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ABSTRACT

In the work of previous investigators, the analysis of dielectric
coatings and sheets of dielectrics has been through the solution of the
transport equation as applied to flux rather than intensity. In this
way the directional dependency of intensity is neglected.

In this investigation the directional dependency of intensity is
accounted for through the solution of the transport equation at descrete
angular positions. The model employed is infinite in extent but of finite
thickness, therefore allowing the assumption of axial symmetry. Initially
all interfaces are assumed to be perfectly amooth specular reflectors.

Fresnel's law is used to determine the directional emittance of the
conductor into various dielectrics, and these are found plotted in the
thesis. Fresnel's law is also used to determine the reflectance of the
dielectric-air interface.

Emittance of various coating-conductor combinations with varying
thicknesses are calculated, and the curves are presented. These are nu-
merically integrated to obtain the hemispheri‘cal emittance and a compari-
son is given to those values found by using the attenuated flux approach.

The analysis is then carried on to nonisothermal coatinges with both
linear and parabolic temperature profiles imposed on the coating. The di-
mensionless flux ratio is plotted for specific cases.

The same procedure is followed on a sheet of dielectric materisal,
and in addition the directional transmittance is obtained.

The a.nalysi_s of the coatings is then modified using the combined

iii



diffuse and specular reflection at the dielectric-conductor interface.
These values are plotted for hemispherical values only with two values
cf surface roughness.

For the isothermal coating, scattering is considered with the scat-
tering medium being spherical air bubbles. These results are also plotted

for hemisphericel values.
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A RADIATIVE HEAT TRANSFER ANALYSIS OF
DIATHERMANOUS SHEETS AND COATINGS

CHAPTER I
INTRODUCTION

The current activities of the aerospace industries in the area of
ceramic coatings as a heat shield have increased interest in the effect
of ceramic coatings on thermal radiation. Perhaps even more interest
has been generated through the need of either highly reflective or highly
absorbing coatings on satellites. Still another area of interest is in
the study of frequency selective coatings. They m:l.gilt also find apﬁlica-
tion as paints or windows in houses or automobiles functioning in differ-
ent locations as elther good solar absorbers for cold climates or good
solar reflectors for the more arid regions.

For years physicists have studied radiation in transparent media in
relation to their interest in optics. While most of their interest has
been in thin film opties, they have also done work considering coatings
of thickness much greater than a wavelength.

The study of the effect of protective coatings on optical instruments
and the effect of corrosive, oxide or liquid films on the optical proper-
ties of materials has been a mmjor factor in encouraging the work in thin

film optics. The physicist has been involved in the optics of sheets of
1
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a dielectric in relation to the glassmaking industxy for yeai"q, but their
interest in optically thick coatings has been centered around ‘I.problems
such as the desire to know the effect that a backup or holding plate for
a sample of a dielectric might have on the measurements of the dielec-
tric's refractive index.

Radiative heat transfer owes much of its theory to the work of physi-
cists working in the area of optics and electromagnetic wave theory, dut
this indebtedness has often times become a handicap. For example, most,
if not all, of the equations in optics involve the use of the mfractivé
index of the medium in which the photons of light are traveling. Since
this is normally air with a refractive index of unity, the formulas have
become nearly standardized with unity substituted for the refractive index.
When engineers work in media other than air, they have a tendency to con-
tinue to use these simplified formulas. Nearly all of the heat transfer
texts have directional emittance curves for both dielectrics and conduc-
tors, but these curves are for emittance into air. When the dielectric
or conductor emits into a medium other than air, the emittance curves
change form since the refractive index of thé emitter to the surrounding
medium determines the shape of the emittance curve. These curves for
emittance into dielectrics are not readily available.

It has long been known that a dielectric coating on a conductor tends
to change the form of the emittance curve from that of the conductor to
more nearly that of the dielectric. In the past this has often been ex-
Plained by stating that emittance is a surface property, or just as often
it has been used to verify the assumption that emittance is a surface prop-

erty. However, the more rigorous investigators, realizing that any
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emission of energy would necessarily be assoclated with some elemental
volume of mass, have stated that the emlttance is different because of
the combined emission of the conductor and the dielectric. While this
statement is quite reasonable, there has been to the author's knowledge
no theoretical justification, as for example curves showing the change
in directional emittance for different coatings and coating thicknesses
on various conductors.  What little work has been done in the radiative
heat transfer analysis of coatings has largely used the approach of
Hamaker (9). In this approach the transport equation is Appned to 't';he
flux rather than the intensity and therefore the directional dependency
of the intensity is neglected.

It is the purpose of this work to contribute to the state of the art
of radiative heat transfer analysis of diathermanous materials by supply-
ing some analytical tools which will provide a more accurate approach to

the problem.



CHAPTER II
LITERATURE SURVEY

Investigators in the area of radiant heat transfer have one definite
advantage over engineers working in many other areas. This advantage is
in the development of a literature survey. The advent of the space age
has greatly renewed interest in radiant heat transfer. However, the
amount of work done in this area still does not even compare to the vol-
umes of material avallable in such areas as stress analysis, fluid flow
or even the other modes of heat transfer. Lest one should be led astray,
it should be pointed out that even though there has been less work done
in the radiation area than some other areas, the amount of literature
available is extensive. Vast amounts of literature related to this paper
exist in all areas of radiative heat transfer and even in areas one might
think are unrelated. It is not the purpose of this work to make a com-
plete literature survey in the mdj:ant heat transfer area; it is only
hoped that those articles which are pertinent to the particular problems
involved in this work have been uncovered.

Several investigators have made studies relating the effect thickness
has on the emittance of a dielectric sheet. McMahon (17) developed ana-
lytically the apparent emissivity, transmissivity and reflectivity of iaé.r-
tially transparent bodies by considering an infinite number of intermal

L
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reflections. His approach gives these properties for unidirectional radi-
ation only as a function of thickness and wavelength. Funk (7) has devel-
oped general formulas for the absorption and emission of arbitrary absorb-
ers and speéiﬁcally for slabs. Through the consideration of each tem
of the transport equation separately and assuming an infinite number of
internal reflections, his equations are formulated considering both inter-
nal and external reflections and a gray medium. Gardon (8), whose approach
is most similar to one used in this paper, has developed equations for both
the directional and hemispherical emittance. His approach utilized the
volume emissive power of the dielectric attenuated by the well-known ex-
ponential relation. He uses the boundary condition considering an infi-
nite number of internal reflections and also considers the effect of the
refractive index on the emission. Laikin (13) has studied the reflection
and transmission of thin dielectric films. His studies are for films less
than one wave;léngth in thickness for normal incidence alone. The reflect-
ance and transmittance for various thicknesses of a dielectric sheet has
beer; evaluated by Boehringer (3); however, his analysis is for hemispheri-
cal proI’Jertigs considering scattering. |

In all of the papers mentioned, consideration was given only to the
isothermal sheet. ﬁowever, in this work an analytical approach will be
given which will consider both an isothermal and a nonisothermal dielec-
tric considering the surfaces as specular reflectors, and the assumption
of an infinite number of internal reflections is avoided.

Until necex_rtly the mJof interest has been in the dielectric itself

rather than in a dielectric coating on a conductor. Hamaker (9) studied

radiation and combined radiation and conduction in light-scattering
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material. His approach is to apply the transport equation to the flux
rather than the intensity considering the surfaces as diffuse reflectors.
Richmond (18) has used a similar approach considering the interfaces to
reflect specularly by Fresnel's law. Both of these approaches consider
only isotropic scattering. The work of Cess and Sotak (4) solves the
transport equation between two parallel plates separated by an emitting
and absorbing medium. One plate is an isothermal specular reflector and
a diffuse emitter, while the other plate is an isothe@ black dbody.

The investigators who have applied the transport equation to the
flux have ignored the directional dependency of the intensity. In this
paper the transport equation for intensities is solved for both the iso-
thermal and nonisothermal coatings. The analysis is for both an absorb-
ing and emitting medium and for an absorbing, emitting and scattering
medium. The method of solution follows the work of Love (16) and in-
cludes his analysis of anisotropic scattering. The air-dielectric in-
terface is assumed to be a specular reflector and dielectric-conductor
interface is first assumed to be a specular reflector and then a combi-
nation of both a diffuse and specular reflector as outlined by Birkebak
(1).

This paper also includes directional transmittance and absorbance of
coatings and dielectric sheets. Also the temperature profile is deter-
mined by considering unidirectional radiation incident on the surface and
combined conduction and radiation within the medium. Viskanta (23) has
studied combined conduction and radiation in an isotropic scattering me-
dium. His dimensionless form of the governing equation has been used in:

this work, but the radiation term is quite different.



CHAPTER III
DEFINITIONS AND CONCEPTS

. In examining the literature in .the radiant heat transfer area, one
finds a wide va.'riationb»in the deﬁﬂtions of the various properties. This
ambiguity in the termiﬁology can cause one a great deal of difficulty when
gathering a literature survey in the area.

While it would be most beneficial to have a standardized nomenclature
in this area, it is not the intent of this work to attempt such a stand-
ardization. However, in reading the literature, one does soon realize the
value of clearly defining all the terminology to be used in any particulé.r
paper. With this in mind, it is the intent of this chapter to clearly de-
fine all of the physical quantities involved. The definitions given here
will follow explicitly those given by Love (15).

The word monochromatic, meaning one color, will be used in this work
to denote that the property 1’s being ob;erved at a particular frequency
glven by the Greek symbol v. The choice of constant frequency over con-
stant wavelength is made because the frequency does not change when going
from one medium to another. Remembering that the frequency and wavelength
of radiation are interrelated and that all of the laws of experimental op-
tics except that of diffraction are incorporated in the study of radiant

“heat transfer, one realizes that the larger the wavelength of the radiation

7
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to be considered, the larger in size must be the bounding space.

1) Iu Monochromatic intensity of radiation. The radiating electro-
magnetic energy leaving a differential element of area of an
imaginary plane within the time interval t, t + dt, having a
direction of propagation contained in the differential solid
angle dw about a normal direction to the plane and character-
ized by a frequency within the frequency interval vy, v + du.

Mathematically it may be expressed as

e

I = —L
vV dwdudta

vhere e represents a quentity of monochromatic radiant energy.

2) 1 Intensity of radiation. The radiating electromagnetic energy

leaving a differential element of area of an imaginary plane
within the time interval t, t + dt, having a direction of pro-
pagation contained in the differential solid angle dw about a
normal direction to the plane. Mathematically expressed, it is

e —
I =3cataa '-ro T,dv-

Here one must show care in the size of the accounting period.
According to Planck (14), the time interval is even more impor-
tant than the dimensions of the system since intensity is the
energy transmitted by the ray per unit time. This implies the
assumption that the unit of time chosen 1s large campared with

the period of vibration corresponding to the color of the ray.



3)

L)

9
To avoid this difficulty, the period of time used in defining
the intensity in differential form is large compared with the
frequencies contained.

Monochromatic radiation flux. The radiating electromagnetic

energy leaving a differential element of surface area of an
imaginary plane in all directions contained in the hemispheri-
cal solid angle bounded by the plane, with the time interval
t, t + dt, and characterized by a frequency in the interval v,
v + dv.

an

q, = ‘]‘ I cosBdw
o v

where 6 is the angle between the direction of the intensity
and the normal to the imaginary plane. Noting that in spheri-
cal coordinates dw = sin0@dBdp, where ¢ is an azimthal angle,
an n
q = J' I Iucosasinedﬂdq}.
o o
This is often written letting w = cosf.
‘r2ﬂ 1
= I pdpdg »
W] [ T

Net monochromatic radiation flux. The difference formed by

subtracting the monochromatic radiation flux leaving the arbi-
trarily designated negative side of a differential element of
area of an imaginary surface from the monochramatic madiation

flux leaving the positive side.
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5) q Radiation flux. The radiating electromagnetic energy leaving

a differential element of an imaginary surface within the time
interval t, t + dt in all directions contained within the hemi-

spherical solid angle bounded by the surface.

q=‘|'°qudu

6) Q Net radiation flux. The difference formed by subtracting the

radiation flux leaving the arbitrarily designated negative side
of a differential element of area of an imaginary surface from

the radiation flux leaving the positive side.

+

- !
Q=q -q =[ [ Iuduag
o -1

Having presented the definitions of the basic radiation properties,
attention will now be given to; a few basic concepts, some of which are
developed in most texts :ln_the area and others which are not so readily
found in the literature.

It can easily be shown that for an isolated, evacuated enclosure,
which is in thermodynamic equilibrium with its bounding surfaces, the radi-
ation field must be isotropic and, even more restrictive, must correspond
to the intensit}? of radiation emitted by a black surface at the tempera-

ture of the enclosure. This relationship was first developed by Kirchhoff
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as a consequence of the second law of thermodynamics. Next, consider an
enclosure in thermodynamic equilibrium containing a different medium.
Using the same reasoning, namely that there cannot be a directed flow of
energy within the enclosure, one determines that the radiation field is
again isotropic. A directed flow is not permissable in the state of ther-
modynamic equilibrium, since every ray must have just the same intensity
as the one traveling in exactly the opposite direction.

Since the radiation is isotropic in any homogeneous enclosure in
thermodynamic equilibrium, it follows that if two different media are
within the enclosure, the radiation within each will be isotropic. This
can be shown by fictitiously placing a perfect insulator between the two
media. The insulator in no way disturbs the thermodynamic equilibrium;
therefore, the intensity also must be isotropic in each medium when the
insulator is removed.

Having determined that the intensity within an enclosure in thermo-
dynamic eqﬁilibrium is isotropie, it now becomes desirable to know the re-
lationship between any two media within the enclosure. To determine this
relationship, consideration is given to a perfectly smooth interface be-
tween two media in thermodynamic equilibrium. (See Figure 1) The inten-

sity within the first medium will be denoted by IO _and the intensity

1
within the second medium by Iu . Similarly the intensity Iu is contained
2 1
within the solid angle d"‘![ and Iu is contained within the solid angle dqé.

2
The interface will have a directional reflectivity and emissivity given

by Fresnel's equations, but for simplicity consideration will be given to
a monodirectional oblique ray, and therefore, the coefficient of reflec-

tioninmediumlw:lllbegivenbyplandinngdilmawillbegivenbypa.
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The fraction transmitted through the interface from medium 2 into medium 1

will be given by To) vhere Kirchhoff's relationship 1'2 =1 - Py

medium 1

Interface

medium 2

Figure 1

By the previous definitions, the energy leaving the element of area

in the direction 91 into medium 1 is given by
dAdtducosOldaiIul .

This energy is composed of that energy incident on the interface from me-

dium 1 at the same angle 91, and reflected into 91, which is given by

pldAdtducos OlduiIul ,
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and that energy transmitted from medium 2 at the angle 92 and refracted

into medium 1 at the angle 91, which is gliven by

(1- pa)dAdtducoseadQélu

Therefore,
dAdtducosGldquul = pldAdtducoseldaiIul +(1- pa)dAdtducoseadLgéIua:

or

I lcosB dai(l - pl) I cosO daé(l p2),

wvhich gives

Iul ) [l - pa] cosOaﬂ-ué .

I°2 1- Py coselda.gL

By definition,

duy, = sin92d92d¢ and dw = sineldﬂldqs.

