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E v a l u a t i o n  o f  GNMA P a s s - T h r o u g h  S e c u r i t i e s

1.  INTRODUCTION

The Government  N a t i o n a l  Mor t gage  A s s o c i a t i o n  (GNMA) 

f i r s t  I s s u e d  m o d i f i e d  p a s s - t h r o u g h  s e c u r i t i e s  ba cked  by a 

pool  o f  g o v e r n m e n t - g u a r a n t e e d  mo r t g a g e s  In F e b r u a r y ,  1970 .  

The p u r p o s e  of  t h i s  new s e c u r i t y  was t o  make F e d e r a l  Hous i ng  

A d m i n i s t r a t i o n  (FHA) and V e t e r a n s  A d m i n i s t r a t i o n  (VA) 

Mo r t g a g e  more m a r k e t a b l e ,  and so l e s s  r i s k y ,  r e s u l t i n g  In a

r e d u c t i o n  In t h e  s p r e a d  be t ween  t h e  y i e l d  on T r e a s u r y  

s e c u r i t i e s  and g o v e r n m e n t - g u a r a n t e e d  mo r t g a g e  d e b t .

The new s e c u r i t y  Impr oved t h e  h o mo g e n e i t y  o f  mo r t g a g e  

I n v e s t m e n t s  by g u a r a n t e e i n g  t h e  prompt  payment  o f  I n t e r e s t  

and p r i n c i p l e  In t h e  c a s e  of  a d e f a u l t .  The e v e n t u a l  

payment  o f  I n t e r e s t  and p r i n c i p l e  had been g u a r a n t e e d  on 

g o v e r n me n t - b a c k e d  m o r t g a g e s  b e f o r e  t h e  e me r g e n c e  o f  t h e  GNMA 

m o d i f i e d  p a s s - t h r o u g h  s e c u r i t i e s .  However ,  t h e  I n v e s t o r  

would s u f f e r  a l o s s  f r om a d e f a u l t  when h i s  c l a i m  f o r  

r e m a i n i n g  p r i n c i p l e  was no t  s a t i s f i e d  p r o m p t l y .  Th i s  l e d  t o

I n c r e a s e d  t r a n s a c t i o n  c o s t s ,  as  t h e  b u y e r  o f  t h e  mo r t g a g e  

had t o  e v a l u a t e  each i n d i v i d u a l  mo r t g a g e  p u r c h a s e .  B l a c k ,  

Ga r b a d e ,  and S i l b e r  ( 1 9 8 1 )  have  shown t h a t  t h e  o b j e c t i v e  o f



t h e  GNMA m o d i f i e d  p a s s - t h r o u g h  s e c u r i t y  h a s ,  t o  a ma j o r  

e x t e n t ,  been a c h i e v e d .

The GNMA m o d i f i e d  p a s s - t h r o u g h  p r o g r a m d i d  n o t  r e d u c e  

a n o t h e r  s o u r c e  of  r i s k  t o  t h e  i n v e s t o r  i n  m o r t g a g e d - b a c k e d  

s e c u r i t i e s :  t h e  m o r t g a g e r  i s  a b l e  t o  make n o n - s c h e d u l e d

r epa yme n t  of  p r i n c i p l e .  T h i s  n e c e s s i t a t e s  t h e  c r e a t i o n  of  

an e x p e c t e d  s c h e d u l e  of  r e p a y me n t  f o r  p o o l s  o f  mo r t g a g e  

ba s ed  on t h e  e x p e r i e n c e  of  l e n d e r s .  The a c t u a l  r e p a y me n t  

b e h a v i o r  of  b o r r o w e r s  w i l l  d e p a r t  f rom t h i s  e x p e c t e d  

r epa yme n t  s c h e d u l e  b e c a u s e  p r i n c i p l e  r e p a y me n t s  may be made 

e a r l i e r  o r  l a t e r  t h a n  e x p e c t e d .  Thi s  l e a d s  t o  r e i n v e s t m e n t  

and ma r k e t  r i s k  as  t h e  p a s s - t h r o u g h  h o l d e r  w i l l  have  t o  make 

u n s c h e d u l e d  p u r c h a s e s  o r  s a l e s  of  s e c u r i t i e s  a t  a f u t u r e  

d a t e  a t  y i e l d s  n o t  y e t  d e t e r m i n e d .  I t  i s  t h i s  p r o b l e m t h a t  

t h i s  p a p e r  a d d r e s s e s .  The p r ob l e m i s  made more c o m p l i c a t e d  

by t h e  f a c t  t h a t  i n d i v i d u a l s  do no t  a l wa y s  a c t  i n  t h e i r  own 

economi c  b e s t  i n t e r e s t s ,  a t  l e a s t  as  d e f i n e d  by a p a r t i c u l a r  

economi c  mode l .  I t  i s  common o b s e r v a t i o n  t h a t  an i n d i v i d u a l  

w i l l  s e l l  h i s  home t o  a n o t h e r  who does  no t  wi sh  t o  a s sume a 

b e l o w - ma r k e t  i n t e r e s t  r a t e  e x i s t i n g  m o r t g a g e .  Some 

i n d i v i d u a l s  w i l l  make a s u b o p t i m a l  c a p i t a l  r e p a y m e n t ,  w h i l e  

o t h e r s  w i l l  n o t  r e f i n a n c e  a mo r t g a g e  when i t  i s  p r o f i t a b l e



f o r  them t o  do s o .

GNMA m o d i f i e d  p a s s - t h r o u g h  s e c u r i t i e s  have become a 

s i g n i f i c a n t  I n v e s t m e n t  I n s t r u m e n t  s i n c e  t h e y  were  I n t r o d u c e d  

In 1970.  At t h e  end o f  1982 t h e  t o t a l  nomi na l  v a l u e  o f  GNMA 

p o o l s  was $ 1 1 8 , 9 4 0 , 0 0 0 , 0 0 0 .  Whi l e  t h i s  I s  o n l y  8.2% of  t h e  

t o t a l  mo r t g a g e  d e b t  o u t s t a n d i n g .  I t  doe s  r e p r e s e n t  a 

s u b s t a n t i a l  amount  In a b s o l u t e  t e r m s .  The a b i l i t y  t o  

e v a l u a t e  c a l l a b l e  bonds  where  t h e  h o l d e r  o f  t h e  c a l l  a c t s  

I r r a t i o n a l l y  I s  c l e a r l y  o f  economi c  I m p o r t a n c e .  The t h e o r y  

In t h i s  p a p e r  h a s  been d e v e l o p e d  u n d e r  t h e  a s s u m p t i o n  t h a t  

t h e r e  I s  no I n t e r r u p t i o n  of  t h e  c a s h  f l o w t o  t h e  I n v e s t o r  

when a d e f a u l t  o c c u r s  as  In a GNMA. The model  may a l s o  be 

us e d  t o  e v a l u a t e  non-GNMA mo r t g a g e  p o o l s  and t r u s t s  

g u a r a n t e e d  by o t h e r  g o v e r n me n t a l  a g e n c i e s ,  ( $ 9 7 , 7 1 4 , 0 0 0 , 0 0 0 )  

and t h e  s u b s t a n t i a l  p o r t f o l i o s  of  c o mme r c i a l  banks  

( $ 3 0 1 , 7 4 2 , 0 0 0 , 0 0 0 ) ,  mut ua l  s a v i n g s  banks  ( $ 9 4 , 4 5 2 , 0 0 0 , 0 0 0 ) ,  

s a v i n g s  and l o a n s  ( $ 4 8 2 , 4 1 4 , 0 0 0 , 0 0 0 ) ,  and l i f e  i n s u r a n c e  

compani es  ( $ 1 4 1 , 9 1 9 , 0 0 0 , 0 0 0 ) ,  u n d e r  t h e  a s s u m p t i o n  t h a t  t h e  

c a s h  f l ow d e l a y  r e s u l t i n g  f rom a d e f a u l t  I s  I n s i g n i f i c a n t ,  

and t h a t  t h e  m o r t g a g e s  a r e  a d e q u a t e l y  I n s u r e d  a g a i n s t  

d e f a u l t .  ( Nu me r i c a l  Dat a  f rom t h e  F e d e r a l  Re s e r v e  B u l l e t i n  

( F . R . B . ) ,  J u n e  1 9 8 3 ) .



Th i s  p a p e r  d e a l s  p r i m a r i l y  w i t h  t h e  v a l u a t i o n  o f  

t r a d i t i o n a l  GNMA p a s s - t h r o u g h  s e c u r i t i e s .  In d e v e l o p i n g  t h e  

t h e o r y ,  a model  i s  d e r i v e d  t h a t  w i l l  e v a l u a t e  any  d e f a u l t -  

f r e e  bond .  The newer  n o n - f i x e d  r a t e  mo r t g a g e s  may a l s o  be 

e v a l u a t e d  u s i n g  t h e  t h e o r y  d e v e l o p e d  h e r e .  Fo r  i n s t a n c e ,  i f  

t h e  mo r t g a g e  has  an i n t e r e s t  r a t e  t h a t  i s  a d j u s t a b l e  e v e r y  

s i x  mont hs  t o  some i n t e r e s t  r a t e  t h a t  i s  a f u n c t i o n  o f  a 

s h o r t - t e r m  i n t e r e s t  r a t e ,  t h e n  t h e  s p e c i f i c a t i o n  o f  t h e  

bounda r y  and p o l i c y  c o n d i t i o n s  become somewhat  h a r d e r ,  b u t  

t h i s  i n c r e a s e  i n  d i f f i c u l t y  i s  of  a b o o k k e e p i n g  n a t u r e  

r a t h e r  t h a n  r e q u i r i n g  a d d i t i o n a l  t h e o r y .

Some F e d e r a l  a g e n c i e s  a c t u a l l y  ho l d  m o r t g a g e s  

t h e m s e l v e s ,  and i s s u e  t h e i r  own bonds  i n  t h e  m a r k e t .  For  

i n s t a n c e ,  t h e  F e d e r a l  N a t i o n a l  Mor t gage  A s s o c i a t i o n  h o l d s  

$ 7 1 , 8 1 4 , 0 0 0 , 0 0 0  of  mo r t g a g e s  and t h e  F e d e r a l  Land Banks  h o l d  

$ 5 0 , 3 5 0 , 0 0 0 , 0 0 0 .  The t h e o r y  d e v e l o p e d  may be u s e d  t o  

d e t e r m i n e  u n d e r  what  t e r ms  t h e y  s h o u l d  buy m o r t g a g e s  and 

u n d e r  what  t e r ms  t h e y  s h o u l d  i s s u e  bonds  t o  t h e  p u b l i c  t o  

a c h i e v e  p a r t i c u l a r  r i s k - r e l a t e d  g o a l s .  (FRB, J u n e  1983)

The model  d e v e l o p e d  has  t h e  f o l l o w i n g  a d v a n t a g e s :

1.  The i r r a t i o n a l  b e h a v i o r  of  h o l d e r s  o f  o p t i o n s  i s  

c o r r e c t l y  a n a l y z e d .



2.  A m u l t i - d i m e n s i o n a l  i n t e r e s t  r a t e  p r o c e s s  i s  us e d  

w i t h  a f u n c t i o n a l  f orm t h a t  s h o u l d  be f l e x i b l e  enough t o  

a d e q u a t e l y  model  t h e  e m p i r i c a l  p r o c e s s .

3 .  The s t a t e  v e c t o r  i s  i n  t e r ms  o f  bond p r i c e s  r a t h e r  

t h a n  i n t e r e s t  r a t e s .

Th i s  dr aws  a t t e n t i o n  t o  t h e  i m p o r t a n c e  of  t h e  coupon 

r a t e  on t h e  bond b e i n g  us ed  t o  g e n e r a t e  t h e  i n t e r e s t  r a t e  

o b s e r v a t i o n s .  Th i s  f o r m u l a t i o n  a l s o  p e r m i t s  d i r e c t  

n u m e r i c a l  s o l u t i o n  w i t h o u t  t r u n c a t i o n  and t r a n s f o r m a t i o n .

4 .  The ma r k e t  p r i c e  of  r i s k  does  no t  a p p e a r  i n  t h e  f i n a l  

m o d e l .

5 .  The d r i f t  t e r m  of  t h e  g e n e r a t i n g  s t o c h a s t i c  p r o c e s s  

doe s  n o t  a p p e a r  i n  t h e  f i n a l  mode l .

