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AN INVESTIGATION OF SHETH'S FACTOR
ANALYTICAL MODEL OF
BRAND LOYALTY

CHAPTER 1
INTROBUCTION

The purpose of this study is to further investigate the factor
analytical model of brand loyalty. The technique first was introduced
by Sheth in 1966 to test the basic tenets of what is now known as the
Howard-Sheth theory of buyer behavior.l A primary theoretical goal was
to trace brand loyalty from a near zero starting point to some new level.
The related hypothesis was that acquisition of brand Toyalty across pur-
chase trials is a process of learning by repeated purchases of a brand.
The point to recognize here and the recuriring theme is that learning is
a gradual or incremental process over time. In 1968, Sheth reported
much of the same data.2 Here, the emphasis is placed upon the empirical

aspects of the factor analytic model of brand loyalty. Howard and Sheth

1Jagdish N. Sheth, "A Behavioral and Quantitative Investigation
of Brand Loyalty" (unpublished doctoral dissertation, University of
Pittsburgh), 1966.

2Jagdish N. Sheth, "A Factor Analytical Model of Brand Loyalty,"
Journal of Marketing Research, (November, 1968), pp. 395-404.
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in 1969 again reported the same data analyses ". . .on the basis of
expediency."3

Specifically, in Sheth4 and Howard and Sheth® attempts were made,
through analysis of the factor analyzed purchase data, to show that not
only is brand loyalty learned but that the process of learning is con-
sistent with Hull's® theoretical formulations. Also, brand loyalty scores
(BLS's) for each individual buyer are generated from the model. The
magnitude of the BLS indicates the degree of brand loyalty. A BLS
accounts for both the frequency and pattern of buying a preferred brand.
These BLS's are promoted as being an important and valuable aid for mar-
ket segmentation decisions. The general utility of the model is antici-
pated by Sheth's statement that "Utilization of the model may very well
answer questions as to whether in a specific product category, brand
loyalty is a Bernoulli, first-order Markov, linear or non linear learn-
ing process."7

The primary goals of this study.are to observe the factor analytic
model both as a theoretically based model, and as an empirical model.
The investigation is accomplished by applying the model to simulated

consumeyr purchase data generated from two theoretically diverse statis-

tical Tearning models. The type of experimental design selected seems

3John A. Howard and Jagdish N. Sheth, The Theory of Buyer Be-
havior, (New York: John Wiley and Sons, 1969), p. 398.

4Sheth, loc. cit., 1966; Sheth, loc. cit., 1968.

SHoward and Sheth, op. cit.

6Clark L. Hull, Principles of Behavior: An Introduction to Be-
havior Theory, (New York: Appleton-Century-Crofts, 1943); Clark L. Hull,
A Behavior System, (New Haven: Yale University Press, 1952).

“sheth, op. cit., 1966, p. 232.
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appropriate in light of the fact that the central elements of the Howard-
Sheth theory of buyer behavior are predicated on the basis of Hullian

learning principles.

Relevancy of Study

The relevancy of the present study could be justified on the
basis of four separate but related reasons. First, the quote by Business
Week that John A. Howard ". . .believes that his theory will be to market-

ing what John Maynard Keynes' General Theory of Employment, Interest,

and Money was to the development of economics.", should not be dismissed.8
With such mass exposure to businessmen and the general public, and by the
explicit suggestion of the theory's potential impact, the need for veri-
fication (or refutation) and any subsequent refinements or modifications
is of major importance.

Secondly, within the marketing discipline, there is a general
plea for the ongoing development of marketing as a science. That is,
there is a need for more theoretical and empirical rigor. Engel, Kollat,
and Blackwell observe that the majority of published articles reporting
"principles" in consumer behavior are the result of one researcher's
findings in a single investigation.9 The lax research atmosphere just
described tends to sustain invalid conclusions. One answer is that the
marketing researchers establish the required and fruitful tradition of

replicating findings now carried on in the behavioral sciences.

8up New Theory on Why People Buy," Business Week, (January,
1970), p. 70.

9James F. Engel, David T. Kollat and Roger D. Blackwell, Con
sumer Behavior, (New York: Holt, Rinehart and Winston, Inc., 19687,
p. 627.
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A third rationale for this study is the recent and current so-
called "multivariate revolution" in the field of marketing.10 There is
no question that multivariate measurement techniques are needed, but the
apparent quixotic notion that these techniques as a class will provide
quick, easy, and accurate solutions to complex problems needs to be dis-
pelled. Identifying appropriate applications of multivariate measures
is not obvious, as the outcome of this study may show.

The last characteristic which lends relevance to the study is
the increasing acceptance and recognition that the social and behavioral
sciences can contribute to the understanding of consumer behavior. The
current emphasis on consumer behavior is witnessed by the fact that nearly
50 of the papers and discussions scheduled for the 1971 Fall Conference
of the American Marketing Association are directly related to the study
of conisumer behavior‘.11 Green and Tull, whose perspectives are mostly
statistical and methodological, foresee more and more research devoted

to the investigation of ". . .the social psychology of product and ser-

vice consumption."12 Moreover, these sentiments foretell that future
marketing men wiil be more dependent on the social and psychological
implications of their overall product marketing strategy.

The existing muitivariate techniques, and computing systems

available will accentuate the emphasis on the analysis of psychological

1OJagdish N. Sheth, "The Multivariate Revolution in Marketing
Research," Journal of Marketing, (January, 1971), pp. 13-19.

11vpamy Conference, American Marketing Association," The Market-
ing News, First-of-July, 1971, pp. 4-10.

12pau1 E. Green and Donald S. Tull, Research for Marketing De-
cisions, (2d ed.; Englewood Cliffs, New Jersey: Prentice Hall, Inc.,

1970), p. 462.
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variables affecting brand and supplier choice.

Development and Verification of the Howard-Sheth Theory

In the present study the psychological variable is learning,
the underlying explanation for the existence of brand loyalty. Why this
is so will now be pursued in more detail. Additionally, it is hoped
that simultaneously the rationale for the experimental design developed
for this study will be revealed.

The general theme of the Howard-Sheth theory of buyer behavior
is an explanation of the development of brand loyalty over time. The
basic postulate of their theory, as summarized in 1966, is:

...the buying behavior of an individual over a period

of time is a recursive decision-making process wherein

the buyer develops habit mediators (decision rules)

which are anchored to the anticipatory motives {Goals]

of the buyer and the perceived potential of the al-

ternative courses of purchase behavior (with respect

to the choice among brands) available to him to satisfy
his motives."13

At this stage of development the Howard-Sheth theory had been already
modified to include more than Hull's learning theory. 0sgood's theory
of cognitive behavior is provided as a decision-making framework within
the Howard-Sheth theory.14

An earlier formulation by Howard was based explicitly on Hull's
learning mode1.15 By contrast, the theory in its present form is quite

comprehensive in that it embodies the integration of Hull's Tlearning

13sheth, op. cit., 1966, p. 4.
141bid., p. 47.

15g0hn A. Howard, Marketing: Executive and Buyer Behavior,
(New York: Columbia University Press, 1963), p. 101.
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theory, 0Osgood's cognitive theory, and Berlyne's theory of exploratory
behavior.1® However, the learning constructs still are ". . .the major
components of the theory."17 Although fascinating, an exposition of the
Howard-Sheth theory is beyond the Timits of this study. For a complete
explanation of the theory refer to Howard and Sheth.l8 A brief overview
of Hullian learning theory is presented in Chapter Two of this disserta-
tion.

Others, in an actual field study, have researched the theory of
buyer behavior in its entirety with disappointing results.l9 In a series
of doctoral dissertations, subsets of the general theory have been
examined. 20

Sheth, in his doctoral dissertation, attempted to empirically
observe the learning of brand loyalty. Factor analytic measures of
attitude and behavior, the manifest variables, were made. He had par-

tial success in testing:

18ioward and Sheth, op. cit., p. 32.

17M.

BHoward and Sheth, op. cit.

1930hn u. Farley and Winston L. Ring, "An Empirical Test of the

Howard-Sheth Model of Buyer Behavior," Journal of Marketing Research,
(November, 1970), pp. 427-438.

ZOSheth, op. cit., 1966; George S. Day, "Buyer Attitudes and Brand
Choice Behavior" (unpublished doctoral dissertation, Columbia University,
1967); Schlomo, Lamport, "Word-of-Mouth Activity During the Introduction
of a New Product" (unpublished doctoral dissertation, Columbia University,
1969); Terrence U. 0'Brien, "Information Sensitivity and the Sequence
of Psychological States in Brand Choice Process" (unpublished doctoral
dissertation, Columbia University, 1969); Michael Perry, "Computer Sim-
ulation of Consumer Brand Choice" (unpublished doctoral dissertation,
Columbia University, 1968).
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...whether learning by experience as the theory

of buyer behavior suggests is relevant in the

development of brand loyalty. The analysis of

the purchase data utilizing the reference curves

[factors] suggests that this is so0.2l
The present investigation deals only with learning behavior as reflected
in purchase protocols. A purchase protocol is defined as a finite series
of ones, for a purchase of a favorite brand, and zeros, for the purchase
of any other brand. The measurement of attitude as reaction tendency

is not considered.

Learning Implications

Howard and Sheth take the position that if satisfaction is
achieved from repeat purchases of a brand, then brand loyalty is 1likely
to occur within the buyer. Further, if the level of satisfaction derived
is equal to or greater than that expected, the perceived brand potential
of that brand relative to competing brands is increased. Thus, an
important incremental effect occurs, that is, the purchase probability
for the particular brand will be greater the next time the product is
bought. The buyer's ongoing development (over purchase opportunities)
of his habit mediators or decision rules is defined as a learning pro-
cess. In the theory of buyer behavior,learning from experience (mea-
sured by number of purchases) to develop the habit mediators is a nec-
essary and dominant aspect of developing brand loyalty over time (n
purchase trials).

In their recent conceptualization of buyer behavior Howard and

Sheth do not identify the shape of what could be called brand

2lsheth, op. cit., 1966, p.214.
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loyalty (learning curve) over time. In 1963, however, Howard22 did
illustrate an individual's learning curve for brand A (versus all
others). With the horizontal axis showing the number of purchase
trials, and the vertical axis showing the brand A purchase probability,
the traditional learning curve is depicted. That is, the learning curve
is negatively accelerated: meaning that the buyer's incremental amount
of Tearning across each successive trial becomes less and less. Addi-
tionally, Howard assumes, in reference to his learning curve illustra-
tion, "...that 'not buying' is not an alternative; the remaining prob-
ibilities apply to other brands..."23 In this study, the same assump-
tion is adopted when individual purchase protocols are generated. As
far as the theory is concerned, Sheth makes this statement:

However, in an experimental design, if the

other influences are held constant or elim-

inated, and the effect of purchase behavior

is the only influence over time, it is sug-

gested that the behavior curve may be the

exponential learning curve for the individual

buyer. 24

Ideally, for measurement purposes, a group of adult buyers is
needed who, in actual purchase situations,are completely unfamiliar with
existing brands of various product categories. The sample group then
is confronted with brand choice decisions from several brands with no

prior experience or generalizations from past experiences with similar

brands.

2230hn A. Howard, Marketing Management: Analysis and Planning,
(Homewood, I1linois: Richard D. Irwin, Inc., 1963), p. 36.

231pid,

24sheth, op. cit., 1966, p. 43.
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A requisite condition for operationally measuring a behavioral
variable such as learning brand preference from purchase experience is
near zero or negligible previous exposure. Already stabilized brand
preferences seriously inhibit the possibility of measuring new learning.
The fact that the American consumer in general has high product and brand
awareness be it from experience, word of mouth, imitative or from what-
ever source is well documented in the literature.2d

Simply on an individual rational basis, certain existing brand
lToyalties (e.g. preference for a particular brand of cigarettes) might
be traced back to a personal referral as opposed to the loyalty develop-
ing from repeat purchase situations. Observe the remarkable ability
of children to recite from memory T.V. commercials. The consequence of
all this is that much of the learning has already occurred.

Accordingly, the available, standard panel data, although val-
uable for many types of studies, are not desirable for attempting to
explain the nature of learning starting from an unlearned state at some
specified probability of purchase up to some asymptotic level. The
level or extent of overall learning is measurable, but how learning
came about is not determinable. Starting with the initial purchase
situation up to some arbitrary asymptote is precisely the portion of

the Tearning curve, both in the aggregate but primarily for individuals,

25Herbert E. Krugman, "Processes Underlying Exposure to Adver-
tising," American Psychologist, Vol. 23, (1968) pp. 245-253; Herbert E.
Krugman, "The Impact of T.V. Advertising: Learning without Involvement,"
Public Opinion Quarterly Vo1.29 (Fall, 1965) pp. 349-356; William D.
Wells, "Children as Consumers,” in Joseph Newman (ed.) On Knowing the
Consumer (New York: John Wiley & Sons, 1966) pp. 138-145; Eugene Gilbert;
Advertising and Marketing Young People, (Pleasantville, New York:
Printer's Ink Books, 1957). Lester Guest, "Genesis of Brand Awareness,"
Journal of Applied Psychology, Vol. 26, (1942) pp. 800-808.
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that needs measurement if the important learning aspects of the

Howard-Sheth theory are to be empirically verified.

Sheth's Experimental Design

Extraneous influences were reduced in the Sheth study by the
use of a small number of "just arrived," foreign national, graduate
students who, for pay,volunteered to maintain purchase records of price,
location, brands, products, etc.26 Sheth, in a separate articie, pro-
vides an exhaustive discussion of the panel make-up and the control
for generalization and imitative behavior.27

The advantages Sheth may have accrued by eliminating or holding
constant a number of external influences in his desire to test the
theory in a naturalistic environment are counterbalanced by the dis-
advantage of small sample sizes. Factor analysis was applied to two
samples who purchased different brands of rice. The first sample con-
sisted of 17 subjects and 6 purchase trials. The second rice sample,

a modification of the first, resulted from dropping three members and
adding one more trial for a total sample of 14 members measured over 7
purchase trials. Also, the development of brand loyalty for bread was
observed on samples of 26 subjects and 8 trials and 14 subjects and 12
trials.

In order to maintain a sufficient degree of reliability in the

calculation of principal components analysis the ratio between obser-

26sheth, op. cit., 1966, p. 113.

27Jagd'ish N. Sheth, "Learning of Brand Preference at the Adult
Age," Journal of Advertising Research, (September, 1968), pp. 25-36.
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vations (buyers) and variables (purchase trials) #s estimated to be
around 10 to 1.28 Sheth is not close to meeting this criterion.
Necessarily, before elaborating more specifically on how the
investigation of the factor analytic model is to be conducted, atten-
tion is turned to a counter-theory of learning. Then, following a pre-
sentation of implications of Sheth's model for applied market research,

the research plan for this study is described.

A Counter Theory of Learning

In psychology, a counter theory of learning is usually referred
to as one trial learning or all-or-none learning. One of the earliest
advocates of this learning concept was Lash1ey.29 Putting this theory
in a marketing context; when a consumer is in a buying situation, she
tries one cue or hypothesis after ancther. When one hypothesis does
not work, she discards it and adopts another. In this way, the con-
sumer continues trying one strategy after another until she hits one
that satisfies her. For an uncertain number of purchase trials she goes
from one wrong hypothesis to another. Suddenly, without any previous
gradual improvement, she hits upon the correct hypothesis, and at once
has "learned" her favorite brand. Therefore, her behavior reflects "all-
or-none learning." Probably, the most noted proponent of all-or-none
learning is Guthrie.30 Chapter two provides a brief description of his

learning theory.

28Green and Tull, op. cit., p. 462.

29K. S. Lashley, Brain Mechanisms and Behavior, (Chicago:
University of Chicago Press, 1928).

30Edwin R. Guthrie, "Psychological Facts and Psychological
Theory," Psychological Bulletin, Vol. 43 (1946). pp. 1-20.
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It is curious that in the last decade the great majority of
market researchers have implicitly utilized the basic postulates of
Guthrie's learning theory (in the form of brand preference or loyalty)
under the guise of Markov chain analysis.3l First-order Markov chain
analysis does fit the all-or-none precepts well in that the probability
of switching states (say in a two-state system of unlearned or learned)
on purchase trial n is dependent only upon the probability of switching
states on trial n - 1. Such a learning situation is independent of the
history of purchases and, so, is time-independent. The above discussion
of incremental Tearning dictates time-dependency because a given proba-
bility of purchase at time t represents the cumulative effect of all pre-
vious purchases. Another assumption of Markov chains is that the tran-
sitional or switching probabilities are stationary for the specified
period of study.

To return to the issue of investigating a truly psychological

construct such as Tearning which is manifested in buyer behavior, it

31gean E. Draper and Lassy H. Nolin, "A Markov Chain Analysis
of Brand References," Journal of Advertising Research (September, 1964),
Vol. 4, pp. 33-39; Solomon Dukta and Lester Frankel, Markov Chain Anal-
ysis: A New Tool of Marketers, (New York: Audits and Surveys Company,
Inc., 1962); Louis A. Fourt, Applying Markov Chain Analysis to NCP
Brand-Switching Data, (Chicago: Market Research Corporation of America,
1960); Frank Harary and Benjamin Lipstein, "The Dynamics of Brand Loyal-
ty: A Markovian Approach," Operations_Research (January-February 1962),
Vol. 10, pp. 19-40; Jerome D. Herniter and John F. Magee, "Customer
Behavior as a Markov Process," Operations Research (January-February,
1961), Vol. 9, pp. 105-122; Richard B. Maffei, "Brand Preference and
Simple Markov Processes," Operations Research (March-April, 1960),
Vol. 8, pp. 210-218; George Styan and Harry Smith, Jr., "Markov Chains
Applied to Marketing," Journal of Marketing Research (February, 1964),
Vol. 1, pp. 50-55; J. W. Weedlock, "A Clue to Purchase Patterns -
Markov's Mathemagic," Sales Management (September 18, 1964), Vol. 93,
pp. 71-72.
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is not natural to organize thinking around Markov chains, but instead
around the all-or-none question of Tearning.
Up to this point, the introduction of this study has portrayed
mostly theoretical implications for the factor analytic model of brand
loyalty. Comments follow on managerial implications.

Implications of Sheth's Model for
Applied Marketing Research

A series of quotations about the use and value of the computed
brand Toyalty scores demonstrate the expected utility of the factor
analytic method of measuring brand loyalty. Sheth states:

More interesting and valuable is the model's
capability to generate brand loyalty scores
separately for each person in the sample. The
distribution of such scores then becomes the
starting point for further analysis for market
segmentation.32

A more direct statement comes from Howard and Sheth:

The model provides a single number for each
buyer, which summarizes his pattern of purchase
behavior over time. This is a much more de-
sirable measure of the dependent variable than
some measure of average tendency, such as the
proportion of purchases of a brand in the total
purchases of the buyer. Utilizing the brand-
loyalty scores, we can discriminate between two
or more groups having some explanatory or con-
trolling variables.3

Concerning the use of BLS's as dependent variables in a multiple dis-
criminant analysis, Howard and Sheth relate:
...since the brand-loyalty score takes into

account time-lag effects and since most
firms have more than one marketing strategy

32sheth, 1968, op. cit., p. 395.
33Howard and Sheth, op. cit., p. 271.
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to manipulate in nonexperimental markets,
a multiple discriminant analysis having
several marketing strategies as the in-
dependent variables and the brand-loyalty
scores as the dependent, classifactory
variable may enable us to understand the
complexity of the real-world situation.34

The data analysis of this study is intended to help evaluate
the merits of using BLS's produced from the factor analytic model for
the specified applications. How the data of this study will come about

is considered next.

