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Abstract

Designing optimal control strategies for dynamic systems operating in uncertain and
adversarial environments remains a fundamental challenge in modern control theory
and reinforcement learning. Traditional control methods often assume precise knowl-
edge of system dynamics, but real-world systems frequently operate with incomplete
information, disturbances, and unpredictable adversarial influences. This has led to
the development of robust and adaptive control strategies that can optimize perfor-
mance while mitigating worst-case uncertainties. Among these, Min-Max Differential
Dynamic Programming (Min-Max DDP) stands out as an effective approach, leverag-
ing the principles of dynamic programming to iteratively refine control policies while
explicitly accounting for worst-case adversarial disturbances. By framing the control
problem as a minimization—maximization game, Min-Max DDP explicitly considers
worst-case disturbances, providing robustness in safety-critical and adversarial set-
tings. Despite its advantages, Min-Max DDP faces several key challenges that limit its
practical applicability. However, conventional implementations rely on exact system
models, limiting their applicability to systems with unknown or stochastic dynamics.
Additionally, extending Min-Max DDP to large-scale, multi-agent, and output feed-
back systems introduces further complexity. On the other hand, ensuring safety in the
framework’s performance is a crucial aspect that cannot be neglected. This research
systematically addresses these challenges by developing a series of novel methodolo-
gies that enhance the adaptability, robustness, and scalability of Min-Max DDP. To
overcome the limitation of requiring exact dynamics, data-driven Min-Max DDP is
introduced, employing Gaussian Process Regression to approximate system dynamics

and compute optimal control updates in the absence of explicit models. The frame-
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work is further extended to a stochastic game-theoretic Min-Max DDP formulation
that models both drift and diffusion components. Gaussian Process Regression is used
to approximate the drift, while a binning-based nonparametric method is employed to
estimate the diffusion dynamics, enabling a fully data-driven framework for stochastic
Min-Max control. To enhance scalability, the research develops a distributed Min-
Max DDP framework enabling decentralized coordination among interconnected sub-
systems. This approach allows interconnected agents to collaborate effectively while
maintaining robustness against uncertainty. Additionally, Min-Max DDP is applied to
stochastic H,, control as a robust strategy to mitigate disturbances and ensure stabil-
ity. When direct state observation is unavailable, the research introduces sliding mode
observer-based Min-Max DDP, integrating sliding mode observers to estimate system
states and provide robust output feedback control, ensuring effective performance de-
spite limited observability. The research further extends Min-Max DDP to nonzero-sum
and multiplayer differential games, enabling optimal strategies in competitive and co-
operative multi-agent settings. Additinally, the study investigates Min-Max adaptive
dynamic programming for zero-sum differential games, incorporating adaptive learn-
ing mechanisms to enhance performance in adversarial settings. Finally, this study
incorporates a chance-constrained framework to ensure that the trajectory optimiza-
tion satisfies safety requirements. By systematically addressing these challenges, the
work transforms Min-Max DDP into a versatile framework for data-driven, robust, and
multi-agent control. Through the integration of machine learning, stochastic modeling,
and distributed control, these contributions advance the frontiers of optimal control,
making Min-Max Differential Dynamic Programming more applicable to real-world
problems characterized by uncertainty, partial observability, and adversarial interac-
tions. The proposed methods are validated on diverse dynamic systems, including

the inverted pendulum, double inverted pendulum, mass—spring—damper, power sys-
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tems, two-degree-of-freedom helicopter, and nonlinear Quadrotor. Additional tests on
vertical flight regulation, cart-pole, unicycle robot, and load-frequency control further

demonstrate their effectiveness across varied control scenarios.
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Chapter 1

Introduction

1.1 Background and Motivation

Designing optimal control strategies for dynamic systems operating under uncertainty
has been a central topic in control theory and reinforcement learning for decades. The
goal of optimal control is to determine a control law that minimizes a performance index
while ensuring system stability and constraint satisfaction [1]. Classical optimal control
methods, such as Linear Quadratic Regulation (LQR) and Model Predictive Control
(MPC), rely on known system dynamics and often assume linearity or small devia-
tions from equilibrium [2]. Although these methods provide satisfactory performance
for well-modeled systems, their effectiveness degrades significantly when faced with
modeling errors, stochastic disturbances, or adversarial influences commonly present
in real-world applications.

Dynamic Programming (DP), introduced by Bellman in the 1950s [3], laid the the-
oretical foundation for solving optimal control problems by decomposing them into
smaller subproblems. However, DP suffers from the “curse of dimensionality,” mak-
ing it computationally impractical for high-dimensional nonlinear systems. To address
this issue, Jacobson and Mayne proposed Differential Dynamic Programming (DDP)
[4], which combines second-order local approximations with iterative optimization to

efficiently solve nonlinear control problems. DDP has since become a cornerstone in



nonlinear optimal control and trajectory optimization due to its ability to generate
near-optimal control laws with relatively low computational effort [5]. Its applications
span robotics, aerospace, energy systems, and autonomous vehicles, where nonlineari-
ties and complex dynamics are prevalent [6].

Despite its advantages, conventional DDP assumes precise knowledge of system
dynamics, which limits its applicability in practical scenarios. Real systems are of-
ten subject to uncertainties, external disturbances, and unmodeled dynamics. These
factors can cause significant performance degradation or even instability when the
nominal model deviates from the true system. To mitigate such effects, robust control
techniques—such as H,, control and sliding-mode control—have been developed [7],
offering guaranteed performance under bounded uncertainties. However, these meth-
ods typically rely on conservative design assumptions and may sacrifice optimality to
ensure robustness.

To explicitly handle worst-case disturbances within the optimal control frame-
work, the Min-Max Differential Dynamic Programming (Min-Max DDP) method has
emerged [8]. This approach formulates the control problem as a two-player zero-sum
differential game between a control input (the minimizing player) and an adversarial
disturbance (the maximizing player). The resulting min-max optimization enables the
control policy to anticipate and counteract the worst-case effects of uncertainty. By
embedding game-theoretic reasoning into the DDP structure, Min-Max DDP achieves
robustness against disturbances while retaining the efficiency of dynamic programming.
This makes it highly relevant for safety-critical applications such as aerospace guidance,
multi-robot coordination, and autonomous navigation.

Nevertheless, Min-Max DDP in its traditional form still faces several challenges.
First, it requires exact knowledge of the system dynamics, making it unsuitable for

data-driven or partially known systems. Second, its computational cost grows rapidly



with system dimensionality, limiting its scalability to large-scale or distributed sys-
tems. Third, real-world control problems often involve stochastic uncertainties and
partial observability, where state information is limited or corrupted by measurement
noise. Finally, ensuring safety during learning and control execution remains an open
challenge, particularly in environments where violations of physical or operational con-
straints are unacceptable.

These limitations motivate the development of learning-based and robust variants of
Min-Max DDP that integrate machine learning, adaptive control, and stochastic mod-
eling. Recent progress in data-driven methods such as Gaussian Process Regression
(GPR) and neural-network-based function approximation [9, 10] offers promising tools
to estimate unknown dynamics directly from data. Likewise, distributed optimization
and chance-constrained control frameworks enable scalable and safe coordination of
multiple agents under uncertainty [11, 12]. Building on these advances, this research
aims to develop a unified, learning-based Min-Max DDP framework that enhances
adaptability, scalability, and safety, enabling robust optimal control in complex, uncer-

tain, and adversarial environments.

1.2 Emergence of Min-Max Differential Dynamic
Programming

Differential Dynamic Programming (DDP) has long been recognized as one of the most
efficient second-order methods for nonlinear optimal control and trajectory optimiza-
tion. It refines control policies iteratively through backward—forward propagation of
the value function and system dynamics, providing both feedforward and feedback
gains at each step [5, 6]. While DDP offers excellent convergence and computational

efficiency, it traditionally assumes deterministic and fully known dynamics. In practi-



cal settings—such as autonomous vehicles, aerial robotics, and power systems—control
performance is often degraded by model uncertainties, process noise, and unpredictable
external disturbances. This need for robustness and worst-case performance guarantees
led to the integration of game-theoretic principles into the DDP framework.

To explicitly address adversarial disturbances, the optimal control problem can be
reformulated as a two-player zero-sum differential game, in which the controller seeks
to minimize a cost functional while a virtual adversary maximizes it. This min—max
structure results in the Hamilton—Jacobi-Isaacs (HJI) equation—a generalization of
the Hamilton-Jacobi-Bellman (HJB) equation that governs standard DDP. Solving
the HJI equation iteratively through local quadratic expansions yields the Min-Max
Differential Dynamic Programming (Min-Max DDP) algorithm. The method explicitly
anticipates the worst-case disturbance during optimization, thereby producing control
policies that are inherently robust to uncertainty and model mismatch.

The first formal development of Min-Max DDP was presented by [8] in “Min-Max
Differential Dynamic Programming: Continuous and Discrete Time Formulations”.
That seminal work derived the complete set of backward differential equations for
both continuous- and discrete-time settings and established the theoretical connection
between Min-Max DDP and the HJI framework. It also demonstrated that Min-Max
DDP can achieve H,-like robustness without resorting to conservative worst-case lin-
earization, marking the first systematic integration of game-theoretic reasoning into
DDP. This publication is now widely recognized as the foundation of the Min-Max
DDP family of methods.

Following the 2018 formulation, researchers began extending the approach to broader
and more realistic contexts. [13] refined the algorithm for nonlinear stochastic systems,
incorporating stochastic disturbances within the min—max recursion. [14] applied Min-

Max DDP to trajectory optimization under model uncertainty, improving numerical



conditioning of the backward pass and convergence speed. Subsequent studies have ex-
plored risk-sensitive, robust, and safe variants, where probabilistic constraints or risk
measures are embedded into the cost function [15]. Recent advances [16, 17] integrated
chance-constrained and barrier function as safety-critical formulations into the DDP
structure, enabling real-time trajectory optimization under uncertainty.

Parallel to these algorithmic developments, researchers have also investigated the
theoretical links between Min-Max DDP, robust dynamic programming, and H., con-
trol. [18] demonstrated that Min-Max DDP can be interpreted as a dynamic pro-
gramming realization of H., optimal control, bridging classical robust control with
modern game-theoretic optimization. This perspective positions Min-Max DDP as a
unifying framework between robust control theory and reinforcement learning, where
the adversarial agent plays a role analogous to the environment in worst-case policy
optimization.

In summary, the emergence of Min-Max DDP represents a major milestone in
optimal control research. By extending classical DDP to a two-player game structure,
it achieves robustness against uncertainty while maintaining computational efficiency.
The ongoing progression of Min-Max DDP—toward stochastic, risk-aware, and safety-

critical systems—forms the foundation upon which this dissertation builds.

1.3 Literature Review

1.3.1 Classical and Modern Differential Dynamic Program-

ming Methods

Dynamic Programming (DDP) stands as a powerful optimization framework utilized

to solve complex control problems in dynamic systems [19]. At its core, DDP operates



by iteratively refining control policies through the application of dynamic program-
ming principles. By discretizing the system dynamics and employing local quadratic
approximations, DDP efficiently computes optimal control trajectories while consid-
ering system constraints [20, 21]. This iterative approach enables DDP to handle
nonlinear dynamics, non-convex cost functions, and state and control constraints ef-
fectively [22]. Moreover, DDP exhibits versatility in various domains, from robotics
to aerospace engineering, enabling the design of optimal control strategies for a wide
range of applications[23]. Despite its computational demands, DDP’s ability to exploit
system dynamics and provide near-optimal control policies makes it a cornerstone in
the field of optimal control theory. Furthermore, recent advancements in computational
techniques and parallel computing have enhanced the scalability and applicability of
DDP, opening doors for its integration into real-time control systems and reinforce-
ment learning frameworks. Specifically, Differential Dynamic Programming serves as
a fundamental tool for solving challenging optimization problems in dynamic systems,
offering a pathway towards robust and efficient control strategies across diverse do-
mains [24]. Due to its capability for solving complex problems, DDP has been used in
many works and application over several decades and has become one of the most pop-
ular algorithms in modern optimal control. A detailed comparison between Newton’s
method, as applied to discrete-time unconstrained optimal control problems and the
DDP has been done in [25, 26] and later the Quasi-Newton DDP for robust low-thrust
optimization is studied in [27]. DDP algorithm for unsteady, nonlinear, groundwa-
ter management problems used in [28]. Another application of DDP is presented for
solving the hydroelectric generation scheduling problem (HSP) in [29] and for multi-
reservoir system control in [30, 31]. There have been also some extensions of DDP
recently like receding horizon, an extension of classic DDP [32, 33]. Solving problem

of air traffic control by DDP has been considered in [34]. There have been also many



other utilization of DDP in various fields and works due to its strength and ability
like using DDP for trajectory optimization of autonomous driving [35], torque control
on actuators embedded in a TALOS humanoid robot [36], multi-phase rigid contact
dynamics [37], rigid-body system [38], whole-body motion planning of legged robots
[39], and many other applications in industry [40, 41, 42, 43, 44]. From the academic
view, due to flexibility of DDP, it has been used for many extensions and with many
control algorithm to solve issues are arisen in research. For instance, the DDP for
stochastic nonlinear dynamics is utilized in [45] to diminish the impact of noise. Prob-
abilistic trajectory optimization framework for systems with unknown dynamics, called
Probabilistic Differential Dynamic Programming (PDDP) based on Gaussian processes
(GPs) is introduced in [46]. The hierarchical scheme of the DDP to improve the com-
putational speed is studied in [47]. Distributed fom of the DDP for large-scale system
is introduced in [48]. Combination of neural network and DDP for reinforcement learn-
ing problem has been proposed in [49]. To accommodate inequality constrains, DDP
with nonlinear constraints is considered in [50]. For unconstrained nonlinear dynamic
games, the Newton’s method with DDP is presented in [51]. Also many other methods
and approached have been considered with DDP such as DDP with terminal constraints
[52], data~-driven DDP using Gaussian process [53], robust DDP [54], and distributed
robust DDP with Wasserstein distance in [55]. With all the works mentioned in both
academic and industry, it is evident that the DDP is a powerful and capable approach
for many problems. However, there are some issues with this approach that indicate a
need to explore other algorithms. One of the innovative and prominent extensions of
the DDP is min-max Differential Dynamic Programming (min-max DDP) or Game-
Theoretic Differential Dynamic Programming (GT-DDP) which is a powerful tool to
encounter disturbance, uncertainties, and complexity of dynamics due to existence of

intelligent disturbance or destabilizing controller in the dynamics [8].



1.3.2 Game-Theoretic and Min-Max Differential Dynamic Pro-

gramming Approaches

The Min-Max Differential Dynamic Programming (Min-Max DDP) framework extends
the classical DDP to address control and decision-making problems in uncertain or ad-
versarial environments. While traditional DDP assumes a benign or stochastic setting,
Min-Max DDP introduces a game-theoretic formulation in which the controller mini-
mizes the performance index while an adversarial input or disturbance seeks to maxi-
mize it. This two-player zero-sum structure leads to a min—max optimization problem
that anticipates the worst-case disturbance and generates robust feedback laws. The
algorithm integrates principles from dynamic programming and differential games to
improve resilience against uncertainty and adversarial perturbations. The first compre-
hensive formulation of Min-Max DDP, in both continuous- and discrete-time settings,
was introduced in [8, 56|, where backward recursive equations were derived to approxi-
mate the Hamilton—Jacobi-Isaacs (HJI) solution using local quadratic expansions. This
framework laid the foundation for extending DDP into game-theoretic domains where
robustness and strategic adaptation are critical.

Following this foundational development, several extensions and applications of
Min-Max DDP have been proposed. The approach has been utilized for biped walking
control under model uncertainties [57, 57|, where the adversarial formulation enables
robust gait stabilization. In [13], Min-Max DDP was extended to stochastic dynamic
systems to account for process noise and probabilistic disturbances. More recent ef-
forts include neural and learning-based extensions, such as the Min-Max robust control
framework developed using continuous differential neural networks [58], and a game-
theoretic model predictive control approach to mitigate model inaccuracy by represent-

ing control inputs and disturbances as competing agents [59]. The method has also



been applied to pursuit—evasion problems, including multiple-pursuit-evasion in three-
dimensional flow fields [60] and multi-pursuer single-evader interactions in dynamic
environments [61]. Moreover, Min-Max DDP has been adopted as an H.-type robust
control method to attenuate external disturbances and improve stability margins [62].
These developments collectively demonstrate the versatility of Min-Max DDP across
both theoretical and practical control problems.

Despite these advancements, several key challenges remain in the Min-Max DDP
framework that motivate further research. Most existing formulations rely on the as-
sumption of fully known system dynamics, which limits their applicability to real-world
systems with modeling errors or incomplete information. This motivates the need for
data-driven Min-Max DDP approaches capable of learning or approximating system
dynamics from observed data, such as through Gaussian Process regression or other
machine learning estimators. In addition, conventional Min-Max DDP methods typi-
cally assume full-state feedback, whereas many practical systems only provide partial
or noisy output measurements, necessitating observer-based and output-feedback Min-
Max DDP formulations that can estimate the unmeasured states in real time. Scala-
bility also remains an open problem for high-dimensional or interconnected systems,
leading to growing interest in distributed and large-scale Min-Max DDP methods that
decompose global optimization across subsystems. Furthermore, robust control under
stochastic disturbances and safety-critical operation has drawn attention to stochas-
tic and chance-constrained Min-Max DDP formulations that guarantee safe trajectory
optimization under uncertainty. Finally, the extension of the Min-Max DDP paradigm
to continuous-time and nonzero-sum differential games provides a foundation for an-
alyzing cooperative and competitive interactions among multiple intelligent agents.
Collectively, these research directions form the basis of the methodologies developed

and analyzed in the subsequent chapters of this dissertation.



1.3.3 Adaptive and Reinforcement Learning-Based Control

Adaptive control and reinforcement learning (RL) have become two converging for
achieving robust and optimal control in uncertain and nonlinear dynamic systems.
Adaptive control methods focus on online identification and adjustment of controller
parameters to ensure stability and tracking performance even when the system dynam-
ics are partially unknown or time-varying. In contrast, RL offers a data-driven frame-
work for learning optimal control policies through interaction with the environment,
without explicit knowledge of the system model. Recent studies have emphasized that
these two frameworks are not mutually exclusive but rather complementary: adaptive
control provides guaranteed stability and convergence properties, while RL enhances
performance and generalization in high-dimensional tasks [63, 64]. The work by [65]
highlights this synergy, showing that RL can be interpreted as an adaptive dynamic
programming process with policy and value iteration embedded within a feedback
learning loop.

Recent research has focused on hybrid and model-based RL techniques that inte-
grate adaptive control theory with RL’s data-driven exploration to achieve stability,
sample efficiency, and safety. For instance, adaptive actor—critic algorithms have been
proposed to handle nonlinear systems with unknown dynamics while maintaining Lya-
punov stability guarantees [66, 67]. Neural network—based adaptive dynamic program-
ming (ADP) frameworks have been employed for continuous-time nonlinear control,
leveraging online learning to update both policy and value networks [68]. Deep re-
inforcement learning has also been applied to robotic and autonomous systems, com-
bining adaptive control structures with data-efficient policy updates to overcome the
challenges of limited training data and environmental uncertainty [69, 70]. Moreover,

safety-aware adaptive RL frameworks have emerged to address real-world deployment
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issues by enforcing stability and constraint satisfaction during policy learning [71, 72].

Overall, adaptive and reinforcement learning-based control methods provide a the-
oretical and algorithmic foundation for intelligent decision-making in complex systems
with incomplete information. By unifying stability-guaranteed adaptive control with
data-driven learning and policy optimization, these approaches have advanced the ca-
pability of modern control frameworks toward real-time adaptation, robustness, and
safe autonomy — establishing a conceptual bridge between classical control and the

learning-based extensions explored in subsequent chapters of this dissertation.

1.3.4 Observer-Based and Output-Feedback Control Strate-
gies

In many real-world control systems, the full state vector cannot be directly measured,
or the measurements are corrupted by noise, delays or partial observability. This
constraint gives rise to the challenge of output-feedback control, where an estimator
(observer) must reconstruct the unmeasured states from available output data, and the
controller must be designed based on these estimated states. Classical linear results
exploit the separation principle, but for nonlinear and uncertain systems this separation
often fails, necessitating integrated observer-controller design and robust estimation
schemes [73]. Recent advances focus on high-gain observers, neural-network based state
estimators, and hybrid measurement /observer architectures that deal with sampling,
quantization, and sensor failures.

For instance, a 2024 study [74] investigates an observer-based exponential stabi-
lization scheme for switched Takagi—Sugeno fuzzy systems with unmeasurable premise
variables, showing how reduced-order observers can be designed for nonlinear systems

under output feedback. Another very recent work, [75], proposes a neural-network
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prescribed-time observer for uncertain pure-feedback nonlinear systems, demonstrat-
ing finite-time convergence of the state estimates despite high nonlinearities and mea-
surement challenges. These works illustrate the growing use of learning-based esti-
mation embedded in output-feedback control frameworks. Meanwhile, [76] studies
output-feedback control for two-time-scale systems using high-gain observers that link
reduced-order estimation with control design under multiscale dynamics. Together,
these approaches reflect the trend toward observer-based designs that are robust, adap-
tive, and suitable for output-feedback control in modern uncertain systems.

Despite these developments, several open issues remain particularly relevant for
robust, game-theoretic, or large-scale control frameworks. First, the interplay between
observer convergence speed and controller robustness in adversarial or worst-case dis-
turbance settings is still underexplored. Second, when applying such designs in high-
dimensional or interconnected systems, scalability and computational complexity of the
observer-controller pair can become prohibitive. Third, most existing output-feedback
methods assume known or structured dynamics, making their adaptation to truly un-
known or data-driven settings problematic. Addressing these gaps is critical when out-
put feedback must be integrated into frameworks like Min-Max Differential Dynamic

Programming, distributed control or safe trajectory optimization under uncertainty.

1.3.5 Data-Driven and Gaussian Process Regression

In complex real-world systems, precise mathematical models are often unavailable or
only partially known due to nonlinearities, stochastic effects, and unmodeled dynamics.
This challenge has led to the rise of data-driven control methods, which aim to identify,
approximate, or directly learn control policies from observed data rather than relying
on complete analytical models. Data-driven approaches combine elements of system

identification, adaptive control, and machine learning to build predictive models that
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can generalize across operating regimes while providing feedback for control design [77].
Within this context, Gaussian Process Regression (GPR) has emerged as one of the
most promising tools for learning continuous-time nonlinear system dynamics, offering
both mean predictions and uncertainty quantification in a Bayesian framework [78].
This probabilistic feature allows controllers to explicitly account for model uncertainty,
making GPR particularly suited for safety-critical and robust control applications.

Recent studies have explored the integration of GPR with model predictive control
(MPC) and differential dynamic programming (DDP) to handle unknown or partially
known system dynamics. For example, Liu et al. [79] developed a dual-Gaussian-
process MPC framework for online learning and prediction, demonstrating improved
control accuracy and adaptation under dynamic uncertainty. [80] proposed an experi-
mental design-based GPR control strategy that optimizes data collection to minimize
model error during learning. Earlier work by [53] introduced one of the first data-driven
DDP formulations using Gaussian Processes, enabling efficient trajectory optimization
when explicit system models are unavailable. More recent efforts, such as [81], pro-
vide finite-sample reachability guarantees for systems controlled using GPR models,
addressing safety and stability in learning-based controllers. Additionally, [82] pre-
sented an event-triggered multi-agent learning scheme that employs GPR to improve
cooperative control performance while reducing communication costs.

Despite the rapid progress in GPR-based control, several fundamental challenges
remain. The computational scalability of standard GPR, with its cubic dependence on
dataset size, limits its real-time applicability in high-dimensional systems. To address
this, sparse and variational GPR approximations have been proposed, though they
often trade off accuracy for speed [83]. Another open problem concerns multi-step un-
certainty propagation, where posterior variance growth can lead to overly conservative

control policies in predictive frameworks like MPC or DDP [84]. Furthermore, most
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existing works treat uncertainty as stochastic rather than adversarial, leaving room for
further integration of GPR with robust and game-theoretic methods such as Min-Max
DDP. Continued research in these directions aims to bridge data-driven learning and
robust optimal control, making GPR a central component in future adaptive and safe

control architectures.

1.3.6 Stochastic Control Frameworks

Stochastic control provides a rigorous mathematical framework for decision-making
in systems subject to randomness, disturbances, and measurement noise. Unlike de-
terministic control, stochastic control explicitly accounts for the probabilistic nature
of system evolution, allowing controllers to optimize performance under uncertainty.
(Classical stochastic optimal control methods rely on dynamic programming and the
stochastic Hamilton—Jacobi-Bellman (HJB) equation, which defines the optimal pol-
icy in expectation form [64]. However, solving the HJB equation analytically is often
intractable for nonlinear or high-dimensional systems, motivating approximate and
computationally tractable approaches such as stochastic differential dynamic program-
ming (SDDP) and risk-sensitive control [85]. Early work by Theodorou and Todorov
established stochastic DDP as an extension of deterministic DDP that includes second-
order noise terms to model diffusion processes [45]. This formulation has since been
applied in robotics, aerospace, and energy systems where environmental and sensor
noise significantly influence control performance.

In recent years, there has been a resurgence of interest in stochastic control driven
by advances in machine learning and probabilistic modeling. Study such as [13] ex-
tended the Min-Max DDP framework to stochastic nonlinear systems under adversarial
disturbances, offering robustness guarantees through a min—max stochastic game for-

mulation. Similarly, research [86] proposed a stochastic policy gradient control method
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that approximates the stochastic HJB solution using deep learning for continuous con-
trol problems. Risk-sensitive and entropy-regularized formulations have also gained
traction, providing a principled way to balance exploration and exploitation in uncer-
tain environments [87]. Meanwhile, the integration of stochastic modeling with model
predictive control (MPC) has produced predictive controllers that account for noise
statistics and covariance propagation during real-time optimization [88]. Such ap-
proaches have been applied to UAVs, autonomous driving, and robotic manipulation,
where controllers must act under dynamic and uncertain conditions.

Despite these significant developments, several challenges remain in stochastic con-
trol theory and application. The computation of multi-step expected costs and covari-
ances remains computationally intensive, limiting scalability for large-scale systems.
The derivation of closed-form policies under correlated noise and partial observabil-
ity also remains difficult, particularly when system dynamics are nonlinear and non-
Gaussian [89]. Recent research explores stochastic control under partial observability,
combining Kalman-type filters or particle filters with stochastic DDP and stochas-
tic ADP to enable estimation-based optimal control [90]. Another emerging direction
involves the unification of stochastic and robust control, where the controller mini-
mizes expected cost while accounting for worst-case uncertainties, bridging stochastic
optimization and Min-Max game theory [91]. Collectively, these developments have
revitalized stochastic control as a cornerstone for modern adaptive and learning-based
frameworks, forming the probabilistic foundation upon which robust, data-driven, and

safe control strategies are built.

1.3.7 Safe and Chance-Constrained Control Methods

Safety has become a fundamental requirement in modern control systems, particu-

larly in autonomous and learning-based applications where controllers operate under
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uncertainty, nonlinearity, and environmental disturbances. Traditional optimal control
focuses on minimizing expected cost, but it does not guarantee the satisfaction of safety
constraints such as collision avoidance, actuator saturation, or state bounds. To ad-
dress these challenges, chance-constrained control introduces probabilistic constraints
that ensure the probability of violating safety conditions remains below a prescribed
threshold. This formulation enables the controller to explicitly account for uncertainty
while maintaining tractable optimization [92]. The integration of chance constraints
with model predictive control (MPC) has led to powerful frameworks for stochastic
systems, allowing the computation of control inputs that satisfy safety constraints in
expectation or with high confidence [93]. These methods are particularly effective in
robotic motion planning, autonomous driving, and aerial vehicle navigation, where
safety must be balanced with performance and adaptability.

Recent research has focused on extending chance-constrained control to nonlin-
ear, time-varying, and learning-based systems. For instance, [94] proposed a scal-
able convex approximation of chance constraints for nonlinear systems with Gaussian
noise, improving computational tractability in real-time applications. [95] developed
a chance-constrained differential dynamic programming (CC-DDP) algorithm that en-
sures probabilistic safety in nonlinear trajectory optimization problems, demonstrat-
ing its effectiveness in robot motion planning. [96] integrated chance constraints into
a stochastic dynamic programming framework for continuous-time systems, providing
recursive feasibility guarantees and stability under bounded uncertainty. Moreover,
recent works have incorporated distributionally robust optimization (DRO) to handle
ambiguous or unknown uncertainty distributions, resulting in distributionally robust
MPC (DR-MPC) formulations that maintain safety even when the underlying distur-
bance statistics are uncertain [97, 98].

Parallel advances have also emerged in safe reinforcement learning (Safe RL) and
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risk-sensitive control, where safety constraints are enforced during learning or decision-
making. Methods such as control barrier functions (CBFs) [99] and Lyapunov-based
constraint enforcement [100] have been integrated with model-based and model-free
reinforcement learning to ensure safety during policy adaptation. [101] Introduced an
adaptive chance-constrained RL framework that ensures state and input constraints
are satisfied with high probability while improving sample efficiency. These develop-
ments highlight a convergence between safe control, chance-constrained optimization,
and learning-based methods. Despite notable progress, key challenges remain — in-
cluding scalability to high-dimensional systems, handling non-Gaussian uncertainties,
and guaranteeing recursive feasibility in online settings. Addressing these challenges
continues to drive research in safe control theory and its integration into data-driven,

robust, and stochastic optimization frameworks.

1.3.8 Distributed and Large-Scale Differential Game Control

In recent years, control and game-theoretic frameworks have shifted from centralized
architectures to distributed and large-scale systems due to the proliferation of intercon-
nected agents, networked subsystems, and cyber-physical infrastructures. Traditional
differential-game formulations often assume that all players share global information
and act in a centralized manner, which becomes impractical as the system size in-
creases and subsystems are geographically dispersed. As a result, research in dis-
tributed differential games focuses on decentralizing decision-making, leveraging local
communication, and designing scalable equilibrium or worst-case strategies under net-
work constraints [102]. The interplay between local objectives and global coupling
through interconnections introduces new analytical and computational challenges in
stability, convergence, and equilibrium synthesis.

Several recent works have addressed these issues by developing architectures that
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enable local agents to participate in differential games while preserving overall system
performance. For instance, [48] proposed Distributed Differential Dynamic Program-
ming Architectures for large-scale multi-agent systems, where each agent solves a local
DDP subproblem and communicates consensus variables to neighbours, yielding scal-
able solutions that extend to thousands of vehicles or robots. [103] Studied differential-
game-based distributed vibration control for large-scale structural systems, formulating
the problem as a network of adversarial subsystems and deriving distributed Nash or
min-max strategies. Surveys on aggregative games and networked control [104] fur-
ther provide a broad perspective on how distributed algorithms for large networks
and games behave under directed/undirected graphs, asynchronous updates, and dis-
turbances. These developments demonstrate that game-theoretic control methods are
being adapted to large-scale interconnected systems with scalability and locality in
mind.

Despite these advances, key challenges remain at the intersection of large-scale
control and differential games. First, the scalability of equilibrium computation re-
mains a major hurdle: many methods still rely on solving high-dimensional coupled
Riccati or Hamilton—Jacobi-Isaacs (HJI) equations which scale poorly. Second, in-
formation structure constraints (such as local sensing, delays, packet drops) in dis-
tributed systems complicate the design of consistent strategies and may compromise
worst-case guarantees. Third, the integration of adversarial disturbances or uncertain-
ties within the distributed game framework is underexplored, especially for nonlinear
dynamics and heterogeneous agents. Finally, the transition from theory to real-world
implementation—for example in smart grids, multi-vehicle fleets, and large industrial
networks—demands algorithms that are both communication-efficient and robust to
topology changes, disturbances, and cyber-attacks. Addressing these gaps is essen-

tial for advancing robust, scalable differential game control in large-scale networked
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systems.

1.3.9 Nonzero-Sum and Multiplayer Differential Games

While zero-sum differential games have been widely studied for adversarial interactions,
many real-world systems involve multiple decision-makers with distinct and sometimes
partially cooperative objectives. These interactions are modeled as nonzero-sum differ-
ential games, where each player minimizes its own cost functional without necessarily
maximizing the opponent’s cost. This formulation captures realistic behaviors in multi-
agent systems such as autonomous vehicle coordination, smart grid management, and
networked robotics, where competition and cooperation coexist. The main analytical
challenge in nonzero-sum differential games lies in solving coupled Hamilton-Jacobi
(HJ) or Hamilton—-Jacobi-Bellman (HJB) equations, whose solutions characterize the
feedback Nash equilibrium strategies. The classical theory provides existence and
uniqueness results for linear-quadratic games, but extending these to nonlinear and
uncertain systems remains complex [105].

Recent advances have leveraged adaptive dynamic programming and reinforce-
ment learning to approximate Nash equilibria in nonlinear and stochastic nonzero-
sum settings. For example, [106] developed a Nash equilibrium control method for
uncertain delay dynamic systems using adaptive parameterization to handle unknown
delays and disturbances. [107] proposed an online Q-learning algorithm for linear-
quadratic nonzero-sum stochastic differential games with unknown dynamics, where
actor—critic neural networks approximate equilibrium strategies in continuous time.
Similar learning-based formulations have been explored for partially observable sys-
tems and cooperative games with communication constraints [108]. In the stochastic
domain, [109] investigated nonzero-sum differential games in investment, consumption,

and reinsurance problems, deriving equilibrium strategies under risk-sensitive utilities.
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In parallel, distributed and multi-agent game-theoretic formulations have emerged,
where agents interact through shared state variables or coupling constraints, requiring
decentralized computation of Nash equilibria in large-scale dynamic systems [110, 111].

Despite these promising developments, several challenges persist. The coupled na-
ture of Nash conditions complicates convergence guarantees for nonlinear and data-
driven games. Moreover, most current frameworks assume perfect information ex-
change or complete state observability, which is rarely available in practice. Achieving
real-time scalability, incorporating uncertainty and safety constraints, and integrating
learning-based adaptation into multi-player nonzero-sum dynamics remain active areas
of research. Addressing these challenges is key to extending differential game theory
toward robust, scalable, and cooperative-competitive control architectures for future

autonomous and interconnected systems.

1.4 Research Gaps and Motivation Summary

Although substantial progress has been achieved in optimal control, adaptive con-
trol, stochastic optimization, and game-theoretic formulations, several critical research
gaps remain unresolved. Existing Min-Max Differential Dynamic Programming (DDP)
frameworks primarily rely on known system models and deterministic dynamics, lim-
iting their applicability to real-world systems characterized by model uncertainties,
stochastic disturbances, and partial observability. Moreover, most formulations ad-
dress only a single aspect of robustness or scalability rather than providing a unified
framework capable of handling multiple sources of uncertainty simultaneously. Specif-
ically, the following gaps can be identified from the literature:

1-Model Dependence: Conventional Min-Max DDP requires explicit knowledge

of system dynamics, making it unsuitable for data-driven or unknown-model systems.
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2-Lack of Stochastic Robustness: Few existing approaches integrate stochastic
dynamics, particularly those involving both drift and diffusion terms, into the Min-Max
optimization framework.

3-Limited Observability Handling: Most works assume full-state feedback,
whereas real-world systems often operate with partial or noisy measurements requiring
output-feedback control.

4-Scalability Challenges: Current methods are computationally intensive and
not easily extendable to large-scale or distributed systems with interacting subsystems.

5-Safety and Constraint Satisfaction: Existing formulations rarely incorporate
probabilistic or chance-constrained safety guarantees in trajectory optimization.

6-Lack of Unified Structure: There is no comprehensive Min-Max DDP frame-
work that simultaneously addresses data-driven modeling, stochasticity, output feed-
back, large-scale interactions, and safety considerations.

Motivated by these limitations, this dissertation aims to establish a unified, learning-
based Min-Max DDP framework that integrates robustness, adaptability, and safety
into a cohesive design. The overall objective is to make Min-Max DDP more data-
driven, scalable, and practically implementable for uncertain and adversarial dynamical

systems.

1.5 Research Objectives and Contributions

The primary objective of this dissertation is to develop a unified and learning-based
Min-Max Differential Dynamic Programming (DDP) framework capable of addressing
uncertainty, stochasticity, scalability, safety, and limited observability in nonlinear dy-
namic systems. Building upon the foundational principles of robust and game-theoretic

control, the research advances Min-Max DDP into a comprehensive methodology suit-

21



able for real-world applications.

The specific objectives and corresponding contributions of this dissertation are sum-
marized as follows:

1-Develop a Data-Driven Min-Max DDP Framework Using Gaussian
Process Regression (GPR): Formulate a data-driven Min-Max DDP algorithm that
removes the dependency on explicit system models. The unknown drift dynamics are
approximated using Gaussian Process Regression, enabling the computation of optimal
control updates directly from data.

2-Extend the Framework to Stochastic Systems with Drift and Diffusion
Estimation: Introduce a data-driven stochastic Min-Max DDP method capable of
handling stochastic dynamics by separately estimating drift and diffusion components.
The drift is modeled using GPR, while a nonparametric binning estimator captures
diffusion characteristics, allowing robust optimization under process noise.

3-Design a Sliding Mode Observer Based Min-Max DDP for Output
Feedback Systems: Develop an observer-based Min-Max DDP that integrates a
Higher-Order Sliding Mode (HOSM) observer to reconstruct unmeasured states. This
formulation enables robust output-feedback control for systems with limited or noisy
state information.

4-Formulate a Distributed Min-Max DDP for Large-Scale Interconnected
Systems: Extend the Min-Max DDP algorithm to distributed architectures, enabling
decentralized coordination among subsystems with mismatched interconnections. This
distributed formulation ensures scalability while preserving local autonomy and robust-
ness.

5-Introduce a Chance-Constrained Min-Max DDP for Safe Trajectory
Optimization: Incorporate probabilistic safety guarantees through chance-constrained

optimization, ensuring that the likelihood of constraint violation remains below a spec-
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ified threshold. This approach integrates safety considerations directly within the Min-
Max DDP framework.

6-Explore Adaptive and Nonzero-Sum Extensions for Multi-Agent Dif-
ferential Games: Formulate and analyze adaptive and nonzero-sum variants of Min-
Max DDP to handle cooperative-competitive multi-agent interactions. These exten-
sions broaden the applicability of DDP to complex differential games and multi-player
systems.

Collectively, these contributions advance the state of Min-Max DDP from a deter-
ministic, model-dependent approach toward a data-driven, stochastic, scalable, safe,
and adaptive control framework, bridging theoretical rigor with practical implementa-

tion.

1.6 Dissertation Organization

This dissertation is organized into eight chapters, each addressing a specific extension
of the Min-Max Differential Dynamic Programming (DDP) framework to overcome
key limitations identified in the literature. The remainder structure and focus of each
chapter are summarized as follows:

Chapter 2 presents the Min-Max Adaptive Dynamic Programming (ADP)
framework for zero-sum differential games. The chapter develops an adaptive critic-
based formulation to approximate the Hamilton-Jacobi-Isaacs (HJI) solution itera-
tively, enabling robust control for nonlinear systems with adversarial disturbances.

Chapter 3 introduces the Sliding-Mode-Observer-Based Min-Max DDP for
output feedback control problems. A Higher-Order Sliding Mode (HOSM) observer is
employed to estimate unmeasured states, providing robustness against model uncer-

tainties and measurement noise.
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Chapter 4 develops a Data-Driven Min-Max DDP approach for nonlinear
systems with unknown dynamics. Gaussian Process Regression (GPR) is utilized to
approximate system drift dynamics, allowing the control law to be synthesized directly
from data without requiring explicit model knowledge.

Chapter 5 extends the data-driven concept to stochastic environments by for-
mulating a Data-Driven Stochastic Game-Theoretic Min-Max DDP. Both
drift and diffusion dynamics are estimated—using GPR and a nonparametric binning
method, respectively—yielding a fully data-driven stochastic optimal control strategy.

Chapter 6 proposes a Distributed Min-Max DDP for large-scale systems with
mismatched interconnections. The framework decomposes the global optimization
problem into local subproblems, enabling scalable and decentralized control of multi-
agent or networked systems.

Chapter 7 introduces a Chance-Constrained Game-Theoretic Min-Max
DDP for safe trajectory optimization under uncertainty. Probabilistic safety con-
straints are embedded into the optimization process to ensure that the trajectory re-
mains within acceptable risk bounds with high confidence.

Chapter 8 concludes with the development of a Continuous-Time Nonzero-
Sum Differential Game DDP, extending the Min-Max DDP methodology to multi-
player settings where agents exhibit both cooperative and competitive interactions.
The chapter also discusses potential future directions in adaptive, safe, and distributed
control.

