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OSCILLATION OF HIGHER ORDER DELAY AND
FUNCTIONAL DIFFERENTIAL EQUATIONS

SECTION O
INTRODUCTION

In this paper, we shall give some oscillation criteria for delay
and functional differential equations and also for damped differential
equations of arbitrary order n > 2. Our theorems extend some results
in [3]-[8], [111, [15], 1171, [19], [20], [22], [23], [27]-[29], and [33].

A nontrivial solution of a differential equation which exists
on the half line [to,w) is said to be oscillatory if it has a zero on
the interval [t,=) for every t > to; otherwise it is said to be non-
oscillatory on [to’°)‘ Throughout this paper, only nontrivial solutions
of the corresponding differential equation which are extensible infinitely
to the right of zero on the real line are considered.

We denote by C{X,Y) the class of continuous functions with
domain X and range in Y. The set of all real numbers is denotéd by &.

We simply write C(X) for C(X,R). If X = [a,b], we write C[a,b] for
c([a,b]). Similarly for X being open or half open intervals, we write

C(a,b), C[a,b) and C(a,b] respectively for C((a,b)), C([a,b)) and C((a,b]).



SECTION I

Consider the n'th order delay differential equations of the

form

)y e+ (™ T Ry () (g (8)) = 0,

where the functions F; and g, (i = 1,2,...,m) satisfy the following
conditions:

(1;) F; € C([0,=) x &2), i = 1,2,...,m, and for some index k,

-
A

< k <m, F (t,u,v,) is nondecreasing in u and in v, for each fixed t;

(I,) F.(t,u,v;) has the same sign as that of u and v, for
i=1.2,...,m if uv, > 03

(I;) g; € C[0,®), g;(t) »=as t >= fori=1,2,....m

For convenience, we shall employ the following notation.
S = the set of all solutions of the given differential equation
which are continuable indefinitely to the right.

For an integer 2, 0 < 2 < n-1,

S;:m = {y € S: Tim y(J)(t) = o, J = 0,1,...,21},
towo

-0 . _ +c0

SZ = {y €8S: yesg }s

€ = {yesS: 0<1limy(t) <« and 1im y(j)(t) =0, J=1,2,...50=1},

too to

§7€ = {y €S: -yeSe} R



P = (yes: lim y8)(t) = 0 monotonically, j = 0,1,....,n-1},
too
S ={y€S: y(t) is oscillatory} .

In this section and the next we shall classify solutions of
certain differential equations and inequalities in terms of the sets
defined above. This will be done under certain assumptions concerning
the convergence, or divergence, of an improper integral over [0,=) where
the integrand involves certain coefficient functions. Previous related
results are numerous in the literature. Much of our work relates directly
to that of Ladas, Ladde, Lakshmikantham and Papadakis, [17], [22], [23].

We shatt provide three preliminary lemmas, the first two are

those of Kiguradze [14].

LEMMA 1.1 (Lemma 1 in [14]). If y is a function, which together

with its derivatives of order up to (n-1) inclusive, is absolutely con-

tinuous and of constant sign on the interval [to,m) ggg_y(")(t)y(t) <0

on [t ,=), then there is an integer 2, 0 < ¢ < n-1, which is odd when

n is even and even when n is odd, such that

(1.2) yE ) y(t) > 0, 5 = 0,1,....,

MG ) yit) > 0, 5= 241, n,

and

(t _ to)N']
MRS o b1 o=y pew ey M

(1.3) (n-])(zn-z-l t)|

f.QL te [toa“’)'
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LEMMA 1.2 (Lemma 2 in [14]). If y is a function, which together

with its derivatives of order up to (n-1) inclusive, is absolutely con-

tinuous and of constant sign on the interval [to,w) ggg_y(")(t) y(t) >0

on [to,m), then either

(1.4) yO) () y(t)

v

0, J=0,1,...,n,

or there is an integer 2, 0 < & < n-2, which is even when n is even and

odd when n is odd, such that

vty y(t) »

v
o
-

J=0,1,...,2
(1.5) o
1) @) () y(t) > 0, 5= 24,...0m,

and the inequality (1.3) holds for t € [to,w).

LEMMA 1.3 If y is as in Lemma 1.1 (or Lemma 1.2), and if for

some 0 < j < n-1,
1im y8(t) = c, ceq ,
tow

then

lim y(j+m)(t) =0, m=1,2,...,n-j-1.
T
Proof. If y is as in Lemma 1.1, the proof is referred to that

of Lema 2 in [24]. A similar proof applies to the case of y being as

in Lemma 1.2.

The following result generalizes Ladde's result [23, Theorem
2.1] to the arbitrary order delay differential equation (1.1). A related
theorem for (1.1) with odd n > 3 is provided by Theorem 1.3. Further



related results for equation (1.1'), which appears after Theorem 1.4,
are provided by Theorems 1.5 and 1.7. For a comparison of the results
of this section it is natural to compare Theorem 1.1 to Theorem 1.7 and

Theorem 1.3 to Theorem 1.5.

THEOREM 1.1. For n > 2 even, assume that the equation (1.1)

satisfies

(1.6) fm Fk(t,yt,ygk(t)) dt = += for each constant y # 0,
- ot - e -e () ~

Then S=S,qYS,ususSTuUsTuUs .

Proof. lLety€sS - S~. Then there is a T0 > 0 such that y(t)
> 0 on [To,w) or y(t) <0 on [To,m).

Case 1. Let y(t) > 0 on [To,w). Since gi(t) + o as t > », there
is a T1 > T, such that gi(t) > T, for t > T] (i =1,2,...,m). By (1.1)
and (12), y(n)(t) >0 for t > T]. There is a T,>T; such that each
y(j)(t), j =0,1,...,n-1, is of constant sign for t > T2.

Let y'(t) >0 for t > T,. Then by Lemma 1.2, y"(t) > 0, and
then y'(t) is increasing on [Tz,w). This implies that 0 < liz y'(t)
= y'(») <= Since y(t) > 0 and y'(t) > _y'(T2) >0 for t > T,, it fol-

Tows that y(t) - = as t -~ » and we have

y(t) - y(T,)
Tim X8 < 14 t-Tzz > y'(T)) > 0.

to too

Thus, for g = %-y'(Tz) > 0, there is a T, > T, such that %~y(t) > g for
t> T3. There is a T4 > T3 such that gk(t) > T3 for t > T,. Thus, we

have



(1.7) y(t) > gt and y(gk(t)) > ng(t) fort > T, .

Integrating (1.1) from Ty tot> T, and using (1.7), (11) and
(1.6), we have

t
y(n'])(t) = y(n'])(T4) + JT ZT=] Fi(s,y(S),Y(gi(S))) ds
4

tv

t
y("'”(T,;) * IT F (ssy(s),y(g, (s))) ds
4

v

t

_y("'])(T4) + J Fk(s,es,egk(s)) ds +» as t » ».
T
4

This says that (1.4) holds, since (1.5) cannot hold for j = n-1. Thus

n-1°
Let y'(t) <0 for t > T,. Then y(t) is decreasing. Since y(t)

y(j)(t) +o as t >« for all 0 < j <n-1. Consequently y €S

>0 for t > Ty, 112 y(t) exists and is nonnegative. Moreover, by Lemma
1.3, y' (=) = y"(w) = ... = y(n-1)(w) = 0. That is, ye SSu s°,

Case 2. Let y(t) < 0 for t sz. Then the proof follows similar
to the case 1 and we have the conclusion that S=§S{S'e u s° for this

case.

We can modify the proof of Theorem 1.1 to show that Theorem 1.1

still holds for the equation

y (M) - T FL (). (g (£).y! (£).y' (g (1)) = 0

if we replace conditions (I]), (12) and (1.6) respectively by

(Ii) Fi € C([0,=) x &%), i = 1,2,...,m, and for some index k,

1<kz<m, Fk(t,u,uk,v,vk) is nondecreasing in u and in Uy > and is also




nondecreasing in v and i

———— ——

Vi when uu, > 0 and w, > 0,

(13) Fi(tyu,u;,v,vy) has the same sign as that of u and u;

for i =1,2,...,m, if uu; > 0, and

(1.6) [ Fltatag(thee) = s if ey > 0.

The next result generalizes Theorem 2.1 of Ladas, Ladde and
Papadakis [17] to equation (1.1) for even n. It also includes Theorem
3.1 of Ladas, Lakshmikantham and Papadakis [22]. The proof of our
theorem is obtained by modifying that of the previous mentioned result
where only linear equations are considered. At the conclusion of Section
II we have further comments relating to Theorem 3.1 of [22] and the
result to follow. Further related results for equation (1.1) with odd
n > 3 and for equation (1.1') are provided by Theorems 1.4, 1.6 and 1.8.
It is natural to compare the conclusion of Theorem 1.2 to Theorem 1.8
and Theorem 1.4 to Theorem 1.6, though we point out that the assumptions
of Theorems 1.2 and 1.4 involve condition (1.8) rather than condition

(1.14) used in the other results.

THEOREM 1.2. For n > 2 even, assume that all hypotheses of

Theorem 1.1 hold. Furthermore, assume that

< wF (t,y,y) for any vy > 0,
(1.8) F (tsvwsvg, (w))

2 WFk(tsY"Y) for any y < 0,

for all sufficiently Jarge t and w > 0, where Fk is as in (11). Then
S=s" us® usPus”
n-1 n-1 )
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Proof. lety€ S - S . As in the proof of Theorem 1.1, we have
that each y(j)(t), j=0,1,...,n-1, is of constant sign for t > T2.

Case 1. Let y(t)>0 for tx=T,.
If y'(t) >0 for t > Ty, then it follows from the proof of

+oo

Theorem 1.1 that y € S .

