INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI
films the text directly from the original or copy submitted. Thus, some
thesis and dissertation copies are in typewriter face, while others may be

from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality
illustrations and photographs, print bleedthrough, substandard margins,
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate

the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in one exposure and is included in reduced
form at the back of the book.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6” x 9” black and white
photographic prints are available for any photographs or illustrations
appearing in this copy for an additional charge. Contact UMI directly to

order.

UMI

A Bell & Howell Information Company
300 North Zeeb Road, Ann Arbor MI 48106-1346 USA
313/761-4700 800/521-0600






THE UNIVERSITY OF OKLAHOMA

GRADUATE COLLEGE

PLEATING COORDINATES FOR A SLICE OF
THE DEFORMATION SPACE OF A HYPERBOLIC
3-MANIFOLD WITH COMPRESSIBLE BOUNDARY

A DISSERTATION
SUBMITTED TO THE GRADUATE FACULTY
in partial fulfillment of the requirements for the
degree of

DOCTOR OF PHILOSOPHY

by
KAVITA BHATIA
Norman, Oklahoma
1997



UMI Number: 9806328

UMI Microform 9806328
Copyright 1997, by UMI Company. All rights reserved.

This microform edition is protected against unauthorized
copying under Title 17, United States Code.

UMI

300 North Zeeb Road
Ann Arbor, MI 48103



PLEATING COORDINATES FOR A SLICE OF
THE DEFORMATION SPACE OF A HYPERBOLIC
3-MANIFOLD WITH COMPRESSIBLE BOUNDARY

A DISSERTATION
APPROVED FOR THE DEPARTMENT OF MATHEMATICS

Approved By
Bamgflin Lullo

Ao, Bvane




©Copyright by KAVITA BHATIA 1997
All Rights Reserved



Dedicated
to

my parents

iv



ACKNOWLEDGEMENTS

I would like to express my deep gratitude and appreciation to my advisor Dr.
Darryl McCullough for his guidance and constant encouragement throughout my
graduate studies. I would also like to thank him for his patience in going through
several trying drafts and for getting the dissertation into its final form.

I would like to thank Drs. Boris Apanasov, Kevin Grasse, Leonard Rubin,
and Pat Weaver Myers for serving on my committee. I would also like to thank
Dr. Ara Basmajian for helpful conversations on the theory of quasiconformal
mappings.

I would like to dedicate this dissertation to my parents. To my father who
was a firm believer of higher education and to my mother who has been a constant
source of support and encouragement.

Finally I would like tc acknowledge my husband Sanjay for his love and sup-
port especially during the last few days of the writing of the dissertation.



II.

III.

VI.

VII.

VIII.

IX.

XI.

TABLE OF CONTENTS

Introduction .
Quasiconformal deformations
The slice S

The orbifold O

A Planar Covering of O
F-peripheral groups

Rational Pleating Rays

Real Pleating Rays
Normalized Traces .

Pleating measure and pleating length
Pleating Coordinates .
FIGURES

REFERENCES .

vi

Page

31
39

48

61
64
70
73

81



1 Introduction

A Kleinian group G is a discrete subgroup of PSL(2,C). It acts as a group
of isometries on hyperbolic space H® and as a group of conformal automor-
phisms on C. The regular set Q(G) is the maximal subset of C on which
G acts properly discontinuously and its complement A(G) is called the limit

set.

An important object of study in the theory of hyperbolic 3-manifolds is
the boundary dC in H3 of the convex hull of A(G). It is a surface which
is invariant under G and consists of totally geodesic two-dimensional pieces
which meet along a collection of geodesics invariant under the group. With
this additional structure, it is called a pleated surface. The image of the
geodesics in dC/G is a disjoint union of geodesics called the bending lam-
ination. Topologically but not conformally, the components of dC/G are

equivalent to the components of Q(G)/G.

Qur objective is to study a slice of the deformation space of the group G

on four parabolic generators T, T, £, E, satisfying the following conditions



(i) [Th, T2] = 1 = [Ey, E;]

(ii) Every parabolic in G is conjugate into either (T}, T,) or (Ey, E,).

Up to conjugation by an element of PSL(2, C) the generators have the form

I 1 1 = 1 0 1 0
Tl = ) T2 = ) El = . E’Z =
0 1 0 1 oy 1 g, 1

The quotient H* U Q(G)/G is a 3-manifold with two cusps and Q(G)/G is a
surface of genus 2. Figure 1 shows two ways to visualize this surface. By a
theorem of Bers (Theorem 2.4 below), the quasiconformal deformation space
of G is isomorphic to the Teichmiiller space T(S) of the genus two surface
modulo the action of the group () where v is the commutator [T}, T>]. Thus
the deformation space is a six-dimensional space. A two-dimensional slice
can be obtained by fixing the two cusp structures. If we give both the cusps

a standard structure then the generators after renaming have the form

1 1\ 1 i 1 0 1 0
T1= 11-}: sEp= 1Eip=
0 1) 0 1 p 1 ip 1

where p € C. Let G, denote the group with presentation

<Th T‘iv Epv Eip l [TlaTi] = Iv[Epv Eip] = 1)



and let

S={peC: QG,)/G, is a genus two surface .

Using Bers’ theorem, we show in Proposition 3.2 that S is topologically
an open annulus. The remainder of our work is directed towzrd producing
coordinates on the slice S that reflect the geometry of the pleated surfaces
0C,/G,. In order to do that we first need to identify those laminations that
arise as bending laminations. We do this by observing that all the groups
in § are normalized by R./2, the rotation about the origin through through
an angle of 7/2. Consequently, R/, preserves the limit set of each G,, so
preserves C, and the bending lamination. Now if we quotient out the genus
two surface S5, = Q(G,)/G, by the action of R./;, we get an orbifold O
whose underlying topological space is the 2-sphere, and which contains two
order 2 cone points and two order 4 cone points. Any lamination that is
invariant under R,/; projects to a lamination on 0. We show that the set
of geodesic laminations that are invariant under R,/; can be identified with
R U {0}, and that all except the one corresponding to oo occur as bending

laminations.

Our coordinates on S as R/8Z x R ¢ are given by Theorem 11.2. The first



coordinate represents the bending lamination and the second the normalized
length of the bending lamination. The advantages of our coordinates are
that they reflect the geometry of the pleated surface dC,/G, and they can
be computed directly from the generators of the group. The set of groups
whose bending lamination corresponds to a fixed A € R coincides with a
branch of the real locus of an analytic function. For A € Q, the lamination
consists of closed geodesics, and the analytic function corresponds to the
traces of the group elements that represent these closed curves. All these
branches are disjoint and non-singular and it can be shown that the rational
branches ax:e dense in S by interpolating them with rays along which the

pleating locus is a lamination containing nonclosed geodesics.

This work was motivated by the papers of L. Keen and C. Series [10] [11],
in which they introduced pleating coordinates on the Maskit embedding of
the Teichmiiller space of a punctured torus and on the Riley slice of Schottky
space. For the groups which they consider, the set of possible bending lam-
inations coincides with the set of all possible laminations on Q(G)/G. All
simple closed geodesics determine the same structure at infinity, that of a

thrice punctured sphere. In our slice S, the set of bending laminations is a



proper subset of the space of all possible laminations. Bending laminations
having compact leaves determine one of two possible structures at infinity, a

four times punctured sphere or two once-punctured tori.

The presentation is organized as follows. In section 2 we review the
relevant theory of the quasiconformal deformations of a Kleinian group. Most
of the results here are from Ahlfors [1] and Bers [4]. In section 3 we define
the slice S, give a rough description of its shape, and prove that it is an
open annulus. The orbifold O is introduced in section 4. We show here
that the measured laminations on S, invariant under R./; can be identified
with the circle S'. In section 5 we identify each R,,-invariant lamination
on 5, that consists of simple closed geodesics with a rational number p/q,
defined modulo 8. We also find words in the conjugacy class in G, that
represent the closed geodesics corresponding to p/q. In section 6 we define
F-peripheral groups and use them to characterize pleating rays in terms of
the combinatorics of the limit set. In section 7 we single out special branches
of the hyperbolic loci of the trace polynomials by identifying them with the
rational pleating rays. Section 8 deals with real pleating rays. In section 9

we define the complex length functions L,/,(p) and show that they form a



normal family. In section 10 we characterize the normalized length functions
by using the theory of measured laminations. We use this characterization to
prove the uniqueness of the limit functions of the normal family {L,/q(p)}.
Finally in section 11 we prove that the laminations and their normalized

lengths give coordinates for S.



2 Quasiconformal deformations

In this section we will provide basic definitions and results and prove that
there exist local sections from the quasiconformal deformation space QD(G)

into the space of quasiconformal maps.

Recall that a Kleinian group is Fuchsian if it keeps invariant some circular
disk. The limit set of a Fuchsian group is contained in the boundary of its

invariant disk.

A Beltrami coefficient on a Kleinian group G is a function u € L*(C).

having norm less than 1 and satisfving the conditions

s () (2) = u(z) Vv €G
and pulp =0.

Let Bel(G) denote the space of Beltrami coefficients on G. According to
the measurable Riemann Mapping Theorem, for every u in Bel(G) there
exists a unique quasiconformal homeomorphism f, of C which has Beltrami
coefficient u and which keeps the points 0, 1, and oo fixed. Moreover f,G f,
is again a Kleinian group and is called a quasiconformal deformation of G.