By now recalling Snell's law of refraction for a perfectly smooth sur-
face, namely

nls:i.nG:L = n251n92 ’

where n, and n2 are the respective refractive indices of medium 1 and
medium 2, a further simplification can be performed. Squaring both

sldes of the equation ylelds

2,2 _ .2 2
| nlsin Gl = nesin 62,
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and upon differentiating both sides, the equation becomes

2
251n92c059 d92,

2
n1281n91c0591d91 n,

n

or
zs:lnG‘,‘_.,coaGade2 cosOadué

S0P cosD_db,  cosh.dm
si lcos ld 1 cos ) “i

Frol-Pro

Substituting this into the relationship for intensities yields

I
_";J"’a[il.]z,
102 l-pl n2

However, the coefficients of mfle;:tion on both sides of the inter-
face are equal as a result of Helmhoitz's reciprocity law. This means
that the intensities of two different media in thermodynamic equilibrium
are related directly to each other by inverse ratio of their refractive

indices squared. Namely,

This useful concept allows one to look at a more specific concept
which will be needed to correctly analyze the problem of dielectric
coatings.

Consider the isothermal enclosure shown with a vacuum within. It is

readily shown that the intensity
/4 . within the enclosure is that of a

Vacuum A
black surface emitting at the same

/ temperature, Ibb( 7).
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Now extend the enclosure to include a metal coated with a dielectric
as shown. The intensity in the evacuated portion is atill ]'.bb(T) , but
V/ the intensity in the dielectric

is nalbb(‘l‘). At the dielectric-

7 Vacuum conductor interface A, if it is
'd
assumed that the interface re-
Dielectric
flects specularly, the intensity
Interface A
"can be given by
' 2 2 emitted
Conductor = : +
" I’bb(T) a Ibb(T)pA energy
or
2 _ emitted
n™(1 - pA)Ibb(T) ~ energy

Therefore, the emitted energy must be naeA b(T)’ vhere €, equals (1 - pA)
by definition.

This concept, s0 far as the author has been able to determine, has
not been brought out clearly anywhere in the literature. It skould be
noted from the above discussion, that it is possible to kave irtensities
greater than black body intensity since the black body concept is merely
a body which absorbs all incident rays.

It also follows from the previous a.;rgument that for an erclosure in

thermodynamic equilibrium containing more than one medium, since

T 2

Y
v~ [g] I"e’

=i
I
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I I
—2 -  eo——

3
L o

or

bmch

is constant throughout the enclosure. Therefore, if part of the enclosure

I
is evacuated, 423 would be equal to

n
Ty (0
SR | B, Ibb (7)
v

1)

or the monochromatic black body intensity. Hence,

I
'g “ L (T)
n v

for all media in thermodynamic equilibrium. Now, by writing the emission

coefficlent as

JU = Ulbbu(T),

the absorption coefficient as k , and following Kourganoff (12) tke in-

tensity Iu in the medium is given by

J
I =52 -
v L)
It follows, therefore, that

% = naku or Ju = nzkuIbbu(T)'

This is a point very often neglected by authors in this area as pointed
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out by Gardon (8). Most authors have used the simplified version where

n is assumed to be one. This is accurate enough when dealing with gmses
as 8 medium, but there is a tendency to continue to use the simplified
form of the relation when it is used in materials with refractive indices
sufficiently greater than. one. As will be seen later in this work, often
the refractive index drops out of the equation of transport and can there-
fore be neglected in the first place without loss of accuracy. However,
the end does not justify the means, and consideratiorn should always be
given the refractive index in the equations, even when it is near unity.

All of the concepts mentioned in this chapter are for a homogeneous

medium in thermodynamic equilibrium, but often times the actual case is
nonisothermal and/or the medium is hetrogeneous enough to encounter scat-
tering. Planck points out that, "small impurities, as for instance, par-
ticles of dust, increase the influence of scattering without, however,
appreciably affecting its general character. Hence, so-called 'turbid’
media, i.e., such as contain foreign particles, may be quite properly
regarded as optically homogeneous, provided only that the linear dimen-
sions of the foreign particles, as well as the distances of neighboring
particles are sufficiently small compared with the wavelength of the rays
considered."

In order to apply Kirchhoff's law to a medium not in thermodynamic
equilibrium, one assumes that the medium is in local thermodynamic equili-
brium. This says that there is a region small enough at any point and at
some temperature T such that Kirchhoff's law holds. Thus, in a noniso-
thermal enclosure, the temperature may vary from point to point, but each

point may be characterized by a definite temperature T, so that an element
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of matter at each point is dbehaving as if in local thermodynamic equilib-

rium at temperature T as stated in Viskanta (23).



CHAPTER IV
THERMAL RADIATION IN AN ABSORBING AND EMITTING MEDIUM

The most simplified form of the equation of transport is termed
Beer's law. This law states that the change of radiant intensity across
an absorbing medium is directly proportional to the product of the inten-
s;lty and the distance traveled. In this form the equation of transport
considers only absorption. To account for emigsion the transport equa-
tion becomes a modification of Beer's law.

For a hamogeneous absorbing and emitting medium tke equation of

transport becomes
az, (s)
as d‘blu(s) + phl)Ibbu(T)’

which is the equation for conservation of radiant energy along a ray in
the arbitrary direction s, where emission and absorption are accounted

for, but scattering is neglected.

kl.) is the monochromatic absorption coefficient.

p is the mass density of the medium.

Ku is the monochromatic mass absorption coefficient.
% is the monochromatic emission coefficient.

Io(s) is the monochromatic intensity of radiation.

Ib'b (T) 1is the monochramatic intensity of a black body.
(M

19
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n is the refractive index of the medium.

By applying Kirchhoff's law, the equation of transport becomes

ar. (s)
28 == P [Iu(s) - nalbbu(T)] :

Here it is assumed that even though the medium may not be in thermodynamic
equilibrium, it is in local thermodynamic equilibrium.

The problems considered in this paper will be for infinite parallel
geometry. Therefore, the intensity is axially symmetric. In the axially

symmetric case, the intensity is a function of s and 6 only.

cos 6 =
ds

— ds p = dx
dx

ds = &x

u

The equation of transport can be written in the form

ar (x’“)
—Da-x——' == Pk, [Iu(x’“) - nalbbu(m)] ’

X
where one now replaces pkudx by its equivalent AT or T = J' 2 ﬂsudx, which

!

is the optical depth.

The final form of the equation of transport becomes

dr (T:I‘)
f _\',E?_' = - Iu(r,u) + nelb'bu(T)'
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Following the suggestion of Love (15) and writirg the equations in
terms of the intensities directed along the positive and negative direc-
tions separately, one avoids the anticipated discontinuities for p = O at

the boundries. These equations then become

I (1)
o gt 2

) \ B =55 Iu(‘r,p,) + n Ibbu(T)
I\)(T’")

- pt— - () + nalbbu(T)’ |

for which the isothermal solution is

I;(r,n) = cle"'/ B+ nelbb (1)
M)

(r-1,)/
e )

and since T = £(7), the nonisothermal solution is

, 2
I:(T,p) _ cle'T/“ N ﬁ_ J-: e(t-‘r)/l-‘ I‘bbu(t)dt

1 - )
'I;(T,p) _ cae(T T, /“ . ‘.1‘1_ ‘r:o e(t-T)/ﬂ Ibbu(t)dt°

This solution is restricted to the axlally symmetric case.



22
EMISSION OF ISOTHERMAL DIELECTRIC COATING ON A CONDUCTOR

1. Emission of an isothemal coating on a conductor.

The problem consists of an isothermal dielectric coating infinite in
extent of optical thickness T, on the surface of a conductor. The direc-
tioﬁal emission of the conductor will be considered, and both the dielec-
tric-air and dielectric-conductor interface will be. assumed to be perfect-
ly smooth specular reflectors.

Assuming thi interfaces are perfe_ctly smooth surfaces implies
Fresnel's laws of reflection hold. For the dielectric-air interface, all
radiation striking the surface at an angle equal to or greater than the
critical angle will be totally reflected. The concept of the critical
angle, of course, only applies when speaking of rays striking the surface
from within the optically denser-medi-um.

The problem now arises as to how to apply Fresnel's reflection laws.
Fresnel's laws are for rays for which one knows the polarization. of the
radiant energy upon intercepting the surface. Thermal radiation, on the
other hand, is perfectly random vibration with no predictable order. On
the average the effect of the vibrations is completely symnetrical about
the axis of propagation. From this one can see that natural or unpolar-
ized radiation may be assumed to consist of equal amounts of two compo-
nents that are plane polarized in mutually perpendicular azimuths. Hence
the proportion of natural radiation that is reflected at the interface be-

tween dielectric media is given by the following adaptation of Fresnel's

<A sina(G-OQ_,_tana(G-G')] =;[R +R]
99 2 le1n®(0 + 6') tan®(6 +6')) 2L5 P

laws:
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1(0') = intensity of reflected radiation

IO(G) = intensity of incident radiation

6 = angle of incidence

CR = angle of refraction

R = reflectance of the plane polarized component with

vibrations parallel to the plane of incidence

Rp reflectance of the plane polarized component with

vibrations perpendicular to the plane of incidence

The angle of refiaction @' is found by Snells' law of refraction.

= 1
n, sin 6 n, sin 6
nl = mfractive index of medium 1
n2 = refractive index of medium 2
1
To simplify notation, henceforth the ratio :][: 6 will be denoted by
o

p2(9,9') or simply p,-

This relationship gives the directional specular reflectance of an
interface for which the refractive index is real. Of course, all mater-
ials have a8 complex portion to their refractive index to some extent since
the complex portion is a measure of its absorptive ability. This would be
especially. true in the proposed problem, since absorption is being consi-
dered. However, on most dielectric materials, even though absorption is
being considered, the complex portion of the refractive index is so small
that it may be neglected with very little error produced.

Fresnel's laws noi: only give the reflectivity at the dielectric-air
interface, but they will also give directional emission of the conductor
into the dielectric. Several investigators have used Fresnel's laws to

study the emlssion of a conductor, but to this author's knowledge none
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-have studied the variation of the emission curve as the medium into which
the conductor is emitting is changed. The same relationships hold, al-
though they are more complicated, since now the refractive index of the
conductor ‘18 complex as is the angle of refraction. Therefore, Snells'

law becomes

n, gin @ = o sin 6"

where n is the camplex refractive index of the conductor and 6' is the

complex angle of refraction. n2 is the refractive index of the dielectric.

- _ - n, sin 6
sin6=-g sin 0' andsin6'=—2—_-——
2 n
-% o
n, n sin 6 x _
6' =g + 18 - 8in 0' = ———gp— n = conjugate n
nn
- n (n, +ik_)sin 6
- _ M Wi
n=n 1kl sin 0' = 2+k2 .
e

The reflection function for the perpendicular component then becomes
2 2
R = sin(0 - 6! _ |sin(6 - a - 1
8 sin(6 + 0° sin(0 + o + 18

2
- 156-) h -1 cos(6 - a)sinh
s = [:12 +g)§g:h3+i 222«7 + %):inh 5] )

Recalling

cosh2 g=1+ sinh® B

R = s:lnagﬂ - a.!coshag + cos=(0 - a.)sinf@
8 sin2(9 + a.)coshaﬁ + cosa(G + a.)sinhap
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_ 51026 - o) + simh8

R
s1n°(0 + a) + sinh™B

8

Similarly, the parallel component can be written as
o o]’ (8- 0)cos(6 +61)]
_ |tan(6 - 6 _ |8in(6 - ' )cos(6 + 6'
R, = [ban +0'))] [sin(ﬁy')cos(e - 9_'7]

~ 2 r 2 2
_ |sin(@ - 8 cos(@ + 6') _ cos(@ .+ 6*)
Rp B lsin +0° ] Lcosia - U',] =R [cos -6 ]

R =R [c082§9 + a.zcoshag + sin°(0 + a.!sinhag].

cosa(e - c)coshap + sina(O - a.)sinhaﬂ

Recalling
coshap =1 + s:lnhaﬂ,
2 2
R =g Lo8 (9+a.)+sinhj’
LA 0082(9 -a)t sinhaﬁ
and

gy < 1
€,(8) =1-3(R +R).
2 2''s P

It is common practice by many investigators to use an approximation

for Fresnel's law for comductors gliven by
€(8) =1 -3(R +R)
2% s p’

where
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R = (x® + k%) - 2n cos O + cos 0
8 (n2 + ka) +2n cos O + cos=0

R = (na + ka)cosae - 2n cos 0 + 1
P (n2 + k2)c0326 +2n cos 6 + 1

This approximation 1s developed considering Snell's law

sin @' = ?ik sin 0
1

n

n—l =n Ekl =k .

2 2

Therefore, since
, _sin 6
sin 0' = -1k ’

if one multiplies by the complex conjugate of n,

_{n+1k)sin @

n2 +k2

= sin(a + iB8)

sin '

is obtained. Now if one considers

n2+k2>> 1,
then
sin 8' = 0' ,
or
_nsin _k sin 0
=2 . .2 and B="%5 35

n +k n +k
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Similarly,
sin 5' = 9" and cos 8' = 1.

It is obvious that this equation loses accuracy as the refractive
index of the dielectric increases since n and k are relative refractive
and absorption indexes. This possible lack of accuracy urges one to use
the exact Fresnel equations to determine the angular emission into die-
lectrics. 'These are shown in Figures 2 through 6.

It is noted that as the conductor emits into a more optically dense
medium, the shape of the emission curve changes form to more nearly that
of a dielectric. One can understand this more easily if he remembers
that the complex portion of the refractive index of a conductor gives
its emission curve a different shape than that of the dielectric. This
complex portion of the refractive index denotes the absorption of the
conductor, but in the emisgion studies the quantity which determined the
shape of the directional emission curves was the relative refractive in-
dex. This means that as a conductor emits into a more optically dense
medium, the relative absorption is becoming less until the emission

approaches that of a dielectric (no absorption).

Dielectric

Conductor
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" Aluminum

n=230-116.50
A=2/4
n=5.5
n=3.5
n=1.5

002 o°4 -“ 008 .lo 012 014 clé :
Emittance ~€, ()
Figure 2

Monochromatic Directional Emittance of
Aluminum into Different Dielectrics
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— " Copper
n=0.82-413.00
A=2L
n=55 P~
n=3.5 ﬁ ' —
n=1.5

010 .020 .03 .04 .05 060 .070 .080 .00
Emittance- €, (9)
Figure 3

Monochromatic Directional Emittance of
Copper into Different Dielectrics
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Gold
n= 1131 -110.70
=2
n=5.5 #
n=3.5
n=1.5

.02 .04 .06 .08 .10 .12 .14 .16

Emittance - € 9 (o)
Figure 4 »

Monochrc;mafic Directional Emittance of
Gold into Different Dielectrics

.18




Nickel
n=3.74 -{8.80

A=2/4

Mono;:hm;riofic Emittance of Nickel
Into Different Dielectrics




n=35.5

Silver

n=00.48 - 1 14.40
A= 2l n =3.5

.01 .02 03 .04

Emittance - € v (9)
Figure 6

Monochromatic Emittance of Silver
into Different Dielectrics

et
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Having developed the equations for emission and reflection within
the dielectric, one can use these relationships in the analysis of the
problem. The boundary conditions involved for the isothermal dielectric
coating on a conductor as seen in Figure 7 are as follows. At the die-
lectric-conductor interface, 7 = O, the intensity in the positive direc-
tion is equal to that emitted from the conductor in addition to the in-
tensity in the negative direction which iz reflected into the same path.

