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Abstract

Disinformation has become a more common weapon amidst growing social media platforms and users, targeting consumer behavior to affect physical infrastructure. Understanding how disinformation could attack a multi-commodity network and how to minimize its spread will help alleviate stress on systems during attacks. This research integrates an epidemiological model (SIR) with a mixed integer programming (MIP) model to minimize weighted shortage across commodities, evaluating the change over time dependent on disinformation spread β and recovery γ. It is then applied to a multi-commodity Swedish railway network carrying 14 goods over 200 nodes. Results demonstrated how different spread and recovery rates change the degree and timing of shortage.




Chapter 1: Introduction & Motivation

As technology drives a global transition to the digital world and convenient access to the internet increases, the amount of information readily available for public access has become more abundant. The prevalence of sharing platforms, such as Twitter, Facebook, Instagram, TikTok, and Snapchat have further contributed to the spread of information access, allowing people to create, share, comment, and push content on an individual level. While greater access to information has many benefits, such as the ability for people to more easily research important issues or local and national news to reach relevant audiences faster than previously possible, it has also opened a door for false information to be rapidly spread, making it difficult to decipher between fact and fiction.

Information can be categorized into different groups covering a spectrum from entirely true to entirely false. Bias and situational framing are other measures to be considered in defining accuracy, as well as the intent behind the creation and repeated spread of information [1]. Generally, information that is deemed to be largely untrue will fall into two categories: misinformation and disinformation [1, 2]. The key difference is the motivation behind the creation and subsequent passing of information. Misinformation is considered to be innocent, often resulting from miscommunication, misunderstanding, or based on an individual’s perception or opinion that conflicts with truth or is based on no factual evidence. Disinformation is instead deliberately false, with the intention of harming an individual or community [3]. This may be to further a political agenda, argument, or even as a form of terrorism with short term or long term objectives. Being able to model information spread is crucial to limiting the damage of both misinformation and disinformation. Because each has a unique set of parameters that should be modeled independently, the scope of this paper will focus on the spread of disinformation specifically. 

Though originally formulated to model epidemics, the SIR (susceptible-infected-recovered) model can be used to model many kinds of spread across populations [4]. It divides a given population into three categories (susceptible, infective, recovered), with a few basic assumptions such as fixed population, immunity after recovery, a fixed rate of infection and recovery, a negligible incubation period, and uniformly mixed groups [4]. This was adapted to fit the scenario of disinformation spread across social media, where the susceptible population describes all social media users, the infected population describes users who react to disinformation, and the recovered population describes users who either read disinformation and do not react or who previously were infected but have become aware the information is false and no longer react [5].

In the aforementioned model, the spread of disinformation was applied to a single commodity network (electric power grid); this work modifies the existing model, applying it to a multi-commodity system (rail network) carrying goods of varying importance. Disinformation could target the railway in several ways. First, it could increase short-term demand of a specific commodity through tactics such as a falsely advertised promotion encouraging consumers to buy more (ex. buy 2 get 1 free) or the use of a product as a miracle treatment for an illness (ex. ivermectin during the COVID-19 pandemic) [45, 46, 47]. As supply works to compensate for heightened demand, it could lead to delays in the delivery of other goods, as items need to be loaded and unloaded onto trains in the railway, increasing time at each node. An increase in supply could mean the railway reaches capacity by either weight or volume, resulting in shortage of one or several commodities. Alternatively, disinformation could aim to delay deliveries, resulting in shortages or even damage to the physical rail infrastructure. An attacker may use disinformation to convince an audience a rail car is carrying an explosive device, or divert a rail car away from a certain node for the same reason. Many examples of a threat like this being used can be found, such as red-line train stoppage in Chicago and an attempted plane diversion by Belarusian state officials [48, 49]. This could delay supply as searches are conducted, meaning goods do not arrive at their destination at the expected time and a shortage occurs. Disinformation could also lead to railway damage if an individual or group of individuals decided to take action by blocking or damaging tracks. In 2022, a group calling themselves the Freedom Convoy have caused supply chain issues by blocking the US-Canadian border in protest to a COVID-19 vaccine requirement when crossing national borders [50]. Similarly another group calling themselves the People’s Convoy has caused significant traffic disruption by traveling cross-country in a large pack of trucks at slow speeds to protest COVID-19 related requirements [51]. Many of these concerns stem from incorrect information or conspiracy regarding vaccination, some initiated before the vaccine had even been developed, and ultimately taking root in this type of extreme reaction, and perpetuated through internet narratives, memes, and commentary, fueled by both fear and entertainment [52]. These situations demonstrate the vulnerability of a multi-commodity system like a rail network to be targeted by disinformation, likely leading to supply chain disruption.

The objective of this model is to minimize the weighted shortage of commodities; doing so will account for supply and demand sets of different commodities within the same node. Through this pre-existing research, we are able to gain a better understanding of how disinformation spread can affect supply chains and as a result, the surrounding community. If an attacker chose to target a specific commodity with disinformation, impacts may extend beyond just that individual product. It is understood that higher demand results in higher price to compensate for shortage, and if the demand shift is rapid enough, it may impact availability of substitute products as well [6]. This can create a feeling of resource scarcity which subsequently may result in panic buying, further disrupting the supply chain and putting stress on the system [7, 8]. Some commodities may have direct implications on the production of others as well. For instance, oil and natural gas are often used in production, so an increased price as a response to heightened demand resulting from a disinformation attack could increase the price of other manufactured goods [9, 10]. Another implication of targeted disinformation is the creation of uncertainty, as products that were once readily available at a given price are now difficult to find. In response, consumers may attempt to exert control over uncertainty through control-restoration, like what was seen during COVID-19 through the stockpiling of toilet paper [11, 12]. This highlights the importance of controlling disinformation spread, as the presence of uncertainty often leads to shifts in consumer behavior, ultimately capable of severe supply chain disruption [13]. Another result of disinformation could be an increased mistrust in public entities perceived to be responsible. For example, a city may be responsible for a multimodal transportation system including a high-speed train, bus, bike sharing program, and taxis. A disinformation attack may incentivize citizens to take the train home one day through false advertisement a year-long free pass for all transportation modes, for riders of the train that evening. This could lead to delayed arrival and departure times, broken-down train cars resulting from exceeded weight capacity, or a mass casualty event if attackers executed a secondary attack with the goal of harming riders. It may also impact the use of the other transportation modes, dissuading individuals from utilizing any of the transportation vehicles, and creating mistrust for city government as a consequence. By modeling disinformation spread on a multi-commodity system, we can better understand how to minimize the effects.

