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ABSTRACT

In  the  wozk of previous in v e s tig a to rs , the  a n a ly s is  o f d ie le c t r ic  

coatings and sheets of d ie le c t r ic s  has been through the  so lu tio n  o f the  

tra n sp o rt equation as app lied  to  f lu x  ra th e r  than in te n s i ty .  In  th is  

vay the  d ire c tio n a l dependency o f in te n s i ty  i s  neg lected .

In  th i s  in v es tig a tio n  th e  d ire c tio n a l  dependency o f in te n s ity  i s  

accounted fo r  through the  so lu tio n  of the  tra n sp o rt equation a t  descre te  

angular p o s it io n s . The model employed i s  in f in i te  in  ex ten t bu t o f f in i t e  

th ick n ess, th e re fo re  allow ing the  assumption of a x ia l  symmetry. I n i t i a l l y  

a l l  in te r fa c e s  a re  assumed to  be p e rfe c tly  amooth specu lar r e f le c to r s .

F re sn e l 's  law i s  used to  determine the d ire c tio n a l em lttance of the 

conductor in to  various d ie le c t r ic s ,  and these  are  found p lo tte d  in  the 

th e s is .  P re sn e l 's  law i s  a lso  used to  determine the re flec tan ce  o f the  

d ie l e c t r i c - a i r  in te r fa c e .

Emittance o f various coating-conductor combinations with varying 

th icknesses are  ca lcu la ted , and the  curves a re  p resen ted . These a re  nu­

m erica lly  in teg ra ted  to  ob tain  the  hem ispherical em ittance and a  compari­

son i s  given to  those values found by using  the  a tten u a ted  f lu x  approach.

Ihe an a ly sis  i s  then c a rr ie d  on to  nonisotherm al coatings w ith both 

l in e a r  and parabo lic  tem perature p ro f i le s  imposed on the  coating . The d i-  

mensionless f lu x  r a t io  i s  p lo tte d  fo r  sp e c if ic  cases.

Ihe same procedure i s  followed on a  sheet o f d ie le c t r ic  m a te ria l, 

and in  a d d itio n  the  d ire c tio na l  transm ittance  i s  obtained .

Ihe ana ly s is  of the coatings i s  then modified using  the combined

i i i



d iffu se  and specu lar re f le c tio n  a t  the  d ie le c tr ic -c o n d u c to r  in te r fa c e . 

Biese values a re  p lo tte d  fo r  hem ispherical values only w ith two values 

o f surface roughness.

For the  iso theim al coating , s c a tte r in g  i s  considered w ith the  sca t­

te r in g  medium being sp h e rica l a i r  bubbles. These re s u l ts  a re  a lso  p lo tte d  

f o r  hem ispherical va lues.
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A RADIATIVE HEAT TRANSFER ANALYSIS OF 

DIATHEBMANOUS SHEETS AND COATINGS

CHAPŒER I  

INTROEÜCTEON

Die cu rren t a c t iv i t i e s  o f th e  aerospace in d u s tr ie s  in  the  nrea  of 

ceramic coatings as a  h ea t sh ie ld  have increased  i n te r e s t  in  the  e f f e c t  

o f ceramic coatings on thezmal ra d ia tio n . Peihaps even more in te r e s t  

has been generated through the  need o f e i th e r  h ig ^ y  re f le c t iv e  o r  hig^hly 

absorbing coatings on s a t e l l i t e s .  S t i l l  ano ther a rea  of in te r e s t  i s  in  

the  study of frequency se le c tiv e  coa tings . They might a ls o  find  ap p lica ­

t io n  as p a in ts  o r  windows in  houses o r automobiles function ing  in  d i f f e r ­

e n t lo ca tio n s as e i th e r  good s o la r  absorbers fo r  cold clim ates o r  good 

s o la r  re f le c to rs  f o r  the more a r id  reg ions.

For years p h y s ic is ts  have stud ied  ra d ia tio n  in  tran sp a ren t media in  

r e la t io n  to  t h e i r  in te r e s t  in  o p tic s . While most o f t h e i r  in te r e s t  has 

been in  th in  f ilm  o p tic s , they have a lso  done work considering coatings 

o f th ickness much g re a te r  than a wavelength.

The study of the  e f fe c t  o f p ro te c tiv e  coatings on o p tic a l instrum ents 

and the  e f fe c t  o f co rrosive , oxide o r  l iq u id  film s on the  o p tic a l proper­

t i e s  o f m ate ria ls  has been a  m ajor f a c to r  in  encouraging the woik in  th in  

f ilm  o p tic s . The p h y s ic is t  has been involved in  the  o p tic s  of sheets  o f

1
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a d ie le c t r ic  in  re la tio n  to  the glassnaking in d u s try  f o r  yeaz^i b u t t h e i r  

in te r e s t  in  o p tic a lly  th ick  coatings has been cen tered  around problems 

such as the d e s ire  to  know th e  e f fe c t  th a t  a  backup o r  holding p la te  fo r  

a  sample o f a  d ie le c t r ic  mlgbt have on the measurements o f  the  d ie le c ­

t r i c ' s  re f ra c tiv e  index.

Radiative h e a t t r a n s fe r  owes much o f i t s  theory  to  the  work o f physi­

c i s t s  working in  the area o f o p tics  and electrom agnetic  wave th eo ry , bu t 

t h i s  indebtedness has o ften  tim es become a handicap. For example, most, 

i f  no t a l l ,  o f th e  equations in  op tics involve the  use o f  th e  re f ra c t iv e  

index o f the medium in  which the  photons o f l ig h t  a re  tra v e lin g . Since 

t h i s  i s  normally a i r  w ith a  re f ra c tiv e  index o f u n ity , the  form ulas have 

become nearly  standard ized  w ith u n ity  su b s ti tu te d  f o r  the  r e f ra c tiv e  index . 

When engineers work in  media o ther than  a i r ,  they  have a tendency to  con­

tin u e  to  use th ese  sim p lified  form ulas. Nearly a l l  o f the  h ea t t r a n s f e r  

te x ts  have d ire c tio n a l  em ittance curves fo r  both d ie le c t r ic s  and conduc­

to r s ,  bu t these curves are  fo r  em ittance in to  a i r .  When th e  d ie le c t r ic  

o r conductor em its in to  a  medium o th er than a i r ,  th e  em ittance curves 

change form since the re f ra c tiv e  index o f the e m itte r  to  the  surrounding 

medium determines the shape o f the em ittance curve. These curves fo r  

em ittance in to  d ie le c t r ic s  a re  not re a d ily  a v a ila b le .

I t  has long been known th a t  a  d ie le c t r ic  coating  on a  conductor tends 

to  change the  form o f the em ittance curve from th a t  o f th e  conductor to  

more n early  th a t  o f the d ie le c t r ic .  In  the  p a s t t h i s  has o ften  been ex­

p la ined  by s ta t in g  th a t  em ittance i s  a  surface p ro p erty , o r  j u s t  a s  o ften  

i t  has been used to  v e rify  the  assumption th a t  em ittance i s  a  su rface  prop­

e r ty .  However, th e  more rigorous in v e s tig a to rs , r e a liz in g  th a t  any
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emissloii o f  energy would n e ce ssa rily  be a sso c ia ted  w ith seme elem ental 

volume o f mass, have s ta te d  th a t  th e  em lttance I s  d if fe re n t  because of 

the combined em ission o f the  conductor and the  d i e l e c t r i c • While th is  

statem ent I s  q u ite  reasonable, th e re  has been to  the  a u th o r 's  knowledge 

no th e o re tic a l  ju s t i f i c a t io n ,  as f o r  exanqple curves showing th e  change 

in  d ire c tio n a l em lttance f o r  d if f e re n t  coatings and coating th icknesses 

on various conductors. What l i t t l e  work has been done In  the  ra d ia tiv e  

h ea t t r a n s fe r  ana ly sis  o f coatings has la rg e ly  used the approach of 

Hamaker (9 )* In  th is  approach the  tra n sp o rt equation I s  app lied  to  the  

flu x  ra th e r  than the In te n s ity  and th e re fo re  the  d ire c tio n a l dependency 

of the In te n s ity  I s  neg lected .

I t  I s  the  purpose o f th is  work to  con tribu te  to  the  s ta te  o f the  a r t  

of ra d ia tiv e  h ea t t r a n s fe r  an a ly sis  o f  dlathermanous m ateria ls  by supply­

ing  some a n a ly tic a l  to o ls  whlcii w i l l  provide a  more accurate  approach to  

the problem.



CHAPTER I I  

LITERATURE SURVEY

In v es tig a to rs  in  the  area  of ra d ia n t hea t t r a n s fe r  have one d e f in ite  

advantage over engineers working in  many o th er a re a s . This advantage i s  

in  the  development o f a l i t e r a tu r e  survey. The advent o f the  space age 

has g re a tly  renewed in te r e s t  in  rad ia n t h ea t t r a n s fe r .  However, the  

amount o f wozk done in  th is  area  s t i l l  does not even compare to  the  vo l­

umes o f m a te ria l a v a ila b le  in  such a reas as s tr e s s  a n a ly s is , f lu id  flow 

o r even the o th er modes o f heat t r a n s fe r .  L est one should be led  a s tra y , 

i t  should be pointed out th a t  even though th e re  has been le s s  work done 

in  the  ra d ia tio n  a rea  than  some o th e r a reas , the  amount o f l i t e r a tu r e  

a v a ila b le  I s  ex tensive . Vast amounts o f l i t e r a tu r e  re la te d  to  th is  paper 

e x is t  In  a l l  a reas of rad ia tiv e  h ea t t r a n s fe r  and even in  areas one m i^ t  

th in k  a re  u n re la ted . I t  I s  not the purpose of th i s  woik to  make a  com­

p le te  l i t e r a tu r e  survey In  the rad ia n t heat t r a n s fe r  a re a ; I t  I s  only 

hoped th a t  those a r t i c l e s  which a re  p e rtin e n t to  the p a r t ic u la r  problems 

Involved In  th is  woik have been uncovered.

Seversü. In v e s tig a to rs  have made s tu d ies  re la t in g  the  e f fe c t  th ickness 

has on the  em lttance o f  a  d ie le c tr ic  sh e e t. Mctfahon (17) developed ana­

l y t i c a l ly  the  apparent em iss iv ity , tran sm iss iv ity  and r e f le c t iv i ty  o f p a r ­

t i a l l y  tran sp a ren t bodies by considering an I n f in i te  number o f in te rn a l

h
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r e f le c t io n s . His approach gives these p ro p e rtie s  f o r  u n id ire c tio n a l rad i­

a tio n  only as a  fu n c tio n  o f th ickness and wavelength. FUnk (7) has devel­

oped general fo m u las  fo r  the  absorp tion  and emission o f a rb i tr a ry  absorb­

e rs  and sp e c if ic a lly  fo r  s la b s . T hrou^  the  consideration  of each term 

o f th e  tra n sp o rt equation  sep ara te ly  and assuming an I n f in i te  number of 

in te rn a l  re f le c t io n s ,  h is  equations a re  form ulated considering both In te r ­

n a l and ex te rn a l re f le c tio n s  and a gray medium. Gardon (8 ), whose approach 

I s  most s im ila r  to  one used In  th is  paper, has developed equations fo r  both 

the  d ire c tio n a l  and hem ispherical em lttance. His approach u t i l iz e d  the 

volume em issive power o f the d ie le c t r ic  a ttenua ted  by the  well-known ex­

p o n en tia l r e la t io n . He uses the  boundary condition considering  an I n f i ­

n i te  number of in te rn a l  re f le c tio n s  and a lso  considers the e f fe c t  o f the 

re f ra c t iv e  index on the em ission. L alkln  (13) has stud ied  the re f le c tio n  

and transm ission  o f th in  d ie le c t r ic  f ilm s . His s tu d ies  a re  fo r  film s le s s  

than  one wavelength In  th ickness fo r  normal incidence a lone . Qhe r e f le c t ­

ance and transm ittance  f o r  various th icknesses o f a  d ie le c t r ic  sheet has 

been evaluated  by Boehringer (3 ); however, h is  a n a ly sis  I s  fo r  hemispheri­

ca l p ro p e rtie s  considering s c a tte r in g .

In  a l l  o f the papers mentioned, consideration  was given only to  the 

Iso therm al sh ee t. However, In  th is  work an a n a ly tic a l  approach w ill  be 

given which w ill  consider both an Isotherm al and a  nonisotherm al d ie le c ­

t r i c  considering  the  surfaces as specu lar r e f le c to rs , and the assumption 

o f an in f in i t e  number o f In te rn a l re f le c tio n s  I s  avoided.

U n til recen tly  the  major in te r e s t  has been in  the  d ie le c tr ic  I t s e l f  

ra th e r  than in  a d ie le c t r ic  coating  on a conductor. Hamaker (9) stud ied  

ra d ia tio n  and combined ra d ia tio n  and conduction in  l i ^ t - s c a t t e r i n g
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m a te ria l. His approach i s  to  apply th e  tra n sp o rt  equation  to  the  f lu x  

ra th e r  than  the  in te n s i ty  considering the  su rfaces as d iffu se  r e f le c to r s .  

Richmond ( l8 )  has used a  s im ila r  approach considering the  in te r fa c e s  to  

r e f le c t  specu la rly  ly  F re sn e l 's  la v .  Both of these  approaches consider 

only iso tro p ic  s c a tte r in g . The vork o f Cess and Sotak (4 ) so lves the  

tra n sp o rt equation between two p a ra l le l  p la te s  separated  by an em itting  

and absorbing medium. One p la te  i s  an iso therm al specu la r r e f le c to r  and 

a  d iffu se  e m itte r , while the  o th er p la te  i s  an is o th e m a l b lack  body.

The in v e s tig a to rs  who have app lied  the  tra n sp o rt equation  to  the  

flu x  have ignored the d ire c tio n a l dependency o f the  in te n s i ty .  In  th is  

paper the  tra n sp o rt equaid-on fo r  in te n s i t ie s  i s  solved f o r  both the  is o ­

therm al and nonisotherm al coatings, ühe a n a ly s is  i s  f o r  both an absorb­

ing  and em itting  medium and fo r  an absorbing, em itting  sc a tte r in g  

medium, ühe method of so lu tio n  follow s the  work of Love ( l6 )  and in ­

cludes h is  an a ly s is  of an iso tro p ic  s c a t te r in g . Qhe a i r - d ie l e c t r i c  in ­

te rfa c e  i s  assumed to  be a  specu lar r e f le c to r  and d ie lec tr ic -co n d u c to r  

In te rfa c e  I s  f i r s t  assumed to  be a  sp ecu la r r e f le c to r  and then a ccmbi- 

na tlon  o f both a  d iffu se  and specu lar r e f le c to r  as ou tlined  hy BLrkebak 

(1).

Qhis paper a lso  includes d ire c tio n a l  transm ittance  and absorbance of 

coatings and d ie le c t r ic  sh e e ts . Also th e  tem perature p ro f i le  i s  d e te r ­

mined hy considering uni d ire c tio n a l ra d ia tio n  in c id en t on the  surface and 

combined conduction and ra d ia tio n  w ith in  the  medium. Vlskanta (23) has 

stud ied  coohlned conduction and ra d ia tio n  in  an iso tro p ic  s c a tte r in g  me­

dium. SLs dlm ensionless form of the  governing equation has been used in  

t h i s  work, bu t the  ra d ia tio n  term i s  q u ite  d i f f e r e n t .



CHAPTER I I I  

DEFTSITIONS AND CONCEPTS

In  examining the  l i t e r a tu r e  In  the rad ian t heat t r a n s fe r  a re a , one 

fin d s  a  wide v a r ia tio n  In  the  d e f in itio n s  o f the various p ro p e r tie s . This 

ambiguity In  the  term inology can cause one a g rea t deal of d i f f ic u l ty  when 

gathering  a l i t e r a tu r e  survey In  the  a re a .

While I t  would be most b e n e f ic ia l to  have a standardized nomenclature 

In  th i s  a re a . I t  I s  no t the In te n t  o f th is  work to  attem pt such a stand­

a rd iz a tio n . However, In  reading the  l i t e r a tu r e ,  one does soon re a liz e  the 

value o f c le a r ly  defin ing  a l l  the  terminology to  be used in  any p a r t ic u la r  

paper. With th is  In  mind. I t  I s  the  In te n t o f th is  chap ter to  c le a r ly  de­

f in e  a l l  o f the id iyslcal q u a n tit ie s  Involved. Bie d e fin itio n s  given here 

w il l  follow  e x p l ic i t ly  those given by Love ( l$ ) .

The word monochromatlc, meaning one co lo r, w il l  be used In  th is  work 

to  denote th a t  the  property  I s  being observed a t  a  p a r t ic u la r  frequency 

given by the  Greek symbol u* The choice of constant frequency over con­

s ta n t  wavelength I s  made because th e  frequency does not change when going 

from one medium to  ano ther. Remembering th a t  the  frequency and wavelength 

of ra d ia tio n  a re  In te r re la te d  and th a t  a l l  of the  laws of experim ental op­

t i c s  except th a t  o f d if f ra c t io n  a re  Incorporated In  the  study o f rad ian t 

h ea t t r a n s fe r ,  one re a liz e s  th a t  the  la rg e r  the  wavelength of the ra d ia tio n

7
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to  be considered, the la rg e r  in  s ize  must be the  bounding space,

l )  Monochromatic in te n s i ty  o f ra d ia tio n . Qhe ra d ia tin g  e le c tro ­

magnetic energy leav ing  a  d i f f e r e n t ia l  element o f a rea  o f an 

imaginaly  plane w ith in  the  time in te rv a l  t ,  t  + d t ,  having a  

d ire c tio n  o f propagation contained in  th e  d i f f e r e n t ia l  so lid  

angle dw about a normal d ire c tio n  to  th e  plane and c h a rac te r­

ized  hy a  frequency w ith in  the  frequency in te rv a l  u , l) + di). 

M athematically i t  may be expressed as

u dw dUdtA

where e rep resen ts  a  q u en tily  of monochromatic ra d ia n t energy.

2 ) I  In te n s ity  of r a d ia t io n . Bie ra d ia tin g  electrom agnetic  energy 

leav ing  a d i f f e r e n t ia l  element of a rea  o f an im aginary plane 

w ith in  the time in te rv a l  t ,  t  + d t ,  having a  d ire c tio n  o f p ro ­

pagation  contained in  the d i f f e r e n t ia l  so lid  angle dcu about a 

normal d ire c tio n  to  the p lan e . M athem atically expressed, i t  i s

^ “ d w d t d A ' J *

Here one must show care in  th e  s ize  o f th e  accounting p e rio d . 

