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ABSTRACT

In this thesis, we make use of the weak formulation of the vorticity equation and
the mass continuity equation to calculate the vertical component, w, of the wind
field X7, given the two horizontal components u and v. Since w will be depending
on v and v and its approximation, w?, will be depending on approximations of u
and v and the number of points in some mesh, we will examine the effect of the

N as well as the effect of small perturbations of v and v on w and w'.

latter on w
Theoretically, the sensitivity of w to u and v can be investigated by studying the
existence of the Fréchet dif ferential of w with respect to the couple (u,v). We
develop methods that significantly reduce the computational time when using the
finite element method in both linear and cubic approximations. The mentioned
methods are the origin of an idea, presented in Chapter VIII, that can be applied
to any variational problem in order to reduce the cost of the computation of the
stiffness matrix and the load vector. We set the problem such that we obtain an
estimation of w from estimations of v and v based on radar data. The first and
obvious finding is that the finer the mesh, the more accurate the approximation;
the second states that more accurate results are obtained when using both the
vorticity equation and the mass continuity equation than when working with only
one of them. And the third one tells us that the coarser the mesh, the less sensitive
the approximation; of course, the latter is a result of using a smaller number of
points; because when we work with the same values of v and v and the same

number of mesh points but in a larger or smaller domain, the sensitivity of w"

remains the same.
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CHAPTER I

INTRODUCTION

The synthesis of three dimensional vector wind fields from Doppler radar data is
an important part of mesoscale research and operational meteorology, with partic-
ularly vital applications in hazard warning and nowcasting (e.g., tornado detection
and prediction), and in numerical weather prediction. But accurate retrieval of
the vertical velocity field in dual-Doppler analyses is an ongoing problem in radar
meteorology. Reliable synthesis of the vertical velocity field is desirable not only
in studies of tornadogenesis (Dowell and Bluestein 1997) and in initialization for
numerical weather prediction models (Lin et al. 1993) but also in many situations
for which dual-Doppler analyses are commonly applied, such as in studies of the
microphysical (Ziegler et al. 1983), kinematic (Brandes 1977), dynamic (Parsons
and Kropfli 1990), and thermodynamics (Gal-Chen and Kropfli 1984) structures of

thunderstorms.

The vertical velocity field is typically the most difficult component of the wind
field to accurately synthesize in dual-Doppler analyses (Clark et al. 1980; Ray et al.
1980; Testud and Chong 1983). Assuming the terminal velocity of the scatterers is
a known quantity, anelastic mass continuity is often incorporated into dual-Doppler
analyses as a means of bringing closure to a system that otherwise contains two

equations in three unknowns.

In practice, errors in specifying the vertical velocity boundary condition on
the upper or lower data surfaces and cumulative errors arising from integration of

the mass continuity equation in the presence of horizontal divergence errors make



reliable synthesis of the vertical velocity field difficult.

Shapiro and Mewes (2002) introduced the anelastic vertical vorticity equation
as an additional constraint in dual-Doppler analyses in order to improve retrievals
of vertical velocities. Their approach bears little resemblance to that of Protat
and Zawadzki (2000), where the vertical vorticity equation is applied to improve
retrievals of the perturbation pressure and temperature fields in multiple-Doppler
analyses. In the first part of their work, Shapiro and Mewes presented an exact
solution of the vertical vorticity equation; but, unfortunately, it can be shown
that small errors in the horizontal components can lead to significant errors in
the calculated solution. In the second part, they formulated new techniques using
concepts from calculus of variations (Sasaki 1970; Courant and Hilbert 1953). In
these new techniques, the anelastic vertical vorticity equation was introduced as
a weak contraint with the goal of obtaining the boundary condition(s) required
when applying mass continuity in dual-Doppler analyses. Two main cases were
investigated; in the first case, the mass continuity equation was used as a strong
constraint and the vorticity equation was used as a weak contraint. And in the

second case, both equations were used as weak constraints.

The focus here is on the second case where a cost functional which is equal to
the integral, over some volume V', of the sum of the square of the left hand side
of the vorticity equation, multiplied by a weighting function, and the square of the
left hand side of the mass continuity equation is minimized. The latter method is
similar to technique B of Matejka and Bartlets (1998) which was shown to be more
robust in the presence of errors. This suggests that the vorticity equation applied
with the second method might provide substantial benefits in datasets that exhibit

nonrandom errors.



It is interesting to note that if both equations are written in Cartesian coordi-
nates, T = (z,y,z)T € N3, then there is no partial derivative with respect to z of
the vertical wind field in the vorticity equation while it is the only partial derivative
of w that appears in the mass continuity equation. From one point of view, the
two equations complete each other. Especially that the formulation of the problem,
Chapter II, introduces a term that contains a partial derivative with respect to z;
and no matter how small that term can be made, it may tremendously influence

the computational results in case when only the vorticity equation is included.

Chapter II mainly discusses the formulation of the problem and the depen-
dence of the solution on the horizontal components of the wind field. Given the
two horizontal components, u and v, the vertical component, w, will be the mini-
mizer of a functional defined on a Hilbert space V. One term of the functional
involves regularization/well-posedness and is the sum of [,e(Vw-Vw)dz and
Joy €0 (w — w,)” dz where w, is some predicted vertical wind field that does not
depend on u and v. The presence of the latter term is crucial to the existence
and the uniqueness of the solution; but we prove that if w, is not reliable then ¢
can costlessly be taken equal to zero in most cases. If we have a case in which we
cannot drop ¢y then we can take w, = 0 and give ¢y a very very small value; and
we have some numerical results, in Chapter VII, that show that a very small ¢y has
little influence, if any, on the numerical approximation of the solution. Since any
perturbations in u and v will generate changes in w, we show that the latter, as a

function of (u,v), is Fréchet differentiable.

In Chapter III, we talk about the utilization of the finite element method in
the search for the approximation, w{’, of the solution wy. We prove existence and
uniqueness of w)’ and we formulate its stability as a function of the approximations

of v and wv.



Chapter IV discusses the use of linear splines in the finite element method and
Chapter V discusses the sensitivity and the dependence on the approximations
of w and v of the approximation, w’, obtained from the previously mentioned
finite element method. Since the values of u and v come from radar data, they are
defined on some mesh points x;, i = 1,--- , N. We follow the classical finite element
method in the calculation of the approximation, w;)’, of w. The methods we follow
to construct the ”stiffness matrix”, M, and the "load vector”, B, in chapters four
and six are some of the major ideas of this work. They consist of writing M, (resp.
B) as the sum of matrices (resp. vectors) each of which whose dependences on u
and v can easily be determined. The methods give us the continuity of w) as a

function of the approximations of v and v and also allow us to write fast algorithms.

Since the natural way of doing this kind of work is to provide some numerical
results, the latters, presented in Chapter VII, reveal five main outcomes. The first
and obvious one is that the finer the mesh the more accurate the approximation;
the second states that both equations have to be used in order to obtain more
accurate results. The third one says that the coarser the mesh the more stable the
numerical solution; and this is a direct result of using a smaller number of points.
The fourth result shows that the size of the domain does not affect the sensitivity
of the numerical approximation as long as the number of the mesh points remains
unchanged. The fifth and last result in this chapter shows that cubic B-splines
gives more accurate results than linear splines when working witha coarse mesh.

This may not be true if the solution is not smooth enough.

In Chapter VIII, we develop the idea behind the methods presented in Chapter
IV and Chapter VI that reduce the amount of time needed to compute the stiffness
matrix and the load vector. The numerical experiments show that, indeed, the

computational time can be 400 times less than traditional integration methods.



The results of this work are:

1. Rigorous formulation of the estimation of w form information on v and v and

the continuous dependence of w on the latters.

2. Assessment of the effect of errors in the measurements of © and v on the

unique approximation of w and the stability of the latter.

3. Accuracy of the numerical solution, referred to as the approximation, and its

sensitivity.

We will use the words sensitivity and stability interchangeably.



CHAPTER II

FORMULATION OF THE PROBLEM AND

DIFFERENTIABILITY OF THE SOLUTION

2.1 Definitions and Properties

Consider a right-handed Cartesian z, y, z coordinate system in which the z — azis
points in the opposite direction of the gravity vector. The position vector of an
analysis point with respect to the origin, (0, 0,0)% -the superscript T is the transpose
operation, of this coordinate system is given by 7 = (x,vy, 2)T = i+ yj+ 2k.

If v = (71,72,73) is an 3-tuple of non negative integers ;. We call v a multi-
index and we define the operator D7 = ol where [v] = 71 + 72 + 3.

T Oz 972y 0732

Let € be an open domain in R3; For a function ¢ : Q — R, we define:

ot~ ([ |g<x>|pdx)l/p (21)

19]lc = ess sup{lg(2)| ; T € Q} (2.2)
where ess sup is the essential supremum.

e The functional |.[|,, , where m is a non negative integer and 1 < p < oo, as
follows:

1/p

Il ={ > I1D74ll} for 1<p<oo (2.3)

0<|y|<m



Now,

191,00 = Maz {|1D7gl, 5 0 < || <m} (2.4)

(2.2), (2.3) and (2.4) define norms for any function g for which the right hand

sides make sense.

for the non negative integer, m, and 1 < p < oo define the spaces:
(@) = {g: 2 — R ], < oo}.

H™P(Q) = the completion of {g € C™(Q) : [lgll,,, < oo} with respect to the

norm |||, -

Wme(Q) = {g € LP(?) : DVg € LP(Q2) for 0 <|y| < m}, where D7g is the

weak (or distributional) partial derivative.

Wy (§2) = the closure of C§°(£2) in the space W™P(Q).
Wor(Q) = 17(0) = W3¥(0)

H™P(Q) = W™P(Q)

Wm™P(Q) is a Banach space.

H™2(Q) is a Hilbert space, denoted H™(f2), with inner product:

(91,92)m = Do<yem (D791, D7ga), where (g1,92) = [ 91(Z)g2(7)dT is the

inner product on L*(2).

In HY(Q):

The inner product (g1, g2)r = €0(91,92) + €32, =, (D7g1, D7g2), where € and

€p are two positive real constants.
. 1/2
The semi-norm [g|,,, , = |32}, (D79, D”g)]

1/2

And the norm ||g[|; = [(9,9)r] "~ which is equivalent to ||-|; ,.

7



Q2 x (0,00) — R ; || Dg||,  <oo, Y|y <3
B (0 x 0,00y = 4 27 0:00) — R D] Bl

with v = (71, 72,73, 74)

(2.6)
2.2 The vorticity equation
Let’s define the wind field V by

V=ui +v ; tw k (2.7)

The approximate equations of the horizontal one-dimensional forms of Newton’s
second law of motion, which states that the net acceleration is equal to the net

force per unit mass, applied to the atmosphere are:

ou ou ou ou 10p

_— —_— —_— _— = _——— 2 I
at+“ax+”ay+waz fu pax+TVu+F:v (2.8)
v ov Jv ov 10p 9 ~
E—Fu%—kva—y—l—w&— u p8y+TVU+Fy (2.9)

where p is the pressure, p is the air density, assumed to be constant since we restrict
attention to incompressible flows, V-V = 0 with V = (%, a%v %)T and - is the dot
product in R, Fz and Fy are the components of the friction force in the z and
the y directions, t is time, f is the Coriolis parameter and 7 is the air’ s kinematic

viscosity, also constant.

Since the vorticity at a point is given by the curl (rotational part) of the velocity



V' we have

- ow Ov ou OJw)\ - ov Ou)\ -
CUT[ (V) = <a—y - E) + <$ - 8_1E> ] + (% — a—y) k (210)

We denote by

ov Ou
$= 0y (2.11)

the vertical vorticity which is normal to the earth’s surface.

Therefore, by differentiating (2.8) with respect to y, substracting it from the

derivative of (2.9) with respect to x, considering f constant and @ - % =0, we

obtain the vorticity equation, VE, short for the vertical vorticity equation

% ui %Hf +f) (a“

ov £+ % ovow Ju 6w
ot ox

dy

In order to simplify the writing of VE, we will write the partial derivative of a
function g with respect to a variable t, %, as ¢;; and let’s also define the following

functions

& £ =1U; T Uy

o a=¢&+ul +véy e+ f)— TV

o b= Uz — Uzy (213)
e c=u,
o d=—u,

Using this notation the VE becomes
a+ bw + cw, + dw, =0 (2.14)

and the mass continuity equation, MCE, which is V - (p 17) = 0, and this time

consider p = p(z), is written as

pe+ pw+ pw, =0 (2.15)



2.3 Origin of data

Consider the situation in which there are two radars, 1 and 2, whose positions with
respect to the origin are Z; = (x1,y1, 21)7 and Zy = (29,92, 22)7, respectively. The

position vector of an analysis point  with respect to the radar i is

Ri(z) =7 — &; = Ri(7)é,(2) (2.16)

with Ry(Z) = /(2 — 2:)? + (y — 4:)* + (2 — 2)?

The velocity v, of the scattering particles in a volume sampled by the radars
is related to the air velocity V and the terminal velocity of the scatterers W; by
Uy = V- WtE, W, is considered positive. Assuming the radar beams are straight,

the radial velocity observed by the i radar is v, (Z) = R;(Z) - ¥,. Assuming

geopotential surfaces are flat v,; can be written as

Ui = (. —x)u+ (y —yi)v + (2 — z;)(w — W) (2.17)

Shapiro and Mewes, 1999, developed three formulations for dual-Doppler wind
analysis; one formulation consists of minimizing a functional that is equal to the
integral of the sum of the anelastic MCE multipied by a weighting factor and
S22 a2 (Ri(T) v — (x — ) u+ (y — yi)v + (2 — 2)(w — W,))?, where the o s are
weighting functions. The analysis reduces to solving a second-order linear partial
differential equation whose solution is unique. The new formulations are well posed
when, for each point in the analysis domain, radial velocity data from both radars
are available along the coplanar azimuthal coordinate line running through that
point and extending to lower and upper boundaries on which vertical velocity (or
coplane azimuthal velocity) data are specified. This imposes a restriction on the
shape of the domains in which the problems are well posed. Regions of the domain

that fail to satisfy the well-posed condition are associated with functions of inte-

10



gration or coefficients that cannot be evaluated. Such points are ”orphaned” by
these procedures.

White and Shapiro, 2005, presented a Hilbert space method for wind field re-
trieval. The retrieved wind field is the solution of a minimization problem on the

Hilbert space ‘H of the functional J, where

TJV)= s(V,\V)+ 5V, V)i + %2 [, {00(2) [0(2, Z0) — vro(2)]°} d

(2.18)
% {22 1 ¢1 {Ur(i’, jz) — Um‘(.f)]2} dx

with V = (u,v,w)? is a column vector,

) = Ez - U is the actual radial velocity observed at the point z (assuming

%%l

v (Z,
the point is within the coverage set associated with the " radar) from the i‘*
located at the point Z;,
=V —w; (wy is the terminal velocity of the scatterers),
v,(Z) is an observation,
¢; is a function that models the coverage area of the i'* radar,
(V.V)i= [4[V- V]2 dz is the integral of the square of the anelastic MCE
(V=(2.2.27)
(V, V) = Jo {[Vu-Vu] + [Vo- Vo’ + [Vw - Vu]*} dz
n is the number of radars minus 1 (there is a radar whose index is zero),
e, IC, Ko and C; are positive constants,

and the Hilbert space H = H'(Q, ®3)

Remark concerning the problem

If the latter method gives a solution V' = (u, v, w)” why do we need to calculate
w again?

To understand the neediness of this work, suppose we want to minimize a simple
function f(z,y) = (a(x — 2m) + By — Ym))’, where a and § are two weighting

factors. Of course, the minimizer is (x,,, y,,) but let’ s say that we want to do

11



it numerically by just approximating (z,,,ym). We start at a point (xg,yo) and
we look for the numerical minimizer (%, Ymn) using some random search or a
gradient directed search or any other method such that z, = xz, 1 £ dstp and
Yn = Yn_1 £ 0stp with stp is the fixed mesh step and ¢ is 0 or 1. The search stops
when f(z,,y,) < €s. If we make a large and [ very small then the search will more
likely stop when x,,, is very close to x,, and ¥,,, is still at a ”large” distance from
Ym- Thus the weight of each variable in the function f plays a very big role in how
close the corresponding component in the numerical solution is to that in the exact
solution.

In White and Shapiro’ s formulation, € is very small compared to K, Ky and K,
so the regularization term ((V, V")), which tells us how close the approximation is
to the exact solution, is not given an important weight in the computational part.
Therefore, the choice of a mesh and a piecewise linear or cubic spline approximation
is similar to fixing stp and €, and it is the terms multiplied by K, Ky and K; that
really tell us how accurate the approximation is. Besides, the objective in that
work is to determine a Hilbert space formulation and a scanning strategy, accuracy
is not top priority.

For each radar i let Z be the azimuth angle measured clockwise with zero being
north and & be the elevation angle and Z; be a shift of Z that determines the

position of the radar before we start scanning. We have

Ur(xaxi) = éz : 65

= ucos(&;)cos(Z; + Z) + vcos(&;)sin(Z; + Z) + (w — wy)sin(&;)
(2.19)

fort=0,---,n

Since the elevation angles &; are normally between 0 and 4 degrees then 0 <

12



sin(&;) < 0.07 and 0.9975 < cos(&;); thus in the terms

/Q {Z 64(F) [00(5, 72) — vm-(j)]z} di. i=0.-.m. (2.20)

the vertical velocity, w, has a very small weight compared to the horizontal velocities
u and v which means that the w part of the numerical approximation will not be as

accurate as the u part and the v part. And one can have an idea on how inaccurate

it will be by looking at the ratio 069.8;5 =14.25 .

White and Shapiro [2006] studied radar placement based on a geometric un-
certainty multiplier reduction criterion. And using an algebraic approach, if two
radars observe a point then, under the assumption that the vertical velocity is zero,
a set of equations can be obtained estimating the horizontal components in terms
of the angle between the radar beams and the observed radial components.

In this work, the formulation is based on data which are the u and the v that
come from the minimization of J incorporated with White and Shapiro [20006]
by assuming w = 0 then improved by using the Kalman filter or other filtering
techniques. And we make use of these improved data along with the VE and the

MCE in oder to have a better approximation of w.

2.4 Formulation of the problem

Suppose that we have an ordinary differential equation that we are trying to solve in
some given interval. One way of looking at the problem is by studying the existence,
uniqueness... of a function that minimizes a functional which is the integral of the
square of the left hand side of the ODE over the given interval. This idea is inspired

from some of John Neuberger’ s work.

Suppose X is a Banach space with the property that if f is a continuous linear

13



function from X to R, then, given ¢ > 0, there is a unique element A € X so that

Supigex gl =y f9 = fh (2.21)

Such space X includes all Hilbert spaces as well as many Sobolev spaces which are
not Hilbert spaces. If ¢ is a C! functional on the Sobolev space X with the above

property, then the Sobolev gradient of ¢ at x € X is the elemnt (V¢)(z) so that

Supggex gl v=lo' @ (2)g = ¢’ (2)(Vo(z)) (2.22)

Given a function ¢ as above, one seeks a critical point of ¢ by either continuous
or discrete steepest descent. Our interest is in continuous steepest descent and
functions ¢ for which there is a function F form & to a second Banach space )

such that
_IIF@)3

¢(z) 5 rEX (2.23)

We think of F as being so that a zero x of F is a solution to a system of partial
differential equations. It is quite common that a critical point of ¢ is actually a zero
of F, something not so common for general optimization problems. Functionals ¢
of this type are generally used only when one has a system of partial differential
equations for which a conventional cariational principle is not available.

The method followed in the formulation of this problem is based on the above
theory with the VE and the MCE forming the system of partial differential equa-
tions, X = H(Q), Y = L*(Q) x L*(N2) and

lg = (91,92)|ly, = \/aﬁ lg1ll5 + @2, |lg2]|3.  Thus it is similar to the method of
Shapiro and Mewes (2002) except for the fact that each equation, VE and MC,

is multiplied by a weighting function, «, or a,,, (in this study the weighting func-

14



tions will be constant).

Because the functions u and v can have any values, in order to have well posed-
ness of the problem and some kind of regularization of the solution, another term
-which will not play a significant role in the computational part- will be added to

the integral.
Remark 2.1 We would like to stress that, in this study, time ¢ is fixed.

Mathematically speaking, let «, and a,, be the weighting constants of the VE

and the MCE;, respectively. The goal is to minimize the functional
Mingey / a2 (a+bw+cw, +dw,)? +02, (pe+ p.w+pw, ) +€ (w — w,)’ dz (2.24)
Q

The term multiplied by a? is the square of the VE, the one multiplied by o?, is the
square of the MCE, ¢ is a positive real number, and w, is some predicted vertical
wind field that does not depend on u and v.

After expansion, (2.24) becomes

fQ Oé%(bw + cwy + dwy)2 + O‘?n(pzw + pwz)2 + 60w2d:f
Minuev 4 +2 [, ada(bw + cw, + dw,) + op pe(p.w + pw.) — euywdz ¢ (2:25)

+ [ (a2 a® + a2 p? e* + eowg) dz

Since u, v, p, oy, 0y, and w, are supposed to be given, the third term,

/ (a2 a*+ a2, p*e® + eowi) dx (2.26)
Q

15



is not a function of w so it can be dropped. Therefore (2.25) is equivalent to

Jo a2(bw + cw, + dwy)? + a2, (p.w + pw.)* + eu?dz
Mingey Ji(w) =

+2 [, aza(bw + cw, + dwy) + a2, pe(p.w + pw.) — 2wywdT
(2.27)

To insure existence and uniqueness of the solution, we will add € (wg + wfj + wg)
to the functional .J;.

|wl[3, is called the regularization/well-posedness term.

Besides insuring existence and uniqueness, the term e (w% + wg + wg) forces the
solution to have some kind of smoothness, depending on the values of o, «a,,. €
and €g.

As we already mentioned, in case w, is not given or is not reliable then we will
take it to be zero and we will prove that in most cases we can make ¢y = 0 and still

have existence and uniqueness of the solution.

Discussion

We already mentioned that the functions v and v come from the minimization of
J (2.18) so they are in H'(2) and by adding assumptions on the coverage functions
of the radars and the observations v,, we can have v and v in H*($2). But for our
problem to be well posed, v and v can be considered in W3 (Q x (0,00)) -we
can weaken this consideration. To make this happen, there are many methods one
can follow. One of the methods is to interpolate u(Z,t;) and v(Z,t;) at each fixed
time t; by cubic or B-cubic spline, interpolation is only in Z, then, for fixed Zz, to
interpolate u(z,t) and v(Z,t) by linear splines between each two different moments

t;—1 and t;, this interpolation is in ¢ only.

Suppose that the function v € W3> (2 x (0,00)), the function
v E W (Q % (0,00)), p € L>®(Q), p. € L>(Q), the Coriolis parameter
f € L*Q) and w, € L*(Q) .
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The above conditions on v and v can be costlessly weakened.

Define

a,(wy,wy) = / a2(bwy + cwy, + dwyy) (bwy + cws, + dws,)dz (2.28)
Q
am(wy, we) = / afn(pzwl + pw1,)(prwa + pws,)dT (2.29)
Q

a(wy, we) = a,(wy, ws) + apm(wy, we) + (w1, ws)E (2.30)

a(+,-) is a real symmetric bilinear form defined on V' x V' .

fo(w) = — / a2 a(bw + cw, + dw,)dz (2.31)
) = = [ atpelpw+ pu)da (232
Jeo(w) = /Q cow,wd (2.33)

fw) = fo(w) + fn(w) + foo (w) (2.34)

f(+) is a real linear functional defined on V' .

J(w) = Ji(w) + [wl| (2.35)

e We have
J(w) = a(w,w) —2f(w) (2.36)
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J(+) is a real functional defined on V.

The problem is formulated in the following form:

(2.37)
Find wy € V such that J(w) = Inf {J(w);w € V}
Let
My = Maz {ully 100 100 10l 1600 gl b (238)
me = Min{e &}, (2.39)
and
Co = Maz {a’,a},, 1} (2.40)
For w; and wy in the space V', we have
6 [[ws [l llwally + llwslly lwaally + lwslly [[wayll,
+ llwiglls lwalls + 2 ||wiy Wagllo + [|Wig w
g < cone |+l 2 ol ol + el
+ [y lly [[wally + lwiylly [[wazly + 2 [[wiylly [[wayll
Flwilly [[wazlly + lwielly lwally + 2 [Jwrelly fJwsl,
(2.41)

the term between the parentheses in the left hand side of (2.41) is

< 6 (Jlwilly + lwially + llwiylly + lwielly) (lwelly + lwzelly + llwaylly + [lwsl,)
(2.42)
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using the inequality

al—i—a2+a3—|—a4§2\/a%—i—a%—i—a%—l—a?1 (2.43)
where a;, © = 1,--- ,4, are non negative numbers.
we obtain
|a(wy, ws)| < 24C, M [willy g lwally s Yy, wy € V (2.44)

which means that a(-,-) is bounded.

and we have

Mq Hw||f2 <a(w,w) ,YweV (2.45)

which means that a(-,-) is coercive.
So, a(+,+) : V x V. — R is a bounded, coercive and symmetric bilinear form.

Remark 2.2 In fact, the coercivity of a(-,-) on V = H'(f) is obtained

because of the existence of the term €y(g1, g2) in the inner product (-,-)g.

Theorem 2.2 [16] Let © be a connected bounded open subset of R? with
boundary I', Ty CT and Vo = {g € H'(2); ¢g=0 on Ty} Then the space Vj
is a closed subspace of H'(Q).

If the ds — measure of Ty is strictly positive, the semi-norm |~]1’2 is a norm over

the space Vj equivalent to the norm [[-[[, , .

Remark 2.3 Since, sometimes, part of the boundary of our domain €2 will
be the ground surface, the roof of a building, a mountain etc, it will contain a

perfectly horizontal surface Iy on which w will be zero. Then, we can make ¢y = 0
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and, thanks to Theorem (2.2), a(-, -) will still be coercive on the space V. Therefore,

the problem will remain in the form of (2.37) but with V' = 1; and ¢y =0 .

Remark 2.4 In the computational part of this work, ¢y will be taken very
small compared to the other terms of a(-,-) and very often zero if the boundary,
[, of our domain ) contains some I'y whose area is non zero such that w(z) =

0 Vx e l'y; or if the matrix M, defined later, is invertible.

We also have for w € V

[f(w)] < Ca (20M + (8 + cter) M) vvolume of Q ([|wlly + [[wlly + [[wylly + [[wlls)
(2.46)
where cte; is a constant that depends on the volume of 2.