The rest of this paper is organized as follows. In Chapter 2, other models and applications of disinformation spread found in literature are explored. In Chapter 3, the SIR model and mixed integer programming model, which are both used during implementation, are presented. In Chapter 4, the models are applied to a dataset to illustrate computation and efficacy. In Chapter 5, results from the application are discussed, noting any potential errors or assumptions that may impact conclusions. In Chapter 6, concluding remarks are made along with recommendations for future research.
	


Chapter 2: Literature Review
The effects of disinformation are widespread, resulting in negative consequences, like mass shortage of a commodity, or generalized harm, such as increased mistrust in government. Though disinformation has been largely propagated by the virtual world, the effects frequently take place in physical infrastructure. Raman et al. investigated the result of disinformation spread on a city’s power grid [14]. Participants were shown a message claiming the cost of electricity was being reduced by 50% within a two hour period and were asked to specify the likelihood of changing their electricity-use patterns and sharing this message with others. The follow-through rates were then tracked until the network state remained unchanged in two consecutive time steps. The impacts were shown to be city blackouts, affecting 5.6% to 100% of city residents, depending on the follow-through rate range of 9.4% to 26.8%, respectively, demonstrating how manipulation via disinformation is likely to harm at least a small portion of a city’s population and could potentially take down the entire system. Another example of disinformation effects taking place in physical systems comes in the form of traffic disruption; by spreading false information, routes taken by vehicles could be changed to direct drivers in a particular direction. Waniek et al. similarly measured the impact by evaluating follow-through rates by asking participants to assess the likelihood they redirect a route based on alerts to take another path due to an accident or follow a road sign [15]. A 6/10 or higher likelihood of following through with traffic redirection was given by 89% of participants for a traffic alert and 97% of people for road signs. The potential consequences of disinformation to target and disrupt physical aspects of society is expansive, further demonstrating the importance of being able to identify and trace sources and spread.

Efforts to model the spread of disinformation are becoming more common in research studies. Rabb et al. categorized disinformation as a social contagion, with the assumption that once misinformation has been adopted by an individual, this view is unlikely to change [16]. Here, they use cognitive cascade models, as opposed to an epidemiological model, which factors in an individual’s current beliefs. Instead of infection being only based on a threshold, identity-based belief is considered, resulting in an application of techniques from network and cognitive science and a demonstration of how even simple cognitive cascade models can better simulate belief propagation [17]. Results demonstrated that with purely threshold-based models, populations are affected differently even with the same initial conditions and beliefs being spread. Using the cognitive model, more robust results were achieved, better fitting opinion data, showing individuals are very unlikely to have an updated belief if the information strays too far from their current belief. Murayama et al. model disinformation with a focus on the use of social media, specifically Twitter [18]. In this model, disinformation is initially posted and spread as a news story, and later uncovered as false, with a second news story correcting the original being shared, meaning two cascades occur. The Time-Dependent Hawkes process is utilized to represent users and aging information cycles, such as with the sequence and timing of tweets and retweets. The results of this model outperformed both of the baseline models (linear regression and reinforced Poisson process), accurately predicting the true correction time between the initial story and follow up, through applications to datasets. Disinformation spread may also be modeled by taking concepts from the echo chamber phenomenon, in which the virality of information is affected by opinion and network polarization. Tornberg developed a network simulation model to show how information spreads more easily when a network has an echo chamber, with results indicating a possible connection between the presence of echo chambers and disinformation spread, via an emergent network effect [19]. By combining opinion and network polarization, the clusters of users with the same differing perspective are seen to affect virality, potentially brought on by the algorithm information filtering within social media platforms and tendency for users with similar worldviews to cluster.

For many epidemiological studies, the SIR model is used to simulate pandemics and disease spread. Neves and Guerrero used an A-SIR model to predict the spread of COVID-19 across Europe, which builds from the original model to account for individuals who are asymptomatic [20]. Given the likelihood these individuals ignore their condition, they are likely to infect a larger group of people, compared to those who are symptomatic and isolated once symptoms develop. Chowdhury et al. modified the SIR model by considering infection and removal rates as time-dependent parameters to predict a herd immunity threshold [21]. In this case, the herd immunity threshold is also a function of time, changing as the number of current infections fluctuates. It is observed that the spread prevention is most successful by forcing the herd immunity threshold below the herd immunity of the population, often accomplished through widespread isolation or quarantine, but has the consequence of easy re-outbreak. Similar to modeling infection, Laguzet and Turinici modeled vaccinations against disease, to determine if equilibrium exists, applying the model to the 2009-2010 H1N1 vaccination campaign in France [22]. This study analyzed how individuals view the risk of vaccination and the shift of vaccination choice to an egocentric view, versus a community-oriented view. Findings demonstrated the existence of an equilibrium, even when individuals only choose to vaccinate out of self-interest, as opposed to protecting the greater community. In this case, the choice to vaccinate is driven by an individual threshold, based on one’s own assessment of risk between vaccinating or not. 

Outside of traditional epidemiological studies, the SIR model has also been applied to model other scenarios. Wang et al. used it to model the impact of government policy on the expansion of new, intelligent manufacturing technologies [24]. A new state E is introduced to represent the decision-making state. In this case, the disease is considered to be the adoption of smart manufacturing technology, modeling the effects of policy on the industry development. Applying SIR to information spread has also previously been studied. Oktaviansyah and Rahman use the SIR model to predict hoax spread in Indonesia [25]. S is defined as the group able to be persuaded by false information, I as the number of information spreaders, and R as the number of fact-checkers. Using pre-existing data collected between 2017 and 2019 regarding behavior response to trending news, a simulation was run to show the population within each of the SIR groupings shifts over time, including where peak and equilibrium balance occur. 



