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INTRODUCTION

For s e v e r a l  y e a r s  th e  s tu d y  o f  h in d e re d  i n t e r n a l  r o t a t i o n  i n  m o le ­

c u le s  has been  o f  i n t e r e s t .  Many approaches have been u t i l i z e d  i n  s tu d y ­

in g  th e  p rob lem , one o f  which i s  microwave s p e c tro sc o p y  where th e  o v e r a l l  

r o t a t i o n a l  spec trum  i s  o b se rv e d  and th e  e f f e c t i v e  r o t a t i o n a l  c o n s t a n t s  o f  

th e  m olecu le  a re  q u i t e  s e n s i t i v e  t o  th e  i n t e r n a l  m o t io n .

The c l a s s i c  example o f  a m o lecu le  e x h i b i t i n g  i n t e r n a l  r o t a t i o n  i s  

e th a n e ,  CHg-CHg. I n  t h i s  c a se  one m ethy l group i s  a b le  to  r o t a t e  r e l a ­

t i v e  to  th e  o t h e r  abou t th e  c a rb o n -c a rb o n  bond. I t  i s  found t h a t  t h e r e  

i s  a fo rc e  h i n d e r i n g  th e  i n t e r n a l  m otion which has  th e  t h r e e - f o l d  symme­

t r y  o f  th e  m o le c u le .  O th e r  examples o f  m o lecu le s  e x h i b i t i n g  t h i s  p r o p e r t y  

a re  a c e t a ld e h y d e , CH^COH, m eth y l  a l c o h o l ,  CH3OH, and e th y l  c h l o r i d e ,  

CH3CH2CI.

One o b s e rv e s  t h a t  a c h a r a c t e r i s t i c  o f  th e s e  m o le c u le s  i s  t h a t  th e  

t o p ,  or i n t e r n a l  r o t o r ,  h a s  th e  r o t a t i o n a l  p r o p e r t i e s  o f  a sym m etric  to p ,

i . e .  any s e t  o f  o r th o g o n a l  axes  p e r p e n d ic u l a r  to  th e  symmetry a x i s  o f  th e  

top  a re  p r i n c i p a l  axes  w i t h ,  o f  c o u r s e ,  t h e  same v a lu e s  f o r  t h e  moments 

o f  i n e r t i a .  T h e r e f o r e  as  t h e  to p  r o t a t e s  r e l a t i v e  t o  t h e  second  p a r t  o f  

th e  m o le c u le ,  commonly d e s ig n a t e d  th e  fram e, th e  p r i n c i p a l  axes  o f  th e  

e n t i r e  m o le c u le  do no t change o r i e n t a t i o n ,  hence the  moments o f  i n e r t i a  o f  

th e  m olecu le  do n o t  depend e x p l i c i t l y  upon th e  a n g le  o f  i n t e r n a l  m o tio n .  

The m o le c u la r  dynamics o f  t h i s  c l a s s  o f  m o lecu le s  has  r e c e iv e d  i n t e n s i v e
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s tu d y .  A s e m i - e m p i r i c a l  e x p r e s s io n  f o r  the  p o t e n t i a l  h in d e r i n g  th e  

i n t e r n a l  m o tion  h a s  been fo u n d ,  w ith  v a lu e s  f o r  th e  p o t e n t i a l  b a r r i e r  

h i n d e r i n g  t h e  i n t e r n a l  m o tion  i n  d i f f e r e n t  m o le c u le s  b e in g  e x t e n s i v e l y  

t a b u l a t e d .  A r e v ie w  o f  t h e  g e n e r a l  th e o ry  has  r e c e n t l y  been made by 

L in  and Swalen ( 1 5 ) .  T h is  re v ie w  d i s c u s s e s  v a r io u s  t h e o r e t i c a l  approches  

to  t h e  p ro b lem , works o u t  some i l l u s t r a t i v e  exam ples ,  and l i s t s  th e  

v a lu e s  o f  th e  b a r r i e r  h e i g h t s  known a t  th e  tim e o f  p u b l i c a t i o n .

A lthough  th e  e m p i r i c a l  b a r r i e r  h e ig h t s  f o r  some f o r t y  m o le c u le s  

a r e  known, th e  e x a c t  o r i g i n  o f  th e  p o t e n t i a l  h i n d e r i n g  th e  m o tion  i s  

s u b je c t  to  c o n j e c t u r e .  I n  p r i n c i p l e  i t  should  be p o s s i b l e  to  d e te rm in e  

th e  p o t e n t i a l  from a s t r a i g h t - f o r w a r d  quantum m e c h a n ic a l  c a l c u l a t i o n ,  

b u t  a t  t h i s  t im e th e  m a th e m a t ic a l  d i f f i c u l t i e s  make such  a t r e a tm e n t  

h ig h ly  i m p r a c t i c a l .  An a l t e r n a t i v e  approach i s  to  u s e  p h y s ic a l  i n s i g h t  

and c a r e f u l  a n a l y s i s  o f  th e  d a ta  a v a i l a b l e  to  s e e  i f  t h e  b e h a v io r  o f  

th e  p o t e n t i a l  f o l lo w s  th e  p a t t e r n  o f  any i n t e r m o l e c u l a r  i n t e r a c t i o n  

such as Van d e r  Waals o r  re s o n a n c e  f o r c e s .  P o s i t i v e  r e s u l t s  o f  such an 

a n a l y s i s  would c e r t a i n l y  be h e l p f u l  to  one making t h e  quantum m echan ica l  

c a l c u l a t i o n  i n  s u g g e s t in g  th e  p ro p e r  p h y s ic a l  o r  m a th e m a t ic a l  approx im a­

t i o n  in  a t t a c k i n g  th e  p rob lem .

But even w i th  t h e  number o f  b a r r i e r  h e ig h t s  which have been  d e t e r ­

mined e m p i r i c a l l y ,  t h e  second  approach  has n o t  been s u c c e s s f u l .  One 

d i f f i c u l t y  m igh t be t h a t  th e  known ca se s  a re  a l l  o f  a s i n g l e  ty p e  - 

where t h e  top  and h i n d e r i n g  p o t e n t i a l  have a t h r e e - f o l d  symmetry a x i s .  

P o s s ib ly  th e  s tu d y  o f  a more g e n e ra l  c l a s s  o f  m o le c u le s  and th e  s u b s e ­

quen t d e t e r m i n a t i o n  o f  t h e i r  b a r r i e r  h e ig h t s  would be u s e f u l  i n  p i n ­

p o i n t i n g  th e  o r i g i n  o f  th e  b a r r i e r .  With t h i s  i n  mind an ex tended  

th e o ry  o f  th e  m o le c u la r  dynamics i n  i n t e r n a l  r o t a t i o n  has  been  d ev e lo p ed .
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The th eo ry  d e v e lo p e d  i n  t h i s  t h e s i s  i s  a p p l i c a b l e  t o  m o le c u le s  

where n e i t h e r  th e  i n t e r n a l  r o t o r  nor th e  fram e have  th e  r o t a t i o n a l  p ro ­

p e r t i e s  o f  a symmetric to p .  The c o m p l ic a t in g  f e a t u r e  i s  t h a t  th e  

moments o f  i n e r t i a  now depend e x p l i c i t l y  on th e  a n g le  o f  i n t e r n a l  r o ­

t a t i o n .  A few exam ples o f  m o lecu le s  o f  t h i s  ty p e  a r e  d e u t e r a t e d  a c e t a l ­

dehyde, CHgDCOH and CD^HCOH, b e n za ldehyde , CgH^COH, and n i t r o n e n z e n e , 

C^H^NOg. T h is  i s  n o t  th e  f i r s t  a t te m p t  to  f o rm u la te  t h e  i n t e r n a l  r o ­

t a t i o n  problem  f o r  th e  more g e n e r a l  m o le c u le s .  P r i c e  (16) deve loped  

a t h e o r y  f o r  s p e c i f i c  a p p l i c a t i o n  to  d e te rm in e  th e  b a r r i e r  h e ig h t  from 

th e  vapo r  h e a t  c a p a c i t y  o f  th e  m o le c u le .  A lso  B urkhard  and I rw in  (1 ,2 )  

deve loped  a co m p lic a ted  th e o r y  as a p p l i e d  to  th e  microwave r o t a t i o n a l  

spec trum , b u t  so f a r  i t  has  been too  fo rm id a b le  a t a s k  t o  app ly  to  the  

b a r r i e r  d e te r m in a t io n  o f  a s p e c i f i c  m o le c u le .

The work in  t h i s  t h e s i s  has  been tw o - fo ld .  F i r s t  t o  see  i f  a 

th e o ry  cou ld  be fo rm u la te d  w i th  a minimum o f  c o m p l ic a t in g  f e a t u r e s  in  

th e  a p p l i c a t i o n ;  and second to  app ly  th e  t h e o r y  s p e c i f i c a l l y  i n  th e  

a n a l y s i s  o f  the  m icrowave r o t a t i o n a l  spec trum  o f  CD2HCOH and CHgDCOH 

( 4 ) ,  and o f  CgH^COH whose spectrum  has r e c e n t l y  been  o b se rv e d  and i n t e r ­

p r e te d  by Kojima (1 2 ,  12a).

An o u t l i n e  o f  t h e  m a t e r i a l  p r e s e n te d  i n  th e  t h e s i s  i s  a s  f o l lo w s :

C hap ter  I  c o n ta in s  t h e  c l a s s i c a l  f o rm u la t io n  o f  t h e  p rob lem . E x p re s s ­

io n s  a r e  o b ta in e d  f o r  th e  k i n e t i c  energy  and a n g u la r  momentum o f  th e  

sys tem . A b r i e f  d i s c u s s i o n  i s  devo ted  to  t h e  c h o ic e  o f  a p o t e n t i a l  

f u n c t io n  h in d e r in g  th e  i n t e r n a l  m otion . The r e l a t i o n  betw een  c o n ju ­

g a te  c o o rd in a te s  and momenta i s  e s t a b l i s h e d .  F i n a l l y  a t r a n s f o r m a t io n

i s  a p p l i e d  to  th e  c l a s s i c a l  H am il to n ia n  which p u t s  i t  i n  a p a r t i c u l a r l y  

d e s i r a b l e  form f o r  th e  quantum m echan ica l  p rob lem . In  C h ap te r  I I  the
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quantum m ech an ica l  H a m il to n ia n  i s  o b t a i n e d .  A lso  t h e  method of expan­

s io n  o f  t h e  r o t a t i o n a l  c o n s ta n t s  i n  term s o f  th e  i n t e r n a l  c o o rd in a te  i s  

d ev e lo p e d ;  t h i s  i s  a key p a r t  of th e  f o r m u la t io n .  Then in  C hap ter  I I I  

th e  th e o ry  i s  a p p l i e d  to  th e  s p e c i f i c  problem  o f  an a ly z in g  th e  r o t a ­

t i o n a l  spec trum  of CD2HCOH and CHgDCOH. F i n a l l y  Chapter IV  c o n ta in s  

th e  a p p l i c a t i o n  to  C^H^COH and th e  a t te m p t  to  d e te rm in e  t h i s  m o le c u le 's  

b a r r i e r  h e ig h t  from i t s  r o t a t i o n a l  spec trum .



A THEORY OF INTERNAL ROTATION FOR COMPLETELY ASYMMETRIC MOLECULES 

WITH APPLICATIONS TO CH^DCOH, CD^HCOH AND CgH^COH

CHAPTER I  

THE CLASSICAL HAMILTONIAN

For problem s concerned  w i th  m o le c u la r  dynamics the custom ary p ro ­

cedure  i s  to  fo rm u la te  th e  c l a s s i c a l  model o f  th e  m olecule  and th e n  

th e  t r a n s i t i o n  to  th e  quantum m echan ica l  form fo llo w s  i n  a s t r a i g h t ­

fo rw ard  manner. The method o f  approach f o r  i n t e r n a l  r o t a t i o n  w i l l  be 

rec o g n iz e d  as q u i t e  s i m i l a r  t o  t h a t  o f  W ilson and Howard (20) i n  t h e i r  

c o n s id e r a t io n  o f  v i b r a t i o n - r o t a t i o n  i n t e r a c t i o n ,  th e  prim ary  d i f f e r e n c e s  

b e in g :  1) th e  i n t e r n a l  d eg ree  o f  freedom i n  t h i s  problem i s  t h a t  o f

i n t e r n a l  r o t a t i o n ,  and 2) t h e  i n t e r n a l  axes o f  th e  m olecu le  a r e  sp e c ­

i f i e d  by d i f f e r e n t  c r i t e r i a .  A f a m i l i a r i t y  w ith  th e  v i b r a t i o n - r o t a t i o n  

prob lem , as w e l l  as th e  i n t e r n a l  r o t a t i o n  o f  m olecu les  such as CH^OH, 

i s  h e l p f u l  i n  fo l lo w in g  p a r t s  o f  th e  th e o r y .

There a r e  a few a ssu m p tio n s  and ap p ro x im a t io n s  which a r e  used  in  

th e  developm ent o f  th e  e x p r e s s io n s  f o r  b o th  th e  k i n e t i c  energy  and 

a n g u la r  momentum o f  th e  m o le c u le .  Some c o n s i s t  o f  no more th a n  s p e c i ­

f i c a t i o n  of t h e  m o le c u la r  a x e s ,  th e  c h o ic e  o f  which does s im p l i f y  th e  

c a l c u l a t i o n ,  b u t  o t h e r s  a r e  a p u re ly  p h y s ic a l  n a tu r e  and l i m i t  th e  

a p p l i c a b i l i t y  o f  th e  th e o r y  and th e  "ac c u ra c y "  o f  c e r t a i n  r e s u l t s .

The a p p ro x im at io n s  and assum ptions  a re  a s  fo l lo w s :

5
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1. The m o le c u le  i s  composed o f  two r i g i d  p a r t s  which may r o t a t e  

abou t a bond c o n n e c t in g  them , f o r  example th e  C-0 bond i n  m eth y l  a l c o h o l .  

O ther  modes o f  i n t e r n a l  v i b r a t i o n  a re  n e g le c te d  and cou ld  become impor­

t a n t  i f  t h e  t o r s i o n a l  and v i b r a t i o n  modes have n e a r l y  th e  same f r e ­

quency. P h y s i c a l l y  th e  i n t e r a c t i o n  co rre sp o n d s  to  a c o u p l in g  betw een 

th e  two ty p e s  o f  i n t e r n a l  m o tio n .  The v i b r a t i o n - t o r s i o n a l  i n t e r a c t i o n  

has  been  s tu d i e d  e x t e n s i v e l y  by K i lv e l s o n  ( 7 ,8 ,9 ,1 0 ,1 1 )  and by Swan and 

S t ra n d b e rg  (1 7 ) .

2 .  The m o le c u la r  axes have  t h e i r  o r i g i n  a t  th e  c e n t e r  o f  mass o f  

th e  m o le c u le ,  CM. T h e r e f o r e  t h e  o v e r a l l  r o t a t i o n  and t r a n s l a t i o n  

s e p a r a t e ,  as i s  n o t  t h e  s i t u a t i o n  in  th e  fo rm u la t io n  by P r i c e  (1 6 ) .

A f t e r  s e p a r a t i n g  o u t  th e  t r a n s l a t i o n a l  term s th e  m o le c u le  h a s  fo u r  

d e g re e s  o f  freedom : t h r e e  o f  o v e r a l l  r o t a t i o n  and one o f  i n t e r n a l  m o tion  

( r o t a t i o n  about t h e  bond c o n n e c t in g  th e  top  and th e  f r a m e ) .

3 . The fram e h a s  a p la n e  o f  symmetry. An e x te n s io n  to  t h e  more

g e n e r a l  c a se  i s  s t r a i g h t f o r w a r d .

4 .  N e i th e r  t h e  c e n t e r  o f  mass o f  th e  fram e, OF, nor  th e  c e n t e r  o f  

mass o f  th e  t o p ,  CT, l i e  n e c e s s a r i l y , a ld h g  th e  i n t e r n a l  r o t a t i o n  a x i s .

5 .  The axes  o f  th e  m o le c u le  always rem ain p a r a l l e l  to  th e  axes

f ix e d  i n  th e  fram e when th e  to p  r o t a t e s .

6 . The 2 - a x i s  o f  t h e  m o le c u le  i s  p a r a l l e l  to  th e  bond a x i s  and

i s  d i r e c t e d  tow ard  t h e  to p ;  th e  y - a x i s  i s  p a r a l l e l  to  th e  p la n e  o f  

symmetry o f  t h e  fram e; and t h e  x - a x i s  i s  p e r p e n d ic u l a r  to  t h e  p la n e  o f  

symmetry o f  t h e  fram e. The c o o r d in a te  sys tem  fo l lo w s  th e  r i g h t  hand 

r u l e .

7 .  The i n t e r n a l  c o o r d i n a t e ,  ok , i s  m easured from th e  e q u i l i b r i u m  

c o n f i g u r a t io n  which i s  assumed to  be £" = CT̂  ^  . (See F ig u r e  1 ) .



F ig u r e  1 shows how v a r io u s  d isp la c e m e n t  v e c to r s  u sed  i n  t h e  d e r i v a ­

t i o n  a r e  r e l a t e d  to  th e  d i s t a n c e s  o f  th e  mass p o i n t s  from CM. They 

a r e  d e f in e d  as f o l l o w s :

CT

F ig u re  1.

CM:

CF:

CT:

I i “

- j "  

/3 • 

2? =

5":

A i:

ï j :

Cù

c e n t e r  o f  mass o f  th e  m o lecu le  

c e n t e r  o f  mass o f  th e  frame 

c e n t e r  o f  mass o f  th e  top

a v e c to r  from CM to  a mass p o in t  o f  t h e  f ram e , m^.

a v e c to r  from CM to  a mass p o in t  o f  th e  t o p ,  mj .

a v e c to r  from CM to  CF.

a v e c to r  from CF to  th e  " c o n n e c t io n "  o f  t h e  t o p ,  ( i . e . ,  a bonded 
a to m ) .

a v e c to r  from t h e  c o n n e c t io n  o f  th e  to p  to  CT.

a v e c to r  from CF to  a mass p o in t  o f  th e  fram e.

a v e c to r  from CT to  a mass p o in t  o f  t h e  to p .

th e  a n g le  o f  r e l a t i v e  o r i e n t a t i o n  betw een top  and f ram e.

t h e  components o f  a n g u la r  v e l o c i t y  p r o j e c t e d  on th e  body a x e s .



Then th e  fo llo w in g  r e l a t i o n s  h o ld :

i i  .  |0 +  a i  r j  -  :?? +  S '  +  (2 +  a j
( l - l )

r  i  = [3 i j  = 5 '  + ^  +  i j

and

6-=  ^  x Ç -  = _ ^  (T i +  c k C 7 - j
X  —

i j  = A X a j = - (X (8j)y i  + ( 3 j ) x  2
( 1- 2)

s in c e

I f - -

A lso  th e  c e n te r  o f  mass r e l a t i o n

MpfO + H j,  ( ( ^ + 2 ^  + £ ' )  = 0

im p l ie s  t h a t

Mrn , Mt •
p  = - r  ( 2  ̂ + 2 " ) ;  p  = -  r  ^  (1 -3 )

M : mass o f  th e  e n t i r e  m o lecu le

Mp: mass o f  th e  frame

: mass o f  th e  t o p .

The K i n e t i c  Energy 

The k i n e t i c  energy  o f  a sy s tem  o f  mass p o i n t s  r e l a t i v e  to a s e t  

o f  axes f ix e d  in  space i s

2T = ^ m .  i l  +  • (1 -4 )

à
T h is  may be s e p a r a te d  i n t o  two in d ep en d en t  p a r t s  i f  a new c o o rd in a te

system  i s  chosen w ith  o r i g i n  a t  th e  c e n t e r  o f  mass o f  th e  m olecule . I t

w i l l  be assumed t h a t  t h e  s e p a r a t i o n  has  been pe rfo rm ed  and we w i l l  be
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c oncerned  o n ly  w i th  th e  k i n e t i c  energy  r e l a t i v e  t o  th e  c e n t e r  o f  mass 

o f  th e  m o lecu le  ( 3 ) .

Then th e  k i n e t i c  energy  may be e x p re s se d  i n  th e  s im p le r  form

2T = ^ L j ] ^  (1 -5)

where i s  the  a n g u la r  v e l o c i t y  r e l a t i v e  to  a s e t  o f  axes  f i x e d  in  

th e  m o le c u le .  S u b s t i t u t i o n  o f  th e  q u a n t i t i e s  d e f in e d  in  Eq. (1 -1 )  and 

expanding  th e  q u a d r a t i c  e x p re s s io n s  l e a d  to

2T = + 2Mr Ç - ' p  + £ m .

+  2 p  • i j  +  2 p  ■ (i! X 2 m ^  a .  +  2Mp p  • ^  X p

+ 2M.J, ^  + 2 - 2 ^ m j â j  + 2Uj, ^  x

<r- . - < r .
+  2 ^  X ^ m j  £ j  +  2Mij ^  ^  X p  + 2 2_™ j ^  x

x ( ^ + 5 ‘ + j!9 + aj) + 2Kj: p  ' ^  x : ^  + ZMrj, x  ^

+ 2 P  • ÇO X  a . +  2 îij, p  ' X  (2 ,

where 1 i s  th e  i n e r t i a l  t e n s o r  h a v in g  components o f  th e  moments of 

i n e r t i a  o f  th e  whole m o le c u le  abou t i t s  c e n te r  o f  mass. The e x p r e s ­

s io n  re d u c e s  when use  i s  made o f  th e  d e f i n i t i o n  o f  a . ,  ^ m ^  a .  = 0 ,-J-» C__- j - j

w i th  th e  r e s u l t

2T = ^ + I ^ + M | 2 ^ + M ^ ^ ^  + 2 M ^ ( i ' ^  + 2 M ( 0 - ^ X | 0

+ 2 ™j i j  + 2 2 !®j ' - ^ ^ j  + 2M T Ç - ' ( U x ? ^

(1-7)
+ 2Mj,5T • * ; ) x 5 " + 2 K j , 5 " - ( i J x ^  +  2M j , p - a J x ^

+  2Mip p  • ^  X ^ .
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F i n a l l y  i n t r o d u c i n g  th e  a s su m p tio n s  l i s t e d  in  p a r t  one ,  th e  k i n e t i c  energy  

may be e x p re s s e d  i n  th e  form

Mrn M p  9 . 9  . 2
21 .  y u  <0 +  a  ^ 2 +  ( . 1 ^ ) ^ ^  °<

ZZJ ( 1- 8)

where ( I  ) i s  t h e  moment o f  i n e r t i a  o f  th e  p a r t i c l e s  com p ris in g  the  
CT i j

top  about t h e  c e n t e r  o f  mass o f  th e  t o p ,  CT.