Using (2.43) we obtain
| f(w)] < C, (40M2 + (16 + 2cte;) M) vV volume of € Jwlly, , YweV  (2.47)

which means that f(-) is bounded.

So, f(+) : V — R is a bounded linear functional on V' .

Theorem 2.3 Assume that a(-, ) is a symmetric, positive definite bilinear
form and that f is a bounded linear form on the Hilbert space V. If J(w) =

a(w, w)=2f(w) then J(wp) < J(w) Yw € V if and only if a(wg, w) = f(w) Yw € V

Theorem 2.4 [16](Lax — Milgram Lemma) If the bilinear form af(-,-) is
bounded and coercive in the Hilbert space V, and f is a bounded linear form
in V, then there exists a unique vector wg € V' such that a(wg, w) = f(w) Yw € V.

Moreover, the energy estimate ||wyl|,, < m% || f]ly+ holds, where V" is the dual space
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of V.

2.5 The regularization/well-posedness term

In case wj, in unknown or we want to make it equal to zero, the presence of the term
€o(wy, ws) in the bilinear form a makes us wonder how it will affect the numerical
results. In fact, in most cases we can take ¢y = 0 and still obtain a unique solution.
The term in question can be dropped if the derivative of the vertical vorticity with
respect to z or the derivative of the air density, p, with respect to z is non zero on
some subset of ) of positive measure. But if g—ﬁ = ( and % = ( almost everywhere
on ) then we cannot even guarantee the existence of a solution unless we keep €.
It is possible to have many numerical solutions if the theoretical solution does not

exist.

Let L™P()) denote the space of distributions on € with derivatives of order m

in the space LP(2). We equip L™P(Q2) with the seminorm

p/2 1/p

!V?Q\Z/Q > |Dg(@)’ | dz (2.48)

Iv[=m

Claim 2.1 The seminorm ’Vg“‘ is equivalent to the seminorm

1/p

9], = / S D) de (2.49)

[v|=m

Proof

From Jensen’ s inequality, we have for 1 < p < oo

k P k
(Z’tf) <K g forally; > 0,--- ,yx > 0.
=1 =1
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k p k
i=1 i=1

k p/2 k 1/2 k
- (Z yf) < kp/271/2 (Z y?p> < k_p/271/2 Z yzp'
i=1 i=1

=1

p/2
We also have y? = yfp/Q < <Zf:1 .%2) , thus

k k p/2
P <k ol
S (i)

1=1

Therefore
k k p/2 k
Sy <k (ny) <Ry g 250)
i=1 i=1 i=1

The equivalence of the two norms follows immediately from (2.50).

We introduce the space W™ (2) = L™P(2) N LP(€2) equipped with the norm

gl ) = [Viial + lgll,

Definition 2.1 A domain € C R¢ possesses the cone property if each point
of €1 is the vertex of a cone contained in €2 along with its closure, the cone being
represented by the inequalities x% + -+ 30?1_1 < constantlxﬁ, 0 < x4 < constants

in some Cartesian coordiante system.

Corollary 2.1  The spaces W™P(§2), W (£2) and L™P(2) coincide for 2 hav-

ing the cone property.

Theorem 2.5 [19] Let Q be a bounded domain such that L™P(Q) C LP(Q)
(for example, € has the cone property). Let F(g) be a continuous functional in

W () such that F(]],,_,) # 0 for any nonzero polynomial [], _, of degree not
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higher than m — 1. Then the norm
Vyig| + Fg)

is equivalent to the norm in W)"().

Claim 2.2  Suppose that ¢g = 0. If fQ (%)2df >0 or fQ (%)de > 0 then
2.3

there exists a unique solution to the problem (2.37).

Proof

Since 2 satsfies the cone property, we have
V =HYQ)=W"(Q) = W, (Q).
Suppose that €y = 0 and let [, be a nonzero constant polynomial, we have
au (Tos Ty) + @ (T To) = (To)* [ o (39)” dz + [, (32)” dz| >,
thus, by Theorem 2.5, there exists a constant m/ > 0 such that
a(w,w) = a,(w,w) + ap(w,w) + € |w|i2 >m), ||u)||f2 Yw € V.

Therefore, the bilinear form a is coercive which allows us to conclude that there

exists a unique solution.
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2.6 From a discussion with Dr. Alan Shapiro

We have

J(w) = Jo{aila+bw+cw, + dw,]> + a2, [ep + pw. + p.w)’

(2.51)
+e (w2 + w; + w?) + eg(w — wy)? } dz
SO
0T = Jo {202 [a+bw + cw, + dw,) [b6w + cow, + dow,]
+2a2, [ep + pw. + p.w] [pdw. + p.ow] (2.52)

+2¢€ (wy + wy + w,) (dw, + dwy + dw,) + 2¢9(w — wy)ow } dz

suppose that any small variation dw is equal to zero on the boundary of €2, after
integrating by parts, we obtain

6J = 202 [ {bla+bw+ cw, + dw,] — 2 [c(a+ bw + cw, + dwy)]

— 4 [d (a4 bw + cw, + dw,)] } Swdz (2.53)

+202, [, { p:[ep + pw. + p.w] — £ [p(ep + pw. + p.w)] } Swdz

+2 [, { — € (Waw + wyy + w..) + €0(w — wy) } dwdz

Optimality condition = ¢.J = 0 Yéw

SO

a{bla+bw+ cw, + dwy) — 2 [c(a+ bw + cw, + dw,)]
_a% [d(a+ bw + cw, + dw,)] } (2.54)
+ap, { p.[ep + pw. + pw] = & [p(ep + pw. + p.w)] }

+{ — € (W + Wy + W) + 0w —wp,) } =0
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which gives

Eq(w) = —a2(® + €)wy, — a2(d* + €)wy, — a2, (p* + €)w,, — 2a’cdwy,,
—ay [((€*)z + (ed)y) we + ((d)y + (cd)o) wy] — o7, (p?)zw:
+ag (0 = (be)y — (bd)y) — 0F,ppz- + €o] w (2.55)

+ag [ab — (ac), — (ad),] — ag,p(ep). — cowy
= 0.

Now suppose that there exsits an ¢y > 0 such that (2.55) has two classical
solutions w; and ws. Here we consider that the values of wq, wy and their first
and second partial derivatives are finite on the boundary of . Let ¢(z) € Cg° (€2),
we have Eq(w;)¢ = 0 and Eq(ws)¢ = 0. Which gives [, Fq(wi)¢dz = 0 and
Jo Eq(wz)pdz = 0.

After integrating by parts we obtain

a(wy, ¢) = f(¢) (2.56)

and

a(wz, ¢) = f(¢) (2.57)

thus

a(w; — wy, @) = 0 Vo € C5° () and since C° () is dense in L*(Q2) then

a(w; —wsy, @) = 0V € L* ().

Since the values of w; and wy are finite on the boundary and both functions are
classical solutions - so continuous- then they are in L?(2). Thus a(w; — wy, w; —
wsy) = 0 which gives

/ (w1 — w)2d = 0. (2.58)

=—> w; — we = 0 almost everywhere in 2 and since the functions are continuous,

we have wy(Z) = wq(Z) VT € L.
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2.7 Regularity of the solution

Theorem 2.6 Let 2 be bounded and open in ™ and suppose its boundary is a
C?* —manifold of dimension n — 1. Let a;; € C1(2), 1 < 4,5 <n, and a; € C1(Q),
0 < j < n, all have bounded derivatives and assume that the sesquilinear form

defined by

a(p, ) = /Q {Z a;j 005 + Zaiajqw} dr, ¢, € H(Q) (2.59)
§=0

1,j=1

is strongly elliptic. Let F' € L*() and suppose u € H'(f2) satisfies
a(u,v) = / Fuodzx, ve HY(Q) (2.60)
0

Then u € H*().
|

We already know that our solution is in H'(2); but in order to have more regularity
we have to have a C? boundary. Since our domain 2 will be some parallelepiped
then we can smoothen the boundary and, numerically, keep the value of the volume
almost the same; but the coefficients in the bilinear form are functions of u, v and
their partial derivatives of first and second order and all we can say about the
latters come from Discussion 2.1.

Which gives us a € L®(Q), b € C°(Q2), c € C*(Q), and d € C*(Q). Plus being

in W3 (€, (0,00)), v and v have to be in C3() in order to have wy € H*(w) .

2.8 Differentiability of the solution w, with respect to (u,v)

In this section we investigate the differentiability of the solution wy with respect to
w and v. In fact the bilinear form a(-,-) and the linear functional f(-) are functions

of u and v and so will be the solution wy. Thus, the ”correct” writing of the solution
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is of the form

a(um)(wo,w) - f(u,v) (w) ) Vw e V. (261)

There is a mapping, denoted Wy for simplicity

Who : Vi — V
(2.62)
(u,v) — wy = wo(u,v)
where V; = W3 (€, (0,00)) x W3 (€, (0,0)) and
a0l = /Tl + 101
Proposition 2.1 [7] let X be a vector space, Y a normed space, and T’

a (possibly nonlinear) transformation defined on an open set D C X and having
range R C Y. If the transformation 7" has a Fréchet dif ferential at x € D, then

T is continuous at x.

2.8.1 Differentiability of the bilinear form a(,,) with respect to (u,v)

Let (u/,v") € Vi, for all ¢; and ¢y € V define

5?;(1/7 UI)(¢1, 2/12) = [a(u+nu’,v+nv’) (¢17 2/12) = Q(u,w) <¢17 w2>] (2-63)

S| =

where 7 is a non-zero real number.

It can, easily, be shown that
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[Dal, 1)) (1, ) = limy o305, 0") (1, )
= - fQ 0612) (u;yi/h + %1/11;;) [b(u,fu)wQ + C(u,v)wzp + d(u,v)w2y} dz
- fQ a72) (ulzy,le)Q + U;l/)zy) [b(u,v)¢1 + C(u,v)wlx + d(u,v)wly] dz (264)
+ fQ 0412) (U;mwl + U/H/fly) [b(u,v)d}Q + C(u,v)w%: + d(u,v)w2y} dz

+ fQ 05121 (U,,zwa + U;¢2y) [b(u70)¢1 + C(u,v)wlaz + d(u,v)wly} dz

Where a(y.v), buw)s Cupw)s vy and e, are the functions a, b, ¢, d and e,

defined in (2.13), evaluated at (u,v)
Therefore, a(,,. is Gateaux differentiable

Remark 2.5 Equation (2.64) is obtained by simple calculus operations; we
do not need Lebesgue’s dominated convergence theorem because we do not have
to interchange the integral and the limit. 7 can be put out of the integral which
facilitates the calculation of the limit.

[Da(u',v")] (-, ) is bilinear on V' x V' .
We have

[Da(w’,v")] (Y1, ¢2)| < 6C M, [[[/[], + [[V']]] 1]l o (€2l
< 6V20, M, || (', 0" )||, 19l 92l 5 (2.65)
V(@/Jl,@bg) eV xV

Since [Da(u/,v")] (-.-) is bilinear, (2.65) says that Da(u/,v") is a bounded bilinear

form on V x V. For r; and ry € ®. We have
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[Da(ry(uy, v]) + ro(us, v5))] (Y1, ¢s) =
1 [Da(uy, v)] (Y1, ¥2) + 12 [Da(uy, v)] (11, ¢2)
V(Y1,12) €V XV (2.66)

Da(ry(uy,v)) + ra(ub, vh)) = riDa(u}, v)) + roDa(ub, v})

which means that the operator Da(-,-) is linear on V; .

From (2.65) we have

lim(u@v/)_,(Qo)Da(u', U,) =0 (267)

so Da(-,-) is continuous at (0,0) € V; and therefore it is continuous on V;.

So
Da : V, —— space of bilinear functionals on V" x V (2.68)
(u',v") — Da(u',v)
is continuous and linear. Therefore, the mapping
A Vi, —— space of bilinear functionals on V' x V (2.60)

(u,v) — A(u,v)

where [A(u, v)] (1, V2) = aguw) (1, ¥2) , V(1,12) € V XV, is

Fréchet dif ferentiable and so it is continuous.
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2.8.2 Differentiability of the linear functional f,.) with respect to (u,v)

Let (u',v") € V;, for all ¢ € V' define

51170(7“6/7 UI) (w> = [f(u+77u’,v+nv’) (w) - f(u,v) (w)} (270)

I |

where 7 is a non-zero real number.

It can, easily, be shown that

[Df ()] (@) = limy—o;6) (u', ') ()

= Jo@law [(vhe — uly) ¥ +vptbe — wyh, | d7

(2.71)
+ Jiy 02 (60u) [y + Cumy s + diunytyy] di
+ [0k, (u, +v)) p(p:1) + pts) dT
where
(Sa(u’v) = ’U;x — u;y + Ulfr + Ulgy +u (’U;ca: - ug&y) +v (’U;y o u;y) (272)

+ (u; + v’y) &+ f) + e (v; — u'y) -7 (V%; — VQu;)

S0 fuw) i Gateaux differentiable -no need for the Lebesgue bounded convergence

theorem to calculate the limit- and [Df(u/,v")] (+) is linear on V' .

We have

[Df(', )] ()] < 12C, (Mo + IMZ + cteaM,) Vvolume of Q (J|u'll, + [[v'[|,) |41l 2

< 12v2C, (M, + 9M? + ctey M,) v/volume of Q||(u/,v")]], 11l 5

Yy eV
(2.73)

with ctes is a constant that depends on the volume of 24.

Since [Df(u',v")] (+) is linear, (2.73) says that Df(u/,v') is in the dual space of
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V', denoted V', and that
IDf(',v) ||y < 12v2C, (M, + 9M? + ctesM,) Vvolume of Q ||(u,v), (2.74)

we also have

[Df(ri(uy + 1) + r2(uy + 05))] (¥) =
i [Df(uy, )] () +r2 [Df (uy + v5)] () , VY €V

(2.75)
SO
D f(ri(uy +v1) + ra(uy +v3)) = riD f (u, vh) + raD f(uh, v5)
which means that the operator Df(-,-) is linear on the space V; .
So
Df : Vi — V/
' (2.76)
(ulu U/) - Df(ula ’U/)
is continuous and linear. Therefore, the mapping
F: Vi — V/
(2.77)
(u,v) — F(u,v)
where [F(u,v)] (¢¥) = fuwn(¥) , Vi € V, is Fréchet dif ferentiable
so it is continuous.
|

Again, let (v/,v") € V; and n a non-zero real number and define the linear

operator

F1 Vo — R
Y — Fl(w) = [Df<u,7 'Ul)] <¢) - [Da(u/7v/)] (wo(u,v),w)

(2.78)

From (2.65) and (2.73) we can conclude that F; is bounded. So there exists a
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unique J(u',v’) € V such that

a’(uﬂj) (%(Ulavl)ﬂ/f) = Fl (w> ) \V/Z/J S V (279)
Let
w wo(u + nu', v+ nv') — wo(u,v)
o, (u', ") = (2.80)
n
we have
At vy (020 (0, 0") — S/ 0'), ) = f<u+nu’,v+nv'i7(w)—f<u,v>(¢)
_a(u+nu’,v+nv’)(wo(u1v)1'¢))_a(u,1})(wo(uvv)vw)
n
T A(utnu’ ') (S(u', '), 1)
(2.81)

Since a(yyu v+ (+,-) is also coercive and has the same coercivity constant as

Q(u,v), We obtain, from Theorem (2.4), the inequality

f(u+nu’,v+nv’) (')7f(u,v) )

n
1
L e e e a—

A (utnu/ w+m’) (%(ulﬂ UI)? ) 7

Because A, defined in (2.69), is continuous, the right hand side of (2.82) goes

to zero when n — 0, so
wo(u + nu', v +nv') —wo(u,v)

limy, o = G(u',v") (2.83)
n

wo(u,v) is Gateaux differentiable .

From (2.79) and Theorem (2.4) we have

IS, ), < 1DF@S ) + 1 Dalu’, o) (wolu, v), )y (2.84)

And since Daf(-,-) and Df(-,-) are continuous, the right hand side of (2.84) goes to
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zero as (u/,v") — (0,0); so I(u/,v") is continuous at (0,0) € V; .

We also have

) (S(r1 (v, v1) + r2(uh, v3)), ) = [Df (r(uy, v1)) + r2(us, v5))] (¥)

= [Da(r(u, v1) + ra(uy, v5))] (wo(u, v), 1)

(2.85)
from the linearity of Da and D f, (2.85) becomes
a(uw)(%(rl (U’,h U,l) + 1 (u/27 Ué))v ¢> = Q(uw) (Tlg(ull’ UII)? ¢)
+a(“7”) (TQ%(U/% Ué), w)
= Q) (11 S(uy, v1) + 128 (uy, v3), 1)
VeV
(2.86)
which means that
S(ry(uy, vh) + ra(uy, v)) = riS(uy, vp) + r2S(uy, vy) (2.87)

refore Im(u', v") is linear and since it 1 ntinuous at zer n it is continuou
Therefore Im(u’,v") is linear and since it is continuous at zero then it is cont s

on V;. Thus wy(u,v) is Fréchet dif ferentiable so it is continuous.

Conclusion

Since the mapping

Woi V;/ — V
(2.88)

(u,v) — wy = wo(u,v)

is F'réchet dif ferentiable then it is continuous.
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CHAPTER III

THE FINITE ELEMENT METHOD

Let € denote an observational volume that, for ease, is a rectangular solid of points

T = (z,y,2)" € R3 such that

Q={7:0<2<L,,0<y<L,,0<z<L,}
Remark 3.1
If the landscape is diverse (existence of hills and mountains for example), then
the shape of 2 will be a little bit messy. The theoretical part will remain the same

but the computational part will be more complex, especially, the writing of a code.

The approximation of wq follows the classical finite element arguments. Approx-
imations may be based on finite elements obtained as tensor products of piecewise
linear splines, cubic splines or B-splines defined on partitions of the intervals (0, L),
(0,L,) and (0, L,) into n, — 1, n, — 1 and n, — 1 subintervals, respectively. Hence,
Ng, N, and n, represent the number of z, y and z elements, respectively. The
number of basis elements and mesh points for the 3 spatial dimensional problem is
given by

Ng X Ny X Ny if we use linear splines

N = (3.1)
(ngy +2)(ny +2)(n, +2) if we use cubic B-splines

We denote the basis elements as

Or = 01(2) = ¢i()d;(y)Pr(2) (3.2)
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where

)
i+ ny(j — 1) + nyny,(k — 1) if we use linear splines

with 1 <i<ng,,1<j<ny,and 1<k <n,

i+ (ny +2)(j — 1) + (ng + 2)(ny + 2)(k — 1) if we use cubic B-splines

\ withl1<i<n,+2,1<j<n,+2and1<k<mn,+2
(3.3)

Let Sy = Span {® 1};21. We now pose the finite-dimensional problem to find

w) € Sy such that

J (w) = Inf{J (w™); w" € Sy} (3.4)

Note that the projection, w', of any w € V on the space Sy is written as
wy(T) = SN C1®;(%) where C; = w(a;) with @7 for I = 1,--- , N are the

mesh points.

For a vector ¢ = [q,- - ,qn]T € R™ define
g/l goo = Max?:l |91 (3.5)
and
(3.6)
It is known that
lallase < llally (3.7)
For a matrix G € R™*"2
G
||G||m:Sup{% g eR” andq;«éO}. (3.8)
qllq

35



and

1G4 = (3.9)

Since we will discuss only uniform partitions of the domain €, let h, = L, /(n, —

1), hy=1L,/(ny,—1)and h, = L,/(n, — 1).

For w" € Sy we have

J(U)N) = Q (Eévzl C[(I)[, Zévzl C[@[) — 2f <Z§V:1 C]@[) (3 10)
= S0 O[S0 Coa (@, 00)] — 20, € f (@)

Let M = [M;;] be an N x N matrix such that M;; = a(®;,®;) and B =
[By, By, -+, By]" beavector in RN such that B; = f(®;). Since a(-, -) is symmetric
and positive definite (form coercivity) then M is symmetric, positive definite and

of course invertible. And thus

J(wy) =(MC,C) —2(B,C) (3.11)
where C' = [C, -+ ,Cy]" € RN and (-, ) is the usual inner product in R
Claim 3.1 There exists a unique w)) = Zﬁl CY®; with
MC =B (é — o e8] e §RN> (3.12)
and
a(wy,w") = f ("), vo € Sy (3.13)
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such that

J(wg') = Inf{J (w"); w" € Sy} (3.14)

moreover we have

le, < 5Bl (315)

1
A
where

A= Min{)\;; X\ eigenvalueof M, i=1,--- N}.

Proof
kEthposition
~~
Let B, =1[0,0,---, ~ 1 ,0,0,---,0]"
oJ(w™

=2, My;C; — 2By

Thus, if Zj Mij'JO = By, for k=1,---, N, which means that MC = B, then
C =[C?---,C%" is a critical point, C' is unique because M is invertible. And
since the Hessian matrix of J is Hess(J) = 2M and M is positive definite then C'

1S a minimum.

Let w™ € Sy with wN = Z;V:1 C[(I)[, C = [Cl, S ,CN]T
We have

a (w) wN) =32, (COS, CyMyy) = <é, MC>

Since M is symmetric

thus
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a(wév,wN) = <MO,C> =(B,C) :f(wN)

We know that the matrix M is symmetric so there exsists an orthonormal basis
of eigenvector of M and thus

el = (.Y (5.0) <],

and thus HC’Hd < 3 11Bl,

Theorem 3.1 There exist two constants C’g) and q‘f) such that
Hwo — wéVHLQ < Cg(ll) Hwo — wNHL2 for any w” € Sy (3.16)

If wy € H*(Q) then

Hwo - wéVHLQ < C’g)h |w0|272 (3.17)

where h = \/hi+ hi+hZ

Proof

Let w" € Sy, We have

a(wo—wév,wo—wév)

a(wg — w) , wy — w™ + wh — wl)

a(wy — wi ,wo — W) + alwy — wl’, W —wf")

N N N N
a(wy —wy ,wo —w™) + f(w™ —wy')
N N
—fw? —wyp)
2 N N
< 24Ca M ||wo — wi ||, flwo — w™[
. 2 .
Since m, Hwo — wéle , < a(wo — w) , wy — w))'), we obtain
N||? 1 2 N N
Hwo — Wo H1,2 < m_a24CaMa Hwo — Wo H1,2 ”wo —w ”1,2 :
Thus

Hwo - w(ZJVHLQ = mLa24CaM3 Hwo B wNHLQ

Let wY = STV wo(Z;)®(Z;), we know that if wy € H?(Q) then there exists a

constant Cf, such that

Hwo - w{VHLQ < OS/)h |w0|2,2
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by replacing w in (3.16) by wi¥ we obtain (3.17).

3.1 Definitions

Define
[ J
The matrix My where [M],, = (0@, bP;),

[

the matrix M. where [My;; = (b1, c®Pz) + (cPry, bPy) ,
[ J

The matrix Mbd where [Mbd][J = (bq)[, dq)Jy) + (dq)[y, bCI)J) s
[

The matrix M.q where [My];; = (c@rp, d® ) + (dPyry, P yy) |

[ ]
The matrix M. where [M.|;; = (¢®ry, cP ),
[ ]
The matrix Mgz where [Mg];, = (d®yy, dP ),
[ ]
The matrix M, where [MPE]IJ = (p, P, p.P,),
[ ]

The matrix M,> where [My],, = (p®@r., p®;.),
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(3.23)
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The matrix M,,. where [M,, |, ; = (p®@r., p.®;) + (p:Pr1, pP.),

The matrix G where [G]IJ = ((I)[m, (I)J:):) + ((I)[y, (I)Jy) + ((I)[Z, q)Jz> s

The matrix Co where [Co|;; = (®7, D),

where (-, -) is the inner product on L?*(2),

(3.26)

(3.27)

(3.28)

Matriz; ® Matrixzy as the Kronecker product of Matrix, and Matrizs |

(0.1 = [ gla)ds for g € 1%(@),
Q
the vector B, where [By], = (ab®y, 1),
the vector B, where [B.];, = (ac®y,, 1),

the vector By where [By];, = (ad®yp,, 1),
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the vector B, where [B,], = (ep*®r., 1), (3.34)

the vector B, where [B, |, = (epp.®1,1) (3.35)

and the vector B,,, where [B,, |, = —(w,®,1). (3.36)

1

Using definitions (3.18)...(3.36), the matrix M and the vector B can be written

as

M,
M= oMy + Mz + Mg + My, + Myg + Mg
My,
- ~ < (3.37)
+ag, [Mpz + Mz + M, |
+eG + ¢gCo
B=—[a(By+ B.+ By) + o, (B, + B,.) + €Bu, | (3.38)

3.2 Stability of the approximation

Suppose we have the linear equation
A+ L(D)(X)=0 (3.39)
where

L(D)(:) : x — x is a linear matrix operator depending on the parameter D.
(3.40)
We have
L(D)(X) = iB@'XCi (3.41)
i=1
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where the B;s and the C}s are matrices. In fact

D = <B17CI7 T '7Bp70p) = (AQ, c ',Arp) with r = 2p+ 1.