Chapter 3: Model
The SIR model has been adapted to demonstrate the spread of disinformation on social media, and the effects on a multi-commodity system, using both the predictive SIR model and a network flow optimization model, which will aim to minimize the effects of disinformation on the system. In this case particular case, the weighted shortage of commodities from a Swedish rail network will be minimized over time, where disinformation targets the supply and demand of a specific commodity [26]. 

When disinformation is initiated through a social media platform, there are several things that may occur. Users may read the content and react to it by changing their habits and/or sharing it with others, they may read content but ignore it, they may read content and recognize it as disinformation, potentially creating a secondary post discrediting the original content, or they may never see the content. In the context of the rail system, disinformation could target a particular node, where the community surrounding that node would be led to over-purchase a highly important commodity, resulting in a shortage.

Users are grouped into three groups: S users who are susceptible to adopting the disinformation, I users who saw and reacted to disinformation, and R users who saw the disinformation and did not react. The overall population is assumed to be fixed, with the proportion of these groups modeled using the homogeneous SIR compartmental model, and explained mathematically by a system of differential equations 1-3, and constrained by equation 4. Index  describes each node within the system, assumed to also contain a community of individuals affecting the supply and demand of commodities at a particular node, index  describes each of the 14 given commodities, and index  describes a point in time. 

Users are all initially categorized in group S at t = 0. After, they may remain in group S, transfer from group S to group I, or transfer from group S to group R. Once in group I, users may either remain or eventually move from I to R, but can never move backwards. The movement between groups occurs at a uniform rate. Users in group S transfer to group I at rate  and may move from S to R or I to  R at rate . Rather, disinformation spreads at a rate of  and is recovered at a rate of . 

		(1)
		(2)
		(3)
	 	(4)

The rail network is modeled with a set of nodes V representing the stations which incorporate supply and demand of a given community, connected through a set of rails. A mixed integer programming (MIP) model is used to track the effects of disinformation on the Swedish rail system, with the goal of minimizing the weighted shortage of commodities across nodes.
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The objective function in Eq. 5 minimizes the weighted shortage of commodities over time, meaning commodities of higher importance will be prioritized. Constraint 6 balances the supply and demand with shortage and surplus of commodities. Constraint 7 restricts the demand from exceeding the capacity for a commodity at a given node. Constraint 8 relates the responsive change in demand as a result of disinformation spread to equal the baseline demand of a commodity at a given node. Constraint 9 accounts for the secondary spread of information correcting the disinformation. Constraint 10 restricts the number of nodes from which a secondary spread of correcting information may be disseminated. Constraint 11 defines the nature of each of the decision variables. Constraint 12 balances the weights of the commodities.



Table 1: Sets, parameters, and decision variables
	Notation
	Description

	Sets
V
E
T

Parameters



















Decision Variables










	
Set of railway nodes
Set of infrastructure network links
Set of periods


Time interval between periods

Supply of commodity a ∈ A from each node i ∈ V at time t ∈ T
Capacity of arcs between nodes i and j for commodity a ∈ A at time t ∈ T

Population surrounding node i ∈ V at time t ∈ T
Per capita demand of commodity a ∈ A of the population surrounding node i ∈ V at time t ∈ T
Proportion of the consumption of commodity a ∈ A surrounding node i ∈ V at time t ∈ T that is price dependent
Estimated elasticity of the consumption of commodity a ∈ A surrounding node i ∈ V at time t ∈ T
Local derivative of the proportion of the population surrounding node i ∈ V targeted by disinformation at time t ∈ T
The proportion at which changes by spreading counter information regarding commodity a ∈ A to the population surrounding node i ∈ V at time t ∈ T
Total number of locations informed by counter information regarding commodity a ∈ A at time t ∈ T
Importance weight of commodity a ∈ A


Flow of commodity a ∈ A from node i ∈ V to node j ∈ V at time t ∈ T
Shortage of commodity a ∈ A from node i ∈ V at time t ∈ T
Excess of commodity a ∈ A from node i ∈ V at time t ∈ T
Nominal demand of commodity a ∈ A at node i ∈ V at time t ∈ T

Proportion of population surrounding node i ∈ V at time t ∈ T that adopted disinformation
= 1 if counter information is released to node i ∈ V at time t ∈ T
= 0 otherwise




Chapter 4: Application
This multi-commodity disinformation model is applied to a Swedish railway network, with data collected from publicly available sources, originally compiled by Svegrup and Johansson [26]. The network is an interconnected system of stations and tracks operated by both the public and private sector, containing 1363 stations and carrying 20 different categorical commodities. Each node has varying supply and demand values for the commodity set and a different community size. Due to the size of the dataset, only 14 commodities and 200 nodes were included in the model application, listed in Table 2. 

Model parameters were determined through estimates based on existing data. Supply, demand, and link capacity were given with the Swedish railway data. The link capacity refers to the maximum transportation of goods on the rail system, constrained by factors like rail speed, tracks, volume, and cost. The community size pkt of each node, ranging from 5,000 to 1,515,017, was simulated based on population data from cities in Sweden, then randomly assigned to nodes [43]. It is then assumed that only 89% of the population surrounding each node may be influenced by disinformation, due to social media access [44]. Price dependent demand riktp, describing the how much of a commodities demand may change due to price, was assumed to be 0.9 for all commodities. Due to the broad aggregation of commodities and sensitivity between regions, the elasticity ρikt , which evaluates to what extent a price shift alters demand for each commodity, is a rough estimate, and is primarily for demonstrative purposes.  

Weights were taken from Whitman et al. where commodities were aggregated according to the freight categories from the dataset [27]. The GDP value for each aggregated set was divided by the summation of the GDP values for all commodities. 

