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INTRODUCTION

For several years the study of hindered internal rotation in mole-
cules has been of interest. Many approaches have been utilized in study-
ing the problem, one of which is microwave spectroscopy where the overall
rotational spectrum is observed and the effective rotational constants of
the molecule are quite sensitive to the internal motion.

The classic example of a molecule exhibiting internal rotation is
ethane, CH3-CH3. In this case one methyl group is able to rotate rela-
tive to the other about the carbon-carbon bond. It is found that there
is a force hindering the internal motion which has the three-fold symme-
try of the molecule. Other examples of molecules exhibiting this property
are acetaldehyde, CHBCOH, methyl alcohol, CH4O0H, and ethyl chloride,
CH4CH,C1.

One observes that a characteristic of these molecules is that the
top, or internal rotor, has the rotational properties of a symmetric top,
i.e. any set of orthogonal axes perpendicular to the symmetry axis of the
top are principal axes with, of course, the same values for the moments
of inertia. Therefore as the top rotates relative to the second part of
the molecule, commonly designated the frame, the principal axes of the
entire molecule do not change orientation, hence the moments of inertia of
the molecule do not depend explicitly upon the angle of internal motion.

The molecular dynamics of this class of molecules has received intensive
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study. A semi-empirical expression for the potential hindering the
internal motion has been found, with values for the potential barrier
hindering the internal motion in different molecules being extensively
tabulated. A review of the general theory has recently been made by
Lin and Swalen (15). This review discusses various theoretical approches
to the problem, works out some illustrative examples, and lists the
values of the barrier heights known at the time of publication.

Although the empirical barrier heights for some forty molecules
are known, the exact origin of the potential hindering the motion is
subject to conjecture. In principle it should be possible to determine
the potential from a straight-forward quantum mechanical calculation,
but at this time the mathematical difficulties make such a treatment
highly impractical. An alternative approach is to use physical insight
and careful analysis of the data available to see if the behavior of
the potential follows the pattern of any intermolecular interaction
such as Van der Waals or resonance forces. Positive results of such an
analysis would certainly be helpful to one making the quantum mechanical
calculation in suggesting the proper physical or mathematical approxima-
tion in attacking the problem.

But even with the number of barrier heights which have been deter-
mined empirically, the second approach has not been successful. One
difficulty might be that the known cases are all of a single type -
where the top and hindering potential have a three-fold symmetry axis.
Possibly the study of a more general class of molecules and the subse-
quent determination of their barrier heights would be useful in pin-
pointing the origin of the barrier. With this in mind an extended

theory of the molecular dynamics in internal rotation has been developed.
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The theory developed in this thesis is applicable to molecules
where neither the internal rotor nor the frame have the rotational pro-
perties of a symmetric top. The complicating feature is that the
moments of inertia now depend explicitly on the angle of internal ro-
tation. A few examples of molecules of this type are deuterated acetal-
dehyde, CHZDCOH and CD2HCOH, benzaldehyde, C6H5COH, and nitronenzene,
CGH5N02. This is not the first attempt to formulate the internal ro-
tation problem for the more general molecules. Price (16) developed
a theory for specific application to determine the barrier height from
the vapor heat capacity of the molecule. Also Burkhard and Irwin (1,2)
developed a complicated thedry as applied to the microwave rotational
spectrum, but so far it has been too formidable a task to apply to the
barrier determination of a specific molecule.

The work in this thesis has been two-fold. First to see if a
theory could be formulated with a minimum of complicating features in
the application; and second to apply the theory specifically in the
analysis of the microwave rotational spectrum of CD,HCOH and CH,DCOH
(4), and of C6HSCOH whose spectrum has recently been observed and inter-
preted by Kojima (12, 12a).

An outline of the material presented in the thesis is as follows:
Chapter I contains the classical formulation of the problem. Express-
ions are obtained for the kinetic energy and angular momentum of the
system. A brief discussion is devoted to the choice of a potential
function hindering the internal motion. The relation between conju-
gate coordinates and momenta is established. Finally a transformation
is applied to the classical Hamiltonian which puts it in a particularly

desirable form for the quantum mechanical problem. In Chapter II the
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quantum mechanical Hamiltonian is obtained. Also the method of expan-
sion of the rotational constants in terms of the internal coordinate is
developed; this is a key part of the formulation. Then in Chapter IIX
the theory is applied to the specific problem of analyzing the rota-
tional spectrum of CDZHCOH and CHZDCOH. Finally Chapter IV contains

the application to C6HSCOH and the attempt to determine this molecule's

barrier height from its rotational spectrum.



A THEORY OF INTERNAL ROTATION FOR COMPLETELY ASYMMETRIC MOLECULES

WITH APPLICATIONS TO CH,DCCH, CD HCOH AND C6HSCOH

2 2

CHAPTER I
THE CLASSICAL HAMILTONIAN

For problems concerned with molecular dynamics the customary pro-
cedure is to formulate the classical model of the molecule and then
the transition to the quantum mechanical form follows in a straight-
forward manner. The method of approach for internal rotation will be
recognized as quite éimilar to that of Wilson and Howard (20) in their
consideration of vibration-rotation interaction, the primary differences
being: 1) the internal degree of freedom in this problem is that of
internal rotation, and 2) the internal axes of the molecule are spec-
ified by different criteria. A familiarity with the vibration-rotation
problem, as well as the internal rotation of molecules such as CH40H,
is helpful in following parts of the theory.

There are a few assumptions and approximations which are used in
the development of the expressions for both the kinetic energy and
angular momentum of the molecule. Some consist of no more than speci-
fication of the molecular axes, the choice of which does simplify the
calculation, but others are a purely physical nature and limit the
applicability of the theory and the "accuracy' of certain results.

The approximations and assumptions are as follows:

5
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1. The molecule is composed of two rigid parts which may rotate
about a bond connecting them, for example the C~0 bond in methyl alcohol.
Other modes of internal vibration are neglected and could become impor-
tant if the torsional and vibration modes have nearly the same fre-
quency. Physically the interaction corresponds to a coupling between
the two types of internal motion. The vibration-torsional interaction
has been studied extensively by Kilvelson (7,8,9,10,11) and by Swan and
Strandberg (17).

2. The molecular axes have their origin at the center of mass of
the molecule, CM. Therefore the overall rotation and translation
separate, as is not the situation in the formulation by Price (16).
After separating out the translational terms the molecule has four
degrees of freedom: three of overall rotation and one of internal motion
(rotation about the bond connecting the top and the frame).

3. The frame has a plane of symmetry. An extension to the more
general case is straightforward.

4. Neither the center of mass of the frame, CF, nor the center of
mass of the top, CT, lie nécessarily.aldhg the internal rotation axis.

“

5. The axes of the molecule always remain parallel to the axes
fixed in the frame when the top rotates.

6. The z-axis of the molecule is parallel to the bond axis and
is directed toward the top; the y-axis 1s parallel to the plane of
symmetry of the frame; and the x-axis is perpendicular to the plane of
symnetry of the frame. The coordinate system follows the right hand
rule.

7. The internal coordinate, o\ , is measured from the equilibrium

configuration which is assumed to be @ = G} % . (See Figure 1).
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Figure 1 shows how various displacement vectors used in the deriva-
tion are related to the distances of the mass points from CM. They

are defined as follows:

Figure 1.

CM: center of mass of the molecule

CF: center of mass of the frame

CT: center of mass of the top

r:: a vector from CM to a mass point of the frame, m, .
a vector from CM to a mass point of the top, mj .
@ : a vector from CM to CF.

: a vector from CF to the ''connection' of the top, (i.e., a bonded
atom) .

G : a vector from the connection of the top to CT.

a;: a vector from CF to a mass point of the frame.

a:: a vector from CT to a mass point of the top.

A : the angle of relative orientation between top and frame.

W, : the components of angular velocity projected on the body axes.



Then the following relations hold:

r, =R + a; r. =2+ + R +a,
1 TRt pTare ) (1-1)
o= R Bo= G+
and
T=% xCT =- (0, it %O j
. 3 - x— (1-2)
a; =X xa;=-dA(apy, L+ X (3, ]
since
N
A= 2
Also the center of mass relation
Rt (748 =
implies that
My . Mp .
R=-% (+2; R=-% ¢ (1-3)

M : mass of the entire molecule
MF: mass of the frame

MT: mass of the top.

The Kinetic Energy

The kinetic energy of a system of mass points relative to a set

of axes fixed in space is

= p2 R 2 -
2T Zmi B2 + ij & . (1-4)

This may be separated into two independent parts if a new coordinate
system is chosen with origin at the center of mass of the molecule. It

will be assumed that the separation has been performed and we will be
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concerned only with the kinetic energy relative to the center of mass

of the molecule (3).

Then the kinetic energy may be expressed in the simpler form

2T = Zmi[i‘ +Wx r:’ + 5— [r +w x rJ]z (1-5)

where &) is the angular velocity relative to a set of axes fixed in
the molecule. Substitution of the quantities defined in Eq. (1-1) and

expanding the quadratic expressions lead to

7= ot Lot e + Ut G2 TR Snyag
+2¢'ij éj+2P'Qmei5i+2MFG'QX@

+2MTO‘wx:7+2 Zma+2MTGw g

(1-6)
+ZG‘ ‘UXZm a+2MTG‘ wxp+ZZm _. W x

x(:7+g+@+_a_j)+2MT[2'9_°XZZ+H¢I(_§'Q‘_)X_Q_
+2{3 me g_.+2Mré'f.‘Jx@

where I is the inertial tensor having components of the moments of
inertia of the whole molecule about its center of mass. The expres-

sion reduces when use is made of the definition of a. Zm . =0,

=3
with the result

2T—w+1w+Mp +MT(T +2MTQ +2MP ©x O
+ijé§+22mj_é_j'L__Qx_gj-i-ZMTQ‘_"?_Jx_?Z
(1-7)
+2MTG 0‘+2MTO" wx[)-i-ZMT() wx7

+ 2y
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Finally introducing the assumptions listed in part one, the kinetic energy

may be expressed in the form

M . . 2
2= wrie+ 2L G 2a 2+ °<

- = M C‘I‘)zz

: Mr Mg 2 ]
2 wz{ M (L +0‘y7y)+(ICT>zz

o Mp Mp
2d W X T 7zo‘y+(ICT)sz

Mp
M

(1-8)

<

-2 wxx ) Tt Tory |
where (ICT)ij is the moment of inertia of the particles comprising the
top about the center of mass of the top, CT.

The origin of the various terms in the kinetic energy is obvious:
the first term represents the energy of overall rotation, the second and
third are the kinetic energy of internal motion, and then the remaining

terms represent a coupling between the internal and external motions.

The Angulatr Momentum

When obtaining the quantum mechanical Hamiltonian from the classical
formulation it is convenient to have the kinetic energy as a function of

P ,P , P

x? Py> the components of total angular momentum about the body axes

z’
and commonly referred to as momentoids. In addition the momentoids
must be expressible in terms of momenta conjugate to some coordinates

which are usually chosen as the Eulerian angles.

The angular momentum, P, is by definition (3)

P =Zmi[£i X (i‘i + wx Ei)] + ijizj P (ij + Wx Ej)] (1-9)

which easily reduces to
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P=1lw+ Zmi (r; x ii) + ij (Ej X EJ) (1-10)

After the substitution of Egqs. (1l-1) and (1-2), and then simplifying in
the same manner as for the kinetic energy, the form for the total angular

momentum,

=1e-A {(ICT)XZ +

M X 72 =
. M
- lagp,, v B o 723 (1-11)

. M
A [(ICT)zz + IE (0?4 Ty O'y)] =

is obtained. One observes that P, Py, P, obtained in the following

manner are identical with those of Eq. (1-11):

AT : Mo Mp J
P = Wy —Ixxwx-lxyw}’—lxzwz -d‘.(ICT)xz*— M 720—

X

9T _ . Mp Mp

Py =35 y'Iyy"-’y'Ixy‘*)x’Iyz‘oz"*Y_(Icm)yz*T‘Zz@'y]
. oT _ _ [ My Mp

I’z— awz—lzza)z-lxzb‘)x Iyza)y+d(ICT)zz+ M y]
_dT . [ 2:] (1-12)

P % = & (ICTZZ+ T 4 |
- W

E(ICT)XZ-I-MTMF 72 0‘]
[(I) +MTMF

CT ¥z

MT
+ wz [(ICT) MMF

8

W'ﬂ

The momentum p, is that corresponding to the fourth degree of freedom.

It is necessary to use a momentum which is conjugate to some coordinate

T

in the quantum mechanical formulation and p = —Z-= satisfies this condition.
o
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The kinetic energy, T, may be expressed in terms of the Eulerian

angles 6 s (f , (f’ by making use of the transformation

cox = L.psing sin¢ + écos?’
a)y = (ésin 8 cos ¥ - Bsinff (i-13)
Loz = qacoségi- %’

After this substitution T has a quite complicated form and will not be
reproduced here. The important thing is that T can be expressed in
terms of coordinates to which there are conjugate moments Py > By > pq’ .