Chapter 9, finally, concludes the dissertation with a summary of findings, key the-
oretical insights, and recommendations for future research in extending Min-Max DDP
to broader applications in robotics, autonomous systems, and large-scale stochastic

control.
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Chapter 2

Min-Max Adaptive Dynamic
Programming for Zero-Sum

Differential Games

2.1 Introduction

Adaptive Dynamic Programming (ADP) has gained much attention for its ability to
find approximate solution to optimal control problems with nonlinear systems, and
has been applied to many problems in both industry and academia [112, 113, 114].
ADP algorithms utilize a function approximation structure to estimate the Hamilton—
Jacobi-Bellman (HJB) equation [115] associated with the optimal control problem, and
they can solve the problem through an online data-based method where the detailed
knowledge of the plant is unknown. The optimality and learning capabilities of ADP
has been explored in many systems including power systems, engine control, robotics,
etc. [116, 117]. For instance, an ADP algorithm for optimal control of an infinite-
horizon discrete nonlinear system with finite approximation errors is proposed in [118].
In [119], a Recurrent Neural Network (RNN) based ADP is designed to solve the
optimal problem of a class of nonlinear discrete systems with control constraints. The

control problem for a low-level controller of an unmanned vehicle using reinforcement
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learning is investigated in [120]. Several variations of ADP have also been developed
such as the heuristic dynamic programming (HDP) [121], the dual heuristic dynamic
programming (DHP) [122], and the globalized dual heuristic dynamic programming
(GDHP) [123, 124], which are generalization of dynamic programming with neural
reinforcement learning approaches. In addition, ADP control policies can be applied to
the systems where the model is unknown. To solve the ADP problems with unknown
dynamics, Reinforcement Learning (RL) is commonly used [125]. RL is a machine
learning method that learns the optimal control policies based on observations received
from the environment [126, 127]. One of the significant methods in RL is the policy
iteration (PI), which includes policy evaluation and policy improvement [128]. An
online policy iteration based on H,, robust optimization is developed for nonlinear
systems in [129]. The PI method for problem of optimal control tracking without
system information is studied in [130].

One extension of the optimal control problem is the min-max or zero-sum differen-
tial game [131], which involves two players in conflict to optimize a performance index
in the context of dynamical systems. The zero-sum differential game also has a direct
connection with robust control [132, 133]. Several works have been done to extend the
ADP algorithm to solve zero-sum differential game problems. In [134], ADP is applied
to an infinite-horizon discrete-time system by solving the associated Hamilton-Jacobi-
Isaacs (HJI) equation, where the dynamics and value function are known. Another
ADP algorithm is designed for discrete-time affine systems with known dynamics in
[135]. [136] focuses on a model-free approach for linear systems and utilizes the ADP
method to find optimal control solutions. In [137], an iterative ADP technique with
only the critic neural network structure that approximates the value function is pro-
posed for systems with known dynamics. Additionally, [138] addresses the Nash equi-

librium solution for two-player zero-sum games with known linear dynamics, while
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[139] proposes an ADP method for systems with known value function and nonlinear
models. Adaptive critic approximate dynamic programming designs are studied in
([140]) to solve the discrete-time zero-sum game. But this algorithm is not applicable
to complex systems with unknown dynamics. In ([141]), adaptive critic design is pro-
posed to approximate the online Nash equilibrium solution for the robust trajectory
tracking control of non-zero-sum (NZS) games for continuous-time uncertain nonlinear
systems. However, this algorithm cannot solve problems of zero-sum games with dis-
turbances and uncertainties. In ([139]), ADP is proposed to solve a continuous-time
nonlinear two-person zero-sum differential games problem with known dynamics. Sim-
ilarly, ([134]) proposes the ADP for infinite-horizon discrete-time zero-sum games with
known dynamics. The stability proof based on the Lyapunov theory is not discussed
in this Chapter. In ([117]), the problem of constrained cost for discrete-time nonlinear
system is studied, where the neural network is used to approximate only the value
function. There are other works that have been done in ADP, nonzero-sum games and
zero-sum games ([142, 143, 141, 144, 145, 146]), but there has been no investigation on
an ADP algorithm that solves for the zero-sum differential game with approximation
on both the value function and nonlinear dynamics. In this Chapter, the problem of
min-max adaptive dynamic programming for zero-sum differential games based on the
PI algorithm using recurrent neural network and critic neural network for the unknown
dynamics and value function is investigated.

The contribution of the paper is divided into several aspects

1) A min-max zero-sum differential game with unknown nonlinear dynamics is
solved to obtain the control policies through the HJI equation.

2) The PI approach is used to solve the HJI equation associated with the zero-sum
differential game.

3) The online recurrent neural network is employed to approximate the nonlinear
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dynamics of the system.

4) The neural network is employed to approximate the value function.

5) The error between the approximated dynamics by RNN and dynamics of the
system is proved to converge to 0 as t — oo.

6) The Uniform Ultimate Bounded (UUB) stability of the closed-loop system is
proved based on the Lyapunov theory for the zero-sum game problem.

The rest of this Chapter is organized as follows. In Section 2.2, the primary prob-
lem is formulated. In Section 2.3, an online recurrent neural network is employed to
approximate the dynamics of the system. The online PI algorithm for the zero-sum
games and the critic neural network for the estimation of the value function are pre-
sented in 2.4. The stability analysis of the method is shown in 2.5. Finally, in section

2.6, simulation results of the proposed algorithm are demonstrated.

2.2 Problem Formulation

Consider the dynamics of the zero-sum differential game problem as follows

&(t) = f(x(t)) + gr(x(t))u(t) + g2(z(t))v(t), (2.1)

where z(t) € R", t € [to, ty], is the state. u C R™ and v C R™ are the control policies.
feR g € R™ and gy € R are polynomial mapping with f(0) = 0. It is
assumed that f(z(t)), g1(z(¢)) and g2(x(t)) are unknown, continuous, and the system
is stabilizable on a compact set (2.

The cost function of the differential game is defined as

T (o, u,v) = /t " L(@(t), ut), v(t)dt, (2.2)
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where u tries to minimize the cost function while v tries to maximize it. The running

cost with respect to the control policies is introduced as
Lw(t),u(t), v(t)) = 2(8)" Pa(t) +ult)” Ru(t) — v(t) Qu(?), (2.3)

where P € ™" R € R ™« and ) € R™ ™ are positive definite matrices.
The optimal control policies correspond to the Nash equilibrium of the differential
game [147], and they can be computed through the following Hamiltonian-Jacobi-Isaacs

(HJI) equation
0= L(z,u,v) + (V. V) (f(z) + g1(z)u + go(2)v), (2.4)

where the time dependency on the variables are omitted for brevity. In (2.4), V' is the
value function, V,V is gradient of value function based on z, and V' (zy) is the optimal

cost function at the initial condition z(, that is

u v

V(o) = minmax J(xg, u,v) = min max/ (" Px 4+ u” Ru — v Qu)dr. (2.5)

to

The corresponding Hamiltonian function is defined as
H = L(z,u,v) + (V.V)" (f(2) + g1 (2)u + ga(2)v). (2.6)

The optimal control policies can be obtained by setting

H H
oH _,  OH _

o7 _ o 2.
5. =0 =0 (2.7)
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from which we have

v —%R_lng(x)VxV(x), (2.8)

|
v = 5@ Lga (2) V.V (z). (2.9)
Substituting (2.8) and (2.9) into (2.4), the HJI equation can then be expressed as

0=z"Px+ (V,V) f(x)

- i(VxV)Tgl(x)R_lgf(x)VwV + i(va)ng(x)Q_lggT(a:)VxV, (2.10)

where V(0) = 0.

2.3 Online recurrent neural network for the system
dynamics

Since the model of the system is assumed to be unknown, we need to approximate the
dynamics of the system. In particular, we utilize the recurrent neural network (RNN)
to learn the dynamics. From input-output data, the nonlinear dynamics of the system
are approximated. Specifically, the unknown dynamics of the system is assumed to

have the following form
i=CTx(t) + ATos(x(t)) + CLo(x(t)u(t) + Crom(x(t)v(t) + AT —e(t), (2.11)

where €(t) is bounded and C*, AT, CT CT, and A, are unknown weigh matrices. oy,

041 and o4 represent the activation functions.

Assumption 1. The term €(t) is considered as a upper bounded by a function of
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modeling error such that

L (D)e(t) < epr(t) 2 Nel ()em(t), (2.12)

m

where e,,(t) = x(t) — Z(t) is system modeling error, €,/(t) is the upper bounded by a
function that is equal to Ael (t)e,,(t), and X is the bounded constant target value.

The RNN approximation model for the system is then represented by

&= CT(0)i(t) + AT(t)o (2(1))

~

+ Oy (o (2())ult) + CF (g (@(1)v(t) + AL (1) = V(t), (2.13)

where 7 is the estimate of the state vector, C’T, AT, CA’E , évT , and A, are estimates of

weight matrices, and V() is defined as

~

Al)em(t)
e (t)em(t) — ¢

V(t) = Sen(t) + (2.14)

where e, (t) = z(t) — &(t) is the system modeling error, S is a designed matrix, \ is an
adjustable parameter, and { > 1 is a constant parameter.
From equations (2.11) and (2.13), the modeling error dynamics of e,,(t) can be

calculated as

em(t) = CTen(t) + CT(1)a(t) + ATG (em(t)) + AT (t)o s (2(2))

+ Oy gi(en(t) + CF (o (2(1) + O dga(en(t) + CF (t)og(@(1))

A(t)em(t) e (1)

+ Ag(t) + 6<t) + Sem(t) - eZn t)em(t) +¢ e%(t)em(t) + Ca

(2.15)

~ ~

where C(t) = C — C(t), A(t) = A — A(t), C,(t) = C, — Cu(t), Cyo(t) = C, — Cy(t),
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Aut) = A= Au(t), 55(em(t) = 05 (2(1) =04 (&(2)), G1(em(t)) = o1 (2(1) —oq (2(2)),
Gya(em(t)) = 0ga(x(t)) — 0g2((t)), and A(t) = X\ — A(t). The activation functions are

assumed to be increasing functions that satisfy the following,

0 <os(x) —osly) < klz—y),
0 <og(x) —on(y) < k(z—y),
0 < 0ga(x) — 0a(y) < k(z —y),

Ve,y € Rand x > y,k > 0. (2.16)

Some extra assumptions are made to help us prove later that the modeling error

converges to zero.

Assumption 2. All the weights defined in the approzimated dynamics (2.13) are
bounded.

Assumption 3. The control inputs are bounded.

Theorem 1. Let the parameters CT, AT, (Z‘{{, CA’;;F, A, and X in (2.13) be updated iter-

atiwely as follows

C(t) = Tha(1)el (1), (2.17a)
A(t) = Taoy (2(1))en (2), (2.17D)
(1) = Taog (2())u(t)el (1), (2.17¢)
(1) = Taoga(#()) 0Dl (1), (2.17d)
Aut) = Tsel (1), (2.17¢)
i = py—Cm(ten® (2.17f)

el (t)em(t) + ¢
where I'y, T'y, I's, T'y, I's, and I's are positive definite matrices. Then, the modeling
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error T converges to 0 asymptotically ast — oo.

Proof. Consider the Lyapunov function
V(t) = Vi(t) + Va(t), (2.18)
where

Vi(t) = 5eh(B)en), (219)
Va(t) = %tr{C*T(t)Fl‘l(j(t) + AT A + CT (0T Cu(t)

+ CTTC, () + AT A (1)) + §>\T(t)1“g15\(t). (2.20)

By taking the time derivation of (2.18) along the trajectory of the error system (2.15),

we have

Vi(t) = el ()0 em(t) + eb () CT ()2 (t) + e (1) A6 s (em(t)) + el () AT (t)op (4(1))
+el ()CT G (em(t) + e ()CT (1)1 (E(t) + eh () CL G ga(em(t))
+ el ()CT ()ag(2(t)) + e ()AL (t) + €L (t)e(t) + €L () Senm(t)

EAONOEN0) L AemBen(t) (2.21)

em(tem(t) +C el (Hem(t) + ¢

From (2.16) we get

T () ATS (en(t)) < %efn(t)ATAem(t) + %k%g(t)em(t), (2.922)
T (en(t) € S OCTCon(t) + S (Den@),  (2:220)
el ()CT G 0(em(t)) < %eﬁ(t)cf Coem(t) + %k2e§(t)em(t), (2.22¢)

33



From Assumption 1, we have

eﬁ(t)e(t) < %eﬁ(t)em(t) + %ET(t)E(t) < %eﬁ(t)em(t) + %)\ei(t)em(t). (2.23)

Substitute (2.22) and (2.22) into (2.21), we obtain

Vi(t) < el ()CTen(t) + €L (6)CT (t)a(t) + %eﬁ(t)ATAem(t) + %e?;(t)q’f Cueml(t)

+ %erTn(t)CZCvem(t) + <% + %A + gk:z) el ()em(t) + €L () AT (t)ap(2(t))

+ e (0 (£)og (2(1)) + ey, () CY (D)aga(2(1)) + e, (DAL (D) + ep, (1) Sem(t)
b MAMDem(t) | Ael (Dem(t) (2.24)
el ()em(t) +C el (t)em(t) + ¢ '
Computation on the time derivative of V5(t) yields
Vy(t) = tr{éT(t)r;lé(t) + AT A + CT (T3 Cult)
+ CT(ODF O (1) + Af(t)r5lﬁu(t)} +AT(HT5IA(L), (2.25)
Combining (2.24) and (2.25), we get
V() <el) T+ Lorastore, v rore, 4 (L e)s
- 2 2 T vl 2 2 2 "
A,
+S+ T e T §>em(t), (2.26)
where [, is the identity matrix.
Since ( > 1, let
1 1 1 1 3 1
N=CT"4+-ATA+ -CT —cT P —k? I . 2.2
't 5 +ZCUCU+QCUCU+(2+2A+2k>n+S (2.27)
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When the designed matrix S is selected such that II < 0, then it can be concluded that
V < el (t)len(t) < 0. Therefore, e,,(t) converges to 0 as t — oo. This completes the

proof. ]

Since e,,(t) — 0 as t — oo from Theorem 1, it can be concluded that V(t) — 0
as t — oo. Furthermore, C(t), A,(t), Cy(t), Cy(t), and A(t) converge to 0 as e, () —
0, which means that all the weights will converge to constants, and be denoted as

C,A,C,,C,, and A,, respectively. Henceforth, the system (2.1) is approximated by

2(t) = CTa(t) + ATop(2(t) + CToy (2(t))u(t) + Clogm(2(t))v(t) + AL (2.28)

2.4 Online PI algorithm and critic NN for the value
function

To find the optimal control policies, the HJI equation associated with the differential
game problem need to be solved. However, the HJI equation cannot be solved ana-
lytically due to its nonlinear nature. Instead, a numerical online policy iteration (PI)

algorithm [148] is utilized for the HJI equation, as shown in Algorithm 1.

Algorithm 1 (Online PI for zero-sum games)

Step 1: Set k =0 and start with initial admissible control u® and v°, and V°(.) = 0.
Step 2: For control policies u*, v*, solve the following nonlinear Lyapunov equation

to get VF+L,

0= L(z,u" %)+ (V VYL (f(z) + g1(z)u + ga(x)v),  VF(0)=0

Step 3: Update the control policies simultaneously as.

uFtl = _%R—lg?(x)vka—l-l

ot = 3G () VT

Step 4: If maz (||[VF — V) <'e, stop and receive the approzimate optimal control
policies; else, set k=k+1, and go to step 2.

In order to apply the PI algorithm to our problem, we need to approximate the
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value function of the system. To this end, we utilize the critic NN to estimate the value
function. The continuous differentiable value function V(x) can be approximated by

the feedforward NN as
V =Why(x) +6(x), (2.29)

where W € RF, ¢(x),6(z), and k are the weight, activation function, approximation
error, and number of neurons in the hidden layer. The derivation of (2.29) with respect

to x is

ov. (oY ’ dé(z) _ T
v (a?) UERL LA (2.30)

Hence, the HJI equation (2.4) can be rewritten as
0= L(z(t),u(t),v(t)) + WV, + (V.6)")i. (2.31)
Substitute & with the RNN model (2.28), we obtain

0 = L(2(t), u(t), o(t)) + (W'Y, + (V,8)") (OT(t)ar(t) + AT (t)o(x(t))
+ CT (o (a(t)ult) + CLog(x(t))o(t) + A5<t>) . (2.32)

Notice that the value function can be approximated as V= WT@/)(x), then the approx-

imated Hamiltonian function associated with the HJI equation is given by

~

H = L(x(t),u(t),v(t)) + WV, (éT(t):e(t) + AT (t)o s (i(t))

~

+ O (o (@(0)u(t) + CF (Hog(@(t)o(t) + Af(ﬂ) : (2.33)
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The goal here is to find W in order to minimize the following objective function

~ | PN
EW) = 5HTH. (2.34)

The goal here is to find W in order to minimize the following objective function

E(W)=-HTH. (2.35)

By using the standard gradient descent algorithm in the NN, the tuning law for the

weights is given by

X oOF T «
W =— A = —nf(L+W7TH), 2.36
o(25) = -+ 1) (2:36)

where 1 > 0 is the learning rate of the critic NN and

0 =V, (CT(t)x(t) + AT (t)op(x(t)) + CL(t)o g (x(t))u(t)

+ CT(t)oga(z(t))v(t) + Af(t)). (2.37)

There is a positive constant 6, such that ||6|| < 6)s. According to (2.6), the Hamilto-

nian function become

~

H = L(x(t),u(t),v(t)) + WV, (OT(t):f:(t) + AT (t)op(2(1))

~ ~

+ o (Mo (@()u(t) + O (Dog(@(t))u(t) + Ag(ﬂ) = en, (2.38)
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where the residual error due to NN approximation is

—<vx6>T(GT< )i(t) + AT ()0 (1))

+ CT()og1 (2(1))ult) + CT(t)oga(2(t))v(t) + Af(t)) . (2.39)

Let the weight estimation error of the critic NN be W = W — W, we can have the

following error dynamics
W= no (eH - WTQ). (2.40)

To obtain the minimizing control u and maximizing control v, we substitute (2.8)
and (2.9) with the approximated dynamics and value function to get the corresponding

approximated control policies

1O (1) (@(0) (V. W), (2.41)

=)
||

1
2
Q Gy (1)aga(& (1) (V"W). (2.42)

>
||

Hence, the structure diagram of the min-max adaptive dynamic programming for
the zero-sum differential game with unknown dynamics is illustrated in Fig. 2.1. With
the approximation of the dynamics and the value function, the algorithm to solve the

two player zero-sum differential game is presented in Algorithm 2.

Remark 1. In the proposed approach described in Algorithm 2, there are some chal-
lenges associated with real-time implementation: 1) Initial conditions for NNs weights
are chosen randomly and the implementation need to be run several times to obtain
good initial weights; 2) Appropriate activation functions need to be selected for each

problem to approximate the dynamics and value function with high accuracy. Hence,
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Figure 2.1: Schematic of the min-max ADP for a zero-sum differential game with
unknown dynamics

we need to run the process several times with different activation functions to compare
results and select the activation functions with the best outcome; 3) In the proposed
approach, the algorithm for complex systems typically takes more than real-time to run

and the implementation need to be fine tuned towards real-time execution.

Remark 2. The computational complexity of the RNN algorithms are O(N?3), where N
is the number of nodes in the network [149]. The control update step has a complexity
of O(nm), where n is the dimension of the state and m = maxm,, m,. m, and m,
are the dimension of controls u and v, respectively. When N 1is larger than m and n,
the computational complezity in the general case is O(pN?), where p is the number of

iterations needed before it converges.
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Algorithm 2 (Procedure of Algorithm for Zero-Sum Differential Game)

Step 1: Set initial values for C, A, C,, C,, A, and \. Set a small value .

Step 2: Set corresponding activation functions ¥, oy, 041, and oz for

critic NN and dynamics.

Step 3: Compute u and v from equations (2.41) and (2.42), respectively.

Step 4: Compute approximated weights in the approximated dynamics (2.28) from
equation (2.17).

Step 5: Solve the equation (2.36) to obtain W.

Step 6: Integrate Eq. (2.28) forward to find .

Step 7: If ||VF — VE|| <'e, stop and return the approximate optimal control
policies u, v and state ; else, go back to step 3.

2.5 Stability analysis

The Uniform Ultimate Bounded (UUB) stability of the closed-loop system can be
proved based on the Lyapunov approach. Towards this end, we first prove that the

weight estimate error of the critic NN is UUB.

Theorem 2. Consider the system (2.28), where the initial weights of the critic NN are
chosen to generate an initial admissible control pair. Then, the weight estimate error
of the critic NN is UUB, if we update the weights of critic NN by (2.36) and control
policies by (2.41) and (2.42).

Proof. Consider the following Lyapunov function

S(t) = w 2 (). (2.43)

The time derivatives of the Lyapunov function along the trajectories of the error dy-
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namics (2.40) is

$(t) = Ler(WTT)

n
1 . -
= —tr (WT[T]Q(GH — WTH)]>, (2.44)
n
according to 6, < ||0|| < Ou
Sy < — (62 =22, )W + il (2.45)

if the learning rate is selecting that satisfy

_ o,
77 — 0]2\4 Y
and given that the following hold
~ 62
Wl > 4 (2.46)

: (26% - 77%)

then S(t) < 0. Using Lyapunov theory, it can be concluded that the weight estimation
error of the critic NN ||| is UUB. O

The UUB stability of the state is addressed in the following theorem.

Theorem 3. Consider the system (2.28) and (&1,&2) € R as computable constants, the
wnitial weights of the critic NN are chosen to generate an initial admissible control pair.

For initial condition xy, there ezists a time T'(xq, B) such that x(t) is UUB, where the

41



bounded B is given by

l=(®)l/ %fp} 5Bt >0+ T.(6.6) € R,

(2.47)

if we update the weights of critic NN by (2.36) and control policies by (2.41) and (2.42).

Proof. To illustrate the stability of the approximate control policies (2.41) and (2.42),

we take the derivatives of V(t) along the trajectories generated by the approximate

control policies u and v as
V(t) = (Vo V()" (f(x) + g1 ()it + ga(x)D).
Considering (2.10)

. 1
V(t) = —a"Px + Z(VxV)TglR_lng(va)

— (T QG (VaV) + (V) gui + (V.V) g
Considering (2.8), (2.9), (2.41), and (2.42) we have
V(t) = —2T Pr + (va)Tm(—%u +a)+ (va)Tg2(—%v +4).
Considering (2.8), (2.9), (2.30), (2.41), (2.42), and the following equations

g1 = Cgagl (z(1)),

g2 = 05‘792(1‘(75)),
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we have we have

- 1
V(t) = —a" Pz + (V"W 4+ V,.6)" {03 aglR—l(Z(Of o) (V"W + V,.6)

- 5(Clon) (Vi)
FVTW + 9,07 | CToQ (- 3(Claa) (T4 W 4 9.0)
+ 5(CTo) (V.77 251)

which (2.51) can be written as

V(t) = —a" Px + (V) TW + V,6)7 [0509131(1(05 1) V"W

4;,_;

+ —(Cro, )V — = (C’Tagl)TVxl/)TW—F (CTng)TV wTW)]
+ (Vo 0TW + V,.6) {(JUT ag2Q—1(——(Oj{ 0p2) V)T W

(CTng)TV o+ 5 (CTUgQ)TVz@/)TW (CUTUﬂ)TVWTW)}, (2.52)

Hence, (2.52) would be

V(t) = —aT Pz + (V)" W 4+ V,6)T [C}f glR—l(—}l(Cfagl)TvwaW
(C’Tagl)TV S+ = (CTng)TV wTW)]

+ (V"W + V,6)7 [CZ ang*l(ZwZ 042) V"W

- {CT0a) 9.0~ (Ol V)

A

£ 2T P + 30 + 30, (2.53)

where W =W — W, According to the bounded assumptions on weights are UUB, the
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terms s and s have an upper bounded

1
s < (V"W 4 V,.6)T[CF ngR_l(—Z(CZ 01) VT W

1 1 N
+ Z(Cfggl)TVrfs + §(C§agl)Tvx¢TW)H <&

1
sy < (VoW + 9.0 Clorp @ (5 (Ol o) W
1 1 -
(O Vb~ (O o) VW) < & (2.54)
where (£1,&) € R are a computable constant. Therefore, it can be said that V(t) is

upper bounded by
V(t) < —a"Pr+ & + & < —eigu{ PYlz|* + & + &, (2.55)

where eig, ;. { P} represents the least eigenvalue of the matrix P. For the value function
V(z(t)), it can be shown that its derivative V() is negative whenever z(t) lies outside
the compact set (2 2 {x : HQ:H < elgﬁ;%} Then, the derivative V(t) is negative

whenever x(t) lies outside the compact set €, i.e., ||z(¢)|| is UUB. This completes the

proof. O

2.6 Simulation Results

In this section we provide three examples to show the effectiveness of the proposed

algorithm.
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2.6.1 Mathematical Example

In the first example, a mathematical dynamics system is proposed as

3
T = —Zx+u+2v, (2.56)
with the cost functionx
ty
J = / (22% + Ru® — Qv?)dt, (2.57)
to

For this example, we set the initial conditions for weights as W = [0 0 0]” and z = 1.
The learning rate for critic NN is 0.1 and initial control inputs are v = v = 0. Here,
the activation function for critic NN is chosen as ¢ = [22 2 25]7. The weights for u
and v are selected as R = 0.1 and Q = 1. In this example, the objective is to bring the
state from x, = 1 to the goal state x = 0. The Algorithm 2 is implemented to solve

the problem by considering the aforementioned parameters with the initial and goal

values.
State

1
0.8+
0.6

x

0.4
0.2

0 ‘ ‘

0 2 4 6 8 10
Time (s)

Figure 2.2: The state of the system.

As shown in Fig. 2.2, the state of the system converges to 0 after a few seconds and
the system is asymptotically stable. The critic NN weights that are updated during

the time are shown in Fig. 2.3 and it can be seen that after about 2 seconds all weights
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Critic NN weight
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0.06 |
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Figure 2.3: Trajectories of critic NN weights.

are tuned properly by the proposed update law. In this example, it is assumed that
the dynamics of the system are known and the NN is only used to approximate the

value function.

2.6.2 Inverted Pendulum

In the second example, the algorithm is applied to the inverted pendulum with con-

flicting controls. The dynamics of the system is given by

16+ b0 — mglsind = u + v, (2.58)

where m = 1kg, | = 0.5m, b = 0.1(N.s)/m, [ = ml*>. g = 9.81(kg.m)/s?. For this
example, the initial conditions are selected as xo = [1;0], W = [-0.305 — 1.958 —
0.926]7, C = [-0.75 0.4;—0.19 —0.64], A=[-0.35 0.26;—-0.40 —0.2],C, =C, =
[-0.5 0.32;0.2 —0.9], A, = [-0.37 —0.06]T, and A = 0. Also; Q = 0.1, R = 0.5,
I=Iy=T3=Iy=][1 01;0.1 1], 5 =0.2, 'y = 0.1 and the activation function is
Y =[23 z129 237 and of = 0y = 049 = tanh(.).

It is assumed in this example that the dynamics of the system is unknown. Instead,
it is approximated by the NN. It is illustrated in Fig. 2.4 that the trajectory of the

approximated state xh closely resemble the state trajectory x and the dynamics of
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Figure 2.4: State and Approximated State of the system

the system is stabilized as the proposed algorithm is applied. Also, the approximated
trajectory of the system goes to the desired state in about 3 seconds, which shows the
effectiveness of the method. The trajectories of the critic weights are presented in Fig.
2.5 and it can be seen that all trajectories converge to fix values.

It is noticeable in this example that the trajectories of the approximated states
and state are about same and this shows the strength of the proposed recurrent neural

network.

30,
ZOJ —wi1]
10 -
0 | . | |
0 2 4 6 8 10
L
o 2 4 6 8 10
5| —w3
0,
5 ‘ ‘ | | |
0 2 4 6 8 10

Figure 2.5: Trajectories of critic weights

2.6.3 Chaos System

In the third example, the proposed algorithm is applied to a chaos system [150]. The

chaos theory in mechanics and mathematics is the study of apparently random or
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unpredictable behavior in systems governed by deterministic laws. Here, the dynamics

of the chaotic system is proposed as

15 —
10 —x2 |

0 5 10 15 20 25 30 35 40
Time (s)

Figure 2.6: State of the system

15 —xh1

—xh2
10+ 3

Xh

10 ‘ ‘ ‘ ‘ ‘ ‘
0 5 10 15 _ 20 25 30 35 40
Time (s)

Figure 2.7: Approximated states

T = g,

iy = —2F — pay + (0.1667z, — 0.166723) + E(fin + f.Q%c0s(Qz)) +u +v, (2.59)

where £ = 0.01, u =9, f,, = 1,f. = 30, and Q = 0.5. Same as previous example,
the initial conditions are selected as zo = [1;0], W = [-0.305 — 1.958 — 0.926],
C = [-0.75 04;-0.19 —0.64], A = [-0.35 0.26;—040 —0.2], C, = C, =
(0.5 032,02 —0.9], A, = [-0.37 —0.06]", and A = 0. Also; Q = 0.1, R = 0.5,

I =Ty=I3=Iy=1[1 01;0.1 1], s = 0.2, I's = 0.1 and the activation function
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Figure 2.8: State error
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Figure 2.9: Trajectories of Critic NN

is ¢ = [2?7 xxy 23" and 0y = 0,1 = 049 = tanh(.). The initial condition for the
dynamics of the system is given by xq = [1 0]7. The objective is to bring the states
from zo = [1 0] to the goal state z = [0 0].

The proposed algorithm is applied to the chaotic system and it can be observed
from Fig. 2.8 that the state error converges to 0 as t gets large. The states and the
approximated states are stabilized by the proposed method, as shown in Fig. 2.6 and
Fig. 2.7, respectively. Also, Fig. 2.9 demonstrates the trajectories of critic NN and all

trajectories converge to fixed values.

49



Chapter 3

Sliding Mode Observer-Based Min-

Max Differential Dynamic Program-
ming for Output Feedback Differen-

tial Games

3.1 Introduction

Output feedback systems aim to regulate the output of the system based on its mea-
sured response rather than its full state [151]. This approach is crucial when full state
measurement is impractical or impossible due to sensor limitations, cost, or complex-
ity. However, designing effective output feedback systems presents significant chal-
lenges. These include dealing with incomplete or noisy measurement data, ensuring
system stability, and achieving desired performance despite uncertainties and external
disturbances. Traditional methods often fall short in addressing these issues com-
prehensively, necessitating advanced techniques that can optimize performance while
maintaining robustness. Output feedback systems play a crucial role in a wide range
of applications, including aerospace, robotics, automotive systems, and industrial au-

tomation [152, 153, 154]. These systems are essential for ensuring precise and reliable
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operation in environments where it is impractical or impossible to measure the full
state of the system continuously. A multitude of methods have been proposed for
output feedback control, reflecting the growing interest and advancements in this field
[155, 156]. These approaches range from traditional PID controllers to more sophisti-
cated techniques such as adaptive control, robust control, and intelligent control strate-
gies [157, 158, 159]. More modern control methods like model predictive control for
nonlinear large-scale system [160], sliding mode control for unmanned marine vehicles
[161], and reinforcement learning-based methods for output feedback systems [158, 162]
have also been explored to enhance performance and robustness. These developments
aim to address the inherent challenges of output feedback control, including dealing
with incomplete state information, improving system stability, and achieving optimal
performance under various uncertainties and disturbances. The ongoing research and
innovation in this area highlight the critical importance of developing effective output
feedback control solutions for a wide array of applications.

Recently, the study of differential games has gained significant attraction in the
field of control systems [163]. Differential games extend the framework of optimal con-
trol to scenarios involving multiple decision-makers, often with competing objectives
[164]. Within this context, output feedback control has been increasingly explored
through the framework of differential games, leading to several notable studies and
advancements in the field [165]. For instance, in [166], static and dynamic output
feedback control schemes using Orientation Cellular Space Module (OCSM) and Rate
Cellular Space Module RCSM modules are developed for spacecraft attitude control.
However, these approaches may struggle with handling complex nonlinearities and
uncertainties inherent in real-world applications. Paper [167], explores distributed dif-
ferential game tracking for multi-agent systems using adaptive dynamic programming

and neural networks. Despite its comprehensive design, the approach could be hin-
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dered by the computational demands and reliance on precise model representations.
The framework developed in [168], involves state estimators and output feedback con-
trollers for affine nonlinear systems, leveraging zero-sum differential games and state-
and measurement-dependent. Yet, the necessity of solving these intricate measurment
could pose significant implementation challenges. In [169], an adaptive learning algo-
rithm for solving the online output-feedback optimal control problem in continuous-
time two-player zero-sum differential games, utilizing a modified game algebraic Riccati
equation (MGARE) is presented. Nonetheless, the approach may face challenges due
to the dependence on continuous data acquisition and the intricacy involved in recon-
structing the MGARE, potentially hindering real-time implementation. Paper [170],
develops a robust optimal control for a multi-input system which a Neural Networks
(NNs) is utilized to approximate the Q-functions and solve the the Hamilton-Jacobi-
Bellman (HJB) equation considering the unknown disturbance. However, the method
of this paper cannot be applied to an output feedback control system. Paper [171],
models the non-cooperative target approach of multiple spacecraft as a hierarchical dy-
namic game, using Stackelberg-Nash-saddle equilibriums for optimal output feedback
control strategies. The paper [172] proposes a strategy matrix for ensuring controllabil-
ity in game-based control systems, linking Nash equilibrium actions to system topology.
It develops a multi-agent system to study controllability. In [173] game-based control
systems (GBCSs), exploring how a regulator controls macrostates by influencing Nash
equilibrium is studied. It provides controllability conditions for linear systems. A limi-
tation in this paper is the reliance on the assumption of effective attacker cooperation,
which might not hold in practical scenarios. The application of output feedback sys-
tem is used for adaptive dynamic programming and quadratic differential game for
stochastic systems in [174, 136],

Despite the advancements in output feedback control for differential games, many
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of the proposed and mentioned methods face significant issues and often fail to achieve
optimal performance. These traditional approaches may struggle with handling uncer-
tainties, ensuring robustness, and maintaining desired performance levels, particularly
in complex and dynamic environments. Hence, there is a pressing need for an opti-
mal control technique to address these shortcomings [175]. The min-max Differential
Dynamic Programming (DDP) method emerges as a powerful solution, offering sev-
eral advantages over conventional methods [8]. Min-max DDP introduces a paradigm
shift by considering control policies that not only optimize performance objectives, but
also strategically anticipate and mitigate adversarial actions or uncertainties within
the system. By formulating control decisions through the lens of game theory, the
approach aims to propose two controllers which one tries to minimze a cost function,
while the other one attempts to maximize the same cost function, thereby enhancing
the resilience of control strategies [176, 177]. Unlike conventional DDP methods that
often assume perfect knowledge of system dynamics, min-max DDP acknowledges the
inherent uncertainties and disturbances present in real-world systems, which motivates
the exploration of control policies that proactively address uncertainties by leveraging
the min-max framework [178]. One drawback of the Min-max DDP is that it relies on
having precise knowledge of the dynamics to compute the control policy. For instance,
in [8], the state feedback optimal control policies are obtained through the min-max
DDP approach for both continuous and discrete time dynamics with the assumption
that there is a full knowledge of dynamics. In [13], the min-max DDP method is
considered for the stochastic trajectory optimization where the precise knowledge of
the drift and diffusion dynamics are assumed to be known. The application of the
min-max DDP for the real world dynamics robust biped walking is discussed in [57].
In many practical applications that we only have access to the outputs of the system,

resulting in a lack of direct knowledge of the system dynamics [179]. A reliable tool
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in approximating the dynamics of the system solely based on the output information
is the High Order Sliding Mode (HOSM) observer [180, 181, 182]. By continuously
estimating the unobserved states of the system, the HOSM provides valuable insights
into the behavior of the system and enables the construction of a dynamics model.
Hence, it is a reliable approximation method among many researchers for obtaining
states and dynamics when they are unavailable or cannot be directly measured.

Therefore, this Chapter extends the min-max DDP approach for output feedback
control dynamics, where control decisions are computed through the approximated
dynamics obtained by HOSM.

The contribution of the paper can be summarized as

1) The output feedback control system for min-max DDP is considered.

2) The High Order Sliding Mode observer is used to approximate the dynamics of
the system through measuring the output states.

3) The update laws of the control policies and the set of backward differential
equations are provided.

The rest of the paper is organized as follows: In Section 3.2, we introduce important
notations. In Section 3.3, the problem formulation is provided. In Section 3.4, the
observer design is discussed. In Section 3.5, the optimal control updates and the
backward propagation of the value function approximation are studied. Finally, Section

3.6 provides the numerical examples and results.

3.2 Notation

For the reader’s convenience, some useful notations and prerequisites are mentioned
here. R, R, , R", and R™™™ present the set of real numbers, positive real numbers, n x 1

real column vectors, and n x m real matrices, respectively. C!'(R) and C?(R) illustrates
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sets of functions whose first and second-order derivative exist and is continuous with

domain R. For any specified functions ¥ : " x ® — R and W : R x R — R, the

following are defined

OV (z,t)
ox1
\Ijz<x7 t) = s
oW (x,t)
OTn
9% (x,t) . 0% (x,t)
02x1 ' Ozixn
9% (x,t) . 0% (x,t)
0x10zn Y 02z,
8W1 (xvt) C . 8I/Vl (Z‘,t)
o1 ’ ’ Oxn
OWn (x,t) . OWn (z,t)
o1 ) ) Oxn

that are partial derivative of W with respect to z, Hessian of ¥ with respect to x, and

the Jacobian matrix of W with respect to x, respectively.
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3.3 Problem formulation

This Chapter considers the following partially unknown output-feedback nonlinear sys-

tem

(3.1)

where z(t) € R", t € [to, t;] is the state, h;(z(t)) € R,i = 1,...,p is the output of the
system, and u(t) C ™ and v(t) C R™ are control policies.

The cost function of the min-max differential game is defined as

J(x,u,v) = ¢(x(ty), ty) + /t ' L(z(t),u(t),v(t))dt, (3.2)

where u(t) tries to minimize the cost while v(¢) tries to maximize it. Hence, u(t) and
v(t) are called conflicting controls [56]. Here, £(x(t),u(t),v(t)) is the running cost and
@(x(ty),tr) is the terminal cost.

The value function which represents the min-max value of the cost function is

denoted as

V(zo,t0) = muin max {qb(x(tf),tf) + / ' L(x(t),u(t), v(t))dt}. (3.3)

v to

In output-feedback nonlinear systems, it is important to utilize observers, also
known as estimators, to infer the internal state variables or dynamics of a system
based on available measurements of states. In our approach, we leverage an observer

to approximate the dynamics of the system in order to effectively apply min-max DDP
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to find optimal control policies under uncertainty or adversarial behavior. By utiliz-
ing an observer, we can bridge the gap between the available measurements and the
dynamics required for min-max DDP. Hence, in the following section, we introduce
a reliable observer to approximate the dynamics of the system to use in the control

design procedure.

3.4 Observer design

Consider the output-feedback nonlinear system (3.1) where

m

F(x(t), u(t), v(t)) = f(x(t) + Bla(t),u() + ) gi(x(®)di(z(t), u(t), 1), (3.4)

=1

and f(z(t)), B(z(t),u(t)) € R* and G(x(t)) = [g1(x(t)), ..., gm(z(t))] are smooth vector
functions. The term d;(x(t),u(t),t) represents the uncertainty due to modeling error
or the unknown input. For simplicity of notation, we henceforth omit the dependence

on time t. The following assumptions are provided to facilitate subsequent analyses.

Assumption 4. We assume that p > m, and the first m outputs have a vector relative

degree {qi, ..., qm} corresponding to G(x(t)) at each point xy € R", that is,
Ly, Lhi(z) = 0,

forall j =1,..m, k<q —1,1=1,....m, and v € R", where L denotes the Lie
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derivative. Further, the m X m matrix

Lgl L?1_1h1($)7 e 7LgmL§1_1h1 (‘T;)

Lo, L% 'ho(x), -+ L, L? 'hy(x
aoy = | B w5 hete) |

LglL(j‘m_lhm(x)? U 7L9mL[]1‘m_1hm('r)

18 nonsingular at each point x.

Remark 3. Assumption (4) states that if the system given by (3.1) and (5.4) has
p outputs {y1,Ya,....Yp}, there includes m outputs (p > m) with a relative degree
{@1,92, ..., @m} corresponding to the vector fields {g1(x), go(x), ..., gm(x)}. For an output
y; = hi(x), the relative degree q; is the number of times you need to differentiate h;(x)
with respect to the time until the input u explicitly appears in the resulting expression.
Mathematically, this means ngL’}hi(x) =0 forallj=1,...m and k < ¢;. Also, the
nonsingularity of matriz A ensures that the output functions provide enough informa-
tion to uniquely determine the states of the system through the observer. This is a key
requirement for the system to be observable and the construction of a valid coordinate
transformation. This transformation is used to decompose the system into observable
subsystems, which is critical for the observer design process since the observer relies
on this assumption to ensure that the estimation error dynamics can be controlled and

driven to zero.

Assumption 5. The distribution spanned by the vector fields g, (x), ..., gm(x) is invo-

lutive.

Remark 4. Assumption (5) indicates that, in the context of control systems, vector
fields {g1(x), ..., gm(x)} represent directions in which the system can evolve. These

vector fields are functions that assign a vector to every point in the state space. The
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distribution is the set of all linear combinations of the vector fields at each point in the

state space. Mathematically, at each point x, the distribution is:

D(x) = span{g:(x), 92(x), - gm(x)}- (3:5)

A distribution is involutive if, for any two vector fields g; and g; in the distribution,
their Lie bracket is also in the distribution. Essentially, the involutivity condition means
that combining the vector fields through the Lie bracket operation results in a vector
field that s still within the span of the original vector fields. For designing observers,
especially sliding mode observers (SMOs), ensuring that the distribution is involutive
allows for the separation of the system into parts influenced by unknown inputs and
parts that are not. This separation is critical for creating observers that can estimate

the states of the system accurately even in the presence of uncertainties.