Table 2: Commodity categories and weights by GDP [27]
	Index
	Commodity
	Total Usage
	Weight

	1
2
3
4
5
6
7
8
9
10
11
12
13
14
	Agriculture, forest, fishing
Coal, crude oil, natural gas
Ore
Food, beverage, tobacco
Textile, leather
Wood, cork, pulp, paper
Petroleum products
Chemicals, rubber, plastics
Other non-metallic mineral
Fabricated metal products
Machinery and equipment
Transport equipment
Furniture, other manufactured
Return materials and recycling
	130,329
91,241
91,241
222,790
58,167
237,093
190,674
316,821
47,472
180,394
718,996
308,902
81,663
57,265
	0.048
0.033
0.033
0.082
0.021
0.087
0.070
0.116
0.017
0.066
0.263
0.113
0.030
0.021



Table 3: Global model parameters
	
	
	
	

	0.2
	8
	0.9
	24





Table 4: Elasticity parameter by commodity
	Index
	

	1
2
3
4
5
6
7
8
9
10
11
12
13
14
	-0.4 [28]
-0.2 [29]
-0.3 [30]
-0.4 [28, 31]
-0.5 [32, 33]
-0.9 [34, 35]
-0.3 [36]
-0.6 [37]
-0.4 [38]
-0.4 [38]
-0.5 [39]
-0.3 [40]
-0.7 [41]
-0.1 [42]





Chapter 5: Results

The parameters β and γ refer to the rate of disinformation spread and counter-spread, respectively. A higher β value indicates a higher number of targeted individuals per time period, thus a higher γ value equates to a higher counter-spread of information, correcting the initial disinformation attack. The Julia programming language and Gurobi Optimizer were used to solve the SIR model in conjunction with the MIP model where shortage was recorded for each commodity at each time period, then iterated for different combinations of β and γ, demonstrating how a change in the proportion of users can affect the speed of disinformation spread. 

Figure 1 shows the change in shortage over time is plotted for all 14 commodities, providing a better understanding of where shortage may peak. The raw data was normalized to better compare the change in shortage across commodities. This was done by dividing the average shortage at each time period by the average initial shortage, since all commodities saw shortage at given nodes prior to the simulated disinformation attack. 
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Figure 1. The change in shortage over time at varying levels of γ for each commodity are shown. The x axis ranges from 1- 8 to show time steps of 24 hours and the x axis is the normalized average shortage of a given commodity. 

The average shortage follows a similar trend across commodities for each β and γ combination. It is seen that for almost every instance when β = 0.15 and γ = 0.01, the highest shortage occurs, with a peak at t = 3, demonstrating the effectiveness of a rapid attack where disinformation targets at high volumes in a short amount of time. In a less extreme example, when β = 0.8 and γ = 0.03, a similar trend is seen across commodities, where shortage peaks about t = 5 then tapers off, but peak is not as sharp as seen previously, and provides more time for counterinformation to take effect and the shortage to be minimized. In another instance, when β = 0.05 and γ = 0.01, the growth in shortage is steadier, but results in a greater final shortage at t = 8. This would be the case if disinformation is slowly introduced and spread, allowing it to reach greater final values than other combinations, as it goes nearly unchecked by counterinformation, spreading at a rate that may not initially raise concern. In instances where β and γ are equal or γ is higher than β, the change in shortage is insignificant. Figure 2 further demonstrates the relationship between β and γ and the effect on relative total shortage.
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Figure 2. The change in shortage across all commodities with all combinations of β and γ is visualized.

In all instances where γ is higher, shortage is near 0. This does not mean that true shortage is 0 at all nodes, as the spectrum has been normalized so the minimums are treated as 0 and the maximums are treated as 100. It is observed that low γ values result in the highest shortage, especially at the minimum where most β values will lead to shortage near the maximum. 
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Figure 3. Commodities are directly compared at three combinations of β and γ, demonstrating how the speed of disinformation spread and recovery drastically impacts how shortage occurs over time. The x axis ranges from 1- 8 to show time steps of 24 hours and the x axis is the normalized average shortage of a given commodity.

Commodity 6 is impacted the most by shortage in both the β = 0.15, γ = 0.01 and the β = 0.05, γ = 0.01 cases, followed by Commodity 13 and Commodity 8. It is also clear how little shortage is affected when β = γ, as in the β = 0.08, γ = 0.08 case, which is the same for all instances when γ ≥ β. 


Chapter 6: Discussion

Due to the broad aggregation of commodities, values such as price dependent demand and elasticity were estimates that are unlikely to be representative of individual goods. For example, Commodity 4 is labeled as food, beverage, and tobacco, but the elasticity of individual foods varies significantly. In addition, the size of the dataset was reduced in order to perform analysis and as a result, the average shortage was taken over a portion of the original data. Because of this, conclusions about the Swedish railway as a whole cannot be drawn, but the data used still provides an illustrative example to how the mathematical model can be applied.

Due to redundancy, a sample combination of β and γ values are shown, but data was collected for all combinations from 0.01 to 0.15. Trends for instances such as β = γ did not differ significantly, so only one selection, β = γ = 0.08, was shown. 

The weights assigned to commodities did not appear to influence shortage. This was because the capacity along each arc is constrained by commodity. As a result, the weight has no significant effect on the average shortage, since once the capacity for an arc has been reached, no more of that commodity may be carried, no matter how much higher the comparative weight may be. In applications where the capacity is a total constraint on an arc, instead of per commodity, it is likely that weights would have more adverse effects,





Chapter 7: Conclusion & Future Research

With the number of social media platforms and users increasing daily, it has become easier to create and distribute false information, which may ultimately harm physical systems and infrastructure. This paper provides a mathematical model to show how disinformation spreads through a multi-commodity system, using an both an epidemiological SIR model and an MIP model, with the goal of minimized the weighted shortage of a commodity. Doing so provides a better understanding of how quickly disinformation spread occurs from creation to peak impact and decline, as well as how to best propagate counter-information.

Through the application of the model to a multi-commodity Swedish railway dataset, results demonstrated how varying β and γ values affect the shortage of commodities. When γ is low, disinformation has a higher potential to create shortage, even when β is moderate, demonstrating the importance of counterinformation and the ability to recognize disinformation. As γ increases, the shortage is shown to quickly decrease, even as β increases. The combination of β = 0.15 and γ = 0.01 has the highest peak, with shortage increasing rapidly over the first 3 time steps, demonstrating the effectiveness of a thorough and swift attack. In any instance where γ is greater or equal to β, shortage has no significant change. 

