence of solu­

tion II with respect t o L e t  /„ —» to in [0. T], u(^n) and u{to) be solutions corresponding to 

and /o. If H = :i{x.i/)h(t), and h(t) €  C ‘[0. T], then we can show that !'|w(/n) -  u(/o)|| -* 0 

as /„ — to, with the similar procesure in the proof of Proposition 3.3.

Remark 3.5 Let u be the solution of (2.9)-(2.11 ), from Remark 3.4. if / /  €  .V. we actually have
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CHAPTER FOUR 

Boundary Problem of Parabolic Equation

In this chapter, we consider that the fluid is compressible with compressibility c. The mathe­

matical model in the fully saturated domain W{t) was developed in Chapter Two. The pressure 

p is the solution of a parabolic equation with boundary conditions (2.13) - (2. IS) and initial con­

dition (2.16). The additional boundary condition is given in (2.17). Under the same mapping 

ri(/) as in Chapter Three for change of variables, we reformulate the problem (2.13)-(2.15) as 

a variational problem on a fixed domain for every time t and prove the existence of an unique 

solution of the variational problem and discuss the continuous dependence of the solution with 

respect to the permeability k.

Existence of solution

Recall 11(7) : /?* «—  defined in (3.1) which maps domain It'(f) to II n. and define

m(^. n. C. t) as pressure function under change of variables

u (f .q .( ,( )  = p{x .y .z . t )

then in terms of new variables, the equation (2.13) can be expressed as 

t?‘I» 0  d o  d  d ,

T5T “  " 'â c  ’ "  5? ”  ■ “-ÛÇ-“’â f  ’ ■ “  “ ‘âT - ' " W '  °
(4.11

Let I ' be Hilbert space defined by in (3.3), and take any u € V, multiply (4.1 ) by and integrate 

the both sides on Hi), and apply the boundary condition we then obtain 
f  cl‘I» f  6 $

= /• ()(%.'f — t u v ■)d̂ th]dÇ
7ii„.

since '!> — u —
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=  /  k(uc-aiU^.u, ,-a2U^,a3Uç)ivç-aiVç,v,,-a2V^,a3U{^)d^dridÇ
Jxio

+  /  k'pgH{aiVç+a2V,, + (a^-ai-ao)v<;)d^d7id(;
J\\\,'"ü

Define operator a{-.-) : V  x  V  i— ► R  by

a { u . v )  =  I  f^'{uc — ü i u - . U t f  — a 2U(^,a3U(;)[vç — a i v i ^ . v j j  — a - i i ' ^ .a ^ L ' - ) d ^ d q d Q  
Jwa

and linear functional F  : V •—  R  by

F i v ) =  kpgH{aiVc + a2 ü,, + {al-ari-a?,)v^)d^dnd(;-h pga,Hv
J\\\, J\\o

From (3.6) we have a{-. •) is a bilinear elliptic operator. Define an operator oi (•. •) : I ' x I ’ ,—

R by

O i( u .v)  =  a ( u , v ) - c  j  a i H ^ ü
JlVo

and impose the condition on H  such that H  € Xi,  where A'l =  {H > H,i > 0 . / /  € 

C ‘(0. T : L ^ ) n  C ’lO. T: 1 1 1 .4 (0 ))} then

a,(//. n) =  a{u. u) -  c f  atu^u > a  jlu||" -  c ||u ,||^  (r!|u ||" -  -
JWa -

ai{u. u) 4- •' !|u!|;[.̂  > a  | |u f  -  cijOtiU =

Choose the ■ such that (a -  c !|^ = ) > < / >  0. therefore, we have

o ,(//.u )+ = 'l|« |i”.̂  > t t '| |u ||-  (4.2)

On the other hand, for any i' 6  1'. if A- €  A%(0). H  € -Yi

\F(r)l =  I I  kpgHUiyVc +  n,cq +  (nj -  ajf -  a . ] ) t > - r  j /  pgntHri 
\Jir„ I I7ir„ I

< P!J • Ikdl +  • lii'JI -  ^ ( 1  +  i | ^ ! î  +  I'cJ!)

< Ci'ril

where C  is dependent on norm of A- in 1 ^ (0 )  and the norm of H  in .\'i. Therefore, F  is 

continuous functional and we can conclude the following theorem:

Theorem 4.1 Suppose that A- € L^(9.). H ix .g .z . t )  ^  X\  for every t € (0. T). and there exist

1 7



Co >0  such that 6 >  % >  0, then there exists an unique solution[9]

u{t, •) €  V’ for every t €  (0. T)
such that J  cutu + ai{u. u) =  F{v), for allv€ y (4.3)
C orollary 4 .2  Let be a solution o f  (4.3), then u(L-)  €  C"(0. T: L ) if  the condition  

/ /  c  is satisfied.

Proof: Take u =  u in (4.3)

J' cuiu + ai(u. u) = F{u)
wn

c u - + a i ( u . « )  < C | | « | | “

from (4.2)

o i(u .u)

so

Integrate (4.4) from 0 to f. for cveiy t € 0. T]

Suppose the initial condition u(0) =  u^. then

f  il«î|- < ||u"||--h f' +C [ \ i i f
Jo Jo Jo

< ||u '> f +  C ' / ' | | « f
Jo

D c l l n c

«̂ •'(/) =  !|w||-+ /* !|«|[- (4.5.
. Jo

then integrate (4.51 with respect to r  from i) to t, •

' / )  -  | | " " i r  =  f  /  ( /  r  j | / / ( . s ) j i " » / . s ) f / r
40 Jo Jo

I S



=  \\u{s)fds + J^ {t -  t )  | | u ( r ) f  d r

>  f  l l u W f  d s  
d o

so

A t )  =  h t  +  f  ll“ f  <  l l“ T + c  f  ll“ f  ^  K f  +  C ( U  ( t )  -  | | a " f  )
d o  J o

<  (i-c')iKir+c'«>(t) 14.6 )

Define

8 (f) =  ( 1  -  C-) ||u“||-

then the (4.6) can be expressed as

U^\t)<Q{t) + C p i t )  (4.7)

Solve (4.7), we obtain ^

i ^ ' ( t ) < e { t ) + C e ^ '  f  0 ( . s ) d s  
Jo

since Q(i)  =  (1 - C ' )  |(u*̂ [(“ is independent o f  time t, then

A t )  < < l - C )  | | u " f  +  C e < ^ r ( l  -  C )  i ! « o f

thus.