The o r i g i n  o f  th e  v a r io u s  term s in  th e  k i n e t i c  energy  i s  o b v io u s :  

th e  f i r s t  te rm  r e p r e s e n t s  th e  e n e rg y  o f  o v e r a l l  r o t a t i o n ,  th e  second and

t h i r d  a re  t h e  k i n e t i c  energy  o f  i n t e r n a l  m o tion , and th e n  th e  rem a in ing

term s r e p r e s e n t  a c o u p l in g  betw een th e  i n t e r n a l  and e x t e r n a l  m o t io n s .

The A ngu la r  Momentum 

When o b t a i n i n g  th e  quantum m ec h a n ic a l  H am il to n ia n  from th e  c l a s s i c a l  

fo rm u la t io n  i t  i s  c o n v e n ie n t  to  have th e  k i n e t i c  energy  as a f u n c t i o n  o f  

P^ , Py, Pg, th e  components o f  t o t a l  a n g u la r  momentum about th e  body axes 

and commonly r e f e r r e d  to  as  momentoids. I n  a d d i t i o n  th e  momentoids 

must be e x p r e s s i b l e  i n  te rm s o f  momenta c o n ju g a te  to  some c o o r d in a te s

which a r e  u s u a l l y  chosen  as th e  E u l e r i a n  a n g le s .

The a n g u la r  momentum, P ,  i s  by d e f i n i t i o n  (3)

F = 2 ® i [ - i  ( ^ i  - O ]  +  ^  ( i j  + £ j l  (1 -9 )

which e a s i l y  r e d u c e s  to
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p = I  £0 +  2 ^  ( r ^  X r ^ )  + 2_n ij  ( r^  x r j ) ( 1- 10)

A f t e r  th e  s u b s t i t u t i o n  o f  E q s . (1 -1 )  and ( 1 - 2 ) ,  and th e n  s im p l i f y in g  i n  

th e  same manner as f o r  th e  k i n e t i c  e n e rg y ,  th e  form f o r  th e  t o t a l  a n g u la r  

momentum,

( I p r p ) y „  +
% Mr

■■CT̂ xz ■ 21

( 1- 11)

i s  o b t a in e d .  One o b s e rv e s  t h a t  P^, Py, P^ o b ta in e d  i n  th e  f o l lo w in g

manner a re  i d e n t i c a l  w i th  th o se  o f  Eq. (1 -11)

-  ' -£<[,P =X Z) XX X xy y xz z ^^CT^xz
HpMp

M ?

p . J i
y 2)6) , S y  ^ y  '  ^xy " ^yz * ^ z  \  ^ ^ y ]

z ■ ■ h z  ‘J z  -  h z ' ^ X  -  l y z ' J y  + « [ « O l h z  + ^ « = f +  ^ ? y  0 - y )

P . - 3

^  ^ - x ]

( 1- 12)
2)6< "  L '~C T 'zz  ■ M

■ ^  X  [ _ ^ ^ O I ^ x z  *

^ " ^ z [ » 0 i > z z + ^ ( < ? i "  + 7 y - ^ y ) ]  •

The momentum p ,  i s  t h a t  c o rre sp o n d in g  to  th e  f o u r t h  d e g re e  o f  freedom .

I t  i s  n e c e s s a ry  to  u se  a momentum which i s  c o n ju g a te  to  some c o o r d i n a te  

i n  th e  quantum m ec h a n ic a l  f o rm u la t io n  and p = ■ s a t i s f i e s  t h i s  c o n d i t i o n .
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The k i n e t i c  e n e rg y ,  T, may be e x p re s s e d  in  te rm s  o f  th e  E u le r i a n  

a n g le s  Ô , ^  ^  hy making use  o f  th e  t r a n s f o r m a t io n

^  s i n  B  s i n / '  + B  cos 9^
, •

U) = (P sin  Ô c o s / '  - B  s i n ^  (1 -13 )
y \

o ù^ -  ^ c o s  ^  + / '

A f t e r  t h i s  s u b s t i t u t i o n  T has a q u i t e  c o m p lic a ted  form and w i l l  n o t  be 

rep roduced  h e r e .  The im p o r ta n t  t h in g  i s  t h a t  T can be exp ressed  in  

term s o f  c o o r d in a te s  t o  which t h e r e  a r e  c o n ju g a te  moments p^ , p^ , p^  . 

To e x p re s s  i n  t h i s  r e p r e s e n t a t i o n  use  i s  made o f  th e  r e l a t i o n

T h is  le a d s  to  t h e  e x p re s s io n s

= cos P  ̂ + CSC 5 s i n  /  p^ - c o t  ^  s in / '< |p^

Py = - s i n / '  pÿ+ CSC 9 cos 9  p^ - c o t  ^  cos  (1 -15)

■ Pf

Note t h a t  P^ ,  P , P a re  f u n c t io n s  o n ly  o f  th e  E u l e r i a n  an g le s  and t h e i r

^  Tc o n ju g a te  moments; th u s  P , P , P commute w ith  p = th e  momentum
y z Do{

o f  i n t e r n a l  r o t a t i o n .

I t  i s  w o r th w h ile  to  summarize th e  r e s u l t s  o f  t h i s  s e c t io n .  I t  has

been found t h a t  P^ ,  P ^ ,  P^ depend o n ly  on B  > ^  and t h e i r  c o n ju ­

g a te  momenta - n o t  on ©< or p ;  a l s o  th ey  a re  th e  components of t o t a l  

a n g u la r  momentum and t h e r e f o r e  s a t i s f y  t h e  com m utation r e l a t i o n s .  S ince  

p i s  c o n ju g a te  to  c< , when th e  quantum m e c h a n ic a l  fo rm a lism  is  deve loped  

p may be r e p l a c e d  by th e  o p e ra to r  -  i  ^
9 4
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T ra n s fo rm a t io n  o f  th e  C l a s s i c a l  K i n e t i c  Energy 

The fo rm u la t io n  i s  now to  the  p o i n t  where a t r a n s f o r m a t io n  o f  th e  

k i n e t i c  energy  from th e  a n g u la r  v e l o c i t y  to  th e  a n g u la r  momentum c o o r ­

d i n a t e s  can be made. F i r s t  i t  i s  n e c e s s a ry  to  s o lv e  th e  f o u r th  o f  Eq. 

( 1- 12) f o r  o( , such t h a t

I I

= -i». p - —  s i n  a  cO -r cos Cù - ( 1+ ">} cos o{ ) U) (1 -16 ) 
l '  l '  ^  i '  y C z

z z z

where th e  d e f i n i t i o n s

* Mm M*ri

( V z z  ( q i ^  +  0 -y y p  - 1 ;  u  + ^ c o s . ,  )

z

have been u sed . Next a{ i s  e l im in a te d  from th e  f i r s t  t h r e e  o f  Eq. (1 -1 2 )  

by s u b s t i t u t i o n  of Eq. ( 1 -1 6 ) .  A f t e r  a s l i g h t  r ea r ra n g e m e n t  th e  r e s u l t s  

a re

" Py "  ^xx ^  X ‘ ^xy ^  y " ^xz ^  z 

P y - P y  = I y y ^ y - I ^ ^ X - : y z ^ ,  (1 -18 )

Pg -  Pz = : ^ z z ^ z  " - S z ^ y

where th e  a r e  e f f e c t i v e  moments o f  i n e r t i a  d e f in e d  so t h a t
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l ' 2

"  ( W x x  '  y r

Z

( 1  + 7 <=os« ) 2  

l '
^xy "  (^CM^xy ■ —7  ^  s i n  ctS cos o(

z

^xz = ( V x z  + 1% (1 + ^  COSC4 ) s i n

ly z  = ( V y z  - l y  (1 + ^COS a  ) COSÔ

_ KP x  p s in  o( p
I :

I '

(1-19)

Py -  - ^  cos  0<1 P 
z

Pz = (1 + ^  C O S ) p .

where a re  th e  components o f  i n e r t i a  o f  th e  e n t i r e  m o le c u le  o r

th e  m o le c u la r  axes  th ro u g h  th e  c e n te r  o f  mass o f  th e  e n t i r e  m o le c u le .

At t h i s  p o i n t  i t  sh o u ld  be remembered t h a t  P^ , Py, P^ a r e  s t i l l  the  

components o f  t o t a l  a n g u la r  momentum o f  th e  m o le c u le  r e f e r r e d  to  th e  

body a x e s .  The fo l lo w in g  p h y s i c a l  s i g n i f i c a n c e  can be a t t a c h e d  to  th e  

P x ’ Py» P ^ ’ th e y  a r e  th e  components o f  a n g u la r  mementum o f  th e  t o p ,  

i n c lu d in g  bo th  th e  i n t e r n a l  and o v e r a l l  r o t a t i o n .  Note i n  th e  f o u r t h  

o f  Eq. (1 -12)  t h a t  when o( = 0 ,  as would be th e  c a se  fo r  a co m p le te ly  

r i g i d  m o le c u le ,  p does n o t  v a n is h .

Next we f in d  t h a t

2T = (P%- Px) ^  X ^  (^y - Py) + (Pz ■ Pz) ‘̂ z  ^  P^ (1-20)
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which may be v e r i f i e d  by d i r e c t  s u b s t i t u t i o n  o f  E qs. (1 -1 8 )  i n t o  Eq. (1 -20 )  

Now th e  i n v e r s e > to  th e  i n e r t i a  t e n s o r  i n  Eqs. (1 -18 )  i s  e a s i l y  found 

and th e  r e s u l t s  may be e x p re sse d  a s

"  ,  -  - Py) +  - P . )

" y  '  y - T S ^ h  -  P y ) +  ^ x y ( P x  -  P x ) +  -  P x ) ( 1 - 2 1 )

-  2 / ^ z ( P z  -  Pz) + 2A z » k - Px) +  2>2y,(Py  ‘ Py) ■

A f t e r  s u b s t i t u t i o n  o f  Eqs. (1-21) i n t o  Eqs. (1 -20)  we f i n a l l y  o b t a i n  th e  

r e s u l t

1  “ / ‘ x x " 'x  -  P x )^  + y ^ y y (F y  '  Py)^  * ^  '  P z ) '

+  3 ^ x y ( ^ x  -  P x ) ( ? y  -  P y )  ? ^ x z ( P x  '  Px> ( ' z  '  P » )  d - 2 2 )

+  ^ y z ( l ' y  -  P y ) ( P z  -  Pz> V  P^' / "  •

Eq. (1 -2 2 )  w i l l  be t h e  s t a r t i n g  p o in t  fo r  th e  quantum m e c h a n ic a l  fo rm u la ­

t i o n .  G e n e ra l  e x p r e s s io n s  for th e  moments o f  i n e r t i a  and r o t a t i o n a l  

c o n s ta n t s  depend upon t h e  p a r t i c u l a r  m o lecu le  under c o n s i d e r a t i o n  and 

w i l l  be found i n  C h a p te rs  I I I  and IV.

I t  i s  i n t e r e s t i n g  to  see how our  fo rm u la t io n  r e d u c e s  f o r  a symme­

t r i c  to p  i n t e r n a l  r o t o r .  The a l t e r a t i o n s  a r e :  1) ^ = 0 , 2 )  ( I ^  ) =
tti xz

( I c j ) y 2 -  0 ;  from which i t  fo llow s t h a t  p^ = p^ = 0 . T h e r e f o r e

1  V ' x x  * 'x ' + y ^ y y  l 'y" + / ^ z z  ‘ P > '  % p '

(1 -23)

+ 3> lxy  PxPy +  y ' x z  V z  +  Z / S .  PyPz.

and th e  r e s u l t  i s  t h e  same as t h a t  used in  th e  u s u a l  PAM f o r m u la t io n  (15) .
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The P o t e n t i a l  Energy 

The u l t i m a t e  g o a l  o f  th e  c a l c u l a t i o n  i s  t o  de te rm ine  th e  h e ig h t  of 

t h e  p o t e n t i a l  b a r r i e r  h in d e r i n g  th e  i n t e r n a l  m o tion . S ince  th e  e x a c t  

o r i g i n  o f  th e  b a r r i e r  i s  no t  known, th e  only  c o n d i t io n  which we may impose 

upon i t s  b e h a v io r  i s  t h a t  i t  has  th e  symmetry o f  th e  m o lecu le  under th e  

i n t e r n a l  r o t a t i o n .

For th e  m o lecu le s  CD^HCOH and CĤ DCOH we w i l l  assume th e  custom ary 

t h r e e - f o l d  b a r r i e r ,  n e g l e c t i n g  s i x - f o l d  and h ig h e r  o rd e r  te rm s :

Vo
V(o( —  (1  -  cos 3 ) . (1 -24)

The benzaldehyde  m o lecu le  i s  i n v a r i a n t  under a r o t a t i o n  o f  n IT , n = 0 ,

I , ' " ' :  so we w i l l  expand th e  p o t e n t i a l  in  th e  F o u r ie r  s e r i e s

V(of ) = ^  A cos 2n . 
n=0

The f i r s t  few term s a re

V. V,
V (o \)  = —  (1 - cos 2 es() + _  (1  -  cos 4c\ ) + , ■ ■ ■ ;  (1 -25)

th e  custom ary p ro ce d u re  w i l l  be fo l lo w e d  and o n ly  th e  f i r s t  o r d e r  term  

w i l l  be k e p t .  Under t h i s  a ssum ption  we o b ta in

Vz 2
v(o<)  = 2  (1 -  cos 2 o<) = V2 s i n  o{ . (1 -26 )

For f u r t h e r  d i s c u s s io n  one i s  r e f e r r e d  to  th e  r ev ie w  a r t i c l e  o f  L in  and

Swalen (1 5 ) .



CHAPTER I I  

THE QUANTUM MECHANICAL HAMILTONIAN

The r e s u l t s  o f  th e  p r e v io u s  c h a p te r  lea d  d i r e c t l y  to  t h e  c o r r e c t  

f o rm u la t io n  o f  th e  quantum m ech an ica l  H am il to n ian .  The developm ent o f  

th e  th e o r y  has  been  p r e s e n te d  in  d e t a i l  by W ilson e t .  a l .  (19 , 20) f o r  

v i b r a t i o n - r o t a t i o n  i n t e r a c t i o n ,  and i t  i s  not n e c e s sa ry  to  rev iew  a l l  o f  

th e  d e t a i l s .

E s s e n t i a l l y  t h e  r e s u l t s  a r e  t h a t  th e  k i n e t i c  energy  o p e r a to r  h as  

th e  co m p lic a ted  form (19)

T = g ^ 2 2  ( ^ i  - 6 ^ (^ j  -  P j )  g ^  + g ' ^  P /^g^  P g ' ^  (2 -1 )
i  > j

^fhere Pj^, P i ,  P, e t c . ,  a re  th e  same q u a n t i t i e s  as  th o se  a p p e a r in g

in  Eq. (1 -22) excep t  t h a t  th e y  have been r e p la c e d  by th e  p ro p e r  quantum 

m e c h a n ic a l  o p e r a t o r s ;  th e n  g = I x ^ i j l  ^ - Note t h a t y ^ i  j , g , P i  a re  

f u n c t i o n s  of t h e  ang le  o f  i n t e r n a l  r o t a t i o n ,  . T h is  fo l lo w s  because  

th e  i n t e r n a l  r o t o r  i s  no t a sym m etric  to p .  The P^ commute w ith  a l l  o f  

t h e s e  q u a n t i t i e s  e x c e p t ,  o f  c o u r s e ,  th e  o th e r  P j , s in c e  th ey  a re  f u n c t io n s  

on ly  o f  th e  E u le r i a n  a n g le s  and t h e i r  c o n ju g a te  momenta. The H am il ton ­

ia n  o p e r a t o r  i s  o b ta in e d  by add ing  th e  p o t e n t i a l  energy  V (c f ) to  Eq.

(2- 1) .

P a r t i a l  expansion  o f  t h e  sum in  Eq. (2 -1 )  g iv e s

H = Hj  ̂ +  Ht r  +  lip (2 -2 )

17
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where

%  ' k'  ( V y  +  y , )
(2-3)

/ P  P  4- P  P  \  4- vV ( ( ) )t> % X :  (P%PZ +  PZP%) (P yP , + P ,P y)yz y z z y

(2 -4 )H? = S p . ,% g^ P, g ^  + 8 )« .  P P s ' ^  +  V(o( )
i . j  ^ i J  J ^

“ i R  V x x ( " ) I ' x ^  t x - a , y ( < ) P y '  + x ^ * y < '<  > <

+ x /% z z (a  +  ?:?%) + A p ^ ° ‘  ̂ +  fzP y )  (2 -5 )

- ^  '■j - h  Pj 8 ' ^  •

Both Hg ,̂ Ep may be c o n s id e re d  p a r t  o f  th e  u n p e r tu rb e d  H a m il to n ia n ,  H ; 

i s  in d ep e n d e n t  o f  th e  i n t e r n a l  c o o r d i n a t e ,  o \ , and th u s  depends on ly  on 

th e  ov e r  a l l  r o t a t i o n a l  quantum numbers; w h i le  i s  a f u n c t io n  o n ly  of 

, and t h e r e f o r e  w i l l  be in d ep en d en t  o f  th e  o v e r a l l  r o t a t i o n .  And 

then  Hpg  ̂ r e p r e s e n t s  t h e  c o u p lin g  betw een th e  i n t e r n a l  and o v e r a l l  m otion . 

The l a s t  two term s of Eq. (2 -5 )  may be combined w ith  th e  s i m p l i f i c a t i o n

■

Pj (2-6)

where p^ o p e r a t e s  o n ly  on th e  q u a n t i t y  i n  p a r e n t h e s i s .

A c o n v e n ie n t  b a s i s  f o r  th e  r e p r e s e n t a t i o n  o f  H i s  t h e  p ro d u c t  

fu n c t io n

< ? ^ ( R , o \ )  = 9 ^  (R) <9^ ( 4 )  (2 -7)

where $  i s  an e ig e n f u n c t i o n  o f  H° = -f H^, o f  and

o f  Hj,;

H° f g ^ ( R ,o \  ) = (Hr + ap )  ) = (Er + E t ) 5 ^ r t ( R > ® ^ )  ( 2 - 8 )
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(R) = ER 9^% (R) (2 -9 )

( d )  = E ( 4 )  ( 2- 10)

In  p r a c t i c e  t h e  b a s i c  f u n c t i o n s  ^ - g  (R) w i l l  be e i t h e r  th o s e  o f  the  

symm etric  top  o r  th e  Wang r e p r e s e n t a t i o n ,  a l th o u g h  a t  t h i s  t im e i t  i s  

n o t  n e c e s s a r y  to  s p e c i f y  th e  r e p r e s e n t a t i o n  o f  R. The ^  ( o f )  should  

be d e te rm in e d  from and t h e i r  exact form w i l l  depend upon th e  p h o ic e  

o f  V ( o ( ) ;  i . e . ,  w h e th e r  th e  p o t e n t i a l  energy has  two o r  t h r e e  f o ld  

symmetry.

The c o u p l in g  betw een  t h e  i n t e r n a l  and o v e r a l l  r o t a t i o n ,  w i l l

be t r e a t e d  as a p e r t u r b a t i o n ,  u s in g  a s  a b a s i s  th e  ^  o f  Eq. ( 2 -7 ) .  

From t h e  c h o ic e  o f  m o le c u la r  a x e s ,  i s  n o t  s m a l l ,  and even a t  th e  

l im i t  o f  W-^CO ( i . e . ,  t h e  l i m i t  o f  a r i g i d  m o lecu le )  i t s  c o n t r i b u t i o n  to  

th e  r o t a t i o n a l  energy  does n o t  v a n ish .  T h e r e f o r e ,  i n  th e  a p p l i c a t i o n ,  

t h e r e  a r e  s i t u a t i o n s  when i t  m igh t be n e c e s s a ry  to  u s e  t h i r d  o r  fo u r th  

o rd e r  p e r t u r b a t i o n  c o r r e c t i o n s .  Q uite  o f t e n ,  th o u g h ,  f i r s t  and second 

o rd e r  t h e o r y  a r e  s u f f i c i e n t  to  de te rm ine  th e  b a r r i e r  h e i g h t ,  b u t  th e  

h ig h e r  o r d e r  term s would be n e c es sa ry  to  d e te rm in e  t h e  com ple te  r o t a ­

t i o n a l  sp e c tru m  a c c u r a t e l y .