According to  Planck ( l 4 ) , th e  time in te rv a l  i s  even more impor­

ta n t  than  the dimensions o f th e  system since  in te n s i ty  i s  the  

energy tran sm itted  hy the  ray  p e r u n it  tim e. This ing>lies the 

assumqption th a t  th e  u n it  o f time chosen i s  la rg e  compared w ith 

the  period  o f v ib ra tio n  corresponding to  the  co lo r o f the  ray .
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To avoid th i s  d i f f ic u l ty ,  the  period o f  time used in  d efin ing  

the  in te n s i ty  in  d i f f e r e n t ia l  form i s  la rg e  compared w ith the 

frequencies contained.

3) Monochromatic rad ia tio n  f lu x . Die ra d ia tin g  electrom agnetic

energy leav ing  a  d i f f e r e n t ia l  element o f surface a rea  of an 

imaginary plane in  a l l  d ire c tio n s  contained in  the  hemispheri­

ca l so lid  angle hounded hy the plane, w ith the  timp in te rv a l  

t ,  t  + d t ,  and charac terized  hy a frequency in  the  in te rv a l  u , 

u  + du.
2ir

= J* I^cosôdtü

idle re 6 i s  the  angle between the d ire c tio n  o f th e  in te n s i ty  

and the  normal to  the imaginary p lane . Noting th a t  in  spheri­

c a l coordinates dco = sin6d6d0 , \diere 0  I s  an azim uthal angle ,

2tT ÏÏ
= J* J* I^ co s6s ln 0d0d0 .

T his i s  o ften  w ritte n  l e t t in g  fi = cos0 .

2ff 1
'  J" I  »0 0

U) Net monochromatic ra d ia tio n  f lu x . The d iffe ren ce  formed ly

su b trac tin g  the  monochromatic rad ia tio n  f lu x  leav ing  the  a rb i­

t r a r i l y  designated negative side  of a  d i f f e r e n t ia l  element of 

a rea  of an imaginary surface frrm  the monochromatic ra d ia tio n  

f lu x  leav ing  th e  p o s itiv e  s id e .
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2ïï +1

%  " 4  -  s i  '  J", f

5) q  B adlatlan  f lu x . Œhe ra d ia tin g  electrom agnetic energy leav ing  

a  d i f f e r e n t ia l  element o f an imaglnaxy surface v lth in  the time 

in te rv a l  t> t  + d t  in  a U  d irec tio n s  contained w ithin the  hemi- 

s id ie rica l so lid  angle hounded hy the  su rface .

6) Q Net ra d ia tio n  f lu x . The d ifference  foitned hy su b trac tin g  the

ra d ia tio n  f lu x  leav ing  th e  a ih i t r a r l ly  designated negative side 

of a d i f f e r e n t ia l  element o f area  o f an imaginary surface from 

the ra d ia tio n  flu x  leav in g  the p o s itiv e  s id e .

2tr "*i
Q = q. J

o -1

Having presented the  d e fin itio n s  of the  b asic  ra d ia tio n  p ro p e rtie s , 

a t te n t io n  w il l  now he given to  a  few b asic  concepts, some o f which a re  

developed in  most te x ts  in  the area  and o thers idiich a re  no t so re a d ily  

found in  the  l i t e r a tu r e .

I t  can e a s i ly  he shown th a t  f o r  an iso la te d , evacuated enclosure, 

vblch  i s  in  theimodynami c equ ilib rium  with i t s  hounding su rfaces, Ihe rad i­

a tio n  f ie ld  must he iso tro p ic  and, even more r e s t r i c t iv e ,  must correspond 

to  the in te n s i ty  of ra d ia tio n  em itted  hy a black surface a t  the t e n ^ ra ­

tu re  o f the  enclosure . This re la tio n sh ip  was f i r s t  developed hyK trchhoff
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as a  consequence o f the second la v  o f thezmodynamics. Next, consider an 

enclosure in  thermodynamic equ ilib rium  containing a  d if fe re n t  medium.

Using th e  same reasoning, namely th a t  there  cannot be a  d irec ted  flow  o f 

energy v i th in  the  enclosure , (me determ ines th a t  the ra d ia tio n  f ie ld  i s  

again  is o tro p ic .  A d irec te d  flow i s  no t perm issable in  the s ta te  o f th e r ­

modynamic equ ilib rium , since evezy ray must have ju s t  th e  same in te n s i ty  

as the  one tra v e lin g  in  ex ac tly  the  opposite d ire c tio n .

Since the  ra d ia tio n  i s  iso tro p ic  in  any hcmiogeneous enclosure in  

thermodynamic equ ilib rium , i t  follow s th a t  i f  two d i f fe re n t  media a re  

w ith in  th e  enclosure , the  ra d ia tio n  w ith in  each w ill  be is o tro p ic , ühis 

can be shown by f i c t i t i o u s ly  p lac ing  a  p e rfe c t in s u la to r  between the  two 

media. The in s u la to r  in  no way d is tu rb s  the thermodynamic equilibrium ; 

th e re fo re , the  in te n s i ty  a lso  must be iso tro p ic  in  each medium when the  

in s u la to r  i s  removed.

Having determined th a t  th e  in te n s i ty  w ith in  an enclosure in  thermo­

dynamic equilib rium  i s  is o tro p ic , i t  now becomes d e s irab le  to  know the  re ­

la tio n sh ip  between any two media w ith in  the  enclosure . To determine th is  

re la tio n sh ip , considera tion  i s  given to  a  p e rfe c tly  smooth in te rfa c e  be­

tween two media in  thermodynamic equ ilib rium . (See Figure l )  The in te n ­

s i ty  w ith in  the  f i r s t  medium w il l  be denoted by and the  in te n s i ty
1

w ith in  th e  seccmd medium by • S im ila rly  the in te n s i ty  I  i s  contained
2 1 

w ith in  th e  so lid  a n ^ e  do^ and i s  contained w ith in  th e  so lid  angle do^.

The in te r fa c e  w il l  have a  d ire c tio n a l r e f le c t iv i ty  and em iss iv lty  given 

by P re sn e l’s equations, bu t fo r  s im p lic ity  considera tion  w ill  be given to  

a  m onodirectional oblique ray , and th e re fo re , the c o e f f ic ie n t o f re f le c ­

tio n  in  medium 1 w i l l  be given by and in  medium 2 w il l  be given by
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Ihe f ra c tio n  transm itted  through the In te rfa c e  frcan medium 2 In to  medium 1 

w il l  be given by Tg, where K lrchhoff 's  re la tio n sh ip  Tg = 1 -  Pg.

medium 1

- In te rfac e
Area dA

medium 2

Figure 1

^  the previous d e f in i t io n s ; the energy leav ing  th e  element of area 

In  the d ire c tio n  6^ In to  medium 1 I s  given by

dAdtducos0^dü^I^ .

This energy I s  conçosed o f th a t  energy In c id en t on the In te rfa c e  from me­

dium 1 a t  the  same angle 0^, and re f le c te d  In to  0^, which I s  given by

p^dAdtducos0^da^I^ ,
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and th a t  energy transm itted  from medium 2 a t  the  a n ^ e  and re fra c te d  

in to  medium 1 a t  the angle 6^, which i s  given ty

( l  -  p^jdAdtducosOgdo^Iy ,

Therefore,

dAdtducosO^dù^I^ = p^dAdtdt)cos0^do^I^ + ( l  -  p^)dAdtducos02dp^Iy ,

o r

ly^cos0idü^(l -  Pĵ ) = Iy^cos0gdc^(l -  pg),

which gives
p  -  p g ]  cos0g-do^

V  ~ ■ P l J  =0i 5^

5y d e f in itio n ,

du^ = sin0gd0gd0 and do^ = sin0^d0^d0.

]Qy now re c a llin g  S n e ll 's  law of re fra c tio n  fo r  a  p e rfe c tly  smooth su r­

face , namely

n^sin0^ = ngSin0g,

where n̂  ̂ and ng a re  the respec tive  re f ra c tiv e  in d ices  o f medium 1 and 

medium 2 , a  fu r th e r  s im p lific a tio n  can be performed. Squaring both 

sides of th e  equation y ie ld s

? P P o
n^sin  0^ = UgSin 0^,
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and upon d i f fe re n t ia t in g  bo th  sides, the  equation becomes

n^Ssinfi^cosOj^dO^ = UgSsinOgCosOgdOg,

2sin6gCosG^d6g cosOgdt^ n^ 
sinO^cosG^dG^ ~ cosG^da^ ” ^2

2

S u b s titu tin g  th is  in to  th e  re la tio n sh ip  fo r  in te n s i t ie s  y ie ld s

However, the  c o e ff ic ie n ts  o f re f le c t io n  on both sides o f th e  in te r ­

face a re  equal as a  r e s u l t  o f Helm holtz's re c ip ro c ity  law. This meems 

th a t  th e  in te n s i t ie s  o f two d if fe re n t  media in  theimodynamic equilibrium  

a re  re la te d  d ir e c t ly  to  each o ther by inverse  r a t io  of t h e i r  re f ra c tiv e  

ind ices squared. Namely,

I V
This u se fu l concept allow s one to  look a t  a  more sp e c if ic  concept 

which w il l  be needed to  c o rre c tly  analyze the problem of d ie le c t r ic  

co a tin g s.

Consider th e  isothexm al enclosure shown with a  vacuum w ith in . I t  i s

rea d ily  shown th a t  the  in te n s ity  

w ith in  the  enclosure i s  th a t  of a  

b lack  surface em itting  a t  the  same 

tenqiera tu re ,

Vacuum
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Nov extend the enclosure to  Include a m etal coated w ith a  d ie le c t r ic  

as shown. Qhe in te n s i ty  in  the  evacuated p o rtio n  i s  s t i l l  I^^(T ), hu t

the in te n s i ty  in  the  d ie le c t r ic  

i s  n^I^^(T). At th e  d ie le c t r ic -  

conductor in te rfa c e  A, i f  i t  i s  

assumed th a t  the in te rfa c e  re­

f le c ts  specu larly , the  in te n s i ty  

can he given hy

Vacuum

D ie lec tric

In te rfac e  A

Conductor

o r

2Therefore, th e  em itted energy must he n where equals ( l  -  p^)

hy d e f in i t io n .

Ib is  concept, so f a r  as the  au tho r has heen ah le  to  d e te m in e , has 

no t heen h r o u ^ t  out c le a r ly  anyiAere in  the l i t e r a t u r e . I t  should he 

noted from the ahove d iscussion , th a t  i t  i s  possib le  to  have in te n s i t ie s  

g re a te r  than  h lack  hody in te n s i ty  since the h lack hody concept i s  merely 

a hody which ahsorhs a l l  in c id en t rays.

I t  a ls o  follow s from the previous argument th a t  fo r  an enclosure in  

thermodynamic equilibrium  contain ing  more than  one medium, since

V
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i s  constant throughout the  enclosure . Therefore, i f  p a r t  o f the  enclosure

i s  evacuated, would he equal to  
Q

or the  monochromatic b lack body in te n s i ty .  Hence,

n D

fo r  a l l  media in  thermodynamic equ ilib rium . Nov, by w ritin g  the em ission 

c o e ff ic ie n t as

th e  absorp tion  c o e ff ic ie n t as k^, and follow ing Kourganoff (12) the  in ­

te n s ity  ly  in  the  medium i s  given by

I t  fo llow s, th e re fo re , th a t

%  = °r (T)-
u

This i s  a  po in t very o ften  neglected by au thors in  th is  a rea  as pointed
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out by Gardon (8 ) . Ifost au thors have used the  s im p lified  version  tAere 

n i s  assumed to  be one. This i s  accurate enough when dealing  w ith gases 

as a  medium, bu t th e re  i s  a  tendency to  continue to  use the s im p lified  

foim of the re la tio n  when i t  i s  used in  m ate ria ls  w ith re f ra c tiv e  ind ices 

s u f f ic ie n tly  g re a te r  than one. As w il l  be seen l a t e r  in  th is  work, often  

the  re f ra c tiv e  index drops out of the equation o f tra n sp o rt and can there ­

fo re  be neg lected  in  the f i r s t  p lace w ithout lo s s  o f accuracy. However, 

the  end does no t ju s t i f y  the  means, and considera tion  should always be 

. given the re f ra c tiv e  index in  the equations, even when i t  i s  near u n ity .

A ll o f th e  concepts mentioned in  th is  chap ter are  fo r  a  homogeneous 

medium in  thermodynamic equ ilib rium , bu t o ften  tim es the  a c tu a l case i s  

nonisotherm al and /o r the medium i s  hetrogeneous enough to  encounter sca t­

te r in g . Planck po in ts  out th a t ,  "sm all im p u ritie s , as fo r  in s tan c e , par­

t i c l e s  o f d u s t, increase  the  in fluence  of s c a tte r in g  w ithout, however, 

appreciably  a ffe c tin g  i t s  general c h arac te r. Hence, so -ca lled  'tu rb id*  

media, i . e . ,  such as contain fo reign  p a r t ic le s ,  may be q u ite  properly  

regarded as o p tic a lly  homogeneous, provided only th a t  the l in e a r  dimen­

sions of the fo re ign  p a r t ic le s ,  as w ell as the  d is tan ces of neighboring 

p a r t ic le s  a re  s u f f ic ie n tly  small compared w ith the wavelength of the  rays 

considered."

In  o rder to  apply K irchhoff *s law to  a  medium not in  thermodynamic 

equ ilib rium , one assumes th a t  the  medium i s  in  lo c a l  thermodynamic e q u il i­

brium. This says th a t  th e re  i s  a  region small enough a t  any p o in t and a t  

some tem perature T such th a t  K lrch h o ff 's  law h o ld s. !Dius, in  a  noniso­

therm al enclosure , the tem perature may vary from p o in t to  p o in t, bu t each 

p o in t may be charac terized  by a d e f in ite  tem perature T, so th a t  an element
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o f n a t te r  a t  each po in t i s  behaving as i f  in  lo c a l  thermodynamic e q u ilib ­

rium a t  tesgpera tu re  T as s ta te d  in  Viskanta (23 ).



CHAPTER IV

THECMAL RADIATION IN AN ABSORBING AND EMITTING MEDIUM

Qbe most sim p lified  form o f the  equation of tra n sp o rt I s  termed 

B eer's  la v . 3M s law s ta te s  th a t  the  change o f la d la n t In te n s ity  across 

an absorbing medium I s  d ire c tly  p roportional to  the  product o f th e  In ten ­

s i ty  and the  d istance  tra v e le d . In  th is  form the  equation of trsm spozt 

considers only absorp tion . To account f o r  em ission the  tra n sp o rt equa­

t io n  becomes a  m odification o f B eer's  law.

FOr a homogeneous absorbing and em itting  medium the  equation o f 

tra n sp o rt becomes
d l fs)
- h -----------

which I s  the equation fo r  conservation of rad ian t energy along a ray In  

the  a rb i tr a ry  d ire c tio n  s , idiere emission and absorp tion  a re  accounted 

fo r , b u t s c a tte r in g  I s  neg lected .

I s  the monochromatic absorp tion  c o e ff ic ie n t, 

p  I s  the  mass d ensity  o f the  medium.

I s  the monochromatic mass absorp tion  c o e f f ic ie n t .

^  I s  the monochromatic em ission c o e ff ic ie n t.

Iy (s )  I s  the monochromatic In te n s ity  of ra d ia tio n .

I^^ (t ) I s the monochromatic In te n s ity  of a  b lack body.

19
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n i s  the re f ra c tiv e  index o f the  medium.

Qy applying K lrchhoff's  law, th e  equation o f tra n sp o rt heccmes

d l j s )  r  , . 2 1
- k -  = -  •

Here i t  i s  assumed th a t  even though the  medium may not be in  thermodynamic 

equ ilib rium , i t  i s  in  lo c a l thermodynamic equ ilib rium .

Ihe problems considered in  th is  paper w ill  be fo r  i n f in i t e  p a ra l le l  

geometry. T herefore, the  in te n s i ty  i s  a x ia lly  symmetric. In  the  a x ia lly  

symmetric case, th e  in te n s i ty  i s  a  function  of s and 9 only.

ds

dx

cos 6 = /i

ds /i = dx

ds

Die equation  of tra n sp o rt can be w ritte n  in  the  form 

d l  (x ,u ) r o 1

where one now rep laces (Ok^dx by i t s  equ ivalen t dT o r  T = J  pk^dx, which 

i s  the  o p tic a l depth.

The f in a l  form of th e  equation of tra n sp o rt becomes
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Following the suggestion o f Love ( l$ )  and w riting  the  equations in  

terms o f the  in te n s i t ie s  d irec ted  along th e  p o s itiv e  and negative d irec ­

tio n s  sep a ra te ly , one avoids the  a n tic ip a te d  d isc o n tin u itie s  fo r  fi = 0 a t  

the  houndries. These equations then become

I

d r

" - â f —

+ A  (T) 
U

fo r  which the  isotherm al so lu tio n  i s

( t- t  )/#i p
= cpe + n

and since T = f ( r ) ,  the nonisotherm al so lu tio n  i s

= e y / "  + ^  /  e ( t - T ) / *  ( t ) d t
^  o  V)

°  ^  J  °  ( t ) d t
T D

This so lu tio n  i s  r e s t r ic te d  to  the a x ia lly  symmetric case.
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EMISSION OF ISOTHERMAL niELECTHIC COATING ON A CONDUCTOR

1 . Emission o f an isotherm al coating  on a  conductor.

The problem co n sis ts  o f an Isotherm al d ie le c t r ic  coating  I n f in i te  In  

e x te n t o f o p tic a l th ickness on the  surface o f a conductor. Bie d irec ­

t io n a l  em ission o f the conductor w il l  be considered, and both the  d ie le c ­

t r i c -  a i r  and d ie lec tric -co n d u c to r In te rfac e  w il l  be assumed to  be p e rfe c t­

ly  smooth specu lar re f le c to r s .

Assuming the  in te rfa c e s  a re  p e rfe c tly  smooth su rfaces im plies 

F re sn e l 's  laws o f re f le c t io n  h o ld . For the d ie le c t r i c - a i r  in te r fa c e , a l l  

ra d ia tio n  s tr ik in g  the  surface a t  an angle equal to  o r g re a te r  than the  

c r i t i c a l  angle w il l  be to ta l ly  r e f le c te d . The concept o f the  c r i t i c a l  

ang le , o f course, only app lies when speaking o f rays s tr ik in g  the  surface 

from w ith in  the  o p tic a lly  denser medium.

The problem now a r is e s  as to  how to  apply F re sn e l 's  re f le c tio n  law s. 