We have
Al +0A + L(D+dD)(X +6X)=0

(3.42)

(3.43)

We assume that 6D is such that L=' (D + §D) is invertible, provided that

|L7" (D)o [L(D+6D)— L(D)]| <1

Let
Ly (D,é6D)=L(D+06D)— L(D),

p=[pa, -, pr] € R be a given vector

and

N S

0= pBp) = Maz § |Ly (D, G)||; G = (Ga, - - -, Gy) and [Gill <
~~ ——

asin 1=2,- 7

Since 3(0) = 0 and f is continuous, then p may be chosen such that

Bl [[L7HD),, <1

If Ay # 0 then X # 0 and we have

1 |L=1(D)]] 54,
16X]|, _ BIL=(D)],, + X1,

XM — 1= g|L=4(D)

[
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(3.15) says that ||[M ]| = X and we have

B =lloMl,, - (3.50)
Assuming that
1
loM]l,,, <+, (3.51)

we obtain from (3.49)

160, || C ] +115Bll

3.02
1 1M [, (3.52)

l5cl, <

which can be written, using (3.15), as

B
loar]),, Bl + s8],
LM,

Haé”d < (3.53)

Remark 3.2
The construction of the matrix M and the vector B is one of the major parts
of this work because we have to be able to track u and v in order to study the

sensitivity of the solution.
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CHAPTER IV

APPROXIMATION BY PRODUCTS OF

PIECEWISE LINEAR SPLINES

The main goal of our approach is to facilitate the study of the sensitivity of wqy to
errors in @ and v, and therefore to provide us with a ”clear” picture of how M and
B are constructed. From (3.37), M is a linear combination of eleven matrices; the
idea is to write each of the matrices of m, and M,, as the sum of eight matrices
whose sensitivities to errors in « and v can be approximated without difficulties.
The presence of the function a in the five vectors that define B in (3.38) makes
tracking errors in © and v somewhat complicated; but, by writing each one of them
as the sum of eight vectors and with the help of a software like Mathematica, one
can estimate the sensitivity of the mentioned five vectors. It is also important to
note that most of the computational time is spent in the calculation of M and B
and not in solving the linear system; and what was observed was that this method

not only allowed us to find an estimate for

|oM]|,, = IM (a+ du,v + 0v) — M (a,v)|| (4.1)

m

and

10Bl, = || B (u+ 61,0+ 00) — B (a,0)]|, (4.2)

where du and dv are perturbations of @ and v, respectively,

but also tremendously reduced the computational time.
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Definition 4.1

Let

1+x of

¢(x) =
0

-1 <z <0,
l—z iof 0<z<1,

Zf l’ﬁé [_171]7

(4.3)

in the case of a uniform partition with mesh length h and n — 1 subintervals we

define the piecewise linear splines

@uﬁ:¢<£—i+1

h

4.1 Definitions

) fori=1,...,n

For a positive integer n and a positive real number h let

e [(n) be the n x n identity matrix,

1/2 1/2 0 0
0 1/2 1/2 0

0 0 0
0 0 0
0 1/2 1/2

(n—1)xn

(4.4)

the product of the matrix A,(n) and an n vector ¢ gives an n— 1 vector whose

i'" entry is the average value of the i*" and the i + 1% entries of gq.



D(n,h)

S| =

-1 1 0 0
~1/2 0 1/2 0
0 —1/2 0 1/2

0 0
0 0
0 0
~1/2 0
0 -1

1/2

-4 nXn

(4.6)

the product of the matrix D(n,h) and an n vector ¢ gives an n vector whose

entries we consider the discrete derivatives of the entries of q.
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Ldgdg(n, h)

[Ldgdg(n, h)];; =

> =

o

d nXn

f((i_l)hh ¢ (w)¢)(x)dr for 2<i<nand 1 <j<n

i—2)

0 otherwise
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1
Udgdg(n, h) = -

[Udgdg(n, h)),; =

Ldgg(n)

nxn

. (4.10)

f(iilil)h ¢i(v)¢(x)dr for 1<i<n—Tland1<j<n

0 otherwise

dgdg(n, h) = Ldgdg(n, h) + Udgdg(n, h),

0 0 0
1/2 1/2 0
0 1/2 1/2
0 0 0
0 0 0

o

e}
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0 0 0
0 0 0
0 0 0
1/2 1/2 0
0 1/2 1/2

nxn

Y

(4.11)

. (412



[Ldgg(n, h)]i; =

Udgg(n)

[Udgg(n, h)li; =

Lgdg(n) =

[Lgdg(n, h)li; =

f i— l)h
(i—2

0 otherwise

-5 10
0 -5 4
0 0 -3
0 0 0
0 0 0
f i $i(@

0 otherwise
\

pj(z)dr for2<i<mand1<j<n

0 S0 0 0
0 -0 0 0
-1 0 0 0
0 0 - -
0 0 0 0
L nxn

(4.13)

(x)dxfor1<i<n—land1<j<n

d nXn

0 0 o o0 - - - 0 0 0
“1/2 12 0 0 0 0 0
0 —1/2 1/2 0 0 0 0
0 0 0 0 - - - —1/2 1/2 0
0O 0 0 0 --- 0 —1/2 1/2
f(zll)h ¢(z)dx for 2<i<mnand1<j<n

0 otherwise
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Ugdg(n) =

[Ugdg(n, h)];; =

[Lgg(n,h)];; =

-1/2 1/2 0 0
0 —1/2 1/2 0
0 0 —1/2 1/2
j‘(z 1 h¢l

0 otherwise

0 0 0 0
1/6 1/3 0 0
0 1/6 1/3 0
0 0 0 0
0o 0 0 0

(:21)),? ¢i(z)pj(x)dr for 2<i<mand 1 <j<n

0 otherwise
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0 0 0
0 0 0
0 0 0
0 —-1/2 1/2
0 0 0

0 0 0
0 0 0
0 0 0
1/6 1/3 0
0 1/6 1/3
4 nXxXn

-4 nXn

(4.15)

(x)drxfor 1<i<n—land1<j<n

. (4.16)

b



1316 0 0 - - -0 0 0
o 1/3 1/6 0 - - -0 O 0
0 0 1/3 1/6 - - -0 0 0
Ugg(n,h) =h . (4.17)
0 0 0 0 0 1/3 1/6
0 0 0 0 0 0 0
L 4 nxXn

fiih h pi(x)p;(z)dr for 1 <i<m—1land1<j<n

[Ugg(n, h))i; = " ;
0 otherwise
g9(n,h) = Lgg(n,h) + Ugg(n, h), (4.18)
0
1
1
Ldg(n) = : (4.19)
1
L 4 nxl1
Hz)de for 2<i<n
[Ldg(n, h)]; = f(z 2 ol ,

0 otherwise
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[Udg(n,h)]; =

[Lg(n’ h)]l =

Udg(n)

- nx1

: (4.20)

f(z l)h(b’ x)drfor 1 <i<n-—1

0 otherwise

Lg(n,h)

o>

- nx1

f((;:;))hh ¢i(z)dx for 2 <i<n

0 otherwise
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Ug(n,h) = g (4.22)
1
- 0 - nx1
Ug(n, h)]; = { fepniir S
0 otherwise

Ay = Ay(n) ® Ay(ny) © Ay(ny), (4.23)

D, =1(n,) ® I(ny,) ® D(ng, h,), (4.24)

D, = I(n.) ® D(ny, hy) @ I(n,), (4.25)

D, = D(n,, h,) ® I(n,) ® I(ny), (4.26)

LLL = L(n.) ® L(n,) ® L(n,) = SM,, (4.27)
LLU = L(n,) ® L(n,) @ U(ny) = SMs, (4.28)
LUL = L(n,) ® U(ny) ® L(n,) = SM;, (4.29)
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e and

LUU = L(n,) ® U(ny) @ U(n,) = SMy,

ULL =U(n,) ® L(n,) ® L(ny,) = SM;,

ULU =U(n,) ® L(n,) ® U(ny) = SMs,

UUL=U(n,) ®U(n,) ® L(n,) = SMy

UUU =U(n,) @ U(ny) @ U(ng) = SMs.

e Let GG be a matrix in R™*" and ¢ a vector in R™

g11 912

g21  g22

gm1

Jin q1
9on q2
) q=
Imn dm
Jd mxn L d mx1
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define the product X by

guqr  gi2q1r - - Gind1
921492 g2242 - - - G2nQ2
Gxq=qgxG = (4.35)
L 4 mXn
Claim 4.1 D,, D, and D, commute in the usual matrix product.
It can be checked by simple linear algebra operations.
Claim 4.2 IftG", r=1,---,p, are matrices in ™™ and ¢", r =
1,---,p, are vectors in R™ then
p P
darxq| <|IDoG| (Mazt_, [lq ]| o) (4.36)
r=1 m r=1 m

Proof

v m n T AT 2
(2,5 sl =\ (S S s,
2
< /S (S (5 ) ) Maaty
< NS, 67 sl Mart, I e

<2 G lIslla Mazy_y 19" ]laoe
so for 0 # ¥ € R we have

I 6 xa)ll, 1= 6l
=, < Mazy (|9l g0 =,
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GT
< Maxr Hquoo Sup#()u = Max?’ Hquoo HZT Ger

||3||d

hence

. (5, G5y
132, G4, = Supozo—=pr = < 12, G"ll,, Mar 14" Nl

Claim 4.3 Ifg= (g, - ,9m" and ¢ = [q1, - , @)’ are both in R™ then we

have

lg>all < llgll llall < llgll 4 (4.37)

Proof _ _ _ _
g1 91q1
92 9292
since ¢ = then gxq=
dm i ImGm |

so lgxqll = /oty g2a; < Mazi|gi| /> oim, @2 = |19l llall
and we have Max; [gi| /37" a7 < /2o 92V 2 @2 = llgll N4l

4.2 The one-dimensional case

Since the functions u and v are defined only at the mesh points, we will take their
average values when calculating the elements of the matrix M and the vector B.
Let 0 = 21 < 29 < -+ < z,, = 1 be a uniform partition of the interval [0, 1]
with h = 1/(n — 1) Let’s suppose that we have the following ordinary differential

equation

—la(x)u(x)]) + ' (z)u(z) = f(x) for 0 < z < 1 where d'(z) = dz(mx).
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The variational formulation is

Find v € H'(0,1) such that a(u,v) = (f,v), Vv € h'(0,1). Where a(u,v) =
fol(au’v’—i—a’uv)da: and (f,v) = fol fv dz And suppose that a(x), a’(z) and f(x)
are such that the solution exists and is unique.

But, in real life, a(z) and f(x) are only defined at the mesh points, z;. So in
the calculation of the stiffness matrix, M, and the load vector, B, we will consider
the averages of the functions, a(z), a/(z) and f(x) over each interval [z;, z;41]; for
example a(z) = [a(ziy1) + a(z;)]/2 Va € (z;,2i41). And o'(x;) will be taken
equal to [a(xi41) — a(zi—1)]/2h if x; # 0,1 with o/(0) = [a(x2) — a(0)]/h and
a'(1) = la(1) — a(zn-1)]/h.

So if ag = [ay = a(x1), a3 = a(x2),- - ,an = a(1)]" and fu = [fi = f(21), fo =
f(xa), -+, fr = f(1)]T represent the values of a(z) and f(x) at the mesh points,

respectively, then a4 and f; can be averaged over the subintervals of the mesh using

the (n — 1) x n matrix A,(n).

We will obtain the average vector by the usual matrix-vector product a, =

AU (n) s aq.
The vector, a};, that represents the discrete derivative of aq4 is

a, =D(n,h)-aq
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The stiffness matrix and the load vector are calculated as follows

(4.38)
+Ugg(n, h)x [U(n) - Ay(n) - D(n,h) - ad]
+Ugg(n, h)x [U(n) - Ay(n) - D(n, h) - a4
B = Lg(n, h)x [L(n) - Ay(n) - fa] + Ug(n, h)x [U(n) - Ay(n) - fd (4.39)

4.3 The three-dimensional case

Since the functions u and v are defined only at the mesh points, we will take
their average values on the sub-volumes formed by our partition of the domain €2
when calculating the elements of the matrix M and the vector B. In the three-
dimensional case, which is our case, the nature of the bilinear form a(-,-) and the

linear functional f(-) requires the use of the matrices (4.23)...(4.34).

Let 4 = [u1, - ,un|T and © = [vy,- -+ ,un]|T be the values of the two horizontal
components, u and v, of the wind field at the mesh points and w; = [uy, -+, une]”

and v; = [vg, - ,th]T be the values of their derivatives with respect to time,

respectively. And let pg = [p1,- -, pn]Ts wy = [Wpy, oy wpy | and f = [f1, -+, fn]T
be the values of the air density p, the predicted vertical wind field w, and the

Coriolis factor f at the mesh points, respectively.

4.3.1 The values of the functions a, b, ¢, d and ¢

Here we introduce the vectors @, b, ¢, d, €, p, p, and f that represent the average
values of the functions a, b, ¢, d, e, p, p, and f, respectively, on the (n, — 1)(n, —

1)(n, — 1) sub-volumes we have. 7 is considered constant.

For given 4, U, U, 0y, p and f let’ s define
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l

e and

A,[D,vy — Dyuy + ux (D,D,v — D, D,u)
+0X (DyDy0 — DyDyt) + (Dyii 4+ Dyo) X (Dot — Dyt + f)
—7 (D2 + D2 + D?) (Do — Dyu)),

ﬁ = Avpda
p_z = AuDde,
Wy, = Aywy.

4.3.2 Construction of the ”stiflness matrix” M

Let

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)



c = bxec, (4.49)

[ ]
bd = bxd, (4.50)

[ ]
cd = exd, (4.51)

[
c? = exe, (4.52)

[
d® = dxd, (4.53)

[
p-% = p.xp, (4.54)

[ ]
p® = pxp (4.55)

e and

pp2 = PXps. (4.56)

The matrices defined in (3.37) are calculated as follows

G = gg(n., h.)® gg(ny, h,) ® dgdg(ny, h,)

+dgdg(n., h.) ® gg(ny, hy) @ gg(na, ha),

Co = gg(n.,h.) ® gg(ny, hy) @ gg9(na, ha), (4.58)
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My = My = [Lgg(n, h.) ® Lgg(ny, hy) @ Lgg(ng, hy)]

Mye = My, =

=b
=1

Ve

_|_

_|_

_|_

_|_

~

X
=
h
h
>
S

—=b
=2
A

[Lgg(n, h.) ® Lgg(ny, hy) @ Ugg(na, he)] x (LLU - b®)
=b

=3
A

[Lgg(n, h.) ® Ugg(ny, hy) ® Lgg(na, he)] x (LUL - b)
=b

—4

[Lgg(n, h.) @ Ugg(ny, hy) @ Ugg(ng, he)] x (LUU - b2)

=b
=5

[Ugg(n., h.) ® Lgg(ny, hy) ® Lgg(na, he)] x (ULL - b®)

=b
=6

A

+1Ugg(n:, h2) ® Lgg(ny, hy) ® Ugg(na, ha)] x (VLU - 5®)

=b
iy

+[Ugg(n.,h.) ® Ugg(ny, hy) @ Lgg(ns, h,)] x (VUL - b@)

=b
=8

Ve =

+[Ugg(n=, hz) @ Ugg(ny, hy) @ Ugg(na, ha)] x (UUU - b2),

(4.59)

=bc

Vs

[Lgg(n., h,) ® Lgg(ny, hy) @ (Lgdg(n,) + Ldgg(nx))T X (LLL - be)

be
=2

A\

+[Lgg(n., h.) ® Lgg(ny, h,) ® (Ugdg(n,) + Udgg(n,))] x (LLU - be)

+[Lgg(n, h.) @ Ugg(n,, hy)A® (Lgdg(ng) + Ldgg(n,))] x (LUL - be)

be
—4

A\

+1Lgg(n., h.) ® Ugg(n,, hy) ® (Ugdg(n,) + Udgg(n,))] X (LUU -be)  (4.60)

c

=5
A

+[Ugg(n., h,) ® Lgg(ny, hy) @ (Lgdg(n,) + Ldgg(n,))] x (ULL . 50)

be

=6
A

+[Ugg(nz, h.) ® Lgg(ny, hy) @ (Ugdg(n,) + Udgg(nx))T X (ULU . bfc)

be
=7

A\

Ve

+[Ugg(ns, h,) ® Ugg(ny, hy) @ (Lgdg(n,) + Ldgg(nx))T X (UUL . bfc)

be

=8
A

+[Ugg(n., h.) ® Ugg(ny, hy,) ® (Ugdg(n,) + Udgg(n,))] x (UUU - be)
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Myg = My =

=bd
=1

{Lgg(n..h.) @ (Lgdg(n,) T Ldgg(ny)) ® Lgg(ng, h,)] X (LLL - bd)

=bd
=2

+ Lgg(m 1) ® (Lgdg(my) + Ldgg(my)) ® Ugg(na, )] % (LLU - bd)

=bd
=3

+[Lgg(n., h.) ® (Ugdg(n,) —it Udgg(ny)) ® Lgg(n,, hxﬁ X (LUL . b?i)

=bd
—4

+[Lgg(n., h,) ® (Ugdg(n,) 41—\ Udgg(ny)) @ Ugg(ng, he)| X (LUU . bE) (4.61)

=bd
=5

+1Ugg(n., h.) ® (Lgdg(n,) A Ldgg(ny)) @ Lgg(na, h,)] X (ULL - bd)

=bd
=6

+TUgg(nZ, h.) ® (Lgdg(n,) I Ldgg(ny)) ® Ugg(ny, hxﬁ X (ULU . bE)

=bd
=7

—i—TUgg(nz, h.) @ (Ugdg(n,) 1 Udgg(ny)) @ Lgg(ng, hy)] X (UUL . bzi)

=bd
=8

Ve

+[Ugg(n., h.) @ (Ugdg(n,) n Udgg(ny)) ® Ugg(n,, h,)] X (UUU - bd) ,

=c
=1

Mo = M2 = Tng(nz, h.) ® Lgg(ny, hy) @ Ldgdg(ng, hy)] X (LLL . 5(2))

=c
=2

+{Lgg(n., h.) @ Lgg(ny, hy) @ Udgdg(n,, h,)] X (LLU - &)

=c
=3

A\

+[Lgg(n., h.) ® Ugg(ny, hy) ® Ldgdg(ng, h,)] x (LUL - ¢®)

=c
—4

N

+{Lgg(n., h.) @ Ugg(ny, hy) ® Udgdg(na, h,)] x (LUU - &®)

=c
=5

—i—TUgg(nz, h.) ® Lgg(ny, hy) ® Ldgdg(n,, hx)T X (ULL - ¢®)
=

+[Ugg(n., h.) ® Lgg(ny, h,) @ Udgdg(n,, h,)] x (ULU - ¢@)
=

+{Ugg(n.. h.) @ Ugg(ny, hy) ® Ldgdg(na, h,)] x (VUL - &?)
=

+{Ugg(n., h.) © Ugg(n,, hy) ® Udgdg(n,, h,)] X (UUU - @),
(4.62)
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Mcd:M_d:

C
d

[1]

c
1
~ ™~

Lgg(n.,h.) ® [Lgdg(n,) ® Ldgg(n,)

+Ldgg(n,) ® Lgdg(n,)]

=cd
=2

X (LLL - cd)

A\

L nz,hz Lgdg(n ®Ud nz
. 99( ) ® [Lgdg(n,) 99( (LLU -
+Ldgg(n,) ® Ugdg(n,))
Eg?
Lgg(n., h,) ® [Ugdg(n,) ® Ldgg(n,)
N 99( ) ® [Ugdg(n,) 99( (LUL-
+Udgg(ny) ® Lgdg(n,))
Eg?
L nz,hz ® |Ugdg(n,) @ Ud Ny
L | Fo9(n= k) ® [Ugdglny) @ Udgg( ) % (LUU - cd)
+Udgg(ny) ® Ugdg(n,)] (4.63)
Egd
Ugg(n,,h,) ® [Lgdg(n,) ® Ldgg(n,)
+Ldgg(n,) ® Lgdg(n,)]
Egd
Ugg(n.,h,) ® [Lgdg(n,) ® Udgg(n,
L | U9gtneh) @1Lgdglny) @ Udgg(na) % (ULU - cd)
+Ldgg(n,) @ Ugdg(n.)]
ged
Ugg(n., h.) ® [Ugdg(n,) ® Ldgg(n,
. 99( ) ® [Ugdg(n,) 99(n) % (UUL - d)
+Udgg(ny) ® Lgdg(n.)]
zg?
Ugg(n,,h,) ® [Ugdg(n,) @ Udgg(n.)
. 99( ) ® [Ugdg(n,) 99( v
+Udgg(n,) ® Ugdg(n.)]
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X

Mg = My = Tng(nz, h.) ® Ldgdg(n,, h,) ® Lgg(n,, hI)T X (LLL . J<2>)

=d
=2
A

+{Lgg(n.. h.) ® Ldgdg(n,, h,) ® Ugg(ng, h,)] < (LLU - d®)

=d
=3
A

+1Lgg(n., h.) ® Udgdg (ny, hy) @ Lgg(ng, hy)] X (LUL - d®)

=d

A

+[Lgg(n., h.) @ Udgdg(ny, hy) @ Ugg(n,, hy)] X (LUU - d®)

o,

A\

(
+[Ugg(n.,h.) ® Ldgdg( hy) ® Lgg(ng, hy)] X (ULL - d®)
(ny

o

.

+Ugg(n., h.) ® Ldgdg(n,, h,) © Ugg(n,, h,)] % (ULU - d®)

~a.

+[Ugg(n., h.) ® Udgdg(ny, hy) ® Lgg(n,, hy)] % (UUL - d®)

oo,

A\

(4.64)

=Pz
=1

A

Mpg - Mp—z@) - [ng(nza hz) & ng(nyv hy) X ng(nxa ha:)] X (LLL ' ﬁz(2))

=Pz
=2

+1Lgg(n., h.) ® Lgg(ny, hy) ® Ugg(n,, h,)] X (LLU - 5,®)

=Pz
=3
AN

+1Lgg(n., h.) @ Ugg(ny, hy) @ Lgg(ne, h,)] X (LUL - 5,)

=Pz
—4
A

+[Lgg(n, h.) ® Ugg(ny, hy) @ Ugg(ng, hy)] x (LUU - p,®)

5
A

+[Ugg(n., h.) ® Lgg(ny, hy) @ Lgg(ny, h,)] X (ULL - p,®)

=Pz
=6
A

+{Ugg(n., h.) © Lgg(ny, hy) ® Ugg(n,, hy)] X (ULU - 5,@))

=Pz
=7
AN

+{Ugg(n., h.) ® Ugg(ny, h,) ® Lgg(ng, h,)] % (UUL - 5,®)
+Ugg(n., h.) ® Ugg(ny, hy) @ Ugg(ng, hy)] % (UUU - 5,@))
(4.65)
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.11

Mp2 - M‘(Q) - TLdgdg(nza hz) ® ng(nyv hy) ® ng(”xa hx)] X (LLL : ﬁ(2

p
=P
=2

7\

+[Ldgdg(n., h,) ® Lgg(ny, hy) @ Ugg(na, hx)T x (LLU -

=P
=3

+1Ldgdg(n..h.) ® Ugg(ny, h,) ® Lgg(n,, hy)] % (LUL -

=P
=4

g

+[Ldgdg(n., h.) @ Ugg(ny, hy) @ Ugg(n,, h,)] % (LUU -

=P
=5
AN

+Udgdg(n..h.) ® Lgg(n,, hy) ® Lgg(ns, h,)] x (ULL -
=6

+[Udgdg(n,, h,) ® Lgg(ny, hy,) @ Ugg(n,, hI)T x (ULU -
2

+{Udgdg(n..h.) ® Ugg(n,, hy) @ Lgg(ng, he)] % (VUL -
=

+[Udgdg(n., h.) @ Ugg(ny, hy) © Ugg(na, he)] x (UUU

and
M,, =M, =

PPz PPz

=PPz
=1

{(Ldgg(n.) + Lgdg(n.)) ®Ang(ny, hy) ® Lgg(na, hy)] X (LLL - pp.)

=PPz
=2

+[(Ldgg(n.) + Lgdg(n.)) ®Ang(ny7 hy) @ Ugg(n,, hy)] X (LLU - pp.)

=PPz
=3

+ [(Ldgg(n.) + Lgdg(n.)) ®AUgg(ny7 hy) ® Lgg(ng, hy)] x (LUL - pp.)

=PPz
=4

+{(Ldgg(n.) + Lgdg(n.)) ®AUgg(ny, hy) @ Ugg(ng, ha)] x (LUU - pp.)

=PPz
=5

+{(Udgg(n.) + Ugdg(n.)) ® Lgg(ny, hy) ® Lgg(ng, h,)] X (ULL - pp.)

=PPz
)

+[(Udgg(n.) + Ugdg(n.)) ®Ang(ny, hy,) @ Ugg(n,, hy)] X (ULU - pp.)

=PPz
=7

+[(Udgg(n.) + Ugdg(n.)) ®AUgg(ny, hy) © Lgg(ng, hy)] X (UUL - pp.)

=PPz
—8

Ve ™

+[(Udgg(n.) + Ugdg(n.)) ®AUgg(ny7 hy) ® Ugg(na, he)] x (UUU - pp.) .
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4.3.3 Construction of the ”load vector” B

Let

[ ]
1b = axb, (4.68)

[ J
ic = axc, (4.69)

[
ad = axd, (4.70)

[}
ep =exp? (4.71)

e and

ep. = eXpp,. (4.72)

The vectors defined in (3.38) are calculated as follows

Shid
By = Bg, = [Lg(nm hZ) ® Lg(”zn hy) & Lg(nl‘7 hr)] X (LLL : a_b)
ozt
+ [Lg(nz, hZ) ® Lg(ny, hy) ® Ug(nx, hm)] X (LLU : a_b)
egb
+[Lg(n.,h.) ® Ug(ny, hy) ® Lg(ny, hy)] X (LUL - ab)

ab
94

ogb '

+[Ug(nz, h,) ® Lg(ny, hy) ® Lg(ng, hy)] X (ULL . a_b)
ogb

+[Ug(n.,h.) ® Lg(ny, hy) @ Ug(ng, hy)] x (ULU - ab)
ozt
+[Ug(n., h.) @ Ug(ny, hy) @ Lg(ng, ha)] X (UUL . c;b)

ab
98

+[Ug(nz, hy) @ Ug(ny, hy) @ Ug(ng, hy)] X (UUU . o;b) ,
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o
Bye = Bge = [Lg(ns, h,) ® Lg(ny, hy) ® Ldg(n,)] X (LLL - dc)
oy
+[Lg(n., h.) ® Lg(ny, hy) ® Udg(ny)] x (LLU - ac)
oy
+[Lg(n., h,) ® Ug(ny, hy) @ Ldg(ny)] X (LUL - dc)
o5°
+[Lg(n., hy) @ Ug(ny, hy) @ Udg(ng)] x (LUU - ac)
o
+[Ug(nz, h,) ® Lg(ny, hy) @ Ldg(n,)] x (ULL - dc)
o
+[Ug(ns, h.) @ Lg(ny, hy) @ Udg(ng)] x (ULU - ac)
our
+[Ug(n., hs) @ Ug(ny, hy) @ Ldg(n,)] x(UUL - ac

ac
98

+[Ug(nz, h,) @ Ug(ny, hy) @ Udg(ny,)] X (UUU - ac) ,

CI
Bui=Bgi;= [Lg(n,, h,)® Ldg(ny) ® Lg(nyg, hy)] X (LLL . aid)

e3¢

+[Lg(ns, h,) ® Ldg(ny) @ Ug(ng, hy)] X (LLU . aid)
o3

+[Lg(n.,h.) ® Udg(ny) @ Lg(ng, hy)] X (LUL - ad)
o5t

+[Lg(n.,h.) ® Udg(ny,) @ Ug(ng, hy)] X (LUU - ad)
og?