Simulation and Stochastic Learning Models

To obtain the basic data for this study, Monte Carlo procedures
are applied to the operations of two stochastic (probabilistic) learning
models resulting in simulated, individual purchase protocols. The
quest for maximum control of the experimental environment prompted
the use of synthetic data. Whereas Sheth's desire was to verify a
theory in a natural setting, and therefore, was compelled to use small
samples of purchase panel information with their attendant environmental
influences, the present concern is the observation of the measuring
instrument itself. That is, no theoretical position is taken on how
brand Toyalty is learned; the effects of the data, generated to reflect
the two different learning theories, upon the factor analytic results,
however, are a major concern.

In reference to the two Tearning models, one allows the genera-
tion of incremental learning data. The model, also called a linear

model:

341bid., p. 272.
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...deals directly with the probability of a

correct response on trial n, Pp and assumes

that all subjects in an ideal experiment have

the same probability of correct response on

trial n, and that the successigg responses

are statistically independent.
Accordingly then, operation of the other model provides all-or-none
learning data:

...the assumption here is that on each trial

the subject either learns completely, so

that the probability of a correct response

goes to one, or learns nothing, so that tgg

probability of response remains the same.
Restle and Greeno reveal their preference between the two models in
the statement, "...the all-or-none model is the most interesting, and
we think it is the most deserving of future work. "37

The various samples generated from each model have 300 statis-
tical consumers and 30 purchase trials; both are of sufficient size
to insure needed reliability. From these series of purchase patterns,
the proportion of ones within each trial is computed. Remember that a
one represents a purchase of a preferred brand, say brand A, and a
zero represents either the purchase of any other brand or no purchase
al all. The proportion of brand A purchases, then, is the aggregate

probability of buying brand A on that trial. These probabilities, plotted

across purchase trials, result in a brand loyalty or mean learning curve.

35Fr‘ank Restle and James G. Greeno, Introduction to Mathematical

Psychology, (Reading, Mass.: Addison-Wesiey Publishing Company, 1970),
p. 42.

361bid., p. 41.
371bid, p. 79.

ettt
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Use of Simulated Learning Curves
in a Brand Loyalty Experiment

Five matched pairs of aggregate brand loyalty curves, for a total
of ten individual runs, were simulated. Each pair or set is specified
by selected parameters, respectively, of the two learning models.38
Effectively, then, there are ten different aggregate curves. The two
aggregate curves in each pair, however, turn out to be "identical;"
the underlying psychological processes on which they are predicated,
however, are conceptually different.

There are two principal reasons for presenting the five sets
of learning curves: (1) as a vehicle for hypothesis testing and; (2)

as a practical substitute for reality.

Hypothesis Testing

Factor analytic results of the two components (incremental
versus all-or-none data) of each set may permit conclusions about the
stated hypotheses. Additionally, the composite outcome may define
appropriate modifications to Sheth's suggested measurement technique.

The major advantage in subjecting pseudo-data to measurement
may be apparent at this point. Generating the five different sets of
curves on an a priori basis allows an unambiguous test of factor analysis
as a technique for differentiating between types of learning. That is,
by eliminating the contaminating environmental influences in real pur-

chase data, only the a priori representations of the learning theories

38For the remainder of the study a matched pair of aggregate
learning curves will be referred to as being a single curve or as a
set number (e.g., set 5 is a negative learning curve).
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are forged in the specified operations of the respective models.

With the nature of the purchase data already known, it may be
reasonable to expect that the factor analytic procedure, applied to the
data from either model, does accurately identify individual brand loyalty
scores. However, when theory confirmation is the issue, the burden on
Sheth's suggestions is compounded. Now, the factor analytic results
must somehow isolate, whether through factor configuration or factor
score make up, the inherent difference between gradual and all-or-none
learning.

Forgetting for awhile the matched mean curves (which disguise
the differences), an appreciation of the markedly diverse learning
conceptions might be obtained by observing on the same graph four in-
dividual purchase probability curves derived from each model. In Fig.
1 the two sets of curves are easily discriminable, and quickly dramatize
the "hidden" features of how consumers may become brand loyal.

It may be tempting at this juncture to support one of the two
major learning theories, which is a legitimate prerogative. The prin-
cipal purpose of the brand loyalty experiment, however, is to develop
a rigorous test of whether Sheth's factor analytic technique can dis-
criminate between the two types of learning processes and not to accept

or reject either underlying learning process.

Substitute for Reality
To lend credence to the pseudo-data, and to illustrate possible
relationships between the Tearning curves and marketing realities, five
contextual situations were created. With imagination, other marketing

phenomenon rationalities can be associated with each hypothetical curve.
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] ] T 1 L 1 v | L

20 25

Data taken from Set 3; See

81



19

There is nothing venerable about the situations depicted.
Variations in interpretation among the five market place settings are
warranted. There is flexibility and latitude in the structuring of
a particular situation to the extent that it is most meaningful to either
the individual market researcher or student of marketing. In a par-
ticular time period, place, and market segment, any given number of
hypothesized situations could exist and probably do.

The constraints, obviously, are that one must abide by the
selected learning parameters and the resultant curve in hypothesizing

ahout a market condition.

Hypotheses

The principal hypothesis, the nature of which has been most
directly addressed in Chapter I, is stated below:

That Sheth's proposed factor analytic
measure of brand loyalty does differen-
tiate between incremental learning data
and all-or-none learning data.

Hypothesis 1:

Related to hypothesis 1, but more specifically associated with
an expected outcome of the model itself, two additional hypotheses are

offered.

When the factor analytic model is applied to incremental Tearn-
ing data hypothesis 2 is proposed.

That there will be one dominant factor
(reflecting the mean learning curve), and
correspondingly each individual will have
one brand loyalty (factor) score; other
factors and factor scores will be residuals
or disturbance terms due to measurement
error.

Hypothesis 2:

When the factor analytic model is applied to all-or-none
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learning data hypothesis 3 is proposed.

That there will be two or more

factors that account for the mean
Hypothesis 3: curve, and correspondingly individuals

will have an equivalent number of brand

loyalty (factor) scores.

If hypotheses 2 and 3 are true, then hypothesis 1 is true.

Given the just stated condition, it may be concluded that the factor
analytic model is a viable tool for determining how brand loyalty is
learned. If factor analysis does not reveal distinguishing features
of the two learning models, then at best it reduces to an empirical

technique for isolating other aspects of brand loyalty data.

ed



CHAPTER II

BACKGROUND

The appropriate starting point for providing a logical flow
of supporting background information is a brief explanation of the two
learning theories.

The extracted segments presented are an injustice to the
elegance and comprehensiveness of the complete theories. The particular
aspects are included to acquaint the reader, not familiar with the study
of learning, with the theoretical positions underlying the applied

stochastic learning models.

Hull's Behavior System

1 and

The primary sources used here are Hilgard and Bower
Buge]ski.2 The system is a behaviorism, and as such falls into the
family of theories which also includes those of Guthrie and Skinner.
In general, the basic logic of the system operates within the broad
framework of the classic S-0-R formula. Hull's system is a massive

elaboration of the formula: where the stimulus (S) affects the organism

1Ernest R. Hilgard and Gordon H. Bower, Theories of Learning,
3rd ed., (New York: Appleton-Century-Crofts, 1966).

2B, R. Bugelski, Psychology of Learning, (New York: Henry Holt
and Company, Inc., 1956).

21
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(0), and what happens as a consequence, the response (R), depends
upon 0 as well as upon S.

Hull proposed a reinforcement theory as the primary condition
for habit formation, while rejecting contiguity (S-R associations)
alone, or a dual theory. In later years, although some modifications
were made in interpretation, he held to the reinforcement principle
as central to learning. The reinforcement theory of Hull requires,
in terms of a primary reinforcing situation, either drive reduction,
as in need satisfaction, or drive-stimulus reduction, as in the satis-
faction of a craving rather than a need. Hull pictured the learning
process and his principle of learning by reinforcement as serving in-
dividual survival just as Darwin's laws of natural selection are pre-

sumed to operate in the survival and evolution of species.3

The evocation of a learned response implies the involvement
of six major processes. Some of them are nurtured by environmental
events; mostly, however, the processes are inferred intervening vari-
ables (connecting 1inks between conceptualizations and observable be-
havior). These processes are reinforcement, generalization, motivation,
inhibition, oscillation, and response evocation. It is not the purpose
here to explain the interrelationships of the six processes. A con-
densed excerpt of the reinforcement--habit strength relationship, how-
ever, is revealing and germane. Habit strength (gHg) is the result of
a reinforcement of S-R connections in accordance with their proximity

to need reduction.

31bid., pp. 156-157.
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Concerning the reinforcement and habit strength relation and the
developments growing out of it, the essence of the learning theory is
observed: (1) the operation of rewards, (2) the effects of repetition,
(3) and the gradients of reinforcement. The implications, as stated by
Hilgard and Bower, follow:

1. Learning depends upon contiguity of stimulus and
response closely associated with reinforcement defined
as need reduction....

2. The course of learning described as a simple growth
function is based on the implied assumption that the
increment of habit strength with each reinforcement

is a_constant fraction of the amount remaining to be
learned. Because more remains to be acquired early

in Tearning and little remains late in learning, the
result is a curve of decreasing gains, very familiar
in laboratory studies of learning.

3. The upper Timit of learning tends to be at a max-
imum when need reduction is great, when delay between
response and reinforcement is short, and when there

is Tittle separation between the conditioned stimulus
and the response to be acquired.4

As one might foresee, when modifications are added to
handle multiple S-R learning, the theory becomes unwieldy. Despite
such complexities, the theoretical system has been used in practice
as a qualitative device for explaining and ordering experimental
results. The traditional theory is rich in concepts but (in its
attempt to be comprehensive) has become so complex that quantitative
predictions are virtually impossible to obtain.

Dissatisfied with this state of affairs mathematical psycholo-
gists in formulating models for learning curtailed drastically the scope
of the theorizing. The focus of attention isAon firm control of only

a few variables, and the experimental arrangements are constructed to

4Hi1gard and Bower, op. cit., p. 158.
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to minimize the influence of other factors not under consideration.
The general approach is known as mathematical learning theory and it

is explored after Guthrie's contiguity theory is discussed.

Guthrie's Contiguity Theory

The basic principle of "association by contiguity" appears to
be universally adopted and acceptable to all learning psychologists.
Without exception, contiguity in time is presupposed as a basis for
learning. It was given above that Hull assumes contiguity of response
and reinforcement; Guthrie assumes contiguity of stimulus and response.
While they differ on what events are contiguous, on contiguity they
agree.

Guthrie's one law of learning (association), which forms the

basis for all learning phenomenon, was stated by Guthrie as follows:

"A combination of stimuli which has accompanied

a movement will on its recugrence tend to be

followed by that movement."
There is a notable simplicity about the statement in that it avoids
mention of drives, of successive repetitions, of rewards or of punish-
ments. Stimuli and movements in associative pairs: that is all. A
second statement is needed to complete the basic postulate about learn-
ing: "A stimulus pattern gains its full associative strength on the

occasion of its first pairing with a reSponse."6

The statement is suggestive of a recency principle -

SEdwin R. Guthrie, The Psychology of ‘Learning, (New York:
Harper, 1935), p. 26.

61bid., (st rev. ed., 1952), p. 30.
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Consider, if learning is complete in one trial, then the last response
to a particular stimulus combination will be the same response when the
stimulus combination next recurs. For Guthrie, the recency principle
becomes a primary, if not the primary principle of learning.

The meaning Guthrie attaches to the term requires some elucida-
tion. It does not refer to recent events, as one might gather. Suppose
that some trial-and-error situation is being considered where a person
might try various responses, say A, B, C, D, in succession. Assume D
is the correct response. Since D is the last response made it terminates
the trial. On the next occasion D might occur as the first attempt
at solution. In any series of learning trials that terminate with a
correct response, the correct response is obviously, and must necessarily
be, the most recent response made in the situation.

Guthrie holds that this function is a sufficient and adequate
explanation of learning. He states that all learning situations are
basically the same in the respect that they have to terminate with some
response. How can an individual ever learn if he once begins to respond
incorrectly? The only answer is that for one reason or another, due to
changes in the situation which the experimenter or teacher is not keen
enough to note, the individual does happen to make the correct response.
This response will then be retained, says Guthrie, barring some change
in the stimulus situation which would invite the former or another .
response.

From Hull's point of view, recency only works because it normally
characterizes the response which was also rewarded, or reinforced. By

itself recency would have no effect on learning. Since it is difficult
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to separate recency from reinforcement in many trial-and-error learning
experiments, the argument can be carried on with as much fervor as the

debators can muster.

Mathematical Learning Theory

Before the incremental and all-or-none learning models are de-
scribed, a broad overview of mathematical learning theory is presented.

The references cited are a rich source for detailed exposure.

Definition

The label "mathematical learning theory", in a sense is mis-
leading if not inaccurate. Mathematical learning theory is not proposed
as a substitute for other theories of learning. In fact, it is not a
theory at all. More appropriately, the term embodies an orientation
or method in theory construction without specific reference to the
substantive postulates expressed in particular theories. Atkinson, Bower,
and Crothers succinctly define mathematical learning theory as the use
of explicit mathematical means for theory construction and research on
learning.” The following discussion embellishes certain features embodied

in the definition.

Stochastic Models
Almost all current learning models characterize behavior as a
probabilistic rather than as a deterministic process; the underlying

assumption is that of a stochastic process. Simply defined, a stochastic

TRichard C. Atkinson, Gordon H. Bower and Edward J. Crothers,
i i i » (New York: John Wiley
and Sons, Inc., 1965), p. 1.
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process is a sequence of outcomes that can be analyzed by using proba-
bility theory.

Since 1950 the modern point of view in mathematical learning
theory has extended considerably the probabilistic approach to behavior
theory. The psychological orientations condoning such an approach dic-
tate that variability in behavior be built into the structure of these
types of models.

Two Togical interpretations allow regarding behavior as a sto-
chastic process. The first is that, in fact, behavior is inherently
probabilistic. The other interpretation is that behavior is completely
deterministic, but that minute fluctuations in the individual and the
stimulus conditions over time produce the observed probabilistic be-
havior. Bush and Mosteller favor the notion that behavior is intrin-
sically probabilistic.8 However, they go on to point out that such an
assumption is not a necessary condition in their stochastic models for

learning.

Parameter Invariance: A major advantage of stochastic models is

that they require only the classification of potential responses into re-
sponse categories. The experimenter then needs only to count the fre-
quency of occurrence for each response category. The relationships of
these proportions are analyzed as appropriate. The point is that the
theorist is not "defeated" before he even gets started due to measurement

problems regarding dependent variables, or inferentially, his independent

8Robert R. Bush and Frederick Mosteller, Stochastic Models For
Learning, (New York: John Wiley and Sons, Inc., 1955). p. 3.
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variables. Traditionally, the emphasis in learning theory construction
was a predisposition toward "theoretical" dependent variables such as
response strength, excitation-inhibition, cognitive maps, and so on.
Obviously, such theories are testable only to the extent that the vari-
ables themselves are measurable. The stochastic models utilized in this
study avoid these several traditional problems in that the response
categories are preclassified.

For exampie, the reader familiar with the traditional theories
of Hull and Guthrie may be perplexed at first exposure to mathematical
models for learning. Usually, the mathematical model is specified quite
simply, without attaching a 1ist of postulates about drive level, amount
and delay of reinforcement, stimulus intensity, and so on. Generally,
in the use of the models, these classical variables have not been the
topic of the investigation and are presumed fixed throughout the ex-
perimental situation. It is true, however, that such variables may well
influence the estimated parameter values of a given model, i.e., the
probability of learning or the rate of learning. The selected parameters
are like initial-state descriptions that are used but not derived from
the theory.

A parameter used in the operation of amodel should reflect the
constant features of the individual and the stimulus condition, which
hopefully remain constant in any one experimental run under constant
environmental conditions. Surely, it is unreasonable to require that
all parameters remain unchanged from one experimental situation to

another.

The Theory/Model Relationship: Usually it is not necessary to
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draw a distinction between the terms theory and model, but in this

study it is useful to distinguish between the purely formal structure
(the model) and the underlying conceptualization (theory) on which the
structure is based. The reason for this distinction is that, in this
study, the same formal structure arises from quite different concept-
ualizations. For example, the same mathematical expression for the
mean learning curve is derived from the all-or-none learning model and
the Tinear operator mode].g

The all-or-none theory is quite different from gradual learning
theory both in concept and in various details of the data to be expected.
Yet, they make the same prediction regarding the aggregate learning
curve. Thus two consequences must be treated. If the interest is only
in the average learning curves (dependent variable), then it does not
matter which theory is used. However, if the requirement is to distin-
quish between the theories, then other aspects of the data besides the
mean learning curve must be examined.

In the use of stochastic models the comprehensiveness of the
traditional theorizing is foregone: an attempt is made to focus on
only a few variables, and the experimental arrangements are constructed
to minimize the influence of other factors not under consideration.

This 1is the price to be paid for tractable theories.

9Frank Restle and James G. Greeno, Introduction to Mathematical
Psychology, (Reading, Massachusetts: Addison-Wesley Publishing Company,
19707, pp. 34-36; Clyde H. Coombs, Robyn M. Dawes, and Amos Tversky,
Mathematical Psychology, (Englewood Cliffs, New Jersey: Prentice-Hall
Inc., 1970). p. 294,
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Underlying Psychological Theory

Certainly, a mathematical Tearning model selected for investi-
gation must be an abstraction of the basic axioms of the given classical
learning theory. Around 1950 two related branches of development in
learning models emerged. The class of models, called operator models,
which permits the stages of learning to be infinite in number, was
initiated by Bush and Mosteller.10 The other class of models, called
state models, where only a finite number of learning stages are possible,
was initiated and developed by Estes in 1950.11 His basic theoretical
ideas are collectively known as stimulus sampling theory. Stimulus
sampling theory is briefly described on subsequent pages in the State
Models: All-or-none Learning section.

These two approaches are parallel in structuring the probablistic
nature of Tearning. The learning process is conceived of as a sequence
of discrete trials: each trial consists of a stimulus situation to which
the individual responds (selects one) from a set of alternative responses
in accordance with an associated set of probabilities; the response is

followed by an outcome, which may induce changes in the probability
values before the next trial. Of course, how and why this probability
flow from trial to trial and the resulting distributions come about

constitute their similarities and differences.

10pobert R. Bush and Frederick Mosteller, "A Mathematical Model
for Simple Learning," Psychological Review, Vol. 58 (1951), pp. 313-
323; Bush and Mosteller, op. cit.

11y, K. Estes, "Toward a Statistical Theory of Learning,"
Psychological Review, Vol. 57 (1950), pp. 94-107.
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The distinction of infinite and finite states in the two classes
of medels is of no particular theoretical significance; however, the
respective underlying conceptions of the learning pro.ess that augur
the distinction is paramount.