| | n f  <  (1  -  C “ ) | | « “ f  +  C e < ^ r ( l  -  C )  l i c l P  

where C is a constant dependent on j|/f ||_v, • Therefore, u(t. •) 6  C ’(Ü. T :l ') . Thus, we com­

plete the proof. ■

Properties of solution of variational problem

have proved the variational problem has unique solution uft. •) € C^(0 . 7 : 1 ') for ever}' 

given parameter Â-. Therefore, in order to discuss the continuous dependence of the solution with 

respect to t .  we can define a mapping from every k 6  L^(Q) to the corresponding solution 

m(A-).

g : L ^((2 ) <— ► K: «/(t) -  u(k)

Proposition: Let be a sequence in L^(0) satisfying k„ > c« > 0. and k„ — A-,., in
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/•

/ '

/■

where ko 6  and >  0. Suppose that tt„ and uq are solutions of (4.3)

cut(p + ai(u, =  F(<p), for all ^  € V 

corresponding to k„ and ko respectively, then ||ti„ -  uo|| '— » 0 .

Proof: Since u„. iio are solutions of (4.3) corresponding k„, Ao,

CWnt',? +  ai(Mniy) =  % )

cuot>; +  ai(uo,^) =  F (y)

similar to the proof in Chapter Three for the elliptic (VP), Let (̂  =  u„ -  uo. then the difference 

between above equations is as

J CO{Unt — UO/)(“n “  Uq) +  J  — Uoç)(lTn — Uo) +  A +  A 4- /)  =  fr 

where Ii.I-i. h .  h  are same as defined in Chapter Three.

j { U n  -  «0)” +  A +  A  +  A  <  |A | +  I J  flt(UnC — UOc)(“n ~  “o)|

^  IA| +  “  “Os'lj -  !l(“n -  «o)!!])

5  |A| +  lltttlloc il “n “  “oil" (4.8)

substitute the estimate of A- A, A- A from Chapter Three into (4.8) then we have

^"^d t  ~ “oil" T- .'iWn -  «()!!" <  Oll/fil.v, -P-g)  ll̂ ’n -  Aoligg T || «« — U(;j|" (4.9)

where C  is a number dependent on i|//!|.v, • P- and </. For every t. integrate (4.9) from 0 to t.

- r - O  i ;U „  -  U oi! " [  !l“ n -  U oi'l"  <  ( C f i l / f l l  . p ,  <7) ! |A „  -  A u lix : +  [  I K I I *  l l “ «  “  “ o [ |"
-  Jn Jo

since H € X,.  there exist constant, denoted by C again for convenience such that

-  UoiJ" - r  f  J|«a -  Uoil" <  . p .g)  IIAn -  A ()l|^ 4 - C  /  | |/ /„  — U |,||"
Jo ' Jo

let

= !l“ n — “oil" T  f  | | “ n  — Uf)||" (4.10)
Jo

2 0



so, integrate (4.10) from 0  to t, then

c { t )  =  f  \ \ u n - u o f + f i f T \ \ u n { s ) - u o { s ) f d s ) d r
Jo Jo Jo

=  f  \ \U n - U o f + f ( t - T ) \ \ U n i T ) - U o { T ) \ \ -
Jo Jo

> f  ll“n -  Uoll*
Jo

and let

then

8 (0 =

f'ii‘1 = ||Mi* — Uoil" + f  IIUrn — Uoll"* < 0(0 4-C /  I I — Uo||“
Jo Jo< 0 ( O  +  C l-(O  (4.11)

by solving (4.11).

L'(0 < f  ê ^^~’‘̂ Q(s)ds 
Jo

then ^vit) < 0 ( 0  +  C e^ ‘ [ Q(s)ds 
Jo

therefore.

!|'/„ -  «nii" < 01 -  :^0C IItn -  ti,||^  <  T (l +  -T )C  \\k-„ -  A*oi|̂  

we thus can conclude that u„ '—  uq. in C^{Q.T:V) when kn >— » A'o in A%(n). ■

: i



CHAPTER FIVE 

Optimal Estimation Of Penneability

Formulation of Optimization Problem

In Chapter Two and Three we presented the boundary value problems to solve the pressure 

in fully saturated domain with given permeability. Based on the analysis of the existence of 

solution, a mapping from permeability k to the pressure u has been established. For any given 

permeability k, we can obtain an unique u € V by solving the variational problem. Let Z  be 

a given Hilbert space serving as the space of observation. Let C  : V <— Z be a bounded 

linear operator and :  be the desired target. Let Q =  Qad = € Q , k > c o  > 0 } . and

consider the following optimization problem(OP): Find ko € Qad, such that

J{ko) =  d  = inf{J(fc)|A: €  Qad}

with ^

J { k ) = f  !|c«(*)---|||+^W lâ (5.11
i/o

where .i is a constant.

Remark 5.1 In this research, we consider the target functional C  : C(0. T:V)  <—  HT as

C{u) =  I  kVu  ■ nda 
Jvo

which represents the volume of fluid leaving fu at time t. Other target functionals can also be 

considered as necessary for various application problems.

Proposition 5.2 There is a solution ko of optimization problem.

Proof: Let d = inf{./(A ) |t  €  Qad} and kn be a-decreasing sequence in Q„i/ such that

J{kn) —»d

so. there exist M  > 0 such that < M. Consequently, there is a subsequence weakly 

converges to in H'.  Since Qad is closed, ko € Qad- By the continuous dependence of n on



k ,  we have

-  u(A:o)|| 0

Hence,

l i m  i n f  )  >  J ( A b )
J —<5C

it follows that

J(Ab) =  d.

Thus, ko is a solution of the optimization problem. ■

Furthermore, in order to analyze more properties of solution, we define a functional

G { k ) = c o - k

where r  is a constant satisfying ^ <  r  <  2 , and reformulate the optimization problem as follows: 

Find tu which minimize

J{k) = r {C u {k ) -o ( t ) ) -  + J \ \ k f
Jn

subject to G { k )  < 0

To obtain optimization condition, we apply the generalized Kuhn-Tucker theorem[S] which is 

quoted here.

Definition 5 3  Let X  be a vector space and Z be a normed space with positive cone P  having 

nonempty interior. Let G be a mapping G  : X  Z. A point xq €  X  is said to be a regular 

point of inequality GlX)  < 0 if G(xq) < 0. and there is h € X  such that G(j.-o) h) <

0.