If y'(t) <0 for t > Ty, then y(t) is decreasing on [Tz,w) and
then 1im y(t) exists and is nonnegative. We claim that y(t) - 0 as
t > w?+m0therwise suppose that y(t) +28 > 0 as t » «. By Lemma 1.3,
y' (=) = y"(=) = ... = y("'1)(w) = 0. Since y'(t) <0 for t > T2’ by
(1.5) of Lemma 1.2, (-l)jy(j)(t) >0, j =0,1,...,n, for t > T2. There
is a T3 > T, such that

(1.9) y(gk(t)) > g and y(t) > 8 for t > T,

Integrating (1.1) from T3 tot > T3, we have

t .
(1.10) _y(""”(t) = y(n-1)(T3) + JT ZT=] Fi(s,y(s),y(gi(s))) ds.

3

Let t - », we obtain

i=1

aay Yy - - ]TB I Filsay(s).yla(s))) ds.

Integrating (1.10) from T3 tot > T3 and using (12), (I3), (1.11), (1.9)
and (1.10), we have

"B ) = D (ry ¢t - 1y ¥ V1)

t
+ f (t - s) I3 Fils.y(s)sy(g;(s))) ds
T3



t
= y(" 2)(T ) + JT -s) Z F. (s,y s),y(g 1.(s))) ds
3

- (6 - Ty) [: M FL(say(s)y(g, (s))) ds

1A

t
y=2)(1 ) 4 JT (T3 - ) [Ty Fi(s,y(s) (g (s))) ds
3

t t
v ey [y ™) as - [ s I Filsa(s) (e ) d
T3 T3

y 2 )+ 1) -y )

t m
- J s Ji-1 Fi(ssy(s)hy(g,(s))) ds
T3

t
sy By -y iy - [ s Rlse) g ) o
3

LA

t
y(n-2)(T3) - T3 y(n-])(T3) - JT S Fk(S:BaB) ds
3

A

t
y 2y -1,y - Fi (585,89, (s)) ds.
3 3 3 T k k
3
By (1.6), y(n'z)(t) would be negative for all sufficiently large t.
This is a contradiction since y("'z)(t) >0 for t > T,. Therefore,
y(t) > 0 as t » . Moreover, by Lemma 1.3, y € S°.
Case 2. Let y(t) <0 for t > T . Then the proof follows similar

to the case 1 and it concludes that y € S;f] U s® for this case.
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THEOREM 1.3. For n > 3 odd, assume that the equation (1.1)

satisfies (1.6). Then S = S us®uslus,

Proof. Lety €S - S”. As in the proof of Theorem 1.1, we
discuss the following two cases.

Case 1. If y(t) >0 for t > T, Since gi(t) > o as t > w,

there is a T, > T  such that gi(t) T, for t > T, (i

v

1,2,...,m).

v

By (1.1) and (12),y(n)(t) <0 for t > T,. There is a T, T] such that

each y(J)(t), j=0,1,...,n-1, is of constant sign for t > T2.

If y'(t) > 0 for t > TZ’ then 2 > 2 in (1.2) of Lemma 1.7, and

y'(t) is monotone increasing and positive for t > TZ' Thus, as in the

proof of Theorem 1.1 there is a 8 > 0 and a Ty 2 T, such that

1

E—y(t) > g for t > T,

Since gk(t) +> » 3s t - =, there is a T4 > T3 such that
g (t) > Ty for t > Ty

Thus we have

(1.12) y(t) > 8t and y(gk(t)) > ng(t) for t > T4.

Integrating (1.1) from T4 tot > T4 and using (1.12) and (I]), we have
(n-1) (n-1) o
y (t) =y (Tq) - fT Li=q Fi(say(s)uyla.(s))) ds
4

t
s y("'])(T4) - fT F(ssy(s),y(g,(s))) ds

T4) - J Fk(SaBSngk(S)) ds.
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By (1.6), y(n-])(t) would be negative for all sufficiently large t.
This is a contradiction since y(n'])(t) >0 for t > T,. Therefore,
y'(t) <0 for t > T2.
It follows that 1im y(t) exists and is nonnegative. Moreover,
by Lemma 1.3, y(j)(t) -> 8+:s t >, j=1,2,...,n-1. That is, ye€ s¢ u s°.
Case 2. If y(t) <0 for t > To’ then the proof follows similar

to the case 1 that y € S u s°.

THEOREM 1.4. For n>3odd, assume that all hypotheses of Theorem

1.3 hold. Furthermore, assume that (1.8) holds. Then S = sPus,

Proof. Lety € S-S . As in the proof of Theorem 1.1, we have
the following two cases.

Case 1. If y(t) >0 fort> To- Then as in the proof of Theorem
1.3, we have the conclusion that y'(t) < 0 for t > To. Then lim y(t)
exists and is nonnegative. Moreover, by Lemma 1.3, y(j)(t) +t6mas t > o,

j=1,2,...,n=-1. We claim that y(t) - 0 as t -+ ». Otherwise suppose

that y(t) - 28 > 0 as t + ». Then there exists a T3 > T2 such that
y(g, (t)) > 8 and y(t) > 8 for t > Ts.

Sﬂmey%t)<0fm~t3T?tw(12)ofmea1J,(4)ij)ﬁ)>0,

i =0,T,...,n, for t > TZ' Integrating (1.1) from T3 tot> T3, we have

; t
a3y ey <y Ny - |

T Li=1 Fi(s:y(s)uy(g;(s))) ds.

Let t » «», we obtain

=1 _
y("r) = j:3 MM, Filsay(s)ay(e () ds.
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Integrating (1.13) from T3 tot > T3 and using the same procedures as

in the proof of Theorem 1.2, we have

t
y ) 2y D) -1y D) ¢ [ (s8s ey (s)) ds
T3
which would be positive for all sufficiently large t. This is a con-
tradiction since y(n'z)(t) <0 fort> T2. Therefore, y € s°.
Case 2. If y(t) <0 fort > To’ the the proof follows similar

to the case 1.

We now consider the equation
1)y (DT Iy () (g (0) = 0,

where F., 9; (i =1,2,...,m) satisfy (11), (12) and (13). We define the
following subsets of S:

E

S ={y€S: 0<1limy(t) <= and 1im y(j)(t) =0, j=1,2,...50n-1},

o tow
s7E - {(yes: -ye sEy.
Clearly, s c sE and 57® c s7F hola.

We have the following theorem corresponding to Theorem 1.1.

THEOREM 1.5. Assume n is even and that (1.1') satisfies (1.6).

Then s = sFusEus™.

Proof. Lety €S - S”. Then there is a T0 > 0 such that y(t) > 0
on [To,w) or y(t) <0 on [To,m).

Case 1. If y(t) > 0 on [To,w). Since gi(t) +® as t + =, there
isal > To such that gi(t) > T0 for t > T1 (i =1,2,...,m). By (1.1")
and (12), y(n)(t) <0 for t > T]. There is a T2 > Ty such that each
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y(J)(t), j=0,1,...,n-1, is of constant sign for t

Vv

T2' By Lemma 1.1,

y'(t) >0 for t ©. Now either

tv

T2. It follows that 0 < 1im y(t)

A

too
y"(t) > 0 for t > T, or y"(t) <0 for t > T2 and 0 < 1im y'(t) < «.
treo
In either case, either y'(t) -~ 0 as t » = and we are done, or lim y'(t)

t-ro0
> 0. The remainder of the argument is much as in the proof of Theorems

1.1 and 1.3. That is, y € SE.
Case 2. Let y(t) <0 for t > TO. Then the proof follows similar

-t

to the case 1 and we have the conclusion that S =S ~ for this case.

THEOREM 1.6. Assume n is even and that (1.1') satisfies

(1.14) f Fk(t,y,v) dt = += for each y # 0.

~

Then S =S .

Proof. Let y be a nonoscillatory solution of (1.1'). We can
assume that y(t) > 0 for t > To. As in the proof of Theorem 1.5, there
isaT,> To such that each y(j)(t), j=0,1,...,n-1, is of constant
sign and y'(t) > 0 for t > T,. It follows that y(t) > 6 for some 8 > 0
and for each t > T2. Since gk(t) +® a5 t + », there is a T3 > T2 such

that y(gk(t)) > g for t > T3. Integrating (1.1') from Ty tot>Ts,

we have

t
y ") =y iry) J I Filsuy(s)ay(g;(s))) ds
3
t
) - [T3 F(s:y(s).y(g,(s))) ds
t

T

(n‘])(T

tA

y

A

y("'1)(T3) - J Fi (s,8,8) ds.

T3
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It follows from (1.22) that y(n'])(t) would be negative for all suf-
ficiently large t. This is a contradiction since by Lemma 1.1, y("'])(t)

>0 for t > T,.

THEOREM 1.7. For n > 3 odd, assume that (1.1') satisfies (1.6).
E

_ +co -0 _E ~
Then S = 577 U s~ ustusTEUST

Proof. Lety €S- S, then there is a T > 0 such that y(t) > 0
or y{(t) <0 on [To,m).

Case 1. If y(t) > 0 on [To,w). Since gi(t) +® as t » », there
is a T] > T0 such that gi(t) > To’ i=1,2,...,m, fort> T1. Now
y(n)(t) > 0 on [Tl’w)' There is a Ty 2 Ty such that each y(j)(t),
j=0,1,...,n-1, is of constant sign on [Tz,w). By Lemma 1.2, either
(1.4) holds or there is an odd integer % such that (1.5) holds. If
(1.4) holds, then by an argument similar to a portion of the proof of
Theorem 1.1 it follows that y("'1)(t) +»as t>os0y€E S:f]. If
(1.5) holds, then y'(t) > 0 and either y"(t) > 0 or y"(t) < 0 on [Tz,w).
It follows that 0 < Timy'(t) < =. If y'(t) » 0 as t » =, then by

o)

Lemma 1.3, y € SE. If 0 < 1im y'(t) < =, then as previously we have

tow
y("'])(t) > 0 for all sufficiently large t, a contradiction. Thus,
4o F
yESn_.IUS.

Case 2. If y(t) <0 on [To,m). Then by the similar argﬁment

as that of case 1, we can show that y € S ) U s,

THEOREM 1.8. For n > 3 odd, assume that (1.1') satisfies (1.14).