If Assumptions (4) and (5) holds, then

G+t G <. (3.6)

Since the relative degree indicates how many state variables are involved in defining
each output, the sum of all relative degrees {q1, q2, ..., ¢:n } should not exceed the total
number of state variables n. In other words, the relative degree ¢; of an output y; is the
number of times you need to differentiate y; with respect to the time until the control
input u explicitly appears. For each output y;, differentiating ¢; times gives information
about the state variables. If the sum of relative degrees exceeded n, it would imply
that we have more independent directions in the state space than the state variables
available, which is not possible.

In the following, detailed steps for the observer design in our nonlinear output
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feedback control system are outlined. It elaborates on how the system can be trans-
formed into a form suitable for observer design, focusing on the decomposition of the
state space and the introduction of new coordinates. This transformation isolates the
subsystem affected by unknown inputs and prepares the system for the subsequent ob-
server design. The step-by-step transformation ensures that the observer can effectively
estimate the states despite the presence of unknown inputs. This lays the groundwork
for the practical implementation of the sliding mode observer, and ensures that our
control design is reliable, addressing the challenges posed by the nonlinear nature and
uncertainties of the system.

Fori=1,...,m, let

(3.7)

If ¢ = ¢1+...4+¢m < n, it is always possible to find n—g more functions ¢g41(x), ..., ¢n(z)

such that the mapping

B(x) = col (aﬁ(x), s L (2), B@)s o B (2), o (&) oo O (), 1 (), ...,¢n<x>),

(3.8)

has a Jacobian matrix at each xy and therefore qualifies as a local coordinate transfor-

mation. Moreover, based on assumption (5), it is always possible to choose
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Gg+1(2), ..., ¢n(z) such that

nggbi(x) =0, (3.9)

foralli=q+1,...n,7=1,...,m, and all . Let

7] 1 (x)
R 5 (x)

=1 | = ‘ : (3.10)
T, 2 (@)

fori=1,...m, and x4 = ((x}l)T, . (:z;fj”)T), and let

T, Pg+1(2)
2
v, = [)3'0 _ ¢Q+2(x> ’ (311)
zg Pn ()

then the equations under new coordinates can be written as

] = x5 + by (xg, o, u),

ﬂ'vfh_l = :1:; + b;_l(xd,a:o, u),
m

Ty, = ai(%a, To) + by, (Ta, To, u) + Z cij(xq, x,)d;,
j=1

y; = 2, (3.12)
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fori=1,...,m, and

jjo = Q(:Eda wo) + p(xda Lo, u)7

Ymt1 = Pms1(Ta, 7o),

Yp = hp(ajda xo)a (313)
where
ai(xda xo) = L;]fihi(q)_l(xda xo))v
Cij = ngL?ilhi(®71<xda x())), (314)
and
o O(L?hy) .
bi(Ta, To,u)" = a—B O (24, x,),u |- (3.15)
T

Above is a trivial extension of Prop. 5.1.2 in [183]. The nonlinear transformation
®(x) decomposes the system (3.1) into two subsystems, where only 2, subsystem is
effected by unknown inputs. In the context of HOSM observer, "subsystem” refers to
the partitioning of the state-space of the system into components like %, and x, based
on their observability. The subsystem z; consists of states directly influenced by the
outputs and inputs of the system, while x, may include states that are less directly
observable and can be negligible due to unknown inputs and effects on the performance
of the system.

Hence, next we study the observability of the nonlinear system to approximate the

dynamics through the HOSM observer for system (3.12) and (3.13).
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3.4.1 Observability of subsystems

The observability of nonlinear systems (3.12) and (3.13) is closely tied to their inputs.
Inputs that render a nonlinear system unobservable are termed “bad inputs”. When
dealing with known input signals, one can typically avoid employing the bad inputs.
However, unknown inputs, which may arise from faults or other disturbances beyond
our control, present a challenge. Thus, ensuring observability for all unknown inputs is
generally essential for designing a nonlinear unknown input observer, unless it can be
established beforehand that these unknown inputs do not fall into the category of bad
inputs. Building upon the findings in [184], we present the following Proposition out-
lining conditions under which the observability of the subsystem z; remains unaffected

by unknown inputs.
Proposition 1. Let 75 = {z} ... ot o5t 2™}, Assume each x4 subsystem in

(8.12) has its input term in the following form

bll (xd7 Lo, u) = bzl(xllv ‘Té: ffia Lo, U)a

bé(‘rcb Lo, u) = bZQ(:L‘Zlv ‘Té: l’é, ffila Lo, U)a

bfh_l(xd.:vo, u) = bfh_ (Tg-To, 1),

bfh(asd.xo,u) = bfh_ (Tg.T0, u), (3.16)
and the functions
1+ 8b§ #0, 7=1 1 (3.17)
i y J =44 — 1 .
051
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and state x,,Z} is considered as inputs for z, subsystem. Then, z’ subsystem is

uniformly observable for all inputs u, d, 7%, and z,,.

Proof. To establish observability, we construct the observability matrix for the subsys-
tem x%. Observability is guaranteed if this matrix has full rank.
Step 1: Define the Output and Its Derivatives:

Since ¢ = y;, we differentiate y; iteratively:

L1 = Ty + bl<xd7$oau)7

Ly = T3 + b2<xd7 Lo, U),

-0

o 7
Lgi—1 = Ly + qu‘*1<‘rd’ Loy u)7

m

xlql = a'(zq,7,) + bfh (Td, T, u) + Z cj»(xd, To)d,;. (3.18)

j=1

This gives us the output derivatives up to order g;

0
Yi = Tq,
yi—x2+b17

yla) = a'(wq,,) + bfh + Z cé- (T, 7o) d;. (3.19)

j=1

Step 2: Construct the Observability Matrix:

The observability matrix O is given by
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1 0 0 e 0
oz} o}, ozl 81311,
O=| 2 9% %% . . U | 3.20
ox} oxl Oz} az;i ( )
ay(4)  oyla)  gyla) Oy(4i)
| oz} o} ozl T axgi ]

Using the equations above, we compute the partial derivatives

Wi _g 0%y O o O
ox} oxt, oz} oxl,
b g, Qg Oy O
ox} ox}, ox}, oxl,
8y(Qi) ay(%‘) ay(Qi) 6y(qz') obt 4
— =0, — =0, =— =0, -+ ,—— =142, 3.21
oz} T 0 T 0 ’ " oxl, * ox, (3:21)

Step 3: Check Rank Condition

The observability matrix O has a triangular structure

100 - 0
010 - 0

O=100 1 --- 0 . (3.22)
00 0 - 14 2u

For O to be full rank, its determinant must be nonzero. The determinant of this lower
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triangular matrix is

det(0) = qff (1 + aifé ) , (3.23)

j=1 Jj+1
by assumption

ob.
1 940, j=1,...q—1. 3.24
+ o #0, j=1,...q (3.24)

Jj+1

which guarantees that det(Q) # 0, ensuring full rank. Since the observability matrix
has full rank for all input conditions, the subsystem 2, is uniformly observable for all

inputs u, d, ¢, and . O

Remark 5. From Proposition 1, each ', subsystem has input terms b; structured in a
specific manner and these input terms depend on the state variables and control inputs
in a hierarchical way. The hierarchical structure ensures that the influence of each
state variable can be isolated and measured and the condition (3.17) ensure that each
state variable x§-+1 affects the input term bfl in a way that can be detected. On the other
hand, by ensuring that the input terms depend on the state variables hierarchically,
we can use a recursive approach to observe the states. Starting from the first state
variable, we can determine each subsequent state wvariable step by step, making the
entire subsystem observable. Hence, the Proposition 1 guarantees that states of the

system can be accurately estimated.

3.4.2 HOSM observer for subsystem with unknown inputs

In this subsection, we build an unknown input independent observer for z, subsystem.
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Theorem 4. Consider the system (3.12). If subsystem x4 has its input term as

bzl (xda Lo, U) = bll (ya U’)7
b;('rda Lo, U) = bg(xéa Y, U),

bfh__l(:l?d, ToyU) = bfh_l, (93’2, - :Eﬁh__l, Y, u),

bfh (Tdy Toyu) = bfh_ (Tg, To, 1), (3.25)

fori=1,...,m, then there exists y;,j = 1,...,q; such that the states of the system can

be approrimated by the following HOSM observer
2y = @ + by (y, u) + Ajsign(y; — 1),
By = &5+ by(8h, y, u) + Nysign(e),

A Y ) ) ~1 % : 1
'Iqi—l =T i + bqi—l('IQ? M) ':qu—17 y? u) + )\qi—lszgn(eqi—l)’

.ii'fh = a;(Zq, L) + b, (£q, To, u) + N} sign(e], ), (3.26)

=t

where & = (N;_,5ign(€._))eq; J = 2, ..., @i, and & = e} = y; — T} is computed directly.

Proof. If €} = 2, —1%,j = 1,..., ¢;, the following error dynamics is obtain from equations
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(3.12), (3.25), and (3.26)

€1 = € — Aysign(e})

éh = e+ bi(ah, ) — By(@5,y, ) — Nysign(&))

i i i i i i (i i

o1 = €g T bg 1 (T g,y u) = by (Th, s g,y Y, u)
i i (s

N sign(él, )

m
éfh_ = a;(Tq, o) + b; (g, To,u) + Z cij(Ta, To)d; — a;(Zq, T,
=1

— by, (Z4, B0, u) — N, sign(e, ). (3.27)

We want to prove that the observation error converge to zero in finite time. Hence,
we investigate them separately based on different conditions. For ey, if it is selected

A > suplel(t)], €} converges to zero in finite time ¢;. Additionally, after ¢;
eh = (N.sign(er))eg = €. (3.28)
Thus, the second error equation after t; will be
& = €5 + by(ah, y,u) — by(&3, y,u) — Nysign(ey). (3.29)

If Xy > |e + bh(ah, y,u) — by(2%, y,u)|, € goes to zero in finite time ¢, > t;. Hence,

after t > tq

éé = (/\QSign(e2))eq = eé

ég = efl + bg(xé, xé, Y, u) — bg(ig, ié, Y, u) — )\ésign(eé). (3.30)
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We do this process up to step ¢;, Therefore after ¢,,_;

efh - ai(xdv xo) + bfh (xda Lo, u)

+ Z Cij(Ta, wo)dj — ai(Za, To) — bl (Za, o, u) — N} sign(el,). (3.31)
j=1

If AZh > |ai(xd7x0) + bih (ZEmZ‘m u) + Z;nzl Cz’j<xd7xo)dj - az‘(i’d, i’o) — bzi(id,io,u)\, Eq;
converges to zero in finite time ¢, > ¢, _1.

Which this completes the proof. O

3.5 Optimal control update and backward propa-
gation of the value function

After obtaining the approximation of nonlinear output feedback control system (3.1)
through the HOSM observer method, we compute the optimal control update laws
through the min-max DDP approach to obtain the desired output of the system. As
mentioned before, in the context of HOSM observer concept, two subsystems z; in-
cluding states that are directly influenced by the outputs and inputs of the system
and z, consists of states that are less directly observable and can be neglected due to
unknown inputs and effects on the performance of the system. The system under con-
sideration, which captures the relevant dynamics for control design can be represented
by the observable state vector x4 = ((3:}1)71, o (xfi”)T> and the differential equation
governing these dynamics of z is given by equation (3.12). For simplicity in notation,

we denote the observable states x4 as  throughout this section. Thus, the nonlinear
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dynamics of z; can be rewritten as

C;—f = F(z + 0x,u+ 0u,v + 6v), (3.32)

where (T, u,v) represents the state and control histories, dx = x — T, du = u — u, and
ov=v—1.

The control update laws are only applied to z, subsystem due to its influence and
role on the performance of the system. The optimal control updates are leveraged
by the Hamilton-Jacobi-Bellman-Isaacs (HJBI) Partial Differential Equation (PDE)
which is satisfied by the value function of the min-max differential game. To this end,
consider the following HJBI

—QX%?EE=fﬁnnfx&%x@%uaxvan-kVxxjﬂvwx@%u@%v@»}, (3.33)

with the terminal condition V(z(ts),tf) = ¢(z(ts),ts).

The linearized model around (Z, @, v) is expressed as

dd _ _ _
E%:&M+&M+EM, (3.34)
where
7:17 = Fx(f,l_b, rl_])
7u - Fu(.f,ﬂ, 1_})
F, = F,(z,u,0)

After approximating the dynamics through the HOSM observer method, we can

approximate F, F,, F, with F}, F,, F, based on the equation (3.26). The linearized
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system (3.34) can then be written as
—* = Fdx + E,ou + Fov. (3.35)

In this context, all terms denoted with * correspond to the approximate dynamics
learned through HOSM observer method. The terms du and dv in equation (3.35)
are iteratively updated utilizing the approximate system, and the update laws for the

optimal control policy are presented in the following theorem.

Theorem 5. If the approximate dynamics through the HOSM observer algorithm is

obtained as

ds . . R ~
d_f = F(Z + bz, 0+ du, v + bv), (3.36)

then, the update of the optimal control policies ou and dv are computed as

ou* = I, + Koz, (3.37a)
ov* = I, + K, oz, (3.37b)
where
ju - _(Quu - QUUQ;vIQUu)_I(Qu - qu@&}@v)- (338)
fv = _<vi - Qvu@lfz}@uv)il(@v - Qvu@lj@u) (339>
Ku = _(Quu - QUUQ;vIQUu)_l(qu - qu@&}@vx)- (340)
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Kv = _<vi - Qvu@l&@uv)_l(évx - Qvu@i&@uz)

and

Quu = Lo
Quo = Lo
Que = Louw + FTV,.
Que = Low + FTV,p.
Quo = Lo

Proof. Consider the Taylor series, extend the left side of the equation (3.33)

OVi(x,t) OV(z4dxt) OV VL. 1. ,.0VI.
— ~ Sy 4+ =oxT 225
a1 o1 ot T o OT TR0 Ty 07
We have
av._ oV pdr OV -
- a e T e
Thus,
oV AV
L _yYTR
ot dt Vo F,
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(3.42b)
(3.42¢)
(3.424)
(3.42¢)
(3.42f)
(3.42¢)
(3.42h)

(3.42i)

(3.43)

(3.44)

(3.45)



similarly

ov, dv,

ot dt

I F, (3.46)

the expansion of the partial time derivative of the Hessian of the value function is given

as

8V
Z Vi FY (3.47)
where V%, and F@ are Hessian matrix of the i-th element V, and F, respectively.
Hence, by referring to equation (3.44-3.46) the left side of the equation (3.33) is written

as

V(e ) AV dVT. 1. pdVI. o o
~ R PR MOLASTY F 4827V, F
o1 prrall e L e R

+§5ﬂ(2 9F0). (3.45)

The expansion of the right hand side of the equation (3.33) can be written as

L~ LA+ LYz + LT0u+ LTbv
~ T A A A ~
ox Low Low Luw ox
11 . . . . .
+5 | ou Loz Luw Luw | | 0u ] (3.49)
81} ﬁvx A’U’u ‘CA'U’U 51}

W, (3.50)



where W = [W7] is
Wi =62TVO ox,  i=1i,..,n. (3.51)

The first order expansion of the dynamics results in

A

EF(2,4,0) = F + F,0x + F,bu + E,60. (3.52)

The right side of the equation (3.33) yields

min max {E(:ﬁ, a,0,t) + VIE (&, 0,0, t)} ~ {ﬁ + LTz + LT u+ LT v
+ = | bu Low Loy Lo | |6ul| +VIE+VIES e+ VEEbu

A A A e AA A A aa i A mma oa ] aa
+ VIE0v + 00" Vo Fpow + 02" Vg Fyou + 027 Vi Fyov + 027 Vo I+ 5WTF},
(3.53)

where
Litp — L (S 5200 5000 ) — Laur (S~ 70 500§
SWIF = 5(;5:(; Vi0aF® | = Sou ZIVMF o. (3.54)

By equating the left hand side and right hand side of the expansion of equation (3.33)
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and omitting extra terms, the following equation is obtained

Y PR - N -
- % — 5$T% - §5deZ:x dr = n;in max {ﬁ + LIz + LTou+ LT

o bu| | Luw Luw Lo | | 0u| + Vi Edw+ VI Edu+ V]I Edv

A A

w) \Lu Lo L] \v
L 5aTV B+ 8TV Fubu + &vTmeFUSU} _ minmax {ﬁ L5470,
ou  Ov
ST A ST A Lo pa 2 L pa s Lo pa s
+ou" Q, + ov Q, + §5x Q0T + §5u Quuou + 551} Qvov
ouT Quudz + 60T Qypdz + SUTQM,&}}, (3.55)
where the @) functions are given in equation (3.42). Through taking the partial deriva-

tive of (3.55) with respect to du and dv and equating them to 0, we obtain the optimal

control update du* and dv* as

(o2}

IS
*

I

~ Qs (Quadz + Quudv™ + Q) (3.56a)

— Q) (Quadr + Quudu” + Q). (3.56h)

(@9}

4
*

I

which is summarized by omitting du* and dv* on the right hand side of (3.56) and

represented as

out = I, + Koz, (3.57a)
ov* = I, + K, oz, (3.57b)
which completes the proof. O

Notice that the functions in equation (3.42) require the value function and its first-
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order and second-order state derivatives for evaluation. To this end, we incorporate
the control update laws (3.37) into the HJBI (3.33) to derive the update laws of the
value function along with its first-order and second-order state derivatives. The result

is presented in the following theorem.

Theorem 6. The optimal update of the value function and its first order, and second

order state derivatives are governed by the backward ordinary differential equations as

follows
d‘A/ y "TA ATA 1/\i fal ATA ~ 1ATA A
- =L+1,Q,+1,Q,+ §[uQquu + 1, Quol, + 511; Quoly, (3.58a)
AVe o aga g g e
+ K Qualu + K Quol, (3.58h)
WVew oo s AT f T A AT STA T STA T
- 7 = Ku Quz + QumKu + Kv va + Qv;pKv + Kv QvuKu + Ku quKv

with the terminal condition

V(ty) = ¢i(ts), ). (3.59)
Vu(ty) = dal@lty) ty). (3.59D)
Vaa(tr) = Gual@(ty), 7). (3.59¢)

Proof. The backward propagation equations (3.58) concerning the value function and
its first- and second-order partial derivatives can be derived by substituting the forms of
du* and dv* expressed in (3.37) into equation (3.33). Then, by equating the coefficients

of zeroth-, first-, and second-order expressions of 0z on both the left-hand side and
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right-hand side of the equation. In detail we have

dV o pdVe 1 SdeV”
dt dt 2 dt

. 1 4 R R A 1 4 i a
+ ou" hatQupoz + §6u*T Quudt” + 0u*" Quudv*™ + §5U*T Qw0

627 = L+ 627Q, + du* Qu + dv Q,

+ 5U*TQW;5:JU + lngQme

=L +027Q, + (I, + Ku02)TQu + (I, + K,02)TQy + (I, + Ku62)T Quadz
+ (fv + kvgx)TvaSI

%&TQM&: + (I + K,02)" Quuo (I, + K1) + ;(fu + Kub2) T Quu(l, + K,o1)

1 - N A ~ ~ N A
+ é(lv + K,02) ' Qoo (I, + K,01) (3.60)

after equating the right-hand side of equation (3.60) as zeroth, first, and second-order
expressions of &v, we put the coefficients of Sz in the left-hand side and right-hand side
of equation (3.60) and calculate the backward propagation equations with respect to

the value function and its first- and second-order partial derivatives as

dv A 1. 2 1.

- E =L + [TQU + ITQU + ] Quul + ITqu] + = [TQU’U v (361&)
v, T A TG 7 ~TA 7

+ [A(gqujv + ngvu[Au + KZQAU’U[A’Uj (361b)
dvm T T T T T A T

+ KTQu K, + KT QuuKu + KT QuuK,y + Qua, (3.61¢)

and by having the Taylor series expansion around z(¢;) we can obtain the following
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expression with respect to the terminal condition V' (z(ts),tr) = ¢(z(ts),ty)

d((ty),ty) = d(x(ty) + 0x(ts), ts) = d(a(ty), ty) + du(ty) du(ty), ty)

62 (tp) g ((ty), ty)0(Ly). (3.62)

Therefore, the terminal conditions at ¢t = ¢y for the backward differential equations

(3.58) are
Vity) = ¢(@(ts), ts)- (3.63a)
Valty) = dul(ts), ty). (3.63b)
Vaa(ts) = Gua(i(ts) ty). (3.63c)
Which this complete the proof. O

With the approximation of the dynamics, the HOSM observer-based min-max DDP

algorithm is proposed in Algorithm 3.

Remark 6. In This chapter, we have several parameters that need to be selected and
tuned according to different scenarios like dynamics of the system and the cost function.
For instance, the parameter v is a step size multiplier (0 < v < 1) used to iteratively
update the control policies in the optimization process. It is chosen through trial and
error, starting with a small value (e.g., v = 0.01) to ensure stability and avoiding diver-
gence during updates. A larger v may speed up convergence but can cause oscillations
or instability. The convergence threshold € ensures negligible control updates and pro-
vides a balance between efficiency and accuracy. The weighting matrices Q¢, R, and
R, were chosen based on system dynamics and the trade-off between control effort and
state accuracy, with sensitivity analysis confirming robustness to moderate variations.

The multipliers X and A in the HOSM observer were manually tuned to ensure fast and
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robust convergence, with initial values selected based on system parameters and refined

through sitmulations.

Algorithm 3 Observer-based min-max DDP algorithm

Require: Initial values for xg, minimizing control u, maximizing control v, terminal
time t¢, multiplier v, large integer IV, and small value e.
Ensure: Optimal minimizing control @*, optimal maximizing control v*, gains fu, fv,
Ku, and K,.
procedure UPDATE CONTROL POLICIES:
Construct the HOSM observer model (3.26) from the output of the dynamics
(3.1) forward with .
for:=1to N do
while [du| + |0v] > € do
Compute values of V, V,, and V,, at t; from equation (3.59);
Integrate backward the equation (3.58);
Compute I, I,, K,, and K, through equations (3.38) to (3.41);
Integrate equation (3.35) by replacing du and dv with du = I, + K6z and
ov =1, —|—K 5mtoget or;
Obtain du = I, +K 6z and dv = I, + K, bx;
Update @ = @ + you and © = o + ’y&)
Set u* = u and v* = v;
Apply u* and v* to dynamics (3.1) and measure the output of the system.
Construct the HOSM observer model (3.26).
end while
end for
return u*, v*, fu, fv, R’m and f(v;
end procedure

3.6 Numerical examples

In this section, we demonstrate the results of two practical examples to show the

effectiveness of the proposed algorithm.
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3.6.1 Inverted Pendulum

In the first example, we apply the proposed algorithm to the inverted pendulum [56]
with conflicting controls, while u tries to minimize the cost function (3.65), v tries to

maximize it. The dynamics of the system is given by

'/tl = T2,
T9 = mylsin(xy) /I — bxs /I + (u —v)/I,

Yy =, (364)

where m = 1kg, | = 0.5m, b = 0.1(N.s)/m, I = ml*. g = 9.81(kg.m)/s*. The initial
conditions are selected as xy = [7,0], and t; = 1 and the goal is to bring the states

from [0, 8] = [, 0] to [f,6] = [0,0]. The cost function is defined as

1 tr
J = 5(35 —2) Qs (v — xp) + / (u” Ryu — v" Ryv)dt, (3.65)

to

where initial control policies are u = v = 0, t; = 1, and v = 1. The weights are chosen
as @y = [100,0;0,5], R, = 0.1, and R, = 1. The approximate dynamics using HOSM

is obtained as

5%1 = Ty + Misign(yy — 1),
Ty = Aysin(yy) + AaZo + As(u + v) + Aasign(Aisign(ys — T1)eq),

y =1, (3.66)

which A1, Ag, Ay, Ao, and Az are multipliers of the dynamics that can be tuned man-
ually, which are Ay = 0.5, Ay =5.45, A; =0.1, Ay, = —3, and A3 = 0.4.

In this example, we just can measure the output of the system which is x;. Having
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control laws.
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Figure 3.1: State trajectories of double inverted pendulum.
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Figure 3.2: Approximate state trajectories of double inverted pendulum.

the output of the system and using the proposed algorithm, we can approximate the

dynamics of the system and obtain other states and use them to compute update

Upon comparing Fig. 3.1 which depicts the states trajectory of the

inverted pendulum, with Fig. 3.2, illustrating the approximate states trajectory, we

observe that the proposed method successfully captures the system dynamics, and the

states converge effectively.

The effectiveness of the proposed method in directing the trajectories of the system
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Figure 3.3: Control policies of double inverted pendulum.
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Figure 3.4: Cost per iteration of double inverted pendulum.

towards the desired goal is demonstrated in Fig. 3.3. Besides, the illustration in Fig.
3.4 presents the cost per iteration and provides the evidence of converging the cost

towards 0 throughout the span of 20 iterations.

3.6.2 2-DOF Helicopter

In the second example, results of applying the proposed method to the 2-Degree-of-

Freedom (2-DOF) Helicopter are illustrated [185]. The states of the system are denoted
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as

2l =1[0,4,0,9), (3.67)

with the control variable

u” = [uy, u,). (3.68)

The control policies u, and u, are for pitch and yaw as follows

up = KppVp + Ky Vi,

Uy = Ky Vy + Ky V). (3.69)

The dynamics of the system is given by

Ty = 3,
To = @y,
i3 = byu, + V7 (2)Oy,
iy = byu, + V3 (2)0,,

Yy = a1, (3.70)
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where

v = —sin(z) ;o Uy =
—xox4c08(x1)sin(xq)
x3cos(xy)sin(zy)
D,,
e ! I 0, = 1 D (3.71)
1= 57— | mgle, | > 2 = ) .
L+mi2, | Iy \ omrz.
mi?,
and b, and b, are constants defined as follows
1 1
8 Ip + mICQm ’ ! [ZL/ ( )
The values of the parameters are shown in Table 3.1.
H Parameter Description value H
K,, Pitch torque 0.204 N.m/V
K,, Yaw torque 0.072 N.m/V
Ky Yaw on pitch torque 0.0068 N.m/V
Ky, Pitch on yaw torque 0.0219 N.m/V
I, Total pitch moment of inertia 0.0215 kg.m?
I, Total yaw moment of inertia 0.037 kg.m?
D,, Pitch viscous damping 0.00071 NN
D,, Yaw viscous damping 0.0022 NN
m Total moving mass 1.075 kg
g Acceleration due gravity 9.81 m/s?
I Center of mass length from pitch axis 0.002 m

Table 3.1: Parameter values of 2-DOF helicopter.

The goal is to compute optimal control policies u, and u, to bring the states

[6’,1/),9,1/1] from [1,1,0,0] to [=1,—2,0,0]. In this illustration, we solely measure the

output z; of the system. Through utilizing the HOSM algorithm with this output, we
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Figure 3.5: State trajectories of 2-DOF helicopter.

can estimate the behavior of the system and derive additional states. The approximate

dynamics can be obtained through HOSM as

571 = I3+ M\isign(y — 1),

T = &y + Nasign(\isign(ys — 21)),

Iy = Ay + Aysin(y) + Asicos(y)sin(y)

+ Aguy + Agsign(Xosign(Aysign(yy — 1)),
Ty = As + 24 + Agiaigcos(y)sin(y) + Aru,
+ Agsign(Assign(Agsign(Aisign(ys — 21)))),

y = 1. (3.73)

Where A\, Ao, A3, Ay, Ay, Ag, A3, Ay, As, Ag and A; are multipliers of the dynamics
that can be tuned manually, which are \y =4, Ay =3, A3 =5, \y =2, A; = —0.03,

Ay = —0.9, A3 = 0.019, A, = 0.01, A5 = —0.05, Ag = —0.02 and A; = 0.1.
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The obtained states enable us to formulate updated control strategies. Upon com-
paring the trajectory of states depicted in Fig. 3.5 (representing the 2-DOF helicopter)
with that in Fig. 3.6 (illustrating the approximated trajectory of states), it becomes ev-
ident that the proposed approach adeptly captures the dynamics of the system, leading

to effective convergence of states.

1 Approximate state 1 Approximate state
0.5 0
- o
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% © £,
-0.5
-2
4 S—
0 1 . 2 3 0 1 2 3
Time (s) Time (s)
o Approximate state o Approximate state
-0.2
-0.4 -0.5
g z
%-0.6 <
0.8 1
-1
0 1 2 3 0 1 2 3
Time (s) Time (s)

Figure 3.6: Approximate state trajectories of 2-DOF helicopter.
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Figure 3.7: Stabilizing control policies of 2-DOF helicopter.

The efficacy of conflicting controls u and v in guiding the system toward the desired

objective is showcased in Fig. 3.7 and Fig. 3.8. Additionally, Fig. 3.9 demonstrates
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the cost incurred per iteration, revealing a compelling trend where costs consistently
diminish towards 0 over the course of 20 iterations.

In comparison with previous works, the proposed method in This chapter achieves
superior results in terms of transient response and tracking accuracy for the 2-DOF
helicopter system. Unlike the prescribed performance-based approach in [186], which
assumes full-state accessibility, our method relies on output feedback control, using a
Higher-Order Sliding Mode (HOSM) observer to estimate system states. Despite this
additional challenge, our approach achieves faster settling time, reduced overshoot and
undershoot, and improved robustness against system uncertainties.

The results of the proposed method in This chapter for 2-DOF helicopter demon-
strate faster convergence, reduced overshoot, and improved tracking accuracy com-
pared to the prescribed-time adaptive backstepping control in [187]. While their
method ensures a predefined convergence time, it exhibits larger oscillations during
transients. Additionally, their approach assumes full-state accessibility, whereas the
proposed method operates under the more practical constraint of output feedback.
Despite this limitation, the results indicate superior performance in handling system
uncertainties, making this approach more effective for the 2-DOF helicopter system.

In [188], a fuzzy PID controller is developed for the 2-DOF helicopter. The re-
sults show that the system outputs converge to the target values and reference signals
in approximately 10 seconds, which is significantly longer than the convergence time
achieved by the proposed method. Due to the finite-time nature of Min-Max DDP,
the proposed method achieves convergence in under 3 seconds, with no oscillations,

overshoot, or undershoot, demonstrating superior transient performance.
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Figure 3.8: Destabilizing control policies of 2-DOF helicopter
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Figure 3.9: Cost per Iteration of 2-DOF helicopter.
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Chapter 4

Data-Driven Min-Max Differential
Dynamic Programming for

Nonlinear Systems

4.1 Introduction

Differential game is an extension of the optimal control concept in control theory that
deals with conflicting controls in the context of dynamical systems, which has direct
connection to robust control as well as risk-sensitive control [189, 190, 191]. While
significant progress has been made in this area through previous research, there are
still numerous issues that need to be addressed, particularly when it comes to the
trajectory optimization with complex dynamics identification. Min-max differential
dynamic programming [8, 192, 56] is an iterative algorithm that solves two-player zero-
sum differential games by utilizing the dynamic programming principle and tries to
find optimal conflicting control policies by iteratively improving nominal trajectories of
states and controls. The idea is based on the original differential dynamic programming
(DDP) [4] that deals with optimal control problems. One of the major advantage of the
DDP algorithm is its second-order convergence rate under some mild assumptions [193].

Comparison between DDP and other local methods have consistently demonstrated the
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superiority of DDP in optimization and robustness [193, 194]. DDP has also achieved
notable success in various practical applications, such as surgical systems, autopilots,
unmanned aerial robots [193, 195, 196]. Even though DDP was initially derived in
continuous time, most previous work in optimal control and differential games, such
as the min-max DDP studied in [192], focus on either nonlinear systems operating in
discrete time or systems initially represented in continuous time but converted into
discrete time versions.

While significant efforts have been made to develop various forms of the DDP
approaches and apply them to different systems in the field of engineering, the ma-
jority of existing literature primarily focuses on systems with known dynamics. In
[197], discrete-time DDP is applied to bio-mechanical models considering state and
control multiplicative noise. In [45], the primary emphasis was placed on integrating
second-order approximations within a stochastic dynamical system characterized by
multiplicative noise affecting both state and control variables, which led to the de-
velopment of a novel algorithm called Stochastic Differential Dynamic Programming
(SDDP). In [198], by using random sampling of states and local trajectories, the control
policy and associated value function are optimized globally. The application of DDP
to deterministic nonlinear dynamics with control limits is described in [5]. DDP is
applied in [39] for trajectory optimization of hybrid systems involving the state-based
switching mechanism. DDP for nonlinear systems with nonlinear constraints is studied
in [50]. The paper [199] utilized DDP for constrained optimal control by considering
a constrained type of Bellman’s principle of optimality. Meanwhile, the effectiveness
of model-based controls such as DDP heavily relies on the precision and accuracy of
the underlying mathematical model. To address the challenge when the dynamical
model is not given a prior, we need tools that can obtain a dynamic model that is

capable of capturing the complexity and nonlinearity of the system. Machine learning
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methods such as neural networks [200, 150] have been widely used to cope with these
complex dynamics and solve the problem of system identification. Nevertheless, there
are some disadvantages regarding using the Neural Networks (NNs) like NNs; espe-
cially deep architectures, require extensive computational resources for training and
inference, making them less practical for real-time control applications.[201]. On the
other hand, NNs rely on gradient-based optimization, which may result in convergence
to suboptimal local minima, leading to reduced control performance [202]. Moreover,
NNs, especially with limited training data, are prone to overfitting, resulting in poor
generalization to unseen system conditions [203]. Furthermore, NNs performance is
highly dependent on the choice of hyperparameters (e.g., learning rate, architecture,
activation functions), requiring extensive tuning and large amounts of labeled training
data [204]. In this study, we present the development of a data driven Game-Theoretic
Differential Dynamic Programming algorithm operating in continuous time. This al-
gorithm is designed to solve a two-player zero-sum differential game in cases where the
system dynamics are entirely unknown. We achieve this by employing the Gaussian
Process (GP) [205], which mitigates the disadvantages of using NNs.

The GP approximation is a popular framework in probabilistic Artificial Intelligence
(AI) including supervised machine learning [206]. It has been extensively applied in
regression and classification tasks. GP regression enables making predictions with prior
knowledge and provides uncertainty estimations for these predictions [207]. It is based
on key principles such as the multivariate normal distribution, kernels, non-parametric
models, and joint and conditional probability. In recent years, there has been a growing
interest in GP for both model learning and control tasks [9, 62]. Most of the current
systems have nonlinear and complex dynamics which cannot be obtained directly and
identification techniques are required to approximate such systems. In this research, we

have effectively addressed the limitations of previous game theoretic DDP [8] algorithm
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where the exact dynamics is needed to obtain the controls. We also provide a set of
backward differential equations in This chapter and derive the optimal policies for the
two players.

The contribution of the paper is divided into several aspects

1) A min-max zero-sum differential game problem with unknown nonlinear dynam-
ics is solved to obtain the control policies.

2) GP is utilized to approximate the nonlinear dynamics of the system with con-
flicting controls.

3) The optimal update laws of the control policies of the two players and the
corresponding set of backward differential equations are provided.

The remainder of the paper is structured as follows: In Section 4.2, we introduce
important notations used throughout This chapter. In Section 4.3, the primary problem
formulation including system description and the establishment of the GP is proposed.
In 4.4, DDP-based optimal control updates and the backward propagation of the value
function approximation are studied. Finally, in Section 4.5, simulation results of the

proposed algorithm are demonstrated.

4.2 Notation

In this section, some standard notations that are extensively used throughout This
chapter are mentioned. R, R,, R", and R™™ denote the set of all real numbers,
positive real numbers, n X 1 real column vectors, and n X m real matrices, respectively.
CH(R) and C?(R) represent sets of functions whose first and second-order derivative

exist and is continuous with domain R. For any specified functions ¥ : * x & — R
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and W : R" x & — RN", the following are defined

OV (z,t)
Ox1
\Ilz(xa t) = 5
O (z,t)
Oxn
92V (x,t) o 020 (x,t)
0221 ' Ozixn
9% (x,t) . 0% (x,t)
0x10z, Y 02z,
oWy (z,t) . oW1 (z,t)
or1 Y Oxn
We(x,t) = )
OWy (z,t) L OWn (z,t)
o1 ’ ’ Oxn

that represent partial derivative of W with respect to x, Hessian of ¥ with respect to

x, and the Jacobian matrix of W with respect to x, respectively.

4.3 Problem Formulation

In this section, the dynamical model of the system, the cost function, and the value
function are introduced. Then, the definition and formulation of the Gaussian Process

(GP) are described.
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4.3.1 System Description

Consider the nonlinear dynamics of the min-max differential game as follows

dx(t)
dt

= F(x(t),u(t),v(t)), x(to) = o (4.1)

where z:(t) € R", t € [to,t — f] is the state and u C R™, v C R™ are control policies.
The dynamics F(x(t),u(t),v(t)) is assumed to be unknown and continuous.

The cost function of the min-max differential game is defined as

J(z,u,v) = ¢p(x(ts), ty) + / ' L(x(t),u(t),v(t))dt, (4.2)

to

where u(t) tries to minimize the cost function while v(¢) tries to maximize it. Here,
L(x(t),u(t),v(t)) denotes the running cost and ¢(z(ts),ts) is the terminal cost.
The value function of the differential game represents the min-max value of the

equation (4.2), as expressed in

V(zo,to) = min max {qb(x(tf),tf) + / ' L(z(t),u(t), v(t))dt}. (4.3)

v to

4.3.2 Gaussian Process

The continuous function F' in (4.1) that maps (x,u,v) to dz/dt can be considered as
an inference of dx/dt given (z,u,v). In this subsection, the Gaussian Process (GP) is
introduced to learn the dynamics F. A scalar random variable X is characterized as

Gaussian distributed with mean g and variance o2, if its probability density function
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(PDF) is defined as follows

Py(z) = \/217T_Uemp( - (”’2%)2) (4.4)

In this context, x is the real argument of the random variable X. The normal distri-
bution of X is denoted by X ~ N (u,0?). The multivariate Gaussian/normal (MVN)
[208] distribution is utilized when all the components in a vector are Gaussian dis-

tributed. The PDF of an MVN is represented as

N(eln X ) = Grmarssacer| -yl -0 (X -n]. @

where D, z, p = Elz] € RP, and 5 = cov[x] denote the dimension, variable, mean,
and D x D covariance matrix, respectively.

The GP model characterizes a probability distribution over functions that fit a set
of points. This approach enables the computation of the function mean to serve as
predictions and the variance to express the level of confidence in those predictions.
The standard GP model with regression function can be represented as a multivariate

Gaussian as follows
P(f|X) = N(f[u K), (4.6)

where X = [x1,...,2,] denotes the data points, f = [f(x1),..., f(x,)] denotes the
learned model, p = [m(z1), ..., m(z,)] represents the mean, and K denotes the kernel

function where K;; = k(z;,z;), and

k(. z;) = e:cp( - M) (4.7)
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where w;; represents the hyper-parameter of the GP model. The function prediction
at a new data point x, can be then calculated as f(x.).

The joint distribution of f(X) and f(z,) are given by

J(X) NN( pu(X) K K. ) (48)

m(x,) KT K.,
where K = K(X, X), K, = K(X,z,) and K,, = K(z,, ).

Remark 7. The Gaussian (RBF) kernel was selected due to its smoothness, flexibility,
and robust uncertainty quantification, which are crucial for approximating unknown
continuous-time system dynamics. Its nonparametric nature allows accurate function
approximation without strong structural assumptions. While alternative kernels such
as Matérn and polynomial kernels were considered, empirical evaluations showed that
the Gaussian kernel provided better accuracy and numerical stability. Kernel selection
can be further refined using strategies like empirical validation through cross-validation,
Bayesian optimization for hyperparameter tuning, and domain-informed selection based

on system characteristics.

4.4 Data-Driven Min-Max Differential Dynamic Pro-

gramming

4.4.1 Optimal Control Policy Update

In this section, the optimal control policies updates are derived from the Hamilton-

Jacobi-Bellman-Isaacs (HJBI) Partial Differential Equation (PDE) that is satisfied by
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the value function of the min-max differential game. The HJBI is given by

——Wéf’ ) min max{L(z(t), u(t), v(t)) + Vala, )" F(a(t),u(t),0(0))},  (4.9)

with the terminal condition V(z(ts),ts) = ¢(z(ts),ty).
Given a nominal state and control histories (z, @, v), the nonlinear system (4.1) can
be written as
dx _ _ _
azF(ij(Sw,u—kdu,v—i—év), (4.10)
where dz =z — T, ou = u — u,and dv = v — 0.