Theorem 5.4(Generjlized Kuhn-Tucker Theorem) L e t.Y be a vector space and Z a normed 

space having positive cone P  which has nonempty interior. Let /  be a Gateaux differentiable 

mapping from .V into Z. Assume that the Gateaux differentials are linear in their increments. 

Suppose .V„ is regular point of G(x) <  0. Then there is a ZJ € Z", Z,J > 0 such that the 

Lagrangian

/(x)-h(G U-).Zù)

2 3



is stationary at .Vo, furthermore, (G(xo), Zj) =  0 .

Lemma 5,5 If ko is a solution of (OP), let Z  = W  then there exists A € Z" such that the 

Lagrangian

F(Æ,A) =  J(A') +  (A.O(fc)) (5.2)

is stationary at ko.

Proof: For any k € Qwi and any positive h €

G{k) =  Co — A," < 0

and

G{k) +  DG{k)h = cq — k — h ^ Q  

so. regular point condition is satisfied. However, space has positive cone[5] and / P  imbeds 

into C'\  from the generalized Kuhn-Tucker Theorem there exist a positive A € ( /P ) ' such that 

solution ko of (OP) is a stationary point of F. ■

From lemma 5.5. we obtain the necessary condition of A:,,

DFiko, A)A =  D./{ko)h -  (A. h) =  0 (5.3)

Since ^

D.I(k„)h -=2 f  {Cu{t.k) -  0 (f)) • Du(k,)Ji) +2j^(A-,j./i)y 
Jn

then (5.3) can be written as

2 /  (Cu(k) -  o(0) • Du(k,). h) -f- '2.-}{ko, h)ç -  (A. h) =  0 (5.4)
Jn

Lemma 5.6 Let u be the solution of (2.9), then the Gateaux differentials of n with respect to k

exists and let c =  Dti[k), then v is a solution of the following problem

-V(A;Vi.-) =  •V(/jV‘&)’

I’ =  0  on r 
k V v - n  =  0  on i^n y r
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Proof: Let u be the solution of (2.9),

V(fcV$) =  0 (5.5)

for any £ > 0 and increment h E let u{k + E h )  be the solution of (2.9) corresponding

k  - f  Eh.

V{{k -r =h)V$(A- +  sh)) =  0 (5.6)

Subtract (5.5) from (5.6),

Vi [k -r f/i)V ‘&(A; +  Eh)) -  V(ArV0) =  V( (k  -i- Eh)(V^(k  -r e/i) -  V$(A ))

-hV((k + E h  -  k)V^{k) )

divide the equation by e
V((k  +  zh)(Vulk  — -h) — Vn{k)) _

Let r ,  =

||V ((A -= /r)V rJ || = ||V (/rV $(t))|| 

since the right hand side is independent of f. let £ 0, then ||V(A:Vfj)|| is bounded, therefore.

V — r weekly, and furthermore.

V(AVc) =  V(/!V(p(t)) (5.7)

■

>\e next introduce the adjoint equation in order to obtain the regularity of the parameter. Let 

p be the adjoint, multiply p to both side of (5.7) and integrate over II '.

f  -VfAV rIp = f  V(hV«&)p 
Ji\- Jn-

.Applying integration by part and boundary condition

I  -V(A Vc)p =  — /  k V i ’p-nd(T+ /  kVoVp  
Jw Jow • J\v

= — I  k ^u p  • ml(T ~r I  ckVp- ndf T— /  rV(AVp)
Jr Jnw Jw

=  — /  kVcp-ndrr-r I v k V p - n d t r — /  rViAVpi 
Jr Jiiwr Jw
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f  V(AV$)p =  I  h V ^ p - n d a — f  hV^S/p  
Jw Jaw Jw

=  I  • nda — j  AV$Tp
JruVo Jw

impose the boundar>' condition

p =  0  on r

kVp  =  0  on t)H yr U r„

then xve can conclude that p satisfies

/  ukTp n - l  V' V{kVp}  = — I  AV0 V p-r /  hV ‘I>p-n (5.8) 
Vr„ Jw Jw Jra

Wb define the adjoint problem

V(A:Vp) =  0

ArTp • n =  0 on Otu/T U Fo

p =  0 on F

k V p - n  =  V i t ( k u ) - z

The existence of the solution of adjoint problem can be obtained similar to i VP). .\ow. if p is a 

solution of the adjoint equation, from (5.8),

/  [Vii\kn] -  z ) v  ■ n ■= I k V p r - n  = -  I /iV‘I>\Tp 
Jv„ Jr., Jw

therefore, ^

DJ{k„)h =  - 2  /  f  /iT'D • Vp +  2 # „ .  /»)y 
Jn Jw

DFkk„Ui = - 2  f  f  ■ Vp -r 23{ko, h)p -  (A. h ) =  0  
Jo Jw

A € ( i / 7  =  ^ r f o r r > |

Since p. « € H ^ V i i  ■ Vp  € I*, so. for r  > 1 . Vu • Vp  €  H~''. rewrite the equation as

(An. /jig ~  ~j J  (5.9)

2 6
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Let A =  ^ A  +  • Vp. then X €  H~'', and the equation (5.9) becomes

(feo»Q =  (A,A> (5.10)

Introduce some basic properties of the intermediate spaces which can be used to show the 

result of regularity of the parameter. Let V =  W  = L^, then the relation between I ', H' 

and their dual space can be given as

V  C W  =  W' C V'

and for any r, satisfying ? < r  < 2 .

K C ^  C s  H"' C ( / f ) '  C V'

Define operator .4 : f f  '~ ■—  {ff'’)' by

( All. v) =  (u. v ) q  

then the operator .4 has the following properties:

1". Operator .4 has countably many positive eigenvalues A, =  u,f. i = 1.2. - ■ • such that

0 < Ai < A-i < • • • •.

and choose the corresponding eigenvectors r, such that they form an orthonormal basis in IT

and orthogonal basis in \ ' and I

2"=. Let r =  r.Gi, then v €  V  if and only if

uifvf <  +00
1= 1

3". Let r =  , r,e„ define the fractional power of operator .4. .4 '* by
30

.4**1; =  tu;“u,g,
1=1

and
3C 30

D(.4'*) =  {r =  ^  i\e,\ <  + x }
1= 1 (=i
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with the inner product (u. v)d{a «) =  then

D(-4“)CD(.4-^) f o r a > ^  

with dense and compact imbedding.