4w - ~
n-1Y 5 VS

Then S = S

Proof. Lety€ S - S . As in the proof of Theorem 1.7, we have

y €57 or y'(t) > 0 and y" 1 (t) < 0 on [Tps=) for case 1. If
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y'(t) > 0on [Tz,w), then there is a T3 > T, and a 8 > 0 such that y(t)
> 8 and y(g, (t)) > 8 for t > To. It follows that

=1

t
y( Dy - y("-1)(73) + JT [T Filsay(s).y(gs(s))) ds
3

v

t
y(m ) + jT F(s:¥(s).y(g, () ds
3

v

t
y("'l)(T3) + J F (s:8,8) ds.

T3
By (1.22), y("-‘)(t) would be positive for all sufficiently large t,
a contradiction. Thus y € S:f1.

Similarly, we have y € S;T] for case 2.



SECTION II

Consider the following deviating argument differential inequali-

ties of the forms

(2.1) y(£) Iy'™ () + Fltay(t).y(g(t)))] < 0
and
(2.2) y(t) Iy (t) - Ft.y(t).y(a(t))] > 0,

where F(t,u,v) satisfies (I]), (12) for F = Fk and g(t) » = as t » =,
We shall investigate the oscillatory behavior of solutions of
inequalities (2.1) and (2.2) via the oscillatory behavior of solutions

of a class of differential inequalities

(2.3) x [xX™ + p(t)N(x)] < 0
and
(2.4) x [xM - e > 0,

where N € C(-»,») is nondecreasing on [0,=) and x N(x) > 0 for x # O.
Corollary 2.1 and Corollary 2.2, under weaker conditions, extend Teufel's
results for bounded solutions in [28] to arbitrary even order functional
differential equations. Corollary 2.3 reduces to Theorem 2.7 [8] and

also improves Theorem 3.1 [11] and the sufficient part of Theorem 3.2

[11] in the case n = 2. Corollary 2.5 [11] and Theorem 2.1 [8] are special

cases of Coroilary 2.3 for n=2 and F(t,y(t),y(g(t))) =p(t)f(y(t).y(g(t))).

16
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For n = 2 and g(t) = t, Corollary 2.3 also includes the sufficient part
of Theorem 1 [33].

THEOREM 2.1. Let x be a nonoscillatory solution of (2.3), ¢

satisfies (1.2) and

(2.5) fm =% p(t) N(ytg']) dt = = for each y # 0.

Then, if n is even, x(z'])(t) tends to infinity monotonically. If n is

odd, either x(t) tends to a limit or x(z'])(t) tends to infinity mono-

tonically.

Proof. Suppose that x(t) > 0 on [To,m). It follows that

(2.6) M (t) + p(t) Mx(t)) < 0 for t & [T ).

Thus x(n)(t) < 0on [T ,=) follows also. There is a T, > T  such that
each x(j)(t), j=0,1,...,n-1, is of constant sign on [T],m). If nis
even, then by Lemma 1.1, there is an odd integer 2 such that (1.2)
holds. Since x(2'1)(t) > 0 and x(z)(t) >0 on [T],m), there is an
L > 0 such that x(z'])(t) >L for t > T‘. Integrating this repeatedly

and using (1.2), we have
(2.7) x(t) > yt*"1 for some y > 0 and for each t > T, 2 Ty
Integrating (2.6) from s > T2 to t > s, we obtain
0 < x{MM(e) < xlgs) - [t p(u) N(x(u)) du

S

or

t
x("'l)(a) > f p(u) N(x(u)) du for t > o > Toe
g
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Integrating this froms > T, to t > s, we have

tret
0> x(n'z)(t) > x(n-z)(s) + J (I p(u) N(x(u)) du] do
sUg

t
= x(2)(5) [ (u - s) p(u) N(x(u)) du

S
W

or

t
x("'z)(c) < - J (u - o) p(u) N(x(u)) du fort >o > T2 .
g

Continuing this process, we get

t -2-1
x(l)(o) 2 f (u - U)H.Q p(u) N(x(u)) du for t >0 >T,.
o

Integrating this from T, to t > T, and using (2.7), we obtain

(u-T )

t
x(l-])(t) 2 x(z"])(Tz) +f _(___5___ p N(‘YUE-]) du.

It follows from (2.5) that x(l'])(t) > ®as t > o,

If n is odd, then 2 is an even integer satisfying (1.2). If
£ = 0, then x'(t) < 0 for all sufficiently large t and then x(t) tends
to a Timit. If 2 > 2, then the proof for n even go through.

Let x be a nonoscillatory solution of (2.3) with n even. If x
is bounded and assume that x(t) > 0 on [To,w), then £ = 1 in Lemma 1.1.

Thus we have the following

COROLLARY 2.1. If (2.5) holds for & = 1, then every bounded

solution of (2.3) with n even is oscillatory.
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THEOREM 2.2. Let lim inf 9%-2- > 0. Assume that y is a non-

tow T

oscillatory solution of (2.1), & satisfies (1.2) and (2.5) holds. Fur-

thermore, assume that

(2.8) u F(t,u,u) > u p(t) N(u) for u # 0.

(2-1)

Then, if n is even, y (t) tends to infinity monotonically. If n

— —— —— —

monotonically.

Proof. As in the proof of Theorem 2.1, we only consider the
case when n is even. Without loss of generality, we can assume that
y(t) > 0 on [To,w). Since g(t) -~ = as t > », there is a T] > T0 such
that y(g(t)) > 0 for t > T,. It follows from (2.1) that y™t) <oen
[T1 »»). There is a Ty > T1 such that each y(j)(t), j=0,1,...,n-1, is
of constant sign on [Tz,w). Let & be as in Lemma 1.1 and assume that

y* 1) isbounded. Then =>1im y(*" (1) =L>0. Thereisa T

tso

32Ty such that

L > y(z'])(t) >12'- for t > T,

Integrating this repeatedly and using estimation, we obtain th'] > y(t)

> kt*"! for some H > 0, K > 0 and for all sufficiently large t.

Thus we have

y(a(t)) > K(g(t))* ! > K[g%tl] 471 for ant sufficiently large t.

Let 1im inf 9%)- = o > 0, then we have

{0

a 2"] 9,"'] K 2"]
(2.9) y(g(t)) > K(?] t > ﬁ(%] y(t) for all sufficiently large t.

K 9.""
Let M = min{ﬁ{%] » 1}, then
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y(g(t))> M y(t) for all sufficiently large t.

It follows that
0 > y(M(t) + Flt.y(t)oy(ae))) > v (1) + F(t.y(t) My(t))

> y (M (e) + F(tMy().My(8)) > v (b)) + p(t) N(My(t)).

Replacing N(x) by N(Mx) in Theorem 2.1, we get a contradiction.
Similar to Corollary 2.1, we have the following

COROLLARY 2.2. If all the hypotheses of Theorem 2.2 hold and

2 =11in (2.5), then every bounded solution of (2.1) with n even i

oscillatory.

In Corollary 2.2, we can remove the condition 1im inf 9%}1 >0
tooo
and only require that 1im g(t) = =». That is because in the proof of
to

Theorem 2.2, we have y(t) - L as t - » and then corresponding to (2.9)
we have y(g(t)) > %-3 %—y(t) for all sufficiently large t. The proof

of Theorem 2.2 goes through if we replace M by %n

THEOREM 2.3. Let lim inf 9%)- > 0. Assume that y is a non-
to

oscillatory solution of (2.1), & satisfies (1.2) and

(2.10) Jw -2 F(t,ytz'],ytz']) dt = t= for each y # 0.
(2=1)¢)

Then, if n is even, y tends to infinity monotonically. Ifn

monotonically.

Proof. We can assume that y(t) > 0 for all sufficiently large

t. As in the proof of Theorem 2.1, we only consider n even. Then there
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is a T] > 0 such that each y(j)(t), j=0,1,...,n-1, is of constant sign
on [T],w) and an odd integer & satisfying (1.2). Since y(z'])(t) > 0
and y(x)(t) >0 for t > Ty, 0 < lim y(z'])(t) <o, If y(l'])(t) > ® as

t (2-1) .
t + », then our proof is done. Let 0 < limy (t) = L <. There is
t—)oo

a T, > T, such that

Bl eyt sttt for b p T,

Let 1im inf 9%}1 =a > 0. There is a T; > T, such that
tore :

2-1
yla(t)) > & fo(0 1! = 5 [SET 1 Lt o o g

t 3

Let p(t) = —r F(t, 7 La*™ ¢!, 21a*1 ¢*71) and tet N(x) = x

L
in Theorem 2.1, then

YW@+ ety sy M) ¢ e gt T Fet e
= y(n)(t) + F(t, %Lal-] tl-], JZ-LGE-] tl'])

v (e) + F(ty(t),y(a(t)) < 0.

1A

Thus y(t) satisfies (2.3). Moreover

00

f £ p(t) N(LEE!) dt = f "L F(t, -;-La“ 21 LAt et s e

By Theorem 2.1, we get a contradiction.

Similar to Corollary 2.2, we have the following.

COROLLARY 2.3. If [ t") F(t,y,y) dt = = for each y # 0, then
£ (2

every bounded solution o

(2.1) with n even is oscillatory.
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Apply the same argument as in the proofs of Theorem 2.1, Theorem

2.2 and Theorem 2.3, we have the following theorems.

THEOREM 2.4. Assume x jg.g nonoscillatory solution of (2.4), 2

satisfies (1.5) with 2 < n and holds. Then, if n is odd, x(2'1)(t)

.5)
tends to infinity monotonically. If n

is even, either x(t) tends to a

1imit or x(l ])(t) tends to infinity monotonically.