F re sn e l 's  laws a re  fo r  rays fo r  which one knows the p o la r iz a tio n  o f  the  

ra d ia n t energy upon in te rc e p tin g  the  su rface . Thermal ra d ia tio n , on the 

o th er hand, i s  p e rfe c tly  random v ib ra tio n  w ith no p red ic tab le  o rd er. On 

the  average the e f f e c t  o f the  v ib ra tio n s  i s  completely symmetrical about 

the a x is  o f propagation. From th is  one can see th a t  n a tu ra l o r  unpolar­

ized  ra d ia tio n  may be assumed to  co n sis t o f equal amounts o f two compo­

nents th a t  a re  plane po larized  in  m utually pe rpend icu lar azim uths. Hence 

the  p ropo rtion  o f n a tu ra l ra d ia tio n  th a t  i s  re f le c te d  a t  the  in te r fa c e  be­

tween d ie le c t r ic  media i s  given by the  follow ing adap ta tion  o f F re sn e l 's  

laws:
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l ( 0 ' )  = in te n s i ty  o f re f le c te d  rad ia tio n

I qC®) = in te n s i ty  of in c id en t rad ia tio n

6 = angle o f  incidence

6 ' = angle o f  re f ra c tio n

Rg = re fle c tan c e  o f the  plane po larized  component with

v ib ra tio n s  p a r a l le l  to  the  plane of incidence 

Rp = re fle c tan c e  o f the  plane po larized  component with

v ib ra tio n s  perpendicu lar to  the  plane o f incidence 

The angle o f re fra c tio n  0 * i s  found hy S n e lls ' law o f re f ra c tio n , 

n^ s in  0 = n^ s in  0 '

n^ = re f ra c tiv e  index of medium 1

Ug = re f ra c tiv e  index o f medium 2

To s im p lify  n o ta tio n , h en cefo rth  th e  r a t io  w i l l  be denoted by _____________________  l i S l

PgCSjS') o r simply p^.

This re la tio n sh ip  gives th e  d irec tio n a l specu lar re flec tan ce  of an 

in te rfa c e  fo r  which the re f ra c tiv e  index i s  r e a l .  Of course, a l l  m ater­

i a l s  have a conqolex p o rtion  to  t h e i r  re f ra c tiv e  index to  some ex ten t since 

the canplex p o rtio n  i s  a  measure of i t s  absorp tive  a b i l i ty .  This would be 

e sp ec ia lly  tru e  in  the proposed problem, since absorp tion  i s  being  consi­

dered. However, on most d ie le c t r ic  m a te ria ls , even th o u ^  absorp tion  i s  

being considered, the complex p o rtio n  o f the  re f ra c tiv e  index i s  so small 

th a t  i t  may be neglected w ith very l i t t l e  e r ro r  produced.

F re sn e l 's  laws not only give the r e f le c t iv i ty  a t  the d ie l e c t r i c - a i r  

in te r fa c e , bu t they  w ill  a lso  give d ire c tio n a l em ission of the  conductor 

in to  the  d ie le c t r ic .  Several in v e s tig a to rs  have used F re sn e l 's  laws to  

study the  emission of a conductor, b u t to  th is  a u th o r 's  knowledge none
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have stud ied  the  v a ria tio n  o f the emission curve as the medium In to  vfalch 

the  conductor I s  em itting  I s  changed. The same re la tio n sh ip s  hold , a l-  

th o u ^  they a re  more com plicated, since now the re f ra c tiv e  Index o f the 

conductor I s  complex as I s  th e  angle of r e f ra c tio n , th e re fo re , S n e lls ' 

la v  becomes

Og s in  6 = n s in  0 '

where n I s  th e  complex re fx ac tlv e  Index o f the conductor and O' I s  the 

conqplex angle o f re f ra c tio n , n^ i s  the re f ra c tiv e  Index of the d ie le c tr ic .

-  _ -  n s in  0
s in  0 = — s in  0 ' and s in  0 '  -------------

0 ' = a  + i /5 s in  0 ' -

-*
Og n s in  0

-  _ *
n n

-*
n = conjugate n

n = n^ -  ik^
n (nL + ik  )s in  0 

AI -  6_____i ______s in  0 ' =
+ k:^  “1

The re f le c t io n  function  f o r  the  perpend icu lar component then becomes

2
R =

R =

sin(
sin (

-  6 ' ) 1 sinfO -  a  -  ifl)
+ 0 ') s in (0  + a  + i f i )

slnfO -  q)cosh j) -  i  cosfO -  g )sin h  $  
s in (0  + a jcosh  ^  + 1 cos(6 + a )s in h

R ecalling

cosĥ  /S = 1 + sinĥ  jS

R _ 8lnP(0 -  tt)co8h^fl + cos^(0 -  q)slnh^fl 
® sln^(0  + a)cosh^/3 + cos^(0 + a )s lnh^^
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R _ sln̂ CO - g) + slnh^g 

® sin^(6  + a) + sinh^jj

S im ila rly , the  p a ra l le l  component can he w ritte n  as

[tan (8  -  9*)1 _ s in (8  -  9 *)cos(9 + 8 * )  
ten (8  + _sin(8 + ô' JcosCsin (8  + S*)cos(0 -  8 ')

I sin (8  -  8*)1 r cos(8 + 8*
|_sin(8 + 9 ’;J L cos(e - 8' = R cos

COS

= R [ co sfp  +
® Lcos (8 -

g)cosh B + s in  (8 + q)sinh  B 
a)cosh^/S + Bin^(8 -  a)sinh^/S]

R ecalling
2 2 cosh fi = 1 + sinh

and

cos^(8 + g) + sinh^S 
^ ® cos^(8 -  g) + sinh^/J

R = R

Po(®S0) =§(Rg + R_)

CgO) = 1 -  ^(Rg + R, ) .

I t  i s  common p ra c tic e  hy many in v e s tig a to rs  to  use an approximation 

fo r  F re sn e l 's  law f o r  conductors given by

C(8) = 1 -  |(Rg + Rp),

where
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R = + k^) -  2n coB 0 + coB^O
® (n^ + k^) + 2n cos 6 + cos^6

and
„ _ (n^ + k^)cos^O - 2n cos 0 + 1
•n —  g------2  p
^ (n + k )coB 6 + 2n cos 0 + 1

This approximation i s  developed considering S n e ll 's  law

(n^ -  ik ^ )s in  0 ' = n^ s in  0

n_

T herefore, since

sin  O' = ----  ̂ .. s in  0

—  = n —  = k
^2 ^2

i f  one m u ltip lie s  hy the  complex conjugate o f n.

s in  0* = ® = s in (a  + 1/3)
n + k

i s  ob tained . Now i f  one considers

then

o r

2 2+ k^ 1,

s in  0 ' *  0 ' ,
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S im ila rly ,

s in  6* -  6 ' and cos 6 ' -  l .

I t  i s  obvious th a t  th i s  equation lo ses accuracy as the re f ra c tiv e  

index of the d ie le c t r ic  in creases  since n and k a re  re la tiv e  re f ra c tiv e  

and absorp tion  indexes. This possib le  lack  o f accuracy urges one to  use 

the  exact F resnel equations to  determine the angu lar emission in to  d ie ­

l e c t r i c s .  These a re  shown in  Figures 2 through 6 .

I t  i s  noted th a t  as th e  conductor emits in to  a  more o p tic a lly  dense 

medium, the shape o f the em ission curve changes form to  more n early  th a t  

of a  d ie le c t r ic .  One can understand th i s  more e a s i ly  i f  he remembers 

th a t  the  complex p o rtion  o f the re fra c tiv e  index o f  a  conductor gives 

i t s  em ission curve a d if fe re n t  shape than th a t  o f th e  d ie le c t r ic .  This 

complex p o rtion  o f the re f ra c tiv e  index denotes th e  absorption  o f the 

conductor, bu t in  the em ission s tu d ies  the  quan tity  tdilch determined the 

shape o f the d ire c tio n a l em ission curves was the r e la tiv e  re f ra c tiv e  in ­

dex. This means th a t  as a conductor em its in to  a more o p tic a lly  dense 

medium, the r e la t iv e  absorption  i s  becoming le s s  u n t i l  the emission 

approaches th a t  o f a  d ie le c t r ic  (no ab so rp tion ).

A ir
♦^o

1
D ie le c tr ic

j  / 7 7  V/ / / / / / / / / / / / / /
Conductor
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Aluminum 
n = 2 .3 0 - 1 16.50

X r i f i

n =5.5

n = 1.5

Emittance ^ € . ^ { 0)

Rgure 2
Monochromatic Directional Emittance of Aluminum Into Different Dielectrics
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Coppwr 
n «  0 .8 2 - 1 13.00

n "5.5

n "3.5

n = 1.5

.010 .020 .030 .040 .050 .060 .070 .(

Emittance- (8)

Figure 3

Monochromollc IXrectfonal Emittance of Copper Into Different Dielectrics

.090
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Gold n = 1.31 -L 10.70
A=2Mn =5.5

n =3.5

.12.02

Emittance (q)

Figure ^
Monochromatic Directional Emittance of Gold into Different Dielectrics
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Nickel n= 3.74-£8.80
Â “  2/X

n =5.5
n = 3.5

.10 .20 [) .40 .50
Emitfance - (B)

.60

Figure 5

Monochromatic Emittcmce of Nickel into Different Dielectrics



n = .f  ,5

Silver n= 00.48- 114.40 
A = 2 / i n = 3.5

n = 1 .

Figure 6
Emittance - €  ̂( 0)

Monochromatic Emittance of Silver Into Different Dielectrics
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Having developed the  eq u atlm s f o r  emission and re f le c tio n  w ithin  

the  d ie le c t r ic ,  one can use these re la tio n sh ip s  in  the a n a ly s is  of the 

problem. Ihe boundaiy conditions involved fo r  the  iso therm al d ie le c tr ic  

coating  on a  conductor as seen in  Figure 7 a re  as fo llow s. At the d ie ­

l e c t r i c -  conductor in te r fa c e , T = 0, the  in te n s ity  in  the p o s itiv e  d irec ­

t io n  i s  equal to  th a t  em itted from the conductor in  ad d itio n  to  the in ­

te n s ity  in  the  negative d ire c tio n  which i s  re f le c te d  in to  the  same path . 

This re la tio n sh ip  i s  given by

o r  upon su b s titu tio n  fo r  the  values o f in te n s ily  

which when sim p lified  i s
, ,  - tv * * )

<=1 = =2*^^**)°

fo r  a l l  /i. Here Cjill) i s  the  d irec tio n a l emission o f the conductor in to  

the  d ie le c tr ic  and

P^ (p) = 1 -  (n (p ) .
U U

The boundary condition a t  th e  d ie le c t r ic - a i r  in te rfa c e  (t  = T^) i s

%  = V v * * ) '



Figure 7A
COORDINATE SCHEME FOR DIELECTRIC INTERFACE

air

A
r Tl

dielectric
U T T T T T n T T rn T nconductor 

Figure 7

SHEET OF DIELECTRIC MATERIAL WITH PARALLEL SPECULARLY REFLECTING SURFACES
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which upon Bubstitutlcn yields

- ( r j i t )

[

~ \ T  / U )  n T

o r
- { r j i i )  o f  1

Cg = Pg (0 ',6 )c^ e  + n (t ) pg (@',@) -  1
U \) ^ V3 ■*

Cg i s  found by combining the two boundaiy conditions

w U («•.») - ij- _ U *- u J
"=2----------------------------------:^ 2T 7p)

1 -  Pg (p)e
U U

fo r  II y  U -  Fbr T = T and U < U , th ere  i s  t o ta l  re f le c t io n . There- 

fo re ,

o r upon su b s titu tio n
- ( V m)

Since
, ,  -(V ")

=1 “

from the boundaiy conditions a t  T = 0 holds fo r  a l l  p . Qhe two boundaiy 

conditions may be combined to  give

Cl = Cg = 0.

ühe em ittance fo r  p  >  p^ i s  de te  m ined by fin d in g  the n e t in te n s i ty ,  

^net '  V   ̂ -  '2 ’
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outside the  d ie le c t r ic .  I f  n , i s  the  re f ra c tiv e  index fo r  the  d ie le c tr ica
and n^ i s  the  re fra c tiv e  index fo r  a i r ,  then,

*^a^net^^^o*^^inside ^d^net^^^o*^ ^outside *
o r

I . . *  (T .M’ ),
^net^^^o^^^inside

Here
ne t o outside 2U n

Ih ere fo re , the  e ffe c tiv e  em ittance i s

where

c • = ~2---------    and c l = -g ---- ^------  .

One should r e c a l l  th a t  C-, ifi) I2 p lo tte d  ç (/*' ) where i s  given by
U U

= [1 -  n ^ (l -  #i^)j

(1 -

.2
M>

n ■

.2

n

In  ih is  way th e  re fra c tio n  o f th e  ra d ia tio n  as i t  leaves the d ie le c tr ic



37

and en te rs  the a i r  I s  taken in to  account. The curves fo r  d ire c tio n a l 

emission o f an isothexmal d ie le c t r ic  coating on a conductor a re  given 

in  Figures 8 through 22 .

2 . Emission o f an Isotherm al Sheet o f D ie le c tr ic .

The same conditions hold as in  the  coating  problem, b u t as i s  seen 

in  the follow ing f ig u re , th e  d ire c tio n a l em ission of the conductor i s  not 

needed since there  i s  no conductor p resen t. The purpose w il l  be to  de­

termine the dependency o f d ire c tio n a l em issiv ity  on o p tica l th ickness of 

a sheet o f d ie le c t r ic .  Gardon has done th is  su ccessfu lly , bu t h is  ap­

proach i s  qu ite  d if fe re n t  and i t  i s  in  the a u th o r 's  opinion, much more 

clumbersome.

A ir 2

T
D ie le c tric I

A ir

The governing equations a re  again

u
and

u

The boundaiy cond itions f o r  u ̂  U a re  as fo llow s a t  T = T'^c o
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Conductor ^  Aluminum n = 2.30 - 116.50

.150

0 = .075

.10 .20 .70 .80
Absorptance - ^

Figure 8

Monochromatic Directional Absorptance for a Dielectric Coating with a Refractive Index of 1 .5 on Aluminum
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7o= .600

To* .300

7o= .150

70= .075

Conductor ^Aluminum n = 2.30 - L 16.50

,20 .30 .40
Absorptance -  ^  9 )

Figure 9
Monochromatic Directional Absorptance for a Dielectric Coating with a Refractive Index of 3.5 on Aluminum



T o=  .600

0>ndüCtor/^Aluminum n = 2.30-116.50 
To =.300

To s  .150

To -  .075

.10 .20 .30 ,40
Absorptance - ^ { 0 )Figure 10

Monochromatic Directional Absorptance for a Dielectric Coating with a Refractive Index of 5.5 on Aluminum
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7%= .600

To=.300

Conductor 
Copper n  B 0.82  -  113.00

7rt= .150
Iq -  .075

.10 .20 .30 .40 .50 .60 .70
Absorpfance - ol ® )

Figure 11

Monochromatic Directional Absorptance for a Dielectric Coating with a Refractive Index of 1.5 on Copper
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Copper n m 0.82 -  113.00
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Figure 12

Monochromatic Directional Absorptance for a Dielectric Coating With a Refractive Index of 3.5 on Copper
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Figure 13
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Monochiomafic Direcfionai Absorpfance for a Dielecfric Coaffng with a Refracfive Index of 5.5 on Copper
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Conductor ~Gold n = 1.31 -110.70

To* .600

To= .300

.075

.10 .20 .30 .40 .50 .60 .70
Absorptonce -  (j ̂ (0  )

Figure l4
Monochromatic Directional Absorptance for a Dielectric Coating with a Refractive Index of 1 .5 on Gold
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Figure 15

Monochromatic Directiorxxl Absorptance for a Dielectric Coating with a Refractive Index of 3.5 on Gold
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Figure l 6
Monochromatic Directional Absorfdance for a Dielectric Coating with a Refractive Index of 5.5 on Gold
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Conductor 
Nickel s n s 3.74 - 18.80

% = .600

7L = .300

To = .150
To= .075

.50 .60

Absorptance - ^ ( 9 )

.80

Figure 1?

Monochromatic Directional Absorptance for a Dielectric Coating with a Refractive Index of 1.5 on Nickel
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Oonductor 
Nickel n .  3.74  • 18.80

%= .300
.150 

T@= .075

.10 .80
Absorptance ^  ̂ { 0 )

Figure i 8

Monochromatic Directional Absorptance for a Dielectric Coating with a Refractive Index of 3.5 on Nickel
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Monochromatic Directional Absorptance for e Dielectric Coating with a Refractive Index of 5.5 on Nickel



50

Conductor 
Silver n ■ 0.48 - 114.40

%= .600

To= .300

10= .150

.30 .40 .50 .60 .70 .80
Absorptance -

Figure 20
Monochromatic Directional Absorptance for a Dielectric Coating with a Refractive Index of 1.5 on Silver
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To= .600

76= .300

V  .150

76= .075

Conductor 
Silver n = 0.48 - 114.40

Absorptance - .( © )
Figure 21

MonochromoHc Directional Absorptance for o Dielectric Coating with a Refractive Index of 3.5 on Silver
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.30 .40 .50Absorptance - 0 )Figure 22Monochromatic Directional Absorptance for a Dielectric Coating with a Refractive Index of 5.5 on Silver
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o r upon su b s titu tio n
- ( t> )

and a t  T = 0

o r upon su b s titu tio n

Cl = Oge
- ( V m)

Therefore, a f t e r  combining th e  two boundaiy cond itions, one fin d s

Cl = Cg = 0 .

The boundaiy conditions fo r  /i >  /i , T = T , and T = 0 a re

and

re sp ec tiv e ly . Therefore, upon su b s titu tio n  fo r  the in te n s i t ie s

-(tJ ii)
<=2 =Pp

and

=1 -  Pg^(9 ' , 9 ) [cgB 4.

The combination of the two above re la tio n s  y ie ld s

Bie e ffe c tiv e  em ittance
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- \ ( V

can be s io ^ ll f le d  to
- (T  A*)

) = = i(e  - ! ) •

Here again

., -  ' i
“l  ■ 2

These re s u l ts  a re  shown in  Figures 23 t h r o u ^  25*

I t  i s  observed from the  graphs th a t  the  em issiv ity  of a  sheet of d ie ­

l e c t r i c  m ateria l increases w ith o p tic a l  depth . The same i s  tru e  with the 

isotherm al coating  on a conductor. For the isotherm al sheet o f d ie le c tr ic  

which has an em ittance given by
- ( t J h)

k ' " . "  -  ■] -  ■ ]

%
as the o p tic a l depth goes to  the  l im i t

M mit e (/i) = 1 -  p  ( d' , e) ,
T^— %

which i s  F re sn e l 's  em ission o f an opaq,ue d ie le c t r ic  which i s  in f in i te  in  

e x te n t.

In  th e  case o f the  d ie le c t r ic  coating  on a conductor, the  emission 

i s  given by

^ e ff^  = V  -  °2*
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= 0.600 45°

1.5 t o  = 0.300

t ^  =0.150 

_ = 0.075

EMISSIVITY-G ( 0 )

Figure 23

Monochromatic Directional Emissivity For Various Optical Depths of on Isothermal Dielectric Virlth d: Refractive Tndeic of 1.50



Dielectric Sheet n?3.50

= 0.600

= 0.300

= 0.150

t  =0.075
n = 3.5

Figure 2k

Monochromatic Directional Emissivity For Various Optical Depths of on Isothermal Dielectric with a Rehactive Index of 3.5



Dielectric Sheet n«5.5

= 0.600

t x  = 0.300

t  =0.150

t  =0.075

n = 5.5

Figure 25

Monochromatic Directional Emissivity For Various Optical Depths of dn isothermal Dielectric with a Refractive Index of 5.5
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where

= Cg ix  - f e[ l  - «((*)]

and 2n

" 2 ----------------------------------------
I - P 2 ( 0 S 8 ) P i  (M)e °

u u
Here ag a in  as

limit Ç (p) = 1 - pp (8*,0)
Tq— U U

th e  same a s  b e fo re .