4®. In our problem, we supposed V  =  W  =  L~
ac 30

/?( .4: ) =  {r =  ^  ViCi\ ^  lüfüf < +oc} = H- = V
1=1 := 1
30  30

D(.4") =  {«.’ =  5 ^  ViCil ^  r tf  < + 0 0 } = = IV
1=1 :=1

Theorem 5.7 Let \  €  ( f f ) ' .  with 5 < r < 2 and

{ko, h)Q =  (Â. h)

then

k() €  i/"  0  < .s <  —

Proof: Let V. II' and .4“ be same as defined above, introduce the intermediate spaces for 

( ) < « < ! y. i r j  fl =  Ĥ ] 0 =

and

so. we have

=  D(.43)

D(.4û) =  H '  

D(.4?) = 

D(AV =  ^ 3

Using property 3. for 4 < r  < 2.

V Ç / f  c f f s  

D(Aè) Ç / / ’■ -D (A -)

2 8



therefore, there exist ij, satisfying |  <  77 <  5 , such that

D{A'>) = i r  f o r | < r < 2 ,

However,

D iA -") =  { f r y

so.

\  6 {fry  =
From the definition of operator .4,

(.4A'o, h) =  (ko, h)q =  (A. h)

we have

and from the Property 2.

if and oniv if

that is.

Therefore.

AliQ 6  D{A~'')

30 

i s  I

< 4-oc
1=1

IS I

Let r  =  1 -  A/, then r  satisfies 5  < r  < 5 . from property 3 again, we obtain

D ( A ^  C D{.An Q D{A^)

and

H ^ . C D { A ^ ) C H ^

thus, for .Vsatisfying 0  < s < 3 .

A-o €
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Stability of parameter with respect to observation

Suppose original data is zq, and let z  be perturbed data, is the solution of Optimization 

Problem {OP) and k be the solutions of Optimization Problem with respect to perturbation 

z{OP:). discuss the stability in the sense defined as follows! 1]

Definition 5.8 The family of problems, (OP.) is said to be stable at zq, if there exist real number 

r  > 0, a  > 0. and neighborhood V  of zq such that for each z e V ,

(a) For any sequence {kn} C QpWith property ] im „ ^J {kn ,z )  = er{z), it follows that 

kn 6  intB{k(i, r) for sufficiently large n.

(b) If there exists a point k; €  Qr with er(z) = J{kn, z), then kn 6  intB{ko, r) and

IIAjs -  to 11^  < Q ||c -  côll 

Proposition 5.9 For the Lagrangian defined in (5.2), there exists a A, such that

0 “’P ( t .A ) ( / i .A ) > A ( I A f  (5 . 11)

if

J - | |C u ( t ) - . i ; , | |O - ‘*u| | > 0  

Proof: Let vi =  Dii(k)h. r-j =  D-u{k){hi, h-i), and recall (5.2)

F {k . \ )= :J{k )  + {X,G{k))

and ^

D.J(k,})h = 2 f  (Cu(t, k) -  o(f)) • Du(ko, h) +  2(3{kQ, h)Q 
Jo

DF{k. \)li = 2 f  {Cu{t. k) -  o{t)) • D u ( to , h) 4- 2^ ( tb ,  h)q -  (A. h)
Jo

then the second order derivative of the Lagrangian F  is given by

£)-£(*•. A)(A. A) =  2 f { C D u f  +  2 f iC u (h ) - : )D -u - r -2 .1 \ [ l4 ^

> 2 f ^ C u i k ) - z ) D ‘ii + 2 a m l

3 0
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> 20 IIAIlJ -  2 ||(C «W  -  z)|( ■ ||D 'u || • | |A f  

=  2 C iJ - ||(C ii(A ) -z ) ||- | |0 “i< ||) ||A f 

so. if 3  -  ||(Cu(A) -  :) || • IIC'ull > 0, lei A =  2(0 -  ||(Cu(fc) -  z)|| ■ ||D“u||)

£ )*F(i,A )(A ,A )< A ||A f

Applying the result from above Proposition into Theorem 5.6 in [6 ], we obtain the following 

theorem.

Theorem 5.10 If (S. II) hold at ko, then there is a  > 0. p > 0. such that

J{k) > J{ko) +  a  for k  €

for all k  satisfying \\k -  to|| < p.

In family of optimization problem (OPs), let

G{k.:) =  G{k)

J{k,z)  =  f  i C u { k ) - z ) - - r 3 \ \ k f  
Jo

and K  is closed convex cone defined by

K  =  {G{k)\k > Co}

Definition 5.11 A-,, is called regular if G(-.z) is Gateaux-differentiable in a neighborhood of k 

(breach c. Cand DC are continuous at (Ab, ao), and 0  €  int{G{ko. zo) -i- DkG{ko. zo)X -  h'}. 

where X  =  H-.

Lemma 5.12 The optimal solution ko is regular.

Proof: All conditions can be easily verified. • ■

Lemma 5.13 L e t./, k, ko, z, and :Q be as defined in problem (OF)  and (OP;). Then there
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exists a constant I  > 0  such that

\J{k, z) -  J{kz, 4,)! < i(||fc -  t»llJ +  l|z -  Jilll)

Proof:

\J{k. j) -  J{k,. q,)| = I /  ||Cu(fc) -  =||| + ̂  11*4 -  flCu(b,) -  + 3 IH-ollJ i

< f  ||Cu(A:) — - — Cu{ko) +  ho|| + 3 1|6 — Aroilg 
Jo

< /  ||CB(fc) -  + ||z -  Jsf + ̂  II* -  *oi|“
< iiCttf • II* -  * o f+ ||z -  z o f + a II* -  *»||̂
<  £ ( ||* -* o ||=  +  | | : - z b f )

Where L = ( I +  l|C/x||*). ■

With the regularity of ko and the result of above lemma, all conditions of the theorem 5.6 in

[6 ] are satisfied. Thus, we obtain the following theorem.

Theorem 5.14 The family of optimization problem (OP:) is stable at ko in the sense defined 

in Definition 5.8.



CHAPTER SIX 

Numerical Analysis

In this chapter, we present the numerical analysis of solving pressure from the variational 

problem discussed in previous chapters. The finite element method is introduced to find the 

approximation of the solution. From resulting pressure, >^lume of fluid leaving To can be 

calculated. Comparing the calculated outflow with given observed data, we define the error 

criteria and then use the Gradient Descent Method to estimate the parameter. In later of this 

chapter, the simulation results are also presented.