To express Px in this representation use is made of the relation

Dt _d1 98 A1 d¢  d1 ¢

P = ) + . v + Iy . (1“14)
X Wy 9 oW, 2¢ oW, 2¢ oW,

This leads to the expressions
Px=cos pra + csc B sin¥ Py - cot & sin¢/a°¢
Py = - gin ‘f pet csc B cos¥ Py - cot & cos ¢@q, (1-15)
P, =Ry

Note that | 9 Py’ Pz are functions only of the Eulerian angles and their
conjugate moments; thus Pys Py, Pz commute with p = —a-%;—r-, the momentum
of internal rotation.

It is worthwhile to summarize the results of this section. It has
been found that Px, Py’ PZ depend only on b s ff s (f and thelr conju-
gate momenta - not on & or p; also they are the components of total
angular momentum and therefore satisfy the commutation relations. Since

p is conjugate to o , when the quantum mechanical formalism is developed

p may be replaced by the operator - i )

o4
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Transformation of the Classical Kinetic Energy

The formulation is now to the point where a transformation of the
kinetic energy from the angular velocity to the angular momentum coor-
dinates can be made. First it is necessary to solve the fourth of Eq.

(1-12) for & , such that
1

'
. I I
d=24i p-X gina @ +L cosyq & -(1+’zcoso{)a) (1-16)
Il X II y zZ

z z

where the definitions

sin& (r.) =(1 cos o

]
(T, = - Tepdy, cr’yz cMyz

(1-17)

have been used. Next o is eliminated from the first three of Eq. (1-12)

by substitution of Eq. (1-16). After a slight rearrangement the results

are
Px-p}’= xxwx-Iway-Ixzwz
P - =1 -1 W, -1 1-1
y TPy Tlydy Ly Wr Ly W, (1-18)
PZ'PZ=Izzwz-Ixzwx_ yquy

where the Iij are effective moments of inertia defined so that
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1'2
= . X . 2
Ixx (ICM)xx ;—- sin‘
Z
1.2
= -y 2
Iyy (ICM)yy = cos “of
zZ
I, = (Tapg, = I (1 + % cose)?
1! 1!
Iy = (ICM)xy - .:_'X sin o cos o
z (1-19)
I =

%z (ICM)xz + I}'{ (1 + "»Z cos o ) sing

_ - 1
Iyz = (ICM)yz Iy (1 + "Zcos ch ) cos &
Il
Px = —}‘,c‘ sin X p
I,
Il
Py = - ﬁ cos A p
z
p =

2 (l+'zcosq)p.

where (ICM)ij are the components of inertia of the entire molecule or
the molecular axes through the center of mass of the entire molecule.

At this point it should be remembered that Px, Py, P, are still the
components of total angular momentum of the molecule referred to the
body axes. The following physical significance can be attached to the
Px» py, P, ¢ they are the components of angular mementum of the top,
including both the internal and overall rotation. Note in the fourth
of Eq. (1-12) that when 5( = 0, as would be the case for a completely
rigid molecule, p does not vanish.

Next we find that

2 = By b)) Wy + (By - R W + (B - p) W, +1 52 (1290
I

4
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which may be verified by direct substitution of Egs. (1-18) into Eq. (1-20).
Now the inverseﬁ/ét , to the inertia tensor in Eqs. (1-18) is easily found

and the results may be expressed as

Q= SMyy(By =P ) + 2 (B - b)) + 24 (R, - p,)

I

Wy = 2y By = py) + 4%y @y - ) + 24, (B, - 7)) (1-21)

Ldz h E/AEZ(PZ T Pp) ¥ 2/'a'xz(PX TPy * %/Q§Z(PY ) py)"

After substitution of Eqs. (1-21) into Eqs. (1-20) we finally obtain the

result

2
T U (@ - p)t F A @ - ) @, - )

My By m PR - p) A, (B - ) (B, - p) (1-22)

- - 2, u=_L
+2M By - Py (B, - p,) B P M poy
Z

Eq. (1-22) will be the starting point for the quantum mechanical formula-
tion. General expressions for the moments of inertia and rotational
constants depend upon the particular molecule under consideration and
will be found in Chapters III and IV.

It is interesting to see how our formulation reduces for a symme-
tric top internal rotor. The alterations are: 1) /=0, 2) (I

)

CT)xz -

Tap

vz = 03 from which it follows that p, = py = 0. Therefore

= 2 2 Y 2
T ‘//zxx P +//zyy Py +//a§z (B, - p) 4>/Lp
(1-23)
+ g/zxy PPy 24 PP, +'§/“yz PSP,

and the result is the same as that used in the usual PAM formulation (15).
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The Potential Energy

The ultimate goal of the calculation is to determine the height of
the potential barrier hindering the internal motion. Since the exact
origin of the barrier is not known, the only condition which we may impose
upon its behavior is that it has the symmetry of the molecule under the
internal rotation.

For the molecules CDZHCOH and CH _DCOH we will assume the customary

2

three-fold barrier, neglecting six-fold and higher order terms:

V3
V(x )= 7 (1 -~ cos 3%). (1-24)

The benzaldehyde molecule is invariant underla rotationof n T, n = 0,
1,-++, so we will expand the potential in the Fourier series
V(o()=ZA cos 2n o
n=0 20

The first few terms are
VZ V4
V(O\)=2—(1-cos 20()+§-(1-cos o) +, (1-25)
the customary procedure will be followed and only the first order term
will be kept. Under this assumption we obtain
Vs 9
V() =37 (L - cos 2) =V, sin“ & . (1-26)
For further discussion one is referred to the review article of Lin and

Swalen (15).



CHAPTER II1
THE QUANTUM MECHANICAL HAMILTONIAN

The results of the previous thapter lead directly to the correct
formulation of the quantum mechanical Hamiltonian. The development of
the theory has been presented in detail by Wilson et. al. (19, 20) for
vibration-rotation interaction, and it is not necessary to review all of
the details,

Essentially the results are that the kinetic energy operator has

the complicated form (19)
T = g-%iz-_ (B - pi)/“ij g (®5 - py) g5+ gk p/fg% pg® (2-1)
]

where //uij’ Pi, Pis P, etc., are the same quantities as those appearing
in Eq. (1-22) except that they have been replaced by the proper quantum
mechanical operators; then g = | & l_l Note that & are

P 5 g 1] . 1j’ g Pi
functions of the angle of internal rotation, & . This follows because
the internal rotor is not a symmetric top. The P; commute with all of
these quantities except, of course, the other Pj, since they are functions
only of the Eulerian angles and their conjugate momenta. The Hamilton-
ian operator is obtained by adding the potential energy V(¢y) to Eq.
(2-1).

Partial expansion of the sum in Eq. (2-1) gives

H = Hp + Hyg + Hy (2-2)

17
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where

., 0 2 ) _ 2 ©) 2 (0)
By M Bt Mg BT R 2 C (BRHEER)
(2-3)

0
%iz) (B2, +P,2) +/¢}(72) (B, + P P)
% I S 5 0"

Hp = g Zpyzijg P8 "ts mupeg p g %+ V(o) (2-4)

= 2 2 2
Hpp = Ay ()P, +/ayy(a()1>y + A4, ()P, +/¢Xy(ar)(1>xpy+1>ypx)

+/6tzz(o( )(PxPz + Psz) +/£{yz(o{)(Psz + PZPy) (2-5)

'%Zp s P, -8%2/ P; P g%

Both Hg, HT may be considered part of the unperturbed Hamiltonian, "% HR
is independent of the internal coordinate, @ , and thus depends only on
the over all rotational quantum numbers; while Hyp is a function only of
&4 , and therefore will be independent of the overall rotation. And
then H’I‘R represents the coupling between the internal and overall motion.
The last two terms of Eq. (2-5) may be combined with the simplification
- ?[z/ulj Pi " (pi/“ij)]?j (2-6)
where 1 operates only on the quantity in parenthesis.

A convenient basis for the representation of H is the product

function

Yoo =4 @ ¢ =0 (2-7)

where QRT is an eigenfunction of 1 = H'R + H‘I" qu of HR and ?T

ofHT;
W F o) = g tay £ @a) = (5 +Ep Prp@A)  (29)
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By ® =5 Y ® (2-9)
Hy ‘fT (4) = E; Qp,r () (2-10)

In practice the basic functions QDR (R) will be either those of the
symmetric top or the Wang representation, although at this time it is
not necessary to specify the representation of R. The qﬁ'l‘ (of) should
be determined from HT and their exact form will depend upon the choice
of V(o{); i.e., whether the potential energy has two or three fold
symmetry.

The coupling between the internal and overall rdtation, HTR’ will
be treated as a perturbation, using as a basis the Sé/RT of Eq. (2-7).
From the choice of molecular axes, Hpp 1s not small, and even at the
limit of V=@ (i.e., the limit of a rigid molecule) its contribution to
the rotational energy does not vanish. Therefore, in the application,
there are situations when it might be necessary to use third or fourth
order perturbation corrections. Quite often, though, first and second
order theory are sufficient to determine the barrier height, but the
higher order terms would be necessary to determine the complete rota-
tional spectrum accurately.

For discussion of the details of the theory it is best to consider
the application to a specific molecule, because the functional form of
the rotational constants depend upon the structure of the molecule. But
at this point it worthwhile to point out that it will be possible to
express th%/xk ij(a() of Eq. (2-5) in a converging power series of
sin® ¢ and cos%x . This will allow for the evaluation of certain inte-

grals which otherwise would not be possible. The series arises from
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g =g° +g(), Eq. (2-1) and the convergence of the series depends upon
the ratio g(C%)/go. Therefore this theory will be applicable only if

this ratio is less than one, which will be the case for the molecules

considered in the next two chapters.



CHAPTER III
APPLICATION OF THE THEORY TO CDH,COH AND CHD,COH

Internal rotation in acetaldehyde, CH 4COH, and two of its deuterated
species, CD3COH and CD3COD, has been studied quite intensively (4, 14).
The potential barrier hindering the internal rotation has been determined
conclusively to be of the order of 400 cm-1 and to be relatively inde~
pendent of the isotopic species. In addition the microwave rotational

spectrum of CHD,COH and CHZDCOH has been reported, but this spectrum has

2
not been analyzed on the basis of internal rptation. In this chapter
the theory developed earlier will be applied to these two molecules, and
it will be found that the potential barrier for these molecules is in
good agreement with those determined for CH4COH, etc. Therefore these

molecules for which the barrier height is presumably already known pro-

vide a good illustration and check of the theory.

Molecular Structure

The molecular structure of acetaldehyde is well determined (4).
The same structure will be used for CHZDCOH and CDZHCOH. The actual

evaluation of the moments of inertia is found in Appendix I.

Rotational Constants

The moments of inertia of the molecule have the general form

21
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Tomdxx = (ICM)}(:{) + (ICM);EZ) cos of + (ICM)}E? sin’y

Tadyy = (ICM);:,) + (ICM):;) sinZof

(Ugpy, = Tgp + (g ) coses

Gapsy = Ggpty) sinx + (g sin & cos (3-1)
(o, = (ICM):EZ) sin o

Tadyz = (ICM)}EZ) + (ICM);Z) cos

In Chapter I the molecular axes were chosen so that z is parallel to the
internal rotation axis, y parallel to the COH plane, and x perpendicular
to this plane.