Before delineating in some detail the operational aspects of the
two "simple" models, each representing the two broad classes of sto-
chastic models, a comment on the rationale for their selection is offered.
The two-operator linear model and the all-or-none mode?! are appropriate
candidates for comparison because these two models differ sharply in
their assumption about how an individual stimulus-response association
is Tearned. According to the linear model each reinforcement is assumed
to bring about a change in the probability of a "correct" response.
Learning, which occurs on each positively reinforced presentation, is
gradual because a number of increments in p, (probability of a correct
response) are needed before this quantity is increased to say, a near
unity value. In this sense, the linear model is a probabilistic analog
of the Hullian incremental learning theory.

By contrast, in the all-or-none model the effect of a single
reinforcement is either to produce complete learning of the individuai
stimulus-response association, or no learning at all. The model re-
flects the stimulus-response association theory in the Lash]eyl2

and Guthrie tradition.13

12k, s. Lashley, Brain Mechanisms and Behavior, (Chicago:
University of Chicago Press, 1928).

13g, R. Guthrie, "Psychological Facts and Psychological Theory,"
Psychological Bulletin, Vol. 43 (1946), pp. 1-20.
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As a starting point, it may be sufficient to discover to what
extent the data permit a choice between these diverse formulations.
The expectation is that there would be less differentiation among models
that are more similar. Mathematically, the all-or-none model is a pro-
totype of Markov models, whereas the two-operator model is basic among
lTinear models. Processes of both general types have played prominent
roles in quantitative theorizing in other sciences, and it is not sur-
prising that analogous processes,e. g., purchase behavior, are extant

in marketing.

Operator Models: Incremental Learning

A plausible experimental situation is presented and a model

constructed for it in order to identify and describe the concept of

an operator.

The Concept of an Operator

Consider the two brand experimental situation in which a con-
sumer learns to buy brand A. On the first trial it is reasonable to
assume that she has a probability of .50 of purchasing brand A, i. e.,
P1 = .90. Suppose she buys A and is satisfied. The expectation might
be that her probability of buying A next time, pp, to be greater than
.50, perhaps as high as .70.

Suppose on the next trial the consumer buys brand X and the out-
come is less than expected, i. e., no satisfaction or even some dis-
satisfaction. Again, it would be expected that the probability of this
consumer buying A on the third trial, p3, to be greater than p,, per-

haps .85.
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Now suppose on the third trial she buys A and is satisfied
again. When this happened on the first trial the probability of buying
A increased from .5 to .7, an increment of .2, but clearly it cannot
increase the same amount again. The issue then is how to describe the
effect of buying brand A and being satisfied on the probability of buying
brand A. |

An alternative is that the increment in probability is a con-
stant proportion or fraction of the amount of change that is still
possible. By making this assumption, the effect of buying A and being
satisfied on the nth trial results in an increment to p, that is pro-
portional to the amount to be learned, 1-pp, say B(1-p,). In other
words, B, the rate of Tearning is constant while the proporiional
amount to be learned, 1-p,, may be diminishing. In this case the
probability on the n + 1st trial is:

Pn+1 = Pn + B(1-py) (1a)

(1-B)py, + B3 (1b)

i. e., the probability on the nth trial is operated on by this linear
transformation and becomes the probability on the next trial.l4 That
is Pp + 1 1s @ linear function of Pn. Hence, this expression is called

a linear operator and would be applied on any trial in which the con-

sumer bought brand A and was satisfied.
What happens to p when the consumer buys brand X and is not

satisfied? Should the same operator apply? Probably not. The equal

14The unconventional notation shown here and in the remainder
of the study is used so that the computer program notation is paralleled
as much as possible.
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learning rate condition suggests that consumer satisfaction or dis-
satisfaction have "equal but opposite" effects on subsequent purchase
behavior; seldom is this notion justified, either by psychological
theory or by data.l® Thus, the first operator is designated Gp, with
the letter B identifying the parameters, and the second operator Lp is:

Lpn = (1-B1)py + BI,
where the parameter Bl represents the portion of (1-p,) that is added
to pp as a result of buying brand X and not being satisfied. Given the
consumer's sequence of purchases through the first n trials, then,
one could calculate the probability of her buying brand A on the

n + 1st trial.

Necessary Specifications

The preceding gives an introductory conception of what a
stochastic model looks 1ike and what an operator is, so attention now
is turned to those conditions that need to be specified in order to
render the basic model experimentally operational.

Assumptions: First, the necessary assumptions are few and
straightforward. As already identified, and accounted for within the
mathematical properties of the model itself, is the notion that learning
is incremental; a basic postulate in the Hullian system. Two further
assumptions are that all subjects have the same probability, p, of a
"correct" response on trial n, and that the successive responses are
statistically independent. The latter independence-of-path assumption

says that the probability of any response on this next trial is de-

15ysh and Mosteller, op. cit., 1955, p. 108.
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pendent only on its probability on the preceding trial and the event
that occured, i. e., reward or punishment. If, for example, two con-
sumers have the same probability for a given brand purchase, it does
not matter if their detailed histories are different. Any differences
in pattern and frequency of their respective sequences are irrelevant.

The Two-Operator Linear Model: The Fixed-Point Form: A very

useful form of the two-operator linear model is known as the fixed-
point form. A new parameter, the asymptote, needs to be introduced
and is designated as A;. In order to conform to the probability system,
the limiting values of the asymptote which may be chosen or predicted
for each operator range from equal to or greater than zero to an even-
tual Timit of unity.

The asymptotic value specified in the respective operators
identifies the maximum and the minimum portion of total learning that
can be accomplished in a particular experimental setting. The two

operators take the form:

Gpp = (1-B)py + B(Ay)
Lpp = (1-B1)py + B(A2).
This form of the linear operators gets its name because when
P = A; the operator becomes the identity operator, i.e., Gp = p, or
Lp = p. The name fixed-point form comes from the fact that A is a
1imit point, a fixed value that p approaches when the operator is ap-
plied repeatedly. When p reaches its limiting value, it stops chang-
ing.
The nature of the purchase protocols to be generated for this

study is similar to many learning experiments where the task consists
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of acquiring a particular response so that the probability of that
response approaches unity and the probability of other responses

approaches zero. Hence, the most commonly occurring linear operators

are of the form:

Gp = (1-B)p, +B (A =1) (2a)
(1-81)p,- (A2 = 0) (2b)

The first is an acquisition or gain operator with the limit point

Lp

A1 = 1. The other operator, Lp, is an extinction or loss operator

which, with repeated applications, moves p to zero.

Restrictions on Parameter Values: Each operator has two para-

meters : B, Ay and Bl, A, respectively. The restrictions are:
0 <Bij, Aj 1.

For the brand loyalty curves generated here, the asymptotic
values will always be one and zero, unless otherwise specified. The
learning rates may be, B'§ B1. Generally, B>B1 is used because the
outcome is a positive aggregate Tearning curve; if B = Bl a Bernoulli
function occurs; and if B € Bl is used then an extinction (negative
Tearning) cyrve develops. These three relationships hold only if A
=1, and Ay = 0.

As a guideline, for most experiments, it is found that estimates

of Bj tend to run below .20,16

State Models: A11-Or-None Learning

Up until now, hopefully for the purpose of minimizing ambiguity,

16Coombs, Dawes and Tversky, op. cit., p. 264.
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the all-or-none learning model representing contiguity theory has been
undifferentiated. In reality, a variety of all-or-none models exist
and are being investigated. The one used in this study, which is ex-
plained below, is called the one-element model. "One-element" and
“all-or-none" model may be used interchangeably. Before the one-element
model is described, the general operational framework, stimulus sampling

theory is explicated.

Stimulus Sampling Theory

As in mathematical learning theory in general, stimulus sampling
theory is not a learning model per se, but is to be used as a scheme
for model building. Because of the very general structure of the
theory it serves as a conceptual framework for generating a class
of stochastic processes.

The following brief description is borrowed heavily from
various sources.l’ Of course, the original work on stimulus sampling
theory by Estesl8 and Estes and Burkel9 may be referenced.

Stimulus sampling theory views behavior as being elicited by
antecedent stimulus events that are "associated," "connected," or
"conditioned" to responses. The primitive terms of the theory are
stimulus, response, association, and reinforcement. The association

term refers to a functional connection between a stimulus and a response

17Atk1'nson, Bower and Crothers, op. cit., p. 344; Hilgard and
Bower, op. cit., pp. 338-345

18Estes, 1oc. cit.

19y, K. Estes and C. J. Burke, "A Theory of Stimulus Variability
in Learning," Psychological Review, Vol. 60 (1953), pp. 276-286.




38
i.e., that response A; is conditioned to stimulus §.

The term "reinforcement" refers to a theorectical event that
can produce changes in associations of stimuli present at the moment
the reinforcing event occurs. Reinforcing events are classified
according to the stimulus-response associations that are left unchanged
by that event. Thus, if response classes Al’ A2..., Ar have been
identified then there will correspond r reinforcing events, labeled
E], E2..., Er' If stimulus Sk is already associated to response Ai’
then E; is that reinforcing event that leaves the Sk - A; association
unchanged; if stimulus Sy is associated to some other response Aj ,
then the occurrence of an E;j reinforcing event when S, is present will
tend to change the association of S so that it is now associated with
Aj instead of the previous Aj.

The change in association of a stimulus is assumed to be a
discrete all-or-none switch; a previous association is erased {counter-
conditioned, unlearned, etc.) when a new response is associated with a
stimulus. This notion is formalized in the theory by saying that at
any point in time each stimulus is associated with exactly one response.
The reinforcement postulates of the system are responsible, then, for
making it a dynamic, changing process.

There has been a proliferation of model types derived from the
basic notions of stimulus sampling theory e.g., component models, pat-

tern models, small-element models, and others.20 The only model that

20Consideration of the principal aspects of these various types
goes beyond the scope and needs of this study. For an overall view
of ghe state models see (Coombs, Dawes, and Tversky, op. cit., pp. 279-
306).
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is discussed in this study--the one-element model--is of the class,

small-element models.

One-Element Model

The one-element model was selected for this study for two
reasons; (1) this model has had an important role in the recent de-
velopment of mathematical learning theories and, (2) the relatively
simple mathematical and conceptual structure make it preferred.

Assumptions: Stated in the context of a purchasing process,
for a single consumer and a single stimulus-response association the
assumptions of the all-or-none model are as follows:

1. The stimulus member (a brand in a product category) of
each S-R association (buy or not buy a particular brand) in the product
category can be represented mathematically by a single hypothetical
stimulus element. The marketer may question this assumption on the
grounds that a brand as a stimulus has several components e.g., color,
size, price, etc, and therefore, should be identified with several
stimulus elements. Obviously for ease of presentation, and also, when
the products are reasonably differentiated, there is justification for
assuming only one stimulus element per brand: hence, the name, one-
element model. In essence, the diversity among brands enables the
purchaser to associate her response to the stimulus characteristics as
a whole.

2. Each time a particular brand is exposed to the purchaser,
she samples the stimulus element. The word "samples" means that the

purchaser considers the brand-purchase--not-purchase association each
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time it is presented.

3. On each purchase trial the stimulus element (Brand A)
is in exactly one of two learning states. Either the element is in
state L ("learned" as associated to the purchase of brand A) or the
element is in state U ("unlearned" and not associated to the purchase
of brand A).

4. On each reinforced (satisfied or dissatisfied) purchase
trial, the probability of a change of the element from U to L is c;
the probability of a transition from L to L is one. That is, if the
purchaser has not formed the association (brand A with purchase brand
A) prior to the current reinforcement of this association, she now
forms it with probability c. If the association was formed prior to
the current reinforcement, it is preserved with probability one.

5. 1If brand A is in state L when the purchaser responds, she
purchases brand A with probability one. If brand A is in state U when
the purchaser responds, her purchase of brand A response is a guess with
probability g.

6. At the beginning of the brand loyalty learning experiment,
the brand is in the unconditioned state U.

The Learning Process as a Markov Chain: Assumptions three,

four, and five provide the all-or-none feature of the learning process.
The buyer is assumed to have learned (perfectly) the stimulus (brand A)
--response (purchase brand A) association (i.e., the association has be-
come conditioned and the probability of buying brand A is 1) or she knows
nothing and is just guessing.

These assumptions allow a representation of the learning process
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as a Markov chain, with the following structure:

trial n + 1
Lp+1 Un+1  Pr(buy brand A|row state)
Ly 1 0 1
trial n (3)
U, _¢ 1-c g

On the Teft is the matrix of transition probabilities between
states from trial to trial. The bottom row of this matrix represents
the first statement in assumption number four, and the top row ex-
presses the second part of that assumption. It is given, then, that
each row of the transition matrix must sum to one. Additionally, every
trial gives the consumer the same opportunity to learn. In the linear
model this led to an assumption that the learning rate B; is the same
for all trials. In all-or-none theory, it is the probability of learn-
ing ¢ that is constant on all trials. On the right is a probability
vector which indicates, for each state on trial n, the probability of
buying brand A on that trial; as specified by assumption number five.

A sequential process is termed a Markov process (also referred

to as Markovian) when the probability that state S; occurs on trial n
following any sequence of states s is independent of all states in that
sequence except the one that occurs on trial n-1. A common way of
characterizing Markov processes is to state that they are path-inde-
pendent. The only important consideration is the state of the process

on trial n-1. A sequential process is called a stationary process

when the probability that state S; follows a given sequence s is in-

dependent of the trial numbers on which s occurs. That is, the
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prabability of moying from the unlearned to the learned state on any
particular trial is assumed to be a constant. When a process is both
stationary and Markovian it is called a Markov chain. For more detail
see Kemeny and Sne11.21

The Markov chain described by Eq. (3) is an absorbing Markov
chain. An absorbing Markov chain has at least one absorbing state and
it can be reached from any state (not necessarily in one trial). Note
that state L is absorbing because it cannot be left and it can be
reached from state U.

In general, terminal learning may not be perfect i.e., the
probability of switching from state L on trial n to state U on trial
n+11is >0, or alternatively, the probability of staying in state L
on repeated trials is<1. In other words no state in the Markov chain
is now absorbing. Markov chains with the property that it is possible
to go from every state to every other state (not necessarily in one
trial), are called ergodic. The consequences of such a condition are
explained at the time actual data sets are formulated.

It is mentioned again that, in spite of an underlying theory of
learning as an all-or-none process, the mean learning curve (with its
averaging effect) is gradual and obscures the existence of such a pro-
cess.

With the conceptual and operating features of the two models

now accounted for, the procedures required for simulating these mecha-

21J, G. Kemeny and J. L. Snell, "Markov Processes in Learning
Theory," Psychometrika, Vol. 22, pp. 221-230; J. G. Kemeny and J. L.
Snell, Finite Markov Chains, (Princeton, New Jersey: D. Van Nostrand
Company, 1957).
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nisms are documented in the following section.

Procedure For Simulating Individual Protocols

With computer applications, one can estimate parameter values
by trial-and error techniques: try a value of each, compute the whole
theoretical learning curve and compare it with an obtained curve,
continue modifying parameters until a good fit is made. Since real
data are not used in this study, the only requirement is that logical
parameters be "plugged" into the model. Of course, once a curve is
generated for either learning mode1; a parameter search process must
be carried out in order to match it with the remaining model.

The reason for using a computer in behavioral simulation is
one of speed and accuracy. Speed is particularily important in this
experiment because the programs are developed for repeated application
of rather simple rules. For other implications and applications of

22 and Newell and Simon.23

computer simulation see Laughery and Gregg,
Before discussing the use of simulated learning curves in this
experimental setting, it may be instructive to graphically portray the
simulation procedure that is occurring in the operation of the respec-
tive learning models.
The use of a Monte Carlo procedure involves generating pseudo-

data by following precisely the rules specified by the model and

accessing a random number generator whenever an event occurs in the

22¢, R. Laughery and L. W. Gregg, “Simulation of Human Problem-
Solying Behayior," Psychometrika, Vol. 27 (1962), pp. 265-282.

23p. Newell and H. A. Simon, "Computers in Psychology," iq R.
D. Luce, R. R. Bush, and E. Galanter, eds., Handbook of Mathematical
Psychology, (New York: Wiley, 1963).
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process which is probabilistically determined. The output from a Monte
Carlo run then is a representation of how real data would look if the
learning model were correct and if the parameter(s) had the value(s)
used in the Monte Carlo computations. Bush and Mosteller,24 who were
among the first to use Monte Carlo methods in testing psychological
models, coined the term "stat-rat" to describe the hypothetical
organism of a Monte Carlo run. Presumably then for this application
the term "stat-con" is an appropriate substitution for hypothetical

consumer.

Statistical Consumer: Two-Operator Linear Model

In making a set of Monte Carlo computations, first set up the
desired constants for the operators and a starting probability in
numerical form. The rules of the illustrated model are: initial
Pn (probability of buying brand A) = .20 for trial 0; B (rate of
learning in Gp) = .10; B1 (rate of learning in Lp) = .05.

Gp = (1-.10).20 + .10 (if consumer is positively reinforced)

Lp = (1-.05).20 (if consumer is negatively reinforced)
The stat-con now can be carried mechanically through a sequence of
purchase trials. Of interest is: (1) recording a one for purchase
of brand A; and a zero for not-brand A; (2) which operator is to be
applied on each trial, applying it; and (3) recording the p value
at each stage.

In Table 1 the second column gives the p value for each trial.

28Bysh and Mosteller, op. cit., pp. 128-131.
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TABLE 1

TLLUSTRATION OF OUTCOME FOR 30 PURCHASE TRIALS
OF ONE STAT-CON. THE OPERATIONS ARE
Gp = (1-.10)p+.10 AND Lp =
(1-.05)p, AND p = .20.

Trial Random Purchase
Number p Value Number Operator Protocol
0 .20 25 Lp -
1 .19 69 Lp 0
2 .18 92 Lp 0
3 A7 08 Gp 0
4 .25 03 Gp 1
5 .33 31 Gp 1
6 .40 38 Gp 1
7 .46 37 Gp 1
8 .51 72 Lp 1
9 .49 80 Lp 0
10 .46 15 Gp 0
11 .51 01 Gp 1
12 .56 64 Lp 1
13 .54 97 Lp 0
14 .51 74 Lp 0
15 .48 75 Lp 0
16 .46 19 Gp 0
17 .51 49 Gp 1
18 .56 29 Gp 1
19 .53 72 Lp 1
20 .58 11 Gp 0
21 .62 17 Gp 1
22 .66 15 Gp 1
23 .69 56 Gp 1
24 72 57 Gp 1
25 .75 72 Gp 1
26 .78 41 Gp 1
27 .80 43 Gp 1
28 .82 87 Lp 1
29 .78 95 Lp 0
30 .74 - -- 0
Notes:

A 1 or O, the result of the p value-random number match,
appears on the next succeeding row of column 5. _

The Gp or Lp is on the same row as the p value to which
it is applied. The result of the applied operator, the new p value,
is on the next succeeding row of column 2. :
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The third column is a set of 2-digit random numbers. Considering the
uniformly distributed random numbers from 01, 02, ..., 99, 00, those
numbers < pp dictate applying Gp, and those numbers = p, on a par-
ticular trial go to applying Lp. The fourth column gives the particu-
lar operator to be applied on each trial, and column five gives a one
for the purchase of brand A and a zero for the purchase of not-brand

A for each trial.