7



Two quasiconformal deformations of G are equivalent if they differ by a
conformal map. The deformation space QD(G) of G is defined to be the set

of equivalence classes of quasiconformal deformations.

Let F be a Fuchsian group which leaves the upper half-plane H invariant.

Suppose p € L*(H) satisfies
A (2Y(2)/Y () =u(z) VYEF, Vz€H.

Extend y to the lower half plane by symmetry. Then there exists a corre-
sponding f, which maps H on itself. Two Beltrami coefficients u, u’ € Bel( F)
are said to be equivalent if f, = f,r on R. The Teichmiller space T(F) of
F is defined to be the set of equivalence classes under the above relation.
For u € Bel(F), let f* denote the unique quasiconformal homeomorphism
normalized to fix 0, 1, and oo with Beltrami coefficient 4 in the upper half

plane and 0 in the lower half plane.

Lemma 2.1 f, = f, on the real azis if and only if f* = f* on the real azis.

Proof: Let A* be the unique conformal mapping from f#(H) to H normal-

8



ized to fix 0, 1. and oc. Since A*c f#|y has the same Beltrami coefficient as f,,
is normalized at 0, 1, and 20, and maps H to H, we have f,(z) = 4* o f*#(z)
for all = € H. [If f*(z) = f¥(z) for all z € R, then A#(z) = A“(r) for
all z € R and thus f,(z) = f.(z). [f- fu(z) = f.(r) for all z € R, then
h = f;'o f, is the identity on R so it can be extended to a quasiconfor-
mal mapping of the whole plane by putting A(z) = = in H*, the lower half
plane. Consider the quasiconformal map 4 = f“o ho (f#)"!. [n f.(H"),
4= fYo(f*)"! is conformal because both f” and f* are conformal on H".
In f*(H), A = f*o(f,) ' o f,o(f*)"! is conformal. Thus 4 is a quasi-
conformal map that is confcrmal almost everywhere. So by definition it is

conformal. Hence it is a Mobius transformation and the normalization makes

it the identity. Therefore f* = f“ on H".

Definition 2.2 The Schwarzian derivative of f is definad to be
fIII 3 fll 2
va=5-3E)

It is easy to verify that the Schwarzian of a Mébius transformation is 0.



Consider the behavior of the Schwarzian under composition:

F(z) = f(¢(=))

F'(z) = f(¢(2))5'(z)

fﬁzf”(c’)g., ¢’
Fr f(<) ¢’

P (PN Q) (f"(c‘))2 vz, F1Q) ¢ (g_)
F (F) “(f'(o 7o) )T RO e e

{F.2} = {£.¢} (=) +{¢. 2}

Lemma 2.3 [f p € Bel(F) then the Schwarzian of f*, {f*,z} = @ is a

holomorphic quadratic differential for F in the lower half plane H*.

Proof: From the calculation above, we have

{fog,z}={f,9(2)Hdg'(z))* + {g, =} -

There are two special cases.

(i) For f = A a Mobius transformation,

{Aog,z} ={A,g(=)Hg'()* + {9, 2} = {g. 2} .

10



(ii) For g = A a Mébius transformation.

{fod.z} = {f, Az} (A=) .

Therefore if ¢ = {f*, =}, we have
dod={f".z}od={f* Az},
the second equality following from the definition of the Schwarzian, and
(00 A)(AN? = ({f* AzP(A)? = {f*od s} = {ffo Ao (f*) o f*. 5}

using (ii) for the middle equality. Since u € Bel(F), f*o Ao f#~! is a Mdbius

transformation, say B, and
(po A)(A)? = {Boft,z}={f*z}=0

using (i) for the middle inequality. Therefore (¢ o A)(A")? = ¢ and so ¢ is a

quadratic differential for F'.

Denote by Q(F) the space of holomorphic quadratic differentials for F.
A theorem of Nehari-Kraus states that if f is holomorphic and univalent in

the lower half plane, then |{f,z}y?| < 3/2. Defining a norm on Q(F) by

11



lloll = sup|o(z)ly?®. this becomes ||o|| < 3/2. Define

O:T(F)— Q(F) by

[u] = {f*.z}.

To verify that @ is well-defined. observe first that if 4 € [u'] then f, = f,/ on
R. Lemma 2.1 then implies that f* = f* on R and hence on H*. Therefore

{f*.z} = {f*.z}. By reversing the steps one shows that ® is injective.

The Ahlfors-Weil Lemma states that if 0 € Q(F) satisfies ||¢]] < 1/2.
then the function p defined by
—y*3(z) ifzeH
{0 if - € H*
satisfies {f#,z} = ¢ and u € Bel(F'). Thus the image of ® is contained in

the disk of radius 3/2 and contains the disk of radius 1/2.

Let G be a finitely generated nonelementary Kleinian group. Let Q2 be the
region of discontinuity of G and A a component of (2. Since G is nonelemen-
tary there exists a holomorphic universal covering A: H — A. Let F be the

set of all @ € PSL(2,R) for which there is a v € G satisfying v(A) = A and

12
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hoa = voh. Then F is a Fuchsian group called the Fuchsian equivalent of

G over A. It is determined by G and A up to conjugation in PSL(2.R).

By the Ahlfors Finiteness Theorem, G has a finite number. say n. of
inequivalent components, and every Fuchsian equivalent of G is finitely gen-
erated and of the first kind. Fix n inequivalent components Ay, Nj,.... A,
and n universal coverings hj: H — ;. The corresponding set of Fuchsian
equivalents {Fy, F3,..., Fn} is called the Fuchsian model of G. Denote by

Bel(H. F') the elements of norm less than 1 that satisfy the condition
p(f()NF()/f(z) = u(z),Vz€H, fEF.
Define

h*:Bel(G) — Bel(H, F,) x - -- x Bel(H, F,) by

g (g, . pn) where

pi(2) = p(h;(2))h;'(2)/hi'(2) .
We will verify that pz; € Bel(H, F;). Let f € F}, then there exists ¥ € G such
that ¥(4A;) = Aj and hjo f = v oh;. Then hy'(f(2))f'(2) = ¥'(h;(2))h;'(2)
and

wi(FE)FEF(z) = wh;(FENRFE)/R(F(2) - P/ (=

13



= p(v(h;(NY(R; )/ (hi(2)) - ki’ (2)/R)'(=)

Since u is a Beltrami coefficient for G. the latter equals pu(h;(z) ( )/ h;'(

and this equals g,(z). Next we will show that A is injective. Suppose that
(B1s--tin) = (V1y... ). Then p;(z) =vj(z) for € H, and j = I..... n.
and hence by definition of A*. p(h,(z)) = v(h;(z)). Since Aj:H — 1, is
surjective this implies that p(w) = v(w) for all w in A; and hence in Q.
Since ply = 0 = v|y we get p = v and hence h” is injective. We will now
show that A~ is surjective. Given (y;..... tn). we need to find a corresponding

p. Define pjpy = 0. For = € A}, define
u(z) = p(hj(w)) = p;(w)h;'(w)/h;'(w) .

If A’ is equivalent to A;, say A} = v, ¥ € G, define for ' € A,

p(z") = p(v(2)) = pi(2)7'(2)/7'(=) .

We must check that g is independent of the choice of v. Suppose that
' = 1(z1) and 2’ = 7(22). Then p(2') = p(z1)v1(z1)/7i(z1) and p(=") =

u(22)75(22)/74(22). Put v = v7'y,, so that y(z;) = z;. We calculate

#(22)72(22)/73(22) #(v(z0) 2(v(21)) /73 (v(21))
= p(z1) Y(v(z0))/va(v(20)) - ' (z0)/7'(z1)

14



= p(z1) (207)(21)/(r207)(z1)

= plz)n(z20)/7i(z) -

Finally we will show that. u — A*(u) is C-linear and hence holomorphic. Let

a, b€ C and u, v € B(G). Then
h*(ap +bv) = ((ap + bv)y, ... (ap + bv),)

where (ap + bv)j(z) = (ap + bv)(h;(2))h;'(z)/h;'(z). Since the latter equals

(ap(hi(2)) + bu(h,(2)))h; (2)/hy'(2) we get h*(ap + b) = ah*(n) + bh*(v)

proving that it is linear. Thus A* is a holomorphic bijection.

Let ¢ denote the Teichmiiller extremal map; then ¢: TF — Bel(F) is an

injective map and ¢ ot = id where

&:Bel(F) = TF
g o]
Define
ETF x - x TFy = Bel(G)

(lea)s -5 [a]) = (R7) "Mt pa], - - -2 t[n])

15



and

&: Bel(G) — QD(G)

H = [qufu—l] .

The next result is due to Bers [4].

Theorem 2.4 The mapping ¥ = 60f, U:TFy x... x TFy = QD(G) is a

covering map.

We thank Dick Canary for providing us with the next result, which assures
that there exist local sections from @D(G) into the space of quasiconformal

maps.

Lemma 2.5 Let G be a finitely generated Kleinian group and let {F)....F,}
be a Fuchsian model of G. Let [fGf~'] € QD(G), and let ([u}],....[u}]) €
TF x -+ x TF, with U([u}],....[u}]) = [fGf™']. Then there ezists a
neighborhood U of [fGf~'] in QD(G) and a continuous map s:U — Bel(G)

such that for each z € U, [f,(,_)Gf,(I)"l] =z.