3. Flux Comparison.

S ev era l in v e s t ig a to r s  have used th e  assum ption t h a t  th e  f lu x  and no t 

th e  in te n s i ty  i s  a tte n u a te d  through  th e  o p tic a l  depth T^. In  th i s  way 

they  avo id  th e  d i r e c t io n a l  dependency o f  th e  in te n s i ty .  I t  i s  now d e s i r ­

a b le  to  conçare the  r e s u l t s  ob ta in ed  t y  th e  two methods. T herefo re , th e  

f lu x  approach w i l l  be ap p lied  to  an absorb ing  and e m ittin g  iso th e rm al me­

dium.

Bie t r a n s p o r t  eq u atio n  w r i t te n  in  term s o f  f lu x e s  w i l l  take  th e  fo m

= _ q( t ) + a & I^ ^  (T).

Solving the  equation when in  the  form of p o s itiv e  and negative d irec te d  

fluxes y ie ld s

q^(T) = ( l )
0
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( t- t  ) g
qj;(T) = CgC + n » I ^ ^ j T ) .

The boundary conditions are as fo llow s a t  T = T̂ ,
q’  = Pĵ <l

where i s  eqjual to  the hem ispherical r e f le c t iv i t y  o f  the d ie le c t r ic -a ir  

in te r fa c e , idiich upon su b stitu tio n  g ives

Rearranging the terms g ives

Die boundaiy condition a t  T = 0 i s

where equals the hem ispherical em iss iv ity  o f  the conductor in to  the  

d ie le c t r ic .

% '  ^
The boundaiy condition  can now be w ritten  as

 ̂“Hi w = * % [v * “Hi c)]U ■ U *“ u

or
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lAere
- < V

" i  '  %  V

°2 -(2T  ) "

Now by denoting

and
2

- ( T j

The n et f lu x  can be w ritten  as

+ -(T  ) - ( 2T )
S) -  % (^o) ■ V  -  =2 = ‘=2(^0^ -net

and the f lu x  r a tio  as

°  " g ' v   ̂ °* -

The f lu x  r a tio  i s  the hem ispherical em ittance o f  the coating combination 

w hile Pg i s  the hem ispherical r e f le c t io n  o f  the con d u ctor-d ie lectr ic  in ­

ter fa ce  given by
1

Pg = l - € H  = l - 2 j *  fx(n)dfi,
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where c(/i) I s  given hy F re sn e l 's  r e la t io n  fo r  em ission o f m etals in to  

d ie le c tr ic s  as given p rev iously .

Ihe hem ispherical re flec tan ce  of the d ie l e c t r ic - a i r  in te r fa c e  i s  

given hy
1

PD = i - e j ,  = 2 j  M 0^(e\6)dp.
^c

Again P g (6 ',6 )  i s  the P resnel re la tio n  developed p rev iously .

Nhlsh has in teg ra ted  from 0 to  1 to  obtain  p^, which i s  found to  be

Here i t  i s  noted th a t

-  Pg) = (1 -  pjj)

Uie re s u l ts  fo r  hem ispherical em ittance of the conductor-coating combina­

t io n  obtained by th is  method a re  congpared w ith those obtained by consider­

in g  the  d ire c tio n a l in te n s i t ie s  in  Figures 26 t h r o u ^  30.

As the  coating  th ickness increases toward in f in i ty ,  the  r e s u l ts  o f 

both methods agree as they both approach the  in te g ra l  o f F re sn e l 's  equa­

t io n .  On the  o th er hand, as the  coating  th ickness approaches zero , the 

a tten u a ted  f lu x  equation approaches

(1 -  p j ) ( i  -  pj,)
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180 Hemispherical Bnittance Cougarison for 
the Attenuated Intensity and 
the Attenuated KLux Approach

160

Conductor 
Aluminum n = 2.30  -  1 l 6.$0

120-

100-

80-
n = 2.0 
,n - 1.5

60-

20-

o .lo o  o.boo o isoo 0X 00

O ptica l Ih ickness / \ /  tâ  
Figure 26

0.500 0.600
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Hemispherical Emittance Comparison for 
the Attenuated Intensily and 
the Attenuated Hux Approach

240-

220 -

Conductor 
Copper n = 0.82 - i  I3.OO

180 -

160 -

140-

120 -

100 -

n = 2.0 
n = 1.580 -

60 -

40 -

20 -

0.200 0.300 0.400 0.500 0.600

O ptical Thickness 
Figure 27
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180 n

Hemispherical Bmittanoe Comparison fo r  
the  A ttenuated In te n s ity  and 
the  Attenuated f lu x  Approach1 6 0 -

1 4 0 - Conductor 
Gold n = 1.31 -  i  10.70

120 -

100 _

80 -

n = 3.5 
n = 2 .0  
n = 1.560 -

40 _

20 -

o.y.00 0I200 o.*30o 0I400 0.500 0.600

O ptical T hickness/y  'to 
ïlg iire  28
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lUO H
Hemispherical Bnittance Comparison for 

the Attenuated In ten sif and 
the Attenuated KLux Approach

120 -

100 - Conductor 
N ickel n = 3 .71» -  i  8.80

80 -

60 .

40 _ n = 2 .0  
n = 3*5
n = 1 .5

20

0.400  0.500 0.6000.100 0.200 0.300

O ptica l th ickness Z o 

Figure 29
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Hemispherical Bnittance Comparison for 
the Attenuated Intensity and 
the Attenuated Flux Approach

260 -

240 -
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Silver n - 0.48 - i  l 4.40
200 -

^  180 -

160 -

l 4 o

120
= 3.5

^ = 2.0 
n = 1.5100
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O ptica l T hickness/V 2o 
Figure 30
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and the  a tten u a ted  In te n s ity  method approaches

1  [ l  - Pfe(9'.«) ]  [l - Pi (P)]

This exp lains the  increas ing  d iffe rence  in  the  two methods as Tj— ^ 0 . 

A ctually ) i n  both cases i f  T = 0 , = 0 , since no coating  i s  p res­

e n t and the r e s u l ts  would then  be the em ittance o f the  conductor.

I t  seems obvious th a t  f o r  the  flux  equation  o f tra n sp o rt to  agree

with the  concepts developed in  the previous chapter, the  TTI.. (t ) term
2 2 should be m u ltip lied  hy n . However, while n I^  * 1^  a t  an in te rfa c e

in  the thermodynamic equ ilib rium , i t  i s  a ls o  tru e  th a t  Û = O
^ n e t^  ^ n e tg

P
a t  the same in te r fa c e . Here i t  i s  d e s irab le  to  show th a t  th e  n fa c to r  

i s  not requ ired  a t  the in te r f a c e . At an in te r fa c e  in  thermodynamic 

equilibrium

and by su b s titu tio n

\ - ‘ k

The f lu x  a t  the  in te rfa c e  in  medium 1 i s  given by 

and in  medium 2 by

'»2 »2
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or

u Me u

The two flu x es must he equal o r

J

S u b s titu tin g  the  re la tio n sh ip s

and

y ie ld s

o r

Therefore,

2 ^  u  = (1 -  s in  0^)

s in  = ^2 , 
n

^  -  V ^ '
fo r  the case vhen fluxes a re  considered. D iis p o in t a lso  has never been 

made c le a r  in  the  l i t e r a tu r e  to  the a u th o r 's  knowledge.

4 . Absorption and Transmission of a  D ie le c tr ic  S lab .

Absorption i s  dependent only upon the surface c h a ra c te r is t ic s  and 

the  in te rn a l  c h a ra c te r is t ic s  o f the m a te ria l. I t  i s  dependent on tempera­

tu re  only in  th a t  a t  extreme tem peratures the  surface c h a ra c te r is t ic s  may
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change. When considering abso rp tion  one must remember the  d ifference  

between the  absorption  and the absorp tion  c o e f f ic ie n t . M aterials can 

be poor absorbers and have a  la rg e  absorp tion  c o e f f ic ie n t . This i s  

exampled in  conductors which r e f l e c t  most o f the in c id en t energy bu t 

th a t  energy which does e n te r  the  conductor i s  absorbed. Other mater­

i a l s  such as c e r ta in  d ie le c t r ic s  have low r e f l e c t iv i t i e s ,  and there fo re  

a  la rg e  amount of the in c id en t energy en te rs  the d ie le c t r ic .  I f  the d ie ­

l e c t r i c  i s  o p tic a lly  th in , the absorp tion  i s  sm all and p a r t  o f the energy 

i s  tran sm itted  on th ro u ^  the  d ie le c t r ic ,  bu t i f  the d ie le c t r ic  i s  o p ti­

c a lly  th ic k , there  i s  very l i t t l e  transm ission  and the absorp tion  i s  

qu ite  la rg e . Since the  absorp tion  i s  independent o f tem perature, fo r  

s im p lif ic a tio n  the tem perature w i l l  be assumed to  be abso lu te  zero . The 

governing equations are

Iy(T,M) = Cge

The boundary condition a t  r  = 0 i s  the same as befo re , bu t a t  T = the 

boundary condition  changes. Die boundary conditions are

= Pg (0 S O )l‘ (o ,^ )

and

+ [l - p2̂ (0S0)j \

Again, p .  ( 6 ',6 )  i s  F re sn e l 's  r e f le c t io n  c o e ff ic ie n t fo r  the d ie le c t r ic .  
U

Ij^ (O') i s  the d ire c tio n a l in c id e n t ra d ia tio n  in te n s i ty .  S u b s titu tin g  
u
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in to  the boundary conditions y ie ld s

and
- ( t  Ai )

Cg ■ Pp (9'.6)cj^e ° ** + - Pg (6 ',9 )j (9 '),

which upon combining y ie ld s

o f  1 “ ( t  / u )
of 1 .  p (9 - ,9 )  p  (9 ' ,9 )e  °  I .  (9 -)

L ^  J  U
' i ' -------------------------2 r   '

1 - p ^ ( 0 ',0 ) e  °

ühe n e t in te n s i ty  a t  T = i s

- ( t  / p )

or
, , -(T p /p ) r  1 1

Ippt̂ (o,p) =Cge - =1 = ■=! [iuW75T - y  •

The transm ission  i s  denoted as 7^(p) and given by

^net.

f l  -  Pg (9-,9)1 \  1 -  (9',9)1

u
Œhe apparent r e f le c t iv i ty  w il l  be used to  denote th a t  energy re f le c te d  

from the surface in  add ition  to  th a t  energy idiich en te rs  the  d ie le c t r ic  

and i s  in te rn a l ly  re f le c te d  u n t i l  i t  f in a l ly  comes bade out the  in te rfa c e
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a t  T = T^. The apparent r e f le c t iv i ty  i s  denoted as

P > )  = P, («'.9) + [ l  - Po (9',9)1 .
^ %  n \  (6') L J

U

The a b so rp tiv ity  i s  given hy an adap tation  of K irchho ff 's  law.

a^in) = 1 -  P*(m) -

where o^(p) i s  the  monochromatic d ire c tio n a l ab so ip tio n . Graphs of 

a re  given in  Figures 31 through 33, and c^(p) i s  p lo tte d  as in

Figures 23 th ro u ^  25 . (See pages 55 through 57 .)

5 . Absorption o f a  D ie le c tr ic  Coating on a Conductor. 

The governing equations remain unchanged. Namely,

and

= o^e

However, the  boundary condition  a t  T = 0 now becomes

lu(O 'P) =

which can be w ritte n  as
, ,  - ( V " )

=1 = Pu m̂' V

Here ^ ( p )  i s  F re sn e l 's  r e f le c t io n  c o e ff ic ie n t f o r  the  m etal. The bound­

ary  condition  a t  T = remains unchanged, namely



1o= .075
To= 0.15

•(C%= 0.30

n = 1.5

Trdnsmîffance
Figure 31

Monochromatic Directional Transmittance of a Dielectric of Varying Optical Thickness



7o= 0 .0 7 5

T o=  0 .1 5 0

k>= 0 .3 0 0

T « =  0 .6 0 0
n = 3 .5
A= 2

Figure 32
Monochromatic DirectionalTransmittance- 6 ) Monochromatic Directional Transmittance of aDielectric of Varying Optical Thickness_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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n =5.5 
1=2

^ =  0.600

To= 0.075
71=0.150
‘6=0.300

Monochromatic Directional Transmittance - Ty( @ )Figure 33

Monochromatic Directional Transmittance of a Dielectric of Varying Optical Thickness
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- ( t 7 m)
"=2

• \T  i[k) o r  T
= Pp (6 ' , 6 )c e °  + n I  (0 *) 1 - p  (6 ' , 0 ) ,

U U *• U •*

which upon su b s titu tio n  y ie ld s

^  -  P2^ ( 0 '>®)J ( * ')

2̂ ' - (ZtJ im) '
1 -  P.

The n e t In te n s ity  i s  given by

1 -  Pp ( e ' , 0 )p„(p)e 
I)

. r  - ( 2 T /p )  1

As befo re ,
...................................

ft.1)*(m) = ftp (8 ' , e )  + f 1 -  P , (8 ' . 6)1  .
" ®u n I (8') >• 2u J

U

since the  surface seems opaque T^(p) = 0* Applying K irch h o ff 's  law again

% (p) = 1 -  p ( |(p ) '

The a b so ip tiv ily  c^(p) fo r  the  d ie le c t r ic  coated conductors i s  p lo tte d  as 

e^(p) in  figu res 8  through 22. (See pages 38 through 5 2 .)



CHAPTER V

NOIÎISOTKEEMAL DIELECTRIC

Having determined the em ission end absorp tion  o f an isotherm al ab­

sorbing and em itting  d ie le c t r ic ,  the next s tep  i s  to  impose a tem perature 

p ro f i le  on the d ie le c t r ic .  The problem now becomes what tem perature pro­

f i l e  to  impose. Throughout th is  paper the p ro f i le s  used w ill  be l in e a r  

and p a rab o lic . They are  given by

Tg - T
T =    T + T̂

^o ^
and »

T -  T 2(T -  T. )
Î  = — ^  T + -  T + T^,

where

Tg = tem perature o f the d ie le c t r ic  surface and 

T^ = tem perature o f the  conductor su rface .

These a re  p lo tte d  in  Figure 3^*

Since the  medium i s  nonisotherm al, the  s ic ç l ify in g  assumption of 

lo c a l thermodynamic equilib rium  as discussed in  Chapter I I I  w ill  be re­

quired so the equation o f tra n sp o rt may be used. A lso, the  monochromatic 

re f ra c tiv e  index and absorp tion  c o e ff ic ie n t a re  assumed to  be independent 

o f tem perature. The equation of tran sp o rt i s  the  same as before, bu t now 

the em ission term i s  dependent upon o p tic a l th ick n ess .

76
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Figure 34  

Temperature Profiles

T=

Temperature

Temperature
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Bie so lu tio n  to  the d i f f e r e n t ia l  equation by the  use o f the  in te g ra t­

ing  fa c to r  now becomes

h h« r  o ""u
and

Both the iso therm al and nonisotherm al so lu tio n s a re  given in  d e ta i l  in  

Appendix I .

1 . Emission o f a  D ie le c tr ic  Coating on a  Conductor

Ihe coating  w ill  be o f o p tic a l th ickness, T^, which i s  much g re a te r  

than one wavelength of the  ra d ia tio n  considered. The boundary conditions 

a re  the same as before . At T = 0 ,

o r

= Pj^(m) [=ge + â "  ^0°  ^

For s im p lic ity , henceforth the  in te g ra l

.2  T

w ill  be denoted by L. Ih e re fo re , c^ may be w ritten  as

r  - ( t / m )  1 p
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o r

ühe In te g ra l

w ill  be denoted by 12 . th e re fo re  Cg nay be w ritte n  as

- ( T j n )
Cg = c^e + 12 .

Therefore, f o r  H ^

r  - ( 2T > )  - ( T > )  I  ,  -
= Lcĵ e + 12e + L J ^ ( | i )  + n ( \ )

A, (jl) + «1

^

I2 e °

1 -  e °  A  (p) 
U

-(To/P)
Cg = c^e + 12 .

For n  >  and r  = T^,
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-(T /(l)
( S ' ,S) [cĵ e + is]  ,

and from before fo r  a l l  p  a t  T = 0 ,

• ( V m)

«2 - %

1 = [ v  + fiy (p ):b b y (T i)

(@',6 ) [[(«2®  ̂ + L )p^(m ) + (T^)] e I g ]

Pg (O ' ,* )  [ f l P i  (m) + ( / i X t  ( T i ) ]  e  ^  + 12]

- . - J — ^ ^  — 1
1 - fe (9',9)p, (p)e 

TJ u

I \ - ( V " )
= V  + 12 -  *2 -

For the n e t f lu x  a t  To

S j ‘  !  J" ^ ie t  (T o 'P ')P '4 «'a*n e t 0 0  u

S) ®  J" ( f o 'P 'lP 'a p ',
n e t o u

where I '  . (t  ,/x* ) i s  the  n e t in ten sity ; leav ing  the d ie le c t r ic ,  o r
U

^net ^o*^^
l i e t  ( V » * ' ) --------- 4̂ —  •U n
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The n e t f lu x  may a lso  be found using by n o tic in g  th a t

above the c r i t i c a l  angle the  n e t flu x  i s  zero . I f  the cosine o f  the  

c r i t i c a l  angle i s  denoted by the n e t f lu x  can be w ritten  as

1

n e t U

Throughout t h i s  woric the f lu x  in te g ra ls  w il l  be evaluated num erically . 

The method of in te g ra tio n  used w ill be the Gauss fo u r po in t quadrature 

which gives an exact so lu tio n  i f  the in tegrand  can be expressed as a 

polynomial o f degree seven o r le s s .  H d s quadrature s t i l l  w i l l  give 

good re s u lts  i f  the in tegrand cannot be expressed by a  polynomial of 

t h i s  low an o rd er. A more complete d iscussion  o f quadrature i s  given 

in  Appendix I I .  This same quadrature w il l  be used to  evaluate  the  in ­

te g ra ls  L and 12 .

In  o rder to  have a  comparison w ith the iso therm al case, i t  i s  d e s ir ­

ab le  to  define  a  d ire c tio n a l em ission term . This te rn  w il l  be ca lled  the 

apparent em ission, and w ill  be defined as the r a t io  o f th e  d irec ­

t io n a l  in te n s i ty  leaving  the  coating to  the blackbody in te n s i ty  a t  the 

h o t te r  su rface . Therefore,

u

2 . Emission o f a  M e le e ti lc  Sheet

The same tra n sp o rt equation governs as in  the  coating , b u t once again 

the  boundary conditions change. At  T -  0 ,
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emd a t  T = T o

U

Btie boundary equation a t  T = 0 y le ldu

■ v ' " - " ’ * ? V > " '
and a t  f  = T ,

=2 = V  + g -  I^v ,^ (t)d t.