+[Ug(nz, h,) ® Ldg(ny) ® Lg(ng, hy)] X (ULL . afd)
ogd

+[Ug(n., h.) ® Ldg(ny) ® Ug(ng, hy)] x (ULU - ad)
ogd

+[Ug(n:, h,) ® Udg(ny) ® Lg(ng, he)] X (UUL . a_d)
ogd

+[Ug(n.,h.) ® Udg(ny) @ Ug(ng, hy)] X (UUU - ad) ,
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Che
Bep = Bep = [Ldg(nz) ® Lg(ny, hy) @ Lg(ng, he)] X (LLL - ¢p)
o5
+[Ldg(n.) @ Lg(ny, hy) @ Ug(ne, he)] X (LLU - ep)

ep
O3

+[Ldg(n.) ® Ug(ny, hy) ® Lg(ng, hy)] X (LUL - €p)
)i

+[Ldg(n.) ® Ug(ny, hy) @ Ug(na, hy)] X (LUU - €p)
[S)te

+[Udg(n.) ® Lg(ny, hy) ® Lg(ng, hy)] X (ULL - €p)
o5

+[Udg(n.) ® Lg(ny, hy) @ Ug(ng, he)] < (ULU - €p)
(Sl

+ [Udg(n.) ® Ug(ny’ hy) ® Lg(na, he)] x (UUL - €p)

ep
Og

+[Udg(n2) @ Uglng, hy) @ Uglng, b)) % (UUU - p)

€pz
el

Bep, = Bep, = [Lg(”m hZ) @ Lg(”ya hy) ® Lg(”mv hr)] X (LLL : ep2)

CRE

+[Lg(n., h.) ® Lg(ny, hy) ® Ug(ng, hy)] x (LLU - ep,)

epz
63

+[Lg(nz; he) @ Ug(ny, hy) @ Lg(na, hy)] X (LUL - ep-)

T

+[Lg(nz, h,) @ Ug(ny, hy) @ Ug(ng, hy)] X (LUU - ep,)
o5

+[Ug(n., h.) ® Lg(ny, hy) @ Lg(ng, hy)] x (ULL - ep,)
05"

+[Ug(nz, hz) @ Lg(ny, hy) @ Ug(ne, he)] x (ULU - ep:)
ocr:

+[Ug(nz, h.) @ Ug(ny, hy) @ Lg(ng, hy)] x (UUL - ep,)
ocr:

+[Ug(nz, hz) @ Ug(ny, hy) @ Ug(ng, he)] X (UUU - ep2)
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and

w

9
I4
61

By, = By, = [Lg(n:, h:) ® Lg(ny, hy) @ Lg(ng, hy)] x (LLL - wp)

O,

+[Lg(n.,h.) ® Lg(ny, hy) ® Ug(ng, he)] x (LLU - wp)

057

+[Lg(n., h.) ® Ug(’rLy7 hy) ® Lg(ng, he)] x (LUL - @
.7

+[Lg(n=, he) @ Ug(ny, hy) @ Ug(ne, he)] % (LUU - (4.78)
Ol .

+ [Ug(n27 hZ) ® Lg(n.% hy) & Lg(nx, hz)] X (ULL S

(S
+[Ug(n., h,) ® Lg(ny, hy) @ Ug(ng, hy)] x (ULU -
.7
+[Ug(nz, h.) ® Ug(ny, hy) ® Lg(ng, he)] x (UUL - w

w
p
68

+[Ug(nz, he) @ Ug(ny, hy) @ Ug(ng, he)] < (UUU - w
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CHAPTER V

SENSITIVITY OF THE PIECEWISE

LINEAR APPROXIMATION

We already know that w(’ is represented by the vector C. Suppose that 6a =
[0uq, -+, 0uy] and 60 = [dvq, -+ , duy] represent the errors in 4 and 0, respectively.
This means that "real”tu = u £ éu and "real”v = v + dv. We would like to find a
relation between 6C' on one hand and @, o, a and 80 on the other hand if there is

any.

In order to do this, let’s look at some properties of some of what was previously

defined.

5.1 Properties of some of the previously defined matrices

[Aull,, <1 (5.1)
.
5 1
1Dz, < \@ " (5.2)
.
1Dy l,,, < g hiy (5.3)
.
5 1
D=l <4/ 5 e (5.4)
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|\LLL = SM,||,, = ||LLU = SMs||,, =--- = ||lUUU = SMsl|,, =1 (5.5)

|SM;vector|| ., = ||vector||,, fori=1,---,8 (5.6)

8
S < hghyhe (5.7)
i=1 m
8
S =l < hyh, (5.8)
i=1 m
8
> 2| < hgh. (5.9)
i=1 m
8
> s <2h, (5.10)
i=1 m
8
. 4hyh,
Z = < (5.11)
=1 m
8
4
= < iz (5.12)
— hy,
1=1 m

8
| Z 0% x (SM; - vector)|| < hyhyh. [[vector|, (5.13)
i=1 d
8
Z (__);ﬁzc;< (S’MZ . ”UCCtO’f’) < thhz H’U@CtOT”d (514)
i=1 d
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8
Z 0% (SM; - vector)|| < 2h,h., |lvector]|, (5.15)
i=1 d
[
8
Z O x (SM; - vector)|| < 2h,h, ||vector||, (5.16)
i=1 d
[ ]
8
Z O x (SM; - vector)|| < hyhyh, ||vector]|, (5.17)
i=1 d

From claims 4.2 and 4.3 and (5.1)...(5.17) we can obtain, easily, the

following results

5.2 Bound for the perturbation of the ”stiffness matrix”

In order to have a bound for the norm of § M, we will proceed as follows

e The error, 66, in b® is

6b? = b (4 4 §u, v + 6v) — b (u, v)
= b3 (a + 6u,v + 60) — b (4, v + 6v) + b (u, v + 6v) — b (a, v)
= Ay {D.[D.(v + 6v) — Dy(u + 6u)]}
X Ay {D:[Dy(0 + 00) — Dy(u + 6u)]}
— Ay {D.[D,(v + év) — Dyu]}
XAy {D;[D,(v + év) — Dyul}
+Ay {D:[D.(v + 60) — Dyul}
XAy {D,[D,(v + év) — Dyul}

—A,{D.[D,v — Dyu|} xA, {D.|D,v — D]}

after simplification we obtain
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6b?) = {A,D.[D,(20 + 6v) — D, (2t + §u)]} x {A,D.[D,60 — D,du]}
SO

186, < {1l 1D, 1Dl 120 + 08 + 1Dy I, 1128 + 07| ] }

{1 Al 1Dz, (1 Dall,, 110011 + 1Dy, 105011}

- 25 [|20 + 69| |12a + dul| ||07]| ||oa|
| < 22 d d d d 1
1002 gz | o hy (5.18)
(6b2—e;imate)
We also have
O M) = My (ﬂ +ou, v + 5?7) — My (ﬂ, 1_})
=20 [EPX (SMisb™)]
SO
a =b 7(2) 5(2)
16Ma ||, < (D E2| [|66@)]] ., < Bahyhe [|602), (5.19)
and thus

|6 My ||, <

25hahy [ 20+ 0l _ 2+ oall] [l5el, 5,
2
4h2{ R e o, | O

Using the same technique we obtain

loselly . latsaly] (155
ol < \F |l Il ] 5, o)
T 2h2V 2 +[H6aud+néand] o, | '
P Py

Vv
dbc—estimate
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+00 U+t _
5hy 5 [II ZT llg + lla+ ||d] ||5U||d

|6 Mge|l,,, < > , (5.22)
m th 2 0] ou _
+ [II thd + I hy”d] ||U||d
o
0+00 u+ou _
s[5 [u bl . Ja ||d] 15l
loba], < 2n2\ 2 AT ’ (5.23)
: | o 1ol ]
5bd—;9rﬁmate
lo+60]l, | la+dal, ~
sh, [5 (|1l 4 Lol g,
16 M ll,,, < oh. \/> ool sl 7 (5.24)
+ |l - L5
[ ]
|0cd]|, < 2h2 [lall4 [lov]l; + llo + 0|4 [[ol]4] , (5.25)
5cd—e;rtimate
5 _ _ _ _
loMeall, < 3~ [zl 100l + 1o + 69l [loall4] (5.26)
[}
HdE(Q)Hd 2h2 120 + 09|, |60, (5.27)
502—e§imate
10h
[0 M ||,,, < h . IIQU + 00|, (|24, (5.28)
[}
H5J(2)Hd 2h2 |2u + oul|, ||oul],, (5.29)
6d2—e;,timate
and
10A
192 < 2 2 + b o, (5.30)

Suppose there exists K, € R, that does not depend on the mesh such that

Ko = Maz { [l |51, 1@ + a5 + 60 } (5.31)
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(we can say this because the wind field is bounded, it cannot be more than large
value on our planet Earth, and we are not going to consider meshes with number

of points less than some given number)

Since
oM = 0412} [5M5(2) + OMz2) + O M) + 0 My, + O My + 5Mc_d] (5.32)
then
sazic, [ [B (134 VI0) + (5 + vIO)| 60
v, < i (184 VI0) + (5 + VIO)| f1aa 5
: [h—y (13+V10) + (5+\/—)} 159]|,
which gives
oM, — 0
(5.34)
(loally, lI6vlly) — (0,0)
5.3 Bound for the perturbation of the ”load vector”
In order to obtain a bound for the norm of § B we proceed as follows.
It is easy to see that
[ ]
5 [llovlly  lloally
&b .
o= g |+ 1) (5.35)

J

~
db—estimate

5
Joel, < \f 6, (5.30)

60 estimate

75



- 51
ol < /3L yaal,.
N

dd—estimate

_ 5 [lovlly | lloull,
<4/ Z
||5€||d — \/g |: h/y + hx

[\ /

~
de—estimate

e and

VBl | Vi,
Vah, Vahy

V5|7
n 5||2:;Lévud +5||u||d +5IIU+5ulld+ H ” |6v]|,

1dall <

o |dzwronly | slely  stossel, | 5 ”f H I5all,

hahy h2

ov ou
+5\[ [h2+h2+h2} <|| ||d+u yud)

~
da—estimate

Since ab = axb then

dab = a(u + 0u, v + 60)xb(u + 6, v + §v) — a(u, v) xb(u,v)

+a(u, v)xb(u + 5, v + 00)

= daxb(u + 6u,v + 60) + a(u, v) x b

therefore

[5ab||,, < |15all, ||[b(a + 6a,v + 60)|| , + a(a, v)], |50,

Similarly, we obtain

loaell, < 10al, lle(@ + 5a, 5 + o)1, + llata. 9)], e,
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|0ad| , < |l6all,||d(a+ é6u, v+ 60)| , + lla(a, v)]l, ||6d||, (5.42)
[ J
15eplly < |p®]|,, lI5ell, < llpally o]l (5.43)
[ J
H5 - — - ) de”z =
ep:llq < llpp:ll4 1oell; < 3 10e]4 (5.44)

In order to put the latter terms in a ”nice” looking form let’ s suppose that

there exists a positive real function n = n(t) such that

elly < mllally,

Vellg <m0l

[0l < mllvlly (5.45)
0w, < mlloal],,

and ||6vy][, < n[|60]], .

We obtain

1 1)\ \F ~ 5 /1 1 1 1 1
S < 2 L 2 e i T T i
lally < 5K (hw * hy) Ty gk [n+ 10 = 2" (hi - h; " hzﬂ (hz- * hy>’

This inequality is valid for both a(w,v) and a(u+6a,0+60)

(5.46)

2 f _
{oren [+ &)+ /3 |2 + =] } o,

h
_ 2 *
lall, < | + {5/Cm [hA +E| +4/3 {hi + “ff[’ydeo } lool, |, (547)
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and

Since

and

_ 5K, [1 1
I < 5= [+ i

oh, | hy

This inequality is valid for both b(@,0) and b(ti+6,0+60)

Y

N

N 5 [loully  llov]l,
oo < g | Ve 1520

_ 5K
el < ok ,

-~

This inequality isvalid for both &(@,v) and &(u+0u,v+60)

_ 5 |[0v
Joel, < /3150,
- 5K,
\HdeS 2h :

~
This inequality is valid for both d(@,v) and d(a-+6,0+5v)

5 [[oall,

o, < /318

_ 5 [loully , llovll,
<\4/= )
Haeud_\ﬁ 1ot -
0B = — [afl (6B(;b + 5Ba_c + 6de) + Oé,?n (5Be_p + 53652)}

8
0By = O X (SMibx),
=1
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then using (5.13)...(5.17) we obtain

6B, < o2 [hahyhe ||0ab|| , + 2hyh. ||ddc||, + 2hh. ||dad]| ]

o, [2hahy [19€pl, + hahyh- ||6ep-] )

Now let

5 bk, [HfHdoo (1"’_2}? +2};Lyz> +T7(1+Z_z>}
AOu =12+ 5 v y
2
+O‘$n\/§hy||Pd||d

(54 2v10)(hy + hy)?(2h, + hy)
2h2h2 "

A _a225 i+i+i i_{_i_‘_\/gg i+i
T TV4h, \B2 2 h2) | hy By 2h, \hs h,

= (23 |7 Wl (14 £+ 22 4 (14 )]

02 /3he NIl

! Y 2h2h: m

A :a25

and
%5 (1 1 1\[3 1 [52/1 1
Am:2—____\/j___m
“Ih, (h2 TRzt hg) [hx T Van, <hm * hy)] Km?

We obtain the estimate

168l < (Aou + A+ Ari) 02|y + (Aow + A + Ar) |60
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(5.58)

(5.59)

(5.60)

(5.61)

(5.62)

(5.63)

(5.64)



which gives

[0Bll; — 0
(5.65)
([loll4, llovfl4y) — (0,0)
Since in most cases we take
hx:hy:h (5.66)
then we obtain
5(9+v10) 2K, - . B
[0M]],,, < ( h) [lloall, + l6vll,] , (5.67)
5 9 - 5 |D 9
Aow = Ao = | 2414/5 100K (|| f|] o + 1) + 02, §h||pd||d . (5.68)

212
Ay = A, =30 (5 + NE) % . (5.69)

25 (2 1 1 51
2
ATu = Aﬂ, = O./,U—hz (_h2 + —h2> (E + \/>h2) . (570)

The assumption (3.51) says that

and

502K, [ | (134 V10) + (5+ VI0)] Jlou,

o < % (5.71)
=\ [l (134 VI0) + 5+ V10) | 9],
and under (5.66) means that
ol + 19511, < = (5.72)
u v .
a T 75 (94 V10) a2,
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5.4 Stability vs mesh finess

As we will see in the computational part, the coarser the mesh the less sensitive

w). To study this relation let’ s assume that

he=hy, =h, h, =Kh (5.73)

and there exsists A, € R, that does not depend on the mesh such that

[oull, < A
(5.74)
and ||00]], < A,
Then we have
2 5 1y K3, Ko
5l < 02 [25 (24 /3) (2+ &) 7% + (100 + 40v10) £&
+a3 (20 +5V10) (0 + || [l o) Ko + @7 (5 + V10) R, [lpallg
(5.75)
(2+3) [125 (2+/3) (9+ vI0) 73, | 55
+1 0100 (65 + 23v/10) KL | <o
||5M||m ||B;\||d S K [ ( \/_) m} Ah ) <2Am)
+5 [25 (46 + 13v10) (n + || F| o) K] 5
+1 [5 (55 + 14V/10) [|pu|; K2,] St
(5.76)

Since the uys, the vgs and the pgs involved in the calculation of some element
M;; of the matrix M are measurements of u, v and p, respectively, at mesh points
that belong to adjacent subvolumes, we can claim, after neglecting the second term
of the regularization/well-posedness term, that
G (w,0) 5 Ga(p)h

M =« +oan,—"
J v /{h m K

+ €0 (2K + 1) B? (5.77)
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where ¢"s are known real numbers,

G, 0) = D (o) + Y D (0l wsuwvs + D (o1))wv] (5.78)

kel kel seri sl
and
Ga(p) = D (o)} (5.79)
kel

with I}/, I/ and I' are sets of positive integers that are not larger than N and
(@ )ks (0)s, (03,)k,s and (07, are known real numbers. All of the mentioned sets
and real numbers depend on ¢ and j but do not depend on the mesh or the values

of u, v, p and f.

The stability of w)” will depend on whether we are giving more weight to the

VE then to the MCE or the opposite. So let’ s investigate both cases.

5.4.1 Giving more weight to the vorticity equation

Let’ s fix «v,; as we make h larger and larger we obtain from (5.67)

[oMl,,, — 0
(5.80)
h — +o0
and from (5.69) and (5.70) we have
A=A, — 0
(5.81)
h — +o00
and
ATu _ATU — 0
(5.82)
h — +o0
Assuming that we take o2, = ~%— and € = h;—mn;n where €,, = 0, €, ~ 0,
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Nm > 0 and 7/, > 0, and that the values of u;;, v;; and p;; do not change much, we
obtain, from (5.77), A = - where cc; is some constant.

Thus

3~ oM, — +oo
: (5.83)

h — 4o

(2+1) [125 (2 + ﬁ) (9+ /10) TIC?,J S0

L1100 (65 + 23v/10) K% ] 2 — 0

and

L[5 (55 + 14/10) ||pal|2 K2,] 228 — 0

and if we neglect the derivatives of u, and v, with respect to time and the

Coriolis factor, we obtain

Ao = Aoy = 0. (5.84)
Thus
loM|l,, B — 0
(5.85)
h — 4o
and
10Bll; —0
(5.86)
h — 4o
Therefore, from (3.53), we conclude that
loc]| —o
d (5.87)

h — 4+

5.4.2 Giving more weight to the mass continuity equation

Let’ s fix a,,; as we make h smaller and smaller and assuming that we take a? =

eoht5tm and € = h;f% where €, = 0, €, = 0, 7, > 0 and 1, > 0, and that the values

of w;j, v;; and p;; do not change much, we obtain, from (5.77), A = ccoh where ccy
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1S some constant.

and

Since

then

Ao, — 0

h — 0

AM,=2\, — 0

h — 0

)\Au() = )\Avo — 0

h — 0

Mo, =M, — 0

16M][,,, |Bllg — 0

16C 1, <

h — 0

15M ], 1 Bllg + Al16Bll

1= Ao,

loCll, — 0
h — 0.
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CHAPTER VI

APPROXIMATION BY PRODUCTS OF CUBIC

”B-SPLINES”

In the problem formulation we said that it is preferable to approximate the functions
u and v by products of piecewise cubic B-splines; so a fair game would be to use
the latters in approximating the solution wy. Again, the presence of v and v in
the bilinear form a(-,-) and the linear functional f(-) makes the calculation of the
matrix M and the vector B last a very long time in case we do it element by
element. This is due to the fact that we have to integrate the products of the
splines in each element calculation. The goal of the first part of this chapter is
to develop a method that will facilitate and accelerate the computation of M and
B by utilizing the kronecker products of matrices whose elememnts are predefined
integrals instead of integrating the sums of the products of the splines at each
element calculation; and will help us track @ and v in order to study the sensitivity

of the solution’ s approximation to errors in « and o.

Definition 6.1

Let the function

T N |
(251)3—@_%3 , —1<2<0

f(x) = o’ (oo L 0<z<1 (6.1)
(2;;5)3 , 1< <2
| 0 , T ¢ [-2,2]
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Figure 1: graph of ¢

In the case of a uniform partition with mesh length A and number of subintervals

n, we define the cubic B-splines

Qbi(x):gb(%—inL?) for1<i<n+3

Definition 6.2

For1<i<mn,+2,1<j<n,+2and 1<k <n,+2let

®r(z,y,2) = ¢i(2)0;(y)or(2)

where I =i+ (j — 1) % (ny + 2) + (b — 1) % (ny + 2)(n, + 2).

Definition 6.3

On the interval [0, 1] let’ s define the functions

Ui(x) = (4;;)3 . (3—651:)3 . (—2::(;)3 n (_1295)3 _ %
Uo(z) = (3;5)3 _ (2?)3 B (,14+m)3

ws(ﬂf) = % — %

() (—a)’
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6.1 Definitions

Let’ s define the following 4 x 4 x 4 x 4 matrices

® §gggg where
1
0
e gggdg where
1
[999d9]r1i; = / U () ()i ()Y ()de , 1 <4, 5,k 1 <4,
0
e ggdgg where
1
l99d9g]wi; = / Ui(z)P(@) (@) (z)de , 1 <4, 5,k 1< 4,
0
e ggdgdg where

1
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gdggg where
1
l9dggglwi; = / V()P () i) (w)de , 1 <4, 5,k 1 <4, (6.9)
0
dgggg where
1
[dgg99)wi; = / V(@) () i) (e)de , 1 <4, 5,k 1 <4, (6.10)
0
dgdggg where
1
0
gdgdgg where
1
l9dgdgg]i; =/ Ui(x) () i(@)y(z)de , 1 <d, 5,k 1 <4 (6.12)
0
dgggdg where
1
0
dggdgg where
1
0
dgdgdgg where

1
(dgdgdgglis; = / G (@)de 1< j k<4,  (6.15)
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dgdggdg where

1
[dgdggdglmi; = /0 V(@) (@) ()Y (w)de , 1 <4, 5, k1 < 4,

gdggdg where

1

gd?ggg where

1

gd?ggdg where

1

and gd%gdgg where

1
l9d*9dgglri; 2/0 (@) (@)Y (z);(x)de ;1 <d,7, k1< 4.

And let’ s define the following 4 x 4 x 4 matrices

ggg where

ggdg where

1
(999l = /0 (@) (@) s(a)da 1< i k1< 4,

1
l99dglu: = /0 (@) (@)de , 1< ik, <4,
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(6.18)

(6.19)

(6.20)

(6.21)

(6.22)



gdgg where

dggg where

1
lodgglis = /0 (@)l @) s(a)da 1< i k1< 4,

1
(dggglis = / () (@) i(@)de 1< ikl <4

dggdg where

1
(dggdglu = / W@y (@) (x)de | 1< ik, 1< 4

dgdgg where

d*ggg where

1
(dgdgg) = / L)) (a)da 1< ikl <4 |

1
(gg9) = / () (@) () , 1 < ikl <4
0

d*gdgg where

d3ggg where

1
(dgdggli; = / W@ (@) (e)de 1< i k<4,
0

1
a3 =
[d°g99]k /0 Y

"
k

() ()i (x)de ;1 < ik, 1 <4,
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and d3gdgg where
1
(@ gdggl: = / W@ ap@)de 1< ikI<4.  (6.30
0
Also define the 4 x 4 matrix gg where
1
gl = | rlan(a)de (631)
0

For two given integers k and [ with —3 < k <3 and Maxz{-3,k -3} <[ <
Min{3,k + 3}, a positive real number h and a positive integer n define the

following n x n matrices

GGGGW®N (n, h) where

Min{n+1,Min{k+i,l4+i,i,5}+4} . ) ) .
h Zr:Maz{5,Maz{k+i,l+i,i,j}+1} [gggg}r—k—z,r—l—z,r—z,r—J if

Maz{1,1 —k,1 -1} <i< Min{n,n — k,n—1} and
Mazx{l, Maz{k +i,l +i,:} — 3} < j < Min{n, Min{k + 14,0 +i,i} + 3}

23

[caaa™Dm,m)] =

0 otherwise,
(6.32)

the element [GGGG(’“’Z) (n, h)Lj = fo(nf?))h o(z)p1(2) i (z)p;(z)dx,

GGGAG™V (n, h) where

Min{n+1,Min{k+i,l+i,i,j}+4} ) S
zr:Maa:{s,Max{k+i,z+i,i,j}+1}[gggdglr—k—w—l—z,r—m—a if

Maz{1,1 —k,1 -1} <i< Min{n,n — k,n — 1} and
Maz{l, Maz{k +i,l +4,i} — 3} < j < Min{n, Min{k + 4,1 + 4,7} + 3}

3

[GGGdc:(k»l) (n, h)] =

0 otherwise,
(6.33)

the element [GGGdG™) (n, h)L.j = fo(n_?’)h br(z) i ()P ()¢ (2)dr,
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e GGAGG™V (n, h) where

Min{n+1,Min{k+i,l+%,i,5}+4} . ) ) s
zr:]\law{S,]\/Iaac{k+i,l+i,i,j}+1}[ggdgg]T*k*%T*Z*Z»T*MT*J if

Maz{1,1—k,1 -1} <i< Min{n,n —k,n — 1} and

Maz{l, Maz{k +i,l +4,i} — 3} < j < Min{n, Min{k + 4,1 + 4,7} + 3}

i

[GGacc ™D (n,m) =

0 otherwise,
(6.34)

the element [GGdGG(k’l)(n, h)} = f(n_?’)h or(z)pi(z) @l (z)p;(z)dx,

i 0

e GGdGdG™V(n,h) where

1 ~~Min{n+1,Min{k-+i,l+i,i,j}+4} _ S
n ZT:MGZ{51Maz{k+i,l+i’iyj}+1}[ggdgdg]r—k—z,r—l—z,r—z,r—] if

Maz{1,1 —k,1 -1} <i < Min{n,n — k,n — 1} and
Max{l, Max{k +i,l +i,i} —3} < j < Min{n, Min{k +i,l +i,i} + 3
(GGaGac D o] {1, Maa{ } =3} < j < Min{n, Min{ }+3)

ij

0 otherwise,
(6.35)

the element [GGdGAG*) (n, h)]w = fo("_g)h Or () Py () i () () de,

o GdGGG™V (n, h) where

Min{n+1,Min{k+i,l+i,i,j}+4} ) S
Zr:Maz{5,Maz{k+z‘,l+¢,i,j}+1}[gdggg]T*kfwflfwfwfﬂ if

Maz{1,1 — k,1 -1} <i< Min{n,n —k,n — 1} and

Maz{l, Maz{k +i,l +i,i} — 3} < j < Min{n, Min{k + 1,1 +¢,i} + 3

)

0 otherwise,
(6.36)

the element [GAGGG®)(n, h)] = [\"~" 61(x)6}(x)8i(2) 5 () da,
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e dGGGG™V (n, h) where