16



Proof: By Theorem 2.4 we may choose a neighborhood (" of [fGf~!] in
@D(G) and a neighborhood V' of ([,u}],[,u?]) in TF, x--- x TF, such
that ¥ly is a homeomorphism from V to U. Let z € U and ([ul],....[u7])

be its preimage in V.

Define s(z) to be & (], ... [u}])- Then s(r) is a Beltrami coefficient for
G. Let fy) be the unique quasiconformal homeomorphism with Beltrami
coefficient s{(z) and which fixes 0. L. and ~0. Then [f,(,)Gf:(i)] = o(s(z)).

Since the latter equals W([ul],....[u2]) which equals z, we are done. Next

we prove a result that will be useful in the later sections.

Next we prove a result that will be useful in the later sections.

Definition 2.6 Let G be a finitely generated Kleinian group and D a domain
inC. Forp € D let f, be a quasiconformal homeomorphism of@. The family
{f,Gf,'} of groups is said to be an analytic family of groups based on D if

for every z € C the family {fo(2)} is analytic as a function of p.

Proposition 2.7 Let G be a finitely generated Kleinian group and Y a sim-
ply connected subset of QD(G). There ezxists an analytic family of groups

17



based on Y.

Proof: The inclusion map ¢ from Y to QD(G) is analytic. Let {Fi.... F,}
be a Fuchsian model of GG. By covering space theory there exists a lift i: ¥ —
TF, x---xTF, so that p 07 =i. Since p and i are analytic. so is ;. Now
the map &: TF, x --- x TF, = Bel(G) defined earlier is an analytic map.
According to the Measurable Riemann Mapping Theorem [2] there exists a
unique quasiconformal homeomorphism f,: C = C with Beltrami coefficient
to?(p) that is normalized to fix 0, 1. and oo. Moreover f, changes analytically
with t 0Z(p). Thus the family {f,(z)} is analytic as a function of p and hence

{f,Gf,'} is an analytic family of groups based on Y.

18



3 The slice S

Our objective is to study a slice of the deformation space of the group G on

four parabolic generators T, T, E,, E, satisfying the following conditions:

(') [Tlv T2] =1= [El. E-g]

(ii) Every parabolic in G is conjugate into either (T, T>) or (Ey, E3).

Let a be the fixed point of T. Since [T}, T3] = 1, Ty = TT\T; ' which implies
that the fixed point of T} is T»(a), so T} and T, have a common fixed point.
If we normalize G so that the fixed point of E; and E; is 0, and the fixed
point of T} and T, is oo, and so that T equals translation by 1, then the

generators have the form

1 1 1 To 1 0 1 0
Tl = ) T2 = 3 El = ) E2 = .
0 1 0 1 o1 1 T2 1

The quotient (H? U Q(G))/G is a 3-manifold with two cusps and Q(G)/G is
a surface of genus 2. Figure 1 shows two ways to visualize this 3-manifold.
By Theorem 2.4, the quasiconformal deformation space of G is isomorphic

to the Teichmiiller space 7(S) of the genus two surface modulo the action

19



of the group () where v is the commutator [T}, T,]. Thus the deformation
space is a six-dimensional space. A two-dimensional slice can be obtained by
fixing the two cusp structures. [f we give both the cusps a standard structure

then the generators after renaming have the form

1 1 I ¢ I 0 1 0
Tl= sTi= *Ep= ?Eip=
01 0 1 o1 ip 1

where p € C. Let G, denote the group with presentation

(T, T:,E,.Eip | [T, T} =1,[E,, Eifp] = 1) .

Definition 3.1 The standard slice S is defined as S = {p € C: Q(G,)/G,

is a genus two surface}.

Before initiating our more detailed study of S in later sections, we will

obtain some rough bounds on the shape of S, and prove that S is an annulus.

There is a classical result due to Shimizu and Leutbecher [8], which says
that if X is an element of G, the radius of the isometric circle of X must be
less than 1, since G, is discrete and contains translations by 1. This implies
that if [p| < | the group G, cannot be discrete. Therefore S is contained in

the exterior of the unit circle.



Let R./; denote rotation through =/2 about the origin. R./;T} R;/lz =T
and R.;2E,R;j, = E_;, and so R.j; normalizes the group G,. Therefore if

p € S then ip is also in S.

The isometric circles of £, and E! are defined by the equations |[pz+1| =
l and |pz — 1| = 1 respectively. Writing p = |p|e?, the isometric circles of E,
touch the lines Rz = 1/2 when ﬁ cos(—e)-f-ﬁ}I = 1. The latter is equivalent
to |p| = £2(1 + cos 8). Similarly, the isometric circles touch the lines Iz =
£1/2 when ¢ sin(—0)+ 5 = £1/2. which is equivalent to £2(1—sin§) = |p|.
For p in the region exterior to both of the cardioids |p| = £2(1 + cos 8) and
lol = £2(1 — sind). the isometric circles of E,. E;'. E;,, E;' are inside
the square formed by the lines Rz = £1/2 and 3z = £1/2. In this case the
region inside the squares and outside the circles is a fundamental domain F,
for G,. For such p, the regular set (G,) is connected and the limit set is

a Cantor set. Since the latter properties are preserved under quasiconformal

conjugacy, the same is true for all groups in S.

If p = —4, then the isometric circles of £, and E;! touch the vertical lines

Rz = £1/2 and the element T\ E, is parabolic. Since T; E, is not conjugate



into either (Ty,T3) or (E\, E;). G_4 does not belong to S. Since G_y_. is
in S for all € > 0, G_4 is in the boundary of S. The symmetry of the slice
implies that the groups corresponding to p = 4 and p = +4: also lie in the

boundary of S.

Proposition 3.2 S is homeomorphic to an open annulus.

Proof: Let C~}'p be the group with presentation

(Th Tis Epy Eip-. Rﬂ'ﬂ l [ThT:] = 1~[Epa Eip] = I.R“i/2 =1, RW/ZTI :/12 = Ti~

ReppTiRZ ), =TT ReppEL Ry = ELY Repn B Ry = EJY)

H3UQ/G, is a 3 orbifold which is topologically a ball with two interior points
removed, whose boundary is an orbifold O having two cone points of order 4
and two cone points of order 2. The orbifold O is described more thoroughly

in the next section.

Applying Theorem 2.4, one shows that the deformation space of G, is
isomorphic to the Teichmiiller space 7(O) of the orbifold modulo the action

of the group (v(o0)), where v(o0) is the commutator of Ty and T;. Now

()
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T(O), according to Bers[4], is biholomorphic to the Teichmiiller space of
the four times punctured sphere. Hence it has complex dimension | and so

T(O)/{y(0)) is topologically an annulus.

We shall identify this deformation space with our slice S, thus showing

that S is an annulus.

Consider a deformation ¢G,,¢~! of G,,. Then ¢ : C — C is a quasicon-
formal homeomorphism normalized to fix 0. 1 and ~o and the isomorphism
C:',,o — éé,,oqb“ is type preserving, that is, it preserves the trace of the
elements. Now (@Rr/207 ') = 1, so 0R./2¢7" is a Mobius transformation
of order 4 that fixes 0 and oc. Hence it must represent R7},. Since o is

orientation-preserving and fixes 0 and oo, @R, /20™" = Ry/3.

Since ¢ fixes oo, ¢T,0~! = Ty, and since it fixes 0, and 1, ¢T\¢*(0) =
¢Ty(0) = &(1) = 1. Therefore ¢T\¢~! = T,. From the relation that

Repl\Ro)y = T:, we have 6Tig™! = T,

Next, since ¢E,,&"! is parabolic and fixes 0, it must equal £, for some

p- From the relation that R./2E, R}, = Ej,;, we have ¢Ei, 67! = EJ 1.

23



Putting these together shows that ¢G,,0~' = G, for some p. Moreover.
6Go&~' = G,. Define @: QD(G,,) — S by sending [G,] to p. We claim that

this is a well-defined homeomorphism.

If G,,l and Gp, represent the same point in QD((?,,O ), then they are conju-
gates of each other by a Mobius transformation. Since conjugation preserves
trace, and since the trace of T\ E, is 2+ p. G,, and G,, can be the same point

of QD(épo) only when p, = p,.

We show next that © is surjective. Suppose p € S. Choose a quasi-
conformal map O,, — O,. This lifts to a quasiconformal map of C which
conjugates C~r",0 to G,, and ©(G,) = G,. It is easy to verify that @ is contin-

uous and an open map. Hence it is a homeomorphism.



4 The orbifold O

The boundary dC(G,) of the hyperbolic convex hull of A(G,) in H® is a
pleated surface, that is. it consists of totally geodesic two dimensional pieces
which meet along a collection of geodesics invariant under the group. The
image of these geodesics in the surface 9C(G,)/G, is a disjoint union of
geodesics called the bending lamination. The topological frontier dC, is a
2-manifold which carries a natural hyperbolic metric and induces a hyper-
bolic structure on 9C,/G,. For bending laminations that consist of closed
geodesics this structure is easily seen by cutting the surface along the bending

lines.

There is a natural retraction map from 2, to dC, which maps = € Q to
the point where an expanding set of horospheres based at = first hits 9C,.
This map is G-equivariant and is homotopic to a homeomorphism between
aC,,/G',, and 2,/G,. Thus 8C,/G, is a genus-two surface pleated along some

geodesic lamination.

