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ABSTRACT

This study provides new findings in the transient pressure analysis of finite
conductivity hydraulically fractured vertical wells. and in particular. the cases of the
presence of a hydraulic fracture which possesses a branch and a hydraulic fracture
intersecting a sealing fault.

The introduction of a branch or a fault makes the mathematical/numerical
treatment of the fractured wells more difficult. Numerical techniques require the
implementation of a gridding method that is different than the traditionally rectangular
system to better capture the effects of the non-orthogonality problem introduced by
either the branch fracture or the fault. In this study. PEBI grids. implemented in a
commercial simulator (Eclipse Suit) were employed to solve the mathematical models.
However, it was first necessary to study the use of five PEBI grids to establish their
application and limitations. It was found that a circular PEBI grid describes with great
accuracy the transient pressure behavior of unfractured vertical wells. Elliptical PEBI
grids do the same for fracture vertical wells (including fracture rotation) while any of
the PEBI grids works well on horizontal wells.

Due to simulator limitations. only a single branch fracture was simulated at
three different positions along the main fracture and three different angles. New
pressure response was found when the branch is attached at the tip of the main branch
and no significant effect of the angle was found. The pressure behavior is very similar

to cases of fracture asymmetry already reported in the literature.



As far as the fracture-fault system forming an angle of 90 degrees is
concerned, the pressure response is characterized by a maximum point in the pressure
derivative which takes place once the transient response of the fracture has vanished.
This occurs because the fault inhibits the development of the pseudoradial tlow
regime. If the fault divides the reservoir into two parts of practically same size, the
pseudoradial flow regime will never be developed, and instead. a new flow regime
here called as semiradial or semi-pseudoradial is formed. If not handled carefully. this
new flow regime can be easily confused with the behavior of a complete reservoir and
its analysis will lead to serious errors.

As the angle of the fault is reduced from 90 to zero degrees and when fault and
fracture conjoin at their tips. the characteristic signature, the “hump.” is less notorious
or can be completely absent. The rotation of the fault provides more space for the
formation of radial flow then the maximum is diminished.

Mathematical expressions for estimating the length ot the branch fracture were
developed using the philosophy of the Tiab's Direct Svnthesis Technique. Correlations
were also developed for estimation of fault length when the intersecting angle
fracture-fault is 90 degrees. The procedure has a major effect in improving the
analysis of fractured-well pressure response since it allows us to understand previously
unconsidered new scenarios for simulation and modeling. Interpretation of pressure
transient tests for finite-conductivity fractured wells by the Tiab's Direct Svnthesis

Technique is now extended to cover these two new aspects.
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CHAPTER I

PROBLEM BACKGROUND

Initially, hydraulic fracturing was considered a good stimulation technique for
increasing the productivity of low permeability formations. Lately, the technique has
been extended so that may be applied to higher permeability reservoirs to improve
their productivity.

The idea of studying the pressure behavior of a hydraulic fractured well whose
reservoir contains long bifurcating fractures, called “branches™ was originated in a
study conducted by Germanovich et al'>. The authors indicated that hydraulic
fractures are not single, symmetric and planar features in rocks. but instead. the
fractures have irregular patterns which vary in size. and which bifurcate from each
other in branches. Their research was based upon direct observation on fractured
cores. geological evidence and laboratory experiments. A clear example is illustrated
in Fig. 1.1, which shows a photograph of an 18-in cube sample of Red Sandstone after
being hydraulically fractured with water. Even though the sample was homogeneous
and without pre-existing fractures/joints and anisotropy, crack front segmentation took
place.

Germanovich et al” also collected observations concerning dike segmentation

in reservoir type rocks. Their observations concluded that dikes exhibit similar



fracture patterns as the hydraulic fractures created in hydrocarbon wells. (See Fig.

1.2.) An unstable growth process of the crack causes the fracture segmentation.

Fig. 1.1. Hydraulic branching in sandstone (After Ref. 1)
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Fig. 1.2. Granitic dike propagation through the interface between two gabbros at
Wichita Mountains area (After Ref. 1)
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Fig. 1.4. Injection Microseismic Map (After Ref. 3 and 4)
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Fig. 1.6. Fracture Geometries conceived for the Couper basin. Left: Fracture turning
(movement in one plane). Right: Multiple fracturing (After Ref. 6)




Multiple fractures can occur a) near the wellbore or 2) far field. Fig. 1.3
demonstrates via a sketch the way fracture propagation may develop according to the
theory expounded by Germanovich et al'?,

It appears that more evidence of branch fractures is obtained by microseismic
and deformation imaging of hydraulic fracturing growth. These techniques can be
implemented either post-fracture or during the fracturing process by means of real-
time data ac:quisilion3 3, Mapping images are presented in Figs. 3.4 and 3.5 on which
the main fracture and the branch fracture were drawn. Additionally, near-wellbore
pressure loss (NWBPL) detected in a hydraulic fracturing program conducted in the
Cooper basin of Central Australia® was associated with multiple fracturing. NWBPL
is a friction pressure drop in the near-wellbore region. which can be caused by either
insufficient pertoration area or complex near-wellbore fracture geometry (tortuosity).
NWBPL is the most serious obstacle to successful proppant placement. Fig. 1.6
illustrates possible fracture geometries conceived for this basin.

Well test analysis in hydraulically fractured wells has been a topic of interest to
the oil industry since the early 1950's""°. Since then, different approaches have been
presented to study their pressure transient behavior. Numerical. physical semi-analytic
and analytic models have been analyzed’™'°.

In 1955. Crawford and Landrum’ studied the impact of fracture asymmetry and
the angle of fracture separation on the production capacity using an electrical model.
They determined a maximum reduction of 10 % in well productivity when the angle of

fracture varied from 180 to 90 degrees. They also found an increment in production



capacity from 155 to almost 200 percent when the fracture length is 20 percent of the
drainage radius.

Russell and Truit'® conducted the first numerical study performed in this field.
They proposed a numerical solution for a well with an infinite-conductivity fracture
using an explicit finite-difference solution. In spite of their simplistic approach and the
fact that the solution was carried out using an explicit finite-difference formulation,
later on, Gringarten et al'""* found out that Russell and Truit's solution approached
very well their proposed analytic solution for the case of xJ/x; = 10. Gringarten et al'"
'* presented analytical solution for both infinite-conductivity and uniform flux
fractured wells. An infinite conductivity fracture considers a negligible pressure drop
along the fracture. In a uniform flux fracture the fluid enters the fracture at a uniform
flow rate per unit area of fracture so pressure drop is taken into account. The most
important practical contribution of Gringarten et al' 112 were their type curves.

In 1972 Raghavan et al'’ demonstrated the general characteristics of all
common buildup graphs for fractured wells and concluded that the Homet plot is
superior for permeability calculations.

Sawyer at al'"* used the Alternating-Direction Implicit Procedure (ADIP) to
study the behavior of fracture gas wells under Darcy flow. They used a non-uniform
grid to account for higher pressure drop around the fracture. Another numerical
simulation, this time using the finite element method, was presented by Barker' in
1978.

Wattenberger and Ramey'® considered the effects of turbulent flow in the

reservoir on the behavior of fractured wells. They concluded that turbulence within the



fracture itself is sometimes more important than turbulence in the formation. A later
numerical study by Holditch and Morse'” on non-Darcy flow behavior in fractured gas
wells determined that the larger pressure drops are located near the wellbore. For
fractures with low conductivity, the produced gas enters the fracture close to the
wellbore which is seen by an increase of non-Darcy tlow near the wellbore and for
low conductivity fractures. most of the produced gas enters the fracture close to the
tip. They'” also found out that calculation of fracture length when neglecting non-
Darcy tlow will result in values that are far too small. Non-Darcy flow can reduce the
fracture conductivity 20 times or more.

A very important contribution in this field was presented by Cinco-Ley et al'®.
They developed a semi-analytical solution to analyze the pressure behavior of a
vertical well intersected by a symmetric finite-conductivity vertical fracture in an
infinite slab reservoir. Their model assumes constant properties in both fracture and
reservoir. negligible gravity forces, laminar flow. Neither wellbore storage nor damage
were included. This investigation led to characterize the bilinear flow and establish
new concepts on the finite nature of fracture conductivity. They recognized that in
some cases their solution may not follow some field data. Such cases are pressure
sensitive reservoirs, variable fracture conductivity and different fracture patterns.

Dowdle and Hyde'® conducted a numerical investigation to account for the
effects of turbulence, pressure-dependent permeability and porosity, damage, wellbore

storage crossflow and partial penetration in hydraulically fractured gas wells with

uniform flux. The pressure transient analysis was achieved via type- curve matching.



Ekie et al’®

generalized correlations to analyze and design pulse tests in
fractured wells. They™ presented a method for estimation of the compass orientation
of a vertical fracture as well as the degree of reservoir anisotropy provided that
formation permeability and fracture length are known.

In 1977, Cinco-ley and Samaniegoll extended the work of Cinco-Ley et al'® to
include the effects of wellbore storage and damage. They found that the pressure
behavior is greatly affected by the fracture damage. They also found that relevant
information about fracture characteristics might not be determined when wellbore
storage effects are present because it masks the bilinear or linear response. Later on.
Cinco-Ley and Samaniego™ showed that a plot of flowing pressure versus fourth root
of time yields a straight line which slope depends upon fracture conductivity.

Narasimhan and Berkeley™ elaborated on fracture asymmetry by means of a
numerical [ntegral Finite Difference Model using a curvilinear mesh with locally grid
refinement in both near-wellbore and tip fracture regions. They reported that the
number of grid points has to be increased as the fracture conductivity value decreases.

By means of a numerical approach, Guppy et al™* determined that the
dimensionless fracture conductivity is smaller than estimated if Non-Darcy flow is not
considered in gas wells. They presented a correlation to correct fracture conductivity
including non-Darcy effects.

Fracture orientation can be estimated by either interference™ or pulse testing™.

For this purpose, Mousli et al” presented a type-curve method applied to interference

tests while Tiab and Aboubise™ presented an analytical technique for pulse testing



which utilizes graphical correlations instead of type curves. In any case. at least three
wells have to be tested to find fracture orientation.

Bennett et al’’ conducted a numerical study of fracture behavior which
included variable fracture conductivity and fracture asymmetry. This is the unique
source in the literature which provides valuable suggestions, tips, and details on grid
size and time step distribution® **. They found that if the fracture conductivity
decreases as a function on the distance from the wellbore. then at a later time the
response of the variable fracture conductivity behaves as the arithmetic average of the
conductivity.

The application of the pressure derivative concept to fracture wells was applied
in 1986 and 1988 by Wong et al”® and Tiab and Puthigai®. respectively. Both
techniques used type-curve matching procedures. In addition. type-curves were
generated to analyze fractured well responses in naturally fractured reservoirs’'. The
technique was extended for multilayer double porosity reservoirs with analytical.
numerical and semi-analytical numerical solutions™.

The application of the Tiab’s Direct Svnthesis Technique to analyze the
pressure behavior was introduced by Tiab® in 1994 for infinite conductivity and
uniform flux fractures in closed systems. This technique was extended for finite
conductivity wells by Tiab et al> in 1999. Berumen® also applied the Tiab's Direct
Svnthesis Technique to fractured wells in pressure-sensitive formations. He considered
fracture asymmetry and variable fracture conductivity. Berumen et al’® elaborated a

more detailed study on fracture asymmetry in a later investigation.



The first attempt of simulating the pressure behavior of tractured wells with
multiple branches was presented by Escobar et al’’. The investigators presented a
numerical solution for infinite conductivity vertical fractures and found that the
response was identical as if no branches existed. They used a rectangular grid to force
the non-orthogonal system to be orthogonal. This assumption could lead to losing the
physical and mathematical meaning of the problem since Cartesian grids are very
inflexible in describing real geometries that do not follow the Cartesian coordinate
system. By using this approach. the grid orientation effects™* can be more
pronounced.

Most reservoir simulators are defined using a rectangular Cartesian coordinate
system. which has the advantage of familiarity; the equations describing physical
phenomena are traditionally written in Cartesian coordinate form: then, it is a
straightforward process to construct rectangular grid systems. These types of grids
appear to be both natural and intuitive. However, the use of Cartesian coordinates
imposes a rectangular grid on model that may possess no physical relation to the
studied problem.

The first attempt found in the petroleum literature for modeling reservoir
geometry with non-rectangular grid was presented in 1980 by Wadsley*'. Their
construction consisted of approximating an orthogonal curvilinear system by straight
line segments and incorporating a new method to estimate inter-block
transmissibilities and block-pore volume.

In the early 1980’s, the need for reducing grid orientation effects was receiving

. 2 . . .
more attention. Pruess and Bodvarsson' presented a seven-point finite difference
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scheme to reduce grid orientation effects in steamflood patterns. As a result a
hexagonal grid system was employed. Their method alleviates more the grid
orientation effects as compared with the existing five-point and nine-point finite
ditference schemes.

With the purpose of improving the treatment of wells in reservoir simulators,
Pedrosa and Aziz presented a technique that used an orthogonal curvilinear grid
system (cylindrical or elliptical) near the wellbore and rectangular grid elsewhere with
special treatment in the neighboring between the two regions. The technique was
referred to as a hybrid grid system. They use simultaneous solutions while IMPES
solution in the reservoir region.

It was also found that the accuracy of the finite difference formulation applied
to fluid equations is affected tremendously by the grid size. Finer grid system will lead
to less truncation errors and consequently a more accurate solution is obtained. Also,
the refinement of grid systems is also an effective tool for decreasing the numerical
dispersion in the displacement front. However. a conventional grid system requires
larger storage and computation time. Then. great interest was paid to local grid
refinement™’.

PEBI grids. also known as Voronoi grids, have been recently introduced to
reservoir engineering. The first application in petroleum engineering was made by

Heinemann et al®

. They describe techniques for equation discretization and grid
construction. They also found that the grid orientation effects when a PEBI grid is

used is lower than that occurring when a five-point Cartesian grid is used and slightly

higher compared to the nine-point formulation. The second application found was
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presented by Palagi and Aziz”. They found that hybrid Cartesian and hybrid
hexagonal are less sensitive to grid orientation effects that pure hexagonal grids or
even the nine-point scheme.

Due to its flexibility, PEBI or Voronoi grids have been used in several other
areas of the sciences. namely: fluid mechanics®. mathematics’', physicsS *, rock
characterization™  and crystallographfu. electrical engineering”.  biology™.
geostatistics’’ and groundwater flow™.

Few applications of PEBI grids to reservoir engineering are reported in the
literature. Deimbacher and Heinemann®® applied PEBI grids to large-scale reservoir
simulation. Naccache® developed a reservoir simulator to model the injection of
steam into heavy oil. Verma and Aziz® presented techniques to generate two- and
three-dimensional flexible grids for reservoir simulation and for calculation of tlow
over these grids. Recently, Mlacnik and Heinemann® applied windowing and local
timestepping techniques to a full scale simulation model. Pattay and Ganzer”
implemented a dual porosity/permeability system into a PEBI grid reservoir simulator.
Ahmed and Singh™ employed PEBI grids to simulate the Eastern Shallow oil zone of
the Elk Hills Field. Two comparative studies®>® have been conducted to study the
etfectiveness of PEBI grids.

Heinemann®” developed a study of the application of PEBI grids with faults.
windows, dual time-stepping, transient well testing, horizontal-well modeling and
aquifer modeling. He found an overall enhanced reservoir description. For the case of
well testing he found an excellent match between the numerical results and analytical

solution. However, there was no specification of the type of PEBI grid used.
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Gunasekera and Lindsey® elaborated upon the classification of PEBI grids and
applied them to study transient pressure behavior in vertical and horizontal wells. In
spite of the difference among the results obtained for four different grid types. they
considered that there is not sufficient experience with PEBI grids to recommend one
method over other. They determined that hexagonal PEBI grids result in a low grid

orientation effect for isotropic and anisotropic cases.
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CHAPTER 11

PEBI GRID APPLICATION TO TRANSIENT

PRESSURE ANALYSIS

2.1. INTRODUCTION

Accuracy and efficiency of reservoir simulators in complex systems are highly
dependent upon a proper grid selection. Grids based on a Cartesian coordinate system
have been widely used. but possess some disadvantages: (a) intlexibility in description
of faults, pinchouts. hydraulic fractures, horizontal wells and general discontinuities
presented in reservoirs, (b) inflexibility in representing well location: (¢) unavoidable
inaccuracies due to grid orientation effects.

Local grid retinement*~, nine-point™*

and thirteen-point™’ finite difference
schemes were introduced to enhance the performance of Cartesian grids. Research has
covered other techniques to reduce grid orientation effects. starting from the
development of a uniform hexagonal grid block pattcm42 until the application of
Voronoi or PEBI grids. However. as pointed out by Gunasekera and Lindsey®. the
experience with PEBI grids is very limited since their application is still in its infancy.
Application of PEBI grids in the oil industry has been no more than a decade. Besides.
last applications are being introduced during the past three years. On the other hand.

generation and construction of PEBI grids are not as easy as Cartesian grids. The

construction of a PEBI grid for a reservoir is feasible only if it is done by a numerical
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grid generation procedure®. The Eclipse suit”"”", which was used in this study (finite-
difference simulator), recognizes five types of grids but there is no evidence of the
limitations and applicability of them to simulate well transient behavior. Therefore. the
point of this chapter is to provide some basic definitions on PEBI grids and establish
and recommend their applications for simulating the transient pressure behavior of
horizontal wells, vertical wells and vertical fractures artificially created in vertical
wells. We will see that PEBI grids are not a panacea for solving the above-mentioned

cases.

2.2. THEORETICAL CONCEPTS ON PEBI GRIDS*#*¢7%*
2.2.1. DEFINITION

A Voronoi grid is defined as the region of space that is closer to its gridpoint
than to any other gridpoints*®’*”°. The PEBI grid is locally orthogonal. It means the
block boundaries are normal to lines joining the nodes on the two sides of each
boundary. (See Fig. 2.1.) This allows a reasonably accurate computation of interblock
transmissibility for heterogeneous but isotropic permeability distribution®® *’. This is
the type of grid supported by the Eclipse Suit”’. Heinemann and Brand*® also
presented a method of implementing the PEBI grid method to full and anisotropic

symmetric permeability tensors. The grid block boundaries in this case are not locally

orthogonal but oriented in a manner such the vector kn (being k the permeability
tensor in the triangle and 7 is the outward normal to the block surface) is parallel to

vector §, the vector pointing to node j from node i. A result of this simplification is
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that flow across any surface becomes only a function of potentials at the nodes on
either side of the surface™. Such grids have been called k-orthogonal or generalized
perpendicular bisector (GPEBI) grids™. See Fig. 2.2. This approach presents problems
for regions having high permeability anisotropy™.

Actually. a Voronoi grid block has been used not only for numerical simulation
but also to discretize a domain in many other fields™™™. Although, the gridblocks have
been referred as such names as Wigner cells™, Dirichlet tesellation”’. PEBI gridn
(PErpendicular Blsection), or polygons of influence™. it is more common found in the
literature as Voronoi polyhedra in honor of the mathematician Voronoi™® who first

defined these polygonal regions.

L Grid point
~weeeeeeeeees T ri@nguilar or Delaunay mesh (for connections)
Voronoi or PEBI block

Fig. 2.1. Voronoi or PEBI grid block example
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Voronoi grids provide ways to connect the locally refined grid with the base
coarse grid. Conventional local grid refinement techniques have some restrictions
regarding the grid refinement. Voronoi grids do not have this limitation. Any
combination of Cartesian, cylindrical, hexagonal, curvilinear, hydrid-Cartesian, locally
refined Cartesian, hydrid hexagonal, etc. can be used in a single domain which
increase their flexibility for representing major reservoir features and flow around
wells and capturing local details. Besides, the grid system can be generated in the
domain by a combination of modules of simple geometry (Cartesian. cylindrical or
hexagonal). Each module can be located. rotated and scaled in the physical domain
such that the grid geometry conforms to major direction of tlow around wells and
geologic features’”. Several modules can be combined in the same domain. Fig. 2.3

presents an example of a PEBI grid generated with the Eclipse Suit.

Fig. 2.2. Generalized PEBI grid block example (GPEBI)
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2.2.2. GRID AND BLOCK CONSTRUCTION

Several methods have been developed for the generation of PEBI grids. Some
of them use to start a triangular mesh (Delaunay mesh). others use a hexagonal mesh.
convex quadrangles, radial or other curvilinear meshes. Even though, there are

methods on which grid points are arbitrarily distributed inside the domain.
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Fig. 2.3. Demonstration of the flexibility of Voronoi Grids (generated with the Eclipse
Suit). Upper left: horizontal well, Lower left: vertical well, Center: vertical fractured
well, Right: A linear fault intersecting a non-linear fault
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Not all discretizations on irregular grids are based on perpendicular bisectors.
For a rectangular grid, there are two different ways ot constructing grid blocks: block-
centered and point-distributed. the latter being equivalent to the perpendicular
bisection method.

A complete review of grid generation algorithms was presented by Ho-Le*'.
The one described here. only for 2D PEBI grids, uses the procedure outlined by
Frederick et al* to generate internal points, but it differs from it by the way the

boundaries are treated to satisfy reservoir simulation needs.
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b) Block system constructed from

a) Triangulation triangular network

Fig. 2.1. Grid network and block system

Construction of a 2D PEBI grid starts with defining the position of gridpoints
and connecting them by straight lines so that a triangular (or rectangular for other
methods) mesh is formed. See Fig. 2.4.a. This grid network has to fulfill the following
regularity conditions: (1) for any two adjacent triangles. the sum of the two angles at
the vertices opposite the common edge of the two triangles must not exceed ® and (2)

for a triangle at the boundary, the angle at the vertex opposite the boundary must not
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exceed m/2. A triangulation satisfying both conditions is known as Delauney

triangulation (See Figs. 2.1 and 2.2). For triangular meshes. considering accuracy,

equilateral triangles are optimal. However. for reasons of flexibility, some triangles

must be irregular. Once the triangulation is complete, the block system is constructed

from the grid network as shown in Fig. 2.4.b.

D

3)

4)

6)

7)

. - . . . . 19,75
The main steps for block construction generation is given below™ "

Select a grid point /.

Select a set of potential neighbors, j. such that the distance between the points ¢
and j is less than two times 7y, (L, < 2 rimg)- All other points are not considered in
the following steps.

Find the closest neighbor j (minimum L,)).

Based on segment Jj. look for the next neighbor & in a counter-clockwise sequence.
such that the angle ij is the maximum one.

Evaluate the radius, r.. of a circle that passes through points i. j and £. The center
of this circle is a corner of the Voronoi polygon (gridblock) of these three points.
The corner may be outside of the domain (Fig. 2.5).

If 7. < Fmax, then point & is a valid neighbor. Set point j = & and repeat steps 4 and 5.
[f the first neighbor (the one from step 3) is reached again, then the block / is an
internal one, and step 1 should be repeated for a new grid point. 1, is an user-
input property which defines the maximum size for grid construction.

If r. > Fnac, or no point is found in the search, then segment ij is part ot the external

boundary. Proceed to step 8.
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Fig. 2.5. Voronoi grid svstems

8) After all the grid connections and boundaries have been generated (steps | through

8) then go back to the boundary blocks and evaluate the angles between boundary
points and adjacent interior points. such as CAB in Fig. 2.5.

9) If CAB < /2 then the middle point of the segment BC is a corner of the Voronoi
polygon (gridblock) of points B and C.

10)If CAB > /2 then cut the part of block A that would lie outside the boundary and

adjust the geometry of blocks B and C (Fig. 2.5).



11)Finally, remove all connections with width b less than a very small number
(recommended 0.001 times the block perimeler“).
The above described method suffer from several deficiencies ™:

a) Ifis not possible to control the final position of the grid points.

b) The grid increasing in density in some parts of the domain causes grid coarsening
in other parts as the number of grid points inside the domain remains the same.

¢) A totally irregular gridblock system also causes problems in the output and in the

graphics.

2.2.3. PEBI GRID STYLES"
The Eclipse Suit recognizes five types of PEBI grids™. Uniform grids specified
with fixed x and v dimensions:
e Hexagonal
e Rectangular
Expanding grids with a growth factor from some location out to a uniform grid
boundary beyond which no further growth takes place:
e Variable
e Circular
e Elliptical
Circular and elliptical grid styles should only be used with models with one

well™®.



2.2.4. GRID CONTROLS"™

In the Eclipse Suit, this controls the type of local grid used around the well. [t
is very important to have small grid blocks near the well in order to model the
transient response. The following parameters control the grid:

e Grid style. If a radial style is chosen then the number of theta and radial divisions
can be set. If another style is chosen the local grid will be a single cell with a
radius of the same size of the radius field. For bulk style gridding the cell radius is
the same as that for the main volume.

e Radius. Outer radius of the local grid region

e Radial cells, sector/sides. The number of radial and azimuthal divisions within the
local grid or the number of sides of the single cell.

Table 2.1. Reservoir coordinates

X Y Boundary X Y Boundary
4565.4 0| Closed -4565.4 0| Closed
3228.2| 3228.2| Closed -3228.2 -3228.2 | Closed

0] 45654 | Closed 0 -4565.4 | Closed
-3228.2 | 3228.2| Closed 3228.2 -3228.2 | Closed

2.3. PEBI GRIDS APPLICATION TO SIMULATE PRESSURE
TRANSIENT BEHAVIOR

This section will focus on the application of PEBI grids to simulate the
pressure transient behavior (drawdown) of single vertical wells. single horizontal wells
and single artificially fractured vertical wells. Numerical solutions are compared to

analytical solutions to determine the accuracy and applicability of a given grid style.



Table 2.2. Reservoir, well and rock data used for simulation

Property Value

k. md 30
h. ft 50
0, % 23
Cr, psia 1x10°
T. °F 200
Tops depth, ft 10000
Rock type Limestone
pi, psia 5200
I 0.4
q, bpd 3000
i, cp 0.3
Con PSia’ 1.28x107
B. rb/STB 1.48

o Ibr/ft’ 55
Pu. Ibov/ft’ 62.428
p,. Ibnv/ft’ 0.05
Te, °F 60
P.., psia 14.7

2.3.1. VERTICAL WELLS

The analytical solution including wellbore storage and damage for vertical
wells is given in Appendix A. Several numerical simulation runs were performed
using the five grid styles above mentioned. Reservoir, fluid. PVT data and rock
properties are defined in tables 2.1 through 2.4. The reservoir was assumed to possess
an octagonal shape with a well centered in it at 0. O ft and radius 4565.4 ft. This

particular shape reduces the possibilities of failure of the gridding algorithms.



Table 2.3. Main simulation parameters used in the Eclipse Suit

Time step mode Transient
Timestep pressure change 2.3932 psia
[nitial time step 0.0001 hrs
Maximum time step 15 hrs
Maximum time step growth 1.2 hrs
Simulation length 150 hrs
Report steps per period 1

Restart option On

Fluid model Black oil
Grid type Corner point
Model type 2D

Solution type Fully implicit

Table 2.5. Grid controls

Grid style | Radius of | number of | Sectors/ | Dimensions Total
radial radial Sides number
grid, ft cells of cells
Variable 68.9655 19 12 102*20*| 546
Elliptical 30.0000 32 32 48*33*] 1088
Circular 68.9655 19 12 40*20* | 427
Hexagonal 68.9655 19 12 52*21*1 546
Rectangular 68.9655 19 12 48*20* | 520

Table 2.6. Absolute errors for several PEBI grids

Grid style | Absolute
error, %
Variable 0.375
Elliptical 18.775
Circular 0.455
Hexagonal 3.153
Rectangular 3.364
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The number of grid points was gradually increased until the numerical
solutions close matches the analytical solutions. In several cases increasing the
number of gridpoints did not improve significantly the numerical solution. The grids
used for simulation are shown in Figs. C.1 through C.5. Simulation results are
reported in Fig. 2.6 and tables D.l.a and D.1.b. Table 2.6 shows the absolute error
deviation of the numerical solution from the analytical one. Notice in Fig. 2.6 that the
elliptical grid provides very erroneous solutions for this case. Besides. the absolute
error keeps increasing. The absolute error estimated from the numerical results for an
Elliptical grid to the analytical solution has a mathematical average of 18.77 %. see
table 2.6. Moreover, the behavior of the pressure derivative curve differs significantly
from the actual analytical case. A similar behavior, although less severe, is observed
for the rectangular grid case. The best solutions were attained with the variable and
circular grid styles. Arithmetical errors for these cases were below 0.5 %. It is
evident. from Table 2.6 that the number of grid points is about the same for all the grid
styles but the elliptical. Even though. the number of grid points used for this grid style
(elliptical) is about as much as twice the remaining grid styles. the numerical solution
is highly mistaken. The fact that the numerical solution at early time is very good.
does not make the general behavior to be unreliable.

For the three worse solutions, namely: elliptical. rectangular and hexagonal,
new runs were performed increasing the number of grid points by a factor of 2.4, 7.02
and 7.13. respectively, to see the improvement of the numerical solutions. Table 2.7
contains the gridding parameters and Fig. C.6 presents the grid system used for these

simulations. Results are reported in Fig. 2.7. In spite of the increment of computational



time, the solutions improved insignificantly and do not compensate the involved
computation effort.

Table 2.7. Grid controls for hexagonal, elliptical and rectangular PEBI grids

Grid style Radius of | number of | Sectors/ | Dimensions | Total
radial radial Sides number
grid, ft cells of cells
Elliptical 30 64 32 56*65*1 2632
Hexagonal 30 64 40 103*65*1 3863
Rectangular 30 64 40 96*65** | 3708

Table 2.8. Grid controls for hexagonal, elliptical and rectangular PEBI grids

Wellbore Skin Radius | number | Sectors | Dimensions | Total
storage, | Factor, S of of /Sides number
Co radial | radial of cells
grid, ft cells
0 0 68.9655 19 12 102*20*1 546
100 0 68.9655 19 12 102*20%*| 546
10000 0 68.9655 19 12 102*20*1 546
10000 5 68.9655 19 12 102*20*1 546

It has been shown that for vertical wells, the circular and variable PEBI grids
provide very good results with the smaller number of gridpoints. Even though. the
variable grid gives the smallest average error, its pressure derivative suffers a slight
deviation from the actual path, as can be seen in Fig. 2.6. It is thereafter concluded that
circular PEBI grids are the best tool for this case.

The application of circular PEBI grids was extended to vertical wells having
damage and wellbore storage. Table 2.8 shows the grid controls for these runs. As can
be seen in tables D.2.a and D.2.b the average absolute error is lower than 0.5 %. Refer
also to Fig. 2.8 to observe how well the numerical curves match the analytical

solutions.
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2.3.2. VERTICAL WELLS INTERSECTED BY A HYDRAULICAL
FINITE-DONDUCTIVITY FRACTURE

In order to establish which grid style should be appropriate to better describe
fractured-well performance, the five grid styles namely: variable, rectangular,
hexagonal, circular and elliptical were used to simulate pressure drawdown tests.
Dimensionless fracture conductivities ranging from 0.1 to 300 were employed in the
simulations. The semi-analytical solution presented by Cinco-Ley et al', and provided
in appendix A, is used as the matching criterion. The mathematical models are
provided in chapter 3.

The fracture orientation. traditionally lying over the x-axis. was rotated trom 0
to 90 degrees to observe the capability of PEBI grids handling non-orthogonal
systems. Fracture parameters are given in Table 2.9.

Table 2.9. Fracture parameters

Parameter Value
o, % 10
w, ft 0.05
ks, D 6 to 18000
¢, l/psia [x10°

Table 2.10. Grid control parameters applied to all studied PEBI grids applied to
fractured wells

Grid Radius | No. of | Sectors | Fracture | Dimensions Total
Style of radial | /Sides | cell length, number
radial | cells ft of cells
grid, ft
Elliptical 15 4 32 20 92*19*| 702
Circular 5 20 64 5 78*55*1 2602
Hexagonal 5 4 32 5 70*31*| 1044
Rectangular 5 4 32 5 66*31*1 1018
Variable 5 4 32 5 287*31*] 1610
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Table 2.11. Absolute errors for several PEBI grids (hydraulically fracture vertical
wells)

Grid style Absolute
error, %
Variable 12.59
Elliptical 1.43
Circular 64.29
Hexagonal 12.35
Rectangular 11.72

Fig. 2.9 presents the pressure behavior obtained numerically for a vertical
fractured well using the whole set of PEBI grid styles under study. The gridding
control parameters are reported in Table 2.10. The dimensionless fracture conductivity
used was I. Refer to Figs. C.7 through C.10 to see the grid systems used for these
simulations. Data for generating such a plot are presented in tables D.3.a and D.3.b.
From Fig. 2.9 is virtually seen the high efficiency performed by the simulation run
with an elliptical PEBI grid. Its average absolute error was less than 1.5 %. See Table
2.11. Although. the circular grid pertorms very well at very early times. the overall
performance is very poor since the numerical solution deviates continuously from the
numerical one. The other three grid styles display a more constant behavior. However.
the resulting deviation error above 10 % leads us to not apply them to study transient

fractured well behavior.

2.3.2.1. EFFECT OF FRACTURE CONDUCTIVITY

It was also found that the Elliptical PEBI grids. which provide the best

numerical solution for vertical fractured wells, have a limited application for



dimensionless fracture conductivities greater or equal to 1. Another experiment was
run for dimensionless fracture conductivities of 0.1 and 0.5. The gridding parameters
for these two cases are given in Table 2.12. Results of simulation runs are reported in

Table D.4 and D.5 and Figs. 2.10 and 2.11.

Table 2.12. Grid control parameters for Elliptical PEBI grids applied to fractured wells

Cp- Case | Radius | No. of | Sectors | Fracture | Dimensio Total
of radial | radial | /Sides Cell ns Number
grid, ft | cells length, of cells
ft
0.1 -Case | 15 8 32 25 84*26* | 899
0.1 - Case 2 5 8 32 5 148*40* | 3462
0.5 - Case | 15 8 32 25 84*26* | 899
0.5 - Case 2 5 8 32 5 148*40* | 3462

For a dimensionless fracture conductivity of 1. it was seen that simulations
using an Elliptical grid provides reliable results since absolute error was 1.43 %. Refer
to Table 2.13 to note that the error reduces as the gridpoint number increases and as
the fracture conductivity goes from 0.1 to 0.5. For the first case. C;p=0.1 the deviation
errors are around 30 % even though the gridpoint numbers was increased almost 4
times. For the second case, increasing 3.85 times the number of gridpoints took down
the deviation error from 11.33 to 4.15 %. It still does not satisty a good matching
criteria. Then. we conclude that the Elliptical PEBI grids do not provide accurate
results for dimensionless fracture conductivities below 1.0. An explanation to this
phenomenon is that the pressure gradients in the fracture become extremely high as

the fluid approaches the wellbore, then the computation of transmissibilities is not

accurate.
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Table 2.13. Absolute errors for Elliptical PEBI grids and Cjp=0.1 and 0.5.

Case 1 - Error, %

Case 2 - Error, %

35.25

27.16

11.33

4.15

Table 2.14. Recommended grid control parameters to simulate transient pressure
behavior of vertical wells using an Elliptical PEBI grids

Dimensionless fracture | Maximum | Minimum | Sectors Minimum
conductivity Radius of | Numberof | /Sides | Fracture cell
radial grid, | radial cells length, ft
ft

| 15 4-8 32 5-20

10 15 4 32 5-20

20 10 4 32 5-20

30 5-10 2 32 5-20

50 5-15 2 32 5-20

70 5-15 2 32 5-10

80 5-15 2 32 5-10

100 5-20 24 32 10-30

150 5-20 2 32 5-30

200 5-20 2 32 5-30

300 5-20 2 32 5-30

From several numerical simulation runs performed during this study. the range

of grid control parameters provided in Table 2.14 are recommended to obtain reliable

simulated results for the use of PEBI Elliptical grids in hydraulically fractured wells.

Simulations results for dimensionless fracture conductivities other than one were also

performed. See results in tables D.6.a and D.6.b. It is shown there a deviation error

lower than 1.5 %. Comparison of the simulation results against analytical solutions

can be better observed in Fig. 2.12. Grid control parameters are presented in Table

2.15. An example of the used grids is shown in Fig. C.11.
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Table 2.15. Grid control parameters for Elliptical PEBI grids applied to fractured wells
with different fracture conductivities

Cp | Radius | No.of | Sectors/ | Dimen- Total | Fracture
of radial | radial Sides sions No. of cell

grid, ft cells cells length, ft
1 4 4 32 92*]9*| 702 15
50 2 2 32 [12*20*| 985 10
100 2 2 32 88*16*1 498 20
300 2 2 32 112*20%*] 985 10

2.3.2.2. EFFECT OF NON-ORTHOGONALITY

It is of crucial importance to determine if the Elliptical PEBI grid has the
flexibility of accurately provide numerical results when the fracture is not oriented
along the x-axis and it has been rotated any angle. instead. Therefore. Elliptical PEBI
grids were designed to run numerical simulations with certain rotation of the hydraulic
fracture within a wide range of fracture conductivities. The gridding control
parameters used during this experiment are shown in Table 2.16 and results are
reported in tables D.7.a and D.7.b and Figs. 2.13 through 2.15. See the type of
designed grid systems in Figs. C.12 through C.15.

From the results just obtained, it is therefore demonstrated that PEBI grids.
specifically Elliptical style, are capable of reliably handle non-orthogonal systems that

lie on the Cartesian coordinate plane.



Table 2.16. Grid control parameters for Elliptical PEBI grids applied to fractured wells
with different fracture conductivities and different fracture-orientation angles.

Cp 0, Radius | No.of | Sectors/ | Dimen- | Total | Fracture
Degre of radial | radial | Sides sions No. of cell
es grid, £t cells cells | length, ft
300 15 5 2 32 i48*29*1 | [571 5
100 30 20 2 32 104*18*1 | 714 20
50 45 5 2 32 148*29*1 | (570 5
50 60 5 2 32 148*29*] | 1578 5
l 75 15 4 32 92*19*] 702 15
l 90 15 4 32 92*19*| 702 15
2.3.3. HORIZONTAL WELLS

In a similar fashion, the five PEBI grid styles under consideration were
employed to perform numerical simulation of transient well pressure in horizontal
wells. Numerical drawdown solutions were compared to the analytical solution
proposed by Goode and Thambynayagam®. Input data for these simulations are given
in Table 2.17 through 2.20. Reasonable accurate numerical solutions were obtained
and no effort was concentrated to improve the accuracy of the solution by increasing
the number of gridpoints. Moreover, to capability of PEBI grids to handle non-
orthogonal system. the horizontal well was rotated with respect to the x and y
coordinate systems. The Numerical solution for an angle of zero degrees was very
slightly different to those from angles of 45 and 90 degrees. Then. reports for 45 and
90 degrees. which were essentially the same. are provided. Examples of the designed
grid systems for these cases are shown in Figs. C.16 though C.20.

Notice from Figs. 2.16 and 2.17 that all the mentioned PEBI grids provide

good results for horizontal wells in any angle. It is easy to improve more the accuracy
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of the solutions by incrementing the number of gridpoints. However. it was considered
no need of doing so since the numerical results are with an acceptable margin of about
2.5 %. The pressure derivative curve is provided in both log-log and semilog scale.
The reason of the semilog scale is to be able to distinguish the solution trends.
Absolute error deviations are shown in Table 2.21. Notice that although the absolute
errors aré about the same, the elliptical grid provides an overall trend which better
matches the analytical solution. However. any of the studied PEBI grids can be used to
simulate horizontal well pressure behavior.

As a final remark, the mathematical and numerical conceptions of treating
horizontal wells is the same as for vertical wells. In other words, mathematically
speaking, a fracture is identical to a horizontal well. Horizontal wells just have a radial
profile instead of a rectangular profile in vertical wells. To the simulator this means
very little, as connections are connections. If this is the case, the following question
arises: why are horizontal wells described by all the studied PEBI grid styles and
vertical wells with hydraulic fractures not ? A possible explanation to that question is
due to the tlow geometry. In a vertical well. there exists a bilinear tlow inside the
fracture from the tips to the well while in horizontal wells a linear behavior is
observed. Therefore. the estimation of the average transmissibilities is more uniform
for horizontal wells, then the simulation results could be more reliable.

Table 2.17. Reservoir coordinates

X Y Boundary X Y Boundary
16405 0.0 Closed -16405 0.0 Closed
11600 11600 Closed -11600 -11600 Closed

0.0 16405 Closed 0.0 -16405 Closed
-11600 11600 Closed 11600 -11600




Table 2.18. Reservoir, well and rock data used for simulation

Parameter Value | Parameter Value
k, md 200 |T. °F 200
K./k« l Tops depth. ft 6000
H. ft 60 Rock type Limestone
L., ft 3000 | P, psia 3000
Well position 0.0 |r.ft 0.4
e, I 16405 | g, bpd 4000
Perforation length, ft 3000 |p,cp 0.65
Co 500 | c,, psia’ 2x10”
S 5 B., rb/STB 1.25
Simulation time. hr 160 | p,, Ibmv/ft’ 54
o, % 20 | T °F 60
Cr, psia 1x10®° | P, psia 14.7

Table 2.19. Grid control parameters

Parameter Value
Extent of Cartesian grid. ft 413.7931
Distance to first point, ft 0.8 0.8
Number of transverse cells 14
Number of Longitude cells 14

Table 2.20. Number of grid points

Type of Cell | Number of cells
Circular 4795
Elliptical 4851
Rectangular 5495
Hexagonal 5684
variable 4403

Table 2.21. Absolute errors for a horizontal well using all the studied PEBI grids

Grid style Absolute Error, %
Elliptical 2.38
Hexagonal 2.38
Variable 2.44
Rectangular 2.57
Circular 2.36
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CHAPTER I

MATHEMATICAL FORMULATION AND SOLUTION

The purpose of this chapter is to describe the physical systems used in this
study by introducing a set of mathematical equations. Before the equations are
presented, all the required assumptions are stated. Then. models for reservoir and
fracture systems are described along with the respective initial and boundary
conditions to which the systems are subject. We also define a set of dimensionless
quantities to better understand and generalize the transient pressure behavior so that

the Tiab's Direct Synthesis Technique can be derived.

3.1. HYDRAULIC FRACTURED VERTICAL WELL WITH A

BRANCH FRACTURE
Fig. 3.1 illustrates a schematic view of the reservoir situation in which we are
interested. The following assumptions are stated:

o The physical system is a single layer circular reservoir that is being drained by a
hydraulically fractured well. However, for practical purposes the circular system
has been approached to an octagon as shown in Fig. 3.1.

¢ The porous medium is isotropic. homogeneous and bounded by upper and lower
impermeable strata.

* A horizontal reservoir with uniform thickness, h. is considered. Therefore. gravity

effects are neglected.
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Skin and wellbore storage effects are not considered to take place neither in the
fracture nor in the well.

The reservoir and fractures are completely saturated with a slightly compressible
single-phase liquid tluid of constant compressibility, ¢, and constant viscosity. U.
Flow in both fracture and reservoir is laminar and described by Darcy’s law. Rapid
flow effects (non-Darcy flow) are significant for gas tlow in fractured wells'’.
Therefore, the derivation of the flow equations included non-Darcy effects with
the sole purpose of future extension of this work to gas flow.

No chemical reactions take place in the porous media. Also. the dispersion term is
neglected.

The inner boundary condition is set to constant production rate. Fluid enters the
well only from the fracture. Fluid enters the fracture from the fracture face.

The vertical fracture extends over the entire stratum. [n other words. the model
assumes that the fracture height, Ay. is equal to the formation thickness. A.

The fracture is length 2X}. width, w, and fully penetrates the wellbore. The fracture
permeability, &y, is assumed to be constant.

Neither dilation nor compaction of the reservoir-fracture system are considered.
The main fracture yields parallel to the drainage area in the x-direction while the
branch fracture has an inclined position. For the experiments run in chapter II.
where only main fracture exists, the fracture can have any arbitrary rotation.

No mechanical interaction takes place between the main and branch fractures.

The main fracture system is symmetric with respect to the well and the well is

located in coordinates 0.0 (center of octagon).
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The fractures —main and branch- are considered to be another porous medium

which properties differ from those of the reservoir. The width. w. and length. x; of
the fracture do not depend on the vertical coordinate. The fracture si assumed to
possess finite conductivity.
Since the fracture covers the whole vertical interval and no gravity effects are

involved, the problem can be represented in two-dimensional coordinates as depicted

in Fig. 3.2.
Using the assumptions above stated. the partial ditferential equation governing

the fluid flow for the reservoir depicted by Fig. 3.1 is:

In the reservoir:
J,alp? +s“(ap" -+5‘. azp,” +¢, 0Py | o TwoYol) 9Py (4,
ax: *lax,) oy ey, Aar, on

The above equation, constituting the first initial value boundary problem. has

been derived with detail in Appendix E. As stated in the assumptions, consideration of

non-Darcy flow is relevant for gas flow but is not very significant for liquid flow. then

Eq. 3.1 becomes:
J iz 2 Py o T4 o Yoolo) 0B, (3.2)
axX:  ar: Ax,Av,, a1

Since the physical system has been assumed to be isotropic. then Eq. 3.2 can

be written. in dimensional form, as:
(3.3)

O°p 9°p QUx.y.NH_@cpdp
dx 9y’ hk k ot

which is applied to the reservoir domain given in Fig. 3.1, excluding the fracture.

50



Closed
oil-bearing
reservoir

/

. | Reservoir
% |thickness, h

K

Fig. 3.1. Schematic view of the reservoir-fracture svstem

<

Branch
Fracture

Fig. 3.2. Plane view of the reservoir-fracture svstem

51



Eq. 3.3 is subject to the following initial and boundary conditions:
plx.v0)=p, (3.4)
which is expressed in dimensionless form as:
Pp(Xp. Y, 00=0 (3.5)

As shown in Fig. 3.3, the outer no-flow boundary conditions at the east and
west sides of the reservoir are given by:

9 . v.0)=0 (3.6)
ox'

and the outer no-flow boundary conditions at the north and south sides of the reservoir
are given by:

a—p(.r'._\".t)=0 (3.7

ay'

where x' and v’ are defined by™:

x'=(x~a)cosw+(y-b)sin w (3.8)
y'==(x—a)sin@+(yv-b)cos w (3.9)

being a and b the translation values along the x and v directions. respectively. and @is

the rotation angle with respect to the x-axis. Refer to Fig. 3.4.

The dimensionless torm of Eqgs. 3.6 through 3.9 is given by:

a 14 L]
a;‘;,<x,, Y,1,)=0 (3.10)
a L] 1}
a;:’,(xo.yb 1,)=0 (3.11)
X,'=(X,—alr)cosw+(Y,—b/r)sin ® (3.12)



Ypy'=—~(Xp—alr)smw+(Y,-bl/r)cosw (3.13)
In the fracture:
The second initial boundary problem for the system under discussion consists

of a fracture which governing equation is given by:
ahpm +a-ij _ Twy
dX, dY; CprAX,AY,

IC;D a p/D
Cp ) a1,

‘IID(XD:'YD:"[D)
(3.14)
4wy,
+—_
C/DAXD“AYD“.

qu(tD)=(

(-3228.2, -3228.2) (-3228.2, 3228.2)

(0.-a565.41) 7

Fig 3.3. Reservoir coodinates and boundary conditions
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+.

b !

a
Fig 3.4. Translation and rotation of Cartesian axis™
Eq. 3.6 was derived with detail in Appendix F. After neglecting rapid flow

etfects. the dimensional form for Eq. 3.6 is:

a’p, +33p, _Ha (v g (1) _ Mo, dp,

3 3 — - - (3.15)
dx- dy kwhe,  k whx, k, dt
The initial condition is:
p;(x.yv0) =p, (3.16)

where x includes both the main and branch fractures.

The domain of the above equation is the whole fracture system. In
dimensionless form, the above conditions are expressed as:
Pp(Xp,¥p.0)=0 (3.17)

The dimensional and dimensionless no-flow conditions at the fracture tip are:

d
ZPf (. 0.0 =0 (3.18)
dx
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ap/D
—(L0,t,)=0 (3.19)
X, o)

Compatibility and continuity conditions':

g, y.0)=q(x.v.1) (3.20)
w
p,lx.y.0)= p(x,7.t) (3.21)
w
p (x.y.0)= p(.r,—7.r) (3.22)
ap.
k, & Fracture =K églhmm, along the fracture (3.23)
dy oy

The above conditions expressed in dimensionless form are:

dp(Xp Yo 1p)=qp(X . Yptp) 3.24)
w
pm(x,,.YD,t,,)=p(X,,.—2-”-.z,,) (3.25)
Po(Xp. Yptp)=p (X, ——t,,) (3.26)
ap ap
k, —2 het 2% along the fracture (3.27)
! aY lquurr aY IR:xenmr

Wellbere Conditions
Two types of inner boundary conditions are possible: constant rate and
constant pressure. As said before, this study considers only constant flow rate case as

inner condition.

! Mathematical development applied to a symmetric fracture along the x-direction

55



For the main fracture, the constant rate boundary condition can be obtained by

integration of Eq. 3.15 over the length of the fracture, thus:

L

[qude=— [, JLp Ha D M6 00| g
k4 ox’ Ay k,whx, k., dt

!

k; nhx

The boundary conditions expressed by Eq. 3.18 indicates that dpy /dx at the

fracture tip is equal to zero, then, the above equation simplifies to:

7 .
duq, U by 9P,

= (x1)y+—— (3.29
k,wh  k whx, .J: |:t1, w0 k. dt }Lt )

!

from where the flow rate g, can be solved. as follows:

1 t whec, cdp,
q. —-?I-Jq,-(x.l)dr+ I dx (3.30)
Define the fracture pore volume, V. as:
V,=whox, (3.31)
Then:
- 3p
- I
-Zt, Uq,mymv Cor J. —dx (3.32)
Dimensionless Parameters
Dimensionless distances
X,=— (3.33)
X,
v
Y,=— (3.34)
X,
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Dimensionless time

kt
t,= -
Qucx;

(3.35)

Refer to Appendix E for derivation of the dimensionless time equation.

Dimensionless fracture storage capacity

. W@, Cy
Cp= , A -
Y cx,

Dimensionless fracture conductivity

_ k,- W

C. =-t_
P kx,

Dimensionless pressure in the reservoir

2 kh

Po(Xp Yptp)= (p, - plx.y.0))

-
Dimensionless pressure drop in the fracture
)

At kh
B (p, - plx v.n)

w

Po(Xp Yp.tp)=

Dimensionless tlow rate at the wellbore

q. 1B
Z’Jrkh(p, -p,(x _\',t))

qu‘D = [ =

Dimensionless flow rate at the fracture is:

_ 2q.(x.y.1) uBx,
o= 2 kh(p, - p,(x. v.0)
2q,(x.y.t) uB x,

dp = q
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(3.37)

(3.38)

(3.39)

(3.40)

(341

(3.42)



Wy = d (3.43)
r,

This model was solved numerically using the Eclipse Suit which uses a tinite-
difference formulation. However, the solution had to be handle in a very special
manner. Actually, as seen in the second chapter. PEBI grids are the best tool for
fractured well simulation. However, there are limitations in the gridders since they are
very new. We can say that PEBI grids are in a childhood stage. The used numerical
tool, eclipse suit, does not currently support the simulation of one hydraulic fracture
with branches or a hydraulic fracture connected to another one. Asymmetric fractures
are not support either. When trying to connect two hydraulic fractures. the gridding
fails and no grid system is generated. Then, a recursive procedure was employed.
Mathematically, a fracture is identical to a horizontal well: it just has a radial wellbore
instead of a rectangular profile. To a reservoir simulator, this means very little. as
connections are connections”®. Therefore. the branch fracture was simulated as it were
a horizontal well connected to the main fracture at the center point of the fracture’s
vertical extension. The whole horizontal well extension was simulated as perforated
and crossflow was allowed. In this way, it does not produce but allows fluids to move
along it to the main fracture. Fig. 3.5. illustrates this situation. Three different
horizontal wells lengths were simulated (20. 40 and 60 % the length of the main
fracture) and three different values of the angle formed between main fracture and
branch fracture were analyzed. The horizontal well meets the fracture in three different

locations along the main fracture. One at the fracture tip, another at the middle
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distance between the wellbore and the fracture tip, and the last one at the wellbore.
Fig. 3.2 illustrates this situation.

The simulation parameters used were the same as given in section 2.3.2. But.
the initial time used was 1x10” hours, permeability was 150 md. reservoir thickness
was 200 ft and the timestep pressure change was set to | psia (see tables 2.2 and 2.3).

Of course, the elliptical PEBI grid was chosen to run the simulations.