F o r  d i s c u s s i o n  o f  t h e  d e t a i l s  of th e  t h e o r y  i t  i s  b e s t  to  c o n s id e r  

th e  a p p l i c a t i o n  to  a s p e c i f i c  m o lecu le ,  because  th e  f u n c t i o n a l  form of 

t h e  r o t a t i o n a l  c o n s t a n t s  depend upon th e  s t r u c t u r e  o f  th e  m o le c u le .  But 

a t  t h i s  p o in t  it. w o r th w h ile  to  p o in t  o u t  t h a t  i t  w i l l  be p o s s i b l e  to  

ex p re s s  t h e y ^  ^ j ( d )  o f  Eq. (2 -5 )  in  a c onve rg ing  power s e r i e s  o f  

s in ^ c \  and cos%( . T h is  w i l l  a llow  f o r  th e  e v a l u a t i o n  o f  c e r t a i n  i n t e ­

g r a l s  which o th e r w is e  would n o t  be p o s s ib l e .  The s e r i e s  a r i s e s  from
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g = g° +  g(°< ) ,  Eq. (2 -1 )  and th e  convergence  o f  th e  s e r i e s  depends upon 

th e  r a t i o  g ( c ^ ) / g ° .  T h e r e f o r e  t h i s  th e o r y  w i l l  be a p p l i c a b l e  only i f  

t h i s  r a t i o  i s  l e s s  th a n  one , which w i l l  be th e  c a se  f o r  th e  m olecu les  

c o n s id e re d  in  t h e  n e x t  two c h a p te r s .



CHAPTER I I I

APPLICATION OF THE THEORY TO CDHgCOH AND CHDgCOH

I n t e r n a l  r o t a t i o n  in  a c e ta ld e h y d e , CH^COH, and two of i t s  d e u te r a t e d

s p e c i e s ,  CD^COH and CD3COD, has been s tu d ie d  q u i t e  i n t e n s i v e l y  (4 ,  14) .

The p o t e n t i a l  b a r r i e r  h in d e r in g  th e  i n t e r n a l  r o t a t i o n  h a s  been de te rm ined
-1

c o n c lu s iv e ly  to  be o f  th e  o rd e r  o f  400 cm and t o  be r e l a t i v e l y  in d e ­

pendent o f  th e  i s o t o p i c  s p e c ie s .  In  a d d i t i o n  th e  microwave r o t a t i o n a l  

spec trum  o f  CHD^COH and CHgDCOH has  been r e p o r t e d ,  bu t  t h i s  spectrum  has  

not. been  a n a ly z e d  on th e  b a s i s  o f  i n t e r n a l  r o t a t i o n .  I n  t h i s  c h a p te r  

th e  th e o r y  deve loped  e a r l i e r  w i l l  be a p p l i e d  to  t h e s e  two m o le c u le s ,  and 

i t  w i l l  be found t h a t  th e  p o t e n t i a l  b a r r i e r  f o r  t h e s e  m o lecu le s  i s  in  

good agreem ent w i th  th o se  de te rm ined  f o r  CH3COH, e t c .  T h e re fo re  th e s e  

m o le c u le s  fo r  which th e  b a r r i e r  h e ig h t  i s  p resum ably  a l r e a d y  known p r o ­

v id e  a good i l l u s t r a t i o n  and check o f  th e  th e o r y .

M olecu lar  S t r u c t u r e  

The m o le c u la r  s t r u c t u r e  of a c e ta ld e h y d e  i s  w e l l  de te rm ined  ( 4 ) .

The same s t r u c t u r e  w i l l  be used f o r  CH2DCOH and CD2HCOH. The a c tu a l  

e v a lu a t i o n  of t h e  moments o f  i n e r t i a  i s  found in  Appendix I .

R o ta t io n a l  C o n s ta n ts  

The moments o f  i n e r t i a  o f  th e  m o lecu le  have th e  g e n e r a l  form

21
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(^CM^yy

(^CM^xy

^ W x z

(^CM^yz

( W '  '  + ( W ' y  sin^o^

/ 2 ) _ ,_ 2
X X

(o) (2) _ , _ 2 L
CM- yy CM' yy

< V f z ’

( v ! y '

="“ °'

+ < W y f  ■

(3 -1 )

I n  C hap te r  I  th e  m o le c u la r  axes were chosen  so t h a t  z i s  p a r a l l e l  to  th e  

i n t e r n a l  r o t a t i o n  a x i s ,  y p a r a l l e l  to  t h e  COH p l a n e ,  and x p e rp e n d ic u la r  

to  t h i s  p l a n e .

A f t e r  th e  t r a n s f o r m a t io n  to  th e  e f f e c t i v e  moments of i n e r t i a ,  d e f in e d  

i n  Eq. (1 -1 5 ,  16, 17, 1 8 ) ,  one now h as  f o r  1^^

i x x  -  +
XX

(2 )  I . 2
L'^CM'xx I '  ' S i n  o(( I ^ )

yy

(o)

(2) , ( I  
yy I '  1

. 2 ,s in  o(

(o)
%xy = (%CM)xy s i n  o< + ( I  ) ( ' )^ CM'xy

zz

_ '  X - y

I :  J

(3 -2 )

s i n #  c o s ^

^xz
(o) 1

(^CM^xz + I x j s i n 4  + 1% s i n #  c o s #  

ly z  = ( W y z ^  - + [ ^ W y z ^  '  ^ y j  +  l ÿ  4? s i n ^

The t r a n s f o r m a t io n  to  o b t a i n  Eq. (1 -20) i s  from th e  to  t h e ^ ^ j .  I n  

t h e i r  expanded form t h e a r e
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y ^ y y  - y ^ l y  t ^ y y ^  «  •*•■ ■ ■

^ x x  V ^ z f  + --'

s i n r t  4y/d. s in  of cos of' +

 ̂ s i n  of -\-jO(}'  ̂ s in  cos  c jf+/  xz ^  xz /  xz

/ ^ y z  + % z ^  «  + '  '

(3 -3 )

For CH2DCOH and CDgHCOH th e  convergence o f  th e  s e r i e s  i s  q u i t e  r a p i d ;  th e

( 2 ;
■ij

-2  ( 2 ) 
n e x t  o r d e r  te rm s  a re  ap p ro x im a te ly  10 s m a l le r  th a n  t h e ^ ^ ^

The T o rs io n a l  E q u a t io n  

That p a r t  o f  th e  H a m il to n ia n  which depends on ly  on th e  i n t e r n a l  

c o o r d i n a t e ,  o( , i n  Eq. ( 2 - 4 ) ,

Hçj, = j Pj + g ^ P  g^ P g ^ ^  (1 -cos 3 Of) , (3 - 4 )

where t h e ^ x ^ i j  d e f in e d  i n  Eq. (3 -3 )  and

X -  j .  ( s i n  of p +  p s ino f  ) Py = I '  ( c o s  Of p + p cosof )

P2  = P +  ”7  (cos  C7f P + P coscx ) p = - i  ——  (3 -5 )

y /4  = - L -  g=g^°^+g^^^ co so f+  sin^of

I t  i s  c o n v e n ie n t  to  expand th e  summation in  Eq. (3 -4 )  w i th  the  r e s u l t  

%   ̂ P^ (cos 4  + p^ cos C3f )
(3 -6 )

, ,  ( 2) 2 2 2 2 Vg
( s i n  of p + p s in  of ) +  x -  ( 1-c o s  3 of )
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z
* \ L

X ' '  - X ?  ( ' + 7 ' ) " '  + ( § | X : ^

. r x

“Z \  Z '
• I  _  I

(o )  , . ( 2 )7  n ^x ^y / , ( 1) ,  „ . .  ^x . . ( 1)

, - 2The h i g h e r  o r d e r  te rm s  which have been n e g le c te d  i n  Eq. (3 -6 )  a re  10 

t im e s  s m a l l e r  th a n  th o s e  a n g u la r  dependent te rm s  which have  been in c lu d e d .

The f i r s t  t h in g  one o b se rv e s  abou t Eq. (3 -6 )  i s  t h a t  ILj, i s  no lo n g e r  

i n v a r i a n t  u n d e r  a r o t a t i o n  o f  + 2 'T T /3 .  A gain  t h i s  fo l lo w s  from th e  f a c t  

t h a t  th e  i n t e r n a l  r o t o r  i s  not a symmetric t o p .  I n  CH^DCOH, f o r  exam ple, 

t h e r e  a re  two i s o m e t r i c  c o n f i g u r a t io n s :  i n  one c a se  t h e  hydrogen  o f  t h e

to p  can  oppose  th e  oxygen o f  the  fram e; and i n  th e  o t h e r  c o n f i g u r a t i o n  

one o f  the  d e u te r iu m s  o f  t h e  top  opposes t h e  oxygen o f  t h e  fram e. The 

fo rm er  c o n f i g u r a t i o n  i s  r e f e r r e d  to  as th e  sy m m etr ica l  and th e  l a t t e r  

t h e  a s y m m e tr ic a l .

I f  t h e  a n g u la r  dependen t  term s o f  th e  k i n e t i c  ene rgy  a r e  n e g le c te d  

i n  Eq. ( 3 - 6 ) ,  we o b t a i n  t h e  d i f f e r e n t i a l  e q u a t io n

( ° )  d^U Vq
d ^ 2 '* '2  ( I ' c o s  3 ^ ) U  = EU. (3 -7 )

The s o l u t i o n s  o f  t h i s  e q u a t io n ,  which i s  r e l a t e d  to  M a t h i e u 's e q u a t io n  

and th e  e ig e n f u n c t i o n s  and e ig e n v a lu e s  have been t a b u l a t e d  (5 ,  18) .

B r i e f l y  th e  r e s u l t s  a r e  as fo l lo w s :  There  a r e  two ty p e s  o f  e ig e n v a lu e s ,

a n o n - d e g e n e r a te  l e v e l  ( A - ty p e)  and a tw o - fo ld  d e g e n e r a te  l e v e l  ( E - ty p e ) .
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For ‘C.’C V^j th e  A and E l e v e l s  a r e  th em se lv es  n e a r ly  d e g e n e r a te ,  and 

a t  would become d e g e n e r a te .  The s p l i t t i n g  o f  th e  A and E l e v e l s

i s  r e l a t e d  to  th e  p r o b a b i l i t y  o f  th e  top  tu n n e l in g  th rough  th e  p o t e n t i a l  

b a r r i e r .  I t  has  been custom ary  to  use  two s e t s  o f  quantum numbers to  

s p e c i f y  th e  t o r s i o n a l  energy  l e v e l s .  One s e t  o f  A and E l e v e l s  a re  s a id  

to  form  a t o r s i o n a l  s t a t e  w i th  quantum number n; and th en  th e  A and E 

l e v e l s  a r e  t o r s i o n a l  s u b s t a t e s  deno ted  hy 0~  = Q f o r  th e  A l e v e l  and 

*^ = +  1 f o r  th e  d e g e n e ra te  E l e v e l s .  I t  i s  found t h a t

=n -  c-= /  I E___ r  - (3 -8 )^n=o ’ cr=o “  ̂c-= + 1 1 <  n=o , n , 0“

and t h e r e f o r e  th e  n om enc la tu re  o f  s t a t e  and s u b s t a t e  i s  j u s t i f i e d .  The 

energy  e ig e n v a lu e s  a r e  E^ ^  w ith  c o rre sp o n d in g  e ig e n f u n c t io n s  ^

(5 ,  1 8 ) .

Now th e  i n c l u s i o n  o f  th e  a n g u la r  dependent k i n e t i c  energy  term s of 

Eq. (3 -6 )  h as  s i m i l a r  q u a l i t a t i v e  f e a t u r e s  to  th o s e  d i s c u s s e d  above.

W ith in  each t o r s i o n a l  s t a t e  th e  degeneracy  i s  com p le te ly  removed. Con­

s i d e r  th e  t o r s i o n a l  s t a t e  n = o; w i th in  t h i s  s t a t e  t h e r e  a re  t h r e e  sub ­

s t a t e s  which w i l l  be deno ted  by th e  quantum numbers 0 ^ , 0^  0 _ ( th e  

number f o r  n ,  t h e  s u b s c r i p t  f o r  th e  s u b s t a t e ) .  The s t a t e  0^ c o r r e s ­

ponds t o  th e  sy m m etr ica l  c o n f i g u r a t io n  a t  i n f i n i t e  b a r r i e r ,  and th e  s t a t e s  

0+ and 0 _ a re  th o s e  o f  th e  a sym m etr ica l  c o n f i g u r a t i o n ,  which a t  i n f i n i t e  

p o t e n t i a l  b a r r i e r  would become d e g e n e r a te .  The s e p a r a t i o n  o f  th e  energy 

l e v e l s  i s  ro u g h ly

0̂+ " 0 .  1 I o ,  <J"=o ■ ^ o , c 7 - = l | « %  '  'Oo < < P 0+  - “ n . - l  (3 -9 )

Our p ro ce d u re  w i l l  be as  fo l lo w s :  we a re  p r im a r i l y  i n t e r e s t e d  in
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th e  ground t o r s i o n a l  s t a t e ,  and th u s  w i l l  use  t h e  0 ^ ,  0^ ,  0 _ r e p r e s e n t a ­

t i o n  fo r  i t .  But f o r  th e  h i g h e r  t o r s i o n a l  s t a t e s ,  n _> o , we w i l l  con­

t i n u e  to  use  th e  sym m etric  to p  i n t e r n a l  r o t o r  r e p r e s e n t a t i o n  o f  n ,  c -  . 

These s t a t e s  o n ly  e n t e r  th ro u g h  th e  p e r t u r b a t i o n  th e o r y .  For t h e  ground 

t o r s i o n a l  s t a t e ,  t h e n ,  we have

U + +  U ^
G- =0 =1 ^ = -  1 .

2U - U - U ^
O' =0 O' =1 0  ̂ —  1.

(3 -10)

- i ]
= i  2 s i n %

( th e  phase  o f  i s  a r b i t r a r i l l y  chosen f o r  c o n v e n ie n c e ) .  A ls o ,  i f

H° ^  (1 -c o s  3o< ) , (3 -11)

( c o s a p ^ +  c o so ^ )+  (sin^o( P^+P^ sin^o< ) (3 -12)

th e n  the  energy  m a t r ix  e lem en ts  f o r  th e  ground s t a t e  a re

(O o |% lO o) = - J  (0 ,0 |H ^ |0 , 0 ) +  2 (0 , 1 | H ; | 0 , 1) +  (0 ,0 )H^|0 ,0 )

+  2 (0 , 1 |H ^ |0 ,L) + 4 ( 0 ,0 ) H ^ |0 ,1 )  +  2 ( 0 , - l | H ^ ( 0 , l ) ]

(3 -13 )

(G^lH^lG^) = ^ [ 2 ( G , 0 | hJ ( 0 ,0 )  + (0 ,1 |H % |0 ,1 )  +  2 ( 0 ,0 |H ^ |0 ,0 )  

+  ( 0 , 1 |H ^ |0 ,1 )  - 4 ( 0 ,0 |H ^ |0 ,1 )  +  ( 0 , - l | H ^ | 0 , l ) ]

(G_lH^|G_) = (0 ,1 |H % |0 ,1 )  +  (0,1111^(0,1) - ( 0 , - 1 | H ' | 0 , 1 )
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(Oo|E%|0+) [  ( 0 ,0 |H ^ 1 0 ,0 )  -  ( 0 , l | H r | 0 , l )  +  (0 ,0 \H ^ 1 0 ,0 )

- (0 , l | H ^ | 0 , l )  +  (0 ,0 | h ^ | 0 , 1) - (0 , - i 1h ^ | o , 1) ]

(O ollLplO j = 0

(0 ^ \H ^ |0 _ )  = 0 .

The n o t a t i o n  f o r  th e  te rm s  on th e  r i g h t  o f  th e  e q u a t io n s  i s  (n ,c r  | \ n ' , 0 " ' )

I t  t u r n s  ou t  t h a t  th e  m a t r ix  e lem ent (O^jlLplO^) i s  q u i t e  sm a l l  and may 

be n e g le c te d  from now on.

At t h i s  p o in t  i t  i s  w or th  w hile  to  r e v ie w  th e  c o n n e c t io n  w ith  e x p e r ­

im en t.  The microwave r o t a t i o n a l  spectrum  o f  the  m o lecu le  depends upon 

i t s  e f f e c t i v e  r o t a t i o n a l  c o n s t a n t s .  A t o r d in a r y  t e m p e r a tu r e s ,  s e v e r a l  

o f  th e  m o le c u le s  w i l l  be i n  d i f f e r e n t  t o r s i o n a l  s t a t e s  and s u b s t a t e s ,  

and each s t a t e  w i l l  have i t s  own s e t  o f  c h a r a c t e r i s t i c  r o t a t i o n a l  con ­

s t a n t s .  The d i f f e r e n c e  i n  r o t a t i o n a l  c o n s ta n t s  f o r  th e  s u b s t a t e s  o f  th e  

t o r s i o n a l  s t a t e  n = o i s  q u i t e  s e n s i t i v e  to  V^, th e  p o t e n t i a l  b a r r i e r  

h in d e r in g  th e  i n t e r n a l  m o tio n .

The R o t a t i o n a l  H a m il to n ia n

The p u re  r o t a t i o n a l  H am il to n ia n  i s  Eq. ( 2 - 3 ) ,

, (o)
Note t h a t  th e  a r e  n o t  t h e  r o t a t i o n a l  c o n s ta n t s  o f  t h e  m o lecu le  a t

i n f i n i t e  p o t e n t i a l  b a r r i e r  s i n c e  the c o n t r i b u t i o n  o f  Hpg  ̂ to  the  r o t a t i o n a l  

energy  i s  no t  z e ro .  I t  i s  c o n v en ien t  to choose th e  Wang r e p r e s e n t a t i o n  

fo r  H^ when p a r t  o f  th e  p e r t u r b a t i o n  th e o r y  i s  pe rfo rm ed . But a t  t h i s
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p o in t  i t  i s  n o t  n e c e s s a ry  to  s p e c i f y  the  r e p r e s e n t a t i o n ;  o n ly  remember 

t h a t  P^, Py, P^ a r e  th e  components o f  t o t a l  a n g u la r  momentum a lo n g  th e  

body a x e s .  The s p a c in g  o f  th e  r o t a t i o n a l  energy  l e v e l s  i s  c o n s id e r a b ly  

l e s s  th a n  t h a t  o f  th e  t o r s i o n a l  s t a t e s ;

E% ^ 1 0 " 2  (3 -15 )

T h is  w i l l  be p a r t i c u l a r l y  c o n v e n ie n t  when a p e r t u r b a t i o n  t r e a tm e n t  o f  

i s  r e q u i r e d .

The R o t a t i o n a l  T o r s io n a l  I n t e r a c t i o n  

The i n t e r a c t i o n  betw een th e  o v e r a l l  r o t a t i o n  and i n t e r n a l  m o tion  i s  

c o n ta in e d  in. E^R' ( 2 - 5 , 6 ) ,

W  ( 3 - 1 6 )

+ > ‘p ( ' = ' > < W  V y )  - Z . \ j y " i 3 " i  -  ( P ( / ^ j ) ]

which f o r  th e  s p e c i f i c  c a se  o f  CH2DCOH or CDHgCOH becomes 

% R  V l y f  I ’y ^

s i " *  s i " "  ( f x f z +  P z ^ x )  ( 3 - 1 7 )

1 > K y f  S l ” ^*) ( V z +  ^ Z ^ y )

- I^a^ ( s i n  cK p + P s i n #  ) +  b ^ ( s in  o', cos #  p +  p s in  o< cos o< )Jp^

- j^Sy P +  by(coso< p +  p c o s d )  + Cy(sin^c7<| p +  p sin^o< )

+ dyXsin^cK cos p +  p s i n ^ #  cos o< ^  Py
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t 2 2
SI p + b (cos o( P + p coscK) + c  (s in  o< p + p sin of ) 

z z z

+ d ^ (s in ^ o f  cos o\ p + p s i n ^  c\ cos of ) JP j

where

"y

c
y

z

z
- X > A ^  +

-  2 ^ ) % )

-
■ ^ T ^ y z ’

= jU  (^ )  +  —

^  yz i '
z

A

■ Ü

■

-  ■
z

^z

"z

" z  -  r

Use has  been made o f  Eqs. ( 3 - 3 ) .

At t h i s  p o i n t  i t  i s  co n v e n ie n t  to  w r i t e  and i n  a n o t a t i o n  

which i s  n o t  so cumbersome. Let

%  = A°Px^ +  B°Py^ + C°Pg^ + F°(PyPz+ PgPy) (3 -18)

= A 'P^2 +  B'Py^ + C'PgZ + D '(PxPy+ PyPx) (3 -19)

+ E-(P^P^+  P,Px) + F '( P y P ,+  P^Py) - M'P^ -  N 'Py - q 'P , .
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The c o e f f i c i e n t s  sh o u ld  be compared w i th  th o s e  in  E qs .  (3-14* ,17)  f o r  

i d e n t i f i c a t i o n .
2

I t  i s  o b se rv ed  t h a t  th e  c o e f f i c i e n t s  o f  th e  o r  P^ i n  Eq. (3-19) 

a r e  fu n c t io n s  o n ly  o f  th e  i n t e r n a l  c o o r d in a te s  and p ,  hence  depend 

o n ly  upon th e  t o r s i o n a l  f u n c t i o n  ^  ^ ( 4  ) ; w h i le  t h e  P^^  ̂ and P^ a re  

f u n c t io n s  only  o f  th e  o v e r a l l  r o t a t i o n a l  c o o r d i n a t e s ,  R. T h i s ,  coupled 

w i th  th e  f a c t  t h a t  th e  t o r s i o n a l  e n e r g i e s  a r e  much l a r g e r  th a n  th e  r o t a ­

t i o n a l ,  su g g e s ts  t h a t  th e  f u n c t i o n

(3-20)

forms a s u i t a b l e  b a s i s  f o r  th e  r e p r e s e n t a t i o n  o f  H, Eq. ( 2 - 2 ) .  The 

energy  m a tr ix  i n  t h i s  r e p r e s e n t a t i o n  w i l l  have  th e  form  i n d ic a t e d  in  

F ig u re  2, To each  t o r s i o n a l  s t a t e ,  n ,  we may a s s i g n  a s e t  o f  r o t a t i o n a l  

s t a t e s .  Both Hrp and a re  d i a g o n a l  i n  n i n  t h i s  r e p r e s e n t a t i o n .  Now 

H w i l l  be c o n s id e re d  th e  p e r t u r b a t i o n  e n e rg y ,  and i t  has m a t r ix  e lem ents

\
('n, R R'')

R

\

F ig u re  2
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c o n n e c t in g  d i f f e r e n t  t o r s i o n a l  s t a t e s  as w e l l  a s  f i r s t  o r d e r  term s w i t h i n  

a g iv en  n b lo c k .  Our p ro c e d u re  w i l l  be to r e d u c e  th e  o f f - d i a g o n a l  e l e ­

ments by a Van V leck  t r a n s f o r m a t i o n ;  th e n  i n  s o lv in g  th e  r o t a t i o n a l  

problem  i t  i s  n e c e s s a r y  to  c o n s id e r  o n ly  a s i n g l e  t o r s i o n a l  s t a t e .