6 .  The i n s t a n t a n e o u s  r a t e  of  i n t e r e s t  doe s  no t  a p p e a r  i n 

t h e  mode l .  Al l  t h e  s t a t e  v a r i a b l e s  a r e  t h e n  r e l e v a n t  t o  t h e  

p r o b l e m b e i n g  a n a l y z e d .

7.  A f l e x i b l e ,  e f f i c i e n t  and t h e o r e t i c a l l y  c o r r e c t  

met hod f o r  e s t i m a t i n g  t h e  p a r a m e t e r s  of  t h e  i n t e r e s t  r a t e  

p r o c e s s  i s  p r o v i d e d .

The s t o c h a s t i c  c a l c u l u s  i s  no t  e a s y  t o  l e a r n  w i t h o u t  

some s t r o n g  m o t i v a t i o n  and good t e x t b o o k s .  Some of  t h e  

t e x t b o o k s  us ed  a r e  l i s t e d  i n  t h e  b i b l i o g r a p h y .  The mos t



u s e f u l  ones  f ound  we r e  t h e  ones  a u t h o r e d  by Glhman and 

Skor ohod r e f e r r e d  t o  In t h e  b i b l i o g r a p h y .  Two new t e x t b o o k s  

d e s i g n e d  f o r  t h e  f i n a n c e  communi ty have  r e c e n t l y  b e en  

p u b l i s h e d ,  " S t o c h a s t i c  Methods  i n  Economi cs  and F i n a n c e "  by 

A.G.  M a l l i a r i s  c o n t a i n s  a w e a l t h  o f  r e l e v a n t  t h e o r m s  

t o g e t h e r  w i t h  some a p p l i c a t i o n s .  The s e c o n d  book i s  "Opt i on  

P r i c i n g ,  Theory  and A p p l i c a t i o n s "  e d i t e d  by Menachem 

B r e n n e r ,  and c o n t a i n s  a number  o f  p a p e r s  wi t h  a s t r e s s  on 

a p p l i c a t i o n .

1 . 1 .  H i s t o r i c a l  Deve l opment

The most  w i d e l y  us e d  model  f o r  e v a l u a t i o n  o f  m o r t g a g e -  

backed  s e c u r i t i e s  i s  t o  t r e a t  t h e  s e c u r i t y  as i f  i t  wer e  a 

r e g u l a r  bond w i t h o u t  a c a l l  f e a t u r e .  An e a r l y  r e p a y me n t  

d a t e  i s  a s s u me d ,  t h e  mos t  common b e i n g  12 y e a r s  f o r  

mo r t g a g e s  w i t h  a r e m a i n i n g  s c h e d u l e d  l i f e  s u b s t a n t i a l l y  

l o n g e r  t h a n  12 y e a r s .  The o r i g i n  of  t h i s  model  h a s  n o t  been 

d e t e r m i n e d .

Whi l e  t h i s  model  does  have  s i m p l i c i t y ,  i t  i g n o r e s  t h e  

f a c t  t h a t  y i e l d s - t o - m a t u r i t y  a r e  s t o c h a s t i c  and t h a t  t h e  

e x e r c i s e  of  t h e  c a l l  f e a t u r e  on a m o r t g a g e  w i l l  d e p e n d  upon 

i n t e r e s t  r a t e s .  I t  a l s o  i g n o r e s  t h e  f a c t  t h a t  e a c h  mor t ga ge



pool  a p p e a r s  t o  have i t s  own r a t e  o f  e a r l y  r e p a y m e n t s ,  and 

t h a t  u s i n g  a meas ur e  o f  o n l y  t h e  d i s t r i b u t i o n  o f  e a r l y  

r e p a y m e n t ' s  c e n t r a l  t e n d e n c y  w i l l  i n t r o d u c e  s u b s t a n t i a l  b i a s  

i n t o  t h e  mode l .  The F i n a n c i a l  P u b l i s h i n g  Company ' s  ( F . P . C . )  

method o f  v a l u a t i o n  o f  GNMA p a s s - t h r o u g h  s e c u r i t i e s  does  not  

use  a s i n g l e  e x p e c t e d  t e r m i n a t i o n  d a t e  ( F . P . C ,  P u b l i c a t i o n  

71 5 ) .  R a t h e r  i t  uses  t h e  e x p e c t e d  p r o p o r t i o n  o f  mo r t g a g e s  

t h a t  w i l l  be r e t i r e d  each  y e a r  b a s e d  on FHA e x p e r i e n c e  of  

a l l  i n s u r e d  m o r t g a g e s .  Each mo r t g a g e  p o o l ' s  h i s t o r y  of  

e a r l y  r e t i r e m e n t  i s  compar ed  w i t h  t h e  h i s t o r y  o f  e a r l y  

r e t i r e m e n t  on a l l  p o o l s .  Each pool  i s  t h e n  a s s i g n e d  a 

p e r c e n t a g e  h i s t o r y  of  FHA e x p e r i e n c e , "  On t h e  a s s u m p t i o n  

t h a t  t h e  p e r c e n t a g e  h i s t o r y  o f  FHA e x p e r i e n c e  w i l l  c o n t i n u e  

on ea c h  p o o l ,  a s c h e d u l e  o f  t h e  e x p e c t e d  p r o p o r t i o n  of  e a r l y  

r e t i r e m e n t s  f rom t h e  pool  may be c a l c u l a t e d .  The p a s s ­

t h r o u g h  s e c u r i t y  i s  t h e n  e v a l u a t e d  u s i n g  c o n v e n t i o n a l  bond 

v a l u a t i o n  t h e o r y  by t r e a t i n g  t h e  s e c u r i t y  as  i f  i t  were a 

p o r t f o l i o  o f  r e g u l a r  b o n d s .  Th i s  met hod does  h a v e  t h e  

a d v a n t a g e s  of  a l s o  mo d e l i n g  t h e  d i s t r i b u t i o n  of  e a r l y  

r e paymen t  by t h i r t y  p r o b a b i l i t y  d e n s i t i e s  r a t h e r  t h a n  a 

s i n g l e  me a s u r e  o f  c e n t r a l  t e n d e n c y .

The C u r l e y  and G u t t e n t a g  ( 1974)  (1977)  model  a t t e m p t e d
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t o  d e t e r m i n e  t h e  a n n u a l  t e r m i n a t i o n  r a t e  o f  m o r t g a g e s  In 

y e a r  t  as  a f u n c t i o n  o f  p o l i c y  y e a r ,  m a t u r i t y ,  c o n t r a c t  r a t e  

p r e v a i l i n g  d u r i n g  y e a r  t ,  t h e  d i s c o u n t  p r e v a i l i n g  In y e a r  t  

and t h e  c o n t r a c t  r a t e  on mo r t g a g e s  In t h e  c o h o r t .  . T h e i r  

p a p e r  ha s  t h e  a d v a n t a g e  t h a t  an a t t e m p t  I s  made t o  make 

e x p l i c i t  t h e  d e t e r m i n a t e s  o f  t h e  t e r m i n a t i o n  p r o b a b i l i t i e s  

o f  I n d i v i d u a l  p o o l s  o f  mo r t g a g e s  r a t h e r  t h a n  r e l y i n g  on t h e  

h i s t o r i c a l  p e r c e n t a g e  o f  FHA e x p e r i e n c e ,  A r e g r e s s i o n  

a n a l y s i s  was used t o  e s t i m a t e  t h e  d i s t r i b u t i o n  o f  e a r l y  

r e p a y m e n t s .  A ma j o r  p r o b l e m wi t h  t h i s  me t hod I s  t h a t  a t  an 

e a r l i e r  t i m e ,  we do n o t  know what  t h e  p r e v a i l i n g  d i s c o u n t  

r a t e  and c o n t r a c t  r a t e  w i l l  be In a l a t e r  y e a r .  The model  

I s  t h e n  o n l y  u s e f u l ,  w i t h o u t  s u b s t a n t i a l  e x t e n s i o n s .  In 

c o n d i t i o n a l  v a l u a t i o n .

In o r d e r  t o  v a l u e  a mo r t g a g e  s a t i s f a c t o r i l y ,  t h e  c a l l  

f e a t u r e  must  be t r e a t e d  c o r r e c t l y .  The o n l y  s a t i s f a c t o r y  

way o f  mo d e l i n g  o p t i o n s  I s  t h r o u g h  t h e  u s e  o f  c o n t i n g e n t  

c l a i m s  t h e o r y .  Va s l c e k  ( 1977)  and Brennan and S c h wa r t z  

(1977)  mode l s  p r o v i d e  us w i t h  c o n t i n g e n t  c l a i m s  mode l s  f o r  

t h e  v a l u a t i o n  of  b o n d s .  Both of  t h e s e  mode l s  had a s i n g l e  

s t a t e  v e c t o r ,  t h e  s h o r t - t e r m  r a t e  of  I n t e r e s t .

The Brennan and S c h w a r t z  p a p e r  was d e v e l o p e d  u n d e r  t h e



a s s u m p t i o n  t h a t  t h e  v a l u e  of  any bond i s  a f u n c t i o n  o f  o n l y  

t h e  i n s t a n t a n e o u s  s p o t  r a t e  of  i n t e r e s t  and t h e  t e r m  t o  

m a t u r i t y ,  and t h a t  t h e  e x p e c t a t i o n s  h y p o t h e s i s  r e g a r d i n g  t h e  

f u t u r e  i n t e r e s t  r a t e s  h o l d s .  As a r e s u l t  o f  t h i s  f i n a l  

a s s u m p t i o n ,  t h e  m a r k e t  p r i c e  o f  r i s k  becomes  i d e n t i c a l l y  

z e r o .  The r e  i s  no q u e s t i o n  t h a t  i n v e s t o r s  w i l l  r e q u i r e  a 

premium f o r  c a r r y i n g  r i s k .  The V a s i c e k  model  i n c l u d e s  t h e  

ma r k e t  p r i c e  o f  r i s k  but  i s  o t h e r w i s e  v e r y  s i m i l a r .  The 

Br ennan  and S c h w a r t z  p a p e r  d e v e l o p s  t h e  b o u nda r y  c o n d i t i o n s  

t o  be p l a c e d  on t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  t h a t  

d e s c r i b e s  t h e  v a l u e  o f  any bon d .  The r e s u l t i n g  model  

e n a b l e s  us t o  p l a c e  a v a l u e  on a wi de  r a n g e  of  bonds  wi t h  

p u t  and c a l l  f e a t u r e s .

The ma j o r  d i s a d v a n t a g e  o f  t h e  a bo v e  m o d e l s ,  ev en  i f  t h e  

b e t t e r  f e a t u r e s  o f  each  a r e  a s s e m b l e d  t o g e t h e r  i n  a s i n g l e  

model  , a r e :

1.  The s t a t e  v e c t o r  c o n t a i n s  o n l y  t h e  i n s t a n t a n e o u s  r a t e  

o f  i n t e r e s t ,  and t h i s  does  n o t  a d e q u a t e l y  d e s c r i b e  t h e  

b e h a v i o r  of  l o n g - t e r m  b o n d s .

2 .  The f u n c t i o n a l  form of  t h e  m a r k e t  p r i c e  o f  r i s k  has  

n o t  been  d e t e r m i n e d .

3 .  The f u n c t i o n a l  form g i v e n  t o  t h e  i n t e r e s t  r a t e
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p r o c e s s  i s  t o o  s i m p l e ,

4.  The model  w i l l  e v a l u a t e  on l y  t h o s e  bonds  t h a t  have  

o p t i o n  f e a t u r e s  t h a t  a r e  e x e r c i s e d  i n  an o p t i m a l  ma n n e r .