Qur aim is to study the bending lamination and use it to coordinatize



the slice S. To understand the possible laminations that may arise. we will

exploit the 4-fold symmetry of dC,/G, induced by conjugation by R.,.

Recall that for values of p sufficiently far from the origin, the region F,
outside the isometric circles of £, and F;, and inside the square formed by
the lines Rz = £1/2,3z = £1/2 is a fundamental region for the action
of G,. Figure 2 illustrates F,. Clearly F, is invariant under R,;;. F,/G,
is a genus-two surface S, and S,/ R/, is an orbifold O whose underlying
topological space is the 2-sphere. This orbifold has two order 2 cone points

and two order 4 cone points and has S, as a 4-fold orbifold covering.

Definition 4.1 « is said to be a [-suborbifold of O if its preimage & in S,

is a l-submanifold of S,.

Proposition 4.2 A connected [-suborbifold of O is either a simple closed
curve that does not pass through any of the cone points or a simple arc that

ends at the order 2 cone points.

Proof: Let a and 3 be short arcs that have one endpoint a regular point
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and the other endpoint at an order 4 or order 2 cone point respectively. as
shown in Figure 3. Let & and 3 be their lifts to S,. Since S, is a manifold.
& consists of two transverse arcs that intersect in the point which is the lift
of the order 4 cone point. and 3 consists of two arcs that contain the order
2 cone points in their interiors. Since a l-submanifold of S, cannot have
a transverse self intersection, a cannot be part of a l-suborbifold. Since
the underlying topological space of a l-suborbifold of O is a l-manifold.
any connected suborbifold containing J must be topologically an arc that

connects the two order 2 cone points.

The next Proposition restricts the closed geodesics which can occur in

the bending lamination.

Proposition 4.3 Any simple closed R./,-invariant geodesic in S, projects
either to an arc connecting the order 2 cone points or to a simple closed curve

that separates Q into two disks each with an order 2 and order { cone point.

Proof: By Proposition 4.2, we need only show that any simple closed curve

v in O which lifts to a geodesic in S, separates O into two disks, each with
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an order 2 and order 4 cone point. Let ¥ be a closed geodesic on S, that
projects to y. Now v separates O into two disks D and D’. If D contains
no cone points it is contractible in O. The preimage of D in S, consists of ¢
disks, one of which has 7 as a boundary. But a geodesic cannot bound a disk
and so D must contain a cone point. If D contains one cone point. then the
preimage of D consists of one disk if the cone point is of order 4 and two disks
if the cone point is of order 2. In either case ¥ bounds a disk so it cannot
belong to a lamination. For the same reason, D’ cannot contain fewer than
2 cone points, so each of D and D’ contains exactly 2 cone points. Suppose
for contradiction that one of the discs, say D, has two cone points order 2.
Let 3 be an arc in D joining the order 2 cone points. Then D deformation
retracts onto 3. Thus D lifts to two annuli 51 and 52 containing 3: and 3;
respectively and the preimage of v consists of the boundary of two annuli.
This is a contradiction since distinct geodesics in S, cannot be parallel. Thus

D must contain a cone point of order 2 and a cone point of order 4.

Proposition 4.4 Let D be a disk in O containing ezactly one order 2 cone
point and order 4 cone point. Then D, the lift of D to S,, is a punctured

torus.



Proof: Let v be an arc in D joining the order 2 and order 4 cone point. D
has orbifold Euler characteristic —i. Since S, is a 4-fold cover of @. D has
Euler characteristic —1. Now ¥ consists of two simple closed curves through
the order 2 cone points which intersect tfansversely in the order 4 cone point.
The only two orientable surfaces with y = —1 are a punctured torus and a
disk with two holes. But a disk with two holes cannot contain transverse

intersecting curves. So D must be a punctured torus.

The preceding propositions show that in the deformatior’l space of G, we
could see two kinds of bending along closed geodesics depending on whether
the projection of the bending lamination is a closed curve or an arc. In the
former case bending would be along a simple closed curve that divides S, into
two one-holed tori. In the latter case it would consist of two curves which

cut S, into a four-holed sphere.

Proposition 4.5 The space of all measured laminations on S, invariant un-
der R./2 can be identified with the circle S', in such a way that the simple

closed geodesics and geodesic arcs connecting the order two cone points cor-

respond to Q U {oo}.



Proof: There is a two-fold covering of hyperbolic orbifolds @ — @ where
@ is the 2-sphere with four order 4 cone points. It has two order 2 branch
points. each of which maps to an order 2 cone point of O. One can construct
O by letting 3 be the geodesic arc in O that connects the order 2 cone points.
splitting O along 3. and gluing two copies of the split O together along their
boundary geodesics. The measured laminations in @ cannot pass through
the order 4 cone points, so correspond to the measured laminations on a four
times punctured sphere. As in [11], these are classified by a slope parameter
in RU {oo}, where the slope of the preimage circle of 3 is 0, and ratio-
nal slope parameters correspond to simple closed geodesics. The covering
transformation preserves each measured lamination, thus lifting of measured

laminations in O to measured laminations in O gives a homeomorphism of

the spaces of measured laminations.
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5 A Planar Covering of O

In this section we will show how to identify each R j,-invariant lamination in
S, that consists of simple closed geodesics with a rational number p/q € Q.
We will find elements of (7, that represent the closed geodesics corresponding
to p/q. Throughout this section, all rational numbers are assumed to be

written in the lowest form.

Figure 2 shows the fundamental domain F, of G, for p real sufficiently
far from the origin, which under the side pairings of the generators Ty, T;
E,, and E;, yields the surface S,. For W € {T{¥', T*', EX'. EZ'}. a label
of W on a side of F, indicates that the side is carried by W to the side with
label W-!. Let T denote the projection of the sides labelled T%' and T#! to
O, and E denote the projection of E‘,*1 and Ef,‘ to O. The sides labelled T}
and T; each contain a lift of an order 2 cone point, and they intersect in a lift
of an order 4 cone point. So T is an arc connecting the corresponding order 2
and order 4 cone points. Similarly £ is an arc connecting the remaining pair
of cone points in @. The arcs in F, labelled B’, B”, B", and B" connect

the lifts of the order 2 cone points, while the arcs labelled R', R”, R, and
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R"" connect the lifts of the order 4 cone points. Let B and R respectively

denote their projections on O.

In order to make the connection with the rational numbers we consider
a new covering of O. In the plane. let £ be the lattice of points of the form
{m + ni : m, n € Z}, with the sublattice L' = {m + 2ni : m. n € Z}. as
shown in Figure 4. Let .X be the orbifold which is the plane with order 2
cone points at the sublattice £’'. Let M be the square with vertices 0, i, [ +1
and 1 and let [" be the group of Euclidean isometries which is generated by
reflections in the sides of M. [ is isomorphic to (Z, * Z;) x (Z, * Z2). Let
[y be the orientation-preserving subgroup of " of index 2. The set M U W'
is a fundamental domain for the action of 'y on X and thus X/ = O.
where M’ is the square with vertices ¢, 1 4+, 1 + 27 and 2:. The order 4 cone
points lift to £’ and the order 2 cone points lift to £ — £L’. Label the edges
of the integral squares on X by T, E, R, or B according to the label of their
projections to O. Note that the horizontal lines through the vertices of L’
project to R and the horizontal lines through the vertices of £ — L’ project

to B.



Let {,/, be a line of slope p/q through a vertex of £L — L' if p is even and
passing through a point of £ if p is odd, and let v,/, denote its projection on
O. If p is even, 7,4 is an arc connecting the order 2 cone points. and if p is
odd. v,/4 is an arc connecting an order 2 and an order 4 cone point. Let 7,/
be the lift of v,/ to S,. From the previous section we know that ¥,,, consists
of two curves Tp/q 20d */x',’/q that are either the generators of the fundamental

group of a punctured torus or are two simple closed curves through the

order two branch points. Let V,/, and V], be the words representing ¥,/, =

p/e
{*p/q» Tn/q}- Figures 3a and 5b illustrate the curves v,/ for p/q = 1/2 and
p/q = 2/3 on the orbifold O and one of their lifts v,,, to F,. 7, occurs
as a collection of arcs on F, which under the side pairings of F, gives us a
simple closed curve on S,. Tracing along these arcs one obtains the words

Vipa =TTV TTE,TTE, and Voys = TTVE,TLE, TS E,.

1 =z 1 0
Forze Cwelet T, = and E, = . Notethat T, = T!

and E_, = E]'.

Proposition 5.1 For p/q € Q, V,/, is a word of the form

‘quEnq M T(l Ef“ ifp iS even
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T_\_:Eq,--- T, E, ifpisodd

where €,,...,€6, are £1 or i, and ny,....n, are £p or *ip.