.Approximation Theory

In general, approximation must be carried out for both the state function and parameter. To 

formulate corresponding discrete minimization problems for (OP), it is desirable to relate the 

admissible set for the discrete problem with that of (OP).

Let be a linearly independent set of function in Ç  =  ^ - (0 )  and that span a subspace

of Q. Assume that : Q ‘—  is interpolation operator with I ^ \ k )  = t  then /  '^

has the following properties[8 ]:

1= For any ^  €  Q.

(6. 1)

2° For any ^  *.

| | / - 'V - y | |Q < a ( A /) |M |„ .  (6 .2 )

where q(.U) is a function independent of ̂  and a(A/) —* 0  as .1/  — x .

From the interpolation of linear operators {4], we conclude that for any ç  6  with

r £ ; 2 . 4 ]  ■

(6.3)

where ai M)  = f - for r  €  [2.4j. Applying this discussion to the optimal
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coefficient ko, we see from (6.3) and the theorem of regularity that

||/"Ab -  4» ||^  < S(.U) ||fe,t 

from the embedding of into I *

| / %  -  ^1 <  c | | / - %  -  toL-.. < m(.V/) p-oll.

Setting sA/ =  cq(.U) j|A-oJ|̂ , we define M  sufficiently laige such that r  -  = \/ > 0.

Qi^ =  { ^ ' € Q ^ ^ ' : k > c - s ^ r }

we note that

For the approximation of state, we let be a set of linearly independent functions

in I ’, and =  spnnlBi : I =  1..... -V}. assume that C c  • • I '  and that

cl{ J  V"'') =  I Hence, forgiven ^  € V’. there is sequence ^.v —» as .V — x .  consider .v=i
the following problem:

Find € (? '  such that

a(u‘'^,Bi) =  F{Bi) for / =  1  .V (6.41

and introduce the family of minimization problems as follows:

Find € Q.„i such that

=  in f{y ' tA l : k- S Q "}  16.;,

where ^

.F'̂ ’ik) =  /  -  0(7 ))- +  .i
Jo

Remark 6.1 The existence of solution to problem (6.4) and (6.5) are straightforward.

Theorem 6.2 Let (A-"'} € with A-'̂ ’ — k  weakly in Q and strongly in as .)/, — x .  

Then the sequerice of solutions {u '’(A:'̂ ' )} of equation (6.4) has the property that m''(A-' -̂ > — 

m( A ) weakly in \
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Proof: Since is a solution of (6.4), we have estimate from (3.7)

where C  is dependent on ||ff|| ^ . Therefore, {u^{k^^')} is a bounded set in V. Then there exists 

a subsequence such that u Y'(A- (̂') -* u weakly in V. Since } converges to a

A € Qad- it follows that for ^  C c  ... C V, we have

=  F M -

By uniqueness, we see that u =  u(A) and u'^(A'^ ) —* u(A) as iV —► oc. and .)/, — x .  ■

Theorem 6.3 Let A be a solution of problem (6.5), and denote the set of solutions of (6.5) 

by .4 =  L .w..\ =i 4 then any weak limit point of the set A  is the solution of original 

(OP).

Proof: Suppose that is a solution of (6.5) and Aq is the solution of original (OP), from the

regularity results and the approximation assumption (6.1) and (6.2) and /  '̂ Aq — Aq in Q and 

/•'^Aq € then

J^''(7''Aq) > ./•''(Ai'"'').

From above theorem, we have

. / '  (/•''Au) —' Jik'o) as .V. M  -* X

therefore, the set .1 is bounded in Q. From theorem 6.2, .4 is closed and furthermore, compact. 

So. any sequence {A,/"''} has a weak cluster point, say Aq. From Theorem 6.2. u ''(Aû' '̂ ) —

//(A’o) as f — X. Since function -J is continuous, it follows that

liminf 7 - ''(A i'- '')  > J(^ ,),

therefore ./(A„) > ./(An). Since A„ 6 Q. then Aq is a solution of original (OP). ■

Approximation of elliptic problem

From pre\ ious chapter, we posed the elliptic boundary value problem with minimization 

problem when assuming fluid is incompressible. In order to solve this problem numerically.
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we approximate the solution of the boundary value problem (2.9H2.11) fora given k  by means 

of linear combinations of known functions. Vfe must then update k  by means of minimization 

procedure so as to decrease the functional J{k) given in (5.1). V t accomplish this in two cases. 

For the purpose of validating our models, in fact we take A; to be much simpler that in the 

previous sections.

In the first case, we suppose that parameter k  is a constant. Recall boundary value problem 

on ll '(0

=  0

with boundary condition

u =  0 on To U r

=  0 o n ^ P k y P o  U  r.

Multiplying equation by v? € V{t) and integrate over Il'(f)

f  =  0
Jw(t)

then integrate by part and apply the boundary condition, we obtain

/ k ^ u V ç = - p g  ktf:.
Jwu) Jwu)

(6.6)
(t) JWU)

Since k  is constant.

/ Vu'^^ =  -p g  P:.
Jmt)

Let {^,} be set of linearly independent functions and express n as linear combination
.\/

isl
for j  = I . " M .  we have M  equations

\r

Define .\f x . \f  matrix

(6.7)
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and the M  dimensional vector

(^o)j =  - p g  I  Vjz,
J w i t )

then the discrete form of problem is given by

Goa =  Fq (6.8)

where a  =  (ai, • • is M dimension coefficient vector. By solving (6.8) we obtain a,

then the approximation of pressure is given by
A/

U =  ^  OiiPi.
1=1

To find the k  which is assumed constant, we calculate the volume of fluid leaving To at time t

f  r  r  r
I  =  I  t V u  =  I  k  O iViPi  =  k  Q,- I  ipyi

Jvo JT o i—i i—i

and compare it with the given measurement o { t ) .  For the simplicity, let / i  =  A, ç,ji.

f i  = o ( t ) h { t ) .  The parameter k  is estimated by selecting the value of k  that minimize the

functional ^

J ( k )  =  f  ( k f r  +  f . ) - .
Jo

and the solution can be obtained by

t  =  - 4 ^  (6.91
Jo J l

In the second ca.sc. we Suppose that permeability k  is a piecewise constant function.