THEOREM 2.5. Let Tim inf XL > 0. Assume that y is a non-
t-e0

oscillatory solution »f (2.2), & satisfies (1.5) with ¢ < n and (2.5)

holds. Furthermore, assume that (2.8) holds. Then, if n is odd, y(z'])(t)

tends to infinity monotonically. If n is even, either y(t) tends to a

1imit gr_y(z'])(t) tends to infinity monotonically.

THEOREM 2.6. Let lim inf 91—)- . Assume that y is a non-
-0

oscillatory solution of (2.2), 2 sat1sf1es (1.5) with 2 < n and (2.10)

holds. Then, if n is odd, y(z'])(t) tends to infinity monotonically.

monotonically.

Equations (1.1) and (1.1') in Section I are special cases of
(2.1) and (2.2). In fact, most results of Section I could have been
stated in terms of differential inequalities. One reason for not doing
so is to present the readers a variety of settings in which the compu-
tations can be made. If we define as in [22],5+°° = UQ;} Szw and
§™ = 7 5;°, the decomposition in Theorem 3.1 [22] is § = §™ u ™
U So US . Our Theorem 2.6 (n even) has the same decomposition, where

we give weaker conditions on g(t) and replace (3.1) [22] by (2.10).
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Since, when F(t,y(t),y(g(t))) = p(t) y(g(t)), (2.10) becomes

(2.11) fm £ o(t) dt = =,

(2.10) is also weaker than (3.1) [22]. If N has certain growth condi-
tions, for instance, if H%§l is monotone increasing, then (2.5) also

may be replaced by (2.11).



SECTION III
We shall consider the delay differential equations of the form

(3.1) yM(e) + y(t - <(8)) Flty(t - 2(t) = 0,
where 0 < t(t) < T and f(t,u) satisfies the following hypotheses:

(I11,) f € C([0,=) x &) and f(t,v) < f(t,u) for t € [0,=),
0 <v<u;and

(IIIZ) f(t,u) > 0 for each t € [0,) and u > 0.

Our theorem extends for the case n = 4 a recent result due to
Terry and Wong [27, Theorem 3.2]. When n = 4, t(t) = 0 and f(t,y(t-t(t)))
= p(t) our result reduces to that of Leighton and Nehari [19, Theorem
11.2]. Our theorem also generalizes a theorem of Moore and Nehari [20,
Theorem 111] for the case of n = 2, t(t) = 0 and f(t,y(t-7(%))) =
p(t) [y(t)]zm, where p is positive and continuous on [0,=) and m is a
positive integer. In [10], Eliason considers the second order equation
of the form y"(t) + p(t)]y(t-t(t))|Y sgn y(t-t(t)) = 0 (y > 0) and gives
necessary and sufficient conditions for this eguation to have a bounded

nonoscillatory solution with asymptotic behavior.

LEMMA 3.1. Let y satisfy the hypotheses of Lemma 1.1, Then

tim (2 + 29)187 02 ye) < vim y B (6) for each § = 0,1,... 05T

too to >2
Both Timits are finite.

24
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Proof. Assume that y(t) > 0 on [To,m) and 2 satisfies (1.2).
By Taylor's formula with integral form of remainder, we have

= ' 242
0 =y (1) # 3 (1) (E=Ty) +it ——— L (e-T)

t . :
. YTT?JEEST fT (t - 5)%*2 y(z+23+1)($) ds > y(T,) + y' (T )(t-T,)

0

y(#423) (7 o (t-T )M . .
. s '127?7537%— (t-T0)2+23 . ——137%—5371-[y(1+23)(t)-y(“+23)(T0)]

for t > To' Dividing this by (t - TO)2+2j , we obtain

J(t) y(T,) y(T,) y B8 )
(t-T1 )42 - (-1 )H2 ' (t-T7 )% GRS

1

+ W [y(R."'Zj)(t) _ y(52,+2j)(.r0)]
or
(3.2) yi#*2d)  (2d)iy(t) | (2+2)y(T,) ) (2423)1y" (T )
' - 2423 2+2] ¥23-1
(t-T )7 (e - 1) (paT )M
(2+2j)y(£+2j’1)(T0)
' t- T,
for £ > T..

since y**21) (1) > 0 and y 2 (1) < 0 on [1_,), 1im y (12 (1)
tow

exists. It follows from (3.2) that

(3.3) tim y 2 (¢) ¢ Vim ing (220D
oo t (t-—To)l J
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To prove the reverse inequality, we choose a o such that T0 <0

942

< t. Then we have (t - s) > (t - 0)2+23 for s € [To,c]. Hence

y(##2i)(r )
ﬂt)fYU6)+Y'”0Ht'TJ‘+ 'jfjjﬁp—(t T)

- L+23 (o .
+ %%—:lgjyf jT y (12 (5 s = y(T) + y (T )(t-T))

(0]

242

y(2*23) (1 1425 (t-o) A (he24) (2423)
s T L v e - R )

or
2] 2 2
y(1423) ) zjﬁ;i_sigﬁj.y £) - zi%?:_g%%ﬁs_y ) - i%.; )ilza-W y'(T)

0

- at2) (a423-1)
T T y (To)

2+2] . .
- ) B ) -y )]
0

for t > TO. Let o be fixed, we have

(9'*'2\]‘)(0) (£+2j)(T )

- y 0 .

too  (t-T )2+2j
0
It follows that

Z toT )2 J
0

tow

Since o is arbitrary and since lim y(2+23)(t) exists, we obtain

o
(3.4) Vim y (423 () 5 Tim sup <201y
troo Tt (t- To)'ﬁz‘]

The proof is then complete by combining (3.3) and (3.4).



n-2-1
2

In the proof of Theorem 3.1, we only use the case of j =

in Lemma 3.1.

THEOREM 3.1. Equation (3.1) has an ultimately positive solution

y(t) satisfying

(3.5) vim £ Nye) = K, 0 <K <,
teo

if, and only if, for some ¢ > 0

(3.6) f "V f(t,et™ ) dt < .

Proof. Suppose (3.6) holds for some ¢ > 0. Choose a suffi-

ciently large T_ > t_ such that

0 0

(3.7) Jw "1 f(e,ct™ ) dt < %-.
T
We now construct a solution y(t) = y(t,To) of (3.1) with the
. - o (n=2) - (n-1) -
y' (Ty) ==y ( (;o) 0,y (Tg) = ¢
. n-1 _
t <T,. Sincey (T,) = ¢ > 0, y(t.T )

initial conditions y(To)

A

and y(t) = 0 for T0 - T

is positive on some open interval whose left end point is TO. Let t = T]
be the first zero of y(t,To) in (To,m), if such exists. Then by Taylor's
Theorem, it follows that

(n-1) .y -
(3.8) y (g) = 0 for some T < ¢ <T,.

By Taylor's formula with integral form of remainder, we have for T0 51:5T]

t
(3:9) y(0) = iy (=T e iy [ -9y e

0

t
= myr (=T Tn—]l)'*‘fT (t-5)" Ty (s - <(s))F(s.y(s<(s))) ds.
0



28
By (IIIZ), it follows that

(3.10) y(®) < ST (=T )" < ct™

Since y(t) = 0 on [T -7 ,T 1, (3.10) holds for T -7 <t <T

o} 1°
It follows that

(3.11) 0 <y(s-r(s)) s es" for T <5 < T,

Integrating (3.1) from To to t with T0 <t <Ty, and using (3.11) and
(3.7), we have

t
yO () = ¢ - [T y(s=t(s)) F(s.y(s-t(s))) ds

which contradicts (3.8). So we have proved the existence of a positive
nonoscillatory solution y of (3.1), since as long as the above and
(3.10) hold, the solution may be extended indefinitely to the right.

For this solution y(t) = y(t,To), (3.9) and (3.10) hold for
t>T,. It follows that

t
c(t-To)"'] = (n-1)! y(t) + JT (t-s)““ y(s-t(s)) f(s,y(s-t(s))) ds
(o]

t
(n=1)! y(t) + c(t- To)n'] J. "1 f(s,csn']) ds

To

1A

(n-1)1 y(t) + % c(t - To)"']

A

or
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%-c < (n=1)! y(t)(t- TO)-("']).
Combining this with (3.10), we obtain
c < (n-1)! y(t)(t- TD)'("']) < c.

Since y(")(t) <0, y(”'])(t) is decreasing and then (3.5) follows from

n-4-1
2

To prove necessity, we let y be an ultimately positive solution

Lemma 3.1 with j =

of (3.1) satisfying (3.5). We assume that y(t) > 0 for t > Tye By

Lemma 3.1 with j = ﬂléll » we have

(3.12) f: (sx(s)) Flsay(ses)) o5 = - [ y(M(s) as

0 T0

=y V(1) - kin-1):

It follows from (3.5) that for any 0 < ¢ < K, there is a Ty 2 T, such
that

y(t-t(t)) > (K-e)[t- ()" > (K-e)(t -1 )"

for t > T, + r . By (III;), we have for s > T, + 7

1
F(s.y(s-1(s))) 2 F(s,(K-e)(s-x )" ).

Substituting T, by Ty * 1, in (3.12), we obtain

0

(3.13) (Kee)(s = 7)™ (s, (Kee) (s=1)"T) ds

Tt

< y(n-])(T1+To) - K(n-1)!
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For s > 215 it follows that s < 2(s - ro) and then by (III]), we have

(3.14) f "1 f(s,es™) ds < "1 f (s - To)"'] f(s’czn'](s_To)n’]) ds

= o1 r (s-fo)”“ f(s,(K~e)(s-ro)n-]) ds,

where K-¢ = 2" ¢,

Combining (3.13) and (3.14), we have

00 n-1
f s" 1 £(s,cs™ 1) ds < %772.[y("'])(T]+10) - K(n-T)!1.
T] +T

The conclusion (3.6) is then proved.



SECTION IV

In this section, we are concerned with the delay differential

equations of the form
(4.1) y ™ ey« p(e) y(t - o) =

where t > 0 and p is a continuous nonnegative function on [0,=).
For the existence and the uniqueness of solutions of the linear
equation (4.1), see §4.1 in [13].