Plane ,
view

ers 2
Lateral E—
; X R IR A 14
view
-
————— Hydraulic fracture +—Horizontal well —|

Fig. 3.5. Schematic representation of the solution to the main fracture-branch fracture
svstem used with the Eclipse suit

Table 3.1. Equivalent horizontal wellbore length and wellbore radius to fracture
conductivity

Equivalent, | L,=20 ft | L.=40 ft | L.=60 ft | L,.=20 ft | L.=40 ft [ L.=60 ft

Co rw, ft ', ft ru ft Dy,in | D.,in | D, in

1 0.0095 | 0.0113 | 0.0125 | 0.228 0.271 0.300
10 0.0169 | 0.0201 | 0.0222 | 0.405 0.482 0.533
50 0.0252 | 0.0300 | 0.0332 | 0.606 0.720 0.797

100 0.0300 | 0.0357 | 0.0395 | 0.720 [ 0.857 0.948
300 0.0395 | 0.0470 | 0.0520 | 0.948 1.127 1.248
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According to Ozkan et al”’, as in the case of fractured wells. it is possible to
define the dimensionless conductivity, Cyp, for horizontal wells using the following

relationship:

4
C,p =7.395x10" —— (3.44)
khL,
Table 3.1 presents the dimensionless conductivities estimated using Eq. 3.44

for the cases studied here.

A dimensionless branch-fracture length. Xj»p, is defined as:

X o =2 (3.43)

3.2. A SEALING FAULT INTERSECTED BY A VERTICAL

HYDRAULIC FRACTURE

Fig. 3.6 illustrates the reservoir-fracture-fault system under consideration.
Additionally to the assumptions given in section 3.1. it is also assumed:
e The fault stops the growing path of the fracture.
e The fracture is completely vertical (no dip angle), it means not tilt is presented.
therefore fault and fracture meet along a vertical line.
¢ Fracture flow direction takes place along the x direction.
e Fault covers the whole reservoir thickness.
e No proppant enters the fault path.

e Fracture lies over the x direction.



o The stress field is assumed to be homogeneous, then, the pressure drop in the
wellbore does not cause failure/slip of any of the fault blocks.

The mathematical model for the reservoir system is the same as given by Eq.

320r3.3:

Closed
oil-bearing
reservoir

h
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H
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1
H
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JURPRRSS 14 e, H
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., .
N :
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= :
N ‘

\ \/ fracture
> (width=w) . | Reservoir
(0,0) i |thickness, h
_
>~
-

Fig. 3.6. Schematic view of the reservoir-fracture-fault svstem

BIPD +a: P, + q,p(Xp¥ptp) AP,
aX[; aYDZ - Axp Ay, at,

(3.2)

azp+azp+ Q(I,._V,.I)‘szﬂc,ﬂap

dx* 9y hk k ot

(3.3)

The above equations are subject to the same initially. boundary and internal

conditions as in section 3.1. Along the fault, a no-flow boundary condition is set as:
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A sealing fault indicates that no flow takes place neither along the fault nor

through the fracture, then the no-tlow internal conditions are:

ap
—(x,y.0=0 {3.46)
ox

Fig. 3.7. Plane view of the reservoir-fracture-fault svstem

dp

S5 =0 (3.47)
v

where x" and v are defined by*:
X'=(x—a)cos@+ ysin @ 3.48)

y'=—(x—a)sin @+ ycos @ (3.49)
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being a the translation values along the x direction and @ is the rotation angle with

respect to the x-axis. Refer to Fig. 3.4.

Seaiing fault
Sealing fault
I N
:"...-"'/".
R R s s g =
Fracture
(b)

Fig. 3.8. Fracture-fault svstem cases studied (a) Fracture intersects fault at 75 % of
faudt length (b) fracture and fault meet at their tips

In dimensionless form, Eqgs. 3.46 through 3.49 are expressed as:

aa;’f’ (X,.¥y.1,)=0 (3.50)
D

d

a;’"u (Xp.Ypt5)=0 (3-51)
D

X,'=(X,—alr)cosw+Y,sin w (3.52)

Y,'==(X,—alr )sinw+Y,cos w (3.53)

The mathematical model for the fracture system is the same as given by Eq.

3.6 or 3.7 but with the fracture lying over the x axis, such that:

Py Tw,
0 _ XpiYpotp)+
aXB C;DAXD'AYD' qﬂ)( Di Dt D)
. (3.54)
41w, 7Cp |9Pp
_—_qu(tD) =
C pAX ,,AY,, Cp ) 9t
alp_ -(.t, v’f) t C., a
p_ M5 yD | pg, () M9y 90, (3.55)

ax’ k whx k why, k at

f
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A dimensionless fault length, Lp, is defined as:

LD - (3.56)

Dimensionless fault lengths starting between 0.5 and 30 were used to analyze
the transient pressure behavior. The simulation parameters used were the same as
given in section 2.3.2 with no changes as in section 3.1. Additionally. some simulation
runs were performed using dimensionless fracture lengths of 80 and 162. The former
covers half the reservoir volume and the later divides the reservoir into two sections of
about the same size. Initially, the hydraulic fracture intersects the fault in its middle
part forming a pure symmetric system since the intersecting angle was set to 90
degrees. Then, the intersecting point takes in one-fourth part of the tault size. In other
words. the fracture intersects the fault at a distance from the tault tip of 25 percent of
the total fault extension. Then, it is analyzed the case when both fault and fracture
meet at their tips. Fig. 3.7 illustrates these descriptions.

To further extend the analysis, the fault angle was varied from 90 to zero
degrees as can be also noted in Fig. 3.8. This experiment concludes the simulation

runs for sealing faults intersected by a hydraulic vertical fracture.



CHAPTER IV

ANALYSIS OF RESULTS

This may be the most important chapter of this study. Its purpose is to present
the results in graphical format and analyze them to establish patterns and differentiate
pressure behaviors for both a branch fracture and a fracture intersected by a fault. The
analysis takes into account the explanation of the causes of the given transient pressure
behaviors which contributes to the extension of the Tiab's Direct Synthesis Technique
to provide a step-by-step methodology to estimate branch fracture length, and fault
lengths in each individual case (Chapter 5). The introduction of the semi-radial or

semi-pseudoradial flow is introduced here.

4.1. HYDRAULIC FRACTURED VERTICAL WELL WITH A

BRANCH FRACTURE

As explained in Chapter 2. the branch fracture was connected to the main
fracture at three particular positions along the main fracture: (a) from the wellbore. (b)
from the middle distance between well and fracture tip, and (c) from the fracture tip.
as sketched in Fig. 4.1.

Three different angles of 10, 20 and 30° and three different dimensionless
branch fracture lengths of 0.2, 0.4 and 0.6 were investigated. Limitations on simulator

gridding did not allow simulation of other scenarios. Using angle values higher than
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30° has no physical meaning. Refer to Figs. C.21.a through C.21.c to observe the grid

system utilized. A number of grid points are provided in Table D.22.

a) Branch fracture starts b) Branch fracture starts
from wellbore from middle point between
wellbore and main fracture tip

o

¢
--------------- TR KRR X

¢) Branch fracture starts
from tip of main fracture tip

s
.:7"'

A
AT ey ey
GOSRHSSERSSHENSS

EOBSILESLOBIN

Fig. 4.1. Position of the branch fractured along the main fracture

Table 4.1. Absolute average errors for the pressure solutions between a
tractured well with no branch and a fractured well with a branch (X;5p=0.6)

CASE | Cp=1 | Cp=10] Cp=50 [Cp =100|Cp =300
Absolute Average Errors, %

(a) | 0.1283 | 0.1242 [ 0.1216 | 0.1241 | 0.1263
(b) [ 0.0575 | 0.0585 | 0.1542 | 0.1424 | 0.0609

For cases a and b, it means, when the branch fracture starts from other position
than the main fracture tip, the pressure response for all the branch fracture lengths and
angles were essentially the same. Therefore, results for an angle of 30° and
dimensionless branch fracture of 0.6 are reported for these two cases. See tables D.10
and D.11. Also Figs. C.21.a thorough C.21.c show the typical grid systems handle for

simulating a fractured well with a branch fracture.
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Fig. 4.2 shows the behavior of a fractured well obtained for cases ¢ and b. It
includes the case without a branch fracture. These curves are shown separately for
dimensionless fracture conductivity in Figs B.l.a through B.1.e. Notice that for each
dimensionless fracture conductivity a single curve is observed. This is because the
solutions for a branch fracture starting from either the wellbore or the middle distance
between wellbore a main fracture tip (cases a and b) is essentially the same for the
case where no branch fracture exists. Tables D.12.a and D.12.b show the absolute
error between the pressure solution for a hydraulic fracture with a branch (Xj;p=0.6)
and without a branch and table 4.1 summarizes these errors. Notice that an average
difference less than 0.13 % is observed. This leads us to establish that for cases « and
b, the response of a branch fracture and without a branch fracture is the same. As
possible explanation, we could say that a very early time, even before the starting of
the bilinear flow regime, the largest pressure drop between wellbore and fracture is
detected. Since the main fracture tip is located at the farthest point from the wellbore.
then that pressure drop is detected and pressure drop from the branches is then masked
for this. One can think that as the dimensionless time becomes smaller. a pressure
response from the fracture branch may be detected. However. going to smaller
dimensionless time may not have real sense since current pressure gauges are not
designed to work under such small time values. The impact of branch fracture

conductivity will be studied in case c.
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Observations of the pressure behavior for cases ¢ and b, which essentially is
the same as for a single main fracture, have been already studied in the literature. As
noted in previous investigations, as the fracture conductivity increases. the bilinear
flow duration is shorter until it practically disappears. See Figs. B.l.a through B.l.e

and Fig. 4.2.

(a) Fracture well with a branch

Main fracture  Welibore Horizontal well

(b) Asymmetric fracture
Wellbore

L ® 1

-

Xw X

Fig. 4.3. Plan view of the fracture system of this study and the asymmetric
fracture of Ref. 36
Case ¢, when the branch fracture starts from the tip of the main fracture,
presents a different behavior than that from the other two cases. However. before
attempting to analyze the pressure behavior. some experimental runs were performed
to verify if the assumed approach-horizontal well acting as the branch fracture works
well. This was done by using a zero angle formed between the horizontal well and the

main fracture and comparing to the results of fracture asymmetry obtained by
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Berumen et al*®. Three cases of fracture asymmetry, & = 0.2. 0.4 and 0.6 (See Fig. 4.3)
where considered. Fracture asymmetry is defined as™:

_X. (4.1)

X,

LAY

Recalling the dimensionless branch-fracture length. Xj;p, definition:

L, _
X = X, (3.45)

Table 4.2. Average absolute errors obtained from the solution of this study and the
Cases of fracture asymmetry from Ref. 36

Cp | Xpo=0 | Xpp=0.2 | Xpp=0.4 | Xpp=0.6
Average Absolute Error, %

i 0.105029 | 0.96516 | 1.43062 | 1.52769
10 0.105640| 0.99246 | 1.42970 | 1.53364
50 0.105158| 1.21740 | 1.43095 | 1.52677
100 |0.105411} 1.23845 | 1.42307 | 1.53045

The solution for a system with no branch fracture was compared to the
symmetric fracture case of Ref. 36. Results are reported in tables D.13.a. D.13.b. Fig.
4.4 and Fig. 4.5: absolute errors are given in table D.13.c and summarized in the
second column of Table 4.2. Notice that a very low absolute difference. of about 0.1
%. was obtained between the two simulation studies. This indicates that both
simulation results are reliable.

The next step was to compare the results using dimensionless branch fractures
of 0.2, 0.4 and 0.6 to the solutions presented by Berumen et al*® for values of fracture
asymmetry of 0.2, 0.4 and 0.6. In this particular case, fracture branch and fracture

asymmetry are basically same definitions. Tabulated results for the above-mentioned
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cases are shown in tables D.14.a, D.15.a and D.l16.a, covering branch fractures, and
D.14.b, D.15.b and D.16.b, covering asymmetric fracture. respectively. Absolute
errors obtained between the two studies are summarized in Table 4.2 and reported in
detail in tables D.14.c. D.15.c and D.16.c.

The results reported by Berumen et al’® are also plotted in Figs. B.2.a through
B.2.c for asymmetric fracture factors of 0.2, 0.4 and 0.6, respectively. Results from
this study are presented in Figs. B.3.a, B.3.b and B.3.c for dimensionless branch
fractures of 0.2, 0.4 and 0.6. respectively. Moreover, the pressure derivative curves are
provided for each of the studied dimensionless fracture conductivities in Figs. B.4.a
through B.4.e.

Notice in Table 4.2 that there are very insignificant differences between the
results of this study and those reported by Berumen et al*®. However. as the
dimensionless branch fracture increases from 0.2 to 0.6. the absolute deviation also
increases. This small discrepancies may be due to the fact that the branch fracture
provides a radial profile which is due to the presence of the horizontal well while
Berumen et al's™ asymmetric fractures have a rectangular profile. In spite of this fact.
the difference is considered negligible and we can conclude that the solution of the

branch fractured simulated as a horizontal well is reliable.
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4.1.1. EFFECT OF BRANCH FRACTURE ANGLE

As commented earlier in this chapter, the branch fracture was inclined 10, 20
and 30° with respect to the direction of the main fracture. It is observed that varying
the angle trom zero, in the case of asymmetric fracturing. to 10 has more effect than
when the angle is changed from 10 to 20 or from 20 to 30°. This observation is
explained by an increase in the pressure drop due to the friction caused by the angle.
As the angle increases, the friction remains and only a very small increase in pressure
drop is observed. As shown in tables D.17a-D.17.e, the increment in pressure drop
with respect the case of no angle is about 6.6 percent. However. the pressure profile is
still the same as if no angle exists, therefore no graphic results are reported to avoid
repetition. When. the angle increases from 10 to 20°, there is an overall pressure
increase of about 6.9 percent and also the pressure profile is kept as in the former case.
See results in tables D.18.a-D.18.e. A similar behavior is seen when the angle value is
set to 30°. a slight increase in pressure drop of about 7.1 % compared to the zero angle
is observed. Of course, the pressure trend keeps behaving as in the case of zero angle.
Results are presented in tables D.19.a-D.19.e.

From the above observations, we conclude that a slight inclination of the angle
causes a friction for the pressure transient to travel. Then, a small increase in pressure
drop is observed. Duplicating the value of the angle causes a pressure drop. which is
very slightly higher than the former case. and so on. Then. the pressure behavior for

angles of 10, 20 or 30° may be considered the same.
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4.1.2. EFFECT OF BRANCH FRACTURE

DIMENSIONLESS CONDUCTIVITY

Because of failure in the gridding algorithms, it was only possible to reduce the
branch fracture dimensionless conductivity to 75 percent and 50 percent of the value
of the main fracture dimensionless conductivity. Variations of branch fracture
conductivity were attained by modifying the horizontal well radius. Refer to tables 4.3
and 4.4.

The first experimental exercise consisted of reducing the branch fracture
dimensionless conductivity 75 percent of the value of the main fracture dimensionless
conductivity. As shown in tables D.20.a through D.20.e. this reduction causes
approximately a 0.15-percent increase in the pressure trend compared to the constant
fracture dimensionless conductivity case. Furthermore, reducing the dimensionless
fracture conductivity to 350 percent of the value of the main fracture dimensionless
conductivity causes a slight pressure drop which deviates about 0.21 % from the
constant dimensionless fracture conductivity case. as can be seen from tables D.21.a
through D.21.e. Then. for these two specific cases. we conclude that the impact of

branch fracture conductivity is insignificant.

4.1.3. OBSERVATIONS ON PRESSURE BEHAVIOR

As mentioned before. the pressure behavior for a branch fracture is practically
independent of the angle (for angle > 0) and the contrast in conductivity between the

main fracture and the branch fracture. Therefore, refer to Figs. B.4.a through B.4.e for
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the proceeding analysis since the curves for different angles demonstrate practically
identical behavior. The case of a branch tracture forming an angle of 30° is studied

here.

Table 4.3. Equivalent horizontal wellbore length and wellbore radius to branch
fracture conductivity

Equivalent, | L,=20 ft | L,=40 ft | L,=60 ft | L,=20 ft | L,=40 ft | L,=60 ft
Cp r, ft ru, ft re, ft D,,in | D,,in | D, in
0.75 0.0088 | 0.0105 | 0.0116 0.212 0.252 0.279
7.50 0.0157 | 0.0187 | 0.0207 0.377 0.448 0.496
37.50 0.0235 | 0.0279 | 0.0309 0.564 0.670 0.742
75.00 0.0279 | 0.0332 | 0.0368 0.670 0.797 0.882

225.00 0.0368 | 0.0437 | 0.0484 | 0.882 1.049 1.161

Table 4.4. Equivalent horizontal wellbore length and wellbore radius to branch
fracture conductivity

Equivalent, | L,=20 ft | L,=40 ft | L,=60 ft | L,=20 ft | L,=40 ft | L, =60 ft
Cp re ft r, ft re ft D.,in | D,,in | D, in
0.50 0.0080 | 0.0095 | 0.0105 | 0.192 0.228 0.252
5.00 0.0142 | 0.0169 | 0.0187 | 0.341 0.405 0.448
25.00 0.0212 | 0.0252 | 0.0279 | 0.509 0.606 0.670
50.00 0.0252 | 0.0300 | 0.0332 | 0.606 0.720 0.797
150.00 0.0332 | 0.0395 | 0.0437 | 0.797 0.948 1.049
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Table 4.5. Slopes observed in a hydraulic fractured well with a branch fracture

Cp Xpo Slope Duration Intercept 10
(log Cycles)
I 02 025
1 04 025
1 06 025
10 0.2 0.34 3 -0.2913 0.511
10 04 034 2 -0.343 0.454
10 06 034 -0.379 0.418
50 02 0.35 3 -0.46 0.347
50 04 035 <? -0.5 0.316
50 06 0.35 -0.56 0.275
100 0.2 035 >1 -0.74 0.182
100 04 0.38 ~1 -0.594 0.255
100 06 042 ~1 -0.4 0.398
300 02 025 >l -1.27 0.054
300 04 034 >1 -0.75 0.178
300 0.6 04 1 -0.48 0.331
a) Radial flow b) Pseudoradial flow

Fig. 4.7. Radial and pseudoradial flows

Most of the observations will be based on Figs. 4.6.a-4.6.e, and only cases with
no branch and for X;;p=0.6 are shown here for visual purposes. For the case of low
fracture conductivity, Cjp=1, it may be difficult to identify a branch fracture since the

behavior of it is very close to the case when no branch exists. This is due to the fact
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that the low conductivity does not permit a rapid answer from the fracture tip, as it
occurs for higher conductivity systems. Notice that the unbranched case has a longer
transition period from bilinear to pseudoradial flow. It has been customary to call the
radial flow period to the transient response of a well immediately after wellbore
storage effects end. See Fig. 4.7. In fracture wells, the radial flow regime is formed (if
the test is long enough and the reservoir boundaries do not interfere) after the bilinear
or linear flow periods end. That flow period has been customarily'™ referred to as
pseudoradial flow. Since both flow regimes are used to estimate reservoir
permeability. in this study these flow regimes are treated indistinguishably.

[f we extend our analysis for the moderate fracture conductivity. Cp=10. the
presence of a branch fracture can now be better seen, than for the low conductivity
case. The reader is referred to Fig. 4.6.b. The unbranched fracture case presents a long
bilinear flow period followed by a short linear period of about two log cycles. For the
case of a branch fracture. the 0.25 slope is practically absent when X;;p=0.6 but tends
to appear as the branch fracture size is reduced. Refer to table 4.5. The branch case
shown in Fig. 4.6.b deserves especial attention. It has a almost constant 0.34 slope
followed by a transition period before the radial flow appears. A close behavior is
observed for an infinite conductivity fracture when the ratio between fracture length
and drainage radius is bigger than 16 in which a slope of 0.36, known a biradial flow
by Tiab™ or elliptical flow by others. is presented. However, this behavior 1s expected
for fracture conductivities above or around 300. Therefore. our case may not be
confused with the just mentioned particular case. For the branch case discussed here.

the main fracture conductivity and fracture conductivity should be estimated from the
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intersection between linear and radial flow regimes as indicated in reference 34. If
moderate fracture conductivity is obtained from that calculation, then we may
conclude that we are dealing with a branch fracture. [n addition. it is advisable to
simulate the pressure behavior using the obtained fracture conductivity value' and
compare to the actual pressure test.

A similar analysis is applied for the case of medium fracture conductivity.
Cip=50, which for the unbranched case has a shorter bilinear flow period. As seen in
Table 4.5, the branch fracture has a 0.35 slope which duration reduces as the branch
fracture length reduces. See Fig. 4.6.c. Again, this case should not be confused with
the infinite fracture conductivity case as commented in the former paragraph. For
unbranched cases, it is not expected that a finite conductivity fracture possesses a 0.35
slope during either the bilinear or linear acting periods.

The same analysis is applied for the high conductivity case. C;p=100. when
X»p=0.6. however, notice that the duration of the 0.35 slope is shorter. Slopes of 0.38
and 0.42 are present for dimensionless branch fracture lengths of 0.4 and 0.2,
respectively. This is because as the branch fracture becomes smaller the behavior
approaches the unbranched case which has a 0.5 slope since practically the earliest
stages and time.

The infinite conductivity case exhibits a very special behavior. As shown in
Fig. 4.6.e, a slope of 0.25 is observed at early time. then the linear flow regime
appears. The slope increases, although of shorter duration, as the branch fracture
length is reduced. In the unbranched case, it is never expected that it would have an

infinite conductivity fracture showing a bilinear flow regime (slope of 0.25). It does



not mean that for these cases the bilinear flow regime does not exist. It does exist. but
the duration is so short that the current devices do not detect it since impractically
small time steps are involved. The pressure drop along the fracture is practically
negligible. Thereby, this type of fracture is regarded as an infinite conductivity
fracture. For this case, it is also recommended to estimate fracture length and fracture
conductivity as indicated in Ref. 34 and then simulate a pressure test with the recently
calculated fracture conductivity and fracture length. [f comparison with the simulated
curve and the actual trend gives some differences at early time. we may be in the

presence of a high conductivity branch.

4.2. HYDRAULIC FRACTURED VERTICAL WELL

INTERSECTING A SEALING FAULT

There was no evidence of a similar study reported in the literature. As
illustrated in Figs. 3.7 and 3.8. the experiments of a hydraulic fracture intersecting a
fault analyzes different intersecting angles and three intersecting points fracture-fault.
The numbers of grid cells used in all the simulation are reported in tables D.23.a
through D.23.0. Some few grid systems are presented in Figs. C.22.a through C.22.d.

At early points in time, in a pressure test conducted in a well with a hydraulic
fracture presents bilinear flow when the fracture has a finite conductivity. This period
is characterized by simultaneous flow inside the fracture and another flow from the

formation to the fracture, as identified by Cinco-Ley et al'®

. This flow period is
identified by a straight line having a one-fourth slope in the pressure derivative curve

on a logarithmic plot. As the fracture conductivity increases, the duration of the '
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slope tends to be reduced and it completely disappears for the case of infinite fracture
conductivity since the pressure drop along the fracture becomes smaller. It has been
conventionally established" that for dimensionless fracture conductivity higher than
300, the bilinear flow is no present and only a linear flow from the tormation to the
fracture takes place giving origin to the onset of infinite hydraulic conductivities. The
linear flow is characterized by a one-half slope at early time of the pressure test seen
on the derivative curve of a log-log plot.

Once the linear or bilinear effect has ended. the answer from the reservoir itself
is then expected. That answer is conventionally referred as pseudoradial flow and for
Newtonian flow behavior is characterized by a straight line with a zero slope found in

the derivative curve on a log-log plot.
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a) linear or bilinear flow b) Pseudoradial flow

Fig. 4.10. lllustration of flow regimes for a hvdraulic fracture intersecting the fourth
part of a fault and forming an angle less than 90° (angle measured clockwise)

As seen in Figs. 4.8.a through 4.8.f if a fracture intersects a fault at its middle
part and forming an angle of 90 degrees, this fault tends to delay the formation of the
pseudoradial flow period. Actually, the fault may act as a boundary which effect
depends upon its length. In the mentioned figures. if comparing a faulted system with
an unfaulted one. after the bilinear/linear flow ends, the pressure derivative curve tor
the faulted system starts deviation upwards from the unfaulted one. This deviation is
more pronounced as the fault length increases upwards.

Notice that for r./L; < 16405/3000 < 5.5 radial flow will not develop.

For a better understanding of the above phenomenon. refer first to the upper
curve on the pressure derivative plot of Fig. 4.8.g which presents the behavior of a
hydraulic fracture-symmetric fault system when the intersecting angle is either 90 or

75°. The fault crosses completely the reservoir and practically divides it into two
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semicircles. Notice that after the bilinear flow has ended. a zero-slope straight line is
observed. At first instance, we may tend to suggest that the pseudoradial (or as stated
before radial) flow period has been reached. This is a wrong conclusion and will lead
to underestimation of reservoir permeability. If the proportion is linear. we may end up
estimating half permeability value. This type of system will never develop a
pseudoradial flow period because that requires the response trom the whole reservoir.
If taking a glance to Fig. 4.8.b, the response is obtained from. practically. half
reservoir portion then this period is here named as semi-pseudoradial radial or
semiradial flow.

[f considering another fault length. let us say Lp=5. for a finite fracture
conductivity system. it is first observed the bilinear flow regime as pointed out before.
See Fig. 4.9.a. Once. the effects of bilinear flow has been vanished. the curves fall into
a straight line which slope is 0.36. This may indicate the presence of elliptical flow.
The length of this slope depends on fault length. After a transition period. the response
of half part of the reservoir is felt as indicated in Fig. 4.9.b and the semiradial flow
tries to develop. As the time goes by and the pressure transient has passed the fault tip.
then the pseudoradial flow regime takes place as sketched in Fig. 4.9.c.

Besides the fault length. there are two key factors which affect the presence of
the semiradial flow regime. They are fracture-fault intersecting point and fracture-fault
intersecting angle. If the fracture meets the fault at a point different of the fault’s
middle point. the possibilities of radial flow development is higher since the shorter
distance from the meeting point to the fault tip provides more room for the faster

formation of the radial flow regime. When fracture and fault meet at their tips. the
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presence of the semiradial flow is practically undetectable as seen in Figs. B.6.a
thorough B.6.c.

A slight rotation of the fault angle causes the semiradial flow to be much
shorter as it can be appreciated from Figs. B.7.a. through B.7.e which shows the
pressure behavior for a fracture-fault system forming an angle of 75°. As the angle
increases, the pressure “hump™ observed on the pressure derivative plots no longer
shows up, therefore the duration of the semiradial flow regime is reduced. See Figs.
4.10.a and 4.10.b.

As observed in Figs. B.17.a through B.17.c, when the angle of intersection is
zero (or 180°) the fault is not felt by the pressure transient response. Once the bilinear
or linear effect has ended. the formation of the radial flow regime takes place without
any influence of the fault.

Fig. 4.8.g deserves a especial observation. Notice that during the radial acting part
of the plot, the derivative curve of 30 degrees falls between the 90°/75° and 60°
curves. This is due to the fact that in the 30 degrees system. immediately after the
bilinear/linear flow period, the presence of a boundary is felt by the pressure transient,
then a pseudosteady state flow regime tries to develop. As the transient travels. neither
de semiradial nor the radial flow regimes are observed because the reservoir
boundaries avoid it.

Tables D.24.a though D.24.¢ present some value of the pressure response for a
fracture-fault system intersecting with an angle of 90° at the middle part of the fault.

Only the case of dimensionless fracture conductivity of one is reported.
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Refer to Figs. B.5.a through B.18.b to observe all the cases studied here for
fracture-fault systems. Notice that the effects of the tracture conductivity on the

transient characterization of the fault is negligible.
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CHAPTER V

THE TIAB’S DIRECT SYNTHESIS TECHNIQUE

The Tiab's Direct Synthesis Technique is a modern and revolutionary method
for interpretation of pressure transient tests in hydrocarbon reservoirs. This technique,
introduced by Tiab™ in 1993, utilizes characteristic points and lines commonly found
in the pressure and pressure derivative curves to determine reservoir, well and fracture
parameters. Its greatest advantage is that it utilizes exact analytical solutions
determined for each particular flow regime then the use of type-curve matching is
fully eliminated. The Tiab's Direct Synthesis Technique has been extended to several
reservoir and well conditions among which we can name fractured vertical wells.
horizontal wells in heterogeneous media, horizontal wells in naturally fractured
reservoirs, gas well testing, etc.

Since this work deals with a finite-conductivity vertical fractured well. the
extension of the Tiab's Direct Svnthesis Technique very closely follows the procedure
outlined in Ref. 34. Therefore. new equations and procedures to determine branch

fracture length and fault length are added.
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5.1. HYDRAULIC FRACTURED VERTICAL WELL WITH A

BRANCH FRACTURE

As mentioned in chapter 4. during a pressure transient test conducted in a
vertically fractured well. it is theoretically expected to find first a linear flow regime in
the fracture. which is characterized by a slope of 0.5 on the log-log plot. However. the
occurrence of this flow period is too short and normally is never seen. Once this flow
period ends. a simultaneous linear flow in the fracture and a linear flow from the
formation to the fracture take place. This flow period has been called" bilinear flow
and is identified by a slope of one quarter on the log-log plot. Once the linear flow in
the formation -or the bilinear flow- vanishes, the pseudo-radial tflow takes place. Fig.
5.1 illustrates the mentioned flow regimes for a hydraulically fractured vertical well.

Assuming the fractured well is produced long enough to observe the infinite
acting behavior then the log-log plot of pressure and pressure derivative data versus
time would yield unique characteristics. which can be used to analyze pressure
transient tests by the Tiab's Direct Synthesis Technique.

These unique characteristics are: (a) an early slope of 0.34-0.35 (although
values of 0.25, 0.38. 0.4 and 0.42 may be observed, see Table 4.5) characterizing the
branch fracture. (b) The bilinear flow line of slope 0.25. (c) The formation linear flow
line of slope 0.5, and (d) The late-time horizontal line which corresponds to the radial

flow regime.
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5.1.1. BILINEAR FLOW REGIME™

During the bilinear flow regime, the dimensionless well pressure behavior is

given by:
\
b
Py = —-—,ﬁl t” (5.1)
C]D

where the dimensionless fracture conductivity, Cpp, is defined by:
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k, wr.j
C/D =k1DwD = —k— T}l (3.37)

The dimensionless time. fp. and dimensionless well pressure. Pp. are given by:

0.0002637kt <
p=——————— (3.35)
Quc,x;
i (3.38)

Py, = mAP

Combining Egs. 5.1, 3.35, 3.37 and 3.38 and solving for the well pressure
drop, 4p, yields :
Ap =my, 1% (5.2)
where the subscript BL stands for bilinear and mgp is defined by:

\
J (5.3)

4413 | quB
duc k' | hifke,w

Mg = (
Taking the logarithm of both sides of Eq. 5.2 yields,
log Ap =0.25 logt +log m,, (5.4)
The above expression indicates that a plot of AP versus time on a log-log graph
will yield a straight line portion of slope 0.25, if the fracture has a finite conductivity.
Let (AP)g.; be the value of APy at time t = | hour on the bilinear flow straight
line (extrapolated if necessary). then the Eq. 5.4 becomes:
(AP)g,, =my, (3.5)

Combining Egs. 5.3 and 5.5 and solving for the fracture conductivity, ks, we

have:



k= 1947.46 — ( 918 (5.6)
\/Qlf(.',k h(AP)BLl

Fracture conductivity also can be determined from the pressure derivative
straight line corresponding to the bilinear flow regime. The derivative of the

dimensionless well pressure during this regime is:
tp” (5.7)

Substituting for the dimensionless parameters and solving for the derivative of
well pressure. it yields:
t-Ap',, =0.25m,, 1" (5.8)

Taking the logarithm of both sides of Eq. 5.8. gives
log (r-Ap')=0.25-log t +log (0.25m,, ) (5.9)

This expression also shows that a log-log plot of (z4p ") versus time will yield a
straight line of slope 0.25 if the bilinear flow is dominant. Let (1*4p"g;; = (t*4p”) be
the value of (¢*4p’) at time t=1 hr on the bilinear flow straight line. extrapolated
if necessary, then Eq. 5.9 becomes
(t-Ap") g, =0.25my, (3.10)

Comparing Egs. 5.5 and 5.10, gives at time t=1 hr:

(t-Ap') g, =0.25(Ap)g,, (5.11)
The conductivity of the finite conductivity fracture from the pressure

derivative line is obtained by replacing (t*4p ")g, in Eq. 5.6 with 4(t*Ap’).,. thus
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Y

, :
kw= 1'1'74[ 418 (5.12)
\/¢.U¢',k h(t-Ap') gy,

Eq. 5.11 is very important because it relates the pressure and the pressure
derivative functions at a unique point. and can be used for verification purposes.

Generally, near-wellbore conditions affect the pressure derivative curve much -
more than the pressure curve during bilinear flow, making it difficult to locate the
quarter-slope line. In such case. calculate the fracture conductivity from the bilinear
flow line of the pressure curve, using Eq. 5.6. Then, estimate (r*dp )p; from Eq. 5.11

and draw a straight line of slope 0.25 across this point.

5.1.2. WELLBORE STORAGE AND BILINEAR FLOW

This works does not consider wellbore storage effects because it masks the
early answer from a fracture. However, for completeness purposes. if the unit slope
straight line, corresponding to the wellbore storage flow regime. is present. then the
wellbore storage coefficient can be determined from the usual equations. i.e.. from the

pressure curve:

c=(i€]-’- (5.13)
24 ) Ap

or from the pressure derivative curve:

c{ﬂ) d (5.14)
24 t-Ap’

The coordinates of the point of intersection of the unit slope and bilinear flow

lines on the pressure curve can be obtained by combining Eq. 5.2 and 5.13:
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\
m, 1" =(%)t (5.15)
L2

Replacing r with 155, yields:

3/3
lssu = 24“1(07_;“) (5.16)
.9

At the intersection point, on the pressure curve:
(AP) sar, = Mgy gy, ) (3.17)
The coordinates of the point of intersection of the unit slope and bilinear flow

lines on the derivative curve can be obtained by combining Eqs. 5.8 and 5.14: thus.

g o _[ 4B ) 5
0.25my,t (24C) t (5.18)

Replacing ¢ with t'ysg, yields:

cm v
o, = 6‘”(?"-} (5.19)
and:
(t-Ap)psar, =0.25my, (1o, )° > (5.20)

The coordinates of the intersection points on the dp and t*dp’ curves are

related as follows:
— g3

lysa, =< lusau (3.21)

(Ap)yspy, =4-(1-Ap")yp,, (5.22)

These two expressions are very useful for verification purposes.
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5.1.3. LINEAR AND BILINEAR FLOW

INTERRELATIONSHIPS*

[f the formation linear flow regime is observed after the bilinear flow line,
then the equations developed by Tiab® for the infinite conductivity fracture and

uniform flux fracture cases can be used to determine the tracture length:
ap =myt (5.23)
(t-Ap')=0.5m, \t (5.24)

Replacing the dimensionless groups. we obtain:

m,_=4.064(£} 2 (5.25)
h \ockx;

Taking the logarithm of both sides of Eq. 5.23 and solving for the half-fracture

length. xrat time t=1 hr yields:

5, =4.O6e{—iB—j H (5.26)
h(AP)u pck

where (Ap).; is the value of 4p at time t=| hour on the straight line portion of slope
0.5 (extrapolated if necessary). The half-fracture length can be determined from the
derivative curve by replacing (dp)., in Eq. 5.26 with 2(t4p"),. since at time t = 1
hour:

(t-Ap'y, =0.5-(Ap),, (5.27)
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OBSERVATION:

(a) The coordinates of the intersection point of the lines on the 4p curve can be
obtained by combining Eqgs. 5.2 and 5.23:

mBI_to’25 = m,_toj (5.28)

Replacing ¢ with tg;;,, where the subscript “BLL{" stands for intersection of

the bilinear and linear flow lines, yields:

4
tBLLi =(’"BLL1\ (529)
m,_ )
(AP) g1, =mu/‘su_; (5.30)
or;
(Ap) gy, = Mg Ly, ' (5.31)

Substituting for mg, ( Eq. 5.3) and m; (Eq. 5.25) into Eq. 5.29 we obtain:

v

vk
to = 13910¢yc,( il ‘/—] (5.32a)
,
Solving permeability, &, yields:
=l V]t (5.32b)
x; | 139100 uc,

Egs. 5.32a and 5.32b can be used for verification purposes. if all three flow
regimes are observed. If the test is too short to observe the radial flow line, or a pre-
frac test is not possible such as in low-permeability formation, then Eq. 5.32b may be

used to calculate the formation permeability.
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A useful relationship for design and verification purposes may be derived by
combining the dimensionless fracture conductivity, Eq. 3.37. and Eq. 5.29.
LAl
ty, =1391021 —’J (5.33)
k {cp
(b) Using a similar approach, the coordinates of the point of intersection of the

bilinear and linear straight lines on the derivative curve. we have:

s s
f’gm{le_] =Tlg(%‘:ij (5.34)
(t-Ap') gy, =0.5m, (15, )"} (5.35)
or:

(t-Ap') gy, =0.25my, (£, )" (5.36)

A relationship between fg.; and t'gs, can be derived by combining Egs. 5.26
and 5.24:
Log, =160 55, (5.37)

Combining Eqgs. 5.31 and 5.36 yields:

(Ap) gy, =4-(1-Ap" ) gy, (5.38)
Thus, it is possible to “locate™ the straight lines corresponding to the two tlow
regimes on the pressure derivative curve from the pressure curve. even when the

pressure derivative data are extremely noisy.
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5.1.4. RADIAL AND BILINEAR FLOW

INTERRELATIONSHIPS*

The pressure derivative portion corresponding to the infinite acting radial flow

line is a horizontal straight line. This flow regime is given by

706
(t-Ap'), = -L—Z“ﬁ (5.39)

The subscript “R" stands for radial flow. The formation permeability is therefore™:

k= 106q1B (5.39b)
hit-2p'),

where (t4p ')z is obtained by extrapolating the horizontal line to the vertical axis. The

radial flow line can also be used to calculate the skin factor from the equation””:

r ,
s=05 2P —ln[ "”‘,]+7.43 (5.40)
L(e-8p)e  \ouer,

The time-coordinate of the intersection point of the bilinear and radial flow

straight lines can be determined from a combination of Eqs. 5.8 and 5.3:

25mg, (035 = 10848 (5.41)
kh
025 106 4
IRBLi = kZ#B P (5.42)
BL

Substituting for mg, from Eq. 5.3 yields:

asts =|677"’1‘(’—f'(kfwf)l (5.43)
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This expression should preferably be used for verification purposes. Radial and
linear flow interrelationships are presented in Ref. 2.
[f there is a certainty that semiradial or pseudo-semiradial tlow is present, the

equation to estimate permeability should be:

L 141.2quB

= (3.39¢)
h(t-Ap') g

where the suffix SR stands for semiradial.

5.1.4. RADIAL AND LINEAR FLOW RELATIONSHIPS*
As presented in Ref. 33. combining Egs. 5.24 and 2.25 and solving for the half-

fracture length, x;. we obtain:

,
x, =>032Bq | # (5.44)
' h('*Ap')Ll ¢C,/\‘

Besides. if we let (4p).; be the value of 4p on the straight line (extrapolated if

necessary) at time =1 hr and using Eq. 3.26™ we are able to estimate x;.

x, = 20648q | 4 (5.26)
h(ap), \ock

The point of intersection of the linear flow line and the infinite-acting radial

flow line is unique. For further verification. Ref. 33 presents an equation to estimate

the ratio x//k from this intersection point:

Yot (5.45)
k  12070uc,
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For completeness of the set of equations, Ref. 33 provides relationships to
estimate x; and drainage area from the intersection point between the linear line with

the pseudosteady-state line and with the radial line, respectively, thus:

"'-‘; = T3444uc,A (5.46)
[U’:
A= % (5.47)
ket
A= (5.48)
301.77¢uc,

5.1.5. BRANCH FRACTURE REGIME RELATIONS

We have seen that the response of a hydraulic fracture having a branch is very
similar to the response of an asymmetric fracture. Therefore. the application of the
technique may be applied to both systems.

In the above systems. we observe (See. Figs. B.4.a. - B.4.e) for hydraulic
fractures having low and moderate fracture conductivity, i.e. C;p=10 or 50. that it may
be difficult to identify the bilinear flow regime because it is masked by the branch
fracture regime. However, it should exist at very early time during the test.

Let us define myy and by, as the slope of intercept of the branch fracture. Then,

the derivative curve for that flow regime closely follows this relationship:
tp- Py'=byty (5.49)

The main fracture and branch fracture dimensional conductivities are assumed

to be the same. Then:
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(k, 115 -
Cop =K apWp = T3 (3.50)
\

.r ,h
Redefining the dimensionless time as:

| 00002637kt

D 1 (5.5 l )
¢#Cl'r;b
Combination of Egs. 5.49 through 5.51 and Eq. 3.38 gives:

Ay 535456.96b,, Bc,u*(0.0002637k / guc, ™ ¢ x, ™' . 5.5

. = = ! o X4
k~h

Recalling Eq. 5.8.

t-Ap'=025my, - 1°% (5.8)

The intersection point between the line of slope my, with the bilinear line leads
to the estimation of the branch fracture length. After combining Egs. 5.52 with 5.8

and solving for xp, yields:

=1/2(1-m,, }

(5.53)

_ k*hm,,
2141827.8b, Bc,u”(0.0002637k / guc, ™ dtpr

X th

where the suffix BFBLi stands for the intersection between bilinear and branch
fracture lines and mp, is given by Eq. 5.3. Notice that x; was substracted in Eq. 5.53
because the computed fracture length includes the total fracture length.

Recalling Eq. 5.24:
(t-Ap') =0.5m,Vt (5.24)

The intersection point between the line of slope my with the linear line can be
used to estimate the branch fracture length. Combination of Egs. 5.52 with 5.24 and

solving for xp, yields:



1 2-my, )
0.5-m,, o

k hmtye,

| 1070913.9b,, Be, 1> (0.0002637k / guc, )™ ¢

X, (5.54)

where the suffix BFLi stands for the intersection between linear and branch fracture
lines and my is given by Eq. 5.25:

If both linear and bilinear flow periods are observed Eqs. 5.53 and 5.54 should
be used simultaneously for verification purposes.

If neither linear tlow nor bilinear flow are identified. combination of Eqgs.
5.39.a with 5.52 should be used to estimate the branch fracture length when this two

lines intersect at the point tgfg,. Then:

12 240=my,
0.000131854
, ={ 1 1 (5.55)

by €,14(0.0002637k / guc, )™ Oz, |

To confirm the value of the branch fracture length. read the value of the
pressure derivative curve, (t*Ap’)gri, for the time t=1 hr. Then. from Eq. 5.52 we

obtain:

1 20y, 0
t-Ap' ) ge k7
. { e L (5.56)

535456.96b,, Bc, 1£°(0.0002637k / guc, ™ ¢

Once the branch fracture length is computed. the dimensionless branch fracture
conductivity is calculated using Eq. 5.50.

Care has to be taken with the use of Egs. 5.53 through 5.54. For moderate and
low fracture conductivities, the resulting branch fracture length may result in a larger
number than the main fracture permeability which may not be the case. Then. the

estimated main fracture conductivity should be substracted trom the branch fracture
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conductivity value. For high or infinite fracture conductivities, the linear flow
dominates over the bilinear period —most of the times bilinear flow does not exist- and
the answer corresponds to the main fracture only which is the responsible for the
linear flow, for these cases. the value reported by Egs. 5.54 through 5.56 should be the

correct one.

5.1.6. SPECIAL CASES

The above analysis assumes that all flow regimes (branch fracture, bilinear.
formation linear. and radial) are observed during the pressure test and that they are
well defined in the pressure derivative curve. In many instances. at least one of the
flow regimes is not observed or not well defined. Because of the short duration of the
flow period answer from a branch fracture, the presence of wellbore storage effects
may mask this behavior.
(a) Formation Linear flow is not observed. For a low conductivity fracture.
Cip<1, the straight line corresponding to the linear tflow regime will probably not be
observed. After the bilinear flow line. the pressure derivative curve generally enters a
transition flow and it is very difficult to estimate the branch fracture length. Later. if
the test is run long enough. a horizontal line on the pressure derivative curve is
observed corresponding to the infinite-acting radial flow regime. In this case, the
formation permeability is calculated from Eq. 39b and the fracture conductivity is
determined from the bilinear flow line (Egs. 5.6 or 5.12).

If this case is presented, the recommended procedure is to estimate fracture

conductivity and main fracture length using the bilinear and radial relationships
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presented in sections 5.1.1 and 5.1.3 which were developed in reterence 33. Once this
is done, use the estimated values to simulate a pressure test for that particular case.
Plot the simulated pressure and pressure derivative on the same log-log graph and
verify the presence of the branch fracture by looking the part of the curve which does
not match with the simulated data. Refer to Fig. 5.2. Then, tind the slope and intercept
of the line which does not match with the simulated results and determine the
intersection point between the bilinear and the branch fracture lines. Calculation of
branch fracture length is possible by using Eq. 5.53 is the slope of the branch tracture
is not 0.25.

Ref. 33 presents the following equations which relate the half-fracture length,

Xy, formation permeability, £, fracture conductivity, wk;, and post-trac skin factor. s:

0
PO LU - (5.57)
e 33173%
r wk

W r
Knowing the fracture conductivity, wky, from the bilinear tlow. and formation

permeability, k., and skin, s from radial flow. Eq. 5.57 can be used to calculate the half-

fracture length. x.

(b) Bilinear flow is not observed. If the bilinear flow line of slope 0.25 is not well

defined or not observed due to wellbore phenomena, then the fracture conductivity.

wky. can be calculated from™:

ok, = 33Tk 559
i _ 1.92173
r, X
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where the formation permeability is determined from Eq. 5.39b (if a pre-frac is not
possible) and post-frac skin from Eq. 5.40. The half-fracture length is obtained from

Eq. 5.26 and branch fracture length is determined from Eq. 5.54.

1 E+01

1.E+00

e + Actual test data
—Simula;ed lest data

pressure derivative

TEON o mmr e o o e e T

Dimensionless pressure and

1E02
1E-05 1 E-04 1E-03 1 E-Q2 1E01 1 E~00 1 €01
Dimensionless time
Fig. 5.2. Actual and simulated data to detect a branch fracture in a low conductivity
fracture system
(c¢) Radial flow line is not observed. For short tests such as in low permeability
formations, the horizontal straight line on the pressure derivative. which corresponds
to the infinite acting behavior might not be observed during the limited period of time
of a conventional drawdown or buildup test. In this case. Eq. 5.40 cannot be used to
calculate the post-frac skin factor. If both bilinear and formation linear flow regimes
are well defined in the pressure and pressure derivative curves. then the formation

permeability is calculated from Eq. 5.32b (assuming there is no pre-frac test), while

the post-frac skin factor is obtained either from: ™
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X, wk ;

2 al
s=ln{rw[l'9'l73—3'31739L]J 559

or from the following equation'®:

r 1.65-0.32u +0.1lu* B
s=In—+ : - (5.60)
x, 1+0.18:¢ +0.0641~ +0.0050"

!

where:

w,.k,. )
u=In (5.61)
x,k

It is important to emphasize that accurate values of k. x;, and wk, can only be

obtained when, respectively. the radial, formation linear and bilinear flow regimes are
well defined in the pressure and pressure derivative curves. [n the absence of anyone
of the three flow regimes Egs. 5.57 - 5.61 are accurate enough (with less than one

percent error) for determining these parameters™.

5.1.7. STEP-BY-STEP PROCEDURES

Case 1. Ideal Case (All flow regimes are observed)

The following step-by-step procedure is for the case where all the straight lines
corresponding to various flow regimes of a finite conductivity fracture are well
defined.

Step 1 - Plot the pressure change Ap and pressure derivative (t*4p’) values versus

test time.
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Step 2 - Identify and draw the straight lines corresponding to branch fracture, bilinear
flow (slope = 0.25), formation linear tlow (slope = 0.5), and infinite acting radial
flow (horizontal line). If wellbore storage is absent, as assumed here. go to step 4.
Step 3 - Calculate the wellbore storage coefficient from Eq. 5.13.

Step 4 - Calculate the formation permeability. k, from the infinite acting radial
tlow line on the pressure derivative curve, using Eq. 5.39b.

Step 5 - Read the value of dp and (t*4dp”) at time t=1 hr from the bilinear flow
line (extrapolated if necessary), and calculate the fracture conductivity. kw. from
Eqgs. 5.6 and 5.12. For noise derivative, use Eq. 5.11 to identify the quarter slope line
on the (t*4p’) curve. Equations 5.6 and 5.12 of course must yield the same
value of k.

Step 6 - Caiculate the time of intersection of the bilinear and radial flow lines using
Eq. 5.42, and compare with the observed intersection time fgp;; in the graph. If the
calculated and the observed values of fgg, are approximately equal. we can
conclude that the calculated values of the formation permeability. & and the fracture
conductivity (kmwy) are correct. If they are different. adjust one of the two straight
lines or both and recalculate k and kw until the two values of tgp, are equal.

Step 7 - Calculate the skin factor from Eq. 5.40

Step 8 - Calculate the half-fracture length from Eq. 5.26. Verify this value of x by
calculating tg;; from Eq. 5.32a and then comparing it with the observed value of
tpri. If these two values of tg; are approximately equal we can conclude that x; is
correct. If the two values of t5; are different shift the half-slope line until the

observed and calculated tg,y; are equal.
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Step 9 - Calculate the dimensionless fracture conductivity, Cpp, from Eq. 3.37.

Step 10 - If wellbore storage etfects observed stop the procedure here.

Step 11 - Read the coordinates of the intersection point of the branch fracture straight
and the bilinear lines. tgrp and (1*4p")grar. Read any lower coordinates over the
branch fracture curve tgr> and (£*4p ")gr2. Estimate the slope. my. and intercept. by, of
the branch fracture straight line. The following equations may be used:

- lOg(I * AP' )gm[_, - lOg(I * Ap')BFZ
log(tgpgb )= lOg( IBFZ )

m, (5.62)

b, =log(t*Ap')ger —m,, *log(tes) (5.63)

Step 12 - Extrapolate the straight line over the branch fracture and read the value of
the pressure derivative, (£*4p’)ggi, at time t=1 hr, and estimate branch fracture length
using Eq. 5.56.

Step 13 - Recalculate branch fracture length. x;. using Eq. 5.53. If the linear tlow
period is very well observed then read the time of intersection between linear and
branch fracture, tgr;; and estimate x from Eq. 5.54. The values of xg; obtained in step
12 and 13 ought to be the same. If the linear line is not very well developed. read the
time of intersection between the radial line and the branch fracture line. fgrs and
estimate xp value using Eq. 5.55.

Step 14 - If the pseudosteady-state flow behavior is observed estimate the intersection
times between the linear line with the pseudosteady-state line, tp;, and with the radial
line, tpgi, then estimate x; (or drainage area) and drainage area from Egs. 5.47 and

5.48. respectively.
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Step 15 - If branch fracture length is higher than the main fracture value, the branch
fracture length should be the difference between the two value.

Step 16 - If at early time. the branch fracture presents a slope of 0.25 or close. Read
the supposed value of the pressure derivative, (t*4p")g.;, at time t= lhr. Estimate the
fracture conductivity using Eq. 5.12 and then estimate fracture conductivity using Eq.
3.37. Then simulate a well pressure test using the procedure outline in section A.3. If
the simulated results agree very well with the actual pressure and pressure derivative
trend. there is an indication of the absence of a branch fracture, otherwise. the branch

fracture is present and the value estimated in the former steps should be correct.

Case 2. Low conductivity fracture (Linear flow line is not observed)

For a low conductivity fracture, the formation linear flow regime will probably
be too short-lived to be well defined, making it difficult to draw the half- slope line, or
will not be observed at all. Also, the behavior of the branch fracture may not be
detected and can be confused with the bilinear line.

Steps 1 - 7: Same as above (ideal case)

Step 8 - Calculate the half-fractured length from Eq. 5.57.

Step 9 - same as above.

Step 10 - If the bilinear flow regime is very long, using the values of fracture
conductivity and fracture length estimated in the above steps. simulate a pressure test
using the semi-analytical approach presented by Cinco-Ley et al'®. and reported in

section A.3. Identify the branch fracture line, if any, and determine its slope and
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intercept. If the slope is greater than 0.25 continue with step 11, otherwise the branch
fracture length cannot be determined.

Step 11 - 12 - Same as case 1.

Step 13 - Recalculate branch fracture length, x5, using Eq. 5.53. The values ot xp
obtained in step 12 and 13 ought to be the same. Read the time of intersection between
the radial line and the branch fracture line, 3¢z and estimate x, value using Eq. 5.55.