Future research should determine how changing capacity to a total constraint on each arc affects shortage for differently weighted commodities, evaluating sensitivity of weights as well. Investigating the effect of disinformation spread on more specific multi-commodity model, such as paper, food, or petroleum products, would also allow model parameters to be more precise and better model specific systems. In addition, analyzing the spread of disinformation on different social media platforms could provide more insight into the rate at which content is propagated, and how to best launch counter-information to minimize the effects. In this model, β and γ values do not change over time, but naturally, it is likely the proportion of counter-information would increase through each time period. Modifying the spread of counterinformation to increase proportionally could more accurately model spread. Finally, applying this model to a real case of disinformation spread to validate its accuracy would both verify which aspects may model a real-life system more closely, and highlight gaps for which this model could be improved. 
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Shortage of Commodity 2
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β=0.01, γ=0.05	1	0.99797286882933345	0.99717148459794624	0.99687205649138411	0.99675412230611726	0.99671045014399884	0.99669377528031422	0.99668746340569192	β=0.03, γ=0.08	1	0.99766311470858848	0.99699351662310542	0.99678641969840798	0.99672561925113135	0.99670661008786943	0.9967010474819531	0.9966994294290501	β=0.08, γ=0.08	1	0.99987072017560863	0.99962281375085349	0.99930822273727316	0.99895051583144423	0.99857700740286059	0.9982361574107711	0.99792000320598606	β=0.08, γ=0.12	1	0.9979108940925514	0.99711003423755051	0.99681966872323291	0.9967163187232545	0.99667687036663477	0.99666302556529707	0.99665804402452896	β=0.12, γ=0.08	1	1.0052888195581442	1.0137055737634044	1.0206117072983227	1.0192533012927685	1.0120678595598751	1.0052205161736902	1.0009479344841152	β=0.05, γ=0.01	1	1.0059431624248676	1.0198582865694235	1.0494627677989947	1.094961990312727	1.1432750277609258	1.167053242880044	1.1638859580543601	β=0.15, γ=0.01	1	1.0876343802000688	1.2639273647089753	1.2347969485333989	1.1841292085226507	1.1445517666847829	1.1132538386243551	1.0883780690910148	β=0.08, γ=0.03	1	1.0083181031687245	1.0301176352179069	1.0666600613938972	1.0891598150210426	1.0806004605792496	1.0572573896899515	1.0359793255407164	
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β=0.01, γ=0.05	1	0.99847838997454808	0.99787685303487761	0.99765209559666101	0.99756357155774311	0.99753079025544045	0.99751827372956159	0.99751353589520686	β=0.03, γ=0.08	1	0.99824588832746175	0.99774327494631854	0.99758782395593792	0.99754218595450983	0.99752791730585888	0.99752374190537862	0.99752252736331404	β=0.08, γ=0.08	1	0.9999029533908107	0.99971685723828241	0.99948070290180235	0.99921218271733003	0.99893180078868538	0.99867593459974047	0.99843860682102759	β=0.08, γ=0.12	1	0.99843185926128775	0.99783071167937276	0.99761275528448856	0.99753517791287927	0.99753517791287927	0.99749517459289883	0.99749143531046636	β=0.12, γ=0.08	1	1	1.0062936702641931	1.0114577663289324	1.0104420114101891	1.0050690612364572	0.99994892580094474	0.996754081366233	β=0.05, γ=0.01	1	1.0044617181934803	1.0149082377603218	1.0371332491377392	1.0712909406773981	1.1075610512271215	1.1254121021359011	1.1230343222065549	β=0.15, γ=0.01	1	1.0657987388314025	1.1981652372196756	1.1762931746614569	1.1382501898815856	1.1085341611590738	1.0850346602815579	1.0663571246041483	β=0.08, γ=0.03	1	1.0062446906592424	1.0226103609812003	1.0500440369982582	1.0669353881225112	1.060509581703954	1.0429851228479363	1.0270109366970499	
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β=0.01, γ=0.05	1	0.99696433730139744	0.99576425106441913	0.99531585248658727	0.99513924407945265	0.99507384428913415	0.99504887340297654	0.99503942126557743	β=0.03, γ=0.08	1	0.99650044856460263	0.99549770660297987	0.99518757313483264	0.99509652275537075	0.99506805599886206	0.99505972584008651	0.99505730276036508	β=0.08, γ=0.08	1	0.99980642629830119	0.99943523021615277	0.99896418574106283	0.99842858283310221	0.9978693199359151	0.99735895727876167	0.99688557220095708	β=0.08, γ=0.12	1	0.99687157323482622	0.99567228917909156	0.99523746811835279	0.99508270195500903	0.99502362821717294	0.99500289568900746	0.994995435853958	β=0.12, γ=0.08	1	1.0079179582878071	1.0205187868816545	1.0308580462680523	1.0288243595499411	1.0180669443469772	1.0078157004317623	1.0014191646401036	β=0.05, γ=0.01	1	1.0088974088473455	1.0297295079597044	1.0740498805800038	1.1421660039501424	1.2144946424936804	1.2500926097795333	1.2453509207568334	β=0.15, γ=0.01	1	1.131160724066903	1.3950151091075049	1.3514161646152163	1.2755827137313114	1.2163479029604765	1.1695048843092617	1.1322737892040584	β=0.08, γ=0.03	1	1.0124527732976376	1.0450881740731099	1.0997947026752344	1.1334783833760229	1.1206644403080244	1.0857182555879248	1.053863528171308	
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β=0.01, γ=0.05	1	0.99847838997454963	0.9978768530348775	0.99765209559666224	0.99756357155774278	0.99753079025543989	0.99751827372956314	0.99751353589520597	β=0.03, γ=0.08	0.99998845439205208	0.99823436297179824	0.99773175539363379	0.99757630619802806	0.99753066872351914	0.99751640023960797	0.99751222488733526	0.99751101035929346	β=0.08, γ=0.08	1.000194818280185	1.0000977527645427	0.99991162035708236	0.99967542001342102	0.99940684751630704	0.99912641096413723	0.99887049492778268	0.99863312091327872	β=0.08, γ=0.12	1.0000212850936165	0.99845311097688139	0.99785195059948273	0.99763398956537697	0.99755641054252675	0.9975267988835016	0.9975164063710722	0.99751266700904861	β=0.12, γ=0.08	1.0004074392785245	1.0043795004795244	1.0107007338756568	1.0158874461015881	1.01486724268369	1.0094707616720964	1.004328202600989	1.0011193663435434	β=0.05, γ=0.01	1.0004370497619186	1.004900717948273	1.0153518031640036	1.0375865279773517	1.0717591481279662	1.1080451105208708	1.1259039632271992	1.1235251440897021	β=0.15, γ=0.01	1.0008431961482791	1.0666974162228231	1.1991755255326995	1.1772850205355752	1.1392099580574704	1.1094688728939959	1.0859495573278544	1.0672562728243029	β=0.08, γ=0.03	1.0004515528265365	1.0066990632934967	1.0230721235801461	1.0505181873511524	1.067417165812748	1.0609884578031403	1.0434560857281932	1.0274746863883983	