Again c a llin g

2 T

and

r  r  .  L,

f  f  - 12,

the boundary conditions can be rew ritten  as

=1 -  Pg (6 ',@) [cge ^  + l ]

12]

S u b stitu tio n  y ie ld s
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which can be w ritte n  as

r  -(T  /^ )  "I
Pg (6 ',6 )  Ipg (0 ',0 )l2e  ° + lJ

Cl = !2 - ( 2T /i i )
1 -  Po (O',®) e

- ( 2T /p )

u
Œhe n e t in te n s i ty  i s  given by

The apparent em lss iv ity  as mentioned before w ill  be given by

When considering  the  d ie le c tr ic  sheet i t  i s  convenient- to  a lso  determine 

the  em ission from the in te r fa c e  a t  T -  0 . This in  e f fe c t  merely reverses 

the tem perature p ro f i le .  Ihe n e t in te n s ity  a t  T = 0 Is  given by

-(T7 m)
+ L - Cl*

t^on su b s titu tio n

r  " ( T /p )  1
I ^ g ^ (o ,p )  = Pg (O ',0 )  l^c^e + 12j -  c.

u
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“ (2T A i) “I - ( T  /f i)r  “ (2T /fi) “I - ,
I n e t  Po ( 0 ‘ >0)e -  1 + L + Ifip ( 8 ' , 8 ) e  °

U L ‘=u J %

which can a lso  he w ritte n  as

- ( T ^ f i)
= =2 - ^ [ l  -  Pg (6 \ 6 )] + L [ l  - ( 8 ' , 8 ) ]

The apparent d ire c tio n a l em ise iv ity  then  becomes

I . . .  ( j ,p )
n ]
‘Hot^

* / \

u

The re s u lts  of th is  chapter f o r  various tem perature p ro f i le s  a re  p lo tte d  

in  Figures 35 through 42 .
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CHAPTER VI 

COMBINED DIFFUSE AND SPECULAR REFLECTIŒ

In  a l l  o f the  problems p rev iously  considered, a l l  in te rfa c e s  have 

been assumed to  r e f le c t  sp ecu la rly . This im plies the  in te rfa c e s  a re  p e r­

fe c t ly  smooth, which i s  a physica l in ^ o s s ib i l i ty .  For the  d ie le c t r ic  to  

a i r  in te r fa c e , th i s  i s  a  reasonable assuB ^tion and should give f a i r l y  ac­

curate  r e s u l ts ,  bu t i t  seems l ik e ly  th a t  the  co n d u c to r-d ie lec tric  i n t e r ­

face would no t be qu ite  so smooth. In  f a c t  th e re  would probably be some 

in te n s io n a l rou^m ess in  the  conductor surface  so th a t  the  d ie le c t r ic  

would bond w ell to  i t .

Most su rfaces normally encountered have some degree of roughness. 

Biese r e a l  su rfaces r e f le c t  n e ith e r  sp ecu la rly  nor d if fu se ly , bu t a re  des­

cribed  by a  re f le c tio n  function  lAiich thus f a r  has only been obtained ex­

perim en ta lly . Authors such as BLrkebak and Torrance have measured the 

d ire c tio n a l  re f le c tio n  of various m ateria ls  and reported  th e i r  f in d in g s . 

These experim entally  determined curves in d ic a te  th a t  tru e  su rfaces can be 

approximated by the  combination o f both d iffu se  and specu la r r e f le c t io n . 

Blrkebak has done th is  and some d a ta  fo r  the  d iffu se  and specu lar c o e ff i­

c ie n ts  a re  found in  h is  work.

1 . Isotherm al Coating

93
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Using Blxkebak's n o ta tio n , the  boundary cond ition  a t  T = 0 becomes

Pjj = d iffu se  r e f le c t iv i ty  

Pg = specu lar r e f le c t iv i ty

]he so lu tio n  to  the  tra n sp o rt equation  fo r  the  iso therm al case i s

For p <  p  ,

= c^e"(^ /^) + n^I^^ (T)

( t-T  ) /p  p

I „ ( r , p ) = c e  °  + nFl (T)
U

% ta l  Reflect!cm .

At T -

From the  boundary condition a t  f  = 0 ,

=1 + -  "e  [ v   ̂ <«] + (T)



95

- ( t / / i)1 r  - (T //1 )  2 1
Pd K®o ' -  U

K lrchho ff 's  law fo r  an opaque "body i s  e = 1 -  p . B ierefo re , by d e f in itio n

= [ i  -  P ; -  Pd J ’

where obviously p^ and p^ a re  sp e c tra l  and d ire c tio n a l  q u a n ti t ie s . There­

fore the boundary conditions become

o f  1 - ( f V p )  1 - i r j i x )
=1 + ° Ibt - Pd • («(*4 '  Pb V  Pd°2 °

\diich can be reduced to

- ( V p )  ^ - ( V p )  ^
“ PbV  PdV  p ^ -o

W iltip ly ing  both sides by

%  (9 ' , e ) e

y ie ld s
P r 1 - (S T /p )

-  |P2^(6%6) -  i j  = p^pg (8 ',8 )cge  °  +

 ̂ - ( f V p )  1 - (T  /p )
+ 2pg (8 ' , 8 )e J  PjjCge p4p ,

I) o
o r

r - ( 2T /p ) 1 - (T  /p ) 1 “ ( t  /p )
Cg U - PgPg (6',6)e I -  2pg (8 ' , 8 )e J  PpC^e p ip

I) U o

= n^I^^ (T) [pg ( 8 - ,8 )  -  l ]  .
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I t  i s  obvious th a t  th is  in te g ra l  equation  would be q u ite  d i f f i c u l t  

i f  not im possible to  solve e x ac tly . However, since in  most engineering  

problems the n e t f lu x  i s  of major concern, an approximate so lu tio n  should 

be s u f f ic ie n t .

Before even an approximate so lu tio n  can be attem pted, one must know 

more about the  specu lar and d iffu se  re f le c t io n  c o e ff ic ie n ts  and p^.

As mentioned befo re , both p^ and p^ must be sp e c tra l d ire c tio n a l  quan ti­

t i e s .  Ihe d iffu se  re f le c tio n  c o e ff ic ie n t pt^ inqolies th a t  the  energy re ­

f le c te d  in  a l l  angp.es i s  equal and th is  a t  f i r s t  thought seems to  contra­

d ic t  the statem ent th a t  p^ i s  d ire c tio n a l. Here the a d jec tiv e  d ire c tio n a l 

means th a t  the magnitude of p^ i s  dependent upon the d ire c tio n  o f the in ­

c iden t ra d ia tio n . In  o th er words the  in c id en t energy i s  re f le c te d  equally  

in  a l l  d ire c tio n s , bu t the  amount of energy which i s  re f le c te d  i s  depend­

en t upon the in c id en t ang le .

The specu lar re f le c t io n  c o e ff ic ie n t p^ can be determined as a func­

t io n  of F re sn e l 's  re f le c t io n  c o e f f ic ie n t .  This has been done by E. Davies 

and i s  presented by Torrance.

P j e )

S,p'
exp - ^ (4ir cos 8 j

cdh

^^s,p(9 )
8

X

a_

coh

i s  the  specu lar re f le c tio n  gp.ven by Fresnel

i s  the angle o f  incidence

i s  the  wavelength of the  ra d ia tio n

I s  the surface roughness in  microns, defined as the  roo t 

mean square o f the  surface p ro f i le  from the mean le v e l  

i s  the  su b scrip t denoting coherent ra d ia tio n
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The use o f th is  re la tio n sh ip  no t only allows one to  consider the  d i­

re c tio n a l dependency o f the  specu la r re f le c t io n  c o e ff ic ie n t o f a  r o u ^  

su rface , hut i t  a ls o  considers th e  re f le c t io n  in  mediums o th er them eiir.

While there  i s  a  n ice re la tio n sh ip  between the  specu la r component and 

F re sn e l 's  law, th e re  i s  no such re la tio n sh ip  to  determ ine the d ire c tio n a l 

dependency o f the  d iffu se  component. However, i f  one assumes the  same 

amount o f to ta l  energy i s  re f le c te d  independent o f the  angle o f incidence, 

the d iffu se  component can be found. This i s  not e x ac tly  t ru e . However, 

from B iikebak 's da ta  fo r  the surface  roughnesses used, there  i s  no t too 

g rea t o f an e r ro r  induced in  th i s  assumption. 3 zerefo re , in  th is  paper 

Aj) “ Pij " Pgf where i s  assumed constant and taken from the l i t e r a t u r e .

Again using Gauss fo u r p o in t quadrature, th e  In te g ra l  equation  can 

be w ritte n  a t  fo u r descre te  values o f p  to  ob tain

r  -  T / p ( l )  ]
[1  -  p /D P g  ( l ) e  ° J -c ^ ( l)
■ " "u

- T /p(l) r  ^  - T /p(i) 1
'  2p^^{l)e a )̂pjj(i)c2(l)e p(i)J =

'  [pgJD - l]

2g (2 ) [Ï - p^(2 )pg^(a)e -

- T /p(2) |-4 - T /p(i) 1
-  2p2^ (2 )e p ( l ) J  =

= [% (^ ) -  ]
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Cg(3 ) e tc .

vhere and are  the  welg^it fa c to rs  and the  p o in ts  o f the  quadra­

tu r e .  A lso, p  ( l )  corresponds to  p  (6 ',® ) a t  cos 9  = p ( i ) .
n )

These equations can he solved sim ultaneous to  ob ta in  Cg(i) which w ith 

th e  follow ing w il l  y ie ld  c^(i^).

p  ( l ) e  °  < U U J
%

Die n e t in te n s i ty  a t  r  = leav ing  i s

U n

o r  - (T ^ p )
e .e  -  c, 2

n e t '* o "* ' 2U n
leav ing

as b e fo re .

The d ire c tio n a l  em iss iv ity  i s  given ty

and the  hem ispherical em iss iv ity  i s  obtained by in te g ra tio n

X

= 2j*^

Values o f hem ispherical em iss iv ity  w ith these  boimdaxy conditions are 

found in  Figures 43 and 44 .
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The data  used from Blrkebak I s

(̂ m *0 Ap

0.14 0.116 0.703

0.86 0.714 0.546

This data  i s  taken  a t  100 F and i s  fo r  t o t a l  ra th e r  than sp e c tra l proper­

t i e s  as would be required  fo r  th is  work. The only comparison th a t  could 

be made i s  th a t  a t  sm all o p tic a l  depths the  combined d iffu se  and specular 

so lu tio n  should be g re a te r  than  the so lu tio n  considering  only specu lar re ­

f le c t io n . This i s  observed to  be tru e  in  both cases. A co rrec tio n  i s  

made in  the conqouter program to  account fo r  the change in  w ith the 

change in  coatings.

2 . Nonisothermal Coating

The so lu tio n s to  the governing equations fo r  th e  nonisotherm al coat­

ings are

Iy (T ,p ) = c^e"(^/f*) u "  J* ( t ) d t

The boundary conditions remain unchanged.
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Cg = Pp
r -(Vp) 1

(0 ' , 0 ) c^e °  + I£  ,
U L J

where 

as befo re .

1^ ( 0,^ )  = 2j ^  P jjl ‘ (o ,/x)M d|i + P g l ’ ( o , / i )  + A ^(p)% bb

o r

1 r -(Vp) 1 r -(Vp) 1 2
^1 = 2j^ Pd L V  + LJ pdp + [c^e + L j  + ^ % (p )lb b ^ (T i)-

- ( r j n )
M ultiplying by p_ (0 *,0 )e and combining the  two boundary conditions

n )
y ie ld s

-(T /p) - ( t / u) 1 r - (r  /u) 1
CiPg (6 ' ,6 ) e  °  = 2p^ (6 ' ,6 ) e  °  /  Pp + LJ pdp +

p - ( T  / p )  - ( t  / p )  r - ( t  / p )  1
+ n €y(p)l^^ (Tj^)p2 (0 '»0 )e + p g p g ( 0 ‘ ,0 )e [c^e + LJ

U U U

or

P -(T /p) -(T /p)
= n % ( p ) l t  (T,)Pp ( e * , 0 ) e  °  + p  (0 ' , 0 )I2  + p_p ( 0 ' , 0 ) e  °  L.

U Ü u ^ u

Qhe re flec tan ces  p^ and p^ a re  the  same as in  the  previous sec tio n .
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However* Cy(/l) i s  determined by

<„(m) = 1 -  (P j + pp).

Hhe equation can be w ritte n  as before fo r  the fo u r descre te  p o in ts  given 

by the quadrature * bu t th i s  time L and 12 a re  a lso  dependent on ühe

general foim of the fo u r equations i s

r  -  2T /f f ( i)  -1
C g ( i )  | l  -  p g (i)p 2 ( l ) e  J -

- T / p ( i )  h r  -  T /p ( j )  -|
-  2p« ( i ) e  ^  P g ( j ) c ( j ) e  + l ( j ) l  p ( j ) a ( j )  =

U j= l  J

g r  1 -  T / p ( i )  -  T / p ( i )
= n Cy [p(i)J I^j^jTi)p2(i)e ° + p^ ( i) l2 (± )  + p^(±)e °  L(i)p^i).

The fo u r equations can be solved sim ultaneously to  ob tain  Cg(i) idaich 

w ith the follow ing y ie ld s  c ^ ( i)

' i ( i )  '  [ ï ^ )  -  ^ '  •

The n e t in te n s i ty  a t  T = i s  

o r
,  ,  - ( T / p )

' V  + 12 -  Cg-

The n e t f lu x  leav ing  the su rface  i s  given by

1 4 r  -  r  / p ( i )  *1
^  *(1 ) + i2 ( i ) .  .g ( i ) J  p ( i )
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and the  ap p aren t hendspherlcal e m iss iv ity  i s  g iven by

u

The tem perature p r o f i le s  used a re  th e  same as befo re  and a re  shown in  

F igure 3^* (See page 77*) The apparen t hem ispherica l e m is s iv ity  i s  

p lo t te d  in  F igu res 45 and 46 .
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Figure h6
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CHAPTER VII 

SCATTERING IN AN ISOTHERMAL DIELECTRIC

In  general, ra d ia tio n  s tu d ies  In  s c a tte r in g  media have considered 

only two types o f media. Ike s c a tte r in g  medium most commonly stud ied  

considers a uniform d ispersion  o f p a r t ic le s  suspended In  a non-ahsorhlng 

substance w ith a  re f ra c tiv e  Index o f u n ity . The same equation o f tra n s ­

p o rt w i l l  hold In  th e  second most commonly considered medium, irtilch Is  

an absorbing and em itting  medium which s c a t te r s  electrom agnetic energy 

through lo c a l Inhomonogenlties In  the  medium. In  th is  second medium, 

th e re  I s  no way to  d if fe re n t ia te  the  s c a tte r in g  p a r t ic le s  from th e  sus­

pending medium.

Ike problem th is  work I s  concerned with Involves an absorbing and 

em ittin g  d ie le c t r ic  which has s c a tte r in g  p a r t ic le s  suspended w ith in  I t .  

These p a r t ic le s  a re  assumed to  be spherica l a i r  bubb les. N either o f the 

two most common cases correspond to  th is  problem. However, I t  w i l l  be 

advantageous to  re v e r t to  the equation o f tra n sp o rt used In  the  o th er 

cases to  a id  In  developing an equation o f tra n sp o rt f o r  th is  p a r t ic u la r  

problem.

Love (16) has w ritte n  the  equation of tra n sp o rt In  the  follow ing 

manner:

For a medium co n sis tin g  of a  uniform d isp ersio n  of p a r t ic le s

107
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suspended in  a non-absozting substance v i th  a re fra c tiv e  index of 

u n ity , the  equation of tra n sp o rt  along a d istance  s i s

=  -  +ds 

IT 2ir
+ ^  J" f  S y (0 ,^ ,0 * ,ç ) ') l^ (s ,6 ',ç ) ') s in  e'd<p'de' + (s ) .

The l e f t  side o f  the equation rep resen ts  the  ra te  o f decrease o f in te n ­

s i ty  along th e  p en c il o f ray; the  f i r s t  term on the r i ^ t  rep resen ts the

ex tin c tio n  of the  ray; the second term  on the r i j ^ t  rep resen ts the  energy

sc a tte re d  in to  th e  ray in  the  d ire c tio n  (6 ,^ ) frcm the  ra d ia tio n  in  a l l  

o th e r  d ire c tio n s , and the l a s t  term  rep resen ts the em ission of the  p a r t i ­

c le s .

p i s  the mass of s c a tte r in g  m atter p e r u n it volume of

* mixture

■ft i s  the monochromatic emission c o e ff ic ie n t

O’ i s  the monochrcxnatic s c a tte r in g  c o e ff ic ie n t

fi i s  the monochrcanatic ex tin c tio n  c o e ff ic ie n t

Bie decrease in  in te n s ity  i s  the  e x tin c tio n  o f

the ray and i s  the  r e s u l t  of s c a tte r in g  and *

abso rp tion . 0  = (o + It) 

s (0 ,^ ,9 ‘ ,<p* ) i s  the p ro b a b ility  function  th a t  a photon tra v e lin g

in  the  d ire c tio n  (0 ' ,(p' ) v iU  be sc a tte re d  in to  

the d ire c tio n  (0 ,ç)).

In  a  s im ila r  sense a  i s  the  p ro b a b ility  th a t  a photon v i l l  be sc a t­

te re d  and -ft i s  the  p ro b a b ility  th a t  a  photon v i l l  be trapped . For a  more
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d e ta ile d  d iscussion  o f sc a tte r in g  in  general and a more thorough develop­

ment of th is  equation , r e f e r  to  Love ( l 6 ) .

For a u n ifo m  medium co n sis tin g  o f a unifoxm d is tr ib u tio n  o f sca tte r^  

in g  p a r t ic le s  in  an absorbing medium, the equation must be modified to  in ­

clude the  absorp tion  and emission o f the  suspending medium. As mentioned 

e a r l i e r  in  th is  woric the  p a r t ic le s  w ill  be assumed to  be a i r  bubbles, and 

abso ip tion  and em ission of the bubbles themselves i s  so small th a t  they 

w il l  be neg lected . Figure 4? i s  taken from the work of Chromey (5) and 

g ives the  monochromatic s c a tte r in g  c o e ff ic ie n t a  as a  function  of the par­

t i c l e s  s ize  param eter, where a  = and r  i s  the radius of the  p a r t ic le  

( a i r  bubble). Bie exac t way in  which the  absorp tion  of the suspending 

medium e n te rs  in to  the  tra n sp o rt equation i s  not known. However, fo r  a 

f i r s t  assumption one would assume the  re la tio n sh ip  to  be l in e a r .  That i s

Here the su b scrip t (s )  denotes the  s c a tte r in g  p a r t ic le  and (m) denotes the 

suspending medium.