Our theorem extends Kung's Theorem3in [15] for equation (4.1).

LEMMA 4.1 (Lemma 2 in [25]). If y is a solution of (4.1) with

y(t) >0 and y'(t) > 0 for every t € [T,»=), then y(n']) is nonnegative,

nonincreasing on [T +r,=) and

)’(t)>'—(———z'p—)’ t)fOY‘tE[T*‘r,)

THEOREM 4.1. Assume that

(IV ) there exists a positive and continuously differentiable
Tt $h- -2
function ¢ on [a,») and 11m f NGJ ds = =;

t oy 1o(n=1)(n=2) 1.1 /y72
(IV,) K(t,k) = L (Yk(5)¢(5)p(5) - fn 2)1!;%5 ) [ ) : ] ds

(n 2)‘2(n ])(n 2)

¢I(t)-)m_a-§.t+m

31
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for every sufficiently large T and every positive k, where

1- X fn=2
/t
Yk(t) = .

ifn> 2.

Then, if n is even, every solution of (4.1) is oscillatory; if n is odd,

every solution y of (4.1) is either oscillatory or y(t) tends to a limit

and Tim y(t) = 0, 5 = 1,2,... 1.

toreo

Proof. For the case of n = 2, it is proved in [16]. So we
assume that n > 3 in the following proof.

Let y be a nonoscillatory solution of (4.1). We can assume that
y(t-t) >0 for t > To- Then y(n)(t) <0on [T ,=). Thereis a Ty > T,
such that each y(j)(t), j =0,1,...,n-1, is of constant sign on [T1,w).
By Lemma 1.1, y(n-])(t) >0 on [T;,=). |

(i) Let y'(t) < 0. By Lemma 1.1, this can occur only when n
is odd. Then y is decreasing and then tends to a limit as t » «. Fur-
thermore, by Lemma 1.3, 1im y(j)(t) =0, j=1,2,...,n-1.

)

(i1) Let y'(t) > 0 on [Ty=). Let

(n']) t
q(t) = - 1 ¢(t).
v Y 2n-2
t

| M @) + Ve 0 - Sy [zn'iz]y‘""”(tmt)

q|(t) = - 2 . 2 .L
")

Then
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1 t (n"])
- Y' ==y (t)e(t)
_ptytn)et) -y Me)er ) {2” ZJ

t t n-2 2| t
Y= VA ey 2" " Y l==
2n 2 lzn 2} [2" ZJ
By Lemma 4.1, we have
n-2
t ) {2:‘2 ) T]] (n-1) t

(t - T,)"2
y,[ t J 2
2

n-2| 2

-1
" (n-2)t 2\n=1){n-2) y(n J(t) for t > T

9
It follows that

-2r (n=1) (42
oty » Rl ne)  y M ieg ), (BT iy "D () s (1)
S 2552 Eﬁ%g- (n-2)! 2("“)("‘2)y2{"r ]

v () e(t)s! (1)

(t - T,)"° (n-1) ‘
_ 2 YU e(t)
¢(t) (n-2)! 2(“'])('1‘2) y[z_nti_z_]

L (n=2)1 2020 ()12 p(e)y (to1) (e
4(t - Tz)n"2 y t

2

n-2

_ (n=2)1 201 n=2)p (42
4t - T )"
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n-2 2
. (t - Tp) e - fnegye D2
o(t) (n-2)! 2("'])('1"2) ¢[th-2—] a(t - Tz)n-z

, Ry (t-r)e(t) _ (n-2)r 2 1)(n2) i)
y[?_nt.z] 8(t-T,)"7 o(t)

Since y'(t) > 0 on [T],w), y(t) is increasing on [T],w) and then

n-2
bt ottt > Lo e, if t > 2 .
- - 2n-2 - 2n-2 -
y 2n-2

n-2

tand let T = max{Tz,T3}. Define
-1

n(t) =Jt s)e(s)y(t-1) _ (n-2)1 21V (n2py ()92
- a(s - T)"2 4(s)

and define
Z(t) = q(t) - h(t) for t >T.

Then

(t-T1,)"? (n-1)
1 ol t 1 2 ) t
z(e) =0t - 0(t) 2 g L/<n-2)! G "’[ =hy
2

n-2
2
(n-1)(n-2)
-2)! 2 '
- V//Qn 42t = )n-2 é (t)]
2

2
- 'l _ } (n_z)! 2(”'])("’2) , (t - T2)
e [ TS BT G

n-2
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-2
(t - Tz)n

) (n-2)1 z(h'])(n'Z) o(t) [Z(t) + h(t) +

(n-1)(n-2) 2
(n-2)! 2 "n_z n ¢.(t)]
2(t - Tz)

2n-2

(t - 1,)"2 t )
= (ﬁ_”(n_z) [Z(t) + J [D(S)¢(ss)y(s 1)
(n-2)! 2 ¢(t) T

2
_n=2)r 20D () 2) L (negyr 202D gy
4(s - 1" o(s) 2(t - T,)"2

for t > T. We shall estimate the quantity in the bracket as follows.

Ty T2 a(s - Tg)n'2 ¢(s)

2+ ) [D(S)Msi)!(t-r) _ (n-2)! z‘"")‘"‘z’[¢'gs)12] i

J

, (n=2)1 2(m1(n-2) 4 ()
2(t - T,)""2

2)

t '] ‘2 1 2
220+ [ fotsrets) - L2 2V 0 o
T a(s - T,)" 4(s)

'1 '2 !
+ (n-2)! 2(n :E; ) ' (t) . Z(t) + c + K(t,k) for t > T and
2(t - T,) )

for some constant c.
Let B ~be such that Z(T) + 8 > 0. By condition (IVZ)’ there
is a Ty > T such that

S Z(t) + ¢+ K(t,k) > Z(t) +8 > Z(T) +8 >0 for t > T4.

Then
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(t - T,)" )
(n_-l)(n_z)q)(t) [Z(t) + B] for t > T4.

' (t) >
" (n-2)! 2

Dividing this by [Z(t) + 3]2 and integrating from T, to t > T,, we

obtain

n-2
1 1 1 Jt (s -T,)

1
T8 " O 78 T 8> (1 w002 Jp, ~8) ds.

By (IV]), we get a contradiction.

From the above proof, we see that Theorem 4.1 still holds if we

consider the equation

yM () + p(t) y(g(t)) = 0

for n > 2, where g(t) < t and g(t) > ;12 on [a,») for some large o.
2
Theorem 4.1 also holds if we replace equation (4.1) by differential

inequality

(4.2) y(t) Iy™M () + p(t) y(t-1)] < 0.

If the delay function g{(t) is such that t-t < g(t) < t and if y is a non-
oscillatory solution 6f y(")(t) + p(t) y(g(t)) = 0, y(t) > 0 and y'(t) > O,
then y satisfies (4.2) and then Theorem 4.1 would apply.

By taking ¢(t) = 1, we have the following

COROLLARY 4.1. lj.fm p(s) ds = w, then the result of Theorem
4.1 holds.

For t = 0, Corollary 4.1 coincides with Theorem V in [12]. 1In
case of n = 2, Corollary 4.1 reduces to Corollary 4 in [15]. For n = 2

and T = 0, Corollary 4.1 coincides with Theorem (i) in [9]. For this
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case, also see Corollary 2 in [32], the Theorem in [30], Theorem 1.1

in [18], Theorem 1 in [26] and the Theorem in [31].

COROLLARY 4.2. 1If T1im inf p(t) > O, then the result of Theorem

)

4.1 holds.



SECTION V

Let h be a fixed positive number. For any continuous function
x(t) with domain [to-h,w) and range &, X4 is defined to be the function
with domain [-h,0] such that Xt(s) = x(t+s) for ~-h <'s < 0. Moreover,

we use the following notation in this section for convenience.

¢ = c[-h,0]
¢ = ¢'[-h,0] = {4 € C: o(s) > 0 for s € [-h,0]}
C+ = C+[-h,0] = {¢ € ¢t ¢ is monotone increasing on [-h,0]}.

Parallel definitions are to'hotd for C  and C+.

m(¢) = inf |¢(s)]
-h<s<0

Noll = sup |¢(s)]
-h<s<0

D={¢€C: loll<T}.

In Theorems 1, 2 and 3, we consider the functional differential

equations of the form

(5.1) y M) + p(e) £y,) = 0,

where p is a nonnegative, continuous function on [to,w) and is not iden-

tically zero on any subinterval of [to,w) and f is continuous such that

sqn () = sgn ¢ for 6 € CT or ¢ € C.
In Theorems 4, 5 and 6, the following functional differential
equation

38
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(5.2) (M (6) + p(t) Fltayyayse .y ") = 0

is considered,where p is as in (5.1) and f is continuous on [to,m) x C
x...x C such that sgn f(t,¢,...) = sgn ¢ for all t > t, and ¢ € ¢t or
¢ €C.

The purpose of this section is to extend Burkowski's results in
[6] and [7] to arbitrary order functional differential equations (5.1)

and (5.2).

THEOREM 5.1. For n even, assume that

(V1) f satisfies a Lipschitz condition with Lipschitz constant

K > 0 for the domain D.

Then a necessary and sufficient condition that equation (5.1)

has a bounded nonoscillatory solution is that

(5.3) f "1 p(t) dt < =.

Proof. By condition (5.3), the proof of the necessity is similar
to that of Theorem 4.1 in [16] and we omit it here.