In a l a t e r  p a p e r  by Br ennan  and S c h w a r t z  ( 1 9 8 0 ) ,  a 

model  i s  d e v e l o p e d  t h a t  has  a s t a t e  v e c t o r  t h a t  c o n t a i n s  two 

p r o c e s s e s :  t h e  s p o t  i n s t a n t a n e o u s  r a t e  o f  i n t e r e s t  on a

r i s k - f r e e  bond ,  and t h e  s p o t  r a t e  on a g o v e r n me n t  c o n s o l  

bond.  Th i s  model  was f o u n d  by t h e  a u t h o r s  t o  be i n a d e q u a t e ,  

and t h e y  recommended t h a t  a t h r e e  s t a t e  v e c t o r  model  s h o u l d  

be d e v e l o p e d .  T h e i r  model  wa s ,  i n f a c t ,  m i s s p e c i f i e d  and 

t h i s  may have  t h e  c a u s e  o f  t h e  poor  e m p i r i c a l  f i t  t h e y  

o b s e r v e d .  At t h e  s t a g e  wh e r e  t h e y  a t t e m p t  t o  e l i m i n a t e  one 

of  t h e  two ma r k e t  p r i c e s  o f  r i s k  f u n c t i o n s ,  t h e y  t r e a t  t h e  

two d i m e n s i o n a l  p r o c e s s  as  i f  i t  were  a s i n g l e  d i m e n s i o n a l  

p r o c e s s .  The r e s u l t  i s  t h a t  a c o v a r i a n c e  i s  e x c l u d e d  f rom 

t h e i r  a n a l y s i s .  The two d i m e n s i o n a l  model  d e v e l o p e d  r e t a i n s  

t h e  ma r k e t  p r i c e  of  r i s k  f u n c t i o n  a s s o c i a t e d  w i t h  t h e  

i n s t a n t a n e o u s  r a t e  o f  i n t e r e s t .

The p r ob l e ms  w i t h  t h i s  model  a r e  t h a t

1.  The model  i s  n o t  d e v e l o p e d  in a s u f f i c i e n t l y  g e n e r a l  

f ramework t h a t  p e r m i t s  h i g h e r  d i m e n s i o n a l  p r o c e s s e s  t o  be 

used as t h e  s t a t e  v e c t o r .
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2 .  The f u n c t i o n a l  form g i v e n  t o  t h e  i n t e r e s t  r a t e  

p r o c e s s  i s  more f l e x i b l e  b u t  i s  s t i l l  t o o  s i m p l e .

3 .  The mar ke t  p r i c e  o f  r i s k  i s  r e t a i n e d  i n  t h e  mo d e l .

4 .  The bounda r y  c o n d i t i o n s  o f  t h e  r e s u l t i n g  v a l u a t i o n  

p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  a r e  n o t  a n a l y z e d  i n  any 

d e t a i 1.

5 .  The i r r a t i o n a l  e x e r c i s e  of  any o p t i o n  f e a t u r e s  i s  not  

a n a l y z e d .

6 .  The d r i f t  t e r m  c f  t h e  g e n e r a t i n g  p r o c e s s  i s  r e t a i n e d  

i n t h e  m o d e l .

Cox,  I n g e r s o l l ,  and Ross  ( 1981)  p r o v i d e  a m u l t i ­

d i m e n s i o n a l  model  o f  t h e  bond p r o c e s s .  T h e i r  d e v e l o p me n t  i s  

a t  a somewhat  more a b s t r a c t  l e v e l .  The f i n a l  model  i s  a 

p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  t h a t  i n c l u d e s  a v e c t o r  of  

ma r k e t  p r i c e  o f  r i s k  f u n c t i o n s  o f  t h e  same d i m e n s i o n  as  t h e  

s t a t e  v e c t o r .  The p r i m a r y  p u r p o s e  o f  t h a t  p a p e r  was n o t  t o  

p r o d u c e  a bond v a l u a t i o n  mo d e l ,  b u t  r a t h e r  t o  exami ne  t h e  

c o n s i s t e n c y  of  v a r i o u s  t e r m s t r u c t u r e  of  i n t e r e s t  t h e o r i e s  

w i t h i n  a c o n t i n g e n t  c l a i m  f r a me wo r k .  I t  i s  n o t  c r i t i c i s m  of  

t h e i r  p a p e r  t o  i n d i c a t e  t h a t  t h e  coupon on t h e  bonds  us ed  t o  

g e n e r a t e  t h e  s t a t e  v e c t o r  i s  i m p l i c i t l y  s e t  t o  z e r o .  T h e i r  

t h e o r y  t h e n  a p p l i e s  t o  p u r e  d i s c o u n t  bonds  bu t  c o u l d  bp
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e x t e n d e d  t o  more g e n e r a l  t y p e s  of  bonds  w i t h  c o m p a r a t i v e  

e a s e .

The f a c t  t h a t  t h e  r a t e  o f  I n t e r e s t  on any bond u s e d  as 

a component  o f  t h e  s t a t e  v e c t o r  w i l l  be d e p e n d e n t  on t h e  

coupon r a t e  on t h a t  bond r e q u i r e s  a d d r e s s i n g .  C l e a r l y ,  t h e  

coupon r a t e  w i l l  a f f e c t  t h e  d u r a t i o n  o f  t h e  bond ,  and h e n c e ,  

t h e  I n t e r e s t  r a t e  o f  t h e  bond I t s e l f .  In t h e  Br ennan  and 

S c h wa r t z  m o d e l s ,  t h e  coupon on t h e  bonds  t h a t  g e n e r a t e  t h e  

i n t e r e s t  r a t e  p r o c e s s  I s  I r r e l e v a n t  b e c a u s e  o f  t h e  s t r u c t u r e  

o f  t h e i r  m o d e l s .  The v e r y  s h o r t - t e r m  r a t e  and t h e  c o n s o l  

r a t e  a r e  l i m i t i n g  c a s e s  o f  t h e  more g e n e r a l  one wher e  t h e  

i n t e r e s t  r a t e  I s  g e n e r a t e d  by a bond w i t h  f i n i t e  l i f e  and 

pa ys  a c oupon .  Th i s  p r o b l e m I s  a d d r e s s e d  i n  t h e  model  

d e v e l o p e d  In t h i s  p a p e r .

One t y p e  o f  bond whi ch  has  an o p t i o n  f e a t u r e  whi ch  I s  

e x e r c i s e d  I r r a t i o n a l l y  I s  a n a l y z e d  by Dunn and McConnel l  

( 1 9 8 1 ) .  The bond t h e y  a n a l y z e  I s  a GNMA p a s s - t h r o u g h  

s e c u r i t y .  T h e i r  model  I s  b a s e d  on a one d i m e n s i o n a l  

I n t e r e s t  r a t e  p r o c e s s  t h a t  u s e s  t h e  s p o t  I n s t a n t a n e o u s  r i s k ­

f r e e  r a t e  of  I n t e r e s t  as t h e  s t a t e  v a r i a b l e .  What makes 

t h e i r  model i n t e r e s t i n g  I s  t h e  I n t r o d u c t i o n  o f  a jump o r  

p o i s s o n  p r o c e s s  t o  d e s c r i b e  e a r l y  r e t i r e m e n t  of  t h e
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u n d e r l y i n g  mo r t g a g e .  The p r o b a b i l i t y  o f  e a r l y  r e f i n a n c i n g  

i s  made a f u n c t i o n  o f  t h e  i n t e r e s t  r a t e  p r o c e s s  and t h e  

r e m a i n i n g  t e r m t o  m a t u r i t y  on t h e  m o r t g a g e .  T h e i r  model  has  

s e v e r a l  s e r i o u s  f a u l t s :

1.  The s p o t  i n s t a n t a n e o u s  i n t e r e s t  r a t e  i s  u s e d  as  t h e  

o n l y  s t a t e  v a r i a b l e .  Mor t g a g e s  a r e  e s s e n t i a l l y  l o n g - t e r m  

s e c u r i t i e s ,  and one would r a t h e r  u s e  a l o n g e r  t e r m  i n t e r e s t  

r a t e  t o  d e s c r i b e  t h e  wo r l d  i f  o n l y  one s t a t e  v a r i a b l e  i s  

u s e d .

2 .  Whi l e  i t  i s  p o s s i b l e  t o  g e n e r a l i z e  t h e  Dunn and 

McConnel l  model  t o  make t h e  i n t e r e s t  r a t e  p r o c e s s  m u l t i ­

d i m e n s i o n a l ,  i t  would s t i l l  c o n t a i n  a s e r i o u s  

m i s s p e c i f i c a t i o n .  I f  t h e  o p t i m a l  d a t e  t o  r e f i n a n c e  i s  t * ,  

t h e n  t h e r e  a r e  two c a t e g o r i e s  o f  s u b o p t i m a l  r e f i n a n c i n g  of  

t h e  u n d e r l y i n g  mo r t g a g e :  The h o u s e h o l d e r  mi g h t  r e f i n a n c e

b e f o r e  t *  o r  t h e  h o u s e h o l d e r  mi g h t  r e f i n a n c e  a f t e r  t * .  The 

f o r me r  b e h a v i o r  i s  mode l ed  by t h e  Dunn and McConnel l  mo d e l ,  

bu t  t h e  l a t t e r  i s  n o t .  The p r o b l e m i s  v e r y  r e a l  b e c a u s e  t h e  

h o u s e h o l d e r  does  n o t  have  a c c e s s  t o  a met hod by whi ch  he may 

v a l u e  a ( r a t i o n a l )  c a l l  bon d .  A mo r t g a g e  i s  j u s t  a c a l l a b l e  

bond i s s u e d  by t h e  h o u s e h o l d e r .  H o u s e h o l d e r s  a r e  l i k e l y  t o  

a c t  i n  an i r r a t i o n a l  manner  when e x e r c i s i n g  t h e i r  c a l l
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o p t i o n  t h r o u g h  i g n o r a n c e .

3.  O b t a i n i n g  a f u n c t i o n a l  form f o r  t h e  p a r a m e t e r  o f  t h e  

jump p r o c e s s  used t o  d e t e r m i n e  s u b o p t i m a l  r e f i n a n c i n g  i s  no t  

a d d r e s s e d .

4 .  The ma r ke t  p r i c e  of  r i s k  f u n c t i o n  i s  g i v e n  a 

f u n c t i o n a l  form on t h e  b a s i s  of  i t s  b e i n g  r e a s o n a b l e  d e s p i t e  

t h e  f a c t  t h a t  a m a r k e t  p r i c e  of  r i s k  i s  i m p l i c i t  i n  t h e  

model  i t s e l f .  Th i s  w i l l  l e a d  t o  p o s s i b l e  model  

i n c o n s i s t e n c y .

5 .  The d r i f t  t e r m  of  t h e  g e n e r a t i n g  f u n c t i o n  i s  g i v e n  a 

f u n c t i o n a l  f o r m,  b u t  i n  f a c t  s h o u l d  n o t  o c c u r  a t  a l l  i n  a 

c o r r e c t l y  d e v e l o p e d  mo d e l .  Thi s  w i l l  a l s o  l e a d  t o  p o s s i b l e  

model  i n c o n s i s t e n c y .

6 .  Gi ven t h a t  a c l o s e d  form s o l u t i o n  was n o t  o b t a i n e d ,  

t h e r e  i s  no r e a s o n  why t h e  i n t e r e s t  r a t e  p r o c e s s  c o u l d  n o t  

have  been s p e c i f i e d  i n  a more g e n e r a l  manner  and t h e  

p a r a m e t e r s  e s t i m a t e d .  The amount  o f  c o m p u t a t i o n a l  work 

i n v o l v e d  would no t  i n c r e a s e  s u b s t a n t i a l l y .

7.  A f a c t o r  in d e t e r m i n i n g  w h e t h e r  a h o u s e h o l d e r  w i l l  

r e f i n a n c e  o r  no t  a t  any p a r t i c u l a r  t i me  i s  t h e  f r o n t - e n d  

f i n a n c i n g  c o s t s  of  o b t a i n i n g  a new mo r t g a g e  ( p o i n t s )  and t h e  

t h i r d  p a r t y  t r a n s a c t i o n  c o s t s .  The s e  f a c t o r s  a r e  not
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c o n s i d e r e d  i n  t h e  Dunn and McConnel l  mo d e l .

Thi s  p a p e r  d e v e l o p s  a m u l t i - d i m e n s i o n a l  i n t e r e s t  r a t e  

model  which does  not  i n c l u d e  a r e s i d u a l  m a r k e t  p r i c e  o f  r i s k  

f u n c t i o n .  I t  t r e a t s  b o t h  k i n d s  o f  i r r a t i o n a l  b e h a v i o r  

i n v o l v e d  i n  t h e  r e f i n a n c i n g  d e c i s i o n .  T r a n s a c t i o n a l  c o s t s  

a r e  i n c l u d e d  i n  t h e  mo d e l .  The i n t e r e s t  r a t e  p r o c e s s  i s  be 

s p e c i f i e d  i n  such a manne r  t h a t  i t  i s  f l e x i b l e  enough  t o  

accommodate  any r e a s o n a b l e  i n t e r e s t  r a t e  p r o c e s s .  In 

a d d i t i o n ,  a method of  e s t i m a t i n g  t h e  p a r a m e t e r s  o f  t h e  

i n t e r e s t  r a t e  p r o c e s s  i s  d e s c r i b e d .
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I I .  DEVELOPMENT OF A NEW GENERAL THEORY OF BOND EVALUATION.