This relationship is given by
+ 2 -
I,(osp) = n elu(n)Ibbu(T) + plu(u)Iu(o,u),

or upon substitution for the values of irtensity

o -(1 /)

2 2
c, +u Ibbu('l‘) = n elu(p)Ibbu(T) + plu(n) [cae + o Ibbu(T)] ’

which when simplified is
-(1./w)

c; = c,p () ,
1 aplu"‘e

for all y. Here el(p) is the directional emission of the conductor into
the dielectric and

pl (“) =1- €1 (“) .
v 0
The boundary condition at the dielectric-air interface (T = To) is

pp (870)T (7,m) = T (7..),



Figure 7A

COORDINATE SCHEME FOR DIELECTRIC INTERFACE

air
To ) |
] )
:» T n :» '
0 } 7 dielectric |
{777/7/7/77777777777
conductor
Figure 7

SHEET OF DIELECTRIC MATERIAL WITH PARALLEL
SPECULARLY REFLECTING SURFACES
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which upon substitution yields
-(r /)
p, (6',6) [cle ©
4]

or

-(r /n)

* “2Ibbu(T)] =6t nalbbu(T)’

= ' o 2. ' - .
c, pzu(O ,G)cle + n Ibbu(T) [pzu(e ,8) l]

is found by combining the two boundary conditions

2 C 8y
] n Ibbu(T) [pau(e ,8) 1]
%= — ~(27 _Ju)
1-p, (8',6)p (ue
“v v

€2

for g > B,- For T =17 end p < M., there is total reflection. There-

fore,
+ -
IU(TO’#) = ID(TO)F):
or upon substitution
-(7_/u)
c,e = cy-
Since ( / )
- T “
¢, = capl(p,)e ©

from the boundary conditions at T = O holds for all y.
condi tions may be combined to give

cl=c2=0.

The two boundary

The emittance for gy > B, is determined by finding the net intensity,

. + )
Inetu(‘ro,u) = 1,(T4) - Iu(‘ro,p) = ce

-(t_/u)

- 02,
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outside the dielectric. If nd is the refractive irdex for the dlelectric

and na is the refractive index for air, then,

2 _ .2 '
naInetu(Tc’“)inside - ndInetu(To’“ )outeide ’
or: '
Inettgo’“)inside
t -—
et (TorB Doutsige = 2 y
1) n
H_ere
24
n==— .
n
a
Therefore, the effective emittance is
Inet (To’“) -(r /I‘)
€ (“'):_}.)———-——=c'e < - ot
’ effu Il2 (-T‘ ) 1 2!
T %
M)
where
o ¢
c'=2 l( )andcé=2 2 .
n T . ()
Ibbu 2 D‘U 2

One should recall that € (@) 12 plosted € (u') wrere p' is glven by
L)) 1)

2

g = [].-nz(l-pa)] .

2
(l-“2)=l—-éL
n
2 12
L |
B =—3
n

In this way the refraction of the radiation as it leaves the dielectric
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and enters the air is taken into account. The curves for directional
emission of an isothermal dielectric coating on a conductor are given

in Figures 8 through 22.

2. Emission of an Isothermal Sheet of Dielectric.

The same conditions hold as in the coating problem, but as is seen
in the following figure, the directional emission of the conductor is not
needed since there is no conductor present. The purpose will be to de-
termine the dependency of directional emissivity on optical thickness of
a sheet of dielectric. Gardon has done this successfully, but his ap-

proach is quite differeat and it is in the author's opinion, much more

clumbersome .
Air 2
1
T bt
i Dielectric % °
Alr 1
The governing equations are again
-(1/u)

+ _ 2
ID(T,y) = cye + n Ib'bu(Te)

(7-7_)u

and
- _ 2
Ty(Tok) = cpe to lbbu(TQ)'

The boundary conditions for y < H, are as follows at T = To

+ -
Iu(fo’“) = IU(TO’“)
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Monochromatic Directional Absorptance for a
~ Dielectric Coating with a Refractive Index
of 1.5 on Aluminum
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Conductor A
Aluminum n=2.30 - 1 16.50

.10 .20 .30 .40 .50
Absorptance - é W 9)
Figure 9
Monochromatic Directional Absorptance for a

Dielectric Coating with a Refractive Index
of 3.5 on Aluminum
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Monochromatic Directional Absorptance for a
Dielectric Coating with a Refractive Index
of 1.5 on Copper
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T = .600
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Copper n = 0.82 - 113.00

T°= -m

i

-/
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To= 150
To = .075 /

.10 .20 .30

Absorptance - o v(;o )

Figure 12

Monochromatic Directional Absorptance for a
Dielectric Coating with a Refractive Index
of 3.5 on Copper
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Figure 13 ‘

Monochromatic Directional Absorptance for a
Dielectric Coating with a Refractive Index
of 5.5 on Copper
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Figure 11

Monochromatic Directional Absorptance for a
Dielectric Coating with a Refractive Index

of 1.5 on Gold
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‘Figure 15
Monochromatic Directional Absorptanéo fora

Dielectric Coating with a Rufractive Index
of 3.5 on Gold
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Figure 16

Monochromatic Directional Absorptance for a
Dielectric Coating with a Refractive Index of 5.5 on Gold
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Figure 17

Dielectric Coating with a Refractive Index
f 1.5 on Nickel

Monochromatic Directional Absorptance for a
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Monochromatic Directional Absorptance for'a Dielectric
Coating with a Refractive Index of 5.5 on Nickel
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Monochromatic Directional Absorptance for a
- Dielectric Coating with a Refractive Index
of 1.5 on Silver
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or upon substitution
-(1 /u)
e =c

¢ 2’

and at 7 =0
+ -
1,(o5m) = I,(o,u)
or upon substitution
~-(1_/w)
Therefore, after combining the two boundary conditions, one finds
cl = c‘,a = 0.
The boundary ccaditions for y > MW, T =T, and T =0 are

t + =T
peu(e ’G)ID(TO’“) = IU(TO,“)
and

: Py (8'0)T () = T (o)

respectively. Therefore, upon substitution for the intensities

- =(7./u)
c, =P, (6',6) Lcle o 4 nalbb (Te)] - nalbb (Te),
- ) v v
r -(1_/p)
c, = p20(9',9) Lcee ° + nalbbu(‘rai] - nalbbu(‘l'a).

The combination of the two above nélations yields

2 '
1, 5 [, (00) - 1]
N Cv/m)
1- P, (6',8)e
L)

The effective emittance
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I ' + -
ety To#) 1 ) - Tor )

2. 2
n Ibbu(Ta) n I'bbu(Ta)

‘effu(“ ) =

can be simplified to
-(1 /w)

‘effu(“' ) =cjle 1).

Here again

¢ ]

-t
n Ibbu(T2)

These results are shown in Figures 23 through 25.

‘1

It is observed from the graphs that the emissivity of a sheet of die-
lectric material increases with optical depth. The same is true with the
isothermal coating on a conductor. For the‘ isothermal sheet of dielectric
which has an emittance given by

o= -]
— -(r_/u)

€ore (W) =
v 1-p, (6',08)

2“

as the optical depth 1'0 goes to the limit

Iimit € pr () =1 - pzo(a',ﬂ),
0

T ——tpm
o

which is Fresnel's emission of an opaque dielectric which is infinite in

extent.

In the case of the dielectric coating on a conductor, the emission

is given by
-(1 /u)

e - C
2,
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n=1.5

EMISSIVITY - €(0)

Figure 23

Monochromatic Directional Emissivity
For Various Optical Depths of an Isothermal
Dielectric with d:Refractive:Index. of 1.50
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n=3.5

Dielectric Sheet

n=3.50
T, =0.600
T, =0.300
T, =0.150
to =0.075
]
. .2
Figure 2k

Monochromatic Directional Emissivity
For Various Optical Depths of an lsothermal
Dielectric with a Refractive Index of 3.5
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Dielectric Sheet

n=5.5
to = 0.600 —
T =0.300
't,o =0.150
110 =0.075
n=5.5
R .2
Figure 25

Monochromatic Directional Emissivity
For Various Optical Depths of dn Isothermal
Dielectric with a Refractive
Index of 5.5
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where
¢ =S [l - E(M)] e’(ro/“)

and n? [p%(e',e) - 1]
€2 = D -Gt /8 -
1- pau(e',e)plu(u)e

Here again as ‘ro-—-w
limit eeffu(p) =1-p, (8',6)

TO.-— @® v

the same as before.

3. Flux Comparison.

Several investigators have used the assumption that the flux and not

the intensity is attenuated through the optical depth LA In this way

It is now desir-

they avoid the directional dependency of the intensity.

able to compare the results obtained by the two methods. Therefore, the

flux approach will be applied to an absorbing and emitting isothermal me-

dium.

The transport equation written in terms of fluxes will take the fom

ar

1) - . o(r) + Pz (D).
L)

Solving the equation when in the form of positive and negative directed

fluxes ylelds

q;(‘r) = cle'f + nzllb.bu(T)
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(1’-1’0)

a (1) = e + oowL, (1).
L

The boundary conditions are as follows at T = T
- +
Qa = ppl

where pD is equal to the hemispherical reflectivity of the dielectric-air

interface, which upon substitution gives

-(7)

c, + nat]‘bbu(T) = pD [cle + nairlbbu('l’)] ., |

Rearranging the terms gives

-(1)
c, * n2(l - pD)ﬂIbbu(T) = c,ppe o,

The boundary condition at 7 = O is
+ 2 -
g (o) = nme L, (T) + pa (o),
b

where EH equals the hemispherical emissivity of the conductor into the
dielectric.

Pg=1- ¢

The boundary condition can now be written as

(o)

+ oogL. . (T) = o°m | (T) + i + n°n1_ (T)
6 T B Mgy M) T B ey, (1) Ay [cae " b, J

or



-(1.)
¢ = na'Ibbu(T)' [‘n * Py - 1] togee O,
where
-(t)
c = PyCoe
and 2(1 - p L, (1)
€2 -(z7 ) '
P 0 -2
Now by denoting
D2
- ﬂlbbulTi
and )
-(7
el = pHcée °.
The net flux can be written as
-(r) -(27)
anet(fo) = q:(ro) - q;(‘ro) = cye ° . e, = ca(pﬂe °© - 1)
and the flux ratio as
S (7) —(2r)
t '
1rI:: @ = calege ° - 1).
0

The flux ratio is the hemispherical emittance of the coating combination
while pH is the hemispherical reflection of the conductor-dielectrie in-

terface given by
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vhere €(u) is given by Fresnel's relation for emission of metals into
dielectrics as gliven previously.

The hemispherical reflectance of the dielectric-air interface is Pp
given by
1
Pp=1-€py= 2]‘ “oa(G',G)dp.
Be
Again pa(G',G) is the Fresnel relation developed previously.

Walsh has integrated from O to 1 to obtain p]'), vhich is found to be

L(n-V@En-1), [MJ SRR

o1
"2 6(n + 1)2 (n2 + 1)3

Bnh(nh + 1)
(o + 1)(n* - 1)

(2 + 2n - 1)
(o2 + 1)(n* - 1)

- 2n3 + 1n Ne
Here 1t 1s noted that

(2 - p) = (1 - p)-

The results for hemispherical emittance of the conductor-coafing conbina-
tion obtained by this method are compared with those obtalned by consider-
ing the directional intensities in Figures 26 through 30.

As the coating thickness increases toward infinity, the results of
both methods agree as they both approach the integral of Fresnel's equa-
tion. On the other hand, as the coating thickness approaches zero, the

attenuated flux equation approaches

(1-pg)Q - pp)
eeffﬂ = I-pp,
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and the attenuated intensity method approaches

- w0 ] -0 0]
1 - p,(8.8)p, (4] -

€
e:t’fH

This explains the increasing difference in the two methods as ro——-o.
Actually, in both cases if T = 0, p2(6',9) = 0, since no coating is pres-
ent and the results would then be the emittance of the conductor.

It seems obvious that for the flux equation of transport to agree

with the concepts developed in the previous chapter, the 1I‘Ibb (T) term
2

should be multiplied by n . However, while n Iu = Iu at an interface
1 2
in the thermodynamic equilibrium, it is also true that Ql) _ = Ql)
netl net2

at the same interface. Here it is desirable to show that the n2 factor

is not required at the interface. At an interface in thermodynamic

equilibrium
2
I =n71
- Y% Y2
- and by substitution
J
Iu = n2 i‘l’- .
1 v

The flux at the interface in medium 1 is given by

l -
R Nk

(o]

and in medium 2 by
o2
nzqo =2x[ n I, W,
2 H, 2



or J 2
Jo 1 H

=og B pdy = 2 =2 [l -.=<|.
Qpa ku j;c ku 2 2

" The two fluxes must be equal or
‘ju 1 2
Q, =Q, =& Q- p).
2 1 1]
Substituting the relationships

2
s 2
p, = (1- sin” 6))

and
1
sin 8 = 3
n
yields
J
L 2
T— = = =ngI_. (T.)
ku QDQ Ql)l bbu 1
or
J_“ = nalb (T )
ku bu 1
Therefore,

% =k n2,
LY
for the case when fluxes are considered. This point also has never been

made clear in the literature to the author's knowledge.

L. Absorption and Transmission of a Dielectric Slab.

Absorption is dependent only upon the surface characteristics and
the Internal characteristics of the material. It is dependent on tempera-

ture only in that at extreme temperatures the surface characteristics may
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change. When considering absorption one must remember the difference
between the absorption and the absorption coefficient. Materials can
be poor absorbers and have a large absorption coefficient. This is
exampled in conductors which reflect most of the incident energy but
that energy which does enter the conducto: is absorbed. Other mater-
ials such as certain dielectrics hgvé low. reflectivities, and therefore
a large amount of the incident energy enters the dielectric. If the die-
lectric is optically thin, the absorption is smell and part of the energy
is transmitted on through the dielectric, but if the diélectric is opti-
cally thick, there is very little transmission and the absofption is
quite large. Since the absorption is independent of temperature, for
simplification the temperature will be assumed to be absolute zero. The
governing equations are

() = ¢,e” (/)

-T )
I;(‘r,y) = c2e(r To /I‘.

The boundary condition at 7 = O is the same as before, but at 7 = T, the

boundary condition changes. The boundary conditions are

Iy(om) = pp (6%,0)1(0,u)
and
= ' + ' -
Ty (Tom) = oy (800137 m) + [1- b, (0 0) 1, (6.
L L
Again, p, (8',0) is Fresnel's reflection coefficient for the dielectric.

v
I, (6') is the directional incident radiation intensity. Substituting
0



T0
into the boundary conditions yields

-(7_/u)

e, = cpe pau(G',G)

and

-(7/u) . [1 - n (8,,9)] naIi 8"),
b}

c, =p, (6',8)c.e
2 1 v

au

wvhich upon combining yields

-(1_/u)
n? [1 - b, (e',e)] p, (6',0)e ° 1, (6')
o = ] v v
1 -(27 _/u)
1- pgu(e',e)e o'¥
The net intensity at 7 = T is
-(7_/u)

- +
Inetu(ro,p) = IU(TO,“) - Iu(‘ro,u) = 02 - Cle

or

-(7 /u) 1
Inetu(o’“) T %° "7 p, (65,0) =1y -

V]

The transmission is dencted as ‘ru(u) and given by

Inet (OJ“)
=Y
Tu(“) naIi (e' )
-(1_/u)
or [1 - P, (a',e)] [ 1-p, (e',e)] e o' ¥
_ v o)
TyH) = 2?(5'0/14) :

1- Po (6',8)%
1)
The apparent reflectivity will be used to denote that energy reflected

from the surface in addition to that energy which enters the dielectric

and is internally reflected until it finally comes back out the interface
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at T = 1'0. The apparent reflectivity is denoted as

I’(T :IJ)
* o
[ o] (Il) =P (6',0) + 0 [l - P (9',9)] .
v &Y 1r121i (6') o

b
The absorptivity is given by an adaptation of Kirchhoff's law.