[dGGGG<k»l) (n, h)]

i

Min{n+1,Min{k+i,l+%,i,5}+4} . ) ) s
zr:]\law{S,]\/Iaac{k+i,l+i,i,j}+1}[dgggg]T*k*%T*Z*Z»T*MT*J if

Maz{1,1—k,1 -1} <i< Min{n,n —k,n — 1} and

Maz{l, Maz{k +i,l +4,i} — 3} < j < Min{n, Min{k + 4,1 + 4,7} + 3}

0 otherwise,
(6.37)

the element [dGGGGH®)(n, h)|. = fo(n_?’)h O (z)pi(z)pi(z)p; () d,

]

o dGAGGG¥ ) (n, h) where

[deGGG(’“’l) (n, h)]

ij

1 ~~Min{n+1,Min{k-+i,l+i,i,j}+4} _ S
n ZT:MGZ{51Maz{k+i,l+i’iyj}+1}[dgdggg]r—k—z,r—l—z,r—z,r—] if

Maz{1,1 —k,1 -1} <i < Min{n,n — k,n — 1} and
Max{l, Maz{k +i,l 4+ i,i} — 3} < j < Min{n, Min{k +4,l +i,i} + 3}

0 otherwise,
(6.38)

the element [dGdGGG*(n, h)]w = fo("_g)h O (@)@} (x) i (), (x)dx,

o GdGdGG™ ) (n,h) where

[GdeGG’(k’l) (n, h)]

ij

1 ~Min{n+1,Min{k-+i,l+i,i,j}+4} _ I
3 Zr:Maz{5,Mu.z{k+i,l+i,i,j}+l}[gggg}T*k*’bﬂ“*l*’ba'f*lﬂ‘*] if

Maz{1,1 —k,1 -1} <i< Min{n,n — k,n — 1} and
Maz{l, Maz{k +i,1 +14,i} — 3} < j < Min{n, Min{k + 14,0 +i,i} + 3}

0 otherwise,
(6.39)

the element [GdGAGGH) (n,h)] . = [ ™" én(2)o](2)}(x); (x)dx,
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e dGGGAG™ ) (n, h) where

1 ~Min{n+1,Min{k+i,l+i,i,j}+4} ) S
h Zr:Maa:{5,Max{k+i,l+i,i,j}+1}[dgggdglrfkﬂ%lﬂ,rﬂ,rﬂ if

Maz{1,1—k,1 -1} <i< Min{n,n — k,n — 1} and
Maz{l, Max{k +i,l +i,i} — 3} < j < Min{n, Min{k +1i,l +i,i} +3
(4G o )] {1, Max{ } — 8} < j < Min{n, Min{ }+3}

ij

0 otherwise,
(6.40)

the element [dGGGAGH ) (n,h)] . = [" ™" ¢l (x)ou(w) () (x)dr,

Remark 6.1

Each of the above summations is equal to zero when its superscript is less
than its subscript. These matrices do not depend on the mesh and if we store

these matrices, we will never need to integrate in order to compute M and

GG(n, h) =
[ 1 43 1 1 1
7032 26880 1344 50640 0 0 0 0

43 151 59 1 1
26880  T0080 4480 672 80640 0 0 0 0
1 59 599 397 1 1 0 o o
1344 7480 20160 26880 572 50610
1 1 397 151 397 1 1 0 o
80640 572 26380 5040 26880 572 80610
o 1 1 397 151 397 1 _1_ o 0
80640 572 26380 5040 26880 572 80610
h
0 . 0 _1 1 397 151 397 _1 1 0
80610 673 36880 5040 26880 672 80640
0 o 0 1 1 397 151 397 1 1
80610 673 36880 5040 26880 72 80640
o o 0 0 1 1 307 599 59 1
80640 673 36880 20160 1480 1344
1 1 59 151 43
0 0 0 0 80640 72 7480  T00S0 26880
1 1 43 1
L 0 0 0 0 0 80640 1344 26880 4032 d ,xp

(6.41)
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(6.42)

, (6.43)

, (6.44)




LF(n) if k<0

T(n,k) =19 I(n) if k=0 where I(n)is the n x n identity matrix

Uk(n) if k>0,

(6.45)

For three given integers k, [ and s with —3 < k < 3, Max{-3,k -3} <1<

Min{3,k+3} and Max{—3,k—3,1—3} < s < Min{3,k+3,]+3}, a positive

real number h and a positive integer n define the following n x 1 vectors

e GGGG®4)(n, h) where

Min{n+1,Min{k+i,l+i,s+4,i}+4} _ _ S
hZr:MGI{&Maz{k+iyl+i15+i’i}+1}[gggg]r—k—z,r—l—z,r—s—z,r—l if

Maz{1,1 —k,1—-1,1—s} <i< Min{n,n—k,n—1,n— s}
(GGGt (n,n)]

i

0 otherwise,

the element [GGGG™9)(n, h)]. = f(nfg)h o1 (x)Pu(x)ps ()i () da,

i Jo

e GGGAG*®) (n, h) where

Min{n+1,Min{k+i,l+i,s+,i}+4} ) ) . s
ZT:MQx{S,Max{k+i,l+i,s+i’i}+1} [gggdg]'rfkfz,'rfl*l,rfsfz,'rfz if

Maz{1,1—k,1—-1,1 -5} <i< Min{n,n—k,n—1,n— s}
[GGGdG(k*l’S)(n, h,)] =

2

0 otherwise,

the element [GGGdG* ) (n, h)], = fo(n_g)h or(x)pi(z)ps(z) Pl (x)d,

o GGAGG™%) (n, h) where

Min{n+1,Min{k+i,l+is+ii}+4} ‘ _ .
Zr:Maz{s,Maz{k+i,z+i,s+i,i}+1}[ggdgg]T*k*W*l*W*S*M*Z if

Maz{1,1 —k,1—1,1 -5} <i< Min{n,n—k,n—1,n— s}
[GGdG’GU“’l*S)(n, h)] -

i

0 otherwise,
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the element [GGAGG™9) (n, h)]. = fo(n_g)h ()1 (2) P (2) i (x)dx,

o GdGGGW™3)(n, h) where

[GdGGc:(k»le) (n, h)]

2

b

Min{n+1,Min{k+i,l+i,s+,i}+4}
r=Maz{5,Maz{k+i,l+i,s+i,i}+1}

l9d999)r—k—ijr—t1—ir—s—ir—i if

Maz{1,1 —k,1—-1,1—s} <i:< Min{n,n—k,n—1,n—s}

otherwise,

(6.49)

the element [GdGGG* ) (n, h)], = fo(n_3)h or(x)py(z)ps(z) s (x)d,

e dGGGG™3) (n, h) where

i

[dG’GG’G(’”’S) (n, h)]

2

Min{n41,Min{k+i,l+i,s4+i,i}+4}
r=Maz{5,Max{k+i,l+i,5+%,i}+1}

[dgggg]rfkfi,rflfi,rfsfi,rfi if

Maz{1,1 —k,1—-1,1 -5} <i< Min{n,n—k,n—1,n— s}

otherwise,

(6.50)

the element [dGGGG®H) (n,h)] = [ ¢f,(2)¢u(2) by (x) i () d,

e dGAGGG™!%) (n, h) where

i

[deGGG(k’l’S> (n, h)]

1 ZM'LTL{n+1,Min{k+i,l+i,s+i,i}+4}
h

r=Maz{5,Max{k+i,l+i,s+%,i}+1}

[dgdggg]’r—k—i,r—l—i,r—s—i,r—i if

Maz{1,1 —k,1—-1,1—s} <i< Min{n,n—k,n—1,n— s}

0 otherwise,

(6.51)

the element [dGdGGGH) (n,h)] = [~ g1 ()6 (x) s (x) i) d,

o GdGdGG™%) (n, h) where

[GdeGG(’“’l’S) (n, h)]

i

1 Z]\/Iin{n+1,Min{k+i,l+i,s+i,i}+4}
h

r=Max{5,Max{k+i,l+i,s+%,i}+1}

l9dgdgglr—k—ir—1—ir—s—inr—i if

Maz{1,1—k,1—-1,1—s} <i< Min{n,n—k,n—1,n—s}

0 otherwise,

(6.52)

the element [GdGAGG* ) (n, h)]. = fo(n_S)h or(x) ) (2) P (2)di(x)dx,
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e dGGGAG™%) (n, h) where

1 Min{n+1,Min{k+i,l+i,s+i,i}+4} . ) . s
R Zr:]\laa:{S,]\/Iaac{k+i,l+i,s+i,i}+1}[dgggdg]T*k*Zﬂ"*l*Z»T*S*%T*Z if

Maz{1,1—k,1—-1,1—s} <i< Min{n,n—k,n—1,n—s}
[dG’GGdG(k’l’S>(n, h)] -

i

0 otherwise,
(6.53)

the element [dGGGAG®")(n, h)]. = fo(n_3)h O () () ds(2) P (x)dx,
o dGGAGG™!%) (n, h) where

1 Min{n+1,Min{k+i,l+i,s+i,i}+4} . ) . s
h Er:]ﬂaz{S,Alam{k+i,l+i,s+i,i}+1}[dggdgg]"‘*k*%"'*l*%’r*S*ZJ”*’L if

Maz{1,1—k,1—-1,1—s} <i< Min{n,n—k,n—1,n—s}
[dGGdGG“M(n, h)] =

i

0 otherwise,

(6.54)

the element [dGGAGG*!9)(n, )| = f(n_3)h o ()P ()P (2) i (x)dx,

i 0

o GdGGdG™%) (n, h) where

1 Min{n+1,Min{k+i,l+i,s+1i,i}+4} . . . s
h ZT:M(M;{57Maz{k+i,l+i,s+i7i}+1}[gdggdg]rfkfz,'rfl71,7"7571,7‘71 if

Maz{1,1 —k,1—-1,1—s} <i< Min{n,n—k,n—1,n— s}
[GdGG’dG““’l*S)(n, h)] =

i

0 otherwise,
(6.55)

the element [GdGGdG*¥)(n, h)], = fo(n_g)h o (2) ) (z) s ()@l (z)dx,
o dGdGAGG® ) (n, h) where

1 <~Min{n+1,Min{k+i,l4+i,s+i,i}+4} _ _ .
nz ZT:MGI{&Maz{k+i,l+iys+i’i}+1}[dgdgdgg]rfkfz,rflfz,rfsfz,rfz if

Maz{1,1 —k,1—-1,1 -5} <i< Min{n,n—k,n—1,n— s}
[deGdG’G“’l’S)(n, h)] =

i

0 otherwise,
(6.56)

the element [dGdGAGGH ) (n, h)]. = [ ¢ ()¢ (x) ¢, () ds(x)dor,

i
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e dGAGGAG™ ) (n, h) where

1 Min{n+1,Min{k+1i,l+i,s+1%,i}+4} ) . ) )
h2 Zr:]\/faa:{S,]\Jam{k-H,l-}—i,s+i,i}+1}[dgdggdg]T*k*%T*l*lﬂ“*S*%T*l if

Maz{1,1—k,1—-1,1 -5} <i< Min{n,n—k,n—1,n— s}
[deGGdG(k*l’S)(n, h)] =

i

0 otherwise,
(6.57)

the element [dGdGGdG*'*)(n, h)] = f(n_s)h & ()P (2)ds(2) P (x)dx,

7 0

o GA®’GGG™9)(n, h) where

1 —Min{n+1,Min{k+i,l4+4,s+1i,i}+4} 2 . . ) 3
h Zr:Maz{s,Mam{k+z',z+i,s+i,i}+1}[gd 999lr—k—i,r—1—i,r—s—i,r—i if

Maz{1,1—k,1—-1,1—s} <i< Min{n,n—k,n—1,n—s}
[GdQGGGW”S)(n, h)] =

i

0 otherwise,
(6.58)

the element [Gd?GGG*9) (n, )| = f(n_?’)h ()] (x)ps(x) s (z)de,

% 0

o GA’GGAG™*9)(n, h) where

1 Min{n+1,Min{k+i,l4+i,s+i,i}+4} 2 ) ) ) »
h2 Zr:Maz{S,Maz{k+i,l+i,s+i,i}+1}[gd ggdg}T*k*l,rflfz,rfsfz,rfz if

Maz{1,1 —k,1—1,1 -5} <i< Min{n,n—k,n—1,n— s}
[GdeGdGU“’l*S)(n, h)] =

i

0 otherwise,
(6.59)

the element [Gd*GGAG™*)(n, h)| = fo(n_g)h ()] (x)ps(x)Pl(z)de,

o Gd>’GdGG™* ) (n, h) where

1 ~Min{n+1,Min{k+i,l4+i,s+i,i}+4} 59 _ _ S
nz Zr:Maz{S,Maz{k+i,l+i,s+i,i}+1}[gd gdgg}rfkrfz,rflfz,rfsfl,rfz if

Maz{1,1 —k,1—-1,1 -5} <i< Min{n,n—k,n—1,n— s}
[GdQGdGG“’l’S)(n, h)] =

i

0 otherwise,
(6.60)

the element [GA?GdGG™!#)(n, h)]. = f(nfg)h or(x)d] ()@ (x) s (x)dx,

7 0
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e GGG*(n, h) where

[GGG(’“’Z)(n, h)]i -

Min{n+1,Min{k+i,l+i,i}+4} . ) s
hZr:Max{5,Maac{k+i,l+i,i}+1}[ggg]T*k*%T*l*’hT*l if

Maz{1,1—k,1 -1} <i< Min{n,n —k,n—1}

0 otherwise,

the element (GGG (n, h)], = fo(n_g)h on(x)di(2)di(x)dx,

o GGdG™V(n, h) where

[GGac®D n,n)] =

i

Min{n+1,Min{k-+i,l+i,i}+4} ) S
Zr:Maz{s,Maz{k+¢,z+i,z‘}+1}[ggdg]rfkfz,rflfz,rﬂ if

Maz{1,1 —k,1 -1} <i< Min{n,n —k,n—1}

0 otherwise,

the element [GGAG*) (n,h)], = [~ ¢p(x)u(2) () d,

e GdGG™V(n, h) where

[GdGG(’“’” (n, h)]

i

Min{n+1,Min{k+i,l+i,i}+4} ) .
Zr:Maz{5,Maz{k+i,l+i,i}+1}[gdgg]r—k—w“—l—w—l if

Maz{1,1 —k,1 -1} <i < Min{n,n —k,n—1}

0 otherwise,

the element [GAGG®) (n,h)]. = [ gy (x)¢)(2)dy(x)dx,

o dGGG™V(n, h) where

[dGGG(’“’Z) (n, h)] =

i

Min{n+1,Min{k+i,l+i,i}+4} . .
Zr:]LIa:c{S,J\laac{k+i,l+i,i}+1}[dggg]T*k*%T*l*Z,Tfl if

Maz{1,1—k,1 -1} <i< Min{n,n—k,n—1}

0 otherwise,

the element [dGGG*)(n, h)], = fo(n_g)h o () () s (z)d,
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e dGGAG™ ) (n, h) where

1 Min{n+1,Min{k+i,l+i,i}+4} . ) s
n Zr:Maa:{5,Max{k+i,l+i,i}+1}[dggdglrfkﬂ,rflfz,rﬂ if

Maz{1,1—k,1 -1} <i< Min{n,n—k,n—1}
[dGGdG(k’l)(n, h)] = (6.65)

0 otherwise,

the element [dGGAG™D(n, h)]. = f(n I o ()i () ) () d,
e dGAGG™ ) (n, h) where

1 ~Min{n+1,Min{k-+i,l+i,i}+4} ) .
n Er:Maz{5,Maz{k+¢,l+i,i}+1}[dgdgg]rfkﬂw*lﬂvrﬂ if

Maz{1,1 —k,1 -1} <i< Min{n,n —k,n—1}
[dG’dGG("*l)(n, h)] = (6.66)
K

0 otherwise,

the element [dGAGG® D (n,h)] = [~ ¢}, ()¢} (x) i () d
o I’GGG™* ) (n, h) where

1 Min{n+1,Min{k+i,l+i,i}+4} [ 2 ) ) s
I Zr:]\/laz{S,Nlaz{k+i,l+i,i}+1}[d 999l —k—i,r—1—i,r—i if

Maz{1,1 —k,1 -1} <i < Min{n,n —k,n—1}
[dQGGG(’“’”(n, h)] = (6.67)

0 otherwise,

the element [@2GGG* (n,h)], = ["" ¢l (2)¢u(x)di()dx
o ’GdGG*N(n, h) where

1 Min{n+1,Min{k+i,l+i,i}+4} ;2 ‘ .
BZ 2r=Maa {5, Maa{k+i,+ii}+1} 9 9899)r—k—ir—i—ir—i if

Maz{1,1—k,1 -1} <i< Min{n,n —k,n—1}
[d2GdGG(’“’l)(n, h)] = (6.68)

0 otherwise,

the element [d*GdGG* Y (n,h)], = f(n I o () () s () dae
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o i*GGG™ ) (n, h) where

1 o Min{n+1,Min{k+i,l+i,i}+4} [ ;3 ) ) s
h2 Zr:]tlaac{5,Maa:{k+i,l+i,i}+1}[d 999)r—k—i,r—1—i,r—i if

Maz{l,1—k,1 -1} <i< Min{n,n—k,n—1}
[d3GGG’(’“’”(n, h)] = (6.69)

0 otherwise,

the element [d*GGG*D(n, h)|, = fo(n_g)h oY (x) () s (z)de,

o i*GdGG™V (n, h) where

1 Min{n+1,Min{k+i,l+i,i}+4} [ ;3 ) ) s
w3 Zr:Maz{F),]Maz{k+i,l+i,i}+1}[d 9499y —k—i,r—i—ir—i if

Maz{1,1 —k,1 -1} <i< Min{n,n —k,n—1}
[d3GdGG(’“*l)(n, h)] = (6.70)
K3

0 otherwise,

the element [d*GdGG*V(n, h)}Z = fo(nf?’)h &) (x)d)(x)pi(z)de,

e and GG®(n, h) where

Min{n+1,Min{k+i,i}+4} S
hZr:Maz{s,Maz{kJrz‘,i}Jrl}[gg}r—k—w—l if

Maz{1,1 — k} <i < Min{n,n — k}
[GG<k)(n, h)] = (6.71)

7

0 otherwise,

the element [GG® (n, h)]. = fo("_3)h on(x)ps(z)dr,

6.2 Construction of the ”’stiffness matrix” M

Let mgy = n, + 2, my = n, + 2 and m, = n, + 2 and suppose that

N

u(m,y,2) =Y Ci(w,y,2), (6.72)
I=1
N

U($7y72) = ZC}}(I)I(IL',?/, Z)v (673)
I=1
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l’ Y, 2 ZCW(I)I r,Y,z 7

N

dv

I=1

E(xai%Z) = ZC}H(I)I(%% 2)7

ZE Y, % ZOPCI)I J} Y, 2 7

the Coriolis factor

.I‘ Y, 2 Zch)l x,Yy,< 7

and the predicted vertical wind field

$y, Zcp®[$y7

(see (6.3))
Let
& Cy
co=1| |, =] |, cr=
CN CN
cr cf
Op — . s Cf =
C i

Ut
Cl

Ut
- CN

and

pr =

(%3
Cl

vt
- CN

Wp
Cl

Wp
CN

(6.74)

(6.75)

(6.76)

(6.77)

(6.78)

(6.79)

for =3 < k, < 3, Maxz{-3,k, — 3} <1, < Min{3,k, + 3}, =3 < k, < 3,
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Max{-3,k, — 3} < l, < Min{3,k, + 3}, =3 < k, < 3 and Maz{-3,k, — 3} <

[, < Min{3, k, + 3} define the following (m,m,m,) x (m,m,m,) matrices

apede byl o)

c2

[dGAGGG*=12) (m, h.) ©@ GGGGFvl) (my, hy) @ GGAGAG =) (my, hy)]

X

{(T(mz, k) @ T(my’ ky) ® T(mg, kz)) - C*}

X

{(T(mZ7ZZ) ® T(myv ly) ® T(mx, lw)) : CU}

(6.80)
[ ]
Méfmlmkmlwkmvlm) —
[dGAGGG*=12) (m, h,) ® GGAGdG*vs) (my, hy) @ GGGGF=1) (my, hy)]
X
{(T(mz, ko) @ T(my, ky) @ T(mag, k) - C*}
X
{(T(m:,1.) ® T(my,ly) @ T(mq, 1)) - C*}
(6.81)
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M Eeole by by kasla)
b2

[dGAGGGH =12 (m., h.) @ GGGGEvl) (my, h,) ® dGAGGGH =15 (m,, h)]

{(T(mz, k) ® T(myv ky) @ T(my, kz)) - C?}

X

{(T(m., 1) ® T(my, ly) @ T(my, 1)) - C}
[dGAGGG*=12) (m, h.) @ dGAGGG*vls) (my, hy) @ GGGGF1) (my, hy)]

X
+ {(T(mz,kz) ®T(my7ky) @ T (my, ks)) - Cu}
X
{(T(m;,1,) @ T(my, 1) @ T(mg, 1)) - C*}
[deGGG(kZ’lZ)(mZ, h,) ® GdGGGkv:ty) (my, hy) ® dGGGG(km’lw)(mm hx)]

X
- {(T(mz, k) ® T(my, ky) @ T(mg, k) - C¥}
x
{(T(me, 1) @ T(my,ly) @ T(mg, lz)) - C*}
[dGAGGGH*1) (m, h,) ® dGGGGFW) (my, hy) © GAGGGF1) (m, h,)]

X
- {(T(m., k) ®T(myvky)®T(mxakx)) -C"}

X

{(T(ma.1.) © T(my 1) © T(ma. 1)) - C')
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kzils ky,ly ks,ls)
M( zybz Ry ly,Ra,la
be

[dGAGGGH =12 (m., h.) @ GGGGEvl) (my, h,) ® dGGGAGH =15 (m,, h)]

{(T(me, k) ® T(myv ky) @ T(mg, kz)) - C?}

X

{(T(m., 1) ® T(my, ly) @ T(mg, 1)) - C}
[dGAGGG*=12) (m,, h.) @ GGGGF1v) (my, hy) ® GAGAGG* 1) (my, hy)]

X
+ {(T(mz,kz) ®T(my7ky) @ T (my, ks)) - CU}
X
{(T(m;, 1) @ T(my,l,) @T(mg,l;)) - C”}
[deGGG(kZ’lZ)(mZ, h,) ® dGGGGkv:ty) (my, hy) ® GGGdG(km’lw)(mw, hx)]

X
- {(T(mz, k) ® T(my, ky) @ T(mg, k) - C*}
x
{(T(me, 1) @ T(my,ly) @ T(mg, 1)) - CV}
[dGAGGGH*1) (m, h,) © GAGGGFW) (my, hy) © GGAGGF= 1) (m, h,)]

X
- {(T(m., k) ®T(myvky) @ T(mg, k) - CV}

X

{(T(ma.1.) © T(my. 1) © T(ma, 1)) - C*)

Ay kele by ly kanla) _
02

[GGAGAGF=1) (m.,, h.) @ GGGGEvl) (my, hy) ® GGGGFl=) (my, )]

X

{(T(me, ko) @ T(my, ky) @ T(mg, k) - CF}

X

{(T(mZ7 lz) ® T(my’ ly) @ T(mm; lw)) : Cp}
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Kool ky by kol
M( zybz Ry sty sRayle
bd

[dGAGGGH =12 (m., h.) @ dGGGAGF+1) (myy, hy) ® GGGGH =15 (m,y, hy)]

X
{(T(mz, k) @ T(my, ky) @ T(mg, k) - C*}
X
{(T(ms, 1) @ T(my,ly) @ T(mg, 1)) - C*}
[dGAGGG*=12) (m,, h.) @ GAGAGGFvls) (my, hy) @ GGGGF=1) (my, hy)]

X
+ {(T(mz,kz) ®T(myvky) @ T(my, ks)) - Cu}
X
{(T(m;,1,) @ T(my, 1) @ T(mg, 1)) - C*}
[deGGG(kZ’lZ)(mZ, h,) ® GGGdGkv:ty) (my, hy) ® dGGGG(km’lw)(mw, hx)]

X
- {(T(mz, k) ® T(my, ky) @ T(mg, k) - C¥}
x
{(T(me, 1) @ T(my,ly) @ T(mg, lz)) - C*}
[dGAGGGH®1) (m, h,) © GGAGGFW) (my, hy) © GAGGGF=1) (m, h,)]

X
- {(T(m., k) ®T(myvky)®T(mxakx)) -C"}

X

{(T(ma.1.) © T(my 1) © T(ma. 1)) - C')

(6.85)
(ko ole kg ly kals)
Mpi B
[deGGG(kZ’lz)(mz, h,)® GGGG(’W’I%’)(my7 hy) ® GGGG(kI’li)(mm, hm)]
X
{(T(mz, k) © T(my, ky) @ T(my, ky)) - CP}
X
{(T(m, 1) @ T(my, ly) @ T(my, 1)) - CP}
(6.86)
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kzils ky,ly ks,ls)
M( zybz Ry by ,Raba)
cd

[dGAGGG*=12) (m,, h.) ©@ GGGAG*v!) (m,,, hy) @ GGAGGF 1) (my, hy)]

X
{(T(mz, k) @ T(my, ky) @ T(mg, k) - CV}
X
{(T(ms, 1) @ T(my,ly) @ T(mg, l2)) - C*}
[dGAGGG*=12) (m,, h.) @ GGAGG*v!) (my,, hy) @ GGGAGF=1) (my, hy)]

X
{(T(mz, k) ® T(myv ky) ® T(mg, kz)) - C*}

X

{(T(m;, 1) @ T(my,l,) @T(mg, 1)) - C”}

(6.87)
[ ]
M/g/;?zz,ky,zy,km,lm) _
(GdGAGG*=1=) (m, h.) + dGGGG*=") (m,, h.))
®
GGGG*vl) (my,, h,) @ GGGG¥=1) (my, h,
(my, hy) : ( ) (6.38)

X

{(T'(ms, k) @ T(my, ky) @ T(my, kz)) - CP}

X

{(T'(mz, 1) ® T(my, ly) @ T(my, 1)) - CP}

From definitions (6.80)...(6.88) we obtain

3 Min{3,k,+3} 3 Min{3,ky+3} 3 Min{3,ks+3}

PR Y SEED SR SURD S SRR

kz=—3 l,=Mazx{—3,k;—3} ky=—3 l,=Max{—3,ky—3} ke=—3 l,=Maz{—3,k;—3}
(6.89)

3 Min{3,k,+3} 3 Min{3,ky+3} 3 Min{3,kys+3}

My, = Z Z Z Z Z Z Méicz,lz,ky,zy,kw,zw)

ky=—=3 ly=Max{-3,k;—3} ky=-3 ly=Max{—-3,ky—3} koe=—3 lpz=Max{—3,ky—3}
(6.90)
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3 Min{3,k,+3} 3 Min{3,ky+3} Min{3,k,+3}
3

3
LR S SHND SRR SHRD SID SIS

kr:=—-3 l,=Max{-3,k.—3} ky=—-3 ly=Max{—-3,ky—3} ka=-3 Ily=Max{-3,k;—3}
(6.91)

3 Min{3,k,+3} Min{3,ky+3} Min{3,kz+3}

3
M2 = Z Z Z kzg Z Mc(sz,lzyk%ly,km’lx)

kz=—-3 l,=Max{-3,k;—3} ky=—3 ly=Max{-3,ky—3} lg=Max{—3,k;—3}

M

(6.92)

3 Min{3,k,+3} 3 Min{3,ky+3} 3 Min{3,ks+3}

R SIS SRS D S SRR SR

k:=—-3 l,=Max{-3,k;—3} ky=—3 ly=Max{—3,ky—3} ka=—3 lpz=Max{—3,ky—3}
(6.93)

3 Min{3,k,+3} 3 Min{3,ky+3} 3 Min{3,ky+3}

D S D Sl T 5 D S S

kz=—-3 l,=Max{—-3,k;—3} ky=—3 ly=Max{—-3,ky—3} ko=—3 lg=Max{—-3,k,—3}
(6‘94)

Min{3,k,+3} Min{3,ky+3} 3 Min{3,ky+3}

ki Z Z Z M:;z’lz’ky’ly’k””ll’)
y=—3

3 l,=Maz{-3,k,—3} ly=Max{—3,ky—3} ka=—3 lz=Max{—3,ks—3}

(6.95)

Min{3,k,+3} Min{3,ky+3} 3 Min{3,k,+3}

My = 3 SR SRR S D S
I

-3 l,=Max{-3,k:—3} ky=—3 ly=Maz{—3,ky—3} ko=-3 ly=Maz{—3,ks—3}
(6.96)

3 Min{3,k.+3} 3 Min{3,ky+3} 3 Min{3,ke+3}
(kz)lz kyly ka,le)
Mop. = 3 > > > 2 > My
kz=—3 l,=Max{-3,k;—3} ky=—-3 ly=Max{—-3,ky—3} ka=-3 lp=Max{—3,ky—3}
(6.97)

G= GG(m., h.,)®GG(my, hy)) ® dGdG(my, hy)
+GG(m., h.) ® dGdG(my, h,) @ GG(my, hy) (6.98)
+dGdG(my, h,) @ GG(my, hy) @ GG(my, hy),
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and

Co=GG(m,, h,) ® GG(my, hy) @ GG(my, hy). (6.99)

6.3 Construction of the ”load vector” B

Again, let my = ny, +2, my = ny, +2 and m, = n, + 2, for -3 < k, < 3,
Max{-3,k, — 3} < l, < Min{3,k, + 3}, Max{-3,k, — 3,l, —3} < s, <
Min{3,k, + 3,1, + 3}, =3 < k, < 3, Max{-3,k, — 3} <[, < Min{3,k, + 3},
Max{-=3,ky,—3,1,—3} < s, < Min{3,k,+3,l,+3}, =3 < k, <3, Max{-3, k. —
3} <1, < Min{3,k,+3} and Max{-3,k,—3,l,—3} <s, < Min{3,k,+3,1,+3}
define the following (m,m,m.) x 1 vectors. To simplify the writing we will write

GGG*=12) instead of GGG*=t) (m,, h,)...