Proof: A simple closed curve v on S, appears as a collection of pairwise
disjoint arcs running between the sides of F,. We can read off an expression
for v as a product of elements of (G, by reading off along v the sequence
of labels of sides cut by v and by adopting the convention of writing the
elements from right to left. Such a sequence is called a cutting sequence for
v. The sequence of sides cut by v,/, on O is alternating in £ and T, therefore
the cutting sequence of 7,/, is also alternating in E,, and T,,. 7,/, occurs
as a collection of arcs on F, which under the side pairings of F, form two
simple closed curves each of which double covers v,/,. Let I(a,b) denote a
line segment of slope a/b whose projection along the y axis is a units and
whose projection along the z axis is b units and which starts at a vertex
of L' if p is odd and at a vertex of £ — L’ otherwise. [(2p,2q) is a double
cover of v,/,. Since its projection along the z axis has length 2q its cutting
sequence is a word of length 2q alternating in T and E. Thus V}, is a word
of the form T, E,, --- T, E,, where ¢; and n;, j = 1,...,q are determined
from the cutting sequence of ¥,,, on F,. For p odd %,/, passes through
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the order 4 branch points. Thus to determine ¢, one can choose a curve
homotopic to 7,/, that does not pass through the order 4 branch points. As
indicated in Figure 5a. such a curve would give us the sequence 77 'T "'

Thus V, /g = T_1~iE,, -~ T, E,, for p odd.

Observe that the fundamental domain F, can be subdivided into eight
polygonal regions, each region corresponding to a unit integral square on

X. Hence the cutting sequence of ¥,/, is the same as that of vgi,/,. So

Varpta = Vorq-
Proposition 5.2 Tx(T,, Es,, - Ts, Eb.p) = arthr - - anbpp™ + -+ - + 2.

Proof: Let ¢;(p") denote a polynomial in p of degree at most n. We will

show by induction that

(L+aibip) - (1 + anbup) + c1(p™™)  calp™)
Tat Eblp vt Tan Ean =
c3(p™) ca(p

l+abp a
Note first that T, E;, =

. We calculate
bp 1

Ta Eyyp--TanEsp =
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((1 +aibip)--- (L + an-1ba_1p) + Ci(Pn—z) C2(Pn—2)) ( L+ azbap an )
ca(p™") cs(p™?) bnp L
((1+anblp)---(1+anbnp)+61(p"“) cz(pn-l))

ca(p™) ca(p™ )

[t follows that
’I‘P(Tal e El,np) =albl---anb,,p“ ++C .
For p = 0 we have

2.

l ai+a+---+a,
c=Te(T,,T,,...To,) =Tr =

0 1

Notice that {(p., q) and {(2p,2q) both cover Yo/q» and recall that [(2p, 2q)
is a double cover of v,/,. Therefore a cutting sequence of [(2p,2q) can be
obtained by adjoining to the cutting sequence of I(p, q) on the left, the mirror
image of the cutting sequence of /(p,q). Then, whenever [(2p,2q) crosses a
lift of R between an E, and an T, it has to contain a corresponding crossing
of a lift of R between T,,_, and E,,, and vice versa. That is, exactly half the

crossings of lifts of R occur as [(2p.2q) is going from an E to a T, and the

remaining occur when it is going from a T to an E.
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Proposition 5.3

+iP2p7 4. 42 if p is even
’n'(vp/q) =
(L +3)P Y209+ 2 ifpis odd
Proof: From the previous proposition we have TrV,,, = bya,---bia;p.

where each a; and b; is either 1. -1, {, or —i. We must determine the
product b,a, - - - bia; up to multiplication by %1. It is convenient to think of

this product in the form

(bgaq)(bg-1aq-1)-- - (br1ay) .

For a given j. if both b; and a; are real. or both are imaginary, then b;q,
contributes only a factor of £1 to the product bya, - - - bya;, and consequently

can be ignored since we are only determining the product up to sign.

The region in F, bounded by the sides R/, T}, R” and E, is a fundamental
region for the action of R,/; on F,. The subscripts of all its sides are of the
form %1 or +p, according as they have T or E labels. The subscripts of the
fundamental domain bounded by R”, T}, R™ and E;! are also of this form.
The adjacent fundamental domains have sides with subscripts of the form +:

or *tp, according as they have T or E labels. Thus whenever we cross a lift
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of an R on F, we change from a fundamental region with subscripts 1 and

+p to a fundamental region with subscripts %7 and +ip, or vice versa.

Consider the crossings of lifts of R that occur between Ey, and T,,. If
there are an odd number of such crossings, then b;a; is +i, while if there are
an even number, then it is 1. Hence for purposes of calculation up to sign,
we can regard each crossing of a lift of R as contributing +: to the product.
On the other hand, the crossings of lifts of R that occur between T,, and

Ey,_,, do not affect the product up to sign.

We consider two cases.

Case (i): p is even. We have observed that half the crossings of {(2p, 2q) over
a lift of R occur between an E} , and a T,,. These produce p/2 factors of +:.

Since all other factors are *1, the leading coefficient of Tr(V;/q) is £17/2.

Case (ii): p is odd. In this case [(2p,2q) crosses p — 1 lifts of R, so there are
exactly (p — 1)/2 factors of +: coming from crossing of lifts of R that occur
between Ej , and T,,. Since V,;, = To Eb,p - .. Ta, Es,y where aq = —(1 + i),

a, contributes (1 + i) making the leading coefficient £(1 + i)i(P~1)/2.
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6 F-peripheral groups

Definition 6.1 A subgroup F of G is called F-peripheral if it is Fuchsian
and if one of its invariant open disks does not contain any points of \(G).

Such a disk is called a peripheral disk of F.

Definition 6.2 4 surface S; imbedded in S is said to be incompressible if
for each component G of S| the homomorphism =(G) — n(S) is injective.
4 collectior_t of subgroups {H;} of G is said to be geometric if each H; is a
fundamental group of a component of an incompressible surface S, in S. such

that no component of Sy is a disc or annulus.

We select a set Wp/q of group elements representing ¥,/,. If p is odd then
we take W,/o = {[Vo/ar Vosa'l}, and if p is even then W,;; = {Vi/e, Vise'}-
Define U,, to be the coliection of geometric subgroups where each boundary

circle represents an element conjugate to an element of Wp/q.

For the next lemma, suppose that F, is a finitely generated F-peripheral

subgroup of G,, with peripheral disk Ag. Suppose also that Ag N A(G,,) =
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A(Fp). Let p(t). 0 < t < ¢, be a path in S with p(0) = pg, and denote
Gpe) by Ge. After possibly making e smaller, use Lemma 2.5 to select a
corresponding path f;, 0 < t < € of quasiconformal homeomorphisms such

that Gy = f,G,, fi'. Define F, = fiF,, f.

Proposition 6.3 [f F, is Fuchsian, 0 <t < ¢, then there erists § > 0 such

that Fy is also F-peripheral for 0 <t < 6.

Proof: Without loss of generality we may assume that co € Ng. Let Ro be a
fundamental domain for the action of F,, on Aq. Since F; is Fuchsian, \(F})
is contained in the circle bounding the disk A, = f(Aq). A fundamental
domain for the action of F, on A, is R: = f;(Ro). The map sending (¢, =)
to fi(z) is continuous and hence the limit set A(G;) and the fundamental
domain R, change continuously with ¢. Given n > 0, there exists § > 0
such that if 0 < t < § then dist(A(F:),A(Fo)) < n and dist(R,, Ro) < 7.
Now Ry may contain subintervals of the intervals of discontinuity of Fp in
0. Since A(Go) NAy = A(Fp) there are no limit points of Go in Rg. Hence
dist(A(Gy), Bp) = d > 0. Choose § small enough to ensure that n < d/4 then
dist(R:, A(G:)) > d/2 and so there are no limit points of G, in R,. Since
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translates of R, fill up A\, there are no limit points of G, in \;. Thus F, is

F-peripheral.

Lemma 6.4 Let f be a Mobius transformation that fizes —1 and 1, f not
equal to the identity, and g = R%ng"l. Then Tr[f,g] = &2 implies that

Trf = £2v2 or Trf = 0.

Proof: Since f fixes | and —1, we can write f and g as
a b a b
f= .g=
b a —tb a

One calculates that Tr[f, g] = 2(a* — 2a%b? — b*). Thus if Tr[f.g] = -2

where a®> — 6% = 1.

then a* — 2a2b? — b* = —1, which implies that a = +v/2 or @ = 0, and hence
that Trf = £2v/2 or 0. If Tr(f,g] = 2 then b = 0 and a = £1 which makes

f the identity transformation.

Define
i:I'p/q ={peC:QTrV,,, =0, [RTrV,/,| >2 ifp is even,
and |RTrV,/q| > 2V2 if p is odd } .
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Lemma 6.5 Let F, € U,y,. Then F, is Fuchsian if and only if p € ﬁp/q.

Proof: F, € U/, implies that F, = 7,(S;) where S| is imbedded in S and
08, represents Wp/q. Any parabolic in G, is conjugate into either (T}, T;) or
(E,, E,). Since the elements of W’p/q alternate in T and £. none of them are

parabolics.

—

Suppose that F), is Fuchsian. Then TrW¥,,, € R — (—2,2). We consider

two cases:
Case I: p is even. In this case er/q = {Vp/q: Voo’ } with TrV,,,, € R—(-2,2).

Case II: pis odd. In this case W,;, = {[Vi/q, Vo/o']} 2nd F, is (V,/4, Viyg'). By
using Lemma 6.4 we get TrV};, € R — (—=2v2,.2V2) or ﬁ%/q = 0. Now an
element with trace equal to 0 has finite order. Since V,/, has infinite order

its trace cannot be 0. Therefore p € ﬁp/q.