*

o) =1 -p () - 7,8

where ab(y) is the monochromatic directional absorption. Graphs of T u(u)
are given in Figures 31 through 33, and a,u(y) is plotted as cu(p) in

Figures 23 through 25. (See pages 55 through 57.)

5. Absorption of a Dielectric Coating on a Conductor.

The governing equations remain unchanged. Namely,
+ = o o-(T/n)
Iu(‘r,p) = ce

and

B} (r-1)/u
Iu(‘r,y) = cye .

However, the boundary condition at 7 = O now becomes
+ -
VID(O:#) = fu(#)lbbu('r) + Pu(ﬂv)Iu(oxﬂ):

which can be written as ( /
-(r “)

_ o
e, = pu(u)cae .

Here pu(y) is Fresnel's reflection coefficient for the metal. The bound-

ary condition at r = 1'0 remains unchanged, namely



Transmittance ~ T‘.’(-O )

Monochromatic Directional Transmittance of a
Dielectric of Varying Optical Thickness
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(1_/u)
o/ ¥ + n'?I1 (6*) [l - P (6',6)] ,

c, =p, (6',08)c e-
2 20 1l v v

which upon substitution yields

2
- 6',6 8 .
I S R
2 -(er_/u)°
1-p, (9"9)Pu(“)e
v

The net intensity is given by

- ~(21_/u)
Iunet(‘ro,u) = Iu(To’“) - I;(To’“) =c, [1 -e © DQu(e"e)] .

As before, +
I(7_,u)
%* ’
pu(“) = 02 (9':9) +"é’—"o—- [l - p2 (9',9)] ’
v’ oI, (6') v
4]
since the surface seems opaque Tu(“) = 0. Applying Kircthoff's law again
*
=] - .
au(u) pu(u)
The absorptivity a.u(u) for the dielectric coated conductors is plotted as

eu(u) in Pigures 8 through 22. (See pages 38 through 52.)



CHAPTER V
NONISOTHERMAL, DIELECTRIC

Having detevrmined the emission end absorption of an isothermal ab-
sorbing and emitting dielectric, the next step is to impose a temperature
profile on the dielectric. The problem now becomes what temperature pro-
file to impose. Throughout this paper the profiles used will be linear

and parabclic. They are given by

T - T
2 1
= +
T T T Tl
o
and ‘ 3 ; ( )
T - T 2(7, - T
T = _].'._—2 1-2 + _.-_2__1_ T + T 9
1,2 T 1
o o
where
T2 = temperature of the dlelectric surface ard
Tl = temperature of the conductor surface.

These are plotted in Figure 3k4.

Since tke msdium is nonisothermal, the simplifying assumption of
local thermodynamic equilibrium as discussed in Chapiter IIT will be re-
quired so the equation of transport may be used. Also, the morochromatic
refractive index and absorption coefficient are assumed to be independent
of temperature. 'lhe'equation of transport is the same as before, ‘z;ut now
the emission term is dependent upon optical thickness.

76
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The solution to the differential equation by the use of the integrat-

ing factor now becomes

I (-r,p) = ce” T/“ + j‘ e(t"')/“ L, (tlat
v

and
(r-7.)/ 2
I;(‘r,y) =ce ° K + -E— J‘:° e (t-7)/u Ibbu(t)dt.

Both the isothermel and nonisothermal solutions are given in detail irn

Appendix I.

1. Emission of a Dielectric Coating on a Conductor

The coating will be of optical thickness, To,'which is much greater
than one wavelength of the radiation considered. The boundary conditions

are the same as before. At T =0,

I (o) = ne, (WL, () + p, (WI- (o),
o Ok nelu""lbbul.t plu"l) L

. -(1_/u)

2 7
_ -(t/u) 2
- plu(") [cae * Il:_ ‘roo e B Ibbu(t)dg to Elu(“)]-‘b‘nu(Tl)'

For simplieity, henceforth the integral
2 T
n° o -(t/u)
e (t)at
m I o Ibbu

will be denoted by L. Therefore, ¢, may be written as

. ~(r_/u) ] 2
= |c.e +1L (u) + n (u) T ).
1 [2 ALk 3,1 I?:bu( 1
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At1'='roandp H.

(1 W) = I(1 ),

or
gle-(fO/“) ....5_2. :0 e(t-‘ro)/p Ibbu(t)dt = cye
The integral 2 1 (1)
NG (O
will be denoted by I12. Therefore e, may be written as
-(1_/u)
c, = ce + I2.

Therefore, for p < B,

-(27_/u) -(1_/n)
c, = [cle +I2e © o+ L] plu(“) + naflu(u)lbbu('l'l)

1
-(r_/w)
12e = © () + o€, (WL, (T)
e, = L L
1 L -(27 _/u) )
e plu m
(1 /w)
C, T 042 + I2.

For p > pcand1'='r°,

- ' +
To(To) = g (6%,0)3,(7 .0
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(6',8) cle-(‘ro/") + 12] ,

02 =p2“

and from before for all g at 7 =0,

-(7_/w)
e, = [cae + L] plu(“) + naelu(y)lbbu(Tl)
-(1_/u) -(1_/,
cp = p2“(9',0) {[(cae o + L)plu(“) + n2€1“(“)1bbu(Tl)] e To “-4- 12]

-(1_/u)
(6',8) [ 2 0
: I s

0p (6,800, (u

+ -
Inetu("o’“) = I,(T ) - T.(7_,p)

- (r_fu)

Inetu(ro’“) = ¢e *12 - cpe

For the net flux at T,

an 1
Q, 1:(1'0) = jo ] I;etu(fo,u')u'du'd¢

ne

1l
(r) =2n 5 tu(ro,u')u'd#',

%

ne
net

vwhere I' . (‘ro,y'). is the net intensity leaving the dielectrie, or
i)

Inetu(ro’“)
Tnet (To’“') - M
0 n
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The net flux may also be fourd using I . (7 ,u) by noticing that
' v
above the critical angle the net flux is zero. If the cosine of the

critical angle is denoted by uc, the net flux can be written as

1l
Qunet(ro) =an -r#c Inetu(ro’“)”d“'
Throughout this werk the flux integrals will be evaluated numerically.
The method of integration used will be the Gauss four peint guadrature
which gives an exact solution if tke integrand can be expressed as a
polynomial of degree seven or less. This gquadrature still will give
good results if the Integrand canrot be expressed by a polyromial of
this low an order. A more complete discussion cf quedreture iz given

in Apperdix II. This seme quadrature will be used to evaluate the in-
tegrals L and I2.

In order to have a comparison with thc_e isotktemel case, it is desir-
able to define a directional emission term. This tem will be called the
apparent emission, e:(p), ard will be defined as the xatio of the direc-
tional intensity leaving tke coating to the blackbody intensity at the

hotter surface. Therefore,

Iéetu(Tc’p)

Rk e

2. Emission of a Dielectric Sheet

The same transport equation governs as in the coating, but once again

the boundary conditions change. At 7 =0,
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Iy(om) = Py, (8",8)1 (o),
and at T = T,
N CAE p20<e',e>1;(r°,u_).

The boundary equation at 7 = 0 yi=lds

RSN AT
1 2 7}

]

. (%)as,
. Ibou
and at T = fo,

-(r/ 2
c2 - cle (1’0 “) + :_ J..To e-(t/“) ]-bb (t)dt-
o 0

Again calling

n2 To -(t/p)

— t)at = L,

b "rc © Ibbu( Ja
e 2 1 (1)
. T _

= T%e ¢ t)at = I2,

B To © Ibbu( Ja

the boundary ccnditions zar be rewritien as

-(1_/u)
e, = pau(e',e) [cee o + L]

[ (1 /u)
e, = peu(ﬂ',e) c e o/H + 12] .

-

Substitution ylelds

¢, = p (9',9)[p2‘.,(6',9) [cle

. -(r/w) | 12] é-(folu) . L} ’



which can be written as

Po, (6',6) [p2 (6',8)12¢

v

-(7_/u) . L]

-_/

¢

1-p, (6',6
21.’

The net intensity is given by

2 -(27 /W)

+ -
Inetu(To’“) = Iu(‘rorﬂ) - IU(TO’H)

Tnet (750 = { R [l - Pgu(ﬂ',f’)] +12 [i - peu(O',O)] :

The apparent emissivity as menticped before will be given by

€ (u)

When considering the dielectric shzet it is czrverient

the emission from the interface at T = O.

the tempersture profile.

(O’“)

net

Ins-t (O
LM

2|4 )
Upon substitution

(o,u) = peu(e',a)

net

=
-

ne*

(T )IJ)

1)

g o i

%

Tre net irtensity a+t 7 = 0 1= give

Hot

to also determine
Thie in effect merely reverses

n oy

I (C,u) -I (D:H)

-(1_/u)

2

[CIe—(‘ro/y) . :2] e-(ro/u)

+L-c1.

+L-c¢c
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-(2r_/u) -(1_/u)
Tet (Oom) = ¢ [92 (6',8)e ° - 1] +L+12p, (6',0)e °
v v v
vhich can alsc be written as
o) =52 [1-p, 02.0) +1[1- 0, 0.0)]
I O,4) = 5. i-p ! + - p ' .
net, 2 2, 2,

The apparent directicnal smiezivity then becomes

I (5sm)
f*(ﬂ) = - Uuz-n y -
v Tie, ot

\

The results cf thls chapter for various temperature profilss are plotted

in Pigares 35 through 42.



To
L)
2
[l

8
|

Dimensionless Flux Ratio -
.o L ]
38
|

Figure 35

Dimensionless Flux Ratio for a
Dielectric Sheet with a Temperature
Profile

lr'a=l.5°
T°=150F
T-'=2000°F

Linear Profile

I,(T;) =0.39789385 x 1072 Bro/f?

{ | |
0.10 0.20 0.30

Optical Thickness - T

1 I |
0.40 0.50 0.60

(<]

se



0.020

T)

Qv (To)

T I, (

Dimensionless Flux Ratio -

0.015

0.010 -1

0.005 ~

0.000

n=3.5

T, = 150°F
T, = 2000°F
Flgure 36

Dimensionless Flux Ratio for a
Dielectric Sheet with a Temperature

Profile

Parabolic Profile

Linear Profile

T,(T}) = 0.39789385 x 10~'° Bry /2

0.00

0.10

! ¥ ! ]
0.20 0.30 0.40 0.50 .

Optical Thickness - To

!
OOM




(o)

Dimensionless Flux Rqﬁq -”7-( Im(-’; )

0.015 - n=35.5 Figure 37
T, = 150°F
T, = 2000°F Dimensionless Flux Ratio for a
1 Dielectric Sheet with a Temperature
Profile
0.0'IO -
Parabolic Profile
0.005 -
Linear Profile
-13 2
Iv(T]) =0.39789385 x 10 Bru/Ft
0.000 T l T 3 T L
0.00 0.10 0.20 0.30 0.40 0.50 0.60

Optical Thickness - To

lg



Iy o)

Flox Ratio~ Qv (o)

:

0.200 —

0.100

Figure 38

Dimensionless Flux Ratio for n=1.5
Various Dielectric Coatings /
on Aluminum - ‘ /
/
Linear Temp. Profile J/ / n=3.5
— — — Parabolic Temp. Profile 7 yd
/ / / s N= 5.5
J d -~ n=1.5
1, = 150°F Y
T) = 2000°F _ d -
Aluminum P - -~
: n=3.5

n=2.30-116.50

0.10 0.20 0.30 0.40 0.50 0.60

Optical Depth - T




bbv(1p)

Figure 39

68

Flux Ratio ~ vfr )

- Dimensionless Flux Ratio for yn=1.5
Various Dielectric Coatings /
on Copper
0.300 - /
Linear Temp. Profile /
— — — Parabolic Temp. Profile v "= 3.5
0.200 - 7~
. / e N = ? g
) ~ ~n=
| Tl = 150°F yd d ~ =
T2 = 2000°F P
yd -~ —
Copper
0.100 —

!
0.10 0.20 0.30 0.40 0.50 0.60

Optical Depth - T




Flux Ratio~ g_._" (o)
Mg (R)

s

:

0.100 -

Figure 40

Dimensionless Flux Ratio
For Various Dielectric

Coatings on Gold

Linear Temp'. Profile yd
— — — — Parabolic Temp. Profile J/

0.30 0.40 0.50
Optical Depth - T,

0.60




v (To
MIypy(T)

Flux Ratio ~

s

:

0.100 -

n=3.74-18.80 ==

Figure 41

Dimensionless Flux Ratio for

Various Dielectric Coatings / n=1.5
on Nickel
. . d
Linear Temp. Profile e
/ n=3.5
— —— — Parabolic Temp. Profile yd - 5 5
e _~n=
yd T
e i n=1.5
v - ~
T,= ]50°F / /
T) = 2000°F = 35
F?ickel 2 n=3.

! 1 I ¥
0.10 0.20 0.30 0.4 0.50 0.60

Optical Depth - T,

16



Flux Ratio ~ Qv (1)

My py(T;)

0.300 —

0.200

0.100 —

Figure 42

Dimensionless Flux Ratio for
Various Dielectric Coatings

on Silver
/
/
Linear Temp. Profile e /
— — — Parabolic Temp. Profile d n=3.5
/ -
s -~
e e n=1.5
T, = 150°F - ~
To = 2000°F v ~
Sizlver

n=0.48 - L 14.40

!
0.30
Optical Depth - T

o




CHAPTER VI
COMBINED DIFFUSE AND SPECULAR REFLECTICN

In all of the problems previously considered, all interfaces have
been assumed to reflect specularly. This implies the interfaces are per-
fectly smocth, which is a physical impossibllity. For the dielectric to
air interface, this is a reasonable assumpticn and shculd give falrly ac-
curate results, but it seems 1likely that the conductor-dielectric inter-
face would not be quite so smooth. In fact there wcould probably be some
intensional roughness in the conductor surface so that the dielectric
would bond well to it.

Most surfaces normally enzountered have some degree of roughness.
These real surfaces reflect reither specularly ncr diffusely, but are des-
cribed by a reflection function which thus far has cnly been obtained ex-
perimentally. Authors such as Birkebak and Torrance have measured the
directional reflection of various materials and reported their findings.
These experimentally determined curves indicate that true surfaces can be
approximated by the combiration of both diffuse and specuiar reflecticn.
Birkebak has done thisAand some data for the diffuse and specular coeffi-

clents are found in his work.

1. Isothermal Coating
93
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Using Birkebak's notation, the boundary condition at T = O becomes

+1
Iy(om) = 2f  pyis(o,mludp + p o (o,) + ne (W)T,, (D)
o v

pD = diffuse reflectivity

P = specular reflectivity
The solution to the transport equation for the isothermal case is

(1) = o) 4 221 (1)
v

- (t-1 ) 5 .
Iu(f,#) = cye " &y I.b.bu(T).
For p< B
+ -
I(Tom) = T (T 1) Total Reflection.
At T = 1'0

I;(‘ro,u) = (9',9)1:;(1'0,#)

"2
-(7./p)
e, + nEIbbD(T) = Pau(e',ﬂ) [ c,e o' T nzlbbu(T)]

(/)

- 6',8)c.e = 6',8) - .
) pau( )ey »nIbbu(T) ["2“( ) l]

From the boundary condition at 7 = O,

-(r_./u)
e, * nalb’bu(T) = Py [°2° e “2Ibbu(T)] * ne‘u(“)lb'bu(T) *
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1 (1 /u)
+ 2]'0 [ [cae o/M + nerbu(T)] pdg .