Shortage of Commodity 4

β=0.01, γ=0.05	1	0.99797286882933289	0.9971714845979468	0.99687205649138422	0.99675412230611737	0.99671045014399884	0.99669377528031411	0.99668746340569192	β=0.03, γ=0.08	0.99998461862017007	0.99764776927327958	0.99697818148713824	0.99677108774787748	0.99671028823579533	0.99669127936491964	0.9966857168445642	0.99668409881654885	β=0.08, γ=0.08	1.0002595423280431	1.0001302289500653	0.99988225818309973	0.99956758551983516	0.9992097857739235	0.99883618040409283	0.99849524194700312	0.99817900568681894	β=0.08, γ=0.12	1.0000283565933583	0.99793919144598353	0.99713830888132482	0.99684793513323011	0.99674458220259821	0.99670513272735783	0.99669128753342784	0.99668630585140083	β=0.12, γ=0.08	1.0005428019320568	1.0058344922716749	1.0142558151073793	1.0211656973049241	1.0198065539539656	1.0126172119494163	1.0057661518120127	1.0014912509568414	β=0.05, γ=0.01	1.000582249841089	1.006528872671334	1.020452098894711	1.050073817328774	1.095599531757584	1.1439406994641603	1.1677327594452518	1.1645636304684808	β=0.15, γ=0.01	1.0011233293462671	1.0888561518173556	1.2653471714093014	1.2361840321823667	1.185459375612355	1.145837475272621	1.1145043893311259	1.0896006761158568	β=0.08, γ=0.03	1.0006015712269014	1.0089246783271544	1.0307373243475775	1.0673017333957155	1.0898150222272558	1.0812505187241088	1.0578934053150173	1.0366025408946251	


Shortage of Commodity 5

β=0.01, γ=0.05	1	0.99746818529830927	0.99646728490859338	0.99609330985790889	0.99594601425690832	0.99589146928038774	0.99587064296897965	0.99586275966216875	β=0.03, γ=0.08	1	0.99708130224625724	0.99624499486086948	0.99598633718043494	0.99591039929441638	0.99588665743497817	0.99587970991151542	0.995877689013274	β=0.08, γ=0.08	1	0.99983854452946996	0.99952893822666877	0.99913605062520727	0.99868931628700253	0.99822284768396929	0.99779716567123178	0.99740232582569299	β=0.08, γ=0.12	1	0.99739079947715492	0.99639056107615009	0.99602790744089309	0.99589882787962358	0.99584955863369962	0.99583226709153105	0.99582604536829111	β=0.12, γ=0.08	1	1.006604655380366	1.0171154622505663	1.0257398124495987	1.0240434408047223	1.0150702917154539	1.0065193584042316	1.0011837765539013	β=0.05, γ=0.01	1	1.0074217231726781	1.0247987006017669	1.0617682882807573	1.1185869666086536	1.1789194905981422	1.2086133332930797	1.2046580802636668	β=0.15, γ=0.01	1	1.006604655380366	1.0171154622505663	1.0257398124495987	1.0240434408047223	1.0150702917154539	1.0065193584042316	1.0011837765539013	β=0.08, γ=0.03	1	1.0103874600856979	1.0376102252347497	1.0832435848647264	1.1113407709658503	1.100652041718327	1.0715017399942655	1.0449301722260107	


Shortage of Commodity 6

β=0.01, γ=0.05	1	0.99545778581757527	0.99366211572279006	0.99299118400809572	0.99272692763600567	0.9926290709619916	0.99259170741916192	0.99257756433515998	β=0.03, γ=0.08	0.99996553478007655	0.99472933181540013	0.99322897940476329	0.9927649422801943	0.99262870817257376	0.99258611479522896	0.99257365079723281	0.9925700252648022	β=0.08, γ=0.08	1.0005815592303227	1.0002918053811747	0.99973617466973586	0.99903108431614462	0.99822935865385576	0.99739221716344273	0.9966282727687561	0.99591967884706545	β=0.08, γ=0.12	1.0000635389176487	0.99538232454970477	0.99358777854484359	0.99293713502661396	0.99270555102548685	0.99261715617047208	0.99258613309848942	0.99257497059105881	β=0.12, γ=0.08	1.0012162620109197	1.0130734083354485	1.0319431551839069	1.0474262010621063	1.0443807542286678	1.0282715198150836	1.0129202771470935	1.0033414617385064	β=0.05, γ=0.01	1.0013046533565153	1.0146293138165365	1.045827233582189	1.1122009303246139	1.2142108785390067	1.3225294425910272	1.3758405621865284	1.3687394614819872	β=0.15, γ=0.01	1.0025170559073724	1.1991009160239019	1.5945662040433322	1.5292200505642748	1.4155607778912211	1.3267795681392589	1.2565711921831348	1.2007691794677025	β=0.08, γ=0.03	1.0013479469893738	1.0199976208040995	1.0688734466726146	1.1508037034579992	1.2012494670589691	1.1820588937796828	1.1297223635529032	1.0820156992157612	