After the transformation to the effective moments of inertia, defined

in Eq. (1-15, 16, 17, 18), one now has for Iij

- 10+ 1D coss + (1)@ (1;92] 2
Iex = T sk (ICM)xx cos X ( CM)xx - I; sin"of
_ ()  (a)? @  ahzl
Iy = (ICM)yy - —;‘i—-—» +[_(ICM)yy + —--Y——-Ié Js:.n of
I,, = (ICM)S;)- I (1+ »22) {(Icm):i) - ZI;’Z}COSO( + 1;72 sin’e

1 (3"2)

() W LiL
xy = (ICM)xy singf + (ICM)XY - o sineo cosoy
z

(o)
[(ICM)xz + I};]sino( + I}'{ ’7 sin of cos g

]
|

(o) ' (1) ' ' 2
vz (ICM)yZ - Iy')z +[(ICM)yz - Iy] cosg + Iy ’? sin“of

=
i

The transformation to obtain Eq. (1-20) is from the Iij to the/l{ij. In

their expanded form the/u,ij are
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S D D) s s oD i

A C) (2) . 2 .
/ayy _/«yy +/((yy sin‘ey +

-, (2) , 2 .
/azz -/uzz +/(zz singf +
(3-3)

/axy =/l(}({;) sin o -l/(.il) sinof cosef + °°°
Yy
1
M =/0‘}(<Z) sin A +/d}({z) sinof cosef + °°

(o) (0)
gz = A, T4,

sinzq +

For CH,DCOH and CDZHCOH the convergence of the series is quite rapid; the

. -2 (2)
next order terms are approximately 10 smaller than the/o( i3

The Torsional Equation

That part of the Hamiltonian which depends only on the internal

coordinate, & , in Eq. (2-4),

j&(p g% p g'% + ‘—;é (l-cos 3of), (3-4)

Hp = g'%ZPy'tij g* Py tg

where the/4(ij are defined in Eq. (3-3) and

I.' I’
== , . : o
Px I; (sinef p + p siny ) py_I; (cosef p + p coser )
= <+ + = - a -
Pz =P+ 7 (cos o p + p cosar) P e (3-5)
M= ?]1:—' g=2(42 D) coser+ g sin’y
z

It is convenient to expand the summation in Eq. (3-4) with the result

Hp =/14,§o) p2 -i-/ﬂ,l(jl) (cos & p2 + p2 cosof )
(3-6)

2 2 v
-I-/H,,(, ) (sin o P2 + p2 Siﬂzo{) +§§ (1-cos 3¢)
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(o) (o) (o) (o)
T Ao (1 + oZ 2y + (_)zl 27 _l/a + A
(1) (o)
Z{TZ/‘ZZ - /“(“]

2 (2) v (o)
B - ) ety v "/txz L ( )Ax

I 1!
(] S g
42 Ez[ © _ L@
1? ZIé ,/A“yz.]
The higher order terms which have been neglected in Eq. (3-6) are 10_2
times smaller than those angular dependent terms which have been included.
The first thing one observes about Eq. (3-6) is that Hp is no longer
in&ariant under a rotation of + Z’Tr/3. Again this follows from the fact
that the internal rotor is not a symmetric top. 1In CHZDCOH, for example,
there are two isometric configurations: in one case the hydrogen of the
top can oppose the oxygen of the frame; and in the other configuration
one of the deuteriums of the top opposes the oxygen of the frame. The
former configuration is referred to as the symmetrical and the latter
the asymmetrical.
If the angular dependent terms of the kinetic energy are neglected
in Eq. (3-6), we obtain the differential equation

(@) 42
/(T %3 -2-;3- (l-cos 3X%) U = EU. (3-7)

The solutions of this equation, which is related to Mathieu's equation
and the eigenfunctions and eigenvalues have been tabulated (5, 18).
Briefly the results are as follows: There are two types of eigenvalues,

a non-degenerate level ( A-type) and a two-fold degenerate level ( E-type).
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For En << Vs, the A and E levels are themselves nearly degenerate, and
at V3*90° would become degenerate. The splitting of the A and E levels
is related to the probability of the top tunneling through the potential
barrier. It has been customary to use two sets of quantum numbers to
specify the torsional energy levels. One set of A and E levels are said
to form a torsional state with quantum number n; and then the A and E
levels are torsional substates denoted by U~ = 0 for the A level and

C" = 4+ 1 for the degenerate E levels. It is found that

and therefore the nomenclature of state and substate is justified. The
energy eigenvalues are En,o~ with corresponding eigenfunctions Un, ;
(5, 18).

Now the inclusion of the angular dependent kinetic energy terms of
Eq. (3-6) has similar qualitative features to those discussed above.
Within each torsional state the degeneracy is completely removed. Con-
sider the torsional state n = o; within this state there are three sub-
states which will be denoted by the quantum numbers 0,5 0+, 0_ (the
number for n, the subscript for the substate). The state 0, corres-
ponds to the symmetrical configuration at infinite barrier, and the states
04 and 0. are those of the asymmetrical configuration, which at infinite
potential barrier would become degenerate. The separation of the energy

levels is roughly

E0+ B EO_"V IEO,G"=0 B Eo,°‘=1ll<< |E0+ B EOO,<<\E0+ " Ene (3-9)
- o

Our procedure will be as follows: we are primarily interested in
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the ground torsional state, and thus will use the 00, O+, 0_ representa-
tion for it. But for the higher torsional states, n > o, we will con-
tinue to use the symmetric top internal rotor representation of n, .
These states only enter through the perturbation theory. For the ground

torsional state, then, we have

1
==\ v +U +U ]
(POO 3 [ G =0 a =1 T == 1
QD =+ [ 2w - U - v } (3-10)
0p /5 0 =0 - =1 G =-1

CPO_=\/%[UO'=1-UO'=_]_] @=i23in2%

(the phase of (PO is arbitrarilly chosen for convenience). Also, if

H; f//<;°) b + ;ﬁ (L-cos 34 ), (3-11)
H’I" = ,15/“;1) (cosa p2+ p2 cosef )+ %/4,1(-,2) (sinza( p2+p2 sinza( )y (3-12)

then the energy matrix elements for the ground state are

L o o ,
(0, [Hp]0,) =3 [(o,olnT[o,o) + 2(0,1{Hp{0,1) + (o,o\HT\o,o)

+

2(0,1|H%|O,L) + 4(0,0|Hp|0,1) + 2(0,-1|Hé\0,1)]
(3-13)

0,510, = =] 20,0182[0,0) + (0,11E2[0,1) + 2(0,0[}[0,0)

+

(0,1{8}[0,1) - 4(0,0{H4]0,1) + (0,-1/E}10,1) ]

(©_|5p0.)

(0,1lHg10,1) + (0,1lHp[0,1) - (0,-1]H |0,1)
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-
(0| Hp10L) =J§—[ (0,0]H710,0) - (0,1I5F10,1) + (0,01H,0,0)

0,1]8[0,1) + (0,0/5}10,1) - (0,-1]%}]0,1)]

1]
o

(O, | By 10_)

|
o

(0, \E |0)) =

The notation for the terms on the right of the equations is (n,a~|HT\n', a')y.
It turns out that the matrix element (OolHT\O+) is quite small and may
be neglected from now on.

At this point it is worth while to review the connection with exper-
iment. The microwave rotational spectrum of the molecule depends upon
its effective rotational constants. At ordinary temperatures, several
of the molecules will be in different torsional states and substates,
and each state will have its own set of characteristic rotational con-
stants. The difference in rotational constants for the substates of the
torsional state n = o is quite sensitive to V3, the potential barrier

hindering the internal motion.

The Rotational Hamiltonian

The pure rotational Hamiltonian is Eq. (2-3),

Hy = }(:{) %+ }(,;) Pyz +/a§‘;) p° +/¢L§Z)(Pypz+ B Py). (3-14)
Note that the//btiﬁ) are pot the rotational constants of the molecule at
infinite potential barrier since the contribution of Hpp to the rotational
energy is not zero. It is convenient to choose the Wang representation

for Hp when part of the perturbation theory is performed. But at this
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~

point it is not necessary to specify the representation; only remember
that P Py, P, are the components of total angular momentum along the
body axes. The spacing of the rotational energy levels is considerably

less than that of the torsional states:

Ep v 1072 g (3-15)

n,

This will be particularly convenient when a perturbation treatment of

Hrp is required.

The Rotational Torsional Interaction

The interaction between the overall rotation and internal motion is

contained in Hpps Egs. (2-5,6),

Brp = Moe(e) B+ Ay (o) B2+ i (o) B2
T A (o) (BR+ BYR) + U (o) (ByP + BP) (3-16)
+/u’rz(d )(Psz-i- PzPy) - izj[z/«ij p; - (pi//ij):] Pj

which for the specific case of CHoDCOH or CDHZCOH becomes

(2) 2 2

_ . 1) 2 (2) . 2
H‘I‘R = W sin A %xx cosof Px +/Myy sin"¢ Py
() . 2 2 ) . L ]
+/uzz singf P,° + ey sing + AL sinA cosd (PxPy+Pny)

(o) 1
+l U sing +/a}(<z) sinat coset| (ByP,+ P,Py) (3-17)

) . 2
+/u‘yz sin‘y (Psz+ PzPy)
- [ax (sine p + P sinet) + bx(sin % coso p + p sin « cos o )]Px
- Lay p + by(cos:;( p+pcosg) + cy(sinzag p+p sinzq )

+ dy(sinzq cos o p + p sin? o cos of )]I?y
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2 . 2
- [az 2 +bz(coso( p + p cosg) + cz(sin « p+ psin‘y )
+ d (sinzq cos oy p +p sin?‘o( cos )JP
z z

where

(o) o)

X - 1)
g (/axx /“xy)/“xz +/“xz
z

0
[

) Dy e a
. - ;«»)

by 5":‘/“5’ Ty

c, /a(z) + X x /u}({;)

4 - 3- (/«a) ) + A2

2, - /f“’

b, =~ z—’z‘/‘ﬁ’ + %22)

- @ Lk
CZ _/“ZZA +‘I_}'{l Xz

Ix (1)

- (2)
d, = I; </uxz /a'yz ) + sz

Use has been made of Eqs. (3-3).
At this point it is convenient to write HR and H’I‘R in a notation

which is not so cumbersome. Let

2 o, 2 o, 2 ) _
+BP "+ CP  + FO(PP+ PR) (3-18)

— A'p 2 g 2 1y 2
HTR_APX +BP +CPZ

1
y + D' (ByP+ ByP) (3-19)

! 1 4 ' !
+ E'(PgP,+ P,P,) + F'(PyP,+ B, Py) ~MP - NP -QP,.
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The coefficients should be compared with those in Eqs. (3-14},17) for
identification.

It is observed that the coefficients of the Pi2 or P; in Eq. (3-19)
are functions only of the internal coordinates < and p, hence depend
only upon the torsional function q)n(c‘); while the Piz and P; are
functions only of the overall rotational coordinates, R. This, coupled

with the fact that the torsional energies are much larger than the rota-

tional, suggests that the function

g, ®a) = f® F (3-20)

forms a suitable basis for the representation of H, Eq. (2-2). The
energy matrix in this representation will have the form indicated in
Figure 2. To each torsional state, n, we may assign a set of rotational
states. Both Hp and Hp are diagonal in n in this representation. Now

HTR will be considered the perturbation energy, and it has matrix elements

(n, R\, R [\, R1n, R (R 1 RY) (o, RIMRYD

(o, R 1, R") (w, R\, R™)

H=HR+HT+)\HTR

Figure 2
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connecting different torsional states as well as first order terms within
a given n block. OQur procedure will be to reduce the off-diagonal ele-
ments by a Van Vleck transformation; then in solving the rotational
problem it is necessary to consider only a single torsional state.
After applying the Van Vleck transformation, the torsional dependence
is contained completely in the coefficients of Pin.

A typical coefficient that needs to be calculated in the 00, 04, O_

representation is Eq. (3-19)

ALl
(0,14'105) = j%o(d) A'(d) ‘Poo(as) do (3-21)
osz'
1 % * % 1
== + U+ U. +U +U d
3 f(uo_m T=1 Ur/~=-1)“5‘(ff=o o =1 o-=-1) 2
(o]
2T e
L v da +2 | 0¥ AU_ de + -
3 g =0 o =0 3 o” =o =1 )
] Q

It is convenient to introduce the notation

)
JU’; A" Ug da = 0,01 &'l0, o) = Alp
[

Then we have

! — _]:_ ' 1 1 ! ! 1 i ! 1
(0,la'l0,) = 3 [A00+ Apgt AL PRy A T ALY Al ot Ayt Al_l].(3-21a)

The reason the integrals are referred to the unperturbed torsional repre-
sentation is that the functions have been tabulated by Kilb (5), and

the integrals are easily evaluated. Since only the ground state is in
the Og, 0+, O_ representation, the matrix elements connecting excited

torsional states are of the form [Eq. (3-19)]

(O_|N|n, o7 ) = -\%[(o,l\Nln,r ) - (0,-1in]n, 0~ )] . (3-22)
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After indroducing the notation of Eqs. (3-2la, 22) the matrix

elements of HTR may be expressed as

(018,100

1 1 t ! 1 t '
= + 4A' + + 3B' +4B' +2
3 [3A00 Gh F2AL; 3B+ 4B+ 2B

+ 3¢ + 4C' + 1t +4 + 2
3Cyqt 4Co*+ 2! 3, Fo, F_n]

1
(04 [Hy |00 = 3 [3A - bbgt ALt 3B - 4301+ B!\

+3C' - 40" +C' + 3F - 4F +F' ]
000 o1l -11 00" “ol T-11 (3-23)

0 0)=A"-A" +8' -B' +¢'-¢' . +F -F'
(JHTR‘ » 00 ~-11 00 B-u 00 -11 00 ~-11

‘12 ' 1 ! ! ' 1 1
(05| By 10, = [0 At Boym Boygt Cor Gt Form o 3M01]

(é\/_' . '
(0| Bpgl0.) = [%1* Qi+ Nort Npg+ Egpt Elp¥ Do+ Dy M-u]

I
+
(04 |HyR|0.) = Y_ZQM Qpt Mgy~ Nyt 2y~ D+ 2B, - B - -111

One should remember that Aéo actually stands for A.OOPx » Qél for Qéle,

etc. For those matrix elements to the excited torsional states we have

(O \Hpp[ns @) = %—[(o,otM‘ +N' +Q'[n, o)
+0,1|M' + X' +Q'|n, 0 ) + (0,-1|M' + N' +Q'|n,0 )]
©O4|lpg fn, ) = - —V_;—_'—[z(o,om' + N +Q'\n, 07) (3-24)

+(0,1IM" +N' + Q'|n, 07 ) - (0,-1|M'+ N'+ Q'|n, a-)]

(O |Hppln, 00 ) = - y%[ (0,11'+ N'+ Q'|n, o) - (0,-1[{M'+ N'+ Q'|n, )]

Also those terms which are quadratic in Pi (see Eq. (3-17)), connect dif-

ferent torsional states and would have a. similar form.