Conversely suppose that p € ﬁp/q. Since F, € Uy, it is the fundamental
group of an imbedded surface whose boundary is represented by elements

conjugate to elements of W,,. For p odd, W,;, = {[Vo/q, Vo/o']} 20d Sy is a
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punctured torus. so we may assume that F, = (V,/,,V,,,"). If p is even then

Wosa = {Vi/ar Vose'} and the imbedded surface S is a four holed sphere with

the boundary circles identified in pairs. Recall that V,;, and V}/," represent

the curves v,,, and v, that are the lifts of v,/, on the orbifold O. Hence

they are conjugates of each other under Rz. Thus the fundamental group
"

m1(S1) is conjugate to a subgroup of the form (V/q, V3/4's Visq"s Virg") where

V.

. -l oy - -1 _ -1
e = ReVpgRs™h Vop" = ReVy'Re™ V" = RsVp"Rz™'. and

Vitg = RzVpy"Rz™'. So the fixed points of the generators of £, lie on
some circle C that is invariant under Rz. Since p € ﬁp/q, the traces of the
generators are real, so the generators preserve C. Therefore every element in

F, preserves C, and F, is Fuchsian.

We note that if p € S, the element(s) Wp/q(p) must be loxodromic. We
denote the corresponding geodesic(s) in H3/G, by ,/,. We denote the pleat-
ing locus, that is, the union of the bending lines of dC,/G,, by pl(p) and
let

Porq = {pesS|pllp) = :79/4}-

We call the sets P,/, rational pleating rays. Since V,/; = Vaip/q, it follows

that ¥,/ = ¥84p/q and therefore P/, = Psyp/q-
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Now we will investigate the precise connection between the pleating locus

of C,/G, being %,/, and the element(s) of Wp/q(p) having real trace.

Proposition 6.6 p € P/, if and only if there exists a collection of F-
peripheral subgroups of G, which are the fundamental groups of the compo-
nents of an incompressible surface S, in S, with m(S1) € Uy/q and \(S1) =

X(Sp)‘

Proof: p € P, implies that pl(p) = 7p/4. Let Si be the surface obtained
by removing a small open regular neighborhood of %,/, from S,. Then
m1(S1) € Upsq. Let T; denote the components of Sy and S, denote a con-
nected component of a lift of E; to H3. Since pl(p) = Fp/q. S is totally
geodesic and hence contained in some half plane H;. Let F; be the stabilizer
of i:, then F; also stabilizes H; and hence is Fuchsian. Since s C aC,, the
plane H; separates H® into two half spaces and the convex hull of A(G,) lies
entirely on one side of H;. Hence one of the disks cut out by H on C does

not contain any points of A(G,) and thus F; is F-peripheral.

Conversely let S; be an incompressible surface in S, with y(S51) = ¥(S5,).
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and let F; be the fundamental groups of the components of S;, where each F;
is F-peripheral. Let H; be the geodesic plane in H® whose closure contains
A(F%), and let V; be the Nielsen convex hull for the action of F; on H;. Since
F; is F-peripheral. NV; C dC,. Since the surface S, is imbedded in S,, F; is the
stabilizer of .V; in G, and hence N;/ F; = N;/G, is a maximal totally geodesic
piece of C,/G,. Since m(S1) € Uy, the boundary of .V;/G, is represented
by Wp/q. For p odd this implies that the boundary circle is represented by
[Va/q» Viyq'] and hence N;/G, is a one holed torus. Since x(S1) = x(S) there
must be two such components glued together along %,/,. For p even the
boundary curves are represented by V,,, and V;,’. Since N;/G, is totally
geodesic its boundary must consist of geodesics in the conjugacy class of V;/,
and V;,/,". Again the Euler characteristic implies that in this case V;/G, is a
four holed sphere with the boundary circles glued together along #%,/,. This

implies that p € Py/,.

Theorem 6.7 The pleating rays P,;, are unions of connected components of

the hyperbolic locus H,/,.

Proof: By definition, if p € Py, then pl(p) = 7,/,- By Proposition 6.6
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there exist an incompressible surface S; in 5,, with 71(S51) € Upjq, and F-
peripheral subgroups Fj, one corresponding to each component of S;. Since
the F; are Fuchsian and belong to ,/,, Lemma 6.5 shows that p € ﬁp/q and

thus P,/ C ﬁp/q. We will show that P,/, is open and closed in ﬁp/q.

Pick a po € P,/;. Let A" be a connected component of ﬁp/q containing
po- Since A’ is open in ﬁp/q and since ﬁp/q is open in the real locus of an
analytic function. we can find an open arc @ C A, po € a. Let Fi(po) be
the F-peripheral subgroups of G,, obtained by Proposition 6.6. For p suffi-
ciently close to pg in a, define Fi(p) as in the paragraph before Lemma 6.3.
Since a C ﬁp/q, Lemma 6.5 implies that the Fi(p) are Fuchsian. By Propo-
sition 6.3, Fi(p) is F-peripheral for all p € a and sufficiently close to pg. By

Proposition 6.6, p € P,/,. This shows that P,/, is open in ﬁp/q.

Let p, be a sequence in P,j, converging to p, in H,/,. Let Si(pa), I <
n < 00, be the incompressible surfaces obtained by removing a small regular
neighborhood of 7,/, from S(p,) and let Fi(pn) = mi(Si(pn)). The elements
Wiq(pn) lie in Fi(pa) hence Fi(pn) € Upy,. Since p, € Py, for L < n < 0.

by Proposition 6.6 each F;(p,) is F-peripheral. Let A;(pn) be the peripheral
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disk corresponding to p,. Since p € ﬁp/q. Lemma 6.5 implies that F;(p)
is Fuchsian. Let \;(p~) be the disk whose boundary contains the limit set
of Fi(px). AS pn = poc. Ai(pn) = Ai(p). Since Ai(p,) contains no limit
points of GG, and since the limit set changes continuously with p. \i(p~)
does not contain any limit points of G,_. Therefore F(p.) is F-peripheral

and p. € P,/,. Hence P,/  is closed.
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7 Rational Pleating Rays

In this section we single out special branches of the hyperbolic loci of the
trace polynomials by identifying them with the rational pleating rays. By
Proposition 6.7 we know that the pleating ray P/, is a union of connected
components of the hyperbolic locus ﬁp/,,. [t also follows from the definition

that PyygN Pys =0 if p/q#1/s.

First we will identify some specific pleating rays. which will furnish the

starting point for our later induction.

Proposition 7.1 The pleating ray Py, is {p € C: p > 4}

Proof: The methods of section 5 yield that Vo, = T{'E, and so TrVp,, =
2—p. Thus the hyperbolic locus ﬁo/l is (—o0,0)U(4, o0). Suppose that p > 4.
Then the fundamental domain of G, looks as in Figure 6. We wish to show
that p € FPy;;. We are looking for a pattern of overlapping circles in the limit
set and Fuchsian groups corresponding to the circles such that if Q(F') is the

region of discontinuity of F' then Q(F)/F is a surface embedded in Q(G)/G.
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Let F = (T7'E,,T.E;,, , T.T ' E, T . T{'T.E;, T}). By calculation. the fixed
points of the generators lie on a circle C and all the generators have trace
greater than 2, hence are hyperbolics. Therefore they leave invariant the
circle C and both the disks bounded b_;f C'. Hence every element of F leaves
the disk D bounded by C invariant and so £ is a Fuchsian group. Translates
of D intersect D in the axes of the generators of F' and their translates, and
so the generators represent curves in the bending lamination. Q(F)/F is a
four-holed sphere with the boundary circles corresponding to the generators.
Note that TflE',, and T; T 'E,T! belong to the same orbit in G and hence
represent the same curve in the bending lamination. Similarly the other two
elements give us the other curve in the bending lamination. Gluing the holes
under G gives us our genus-two surface pleated along Fo/1. This proves that
p € Poj1. In section 3 we showed that if |p| < 1 the group G, cannot be
discrete. Since Fy, is a connected component of ﬁo,l and cannot contain

groups which are not discrete, it must equal (4, ).
Proposition 7.2 The pleating ray Py, is {p € C : p = re=™/*, r > 24/2}.

Proof: From section 3, Vi;1 = T 'T{'E, (see Figure 7) and so TrVy;, =
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2 — (L + i)p. Thus TrVj;, is real if p = re~*/4 and the hyperbolic locus
ﬁl/l = (—00, V2 = 2)e~"* U (2 + V2, 20)e~""/4. Since Py, cannot contain
any groups which are indiscrete. it cannot contain (~o0, 2 — 2)e~""/4. Let
p=re ™4 r>2+ 2 Then TrVy;,; > 2v2. The fundamental domain of
G, looks as in Figure 7. Let V{,;, = T/ E;'T) and Fy = (Vi, Vi)1)- Note
that V1'/1 = TI‘IR,,/gL"I/lR;/lzTI and so Vy;; and ll/l have the same trace
and their fixed points lie on the boundary of the invariant disk D,. The
generators of F; are hyperbolic. Therefore they leave invariant the disk D,
and the disk complement to it. Hence every element of F; leaves the disk
D, invariant and so F) is Fuchsian. The axes of V;;; and Vl’/l intersect each
other transversely and Q(F})/F} is a torus with one hole. Let F7 = (U, U’).
where U = E;,T'E, and U’ = E;'E;'T\. By using the argument above one
can show that F; is a Fuchsian group with invariant disk D, and Q(F,)/F;
is a torus with one hole. Translates of D; and D, fill up the region of
dicontinuity of G and their intersection gives us curves which correspond to

the commutator of V;,, and V{/x- This implies that p € Py/,.