The proof of sufficiency is essentially contained in Atkinson
[1]. 1In [7], Burkowski also sketches the proof. We shall show that the

integral equation

y(t) =1 - -(,T]]WE (s - )" p(s) Flyg) ds

has a nonnegative solution (also satisfying (5.1)) which is continuous
and uniformly bounded as t + = under the properties of p and f and con-

dition (5.3).
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Using the Picard method of successive approximation, we define

a sequence of functions

Yo(t) =1
(5.4) 1- .(n_']]-)—'- L; (S‘t)n-] p(s) f[(ym)s] ds, t > To
Yl (t) =

ym+](T°), To -h<tc< To’

where T0 is chosen, by (5.3), such that

njg ] f §M! p(s) ds < r <1
Tt

for t > T . It follows that
-G]—_L(]-y-rr (S-t)n-] p(s) ds < r <1
Tt
for t > T,.
+ +
If (y,), €0 NC fort>T , then (y ), €DnC fort>Ty
since

ﬁ-‘ﬂ—.f: (s-6)" p(s) FLly,)] s < T,,—KWE (s-6)™1 p(s) ds < r < 1.
By (5.4) and (V]), we have

Y2 ®) = Y O = gy E (=)™ pUSHFLYpy ) - FLLy,) Trds

< max "(ym+l)s - (ym)sll134%7T-J: (s-t)"-l o(s) ds

T tes<w

< max "(ym+1)s - (ym)su r < f™2 for t > T .

tSS )
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This established the uniform convergence of the infinite series

Yolt) + [ly)(t) - (y N )] +..ov Dly ) () - (y ()] + ...

from which we deduce the uniform convergence of the sequence {(ym)(t)};=0
for t > To' The required solution is the limit function y(t) which is

continuous, bounded and nonoscillatory since 1im y(t) = 1 and lim y'(t) =0.
t-se0 tow

THEOREM 5.2. For n > 3 odd, let f satisfy (V]). Then a neces-

sary and sufficient condition that equation (5.1) has a bounded nonos-

cillatory solution not tending to zero is that (5.3) holds.

Proof. For necessity, the proof is as stated in the proof of
Theorem 5.1.
For sufficiency, we also use the Picard method of successive

approximation. We shall show that the integral equation

] 1 [ n-1
y(t) = 3+ ey | (5" B(s) Flyg) ds
2 (n-T)1 t S
has a nonnegative solution (also satisfying (5.1)) which is continuous
and uniformly bounded as t + « under the properties of p and f and (5.3).

We define a sequence of functions
_1
yo(t) =3

1 1

7+ Wr (s-0)"" p(s) FLly )] dss t2 T,
ym+1(t) ) t

ym+](T0), To-h <t < To’

where T0 is chosen, by (5.3), .uch that

K -1 1
T f: s" p(s) ds < r < i for t > T ..
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It foliows that

K r’( n-1 1

—7 s-t)" " p(s)ds <r <z fort>T.

(n-1)1 t 2 0

The proof for the uniform convergence of the sequence {(ym)(t)};=0 is
similar to that of Theorem 5.1 and finally the required solution is the
1imit function y(t) which is continuous, bounded, nonoscillatory and not

tending to zero since 1im y(t) = % and lim y'(t) = 0.
1t

0

THEOREM 5.3. For n even, let f satisfy in addition to (V,) that

for some q > 1,

(5.5) Vim inf —E&1 o
m(¢)> |o(-h)|

where the limit is taken through elements of either Ct or C+ such that

m(¢) increases toward infinity. Then a necessary and sufficient con-

dition that every solution y(t) of equation (5.1) = be oscillatory is
that [t" p(t) dt = =.

Proof. Assume that [~ il

p(t) dt < =, Then by the proof of
the sufficiency of Theorem 5.1, we get a nonoscillatory solution of
(5.1). This proves the necessity of this theorem.

For the sufficiency part, let y be a nonoscillatory solution
of (5.1). We can assume that y(t) > 0 for all t > To' Similar argument
holds for y(t) < 0. There is a T1 > T0 such that each y(j)(t), j=0,
1,...,n=-1, is of constant sign on [T],m). By Lemma 1.1, there is an odd
integer & such that (1.2) holds. In particular, y'(t) > 0 for t > Ty
Then 1im y(t) = » or y(t) is bounded. If y(t) is bounded, then by Theorem

oo
5.1, y is an oscillatory solution of (5.1), a contradiction. Therefore,
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Tim y(t) = ». From (5.1), we get

tow
YD) 2 [ ps) flyg) os for t 2 .
t
Integrating this repeatedly and using (1.2), we obtain

y(z)(t) > Jw J: e J: p(sn_z) f(yS ) ds_  d

t n_l_'l n-4%

By hypothesis (5.5), there is a T2 > T] such that

flyg) . [fly)l
3 25 lim 1nf-——————-a-3 a >0 fort>T,.
y (t-h) te |y(t-h)]

It follows from Taylor's expansion and (1.2) that y(sn_z-h) >

(2-1) g 21
xi?7:_§7% (Sn-z' h-t) for s _,-h >t and for‘:ome Spog M-t <o
<s _,-h. Thus we have (Let L= ((L-D)! ]] )

(9,) ® o ®
J (t) > ! q -h
[y(2-1)(t)]q = [y(z'])(t)]q Jt IS] an_l_]p(sn-l) y (Sn-z )

flyg )

n-4¢ S
yQ(S "h) n-% n-2-1

n-2

: [y(l-?)(t)]q Jt [S]...Js D(Sn_z)yq(sn_l-h) ds,_odSq.g1- -+ 05y

v

a ® * q i
by M1 f:+h JS]'..JS PUSpog )y (s gmh) sy pdsp_poq-- 08

v

te ([ [ _posyale-1)
(2-T)1 Lt+h Js]'..js ](S“'z h-t) p(sn-z) dsn-zdsn-2-1"'dsl
n-g-
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o {7 [ [ 2-1
O3 sz‘ L L (s.g-h-t)" "p(s,_, ) ds _,ds__, _;...ds,
1 n~2-1 ‘

00

> 8 f (t-h-T,)*"! Jm -
- T Dy S P an_lﬁlp(sn-z) 9 -9 85n-g-1-7 951

fort>T,ands . >2t>2t-T,.

Integrating this inequality from T2 tot > T2, we obtain

1 1 ) 1
! [[y"“”ﬁznq" [y"“”(mq“]

2 1 "Sp-2-1
j2t+h }Sl'h © o
2
> s (s=h-T )"'1 [ ( (s, ,) ds dsd
-1 2 PAS. ¢ -2+« dsds,
2T2+h T2 S Sp-2-1
JZt+h f51‘h o
2
> (s-h-T )1-1 Jm [ (s_ ,) ds ds d
- il,-] 2 .. p n_z n_z-.. S S-I
2T,+h’ Ty+h ST 'Spne)
o J2t+h ( )2 I“ o \
= $,-3h-2T ..J p(s__o) ds__,...ds, ds
¥ ardaman V20 g s =il ekt
2 1 n-%-1

a 2t+h s, L
> - -
- ¥ 1 J f (59-3h-2T,) fm ---f: p(s, ) ds__,...dsyds ds,

2T2+h 2T2+h So

f2t+h Jsz (s1-3n-2T,)* [m ...J: ps,_,) ds

A
27 ! 2T2+h 2T2+3h So



= — (s,-3h-2T J ...J p(s ds_  ...ds,ds,.
2 2 2 n-¢ n-2 3772
Continuing this process, we have
2t+h
1 1 1 a J n-1
- > (s-3h-2T,)" 'p(s) ds.
@ [[y““”(Tz)]q" Lv‘“'”(t)]q']] " 2% (n-1)1 Jar,en 2

By hypothesis, the right hand side would tend to infinity as t » «. This

is a contradiction since the left hand side is bounded.

If the hypotheses of Theorem 5.3 hold, then by Theorem 5.2, the
necessary part of Theorem 5.3 holds for n > 3 odd. But the sufficient
part of Theorem 5.3 for n > 3 odd will be stated as follows: Every
solution y of (5.1) is either oscillatory or tends to a 1imit monotoni-
cally if [~ t™ p(t) dt = «.

In the proof of Theorem 5.3, if we do not replace q(2-1) by
2 -1, we shall have that:if 1 <2 <n, q> 1 and [~ SQ(R'])+("'l)p(s) ds
= », then there are no nonoscillatory solutions of (5.1) which satisfy

Lemma 1.1 for this given, or any greater, value of 2.

THEOREM 5.4, Assume there exist q, 0 < q <1, and A > 0 such

that
(5.6) |F(tsuse.)| < Alu(0)|? for t > t and ue C+ or u € Cv.

Then a necessary condition that all solutions of (5.2) be oscillatory

is that

(5.7) Jw ¢(n-1)q p(t) dt = =,
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Proof. Assume that [ t{"1)9 o(¢) dt < = We shall show the
existence of a nonoscillatory solution of (5.2). Let f: t("'])qp(t) dt
= M. Choose a positive number B such that e]-q > AM/[(n?1)!]q.

Consider the solution y of (5.2) with the following initial con-

ditions:

y(j)(t) =0 for to-rm_

A
(o

<ty §=0,1,...,n-2,

t<t

(n=-1) 0y = -
y (t) = 8 for t -h <t

A

We shall show that this solution does not vanish on (to,m).

If y(t]) = 0 with y(t) > 0 for t€ (to’t1)’ then by Taylor's

theorem, we have

y"Be )
yity) = y(e)) =y (t) (8 - t) +oot —rmyr™ () - t)

(n-1) |
¥ X’Yﬁii§%l'(t1 )"

for some to < E < t]. It follows that y("'])(g) = 0. We can assume
1)) > 0 on [t,.£]. By (5.2), y(M(t) < 0 on [t,»£]. Then ylo-b)

is monotone decreasing on [to,s] and then y("'l)(t) < B on [to,s]. Fur-

n-2

thermore, by Taylor's theorem, we have

(n=1), .y ]
y(t) = y(8) = y(tg) = Lmgfed (- )" < i (bt )™

for some to <g <t, (t0 <t <kE). By (5.6), we obtain

(n'1))

' ']q
F(tsY a¥ga-eea¥y "

A

Ay (6)1% < Ay (& - ¢,

It follows from (5.2) that
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t
8-y V() =y Ve ) -y Dy = - [y M) es

t
t q t
- 1 (n']) AB n-1 q
= F(S,Y.s¥lseees ds < —— -t d
Jto p(s) fs,yg.yg yo ') ds < T T jtop(s)[(s o) T ds
o AmgS
" [(n-1)119

y(n'])(t) > B - ___A_MLq_ > 0 on [to’g]_
[(n-1)119

This is a contradiction since y("'])(g) = 0. This shows that our solu-

tion y of (5.2) does not vanish on (to,w).