Inspection of Table 1 clarifies the procedure used. A p value
of .20 was chosen for trial 0; the probability of buying brand A.

The first random number chosen was 25, which is above 20, (p value
decimal points are omitted) and so the Lp (row 0) was applied to the
initial p value of .20(row 0) and this gave a new value of .19 (row
1). Pertaining to the purchase protocol, a dissatisfying reinfbrcing
even occurred prior to trial one (row 2) which caused not-brand A to
be purchased; thereby giving a 0 (row 2) for the first element in the
protocol. Then another random number 69, was selected and it was above
19 (a 0 in row 3, another not-brand A purchase), indicating again the
Lp should be applied. On trial number 3 (row 4) the random number was
08 which is less than the p value of 17. The consequence was the first
purchase of brand A (row 5). Hence Gp (row 4) was applied to .17,
giving a new p value of .25 (row 5).

The calculations in Table 1 demonstrate the random element
inherent in any probabilistic model. A second stat-con would have
produced a protocol different from that in Table 1, because her
sequence of random numbers would differ from that of the first con-

sumer. After running a large group of stat-cons, all with pp = .20,
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B = .10, and B1 = .05, the mean proportion of brand A purchases on each
trial may be calculated. Such mean learning curves are provided in
Chapter 3. First, however, simulating the operations of the all-or-none

model is demonstrated.

Statistical Consumer: A11-Or-None Model

The purchase data, simulation procedure is basically the same
for the all-or-none model. However, now, two random numbers must be
selected for each purchase trial: first, to determine whether brand A,
or not-brand A was purchased; and secondly, to determine whether on that
same trial learning has occurred.

Again, the desired probabilities for the model are set up,
remembering that both the purchase probabilities for the respective
states, and the transition probabilities are fixed throughout the
given experimental run.

The conditions in the example below are: g(probability of
purchasing brand A in unlearned state) = .20; c(probability of switching
from unlearned to learned) = .01; the .00 in the transition matrix
demonstrates that the probability of switching from L to U; and the 1.0
in the vector is the probability of purchasing brand A once in the

learned state. It is assumed that the buyer starts in the unlearned

state.
trial n+l
(I Un+1 Pr(buy brand A|row state)
Ly 1.0 .00 T.0
trial n

Uy 01 .99 .20

——




48

In Table 2 the second column gives the brand A purchase prob-
ability on each trial. The third column is a set of 2-digit random
numbers. The fourth column gives a one for the purchase of brand A,
and a zero for the purchase of not-brand A. The probability of switch-
ing states, and the corresponding random numbers for each trial are
given in columns five and six respectively. Column seven shows, trial
by trial, whether the brand A--purchase brand A association has been
learned by the purchaser.

Observe in Table 2 that the first random number, 65, is greater
than 20, therefore, not-brand A was purchased on the first trial
(authorizing a 0 in the second row of column 4). Note also, that the
second random number (second row of column 6), 05 is greater than .01,
the probability of learning the brand A--purchase brand A association,
hence no learning occurred on the first trial. The stat-con made brand
A purchases on trials 6, 9, 18, 21, and 23 demonstrating that she
picked brand A about 20% of the time without learning taking place. On
purchase trial 23 the stat-con did learn to buy brand A. The consequence
was that she bought brand A inclusive of purchase trial 24 through 30.
It is not necessary that a purchase of brand A immediately precede the
switch from U to L as it did in this case.

To duplicate the data simulation procedures manually for any
large number of stat-cons is obviously Taborious and the opportunity
for error is great. The only feasible way to generate a large number
of purchase protocols is to develop computer programs that accomplish
the task quickly and with perfect accuracy. This is exactly what was

done. The two programs are provided at Appendix A and B.
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TABLE 2

ILLUSTRATION OF OUTCOME FOR 30 TRIALS OF ONE
STAT-CON. THE PURCHASE PROBABILITIES ARE
STATE U = .2, STATE L = 1.0, AND
TRANSITION PROBABILITIES ARE;
utoL=.01,LTOU=0.0.

Trial Probability Random Purchase Transition Random Learn
Number of Purchase Number Protocol Probability Number State

0 .20 65 - -- -- ]
1 .20 60 0 01 05 ]
2 .20 41 0 .01 39 U
3 .20 51 0 01 88 U
4 .20 53 0 01 75 ]
5 .20 15 0 .01 46 U
6 .20 26 1 .01 91 U
7 .20 45 0 01 60 U
3 .20 03 0 01 69 ]
9 .20 91 1 .01 84 ]
10 .20 54 0 01 10 1]
11 .20 9] 0 .01 48 U
12 .20 41 0 .01 92 U
13 .20 91 0 .01 25 ]
14 .20 25 0 01 53 U
15 .20 96 0 01 83 U
16 .20 77 0 01 99 ]
17 .20 12 0 01 32 ]
18 .20 75 1 01 63 U
19 .20 85 0 01 41 ]
20 .20 09 0 01 80 u
21 .20 47 1 01 08 U
22 .20 10 0 01 57 U
23 .20 12 1 .01 01 L
24 1.00 35 1 .00 50 L
25 1.00 36 1 .00 37 L
26 1.00 83 1 .00 22 L
27 1.00 97 1 .00 27 L
28 1.00 10 1 .00 97 L
29 1.00 42 1 .00 84 L
30 1.00 -- 1 .00 . 78 L
Notes;

A 1 or 0, the result of the purchase probability-random number
match appears on the next succeeding row of column 4.

For a given trial, the resulting learn state is on the same
row as the transition probability-random number match.
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The next and last step in the experimental development high-
1ights the main features and uses of fac;or analysis (principal compo-
nents analysis) including the necessary variations engendered when
applied to learning data. Specifically, how principal components
analysis, based on Sheth's suggestions, is used in this study is
further developed in Chapter 3--Method.

Basic Concepts of Factor Analysis:
Principal Components Analysis

Until now the term, factor analysis, has been used generically
in this study. Subsumed within the general classification are several
variations of the same basic approach to the analysis of complex data.
For example, principal components as a factor analytic technique was
used by Sheth and so is described here. There are other sources
available.?5

First, is presented a general description and purpose of prin-
cipal components analysis, followed by two examples of usage. Finally,
attention is turned to the application of principal components analysis
to learning data.

A general note on terminology: 1in this study the terms, "fac-
tors," “components" or “principal components” and "reference learning

curves" or "reference curves" may be interpreted as synonomous. Also,

25H. H. Harmon, Modern Factor Analysis, 2d ed., (Chicago:
University of Chicago Press, 1960); W. W. Cooley and P. R. Lohnes,
Multiyariate Procedures for Behavioral Sciences, (New York: John
Wiley and Sons, Inc., 1962); M. G. Kendall, A Course in Multivariate
Analysis, 2d ed. (New York: Hartner Publishing Company, 1965); Paul
Horst, Factor Analysis of Data Matrices, (New York: Holt, Rinehart
and Winston, Inc., 1965); Benjamin Fruchter, Introduction to Factor
Analysis, (Princeton, New Jersey: D. VYan Nostrand Company, Inc., 1954);
L. L. Thurstone, Multiple Factor Analysis, (Chicago: University of
Chicago Press, 1947).
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the terms, "factor scores," "component scores," and "brand loyalty

scores" may be used interchangeably.

Principal Components Analysis

This section briefly will detail the algebra of components
analysis as it is traditionally used and, in the following section,
in the context of Sheth's and Tucker's specialized application to
learning data.

Components analysis, as traditionally used, has two basic
purposes: (1) the parsimonious description of multivariate data, and
(2) the identification of the structureunderlyingmultivariate data.26
"Multivariate data" means multiple observations or measurements on the
same person or entity being investigated. Let Y be the basic data matrix
having N rows and n columns. N is the number of persons or entities
being measured and n is the number of dependent variables on which each
person is observed. For example, Y might be the summary data matrix
for N different products evaluated on n different criteria - say, price,
quality, use, and various psychological and physical product variables.

In general the correlations of the n dependent variables are
non-zero, indicating the dependent variables are over-lapping and
measuring redundant information. The components analysis model ex-
presses the observed data in terms of weighted composites of uncor-

related components. The basic equation for components analysis is,

26Paul E. Green and Donald S. Tull, Research for Marketing De-

cisions, (2d ed.; Englewood C1iffs, New Jersey: Prentice Hall, Inc.,
1970}, pp. 402-413
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_ /.
Y-(N,n)' F(N,r) A (r,n) r £ n, where, F is an (N,r)
matrix of uncorrelated component scores.

A'is a (r,n) matrix of weights. In application, r
is generally less than n.

The basic equation indicates the assumption that the n observed vari-
ables (usually correlated) are weighted composites of a few uncorrelated
components (or component scores). The model provides for parsimonious
data description in that the components are uncorrelated and there are
fewer components than original variables. For simplicity most presenta-
tions of components analysis work with both the original data and the
components scores in standard score form; i.e., each dependent variable
and each component has mean zero and standard deviation one. Given that
the data have this scaling, A, the transpose of the matrix of weights
is given by,

A = QD%,
where Q contains the columnwise eigenvectors of the n X n correlation
matrix, R, of the n dependent variables. D is the diagonal matrix of
eigenvalues for R, the correlation matrix. F, the matrix of components
scores for each person is given by the equation,

F

F

YQD-*
yap-1

Unless there are linear dependencies in the basic data matrix
Y, the number of components necessary to exactly reproduce Y in the
equation Y = FA/is n, indicating that the n-dependent variables are
weighted composites of n uncorrelated component scores. In practice

r<n components are extracted on the basis that most of the variation
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in the dependent variables is accounted for by a certain number of com-

ponents which is less than the number of original variables.

Examples of Principal Components Analysis

Suppose the basic data matrix in standard score form is,

0.41 0.83
-0.95 -1.08
-0.27 0.03
-0.61 -0.76

0.41 0.51

0.75 0.83
-1.29 -1.24

0.41 -0.29

1.09 1.47

Y= -1.29 -1.56

0.75 0.35
-1.29 -1.08

1.09 1.15

1.43 0.83

1.43 0.51
-0.95 -0.76
-1.29 -1.08

0.41 1.15
-1.29 -1.24

1.09 1.47

—

There are two observations (independent variables) on each of twenty
individuals; hence, the data matrix is 20 X 2. The correlation matrix

for the two dependent variables is,
.00 .92 s
R= = /N .
E’Z 1.0__01 Y'Y 1N
The matrix, Q, of columnwise eigenvectors of R is,
J1 .71
“[n -3,
and finally the diagonal matrix of eigenvalues for R is,

92 .00
| .00 .08

D=
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The matrix of weights for the components which reproduce the original

data matrix is,

Q D’
.71 71 1.39 .00
A= .
72 -7 [Loo .28
I L 1)
.99 -.20

The matrix A is generally referred to as the matrix of factor loadings.

Finally the matrix of component scores for each individual is,

F = YQD-
Eey 71 77] 72 .00
.71 -.71 " .00 3.57
(51  2.53
F=y
.51 -2.53]
[0.63 -1.06|
-1.04 0.33
-0.12 -0.76
-0.70 .38
0.47 -0.25
0.81 -0.20
-1.29 -0.13
0.06 1.77
F - 1.31 -0.96
= F1.45 0.68
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For the aboye data, the basic question is, "Are both components neces-
ary, or can Y be adequately summarized with one component?" This
question is the hoary "number of components" problem for which factor
analysts have no definite answer. The most commonly used procedure for
determining the number of important components for a set 6f data involves
the eigenvalues and trace of R, the correlation matrix. Specifically,
the procedure involves summing the eigenvalues corresponding to the
components one wishes to retain and dividing this sum by the trace of

R (written TR (R) ). The trace of R is the sum of the main diagonal
elements of R. This ratio is interpreted as the variance in Y ac-
counted for by a certain number of components.

In the above example the eigenvalue corresponding to the first
component is 1.92, and TR (R) is 2.0. The percent of variance in Y
accounted for by the first component is then 1.92/2.0 = 96%; there-
fore, one would most Tikely conclude that only one component is nec-
essary to summarize the responses of the twenty people on the two de-
pendent measures. In other words, the one set of component scores con-
tains nearly all the information contained in the two original scores.
This is not surprising since the two sets of original scores correlate
.92. The above example illustrates the use of components analysis in
reducing the complexity of multivariate data; i.e., several measures
can be reduced to a small number of component scores which contain
nearly all the information in the original scores.

Another iportant use of components analysis is the identifica-
tion of the structure underlying multivariate data. The structure of

the observed data is provided by the weight matrix, A. If the
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variables and components are in standard score form, it can be shown

that the weights in A are also correlations. Remembering that A is
generally an n x r matrix, A provides the correlations of the original
variables and the component scores. Suppose for example, one administers
six tests to N people. Further suppose that three of the tests involve

verbal reasoning (V], V., and V

2 3) and three involve mechanical compre-

hension (Ml, M2’ and M3). Assume the weight matrix A is found to be,

1L
Vl .80 .11
V2 .60 .16
V3 .50 .05

A =
Mp |16 .67
M2 .03 .86
M3 |01 .92

(n=6, r=2)

In other words, two components (I and II) are found to be a sufficient
solution. A contains the correlations of the original tests with the
components. Note from the correlations that component I is primarily
defined by the three verbal tests and component II is a mechanical
comprehension factor. The six original test scores for people have been
reduced to two components; the matrix A provides information about the

nature of the two-component structure underlying the six tests.

Principal Components Analysis of Learning Data
The preceding section dealt with the traditional - psychometric
usage of components analysis. Applications of components analysis to

the study of learning data originated with the work of Tucker?’ and

27Ledyard R. Tucker, "Determination of Parameters of a Functional
Relation by Factor Analysis," Psychometrika, Vol. 23 (1958), pp. 19-23.
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has been extended by Weitzman,28 Ross,29 and Sheth.30 These specialized
applications to learning data are sufficiently distinct from traditional
components analysis as to merit a separate discussion.

The following material will examine the basic components anal-
ysis matrices - Y, F, Q, D, and A - when used in the analysis of learn-
ing data. Again Y will be the basic N x n raw data matrix; however,
in the case of learning data, Y will contain observations for N people
on n discrete learning trials.

In some lTearning studies, as well as the present investigation,
the data composing Y is binary - "ones" indicating correct responses
and "zeros" incorrect responses. In this study a "one" indicates pur-
chase of Brand A on a given trial (purchase opportunity) and a "zero"
references the purchase of A, some other brand. On the other hand,
there are many learning studies where the elements of Y are continuous
variables - for example, the number of items recalled during a learn-
ing trial.

The usual summary data for a binary learning matrix Y consists

of summing each of the n columns of Y and dividing these sums by N, the

28p. A, Weitzman, “A Factor Analytic Method for Investigating
Differences Between Groups of Individual Learning Curves," Psychometrika,
Vol. 28, (1963), pp. 69-80).

2930hn Ross, "Mean Performance and the Factor Analysis of Learn-
ing Data," Psychometrika, Vol. 29 (1964), pp. 67~73.

3QJagdish N. Sheth, "A Behavioral and Quantitative Investigation
of Brand Loyalty" (unpublished doctoral dissertation, University of
Pittsburgh}, 1966; Jagdish N. Sheth, "A Factor Analytical Model of

Esind Loyalty," Journal of Marketing Research, (November, 1968), pp. 395-
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number of people. These ratios are interpreted as the probability

of a correct response on a given trial, and when plotted across trials
generally yield the familiar negatively accelerated exponential learn-
ing curve. A question which has been raised in the psychological
Titerature is, "How well does the average or mean learning curve fit
the individual Tearning data?"31

Tucker32

was evidently the first to suggest the use of com-
ponents analysis for the study of individual differences in learning
curves. Tucker's basic approach, which was adopted by Sheth, is now

presented. Consider the basic equation of component analysis:

/

'un) = Fange) Ageny  TEM

In this traditional approach this equation specifies that the observed
scores in Y are a weighted composite of the component scores, F. /{

is the matrix of weights. In Tucker's and Sheth's usage of components
analysis, the basic matrices are conceptualized differently; the matrix
A" is considered to be a series of r reference learning curves and F,

the component scores, are weights. The statement of the model for learn-
ing data is as follows. The series of scores in Y for individuals are
weighted sums of reference learning curves. Components analysis is

used, then, to answer questions as to the number and forms of reference

curves which are needed to account for the observed learning data. If

31M. Merrill, "The Relationship of Individual Growth to Average
Growth," Human Biology, Vol. 3 (1931), pp. 37-40; C. L. Hayes, "The
Backward Curye; A Method for the Study of Learning," Psychological
Review, Yol. 60 (1953), pp. 269-275.

32Tucker, loc. cit.
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there is one dominant component, all individual learning curves are
mulitples of one another and have the same shape. If there are a few
dominant principal components, then only a corresponding number of
reference learning curves are needed to account for the individual
learning data.33

In reference to factor scores (BLS's), their prime use is that
they provide an index of degreeof brand loyalty for each buyer. If
there is one dominant component, then the functional relation between
brand Toyalty and purchase trials dictates only one BLS for each buyer.
If there is more than one dominant component, signaling that groups of
individual learning curves have different form and shape, then there is
an equivalent number of BLS's for each buyer. A given buyer based upon

the respective magnitudes of her BLS's, could belong to one dominant

component or any combination of dominant components.

33Ledyard R. Tucker, "Learning Theory and Multivariate Experi-
ment: Illustration by Determination of Generalized Learning Curves,"
in R. B. Cattell, ed., Handbook of Multivariate Experimental Psy-
chology, Rand McNally, (1966), pp. 476-501.




CHAPTER III
METHOD

Three aspects of this experimental investigation of the merits
of factor analysis as a measure of brand loyalty are provided in this
section. First detailed, is the use of the simulated Tlearning curves
in the measurement of the origins of brand loyalty. Contextually, five
different hypothetical market situations are created and reviewed. The
spectrum of curves reflecting these market situations, in effect, pro-
vides the test for the factor analytic technique. Second, the method
of components analysis applied to the generated learning data is pro-
vided. This presentation should be considered in conjunction with the
Jjust explicated background material on principal components analysis.
Third, a concise summary is outlined of the computational steps accom-

plished in this research.

Use of Simulated Learning Curves in a
Brand Loyalty Experiment

Five matched pairs of aggregate brand loyalty curves, for a
total of ten individual runs, were simulated. Each set is specified
by the appropriate pérameters, respectively, of the two Tearning
models. Effectively, then, there are but five different aggregate

curves.
60
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The two Tearning models in Table 3 are shown with the parameters
used to generate the curves in Fig. 2 through Fig. 6. The proportion
of buyers (N = 300} purchasing brand A on each trial is also the prob-
ability of purchasing brand A on that trial. Thus, by summing the ones
and calculating the proportion on each trial the brand loyalty curves
easily are plotted. Observe in Fig. 2 through Fig. 6 that the nth trial
difference between the matched curves within a set are so small as to
be attributable to chance differences. The consequence is shown: the
two curves in each set are virtually "identical," but the underlying
psychological processes on which they are predicated are conceptually
different.