A f t e r  a p p ly in g  th e  Van V leck  t r a n s f o r m a t io n ,  th e  t o r s i o n a l  dependence 

i s  c o n ta in e d  c o m p le te ly  i n  th e  c o e f f i c i e n t s  o f  P ^ P j .

A t y p i c a l  c o e f f i c i e n t  t h a t  needs to  be c a l c u l a t e d  i n  th e  0 ^ , 0+, 0_ 

r e p r e s e n t a t i o n  i s  Eq. (3 -1 9 )

. I T

( O j A ' I O j  = f o o / * )  *  (3 -21)

y-rr

= 3 =0+ * l r = l+  1 )A' ( " f  " r  .1 +  " r  = - I »  " *

* , 1 
U A da\ + -<T =o t r  =o 3

a

I t  i s  c o n v e n ie n t  to  i n t r o d u c e  t h e  n o t a t io n  

f in

j Up. a ' U g. I da, -  (OjC^l A ' t o ,  c '  ) — A'g-g-i

Then we have

(OolA'IOo) = -^[A qq+  A | i +  A;^_^+A^^+ A^_ +  k '^ +  A;^q+ A : i i +  aJ_  J . ( 3 - 2 1 a )

The r e a s o n  t h e  i n t e g r a l s  a r e  r e f e r r e d  to th e  u n p e r tu rb e d  t o r s i o n a l  r e p r e ­

s e n t a t i o n  i s  t h a t  t h e  f u n c t i o n s  have  been t a b u l a t e d  by  K ilb  (5) , and 

th e  i n t e g r a l s  a r e  e a s i l y  e v a lu a te d .  S ince  o n ly  th e  ground s t a t e  i s  in  

th e  Oq, 0^ ,  0 _ r e p r e s e n t a t i o n ,  th e  m a tr ix  e lem en ts  c o n n e c t in g  e x c i t e d  

t o r s i o n a l  s t a t e s  a r e  o f  the  form [S q . (3 -19)]

( 0 _ |N |n ,  cr ) = ^  j ^ ( 0 , l l N l n , c r  ) - ( 0 , - l l u t n ,  (T ) ]  . (3 -22 )
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A f t e r  in d ro d u c in g  t h e  n o t a t i o n  o f  Eqs. (3 -2 1 a ,  22) t h e  m a t r ix  

e lem en ts  o f  may be e x p re s s e d  as

( O o l \ J O o >  = T  [ K a *  K , *  +  4b ' + 2b:_TR °  3 L 00 01 -11 00 01 -11

+  "'=00+  '" '01+ 2c : i i +  " ^ 01+  “ '1 1  ]

<0+1W  -  3 [ ^ i o -  6 : 11+  3: 0 0 -  4»01+ " -11

+  3C' - 4C' + C' + 3E' - 4F ' + F '  1
00 01 -11 00 01 - 1 1 j  (3 -23)

-  ^ 0 0 -  " " i l /  "o o -  » : i i +  <=00- = : : i i+  K o -  " : i i

(“ o I H t r ' V  -  K r  < 1 1 +  K i -  < 1 1 +  K i  < 1 1 +  ^ 0 1 -  < 1 1 -  “ 01]

( °o l% rR |0 .)  ■ ^  K i +  < 1+  " 01+ < 1+ =01+  < 11+  ®oi+ < 11+  < 11 ]

<0+|Hi e | 0 . )  .  2N^^- 2 D ii-  2K^^-

One shou ld  remember t h a t  A' a c t u a l l y  s ta n d s  f o r  A' P O' f o r  O' P ,
00 00 X ^01 01 z

e t c .  For th o s e  m a t r ix  e le m en ts  to  th e  e x c i t e d  t o r s i o n a l  s t a t e s  we have 

(OolH.j,R(n, cr ) = ( 0 , 0 | m ' +  N ' + q ' | n ,  <7- )

+ ( 0 , 1 | m ' +  N ' + Q ' | n ,  (2- ) +  ( 0 , - 1  1m ' +  N ' +  Q '|  n , ( T  ) ]

(0+ |H ^R |n , cr ) = - ^ 2 ( 0 , 0|M' + N' + Q' \n ,  CT ) (3-24)

+ ( 0 , i | m ' +  N' + Q ' | n , C r  ) -  ( 0 , - 1 |m '+  n '+  Q ' U ,  c r - ) ]

(O .lH ^Rln, cr )  = -  (0 ,1 1 m '+  N '+  Q ' l n ,  c r  )  - ( 0 , - 1 | m '+  N '+  Q' I n ,  c r  )J

A lso  th o s e  term s which a r e  q u a d r a t i c  i n  P^ ( s e e  Eq. ( 3 - 1 7 ) ) ,  connec t  d i f ­

f e r e n t  t o r s i o n a l  s t a t e s  and would have  a s i m i l a r  form.
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The P e r t u r b a t i o n  C a l c u l a t i o n  

The H a m il to n ia n  m a t r ix  i s  now in  such a form t h a t  th e  Van Vleck  

t r a n s f o r m a t io n  may be a p p l i e d  to  reduce  th e  o f f  d ia g o n a l  m a t r ix  e lem en ts  

i n  n . A g e n e r a l  e x p re s s io n  f o r  th e  Van V leck  t r a n s f o r m a t io n  th rough  

f o u r t h  o r d e r  w i l l  be found i n  Appendix I I I .  For  th e  m o le c u le s  CH2DCOH 

and CDgHCOH i t  i s  n e c e s s a ry  t o  in c lu d e  o n ly  th o s e  term s which a r e  l i n e a r  

o r  q u a d r a t i c  i n  a f t e r  th e  t r a n s f o r m a t io n .  A com plete  e x p re s s io n  f o r  

t h e  r o t a t i o n a l  c o n s t a n t s  would have a form s i m i l a r  to  Eqs. (4 -2 4 ,2 5 ,2 6 ,2 7 )  

i n  C h ap te r  IV. The r e s u l t s  a r e

(Ool E 10„)  = AoPx^ + BoP 2 + C ^ p /  +  Fo(PyP ,+  P^Py) +

(3-25)

(0 + lE |0 + )  = AhJ /  + B+Py^ + C^Pg + F+(PyPz+ PgPy) + E+

( 0 _ |E |0 _ )  = A_P%2 + B.PyZ + C_P^2 + F_(pyp^+ p^p^) + E .

(O+lElO.) = M+JP^ + N+_Py + Q+.P, + D+.(P^Py+ PyP^)

+E + _(P^P^+  P ,P ^ ) .

The n o t a t i o n  h a s  been  s im p l i f i e d  to  the  p o i n t  where A^ i s  th e  com plete  
2

c o e f f i c i e n t  o f  i n  th e  0^  t o r s i o n a l  s t a t e  a f t e r  th e  Van V leck  t r a n s ­

fo rm a t io n .

T here  i s  a s im p le  e x p la n a t io n  why th e  P„P„+ P„P^ and P P + PLP^•^y  y x  x z  z x

term s c o n n e c t  d i f f e r e n t  t o r s i o n a l  s t a t e s .  The t o r s i o n a l  f u n c t i o n s ,  ^  ^

and Y o  ) a r e  n o t  l o c a l i z e d  a t  e i t h e r  o r  -  , as  shown i n  F igu re

3. S in c e  ^y - - ^ x z  change s ig n s  f o r  t h e s e  two o r i e n t a t i o n s ,  they  

must have  o f f - d i a g o n a l  m a t r ix  e lem en ts ,  i . e .  co n n ec t  th e  s t a t e s  0^  and 0 _ . 

I f  l o c a l i z e d  f u n c t io n s  had been  chosen i n  th e  t o r s i o n a l  f o r m u la t io n ,  th e n  

^  a n d b e  d ia g o n a l  w ith  th e  p ro p e r  s ig n s ,  bu t  th e n  a l l
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0 .

-2.TT

F ig u re  3

d i f f e r e n c e s  in  r o t a t i o n a l  c o n s ta n t s  would connec t  th e  two s t a t e s  0+ 

and 0 _ .

The Microwave R o t a t i o n a l  Spec trum  and A n a ly s is  

The microwave r o t a t i o n a l  spec trum  o f  CH2DCOH and CD2HCOH has been 

r e p o r t e d  in  th e  l i t e r a t u r e  by K i lb ,  L in ,  and W ilson  ( 4 ) .  P a r t  o f  i t  i s  

l i s t e d  i n  Tables I  and I I ,  w i th  th e  s a t e l l i t e  l i n e s  b e in g  o m it te d .

The primary f e a t u r e  o f  t h e  spectrum  i s  th e  o c c u r r e n c e  o f  t h r e e  l i n e s  

f o r  each t r a n s i t i o n  r a t h e r  th a n  two as would be th e  s i t u a t i o n  f o r  m olecu les  

w i th  a symmetric top  i n t e r n a l  r o t o r .  One s e t  o f  l i n e s  co rre sp o n d s  to  th e
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TABLE I

RGTATIONAL SPECTRUM OF CHgDCBO ( i n  Me)

T r a n s i t i o n
F re q u en c y  Frequency  
(S y m m etr ica l )  (A sym m etrica l) S p l i t t i n g

C a lc u la te d
S p l i t t i n g

°0 0  ~  ^01 1 8 ,5 0 1 .8 7

18 ,001 .96

1 8 ,005 .15

493 .3

-3 .1 9

503

-2 .8 1

^01 “  ^02
36,975

3 5 ,989 .85

35 ,991 .70

984.2

-1 .8 5

1006.

- 5 .6 2

^ 5  -  ^ 4
1 8 ,4 0 2 .4 0

1 2 ,319 .72

12 ,339 .69

6073.

-1 9 .9 7

6135.

- 2 0 .3

^16 ~  ^15
2 5 ,7 4 8 .5 5

17 ,2 3 4 .9 1

1 7 ,263 .05

8500.

-2 8 .1 4

8589.

- 2 8 .4

^17 ^16 2 2 ,9 6 4 .0 6

2 3 ,0 0 0 .9 4
-3 6 .8 8 - 3 7 .8

*18 *17
2 9 ,5 0 0 .6 7

2 9 ,5 4 8 .3 1

- ^ % a t a  *  ■  ̂

( A A  -  = -  1

.32 Me. 

.35 Me.

-4 7 .6 4 - 4 8 .6
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TABLE I I

ROTATIONAL SPECTRUM OF CED^CHO ( i n  Me)

T r a n s i t i o n
Frequency
(S y m m etr ica l)

Frequency
(Asym m etrical) S p l i t t i n g

C a lc u la te d
S p l i t t i n g

°oo ■~  ^01 1 6 ,9 5 3 .9 0

17 ,363 .35
-4 0 9 .5 -421

^01 ~  ^02 34 ,706 .02

34 ,707 .32
- 1 .3 -0 ,8 7

\ 5 - ~  ^14 14 .827 .5

14 .839 .05
- 11 .6 - 1 0 .1

S 6 -~ ^ 5 2 0 ,746 .48
-1 4 .7 2 - 1 4 .1

2 0 ,761 .20

l y j  —  1 6 ,9 2 6 .8 5
-1 0 ,7 1 8  -10 ,612

27 ,634 .90
- 2 0 .1 1  - 1 8 .8

2 7 ,655 .01

(A A  -  = - 7 .30  X lQ-1 Me.

(A A  -  AB)  ̂ = - 6 . 72  X 10"^ Me. 
Cal
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sy m m e tr ic a l  c o n f i g u r a t i o n ,  o r  to  th e  t o r s i o n a l  s t a t e  0^ .  The s p l i t t i n g  

o f  t h e s e  l a t t e r  two l i n e s  i s  q u i t e  s e n s i t i v e  to  th e  b a r r i e r  h in d e r in g  

th e  i n t e r n a l  m o tion .

The t r a n s i t i o n s  which have been r e p o r t e d  and a re  l i s t e d  i n  T ab les  I  

and I I  a r e  o f  two t y p e s :  1) from one o f  the  K = 1 Wang d o u b le t s  to  the  

o t h e r ,  A d  = 0; o r  2) A J = l > K  = O i n  the  Wang r e p r e s e n t a t i o n .  The 

t h e o r e t i c a l  s p l i t t i n g s  f o r  t h e s e  t r a n s i t i o n s  have  been c a l c u l a t e d  a c c u r a ­

t e l y  by th e  fo l lo w in g  m ethod. F i r s t  th e  c ro s s  te rm s i n  PyP^ were removed

2 o
by a r o t a t i o n  o f  axes  w i th  new c o e f f i c i e n t s  B and C f o r  Py and P^ r e s ­

p e c t i v e l y .  A lthough th e  c o e f f i c i e n t  o f  PyPz+ P%Py i s  d i f f e r e n t  f o r  th e  

s u b s t a t e s  0+ and 0 _ , t h e  same r o t a t i o n  o f  axes i s  a p p l i e d  to  th e  two 

s t a t e s .  Then a sm a l l  te rm  i s  l e f t  f o r  each s t a t e  bu t c o n t r i b u t e s  a 

n e g l i g a b le  amount to  t h e  s p l i t t i n g .  Then th e  c o e f f i c i e n t s  o f  P^Pyh PyP% 

and P^Pg,4- P^P^ were c a l c u l a t e d  i n  t h i s  new r e p r e s e n t a t i o n  and w i l l  be 

D and E r e s p e c t i v e l y .  F i n a l l y  t h e s e  term s c o n n e c t in g  th e  s t a t e s  0^  and 

0 _ were removed by a p e r t u r b a t i o n  c a l c u l a t i o n .

The r e s u l t i n g  e q u a t i o n s ,  which a re  s i m i l a r  to  Eq. ( 3 -2 5 ) ,  a re

(0+1 E 10+) = A s J -  +  BPyZ + CPgZ + E+ (3 -27)

( 0 _ |E |0 _ )  = (A + A A)P^2 + (B + A B)P 2 +  (C + A C)P^2 + %+ +

(0+1 E |0 . )  = D(P^Py+ PyP%) + E(PgPy+ PyP^) +  NPx + NPy + QP^

where 4 A = A_ - A+  ̂ ( E q . (3-25)), & = E_ - E+, e t c .

For an asym m etric  to p  th e  r o t a t i o n a l  m a t r ix  i s  o f  th e  form

E = AP^^ + BP 2 + CPgZ, (3 -28a)

w ith  m a t r ix  e lem en ts  i n  th e  symmetric top  r e p r e s e n t a t i o n  a re
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(KlElK) = i  (A+B) J ( J + 1 )  +  (3-28b)

(KlElK+2) = - ^  (A -B )[  J ( J + 1 )  - K (K + l)j^  j ^ J ( J + l )  -  (K+1)(K+2)J^

1
M = C - “  (A+B) .

The t r a n s f o r m a t io n  t o  th e  Wang r e p r e s e n t a t i o n  removes t h e  deg en eracy  o f  

th e  K = 1, -1  l e v e l s ,  such  t h a t

(K=1+|E|K=1+) = I  (A+B) J ( J + 1 )  +  M -  ^  (A-B) J ( J + 1 )

(K=l_lE(K=l_) = Y (A+B) J ( J + 1 )  +  M + i  (A-B) J ( J + 1 )  (3-29)

( K = y  E|K=1_) = 0.

and f o r  K = 0

1
(K=0|E|K=0) = 2  (A+B) J ( J + 1 ) .  (3 -30)

The A, B, C i n  t h e s e  e q u a t io n s  may be e i t h e r  th o se  o f  t h e  0^  o r  0

s t a t e s  in  E q s .  (3 -2 7 ) .

The m a t r ix  e lem en ts  o f  P P + P,,P and P P + P P„ when th e  t o r s i o n a lx y  y X X z  z x

s t a t e s  a re  O4., 0_ and th e  r o t a t i o n a l  s t a t e s  a re  i n  th e  Wang r e p r e s e n t a t i o n

a re

(0+,K=0 |P x P z + P z P x lO _ ,K = y  = 0

(0+,K=0|PxPg+ PzPx|0_,K =l_) = _1 [ j ( J + l ) ] ^  (3-31)

(0+,K=l_lPxPy+ PyP^|0_,K=l+) = ^  J (J + 1 ) .

A lso ,  the  e n e rg y  d i f f e r e n c e s ,  i n  th e  r e p r e s e n t a t i o n  s p e c i f i e d  above, which 

a r e  n e c e s s a ry  f o r  th e  p e r t u r b a t i o n  c a l c u l a t i o n  a r e
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E(0^,K =0; 0_,K=1+) = - 5  - M -  6  M + ^  (A-B) J (J+ 1 )

E(0+,K=0; 0 .,K =1_) = - S  - (A-B) J (J+ 1 )

E(0+,K=1_; 0 .,K = 1^) = - ^  + l  (A-B) J ( J + 1 )

E(0+,K=1+; 0_,K=1_) = - S  - ^  (A-B) J ( J + 1 )  (3 -32)

E(0+,K=1+; 0 .,K =0) = - J  +  M -  A M - ^  (A-B) J (J+ 1 )

E(0+,K=1_; 0 .  ,K=0) = - S  +  M -  AM +  i  (A-B) J (J+ 1 )

A m = A c - ^ ( A a  +  A b ) .

The r e s u l t s  o f  th e  p e r t u r b a t i o n  c a l c u l a t i o n  a r e

E(0^,K=0) = -  (A+B) J ( J + 1 )
(3 -33a)

(3-33b)

-  ^  j ( j + i )  r 1 _ 1 + AM _ .(A-B) J ( J + 1 )  ]
2M  ̂ L M ' 4M J

E(0_,K=0) = i  (A+B) J ( J + 1 )  +  Y ( A A  + A B) J (J + 1 )

- l i  J ( J + i )  f  1 +  X + A m  .  jA : ,B )_J(J+ l)  1 
2M L M 4M J

E(0_,K=1_) = 1  (A+B) J ( J + 1 )  + M + 1  (A-B) J ( J + 1 )

+ -  (A A  + A B )  J ( J + 1 )  +  A M + i  (A A  - A B )  J ( J + 1 )
2 4

< 3 -3 3 0

+ f -  (A -B )- l  J ( J + l )  [  1 .  (A-B) j ( j + l )  +

E(0 K = l . )  = -  (A+B) J ( J + 1 )  + M - i  (A-B) J ( J + 1 )
2 4 (3-33d)

+ \  ( A A  + A B )  J ( J + 1 )  +  A M - i  (A A  - A B) J ( J + 1 ) -
2 4
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2 ^
(A-B) J ( J + 1 )  A-B J

E(0+,K=1_) = ~  (A+B) J ( J + 1 )  + M + ^  (A-B) J ( J + 1 )

+ § -  (A -B )- l  J ( J + 1 )  f 1 +  (A .g f  j y + i )  - ^

E(0+,K=1+) = i  (A+B) J ( J + 1 )  + M - i  (A-B) J ( J + 1 )

D -1(A-B) J ( J + 1 ) I - _____________   AB,
(A-B) J ( J + 1 )  ■ A-B

(3 -33e )

(3 -3 3 f )

The term s which a r e  l i n e a r  in  P̂ , connec t  th e  0_ and Oq s u b s t a t e s .  These 

may be removed by second  o r d e r  p e r t u r b a t i o n  t h e o r y ;  A w i l l  be th e  s e p a r a ­

t i o n  o f  t h e s e  s t a t e s .  A lso  0^  and 0_ a re  c onnec ted  by the  t o r s i o n a l  equa­

t i o n ;  we have (0 ^ 0^ )  ^  ’ 1'hc c a l c u l a t i o n  i s  s i m i l a r  to  th o s e

l i s t e d  above f o r  th e  0 _ and 0„j. b lo c k s ,  and th e  r e s u l t s  a re  g iv en  i n  

Eq. ( 3 -3 5 ) .

The s p l i t t i n g  f o r  t h e  t r a n s i t i o n  from one K = 1 Wang d o u b le t  to  the  

o th e r  i s

E(0_ ,K =1.)  -  E(0_,K=1+) -  E(0^.,K=1_) -  E(0+,K=1+) (3 -34)

which i s  equa l  t o

i j ( J + l ) | ( A A -  £iB) i ^  +  2 Î  ( A .B ) - l  ^

- f  [<A . - B .)  +  (A„ -  Bo)] (3 -35 )

+  i [ ( A . - B j . ( A o - B o ) J ( ^ Y | .
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The d o m in a tin g  term s a r e  th e  f i r s t ,  and second; the  l a s t  c o n t r i b u t e s  a 

n e g l i g i b l e  am ount. Then f o r  t h e  t r a n s i t i o n  A J  = 1, K = 0 th e  s p l i t ­

t i n g  i s

(J+1) r  (A A  + A B) - ^  . (3 -36)
L M M J

F o r  th e  s p l i t t i n g s  c a l c u l a t e d  i n  Table  I. (GH^DCOH) i t  h a s  been 

assumed t h a t  V = 413 cm~^, s = 29, w i th  the  r e s u l t

A A = - 0 .0 6  Me.