_ r fci z <  ho
 ̂ fca z >  ho

where ho is a positive number satisfying 0 < ho < zo. Without loss of generality, we suppose 

h ( t )  <  ho  for t  =  I.  - • - .T i  where T i  <  T .  With the same procedure as that in the first case, 

we can estimate the by (6.9). Then take ;in initial guess for the value of kt. write the both 

integral of (6.6) as sum of two integral in each domain the k  is constant
r  rha r  p 'a  r  rho  r  rza

k'l /  V u V ^ - r k - 2  /  V u V ç  =  - p g  /  k i> p : ------p g  /  k i Ç : .  (6. 10)
J a  Jn  J c  Jho J g  J o  Jr: J hh
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Let { y j  be the set of linearly independent functions and set the linear combination
.V

i= l

z =  I. • • .V, to approximate u. Substituting for u in equation (6.10) and replacing ^  by Çi 

for i =  1,.... iV, we obtain -V/ equations

k i ' ^ a . i t )  f  [  V i P i S7<pj +  k 2' ^ O i { t )  f  f  (6 . 11)
^  J g Jo ^  JcJho

=  “ M l  f  [  ' P j z -  p g k -2 f  f  t p j z  
J c  Jo Jc  Jho

Define \ I  x M  matrices

Jc  Jo

( G - i U j  =  f  f
J g  J  h e

and vectors

{Fi)j = -pg  f  f  ^jz  
Jc  Jo

=  -pgk-i /  /  Pjz 
Jr. Jho

and let nU) =  (a i ( f lo j ( t ) .  • ■ ■.a,\/(f))^, then the (6.11) can be expressed by

+  k'>G2)o(t) = k i f i  +  tg fa  (6.12)

After solving (6.12) for n(t), the approximation of pressure is given by
Al

U =  ^Q i(f)y?i. 
is I

Calculate the volume of fluid leaving Fy at time t

f  =  f  i V „ =  f  / ■ “  +  T * .
Jill J.fii •'t'o 1—1 1—1 Jo Jo j_j Jo Jho

and compare it with the given measurement o(f), and then construct the minimization problem:
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Find Ara minimize the
rT Af .Ag pLi /**0

J { h ) =  [  /  f  <Psi+k2^0ii f  f  >Pyi) +  o{t)h{t))^d t.  ( 6. 13)
Jo  i_j Jo Jo  ,-_j Jo JhQ

Let
rLi /•ho

Vi
r L \  fAo

=  /  <PyiJo  JorL\ r*o 
%  —  /  I  V'yiJo Jho

then the equation (6.13) can be written in vector form as

Afi-i) =  f  ( k i n l a ( 0  +  o{t)h( t) f  
Jo

Proposition 6.4 The derivative of J{k-i) with respect to tg can be calculated as follow

DJ{ki)  =  2 f  [kiri[a{t) +  k2qla{t)  +  o{t)h{t))[(kiri[ + k2qT)Dn{t)  4- (6.14)
Jo

and Da(t)  can be obtained by solving the equation

(A'lGi +  tg C g )^ a  +  Goû =  fg  (6.15)

Now, we summarize the algorithm used to solve the numerical problem.

Algorithm -1

• Step-1 Select all the data such that height h{t) < ho, and Compute ki from (6.9) described 

in the first case.

• Step-2 Take an Initial guess of tg denoted by k^ \  and compute the n (ti° ')  as the solution 

of (6.12).

• Step-3 Compute D a(f) by solving equation (6.15) for f =  1, • • •. T.

• Step-4 Compute DJ(A-.i”') from (6.14). '

» Step-5 Update Ag. define Ari*’ =  k^^ -  /xDJik^^). where /a is chosen so that Jik^^) <

./(A-f).

I Step-6 If ■/( A V ) is less than the predefined threshold, stop: if it is not. goto step 2.
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Approximation of parabolic problem

Consider the fluid is compressible with compressibility c, we resulted in the parabolic equa­

tion with boundary and initial conditions from previous chapters. Also, we posed the mini­

mization problem to estimate the permeability. In order to solve this problem numerically, we 

approximate the solution of the variational problem (2.11X2.13) for a given k  by means of 

linear combinations of known functions. Vè must then update k  by means of minimization 

procedure so as to decrease the functional J{k) defined in (5.1). we assume that

H { i . y , z , t )  =  hit)

then.

at =  =  0, Q-2 =  0. fl3 =  r  (6.16)n[t) n
and consider two cases.

In the first case, we suppose that parameter k  is a constant, Li =  £•_> =  1. and recall par­

abolic equation (2.13) with boundary condition (2.14)-(2.15) and initial condition (2.16). Under 

change of variables defined in (3.1 ),
3*1» d d d d  a ,  a *  a«i» „

'■ < i F  " “ ' â f  ’ ■  ' â ç  " “ ‘ â c - ' ‘ â f  ' W  " “' “ â f  “ ’ â c ’ =
.Multiplying equation by ^  € V{t) and integrating over liu(Ot then applying (6.16)

L  - L  ‘• ' W â c ’-' -  U m -  3 ^ - “ ’ â c '  ■

integrate by part and apply the boundary' condition, we obtain

f  +  f  5-r" (  +  J  =  0.
J\Vn VUb " ( t )  VHb a

Since 'h =  p pg:,

[  c u t ^ -  f  f  k ( u ç ^ ç  +  u r , ^ ^ ~ ^ ^ u ^ < p c )  +  j f  ^ v c = 0.
J \\\ ,  Jw ,i Vu;, "  «  Vuo

Let {r ,} be set of linearly independent functions and express u as linear combination
M

u  =
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For j  =  1. • • M. we have M  equations

Jwo ^  Ju'o ^  ^Ho ^

"T" ^■■rw.Vx) ^  ̂  ^VjC ~  0.
Define .V/ x M  matrices

iGn)ij = 1 yi-rj 
JHa

{Ci)ij = -  1 (r,C r, 
JWo

(Ga)ij = I  -T"
JWo

(GjJij =

r

1 vnV a 
J m’o

( n =  -P9  /  r;C 
J\V.)