Kirchhoff's law for an opaque body is € = 1 - p. Therefore, by definition
G“(u) = [1 = ps = pD ?

where obviously P and Py are spectral and directional quantities. There-

fore the boundary conditions become

-(r/w) 1 -(r_/w)
e + nalbbu(T) [l -p, - P eu(pﬂ = pC e o 4 gj‘o Ppcot o' au

which can be reduced to

-(r/u) 1 -(1_/u)
= + 2 .
cy = PCE J‘o ppCoe pdp

Maultiplying both sides by
-(1,/w)
p2 (6',6)6
0

yields
o ‘ ' -(21_/p)
e, - 0 Ibbu(T) [peu(e ,0) - l] = pspau(e ,9)c2e +

-(T_/u) -(7_/u)
+ 2p2 (6',8)e © # I pD°2e ° [TLTY
L o
or

-(21_{p) ] -(r /u) 1 -(1_/u)

° [1 " Py (67,8) - 2, (67,6)e I Ppeee Wy =

- nalbbu(T) [p2u(9',9) - 1] .
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It is obvious that this integral equation would be quite difficult
if not impossible to solve exactly. However, since in most engineering
problems the net flux is of major concern, an approximate sdolution should
be sufficient.

Before even an approximate solution can be attempted, one must know
more about the specular and diffuse reflection coefficlents ps and pD
As mentioned before, both ps and pD must be spectral directional quanti-
ties. The diffuse reflection coefficient [ implies that the energy re-
flected in all angles is equal and this at first thought seems to contra-
dict the statement that Pp is directional. Here the adjective directional
means that the magnitude of Pp is dependent upon the direction of the in-
cident radiation. In other words the incident energy is reflected equelly
in all directions, but the amount of energy which is reflected is depend-
ent upon the incident angle.

The specular reflection coefficient p, can be determined as a func-
tion of Fresnel's reflection coefficient. This bhss beer done by H. Davies

and is presented by Torrance.

p_(6) 9,
= =exp - | (b 2ccs 6 )
p. (0) A
5P coh
Py p(G) is the specular reflection given by Fresrcel
2
) is the angle of incidence
A is the wavelength of the radiation
o, is the surface roughness in microns, defined as the root

mean square of the surface profile from the mean level

coh is the subscript denoting coherent radiation



97

The use of this relationship not only allows one to consider the di-
rectional dependency of the specular reflection coefficient of a rough
surface, but it also considers the reflection in mediums other than air.

While there is a nice relationship between the specular component and
Fresnel's law, there is no such relationship to determine the directional
dependency of the diffuse component. However, if ore assumes the zame
amount of total energy is reflected independent of the angle cof incidence,
the diffuse component can be found. This is not exactly true. However,
from Birkebak's deta for the surface roughnesses used, there is not too
great of an error induced in this assumption. Therefcre, in this paper
Py = Pp - P, where Py is assumed constant and taken from the literature.

Again using Gauss four point quadrature, the integral equation can

be written at four descrste values of u to obtain

- 7 /u(1)
cg(l) [1 - Ps(l)"zu(l)e ° ]

- 7_/u(1)
Y a(i)pD(i)cz(i)e o ¥ p(_i)] =

i=1

-7 /() L
- 2p2b(1)e o'F [

= nalbbu(T) [peu(l) - 1]

- 1 _Ju(2) ]
c,(2) [l- ps(a)pzu(2)e oK ]

-7/u(2) [k - 7 [u(1)
° [1z=1 a3y (Lley(t)e © u,(i)]

- 2p20(2)e

- nalbbu(T) [pzu(a) - 1]
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c2(3) etc.

where a(i) and p( 1) are the weight factors and the points of the quadra-
ture. Also, pzu(i) corresponds to pau(ﬂ',a) at cos @ = u(1).

These equations can be solved simultaneocus <o obtain ca(:l) which with

the following will yield cl(:L).

¢ (1) = = 7uT) {nalbb (T) |2 -, (1)] * °2‘l'
o v v J
pau(i)e

The net intensity at 7 = T, leaving is

+ -
Iu(fc,}l) ’_I_‘Q(TO’“)

Inet (To’“) = 2
4] n
or -(To/l-l)
_ c e - c,
Tet (To’") B 2
b n
leaving

as before.

Tre directicnal emissivity is given by
Inet (To’”)
"Ly, (T)

)]

and the hemispherical emissivity is obtained by integraticn
1
g, " 2]'0 €, (ludg.

Values of hemispherical emissivity with these boundary conditions are

found in Figures 43 and L4.
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The data used from Birkebak is

On % Py
0.1k 0.116 0.703
0.86 0.71k 0.546

This data is taken at 100°F and is for total rather than spectral proper-
ties as would be required for this work. The only comparison that could
be made is that at small optical depths the combined diffuse and specular
solution should be greater than the solution considering only specular re-
flection. Trhis is observed to be true in both cases. A correction is
made in the computer program to account for the change in pI with the

change in coatings.

2. Nonisothermel Coating

The solutions to the geverning equations for the ncnisothermal coat-
ings are

2 T
I;(‘r,y) = cpe (T/I.l) +u_ J“o e(t 1’)/}1 I‘bb“(t)dt

(r-t)u 2 T

- _ fe) n ls) -(t-f)/ +

L,(T:8) = cue e J‘T e K L, (+)at.
LY

The boundary conditions remain unchanged.

T(Tom) = pzu(e',e)i;kfo,u)
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(1 /u)
c, = peu(e',e) [cle (1'0 # + 12] ,

where
2 T (t-'ro)/p
wl e

o

12

(t)at
I‘bbu

as before.

1
+ - - 2
Iu(o,y) = 2‘['0 pDIu(o,y)udy + pslu(o,u) +n eu(u)lbbu(Tl)

or

-(7_/u) (1 /) | L]

1
2
c, = 2]'0 Py [cee + L) pdp +p [cae +n eu(u)lbbu(Tl)-
-(7_/u)
Multiplying by peu(e' ,0)e and ccombining the two boundary conditions

yields

oo =T fw) -(r/w) 2 ¢ -(r./u)
c1p20(9 ,0)e °©° =2p2u(9',6)e ° J'O Py |Lc2e ¢

+L]pdy+

7./1) -(7 /u) [ (/) L]
e

¢ *+ PP, (6',8)e c
L

2 , . -
+n eu(u)Ibbu(I'l)peu(e ,0)e o

or

-(2T°/n)] -(7./u) 1 [ -(1 /u)
cae

1 14 o -
c, [1 - psp2u(9 ,0)e - 2p20(9 ,0)e J‘opD + I.]pdp =

(r_/u) -(TO/M)L.

- naeu(u)lbbu(Tl)pzu(G',G)e * b, (8,6)12 + p.p, (67,6)e

The reflectances ps and pD are the same as in the previous section.
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However, eu(y) 1s determined by
The equation can be written as before for the four descrete points given
by the quadrature, but this time L and I2 are also dependent on y. The

general form of the four equations is

- 21 /u(1)
oo® [2 - p,(10p, (1)e ] -
-7 /(1) L - 7 /u(3)
- 20, (e ° g > epfd) [eye” ™ 4 1) | utarata) -

5 - 1 /u(1) -1 /u(1)
=0, [p(i)] Ibbu(Tl)pal(,i)e. ° + paf’i)le(i) + pzf’i)e ° L(i)pgi)-

The four equations can be solved simultaneously to cbtain ce(i) which
with the following yields cl(i)

e (1) T [u(i)

2 T) - 1.2(1)] e © .

c,(1) = [
o i

The net intensity at 7 = ‘ro is

+ -
Inetu(ro,p) = I,(Tom) - T,(7,m)
or »

-(1/u)

Inetu(‘ro,y) =c,e + 12 - cye

The net flux leaving the surface is given by

1 N - 1 /u(d)
Q‘)(TO) = IoInetu(TO’“)“d“ = ; a(i) [cl(i)e o + 12(1) _ ca(i)] “(i)
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and the apparent hemispherical emissivity is given by
* 31(70)
€g = .
Hu Ibbu THot
The temperature profiles used are the same as before and are shown in

Figure 34. (See page 77.) The apparent hemispherical emissivity is

plotted in Figures 45 and L46.
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CHAPTER VII
SCATTERING IN AN ISOTHERMAL DIELECTRIC

In general, radiation studies in scattering media have considered
only two types of media. The scattering medium most commonly studied
considers a uniform dispersion of particles suspended in a non-absorbing
substance with a refractive index of unity. The same equation of trans-
port will hold in the second most commonly considered medium, which is
an absorbing and emitting medium which scatters electromagretic energy
through local inhomonogenities in the medium. In this second medium,
there is no way to differentiate the scattering particles from the sus-
pending medium.

The problem this work is concerned with involves an absorbing and
emitting dielectric wkich has scattering particles suspended within i<.
These particles are assumed to be spkerical air bubbles. Nelther of the
two most common cases correspond to this problem. However, it will be
advantageous to rsvert to the eguation of transport used inrthe other
cases to aid in develcping an equatior of trarsport for this particular
problem.

Love (16) has written the equation of transport in the following
manner:

For a medium consisting of a uniform dispersion of particles

107
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suspended in a non-absorbing substance with a refractive index of

unity, the equation of transport along a distance s is

aI (S:O:QD)
—2a = - P8I (s,8,0) +

T an
+ % J"r su(6,¢p,6',qo' )Iu(s,G',go' )sin 6'dp'dd’ + pﬁlb.b (s).
00 L

The left side of the equation represents the rate of decrease of inten-
sity along the pencil of ray; the first term on the right represents the
extinction of the ray; the second term on the right represents the energy
scattered into the ray in the direction (8,p) from the radiation in all

other directions, and the last term represents the emissicn of the parti-

cles.
p is the mass of scattering matter per unit volume of
, mixture
£ is the monochromatic emission coefficient

is the monochromatic scattering coefficient
is the monochromatic extinetion coefficient
The decrease in intensity is the extinction of
the ray and is the result of scattering and :
sbsorption. B8 = (o + &)
5(0,¢0,0',0"') is the probability function that a photon traveling
in the direction (6',p') will be scattered into
the direction (8,¢).
In a similar sense g is the probability that a photon will be scat-

tered and # is the probability that a photon will be trapped. For a more
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detailed discussion of scattering in general and a more thorough develop-
ment of this equation, refer to Love (16).

For a uniform medium consisting of a uniform distribution of scatter-
ing particles in an absorbing medium, the equation must be modified to in-
clude the absorption and emission of the suspending medium. As mentioned
earlier in this work the particles will be assumed to be air bubbles, and
absorption and emission of the bubbles themselves is so small that they
will be neglected. Figure 47 is teken from the work of Chromey (5) and
gives the monochromatic scattering coefficient @ as a function of the par-
ticles size parameter, where a = ?-"rr and r is the radius of the particle
(air bubble). The exact way in which the absorption of the suspending
medium enters into the transport equation is not krnown. However, for a
first éssumption one would assume the relationship to be linear. That is

PB = (psﬁs * cpmkm)'
Here the subscript (s) denotes the scattering particle and (m) denotes the
suspending medium.

To the author's knowledge there is no irnformatior evailable at the
present time to help determine the proportionality corstant c. In this
work ¢ will be assumed equal to urity. The equation cf transport row

becomes

dIu(s,G,(p) _ 6 .
————=- (pE;O'S + pmkm)Iu(o, )
PO T en ' 2
P IS o8 p )T y(e,0 ¢ atn 00p'a0" + pe L (5)-

This follows from the relationships o

psBs = ps(os +)(s/) = PO
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o

pmﬁm N pm%l * km) = pmkm

(o0, + pk,) = P8,

5
since the problem under consideration is the plane rarallel case with
axially symmetric boundary corditions with the use of ike axially sym-
metric scattering function and the coordinate system shown in Figure 48.

X
With the definition 7T = J‘ pBdx, the equaticn of transport cen be trans-
o

formed to
2

dIu(T)“) psos 1‘*‘1 on pmkmn Ibbu(r)
B—ar - Tu(mm) g [ T(mwt)]  s@apiaut + —p

where @ is the angle between the inciden* ard scattered ray, ard s(8) is

the axially symmetric scattering function of the medium.

Ietting
| 1 2
3(#:#') =57 5(8)dy’,
where i
2.3 2.3
~cos 8 =" + (1 - w)3(1 - u')E cos(p - ')
the equation of trarspcrt can be written as
) k n2 (1)
dIu(‘T:#) (r.) PO +1 ( Js( ) P Ibbu
—2—— = .1 (1,u) + I(T,u' )s(up' Jap' + .
b —ar o™B) * 5pg [ T(moutds(um’ oy B

The exact solution to this integro-differential equation in most cases

would be quite difficult. However, Love (16) suggests an approximate
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solution using the Gaussian quadrature which should be quite suitable for
engineering problems. His method of solution alsc has an advantage in
that experimental data of the scattering function at descrete points can

be readily applied.

The integre-differential equatior can be written as follows.

ar. (7,u, ) po p k o
By _%L' =- Iu(f’“i) + 2;8 i ajs("i’“j )IU(T’“J) + m_‘;_ Ibbu("')

where By and "‘,j are the descrete ordinates of the quadrature and a'j is
the welght function.

The integro-differential eguation is now represented by n first order
similtaneous differential equations. As in the non-scattering medium, dis-
continuities are anticipated at g = O at the bourndaries sc that the equa-
tions will be written in the pesitive direction for the interval 0 <py <1

and in the negative direction for the integral - 1 < u< 0 as follows.

dI('r,+ui) PO, B
YU = I('r,+ui) 2pﬂ 2_=& s(+“i’“,j) (T’"J) +

=1

poC _n pkn2

* 308 JL=1 350ty =mg JI(T,-py) + —— Ton, (1),

ar(r,-u, ) po n
1
- g = - LT ¢ 2235 ays(-py )T (Top) +

po kn2

n
+ 2;8 ng a S(-“i, “J )I(T’-“J) + —— m Ibb (T)‘

Here it should be noted that aJ, “;) and H, are not the same as before,
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but now they refer to the double Gaussian quadrature (Appendix II).
Love suggests a solution of the following form for the homogeneous
solutions.

=xe'T
IU(T,"#i) xie

-y ) = yr
IU(T’ ui) x(i+n)e
He goes on to write these similtaneous equations in ma%rix form and shows

that solution tekes the form

n )'G'T
Iu(f’ +"i) = e €a*1,0°

2 yaf
To(To-py) = g e (i+n),at

where the 2n values of ¥ are the eigenvalues of the matrix ernd the 2n

values of xi, X are the eigenvectors. The values 2F o are deter-

(1+z)
miped by the bourdary corndition:. The eigenvectorz ard eigenvalues used
ir tkhis work will be ob*sined from a program developed by Isr M. Esis
which will appear ir his dissertation at The Uriverzity of Cklahoma Hz=-
fore June 1, 1965.