33

The Perturbation Calculation

The Hamiltonian matrix is now in such a form that the Van Vleck
transformation may be applied to reduce the off diagonal matrix elements
in n. A general expression for the Van Vleck transformation through
fourth order will be found in Appendix III. For the molecules CH,DCOH
and CD,HCOH it is necessary to include only those terms which are linear
or quadratic in P; after the transformation. A complete expression for
the rotational constants would have a form similar to Eqs. (4-24,25,26,27)

in Chapter 1IV. The results are

_ 2 2 2
(05| EIO,) = AoBy” + BoR ” + G " + Fo(ByR+ B Ry) +E,
(0,|E|0L) = 2 43 2+CP2+F(PP+PP)+E
+| B[O APy +Py + 7 +\EytzT Tty +
, ) (3-25)
_ 2
(0_|E|0-) = A2 2 +B.Ry% + C 2.2 + F_ (P, + ,P) + E.

(O4|EI0.) =M, Py + Ny Py + Q. P, + Dy (BP + B2
+ E, (PyP,* P,P).

The notation has been simplified to the point where A, is the complete

coefficient of sz

in the Oy torsional state after the Van Vleck trans-
formation.
There is a simple explanation why the PxPy+ PyP, and PXPZ+ PP
terms connect different torsional states. The torsional functions, qoo
+

and 4)0 , are not localized at either ?'?3 or ~ 2'@3 , as shown in Figure

3. Since‘/u.xy and_,tcxz change signs for these two orientations, they
must have off-diagonal matrix elements, i.e. connect the states 04 and O..

If localized functions had been chosen in the torsional formulation, then

/AAxy and//ﬂxz would be diagonal with the proper signs, but then all
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Vi)
-2 0 el °‘
3
Figure 3

differences in rotational constants would connect the two states 04

and O_.

The Microwave Rotational Spectrum and Analysis

The microwave rotational spectrum of CH,DCOH and CDoHCOH has been
reported in the literature by Kilb, Lin, and Wilson (4). Part of it is
listed in Tables I and II, with the satellite lines being omitted.

The primary feature of the spectrum is the occurrence of three lines
for each transition rather than two as would be the situation for molecules

with a symmetric top internal rotor. One set of lines corresponds to the
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TABLE 1

ROTATIONAL SPECTRUM OF CH,DCHO (in Mc)

Frequency Frequency Calculated
Transition (Symmetrical) (Asymmetrical) Splitting Splitting
0 -1 18,501.87
00 01 493.3 503
18,001.96
-3.19 -2.81
18,005.15
1 —_— 2 36,975 984.2 1006.
01 02 35,989.85
-1.85 -5.62
35,991.70
5 — 5 18,402.40
15 14 6073. 6135.
12,319.72
-19.97 -20.3
12.,339.69
6 — 6 25,748.55
16 15 8500. 8589.
17,234.91
-28.14 -28.4
17,263.05
7. — 17 22,964.06
17 16 -36.88 -37.8
23,000.94
8 — 8 29,500.67
18 17 -47.64 -48.6
29,548.31
- = - 1.32 Mc.
(6A AB)Data 32 Mc
= ~ 1.35 Mc

(A4 - AB)cal
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TABLE II

ROTATIONAL SPECTRUM OF CHDZCHO (in Mc)

Frequency Frequency Calculated
Transition (Symmetrical) (Asymmetrical) Splitting Splitting
Onn — 1 16,953.90
00 o1 ‘ -409.5 -421
17,363.35
1..—™2 34,706.02
o1 02 -1.3 ~-0.87
34,707.32
5 — 5 14,827.5
5 1s ~11.6 -10.1
14,839.05
6. — 6 20,746.48
1 15 -14.72 -14.1
20,761.20
7.9 — 7 16,926.85
17 16 -10,718 ~-10,612
27,634.90
-20.11 -18.8
27,655.01
(AA - AB) = -7.30 x 1071 Mc.

Data

1
(AA - AB)Cal

-6.72 x 10" Mc.

]
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symmetrical configuration, or to the torsional state 0,. The splitting
of these latter two lines is quite sensitive to the barrier hindering
the internal motion.

The transitions which have been reported and are listed in Tables I
and II are of two types: 1) from one of the K = 1 Wang doublets to the
other, AJ =0; or 2) AJ =1, K =0 in the Wang representation. The
theoretical splittings for these transitions have been calculated accura-
tely by the following method. First the cross terms in Psz were removed

by a rotation of axes with new coefficients B and C for P 2 and Pz2 res-

y
pectively. Although the coefficient of PyP+ PZPy is different for the
substates Oy and O., the same rotation of axes is applied to the two
states. Then a small term is left for each state but contributes a
negligable amount to the splitting. Then the coefficients of PxPy+ Pny
and PP + PP, were calculated in this new representation and will be
D and E respectively. Finally these terms connecting the states 0  and

O_. were removed by a perturbation calculation.

The resulting equations, which are similar to Eq. (3-25), are

2 2

AR, + BR S+ cp,2 +E, (3-27)

I

(0,(E10,) = AR,

(0-|E10.) = (A + AA)P 2 + (B + AB)Py?‘ +(C+ACR2+E +§

(04IE|O.) = D(PXPy+ Pny) + E(Px?y+ Psz) + MP, + NPy +QP,
where AA = A - A, ,(Eq. (3-25)), & =E_ - E, etc.
For an asymmetric top the rotational matrix is of the form
2 2 2
E =AP,  + BPy + Cp,", (3-28a)

with matrix elements in the symmetric top representation are
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(KIEIK) =% (A+B) J(J+1) + MKZ (3-28b)

(RIEIR$2) = - l% (A-B)[ J(I+) - K(Kil)]%[J(J+1) - (Kil)(KiZ)j%
=C 1 A+

M=C - (aB).

The transformation to the Wang representation removes the degeneracy of

the K = 1, -1 levels, such that

(K=1+IE|K=1+) = % (A+B) J(J+1) + M - % (A-B) J(J+1)
(R=1_|E[R=1) = -21- (A+B) J(J+1) + M +% (A-B) J(J+1) (3-29)
(R=1,IE|K=1_) = 0.
and for K = 0
(K=0|E |K=0) = % (A+B) J(J+1). (3-30)

The A, B, C in these equations may be either those of the Oy or 0
states in Eqs. (3-27).

The matrix elements of PXP + PP and P_P + P P, when the torsional
y X X"z z°X

y

states are Oy, O_ and the rotational states are in the Wang representation

are
(04,K=0|PyP,+ P P, |0_,K=1) = 0
(04,K=0|PyP,+ PP, |0_,K=1_) = J__l_‘ [:T(J+1)]% (3-31)
2

- _ .. "1
(04,K=1_|ByPo+ PP |0 ,K=1y) = =5 J(J+1).

Also, the energy differences, in the representation specified above, which

are necessary for the perturbation calculation are



39

E(0,,K=0; O_,K=1}) = - O - M ~A M + 7 (A-B) J(3+L)

N

E(04,k=0; O_,K=1) = - 5 -M-AM- (A-B) J(J+1)

I

=1 - = - L (a-
E(04,K=1.; O_,K=1) = - § + 2 (4-B) J(3+1)

E(O4,K=14; O_,R=1.) = - O - % (A-B) J(J+1) (3-32)
E(0,,K=ly; O_,K=0) = - § +M -~ AM - % (A-B) J(J+1)
E(04,K=1_; 0_,K=0) = - S +M- Ax +% (A-B) J(J+1)

AM = AC-%(AA+AB).
The results of the perturbation calculation are

E(0,,K=0) = = (A+B) J(3+1)

) (3-33a)
_E2 _ S4AM _ (A-B) J(J+1)J
s J(IH) [ 1 = 2
E(0_,K=0) =-;- (A+B) J(J+1) +% (AA + AB) J(J+1)
(3-33b)

M M &M

E(0_,K=1_) = % (A+B) J(J+l) +M +% (A-B) J(J+1)
+ % (AA + AB) J(J+1) +A M +2+1" (AA - AB) J(J+)

2 - (3-33¢)
+Eﬁ [1 ) S;AM _(a B)Agl(.]+l)]3-(3.+m

2§ AB]

D2 -1
+ 35 (A-B) 7 J(J+1) Y_l - (a-B) J(@+) T A-B

E(O_ K=1,) = & (A+B) J(J+1) + M - L (A-B) J(J+1)
2 4 (3-33d)

+% (AA + AB) J@+1) + A M - % (AA - AB) J(3+1)-



40

2
D -1 2§ DB
Ty B I [1 e 1@ A-B]
B0y K1) =7 (A+B) J(I+1) + X +i (A-B) J(IH1)
2 S+ M (A-B) J(J+L)
+ o5 I(IHL) [1 - W ] (3-33e)
D2 -1 29 OB
+ 5 (A-B)T J(IHD) {1 D A_BJ
E(04,K=1,) =% (A+B) J(J+1) + M - % (A-B) J(J+1)
(3-33f)
2
. bt -1 28 AB
g~ (&-B) - I {l " (A-B) J(J+1) A—B]

The terms which are linear in P, connect the O_ and O, substates. These
may be removed by second order perturbation theory; A will be the separa-
tion of these states. Also Oy and O_ are connected by the torsional equa-
tion; we have (0O HT 0+) = L S- . The calculation is similar to those

VZ'

listed above for the O_ and Oy blocks, and the results are given in
Eq. (3-35).
The splitting for the transition from one K = 1 Wang doublet to the

other is
E(O_,R=1_) - E(O_,K=L+) - E(0+,KF1_) - E(0+,K=l+) (3-34)

which is equal to

1 2E2 S+AM D“Z -1 AB
+ - - et e, — - ammt—
—-2 J(J 1){(AA AB) - == +2 (A-B)

A-3
; -i-[(A_ - B) + (A - BO)] <l—%A—MX2 (3-35)

A+AM

+%X(A_ - B) - (&, - Bo)J< o )ZE
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The dominating terms are the first and second; the last contributes a

negligible amount. Then for the transition A J =1, K = 0 the split-

ting is
2
(J+1) [ (AA + AB) - -'41%- éﬁéﬂ] ) (3-36)

For the splittings calculated in Table I (CH,DCOH) it has been

assumed that V = 413 cm™ L, s = 29, with the result

ANA = - 0.06 Mc.
AB = - 2.10 Mc.
E2 S 4AM

= 3.4 % 107" Me.

M (3-37)

2 -2
- 3,16 x 10 Mc.

]

M
z {(A;- B) + (A, - Bo)](“,;?;—n

sla -5 - - BO)](AfAm\Z

Then for CDZHCOH it has been assumed that V = 380 cm-l, s = 29, with the

6.3 x 107> Me.

13

result
A A - negligible

AB=-7.01 x 107} Mc.

2
-1
%— g;“‘ = 1.7 x 10 Mc.
2 2 -1
BY(A_. - B.) + (A, - BO)}(——Q—-A_*_AM\ =- 1.6 x 10 ~ Mec.
1 . . i d \2 _ -2
4 K»(A-' B_) (AO Bo)-l(m) 2.8 x 10 Mc.

The difference in energy between the symmetrical and the asymmetrical
configurations depends primarily on the difference in rotational con-

stants at infinite barrier. For this case we have

CHZDCOH CDZHCOH
A A= 47 Mc. A A=- 21 Mc.
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- 400

A B = 456 AB

Ac

- 3,699 AC = 2,761

I

These results are also reported in Tables I and II.

Conclusions

The results of the previous section show that the theory adequately
explains the splitting of the spectral lines for CHZDCOH and CD,HCOH
with the quantitative features of the calculation being acceptable.
The value for the potential barrier is in good agreement with that deter-
mined for the other species of acetaldehyde. The splitting of the asym-
metric lines is quite sensitive to the potential hindering the internal
motion, while the difference in frequency of the symmetrical and asym-
metrical lines depends more on the structure of the molecule.

The theory developed in this chapter is also applicable to molecules
such as halogenated ethanes, etc., where the internal rotor is not a
symmetric top. Of course for these molecules a more general potential
energy would need to be assumed, but it is quite possible that this

feature could be handled in a satisfactory manner.



CHAPTER 1V
APPLICATION OF THE GENERAL THEORY TO BENZALDEHYDE

In this chapter the theory of internal rotation will be applied to
molecules which have a structure similar to C6HSCOH. The results for
benzaldehyde are not conclusive. One difficulty is that this is the
first molecule of this type (benzene derivative) in which it has been
attempted to study internal rotation. Another is due to the limited spec-
tral information that is available. Even so it is worthwhile to discuss
the general theory on the basis that 1) more of the spectrum might be
assigned and 2) some of the limiting features of the theory become evi-
dent.