’tn'r'jni

and the M  dimensional vector

then the discrete form of problem is given by

cGo(\'(t) -r C—GiOff) -h kG-y\(f) -r = —F. (6.17‘j
a n~ fi

where a  is M  dimension coefficients vector, a  =  (<ii. • • •. n.\r)^. Take the A f as time step, the 

discrete equation of (6.17) with respect to t can be written as

^  i ^ C .  +  %  +  ,6.18,
il r ft ft- J  ft

Note that the initial condition u(-.Olt=o =  «o- and assume that there­

fore. by taking initial value a,(0) =  q ,o. we can solve tt(t) from (6.18) iteratively for t =

1 r. Then the approximation of pressure is given by
\r

u = ^  for / =  1 T.
*=l

To find the'A: which is assumed constant, we calculate the volume of fluid leaving f,) at time f

f  r r r
I  AT‘& =  I  k V u =  I  I ^y,
•/III </li) •/Pii j I—[ '/1 I#
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compare it with the given measurement o((), and construct the minimization problem: Find k 

minimizing the
/ - r  ^  r l

J { k ) =  { k ^ o i i  /  (pŷ  + oit)h{t)Ÿdt  (6.19)
Jo "  Jo Jo

n = f  f
Jo Jo

then the equation (6.19) can be written in vector form as

J [ k ) =  f  {kifa{t)+o{t)h{t)) '‘
Jo

Proposition 6.5 The derivative of J{k)  with respect to k  can be calculated as

D.J{k) = '2 f  {k7]^a(t) -r o{t)h{t))[kif'Da(t) +  q^a] (6.20)
Jo

and Da{t) can be obtained by solving the equation iteratively with given initial value of £7a(0)

cGoDn'it] — (c—Gi — kG-j +  ~G:i)Doi — ~r ~  (Go +  'rG:i)(i(t). (6.21 )n n- n n

Now, we summarize the algorithm used to solve the numerical problem.

Algorithm- 2

• Step-1 Initialize the permeability k.

• Step-2 Computer n(A"") as the solution of (6.18).

• Step-3 Compute Dnlt)  by solving equation (6.21) for f =  1. • ■ T.

# Step-4 Compute Z?./(A:‘®') from (6.20).

# Stcp-5 Update k. define A:'*’ =  k^°  ̂ — fiDJ{k^°^), where fi is chosen so that ./(A‘‘ ) <

J(k'^^).

# Step-6 If J{k' ‘ ' ) is less than the predefined threshold, stop; if it is not. go to step 2.

In the second case, we Suppose that permeability k  is a piecewise constant function.

A:-j z > /l()
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where ho is a positive number satisfying 0 < ho <  Initialize ki and hg, and write the both 

integral of (6.5) as sum of two integral in each domain the k  is constant

r /■*! —r t  Ch ît  ̂ ' * r /“«I 2
Jwn i_ i •'a-'o issi J g JQ ,_ i "

(6.22)

where hi =

Define M  x M  matrices

{Go),j =  /  W j
JWQ

=  -  <^Y>C'rj 
J wq

{Gii)tj ~  f  f  I'rtf'rjS rinPjv) 
Jc  Jo

{GTi),j ~  1 1 -PinPin) 
J g  J hi

(G:i\ ),j

=  f  jJc  Jhi
and M  dimension vectors

f i  =  -P9 [  I  >PjC 
Jc Ja

Fi =  -P9 I  I  rx -  
J<! Jhx

then the (6.22) can be expressed as
h' * 1

cCrf,n'iV) 4- c — G i o ( t )  - r  (A .*iG oi-+ t a C /o - j jo l / )  - r  ■77(h’iC7:ii +  h j C n - j l a l / )  
fi ti~

=  — (A'lFi 4-Ar-jFj) (6.23)

Solving (6.23) for iii 0  with initial ai'O) =  o,, same as in the first case, for / =  1 T. Then
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the approximation of pressure is given by
M

:=1

To estimate and k t . we calculate the volume of fluid leaving Fq at time t

f  f  f  /"t y*fci r l  r l
/  k v ^ =  k V u =  k Y ] a , ' ^ ^ t  = k i ^ a i  I  /  ipyi + h i ^ a i  /  Çy„

Jro Jvo Jro ^  ^  Jo Jo ^  Jo -/*.

compare it with the given measurement o(f), and construct the minimization problem: Find 

k'l. k> minimize the
f T  r l  rh\ r l  r l

J { h . k . i ) =  [ k i V  ai  /  Ç y , + k i V a i  Çy, )+o{ t )h( t ) ) -d t .  (6.24)
Jo ^  Jo Jo "  Jo Jhi

Let

a
h|

'Pyi

•1 rl

=  / rJo Jo

Hi ~  I  I
Jo Jki

then the equation (6.24) can be written in vector form as

J{ki.k-2) =  f  [kiqla{t) + k,iîa(t) o{t)h(t))'-.
Jo

Proposition 6.6 The derivative of J[k\.k-2) with respect to ki  and can be calculated respec­

tively as follow:

Djb,./(A-i.A'o) = 2 f {kiq[a{t) + kfn2<̂ (t) (6.25)
Jo

- i - ü ( t ) h ( n ) [ ( / : i 7 ) î '  + A - 2 » 7 r ) ^ f c ,û ( f )  - r  n i a ]

Dicyfikîk-î) = 2 f {kinla(t) + k2n2̂ (f) (6.26)
Jo

+o(()/i(f))[(fci7;J’ +  k2 ril)Dictait) -i- /;Tn]

and Dkia{t)  and Dk-^ait) can be obtained respectively by solving the equations

i:GiiDkia'{t) -r (c—G , +  A’lGai +  AaCae +  ^G ;h)D < :,q

=  -j— — (Gai — —Gii)aif)  (6.27)
n n
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cGQDkiOÎ{t) +  (c— +  &1Ç 21 +  tgCgo +  ^ ^ 3 1  +  '^G w ^D kiO .

~  ~  ( ^ 2 2  +  ^G32)o:(£). (6.28)

Now, we summarize the algorithm used to solve the numerical problem.

Algorithm-3

• Step-1 Take initial values of k\ and Aro denoted by and

• Step-2 Compute the a  as the solution of (6.23)

• Step-3 Compute Dk^a{t) and Dk^dit) by solving equation (6.27) and (6.28) respectively 

for f = 1 r.
• Step-4 Compute Dt, k^^) and Dfcj A:i°’) from (6.25) and (6.26) respectively.

« Step-5 Define A-'/’ =  kf^  -  ^DJki k^^), Arî  ̂ =  A: '̂ -  Ari®’), where fi and

u are chosen so that J(A*Ĵ ’. k^^) < J{kfK  Ari”').

• Step-6 If ./(A'|'\ A'o*’) is less than the predefined threshold, stop: if it is not, goto step 2.

Simulation-1

In this simulation, the rainfall and measurement outflow data are collected for May. 11. 