To obtair the particular sclutior associated with a corstant tempere-
ture medium, the solution iz assumed to be ar arbitrary conztant c. Sub-

stituting into either of the two governing differential equations, one

obtains

] pk
O=-c+ 2:58 c 2;]; [aJB("'Hi:"’MJ) + aJS("'Hix'I-lJ)] + 'gan‘l nzlbbu("f)-
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For conservative scattering

1 412
wl [ @y -

or
.E- 5 [ (+“1’+" ) + 5(""‘1,'}13 ] =2,
or

PO pk

pﬁ)- pp Ibb(T)

el -

Pk
¢ =08 - XA nIbb(m)

2
= (1.
n Ibbu

The camplete solution may be written as

an ya.T 2
I(T4w) =) ecx e + n (1)
O L e Tob
2n )'GT 2
Iy(To-ny) = Z CX(1+n),a® T2 Ly ().
a=l v
The boundary corditicns must now be investigated to determine the constants

Cyr They are, at T = 0,

Ty(o* by’ = naeum)xbbu(m) + o (T, (0,-n;)
2n 2o . 2
PEREE IR Ibbu(T) - me, (T, o™ + py (1) [a=l “a*(1+n),0" ® Ibbt(,T)]

. :
' = ' .
a%-—'l °"1,a pu(“) | €a*(1+n),a
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At'r=1'oandu> K,
Iu(ro)-“i) = pe(e')a)I“(fo’."“i)

2 YT o o} YT
:!1 cax(im)’ae @O, naI‘b'bu(T) = p2u(6',e) [Z caxi,ae ao, nelbb‘gT)] .

a=1 a=1

The two sets of equations become

n YT
i €t “° [x(_if*n),a - pzu(a"e)xi,a.] - nalbbu(T) [pau(e"e) - 1] ’

a=1
and
2n [
t - -
‘% Ca 1*1,a pu(")x(im),a] 0,
since
ca.
¢! = ——m—,
a 2 ;
n Ibbu(T)

The equations may be solved simultanecusly to obtair +the ca’s.

The directional emissivity can be given by

W Inetu o Iu('ro,u) - AI}STO’-“)
€ “ —_— —1
v 2 2
n' (T) n (1)
Tob, Tob,
2n [ ] YoTo
“D(“) =§L €a 1,0 = *(14n),al ©

The hemispherical emissivity is given by
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1 n
‘Hu =2f o pe(pldp = 2 12--1 856, (g 1 -

Figure U7 (see page 110) is a plot of the scattering coefficient versus
the pafticle size parameter taken from Chromey (5). The hemispherical

emissivity over refractive index squared for different particle sizes,

optical debths, and dielectric suspensions are given in Figure 49.

The values of n in Figures 49 and 47 do not agree. This is due to
the lack of available data. The computations were made based upon tabu-
lated values of distribution coefficient and these did not agree with the
values of n chosen by Chromey for his scattering coefficient. The values
of ¢ required were found by interpolation from Figure 47. The refractive
index n on Figure 49 is for the dielectric medium, but the relative re-
fractive index for scattering medium to dielectric is 0.93 for all cases.

Additional graphs for hemispherical properties of the various prob-

lems follow this chapter.
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CHAPTER VII
DISCUSSION OF RESULTS

To the author's knowledge the directional emittance of conductors
into various dielectrics has not been used before in the literature. The
analysis of the sheet of dielectric material, while a somewhat different
approach than used by Gardon (8), does check with his results. The vari-
ation between the hemispherical emittance -of isothermal gir-dielectric
coatings on a conductor found by the author and that found by using the
solution of Richmond (18) is shown in Figures 26 through 30. (See pages
62 through 66.) As the optical depth approaches infinity, both solutions
approach the emittance of the coating, but as the optical thickness ap-
proaches zero, the author's solution approaches the integral of a func-
tion made up cf products and divisions of the directional properties of
both interfaces, while Richmond's solution approaches the same functional
relationship of the integrated or hemispherical properties of these inter-
faces. Therefore, the large discrepancy between tixe two solutions at
small optical depths is due to the fact that the integral of a product of
two functions is not equal to.the product of the int_egmls of the func-
tions.

The directional intensity ratio of nonisothermal coatings were not
plotted. However, one plot of the directional intensity ratio for a sheet
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of dielectric with a linear tempemature profile was made in order to indi-
cate how the curves would appear. The nonisothermal results for coatings
varied very little from conductor to conductor because of the shape of the
temperature profile. That is, the conductor contributed very little. The
profile chosen was based on the assumption of a hot coating surface and
therefore, a cold conductor. This caused the contribution of the conduc-
tor to be small.

Both the scattering results and the combined diffuse-specular inter-
face results were limited for lack of data. Thelr main contribution is in
affording a method of solution which can be used when more data becomes
available. The present combined diffuse-specular data is for a very lim-
ited rumber of materials and for totel rather than spectral properties.
The values used for pp and 0 are taken from Birkebak's work and are for
total properties. Therefore, little car be said quantitat-ively for the
results. As the surface roughness ircreases, pT decreases as does ps,
but the results seem to indicate the* the hemigpherical emissivity of the
combination increases as the total reflectivity of ke conductor increases
rather than with the surface rcughness. The problem socn becomes a mathe-
matical game where any values of P acd g, that seem reasonable may be
used but with no experimental validity.

The results of the combined diffuse-specular interface are samewhat
higher than the results found considering all interfaces specular. This
agrees with the work of Cess and Sotak (4). However, in their results
they found the difference’ to increase with optical thickress, while for
this paper, the differepce decreased with optical thickness. This can be

explained in that at increasing optical thicknesses the caductor plays a
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decreasing role in the sclution.

The data available for calculating the scattering functions is quite
limited for relative refractive indicles less than unity. What data does
exist on scattering coefficients and distribution coefficients does not
always agree. Added to this problem, the nonsymmetric matrix solution for
the scattering function will not converge for many values of particle size.
The large variation ir the results with refractive -index is due to the
plot being of hemispherical emittance over the refractive index squared
versus the optical thickness. This tends to spread the curves out for
easier reading. The same is true in Figures 35 through 37. (See pages
85 through 87.)

Further work 1s planned for the study of combined radiation and con-
duction in the same problems. Inversion of the temperature profile in the
coating problem to allow the conductor to play a larger role; a more com-
Plete analysis of the combined diffuse-specular boundary problem as more
data becomes available; and the scattering coefficients and distribution
coefficlents for reletive refractive indicles less than unity will be

evaluated in order to obtain more results when considering scattering.



MONOCHROMATIC DIRECTIONAL EMITTANCE OF ALUMINUM

Argle 6

Radians
0.10
0.30
0.50
0.70
0.90
1.10
1.30
1.35
1.40
1.45
1.50

1.55

Degrees

5-T3
17.19
28.65
4o.11
51.57
63.03
Th4.49
T7-36
80.22
83.08
85.95
88.81
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TAHLE 1

INTO VARIOUS DIELECTRICS

Refractive Index of the Dielectric

1.5000
0.0480
0.0482
0.0485
0.0497
0.0530
0.0616
0.0843
0.0947
0.1076
0.1208
0.1207

0.0578

3.5000
0.1053
0.1053
0.1059
0.1079
0.1129
0.1233
0.1371
0.1372
0.1318
0.1158
0.0826

0.0280

5.5000
0.1519
0.1520
0.1525
0.1541
0.1572
0.1600
0.1478
0.1368
0.1198
0.0951
0.0614

0.0194



Angle 6

Radians
0.10
0.30
0.50
0.70
0.90
1.10
1.30
1.35
1.kO
1.45
1.50

1.55

MONOCHROMATIC DIRECTIONAL EMITTANCE OF COFPER

Degreee

5.73
17.19
28.65
4o.11
51.57
63.03
Th L9
T7.26
80.22
83.08
85.95
88.81
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TABLE 2

INTO VARIOUS DIELECTRICS

Fefractive Irdex of the Dielectric

1.5000
0.0232
0.0282
0.0284
0.0291
0.0311
0.0360
0.0482
0.0532
0.0584
0.0616
0.0547

0.0220

3.5000
0.0612
0.0612
0.0615
0.0625
0.0651
0.069%
0.0708
0.0678
0.0615
0.050%
0.0332

0.6105

5.5000
0.0862
0.0364
0.0866
0.0870
0.0874
0.0849
0.0701
0.0623
0.0521
0.0394
0.0243
0.007h



MONOCHROMATIC DIRECTIONAL EMITTANCE OF GOLD

Angle 0

Radians
0.10
10.30
0.50
0.70
0.90
1.10
1.30
1.35
1.k0
1.45
©1.50

1.55

Degrees

5.T3
17.19
28.65
ho.11
51.57
63.03
T4.49
77.36
80.22
83.08
85.95
88.81
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TAHLE 3

- INTO VARIOUS DIELECTRICS

Refractive Index of the Dielectric

1.5000
0.0642
0.0643
0.0647
0.0662
0.0701
0.0798
0.1011
0.1082
0.1139
0.1129
0.0928
0.0353

3.5000
0.1332
0.1333
0.1338
0.1353
0.138%
0.1416
0.1318
0.1223
0.1073
0.0852
0.0550

0.0173

5.5000
0.1792
0.1791
0.1790
0.1782
0.1743
0.1613
0.1237
0.1079
0.0887
0.0663
0.0406

0.0124



MONOCHROMATIC DIRECTIONAL EMITTANCE OF NICKEL

Angle 6

Radians
0.10 .
0.30
0.50
0.70
0.90
1.10
1.30
1.35
1.40
1.45
1.50

1.55

Degrees

5.T3
17.19
28.65
4o.11
51.57
63.03
T4 .49
77.36
80.22
83.08
85.95
88.81
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TABLE 4

INTO VARIOUS DIELECTRICS

Refractive Index of the Dielectric

1.5000
0.2139
0.2140
0.2150
0.2185
0.2279
0.2493
0.2897
0.3000
0.3045
0.2920
0.2376
0.0960

3.5000
0.4032
0.4032
0.4034
0.k038
0.4031
0.3948
0.3487
0.3212
0.2819
0.226%
0.158%4
0.0496

5.5000
0.5053
0.5050
0.5029
0.4954
0.4759
0.4302
0.3288
0.2838
0.2k06
0.1832
0.1153

C.0363



MONOCHROMATIC DIRECTIONAL EMITTANCE OF SILVER

Radians
0.10
0.30
0.50
0.70
0.90
1.10

" 1.30
1.35
1.ko
1.45
1.50

1.55

Degrees

5.73
17.19
28.65
ho.11
51.57
63.03
Th .49
17.36
80.22
83.08
85.95
88.81
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TAHELE 5

INTO VARIOUS DIELECTRICS

Refractive Index of the Dielectrics

1.5000
0.0136
0.0136
0.0137
0.0141
0.0151
0.0176
0.0241
0.0270
0.0303
0.0331

0.0307
0.0128

3.5000
0.0301
0.0301
0.0303
0.0309
0.0324
0.0352
0.0377
0.0369
0.0342
0.0286
0.0191
0.0061

5.5000
0.0434
0.0435
0.0436
0.04%0
0.0448
0.04k7
0.0386
0.0348
0.029%4
0.0225
0.0139
0.0042
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TABLE 6

MONOCHROMATIC DIRECTIONAL ABSORPTANCE FOR A DIELECTRIC COATING

WITH A REFRACTIVE INDEX OF 1.5 ON ALUMINUM

0.0750
0.1111
0.1737
0.1940
0.2025
0.2060
0.2054
0.1998
0.1934
0.1877
0.1833
0.1805

Optical Thickness = Tb

0.1500
0.1378
0.2493
0.2943
0.3158
0.3263
0.3313
0.3243
0.314h
0.3052
0.2979
0.2932

0.3000
0.1598
0.3328
0.4195
0.4669
0.4935
0.5160
0.5121
0.5605
0.4881
0.4780
0.4712

0.6000
0.1739
0.4003
0.5339
0.6156
0.6663
0.7216
0.7308
0.7240
0.7131
0.7029
0.6958



135

TABLE 7

MONOCHROMATIC DIRECTIONAL ABSORPTANCE FOR A DIELECTRIC COATING

WITH A REFRACTIVE INDEX OF 3.5 ON.ALUMINUM

0.0750
0.1281
0.1839
0.1993
0.2055
0.2084
0.2106
0.2107
0.2102
0.2096
0.2090
0.2086

Optical Thickness - ‘ro

0.1500
0.1552
0.2u454
0.2737
0.2856
0.2914
0.2960
0.2964
0.2957
0.2947
0.2939
0.2933

0.3000
0.1828
0.3227

0.373%4
0.3961
0.4o7h
0.l171
0.4186
0.4180
0.4169
0.4158

0.4150

0.6000
0.2043
0.3960
0.4753
0.5129
0.5321
0.5497
0.5534
0.5536
0.5528
0.5519
0.5512
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TABLE 8

MONOCHROMATIC DIRECTIONAL ABSORPTANCE FOR A DIELECTRIC COATING

WITH A REFRACTIVE INDEX OF 5.5 ON. ALUMINUM

0.0750
0.1610
0.21k2
0.2240
0.2257
0.2250
0.2216
0.2191
0.2176
0.2160
0.2165

0.2163

Optical Thickness - 1'0

0.1500
0.1922
0.273k
0.2896
0.2933
0.2911
0.2856
0.2814
0.2791
0.2778
0.2773
0.2770

0.3000
0.2278
0.3515
0.3787
0.3835
0.3816
0.3721
0.3652
0.3614
0.3595
0.3587
0.3583

0.6000
0.2585
0.4303
0.4718
0.4792
0.4763
0.4619
0.4515
0.4459
0.4433
0.4423
0.4419
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TABLE 9

MONOCHRCMATIC DIRECTIONAL ABSORPTANCE OF A DIELECTRIC COATING

WITH A REFRACTIVE INDEX OF 1.5 ON COFPER

0.0750
0.1068
0.1632
0.1309
.1831
.1908
.1892
.1833
1767
.1709
.1665
.1637

© O O O O o o o

Optical Thickness 16

0.1500
0.1357
0.2h27
0.2850
0.3050
0.3146
0.3182
0.3107
0.3005
0.2911
0.2837
0.2789

0.3000
0.1591
0.3297
0.4k
0.4605
0.4862
0.507h
0.5028
0.4908
0.4781
0.L4677
0.4607

0.6000
0.1737
0.3993
0.5320
0.6131
0.6633
0.7177
0.7264
0.7192
0.7079
0.6975
0.6902
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TABLE 10

MONOCHROMATIC DIRECTIONAL ABSORPTANCE OF A DIELECTRIC COATING

WITH A REFRACTIVE INDEX OF 3.5 ON COFPER

0.0750
0.1160
0.1599
0.171h4
0.1760
0.1780
0.1795
0.1793
0.1787
0.1780
0.177h4

0.1770

Optical Thickness - ‘l'o

0.1500
0.1483
0.2287
0.2530
0.2632
0.2680
0.2717
0.2718
0.2709
0.2699
0.2690
0.2683

0.3000
0.1799
0.3135
0.3611
0.3823
0.3927
0.4016
0.4028
0.4020
0.4008
0.3997
0.3989

0.6000
0.2033
0.392%
0.4701
0.5668
0.5256
0.5427
0.5461
0.5462
0.5453
0.5L444
0.5436
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TABLE 11

MCNOCHROMATIC DIRECTIONAL ABSORPTANCE OF A DIELECTRIC COATING

Angle

g 2 8 o

52
L2

22

WITH A REFRACTIVE INDEX OF 5.5 ON COFPFPER

0.0750
0.1394
0.1777
0.1843
0.1854
0.18L9
0.1826
0.1808
0.1797
0.1791
0.1787
0.1786

Optical Thickness Tb

0.1500
0.1787
0.2L467
0.2598
0.2620
0.2611
0.2565
0.2530
0.2510
0.2500
0.2494

0.24k91

0.3000
0.2212
0.3360
0.3608
0.3651
0.3633
0.3547
0.3483
0.3448
0.3430
0.3422

0.3418

0.6000
0.2562
0.4238
0.4640
0.hk712
0.4684
0.45uL
0.4443
0.4389
0.4363
0.4352
0.4348
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TABLE 12