To the  a u th o r 's  knowledge th e re  i s  no inform ation a v a ilab le  a t  the 

p resen t time to  help  determine the p ro p o rtio n a lity  constant c . In  th is  

work c w il l  be assumed equal to  u n ity . The equation of tra n sp o rt now 

becomes
d l ( s ,6 ,v>)

ds ^ s  6 *m m u

+ J  J* s^(0 ,çî,0 ' , ( p ') l^ ( s ,0 ' , ( p ') s in  0 ‘dip'd0 ' + p ^ ^ n  ( s ) .

This follow s from the re la tio n sh ip s  ^

V s  -
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o

»rfm  = Pm/m * “ P m \

(P s 's  * = mP'

since the  problem under consideration  i s  the  plane p a ra l le l  case with 

a x ia l ly  symmetric boundaiy conditions w ith the use of th e  a x ia lly  sym- 

m etilc  sc a tte r in g  function  and the coordinate system shown in  Figure 48 .
X

WLth th e  d e f in itio n  T -  J  pfiàx, the  equation of tra n sp o rt can be tra n s -
o

formed to

àl,ÂT,ll) 0  5  +1 air
M — âr—  y j'_  ̂ y ’■’» * ' s(0)dv'd^' + — jg —

where 0 i s  the  angle between the  in c id en t and sc a tte re d  ray , and s(0 ) i s  

the a x ia lly  symmetric s c a tte r in g  function  o f the medium.

L e ttin g
1 ^

s(#x,/i‘ ) = ^  J  s(0)d<p',

where
p  —  ?  ■=■

cos 0 -  im' + ( l  -  )2 ( l -  fi' co?(<p - (p')

the equation  of tra n sp o rt can be w ritten  as

2
a i ( T , i i )  p a  +1 p i , y  y

H  â f —  = - ^  I ( T . w ' ) s W ) 4 r ' + ------- ^ ----------

!Ehe exact so lu tio n  to  th is  in te g ro -d if fe re n t ia l  equation  in  most cases 

would be qu ite  d i f f i c u l t .  However, Love ( l6 )  suggests an approximate
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so lu tio n  using  the Gaussian quadrature which should be q u ite  su ita b le  fo r  

engineering problems. His method o f so lu tio n  a lso  has an advantage In  

th a t  experim ental data o f the sc a tte r in g  function  a t  desere te  p o in ts  can 

be rea d ily  app lied .

The In te g ro -d if fe re n t ia l  equation can be w ritten  as fo llow s.

where and are the desere te  o rd inates o f the  quadrature and a^ Is  

the w e l^ t  function .

The In te g ro -d lf fe re n t la l  equation  I s  now represented  by n f i r s t  o rder 

simultaneous d if f e r e n t ia l  equations. As In  the  n o n -sca tte rin g  medium, d is ­

c o n tin u itie s  a re  an tic ip a te d  a t  /i = 0 a t  the boundaries so th a t  the equa­

t io n s  w il l  be w ritten  In  the  p o s itiv e  d ire c tio n  f o r  the In te rv a l  0 <  p  1 

and In  the negative d ire c tio n  fo r  the  In te g ra l -  1 0 a s  fo llow s.

dl(r,+pt,) p a  ,n_
+ %  — 37—  = - K t.+ U j)  + 2^ ^  +

Here I t  should be noted th a t  a^, and a re  no t the  same as before ,
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but now they r e fe r  to  the  double Gaussian quadrature (Appendix I I  ) .

Love suggests a so lu tio n  o f the  follow ing form fo r  the  homogeneous 

so lu tio n s .

y r

He goes on to  wrlxe these simultaneous equations in  m atrix  form and shows 

th a t  so lu tio n  takes the  form

o-x

where the  2n values of y  a re  the eigenvalues o f the m atrix  and the 2n 

values of x^, a re  the e igenvecto rs. The values of are  d e te r­

mined by the  boundary cond itions. Bie eigenvectors and eigenvalues used 

in  th i s  work w ill  be obtained from a progrem developed by Han M. Esie 

which w il l  appear in  h is  d is s e r ta t io n  a t  The U niversity  of Oklahoma be­

fo re  June 1 , 1965*

To obtain  the  p a r t ic u la r  so lu tio n  assoc ia ted  with a  constant tempera­

tu re  medium, the so lu tion  i s  assumed to  be an a rb i tra ry  constan t c . Sub­

s t i tu t in g  in to  e i th e r  of the  two governing d i f f e r e n t ia l  equations, one 

obted.ns

O ' -
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For conservative s c a tte r in g

or

o r

T +1 ar 
T5P J J s(0)d<p'd^' = 1,

-1 O

t  aj + a(̂ %,-Mj)J = 2,

p a  p  k _

c =

The canplete so lu tio n  may be w ritten  as

2a  y„T
(I)V ^ ' % )  ‘  ^  V l ,a ®  “  ^<1—-L u

2n y  T
.  r  “  + a % ^  (t ) .

a=l u

The boundaiy conditions must now be in v es tig a te d  to  determine the constants 

c^. They a re , a t  T = 0,

i„ (o ,+  ( ' ')  +
u

£  V i , a  '  "
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At T = and /i >

13ie two se ts  o f equations become

ê  h l ^ ) . a  -  [p2^ (9 ' , 9 ) -  l ]  .

and

since
c

C' = ----&

The equations may be solved sim ultaneously to  ob tain  the c *s.(X
Die d ire c tio n a l em iss iv ity  can be given by

V»*’ k,a - J “•

Die hem ispherical em lss iv ily  i s  given by
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Figure 47 (see page 110) i s  a  p lo t  of the s c a tte r in g  c o e ff ic ie n t versus 

the p a r t ic le  s ize  param eter taken from Ghromey (5 ) . [Qie hem isidierical 

em iss iv ity  over re f ra c tiv e  index squared f o r  d if f e re n t  p a r t ic le  s iz e s , 

o p tic a l depths, and d ie le c t r ic  suspensions a re  given in  Figure 49*

The values of n in  Figures 49 and 47 do no t ag ree . Ib is  i s  due to  

the  lack  of av a ilab le  d a ta . Qhe conqputations were made based upon tabu­

la te d  values o f d is tr ib u t io n  c o e ff ic ie n t and these d id  no t agree w ith the 

values of n chosen by Chromey f o r  h is  s c a tte r in g  c o e f f ic ie n t .  The values 

o f a  required  were found by in te rp o la tio n  from Figure 47 . dhe re f ra c tiv e  

index n on Figure 49 i s  fo r  the  d ie le c t r ic  medium, b u t the  r e la t iv e  re ­

f ra c tiv e  index fo r  s c a tte r in g  medium to  d ie le c t r ic  i s  0.93  fo r  g l l  cases.

A dditional graphs fo r  hem ispherical p ro p e rtie s  o f the various prob­

lems follow  th is  chapter.
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CHAPTER VII

DISCUSSION OF RESULTS

To the a u th o r 's  knowledge th e  d ire c tio n a l  em ittance of conductors 

in to  various d ie le c tr ic s  has no t been used before  in  the  l i t e r a tu r e .  Bie 

an a ly s is  of the  sheet o f d ie le c t r ic  m a te ria l, while a  somewhat d i f fe re n t  

approach than used by Gardon (8 ) , does check w ith h is  r e s u l ts .  Ihe v a r i­

a tio n  between the hem ispherical em ittance of iso therm al a i r - d ie l e c t r ic  

coatings on a conductor found hy the  au thor and th a t  found by using  the 

so lu tio n  of Richmond ( l8 )  i s  shown in  Figures 26 t h r o u ^  30* (See pages 

62 through 6 6 .)  As the  o p tic a l depth approaches in f in i ty ,  both so lu tio n s 

approach the em ittance of the  coating , b u t as th e  o p tic a l th ickness ap­

proaches zero , the a u th o r 's  so lu tio n  approaches the  in te g ra l  o f a func­

tio n  made up of products and d iv is io n s  of the  d ire c tio n a l  p ro p e rtie s  of 

both  in te r fa c e s , while Richmond's so lu tio n  approaches the  same fu n c tio n a l 

re la tio n sh ip  of the  in te g ra te d  o r  hem ispherical p ro p e rtie s  of th ese  i n te r ­

fac es . Therefore, the  la rg e  discrepancy between the  two so lu tio n s a t  

small o p tic a l depths i s  due to  the  f a c t  th a t  the  in te g ra l  o f a  product o f 

two functions i s  no t equal to  th e  product o f the  in te g ra ls  of the  func­

tio n s  .

The d ire c tio n a l  in te n s i ty  r a t io  o f non iso them al coatings were not 

p lo tte d . However, one p lo t  o f th e  d ire c tio n a l in te n s i ty  r a t io  f o r  a  sheet

126
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of d ie le c t r ic  w ith a  l in e a r  tem perature p ro f ile  was made in  o rd er to  in d i­

cate  how the  curves would appear, ühe non iso them al re s u lts  f o r  coatings 

varied  veiy l i t t l e  from conductor to  conductor because of the shape of the 

tem perature p r o f i le .  Ghat i s ,  the conductor con tribu ted  very l i t t l e .  The 

p ro f i le  chosen was based on the assumption of a  h o t coating surface  and 

th e re fo re , a  cold conductor. This caused the co n trib u tio n  of th e  conduc­

to r  to  be sm all.

Both the sc a tte r in g  re s u l ts  and the  combined d iffu se -sp e c u la r  in te r ­

face re s u lts  were lim ited  fo r  lack  of d a ta . Gheir main co n trib u tio n  i s  in  

a ffo rd in g  a method o f so lu tio n  which can be used when more data  becomes 

a v a ila b le . The presen t combined d iffu se -sp ec u la r  d a ta  i s  fo r  a  very lim ­

i te d  number o f m ateria ls  and fo r  to ta l  ra th e r  than sp e c tra l  p ro p e r tie s .

The values used fo r  and a re  taken from B iikebak 's work and a re  fo r  

to ta l  p ro p e r tie s . Therefore, l i t t l e  can be sa id  q u a n tita tiv e ly  f o r  the 

r e s u l ts .  As th e  surface ro u g ^ ess  in c re ases , decreases as does p^, 

b u t the r e s u l ts  seem to  in d ica te  th a t  the  hem ispherlcal e m iss iv ity  of the 

combination in c reases as the  to ta l  r e f le c t iv i ty  o f the  conductor increases 

ra th e r  than w ith the  surface roughness. Ghe problem soon becomes a  mathe­

m atica l game where any values o f p^ and th a t  seem reasonable may be 

used bu t w ith no experim ental v a l id i ty .

The re s u l ts  o f the  combined d iffu se -sp ec u la r  in te r fa c e  a re  somewhat 

h i ^ e r  than the  r e s u l ts  found considering a l l  in te r fa c e s  specu lar. This 

agrees with the work o f Cess and Sotak (4 ) .  However, in  t h e i r  r e s u l ts  

they  found the  d ifference ' to  increase  w ith o p tic a l th ickness, while fo r  

th is  paper, the  d iffe rence  decreased w ith o p tica l th ick n ess . This can be 

explained in  th a t  a t  in creasin g  o p tic a l th icknesses th e  ccnductor p lays a
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decreasing  ro le  in  the  so lu tio n .

The d a ta  a v a ilab le  fo r  c a lc u la tin g  the s c a tte r in g  functions I s  q u ite  

lim ite d  fo r  r e la t iv e  re fra c tiv e  In d lc le s  le s s  tb*n u n ity . What data  does 

e x is t  on s c a tte r in g  c o e ff ic ie n ts  and d is t r ib u t io n  c o e ff ic ie n ts  does no t 

always agree. Added to  th i s  problem, the nonsymmetrlc m atrix  so lu tio n  fo r  

the  sc a tte r in g  function  w ill  no t converge fo r  many values o f p a r t ic le  s iz e . 

3 re la rg e  v a r ia tio n  In  th e  r e s u l ts  w ith re f ra c tiv e  Index I s  due to  the 

p lo t  being o f hem ispherical em ittance over th e  re f ra c tiv e  Index squared 

versus the  o p tic a l th ick n ess, dh ls tends to  spread the  curves out fo r  

e a s ie r  reading . Die same I s  tru e  In  Figures 35 t h r o u ^  37* (See pages 

85 through 8 7 .)

F urther work I s  planned fo r  the  study of combined ra d ia tio n  and con­

duction  In  th e  same problems. In v ers io n  o f the tem perature p ro f i le  In  the 

coating  problem to  allow th e  conductor to  p lay  a  la r g e r  r d e ;  a  more com­

p le te  an a ly s is  o f the  combined d iffu se -sp e c u la r  boundary problem as more 

d a ta  becomes a v a ila b le ; and the  s c a tte r in g  c o e ff ic ie n ts  and d is tr ib u t io n  

c o e ff ic ie n ts  f o r  r e la t iv e  re f ra c tiv e  In d lc le s  le s s  than u n ity  w il l  be 

evaluated  In  o rder to  ob tain  more r e s u l ts  when considering  s c a tte r in g .
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TABLE 1

MŒfOCHROMATIC ISHECTICKAL EMITTANCE OF ALUMINUM

INTO VARIOUS DIELECTRICS

Angle 9 Refractive Index of the Dielectii c

Radians Degrees 1.5000 3.5000 5.5000

0.10 5-73 0.0480 0.1053 0.1519

0.30 17.19 0.0482 0.1053 0.1520

0.50 28.65 0.0485 0.1059 0.1525

0.70 40.11 0.0497 0.1079 0.1541

0.90 51.57 0.0530 0.1129 0.1572

1.10 63.03 0.0616 0.1233 0.1600

1.30 74.49 0.0843 0.1371 0.1478

1-35 77.36 0.0947 0.1372 0.1368

1.40 80.22 0.1076 0.1318 0.1198

1.45 83.08 0.1208 0.1158 0.0951

1.50 85.95 0.1207 0.0826 0.0614

1.55 88.81 0.0578 0.0280 0.0194
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TABLE 2

M0S0CHBC»4ATIC DERECTIOKAL EMITTANCE OP COPPER

INTO VARIOUS DIELECTRICS

Angle 6 R efractive Index of the D ie le c tric

Radians Degrees 1.5000 3.5000 5.5000

0.10 5.73 0.0282 0.0612 0.0863

0.30 17.19 O.O2S2 0.0612 0.0864

0.50 28.65 0.0284 0.0615 0.0866

0.70 40.11 0.0291 0.0625 0.08.70

0.90 51.57 0.0311 0.0651 0.0874

1.10 63.03 0.0360 0.0694 0.0849

1.30 74.49 0.0482 0.0708 0.0701

1.35 77.36 0.0532 0.0678 0.0623

1.40 80.22 O.C534 0.0615 0.0521

1.45 83.08 0.0616 0.0504 0.0394

1.50 85.95 0.0547 0.0332 0.0243

1.55 88.81 0.0220 0.0105 0.0074
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's m s  3

MONOCHBOMAXIC QIIGCTIQHAL EMITTANCE OF GOLD

INTO VARIOUS UIEUBCTRICS

A n^e 6 R efractive Index o f th e D ie le c tric

Radians Degrees 1.5000 3.5000 5.5000

0.10 5.73 0.0642 0.1332 0.1792

0.30 17.19 0.0643 0.1333 0.1791

0.50 28.65 0.0647 0.1338 0.1790

0.70 40.11 0.0662 0.1353 0.1782

0.90 51.57 0.0701 0.1384 0.1743

1.10 63.03 0.0798 0 . l 4l 6 0.1613

1.30 74.49 0.1011 0.1318 0.1237

1*35 77.36 0.1082 0.1223 0.1079

1.40 80.22 0.1139 0.1073 0.0887

1.45 83.08 0.1129 0.0852 0.0663

1.50 85.95 0.0928 0.0550 0.0406

1.55 88.81 0.0353 0.0173 0.0124
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ta b le  h

MONOCHROMATIC EERECîHONAL EMITTANCE OF NICKEL

INTO VARIOUS DIELECTRICS

Angp.e 6 R efractive Index of the D ie le c tr ic

Radians Degrees 1.5000 3.5000 5.5000

0.10 . 5*73 0.2139 0.4032 0.5053

0.30 17.19 0.2140 0.4032 0.5050

0.50 28.65 0.2150 0.4034 0.5029

0.70 40.11 0.2185 0.4038 0.4954

0.90 51.57 0.2279 0.4031 0.4759

1.10 63.03 0.2493 0.3940 0.4302

1.30 74.49 0.2897 0.3487 0.3288

1*35 77.36 0.3000 0.3212 0.2838

1.40 80.22 0.3045 0.2819 0.2406

1-45 83.08 0.2920 0.2264 0.1832

1.50 85.95 0.2376 0.1534 0.1153

1-55 88.81 0.0960 0.0496 C.O363
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TABLE 5

MDBOCHBOMATIC BIBECTIQKAL EMITTANCE OF SILVER 

INTO VARIOUS DIELECTRICS

Angle 0 R efractive Index of the D ie le c tr ic s

Radians Degrees 1.5000 3.5000 5.5000

0.10 5*73 0.0136 0.0301 0.0434

0.30 17.19 0.0136 0.0301 0.0435

0.50 28.65 0.0137 0.0303 0.0436

0.70 40.11 0.0141 0.0309 0.0440

0.90 51.57 0.0151 0.0324 0.0448

1.10 63.03 0.0176 0.0352 0.0447

1.30 74.49 0.0241 0.0377 0.0386

1.35 77.36 0.0270 0.0369 0.0348

1.40 80.22 0.0303 0.0342 0.0294

1.45 83.08 0.0331 0.0286 0.0225

1.50 85.95 0.0307 0.0191 0.0139

1*55 88.81 0.0128 0.0061 0.0042
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TABLE 6

MONOCHROMATIC DIRECTIONAL ABSORPTANCE FOR A DIELECTRIC COATING

WITH A REFRACTIVE INISX OF 1-5 ON ALUMINUM

A n^e O ptical Thickness -

6 0.0750 0.1500 0.3000 0.6000

88 0.1111 0.1378 0.1598 0.1739

84 0.1737 0.2493 0.3328 0.4003

80 0.1940 0.2943 0.4195 0.5339

76 0.2025 0.3158 0.4669 0.6156

72 0.2060 0.3263 0.4935 0.6663

62 0.2054 0.3313 0.5160 0.7216

52 0.1998 0.3243 0.5121 0.7308

42 0.1934 0.3144 0.5005 0.7240

32 0.1877 0.3052 0.4881 0.7131

22 0.1833 0.2979 0.4730 0.7029

12 0.1805 0.2932 0.4712 0.6958
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SABLE 7