1993(11] as follow:

rainfall 1500.0 0.0 12000.0 0.0 2000.0 500.0 0.0 0.0 0.0 0.0 0.0
outflow 0.0 10.0 40.0 220.0 175.0 130.0 70.0 40.0 35.0 25.0 20.0

Take a =  0.0001. b =  0.002 in the height equation, and solve the equation with time step

1.0. then we obtain the height

Height 0.0 0.15 0.123 0.91 0.00009 0.073 0.1226 0.0022 0.001 0.00046

When fluid is assumed incompressible, or compressibility is small enough to be ignored, 

we solve the elliptic equation and optimization problem numerically in two cases. In case-1, 

assuming permeability is constant, we have the estimated outflow with relative error 0.09. and
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k  =  1.9024. See Observed outflow(O) and Estimated outflow(E) as follow. Also see Figure-3.

O 0.0 0.03 0.098 4.003 0.00034 0.189 0.01712 0.00173 0.00064 0.00022
E 0.0 0.348 0.247 3.968 0.000001 0.095 0.0029 0.00001 0.00001 0.00003

In case-2, when permeability is piecewise constant, we estimate ki by (6.9) and take initial 

value of =  .1, follow the Algorithm-1 we have the estimated outflow with relative error 

0.03. and ki =  11.3118. and Ai =  3.1833. See Figure-4.

O 0 0.03 0.098 4.0028 0.00034 0.189 0.01712 0.00173 0.00064 0.00022
E 0 0.04 0.032 4.0032 0.000001 0.0047 0.01719 0.0005 0.00009 0.00002

When fluid is compressible with compressibility c. we solve the parabolic equation and the 

optimization problem numerically in also two cases. In the first case, we suppose permeability 

is constant, using Algorithm—2, we obtain the estimated outflow with relative error 0.25 and 

permeability is estimated ask  = 0.178. See Figure-5.

O 0 0.0299 0.108 4.79809 0.00017 0.2773 0.0741 0.02038 0.0118 0.0059
E  n 0.8486 0.072 4.46397 0.00020 0.9984 0.3153 0.19688 0.1106 0.0878

Also with constant permeability, we take the time step as .5. we solve the height and use 

Algorithm-2, we obtain the estimated outflow with relative error 0.0438 and the permeability 

is estimated as k  = 1.123. See Figure-6.

In the second case, we suppose the permeability is piecewise constant, we take initial value 

of Aj =0.1. and kt =0 .1 . and apply the Algorithm—3. we estimated the outflow with relative 

error 0.0021 and the permeability is estimated as A, =  .2. A'> =  1.96. See Figure-7.

0  0 0.03 0.0987 4.0028 0.00034 0.18902 0.0172 0.00173 0.00064 0.0002
E 0 0.1938 0.0188 3.985 0.00008 0.18948 0.0019 0.00176 0.00075 0.00036

Simulation-2

In this simulation, the rainfall and measurement outflow data are collected for April. 14. 

I993[ll] as follow:

rainfall 0.0 270 200 300 300 380 400 380 280 200 100
outflow 3000 0.0 4000 1000 2000 0.0 7500 750 1000 5000 0.0
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Take a  =  0.001,6 =  0.002 in the height equation, and solve the equation with time step 1.0, 

then we obtain the height

Height 0.0 0.000099 0.270100 0.000099 0.15 0.05 0.43 0.000099 0.217 0.14

When fluid is assumed incompressible, or compressibility is small enough to be ignored, 

we solve the elliptic equation and optimization problem numerically in two cases. In case-1, 

assuming permeability is constant, we have the estimated outflow with relative error 0.3284. 

and k — 5.96054. Also see Figure-8.

O 0 0 2.16 0.000199 0.6 0 6.45 0.000149 0.4343 0.14
E 0 0.0000006 2.762 0.0000006 1.09 0.146 5.29 0.0000006 1.9854 0.971

In case- 2 .  when permeability is piecewise constant, we take initial value of  ki — .I. k-i = 

.1. follow the Algorithm-1 we have the estimated outflow with relative error 0.08008, and 

ki =  18.01. k-i =  75.76. See Figure 9.

O 0 0 2.16 0.00019 0.6 0.0 6.45 0.0001499 0.4343144 0.14
E 0 0 2.158 0.00000 0.2246 0.0 6.412188 0.00 0.8313454 0.16043

When fluid is compressible with compressibility c. we solve the parabolic equation and the 

optimization problem numerically in also two cases. In the first case, we suppose permeability 

is constant, using .Algorithm-2, we obtain the estimated outflow with relative error 0.562. 

permeability k  =  2.21 when porosity o  =  0.1 and relative error 0.559, permeability k  =  2.10 

when porosity o  =  0.05. see Figure-10,11.

In the second case, we suppose the permeability is piecewise constant, we take initial value 

of ki =  0.1. and A j =  0.1. and apply the Algorithm—3. we estimated the outflow with relative 

error 0.05419. permeability ki =  .158, k-i =  6.05 when porosity d  =  0.1 and relative error 

0.055, permeability ki =  0.165. k-2 = 6.095 when porosity o  =  0.05. See Figure-12,13.
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CHAPTER SEVEN 
SUMMARY

In this dissertation, we have developed the mathematical models for the fully saturated do­

main. The surface of the fully saturated domain H  satisfies a ordinary dififerential equation, 

the solution of this equation with assigned initial condition determines the time dependent sat­

urated domain. The model in saturated domain for the pressure results in a elliptic boundary 

value problem and a parabolic boundary and initial value problem in terms of the compress­

ibility of the fluid. The existence of solution and continuous dependence of the solution with 

respect to the parameters have been proved. Also, the optimization problem has been analyzed 

to approximate the permeability.. The simulation results has been presented for two set of data 

collected from May. 11 and April, 13,1996. However, the model discussed in this dissertation 

has been simplified under some assumption, such as we assume that water entered in the top 

surface will immediately enter the F. For more complicated case, we need to consider the 

time delay, and we need to study on the sensitivity of solution with respect to ,J(x.y) and the 

initial condition. Moreover, the analysis on the unsaturated domain need to be developed.
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Figure-3: EsIimaUon of Outflow from Elliptic Problem
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Rgure-5: &timation of Outflow from Parabolic Problem
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Figure-?: Estimation of Outflow fiimiFHiliollenablem
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Figine-9: E*im«tiouofOudkiw6omElüpdePloblem
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Figure-11: Estimation of Outftow from Paraixinc Proirism
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Figure-13: Estimation of Outflow from Parabolic Problem
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