By very similar arguments, one can check the following.



Proposition 7.3 The following are pleating rays.

Lo

Pay={peC:p=re¥* r>24+ 2}
2. Py ={ipeC:p>4d}.
3P y={p€C:p=re™ r>2+ 2}
§. Py ={—ipeC:p>4}.

P3/1={p€C!p::re"3i"/4.r>2+\/§}'

N

6. P4/1=P_4/1={'—pECZp>4}.

We are now ready to identity all rational pleating rays. Recall that F,/, =
Psyp/q- Throughout the remainder of this section, all rational numbers that

we use are assumed to lie between —4 and 4.

From Proposition 5.3, we know the leading coefficient of Tr(V,,,;) up to
sign, so we can determine the asymptotic slope of the branches of ﬁp/q. If
p = re’ PI2p1 = 116750 = r9eH( ¥+ Therefore if § = "T"‘:- then i%p? is
e.‘ﬂ%‘—‘l+§+q9

real. Similarly (1+:)i®7 p? = rieifeiT 5 el = 1 which implies

that (1 + 2)i% p? is real if § = L. Therefore H,/, has 2¢ branches with
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asymptotic slope SF2 +nZ, n =0.....2¢ — 1. Let Hy/, denote the branch

of ﬁp/q with asymptotic slope 2.

Theorem 7.4 For p/q € Q, the pleating rays P,;, coincide with the branch
H,/, ofﬁp/q. This branch contains no singularities. in fact P,/ is a properly

imbedded line in & whose complement is an open disc. Moreover, P,,, =

P8+p/q .

Proof: We will work only in the region between Py, and Pj;,. The proofs

for the other seven pie slices of S are analogous.

We know that Py, = (4,00) and Py = re™3, r > 2 + /2. We will use
Farey induction to establish the theorem for all rational numbers between 0

and 1.

Assume the result is true for P,/, and P.;,, where p/q and r/s lie between

0 and 1 and are Farey neighbors, i. e. ps —rq =1 (so r/s < p/q). Consider

Hpiq. Let B denote the component of S — (H,/, U H,/,) not intersecting the
r+s

negative real axis.



We claim that Hper is the only branch of ﬁgﬂ_ that can be contained

q+ q+e
S z—rpdr TP =
in B. We calculate &= q+s ; q(q+5) and - = Tik= 4q(q+s) > 5 which
imoli =z ptr =T2 Simi Tptr ==z,
implies that = et >3 . Similarly =F - < Consideration

of asymptotic slopes shows that any other branch of ﬁm would eventually
qts

move out of B.

Pick p, and p, on P/, and P, respectively. Choose an arc a in B
connecting py and p;. L. Keen and C. Series showed in [9] that if we have a
holomorphic family of groups based on a domain D then the pleating locus
changes continuously on D. This result along with Proposition 2.7 implies
that the pleating locus changes continuously on B. Thus there exists a point
p € a such that pl(p) € Pﬁ?v The continuity also implies that Pg_r: is
contained in B. If, for example, there were a point in P$ in the region S’
of § between P,/, and P,/ (that is. in the lower half plane but not between
Po/y and P,/,), then since s% < p/q < 4, on an arc in &' running from P,

to Py, there would have to be a point whose pleating locus is ¥,/,. But by

induction, F,/, has only one component.

Next we show that no component of HEL in Pptr contains a singularity.
+9 q+s



Suppose for the sake of contradiction that Ppir contains a component of
q+s

ﬁ;‘}f that has a singularity at pg. The local coordinate at a branch point of
order k can be written in the form p — pg = =*. k£ > 1. Thus the preimage
of a line through po has 2k branches meeting at = = 0. According to Keen
and Series in [10], starting at a singularity one can find at least two branches
along which the trace is increasing and goes to co. Since the asymptotic
slope of any other branch of ﬁ’;‘i{ is greater than ‘T”g and less than =77%,
one of these branches would eventually have to leave B while remaining in S
since Pp/q C S. This would create a point of intersection of Pp/q and Pes- or

qts

P.js and Pete. But BN Pp =0 if [ #m.

Since there are no singularities. the function TrV,,,(p) has no maximum
or minimum on any component of P,/,. For at a maximum or a minimum.

TrV,/q(p) would have derivative zero in the direction along H,,.

We show now that TrV,,(p) is unbounded on every connected component
of P,/q. Suppose that K is a connected component of P/, on which TrV,,(p)
is bounded. On K, TrV,/(p) is a real valued polynomial, so A" lies in a

bounded region of the plane. Therefore the closure A is compact. Either
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vertices of one of the 4-gons. By Proposition 2.7 we can obtain an analytic
family {f,G,, f,'} of groups based on S\ Py. The points v;(p) = f,(v;) vary
analytically with p. therefore their cross ratio also varies analytically. Define
the analytic function Fy on S\ Py by putting Fo(p) equal to the cross ratio
[v1(p), va(p), v3(p). va(p)]. The cross ratio is real only when all the v (p) lie
on the boundary of the same support plane. Therefore P, is contained in the

real locus of Fg.

Similarly by starting with S\ P, one can obtain another analytic family
{9,Gs9,'} of groups and an analytic function F; whose real locus contains
P\. If p € S\PyNS\P, then {f,G, f,'} and {g,G,,9,'} represent the same
point in @D(G,,) and so the maps f and g differ by a conformal map c. that
is f = cg. Since conformal maps preserve cross ratio, Fo(p) = Fi(p) and thus

P\ is contained in the real locus of an analytic function defined on S.

The next result shows that the rational rays are dense in S.

Lemma 8.3 Suppose that po € P\ and that p,/g. € Q, pn/gn — A as

n — oo. Then there exists p, € Py,/q, With pn — po.



Proof: Without loss of generality we may assume that the sequence p,/qn,
is increasing with limit A. Pick py € P, /,. Join p; to po by a path «
transversal to P\ so that a N P\ = {po}. L. Keen and C. Series showed
in [9] that if we have an analytic family of groups based on a domain D
then the pleating locus changes continuously on D. This result along with
Proposition 2.7 implies that the pleating locus changes continuously on a.
Since p1/q1 < Pn/gn < A. @ must intersect all the pleating rays P, /.. at
points p, = a(t,). We may clearly assume that ... < ¢, < t,4+; < ... so that
{pn} has a limit a(ty) € a. Again by the continuity of the pleating locus.
pl(a(ts)} = liMpaoo Pn/qn = A so that a(tw) € P\. Since by construction

an Py = {po}, we have a(t.) = po which implies that p, — po.
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9 Normalized Traces

Given an element A in PSL(2,C) define the complex length, L(A), as

2 cosh (L—()ﬂ) =TrA4

and requiring that R(L(A)) > 0. Since the trace of an element of PSL(2.C)
is only defined up to a choice of sign, the complex length is only defined
up to addition of iw. We write L(41) = I(A) + io(A) where [(A) is the
translation length of A along its axis. Thus &(A) is defined cnly modulo =
when 4 € PSL(2.C) but for some definite choice of lift of A to SL(2,C) it

is defined modulo 2.

Consider the function f(z) = cosh(z). Rz > 0. The image of f is C —
[—1,1]. fis periodic with period 277 and the restriction of f to any horizontal
strip of width less than 27 is injective. Thus f~! is a multiple-valued analytic
function. Let L(V,/,) denote a single-valued analytic branch of f~'(—=TrV,/,)
which is analytic on S and is real on P,/,. Recall that W, ;, = {[V}/q: V)

for p odd and Wp/q = {V,/q: V;/,} for p even. Define

5 L([Vora: Viral) if p is odd

Lose(p) = { . o
E(L(VP/") +L(V;,)) ifpiseven.
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For a matrix 4 = (a;;), define j|4]| to be the maximum of the u;jj.

Lemma 9.1 Let A¢, 1 < k < n be 2 x2 matrices such that ||Ax]| < 2. Then

| ezt Axll < 22771

Proof: Write 4, = (afj) and [Ti_, Ax = (d};). The lemma is obviously true

for n = 1. Inductively, we have
Vil r+l r+l
&5 =dhay; +dhas)

and hence

I < 2ldn | + |d]) < 4-2°771 =20

Lemma 9.2 Let V(p) be a word of length 2q in T, and E,,, a.b € {£1, +i}.

Write Tr(V(p)) = cqp? + -+ - + co. Then mazi=q,...q|ci| < 47.

Proof: The 2q matrices all have entries satisfying |a;j| < 2 on the circie
lp| = 1. By the lemma above, the entries of V(p) satisfy |d;;(p)| < 2%~! so

on the unit circle p = 1,

Te(V(p)) = ldui(p) + das(p)] < 2(271) = 249 = 167 .
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Now think of Tr(V'(e*)) as a Fourier series on the unit circle. Recall Parse-
val’s identity
.

L
— C, q PP + 2 — vq_ C;
I lol=t l 'Ip + COI "‘1—0[ g

[t implies that T7_g|c;|? < 167.
Corollary 9.3 For p/q € Q and V' € ﬁ/p/q, the coefficients of TrV'(p) are

bounded by 4*9.