Shortage of Commodity 10

β=0.01, γ=0.05	1	0.99797286882933156	0.99717148459794602	0.99687205649138333	0.99675412230611637	0.99671045014399795	0.996693775280313	0.99668746340569025	β=0.03, γ=0.08	1	0.9976631147085897	0.9969935166231052	0.99678641969840809	0.99672561925113012	0.99670661008786876	0.99670104748195287	0.99669942942904965	β=0.08, γ=0.08	1	0.99987072017560963	0.99962281375085393	0.99930822273727249	0.99895051583144456	0.99857700740286048	0.9982361574107721	0.99792000320598617	β=0.08, γ=0.12	1	0.99791089409255074	0.99711003423755007	0.99681966872323224	0.99671631872325361	0.99667687036663422	0.99666302556529618	0.99665804402452829	β=0.12, γ=0.08	1	1.005288819558144	1.0137055737634044	1.0206117072983225	1.0192533012927687	1.0120678595598751	1.00522051617369	1.000947934484115	β=0.05, γ=0.01	1	1.0059431624248669	1.0198582865694219	1.0494627677989938	1.0949619903127259	1.1432750277609254	1.1670532428800426	1.1638859580543579	β=0.15, γ=0.01	1	1.0876343802000694	1.2639273647089755	1.2347969485334003	1.1841292085226518	1.1445517666847842	1.1132538386243553	1.0883780690910161	β=0.08, γ=0.03	1	1.0083181031687241	1.030117635217906	1.0666600613938964	1.089159815021042	1.0806004605792494	1.0572573896899522	1.0359793255407164	


Shortage of Commodities: β=0.15, γ=0.01 

C1	1	2	3	4	5	6	7	8	1	1.1094216551047298	1.329543827524702	1.2931711351573443	1.2299066040482649	1.1804895923591998	1.141410510817205	1.110350236663068	C2	1	2	3	4	5	6	7	8	1	1.0439145697637189	1.1322569594673506	1.1176593815479534	1.0922692093530673	1.0724365098270277	1.0567527674175792	1.0442872405991763	C3	1	2	3	4	5	6	7	8	1	1.0657987388314003	1.1981652372196758	1.1762931746614544	1.1382501898815849	1.108534161159072	1.0850346602815566	1.0663571246041481	C4	1	2	3	4	5	6	7	8	1	1.0876343802000676	1.2639273647089735	1.2347969485333978	1.1841292085226494	1.144551766684782	1.1132538386243545	1.0883780690910132	C5	1	2	3	4	5	6	7	8	1	1.006604655380366	1.0171154622505663	1.0257398124495987	1.0240434408047223	1.0150702917154539	1.0065193584042316	1.0011837765539013	C6	1	2	3	4	5	6	7	8	1	1.1960902898939734	1.5905626688815777	1.5253805823584581	1.4120066781407574	1.3234483745898951	1.2534162733479077	1.1977543647682813	C7	1	2	3	4	5	6	7	8	1	1.0657987388313999	1.1981652372196741	1.1762931746614536	1.1382501898815842	1.1085341611590709	1.0850346602815555	1.0663571246041466	C8	1	2	3	4	5	6	7	8	1	1.131160724066903	1.3950151091075049	1.3514161646152163	1.2755827137313114	1.2163479029604765	1.1695048843092617	1.1322737892040584	C9	1	2	3	4	5	6	7	8	1	1.0876343802000688	1.2639273647089753	1.2347969485333989	1.1841292085226507	1.1445517666847829	1.1132538386243551	1.0883780690910148	C10	1	2	3	4	5	6	7	8	1	1.0876343802000694	1.2639273647089755	1.2347969485334003	1.1841292085226518	1.1445517666847842	1.1132538386243553	1.0883780690910161	C11	1	2	3	4	5	6	7	8	1	1.1094216551047291	1.3295438275247007	1.2931711351573425	1.2299066040482625	1.1804895923592003	1.1414105108172043	1.1103502366630686	C12	1	2	3	4	5	6	7	8	1	1.0657987388314025	1.1981652372196756	1.1762931746614569	1.1382501898815856	1.1085341611590738	1.0850346602815579	1.0663571246041483	C13	1	2	3	4	5	6	7	8	1	1.1528517468985631	1.4603416907611035	1.4095324650878731	1.3211578733538509	1.2521269620963813	1.1975371656327067	1.1541488878821655	C14	1	2	3	4	5	6	7	8	1	1.0219817110445577	1.0662020437017921	1.0588951352770699	1.0461859266576401	1.0362585455501725	1.0284079507339936	1.0221682537492649	