(k’z JAz,82 ny 7ly »Sy ke 731) _
By =

[GAGG* =) @ GGG & dGAGG k=)

{(T(me, ko) @ T(my, ky) @ T(myg, k) - CF'}

X {(T(m, 1) @ T'(my,1,) @ T'(my, 1)) - C"}
[GAGG* =) @ GAGG k) @ dGGG k=)

- {(T(me, k) @ T(my, ky) @ T(my, k) - CF'}
% {(T(ma,1) © Tmy, 1) © T, 1) - C) (6.100)

[GdGG(kz’lz) ® dGGGFvly) & GdGG(’%vlz)]

~\ 7~
J/

- {(T(me, k) @ T(my, ky) @ T'(mg, k) - Cp'}

X
\ x {(T(m,1,) @ T(my,1,) @ T(my, 1)) - C'} )
[GdGG(kZ’lz) ® dGdGGFvly) @ GGG(’“I’Z“)]
+9 _ | {(T(m, k) @ T(my, ky) @ T(my, k) - Cf'}
X

x {(T(m,, 1) ® T(my,l,) @ T(mg, 1)) - C*}

L Vs
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B(k’z Az082,ky ly sy kel sz)

ab(2)

N\

([ [GGAGG®E=15) @ GGGGHvb») @ GRGAGG k=) ]

{(T(m, k) @ T(my, ky) @ T(my, ky)) - C*}
xA{(T(m, 1) @ T(my,l,) @ T(my, 1)) - C}

X {(T(ms,s.) @ T(my,s,) @T(my,s;)) - C"}

([ [GGAGGH=152) @ GGAGG vt @ GRRGGG Feidess)] )

X
{(T(m,, k,) @ T(my, k,) @ T(my, k;)) - C*}
x{(T(m.,1.) ® T(my’ ly) ® T(my, 1)) - C*}

X {(T'(m,s,) @ T(my, sy) @ T(my,s,)) - C*}

\

( [GGAGGF==5) @ GAGGGFvlv*r) @ GAGAGG Feters)] )

X
{(T(ms, ks) @ T(my, ky) @ T(mg, k) - C*}
x{(T(m.,1.) ® T(my,l,) ® T(my, ;) - C*}

X {(T'(ms,s,) @ T(my,sy) @T(mg,s;)) - C"}

( [GGAGG*=1=5) @ GAGAGGFvln™) @ GAGGGKelase)] )

X
{(T(me, k2) @ T(my, ky) @ T(mg, ks )) - C*}
X {(T(mz, 1.) @ T(my,ly) @ T(ma, 1)) - C*}

X {(T(m,,s,) @ T(my,s,) @ T(my,s,)) - C"}
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B(k’z Az082,ky ly sy kel sz)

ab(3)

N\

[ [GGAGG =159 @ GAGGGEir) @ GAGAGG )] )

X
{(T(my, k) @ T(my, ky) @ T(my, ky)) - C¥}
x {(T'(m,, 1) @ T(my,l,) @ T(mg, 1)) - C*}
X {(T'(m,s.) @ T(my,s,) @T(my,s;)) - C"} )

([ [GGAGGH=1-5) @ GAGAGGH ) @ GAGGG Fales=)] )

X
{(T(my, k) @ T(my, ky) @ T(my, k) - C*}
x{(T(m.,1.) ® T(my’ ly) ® T'(my,l,)) - C*}
X {(T'(m,s.) @ T(my, sy) @ T (my,s;)) - C*}

( [GGAGG* =242 @ G GGG HFvlvsv) @ GGAGGFelasa)] )

X
{(T(me, ko) @ T(my, ky) @ T(mg, k) - C¥}
x {(T'(m,1.) ® T(my,l,) @ T(mg, 1)) - C*}
X {(T(ms,s,) @ T(my,s,) @ T (mg,s;)) - C"}

( [GGAGGH=t=5) @ G GdGGRlvs) @ GGGG ke te)] )

X
{(T'(m., k.) @ T(my, ky) ® T(my, k) - C}
x {(T'(m.,1.) @ T(my, 1) ® T(my, ;) - C*}
X {(T(ms,s,) @ T(my,s,) ®T(my,s,)) C"}
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(k2,l2
Bab(4)

Sz,ky Ly Sy kayla sz)

[GGAGGF==52) @ GGGGFvlvsw) @ dGAGAGG Fe-le52)]

X
{(T(mz, k) @ T(my, ky) @ T(ma, ka)) - C*}
X{(T(m., 1) @ T(my,ly) @ T(ma, 1)) - C*}
XA{(T(mz, 52) © T(my, sy) @ T(Ma, 52)) - C}
[GGAGGF=1=52) @ GGAGGFvlv5v) @ dGAGGG ks-le32)]

X
{(T(mz, k) @ T(my, ky) @ T(ma, ka)) - C*}
XA{(T(m., 1) @ T(my, ly) @ T(ma, 1)) - C*}
X {(T(mz,s;) @ T(my,sy) @ T(my,s;)) - C*}
[GGAGGF=1=52) @ GAGGGFvlv3v) @ dGGAGG Fa-le32)]

X
{(T(me, k) @ T(my, ky) @ T(mg, ky)) - C*}
XA(T(mz, 1) @ T(my,ly) © T (my, ly)) - C*}

X {(T(m.,s.) @ T(my, sy) @ T(myg,s,))  C’}
[GGAGG*=152) @ GAGAGGFvtv5v) @ AGGGGKarte-52)]
X
{(T(mz, kz) @ T(my, ky) @ T(ma, ks)) - C*}
XA(T(m, 1) @ T(my,ly) @ T(mg, L)) - C*}

X AT (mz, 52) @ T(my, 5y) @ T(my, 52)) - C*}
[GGAGG k=122 @ GGGGFvlvs0) @ dGGAGG e larss)]
X
{(T(mz, k) @ T(my, ky) @ T(ma, ka)) - C*}

x {(T(m,1.) ® T(my,ly) @ T(mg,1,)) - CT}
x{(T(mz,s.) @ T(my, sy) @ T(ma, sz)) - C*}
[GGAGGF=1=52) @ GGGGFvlvsv) @ AGGGGHa a2
X
{(T(mz, k2) @ T(my, ky) @ T(mag, ky)) - C*}

x {(T(m,1.) @ T(my,ly) ® T(mg,1,)) - CT}

x{(T(ms,s.) ® T(my’ Sy) ® T(mg, s:)) - C*}
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(6.103)



(ks,ls
Bab(5)

Sz,ky Ly Sy kayla sz)

[GGAGG*=1=52) @ AGGGG*vlvsv) @ GAGAGG Fz-le:52)]

X
{(T(me, k2) @ T(my, ky) @ T(mg, ky)) - C}
xA{(T(mz,1.) @ T(my,ly) @ T(ma,l5)) - C}
x{(T(me,s2) @ T(my, sy) @ T(mg, s5)) - C*}
[GGAGGF==52) @ AGGAGGFvtvsv) @ GAGGG ke iterss)]

X
{(T(mz, ko) @ T(my, ky) © T (ma, ke)) - C7}
XA(T(mz, 1) @ T(my, ly) @ T(ma, L)) - C}

X A(T(mz, 52) @ T(my, sy) @ T(my, 55)) - C*}
[GGAGG*=1=52) @ dGAGGGFvts3v) @ GGAGG kaile:52)]
X
{(T(mz, ko) @ T(my, ky) ©T(ma, ke)) - C7}

XA(T(mz, 1) @ T(my,ly) © T(my, ly)) - C*}

X {(T(my,s5) @ T(my,sy) @ T(my,s;))  CV}
[GGAGGH=t52) @ dGAGAGGFvlvv) @ GAGG k= te52)]
X
{(T(mz, kz) @ T(my, ky) @ T(ma, k) - CV}

XA(T(mz, 1) @ T(my, ly) © T (my, ly)) - C*}

X AT (mz, 52) @ T(my, 5y) @ T(my, 55)) - C*}
[GGAGG*=1=32) @ AGGGGFvlvsv) @ GGAGG e larss)]
X
{(T(m, k2) @ T(my, ky) © T(my, ka)) - C}

x {(T(m,1.) ® T(my,ly) @ T(mg,1,)) - CT}
x{(T(mz,s.) @ T(my, sy) @ T(ma, sz)) - C*}
[GGAGGF=1=52) @ AGGAGGFvlv#v) @ GGGGFertarse)]
X
{(T(mz, k2) @ T(my, ky) © T (ma, ky)) - C7}

x {(T(m,1.) ® T(my,ly) @ T(mg,1,)) - CT}

x {(T(mz,s.) ® T(my7 Sy) ® T(my, s:)) - C*}
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IB(k Azysz,ky sy, sy ,ka s si)

ab(6)

[GAGG*=12) @ GGG*v ) @ dPGdGG k)]
{(T(mz, k2) @ T(my, ky) @ T(mg, ky)) - CV}
< A(T(mz, 1) @ T(my, ly) @ T(ma, 1)) - C}
[GAGG*=12) @ GGG *vl) @ dPGGGFals)]

| {(T(mak.) © T(my, ky) @ T(my, k) - C7) ]

| X A(T(mz, 1) @ T(my, 1) @ T(mg, 1)) - C*}

[GAGG* =12 @ d2GGGHw ) @ dGAGG Fals)]

[ (T k) @ T(my k) © T, ) - CV)

L X A(T(ms, 1) @ T(my, L) @ T(mg, 1)) - C*} |

[GAGG* =) @ d2GAGGH*v 1) © dGGG Faile)]

(T mas k) @ T(my, by) @ T(m, k) - CV)

| x{(T (mz, ) @ T(my,ly) ® T(my, 1)) - C*} |
[2GdGGH=1) @ GGGHv) @ dGAGGF=1+)]
i {(T(mz, k) @ T(my, ky) @ T(mg, ky)) - C}
| X {(T(mz,1.) @ T(my,1,) @ T(mg, 1)) - C°} |
[2GAGG*=12) © GGG Fvly) @ dGGGH=1)]

(T (k) @ Tlmy, ky) © T(ma, k) - C7)

L x{(T(mz,1.) ® T(my,ly) @ T(ma,l;)) - C*} ]

116

(6.105)



(kz\lz,82,ky 1y 8y,ka,la si)
Bab(7)

[GdGG*=1) @ dGGGFvt) @ d*GdGG*= )]
~ [ (T(m., k) © T(my, ky) ® T(ma, kz)) - O}
L x {(T'(mz, 1) @ T(my,ly) @ T(my, 1)) - C*} ]
[GAGG*=1) @ dGAGGH 1) @ A2 GGG *= )]

¢ [ @ k) @ Tmy, k) © T(ma, k) - €
| X {(T(m2, 1) @ T(my, ly) @ T(mg,15)) - C*} |
[GdGG*=12) @ BBGGGH 1) @ GAGG Fate)]

= @O k) © T(my k) © T(ma ke)) - O]
| X< {(T(m., 1) @ T(my, 1) @ T(mg,1,)) - C*} | (6.106)

[GAGG*=12) @ dBGAGGFvt) @ GGG Fate)]

+ {(T(m.=, k2) @ T(my, ky) © T (ma, ka)) - C*}
| X {(T(m2, 1) ® T(my, ly) @ T(mg, 1)) - C4} |
[2GdGG*=1) @ dGGGF+b) @ GAGG*e )]
=3 @O k) © T(my k) @ T(my k) - O
| X {(T(me, 1) @ T(my, 1) @ T(ma, 1)) - CV} |
[2GdGG*=1) @ dGAGGH 1) @ GGGk l)]

+ [ (T(m., k) © T(my, ky) © T(ma, ky)) - O}
L x{(T(mz,1.) ® T(my,ly) @ T(ma,l;)) - C*} ]

(kZ7ZZ75z7ku7ly75y7kac lL,Sx) kmlz Skayvly75y7k$7l$7SCL’)
B § j B (6.107)

(kzylz,82,ky,ly, sy ke le,52)
Bac(l) -

[GdGG*=1) @ GGGkvl) @ dGGAG*= )]
il{@mumg®Tw%ww®Tmumawon
X {(T(m, 1) @ T(my,l,) @ T(mg,1)) - C'}
[GdGG*=12) © dGGG*v 1) @ GGG F=la)]
- i{{@@u%J®T@w$w®T@uﬁd%Cﬂ
x{(T(m., 1) @ T(my, 1) @ T(ma, l2)) - C¥}

(6.108)

117



B(kz,lz

ac(2)

B(kz,lz

ac(3)

iSz,kysly,sy kasle,s0)

[GGAGGF=1=%2) @ GGGGFvlvsv) @ GA2GGAG Fertese)]
{(T(mz, k) @ T(my, ky) @ T(mg, ke)) - C*}
XX {(T(m, 1) @ T(my, 1) @ T(mg,1,)) - C*}
X {(T(mz, s2) @ T(my, sy) @ T(me,s2)) - C}
[GGAGG*=1=52) @ GAGGGFvlv3v) @ GAGGAG Fs-le52)]
{(T(m2, kz) @ T(my, ky) © T(mq, ka)) - C*'}
< | (T, 1) @ T(my, ly) @ T(ma, 1)) - C*}
XA{(T(ms,s.) @ T(my,sy) @ T(mg,52)) - C*}

1Sz,ky ly,sykasle,s2) _

[GGAGGF=1=52) @ GAGGGFvlvs) @ GAGGAG R te52)]
{(T(me2, k2) @ T(my, ky) © T(ma, ka)) - C}
X | X {(T(mz, 1) @ T(my, L) @ T(ma, 1)) - C°}
X {(T(mz,s:) @ T(my, sy) @ T(me,s.)) - C}
[GGAGG*=1=52) @ G GGGH*vlvsv) @ GGGAGFelarss)]
{(T(mz, k) @ T(my, ky) @ T(ma, k) - CV}
| x{(T(m.,1.) ® T(my, 1) @ T(mg, 1)) - O}

X {(T(m,s.) @ T(my, sy) @T(mg,sz)) - C"}
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(kz,ls
Bac(4)

(Kl

Ba('(E'))

JSz,ky Ly Sy kayla sz)

[GGAGGF==52) @ GGGGFvlvsw) @ dGAGGAG Fs+le52)]
{(T(mz, k2) @ T(my, ky) @ T(my, ky)) - C*}
X | xA{(T(ms, 1) @ T(my, 1) © T(myg, 1)) - OV}
X {(T(m.,s.) @ T(my,s,) @ T (Mg, s,)) - C'}
[GGAGG*=1252) @ GAGGGFvlv3v) @ dAGGGAG Fs-le52)]
{(T(me, k2) @ T(my, ky) @ T'(mg, ky)) - C*}
| x{(T(m2,1.) ® T(my, 1) © T(mg, 1)) - C*}
x{(T'(me, s2) @ T(my, sy) @ T(mg, s5)) - C*}
[GGdG(;(kz,lz,sz) ® GGGGFylysy) dGGGdG(kI,zw,SI)]
{(T(m2, k2) @ T(my, ky) ® T(mg, ks)) - C*}
X | X {(T(me, 1) @ T(my, L) @ T(m, 1) - C7}

x{(T'(mz,s.) ® T(myv Sy) ® T(mg,s,)) - C'}

VSz,ky Ly, Sy kayla sl)

[GGAGG* =122 @ AGGGGFwlvsv) @ GAGGAG F=le52)]
{(T(m2, k2) @ T(my, ky) @ T(mq, ka)) - C*}
X | x{(T(m2, 1) © T(my, 1) @ T(my,1;)) - C}
X{(T(ms,5.) @ T(my, 5y) @ T(ma, s4)) - C}
[GGAGGF=1=52) @ dGAGGG Fvlv3v) @ GGGAGF=-le32)]
{(T(mz, ko) @ T(my, ky) @ T(me, ks)) - C¥}
x| X {(T(ms, 1) @ T(my, 1) @ T(mg, 1)) - C*}
x{(T(mz, s:) © T(my,sy) @ T(mg,s.)) - C'}
[GGAGG* =123 @ AGGGGFvlvov) @ GGGAGFelarss)]
{(T(me, k2) @ T(my, ky) @ T(mg, ka)) - C*}
X ) {(T(me, 1) @ T(my,1,) @ T(mg,1,)) - CT}
x{(T(mz,s:) @ T(my, sy) @ T(mg,s2)) - C'}
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B(k: Aaysz,ky sy sy kel sl)

ac(6)

B(k: lzysz,ky,ly sy ke le,s0)

ad(1)

L X {( (mza ®T(myvl >®T(mwalw)) : Cu} i

| X A(T(ms, 1) @ T(my, L) @ T(mg, 1)) - C*}

[GdGG*=1) @ GGG kvl @ d3GGG Fats)]

{(T(me, k) @ T(my, ky) @ T(mg, ke)) - C}
XA(T(mz, 1) @ T(my, ly) @ T(ma, L)) - C}
[GAGG*=12) @ 2GGGH*v 1) @ dGGGFate)]
[ {(TOme, k) © T(my, ky) @ T, k) - C)
| < A{(T(me, 1) @ T(my, ly) @ T(mg, 15)) - C*} |
[2GdGGH=1) © GGGHI) @ dGGG K l)]
{(T(me, k) @ T(my, ky) @ T(my, kg )) - C'}
| X A{(T(mz, 1) @ T(my, ly) © T(mg, 1)) - C} |
[GdGG*=1) @ dGGGH+b) @ d2GGGF= 2]
{(T(mz, k) @ T(my, ky) @ T(ma, k) - C*}

| X {(T(m2, 1) ® T(my,ly) @ T(mg, 1)) - CU} |
[GAGG*=1) @ BBGGGFvly) @ GGG Fals)]
{(T(m.=, k2) @ T(my, ky) © T (ma, ka)) - C*}
| X {(T(me, 1) @ T(my, 1) @ T(ma, 1)) - CV} |
[2GdGG*=1) @ dGGGF+b) @ GGGF=1+)]
{(T(m., k2) @ T(my, ky) © T(ma, ka)) - C*}

L x{(T(mz,1.) ® T(my,ly) @ T(my,15)) - C} ]

Bkzdzoszky ly,sy kalese) Z B (kz,lz,82,ky.ly,5y ke )la,52)

ac

ac(l)

[GAGGH=1) @ GGAGHv ) © dGGGE=tx)]
{(T(mz, k;) @ T(my, ky) @ T(mg, ky)) - CP}

[GdGG*=1) @ dGGAGH 1) © GGG l)]
{(T(mz, k2) @ T(my, ky) @ T(my, ks)) - Cf}
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B(kz’lz1527ky:ly’5y1szlacasz) _

ad(2)

[GGdGG(kZ’lZ,Sz) ® GGGAGFvlysy) @ GdeGG(k”’lw’s””)]

[GGAGG*=1=52) @ GAGGAGFvlvsv) @ GAGGG kale52)]

{(T(m., k) ® T(my’ ky) ® T'(ma, kg)) - C*}
x{(T(mz,1.) @ T(my,ly) @ T(ma,l5)) - C}
x{(T(m,s;) @ T(my, sy) @ T(my,s;)) - C*}

{(T'(ms, k) @ T(my, ky) @ T(my, ks)) - C*}
x{(T(m,1.) @ T(my,l,) @ T(my,l;)) - C*}
x{(T'(mz,s.) @ T(my,s,) @ T(mg, s)) - C"}

B(kzvlz1szakyvlyvsy1k.7:al.7:75.7:) _

ad(3)

[GGdGG(kzwlzasz) ® GdGGdG(ky,ly,sy) ® GdGGG(kI’lI’SI)]

[GGRAGGE=1=52) @ GI2GGAG Evlvsv) © GRGG Kailas)]

{(T(mz, k2) @ T(my, ky) @ T(my, kz)) - C*}
x{(T(mz,1.) @ T(my,l,) @ T(mg,l;)) - C'}
x{(T(ms,s:) @ T(my, sy) @ T(mg,s5)) - C*}

{(T(mz, k) @ T(my, ky) @ T(mg, ks)) - CV}

x{(T'(ms,1.) ® T(my7 ly) ® T'(mg, 1)) - C*}
x {(T(mz, s.) ® T'(my, sy) ® T'(Ma, 85)) - C*}
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B

B

(kz\lz,82,ky ly sy, ka)la sz)
ad

4)

[GGAGG*=1=52) @ GGGAGFvlv5v) @ AGAGGG Faile:52)]

{(T(mz, k) @ T(my, ky) @ T(mg, k) - C*}

x| x{(T(mez, 1) © T(my, 1) @ T(ma, 1)) - OV}
X {(T(m.,s.) ® T(my,s,) @T(my,s,)) - C*}

[GGd-GG(’“Z’lZsz) ® GdGGdGFvtvsv) dGGGG(’“szI;U]

{(T(m2, kz) @ T(my, ky) © T(mq, ka)) - C*'}

| xA{(T(me, 1) @ T(my, ly) @ T(ma, 1)) - C*}

| X A(T(mz, 52) @ T(my, sy) @ T(mg, 55)) - C*} |

[GGAGG*=1=32) @ GGGAG*vlv5v) @ AGGGGFerlars=)]

{(T(mz, k) ® T(my7 ky) @ T'(my, kg)) - C*}
X | X {(T(ms, 1) @ T(my,ly) @ T(mg, 1)) - CT}

x{(T'(mz,s.)® T(myv Sy) ® T(mg,s.)) - C*}

(kz\lz,82,ky,ly,8y,ka,la sl)

ad(5)

[GGAGG*=1=52) @ dGGGAGFvts3v) @ GAGGG kaile52)]
{(T'(mz, k2) @ T(my, ky) @ T(mg, kz)) - CV}
| x{(T(me, 1) @ T(my, ly) @ T(mg, l2)) - C*}
| AT (mz,52) @ T(my, sy) @ T(mg, s2)) - C*} |
[GGAGGF=1=52) @ dGAGGAGFvlvsv) @ GGGGFa-le32)]
{(T(m., k.) @ T(my, ky) @ T(mg, ka)) - C}
| x{(T(mz, 1) @ T(my, ly) @ T(ma, ls)) - C*}
| X A(T(mz,52) @ T(my, sy) @ T(myg, 52)) - C*} |
[GGAGGF=t=52) @ AGGGAG v tv3v) @ GGGG ke rterss)]

{(T'(mz, k2) @ T(my, ky) ® T(mg, kz)) - CV}
X X {(T(m.,1.) @ T(my,ly) @ T(mg,l;)) - C}
X {(T'(m,s:) @ T(my,sy) @ T(mg,sz)) - C*}

122

(6.118)

(6.119)



B(kz«,lzaszvky;lyasy;k?m;lzwsz) —

ad(6)

ad

[GdGGF=1) @ GGGkvly) @ d* GGG Fals)]