The p u r p o s e  of  t h i s  c h a p t e r  I s  t o  d e v e l o p  a c o n t l n g e n c  

c l a i m s  t h e o r y  f o r  i r r a t i o n a l  bonds  s u b j e c t  t o  t r a n s a c t i o n  

c o s t s .

Le t  us f i r s t  d e f i n e  an i r r a t i o n a l  bon d .  Al l  i r r a t i o n a l  

bonds  c o n t a i n  an o p t i o n  f e a t u r e .  The c o n t r o l l e r  o f  t h e  

o p t i o n  f e a t u r e  may n o t  a c t  i n  a c c o r d a n c e  t o  a r a t i o n a l  

e conomi c  model  t h a t  a p p e a r s  t o  c o n t a i n  a l l  t h e  v a r i a b l e s  

n e c e s s a r y  t o  come t o  an o p t i ma l  d e c i s i o n  on when t o  e x e r c i s e  

h i s  r i g h t s .  I f  t h i s  o c c u r s ,  t h e n  t h e  bond i s  s a i d  t o  be

i r r a t i o n a l .  A bond may be i r r a t i o n a l  b e c a u s e  t h e  c o n t r o l l e r  

of  t h e  o p t i o n  f e a t u r e  doe s  n e t  u n d e r s t a n d  h i s  own b e s t  

i n t e r e s t ,  o r  i t  may be t h a t  t h e  model  does  no t  t a k e  i n t o  

a c c o u n t  a l l  t h e  v a r i a b l e s  n e c e s s a r y  t o  make a c o r r e c t  

d e c i s i o n .

An exampl e  of  an i r r a t i o n a l  bond i s  a c a l l a b l e  bond.

The company t h a t  i s s u e d  t h e  bond may c a l l  t h e  bond a t  an 

e a r l i e r  t i m e  t h a n  i n d i c a t e d  by t h e  mo d e l .  There  c o u l d  be 

t a x  o r  c a s h  f l ow c o n s i d e r a t i o n s  n o t  i n c l u d e d  in t h e  

“ r a t i o n a l "  mode l .  In a d d i t i o n ,  t h e  t r e a s u r e r  may f a l s e l y  

b e l i e v e  t h a t  he has  c o r r e c t  i n t u i t i o n s  a b o u t  t h e  f u t u r e  

d i r e c t i o n  of  i n t e r e s t  r a t e s .  Ac t i o n  b a s e d  on t h i s  f a l s e
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b e l i e f  would l e a d  t o  a s u b o p t i m a l  c a l l ,  maki ng  t h e  bond an 

i r r a t i o n a l  bond.

A second  e x a mp l e  of  an i r r a t i o n a l  bond i s  t h e  home 

m o r t g a g e .  The home mo r t g a g e  i s  a c a l l a b l e  bond .  The i s s u e r  

of  t h e  bond ( t h e  h o u s e  o w n e r ) ,  does  no t  ha v e  a c c e s s  t o  

c a p i t a l  m a r k e t s ,  ha s  o b j e c t i v e s  t h a t  a r e  l e s s  e a s y  t o  

a n a l y z e ,  and i s  somewhat  l e s s  s o p h i s t i c a t e d  t h a n  an 

i n d u s t r i a l  o r  g o v e r n me n t a l  b o r r o w e r .  One may t h e n  e x p e c t  

mo r t g a g e s  t o  be i r r a t i o n a l  b o n d s .

The a u t h o r ' s  b a s i c  o b j e c t i v e  i s  t o  t a k e  a s t e p  t o w a r d s  

d e v e l o p i n g  a model  t h a t  may be u s e d  wi t h  c o n f i d e n c e  t o  

e v a l u a t e  a l l  b o n d s .  The t h e o r e t i c a l  c o n c e p t s  c o u l d  have  

been i l l u s t r a t e d  w i t h  somewhat  s i m p l e r  mode l s  t h a n  t h o s e  

d e v e l o p e d ,  and t h e i r  f u n c t i o n a l  f orms  c o u l d  have  been l e f t  

o p e n .  Whi le  t h i s  woul d have  made t h e  p a p e r  m a r g i n a l l y  

e a s i e r  t o  r e a d ,  i t  would have  a l s o  p r o v i d e d  a model  o f  l e s s  

u t i l i t y .

Where i t  was f ound  p r a c t i c a l ,  o n l y  q u a n t i t i e s  t h a t  a r e  

m e a s u r a b l e  a r e  i n c l u d e d  in  t h e  mode l .  The i n s t a n t a n e o u s  

r a t e  o f  i n t e r e s t  ha s  not  been shown i n  t h e  l i t e r a t u r e  t o  be 

mea s u r e d  by any o f  t h e  s u r r o g a t e s  used t o  me a s u r e  i t .  I t  

has  t h e r e f o r e  been  e l i m i n a t e d  f rom t h e  mo d e l .  Where a
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q u a l i t y  may be me a s u r e d  by e i t h e r  a q u a n t i t y  whi ch may be 

d i r e c t l y  me a s u r e d  o r  by some t r a n s f o r m a t i o n  of  t h e  

m e a s u r a b l e  q u a n t i t y ,  t h e n  t h e  d i r e c t l y  m e a s u r a b l e  q u a n t i t y  

has  been us ed  i n  t h e  mo d e l .  An e xampl e  o f  t h i s  i s  o u r  use  

of  t h e  b o n d - p r i c e - p r o c e s s  r a t h e r  t h a n  t h e  y i e l d - t o - m a t u r i t y  

i n  t h e  s t a t e  v e c t o r .

Th e r e  i s  no c h a n c e  o f  b e i n g  a b l e  t o  o b t a i n  a c l o s e d  

form s o l u t i o n  t o  a s u f f i c i e n t l y  i n t e r e s t i n g  mode l .  The 

f i n a l  model  i s  a s y s t e m  o f  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s .  

E x c e p t i n g  c e r t a i n  s p e c i f i c  c a s e s  t h e r e  i s  no known 

a n a l y t i c a l  s o l u t i o n  t o  a p a r t i c u l a r  p a r t i a l  d i f f e r e n t i a l  

e q u a t i o n  t o g e t h e r  w i t h  i t s  bou n d a r y  c o n d i t i o n s .  I f  a 

n u me r i c a l  s o l u t i o n  mus t  be o b t a i n e d ,  i t  t h e n  makes l i t t l e  

d i f f e r e n c e  t o  t h e  m o d e l e r  w h e t h e r  t h e  s y s t e m i s  s m a l l  and 

s i m p l e ,  o r  l a r g e  and c o mp l e x .  In t h i s  p a p e r  t h e  s y s t e m  was 

a l l o w e d  t o  grow q u i t e  l a r g e .  The s i z e  of  t h e  model  may he 

r e d u c e d  a t  t h e  p a r a m e t e r  e s t i m a t i o n  s t a g e .

A p a r a l l e l  a p p r o a c h  was t a k e n  t o  t h a t  s o me t i me s  t a k e n  

when mo d e l i n g  u s i n g  r e g r e s s i o n  a n a l y s i s .  The e x a c t  

f u n c t i o n a l  form may n o t  be known,  bu t  one does  h a v e  some 

i d e a  o f  what  t h e  f u n c t i o n a l  form s h o u l d  l ook  l i k e .  A 

f u n c t i o n a l  form i s  t h e n  p o s t u l a t e d  b u t  wi t h  a s u f f i c i e n t
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number  of  p a r a m e t e r s  l e f t  open t o  be e s t i m a t e d  l a t e r  f r om 

t h e  d a t a .  The r e s u l t  I s  a model  w i t h  a s u b s t a n t i a l l y  l a r g e r  

number  o f  p a r a m e t e r s  t h a n  t r a d i t i o n a l l y  f o u n d .  One mus t  

c l e a r l y  a v o i d  t h e  many p r o b l e ms  t h a t  a r e  a s s o c i a t e d  w i t h  

o v e r - p a r a m e t e r i z a t i o n  o f  m o d e l s .

The f i n a l  model  does  have  a c e r t a i n  b e a u t y  whi ch may 

n o t  be d i r e c t l y  a p p a r e n t .  Gi ven t h e  c o m p l e x i t y  of  wha t  i s  

b e i n g  d o n e ,  t h e  model  i s  e x t r a o r d i n a r i l y  s i m p l e .  Fo r  

e x a mp l e ,  t h e r e  i s  no need t o  d e t e r m i n e  t h e  f u n c t i o n a l  f o rms  

o f  t h e  ma r k e t  p r i c e  o f  r i s k  o r  t h e  d r i f t  t e r m ,  as  t h e y  a r e  

e l i m i n a t e d  f rom t h e  f i n a l  e q u a t i o n .  The e l i m i n a t i o n  i s  

e n t i r e  and does  n o t  r e q u i r e  a c o m p l i c a t e d  s u b s t i t u t i o n  as  

s e e n  in t h e  e a r l i e r  mode l s  r e v i e w e d  i n  t h e  l a s t  c h a p t e r .

(The r e a s o n  why t h e  m a r k e t  p r i c e  o f  r i s k  and t h e  d r i f t  t e r m  

can be e l i m i n a t e d  e n t i r e l y  i s  b e c a u s e  bond p r o c e s s e s  r a t h e r  

t h a n  i n t e r e s t  r a t e  p r o c e s s e s  a r e  us e d  as  s t a t e  v a r i a b l e s ) .

Having c r e a t e d  a model  w i t h  a l a r g e  number  of  open 

p a r a m e t e r s ,  i t  becomes  n e c e s s a r y  t o  f i n d  a way t o  e s t i m a t e  

t h e m.  Th i s  c h a p t e r  p r o v i d e s  t h r e e  me t hods  by which 

p a r a m e t e r s  may be e s t i m a t e d .  The f i r s t  has  been us ed  i n  

c o mmu n i c a t i o n s  t h e o r y .  The s e c o n d  i s ,  t o  t h e  a u t h o r ' s  

k n o wl e d g e ,  new.  The t h i r d  was i n d e p e n d e n t l y  d e v e l o p e d  by
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t h e  a u t h o r  bu t  was l a t e r  f ound  t o  be a g e n e r a l i z a t i o n  o f  a 

method u s e d  t o  e s t i m a t e  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  In 

t h e  b i o l o g i c a l  s c i e n c e s .  I t  I s  b e l i e v e d  t h a t  t h e  e s t i m a t i o n  

schemes  a r e  I m p o r t a n t  c o n t r i b u t i o n s  t o  c o n t i n g e n t  c l a i m s  

t h e o r y .

2 . 1 .  The I n t e r e s t  Ra t e  P r o c e s s

Th i s  s e c t i o n  d e v e l o p s  a model  of  t h e  bond p r o c e s s .

2 . 1 . 1 .  d i s c u s s e s  t h e  q u a n t i t i e s  t h a t  s h o u l d  be I n c l u d e d

i n  t h e  s t a t e  v e c t o r .  2 . 1 . 2 .  d e v e l o p s  t h e  e q u a t i o n s  t h a t  may 

be used  w i t h  a p p r o p r i a t e  c o n s t r a i n t  e q u a t i o n  t o  e v a l u a t e  any 

t y p e  of  r a t i o n a l  bond .  2 . 1 . 3 .  s u g g e s t s  t h e  f u n c t i o n a l  form 

of  an I n t e r e s t  r a t e  p r o c e s s .

2 . 1 . 1 .  The S t a t e  V e c t o r

The most  common componen t s  o f  t h e  s t a t e  v e c t o r  us e d  In 

t h e  bond v a l u a t i o n  l i t e r a t u r e  a r e  I n t e r e s t  r a t e s .  The 

I n t e r e s t  r a t e  p r o c e s s  I s  one e x a mp l e  of  a c l a s s  o f  p r o c e s s e s  

we s h a l l  c a l l  bond p r o c e s s e s .  The a d v a n t a g e  o f  u s i n g  

I n t e r e s t  r a t e s  a l o n e  In t h e  s t a t e  v e c t o r  I s  t h a t  t h e  t i me  

be t ween o b s e r v a t i o n s  may be made v e r y  s h o r t .  The ma j o r  

o b j e c t i o n  t o  u s i n g  a p u r e  I n t e r e s t  r a t e  s t a t e  v e c t o r  I s  t h a t
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t h e  r e l a t i o n s h i p s  b e t we e n  i n t e r e s t  r a t e s  and ma c r o - e c o n o m i c  

t h e o r y  a r e  n o t  i n c o r p o r a t e d  in  t h e  mode l .