MOROCHBDMATIC BIBECTTOKAL ABSORPTANCE FOR A DIELECTRIC COATDfG

WITH A REFRACTIVE INIEX OF 3.5  ON ALUMINUM

Angle O ptical Thlekness -

6 0.0750 0.1500 0.3000 0.6000

88 0.1281 0.1552 0.1828 0.2043

84 0.1839 0.2454 0.3227 0.3960

80 0.1993 0.2737 0.3734 0.4753

76 0.2055 0.2856 0.3961 0.5129

72 0.2084 0.2914 0.4074 0.5321

62 0.2106 0.2960 0.4171 0.5497

52 0.2107 0.2964 0.4186 0.5534

42 0.2102 0.2957 0.4180 0.5536

32 0.2096 0.2947 0.4169 0.5528

22 0.2090 0.2939 0.4158 0.5519

12 0.2086 0.2933 0.4150 0.5512
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ta b le  8

MONOCHROMATIC DIRECTIONAL ABSORPTANCE FOR A DIELECTRIC COATING

WITH A REFRACTIVE INDEX OF 5-5 ON ALUMINUM

Angle O ptical Thickness -

e 0.0750 0.1500 0.3000 0.6000

88 0.1610 0.1922 0.2278 0.2585

84 0.2142 0.2734 0.3515 0.4303

80 0.2240 0.2896 0.3787 0.4718

76 0.2257 0.2933 0.3835 0.4792

72 0.2250 0.2911 0.3816 0.4763

62 0.2216 0.2856 0.3721 0.4619

52 0.2191 0.2814 0.3652 0.4515

42 0.2176 0.2791 0.3614 0.4459

32 0.2160 0.2778 0.3595 0.4433

22 0.2165 0.2773 0.3587 0.4423

12 0.2163 0.2770 0.3583 0.4419
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TABLE 9

MONOCHROMATIC DrRECTIGNAL ABSORPTANCE OF A DJEIBCTBIC COATING

WITH A REFRACTIVE INDEX OF 1.5  ON COPPER

Angle O ptical Thickness

6 0.0750 0.1500 0.3000 0.6000

88 0.1068 0.1357 0.1591 0.1737

6k 0.1632 0.2427 0.3297 0.3993

80 0.1809 0.2850 0.4144 0.5320

76 0.1881 0.3050 0.4605 0.6131

72 0.1908 0.3146 0.4862 0.6633

62 0.1692 0.3182 0.5074 0.7177

52 0.1833 0.3107 0.5028 0.7264

42 0.1767 0.3005 0.4908 0.7192

32 0.1709 0.2911 0.4781 0.7079

22 0.1665 0.2837 0.4677 0.6975

12 0.1637 0.2789 0.4607 0.6902
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ta b le  10

MONOCHROMATIC DIRECTIONAL ABSORPTANCE OF A DIELECTRIC COATING

WITH A REFRACTIVE INŒX OF 3*5 ON COPPER

Angle O ptical Thickness -

6 0.0750 0.1500 0.3000 0.6000

88 0.1160 0.1483 0.1799 0.2033

84 0.1599 0.2287 0.3135 0.3924

80 0.1714 0.2530 0.3611 0.4701

76 0.1760 0.2632 0.3823 0.5668

72 0.1780 0.2680 0.3927 0.5256

62 0.1795 0.2717 0.4016 0.5427

52 0.1793 0.2718 0.4028 0.5461

1*2 0.1787 0.2709 0.4020 0.5462

32 0.1780 0.2699 0.4008 0.5453

22 0.1774 0.2690 0.3997 0.5444

12 0.1770 0.2683 0.3989 0.5436
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TABLE 11

MGROCHROMATIC DIRECTIONAL ABSORPTANCE OF A DIELECTRIC COATING

WITH A REFRACTIVE INDEX OF 5*5 ON COPPER

Angle O ptical Tbickness

6 0.0750 0.1500 0.3000 0.6000

88 0.1394 0.1787 0.2212 0.2562

84 0.1777 0.2467 0.3360 0.4238

80 0.1843 0.2598 0.3608 0.4640

76 0.1854 0.2620 0.3651 0.4712

72 0.1849 0.2611 0.3633 0.4684

62 0.1826 0.2565 0.3547 0.4544

52 0.1808 0.2530 0.3483 0.4443

42 0.1797 0.2510 0.3448 0.4389

32 0.1791 0.2500 0.3430 0.4363

22 0.1787 0.2494 0.3422 0.4352

12 0.1786 0.2491 0.3418 0.4348
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TABLE 12

MONOCHROMATIC DIRECTIONAL ABSORPTANCE FOR A DIELECTRIC COATING

WITH A REFRACTIVE INDEX OF 1*5 ON GOLD

Anfp.e O ptical Thickness

e 0.0750 0.1500 0.3000 0.6000

88 0.1144 0.1393 0.1604 0.1740

84 0.1818 0.2544 0.3353 0.4011

80 0.2044 0.3016 0.4235 0.5353

76 0.2140 0.3244 0.4720 0.6176

72 0.2182 0.3357 0.4993 0.6687

62 0.2183 0.3417 0.5229 0.7248

52 0.2130 0.3352 0.5196 0.7344

42 0.2068 0.3256 0.5084 0.7280

32 0.2012 0.3166 0.4963 0.7172

22 0.1969 0.3095 0.4863 0.7073

12 0.1941 0.3048 0.4796 0.7003
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TABLE 13

MONOCHROMATIC BTRECTLONAL ABSORPTANCE FOR A DIELECTRIC COATING

WITH A REFRACTIVE INDEX OF 3*5 ON GOLD

Angle O ptical TMckness -

6 0.0750 0.1500 0.3000 0.6000

88 0.1349 0.1592 0.1847 0.2049

84 0.1982 0.2556 0.3283 0.3982

80 0.2162 0.2863 0.3810 0.4785

76 0.2236 0.2995 0.4047 0.5167

72 0.2271 0.3058 0.4165 0.5362

62 0.2299 0.3111 0.4268 0.5542

52 0.2301 0.3117 0.4284 0.5580

42 0.2297 0.3111 0.4279 0.5582

32 0.2291 0.3101 0.4269 0.5575

22 0.2286 0.3094 0.4259 0.5566

12 0.2283 0.3088 0.4252 0.5559
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TABI£ 14

MOKOCHBOMATIC DIRECTIOHAL ABSORPTANCE FOR A DIELECTRIC COATING

WITH A REFRACTIVE INDEX OF 5*5 ON GOLD

Angle O ptical B iickness -

6 0.0750 0.1500 0.3000 0.6000

88 0.1689 0.1974 0.2304 0.2594

84 0.2285 0.2839 0.3578 0.4329

80 0.2396 0.3014 0.3860 0.4750

76 0.2415 0.3044 0.3909 0.4825

72 0.2408 0.3032 0.3890 0.4796

62 0.2369 0.2971 0.3791 0.4649

52 0.2341 0.2927 0.3720 0.4544

42 0.2325 0.2902 0.3681 0.4488

32 0.2317 0.2889 0.3662 0.4462

22 0.2313 0.2883 0.3654 0.4451

12 0.2311 0.2881 0.3650 0.4447
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TABLE 15

MONOCHBOMAnC DIBECTIONAL ABSORPTANCE FOR A DIELECTRIC COATING

WITH A REFRACTIVE INIEX OF I .5 ON NICKEL

Angle O ptical Thickness -

6 0.0750 0.1500 0.3000 0.6000

88 0.1373 0.1513 0.1652 0.1754

8k 0.2481 0.2978 0.3571 0.4085

80 0.2931 0.3654 0.4592 0.5487

76 0.3153 0.4009 0.5178 0.6360

72 0.3271 0.4205 0.5522 0.6910

62 0.3364 0.4373 0.5863 0.7537

52 0.3349 0.4358 0.5887 0.7677

42 0.3304 0.4290 0.5811 0.7644

32 0.3259 0.4218 0.5715 0.7562

22 0.3223 0.4160 0.5633 0.7480

12 0.3200 0.4121 0.5578 0.7423
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TABLE 16

MONOCHROMATIC DIRECTIONAL ABSORPTANCE FOR A DIELECTRIC COATING

WITH A REFRACTIVE INDEX OF 3.5  ON NICKEL

Angle O ptical Thickness -

6 0.0750 0.1500 0.3000 0.6000

88 0.1788 0.1878 0.1992 0.2102

84 0.3102 0.3383 0.3773 0.4189

80 0.3569 0.3946 0.4487 0.5087

76 0.3777 0.4202 0.4821 0.5522

72 0.3881 0.4331 0.4991 0.5747

62 0.3976 0.4448 0.5148 0.5958

52 0.3998 0.4474 0.5183 0.6008

42 0.4002 0.4478 0.5188 0.6017

32 0.4001 0.4475 0.5184 0.6015

22 0.3999 0.4471 0.5178 0.6010

12 0.3996 0.4467 0.5174 0.6006
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ta b le  17

MONOCHROMATIC DIRECTIONAL ABSORPTANCE FOR A DIELECTRIC COATING

WITH A REFRACTIVE INDEX OF 5.5  ON NICKEL

Angle O ptical Thickness -

6 0.0750 0.1500 0.3000 0.6000

88 0.231*0 0.21*31* 0.2563 0.2699

81* 0.3665 0.3900 0.1*21*1 0.1*627

80 0.3962 0.1*238 0 .1*61*1* 0.5111

76 0.1*015 0.1*298 0.1*717 0.5199

72 0.3995 0 .1Æ75 0.1*689 0.5165

62 0.3891* 0.1*159 0.1*550 0 .1*997

52 0.3821 0.1*076 0.1*1*50 0.1*878

1*2 0.3783 0.1*032 0.1*398 0.1*815

32 0.3766 0.1*012 0.1*371* 0.1*787

22 0.3759 0.1*005 0.1*361* 0.1*776

12 0.3757 0.1*002 0.1*361 0.1*772
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ta b le  18

MONOCHROMATIC DIRECTIONAL ABSORPTANCE fOR A DIEIECTRIC COATING

WITH A REFRACTIVE INIEX OF 1 .$  ON SILVER

Angle O ptical Thickness -

e 0.0750 0.1500 0.3000 0.6000

88 0.1033 0.1341 0.1586 0.1735

84 0.1553 0.2378 0.3274 0.3985

80 0.1711 0.2782 0.4107 0.5307

76 0.1774 0.2971 0.4559 0.6113

72 0.1795 0.3059 0.4809 0.6611

62 0.1774 0.3087 0.5010 0.7149

52 0.1712 0.3007 0.4960 0.7231

42 0.1645 0.2904 0.4836 0.7156

32 0.1587 0.2807 0.4707 0.7041

22 0.1542 0.2732 0.4601 0.6935

12 0.1513 0.2684 0.4531 0.6861
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TABLE 19

MONOCHROMATIC DIRECUOML ABSORPTANCE FOR A DIEŒCTRIC COATING

WITH A REFRACTIVE INIEX OF 3.5  ON SILVER

Angle O ptical Thickness -

e 0.0750 0.1500 0.3000 0.6000

88 0.1062 0.1430 0.1776 0.2026

84 0.1420 0.2164 0.3068 0.3898

80 0.1509 0.2380 0.3523 0.4664

76 0.1544 0.2469 0.3724 0.5025

72 0.1560 0.2511 0.3822 0.5209

62 0.1569 0.2542 0.3905 0.5377

52 0.1565 0.2541 0.3915 0.5410

42 0.1558 0.2531 0.3906 0.5410

32 0.1551 0.2520 0.3894 0.5400

22 0.1545 0.2510 0.3882 0.5390

12 0.1540 0.2503 0.3873 0.5382



1U8

TABLE 20

MONOCHROMATIC DIRECTIONAL ABSORPTANCE FOR A DIELECTRIC COATING

WITH A REFRACTIVE INDEX OF 5-5 ON SILVER

Angle O ptical QMckness -

e 0.0750 0.1500 0.3000 0.6000

88 0.1230 0.1688 0.2166 0.2546

84 0.1519 0.2283 0.3255 0.4195

80 0.1567 0.2394 0.3487 0.4589

76 0.1575 0.2413 0.3527 0.4659

72 0.1571 0.2404 0.3510 0.4631

62 0.1553 0.2365 0.3429 0.4494

52 0.1539 0.2334 0.3369 0.4395

42 0.1530 0.2316 0.3335 0.4342

32 0.1525 0.2306 0.3318 0.4316

22 0.1522 0.2301 0.3310 0.4306

12 0.1520 0.2296 0.3306 0.4302
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TAïLE 21

ABSORPTAirCE AND EMITTANCE FOR A DIELECTRIC SHEET WITH n = 1 .$

Angle O ptical Depth -

e 0.0750 0.1500 0.3000 0.6000

88 0.0668 0.0999 0.1327 0.1581

84 0.0851 0.1477 0.2331 0.3252

8o 0.0893 0.1619 0.2717 0.4072

76 0.0905 0.1672 0.2895 0.4515

72 0.0903 0.1689 0.2977 0.4758

62 0.0877 0.1662 0.2997 0.4951

52 0.0839 0.1599 0.2914 0.4896

42 0.0801 0.1531 0.2808 0.4769

32 0.0768 0.1472 0.2711 0.4638

22 0.0743 0.1426 0.2635 0.4530

12 0.0727 0.1397 0.2585 0.4459
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TABUE 22

ABSORPTANCE AND EMITTANCE FOR A DIELECTRIC SHEET WITH n = 3*5

Angle O ptical Depth -

6 0.0750 0.1500 0.3000 0.6000

88 O.O59U 0.0957 0.1375 0.1754

8k 0.0691 0.1237 0.2039 0.3002

80 0.0711 0.1304 0.2230 0.3435

76 0.0718 0.1329 0.2308 0.3626

72 0.0721 0.1340 0.2344 0.3720

62 0.0721 0.1345 0.2369 0.3797

52 0.0717 0.1340 0.2366 0.3804

k2 0.0712 0.1332 0.2355 0.3795

32 0.0708 0.1325 0.2343 0.3781

22 0.0704 0.1318 0.2333 0.3768

12 0.0701 0.1313 0.2326 0.3759



151

TABLE 23

ABSORPTANCE AND EMITTANCE lOR A DIELECTRIC SHEET WITH n = 5*5

Angle O ptical Depth -

e 0.0750 0.1500 0.3000 0.6000

88 0.0619 0.1041 0.1578 0.2117

84 0.0684 0.1241 0.2086 0.3145

80 0.0694 0.1272 0.2179 0.3361

76 0.0695 0.1278 0.2194 0.3398

72 0.0694 0.1275 0.2187 0.3382

62 0.0690 0.1262 0.2153 0.3306

52 0.0686 0.1252 0.2127 0.3250

42 0.0683 0.1245 0.2111 0.3218

32 0.0681 0.1240 0.2101 0.3201

22 0.0679 0.1237 0.2096 0.3193

12 0.0678 0.1235 0.2094 0.3189
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TABLE 2 k

HEMISPHERICAL EMITTANCE OF AN ISOTHERMAL SHHtfi» OF DIELECTRIC

R efiB ctive
Index O ptical Thickness -

0.0750 0.1500 0.3000 0.6000

1.50 0.0813 0.1543 0.2797 0.4680

1.75 0.0779 0.1477 0.2675 0.4469

2.00 0.0759 0.1437 0.2595 0.4317

3.50 0.0711 0.1327 0.2336 0.3747

5.50 .o .o m  ~ 0.1249 0.2121 0.3241
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ta b le  25

HEMISPHERICAL EMITTANCE OF AN ISOOHERMAL DIELECTRIC COATING 

ON A CONDUCTOR SURFACE BT ATTENUATED INTENSITY APPROACH

Coating 
îfra c tiv e  
Index n

Conductor H sfractive O p tica l Ttxickness -

Aluminum 

n = 2 .30 -  116.50

Copper

n = 0.82 - 13.00

Gold

n = 1.31 - 110.70

0.0750 0.1500 0.3000 0.6000

1.50 0.1935 0.3120 0.4901 0.6991

1-75 0.1926 0.3043 0.4721 0.6695

2.00 0.1939 0.3004 0.4595 0.6458

3.50 0.2086 0.2927 0.4121 0.5437

5.50 0.2186 0.2807 0.3643 0.4504

1.50 0.1774 0.2987 0.4810 0.6947

1.75 0.1741 0.2891 0.4617 0.6644

2.00 0.1732 0.2835 0.4480 0.6402

3.50 0.1776 0.2684 0.3967 0.5366

5.50 0.1804 0.2524 0.3475 0.4432

1.50 0.2066 0.3227 0.4975 0.7028

1.75 0.2072 0.3162 0 .4803. 0.6736

2.00 0.2098 0.3133 0.4684 0.6501

3.50 0.2278 0.3077 0.4218 0.5482

5.50 0.2336 0.2920 0.3711 0.4534
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TABLE 25 - -  Continued

Conductor
Coating 

R efractive 
Index n

O p tica l Thickness -  f

N ickel 

n = 3.74 - i8 .8 0

S ilv e r 

n = 0.48  -  i l 4.40

1.50 0.3258 0.4211 0.5655 0.7362

1.75 0.3389 0.4249 0.5554 0.7109

2.00 0.3520 0.4302 0.5488 0.6900

3.50 0.3946 0.4409 0.5099 0.5901

5.50 0.3814 0.4068 0.4441 0.4867

1.50 0.1655 0.2889 0.4743 0.6914

1.75 0.1605 0.2780 0.4541 0.6607

2.00 0.1581 0.2712 0.4396 0.6360

3.50 0.1551 0.2510 0.3856 0.5315

5.50 0.1536 0.2329 0.3360 0.4384
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TABLE 26

HENISPHEBICAL EMITTANCE THE ATTENUATED FLUX APPROACH 

Coating
Conductor

Aluminum 

n = 2 .30  -  116.50

Copper 

n = 0.82 - 113.00

Gold

n = 1.31 -  110.70

R efractive O ptica l Tbickness - T
Index n 0

0.0750 0.1500 0.3000 0.6000

1.50 0.3350 0.4763 0.6466 0.8026

1.75 0.4082 0.5436 0.6906 0.8119

2.00 0.4696 0.5920 0.7144 0.8080

3.50 0.6027 0.6644 0.6787 0.7019

5.50 0.5385 0.5506 0.5595 0.5627

1.50 0.3051 0.4561 0.6361 0.7985

1.75 0.3730 0.5222 0.6805 0.8082

2.00 0.4316 0.5708 0.7052 0.8048

3.50 0.5770 0.6330 0.6750 0.7007

5.50 0.5385 0.5506 0.5596 0.5627

1.50 0.3539 0.4889 0.6536 0.8053

1.75 0.4291 0.5565 0.6967 0.8140

2.00 0.4908 0.6040 0.7196 0.8096

3.50 0.6113 0.6493 0.6811 0.7019

5.50 0.5385 0.5506 0.5596 0.5627
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TABES 26 — Continued