THEOREM 5.5. For n even, assume there exist 0 <8 <1 and B >0

(5.8) |(t,u,...)] 2 Blu(-h)|® for t > t_and u€ Ct or u € C.

Then a sufficient condition that all solutions of (5.2) to be oscillatory

(5.9) rt“4”pu)a=m.

Proof. Let y be a nonoscillatory solution of equation (5.2).
We can assume that y(t) > 0 for t > to. It follows from (5.2) that
y(n)(t) <0 for t > T0 > to-+h. There is a T] > T, such that each y(j)(t),
j =0,1,...,n-1, is of constant sign on [T],m). By Lemma 1.1, y'(t)
is positive and y(n°])(t) is positive and nonincreasing on [T],m).

Multiplying (5.2) by [y("'])(t)]'a, we obtain
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(M) P fltyti i)
" )3°

..'|)
p(t) £y, oyls..oyi™ 1))
< - Lt t fort > T

- Iy (g-n) 18

].
By Lemma 1.1, we have

n-1
v+ g y(t) (t- 1) >
S Gt T oy 2 TR onieT 4y 2 T (n=2)-. - (n-2) for t > Ty.

It follows that

(5.11) -Tﬁ¥§§l—— > Lt"'] for some constant L > 0 and for
y (t)

t > Al Ty = Ty, say.
From (5.10), (5.11) and (5.8), we obtain

(n)
y'y(t) 8, \(n-1)6 _
- < -p(t) BL{th for t > T,+h = T,, say.
by ()18 27 "3

Integrating this from T3 tot > T3, we have

"1 - D!
1-6

< - BL(S J
or

t
0« "1 < 1" - w16 [ piotsm™ s,
T3
The right hand side will tends to -» as t » =, We get a contradiction
and the proof is then complete.

From Theorem 5.4 and Theorem 5.5, we have the following



49
COROLLARY 5.1. For n even, let there exist A > 0, B > 0 and

0 <q <1 such that

Blu(-h) |9 < [f(t,u,...)| < Alu(0)]9

for t >t and for any u € Ct or u € C+.

Then a necessary and sufficient condition that all solutions

of (5.2) be oscillatory is that (5.7) holds.

THEOREM 5.6. For n odd, let (5.8) and (5.9) hoid. Then every

solution y of (5.2) is either oscillatory or tends monotonically to a

Vimit and Tim y89)(t) = 0, § = 1,2,....0-1.

oo

Proof. Let y be a nonoscillatory solution of (5.2). We can
assume that y(t) > 0 for t > To. As in the proof of Theorem 5.5, there
is a Ty > T, such that y'(t) > 0 for t > T, or y'(t) <0 fort>T,.

If y'(t) <0 for t > T], then y is decreasing and bounded below.
Hence y(t) tends to a 1imit as t » » and by Lemma 1.3, 1im y(j)(t) =0,
j=1,2,...,n-1. o

If y'(t) >0 for t > T, then the proof is the same as that of

Theorem 5.5 and we omit it here.



SECTION VI

In this section, we shall generalize Bobisud's results in [5]
and Baker's results in [3] to arbitrary order damped nonlinear differ-

ential equations of the forms

6.1)  y™ s+ g(tyayt ey ey, Ly () < o

and
6.2)  y™ + qe)utysy ey ™) ey ™) = 0
We shall employ the following assumptions in our theorems.

(VI,) F is continuous on [0,o) x & with u F(t,usUy,...,u )
1 o Y MASLALY 1 n_]
>0 foru# 0.

(VI,) ¢ is continuous on [0,») x &" and there exist continuous
2 A5 continuous on

nonnegative functions k and m such that

-k(t) < o(tsusupseiiu 4) < m(t)

m t € [0,=).

for u._q € ® - {0} and x € &.
n-1
(VI4) fel(® ') and f(u]’UZ""’un-]) > K > 0 for
n-1
(u1,u2,...,un_l) ER .
(Vls) pE C[09°") Qﬂ_q_ p(t) >0 ﬂ\_ [Os"")-

50
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(VIG) q € C([0,»),[0,=)) and for fixed T > O,

t 3
f exp[-BJ q(t) dt] ds > = as t > =.
T T

It follows from (VI3) that y(x,u;,uy,...5u. ;,0) = 0. Moreover,
by (VI4) and (VIS), if y(t) 20 on [T,»), then y(j)(t) £0on [T,»),

j=1,2,...,n-1,

THEOREM 6.1. Let the functions F and ¢ satisfy (VI;) and (VI,).

Furthermore, assume the following conditions hold.

(i) Given M > 0 and 6 > 0, there exist t, \ > 0 and a function

h(t) = hs,M(t) defined Qﬂ-[ts,M’“) with

t
[ h(s) ds » w as t » »
s .M

and such that Iun_1| <M, Jul >8and u u_q >0 imply
|F(t,u,u],...,un_])| > h(t).

(ii) For any t_ > 0,

I: k(s) ds < » and 1im It exp[- JS m(t) dt] ds = =.

0 o t0 tO

hen, if n is even, every solution of equation (6.1) is oscillatory.

If n is odd, every solution y of (6.1) is either oscillatory or tends

monotonically to a limit ggg_y(j)(t) >0as t+w, j=1,2,...,n-1.

Proof. Let y be a nonoscillatory solution of (6.1). We can
assume that y(t) > 0 on [To,w) for some T > 0. Similar argument holds

for y(t) < 0. We claim that y(n'])(t) > 0 on [To,w). Indeed, first
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suppose y("'])(t]) < 0 for some ty € [To,w), then y("'])(t) remains

negative on [t1,t2) for some t, > t;. From (6.1), we have

(n)
;%527§%%; # oty (), (1), v (0) 5 0 for t € [tt,).

Integrating this from t] to t2, we get

t
(6.3 y" ity <y ia) exp[-jt2 0(5,¥(5),y" ()5e.. oy 1)(s)) as]
1

t
g y("'1)(t2) exp[-[ 2 n(s) ds] <0
B
Th (n"] ) (n-2)
erefore, y (t) < O for every t € [t],w). By Lemma 1.1, y (t)
>0 for te [t],w). Integrating (6.3) from t; to t > t;, we obtain

y(n-Z)(t) < y(n-2)(t]) + y(n‘])(t]) Jt exp[-[s m(z) dt] ds > - as t + o,
¢ 4
a contradiction. Therefore y(n'])(t) > 0 on [To.w).

Suppose there is a t € [T,»=) such that y("'])(i) = 0. Since
yM ) - -F(i,y(i),y'(%),...,y("'])(i)) < 0, there is an ¢ > 0 such
that y("'1)(t) < 0 on (t,t+e), a contradiction. Hence y("'])(t) > 0
for t > To' There is a T] > T0 such that each y(j)(t), j=0,1,...,n-2,
is of constant sign on [T],m).

By Lemma 1.2, y'(t) < 0 on [T1,w) or y'(t) > 0 on [T1,m).

The case of y'(t) < 0 on [T],m) can occur only when n is odd.

So in this case y(t) tends monotonically to a limit. Moreover, by Lemma
1.3, Y9 (t) > 0 as t » = for 3 = 1,2,...,n-1.

If y'(t) > 0 on [T1,m), then there exists a 6§ > 0 such that

y(t) > & for t > T;- Dividing (6.1) by y("'])(t) > 0, we have
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O ey 61,y 0y ) - ElatBr (8] D (0)
yr(t) yro(t)

< =o(tay ()2 (8) sy (0)) < k() For £ 5 T

Integrating this from T] tot> T], we obtain

t o0
y(n-1)(t) < y(n'])(]‘]) exp[J k(S) dS] < y(n-])(T]) QXp[J k(S) dS]
T N
< M for some M > C.

Since y(t) > 8, 0 < y(n'])(t) < Mand y(t) y(n-])(t) > 0 for
t

t > T], by (i), there exist td.M and h(t) = ha,M(t) such that Jt

h(s) ds
§,M

1
Let T = max{T,T, y}. Integrating (6.1) from T to t > T, we get

> as t - and F(ty(t),y' (t),....y™ () > h(t) for t > T

t
6.4) y "Dty =y iy - JT¢(s,y(s),y'(s),...,y‘““’<s))y‘"“)(s> ds

t
) f F(s,y(s),y' (s),-- oy (" (5)) ds

T
t t
< yDry 4 I k(s) y(" 1 (s) as - f h(s) ds.
T T
. (n-1) . .. t
Since y (t) is bounded, k(s) is integrable and JT h(s) ds » = as

t »~ », the left hand side of (6.4) tends to -» as t > » and then y(n'])(t)
would be negative for all sufficiently large t. This is a contradiction

and our proof is then complete.

THEOREM 6.2. Let the functions F and ¢ satisfy (VI1) ggg.(VIz).

Furthermore, assume the following two conditions hold.
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(i') given 6 > O there exist t; > 0 and a function h(t) = hto(t)
defined gg_[to,m) with

t
TTJ (t's)n_] h(S) dS-*W_a_S't-—)cn

and such that |u] > & and u u_q > 0 imply |F(t,u,u],...,un_])| > h(t).

(.i.i') fﬂﬂy_ t"v t2 >0,

t
L Jt (t-9)""7 k(s) exp[[ k(t) dt] ds

s
t 1 t2

is bounded while

t S
lim j exp[-f n(c) de] ds = .
o t-l t-l

Then,if n is even, every solution of equation (6.1) is oscil-

latory. If n is odd, every solution y of (6.1) is either oscillatory

or tends monotonically to a limit ggg_y(J)(t) ~0as t->ew, j=1,2,....n-1.