In two sets (Fig. 2 and Fig. 3), in order to match an aggregate
learning curve it was necessary to use extreme parameters. Parameters
were used that are not usually associated with findings in more con-
ventional learning experiments. Coombs, Dawes, and Tversky1 indicate
that, in general, learning rates are less than .20; for purposes of this
study such extreme learning rates as B = .98, B1 = .01, and B = .80,

Bl = .01 are used. These magnitudes may distort reality to some degree
but concurrently provide a stringent test for the factor analytic out-
come; these will be explained later in more detail.

Since there is no strict requirement for using matched pairs,
brand Toyalty curves could be generated simply from either learning

model and in turn factor analyzed. Such a procedure allows use of more

1C]yde H. Coombs, Robyn M. Dawes, and Amos Tversky, Mathematical
ngghglggx, (Englewood Cliffs, New Jersey: Prentice-Hall, Inc., 1970),
p. 264.
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TABLE 3

LEARNING PARAMETERS FOR THE FIVE MATCHED SETS
OF SIMULATED LEARNING CURVES

Incremental A11-0Or-None
Pr(buy
L u Al row state)
Gp = (1-B)p, + BA L J7.00 0.00 | [7.00
Lp = (1-Bl)pp + B1(A1) Ujfc 1-c__| 19
L U —
Gp = (1-.98).20 + .98 L |1.00 .00 1.00
Set 1
Lp = (1-.01).20 Ui .20 .80 | | .20
L U _
Gp = (1-.80).10 + .80(.90) L|1.00 .00 90
Set 2
Lp = (1-.01).10 Uil .10 .90 | | .10
L U
Gp = (1-.10).20 + .10 L [T.00 .00 1.00
Set 3
Lp = (1-.05).20 Ul .ol .99 | | .20
. L U — o—
Gp = (1-.10).40 + .10 L [T.00 .00 ] A
Set 4
Lp = (1-.10).40 Ul_.60 .40 | 4
U L _
Gp = (1-.12).60 + .12 u [T.00 .00 01
Set 5
Lp = (1-.22).60 L] _.05 .95 | | .60
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"legitimate" learning parameters to produce curves which are the same

in form but different in shape.

Brand Loyalty Interpretations of Learning Curves

Presented in this section is a description of possible market
place circumstances and a corollary discussion of the implications of
the selected learning parameters. For convenience, it may be assumed
in all cases: (1) that the initial probability of purchasing brand A
represents the current market share and, (2) that each purchase trial

represents one week.

Rapid and Complete Learning: Set Number One
Of the five learning curves generated, the rapid and complete
learning depicted in set 1, Fig. 2, is probably the most difficult to
Justify in the real-world. It is chosen, however, as an extreme case
primarily for the purpose of examining the resultant factor analytic
outcome.

A Conceived Market Situation: There is a very rapid increase

in the probability of purchasing brand A: the mean curve shows a
radically high rate of learning. By the 16th trial, for all practical
purposes, both complete learning and 100% purchase of brand A has
occurred. Rarely would it be expected that a sample with a 20% market
share, at time 0, just 16 weeks later represents 100% brand loyalty.

The most loyal buyer or sample of buyers occasionally will
not buy brand A because of price, availability, time, or any combination
of reasons even though complete learning of brand A has occurred. Thus

preventing this probability of purchase curve as an expected outcome. A
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situation where such a curve might emerge is when brand A represents

a totally new product for which there is no close substitute. Examples
might be the introduction of the Wilkinson stainless steel razor >iace,
or a new Polaroid fiim, for a given market segment.

Learning Parameters: The two sets of parameters needed tc gen-

erate the curve are unusual. As just alluded to, both learning and tne
probability of purchasing brand A is near one at about the 16th trral.

To achieve this condition, the all-or-none model must be absord-
ing (probability of staying learned = 1) and the probability of buying
once learned must be one; otherwise the aggregate curve could never
reach an asymptote of one. Clearly then, with two probabilities ¢ixed,
the shape of the curve is further manipulated only by the combination
of the starting probability of purchase, .20, in the unlearned state,
and the probability of learning (switching from U to L} .2C.

The incremental learning parameters needed to reproduce the
curve are so extreme that the model becomes mathematicaily almost equiv-
alent to the all-or-none model. The very high rate of learning, 8 = .38,
in the gain operator and negligible rate of learning, Bl = .01, in the
loss operator should provide individual protocols approaching thoie of
all-or-none learners.

For support of this notion observe what happens when B8 = 1.5,

B =0.0, and p, = .20.
Gp = (1-B)pp + B
Lp = (1-B1)py,
Gp = (1-1).2 +1
Lp = (1-0).2

n

1.0
0.20
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situation where such a curve might emerge is when brand A represents

a totally new product for which there is no close substitute. Examples
might be the introduction of the Wilkinson stainless steel razor blade,
or a new Polaroid film, for a given market segment.

Learning Parameters: The two sets of parameters needed to gen-

erate the curve are unusual. As just alluded to, both learning and the
probability of purchasing brand A is near one at about the 16th trial.

To achieve this condition, the all-or-none model must be absorb-
ing (probability of staying learned = 1) and the probability of buying
once learned must be one; otherwise the aggregate curve could never
reach an asymptote of one. Clearly then, with two probabilities fixed,
the shape of the curve is further manipulated only by the combination
of the starting probability of purchase, .20, in the unlearned state,
and the probability of learning (switching from U to L) .20.

The incremental learning parameters needed to reproduce the
curve are so extreme that the model becomes mathematically almost equiv-
alent to the all-or-none model. The very high rate of learning, B = .98,
in the gain operator and negligible rate of learning, Bl = .01, in the
loss operator should provide individual protocols approaching those of
all-or-none learners.

For support of this notion observe what happens when B = 1.0,

B =0.0, and p, = .20.
Gp = (1-B)pp + B
Lp = (1-B1)p,
Gp = (1-1).2 +1
Lp = (1-0).2

1.0
0.20
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Repeated trials produce stationary probabilities of repurchase.
If the first purchase is brand A, all subsequent purchases will be the
same since in one trial complete learning has occurred. If the first
purchase is not-brand A, the probability of buying brand A stays at .20
until that nth trial when brand A is purchased.' Then, of course, the
purchase probability remains at one.

This special case is elaborated because, of the five sets pre-
sented for measurement, this one, and to a lesser extent set 2, provide
.the most rigorous test for Sheth's factor analytic technique. The im-
| plication is that the raw data generated from two conceptually different
frameworks are so similar that the ability of the factor analytic tech-

nique to differentially identify type of learning is suspect.

Rapid and Incomplete Learning: Set Number Two
Observe in Fig. 3 that set 2, in appearance, is quite similar
to the curve in set 1. However, changes in specified parameters alter
significantly the interpretations.

A Conceived Market Situation: Again, the increase in the prob-

ability of purchasing brand A is unusually quick. The increase in mar-
ket share, now beginning at 10%, through the 1ife of the market period
is still greater than "normally" expected. The situation once more may
be characterized by brand A representing a new and highly differentiated
product. An illustration might be the first firm out with a suitable
"sweetner" after the cyclamate scare. In general, the chances up to a
point of capturing 100% of the market look good. Notice that around

trial 20 the increase in probability of purchase of brand A "tails off"
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. and neyer reaches one. This issue is discussed below.

Learning Parametérs: In a Sense the term "incomplete learning”

1s a misnomer at least as related to the all-or-none conception. The
consumer still learns completely on one nth trial, however, now her
probability of purchasing brand A in the learned state is .9. Alter-
natively, for easily imagined reasons--out-of-stock-- 10% of the time
she purchases not-brand A. The impact is that, in the aggregate, the
curve at some nth plus 30th trial can reflect a maximum purchase prob-
ability of .90.

The effect of the learning rates, B = .80 and Bl = .01, in the
incremental model is substantially the same as in set 1. For example,
after three consecutive brand A purchases the p value is .8936, which is
very close to .90 the maximum amount of learning allowed in this case.
Obviously, this is not one-trial-learning but with the combination of
Tearning rates used the outcome is close to one-trial-learning.

The point to recognize in set 2 is that the asymptotic limit
in the Gp is set at .9 instead of 1.0. Therefore, the individual con-
sumer never can completely learn to buy brand A. In the aggregate then,
the .9 probability of purchase eventually will be reached, say in 10
to 20 more trials, and stay at that level as long as the current market
conditions prevail. The plotted data points above the curve show the
effect when eventual complete learning is allowed. That is, if the

asymptotic value is changed from .9 to 1.0 in the incremental model.

Moderate Learning: Set Number Three

The main features in Fig. 4 are the absence of the traditional
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negatively accelerated group learning curve, and more gradual, reasonable,
increases in the probability of purchase across trials.

A Conceiyed Market Situation: Going from 20% to approximately

40% market share in 30 weeks is still a "healthy" increase, but surely
more reasonable than the situations presented in sets 1 and 2. The
consumers are displaying much more variability in their buying patterns.
The reason may be that a host of market factors are in flux, or that
the brand A product is in a somewhat homogeneous product group negating
the possibility of dramatic early learning.

Learning Parameters: These parameters are fixed such that

mathematically the steady rise in the curve will continue for many
more purchase trials until the upper asymptote of one is reached.

The reason that the "linear" function is observed is due to the
praobabilistic effects of the combination of selected parameters. The
all-or-none model compared with set 1 is identical except for one sharp
variation. The purchase probability in the unlearned state, the prob-
ability of staying learned, and the purchase probability once learned
are all the same. The effect of changing the probability of learning
to .01 from .20, however, is profound. It is known that stochastically
the consumer buys 20% of the time when in state U, but the probability
is only 1 in 100 trials that she will learn (switch from U to L) to buy
brand A 100% of the time. The small increase in the purchase probabil-
ity from trial to trial shown in the mean curve is the consequence of
this Tow probability of ever learning to purchase brand A. The attempts
of the "teeth whiteners" to capture some of the Colgate, Crest, Gleem

market share may be a fitting example here.
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The same type of thing is occurring in the incremental model
but takes on a different form. The Gp learning rates decreased from
.98 and .80, respectively, to .10 while at the same time the Lp learning
rate increased from .01 to .05. Thus, the associated reinforcements
are nearly uniform yet maintaining a net positive'effect. Translating
into marketing terms, the assumption is that the stimulus (brand A) is
not well defined (or perceived) in the market place causing the much
trial-to-trial variability in purchase response. Consequently, increase
in purchase probability by trial is slight. When a consumer buys on
almost every trial the conventior2i negatively accelerated curve, shown

above the mean.curves,is clearly evident.

Learning as a Constant: Set Number Four
Clearly in Fig. 5 the purchase probability is the "same" on
trial one as on trial 30. In other words, in total, the probability
of buying brand A is a constant function of purchase trials. The de-
gree of acquisition is easily observed, but how that level of brand

loyalty came about is not evidenced.

A Conceived Market Situation: Logically, the market conditions

are, or have been stable throughout the period examined. There has been
no special promotion, nor has there been any product innovation on
brand A. Brand A is well established at a fixed market share. In a
local market, such common items as bread, milk, and coffee would fit.this
description. The consumers had to have had deyeloped colléctively brand
loyalty up to its current level prior to the existing market situation.

Remember that, given a constant 40% market share, the variability in
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purchase response within and across consumers may be considerable.

Learning Paraméters: As long as the transition matrix is

absorbing in the L state, the buyers stay learned. The probability of
purchase in state L is adjustable, however, as was done in set 2. By
equating the purchase probabilities for both the U and the L state the
straight-line function was obtained. A real world interpretation may
be difficult since now the probability of purchasing brand A is the
same regardless of whether learning has occurred. It could be that
price, availability, etc. counterbalance the effect of learning.

Another explanation more in 1ine with theory (depending upon
how one views permanency of learning) is that the transition matrix is
not absorbing. If given an ergodic Markov chain (defined above), then
the consumer, with a stated probability, can unlearn. The implications
of this might be best pointed out by an example which hopefully will
suffice for a real-world explanation of the constant purchase probability,
yet eliminate the equal purchase probability whether in the U or L state.

In general, and without the use of specified probabilities,
when a consumer unlearns the association between brand A and purchase
of brand A at some fixed probability (switching from L to U), the over-
all effect is that now she is allowed to buy brand A a greater proportion
of the time while in the learned state. That is, her brand A purchase
pattern is more consistent with learned behavior. An additional effect
is that the consumer is now in the U state more often than before al-
lowing her purchase probability in the U state to remain the same or

decrease.
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The final outcome is more tenable because the purchase prob-
abilities in the respective states are not equal and are intuitively
consistent with human behavior. The reason that actual probabilities
were not cited in the example is that the various combinations of param-
eters needed to maintain a constant function are not easily determined.
Several Monte Carlo runs may be necessary before true constancy is
achieved.

The incremental model parameters required for maintaining learn-
ing at a constant level are readily explained. When using the two-
operator linear model with rates of learning in the Gp and Lp equal, the
level of the average learning always remains precisely at the initial
brand A purchase probability (if and only if the upper and lower
bounds are 1 and 0 respectively).

In application, the consumer by her purchase behavior is posi-
tively or negatively reinforced in the same magnitude. The effects
on the p, then are equal but in opposite directions maintaining a con-

stant probability of purchase.

Unlearning: Set Number Five
The main reason for inclusion of the negative learning in Fig.
6 1s to provide a broad range of curves for study. Actually the curve
is quite similar to set 3 but in the opposite direction. At first, the
extinction process may be confusing because now practically everything

talked about must be conceptualized in reverse.

A conceived Market Situation: This curve might describe several

circumstances. The declining stage in a product life cycle; relatedly,



1.0

——— INCREMENTAL
----- ALL-0R-NONE

.9 -

PURCHASE PROBABILITY AT TRIAL n

T 1 7T T T T T

10 15 20
PURCHASE TRIALS

Fig. 6.--Simulated mean learning curves for set number 5.

74



76

obsolescence; a strong promotion campaign from other brands; or the
dissipating effects of an initial promotion introducing brand A, all
of these could be relevant. At the beginning of the time period the
probability is .60 that brand A will be bought and gradually declines
to about .15. Over many more purchase attempts the probability of
purchase will decline to less than 1% because the gradual “unlearners"
eventually will never buy brand A while the all-or-none "unlearners"
though completely unlearned will still buy 1% of the time in state

u.

Learning Parameters: The row states are reversed in the all-

or-none model in order to reflect the situation. The assumption is
made that the consumer starts out in the learned state with a purchase
probability of .60. She has only a 5% chance of switching from L to
U, but once she is unlearned that condition prevails and from then on
she buys brand A only 1% of the time.

The only thing new in the incremental model is that for the first
time the rate of learning in the Gp is less than the rate of learning
in the Lp, i.e., B&Bl. The net effect across trials is that the con-
sumer derives relatively more satisfaction from other brands than from
buying brand A. The same outcome could be described in terms of dis-
satisfaction.

Certainly there are many combinations of parameters in either
model that are not examined here. The purpose in presenting these five
sets was far reasonably representative exposure. Especially with the

all-or-none model, when the absorbing state constraint is ignored, sig-
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nificantly greater flexibility is obtained. However, the decision

was made to keep the theoretical and mechanical implications as simple
as is practical. The computer program (Appendix B) written for the
two-state all-or-none model is a general program and will handle all
probability combinations in the transition matrix.

Explanation of Computational Procedure Involved
1n the Factor Analytic Model

The algebra of components analysis as applied to learning data
is slightly different from the traditional approach in which standard-
ized variables are used (see Principal Components Analysis in Background
--Chapter Two). Let Y be the N x n basic data matrix containing the
learning scores for N people observed across n trials. Let 2% be
the purchase score for the ith person on the jth trial or jth purchase

opportunity:

yij = 1 if brand A purchased,

¥ij = 0 if brand A purchased.
Note that Y is left in raw score form. Y’Y is an n x n matrix of trial
sums of squares and sums of trial cross products. Y’Y is symmetric with
the sums of squares for trials on the diagonal and sums of cross products
on the off-diagonal. Sheth, instead of working with the cross-products
matrix, rescales the matrix into a matrix designated C.

C = DY YO,

3
Y'Y

roots of the diagonal elements of YIY.} C, the normalized cross products

where D is a diagonal matrix containing the reciprocals of the square
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matrix, has a unit diagonal and off-diagonals ranging between zero and
one. Since C is symmetric, a powerful theorem of matrix algebra states
that:

C(n,n)=q(n,n)(n,n)qn,n}>
where Q is a matrix of columnwise eigenvectors of C, and D.is a di-
agonal matrix of eigenvalues for C. Once the eigenvalues and eigen-
vectors are determined, the basic matrices F and A for principal
components can be determined. As was the case for traditional com-

ponents analysis:

F = YQD™%
F = vap"l
and A = QD%.

However, in the present data analyses the componént scores F were scaled
so that their sums of squares were equal to one: i.e., so that F/F =1,
where I is an identity matrix. The following equation:

F = YDyA QD™

F = YDy A07L,
yields component scores whose sums of squares are all equal to one.
The basic components model can then be constructed from these matrices
A and F.

In general the same number of components as there are trials

is necessary to exactly reproduce the original data from Y = FA'.
Howeyer, if only the important or dominant components are retained,

one may write:

A P _ P}
Y(N’n) i F(N,r)A(rQn) B FA(-r) r<n,
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and F’A(,.) will be the best least squares estimate of Y.2 Y- FA?r)
is a least squares estimate of Y based on r principal components, where
r is less than n, the number of trials.

Once again, following Sheth's work, the dominant principal com-
ponents were selected by computing the percent of variability accounted
for by each component. The percent of variability accounted for by the

pth principal component (% pth component) is,

% pth component =7T\§%f) \

whereh)\p is the eigenvalue associated with the pth principal component,
and TR (C) is the trace of the normalized cross products matrix. In
this research all C matrices were 30 x 30 and had unit diagonals;
therefore, TR (C) is 30 for each set of data. Suppose, for example,
the eigenvalue associated with the first component was 24. Then,

% 1st component = TRTIIZ')_ = “'%_ = 80%.

This result would be strongly indicative of a one-component solution,
since 80 percent of the variation in Y is accounted for by the first
principal component of the data.

Once the number of dominant principal components is determined
for a set of learning data, the elements of A, the factor loadings, can
be plotted across trials to produce the shape of the dominant reference
learning curves underlying individual performance. If only one domi-

nant factor is fqund, the shape of the reference curve (plotted factor

2ledyard R. Tucker, "Learning Theory and Multivariate Experi-
ment: Illustration by Determination of Generalized Learning Curves,"
in R. B. Cattell, ed., Handbook of Multivariate Experimental Psy-
chology, Rand McNally, (T966), pp. 4/6-50T.
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Toadings) should be nearly identical to the mean learning curve com-

puted on the original data.

Summary of ‘the ‘Computational Steps’ Involved

1. Y, the purchase behavior matrix (learning data) was gen-
erated from the two mathematical learning models by the use of Monte
Carlo techniques. A1l matrices Y were of dimension 300 x 30. The com-
puter programs weitten for this purpose are found in Appendix A and B.