There are two ways to formulate the problem within the framework
of the theory developed earlier:

1. The benzene ring as the frame. At first sight this appears to

be the best method for formulation because the top is so much lighter
than the frame. The perturbation theory would converge rapidly and the
angular dependence of the rotational constants is small. The difficulty
is the non-equivalent configurations of the molecule when the top is
rotated through 180°, which results in a mixing of the torsional substates
in a manner similar to that for CH,DCOH through the cross-terms PXPZ

and PxPy' For benzaldehyde, though, the correction is larger.

2. The aldehyde group as the frame. The chief advantage is that

43
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the two torsional substates are not mixed through the torsional-rotational
interaction - the molecule is invarient under a rotation of the benzene
ring through 180°. The over-whelming disadvantage is the slow convergence
(or even non-convergence) of the perturbation theory. The top contains
such a large portion of the energy that too much of the rotational energy
is contained in the rotational-torsional interaction. For an exception-
ally high barrier it might be feasible to use this approach.

Under these circumstances then, the first procedure appears to be
best. The modification of the theory in Chapters I and II is a simplify-
ing feature:f7 y =0, Eq. (1-6,7,8,11,12), since the center of mass of

the frame lies on the bond axis.

Molecular Structure

The molecular structure of benzaldehyde is not known; therefore
some plausible structure must be assumed for this calculation. The
structural parameters for the ring are assumed to be the same as those
for benzene, and the aldehyde parameters similar to acetaldehyde. It is
hoped that the splitting of the spectral lines is not so sensitive to
the molecular structure as the actual frequency of the line. The assumed

molecular structure is given in Appendix II.

Rotational Constants

The functional form of the moments of inertia is

(Icm)xx = (Im)}({:) + (ICM)}(;) Sinzo(
(adyy = CapsD + g Y sin’ (4-1)
(ICM)zz = (IGM)ég)
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(ICM)xy = (ICM);(;}lr) sind cosg
(ICM)XZ = (ICM)iz) sin (4-1)
T )y, = G o

ar’yz ~ VeWyz 0% %

The effective moments of inertia, Eqs. (1-15,16,17,18) are

I, = Gap )+ [ (ICM)ii) - ;’:‘—2] sin’
Iyy = (Icﬁ)f,;) i ;; ¥ [(Im‘)f'}z’) * _iy:_z}smzoﬂ
2
L= D - 1 o
Ly = [(I(M)}({;) - _I_;‘I_Iz] sing  cos

z
XZ vz

Then the result of the transformation to the/f»(ij is

/me =/af{:) +/af:;) sinza -l—//(}({:) sin4a( -I-/u}(:{) sin6¢x +

(2n) 2
/yy = Z/“yy sin no<

n=o

/zz =‘/“(0)

Zz
U = E (2o+1) | 2ntl
Xy Xy sin cos of

/axz=/ayz=o

(4-3)

The convergence of the series is much slower than for CHZDCOH: here

22 15 x 10'1/4(2“ , (4-4)
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(6)

therefore it is necessary to include terms through//at The numer-

ical values for all coefficients are found in Appendix II.

The Torsional Equation

The general form of the torsional equation is found in Chapter II,

Eq. (2-4),
L % ot T - ¥ _-% ) )
Hp =g iijVaijg Pjg "teg upgipg  *+V, sin (4-5)
_ Ly , -1
Py F (sina p + p sinex) Py=—£¥,-(COSo<p+pcosq)
Zz Z
P, =P p=-1i Yo (4-6)
1 2
=L g = g(0) + g( ) sin2e

1
ZIZ
and the//ééij are defined in Eq. (4-3). Expansion of the sum in Eq.

(4-5) results in

Hp ///X( °) 2 f}/“T (31n o( P +P sin o ) f>/YT (sinaa( p2
(4-7)
+ p2 sinaas) t/xzé6)(sin6¢ p2'+p2 sin6q ) + v, sinzq
where
12
(0) )
RN )/"53
(4-8)

(o) )7 /)2
l’* 3 0] (3)
Z
“ (2) 6 2 (2
T - ,/“ //AIT =R é ‘

(o)

The ratio g(z)/g occursg often in the formulation so it has been de-

fined as the parameter

R = g2 /(0 (4-9)
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It is convenient to separate H‘T into two parts

2
H; =/‘.§O) P2 + VZ sin & (4-10)

(2n+2; ) 2n+2 2, 2 2n+2

- 200" R T Y ph? s1a® ), (-11)

When Eq. (4-10) is written as a differential equaiion it has the form

2
[/éo) ddT +, sinol - E] U(«) = 0. (4-12)

The solutions of Eq. (4-12) are well known and have been extensively

tabulated (18). They have the form

Ug, (s,) =2 ( 1) cos 2Kof A species
2r e
Uy (s, ) = 2 D 2 (- l) sin 2K & A species
2r K=0 0
(4-13)
U (s,%) = Z (- 1) cos (2Kt+1)oex B species
0941 F=0 02r+1
2K+1
U (s, ) ZD ( 1)K+l in (2K+1) B i
s = - sin Yox species
ertl g0 e2Ttl
2R+1
The first few eigenvalues are
b, s b ,bg s b, , b , by 7 (4-14)

This notation is used in reference (18). The parameter s will be refer-
red to as the barrier height parameter, defined as

v
6= —2_ . (4-15)

e

Then the b's are related to the energy eigenvalues as

oy = oy - (4-16)
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For a two-fold barrier it is convenient to speak of torsional states
and substates. The torsional states will be labeled by the quantum num~
ber n; the substates will be either A or B. If n = 0, for example, then
the notation would be 0j and OB' If n is an even integer the A functions

are the Ue2 , the B functions, If n is odd the other functions

U .
r O2rt1

apply.
Now Hé, Eq. (4-11), will be considered a perturbation. The results

of the perturbation are a new set of functions
R ; ag Uga (%)

4-17)
s (e0) KZ_aI'( U (o)

with eigenvalues b;A‘and b;B respectively. These will be the torsional

functions for consideration of the oyverall rotation-torsional interaction.
The solutions of Eq. (4-12) are tabulated only for s in the range

0 < s £100. For benzaldehyde s = 100 would correspond to g barrier

height ~ 200 cm-l. For higher barriers it is necessary to formulate the

torsional functions in another manner (Appendix IV).

The Rotational Hamiltonian

The pure rotational part of the Hamiltonian is Eq. (2-3),

() 2
Hp //‘Lxx +>/“22 (4-18)

Note that//bc§§) are not the rotational constants in the limit of a rigid

molecule.

The Rotational Torsional Interaction

The Hamiltonian, HTR’ contains the interaction between the internal
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and overall rotation. From Eqs. (2-5,6) we have

2 2
Bpp = M (o0 B+ (o) B2 4 4 () (B RH BRY)

(4-19a)
- iZJ[ YRR NI
which for CGHSCOH becomes
2n+2

Z ( 1) R/L{ sin n@( Z ( l)nR/é{(z) in 2n+2 Pyz

n=o0 n=o
+Z (-l)an/&t(l)sinzm-,}{ cos o (PyPyt PyP.)

=0 Xy (4-19)

2n
1 /‘xx /“xy)Z(U“R“( 1a®% p +p stn +9li ) B

n=o

Il
+—-3f-/ét (o) Z( 1" (Coso(sin % p+p cos« sinzq ) 1’
Iz YY TF=o
where
2
- g( )/g(°> and

ﬂ-i-——v——
P od
It is convenient to rewrite HR and HTR in a new notation
2 o
, =A% ” + 8% % + CP 2 (4-20)
X y zZ

2

- 1
HTR =A Px

+3'2% + D'(®RR+EP) -M'B - NP -QB,  (4-21)

and the coefficients may be compared with those in Eqs. (4-17,19) for

identification. The coefficients of Piz and P, in Eq. (4-21) are func-

tions only of the internal coordinates, while the Pi2 and Pi are functions

of the Eulerian angles.

The Perturbation Calculation

In the same manner described in detail in Chapter III, the matrix
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elements connecting different torsional states will be removed by a
Van Vleck transformation. The basis for the perturbation is the product

function

P = bw P (4-22)

where the qﬁn(cﬂ) are eigenfunctions of Hp, Eq. (4-7). Agaln it is not
necessary to specify the representation of QVR(R). The torsional sub-
states, A and B, will be mixed through the perturbation calculation only
by the cross term and its coefficient, Psz+ PzPyn

For a torsional state, n, the matrix has the following form after

the Van Vleck transformation

2 2 2
AR +B R +C P

(nA' H‘HA)

- 2 2 2
(nglflng) = Ay 2" + By 2 2+ 2 2+ S (4-23)

=F PP+PP
(nylHln) = F,p @R +22)

5 =EnA-EnB;

Sl is the energy spacing of the two torsional substates n, and ng. The

coefficients A; (AA or AB)> etc, have been calculated through third order

perturbation theory and are

A, = A%+ (aylA'(n) + > ilMIm @M Nag) (4-24)
. AE(ng ; mj)
(n4]Q"|m;) (my D'|ny) (ng N'|m;) Cmy N\ ng)
AE(n; ; my) e - AO)Z AE(ng ; m;)2

-+

G - Aozﬁnilq"mjﬂmjm'l ny) S (gl Q' my) Gy 1) RN \my)
o “o AE(@y ; mj)2 AE(ni;mj) A E(n34,)
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(ng| Nim;) (m1Q W) (A M Iny) (n41Q"|my) (g IN'|.01) (A 1M | my)
- BEGiimy) MEML) AE(ngmy) A EG;34)
o : (niIN.'Imj)(mle'\ni)
B, =B + (ngB'Ing) +Z R EGagmy) (4-25)

(n;]Q"|m:) (my|D'|ny) Z(nilq'lmi)cmj\q'lnp
2/ 7 "lA E(n‘;_;mj)1 - (Bo- Ao) A E(ny ;mj)Z

Eilim’: m) (myIN'Ing) (n51Q" | my) (m5 I N1 ) (4 \M" \ny)
+ (C_-B

AE(agsm)2 AE(ngms) DE(ng34)

(ng |N' |m3) (mg|Q" | £30) (M Ins) (n11Q" [mg) (g | M'} L) (4 [N \my)

AEGy;m)  AE(y;d) * AEGg;m;)  NE(g:Z)
(n1]Q" |m;) (@;]Q" ny) (o; |N"Imy) (m; K| ;)
Ci = O + nil ‘mJ J\. i 0 AO)Z =
AE(ngsm;) E(n;3m;)? (4-26)
(ni|M'|mj)(mj\M'\ni) (ni\N'\mj)(mj\Q'\ﬂk)(ék\u'|ni)
- (Co- Bo) +
AE(ni;mj) AE(ni;m-) AE(ni;fk)

(n3]Q"my) Cmy |N'Wgo) (Ui M \ny) Z(nl\q |my) (g M| L) (4| \m))
AE(ni;mj) AE(ni;Qk) AE(nl’m ) AE(ni, k)

(ng] Q| my) (my IN'|np) (np| N'{my) (my| D' [np)
Fap Z RE(nmy) - B E(nmD) (4-27)
+Z(nA\M'\mj)(mJ'\B'\nB) (ng1Q"|my) (my | N'| np)
N E(n;mj) + JE(A.O'l‘Bo—ZCO) AE(n;mi)z
(ng] Q"I m5) (m3| Q7| £0) Uic|M | mp) . (na|N"\mg) (mg | N') £10) (4 ' |ng)
- CTAEGmy) AE@:4) AE(nsmg)  AE(n;d)

The Microwave Rotational Spectrum of CgH5COH and Analysis

Some of the lines in the microwave rotational spectrum of CGHSCOH

have been observed. The identification and assignment was made by Rojima
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(12,12a) . All transitions are of the same type: AJ =1, AK=0. A
complete set of lines has been found for J = 6,7,8,9. The spectrum and
its assignment are listed in Table III.

An important feature of the spectrum is the occurrence of a doublet
for each transition. It is found that for a given J and high K the
splitting is independent of K. If this splitting is expressed as a func-
tion of J, see Figure 4, the points lie on a straight line with slope
equal to the extrapolated intercept. If it is assumed that each set of

lines is approximately an asymmetric top spectrum, then for high K the

splitting should be
(AA+ AB) (J+1). (4-28)
From the spectrum we find

AA+ AB = 2.4 Mc. (4-29)

Kojima has attempted to fit each set of transitions with a set of
rotational constants. The spectrum for these constants is found in
Table III, along with the values for the rotational constants. From

this analysis he finds

AA+ AB = 2.6 Mc.
AA- AB=1.2Mc. (4=-30)
Ac=-21.7 Mc.