The ma j o r  d i s a d v a n t a g e  of  a ma c r o - e c o n o mi c  b a s e d  model  

i s  t h a t  t h e  o b s e r v a t i o n s  may be s ampl ed  wi t h  a much l o we r  

f r e q u e n c y  when compared  w i t h  t h e  o b s e r v a t i o n  f r e q u e n c y  o f  

t h e  i n t e r e s t  r a t e  p r o c e s s .  Th i s  i s  b e c a u s e  i n t e r e s t  r a t e s  

a r e  o b t a i n a b l e  on an h o u r l y  b a s i s ,  wh e r e a s  o t h e r  p o s s i b l e  

s t a t e  v a r i a b l e s  a r e  o f t e n  r e p o r t e d  o n l y  on a m o n t h l y  

b a s i s .  In a d d i t i o n ,  t h e  o b s e r v a t i o n  e r r o r  I s  p r o b a b l y  

s u b s t a n t i a l l y  l e s s  when m e a s u r i n g  bond p r i c e s  ( and  so 

i n d i r e c t l y ,  y i e l d s - t o - m a t u r i t y )  i n  c o mp a r i s o n  w i t h  t h e  e r r o r  

i n  o t h e r  ma c r o - e c o n o mi c  v a r i a b l e s  such as  i n f l a t i o n ,  

s a v i n g s ,  c a p i t a l  f o r m a t i o n  o r  c o n s u m p t i o n .

Having d e c i d e d  t o  u s e  a p u r e  bond p r o c e s s  as  t h e  s t a t e  

v e c t o r ,  t h e  n e x t  s t e p  i s  t o  d e t e r m i n e  what  me a s u r e s  o f  t h e  

bond p r o c e s s  s h o u l d  be used  i n  t h e  s t a t e  v e c t o r .  The two 

most  o b v i ous  a r e  t h e  bond p r i c e s  and t h e  y i e l d s - t o - m a t u r i t y  

o f  s e l e c t e d  b o n d s .

When a bond i s  b o u g h t  o r  s o l d ,  what  i s  o b s e r v e d  i s  a 

p r i c e .  A t r a n s f o r m a t i o n  o f  a c u r r e n t  bond p r i c e  i s  t h e  

c u r r e n t  ma r k e t  y i e l d - t o - m a t u r i t y . Th i s  y i e l d - t o - m a t u r i t y  

has  t h e  a d v a n t a g e  of  p r o v i d i n g  a s t a n d a r d i z e d ,  e a s y  t o
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u n d e r s t a n d ,  i n d e x .  As t h e r e  i s  a s i m p l e  t r a n s f o r m a t i o n  f rom 

a p u r e  d i s c o u n t  b o n d ' s  p r i c e  t o  i t s  y i e l d - t o - m a t u r i t y ,  t h e r e  

i s  l i t t l e  t o  choos e  be t we e n  them f rom a t h e o r e t i c a l  v a n t a g e .

The ma j o r  a d v a n t a g e s  t h a t  bond p r i c e s  have  o v e r  y i e l d -  

t o - m a t u r i t i es  a r e  t h a t  t h e  bounda r y  c o n d i t i o n s  o f  t h e  

d e r i v e d  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  may be s e t  so t h a t  no 

a p p r o x i m a t i o n  nor  u n n a t u r a l  t r a n s f o r m a t i o n  i s  n e c e s s a r y ,  t h e  

s t a t e  v e c t o r  i s  d i r e c t l y  o b s e r v a b l e ,  and t h a t  bonds  o t h e r  

t h a n  s p e c i a l  c a s e s  may be us ed  in  f o r mi n g  t h e  s t a t e  v e c t o r  

b e c a u s e  t h e  coupons  may be t r e a t e d  e x p l i c i t l y  i n  t h e  m o d e l ' s  

d e r i v a t i o n .  An o t he r  m a j o r  a d v a n t a g e  i s  t h a t  t h e  

i n s t a n t a n e o u s  d r i f t  f u n c t i o n  o f  t h e  p r o c e s s  may be shown t o  

be i r r e l e v a n t  and so need  no t  be s p e c i f i e d .  The se  

a d v a n t a g e s  a r e  s i g n i f i c a n t  and o v e r r i d e  t h e  d i s a d v a n t a g e  

t h a t  t h e  y i e l d - t o - m a t u r i t y  has  t r a d i t i o n a l l y  been  used  in  

t h e  l i t e r a t u r e .

The r e l e v a n t  t r a n s f o r m a t i o n s  be t ween  p r i c e  and y i e l d -  

t o - m a t u r i t y  on a pu r e  d i s c o u n t  bond a r e  

P = P * ( l + r ) - N  

P = P * e - r ' N

where  N i s  t h e  r e m a i n i n g  l i f e  of  t h e  s t a n d a r d  bond i n  y e a r s ,  

P* i s  t h e  p a r  v a l u e  o f  t h e  s t a n d a r d  bond ,  P i s  t h e  c u r r e n t
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p r i c e  o f  t h e  bond,  r  i s  t h e  y i e l d - t o - m a t u r i t y ,  and r ' i s  t h e  

c o n t i n u o u s  y i e l d - t o - m a t u r i t y .

I t  s h o u l d  be n o t i c e d  t h a t  n e i t h e r  t r a n s f o r m a t i o n  has  an 

i n v e r s e  when N = 0.  The y i e l d - t o - m a t u r i t y  of  a bond t h a t  i s  

m a t u r i n g  must  be d e s c r i b e d  i n  t e r ms  o f  a l i m i t i n g  p r o c e s s  as 

N a p p r o a c h e s  0.  The i n s t a n t a n e o u s  i n t e r e s t  r a t e  on a p e r i o d  

b a s i s ,  r^j,  and c o n t i n u o u s  b a s i s ,  r ' j ,  a r e  t h e n  d e f i n e d  t o  be :

r '  = t im ( ( ( t n { P * / P )  ) /N)  
° N+o

Some s e r i o u s  p r o b l e ms  howeve r  r e ma i n :

The f i r s t  p r o b l e m has  t o  do w i t h  t r a n s a c t i o n  c o s t s .

The s h o r t e r  t h e  t i me  t o  m a t u r i t y ,  t h e  more i m p o r t a n t  

t r a n s a c t i o n  c o s t  become.  For  v e r y  s h o r t  m a t u r i t i e s ,  t h e  

u n d e r l y i n g  p r o c e s s  i s  masked by t h e  t r a n s a c t i o n  c o s t s  

i n v o l v e d ,  making d i r e c t  o b s e r v a t i o n  of  t h e  p r o c e s s  

i m p r a c t i c a l .

A s e cond  p r ob l e m has  t o  do wi t h  t h e  l i m i t i n g  b e h a v i o r  

of  t h e  i n s t a n t a n e o u s  i n t e r e s t  r a t e .  Be c a u s e  of  t h e  p r o b l e ms  

c o n n e c t e d  wi t h  o b s e r v i n g  an i n s t a n t a n e o u s  i n t e r e s t  r a t e ,  one
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mi gh t  be t e mp t e d  t o  s e l e c t  a v e r y  s h o r t - t e r m  r a t e  as  a 

s u r r o g a t e  f o r  t h e  I n s t a n t a n e o u s  r a t e  of  r e t u r n .  However ,  

t h e  y i e l d  c u r v e  s u g g e s t s  t h a t  y i e l d s - t o - m a t u r i t y  t y p i c a l l y  

a r e  v e r y  s e n s i t i v e  t o  m a t u r i t y  as  t h e  m a t u r i t y  becomes 

s h o r t e r .  Whet her  t h e  o v e r n i g h t  f e d e r a l  f u n d s  r a t e ,  o r  t h e  

r a t e  on s h o r t - t e r m  r e p u r c h a s e  a g r e e m e n t s ,  a r e  good 

s u r r o g a t e s  f o r  t h e  i n s t a n t a n e o u s  r a t e  of  r e t u r n  s h o u l d  have  

been i n v e s t i g a t e d  b e f o r e  b e i n g  u s e d  i n  v a l u a t i o n  model s  

found i n  t h e  l i t e r a t u r e .  A r e l a t e d  p r ob l e m i s  w h e t h e r  

f e d e r a l  f u n d s  and r e p u r c h a s e  a g r e e m e n t s  a r e  i n  t h e  same 

d e f a u l t  and r i s k  c l a s s  as T r e a s u r y  b i l l s ,  and i f  n o t ,  what  

i mpac t  doe s  t h e  r i s k  premium have  on t h e i r  y i e l d - t o -  

m a t u r i t y .

We a r e  t h e n  l e f t  wi t h  t h e  c h o i c e  of  u s i n g  a s t a t e  

v a r i a b l e ,  r ,  t h a t  c a n n o t  be d i r e c t l y  o b s e r v e d  o r  s e l e c t i n g  a 

s h o r t - t e r m  bond me a s u r e  t h a t  may be o b s e r v e d .  I f  t h e  

u n o b s e r v a b l e  i n s t a n t a n e o u s  i n t e r e s t  r a t e  i s  r e t a i n e d  as  a 

v a r i a b l e ,  and bond p r i c e s  a r e  u s e d  f o r  t h e  o t h e r  s t a t e  

v a r i a b l e s ,  t h e n  t h i s  would d e s t r o y  t h e  symmet ry  of  t h e  

mode l .  The r e  i s  no bond p r i c e  t h a t  c o r r e s p o n d s  t o  t h e  

i n s t a n t a n e o u s  r a t e  o f  i n t e r e s t  r ^  ( o r  r ^ )  t h a t  may s e r v e  as 

a s t a t e  v a r i a b l e ,  as  t h e  v a l u e  o f  such  a bond would be n o n ­
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s t o c h a s t i c  i n  t h e  l i m i t  as N + » . A c c o r d i n g l y ,  t h e  bond 

p r i c e  p r o c e s s e s  us e d  i n  t h e  s t a t e  v e c t o r  w i l l  have  a 

m a t u r i t y  g r e a t e r  t h a n  z e r o ,  bu t  f i n i t e .  Co n s u l s  have  been 

e x c l u d e d  b e c a u s e  t h e y  a r e  no t  a v a i l a b l e  t o  i n v e s t o r s  in U. S.  

g ove r nme n t  s e c u r i t i e s  and would d e t r a c t  f r om t h e  f o r m u l a t i o n  

of  a model  which i s  b o t h  p owe r f u l  and may be e x p r e s s e d  in a 

compact  n o t a t i o n .

The p r ob l em o f  u s i n g  t h e  i n s t a n t a n e o u s  i n t e r e s t  r a t e  

has  n o t  been a d d r e s s e d  in  t h e  l i t e r a t u r e ,  y e t  a l l  r e c e i v e d  

c o n t i n g e n t  c l a i m  mode l s  c o n t a i n  t h e  i n s t a n t a n e o u s  r i s k - f r e e  

r a t e  o f  i n t e r e s t .  In some m o d e l s ,  such as  some v e r s i o n s  of  

t h e  B 1 a c k - S c h o l es  o p t i o n  p r i c i n g  mo d e l ,  i t  i s  no n ­

s t o c h a s t i c ,  and i n  o t h e r s ,  such as  t h e  Br e n n a n  and Sc h wa r t z  

bond p r i c i n g  m o d e l s ,  i t  i s  s t o c h a s t i c .  I f  one i s  w i l l i n g  t o  

s e l e c t  a p a r t i c u l a r  o b s e r v a b l e  s h o r t - t e r m  i n t e r e s t  r a t e ,  and 

use  i t  as  t h e  i n s t a n t a n e o u s  r i s k - f r e e  r a t e  o f  i n t e r e s t ,  t h e n  

t h e  p r o b l e m i s  a s sumed away.  Th e r e  i s  no r e c e i v e d  e m p i r i c a l  

s t u d y  t h a t  s u p p o r t s  s uch  an a s s u m p t i o n .