2. Y'Y was computed and normalized into C = D;?YY/YD;%Y
A1l matrices C were of dimension 30 x 30.

3. C was resolved into eigenvectors and eigenvalues through use
of a standard computer subroutine.

4. Using the matrix Q of eigenvectors and D, the diagonal
matrix of eigenvalues, the first 13 sets of factor loadings and factor
scores were computed, respectively;

A = QD%

F = Y05 07"
The computer program used to accomplish steps 2, 3, and 4 is in
Appendix C.

5. The eigenvalues corresponding to each principal component
were used to determine the number of dominant reference learning

curves underlying each set of observed data.



CHAPTER 1V

RESULTS

With all the necessary methodological conditions described,
the summarized results now are presented. In Table 4 through Table
13 are presented outcomes resulting from use of Sheth's normalized
cross-products matrix as input for standard principal components
analysis. The three columns of data in each Table represent the
first three reference.curves (factors) computed. The elements, in this
case representing the 30 purchase trials, comprising each reference curve
are called factor loadings. When the factor loadings are plotted, the
resulting curves identify the independent dimensions which underlie
the learning data. If only one dominant reference curve is found, its
shape should be nearly identical to the mean learning curve computed
on the original data. Notice that in all cases the first reference
curve is composed of all postitive values. The remaining reference
curves, usually have negative values since they act as correction
terms for the first reference curve.

The percent of variation explained and the eigenvalue for each

reference curye are presented in the last two rows of each Table.

The first reference curve for each of the five sets were plotted
and are shown in Fig. 7 through Fig. 11. The reference curves are
shown directly with their corresponding aggregate learning curves for
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ease of comparison and interpretation.
Since there is neither a real benefit nor an efficient way
of presenting the 10 groups of 300 brand loyalty scores (factor
scores), only selected BLS's and purchase protocols are shown for

analysis and evaluation at the time BLS's are discussed.
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TABLE 4

REFERENCE CURVES (FACTOR LOADINGS) FOR INCREMENTAL
LEARNING DATA FROM SET 1
(n=30, N=300)

Reference Reference Reference

Trials Curve 1 Curve 11 Curve III
1 .50775 -.64866 .48858
2 .67292 -.62133 .15806
3 .79815 -.48647 -.13024
4 .85776 -.38145 -.22513
5 .90370 -.26960 -.25093
6 .92542 ~.20357 -.23741
7 .94737 -.12509 -.19718
8 .96067 -.07008 -.15573
9 .97143 -.02083 -.11116
10 .97789 .01312 -.07521
11 .98184 .03667 -.04782
12 .98436 .05471 -.02513
13 .98704 .07655 .00374
14 .98799 .08493 .01487
15 .98828 .08886 .02041
16 . 98895 .10364 .04186
17 .98910 .11392 .05705
18 .98903 .11707 .06176
19 .98903 .11707 .06176
20 .98903 .11707 .06176
21 . 98860 .11947 .06540
22 . 98860 .11947 .06540
23 .98860 .11947 .06540
24 . 98860 .11947 .06540
25 .98768 .12083 .06758
26 .98768 .12083 .06758
27 .98768 .12083 .06758
28 .98768 .12083 .06758
29 .98768 .12083 .06757
30 .98768 .12083 .06758

% of Variation
Explained 89.97 5.20 1.99

Eigenvalues 26.9907 1.5591 0.5963
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TABLE 5

REFERENCE CURVES (FACTOR LOADINGS) FOR ALL-OR-NONE
LEARNING DATA FROM SET 1
(n=30, N=300)

Reference Reference Reference

Trials Curve I Curve II Curve III
1 4111 -.51271 -.73996
2 .66224 .42000 -.38363
3 .75128 .42564 -.27467
4 .83625 .36835 -.08832
5 .89448 .21359 -.04677
6 .91657 .17806 -.04767
7 .93960 .13160 -.00438
8 .95203 .06861 .03787
9 .96208 .03517 .00822
10 .97444 .00447 .04995
11 .98098 -.00230 .04096
12 .98593 -.03510 .03335
13 .98247 -.01540 .05176
14 .98750 -.04221 06217
15 .98898 -.05062 .04817
16 .99065 -.06791 .03893
17 .99019 -.05224 .05885
18 .99117 -.07268 .04140
19 .99147 -.07301 .04227
20 .99214 -.07553 .04433
21 .99147 -.07301 .04227
22 .99193 -.08027 .03693
23 .99177 -.08194 .03862
24 .99177 -.08194 .03862
25 .99177 -.08194 .03862
26 .99112 -.07942 .03657
27 .99177 -.08194 .03862
28 .99177 -.08194 .03862
29 .99112 -.07942 .03657
30 .99112 -.07942 .03657

% Of Variation
Explained 89.242 3.17 2.74

Eigenvalues 26.7726 0.9505 0.8232
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Fig. 7.--Reference curves with corresponding mean learning

curves for set number 1.
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TABLE 6

REFERENCE CURVES (FACTOR LOADINGS) FOR INCREMENTAL
LEARNING DATA FROM SET 2
(n=30, N=300)

Reference Reference Reference
Trials Curve I Curve I1I Curve III
1 .38390 -.55892 .44229
2 .52706 -.60362 .31750
3 .60520 -.57367 .16814
4 .67873 -.55940 .03769
5 .78452 -.40659 -.15909
6 .80831 -.39522 -.19687
7 .81238 -.32466 -.25447
8 .84861 -.19405 -.27359
9 .87095 -.15600 -.24719
10 .87201 -.09421 -.21028
11 .89826 -.01487 -.19198
12 .91823 .01050 -.11422
13 .91672 .05480 -.11620
14 .91502 .08533 -.09143
15 .92334 .08890 -.03054
16 .92048 .14164 -.05142
17 .92251 .13860 -.01825
18 .92014 .11887 .02051
19 .94386 .15902 .05172
20 .92066 .15392 11122
21 .92745 .16298 .07873
22 .92762 .18704 .07864
23 .91962 .19345 .11593
24 .91551 .18989 .11866
25 .92588 .15849 .10438
26 .91660 .17982 .13484
27 .91157 .19634 .14047
28 .90760 .20307 .10737
29 .89994 .20019 .15332
30 .90598 .16214 .16303
% Of Variation
Explained 74.24 7.55 2.97

Eigenvalue 22.2716 2.2761 0.8907
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TABLE 7

REFERENCE CURVES (FACTOR LOADINGS) FOR ALL-OR-NONE
LEARNING DATA FROM SET 2
(n=30, N=300)

Reference Reference Reference
Trials Curve I Curve II Curve III
1 .25199 -.13056 -.84749
2 .49902 46104 -.26629
3 .59912 .39633 -.25534
4 .64151 .52588 -.08128
5 .72930 44624 .01995
6 .76591 .32854 .03555
7 .80138 .33217 .04908
8 .84112 21115 .09829
9 .86674 .15939 .13796
10 .87043 .19889 .10814
11 .88777 .08501 .10794
12 .89410 .05973 .09353
13 .89023 .01081 .06338
14 .92312 .00033 .08878
15 .92077 -.07241 .05563
16 .89958 -.13805 .08168
17 91744 -.11759 .04010
18 .92291 -.15009 .05492
19 .91540 -.13174 -.01141
20 .91935 -.16643 .08474
21 .92358 -.14717 -.02729
22 .92258 -.14626 -.01120
23 .93465 -.14946 -.02915
24 .94256 -.12691 -.04116
25 .89118 -.19554 -.09120
26 .91625 -.19253 -.01993
27 ..91987 -.16616 -.05550
28 .90690 -.17788 -.07106
29 .92529 -.16601 -.05993
30 .90130 -.20349 -.05697

% Of Variation
Explained 72.55 5.31 3.29

Eigenvalue 21.7635 .5918 0.9865

—
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Fig. 8.--Reference curves with corresponding mean learning

curves for set number 2.
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TABLE 8

REFERENCE CURVES (FACTOR LOADINGS) FOR INCREMENTAL
LEARNING DATA FROM SET 3
(n=30, N=300)

Reference Reference Reference

Trials Curve I Curve II Curve III
1 59777 -.15542 -.16168
2 .53448 .57188 -.09145
3 .63858 -.12040 .28624
4 .58367 .12534 .29024
5 .60229 .06802 .52867
6 .61991 .33692 .15653
7 .60826 .24099 .05353
8 .61503 -.05713 .05387
9 .60422 .26627 -.19300
10 .60833 .29226 -.14749
11 .61481 .02534 -.02805
12 .62070 -.08119 .32897
13 .66116 -.05650 -.06044
14 .68881 -.04645 .14905
15 .66886 -.22533 .09207
16 .67462 -.08427 -.10069
17 .73397 -.05720 .03333
18 .68250 -.13378 .04535
19 .71396 .04468 .11875
20 .70339 .10267 -.23394
21 .70664 .02755 -.05424
22 .71446 -.02036 .03768
23 .71109 .07054 -.07476
24 .71278 -.06457 -.16152
25 .66729 -.05233 -.22118
26 .74203 -.25705 -.09988
27 .75295 ~-.04265 -.13864
28 .73007 -.15772 .02573
29 .72939 -.02352 -.12330
30 .70700 -.26460 -.17463

% 0f Variation
Explained 44 .53 3.33 3.19

Eigenvalue 13.3598 0.9978 - 0.9555
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TABLE 9

REFERENCE CURVES (FACTOR LOADINGS) FOR ALL-OR-NONE
LEARNING DATA FROM SET 3
(n=30, N=300)

Reference Reference Reference
Trials Curve I Curve I Curve III
1 .32751 -.13382 .79691
2 .46266 -.29549 .26453
3 .48430 -.37467 .24813
4 .53313 -.33004 -.05268
5 .55163 -.42241 -.04694
6 .59978 -.27429 .00585
7 .56583 -.35020 -.07761
8 .62005 -.25939 -.08546
9 .63548 .~13253 -.29200
10 .66591 -.14861 -.13733
11 .67099 -.18248 -.09204
12 .70858 -.06052 -.12896
13 .73100 -.10393 .00619
14 .74137 .03451 -.07117
15 .74724 .01297 -.11197
16 .71210 -.20245 -.09558
17 .71553 .03955 -.08025
18 77497 11745 -.02033
19 .75431 .02486 -.04028
20 .78398 . 15337 -.05501
21 .78357 .17871 -.04525
22 .79686 .24579 -.05011
23 .78665 .18675 -.03741
24 .78204 .15582 -.01035
25 .79663 .18738 .07432
26 .78731 .16700 .10125
27 .79331 .22490 .13635
28 .79790 .20759 .07124
29 .79632 .19621 15115
30 .78764 .23336 .13869

% Of Variation
Explained 49.03 4.56 3.47

Eigenvalue 14.7088 1.3685 1.0400
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Fig. 9.--Reference curves with corresponding mean learning

curves for set number 3.
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REFERENCE CURVES (FACTOR LOADINGS) FOR INCREMENTAL
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TABLE 10

LEARNING DATA FROM SET 4

(n=30, N=300)

Reference Reference Reference
Trials Curve I Curve I1I Curve III
1 .62218 -.33238 .00953
2 .62693 -.38635 .21808
3 .68725 -.25673 -.25177
4 .70769 -.14219 .05914
5 .71775. -.28789 .09455
- 6 .73493 -.24189 .18197
7 .71282 -.17917 -.26283
8 .73920 -.10489 .13283
9 .70326 -.08007 .08071
10 .66548 -.00125 .33020
11 .70062 -.18247 -.14335
12 .71520 -.07455 -.18929
13 .71580 .01095 -.33851
14 .76359 -.05802 .04127
15 .72461 -.05328 -.18903
16 .72437 .10141 -.14146
17 .71733 .13808 -.25073
18 .75011 .04265 .07273
19 .73791 .14666 -.12135
20 .72128 .20328 .03645
21 .76516 .24398 -.12453
22 .72248 .15371 -.01757
23 .74975 .14931 -.00600
24 .72924 .21476 .19007
25 .74113 .11263 .02819
26 .75219 .19989 .00293
27 .75168 .12130 .09580
28 .74436 .13946 .04340
29 .72781 .18326 .28240
30 .76433 .05403 .15063
% Of Variation
Explained 52.13 3.17 2.79
Eigenvalue 15.6399 0.9509 0.8378
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TABLE 11

REFERENCE CURVES (FACTOR LOADINGS) FOR ALL-OR-NONE
LEARNING DATA FROM SET 4
(n=30, N=300)

Reference Reference Reference
Trials Curve I Curve II Curve III
1 .65464 -.10116 -.05979
2 .63601 .28178 -.10376
3 .64156 -.20903 .03168
4 .62083 -.04585 -.11656
5 .63197 -.20066 .16590
6 .64610 .09700 .19320
7 .64336 -.35257 .04084
8 .60843 .03569 .36297
9 .65956 .14647 -.18031
10 .64678 15710 -.12582
11 .65794 -.22461 -.15002
12 .66724 .08257 -.13702
13 .66063 .34086 -.01513
14 .70009 .18880 .04297
15 .65128 .16378 .23377
16 .64542 -.12500 .10295
17 65727 .23453 .07986
18 .65447 .07057 .07189
19 .67178 -.03428 -.35771
20 .60892 .08285 .37293
21 .65230 ~-.27263 -.18333
22 .66286 ~-.16425 .08169
23 .62805 .16768 .08898
24 .61777 .03846 -.12448
25 . 64640 .05333 .02899
26 .63750 -.03443 - =.00608
27 .61484 .23725 -.26296
28 .66357 -.16918 .11184
29 .66209 -.16651 -.28851
30 .60376 -.29160 .15866

% Of Variation
Explained 41.66 3.36 3.06

Eigenvalues 12.4988 1.0090 0.9174




FACTOR LOADINGS

REFERENCE
CURVES

——— INCREMENTAL
ALL-OR-NONE

5 10

| RS SUEONL AN NNN NN S IR R RUNM AN BN

15
PURCHASE TRIALS

Fig. 10.--Reference curves with corresponding mean learning

curves for set number 4.
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TABLE 12

REFERENCE CURVES (FACTOR LOADINGS) FOR INCREMENTAL
LEARNING DATA FROM SET 5
(n=30, N=300)

Reference Reference Reference
Trials Curve I Curve II Curve III
1 .72018 .37424 15121
2 .70213 .41949 .18093
3 .72863 31737 .24089
4 .71769 .37838 .22989
5 .73537 .34909 .15987
6 73211 27221 .03164
7 .75662 .24030 .00681
8 .75624 .24098 .07050
9 71919 .26992 -.07213
10 .76893 .13743 -.06052
11 .75921 .14944 -.13609
12 .76531 .01415 -.08365
13 .72691 .23232 -.31860
14 .78486 .00862 -.30947
15 76711 -.04587 -.12128
16 .76394 -.01533 -.04847
17 .75658 -.04512 -.10649
18 .77844 -.06573 -.08974
19 77292 -.04480 -.14798
20 77727 -.08230 -.30639
21 .75063 -.15618 -.13759
22 .76764 -.28687 -.00156
23 .73346 -.20931 .12029
24 74912 -.29110 .19466
25 .73955 -.25658 01677
26 .77889 -.35539 .09929
27 .74533 -.34147 -.02804
28 .73864 -.38690 17332
29 .73919 -.38690 15017
30 .68476 -.37092 .23390
% O0f Variation
Explained 55.89 6.80 2.57

Eigenvalue 16.7682 2.0385 0.7715
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TABLE 13

REFERENCE CURVES (FACTOR LOADINGS) FOR ALL-OR-NONE
LEARNING DATA FROM SET 5
(n=30, N=300)

Reference Reference Reference

Trials Curve I Curve II Curve III
1 .59006 .41914 -.29278
2 .59042 .43632 -.25417
3 .63431 .38518 -.33287
4 .57987 .47803 -.24722
5 .68171 .32084 -.27348
6 .67422 .36285 -.07887
7 .70138 .29185 -.05832
8 .72258 .26159 .00949
9 .73011 .25693 .01539
10 .71542 .15643 .10132
11 .68028 .28024 .05763
12 .66631 .23958 .23420
13 .72319 .19607 .24480
14 71761 .07602 .21701
15 .64977 .04051 .28381
16 .68186 .09736 .37290
17 72763 -.10221 .27462
18 .73961 -.08867 .21570
19 .68351 -.03949 .31628
20 .73436 -.23289 .18914
21 .74880 -.23665 .11921
22 .67585 -.28095 -.03616
23 .66079 . -.35038 -.06106
24 .64812 -.39434 -.11993
25 .63919 -.34773 -.18484
26 .71028 -.42851 -.23870
27 .66437 -.38981 -.17352
28 .67782 -.39267 -.17941
29 .68231 -.47606 -.18528
30 .64512 -.39312 -.16990

% Of Variation
Explained 46.38 9.64 4.37

Eigenvalue 13.8986 2.8921 1.3101
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CHAPTER V
DISCUSSION AND CONCLUSIONS

The discussion and conclusions are divided into two sections.
First, the pertinent aspects of the reference curves are elaborated
and conclusions tendered. Secondly, the brand loyalty scores generated

are interpreted and warranted conclusions are provided.

Analysis and Evaluation of Reference Curves

Sheth! describes the factor loadings of the reference curve
as aggregate parameters for each of the purchase trials. It is given
that the buyer's behavior results from both environmental influences
and internal motives. The factor loadings, then, characterize the en-
vironmental influences on the buyer's manifested behavior; in other
words, the effects of aggregate purchase behavior. Because the purchase
trials aggregate the environmental influences, the corresponding factor
loadings remain constant across consumers. The individual parameters
(factor scores or brand loyalty scores) measure the nature of individual
buyer influence. Thus, the factor analytic model separates the aggre-

gate and individual parameters during the market period studied.

1Jagdish N. Sheth, " A Factor Analytical Model of Brand
Loyalty," Journal of Marketing Research, (November, 1968), p. 397.
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Since the results for all 10 learning situations are remarkably
similar on the relevant criteria, the outcome is discussed in general.

Table 4 through Table 13 give the first three reference curves
for each of the 10 different learning situations. The first reference
curve for the 10 situations explains from a high of about 90% of the
variation for the incremental data of set 1 to a low of 41.6% for the
all-or-none data of set 4. The second reference curve explains from a
high of 9.6% of the variation for the all-or-none data of set 5 to a
Tow of about 3.2% for both the incremental data of set 4 and the all-or-
none data of set 1. Lastly the third reference curve explains from a
high of 4.4% of the variation for the all-or-none data of set 5 to a
low of 2% for the incremental data of set 1. Actually, 13 reference
curves (factors) for each case were printed out. Because the principal
components analysis program generates the eigenvalues in sequence from
highest to lowest, however, it is known that the fourth and remaining
eigenvalues are negligible, and therefore, are not presented.

In all cases the first reference curve seems to be the only sig-
nificant curve. Clearly, the eigenvalues drop off rapidly after the
first. The only case that may be of some contention is the all-or-
none data of set 5 where 9.6% of the variation is explained by the
second reference curve. Howard and Sheth? when explaining an identical

outcome (9.6% of yariation explained on the second reference curve

2John A. Howard and Jagdish N. Sheth;‘Thé‘Theory'of‘Buyer'Be-
havior, (New York: John Wiley and Sons, 1969), p. 258.
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the second and other reference curves act as correction terms for the
first reference curve. They further report that the magnitude of the
variation accounted for is insufficient for acceptance as another dimen-
sion of the underlying function. In the present data, 7.5% of variation
explained for incremental set 2 is the next highest amount captured
by a second reference curve.