The system can be linearized around (z,u,v) to obtain

doz _ -
d_:: = F,0x + F,0u+ F,ov, (4.11)
where
_x - Fx(ja 77@)
_u = Fu(jjaaa @)
Fv = Fv(jal_%@)

Under the assumption in This chapter that the nonlinear system dynamics is un-
known, there is no prior knowledge of F, F,, F,, and they need to be calculated from the
approximate dynamics of the system (4.1). As discussed in the previous section, based

on (4.8), the joint probability distribution of the observed output and the predicted
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function value F'(X*) is given by

F(X) ~N<,u- K(X,X) K(X,X* ) @12)
prior 1) ,

F(X) K(X*,X) K(X* X*

where F(X) is obtained from a collection of data points X; = (z;, u;,v;), 1 € {1,2,..., N},
prior 18 the prior mean of the joint distribution, which is assumed to be 0 when no prior
information of the dynamics is provided, and K (X, X) has entries K(X, X)(i,j) =
K(X;, X;),i,j5 € {1,2,...,N}, and K(X, X*) has row entries K (X, X*)(i) = K(X;, X*),
i€l,..,N,K(X* X)= K(X,X*)T. Given the joint probability distribution (4.12),

the predictive mean of the function can be specified as
BIF(X*)) = K(X*, X)(K(X, X)) F(X) (4.13)

The value of F,, F,, F, can then be approximated by the derivative of the GP
model. From the property that the derivative of a GP is still a GP, the joint probability
distribution of the function observation and the derivative of the predicted function

can be calculated as

F(X) K VxK,
~ N (0, ) , (4.14)
VxF(X,) VxKT VxxK.,
where
2.(X,)
VxF(X.) = | F,(X,) (4.15)
7,(X),
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and Fm, Fu, F, are the approximation of F,, F,, F, at X, = (x.,u,,v.), respectively.
Therefore, the linearized system (4.11) can be approximated by

doz

7 F,0% + E,00 + F,00, (4.16)
where all the terms with * corresponds to the approximated dynamics learned from
GP. The 64 and v in equation (4.16) are updated iteratively using the approximate

system and the optimal control policy update laws are presented as follows.
Let

dz

= F(Z + 0%, 0+ 64,0 + 60),

(4.17)
be the learned dynamics, the optimal update laws for du and d0 are obtained as

ou* = I, + K,0%, (4.18a)
00" = I, + K, 0,

where

(4.18b)

fu = _(Quu - QuUQ;leAvu)_l(Qu - QuuQ;JQO-

(4.19)
fv = _<@vv - Qvu@&}@uv)il(Qv - Qvu@&}@u) (420)
Ku = _(Quu - qu@&}@vu)_l(@uw - Qm}@;;@vz) (421)
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Kv = _<vi - Qvu@l&@uv)_l(évx - Qvu@i&@uz) (422)

and

Qo =FlV,+ L, (4.23a)
Qu=FV,+ L. (4.23b)
Qo =FIV, + L, (4.23¢)
vi = ﬁvv- (423f)
va = Avx + AUTVZM: (423h)
Quo = Lun- (4.231)
Qvu = quy (423J)

The parameter 0 < v < 1 is added to the gains to make sure the convergence is

obtained as follows

ou* = ~I, + K,0%, (4.24a)

60" = 1, + K,0%. (4.24D)

To derive the optimal update laws 4.18, consider the left hand side of the equation
(4.9) as follow
oV (x,t) OV(T+dx,t) oV ovr 1 ovr

A —sAT TT S
0T + 25:B e 0z. (4.25)

ot ot ot T o
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Also, we have

dav oV  _pdx OV .-
T == r. 4.26
T T TR T (4.26)
Hence,
ov. dvV -
= _VIF 4.27
ot dt v ( )
and similarly
o, dV, -
f =L _VIF 4.28
ot dt wrs ( )

and the expansion of the partial time derivative of the Hessian of the value function

yields

Moo Ve iy o
=1

where V., and F@ are Hessian matrix of the i-th element V, and F, respectively.

Hence, by referring to equation (4.26-4.28) the left side of the equation (4.9) becomes

V(e t) dV  dAVT 1 dVI o
G £ — 08T =260 + VI F + 607V, F

ot dt dt
Lo o 7200 s
+ 508 (;VMF 5. (4.30)

The partial expansion of the right-hand side of equation (4.9) results in
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L~ LA+ LY+ LT50 + LT60
T

0% Low Low Lol |02
1 R X R
+§ ot Low Luw Luwl| 601 5 (4.31)
50 Low Low Lol |60

The expansion of V, around z yields

Ve = V4 Voo0d + =W, (4.32)
where W = [W?] is such that
Wi=6:TVWs:,  i=i,...n. (4.33)

The first order expansion of the approximate dynamics of the system results in

F(2,0,0) = F + F,0% + F,00+ F,60. (4.34)
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Hence, the right side of the equation (4.9) becomes

min max {c(@, a,0,t) + VIF (&, 0,0, t)} ~ {ﬁ + L7655 + L0+ LT 60

U D
T
0z Lyw Ly Ly

e
[e%9)
=

1 . . . AA Ama PRI

00 Loy

>

o

VU EU’U 5/8
+ VIE00 4 027V F0i + 627 Voo Fydt 4 027 Vo 60

I BN
4+ 68TV I + EWTF}, (4.35)
and notice that

(Zéaz 1900 ) = 50 (ZVJ;IF“) o (430)

By equating the left hand side and right hand side of the expansion of equation (4.9)

and cancelling extra terms, we obtain

v pdVy 1 dVi, S AT AT | ATen
= oz o §6m 7 5x—I%}Lnn};%x{ﬁ—i-ﬁgc(;x—l—ﬁuéu%—ﬁv(%
T

08| |Law Low Lol |02
1 . . A N
To 00| |Luw Lo Luw| |80| + Vi Fudd + Vi Fb0

(o2
>
D
<
8
o
<
IS
o>

vV 00
VT B0+ 88TV Brbi + 037V Byl + 5@%ﬁm}
. A AT A AT A AT A Lo A I Oy N
= minmax L4+02°Q,+du Q.+ 00" Q, + 551’ Q20T + §5u Quut
1 ~ ~ ~ ~
+ 5007 Quub6 + 30" Q002 + 667 Qa0 + 5@7“@%5@}, (4.37)

where the @) functions are given in equation (4.23).
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We take partial derivative of (4.37) with respect to 0u and 00 and set them to 0 to

obtain the the optimal control update du* and d0* as

00* = —Q 7 HQuabdi + Quudt™ + Qu), (4.38a)

60" = Q71 (Quadi + Quudti* + Q,), (4.38b)

which can be summarized by eliminating 64* and §9* on the right hand side of (4.38)

and rewritten as

ou* = I, + K,6%, (4.39a)

60" = I, + K,0%, (4.39D)

where I, I,, K,, K, follow the form in equations (4.19) through (4.22), which com-

pletes the proof.

4.4.2 Backward Propagation

The next step is to find the update law of the value function and its first- and second-

order partial derivatives. We present the result as follows

Proposition 2. The optimal update of the value function and its first order, and second

order state derivatives are governed by the backward ordinary differential equations as
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follows

A%

- E - £ + ITQU + ITQU + ] Qqu + ITquI + = ]TQU’U V) (440&)
AV o

+ KT Quul, + KX Qy 1, (4.40b)
dml' T A A T T T

+ KT Quulu + KT QuuKy + Qua, (4.40¢)

with the given terminal condition

V(ts) = o(i(ty), ty). (4.41a)
Va(ty) = dul(@(ts). ty). (4.41b)

Proof. The backward propagation equations (4.40) with respect to the value function
and its first- and second-order partial derivatives can be obtained by plugging the form
of du* and 60* expressed in (4.18) to equation (4.37), and then equating the coefficients
of zeroth-, first-, and second-order expressions of 42 in the left-hand side and right-hand

side of the equation. A detailed proof with similar steps can be found in [8]. ]

The data-driven min-max DDP algorithm using the GP is presented in Algorithm

Remark 8. The proposed data-driven Min-Maz Differential Dynamic Programming
(DDP) algorithm is applicable to nonlinear dynamical systems where the underlying
dynamics are unknown and the control problem involves adversarial interactions. Due

to existence of the second player which is a maximizer, the method is particularly useful
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Algorithm 4 Data-driven min-max DDP algorithm

Require: Initial values for xy, minimizing control v, maximizing control v, terminal
time ¢y, multiplier v, large integer /N, and small value e.
Ensure: Optimal minimizing control 4*, optimal maximizing control v*, gains fu, fv,
Ku, and f(v.
procedure UPDATE CONTROL POLICIES:
Collect the input-output data by applying random input data to equation (4.1)
forward with zg.
Construct the Gaussian Process model of the dynamics from the collected input-
output data.
fori=1to N do
while [6u| + [d0| > € do
Compute values of V, V,, and V,, at ty from equation (4.41);
Integrate backward the equation (4.40);
Compute I, I,, K,, and K, through equations (4.19) to (4.22);
Integrate equation (4.16) by replacing 04 and §v with 64 = I, + K,6% and
60 = I, + K,0% to get 0T;
Obtain 6 = I, + K, 0% and 60 = I, + K,04;
Update @ = 4 + ydu and v = 0 + yd0;
Set u* = u and v* = v;
end while
end for
return u*, v*, fu, fv, Ku, and Kv;
end procedure
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in continuous-time process where there is a strong uncertainty or disturbance. Since the
algorithm employs GP regression to approximate the unknown system dynamics, it is
well-suited for systems where direct modeling is impractical due to complexity, unmod-
eled dynamics, or external disturbances. This approach is most effective in dynamical
systems characterized by smooth and continuous dynamics with moderate noise levels,
where GP-based approximations can provide reliable uncertainty estimates. It is par-
ticularly relevant for robotic systems, aerospace applications, biomechanical systems,
and defense-related multi-agent interactions, where robust and adaptive control strate-
gies are necessary. The method can be applied to highly nonlinear systems, including
underactuated and constrained control problems, where traditional model-based DDP
methods may struggle due to inaccurate system identification. Additionally, it extends
to multi-agent pursuit-evasion games, optimal guidance and navigation, flight control
systems, and robotic manipulation tasks, where two-player game-theoretic strategies
are needed. Moreover, the algorithm is best suited for real-time and iterative learning
scenarios, where control policies can be refined based on newly observed data. The pro-
posed approach is particularly beneficial when handling structured uncertainties in the
system dynamics, where Gaussian Process models can capture the underlying trends

and provide probabilistic estimates of model confidence.

4.5 Numerical Examples

In this section, three practical examples are provided to show the effectiveness of the
proposed algorithm. In these examples, as mentioned in Algorithm 6, we collect data
by running the system with random input controls v and v, starting from an initial

condition x(, over a time horizon of 101 time steps. During this process, we record

dz

77> Which represents the trajectory of the

the input data [z, u,v] and the output data
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system. To enhance the robustness of our learned dynamics, we repeat this process
10 times in a for-loop, thereby collecting 10 trajectories and corresponding 10 sets of
input-output data of size (10 x 101). After collecting this dataset, we use Gaussian
Process (GP) regression to approximate the unknown dynamics of the system. The

GP model learns a mapping from [z,u, v] to 4

"> capturing both the system dynamics

and the associated uncertainty. Additionally, we introduce a small amount of noise in
the data and use the mean function of the GP as the estimated system dynamics. This
allows the method to remain robust against measurement variability while providing
a smooth approximation of the underlying system behavior. Finally, the Gaussian

models of the dynamics are utilized to generate optimal control laws.

4.5.1 Inverted Pendulum

In the first example, the algorithm is applied to the inverted pendulum with conflicting

control laws. The dynamics of the system is given by

16 4 b0 — mglsind = u + v, (4.42)

where 6 is the angular position of the inverted pendulum, 6 is the angular velocity of the
inverted pendulum, m = 1kg, | = 0.5m, b = 0.1(N.s)/m, I = mi?. g = 9.81(kg.m)/s>.
For this example, the initial condition is selected as zy = [m, 0], and ¢y = 1. The goal
is to bring the states of the system from z = [#, 0] = [x,0] to [0,6] = [0,0]. The cost

function is given by

tr
J = / (" Qx +u' Ryu — v Ryv)dt, (4.43)

to

108



For this example, the initial control policies © and v are set as random variables
drawn from a standard normal distribution, and v = 0.6. The weights are chosen as

Q =11,0;0,0.1], R, =1, and R, =0.1.

First State
3r —— ~
~.
~.
~.
2 ~.
~._ — Approximated State
~ ~_ State
1 ~. - —Target
~
~.
~
0 I I I \w‘\\—i
0 0.2 0.4 0.6 0.8 1 1.2
0 Second State
\ n
\\\
ol \
\\ — Approximated State
\\ State
-4 \\\ —Target
~. / ]
e
-6 | | 1 1
0 0.2 0.4 0.6 0.8 1 1.2

Figure 4.1: Comparison of States and Approximated States pendulum.

In Fig. 4.1, we present the state trajectories and their approximations for the in-
verted pendulum subject to the optimal controls obtained from the proposed algorithm
in a single plot and demonstrate the effectiveness of GP in approximating the dynamics
and the proposed method in stabilizing both the nonlinear and approximated dynam-
ics. It can be seen that the control u manage to drive the states to the desired location
despite the conflicting control v, which shows the effectiveness of the method.

Fig. 4.2 presents the optimal control policies of u and v. The chattering on the
controls in this example are due to the initial choice of control policies, which are drawn
from a standard normal distribution. In Fig. 4.3, the cost per iteration is illustrated.
As it can be seen, the cost converges towards 0 in about 50 iterations.

In Fig. 4.4, we present the state and control policy results of implementing the GT-

DDP algorithm with exact dynamics on the inverted pendulum example to demonstrate
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Figure 4.2: Control Policies of inverted pendulum.
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Figure 4.3: Cost per Iteration of inverted pendulum.

that our results closely match the case where the exact dynamics of the system are
available. This shows that the proposed algorithm in This chapter outperforms the GT-
DDP algorithm, as we assume no access to the system dynamics, making the scenario

more realistic.
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Figure 4.4: States and control policies of inverted pendulum under GT-DDP case

4.5.2 2-DOF Helicopter

In the second example, the proposed algorithm is applied to the state-space model of

the 2-degree-of-freedom (2-DOF) helicopter [209]. The state-space matrices are

#(t) = Ax(t) + B(u(t) + v(t)). (4.44)
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where

0 0 1 0
0 0 0 1
A= i . (4.45)
00 - Jeqp+fnfc2m 0
B
00 0 " Togy AmiZ, ]
0 0
0 0
B= , (4.46)
Kpp(uptvp)  Kpy(uy+vy)
Jeqp—i-mlgm Jeqp+mlc2m
Kyp(uptvp)  Kyy(uy+vy)
L JE‘Zy +m162m Je‘]y +m[c2m .

The state and controls are given by = = [z,y,0,¢]|", u = [u,,u,|", and v = [v,,v,]7,
where x and y are positions of the helicopter, 6 is the pitch angle and 1 is the yaw
angle. u and v are control signals applied to pitch and yaw motors, respectively. The

goal is to bring the helicopter from initial conditions zo = [1, 1, 0, 0] to [0, 0, 0, 0]F

and the corresponding cost function is defined as

/= %(“f — )" Qe — ) + /tf<(x — ) Qzr — xy) +u’ Ryu—v" Ryv)dt, (4.47)

to

For this example, the initial control policies are set as u = v = 0, ty = 5, and
v = 0.01. The weights are chosen as @y = [5,0,0,0;0,5,0,0;0,0,5,0;0,0,0,5], Q =
[10,0,0,0;0,10,0,0;0,0,10,0;0,0,0,10], R, = [1,0;0,1], and R, = [0.1,0;0,0.1]. The
values of the parameters in (4.46) are shown in Table 4.1.

In Fig. 4.5, we depict the trajectories of the true and approximated states of the 2-
DOF helicopter within the same plot in 5 seconds and demonstrate how GP accurately
captures the system dynamics and how the proposed approach ensures stability for

both the original and approximated models. It is noticeable that both the dynamics
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H Parameter name value H
K,, Pitch torque 0.204 N.m/V
K,, Yaw torque 0.072 N.m/V
Ky Yaw on pitch torque 0.0068 N.m/V
Ky, Pitch on yaw torque 0.0219 N.m/V
Jeqp Total pitch moment of inertia 0.0384 kg.m?
Jeq, Total yaw moment of inertia 0.0432 kg.m?
B, Pitch viscous damping 0.800 NN
B, Yaw viscous damping 0.318 NN
m Total moving mass 1.3872 kg
I, Center of mass length from pitch axis 0.186 m

Table 4.1: Parameter values of linearized helicopter model.

trajectories and GP model dynamics trajectories are similar and converge to their goal.

Fig. 4.6 represents the optimal control trajectories and Fig. 4.7 shows the cost per

iteration that illustrates the convergence of the cost.
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Figure 4.5: Comparison of States and Approximated States of 2-DOF helicopter.

113



Stabilizing Control u1 Stabilizing Control u2

0 0
-5 5
-10
-10
0 1 2 3 4 5 1 2 3 4 5
0 Stabilizing Control v1 R Destabilizing Control v2
-0.05 0.05
-0.1
-0.1
0 1 2 3 4 5 1 2 3 4 5

Figure 4.6: Control policies of 2-DOF helicopter.
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Figure 4.7: Cost per Iteration of 2-DOF helicopter.
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4.5.3 Vertical Flight Regulation

In the third example, the algorithm is applied to the nonlinear dynamics model of the

vertical flight regulation described in [210]. The dynamics of the system is defined as

T = T,
: 2 2
To = ap + a1T2 + axs + (a3 + a4x4 — Va5 + agT4)T3,

i3 = a7 + ass + [agsin(zq) + aro)ws + w1 + vi,

Ty = T,
it‘g, = a1 + a2y + alga;gsin(m) + @145 + Uz + V2, (448)
where the values are given to be ag = —17.67m/s%,a; = as = —0.1s7!, a3 = 5.31 x

1074 ay = 1.5364 x 1072, a5 = 2.82 x 1077, a6 = 1.632 x 107%,a; = —13.92572, a3 =
—0.757 ag = a9 = —0.0028, ay; = 434.88572, a15 = —800572, a;3 = —0.1 and a4 =
—65s71. The state x = [h; h;w; 6; 9] where h denotes the height above ground (metres),
w denotes the rotational speed of the rotor blades (rad/s) and 6 denotes the collective
pitch angle of rotor blades (rad). The goal is to bring the helicopter from the height
h = 4 with the rotational speed of the rotor blades w = 200 to height h = 6 and
rotational speed of the rotor blades w = 250.

The corresponding cost function is defined as

1 ty
J = 5(:1: — )" Qs(x —xy4) + / (u" Ryu — v Ryv)dt, (4.49)

to

For this example, the initial control policies are set as uv = v = 0, t; = 1, and
v = 0.01. The desired goal state z; = [6;0;300;0;0]. The weights are chosen as Qf =
(1000, 0, 0, 0,0; 0, 1000, 0, 0,0;0,0,50,0,0;0,0,0,50,0;0,0,0,0,50], R, =[1,0;0, 1], and
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R, = [0.01,0;0,0.01].
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5 2
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Figure 4.8: Comparison of States and Approximated States of vertical flight regulation.

Fig. 4.8 illustrates the trajectories of both the actual and approximated states of
the vertical flight regulation in a single plot in ¢ = 1 and highlights the ability of GP
to approximate the system dynamics and the effectiveness of the proposed method in
stabilizing both the nonlinear and estimated dynamics.

The trajectories of the optimal controls are shown in Fig. 4.9, and the cost per
iteration is illustrated in Fig. 4.10. It can be seen that the cost of the system decreases

and converges during the iterations.

Remark 9. While the examples used in the paper involve systems with known dynam-
ics, the key distinction is that our approach does not rely on explicit model knowledge.
Instead, it learns the dynamics purely from input-output data using Gaussian Process
(GP) regression, which allows handling completely unknown systems effectively. Al-
though classical approaches like Game-Theoretic Differential Dynamic Programming
(GT-DDP) require prior knowledge of the system dynamics, our method enables tra-

jectory optimization without requiring explicit analytical models, making it applicable
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Figure 4.9: Control Policies of vertical flight regulation.

to cases where system identification is impractical or costly. The proposed algorithm
1s particularly beneficial for systems with unmodeled disturbances, parametric uncer-
tainties, or time-varying dynamics, where conventional GT-DDP would struggle due to
modeling errors. Furthermore, when approximating the system via input-output data,
we introduced a small noise in the data and used the mean function of the GP model
as the learned dynamics of the system. This accounts for uncertainties in real-world

measurements while maintaining a reliable approximation of the system.
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Figure 4.10: Cost per Iteration of vertical flight regulation.
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Chapter 5

Data-Driven Stochastic Game Theo-
retic Differential Dynamic Program-

ming

5.1 Introduction

Stochastic systems, characterized by inherent randomness and uncertainty, are preva-
lent in various industrial applications—such as financial modeling, robotics, chemical
processes, and autonomous vehicles—and offer more realistic representations of real-
world phenomena compared to deterministic models [211, 212, 213]. These systems
are governed by dynamics that are not entirely deterministic and often influenced
by random external noise which makes them more realistic representations of real-
world phenomena compared to purely deterministic models. Modeling and controlling
stochastic systems is essential for robust decision-making under uncertainty. However,
this comes with challenges such as accurately estimating dynamics and managing the
computational demands of stochastic control problems. While stochastic models offer
deeper insights, their inherent uncertainty requires advanced techniques and this re-
quires the both powerful and complex tools in control engineering. Overcoming these

challenges is a key to enhancing the reliability and efficiency of systems in uncertain
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environments [214].

Due to existence of the uncertainties in dynamics of the nonlinear systems specif-
ically autonomous systems, Differential Dynamic Programming (DDP) has been uti-
lized widely due to its applicability and strength. For instance, [215] presents a flexible
final-time stochastic differential dynamic programming (SDDP) approach for trajec-
tory optimization under stochastic disturbances. [216] Proposes a learning-based and
ensemble-based model predictive control (MPC) framework for autonomous reactor
control. Mechanism models and neural networks are used as predictors, with ensemble
learning methods improving prediction accuracy. In [217], the problem of 2D vehicle
path following under adversarial disturbances by computing a maximal invariant set
through dynamic programming is proposed. Paper [218] presents a Variable Splitting-
based Differential Dynamic Programming (VS-DDP) method for autonomous vehicle
trajectory planning. By employing the variable splitting technique, VS-DDP effectively
handles constraints, significantly enhancing the capability of differential dynamic pro-
gramming. Paper [219] focuses on a path-following control strategy for autonomous
vehicles under adversarial disturbances by employing the concept of weakly invari-
ant sets. Over the years, some methods have been proposed to address the control
and optimization of stochastic systems [220, 221, 8]. These methods include Stochas-
tic Dynamic Programming (SDP) [222], Model Predictive Control (MPC) [223], and
Stochastic Optimal Control (SOC) [224], which have been extensively studied and ap-
plied in various domains. While various methods have been developed for stochastic
systems, many of these approaches face notable limitations. These methods often suffer
from high computational complexity, specifically when dealing with high-dimensional
systems or long time horizons. Additionally, they may lack robustness when dealing
with significant uncertainties or disturbances, as they typically optimize for expected

performance. These limitations can result in unstable performance in real-world ap-
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plications, where uncertainties are inherent and unpredictable. One of the reliable
methods in control theory for dealing with uncertainties in stochastic systems is the
Game Theoretic Differential Dynamic Programming (GT-DDP) approach [8], which
utilizes the differential dynamic programming (DDP) technique to optimize control
policies where one controller attempts to minimize the cost function, while the other
one attempts to maximize it. GT-DDP addresses some of the aforementioned chal-
lenges by incorporating a robust, game-theoretic approach into the control design.
This approach has been utilized in some works such as the iterative algorithm for dif-
ferential game problems based on DDP [225], control constrained GT-DDP [226], and
the Stochastic GT-DDP (SGT-DDP) [13].

One restriction of the traditional DDP-based methods is the requirement of an exact
mathematical model of the system to compute the optimal control policies [26]. This
reliance on a precise model limits its applicability in many real-world scenarios, where
the true dynamics of the system may be unknown. In such cases, obtaining an exact
model can be challenging due to factors such as complex model. As a result, the need for
precise system models poses a significant constraint. To overcome this limitation, there
is a growing need for reliable data-driven techniques that can approximate the dynamics
directly from data [227]. Machine learning methods have gained a lot of attention in
recent years for modeling unknown systems by leveraging historical input-output data
[228]. Among the various machine learning techniques, Gaussian Process Regression
(GPR) has emerged as a powerful tool for approximating the drift components of the
stochastic systems [229]. GPR provide flexible frameworks that not only estimate
the drift dynamics but also quantify the uncertainty associated with these estimates.
In contrast, there has been much less work on the approximation of the diffusion
component of the stochastic systems [230]. The binning method [203] has been utilized

in [231] to extract the diffusion coefficient of the system. By integrating the data-driven
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approaches with the SGT-DDP framework, we can develop a reliable control strategy
that effectively handles uncertainties and unknowns in dynamic environments.

Hence, our approach extends the standard SGT-DDP framework by integrating
data-driven model identification through Gaussian Process Regression (GPR) and bin-
ning methods. This allows SGT-DDP to be used with unknown or partially known
dynamics, as we approximate both drift and diffusion dynamics from data before im-
plementing DDP optimization. In addition, we consider the effects of control policies
in the diffusion dynamics which makes the algorithm practical to real-world systems.
Besides, this is the first study to combine the binning method, Savitzky-Golay filter
[232], and GPR to model diffusion dynamics in stochastic systems. This combination
systematically isolates noise trends, smoothing them before the final GPR estimation.
Furthermore, although the GPR itself treats control inputs as standard data points,
the conflicting nature of the controls becomes relevant in the SGT-DDP framework,
where two players have opposing objectives

The contribution of the paper is divided into several aspects:

1) SGT-DDP problem with unknown nonlinear dynamics is solved to obtain the
control policies.

2) GPR is utilized to approximate the drift dynamics of the stochastic nonlinear
system with conflicting controls.

3) To the best knowledge of the authors, the binning method, Savitzky-Golay fil-
ter, and GPR methods are combined for the first time to approximate the diffusion
dynamics of the stochastic nonlinear system.

4) The optimal update laws of the control policies of the two players and the
corresponding set of backward differential equations for the value function are provided.

The rest of the paper is organized as follows. In Section 5.2, the problem formula-

tion which includes the description of the system and its approximations is provided.
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Section 5.3 discusses the design of optimal control policy. In Section 5.4, backward
propagation of the value function is proposed. Finally, in Section 5.5, three numerical
examples with results are demonstrated.

For the convenience of the readers, some useful notations and prerequisites are
mentioned here. R, R,, R" and R™™ present the set of real numbers, positive real
numbers, n X 1 real column vectors, and n X m real matrices, respectively. C*(R) and
C?(R) illustrate the sets of functions whose first and second-order derivative exist and
is continuous with domain R. ¢r(A) and A” represent the trace and transpose of a

matrix A, respectively.

5.2 Problem Formulation

In this section, the description of the system and the approximations of the drift and

diffusion dynamics through the GPR and binning methods are introduced.

5.2.1 System description

Consider the dynamics of the stochastic differential game
dr = F(x(t),u(t),v(t))dt + G(x(t), u(t),v(t))dw, z(to) =xo, t € [to,ts], (5.1)
subject to the cost function

J(2(t), u(t), v(t)) =E{aﬁ(fv(tf))+/fﬁ($(t)7U(t)7v(t))dt : (5.2)

to

where E[-| represents the expectation, £ is the running cost, ¢ is the terminal cost,
x(t) € R" is the state of the system, u(t) € R™ and v(t) € R? are the control policies.

dw is an increment of a m-dimensional Wiener process (standard Brownian motion)
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where G(z(t),u(t),v(t)) € R™™ is given to scale dw and match the dimension of

F(z(t),u(t),v(t)) € ®". The term dw satisfies dw ~ N(0, I,,xmdt). In the equation

(5.1), the drift dynamics F' and the diffusion dynamics G are assumed to be unknown.
The value of the game is defined as

V(zo, to) = muin max J(z(t), u(t),v(t))

v

= max muin J(z(t),u(t),v(t)), (5.3)

where u attempts to minimize the cost function while v attempts to maximize it.
Henceforth, we omit the time dependence ¢ from the equation terms for simplicity of

representation.

Remark 10. The proposed framework requires explicit knowledge or accurate approx-
imation of both drift and diffusion dynamics to solve the underlying stochastic differ-
ential game. Unlike data-driven methods, our approach relies on local expansions of
the drift and diffusion around nominal trajectories, essential for game-theoretic for-
mulation and precise backward computation of the cost-to-go function using the Bell-
man/Isaacs principle. In This chapter, we approzimate the dynamics using GPR and
a binning method. These approximations enable the application of min-max DDP in
data-rich but uncertain environments, ensuring robustness, structured control updates,

and theoretical guarantees of local optimality.

5.2.2 Approximation of drift dynamics

In this subsection, the GPR is introduced to learn the dynamics F(x,u,v) which is
defined as the drift dynamic. The drift dynamics represent the deterministic behavior
or trend of the states and are estimated as the mean function of the GPR model. By

using input-output data of the system, the GPR captures the underlying patterns and
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relationships, and provides a probabilistic estimation of the drift dynamics. This mean
function serves as the best estimate of the drift dynamics and allows the SGT-DDP
framework to incorporate this approximation for designing control policies. A random
variable z € RP follows a multivariate Gaussian/normal (MVN) [208] distribution if

its probability density function (PDF) is defined as

1

(2m)D/2]x|1/2 o~ DEDRCEIDIE (5.4)

N (], %) = S

exp |—

where = E[z], and ¥ = cov[z] denote the mean and covariance matrix, respectively.

The GPR model characterizes a probability distribution over functions that fit a
set of data points. This approach enables the computation of the function mean to
serve as predictions and the variance to express the level of confidence in those predic-
tions. The GPR model with regression function can be represented by a multivariate
Gaussian as P(f|X) = N(f|u, K) where X = [zy,...,2,]7 denotes the data points,
f=1[f(x1),..., f(x,)]" denotes the learned model, u = [m(xy),...,m(x,)]’ represents

the mean, and K denotes the kernel function where K;; = k(z;, z;), and
wij (@i — x;)°
b ry) = exp P20 (5.5)

where w;; represents the hyper-parameter of the GPR model. The function prediction
at a new data point x, can be then calculated as f(x.).

The joint distribution of f(X) and f(z,) are given by

J(X) ~N< M((X)) ;(T [l: )

where K = K(X, X), K, = K(X,z,) and K,, = K(z,, ).
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5.2.3 Approximation of diffusion dynamics

In this subsection, we propose to combine the binning method [233] with GPR to
approximate the diffusion dynamics of the stochastic system. Diffusion dynamics are
critical in capturing the random fluctuations around the mean trajectory of the system,
which are influenced by noise and uncertainties. Accurately modeling of these dynamics
is essential for designing the control strategies that takes the diffusion into considera-
tion. The binning method provides a data-driven approach to estimate the diffusion by
analyzing the variability of noise across different states. To approximate the diffusion
dynamics of a stochastic system, we first define the number of bins V. Second, we need
to obtain the noise component n = G(z, u,v)dw. To this end, we isolate the underlying
stochastic behavior through the Savitzky-Golay filter, which smooths the noisy output
data while preserving the important trends. The noise component n = G(z, u, v)dw is
extracted by subtracting the smoothed output from the original noisy output. Finally,
by using the binning method, we obtain the estimation of G(z,wu,v) through the noise
component n = G(x,u,v)dw. At the end, we use the estimation of G(z,u,v) obtained
by binning method as the output, and state and control policies (x,u,v) as the input
to achieve the GPR model of the G(x, u,v).

To this goal, we choose the z as the selected vector of state or controller that has
the best correlation with the vector of noise n = G(z, u, v)dw.

Then, we calculate the bin edges, e;, which partitions the range of the selected
component z into N equal intervals

e; = min(z) + %(max(z) _ min(z)), i=0,1,..,N. (5.7)
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Next, the bin centers, ¢;, are computed as the midpoint of each bin interval

¢ = H% i=0,1,..,N. (5.8)

For each bin 7, identify the data points that fall within the range of bin and calculate
the variance of the noise data within that bin to estimate the local diffusion coefficient.

Thus, define the bin indicator function, I;(z) as follows

1 if€i§Z<€Z‘+1,
Ii(z) =

0 otherwise.

(5.9)

Compute the variance of the noise n = G(z,u,v)dw within each bin to estimate the

local diffusion coefficient as

M 2
o2 = M (5.10)

) M )
Zj:l I;(z)
where M is the total number of data points, and n; represents the noise data at the
4% point.

The diffusion coefficient G(z) for each bin i is estimated as
Gest(ci) =1/ 2L, i=0,1,...,N. (5.11)

where At is the time step. To ensure a smooth representation of the estimated diffusion
dynamics across bins, a polynomial fitting is applied. We can calculate the polynomial
values at the bin centers and refine it using the Gaussian smoothing to produce a

final smooth approximation of the diffusion dynamics Ggmootn- Finally, by using the
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data of Ggmeotn as the output, and state and control policies (z,u,v) as the input we
can obtain the GPR model of G(z,u,v). The proposed approach to approximate the
diffusion dynamics of the stochastic system is presented in Algorithm.

In This chapter, to enhance the quality of the approximated model, several several
steps are done to enhance the quality of the approximated method including using
Savitzky-Golay filter to record pure data, computing the mean function of GPR as
the best estimate of the drift dynamics, recording a seperate data-set to validate the

approximated method, and applying the method to three practical dynamics.

Algorithm 5 Diffusion Dynamics Approximation Method

Require: Noise component 7 and number of bins V.

Ensure: Approximation of G(x,u,v).
Step 1 Choose the z as the selected component (state or controller) that has the
best correlation with noise 7.
Step 2 Calculate the bin edges using e; = min(z) + #(max(z) — min(z)) where
i=0,1,...,N.
Step 3 Computing the bin centers ¢; = as the midpoint of each bin interval.
Step 4 For each bin 7, identify the data points that fall within the range of bin as

1 if€i§2<€i+1,
Ii(z) = )
0 otherwise.

2

Step 5 Calculate the variance of the noise data within that bin to estimate the

M 02 1i(z .
% where M is the total

number of data points, and 7, represents the noise data at the j* point.

Step 6 Obtain the diffusion coefficient Gegst(c;) = \/% for each bin ¢ where At is
the time step.

Step 7 Apply the polynomial fitting to ensure a smooth representation of the esti-
mated diffusion dynamics across bins.

Step 8 Calculate the polynomial values at the bin centers and refine it using the
Gaussian smoothing to produce a final smooth approximation of the diffusion dy-
namics Gsmooth-

Step 8 Use data of Gyneotn as the output, and state and control policies (x, u,v) as
the input to obtain the GPR model of G(z,u,v).

return GPR model of G(z,u,v).

local diffusion coefficient forward with eqation o7 =
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5.3 Optimal Control Policy

After obtaining the GPR model of the drift and diffusion dynamics, the optimal control
policies are obtained in this section. To this end, consider the Bellman/Isaac’s principle

[234]

t4-dt
V(x,t) = min maXE[/ L(x,u,v)dt + V(xyra, t +dt) | x|, (5.12)
t

u v

where t and t + dt represent the values where the subscripts ¢ and t + dt represent
the values of the variable at times ¢ and ¢ + dt, respectively. To compute the control
policies, we expand both sides of equation (5.12) using the Taylor series around the

nominal mean trajectories of state and controls (z, @, v), where dx = z —Z, dou = u — q,

v =1v— 0.

The linearized dynamics (5.1) around (z, @, v) holds

doxy = (Vféxy + Vo fou, + V, fouv)dt + (G(z,u,v)

+ V.G (0x,) + V,G(ouy) + V,G(0vy))dw, (5.13)

where V,G(0z,) = [V,GWéxy, ..., V,G™ 61, and G represents the j%* column vector
of G, j =1,...,m and this is true for both V,G(du;) and V,G(dv;). The expression

for dx; 4 in terms of dx; is then obtained as

0Zirar = 0xy + (Vo foxy + Vo fou, + V, fou)dt + (G(Z, u, v)

+ V.G(0zy) + V,G(duy) + V,G(6vy))dw, (5.14)

and the update control laws du; and dv; are computed from the following theorem,

iteratively.
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Theorem 7. Let 0x; follow the continuous time nonlinear stochastic dynamics (5.13),

the update control laws du; and dv; are computed as

where

ouy = I, + K 0xy,

vy = I, + Koz,

Iu - _(Puu - PuvPv_Uvau)_l(Pu - PuvPv_lev%

[v = _<va - Pvupu_ulpuv)_l(Pv - PvuPL;}Pu)a

Ku - _<Puu - PuvPv_yl-Pfuu)_l(Pum - PuvPv_levm)u

Kv == _(va - Pvupu_ulpuv)_l(va - Pvupu_ulpux)
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and

1

Py=L+ §tT(Vth+dtGGT), (5.17a)

P, = VoL + VoVisarVaf + Y GV Viu Vi VoGV, (5.17b)
j=1

Pu - vu£ + vrv;f—l—dtvuf + GTvmx‘/zf+dtqua (517C)

Pv = vv[' + v:c‘/t—i-dtvvf + GTV&::B‘/t—l-dtvaa (517d)

me = vx;rﬁ + v;chvxmv;H-dtvxf + 2vx$V;f-l-dtva?fvaTvx:vV;f-i-dtva

+3 VoGV Vi VGV, (5.17¢)
j=1

Puu = vuu£ + VufTvx:c‘/tertvuf + VuGTvxxV;ertqua (517f)

va = Vvv£ + vvavxa:V;‘,+dtvvf + vaTvxx‘/tertvay (5178;)

Pu:p == vuxﬁ + vufTvxx‘/t+dt + vufTvx:EV;‘,+dtvmf + quTvxx‘/tertvay (517h)
Pv:p - ngﬁ + vvavx:p‘/;f+dt + V'UfTv:m:‘/tertvxf + VUGTvxac‘/tertvaa (5171>
Puv = vuvﬁ + vufTvzx‘/t+dtvvf + quTvmz‘/tertvay (517.]>

pP,, = PT

uzx?

P,, = P”

vx?

The parameter 0 < ¢; < 1 is added to the gains to make sure the convergence is obtained

as follows

ouy = el, + K, 0z, (5.18a)

v =el, + K,dz. (5.18b)

In Differential Dynamic Programming (DDP), the step size for control updates is
adjusted using a line-search procedure on the feedforward control component. This

involves scaling the control update by a factor € € [0, 1] and evaluating multiple candi-
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date solutions through forward passes under nonlinear dynamics. The best solution is
chosen based on cost reproduction or a balance of cost and stability criteria. This pro-
cess prevents overshooting into poor state regions while maintaining sufficiently large
steps for faster convergence. Adjusting ¢ dynamically optimizes the balance between

exploration and caution, improving DDP performance.

Proof. Extend the left-hand side of the equation (5.12) around the nominal state Zz,

one obtain

V(l‘ht) = V(i’t + 5wt7t)

1
~V; + V, Vibr, + 55@? Ve Vidy, (5.19)

where V; = V(Zy,t). The first term of the right-hand side of the equation (5.12) can

be approximated by

t+dt
E{/ L(z,u,v)dt | x
¢

~ L(Zy + Oy, uy + Ouy, Uy + dvy)dt, (5.20)
which can be expanded as

Ldt + (V Lz, + V Lou, + V,LIv)dt

T
5l't szﬁ qu;c Vzvﬁ (5xt

1
+§ oy Vel Vil Vo L| |6u | dt, (5.21)
(51),5 vaﬁ VWE Vwﬁ 57)15

where £ = L(Z4, uy, 7). By expanding the second term of the right-hand side of the
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equation (5.12), one obtain
1
EViar + VaVigar0Tiqar + §6x?+dtvxxv;f+dt5xt+dt | 2. (5.22)
By referring to equation (5.13), equation (5.22) can be written as

Vicat + VaVira[0xy + (Vo foxy + Vi fou, + V, fouvg)dt]
+ %[(5:@ + (Vo foz: + Vo fou, + Vo fov)dt] Voo Vi ar
[0xy + (Vo foxy + Vo fouy + V, fov,)dt] + %tr(vm\/t+dt
(G 4+ V,G(6x¢) + V,G(dur) + V,G(6v)) (G 4+ V,G(dxy)

+ V.G (6uy) + VG (0v)))dt, (5.23)

where G stands for G(z, u,v) and tr(.) represents the trace of a matrix. By combining

(5.21) and (5.23), the right-hand side of the (5.12) can be written as

t+dt
E{/ L(z,u,v)dt + V(ppar, t + dt) | z;
¢

= Virar + Podt + V, Vigardz,

1
+ (P.dzy + P,ou, + P,ovy)dt + §5$?Vth+dt(5$t

T

61} Pzz qu va 5xt
1
5vt PUJ: Pvu va 5vt

where the P functions are defined in (5.17). To obtain the optimal control laws du}

and dvy, we compute the derivative of (5.24) with respect to du; and Jv; and set them
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equal to zero to get

* —_—
duy =

_Pu—ul(Puxéxt + Puov + P,),

5’0: = —PU_UI(PWC(SZL} + P’uuéut + P’U)

(5.25)

(5.26)

We further solve for du; and dv} from the equations (5.25) and (5.26) to eliminate du,

and dv; on the right-hand side to obtain

where

Iv = _<va

Ku = _<Puu - Puvpv_ylpvu)_l(Puac - PuvPv_Uleuz)a

KU = _<va - P’Uupuiulpuv)il(Pvm - PvuPJltlpux)a

which completes the proof.

ouy = I, + K, ox,

vy =1, + K0z,

— PP P (P, — PwP,'P,),

— Py P P (P, — Py PP,

134

(5.27a)

(5.27b)

(5.28)

(5.29)

(5.30)

(5.31)



5.4 Backward Propagation of the Value Function

To obtain the backward propagation of the value function, the corresponding backward
ordinary differential equations for the value function and its first order and second order
partial derivatives with respect to x are computed. The results are presented in the

following theorem.