{(T(mz, ko) @ T(my, ky) @ T(mg, ks)) - OV}

[GAGG*=12) @ 2GGGH*v 1) @ dGGGFate)]
{(T(me, k) @ T(my, ky) @ T(mg, kg )) - C'}

[2GdGGF=E) @ GGG v ) @ AGGG Fe )]
{(T(me, k) @ T(my, ky) @ T(mg, kg )) - C'}

[GdGG*=1) @ dGGGH+ ) @ d2GGGF= 2]
{(T(me, k2) @ T(my, ky) @ T(mg, k) - C*}

[GAGG*=1) @ BBGGGFvly) @ GGG Fals)]
{(T(mz, k2) @ T(my, ky) @ T(my, ky)) - C*}

[2GdGG*=12) @ dGGGF+b) @ GGGF= 2]
{(T(m=, k2) @ T(my, ky) © T (ma, ka)) - C*}

B(kmlmszvkuvlmsyykac lL,Sx) § B kmlz Sz, k?yaly Sy7k$7l(£751)

ad(I)

123

L x{(T(mz,1.) ® T(my,ly) ® T(mag, 1)) - C*} J

L x {(T'(mz, 1) @ T(my,ly) @ T(myg, 1)) - C*} ]

| X {(T(mz, 1) @ T(my, 1) @ T(mg, 1)) - C*} |

L X {( (mza ®T(m7jvl >®T(mwal1)) : Cu} i

| X A(T(ms, 1) @ T(my, L) @ T(mg, 1)) - C*}

L x{(T(mz,1.) ® T(my,ly) @ T(ma,ly)) - C*} ]

(6.120)

(6.121)



Blkereseky lysy ke lose) _

[GGGAG*=1=%2) @ GGGGFvlvv) @ AGGGGFarlarss)]
{(T(mz, k) @ T(my, ky) @ T(ma, ka)) - C*}
X | X {(T(me, 1) @ T(my,1,) @ T(my, 1)) - CP}
X {(T(m, 8:) @ T(my, sy) @ T(Mmy, s5)) - CP} (6.122)
[GGGAG*=t=52) @ AGGGGFw v ov) @ GGGG K rlars2)]
{(T(m2, kz) @ T(my, ky) © T(mq, ka)) - C*}
< |} {(T(me, 1) @ T(my,ly) © T(mg, l5)) - C*}
XA{(T(m.,s.) @ T(my,sy) @ T (Mg, 52)) - C*}

Bél;zl Sz:kyyly, Sy kasle sx)

[GGAGGF=1=52) @ GGGGFvlvsv) @ dGGGG Falarsa)]
{(T(mz, k) @ T(my, ky) @ T(ma, ke)) - C*}

< |} (T (me, 1) @ T(my,ly) @ T(mg, 1)) - C°}
X{(T(mz, s2) © T(my, sy) @ T (Mg, 52)) - CP} (6.123)

[GGAGGH=1=) @ dGGGGFuts*r) @ GGG Kalesa)]
{(T(mz, k) @ T(my, ky) @ T(mg, ks)) - C}
X X {(T(me, 1) @ T(my, 1) @ T(my,1,)) - CP}
x{(T(mz,s:) © T(my, sy) @ T(me,s.)) - CP}

Bb=kuke) — [GG(kz) ® GG*) @ GG“%)} X {(T(mz, k) @ T(my, ky) @ T(mg, k) - C%}
(6.124)

e let’ s use the notation

Min{3,k+3} Min{3,k+3,14+3}

Z > > =y (6.125)

k=-3 I=Max{—3,k—3} s=Maxz{-3,k—3,l1—-3} (k,l,s)

As in the construction of the matrix M we have
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Bab _ Z Z Z BC(LIZZ,ZZ,SZ,k:y,ly,sy,lcgg,lz,sz)7 (6126)

(kzzlzvsz) (kyvlyvsy) (kz,lz,SI)

[ ]
Bie= Y Y, Y Blrtelvlvslel), (6.127)
(kzylz,82) (ky,ly,sy) (kz)le,sz)
[ ]
fue X T X sk
(kz,lz,82) (kyly,sy) (kz,losSa)
[
By= Y Y Y Blelsshilyskeles) (6.129)
(kz)lz,82) (ky,ly,sy) (ka\le,Sz)
[ ]
Bom XX sy o
(kz,l2,82) (ky,ly,sy) (koile,Sz)
e and

3 3 3
Bu,= Y Y > Bizhke) (6.131)

ko=—3 ky=—3 ky=—3
6.4 Sensitivity of the approximation to errors in v and v

Similar results to those obtained in chapter V can be achieved by finding upper
bounds to the [|-||,, of the matrices dGdAGGG*=1) (m,, h,) @ GGGG*w) (my,, h,) ®
GGAGAG¥ =) (m,, h,)...

AdGGGAG*) (m, h,) @ GGGG*sW) (m,,, b)) @ GGGG*=12) (m,,, h,) defined in
(6.80)...(6.88) and to the ||-||; of the vectors

GdGG*=4) (m,, h,) @ GGGl (my,, h,) @ dGAGG*=1=) (my,, h,)...
.GGdGG*=1) (m,, h,) ® AdGGGG* ) (m,, h,) @ GGGG* =) (m,, h,) defined in
(6.100)...(6.124).
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CHAPTER VII

NUMERICAL EXPERIMENTS FOR THE AP-

PROXIMATION BY LINEAR SPLINES

We use an exact analytic solution of the Navier-Stokes equations to test the accu-
racy of w{’. The exact solution is a viscously decaying extension of a Beltrami flow
used in previous studies of thunderstorm rotation, and consists of a periodic array
of counterrotating updrafts and downdrafts. This flow is noteworthy in that it is
three-dimensional, free of singularities, and satisfies the Navier-Stokes equations
with nontrivial (i.e. nonvanishing) inertial terms. The simple form of the analytic
solution and its provision for arbitrarily large spacial gradients suggest its poten-
tial utility in validating numerical flow models and in testing the relative merits of
various numerical solution algorithms. In a viscous Beltrami flow the velocity, \7,
and the vorticity vector, E, are everywhere aligned; that is, E: o X7 Where o is a

constant, often referred to as the abnormality.
We can write the exact viscous solution as:

Xolycos(lyz)sin(lyy)sin(l,z)

A a2
Up = _l% T 12,2, + € Ot> (71)
Ll sin(lx)cos(l,y)cos(l.z)
Xolzsin(lyz)cos(lyy)sin(l,z)
A a2
v = —m — € ot (72)

Lyl cos(l,x)sin(lyy)cos(l,2)
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and

wpg = Acos(lx:v)cos(lyy)sm(lzz)e_T)‘gt (7.3)
where A\ =12 412+ 12

Equations (7.1), (7.2) and (7.3) can be used to test not only the integrity of a
model (i.e. check that the code is error free) but also the relative merits of various

numerical schemes when applied to flows with large spatial momentum gradients.

In order that (7.1), (7.2) and (7.3) satisfy the mass continuity equation and
the vorticity equation we have to have p(z) = constante -= 1 for simplicity- and
we must take the Coriolis factor f equal to zero. The study focuses on a time-
independent flow, 7 = 0, with w, = 0. But before we we will try approximation
by cubic B-splines, we will see some cases where, assuming the air temperature is

between 60°F and 70°F, we consider 7 = 1.6 x 1074,

We will take L, = 150 km, L, = 150 km, L, = 3 km, n, = 16, n, = 16, n, = 4,

and g = 107**. So N = nynyn, = 2'° h, =10 km, h, = 10 km and h, = 1 km.

We will examine two major cases. In the first one, (A), the amplitude of the hori-
zontal velocity will be 70 miles per hour, meaning max+/u% + v% ~ 70 miles/hour.

In the second case, (B), we will look at small velocities, so we will take

maz+/u% + vy ~ 7 miles/hour.
Let wp = [wp(d),- -+ ,wp(2y)]" be the vector that represents the values of the

function wg, defined in (6.3), at the mesh points z; .

Define:
‘w_B_éHd

e The relative error RE = ‘ —
||wB||d

e (ip,jm) = the indices of the element (M,),, = Vi such that |(M,),,| =
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Max; ; . If the maximum is reached at many positions in the matrix

(jXIﬁ)ij

M, we just pick the smallest ¢ and then the smallest j. And let (M,,) =

IMIM

My be the element in the matrix M, whose indices are (inr, jar) -

® (im,jm) = the indices of the element (M,) = V,, such that |(M,), | =

ij

Main,; ; {‘(Mv)

F (M), # 0}. If the minimum is reached at many positions
in the matrix M, we just pick the smallest 7 and then the smallest 7. And let

(M,,) = M,, be the element in the matrix M,, whose indices are (i,,, jm)

imJm

e Let ba?, ba?, and be be, respectively, the o2, the a?, and the € that give us

the smallest RE.

We have || M,,||, ~ 336.87 and |G|, =~ 336.9 .

To simulate a mesh that is becoming finer and finer we will be de-

creasing the values of [,, [, and [, (see (7.1)-(7.3)).

7.1 Accuracy

For differente values of [,, [, and [, we obtain the following results.
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7.1.1 Case(A) (70miles/hour)

Exprnt L ’ , RE when RE when
€g = 10718 € =0
A1 | 2n/75 | 2m/75 | w/3 | 25.98 x 1072 | 26.96 x 1072
A-2 /75 | w/75 | w/3 | 12.73 x 1072 | 12.65 x 1072
A-3 | /150 | /150 | ©/3 | 97.27 x 1073 | 97.47 x 1073
A-4 | m/300 | /300 | w/15 | 43.08 x 1073 | 41.4 x 1073
A-5 | /1500 | 7/1500 | /15 | 84.01 x 10~* | 85.45 x 10~*
A-6 | 7/1500 | 7/1500 | /30 | 28.93 x 10~ | 29.09 x 10~
A-7 | 7/7500 | 7/7500 | 7/30 | 89.71 x 107° | 13.69 x 104
Table(1.A.1)
€ = 10718 €g =0

Expmnt | ba? | ba?, | be || ba? | ba?, | be

A1 10° 10 1072 1 | 10° 1077

A2 103|101 1072 | 0.1 | 107 | 107©

A-3 | 10° | 10" | 1072 0.1 | 107 | 1076

A4 10° |10 1071 | 0.1 | 10° | 1078

A5 (107|101t 1 | 10%] 10% | 107°

A6 | 107 | 10" | 0.1 | 10%| 10° | 107°

A-7 (104 10" | 1 | 10%]| 10 | 1073

Table(1.A.2)
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Expmt lAvll4 1Bullq | Bmllg [Var] [ M| [Vin| [ M|
A-1 61.88 x 10~° | 48.54 x 107 3.36 37.16 x 1075 | 88.88 | 51.15 x 10737 | 2.777
A-2 10.58 x 10~% | 14.94 x 1077 2.42 50.82 x 105 | 88.88 | 16.04 x 10737 | 2.777
A-3 11.7 x 10~4 31.23 x 10~8 1.32 54.47 x 1075 | 88.88 | 40.5 x 10738 | 2.777
A-4 10.71 x 10~% | 19.57 x 1072 0.615 | 36.03 x 1076 | 88.88 | 47.69 x 10712 | 2.777
A-5 14.15 x 10~6 | 68.15 x 10—11 0.24 56.73 x 10~7 | 88.88 | 11.15x 10~13 | 5.555
A-6 30.63 x 107 | 19.54 x 10—11 0.253 14.38 x 10~7 | 88.88 | 28.74 x 10~ 14 | 5.555
A-7 13.52 x 10~8 | 19.26 x 10~13 | 0.0523 | 64.33 x 10~2 | 88.88 | 10.71 x 10~ 15 | 5.555

Table(1.A.3)
€ =10718 € =0
ba, || M | ba, || Bm|l bad, || Mol 4 baZ, || Bmll
Expmnt | Z8m57, b2l Boll, b2 Mol b Boll,
A-1 54.43 x 10" | 69.22 x 10" || 54.43 x 10" | 69.22 x 103
A-2 31.84 x 10*2 | 16.19 x 103 || 31.84 x 10'2 | 16.19 x 10'3
A-3 28.79 x 102 | 42.26 x 10 || 28.79 x 10'? | 42.26 x 10'3
A4 31.45 x 10 | 31.42 x 10'? || 31.45 x 10" | 31.42 x 102
A-5 23.8 x 1019 | 35.21 x 10! 23.8 x 1019 | 35.21 x 10!
A-6 10.99 x 10 | 12.94 x 10'2 || 10.99 x 1019 | 12.94 x 10!
A-7 24.91 x 10" | 27.15 x 102 || 24.91 x 10" | 27.15 x 10'2
Table(1.A.4)
€ = 1018 =0
ba?;”Mv” 14 ba?nHMmH bazQ)HMU” 14 ba?rL”MMH
Expmnt | =ar ¢ X 10 bicl, || e, < 10 belcly
A-1 18.36 x 10%° 99.99 x 10'° 18.36 x 10 99.99 x 104
A-2 31.4 x 102 | 99.99 x 10 31.4 x 102 | 99.99 x 10
A-3 34.72 x 102 99.99 x 10! 34.72 x 102 99.99 x 10!
A-4 31.78 x 10%° 99.99 x 103 31.78 x 103 99.99 x 10!
A-5 42 x 102 99.99 x 10 42 x 102 99.99 x 10
A-6 90.91 x 102 99.99 x 100 90.91 x 102 99.99 x 10
A-T 40.13 x 107 99.99 x 10° 40.13 x 10° 99.99 x 107

Table(1.A.5)
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For Experiment A-2, Figures 7 through 12 give the ugp — vg vector field with
contours of the exact vertical wind field, wg, and its approximation, w', refered
to as the numerical. wind field, at z = 0km, z = 1km, z = 2km and z = 3km.
Since, in Experiment A-2; the Beltrami solution wp = 0km/s for z = 0km and
z = 3km but the numerical solution gives a maximal error that is in the range of
3 x 107*km/s. Figures 6 and 13 give the distributions of the values of w at the
mesh points for z = 0km and z = 3km, respectively. Those distributions show that
most of the values are between —1.5 x 107*km/s and 1.5 x 10~*km/s. We also

have for each z

z Maz |jwg —w™| x 107*km/s | Maz{wp} x 107*km/s | Min{wp} x 10~*km/s
0km 2.966 0 0
1km 3.561 21.52 -21.05
2km 3.561 21.52 -21.05
3km 3.105 theoretically=0 theoretically=0

Table (1.A.6)
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Figure 6: Distribution of the values of w" at z = 0km

b (1]

Figure 7: u-v wind field and contours of wy at z = 0km
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Figure 8: u-v wind field and contours of w" at z = 1km
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Figure 9: u-v wind field and contours of wp at z = 1km
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Figure 10: u-v wind field and contours of w® at z = 2km
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Figure 11: u-v wind field and contours of wgp at z = 2km
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Figure 12: u-v wind field and contours of w® at z = 3km

Figure 13: Distribution of the values of w" at z = 3km
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7.1.2 Case(B) (7miles/hour)

RE when RE when
Expmnt [, L, [,

€ = 10718 =20

B-1 | 2r/75 | 27/75 | ©/3 | 27.26 x 1072 | 26.88 x 1072

B-2 /75 | /75 | w/3 | 12.53 x 1072 | 12.7 x 1072

B-3 /150 | w/150 | 7/3 | 94.66 x 1072 | 92.08 x 1073

B-4 | 7/300 | 7/300 | w/15|43.56 x 1073 | 41.71 x 1073

B-5 | 7/1500 | 7/1500 | /15 | 84.46 x 10~* | 86.48 x 10~*

B-6 | m/1500 | 7/1500 | 7/30 | 27.87 x 10~* | 29.17 x 10~*

B-7 | 7/7500 | w/7500 | 7/30 | 96.07 x 107° | 89.99 x 10~°

Table(1.B.1)

€) = 10-18 €0 =0

Expmnt | ba? | ba?, | be | ba? | ba?, | be

B-1 10 | 102 | 107* | 103 | 1010 | 106

B-2 108 | 10| 10 | 10 | 107 | 107

B-3 10° | 10%° | 100 | 10 | 107 | 107

B-4 10° | 102 | 1 10 | 10° | 1078

B-5 10° |10t | 1 10* | 10° | 107°

B-6 10 | 10| 0.1 | 10° | 10° | 10°°

B-7 107 | 101 | 10% | 10% | 107 1
Table(1.B.2)
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Expmnt lAvll4 1Bullg | Bmllg (V| | M| [Vin| | M|
B-1 61.88 x 107 | 48.54 x 10~10 0.336 37.16 x 10~7 | 88.88 | 46.8 x 10739 | 2.777
B-2 10.58 x 1076 | 14.94 x 10—10 0.242 50.82 x 10~7 | 88.88 | 16.06 x 10739 | 2.777
B-3 11.7 x 106 31.23 x 10~11 0.132 54.47 x 107 | 88.88 | 43.47 x 1040 | 2.777
B-4 10.71 x 10~7 | 19.57 x 10712 | 0.0615 36.03 x 1078 | 88.88 | 47.69 x 10~14 | 2.777
B-5 14.15 x 10~8 | 68.15 x 1014 0.024 56.73 x 109 | 88.88 | 11.15x 1015 | 5.555
B-6 30.63 x 1079 | 19.54 x 10~14 | 0.0253 14.38 x 1079 | 88.88 | 28.74 x 10~16 | 5.555
B-7 13.52 x 10710 | 19.26 x 10~16 | 0.00523 | 64.33 x 10~ | 88.88 | 10.71 x 10~17 | 5.555

Table(1.B.3)
€0 = 10_18 €0 = 0
ba, || M | ba, || Bm|l bad, || Mol 4 baZ, || Bmll
Expmnt | Z8m57, b2l Boll, b2 Mol b Boll,
B-1 54.43 x 102 | 69.22 x 102 || 54.43 x 10 | 69.22 x 103
B-2 31.84 x 10*2 | 16.19 x 103 || 31.84 x 10'2 | 16.19 x 10'3
B-3 28.79 x 102 | 42.26 x 10 || 28.79 x 10'? | 42.26 x 10'3
B-4 31.45 x 1019 | 31.42 x 10" || 31.45 x 10" | 31.42 x 102
B-5 23.8 x 1019 | 35.21 x 10! 23.8 x 1019 | 35.21 x 10!
B-6 10.99 x 10 | 12.94 x 10'2 || 10.99 x 1019 | 12.94 x 10!
B-7 24.91 x 10" | 27.15 x 102 || 24.91 x 10" | 27.15 x 10'2
Table(1.B.4)
€ = 1018 =0
ba?;”Mv” 14 ba?nHMmH bazQ)HMU” 14 ba?rL”MMH
Expmnt | =ar ¢ X 10 bicl, || e, < 10 belcly
B-1 18.36 x 10%° 99.99 x 104 18.36 x 10 99.99 x 104
B-2 31.4 x 102 | 99.99 x 10 31.4 x 102 | 99.99 x 10
B-3 34.72 x 102 99.99 x 10! 34.72 x 102 99.99 x 10!
B-4 31.78 x 103 99.99 x 10¢ 31.78 x 103 99.99 x 10!
B-5 42 x 102 99.99 x 10 42 x 102 99.99 x 10
B-6 90.91 x 102 99.99 x 100 90.91 x 102 99.99 x 10
B-7 40.13 x 107 99.99 x 10° 40.13 x 107 99.99 x 10°

Table(1.B.5)
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From tables (1.A.1) and (1.B.1), it is clear that the finer the mesh the more ac-
curate the solution. And by examining tables (1.A.4), (1.A.5), (1.B.4) and (1.B.5),
in this type of wind fields, one can have a general idea of how ba?, ba2, and be should
be chosen. Since the search for the latters was based on a mesh whose points co-

ordinates are integer powers of 10, the relations among them are not accurate and

can be summarized in saying that lff%”—%;"w and boﬁ”grd”d should be of the order
of 10'3 and 0.1, respectively. But of course one can study these relations for each
specific class of wind fields using more accurate search techniques. Tables (1.A.3)
and (1.B.3) do not show any pattern that can be followed in order to determine
bay, ba,, and e. By saying a class of wind fields, we mean certain ranges of the

values of u, v and their first and second derivatives. Such thing can be done by

working with different models and data from given measurements.

Remark 7.1

From the value of |M,,]|, and the values of ||M,],, o2 and o2, one concludes
that in order to obtain the most accurate approximation we have to give the MCE
more weight than the VE. So we ask ourselves two questions:

1) What if we solve only the MCE?

2) What kind of result we will have if we solve only the VE?

7.2 Using either the vorticity eq. or the mass continuity
eq.

Even though we made the mesh finer by increasing n, from 4 to 5, tables (2.A.1),

(2.B.1), (2.A.2) and (2.B.2) show us that when we take a, = 0 we obtain an

approximation that is almost as accurate as if we take «,,, = 0; which means that

the VE, alone, gives almost the same accuracy as the MCE alone. But in both

cases, VE alone or MCE alone, the approximation is much less accurate that when

both equations are used.
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7.2.1 The vorticity equation alone («,, =0) with n, =5

We take ¢y = 0 in experiments (B-5), (B-6) and (B-7) and ¢; = 107'% in the other

experiments.

Case A: 70 miles per hour

Expmnt RE baZ | be | M|,

A-1 48.77 x 1072 | 108 1 67.17 x 1075

A-2 47.01 x 1072 | 108 1 10.96 x 10~*

A-3 50.96 x 1072 | 10* | 107* | 12.07 x 10*

A-4 10.57 x 1072 | 10" | 1071 | 85.2 x 107°

A-5 17.07 x 1072 | 102 | 0.1 | 11.56 x 107

A-6 929 x 1072 | 10 | 1072 | 26.29 x 1077

A-7 9.38 x 1072 | 10% | 10713 | 11.6 x 1078
Table(2.A.1)

Case B: 7 miles per hour

Expmnt RE a? € | M,y |,

v

B-1 48.77 x 1072 | 105 | 107* | 67.17 x 107°

B-2 47.01 x 1072 | 10° 0.1 |10.96 x 10~*

B-3 50.96 x 1072 | 10® | 10=* | 12.07 x 10~*

B-4 10.57 x 1072 | 10'7 | 107 | 85.2 x 1076

B-5 17.07 x 1072 | 1073 | 10718 | 11.56 x 1076

B-6 9.29 x 1072 | 10® | 10712 | 26.29 x 1077

B-7 9.38 x 1072 | 105 | 107! | 11.6 x 1078
Table(2.B.1)

7.2.2 The mass continuity equation alone (a, = 0) with n, =5

We take ¢ = 0.
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Case A: 70 miles per hour
Expmnt RE ba? | be | Bl
A-1 92.03 x 1072 | 10* | 103 3.51
A-2 61.03 x 1072 | 10 | 1073 2.53
A-3 33.65 x 1072 | 10 | 103 1.38
A4 53.57 x 1072 | 10* | 10° | 61.33 x 1072
A-5 9.4 x 1072 | 10" | 107 | 23.97 x 102
A-6 814 x 1072 | 10 | 10° | 25.35 x 1072
A-7 6.62 x 1072 | 10'2 1 5.23 x 1072
Table(2.A.2)
Case B: 7 miles per hour
Expmnt RE o? € | Bl
B-1 91.53 x 1072 | 10 | 1073 0.351
B-2 65.74 x 1072 | 10* | 1073 0.253
B-3 29.29 x 1072 | 10'6 | 10° 0.138
B-4 | 51.25x107% | 10 | 10° | 6.133 x 1072
B-5 2.06 x 1072 | 10 | 10° | 2.397 x 1072
B-6 4.56 x 1072 | 10%* | 10'3 | 2.535 x 1072
B-7 0.8 x 1072 | 10% | 10% | 0.523 x 1072

Table(2.B.2)

7.3 Sensitivity of the solution to v and v

In this part, we perturb u and v by du and dv, respectively, considering three rates

of perturbation:

e rate(I): The perturbation of each w; is between +0 x u; and +0.03u;

The perturbation of each v; is between 0 x v; and £0.03v;
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e rate(Il): The perturbation of each w; is between +0.03w; and £0.07u;

The perturbation of each v; is between £0.03v; and 40.07v;

e rate(IIl): The perturbation of each w; is between +0.07u; and £0.12u;

The perturbation of each v; is between 4+0.07v; and £0.12v;

: : 2 2 2 1,2 :
And in each experiment, the values of a;, o, and € are ba, b, and be, respectively.

7.3.1 Case(A) (70miles/hour)

lsall +lsal, | 115C11,
[ P A el

(I) 17.75 102 | 90.46 103

Expmnt ||’(_LHd H@Hd Rate

(A-1) | 49.48 1072 | 49.48 1072 | (II) 51.07 1073 | 12.29 1072

(III) | 96.55 10~3 13.7 1072

(I) 174 1073 | 25.63 1073

(A-2) | 49.63 1072 | 49.63 1072 | (II) | 51.46 1072 | 60.88 1073

1) | 96.18 1073 | 12.49 102

(I) 17.25 102 | 50.21 1073

(A-3) | 49.67 1072 | 49.67 1072 | (II) 52.08 1073 11.4 1072

(IIT) | 95.85 102 | 21.43 1072

(I) 17.26 10=* | 97.7 1073

(A-4) | 54.09 1072 | 44.81 1072 | (II) 51.77 1073 27.7 1072

(IT) | 96.35 1072 | 69.25 10~2

(I) 17.71 1032 | 76.84 103

(A-5) | 20.94 1072 | 14.11 1072 | (II) 51.62 1073 | 41.88 1072

(1) | 96.11 102 | 60.12 102

(I) 17.07 103 | 17.74 1072

(A-6) | 19.68 1072 | 15.82 1072 | (II) | 51.95 1073 | 61.58 1072

(III) | 96.71 102 | 83.29 1072

(I) 16.93 102 | 16.81 1072

(A-7) | 40.47 1073 | 32.43 1073 | (II) | 51.59 103 | 37.26 102

(IIT) | 96.07 1073 | 66.93 102
Table(2.A)
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7.3.2 Case(B) (7miles/hour)

gt | [l | [0l | Rate | L0 ||‘f‘"’
(I) | 17.24 1073 | 23.32 1073
(B-1) | 49.48 1073 | 49.48 1073 | (II) | 50.72 1073 | 44.75 1073
(1) | 95.7 1072 | 90.82 1073
(I) | 17.25 1073 | 29.16 103
(B-2) | 49.63 1073 | 49.63 103 | (II) | 50.47 1073 | 63.9 1073
(ITI) | 94.93 1073 | 12.69 102
(I) | 17.01 1073 | 52.07 1073
(B-3) | 49.67 1073 | 49.67 1073 | (II) | 51.01 1073 | 13.65 10~2
(ITI) | 95.66 10~3 | 21.36 10~2
(I) | 17.06 10~3 | 10.92 10~2
(B-4) | 54.09 1073 | 44.81 103 | (II) | 51.6 1072 | 35.8 1072
(ITT) | 96.18 10=3 | 57.28 102
(I) | 17.25 1072 | 72.18 1073
(B-5) | 20.94 1073 | 14.11 1073 | (II) | 51.39 1073 | 25.65 10~2
(ITI) | 95.9 1072 | 63.18 1072
(I) | 17.23 1073 | 14.19 1072
(B-6) | 19.68 1073 | 15.82 1073 | (II) | 51.11 1073 | 50.27 10~2
(ITT) | 96.07 1073 | 95.2 102
(I) | 17.34 1072 | 85.05 1073
(B-7) | 40.47 107 | 32.43 107* | (II) | 51.17 1073 | 42.81 1072
(IIT) | 96.63 10~ | 30.04 102
Table(2.B)

From tables (1.A.1) and (1.B.1) one can conclude that working with
a very fine mesh is a good idea because, obviously, a finer mesh gives a
lower RE. But if we look at tables (2.A) and (2.B) we see that a finer
mesh produces a less stable result. One thing that can be done to show
this is to redo experiments (A-5), (A-6), (B-5) and (B-6) but this time

with n, =5, n, =5 and n, = 3.
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For n, =5, n, = 5 and n, = 3 the results are:

(In each experiment, we keep the same [, [, and [, that were previously used.)