Step 14 - 1S - Same as case 1.

Case 3. Intermediate conductivity fracture

A pressure test in a well with an intermediate-conductivity fracture should
yield all four flow regimes, i.e. branch fracture, bilinear, formation-linear and radial.
However, if the etfect of wellbore storage and/or noise on the early-time pressure data
are severe, then it would be difficult to draw the quarter-slope line and identify the
branch fracture line.
Steps 1-4: Same as in the ideal case.
Step S - Calculate the half-fracture length from Eq. 5.26.
Step 6 - Select any convenient time fg during the infinite acting radial portion of the
pressure and pressure derivative curves, and read the comresponding values of (dp)g
and (t4p’)r then calculate the skin factor, s, from the Eq. 5.40.
Step 7 - Estimate the fracture conductivity, kpv, from Eq. 5.58.
Step 8 - Same as step 9 of the ideal case.

Step 10 - 11 - 16 - Same as Step 14, 15 and 16 of the ideal case.



Case 4. High to infinite fracture conductivity (only branch fracture line and
linear flow are observed)

Step 1 - 4 - Same as case 1.

Step 5 - Read the value of dp and (r*4p’)at time t=| hr from the linear flow
line (extrapolated if necessary), and calculate the half-fracture length. x,, from Egs.
5.44 and 5.26. Eqs. 5.44 and 5.26 must provide the same value of x;

Step 6 - Calculate the skin factor from Eq. 5.40.

Step 7 - Estimate the time of intersection between the linear line and the radial line.
tiri, and recalculate half fracture length, x; from Eqs. 5.45.

Step 8 - Find the slope and intercept of the branch fracture line. Determine the
intersection time between the branch fracture and the linear tlow line. tgf1,. the value
of the pressure derivative of the branch fracture line when the time t=1 hr, (t*Ap”)gr
and estimate branch fracture length using Egs. 5.54 and 5.56. If casy to find. determine
the intersection point of the radial line and the branch fracture line and re-estimate
branch fracture length using Eq. 5.55.

Step - 8: Dimensionless fracture conductivity may be obtained by using a numerical

fitting of a graphical correlation presented Ref. 22:

r

w

X,
X=s5+ ln[—’]; 067<x<28 (5.62a)

[0.59222806 ~1.77955x +0.86571983x"
2
- ’ -
C,=ih  1T1:S4slax+00l0l12e

(5.62b)

Step 9 - Same as step 15, case 1.



Case 5. Short post-frac tests

For low permeability reservoirs, the portion of the curve corresponding to the
radial infinite acting behavior may not be observed. Then. the permeability should be
estimated from a pre-frac test.
Steps 1-3 - Same steps as in the ideal case
Step 4 - The permeability value is determined from a pre-frac test.
Step 5 - Calculate the fracture conductivity kw as discussed in Step 5 of the ideal
case.
Step 6 - Calculate the half-fracture length, x;, as discussed in step 8 of the ideal case.
Step 7 - Calculate skin from Eq. 5.59.
Step 8 - same as step 9 of the ideal case
Step 10 - 11 - Same as steps 15 and 16, case 1.
Step 11 - Optionally, use Eq. 5.39a to estimate (t*Ap)r Which corresponds to the
infinite acting radial flow line. Draw a horizontal line over this point. This horizontal

line corresponds to the radial line and, according to the case. apply cases 1. 2 or three.

5.1.8. APPLICATIONS

Example 1. A simulated drawdown test data is given in Table 5.1. The data used to

simulate the test were:

k=10 md h=54ft x=250 ft

xp =75 ft (angle of 30°)  ¢=12% ¢ =5x107 1/psi
n=145cp g =700 BPD B =123rb/STB
r.=03ft Cp=10
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Determine reservoir permeability, fracture conductivity, fracture length, skin
factor, and branch fracture length.
Solution:
Step 1 - A plot the pressure change Ap and pressure derivative (*4p’) values versus
test time is presented in Fig. 5.3.
Step 2 - In the plot. we observe the bilinear flow regime and another line having a

slope of 0.336 which corresponds to the branch tracture. Linear behavior is not seen,

so we fall in case two. The radial flow line presents few points.

Step 3 - No unit-slope line is found then no wellbore storage is estimated.

Table 5.1. Simulated test data for example |

t,hrs | Ap’, psi [t*Ap’, psi| t,hrs | Ap’, psi [t*Ap’, psi
0.0003 7.6282 1.9253 3.3784| 106.7556] 33.7210
0.0010] 10.7652 2.5249] 16.8919 179.2711} 57.9701
0.0017] 12.5916 2.9303| 33.7838| 225.8651] 73.1268
0.0034] 15.0328 3.4206] 84.4596] 305.5466| 97.1023
0.0084| 18.4287 4.4522} 168.9192| 380.4991| 115.9581
0.0169] 21.7047 5.6272] 253.3788| 430.1309| 126.0522
0.0338] 26.1511 7.2383f 337.8385| 467.7891| 132.4400
0.0422] 27.8982 79118/ 1013.5154] 627.5401| 149.4166
0.1689( 42.7768| 12.3856| 1689.1923| 708.3349{ 153.5865
0.3378] 53.0460| 15.7226{2702.7076| 784.8546| 155.9250
0.4561f 58.1475] 17.3940{3378.3845| 821.6295| 156.6644
2.5338] 97.6910[ 30.6587

Step 5 — The following values are read: (4p)gL; =65 psi and (1*4p ")gL; = 16.25 psi,

the fracture conductivity, kpw. is estimated from Egs. 5.6 and 5.12.
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Fig. 5.3. Log-log plot of pressure and pressure derivative for example |



(700(1.45)1.23)
k w=1947.46 ! Lm‘f‘m_“ 3’) = 25826.8 md - fi
JO12(1.45)5x107* )(10.46) L 54(65)
kw_m.m( quB J:_ 121.74 £ 700(1.45)1.23) )’
T Jeuck Lt Ap ), JO.12(1.45)(5.t10’5)(10.46)L 34(16.25) J
kyw= 25830 md-ft

The values of fracture conductivity calculated by Eqs. 5.6 and 5.12 are in very
close agreement.
Step 6 - Calculate the time of intersection of the bilinear and radial flow lines using

Eq. 5.42, but first. mg,. is calculated using Eq. 5.3. as:

#13 [ qu 4413 700(1.45)1.23)
mg, = 05 = < ~
(dpc k) Lhﬁ,w 4(0.12)(1.45)(5x107°)(10.46) | 54425830
my, =64.996

ps _T06quB 4 _ 70.6(700)145)1.23) 4
BLT ke my, (1046)(54)  64.996

lopr, =8504.4 hr

A close value of 1ggy, is observed on Fig. 5.3.
Step 7 - The following characteristic values are read from the log-log plot in Fig. 5.3:
tg = 2702.7 hrs
Apr = 784.85 psi

Then, skin factor is calculated from Eq. 5.40, thus:

1

s=05 Pk -mf e ) 4743
(c-ap )R \Quc.r;

2
-0 5[ 78485 ln( 104627027 )

- | +743[=-5923
155.9 | 0.12(1.45)(1.23)(5x107)0.3 )

L
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Step 8 - half fracture length is estimated using Eq. 5.57

S ) V2 B 1.92173
e 33173% e 3.31739(10.46)

r wk 0.3 25830

w !

=253.51 fi

This value matches very well with the value of 250 ft input for the simulation.

Step 9 - Calculate the dimensionless fracture conductivity. Cp, trom Eq. 3.37.
C, ) )

which corresponds to a moderate fracture conductivity.
Step 10 — The branch fracture line has been identified. Its slope. msy, and intercept. by,
are 0.336 psi/hr and 1.15987 hr, respectively.
Step 11 - The time of the intersection point of the branch fracture straight and the
bilinear lines is. tgraLi =6x107 hr.
Step 12 — The value of (t*4p")gr = 24 psi at time t=1 hr. The branch fracture length

is obtained using Eq. 5.56.

1/ 2tk=m,
= (t-Ap' ) gk h
" | 535456.96b,, Be,u*(0.0002637k / guic, ™ ¢
=) 753
24(10.46)° (54)
n= 0.0002637(10.46) \ "
535456‘96(1.16)(1.23)(5.\'[0‘5)1.452[ 0002657 '_5’] (0.12)

0.12(1.45)(5x10™)

X, =320.23

Since branch fracture length is higher that main fracture length. then.

x5 =320.23-251.51=66.7 f



Step 13 - Recalculate branch fracture length, x;, using Eq. 5.53.

N L 2th-m,, )
k=hmg, jl

m,, - 25

X, =
" L 141827.8b,, Bc, 11°(0.0002637k / guuc, )™ Oty

_[ 10.467(54)(64.996)

X, =
g 0.0002637(10.46)
0.12(1.45)5x107%)

1

7{.

11336
j (0.12)0.006"™

Lz 141827.8(1.15)(1.23)(5x107%)1 .451(

X, =33251 fi

Again. since branch fracture length is higher that main fracture length. then.
X, =33251-253.51=79 fi

Although, there is a slight difference between the two values of branch
conductivity. they are reasonably acceptable. A better attempt of reading the value of
(t*4p gr) could be make. However, for practical purposes this exercises can be stop

here.

Example 2. A simulated drawdown test data is presented in Table S.1. The data used

to simulate the test were:

k=5 md h=170ft =200 ft
xp=10ft (angle of 30°)  ¢=8% ;= 5x107 Upsi
pu=3cp g = 100 BPD B=13rb/STB
re=03ft Cip = 300

Determine reservoir permeability, fracture length. skin factor. and branch

fracture length.



Table 5.2. Simulated test data for example 2

t,hrs | Ap’, psi [t*Ap’, psi
5.55E-05{ 0.4074 0.1754
9.35E-05[ 0.4508 0.1941
1.63E-04] 0.5327 0.2117
2.36E-04] 0.6006 0.2375
3.76E-04| 0.6947 0.2666
6.52E-04| 0.8245 0.3139
L.LOLE-03| 0.9444 0.3527
1.60E-03| 1.0921 0.4091
2.54E-03| 1.2587 0.4904
4,54E-03] 1.5473 0.6076
8.85E-03] 2.0754 0.7779
1.58E-02] 2.5535 0.9960
299E-02] 3.2748 1.3399
8.24E-02} 4.9958 2.1606
2.27E-01f 7.8074 3.6008
4.97E-01] 11.1483 5.1740
1.09] 16.0251 7.5580

283 2507161 11.7925
7.36] 39.1472| 17.8032
18.60| 59.7341{ 26.8775
55.93| 96.2793| 39.2617
141.39(139.3862] 51.9535
401.321201.6729] 64.3633
903.441258.4574] 71.0513
2420.00| 333.4596] 76.3673
7713.43{425.0070] 76.3673

Solution:

Step 1 - A plot the pressure change Ap and pressure derivative (¢*4p") values versus
test time is presented in Fig. 5.3. This example falls in case 4.

Step 2 - In the plot, we observe a linear flow regime and another line having a slope
of 0.25 which corresponds to the branch fracture. Notice that the pressure derivative
and the pressure change curves have a separation smaller than that in example I,

which indicates that the fracture should have infinite conductivity. Then, the tirst slope
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should not be confused with a bilinear flow regime. The radial flow line is present as
indicated in the plot.

Step 3 - No unit-slope line is found then no wellbore storage is estimated.

Step 4 - Calculate the formation permeability, k. from the infinite acting radial
flow line on the pressure derivative curve, using Eq. 5.39b.

From Fig. 5.4. (+*4p")g = 76.37 psi.

¢ = 106quB _ T0.610003)1.3) _

= 5.15md
h(t-Ap'), (70%76.37)

Notice that the above permeability value is in close agreement with the value
used for the simulation (5 md).
Step 5 - The following values are read:
(Ap)Li = 14.6 psi and (#*4p ") = 7.3 psi, the half fracture length, x;, is estimated from

Egs. 5.44 and 5.26, respectively:

2 7 b U
o, o 2032Bq [u _2.0320.31100) 3_ 1973 f
ht*Ap'),, \ock 707.3) | 0.08(5x107°)(5.15)

. H064Bg [y 4.064(1.3)100) 3 _
T h(Ap),, \ock 70(14.6) 0.08(5x107%)(5.15)

197.3 fi

Observe the excellent match between the above values of half-fracture length.
Step 6 - The following characteristic values are read from the log-log plot in Fig. 5.4:
tg = 2420 hrs

Apg = 333.46 psi
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Then, skin factor is calculated from Eq. 5.40. thus:

s=05 2Pk —m( ""R,]+7.43
(c-ap),  \uer,

-

4

; S 15¢(7420)
(033346 505240 o 43] - _s3
76.37 | 0.08(3)(1.3)(5x107)0.3° |

Step 7 - The time of intersection between the linear line and the radial line. t;z,, 1s [ 15

hr. Half fracture length, x;. is calculated using Eq. 5.45.

5t 115
k  1207¢uc, 1207(0.08)(3)(5x107°)
E3
(= 115%5.15 g
1207(0.08)(3)(5x107)

Step 8 - An estimate of dimensionless fracture conductivity can be obtained from

Egs. 5.62a and 5.62b, as follows:

X,
x=s5+ ln(-4) =-58+ ln(%] =0.6871: 0.67<x<28
r, ) 0.3
0.59222806 - 1.77955(0.7887) + 0.86571983( 0.7887)2
1-1.5944514(0.7887) + 0.0101 12(0.7887)2 )

Cp=2158

Step 9 — The slope and intercept of the branch fracture line are 0.25 and 0.67.
respectively. The intersection time between the branch fracture and the linear flow
line, tarL, is read from Fig. 5.4 to be 0.002 hrs. The value of the pressure derivative of
the branch fracture line when the time t=1 hr, (t*Ap)ge: is 2 psi. Estimation of branch

fracture length from Eqs. 5.54 and 5.56 is performed as follows:
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1/ 2-m, )
0 5-m, ) ”'

khm,tgr, |

" | 1070913.9, Be, 1 (0.0002637k / guc, ™ ¢ |

L

- 1) 6667

5.15°(70)(41.388)0.002"% )
Xp = - =97 fi

.28
»{ 0.0002 .
1070913.9(0.67(1.3)3*| 2000263705 '5) (0.08)
0.08(3)(5x107")

L

1 2=-my, )
= (t-8p Vg k*h
535456.96b,, Bc,11°(0.0002637k / guc, ™ ¢

lr =0 667

9 e
Xy = (2)5.15)7(70) ' =16.63 ft

o{ 0.0002637(5.15) )
535456.96(0.67)(1.3)(3" w] (0.08)
L 0.08(3)(5x10™) | |

L

This example can easily be confused with an unbranched system. Notice that
the early line has a slope of %. At first sight, the interpreter may think that this is finite
conductivity fracture in which the bilinear flow regime is observable. Now. if we
assume that we have a bilinear flow regime instead a branch tracture, then. (t*Ap’)ay;

is 2 psi. Using Eq. 5.12. the fracture conductivity is:

o 121.74( quB ]3_ 121.74 (100(3)(1.3)]1
7 Jeuck (k-8 ) J0.083)5x107)5.15) | 70(2)
kw =120174.46 md  fi

From Eq. 3.37. the dimensionless fracture conductivity is:

c [k ﬁL 12017446 _
Pk J x, j (197.3)(5.15)

!
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Numerical and semi-analytical simulations were performed using the input
data for this example and the calculated data (xy = 197.3 ft, Cp = 118.3 and k = 5.15
md) to compare with the pressure and pressure derivative of this example. Results are
reported in Fig. 5.5. Notice at early time, there exists a disagreement between the data
for example 2 and the data simulated with the calculated fracture conductivity. This
procedure may help us to differentiate between a branch fracture and a finite-

conductivity fracture.

5.2. HYDRAULIC FRACTURED INTERSECTING A SEALING

FAULT

Most of the mathematical fracture treatment procedures are similar to those
presented in section 5.1. This apart focused on the estimation of the fault length for
which a correlation is developed. The model assumes that reservoir permeability is
known from other sources, i.e. pre-frac tests. well logging. core analysis. etc. to be
able to apply the analysis.

As seen in Figs. B.5.a through B.17.c., when the fracture intersects a fault
forming an angle of 90°, the pressure derivative shows a maximum and then it reaches
the pseudoradial flow line. When fault and fracture meet at their tips. the effect is less
pronounced since the system provides more room for the development of the
pseudoradial flow regime. Also, for angles less than 90°, without matter of the fault-
fracture meeting point. the maximum point is difficult to observe and vanishes as the

angle reduces. Then, the correlations to estimate fracture length only take into account
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cases when the fracture and fault form an angle of 90 degrees and the pseudoradial
period has to be developed.

Fig. 5.6 presents a plot of the maximum dimensionless coordinates found on a
pressure derivative plot. Fig. 5.7 presents a plot of the dimensionless fracture length
against the dimensionless maximum pressure derivative and the dimensionless time at
which this maximum takes place. Observe that the variables follow a defined pattern.
then they can be correlated.

Eq. 5.63 presents a correlation to determine the fault length that is intersected
by a fault forming an angle of 90°. The range of application of this correlation applies
to eight values of dimensionless fracture conductivities ranging from 1 to 300. See
Table 5.3. Other values maybe either interpolated or extrapolated. If for any reason.
fracture conductivity cannot be estimated, then an average correlation may be used.
The non-linear regression coetficients are above 0.99 and are reported individually in
Table 5.3. No correlation was found to determine the fault-fracture angle since no
defined pattern was observed. The angle of the intersection of the fracture-fault system
may be identified by multiple well testing which is beyond the scope of this study.

Table 5.3. Coefficients and correlation coefficients for Eq. 5.63

pd

Cp a b-10° | cx10® | dx10® |
Average | -4.582930| 2.071981| 1.919560] 9.372899| 0.9996
1 -2.850635| 2.262125| 2.083126| 6.071802| 0.9998
10 -4.563090| 1.772448| 1.455560[10.483443] 0.9984
25 -3.652506| 1.797033| 1.095081] 7.964444| 0.9992
50 -3.270727| 2.318344| 2.166801| 6.252563| 0.9985
100 -5.440014] 2.009004] 1.873956{11.339665] 0.9984
150 -3.443053| 2.094285| 1.767972] 6.642798| 0.9999
225 -5.446653| 2.721045| 2.974173| 8.764386| 0.9994
300 -7.195004| 1.758969| 1.652864(15.748184{ 0.9989
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d s fr 1 l * '
L =ax, + 2K i ki, +.(———‘”‘ hit *Ap), (5.63)
QU x, kqb uc, x,” \ OUc x 4B

Eq. 5.63 may be applied for angles different than 90 degrees. If a maximum is
observed on the pressure derivative curve and the angle is known. the equivalent fault
length may be estimated by dividing the result from Eq. 5.63 by the cosine of the
angle.

Eq. 5.63 can be used only if the pseudoradial flow regime develops regardless

the presence of a maximum in the pressure derivative curve.

5.2.2. STEP-BY-STEP PROCEDURES

Case 1. Ideal Case (All flow regimes are observed)

The following step-by-step procedure is for the case where all the straight lines
corresponding to various flow regimes of a finite conductivity fracture and the
maximum pressure derivative point are well defined.

Step 1 - Plot the pressure change dp and pressure derivative (£*4p°) values versus
test time.

Step 2 - With the permeability obtained from another sources, determine the value of
the pressure derivative at which the infinite acting radial flow line takes place.
(t*Ap’)r, using Eq. 5.39a. In the log-log plot of pressure and pressure derivative. draw

a horizontal line along this value.
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Step 3 - Identify and draw the straight lines corresponding to bilinear flow
(slope=0.25), formation linear tlow (slope=0.5), and infinite acting radial flow
(horizontal line).

Step 4 - Calculate the wellbore storage coefficient. if exists, from Eq. 5.13.

Step 5 - 9 - Same as ideal case of section 5.1.7.

Step 10 - Verify that the acting radial flow line coincides with the horizontal line
drawn in step 2. If so, read the maximum pressure derivative value. (t*4p"); and the
time at which this occurs, ., and using the dimensionless fracture conductivity value
find the appropriate values of the constants a, b, ¢ and d and determine the fault length
using Eq. 5.63. If the dimensionless fracture conductivity is not listed in table 5.3.
interpolation or extrapolation of the fault length between two close known values may

be applied.

Case 2. Low conductivity fracture (Linear flow line is not observed)

For a low conductivity fracture, the formation linear flow regime will probably
not be well defined, making it difficult to draw the half slope line. or will completely
absent.

Steps 1 - 4: Same as above (ideal case)

Step 5 - 7: Same as ideal case, section 5.1.7

Step - 8: Calculate the half-fractured length from Eq. 5.57.

Step 9 - Calculate the dimensionless fracture conductivity, Cp, from Eq. 3.37.

Step 10 - Same as step 11 ideal case.
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Case 3. Intermediate conductivity fracture

A pressure test in a well with an intermediate-conductivity fracture should
yield all three tlow regimes, i.e. bilinear, formation-linear and radial. However, if the
effect of wellbore storage and/or noise on the early-time pressure data is severe, then it
would be difficult to identify the bilinear flow regime.
Steps 1-4: Same as in the ideal éase
Step 5 - Calculate the half-fracture length from Eq. 5.26.
Step 6 - Select any convenient time ¢z during the infinite acting radial portion of the
pressure and pressure derivative curves, and read the corresponding values of (Jp)g
and (t4p’)r then calculate the skin factor, s, from the Eq. 5.40. Be sure that the
values are read on the truly pseudoradial flow period.
Step 7 - Estimate the fracture conductivity, ksv. from Eq. 5.58.
Step 8 - Same as step 9 of the ideal case.
Step 10 - Same as Step 11 of ideal case.
Case 4. High to infinite fracture conductivity (only linear flow is observed)
Step 1 - 4 - Same as case [.
Step 5 - Read the value of dp and (r*4p’)at time t=1 hr from the linear flow
line (extrapolated if necessary), and calculate the half fracture length. x;, from Egs.
5.44 and 5.26. Equations 5.44 and 5.26 of course must yield the same value of x.
Step 6 - Calculate the skin factor from Eq. 5.40.
Step 7 - Estimate the time of intersection between the linear line and the radial line,
t1xi, and recalculate half fracture length, x;, from Egs. 5.45.

Step 8 — Same as Step 8, case 4 of section 5.1.7.
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Step 9 -Verify that the acting radial flow line coincides with the horizontal line drawn
in step 2. If so. read the maximum pressure derivative value, (r*4p"), and the time at
which this occurs. r.. Since fracture conductivity cannot be estimated, find the
appropriate values of the constants a, b, ¢ and d for the average case and determine the

fault length using Eq. 5.63.

5.2.3. APPLICATIONS

Example 3. A simulated pressure transient test on a hydraulically fracture well was
conducted and reported in Table 5.4. The fracture intersects a fault forming an angle
of 90 degrees. The fracture-fault meeting point is at 70 % of the distance trom one of

the faults tip. The following information was used for the simulation:

k=30 md h=50 ft =100 ft
L=4501t 0=23% ¢ = 1.35x10° 1/psi
u=03cp g = 3000 BPD B = 1.48 rb/STB
re=04 ft Cp=10

Determine fracture length and fault length.
Solution: In this example, all the flow regimes are present. The procedure given in
case | will be followed.
Step 1 - A log-log plot of pressure change dp and pressure derivative (1*4p") values

versus test time is provided in Fig. 5.8.
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Table 5.4. Pressure data for example 3

t,hr | Ap, psi|t*Ap’,| t, hr | Ap, psi| t*Ap’,| G hr |Ap, psi| t*Ap’,
psi psi psi
000034 13.07] 3.270 0.16] 92.21| 34.52 15.26] 422.36] 83.12
0.00041} 13.71] 3.42] 0.20{ 100.72| 38.11 20.28| 445.37| 78.60
0.00049] 14.39] 3.58] 0.27] 112.08] 4291 28.52( 471.31] 73.74
0.00060] 15.07] 3.75] 0.34] 123.45{ 47.59f 40.98| 497.31] 70.23
0.00072] 15.79] 3.99] 043 134.82] 52.08] 50.49| 511.81] 68.65
0.00087] 16.54] 4.24] 0.56] 149.04] 57.41 59.87| 523.42) 67.04
0.00104] 17.36] 4.53] 0.70 163.26] 62.42| 71.31| 534.97] 65.43
0.00126] 18.18] 4.85] 0.84] 174.62] 66.23] 85.18] 546.47] 64.61
000151} 19.11] 5.22] 1.03] 188.83| 70.66] 106.78] 561.03] 63.91
0.00219] 21.17] 6.03] 1.26] 203.02{ 74.79] 128.14| 572.63] 63.35
0.00316] 23.54] 6.94] 1.51} 217.22{ 78.58] 153.88| 584.17| 63.10
0.00455 26.25] 7.94] 1.80] 231.42] 81.99{ 185.12] 595.85[ 62.95
0.00656] 29.32}1 9.16] 2.21]| 248.47| 85.50] 244.22] 613.22] 62.96
0.00946( 32.86] 10.75] 2.69| 265.52| 88.37| 255.81} 616.18] 62.90
0.01363f 37.05] 12.73] 3.36| 285.41} 90.88] 353.34| 636.51] 62.94
0.01636{ 39.45] 13.84] 4.17| 305.32] 9247 444.99| 650.99 62.93
0.02330{ 44.81] 16.19f 5.17] 325.22] 93.10] 535.12] 662.61| 63.11
0.02731] 47.53] 17.41] 5.49{ 33091| 93.08] 790.47| 687.48] 63.31
0.03643] 53.011 19.811 6.40{ 345.15| 92.72{ 1111.81] 709.06] 63.91
0.04724] 58.53| 22.00] 7.70] 362.25| 91.68| 1431.92| 725.12] 63.66
0.06719] 66.86{ 24.97] 7.95 365.10] 91.44] 1958.13] 744.94} 63.35
0.09224] 75.26{ 27.92] 9.91| 385.10] 89.24] 2000.00| 746.29] 63.33
0.12283| 83.71] 31.09{ 12.05] 402.28| 86.69

Step 2 - With the given permeability of 30 md. the value of pressure derivative at
which the infinite acting radial flow line takes place. (t*Ap’)g, is obtained using Eq.
5.39a. In the log-log plot of pressure and pressure derivative. the horizontal line along
this value is drawn.
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In Fig. 5.8, it is observed that the pseudoradial flow regime is developed and
corresponds to the obtained value.
Step 3 — The different flow regimes have been identified and drawn in Fig. 5.8.
Step 4 - No wellbore storage coefficient is calculated since the unit slope line does
not exist.
Step S - The following values are read: (dp)gLi = 60 psi and (£*4dp gLy = IS5 psi.

Fracture conductivity, k., is estimated from Eqs. 5.6 and 5.12.

k,w = 194746 ( 418 ]
\/¢.”C,k h(AP)y,

L owe 1947.46 (3000(0.3)([.48)}1 308894 md - f
T J0.230.3)1.35x107)30) L 50(92)

e 121.74( quB 121.74 /3000(0.3)(1.48)‘J1
T euek (ha 'AP')au) 70.23(0.3)(1.35x10°* )(30)L 50(23)

kyw= 30895.4 md-ft

The values of fracture conductivity calculated by Egs. 5.6 and 5.12 are close
agreement. The average value of 30892.4 md-ft is taken.
Step 6 - Calculate the time of intersection of the bilinear and radial flow lines using

Eq. 5.42. but first, mp is calculated using Eq. 5.3. as:

mg,

44.13 ( quJ 44.13 (3000(0.3)(1.48)}

(oue k) Lifkw | 30230.3)1.35:10)30) L 504/30892.4
mg =92

\

o _T06quB 4 _ 70.6(3000)03)(1.48) 4
T (30)(50) 92

tag, =352 hr
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A close value of tggy; is observed on Fig. 5.8.
Step 7 - The following characteristic values are read from the log-log plot in Fig. 5.8:
tg = 1958.13 hrs
Apg = 744.944 psi

Then. skin factor is calculated from Eq. 5.40, thus:

s=05 2Pk —ln( ""’*,j+7.43
ap);  \ower

s=05 B 0095813 1, 743/~-353
63 0.23(0.3)(1 48)(1.35x107 )04

Step 8 - half-fracture length is estimated using Eq. 5.26, extrapolating the linear line

to read (A4P);;=200 psi, thus:

\
¢ 240 qB 3000(1 48) 03 _iooas
h(Ap qn 50000) (0.23)(1.35x107*)(30)

Verifying the above value using Eq. 5.32a:

- : k ) 2-, 2 \:
L =l3910¢#c,(r"/—w =13910(0.23)(0.3)(1,35x10‘5)(—lo - ml
kv ) | 7308924 |

Ig11; = 0.0015 hrs
This value matches very well with the value of 100 ft input for the simulation
and also with the observed value of £ on Fig. 5.8.

Step 9 - Calculate the dimensionless fracture conductivity, Cp, from Eq. 3.37.

c o[ || 308924
Pk \x, | 300024
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Step 10 - Since the acting radial flow line coincides with the horizontal line drawn in
step 2, then the maximum value pressure derivative value, (£*4p’), and the time at
which this occurs, ¢,, are read to be 5.49 hrs and 93.1 psi, respectively, then with the
values of the constants a, b. ¢ and d corresponding to C;p=10 the fault length is

estimated using Eq. 5.63, as follows:

2 -5 , -6
1= 4 5630901024 5 —UT725610" 549 [ 1.095x10"(5.49)

(0.23)(0.3)(1.35x107)(102.4) | (0.23)(0.3)(1.35x107)(102.4)"* |

4R, -6 a0
N l0.4’8344.t10 -(530 )(50)(93.1) = 4298 fi
(0.23)(0.37 )(1.35x107")(102.4)(3000)(1.48)

Notice that the correlation given by Eq. 5.63 works well if compared with the

input fracture length value ot 450 ft.

Example 4. Estimate fracture length and fault length for the simulated pressure test

data are reported in Table 5.5. Other parameters are given below:

k=50 md h =100 ft xr= 200 ft

L =850 ft 0=10% ¢ =3.7x107 /psi
n=2cp ¢ = 5000 BPD B=125rb/STB
r.=03ft Cp=25

Solution:

Step 1 - A log-log plot of pressure change Ap and pressure derivative (t*4p’) values

versus test time is provided in Fig. 5.8.

148



Table 5.5. Pressure data for example 4

t,hr [Ap, psi|t*Ap’,| t,hr | Ap, psi| t*Ap’, | t, hr | Ap, psi | t*Ap’,
psi psi psi

0.00129| 10.80 | 3.02 | 0.14 | 59.29 | 26.53 | 27.55 | 565.81 |218.15
0.00165]| 11.58 | 3.31 | 0.17 | 64.34 | 28.57 | 32.93 | 605.59 |226.49
0.00208 | 12.37 | 3.61 | 0.20 | 69.75 | 30.63 | 40.53 | 653.44 |234.12
0.00260| 13.22 | 395 | 0.25 | 75.52 | 32.75 | 51.30 | 709.38 |239.67
0.00322| 14.10 | 430 | 0.29 | 81.66 | 34.96 | 60.56 | 749.39 [241.36
0.00396| 15.03 | 470 | 0.35 | 88.18 | 37.29 | 64.71 | 765.39 |241.49
0.00485| 16.01 | 5.14 | 042 | 95.13 | 39.82 | 66.89 | 773.40 |241.44
0.00592| 17.07 | 5.62 | 0.51 {102.53| 42.56 | 78.98 | 813.45 [240.34
0.00720| 18.21 | 6.15 | 0.60 | 110.01 | 45.57 | 96.57 | 861.50 |237.07
0.00874 | 19.44 | 6.75 | 0.71 | 117.58 | 48.85 | 122.66 | 917.54 |231.07
0.01059|20.78 | 7.39 | 0.94 | 132.90| 56.12 | 151.40 | 965.54 |224.89
0.01281 2223 | 8.10 | 1.22 | 148.36| 63.81 | 187.95 | 1013.49218.62
0.01547 | 23.81 | 8.86 | 1.53 | 163.88 | 71.54 | 234.73 | 1061.40|214.48
0.01867 | 25.54 | 9.69 | 1.87 | 179.46| 79.11 | 294.09 | 1109.10{209.78
0.02250| 27.41 | 10.60 | 2.47 1202.92| 90.02 | 343.03 | 1140.92 | 204.06
0.02710f 29.44 [ 11.61] 3.16 |226.45]100.38 | 417.44 | 1180.78 | 201.70
0.03262 | 31.65 [ 12.73| 3.95 |250.05] 110.33 | 463.06 | 1201.65| 199.50
0.03925{ 34.06 [ 13.99| 4.84 |273.65|119.95| 580.29 | 1246.18 | 198.01
0.04720] 36.71 | 1540 5.85 |297.27(129.23 | 616.89 | 1258.23 | 196.46
0.05674| 39.62 | 1698 | 7.38 | 328.77| 141.26| 717.96 | 1287.89 | 194.63
0.06819| 42.83 [ 18.70| 9.61 | 368.13|155.99 | 857.25 | 1322.29192.81
0.08192 46.39 {20.55]12.231407.521170.26 { 901.92 | 1332.10( 192.71
0.09841 | 50.31 [22.5015.28 | 446.98 | 183.87 | 978.73 | 1347.77 | 190.86
0.11819| 54.61 |24.50| 18.81 | 486.50 | 196.52 | 1000.00 | 1351.87 | 190.67

Step 2 - With the given permeability of 50 md. the value of pressure derivative at
which the infinite acting radial flow line takes place. (t*Ap’)g, is obtained using Eq.
5.39a. On the log-log plot of pressure and pressure derivative. the horizontal line along
this value is drawn.

. 70.6quB 70.6(5000)(2)(1.25) .
(t-Ap'), = = =177
8 =—0, (50)(100) Pt
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In Fig. 5.9, it is observed that the pseudoradial flow regime is not very well
developed.
Step 3 - The different flow regimes have been identitied and drawn in Fig. 5.9. Notice
that the bilinear tlow regime is not very well identified. [nstead. there is a transition
period between bilinear and bilinear.
Step 4 — No wellbore storage coefficient is calculated since the unit slope line does
not exist.
Step S - The values of Ap and (r*4p’) at time t=I hr read from the plot as 210 and
90 psi, respectively. The half fracture length. x;, is calculated from Eqs. 5.44 and 5.26.

giving an excellent match, as follows:

o __2032Bg [ u _ 2.03%(1.25)5000) 2 — 20008 i
T he*Ap'), V ok 100(66) 0.13.7x107°%50)

. 2 o)
. 4064Bq [ 4 _ 4.064(1.25)(5000) 2 _a0ms
hap),, \ock 100(132) 0.13.7x107°)(50)

Step 6 - Skin factor should be calculated using Eq. 5.40 which requires knowledge of

dpr and (r*4p’)g which cannot be obtained accurately since the radial flow regime
has not been developed very well. Also, the intersection between linear and bilinear
flow regimes is not clearly defined, so for this example is not possible to accurately
estimate the skin factor.

Step 7 - From Fig. 5.9, the time of intersection between the linear line and the radial

line, t15;, is 7.7 hrs, then the half fracture length, x, is recalculated from Eq. 5.45.

h

Ll

K 1207guc,

150



r_, ~ 7.7
50 1207¢0.1)(2)3.7x107%)

=x, =2076 fi

which agrees with the values obtained trom Egs. 5.44 and 5.26.

Step 8 - Although, the intinite acting radial tlow line does not coincides very well
with the horizontal line drawn in step 2, use of correlation 5.63 can be still effective.
The maximum pressure derivative value, (t*4p’), and the time at which this occurs, r,
are, respectively, 241.4 psi and 66.9 hrs. Since fracture conductivity cannot be
estimated, find the appropriate values of the constants a, b, ¢ and d for the average

case and determine the fault length using Eq. 5.63. thus:

2.072x10°° - y?
1] = 200(—4 582973 4 272610 G0NE6.9) _( 1.9196x10™(50)66.9) |

(0.D(2)(3.7x107)(200) | (0.1)(2)(3.7x107°)(200)"*

9.379x107°(50°)(100)(241.4) 70 i
(0.1)(2°)(3.7x107*)(200)** (5000)(1.25)

This demonstrate the validity of Eq. 5.63 since the obtained value agrees well

with the value of 850 ft used for the simulation.

Example 5. Simulated pressure test data are reported in Table 5.6. It is known that a
sealing fault is intercepted by the well’s hydraulic fracture forming an angle of 90

degrees. Other parameter used to perform the simulation are given below:

k=120 md h =100 ft =150 ft
L = 10000 ft 0=10% ¢ =3.7x10 U/psi
w=2cp ¢q = 5000 BPD B=1.25b/STB
r.=03ft Cp=25
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What is the value of permeability that can be estimated from this test? Estimate
the fracture half length. Can the fault length be calculated for this example?

Table 5.6. Pressure data for example 5

t,hr | Ap, psi|t*Ap’,| t, hr [Ap, psi| t*Ap’, | t,hr |Ap, psi| t*Ap’,
psi psi psi

0.0012] 9.10 | 2.54 | 0.36 | 74.88 | 30.57 | 36.85 |440.26 | 130.38
0.0019] 10.32 § 296 | 0.45 | 81.90 | 33.54 | 45.97 |469.46| 133.44
0.0028 11.65 | 3.51 | 0.55 | 88.94 | 36.58 | 60.27 |506.05|136.62
0.0042] 13.15 ]| 4.18 |1 0.66 | 96.02 | 39.62 | 78.63 |542.71{139.13
0.0062} 1491 | 5.00 | 0.78 [ 103.11]| 42.65 | 102.18 | 579.44 | 141.05
0.0091] 16.97 | 597 [ 0.92 | 110.20] 45.65 | 125.76 | 608.86 | 142.27
0.0133] 19.38 | 7.14 | 1.07 | 117.31| 48.61 | 154.56 | 638.30 143.27
0.0193] 22.24 | 8.60 | 1.60 | 138.68| 57.22 | 189.74 | 667.77 | 144.13
0.0279| 25.67 | 10.42 | 2.02 | 152.91| 62.71 | 244.84 | 704.64 | 145.06
0.0403] 29.85 | 12.57 | 3.07 | 181.33| 73.09 | 257.61 | 712.02 145.25
0.0582| 34.87 | 14.94 | 4.82 {216.90| 8490 | 331.84 | 748.91 | 146.08
0.0839| 40.80 | 17.35] 7.16 ] 252.58 | 95.36 | 406.00 | 778.43 | 146.70
0.1198| 47.45 | 19.77 [ 10.23 | 288.36 | 104.49 | 496.33 | 807.96 | 147.25
0.1645] 54.19 | 22.29 [ 14.25]324.28 | 112.37 | 669.98 | 852.25 | 148.00
0.2192] 61.01 | 24.94 | 20.67 | 367.60 | 120.36 | 817.71 | 881.78 | 148.41
0.2845] 67.92 | 27.69 | 27.74 | 403.87 | 125.86 | 1000.00 | 911.71 | 148.00

Solution:

Step 1 - A log-log plot of pressure change Ap and pressure derivative (1*4p ") values
versus test time is provided in Fig. 5.10.

Step 2 - From the log-log plot. at first sight. it looks that the pseudoradial flow regime
is very well developed. A line over the value of 148 is drawn on Fig. 5.10. However.
using the given permeability of 120 md which is assumed to be obtained from another
sources, the value of pressure derivative at which the infinite acting radial flow line

takes place, (t*Ap’)g, is obtained by means of Eq. 5.39a:
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. T0.6quB  70.6(5000)(2)(1.25) )
(- = = =735
AP kh (120)(100) P

On the log-log plot of pressure and pressure derivative. the horizontal line
along this value is drawn. This is a typical case of development of semiradial flow
regime. Notice the difference between the true radial line (73.5 psi) and the semiradial
line (on 148 psi). If permeability is calculated with the value of (t*4p") for the

semiradial flow regime, using Eq. 5.39b, we obtain:

¢ - 10.6quB _ 70.6(5000)(2)(1.25)

= =59.63 md
h(t-Ap'), (100)(148)

Under the mentioned circumstances, notice that Eq. 5.39b predicts a value of
permeability which corresponds to half the true value. Then. the applicability of Eq.
5.39c is here demonstrated:

) b 2 2
Lo ML2guB | 141265000020.25) oo

which is much closer to the permeability value of 120 md.

Step 3 - The different flow regimes have been identified and drawn in Fig. 5.10.
Notice that the bilinear flow regime is not very well identified. Instead. there is a
transition period between bilinear and bilinear.

Step 4 — No wellbore storage coefficient is calculated since the unit slope line does
not exist.

Step 5 - The values of 4p and (t*4p’) at time t=1 hr read from the plot as 210 and
56 psi. respectively. The half-fracture length, xj, is calculated from Egs. 5.44 and 5.26.

as follows:

153



. __2032Bq | m _2.032125)(5000) 2 _1522 f
T hte*Ap), \ Pk 100(56) 0.13.7x107%)120)

25)(5 3
5, = 4064Bq | p _ 4.064(1.25)(5000) 2 15221 fr
hAp), \ock 100(112) 0.1(3.7x107)(50)

Notice the excellent agreement between the input value of half-fracture length

used for the simulation and the values obtained from Eqgs. 5.44 and 5.26.

Step 6 - Skin factor should not be calculated using Eq. 5.40 since the truly
pseudoradial flow is unknown. Egs. 5.59 or 5.60 cannot be also used because fracture
conductivity was not estimated since the bilinear flow regime is not very well defined
in this exercise.

Step 7 - From Fig. 5.10. the time of intersection between the linear line and the radial

line, f;;, is 2.7 hr, then the half fracture length. x;. is recalculated from Eq. 5.45.

i —_ [LRI
ko 1207guc,
x; 2.7

5o - x, =190.5 ft
120 120700.0)3.710°) /

which is close to the values obtained from Eqs. 5.44 and 5.26.

Step 8 - Dimensionless fracture conductivity cannot be estimate because skin factor is
unknown.

Step 9 - Because pseudoradial flow regime was never developed and no maximum

point is observed. Eq. 5.63 cannot be applied.
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CHAPTER VI

SUMMARY, CONCLUSIONS AND RECOMENDATIONS

6.1. SUMMARY

[t has been found that the five studied PEBI grid styles work well for
simulating horizontal well pressure behavior. The average deviation error was about
2.5 %. No improvement etfort in the accuracy of the solution was performed which
means that deviation error could be further reduced. Vertical wells. whether or not
damage and wellbore storage effects are included. can be accurately simulated using
either circular or variable PEBI grid styles. Deviation errors lower than 0.5 % were
obtained with a relative small number of gridpoints. PEBI grids are not the panacea to
simulate vertical fractured well pressure behavior. Only the Elliptical grid style was
able to provide reliable and accurate solutions with absolute deviation less than 1.5 %.
It is being demonstrated through several examples that PEBI grids handle very well
non-orthogonal systems. Accurate simulation results where obtaining by changing the
horizontal well angle with respect to the x-y plane. For vertical wells, similar results
were found by rotating the fracture angle from O to 90 degrees. Traditionally and
numerically speaking, a fracture has been oriented along the x-direction.

For a branch fracture. a slight inclination of the angle causes a friction for the
pressure transient to travel. Then, a small increase in pressure drop is observed.

Duplicating the value of the angle causes a pressure drop which is very slightly higher
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than the former case, an so on. Then, the pressure behavior for angles of 10, 20 or 30°
may be considered the same. Same situation occurs when the branch fracture
conductivity was reduced 75 or even 50 %.

Some branch fracture transient behaviors present an early slope ot 0.34 or 0.35
which may be confused with the pressure behavior obtained from an infinite
conductivity fracture when the ratio of fracture to drainage ratio is bigger than 16
since the biradial or elliptical flow (slope=0.36) is observed at very early times.

For case of intermediate to high fracture conductivity. a branch fracture may be
confused with a bilinear tlow regime if a slope of 0.25 is present at early time. The
fracture conductivity can be estimated from the supposed bilincar flow regime to be
used to simulate a pressure test. If the results of the simulation do not match the well
the pressure and pressure derivative actual trend, we may conclude that a branch
fracture takes place, otherwise, the bilinear flow regime was correctly assumed.

A fracture intersecting a fault causes a delaying of the formation of the
pseudoradial flow period since the fault acts as a boundary which effect depends upon
its length. This is manifested by a hump on the pressure derivative curve. This
deviation is more pronounced as the fault length grows up but is less noticeable as the
intersecting angle goes from 90 to zero degrees and as the fracture-fault meeting point
goes from the fault middle point to the fault tip. When the fault fully crosses the
reservoir gives origin to the introduction of a new flow regime period. called here as
semiradial (or semi-pseudoradial). This flow regime results tfrom the partial answer of

the reservoir system because the fault acts as a boundary.
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6.2. CONCLUSIONS

D

3)

4)

5)

6)

)]

8)

Any of the five studied PEBI grids can be used to simulate horizontal well
pressure behavior. Circular PEBI grids and elliptical PEBI grids are appropriate to
simulate pressure transient behavior in unfractured vertical wells and fractured
vertical wells, respectively.

In vertical fractured wells, the elliptical PEBI grid is not recommended tor
dimensionless fracture conductivities lower than 1.

The pressure response for a branch fracture starting from either the wellbore or the
middle distance between wellbore and main fracture tip is practically the same as
the case without branch.

Verification the acceptance of the branch fracture simulated as horizontal well was
pertformed by comparison its solution to the solution presented by Berumen et al®®
with resulting maximum absolute deviation of about 1.5 %.

Reduction of branch fracture conductivity and branch fracture angle do not affect
the pressure response of the branch fracture.

A sealing fault intercepted by a fracture tends to delay the formation of the
psudoradial flow regime. If the fault is too long, the radial flow regime may never
develop. This effect is reduced as the intercepting angle is different than 90°.

The effects of the fracture conductivity on the transient characterization of the
fault is negligible.

The Tiab's Direct Synthesis Technique was applied for estimation of branch

fracture length and correlations were developed to estimate fault length when the



fracture-fault angle is 90 degrees and a new relation to estimate permeability for

semiradial flow regime is introduced.

6.3. RECOMMENDATIONS

1) The use of a fracture. instead of horizontal well. to simulate one or more branch
fractures should be motive of a later study with the use of PEBI elliptical grids.

2) For the case of a hydraulic fracture intersecting a fault, simulation of multiple well
tests may be studied to attempt to determine fault-fracture angle.

3) Study the case of hydraulic fractures intersecting leaky faults.

4) Include in the simulations the criteria concerning to fault failure.

5) Select the PEBI grid and the gridding control parameters provided in chapter two

according to the system dealt with.
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NOMENCLATURE

For the modeling part nomenclature is given in CGS units. However. oiltield

units are used for the application of the Tiab's Direct Synthesis Technique.

A Drainage area, Ac
B Oil formation factor, rb/STB
b Straight line intersect
C Wellbore storage coefficient, bbl/psi
Cp Dimensionless wellbore storage coefficient
Cp Dimensionless fracture storage capacity
Cp Dimensionless fracture conductivity
¢; Formation, fracture or fluid compressibility, 1/psi
Cup Horizontal well dimensionless conductivity
¢, Oil compressibility, 1/psi
¢, Total system compressibility, cq+c,, 1/psi
cy Total compressibility in the fracture, 1/psi
D.. Wellbore diameter. ft
G Source/sink term
h Reservoir thickness, ft
hy  Fracture/fault thickness, ft
i Node
Jj Node
k Formation permeability, md
ks Fracture permeability. md
kav  Fracture conductivity, md-ft
k. X-direction permeability, md
k. z-direction permeability, md
L Fault length, ft
Lp Dimensionless fault length
L. Horizontal well length. md
m  Straight line slope
p Pressure, psi
pi [Initial reservoir pressure, psi
Pp Dimensionless pressure
Pp’ Dimensionless pressure derivative
q Oil flow rate, BPD
Q Mass flow rate per unit area of grid block
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R. Reynolds number in porous media
r. Reservoir drainage radius, ft

r. Wellbore radius. ft
¢ Oil flow rate, BPD

¢ Flow rate at fracture

q. Flow rate at wellbore
s Skin factor
t Time, hr
T Reservoir temperature, °F

tp Dimensionless time

t*Ap"' Pressure derivative, psi

u Flow velocity, ft

Vpr Fracture pore volume

Xy Half-fracture length

Xp Branch fracture length

xpp Dimensionless branch fracture length

w  Fracture width, ft

wp Dimensionless fracture width. ft
X x-direction
v y-direction

Greek

Rapid flow coefficient

Block size in x-direction

Block size in y-direction

Time step. hrs

Pressure drop. psi

(1+R)"

Porosity. cp

Density, Ibm/ft’

Fracture inclination angle with respect to the x-axis, or angle formed
between main fracture and branch fracture. degrees
o, (2-6)

d,c,12-9,)

oo e ot i By

PAL

AL
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Subscripts

1

Bf
BFi
BFBLi
BFLi
BL
BLLi
BLI
LI

D

F

G
LPi
LRi
0

SC
SR

R
RBLi
RLi
USBLi

W

1 hr

Branch fracture

Branch fracture at | hr

Branch fracture-bilinear intersection
Branch fracture-linear intersection
Bilinear

Bilinear-linear intersection
Bilinear at 1 hr

Linear at | hr

Dimensionless

Formation, fracture

Gas

Linear-Pseudosteady state intersection
Linear-Radial intersection

Oil

Standard conditions

Semiradial

radial

Radial-bilinear intersection
Radial-linear intersection

Unit slope-bilinear intersection
Water
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A.l. LINE SOURCE WELL IN AN INFINITE SYSTEM -

PRODUCTION AT CONSTANT RATE

The solution to the diffusivity equation for this case is given by**:

l 2
PD("DJD)z—;E{_:TDJ (A.1)
D

where:

= o pyn-l
Eitu) = ~0.5772 ~ nfu| + 3" 2

u" (A.2)
. nn!

The pressure derivative is evaluated by:

By _pyate (A.3)
at, 2,

The dimensionless variables are defined as:

) L

(= 0.000-637“ (Ad)

Quc,r,;

kA -
Py(ry.ty) = ————[P. = P(r,.1)] (A.5)
141.2quB

A.2. WELL IN AN INFINITE SYSTEM - PRODUCTION AT
CONSTANT RATE - WELLBORE STORAGE AND SKIN

FACTOR¥

[_e—v:l’D

P, =if — . v
720 v {vCod ) = fF I W +[vC,o Y ) - FnY,mf |

(A.6)

The pressure derivative is estimated by differentiating Eq. A.1 as:
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dP, _ 4 l-¢ v (A7)

di, % v, 0,0 - fFord,F + G- Fa,

being Jy(v) and J,(v) are the Bessel functions of the first kind of order zero and one,
respectively, and Y,(v) and Y,(v) are the Bessel functions of the second kind of order
zero and one, respectively, and f(v)=1 - Cstz.

The dimensionless wellbore storage coefficient is defined by:

C = 0.89359 c

° gehr! (A8)

A.3. FINITE-CONDUCTIVITY FRACTURED WELL - NEITHER

SKIN NOR WELLBORE STORAGE CONSIDERED

An analytical expression for the pressure distribution in the reservoir created
by a finite conductivity fracture was presented by Cinco-Ley et al'*. The
dimensionless pressure drop at any point in the reservoir may be obtained trom the
following equation:

(X, —X)" + v,
Wl exp(_._q___:ﬂ

4r
P (x,.v,.t,)=— (x,7) drdr (A9)
p\Ep¥p-lp 4:“:%) .
where:
kh(P - P(x, v,
Bylxy.¥poty)= (F - Plx.y.00) (A.10)
141.2qBu
2g(x.T)x
gl =2 (A.L1)

q
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q(x,7) is the flow rate per unit of a fracture length. The dimensionless pressure
derivative is as follows:

(X, —X)" +y,

) dx (A.12)
4,

o1
t, X P, =IIQD(-V-ID)CKP‘-
-1

The finite conductivity solution is obtained by considering two flow regions:

(1) the fracture, and (2) the reservorr.

A.3.1. FRACTURE FLOW MODEL

Fluid enters the fracture at a rate g(x,7) per unit of a fracture length. and flow

across the edges of this porous medium is negligible as depicted in Fig. A.1.
The dimensionless pressure drop in the fracture is proposed by Cinco-Ley et

al'® as follows:

( (xy=2ny° ! ot
| 1 w Ty e Ut in+l e it
Pplxy.ty)= ’ - g p(x.T)X deydt (A13)
e Cor V71 ;;[ Jr 1!—1 ” Wt |
L )
where:
kh(P, — P, (x.t))
P,D(.rD,rD)=-————’—— (A.14)
141.2qBu
29 (x,D)x,
gpten) ==Y (ALS)
q
w@.c,
C ooy idoid (A.16)
T o Pc,
k.oc
o= 2 (ALT)
k¢’.cﬁ
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A.3.2. RESERVOIR FLOW MODEL

The transient pressure behavior in the reservoir may be studied by considering

the fracture as a plane source of flux density ¢,(x.r) (See Fig. A.2). The

dimensionless pressure drop at any point in the reservoir can be obtained from
equation A.9.