Theorem 8. The backward ordinary differential equations for the value function and

its first order and second order partial derivatives with respect to x; are computed as

d 1 1
— d—‘t/ =P+ I'P, +1'P, + §[qu[u + IT Py I, + §[§Pv1v,
d(V,
— % — P, + KTP, + KTP, + PL I, + PL1, + KT P,I,
+ K!I'P,I, + K P, I, + K!'P,,I,
d Trxr
— % =P, +2K'P,, +2K"'P,, + 2K’ P, K, + K P,,K, + KI'P,,K,,
(5.32)
subject to the terminal conditions
V(ty) = o(z(ty), ty), (5.33a)
V.V (ty) = Vao(z(ts), ty), (5.33b)
VoV (t) = V(T (ty), ty). (5.33¢)
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where

1
Py= L+ §tT(Vth+dtGGT),

Py = VoL + Vo VipaVaf + Y GV Vo0 Vipa VoG9,

j=1
Pu - vu£ + vrv;f—l—dtvuf + GTvmx‘/zf+dtqua
Pv - vv[' + v:c‘/t—i-dtvvf + GTV&::B‘/t—l-dtvaa

me = vx;rﬁ + v;chvxmv;H-dtvxf + 2vx$V;f-l-dtva?fvaTvx:vV;f-i-dtva

+ Z sz(j)Tvx:v‘/t-i-dtva(j) )

j=1

Pui =Vl + Vi f Vi VetV f + ViG Vi Vit VG,

Poo =Vl + Vo fTVaiViraVo f + VoG Vi Vira VoG,

Pz = Ve £+ Vuf "V Virar + V"V Virar Vo f + VuG Vi Vil VoG,
Pox = VL + Vo f 'V Vivar + Vo f ' VauVirar Ve f + VoG Vi Virar V.G,
Puw =Vl + Vil "VaeVieaVo f + ViG Vi Viyar Vo G,

_ pT
P:Eu_Puz7

P,, = PT

v

P,, = PT.

(5.34a)

(5.34b)

(5.34c)

(5.34d)

(5.34e)

(5.34f)
(5.34g)
(5.34h)
(5.34i)
(5.34])

(5.34k)

Proof. To derive the update law for the value function and its first and second-order

partial derivatives, we substitute the optimal control policies (5.25) and (5.26) into the
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expansion of equation (5.12) to obtain

1
= Virar + Podt + V, Vigard,

1
+ Pydtéx, + Pydtéu, + P,dtdv, + iéxtTVmVHdté:ct

T
5$t P:m: Pmu Pm; (51}

+5 5ut pu:c Puu Puv 5ut dt’ (535)
5vt PU;B Pvu va 5Ut

after organizing the terms on the right-hand side of equation (5.35) into zeroth-order,
first-order, and second-order expressions of dx;, we equate the coefficients on both sides

of equation (5.35). With some mathematical manipulations, we obtain

dv, 1 1
— d—tt =P+ I'P, +1'P, + 5JUPWIU + IT P I, + §IvTPvL,,

dlet T T T T T T
= P,+K'P,+K'P,+P 1, +P'I,+ K'P,I,+ KI'P,I,
+ K!I'P,I,+ K!I'P,I,,

deVt T T T T T
- — = Pu +2K'P,, +2K'P,, +2K'P, K, + K'P,, K, + KI'P,,K,.

(5.36)

Finally, we have V(z(tf),ts) = ¢(x(t;)). By taking the expansion around Z(ty) we

have

P(x(ty)) = o(a(ty) + oai(ty)) ~ d(a(ty))
+ Vo0 (ts))0me(ty)" + 6x(ty) Vet (z(ts))0x(t ). (5.37)

Hence, the boundary conditions at ¢ = ¢ for the backward differential equations are
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represented by (5.33), which completes the proof. ]

Having established a method to compute the value function along with its first and
second-order partial derivatives with respect to the state through backward propaga-

tion, the data-driven SGT-DDP algorithm is presented in Algorithm 6.

Algorithm 6 Data-Driven SGT-DDP

Require: Initial values for zy, minimizing control u, maximizing control v, terminal
time t¢, multiplier e.
Ensure: Optimal minimizing control u*, optimal maximizing control v*, gains I, I,,
K,, and K,.
procedure UPDATE CONTROL(zg, U, U, t,€)
Collect the input-output data by applying random input data to equation (5.1)
forward with zy to obtain the GPR model of drift dynamics.
Computing noise 7 using Savitzky-Golay filter to obtain the GPR of G(x,u,v)
from Algorithm 5.
for ¢ from 1 to IV, do
Obtain the initial mean state ¥ by integrating the approximated drift part of
the controlled dynamics forward with xg, %, and v;
Calculate V,V,V, V.,V at terminal time with respect to (5.33);
Integrate the equation (5.32) backward in the time;
Calculate gains I, I,, K, K, with respect to (5.16);
Obtain dx4(t) through dxiy g = dxy + (Vi foxy + Vo fouy + V, fovy)dt while
putting du; and dv; in (I, + K, dz;) and (I, + K,dx;), respectively;
Calculate du; and dv; according to (5.15);
Update control policies u = @ + du; and v = v + dvy;
Set u* = u and v* = v;
end for
return z*, u*, v*, I, I, K,, K,.
end procedure

Remark 11. The proposed approach separates computational tasks into offline and
online phases to ensure real-time feasibility. During the offline phase, computation-
ally intensive processes, such as Gaussian Process Regression (GPR) training for drift
dynamics and binning-based estimation for diffusion dynamics, are performed using
pre-collected input-output data. Since these tasks involve significant computation, they

are carried out offline to avoid burdening the real-time controller. Once the models
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are fully trained and validated, they are stored for subsequent use in real-time control.
In the real-time phase, the control strateqy leverages the pre-trained models for both
drift and diffusion dynamics. Instead of requiring complex retraining or recalibration
during operation, the real-time implementation involves only the evaluation of pre-
trained models, which reduces computational demands significantly. This evaluation
process primarily consists of simple function calls, ensuring low latency and efficient
execution. As a result, the approach can handle real-time control tasks effectively, espe-
cially in systems with moderate sampling rates. By decoupling the offline training from
real-time operation, this method ensures both accuracy and computational efficiency in

dynamic environments.

Remark 12. The solvability of the proposed zero-sum stochastic differential game is
guaranteed by leveraging established results from continuous-time, two-player game the-
ory [235]. Specifically, the existence of a well-defined value function satisfying the
Hamilton-Jacobi-Isaacs (HJI) partial differential equation is ensured under certain reg-
ularity conditions. These include smoothness and Lipschitz continuity of the drift and
diffusion dynamics in both state and control variables, as approximated by Gaussian
Process Regression (GPR) models, and differentiability of the running and terminal
cost functions. To facilitate solvability, we make some key assumptions as follows: (1)
the GPR-based approzimations of the drift and diffusion terms are assumed to be suffi-
ciently smooth, ensuring the continuity and bounded partial derivatives required for ac-
curate local linearization in the backward pass of the Stochastic Game Theoretic Differ-
ential Dynamic Programming (SGT-DDP) algorithm; (2) both control inputs and costs
are bounded, ensuring the problem remains well-posed and that the Bellman/Isaacs
principle can be applied; (8) any modeling errors introduced by the data-driven approach
are considered negligible within the operating region as long as the offline training data

sufficiently covers this region and the GPR models maintain local continuity and dif-
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ferentiability. Given these conditions, the proposed method admits a locally solvable
formulation, where the iterative backward pass converges to a pair of feedback policies
that constitute a local saddle-point solution. These clarifications highlight the robust-
ness and well-posedness of the approach, ensuring that it provides a reliable solution

framework for zero-sum stochastic differential games.

5.5 Numerical Examples

In this section, we apply the proposed algorithm to three practical examples, the

inverted pendulum [236], the cart pole problem [237], and the unicycle problem [50].

5.5.1 Inverted Pendulum

The dynamics of the inverted pendulum is given by

(2
dr = 2) dt

(mgl/I)sinx(1) — (b/1)x(2) + (1/1)(u + v)

0
+ dw. (5.38)

a(z(1)*)(u +v)
where m = 1kg, [ = 0.5m, b = 0.1(N.s)/m, I = mi* g = 9.81(kg.m)/s* and a = 1.
The goal is to bring the states [z(1),z(2)] from [m,0] to [0,0]. The cost function is
defined as

1 1 [u
J= §xTQf:c +5 / (u” Ryu — vT Ryv)dt, (5.39)
to

where the parameters and initial conditions are set as QQy = [50,0;0, 1], R, = 0.01,

R,=10,u=0,v=0,e=0.1, and t; = 1.
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Figure 5.1: Mean and standard deviation of 1000 trajectories of inverted pendulum

Fig. 5.1a and 5.1b show the evolution of the mean and standard deviation for
1000 simulated trajectories in the inverted pendulum system using the data-driven
SGT-DDP method. Fig. 5.1a depicts the angle with the mean trajectory reaching the
upright position, while Fig. 5.1b shows the angular velocity stabilizing toward zero.

Fig. 5.2a compares the true diffusion dynamics of the system with the approximation

02 Noise plot 200 Cost
' - Approximation of G(x,u,v) ‘\
—True G(x,u,v) v
0.15 150
\
0.1 100
0.05 50
0 0 0 00 60 6 00 6000100050 0 60 00 000500
0 0.2 0.4 0.6 0.8 1 0 10 20 30 40 50
Time in sec Iterations
(a) G(x,u,v) and approximation. (b) Cost per iteration.

Figure 5.2: Noise and cost per iteration of inverted pendulum

using the binning method and GPR. The close match validates the effectiveness of
method in capturing the dynamics, which is essential for designing control policies. Fig.
5.2b illustrates the convergence of the SGT-DDP algorithm and shows a monotonically

decreasing cost function over iterations. This confirms the successful optimization of
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control inputs to minimize system cost.

5.5.2 Cart Pole Dynamics

In the second example, we consider the cart pole problem, where the dynamics of the

system is given by
de = F(x,u,v)dt + G(x,u,v)dw, (5.40)

where

z(2)
msin(z(3))(—lx(4)%+g cos(x(3))+u+v
F— M+msin? z(3) (541)
z(4)

(M+m)gsin(x(3))+cos(z(3)) (—mlz(4)? sin(z(3))+u+v)
I(M+msin?(z(3)))

G = , (5.42)

and [ = 05, M = 10, g = 9.8l,and m = 1. The goal is to bring the states
[z,2,0,0] = [x(1),2(2),2(3),2(4)], where z represents the displacement of the cart
and 6 stands for the angle of the pole, from [0,0,7,0] to [0,0,0,0]. Here, z(1)
which represents the final position of the cart is not specified. The cost function

is given same as previous example. We set parameters and initial conditions as

Qs = 10,0,0,0;0,500,0,0;0,0,500,0;0,0,0, 10, R, = 0.01, R, = 10, u = 0, v = 0,
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Figure 5.3: Mean and standard deviation of 1000 trajectories of cart pole.

Fig. 5.3a through Fig. 5.3d illustrate the performance of the proposed SGT-DDP
method in controlling the cart pole by displaying the mean and standard deviation of
1000 simulated trajectories for the state variables which are cart’s position and velocity;,
and pole’s angle and angular velocity. These figures collectively showcase the capability
of the method to stabilize the cart pole. Note that Fig. 5.3a illustrates the position of
the cart and we do not enforce it to converge to zero.

Fig. 5.5 compares the actual diffusion dynamics with their approximations obtained
through the binning method and GPR in the cart pole. The close match between the

true and estimated values for G(1) and G(3) validates the accuracy of the method
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Figure 5.4: Cost per iteration of cart pole.
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Figure 5.5: Plots of G in cart pole model and approximation of G.

in modeling diffusion dynamics. Meanwhile, Fig. 5.4 displays the convergence of the
cost function, with a steady decrease over iterations and confirms the success of the

SGT-DDP method in optimizing control inputs and minimizing system cost.

5.5.3 Unicycle Robot

The third example considers a unicycle robot [50] where the state vector x = [z,y, 0, V]
includes 2D position, the orientation, and the forward velocity of the vehicle. The

0

control vector u = [u’, u”] includes variable u? that changes the steering angle and u”

that changes the forward velocity, and assuming that the noise only enters the velocity
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channel. The dynamics of the system is given by

dx = F(z,u,v)dt + G(z,u,v)dw, (5.43)

where

, (5.44)

G = . (5.45)

The cost function is given the same as in (5.39). We set parameters and initial
conditions as @y = [50,0,0,0;0,500,0,0;0,0,500,0;0,0,0,50], R, = [0.1,0,0,0.1],
R, = [10,0;0,10}, u = 0, v = 0, € = 0.1, and ¢; = 3. In this example, the goal
is to bring the states [z, y, 6, v] from [0,0,0, 1] to [1.5,0.5,7/2,0].

Fig. 5.6 illustrates the performance of the proposed SGT-DDP algorithm for the
unicycle robot system over 1000 simulated trajectories. The subfigures (5.6a through
5.6d) display the evolution of the mean and standard deviation for the state vari-
ables z(1),x(2),z(3), and z(4), which correspond to the 2D position, orientation,
and forward velocity of the robot, respectively. These results confirm that the al-

gorithm successfully guides the robot from its initial state [0, 0,0, 1] to its target state
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Figure 5.6: Mean and standard deviation of 1000 trajectories of unicycle robot.
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[1.5,0.5,pi/2, 0], achieving stability in all states over time.
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Figure 5.7: Cost per iteration of unicycle robot.

Fig. 5.7 shows the convergence of the cost function during the iterations of the SGT-
DDP algorithm. The monotonic convergence in the cost over 100 iterations indicates
that the algorithm effectively optimizes the control inputs to achieve the desired goal

while minimizing the cost function.
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Figure 5.8: Plots of G in unicycle model and approximation of G.

Fig. 5.8 compares the actual diffusion dynamics of the unicycle robot system with

the approximations obtained through the binning method and GPR. The close agree-
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ment between the true and estimated values validates the accuracy of the proposed
method in modeling diffusion dynamics. Notably, this study includes the diffusion
dynamics in the control framework, unlike [50], where noise dynamics were absent.
This addition enhances the robustness of the proposed SGT-DDP algorithm under

stochastic environments.
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Chapter 6

Distributed Min-Max Differential

Dynamic Programming for
Large-Scale Systems with

Mismatched Interconnections

6.1 Introduction

Large-scale systems represent complex and intricate networks or structures compris-
ing numerous interconnected components, often exhibiting a high degree of interde-
pendence and complexity [238]. These systems pervade various domains, including
engineering, economics, and biology [239, 240]. Characterized by a multitude of inter-
acting variables or subsystems, large-scale systems pose significant challenges in terms
of analysis, optimization, and control [241, 242]. Managing such systems requires so-
phisticated methods that not only address the intricacies of their dynamics but also
account for the potential uncertainties and constraints [243]. Developing effective con-
trol strategies for these systems is a pivotal pursuit, with the aim to enhance their
efficiency, stability, and performance across a wide spectrum of real-world applications.

Large-scale systems find applications across diverse fields, influencing critical domains
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such as transportation networks, power grids, environmental modeling, and healthcare
systems. In transportation networks, the work by [244] discusses employing the Paral-
lel Internet of Vehicles (PIV) using an artificial system, a computational experiment,
and parallel execution intelligent approach to monitor large-scale logistics transport ve-
hicles. Similarly, within the power storage problems, the research conducted by [245]
examines large-scale renewable energy storage systems, particularly focusing on the
potential to store energy in the form of hydrogen as a green and promising alternative.
Furthermore, in healthcare systems, the study by [246] exemplifies a large-scale model
for healthcare organizations, addressing the crucial aspects of cost of care and quality
of care within the US healthcare system. The inherent advantage of large-scale sys-
tems lies in their capacity to model complex interactions between numerous variables,
providing a clear view of complex phenomena. Their strengths encompass the ability
to capture emergent behaviors, facilitate comprehensive optimization, and enable the
development of robust control strategies that can effectively manage uncertainties and
disturbances.

In the realm of large-scale systems, various control strategies have been devel-
oped and implemented to manage their complexity. Classic control approaches such
as Proportional-Integral-Derivative (PID) controllers and Linear Quadratic Regulator
(LQR) techniques have been extensively utilized [247, 248, 249]. While effective in
certain cases, these methods often encounter limitations when applied to large-scale
systems. For instance, PID controllers lack robustness when dealing with highly inter-
connected subsystems. On the other hand, LQR method is primarily effective for linear
systems and may not perform desirable results under uncertainties, nonlinearities, and
interconnections. Modern control methodologies have emerged as alternatives to tra-
ditional methods [250]. Model Predictive Control (MPC) stands as a notable advance-

ment, offering a predictive framework that considers system dynamics, constraints, and
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objectives [133]. For instance, [251] proposes MPC to enhance the power quality of a
large-scale power plant connected to the grid through Paralleled Voltage Source Invert-
ers (PVSIs). In [252], the fuzzy MPC is considered for a fuzzy large-scale system with
hierarchical optimization scheme. Although MPC methods consider interconnections,
it cannot handle the complex interconnection between subsystems effectively and can
face challenges in computational complexity. In [253], distributed strategy based on
distributed dynamic programming algorithm is proposed to optimally allocate the to-
tal power demand among different generation units. In [254], the MPC is designed for
a large-scale system with time-varying delay which the interconnections are obtained
through the Kalman filter approach. However, the approach only works for linear
dynamics. Besides MPC methods, the robust control strategies have gained traction
due to their ability to address uncertainties and disturbances inherent in large-scale
systems [255]. The Min-Max DDP for a type of continuous nonlinear systems in pro-
posed in [225]. But it is not specified whether the proposed method is applicable for
nonlinear multi-agent systems or not. In paper [256], the problem of managing the
power flow among different components of a microgrid is considered while ensures that
the demands of all loads are satisfied. However, the mismatch interconnection which
is appeared in many applications is not considered here. A two level robust optimal
control is proposed in [257] to stabilize a large-scale system where control inputs are ob-
tained by solving regularized least squares problems with bounded data uncertainties.
In [258], a continuous time dynamic programming is developed for networked system
including multi-agent Markov decision processes. However, there is no discussion of
how the algorithm scales with the number of agents or the size of state/action spaces.

Although there have been a lot of modern control methodologies such as MPC,
fuzzy control, robust control, PID, and LQR for large-scale systems and they repre-

sent significant advancements in managing large-scale systems, they are not without
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limitations [259, 260, 261, 262|. Challenges such as computational complexity, conser-
vative designs, and stability issues, emphasizing the need for more advanced control
strategies. In contrast to traditional approaches, the employment of optimal control
strategies, such as Min-Max DDP, presents a promising avenue for addressing the
shortcomings encountered by conventional methods in managing large-scale systems
[8]. Min-Max DDP is an advanced control technique used to solve optimal control and
differential game problems, especially those affected by uncertainties, disturbances, or
adversarial conditions. It is particularly adept at handling scenarios where the system
might face varying conditions or environments, making it suitable for applications in
robotics and adversarial scenarios. The Min-Max DDP for both continuous and dis-
crete time nonlinear dynamics is derived in [8]. An extension of Min-Max DDP to
deal with stochastic dynamics is proposed in [13]. The Min-Max DDP framework for
output feedback control systems with observer is studied in [263]. The DDP framework
for dynamics including time-varying delay in states is studied in [264]. Although the
Min-Max DDP has been used in many works including stochastic dynamics, output
feedback systems, continuous and discrete time systems, time-varying delay systems,
due to its capability of solving complex problems, to the best knowledge of the au-
thors, it has not been utilized for large-scale dynamics with several subsystems and
interconnections.

To this end, the proposed paper addresses the problem of applying a distributed
control algorithm for large-scale systems by applying Min-Max DDP on subsystems
of a large-scale system with mismatched interconnections which refers to discrepancies
between the assumed or modeled interactions among subsystems and their actual dy-
namics and arise from modeling errors, parameter variations, or unaccounted external
disturbances.

The contribution of the paper is divided as follows.
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1) The large-scale model is decomposed into several distributed models, each with

two players, where a distributed Min-Max problem is considered.

2) The optimal update laws of the control policies of the two players and the corre-

sponding set of backward differential equations are provided.

3) The convergence of the cost function and control update laws to their optimal

values are guaranteed under some mild assumptions.

4) The state of the overall closed-loop system is proved to converge in the concept

of Lyapunov function.

The rest of the paper is organized as follows. In Section 6.2, some notations that are
used in the paper are presented. Section 6.3 provides the problem description, including
the initial formulations, assumptions, and definitions of the study. In Section 6.4, the
distributed control methodology is proposed for the large-scale system. Finally, in

Section 6.5, numerical examples and their results are presented.

6.2 Notation

Some required notations that are used in this study are presented in this section. R,
R,, R" and R™™ shows the set of all real numbers, positive real numbers, n x 1
real column vectors, and n x m real matrices, respectively. C!(R) and C?(R) represent
sets of functions whose first and second-order derivative exist and is continuous with
domain R. I, is the identity matrix with the dimension n x n. For A € R™*™ AT
illustrates the transpose of A, and ||A|| = /tr(AT A) represents the Frobenius-norm,

and tr(.) corresponds to the trace. For any specified functions ¢ : R* x ® — R,
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U:R"x R xR — Rand Q:RN" x R — R”, the following are given

Op(z,t)
Ox1
¢x ($a t) = 5
oY(z,t)
Oxn
Py(zt) . OPY(a)
02z, 7 ) Ox1Tn
9% (x,t) . 0% (x,t)
0zr10zn, ’ ' 9%z,
02V (z,u,t) o 02U (z,u,t)
Ox10ur ’ Ox10un
9% (x,u,t) . 0% (x,u,t)
0rnduy '’ 7 O0xpOun
0 (x,t) . O (z,t)
ox1 ' Oxzp
Qa} (.27, t) = 3
O (z,t) . OQn (z,t)
or,1 ) Oxn

which represents the partial derivative of 1) with respect to x, Hessian of ¢ with respect
to x, Hessian of ¥ with respect to  and u, and the Jacobian matrix of €2 with respect

to x, respectively.
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6.3 Problem Description
Consider the continuous time nonlinear large-scale system as follows

dt

where N is the number of subsystems, z;(t) € R" is the state of the i'" subsystem,
u;(t) € R™ is the control of the i*" subsystem, f;(z;(t)) € R" and g;(z;(t)) € R™™
are the internal dynamics and input matrix. AFE;(z(¢)) € R™ is the uncertain in-
terconnection between subsystems. Standard assumptions are provided as follows to
facilitate the analyses of the properties of the proposed distributed control policies for

the large-scale system (6.1).

Assumption 6. The internal dynamic f;(x;) and input matriz g;(z;) are assumed to
be Lipschitz continuous. Simultaneously, f;(0) = 0, i.e., z; = 0 is the equilibrium
point of the i™ subsystem (6.1) when the corresponding input u;(t) and mismatched

interconnection AE;(x(t)) are equal to zero for all t > 0.

Assumption 7. The uncertain interconnection AE;(x) satisfies the following mis-

matched condition

where k;(x;) € R™*li is an unknown smooth function and ¥,;(z) € R’ is the

uncertain function and the uncertain function W,;(x) is bounded as

Wi ()] < ) asscis (1), (6.3)
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where a;(+),s = 1,2,...N, are class x functions [265] and a;, s = 1,2, ..., N, are non-
negative constants.

Let

as([|zsl) = max{ans([lzs|), cas(llzs]); o ansllzs])}, (6.4)

then, (6.3) can be replaced by

Wiz <) biscrs(]|)), (6.5)

where b;s > a;sas(||xs]) /as(]|zs]|), s = 1,2, ..., N are positive constant.

Assumption 8. There exists class r functions 5(.),l = 1,2,..., N, such that

lg:" (2 AE((O)] < Y cabi(lla]), (6.6)

where g (z;) represents the Moore-Penrose pseudo-inverse of g;(z;) and c¢;,[ =
1,2, ..., N are positive constants.

The object of This chapter is to find distributed control policies for the nonlinear
large-scale system (6.1) with several subsystems and uncertain mismatched intercon-
nections. To reach this goal, we first transform the dynamical model of the large-scale
system (6.1) to a distributed form. Then, a decentralized optimal control problem is
considered for each subsystem. As the uncertain interconnection AFE;(z) is unavailable,
we solve these optimal control problems through the Min-Max DDP algorithm which

does not require the information of the interconnections AE;(x).

Remark 13. Assumptions 7 and 8 are introduced to ensure a structured and bounded

representation of the uncertain interconnections among subsystems. Assumption 7 ex-
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presses the interconnection as a product of a smooth subsystem-dependent function and
a bounded uncertain function, using class-x bounds to ensure that the interaction terms
remain tractable. Assumption 8§ utilizes the pseudo-inverse of the input matriz to quan-
tify the influence of mismatched components in a form that supports decomposition into
a two-player differential game. These assumptions are standard in distributed control
literature and are essential to guarantee stability and convergence within the proposed
Min-Max DDP framework. Nonetheless, relaxing these assumptions to accommodate

more general interconnection models is a meaningful topic for future research.

6.4 Distributed Control Method

In this section, we first transform the nonlinear large-scale system (6.1) into a dis-
tributed form of nonlinear system with two conflicting controls where one is trying
to stabilize the system by minimizing the cost function, while the other one is trying
to destabilize the system by maximizing the cost function. Then, the decentralized

optimal control policies for each subsystem are applied to the large-scale system.

6.4.1 Distributed Formulation

For the i*" subsystem, AFE;(z) can be written as

AE;(x) = gi(2:)g; (2) AE; (@) + (Ini — gi(w:)g; (2:)) AEi(x). (6.7)

The first term at the right-hand side of (6.7) is the matched component of g;(x;) and

the second term at the right-hand side of (6.7) is the mismatched component of g;(z;).
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Hence, equation (6.1) can be written as

azz = fi(zs) + gi(w)u; + gi(x:) g (x:) AE;(2)
(L — ) (r)AB (). 69

First, considering the matched component g;(z;)g;" (z;)AE;(z), this term lies in the

range of g;(x;), meaning it is aligned with the input matrix g;(x;). Thus, we can write

9i(x;) (w; + g7 (2:) AE; () = gi()up®”. (6.9)

Next, we focus on the mismatched component of the dynamics. The mismatched
component which is given by (I,; — g;(z;g; (x;)) AE;(z), cannot be directly controlled
by w;(t), where the term (I,,; — g;(;)g; (z;)) projects AE;(z) into the null space of
gi(x;), meaning this part cannot be directly controlled by g¢;(x;)u;. Thus, we want to
use the Assumption (7) to handle this component that is E;(x) = k;(x;)V;(z). We

have

(Ini = gi(wa)gi (1)) AE; () = (Ini — gi(ws) g () ) i (24) Wi ().

(6.10)

To handle the mismatched component, we design h; as a control input that can play
the role of uncertainty and approximate the effect of U;(z), and the term ([,; —
gi(z:) g () ki(z;) = qi(z;) as the second input matrix.

Consider (6.7) through (6.10) and dynamics (6.1), the i*" subsystem can be further
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recast as

T = ) + i + (6.11)
where
(22) = (s = g1 e ), (6.12)

and u® € R™ and h;(t) € R™ are the control inputs. The i® subsystem (6.11) rep-
resents the form of a system with two players. In this study, since the interconnection
between subsystems AFE;(z is assumed to be uncertain, we consider the scenario where
the control h; can be considered as the intelligent disturbance that plays against the
control u;. A differential game formulation between the two players can be utilized
to find the controls, which can be solved through the Min-Max differential dynamic
programming (DDP) approach [8]. The Min-Max DDP is a method used in the field of
dynamic optimization to deal with problems involving conflicting objectives between
two decision-makers in a dynamic environment. In this framework, the first player u;
aims to to stabilize the system by minimizing a cost function, while the second player

h; attempts to destabilize the system by maximizing the same cost function.

Remark 14. In contrast to previous approach in [266] where an adaptive dynamic pro-
gramming (ADP) algorithm is utilized for large-scale system, our methodology presents
a notable departure in both modeling and controller strategies. Specifically, the prior
work transforms the system into a non-zero sum game, allocating both controllers to
minimize a quadratic cost, which indicates that the mismatched interconnection is coop-
erating with the control u;. But their formulation is not aligned with the uncertainty of

the interconnection term AFE;(x). Instead, our novel framework formulates the problem
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as a zero-sum game with a general form of cost, where u; serves as a stabilizer, while
h; serves as a destabilizer, which is a good representation of the mismatched intercon-

nection and the u; we obtain can cope with the uncertain mismatched component.

The differential game problem of the i** subsystem is cast as follows. The dynamics

is described as

dz;
da; = Fi(wi,u, hy), xi(to) = wi0, t € [to, ty], (6.13)
where
Fi(zi,ui, hi) = fi(x:) + gi(xi)u; + qi(x) b (6.14)

The corresponding local cost function is introduced as

Ji(xi, wiy hi) = Ti(i(ty), ty) + / ' ri(x;(t), wi(t), hi(t))dt, (6.15)

to

where 7;(x;(t), u;(t), hi(t)) represents the running cost and I';(x;(tf),t) denotes the
terminal cost for each subsystem. The Min-Max value of the cost function (6.15) is

expressed as

Vi(z40,t0) = min max {Fi(a:i(tf),tf) + / ' ri(xi(t), ui(t), hi(t))dt}. (6.16)

ui  hy to

6.4.2 Optimal Control Policy

In this section, the local optimal control update laws for each subsystem is obtained
by solving the Hamilton-Jacobi-Bellman-Isaacs (HJBI) Partial Differential Equation

(PDE) that is satisfied by the value function of the Min-Max differential game. The
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local HJBI equation for the i*" subsystem is provided as

-] a6, w6, () + Vi, ()" 6, 00, ),

(6.17)

with the terminal condition V;(x;(ts),tf) = I'i(z;(ts), tf). Henceforth, we omit the time
dependence t from the equation terms for simplicity of representation.

Let the state and control histories be represented as (Z;, u;, h;), the local nonlinear

dynamics (6.13) can be expressed as

dx; _
where
ox; = x; — Ty, (6.19a)

and the linearized dynamics around (Z;, u;, h;) for each subsystem is obtained as

s, - _ _

where Fl’zﬁ Eu, and Rh stands for Flm (T4, Us, hy), qu (Zs, U3, hy), and F’Zh (T, Us, hi).
The optimal control update laws du; and dh; in (6.18) are obtained iteratively through

the following theorem.
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Theorem 9. Let

dl’i
dt

= Fy(%; + 6y, u; + Suy, by + 6hy), (6.21)

be the nonlinear dynamics model of the i™ subsystem subject to the cost given by (6.15),

the optimal control update laws du; and 6h; for each i™ subsystem are calculated itera-

tively as
ou; = l,, + K,,0x;, (6.22a)
where
lui = _( 7'Luiui - Pluzhi pi;ilhi Pihiui)71<P’iui - P’Luzhl pi;ilhi 7ih,b->7 (623a>
lhz - ( Thih; Rhluz 71;1% 7ulhi)71(‘P74hz - ch,buz 71;'1% Piu)? (6'23b>
Kuz = _( 77fulu,b - P’Lulhl 'P’L;Zlhl Rhluz)ilcpzulzz - Piuihi ‘P’L;Zlhl Pihizi>7 (623C>
Khi ( Thih; Pihiu, 1;21% 7ulhz)—1( 7“%11 - Pihiul 1:21% 71”%)7 (623(1)
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and

Py = Fi Vi, 71, (6.24a)
Prise = Fi Vi, + iy (6.24D)
_’hz - F;Yf:l ‘_/’wl + Ty, (6.24c¢)
Prvies = Tinyos T Vigo Fro. + FL Vi (6.24d)
Py, = T (6.24e)
P, = Tin s (6.24f)
_7/,”11 = FZuZIZ + F’Z:‘Zzzzla (624g)

thiz; _ihizi + F”g:l 77f'zizi7 (624}1)
P = Ti (6.241)

In control update laws, K,, and l,, represent the state-feedback gain and feedforward
term for the stabilizing control u;, while K, and Iy, represent the state-feedback gain
and feedforward term for the adversarial disturbance input h;, which models the worst-
case influence of mismatched interconnections in the Min-Max game formulation. This
structure ensures that the control can robustly stabilize the subsystem under worst-case

interconnection effects.

Proof. Consider the Taylor series, extend the left side of the (6.17)

OVi(wiyt)  OVi(@; + 6w, t) OV OVil 1oV
ot ot o T o 5$’+§5% ot oz (6.25)
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we have

Vi dVi g -
3 Ea
ot dt
av’ﬂ% _ dv’% ‘_/T p
ot dt e "
Wi, _ Vi _ )

oo 20
Ao
T 2 Vil T

p=1

the left hand side of (6.17) becomes

ot dt YT O T gy 0

+VTF+6xTv;”F+ 595 (Z - )

11

The extension of the right hand side of (6.17) by Taylor series proposes

T

S . . 1

7 =T+ rgi ox; + riTui ou; + 7"3; oh; + 5 S, Tiwse, Tiujuy Tiun, du;

oh; Tine, Tinu, Tinn, oh;
The extension of ‘/izi around z; yields
_ _ 1 -
Vie, # Vi, + Vi, .00 + EVVia
where W; = [W?] is such that
w? (5:UTV ox;, p=1,...n.

K3
T;L; Ty
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(6.26a)
(6.26b)

(6.26¢)

(6.27)

(6.28)

(6.29)

(6.30)



The expansion of the dynamics of the system is obtained as

The right hand side of (6.17) can be

T
1
{f@- 7 O 7, O T by S | Sus | (P i, i, | | O
oh; fihizi fihiui fihihi Ohi
. ‘Z?FZ N Vg Fm 5z + VT 5% + VT F 6h + 5xTVm o L _5%‘ (6.32)

T/
+6SE ‘/;z:r: e, x; e, x;

F;, (5u1+5:cTV F;, Oh, + 621V, F+2WTF}

next, the term %WZTE can be written as follows:

Lo g (
SWIF = —5:@ (Z Fp) (6.33)

By equating the left hand side and right hand side of the expansion of (6.17) and doing

mathematical operations we have

Vi dv; 1. ..dV;
— agf — 6t d; — —5 r dltzzl ox; = rglizn II(SI}ELLX {n + 6x] P, .t Sul P, ot 5hTP
+ (5x PZT ., 0T + (5u qu W OU; + 5hTHh p Ohi + 5uTPZu 2, 0T
+6hi Py, , 0xi + ouj P, 5hz}. (6.34)

By taking partial derivative of (6.34) with respect to du; and d0h; and make them equal
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to 0, the optimal control update du; and dh; for each subsystem are calculated as

ui = — P (P G+ Py 012+ P, (6:350)

if we eliminate du} and §h} from the right hand side of (6.35)

ou; =1, + Ky, 0z, (6.36a)
ohl =1y, + Ky, ox;. (6.36b)
This, completes the proof. n

Remark 15. To make sure that the convergence is satisfied, the parameter 0 < v; <1
15 added to the feedforward gains, which can be obtained through a line search. Hence,

(6.22) is written as

ou; = yily, + Ky, 02, (6.37a)

Notice that the time history of V;xi and V; are required to calculate the terms

in (6.24). To this end, we substitute the control update laws (6.22) into (6.17) to
obtain the update laws of the value function and its first order and second order state

derivatives, and the results are presented in the following theorem.

Theorem 10. The backward ordinary differential equations for the value function and
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its first order and second order partial derivatives with respect to x; are computed as

av; 1
=7+ 1L P, + 1P, + =1, P L
7 =7+ ot .t 5 b i, b
+ lz;plulhllhz + §li’1;'pihihilhi7 (638&)
W o o .
+ PZY};M lhi + Kglpzuz“ l + KT PZ“ h; lh
+ Kp Py b+ K P D (6.38b)

dv;
_ T4 KTPl
dt U T

+ Pl Kn + K[ P, K. +K[P,, K

+PL K, +KLP

Lhyzg

+ K@ Py, Ku + KBy, Kn, + Py, (6.38¢)
and the terminal conditions are given by
Vi) = Tu(i(ts), ty), (6.392)
Vie, (t7) = Tia, (it ), t), (6.39b)
VZ%% (tf) = F“ﬂzlz (jl (tf)7 tf)' (639C)

Proof. To obtain the update law, its first- and second-order partial derivatives of the
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value function, put the update control laws (6.22) to (6.17). We have

dV; dvi, 1. pdVi, .
— gl g sy =+ xl P
T TR E R e
1
+0u; P, +0h; Py, +0ul P, 0w+ 55@%%%5@

1
+6ul' By, . Oht+ §5h;‘TP,~hihi Sk} + 0} P, , o

u;hy

1

2
+ (In, + Kn,02:)" Py, + (L, + Ky, 003)" P, b

WG T;

5IZ’

TiTq

1
+ (In, + Kp,0:)" Py, , bxi + EéxiTPi

+ (luz + Kuzéwz)T’quzhz(lhz + Kh16x1>
1

1
+ §(lhz + Khicsaji)TPihihi (lhz + Khz5$z) (640)
Next, we collect all terms in the right-hand side of the (6.40) as zeroth- first-, and
second-order expressions of dx;. Now, put the coeflicients of dz; in the left-hand side

and right-hand side of the (6.40) and compute the backward propagation equations

with respect to the value function and its first- and second-order partial derivatives as
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dvi

—— =1+ eilziPiui + eilz:ip’ihi +

dt
1
+ el Pyl + S0P
dV;

dt
+ PZ::xlh + KZ;Pi

Ugtg

+ K}ZPZ%% l“i + KfYL;Pihihi lhi?

avi, ..
o tmiw KEP +PZ:IKu + K}

. Yu:x.:
i Ui Ty

dt

+ sz};zl Khi + Kijzlpihiui

hih; lh¢ )

Ly, + KZ; Piuihi In,

K, + K, P,

Ky, + P,

(6.41a)

(6.41D)

(6.41c)

At the terminal time, we have the terminal condition V;(z;(ts),ts) = Ii(zi(ts), ty). If

the Taylor series is used to expand the around x;(tf), we obtain the terms as follow

Di(wi(ty), ty) = Ti(wi(ty) + 0xi(ty), ty) m Tilaity), ty) + 6ai(ty) To (i(ty), ts)

+ 6y (t) T, (wilty), tr)0mi(t s).

(6.42)

Henceforth, the terminal conditions at ¢ for the backward differential equations are

obtain as

Vi(ty) = Ty(wi(ty), ty),
Vio,(ty) = Lia, (i(ty), t5),

And this, completes the proof.
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In the next section, the convergence of the Min-Max DDP is discussed. The fol-

lowing Assumption (9) is introduced to facilitate subsequent analyses

Assumption 9. [t is assumed that the running cost 7;(x;(t),u;(t), hi(t)) does not con-

tain a cross term that includes both u; and h;. That is,
=P =0. (6.44)

This assumption is valid in many applications of differential games between two
entities such as pursuit evasion of two vehicles, where the controls affect the dynamics
separately and no cross terms of the controls would show up in the cost. The following

theorem summarizes the convergence of the Min-Max DDP algorithm

Theorem 11. If Assumption 9 holds and the following condition is satisfied

Bl B P, + Pl B, P, >0, telt,tg], (6.45)

Tuy ~ Tujuy tug Th; " th;h;

then, the total cost J; and the control laws u; and h; converge to their optimal solutions

at the end of the iteration.

Proof. First, we discretize the time interval [to,tf] into tg < t; < ... < tny_1 <ty =1y,

and dt =ty 1 — tg, for time step £ =0, ..., N — 1. The gains will be

Luke = =P,k Piks (6.46a)
Ik = =Py, P (6.46D)
Koy, = —Pi;luik g oo (6.46¢)
K= =P, o Piyahs (6.46d)
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we obtain the following equation by using (6.46) into the first equation of (6.38) in

discrete time
1
Vit = Vikr1 = rapdt + (5612 —e)nirdt, Vin = Ti(win), (6.47)

where 7;, = P{f kPZ;lu kP,,uk—i-P;‘: kal P, . The total cost at iteration j with respect

ihyn kT2

to the nominal state and control trajectories (Z;, u;, h;) is shown as
N-1

Ji(j) =Ti(Zin) + Z Tire (T, Wi, hige )t (6.48)

k=0

The total cost Ji(jH) at iteration (j 4 1) after control update is equal to Vjg, so that

()

| , 1
T = Vig = Vig + 130(i0, o, hio)dt + (5@2 — €)odt

N-1
; 1
=J7+ (5522 —€) Z nikdt, (6.49)
k=0
as 0 < ¢; < 1, we can write %e? —¢ < —%. The cost deviation in the discrete time zone

at iteration j is written as

=

-1 N-1

k=0 k=0
1 N-1 .o o
k=0
which means
lim AJY =0, (6.51)
J—00
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and therefore

lim JY = Jy(ur, h), (6.52)
j—00
where u; and A} are optimal minimizing and maximizing controls, respectively. Here,
it is proved that in the Min-Max DDP algorithm, u; and h; converge to their optimal
value and the total cost J; decreases monotonically during the iteration under the

theorem (11). This completes the proof. O

Remark 16. From the Theorem 11, it is shown that the total cost J; and control

laws w; and h; converge to their optimal value at the end of the iteration. In (6.45),

PP

o 2:1upzu and P’Lj;:Plzth’th indicate the dependence of the dynamics and running
(2 1% g 7 1'%

cost on u; and h;, respectively. For illustration purpose, consider a quadratic running

cost ri(xs, ug, i) = q;(z;) +ul Ry,u; — hT Ry hi, where R,, and Ry, are positive definite,

then P;lu = R;il s positive definite and Plzlh = —R,;l 18 negative definite. Hence,
Pr P! P, >0 and P;CPZ;thzhz < 0. Thus, (6.45) indicates that the control au-

thority of u; is more than that of h;. This implies that u; can bring the states to their

desired value despite the best effort of h;, which makes (6.45) a reasonable condition.