For these reasons it is evident that only one dominant reference
curve underlies each of the 10 different learning conditions. Based
upon the present data analysis, it makes no difference whether consumers
are learning to buy brand A gradually or in an all-or-none manner. In
all cases there is only one significant reference curve. Accordingly,
it is concluded that the factor analytic model is not responsive when
number of reference curves is the criterion for differentiating between
incremental and all-or-none learning.

To facilitate interpretation, the first reference curves
(factor loadings) for both incremental and all-or-none learning by set
number, are plotted in Fig. 7 through Fig. 11. Also, for ease of visual
comparison, the respective mean curves (proportion of brand A purchased
at each trial) already observed in Fig. 2 through Fig. 6 are provided
again in Fig. 7 through Fig. 11.

Remember that when only one dominant factor is found, the shape
of the reference curyve should be nearly identical to the mean learning
curve computed on the original data. The first reference curves and

the mean curyes, by set, do have the same shape but are not identical

because the reference curves were computed from the standardized matrix
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D-%Y and not Y the raw data matrix.3 Additionally, Howard and Sheth4
indicate that the reference curves are somewhat different from the mean
curves because the reference curve is only a good approximation to the
mean curve, and that the two curves will be the same only if the shape
and form of the individual learning curves are the same.

Unquestionably, the first reference curves, within a set, are
more similar to each other than they are to the mean curve. By in-
spection, just as with a given set of mean learning curves, there is
nc way to discriminate between the incremental reference curve and the
all-or-none reference curve within a given set. Therefore, on this
aspect of data analysis, it is concluded that the factor analytic model
does not allow the identification of type of learning: the known in-
cremental and all-or-none learning data built into the research design
remain disguised.

It must be observed, however, that in general the reference
curves do reflect the mean learning curve. The preceding statement
supports and is consistent with Sheth's5 suggestions that the factor
analytical model (basically a statistical technique) is empirical

in that it provides brand loyalty measures from a sample of consumer

purchase data. That is, it is not necessary that any a priori hy-

3Jagdish M. Sheth "A Behavioral and Quantitative Investigation
of Brand Loyalty" (unpublished doctoral dissertation, University of
Pittsburgh, 1966), p. 147.

4oward and Sheth; loc. cit.

SSheth, ‘op. ‘cit. 1968, pp. 395, 401-402.
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across purchase trials. Or alternatively, if a theoretical hypothesis
is projected, use of the factor analytic outcome allows the acceptance
or rejection of the theoretical hypothesis in that particular situation.

The crucial point to recognize is that Sheth is referring to
reference curves as indicative of the form or shape of the aggregate
brand loyalty curve over time. Seemingly, if the interest in learning
curves is restricted to mean performance it may be more economical and
accurate (as opposed to an approximation procedure) to merely calculate,
from the raw data, and plot the proportion of preferred brands at each
trial. Obviously, whether reference curves or mean curves are analyzed
the possibility of identifying the indivduals' underlying Tearning
process is eliminated. '

Because of the consistent findings of one dominant reference
curve for both incremental and all-or-none data regardiess of fast
learning or slow learning, in the aggregate respectively, it was de-
cided to run more data combinations.® The existing lTearning data were
mixed in various combinations of "slow" and “"fast" learners, and in-
cremental and all-or-none learners from sets 1 and 3. In total, four
new runs were made.

First, in Table 14 is represented the factor analytic outcome

of one-half (150) slow all-or-none learners from set 3 and the other half

6Recall that all-or-none learners are either totally learned,

or learned nothing; howeyer, the mean learning curve (with its averaging
effect] is gradual. For convenience,all-or-none learners will be re-
ferred to as slow or fast,depending upon the shape of the mean curve.
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TABLE 14

REFERENCE CURVES (FACTOR LOADINGS) FOR ALL-OR-NONE
LEARNING DATA FROM SET 3 AND INCREMENTAL
LEARNING DATA FROM SET 1
(n=30, N=300)

Reference Reference Reference
Trials Curve I Curve 11 Curve III
1 .38564 -.58653 .60921
2 .57826 -.56577 .14909
3 .70889 -.46531 -.10192
4 .79104 -.34809 -.18539
5 .83075 -.28207 -.25094
6 .84450 -.23110 -.21588
7 .86948 -.18647 -.22745
8 .88715 -.11154 -.18679
9 .90613 -.02344 -.17818
10 .91233 -.071909 -.12869
11 .92031 .02360 -.09093
12 .92989 .03683 -.04280
13 .92864 .04753 .03476
14 .93712 .07370 -.02835
15 .93318 .05798 -.04437
16 .93054 .04990 -.04868
17 .92888 .09014 .04594
18 .94493 .10880 .06625
19 .93601 .08801 .08062
20 .94868 .12833 .03970
21 .93559 .13422 .07401
22 .94236 .14119 .08955
23 : .95072 .15223 .04187
24 .93909 .13935 .05760
25 .94046 .11646 .12662
26 .94232 .12625 .09535
27 .93369 .12389 .12336
28 .93757 .12051 .11628
29 .94099 .12932 .12776
30 .93487 .12230 12417

% Of Variation
Explained 79.21 4.71 2.73

Eigenvalues 23.7644 1.4141 0.8178
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TABLE 15

REFERENCE CURVES (FACTOR LOADINGS) FOR INCREMENTAL
LEARNING DATA FROM SET 3 AND ALL-OR-NONE
LEARNING DATA FROM SET 1

(n=30, N=300)
Reference Reference Reference
Trials Curve 1 Curve 11 Curve III
1 .44892 -.73799 -.36331
2 .63018 .12702 -.52514
3 .70440 .08949 -.44895
4 .77925 .35031 -.17780
5 .82267 .26919 -.13061
6 .85149 .17568 -.12511
7 .86209 .21053 -.03334
8 .88212 .10176 .02965
9 .88726 .11838 .01967
10 .91269 .03254 .02826
11 .90470 .01678 .08627
12 .92358 -.02176 .05108
13 .91625 .03759 .10965
14 .92820 -.00931 .06668
15 .92543 .00763 .11422
16 .92185 -.08318 .06557
17 .92952 -.03233 .04433
18 .92748 -.05874 .05826
19 .93221 -.00753 .05563
20 .92822 -.08166 .03918
21 .92640 -.08559 .01071
22 .93397 -.03855 .06746
23 .92068 -.02939 .04002
24 .92171 -.06880 .04444
25 .92386 -.03773 .07603
26 .92565 -.10196 .06101
27 . 92967 -.07398 .03868
28 .93041 -.04340 .10319
29 .92170 -.12857 .00186
30 .90920 -.09134 08117
% Of Variation
Explained 77.75 3.15 2.56
Eigenvalues 23.3238 0.9435 0.7672
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TABLE 16

REFERENCE CURVES (FACTOR LOADINGS) FOR INCREMENTAL
LEARNING DATA FROM SET 3 AND ALL-OR-NONE
LEARNING DATA FROM SET 3
(n=30, N=300)

Reference Reference Reference
Trials Curve I Curve II Curve III
1 .50542 -.14715 .23277
2 .50618 -.08179 -.58989
3 .56688 -.21889 .22971
4 .54658 -.34378 .03809
5 .54680 -.b2189 .29187
6 .58533 -.32475 -.29924
7 .56644 -.37448 -.16863
8 .62955 -.20026 -.00162
9 .60598 -.19060 -.32271
10 .65149 -.12685 -.17829
11 .65276 -.04039 .10420
12 .70096 -.09823 .31529
13 .70137 .06502 -.01618
14 72910 .02317 .02015
15 .71043 -.04496 .04312
16 .70373 -.07023 07273
17 .73939 .04731 01173
18 .74290 .11446 .14404
19 .74426 -.01959 .04837
20 77493 .12920 .06121
21 76745 .08751 -.03726
22 77421 16211 -.01858
23 75264 .16387 ~.05526
24 .76032 .15325 -.04302
25 .74740 .20644 -.06087
26 .78164 .18882 .07870
27 .77256 .13903 -.00307
28 .76850 .20380 -.00811
29 .78391 .21966 -.01751
30 .74309 .23881 .00538

% Of Variation
Explained 47 .77 3.96 3.19

Eigenvalues 14.332 1.1892 0.9575
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TABLE 17

REFERENCE CURVES (FACTOR LOADINGS) FOR INCREMENTAL
LEARNING DATA FROM SET 3 AND INCREMENTAL
LEARNING DATA FROM SET 1
(n=30, N=300)

Reference Reference Reference
Trials Curve I Curve II Curve III
1 .52600 -.46270 .62935
2 .65137 -.50862 .14018
3 .76195 -.43116 -.04530
4 .78977 -.40243 -.22272
5 .82947 -.32052 -.24793
6 .86012 -.24791 -.16954
7 .87472 -.12894 -.21742
8 .89452 -.06469 -.12423
9 .89991 -.04402 -.16144
10 .91528 -.02137 -.06140
11 .90296 .04085 -.06653
12 .92019 .03216 -.03929
13 .92193 .09620 -.05458
14 .92962 .08100 -.00339
15 .92537 .11660 -.04159
16 .92049 .12546 .07186
17 .92832 .10918 .04586
18 .92613 .11674 .05308
19 .93021 .10301 -.00726
20 . 92545 .11107 .09090
21 .92445 .07997 .08839
22 .93092 .11579 .02450
23 .91766 .11032 .02999
24 .91870 .10985 .06332
25 .91965 .12786 .02752
26 .92217 .12837 .09760
27 . 92556 .10344 .06589
28 .92611 .14706 .02430
29 .91834 .09769 .14299
30 .90575 .13967 .08275
% Of Variation
Explained 78.50 4.14 2.45

Eigenvalues 23.5492 1.2426 0.7351
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necessarily presented in a particular order, however, the Table

14 combination seemed intuitively the most rigorous test for the
model. The reason is that the fast incremental very nearly approaches
all-or-none type learning; if the person buys brand A twice in a row
she is totally learned.

Secondly, in Table 15 the combination is reversed. One-half
slow incremental learners from set 3 were run with one-half fast all-
or-none learners from set 1. Here, for the same type reasoning as above,
it was considered that the chances were best for generating two or more
dominant reference curves. In general, the all-or-none learners learn
completely on the first few trials, while the incremental learners learn
quite gradually over all trials.

In the third mixed combination in Table 16 the mean curve
characteristics were held constant by mixing half and half incremental
and all-or-none learners both from set 3. The last combination shown
in Table 17 mixes one-half slow incremental learners from set 3 and one-
half fast incremental learners from set 1. Again, intuitively there
seemed some basis for anticipating at least two underlying dimensions;
notice the difference in appearance between the mean curves of set 1
and set 3.

Investigation of the four Tables shows these results to be con-
sistent with the previous analyses in that, regardiess of either differ-
ential leyels of learning or of type of learning process within a
learning data set, the factor analytic model produces only one reference
curve. Such research findings only can strengthen the conclusion that

Sheth's factor analytic model cannot reliably be used as an instrument
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for verifying the incremental learning aspect of the Howard-Sheth
theory of buyer behavior. 5

In specific reference to the hypotheses in this study, all three
must be rejected. Hypothesis 1, that Sheth's proposed factor analytic
measure of brand loyalty does differentiate between incremental learning
data and all-or-none learning data, is rejected based upon the following
research findings.

The first finding is that in all data sets examined in this study,
for both incremental and all-or-none learning data, there is only one
dominant reference curve. The second finding is that the first refer-
ence curves within a given set, are more similar to each other than
they are to their corresponding mean curves. Therefore, the conclusion
is made that the factor analytic model is inappropriate when either the
number of reference curves or the characteristics of shape of reference
curves is the criterion for differentiating between incremental and
all-or-none learning.

Hypothesis 2 for factor analysis applied to incremental learn-
ing demands that there be only one dominant reference curve reflecting
the mean curve and accordingly each buyer will have one BLS. Hypo-
thesis 3, applied to all-or-none learning, demands that multiple re-
ference curves account for the underlying Tearning data and that each
buyer will have as many BLS's as there are significant reference curves.
For the same reason, based upon the present research findings, neither
of these two demands can be honored. The reason simply is that with
real world data, where there is no a priori structuring of the learning

data as in this experiment, the researcher cannot know the individual
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underlying psychological behavior process that is embodied in a sample

of purchase data. Therefore, even all those cases where incremental
learning data did demonstrate one dimension, they must be rejected because
these data might just as well have been all-or-none learners.

There is a possible explanation for the apparent total insensi-
tivity of the factor analytic modei to the many different configurations
and learning patterns offered in this study. The use of binary data (1
or 0) as input may blunt the effectiveness of the model. Conventionally,
the input data are comprised 6f continuous variables. Further investi-

gation on this point seems warranted.

Analysis and Evaluation of Brand Loyality Scores |

Recall that the BLS!s (factor scorés) are weights to the re-
ference curves. Additionally each buyer has as many BLS's as there
are reference curves. In the present study since there is only one
reference curve in all cases, each buyer has only one BLS. The BLS's
are unique for each possible combination of purchase protocols of n
trials. In other words a given BLS accounts for both frequency and pat-
tern of purchase.

The number of different.mathematically possible BLS's is quite
surprising. With two alternatives, and in this study 30 trials, an
initially homogeneous group of buyers could be differentiated into over
one billion different BLS's! It is evident that after a few trials
a group of initially homogeneous buyers, in the sense of all having the
same probability distribution over the response alternatives, could be-

come too finely discriminated. That is, this tremendous richness of
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the BLS's rapidly exceeds practical experimental limits.

Selected purchase protocols, associated BLS's and number of
brand A purchases are presented in Table 18 for inspection. Note that
the first two buyers have the same frequency and pattern of purchase
and so have identical BLS's. Also, it is readily observable that those
buyers with different frequencies of purchase (and of course different
patterns) have different BLS's. Lastly, all the buyers with the same
frequency of purchase but with different patterns have different BLS's.

Actually, the numberof different BLS's generally is fewer than
300. The number of BLS's is especially restricted for a group character-
ized by a fast rate of learning i.e., they quickly learn to buy brand A.
The consequence is that their buying patterns are quite homogeneous.
For example, the incremental learners (300) of set 1 represent only
27 unique BLS's with 21 different frequencies of brand A purchases.

By contrast, it was laboriously determined that the all-or-none buyers
of set 3 produced 283 different BLS's: the patterns obviously are
much more heterogeneous. Relatedly, Sheth's 7 and Howard and Sheth's8
data from their two samples of brand loyalty for rice demonstrate
considerable homogeneity i.e., for the sample of 17 people there were
only 7 different BLS's (7 protocols the same) and for the sample of

14 people there were only 6 different BLS's (8 protocols the same).

With the general nomenclature of BLS's elaborated, now, it

TSheth, op. cit., 19665 Sheth; op. ¢it., 1968.



TABLE 18

ILLUSTRATION OF BRAND LOYALTY SCORES SELECTED
FROM ALL-OR-NONE LEARNING DATA OF SET 1

Row Buyer Brand A Brand Loyalty
Number Number 1 2 3 4 5 6 7 8 9 10 » 30 Purchases Scores
1 273 1 1 1 1 1 1 1 1 1 1 1 30 .06544
2 266 1 1.1 1 1 1 1 1 1 1 1 30 .06544
3 296 c 1 1 1 1 1 1 1 1 1 1 29 .06329
4 40 1 o 1 1 1 1 1 1 1 1 1 29 .06316
5 285 o 0 1 1 1 1 1 1 1 1 1 28 .06101
6 127 1 11 0 0 1 1 1 1 1 1 28 .06092
7 151 1 1.0 0 1 1 1 1 1 1 1 28 .06088
8 9 ¢ o 1 0 1 1 1 1 1 1 1 27 .05874
9 102 o 1.0 0 1 1 1 1 1 1 1 27 .05873
10 293 6 6 0 1 1 1 1 1 1 1 1 27 .05872
11 213 1 0 0 0 1 1 1 1 1 1 1 27 .05860
12 55 0 0 1 0 1 o0 1 1 1 1 1 26 .05650
13 64 o 0 1 0 0 1 1 1 1 1 1 26 .05649
14 62 0o 0 0 1 0 1 1 1 1 1 1 26 .05648
15 149 0O 0 0 0 1 1 1 1 1 1 1 26 .05645
16 11 1 1.0 0 0 O 1 1 1 1 1 26 .05639
17 132 0 0 0 0 O 1 1 1 1 1 1 25 .05420
18 297 c 0 0 0 O O 1 1 1 1 1 24 .05196
19 119 0O 0 0 0 O O o0 1 1 1 1 23 .04972
20 44 0 0 0 0 0 O O0 o0 1 1 1 22 .04751

1Tt
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in regard to conceivable practical applications. In Table 19, the
correlations between total purchases of brand A for each person by type
of learning and the corresponding brand loyalty scores are provided.
The correlations were computed only on the first 50 purchases; which in
effect is the same as random sampling, since each of the 300 protocols
is statistically independent of the others.

Immediately, the almost total redundancy of the BLS's is
apparent. The sampling of 1 in 6 BLS's and some severe rounding
may have reduced some of the correlations. Especially the correlations
in set 1 may have been affected by restricted range. Correlations
also were run on the Howard-Sheth (referenced above) data. In this in-
stance, 100% of the panel members were included. For the sample of
N = 17, the correlation between total purchases and BLS's 1is r = .999,
and for the sample of N = 14 the correlation is also r = .999.

These combined discoveries of the almost perfect substitutability
between total purchases and BLS's can only reinforce the conclusion that
BLS's as generated from the factor analytic model have negligible value.
According to Sheth? the individual BLS's are the most valuable feature
of the factor analytic model because the distribution of the indivdiual
BLS's allows analysis and interpretation for market segmentation de-
cisions. Howard and Shethi0 when highlighting the implications of the
factor analytic model of brand loyalty state in effect that the propor-

tion of purchases of brand A in the total purchases of a buyer is a much

Isheth, ‘op. ¢it., 1968, p. 395.
10Howard and Sheth, op. ¢it., p. 271.
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TABLE 19

CORRELATIONS BETWEEN PURCHASE FREQUENCY
BY TYPE OF LEARNING AND CORRESPONDING
BRAND LOYALTY SCORES

Set Purchase Frequency
Number Correlated With BLS r
: Incremental 935
All-or-None .920
Incremental .989
2
All-or-None .988
3 Incremental .974
All1-or-None .996
Incremental .994
4
Al1-or-None 971
Incremental .996
5
N A11-or-None .981

N=300, n=50
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less desirable measure than are brand loyalty scores. The last two
statements are nat in concert with the research findings of this study
or with the treatment of their own findings.