To solve equations A.9, A.11 through A.13 simultaneously. continuity between
the two tlow regions must be established. Thus:
Pp(xpitp)=Pp(xp,¥p =0.1p) (A.18)
and ¢ (xXp.05) =qp(Xp.0p) (A.19)
for —1<x,<I and t,>0.

After combining equations A9, A.13. A.I18 and A.19, using the Poisson’s
summation formula, and discretizing in space and time so that the fracture is divided

into 2N equal segments (Fig. A.3) and time is divided into K different intervals. one

could end up with the following system:

M<

k-1
go(LK)ULLE) +gp( 2K 2Lk) +- -+ qp(NR) AN LK) =g =D D g,yui.DztidlD
1=l

i =
k-

i
IolLKIHL2K) ¢ (LK)L2K) +- -+ g (N K)AN2K) = gD - 33 gplil)zti2 1)
=l

=i =l

i}
PR

N k-l
4oLk jk)+ g, (2K jok)+oo -+ g (N KN R =g(j) =D D qpli.Dzti. j.b)

=l 1=

v k-l
g LR N KV +qp (2 k)ZQANK) +---+qp(N.K)AN.N k)= g(N)—zZqD(i.l):(i.N.l)
. =1

r I=l

(A.20)
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The system is solved at each step time level where the ¢, (i./ =1) equal zero at

the first step time level. The g(j) and z(i.j,/) parameters are defined as follows:

. 1 & )
g(j)= tD(k)+——l—-Z > [l-exp(-(lm)‘n,nt,,(k)]cos(nm[,]) (A.21)
1Df T n/D n=i
being:
_J-05
Xp = m (A.22)
A
:(i.j.l)=£M(i.j.l)+—rm,',_,+ g v(i, j, 1) (A.23)
4 of TNl o
where:
Aty =t (D=t (=1 (A.24)

.. - l ) a
v(i. j.l)= z _3[exp(_(m)-’,mmk.l ) =exp(=(m) N A8, )]

n=l

(A.25)
xcos(nmx, )cos(nmx,, )sin(n—’g
\2N)
LI RIED GEED G ARMES Ay (A.26)
y
L.,
Plane source (well)
AARARAR SR AXAREAE;
P o L= > o 7 - - - w9,
i - _ie . ; ox
PRRAARAE T A
X=X, x=0 x=xg¢

Fig. A.1. Fracture flow model'®
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Fig. A.3. Fracture divided into 2N equal segments'
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(A.27)
» 1 3 i M -] . A
- a’ 2 - 0
Y:‘;[ =-—= al./E!J"—_ ] "ﬂ,,,E - ﬂ'»l +Yx./El - YLI _ahlEl -—
\/—I; L A[k,l_l Ar, AIk.IJ Al
(A.28)

The arguments of the error function, erf, and Exponential Integral. Ei,

functions are defined as:

ﬁ4=l:é§9§ (A.30)

The pressure derivative was computed numerically by the following

relationship®:

[n(tl /t:-k )A[)I"] + ln(rrollt-k /tAil)AP:

(apj 9P Inc,., /e, )inle,_, /1) In(e /e)in(e, /1,

f—| =i — | = (A.33)
&) (dlnr) Infe,., /1, AP,

n(r, /1 )nle,_, /1, )

where:
Int, -Int, 202 (A.34)
Int,~Ine_, 20.2 (A.35)
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A.3. HORIZONTAL WELLS

The reservoir fluid is single phase and slightly compressible. flowing through an
anisotropic, homogeneous reservoir. The solution of Goode And Thambynayagam®™ is
also adopted in this section because of its convenient and simple form. The
dimensionless solution for an infinite or semi-infinite reservoir penetrated by a horizontal

well in an anisotropic, homogeneous porous media is given by:

- Ln Iwy n hzh: S :m
p=——m elf(v m\[; ) s erf (v.am\rp)==cos(mx z,)
heh. { rv. & ° L Itz " m ]

wV I m=y
,k\
+. 0 5m
k.

(A.36)
The derivative with respect to time of Eq. A.36 is:
aP "' wu l'
D 1 N [D _-' ) (A37)
Zexp[ (v.7omy Io]f cos(mfr:,)l
w 't m=] -
where. the dimensionless variables are:
kL AP
P, = (A.38)
141.2quB
0.0002637 k.
- 20002637k 1 (A.39)

T 0Ly La)

v, = Lep-Laa |ke (A.40)
he  \ky

v = Lo la ke (A41)
he ks
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merl . nl]anl
-sin

sin
¢,= 4 hy (A42)
m(LxI = Lnl)
. ML, . ML,
sin -Ssin
§.= h, by (A43)
m(Ly- L)
y:oc Y
iy
Py
2 gx
y=0
L k Lw -
ﬁ Dl T 0 ) z=hs 1:,0
? X=Lxd X=Lx1
X=0 X=hx

Fig. A.4. Horizontal well configuration™

The apparent wellbore radius converts the strip source to a well of radius r..

Accounting for anisotropy the relationship can be expressed as:

\//-l
4ruu=4rn(%J =(LJ)-L;u) (A.'M)

v

The dimensionless wellbore length is defined as:

h- ’k~
Lp = — == (A.45)
ZLw kh

The point at which the effective pressure is measured in the horizontal well is

expressed by:

= hi( h,+147r..) (A46)
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Conversion from the adopted dimensionless variables of Goode and
Thambynayagam® to the other widely used definitions is given for comparative
purposes.

Dimensionless time:

t N
2 = [uj ke (A47)
'DG.r L ky

where the subscript j refers to Joshi type dimensionless variables and g+t to the Goode

and Thambynayagam®] dimensionless variables.
Dimensionless pressure:

Pp

—_—r = k h (A.48)
ngn LW k\‘
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Fig. C.1.a. Variable PEBI grid for a vertical well without wellbore storage
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Areal View k 1
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Fig. C.1.b. Variable PEBI grid for a vertical well without wellbore storage (closer
view)
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Areal View k 1
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Fig. C.4.b. Hexagonal PEBI grid for a vertical well without wellbore storage (closer
view)
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Areal View k 1

Fig. C.7.a. Circular PEBI grid used to simulate fractured well pressure behavior.
Cp=1
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Fig. C.8. Hexagonal PEBI grid used to simulate fractured well pressure behavior.
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Fig. C.10.a. Variable PEBI grid used to simulate fractured well pressure behavior.
Co



Areal View k 1

a00 —+—<
N

(] pu-
Sac e
8 "‘h R
| -.-ulﬂﬂa’.ul” ~ /{

Ly [ /‘.\ \ AN
=4 “3! ‘ Jo
h (el A %
> 4 TR Ry / VA \
/—4 N FA n".é . \//\\ . /\\
4 ) s ;
-200 _.H\\ \/ g u?‘...___‘l' . /T ) }""" N \_

! / !
1 /

- y; \< \/\
L A L L L L B L L DL DR
-600 -400 -200 a 200 100 600

X ft

Fig. C.10.b. Variable PEBI grid used to simulate fractured well pressure behavior.
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Fig. C.11. Elliptical PEBI grid used to simulate fractured well pressure behavior.
Cip=1 (closer view)
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Fig. C.13. Elliptical PEBI grid used to simulate fractured well pressure behavior.
Cip=30 and 6=45° (closer view)
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Fig. C.14. Elliptical PEBI grid used to simulate fractured well pressure behavior.
Cip=50 and 6=60° (closer view)
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Fig. C.15. Elliptical PEBI grid used to simulate fractured well pressure behavior.
Cp=1 and 6=75° (closer view)
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Fig. C.21.a. Close view of an elliptical PEBI grid for a hydraulically fractured well
with a Branch fracture starting from the wellbore (Horizontal well)

for 6=30° and Xp=0.6
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fracture tip (Horizontal well) for 6=30° and Xpp=0.6
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Fig. C.22.a. Close view of an elliptical PEBI grid (showing centers and pressure
profile) for a hydraulically fractured well with Cp=1 intersecting a fault with Lp of |
and an angle of 90°
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Fig. C.2.c. Close view of an elliptical PEBI grid for a hvdraulically fractured well
with Cpp=1 intersecting a fault at its fourth part. Lp of 7.5 and an angle of 60°
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Areal View k 1

Fig. C.22.d. Close view of an elliptical PEBI grid for a hvdraulically fractured well
with Cp=1 intersecting a fault at its tip. Lp of | and an angle of 0°
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Table D.1.a. Dimensionless pressure for a vertical well. Numerical solutions were
obtained using Hexagonal, Circular and rectangular PEBI grids

Analytic Hexagonal Circular Rectangular
tp Pp Pp Error, Pp Error, Pp Error,
% % %

1028.29 3.79286 3.82867 0.944 3.83023 0985 383104  1.007
1160.14  3.88169  3.91667 0.901 391672 0902 391679 0.904
1308.47 397086 4.00436 0.844 4.00343  0.820 4.00274  0.803
147543 405961 4.09183 0.794 409034  0.757 408911 0.727
1664.61 414836 4.17967 0.755 417792 0713 417651 0.679
187743 423744 4.26725 0.703 426549  0.662 426427  0.633
21748 432664 435484 0.652 4.35326  0.615 435251  0.598
2388.35 441531 444299 0.616 444123 0587 444112 0585
2693.61 450430 453012 0.573 452927 0555 452988  0.568
3038.28 459350 4.61790 0.531 461753 0523 461880 0.551
3427.38  4.68189  4.70583 0.511 4.70597 0514 470777 0.553
386593 477069 4.79378 0.484 479444 0498 479655 0.542
4360.37 4.85993  4.8818I 0.450 4.88297 0474 4388514 0.51Y
4917.86 4.94927  4.96994 0.418 497155 0450 497353 0.490
5547.02  5.03810 5.05827 0.400 5.06026 0440 5.06179 0.470
6257.14  5.12721  5.14681 0.382 5.14911 0427 514998 04
7057.56  5.21654  5.23547 0.363 5.23797 0411 5.23803 0412
7960.H 530557 5.32431 0.353 5.32690 0402 532608  0.387
8978.70 539455 5.41334 0.348 541589 0396 541418 0.364
1012737 5.48376  5.50258 0.343 5.50496  0.387 5.50245  0).341
1142294 5.57308 5.59203 0.340 5.59409 0377 559093 0.320
1288475 5.66195 5.68171 0.349 5.68332 0377 5.67973 0.314
14532.88 5.75104  5.77156 0.357 577256 0374 5.76884  0.310
16392.39 5.84034 5.86163 0.364 5.86189 0369 5.85835 0.308
18489.81 5.92939 5.95188 0.379 595128 0369 594826 0.318
20855.23 6.01838  6.04227 0.397 6.04071 0371 603853 0.335
2352304 6.10758 6.13278 0413 6.13018 0370  6.12914  0.353
2653195 6.19688  6.22337 0427 6.21970  0.368 6.22003 0.373
29926.37 6.28578  6.31401 0.449 6.30927 0374 631113 0403
33755.04 6.37487 640460 0.466 6.39888  0.377 640230 0.430
38073.84 646415 649507 0478 6.48853 0377 649342  0.453
4294441  6.55321  6.58528 0.489 6.57819 0381 658430 0474
48439.11  6.64221  6.67515 0.496 6.66787 0386 6.67480  0.491
54636.06 6.73139 6.76449 0.492 6.75754 0389 6.76469 0495
6162555 6.82070 6.85312 0.475 6.84720 0388 6.85378 0.485
69509.31 6.90960 6.94083 0452 693682 0394 694186 0.467
78402.02 6.99869 7.02740 0.410 7.02639 0396 7.02872 0.429
8843266 7.08795 7.11254 0.347 7.11589  0.394 711415 0370
9974596 7.17703  7.19596 0.264 7.20528 0394 7.19794 0.291
112506.74 7.26603  7.27735 0.156 7.29454 0392 7.27990  0.191
126900.61 7.35521 7.35639 0.016 7.38365 0387 7.35988 0.064
14313536 744451 7.43277 0.158 747257 0377 743771 0.091
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Grid
tp

161447.45
182102.05
205399.36
231676.94
261315.94
294747.09
33245547
374987.84
422961.91
477072.72
538107.06
606949.25
68-4598.88
77218238
870969.50
982397.13
1108077.38
1249837.63
1409741.63
1590089.63
1793518.25
2022973.25
2281778.75
2573697.75
2902957.00
3274351.25
3693247.25
4165743.25
4698682.50
5299804.00
5977828.00
6742601.00
7605237.00
8578204.00
9675640.00
10913453.00
12309631.00
13884521.00
15660770.00
17664316.00
19924184.00
22473188.00
25348306.00

Analytic
Pp

7.53342
7.62251
7.71176
7.80085
7.88985
7.97901
8.06831
8.15724
8.24632
8.33555
8.42466
8.51367
8.60282
8.69212
8.78106
8.87014
8.95936
9.04847
9.13749
9.22663
9.31592
9.40486
9.49395
9.58316
9.67228
9.76130
9.85044
9.93971
10.02867
10.11775
10.20696
10.29609
10.38510
10.47425
10.56350
10.65249
10.74156
10.83076
10.91989
11.00891
11.09805
11.18730
11.27630

Table D.1.a. Continued

Hexagonal
Pp Error,
%
7.50619  0.361
7.57643  0.604
7.64332 0.887
7.70681  1.206
7.76696  1.558
7.82397  1.943
7.87822 2356
7.93020 2783
7.98052 3.223
8.02989 3.667
8.07904 4102
8.12871 4.522
8.17958 4.920
8.23223 5.291
8.28714  5.625
834469  5.924
8.40508 6.187
846846 6410
8.53484  6.595
8.60416  6.746
8.67631  6.866
$.75113 6951
8.82843 7.010
8.90801 7.045
8.98967 7.057
9.07322 7.049
9.15845 7.025
9.24519 6.987
9.33328 6.934
9.42255 6.871
9.51286 6.800
9.60410 6.721
9.69615  6.634
9.78890 6.543
9.88226 6.449
997614  6.349
10.07047  6.248
10.16518  6.145
10.26019  6.041
10.35545 5936
10.45090 5.831
10.54650 5.728
10.64217 5.624
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Circular
Pp Error,
%
7.56126 0.370
7.64971 0.357
7.73788  0.339
7.82576  0.319
791331 0.297
8.00055 0.270
8.08746 0.237
8.17407 0.206
826039  0.171
834646  0.131
8.43231 0.091
8.51798  0.051
8.60353 0.008
8.68900  0.036
8.77445 0.075
8.85990 0.115
894541  0.156
9.03100  0.193
9.11670 0.228
9.20252 0.261
9.28848 0.295
9.37459 0.322
946084  0.349
9.54724 0.375
9.63379 0.398
9.72046 0418
9.80726 0.438
9.89418  0.458
9.98119 0.473
10.06830 0.489
10.15549  0.504
10.24274  0.518
10.33005 0.530
1041740 0.543
10.50477  0.556
10.59216  0.566
10.67956¢  0.577
10.76695  0.589
10.85431 0.601
1094164 0.611
11.02892 0.623
I1.11613 0.636
11.20327 0.648

Rectangular
Pp Error,
%

7.51328 0.267
7.58649 0473
7.65728 0.706
7.72562 0.964
7.79154 1.246
7.85508 1.553
7.91632 1.884
797542 2229
8.03252 2593
3.08784 2972
8.14161 3.360
8.19412 3753
8.24565  4.152
8.29654  4.551
8.34711 4.942
8.39774  5.326
8.44879 5.699
8.50061 6.055
8.55358  6.390
3.60804 6.704
8.66434 6.994
8721277 7.253
8.78363 7.482
8.84716 7.680
8.91357 7.844
8.98303 7973
9.05565 8.069
9.13150 8.131
9.21060 8.157
9.29290 8.153
9.37831 8.119
9.46668 8.056
9.55782  7.966
9.65148 7.855
9.74738 7.726
9.84519 7.578
9.94.458 7.420
10.04519  7.253
10.14662  7.081
10.24851  6.907
10.35050 6.736
1045225  6.570
10.55346 6.410



Grid
tp

28591172.00
32249004.00
36374764.00
41028280.00
46277200.00
52197696.00
58875540.00
66407684.00
74903696.00
84486472.00

Analytic
Pp

11.36537
11.45457
11.54370
11.63272
11.72186
1181114
11.90014
11.98914
12.07838
12.16749

Average error

Table D.l.a. Continued

Hexagonal
Pp Error,

%
10.73787  5.521
10.83355 5422
1092916  5.324
11.02465  5.227
11.11997  5.135
11.21507  5.047
11.30988  4.960
1140436  4.878
11.49846  4.801
11.59210 4.729
3.153

Circular
Pp Error,
%

11.29030 0.660
11.37723  0.675
1146401  0.690
11.55063 0.706
11.63707 0.723
11.72329  0.744
11.80926 0.764
11.89494  0.786
1198028 0.812
12.06522  0.841

0.455

Rectangular

Pp

10.65388
10.75330
10.85161
10.94876
11.04477
11.13978
11.23398
11.32767
11.42122
11.51505

Error,
%
6.260
6.122
5.995
5.880
5.776
5.684
5.598
5.517
5441
5.362
3.364



Table D.1.b. Dimensionless pressure for a vertical well generated by analytical
solution and Variable and Elliptical PEBI grids

Grid Analytic Variable Elliptical
to Pp Pp Error, Pp Error,
% %

1028.29 3.79286 3.82994 0978 3.82275 0.783
1160.14 388169 391693 0.908 3.90979 0.724
130847 397086 4.00388 0.832 3.99679 0.653
147543  4.05961 4.09083 0.769 4.08381  0.596
1664.61 4.14836 4.17835 0.723 417138 0.555
187743 423744 4.26580 0.669 425885  0.505
2748 432664 435342 0619 434645 0.458
2388.35 441531 444123 0.587 443421 0428
2693.61 450430 4.52912 0.551 4.52203  0.394
3038.28 459350 461725 0.517 4.61006 0.361
3427.38 468189 470558 0.506 4.69830 0.350
386593 477069 4.79398 0.488 4.78662  0.334
4360.37 4.85993 4.88247 0464 487507 0312
4917.86 494927 497105 0440 496369 0.291
5547.02 5.03810 5.05980 0.431 5.05255 0.287
6257.14  5.12721 5.14871 0419 S.14168  0.282
7057.56 5.21654 5.23766 0.405 5.23094 0.276
7960.44 530557 532672  0.399 532035 0.279
8978.70  5.39455 S5.41585 0395 540984  0.283
10127.37 5.48376 5.50508 0.389 549927  0.283
1142294 5.57308 5.59438 0.382 5.5884&  0.276
12884.75 5.66195 5.68378 0.386 5.67708  0.267
14532.88 5.75104 5.77319 0385 576471  0.238
16392.39 5.84034 5.86268 0.382 5.85084  0.130
18489.81 5.92939 5.95220 0.385 5.93478 0.091
20855.23 6.01838 6.04174 0388 6.01570  0.045
23523.04 6.10758 6.13129 0388  6.09270  0.244
2653195 6.19688 6.22083 0386 6.16481  0.518
29926.37 6.28578 6.31037 0391 6.23109 0.870
33755.04 637487 6.39987 0392 6.29067  1.321
38073.84 646415 6.48932 0389 634292 1.875
4294441 655321 6.57868 0.389 6.38746  2.529
48439.11 6.64221 6.66793 0.387 6.42427  3.28]
54636.06 6.73139 6.75703 0.381 6.45366 4.126
6162555 6.82070 6.84593 0370 647623 5.050
69509.31 6.90960 6.93459 0.362 6.49281 6.032
7840202 6.99869 7.02296 0347 6.50438  7.063
88432.66 7.08795 7.11095 0.325 6.51193 8.127
9974596 7.17703 7.19850 0.299 6.51642 9.205
112506.74 7.26603 7.28551 0.268 6.51869 10.285
126900.61 7.35521 7.37190 0.227 6.51946 11.363
14313536 744451 745757 0.175 651932 12428
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Table D.1.b. Continued

Grid  Analytic Variable Elliptical
tp Pp Pp Error, Pp Error,
% %

16144745 7.53342 754244 0120 651870 13470
182102.05 7.62251 7.62648  0.052 6.51790 14491
205399.36  7.71176  7.70969  0.027  6.51715 15.491
23167694  7.80085 7.79217  O.111  6.51657 16463
26131594 7.88985 7.87412  0.199 651624 17410
294747.09 797901 795585  0.290  6.51618  18.333
33245547 8.06831 8.03779 0378 651640 19.235
374987.84 815724  8.12037 0452 651686 20.109
42296191 8.24632 8.20400  0.513 651754 20964
47707272 833555 8.28898  0.559 6.51840 21.800
538107.06 8.42466 8.37541 0.585 6.51941 22,615
606949.25 8.51367 846327 0592 652053 23411
684598.88  8.60282 855237 0586 652174 24.191
77218238 8.69212 8.64248 0571  6.52301 24955
870969.50  8.78106 8.73332 0544  6.52434  25.700
982397.13 8.87014 8.82464 0513 652570 26431
110807738 895936 891624 0481 652712 27.148
1249837.63 9.04847 9.00796  0.448 652858 27.849
1409741.63  9.13749 9.09966  0.414 653011  28.535
1590089.63 9.22663 9.19125  0.383  6.53173  29.208
179351825 9.31592 9.28268  0.357 6.53346 29.868
2022973.25 940486 9.37393  0.329  6.53534 30.511
228177875 949395 9.46495 0305  6.53741 31141
1573697.75 9.58316 9.55575  0.286  6.53971  31.758
2902957.00 9.67228 9.64632  0.268  6.54230 32.360
3274351.25 9.76130 9.73667  0.252  6.54522 32947
3693247.25 9.85044 9.8268F1  0.240 6.54855 33.520
416574325 993971 991674  0.231  6.55234 34.079
4698682.50 10.02867 10.00647 0.221  6.55667 34.621
5299804.00 10.11775 10.09602 0.215 6.56162 35.147
5977828.00 10.20696 10.18540 0.211  6.56727 35.659
6742601.00 10.29609 10.27462 0209 6.57372 36.153
7605237.00 10.38510 1036370 0.206  6.58105 36.630
8578204.00 1047425 1045263 0206 6.58938 37.090
9675640.00 10.56350 1054144 0209 6.59881 37.532
10913453.00 10.65249 10.63013 0.210 6.60948 37.954
12309631.00 10.74156 10.71873 0.213  6.62150 38.356
13884521.00 10.83076 10.80724 0.217  6.63502 38.739
15660770.00 1091989 10.89567 0.222  6.65020 39.100
17664316.00 11.00891 1098405 0226 6.66720 39.438
19924184.00 11.09805 11.07237 0.231  6.68620 39.753
22473188.00 11.18730 11.16066 0.238 6.70741 40.044
25348306.00 11.27630 11.24894 0.243  6.73104 40.308



Grid

tp

28591172.00
32249004.00
36374764.00
41028280.00
46277200.00
52197696.00
58875540.00
66407684.00
74903696.00
84486472.00

Table D.1.b. Continued

Analytic
Pp

11.36537
11.45457
11.54370
11.63272
11.72186
11.81114
11.90014
11.98914
12.07838
12.16749

Average error

Variable
Pp Error,
%

11.33720 0.248
1142549 0.254
11.51380 0.259
11.60215 0.263
11.69058 0.267
11.77910  0.271
11.86772  0.272
1195648 0.272
12.04540 0.273
12.13451 0.271

0.375

299

Elliptical

Pp

6.75735
6.78659
6.81907
6.85511
6.89510
6.93947
6.98867
7.04326
7.10387
717120

Error,
%
40.544
40.752
40.928
41.070
41177
41.246
41.272
41.253
41.185
41.063
18.775



Table D.2.a. Dimensionless pressure for a vertical well. Numerical solution generated
using Circular PEBI grids (5=0)

Cp=0, S=0 Cp=100, S=0
Analytical Numerical Analytical Numerical
tp Pp Pp Error, Pp Pp Error,
%o %

3224.38 046369 046627  0.552 0.23806 (.23146 2.851
4299.38 048496 0.48739  0.498 0.28658 0.27871 2.824
5374.38 050146 0.50382  0.468 0.32558 0.31830 2.288
6449.38 051496 051727 0.446 0.35810 0.35172 1.815
7523.75 0.52637 0.52865  0.431 0.38546 0.38014 1.400
8598.75 0.53626  0.53853  0.421 0.40898 0.40456 1.094
9673.75 0.54500 0.54725 0410 0.42970 042572 0.937
10854.38 0.55350 0.55578  0.411 0.44841 0.44591 0.560
12178.75 0.56202  0.56432  0.408 046717 0.46551 0.357
13664.38 0.57057 0.57287  0.400 0.48588 0.48441 0.302
15331.88 0.57907 0.58142  0.404 0.50284 0.50259  0.049
17202.50 0.58759 0.58997  0.405 0.51958 0.52000  0.081
19301.88 0.59613 0.59854  0.402 0.53617 0.53663 0.087
21656.88 0.60464 0.60710  0.406 0.55132 0.55250  0.213
24299.38 0.61315 0.61567  0.409 0.56597 0.56762  0.290
27264.38 0.62169 0.62424  0.408 0.58047 0.58203 0.268
30591.25 0.63021  0.63281 0.410 0.59394 0.59578 0.309
34323.75 0.63872  0.64138  0.414 0.60678 0.60892  0.351
38511.88 0.64726 0.64994 0413 0.61952 0.62148 0315
43211.25 0.65578 0.65850  0.413 0.63163 0.63353 0.300
48483.75 0.66429 0.66705  0.414 0.64304 0.64511 0.321
54399.38 0.67282 0.67559  0.411 0.65445 0.65627  0.277
61037.50 0.68135 0.68412  0.404 0.66556 0.66706  0.224
68485.00 0.68986 0.69263  0.400 0.67595 0.67750  0.229
76841.25 0.69838 0.70111  0.389 0.68641 0.68764  0.179
86217.51 0.70693 0.70956  0.371 0.69683 0.69752  0.099
96737.50 0.71543  0.71797  0.355 0.70651 0.70716  0.091
108541.25 0.72395 0.72634  0.329 0.71632 0.71659 0.037
121785.63 073249  0.73464  0.292 0.72623 0.72583 0.056
136646.25 0.74100 0.74288  0.253 0.73550 0.73490  0.081
153319.38 0.74951 0.75103  0.202 0.74487 0.74383 0.139
172026.89 0.75805 0.75910  0.138 0.75437 0.75263 0.232
193016.89 0.76657 0.76707  0.066 0.7634 0.76130  0.280
216568.75 0.77508 0.77496  0.016 0.77250 0.76987  0.341
242994.38 0.78362 0.78276  0.109 0.78173 0.77835 0434
272644.38 0.79214 0.79051  0.205 0.79067 0.78674  0.500
305911.25 0.80065 0.79825  0.301 0.79952 0.79506  0.561
343238.75 0.80918 0.80601  0.393 0.80855 0.80331 0.651
385120.00 081771 081386 0473 081744 0.81152  0.729
432111.88 0.82622 0.82182  0.535 0.82612 0.81971 0.782
484837.53 083474 0.82993  0.580 0.83500 0.82790  0.858

300



Table D.2.a. Continued

Cp=0, S=0
analytical Numerical
tp Pp Pp Error,
%
543996.88 0.84328  0.83819 0.607
610373.75 0.85178  0.84660 0.613
684851.25 0.86031  0.85513 0.606
768413.13 0.86885  0.86375 0.590
862176.88 0.87735 0.87245 0.562
967377.50 0.88588  0.88120 0.531
1085412 0.89441  0.88997 0.499
1217857 090292  0.89876 0.463
1366461 091144 0.90755 0.429
1533194 091998 091633 0.398
1720270 092849  0.92509 0.367
1930169 093701  0.93384 0.339
2165686 094554 0.94257 0.315
2429946 095406 095128 0.292
1726443 0.96257  0.95997 0.271
3059114 097110  0.96864 0.255
3851203 0.98814  0.98592 0.226
4321119 0.99667  0.99452 0.216
4818376 1.00520 1.00312 0.208
5439967 1.01371 1.01169 0.200
6103738 1.02223 1.02024 0.195
6848513 1.03077 1.02879 0.193
7684132 1.03928 1.03731 0.190
8621775 1.04780  1.04582 0.189
9673775 1.05634 1.05432 0.191
10748644 1.06412  1.06208 0.192
11823506 1.07118 1.06910 0.195
12898369 1.07762  1.07550 0.197
13973231 1.08355 1.08138 0.201
15048100 1.08903 1.08682 0.203
16122962 1.09415 1.09188 0.208
17197824 1.09891 1.09661 0.210
18272694 1.10340  1.10105 0.213
19347556 [.10764  1.10524 0.217
20422418 1.11163 1.10920 0.219
21497280 1.11543 1.11295 0.223
22572150 1.11905  1.11652 0.227
23647012 112248 1.11993 0.228
24721876 1.12577  1.12318 0.231
25796738 1.12893  1.12629 0.234
26871600 1.13196  1.12928 0.237
27946470 [.13485 1.13215 0.239

301

Cp=100, S=0
Analytical  Numerical
Pp Pp Error,
%
0.84388  0.83611 0.928
085244 0.84440 0.952
086121  0.85280 0.986
0.87009 0.86135 1.015
0.87856  0.87005 0.977
0.88723  0.87892 0.945
0.89610  0.88792 0.921
090453  0.89701 0.838
091313  0.90612 0.773
092193 091523 0.732
093040 092428 0.663
0.93894  0.93326 0.608
094768  0.94217 0.585
0.95620  0.95100 0.547
096469  0.95977 0.512
097337 0.96848 0.505
099039  0.98575 0470
099902  0.99434 0471
1.00767 1.00290 0.476
1.01606 1.01143 0.457
1.02465 1.01995 0.461
1.03337 1.02846 0.477
[.4171 1.03696 0.458
1.05026 1.04544 0.461
1.05901 1.05393 0.483
1.06660 1.06169 0.463
1.07374 1.06870 0471
1.08015 1.07511 0.469
1.08613 1.08100 0474
109154 1.08645 0.468
1.09685 1.09153 0.487
1.10142 1.09628 0.469
1.10600 1.10074 0.478
1.11029 1.10495 0.484
[.11416 1.10892 0472
1.11802 1.11270 0.478
1.12178 1.11629 0.492
1.12505 1.11971 0.477
1.12831 1.12298 0475
1.13158 1.12611 0.485
1.13467 1.12912 0492
1.13743 1.13200 0479



Table D.2.a. Continued

Cp=0, =0
Analytical Numerical
tp Pp Pp Error,
%
29021332 1.13764 1.13491 0.241
30096194 1.14034 1.13757 0.243
31171062 1.14295 L1404 0246
32245924 [.14545 1.14262 0.248
33320786 [.14787 1.14502 0.249
34395648 115022 114734 0.251
35470520 1.15250 1.14959 0.253
36545380 15472 115178 0.255
37620244 1.15686  1.1539%0  0.257
38695108 1.15894 1.15596 0.258
39769976 1.16097 115797  0.259
40844836 1.16294 1.15992 0.260
41919700 1.16487 1.16183 0.262
42994572 1.16675  1.16368 0.263
44069432 1.16858  1.16549 0.265
45144296 1.17036 1.16726 0.265
46219160 117209 1.16899  0.266
47294020 1.17379 1.17067 0.266
48368888 1.17546 117232 0.267
49443752 1.17709 1.17394 0.268
50518612 1.17868  1.17552 0.269
51593480 1.18025  1.17707  0.270
52668344 1.18178 1.17858 0.271
53743204 1.18326  1.18007 0.271
54818076 1.18473  1.18153 0.271
55892940 1.18615  1.18296 0.270
56967804 [.18757  1.18436 0.271
58042664 1.18895  1.18574 0.271
59117528 1.19031 1.18709 0.271
60192388 1.19165  1.18842  0.272
61267256 1.19297 1.18973 0.272
62342120 1.19425 1.19101 0.272
63417000 1.19551 1.19227 0.272
64491872 1.19675 1.19351 0.271
65566688 L.1I9797  1.19474 0.271
66641564 [.1I9917  1.1959%4 0.270
67716440 1.20037  L.19713 0.271
68791312 1.20153 1.19829 0.271
69866184 1.20268 1.19944 0.270
7094 1064 1.20381 1.20057 0.270
72015880 1.20493 1.20169 0.270
73090752 1.20603  1.20279 0.270

302

Cp=100, S=0
Analytical  Numerical
Pp Pp  Error,
%
114019  LI3478 0476
114295 113746 0.483
LI4571  L14004 0497
L1481 114253 0.488
LISOH  L14495 0480
1.15277 1.14728 0478
1.ISS10 114955  0.483
LIST43  LISITS 0494
1.15959 1.15388 0.495
1.16156 1.15595 0.485
1.16353  1.15797  0.480
1.16550  1.15993  0.480
1LI6747 116184 0484
116944 116371  0.493
1.17136  1.16553  0.501
117303 116730  0.491
117469  1.16903  0.484
1.17636 1.17072 0481
1.17802 1.17238 0.482
117969  1.17400  0.485
1.18135  1.17558 0.491
118301 LI17713  0.500
1.18451 1.17865 0.498
1.18592  L.18013  0.490
118732 L.18159  0.485
1.18873 1.18302 0.482
119013 L.18442 0482
[.19155  1.18580 0.485
1.19295 1.18715 0.489
119436 118848  0.495
1.19576  1.18978 0.503
1.19699 1.19106 0.498
119818 119232  0.492
1.19937  1.19356 0.487
1.20057 1.19477 0485
1.20175 1.19597 0.483
1.20294  1.19715 0.484
1.20413 1.19831 0.486
1.20531 1.19945 0.489
1.20650  1.20057 0.494
1.20770  1.20168 0.501
1.20882  1.20277 0.503



Table D.2.a. Continued

Cp=0, S=0
Analytical Numerical
tp Pp Pp Error,
%

74165624 1.20711 1.20387 0.268
75240504 1.20817 1.20494 0.268
76315376 1.20922 1.20600 0.267
77390192 1.21025 1.20704 0.265
78465064 1.21127 1.20807 0.265
79539936 1.21228 1.20908 0.264
80614816 1.21327 1.21008 0.263
81689688 1.21425 1.21107 0.262
82764560 1.21523 1.21205 0.262
83839376 1.21618 1.21301 0.261
84914248 1.21713 1.21397 0.260
85989120 1.21806  1.21491 0.259
87064000 1.21898 1.21584 0.258
88138872 1.21988 1.21676 0.256
89213752 1.22077 1.21767 0.255
90288560 1.22166 1.21857 0.254
91363440 1.22253 1.21946 0.252
92438320 1.22339 1.22033 0.251
93513184 1.22426 1.22120 0.250
94588064 1.22511 1.22206 0.249
95662936 1.22594  1.22292 0.248
96737744 1.22677 1.22376 0.246
97812624 1.22758 1.22459 0.244
98887504 1.22840 1.22542 0.243
99962376 1.22920 1.22624 0.242
101037256 1.22999 1.22705 0.240
102112064 1.23078 1.22785 0.239
103186944 1.23155 1.22864 0.237
104261808 1.23232  1.22943 0.235
105336688 1.23307 [.23021 0.233

Average error 0.301
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Cp=100, S=0
Analytical  Numerical
PD PD El'l'Ol‘,
%

1.20983 1.20385 0.497
1.21084  1.20491 0.492
L2084 1.20595 0.488
1.21284  1.20698 0.486
1.21385 1.20799 0.4384
1.21485 1.20900 0.484
1.21585 1.20998 0.485
1.21686 1.21096 0.487
1.21787 1.21192 0.491
1.21887  1.21287 0.495
1.21988 1.21381 0.500
1.22088 121474 0.506
1.22174  1.21565 0.501
1.22259 1.21655 0.496
1.22344 1.21745 0.492
1.22429 1.21833 0.489
1.22513 1.21920 0.436
1.22598 1.22006 0.485
1.22683 1.22091 0.485
1.22768 1.22175 0.485
1.22853 1.22259 0.486
1.22938 1.22341 0.488
1.23023 1.22422 0.491
1.23108 1.22503 0.494
1.23193 1.22582 0.498
1.23278 1.22661 0.503
1.23359 1.22739 0.506
1.23431 1.22816 0.501
1.23503 1.22892 0.497
1.23574 1.22968 0.493
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Table D.2.b. Dimensionless pressure for a vertical well. Numerical solutions generated
using Circular PEBI grids (Cp=10000, S=0 and S=5)

Cp=10000, S=0 Cp=10000, S=5
Analytical Numerical Analytical  Numerical
ip Pp Pp Error, Pp Pp Error,
% Y%

3224.38 0.00333  0.00335 0.635 0.00346  0.00349  0.801
4299.38 0.00444  0.00443 0.271 0.00461  0.00461  0.072
5374.38 0.00555  0.00556 0.081 0.00576  0.00574  0.363
6449.38 0.00667  0.00664 0.438 0.00691  0.00686  0.608
7523.75 0.00778  0.00781 0.485 0.00805 0.00799 0.731
8598.75 0.00889  0.00889 0.051 0.00920 0.00913  0.779
9673.75 0.01000  0.01002 0.207 0.01034  0.01026  0.784
10854.38 0.01122  0.0112i 0.116 0.01160  0.01151  0.755
12178.75 0.01259  0.01259 0.028 0.01301 0.01292 0.711
13664.38 0.01413  0.01410 0.226 0.01459  0.01449  0.658
15331.88 0.01585  0.01589 0.203 0.01636  0.01626  0.584
17202.50 0.01779  0.01778 0.045 0.01834  0.01824  0.504
19301.88 0.01996  0.01996 0.017 0.02056  0.02047  0.424
21656.88 0.02239  0.02239 0.031 0.02304  0.02296 0.3
24299.38 0.02512  0.02510 0.086 0.02583  0.02576¢  0.267
27264.38 0.02818  0.02818 0.006 0.02894  0.02889  0.198
30591.25 0.03161  0.0316l 0.002 0.03243  0.03239  0.135
34323.75 0.03546  0.03558 0.353 0.03633  0.03630  0.081
38511.88 0.03976  0.03978 0.051 0.04070  0.04068  0.040
43211.25 0.04458  0.04446 0.279 0.04558  0.04558  0.007
48483.75 0.04998  0.04966 0.628 0.05104  0.05105 0.0I3
54399.38 0.05601  0.05595 0.103 0.05713  0.05715  0.029
61037.50 0.06275  0.06288 0.206 0.06394  0.06396  0.031
68485.00 0.07026  0.07026 0.006 0.07154  0.07156  0.031
76841.25 0.07864  0.07866 0.025 0.08001  0.08003  0.020
86217.51 0.08798  0.08806 0.092 0.08947  0.08947  0.003
96737.50 0.09834  0.09834 0.004 0.09998  0.09997 0.014
108541.25 0.10984  0.10983 0.008 0.11169  0.11165  0.034
121785.63 0.12260  0.12261 0.013 0.12473  0.12464  0.068
136646.25 0.13663  0.13658 0.035 0.13917  0.13907  0.077
153319.38 0.15210  0.15207 0.014 0.15521  0.15507  0.093
172026.89 0.16913  0.16913 0.001 0.17301  0.17280  0.120
193016.89 0.18767  0.18773 0.035 0.19265 0.19242  0.121
216568.75 0.20786  0.20787 0.005 0.21436 021411 0117
242994.38 0.22986  0.22982 0.018 0.23833  0.23803  0.127
272644.38 0.25350  0.25358 0.030 0.26467 0.26438  0.113
305911.25 0.27881  0.27870 0.040 0.29356  0.29332  0.081
343238.75 0.30598  0.30606 0.025 0.32528 032505  0.070
385120.00 033473  0.33479 0.018 0.35990 035974  0.046
432111.88 0.36479  0.36487 0.021 0.39748 039753 0013
484837.53 0.39648  0.39652 0.011 0.43840 043857  0.040
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Table D.2.b. Continued

Cp=10000, S=0 Cp=10000, S=5
Analytical Numerical Analytical  Numerical
tp Pp Pp Error, Pp Pp Error,
% %

543996.88 0.42944  0.42948 0.011 048268 0.48296  0.058
610373.75 046287  0.46290 0.005 0.53004 053076 0.135
684851.25 049737 049747 0.020 0.58101  0.58198  0.166
768413.13 0.53262  0.53271 0.016 0.63560  0.63657 0.151
862176.88 0.56712 0.56732 0.035 0.69276  0.69439  0.236
967377.50 0.60191  0.60190 1.002 0.75329  0.75524 0.259
1085412 0.63677  0.63686 0.014 081718  0.81881  0.199
1217857 0.66977  0.67040 0.094 0.88227 0.88469  0.274
1366461 0.70220  0.70270 0.071 094965 095239  (.288
1533194 0.73396  0.73435 0.052 1.01916  1.02131 0211

1720270 0.76345  0.76376 0.040 1.08798  1.09076  0.255
1930169 079160  0.78507 0.831 1.15673  1.16001  0.283
2165686 0.81865 0.81426 0.539 1.22558  1.22827  0.219
2429946 0.84350  0.84145 0.244 1.29141 1.29470  0.255
1726443 0.86663  0.86655 0.010 1.35408  1.35852  0.326
3059114 0.88862  0.88955 0.105 141455 141894 0309
3432385 0.90882  0.91049 0.183 147018 147528 0.346
3851203 092734 0.92950 0.232 1.52000 1.52696  0.456

4321119 0.94491  0.94673 0.192 1.56617  1.57351  0.467
5439967 097617  0.97667 0.050 1.64151 1.65045  0.542
6103738 099043  0.98984 0.060 1.67240  1.68098  0.510
6848513 1.00394  1.00211 0.182 1.69936  1.70669  0.430
7684132 101641 1.01371 0.266 172111 1.72826 0414
8621775 1.02845  1.02481 0.355 1.74064  1.74648  0.334
9673775 1.04007  1.03556 0.436 1.75804 176222 0.237

10748644 1.03007  1.04518 0.468 L77135  L.77515 0214
11823506 1.05900  1.05376 0.497 1.78287  1.78608  0.180
12898369 1.06689  1.06151 0.507 1.79249  1.79567 0.177
13973231 1.07405  1.06858 0.512 1.80102  1.80429  0.18]

15048100 1.08051 1.07507 0.506 1.80846 181215  0.203
16122962 1.08653  1.08106 0.506 1.81536  1.81938  0.221
17197824 1.09198  1.08662 0.493 1.82144  1.82606  0.253
18272694 1.09712  1.0918I 0.436 1.82715 183226  0.279
19347556 1.10192  1.09666 0.480 1.83245  1.83803  0.304
20422418 1.10637  1.10121 0.469 1.83731 1.84341  0.331
21497280 1.11062  1.10549 0.464 1.84194 184843  0.351
22572150 L1465  1.10953 0.462 1.84632  1.85313  0.367
23647012 111840  1.11335 0.454 1.85035  1.85753  0.386
24721876 1.12200  1.11697 0.451 1.85423  1.86167  0.400
25796738 1.12546  1.12041 0.450 1.85794  1.86556 0408
26871600 112875  1.12369 0.451 1.86146  1.86923  0.416
27946470 1.I3187  1.12682 0.448 1.86478  1.87270 0423
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Table D.2.b. Continued

Cp=10000, S=0
Analytical Numerical
tp Pp Pp Error, %
50518612 1.17829 117207 0.531
51593480  1.17993 117364 0.536
52668344 1.18152 1.17518 0.539
53743204  1.18306 1.17669 0.541
54818076  1.18457 1.17817 0.543
55892940 1.18606 1.17963 0.545
56967804 1.18752 1.18105 0.548
58042664  1.18896 1.18245 0.551
59117528  1.19038 1.18383 0.553
60192388 1.19177 1.18518 0.556
61267256 1.19313 1.18651 0.558
62342120 1.19446 1.18783 0.559
63417000 1.19576 1.18912 0.559
64491872 119704 1.19039 0.559
65566688  1.19830 1.19164 0.559
66641564  1.19954 1.19287 0.559
67716440  1.20077  L1.19409  0.559
68791312  1.20197  1.19529 0.559
69866184  1.20315 1.19647 0.558
70941064  1.20432 1.19764 0.558
73090752 1.20661 1.19993 0.557
74165624 1.20772  1.20105  0.555
75240504  1.20881 1.20217 0.552
76315376  1.20988 1.20326 0.550
77390192 1.21094 1.20435 0.547
78465064  1.21199 1.20542 0.545
79539936  1.21302 1.20648 0.542
80614816 1.21405 1.20753 0.539
81689688  1.21505 1.20857 0.536
82764560 1.21605 1.20960 0533
83839376 1.21703 1.21062 0.530
84914248  1.21800 1.21163 0.526
85989120 1.21897 1.21263 0.523
87064000 1.21990 1.21361 0518
88138872 1.22082 1.21459 0.513
89213752 1.22174 1.21556 0.508
90288560  1.22265 1.21652 0.504
91363440  1.22354 1.21748 0.498
92438320 1.22442  1.21842 0.493
93513184 1.22529 1.21936 0487
94588064  1.22617 1.22028 0.482
95662936 1.22702  1.22120 0.476
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Cp=10000, S=5
Analytical  Numerical
Pp Pp  Error,
%
1.91340 1.91977 0.332
1.91508 1.92134 0.325
1.91671 1.92288 0.320
1.91831 1.92438 0.316
1.91987 1.92586 0.311
1.92140 1.92731 0.307
1.92291 1.92874 0.302
192439 1.93014  0.298
1.92584 1.93152 0.294
1.92727 1.93288 0.290
1.92867 1.93421 0.287
1.93003 1.93553 0.284
193136 193683  0.282
193267 193811  0.281
193396 193937  0.279
1.93523 1.94062 0.278
193648 194185  0.276
1.93771 1.94307 0.276
1.93893 1.94428 0.275
194012 194547  0.275
1.94246 1.94781 0.275
194359  1.94897  0.276
1.94470 1.95011 0.277
1.94580 1.95124 0.279
1.94688 1.95236 0.281
1.94795 1.95348 0.283
194901 195458  0.285
1.95005 1.95567 0.288
195107 195676  0.290
1.95209 1.95783 0.293
1.95309 1.95890 0.296
1.95408 1.95996 0.300
195505 196101  0.304
195601 196205  0.308
1.95695 1.96309 0.313
1.95788 1.96412 0.317
1.95881 1.96514 0.322
195971 196616  0.328
1.96061 1.96717 0.333
1.96150 1.96817 0.339
1.96238 1.96917 0.345
1.96326 1.97016 0.351



Table D.2.b. Continued

Cp=10000, S=0 Cp=10000, S=5
Analytical Numerical Analytical  Numerical
tp Pp Pp Error, Pp Pp Error,

% %
96737744 1.22787 1.22212 0.471 1.96412 197115 0.357
97812624 1.22871 1.22302 0.465 1.96497 1.97213 0.363
98887504 1.22953 1.22392 0.459 1.96581 1.97310 0.370
99962376 1.23036 1.22481 0.453 1.96664 1.97407 0.376

101037256 1.23117  1.22570 0447 196747 197503  0.383
102112064 1.23198  1.22657 0.440 1.96828 197599  0.390
103186944 1.23277 1.22744 0.434 1.96907 197695  0.398

104261808 1.23355  1.22831 0.426 1.96987 197790  0.406
105336688 1.23431 1.22917 0.419 197066 197884 0414
Average Error 0.837 1.369
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Table D.3.a. Dimensionless pressure for a vertical well intersected by a hydraulic
fracture. Numerical solutions generated using Hexagonal. Circular, and
Rectangular PEBI grids. Cp=1

ANALYTICA HEXAGONAL CIRCULAR RECTANGULA
L R
tp Pp P, Error, Pp, Error, Pp Error,
% % %

0.0172 0.71347 0095558 3393 0.69196 3.02 095791  34.26
0.0860 1.04335 1.35038 29.43 098699 540 132946 27.42
0.1204 1.12969 141737 2547 1.01892 9.80  1.38368  22.48
0.1548 1.19693 1.46253 2219 1.03390 13.62 141796 1847
0.1949 1.26045 1.50186 19.15 104247 17.29 144579 1470
0.2453  1.32734 154110 16.10 1.04755 21.08 147207 1090
0.3088 1.39878 1.58216 13.11 1.05038 2491 149948  7.20
0.3888 147518 1.62674 10.27 1.052001 28.69 1.53116  3.79
04895 1.55560 1.67614 7.75 1.05318 3230 1.57022 094
0.6162 1.64002 1.73109 5.55 1.05443 3571  1.61901 1.28
0.7757 172872 179172 3.64 1.05609 3891 167864 290
09766 1.82173 1.85756 197 1.05835 4190 174872 101
1.2295 191924 192763 044 106129 .70 182773 477
1.5478 2.02036 2.00064 098 1.06490 47.29 191340 529
1.9486 2.12549 207510 237 106915 49.70 200322 575
24531 223625 214956 3.88  1.07394 5198 209485  6.32
3.0883 2.35320 2.22281 554  1.07917 5414 218623 7.10
3.8879 247664 229404 7.37 1.08474 5620 227576  B.11
48946 260555 236296 9.31 1.090S1 58.15 236219  9.34
6.1619 273918 242990 11.29 1.09637 5997 244470  10.75
7.7574 287809 249584 1328 110221  61.70 252292 1234
9.7660 3.02171 256237 1520 1.10795 63.33 259700  14.06
122946 3.16932 2.63160 1697 1.11352 64.87 266785  15.82
154780 3.31820 2.70601 1845 1.11889 66.28 273738  17.50
194857 3.46996 2.78823 19.65 1.12406 67.61 280873  19.06
245311 3.62869 2.88087 20.61 1.12910 68.88 2.88638  20.46
30.8827 3.78973 2.98623 21.20 1.13412 70.07 297586  21.48
388791 3.95213 3.10612 2141 113931 7117  3.08290  21.99
489458 4.11553 3.24162  21.23 L1496 7218 3.21195 2196
616192 427984 3.39295 20.72 1.15143 73.10 3.36478  21.38
775740 444628 3.55939 1995 1.15916 7393 3.53972  20.39
976598 4.61324 3.73927 1894 1.16873 7467 3.73213  19.10
154.7804 494671 4.12872 1654 1.19612 7582 414485  16.21
189.1761 5.09099 4.30546 1543 1.21282 76.18 432746  15.00
257.9674 532218 4.57978 1395 1.24640 7658 460549 1347
2923631 541474 4.68943 1340 1.26315 76.67 471543 1292
326.7587 549647 4.78588 1293 1.27982 7672 481187  12.46
361.1544 557026 4.87172 1254 1.29639 7673 4.89765  12.08
395.5500 5.63779 4.94888 1222 1.31286 7671 497479 1176
429.9456 5.70004 5.01884 1195 1.32920 76.68 5.04483  11.49
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Table D.3.a. Continued

ANALYTICAL HEXAGONAL CIRCULAR RECTANGULAR
[7) Pp P, Error, Pp Error, Pp Error,
% % %
739.5065 6.09912 545795 1051 1.47067 7589 5.48695 10.04
773.9022 6.13312 549384 1042  1.48581 75.77 552315 9.95
808.2978 6.16581 5.52809 10.34  1.50085 75.66 5.55766 9.86
842.6935 6.19688 5.56086 10.26 1.51579  75.54  5.59066 9.78
877.0893 6.22608 5.59228 10.18 1.53063 7542 5.62226 9.70
9114848 6.25426 5.62245 10.10 1.54539 7529 5.65257 9.62
945.8804 6.28154 5.65147 1003 1.56005 75.16 5.68171 9.53
980.2761 6.30795 5.67944 9.96 1.57463  75.04 5.70976 9.48
1014.6720 6.33334  5.7064) 9.90 1.58913 7491  5.73680 9.42
1049.0670 6.35796 5.73247 9.84 1.60355 74.78  5.76289 9.36
1083.4629 6.38188 5.75767 9.78 1.61790 74.65 5.78811 9.30
1117.8591 640514 5.78205 9.73 1.63217 7452 5.81252 9.25
1152.2540 6.42778 5.80567 9.68 1.64637 7439  5.83615 9.20
1186.6500 6.44952 5.82857 9.63 1.66051 7425  5.85907 9.16
1221.046 6.47059 5.85077 9.58 1.67458 7412 5.88131 9.11
1255441 6.49115 5.87232 953 1.68859 73.99  5.90292 9.06
1289.837 6.51120 5.89324 9.49 1.70254  73.85 5.92392 9.02
1324.233 6.53080 5.91355 945 1.71643 73.72 594436 8.98
1358.628 6.54994 593329 9.4t 1.73027  73.58 596427 8.94
1393.024 6.56824 5.95247  9.37 174406  73.45 5.98366 8.90
1427.420 6.58565 5.97111 9.33 1.75779  73.31  6.00257 8.85
1461.815 6.60269 5.98922 9.29 77148 73.17  6.02102 8.81
1496.211 6.61937 6.00683 9.25 1.78512  73.03 6.03904 8.77
1530.607 6.63572 6.02395 9.22 1.79871 72.89 6.05664 8.73
1565.002 6.65175 6.04058 9.19 1.81226 72.76  6.07384 8.69
1599.398 6.66746 6.05675 9.16 1.82577  72.62 6.09067 8.65
1633.793 6.68287 6.07246 9.13 1.83924 7248  6.10713 8.62
1668.189 6.69801 6.08772 9.1 1.85267 72.34  6.12324 8.58
Average Error 12.35 64.29 11.72
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Table D.3.b. Dimensionless pressure for a vertical well intersected by a hydraulic
fracture. Numerical solutions generated using Variable and Elliptical PEBI grids.
Cip=1