Proof. As in the proof of Theorem 6.1, let y be a nonoscillatory
solution of (6.1) with y(t) > 0 on [To,w) and conclude that y("'])(t) >0
and y(n'])(t) < y("'])(To) exp[f: k(s) ds] for t > Ty

If y'(t) < 0on [To,w), tﬁen as in the proof of Theorem 6.1, the
proof is through.

Suppose y'(t) > 0 on [To,w), then there exists a § > 0 such that
y(t) > & for t > To. By (i'), there exist T] > T0 and a function h such

that F(t,y(t),y'(t),...,y(n'])(t)) > h(t) for t > T, with

1 t n-1
—n_-TJ (t-s) h(s) ds » » as t » =,



Integrating (6.1) from Ty to t > T], we obtain

t
y D) =y Diry - [ atsayts) v ()™ (e)) y D s) s
T
t
-f F(s,y(s)sy' (s),..oy (™1 (s)) ds
N
(n-1) t (n-1) t
<y Dy [0 ki) T Vs) as - [ ones) s
T T

t S t
< y(n-l)(T]) + y(n-‘)(To) f k(s) exp[J k(t) dt] ds - J h(s) ds.
' T To T

Integratingthisrepeated1y'from1H tot> T], we obtain

(1) gy (£
y(t) < Y(T]) + y'(T])(t' T1) ooty (T]) _Tﬁ:ﬁjT”_—

t n-1 S
+ y(n-1)(To) IT L%ﬁ%%jT—-k(s) exp[jT k(t) dt] ds

] 0

t -1
f (t-s n, h(s) ds

-] !
T] n

or

.Y(T-I) 'yl(T]) T] y(n-])(.r]) T] n-1
i-nt‘_]lftn'] + tn-z []'T] +...+_._.(E:_]T!_{-I_TJ

(n-1)
y (T)) (t q q
+ z;:;;:;ﬁgT JT (t-35)"" k(s) exp[JT k() dr] ds

1 0

. ‘ ft (t-5)"" n(s) ds
(n-1)1 ¢ T '
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By (i') and (ii'), the right hand side tends to -» as t - «» and then
y(t) would be negative for all sufficiently large t. This contradiction

proves our theorem.

In the following lemma, we consider an equation which is slightly

more general than equation (6.2).

LEMMA 6.1. Consider the differential equation

6.5) ¥y 4 q(t) wlyay'see o™+ p(t) v(y) Flytayen ™y = 0

with (VI3) - (VIG) holding and let v € C(R), xy(x) > 0 for x # 0. If

y is a nonoscillatory solution of (6.5) on [0,»), then there exists a

t, 2 0 such that

y(£) y"(e) > 0 for t > t,-

Proof. We can assume that y(t) > 0 on [To,m) for some To > 0.

(n-1)

Similar argument holds for y(t) < 0. We shall show thaty (t) >0

on [To,m). Suppose y(n-1)(t]) < 0 for some t, € [To,m). Let y(n-l)(t)

remain negative on [t],tz). From (6.5), we have

y™(e) + a(6) wly(t)y' (£)see ™ (e)) < 0 for te [t,t,).

By (VI3), we obtain

(n)y (n) (¢ (y(t),y' (t) (e))
it + q(e) B2 Sl 4 gr) B(ELY (B ey 2 0
y™(t) "yl y" i) )

for t € [t,,t,). Integrating this from t, to t,, we get
1272 1 2

t
6.6 ity <y "Dt el [ 7o) a1 < 0.

1



57

n-2)

Therefore, y("'])(t) <0 on [T],m). Since y( is decreasing for

t > T, by the remark given above Theorem 6.1 and by Lemma 1.1, y(n'z)(t)
> 0 for all sufficiently large t.

Integrating (6.6) with respect to t, from t; to t > t;, we obtain

t S
O ey Vi) + 30 Die) [ emles [ ale) e as.
t. t
i 1
By (VIG), y("'z)(t) would be negative for all sufficiently large t. This

(n-1)

contradiction shows that y (t) >0 fort>T.

Suppose there is a t € [To,w) such that y("'])(f) = 0. Since
y(n)(i) -p(t) v(y) f(y',y",...,y("'1)) < 0, there exists an ¢ > 0 such

(n-1

that y )(t) <0 for t € (t,t+c), a contradiction. Therefore, y(n'])(t)

>0 on [To,w).

THEOREM 6.3. Let a« > 1 be the quotient of odd integers and let

(VI3)— (VIG) be satisfied. Let

(6.7) r t" 1 p(t) dt = e.

Then,if n is even, every solution of (6.2) is oscillatory. If n is odd,

every solution y of (6.2) is either oscillatory or tends to a limit

monotonically and y(j)(t) +0as t+e, j=1,2,...,n-1.

Proof . Let y be a nonoscillatory solution of (6.2). We can
assume that y(t) > 0 on [To,w) for some T > 0. By Lemma 6.1, y("'])(t)
>0 for t > TO. By (VI3), w(y(t),y'(t),...,y(n'])(t)) > 0 on [To,m).
From (6.2), we see that y(")(t) <0 on [To,w). There is a T1 > T0 such
that each y(j)(t), j =041,...4n-1, is of constant sign on [T],m). By

Lemma 1.1, there is an integer 2 such that (1.2) holds. The case of
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2 = 0 can occur only when n is odd and then y(t) tends monotonically to
a limit., Moreover, by Lemma 1.3, y(j)(t) +0as t->eo for j=1,2,...,n-1.
Apply (VI4) to (6.2), we have .

(6.8) vy (t) + p(t)y (1)K < y(M (1) + p(t)y*(OIF(y' (£).y" (1) se ..y (1))

<0fort>T
1

'l.

Multiplying (6.8) by t" 'y™® and integrating from T, to t > T,, we obtain

t .n-1 t
! s" y(")(sllds +K J U p(s) ds < 0,
T, Dy(s)® N

Integrating the first integral by parts, we have

t
[sn-l I (n-1) It (n-2 L1 6) as

y()1* T, T, [y(s)2°
+a It EE:l_Zlé%l y(n-])(s) ds + K !t Sl p(s) ds <0 for t > T,.
T, y(s) 1 N )

We repeat this procedure on the second term of the above display, etc.

From this we obtain

t o1
(6.9) P(t) - P(T) +Q(t) + K [ 5™ p(s) as <0 for b2 T

'l’
N

where

P(t) = ] [tn'] (n'1)(t) - ( -1 tn-Z (N'Z)(t
e ey

+ (n=1)(n=2)t" 3y M3 ey ok ne)en L i)ty B ()]

t 52-1 y(z!iS) ds,

T s)®

+ (n-1)(n=2)...2 f
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and

t '
a(t) = of =L 510N (g) (o) (2 )

T, ()1

£k (1) (n-2).. . (241)s%y (B ()7 ds.

It follows from (1.2) that P(t) > 0 and Q(t) > 0 for t > Ty
By (6.7), the inequality (6.9) is impossible for all sufficiently large

t. The proof is then complete.

LEMMA 6.2. If y is an n'th continuously differentiable function

with y(t) > 0, y'(t) > 0, y" V() > 0 and y(" () < 0 on [t =), then

there is a T

is a T, > t, such that

o—-—.——

t , tn-]
("“;(t) = (n-1)(n-2)...(n-g) 2("-1){n=2)

y

zn' A

for t > Ty where 2 is defined in Lemma 1.1.

Proof. Since y(")(t) <0 on [to,m), there is a To >t such
that each y(j)(t), Jj =0,1,...,n-1, is of constant sign on [To,m). By
Lemma 1.1, we have

n-1
y(n-l))(lzn-fﬂ £) z (n-l)(n?Z)...(n-z) for t > T,.

Since y(t) is increasing,

y(zn‘l'] t) N (t'To)n-]
;Ih-])(zn-2-1 £) (n-1)(n-2)...(n-2)

Let s = 2" %1 t and S, = pn-2-1 To’ then
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_Y(S) 5 (S'So)n-.I Sn"]

Y"1 (s) = (n-1)(n-2).. (neg) 201021 * (1) (n2). . (np)2 - (0=E)

. _ ,N=2
ifso> 250 = 2 To'

THEOREM 6.4. Let 0 < a < 1 be the quotient of odd integers and

let (VI) - (VI,) be satisfied. Let

(6.10) fw g(n-1) p(t) dt = =,

Then, if n is even, every solution of (6.2) is oscillatory. If n is odd,

every solution y of (6.2) is either oscillatory or tends to a limit

monotonically and y(j)(t) +0as t+e, j=1,2,...,n-1.

Proof. Let y be a nonoscillatory solution of (6.2). We can
assume that y(t) > 0 on [To,m) for some To > 0. By Lemma 6.1, y("'])(t)
>0 for t > T,. It follows from (6.2) that y™M(t) <0 for t > T, hs
in the proof of Theorem 6.3, there is an integer % such that (1.2)
holds for t > T] > TO. The case of y'(t) < 0 on [T],w) can occur only
when n is odd. In this case, y(t) tends monotonically to a limit. More-
over, by Lemma_1.3, y(j)(t) +0as t+w»forj=1,2,...,n-1.

Also as in the proof of Theorem 6.3, we have inequality (6.8).

Dividing (6.8) by [y("'])(t)]“ and integrating from T = AT tots T,

1
we have

1 1), val-a 1 r.(n-1 1-a t .
i e - L oMoy ek p(s)[y ""S(s)} ds < 0.

By Lemma 6.2, we obtain
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™Dt - Ly nyie

K t a(n-1) g
+ [(n-1)(n-2)...(n-2) 2("-1)(n-z)]a JT S p(s) ds < 0.

Since y(n'])(s) > 0 on [T,») and by (6.10), the above inequality

is impossible for all sufficiently large t. This proves Theorem 6.4.

If q(t) = 0, then function q satisfies (VIG)' In this case, we
have similar results in Theorems 5.5 and 5.6 for functional differential

equation (5.2).
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