Expt RE ba? | ba?, | be | Rate Hﬁg“i“gﬁ” ‘ |6§| ‘
(I) | 17.211073 | 24.941073

(A-5) | 11.91073 | 10° | 101 | 0.1 | (II) | 49.821073 | 69.49 1073
(ITT) | 96.86 1073 | 19.32 102
(I) |17.211073 | 80.46 1073

(A-6) | 10.621072 | 10 | 10° | 1077 | (II) | 49.631073 | 17.151072
(ITT) | 99.15 1073 | 39.84 102
(I) |16.631073 | 22.41073

(B-5) | 12.91073 | 10° | 10® | 1073 | (II) | 49.53 1073 | 11.51 102
(ITT) | 97.18 1073 | 16.37 102
(I) |17.581073 | 42.391073

(B-6) | 10.021073 | 103 | 10° | 1077 | (II) | 52.391073 | 23.39 1072
(ITT) | 93.56 1073 | 56.58 102

Table(C-1)
It is clear that % decreases which is not in contradiction with what we

claimed.

One possible explanation is that as we make the mesh coarser we allow w)’ and
perturbed w) to move farther from wy and perturbed wy, respectively. And it is
more likely that they, w)’ and perturbed w}), get close to each other; but this does
not make much sense because they may also drift away from each other. The other
explanation is that, in a coarser mesh, we use a smaller number of points and thus

we are dealing with perturbed matrix of a smaller size.
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7.4 A time-dependent Beltrami flow

In this section, we will give accuracy results for a beltrami flow that depends on

time; which means that 7 # 0. Here 7 = 1.6 x 107,

Case 1 For t = 9 seconds and At = 4 seconds, which means t;_; = 5 and

t; = 9, we obtain the tables

Experiment | ba? | ba?, | be RE E§
A-2 0.1 | 107 | 107% | 12.65 x 1072 | 0.31
A-4 0.1 | 10° | 107® | 39.04 x 1073 | 0.78
A-6 102 | 10* | 107 | 31.15 x 107 | 0.81

Table D-1

Experiment | ba? | ba?, | be RE E§
B-2 10 | 107 | 1079 | 17.05 x 1072 | 0.31
B-4 1 10* [ 1072 | 51.53 x 102 | 0.78
B-6 102 | 10* | 107 | 17.46 x 1073 | 0.81

Table D-2

Min{HAv[(Dw@t_Dyat)]Hd>7'|

Ay [(Dy0—Dyity)—7(D3+D3+D?)(D,o—-Dyu)]||
A,[(D3+D3+D2)(D,o—-Dyu)]|| }

where F§ =

We can see that these results are as accurate as those of 7 = 0 eventhough E¢

is of the order of 50%.

Case 2 For t = 60 seconds and At = 60 seconds, which means ¢;_; = 0 and

t; = 60, the results are

Experiment | ba2 | ba2, | be RE E)
A-2 0.1 107 | 107% | 12.75 x 1072 | 0.31
A-4 1 | 10% | 1071 ] 39.09 x 107% | 0.78
A-6 10° | 10% | 107* | 20.84 x 10~* | 0.81

Table D-3
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Experiment | ba2 | ba2, | be RE E)
B-2 10 | 10" | 1079 | 16.82 x 1072 | 0.29
B-4 10* | 10% | 1075 | 48.7x 107 | 0.78
B-6 10% | 10* | 107% | 17.49 x 107° | 0.81

Table D-4

Case 3 For t = 300 seconds and At = 300 seconds, which means ¢;_; = 0

and t; = 300, the results are

Experiment | ba? | ba?, | be RE Ej
A-2 0.1 | 10" | 107% | 12.71 x 102 | 0.29
A-4 1 | 10° | 10710 | 39.11 x 1073 | 0.78
A-6 10° | 10% | 1073 | 20.83 x 107* | 0.81

Table D-5

Experiment | ba? | ba?, | be RE E§
B-2 10 | 107 | 107 | 15.32 x 1072 | 0.29
B-4 10* | 108 | 1075 | 48.58 x 1073 | 0.78
B-6 102 | 10* | 1075 | 17.43 x 1073 | 0.81

Table D-6

Remark 7.2 For A-6 and B-6 the numerical approximations are not as close

to wp as the ones obtained for 7 = 0. We think that it is due to the errors in the

approximations of the derivatives of u and v with respect to time by ﬁ—? and %7

respectively.

7.5 Using cubic B-splines

We will consider the same mesh, L, = 150km, L, = 150km, L, = 3km, h, = 10km,

hy = 10km, and h, = 3km and we will study only the case ¢, = 0.
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When we compare the accuracies of the approximations obtained by the linear
splines against those from the cubic B-splines, we see that the latters are almost as
accurate as the first ones except for the experiments A-1, A-2, A3, B-1, B-2 and B-3
where the cubic showed that the relative error, RE, can be significantly reduced.
One obvious reason behind this improvment is that ug, vg and wg are C*°; so, in
a coarse mesh, the cubic B-splines will approximate better. The relative errors are

shown in the following table

Experiment RE Experiment RE
A-1 82.37 x 1073 B-1 81.23 x 1073
A-2 60.21 x 1073 B-2 61.44 x 1073
A-3 47.04 x 1072 B-3 43.75 x 1073
A-4 38.93 x 1073 B-4 36.08 x 1073
A-5 94.1 x 1074 B-5 79.88 x 1074
A-6 29.71 x 1074 B-6 35.06 x 1074
Table E-1
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CHAPTER VIII

A TECHNIQUE FOR AVOIDING INTEGRATI-

ON IN THE FINITE ELEMENT METHOD

In this chapter we develop a technique, semilar to the one in Chapter VI, that
reduces the amount of time spent in the computation of the stiffness matrix and
the load vector which is the most expensive part in the finite element method.
Unlike this method, that calculates the exact values of the integrals that give the
elements of the matrix and the vector, many techniques try to approximate the

mentioned integrals which may produce a singular matrix.

In Chapter VI we target a particular problem, for which we use specific splines,
while in this chapter we will deal with the general case. A general case means any
variational formulation of a problem whose domain, €23 = (0, L;) x (0, Ly) X ... X
(0, Lq), is bounded in R? and whose solution is a real valued function. All the
notation in this chapter are not related to the notation in the previous chapters

except for the notation of the Kronecker product ® and the product x.

Suppose that we want to approximate u € H(Q;) = H ( ©; C R? ) with
a(u,v) = f(v) Yv € H using the finite element method; where H is a Hilbert space
whose elements are functions from R¢ to R* with s = 1 (similar method can be
developed for s > 1), a(-,-) is a bilinear form on H and f(-) is a linear functional

on H. The bilinear form and the linear functional can be written as

a(u,v) = Z Api(u,v) (8.1)

ni=1
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and

nf
F) =" fulv) (8.2)

ni=1
where the a,;(-,-) s are bilinear forms and the f,;(-) s are linear functionals.

The siffness matrix M and load vector B can be written as

M = nz M, (8.3)

ni=1

and

nf
B=> By (8.4)

ni=1

where [My;];; = ani(Pr, @) and [By;)]; = foi(Pr).

Here we consider

O,(x) = Hle Gi, . (z) for all z = (1, ...,14) € Q C R4 ®5)

with1 < <mq, -+ ,1<iéi.<m,and hy >0, --- , hg >0,

® ¢in(t) = ¢(+ + i 4 B) with a = £1, 3 an integer and ¢ : R — R a spline
of degree p that is non-zero on ¢ intervals whose lengths are all equal to 1.

Which means that
o(t) = pi(t) fori =1 <t <i,i=1,...4q, (8.6)

we will say that the spline ¢ has g intervals,
e m, is the number of splines, ¢; 4., in the r'* dimension,

e h, is the mesh step in the r** dimension,
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I =iy + (ig — Vmy + (i3 — Vmyma + .. + (i — D T2 my + oo + (ia — D 121 my

fori; =1,...,mq,....ig =1,...,my
(8.7)

e and N = [[%_, m,

Let’ s define, on the interval [0, 1], the functions
i(t) = @i(t+i—sc)fori=1,..,q (8.8)

with the integer sc is fixed and chosen such that the graph of ;(¢) on the interval
[0,1] is the same as that of ¢(t) on its " interval, and consider the notation

dRpi(t) w(k) ®).

ek T

8.1 The stiffness matrix
For ni, with 1 < ni, < na suppose that

Rnio
[ H D'Y(nio,j) F(nio,j) (x)] D'Y(nio,O) u(:[;)D’Y(nio,oo) v (x)dx

i, (U, v) = constant /
j=1

951
(8.9)
1 2 d . r
e et = (o8 A0 ) A 2 07 = 1, o
1 S ,] S Rni07
1 2 d . T
V(nio,0) = <7((n30,0)775n20,0)7 o '77((,12070))7 with S ’Y((nz‘mg) S b, r= ]-7 ceey d7
and V(nio,00) = (7(1) 2 T ’y(d) )’ with 0 < ’7(?) <p,r=1,..,d

(nio,00)? Fy(m'o,oo) ) (nio,00) (nio,00)

Here, all the Do) Fi,,; 5(x) s are non-constant functions. If one of them is
constant then it will be taken out of the integral and dumpped in the constant.

The DVio. Fy;, 5y(x) can be classifed into three categories:

1. The ones whose explicit expressions are known.
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2. The ones for which we only have measurements at the mesh points.

3. The ones for which we do not have measurements but we have measurements

of their Fi,,;, j)() s at the mesh points.

Each one from the first or the second category will be approximated, directly,
by the ®; s. For the ones from the third category, we will approximate the measure-
ments of the Fi,,;, ;y(x) s. So that we will write them in the finite element method

as

Do B (@) SV C’,Em"’j ', () for functions from category 1 or 2
o (niokj) = PR
Sy C’,(Cm"’] ) Dio) @y (2) for functions from category 3

(8.10)
Remark 8.1
For the functions that belong to the third category we have to have 0 < 7((20,3') <

p, r=1,...,d, otherwise we will need splines of a higher order.

Now, let’ s rearrange our functions such that the Hfgo DYiod) Fp; 5y() can

be written as the product of two terms. The first term is

Rnil
[ Do Fius, () (8.11)

j=1

where the DYio) F{,,; () s belong to either the first or the second category,
and the second term is

Rnio

H DYiod) By () (8.12)

j:Rnil +1

where the DViod) Fi,,; 5y (2) s belong to the third category.
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Having this done, we will have

|:H niq DV (nio, j)F(Tl’L ])< >i|
X [Hf:”’}é’mﬁl DYovion) Fp (x)] (8.13)

X [Dvtooru(z) Dviacors(z)] da

i, (u,v) = constant /
Q1

thus

Rn1 7”07
[H ' <ZK 1 ’ (I)K(z))]
(Myidiy = constant | $ s[5, (SHe 0&?%’”Dw>¢1{<m>)}

X [DYwio0) @ (1) DVmiowwo) B 5 ()] dw
(8.14)

Let
: _(~™ (r) (r) (r) (r)
m(nig, ) = (V(nio,leﬂ)’ Vnio,Rniy +2)7 '7V(nio,Rnio)’V(nio,o)’V(nin,oo)> ’ (8.15)

|7 (nio, )| = ’V<(Zo,zzml+1) T 7<(230,Rm1+2> o Yo oi) T Vit T Yk (8:16)

and define the ¢ X g X ¢ X - -+ X ¢ Xq X g matrices G (m(ni,,r)) where

Vv
Ry, times

[G (ﬂ—(ni()? r))]il,ig ..... iR S1,52 -

nig 7L

o (W(;)zo 0)

o [T 0 0] [T o ) 0] e e

ij=1,..,qforj=1.. Ry, ,s1=1,..,qand sy =1,...,¢q
(8.17)

where r = 1, ..., d. The elements of the matrix mabove are the coefficients that do
not depend on any mesh; and once stored, these elements make the computation

of M and B quick and easy.
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Let ky, ka,..., and kg,, be R,;, integers such that

—(qo S kl é 4o
Max{—qo. k1 — ¢} < ko < Min{qo, k1 + ¢}

(8.18)
Max{fqul — o, "'akj—l - QO} S kj S Min{(Jkal + oy -+ kj—l + qo}

Max{—qo,k1 = Gos s kRpi, -1 — G} < kr,,, < Min{qo, k1 + qo, .., kR,,,—1 + o}

where g, = ¢ — 1, and

Sui, = {k = (k1, ..., kg,,,) ; such that ki, ..., kg,, satisfy condition (8.18)}.

(8.19)

For a positive integer n, a positive real number h, all k£ s in the set S,;, and the

m(niy, ), r = 1,...,d, define the n x n matrices G* (w(ni,, ), n, h) such that

[Gk( (niy, ), n, h)}
pl-Ir(nion)] Zi‘b fZ Zk]z)] |G (m(ni,, T))]s_kl—i,s—kz—i ..... sk, 5—i,5—] if
Ibi(k) <i < ubi(k) and
Ibj(k,1) < j < ubj(k,i) where
i(k) = Max{1,1 —ky,....1 — kg, },
ubi(k) = Min{n,n — ki,n — ky,....n — kg, },
L0 +i =g},
ubj(k,i) = Min{n, Min{ky, ks, ..., kg,, ,0} + i+ o},

Ibj(k,i) = Max{l, Max{ky, ks, ...

7’L’L

Ib(k,i,j) = Max{q+ 1, Max{ky, ks, ....,kr,, ,0,7 —i} +i+ 1} and

nio ?

ub(k,i,j) = Min{n + 1, Min{ky, ko, ..., kg,, ,0,7 —i} +i+ q}.

nio? )

0 otherwise,

(8.20)
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the element

[G* (7 (nio,T),n, h)]m =
—ao)h . , {r) (r) () (8.21)
P (T 6u(0) (Hfﬁgmlﬂ ¢£’““°’”)(ﬁ)> ¢i(”<”"'°*°>)(t>¢§”( °°°°°° D),

0

Let Sniyr = Sni,, 7 = 1,...,d, be copies of the set S,,; ; we denote one element
from the set S,;, » by k(™) = (k:Y), o kg;)l ) For some k) € S, 1,....k D € S, 4,

some or all of the k(9 s may be equal, define, for j = 1, ..., R,;,, the matrices
TG ED, KOy =T (ml, k§d)) T (mdfl, k§d)) ® T (ml, k§1>> . (8.22)

where 7' is defined in (6.45), the matrix

GFY (7(niy, d), ma, ha)
X
GH (w(nig, d — 1), mg_1, ha_1)
G (K, .. kW) = ® (8.23)

®

GFY (m(niy, 1), my, hy)

and the vector

( [7(1,k@D, ..., kD) . ¢ o]
X
[T(2,kD, ..., kD). Cnio2)]
o k@ kD ; .
X
| [T (R K, . kD) - GO )] |
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[ Nio,1 T [ (nio;Rnio) i
Cf ) &
. C(?’L’io,l) ‘ C(niaanio)
where Cnioi) = | 72 o, CMioRnso) — | 72
(nio,1) (ndo,Rni,)
- CN . L CN -

Thus we obtain

M,; = Z G (k:(l), - k:(d)) % Mok o k(@ (8.25)

Nio

where

Z: Z Z Z Z (8.26)

Mo EDES,ia k4"VES, a1 k@ €S2 kVESH, 1

8.2 The load vector

The load vector is obtained by means of the same technique where, if for some

1 < ni, < ny we have

[Hf:nil DV (nio,5) F(nimj) (.T):|
X [HR% Do) Fipiy ) (2 )} -

j:Rnil +1

fri, (V) = constant/

1951
X [DYVmioo) v (z)] da

which gives

T2 (SR C (@)
< T, o (SN O D0 ()| ¢
X [DYVwioo) d ()] da

[Byi,]; = constant /

Q1

(8.28)

then we will put
: _ (™ (r) (r) (r)
W(nlo, T) o <fy(nioaRni1 +1)7 ,y(nimRnh +2)7 o V(NimRnio)’ rY(TLZb,C)) (829)
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and

: _ (r) (r) (r) .
‘ﬂ-(n%” >’ 7'”0 n11+1) + fy(nzo n11+2) +oet f}/(nioanio) + 7(ni070)’ (830)

and we will define the the ¢ X ¢ X - -+ X ¢ Xxq matrices G (7 (ni,, r)) where
Rm-:gimes

(G (m(nip, 7)), .. . —

21,225+, anio »S

(r)

o [T 0] [T e o0 0] oDy sy

ij=1,...,qforj=1,.. Ry ands=1,..,¢
where r =1, ..., d.

Here we will also define the space S,;, and the vectors B* (7(ni,,7),n,h), r =

1,...,d, such that

[Bk( (nio,r),n, h)]. =
pl=Irtnion) Zgb z]Z(Zm G (m(ndo, T))]s—kl—i,s—kz—i ..... s—kr,,; s—i if
Ibi(k) < i < ubi(k) where
Wi(k) = Max{1,1 —ki,....,1 — kg, },
ubi(k) = Min{n,n — ki,n —ka,....,n — kg, },
(®) t ' ’ Fnio} (8.32)
b(k,i) = Max{q + 1, Max{ky, ko, ..., kg,, ,0} + i+ 1} and

ub(k,i) = Min{n + 1, Min{ky, ks, ..., kg, ,0} +i+ q}.

nz’

0 otherwise,
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and we will obtain

By = Z B (kW, .. k®) % ok, b (8.33)

where
B (w(niy, ), ma, hy)
®
B (m(nig, d — 1), ma_1, ha_1)
B (k.. kW) = ® (8.34)

®
(W(HZO, 1)7 my, hl)

\

8.3 How does it avoid integration?

For a particular problem, for which we use a specific kind of splines, once all the
matrices G (m(ni,, 7)) are computed we will store and never computed again because
they do not depend on any mesh step or mesh size. It is clear that, once we have
the mentioned matrices, the calculatiom of M and B does not require any integral

computation.

The method is much faster than the element-by-element calculation of M and
B by the Gaussian quadratures that use p 4+ 1 points and weighting coefficients
in order to give the exact value of the integral of a polynomial of degree p. The
technique can be even faster if mq,...,mg,hq,...,and hy are fixed by storing the ma-
trices [G¥ (m(nio, ), m,, h,)] and the vectors [B* ((nio, r), m,, h,)] or going even
one more step, if the size of the memory allows it, and storing the G (k(d), - k(l))

s and B (k:(d), e k(l)) S.
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8.4 Numerical comparison

In this section we will compare this technique with the Gaussian quadrature, that
uses 13 points to calculate the exact value of a polynomial of degree 12, by mea-
suring the amount of time spent by each method in the computation of a sim-
ple stiffness matrix for different sizes of meshes. We will use the B-cubic splines
from Chapter VI and we will investigate the one-dimensional case and the two-

dimensional case.

8.4.1 The one-dimensional case

We take h = 2; suppose that the elements of the matrix M are

M;; =/<; uk¢k($)) (Z vscbs(fﬂ)) ()¢ (x)d (8.35)

s=1

where the u; s and the v; s are random numbers.

Remark 8.2

When working with the Gaussian quadrature, we integrate only on the intervals
on which the product (3>°7_, urdr(x)) O I_, usts(x)) ¢i(x)¢;(x) is not a zero func-
tion and we pick only the k s and the s s for which the (¢x(z)ps(x)pi(z)p;(z)) s are
also not zero functions. We denote by n the number of splines, by #(n) the amount
of time spent by our technique in the calculation of the matrix, ts(n) the amount
of time spent if we consider a fixed h and we store the matrices G (k(d), o k(l)) and
by tg(n) the amount of time spent by the element-by-element calculation using the
Gaussian method, all three amounts of time are in seconds. For a machine that has

a 3GHZ processor and a 1GB RAM, the results are
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n | t(n) | ts(n) | tg(n) n t(n) | ts(n) | tg(n)
10 | 0.047 | 0.016 | 3.172 || 200 | 0.515 | 0.469 | 94.218
20 10.063 | 0.031 | 7.937 || 300 | 1.203 | 1.234
30 10.079 | 0.032 | 12.719 || 400 | 1.906 | 2.047 190
40 | 0.094 | 0.047 | 17.515 || 500 | 2.796 | 3.032
50 | 0.109 | 0.063 | 22.282 || 600 | 3.906 | 4.266 | 285.89
60 | 0.125 | 0.078 | 27.078 || 700 | 5.234 5.75
70 | 0.156 | 0.093 | 31.859 || 800 | 6.687 | 7.532
80 | 0.172 | 0.109 | 36.641 || 900 8.36 9.203
90 | 0.172 | 0.14 | 41.437 || 1000 | 10.016 | 11.328 | 476.828
100 | 0.219 | 0.156 | 46.203
Table F-1

0| b = sttty | | b = writnem

10 198.25 80 336.16

20 256.03 90 295.98

30 397.47 100 296.17

40 372.66 200 200.89

20 353.68 400 99.68

60 347.15 600 73.19

70 342.57 1000 47.61

Table F-2
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Figure 14: 10 <n <100

Il i i i
QIII 200 30 400 i) 810 70 B0 B0 1000

Figure 15: 200 < n < 1000
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Figure 16: b,, as a function of n

8.4.2 The two-dimensional case

We will take hy = 2, ho = 3 and the same form that gives the matrix. For different
values of m; and my we obtain the following amounts of time, t,,, ,,, spent in the

computation of M, using our technique.

10 | 5.703 | 9.672 | 15.062

15 1 9.468 | 17.969 | 27.797

my | 20 | 14.5 | 27.406 | 45.953

30 305.453

50 2182.391
Table F-3

Let tg1(i1,12) be the function that gives the amount of time needed to compute
the non-zero elements of the I** row of the matrix M, where I = i, + (iy — 1) * my,

using the element-by-element Gaussian integration.
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From this graph, we can calculate the amount of time needed to compute all
the elements of the matrix M which is equal to T'G(my, my) ~ 165myms — 23(m; +

mse) 4 2833 seconds, if w use the previously mentioned machine. If we calculate the

TG(m1,m2)

mi,mo

ratio

Figure 17: Graph of tg, (3, j)

, we obtain the table

12

16

30

50

10

517.62

319.89

214.84

15

326.78

189.27

133.39

223.17

135.29

90.96

30

90

Table F-4
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CHAPTER IX

CONCLUSIONS AND FURTHER WORK

In this thesis, we investigated the use of a variational fromulation of the vorticity
equation and the mass continuity equation in the estimation of the vertical wind
velocity. We showed that the theoretical solution exists, is unique and, as a function
of the vertical components of the wind field, is Fréchet differentiable. We then write
a method that allows us to prove that the numerical approximation, as a function
of the measurements of the horizontal velocities, can be made less sensitive by
choosing a mesh that has s smaller number of points. The numerical results tell
us that the approximation can be made as accurate as we want; but if we choose
a certain degree of accuracy then the horizontal velocities should almost have the
same degree of accuracy other wise the error in w will be higher. They also reveal
that the errors when working with both equations are smaller than when working
with only one of them. One other numerical finding is that the method we develop
in the computation of the stiffness matrix and the load vector is much faster than
traditional integration methods. When we used linear splines, the amount of time
needed to calculate the matrix and the vector was almost 45 minutes, using the
Gaussian quadrature that requires the evaluation at 27 = 3 x 3 x 3 points when
integrating on each rectangular prism of the mesh. But when using our method it
takes only 19 seconds to perform the task. The numerical results from using cubic
B-splines showed significant improvement in the accuracy of the solution for coarse

meshes; but this may not be always realizable, as the solution may not be C?.

We also develop a technique that reduces the cost of the computation of the
stiffness matrix and the load vector in a variational problem. The method is based

on calculating some coefficients that do not depend on the n and the h of the
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mesh. And once those coefficients stored, the user will not need to integrate any
other function. Numerically, this technique proved to be much more efficient than
traditional Gaussian integration methods. For cubic B-splines, the technique was

almost 300 times fater.

Though this thesis gives most of the theoretical analysis, there are other issues

that have to be addressed:

1. Since the number of the mesh points determines how sensitive the numerical
solution is, one wants to find a mesh that provide us with solutions that

satisfie some predefined accuracy and stability conditions.

2. Because the values of weights of the equations play a significant role in the
accuracy of the solution, one important question is: given a mesh and mea-
surements of the horizontal wind field, which weights give the most accurate
solution? We think that the answer to this question will be based on a certain
classification of wind fields such that each class contains horizontal wind fields

whose values are in some and the values of their derivatives are in some set.

3. The technique we presented that reduces the computational time of the stiff-
ness matrix and the load vector is for a domains that has the shape of a
rectangular prism with a uniform mesh. Future work in this area will be
adapting the technique to different shapes and non-uniform meshes and de-

veloping a method that uses a different kind of splines in each dimension.
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