ANALYTICAL VARIABLE ELLIPTICAL

Ip Pp Pp Error, Pp Error,
% %
0.0172  0.71347 097051 36.03 0.71987 090
0.0860 1.04335 1.36026 30.37 1.06577 .15
0.1204  [.12969 1.43795 27.29 1.15029 182
0.1548 1.19693 1.49931 25.26 1.21763 1.73
0.1949  1.26045 1.55976 23.75 1.28255 175
0.2453  1.32734 1.62530 2245 1.35053 1.75
0.3088  1.39878 1.69663 21.29 [.42156 1.63
(.3888 1.47518 177414 20.27 149562 1.39
0.4895 1.55560 1.85800 19.44 1.57278 1.10
0.6162 1.64002 194820 18.79 1.65318 0.80
0.7757 1.72872 204464 18.27 1.73706 0.48
09766 1.82173 2.14715 17.86 1.82474 0.17
1.2295  1.91924 2.25555 17.52 191659 0O.14
1.5478  2.02036 2.36968 17.29 201300 0.36
19486  2.12549 248936 17.12 211436 0.52
2.4531 223625 261445 1691 222104 0.68
3.0883  2.35320 274479 16.64 233329 0.85
3.8879 247664 2.88022 16.30 245129 1.02
4.8946  2.60555 3.02054 1593 257506 1.17
6.1619 273918 3.16552 15.56 270450 1.27
7.7574 287809 3.31486 15.18 2.83937 1.35
9.7660  3.02171 3.46819 [4.78 297929 140
122946  3.16932 3.62510 14.38 3.12376 1.4
15.4780 3.31820 3.78512 14.07 3.27223 1.39
19.4857 3.46996 3.94776 13.77 3.42408 1.32
245311 3.62869 4.11250 13.33 3.57869 1.38
30.8827 3.78973 4.27885 1291 3.73547 143
38.8791 395213 44638 1251 3.89392 147
48.9458 4.11553 4.61469 1213 4.05363 1.50
61.6192 427984 478349 11.77 421432 153
77.5740 344628 495258 11.39 4.37583 1.58
97.6598 4.61324 5.12185 11.02 453812 1.63
154.7804 394671 546083 10.39 4.86533 1.65
189.1761 5.09099 5.60877 10.17 5.00918 1.6l
2579674 5.32218 5.83775 9.69 S5.23317 1.67
2923631 541474 593025 952 532411 1.67
326.7587 5.49647 6.01247 9.39 540516 1.66
361.1544 5.57026 6.08647 9.27 547824 1.65
395.5500 5.63779 6.15372 9.15 S5.54478 1.65
4299456 35.70004 6.21536 9.04 560584 1.65
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Table D.3.b. Continued

ANALYTICAL

tp

464.3413
498.7370
533.1326
567.5283
601.9239
636.3196
670.7152
705.1109
739.5065
773.9022
808.2978
842.6935
877.0893
911.4848
945.8804
980.2761
1014.6720
1049.0670
1083.4629
1117.8591
1152.2540
1186.6500
1221.046
1255. 41
1289.837
1324.233
1358.628
1393.024
1427.420
1461.815
1496.21 1
1530.607
1565.002
1599.398
1633.793
1668.189

Pp

5.75630
5.80906
5.85790
5.90398
5.947H
5.98802
6.02672
6.06371
6.09912
6.13312
6.16581
6.19688
6.22608
6.25426
6.28154
6.30795
6.33334
6.35796
6.38188
6.40514
6.42778
6.44952
6.47059
6.49115
6.51120
6.53080
6.54994
6.56824
6.58565
6.60269
6.61937
6.63572
6.65175
6.66746
6.68287
6.69801

Average Error

VARIABLE ELLIPTICAL

Pp

6.27223
6.32502
6.37427
6.42042
6.46385
6.50485
6.54369
6.58059
6.61574
6.64930
6.68142
6.71222
6.74181
6.77030
6.79777
6.82430
6.84996
6.87482
6.89893
6.92235
6.94513
6.96730
6.98891
7.00999
7.03058
7.05072
7.07042
7.08972
7.10864
7.12720
7.14543
7.16334
7.18095
7.19829
7.21536
7.23219
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Error,
%
3.96
8.88
8.81
8.75
8.68
8.63
8.58
8.52
8.47
8.42
8.36
8.32
8.28
8.25
8N
8.19
8.16
8.13
8.10
8.08
8.05
8.03
8.01
7.99
7.98
7.96
795
7.94
7.94
7.94
795
795
7.96
7.96
7.97
7.98
12.59

Pp

5.66224
5.71464
5.76355
5.80940
5.85254
5.89328
593186
5.96851
6.00340
6.03669
6.06854
6.09905
6.12835
6.15653
6.18367
6.20986
6.23516
6.25965
6.28337
6.30638
6.32873
6.35046
6.37161
6.39222
6.41233
6.43196
6.45114
6.46990
6.48827
6.50627
6.52392
6.54123
6.55824
6.57496
6.59140
6.60758

Error
, %
1.63
1.63
1.61
1.60
1.60
1.5%
1.57
1.57
1.57
1.57
1.58
1.58
1.57
1.56
1.56
1.55
1.55
1.55
1.54
1.54
1.54
1.54
1.53
1.52
1.52
1.51
[.51
1.50
[.48
1.46
144
1.42
1.41
1.39
1.37
1.35
143



Table D.4. Dimensionless pressure for a vertical well intersected by a hydraulic
fracture (Cjp=0.1). Numerical solutions generated using an Elliptical PEBI grid

Analytical CASE 1 CASE2
899 gridpoints 3462 gridpoints
Ip Pp Pp Error, Py Error,
% %

0.01297 1.2970 1.8169 40.08 1.8704 44.20
1.01467 1.3334 1.8720 40.39 1.9251 44.37
0.01877 1.4092 1.9910 41.28 2.0430 +.97
0.02124 1.4488 2.0546 41.82 2.1052 45.31
0.02718 1.5313 2.1896 42.99 2.2339 45.89
0.03074 1.5755 2.2608 43.49 2.2998 45.97
0.03934 1.6686 2.4099 +H.43 2.4335 45.85
0.04450 1.7170 2.4876 44.88 2.5011 45.67
0.05034 1.7668 2.5674 45.32 2.5689 45.40
0.06442 1.8699 2.7325 46.13 2.7053 +4.68
0.07287 1.9234 28177 46.50 27737 .21
0.09325 2.0341 2.9928 47.13 29111 43.11
0.10549 20913 3.0825 47.39 2.9801 42.50
0.13499 2.2081 3.2655 47.88 3.1188 41.24
0.15270 2.2667 3.3586 48.17 3.1886 40.67
0.17274 23252 3.4525 48.48 3.2588 40.15
0.19541 2.3851 3.5471 48.72 3.3293 39.59
0.22105 24465 3.6423 48.88 3.4003 38.99
0.28286 25740 3.8334 48.93 3.5438 31.67
0.31998 2.6401 3.9290 48.82 3.6163 36.98
0.36196 2.7077 4.0244 48.63 3.6894 36.26
0.40946 27767 4.1194 48.36 3.7631 3552
0.46319 2.8464 4.2138 48.04 3.8374 34.81
0.5239% 29170 4.3075 47.67 39123 34.12
0.59272 2.9885 44004 47.24 3.9879 3.4
0.67049 3.0604 44923 46.79 4.0642 32.80
0.75847 3.1338 4.5832 46.25 4.1411 3214
0.85799 3.2082 4.6732 45.66 +.2187 31.50
0.97058 3.2823 4.7621 45.09 +4.2969 3091
1.09793 3.3573 4.8502 .47 4.3758 30.34
1.24200 3.4331 4.9375 43.82 4.4554 29.78
1.-40497 3.5094 5.0241 43.16 +4.5356 29.24
1.58932 3.5832 5.1100 42.61 +4.6165 28.84
1.79787 3.6583 5.1956 42.02 4.6979 28.42
2.30065 3.8127 5.3660 40.74 4.8627 27.54
2.60252 3.8918 5.4510 40.06 4.9459 27.08
2.94403 39721 5.5360 39.37 5.0297 26.63
3.76732 4.1364 5.7065 37.96 5.1989 25.69
4.26166 42197 5.71921 37.26 5.2843 25.23
+4.82086 4.3040 5.8780 36.57 5.3701 2477
545343 4.3893 5.9642 35.88 5.4565 24.31



Table D.4. Continued

Analytical CASE 1 CASE 2
899 gridpoints 3462 gridpoints
tn Pp Py Error, Py Error,
% %

6.16902 44741 6.0507 35.24 5.5432 2390
7.89419 4.6472 6.2246 3394 5.7181 .04
8.93004 4.7346 6.3121 33.32 5.8061 22.63
10.1018 4.8225 6.3998 3271 5.8945 .23
11.4273 4.9108 6.4878 32.11 5.9833 21.84
129268 4.9993 6.5761 31.54 6.0724 2146
14.6230 5.0870 6.6647 31.01 6.1618 2113
16.5418 5.1748 6.7534 30.51 6.2515 20.81
18.7124 5.2634 6.8424 30.00 6.3414 20.48
21.1677 5.3532 6.9316 29.49 6.4317 20.15
23.9452 5.4439 7.0209 2897 6.5221 19.81
27.0873 5.5348 7.1104 2847 6.6127 19.47
30.6416 5.6257 7.2000 27.98 6.7035 19.16
34.6622 5.7161 7.2898 27.53 6.7945 18.87
39.2105 5.8072 7.3796 27.08 6.8856 18.57

44.3556 5.8984 7.4696 26.64 6.9768 18.28
50.1757 5.9891 7.5596 26.22 7.0681 18.02
56.7596 6.0797 7.6497 25.82 7.1595 17.76

64.2074 6.1703 7.7398 5.4 7.2509 17.51
72.6325 6.2613 7.8300 25.05 7.3423 17.26

82.1631 6.3534 7.9202 24.66 7.4338 17.01
92.9443 6.4440 8.0105 2431 7.5253 16.78
105.1401 6.5351 8.1007 2396 7.6168 16.55

118.9367 6.6267 8.1911 2361 7.7084 16.32

1345432 6.7179 8.2814 23.27 7.7999 16.11

152.1973  6.8075 8.3717 2298 7.8914 15.92

172.1674  6.8971 8.4621 22.69 7.9830 15.74

1947585  6.9878 8.5525 239 8.0745 15.55

2203145 7.0794 8.6429 22.08 8.1662 15.35
181.9251 7.2648 8.8237 21.46 8.3495 14.93
3189188  7.3553 8.9141 21.19 8.4413 14.77
408.1044  7.5381 9.0950 20.65 8.6250 1442
461.6550 7.6296 9.1854 20.39 8.7169 14.25
5222314 7.7210 9.2759 20.14 8.8087 14.09
668.2743  7.9027 9.4570 19.67 8.9921 13.78
7559626  7.9944 9.5475 1943 9.0833 13.62
855.1573  8.0857 9.6381 19.20 9.1739 13.46
967.3685 8.1771 9.7288 18.98 9.2638 13.29
1094.3030  8.2687 9.8195 18.76 9.3525 13.11
1237.9000  8.3600 9.9102 18.54 9.4397 1292
1400.3270  8.4505 10.0010 18.35 9.5248 12.71
Average Error 35.25 27.16
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Table D.5. Dimensionless pressure for a vertical well intersected by a hydraulic
fracture (Cjp=0.5). Numerical solutions generated using an Elliptical PEBI grid

Analytical CASE 1 CASE 2
899 gridpoints 3462 gridpoints
t Pp Pp Error, Py Error,
% %

0.01297 0.85792 0.93208 8.64 0.91098 6.18
0.01660 0.90730 0.98942 9.05 0.96261 6.10
0.02124 095953 1.05971 10.44 1.02432 6.75
0.02403 0.98676 1.09762 11.23 1.05746 7.16
0.03074 104462 1.17668 12.64 1.12646 7.84
0.03478 1.07550 [1.21741 13.19 1.16192 8.04
0.04450 1.14002 1.30079 14.10 1.23415 8.26
0.05034 117371 1.34344 14.46 1.27084 8.28
0.06442  1.24370  1.43090 15.05 1.34538 8.18
0.08244 131749 1.52156 1549 1.42170 791
0.09325 1.35576 1.5682] 15.67 1.46065 7.74
0.10549 1.39498 1.61578 15.83 1.50018 7.54
0.13499 1.47563 1.71372 16.13 1.58121 7.15
0.15270 1.51643 1.76407 16.33 1.62280 7.01
0.17274 1.55745 1.81532 16.56 1.66517 6.92
0.19541  1.59955 1.86745 16.75 1.70837 6.80
0.22105 1.64280 1.92040 16.90 1.75242 6.67
0.25005 1.68720 1.97414 17.01 1.79737 6.53
0.28286 1.73312 2.02862 17.05 1.84324 6.35
0.31998 1.78049 2.08381 17.04 1.89007 6.15
0.36196 1.82932 2.13967 16.97 1.93789 594
0.40946 1.87938 2.19617 16.86 1.98673 5.7
0.46319 1.93044 225327 16.72 2.03662 5.50
0.52396 198259 231096 16.56 2.08758 5.30
0.59272 203583 2.36923 16.38 2.13965 5.10
0.67049 2.08998 2.42808 16.18 2.19285 492
0.75847 214547 248752 15.94 2.24720 474
0.85799 220222 254757 15.68 2.30274 4.56
0.97058 2.25962 2.60826 1543 2.35949 .42
1.09793 231823 2.66961 15.16 241747 4.28
1.24200 2.37801 2.73167 14.87 247672 4.15
1.40497 2.43881 2.79449 14.58 25375 4.04
1.58932 2.49908 2.85812 14.37 2.59909 4.00
1.79787 2.56081 2.92261 14.13 2.66224 396
203378 2.62406 2.98802 13.87 2.72673 391
230065 2.68882 3.05439 13.60 2.79256 3.86
260252 275517 3.12179 13.31 2.85975 3.80
294403 2.82317 3.19026 13.00 2.92828 32
3.33033 2.89286 3.25985 12.69 2.99816 364
3.76732 296425 3.33058 12.36 3.06938 355
426166 3.03681 3.40249 12.04 3.14193 346

314



Table D.5. Continued

Analytical

tp

4.82086
5.45343
6.16902
6.97849
7.89419
8.93004
10.10181
11.42732
12.92680
14.62297
16.54179
18.71238
21.16766
23.94522
27.08727
30.64160
34.66222
39.21047
44.35560
50.17569
56.75959
64.20740
72.63250
82.16307
92.94428
105.1401
118.9367
134.5432
172.1674
194.7585
220.3145
249.2229
281.9251
318.9188
360.7668
461.6550
590.7568
755.9626
855.1573
967.3685

Pp

3.11079
3.18625
3.26195
3.33933
341822
3.49802
3.57883
3.66054
3.74294
3.82484
3.90724
3.99084
4.07620
4.16334
4.25089
4.33864
4.42592
4.51459
4.60349
4.69202
4.78063
+4.86940
+4.95893
5.04998
5.13927
5.22919
5.31988
5.41027
5.58699
5.67685
5.76814
5.86088
5.95379
6.04359
6.13456
6.31725
6.49896
6.68117
6.77238
6.86377

1094.3030 6.95528
Average Error

CASE 1 CASE2
899 gridpoints 3462 gridpoints
P,  Error, Pp Error,
% %
347559 11.73 321578 3.37
3.54990 1141 3.29090 3.8
3.62542 1114 3.36727 3.3
3.70213  10.86  3.44484 3.16
3.78001 10.58  3.52358 3.08
3.85904 1032 3.60343 3.01
393917 1007  3.68435 2.95
+4.02035 9.83 3.76627 2.89
4.10253 9.61 3.84915 2.84
418562 943 3.93290 283
426958 9.7 401748 282
435432 9.1 410281 281
4.43975 892  1.18883 276
4.52581 8.71 4.27547 2.69
461241 850 436268 2.63
4.69948 8.32 4.45039 258
4.78693 8.16  4.53854 254
4.87471 798 4.62709 249
496274 780  4.71597 244
5.05098 7.65  4.80515 241
5.13938 750  4.89459 238
5.22789 7.36 498424 2.36
5.31650 7.21 5.07410 232
540518 7.03 5.16412 2.6
549392 690  5.25430 224
5.58273 6.76 5.34462 2.21
5.6716!1 6.61 5.43507 217
5.76057 6.47 5.52564 213
5.93881 6.30 5.70714 215
6.02814  6.19 579806  2.14
6.11762 6.06 5.88908 2.10
6.20728 591 5.98020 2.04
6.29713 5.77 6.07140 1.98
6.38715 5.68 6.16266 1.97
6.47735 5.59 6.25395 [.95
6.65815 540 6.43645 1.89
6.83921 5.24 6.61850 1.84
7.02010 5.07 6.79954 1.77
7.11033 499 6.88949 1.73
7.20039 4.90 6.97894 1.68
7.29028 182  7.06783 1.62
11.33 4.15
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Table D.6.a. Dimensionless pressure for a vertical well intersected by a hydraulic
fracture (Cpp=1 and C;p=50). Numerical solutions generated using an

Elliptical PEBI grid
CfD=l Cfp=50
Analytical Numerical Analytic Numerical
Elliptical al Elliptical
tp Py Py Ervor, % Py Pp Error, %

0.10319 1.08938  1.11080  1.96634  0.25343  0.25874  2.098H
0.13758 1.16529  1.18561 174428  0.28637  0.29079  1.54397
0.15478 1.19693 121763  1.72947 030116 030509  1.30473
0.17367 1.22828  1.24971 174442 031640  0.31980  1.07429
0.19486 1.26045 128255  1.75358  0.33240 033525  0.85649
0.24531 1.32734 135053  1.74734 036689  0.36859  0.46495
0.27524 1.36244 138566  1.70464  0.38550  0.38657  0.27908
0.30883 1.39878 142156  1.62829  0.40510 040549  0.09610
0.38879 147518 149562  [.38546 O0.H749 044633  0.25823
0.43623 1.51489  1.53380  [.24811 047029 046836  0.41184
0.43946 1.55560  1.57278  [.10447 049423 049152 0.54922
0.77574 1.72872 173706 048278  0.60232  0.59660  0.95095
0.97660 1.82173 182474  0.165&  0.66H1 065730  1.06989
1.09576 1.86991 1.87012  0.01106 0.69761  0.68987  1.10934
1.37948 196975 196420  0.28184  0.76864  0.75966  [.16847
1.54780  2.02036  2.01300 036459  0.80559  0.79695  1.07250
173666  2.07225 206304 044461  0.84428  0.83590 099226
218634 218015 216702  0.60212 092731 09188 091138
2.45311 223625 22214 0.68011 097184 096292 091840
275243 229384 227646 0.75781 1.01835  1.00871  0.94641
3.08827 235320 233329  0.84588  [.06564  1.05625  0.88151
346510 241415 239157 093553  L.I1IS04  1.10554  0.85180
3.88791 247664 245129 1.02363  1.16650  1.15657  0.851(4
4.36231 254042 251245 110071 1.21958  1.20934  0.84035
4.89458 260555 257506  1.17026  1.27440  1.26382  0.83021
549182 267194 263908  1.22985  1.33092 131999  0.82157
691379 280792 277128  1.30499  L.H8i6 143728  0.75089
7.75740  2.87809  2.83937  1.34539  [.50988 149833  0.76497
8.70395 294954 290873  1.38359 1.57343  1.56091  0.79542
9.76598  3.02171 297929 140380 1.63795 1.62498  0.79175
10.95762  3.09498  3.05099 142140  L.70411 1.69048  0.79961
1229461  3.16932 312376 143745 177183 175735 081734
13.79483  3.24358 319754 141936  1.83957  1.82554  0.76260
1547804  3.31820 3.27223  1.38535  1.90795  1.89497  0.68015
17.36659  3.39320 334777  1.33889 197695 196558  0.57500
19.48571 346996 342408 132222 204845 203731  0.54410
21.86337 3.54848  3.50108  1.33575  2.12253 211009  0.58636
2453110  3.62869 357869  1.37805 219912 218385  0.69441
2752432 3.70965  3.65684  1.42347 227684 225852  0.80455
30.88271  3.78973  3.73547 143179 235341 233406  0.82233
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Table D.6.a. Continued

Cp=1 Cp=50
Analytical Numerical Analytic Numerical
Elliptical al Elliptical
Ip PD PD Error, % PD PD Error, %

34.65098  3.87006  3.81451 143517 243032 241039  0.82031
38.87913 395213 3.89392 147277 250974 248745 (.88788
43.62309  4.03359 397364  1.48637 158850 256520  0.90015
4894582 411553 405363  1.50410 266800 264358  0.91557
5491816 419828 413387  1.53424 274871 272253 0.95260
61.61924 427984 421432 153082 282796 280202 091743
69.13790 436225 429498  1.54215 290845 288199  0.90958
7757401  4.44628 437583 158449 299123 296242  0.96305
87.03946 452941  4.45688  1.60146  3.07286  3.04327  0.96317
97.65980  4.61324 453812  1.62838  3.15549 312449 0.98227
109.5762  4.69790  4.61958  1.66713  3.23930  3.20608  1.02555
1229461 478121 470125  1.67231 332139 3.28798  1.00584
1379484 486416 478317  1.66513  3.40309  3.37020  0.96638
154.7804 494671  4.86533  1.64504  3.48430 345270  0.90705
1719783  5.02194 494076  1.61665  3.55822  3.52843  0.83720
189.1761  5.09099  5.00918  1.60697  3.62643  3.59712  0.8082Y
206.3739 515486  5.07182 161100  3.68985  3.65997  0.80989
2235717 521435 5.12958 162570 3.74917  3.71790  0.83421
240.7696 527004  5.18318  1.64833  3.80493 377163  0.87534
3579674 532218  5.23317  1.67230  3.85727 382173 092146
275.1652 536971  5.28003 1.67016  3.90460  3.86866  0.920:4
2923631 541474 532411 1.67377 394959 391281  0.93120
309.5609 545700 5.36573 1.67244 399174 395448  0.93351
326.7587 549647 540516  1.66138  4.03093 399394 091764
3439565 553418 544259  1.65492  4.06846 403141 091078
361.1544 557026 547824 165195 41044 406709 091004
378.3522 560469  5.51226  1.64915  4.13880  4.10113 091008
395.5500 5.63779  5.54478  1.64981 417191 413369 091592
4127478 5.66967 557594  1.65324  4.20385  4.16489  0.92664
4299456  5.70004  5.60584  1.65258  4.23419 419484 0.92929
4471435 5.72865  5.63458  1.64205  4.26258 422363  0.91384
464.3413  5.75630  5.66224  1.63396  4.29010  4.25135  0.90314
481.5391  5.78309  5.68891 1.62866  4.31677  4.27808  0.89625
498.7370  5.80906 5.71464  1.62534  4.34268 430389  0.89334
5159348 5.83388 573950 1.61777 436735  4.32883  0.88192
533.1326  5.85790 576355  1.61068 439126 435297  0.87194
550.3304 5.88125 578683  1.60547 441454 437636  0.36494
567.5283 590398 580940 1.60199 443722 439904  0.36045
584.7261 592612 583129  1.60028 445932 442104  0.85842
601.9239 594744 585254 159559 448057 444242 085131
619.1217 596798 587320 1.58818 450099 446321  0.83943
636.3196 598802 589328  1.58215 452094 448344  0.82960
653.5174  6.00759 591283  1.57732 154044 450313  0.82173
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Table D.6.a. Continued

C]D=l CjD=50
Analytical Numerical Analytic Numerical
Elliptical al Elliptical
To Pp Py Error, % Pp Pp Error, %

670.7152  6.02672 593186  1.57395  4.55952 452232 0.81586
6879131  6.04542 595042 157150 457819 454103 0.81176
705.1110  6.06371 596851  1.57008 4359646  4.55928  0.80890
722.3087 6.08160 598616  1.56929 161434 457710  0.80705
739.5065 6.09912  6.00340 1.56952  4.63188 459450  0.80700
756.7043  6.11629  6.02023  1.57044 464907 461151  0.80782
773.9022  6.13312  6.03669 1.57233  4.66593 4.62815 0.80986
791.1000 6.14962  6.05279  [.57464 468250 46442 0.81326
808.2978  6.16581  6.06854  1.57760  1.69875  4.66034  0.81742
8254957 6.18169  6.08395  1.58112 471472  4.67594  0.82263
842.6935  6.19688 6.09905 1.57874 472987  4.69121 0.81737
859.8913  6.21162  6.11385  1.57398 474451 470618  0.80785
894.2870  6.24028  6.14257  1.56585  4.77305 473526  0.79184
9114849  6.25426  6.15653 1.56266  4.78698 +4.74938 0.78547
928.6826  6.26801  6.17022  1.56014  4.80068 4.76325  0.77981
945.8804 6.28154  6.18367 1.55805 481418 477686  0.77514
963.0782  6.29484  6.19688  1.55622 182747 479023  0.77137
980.2761 6.30795 6.20986 [.55498  4.84054 480336  0.768(09
9974739 632075  6.22262  1.55256  4.85331  4.81627  0.76324
10146720 6.33334  6.23516  1.55008  4.86587 482896  (1.75856
1031.8700 6.34574  6.24751  1.54804 4.87826 484141  0.75470
1049.0670 6.35796  6.25965  1.54625  4.89046 485372 0.75132
1066.2650  6.37001 6.27160 [.54482 490249  4.86579 0.74847
i083.4630 6.38188  6.28337  1.54356 491437 487768  0.74652
1100.6610 6.39359  6.29496 1.54261 492607  4.88938 0.74484
11178590 640514  6.30638 154180 493764 490090  0.74404
1135.0570 641653  6.31764  1.54118 494905 491225  0.74353
1152.2540 642778 6.32873  L1.54091 496030 492343  0.7434
11694520 6.43880  6.33967 1.53959 497134 49344 0.74227
1186.6500 6.44952  6.35046  1.53598 498205 494529 0.73776
1203.8480 6.46014 636111  1.53295 499262 495599  0.73374
1221.0460 6.47059  6.37161  1.52972 500307 496654  0.73012
1238.2430 6.48094  6.38198  1.52684  5.01340 497694  0.72714
1272.6390  6.50124  6.40234  1.52129 503368 499732  0.7222]
1289.8370 6.51120  6.41233  [.51852 5.04365 5.00731  0.72050
1307.0350 6.52106  6.42220 1.51597  5.05349 501716 0.71891
1341.4301  6.54041 6.44160 1.51078  5.07289 5.03649  0.71748
1358.6279  6.54994 645114 150847  5.08241  5.04597  0.71701
1496.2109 6.61937  6.52392 144205 5.15130 5.11779  0.65055

Average Error 1.45963 0.84133
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Table D.6.b. Dimensionless pressure for a vertical well intersected by a hydraulic
fracture (C;p=100 and C;p=300). Numerical solutions generated using an

Elliptical PEBI grid
CfD=I.00 C ﬂ)=300
Analytical Numerical Analytic Numerical
Elliptical al Elliptical
ip Pp Py Error, % Py Py Error, %

0.10319  0.23950 0.24814  3.60898  0.22556 0.23256  3.10223
0.13758  0.27230  0.28183 350130  0.25821  0.26366  2.11275
0.15478 028699 029724 3.57097 027281 0.27769  1.78783
0.17367 030212 031328  3.69546 028784  0.29220  1.51564
0.1948  0.31804  0.33031  3.85805 0.30369  0.30754  1.26864
0.24531 035245 03674 425207 033806  (0.34087  (.82966
0.27524 037103 038757 445854  0.35662  0.35892  0.64491
0.30883 039059 040877 4.65359 037614  0.37795  0.48053
0.38879  0.43284 045436 497198 041827 041904  0.18351
043623 045560 0.47878  5.08754 044099 0.44118  0.04162
0.48946 047943 050429 518522 046474 046442 0.06832
0.77574 058714  0.61760  5.18707 057218  0.56933  0.49835
097660  0.64906  0.68134 497279  0.63391  0.62961  0.67801
1.09576  0.68215  0.71508 4.82788  0.66687 0.66188  0.74749
1.37948  0.75293  0.78651 446080 0.73736  0.73096  0.86754
1.54780  0.78973  0.82428 437546  0.77401  0.76787  0.79351
1.73666  0.82827  0.86347  4.25035 0.81243  0.80641  0.74057
218634 091110  0.94628  3.86184  0.89508  0.88858  0.72573
245311 095556 098997  3.60096  0.93950 093227  0.76984
2.75243 1.00202  1.03523 331417 098593 097773  0.83215
3.08827 1.04918  1.08208  3.13595  1.03297  1.02498  0.77393
3.88791 1.14981 1.18067  2.68411 1.13338  1.12485  0.75177
4.36231 1.20278  1.23243 246517  1.18624  1.17748  0.73838
4.89458 1.25750  1.28584 225415  1.24083  [.23187  0.72205
549182 131390 134090  2.05438  1.29713 1.28801  0.70351
6.16192 1.37137  1.39758 191163  1.35447  1.34585  0.63650
6.91379 1.43091 145588  L.74454 141393 140537  0.60568
775740 149254 151575 155518 147547 146650  0.60826
8.70395 1.55601 1.57718  1.36043  1.53886  1.52919  0.62811
9.76598 1.62042  1.64010  L[.21454  1.60315  1.59339  0.60885
1095762  1.68650  1.70448  1.06647  1.66914  1.65902  0.60581
1229461 1.75415  1.77025 091776  1.73672  1.72602  0.61583
13.79483  1.82180  1.83736  0.85414  1.80428  1.79432  0.55204
1547804  1.89010 190573 0.82723  1.87250  1.86384  0.46231
17.36659  1.95900 197530  0.83178  1.94131 1.93451  0.35025
19.48571  2.03042 204599 076712 201266 200626  0.31783
21.86337 210444 211774 0.63205 2.08661  2.07901  0.36421
24.53110  2.18098  2.19G46  0.43455 216311  2.15270  0.48116
2752432 2235866 226409  0.24001 224076 222727 0.60210
30.88271 233520 233854  0.14319 231723 230264  0.62978
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Table D.6.b. Continued

Cp=100
Analytical Numerical
Elliptical
tp Pp Pp Error, %
3465098 241204 241376 0.07132
38.87913 249142 248968  0.06975
43.62309 257015 256624  0.15199
48.94582  2.64962  2.64339  0.23526
5491816 273032 272107 0.33876
61.61924 280954 279925  0.36603
69.13790  2.89000 2.87789  0.41897
77.57401 297276 295696  0.53136
87.03946  3.05437  3.036&4  0.58700
97.65980  3.13697  3.11631  0.65870
109.5762  3.22078  3.19656  0.75207
1229461  3.30285  3.27717  0.77765
1379484  3.38455  3.35816  0.77991
154.7804 346575 343950 0.75737
1719783 3.53964  3.51426  0.71699
189.1761  3.60785  3.58214  0.71271
206.3739  3.67126  3.64432  0.73373
223.5717  3.73057 370169  0.77419
240.7696  3.78635  3.75496  0.82920
2579674  3.83869  3.80466  0.88641
275.1652  3.88601 3.85126  0.89423
2923631 393100  3.89513 091257
309.5609 397315 393655 0.92109
326.7587 4.01232 397580 091032
3439565 404986  4.01308  0.90814
361.1544 108583  4.04859 091155
378.3522 412018  4.08248 091504
395.5500  4.15328 411490  0.92416
4127478 418522 414597  0.93791
429.9456  4.21557 417578  0.94377
4471435 424397 420445 093108
464.3413 427147 423205  0.92281
481.5391 429816 4.25866  0.91896
498.7370 432406  4.28435 091830
5159348 434873 430917  0.90978
533.1326 437264 433319 0.90230
5503304 439590 435645  0.89756
567.5283 441858 437899  0.8958l
584.7261 444068 440087  0.89654
601.9239 446195 442212  0.89260
619.1217 448235 444277  0.88316
636.3196 450230 446285  0.87619
653.5174 452180 448240 0.87125
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Analytic
al
Py

2.39401
247335
2.55205
2.63151
271223
279140
287183
2.95457
3.03617
3.11877
3.20259
3.28467
3.36633
344751
3.52138
3.58956
3.65297
3.7127
3.76805
3.82040
3.86772
391269
3.95484
3.99403
4.03155
4.06753
$.10189
4.13498
4.16693
4.19727
4.22567
4.25318
4.27986
4.30576
$4.33043
4.35433
4.37760
4.40027
4.42238
144362
4.46403
4.48397
4.50346

Cp=300
Numerical
Elliptical

Py Error, %
237877  0.63671
J.45561 0.71729
2.53310 0.74271
261121 077177
2.68989 0.82351
1.76912 0.79836
184886  0.80002
2.92608 0.86264
3.00976 0.8698-4
3.09086 0.89485
317236 094372
3.25423 0.92649
3.33645 0.88786
3.41896  0.82829
3.49471t 0.75741
3.56340 0.72887
3.62624 0.73180
3.68415 0.75772
3.73783 0.80188
3.78787  0.85131
3.83474 0.85263
3.87881 0.86589
3.92040 0.87075
3.95980 0.85703
399722 0.85171
4.03286  0.85237
4.06689 0.85317
4.09947  0.85881
4.13072 0.86878
4.16076 0.86976
4.18969 0.85147
4.21760 0.83642
4.24457  0.82452
4.27068  0.81482
4.29598 0.79547
4.32055 0.77589
434442 0.75783
436766  0.74105
4.39031 0.72519
441240 0.70259
443398  0.67314
4.45508 0.64418
447574 0.61565



Table D.6.b. Continued

Cp=100
Analytical Numerical
Elliptical

tp Pp Pp Error, %
670.7152 454087  4.50145  0.86808
6879131 455954 4.52001 0.86699
705.1110  4.57781 453811  0.86716
7223087 459569  4.55578  0.86850
739.5065 4.61322 457303 0.87115
7567043  4.63041 4.58989  0.87507
7739022 4.64727  4.60637  0.88021
791.1000 466384  4.62248  0.88670
808.2978 468009  4.63825  0.89395
8254957 469606  4.65369  0.90224
8426935 471121 +4.66881 0.89999
859.8913 472585  4.68363  0.89345
894.2870 475439 471240  0.88324
9114849 476832 472637  0.87970
928.6826  4.78202  4.74009  0.87682
945.8804  4.79551 475356  0.87484
963.0782 480879  1.76679  0.87347
980.2761  4.82188 4.77979  (0.87299
997.4739 483465 4.79256  0.87060
1014.6720 484722  4.80512  0.86838
1031.8700 4.85959 481748  0.86644
1049.0670 487179 482964  0.86521
1066.2650 4.88383  4.84160 0.86465
1083.4630 4.89571 4.85338  0.86460
1100.6610 490741 486497  0.86474
1117.8590 491897 487640  0.86537
1135.0570 493038  4.88766  0.86662
1152.2540 494165  4.89875  0.86803
1169.4520 495268 490969  0.86800
1186.6500 496339  4.92047  0.86456
1203.8480 497396 493111  0.86147
1221.0460 498441 494161  0.8586l1
1238.2430 499472 495197  0.85600
1272.6390 5.01502 497229 0.85204
1289.8370 5.02497 498225  0.85013
1307.0350 5.03483 499210  0.84865
13414301 505422 501144  0.84645
1358.6279  5.06375  5.02095  0.84531
1496.2109 5.13262  5.09332  0.76582

Average Error 1.48830
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Analytic
al
Pp

4.52252
454118
4.55945
4.57733
4.59485
4.61204
4.62890
4.64544
4.66170
4.67767
4.69281
4.70745
4.73599
4.74992
4.76362
4.77711
4.79040
4.80348
4.81626
4.82881
4.84119
4.85340
4.86543
4.87730
4.88903
4.90058
491198
4.92325
4.93428
4.94498
4.95556
4.96601
497634
4.99662
5.00659
5.01645
5.03582
5.04536
5.11423

Cp=300
Numerical
Elliptical

Pp Error, %
449597  0.58712
4.51581 0.55876
4.53528 0.53011
4.55441 0.50055
457322 047072
4.59173 0.44031
4.60996 0.40915
4.62792 0.37726
4.64563 0.34462
4.66311 0.31116
4.68037 0.26510
4.69743 0.21281
4.73098 0.10578
474749 0.05106
4.76385 0.00475
4.78006 0.06171
4.79613 0.11955
4.81207 0.17868
4.82789 0.24146
4.84359 0.30599
4.85919 0.37169
487469  0.43858
4.89010 0.50695
4.90542 0.57644
4.92066 0.64706
4.93583 0.71937
4.95093 0.79292
4.96597 0.86755
4.98095 0.94576
4.99587 1.02912
5.01075 1.11373
5.02558 1.19968
5.04038 1.28690
5.06986 1.46569
5.08455 1.55725
5.09922 1.65012
5.12850 1.84034
5.14311 1.93739
5.25973  2.84504

0.76686



Table D.7.a. Dimensionless pressure for a vertical well intersected by a rotated
hydraulic fracture. Numerical solutions generated using an Elliptical PEBI grid

Cp=300,0=15° Cp=100,0=30° Cp=50,0=45°
Analyt. Num. Error Analyt. Num. Error Analyt. Num. Error
ip Pp Pp % Pp Pp % Pp Pp %0
0.01720 0.0974 0.1065 9.35 0.1105 0.1076 2.65 0.1234 0.1297 5.08
005159 0.1627 0.1721 581 0.1763 0.1830 3.76 0.1898 0.1981 4.34
0.08599 0.2070 0.2180 5.33 0.2209 0.2284 341 0.2347 0.2440 396
0.12038 0.2425 0.2528 4.23  0.2565 0.2659 3.67 0.2705 0.2786 3.00
0.15478 0.2728 0.2820 3.36 0.2870 0.2984 399 0.3012 0.3078 2.2}
0.19486 0.3037 0.3117 264 03180 0.3319 435 0.3324 0.3376 1.58
0.24531 0.3381 03447 196 0.3525 03690 4.69 0.3669 0.3708 1.07
0.30883 0.3761 0.3813 1.36 0.3906 04100 498 04051 04077 0.64
0.38879 0.4183 04218 084 04328 0.4553 5.18 04475 0.4487 0.26
048946 04647 04666 041 04794 05050 5.33 0.4942 04940 0.04
0.61619 0.5158 0.5162 0.06 0.5307 0.5595 542 05457 0541 0.29
0.77574 0.5722 0.5707 0.25 0.5871 06190 542 0.6023 0.5993 0.50
097660 0.6339 0.6307 051 0.6491 06838 535 0.6644 0.6598 0.69
1.54780 0.7740 0.7684 0.72 0.7897 0.8302 5.13 0.8056 0.7986 0.37
1.94857 0.8528 0.8469 0.69 0.8687 09122 500 0.8848 0.8774 0.84
345311 09395 09321 079 09556 1.0001 4.66 09718 0.9629 092
388791 11334 11237 085 11498 1.1940 3.84 1.1665 [1.1546 1.02
4.89458 1.2408 1.2302 086 1.2575 1.2998 3.36 [.2744 1.2610 1.05
6.16192 13545 1.3438 0.79 13714 14114 292 13885 1.3743 1.02
775740 14755 14642 077  1.4925 1.5285 241 15099 1.4945 (.02
9.76598 1.6031 1.5911 0.75 1.6204 1.6510 1.89 1.6379 1.6211 1.03
15478 1.8725 1.8625 053 1.8901 19109 (.10 19079 1.8919 0.84
19486 2.0127 20060 033 20304 20477 0.85 2.0485 20352 0.65
24531 21631 21539 043 21810 2.1888 0.36 2.1991 2.1828 0.74
30.883 23172 23054 051 23352 23339 0.06 23534 23342 0.82
48.946 2.6315 26173 054 26496 26349 0.56 26680 26459 0.83
61.619 27914 27766 053 28095 27902 0.69 28280 2.8052 0.81
T7.574 29546 29377 0357 29728 29485 0.82 29912 29661 0.84
97.660 3.1188 3.1002 0.60 3.1370 3.1094 0.88 3.1555 3.1284 0.86
122946 3.2847 3.2640 0.63 33029 3.2726 092 3.3214 3.2920 0.89
154.780 34475 34290 0.54 34657 3.4378 0.81 34843 3.4566 0.830
189.176 3.5896 3.5736 044 3.6079 3.5831 0.69 3.6264 3.6009 0.7l
223572 37123 3.6944 048 3.7306 3.7048 0.69 3.7492 3.7216 0.74
357967 38204 3.7982 0.58 3.8387 3.8094 0.76 3.8573 3.8254 0.83
292363 39127 3.8890 0.61 39310 39011 076 39496 39164 0.84
326.759 39940 39696 0.61 4.0123 39827 0.74 4.0309 39976 0.83
361.154 4.0675 4.0420 063 40858 4.0561 0.73 4.1044 40707 0.82
395.550 4.1350 4.1076 0.66 +4.1533 4.1228 0.73 41719 4.1373 0.83
429946 4.1973 41674 071 4.2156 +4.1839 0.75 42342 41984 0.8+
464.341 42532 42223 (.73 42715 42403 0.73 42901 4.2549 0.82
498.737 43058 42730 0.76 43241 42926 0.73 43427 43072 0.82



7))
533.133
567.528
601.924
636.320
670.715
705.111
739.507
773.902
808.298
842.693
877.089
911.485
980.276
1014.67
1049.07
1083.46
1117.86
1152.25
1186.65
1221.05
1255.44
1289.84
1324.23
1358.63
1427.42
1461.82

Table D.7.a. Continued

Cp=300,0 = 15°
Num. Error Analyt.

Analyt.
Pp
4.3543
4.4003
4.4436
4.4840
4.5225
4.5595
4.5949
4.6289
4.6617
4.6928
4.7218
4.7499
4.8035
4.8288
4.8534
4.8773
4.9006
49233
4.9450
4.9660
4.9865
5.0066
5.0262
5.0454
5.0808
5.0977

Average Error

Py
4.3199
4.3635
44042
44421
44777
4.5111
4.5425
4.5721
4.6000
4.6262
4.6511
4.6745
4.7178
4.7376
4.75485
4.7743
4.7912
4.8073
4.8224
4.8368
4.8504
4.8633
4.8755
4.8870
4.9082
4.9180

%
0.79
0.84
0.89
0.93
0.99
1.06
114
1.23
1.32
1.42
1.50
1.59
1.78
1.89
2.00
11
223
236
2.48
260
2.73
2.86
3.00
314
340
353
1.57

Cpp =100, = 30°

Pp
4.3726
4.4186
44619
4.5023
+4.5409
4.5778
46132
4.6473
4.6801
47112
4.7402
4.7683
4.8219
4.8472
4.8718
+4.8957
4.9190
49416
49634
49844
5.0049
5.0250
5.0446
5.0637
5.0992
5.1161

323.

Num. Error Analyt.

Pp
43414
43871
44301
44707
45091
45456
4.5804
46135
4.6453
46757
47049
47330
4.7863
48116
48361
4.8598
4.8829
49053
49271
4.9483
4.9690
49892
5.0089
5.0282
5.0655
5.0836

%
0.71
0.71
0.71
0.70
0.70
0.70
0.71
0.73
0.74
0.75
0.75
0.74
0.74
0.74
0.73
0.73
0.73
0.74
0.73
0.72
0.72
0.71
0.71
0.70
0.66
0.63
1.82

Cp =50, 0 = 45°

Pp
43913
44372
+4.4806
4.5209
4.5595
4.5965
4.6319
4.6659
4.6988
4.7299
4.7589
4.7870
4.8405
4.8659
4.8905
49144
4.9376
4.9603
4.9820
5.0031
5.0236
5.0436
5.0632
5.0824
5.1179
5.1348

Num.
Pp
4.3561
14019
44449
4.4855
4.5239
4.5603
4.5949
4.6278
4.6592
4.6892
47179
4.7454
4.7971
4.8215
4.8449
4.8675
4.8893
49104
4.9307
4.9503
4.9694
4.9878
5.0056
5.0228
5.0558
5.0716

Error
%
0.80
0.80
0.80
0.78
0.78
0.79
0.80
0.82
0.84
0.86
0.86
0.87
0.90
091
093
095
0.98
1.01
1.03
1.05
1.08
111
1.14
1.17
1.21
1.23
1.09



Table D.7.b. Dimensionless pressure for a vertical well intersected by a rotated
hydraulic fracture. Numerical solutions generated using an Elliptical PEBI grid

Cp=50, 6 = 60° Cp=1,0=75° Cp=1,0=90°
Analyt. Num. Error Analyt. Num. Error Apalyt. Num. Error
tp Py Pp % Pp Pp % Pp Pp %

0.01720 0.1234  0.1279  3.60 0.7135 0.7195 084 0.7135 0.7198 0389
0.05159 0.1898  0.1980 428 09237 09479 262 09237 09481 264
0.08599 0.2347 0.2440 395 1.0433 1.0657 214 1.0433 1.0658 2.15
0.12038 0.2705 0.2791  3.16 1.1297 1.1505 1.84 1.1297 L1.1503 1.83
0.15478 03012 0.3087 249 1.1969 1.2182 [.78 L1969 1.2176 1.73
0.19486 0.3324 03387 190 1.2604 1.2835 1.83 1.2604 1.2825 1.75
0.24531 03669 03720 1.39 1.3273 1.3518 1.84 1.3273 13505 1.75
0.308383 0.4051 04088 092 1.3988 1.4231 1.74 13988 14216 1.63
0.38879 0.4475 04496 048 14752 14974 151 14752 14956 1.39
0.48946 04942 04947 009 1.5556 1.5747 1.23 1.5556 1.5728 L.10
0.61619 0.5457 0.5445 022 1.6400 1.6551 092 1.6400 1.6532 0.80
0.77574 0.6023  0.5994 049 1.7287 1.7389 059 1.7287 1.7371 048
097660 0.6644 0.6598 0.70 1.8217 1.8265 0.26 1.8217 1.8248 0.17
1.54780 0.8056 0.7987 0.86 20204 20144 0.29 20204 20130 0.36
1.94857 0.8848 0.8779 0.78 2.1255 21156 046 21255 21144 052
245311 09718 09640 081 22362 22222 (.63 22362 22210 0.68
3.88791 1.1665 1.1572 0.80 24766 24526 097 24766 24513 1.02
489458 1.274 12644 079 26055 25766 1.1l 26055 25751 L.17
6.16192 1.3885 1.3785 0.72 27392 27064 1.20 27392 27045 1.27
7.75740 1.5099  1.4992 071 28781 28417 1.26 28781 28394 1.35
9.76598 1.6379 1.6262  0.72 3.0217 29821 [.31 3.0217 29793 140
15478 19079 1.897f 057 3.3182 3.2762 1.26 3.3182 3.2722 1.39
19.486 20485  2.0401 041 34700 34287 119 34700 34241 132
24531 21991 21872 054 3.6287 3.5838 1.24 3.6287 3.5787 1.38
30.883 23534 23381 0.65 3.7897 3.7412 1.28 3.7897 3.7355 143
48.946 2.6680 2.6488 0.72 41155 40604 1.34 41155 40536 1.50
61.619 28280 28078 0.71 42798 42216 1.36 4.2798 42143 1.53
77574 29912 29687 0.75 44463 43836 1.4l 4463 43758 1.59
97.660 3.1555 31313 077 46132 45465 1.45 46132 45381 1.63
122946 3.3214 32952  0.79 47812 47103 148 47812 4.7012 1.67
154780 34843 34603 0.69 49467 48751 145 49467 48653 1.65
189.176 3.6264  3.6049 0.59 5.0910 5.0196 140 5.0910 5.0092 1.6l
223572 3.7492 37259  0.62 52144 S5.1406 141 52144 5.1296 1.63
257967 3.8573 3.8298  0.71 5.3222 52448 145 5.3222 52332 .67
292363 3.9496 39209 0.73 54147 53361 145 54147 53241 167
326.759 4.0309 40021 0.72 54965 54175 14 54965 54052 1.66
361154 41044 40752 071 55703 54909 142 55703 54782 1.65
395.550 41719 41419 072 5.6378 5.5577 142 5.6378 55448 1.65
429946 42342 42031 0.74 5.7000 5.6189 142 57000 5.6059 1.65
464.341 42901 42597  0.71 57563 S5.6755 140 5.7563 5.6623 1.63
498.737 43427 43124 070 58091 57280 140 5.8091 S5.7147 162
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Table D.7.b. Continued

Cp=50, 8 = 60° Cp=1,0=175° Cp=1,0=90°
Analyt. Num. Error Analyt. Num. Error Analyt. Num. Error
[9)) Py P, % Py P, % Py Py %

533.133 43913 43617 067 5.8579 57770 1.38 5.8579 5.7636 1.6l
567.528 44372 44081 0.66 5.9040 58229 1.37 59040 5.8094 1.60
601.924 44806 44518 0.64 59474 58660 1.37 59474 5.8526 1.60
636.320 4.5209 44933  0.61 59880 59068 1.36 59880 5.8933 1.58
670.715 4.5595 4.5328 059 6.0267 59453 1.35 6.0267 59319 1.57
705.111 45965 45705 057 6.0637 59820 1.35 6.0637 59685 1.57
739.507 46319 46065 055 6.0991 60168 1.35 6.0991 6.0034 1.57
773902 46659 46410 053 6.1331 6.0501 1.35 6.1331 6.0367 1.57
808.298 4.6988 46743 052 6.1658 6.0819 1.36 6.1658 6.0686 1.58
842,693 4.7299 4.7063 050 6.1969 6.1124 1.36 6.1969 6.0991 1{.58
877.089 47589 47372 046 6.2261 6.1416 1.36 6.2261 6.1284 1.57
911485 4.7870  4.7672 041 6.2543 6.1697 1.35 6.2543 6.1565 1.56
980.276 4.8405 48244 033 6.3079 6.2230 1.35 63079 6.2099 1.55
1014.67 48659 48518 029 6.3333 6.2483 134 6.3333 6.2352 1.55
1049.07 48905 48785 0.25 63580 6.2727 1.34 6.3580 6.2596 1.55
1083.46 49144 49045 020 6.3819 6.2965 1.34 6.3819 6.2834 1.54
1117.86 49376 49299 0.16 64051 63195 1.34 6.4051 6.3064 1.54
115225 49603 49548 0.11 64278 63418 .34 64278 6.3287 1.54
1186.65 49820 49791 006 64495 63636 1.33 6.4495 6.3505 [.54
1221.05 5.0031 50030 000 64706 63847 1.33 6.4706 6.3716 1.53
1255.4 5.0236 50264 006 64911 64054 1.32 64911 6.3922 1.52
1289.84 5.0436 5.0494  0.11 6.5112 64256 1.32 65112 64123 1.52
132423 50632 50720 0.17 6.5308 6.4453 1.31 6.5308 6.4319 1.51
1358.63 5.0824 50943 0.23 6.5499 64645 1.30 6.5499 6.4511 1.51
142742 51179 51378 039 6.5856 6.5019 1.27 6.5856 6.4883 1.48
1461.82 5.1348 51591 047 6.6027 65200 1.25 6.6027 6.5062 1.46
Average Error 0.80 1.35 1.48
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Table D.8. Dimensionless pressure for a horizontal well (8=0, 45 and 90°). Numerical
solutions generated using all available PEBI grids

Analyt. Numerical Numerical Numerical Numerical Numerical

Circular Elliptical Hexagonal Rectangular Variable
t Pp Py Er. Pp Er. Py Er. Pp Er. Pp Er.
% % % % %

1414 745E-06 7.41E-06 0.54 7.40E-06 0.58 7.41E-06 048 741E-06 0.54 7.41E-06 049
1.595 7.62E-06 7.65E-06 0.38 7.65E-06 0.35 7.65E-06 0.40 7.65E-06 0.36 7.65E-06 0.38
1.801 7.78E-06 7.88E-06 1.17 7.87E-06 1.16 7.87E-06 (.15 7.87E-06 I.I14 7.87E-06 1.14
2032 793E-06 8.08E-06 1.87 8.08E-06 1.87 8.08E-06 [.82 8.08E-06 1.84 8.08E-06 1.82
2.294 8.06E-06 8.26E-06 2.47 8.27E-06 249 B.26E-06 2.41 8.26E-06 2.45 8.26E-06 2.42
2589 8.19E-06 8.43E-06 295 8.43E-06 298 8.42E-06 2.89 843E-06 293 S843E-06 289
2922 8.30E-06 8.58E-06 3.36 8.58E-06 340 B8.57E-06 3.31 8.58E-06 3.35 8.57E-06 3.32
3298 8.40E-06 S.71E-06 3.68 8.71E-06 3.72 8.71E-06 3.63 B.71E-06 3.68 8.71E-06 3.64
3723 8.50E-06 8.83E-06 391 B8.83E-06 3.95 8.83E-06 3.89 8.83E-06 3.93 8.83E-06 3.90
4202 8.59E-06 8.94E-06 4.10 8.94E-06 +4.13 8.94E-06 4.09 8.94E-06 4.12 8.94E-06 4.10
6.041 8.83E-06 9.22E-06 440 9.22E-06 440 9.22E-06 443 9.22E-06 443 9.22E-06 4.4
9.803 9.12E-06 9.54E-06 4.55 9.53E-06 4.51 9.54E-06 4.59 9.54E-06 455 9.54E-06 4.58
11.065 9.20E-06 9.62E-06 4.58 9.61E-06 4.54 9.62E-06 4.62 9.62E-06 4.57 9.62E-06 .60
12488 9.27E-06 9.70E-06 4.61 9.70E-06 4.57 9.70E-06 +4.63 9.70E-06 4.59 Y.70E-06 4.62
17956 9.52E-06 9.96E-06 4.70 9.96E-06 4.68 9.96E-06 4.69 996E-06 4.67 996E-06 4.68
20.266 9.60E-06 [.01E-05 4.73 1.01E-05 4.71 L.OIE-05 4.71 LOIE-05 4.69 LOIE-05 470
47.287 L.O4E-05 1.09E-05 4.65 1.09E-05 4.70 [.09E-05 4.62 1.09E-05 4.67 !.OY9E-05 4.64
53.372 1.05E-05 1.10E-05 4.59 I1.10E-05 4.64 [.10E-05 4.57 I1.I0E-05 4.62 [.I0E-05 4359
60.239 1.07E-05 1.I11E-05 452 1.I2E-05 4.57 [.11E-05 4.50 [.I2E-05 455 I.1IE05 4352
67.990 1.08E-05 I1.13E-05 444 [.I3E-05 448 L.13E-05 443 L.I3E-05 448 [.I3E-05 445
76.738 1.10E-05 1.15E-05 434 L.ISE-05 4.38 [.15E-05 4.34 [.ISE-05 438 I1.15E-05 4.36
86.612 [.12E-05 1.16E-05 424 L[.IGE-05 4.28 [|.16E-05 4.26 [.I6E-05 4.29 I1.I16E-05 4.27
97.756 1.14E-05 1.18E-05 4.13 [.I8E-05 4.16 1.18E-05 4.15 1.I8E-05 417 I1.18E-05 +.17
11033 1.16E-05 1.20E-05 402 1.20E-05 4.03 1.20E05 4.04 [|.20E-05 4.05 [.20E-05 4.06
12453 1.18E-05 [1.22E-05 390 1.22E-05 390 I1.22E-05 3.94 [1.22E-05 3.93 [1.22E-05 394
14056 1.20E-05S 1.24E-05 3.78 1.24E-05 3.76 1.24E-05 3.81 1.24E-05 3.80 [1.24E-05 3.82
158.64 1.22E-05 [.27E-05 3.66 1.27E-05 3.64 1.27E-05 3.70 1.27E-05 3.67 1.27E-05 3.69
179.05 1.25E-05 [.29E-05 3.54 1.29E-05 3.50 1.29E-05 3.57 1.29E-05 3.53 1.29E-05 3.57
20209 1.27E-05 1.32E-05 341 L32E-05 3.37 L32E-05 344 1.32E-05 340 1.32E-05 343
228.09 1.30E-05 [.35E-05 3.29 1.35E-05 3.25 [.35E-05 3.32 1.35E-05 3.27 I1.35E-05 3.31
25744 1.33E-05 1.38E-05 3.17 1.38E-05 3.1t 1.38E-05 3.19 1.38E-05 3.13 [1.38E-05 3.17
29057 1.37E-05 1.41E-05 3.05 1.41E-05 3.00 I.4IE-05 3.06 141E-05 3.01 [4IEQ05 3.04
32795 1.40E-05 [144E-05 293 1.44E-05 2.88 |.44E-05 294 1.HE-05 2.88 [.44E-05 291
370.15 1.44E-05 [48E-05 2.80 1.48E-05 2.75 [.48E-05 2.80 [48E-05 275 I1.48E-05 278
41778 [148E-05 [1.52E-05 2.69 1.52E-05 2.65 1.52E-05 2.68 1.52E-05 2.64 [.52E-05 .66
47154 1.52E-05 1.56E-05 2.56 1.56E-05 2.53 1.56E-05 2.54 1.56E-05 251 I1.56E-05 .52
53221 1.56E-05 1.60E-05 244 1.60E-05 2.42 1.60E-05 242 1.60E-05 240 [.60E-05 240
60069 1.61E-05 1.64E-05 232 1.64E-05 231 1.64E-05 229 [.64E-05 2.28 [.64E05 2.28
67798 1.66E-05 1.69E-05 2.18 1.69E-05 2.18 1.69E-05 2.15 [.69E-05 2.16 1.69E-05 2.i4
76521 1.71E-05 1.74E-05 206 [.74E-05 2.08 1.74E-05 2.03 [.74E-05 2.05 I.74E-05 2.03
863.67 1.76E-05 1.80E-05 192 1.80E-05 1.96 [.80E-05 1.89 1.80E-05 193 I80E-05 190
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tp

974.80

1100.22
1241.80
1401.58
1581.91
1785.46
2015.20
227449
2567.15
1897.46
3270.27
3691.06
4165.99
4702.03
5307.04
5989.89
6760.61
7630.49
8612.30
972047
10971.2
12382.8
13976.1
157744
17804.2
20095.0
22680.6
25598.9
28892.7

Analyt.