The following is offered as a detailed and rather technical
explanation of why the correlation of first factor scores with total
purchases (row sums of Y)is so high.11 Factor scores (BLS's) were

computed from the equation,
1

Fin,r) = YOJAAD
which implies that the vector of scores on the first reference learning
curve, f.,, is equal to,
-y
f’](N,l) ) Y(N,n)DY;Y(n,n)g:l(n,l)%1’
where a.; is the first column of A, i.e., the first reference learning
curve. A question that needs to be examined is the correlation between
f.1 and the row sums of Y. Since correlation is invariant under linear
transformations of the data, it is simpler to use
fa=Ya,.
This set of first component factor scores is simply a linear trans-
formation of those given above, and will have an identical correlation
with the row sums of Y. If people having identical row sums (total
purchases) have identical brand loyalty scores on the first component,

then obviously the correlations between total purchases and the brand

loyalty scores is'one. Let

11The author is indebted to W. Alan Nicewander, Assistant Professor,
Department of Psychology, University of Oklahoma, for suggesting this ex-
planation for the high correlations.



115

fin =% 21 ()
be the brand loyalty score of the ith person on the 1st component,
and

i1 = Xs. a4 (2)
be the brand loyalty score for the jth person. Using these equations
one can answer the questions about the correlations between total
purchases and BLS's raised implicitly in Table 19.

1. Persons i and j will have identical brand loyalty scores
when xj. = 11., i.e., when they have exactly the same pattern of pur-
chases across the n trials.

2. Persons i and j will have identical brand loyalty scores
when they have the same total number of purchases across the n trials
(but not necessarily the same pattern) and the reference curve aq
is a vector of constants.

3. Persons i and j will have nearly identical brand loyalty
scores when they have the same total number of purchases across trials
and the reference curve a.q is nearly constant.

These three statements are based on equations (1) and (2) and
are fairly obvious if one remembers that Y- and xi. are vectors of ones
and zeros. The vector multiplication x%, a. simply sums the elements
in a4 corresponding to non-zero elements in Y (or Yj.).

Case 3 discussed above explains why the total purchases of per-
sans correlated so highly with their first brand loyalty score. The

elements of the first reference curve, a.q» Were nearly constant

after the first few trials in all sets of data analyzed. Therefore,
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people with the same total number of purchases had nearly identical
brand loyalty socres, and the correlation approached one in most sets

of data.

The last data finding to be presented in this study concerns

Sheth's statement:

More important, the brand Toyalty scores
support the a priori, theoretically based expectation
of learning brand preferences. The statistical
learning theory with the traditional negatively
accelerating curve states that each additional con-
secutive purchase of a brand will add a fraction
of learning still incomplete. The less the prior
learning, the greater the increment.

He demonstrates the last statement by showing 3 protocols taken from

one of his samples:

1111 1 11
o1 11111
6011111

By taking the first differences of the BLS's of protocols 1, 2, and
3, he points out that the last first difference is larger than the
first because the amount of learning attained was less. In other

words, as the BLS's get smailer, the first differences get larger.

In a similar demonstration, Howard and Shethl3 show, with one exception
in six protocols, that the magnitude of increments in BLS's are in-
versely related to the magnitude of prior learning. Stated in another
way, as learning increases, the differences between successive BLS's

decreas_e.

13joward and Sheth; op. ‘¢it., p. 262.
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If the cizations above are intuitively appealing in terms of
showing how BLS's cun be used to reflect exponential curves (incre-
mental learning] for individuals, then the findings of this study must
be counter~intuitive. Two brief examples will i{llustrate why.

In the first example only the first 5 trials of 5 protocols
selected from all-or-none learning data of set 3 are shown. The

remaining trials are all ones.

BLS First Differences
1 1T 111 .14476
01111 .14186 .00290
001 11 .13801 .00385
0 00 1 1 .13405 .00396
0 00 01 .12945 .00460

The same relationships are expressed here as those in Sheth's demon-
stration; however, it is known that the data are from all-or-none
learners.

The second example, set up the same way as the first, employs

incremental data from set 1.

BLS First Differences
T 11 11 .
o1T 1 11 .06316 .00243
0 01T 11 .06077 .00239
0 00 11 .05843 .00234
0 00 01 .05611 .00232

The outcome is the opposite of Sheth's demonstration, even though
incremental learning data are used.

It 1s concluded, then, that BLS's are not reliable indicators
of incremental learning, and therefore, that Sheth's factor analytic

model for measuring brand loyalty does not identify type of learning
by either reference curve or BLS analysis.



APPENDIX A

IBM 360/50 PROGRAM FOR GENERATION OF LEARNING DATA
FROM THE TWO-OPERATOR LINEAR LEARNING MODEL
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DIMENSION PB{300,31),SUMD(30),SUMA({300),PERD(30),PERA(300)
INTFGER TR({300,30)
IR = §
IH=6
READ(IRy 112) NSET
112 FORMAT (12)
DO 200 IF =1, NSET
READ (IR, 102) PRy, Ay By Bl, IX
102 FORMAT(4F10.0,110)
2 £8 20 J=1, 300
P=PR
DD 20t = 1, 30
CALL RANDU(IXyIYsR)
IX = 1Y
[F(R=-P) 696, 7
6 TR (Jy 1) =1
P = (l.0-B)*P+A%B
PBlLJYI) = P
GO T0 20
7 TR(JyI) =0
' P=(1l.,0-Bl)*pP
PB(JsI) = P
20 CONT INUE
WRITE(T2L21)C{TR{J91) sI=1,30),J=1,300)
121 FORMAT(30I1)
WRITE (IW, 113) PRy, A, By IX
113 FORMAT (1lHly 3F10.2y 115, ///)
WRITE (IWy, 103) ((TR(JsI)y I=1,30)y J=1,300)
103 FORMAT (11X, 30 1&)
HRITE (1W,104)
104 FORMAT (1H1)
WRITE (1IN, 109) ((PBlJsI)el = 1,30)y J =1y 300)
109 FORMAT (1X, 30F4.2)
DO 701 =1, 30
70 SUMD(I} = 0.0
DO 71 4 =1, 300
71 SUMA {J) = 0.0
DN 8O I =1, 30
DO 80 J = 1, 300
80 SUMD (I) = SUMD (1)eTR{J,I)
no8z21 =1, 30
82 PERD (1) = SUMD (1)/300.0
DN 81 J = 1, ‘300
po 8l I =1, 30
81 SUMA (J) = SUMA (J)+TR{JyI)
D0 83 t = 1,300
83 PERA (1) = SUMA (1)/30.,0
WRITE (1W, 1064}
WRITE (IW,107)
107 FORMAT (1lHly *SUM OF ONES OF 30 COLUMNS WITH PERCENTAGES?®y //)
WRITE (IwW, 108) (SUMD(I)y PERD (I)y I = 1y 30)
108 FORMAT (11X, 2F1S.4) '
WRITE (IWe 110)
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110 FORMAT (1Hl, *SUM OF ONES OF 300 ROWS WITH PERCENTAGES'y //)
WRITE (IWe 108) (SUMA (J),y PERA (J}, J = 1, 300)

200 CONTINUE
CALL EXIT
END



APPENDIY. B

IBM 360/50 PROGRAM FOR GENERATION OF LEARNING
DATA FROM THE ONE-ELEMENT LEARNING MODEL
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1C€

174

n

22

23
24

27
20

103

122

DINMENSICON SUMD(30)« SUMA(3INN) PFRD (30},
INTHFCER TR(3006030)e U

IR = 5
Iw = 6
IX = 427

FEAD(IRL120) 8U.CURL,CL
FIRMAT(4F10.0)

ce 10 4 = 1s 300
WRITE(IWL106) J '
FI3RMAT(1Hl, *PERSON NUMBER 'y ISe /7/).
u=90

NC 20 1=1+ 30

CFECK IF U OR L

IF (U) 3+ 44 3

UNLEARNFD RRANCH

CALL RANDU (IX, 1Y, R)
IX=1Y

CHECK [IF Aauy

IF (R~-BU) 64 6, 7
UNLEARNED RUY

TR (g 1) =1

¢ TO 1S

UNLE ARNED BUY

TR(JI) = O
WRITE(IWS 10435, UyTR( J,T)
FCFMAT (1 X,3110)

CHECK IF CHANGE OF STATES
CALL RANDCU (IXe IYe R)
IX=1Y

IF (R-CU) 8¢8, 20

CFHANCGE TO L STATE

L =1

Ca 1t 20

LEARNED ERANCH

CALL RANDU (IX, IYs R)
Ix = Iv

CrECK IF ALY

IF (R-AL) 22+ 22, 73
LEARNEDN BUY

TR(JeI) = 1

GC TC 24

LEARNED NOT BUY

TR(Je 1Y =0
WRITE(IWe104) JeUsTR JI)
CHFCK TIF CHANGE STATES
CALL RANDU (IX, Y, R)
Ix = 1V

IF (R=CL)Y 27, 27, 20
CHANGE TO U

L =0

CCAT INUF

WRITE (IWe 103) (TR (Jy Id)el=1, 303}
FORMAT(IX, 30I1%)

IFRA (300)
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ez

g1

€3

1€7

1c8

110

123

CCANTINUF
WRITE(7,121)((TR(JUs1)eI=1,39)0d=19300)
FNORMAT( 30I1)

DN 70 I = 1e 30

SUMp (T) = 0,60

00 71 J = 1, 300
SUNMA(J) = 00

DC 80 I = 1, 30

D0 80 J = 1. 300

SUND (1) = SUMD (I) + TR (Jo 1)
DC 821 = 1, 30

PERD(I) = SUMD(()/300.,0

RC 81 J = 1, 300 :

DN 81 I = 146 30

SUMA (J) = SUMA (J) ¢ TR (Je 1)
CC 83 1 =1, 300

PERA(I) = SUMA(I) /3040

WRITE (Iw, 107)

FCRMAT (IHl+ *SUM OF ONES OF 30 COLUMNS W ITH PERCENTAGES 'y //)
WRITE (iw, 108) (SUMD(I), PERD (l)' I =14 30)

FCRMAT (1Xe 2F1544)

WRITE (lw, 110) S

FORMAT ( 1H1l, *SUM OF OMES.OF 300 ROWS WITH PERCENTAGES®, //)
WRITE (iIwe 108) (SUMA (J)e PERA (J)s 4 = 1o 300)

CALL EXIT ' ‘ ’ .

ENC



APPENDIX C

IBM 360/50 PROGRAM FOR COMPUTATION OF THE
NORMALIZED CROSS-PRODUCTS MATRIX,
A STANDARD PRINCIPAL COMPONENTS
SUBROUTINE, AND FACTOR SCORES
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192

4
108

490
Il

107

2an

6

125

VIMENSTON YO3CC30),0(30)4CU3Cy3C),ALAC,3C) L (3D)
TIMENSTION F(300s30)eVITCe3C 9 EV(2C), LG 3T) 1020,
L = 3r

Ne = 7?00
NC = 20
NAV=0

MY 1 (=14NR
REAN(L, 100X (Y (T9yd)yJ=1eNC)

REANS BASTIC MATRIX CF CNES AND ZERQOS
FCRMATI3CF1.C)

N0 20 J=LleNC

SsuM=C, 0

"M 2 [=1,NR

SUM=SUN+Y(1,J)

NS =Ssum

SUMS CNLUMNS CGF v

M3 3 I=1,4NR

NN 3 J=14¢NC

YOI Ji=Y (T J¥®(1.,0/75GRT(C(I)})
FNRMS ¥ N=1/72 = STQREN [N Y
ARITE(6,101)

FORMAT(1H1, 60X, 13HCCLUMN TOTALS)
WRITELA,102) (DLJI)sJ=1,yNC)
FARMAT(1+ 4 1S5F8,.3)

NC 5 I=1,NC

N0 85 J=1,NC

Ct1,0)=0,0

DC & K=1,NR

CULed)=C{T odYaY(KyL)RY(KyJ)
YATRIX C IS C(~1/2) Y*' ¥ 0O(=1/2)
WRITF(A,103)

FIMRMAT(LIHL  HCX 9 25HNORNALIZED LRLSS PROECLCTS)
00 78 I=1,NC '
CO 7% J=1,NC
ICUT oJ)=1000.%C(1,J)¢C.5
NC 4 T=14NC ’

ARITE(EL,1C8Y (ICETL0J) 9d=1,yRKC)
FURMAT(1+ ,3014)

CALL JAC (NG oCyVyFV,1iQ)

V CONTAINS EIGENVECTCRS,EV IS THE VECTOR CF EICENVALUFS

TC 11 I=1,NC

{FLEV(I)I1l.11,40Q0

NNV=NNV+ ]

CCNTINUE

wWRITE(AY107) .
FORMAT({1IHLl, 6CXy11HEICENVALUES)
WRITE(6,200)(EV(I)o[=19sNAV)
FORMAT(1t+ 4 L5F8.4)

NNV = NN, OF POSITIVE F[CFKVALUES
DN 6 D=1, ANV

no 4 | = I;NC

VT sJ)=V(I4J)*SQRT(EV(JI))

V NGWw CCNTAINS FACTCR LCACINGS

)
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RE
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WRITE (6, 194)

FORAAT (1l 950Ky 15HFACTCR LOCACINGS)
NC 7 I=14,0C

RHITELA ICS ) Lo (VT adivd=1,13)
FOMMAT(IRD. 139 4X,y13F8R,5)

G 8 1=sleMR

S0 3 Jd=1 4NNV

F(I,J) = n.0

G0 Y K o= 1yNC
CUTWJ)=FT oI+ Y] oK) EVIKed)
COMPUTES F=YD=-1/2%v

i3C 9 J=1,NAV

D5 9 1=19RR
FALyJ)=t(1yd)%1,G/7EV LD

r CORTATNS EACTC: SCURES NCRMALIZED TC UNLT
NRTTE (6, 106)

FORNAT(1H1,50X, 13FFACTCR SCORES)
0N 10 I=L1NR

NRITE(6y LUSITo(F(L9d2ed=i,y13)
CALL #XIT

ZND

LFAGTR,
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SURRCUTINE JAC (NykpUyp X, IQ)

DIMENSTON H{2G,3C) 013 (30430)9X(30),I0(30D)
1o B 14 1=l N

BC 14 J=1,4N

[FII<J)12Zy11412
11 Ull,Jd)=1.0

CLL TC 14
12 UllyJd)=C,0
L4 COMT INUF
1c Nk=0

IFIN=-1) 100041000,17

17 AVMIL=N-1

NG 3C I=14NMTL
X{1)=2.0
IPL1=1+1
N 30 J=IPLI1,N
IF(X{1)=43S (H(I,J))) 20,20,3C
2 X(1)=A8S (H{T,J))
[et11=y
3D CONTINUF
RAP=7,45(58C5G6E~-9
HRTEST=1,0E38
4N BC 7C I=1yNMI1
[F(I-1) €0+6Cy45
4% [E(XMAX=X(T)) 63,70,7C
AC XMAX=X(T) -
IPIv=I '
PWV=10(1)
7¢C CCMTINUF )
[F(XMAX) 1000,10C0,8C

30 1F{HECTEST) 90,90,85

3% [FIXNAX=HDTFEST) 90,90,148

90 HRTMIN=ARS (H(1y1))

NC 110 I=2,N

[FCHDIMIN-ABS (H(I,1))) 110,110,100
100 FCIMIN=ABS (H(T,1))
110  CONTINUF

HOTEST=HNDIMIN%RAP

IF(HCTEST=-XMAX) 148,1€C0,1000

148 NR=NR+]

159 TANG=SIGAN (’.b'(H(ZPIV.IFIV)-H(JPIVoJPIV)))*k(l?iVoJFlV!/(AH\ (e
1P IV IPIVI=-H{JPIV,JPIV))4SQRT ((F{IPIV,IPIVI- H(JPIV;JPIV))**?+4.P*F
201PIVv JPIV)%%2))

COSINF=1,0/SQRT (L .C+TANC*%2)

SINE=TANG*COSINE

HIl=h{IPIV,IPIV)

ROIPIV,IPIV) COSINE**Z*(FIl*TANG*(Z.*H(IPIV.JPIV)OTANC#P(JPIV Je v
1))

FOIP TV JPIVISCOSINE# B 28 (F(JPIVyJFIV)=TANG3 (2 2+ IPIV,JPIVI=-TANT ¥}
Ly

FITRIV,JPIV)=0,

IF(HOIPIV,IPIVI=H(JPIVy,JPIV)) 152,153.153

152 HTEMP=H(IPLIV,IPIV)




1812

209
210
?3C
240
250

3cn

12n

350

279
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FOTO LV, IRIVISHOIPT V0PI V)
(P LY JFIVYSRTEND

HTEMP=SIGN (1oCy=SINF)RCCSINE

LIS TARTAYS (SINF)

SINE=FTFND

CUOMNTINUF

Y 350 T=1,NMI1

[FCI=-1P1V) 210,4358,209

IF(I=dPIv) 21C438C, 210

IFCIGUI)=IPIVY 230,24C42730
IFCIGUT)=JPIV) 35€,24C,350

K=IQ(I1)

RTEMP=H([,K)

H‘I DV\):'O.O

(PLL=1+1

X(1)=0,.0

N0 32C J=IPLIL,N

[E(X(T)-A8S (H(I,J))) 300,200,32C
X{I)=A3S (H(I,J))

ML=

CONT INUF

H(l ¢ K)=HTCMP-

CONTINUE

X{IPIVI=0N,0

X(3PIv)=C.0

£ 530 I=1,N

IFCI=-IPIV) 370,%30,420

HTEMP=R{],IPIV)

H(T o IPIV)=COSINESHTEMP+SINEXH(T,JPIV]
TF(X(I)=-ABS (H(I,IPIVI))) 380.390.390
XUI)=ARS (H{T,IPIV))

MI)=1Piv

HITyJPIV)= -SIAE*HTF~P+CCSINE#b(I.JPIV)
IFEXCI)=ABS (H(T,JPIVI)) 400,53C453C
X{1)=ARS (H{1,J4PIV)) :
TR B ENRDLALY

GO TC 530

[F(TI=-JPIV) 430,53094EC

HIFMP=zHL [PIV,T)

HIIPIVy 1 )=CNSINEXHTFMP+SINE®*H({T yJPI V)
IFOXCIPIV)I=ABS (HUIPIV,I))) 440,450,450
X(IPIV)I=ABRS, (HOIPIV,I1))

At Iv)=1

HUT g JPIV)I==S INEXHTEMP+CCSINFXE( [y JPIV)
LEUXCT)I=ABS (HOL,JPIV))) 40049530,%30
HTEMP= H(IPIVyT)

MUTP LV 1 )=CUSINFEHTEMFeSINE®HIJPIV,IY)
[F{XCIPTV)=ABS (HUIPIV,I))) 450,5C0,500
ACIPIV)I=ARS (H{IPIV,1))

IGCIPIVY=]
H(JP[V.X)--Sth*HlFMP#CGSIhE#H(JPIV I)
SFIXIJIPTVI=ABS (H{JPIV,I)))51045304520
X(JPIVI=ANS (HEJPIV,1))
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IREIPIV) =1
G CONT INUE
Y48 DO 550 L=1.N
HTEMB=UlT,IPIV)
UlIy IPIVIZCOSTINFRHTENP+SINERU(TI yJPIV)
353 ULy JPIVI==SINF*HTEFVP+CCSINE®ULTI, JPIV)
60 TG 40
1000 00 670 [=1.N
X{T)=H{141I)
6N CCNTINUEG
RFTUPRN
END
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