One of  t h e  a d v a n t a g e s  of  t h e  p r o c e d u r e  d e f i n e d  in  t h i s  

p a p e r  i s  t h a t  t h e  i n s t a n t a n e o u s  r i s k - f r e e  i n t e r e s t  r a t e ,  r ^ ,  

i s  n o t  u s e d .  Th i s  a d v a n t a g e  i s  p u r c h a s e d  w i t h  t h e  

d i s a d v a n t a g e  t h a t  t h e  d e v e l o p me n t  of  t h e  model  i s  somewhat
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more c o m p l i c a t e d .  However ,  t h i s  d i s a d v a n t a g e  I s  o u t w e i g h e d  

by t h e  a d v a n t a g e  t h a t  t h e  f i n a l  model  does  no t  c o n t a i n  t h e  

d r i f t  f u n c t i o n  and t h e  ma r k e t  p r i c e  o f  r i s k  f u n c t i o n ,  

r e s u l t i n g  In a f i n a l  model  whi ch I s  s i m p l e r  t h a n  I t  would 

have  b e e n .

The n e x t  t h i n g  t o  be d e t e r m i n e d  I s  what  t y p e  o f  bonds  

s h o u l d  be us ed  In t h e  s t a t e  v e c t o r .  The s e c u r i t i e s  t h a t  a r e  

b e i n g  e v a l u a t e d  a r e  a l l  d e f a u l t  f r e e .  We s h a l l  t h e n  

r e s t r i c t  our  a t t e n t i o n  t o  F e d e r a l  Government  b o n d s .

D i f f e r e n t  gove r nment  bonds  a r e  s u b j e c t  t o  d i f f e r e n t  t a x  

p r o v i s i o n s .  Thus ,  some compone n t s  of  a bond r e t u r n s  a r e  

s u b j e c t  t o  l o n g - t e r m  c a p i t a l  g a i n  p r o v i s i o n s ,  w h i l e  o t h e r  

r e t u r n s  a r e  s u b j e c t  t o  s h o r t - t e r m  c a p i t a l  g a i n s  and o r d i n a r y  

Income p r o v i s i o n s .  T h i s  d i f f e r e n t i a l  t r e a t m e n t  o f  r e t u r n s  

f o r  t a x  p u r p o s e s  r e s u l t s  In d i f f e r e n t  y i e l d  c u r v e s  f o r  

o t h e r w i s e  s i m i l a r  c l a s s e s  o f  s e c u r i t i e s .  S e c u r i t i e s  t h a t  

a r e  t r a d i n g  a t  a l a r g e  premium o r  d i s c o u n t  t o  p a r  w i l l  a l s o  

have  d i f f e r e n t  y i e l d  c u r v e s  p a r t l y  due t o  t h e  t a x  c l i e n t e l e  

e f f e c t  and p a r t l y  due t o  d u r a t i o n a l  e f f e c t s .

The t a x  e f f e c t  on bond p r i c e s  I s  e x c l u d e d  f rom t h e  

p r e s e n t  model  as I t s  I n c l u s i o n  woul d  make t h e  model  much 

more c o m p l i c a t e d .  Sh o u l d  t h e  y i e l d  c u r v e  be s e r i o u s l y
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d i s c o n t i n u o u s  f o r  bonds  wi t h  m a t u r i t i e s  o f  a a b o u t  a y e a r  

t h e n  t h e  model  w i l l  have  t o  be r e s p e c i f i e d  t o  i n c l u d e  t a x e s .

Bonds pay i n t e r e s t  a t  d i s c r e t e  t i m e s  and no t  

c o n t i n u o u s l y .  The m a t h e m a t i c s  becomes i n t r a c t a b l e  i f  we 

c o n s i d e r  r e a l  b o n d s .  Thus ,  t h e  bonds we c o n s i d e r  pay t h e i r  

i n t e r e s t  c o n t i n u o u s l y .  Th i s  s h o u l d  be c o n s i d e r e d  when 

c o l l e c t i o n  o f  d a t a  i s  u n d e r t a k e n ,  as t h e  b a s i s  bonds  must  be 

a d j u s t e d  f o r  payment  o f  d i v i d e n d s .

Lo ng- t e r m Government  bonds  t e n d  t o  c a r r y  a c a l l  

p r o v i s i o n .  T h i s  makes such bonds  l e s s  v a l u a b l e  t o  

i n v e s t o r s ,  and h e n c e  t h e y  demand h i g h e r  y i e l d s  on t h e m.  I t  

would be ve r y  d i f f i c u l t  t o  u s e  such s e c u r i t i e s  as  s t a t e  

v a r i a b l e s .  We a r e  t h u s  r e s t r i c t e d  t o  a wi de  r a n g e  o f  

s e c u r i t i e s  w i t h  m a t u r i t i e s  be t wee n  one day and a b o u t  t e n  

y e a r s  as  ou r  s t a t e  v a r i a b l e s  and a na r row r a n g e  of  

s e c u r i t i e s  w i t h  l i v e s  g r e a t e r  t h a n  t e n  y e a r s .  T h i s  s h o u l d  

no t  be t o o  s e r i o u s  a c o n s t r a i n t  b e c a u s e  t h e  m a j o r i t y  o f  t h e  

c h a r a c t e r i s t i c  s h a p e  of  t h e  y i e l d  c u r v e  o c c u r s  w i t h i n  t h e  

f o r me r  r a n g e .

The f i n a l  c o n s i d e r a t i o n  i s  t h e  number  o f  s t a t e  

v a r i a b l e s  t o  i n c l u d e .  Whi l e  i t  makes l i t t l e  m a t h e m a t i c a l  

d i f f e r e n c e  ( one  j u s t  moves i n t o  v e c t o r  n o t a t i o n  when t h e
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s c a l a r  e q u a t i o n s  become c umber s ome) ,  i t  i s  b e t t e r  t o  u s e  as  

s ma l l  a number  of  s t a t e  v a r i a b l e s  as a d e q u a t e l y  d e s c r i b e  t h e  

s y s t e m .  T r a d i t i o n a l l y ,  one o r  two s t a t e  v a r i a b l e s  have  been 

u s e d .  Th r e e  s t a t e  v a r i a b l e s  s h o u l d  be more  t h a n  a d e q u a t e ,  

bu t  t h e  t h e o r y  i s  d e v e l o p e d  i n  g e n e r a l .

To s u mma r i z e ,  we have  made t h e  f o l l o w i n g  r e s t r i c t i o n s  

on t h e  s t a t e  v a r i a b l e s  of  t h e  mode b e i n g  d e v e l o p e d :

1.  Bond p r i c e s  a l o n e  a r e  used  in  t h e  s t a t e  v e c t o r .

The bonds  us e d  as s t a t e  v a r i a b l e s  a r e  n o t  c o n s o l s ,  a r e  n o t  

■' repaid i n  t h e  ne x t  i n s t a n t  o f  t i m e ,  and do n o t  c a r r y  o p t i o n  

f e a t u r e s .

2 .  Taxes  a r e  no t  t r e a t e d .

3 .  Bonds pay i n t e r e s t  c o n t i n u o u s l y  and n o t  a t  d i s c r e t e

t i m e s .

4 .  Th e r e  i s  no l i m i t  on t h e  number  o f  s t a t e

v a r i a b l e s  t o  be i n c l u d e d  i n  t h e  mode l ,  b u t  a r e a s o n a b l e

number  i s  two o r  t h r e e .

2 . 1 . 2 .  Model Devel opment

The r e a d e r  i s  r e f e r r e d  t o  t h e  a p p e n d i x  t o  C h a p t e r  2 

where  a one d i m e n s i o n a l  model  and a two d i m e n s i o n a l  model  

a r e  d e v e l o p e d  i f  c o n t i n g e n t  c l a i m  a n a l y s i s  i s  new t o  him
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b e f o r e  t h i s  s e c t i o n  i s  r e a d .  The one d i m e n s i o n a l  model  was 

d e v e l o p e d  a f t e r  t h e  f o l l o w i n g  s e c t i o n  was d e v e l o p e d ,  and may 

p r ove  t o  be c l e a r e r  on two g r o u n d s .  F i r s t ,  t h e  a l g e b r a  i s  

s i m p l e r ,  as i t  i s  i n  one d i m e n s i o n .  S e c o n d ,  some new 

t e r m i n o l o g y  i s  i n t r o d u c e d  t h a t ,  once u n d e r s t o o d ,  makes  t h e  

d e v e l o p me n t  l e s s  v e r b a l .  The o l d  n o t a t i o n  has  been r e t a i n e d  

h e r e  b e c a u s e  i t  p r o v i d e s  an a l t e r n a t i v e  t o  t h a t  f ound  i n  t h e  

a p p e n d i x .

2 . 1 . 2 . 1 .  Gene r a l  Comments

In t h i s  s e c t i o n ,  an n - d i m e n s i o n a l  s t a t e  v a r i a b l e  model  

i s  d e v e l o p e d ,  where  t h e  s t a t e  v e c t o r  c o n t a i n s  

o n l y  c o n t i n u o u s  coupon bond p r o c e s s e s ,  f o r  t h e  v a l u a t i o n  of  

any t y p e  of  r i s k - f r e e  bond n o t  c o n t a i n i n g  c o n v e r s i o n  

p r i v i l e g e s  t o  e q u i t i e s  o r  c o m m o d i t i e s .

A bond may be d e f i n e d  a s  a s e c u r i t y  w i t h  a 

d e t e r m i n i s t i c  payou t  f u n c t i o n  k ( t ) .  The p a y o u t  f u n c t i o n  

k ( t )  i s  t h e  r e ma i n i n g  u n d i s c o u n t e d  t o t a l  c a s h  f l o w f rom t h e  

bond f rom any t i me  t  t o  ® .

The v a l u e  o f  a bond may be e x p r e s s e d  i n  t e r ms  o f  t h e  

b a s i s  bond s t a t e  v e c t o r  P ( t )  and t h e  t e r m t o  m a t u r i t y  t .  

Thus ,  we have  t h a t :
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B ( P , t )

The r e  a r e  some t e c h n i c a l  a d v a n t a g e s  i n  u s i n g  bond p r i c e  

p r o c e s s e s  r a t h e r  t h a n  i n t e r e s t  r a t e  p r o c e s s e s .  A d i s c u s s i o n  

on t h e  i s s u e s  i n v o l v e d  i s  t o  be found i n  S e c t i o n  2 . 1 . 1 .  We 

s h a l l  now d e f i n e  t h e  b a s i s  bond p r i c e  p r o c e s s  P.

A b a s i s  bond p r i c e  p r o c e s s ,  P,  may be d e f i n e d  as  a 

v e c t o r  o f  bond p r i c e s  [ P j ]  t h a t  a d e q u a t e l y  d e s c r i b e s  t h e  

p r i c e  of  a l l  bonds  of  i n t e r e s t  t o  u s .  Each c o mp o n e n t ,  P^ of 

t h e  s t o c h a s t i c  s t a t e  v e c t o r ,  P,  i s  no t  i t s e l f  a bond .

R a t h e r  i t  i s  t h e  d e r i v e d  p r o c e s s  d e f i n e d  b e l o w .

Let  us c o n s i d e r  bonds  w i t h  f i n i t e  m a t u r i t i e s .  We 

f u r t h e r  r e s t r i c t  t h e  bonds  exami ned  t o  t h o s e  w i t h  c a s h  f l ows  

f rom t  t o  I  t h a t  a r e  i d e n t i c a l  e x c e p t  f o r  a t i m e  s h i f t .

Tha t  i s ,  t h e  s e t  of  a l l  bonds  a t  t i me  s t h a t  have  a p a y o u t

f u n c t i o n  kg s uch  t h a t  f o r  a l l  t ,  0 < = t  < T:

k s ( s + t )  =

. Such a s e t  o f  bonds  i s  s e a r c h e d  f o r  a p a r t i c u l a r

m a t u r i t y  t ,  and t h e  p r i c e  o f  t h a t  s e c u r i t y  B ^ ( t )  a t  t i m e  t

i s  d e f i n e d  t o  be P ^ ( t ) .

One may o b j e c t  t h a t  i n p r a c t i c e  P ^ ( t )  w i l l  o n l y  be 

r a r e l y  o b s e r v e d  b e c a u s e  t h e r e  w i l l  o n l y  r a r e l y  be a 

s a t i s f a c t o r y  B ^ ( t )  i n t h e  s e t  o f  a l l  p h y s i c a l  b o n d s .  Th i s
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o b j e c t i o n  i s  v a l i d ,  b u t  a good me a s u r e  o f  P ^ ( t )  may be f ound  

u s i n g  i n t e r p o l a t i o n .  More adva n c e d  and t h e o r e t i c a l l y  sound 

me t hods  a r e  a v a i l a b l e  t o  me a s u r e  t h e  P j ( t )  i n d i r e c t l y  

t h r o u g h  c o n t i n o u s l y  o b s e r v a b l e  b o n d s .  Bond i n d i c e s  mi ght  

a l s o  be c o n s i d e r e d  i f  due c o n s i d e r a t i o n  i s  t a k e n  o f  t h e  

r e p r e s e n t a t i v e  c a s h  f l ow of  t h e  u n d e r l y i n g  b o n d s .