Py

1.82E-05
1.88E-05
1.94E-05
1.01E-05
2.08E-05
2. 15E-05
2.23E05
231E-05
2.40E-05
148E-0S
1.58E-05
2.67E-05
2.77E-05
2.88E-05
2.99E-05
3. 10E-05
3.22E-05
3.35E-05
3 48E-05
3.62E-05
3.76E-05
3.91E-05
4.07E-05
4.23E-05
4.40E-05
4.58E-05
4.76E-05
4.96E-05
5.16E-05

Numerical
Circular

Py

1.85E-05
I.9LE-05
1.97E-05
2.04E-05
2.1LE-05
2.18E-05
2.25E-05
2.33E-05
242E-05
2.50E-05
1.59E-05
2.68E-05
2.78E-05
1.88E-05
2.99€-05
3.10E-05
3.22E-05
3.34E-05
347E-05
3.60E-05
3.74E-05
3.88E-05
4.03E-05
+4.19E-05
4.35E-05
4.52E-05
4.69E-05
+4.87E-05
5.06E-05

Er.
%
1.79
1.67
1.52
1.40
1.27
[.14
1.02
0.89
0.78
0.67
0.55
045
0.33
0.23
0.12
0.01
0.11
0.24
0.36
049
0.64
0.77
093
1.08
1.23
1.40
1.54
1.70
1.85
2.36

Table D.8. Continued

Numerical
Elliptical

Py

1.85E-05
1.91E-05
1.98E-05
2.04E-05
2.11E-05
2.18E-05
2.26E-05
2.33E-05
2.41E-05
2.50E-05
2.59E-05
2.68E-05
2.78E-05
2.88E-05
2.98E-05
3.09E-05
3.21E-05
3.33E-05
3.46E-05
3.59E-05

Er.
%
1.84

1.72
1.58
1.46
1.33
1.19
1.06
0.90
0.77
0.63
047
0.34
0.17
0.03
0.12
0.28
0.41
0.57
0.70
0.84

Numerical
Hexagonal

Pp

1.85E-05
1.91E-05
1.97E-05
2O4E-05
211ELS
2. 18E-05
1.25E-05
2.33E-05
2.42E-05
2.50E-05
2.59E-05
2.68E-05
2.78E-05
2.88E-05
1.99E-05
3.10E-05
3.22E-05
J34E05
3.46E-03
3.59€E-05

3.72E-05 0.98 3.73E-05

3.87E-05
4.02E-05
4.18E-05
4.34E-05
4.51E-05
4.70E-05
4.89E-05
5.08E-05

1.08
1.20
1.29
1.35
142
1.42
1.43
1.40
238

327

3.87E-05
+4.02E-05
4.18E-05
4.34E-05
+4.51E-05
4.68E-05
+4.87E-05
5.06E-05

Er. Py
%
1.77 1.85E-05

1.64 1.91E-05
1.50 1.97E-05
1.39 2.04E-05
1.27 2.11E-05
L14 2.18E-05
1.03 2.26E-05
0.90 2.33E-05
0.79 2.41E-05
0.67 2.50E-05
0.55 2.59E-05
0.44 2.68E-05
0.30 2.78E-05
0.19 2.87E-05
0.06 2.98E-05
0.09 3.09E-05
0.21 3.20E-05
0.37 3.3IE05
0.52 3. HE0S
0.67 3.56E-05
0.84 3.70E-05
0.99 3.83E-)5
1.15 3.98E-08
1.30 4.13E-05
144 4.29E-05
1.59 4.45E-05
1.68 4.63E-05
1.78 4.81E-05
1.85 5.00E-05
238

Numerical
Rectangular

Er.

%
1.81
1.70
1.57
1.45
1.32
1.18
1.05
0.89
0.76
0.59
042
0.25
0.06
0.13
0.33
0.56
0.77
1.01
1.24
1.47
.72
1.94
217
2.38
2.57
275
2.88
299
3.06
257

Numerical
Variable

Pp

1.85E-05
1.91E-05
1.97E-05
2.04E-05
2.11E-05
2.18E-05
2.26E-05
2.33E-05
242E-05
2.50E-05
1.59E-05
2.68E-05
1.78E-05
2.88E-05
2.99E-05
3.10E-05
3.21E08
3.33E-05
3.45E-05
3.58E-05
372E-05
3.86E-05
4.01E-05
+4.16E-05
4.32E-05
4.49E-05
4.67E-05
4.85E-05
5.04E-05

Er.
%
1.78
1.66
1.52
42
1.29
1.17
1.05
0.91
0.80
0.67
0.53
0.40
0.25
011
0.05
0.22
0.37
0.56
0.73
091
1.11
1.28
1.46
1.63
1.78
1.94
204
215

22
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Table D.9. Number of gridblocks used for simulating hydraulic fracture well with a
branch fracture (horizontal well)

Branch Fracture starting at the main
fracture tip
Angle, Number of grid blocks
Degrees X}bl_):O.Z X,bD=O.4 X]bD =0.6
0 1454 1476 1498
10 1457 1479 1501
20 1458 1480 1502
30 1458 1481 1502
Branch fracture starting at middle
distance between wellbore and main
fracture tip
Angle, Number of grid blocks
Degrees | Xpp=0.2 | Xpp=0.4 | Xpp =0.6
10 1461 1483 1505
20 1463 1485 1507
30 1463 1485 1509
Branch fracture starting at the wellbore
Angle, Number of grid blocks
Degrees X,},D=O.2 X,bp=0.4 X]bo =0.6
10 1461 1483 1505
20 1462 1485 1507
30 1463 1485 1509
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Table D.10. Dimensionless pressure for a hydraulic fractured well with a branch
fracture starting from the wellbore, 8 = 30° and X;3,=0.6

Cp=1 Cp =10 Cp =50
(1)) Pp

Xop=0 Xpp=06 Xpp=0 Xpp=06 Xpp=0 Xpp=0.6
1.E-07 0.041813 0.041866 0.013144 0.013163 0.005866 0.005872
5.E-07 0.066557 0.066651 0.020953 0.020976 0.009350  0.009366
1.LE-06 0.078204 0.078288 0.024756 0.024793 0.011112 0.011126
5.E-06 0.117017 0.117208 0.037069 0.037130 0.016577  0.016606
1.LE-05 0.139551 0.139745 0.044057 0.044091 0.019630 0.019645
5.E-05 0.207125 0.207479 0.066012 0.066083 0.029822  0.029847
1.E-04 0.246848 0.247217 0.078229 0.078343 0.036058 0.036114
5.E-04 0.369484 0.369870 0.118022 0.118175 0.060052 0.060100
1.E-03 0.436329 0.436724 0.140851 0.140992 0.076591  0.076678
5.E-03 0.641164 0.642110 0.220633 0.220931 0.145449  0.145696
1.LE-02 0.757672 0.758714 0.272681 0.272948 0.194811  0.195035
5.E-02 1.090808 1.091793 0.474104 0.474827 0.387225 0.387577
1.LE-O1 1.281124 1.282513 0.609776 0.610804 0.517449 0.518171
5.E-01 1.830350 1.832356 1.079367 1.080367 0.979284  0.980423
LLE+00 2.120543 2.122878 1.346578 1.348840 1.238784  1.240117
5.E+00 2.871910 2.877022 2070215 2.072769 1969664 1.971550
LE+01 3.216446 3.219915 2.406539 2410629 22312414  2.315497
S.E+01 4.018462 4.022331 3.224253 3.226560 3.104332  3.108082
LLE+02 4.377249 4.382546 3.560712 3.563561 3.459812  3.463311
S.E+02 5.186461 5.194307 4.372194 4.378748 4.254039  4.258842
L.LE+03 5.537279 5.545215 4.717460 4.720977 4.608720 4.616414
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[9))

1.LE-07
5.E-07
1.LE-06
5.E-06
1.E-05
5.E-05
1.E-04
5.E-04
1.LE-03
5.E-03
1.E-02
5.E-02
1.E-0l

5.E-01

1.LE+00
5.E+00
1.E+01
5.E+01
1.LE+02
5.E+02
.E+03

Table D.10. Continued

Xﬂ,p=0
0.004144
0.006597
0.007898
0.011732
0.014045
0.022123
0.027628
0.050173
0.066779
0.134125
0.183111
0.375113
0.506465
0.959700
1.231894
1.945557
2.291382
3.093217
3.442905
4.255263
4.605587

Xpp =0.6
0.004148
0.006604
0.007906
0.011745
0.014070
0.022147
0.027654
0.050233
0.066878
0.134313
0.183286
0.375432
0.507314
0.961192
1233199
1948284
2.294128
3.097334
3.448702
4.258636
4.613353
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Cp =300

Pp
Xpo =0
0.001944
0.003119
0.003793
0.006228
0.008018
0.015471
0.020889
0.044215
0.061173
0.132027
0.183238
0.384127
0.522699
0.997102
1.274817
2.032734
2.393823
3.222690
3.593569
4.437931
4810211

Xpp =0.6
0.001946
0.003124
0.003797
0.006238
0.008029
0.015497
0.020920
0.044260
0.061227
0.132219
0.183487
0.384466
0.523255
0.998175
1.276195
2.036311
2.396356
3.225729
3.597845
4.444555
4.817008



Table D.11. Dimensionless pressure for a hydraulic fractured well with a branch
fracture starting from the middle distance trom the wellbore and the
main fracture tip. 8 = 30° and Xj3p=0.6

Cp=1 Cp =10 Cp =50
[f)) Pp

Xpp=0 Xpp=0.6 Xpp=0 Xpp=0.6 Xpp=0 Xpp=0.6
1.E-07 0.041813 0.041845 0.013144 0.013154 0.005866 0.005876
5.E-07 0.066557 0.066607 0.020953 0.020969 0.009350 0.009363
1.E-06 0.078204 0.078260 0.024756 0.024774 0.011112 0.011132
5.E-06 0.117017 0.117066 0.037069 0.037084 0.016577 0.016609
1.E-05 0.139551 0.139662 0.044057 0.044093 0.019630 0.019651
5.E-05 0.207125 0.207324 0.066012 0.066076 0.029822 0.029863
1.E-04 0.246848 0.246862 0.078229 0.078234 0.036058 0.036122
5.E-04 0.369484 0.369619 0.118022 0.118066 0.060052 0.060147
[.LE-03 0.436329 0.436663 0.140851 0.140961 0.076591 0.076691
5.E-03 0.641164 0.641544 0.220633 0.220766 0.145449 0.145689
1.LE-02 0.757672 0.757898 0.272681 0.272765 0.194811 0.195060
5.E-02 1.090808 1.091514 0.474104 0.474416 0.387225 0.387931
1.LE-01 1.281124 1.281481 0.609776 0.609953 0.517449 0.518476
5.E-01 1.830350 1.831859 1.079367 1.080268 0.979284 0.980485
1.LE+00 2.120543 2.122634 1.346578 1.347919 1.238784 1.241236
S.E+00 2.871910 2.872562 2.070215 2.070705 1.969664 1.972685
I.LE+01 3.216446 3.219599 2.406539 2.408922 2.312414 2.317037
S.E+01 4.018462 4.020607 3.224253 3.226006 3.104332 3.107486
1.LE+02 4.377249 4.381624 3.560712 3.564306 3.459812 3.463618
S.E+02 5.186461 5.186543 4.372194 4.372307 4.254039 4.261692
1.LE+03 5.537279 5.537833 4.717460 4.717979 4.608720 4.613539
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Table D.11. Continued

tp

1.E-07
5.E-07
1.E-06
5.E-06
1.E-05
5.E-05
1.E-04
5.E-04
1.E-03
5.E-03
1.E-02
5.E-02
1.E-01
5.E-0l
.LE+00
5.E+00
.LE+01
5.E+01
1.LE+02
5.E+02
1.E+03

Cp =100

Xju)=0
0.004144
0.006597
0.007898
0.011732
0.014045
0.022123
0.027628
0.050173
0.066779
0.134125
0.183111
0.375113
0.506465
0.959700
1.231894
1.945557
2.291382
3.093217
3.442905
4.255263
4.605587

Pp
Xpp =0.6
0.004150
0.006608
0.007913
0.011744
0.014072
0.022161
0.027670
0.050241
0.066863
0.134292
0.183305
0.375625
0.507051
0.960906
1.233793
1.949328
2.294833
3.096642
3.447931
4.262055
4.610279

Cpp =300

Xpp =0 Xpp =0.6
0.001944 0.001945
0.003119 0.003120
0.003793 0.003796
0.006228 0.006233
0.008018 0.008023
0.015471 0.015477
0.020889 0.020906
0.044215 0.044257
0.061173 0.061176
0.132027 0.132075
0.183238 0.183379
0.384127 0.384354
0.522699 0.522855
0.997102 0.997748
1.274817 1.275173
2.032734 2.034410
2.393823 2.396183
3.222690 3.223422
3.593569 3.597090
1437931 4.440300
4.810211 4.815018




Table D.12.a. Absolute errors obtained between the pressure solutions for a branch
fracture starting from the wellbore and a fractured well with X35=0 (no branch) and
Xpp =0.6 and angle of 30°

Cp=1 Cp=10 Cp=30 Cp=100 Cp =300
tp ABSOLUTE ERROR, %
.LE-07 | 0.1269 0.1409 0.0977 0.0873 0.1249
5.E-07 | 0.1423 0.1114 0.1730 0.1054 0.1403
1.E-06 | 0.1064 0.1490 0.1284 0.1066 0.1044
5.E-06 | 0.1630 0.1662 0.1749 0.1071 0.1610
1.LE-05 | 0.1389 0.0756 0.0766 0.1750 0.1369
5.E-05 | 0.1711 0.1064 0.0850 0.1048 0.1691
I.LE-04 | 0.1495 0.1467 0.1549 0.0933 0.1475
5.E-04 | 0.1044 0.1292 0.0796 0.1180 0.1024
1.LE-03 | 0.0906 0.0998 0.1132 0.1483 0.0886
5.E-03 | 0.1476 0.1348 0.1699 0.1403 0.1456
1.LE-02 | 0.1375 0.0979 0.1151 0.0956 0.1355
5.E-02 | 0.0903 0.1525 0.0910 0.0851 0.0883
1.E-Ol | 0.1085 0.1686 0.1397 0.1676 0.1064
5.E-01 | 0.1096 0.0927 0.1163 0.1555 0.1076
1.LE+00 | 0.1101 0.1680 0.1076 0.1060 0.1081
5.E+00 | 0.1780 0.1234 0.0958 0.1402 0.1760
1.LE+0l | 0.1078 0.1699 0.1333 0.1198 0.1058
5.E+01 | 0.0963 0.0716 0.1208 0.1331 0.0943
I.LE+02 | 0.1210 0.0800 0.10i1 0.1684 0.1190
5.E+02 | 0.1513 0.1499 0.1129 0.0793  0.1493
I.LE+03 | 0.1433 0.0746 0.1669 0.1686 0.1413
Average | 0.1283 0.1242 0.1216  0.1241  0.1263
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Table D.12.b. Absolute errors obtained between the pressure solutions for a branch
fracture starting from the middle distance between wellbore and main fracture tip and
a fractured well with X;p=0 (no branch) and Xjp =0.6 and angle of 30°

Cp=1 Cp=10 Cp=50 Cp=100 Cp =300
t ABSOLUTE ERROR, %
I.E-07 | 0.0775 00785 0.1709 0.1429 0.0533
5.E-07 | 00761 00771 0.1414 0.1561  0.0290
1.LE-06 | 0.0709 00719 0.1790 0.1914 0.0775
5.E-06 | 0.0414 00424 0.1962 0.1023 0.0761
I.E-05 | 0.0790 0.0800 0.1056 0.1916 0.0709
5.E-05 | 0.0962 0.0972 0.1364 0.1678 0.0414
1.E-04 | 0.0056 0.0066 0.1767 0.I514 0.0790
SE-04 | 0.0364 00374 0.1592 0.1353  0.0962
1.E-03 | 0.0767 0.0777 0.1298 0.1270  0.0056
5.E-03 | 0.0592 00602 0.1648 0.1244 0.0364
LE02 | 00298 00308 0.1279 0.1061 0.0767
5.E-02 | 0.0648 00658 0.1825 0.1365 0.0592
LLE-Ol | 0.0279 0.0289 0.198 0.1156 0.0298
5E-01 | 0.0825 00835 0.1227 0.1257 0.0648
LLE+00 | 0.0986 00996 0.1980 0.1542 0.0279
5.E+00 | 00227 0.0237 0.1534 0.1939 0.0825
ILE+01 | 0.0980 0.0990 0.1999 0.1506 0.0986
5.E+01 | 0.0534 00544 0.1016 0.1107 0.0227
ILE+02 | 0.0999 0.1009 0.1100 0.1460 0.0980
5.E+02 | 00016 00026 0.1799 0.1596 0.0534
1LE+03 | 0.0100 00110 0.1046 0.1019 0.0999
Average | 0.0575 0.0585 0.1542 0.1424  0.0609
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well with no branch

Table D.13.a. Pressure solution obtained in this study for a hydraulically fractured

tp
1.00E-07
5.00E-07
1.00E-06
5.00E-06
1.00E-05
5.00E-05
1.00E-04
5.00E-04
1.00E-03
5.00E-03
{.00E-02
5.00E-02
1.00E-01
5.00E-01
1.00E+00
5.00E+00
1.00E+01
5.00E+01
1.00E+02
5.00E+02
1.00E+03

Cp =1

Cp =10

Cp =50

Cp =100

Cp =300

Pp

0.041813
0.066557
0.078204
0.117017
0.139551
0.207125
0.246848
0.369484
0.436329
0.641164
0.757672
1.090808
1.281124
1.830350
2.120543
2.871910
3.216446
4.018462
4.377249
5.186461
5.537279

0.013144
0.020953
0.024756
0.037069
0.044057
0.066012
0.078229
0.118022
0.140851
0.220633
0.272681
0.474104
0.609776
1.079367
1.346578
2.070215
2.406539
3.224253
3.560712
4.372194
4.717460

0.005866
0.009350
0.011112
0.016577
0.019630
0.029822
0.036058
0.060052
0.076591
0.145449
0.194811
0.387225
0.517449
0.979284
1.238784
1.969664
2312414
3.104332
3.459812
4.254039
4.608720

0.004144
0.006597
0.007898
0.011732
0.014045
0.022123
0.027628
0.050173
0.066779
0.134125
0.183111
0.375113
0.506465
0.959700
1.231894
1.945557
2.291382
3.093217
3.442905
4.255263
4.605587

0.001944
0.003119
0.003793
0.006228
0.008018
0.015471
0.020889
0.044215
0.061173
0.132027
0.183238
0.384127
0.522699
0.997102
1.274817
2.032734
2.393823
3.222690
3.593569
4.437931
4.810211

335




fractured well

Table D.13.b. Pressure solution obtained in Ref. 36 for a symmetric hydraulic

tn
1.00E-07
5.00E-07
1.00E-06
5.00E-06
1.00E-05
5.00E-05
1.00E-04
5.00E-04
1.00E-03
5.00E-03
1.00E-02
5.00E-02
1.00E-01
5.00E-01
1.00E+00
5.00E+00
1.00E+01
5.00E+01
1.00E+02
5.00E+02
1.00E+03

Cp =1

Cp =10

Cpp =50

Cp =100

Cp =500

Pp

0.041770
0.066490
0.078120
0.116900
0.139400
0.206910
0.246580
0.369080
0.435870
0.640520
0.756880
1.089650
1.279810
1.828370
2.118300
2.868780
3.213010
4.014350
4.372830
5.180930
5.531430

0.013130
0.020930
0.024730
0.037030
0.044010
0.065940
0.078150
0.117900
0.140700
0.220400
0.272400
0.473600
0.609150
1.078200
1.345100
2.068100
2.403900
3.220860
3.556800
4.367820
4.712700

0.005860
0.009340
0.011100
0.016560
0.019610
0.029790
0.036020
0.059990
0.076510
0.145300
0.194600
0.386800
0.516920
0.978210
1.237480
1.967500
2.310100
3.101200
3.456080
4.249770
4.603940

0.004140
0.006590
0.007890
0.011720
0.014030
0.022100
0.027600
0.050120
0.066710
0.133980
0.182910
0.374730
0.505910
0.958690
1.230540
1.943610
2.289070
3.089880
3.439450
4.250850
4.600550

0.001850
0.002970
0.003610
0.005930
0.007630
0.014720
0.019890
0.042070
0.058230
0.125620
0.174510
0.365800
0.497430
0.949580
1.213670
1.934190
2.278960
3.068760
3.420340
4.224940
4.579730
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Table D.13.c. Absolute error between the pressure solution of this study and the one
from Ref. 36 (tables D.13.a and D.13.b)

Cp=1 Cp=10 Cp=30 Cp=100 Cp=300
to ABSOLUTE ERROR, %
1.00E-07 [ 0.10291 0.10763 0.10403  0.10778 =
5.00E-07 | 0.10005 0.10749  0.10780  0.10950 -
1.00E-06 | 0.10803 0.10698  0.10950  0.10046 -
5.00E-06 | 0.10035 0.10404 0.10046  0.10353 -
1.00E-05 | 0.10851  0.10779  0.10353  0.10756 -
5.00E-05 | 0.10363  0.10950  0.10755  0.10581 -
1.00E-04 | 0.10860 0.10046 0.10581  0.10287 -
5.00E-04 | 0.10938 0.10353  0.10288  0.10637 -
[.00E-03 | 0.10514 0.10756  0.10636  0.10269 -
5.00E-03 | 0.10043 0.10581  0.10269  0.10814 -
1.00E-02 | 0.10458 0.10288 0.10813  0.10974 -
5.00E-02 | 0.10612 0.10637 0.10974  0.10216 -
1.00E-01 | 0.10253 0.10268 0.10216  0.10968 -
5.00E-01 | 0.10818 0.10812 0.10968  0.10523 -
1.OOE+00 | 0.10577 0.10974 0.10523  0.10987 -
5.00E+00 | 0.10899 0.10216 0.10987  0.10006 -
1.00E+01 | 0.10684 0.10968 0.10006  0.10089 -
5.00E+01 | 0.10233  0.10522  0.10091  0.10787 -
1.00E+02 | 0.10096 0.10987  0.10787  0.10036 -
5.00E+02 | 0.10665 0.10005 0.10036  0.10371 -
1.00E+03 | 0.10563  0.10089  0.10371  0.10937 -
Average | 0.10503 0.10564 0.10516  0.10541 -
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Table D.14.a. Pressure solution obtained in this study for a hydraulically fractured
well with dimensionless branch fracture length, Xpp, of 0.2 (angle = 0°)

Cp=l Cp=10 Cp=50 Cp=100 Cp=300
tp Pp

I.LE-07 0.04218 0.01330 0.00594 0.00420 0.00i87
5.E-07 0.06726 0.02120 0.00946 0.00668 0.00304
I.E-06 0.08006 0.02527 0.01127 0.00796 0.00370
5.E-06 0.11943 0.03768 0.01681 0.01192 0.00617
1.LE-O5 0.14182 0.04479 0.01999 0.01432 0.00792
S.E-05 021175 0.06690 0.03042 0.02279 0.01509
[.E-04 0.25193 0.07963 0.03705 0.02861 0.02047
5.E-04 037546 0.11978 0.06191 0.05189 0.04301
1.E-03 0.44429 0.14363 0.07926 0.06876 0.05961
5.E-03 0.65340 0.22661 0.14895 0.13742 0.12784
{.E-02 0.76927 0.28192 0.19906 0.18735 0.17755
5.E-02 1.11288 0.48859 0.39550 0.38293 0.37252
1.LE-01  1.30448 0.62662 0.52982 0.51637 0.50579
5.E-0t 1.87202 1.10246 0.99526 0.98186 0.97026
I.LE+00 2.17097 1.37506 1.26619 [1.25112 1.23943
5.E+00 293786 2.11491 2.00077 1.98670 1.97438
I.LE+01 3.28376 245560 234415 232682 2231617
5.E+01 4.09757 3.26644 3.15195 3.13707 3.12527
1.LE+02 4.45388 3.62228 3.50549 3.49275 3.478l11
5.E+02 5.27372 443907 4.32794 4.30959 4.29999
[.LE+03 5.62644 4.79578 4.67983 4.66624 4.65485
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Table D.14.b. Pressure solution obtained in Ref. 36 for a hydraulically fractured well
with fracture asymmetric factor of 0.2

Cp=l Cp=10 Cp=50 Cp=100 Cp =500
ip Pp

[.LE-07 0.04164 0.01312 0.00586 0.00414 0.00185
5.E-07 0.06634 0.02091 0.00933 0.00659 0.00300
1.E-06 0.07903 0.02492 0.01112 0.00785 0.00365
S.E-06 0.11780 0.03719 0.01658 0.01177 0.00609
[.LE-05 0.13995 0.04420 0.01973 0.01413 0.00781
5.E-05 0.20885 0.06599 0.03002 0.02248 0.01489
I.LE-04 0.24846 0.07856 0.03655 0.02823 0.02019
S.E-04 0.37045 0.11821 0.06108 0.05121 0.04242
I.E-03 0.43857 0.14170 0.07822 0.06783 0.05881
S.E-03 0.64472 0.22364 0.14694 0.13562 0.12619
1.E-02 0.75893 0.27808 0.19645 0.18480 0.17519
5.E-02 1.09831 0.48185 0.39011 0.37765 0.36751
1.E-0l 1.28669 0.61844 0.52251 0.50963 0.49917
S.E-0l 1.84692 1.08726 0.98227 0.96832 0.95702
[.LE+00 214118 1.35670 1.24873 1.23441 1.22281
S.E400 2.89817 2.08571 1.97405 1.95927 1.94729
[.LE+01 3.24084 2.42405 231179 2.29692 2.28488
S.E+01 4.04456 3.22420 3.11145 3.09651 3.08442
[.LE+02 4.39379 3.57298 3.46016 3.44521 3.43311
5.E+02 5.20309 4.38191 4.26903 4.25409 4.24198
LLE+03  5.55367 4.73245 4.61957 4.60462 4.59251
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Table D.14.c. Absolute error between the pressure solution of this study (X»p=0.2)
and the one from Ref. 36 for fracture asymmetric factor of 0.2 (tables D.14.a and
D.14.b)

Cp=1 Cp=10 Cp=50 Cp=100 Cp=300
tp ABSOLUTE ERROR, %
1.E-07 1.28468 1.32365 1.35236 1.32365 -
5.E-07 1.36262 1.36030 1.32365 1.36029 -
1.LE-06 1.28774 1.37697 1.36028 1.37697 -
5.E-06 1.36731 1.28880 1.37698 1.28880 -
1.E-05 1.31971 1.31878 1.28880 1.31878 -
5.E-05 1.36817 1.35802 1.31878 1.35801 -
[.LE-04 1.37577 1.34102 1.35801 1.34102 -
5.E-04 1.33443 1.31237 1.34102 1.31236 -
1LE-03  1.28853 1.34641 1.31237 1.34641 -
5.E-03 1.32898 1.31053 1.34640 1.31053 -
1.LE-02  1.34396 1.36361 1.31053 1.36361 -
5.E-02 1.30901 1.37932 1.36361 1.37931 -
1.LE-01  1.36411 1.30542 1.37932 1.30542 -
5.E-01 1.34070 1.37873 1.30542 1.37873 -
LLE+00 1.37201 1.33531 1.37872 1.33532 -
S.E+00 1.35101 1.38061 1.33531 1.38061 -
1.LE+01 1.30708 1.28485 1.38061 1.28485 -
S.E+01 1.29368 1.29307 1.28485 1.29307 -
1.LE+02 1.34916 1.36110 1.29307 1.36110 -
S.E+02 1.33934 1.28776 1.36111 1.28776 -
1LE+03  1.29335 1.32053 1.28776 1.32053 -
Average 1.33244 1.33463 1.33614 1.33463
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Table D.15.4. Pressure solution obtained in this study for a hydraulically fractured
well with dimensionless branch fracture length, Xjp, of 0.4 (angle =0°)

Co=l Cp=10 Cp=50 Cp=100 Cp=300
ip Pp

1.LE-07 0.04221 0.01331 0.00595 0.00420 0.00190
5.E-07 0.06725 0.02121 0.00946 0.00668 0.00315
1.LE-06 0.08019 0.02526 0.01128 0.00799 0.00388
S.E-06 0.11947 0.03773 0.01688 0.01217 0.00656
1.LE-05 0.14205 0.04482 0.02021 0.01477 0.00840
5.E-05 021181 0.06699 0.03152 0.02414 0.01574
[.LE-04 0.25206 0.07992 0.03886 0.03042 0.02114
5.E-04 0.37579 0.12206 0.06577 0.05466 0.04375
1.LE-03 0.44472 0.14791 0.08400 0.07182 0.06037
5.E-03 0.65400 0.23896 0.15500 0.14084 0.12878
1.LE-02 0.77148 0.29800 0.20542 0.19091 0.17853
S.E-02 1.12886 0.51054 0.40212 0.38645 0.37341
1.E-01 1.32928 0.65020 0.53616 0.52015 0.50729
5.E-01 1.91295 1.12443 1.00225 0.98497 097149
LLE+00 2.21197 1.39742 1.27218 1.25465 1.24169
5.E+00 298028 2.13578 2.00702 1.98968 1.97512
1.LE+01 3.32716 247783 234921 233171 231765
S5.E+01 4.14072 3.28880 3.16188 3.14348 3.13062
LE+02 449431 3.64452 351536 349646 3.48190
SE+02 5.31799 4.46486 4.33401 4.31723 4.30356
1.E+03 5.67315 4.81827 4.69033 4.67407 4.66173
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Table D.15.b. Pressure solution obtained in Ref. 36 for a hydraulically fractured well
with fracture asymmetric factor of 0.4

Co=l Cp=10 Cp=50 Cp=100 Cp=500
(1)) Pp

1.LE-07 0.04161 0.01313 0.00586 0.00414 0.00187
5.E-07 0.06632 0.02090 0.00933 0.00659 0.00310
1.LE-06 0.07902 0.02491 0.01111 0.00787 0.00383
5.E-06 0.11782 0.03718 0.01664 0.01199 0.00647
[.LE-05 0.13997 0.04418 0.01991 0.01456 0.00828
S.E-05 0.20881 0.06601 0.03106 0.02379 0.01551
1.LE-04 0.24837 0.07874 0.03830 0.02999 0.02084
S.E-04 0.37025 0.12031 0.06486 0.05388 0.04312
1.LE-03 0.43835 0.14586 0.08280 0.07076 0.05952
S5.E-03 0.64494 0.23555 0.15277 0.13889 0.12690
I.LE-02 0.76048 0.29371 0.20253 0.i18810 0.17589
S.E-02 1.11259 0.50336 0.39624 0.38086 0.36817
I.LE-01 1.31059 0.64070 0.52845 0.51271 0.49980
S.E-01 1.88500 1.10826 0.98753 0.97103 0.95757
I1.LE+00 2.180i6 1.37689 1.25376 1.23700 1.22334
SE+00 293649 2.10485 1.97883 1.96174 1.94782
1.LE401 3.27898 2.44303 2.31653 2.29938 2.28543
5.E+01  4.08257 3.24305 3.11615 3.09896 3.08497
1.LE+02 443179 3.59181 3.46486 3.44766 3.43367
SE+02 5.24107 440072 4.27374 425654 4.24254
I.LE+03 5.59165 4.75126 4.62427 4.60707 4.59307
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Table D.15.c. Absolute error between the pressure solution of this study (X;p=0.4)
and the one from Ref. 36 for fracture asymmetric factor ot 0.4 (Tables D.15.a and
D.15.b)

Cp=l Cp=10 Cp=350 Cp=100 Cp =300
Ip ABSOLUTE ERROR, %
1.LE-07 1.41003 1.38203 1.45982 1.39876 -
5.E-07 1.38203 1.45982 1.38507 1.38852 -
1.LE-06 1.45983 1.38508 1.46450 1.46868 -
5.E-06 1.38509 1.46449 1.41698 1.45697 -
1.E-0S  1.46450 1.41699 1.46535 1.40883 -
5.E-05 141698 1.46535 1.47294 [1.44207 -
I.LE-O4 1.46536 [1.47293 1.43169 1.42233 -
5.E-04 1.47293 1.43169 1.38588 1.43521 -
I.LE-03 1.43169 1.38588 1.42624 1.46945 -
5.E-03 1.38588 1.42624 1.44119 1.38287 -
1.LE-02  1.42623 1.44120 1.40632 1.46969 -
5.E-02 144119 1.40631 1.46131 1.44656 -
FLE-Ol 140633 1.46131 1.43794 1.43061 -
S.E-Ol 1.46131 143794 146918 1.41504 -
LLE+00 1.43794 1.46918 1.44823 1.40690 -
S.E+00 146919 1.44823 1.40438 1.40438 -
LLE+01 144823 1.40440 1.39102 1.38660 -
S.E+0F  1.40439 1.39102 1.44639 1.41615 -
LE+02 1.39102 1.44639 1.43658 1.39580 -
S.E+02  1.44639 1.43658 1.39069 1.40568 -
1.LE+03 1.43658 1.39068 1.40833 1.43336 -
Average 1.43062 142970 1.43095 [1.42307
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Table D.16.a. Pressure solution obtained in this study for a hydraulically fractured
well with dimensionless branch tracture length, Xpp, of 0.6 (angle = 0°)

Cp=l Cp=10 Cp=50 Cp=100 Cp=300
Ip Pp

1.E-07 0.04222 0.01333 0.00594 0.00421 0.00199
5.E-07 0.06729 0.02122 0.00948 0.00676 0.00345
1.LE-06 0.08026 0.02528 0.01132 0.00817 0.00431
5.E-06 0.11960 0.03772 0.01735 0.01299 0.00732
[.LE-05 0.14218 0.04487 0.02112 0.01608 0.00928
5.E-05 0.21189 0.06771 0.03450 0.02697 0.01683
1.LE-04 0.25211 0.08160 0.04312 0.03398 0.02229
5.E-04 0.37586 0.12997 0.07323 0.05953 0.04498
1.LE-03 0.44509 0.16051 0.09255 0.07702 0.06163
5.E-03 0.66014 0.26476 0.16537 0.14668 0.13012
1.LE-02  0.78551 0.32922 0.21628 0.19665 0.17991
5.E-02 1.17683 0.55004 0.41285 0.39239 0.37495
1.LE-01  1.39303 0.69002 0.54709 0.52625 0.50895
5.E-0l 1.99614 1.16320 1.01225 0.99069 0.97358
1.LE+00 2.29650 1.43510 1.28273 1.26152 1.24409
5.E+00 3.06439 2.17150 2.01855 1.99682 1.97830
I.LE+01 3.41131 2.51643 2.36044 234077 2.32118
S.E+01 422540 3.32757 3.17179 3.15008 3.13497
1.LE+02 4.57930 3.68341 3.52774 3.50431 3.48659
5.E+02 540382 4.50089 4.34887 4.32838 4.30906
[.LE+03 5.75933 4.85709 4.70267 4.68097 4.66758
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Table D.16.b. Pressure solution obtained in Ref. 36 for a hydraulically fractured well
with fracture asymmetric factor of 0.6

Co=1 Cp=10 Cp=50 Cp=100 Cp =500
tp Pp

1.LE-07 0.04158 0.01312 0.00585 0.00414 0.00196
5.E-07 0.06629 0.02089 0.00933 0.00666 0.00340
1.LE-06 0.07901 0.02489 0.01115 0.00804 0.00425
5.E-06 0.11783 0.03715 0.01708 0.01279 0.00721
1.LE-05 0.13996 0.04417 0.02080 0.01584 0.00914
5.E-05 0.20868 0.06665 0.03396 0.02656 0.01657
1.E-04 0.24817 0.08039 0.04244 0.03345 0.02195
5.E-04 0.36996 0.12800 0.07211 0.05862 0.04429
1.LE-03 0.43829 0.15802 0.09118 0.07586 0.06070
5.E-03 0.65035 0.26070 0.16285 0.14442 0.12809
1.LE-02  0.77354 0.32426 0.21295 0.19369 0.17708
5.E-02 1.15873 0.54157 0.40664 0.38628 0.36933
I.LE-O1  1.37209 0.67964 0.53856 0.51797 0.50094
5.E-01 1.96503 1.14508 0.99671 0.97583 0.95869
LLE+00 2.26125 1.41252 1.26264 1.24168 1.22450
5.E+00 3.01640 2.13893 1.98736 1.96628 1.94903
I.LE+01 3.35860 2.47685 2.32500 2.30391 2.28665
5.E+01  4.16196 3.27667 3.12459 3.10348 3.08621
LE+02 451115 3.62541 3.47329 345218 3.43491
S.E+02  5.32042 4.43431 4.28217 4.26106 4.24378
LE+03 5.67100 4.78484 4.63270 4.61159 4.59431

345



Table D.16.c. Absolute error between the pressure solution of this study (X;5p=0.6)
and the one from Ref. 36 for fracture asymmetric factor ot 0.4 (tables D.16.a and
D.16.b)

Cp=1l Cp=10 Cp=50 Cp=100 Cp=300
o ABSOLUTE ERROR, %
[.LE-07 1.50713 1.55298 1.47919 1.54660 -
5.E-07 147919 1.55161 1.55683 1.51800 -
1.LE-06  1.55683 1.54660 1.48223 1.55449 -
5.E-06 1.48223 1.51801 1.56149 157112 -
1.LE-0S  1.56150 1.55450 1.51408 1.48329 -
5.E-05 1.51408 1.57112 1.56235 [1.51315 -
.LE-04 1.56235 1.48329 1.56992 1.55224 -
5.E-04 1.56992 151316 1.52875 1.53530 -
1.LE-03 1.52876 1.55224 1.48302 1.50677 -
5.E-03 148302 1.53530 1.52331 1.54068 -
[.LE-02 1.52331 1.50677 1.53824 1.50494 -
5.E-02 1.53824 1.54068 1.50343 1.55781 -
[.LE-01 1.50343 1.50494 1.55831 1.57346 -
5.E-01  1.55831 1.55780 1.53499 1.49985 -
1LE+00 1.53498 1.57346 1.56618 1.57287 -
5.E+00 1.56618 1.49985 1.54526 1.52962 -
LLE+01  1.54526 1.57287 1.50151 1.57475 -
5.E+01 1.50151 1.52962 1.48815 1.47936 -
I.LE+02 1.48816 1.57475 1.54342 148754 -
5.E+02  1.54342 1.47935 1.53363 1.55532 -
L.LE4+03  1.53363 1.48755 1.48783 1.48227 -
Average 1.52769 1.53364 1.52677 1.53045
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Table D.17.a. Pressure solution for a branch fracture inclined 10° with respect to the
main fracture and its deviation with respect to the pressure solution obtained for the
angle of 0°. Cpp=1

Xpp =0.2 Xpp =04 Xpo =0.6
th Pp  Deviation, Pp  Deviation. Pp  Deviation,
% % %
1.LE-07 0.045162 6.599 0.045179 6.583 0.045201 7.071
5.E-07 0.071983 6.566 0.071999 6.596 0.072024 7.043
1.LE-06 0.085731 6.614 0.085825 6.565 0.085900 7.028
5.E-06 0.127911 6.628 0.127937 6.614 0.128071 7.080
1.LE-O5 0.151781 6.562 0.152078 6.593 0.152192 7.042
5.E-05 0.226777 6.628 0.226831 6.622 0.226779 7.028
1.LE-04 0.269695 6.589 0.269883 6.603 0.269866 7.043
5.E-04 0402118 6.629 0402182 6.563 0402217 7.012
1.LE-03 0.475402 6.543 0475894 6.551 0.476406 7.035
5.E-03 0.699207 6.551 0.700226 6.601 0.706472 7.019
1.LE-02 0.823732 6.612 0.825931 6.592 0.840831 7.043
5.E-02 1.190830 6.546 1.207995 6.551 1.259849 7.054
[.LE-Ol 1.396297 6.575 1422712 6.567 1491901 7.097
5.E-01 2.004835 6.625 2.047427 6.568 2.136622 7.038
LLE+00 2.323805 6.577 2367470 6.568 2.457902 7.028
5.E+00 3.143982 6.556 3.191815 6.628 3.279327 7.014
LLE+01 3.515748 6.598 3.560992 6.566 3.653399 7.097
5.E+01 4.386091 6.578 4.431247 6.556 4.525025 7.091
LE+02 4.767104 6.571 4.810751 6.578 4901868 7.044
5.E+02 5.643979 6.560 5.694038 6.604 5.782440 7.006
I.LE+03 6.023572 6.593 6.073862 6.597 6.166514 7.070
Average deviation  6.586 6.584 7.047
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Table D.17.b. Pressure solution for a branch fracture inclined 10° with respect to the
main fracture and its deviation with respect to the pressure solution obtained for the
angle of 0°. Cp=10

ijD =0.2 Xﬂ,p =0.4 Xﬂ,p =0.6
tp Pp  Deviation, P,  Deviation, Pp  Deviation.
% % %
[.LE-07 0.014210 6435 0.014222 6.387 0.014241 6.859
5.E-07 0.022656 6.434 0.022673 6.453 0.022668 6.830
1.LE-06 0.027004 6.429 0.026991 6.414 0.027016 6.865
5.E-06 0.040253 6.403 0.040336 6.455 0.040298 6.828
1.LE-05 0.047872 6.436 0.047863 6.368 0.047955 6.882
5.E-05 0.071512 6.451 0.071554 6.376 0.072385 6.899
1.E-04 0.085047 6.372 0.085415 6.437 0.087168 6.823
5.E-04 0.127971 6.399 0.130363 6.371 0.138932 6.898
1.LE-03 0.153511 6.434 0.158024 6.401 0.171512 6.853
S.E-03 0.242154 6.419 0.255434 6.450 0.283034 6.900
1.E-02 0301179 6.393 0.318389 6.402 0.351613 6.802
5.E-02 0.522130 6.424 0.545338 6.381 0.587502 6.810
1.LE-O1 0.669405 6.392 0.694836 6.424 0.737497 6.880
5.E-0l 1.178336 6.439 1.201354 6.403 1.242351 6.805
I.LE+00 1.469921 6.453 1.492901 6.396 1.533236 6.838
5.E+00 2259202 6.387 2.281457 6.385 2.321221 6.895
[.LE+01 2.624988 6.453 2.647766 6.418 2.688557 6.840
S.E+01 3.490299 6.414 3.513942 6407 3.554378 6.816
1LE+02 3.872218 6.455 3.893304 6.390 3.936268 6.865
5.E+02 4.741001 6.368 4.770164 6.400 4.808813 6.841
1.LE+03 5.122373 6.376 5.150339 6.448 S5.188958 6.833
Average deviation  6.417 6.408 6.851
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Table D.17.c. Pressure solution for a branch fracture inclined 10° with respect to the
main fracture and its deviation with respect to the pressure solution obtained for the
angle of 0°. Cp=30

Xpo =0.2 Xpp =04 Xpp =0.6
tp Pp  Deviation, Pp  Deviation. Pp  Deviation,
% % T
1.LE-07 0.006343 6.347 0.006350 6.346 0.006340 6.779
5.E-07 0.010096 6.346 0.010102 6.342 0.010122 6.796
1.E-06 0.012037 6.342 0.012035 6.316 0.012077 6.706
5.E-06 0.017945 6.316 0.018023 6.349 0.018520 6.736
1.LE-05 0.021343 6.349 0.021579 6.364 0.022551 6.777
5.E-05 0.032489 6.364 0.033638 6.284 0.036831 6.759
1.E-04 0.039538 6.284 0.041474 6311 0.046019 6.730
5.E-04 0.066081 6.311 0.070229 6.347 0.078183 6.765
1.E-03 0.084631 6.347 0.089676 6.331 0.098779 6.728
5.E-03 0.159013 6.331 0.165435 6.305 0.176585 6.782
1.LE-02 0.212455 6.305 0.219315 6.336 0.230981 6.799
5.E-02 0422258 6.336 0429170 6.304 0.440601 6.723
1.LE-O1 0.565464 6.304 0.572524 6.352 0.584276 6.798
5.E-01 1.062766 6.352 1.070394 6.366 1.080609 6.753
1.LE+00 1.352270 6.366 1.357709 6.299 1.369955 6.800
5.E+00 2.135272 6.299 2.143453 6.365 2.153826 6.702
LLE+0l 2503509 6.365 2.507859 6.326 2.518828 6.710
5.E+01 3.364811 6.326 3.376889 6.367 3.386835 6.780
I.LE+02 3.743860 6.367 3.750945 6.281 3.764257 6.705
5.E+02 4.617978 6.281 4.624825 6.288 1.641901 6.738
1.LE+03 4.993852 6.288 5.008324 6.349 5.022207 6.795
Average deviation  6.330 6.330 6.755

349



Table D.17.d. Pressure solution for a branch fracture inclined 10° with respect to the
main fracture and its deviation with respect to the pressure solution obtained for the
angle of 0°. C;p=100

Xpp =0.2 Xpp =0.4 Xpp =0.6
tp Pp  Deviation. P,  Deviation. Pp  Deviation,
% % %
1.E-07 0.004472 6.175 0.004475 6.166 0.004479 6.506
5.E-07 0.007115 6.107 0.007120 6.140 0.007205 6.536
1.LE-06 0.008484 6.179 0.008513 6.173 0.008704 6.577
5.E-06 0.012703 6.136 0.012970 6.188 0.013846 6.559
1.E-05 0.015262 6.180 0.015729 6.108 0.017128 6.530
5.E-05 0.024292 6.187 0.025716 6.135 0.028738 6.565
1.E-04 0.030489 6.150 0.032424 6.171 0.036195 6.528
5.E-04 0.055267 6.108 0.058250 6.155 0.063453 6.582
1.E-03 0.073257 6.145 0.076505 6.130 0.082103 6.599
5.E-03 0.146439 6.158 0.150083 6.160 0.156247 6.523
1.E-02 0.199582 6.127 0.203368 6.128 0.209624 6.598
5.E-02 0408140 6.176 0411888 6.176 0.418108 6.553
1.LE-01 0.550239 6.155 0.554474 6.190 0.560983 6.600
5.E-01 1.046572 6.184 1.049214 6.123 1.055099 6.502
LLE+00 1.333309 6.165 1.337434 6.190 1.343647 6.510
5.E+00 2.116319 6.125 2.120075 6.150 2.128213 6.580
LLE+01 2478307 6.113 2485603 6.191 2.493028 6.505
S.E+01 3.343106 6.163 3.347852 6.105 3.356040 6.538
1.LE+02 3.721788 6.154 3.724084 6.112 3.735412 6.595
S.E+02 4590154 6.112 4601295 6.174 4.611462 6.540
LLE+03 4970872 6.128 4.978094 6.107 4.985989 6.516
Average deviation  6.149 6.151 6.550
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Table D.17.e. Pressure solution for a branch fracture inclined 10° with respect to the
main fracture and its deviation with respect to the pressure solution obtained for the
angle of 0°. C;p=300