AB = - 2 .10  Me.

(5 +AM , T_- l„  „  = 3 . 4  X 10 Me.M M (3-37)

2
3

(A_ - B_) + (Aq - B o ) j  = -  3 .16  X 10"^ Me,

i [ ( A .  - B_) - (A^ -  .  6 .3  X 10-3 Me.

-1
Then f o r  CD^ECOH i t  h a s  been  assumed t h a t  V = 380 cm , s = 29, w ith  th e  

r e s u l t

A A - n e g l i g i b l e  

A B = - 7 .0 1  X 10"! Me.

= 1 .7  X lo " ^  Me.M M

I  \ - B_) +  (Ag - B ^ ) J / _ _ 2 _ \ ^  = -  1 .6  X l O ' l  Me.[ ( A  -  B .)  +  (A . - .

i  i<A. -  B .)  -  (A, - B „ ) ] ( . ^ )^  = - 2 .8  X 10“ ^ Me.

The d i f f e r e n c e  i n  e ne rgy  betw een the  sym m etr ica l  and th e  a sy m m e tr ic a l  

c o n f i g u r a t io n s  depends p r i m a r i l y  on th e  d i f f e r e n c e  i n  r o t a t i o n a l  con­

s t a n t s  a t  i n f i n i t e  b a r r i e r .  F o r  t h i s  c a se  we have

CHgDCOH CDgHCOH

A A = 47  Me. A A = - 21 Me.
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A B  = 456 AB = - 400

A c  = -  3 , 6 9 9  A C  = 2 , 7 6 1

These r e s u l t s  a r e  a l s o  r e p o r t e d  i n  T ab les  I  and I I -

C onc lus ions

The r e s u l t s  o f  th e  p re v io u s  s e c t i o n  show t h a t  th e  th e o r y  a d e q u a te ly  

e x p la in s  th e  s p l i t t i n g  o f  th e  s p e c t r a l  l i n e s  f o r  CHgDCOH and CD2HCOH 

w ith  th e  q u a n t i t a t i v e  f e a t u r e s  o f  th e  c a l c u l a t i o n  b e in g  a c c e p ta b l e .

The v a lu e  f o r  th e  p o t e n t i a l  b a r r i e r  i s  i n  good ag reem en t  w i th  t h a t  d e t e r ­

mined f o r  th e  o th e r  s p e c i e s  o f  a c e ta ld e h y d e .  The s p l i t t i n g  o f  th e  asym­

m e t r i c  l i n e s  i s  q u i t e  s e n s i t i v e  t o  th e  p o t e n t i a l  h in d e r in g  th e  i n t e r n a l  

m o tio n ,  w h i le  th e  d i f f e r e n c e  i n  f re q u e n c y  o f  t h e  sy m m etr ica l  and asym­

m e t r i c a l  l i n e s  depends more on th e  s t r u c t u r e  o f  th e  m o le c u le .

The th e o ry  d ev e lo p ed  i n  t h i s  c h a p te r  i s  a l s o  a p p l i c a b l e  to  m o le c u le s  

such as h a lo g e n a te d  e th a n e s ,  e t c . ,  where th e  i n t e r n a l  r o t o r  i s  n o t  a 

sym m etric  t o p .  Of c o u r s e  f o r  t h e s e  m o le c u le s  a more g e n e r a l  p o t e n t i a l  

energy  would need to  be assumed, b u t  i t  i s  q u i t e  p o s s i b l e  t h a t  t h i s  

f e a t u r e  co u ld  be h a n d le d  i n  a s a t i s f a c t o r y  m anner.



CHAPTER IV

APPLICATION OF THE GENERAL THEORY TO BENZALDEHYDE

I n  t h i s  c h a p te r  the  th e o ry  o f  i n t e r n a l  r o t a t i o n  w i l l  be a p p l i e d  to  

m o lecu le s  which have a s t r u c t u r e  s i m i l a r  to  CgH^COH. The r e s u l t s  f o r  

benzaldehyde  a re  n o t  c o n c lu s iv e .  One d i f f i c u l t y  i s  t h a t  t h i s  i s  th e  

f i r s t  m o le c u le  o f  t h i s  ty p e  (benzene  d e r i v a t i v e )  in  which i t  has  been 

a t te m p te d  to  s tu d y  i n t e r n a l  r o t a t i o n .  A n o th e r  i s  due to  th e  l im i t e d  s p e c ­

t r a l  in fo r m a t io n  t h a t  i s  a v a i l a b l e .  Even so i t  i s  w o r th w h ile  to  d i s c u s s  

th e  g e n e r a l  th e o r y  on th e  b a s i s  t h a t  1) more o f  the spec trum  m ight be 

a s s ig n e d  and 2 ) some o f  th e  l i m i t i n g  f e a t u r e s  o f  the  th e o r y  become e v i ­

d en t  .

T h e re  a r e  two ways to  fo rm u la te  th e  p rob lem  w i th in  th e  framework 

o f  th e  th e o ry  dev e lo p ed  e a r l i e r :

1. The benzene r i n g  as  t h e  f r a m e . At f i r s t  s ig h t  t h i s  a p p e a rs  to  

be th e  b e s t  method f o r  fo rm u la t io n  b ecause  t h e  top  i s  so much l i g h t e r  

th an  th e  fram e. The p e r t u r b a t i o n  th e o r y  would converge r a p i d l y  and th e  

a n g u la r  dependence o f  th e  r o t a t i o n a l  c o n s t a n t s  i s  sm a l l .  The d i f f i c u l t y  

i s  th e  n o n - e q u iv a le n t  c o n f i g u r a t i o n s  o f  t h e  m olecule  when t h e  top i s  

r o t a t e d  th ro u g h  180° , which r e s u l t s  i n  a m ix ing  o f  t h e  t o r s i o n a l  s u b s t a t e s  

in  a manner s i m i l a r  to  t h a t  f o r  CHgDCOH th ro u g h  the  c r o s s - t e r m s  P^PX z

and PgPy. For b e n z a ld e h y d e ,  th o u g h ,  th e  c o r r e c t i o n  i s  l a r g e r .

2 . The a ldehyde  group as th e  f ra m e . The ch ie f  a d v a n ta g e  i s  t h a t

43
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th e  two t o r s i o n a l  s ü b s t a t e s  a r e  n o t  mixed th rough  th e  t o r s i o n a l - r o t a t i o n a l  

i n t e r a c t i o n  - th e  m o le c u le  i s  i n v a r i e n t  under  a r o t a t i o n  o f  th e  benzene 

r i n g  th rough  180°. The over-w helm ing  d i s a d v a n ta g e  i s  th e  slow convergence  

(o r  even non-convergence)  o f  th e  p e r t u r b a t i o n  th e o r y .  The top  c o n ta in s  

such  a l a r g e  p o r t i o n  o f  th e  energy  t h a t  to o  much o f  th e  r o t a t i o n a l  energy  

i s  c o n ta in e d  i n  th e  r o t a t i o n a l - t o r s i o n a l  i n t e r a c t i o n .  For an  e x c e p t io n ­

a l l y  h ig h  b a r r i e r  i t  m igh t be f e a s i b l e  to  use  t h i s  approach .

Under t h e s e  c i r c u m s ta n c e s  t h e n ,  th e  f i r s t  p ro ced u re  a p p e a rs  to  be 

b e s t .  The m o d i f i c a t i o n  o f  th e  th e o r y  i n  C h a p te rs  I  and I I  i s  a s im p l i f y ­

ing  f e a t u r e :  ^ = 0 ,  Eq. ( 1 - 6 , 7 , 8 , 1 1 , 1 2 ) ,  s in c e  th e  c e n te r  o f  mass o f

th e  frame l i e s  on th e  bond a x i s .

M o le c u la r  S t r u c t u r e  

The m o le c u la r  s t r u c t u r e  o f  benza ldehyde  i s  n o t  known; t h e r e f o r e  

some p l a u s i b l e  s t r u c t u r e  must be assumed f o r  t h i s  c a l c u l a t i o n .  The 

s t r u c t u r a l  p a ra m e te r s  f o r  th e  r i n g  a r e  assumed to  be th e  same a s  th o s e  

f o r  benzene , and th e  a ldehyde  p a ra m e te r s  s i m i l a r  t o  a c e t a ld e h y d e . I t  i s  

hoped t h a t  th e  s p l i t t i n g  o f  th e  s p e c t r a l  l i n e s  i s  no t so s e n s i t i v e  to  

th e  m o le c u la r  s t r u c t u r e  as  t h e  a c t u a l  f re q u e n c y  o f  th e  l i n e .  The assumed 

m o le c u la r  s t r u c t u r e  i s  g iv e n  i n  Appendix I I .

R o t a t i o n a l  C o n s ta n ts  

The f u n c t i o n a l  form o f  th e  moments o f  i n e r t i a  i s

(^CM^xx "

(IcM)w = (ICM)!;) + (IcM)lf) sinf,"CM̂ 'yy “  '•■‘•CM^yy ^  '^^CM^yy

^^CM^zz ~ (^CM^zz

s i n  (X (4 -1 )
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(^CM^xz
fT \ ( ° )  . ̂ CM xz s i n  c\ (4 -1 )

(^CM^yz

The e f f e c t i v e  moments o f  i n e r t i a ,  Eqs. (1 -1 5 ,1 6 ,1 7 ,1 8 )  a re

'2
( 2)

(^CM^xx
2

s i n  cK

'2

V  -  ^  +
z

^ z z  "  (^CM^ zz " ^z

< w : '  •  f
z

2
s in

(4 -2 )

xy
(o)

^^CM^xy s i n  ^  cos o<

^ x z  “  i y z  “

Then th e  r e s u l t  o f  th e  t r a n s f o r m a t io n  to  th e

y ^ y y  -

-y zz zz

n=o 

(o)

XX

( 2n) . 2n
s i n  cs

yy

y y  ^ . ^ ( 2 n+l)  _ 2n+ l

sin'^of s in°o^  +
^  XX /  ]

, (6 )  . . 6 .  
XX

(4 -3 )

0 < cos  (?f

.y ^ ^ x z  -y^Kyz -  0

The convergence  o f  th e  s e r i e s  i s  much s low er  th a n  f o r  CE^DCOE: h e re

^ 1 . 5  X 1 0 " ^ 2 n  ^ (4 -4 )
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t h e r e f o r e  i t  i s  n e c e s s a r y  to in c lu d e  te rm s  t h r o u g h  ̂ The numer­

i c a l  v a lu e s  f o r  a l l  c o e f f i c i e n t s  a r e  found i n  A ppendix  I I .

The T o r s io n a l  E q u a t io n  

The g e n e r a l  form o f  the t o r s i o n a l  e q u a t io n  i s  found i n  C h a p t e r . I I ,  

Eq. ( 2 - 4 ) ,

Itj, = P j  g“^  +  g ^ ^ P  g^ P g ^  +  ^ 2  sin^cx (4 -5 )

_  - I '
Px (sineX p +  p s i n # )  p ,̂ = — i  (cos  #  p +  p c o s # )

2

p = p p = -  i  —  (4 -6 )
z g) #

g = + g ( ^ )  sin^<#
' ■̂̂ z

and t h e ^ j  a r e  d e f in e d  in  Eq. ( 4 - 3 ) .  E xpans ion  o f  th e  sum i n  Eq. 

(4 -5 )  r e s u l t s  i n

B j   ̂ P^ + / ^ T  \ s i n ^ #  p^+p^ sin^ot ) ( s in '^ #  p^
(4 -7 )

+ p2 sin^# ) +yA (sin^# P^+P^ sin^q ) + Vg sin^#

where

(=)
yy

^ , , 2  (4 -8 )

X ' '  = - X ' '  >

The r a t i o  g^^^ /g^°^  occu rs  o f t e n  i n  th e  fo rm u la t io n  so i t  has  been de­

f in e d  as th e  p a ra m e te r

R = g ( 2 ) / g ( o )  (4 -9 )
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I t  i s  c o n v e n ie n t  t o  s e p a r a te  i n t o  two p a r t s

 ̂ p^ +  Y2 s i n  o\ (4 -10 )

p2+p2 sin^^+i; ) .  (4 -11 )

When Eq. (4 -1 0 )  i s  w r i t t e n  as a d i f f e r e n t i a l  e q u a t io n  i t  h a s  the  form

+  ^ 2  - e |  U(o<) = 0 . (4 -12 )

The s o l u t i o n s  o f  Eq. (4 -12 )  a re  w e l l  known and have been  e x te n s iv e ly

t a b u l a t e d  (1 8 ) .  They have  th e  form

Ug ( s , # )  ^  D - ( -1 )  cos 2Ko( A s p e c i e s
K<l

S ”  K
U„ ( s , q  ) = D 9_ ( - l )  s i n  2K <x A s p e c i e s

° 2r  K=0 0 ^
^  2K (4 -13)

^  K+l
Ug2r_j_i(s,«' ) = ^  D 2r + i ( - l )  s i n  (2K+1)'»? B s p e c i e s

The f i r s t  few e ig e n v a lu e s  a re

b e , '  t o i '  "=1' " °2 ' '* 2 '  ' ° 3  '

T h is  n o t a t i o n  i s  u se d  i n  r e f e r e n c e  ( 1 8 ) .  The p a ra m e te r  s w i l l  be r e f e r ­

re d  to  a s  th e  b a r r i e r  h e ig h t  p a ra m e te r ,  d e f in e d  as

s = — ^  • (4 -15)

Uq̂  ( s ,X  )  =  ( ^  T3 2r+l("^) cos (2K+l)c^ B s p e c i e s

Then th e  b ' s  a r e  r e l a t e d  to  th e  energy  e ig e n v a lu e s  as

E

^n ^ ( o )  ‘ (4 -16)
■ ^ T
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For a tw o - fo ld  b a r r i e r  i t  i s  c o n v en ien t  to  sp e ak  o f  t o r s i o n a l  s t a t e s  

and s u b s t a t e s .  The t o r s i o n a l  s t a t e s  w i l l  be l a b e l e d  by th e  quantum num­

b e r  n; th e  s u b s t a t e s  w i l l  be e i t h e r  A o r  B. I f  n = 0 ,  f o r  example, th e n  

th e  n o t a t i o n  would be 0^  and 0^ . I f  n i s  an even i n t e g e r  th e  A f u n c t io n s

a r e  th e  U„ , t h e  B f u n c t i o n s ,  TĴ  I f  n i s  odd th e  o t h e r  fu n c t io n s
®2 r  0 2 r+ l

a p p ly .

Now H^, Eq. ( 4 - 1 1 ) ,  w i l l  be c o n s id e re d  a  p e r t u r b a t i o n .  The r e s u l t s  

o f  t h e  p e r t u r b a t i o n  a re  a new s e t  of f u n c t io n s

(4-17)

w i th  e ig e n v a lu e s  b ^  and b^^ r e s p e c t i v e l y .  These w i l l  be th e  t o r s i o n a l

f u n c t io n s  f o r  c o n s i d e r a t i o n  o f  t h e  o v e r a l l  r o t a t i o n - t o r s i o n a l  i n t e r a c t i o n .

The s o l u t i o n s  o f  Eq. (4 -12)  a re  t a b u l a t e d  o n ly  f o r  s i n  th e  ran g e

0 ^  s ^ 1 0 0 .  For benza ldehyde  s = 100 would c o r re s p o n d  to  a b a r r i e r  
-1

h e ig h t  ~ 2 0 0  cm . For h i g h e r  b a r r i e r s  i t  i s  n e c e s s a r y  to  fo rm u la te  th e  

t o r s i o n a l  f u n c t io n s  i n  a n o th e r  manner (Appendix I V ) .

The R o ta t i o n a l  H a m il to n ia n  

The p u re  r o t a t i o n a l  p a r t  o f  th e  H a m il to n ia n  i s  Eq. ( 2 - 3 ) ,

Note t h a t  a r e  no t th e  r o t a t i o n a l  c o n s ta n t s  i n  t h e  l i m i t  o f  a r i g i d

m o le c u le .

The R o t a t i o n a l  T o r s io n a l  I n t e r a c t i o n  

The H a m il to n ia n ,  c o n ta in s  th e  i n t e r a c t i o n  betw een th e  i n t e r n a l
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and o v e r a l l  r o t a t i o n .  From Eqs. ( 2 - 5 ,6 )  we have

(4 -19a)

■ f r L  M j  ” l  -
 ̂5 J

which f o r  CgH^COH becomes

H t r  -  Z .  p /
n=o n=o

+  ^  . o » . (  (P%f,+ ?,?%)

■ tjT ( - l ) “R“ ( a l n ^ ‘^ i  p +  p 6l n ^ ° ^  )
n=o

+  vv^ ^ ^ ( - I ) ' ^ r '^ (cos  o<sin^o( p +  p c o s e (  s in ^ %  ) P

P
X

I :  y? »"o

where

R =  and p = -  i

I t  i s  c o n v e n ie n t  t o  r e w r i t e  and H^g i n  a new n o t a t i o n

Hg = A°P^^ +  B°PyZ +  C°P^2 (4 -20)

+  B'PyZ +  D ' ( P ^ ^ +  P y P p  -  M'P^ - N 'Py - q 'P ^  (4 -21)

and th e  c o e f f i c i e n t s  may be compared w i th  th o s e  in  Eqs. (4 -1 7 ,1 9 )  fo r
2

i d e n t i f i c a t i o n .  The c o e f f i c i e n t s  o f  P^ and i n  Eq. (4 -21) a r e  func-
2

t i o n s  o n ly  o f  th e  i n t e r n a l  c o o r d i n a t e s ,  w h i le  th e  P^ and P^ a r e  f u n c t io n s  

o f  th e  E u l e r i a n  a n g le s .

The P e r t u r b a t i o n  C a l c u l a t i o n  

I n  th e  same manner d e s c r ib e d  i n  d e t a i l  i n  C hap te r  I I I ,  th e  m a t r ix
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e le m en ts  c o n n e c t in g  d i f f e r e n t  t o r s i o n a l  s t a t e s  w i l l  b e  removed by a

Van V leck  t r a n s f o r m a t i o n .  The b a s i s  f o r  th e  p e r t u r b a t i o n  I s  th e  p ro d u c t

f u n c t io n

(4 -22 )

where th e  <X) a r e  e ig e n f u n c t io n s  o f  Eq. ( 4 - 7 ) .  Again I t  I s  no t

n e c e s s a r y  t o  s p e c i f y  th e  r e p r e s e n t a t i o n  o f  ^  ( R ) . The t o r s i o n a l  su b ­

s t a t e s ,  A and B, w i l l  be  mixed th ro u g h  th e  p e r t u r b a t i o n  c a l c u l a t i o n  o n ly  

by th e  c ro s s  te rm  and I t s  c o e f f i c i e n t ,  P P^+ P^Py.

F o r  a t o r s i o n a l  s t a t e ,  n, t h e  m a t r ix  has  t h e  f o l lo w in g  form a f t e r  

t h e  Van V leck  t r a n s f o r m a t io n

( “ b I H I V  -  ^  +  S  ^  (4 -2 3 )

( " a ' H I V ^ A B  < ' y W y >

S  I s  th e  e n e rg y  s p a c in g  o f  t h e  two t o r s i o n a l  s u b s t a t e s  n^ and n^. The 

c o e f f i c i e n t s  A^ (A^ o r  A g ) , e t c ,  have been  c a l c u l a t e d  th rough  t h i r d  o rd e r  

p e r t u r b a t i o n  th e o r y  and a re

A. .  A° +  ( n J  A ' I n, ) +  5 "  (nfl M'I m ^  (m ^ jM 'l^ i)  (4 -24 )
^ C.—  A E ( n i  ; fflj)

„ < ' ( n i | Q ' l m J . ( m i l  D ' l n i )  ^  ( n ^ |N '[ m J  (m, IN '\n^ )

2 ,  A E (n i  ; mj) AECn^ ; s y )2

+  (B A ^ ( n i l Q ' l m j ) ( m j \ M ' l . / k ) ( ^ k |N ' \ n i )

• ^E(n^^ ; nij)^ - A E(nj^ jm j) A E(n̂ j^
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^ ( n i | N l m . ) ( m j l Q  4 ) ( 4 l M l r i i )  (n^l  Q ' ) (mj jN V k )  ( 4 1 ^ ' 1  n i )

(  AE(ni;mp 4 _  ^EC n^^m j) ZTÊCn^T^Î

o < r"  ( n i |N ' |m . ) ( m . |N ' |n j ^ )
“l  -  B +  ( n , | B V i )

5 ' ( n i l Q ' | m . ) ( m ^ | D ' |  n i )  , ^ ( n £  | Q ' | mi ) (“ i IQ ' 1 n^)
+ "̂ C—  ' ' 'A 'E (n \ ;m j)  ^ 4 "  A E ( n . ; m j ) 2

< g ( n i |N ' |  m j)(m j in '  U i )  <Ç" (n^l Q' [mj) (mj 1 N ' l ( 4 \M'\nj_)

A E (n j , ;m j ) 2  A—  AE(n^;iH j) A  E C nj^ ;^)

- 5 ^ ( n i | N ' | m j ) ( m j | Q ' | 4 ) ( 4 | M ' l r i i )  (rij^Q ' I ^  j  ) (nij j M ' | .^i,) ( 4  |N '  ̂ )

~ Ù-. A E ( n i ; m . )  A  E (n ^ ;4 )  ̂L— AE(nj^;m j) A E C n ^ ; ^ )

< r  (ni|Q'|mi)(m;|Q' (n )̂ (n^l N'I (m. |N'j n.)