An i m p o r t a n t  d i s t i n c t i o n  be t we e n  t h e  p h y s i c a l  bond 

p r o c e s s  and t h e  b a s i s  bond p r i c e  p r o c e s s  i s  t h a t  t h e  

t r a j e c t o r y  o f  t h e  f o r m e r  w i l l  d r i f t  t o w a r d s  t h e  t e r m i n a l  

v a l u e ,  w h i l e  t h e  t r a j e c t o r y  of  t h e  l a t t e r  w i l l  n o t  do s o .  A 

b a s i c  hnnH i s  a t h e o r e t i c a l  c o n s t r u c t  d e s i g n e d  t o  a l ways  

have  t h e  same r e m a i n i n g  t i m e  t o  m a t u r i t y ,  w h a t e v e r  t h e  

c u r r e n t  t i m e .  The r e m a i n i n g  t i m e  t o  m a t u r i t y  on a p h y s i c a l  

bond w i l l  become s h o r t e r  as  t i me  p r o c e e d s .

I t  would have  been o p e r a t i o n a l l y  s i m p l e r  t o  work w i t h  

s t a t e  v e c t o r s  whi ch  wer e  p h y s i c a l  b o n d s .  The p r ob l e m would 

a r i s e  o f  how,  when bonds  m a t u r e ,  t o  p h a s e  i n  and ou t  new 

r e a l  bonds  b e i n g  used  as  t h e  b a s i s  s e t  w i t h o u t  c a u s i n g  

d i s r u p t i o n .  One c o u l d  however  p r o d u c e  a s e t  o f  e q u a t i o n s  

e x p r e s s i n g  t h e  b a s i s  bond p r i c e  p r o c e s s  i n  t e r m s  of  a more 

o b s e r v a b l e  bond p r i c e  p r o c e s s .

In t h e  n e x t  s u b s e c t i o n  a p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  

i s  o b t a i n e d  t h a t  may be us ed  t o  e v a l u a t e  any s e c u r i t y  t h a t
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i s  a f u n c t i o n  of  m a t u r i t y  and o u r  s t a t e  v e c t o r  o n l y .  The 

d e r i v a t i o n  i s  somewhat  nove l  i n  t h a t  t h e  i n s t a n t a n e o u s  r i s k ­

f r e e  r a t e  of  i n t e r e s t  i s  n o t  one of  t h e  s t a t e  v a r i a b l e s  and 

t h e  s t a t e  v a r i a b l e s  a r e  bond p r o c e s s e s .

2 . 1 . 2 . 2 .  Ma t h e ma t i c a l  De v e l o p me n t :  n - D i m e n s i o n a l  S t a t e  

Ve c t o r

A v e r y  s t r a i g h t f o r w a r d  g e n e r a l i z a t i o n  o f  Appendi x  B t o

2 . 1 ,  e q u a t i o n  [ 1 0 ] ,  r e s u l t s  i n  t h e  v a l u a t i o n  e q u a t i o n s :

- B^ + Y t r  ( e e ^ Bp p )  + c -  Bp(C-Gj) - r ( B - B p P )  = 0 , [ l ]  

C = ( C ^ , . . , C ^ )  ,

The s u b s c r i p t s ,  o t h e r  t h a n  i ' s  r e f e r e  t o  p a r t i a l  

d i f f e r e n t i a l s .  The i ' s  r e f e r e  t o  t h e  i t h  s t a t e  v e c t o r .

B i s  t h e  s e c u r i t y  b e i n g  e v a l u a t e d  and i s  a f u n c t i o n  o f  t h e  s t a t e  

v e c t o r  P and m a t u r i t y ,  t ,  o n l y ,  c I s  t h e  coupon r a t e  on t h e  

s e c u r i t y  B, C i s  t h e  v e c t o r  o f  coupon r a t e s  a s s o c i a t e d  w i t h  t h e  

s e c u r i t y  v e c t o r  B and Gj i s  t h e  c u r r e n t  bond t h a t  c o r r e s p o n d s  t o  

t h e  i t h  component  of  t h e  s t a t e  v e c t o r .

I t  i s  n e c e s s a r y  t h a t  t h e  bond p r o c e s s e s  making up t h e  

s t a t e  v e c t o r  have  t h a t  a r e  d i f f e r e n t  f rom one a n o t h e r  i f  t h e



33

k^ a r e  o f  each bond t r u e l y  d i f f e r e n t .  To be 

t r u e l y  d i f f e r e n t  f rom one a n o t h e r ,  a b o n d ' s  c a s h  f l ow must  

be d i f f e r e n t  f rom a l i n e a r  c o m b i n a t i o n  o f  t h e  c a s h  f l o ws  of

t h e  o t h e r  bonds .  We s h a l l  l a t e r  o b t a i n  a t e r m s t r u c t u r e  of

i n t e r e s t  e q u a t i o n .  For  e x a mp l e ,  t h r e e  bonds  each  w i t h  a 

m a t u r i t y  o f  3 y e a r s ,  e a c h  p a y i n g  a p a r  v a l u e  of  $ 1 , 0 0 0  a t  

m a t u r i t y ,  b u t  t h e  f i r s t  p a y i n g  no coupon ( p u r e  d i s c o u n t  

b o n d ) ,  t h e  s econd  p a y i n g  $100 p e r  y e a r  ( c o n t i n u o u s l y ) ,  and 

t h e  t h i r d  pa y i n g  a c o n t i n u o u s  coupon a t  i n s t a n t a n e o u s  annua l  

r a t e  of  t x $100,  would be s u f f i c i e n t  t o  o b t a i n  a t e r m

s t r u c t u r e  o f  i n t e r e s t .  To o b t a i n  i n s i g h t  i n t o  t h i s  p o s s i b l y

c o u n t e r - i n t u i t i v e  r e s u l t ,  one may t h i n k  of  a coupon b e a r i n g  

bond as  b e i n g  made up o f  p o s s i b l y  an i n f i n i t e  number  of  

component  " b o n d l i n g s " .  Each b o n d l i n g  i s  a p u r e  d i s c o u n t  

bond w h i c h ,  when summed w i t h  t h e  c o r r e c t  w e i g h t ,  g i v e s  a 

c a s h  f l o w e q u i v a l e n t  t o  t h e  b o n d ' s .  The f a c t  t h a t  each  

b o n d l i n g  has  i t s  own m a t u r i t y  a c c o u n t s  f o r  t h e  t i me  

s t r u c t u r e  o f  i n t e r e s t  b e i n g  c o n t a i n e d  i n  t h e  t h e o r y .

E q u a t i o n  [ 1 ]  i s  i n d e p e n d e n t  o f  t h e  d r i f t  t e r m of  t h e  

g e n e r a t i n g  p r o c e s s  and a l s o  of  i n v e s t o r  p r e f e r e n c e s .  The 

bond v a l u a t i o n  model  t h e n  e n j o y s  t h e  same p r o p e r t i e s  e n j o y e d  

by t h e  B 1 a c k - S c h o l es  Model .  Th i s  i s  an i m p o r t a n t  r e s u l t .
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The s p e c i f i c a t i o n  of  d r i f t  and ma r k e t  p r i c e  of  r i s k  

f u n c t i o n s  may be t h e  c a u s e  of  t h e  p o o r  e m p i r i c a l  r e s u l t s  

o b t a i n e d  u s i n g  t h e  Br e n n a n  and S c h wa r t z  [ 1 9 7 9 ]  mo d e l .

A new s t a t e  v a r i a b l e  r ,  has  been i n t r o d u c e d  i n t o  t h e  

s y s t e m .  For  t h e  r e a s o n s  d i s c u s s e d  e a r l i e r ,  r  i s  n o t  t o  be 

i n c l u d e d  as  a s t a t e  v a r i a b l e .  A met hod o f  e l i m i n a t i n g  i t  i s  

r e q u i r e d .  Thi s  e l e m e n t  o f  t h e  p a p e r  a c c o m p l i s h e s  t h i s  

o b j e c t i v e .

The s h o r t - t e r m  r a t e  of  i n t e r e s t ,  r ,  may be d e f i n e d  i n  

t e r ms  o f  m a t u r i n g  r i s k - f r e e  p u r e  d i s c o u n t  bonds :

t n ( B ) -  £n(B )
r = tim (--------2--------------- L_j

T+O

Not e  t h a t  t h e  l i m i t  i s  d e t e r m i n e d  by t h e  f u n c t i o n a l  

form of

whi ch  i s  a f u n c t i o n  of  t . As t -*• o ,  B^/B + 1,  so we
I

a r e  u n a b l e  t o  make any a p r i o r i  j u d g e m e n t s  a b o u t  t h e  v a l u e

of  t h i s  l i m i t .  Assumi ng t h a t  such a l i m i t  e x i s t s ,  t h e n  f o r
★ * 

a s u f f i c i e n t l y  s ma l l  t , a f u r t h e r  r e d u c t i o n  i n  t w i l l  have

an i n s i g n i f i c a n t  e f f e c t  on t h e  v a l u e  o f  r .  (The b e h a v i o r  o f

t h e  l i m i t  w i l l  be i n v e s t i g a t e d  f u r t h e r  i n  a s u b s e q u e n t

p a p e r .  However ,  as  B^ i s  g i v e n  by t h e  p a r t i a l  d i f f e r e n t i a l
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e q u a t i o n  [ 1 ] ,  t h e  p r o b l e m i s  n o n - t r i v i a l  ) .  Le t  t h e  p a r  

v a l u e  of  a m a t u r i n g  p u r e  d i s c o u n t  bon d ,  B* be B*^ = 1.

Then we mey w r i t e  f o r  t h i s  bond wi t h  m a t u r i t y  t *:

r  = - & n ( B ^ * ) / t *  [21

For  n o t a t i o n a l  s i m p l i c i t y ,  w r i t e  B^* as B*.  Then f o r  

any bond ,  i t s  v a l u e  B i s  o b t a i n e d  by s o l v i n g  t h e  f o l l o w i n g  

s e t  of  s i m u l t a n e o u s  e q u a t i o n s :

- B ;  + | t r  ( ( ( T  B * p )  + -B *p  .  c + B^ . G*^

r * ( B *  _  P Rp ) = 0 [ 3 1

\  Bpp) 4. c-Bp . C + Cp . G ^

r*(B — p Bp ) = 0

r  = - t n ( B ( P , T  ) ) / t *

The f i r s t  e q u a t i o n  g i v e s  t h e  v a l u e  of  a bond t h a t  has  a 

m a t u r i t y  of  t * ,  wher e  t *  i s  s u f f i c i e n t l y  s m a l l ,  and t h e
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s econd  e v a l u a t e s  t h e  v a l u e  of  any bond g i v e n  t h e  v a l u e  of  

t h e  f i r s t  bond.  The i n s t a n t a n e o u s  r a t e  of  i n t e r e s t  i s  t h u s  

not  a s t a t e  v a r i a b l e  i n  t h i s  mo d e l .

Th i s  s y s t e m w i l l  r e q u i r e  i n i t i a l  and b o u n d a r y  

c o n d i t i o n s  on B* and B. The se  a r e  d i s c u s s e d  l a t e r  i n  t h i s  

p a p e r .  One s h o u l d  n o t e  however  t h a t  t h e  c o n d i t i o n s  on R 

w i l l  depend upon t h e  s p e c i f i c  bond b e i n g  e v a l u a t e d ,  but  t h e  

c o n d i t i o n s  on B* a r e  s t a n d a r d .

2 . 1 . 3 .  F u n c t i o n  S p e c i f i c a t i o n

E q u a t i o n  3 . 1 . 2 . 2  [ 3 ]  p r o v i d e s  us wi t h  a means t o  v a l u e  

any k i n d  of  bond,  g i ve n  t h e  b a s i c  bond p r o c e s s  i s  o f  t h e  

form

dP = a ( P ) d t  + b (P)  d z ( t )  [ 1 ]

B(P) = B*

d z ( t )  = * " 1 / 2  d u ( t )

The o,  Bf B* and * have  n o t  been g i v e n  any f o r m.  I t  i s  

t h e  p u r p o s e  of  t h i s  s e c t i o n  t o  s p e c i f y  t h e  form of  t h e s e  

e n t i t i e s .