Xpp =0.2 Xpo =04 Xpp =0.6
to Pp  Deviation. P,  Deviation, Pp  Deviation,
% % %
1.E-07 0.002007 6.608 0.002031 6.546 0.002132 7.079
5.E-07 0.003254 6.604 0.003369 6.617 0.003699 7.096
1.E-06 0.003961 6.578 0.004157 6.575 0.004616 7.006
5.E-06 0.006606 6.611 0.007028 6.618 0.007836 7.036
I.LE-05 0.008480 6.626 0.008998 6.625 0.009941 7.077
5.E-05 0.016146 6.547 0.016846 6.588 0.018016 7.059
.LE-04 0.021910 6.574 0.022619 6.547 0.023852 7.030
5.E-04 0.046056 6.609 0.046835 6.583 0.048161 7.065
[.E-03 0.063813 6.594 0.064633 6.596 0.065959 7.028
5.E-03 0.136824 6.568 0.137830 6.565 0.139332 7.082
[.E-02 0.190093 6.599 0.191171 6.614 0.192682 7.099
5.E-02 0.398697 6.566 0.399766 6.593 0.401286 7.023
1.LE-Ol 0.541613 6.614 0.543259 6.622 0.545070 7.098
5.E-01 1.039130 6.628 1.040167 6.603 1.042253 7.053
1.LE+00 1.326468 6.562 1.328911 6.563 1.332421 7.100
S.E+00 2.114520 6.628 2.113589 6.551 2.116808 7.002
I.LE+0l 2.479540 6.589 2.481457 6.601 2.483893 7.010
5.E+01 3.347162 6.629 3.351568 6.592 3.356921 7.080
I.LE+02 3.721627 6.543 3.725990 6.551 3.730811 7.005
5.E+02 4.601424 6.551 4.606029 6.567 4.612339 7.038
1.LE+03 4.984413 6.612 4989430 6.568 4.998741 7.095
Average deviation  6.592 6.585 7.055
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Table D.18.a. Pressure solution for a branch fracture inclined 20° with respect to the
main fracture and its deviation with respect to the pressure solution obtained for the
angle of 0°. Cp=1

Xpp =0.2 Xpp =0.4 Xpp =0.6
tp Pp Deviation. Pp Deviation, Pp Deviation,
% % %
1.LE-07 0.045242 6.764 0.045250 6.730 0.045268 7.229
5.E-07 0.072110 6.731 0.072078 6.699 0.072141 7.217
1.LE-06 0.085878 6.773 0.085935 6.685 0.086008 7.163
5.E-06 0.128092 6.760 0.128103 6.735 0.128305 7.276
[.LE-05 0.152053 6.729 0.152275 6.715 0.152434 7.212
5.E-05 0.227222 6.810 0.227280 6.806 0.227212 7.232
I.LE-04 0.269980 6.687 0.270228 6.722 0.270323 7.225
5.E-04 0402666 6.756 0.402649 6.672 0402717 7.145
1.LE-03 0.476243 6.708 0.476566 6.683 0.476933 7.153
5.E-03 0.700321 6.699 0.701425 6.761 0.707656 7.198
1.LE-02 0.824801 6.733 0.827280 6.745 0.842155 7.212
5.E-02 1.192792 6.700 1.209428 6.662 1.261238 7.172
1.LE-Ol 1.398083 6.695 1.424250 6.668 1.493817 7.235
5.E-01 2008493 6.795 2051329 6.746 2.139390 7.177
[.LE+00 2.328420 6.762 2371697 6.735 2461100 7.167
S.E+00 3.147840 6.671 3.195932 6.748 3.285819 7.226
1.LE+01 3.522709 6.783 3.566803 6.719 3.658069 7.233
5.E+01 4.392818 6.721 4.437577 6.690 4.530287 7.215
1.LE+02 4.776636 6.757 4.818261 6.723 4908780 7.195
S.E+02 5.649711 6.655 5.704935 6.783 5.792344 7.190
1.LE+03 6.030199 6.696 6.080073 6.693 6.176585 7.245
Average deviation  6.733 6.720 7.206



Table D.18.b. Pressure solution for a branch tracture inclined 20° with respect to the
main fracture and its deviation with respect to the pressure solution obtained for the
angle ot 0°. Cpp=10

Xpp =0.2 Xpp =04 Xpo =0.6
tp Pp Deviation,  Pp  Deviation,  Pp  Deviation,
% % %
.LE-07 0.014234 6.587 0.014238 6.490 0.014264 7.028
5.E-07 0.02268! 6.536 0.0227i1 6.611 0.022693 6.948
1.LE-06 0.027050 6.587 0.027041 6.585 0.027051 7.002
5.E-06 0.040327 6.575 0.040398 6.599 0.040351 6.966
I.LE-O5 0.047946 6.580 0.047932 6.502 0.048018 7.022
5.E-05 0.071614 6.585 0.071661 6.516 0.072528 7.110
1.LE-04 0.085175 6.512 0.085540 6.574 0.087279 6.959
5.E-04 0.128158 6.536 0.130546 6.502 0.139093 7.022
1.LE-03 0.153727 6.566 0.158191 6.499 0.171754 7.004
5.E-03 0.242409 6.518 0.255939 6.635 0.283518 7.083
I.LE-02 0.301775 6.578 0.318831 6.532 0.352187 6.976
5.E-02 0.522856 6.554 0.546151 6.520 0.588199 6.937
L.LE-OI 0.670403 6.531 0.695860 6.561 0.738294 6.995
5.E-01 1.180074 6.577 1.203311 6.555 1.244719 7.008
1LE+00 1.472316 6.606 1.494627 6.504 1.535973 7.029
5.E+00 2.261815 6.495 2.285232 6.540 2.324215 7.033
LE+01 2.629331 6.607 2.651448 6.548 2.692945 7.014
S.E+01 3.495152 6.544 3.520211 6.574 3.559455 6.969
LLE+02 3.879126 6.621 3.900132 6.554 3.942413 7.031
S.E+02 4.749315 6.532 4.778906 6.571 4.818015 7.046
LE+03 5.131761 6.547 5.156572 6.561 5.194264 6.942
Average deviation  6.561 6.549 7.006
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Table D.18.c. Pressure solution for a branch fracture inclined 20° with respect to the
main fracture and its deviation with respect to the pressure solution obtained for the
angle of 0°. C;p=50

Xpp =0.2 Xpo =04 Xpp =0.6

tp Pp Deviation, Pp Deviation, Pp Deviation,
% % %

1.E-07 0.006351 6.469 0.006358 6.467 0.006347 6.892
5.E-07 0.010112 6.500 0.010118 6.496 0.010137 6.953
1.LE-06 0.012052 6.461 0.012051 6.435 0.012096 6.879
5.E-06 0.017978 6.486 0.018056 6.519 0.018543 6.871
1.LE-05 0.021385 6.534 0.021622 6.549 0.022592 6.972
5.E-05 0.032529 6478 0.033680 6.399 0.036889 6.929
1.LE-04 0.039616 6.469 0.041556 6.496 0.046107 6.934
5.E-04 0.066182 6455 0.070336 6.490 0.078316 6.946
1.LE-03 0.084801 6.533 0.089855 6.518 0.098902 6.861
5.E-03 0.159175 6426 0.165603 6401 0.176781 6.901
1.E-02 0.212689 6.408 0.219556 6.439 0.231368 6.978
5.E-02 0423018 6.504 0429942 6472 0.441295 6.891
1.LE-01 0.566055 6.402 0.573123 6449 0.584921 6.916
5.E-01 1.064234 6481 [1.071874 6.495 1.081997 6.891
LLE+00 1.354905 6.548 1.360355 6481 1.371730 6.938
5.E+00 2.138264 6430 2.146457 6.496 2.156629 6.840
L.LE+01 2.506414 6.474 2510769 6.435 2523815 6.921
S.E+01 3.370351 6480 3.382450 6.521 3.391164 6.916
ILE+02 3.749149 6.499 3.756244 6413 3.768635 6.829
5.E+02 4.624103 6.405 4.630959 6.412 4.648447 6.889
I.LE+03 4.999883 6.401 5.014372 6.462 5.030809 6.978
Average deviation  6.469 6.469 6.911
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Table D.18.d. Pressure solution for a branch fracture inclined 20° with respect to the
main fracture and its deviation with respect to the pressure solution obtained tor the
angle of 0°. Cpp=100

Xpp =0.2 Xpp =04 Xpp =0.6
tp Pp Deviation, Pp  Deviation, Py Deviation,
% % %
1.LE-07 0.004480 6.345 0.004481 6.294 0.004483 6.618
5.E-07 0.007123 6.205 0.007133 6.315 0.007215 6.693
1.LE-06 0.008500 6.354 0.008529 6.355 0.008718 6.750
5.E-06 0.012721 6.265 0.012990 6.331 0.013864 6.694
[.LE-05 0.015291 6.355 0.015745 6.207 0.017160 6.725
5.E-05 0.024340 6.369 0.025754 6.273 0.028784 6.734
1.E-04 0.030535 6.292 0.032476 6.323 0.036265 6.732
5.E-04 0.055325 6.207 0.058324 6.274 0.063560 6.763
[.LE-03 0.073365 6.282 0.076645 6.301 0.082205 6.731
5.E-03 0.146676 6.310 0.150322 6.309 0.156420 6.641
[.LE-02 0.199835 6.245 0.203757 6.307 0.209976 6.777
5.E-02 0408887 6.348 0412586 6.335 0.418766 6.721
I.E-01 0551114 6.304 0.555164 6.307 0.561601 6.718
5.E-01 1.048572 6.362 1.050375 6.227 1.056455 6.638
LLE+00 1.335569 6.323 1.339675 6.347 1.345388 6.648
S.E+00 2.118951 6.241 2.123414 6.298 2.130981 6.719
ILE+0l 2481048 6.216 2.488345 6.295 2497964 6.715
5.E+01 3.348709 6.320 3.352152 6.225 3.360330 6.674
I.LE+02 3.727650 6.302 3.728909 6.234 3.739756 6.719
5.E+02 4595217 6.216 4.607281 6.296 4.617965 6.690
LLE+03 4977257 6.249 4987949 6.293 4.994528 6.698
Average deviation  6.291 6.293 6.705
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Table D.18.e. Pressure solution for a branch fracture inclined 20° with respect to the
main fracture and its deviation with respect to the pressure solution obtained for the
angle of 0°. C;p=300

Xpo =0.2 Xpo =04 Xpo =0.6
tp Pp Deviation,  Pp  Deviation.  Pp  Deviation,
% % %
[.LE-07 0.002017 6.974 0.002041 6.931 0.002142 7.494
5.E-07 0.003270 6.994 0.003385 6.978 0.003716 7.495
1.LE-06 0.003978 6.943 0.004178 7.004 0.004639 7.497
5.E-06 0.006634 6.935 0.007060 6.965 0.007876 7.494
1.E-05 0.008518 6.954 0.009036 6.923 0.009989 7.493
5.E-05 0.016230 7.023 0.016929 7.040 0.018091 7.500
1.LE-04 0.022011 6.969 0.022744 7.026 0.023965 7.497
5.E-04 0.046265 6.961 0.047035 6.910 0.048391 7.494
.LE-03 0.064092 6.946 0.064920 6.953 0.066286 7.496
5.E-03 0.137530 7.020 0.138539 7.015 0.139915 7.498
1.LE-02 0.191041 7.002 0.192021 6.968 0.193521 7.495
5.E-02 0400540 6970 0.401525 6.977 0403180 7.498
[.LE-01 0.544221 6.985 0.545662 6.956 0.547536 7.494
5.E-01 1.043543 6.931 1.044620 6.909 1.047561 7.493
[.LE+00 1.333623 7.042 1.335840 7.027 1.337680 7.498
5.E+00 2.122483 6.887 2.125202 6.971 2.128607 7.493
[.LE+01 2490116 6.936 2492004 6.947 2496506 7.496
5.E+01 3.362162 6.953 3.368489 6.969 3.373224 7.493
LE+02 3.739122 6.979 3.744899 7.021 3.748140 7.500
S5.E+02 4.624136 7.000 4.630624 7.054 4632668 7.499
1.LE+03 5.008384 6.985 5.011433 6.904 5.021380 7.494
Average deviation  6.971 6.974 7.496
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Table D.19.a. Pressure solution for a branch fracture inclined 30° with respect to the
main fracture and its deviation with respect to the pressure solution obtained for the
angle of 0°. Cpp=I

Xpp =0.2 Xpp =04 Xpp =0.6
tp Pp  Deviation, Pp Deviation,  Pp  Deviation.
% % %
1.LE-07 0.045286 6.854 0.045286 6.804 0.045304 7.314

5.E-07 0.072114 6.736 0.072147 6.789 0.072144 7.222
1.LE-06 0.085909 6.807 0.085940 6.690 0.086041 7.204
5.E-06 0.128190 6.831 0.128150 6.769 0.128427 7.378
1.LE-05 0.152143 6.784 0.152392 6.786 0.152495 7.255
5.E-05 0.227290 6.838 0.227415 6.861 0.227249 7.249
1.LE-04 0.270155 6.748 0.270309 6.750 0.270498 7.294
5.E-04 0402779 6.782 0.402910 6.732 0.402883 7.189
1.LE-03 0.476635 6.785 0.476699 6.709 0.477088 7.188
5.E-03 0.701011 6.791 0.702004 6.838 0.707803 7.220
1.LE-02  0.824989 6.754 0.828095 6.836 0.842647 7.274
5.E-02 1.193961 6.791 1.209702 6.683 1.261816 7.221
[.E-01  1.398830 6.745 1.425645 6.759 1.494208 7.263
5.E-01 2010500 6.888 2.052424 6.795 2.140201 7.217
1.LE+00  2.328457 6.764 2.374067 6.828 2.463363 7.266
5.E+00 3.148154 6.680 3.195982 6.749 3.287882 7.293
L.LE+01  3.525523 6.857 3.567160 6.728 3.658427 7.244
5.E+01 4393019 6.725 4441122 6.764 4533433 7.290
1.LE+02 4.778461 6.793 4.818480 6.728 4912878 7.285
5.E+02 5.655070 6.743 5.707114 6.818 5.795491 7.248
1LE+03  6.032619 6.733 6.085840 6.781 6.179243 7.291
Average deviation 6.782 6.771 7.257
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Table D.19.b. Pressure solution for a branch fracture inclined 30° with respect to the
main fracture and its deviation with respect to the pressure solution obtained for the
angle ot 0°. Cp=10

Xpp =0.2 Xpo =04 Xpo =0.6
tp Pp Deviation, Py Deviation, Py Deviation,
% % %

1.LE-07 0.014244 6.653 0.014245 6.539 0.014267 7.056
5.E-07 0.022690 6.575 0.022712 6.616 0.022712 7.036
1.LE-06 0.027071 6.661 0.027053 6.629 0.027067 7.065
5.E-06 0.040366 6.665 0.040424 6.657 0.040387 7.064
1.E-05 0.047948 6.586 0.047944 6.527 0.048051 7.096
5.E-05 0.071640 6.619 0.071721 6.594 0.072546 7.136
[.LE-04 0.085240 6.584 0.085591 6.629 0.087288 6.971
5.E-04 0.128234 6.591 0.130665 6.587 0.139187 7.095
1.LE-03 0.153773 6.593 0.158301 6.564 0.171853 7.066
5.E-03 0.242566 6.578 0.256002 6.658 0.283548 7.094
1.E-02 0.301860 6.604 0.318865 6.542 0.352287 7.006
5.E-02 0.523287 6.631 0.546520 6.584 0.588373 6.968
[.LE-O1 0.671064 6.623 0.696260 6.615 0.738517 7.028
5.E-01 1.180341 6.598 1.203435 6.565 1.245938 7.113
[.LE+00 1473758 6.697 1495053 6.530 1.536400 7.059
5.E+00 2263022 6.545 2.285908 6.567 2.324593 7.050
1.LE+01 2.631959 6.701 2.652246 6.576 2.694049 7.058
S.E+01 3495207 6.545 3.523660 6.665 3.561992 7.045
I.LE+02 3.879514 6.631 3901217 6.580 3.944909 7.099
5.E+02 4753109 6.607 4.779684 6.587 4818912 7.066
I.LE+03 5.131995 6.551 5.158687 6.599 5.194684 6.950
Average deviation  6.611 6.591 7.053
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Table D.19.c. Pressure solution for a branch fracture inclined 30° with respect to the
main fracture and its deviation with respect to the pressure solution obtained for the
angle ot 0°. Cp=50

Xpo =0.2 Xpp =04 Xpp =0.6
t Pp Deviation. Pp Deviation, Pp Deviation,
% % %
1.E-07 0.006352 6.474 0.006360 6.502 0.006351 6.959
5.E-07 0.010116 6.534 0.010126 6.567 0.010138 6.964
1.E-06 0.012061 6.533 0.012058 6.491 0.012105 6.953
5.E-06 0.017988 6.542 0.018062 6.547 0.018559 6.961
1.E-05 0.021391 6.562 0.021636 6.610 0.022605 7.030
5.E-05 0.032550 6.539 0.033689 6.425 0.036905 6.975
1.LE-04 0.039627 6.496 0.041590 6.573 0.046130 6.988
5.E-04 0.066237 6.532 0.070406 6.582 0.078352 6.995
[.E-03 0.084884 6.626 0.089875 6.539 0.098942 6.904
5.E-03 0.159211 6.448 0.165766 6492 0.176790 6.907
[.E-02 0.212897 6.500 0.219673 6.489 0.231594 7.082
5.E-02 0423243 6.554 0.430372 6.565 0.441468 6.933
1.E-01 0.566621 6.495 0.573132 6.451 0.585207 6.968
5.E-01 1.064251 6.482 1.071981 6.504 1.082510 6.941
[.LE+00 1.355041 6.557 1.361441 6.556 1.372592 7.006
5.E+00 2.139972 6.505 2.146555 6.501 2.156966 6.857
L.LE+01 2.506529 6.478 2511728 6.470 2525466 6.991
5.E+01 3.371639 6.516 3.385658 6.609 3.392488 6.958
1.E+02 3.752705 6.588 3.757752 6.450 3.771589 6.912
5.E+02 4.625958 6.442 4.631701 6427 4.651950 6.969
1.LE+03 5.000685 6.416 5.017614 6.523 5.034998 7.067
Average deviation  6.515 6.518 6.968
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Table D.19.d. Pressure solution for a branch fracture inclined 30° with respect to the
main fracture and its deviation with respect to the pressure solution obtained for the
angle of 0°. Cp=100

Xpo =0.2 Xpp =04 Xpp =0.6
tp Pp Deviation, Pp Deviation, Pp Deviation,
% % %

I.LE-07 0.004480 6.353 0.004482 6.316 0.004487 6.700

5.E-07 0.007129 6.290 0.007140 6.407 0.007220 6.756
1.E-06 0.008506 6.427 0.008534 6.405 0.008721 6.781

5.E-06 0.012724 6.292 0.013003 6.424 0.013873 6.763
l.LE-0O5 0.015300 6.414 0.015746 6.209 0.017165 6.755

5.E-05 0.024350 6.410 0.025756 6.282 0.028808 6.822
L.LE-04 0.030552 6.345 0.032502 6.398 0.036300 6.837

5.E-04 0.055375 6.292 0.058326 6.278 0.063575 6.787
.LE-03 0.073366 6.284 0.076674 6.337 0.082285 6.836

5.E-03 0.146811 6.396 0.150464 6.398 0.156504 6.697
1.LE-02 0.199970 6.309 0.203838 6.345 0.210186 6.883

5.E-02 0.409097 6.396 0412653 6.350 0.418773 6.723
[.LE-01 0.551308 6.337 0.555523 6.367 0.561658 6.728

5.E-01 1.048855 6.388 1.050808 6.266 1.057299 6.724
1.LE+00 1.335894 6.346 1.340112 6.377 1.345450 6.653
5.E+00 2.119080 6.247 2.123855 6.317 2.131795 6.759
L.LE+01 2481954 6.251 2489796 6.349 2500333 6.817
5.E+01 3.349230 6.334 3.353687 6.268 3.361678 6.717
I.LE+02 3.728609 6.326 3.729884 6.258 3.740356 6.736
5.E+02 4.597708 6.267 4.609027 6.331 4.620951 6.759
[.LE+03 4.981929 6.337 4.992535 6.379 4.996590 6.743
6.335 6.336 6.761
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Table D.19.e. Pressure solution for a branch fracture inclined 30° with respect to the
main tracture and its deviation with respect to the pressure solution obtained for the
angle of 0°. Cp=300

Xpo =0.2 Xpp =04 Xpp =0.6
tp Pp  Deviation, Pp Deviation,  Pp  Deviation,
% % %
1.LE-07 0.002016 6.932 0.002040 6.907 0.002140 7.423
5.E-07 0.003267 6912 0.003385 6.981 0.003716 7.510
1.LE-06 0.003981 7.009 0.004175 6.942 0.004639 7.493
5.E-06 0.006632 6.907 0.007061 6.978 0.007876 7.502
1.LE-05 0.008519 6.962 0.009036 6.920 0.009989 7.492
5.E-05 0.016226 7.004 0.016930 7.047 0.018099 7.546
l.LE-04 0.022023 7.018 0.022743 7.025 0.023958 7.466
5.E-04 0.046278 6.988 0.047056 6.951 0.048378 7.464
I.LE-03 0.064107 6.967 0.064901 6.926 0.066288 7.499
5.E-03 0.137432 6954 0.138500 6.990 0.139910 7.494
1LE-02  0.190949 6.957 0.192027 6.970 0.193553 7.513
5.E-02 0.400687 7.005 0.401512 6.974 0.403296 7.529
1.LE-01  0.543859 6.923 0.545754 6.972 0.547580 7.502
S.E-O1 1.043830 6.957 1.044921 6.936 1.047278 7.464
LE+00 1.333114 7.007 1.335947 7.034 1.337702 7.500
S.E+00 2.124256 6.964 2124627 6.946 2.126879 7.405
LE+01 2491494 6987 2492044 6.948 2496836 7.510
5.E+01  3.360427 6.905 3.365754 6.893 3.371895 7.450
LLE+02  3.739333 6.984 3.745395 7.034 3.748444 7.509
S.E+02 4.625401 7.026 4.628798 7.017 4.633463 7518
I.LE+03 5.006646 6.952 5.011840 6911 5.019032 7.444
Average deviation 6.968 6.967 7.487
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Table D.20.a. Pressure solution for a branch fracture (Cpp=0.75) inclined 30° with
respect to the main fracture (Cp=1) and its deviation with respect to the pressure
solution obtained for the angle of 30° with constant dimensionless fracture
conductivity (Cpp=1 and Cp=1)

Xpp =0.2 Xpo =04 Xpo =0.6
tp Py Deviation, Pp Deviation, Pp Deviation.
% % %
[.LE-07 0.045345 0.130 0.045364 0.171 0.045373 0.152
5.E-07 0.072187 0.101 0.072250 0.141 0.072220 0.105
1.E-06 0.086065 0.181 0.086094 0.179 0.086168 0.147
5.E-06 0.128324 0.104 0.128401 0.196 0.128635 0.162
1.LE-05 0.152427 0.186 0.152553 0.106 0.152688 0.126
5.E-05 0227602 0.137 0.227725 0.136 0.227665 0.183
1.LE-04 0.270661 0.187 0.270787 0.176 0.270928 0.159
5.E-04 0403564 0.195 0403552 0.159 0.403653 0.191
1.E-03 0477362 0.152 0.477317 0.130 0.477897 0.170
5.E-03 0.701750 0.105 0.703161 0.165 0.708684 0.124
1.E-02 0.826200 0.147 0.829155 0.128 0.843579 0.111
5.E-02 1.195899 0.162 1.211910 0.182 1.263931 0.168
[.LE-OI 1400597 0.126 1.428477 0.198 1.496561 0.158
5.E-0I 2014179 0.183 2054942 0.123 2142562 0.110
I.LE+00 2.332157 0.159 2.378768 0.198 2466527 0.128
5.E+00 3.154171 0.191 3.200884 0.153 3.292142 0.130
[.LE+01 3.531500 0.169 3.574292 0.200 3.663187 0.130
5.E+01 4398484 0.124  4.445633 0.101 4.542408 0.198
1.LE+02 4.783747 0.111 4.823781 0.110 4919158 0.128
5.E+02 5.664549 0.167 5.717381 0.180 5.802230 O0.116
1.LE+03 6.042121 0.157 6.092204 0.104 6.187956 0.141
Average deviation  0.151 0.154 0.145
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Table D.20.b. Pressure solution for a branch fracture (Cypp=7.5) inclined 30° with
respect the main fracture (Cp=10) and its deviation with respect to the pressure
solution obtained for the angle of 30° with constant dimensionless fracture
conductivity (Cpp=10 and Cp=10)

Xpp =0.2 Xpo =04 Xpo =0.6
tp Pp Deviation, Pp Deviation, Pp Deviation,
% T T

1.E-07 0.014269 0.179 0.014272 0.186 0.014294 0.187
5.E-07 0.022735 0.196 0.022743 0.137 0.022757 0.195
1.E-06 0.027100 0.106 0.027104 0.187 0.027108 0.152
5.E-06 0.040421 0.136 0.040502 0.195 0.040430 0.105
1.E-05 0.048033 0.176 0.048017 0.152 0.048122 0.147
5.E-05 0.071754 0.159 0.071796 0.105 0.072664 0.162
1.E-04 0.085351 0.130 0.085716 0.147 0.087399 0.126
5.E-04 0.128445 0.165 0.130877 0.162 0.139442 0.183
1.LE-03 0.153969 0.128 0.158501 0.126 0.172126 0.159
5.E-03 0.243009 0.182 0.256470 0.183 0.284089 0.191
1.E-02 0.302459 0.198 0.319372 0.159 0.352884 0.170
S.E-02 0523929 0.123 0.547565 0.191 0.589105 0.124
1.E-01 0.672392 0.198 0.697441 0.169 0.739334 0.111
5.E-01 1.182152 0.153 1.204932 0.124 1.248027 0.168
[.LE+00 1.476705 0.200 1.496707 0.111 1.538821 0.158
5.E+00 2.265321 0.101 2.289740 0.167 2.327157 0.L10
1.LE+01 2.634854 0.[10 2.656424 0.157 2.697509 0.128
5.E+01 3.501495 0.180 3.527547 0.110 3.566608 0.130
I.LE+02 3.883571 0.104 3.906228 0.128 3.950042 0.130
S.E+02 4.759678 0.138 4.785877 0.129 4.828452 0.198
1.LE+03 5.141995 0.194 5.165399 0.130 5.201324 0.128
Average deviation  0.15§ 0.150 0.151
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Table D.20.c. Pressure solution for a branch fracture (Cpp=37.5) inclined 30° with
respect to the main fracture (Cp=50) and its deviation with respect to the pressure
solution obtained for the angle ot 30° with constant dimensionless fracture

t

1.E-07
5.E-07
1.E-06
5.E-06
1.E-05
5.E-05
1.E-04
5.E-04
1.E-03
5.E-03
1.E-02
5.E-02
1.E-01
5.E-01
1.E+00
5.E+00
1.E+01
5.E+01
1.LE+02
5.E+02
1.E+03

conductivity (Cpp=50 and Cip=50)

Xpp =0.2
Pp Deviation.
%
0.006359 0.123
0.010136 0.198
0.012080 0.153
0.018024 0.200
0.021413 0.101
0.032585 0.110
0.039698 0.180
0.066306 0.104
0.085002 0.138
0.159521 0.194
0.213196 0.140
0.423735 0.116
0.567554 0.164
1.065755 0.141
1.356838 0.132
2.142557 0.121
2.510498 0.158
3.376554 0.146
3.757439 0.126
4.632337 0.138
5.010283 0.192

Average deviation

0.146

Xpp =04
Pp Deviation,
%

0.006372 0.179
0.010146 0.196
0.012070 0.106
0.018086 0.136
0.021674 0.176
0.033743 0.159
0.041644 0.130
0.070522 0.165
0.089990 0.128
0.166068 0.182
0.220110 0.198
0.430900 0.123
0.574267 0.198
1.073625 0.153
1.364164 0.200
2.148735 0.101
2.514491 0.110
3.391748 0.180
3.761682 0.104
4.638103 0.138
5.027391 0.194

0.155

364

Xpp =0.6
Pp Deviation.
%

0.006363 0.186
0.010151 0.137
0.012127 0.187
0.018595 0.195
0.022639 0.152
0.036944 0.105
0.046197 0.147
0.078479 0.162
0.099067 0.126
0.177114 0.183
0.231962 0.159
0.442311 0.191
0.586199 0.170
1.083857 0.124
1.374111 0.111
2.160581 0.168
2.529444 0.158
3.396230 0.110
3.776433 0.128
+4.657978 0.130
5.041549 0.130

0.150



Table D.20.d. Pressure solution for a branch fracture (Cpp=75) inclined 30° with
respect to the main fracture (Cp=100) and its deviation with respect to the pressure
solution obtained for the angle of 30° with constant dimensionless fracture
conductivity (Cpp=100 and Cp=100)

Xpo =0.2 Xpp =04 Xpp =0.6
tp Pp Deviation, Py Deviation, Pp Deviation,
% % %
1.LE-07 0.004485 0.104 0.004490 0.186 0.004495 0.177

5.E-07 0.007143 0.186 0.007150 0.137 0.007232 0.176
1.E-06 0.008518 0.137 0.008550 0.187 0.008736 0.171
5.E-06 0.012748 0.187 0.013028 0.195 0.013893 0.141
1.LE-05 0.015330 0.195 0.015770 0.152 0.017195 0.179
5.E-05 0.024387 0.152 0.025783 0.105 0.028864 0.196
I.LE-04 0.030584 0.105 0.032550 0.147 0.036339 0.106
5.E-04 0.055457 0.147 0.058421 0.162 0.063662 0.136
1.LE-03 0.073485 0.162 0.076771 0.126 0.082431 0.177
5.E-03 0.146996 0.126 0.150740 0.183 0.156753 0.159
1.LE-02 0.200336 0.183 0.204162 0.159 0.210458 0.130
5.E-02 0409747 0.159 0413441 0.191 0.419463 0.165
1.E-01 0.552362 0.191 0.556464 0.169 0.562376 0.128
5.E-01 1.050633 0.169 1.052116 0.124 1.059228 0.182
I.LE+00 1.337556 0.124 1.341595 O.111  1.348122 0.199
5.E+00 2.121425 O.I11  2.127415 0.167 2.134411 0.123
L.LE+01 2486114 0.167 2493718 0.157 2.505284 0.198
5.E401 3.354506 0.157 3.357387 0.110 3.366835 0.153
LLE+02 3.732722 0.110 3.734675 0.128 3.747834 0.200
5.E+02 4.603614 0.128 4.614999 0.129 4.625644 0.102
1.LE+03 4.988384 0.129 4999030 0.130 5.002086 0.110
Average deviation  0.149 0.150 0.158
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Table D.20.e. Pressure solution for a branch fracture (Cypp=225) inclined 30° with
respect to the main fracture (C;p=300) and its deviation with respect to the pressure
solution obtained for the angle of 30° with constant dimensionless fracture
conductivity (Cpp=300 and C;p=300)

Xpp =0.2 Xpp =0.4 Xpo =0.6
tp Pp Deviation, Pp Deviation, Py Deviation,
% % %
1.LE-07 0.002019 0.179 0.002043 0.152 0.002143 0.137

5.E-07 0.003273 0.196 0.003388 0.105 0.003723 0.187
1.LE-06 0.003985 0.106 0.004181 0.147 0.004648 0.195
5.E-06 0.006641 0.136 0.007072 0.162 0.007838 0.152
1.E-05 0.008534 0.176 0.009047 0.126 0.010000 0.105
5.E-05 0.016252 0.159 0.016961 0.183 0.0i8126 0.147
1.LE-04 0.022052 0.130 0.022780 0.159 0.023997 0.162
5.E-04 0.046355 0.165 0.047146 0.191 0.048439 0.126
1.E-03 0.064189 0.128 0.065011 0.169 0.066409 0.183
5.E-03 0.137683 0.182 0.138672 0.124 0.140132 0.159
1.LE-02 0.191328 0.198 0.192239 0.111 0.193923 0.191
5.E-02 0401179 0.123 0402185 0.167 0.403980 0.170
1.LE-O1 0.544935 0.198 0.546614 0.157 0548261 0.124
5.E-01 1.045431 0.153 1.046074 0.110 1.048436 O0.111
LLE+00 1.335780 0.200 1.337663 0.128 1.339944 0.168
5.E+00 2.126413 0.101 2.127380 0.129  2.130229 0.158
LLE+01 2.494235 0.110 2495286 0.130 2499590 0.110
5.E+01 3.366472 0.180 3.372417 0.198 3.376226 0.128
1.LE+02 3.743243 0.104 3.750182 0.128 3.753301 0.130
S.E+02 4.631793 0.138 4.634181 0.116 4.639492 0.130
1.LE+03 5.016401 0.194 5.018907 0.141 5.028968 0.198
Average deviation  0.155 0.144 0.151
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Table D.21.a. Pressure solution for a branch fracture (Cpp=0.5) inclined 30° with
respect to the main fracture (Cp=I) and its deviation with respect to the pressure
solution obtained for the angle of 30° with constant dimensionless fracture
conductivity (Cpp=1 and Cp=1)

Xpp =0.2 Xpp =04 Xpp =0.6
tp Pp Deviation, Pp Deviation, Py Deviation.
% % G
1.LE-07 0.045384 0.217 0.045394 0.238 0.045420 0.255
5.E-07 0.072251 0.190 0.072332 0256 0.072298 0.212
1.LE-06 0.086048 0.161 0.086083 0.165 0.086183 0.165
5.E-06 0.128500 0.241 0.128401 0.196 0.128693 0.207
1.E-05 0.152394 0.164 0.152753 0.236 0.152834 0.222
5.E-05 0.227849 0.246 0.227913 0.219 0.227672 0.186
1.E-04 0.270688 0.197 0.270822 0.189 0.271155 0.243
5.E-04 0403774 0247 0403816 0224 0.403765 0.219
1.E-03 0.477850 0.254 0.477595 0.188 0.478286 0.251
5.E-03 0.702501 0.212 0.703706 0.242 0.709428 0.230
1.E-02 0.826353 0.165 0.830237 0.258 0.844200 0.184
5.E-02 1.196431 0206 1.211913 0.182 1.263969 0.171
1.LE-Ol 1.401939 0.222 1.429324 0.257 1.497609 0.228
S.E-01 2014248 0.186 2.056803 0.213 2.144856 0.218
1LE+00 2.334114 0.242 2.380238 0.259 2.467558 0.170
S.E+00 3.155046 0.218 3.201146 0.161 3.294078 0.188
L.LE+01 3.534376 0.250 3.573224 0.170 3.665363 0.190
S.E+01 4403102 0.229 4451776 0.239 4.542051 0.190
I.LE+02 4.787271 0.184 4.826410 0.164 4.925552 0.258
S.E+02 5.664720 0.170 5.718426 0.198 5.806377 0.188
L.LE+03 6.046350 0.227 6.101350 0.254 6.190135 0.176
Average deviation  0.211 0.215 0.207
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Table D.21.b. Pressure solution for a branch fracture (Cpp=5) inclined 30° with
respect to the main fracture (Cp=10) and its deviation with respect to the pressure
solution obtained for the angle of 30° with constant dimensionless fracture
conductivity (Cpp=10 and C;p=10)

Xpo =0.2 Xpp =0.4 Xpp =0.6
tp Pp Deviation, Pp Deviation, Pp Deviation,
% % %

I.E-07 0.014278 0.240 0.014279 0.233 0.014294 0.189

5.E-07 0.022744 0.239 0.022759 0.204 0.022768 0.246
[.E-06 0.027135 0.233 0.027119 0.241 0.027127 0.222

5.E-06 0.040448 0.204 0.040528 0.259 0.040490 0.254
1.LE-05 0.048065 0.241 0.048025 0.168 0.048163 0.233

5.E-05 0.071826 0.259 0.071864 0.199 0.072682 0.187
I.E-0O4 0.085384 0.168 0.085796 0.239 0.087440 0.174

S.E-04 0.128490 0.199 0.130955 0.222 0.139508 0.23]
1.LE-03 0.154141 0.239 0.158606 0.192 0.172232 0.221

5.E-03 0.243105 0.222 0.256585 0.227 0.284039 0.173
1.LE-02 0.302442 0.192 0.319474 0.191 0.352962 0.191

5.E-02 0.524479 0.227 0547862 0.245 0.589506 0.193
[.LE-01 0.672345 0.191 0.698082 0.261 0.739943 0.193

S.E-O01 1.183239 0.245 1.205669 0.185 1.249190 0.261
1.LE+00 1.477614 0.261 1.498955 0.260 1.539332 0.191
S.E+00 2.267224 0.185 2.290854 0.216 2328761 0.179
1.LE+01 2.638828 0.260 2.659220 0.262 2.699545 0.204
S.E+01 3.502770 0.216 3.529459 0.164 3.570337 0.234
[.LE+02 3.889715 0.262 3.907967 0.173 3.953837 0.226
S.E+02 4760931 0.164 4.791293 0.242 4.827663 0.182
I.LE+03 5.140873 0.173 5.167331 0.167 5.203570 0.171
0.220 0.217 0.207
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Table D.21.c. Pressure solution for a branch fracture (Cppp=25) inclined 30° with
respect to the main fracture (Cp=50) and its deviation with respect to the pressure
solution obtained for the angle of 30° with constant dimensionless fracture
conductivity (Cpp=50 and C;p=50)

Xpp =0.2 Xpo =04 Xpp =0.6
to Pp Deviation, Pp Deviation, Py Deviation,
% % %
1.LE-07 0.006366 0.219 0.006373 0.192 0.006365 0.220
5.E-07 0.010136 0.192 0.010143 0.163 0.010155 0.172
1.E-06 0.012081 0.163 0.012087 0.243 0.012128 0.190
5.E-06 0.018032 0.243 0.018092 0.166 0.018594 0.192
1.LE-05 0.021427 0.166 0.021690 0.248 0.022648 0.192
5.E-05 0.032630 0.248 0.033756 0.199 0.037001 0.260
1.LE-04 0.039706 0.199 0.041694 0.249 0.046217 0.190
5.E-04 0.066402 0.249 0.070587 0.256 0.078492 0.178
1.E-03 0.085102 0.256 0.090068 0.214 0.099143 0.203
5.E-03 0.159552 0.214 0.166043 0.167 0.177203 0.233
I.LE-02 0.213253 0.167 0.220132 0.208 0.232116 0.225
5.E-02 0.424127 0.208 0.431337 0.224 0.442265 0.181
1.LE-OI 0.567891 0.224 0.574212 0.188 0.586202 0.170
5.E-01 1.066256 0.188 1.074607 0.244 1.085245 0.253
1.LE+00 1.358361 0.244  [.364449 0.220 1.375894 0.241
5.E+00 2.144700 0.220 2.151988 0.252 2161085 0.191
LE+01 2512873 0.252 2517543 0.231 2531153 0.225
S.E401 3.379445 0.231 3.391969 0.186 3.399438 0.205
LLE+02 3.759700 0.186 3.764240 0.172 3.779815 0.218
S.E+02 4.633945 0.172 4.642337 0.229 4.663737 0.253
L.LE+03 5.012167 0.229 5.028628 0.219 5.043269 0.i64
Average Deviation  0.213 0.213 0.207
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Table D.21.d. Pressure solution for a branch fracture (Cpp=50) inclined 30° with
respect to the main fracture (Cp=100) and its deviation with respect to the pressure
solution obtained for the angle of 30° with constant dimensionless fracture
conductivity (Cpp=100 and Cp=100)

Xpp =0.2 Xpp =04 Xpo =0.6
to Pp Deviation, Pp Deviation, Pp Deviation,
% % %
1.LE-07 0.004490 0.222 0.004490 0.190 0.004497 0.239
5.E-07 0.007141 0.170 0.007152 0.161 0.007238 0.256
1.E-06 0.008526 0.229 0.008555 0.241 0.008735 0.166
5.E-06 0.012755 0.243 0.013024 0.164 0.013900 0.196
1.LE-05 0.015333 0.214 0.015784 0.246 0.017205 0.237
5.E-05 0.024400 0.203 0.025807 0.197 0.028871 0.219
[.LE-04 0.030616 0.210 0.032582 0.247 0.036369 0.190
5.E-04 0.055490 0.206 0.058475 0.254 0.063718 0.225
1.LE-03 0.073513 0.200 0.076837 0.212 0.082440 0.188
5.E-03 0.147054 0.165 0.150713 0.165 0.156883 0.242
1.LE-02 0.200486 0.257 0.204260 0.206 0.210729 0.259
5.E-02 0409911 0.199 0413570 0.222 0419538 0.183
1.LE-O1 0.552460 0.209 0.556558 0.186 0.563107 0.258
5.E-01 1.051031 0.207 1.053362 0.242 1.059555 0.213
LLE+00 1.338872 0.222 1.343046 0.218 1.348947 0.260
5.E+00 2.122802 0.175 2.129188 0.250 2.135240 0.162
LLE+01 2487549 0.225 2495511 0.229 2.504584 0.170
5.E+01 3.355897 0.199 3.359871 0.184 3.369743 0.240
1.LE+02 3.737498 0.238 3.736248 0.170 3.7465i1 0.165
5.E+02 4.608530 0.235 4.619518 0.227 4.630109 0.198
1.LE+03 4994049 0243 5.003395 0.217 5.009324 0.255
Average deviation  0.213 0.211 0.215

370



Table D.21.e. Pressure solution for a branch fracture (Cpp=150) inclined 30° with
respect to the main fracture (C;p=300) and its deviation with respect to the pressure
solution obtained for the angle of 30° with constant dimensionless fracture
conductivity (Cpp=300 and C;p=300)

Xpp =0.2 Xpo =04 Xpo =0.6
t Pp Deviation.  Pp Deviation.  Pp  Deviation.
% % : %

1.LE-07 0.002020 0.226 0.002044 0.203 0.002145 0.226
5.E-07 0.003273 0.196 0.003393 0.243 0.003724 0.197
.LE-06 0.003990 0.231 0.004185 0.226 0.004650 0.132
5.E-06 0.006645 0.195 0.007075 0.196 0.007892 0.195
1.LE-05 0.008540 0.249 0.009057 0.231 0.010014 0.249
5.E-05 0.016270 0.265 0.016963 0.195 0.018147 0.266
1.LE-04 0.022065 0.189 0.022800 0.249 0.024004 0.190
5.E-04 0.046401 0.264 0.047181 0.265 0.048506 0.265
1.E-03 0.064248 0.220 0.065024 0.189 0.066434 0.220
5.E-03 0.137799 0.266 0.138867 0.264 0.140284 0.267
1.E-02 0.191271 0.168 0.192450 0.220 0.193880 0.169
5.E-02 0401396 0.177 0.402584 0.266 0.404010 0.177
1.LE-Ol 0.545201 0.246 0.546674 0.168 0.548931 0.247
5.E-01 1.045621 0.171 1.046771 0.177 1.049074 0.172
1.LE+00 [1.335850 0.205 1.339246 0.246 1.340447 0.205
S.E+00 2129818 0.261 2.128272 Q.171 2.132448 0.262
LLE+01 2496655 0.207 2497158 0.205 2502008 0.207
5.E+01 3.366578 0.183 3.374567 0.261 3.378067 0.183
LLE+02 3.747996 0.231 3.753153 0.207 3.757128 0.232
5.E+02 4.635035 0208 4637271 0.183 4.643114 0.208
1.LE+03 5.016640 0.199 5.023450 0.231 5.029050 0.200
Average deviation  0.217 0.219 0.218
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Table D.22. Number of PEBI cells used to simulate a branch fracture

Number of cells for branch fracture
at the main fracture at tip

Angle,° | Xpp=02 | Xp0=04| Xpp=0.6
0 1454 1476 1498
10 1457 1479 1501
20 1458 1480 1502
30 1458 1481 1502

Number of cells for branch fracture
at the main fracture at middle
Angle, ° Xpp=0.2 (Xpp=0.4{ Xpp=0.6

10 1461 1483 1505
20 1463 1485 1507
30 1463 1485 1509

Number of cells for branch fracture
at the main fracture at wellbore
Angle. ° Xbe =0.2 X/bD =0.4 X]bD =0.6

10 1461 1483 1505
20 1462 1485 1507
30 1463 1485 1509

Table D.23.a. Number of PEBI cells used to simulate a fracture well intersecting a
fault at its middle part and forming an angle of 90°

Lp Co=l | Cp=10 | Cp=50 | Cp=100 | Cp=300
Number of cells
0.5 997 1078 700 632 632
1 1015 1096 711 640 640
2 1053 1137 731 678 678
3 1093 1177 769 718 718
4 1128 1211 847 758 758
5 1170 1254 887 797 797
75 1354 1354 988 897 897
10 1454 1454 1088 997 997
30 2250 2250 1887 1796 1796
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Table D.23.b. Number of PEBI cells used to simulate a fracture well intersecting a
fault at its fourth part and forming an angle of 90°

Lp Cp=1 | Cp=10 | Cp=50 | Cp=100 | Cp=300
Number of cells
0.5 1123 718 650 632 632
I 1143 733 666 645 645
2 1182 771 704 679 679
3 1222 811 744 717 717
4 1261 850 783 757 757
5 1301 889 823 798 798
7.5 1401 985 920 899 899
10 1501 1088 1022 996 996
30 2299 1886 1820 1795 1795

Table D.23.c. Number of PEBI cells used to simulate a fracture well intersecting a
fault at its tip and forming an angle of 90°

Lp Cp=l | Cp=10 | Cp=50 | Cp=100 | Cp =300
Number of cells
0.5 1118 723 656 636 636
1 1133 743 676 655 655
2 1172 782 716 695 695
3 1211 821 755 734 734
4 1250 861 795 774 774
5 1290 901 835 815 815
7.5 1385 1000 934 914 914
10 1488 1100 1034 1015 1015
30 2288 1899 1833 1813 1813

Table D.23.d. Number of PEBI cells used to simulate a fracture well intersecting a
fault at its middle part and forming an angle of 75°

Lp Cp=l | Cp=10 | Cp=50 | Cp=100 | Cp =300
Number of cells

0.5 1114 714 648 632 632

75 1384 985 918 898 898

30 2278 1884 1817 1796 1796
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Table D.23.e. Number of PEBI cells used to simulate a fracture well intersecting a
fault at its fourth part and forming an angle of 75°

Lp Cp=1l | Cp=10 | Cp=50 | Cp=100 | Cp=300
Number of cells

0.5 1117 717 649 632 632

7.5 1386 986 920 898 898

30 2282 1885 1817 1796 1796

Table D.23.f. Number of PEBI cells used to simulate a fracture well intersecting a
fault at its tip and forming an angle of 75°

Lo | Cp=l | Cp=10 | Cp=50 | Cp=100 | Cp=300
Number of cells

0.5 1121 654 636

75 1399 932 914

30 2298 1831 1813

Table D.23.g. Number of PEBI cells used to simulate a fracture well intersecting a
fault at its middle part and forming an angle of 60°

Lp Cp=1 | Cp=10 | Cp=50 | Cp=100 | Cp=300
Number of celis

0.5 1114 1114 1114 1114 114
1 1128

2 1167

3 1206

4 1245

5 1284

7.5 1383 1383 1383 1383 1383
10 1482

30 2282 2282 2282 2282 2282

Table D.23.h. Number of PEBI cells used to simulate a fracture well intersecting a
fault at its fourth part and forming an angle of 60°

Lp Cpn=1 | Cp=10 | Cp=50 | Cp=100 | Cp=300
Number of cells

0.5 117 716 732 632 632

715 1384 986 917 896 896

30 2282 1886 1817 1794 1794
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Table D.23.i. Number of PEBI cells used to simulate a fracture well intersecting a
fault at its tip and forming an angle of 60°

Lp Cp=l | Cp=10 | Cp=50 | Cp=100 | Cp =300
Number of cells

0.5 1122 722 655 634 634

7.5 1401 1000 933 913 913

30 2301 1901 1833 1813 1813

Table D.23.j. Number of PEBI cells used to simulate a fracture well intersecting a
fault at its middle part and forming an angle of 30°

Lp Cp=l | Cp=10 | Cp=50 | Cp=100 | Cpp=300
Number of cells

0.5 1114 714 648 632 632

7.5 1371 974 903 881 881

30 2270 1873 1804 1780 1780

Table D.23.k. Number of PEBI cells used to simulate a fracture well intersecting a
fault at its fourth part and forming an angle ot 30°

Lp Cp=l | Cp=10 | Cp=50 | Cp=100 | Cp=300
Number of cells

0.5 1116 715 715 632 632

7.5 1371 973 973 876 876

30 2270 1873 1873 1780 1780

Table D.23.1. Number of PEBI cells used to simulate a fracture well intersecting a
fault at its tip and forming an angle of 30°

Ly Cp=l | Cp=10 | Cp=50 | Cp=100 | Cp =300
Number of cells

0.5 1120 720 653 653 634

75 1400 999 932 932 914

30 2300 1899 1832 1832 1832
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Table D.23.m. Number of PEBI cells used to simulate a fracture well intersecting a
fault at its tip and forming an angle of 0°

Lp Cp=l | Cp=10 | Cp=50 | Cp=100 | Cpp=300
Number of cells

0.5 1114 654 654
7.5 1361 874 874
30 2261 1774 1774

Table D.23.n. Number of PEBI cells used to simulate a tracture well intersecting a
fault at its middle distance and forming different angles. L5=80 (almost half reservoir
is crossed by the fault)

Angle,° | Cp Number of Grids
none 1 1114
none 300 632

90 | 1832
90 300 1395
75 1 1868
75 300 1428
60 { 1947
60 300 1496
30 | 1938
30 300 1486

Table D.23.0. Number of PEBI cells used to simulate a fracture well intersecting a
fault at its middle distance and forming different angles. Lp=162 (The whole reservoir
is crossed by the fault)

Angle,’ | Cp Number of Grids
none l 1113
none | 300 632

90 l 2696
90 300 2248
75 1 2460
75 300 2014
60 1 2452
60 300 2008
30 I 2457
30 300 2010
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Table D.24.a. Pressure solution for a hydraulic fracture intersecting the a fault in its
middle part forming and angle of 90°, Cp=1