< ^ ( n ^ l M ' |  mj)(nij\M'lnj|^) ( n ^ lN ' 1 mj) (mj 1 Q ' j ^ )  C 4 \ ^ ' 1

° ° ^ A _ .  A E (n ^ ;m j)  ^  AE(nj: ;iHj) A E ( n ^ ; 4 )

^ ( ni|Q'|nij)(m.(N'|Ak)(4 |M' \n̂ )̂ < T  |Q'[mj) (mj^M'lik) ( 4 | N ' \ n . )

^  ( L -  A E (n j . ;m j)  A E C n ^ ;^ )  A E (nj^ ;m j)  A E(n j^ ;  y.)

^ ( n ^ |Q ' |m j ) ( m j  |N' (ng) ( 11^1 N'j niĵ ) (mĵ \ D' \ n ^ )

^AB ~ A E (n ;m j)  " A _  A  E (n ;m i)

< ^ (n ^ lM 'lm j)(m j[B ' |n B ) <T“ (n^ |Q ' |m^) (m^lN'j n^)

^ L ~  A E ( n ; m j )  +  %(A.o+Bo-2Go) ^  A E ( n ; m i )2

< ^ ( ' ^ A . l Q V j ) ( ’“j l Q V k ) C 4 l M ' l V  I < ^ ( n A l N ' W i ) ( m . l N ' l 4 ) ( 4 | M '  (ng)

(—  j^E (n ;m j)  A E ( n ; 4 )  A E ( n ; m j )  Â " Ê ( n 7 ^

The M icrowave R o t a t i o n a l  Spectrum  o f  C^H^COS and A n a ly s is

Some o f  th e  l i n e s  i n  th e  microwave r o t a t i o n a l  sp ec tru m  o f  CgH^COH 

have been  o b s e rv e d .  The i d e n t i f i c a t i o n  and a ss ig n m en t  was made by Kojim a
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(1 2 ,1 2 a )  0 A l l  t r a n s i t i o n s  a r e  o f  t h e  same t y p e ;  J  = 1 ,  A K  = 0 .  A 

com ple te  s e t  o f  l i n e s  has  been found f o r  J  = 6 , 7 , 8 , 9 .  The spectrum  and 

i t s  a s s ig n m en t a re  l i s t e d  i n  T ab le  I I I .

An im p o r ta n t  f e a t u r e  o f  th e  spec trum  i s  th e  o c c u r re n c e  o f  a d o u b le t  

f o r  each  t r a n s i t i o n .  I t  i s  found t h a t  f o r  a  g iv e n  J  and h ig h  K th e  

s p l i t t i n g  i s  in d ep e n d e n t  o f  K. I f  t h i s  s p l i t t i n g  i s  e x p re s se d  as a func­

t i o n  o f  J ,  s e e  F ig u re  4 ,  th e  p o i n t s  l i e  on a s t r a i g h t  l i n e  w ith  s lo p e  

e q u a l  t o  th e  e x t r a p o l a t e d  i n t e r c e p t .  I f  i t  i s  assumed t h a t  each s e t  o f  

l i n e s  i s  a p p ro x im a te ly  an asym m etric  top  s p e c tru m , th e n  f o r  h igh  K the  

s p l i t t i n g  sh o u ld  be

(A A  +  A B ) ( J  +  1 ) .  (4-28)

From t h e  spec trum  we f in d

A A +  A b = 2 .4  Me. (4-29)

Kojim a h a s  a t te m p te d  to  f i t  each  s e t  o f  t r a n s i t i o n s  w i th  a s e t  o f  

r o t a t i o n a l  c o n s t a n t s .  The spec trum  f o r  t h e s e  c o n s ta n t s  i s  found i n  

T a b le  I I I ,  a lo n g  w i th  th e  v a lu e s  f o r  th e  r o t a t i o n a l  c o n s t a n t s .  From 

t h i s  a n a l y s i s  he f i n d s

A  A +  A B  = 2 .6  Me.

A  A -  AB = 1 .2  Me. (4-30)

A c  = - 21 .7  Me.

I t  shou ld  be n o te d  t h a t  A  A -  A  B and A C depend q u i t e  s e n s i t i v e l y  on 

t h e  Wang d o u b le t s  K = 1, and th e s e  l i n e s  p ro b a b ly  have th e  l e a s t  c e r t a i n  

a s s ig n m en t .

The t h e o r e t i c a l  c o n s id e r a t i o n s  become c o m p l ic a te d  i n  th e  a n a ly s i s  

when t h e  f a c t  t h a t  J  i s  l a r g e  i s  coup led  w i th  th e  m ixing  o f  th e  t o r s i o n a l

s t a t e s  th ro u g h  th e  c ro s s  te rm  PyPg +  P^Py. The fo l lo w in g  p ro ce d u re  w i l l
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TABLE I I I

THE ROTATIONAL SPECTRUM OF C5 H5 COH ( i n  Me)

T r a n s i t i o n
Observed
Frequency S p l i t t i n g

C a lc u la te d
Frequency

*6 ,0  ~ ? 7 ,0 18 ,255 .7
1 8 ,2 7 4 .3

18.6 18 .255 .6
18 .274 .6

* 6 , 1 - 7 7 , 1
17 ,857 .6
17 ,8 7 8 .1

20.5 17,857.0
17,878.7

* 5 , 1 - ^ 6 ,1 20 ,240 .9
20 ,2 5 4 .2

13.3 20 ,241 .6
20 ,2 5 4 .3

6 5 , 2  — ? 6 ,2 19 ,188 .9
19 ,2 0 6 .4

17.5 19 ,188 .8
19 ,206 .1

* 4 ,2  ~ ^ 5 ,2 20 ,3 1 1 .5  
20 ,3 2 6 .9

15.4 20 ,311 .1
20 ,326 .7

\ , 3 - ^ 5 ,3 1 9 ,5 2 8 .3
1 9 ,5 4 5 .2

16.9 19 ,528 .5
19 ,545 .4*

* 3 , 3 ^ ^ 4 ,3
19 ,661 .9
19 ,6 7 9 .1

17.2 19 ,661 .5
19 ,678 .8

* 3 ,4 - 7 4 , 4 19 ,5 0 6 .1
19 ,5 2 3 .3

17.2 19 .506 .1
19 .523 .2

* 2 , 4 - 7 3 , 4 1 9 ,5 1 1 .0
1 9 ,5 2 8 .3

17.3 19 ,510 .8
19 ,528 .0

1 9 ,4 7 2 .1
19 ,4 8 9 .3

17.2 19 ,472 .1
19 ,4 8 9 .4

G l,6  —
* 0 , 6 -

19 .4 5 3 .1
19 .470 .2

17.1 19 ,4 5 3 .3
19 ,470 .5

? 7 , 0 - *8 , 0 2 0 ,6 3 7 .8
2 0 ,6 6 0 .2

22.4 20 ,637 .7
20 ,6 6 0 .2

7 ? , 1 - *8 ,1 2 0 ,3 3 1 .9
20 ,3 5 6 .8

24.9 20 ,331 .9
20 ,3 5 6 .8

? 6 ,1  - *7 ,1 2 2 ,9 5 1 .1
2 2 ,9 6 6 .3

15.2 22 ,951 .1
2 2 ,9 6 6 .3
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TABLE I I I ( c o n t in u e d )

T r a n s i t i o n
Observed
Frequency S p l i t t i n g

C a lc u la te d
Frequency

? 6 ,2  - -  * 7 ,2 21.849 .2
21 .869.2

20 .0 2 1 ,8 4 9 .2
2 1 .8 6 9 .1

? 5 ,2  - -  * 6 ,2 23 .350 .2
23 .367 .3

17.1 2 3 .3 5 0 .2
2 3 .3 6 7 .3

? 5 ,3  ~  * 6 ,3 22.331.5
22 .350.6

19.1 2 2 ,331 .5
2 2 ,3 5 0 .8

? 4 ,3  - -  * 5 ,3 22,588.6
22 ,608.4

19 .8 2 2 ,5 8 8 .6
2 2 ,6 0 8 .4

? 4 ,4  —  * 5 ,4 22,322.9
22,342.5

19.6 22 ,3 2 3 .0
2 2 ,3 4 2 .6

? 3 ,4  —  ^ 4 ,4 22 ,336 .1
22,355.5

19 .4 2 2 ,3 3 6 .0
22 ,3 5 5 .6

?3 ,5  - -  8 4 , 5  
' 2 , 5  —  *3 ,5

22 ,275 .2
22,294.6

19 .4 2 2 ,2 7 5 .0
22 ,2 9 4 .5

^ 2 ,6  —  *3 ,6 22,246.7
22 ,266 .3

19 .6 22 ,2 4 6 .7
2 2 ,2 6 6 .4

? 1 ,7  - -  *2 ,7
22 ,230.1
22,249.6

19.5 22 ,2 3 0 .0
2 2 ,2 4 9 .7

88 ,0  —  *9 ,0 23,010.5
23 ,036 .4

25 .9 2 3 ,0 1 0 .4
2 3 .0 3 6 .6

8 g , l  ~  * 9 ,1 22,789.6
22 ,817 .8

28 .2 2 2 ,7 8 9 .8
2 2 ,8 1 8 .0

*7 ,1  ~  *8 ,1 25,576.7
25 ,593.9

17.2 2 5 .5 7 7 .0
2 5 .5 9 4 .1

8 7 , 2  - -  * 8 ,2 24 ,479.8
24 ,502 .3

22 .5 2 4 ,4 8 0 .0
2 4 ,5 0 2 .5

8 5 , 2  —  * 7 ,2 26,359.5
26,377.8

18 .3 2 6 ,3 6 0 .0
2 6 ,3 7 7 .9

8 5 , 3  —  9 7 , 3 25,126.1
25,147.6

21.5 2 5 ,1 2 6 .3
25 ,147 .9
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TABLE I I I ( c o n t in u e d )

Observed C a lc u la te d
T r a n s i t i o n Frequency S p l i t t i n g Frequency

8 —  9g 3 2 5 ,5 7 4 .1 21 .9 25,574.4
5 ,3  ° '- ) 2 5 ,5 9 6 .0 25 ,596 .6

85 A —  9. , 2 5 ,1 4 9 .4 2 1 . 6 25,149.53 ,4  D,4 2 5 ,1 7 1 .0 25,171.5

8 a a —  ^5 4 2 5 ,1 7 9 .8 21 .7 25,180.14 ,4  3,4- 2 5 ,2 0 2 .5 25,202.2

2 5 .0 8 6 .2
2 5 .1 0 8 .3

2 2 . 1 25,086.3
25,108.0

8 ,  ,  —  9, g 2 5 ,0 4 5 .8 2 2 . 0 25,046.0
2 5 ,0 6 7 .8 25,068.1

® 2 . 7 - ’ 3 ,7  
1 .7  —  2 ,7

2 5 ,0 2 1 .9 2 2 . 1 25,022.0
2 5 ,0 4 4 .0 25,044.3

8 l . 8 - , 2 , 8  
0 , 8  1 , 8

2 5 ,0 0 6 .7 2 2 . 1 25,007.0
2 5 ,0 2 8 .8 25,029.1

9 —  10 2 5 ,3 8 5 .5 30 .2 25,385.7
9 ,0  10,0 2 5 ,4 1 5 .7 25,415.8

* 9 ,1  ~  ’■*1 0 ,1
2 5 ,2 3 3 .4
2 5 ,2 6 5 .0

31 .6 25,234.1
25,265.3

9g , 1 —  10g 2 8 ,1 1 2 .5 19 .3 28,112.9
2 8 ,1 3 1 .8 28,132.2

*8 , 2  ~  ^*9 ,2 2 7 ,0 7 9 .6 25 .1 27,079.8
2 7 ,1 0 4 .7 27,105.0

* 7 ,2  - -  1*8,2 2 9 ,3 1 8 .1 19.7 29,318.5
2 9 ,3 3 7 .8 29,338.0

0 ? ,3  10g , 3 2 7 ,9 0 6 .4 24 .1 27,906.8
2 7 ,9 3 0 .5 27,930.6

9 g , 3 —  10y,3 2 8 ,6 2 0 ,8 2 4 .4 28,620.9
2 8 ,6 4 5 .2 28,645.4

^ 6 ,4  —  ^°7 ,4 2 7 ,9 8 4 .1 2 4 .4 27,984.1
2 8 ,0 0 8 .5 28,008.5
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TABLE I I I  (co n c lu d ed )

Observed C a lc u la te d
T r a n s i t i o n Frequency S p l i t t i n g Frequency

9 5 , 4  -  “ 6 .4 28 ,048 .8
2 8 ,0 7 3 .4

24 .6 2 8 ,0 4 9 .2
28 ,073 .8

9 5 , 5  — “ 6 .5 27 ,906 .1 24 .6 27 ,9 0 6 .1
27 ,930 .7 27,930 .7

9 4 , 5  -  “ 5 , 5
27 ,908 .0 2 4 .4 27 ,908 .7
2 7 ,9 3 2 .4 27 ,9 3 3 .3

27 ,851 .5 24 .6 27 ,851 .7
27 ,876 .1 27 ,8 7 6 .3

2 7 ,818 .9 24 .5 27 ,819 .1
27 ,8 4 3 .4 27 ,843 .7

27 ,798 .0
27 ,822 .6

24.6 2 7 ,7 9 8 .2
2 7 ,8 2 2 .8

^ 1 9  —  9 
0 ,9  1,9

27 ,783 .6 24 .9 27 ,784 .1
27 ,808 .5 27 ,808 .7

EMPIRICAL ROTATIONAL CONSTANTS

Lower H igher

A = 1204.7 A = 1206.5

B = 1564.3 B = 1564.9

C = 5235 .2 C = 5213.9

K = 0.82157 K = 0.82112
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be a p p l i c a b l e  to  o b t a i n  th e  s p l i t t i n g  of t h e  h ig h  K d o u b l e t s .  The method 

i s  s i m i l a r  to  t h a t  u sed  in  C h a p te r  I I I  for th e  c r o s s - t e r m s  +  P^P^

and P^fy  + PyP^. Eqs. (4 -2 3 )  may be r e w r i t t e n  i n  th e  form

(O jH lO p  = AP^  ̂ + BPyZ + CP^2

(OgtHIOg) = (A+AA)P^2 +  (B + A B )P y ^ +  (C+A C)Pg^ +  S  (4 -31 )

(0^1 HI Ob) = F(PyPg +  P^Py)

•where A  A = A^ -  A^ and Ï  i s  th e  s p l i t t i n g  o f  th e  t o r s i o n a l  s u b s t a t e s .  

The m a t r i x  e le m en ts  o f  PyP^ +  P^Py in  t h i s  r e p r e s e n t a t i o n  a r e

(0^,K |PyPg+ PgPylOgjK+l) = -  i  (2K+1) ^ J ( J + 1 )  -  K (K + l)j '  

(0^ ,E |P yP g+  P^Py |O B,K -l)  = i  (2K-1) [ j ( J + l )  - K ( K - l ) ] ^

(4 -32 )

The energy  d i f f e r e n c e s  which a r e  n e c essa ry  in  th e  p e r t u r b a t i o n  c a l c u l a ­

t i o n  a re

E(Og,K; 0 ^ ,K + 1 )  = S -  (M+ A M) (2K+1)
(4 -33)

E(0b,K5 0^ ,K -1 )  = o +  (M+A M) (2K-1)

E(0^,K ; Ob,K-+1) = -  5 -  (M- A  M) (2K+1)
(4 -33)

E(0^,K; Ob,K-1) = -  ^ +  (M- A  M) (2K-1).

where <5 i s  th e  s p l i t t i n g  o f  t h e  t o r s i o n a l  s u b s t a t e s ,  M = C - (A+B)

and A m = A C  - — ( A A +  A  B) . F o r  an e s t im a t io n  o f  th e  r e l a t i v e  s i z e  
2

o f  M and 5" we f in d

S  ^  lO"^ M, (4 -33a)

t h e r e f o r e  a n  ex p a n s io n  i n  i s  conven ien t f o r  th e  p e r t u r b a t i o n



59

c o r r e c t i o n .  F i n a l l y  th e  c o r r e c t i o n s  to  t h e  e n e rg y  a r e  

(0^,K 1E '10a ,K) = -  g [ j ( J + l ) - 3 K ^ ]  [ j (J+1)-K (K + d ]

(4-34)

(O B ,K |E '|O g,K ) = -  g [ j ( J + l ) - 3 R 2 ]  -  g  ± j M  [ J ( J + 1 ) -K (K + l) j  .

When E qs .  (4 -3 1 ,3 4 )  a r e  combined, th e  r e s u l t  f o r  th e  s p l i t t i n g  o f  

t h e  h ig h  K s t a t e s  f o r  th e  t r a n s i t i o n  A J  = 1, A K  = O i s

F^ -  A M(A A +  A B) - (J+1). (4-35)
M M -1

I f  i t  i s  assumed t h a t  s = 31, wiiich c o rre sp o n d s  t o  a b a r r i e r  h e ig h t  
-1

V = 59 cm , th e n  th e  t h e o r e t i c a l  r e s u l t  f o r  th e  p a ra m e te r s  i s

A A = -  8 .1234  X 10"^ Me.

A  B = 1.7416 X lO"^ Me.
(4-36) 

5 .9986 X 10 “ Me.% .    ' - - 2

p2
£ -  = 1 .922  Me.
m2

which g iv e s  f o r  th e  c o e f f i c i e n t  o f  J  +  1

2 .56  Me. (4 -36a)

T h is  r e s u l t  compares f a v o r a b ly  w i th  th e  e m p i r i c a l  v a lu e  o f  2 .4  M e . ,

Eq. ( 4 - 2 9 ) .

At t h i s  p o i n t  i t  i s  w o r th w h i le  to  m en tion  t h e  e f f e c t  o f  Eq. 

( 4 - 1 1 ) ,  on t h e  s p l i t t i n g .  I f  we n e g le c t  t h i s  t o r s i o n a l  c o r r e c t i o n  a l l  

A ' s  i n  Eq. (3 -3 6 )  a r e  a p p ro x im a te ly  30%, l a r g e r ,  which h as  an  e f f e c t  of 

chang ing  th e  b a r r i e r  h e ig h t  a b o u t  10%. I f  i s  n e g le c te d  we o b t a i n  a 

v a lu e  o f  s = 34 and V2 = 65 cm  ̂ f o r  th e  b a r r i e r  h e i g h t .

The Case f o r  a[ High B a r r i e r  

The t h e o r e t i c a l  b a r r i e r  o b t a in e d  i n  th e  l a s t  s e c t i o n  i s  q u i t e  low.
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One would e x p e c t  a v a lu e  much h ig h e r  from th e  d oub le  bond c h a r a c t e r  o f  

t h e  C-C bond c o n n e c t in g  th e  top  and f ram e .  A lso  t h e r e  i s  a n o th e r  con­

s i d e r a t i o n .  A com parison  o f  th e  p o t e n t i a l  b a r r i e r s  f o r  CH^COH and CH^OH 

shows t h a t  th e y  have  about th e  same h e i g h t  'v 400 cm” ^. One would e x p e c t  

t h a t  p o s s ib l y  a s i m i l a r  com parison  m igh t  be made f o r  benzaldehyde and 

p h e n o l .  Koj im a  (13) has e s t im a te d  th e  b a r r i e r  o f  p h e n o l  a t  around 1100

cm ^ , and on t h i s  b a s i s  one would e x p e c t  abou t th e  same v a lu e  fo r  CgH^COH.
— 1

T h is  i s  c o n t r a r y  to  th e  b a r r i e r  o f  60 cm c a l c u l a t e d  i n  t h e  l a s t  s e c ­

t i o n .

One th in g  i s  c e r t a i n ;  i f  th e  b a r r i e r  i s  a round  1000 cm” '̂ th en  th e  

assu m p tio n  t h a t  th e  d o u b le t s  a r e  due t o  d i f f e r e n t  t o r s i o n a l  s u b s t a t e s  

i s  i n c o r r e c t .  One s e t  o f  l i n e s  must co rre sp o n d  to  an e x c i t e d  t o r s i o n a l  

s t a t e .  For  m o le c u le s  w i th  a sym m etric  top  i n t e r n a l  r o t o r  i t  has  been 

found t h a t  th e  a ssum ption  o f  a r i g i d  m o le c u le  i s  n o t  s u f f i c i e n t  to  ex ­

p l a i n  t h e  s h i f t  i n  t h e  s p e c t r a l  l i n e s  f o r  th e  e x c i t e d  t o r s i o n a l  s t a t e s  -  

i n t e r a c t i o n  w i th  o t h e r  v i b r a t i o n a l  modes must be ta k e n  i n t o  acco u n t .

The th e o r y  f o r  t h i s  i n t e r a c t i o n  has been  fo rm u la te d  and a p p l i e d  from a 

p a r a m e t r i c  approach  by K iv e ls o n  ( 7 ,8 ,9 ,1 0 ,1 1 )  and by Swan and S tra n d b e rg  

(17) . A lso  a s im p le r  t r e a tm e n t  has  been  worked o u t  by Swalen (15) xdiich 

we w i l l  u se  to  e s t im a te  t h i s  e f f e c t .

The change i n  r o t a t i o n a l  c o n s ta n t  due to  i n t e r a c t i o n  w i th  o th e r  

v i b r a t i o n s  i s

= B° -  G ^ (n  + %)
(4 -37 )

\  = A -  o ^ ( n  +  %)

Now

(4 -3 8 )
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where V ^  i s  t h e  t o r s i o n a l  f re q u e n c y

For C6H5COH

k °  ^  1 .2  X 10^ Me.

^  5 .7  X 10^ Me.

B° 1 .5  X 10^ Me.