It should be noted that A A - AB and AC depend quite sensitively on

the Wang doublets K = 1, and these lines probably have the least certain

assignment.
The theoretical considerations become complicated in the analysis
when the fact that J is large is coupled with the mixing of the torsional

states through the cross term Psz + PZPy° The following procedure will
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TABLE III

THE ROTATIONAL SPECTRUM OF CgHg5COH (in Mc)

Observed Calculated
Transition Frequency Splitting Frequency
6 0 — 77.0 18,255.7 18.6 18,255.6
> : 18,274.3 18,274.6
6 1 — 771 17,857.6 20.5 17,857.0
] ’ 17,878.1 17,878.7
6, . — 7,4 20,240.9 13.3 20,241.6
5,1 ’ 20,254.2 20,254.3
6c o — 7 19,188.9 17.5 19,188.8
252 6,2 19,206.4 19,206.1
6, o — 7 20,311.5 15.4 20,311.1
42 352 20,326.9 20.326.7
6 _— 7 19,528.3 16.9 19,528.5
4,3 2,3 19,545.2 19,545.4%
6, . — 7 19,661.9 17.2 19,661.5
3,3 4,3 19,679.1 19,678.8
6, , — 74 4 19,506.1 17.2 19,506.1
3,4 4 19,523.3 19,523.2
6, , — 7 19,511.0 17.3 19,510.8
2,6 T34 19.528.3 19.528.0
615 — 755 19,489.3 19,489.4
1,6 — 72,6 19,453.1 17.1 19,453.3
6" __ 7 19,470.2 19,470.5
, 1,6
7,0 8.0 20,637.8 22.4 20,637.7
> » 20,660.2 20,660.2
7,1 — 8.1 20,331.9 24.9 20,331.9
) ’ 20,356.8 20,356.8
61— 871 22,951.1 15.2 22,951.1

22,966.3 22,966.3
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TABLE III (continued)

Observed Calculated

Transition Frequency Splitting Frequency
6,2 7 "2 21,8692 e 218691
7 8 » 23,350.2 17.1 23.350.2
3,2 ; 23,367.3 23,367.3
7 8 22,331.5 19.1 22,331.5
3,3 6,3 22,350.6 22.350.8
7, . —38 22,588.6 19.8 22,588.6
4,3 253 22.608.4 22.608.4
7, , —8 22,322.9 19.6 22,323.0
4,4 354 22.342.5 22.342.6
N 230
735 — 8, s 22,275.2 19.4 22,275.0

b 3

735 — 83’5 22,294.6 22,294.5
7, ¢ — 836 22 ,246.7 19.6 22,246.7
2,6 ; 22.,266.3 22.266.4
7, 7 —8 22,230.1 19.5 22,230.0
’ 2,7 22,249.6 22,249.7
%,0 ™ %90 23703, -2 2370566
85 1 — 99.1 22,789.6 28.2 22,789.8
’ - 22,817.8 22,818.0
8, 1 — % 1 25,576.7 17.2 25,577.0
) ; 25,593.9 25.,594.1
87.0 — %2 24,479.8 22.5 24,480.0
24,502.3 24,502.5
8 » — 97 2 26,359.5 18.3 26,360.0
; > 26,377.8 26,377.9
ws=s  me
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TABLE III (continued)

Observed Calculated
Transition Frequency Splitting Frequency
8 — 9% 3 25,574.1 21.9 25,574.4
5,3 ’ 25.,596.0 25,596.6
8 — 9 25,149 .4 21.6 25,149.5
5,4 6,4 25,171.0 25,171.5
8 — 9 25,179.8 21.7 25,180.1
4,4 554 25,202.5 25,202.2
8, s — 9.5 25,086.2 22.1 25,086.3
82 97 25,108.3 25,108.0
3,5 4,5
8, 6 — 9 & 25,045.8 22.0 25,046.0
0 g7 ) 1
82,6 3.6 25,067.8 25,068
8, , — 9, 4 25,021.9 22.1 25,022.0
ge! __ 97 25,044 .0 25,044.3
1,7 2,7
81 8 — 9% g 25,006.7 22.1 25,007.0
g% 9% 25,028.8 25,029.1
0,8 1,8
9 — 10 25,385.5 30.2 25,385.7
9,0 10,0 25,415.7 25,415.8
99 L 10 25,233.4 31.6 25,234.1
, 10,1 25,265.0 25,265.3
9g 1 — 104 ; 28,112.5 19.3 28,112.9
i ’ 28,131.8 28,132.2
9g 5 — 104 , 27,079.6 25.1 27,079.8
> ’ 27,104 .7 27,105.0
97 , = 1o8 ) 29,318.1 19.7 29,318.5
> ’ 29,337.8 29,338.0
9, 53— 10g 4 27,906.4 24.1 27,906.8
’ ’ 27,930.5 27,930.6
9 3 — 107 3 28,620.8 24.4 28,620.9
’ ’ 28,645.2 28,645 .4
% .4 ——-107’4 27,984.1 244 27,984.1

28,008.5 28,008.5
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TABLE III (concluded)

Observed Calculated
Transition Frequency Splitting Frequency
95,4 ——-106 4 28,048.8 24..6 28,049.2
? 28,073.4 28,073.8
95 5 ——-106 5 27,906.1 24.6 27,906.1
’ ’ 27,930.7 27,930.7
94 5 105 5 27,908.0 24.4 27,908.7
4 3 27,932.4 27,933.3
94 6 — 105 6 27,851.5 24.6 27,851.7
] 3
93,6 "'104,6 27,876.1 27{876.3
93 7 — 104 7 27,818.9 24.5 27,819.1
92:7 — 103’7 27,843.4 27,843.7
9 — 10 27,798.0 24..6 27,798.2
92’8 1038 27,822.6 27,822.8
1,8 7 72,8 e mes
9l 9 — 102 9 27,783.6 24.9 27,784.1
> 107 27,808.5 27,808.
90’9 1.9 7 808.7
EMPIRICAL ROTATIONAL CONSTANTS
Lower Higher
A = 1204.7 = 1206.5
B = 1564.3 = 1564.9
C =5235.2 = 5213.9
K = 0.82157 = 0.82112
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be applicable to obtain the splitting of the high K doublets. The method
is similar to that used in Chapter III for the cross-terms PxPz + PP,

and PxPy + Pny" Eqs. (4-23) may be rewritten in the form

2 2

(0p|H|Oy) = AP " + BP " + ce,?
(OglHIO) = (a+AA)R 2 + (B+AB)R,” + (c+ACIR % + S (4-31)
(04| EIOp) = F(B2, + 2 2.)

where A A = AB - Ap and 5 is the splitting of the torsional substates.

The matrix elements of Psz + PZPy in this representation are

i %
(Op KPP+ PP |0 RHL) = - = (2K+1) \_J(J+l) - K(K+1)J
(4-32)
= 1 - _1y 1%
(04 ,KIPP+ P P |0p,K-1) = —Z— (28-1) [J(J—i—l) K(K 1)]

The energy differences which are necessary in the perturbation calcula-
tion are

E(0p,K; 0p,K+l) = 5 - M+ A M) (2K+1)
(4-33)
5 + (M+ A M) (2R-1)

I

E (OB ,K; OA,K- 1)

It

E(0y,K; Op,K+1) = - & - (M- A M) (2ZK+1)

(4-33)

H

E(OA,K; Og,K-1) = - S+ M- A M) (2K-1).

1
where & is the splitting of the torsional substates, M = C -~ 3 (A+B)
and AM = AC - -l‘— (AA+ AB). For an estimation of the relative size
of M and S we find

S ~1073w, (4-33a)

therefore an expansion in o is convenient for the perturbation
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correction. Finally the corrections to the energy are

(04 KRIE"|04,K)

- %i[J(J+l)-3K2] + %‘3 g}'{’m ]__J(J+l)-K(K+1)]

. (4-34)
- %[J(J+1)-3K2] - Fzﬁ 9 l'{M.’I. {:J(J+1)-K(K+l)],

(05,K|E"|0g,K)

When Eqs. (4-31,34) are combined, the result for the splitting of

the high K states for the transition AJ =1, AK =0 is

{(L\ A+ AB) - 5—24 X ’ﬁ“] (J+1). (4-35)

If it is assumed that s = 31, which corresponds to a barrier height

-1
V =59 ecm , then the theoretical result for the parameters is

AA=-8.123 x 107! Mc.
AB= 1.7416 x 10™* Mc.
§ = 5.9986 x 1072 Mc. (4362
EE = 1.922 Mc.
M2
which gives for the coefficient of J + 1
2.56 Mc. (4-36a)

This result compares favorably with the empirical value of 2.4 Mc.,
Eq. (4-29).
At this point it is worthwhile to mention the effect of Hé, Eq.
(4-11), on the splitting. If we neglect this torsional correction all
A's in Eq. (3-36) are approximately 30% larger, which has an effect of
changing the barrier height about 10%. If Hé is neglected we obtain a

1

value of s = 34 and Vy = 65 em © for the barrier height.

The Case for a High Barrier

The theoretical barrier obtained in the last section is quite low.
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One would expect a value much higher from the double bond character of
the C-C bond connecting the top and frame. Also there is another con-
sideration. A comparison of the potential barriers for CH3COH and CH30H
shows‘that they have about the same height ~ 400 cm'l. One would expect
that possibly a similar comparison might be made for benzaldehyde and
phenol. Rojima (13) has estimated the barrier of phenol at around 1100
mm-l, and on this basis one would expect about the same value for CgH5COH.
This is contrary to the barrier of 60 cm-1 calculated in the last sec-
tion.

One thing is certain; if the barrier is around 1000 em™}

then the
assumption that the doublets are due to different torsional substates
is incorrect. One set of lines must correspond to an excited torsional
state. For molecules with a symmetric top internal rotor it has been
found that the assumption of a rigid molecule is not sufficient to ex-
plain the shift in the spectral lines for the excited torsional states -
interaction with other vibrational modes must be taken into account.
The theory for this interaction has been formulated and applied from a
parametric approach by Kivelson (7,8,9,10,11) and by Swan and Strandberg
(17). Also a simpler treatment has been worked out by Swalen (15) which
we will use to estimate this effect.

The change in rotational constant due to interaction with other

vibrations is

e}

B =B - o'§B(1:1 + %)

A, =A% - A(n+h)

o]

(4-37)

Now
2

N.(éc.’.L A ~ Bo
*\ h Vo BT h Y (4-38)

T
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where V T is the torsional frequency

Vo\k -
h ¥y = 2/%1%—;) =2 4y (o) (4-39)

For CGHSCOH

A%~ 1.2 x 10° Me. B A 1.5 x 103 Mc.
: (4-40)
A~ 5.7 x 10% Me.
from which it follows
042 o2
(€50 ~1.2 x 10 Me. B)° ~2 x 10 Mc. (4-41)
2 M o 2 Mg,
so that for
s = 100 s = 1000
(4-42)
AA+ AB = 3.2 Mc. AA+ AB =1 Mc.

Therefore for the Kilvelson effect to account for all of the splitting
the barrier height would be about 300 cm-l.
So far the splitting from internal rotation has been neglected.

The functional form of the Hamiltonian and method of approach is in

Appendix IV. The results of the calculation would be

s = 100 s = 1000
AA=3.0Mc. A A =0.8 Mc.
AB =~ 3.0 Mc. AB=-0.8 Mc.

so that
AA+ AB=0.
Therefore for excited torsional states the splitting would be due en-

tirely to the Kilvelson effect and the potential barrier is still not

as high as one would expect.
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Conclusions

The results for CgH5COH are not nearly as conclusive as for CH,DCOH
and CDZHCOH. The low potential barrier is almost impossible to explain.
There are two alternatives which might be worthwhile to try.

1. Obtain the spectrum of a deuterated species of benzaldehyde,
for example CgHgCOD. If the splitting is due to different torsional
substates then we should be able to obtain the same barrier as that for
CgHsCOH.

2. Obtain more of the spectrum of CgH5COH, but with possibly differ-
ent selection rules. Some transitions might be more dependent upon one
parameter than another. If the high barrier solution is real, then the
spectrum for more torsional states must be obtained to determine the
barrier height.

Essentially we have shown that it is possible to develop and apply
a theory of internal rotation for asymmetric internal rotors. The pro-
cedure from here would seem to be to obtain the spectrum and barrier

heights for more molecules of this type.



CHAPTER V
A NOTE ON THE PARAMAGNETIC SUSCEPTIBILITY OF VI IN CORUNDUM

Earlier the author formulated a theory for the paramagnetic suscep-
tibility of vanadium, V*++, in corundum crystals (4) and found that sus-
ceptibility data would provide a good means of determining certain
structural parameters and ionic constants for the crystal. But at that
time no megsurements had been made of the susceptibility. Lately, how-
ever, measurements have been made for the temperature range 77o to 295°K
by Brumage (1,la,5), so that quantitative results may be obtained. Also
some simplifications of the theory have become apparent and will be pre-
sented in detail. This section essentially replaced everything from

page 49 on in reference (4).