MONOCHROMATIC DIRECTIONAL ABSORPTANCE FOR A DIELECTRIC COATING

Angle

g 28 °®

WITH A REFRACTIVE INIEX OF 1.5 ON GOLD

0.0750
0.11h4k4
0.1818
0.204)4

0.21k40

0.2182

0.2183
0.2i30
0.2068
0.2012
0.1969
0.19%1

Optical Thickness 'ro

0.1500
0.1393
0.2544
0.3016
0.324)
0.3357
0.3417
0.3352
0.3256
0.3166

0.3095
0.3048

0.3000
0.1604
0.3353
0.4235
0.%720
0.4993
0.5229
0.5196
0.5984
0.4963
0.4863
0.4796

0.6000
0.1740
0.4011
0.5353
0.6176
0.6687
0.7248
0.7344
0.7280
0.7172
0.7073
0.7003
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TABLE 13

MONOCHROMATIC DIRECTIONAL ABSORPTANCE FOR A DIELECTRIC COATING

8k

76
T2

52
42

22

WITH A REFRACTIVE INDEX OF 3.5 ON GOLD

0.0750
0.1349
0.1982
0.2162
0.2236
0.2271
0.2299
0.2301
0.2297
0.2291
0.2286

0.2283

Optical Thickness - Tb

0.1500
0.1592
0.2556
0.2863
0.2995

‘ 0.3058

0.3111
0.3117
0.3111
0.3101
0.3094
0.3088

0.3000
0.1847
0.3283
0.3810
0.hoh7
0.4165
0.4268
0.4284
0.4279
0.41269
0.l4259
0.4252

0.6000
0.2049
0.3982
0.4785
0.5167
0.5362
0.5542
0.5580
0.5582
0.5575
0.5566
0.5559
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TAELE 14

MONOCHROMATIC DIRECTIONAL ABSORPTANCE FOR A DIELECTRIC COATING

84

76
T2

52
L2

22

WITH A REFRACTIVE INDEX OF 5.5 ON GOLD

0.0750
0.1689
0.2285
0.2396
0.2415
0.2408
0.2369
0.2341
0.2325
0.2317

0.2313
0.2311

Optical Thickness - 16

0.1500
0.197h
0.2839
0.3014
0.3044
0.3032

 0.2971

0.2927
0.2902
0.2889
0.2883

0.2881

P

0.3000
0.2304
0.3578
0.3860
0.3909
0.3890
0.3791
0.3720
0.3681
0.3662
0.3654
0.3650

0.6000
0.2594
0.4329
0.4750
0.4825
0.4796
0.4649
0.454k
0.411488
0.4h62
0.4451
0.Lhk7
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TABLE 15

MONOCHROMATIC DIRECTIONAL ABSORPTANCE FOR A DIELECTRIC COATING

g 2 8 o

WITH A REFRACTIVE INDEX OF 1.5 ON NICKEL

0.0750
0.1373
0.2481
0.2931
0.3153
0.3271
0.3364
0.3349
0.3304
0.3259
0.3223
0.3200

Optical Thickness - ‘l'o

0.1500
0.1513
0.2978
0.3654
0.4009
0.4205
0.4373
0.4358
0.4290
0.4218
0.4160

0.4121

0.3000
0.1652
0.35T1
0.4592
0.5178
0.5522
0.5863
0.5887
0.5811
0.5715
0.5633
0.5578

0.6000
0.1754
0.4085
0.5487
0.6360
0.6910
0.7537
0.7677
0.76h44
0.7562
0.748C
0.7423
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TABLE 16

MONOCHROMATIC DIRECTIONAL ABSORPTANCE FOR A DIELECTRIC COATING

52
L2

22

WITH A REFRACTIVE INDEX OF 3.5 ON NICKEL

0.0750
0.1788
0.3102
0.3569
0.3777

0.3881-

0.3976
0.3998
0.4002
0.4001
0.3999
0.3996

Optical Thickness - ‘I‘o

0.1500
0.1878
0.3383
0.3946
0.4202
0.4331
0.4448
O.LhTh
0.4478
0.4475
0.4471
0.4467

0.3000
0.1992
0.3773
0.4487
0.4821
0.4991
0.5148
0.5183
0.5188
0.5184
0.5178
0.517h

0.6000
0.2102
0.4189
0.5087
0.5522
0.57h7
0.5958
0.6008
0.6017
0.6015
0.6010
0.6006
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TAELE 17

MONOCHROMATIC DIRECTIONAL ABSORPTANCE FOR A DIELECTRIC COATING

8L

76
T2
62

52
4o

22

WITH A REFRACTIVE INDEX OF 5.5 ON NICKEL

0.0750
0.2340
0.3665
0.3962
0.4015
0.3995
0.3894
0.3821
0.3783
0.3766
0.3759
0.3757

Optical Thickness - Tb

0.1500
0.2434
0.3900
0.4238
0.4298
0.4275
0.4159
0.4076
0.4032
0.4012
0.4005
0.4002

0.3000
0.2563
0.kak1
0.46k4
0.k717
0.4689
0.4550
0.k450
0.4398
0.4374
0.4364
0.4361

0.6000
0.2699
0.4627
0.5111
0.5199
0.5165
0.4997
0.4878
0.14815
0.4787
0.4T76
0.4772
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TAELE 18

MONOCHROMATIC DIRECTIONAL ABSORPTANCE FOR A DIELECTRIC COATING

Angle

& 2 8 o

b B W &

WITH A REFRACTIVE INIEX OF 1.5 ON SILVER

0.0750
0.1033
0.1553
0.1711
0.177h
0.1795
0.177h
0.1712
0.1645
0.1587
0.1542

0.1513

Optical Thickness - 16

0.1500
0.13l1
0.2378
0.2782
0.2971
0.3059
0.3087
0.3007
0.290%
0.2807

0.2732
0.2684

003000
0.1586
0.3274

0. 14»107’

0.4559
0.4809
0.5010
0.4960
0.4836
0.4707
0.4601
0.4531

0.6000
0.1735
0.3985
0.5307
0.6113
0.6611
0.7149
0.7231
0.7156
0.7011
0.6935
0.6861
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TAELE 19

MONOCHROMATIC DIRECTIONAL ABSORPTANCE FOR A DIELECTRIC COATING

Angle

8k

76

T2
62

52
L2

22

WITH A REFRACTIVE INDEX OF 3.5 ON SILVER

0.0750
0.1062
0.1420
0.1509
0.15kk4
0.1560
0.1569
0.1565
0.1558
0.1551
0.1545

0.1540

Optical Thickness - 76

0.1500
0.1430
0.2164
0.2380
0.2469
0.2511
0.2542
0.2541
0.2531
0.2520
0.2510

0.2503

0.3000
0.1776
0.3068
0.3523
0.372h
0.3822
0.3905
0.3915
0.3906
0.389%
0.3882
0.3873

0.6000
0.2026
0.3898
0.4664
0.5025
0.5209
0.5377
0.5410
0.5410
0.5400
0.5390
0.5382
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TABLE 20

MONOCHROMATIC DIRECTIONAL AESORPTANCE FOR A DIELECTRIC COATING

WITH A REFRACTIVE INDEX OF 5.5 ON SILVER

0.0750
0.1230
0.1519
0.1567
0.1575
0.1571
0.1553
0.1539
0.1530
0.1525
0.1522

0.1520

Optical Thickness - Tb

0.1500
0.1688
0.2283
0.2394
0.2413
0.2404
0.2365
0.2334
0.2316
0.2306
0.2301

0.2295

0.3000
0.2166
0.3255
0.3u87
0.3527
0.3510
0.3429
0.3369
0.3335
0.3318
0.3310
0.3306

0.6000
0.2546
0.4195
0.4589
0.4659
0.4631
0.4494
0.4395
0.4342
0.4316
0.4306
0.4302
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TAHLE 21

ABSORPTANCE AND EMITTANCE FOR A DIELECTRIC SHEET WITH n = 1.5

0.0750
0.0668
0.0851
0.0893
0.0905
0.0903
0.0877
0.0839
0.0801
0.0768
0.0743

0.0727

0.1500
0.0999
0.1477
0.1619
0.1672
0.1689
0.1662
0.1599
0.1531
0.1472
0.1k426
0.1397

Optical Depth - ‘ro

0.3000
0.1327
0.2331
0.2717
0.2895
0.2977
0.2997
0.2914
0.2808
0.2711
0.2635
0.2585

0.6000
0.1581
0.3252
0.%072
0.4515
0.4758
0.4951
0.4896
0.4769
0.4638
0.4530
0.kks59



Angle

2 2 8 o

-
()

62
52
L2

R
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TABLE 22

ABSORPTANCE AND EMITTANCE FOR A DIELECTRIC SHEET WITH n = 3.5

0.0750
0.0594
0.0691
0.0711
0.0718
0.0721
0.0721
0.0717
0.0712
0.0708
0.0704

0.0701

0.1500
0.0957
0.1237
0.1304

0.1329

@]

.13%0
0.1345
0.1340
0.1332

0.1325

o

.1318

0.1313

Optical Depth = 16

0.3000
0.1375
0.2039
0.2230
0.2308
0.2344
0.2369
0.2366
0.2355
0.2343
0.2333
0.2326

0.6000
0.1754
0.3002
0.3435
0.3626
0.3720
0.3797
0.380%

0.3795
0.3781

0.3768

0.3759
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TABLE 23

ABSORPTANCE AND EMITTANCE FOR A DIELECTRIC SHEET WITH n = 5.5

0.0750
0.0619
0.0684
0.0694
0.0695
0.0694
0.0690
0.0686
0.0683
0.0681
0.0679
0.0678

0.1500
0.1041
0.12k
0.1272
0.1278
0.1275
0.1262
0.1252
0.12h45
0.1240
0.1237
0.1235

Optical Depth - 1'0

0.3000
0.1578
0.2086
0.2179
0.2194
0.2187
0.2153
0.2127
0.2111
0.2101
0.2096
0.2094

0.6000
0.2117
0.3145
0.3361
0.3398 .
0.3382
0.3306
0.3250
0.3218
‘0.3201
0.3193
0.3189
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TABLE 24

HEMISPHERICAL EMITTANCE OF AN ISOTHERMAL SHEET OF DIELECTRIC

Refractive
Todex

1.50
1.75
2.00
3.50
5.50

0.0750
o . w13
0.0779

0.0759
0.0711

.0.0684

Optical Thickness - 'ro

0.1500
0.1543
0.1477
0.1437

0.1327
0.1249

0.3000
0.2797
0.2675
0.2595
0.2336

0.2121

0.6000
0.4680
0.4469
0.4317
0.3747
0.3241
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TABLE 25

HEMISPHERTICAL EMITTANCE OF AN ISOTHERMAL DIELECTRIC COATING

ON A CONDUCTOR SURFACE BY ATTENUATED INTENSITY AFPROACH

Conductor

Aluminum

n = 2.30 - 116.50

Copper
n-= 0082 - 13000

Gold

n-= l-3l - 110.70

Coating
Refractive
Index n

1.50
1.75
2.00
3.50
5.50

1.50
1.75
2.00
3.50
5.50

1.50
1.75
2.00
3.50
5.50

0.0750

0.1935
0.1926

0.1939.

0.2086
0.2186

0.177h
0.1741
0.1732
0.1776

0.1804

0.2066
0.2072
0.2098
0.2278

0.2336

Optical Thickness - 16

0.1500
0.3120
0.3043
0.3004
0.2927

0.2807

0.2987
0.2891
0.2835
0.2684
0.2524

0.3227
0.3162
0.3133
0.3077
0.2920

0.3000
0.4901
0.4721
0.4595
0.h121
0.3643

0.4810
0.4617
0.L4480
0.3967
0.3475

0.4975

0.4803
. 0.4684

0.4218
0.3711

0.6000
0.6991
0.6695
0.6458
0.5437
0.450

0.6947
0.66L414
0.6402
0.5366
0.4432

0.7028
0.6736
0.6501
0.5482
0.4534



Conductor

Nickel

n = 3.74 - 18.80

Silver

n = 0.48 - 11k .40
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TABLE 25 -- Continued

Coating
Refractive
Index n
1.50
1.75
2.00
3.50
5.50

1.50
1.75
2.00
3.50
5.50

0.3258
0.3389
0.3520
0.3946
0.3814

0.1655
0.1605
0.1581
0.1551

0.1536

Optical Thickness - Tb

0.k211
0.k249
0.4302
0.4409
0.4068

0.2889
0.2780

0.2712 .

0.2510

0.2329

0.5655
0.555k4
0.5488
0.5099
0.khi

0.k7h3
0.4541
0.4396
0.3856
0.3360

0.7362
0.7109
0.6900
0.5901
0.4867

0.6914
0.6607
0.6360
0.5315
0.4384



HEMISPHERICAL EMITTANCE

Ccnductor

Aluminum

n = 2.30 - 116.50

Copper

n = 0.82 - 113.00

Gold

n =1.31 - 110.70

Coating
Refractive
Irdex n

1.50
1.75
2.00
3.50
2.50

1.50
1.75
2.00
3.50
5.50

1.50
1.75
2.00
3.50
5.50
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TABLE 26

BY THE ATTENUATED FLUX APPROACH

0.0750
0.3350
0.ko82
0.4696
0.6027
0.5385

0.3051
0.3730
0.4316
0.5770
0.5385

0.3539
0.4291

0.4908
0.6113

0.5385

Optical Thickness - 16

0.1500
0.4763
0.5436
0.5920
0.6644
0.5506

0.4561
0.5222
0.5708
0.6330
0.5506

0.4889
0.5565
0.6040
0.6493
0.5506

0.3000
0.6466
0.6906
0.71kk
0.6787
0.5595

0.6361
0.6805
0.7052
0.6750
0.5596

0.6536
0.6967
0.7196
0.6811
0.5596

0.6000
0.8026
0.8119
0.8080
0.7019
0.5627

0.7985
0.8082
0.8048
0.7007

0.5627

0.8053
0.8140
0.8096
0.7019

0.5627



Conductor

Nickel
n = 3.74 - 18.80

Silver

n = 0.48 - 11h.4oO

156

TABLE 26 -- Continued

Coating
Refractive
Index n
1.50
1.75
2.00
3.50
5.50

1.50
1.75
2.00
3.50
5.50

0.5164
0.5957
0.6480
0.6725
0.5566

0.2835
0.3470
0.4028
0.5549
0.5233

Optical Thickness - ‘ro

0.6037
0.6661
0.702h
0.6836
0.5596

o.uh7
0.5065
0.5552
0.6235
0.5415

0.7175
0.7531
0.7676
0.6958
0.5627

0.6284
0.6731
0.6984
0.6725
0.5566

0.8309
0.8348
0.8268
0.7068
0.5657

0.7956
0.8057
0.8028
0.6995
0.5627



Angle

g 2 8 o

-3
(o)

62

52
L2

22

57

TABLE 27

TRANSMISSIVITY FOR n = 1.5

0.0750
0.0658
0.2373
0.3871
0.5081
0.6018
0.7hL5
0.8085
0.8363
0.8483
0.8534
0.8555

Optical Thickness - T,

0.1500
0.0487
0.2021
0.3418
0.4551
0.5430
0.6776
0.7399
0.7689
0.7828
0.7896
0.7929

0.3000
0.0314
0.1522
0.2702
0.3675
0.4433
0.5616
0.6198
0.6499
0.6666
0.6761
0.6813

0.6000
0.0170
0.0936
0.17L5
0.2432
0.2977
0.3865
0.4353
0.4646
0.4835
0.4958

0.5030



Argle

g 2 8 o
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TAELE 28

TRANSMISSIVITY FORn = 3.5

0.0750
0.0931
0.259k
0.3553
0.4089
0.4390
0.4695
0.4781
0.4810
0.4822
0.4827
0.4829