(4 -39 )

(4-40)

from which i t  fo llow s

(A°)^ /V 1 . 2 X 10 Me. (B°)2
2 ^ T

2 X 10 Me.

so t h a t  f o r

s = 100

A  A +  A B  -  3 . 2  Me.

s = 1000

A A +  AB = 1 Me.

( 4 - 4 1 )

(4-42)

T h e r e f o r e  f o r  th e  K i lv e l s o n  e f f e c t  to  acco u n t  f o r  a l l  o f  th e  s p l i t t i n g  

th e  b a r r i e r  h e ig h t  would be ab o u t  3 00  cm

So f a r  th e  s p l i t t i n g  from i n t e r n a l  r o t a t i o n  has  been n e g le c te d .  

The f u n c t i o n a l  form o f  th e  H a m il to n ia n  and method o f  approach  i s  i n  

Appendix IV. The r e s u l t s  of th e  c a l c u l a t i o n  would be

s = 100 s = 1000

A  A = 3 . 0  Me. A  A = 0 . 8  Me.

A  B = -  3 . 0  Me. A  B = - 0 . 8  Me.

so t h a t

A  A + A B  = 0 .

T h e r e f o r e  f o r  e x c i t e d  t o r s i o n a l  s t a t e s  th e  s p l i t t i n g  would be due en ­

t i r e l y  to  th e  K i lv e l s o n  e f f e c t  and t h e  p o t e n t i a l  b a r r i e r  i s  s t i l l  no t  

a s  h ig h  as  one would e x p e c t .
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C o n c lu s io n s

The r e s u l t s  f o r  CgH^COH a r e  n o t  n e a r l y  as c o n c lu s iv e  as  f o r  CH2DCOH 

and CDgHCOH. The low p o t e n t i a l  b a r r i e r  i s  almost im p o s s ib le  to  e x p la in .  

There  a r e  two a l t e r n a t i v e s  which m igh t be w orthw hile  to  t r y .

1. O b ta in  t h e  sp e c tru m  o f  a d e u t e r a t e d  sp e c ie s  o f  b e n z a ld e h y d e ,  

f o r  example CgH^COD. I f  th e  s p l i t t i n g  i s  due to d i f f e r e n t  t o r s i o n a l  

s u b s t a t e s  th e n  we sh o u ld  be a b le  to  o b t a i n  th e  same b a r r i e r  as t h a t  f o r  

CgHsCOH.

2. O b ta in  more o f  t h e  sp ec tru m  o f  CgH^COH, bu t  w i th  p o s s ib l y  d i f f e r ­

e n t  s e l e c t i o n  r u l e s .  Some t r a n s i t i o n s  m igh t be more dependen t upon one 

p a ra m e te r  th a n  a n o th e r .  I f  th e  h ig h  b a r r i e r  s o lu t i o n  i s  r e a l ,  th e n  th e  

spec trum  f o r  more t o r s i o n a l  s t a t e s  m ust be ob ta in ed  to  d e te rm in e  th e  

b a r r i e r  h e ig h t .

E s s e n t i a l l y  we have  shown t h a t  i t  i s  p o s s ib l e  t o  deve lop  and ap p ly  

a th e o ry  o f  i n t e r n a l  r o t a t i o n  f o r  asym m etric  i n t e r n a l  r o t o r s .  The p r o ­

cedure  from h e r e  would seem to  be to  o b t a i n  the s p e c tru m  and b a r r i e r  

h e ig h t s  f o r  more m o le c u le s  o f  t h i s  ty p e .



CHAPTER V

A. NOTE ON THE PARAMAGNETIC SUSCEPTIBILITY OF IN CORUNDUM

E a r l i e r  th e  a u th o r  fo rm u la te d  a th e o r y  f o r  th e  p a ra m ag n e t ic  s u s c e p ­

t i b i l i t y  o f  vanadium , V , in  corundum c r y s t a l s  (4) and found t h a t  s u s ­

c e p t i b i l i t y  d a ta  would p ro v id e  a good means o f  d e te rm in in g  c e r t a i n  

s t r u c t u r a l  p a ra m e te r s  and io n ic  c o n s t a n t s  f o r  t h e  c r y s t a l .  But a t  t h a t  

t im e  no m easurem ents  had been made o f  t h e  s u s c e p t i b i l i t y .  L a t e l y ,  how­

e v e r ,  m easurem ents  have been made f o r  t h e  t e m p e ra tu re  ran g e  77° to  295°K 

by Brumage ( 1 , 1 a , 5 ) ,  so t h a t  q u a n t i t a t i v e  r e s u l t s  may be o b ta in e d .  A lso  

some s i m p l i f i c a t i o n s  o f  th e  th e o r y  have become a p p a re n t  and w i l l  be p r e ­

s e n te d  i n  d e t a i l .  T h is  s e c t i o n  e s s e n t i a l l y  r e p l a c e d  e v e ry th in g  from 

page 49 on i n  r e f e r e n c e  ( 4 ) .

The H a m il to n ia n
2

The H a m il to n ia n  o p e r a t o r  d e s c r i b i n g  th e  b e h a v io r  o f  t h e  (d) e l e c -  

■H4-t r o n s  o f  V i n  1) th e  c r y s t a l  Al^Og which h a s  t r i g o n a l  symmetry and 

2) an e x t e r n a l  a p p l i e d  m agne tic  f i e l d  i s

H = H° +  H' (1)

H'= A L • S +  ( L +  g S) - y -  (2)

vAiere H° c o n ta i n s  a l l  c r y s t a l l i n e  and a to m ic  energy  term s ex c ep t  th o s e  

in c lu d e d  i n  h ' .  The b a s i c  f u n c t io n s  o f  H° w i l l  be found on pages  1 7 ,2 1 ,
O p

28 o f  r e f e r e n c e  ( 4 ) .  The cub ic  c r y s t a l l i n e  p o t e n t i a l  s p l i t s  F o f  (d)

63
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3 3 3
i n t o  T^ , T2 > and Ag l e v e l s  whose s e p a r a t i o n  i s  q u i t e  l a r g e  ( /v 2 0 ,0 0 0

cm“ ^ ) .  The sm a l l  t r i g o n a l  component f u r t h e r  s p l i t s  th e  ^nd

l e v e l s ;  and ^T^ — The  A-E s e p a r a t i o n  i s  o f

th e  o r d e r  o f  1000 cm ^ . For th e  energy  l e v e l  s t r u c t u r e  see  F ig u re  5.

We w i l l  h a n d le  H' i n  t h e  fo l lo w in g  way: t h e  b a s i c  fu n c t io n s  o f

th e  t r i g o n a l  f i e l d  w i l l  be chosen as th e  r e p r e s e n t a t i o n  o f  h ' .  Then a

Van V leck  T ra n s fo rm a t io n  w i l l  be a p p l i e d  to  b r in g  th e  o f f - d i a g o n a l  
3

e lem en ts  i n t o  t h e  . A^ block,. For  te m p e ra tu re s  l e s s  th a n  750 K on ly

th e s e  l e v e l s  w i l l  c o n t r i b u t e  to  t h e  p a ra m a g n e t ic  s u s c e p t i b i l i t y  s in c e  
3
E w i l l  have  a n e g l i g i b l e  p o p u la t io n .  A f t e r  t h e  p e r t u r b a t i o n  c a l c u l a ­

t i o n ,  t h e n  th o s e  te rm s  w hich  a re  l i n e a r  i n  th e  m a g n e t ic  f i e l d ,  w i l l  con­

t r i b u t e  to  th e  t e m p e ra tu re  dependen t s u s c e p t i b i l i t y ,  and th o se  which 

a r e  q u a d r a t i c  i n  H w i l l  form th e  c o n s ta n t  o r  Van V leck  s u s c e p t i b i l i t y .  

The m a t r ix  e le m en ts  o f  H ' a r e  l i s t e d  i n  T a b le  IV ; i s  th e  m agne tic  

f i e l d  a lo n g  th e  t r i g o n a l  a x is  and th e  f i e l d  p e r p e n d i c u l a r  t o  t h i s  

a x i s .

3
The m a t r ix  e lem en ts  o f  th e  Ag b lo c k  a f t e r  th e  Van V leck  t r a n s ­

fo rm a t io n  h as  been  c a r r i e d  th rough  f o u r t h  o r d e r  a re

(M,=0|E|M,=0> -  -  (1 .

„  . ( ^ X ) ^  2 ( e \ X  )4  («A X

A ,  +  A ,  -  A 3  A 2
(3)

(M = ±  1 |E |M  = ±  1) = -  I ' M  + - M  ( l - ( 3 e x 2 +  2o< -4 )  M ) ]  /V  ̂

(M3 = 0 | E 1M3= +  1 ) = g_L p
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TABLE IV

MATRIX ELEMENTS OF / \  L - S +  ( L + g S ) ' H

(-6 Mg IX' M ')

2 ,0 1 2 ,1 )  = g = g ^  ( 2 ,1 1 3 ,1 )  = 2 / T  X>\ + 2 i /T  ï

2 ,0 1 2 , - 1 )  = g ^  H ( 2 , - 1 1 3 , - 1 )  = - 2 y T ï / l +  2 V? % H,2

2 ,1 1 2 ,1 )  = g Sg = g ( 5 ,1 1 4 ,1 )  = - / 2 '  3 X - v/T ï  Hj.

2,-11 2 , - 1 )  = -g  ( 5 , - l U , - l )  = v /T - ïX -  \/2' ÜHg

5.015.0)= - (.7,116,1) = / ? x X +  v/T ï

5,1|5,1) = -(xX - =< Sg + g ( 7 , - l l6 , - l )  = - + \/T % H;

5,-115,-1) = o(X - o( Hg - g Hg (2,114,0) = V?  Ü X

7,0|7,0) = *  Hg (2,014,-1) = n/ T ï X

7.117.1) = ( XX +(X H, +  g H (2,016,1) = VY v Xz

7,-1 7,-1) = - cA X  + c?( - g Hg (2,-1 6,0) = V Y  %X

5 .0 1 5 .1 )  = g ^  H^ (5 ,1 1 6 ,0 )  = -  2 v Y  VX

5 .0 1 5 , - 1 )  = g ^  (5 ,0 1 3 ,1 )  = V?

7 . 0 1 7 . 1 ) = g J ^  ( 5 , 0 | 6 , - 1 )  = - 2 V Y v X

2 , 0 l 7 , - l )  = g ^  ( 5 , - l | 3 , 0 )  = / 2  % X
2 .0 1 5 , - 1 )  = -  (2 ,0 1 4 ,0 )  = %H X

2 ,1 ) 5 ,0 )  = -  o< X ( 2 ,1 ) 4 ,1 )  = TiHX

2 ,0 1 7 ,1 )  = - (A \ ( 2 , - l l 4 , - l )  = ÜH^

2 ,-11  7 ,0)  = -  ( 2 ,0 1 6 ,0 )  = % H^

2 .0 1 5 .0 )=  I. H = -  o( i f  ( 2 , - 1 1 6 , - 1 )  =
X ^  X X

2 .1 1 5 .1 )  = -  0 ( i |  H^ ( 2 , - 1 1 6 , - 1 )  = %H^

2 , - 1 1 5 , - 1 )  = - o ^ i |  H^ ( 7 ,1 1 3 ,0 )  "  -

2 ,0 1 7 ,0 )  = - -X \  ( 7 , 0 l 3 , - l )  = - v Y ^ X
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TABLE IV (conc luded )

( 2 , 1 1 7 , 1 )  = - o ( H

( 2 , - 1 1  7 , - 1 )  = -  o ( i l  H
2 ^

( 5 ,1 1 6 ,1 )

( 5 . 0 1 6 . 0 )  = -  2 % 

( 5 , - 1 1 6 , - 1 )  = -  2 %

( 5 .1 1 3 .1 )  = BHx

( 5 ,0 1 3 ,0 )  =

( 5 , - 1 1 3 , - 1 )  =

(7 .0 1 4 .1 )  = 

( 7 , - I l  4 ,0 )  =

(7 .1 1 3 .1 )  =

(7 .0 1 3 .0 )  = 

( 7 , -1  3 , - 1 )

(7 .1 1 4 .1 )  =

(7 ,0 1 6 ,0 )  = 

( 7 , - 1 1 6 , - 1 )

■ 2 \/?% )\ 

-  ï  H
X

y  HX

- H 

2 % H

= -  2
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H = Hz

(Mg=0|E|Mg=0) = - p  ^ y ~  2  ' ^ " ' ]  “̂ z
T

r .  ( (  V X ) f  2(o<X.)_^. 2 i ± A j 2 ]
r  A T  A c  6 3  j

(

(M3 . +  1|E1M^. + 1) - ± g „  p  y  ̂  | ^ 2 - l £ + l a + - 2 ^ d A î j ^ ^ 2

( °<A , 5 ( s A ) ^  A ) ' ‘
A T  '  A g  -  A | ]

The energy  d e n o m in a to rs  a r e  d e f in e d  i n  F ig u re  5; t h e  c o e f f i c i e n t s  c\ 

and 'ij' depend upon th e  m ix ing  o f  a tom ic  s t a t e s  th ro u g h  th e  c u b ic  f i e l d

w i th  v a lu e s  — and 7 10/4  i n  t h e  c a se  o f  no m ix in g ,  b u t  i n  th e  c u b ic

f i e l d  a r e  1 .2 9  and 1 .5 2  r e s p e c t i v e l y ;  X  i s  th e  s p i n - o r b i t  c o u p l in g  con­

s t a n t ,  and |(3 i s  th e  Bohr m agneton . These e x p r e s s io n s  a r e  a p p l i c a b l e

e i t h e r  t o  t h e  s p in -H a m il to n ia n  f o rm u la t io n  o f  e l e c t r o n  s p in  re s o n a n c e  o r

t o  th e  d i r e c t  d e te r m in a t io n  o f  th e  s u s c e p t i b i l i t y  e q u a t i o n s .  The f i e l d
3

in d ep en d en t  te rm s  c o n t r i b u t e  t o  th e  ze ro  m a g n e t ic  f i e l d  s p l i t t i n g  o f  .

The g e n e r a l  e x p re s s io n  f o r  th e  p a ra m a g n e t ic  s u s c e p t i b i l i t y  i s  (7)

^  -  2 m ( 2 ) ( n ; n ) j  .gO/kT
/  = --------------- — ---------------- :-------------------------   e n (,5 ;

where m ( n ;n )  a re  th e  d ia g o n a l  term s i n  Eqs. ( 3 ,4 )  which a r e  l i n e a r
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i n ^  , and  ̂ a r e  t h o s e  wliich a q u a d r a t i c  i n  ^ . F o r ^  = ^  t h e  o f f

d i a g o n a l  terms o f  Eq. (3 )  becomes q u a d r a t i c  th ro u g h  a second o r d e r  p e r ­

t u r b a t i o n  s in c e  (Mg=0|ElMg= 0) and(Hg = +  llElMg = +  1) a r e  s e p a r a te d  by 

t h e  z e ro  f i e l d  s p l i t t i n g .

I f  Eqs. ( 3 ,4 )  a r e  s u b s t i t u t e d  i n t o  Eq. (5 )  we o b t a i n  t h e  e x p re s s io n s  

2
X i =  2 N p 2  (1 -e "  (1+2 e"

-  a .  - 4 )  ÿ  ) ]  (1 + 2  r

( 1+2 e - H - '

2 .  2 (o (+  2 )^g<^+  2

+  2

C

2 J 1  . i £ ± J à h < l . t l L l  -  ^ l/KTf / 1.L4 -  S / k T . - l  
A c " -  A 3  j '  )

These e x p re s s io n s  f o r  t h e  s u s c e p t i b i l i t y  a r e  v a l i d  o n ly  when th e  tem pera­

t u r e  i s  low enough so t h a t  th e  p o p u l a t io n  o f  th e  %  s t a t e  may be n e g le c te d .

S u s c e p t i b i l i t y  i n  th e  T e m p era tu re  Range 77° to  295°K 

For the te m p e ra tu re  betw een 77 and 295°K th e  e x p re s s io n s  f o r  th e  

s u s c e p t i b i l i t y  have  a s im p le r  form i f  th e  e x p o n e n t i a l s  a re  expanded in  

powers o f  ^ / k T .  The r e s u l t s  o f  such an ex p a n s io n  a r e

— ■NT /  0-2 fu/Tij. T/-air'll j .  6 'S j .  4 ( ^  + 2 )3 #X i ,  = I  N p ^ | g 2  [k(T+ r / 3 k ) ] " ^  + j L l _  +  4 [ * + & L f L _ A _ |

c  A ^
( 8 )
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V  i  " ^  [ l - ( 4 « ^ + = ,  -2) f  ^ ]  I

Note t h a t  th e  s u s c e p t i b i l i t i e s  sh o u ld  f o l lo w  a C urie -W eiss  Tem pera tu re  

d ependence .

Measurements o f  t h e  s u s c e p t i b i l i t y  have  been made by Brumage ( l a , 5 ) ,  

and th e  d a ta  as  a f u n c t i o n  o f  te m p e ra tu re  a r e  l i s t e d  i n  T ab le  V. I n  

the  a n a ly s i s  o f  th e  d a ta  i t  i s  assumed t h a t  ^  = 8 .3  cm a v a lu e  which 

i s  c o n s i s t e n t  w ith  th e  d a ta  from o p t i c a l  s p e c t r a  (6) and e l e c t r o n  s p in  

resonance  ( 2 , 8 , 9 , 1 0 ) .  F ig u re  6 shows th e  beh av io r  o f  and a

f u n c t io n  o f  (T + The s t r a i g h t  l i n e  c h a r a c t e r i s t i c  o f  th e/'j-L

d a ta  i n d i c a t e s  t h a t  th e  expanded forms o f  and , Eq. ( 8 ) ,  a r e  

s u i t a b l e  i n  th e  a n a l y s i s .

S in ce  th e  c o n c e n t r a t i o n  o f  V i n  th e  sample i s  n o t  a c c u r a t e l y  

known, o n ly  th e  r a t i o  o f  th e  s lo p e s  may be de te rm ined  from th e  d a t a .

But g II has  been m easured by e l e c t r o n  s p in  resonance  te c h n iq u e s  ( 9 ,1 0 ) ,  

and we u se  th e  v a lu e  r e p o r t e d  i n  th e  l i t e r a t u r e ,  g ^ = 1.915 +  0 .0 0 2 ,  to

d e te rm in e

g_L = 1 .725  + 0 .0 1 0 .  (9)

The d i f f e r e n c e  i n  i n t e r c e p t  o f  and a t  T = co i s  s e n s i t i v e  t o

th e  ^ 2  " ^  s e p a r a t i o n  due to  t h e  t r i g o n a l  component o f  t h e  c r y s t a l  

f i e l d .  From th e  s u s c e p t i b i l i t y  d a ta  we o b ta in

A  -1
= 1200 +  200 cm . (10)

S ince  we u se  t h e  d i f f e r e n c e  i n  and , t h e  d ia m a g n e t ic  p o r t i o n  due

to  AlgOg and V i s  e l i m i n a te d  from th e  c a l c u l a t i o n .  A lso  g_  ̂ depends 

upon }\ and A™, Eq. ( 3 ) ,  and from Eq. (9) we f in d
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TABLE V

MAGNETIC SUSCEPTIBILITIES (p e r  gram sample) OF V^^-DOPED CORUNDUM

T°K X .| | (x  10^ cgs-emu) T°K 10^ cgs-emu)

77.3 4 .7 0 77.3 4 .0 8

88.0 3.68 88 .0 3 .23

91.0 3.49 103 2.26

121 1.92 109 1.96

127 1.68 118 1.60

138 1.25 130 1.11

145 1 .04 137 0.89

155 0 .7 5 145 0 .7 2

156 0 .7 3 154 0 .49

202 -0 .2 6 174 0 .15

272 - 0 .9 3 217 -0 .4 6

290 -1 .1 4 253 -0 .8 4

296 -1 .1 6 296 -1 .1 7
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A ^ ^ l l O O c m " ^  ( 11 )

A /u 90 cm"^

I t  i s  i n t e r e s t i n g  to  note t h a t  th e  two methods o f  d e te rm in in g  Aij, a re  

c o n s i s t e n t .

The two p a ra m e te rs  X  and A ^  have a l s o  been  d e te rm in e d  from e l e c ­

t r o n  s p in  re s o n a n c e  a b s o rp t io n  and from th e  o p t i c a l  s p e c t r a  bu t  th e  

r e s u l t s  a re  n o t  com p le te ly  c o n s i s t e n t .  McClure (3) r e p o r t e d  = 960 cm” ^, 

bu t Zverev and Prokhorov (10) found th e  low v a lu e s  A ^  = 280 cm“ ^ and 

X = 38 cm Our r e s u l t s  a r e  c o n s i s t e n t  w i th  M cC lures , b u t  d i f f e r  

s i g n i f i c a n t  from th o s e  o f  Zverev  and P rokho rov . We f e e l  t h a t  th e  e l e c ­

t r o n  s p in  re s o n a n c e  da ta  has  n o t  been i n t e r p r e t e d  c o r r e c t l y  and a more 

c a r e f u l  a n a l y s i s  ( f o r  example i n c l u s io n  o f  h ig h e r  o r d e r  term s i n  gn ) 

would y i e l d  l a r g e r  v a lu e s  f o r  th e  p a ra m e te rs  u n d e r  c o n s i d e r a t i o n .