The Hamiltonian

The Hamiltonian operator describing the behavior of the (d)2 elec-

trons of V in 1) the crystal A1203 which has trigonal symmetry and

2) an external applied magnetic field is

H=8 +&' (1)

H=AL- S+ @L+gd M (2)
where H° contains all crystalline and atomic energy terms except those
included in H'. The basic functions of H° will be found on pages 17,21,
28 of reference (4). The cubic crystalline potential splits 3 of (d)2

63
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. 3 3 3 . .
into "Iy, Ty, and A2 levels whose separation is quite large (20,000
cm’l). The small trigonal component further splits the 3T1 and 3T2

3% and 3T2-—>3A1 + 3

levels: 3T1$3A2 + E. The A-E separation is of
the order of 1000 cm-la For the energy level structure see Figure 5.

We will handle H' in the following way: the basic functions of
the trigonal field will be chosen as the representation of H'. Then a
Van Vleck Transformation will be applied to bring the off-diagonal
elements into the ;AZ block. For temperatures less than 750°K only
these levels will contribute to the paramagnetic susceptibility since
3E will have a negligible population. After the perturbation calcula-
tion, then those terms which are linear in the magnetic field, will con-~
tribute to the temperature dependent susceptibility, and those which
are quadratic in H will form the constant or Van Vleck susceptibility.
The matrix elements of H' are listed in Table IV; Hz is the magnetic
field along the trigonal axis and H, the field perpendicular to this
axis.

The matrix elements of the 3A2 block after the Van Vleck trans-

formation has been carried through fourth order are

E=H
2
= = = - 2 K qz 10“2/\2 2
(M_=0|E(M =0) p {-A—Ea-zg(l-———A—%—ﬂﬂ/x
(AN)2 . (YN 2(ad)? :(o«>>3]
[ g0 G Gt o
(3)
X 2 2 2
(M=% LEM=+1) = - pZ {'A_; s X_T (1-(3at 24 20 =) AA,%)] #xz
2

M, =0lEM=+ 1) =g, (3_4;:7,/}{
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TABLE IV

MATRIX ELEMENTS OF A L * S +

L+gs "H

(Mg |8 M)

nlS)

(2,0012,1) =g s H

X

H, =g

HX

x

Ny

(2,012,-1) = ¢
(2,112,1) = g Sy Hz =g Hz
(2,-112,-1) =g H_

(5,015,0)= - AAH,

(5,115,1) = ~aN - & H, + g H,
(5,-115,-1) = A - A H_ - g H

(7,017,0) = X H,

(7,117,1) = A + & H, + g H_

(7,-17,-1) = -a N+ o(H_- gH,

—

(5,015,1) =g 2 m

(5,015,-1) = glz H
7

(730|7a1) =g "'—2" HX
= o V2

(2,0'7,"1) - g!“z" Hx
(2,015,-1) = = &\

(2,1]5,0) = - & A
(2,017,1) = - AN
(2,-117,0) = - a A

(2,015,0)= L, B_= - o 12’

2 HX

- - g V2
(231‘5:1) - 9(—5 HX
(2,-115,-1) = - « %
/2’

=

NIE_]

(2,0]7,0) = - &

(2,113,1) = 2/Z ¥\ + 2 /2 ¥H,
(2,-113,-1) = - 2/2 ¥\ + 2 V7' YH,
(5,114,1) = - V2" N - vZ'¥ 5,
(5,-1V4,-1) = VT ¥ N~ V2" ¥H,
(7,116,1) = V2 ¥A + /7 LSS
(7,-116,-1) = - V2'y\ + V2 ¥&,
(2,114,0) = V2 ¥ \

(2,014,-1) = V2 ¥\

(2,016,1) = V2 ¥

(2,-1 6,0) = V2 ¥\

- 2V2' ¥ )

(5,013,1) = V2 ¥\

(5,016,-1) = = 2 J2' ¥\

(5,-113,0) = VZ ¥ A

(5,116,0)

(2,014,0) = ¥H_
(2,114,1) = YH,
(2,-114,-1) = §H_
(2,016,0) = ¥H_
(2,-116,-1) = Y H_
(2,-116,-1) = Yu_

(731\3’0) = - \/?K)\
(7,0(3,-1) = -~ V2'¥A
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TABLE IV (concluded)

(2,117,1) = - x f%‘ H, (7,014,1) = - 22 A
" (2,-117,-1) = - arY:;; H, (7,-114,0) = - 2 V2'¥A
(5,116,1) = - 2 8§ H, (7,113,1) = - D'HX
(5,016,0) = - 2% HX (7,013,0) = - XHX
(5,-116,-1) =~ 2% H, (7,-1 3,-1) = - ¥ B
(5,113,1) = §H, (7,114,1) = - 2 ¥H_
(5,013,0) = ¥H, (7,016,0) = - 2 YH_

"

(5:'1‘33"1) = %Hx (73'116:"1)

-2y Hx
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A, Ay a2 AL
H=H
Z
- 0y = . n2[2%% 2(a<+z)2 2 )\? 2
(M_=0| E|M;=0) @ [’-\c J;&/
[ (AN )2 (KX)2_2<«X)‘* +2§°‘A23J
A A A2 A2
W
2\
Mg= + LE|M = + +g\\(32/ (5{ (a+2£3« J%zz
_[L;-(_a\_z_z_+§ (x/\>2_<d>\>‘*]
A, 2 A A2
202 %A AN 2Ny 2N
= - 2 + ) — _\_ - -
g, =&~ (2+%) A2 Y K, Hlz+a) 2B A‘* Aé A B,

The energy denominators are defined in Figure 5; the coefficients o

and ¥ depend upon the mixing of atomic states through the cubic field
with values-g and J?ﬁ3/4 in the case of no mixing, but in the cubic
field are 1.29 and 1.52 respectively; N is the spin-orbit coupling con-
stant, and fa is the Bohr magneton. These expressions are applicable
either to the spin-Hamiltonian formulation of electron spin resonance or
to the direct determination of the susceptibility equations. The field
independent terms contribute to the zero magnetic field splitting of 3A .

The general expression for the paramagnetic susceptibility is (7)
(e . 12 2) (.
Z oo, ] [+ 0]t -2 D50 | o

5o, s

(n;n) are the diagonal terms in Eqs. (3,4) which are linear

X =

(5)

(1

where m
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Figure 5
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i d (2) re those which uadratic in.Z( For7¥ = ;%/ the off
1n7¥, and my ~ are s aq . X
diagonal terms of Eq. (3) becomes quadratic through a second order per-
turbation since (M =0|E{M = 0) and@ﬁs ='il\E\Ms = 4+ 1) are separated by
the zero field splitting.

If Eqs. (3,4) are substituted into Eq. (5) we obtain the expressions

2
X,=2 N(32 ——g; (l-e 5/k"r) (142 e g/kT)'l
2 2 2
2 ¥ A 10 x2 \ (6)
+ 2 Np { + 1 3 >
[ AC AT< A I

R Cgn L2 ) 2 - §/xr - J/kT, -1
+2iAC+ T(1(3¢+2a< 4)%-%)Je §(1+2e )

2
K= 2 N(52 o o (142 e X/kT)'l

KT
2§ 92 2(o<+2)29<2>\2]
+2 N {[ + 7
] [ 2 v e,
+2[2A52+ (a+ 2)2o<2)\2 ] glk’l’f . S/kT)-l
c

These expressions for the susceptibility are valid only when the tempera-

ture is low enough so that the population of the 3E state may be neglected.

Susceptibility in the Temperature Range 77° to 2959K

For the temperature between 77 and 295°K the expressions for the
susceptibility have a simpler form if the exponentials gre expanded in

powers of S/kT. The results of such an expansion are

2432
Ky=2up {g“ [ &730] 7 62 + ety A A ®
Cc ZXT
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Xf 2y (32{8171 ik(T- 5/610]-1 + ZZ-LZ--% %_%fi [1*(4o<2+°( -2) %%EM
c T T .

Note that the susceptibilities should follow a Curie-Weiss Temperature
dependence.

Measurements of the susceptibility have been made by Brumage (la,5),
and the data as a function of temperature are listed in Table V. In
the analysis of the data it is assumed that 5’= 8.3 cm—l, a value which
is consistent with the data from optical spectra (6) and electron spin

resonance (2,8,9,10). Figure 6 shows the behavior of :K“ and }iLas a

-1
u,_L) ‘

function of (T + @ The straight line characteristic of the
data indicates that the expanded forms of ;(qland ><L > Eq. (8), are
suitable in the analysis.
. . s o o .

Since the concentration of V in the sample is not accurately
known, only the ratio of the slopes may be determined from the data.
But g, has been measured by electron spin resonance techniques (9,10),
and we use the value reported in the literature, g, = 1.915 4+ 0.002, to

determine

g, = 1.725 + 0.010. (9)

The difference in intercept of Z” and Z.L at T =@ is sensitive to AT’
the 3A2 - 3E separation due to the trigonal component of the crystal

field. From the susceptibility data we obtain

-1
AT = 1200 + 200 cm . (10)

Since we use the difference in )f“ and ;(L, the diamagnetic portion due
to A1203 and V+++ is eliminated from the calculation. Also g, depends

upon A and [XT, Eq. (3), and from Eq. (9) we find
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TABLE V

V++¥

-DOPED CORUNDUM

T°K ];“(x 107 cgs-emu) T°K 7(¢(X 107 cgs-emu)
77.3 4.70 77.3 4.08
88.0 3.68 88.0 3.23
91.0 3.49 103 2.26
121 1.92 109 1.96
127 1.68 118 1.60
138 1.25 130 1.11
145 1.04 137 0.89
155 0.75 145 0.72
156 0.73 154 0.49
202 -0.26 174 0.15
272 -0.93 217 -0.46
290 -1.14 253 -0.84
296 -1.16 296 -1.17
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AT ~ 1100 cm” > (11)

A~ 90 <:m“1
It is interesting to note that the two methods of determining [&T are
consistent.
The two parameters )\ and ZXT have also been determined from elec-
tron spin resonance absorption and from the optical spectra but the
results are not completely consistent. McClure (3) reported ZXT = 960 cm'l,
but Zverev and Prokhorov (10) found the low values ZXT = 280 cm™ ! and
>\= 38 Cm-l. Our results are consistent with McClures, but differ
significant from those of Zverev and Prokhorov. We feel that the elec-
tron spin resonance data has not been interpreted correctly and a more
careful analysis (for example inclusion of higher order terms in g, )
would yield larger values for the parameters under consideration.
It is interesting to compare the free ion and crystal values for
and the L-multiplet separations, page 27, reference (4). For the free
ion
AECF; 3p) ~ 12,200 cn”?
-1 (12)
A ~ 104 cm
and in the crystal we find

AECE; 2P) ~ 9000 cn”t

1 (13)
A~ 9 em .
Apparently the crystal field has a larger effect percentage-wise in
changes of AE than in A . Possibly the "tail" of the electronic wave-
function is more drastically altered by the surrounding ligands than that

part in the ion core. Since A varies as —ly, it would be less sensi-
T

tive to changes in the "tail" of the function than would be the elec-
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tronic energy.

The low Temperature Susceptibility

The zero magnetic field splitting, é. , of 3A2 is quite sensitive to
% and [&T' The optical spectra reported by Price (6), intensity mea-
surements of ESR absorption (9), pulsed magnetic field resonance experi-
ments (2) indicate that S~ g cm-l; and the \ and [ST determined from
the susgeptibility measurements reported in the last section indicate
that S'v 8.6 cm_l, but so far no direct megsurement of é; has been made.

The temperature dependent term of X, increases as T decreases,
goes through a maximum, and then approaches zero as T-» O. The tempera-
ture at which the maximum occurs may be found by differentiating the

first term of Eq. (6) and setting it equal to zero:

when
-9
E'S.;E-ze ey, (15)
This equation 1s satisfied when
Eéé = 1.463° (16)
or
S = (1.016,) T E_g% (17)

Since the location of the maximum is dependent only on 5-, this is a
direct way of determining the zero field splitting. At present Brumage
(la) is extending his measurements to low temperatures, and the results

of this experiment should supplement the data already available.



APPENDIX I
THE STRUCTURE OF CD,HCOH AND CH,DCOH

The general expression for the moments of inertia of the molecule,

Chapter I, Eq. (1-6), are

2
L

(IGM)xx (ICF)xx

+ (1

Ty = Tep) ) (2 0]
CM’yy CFlyy CT’yy M 7z X

(o g = o)y + gy + L E |yt o)t 2|
(Gapsy = Gepyy + Topyy + 2 [ 0oy Gy + 7]
Cawx, = Ceplys ¥ Tordxs * 'MIMMF [O‘ x7z]

uCM?Yz B <ICF)yz ¥ (ICT)yz * ILT';E [“Zy * G-y)?Z] )

These expressions are also applicable to CgH5COH.