Proof: Since V' a product at most 8¢ matrices as in Lemma 9.2, the result

follows.

Thus the family L,/,(p) is uniformly bounded on compact subsets of S
and hence is a normal family. The limit functions L, of this family, taken
as p/q € Q = X € R, are the normalized length functions that we require.
We shall prove the existence and uniqueness of these functions by using the

theory of measured laminations.
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10 Pleating measure and pleating length

A transverse measure v on a geodesic lamination L on a hyperbolic surface
X of finite area is an assignment of a regular countably additive measure
to every interval transversal to L in such a way that these measures are
preserved by any isotopy mapping one transversal to another and preserving
the leaves of the lamination. We call the pair (L.v) a measured lamination.
By abuse of terminology we usually refer to v as a measured lamination and

write |v| for the underlying set L.

We denote by ML(X) the space of measured laminations on X. The

weak topology on measures gives a natural topology on ML(X).

For v € ML(X), the lamination length of v, ¢(v), is the total mass of the
measure on X that is locally the product of the measure v on transversals to
|v| and hyperbolic distance along the leaves of |v|. Note that if v is a simple
closed geodesic then £(4.) is exactly the hyperbolic length of v, where 4., is
the measured lamination whose leaves consist of ¥ and the measure is the

atomic unit mass on 7. It is a well known fact in the theory of measured
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laminations that 7 : ML(X) — R* is continuous.

If v € ML(X) and if v is a simple closed geodesic on X, the intersection
number i(v.v) is the minimal measure given by v to a curve isotopic to ~.
[n particular. if v = 4, for some simple geodesic a. then i(7,4d,) is just the
geometric intersection number in the usual sense. It is known that the map

t,: ML(X) = R, i,(v) = i(7.v) is continuous [5].

The fundamental domain F, is topologically an annulus, so contains (up
to isotopy) a unique noncontractible simple closed loop. Let ¥(oco) be the
unique geodesic in S, which is homotopic in S, to the image of this loop. This
is the unique simple geodesic in ;9',, that bounds a disk in (H3UQ(p))/G,. Let
v(20) denote the projection of (o) to the orbifold O, also a simple geodesic
since it is invariant under R,/;. The next proposition shows that if p € P,/,
then the complex translation length L,/,(p) is the ratio of the length of the

pleating locus to the intersection number of the pleating locus with ¥(oc).

In order to simplify our notation we shall write ,/, for &5 .



Proposition 10.1 With the notation as above. if p € P, then

Lp/q(p) = Ep((sp/q)/i(:f(oo)v Jp/q)

where ¢, denotes the lamination length on the surface S, = dC/G,.

Proof: Since the pleating locus of p is ¥,/,, the length of ¥,,, in the hyper-
bolic surface S, coincides with its length in the 3-manifold H3/G,. As p €
Py/q, the traces of the elements of W’p/q are real. So £,(dp/) = L([Vpe, V3 ),])

for p odd and L(V},) + L(V},,) for p even.

-~

[t remains therefore to show that i(%(sc).d,/,) is 8¢ for p odd, and 4q for
p even. Recall from section 5 that the line segment {(p, q) covers the arc v/,
exactly once and therefore v,/, has exactly ¢ intersections with v(o0). Since
S, is a four fold cover of O, 7,/, has 4q intersections with J(o0). For p odd
this implies that the commutator ¥,/, of v,,, and 75, has 3q intersections

with ¥(co). Hence i(3(0),d,/4) is 8q for p odd. and 4q for p even.

Recall that the bending measure 3(p) of pl(p) is a natural transverse
measure that measures the total angle through which support planes of the
convex hull are bent when moving along a transversal to pl(p).
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Define the normalized bending lamination 3,(p) to be

3n(p) = (18(p)|. 3(p)/i(F(c0), B(p)))

and the pleating length PL(p) = ¢,(3.(p)).

Proposition 10.2 The function PL:S — R is continuous, and if p € P,,

then PL(p) = Lp/q(p)-

Proof: The continuity of £ and of iz, were mentioned above. The continu-
ity of the bending lamination follows from [9]. The fact that PL(p) = L,/,(p)

follows from Lemma 10.1.

We shall use the above characterization of the normalized length functions

to prove the uniqueness of the limit functions of the normal family {L,/4(p)}.

Lemma 10.3 Suppose that p./¢g. = A € R and that po € P\. Then

RLp./gn(P0) = PL(po)-

Proof: We shall denote the geodesic lamination representing the elements
of W,,, in the 3-manifold H3/G,, by 3,./,. and on the surface S, by F,./q.-
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The pleating locus of dC/G,, is 7\ because py € P\. Since the intersection
number changes continuously, by Proposition 10.1 it is enough to show that

RL(W,,/0)(00) = Lo ().

A generic leaf { of ¥\ may be approximated arbitrarily closely by leaves
[n of ¥p./q.. Let l; and [ be lifts. of [, and [ respectively. to H® so that l;
converges to I. Since [ is contained in the pleating locus its lift { is a geodesic
in H3. Now the lift [, is invariant under some conjugate g, of an element of
W,./en- The endpoints of [, in the limit set A(G,,) are the fixed points of g.
By our choice of [, these endpoints converge to the endpoints of [. Hence the
geodesic axis of g, converges to [ in H3. This implies that Ypa/qn CONVeErges
to 7 in the 3-manifold. The length of %,,/,, is given by %L(an/qn)(pg) and

-~
-

the length of ¥\ equals {,,(¥). Hence RL(WP“/q")(pg) — {,,(¥) as required.

Theorem 10.4 The family {L,/,(p)}p/qcq extends to a family {Li(p)}rer
in such a way that L\(p) = PL(p) for p € P\, and L\ depends continuously

on A.

Proof: We need to show that for any sequence p,/q. with pn/qn —
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the sequence of functions {L,,/,.(p)} converges on compact subsets of S to
a limit function which is independent of the sequence p,/q, and has the

asserted value on P\.

We saw in section 9 that the family {L,/;(p)}p/qeq is normal. So ev-
ery sequence has a convergent subsequence. Pick a convergent subsequence
of {L,,./4.(p)} and by abuse of notation write L, /., — L. Let p € P.
Then RL,,/,.(p) = RL(p) and by the previous lemma RL,_,,.(p) = PL(p).
Therefore RL|p, = PL|p,. We claim that L is real on P\. Assuming this, we
have L|p, = PL|p,. Therefore L is completely determined by its values on

P\ and so is independent of p,/qn.

Proof of the claim: Let po € P\.. By Lemma 8.3 we can find p, € B, /.,
with p, converging to pe. Since L,,,, — L uniformly, L, /e.(pn) = L(po).

Since Ly, /q.(n) € R, L(po) € R as claimed.
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11 Pleating Coordinates

In this final section we will introduce coordinates on our slice S. Before we

do that there is one more result that we need.

Theorem 11.1 The real pleating ray is a connected component of the real
locus of the complex pleating length Ly in §. This component contains no

singularities and is asymptotic to the line te~3*, with t > 0, as |p| - .

Proof: Let 2 and ; be Farey neighbors such that 2 < A < 1. Let Az =
{peS|pllp) < & or pl(p) > E} Since S is topologically an annulus. .4(5'5)
is a connected, simply connected subspace of § bounded by the pleating rays

P, and P./,. Let A\ = Ure,z) Aez.5)- Then A, is connected and simply

w1

connected. We have PN 4\ = 0, and S — P\ = A\. Thus since S is an

annulus and S — P, is simply connected, P\ must be connected.

Now P, is part of the real locus of an analytic function and if it contained a
singularity, at least three branches would meet there. These branches would

separate S into at least two components contradicting the fact that A4, is

0



connected.

We now prove our main result.

Theorem 11.2 The map

[M:5— R/8Z x Ry

defined by Il(p) = (pl(p), Ly (p)) is a homeomorphism onto its image.

Proof: II is continuous because each of its coordinate functions is continu-
ous. Since the pleating rays do not contain any singularities, there cannot

exist two different points in & with the same pleating locus, so I is injective.

It is sufficient now to show that II is open. Let U C S be an open disc.
(A c) € II(U) and let p(A, c) = [I7Y(A, c). Since pl(p) is A, p lies in P\. Since
U is open we can find an ¢ > 0 such that the image of U’ N P\ contains

(M,cx $). Set ¢y = c+ 5 and ¢ = ¢ — §. Draw arcs o; C U transversal to

[SV]

P\ at the points [I"Y(), ¢;), i = 1,2. We may choose both ¢, and o5 to have
endpoints on the rays P, and P\, respectively, with A\; < A < A; and short
enough that |L,(p) —ci| < § for t € oy and |L(p) — c2| < § for t € o,.

[t



Let W C U denote the region bounded by the rays P\, and o;, i.j = 1.2.
We claim that (A, A2) x (¢ — %, ¢+ %) is a basic open set in [I({/) containing

(A.c). This will complete the proof of the theorem.

Let (t,¢) € (A1 A2) x (e = %,c+ %). pe = [I7'(¢,() lies on P.. By the
continuity of pl o o;, we can see that P,Na; #0,: =1.2. Now L¢(p) > c+ %

for p € oy and Le(p) < ¢ — ¥ for p € o2. Since [Li(p) —c| < £ and L, is

monotone on P, we can conclude that p, € W and we are done.

=~
N



Figurel. The two cusped hyperbolic three manifold
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