Lp=03 Lp=l Lp=2 Lp=3 Lp=4
1) Pp ) Pp ) Pp ip Pp [{)) Pp
0014497 0.679 001497 0679 001497 0679 001H97 0679 001497  0.679
0.042805 0.899 0.042805 0.899 0.042805 0.899 0042805 0899 0.042805 0.899
0.105696 1124 0.105696 1.124 0.105696 1.12¢ 0.105696 1.124 0.105696 1.124
0.199169 1302 0.199167 1302 0.199167 1.302  0.199167 1.302  0.199167  1.302
0220009 1.333 0220006 1333 0220006 1.333 0220006 1333 0220006  1.333
0321529 1456 0.321508 1456 032151 1456 0320512 1455 0321511 1455
0459777 1580 0459669 1.580 0.459685 1.580 0.450704 1.580 0.450691 1580
0501654 1612 0501512 1612 050154 1612 0501544 1612 050154 (612
0768022 1772 0.767557 L7712 0767553 LT72 0767568 LIT2  0.76755 LT
0.834505 1.804 0.833907 1.805 0833904 1.805 0.833919 1.805 0.833892 1.805
1.568063 2.067 1.562457 2068 1561952 2.068 1.561964 2.068 1.561838 2.068
1688632 2100 1.68126 2101 1680503 2.101 1.680537 2.101 1680354 2.101
1816457 2.133  1.806815 2134 1805726 2135 1.80576 2.135 1805496 2.135
1951839 2.167 193933 2168 1937736 2168 1937794 2168 1937473  2.168
313576 2402 3076565 2404 3060434 2405  3.060514 2405 3050012 2.405
1826788 2.639 4632395 2642 4531088 2639 4.523005 2639 4519  2.638
949414 3048 N.647021 3051 7958786 3.033  7.84222 3028 7.829264  3.028
1946782 3.528 1691131 3532 1415186 3497 1343379 3481 1334162 3480
2896538 3.804 24.56297 3.808 19.39364 3767 17.80755 3744 17.55795 3741
3699895 3976 3099839 3981  23.607 3938 2113349 3910 20.69999 3906
545674 4252 4496005 4258 3245046 4213 2770134 4179 267309 4172
97.19283 4.667 78.80582 4673 53071 4628 3168225 4586 3895755 4577
1494101 4979 1202415 4984 77.89961 4939 S57.72738 4896  S1.7541 1884
5135993 5.879 4093323 5.884 2504542 5839 1574392 5795 1351795  5.780
1043.603 6398 8302881 6403 502.1868 6359 3014641 6314 2240269 6.9
2015941 6881 1604958 6.887 9663069 6.843 S67.7197 6798 4049343 6784
3064.664  7.189  2451.023 7.199 1472856 7.154 859.1404 T.110  603.177%  7.095
4054709 7394 3244094 7405 1950451 7.361 1134699 7.318  790.8295  7.303
5083.001 7.561  4085.55 7.574 2465744  7.534 1431845 7491 9933063 7476
1007405 8.065 8135546 8.082 4721.388 8013 2830.682 S.009 1984572 7.995
1542347 8381 1400671 8.48% 6367.69 8235 5373679 8470 4540662 8.610
17917.38 8493 1812479 8.676 8080.204 8.413 7593448 8727 6733121  8.904
18057.37 8499 1859269 8.695 8209.83 8424 7696853 8.737 6761073 8.907
1822534 8505 19154.02 8.717 8365.366 8.438 7820929 8.749 6794621 8911
184269 8514 1982772 8742 855202 8455 7969.828 8.763 6834886 8915
18668.81 8.523 19908.55 8745 8776005 8474 8148502 87350 6883189 8.920
2022338 8583 219262 8817 1021555 8.586 9991.524 8931 S088.883 9.041
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Lp=5
tp
0.014497
0.042805
0.105696
0.199167
0.220006
0.321511
0.459699
0.501523
0.767533
0.833879
1.561459
1.679884
1.804958
1.936808
3.058118
4.520402
7.835467
13.33989
17.5153
20.59589
26.43352
37.87454
49.34962
108.3223
179.0855
302.0878
434.9422
560.499
696.0843
1360.979
3107.808
5548.179
5606.87
5677.3
5761.811
5863.22
8113.373

Pp
0.679
0.899
1.124
1.302
1.333
1.455
1.580
1.612
1.772
1.805
2.068
2.101
2.135
2.168
2.405
2.639
3.028
3.480
3.741
3.906
417
4574
4.880
5.773
6.293
6.778
7.090
7.297
7.470
7.990
8611
9.043
9.051
9.061
9.072
9.085
9.326

Table D.24.a. Continued

Lp=175

o
0.014497

0.042805
0.105696
0.199167
0.220006
0.321511
0.459707
0.501554
0.767543
0.83388
1.561471
1.679907
1.804981
1.926842
3.058085
4.520242
7.834963
13.33967
17.51163
20.5811
26.36541
37.51008
48.34894
98.37031
149.1808
225.178
299.2101
365.6923
435.5969
769.5878
1644.892
3504.653
3668.411
3840.057
4019.384
4207.941
5419.872

Pp
0.679
0.899
1.124
1.302
1.333
1.455
1.580
1.612
1.772
1.805
2.068
2.101
2.135
2.168
2.405
2.639
3.028
3.480
3.741
3.906
4171
4573
4.878
5.770
6.291
6.777
7.090
7.299
7.472
7.992
8.615
9.198
9.233
9.268
9.302
9.337
9.528

Lp=10

tp
0.014497
0.042805
0.105696
0.199167
0.220006
0.321509
0.459691
0.501546
0.767545
0.833873
1.561459
1.679884
1.804969
1.936831
3.058095
4.520254
7.834963
13.33978
17.51174
20.5819
26.36782
37.50972
48.31293
96.98003
143.5709
208.1671
266.4528
315.8725
365.5802
585.1124
1116.027
2232.048
2330.019
2432.736
2537.597
2650.208
3919.591
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Pp
0.679
0.899
1.124
1.302
1.333
1.456
1.580
1.612
1.772
1.805
2.068
2.101
2.135
2.168
2.405
2.639
3.028
3.480
3.741
3.906
417
4573
4.878
5.770
6.291
6.779
7.094
7.303
7.478
8.000
8.625
9.212
9.247
9.281
9.315
9.350
9.656

Lp=30

1))
0.014497
0.042805
0.105696
0.199167
0.220006
0.321511
0.459681
0.501533
0.767534
0.833869
1.561459
1.679884
1.804958
1.936819
3.058083
4.520242
7.834974
13.33989
17.51186

20.5819
26.36771
37.50835

48.3111
96.78076
142.2134
202.3703
253.2976
293.9579
332.6484
481.2124
747.9965
1137.022
1165.646
1195.043

1225.23
1256.244
1577.064

Pp
0.679
0.899
1.124
1.302
1.333
1.455
1.580
1.612
1.772
1.805
2.068
2.101
2.135
2.168
2.405
2.639
3.028
3.480
3.741
3.906
417
4.573
4.878
5.771
6.292
6.782
7.097
7.308
7.484
8.013
8.649
9.249
9.285
9.320
9.355
9.390
9.708



Table D.24.b. Pressure solution for a hydraulic fracture intersecting the a fault in its
middle part forming and angle of 90°, C;p=10

Lp=0.5 Lp=1 Lp=2 Lp=3 Lp=4

tp Pb tp Pp tnp Ppb tp Pp tp Pp
0.003811 0.150 0.0038i1 0.150 0.003811 0.150 0.003811 0.150 0.003811 0.150
0.107187 0.385 0.107187 0.385 0.107187 0.385 0.107187 0.385 0.107187 0.385
1052651 0.839 1.047133 0.840 1047006 0.840 1.04932 0841 1.049088 0.841
2158029 1105 2.120779 1.106 2.113659 1.107 2119185 1.108 2.120091 1.108
4089219 1405 3941902 1.408 387428 1.409 3.877686 1409 3878442 1409
6290506 1.639 5955046 1644 5740256 1.6+ 5709552 1.643 5711238 1.6+
1041798 1.941 9.631368 1.948 8.965755 1949 8.775764 1946 8.773952 1.945
1505337 2177 13.6764 2.185 1231307 2.187 11.825F1 2181 11.80012 2.180
1584699 2.211 14363390 2219 12.86489 2.221 1231582 2215 1228464 2214
2041783 2.380 1829608 2.388 1595419 2392 IS.00441 2.384 1492565 2.382
3028755 2.649 267714 2660 2230913 2.665 2027509 2.656 20.0185 2.653
4059776 2.853 35.36802 2.861 28.60079 2871 2521511 2.860 2369459 2.856
50.50406 3.007 62.09401 3268 47.09074 3.279 38.69098 3.270 37.04171 3.266
7024796 3240 79.94524 3451 59.12773 3.463 51.55598 3.542 48.35983 3.540
1005654 3496 1130202 3.703 $4.36703 3.743 69.53963 3.820 8348455 4.089
130.1291 3.680 157.2019 3.943 1106161 3.953 8351379 3986 1144262 4.389
1610393 3.833 199.512 4415 1327729 4093 1082423 4211 137977 4.56i
014737 3995 232377 4227 1519439 4196 1220472 4314 1741509 4.767
517.697 1.674 857.8276 S5.173 S41.2213 5.135 3811738 5.217 658.984 5.831
7040251 4.897 1255.762 5451 916.111 5520 527.0641 5462 9425796 6.102
802.0871 4991 1321.091 5488 950.2659 5.547 5864298 5.542 9834015 6.134
9014458 5.076 1413.524 5.537 1025967 S5.604 6132905 5575 1041.147 6.177
1014876 5.162 1536727 5.603 1135.126 S5.678 808.8333 S.779 1170.48 6.264
1108.593 5.6 1688.219 5.667 1283256 5.768 9289578 5.882 1258457 6.318
1208.766 5.290 1863.465 S5.740 1480332 5.872 1124357 6.023 1467.17 6.432
1504924 5449 2147458 5844 1734928 5989 14329 6203 1636086 6514
1704786 5.541 2310.895 5.898 1872018 6.045 1640.604 6.303 1738.207 6.559
1801.942 5.581 2357.191 5912 1933334 6.069 1753.055 6.352 1891428 6.622
2000.577 5.658 2637.86 5995 2230042 6.173 2146.174 6.502 2191014 6.731
2500644 5822 3079.993 6.110 2483.894 6254 2384009 6.580 2669.527 6.878
3004.357 5.957 3510352 6206 2883456 6364 2867.027 6.717 3281.895 7.032
4019671 6.172 4494.583 6.390 3750.559 6.559 3726.654 6912 4045.181 7.188
5003.387 6.335 5128.357 6488 455043 6.702 4062746 6.976 5025.377 7.350
6055.102 6478 65256 6.669 5606285 6.858 5036.957 7.137 6043.145 7.489
1030998 6.877 1033725 7.014 1047745 7.328 8790.589 7.555 9388.568 7.821
IS43.4 7.162 1425436 7.256 1542622 7.619 13563.58 7.882 13298.62 8.083
18877.6 7.333 18395.6 7.8 1953363 7.797 19337.92 8.150 2020297 8.399
20150.69 7.382 19274.63 7483 2021236 7.823 20043.15 8.177 2091118 8.425
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Lp=5

[4)]
0.003811

0.107187
1.(48635
2.119758
3.876837
5.704955
8.753017
11.75942
12.23992
14.85674
19.8753
14.43582
36.2028
46.59258
74.90284
86.59197
98.82307
1344297
359.9069
613.5577
657.4213
713.0035
808.6429
892.7426
1002.379
1270.438
1586.603
1740.282
2126.075
1603.969
3055.664
3827479
4276.985
5182.29
8082.015
11929.33
15826.82
16111.04

Pp
0.150
0.385
0.841
1.108
1.410
L6
1.946
2,181
2215
2383
2,653
2856
3.264
3.536
4054
4211
4352
4,667
5.567
5.997
6.051
6.114
6.212
6.289
6.377
6.557
6.725
6.794
6.944
7.09
7216
7.385
7.460
7.613
7.949
8.243
8.457
8.470

Table D.24.b. Continued

Lp=15

tp
0.003811

0.107187
1.048792
2117373
3.873982
5.707018
8.765159
11.77455
12.25517
14.86775
19.86372
24.37964
35.84188
45.69336
72.5608+4
104.8219
117.7936
148.0974
347.8776
577.7828
627.1141
649.4346
724.6832
822.7509
941.0949
1147.198
1299.536
1411.345
1756.036
1225834
244247
2859.872
3347.052
4211.667
5505.311
7879.298
12228.69
12689.36

Pp
0.150
0.385
0.841
1.107
1.409
1.643
1.945
2,180
2204
2.382
2,651
2,854
3.61
3534
1081
4529
4671
1946
5.887
6.365
6.438
6.469
6.564
6.671
6.784
6.946
7.046
7.1
7.283
7.466
7.537
7.658
7779
7.954
8.158
8.431
8.763
8.793

Lp =10

tp
0.003811

0.107187
1.048837
2117396
3.874085
5.707294
8.766856
1L.77753
12.25873
14.8736
19.87415
24.39752
35.88602
45.71102
72.33578
103.3382
143.0366
161.8419
376.6118
457.1595
483.3472
496.4474
529.489
564.4292
607.9065
730.261
862.7908
9244519
1116.638
1480435
2075.067
2904.816
3405.961
4550.969
8372.624
115269
15915.79
16252.17
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Pp
0.150
0.385
0.840
1.107
1.409
1.643
1.945
2,180
2214
2382
2651
2854
3.261
3.533
4082
4529
194
5.0
6.125
6.339
6.399
6.427
6.495
6.561
6.637
6.817
6.975
7.039
7.208
7.451
7.730
7.998
8.123
8.349
8.819
9.063
9.309
9.325

Lp=30

tp
0.003811

0.107187
1.048789
2117327
3.873833
5.707041
8.764298
11.77386
12.2546
14.86924
19.87197
24.39764
35.89656
45.71171
72.18616
1029183
1139837
136.3214
3704951
504.8869
5355472
558.7218
585.179
6132297
686.1061
778.7393
861.65
900.2259
962.8616
1139.596
1319.474
1596.623
1960.346
2473.598
5007.847
8764.723
13703.8
1444778

Pp
0.150
0.385
0.840
1.107
1.409
1.643
1.945
2,180
2213
2.382
2,651
2.854
3.261
3.533
4078
45%
4659
4894
6.254
6.686
6.768
6.827
6.892
6.958
7.115
7.291
7432
7493
7.586
7.819
8.018
8.274
8.543
8.836
9.641
10.190
10.584
10.629



Table D.24.c. Pressure solution for a hydraulic fracture intersecting the a fault in its
middle part forming and angle of 90°, C;p=50

Lp=0.5 Lp=l Lp=2 Lp=3 Lp=4

to Pp ) P, b Ph o Pr o Pp
0004358 0075 0.004358 0.075 0.004358 0075 0.004358 0.075 0.004358 0.075
011418 0284 0.11418 0284 O.11418 0284 011418 0288 0.11418 0.284
11059 0745 1101702 0744 1.098439 0732 1102705 0.745 1102391 0.745
2090361 0980 2.050646 0978 2028438 0975 204661 0980 2049155 0.979
3050631 1.148 2.965765 1.146 2909058 1.143 2.938283 [.148 2946206 1.148
10.20777 1.816 9.558679 1819 8.840795 1.821 8.731234 1.822 8.739706 1822
210005 2285 19.17718 2291 1656357 2298 1570563 2.296 15.56633 2.296
50.1445 2.883 4412848 2882 3515327 2908 307676 2.909 29.72438 2.908
1009352 3378 8$8.43329 3383 6211121 3365 52.6766 3.413 49.19461 3.415
202.3783 3871 17851 3886 1184678 3.863 9114385 3907 79.47906 3.893
500.6092 4.512 501.323 4.621 3355571 4.629 43408 5.135 2484765 4903
831.7992 4873 7603881 4919 7343517 5.190 1051.226 5.783 3675794 5.212
1004043 5010 93788 5069 9064481 5.3H 125264 5913 4239035 .32
1534803 5317 1988.722 5614 1699.776 5802 2312787 6.366 1063934 6.009
2043136 5526 2705596 5.842 2564666 6.104 314593 6.5 [289.115 6.152
4016266 6.027 7095.101 6559 5179.412 6.628 5358934 6.993 2701515 6.701
5058.66 6.198 7571.263 6.608 $992.043 6.736 6345002 7.119 3020.179 6.7%4
5143961 6211 7594381 6.610 6069.617 6.746 6413.986 7.127 3036.242 6.738
51542 6212 7623234 6613 6162704 6.757 6422253 7.128 3055515 6.793
5166479 6214 7657251 6.616 6173.871 6759 643217 7.129 3078.64 6.79
5181223 6.216 7698.08 6.620 6187.273 6760 641083 7.131 3106397 6.805
5198903 6219 7747.071 6.625 6203.359 6.762 6458.369 7.132 3139.704 6813
5220.136 6222 7505.852 6.630 6222.667 6.765 6475509 7.135 3179.672 6.823
5245.601 6225 7876.398 6.637 6245826 6.767 6496.089 7.137 3184464 6.824
5276.167 6.230 7961.058 6.645 6273.618 6.771 6520774 7.140 3190.22 6.825
5312844 6.235 8062.639 6.655 630697 6.775 65504 7.143 3i97.133 6.827
5356.850 6.241 8184.537 6.666 6346.995 6.779 6585.941 7.147 3205423 6.829
5409.68 6.248 8199.166 6.667 6395.034 6.785 6628.604 7.152 3215363 6.831
9009.311 6.628 1387291 7.058 [1714.36 7.236 9605.066 7.429 6231.045 7.328
10030.3 6708 1503296 7.118 12878.31 7.306 10981.35 7.528 7458.158 7.461
10505.02 6.742 16189.69 7.173 1462939 7401 [1864.78 7.586 8596.884 7.567
10710.12 6757 1735307 7.235 1501141 7.420 1228647 7.612 8695.198 7.576
11063.33 6781 1788895 7.247 15332.55 7436 1252071 7.626 9142.169 7.613
11609.33 6.817 1827395 7.263 15459.01 7442 1263295 7.633 9403908 7.634
12019.67 6843 2003627 7.331 1701152 7513 1394193 7.706 1059637 7.723
1251486 6.873 20627.76 7.353 1772947 7544 1406232 7.712 1093581 7.747
12768.81 6.887 2201792 7.401 1853501 7.577 1488243 7.755 1112702 7.759
1291098 6.896 2275479 7.426 18664.33 7.582 1524266 7.772 1134494 7.774
131928 6912 22868.18 7429 19078.58 7.598 1527947 7.77% 11430.72 7.780
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Lp=5

tp
0.004358
0.11418
1.103434
2049339
2.940197
8.688457
15.45007
29.12142
47.23853
74.03309
2349189
400.6967
667.4832
1353412
2033.586
4063.548
4699.547
4751.587
4814.038
4888.987
197892
5086.842
5216.341
5231.876
5250.531
5272911
5299.762
5331.979
9046.813
10301.43
11412.41
11668.72
11884.16
12428.41
13210.68
13950.76
14675.13
14844.48
15122.39

Pp
0.075
0.284
0.746
0.981
1.149
1.823
2,297
2.908
3.421
3.908
5.045
5.494
5.894
6.433
6.738
7.258
7.367
7.375
7.385
7.397
7.410
7.426
7.445
7.447
7.450
7.453
7.457
7.462
7.857
7.954
8.031
8.047
8.061
8.094
8.140
8.181
8.218
8.227
8.241

Table D.24.c. Continued

Lp=15

tp

0.004358
0.11418

1.10257
2046243
2937733
8.703923
15.49409
29.04506
46.39939
71.35837
2006115
369.9539
576.0045
1349.456
2003.306
4315.829
4820012
4827.418
4836.315
4846.99
4859.796
4875.171
4893.619
4915.746
4942312
4974.185
5012.433
5058.328
9023.194
10862.77
11775.7

11953.87
12260.79
12526.55
14071.72
14757.68
15253.9

15572.06
15967.95

Pp
0.075
0.284
0.745
0.980
1148
1.821
2294
2902
3.415
3919
5.4
5.779
6.185
6.891
7.19
7.787
7871
7872
7.873
7.875
7.877
7.879
7.882
7.885
7.8%0
7.894
7.900
7.907
8.343
8.483
8.543
8.554
8.573
8.589
3.676
8.712
8.737
8.752
8.771

Lp=10

tp

0.004358
0.11418
1.10257
2046243
2937733
8.702742
15.48825
29.02053
46.22936
70.44299
184.8594
309.0002
+0.6736
959.0505
1357.344
3019.64
3441.537
3488.292
3544403
3551.145
3559.216
3568916
3580.553
3594.518
3611.269
3631.378
3655.501
3684.462
8015.735
9322174
10391.82
10678.03
11019.35
11508.33
12409.03
12619.42
13032.28
13143.96
13393.78
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Pp
0.075
0.284
0.745
0.980
1148
1.821
2294
2903
3414
3914
5.120
573
6.120
6.871
7173
7.819
7.921
7932
7944
7.946
7.948
7.950
7.952
7.955
7.959
7.963
7.968
7975
8571
8.685
8.767
3.788
8.812
8.844
8.901
8914
8.938
8.944
8.959

Lp =30

1))
0.004358
0.11418
110257
2.046243
2937733
8.703751
15.49834
29.13724
46.33347
71.0769
182.5905
298.646
402.0393
849.0968
1118.094
2570.766
2741494
1746.29%
2752.053
2758.967
2767.256
2777.208
2789. 144
2803.475
2820.673
2841.31
2866.064
2895.781
5269.093
6664.02
7711.62
8005.347
8355.633
8751.274
9825.347
9989.024
10412.71
10939.75
11196.05

Pp
0.075
0.284
0.745
0.980
1148
1.821
2294
2.904
3411
3917
5.124
5.780
6.181
7.210
7.589
8.674
8.752
8.754
3.757
8.760
8.763
8.768
8.773
8.779
3.786
8.795
8.806
8.818
9.484
9.717
9.855
9.8%0
9.929
9971
10.075
10.089
10.126
10.169
10.189



Table D.24.d. Pressure solution for a hydraulic fracture intersecting the a fault in its
middle part forming and angle of 90°, Cp=100

Lp=05 Lp=I Lp=2 Lp=3 Lp=4
tp Pp ip Pp 1) Pp ip Pp tp Pp

0.006155 0.059 0.006155 0.059 0.006155 0.059 0.006155 0.0539 0.006155 0.059
0.100254 0.233 0.100254 0.233 0.100254 0.233 0.100254 0.233 0.100254 0.233
1.050723 0.735 1.04728 0.736 1.047209 0.736 1.048054 0.736 1.047908 (.736
2116915 1.002 2091519 1.004 2.085443 [.005 2087942 1.005 2087495 1.005
3545377 1.236 346151 1.240 3.419306 1.242 3424294 [.243 3422952 1.243
5.233581 1.436 5.065424 1.44] 4926168 1.446 4927544 1447 4921754 1.447
10.05798 1.803 9.451971 1.811 8.792183 [.821 8.683767 1.821 8.643203 1.821
20.22568 2.241 18.5036 2.250 16.02941 2.265 15.29804 2.266 15.03228 2.262
21.29641 2274 19.44868 2.284 16.75091 2299 1593104 2300 1563179 2.296
30.35967 2512 27.41826 2.521 22.68164 2538 20.99258 2541 2035477 253
5212099 2.886 46.44754 2.896 36.2036 2915 31.80142 2919 30.04609 2911
102.3437 3.363 89.6337 3.369 635.96616 3.39%¢ 53.61159 3401 48.28679 3.393
200.5725 3.839 1719267 3.834 122.6228 3.871 92.34499 3382 77.86385 3.875
4105775 4346 3470154 4332 2458315 4.384 1722729 4391 13448 4390
1045.517 5.016 892.879 S5.010 630.3691 5.069 424.1591 5075 302.3252 5.067
2036.085 3.493 1744983 5.489 1224543 5.548 8122201 5.554 5622359 5546
3107.223 5796 267847 5.797 1876.443 5.854 1239.344 5860 8476419 3854
4105.568 5.999 3556.465 6.002 2490.669 6.058 1645.683 6.065 1119.888 6.060
6226.794 6.305 5417.235 6.310 3802921 6.366 2519401 6.373 1707.756 6.368
8214633 6.509 7153917 6.515 5033.54 6.571 3338.614 6.578 2265.263 6.573
8605.437 6.54 7491.304 6.550 5273.702 6.606 3498.359 6.612 2374263 6.607
8999.336 6.577 7844995 6.58% 5525.077 6.640 3666.714 6.647 2488.525 6.642
942974 6.612 8213.051 6.618 5787963 6.674 3841.375 6.681 2607.821 6.676
9868.949 6.646 8599.26 6.652 6063.507 6.709 4024933 6.715 2733.193 6.710
10339.7 6.681 9006.868 6.686 6348.807 6.743 421826 6.749 2864.413 6.744
10823.5 6.7i14 9428.308 6.720 6650.205 6.777 4418.374 6.783 3001.743 6.779
1133417 6.749 9872.698 6.754 6965.796 6.811 4628.52 6.818 3145471 6.813
11861 6.782 10337.14 6.788 7296.063 6.846 4848.618 6.852 3296.502 6.847
1242222 6.816 10823.99 6.823 7641.178 6.879 5078.828 6.886 3453.633 6.881
130144 6.851 1133565 6.857 8001.838 6.914 5322647 6.920 3618.996 6916
13622.17 6.885 11869.02 6.891 8375.169 6.948 3557424 6955 379149 6.950
14272.13 6920 124283 6925 8761972 6981 5836.656 6.989 3971.907 6.984
1493471 6.953 13014.17 6960 9180.143 7.015 6109.138 7.022 4162.562 7.019
15647.84 6988 1362538 6.994 9610.993 7.049 639641 7.056 4359.947 7.053
16953.04 7.048 1795946 7.199 12651.18 7.253 8437.438 7.261 5761.582 7.258
17995.35 7.093 21609.41 7.336 1522271 7.391 10140.14 7.398 6932.707 7.396
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Lp=5

1))
0.006155

0.100254
1.048206
2.088401
3422482
4915678
8.609324
14.89687
15.48194
20.06161
29.30257
46.10772
71.94218
117.8407
244.0933
433.5538
641.1762
$38.4+434
1265.565
1672.89
1753.055
1837.175
1924.723
2016.17
2112.57
2213.521
2321.603
243222
254842
2669.779
2797.1
2930.475
3069.583
3212.554
4245.639
5105.702

Pp
0.059
0.233
0.736
1.005
1.243
1447
1.82
2263
297

"
2
2

g ¢

3.389
3812
+4.388
5.069
5.546
5.855
6.060
6.368
6.573
6.607
6.642
6.676
6.710
6.744
6.778
6.813
6.8347
6.881
6915
6.950
6.984
7.018
7.051
7.257
7.393

Table D.24.d. Continued

Lp=15

7))
0.006155

0.100254
1.046766
2.083712
3417541
4913247
8.607684
14.8447
1542198
19.92127
28.86816
44.5465
66.99459
101.6456
178.823
279.7054
382.1689
475.6896
673.4669
860.158+4
896.8483
935.3428
975.7679
1018.154
1062.646
1109.306
1158.342
1209.752
1263.719
1320.254
1379.541
[441.568
1505.945
1572982
2061.71
2470.502

Pp
0.059
0.233
0.736
1.005
1.243
1448
1822
2263
2.297
2534
2907
3.385
3.866
4371
5038
5.520
5.830
6.035
6.343
6.548
6.583
6.617
6.651
6.685
6.720
6.754
6.788
6.822
6.856
6.891
6.925
6.959
6.9%
7.026
7232
7.368

Lp=10

tp

0.006155
0.100254
1.046766
2083712
3.417587
4.913556
8.609805
14.85445
15.43276
19.94054
38.90622
44.57975
66.78214
99.72481
165.6495
243.1108
316.777T1
380.777
502.791
611.8964
633.6895
654.9391
678.3729
701.207
726.7022
751.0944
778.8403
306.6916
337.1937
3674951
900.907
934.1836
970.799
1007.334
1278.486
1507.974
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Pp
0.059
0.233
0.736
1.005
1243
148
1.822
2,263
2,297
253
2.907
3.385
3.865
4.366
5.010
5.483
5.7%4
6.001
6.300
6.499
6.533
6.565
6.600
6.631
6.666
6.697
6.731
6.763
6.798
6.830
6.864
6.897
6.931
6.964
7.168
7.305

Lp =30

Ip
0.006155

0.100254
1.046779
2.084055
3418309
4913499
8.607214
14.85617
15.43551
19.95659
28.97066
H.7711
67.15911
100.9006
166.7845
236.5767
298.4098
3479774
436.7296
506.3887
519.7699
532.8723
546.3222
560.1573
5743019
588.7997
603.1828
618.2252
633.858
649.1205
665.3208
681.9729
698.5355
7159536
8294867
910.2683

Pp
0.059
0.233
0.736
1.005
1.243
1447
1822
2262
2.296
2.533
2.907
3.385
3.865
4374
5.030
5.49
5.809
6.018
6.331
6.537
6.572
6.606
6.641
6.676
6.711
6.745
6.779
6.814
6.848
6.882
6916
6.950
6.984
7.018
7.223
7.352



Table D.24.e. Pressure solution for a hydraulic fracture intersecting the a fault in its
middle part forming and angle of 90°, C;p=300

LD=O.5 LD =1 LD =2 LD =3 LD=4

tob Ppb tw Pp tp Pp b Pp tp Pp
0.006155 0.063 0.006155 0.063 0.006155 0.063 0.006155 0.063 0.006155 0.063
0.100254 0.241 0.100254 0241 0.100254 0241 0.100254 0.241 0.100254 0.241
LOS86SI 0.743 1055182 0744 1.05514 074 1055911 0.74 1055789 0.74
3093203 1177 3.031621 1.180 3.005423 1.183 3.009585 1.183 3.008611 1.183
5261102 1443 5072235 1.H9 4932405 1454 4931958 1455 4925858 1.454
1005207 1.811 945413 1.818 8.783159 1.828 8.671659 1829 8.631383 1.828
20.18773 2248 1846462 2258 1598850 2272 1525344 2273 1499112 2.269
51.9802 2.893 4630251 2904 36.06097 2923 3166212 2.926 29.92422 2918
1020109 3.370 89.83938 3.381 65.63344 3401 53.3105 3.408 48.05554 3.400
5009935 4513 4911734 43592 1662835 4.860 305.5939 4842 2315653 4.866
1017747 5.007 8022476 4944 9739771 5.393 6174788 5364 459.0868 5.404
5198398 6.184 2499.555 5.760 5805287 6.688 3878.523 6.700 3878374 6.978
6055.653 6.297 3011271 5.895 6819.374 6.808 5105.049 6.903 S052.458 7.174
7105568 6.416 3756.808 6.055 $338.286 6.958 6014.367 7.024 5912177 7.292
8075308 6.510 4I81.63 6.134 9347.328 7.043 6893485 7.126 6749.688 7.3%0
9028.55 6.593 4600.544 6204 9854103 7.082 76124 7.200 7336.845 7.452
1013242 6.679 5705.597 6.362 1141487 7.191 9171.898 7.338 ¥744.326 7.583
12029.76 6.807 7687.761 6.583 1451485 7.371 1117195 7.485 10971.1 7.753
1323694 6.878 8799.577 6.682 15075.84 7.399 11775.58 7.524 1168948 7.800
14000.52 6.920 9358.679 6.728 16104.39 T.H8 12735.11 7.582 1192532 7.815
15279.12 6.985 9503.37 6.740 16519.09 7.467 1298344 7.597 12535.61 7.852
16017.37 7.020 1112847 6.857 1884045 7.565 15273.96 7.718 1392646 7.931
17064.37 7.067 1200626 6914 2025422 7.619 1612033 7.759 15407.65 8.006
1816584 7.114 1261197 6950 2126993 7.655 16989.16 7.798 16659.54 8.065
20578.57 7.206 1288496 6.966 2187609 7.676 17457.74 7.818 1781121 8.115
20651.15 7.209 12967.05 6.971 21899.6 7.677 17598.65 7.824 1784584 8.116
20738.17 7.212 1306565 6977 219278 7.678 17767.76 7.831 1788746 8.118
20842.62 7216 13183.85 6.983 21961.74 7.679 17970.58 7.840 17937.33 8.120
20855.23 7.216 13325.68 6.991 2200244 7.680 17995 7.841 17997.18 8.122
20909.92 7.218 13540.88 7.003 2202021 7.681 18101.29 7.845 18258.59 8.133
2093595 7.219 1357035 7.005 22028.58 7.682 I81S1.85 7.847 18382.6 8.138
20967.13 7.220 13605.66 7.007 22038.79 7.682 18212.38 7.850 18531.57 8.14
2100462 7.221 13647.97 7.009 22050.82 7.682 1828507 7.853 18549.46 8.145
20104945 7.223 13698.87 7.012 220655 7.683 1837232 7.856 185709 8.146
2110345 7.225 1375987 7.015 2208293 7.683 (8477 7.860 1859658 8.147
21168.12 7.227 1383301 7.019 2210391 7.68% 1860266 7.865 18627.54 8.148
2024574 7.230 1392084 7.024 22129.13 7.685 1875343 7.872 18664.57 $.149
2133883 7.233 1402632 7.029 2215928 7.686 1893435 7.879 18709.06 8.15i

385



Lp=5

1))
0.006155
0.100254
1.056093
3.009161
492016
3.598328
14.85777
29.18964
45.90042
192.5182
3579143
3060.227
4663.821
5473954
6224.249
71717
8027.75
11924.29
13153.01
14344.82
14932.76
16054.86
18169.73
19715.13
20297.1
20472.18
20682.22
20934.23
21236.56
21368.64
21431.36
21506.68
21596.91
21705.26
21835.39
21991.43
22178.66
22403.38

Pp
0.063
0241
0.74
1.183
1.455
1.829
2,270
2917
3.397
1872
5.404
7.029
7.339
7.459
7.555
7.655
7.744
8.039
$.113
8.177
8.207
8.262
8.354
8.415
8.437
8.443
8.451
8.460
8.471
8.475
$.477
3.480
$.483
8.487
8.491
8.497
8.503
8.511

Table D.24.e. Continued

Lp=15

1))
0.006135
0.100254
1.054592
3.003899

491757
8.596425
14.8058+4
28.75866
44.35273
151.8327
2459553
2137.644
3461.395
5118371
5598.145
6408.529
7762.227
10727.32
11510.16
1215496
12579.75
15263.42
17311.79
17924.84
18726.48

18967.6

19256.86

19291.6

19333.22
19515.18
19601.51

19705.15
19829.55
19978.83
20157.92
20372.89
20398.69
20429.64

Pp
0.063
0.241
074
1.183
1.455
1.829
2270
2915
3.393
1.864
5.401
7272
7.634
7.926
7.994
8.09%
8.240
8.483
$.536
8.577
8.603
8.748
8.843
8.369
3.902
8.911
8.923
8.924
8.925
8932
8.936
8.940
8.944
8.950
8.957
8.965
8.966
8.967

Lp=10

to
0.006155
0.100254
1.054592
3.003933
4917868
8.598649
14.81558
28.79616
44.3861
146.3546
2269368
1956.058
3204471
D424
5058.614
6020.053
6984.129
9884.634
10552.59
10888.49
11148.74
12877.85
13589.61
14844.25
15156.9
15206.2
13265.36
15336.45
15421.63
15458.9
15476.55
15497.76
15523.22
15553.83
15590.4
15634.43
15687.17
15750.57
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Pp
0.063
0.241
0.744
1.183
1.455
1.829
2270
2914
3.3
4.867
5414
7.528
7916
8.133
8.267
8.399
8.513
8.776
8.825
8.849
8.867
8.976
9.017
9.083
9.09
9.101
9.104
9.108
9.112
9.114
9.114
9.115
9.117
9.118
9.120
9122
9.125
9.128

Lp=30

tp

0.006153
0.100254
1054614
3004609
491781
8.596448
14.81822
28.86013
44.57493
146.3053
2210735
1039.019
1719.163
2529.938
3543.039
3842992
4777132
7665.254
8121.088
9065.032
9547.855
11679.27

12671.7
14084.45
14790.13
14817.42
14850.32
14889.76
14937.11
15143.95
15242.09
152539

15268

15284.97
15305.38
15329.8
15359.15
15394.23

Pp
0.063
0.241
0.74
1.183
1.455
1.829
2.270
2914
3392
+4.871
5419
7.551
3.225
8.709
9.099
9.190
9422
9.886
9.939
10.038
10.084
10.259
10.329
10.417
10.458
10.460
10.461
10.464
10.466
10.478
10.483
10.484
10.484
10.485
10.486
10.488
10.489
10.491



APPENDIX E

RESERVOIR MODEL
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Consider the flow of oil through a porous material. The oil volumetric factor is
assumed to be equal to the unity. The continuity equation describing the oil flow is

given by*:
V(p7)£G=-2(¢p) (E1)

where G represents the source/sink term confined at the fracture plane at any node i/

and time ¢.

G - pQ(xl'.vx'[)
h

where Q expresses the mass flow rate per unit area of grid block:

-_ 4
¢ AxAyx,

then, Eq. E. E.1 can be written as:

V(pi)+ LLEY 9 4 ) (E.2)
h at
If the gravitational effects are neglected. Forchheimer equation™™'. used to
include the effects of rapid flow. is given by:
-Vp=u k'u+ plu}ﬁu (E.3)

Since the porous medium is assumed to be isotropic and homogeneous. then

Eq. E.3 can be written as follows:

—?pz%u+pulﬂ (E.H
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Many correlations are given in the literature to determine . Among them. it

can be cited the ones developed by Liu et al”®, Geertsma™ and Firoozabadi and Katz”,

respectively:
8.91x10%r

T

ok
B= 4.8511x10*
¢5 5 JE

2.6x10"

ﬂ = kl 2

Eq. E.4 can be rewritten as:

H v H

Detine the Reynolds number for porous media and the rapid flow parameter as:

R =keub (E6)
u
5=(+R)" (E.7)
Combination of Egs. E.5 through E.7 gives.
_Esz(l-f-R!)u:i (E.8)
u )
solving for u,
ko=
u=-——4oVp (E.9)
u

Replacement of Eq. E.9 into Eq. E.2 yields,
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_v(pgﬁv,,)iw:_iwp) (E.10)
u o h at

Expansion of the right-hand side (RHS) of Eq. E.10 gives:

3 dp 36 _apdp 36dp
= == =L — E.ll
TR P Pl oo e e (=10

From the definition of pore and fluid compressibilities. respectively,

_1dp
pap

n

cp reflects the volume of excess fluid that can be stored in the pores due to an

. . 5 ..
increase in pore pressure”. From the above definitions, we have:

‘alg=¢cp (E.12)

p

g—p=pc,. (E.13)
p

Egs. E.2 and E.3 lead to exponential relationships between porosity and

pressure and density and pressure, respectively. Replacing this equations into Eq. E.11

yields:

d
E(¢p)=¢pc,.+p¢cp =¢p(c,. +cp) (E.14)

Letting the total compressibility. ¢, =c, +c,, in the above equation, Eq. E.10

becomes:

- . ) .
v(pgivaiM=¢pqiﬁ (E.15)
u h dt
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The physical system has been assumed to be bidimensional. Then, if 4 and &

are considered to be constant, Eq. E.15 is rewritten as:

J dp)} 0 dp), pO(x,v,.0) 4 Opcudp
—| pd d,—— |t T =
3.\'(/3 'Br} a»(p ‘avj h k k odt

Expanding further;

ps i--ff-Jra—’l{a—(pﬁ‘)Jw«S go, ap{a (pé)J e
X

‘0x’ dx|adx dy- dv|ady h k
gpcpdp

kK dt

3 p 8p[ 35, - dp p ap[ 99, _ap]

o0, —+— : — iy £+
p '8x3+ar par+5 ax pg‘a)'l+a_\’ pa_v+5“a_v

pOx. ¥ DU _Ppcpdp
h k= k or

3 p ap[paa 3, 6apapj|+p53p ap[ 3%, 3p dpapl,

5 LP 9P | +
PO T ax|Papax Zap0x a3y av|"apay “apay

pOx. v.DH _¢pcudp
Rk  k ar

2 - fan\
05, 20,201,308 590|, o5 9p (20 pr§_+ 3014
ax’ \dx)| dp dp Yoy’ \8\ "ap  ap
pOx.y U _¢pcudp
h k k odt
(E.16)

Divide by p&.é::
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\ (E.17)
(ap)] I 85+ | L Q0. v _9cudp
\dy)|d868 dp pd. ap hké 6, k5() at
., 1dd
Detine the high velocity flow modulus in the formation as & ——5—5— and
p

using the fluid compressibility concept defined betore:

1ap ap:£+c_f+_[_§:_r'l (_ LN ,'[ Qx. ¥ _dcpudp
5. 0x |9x)| 8 8.| 6.9y (av)|d. 5J WdS k6.0, A

Multiply by &4

) g—£+( 1[5 5 +¢ ]+5 —+(3fj:[5‘.(5\.’+c,)]t

X

(E.18)
Q('tl' _\".t)‘ll = ¢ (l# a_p
hk k dt
Recalling Eq. E.7:
; J - (E.)
“ . kpPu '

1+
u

Since k. B and u are assumed to be pressure independent. then:

d ( kpﬂu kﬂ au+ ap
85 _dp £ )__ ap dp

a . 2 2
P [I+Lpﬂl‘j [Hkpﬂuj
u u

divide by &




kB( du dp
—_— _+ A
1396 _ [pap uapj

5dp H_kpﬂ“
U

dividing and multiplying by (k u p)";

é(iézga_pw

9 u\udp pdp)
kup L+ kp Bu
u
let;
| du
u'=——
udp
é (u +o, )kup 8
5'=—£T=—(ll'+cr )kup5 (E.19)
I+ ppu H
U
The above equation can also be expressed as:
8'=~(1-u'+e, } (E.20)
Recalling Forchheimer’s Equation, Eq. E.9.
u =-5 k3P (E.9)
Hox

then, taking derivative with respect to p, we obtain:

du,__k3p35,
dp udxdp
divide by u,,
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(E.21)
Substituting Eq. E.21 into E.20 —for the x-direction— yields

8,'=-(1-8 W8, +c, |

After some manipulations, the above equation results for the x- and y-

directions:
o (c, -1 C,
0, '=— = L (E.22)
‘)_5‘ ] j |
A
d(c, -1
5 b

, = (E.23
2-96, 1 | )
d,. -1

Plugging Egs. E.22 and E.23 into Eq. E.18;

’p a_pza(cl-‘ ' p
5'8x:+£8x][2—5 +o L

[5m } QUx. vl _pcudp
‘,J ‘av L ‘J L k a[
let:
o.c;
T
s
-

Then. the diffusivity equation becomes
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p (—p] +5, —+§( ) $ QU _Qcudp
.’ ay

0 hk k dt

Detine the following dimensionless variables:

7 yri-

rkh
po(Xp. Ypitp)= (p, —p(.r._v,t))
qu

The dimensionless pressure drop in the fracture is given by:

2 kh
pD"(XDvYDyID)z
(4

(p. -p;(x .V»t>)

w

The dimensionless tlow rate at the wellbore is:

g, =1= q9. 4
" khlp, - p,(x.y.0)
The dimensionless flow rate at the fracture is:
g = 2q,(x, v x,
?2rkhlp, - p,(x.y.0))
g, (v px,
q;D -
9.
The dimensionless distances are defined by:
X, ==
.
Y, ==
X
The dimensionless time is defined as follows:
t
I, = ;—

Replacing the dimensionless quantities into Eq. 24;
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5| - 4q, ’}a: p?_*_;{_ Hq, j-(apo ]-_!_5‘{_ g, :Ial p,D +

2rkhx; |\ dX), | 2rkhx; | dY;

- ﬂ‘lw apDW- + Q(x:'.vi’r)u =¢L‘I# - ‘llq“’ ‘IapD
aY, ) hk k | 2rkh |t0t,

Muitiplying by x,-2 and dividing by uq./2x kh

1

\ : 2 :
5.5P0 o[ 14 Y3po) s O py, o 14 Y3po] ,
aX; 2rkh A0 X, ay, 2rkh A\ Y, )

. ; (E.26)
qx. v, Oy ki, ¢ cpx; dp,
AxAvhk  ugq, kr, 9di,
let:
#qw =1
21 kh
w =1.then
ke,
o cux;
f, =- Lol (E.27.a)
k
Then Eq. E.25 results in:
L (E.27.b)
Pucx;

Replacing Eq. E.26 into E.25 yields:
6. 500, [200) 5 ¥ 00, (300) , gn.ou 2KRY _dp,
ax: \ax, ) T TGy, ) T A kg ot

A

5 alPD+((aPD +5 9’ Po+é— Pp | 4 9(x5.¥.0) 27, =aPD
‘9Xx, “"aX, "oy, T AAYy q, 01,

D

The final equation will be:
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62004 z[300 ) 59 Po,p[9pp] , TdnlioYarlo) 9Py (g 5,
ax. ax, Y] aY, AxpAy, a1,
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APPENDIX F

FRACTURE MODEL
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Consider the flow of oil through a porous fracture. The oil volumetric factor is

assumed to be one. The continuity equation describing the oil flow is given by*':
e O
V(p¥):G =—$(¢p) (F.1)

where G” represents the source/sink term confined at the fracture plane at any node i,j

(along the fracture) and time ¢.

Gu = p Q’; ('tl M »"l ‘{)
h
Q7 expresses the mass flow rate per unit area of grid block:

v _4s
T AxAvx,

then, Eq. F.I can be written as:

Q7 (x,v,.0) d
N Y

- (F.2)
h at

Vip¥)

The fracture model also includes the rapid flow etfects. contrary to the
reservoir case in which permeability and porosity are assumed to be pressure
independent, the fracture model considers variation in fracture conductivity due to
changes in pressure. Then, optionally, fracture porosity and fracture permeability will
be considered to depend on pressure. The Forchheimer equation®™®' for the flow

velocity in the fracture is given by:

aP,— u 3
—_ = + /. (F.3
ax kf(P) “r pﬂf ur )
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ap, u )
a'v k'(p) v pﬂ/ v

Traditionally, the fracture flow has been considered to go along the x-axis. Eq.
F.4 is introduced to account for the flow in the v-direction which is brought to the
system due to the presence of the branched fracture system.

Solving for velocities from Egs. F.1 and F.2, we obtained:

k.dp.
i =—(R +1)"—’ﬁ (F.5)
‘ R U dx
k.dp,
17\' =—(er\ +l)-' Tla—pr (F-6)
u ady

Define the Reynolds number for porous fractures as:

R, = k, Zuﬁ

As for the case of the reservoir model. define the rapid tlow parameter in the
fracture as;
1
d, =(l+R(,.T

Then, Egs. F.3 and F.4 become:

k, d

u,==0, WAl (E.7
U dx
k., dp;

u,=-0, Whads (F.8)
" 3y

Substituting the Forchheimer equation into Eq. F.2. letting ¢, =c, +c,, and

after treating the right-hand side with a similar procedure as for the reservoir model

case —Appendix E-, we obtained:
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ap,
6, pe, 2L (F9)
at

] k.dp. d k.dp, 05 (x,,v,.1)
[ 5. /) [ 5ﬂ_/ P,)_P f =9, pe,
u ay ) wh

— A —_
dx PO 4 dx ) dy
The suffix f stands for fracture property. Q7 represents the fluid mass flow

from the reservoir to the fracture per unit of fracture length.
The dimensionless pressure drop in the fracture is given by:

27 kh (p, -p,lx _v.t))

Po(Xptp)=

w

The dimensioniess flow rate at the wellbore is:

g =1= q., K
P 2kh{p, - p, (x.y.1))

The dimensionless flow rate at the fracture is:

gy anpx,
e = 2xkhlp, - p, (xovon)

g = 2, (x.y.0)Ux,
? q.
The dimensionless distances are given by:
X, ==
X,-
Y, =+
Xy
The dimensionless time, as derived in Appendix A. is:
=X (A.27.b)
Pucx;
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Then, the following substitution can be obtained by using the above

dimensionless parameters;

ap, dp, | _au |_k )
at Aty | 2rkhx; ¢yc,,.r;J

Replacing the dimensionless parameters in Eq. F.9. it yields:

3 [ps-—k"—q” ap,p]+_a (PJ ke _qu pp)_
fr Ve
u

X, khe 3X, | Y, U khx; 3Y, |
pQilx.y.1) . qu kK dp,
h P Sk o, uc.x; A,

multiply by 27 hx, /qu

a kf 117 aplp a k/; W apm
— | pd, L ——L+— | pd,L— -
ax,,( "k x, 0%, ar,\" " ux, oy,
pQ(x,,y.0)2xhx, @, pc,wdp,

h au gcx, dt,

(F.10)

Define the dimensionless fracture storage capacity. Cpp . the dimensionless

fracture conductivity, Cpp, and the dimensionless variable fracture conductivity. C'p:

C;D :”_q)f‘_'f (F.11)
Toc.x,
kfu 7
C,D = o (F.12)
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Parameters defined by Eqgs. F.11 and F.12 are not pressure dependent. After

replacing the above definitions into Eq. F.10, it becomes:

J dppy ) 9P,
Cp— 6, ——|+C,— X, Y =
/Daxn(p '8X0]+ /DaYD(p N ay p”‘lm( D1t Do ID)

: (F.13)
- dp
LT

Py ( dp a9, (app :
PO, =T+ip0,+| O, +p ") .

"3X; { *apn P35, (3K,

p 3p 35\ 3ppY

5. —tPyips +| 5, £ L
oo 9y, +{p r,\+[ ”apln+paplnj}[aybj

/Dapo

PG p(Xp Yo lp)=pr——

o 9tp

Divide by pd.4:

_l_alp,v+ L [ 9p 1 99 BP,D]:+LBIP,D+
5,9X: |6, | d.pdp, 55 dpp )\3X,) &, aY,

n{ L 3p , | ao‘h-)}[ap,njl_frq,n<xn.rn, ) __7Ch 3p,
o

0. WPOPn 0.0,dp, N dX, 0,0,.Cp 0,0,Cp 91,
- . . . . : ,_1dd
Define the high velocity flow modulus in the formation as 0'=—— and
p

using the fluid compressibility, the above equation becomes:

18 [ (o, 0 (3ra) , 1 Fpn

S, a; s, ka 6. \ax,) &, av;
dpp : quD(XDIYD:’tD) ”C;D dp,
v, 8,0.Cp 5.0.Cp 1,

A0

Multiply by &4
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d*p L 9ppY o
5.3 x/}f +(8, +c,8, 48,5, (Ex;:) +8, ﬁ+

0p,) & 7Cp 3 p
§.+c, 0, +0.0", —"’) (X, Yo y=|—2 2P
( FTEO, n p(ayn ) . 4p(Xp Ipitp) C, ar,

Recalling that;

P

! k
L+ PBu
U
Since S and u are assumed to be pressure independent. then:
. 3
J [I+L,.pﬂzz] £ k,pﬂ-&—k,zta—pl
a4, __ap,. u K dp, ap, )
p) - . T | 2
py (I+L,pﬂztj (H_k,pﬂu)
u \ u

divide both sides of the above equation by ¢

= k,p—+k,u—\
_[_86',.= ul dp, p,-J

5 dp, (Hk,.pﬁu)
\ U

dividing and multiplying by (k;u p)":

B du ap
=k p—+ku——
&, Pae, o,

i
kf“p 1 [+k]‘p ﬂ“
k up u

it mc_ga_q
_!l

5, \udp; pap;)
k,up [kufpﬂu}
a
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and applying the definition of fracture permeability modulus and fluid compressibility.

the resulting equation is:

0, = —%(u’ﬂ', )(S,Icl.up = %(u’*—c,. )k,.tlpal-

The above equation can also be expressed as:
8, =—(1-8,)u+e,) (F.19)

Recalling Forchheimer's Equation. Eq. F.7,

~

u =-0, di a_p

) "73.r

then. taking derivative with respect to p. we obtain:

du, 1 ap(k 85,“\

ap wax\ " ap)

divide by u,,

Louw, 1 {_Lﬂ( @_)}Lﬁ
u, dp _aﬂ%ap uox\ ' ap d, dp

dx

u'=9"' (F.20)
Substituting Eq. F.19 into F.18 —for the x-direction— yields:

8 =-(1-8 18, +c, |
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Atter performing various manipulations, the above equation results for the .x-

and v-directions:

§, =—~t—=— (F.21)
5. -1
=t Y (F.22)

ho2-4, 1 .
5 -1

Plugging Eqs. F.21 and F.22 into Eq. F.18:

5 B:p,D+§,.,(L‘, +5/r) apm :+5‘ a:pﬂ)_{"sn(c/ +5ﬁ-)(apm :
"ax; 2-§ X, Moy, 2-5, (ay,

T rC, \8p
- Xy Y, )= 2 D
C q’D( Di." Dr D) ( CD )ato

i)
Assume & >> ¢y, and & >> 5, then the above expression can be rewritten as:

a: 5., (apmj s a° Pp L5 (apm]-

n f)

= ax ~avy; aY,
2C )3 (F.23)
T D |9 Pp
~——4,p(Xp Ypiot )=(——’—]——
- m\Apilpirtp C ato
where;
o
{ft r
F 2—(5‘,ir
5.
$r=ys
Fo2-6,
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Eq. F.23 represents the flow equation in the nodes lying along the fracture. It is
necessary to include a sink term at the wellbore node where the total tluid coming
from the reservoir to the fracture and from the fracture to the well leaves is produced
from the system. For the system given, the solution domain is taken as the complete
reservoir domain, then q. flow rate is considered. Then, Eq. F.23 becomes:

*p ) 9 ap. Y
5,500, a,,;,,[ "m) ‘5, af;m;ﬂ.( ;;m)
D D

T 4r nCyph\dp
g (X Ypotp) +— L
C]D ‘I,D( pi.Xpirtp) C/D —4.0(p)= ( C ) atD

Expressing the flow rate going from the formation to the fracture at each node

in absolute value, the above equation becomes:

3p dp p ap, Y
5 —2L2 46 21 +d P55 2
" ax} "g"( i ) aYDj
_ Twy (X Y .1 )+ 41wy, ( )_/”C;D\!af’/o
CpAX ,AY,, 9ot olpirlo CpAX , AY,, Tolo L Cp ) 31,
(F.24)
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