The molecular structure of acetaldehyde has been determined by Kilb,
Lin and Wilson (4), and will be assumed to be applicable to CHyDCOH and
CHD,COH. In this formulation C-COH is considered to be the frame and

2

has the same inertia properties for both molecules.
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Ad
O X
v
CF
&
iy & X .
s\/C C
/
/
/
/H
Figure 7
co = 1.206 & % =56° 5"
CH =1.114 & & = 62°31"
C-C = 1.501 &

These values for the structural parameters give the results

2
(ICF)xx = 45.283 amu X
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02
(ICF)yy = 33,601 amu A
2
(Igp),, = 11.682 amu &
(ICF)yz = -12.904 amu Xz
(Tep)yy = (Toplyy = O
(o 3.6935 x 10°* %

10
¢ = 1.6197 x 1071 A

For the top it is assumed that all three atoms lie in a plane per-

pendicular to the C-C axis.

M,
£CT
a1
< T
/V\L
Figure 8
CH,DCOH CD,HCOH
(o]
CH =CD = 1.087 & CH = CD = 1.087
T = 108° 24' T = 108° 24'
(Iop),, = 2.3498-7.827 x 107% sin?w (Ior)y = 1.8803 + 1.2516 sinZ
-1 A
(Icr)yy = 1.567147.827 x 107 sin’ (Igp),, = 3.1318 - 1.2516 sin’y
(Top),, = 3-9169 (Igr)_. = 5.0121

44

-1 .
(ICT)xy = 7.827 x 10 ~ sin & cos q (ICT)xy = 1.2516 sina cos &
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CH,DCOH CD,,HCOH
(ICT)XZ = (ICT)yz =0 (ICT)XZ = (ICT)yz =0
-1 0 -1 ©
Gl=2.5421 x 107+ & O = - 2.03%1 x 107" A
(o] (o]
Yy = 1.7201 A Yy = 17201 A
M
MIM F_ 3.6703 amu MrMMF = 4.4865 amu
[e]
I =1y =1.6049 amu A’ I =1, =-1.5698 & amu
1 Q2 1 02
Iz = 4.154]1 amu A Iz = 5,1978 amu A
-2 -2
% = - 8.296 x 10 7 = 6.485 x 10
The numerical values for the terms in Eq. (3-1) are
CDH,COH CD,HCOH
[¢]
1 )(O) = 59.2306 amu A° (T ®) = 61.2359 amu &2
(gD = - 6.8921 x 107 gl = 6.7165 x 107}
(I {2) = - 1.01983 (T )(2) = 1.0660
(ICM)(O) = 46.0284 (ICM)§;) = 50.0081
(I )(2> = 1.01983 (ICM)§§) = - 1.0660
0] = (O) =
(ICM)( ) = 16.3365 T 17.4915
-1
1) = - (1) - -1
(IGM)gZ) 6.8921 x 10 (ICM)ZZ 6.7145 x 10
(o) = . (o) =
IR 1.01983 T 1.0660
1) = -1 1) = . -1
(ICM)éy) 3.44605 x 10 (ICM)éy) 3.3708 x 10
= o (o] =
(ICM)§§> 1.60490 | (T D 1.5698
(Igy )(0) = -15.2362 (L () = -15.7548
ya
(IGM)(l) = 1.60490 (ICM)(l) = - 1.5698
Also for Eq. (3-2) the results are

) = G
Iég. 59.231 amu A

1¢9) = 61.2359 amu 82
XX



CDH., COH

A AE
XX
1(2) = . 1
XX
)=
1§; 45
1(2) = 1.
yy
100 = 12,
Z2z
1) = o
z2Z
D
100 = 3,
Xy
1) = - 1.
1) = o
1D =1
1) = .15,
vz
vz
1(2) = . 1
vz

For the rotational constants of Eq. (3-3) the

8921 x 10 -

.6399
.408
6399

154

.8587 x 102

4460 x 107"

6399

-1
3314 x 10

103

-1
.3314 x 10

CH,,DCOH

(o) _
/LLXX = 8
(L_ -
Mx T 2
/a(?-/_
XX
()=
uyy 18
(2)_ _
v 9
(0)= 70
Az
L (2)= ~1
-z

44158 (amu A2Y' (103)

.8227 x 1071

2.4938 x 1077

.7686

-1
.1894 x 10
L1219
.3733

-1

.0920 x 10
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e
xx
2
L
(o)
IYY
e
yy
1(0)
ZZ

It

It

I(]-) =
zz

1(2)
ZZ

It

1(0)
Xy

1§§)
I(O) =
.4

Z
LD
Xz

]

I(o)
yz
I(l) =

ya

1(2)
vz

(o)
@))

XX
22
(o)

y

2
)
(o)

22z

(2)
Az

/Aég)

CD,HCOH

6.7415 x

5.9184 x

49.5340

- 5.9184

12.2719

0

2.1859

5.9184

- 3.3708

0

- 1.0180

~-15.6530

0

- 1.0180

results are

10~

CD,HCOH
8.16514 (amu A2)"'(10%)
-8.9891 x 1072
~7.5942 x 1072
16.9100
4.7258 x 107
68.2549
9.6090 x 107
-9.3082 x 1072



(1)
Xy
(o)

//xxz

1)
P

(o)
z

(2)
A

Also the

HTR’ Eqs

il

(o)
Mg’

) =

(2)
A

It

CH,DCOH

- 4.6721 x 10~
- 1.3569 x 10

4.8811 x 10
-23.

9.9632 x 10

coefficients of the torsional equation

3230

1

1

1

1

. (3-7,16), are

CH,DCOH

1.

70.

L

9228

.3873
.6535

.2657

.3230

.3163

.0385

.1876

1219

. 1937

X

X

X

10

.9513 x 10

10°

10

2

-1
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CD,HCOH
1) - -1
ul) = 1.9929 x 10
ef9) = 11827 x 1077
Xz
L = . -1
s 3.2193 x 10
(g) = -21.5689
//a§§> = - 7.0629 x 107"

CD,HCOH
/AXé°)= 1.6543 x
’/44§1)= -4.1757
,,«§2)= 6.4511 x
a, = -2.3080
b, = -3.1520 x
a,  =-21.5689
b, = 3.708
Cy = -6.7818 x
d, = 3.673% x
a, = 68.2549
b, = -2.0878
c, = 9.2504 x
d = -5.3768 x

and certain terms of

102 (amu g)-l

10

1071

10

10°

10

10



APPENDIX II
THE STRUCTURE OF CgH5COH

The structure of CgH5COH has not been accurately determined by the
usual methods of isotopic substitution. It will be assumed that the
ring structure has the same values for the parameters as benzene, and
then the aldehyde structure is similar to that for acetaldehyde.
Usually the splitting of the spectral lines due to internal rotation is
not as sensitive to the structure as the actual frequencies of the lines.
The benzene ring is considered as the frame and the lighter aldehyde

group as the top.

Benzene Ring Aldehyde Group
0
C-C: 1.397 A Cc-0: 1.211
o
C-H: 1.084 A C-H: 1.193
¥ = 56° 27"
C-C connecting bond: 1.480
D = 55° 54
My = 1.008
M, = 12.01
My = 16.00
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Figure 9

The results for this structure are

(Iop),, = 259.52 amu A2 (Igp),, = 3.7817 amu A2
(Iep)yy = 170.59 amu &2 (Top)yy = 3-7817 cosy
(ICF)ZZ = 88.93 amu Z? (ICT)yy = 3,7817 sinzq
(ICF)Xy = (ICF)xz = (ICF)yz =0 (ICT)xy =-3.7817 sinux cos o
(ICT)xz = (ICT)yz = 0.
GI= 0.8906 A I' = 40.52 amu 8%

0 . 02
’72 = 3.186 A I =15.11 amu A
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for x =0
2
(ICM)Xx = 419.60 amu A
(ICM)yy = 315.56 amu 22
(Igp) gz = 104.04 amu &7
(ICM)yz = 40.52 amu XZ
(ICM)Xz = (ICM)xy = 0.

The effective moments of inertia, Eq. (4-2), are

[o]
18 © 419,60 amu 82 19 = gg.03
XX 22
1(2) - _123.80 : 11 = 123,80
XX Xy
(o) = =
1o 206.87 I, 0
1(2) = 123.80 I = o0.
yy yz

For the rotational constants of Eqs. (4-3,19) the results are

}({z) = 1.1916 (ams 427! (10)3 /«::) = 5.6223

@) = 5.6197 x 1071 ) = -7.1311 x 107
,«}(,;) = 2.4170 A =0
/a}(,}%) = -1.0197 A, =0
R = 1.2683 x 10°*

Also the coefficients of the torsional equation and certain terms of

HTR’ Eqs. (4-8,19), are

-1
EE'( f{:) -/}({}1,)) = 5.1085 (£2 amu)” (103)
o, _
I;/“yy = - 6.4824
49 5 6223
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R =1.2683 x 107}
- '
ML) =5.6099 x 10 (amu A2) (10%)
) _ (o)
A 1.0499 x e
g{ = 7.7193 x 106 8% (amu)3

2
g = 9.7908 x 10°.



APPENDIX IIIT

A Van Vleck transformation has been carried out to fourth order.

The result is:

H = Hy + Hy

(nl|H1|n”»Q")(n”,é”|H]_|nzl)
En - En"

(ngQIEIng') = (n4MHplng') +

Z (n£|Hl|nnfn)(n"‘e",Hl\n'”ﬁl”)(n"',é"'l Hl\nz')
+
(B, - Eyr) (B, - Eq")

Z[-(nllﬁllnﬁ )(nz [Hl ul_é“')(n“l/(‘”\ﬁl\nzl)

- Ennl)z
(nﬂlHl‘ 2"y (n"'g '”|Hl\n*€ ) (ng" \Hl\nﬁ):{
(E - B Ill)z

+<<;(nZlH1|n”£")(n"Z |H1|n"' |n)( ”'/(nllH ln mznn)( mLZ""\Hl\n()
(En - Enn) E, - Enm) (En - Enun)

1 ZL(“KIHH n'y" (n'if“lﬂll nf"") (n[”lHl[n'_”h iy (n”"[“"\Hll nj')
2 (En - En“>2 (En - Ennn)

. (nftHllnlzu) (n”,Z'”Hll anll) (n,("'l H]_l nlmznn) (n"",Z""|Hlln£') ]
(En - En“) (En - Ennu)2
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. Z(HX\Hl lnzn) (n[lll Hl\n",Z”) (nl%”lHl [n””f"') (nz(""\Hl‘ nﬁ')

(B, - E,m3

§/{(n£ln]_ \nf")(n[” ‘Hl( n"_Q") (nn’eulHl \nnu/éun) (nun/&nn {Hll nz)
L— (En " En")z (En - Enml>

. (n’/IHl l nnu[m) (n””,é"” \Hll n”’Z") (n”L"IH]_l n zn " (n£

B;\ng) ]

(Ep - Egm) (B, - En")z



APPENDIX IV
FORMULATION FOR C6H500H WHEN s> 100

The results of Chapter IV are applicable when the barrier height
parameter, s, is less than 100. Above this value the solutions of
Matheius equation have not been tabulated. In this region it appears
best to expand the trigonometric functions, sin-fx , about o = 0. Then
the zeroeth order torsional functions are the Hermite polynomials, if
we use localized functions. Tuis is reasonable since the overlap in-
tegrals when the symmetry functions are used is exceptionally small;
affecting the ninth digit of the energy for s = 100.

Under these conditions the Hamiltonian has the form
HO = HT + HR
iy = (9 52 4 v

and Hp is the same as Eq. (4-18). Then Hé and HTR are

' Ll 4 2 6 _ 1 8 4 ...

+A (o? P2+P20(2) +B (x* p? +p2°<4)

6
+C (of p2+p2c>(6)

2 4
Hp = 0o +Eo®) B2+ (Fa” +Get) BJ
3
tHa+Ioa”) (ByPy + PP
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838

+{J(o<p +px) +K(o<3 2 +po<3) ] P

2
+{Lp +M(x“p +pa?) + N(ot* P +po<4)] Py
+0p Pz.

The coefficients are related to those used in Chapter IV in the following

nanner:
a =P 1= dald el
5= & v al) 5=l

6 = 24P 42 u® 4 alH R=- &al® +a(2)

D =/u.}<02{) L = a}(,°)

-G e D He s Gl o)

v = N =2 a§°) + 3 aiz) + a§4)
¢ = - Gugy +ag)) 0 =24

H —/“}(c;)

where the a; are the coefficients in Eq. (4-19).

The method of solution is as follows: the eigenfunctions of H0
are the basis for the perturbation calculation. The perturbing Hamil-
tonian is Hi + Hypp and the off diagonal elements are removed by the
Van Vleck transformation. Around s = 100 it is necessary to calculate
up to fourth order terms to obtain the coefficients of sz, etc. For
s ) 500 only third order perturbation is necessary. The matrix elements
of q , p s OZp etc, are most easily determined by matrix multiplica-

tion, starting with

(o] | otl) = (n+1) %

1
V2%’



V2

X
(n| S+ \n-l-l) =\ (n+1)2
(al=5qn-1) = - ,/—}' (n)*
W2 = /)

Since the basic functions are localized at 0 and AT , and the "overlap"
integrals are small, it is possible to transform to the principal axes
of the molecule in the limit of infinite barrier. This procedure has not

been utilized here, but could reduce part of the calculation involved.
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