I t  i s  i n t e r e s t i n g  t o  compare th e  f r e e  io n  and c r y s t a l  v a lu e s  fo r  

and th e  L - m u l t i p l e t  s e p a r a t i o n s ,  page 27 , r e f e r e n c e  ( 4 ) .  For th e  f r e e  

ion

A E ( & ;  ^P) 12 ,200  cm~^
-1

X /V 104 cm

and i n  th e  c r y s t a l  we f in d

A E ( & ;  ^P) /V 9000 cm"^

X ^  90 cm

( 12 )

(13)

A p p a re n t ly  th e  c r y s t a l  f i e l d  has  a l a r g e r  e f f e c t  p e rc e n ta g e - w is e  i n  

changes o f  A E th a n  in  X  . P o s s ib ly  th e  " t a i l "  o f  t h e  e l e c t r o n i c  wave- 

f u n c t i o n  i s  more d r a s t i c a l l y  a l t e r e d  by th e  s u r ro u n d in g  l ig a n d s  th a n  t h a t  

p a r t  i n  th e  io n  c o r e .  S in c e  X  v a r i e s  as  — i t  would be l e s s  s e n s i ­

t i v e  to  changes i n  th e  " t a i l "  o f  th e  f u n c t i o n  th a n  would be th e  e l e c -
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t r o n i c  e n e rg y .

The Low Tem pera tu re  S u s c e p t i b i l i t y  

The z e ro  m a g n e t ic  f i e l d  s p l i t t i n g ,  cJ , o f  i s  q u i t e  s e n s i t i v e  to  

X and Arj.. The o p t i c a l  s p e c t r a  r e p o r t e d  by P r i c e  ( 6 ) ,  i n t e n s i t y  mea­

su rem en ts  o f  ESR a b s o r p t io n  ( 9 ) ,  p u ls e d  m ag n e t ic  f i e l d  r e so n a n c e  e x p e r i ­

m ents  ( 2 ) i n d i c a t e  t h a t  8 cm and th e  X and A,j, d e te rm in e d  from

th e  s u s c e p t i b i l i t y  m easurements r e p o r t e d  in  th e  l a s t  s e c t i o n  i n d i c a t e  

t h a t  8 .6  cm ^ , b u t  so f a r  no d i r e c t  measurem ent of S  h a s  been  made.

The te m p e ra tu re  dependen t te rm  o f  X u  i n c r e a s e s  as T  d e c r e a s e s ,  

goes th ro u g h  a maximum, and th e n  app roaches  ze ro  as T O. The tem p e ra ­

t u r e  a t  which th e  maximum occurs  may be found by d i f f e r e n t i a t i n g  t h e  

f i r s t  te rm  o f  Eq. (6 ) and s e t t i n g  i t  e q u a l  to  z e ro :

= 0 (14)

wiien

= (15)

T h is  e q u a t io n  i s  s a t i s f i e d  when

I
„  1 .4 6 3 ,  (16)

o r

E  = (1 .016g)  T ^  (17)

S in c e  t h e  l o c a t i o n  o f  t h e  maximum i s  d ependen t  o n ly  on E  , t h i s  i s  a 

d i r e c t  way o f  d e te rm in in g  th e  ze ro  f i e l d  s p l i t t i n g .  At p r e s e n t  Brumage 

( l a )  i s  e x te n d in g  h i s  measurem ents to  low t e m p e ra tu re s ,  and th e  r e s u l t s  

o f  t h i s  ex p e r im e n t  sh o u ld  supplem ent th e  d a t a  a l r e a d y  a v a i l a b l e .



APPENDIX I

THE STRUCTURE OF CDgHCOH AND CHgDCOH

The g e n e ra l  e x p r e s s io n  f o r  th e  moments o f  i n e r t i a  o f  th e  m o le c u le ,  

Chap ter  1 ,  Eq. ( 1 - 6 ) ,  a r e

OcM>yy -  O c F )y y  +  « C l ' y y  + ^  L7 <7-2z X ,

OcM>xz ■ < W x x  +  < V x 2 +  ^  [  ( 7  y +  ^ y > ^  +  ° ; 2 j

( W x y  -  t tcF ^ ::y  +  +  C ^ ) ]

CcM^xz "  (^CF^Xz '*' [  O ' x ^ z ]

< W y z  -  ( I c F ) y z  +  « 0 1 >y, ^  y  +  '^y>  ^  z ]  '

These e x p re s s io n s  a r e  a l s o  a p p l i c a b l e  to  C5H5 COH.

The m o le c u la r  s t r u c t u r e  o f  a c e ta ld e h y d e  has  been d e te rm in e d  by K i lb ,  

L in  and W ilson  ( 4 ) ,  and w i l l  be assumed t o  be a p p l i c a b l e  t o  CH2DCOH and 

CHDgCOH. I n  t h i s  f o rm u la t io n  C-COH i s  c o n s id e re d  to  be th e  fram e and

h as  the same i n e r t i a  p r o p e r t i e s  f o r  bo th  m olecules.,

75
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CF

F ig u re  7

CO = 1.206 X 

CH = 1.114 i  

C-C = 1.501 &

6 = 56° 5 '  

^  = 6 2 ° 3 l '

These v a lu e s  f o r  th e  s t r u c t u r a l  p a ra m e te rs  g iv e  t h e  r e s u l t s

= 4 5 . 2 8 3  arau
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02
'yy

^^CF^zz ~ 11-682 amu

( Ic F ) y z  = -12 .904  amu

(^Cp)xy -  ( Ic F )x z  "  °

= -  3.6935 x lO"^ 1

(. = 1.6197 X 10"! A

For th e  top  i t  i s  assumed t h a t  a l l  t h r e e  atoms l i e  i n  a p la n e  p e r ­

p e n d ic u l a r  t o  th e  C-C a x i s .

CT
<7T

CH2DCOH

CH = CD = 1.087 A 
T  = 108° 24'

F ig u re  8

( i c r ) x x

(%CT)yy

( Ic T )z z  = 3-9169

2 .3 4 9 8 -7 .8 2 7  x  lO’  ̂ s i n ^ *  

1 .5671+7.827 x lO '^  s in ^ *

( i c r ) x y
- 1= 7 .827  X 10 s i n  cK cos o\

CD2HCOH

CH = CD = 1.087 
T  = 108° 24'

( i c r ) x x

(lCT)yy

( I c t ) zz

(IcT^xy

1.8803  +  1.2516 sin^Ds 

3.1318 - 1.2516 sin^cK 

5 .0121

1.2516 s i n  cos c\
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CH2DC0 H

^C T ^xz  = d c T ) y z  = °

2 .5421 X lO"^ A 

= 1.7201 A

M>p Mp

CDgHCOH

yz

q  = - 2 .0341  X  10'^ A

M = 3 .6703 amu

7 . -

M

1.7201 A

= 4 .4865  amu

1% = l y  = 1.6049 amu A92
I '  = I '  = - 1 .5698 1X

amu

I ' = 4 .1541 amu A z
92

-2T? = -  8 .296 X 10

The n u m er ica l  v a lu e s  f o r  th e  terms

I '  = 5 .1978  amu A^ z

= 6 .485  X l O " ^  

i n  Eq. (3 -1 )  a r e

CDH^COH CDgHCOH

(^CM

(^CM

CCM

(^CM

(^CM

(^CM

(°)  == 59 .2306  amu A'92
XX

(1 )  = _ 6 .8921  X 10'

(2) = -  1.01983
XX

(0) = 46 .0284
yy
(2) = 1 .01983
yy
( ° )  = 16.3365
Z Z

(1) = _ 6 .8921  X 10" zz

( ° )  = -  1 .01983 
x y

( 1) =xy

(0) =
xz

= -1 5 .2 3 6 2
yz
(1) = 1.60490 yz

(^CM

(^CM 

(%CM 

(]"CM

3.44605 X 10 

- 1 .60490

-1

( I

( I

( I

(I,

( I

CM

CM

CM

CM

CM

(^CM

(0)
XX

( 1) 
XX

( 2)
XX

92= 61.2359 amu A

6.7145 X 10 

1.0660

- 1

(o) = 50 .0081
yy
( 2 ) = - 1.0660

(0)
Z Z

( 1) 
zz
(0) 
x y

( 1) 
x y

(o)

= 17.4915

= 6 .7145 X 10"!

1.0660  

= - 3 .3708 X 10 

= 1.5698

= -15 .7548

- 1

xz 
(o)
yz

(%) = -  1 .5698

A lso  f o r  Eq. (3 -2 )  th e  r e s u l t s  a r e  

l ( o )  = 59.231 amu A^ (o) _
XX XX

61.2359 amu A^
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CDHgCOH

( 1) =  
XX

( 2) =
XX

l ( o )  =
yy

l ( 2 )  =
yy

i ( o )  = 
zz

l ( l )  = 
zz

l(2) =
zz

l ( o )  = 
xy

l ( l )  = xy
j (o )  ^

X Z

l ( l )  =■̂ XZ

l ( o )  = 
yz

%(1) = 
yz

%(2) = 
yz

- 6 .8921  X 10

- 1.6399 

45 .4 0 8

1.6399

12 .154

0

2.8587 X 10 

3 .4460 X 10

- 1.6399 

0

- 1 .3314 X 10 

-1 5 .1 0 3

0

- 1 .3314  X 10

-1

-2

-1

-1

-1

l ( l )  =
XX

%(2) = 
XX

l ( o )  =
yy 

%(2) = 
yy

l ( o )  = 
zz

%(1) = 
zz

%(2) = 
zz

l (o )  = 
xy

l ( l )  = 
x y

l ( o )  = 
xz .xz

l ( o )  = 
yz

l ( l )  = 
yz

l ( 2 )  =
yz

CDgHCOH

= 6 .7415  X 10'

5 .9 1 8 4  X 10 

49 .5340

- 5 .9 1 8 4  X 10 

12.2719

0

2.1859 X 10

5 .9184  X  10

- 3 .3708 X 10

0

-  1 .0180 X 10 

-1 5 .6530

0

- 1 .0180 X 10

-1

-1

-2

-1

-1

-1

-1

For t h e  r o t a t i o n a l  c o n s ta n t s  o f  Eq. (3 -3 )  th e  r e s u l t s  a r e

CĤ DCOH CDgHCOH

8.44158 (amu A^) ' ( 10^) = 8 .16514  ( amu A^)

9 .8227  X 1 0 -1 = -8 .9 8 9 1 X i o ' 2

XX
2.4938 X 10-1

XX
= -7 .5 9 4 2 X 10-2

18.7686 16.9100

A f -
-9 .1 8 9 4  X 10"1 4 .7258 X 10-1

A i > - 70.1219 = 68.2549

A V ' -1 .3 7 3 3 = 9 .6090 X 10-1

1.0920 X 10"1 = -9 .3 0 8 2 X 10-2
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CHgDCOH CD2HCOH

= - 4 .6 7 2 1 X 10“ ^ 1.9929 X 10“ 1

= - 1 .3569 X 10“ ^ = 1.1827 X 10-1

-  4 .8 8 1 1 X 10-1 - 3 .2193 X i o “i

= -2 3 .3 2 3 0
■ -21.5689

^ 2 )  = 9 .9 6 3 2 X 10-1
" - 7.0629 X 10" 1

Also t h e  c o e f f i c i e n t s  o f  th e  t o r s i o n a l  e q u a t io n  and c e r t a i n  term s o f  

E qs . ( 3 - 7 , 1 6 ) ,  a r e

CH2DCOH 

= 1 .9228  X 10^

= 6 .3 8 7 3

( 2)
= - 1 .6535

CD2HCOH

1.6543 X 10^ (amu &) -1

-4 .1757  

6 .4511 X 10"^

= 3 .2657

= 4 .9 5 1 3  X 10 - 1

a^ = -2 .3080

= -3 .1520  X 10 -1

a = -2 3 .3 2 3 0 a =-21 .5689

by = - 5 .3 1 6 3

c,, = 1 .0385

d = 9 .1 8 7 6  X 10 -2

by = 3.7084

Cy = -6 .7818  X 10

dy = 3 .6734 X 10

-1

-2

ag = 70.1219 a^ = 68.2549

3.1937 bg = -2 .0878

Cg = - 1 .1898

dg = - 1 .0199  X 10 - 1

Cg = 9 .2504 X 10

dg, = -5 .3768  X 10 -2



APPENDIX I I

THE STRUCTURE OF CgH5C0H

The s t r u c t u r e  o f  Cg^Ĥ COH has  no t  been a c c u r a t e l y  de te rm ined  by th e  

u s u a l  methods o f  i s o t o p i c  s u b s t i t u t i o n .  I t  w i l l  be assumed t h a t  th e  

r i n g  s t r u c t u r e  has th e  same v a lu e s  f o r  th e  p a ra m e te r s  as b e n z en e ,  and 

th e n  th e  a ldehyde s t r u c t u r e  i s  s i m i l a r  to  t h a t  f o r  a c e ta ld e h y d e .

U s u a l ly  th e  s p l i t t i n g  o f  th e  s p e c t r a l  l i n e s  due to  i n t e r n a l  r o t a t i o n  i s  

n o t  as  s e n s i t i v e  t o  th e  s t r u c t u r e  as th e  a c t u a l  f r e q u e n c ie s  o f  th e  l i n e s ,  

The benzene r i n g  i s  c o n s id e re d  as th e  frame and th e  l i g h t e r  a ldehyde  

group as th e  t o p .

Benzene Ring Aldehyde Group

C-C: 1.397 A C - 0 : 1 .211

C-H: 1.084 A C-H: 1 .193

C-C c o n n ec t in g  bond: 1.480

Mg = 1.008

Mg, = 12 .01

^ = 56° 27 ' 

^  = 55° 54 '

Mq = 16.00

81
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\ 7

F i g u r e  9

The r e s u l t s  f o r  t h i s  s t r u c t u r e  a r e

( I ce),XX
259 .52 amu

(^CF^yy

(^CF^zz

(^CF^ xy

= 170.59 amu

°2
8 8 .93 amu A 

(^CF^xz ~ (^CF^yz =  0

Gl= 0 .8906 A

7=
= 3.186 A

■CT^zz 3.7817 amu A?

CT^xx 3.7817 cos

CT)yy = 3.7817 sin^o(

CT^xy =- 3. 7817 s i n #  cos  e%

CT^xz =
(^CT^yz ^  °-

= 40.,52 amu

= 15..11
On

amu A
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f o r  cx, = 0

(IcM)xx = 419.60 amu

^^CM^yy " 315.56 amu

^^CM^zz 104.04 amu

4 0 .5 2 amu %2

^^CM^kz “ ^^CM^xy = 0 .

The e f f e c t i v e  moments o f  i n e r t i a ,  Eq. ( 4 - 2 ) ,  a r e

= 419 .60  amu A^ = 8 8 .93
zz

1 ( 2 ) = -123 .80
XX

= -123 .80
xy

l ( ° )  = 206.87 :%z = 0

l ( 2 )  = 123,80
yy

I  = 0 .yz

For th e  r o t a t i o n a l  c o n s ta n t s  o f  Eqs. ( 4 -3 ,1 9 )  th e  r e s u l t s  a re

= 1.1916 (amu A ^)"^  ( 1 0 ) ^ = 5 .6223
zz

y/<(2) = 5 ,6197 X 10"^
^  XX = -7 .1 3 1 1  X 10

= 2 .4170 -"Scz "  0

= -1 .0 1 9 7
-  °

R = 1 .2683 X 10“ ^

-1

A lso  th e  c o e f f i c i e n t s  o f  th e  t o r s i o n a l  e q u a t io n  and c e r t a i n  term s o f  

Eqs. ( 4 - 8 , 1 9 ) ,  a re

^  °  5 .1085  ( 1 2  ( io 3 )

- 7  = - 6 .4824
I  yyz

= 5.6223



R = 1 .2683 X 10
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■1

= 5.6099 X 10 (amu A^) (lO^) 

= 1.0499 X

g

T

( ° )  = 7 .7193 X 10^ (amu)3

= 9 .7908 X 10^.



APPENDIX I I I

A Van V leck  t r a n s fo r m a t io n  h a s  been c a r r i e d  o u t  to  f o u r t h  o r d e r .  

The r e s u l t  i s :

H = Ho +

^ ( n ^ | H i | n ' T ) ( n ' [ f " | H i | n / )
( n j l E I n ^ ' )  = (n .é /H i ln ^ ')  + /  ----------- ; -------- ; ---------------------

^  ^ n  -  V

(njg \n^ 1 n 'Y ' )  ( n 'T l H ^  | n "  V ' ) (n "  ' i  " ')  | n ^ '  )

(E^ - En'O (E^ - E ^ '" )

- l a

+

(En - E n " ' ) 2  

(njg| E^l n'"';, ) (n "  " '| | n / ' )  ( n / '  lE^I n f  )

(En -  Eo" ' ) 2

W | H i | n " r ) ( n Y ' | H l | n " Y ' " ) ( n " : / ' " | H ^ ( n " Y ' " ) ( n ' " y ' " l % | : i r )

(En -  En") (En -  E n '" )  (En -  En"")

1 ^ r ( n ^ |H i |  n 'Y ' )  (n ':^ " |H i |  n / " )  ( n / '  ' | E^ | n " '^  " " ) ( n " ' y " ' | H ^ | n Y )

2 (E^ -  En" ) 2 (En - En"")

( n i ( H ^ ( n 7 " ) ( n " i " / % / n ^ " ' ) ( n ^ ' " | H j  n " " / " ' ) ( n " 'Y " ' | H ^ | n ^ ' )  1

(En -  En") (En -  En" " )2  J
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(E„ - E„..)3

Z -  L (E „ -  E ^ ..)2  (E^ -  E ^ .m.)

(E„ -  E^"") (E„ - E„..)-



APPENDIX IV 

FOEMUIATION FOR C^H^COH WHEN s >  100

The r e s u l t s  o f  C hap ter  IV a re  a p p l i c a b l e  when th e  b a r r i e r  h e ig h t  

p a r a m e te r ,  s ,  i s  l e s s  than  100. Above t h i s  v a lu e  th e  s o l u t i o n s  of 

M a th e iu s  e q u a t i o n  have not been  t a b u l a t e d .  I n  t h i s  r e g io n  i t  appears  

b e s t  to  expand th e  t r i g o n o m e t r i c  f u n c t i o n s ,  s i n  , about = 0 . Then 

t h e  z e r o e th  o r d e r  t o r s i o n a l  f u n c t io n s  a re  th e  H erm ite  p o ly n o m ia ls ,  j jf  

we use  l o c a l i z e d  f u n c t io n s .  T h is  i s  r e a s o n a b le  s in c e  th e  o v e r la p  i n ­

t e g r a l s  when th e  symmetry f u n c t i o n s  a r e  used  i s  e x c e p t i o n a l l y  sm a l l ;  

a f f e c t i n g  th e  n in th  d i g i t  o f  t h e  en e rg y  f o r  s = 1 0 0 .

Under t h e s e  c o n d i t io n s  t h e  H a m il to n ia n  has th e  form

Ho = %  + %

«T p 2 +  Vo(2

and Hj  ̂ i s  t h e  same as Eq. ( 4 - 1 8 ) .  Then H.j, and Ĥ ^  ̂ a re  

H^ = V + - +  • • • )

+  A ( o(^) +  B ( ck'  ̂ P^ +  p^

+  C ( p^ +  p^

llpR = (D <7(2 +  E 0(4) P^2 +  (Fo(2  ^  g ^4^  P ^

+ (H o( +  I  0(3) (P%Py + PyP%).
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+ ^J(  0<p + P X ) +^ ( o <^ P  + P J  

+ |^Lp +M(o<^ p + p + N(o<^ p + p o(^)J  Pj

+  0  P Pz-

The c o e f f i c i e n t s  a r e  r e l a t e d  t o  th o s e  used  i n  C hap te r  TV i n  th e  f o l lo w in g  

manner ;

A
(2)

( 6)
T

D = (2)

K -  - ( |  a ( ° )  +  a<2 ) )  

,(»)
2CX

( 2)
yy

(4)
yy

a

F =y<. ( 2)
yy

N == 1 .(O ) 4. 5 (2)

H = ( 1 )

0 =  2yU .

y
(o)
zz

+ -T a +  a 
6 y y

(4)

x y

where t h e  a^ a r e  th e  c o e f f i c i e n t s  i n  Eq. (4 -1 9 ) .

The method o f  s o l u t i o n  i s  as fo l lo w s ;  th e  e ig e n f u n c t io n s  o f  

a r e  th e  b a s i s  f o r  th e  p e r t u r b a t i o n  c a l c u l a t i o n .  The p e r t u r b in g  H am il­

t o n i a n  i s  and th e  o f f  d ia g o n a l  e lem en ts  a r e  removed by th e

Van V leck  t r a n s f o r m a t i o n .  Around s = 100 i t  i s  n e c e s s a ry  to  c a l c u l a t e

2
up to  f o u r t h  o r d e r  term s to  o b t a i n  th e  c o e f f i c i e n t s  o f  P^ , e t c .  For  

s )> 500 o n ly  t h i r d  o r d e r  p e r t u r b a t i o n  i s  n e c e s s a ry .  The m a t r ix  e le m en ts  

o f  5 p ^ j  b ? p ^ ,  e t c ,  a r e  m ost e a s i l y  d e te rm in e d  by m a t r ix  m u l t i p l i c a ­

t i o n ,  s t a r t i n g  w i th

(n 1 o( 1 n+1 ) = —  (n+1) ^
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(n  l 4 | n - 1) = -rLrj- (n )^

( n | - ^ | n - l )  = -  j - l '  ( n )  

2 _

2

Vo

■

S in c e  th e  b a s i c  f u n c t io n s  a r e  l o c a l i z e d  a t  0 and TT , and th e  " o v e r la p "  

i n t e g r a l s  a r e  s m a l l ,  i t  i s  p o s s ib l e  t o  t r a n s fo r m  to  th e  p r i n c i p a l  axes 

o f  th e  m o le c u le  i n  th e  l i m i t  o f  i n f i n i t e  b a r r i e r .  T h is  p ro c e d u re  has  not 

been u t i l i z e d  h e r e ,  bu t  cou ld  reduce p a r t  o f  th e  c a l c u l a t i o n  in v o lv e d .
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