Optical Thickness - ¢

0.1500
0.07h44
0.2288
0.3198
0.3708
0.3994
0.4285
0.4370
0.4400
0.4l
0.4h21
0.4k25

0.3000
0.0523
0.1823
0.262h4
0.3076
0.3331
0.3593
0.3671
0.3703
0.3719
0.3728
0.3734

0.6000
0.0312
0.1227
0.1826
0.2168
0.2363
0.2566
0.2631
0.2661
0.2678
0.2690

0.2697



Angle

8o
76
T2
62
52
Lo
32
22
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TAELE 29

TRANSMISSIVITY FOR n = 5.5

0.0750
0.1328
0.2971
0.3486
0.3585
0.3549

.0.336h

0.3237
0.317h
0.3147
0.3137
0.3135

Optical Thickness - T_

0.1500
0.1107
0.2651
0.3142
0.3236
0.3201
0.3026
0.2907
0.2847
0.2822
0.2813

0.2812

0.3000
0.0819
0.2150
0.2584
0.2669
0.2637

0.2483 -

0.2378
0.2326

~ 0.2305

0.2299

0.2298

0.6000
0.0513
0.1480
0.1808
0.1872
0.1849
0.1733
0.1655
0.1617
0.1602
0.1598
0.1598



1

2
n

Refractive
Index

1.5

5.5
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TABLE 30

WITH A TEMPERATURE PROFILE

= 150°F

Temperature

Profile

Parabolic

Yinear

Parabolic

Linear

Parabolic

Iirear

0.075000

0.177500
0.009617

0.002798
0.001517

0.001083
0.000587

- DIMENSIONLESS FLUX RATIO FOR A DIELECTRIC SHEET

T = 2000°F

Optical Thickness - L

0.150000

0.035870

0.019300

0.005466
0.002546

0.002057

0.001109

0.300000

0.073T770
0.0391L4

0.010608
0.005647

0.003817
0.002032

Surface Intensity = I (T,) = 0.39789285 x 10713

0.600000

0.159170
0.082074

0.021041

0.010920

0.007131

0.003704
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TABLE 31

FLUX RATIO FOR VARIOUS NONISOTHERMAL COATINGS
WITH SPECULAR INTERFACES ON ALUMINUM

T_ = 150°F T, = 2000°F
Refractive Optical Linear Parabolic
Index Thickness Profile Profile

0.0750 0.0201 0.0370
0.1500 ' 0.0408 0.0757
i 0.3000 0.0842 0.1588
0.6000 0.1807 0.3505
0.0750 0.0142 0.0264
0.1500 0.0286 0.0532
35 0.3000 0.0580 - 0.1090
0.6000 0.1211 0.2333
0.0750 0.0129 0.0239
0.1500 0.0252 0.0468
2+ 0.3000 0.0491 0.0922

0.6000 0.0981 0.1889
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TABLE 32

FLUX RATIO FOR VARIOUS NONISOTHERMAL COATINGS
WITH SPECULAR INTERFACES ON COPFER

T = 150°F T, = 2000°F
Refractive Optical Linear Parabolic
Index Thickness Profile Profile

0.0750 ; 0.0200 0.0369
0.1500 0.0407 0.0756
15 0.3000 0.0841 0.1585
0.6000 0.1806 0.3503
0.0750 0.0.139 0.0256
0.1500 0.0280 0.0519
32 0.3000 0.0570 0.1072
0.6000 0.1200 0.2313
0.0750 0.0119 0.0219
0.1500 0.0235 0.0435
25 0.3000 0.0466 0.0876

0.6000 0.0955 0.1839
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TAELE 33

FLUX FATIO FOR VARIOUS NONISOTHERMAL COATINGS
WITH SPECULAR INTERFACES ON GOLD

T, = 150°F T, = 2000°F
Refractive Optical lLinear Parabolic
Index Thickness Profile Profile

0.0750 0.0201 0.0371
0.1500 0.0L408 | 0.0759
12 0.3000 c.0843 0.1589
0.6000 0.1808 0.3506
0.0750 0.0145 0.0268
0.1500 0.0291 0.0539
33 0.3000 0.0586 0.1101
0.6000 ' 0.1217 0.2346
0.0750 0.0134 0.0246
0.1500 0.0259 0.0481
22 0.3000 0.0501 0.0940

0.6000 0.0991 0.1909
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TABIE 3L

FLUX RATIO FOR VARIOUS NONISOTHERMAL COATINGS
WITH SPECULAR INTERFACES ON NICKEL

T = 150°F T, = 2000°F
Refractive Optical Linear Parabolic
Index Thickness Profile Profile

0.0750 0.0204 0.0377
6.1500 0.0k1k 0.0769
13 0.3p00 0.0851 0.1604
0.6000 0.1816 0.3522
0.0750 ' 0.0167 0.0309
0.1500 0.0328 0.0609
32 0.3000 . 0.0641 0.1205
0.6000 0.1279 0.2L464
0.0750 0.0175 0.0322
0.1500 | 0.0330 0.0612
2 0.3000 0.0606 0.1139

0.6000 0.1110 0.2138
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TABLE 35

FLUX RATIO FOR VARIOUS NONISOTHERMAL COATINGS
WITH SPECULAR INTERFACES ON SILVER

T_ = 150°F T, = 2000°F
Refractive Optical Linear Parabolic
Index ~ Thickness Profile Profile

0.0750 0.0200 : 0.0369
0.1500 . 0.0406 0.0755
2 0.3000 0.0841 0.1584
0.6000 0.1805 0.3501
0.0750 | 0.0136 ,0.0251
0.1500 0.0275 0.0510
35 0.3000 0.0563 0.1059
0.6000 0.1193 0.2300
0.0750 0.0111 0.0205
0.1500 0.0223 0.0413
22 0.3000 0.0450 0.0845

0.6000 0.0938 0.1806
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TABLE 36

HEMISFHERICAL EMITTANCE OF A DIELECTRIC COATING ON NICKEL

Refractive
Index

1.5

3.5

55

WITH A SURFACE ROUGHNESS o, OF 0.116 u

(p, *+ pp) = 0.703

Optical
Thickness

0.0750
0.1500
0.3000
0.6000

0.0750
0.1500
0.3000
0.6000

0.0750
0.1500
0.3000
0.6000

0.4826
0.5202
0.5852
0.6835

0.4637
0.4848
0.5201
0.5704

0.4189
0.4306
0.4500
0.%773
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TABLE 37

HEMISPHERICAL, EMITTANCE OF A DIELECTRIC COATING ON NICKEL

Refractive
Index

1.5

3.5

5.5

WITH A SURFACE ROUGHNESS o, OF 0.714 pu
(ps + pD) = 0.546
Optical
Thickness
0.0750
0.1500
0.3000

0.6000

0.0750
0.1500
0.3000
0.6000

0.0750
0.1500
0.3000
0.6000

0.3795
0.4672
0.6002
0.7569

‘70.3877

0.4361
0.5080
0.5915

0.3757
0.4028
0.4425
0.4877
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TABLE 38

PERCENTAGE DIFFERENCE BETWEEN THE ATTENUATED INTENSITY
AND THE ATTENUATED FLUX APPROACHES
Coating
Conductor Refractive Optical Thickness Tb
Index
0.075 0.150 0.300 0.600
1.50 73.12 52.66 31.94 14.80
Aluminum ’
2.00 142.18 97.07 55.47 25.14

3.50 188.93 120.16 64.69 29.10

n = 2.30 - 116.50

1.50 71.98 52.70 32.25 14.94
Copper
2.00 149.19 101.34 57.41 25.71
n = 0.82 - 113.00
3.50 224.89 135.95 70.15 30.58

1.50 T1.30 57.50 31.38 14.58

Gold
2.00 133.90 92.79 53.66 24.53
n = 1.31 - 110.70
3.50 168.35 111.02 81.47 28.04
1.50 58.50 43.36 26.88 12.86
Nickel

2.00 84.09 63.27 39.87 19.83
n = 3.74 - 18.80
3.50 69.65 55.05 36.46 19.71

1.50 T1.30 52.89 32.49 15.07
Silver

n = 0.48 - 114.%0

2.00 15k.77 10L4.72 58.87 26.23
3.50 257.77 148.41 T4.40 31.61
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TAELE 39

RATIO FOR NONISOTHERMAL COATINGS OR NICKEL
WITH A SURFACE ROUGHNESS o, OF 0.116

T_ = 150°F Ty, = 2000°F
Linear Parabolic
Refractive Optical Temperature Temperature
Index Depth Profile Profile
0.075 0.0301 0.0555
0.150 0.0578 0.107h
2 0.300 0.1090 0.2053
0.600 0.2072 0.4017
0.075 0.0209 0.0386
0.150 0.0401 0.0743
32 0.300 0.0749 0.1407
0.600 0.1400 0.2698
0.075 ~ 0.0161 0.0296
0.150 0.0307 0.0570
22 0.300 0.0576 0.1081

0.600 0.1080 . 0.2079
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TABLE 4O

FLUX RATIO FOR NONISOTHERMAL COATINGS ON NICKEL
WITH A SURFACE ROUGHNESS OF g, = 0.714

(pB + pD) = 0.546

T = 150°F T = 2000°F
Linear Parabolic
Refractive Optical Temperature Temperature
Index Depth Profile Profile
0.075 0.0340 0.0627
0.150 0.06L4k4 0.1197
' 0.300 0.1185 0.2233
0.600 0.2172 . 0.k213
0.075 0.024k 0.0450
0.150 0.0458 0.0850
33 0.300 0.0830 0.1560
0.600 0.1486 0.2863
0.075 0.01688 0.0346
0.150 0.0352 0.0653
22 0.300 0.0638 0.1197

0.600 0.1144 0.2203



Refractive
Index

1.07527

1.07527

1.3333

1.3333

HEMISPHERICAL EMITTANCE
OF A SCATTERING ISOTHERMAL COATING ON NICKEL

Optical
Depth

0.0750
0.1500
0.3000
0.6000

0.0750
0.1500
0.3000

0.6000

0.0750
0.1500
0.3000
0.6000

0.0750
0.1500
0.3000
0.6000
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TABLE 41

= 3.74 - 18.80

€y

0.37712
0.52497
0.71058
0.88355

0.38005
0.52888

0.71557
0.88915

0.17936
0.25692
0.36659
0.49470

0.17582
0.25125
0.35910
0.48782

Alphs

1.0

1.0

1.0

1.0

a
]

B

0.0057

0.0018

0.0018

0.0057
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APPENDIX I
SOLUTION TO THE TRANSPORT EQUATION
The equation of transport is given by

dID( T4 )

B—g7— =~ Iu(r,u) + nalbbu(T)

where T could be a function of 7. If y is fixed, the equation is an ordi-

nary differential equation in 7, which may be wriften as

dI\) I‘D n2
o

~From ordinary differential equations, the equation

[\ =
ax T =0
may be written as
g + Pdx = 0O
y
The solution becomes
~4,"J‘.n'7y'+“|'pdx=lnc yefpdx=c,
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or

The integrating factor is eJ'pdx or in the equation of transport

oJpax _ _[(/ular) _ 7/u

Therefore, mltiplying by e’/P ylelds

2 1/
n“e (T)
T, oy,
ar [ n

but
T/
al Ie
a , 1/u _ T/ v,
ar (8 I =T = m

Therefore, the equation may be written as

y nee‘r/" Ib’b (1)
d T/I4 - v
ar (&7 1) m

or naef/ B I‘bb (T)ar
O

d(eT/” 1,) = — X

Ir Ibb is independent of T, solving

T - 2T (T) + ¢
) bb
b )
2

- -7/
Iu n Ibbu(‘l') + ce .
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If T = £(7), the solution becomes
I =c¢ '7/“ + & J‘ T/h 2Ibb (t)at

2
I = ce-T/“ + ‘-l-:— J‘ e(t-f)/“ Ibbu(t)dt.



APPENDIX II
NUMERICAL INTEGRATION

By definition, numerical integration @en applied to a function of
a single variable is a mechanical quadrature process and when computing
a double integral of a function of two variables is a mechanical cuba-
ture process. In most forms of numerical integration, the intervals are
equally spaced, but Gauss decided there must be some better way to sub-
divide the interval in order to get a more accurate value for the inte-
gral. His efforts resulted in what is known as Gauss' quadrature formu-
la, which is the most accurate of the quadrature formulas Gauss based
his quadrature on the zeros of the legendre polynomials which forces the
error term to zero if the integrand is a polynomial of order 2n - 1 or
less. Here n is the number of intervals. In Gauss' quadrature the sub-
divisions are not equal, but they are symmetric about the midpoint of
the interval.

b
Ir I = [ f(x)dx is the integral to be computed, Gauss' formula says
a

1

2
I-= I% ¢(u)au = ; VJ¢(uJ).

(=}

Therefore, making the substitution‘:
+
a‘ab and dx = (b - a)du,

x=(b-a)u+
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I becomes
b
I=[ f(x)ax = (b - a)J' ¢(u)au = (b - a) Z ¢(u
a

where

p(u) = £ [(b-a)u+a;b]-

For the work in this paper the four point gquadrature was chosen and

assumed to be sufficiently accurate.

Forn = L,

w, = 0.3260725TTh w, =- 0.1699905218
v, = 0.32607257T7h u, =+ 0.1699905218
vy = 0.1739274226 ug = - 0.4305681558
w, = 0.1739274226 u, =+ 0.4305681558

Values for n up to ten are given in Scarborough (15).
In this work the interest is in evaluating the flux integral and
the integral across the optical depth. For the flux the integral is of

the form
1

f £(u)du-
Be

Rewriting the quadrature to fit the integral, the coefficlents becorhe

1
[ otwa=-p) 3 we,).
c — J 7J

B, J
Forn =k,
w; = 0.173927h226 B, = 0.0694318kk2 + 0.9305681558”c
w, = b.326072577h i, = 0-3300094782 + 0.6699905218u _
L 0.3260725TTh My = 0.6652905218 + 0.3300094782u
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W, = 0.173927h4226 By = 0.9305681558 + 0.069h318hhg“c
It is observed that as B, goes to zero, the quadrature becomes the
so-called double Gaussian quadrature and is widely applicable where flux
caluclations are made with no critical angle consideration.

For integrating across the optical depth, the integral has the form

I-= jrb g(t)dt
(o]

for which the quadrature becomes

f:b g(t)at = 1_ %z; ng(tJ).
Where for n = &,
w, = 0.173927h226 t, = o.o69h318h4216
w, = 0.32607257Th t, = 0.3300094782T
vy = 0.326072577h ty = 0.66999052187
W, = 0.1739274226 ty, = 0.930568155816

In order to determine the total radiant flux, it is necessary to
integrate overall wavelengths. It would be desirable to have a quadra-
ture formula suitable for this integration which would ensble one to de-
termine the intensities at. the frequencies of the quadrature. This would
be particularly useful in the isothermal c'ase in which the refractive
index is a function of frequency alone.

To perform this integration, A. Reiz (see Love 16) has developed a
quadrature based on the zeros of the Iaguerre polynomials. His quadra-

ture again reduces the error term to zero if the integrand can be



190
expressed as a polynomial of order 2n - 1 or less. The number of inter-

vals will be restricted to five here as any number larger than tive would

cause extensive cglculations.

Forn = 5,

J‘: e *p(x)ax = ?;1 a,f(x,).
x, = 0.2635603 a, = 0.5217556
x, = 1.4134030 8, = 0.3986668
X3 = 3.5964258 ag = 0.075942L4
x), = 7.0858102 8y = 0.0036118
x. =12.6408007 = 0.000023%

5 &5