Shortage of Commodities: β=0.08, γ=0.08 

C1	1	2	3	4	5	6	7	8	1	1.0001836061422151	0.99987389298891383	0.99948086979513051	0.99903398128116172	0.99856735169172794	0.99814152276874923	0.99774654665713536	C2	1	2	3	4	5	6	7	8	1	0.99993524432971959	0.99981106914014439	0.99965349194629538	0.99947431820004362	0.99928722954361504	0.9991164993480347	0.99895813915889087	C3	1	2	3	4	5	6	7	8	1	0.99990295339081003	0.99971685723828252	0.99948070290180357	0.99921218271732959	0.99893180078868582	0.99867593459974202	0.99843860682102692	C4	1	2	3	4	5	6	7	8	1	0.99987072017560885	0.99962281375085382	0.99930822273727327	0.99895051583144479	0.99857700740286115	0.99823615741077187	0.99792000320598606	C5	1	2	3	4	5	6	7	8	1	0.99983854452946996	0.99952893822666877	0.99913605062520727	0.99868931628700253	0.99822284768396929	0.99779716567123178	0.99740232582569299	C6	1	2	3	4	5	6	7	8	1	0.99971041456193666	0.99915510679485531	0.99845042625473679	0.99764916657241198	0.99681251164639373	0.99604901127239698	0.99534082920052702	C7	1	2	3	4	5	6	7	8	1	0.99990295339081126	0.9997168572382833	0.99948070290180357	0.99921218271733014	0.9989318007886856	0.9986759345997418	0.99843860682102747	C8	1	2	3	4	5	6	7	8	1	0.99980642629830119	0.99943523021615277	0.99896418574106283	0.99842858283310221	0.9978693199359151	0.99735895727876167	0.99688557220095708	C9	1	2	3	4	5	6	7	8	1	0.99987072017560863	0.99962281375085349	0.99930822273727316	0.99895051583144423	0.99857700740286059	0.9982361574107711	0.99792000320598606	C10	1	2	3	4	5	6	7	8	1	0.99987072017560963	0.99962281375085393	0.99930822273727249	0.99895051583144456	0.99857700740286048	0.9982361574107721	0.99792000320598617	C11	1	2	3	4	5	6	7	8	1	0.9998385445294693	0.99952893822666877	0.99913605062520772	0.99868931628700275	0.99822284768396896	0.99779716567123211	0.99740232582569233	C12	1	2	3	4	5	6	7	8	1	0.9999029533908107	0.99971685723828241	0.99948070290180235	0.99921218271733003	0.99893180078868538	0.99867593459974047	0.99843860682102759	C13	1	2	3	4	5	6	7	8	1	0.99977436532856168	0.99934168927133216	0.99879262726323537	0.99816831422330199	0.99751642246865457	0.99692153013849605	0.99636973986142474	C14	1	2	3	4	5	6	7	8	1	0.9999675931475307	0.99990544990923957	0.99982659070121249	0.99973692353946386	0.99964329537591878	0.99955785377310136	0.99947860271656375	


Shortage of Comodities: β=0.05, γ=0.01 

C1	1	2	3	4	5	6	7	8	1	1.007421723172677	1.0247987006017669	1.0617682882807569	1.1185869666086543	1.1789194905981444	1.2086133332930802	1.2046580802636664	C2	1	2	3	4	5	6	7	8	1	1.0029773820352443	1.0099485259623959	1.0247796620267313	1.0475736827930389	1.0717773574502332	1.0836896737331623	1.0821029398924316	C3	1	2	3	4	5	6	7	8	1	1.0044617181934801	1.0149082377603225	1.0371332491377385	1.0712909406773972	1.1075610512271228	1.1254121021359005	1.123034322206556	C4	1	2	3	4	5	6	7	8	1	1.0059431624248674	1.0198582865694226	1.0494627677989941	1.0949619903127259	1.1432750277609254	1.1670532428800424	1.1638859580543579	C5	1	2	3	4	5	6	7	8	1	1.0074217231726781	1.0247987006017669	1.0617682882807573	1.1185869666086536	1.1789194905981422	1.2086133332930797	1.2046580802636668	C6	1	2	3	4	5	6	7	8	1	1.0133072990476526	1.0444645693759913	1.1107517842809964	1.2126288182810292	1.3208062482858949	1.3740479059739867	1.366956057673135	C7	1	2	3	4	5	6	7	8	1	1.0044617181934801	1.0149082377603214	1.0371332491377383	1.0712909406773976	1.1075610512271217	1.1254121021359005	1.1230343222065553	C8	1	2	3	4	5	6	7	8	1	1.0088974088473455	1.0297295079597044	1.0740498805800038	1.1421660039501424	1.2144946424936804	1.2500926097795333	1.2453509207568334	C9	1	2	3	4	5	6	7	8	1	1.0059431624248676	1.0198582865694235	1.0494627677989947	1.094961990312727	1.1432750277609258	1.167053242880044	1.1638859580543601	C10	1	2	3	4	5	6	7	8	1	1.0059431624248669	1.0198582865694219	1.0494627677989938	1.0949619903127259	1.1432750277609254	1.1670532428800426	1.1638859580543579	C11	1	2	3	4	5	6	7	8	1	1.0074217231726772	1.0247987006017678	1.0617682882807571	1.1185869666086539	1.1789194905981433	1.20861333329308	1.2046580802636666	C12	1	2	3	4	5	6	7	8	1	1.0044617181934803	1.0149082377603218	1.0371332491377392	1.0712909406773981	1.1075610512271215	1.1254121021359011	1.1230343222065549	C13	1	2	3	4	5	6	7	8	1	1.0103702278266304	1.0346507366364019	1.0863076144217549	1.1656992362000389	1.2500006854146901	1.2914913078254335	1.2859647105551399	C14	1	2	3	4	5	6	7	8	1	1.0014901454738931	1.0049791228533267	1.012401935921097	1.023810081222795	1.0359237420882976	1.0418857194168569	1.0410915773742677	


Shortage of Commodity 1 

β=0.01, γ=0.05	1	0.9976016988660682	0.99660066450337581	0.99575065263786788	0.99607932407833299	0.99602477180083393	0.99600394270177306	0.99599605833976157	β=0.03, γ=0.08	1	0.99708130224625791	0.99624499486087004	0.99598633718043361	0.99591039929441705	0.99588665743497862	0.9958797099115152	0.99587768901327389	β=0.08, γ=0.08	1	1.0001836061422151	0.99987389298891383	0.99948086979513051	0.99903398128116172	0.99856735169172794	0.99814152276874923	0.99774654665713536	β=0.08, γ=0.12	1	0.99739079947715537	0.99639056107615009	0.99602790744089365	0.99589882787962269	0.99584955863369939	0.99583226709153105	0.99582604536829167	β=0.12, γ=0.08	1	1.0066046553803671	1.0171154622505665	1.0257398124495984	1.024043440804723	1.015070291715453	1.0065193584042325	1.001183776553902	β=0.05, γ=0.01	1	1.007421723172677	1.0247987006017669	1.0617682882807569	1.1185869666086543	1.1789194905981444	1.2086133332930802	1.2046580802636664	β=0.15, γ=0.01	1	1.1094216551047298	1.329543827524702	1.2931711351573443	1.2299066040482649	1.1804895923591998	1.141410510817205	1.110350236663068	β=0.08, γ=0.03	1	1.0103874600856972	1.0376102252347494	1.0832435848647262	1.1113407709658503	1.1006520417183259	1.0715017399942652	1.04493017222601	
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