Conductor
Coating 

R efractive 
Index n

O ptical Thickness -  T

Nickel 

n = 3.74 - 18.80

1.50 0.5164 0.6037 0.7175 0.8309

1.75 0.5957 0.6661 0.7531 0.8348

2.00 0.6480 0.7024 0.7676 0.8268

3.50 0.6725 0.6836 0.6958 0.7068

5.50 0.5566 0.5596 0.5627 0.5657

S ilv e r 

n = 0.48  -  114.40

1.50 0.2835 0.4417 0.6284 0.7956

1.75 0.3470 0.5065 0.6731 0.8057

2.00 0.4028 0.5552 0.6984 0.8028

3.50 0.5549 0.6235 0.6725 0.6995

5.50 0.5233 0.5415 0.5566 0.5627
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TABLE 27

TRANSMISSIVITY FOR n = I .5

A n^e O p tica l Thickness -  %

6 0.0750 0.1500 0.3000 0.6000

88 0.0658 0.0487 0.0314 0.0170

84 0.2373 0.2021 0.1522 0.0936

80 0.3871 0.3418 0.2702 0.1745

76 0.5081 0.4551 0.3675 0.2432

72 0.6018 0.5430 0.4433 0.2977

62 0.7445 0.6776 0.5616 0.3865

52 0.8085 0.7399 0.6198 0.4353

42 0.8363 0.7689 0.6499 0.4646

32 0.8483 0.7828 0.6666 0.4835

22 0.8534 0.7896 0.6761 0.4958

12 0.8555 0.7929 0.6813 0.5030
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TASUS 28

TRAlïSMISSIVITr FOR n = 3*5

Angle O p tica l Thickness -  %

e 0.0750 0.1500 0.3000 0.6000

88 0.0931 0.0744 0.0523 0.0312

84 0.2594 0.2288 0.1823 0.1227

80 0.3553 0.3198 0.2624 0.1826

76 0.4089 0.3708 0.3076 0.2168

72 0.4390 0.3994 0.3331 0.2363

62 0.4695 0.4285 0.3593 0.2566

52 0.4781 0.4370 0.3671 0.2631

42 0.4810 0.4400 0.3703 0.2661

32 0.4822 0.4414 0.3719 0.2678

22 0.4827 0.4421 0.3728 0.2690

12 0.4829 0.4425 0.3734 0.2697
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TABLE 29

TRANSMISSIVITY FOR n = 5.5

Angle O ptical Thickness -

6 0.0750 0.1500 0.3000 0.6000

88 0.1328 0.1107 0.0819 0.0513

84 0.2971 0.2651 0.2150 0.1480

80 0.3486 0.3142 0.2584 0.1808

76 0.3585 0.3236 0.2669 0.1872

72 0.3549 0.3201 0.2637 0.1849

62 0.3364 0.3026 0.2483 0.1733

52 0.3237 0.2907 0.2378 0.1655

42 0.3174 0.2847 0.2326 0.1617

32 0.3147 0.2822 0.2305 0.1602

22 0.3137 0.2813 0.2299 0.1598

12 0.3135 0.2812 0.2298 0.1598
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TABLE 30

. DIMENBIOKLESS PLUX RATIO FOR A DIELECTRIC SHEET
n

WITH A TEMPERAWRE PROFILE

T = 150 F o T^ = 2000 F

R efractive Temperature
Index P ro file

O ptical Thickness -

0.075000 0.150000 0.300000 0.600000

1.5
P arabolic  O.17750O O.O3587O O.O7377O O.I5917O

L inear O.OO9617 O.OI93OO 0.039144 0.002074

3.5
P arabolic  0.002798 0.005466 O.OIO6O8 0 .02104l

L inear 0.001517 0.002946 0.005647 0.010920

5.5
P arabolic  O.OOIO83 0.002057 O.OO3817 O.OO713I

L inear O.OOO587 O.OOUO9 O.OO2O32 0.003704

Surface In te n s ity  = I^(T^) = 0 .39789285 x 10,-13
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TABLE 31

FLUX RATIO FOR VARIOUS NONISOTHERMAL COATINGS

WITH SPECULAR INOERFACES ON ALUMINUM

Tg = 150 P Tj, = 2000"?

R efractive
Index

1.5

O ptical
Thickness

0.0750

0.1500

0.3000

0.6000

Linear
P ro file

0.0201

0.0408

0.0842

0.1807

Parabolic
P ro file

0.0370

0.0757

0.1588

0.3505

3.5

0.0750

0.1500

0.3000

0.6000

0.0142

0.0286

0.0580

0.1211

0.0264

0.0532

0.1090

0.2333

5 .5

0.0750

0.1500

0.3000

0.6000

0.0129

0.0252

0.0491

0.0981

0.0239

0.0468

0.0922

0.1889
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TABLE 32

H.UX RATIO FOR VARIOUS NONISOTHERMAL COATINGS

WIOH SPECULAR INTERFACES ON COPPER

T = 150 F s Tp = 2000"p

R efractive
Index

1*5

O ptical
Thickness

0.0750

0.1500

0.3000

0.6000

L inear
P ro file

0.0200

0.0407

0.0841

0.1806

Parabolic
P ro file

0.0369

0.0756

0.1585

0.3503

3-5

0.0750

0.1500

0.3000

0.6000

0.0139

0.0280

0.0570

0.1200

0.0256

0.0519

0.1072

0 .23Î 3

5-5

0.0750

0.1500

0.3000

0.6000

0.0119

0.0235

0.0466

0.0955

0.0219

0.0435

0.0876

0.1839
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TABLE 33

FLUX BATED FOR VARIOUS NONISOTaERMAL COATINGS

WITH SPECULAR INTERFACES ON GOLD

Tg = 150 F

R efractive
Index

1.5

O ptical
Thickness

0.0750

0.1500

0.3000

0.6000

T_ = 2000 Fr

L inear
P ro file

0 .0201

0.0408

0.0843

0.1808

Parabolic
P ro file

0.0371

0.0759

0.1589

0.3506

3.5

0.0750

0.1500

0.3000

0.6000

0.0145

0.0291

0.0586

0.1217

0.0268

0.0539

0.1101

0.2346

5 .5

0.0750

0.1500

0.3000

0.6000

0.0134

0.0259

0.0501

0.0991

0.0246

0.0481

0.0940

0.1909



164

TABLE 34

FLUX RATIO FOR VARIOUS NONISOTHERMAL COATINGS

WITH SPECULAR INTERFACES ON NICKEL

T = 150 F 8

R efractive
Index

1.5

O ptical
Thickness

OTO75O

0.1500

o.spoo

0.6000

T_ = 2000 FF

L inear
P ro f ile

0.0204

0.0414

0.0851

0.1816

P arabolic  
P ro f ile

0.0377

0.0769

0.1604

0.3522

3.5

0.0750

0.1500

0.3000

0.6000

0.0167

0.0328

0.0641

0.1279

0.0309

0.0609

0.1205

0.2464

5-5

0.0750

0.1500

0.3000

0.6000

0.0175

0.0330

0.0606

0 .1110

0.0322

0.0612

0.1139

0.2138
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TABLE 33

FLUX BAHO FOR VARIOUS NONISOTHESMAL COAUNGS

WITH SPECULAR INTERFACES ON SILVER

T = 150 F s = 2000 F

R efractive
Index

1-5

O ptical
Thickness

0.0750

0.1500

0.3000

0.6000

L inear
P ro f ile

0.0200

0.0406

0.0841

0.1805

P arabolic
P ro f ile

0.0369

0.0755

0.1584

0.3501

3-5

0.0750

0.1500

0.3000

0.6000

0.0136

0.0275

0.0563

0.1193

0.0251

0.0510

0.1059

0.2300

5 .5

0.0750

0.1500

0.3000

0.6000

0.0111

0.0223

0.0450

0.0938

0.0205

0.0413

0.0845

0.1806
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TABLE 36

HEMISPHERICAL SfITTARCE OF A DIEIECTHIC COATING ON NICKEL 

Nias A SURFACE ROUGHNESS OF O .II6  n

(Pg + Pg) = 0.703

R efractive O ptical C
Index Thickness

1-5

3.5

5-5

H

0.0750 0 .48s 6

0.1500 0.5202

0.3000 0.5852

0.6000 0.6635

0.0750 0.4637

0.1500 0.4848

0.3000 0.5201

0.6000 0.5704

0.0750 0.4189

0.1500 0.4306

0.3000 0.4500

0.6000 0.4773
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TABLE 37

1.5

HEMISPHERICAL BCTEANCE OF A IŒEIECTRIC COATING ON NICKEL 

WITH A SURFACE BOUCfflNESS OF 0.714

(pg + Pg) = 0.546

R efractive O ptical . C„
Index th ickness

0.0750 0.3795

0.1500 0.4672

0.3000 0.6002

0.6000 0.7569

0.0750 0.3877

0.1500 0.4361

0.3000 0.5080

0.6000 0.5915

0.0750 0.3757

0.1500 0.4028

0.3000 0.4425

0.6000 0.4877

3.5

5 .5
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TABLE 38

percentage difference between the AÜTBfUATED INTENSIÜY

AND THE ATŒNUAŒD FLUX APPROACHES

Coating
Conductor R efractive O ptica l Thickness T

Index o

Aluminum 

n = 2 .30 - 116.50

Copper

n = 0.82 -  113.00

Gold

n = 1.31 -  110.70

Nickel

n = 3.74 -  l8 .8 0

S ilv e r  

n = 0.48  -  i l 4 .4o

0.075 0.150 0.300 0.60(

1.50 73.12 52.66 31.94 14.80

2.00 142.18 97.07 55.47 25.14

3.50 188.93 120.16 64.69 29.10

1.50 71.98 52.70 32.25 14.94

2.00 149.19 101.34 57.41 25.71

3.50 224.89 135.95 70.15 30.58

1.50 71.30 57.50 31.38 14.58

2.00 133.90 92.79 53.66 24.53

3-50 168.35 111.02 81.47 28.04

1.50 58.50 43.36 26.68 12.86

2.00 84.09 63.27 39.87 19.83

3-50 69.65 55.05 36.46 19.71

1.50 71.30 52.89 32.49 15.07

2.00 154.77 104.72 58.87 26.23

3.50 257.77 148.41 74.40 31.61



169

TABLE 39

RATIO FOR NONISOTHERMAL COATINGS ON NICKEL 

WITH A SURFACE ROUGHNESS OF O .II6

(Pg + Pjj) = 0.703

T = 150 F 8

R efractive
Index

1-5

O ptical
Depth

0.075

0.150

0.300

0.600

Tj, = 2000°F

L inear
Temperature

P ro f i le

0.0301

0.0578

0.1090

0.2072

Parabolic
Temperature

P ro f i le

0.0555

0.1074

0.2053

0.4017

3.5

0.075

0.150

0.300

0.600

0.0209

0.0401

0.0749

0.1400

0.0386

0.0743

0.1407

0.2698

5.5

0.075

0.150

0.300

0.600

0.0161

0.0307

0.0576

0.1080

0.0296

0.0570

0.1081

0 .2079
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TABLE 40

ILUX RATIO FOR RONISOOHERMAL C0ATIR6S ON NICKEL

WITH A SURFACE ROU(fflHESS OF ff = 0.714 ^

T =

R efractive
Index

1-5

3-5

5-5

(p . ^ Pd> = 0.546

150°F 2000°F

O ptical
Depth

L inear
Temperature

P ro file

Parabolic  
Tenge ra tu re  

P ro file

0.075 0.0340 0.0627

0.150 0.0644 0.1197

0.300 0.1185 0.2233

0.600 0.2172 0.4213

0.075 0.0244 0.0450

0.150 0.0458 0.0850

0.300 0.0830 0.1560

0.600 0.1486 0.2863

0.075 0.0188 0.0346

0.150 0.0352 0.0653

0.300 0.0638 0.1197

0.600 0.1144 0.2203
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TABI£ k l

HSCSPHEBIGAL BCETTANCE 

OF A SCATTERING I 80ŒEBMAL COATING ON NICKEL

R efiac tive
Index

1.07527

O ptical
Depth

0.0750

0.1500

0.3000

0.6000

n = 3.7U - 18.80

•H

0.37712

0.52497

0.71058

0.88355

Alpha

1.0

'W

0.0057

1.07527

0.0750

0.1500

0.3000

0.6000

0.38005

0.52888

0.71557

0.88915

1.0 0.0018

1-3333

0.0750

0.1500

0.3000

0.6000

0.17936

0.25692

0.36659

0.49470

1.0 0.0018

1-3333

0.0750

0.1500

0.3000

0.6000

0.17582

0.25125

0.35910

0.48782

1.0 0.0057
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APPENDIX I  

SOLUTION TO THE TRANSPORT EQUATION 

The equation  of tra n sp o rt I s  given by

d l (t ,m) p
M ----------

where T could be a function  of T. I f  /f i s  f i x e d ,  the equation i s  an o rd i­

nary d i f f e r e n t ia l  equation in  T, which may be w ritte n  as

d l I  2

d f - - f

From ordinary d if f e r e n t ia l  equations, the equation

may be w ritte n  as

^  + Pdx = 0 .
y

The so lu tio n  becomes

In :y  + Jpdx = In  c ye«J*''^  ̂ =

18U
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o r

y = .

The in te g ra t in g  f a c to r  i s  e J * '^  o r  i n  th e  eq u a tio n  o f  tra n s p o r t

eJPdx ^ J ( l /M )d T )  ^ t/ m .

T herefore , m u ltip ly in g  hy e ^ ^  y ie ld s

dT H

ai I e /̂l*

dT U' dT H

T herefo re , th e  eq u a tio n  may he w r i t te n  as

n ^ e ^ ^  I  (t )

n ^ e ^ ^  (T)dTo r
■ V 1)d ( e ^ ^  I  ) =

I f  I , , i s  independent o f  T, so lv in g

e ^ ^  I  = n ^ e ^ ^  I  (T) + c I) hh^
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I f  T = f(T ) , the so lu tio n  becomes

M

i
M



APPENDIX I I  

NUMERICAL INTEGRATION

Ry d e f in itio n , numerical in te g ra tio n  idien app lied  to  a function  of 

a  s in g le  v a riab le  i s  a mechanical quadrature process and when computing 

a  double in te g ra l  of a function  of two v a ria b le s  i s  a  mechanical cuba- 

tu re  p rocess . In  most forms of numerical in te g ra tio n , the in te rv a ls  are  

equally  spaced, b u t Gauss decided th e re  must be some b e t te r  way to  sub­

d iv ide  th e  in te rv a l  in  order to  g e t a  more accura te  value fo r  the  in te ­

g r a l .  His e f fo r ts  resu lted  in  what i s  known as Gauss' quadrature formu­

l a ,  which i s  the  most accurate  o f the  quadrature formulas Gauss based 

h is  quadrature on the  zeros of the Legendre polynomials which fo rce s  the 

e r ro r  term to  zero  i f  the in teg rand  i s  a  polynomial o f order 2n -  1 o r 

l e s s .  Here n i s  the  number of in te rv a ls .  In  Gauss' quadrature the  sub­

d iv is io n s  are  no t equal, bu t they  a re  symmetric about the  midpoint of 

the in te r v a l .
b

I f  I  = J  f(x )d x  i s  the in te g ra l  to  be computed, Gauss' formula says 
a

i  ^
I  = r 0(u)du = w rt(u ) .  

- ?  j= l   ̂ ^

T herefore, making th e  s u b s titu tio n
a  + b

2
187

= (b - a )u  + — and dx = (b -  a)du.
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I  becomes
b & n

I  = r f(x )dx  = (b -  a )  r 0 (u)du = (b -  a ) 2 — w.0(u .)  
a - i  j= l  J

where

0 (u) = f  |(b  -  a )u  + - I  - j  .

For the  work in  t h i s  paper the  fo u r p o in t quadrature was chosen and 

assumed to  be s u f f ic ie n tly  accu ra te .

For n = 4,

ŵ  = 0.3260725774 u^ = -  0.1699905218

Wg = 0.3260725774 Ug = + 0.1699905218

ŵ  = 0.1739274226 Uj = -  0.4305681558

ŵ  = 0.1739274226 û  ̂ = + 0.4305681558

Values fo r  n up to  ten  a re  given in  S carborou^  ( I5 ) .

In  th is  work the in te r e s t  i s  in  eva lua ting  the f lu x  in te g ra l  and 

the in te g ra l  across the o p tic a l depth. For the f lu x  th e  in te g ra l  i s  of 

the  form
1

#*c

Rewriting the quadrature to  f i t  the  in te g ra l ,  the c o e ff ic ie n ts  become

For n = 4 ,

w  ̂ = 0.1739274226 ^  = 0.0694318442 + 0 .9305681558^^

Wg = b .3260725774 jUg = 0.3300094782 + 0.6699905218^1^

ŵ  = 0.3260725774 #1̂  = 0.6699905218 + 0.330009478%/^
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= O.173927U226 = 0.9305681558 + 0.0694318442%^^

I t  i s  observed th a t  as goes to  zero , the quadrature becomes the 

so -ca lled  double Gaussian quadrature and i s  w idely app licab le  where flux  

ca lu c la tio n s  are  made w ith no c r i t i c a l  angle considera tion .

For in te g ra tin g  acro ss  the o p tic a l depth, the  in te g ra l  has the form

fo r  which the  quadrature becomes

J* ° g(t)dt = f  w g(t ). 
o j= l  J J

Where fo r  n = 4 ,

= 0.1739274226 t^  = o . o6943i 8442t^

Wg = 0.3260725774 tg  = 0.33000947827^

= 0.3260725774 t^  = 0.66999052187^

w  ̂ = 0.1739274226 t^  = 0.93056815587^

In  order to  determine the to ta l  rad ian t f lu x , i t  i s  necessary to  

in te g ra te  o v e ra ll wavelengths. I t  would be d esirab le  to  have a quadra­

tu re  formula su ita b le  fo r  th is  in te g ra tio n  lA ich would enable one to  de­

term ine the  in te n s i t ie s  a t  the frequencies of the quadrature. Ib is  would 

be p a r t ic u la r ly  u se fu l in  the isotherm al case in  which the re fra c tiv e  

index i s  a  function  o f frequency a lo n e .

To perform th is  in te g ra tio n , A. Reiz (see Love I6 ) has developed a 

quadrature based on the zeros of the laguerre  polynomials; His quadra­

tu re  again  reduces the e r r o r  term to  zero i f  the  in tegrand can be
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expressed as a polynomial of o rder 2n - 1 o r  l e s s .  The number o f i n t e r ­

vals v i l l  be r e s t r ic te d  to  f iv e  here as any number la rg e r  than f iv e  would 

cause ex tensive c a lcu la tio n s .

For n = 5 ,

J* e‘ ^f(x)dx  = ^  a j f ( x j ) .

x^ = 0.2635603 

Xg = I.U13U03O 

x^ = 3.5964258 

Xĵ  = 7.0858102 

x^ =12.6408007

a^ = 0.5217556 

a^ = 0.3986668

= 0.0759424

â  ̂ = 0.0036118 

a^ = 0.0000234