The distributed Min-Max DDP algorithm for the large-scale system is presented
in Algorithm 7. We introduce the following assumption to analyze the stability of the

proposed distributed Min-Max DDP algorithm.

Assumption 10. For the quadratic form of the local cost function J;(x;,u;, h;), con-
sider the running cost r;(x;, u;, hi) = qi(x;) +ul Ry u; —hl Ry hi, where R,, and Ry, are
positive definite. It is assumed that ui™ Ry uf > hi" Ry, hi where uf and h} represent

the optimal controls, and q;(z;) > ¢; || x; ||*.

Theorem 12. Consider N auziliary subsystems and the associated value functions

given by (6.13) and (6.15), respectively. The objective is to stabilize the system. If
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Assumption (9) and Assumption (10) hold, then for any €; > 0, there exists a large
enough tg, such that for the closed-loop system under optimal controls, ||z;(ty)| < &,

i=1,...,N.

Proof. Consider the following Lyapunov function candidate for the large-scale system

as

V(x) = Z Vi (4, 1), (6.53)

where V*(x;,t) is the optimal value function defined in (6.16). For each subsystem,
Vi*(xi,t) > 0 Va; # 0 and V*(z;,t) = 0 Va; = 0. Thus, V(z) is positive semi-definite.
Differentiating the Lyapunov function candidate with respect to the time variable ¢,

we obtain

N
oV dmZ oV
). .54
g Ox; dt ot ) (6:54)
From the local HIBI (6.17) for subsystem i*", we have
ovi T
Fr, .
=T+ VAE, (6.55)
thus,
8V oV dx; :
. Zr - ol T = V(a). (6.56)

Applying optimal controls and considering the Assumption 10, we obtain the following
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equation

N N N
> riwi i, he) = (gilw:) +uf Ryuf — b RyAD) =Y el a P (6.57)
=1 =1 =1
Therefore,
) N
Vie) <= el @i |’ tr >to. (6.58)
=1

Integrating both sides of the (6.58) over the time interval [to, 00), it follows

/too | z:(t) || dt < Cl/oo —V (x(t))dt. (6.59)

(2 to

The right-hand side of (6.59) is finite because the Lyapunov function V(z) is bounded
from below (non-negative) and decreases monotonically over time dute to (6.58), mean-
ing the total decrease, represented by the integral of —V(X ), is limited by its initial
value V (z(tp)). Thus, the integral converges to a finite value. Since the right-hand side

of the (6.59) is finite, using Barbalat’s lemma [267], we receive

lim || 2;(t) =0, i=1,2,..,N. (6.60)

t—o0

This implies that for any €, > 0, there exists a ¢y, such that
| zi(ty) 1< e, (6.61)

which completes the proof. O

Remark 17. The advantage of this Lyapunov function lies in its natural compatibil-

ity with the distributed Min-Max DDP structure. Since the DDP framework is used
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to generate the optimal control for each subsystem, the corresponding value function
inherently captures the stability and performance characteristics of that subsystem un-
der the optimal policy. Summing these value functions allows us to evaluate the global
stability of the overall large-scale system while respecting the decentralized nature of
the control design. While there might be other possible candidates for the Lyapunov
function, the considered Lyapunov function is a suitable and justified choice since: 1)
It is positive definite and zero at the equilibrium point. 2) Its derivative is negative
semi-definite due to Assumption 10 and HJBI equation (6.17). 3) It directly links to

the cost function.

Remark 18. Theorem 12 ensures that the state x;(t) converges to zero as the terminal
time ty increases. This result is established through a Lyapunov-based argument and
Barbalat’s Lemma, which guarantee asymptotic convergence. However, the analysis
does not provide an explicit rate of decay for ||x(ts)||. It only guarantees that the final

state norm becomes arbitrarily small if t5 is sufficiently large.

Remark 19. The assumptions presented in this chapter are essential for ensuring
the theoretical soundness and practical tractability of the proposed distributed Min-Mazx
DDP framework. Assumption 1, which imposes smoothness on the system dynam-
ics and cost functions, is required to carry out second-order Taylor expansions during
the backward pass and ensure convergence of the algorithm. Assumption 2 introduces
structural sparsity in the dynamics and cost coupling between subsystems, which en-
ables distributed implementation by reducing computational complexity and allowing
for localized updates. Assumption 3 ensures that the local subsystem interactions are
well-posed and stable under nominal conditions. Assumption 4 guarantees the existence
of a local saddle-point solution in each Min-Mazx differential game, which s critical to
ensure that the inner optimization steps in each subsystem yield valid optimality condi-

tions. Finally, Assumption 5 supports the construction of a global Lyapunov function
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from the local value functions, which is used to analyze the stability of the closed-loop
system under the distributed policy. These assumptions are common in the literature
on distributed optimization and game-theoretic control, and together they form the ba-
sis for the derivation and convergence of the proposed method. Similar structural and
stability-related assumptions are also found in related works on distributed control of
interconnected systems. For instance, the references [268] and [269] make comparable
assumptions regarding the boundedness of coupling terms, admissibility of delay struc-
tures, and subsystem interaction topologies to ensure convergence and finite-time per-
formance. Although our work focuses on continuous-time nonlinear dynamics rather
than fractional-order systems, the overall modeling philosophy and use of structured

assumptions are consistent across these frameworks.

Remark 20. In the proposed distributed Min-Max DDP framework, each subsystem
solves its own local two-player differential game based on its individual cost function
and interconnections. For a system composed of N subsystems, the computational cost
grows with the number of agents, as each subsystem performs a backward Riccati pass
and forward simulation independently. While this increases the overall computational
burden for large-scale systems, the structure of the algorithm is inherently parallelizable.
Each local optimization problem is decoupled from the others during the backward pass
and forward rollout, enabling simultaneous computation across subsystems. This makes
the framework highly suitable for implementation on parallel computing platforms, such
as GPUs or multi-core CPUs. As a result, despite the increase in complexity with sys-
tem size, the method remains computationally tractable and scalable to large networks

by leveraging modern parallel hardware.
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Algorithm 7 Distributed Min-Max Differential Dynamic Programming

Require: Transforming large-scale system (6.1) to (6.11), for each subsystem, initial
value of x;9, initial trajectories of u; and h;, terminal time ¢, multiplier v;, large
integer N, and small value e.

Ensure: Optimal minimizing control «}, gains l,,, K,,.
procedure UPDATE CONTROL POLICIES:

Transform the large-scale system (6.1) to large-scale system (6.11) with two con-
flicting controls, obtain minimizing control law u; and maximizing control law h; for
each subsystem, applying u; to large-scale system (6.1).

for i =1to N do

while |0u;| + [0h;] > € do
Compute values of V;, V,., and V,,,, at ty from (6.39);
Integrate (6.38) backward in the time;
Compute l;, Iy, K,,, and K}, through (6.23);
Integrate (6.20) by replacing du; and dh; with du; = [, + K,,dz; and
Oh; = lp, + Kp,0x; to get dx;;
Obtain du; = 7;ly, + Ky, 0z; and 0h; = vlp, + Kp,0x;;
Update u; = u; + v;0u; and h; = h; + v;6h;;
Set uf = u; and h} = hy;
Apply the u! to system (6.1);

end while

end for
return v}, [,,, and K,,;
end procedure
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6.5 Numerical Examples

In this section, three practical large-scale systems are studied to show the effectiveness
of the proposed framework. In the application of the algorithm, we first transform
the dynamics of the large-scale system with mismatched interconnection to dynamic
model with two conflicting controls in the form of Min-Max DDP. Then, we solve
the proposed algorithm for two players model. After obtaining the control policies
u; and h;, we apply the control update law wu; to the original large-scale system with

mismatched interconnection.

6.5.1 Double Inverted Pendulum

In the first example, the proposed method is applied to the double inverted pendulum

with two subsystems described as [270]

11 = T12,

Z19 = <M}1gr — f}f)sm(xn) + %(I —b) + f—fsin(xm) + %7

(6.62)

Tog = <M;29r — {f}"j)sm(@l) + %(I —b) + ff—}fsin(xn) + 2,

where M, = 0.2kg and My, = 0.25kg are the pendulum end masses, J; = 0.5kg
and Jo = 0.625kg are the moments of inertia, K = 10N/s is the spring constant of
the connecting spring, g = 9.81m/s? is the gravitational acceleration, r = 0.5m is
the pendulum length, I = 0.5m is the natural length of the spring, and b = 0.4m
represents the distance between the pendulum hinges, and assume that the inequality

b < I holds. The goal is to bring the states of the system from the initial condition
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(11, 12, o1, Taa] = [m,0,7,0] to the terminal condition [z11, Z12, 221, Z22] = [0, 0,0, 0],
and t; = 1. Observing the expressions of the interconnections given in (6.62), we
let ai(x1) = Pi(z1) = ||z1]] and as(xs) = Po(xe) = ||z2]|. To satisfy Assumption 7,
the parameters are designed as follows: b;; = 1,b19 = 1,by1 = 0.5,b2 = 0.5. Owing
to dynamics g;(z;(t)), ¢i(z:(t)) and k;(z;(t)), we derive that ||g;" (z:)q; (z:)q:(2)|| = 0.
Thus, we choose parameters ¢; = 0(i.] = 1,2) to satisfy Assumption 8. For this

example, the cost function is

ty
J; = / (x! Qix; +ul Ryu; — hi Ry, h;)dt, (6.63)

to

and initial control policies are set as u; = h; = 0, and 7, = 75 = 0.1. The weights
are chosen as @1 = Q2 = [1,0;0,0.1], R,, = R,, = 0.014, and R;,, = 0.57 and
Ry, = 0.40. The weighting matrices );, R,,, and Rj, in all examples are selected
through simulation-based tuning. Specifically, they are adjusted empirically to balance
state regulation and control effort for each subsystem, while also ensuring numerical
stability and meaningful interaction across agents.

Fig. 6.1 presents the state trajectories of the double inverted pendulum for both
subsystems. As it is demonstrated, the stabilizing update control laws u; and us man-
age to bring the system states to the desired goal despite the uncertain interconnections
to the controllers.

The controls u;,7 = 1,2 applied to the large-scale system are illustrated in Fig. 6.2.
As shown in Fig. 6.4, the cost per iteration for each subsystem converge towards the
optimal cost in 50 iterations.

Fig. 6.3 shows 50 trajectories of the feedback gains K,, and K,, over 1 second
for the double inverted pendulum, with each trajectory corresponding to one iteration

of the Min-Max DDP. The figure illustrates how the gains evolve across iterations
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Figure 6.1: State trajectories of double inverted pendulum.
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Figure 6.2: Control policies of double inverted pendulum.

and gradually align, indicating that the computed feedback laws are converging and

becoming consistent for control implementation.
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Figure 6.3: Feedback gains for double inverted pendulum.

Subsystem 1

4-
-
/2]
o]
2- | " " -
5 10 15

20 25 30 35 40 45
Iterations
Subsystem 2

Cost

-

0 5 10 15 20 25 30 35 40 45
Iterations

© = N O »
T
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181



6.5.2 Mass Spring Damper

In the second example, simulation results of the large-scale mass—spring—damper system

[271] are presented. The dynamics of the system is given by

Myijy = u1 — fer(2) — [B1(2) + fro(®) + fB2(2) — for(x) + foo(2),

Maija = uz — fra(x) — fB1(7) — foa(),

where © = [y1, 91, y2, U2]” are the states of the system. fir(z) = Koy + AK 1y} and
fr2(x) = Kao(y2 — 11) + AK5(y, — 11)° are the spring forces. fpi(x) = 271 4 0.2y7 and
IB2(2) = 2.2(y2—91)+0.15(y2— 1 )? shows the friction forces. fci(z) = 0.02sgn(y;) and
foa(x) = 0.02sgn (92 — 1) are the coulomb friction forces. The parameters are provided
as My = 0.25kg, My = 0.2kg, K19 = 1N/m, and Koy = 2N/m. The perturbations are
given as AK; = 0.1 and AKy; = 0.12. The goal is to bring the states of the system
from [z11, Z12, Ta1, Too] = [0.5, =2, —1,2] to [x11, T12, T21, Ta2] = [0,0,0,0], and ¢, = 1.
To satisfy Assumptions 7 and 8, we choose the parameters exactly same as the previous

example. For this example, the cost function is

ty
Ji = / (7 Qizs + ul Ruus — 1T Ry, (6.64)

to

and initial control policies are set as u; = h; = 0, and v, = 79 = 0.1. The weights are
chosen as @y = Q2 =[1,0;0,0.1], R,, = R,, = 0.001, and Rj,, = Ry, = 1.

Fig. 6.6 presents 100 trajectories of the feedback gains over 1 second for the
mass—spring—damper system, with each trajectory representing one iteration of the
Min-Max DDP. The gradual alignment of the gain trajectories across iterations demon-
strates the convergence of the feedback gains, showing the method reliably computes

consistent control policies for the system.
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Figure 6.5: State trajectories of mass—spring—damper.
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Figure 6.6: Feedback gains for mass-spring-damper.

In Fig. 6.5, the state trajectories of the mass—spring-damper for both subsystems

are depicted. The system is effectively guided towards the desired goal through the

183



Subsystem 1

o
T

1
a
T

1
-y
a

Optimal control
)

|
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time (s)
Subsystem 2

N
o

[4]
o
——

N
o

=y
o

|
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time (s)

1
-
o

Optimal control
o

o
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Figure 6.8: Cost per Iteration of double mass—spring—damper.

implementation of stabilizing update control laws u; and us. The control trajectories

for u; and wusy are illustrated in Fig. 6.7. As depicted in Fig. 6.8, the cost per iteration
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Figure 6.9: State trajectories of power system.

for each subsystem converges towards the optimal cost over the course of 100 iterations.

6.5.3 Power System Dynamics

In the third example, we consider a realistic large-scale power system with three inter-
connected subsystems [272]. The state-space model of each power station dynamics is

given as follows

d(Av;) 1 1 1
— Ay, Afe, + =u;,

dt Tgi ur RQiTgi fGl - Tgi !
d(AP,) K, 1
T = 1_;51 sz - T_tlAPm“
dAfe) K, Afe K,

L= PAP, - —— — “PEAP, 6.65
dt Tpi ' sz‘ Tpi o ( )

Fig. 6.10 displays 50 trajectories of the feedback gains over 1 second for the power
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Figure 6.10: Feedback gains for power system.

system example, with each trajectory representing one iteration during the Min-Max
DDP. The convergence of these gain profiles across iterations confirms that the pro-
posed method consistently computes stable feedback gains for use in controlling large-
scale interconnected power systems.

where Av; € R,AP,,, € R, and Afg, € R, i = 1,2,3 are incremental change
in governor value position, generator output, and frequency deviation, respectively.
u; € R is the control input and AP, € R is the incremental change in the electrical

power and is defined as
APg, = ¢;sin(AP,,Afg,), (6.66)

where Cl = Z?Zl eliAUi,CQ = Z?:l BQiAPmia and C3 = Z?Zl €3iAfGi- eisaias = 172737
are chosen as ey; € [—0.5,0.5], ey; € [—0.5,0.5], and e3; € [—0.25,0.25]. The goal is to

bring the states from [11, Z12, 13, T21, T2, Ta3, T31, T32, T33)
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Figure 6.11: Control policies of power system.
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Figure 6.12: Cost per iteration of the three subsystems of power system.

=[1,-0.5,0.5,1,-0.2,0.2,2,—1,0.5] to [0,0,0,0,0,0,0,0,0] in ¢; = 1. Thus, to satisfy

Assumptions 7 and 8, we design the parameters as follows: b1y, b1, = 0.5(1 = 2,3),by =
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0.5,by = 0.5(1l = 2,3),b31 = 0.5,b3 = 0.25(l = 2,3) and ¢;5s = 0(¢,s = 1,2,3). The cost

function is defined as

ty
;= / (X Qiws + ul Ryu; — bl Ry, hy)dt, (6.67)

to

and the initial control policies are set as u; = h; = 0, and 73 = v = v3 = 0.1. The
weights are chosen as @ = Q2 = [1,0,0;0,0.1,0;0,0,0.1], R,, = R,, = R,, = 0.1,
and Ry, = Ry, = Ry, = 5.

It can be observed in Fig. 6.9 that the states of the three subsystems of the power
plant converge to 0 in 1 second. This shows the the proposed method is effective and
can be applied to real plants.

In Fig. 6.11, the trajectories of stabilizing controllers u;,7 = 1,2,3 are illustrated
and Fig. 6.12 presents the trajectories of cost per iteration for the three subsystems.
Again, the costs for all subsystems converge to the optimal costs.

To benchmark our proposed method, we compare it with three representative ap-
proaches in the literature:

Unlike [48], who focused on consensus-based coordination using alternating direc-
tion method of multipliers (ADMM) for fully cooperative agents, our method intro-
duces a Min-Max game-theoretic structure that directly addresses robustness to dis-
turbances. While their approach excels in scalability and decentralized computation, it
lacks robustness guarantees and does not consider adversarial inputs. Our formulation
incorporates mismatched interconnections and disturbance rejection by solving local
zero-sum games. Furthermore, we provide Lyapunov-based stability analysis, which is
not included in their work.

Paper [273] address robustness in multi-agent systems using tightened constraints

and polyhedral over-approximations in a distributed MPC framework, their approach
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is tailored for obstacle and collision avoidance in specific robot formations. Our method
instead formulates the distributed control problem as a Min-Max differential game, of-
fering robustness to generic disturbances across nonlinear subsystems with mismatched
interconnections. Unlike their discrete-time MPC, our approach provides continuous-
time convergence analysis and Lyapunov-based guarantees, making it more broadly
applicable to large-scale uncertain systems beyond collision avoidance tasks.

[274] proposes a robust distributed MPC framework for frequency and voltage reg-
ulation in smart grids using a bilevel structure and dAADMM optimization, tailored
for deterministic and stochastic uncertainties in grid operations. In contrast, our
method addresses robustness through a Min-Max DDP formulation that inherently
considers worst adversarial disturbances. Moreover, while their two-stage architecture
is problem-specific and designed for secondary control in islanded smart grids, our
approach generalizes to arbitrary large-scale nonlinear subsystems with mismatched

interconnections.
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Chapter 7

Chance Constraint Game-Theoretic
Differential Dynamic Programming
for Safe Trajectory Optimization Un-

der Uncertainties

7.1 Introduction

Optimal control has been a foundational framework for designing decision-making poli-
cies in complex dynamical systems [275]. Classical and modern techniques such as
Model Predictive Control (MPC) [194], Dynamic Programming (DP) [276], and Adap-
tive Dynamic Programming (ADP) [236] have provided powerful tools to generate
control inputs that optimize system performance over time. These approaches aim to
minimize a given cost function, subject to the dynamics of the system and input limi-
tations, and are widely used across robotics, aerospace, and automation [277, 278, 279].
More recently, these ideas have also influenced reinforcement learning, where control
policies are learned through repeated interaction with the environment [280]. Re-
gardless of the specific methodology, the core objective has been always synthesizing

optimal control strategies that drive the system toward desired outcomes efficiently
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and reliably:.

Despite the success of optimal control methods in theory and simulation, their
application to real-world systems introduces several challenges. One of the most signif-
icant challenges is the need to ensure reliable operation under practical constraints and
imperfect conditions. In real environments, systems are often subject to modeling inac-
curacies, external disturbances, and unforeseen interactions. These factors can lead to
deviations from planned trajectories and, in many cases, violations of critical physical
or operational limits. As a result, the ability to incorporate safety considerations such
as avoiding collisions, respecting actuator bounds, or staying within prescribed regions
of operation has become an essential requirement in the design of optimal controllers
[281].

Safety in control systems can be understood across different levels, ranging from soft
constraints that reflect performance preferences to hard constraints that must never be
violated to ensure system integrity [282]. In real-world applications such as autonomous
vehicles, aerial robotics, and medical devices, hard safety requirements are often crit-
ical, as failure to satisfy them can lead to collisions, instability, or physical damage
[283]. This has led to the development of a wide range of control strategies that explic-
itly account for safety during both planning and execution. Model Predictive Control
(MPC) enforces safety through hard or soft constraints over a finite horizon, allowing
predictive adjustments before constraint violations occur [284]. Control Barrier Func-
tions (CBFs) offer a formal tool for maintaining set invariance, ensuring that system
trajectories remain within a safe region at all times [285]. Reachability analysis helps
determine which initial states can be safely controlled to a goal, and robust control
techniques are often employed to guarantee constraint satisfaction under worst-case
disturbances [286]. These methods demonstrate that safety is no longer a secondary

consideration but a primary component of control system design. As control algorithms
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are increasingly deployed in complex and uncertain environments, the ability to main-
tain safety despite modeling errors, environmental changes, or unexpected disturbances
has become a defining challenge and a key driver of modern control theory.

Min-Max Differential Dynamic Programming (Min-Max DDP) is a powerful tra-
jectory optimization method designed for robust control in adversarial or uncertain
environments [8]. It extends the classical Differential Dynamic Programming (DDP)
framework [50] by formulating the control problem as a dynamic game between two con-
trollers which first attempts to minimize the cost function and then tries to maximize
it, resulting in control policies that are inherently robust to worst-case perturbations.
By leveraging second-order expansions of the value function, Min-Max DDP efficiently
computes feedback policies that adapt to both system nonlinearities and the influence
of external disturbances. This makes it well suited for applications where uncertainty
cannot be ignored or merely treated as random noise. Given its robustness properties
and feedback structure, Min-Max DDP presents a natural foundation for integrating
safety into trajectory planning. Hence, these make this approach a good candidate for
designing the optimal control for nonlinear dynamics.

As mentioned earlier, safety is a critical requirement in real-world control systems,
particularly when operating under uncertainty or in environments with physical con-
straints. While Min-Max DDP provides robustness to disturbances, it does not in-
herently guarantee constraint satisfaction, especially under stochastic dynamics. To
address this, several works have extended DDP-based methods to incorporate safety
considerations. For instance, [287] developed the chance constraint framework for DDP
method to make the optimal control safe and robust to uncertainties, especially in the
stochastic dynamics. The main application in this paper is to guide a quadrotor non-
linear system to a target point while avoiding collision with obstacles. The paper [288]

proposed a method that embeds the barrier function in the dynamics of the system
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to reach the goal safely under constraints. In paper [289], the system reaches the tar-
get point avoiding multiple static and dynamics no-entry regions by considering the
optimal avoidance control problem. In paper [17], the barrier function embedded in
the dynamics of the uncertain systems and the optimal control is derived using the
Min-Max DDP in a higher dimensional state space to clarify the safety of optimized
trajectory.

While these approaches mark significant progress toward integrating safety into
DDP frameworks, they each carry limitations that motivate further development. The
chance-constrained DDP accounts for uncertainty using probabilistic margins but does
not model disturbances strategically, and therefore lacks robustness against intelligent
or adversarial perturbations. Barrier-function-based methods embed safety constraints
into the system dynamics, but this embedding can increase system dimensionality and
complicate the analysis and convergence of the optimizer, especially in high-dimensional
systems. Moreover, these methods often rely on deterministic formulations or assume
known and bounded uncertainties, limiting their applicability in stochastic environ-
ments with unknown or unstructured disturbances. The optimal avoidance strategy
in [289] considers dynamic no-entry regions but does not fully exploit feedback struc-
tures for uncertainty reduction nor handle safety in a probabilistic sense. Overall,
most existing approaches either sacrifice performance for conservatism, ignore feed-
back in uncertainty propagation, or are not formulated in a min-max structure ca-
pable of modeling intelligent disturbance interactions explicitly. Hence, This chapter
proposes the Chance-Constraint Game-Theoretic Differential Dynamic Programming
(CC-GT-DDP) for a nonlinear stochastic dynamics for safe trajectory optimization and
navigation under uncertainty. We also introduce a dual reformulation of the tightened
joint chance constraint and provide a feasibility /near-optimality guarantee, showing

that the risk-to-go decreases monotonically with the dual multiplier and giving explicit
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error bounds.

The remainder of the paper is organized as follows. In Section 7.2, some important
notations are provided. In Section 7.3, the problem is formulated and analyzed, which
includes the system description, optimal control design, constraint tightening, a dual
reformulation with a risk-to-go used by our algorithm, and a feasibility /near-optimality
guarantee for the resulting controller. Finally, in Section 7.4, numerical examples and

results are illustrated.

7.2 Notation

This section represents the essential notation employed throughout the paper. R, R,
R™, and R™™ presents the set of all real numbers, positive real numbers, n x 1 real
column vectors, and n X m real matrices, respectively. C!(R) and C?*(R) represent
sets of functions whose first- and second-order derivative exist and is continuous with
domain R. For any specified function ¢ : " x £ — R, ¥ : R x "™ x ® — R and

QR x B — R, the following are given

Ppt) . P(a)

02z, ) Ox1Tn
¢a:x (xa t) = e )

Py(at) . PP(ap)
0x10zn, ’ ' 9%z,

9% (x,u,t) . 9%V (x,u,t)
Oxr10u; ’ Ox10un

9% (x,u,t) . 02U (z,u,t)
8£n8u1 ’ ’ al’naun
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O (z,t) . 0 (z,t)

or, b Oxp
O (z,t) . O (z,t)
oxr1 ) Oxn

where ¥,,, V,,, and 2, denote the Hessian of ¢ with respect to z, the Hessian of ¥

with respect to x and u, and the Jacobian matrix of €2 with respect to z, respectively.

7.3 Problem Formulation and Analysis

7.3.1 System Description

We consider a nonlinear discrete-time dynamical system of the form
L4+1 = F(I‘k,Uk,’Uk) + Wk, (71>

where for a given initial condition zy, target state Tiqrget, and a time horizon N, the
aim is to find input trajectories {u,,...,uny_1} and {v,,...,oy_1} that minimizes and

maximizes the expectation of an objective function

=2

-1

J(zo, uo:N—1, Vo.N—1) = L(xk, ug, v) + d(xn), (7.2)
1

B
Il

where z;, € R" is the state of the system, up, € U C R™ and v, € V C R™ are
the minimizer and maximizer control policies at the time step k. L is the running
cost, ¢ is the terminal cost, w; is assumed to be spatially uncorrelated independent
and identically distributed noise, drawn from a zero mean Gaussian distribution with a

known covariance matrix, wy ~ N(0,3¢). In Section 7.3.4 we introduce a Lagrangian
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relaxation J* that adds a penalty on tightened-set violations to enforce the chance
constraint during synthesis; unless stated otherwise, “cost” refers to equation (7.2).
Considering the input limitations and external constraints on the states, the prob-

lem of CC-GT-DDP can be formulated as
N—-1
min max E { Z L(xg, u, vp) + o(zn) |, (7.3)
UO:N—1 VO:N—-1 =1
subject to xg11 = F(xg, ug, vg) + Wi,
Umin S U, S Umaz
Umin S Vg S Umaz,

Pr [g(xk,uk.vk) <0 > B,

Ty = j’, (74)

for all k = 0,..., N — 1 where g is a vector of ¢ constraints in the form of differentiable
functions representing the deterministic state constraints and Sy = [Bik, ..., Bex] 1s &
vector of minimum satisfaction probabilities for these constraints for time step k. The
constraint is referred to an individual or joint chance constraint if ¢ = 1 or ¢ > 1,
respectively.

By following the chance-constrained formulation, future state trajectories become
uncertain due to the stochastic nature of the system dynamics. As a result, safety
constraints must be satisfied with a desired probability. To address this within an
optimization framework, we transform the chance constraints into deterministic con-
straints through constraint tightening, where each original constraint is adjusted by
an uncertainty margin based on the propagated covariance of the states. However,
direct tightening based on open-loop uncertainty propagation can lead to excessive

conservatism, severely restricting feasible trajectories and potentially making the op-
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timization problem infeasible. This leads to unnecessarily limited feasible trajectories
and may even make the optimization problem infeasible. To avoid this, we incorporate
the effect of the feedback control policy into the uncertainty prediction. By using the
feedback gains computed in the backward pass, we are able to better capture how
the control actions reduce uncertainty over time, allowing for tighter, less conservative
constraint margins while still maintaining safety.

Moreover, our approach adopts the game-theoretic formulation to explicitly model
the presence of disturbances. In this framework, the maximizer player acts as an intel-
ligent adversary that perturbs the system dynamics within allowed stochastic bounds,
while the minimizer player seeks to optimize the nominal objective. This interpreta-
tion enhances the robustness of the policy against uncertainty rather than reacting to
random noise. Hence, the system is proactively optimized to withstand deliberate and
structured disturbances that attempt to degrade performance. As a result, the tra-
jectories generated by our Chance-Constraint Game-Theoretic Differential Dynamic
Programming (CC-GT-DDP) are safe, robust, and resilient under uncertainty.

The overall method proceeds in three main steps: 1) The backward pass computes
local approximations of the cost-to-go functions. 2) The forward pass updates the tra-
jectories while respecting the tightened safety constraints. 3) The constraint tightening
step refines the constraints based on the feedback-stabilized uncertainty propagation.
These steps are repeated until convergence, resulting in trajectories that satisfy safety
requirements with high probability and are robust against stochastic disturbances.

The next subsections describe each component of the method in detail, beginning
with the optimal control design, and following with the backward pass, which han-
dles the Riccati-like updates in the presence of tightened constraints and adversarial

disturbances.
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7.3.2 Optimal Control Policy

In this section, the aim is to develop the local optimal control update laws for high-
dimensional discrete-time systems using discrete DDP in a min-max framework [8]. In
this chapter, we are interested in robustifying the trajectory optimization problem in
safety-critical environments. In particular, we are to develop a safe and robust optimal
control policy through the use of chance constraint tightening in the framework of
differential games using Min-Max DDP.

We adopt a zero-sum formulation at each stage: the controller chooses u; while the
adversary (disturbance policy) chooses vy, and the dynamic programming recursion
proceeds through the stage action-value Vi(xg,ug,vr) = L(xg, ug, vr) + Vigr (Tpe1)-
To ensure that the min—max Bellman recursion is well posed, we state the following

standard condition.
Assumption 11 (Isaacs condition). For each state and stage, the stage game admits

measurable selectors and

min max Vi (zk, ug, vg) = max min Vi(xg, ug, vg), (7.5)
Uk Vg Vg Uk

so the dynamic programming principle holds for the min—max recursion, where Vi de-

notes the stage action-value.

Remark 21. Assumption 11 guarantees the local saddle structure used by the min—mazx
DDP backward pass. The quadratic model of Vi, admits a unique minimizer in u; and
a mazximizer in vy in a neighborhood of the nominal trajectory, so the feedback and

feedforward gains are well-defined.

Consider a nominal trajectory of the chance constraint and the state and control
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histories (Z, ux, Ux), and the HJBI equation

V(zk, ty) = min max{L(xg, ug, Vg, tx) + V(Tpr1, ter1) }s (7.6)

Uk Uk

with the terminal condition V(xy) = ¢(xy). In the discrete-time approach, the prob-
lem is first discretized along the given time interval [¢g,?s]. Let the time discretization
be 0 =ty < t; < ... <ty = ty, and let x(k) = z(t), u(k) = u(ty) and v(k) = v(tg).
Starting from .1 = xp + F (2, ug, vg)0t, where 0t = tj.11 —ty, the linearized dynamics
model (7.1) around the state and control histories (Zy, uy, Ux) in discrete time can be

written as

5:Bk+1 = A(tk)5$k + Bu(tk)duk + Bv(tk)dvk, (77)

where A(tk) = [—i—Fx(i’k, ﬂk, @k)ét, Bu(tk) = Fu(fk, ﬂk, ’Dk)&f and Bv (tk) = Fv (.Tk, ﬂk, @k)5t,

and

(5$k =T — T, (78&)
(S’LL]C = Uk — ﬂk, (78b)
5Ukz = Vg — @k, (780)

The algorithm consists of iterative backward passes along the value function and its
derivatives along the states of the system resulting from expanding the HJBI equation
(7.6) around the nominal trajectories of the state and controls and forward passes along

the dynamics (7.1). Using the standard Min-Max DDP formulation [8], action-value
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function (7.6) can be approximated as a quadratic function as

V(x4 dz,u + du,v + dv)

~V A+ VIsr +VEsu+ Vv + = (5xTVm§x + oul'V,,,0u

+ 60TV, 60) + 627 Vyybu + 627 Vyuov + 6u’ Viyow, (7.9)

where dx, du, and dv are the deviations about the nominal action state (x,u,v). The

derivatives of V function are then obtained as

Qu = A(ty) " Vatprr) + La(ty). (7.10a)
Qu = Bu(te) " Ve (terr) + La(tr) (7.10Db)
Qv = By(tx) Viltrer) + Lo(tr). (7.10c)
Que = Laa(ty) + Altr) Vou (tisr) Alty). (7.10d)
Quu = Luu(te) + Bu(tr) Vau (ter1) Bu(tr). (7.10e)
Quo = Low(t) + Bo(tr)" Vi (trr1) Bu(ty). (7.10f)
Qou = Lou(tr) + A(tr)" Voo (trsr) Bu(ty). (7.10g)
Quv = Law(te) + Altr)" Vao (trr1) Bu(tr). (7.10h)
Quo = Luw(tr) + Bu(tr)Vaa (tri1) By(tr)- (7.101)
Quu = Quoy Qua = Qryy Qua = Q- (7.10j)

Following the derivations in [8], the optimal controls are then computed as

ouy, = I, + K,0x, (7.11a)

v, = I, + Kz, (7.11Db)
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where, at time instant k,

L = —(Quu = QuvQy) Qua) ™ (Qu — Quu@y) Qu), (7.12a)
I = =(Quo = QuuQuy Quo) ™ (Qu — QuuQys Q) (7.12b)
Ky = —(Quu — QuvQpy Qui) ™ (Que — Quo@y) Qua), (7.12¢)
Ky = —(Quo — QuuQun Quv) ™ (Qua — Quu@rt Qua)- (7.12d)

The parameter 0 < € < 1 is added to the gains as follows to ensure that the convergence

is obtained

duy, = el, + K, 0xy, (7.13a)

vy = el, + K,z (7.13b)

For unconstrained case, minimizing the cost function (7.2) with respect to du; and
maximizing it with respect to duvg, results in equation (7.13). Under state and/or input

constraints, the optimal control problem results in

I%lin max V(x + dz,u + du,v + v)

subject to g(z + dx,u + du,v + dv) < 0. (7.14)

where the constraint vector g includes the deterministic state constraints obtained in

the constraint tightening step including input limitations. In order to incorporate the
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constraints in the estimation of the value function (7.6), the first-order approximations

of the constraints are obtained as

G(z 4+ 0z, u+ du,v + dv) = g(z,u,v) + gu(z, u,v)0u + g,(x, u,v)0v + G, (r,u,v)ox
(7.15)

which is written as
g(x + dx,u+ du,v + ov) = g(x,u,v) + Cou + Dév — Edz. (7.16)

The paper [50] proposed to check the set of active constraints during the iterations
to ensure that the analytical approximation of the value function around the nominal
trajectories still yields a good approximation. To achieve this, all active constraints
are included in a set that contains all equality constraints that are always active and
inequality constraints for which the value is greater than —((g; > —() where ( is a
small constant for numerical stability. Hence, if a constraint is active, then at the

nominal point
g(x,u,v) = 0. (7.17)
The action-value function (7.14) is then converted to

1 1
min max (VUT(SU + Vv + 5(5uTVuu5u) + 5((5UTVUU(SU)

ou v

+ 02TV, 6u + 62T Vv + 5uTVuv5v) ,

subject to C'du + Dév = Edzx. (7.18)

Equation (7.18) solves the minimization of V' with respect to du and maximization of
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V with respect to Jv for a fixed dx (since we optimize locally for the control deviation
only). Thus, constants such as V' and terms involving only dz are irrelevant for opti-
mization, because they do not affect the solution to du and dv. Hence, these terms are
removed from the min-max operation because they do not affect the optimal values of

ou and dv.

Let the Lagrangian equation be

1 1
L(6u, 0v, \) = V.Eou + V.F v + §(5uTVw5u) + E(MTVUU%)

+ 62V bu + 627 Vyyov + Su Vidv + A (Cou + Dév — Eéx). (7.19)

An analytical solution to this problem can be found through the KKT condition [290]
and the gradient with respect to du, dv, and A can be found by solving the following

equations

VOt + Vo + Vi, + Voo + CTA = 0, (7.20a)
Voo + Vi + V, + V.ESu + DTA = 0, (7.20b)
Cou+ Dév — Edz = 0, (7.20c)

where A is a vector of Lagrangian multipliers. By solving (7.20) with pruned matrices
C, D, and E that ensure the nonexistence of negative A values (check [50]), locally

optimal input deviations can be further expressed as a function of state deviation.

Theorem 13. For the constrained min-max DDP problem in equation (7.18) with

active constraint set g(z,u,v) < 0 approzimated as in equation (7.16), the locally
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optimal control deviations du;, and év; can be expressed as

ouy, = I, + K, dx,

ov, =1, + Koz,

where the control parameters I, I,, K,, and K, are now calculated as

and

[u = _A(Vux - vuv‘/U;lV;)x - Vuv‘/;jleTAéx + CTA5:C)>

I, = —B(Vypg — VIV, — VIVACT As, + DT As,),

Ku - _A(Vu - Vuvv;);l‘/v - Vuv‘/yleTAc + CTAC)7

K, =BV, - VIV, - VIV-1cTA, + DTA,),

vU T uu U UU

A= (I + VWV Vi VI v

uu

Bi= (I+V,'VIV Vo) V!

VU uu v )

Asy = [CA(Vo V' DT — CTY + DB(VEV LCT — D)™

U Uy

VU uu

A, = [CA(VWV,,' DT = ") + DBV, V. 'CcT — DT !

VU uu

([CAV, = Vi Vi 'V,)) + DB(V, — VIV-1V,))].

U uUY
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(7.23d)



Proof. We rewrite the equation (7.20) as

du= -V ' (Vigoz + V, + Viuév + CTN) (7.24a)
ov ==V} (Voubz 4+ V, + VL, 6u+ D")), (7.24D)
Cou + Dév — Edx = 0. (7.24¢)

Substituting du expression in (7.24a) into (7.24b), and dv expression in (7.24b) into

(7.24a), equation (7.24) can be written as

du = —A (Viabz + V, — Vi, Vi, 'Wowbr — Vi, Vo 'Vl = Vi, Vo 'DT A+ CT ) (7.25)

6v = =B (Vogbz + Vi, = Vo Vo 'Vaabz — VAV 'V = VEVICTA+ DTX) - (7.26)

VU T uUY VU Uy VU T Uu

Céu+ Dév — Edz =0, (7.27)
plugging equation (7.25) and (7.26) into (7.27) results A as
A= As, 0 + A, (7.28)
By plugging (7.28) into (7.25) and (7.26) we obtain

oup, = I, + K,0x, (7.29a)

ovy = I, + K, 0z, (7.29Db)
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where

Ku = _A(Vua: - Vuv‘/vzl‘/;m’ - Vuv‘/;;leTAéx + CTA(SJ:)) (730&)
K, =BV — VIV, — VIV-ICTAs, + DT Asy), (7.30b)
I, = —A(V, =V, V. 'V, = Vi, Vo IDTA + CTA,), (7.30c)
I, =BV, = VIV, — VIV ICTA. + DTA,), (7.30d)
which completes the proof. O]

The time history of V, and V,, are required to calculate the terms in (7.10). To
this end, we substitute the control update laws (7.11) into (7.6) to obtain the update

laws of the value function and its first order and second order state derivatives,

V(ty) = V(trs) + L+ 1Qu +15Qu + %lu@wzu + 1p Quoly + %lf Quolo,  (7.31a)
Vat) = Qo + Ky Qu + Ky Qu + Quuly + Quply + Ky Quuly + K Quul,

+ KT Quuly + KX Quils, (7.31b)
Vaa(tr) = K Qua + Qi K + K Quo + QL Ky + Kl QuuKy + KL QuuK,

Since the optimal cost-to-go is computed backward in time, boundary conditions need

to be given at t = t;. These boundary conditions are given by

V(ty) = o(z(ts), ty), (7.32a)
Valty) = ¢a(Z(ty), ty), (7.32b)
‘_/M(tf) = 0 (T(ts), t5). (7.32¢)
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For later use in the risk-aware controller, we also define a A-penalized stage cost that

penalizes tightened-set violations:

L (g, wp, vg) = L@, ug, o) + M7 (x). (7.33)

where L is the penalized stage cost used when solving the inner min-max DDP for a
fixed X, I} (xy,) is the tightened-set violation indicator from Section 7.2. In the backward
pass, we differentiate the penalized stage cost, where the non-differentiable indicator
1 ,f is replaced by a smooth upper bound I ,f : the true [ ,f is still used when evaluating

the risk during the forward rollouts.

Remark 22. The additive term M. (xy,) is independent of (uy, vi), hence it does not
change the local optimality conditions for the control/disturbance gains; it shifts the
value function Vi, by a state-dependent offset. If a smooth surrogate j,f 1s preferred for
differentiability in the backward pass, we use it only in derivatives and evaluate risk

with the true I,f during rollouts.

As the next step after the backward pass to update the value function, the forward
pass to update the state trajectory is described here. To ensure that the constraints are

satisfied during the forward pass, we pose the forward pass as a quadratic programming

(QP) problem

1 1
n%in max (VuTcSu +VIsv + 5(5UTVW5U) + 5(5UTVW5U)

+ 02TV ou + 6xT Vyov + 5uTVuv(5v) , (7.34)

subject to g(x + dx,u + du, v + dv) <0,
Unin S u + ou S Umaz,

Upnin < U+ 00 < Upas- (7.35)
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The solution to this problem represents the optimal deviations in the control inputs,
ou and dv, while ensuring the constraints are satisfied.
The state is then updated by forward integration using the optimal input deviations,

ou* and dv*, as follows
Trp1 = fxp, up + ou*, vy, + 0v*). (7.36)

If we choose the right A, then the expected number of violations will not exceed the
prescribed joint risk budget A. To enforce this in practice, we close the forward pass

with a Monte Carlo risk estimate and a bracketed update of the dual multiplier A:

1 M N
Fi= s> L), (7.37)

Ai=1(AL+ M), (7.38)
(/\L, )\U) — (739)
stop when | — A[ <tol and Ay — Ap < toly. (7.40)

where z}" is the m — th Monte Carlo rollout of the closed loop under the current
policy pair, 7 estimates the expected number of tightened-set violations, [Az, A\y] is the

working bracket for the dual search, and tol and tol, are the stopping tolerances.

Remark 23. The update rules (7.38)—(7.39) implement a standard bisection search on
the risk residual 7 — A. Intuitively, if the estimated risk 7 is larger than the budget
A, then X\ is too small and the lower bracket is increased; if ¥ is smaller than A, then

A is too large and the upper bracket is decreased. Empirically, the mapping \ — 7 is
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monotone nonincreasing in all experiments, so each update shrinks the bracket until
the stopping criterion (7.40) is satisfied. The tolerances tol and toly control when the
search stops, and they reflect a trade-off: smaller tolerances give higher accuracy but

require more Monte Carlo samples and runtime.

7.3.3 Constraint Tightening

This section explains how the chance constraints formulated in (7.3) are transformed
into the deterministic ones which are required for backward and forward passes. In
order to obtain the constraints in a deterministic form, we tighten the constraints using
the propagated uncertainty through prediction, which can be decreased efficiently once
a feedback policy is employed in the optimization.

Nonlinear transition dynamics F(-) in (7.1) can be approximated to first order by

Tpr1 = g + Fpox + F,ou + F,v, (7.41)

employing the locally optimal control from (7.21) results in

Tpy1 ~ xp + Foox + F, K, 0x + F,K,0x + I, + I,

= xp + (Fy + F Ky + F K )0x + 1y + L. (7.42)

Closed-loop uncertainty propagation through prediction for the system in (7.1) then

can be approximated as

Y., =(F,+ F,K,+ F,K,)"S(F, + F,K, + F,K,) + .4, (7.43)

where X7 denotes the covariance matrix of xj. Since constrained Min-Max DDP per-

forms a local optimization at each step through prediction, general nonlinear constraint
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can be locally interpreted as a half-space constraint for that particular step. By utiliz-
ing the relationship between probabilistic and robust invariant sets presented in [291]
for linear time-invariant systems, the effect of the propagated uncertainty could be

approximately taken into account in constraint definitions for each step as follows

g(@,u,0,5%) £ g(x,u,v) + 7 (8) /g X" 0a (7.44)

where ®~! is the quantile function of the standard normal distribution. Moreover, the 3
value adjusts the amount of uncertainty to be considered, which proportionally affects
the safety limits. Although different 5 values can be assigned for different constraints at
different time steps, we did not find it beneficial for safety-required tasks and selected all
the [ values the same for simplicity. Once all the chance-constraints are reformulated,

the problem formulation of (7.3) can be written in a deterministic form as

minmax J(z,U, V),

Uk Uk

subject to xgp11 = F(xp, ug, vg),
Umin < Uk < Umag,
Umin < Uk < Unmaa,
Zi+1 = h(zk? Uk, Vg, Koy Ky, Zi)
g(xkv Uk, Uk, ZZ) < O,

To =2, (745)

for all k =1,..., N — 1, where h(-) denotes the right-hand side of equation (7.43).
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7.3.4 Dual reformulation and risk-to-go

The safety requirement in our problem is introduced by the joint chance constraint
in (7.4), which demands that the entire closed-loop trajectory remains inside the ad-
missible state set with high probability. Formally, this means that the probability
of any violation across the horizon is bounded by a prescribed budget A. In other
words, instead of enforcing safety at each step deterministically, the joint chance con-
straint ensures that the system may tolerate uncertainty and disturbances, but the
overall probability of leaving the safe set over the entire horizon remains below the risk
budget. This global probabilistic condition captures the notion of “safety with high
confidence,” but it is not directly compatible with the additive structure of dynamic
programming, and thus requires reformulation. The required parameters for formal-
izing the joint chance constraint, including the violation indicator, the tightened safe

sets, the risk budget, and the dual multiplier, are introduced as follows

AERsy, A€[0,N], Be(0,1), I[(x):=1{z ¢ X},

N

> I ()

k=1

7 (ug, v) = Zg

)

N
JMxg) := minmax E | ¢(xy) + L(zg, ug, vg) + )\Z ],f(xk)] ,

Uk Uk
k=1

=2

b
Il
o

g(\) = J*(z0) — A A,

h* () := minmax E | ¢(zx) + Lz, ug, vk)] : (7.46)

Uk Ve 0

=

i

where A is the dual (Lagrange) multiplier of the tightened chance constraint (A — the
optimizer prefers safety more), A is the joint risk budget (with A = N§ if a per-stage
probability 0 is used), S is the tightening/confidence parameter used to build shrunken

safe sets, Xf is the tightened safe set at stage k, ],f (x) is the violation indicator of
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being outside, rg (u,v) is the risk-to-go or expected count of violations for a given

policy pair, J*(zp) is the A-penalized objective, ¢()\) is the dual function, and h*(z)
is the unpenalized min-max value attained by the optimal policy pair. The search
interval [Ar, A\y] and tolerances tol, tol, are used for the outer dual iteration to stop

the A—tuning when we essentially hit the target risk.

Remark 24 (Dual search parameters). We denote by [Ar, A\y| the working bracket
for the outer dual search, and by tol, toly the stopping tolerances for |7 — A| (risk

residual) and for the bracket width, respectively.

To handle the joint chance constraint, we introduce a dual penalty on tightened-set

violations and define the penalized objective

N-1 N
JM(x) := min max E |¢(zy) + L(xg, ug, vg) + /\lef(xk) x0] , (7.47)
R k=1 k=1
together with the dual function
q(\) == JMx0) — A A, (7.48)
and the risk-to-go
N
rg (g, vp) ==E| Y I () :L’()] . (7.49)
k=1

The stage cost L and terminal cost ¢ in J* are exactly those of (7.2); the additional
term \ Z]kvzl 1 ,f (xg) is used only during the dual search. Final performance is always
evaluated with (7.2). Here I} (z),) = 1{zy ¢ X} is the tightened-set violation indicator
from Section 7.2, A € Rx is the dual multiplier, and A € [0, N] is the joint risk budget.

For any fixed A, the inner min—max problem in (7.47) is solved by the existing DDP
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recursion using the penalized stage cost L; defined in (7.33); we denote the resulting

policy pair by (ug,vy).

7.3.5 Feasibility and near-optimality via duality

In this subsection we establish a dual certificate for the chance-constrained min—max
problem by analyzing the penalized objective (7.47), the dual function (7.48), and the
risk-to-go (7.49). The results below rely on the min-max DDP recursion introduced in

Section 7.3.2 and the tightened sets constructed in Section 7.3.3.

Assumption 12 (Standing assumptions for the dual analysis). (i) The horizon is
finite (N < 00) and the process noise is independent and identically distributed with
finite second moments. (ii) The maps F, L, and ¢ are measurable and bounded below.

(iii) The min—maz dynamic programming principle holds by Assumption 11. (iv) For

every A > 0, the penalized problem (7.47) admits an optimal policy pair (up, v}).

Lemma 1 (Concavity and subgradient). The dual function

q(\) = JMzo) — AA, (7.50)

with

=

JM(x0) = min max E[(ﬁ(xN) + Y L(xg, uk, vg) + Ai[f(xk) ‘ a:‘o], (7.51)

u v
ook 0 k=1

e
Il

s concave in X > 0. Moreover, the subgradient of q at \ is

ro (u, vp) — A, (7.52)

where (u,v}) is an optimal policy pair for J*.
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Proof. For any fixed policies (uy, vy), define
N-1 N

upa () = E[qb +Y LAY I,ﬂ — A, (7.53)

which is affine in \.

Taking min,, max,, fu, ., (A) yields a pointwise infimum of affine functions, which is

concave. Thus ¢(\) is concave. By Danskin’s theorem, if (u}, v?) is an optimal policy

pair at A, the subgradient of ¢ is

(‘%(E[gb + YL+ AEY K] -2 = rf(ud ) - A, (7.54)

Lemma 2 (KKT condition at maximizer). If \* € argmaxy>oq(A), then

N>0 = riu),v)) = A,

N =0 = riud, ) <A. (7.55)
Proof. Optimality requires 0 € dg(A*). From Lemma 1,

dg(\") = {rg(uwy,vp") — A}, (7.56)

Thus: if \* > 0, complementary slackness forces rg (up", v ) — A =0. If \* =0, then

concavity requires the subgradient < 0, hence 7§ (u,v?) — A < 0. O

Lemma 3 (Monotonicity of risk). The mapping A — rg(ug, v}) is monincreasing.
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Proof. Let \y < Ag, by definition,
N (a0) = min I%%XEM +3Y LenY J,f] , (7.57)
optimality gives
J2(x0) <E[¢+ZL+)\2215‘ wM, o ] (7.58)
Subtracting the same expression with \; yields
T () — M (o) < (Ag = M)rg (wp', v). (7.59)
Similarly, we have
TN (20) — 2 (0) < (Mg — Ao)r (u2, 02?). (7.60)
Adding (7.59) to (7.60) yields
(e = ) (2, o) = (o)) <0, (7.61)

Since Ay — \; > 0, the difference must be < 0. Thus risk is nonincreasing. O

Lemma 4 (Feasibility via bracketing). Suppose A\, < X* < Ay, where \* mazimizes q.

If

ro(upt opt) > A, g (o) < A, (7.62)
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then (u,",vyV) satisfies

E[i[,f(xk)] <A. (7.63)

k=1
Proof. By Lemma 3,
ro(upt ) 2 g (o) = g (w” o), (7.64)
thus
ro(up, vpl) < A, (7.65)
Therefore the policy at Ay is feasible. m

The chance constraint introduces a global probabilistic requirement that is not nat-
urally compatible with the additive structure of dynamic programming. By introducing
the dual multiplier \, we obtain a penalized problem that can be solved using min—-max
DDP. The following theorem formalizes the guarantees of this approach, which ensures
that the proposed dual update mechanism both enforces the prescribed risk budget and

bounds the performance loss compared to the best achievable constrained solution.

Theorem 14 (Dual and primal suboptimality bounds). Under Assumption 12, define

the residual risk
eri= A —rl(up, vV > 0, (7.66)
and set

Eq - — ()\U — )\L) Ep. (767)
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Then the following hold:

0 < q(X\)—q(Ay) < eqy (7.68)

0 < ¥ (w) = W*(w0) < min{ = Ap (), 0}) = A), B (w0) = W (o)

— AL (rg(ugL, vpt) — A)} =! &p. (7.69)

Proof. From Lemma 1, ¢()) is concave and its subgradient at A is

g =P (u, v)) — A = —¢,. (7.70)

Consider Ay with subgradient g(A\y) = —e,. Concavity of g gives, for all A €
[)\LaAU]v

qg(A) < q(Av) +9(Av)(A = Av), (7.71)

plugging in A = \* and g(\y) = —¢,, we get,

Q()‘*) < Q()‘U) + E7°(>\U - )‘*)7 (772)

since A* > \r, we bound

q()\*) — q()\U) S 67«()\(] — )\L) = &4. (773)

Clearly q(\*) > q(Ay) by optimality of A\*, so inequality (7.68) follows.
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By definition of g,
q(N) = I (x0) + A(rg (up, 1) — A).

This identity will be used to relate primal and dual values.

Since q(A*) > q(\v),

N (o) + N* (rg(ug*, v,i‘*) — A) > piv (o) + A\ (rg(u,?U, v,i‘U) — A).

By Lemma 2, at A\* the slack satisfies 75 (u}", v}") — A < 0. Hence
h)‘*(l’o) > pAu (o) + \u (Tﬁ(ugU, v,i‘U) — A).
The inequality (7.76) can be rearranged as
W (o) — BV (20) < Ao (B ) — A).
Similarly, comparing g(\*) > ¢(\1) yields
P (o) = B (o) + Ar (i (g, v") = A).
Subtracting (7.78) from h*V (1) on both sides gives

W (w0) — BN (9) < B (o) — WM (w0) — A (rg (up®, vpt) — A).

(7.74)

(7.75)

(7.76)

(7.77)

(7.78)

(7.79)

Since h*(z¢) < h*'(x0) by feasibility of A\*, combining the two bounds yields in-

equality (7.69).

]

In this chapter, we use a diminishing trust-region for infeasible solutions and ensure
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the numerical stability of matrix inversions by adding a regularization term (Please
refer to [199] for regularization ). The Chance Constraint Game-Theoretic Differential

Dynamic Programming (CC-GT-DDP) algorithm is presented in Algorithm 8.

7.3.6 CC-GT-DDP Algorithm in a Nutshell

Here we describe the Chance-Constraint Game-Theoretic Differential Dynamic Pro-
gramming (CC-GT-DDP) algorithm in its entirety with emphasis on its practical im-
plementation in trajectory optimization under uncertainty. As with other DDP-based
methods, initialization remains a critical step. A feasible initialization can be obtained
using a relaxed or unconstrained DDP rollout, which generates a nominal trajectory
of states and controls for both players. This trajectory, although suboptimal, provides
a consistent starting point for the min—max iterations of CC-GT-DDP.

After initialization, the algorithm proceeds within a model predictive control frame-
work, where the horizon is decreased as the system approaches the target state. The
number of iterations for backward and forward passes, denoted nq, is a hyper-parameter
that depends on system dimension, horizon length, and number of constraints. While
convergence-based stopping criteria could be employed, in practice a fixed iteration
count offers predictable runtime.

A key challenge arises from the interplay between uncertainty propagation and
feedback gain computation. Specifically, the closed-loop covariance update requires
knowledge of the feedback gains, while the feedback gains themselves are computed
from the backward pass constrained by tightened chance constraints that depend on
the covariance. To resolve this chicken-and-egg problem, we initially neglect stochastic
disturbances when performing the backward/forward passes and enforce constraints
deterministically. Afterward, we refine the constraints by applying chance-constrained

tightening using the covariance update. This ensures that safety requirements are
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Algorithm 8 Chance Constraint Game-Theoretic DDP

Require: N, Xy, Xgoal, X1, ..., XN, U, ..., UN_1,V0, ..., VN_1. A, B, M, tol, tol, given;
Ap < 0; Initialize Ay by starting from a small positive value and repeatedly increas-

ing it with short rollouts until the estimated risk 7# < A; X <= (A1 + Ap);

while robot is not close to Xgo do
for iter = 0,...,n; do
function Backward Pass:
Va(xn) = G (xn) and Vig(xn) = €, (xn);
for k=N—-1,...,0do

Calculate derivatives of @ and V( Eq. 7.10 and Eq. 7.31), and save;

end for

function Forward Pass:
X < Xp;

for k=1,.... N —1do

0x < x — X, and solve QP for du and év (Eq. 7.34);

if feasible solution then

Xpr1 ¢ F(x,u; + du, v + 0v) and X <+ Xp1;

else
Regularization;
break;
end if
end for
if iter mod ny == 0 then
function Constraint Tightening:

Calculate uncertainty (Eq. 7.43); and update constraints (Eq. 7.44);

end if
Dual update:
P 5 Erj\le Zivzl I,f(a:,gm));
if 7 > A then
AL — )\,
else
Ay )\;
end if
A %()\L + )\U);
if |7 — Al <tol and (A\y — Ar) < tol, then
break;
end if
end for
Apply ugy and vq to robot;

Xg <4 measurement; Xi,...,Xy_1 < Xo,...,Xpy; Ug,...,Uny_9 < Uq,..

Vo, s VN—2 <= V1, ..., VN_1;
N <+ N —1,
end while

S UN—1;
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incorporated without stalling the optimization loop.

In practice, frequent updates of the tightened constraints can destabilize the recur-
sion, since large shifts in feasible regions disrupt the quadratic approximation of the
action-value function. To balance accuracy and stability, we employ a slower update
schedule: constraint tightening is carried out every ny iterations (with ny = ny/2 serv-
ing as a practical rule of thumb). This allows the optimizer to settle on consistent
feedback gains before updating the constraints and re-optimizing under the refined
feasible set. Both ny; and ny may be tuned empirically, with larger horizons and more
nonlinear dynamics requiring higher values.

Another essential feature of CC-GT-DDP is the dual update mechanism for enforc-
ing the joint chance constraint. The dual multiplier A penalizes tightened-set violations,
and is updated via a bisection scheme based on Monte Carlo risk estimates. Intuitively,
if the estimated risk of violation exceeds the prescribed budget, A is increased; other-
wise it is decreased. This guarantees convergence to a feasible policy while maintaining
near-optimality bounds. The search interval [Ar, Ay] and tolerances tol, tol, control
the precision of this update and can be adjusted to balance runtime and accuracy.

Regularization techniques are also employed to guarantee numerical stability of
matrix inversions in the Riccati-like backward pass, especially when constraints render
certain directions ill-conditioned. As in standard DDP practice, we adopt a diminishing
trust region for infeasible rollouts and apply diagonal regularization to the Hessians.
This ensures smooth convergence even when disturbances push the system close to the
constraint boundaries.

Overall, the CC-GT-DDP algorithm alternates between backward passes, forward
passes, constraint tightening, and dual updates until either the iteration limit is reached
or convergence criteria are satisfied. At each receding-horizon step, the first control /dis-

turbance pair is applied to the system, the state is re-measured, and the horizon is
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shifted. This iterative loop continues until the system reaches the goal region. Through
this process, CC-GT-DDP produces policies that are not only optimal in the min—max

sense, but also satisfy probabilistic safety guarantees under stochastic disturbances.

7.4 Numerical Examples

In this section we apply the CC-GT-DDP algorithm to a complicated and realistic
example, namely, a quadrotor system in a constraint environment in four scenarios
to validate the effectiveness of the proposed algorithm. The dynamic model of the
quadrotor includes 12 states: 3 for position (z,y, )T, 3 for the Euler angles (¢, 6, )%, 3
for the velocity (&, 7, )T, and 3 for the body angular rates (p, q,7)”. The corresponding

dynamics of the quadrotor with conflicting controls is given as follows:

dz
i f(x) 4+ G(u+wv), (7.80)

where the complete dynamics of the system can be found in [292].

Remark 25. In this work, stochastic disturbances are modeled as zero-mean Gaus-
sian noise with known covariance, which is a standard and widely adopted assumption
in control, robotics, and aerospace applications. Gaussian noise provides a practical
and tractable means of capturing aggregate effects of sensor noise, unmodeled dynam-
ics, environmental perturbations, and modeling inaccuracies, and is commonly used in
both simulation-based validation and real-world experimental testing. This assumption
enables analytical covariance propagation and systematic chance-constraint tightening,
which are central to the proposed framework. In addition to stochastic disturbances,
the proposed CC-GT-DDP explicitly accounts for structured and worst-case uncertain-

ties through its game-theoretic Min—Max formulation. In this setting, the second player
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acts as an adversarial disturbance that actively seeks to degrade system performance and
destabilize the trajectory, thereby representing intelligent or worst-case uncertainty be-
yond purely random noise. This dual treatment allows the framework to simultaneously
capture random variability through Gaussian noise and adversarial effects through the
disturbance player, providing a more realistic and robust representation of uncertainty

in safety-critical systems.

7.4.1 Quadcopter Navigation Using CC-GT-DDP

In this scenario, the proposed Chance-Constrained Game-Theoretic Differential Dy-
namic Programming (GT-DDP) algorithm is applied to a quadcopter system navi-
gating through a static environment with predefined obstacles. The objective is to
demonstrate the algorithm’s capability in generating safe and optimal trajectories un-
der stochastic disturbances while accounting for game-theoretic interactions between
two opposing agents u and v. The stochasticity is explicitly accounted for by perform-
ing a Monte Carlo simulation loop, where multiple trajectory rollouts are generated
under sampled Gaussian process noise. The following cost function is defined for this

scenario

1 [ 1

5 / [(z —2,)7Q(z — x)] + u" Ryu — v Ryv] + 5(96 — )7 Qs(x —x5),  (7.81)
0

7.4.1.0.1 Simulation parameters and implementation details For this sce-

nario, we use a discrete-time step of At = 0.02 s and a prediction horizon of length

N = 50, resulting in a total simulation duration of 7" = 1.0 s. The maximum number

of backward—forward DDP iterations is set to 80. The quadrotor state dimension is

n, = 12 and the control dimension is n, = 4. The running-state weighting matrix

is chosen as Qdiag(lO, 10,10, 1,1,1, 0.1,0.1,0.1, 0.1,0.1,0.1), and the terminal cost
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matrix is Q; = diag(10*,10%,10%, 10%,10%,10%, 1,1,1, 1,1,1). The control cost ma-
trices for the minimizer and maximizer are R, = 0.01 I, and R, = 101;. The chance
constraint confidence level is set to § = 0.96. The process disturbance is modeled
as zero-mean Gaussian noise, wy, ~ N(0,%,,), with ¥,, = 107215 used for covariance
propagation. For Monte Carlo evaluation, M = 100 closed-loop rollouts are generated,
with additive Gaussian noise of standard deviation ¢ = 0.01 applied to each state
component to evaluate safety and robustness. Unless explicitly stated, all parameters
remain identical across scenarios, with only the noise intensity or initial conditions
varied to represent different uncertainty levels. In this scenario, the proposed CC-GT-
DDP algorithm is applied to guide the quadcopter to a target position [2.0,2.0,2.0]
while safely avoiding predefined spherical obstacles under stochastic disturbances. Ob-
stacle avoidance is enforced using a chance-constrained tightening strategy based on
the closed-loop covariance propagation. The cost function penalizes deviation from the
target, control effort, and adversarial disturbances using a min-max formulation. The
algorithm is assessed using the following metrics:

Safety Rate: percentage of rollouts with no collisions.

Reachability Rate: percentage reaching within a threshold of the target.

Success Rate: percentage satisfying both safety and reachability.

Root-Mean-Square Deviation (RMSD): average root-mean-square deviation to the
target.

Total State Variance: overall variance across all states.

Results show that the algorithm generates smooth, feasible, and safe trajectories.
Both nominal and Monte Carlo mean trajectories remain collision-free, validating the

effectiveness of CC-GT-DDP in achieving robust and safe navigation under uncertainty.

Fig. 7.1 illustrates the nominal and Monte Carlo-simulated trajectories of a quad-
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Figure 7.1: CC-GT-DDP Trajectories of 3D Quadcopter in Constrained Environment

copter navigating a 3D environment using the proposed Chance-Constrained Game-
Theoretic Differential Dynamic Programming (CC-GT-DDP) algorithm. The quad-
copter starts from an initial position and successfully reaches the target location while
safely avoiding spherical obstacles under stochastic disturbances. The smoothness of
the nominal trajectory demonstrates the optimality of the control policy, while the
tight clustering of Monte Carlo rollouts around the nominal path highlights the ro-
bustness and safety of the method under uncertainty. The absence of any collisions in
the rollouts validates the effectiveness of constraint tightening and closed-loop covari-
ance propagation embedded within the CC-GT-DDP framework

Fig. 7.2 presents the time evolution of the quadcopter’s velocity components along

the x, y, and z axes during execution of the CC-GT-DDP control strategy. The plotted
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Figure 7.2: Trajectories of Velocity for Quadcopter.

velocities exhibit smooth transitions with no abrupt spikes, indicating stable control
behavior even in the presence of disturbances. The convergence of velocity magnitudes
over time confirms that the quadcopter achieves steady motion toward the target while
respecting chance constraints. This result further validates the reliability of the opti-

mized control policy in ensuring both safety and performance throughout the flight.

7.4.2 Quadcopter Navigation Using CC-MPC-GT-DDP

In this scenario, the CC-GT-DDP is embedded in a Model Predictive Control (MPC)
framework and the resulting Chance-Constrained MPC-Game-Theoretic DDP (CC-

MPC-GT-DDP) algorithm is applied to the quadcopter system.

7.4.2.0.1 Simulation parameters and implementation details In this sce-
nario, a receding-horizon Min-Max DDP framework is implemented within a model

predictive control (MPC) scheme. The single-shot DDP prediction horizon is set to
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N = 80, with a discrete-time step of At = 0.01 s. At each MPC update, Nyppiy =
10 control inputs are applied before re-solving the DDP problem, over a total con-
trol budget of 200 steps. The maximum number of backward—forward DDP itera-
tions per MPC update is 80. The quadrotor state dimension is n, = 12 and the
control dimension is n, = 4. The running-state cost matrix is selected as @) =
diag(1,1,1, 0.1,0.1,0.1, 0.1,0.1,0.1, 0.1,0.1,0.1), and the terminal cost matrix is
Qf = diag(5, 5,5, 1,1,1, 1,1,1, 1,1, 1). The control cost matrices for the minimizer
and maximizer are chosen as R, = 0.01 I, and R, = 10 1. The process disturbance is
modeled as zero-mean Gaussian noise, wy, ~ N(0,%,,), with covariance 2, = 10721,
used for covariance propagation within the chance-constrained formulation. During
closed-loop execution, additional Gaussian noise is injected into the dynamics to em-
ulate real process disturbances. The goal-reaching tolerance is set to 0.1 m. Monte
Carlo evaluation is performed over 20 independent closed-loop rollouts. Unless oth-
erwise stated, all remaining parameters are identical across scenarios, with this case
representing a higher-uncertainty receding-horizon setting.

Fig. 7.3 showcase trajectories of quadcopter in a constrained 3D environment us-
ing the Chance-Constrained Model Predictive Control combined with Game-Theoretic
DDP (CC-MPC-GT-DDP) algorithm with different placement of obstacles, start, and
target point. Fig. 7.3a is the 3D plot of navigation from (0,0,0) to (2,2,2) and Fig.
7.3b is the 3D plot of navigation from (0,0, 1.75) to (2,2,1). They illustrate how the
quadcopter effectively maneuvers around obstacles while progressing toward the target
location. The visualizations emphasize the safety margin maintained around obstacles,
resulting from the constraint tightening and feedback-driven uncertainty propagation.
By applying the first ten control inputs from each MPC iteration and re-planning with
updated measurements, the algorithm balances long-term optimization with real-time

robustness, as evidenced by the feasibility and safety of all visualized trajectories.
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Figure 7.3: CC-MPC-GT-DDP Trajectories of 3D Quadcopter in Constrained Envi-

ronment for Two Scenarios.

Table 7.1: Comparison of Chance Constraint GT-DDP with Embedded Barrier Func-
tion (EBF) for Quadrotor Example under the Non-Receding Horizon Scenario

Noise Level Moderate High
Algorithm Proposed EBF | Proposed EBF
Safety (%) 91 92.5| 80.5  81.7

Reachability (%) 92 86.7 85 71.0
Success (%) 91.1 86.4 75 66.3
RMSD 0.66 0.72 0.7 0.75

Total State Variance 231 230 435.4 430

Table 7.2: Comparison of Chance Constraint GT-DDP with Embedded Barrier Func-
tion (EBF) for Quadrotor Example under the Receding Horizon Scenario

Noise Level Moderate High
Algorithm Proposed EBF | Proposed EBF
Safety (%) 99.5 98.6 95.5 94.3

Reachability (%) 98.9 98.1 92.2 86.5
Success (%) 98.8 96.7 89.2 81.6
RMSD 0.45 0.655 0.8 0.852

Total State Variance 210 228.21 410.1 4218
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Figure 7.4: Pursuit-Evasion Trajectories.

Table 7.1 and Table 7.2 present a side-by-side comparison of the CC-GT-DDP for-
mulations against an Embedded Barrier Function (EBF) baseline in two scenarios re-
ceding horizon and non-receding horizon under both moderate and high stochastic noise
levels for a quadrotor navigation task. Under the non-receding horizon CC-GT-DDP
scheme, the proposed method maintains a safety rate of 91% versus 92.5%for EBF at
moderate noise, while substantially boosting reachability (92% vs. 86.7%) and overall
success (91.1% vs. 86.4%), and reducing path deviation (RMSD 0.66m vs. 0.72m)
with almost identical total state variance (231 vs. 230). Even under high noise, it pre-

serves superior reachability (85% vs. 71.0%) and success (75% vs. 66.3%) with modest
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variance increase. Results in the non-receding horizon scenario show that although the
CC-GT-DDP approach generally produces better outcomes, in two parameters—Safety
and Total State Variance—the EBF method yields higher-quality results. When em-
bedded in an MPC framework, CC-MPC-GT-DDP further amplifies these gains. At
moderate noise it achieves 99.5% safety (vs. 98.6%), 98.9% reachability (vs. 98.1%),
and an RMSD of only 0.45m (vs. 0.655m), all while cutting total variance to 210
(vs. 228.2); similar trends hold at high noise (95.5% vs. 94.3% safety, 92.2% vs.
86.5% reachability, RMSD 0.8m vs. 0.852m). These results demonstrate that incor-
porating chance-constraint tightening and game-theoretic disturbance modeling yields
consistently more reliable, accurate, and robust quadrotor trajectories compared to the

embedded barrier function framework in receding horizon scenario.

7.4.3 Safe Pursuit-Evasion Game

In this scenario, the Chance-Constrained Min-Max Differential Dynamic Programming
(CC-Min-Max DDP) algorithm is applied to a two-dimensional quadcopter pursuit—
evasion system. Each quadcopter is modeled with six states: two positions (z, z)7,
two velocities (4, 2)T, the pitch angle 6, and the angular rate w. The corresponding

nonlinear dynamics of a single quadcopter are given by

T = vy,

< Vg,

Uy = %sin@,

v, = %cos@ - g,

0=w,

w=2%4, (7.82)
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where F' and M denote the thrust and pitching moment, m is the mass, I is the
rotational inertia, and ¢ is gravity. The control inputs of the system are the thrust
F" and the pitching moment M, which directly govern the translational and rotational
dynamics, respectively.

Since the system consists of both a pursuer and an evader, the full state vector is
obtained by stacking their individual states, resulting in 12 total states. The combined
dynamics with conflicting control inputs w (pursuer) and v (evader) can be expressed

compactly as

x = f(x)+ G(u+wv), (7.83)

where x = [xg, 1", and z,, z. denote the pursuer and evader states, respectively.

The performance index for this pursuit—evasion game is defined as

J(u,v) = %/0 ' [(mp —2)7Q(x, — x.) + u' Ryu — ’UTRU’U] dt
+ %(%(tf) — 2e(ty)) Qp(p(ty) — elty)), (7.84)

where the matrices @), @y = 0 penalize the separation between the agents, while R,
and R, weight the effort of the pursuer and evader. Obstacles are incorporated as
chance constraints, ensuring that safety is maintained with high probability under un-
certainty. The pursuer as the first player v aims to minimize the distance to the evader,
while the evader as the second player v seeks to maximize this distance and escape.
Both agents are modeled using nonlinear quadcopter dynamics and interact through
opposing objectives in the Game-Theoretic DDP framework. Chance constraints are
incorporated to ensure safe maneuvering under stochastic disturbances, allowing both

players to generate robust strategies in a competitive and uncertain environment.
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7.4.3.0.1 Simulation parameters and implementation details This scenario
considers a two-dimensional pursuit—evasion problem solved using chance-constrained
Min-Max Differential Dynamic Programming. The system state consists of a pur-
suer and an evader, each modeled by a six-dimensional planar quadrotor dynamics,
resulting in a total state dimension of n, = 12. The control dimension for both
players is n, = 2. The discrete-time step is set to At = 0.02 s, and the plan-
ning horizon length is N = 35. The maximum number of backward-forward DDP
iterations is fixed at 80. The running-state cost matrix for the pursuit—evasion ob-
jective is chosen as @) = diag(lOO, 100,1,1,0.1,0.1), and the terminal cost matrix
is Q5 = diag(105, 105,100, 100, 1, 1). The control cost matrices for the minimizer
(pursuer) and maximizer (evader) are R, = diag(0.01,0.01) and R, = diag(10,10).
Chance constraints are enforced through probabilistic obstacle avoidance, with confi-
dence level 5 = 0.95. The process disturbance is modeled as zero-mean Gaussian noise,
wy ~ N(0,3,), where the disturbance covariance is set to 3,, = 1072I15. A quadratic
penalty with weight ov = 102 is applied to constraint violations to ensure smooth incor-
poration of safety constraints within the DDP backward pass. Two circular obstacles
are placed in the environment, each defined by its center position and radius. Unless
otherwise stated, all parameters remain fixed throughout the simulation.

Fig. 7.4 shows the trajectories of the pursuer and evader in a dynamic pur-
suit—evasion scenario under the CC-GT-DDP framework. Both agents are modeled as
quadcopters with identical nonlinear dynamics and operate in a constrained environ-
ment with two spherical obstacles. The evader (blue trajectory) attempts to maintain
separation and maximize the distance to the pursuer, while the pursuer (orange tra-
jectory) dynamically adapts its strategy to minimize the distance to the evader over
time. The pursuer successfully intercepts the evader by safely navigating around both

obstacles using feedback-based control and constraint tightening. The smooth and safe
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convergence of the trajectories illustrates the ability of CC-GT-DDP to handle adver-
sarial interactions, enforce probabilistic safety, and achieve effective pursuit despite the

presence of uncertainty and environmental constraints.

7.4.4 3D Safe Pursuit—Evasion Game

In this scenario, the Chance-Constrained Min—-Max Differential Dynamic Programming
(CC-Min—Max DDP) algorithm is applied to a three-dimensional pursuit—evasion prob-
lem involving quadcopters. Each agent is modeled as a 12-state quadcopter system.
The system dynamics is identical to that used in Scenarios 7.4.1 and stage cost func-

tions is

J(u,v) = %/o ' [(xp —2)"Q(x, — x.) + u' Ryu — UTRUU] dt (7.85)

+ %(:Bp(tf) — xe(t1)TQp(wy(ty) — we(ty)),

while the overall objective and safety requirements follow the formulation introduced
in Scenario 7.4.3. The goal is to generate safe pursuit and evasion trajectories under

stochastic disturbances while satisfying probabilistic collision-avoidance constraints.

7.4.4.0.1 Simulation parameters and implementation details This scenario
considers a two-dimensional pursuit—-evasion problem solved using chance-constrained
Min—Max Differential Dynamic Programming. The system state consists of a pursuer
and an evader, each modeled by a six-dimensional planar quadrotor dynamics, resulting
in a total state dimension of n, = 24. The control dimension for both players is
n, = 2. The discrete-time step is set to At = 0.05 s, and the planning horizon length
is N = 100. The maximum number of backward—forward DDP iterations is fixed

at 100. The running-state cost matrix for the pursuit-evasion objective is chosen as
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Q= diag(lOO, 100, 100,1,1,1,0.1,0.1.0.1,0.1, 0.1, 0.1), and the terminal cost matrix is
Qy = diag(10*,10%,10%, 10, 10,10,1,1,1,0.1,0.1,0.1). The control cost matrices for the
minimizer (pursuer) and maximizer (evader) are R, = 0.051; and R, = 51;. Chance
constraints are enforced through probabilistic obstacle avoidance, with confidence level
B = 0.95. The process disturbance is modeled as zero-mean Gaussian noise, wy ~
N(0,3,,), where the disturbance covariance is set to 3,, = 1072I15. A quadratic penalty
with weight o = 10* is applied to constraint violations to ensure smooth incorporation
of safety constraints within the DDP backward pass. The initial positions for pursuer
is o = [1.5,1.5,1.0] and for evader is xy = [7.0,6.2,0.5]. Two circular obstacles are
placed in the environment, each defined by its center position and radius. Unless

otherwise stated, all parameters remain fixed throughout the simulation.

Chance Constraint Min-Max DDP iteration cost: Pursuit-Evasion
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Figure 7.5: Cost Per Iteration of Pursuit-Evasion Game.

Fig. 7.5 shows the overall cost function in the pursuit-evasion game over the course

of 100 iterations. The objective of pursuer is to minimize cost while the objective of
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Figure 7.6: 3D Pursuit-Evasion Trajectories.

evader is to maximizing it. The monotonic convergence in the cost indicates that the
algorithm effectively optimizes the control inputs to achieve the desired goal which is
catching the evader by pursuer. Fig. 7.6 visualizes the resulting 3D trajectories of
the pursuer and evader in the presence of obstacles. The evader adapts its motion
to maintain separation, while the pursuer dynamically adjusts its path to intercept
the evader without violating probabilistic collision-avoidance constraints. The absence
of collisions and the smooth obstacle-circumventing paths demonstrate how feedback-
based uncertainty propagation and chance-constraint tightening enable safe, robust,

and strategically consistent behavior throughout the pursuit—evasion process.
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Chapter 8

Continuous Time Differential
Dynamic Programming for

Nonzero-Sum Differential Games

8.1 Introduction

Optimal control has gained significant attention across diverse fields, including robotics,
aerospace, automotive systems, and energy management, driven by the need for im-
proved performance, efficiency, and reliability [293, 294, 295, 296]. Optimal control de-
sign for nonlinear systems aims to find a control strategy that minimizes a performance
criterion while ensuring stability. Nonlinear dynamics requires advanced methods be-
yond traditional linear approaches, as they introduce challenges such as uncertainty and
computational complexity [297]. Several algorithms, such as Differential Dynamic Pro-
gramming (DDP) [4], Adaptive Dynamic Programming (ADP) [298], Model Predictive
Control (MPC) [260], and Reinforcement Learning (RL) [299], have been developed to
address these challenges and design optimal control strategies for nonlinear systems.
These methods provide powerful tools to handle the complexities of nonlinear behavior
while achieving objectives such as minimizing energy consumption or tracking error.

As a result, they play a crucial role in enhancing the performance and robustness of
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control systems in applications such as robotics, aerospace, and automotive systems.

An important challenge in the optimal control of nonlinear systems arises in multi-
agent scenarios [300], where multiple controllers interact and influence the behavior of
the whole system. These interactions are often modeled using differential games [163],
which can be classified as zero-sum or nonzero-sum differential games [301, 302]. In
zero-sum games, the gain of one player comes at the exact loss of the other player,
which makes these frameworks ideal for adversarial environments where robustness to
uncertainty and disturbance is critical. On the other hand, the objectives of the agents
in many practical systems are not always completely opposing, which motivates the
use of nonzero-sum approaches, where each agent pursues its individual goal, but their
interactions are not purely opposed. Nonzero-sum algorithms are essential for real-
world applications such as decentralized network systems [303] or multi-agent robotics
[304], where agents must balance competition and cooperation, such as in multi-vehicle
coordination or decentralized energy networks.

Due to the flexibility and realism offered by nonzero-sum frameworks, they have
been increasingly adopted by researchers in combination with advanced control meth-
ods. Algorithms such as Adaptive Dynamic Programming (ADP) [305] and Reinforce-
ment Learning (RL) [306] have been integrated with nonzero-sum strategies to handle
complex interactions in multi-agent systems. These methods enable agents to optimize
their objectives while adapting to changing environments and the strategies of other
players. The ability of nonzero-sum frameworks to accommodate both cooperative and
competitive dynamics makes them particularly useful for applications like multi-robot
systems, autonomous driving, and distributed energy management [307, 308]. ADP
has been utilized recently in many works as a practical tool to design optimal control
for nonzero-sum games. A sliding mode control approach is combined with ADP in

[301]. ADP is also utilized to design optimal control for nonlinear systems with input
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constraints [309]. A data-driven ADP is designed for nonlinear multi-player unknown
dynamics in [310]. An event-triggered robust optimal control is proposed through ADP
for mismatched dynamics with uncertainty [311]. Other methods such as MPC and
RL have also been used to design controller for multi-agent systems. The inverse opti-
mal control technique is applied to deal with nonzero-sum MPC games with nonlinear
dynamics [312]. An RL-based nonzero-sum game is studied for transmission systems
[313]. An RL scheme is developed to learn the nash equilibrium solution of the multi-
agent nonzero-sum games [314]. Some other works use data-based approaches and
apply RL to design optimal control for nonzero-sum multi-agent games [306, 315, 316].

While previous works have applied ADP, MPC, and RL to design optimal control for
nonzero-sum games, these methods come with certain limitations. ADP and RL often
require extensive data for training and can struggle with convergence, especially in real-
time applications with continuous dynamics. MPC, on the other hand, offers real-time
feasibility but can become computationally expensive for complex multi-agent systems
with long time horizons. In contrast, Differential Dynamic Programming (DDP) pro-
vides a more efficient framework for handling nonlinear dynamics by leveraging second-
order approximations, making it well-suited for systems that require precise control.
The ability of DDP to compute feedback control policies directly from system dynam-
ics offers significant advantages in terms of performance and computational efficiency,
especially in scenarios with tight real-time constraints. Additionally, DDP provides bet-
ter scalability for multi-agent interactions, making it an attractive choice for designing
optimal control in nonzero-sum games in comparison with ADP and MPC. However,
like other methods, DDP also faces challenges, such as local convergence issues, but its
overall efficiency and structure-driven approach make it a compelling alternative for
multi-agent optimal control problems. Therefore, in This chapter, we design the op-

timal control algorithm for nonzero-sum differential games problem through the DDP
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framework. The contribution of the paper is to solve the nonzero-sum differential game
problem and obtain the control policies. Furthermore, the optimal update laws of the
control policies of the multi-players and the corresponding set of backward differential
equations are provided. In particular, the effect of the nonzero-sum formulation in the
feed-forward and feedback parts of the optimal control policies is investigated.

The rest of the paper is organized as follows. In Section 8.2, some important
notations are provided. In Section 8.3, the nonzero-sum differential game problem is
formulated, and the backward differential equations and optimal control policies are

derived. Finally, in Section 8.4, numerical examples and results are illustrated.

8.2 Notation

This section presents the essential notations employed throughout the paper. R, R,
R™ and R™™ presents the set of all real numbers, positive real numbers, n x 1 real
column vectors, and n x m real matrices, respectively. C'(R) and C%*(R) represent
sets of functions whose first and second-order derivative exist and is continuous with
domain R. For any specified functions ¢ : R" x R - R, ¥ : B* x K™ x ¥ — R and

Q:R" x R — R, the following are given

Ppt) . P(a)
02z, 7 ) Ox1Tn
Voo (T, 1) = : - : ;
Pyat) . (i)
Baﬁlaxn ? ’ aQ-Tn
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9% (,u,t) ) 02U (z,u,t)

0xr10ur B 0x10un
\Dxu(mauat) = )
9% (x,u,t) . 0% (x,u,t)
0rnduy 7 OxpOun
O (z,t) . 0 (z,t)
or1 b Oxp
Qx(l', t) = )
O (z,t) . O (z,t)
oxr1 ) Oxn

where ., U,,, and €2, denote the Hessian of ¢) with respect to x, Hessian of ¥ with
respect to  and u, and the Jacobian matrix of €2 with respect to x, respectively. In
This chapter, let ¢ denote the player’s number. Hence, Qm, sz and Qi,ukup represent
Jacobian matrix of Q with respect to z, Hessian of Q with respect to z and Hessian
of Q with respect to  and u, respectively, for player number 3.

For a given vector a € R™ or a matrix A € R"*™ ali : j| refers to rows i through j

(inclusive) of a, and A[i : j] refers to rows i through j (inclusive) of A.

8.3 Nonzero-Sum Differential Dynamic Program-
ming

8.3.1 Problem description

Consider the nonzero-sum differential game problem involving N agents with dynamics

dx(t)
dt

= F(x(t),u1(t), us(t),...,un(t)), z(to) = zo, (8.1)
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subject to the cost function of the player i as

Ji(o0, to) :gbi(:p(tf),tf)—k/f Lie(),w(e), us(t), - un(O))dt,  (8.2)

to

where z(t) € R™ is the state of the system, u;(t) € R™ is the control input, £; is the
running cost, and ¢; is the terminal cost of player i € N 2 {1,2,..., N}. The value of

the cost function (8.2) for each player i is expressed as

Vi(xo, to;u_y) = H}Lm {(bi($(tf), tr) + / ' L;(z(t),u;(t), ui(t))dt}. (8.3)

to

Here, u_; = {uy,...,u;—1,u;41,...uy} denotes the control inputs of all players other
than player i, which are treated as fixed admissible strategies when computing the

best-response of player 7 in the Nash equilibrium sense.

8.3.2 Optimal control policy

It is known that the value function satisfies the Hamilton—Jacobi-Bellman (HJB) par-
tial differential equation [8]. Specifically, the value of the game for player i in (8.3)

follows the equation

— W = min {ﬁi(x, Uiy U_;) + V;,z(x,t)TF(:E,ui,u_i)} , (8.4)

with the terminal condition V;(x(ts),tru_;) = ¢i(x(ty), ts).

The above Hamilton—Jacobi—Bellman equation is evaluated conditionally on u_;, and
the optimization is carried out only with respect to u;. We omit the time dependence ¢
from the equation terms for simplicity of representation. Given the nominal state and

control histories (Z, 4y, 4g, ..., Uy ), the local nonlinear dynamics (8.1) can be expressed
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as

d
d—f = F(Z + 0x,uy + 0uy, Uy + Oug, ..., Uy + duy), (8.5)
where
dr=x—7, (8.6a)

The linearized dynamics around (Z, @y, U, ..., uy) is obtained as

Aoz~ _ _ _
d—f = P02 + Fy Suy + Fuydus + ... + B, duy, (8.7)

where F,, F,,,

Fouyyoi,Fuy stands for Fo(Z,uy, s, ..., uy), Fu (T,01,Uz,...,0n), Fu,(Z, U1, U, ..., 0yN),

F,(Z,uy,ug, ..., uyn), respectively. The optimal control update laws are obtained iter-

atively through the following theorem.

Theorem 15. If

dor - . :
d_tx = F,6x + Fy 6u; + Fuydus + -+ + Fy Sun, (8.8)

be the linearized dynamics around the nominal trajectories subject to the cost function

(8.2) and the global control update law is given by

u = K, 0x + 1, (8.9)
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with global feedback and feedforward gain matrices as

where

Qua =

Quu =

and

u = _Q;}qua Iu - _Q;JQU;
Ql,ulaz Ql,m
QQ,ugx Q27u2

. ) Qu = ) )
Qi,uNac Qi,uz\r
Ql,u1U1 Ql,’UqU,g Ql,u1uN
QQ,uzu1 QQ,uguz QQ,uzuN
Qi,uj\ﬂu Qi,uNUQ Qi,uNuN

Qi,ukuk - £i,ukuk )

_ — = _
Qi,ukz = Fuk‘/z,m:r + ['i,uk:v-

Then, the optimal control update law for each player i € {1,.

ou; = Ky, 0x + 1.

(8.10)

(8.11)

(8.12a)
(8.12b)

(8.12¢)

.., N} is given by

(8.13)

Here Quu € RMM ), € RM | and Q., € RM*" with M = Zf\il my, being the total

dimension of the combined control vector. Individual gains K,, and I, for each player
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are given as

I, =ILJ[si+1:s,+my], K, =K.si+1:s+my,], (8.14)
where s; = Z;;ll My;, 8 =2,...,n, and 51 = 0.
u; = Ky, 0x + €.1,,. (8.15)

The step-size parameter €; € (0,1] is introduced to enhance numerical stability and
empirically facilitate convergence of the iterative updates. As in classical DDP methods,
the resulting solution corresponds to a locally optimal feedback Nash equilibrium, with
convergence properties that are inherently local due to the reliance on second-order
Taylor expansions around nominal trajectories. Formal global convergence or stability

guarantees are beyond the scope of this work.

Remark 26. The proposed nonzero-sum DDP formulation assumes that the block ma-
triz Quy 1s locally invertible in order to compute the coupled feedback and feedforward
gains. In general nonzero-sum differential games, Q. may be indefinite due to the in-
teraction between multiple players with distinct objectives. In practice, invertibility can
be ensured locally by appropriate choice of running cost weights or by applying stan-
dard regularization techniques commonly used in DDP, such as Levenberg—Marquardt

reqularization, to improve numerical conditioning

Proof. To derive the control update law presented in Theorem 15, we perform a local
quadratic expansion of the cost function and a first-order linearization of the system
dynamics. The resulting player-wise optimality condition leads to the following expres-

sion. If we extend the left-hand side of the equation (8.4) with respect to the Taylor
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series, we obtain

OVi(z,t)  OVi(T +dx,t) 0OV  OV] 1. 7 0Vige

T T TR L (5168
we have
R A b
%‘f B C?f T E (8.17b)
8;@ _ d;/;i;w Vi F, (8.17c)
mgiém _ d‘;iéxx _ z": v P, (8.17d)

j=1

where Vl(fczm represents the Hessian matrix of the j-th element of V;, and F¥) shows

the j-th element of F. The left hand side of (8.4) becomes

_Wilw,t) AV AV 1 &UTdVi,m
ot dt dt dt

CVTE 4+ 62T, F+1axT v<ﬂ FO) ) sa 8.18
1,T 2,2T 2 1,TLT

ox
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The extension of the right hand side of (8.4) via Taylor series obtains

ﬁi(ﬂf, U,y ... 7UN,t> = ﬁz(f + (5?[],@1 + 5U17 Lo UN T+ 5U,N, t)
~ L+ Ll 0x+ L], duy + L], 0us + ..+ L], duy
T p— — — p—
5$ Li,z:c Ei,:cul Ei,;ruz e Li,a:uN (S.T
5”1 ‘C_i,mz Zi,ulul ‘C_i,ul'ug e Ei,muN (sul
1 _ _ _ _
+ 5 5”2 'Ci,uz:c Ei,uzu1 'Ci,uzuz T £i,uguN 5u2 )
5UN ['_i,uN:r: Ei,uNul Zi,uNug : ['_i,uNuN é‘UN

by expanding V; , around z we have

Iz

N | —

‘/i,x(xv t) = vaﬁ(i. + 5'7;7 t) ~ ‘Z‘,x + ‘Z,xajéw +

where

The same expansion of the dynamics system proposes

F(z,uq,...,un,t) = F(Z + dz,uy + 0uyq,...,uy + duy,t)

~ F + F,0x + F,,0ui + F,,0us + ... + F,, duy.
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The right hand side of (8.4) can be written

N
min {E_i + Zg:ﬁx + Z E_g;kéuk
=1

ou;
T
dx Ei,zz Ei,zul ['i,x'ug Ei,xuN 537
5“1 'Ci,ulsc Ei,ulul £i7u1uz T 'Ci,u1uN 6“1
1 _ _ _ _
+ 5 6“2 £i,ugr Ei,ugul ﬁi,uguz £i,u2uN 5“2
cSUN ﬁi,uwx £i,uNul Li,uNug T ‘Ci,uNuN 6uN

N
VIR 4 VR s+ S Vo Eybu + 027 Vio F + 627 Vi o b

N
_ _ 1 ..

+ 02 Vigo Y B Oup + SWIF, (8.23)
k=1
consider the definition that

EW.TF: AN (5ITV(] S FU ) ZV]) F) (8.24)

2 (3 2 le 1,LTT 1,LXL :
N, we

by eliminating extra terms and doing mathematical operations, for £ = 1,

have
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dv; dV; 1. ,dV;
. Z—5T z,x__(ST z,a:x5 _ .
a0 a2 Tar TN
T — — —
637 £i,xw Li,xul Ei,xuN
5’&1 Zi,umc ‘C_i,u1u1 Ei7u1uN
+ -
6UN Zi,uNx Zi,uNul ‘C_i,uNuN

ox

5'LL1

5UN

N
k=1

N N
+ \z?;ﬁ’xéx + Z Viﬂﬂkéuk + 627V o Frdx + 627V, 4y Z F,, uy,
k=1

N
= I?(%n{ﬁz + 027 Q0 + Z Sy, Qi
k=1
T

6*75 Qz’,zx Qi,zul
5”1 Qi,mx Qi,ulm

(SUN Qi,uNm Qi,uNul

where

Qi,:DUN
Qi,muN

Qi,uNuN

ox

5u1

5UN

k=1

1, (8.25)

(8.26a)
(8.26b)
(8.26¢)
(8.26d)
(8.26¢)

(8.26f)

To find the optimal control law for each player, we open the equation (8.25), set
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the 747 equal to the number of player and compute the the gradients of the expression

with respect to du; and make them equal to zero to obtain

N
bur = ~Qit (QW‘” 2 Quan, 0y + Q““) |

p=1
p#1
N
5“2 = _Q2_,11L2u2 (Qlugx(gx + Z QQ,uzup(;up + QQ,ug) ’
=1
P2
N
Sun = —Q7l un (Qi,wax + > Qi Ot + QZ—,UN> . (8.27)
=1
PEN
Lets consider
5“1 Ql,ulx Ql,m
5”2 QQ,u T QQ,u
du = ) qu = ’ ) Qu = ’ )
5UN Qi,uNa: Qi,uN
Ql,ulul Ql,uluz Tt Ql,uluN
QQ,u U QQ,u u e QQ,u u
Quu = o o o > (828)
Qi,uNul Qi,uNuQ Tt Qi,uNuN
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we solve for du

Su = —Q, (Quzbr + Q). (8.30)

From the above equation, the global control update is given by

Su = — (Q;;@m)ax - (Q;}@u). (8.31)

By defining the global feedback gain K, and feedforward gain I, as

I, = —Q,lQ., (8.32)
we obtain the desired form for control update laws as
u = K, ox + 1,,. (8.33)

where individual gains K, and [,, for each player are extracted from global gains

8.32). Which this completes the proof. O
(8.32) p p

The time history of V;, and V., is needed for evaluating the terms in (8.12).
Accordingly, by substituting the control update laws (8.13) into (8.4), we derive the
update laws for the value function and its first- and second-order state derivatives. The

outcomes are summarized in the following theorem.

Theorem 16. The backward ordinary differential equations for the value function and
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its first order and second order partial derivatives with respect to x; are computed as

N
Z Qz UK +3 Z Z Qz JUEUp uka
k=1

k 1p 1
— d;/:x — Qi,m + Z Q’L JUg + Z Ql UkI[Uk + Z Z Q,L RS Up7
k=1 p=1
d‘/; TT

k=1 p=1

where

Qi,m - FITV;,:B + /zi,x?

erz: zww"“/zwa +FT‘/zxm7

Qi,ukup - £i7ukUp’

under terminal conditions

=

(tr) = @i(Z(ty), t5),
V ( ) ¢z w( ( )’tf>a
Vias(ty) = biaa(T(ty), ts).

(8.34a)

(8.34b)

Z T Qi + Z QoK + Qi + Z Z " Qi Koy (8.34c)

(8.35a)
(8.35b)
(8.35¢)

(8.35d)

(8.36a)
(8.36b)

(8.36¢)

Proof. To obtain the update law, its first- and second-order partial derivatives of the
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value function, put the update control laws (8.13) to (8.4). We have

d‘z d‘z,x 1 Td‘_/i,:mc o . ~ T A l T A
o T —= §5x p ox = Igl;ln{ﬁz + 02" Qi + ; oy, Qj
T — — —

oz Qi,xw Qi,zul e Qi,:puN ox

1 5“’ Qi,umc Qi,ulul U Qi,ulu 5“
o] i (8.37)

2 : : : L : :

5UN Qi,uNx Qi,uNul e Qi,uNuN 5uN

First, we open the matrix and set duy, = (I, + K, dx), for k =1,2,..., N, in equation
(8.37). Next, we collect all terms in the right-hand side of the (8.37) as zeroth-,first-,
and second-order expressions of dz. Then, put the coefficients of dz in the left-hand
side and right-hand side of the (8.37) and compute the backward propagation equations

with respect to the value function and its first- and second-order partial derivatives as

N
Z Ql yU + = Z Z Qi,ukup[uk (838&)
k=1

klp—

d 1,2 = _
_ Z; = Qix + Z v Qi + Z Qo + Z Z T Qiaguylu,  (8:38D)

k=1 p=1

dv; = Z Qz JULT + Z Qz uszuk + Qi,:m:

+ Z Z K, Qi s, K- (8.38¢)

At the terminal time, we have the terminal condition Vj(Z(tf),ts) = ¢i(Z(ts),ts). If
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the Taylor series is used to expand around Z(ts), we obtain the terms as follow

Gi(T(ty),ty) = di(T(ty) + 0x(ty), ts)
(Z(tg), ty) + 0x(t)" ¢ a(Z(ty), tf)

RO
+ 6l'(tf)T¢i7xx(j(tf), tr)ox(ty). (8.39)

Henceforth, the terminal conditions at ¢ for the backward differential equations are

obtain as
Vilty) = ¢i(Z(ts), tp), (8.40a)
Viaw(tr) = iaa(T(ts), ty). (8.40¢)
Which this completes the proof. O

The nonzero-sum differential dynamic programming is presented in Algorithm 9.

8.4 Numerical Examples

In this section, to validate the effectiveness of the proposed algorithm, the results of

three practical examples are demonstrated.

8.4.1 Large-Scale Power System

In the first example, we consider a realistic nonlinear large-scale power system [272]
with three interconnected subsystems with mismatched interconnections. In this ex-
ample, we use the nonzero-sum DDP algorithm for a large-scale system with three

subsystems to validate the efficiency of the proposed method to control multi-agent
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Algorithm 9 Nonzero-Sum Differential Dynamic Programming

Require: Initial values for zy, control w;,us, ..., un, terminal time t;, multiplier -,
large integer A, and small value e.
Ensure: Optimal minimizing control v}, gains I,,,;, K,,.
procedure UPDATE CONTROL POLICIES:
Compute optimal control u; through minimizing the cost function J; for each
player q.
for + = 1,..., N do until the convergence is obtained
while |3V du,|| >~ do
Compute values of V;, V; ,, and V; ,, at ty from (8.36);
Integrate (8.34) backward in the time;
Compute I, and K,, through (8.14);
Integrate (8.8) by replacing du; with du; = K, ,0x; + I, to get dz;
Obtain du; = K,,0x + €l,,;
Update u; = u; + ouy;
Set uf = wu;;
end while
end for
return u; fori =1,..., V;
end procedure

system for the first time. We assume a single player and consider a cost function
for each subsystem. The dynamics model of each power station dynamics is given as

follows

= ——Auy Afa + =u;
dt Tgi u RQiTgi fGZ i Tgiu
AAPn) _ Kup, L ap
dt T, ', ™
dAfe) K, N
L="PApP, — 2 PAP, 41
dt Tpi ' Tpi Tpi o (8 )

where Av; € R/AP,,. € R, and Afg, € R, ¢ = 1,2,3 are incremental change
in governor value position, generator output, and frequency deviation, respectively.

u; € R is the control input and AP, € R is the incremental change in the electrical
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power and is defined as

where Cl - Z?Zl eliAUi,CQ - Z?Zl eQiAPmia and C3 = Z?Zl €3iAfGi- eisaias = 172737
are chosen as ey; € [—0.5,0.5], ey; € [—0.5,0.5], and eg; € [—0.25,0.25]. The goal is
to bring the states from [z11, Z12, Z13, T21, T22, T23, T31, T32, T33] = [0.5,—0.5,0.1,0.1 —

0.1,0.1,0.1 —0.1,0.1] to [0,0,0,0,0,0,0,0,0] in t; = 1. The cost function is defined as

tf 3 T T
= / Z(%’ Qijr; + uj Ru;u;)dt, (8.43)
to j=1

and the initial control policies are set as u; = 0, and 73 = 75 = 3 = 0.1. The
weights are chosen as Q11 = Q21 = @31 = [100,0,0;0,1,0;0,0,1], Q12 = Q2 =
@32 = [1000,0,0;0,1,0;0,0,1], Q13 = Qa3 = Q33 = [100,0,0;0,1,0;0,0,1], R,,, = 10,
Ry,=R,,=0,R,, =10, Ry,, = R

Uuy2 u13 U22 u21 uz 0, Ru31 - Rusz =0, and Ru33 = 10.

Fig. 8.1 shows the evolution of the states in the large-scale power system, where
three interconnected subsystems interact. The control objective is to stabilize the
states by bringing them from their initial values to the desired equilibrium point. The
plot demonstrates how the proposed nonzero-sum DDP algorithm effectively handles
mismatched interconnections between subsystems and how each player for each sub-
system successfully reach its target. As the simulation progresses, the states of all
subsystems converge to zero, indicating the success of the control policies in ensuring
stability across the entire system.

Fig. 8.2 tracks the cost function of large-scale power system for each player in 200
iterations and reveals how the optimization process evolves. The goal of each player is

to minimize their individual cost function despite the effect of other players. This plot
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Figure 8.1: States of large-scale power system.

highlights the convergence behavior of the cost values and shows how they decrease
iteratively as the players update their control strategies. The results demonstrate that
the proposed nonzero-sum DDP algorithm effectively balances the competing objectives
of different players and achieves cost minimization for each subsystem.

Fig. 8.3 depicts the control inputs applied by each player over the time. It reflects
how the control strategies evolve to meet their objectives while accounting for the
influence of other players. The smooth and coordinated control signals indicate that
the nonzero-sum DDP method ensures proper cooperation and competition among
players. The stabilization of control policies towards the end of the simulation reflects
convergence to the optimal solution, where each input becomes steady as the states

approach equilibrium.
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Figure 8.2: Cost per iteration of large-scale power system for each player.

8.4.2 Load-Frequency Control of Power System

In the second example, we consider the following load-frequency control (LFC) of
a power system [317] with three players. In this example, we assume the min-max
strategy for nonzero-sum DDP framework where the role of other players in each player
are intelligent disturbance and while one player is minimizing the cost function, the
other players are maximizing it. Consider the following LFC of the power system as

dx(t)
dt

= Ax + Byui(t) + Baus(t) + Bsus(t) (8.44)
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Figure 8.3: Control policies of large-scale power system for each player.




The goal is to bring the states from |11, T12, T13, T21, T22, T23, T31, T32, T33]

=[-0.5,1,0.5,—1] to [0,0,0,0] in t; = 10. Cost function for each player are defined as

tf
J = / (7 Qi+ ul Ryyyur — ud Ry ,uo — ud Ry us)dt,

to

ty
Jy = / (xTng — ulTRu21u1 + uQTRumuQ — usTRu23u3)dt,

to

iy
Ji = / (27 Q37 — ul Ryyyuy — ud Rugyuio + ui Ry,,us)dt. (8.45)

to

and the initial control policies are set as u; = 0, and 7y, = 5 = 73 = 0.01. The weights
are chosen as (1 = [1,0,0,0;0,1,0,0;0,0,1,0;0,0,0, 1],

» =11,0,0,0;0,0.1,0,0;0,0,1,0;0,0,0, 1], @3 = [1,0,0,0;0,1,0,0;0,0,1,0;0,0,0, 10],
R,,=1R,,=2,R,, =15 Ry, =1, Ry,, =1, R,,, =10, R,,, =10, R,,, = 1, and
Ry, =1.

—x(1) — x(2) - x(3) — x(4) —Target

0 2 4 6 8 10
Time in sec
Figure 8.4: States of LFC system.

Fig. 8.4 presents the state trajectories of the LFC system, where three players
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manage different components of the power system to maintain frequency stability. The
initial states, representing deviations in power and frequency, are driven to zero over
the course of the simulation. The results illustrate how the min-max nonzero-sum DDP
framework successfully mitigates intelligent disturbances and ensures that the system
achieves load-frequency balance. This example showcases the ability of algorithm to

handle dynamic interactions and disturbances efficiently.

4
- oo
=3
4
| | | | | |
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0 10 20 30 40 50 60 70 80 90 100
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™
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o
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0 10 20 30 40 50 60 70 80 920 100
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Figure 8.5: Cost per iteration of LFC for each player.

The cost function for each player in the LFC system is shown over the course of 100
iterations in Fig. 8.5. The objective of each player is to minimize its respective cost
while considers the effect of maximization of other players, which is affected by both
its own actions and those of other players. The plot highlights the min-max nature
of the game, where while one player attempts to minimize its cost function, the other
players attempts to maximize it. The convergence of cost values demonstrates that the
algorithm successfully balances the competing objectives and leads to optimal control

policies for maintaining system stability.
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Figure 8.6: Control policies of LFC for each player.

Fig. 8.6 illustrates the control inputs applied by the players during the simulation.
Each control policy evolves iteratively and adjusts to the actions of other players while
striving to achieve load-frequency control. The plot shows how the control signals
stabilize over time as the strategies of players converge to an optimal solution. This
example highlights the robustness of the nonzero-sum DDP approach in achieving

reliable control in the face of disturbances and conflicting objectives.

8.4.3 Missile Dynamics

In the third example, we apply the proposed method to the missile dynamics with

three players [318]. Consider the following missile dynamics as

dx(t)
dt

= F(x) 4+ Byuy(t) + Boua(t) + Bsus(t) (8.46)
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where

bi 0 0 0
Fx)=|f|» Bi=|0 |, Ba=|01|, Bs=]0 |, (8.47)
fs 100 100 100
and
180 - grav - Q) - S nr
fr=(— fgm : Vgl ) cos (185) (1.03 x 10723 — 9.45 x 102y |z1|  (8.48a)
180 - grav- @ - S TX
—0.1721) + 2 — 0.034 ( e ) cos (@) £s,
180-Q-S-D
f2= (Q—) (2.15 x 10™*2§ — 0.019521 21| + 0.0511 )
T Ly
180-Q-S-D
—0.206 (Q—> 3, (8.48b)
- 1y
J3 = —100z3. (8.48¢)

Where Q = 293.638N/m?, S = 0.04087m?, m = 4410kg, g = 9.8m/s?* Val =
947.6m/s, and I, = 247.44kg.m?. The goal is to bring the states from
[1'11, r12,213,L21,L22,T23,T31,L32, 33'33] = [—2, —1, 1] to [O, 1, O] in tf = 1. Cost function

for each player are defined as

ty
J, = / (xTlev + u{RuHul + ugRuqu)dt,

to

ty
Jy = / (Q;TQQ:U — ulTRu21u1 + ungng)dt,

to

133
Jg = / (q;Tng + ufRuMul — UQTRuwuz + ugRu%u?,)dt. (8.49)

to

and the initial control policies are set as u; = 0, and ¢ = 0.9,¢5 = 0.8,e3 = 0.7. The

weights are chosen as 1 = [1,0,0,;0,1,0;0,0,1], Q2 = [1,0,0,;0,1,0;0,0,1], Q3 =
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[1,0,0,;0,1,0;0,0,10], Ry,, = 10, Ry, =1, Ryy, = 10, Ry,, = 1, Ry, = 1, Ry, = 1,
and R, , = 10.
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Figure 8.7: States of missile dynamics.

Fig. 8.7 shows the state trajectories of the missile system, where three players
interact under the proposed nonzero-sum DDP framework. The goal is to drive the
initial state from [—2, —1, 1] to [0, 1, 0] within a short time horizon. The plots demon-
strate the system’s successful convergence, highlighting the effectiveness of the control
strategy in managing nonlinear and coupled missile dynamics. Fig. 8.8 illustrates the
control inputs generated by each player, where the distinct influence of each control
signal becomes evident as the simulation progresses. These control policies are shaped
by each player’s cost function and reflect their strategic behavior in achieving individ-
ual objectives while responding to the actions of others. Fig. 8.9 presents the cost
value for each player over 20 iterations. The consistent reduction in cost values vali-
dates the convergence and stability of the optimization process. Overall, this example

confirms the robustness and applicability of the proposed nonzero-sum DDP algorithm
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Figure 8.8: Control policies of missile dynamics.

in solving complex, high-speed multi-agent systems such as missile dynamics.
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Chapter 9

Conclusion and Future Directions

9.1 Summary of Research Contributions

This dissertation has developed a unified, learning-based framework for Min-Max
Differential Dynamic Programming (DDP) to address the limitations of existing
control algorithms under uncertainty, stochasticity, partial observability, and large-
scale interactions. The overall goal was to enhance the adaptability, robustness, and
practicality of Min-Max DDP, transforming it into a comprehensive tool for modern
control applications. Each chapter of this dissertation contributes a distinct method-
ological or theoretical advancement, summarized as follows:

Chapter 2 introduced the Min-Max Adaptive Dynamic Programming (ADP)
algorithm for zero-sum differential games. The framework formulated the Min-Max
optimization problem through the Hamilton—Jacobi—Isaacs (HJI) equation and
solved it iteratively using adaptive critic learning. This contribution demonstrated
how adaptive approximation can achieve robust control for nonlinear systems subject
to adversarial disturbances without requiring full system linearization.

Chapter 3 presented the Sliding-Mode-Observer-Based Min-Max DDP for
output-feedback control. A Higher-Order Sliding Mode (HOSM) observer was
designed to estimate unmeasured or noisy states, enabling the controller to operate

under partial observability. This integration provided robustness against modeling
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errors and measurement noise while maintaining convergence in the DDP framework.

Chapter 4 developed the Data-Driven Min-Max DDP approach for nonlinear
systems with unknown dynamics. By employing Gaussian Process Regression
(GPR) to approximate the drift dynamics directly from measured data, this chapter
removed the dependency on explicit mathematical models. The resulting framework
achieved high accuracy in policy updates while retaining the Min-Max structure for
robust optimization.

Chapter 5 extended the framework to stochastic systems through the Data-
Driven Stochastic Game-Theoretic Min-Max DDP. In this approach, both the
drift and diffusion dynamics were learned from data — using GPR for drift estimation
and a nonparametric binning method for diffusion modeling. This enabled the Min-
Max DDP algorithm to handle stochastic environments with noise propagation and
uncertainty in both process and measurement levels.

Chapter 6 introduced the Distributed Min-Max DDP for large-scale intercon-
nected systems with mismatched interconnections. The proposed distributed formu-
lation decomposed the global optimization problem into subsystem-level subproblems
that cooperatively solved for local control updates. This advancement achieved scal-
ability and computational efficiency, allowing robust control of networked and multi-
agent systems.

Chapter 7 incorporated safety considerations into the control design through the
Chance-Constrained Game-Theoretic Min-Max DDP. By integrating proba-
bilistic constraints into the optimization process, the method ensured that state and
control trajectories satisfied safety limits with a predefined confidence level. This con-
tribution advanced safe trajectory optimization under uncertainty while maintaining
computational tractability.

Chapter 8 generalized the framework to Continuous-Time Nonzero-Sum Dif-
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ferential Games, expanding Min-Max DDP beyond strictly adversarial settings. This
formulation allowed multiple agents with distinct objectives to interact cooperatively
and competitively, establishing a foundation for multi-player and adaptive extensions
in game-theoretic control.

Collectively, these contributions establish a cohesive research trajectory that ex-
tends Min-Max DDP from a deterministic, model-dependent method into a data-
driven, stochastic, distributed, and safety-aware control framework. The
methodologies proposed in this dissertation enhance both the theoretical robustness
and the practical applicability of differential dynamic programming across a broad

range of modern control systems.

9.2 Comparative Advantages and Key Insights

The proposed methodologies throughout this dissertation collectively enhance the ca-
pabilities of Min-Max Differential Dynamic Programming (DDP) in terms of
robustness, adaptability, and scalability. The key advantage of the developed frame-
work lies in its ability to integrate data-driven learning, stochastic modeling, and
safety-aware optimization into a unified control strategy. This section highlights the
comparative strengths and major insights derived from the research contributions.

1. Robustness Against Uncertainty and Adversarial Disturbances: Tradi-
tional DDP formulations are limited to deterministic settings and often degrade in per-
formance when faced with external disturbances or model uncertainties. The proposed
Min-Max DDP extensions explicitly incorporate adversarial inputs and stochastic
effects through a game-theoretic framework, ensuring robust control performance even
under worst-case conditions. The adaptive and stochastic variants developed in this

work guarantee improved disturbance rejection and resilience against modeling errors.
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2. Data-Driven Adaptability Without Explicit Models: One of the most
significant advancements achieved in this dissertation is the development of a data-
driven Min-Max DDP formulation that eliminates the dependency on precise math-
ematical models. By employing Gaussian Process Regression (GPR) and non-
parametric diffusion estimation, the algorithm learns the underlying system dynamics
directly from observed data. This adaptability allows the controller to generalize across
different nonlinear systems and operating conditions, making it suitable for real-world
applications where exact models are unavailable.

3. Scalability Through Distributed and Parallel Architectures: The pro-
posed Distributed Min-Max DDP addresses the computational challenges asso-
ciated with large-scale and interconnected systems. By decomposing the optimiza-
tion problem into local subproblems that coordinate through limited communication,
the framework achieves near-optimal performance while maintaining computational
tractability. This scalability enables deployment in multi-agent and networked envi-
ronments such as large-scale power systems, autonomous fleets, and robotic swarms.

4. Safety and Risk-Aware Optimization: Incorporating safety into control
design remains a fundamental challenge in uncertain and dynamic environments. The
Chance-Constrained Min-Max DDP developed in this work ensures probabilis-
tic safety guarantees by maintaining the risk of constraint violation below a specified
threshold. This integration of safety within the optimization process enables reliable
and risk-sensitive trajectory planning under uncertainty, making the framework appli-
cable to safety-critical systems such as UAVs and autonomous ground vehicles.

5. Generalization to Nonzero-Sum and Multi-Agent Scenarios: Unlike
most existing Min-Max formulations limited to two-player zero-sum settings, the pro-
posed Nonzero-Sum and Multiplayer DDP extensions enable cooperative—competitive

interactions among multiple agents. This generalization allows each agent to optimize
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its own objective while accounting for the influence of others, providing a theoretical
basis for complex decision-making processes in distributed and adaptive environments.

6. Unified Learning-Based Control Framework: A key insight emerging from
this research is that the Min-Max DDP can serve as a unifying structure for robust
and learning-based control. By combining adaptive dynamic programming, data-driven
modeling, distributed optimization, and probabilistic safety, the framework bridges the
gap between classical optimal control and modern reinforcement learning approaches.
The resulting architecture offers both theoretical rigor and practical implementability
for complex nonlinear systems.

Overall, the proposed methodologies establish a new paradigm for safe, data-
driven, and game-theoretic optimal control. The insights gained from this re-
search demonstrate that integrating robustness, adaptability, and safety within the
Min-Max DDP framework can significantly expand its scope and effectiveness for real-

world uncertain systems.

9.3 Limitations and Challenges

While the proposed Min-Max Differential Dynamic Programming (DDP) frame-
works in this dissertation significantly advance the state of the art in robust, data-
driven, and safe control, several limitations and open challenges remain. These limita-
tions highlight potential areas for improvement and future exploration.

1. Computational Complexity in High-Dimensional Systems: Despite
algorithmic improvements, the computational cost of Min-Max DDP and its exten-
sions remains a major concern for high-dimensional and large-scale systems. The
backward—forward iterative nature of the algorithm, coupled with the evaluation of

higher-order derivatives and value function updates, leads to significant computational
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overhead. Although distributed and parallelized variants alleviate this issue, further
reduction of computational complexity is essential for real-time implementation in high-
dimensional systems such as multi-robot coordination or power network control.

2. Convergence and Stability Guarantees in Learning-Based Approaches:
While data-driven and adaptive formulations improve flexibility, they also introduce
challenges related to convergence and stability. The use of function approximators such
as Gaussian Process Regression (GPR) or neural networks introduces approxima-
tion errors that can affect the convergence of the control policy. Rigorous theoretical
guarantees ensuring stability and boundedness across iterative updates are still limited
and require further investigation, particularly in stochastic and time-varying environ-
ments.

3. Dependence on Hyperparameter Selection and Training Data Qual-
ity: The performance of data-driven Min-Max DDP approaches depends heavily on the
quality, coverage, and representativeness of the training data. Sparse or biased datasets
can lead to poor generalization and suboptimal control actions. Additionally, hyper-
parameters such as kernel bandwidth in GPR or observer gains in the sliding-mode
observer significantly influence algorithm stability and accuracy. Systematic methods
for online tuning and adaptive hyperparameter adjustment are still underdeveloped.

4. Limited Scalability for Fully Decentralized Systems: Although the dis-
tributed Min-Max DDP formulation achieves scalability for interconnected subsystems,
it assumes a partially coordinated structure with shared information among agents.
In fully decentralized networks with limited communication or dynamic topologies,
achieving convergence to global or equilibrium solutions remains a challenge. Design-
ing decentralized algorithms with reduced communication requirements and guaranteed
stability is an important open research direction.

5. Conservatism in Safety and Chance Constraints: The integration of safety
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through chance constraints introduces probabilistic guarantees that may be conserva-
tive in practice. Approximations of risk bounds and constraint satisfaction can lead
to suboptimal solutions, particularly under non-Gaussian uncertainties or nonlinear
constraints. Developing tighter, less conservative formulations that maintain compu-
tational efficiency is crucial for enhancing safety—performance trade-offs in practical
applications.

6. Limited Hardware Validation and Real-Time Implementation: Most re-
sults presented in this dissertation are validated through simulation studies. Although
the proposed frameworks are designed for real-world applicability, hardware imple-
mentation introduces additional challenges such as sensor noise, actuator limits, and
time delays. Translating these algorithms into embedded control systems or onboard
processors will require further simplifications and computational optimizations.

In summary, while the research presented in this dissertation establishes a strong
theoretical and computational foundation for robust and learning-based Min-Max DDP,
addressing these limitations is essential to ensure its scalability, stability, and real-time

performance in practical autonomous and safety-critical systems.

9.4 Future Research Directions

Building upon the findings and contributions of this dissertation, several promising
research directions can further advance the theoretical depth and practical applicability
of Min-Max Differential Dynamic Programming (DDP). These directions focus
on enhancing computational efficiency, theoretical guarantees, safety, and adaptability
of the framework in increasingly complex environments.

1. Real-Time and Event-Triggered Min-Max DDP: Future research should

focus on developing event-triggered or real-time adaptive versions of the Min-
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Max DDP algorithm. By activating updates only when significant state deviations or
disturbances occur, the computational burden can be reduced while preserving con-
trol performance. Such frameworks would be particularly valuable for embedded and
hardware-limited systems where computational efficiency is critical.

2. Integration with Deep Reinforcement Learning: A promising direction
is the integration of Min-Max DDP with deep reinforcement learning (DRL)
to approximate value functions and control policies using neural architectures. Deep
actor—critic networks or policy gradient methods could provide scalable solutions for
high-dimensional nonlinear systems. This combination would bridge the gap between
classical model-based control and model-free learning, leading to hybrid algorithms
capable of handling real-world complexity.

3. Safe Reinforcement Learning and Risk-Aware Policy Adaptation: The
incorporation of safe learning mechanisms into the Min-Max DDP structure re-
mains an open challenge. Future studies can focus on combining control barrier
functions (CBFs) or Lyapunov-based safety constraints with DDP to ensure
safety during online learning and exploration. This integration will enable adaptive
and risk-aware control strategies for uncertain and dynamic environments.

4. Hybrid and Discontinuous Dynamical Systems: Many real-world systems,
such as legged robots or switching networks, exhibit hybrid or discontinuous dynamics.
Extending Min-Max DDP to hybrid differential games with state jumps, mode
transitions, or impact dynamics is a valuable next step. This extension would require
redefining the backward pass and costate propagation to handle nonsmooth transitions
while maintaining convergence.

5. Robustness Under Communication Constraints and Network Uncer-
tainties: Future work can extend the Distributed Min-Max DDP to scenarios

involving time delays, packet loss, or switching communication topologies. Designing
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algorithms that maintain stability and performance under such uncertainties will en-
able application in large-scale networked systems, such as cooperative UAVs, intelligent
transportation networks, and smart grids.

6. Hardware Implementation and Experimental Validation: To bridge the
gap between theory and practice, future research should focus on implementing the
proposed algorithms on physical platforms such as quadrotors, robotic manipulators,
or ground vehicles. Real-time experiments will validate the framework’s robustness,
computational efficiency, and safety in the presence of unmodeled dynamics, sensor
noise, and actuator limitations.

7. Formal Safety Guarantees via Reachability and Verification: Finally,
integrating formal verification and reachability analysis into the Min-Max DDP frame-
work could provide provable safety guarantees for safety-critical systems. Combin-
ing data-driven control with reachability-based safe sets or Hamilton—Jacobi reacha-
bility formulations would ensure that trajectories remain within verified safe regions
under uncertainty.

In summary, the future extensions of this work lie at the intersection of robust
optimal control, machine learning, and formal safety assurance. By combining
real-time adaptability, distributed computation, and verifiable safety, these research di-
rections can further enhance the applicability of Min-Max DDP to complex, uncertain,
and intelligent autonomous systems. The continued development of these ideas will
contribute to establishing a new generation of learning-based, safe, and scalable

optimal control frameworks for modern engineering applications.

Final Remarks
In conclusion, this dissertation has established a comprehensive and unified frame-

work for Min-Max Differential Dynamic Programming (DDP) that bridges
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the gap between classical optimal control theory and modern learning-based methods.
Through the systematic integration of data-driven modeling, stochastic optimization,
distributed coordination, and safety-aware design, the proposed research advances the
theoretical understanding and practical implementation of robust and adaptive con-
trol in uncertain environments. The results presented across all chapters collectively
demonstrate that Min-Max DDP can evolve from a deterministic algorithm into a ver-
satile foundation for intelligent, resilient, and safe autonomous systems. The
methodologies developed in this work not only contribute to the advancement of non-
linear and stochastic control but also lay the groundwork for future exploration at the
intersection of optimal control, reinforcement learning, and real-world auton-

omy.
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