The s p e c i f i c a t i o n  of  t h e  f u n c t i o n a l  form of  t h e  model  

i s  somewhat  s u b j e c t i v e .  The r e  a r e  so many f a c t o r s  t h a t  may 

or  may not  he i m p o r t a n t .  Yet  a l l  p o s s i b l e  f a c t o r s  c a n n o t  he
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i n c l u d e d .  As t h e r e  i s  a l m o s t  no l i t e r a t u r e  on t h e  

t h e o r e t i c a l  form of  t h e  i n t e r e s t  r a t e  t r a n s i t i o n a l  

p r o b a b i l i t i e s ,  t h e  a p p r o a c h  t o  be t a k e n  i n  t h i s  p a p e r  i s  

t h a t  t h e  s e l e c t e d  m o d e l ' s  f u n c t i o n a l  form w i l l  i n c l u d e  a l l  

t h e  i m p o r t a n t  f e a t u r e s  of  t h e  more common mode l s  as 

a p p r o x i m a t i o n s .  The r e s u l t i n g  model  w i l l  be a s u b s t a n t i a l  

s u p e r - s e t  of  a p p r o x i m a t i o n s  t o  e x i s t i n g  m o d e l s .  The 

i n c r e a s e d  g e n e r a l i t y  w i l l  be a t  t h e  c o s t  o f  a s u b s t a n t i a l  

number  o f  p a r a m e t e r s  t h a t  w i l l  have  t o  be e s t i m a t e d .

The p r o c e s s  we d e v e l o p  s h o u l d  have  c e r t a i n  

p r o p e r t i e s .  C l e a r l y ,  t h e  v a l u e  of  a bond may n e v e r  be 

n e g a t i v e ,  and may n e v e r  be g r e a t e r  t h a n  t h e  u n d i s c o u n t e d  

r e m a i n i n g  c a s h  f l o w ,  k ( t ) .  E l a s t i c  r andom wa l ks  a r e  o f t e n  

us e d  t o  d e s c r i b e  t h e  b e h a v i o r  of  t h e  i m p l i e d  y i e l d - t o -  

m a t u r i t y ,  wher eby  i n t e r e s t  r a t e s  a r e  p u l l e d  t o wa r d s  some 

i d e a l  v a l u e .  The i d e a l  v a l u e  w i l l  depend  t o  some e x t e n t  

upon t h e  y i e l d - t o - m a t u r i t y  of  a d j a c e n t  b a s i s  b o nds .

However ,  as we have  been a b l e  t o  e l i m i n a t e  t h e  d r i f t  form 

f rom o u r  mo d e l ,  t h e r e  i s  l i t t l e  p o i n t  i n p r o v i d i n g  i t  w i t h  a 

f u n c t i o n a l  f o r m.  An e x c e p t i o n  t o  t h i s  wou l d  be i f  we were  

t o  e s t i m a t e  t h e  p a r a m e t e r s  f rom t h e  g e n e r a t i n g  p r o c e s s  

i t s e l f .  Th i s  p a p e r  w i l l  p r o v i d e  an e s t i m a t i o n  p m r A d u r *
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t h r o u g h  t h e  f i n a l  mo d e l .

L i n k i n g  t h e  b e h a v i o r  of  t h e  l o n g -  and s h o r t - t e r m  

i n t e r e s t  r a t e s  i s  i m p o r t a n t  in o r d e r  t h a t  t h e  s y s t e m model s  

o b s e r v e d  b e h a v i o r .  I f  t h e  l o n g - t e r m  i n t e r e s t  r a t e  r i s e s ,  

t h e  s h o r t - t e r m  r a t e s  w i l l  t e n d  t o  a l s o .  Th e r e  a r e  two 

n a t u r a l  ways of  i n t r o d u c i n g  t h i s  c r o s s  l i n k i n g  of  i n t e r e s t  

r a t e s  i n t o  t h e  s y s t e m .  The f i r s t  i n v o l v e s  t h e  use  o f  t h e  

" f o r c e "  t e r m  and t h e  s econd  t h e  n o i s e  t e r m .

In t h e i r  p a p e r  on a two-  d i m e n s i o n a l  p r o c e s s ,  Br ennan 

and S c h wa r t z  (1979)  us ed  t h e  " d r i f t "  t e r m t o  c r o s s - l i n k  t h e  

i n t e r e s t  r a t e s .  They p o s t u l a t e  t h a t  one o f  t h e  y i e l d s - t o -  

m a t u r i t y  i s  be i n g  p u l l e d  t o wa r d s  t h e  o t h e r  y i e l d - t o -  

m a t u r i t y .  In our  model  t h e  d r i f t  t e r m  has  no i n f l u e n c e  

w h a t s o e v e r .  The c r o s s  l i n k i n g  b e h a v i o r  must  be model ed  i n  a 

d i f f e r e n t  manner .

The o t h e r  way of  l i n k i n g  t h e  v a r i o u s  i n t e r e s t  r a t e s  i s  

t o  use  t h e  n o i s e  t e r m .  C o n s i d e r  t h e  two i n d e p e n d e n t  

p r o c e s s e s  dZj  and d %2 d e f i n e d  in 2 . 1 . 2 . 2 .  The s h o r t - t e r m  

bond p r o c e s s  and t h e  l o n g - t e r m  bond p r o c e s s  a r e  bot h  

f u n c t i o n s  o f  t h e s e  i n d e p e n d e n t  p r o c e s s e s .  Thus t h e  c r o s s -  

l i n k a g e  i s  a l r e a d y  an i n t e g r a l  p a r t  of  t h e  mo d e l .  C o r r e c t  

s p e c i f i c a t i o n  of  t h e  f u n c t i o n a l  f orm of  b(P)  w i l l  p r o v i d e
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t h e  n e c e s s a r y  c r o s s - l i n k a g e .  I t  i s  not  an e a s y  m a t t e r  t o  

o b s e r v e  so we s h a l l  work w i t h  g r a t h e r  t h a n  g*.

The form of  g d e f i n e d  in  t h e  a p p e n d i x  t o  t h i s  c h a p t e r  

i s  a d e q u a t e  f o r  our  p u r p o s e s ,  and w i l l  be a d o p t e d  h e r e .

Not e  t h a t  t h e  n o i s e  f u n c t i o n s  a s s o c i a t e d  w i t h  t h e  c h a n g e  i n  

t h e  s t a t e  v a r i a b l e  depend o n l y  upon t h a t  s t a t e  v e c t o r .  

T h i s  r e s t r i c t i o n  may be removed i f  a p p r o p r i a t e .

The f i n a l  model  t h e n  i s  a s t r a i g h t f o r w a r d  

g e n e r a l i z a t i o n  of  t h e  one on and two d i m e n s i o n a l  mode l s  

g i v e n  in t h e  a p p e n d i x  t o  t h i s  s e c t i o n .  S u b j e c t  t o  

c o n s i s t e n t  and a p p r o p r i a t e  i n i t i a l ,  b o u n d a r y  and p o l i c y  

c o n d i t i o n s ,  we have  t h e  model :

- B^ + | t r  (ggT Bpp) + c - B p  , C + R p  .

*

r *  = ~ t n ( B *  ( P , t * ) ) / t*

r  (B -  P Bp ) = 0 [ 2 ]

P.  *"ij P.
®ij " îj (iq-)

wh e r e  B a l s o  s a t i s f i e s  t h e  f i r s t  e q u a t i o n .  The n a t u r a l
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bounda r y  c o n d i t i o n s  a r e  j u s t

B ( 0 , t ) -  P Bp  = 0

I t  s h o u l d  be o b s e r v e d  t h a t  t h e s e  c o n d i t i o n s  a r e  a 

d i r e c t  c o n s e q u e n c e  of  t h e  d i f f e r e n t i a l  e q u a t i o n  i t s e l f  and 

no a d d i t i o n a l  a s s u m p t i o n s  a r e  r e q u i r e d  t o  o b t a i n  t hem.

The above r e s t r a i n t s  may be s i m p l i f i e d  t o  t h e  

e q u i v a l e n t  form:

- B ( K , t )  + c = 0 

B ( O . t )  = 0

2 . 1 , 4 .  S p e c i f i c  R e s t r i c t i v e  C o n d i t i o n s  on a C a l l a b l e  Bond.

A mo r t g a g e  i s  j u s t  a c a l l a b l e  bond.  The o n l y  ma j o r  

d i f f e r e n c e  between t h e  more common c a l l a b l e  bonds  and a 

s t a n d a r d  mor t gage  i s  t h a t  t h e  f o r me r  i s  more l i k e l y  t o  have  

i t s  c a l l  f e a t u r e  e x e r c i s e d  r a t i o n a l l y ,  and t h a t  t h e  r e s i d u a l  

v a l u e  o f  a mor t gage  a t  t h e  end of  i t s  l i f e  i s  z e r o .

We have  a l r e a d y  s e e n  t h a t  t h e  v a l u a t i o n  e q u a t i o n  mus t  

s a t i s f y  c e r t a i n  n a t u r a l  b o u n d a r y  c o n d i t i o n s .  The forms 

g i v e n  be l ow do s o .
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The i n i t i a l  c o n d i t i o n s  a r e  j u s t :

B( P , 0 )  = 0  , 0 < P < K,
B * ( P , 0 )  = 1  , 0 < P < K.

These  c o n d i t i o n s  a r e  s t r a i g h t f o r w a r d  and j u s t  r e f l e c t  t h e  

f a c t  t h a t  t h e  v a l u e  o f  a mo r t g a g e  a t  t h e  end o f  i t s  l i f e  i s  

z e r o ,  w h i l e  t h e  v a l u e  of  a p u r e  d i s c o u n t  bond a t  t h e  end of  

i t s  l i f e  i s  ( i n  o u r  c a s e )  one d o l l a r .

The l e f t - h a n d  b o u n d a r y  c o n d i t i o n s  a r e a :

B( 0 ,  t )  = 0,  0 < T

B * ( 0 , t ) = 0.  0 < t

In wo r d s ,  t h e  v a l u e  o f  any bond must  be z e r o  when t h e  

i n t e r e s t  r a t e  i s  i n f i n i t e ,  o r  which i s  t h e  same t h i n g  when

t h e  bond p r o c e s s  i s  z e r o .  Note t h a t  t h e r e  i s  a

d i s c o n t i n u i t y  b e t we en  t h i s  bounda r y  c o n d i t i o n  and t h e  

i n i t i a l  c o n d i t i o n  i n  t h e  c a s e  of  t h e  p u r e  d i s c o u n t  bond .

The r i g h t  hand b o u n d a r y  c o n d i t i o n s  a r e

B(k_, t )  = c t  

*
B ( k ^ T h f s l t h e  same t h i n g  as  s a y i n g  t h a t  t h e  v a l u e  o f  a 

mo r t g a g e  i s  j u s t  t h e  r e m a i n i n g  s c h e d u l e d  c a s h  f l o w i f  t h e  

i n t e r e s t  r a t e  i s  z e r o  ( i e .  P=K),  and t h a t  t h e  v a l u e  of  a

p u r e  d i s c o u n t  bond i s  e q ua l  i t s  r e m a i n i n g  c a s h  f l o w .  These

bou n d a r y  c o n d i t i o n s  h o l d  i f  t h e r e  i s  no c a l l  p r o v i s i o n .  The
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c o n d i t i o n s  r e q u i r e  m o d i f i c a t i o n  i f  t h e r e  i s  a c a l l  

p r o v i s i o n .  We mus t  t h e n  e x a mi n e  t h e  p o l i c y  c o n d i t i o n s .

The p o l i c y  c o n d i t i o n s  on a mo r t g a g e  a r e  t h a t ,  i f  t h e  

v a l u e  of  t h e  mo r t g a g e  bond r i s e s  above  i t s  r e m a i n i n g  

p r i n c i p l e  0 ,  t h e n  t h e  c a l l  w i l l  be e x e r c i s e d .  That  i s ,  i f  

r e p r e s e n t s  t h e  v a l u e  o f  a mo r t g a g e  wi t h  a c a l l  f e a t u r e  (a 

r e a l  m o r t g a g e ) ,  and B r e p r e s e n t s  an o t h e r w i s e  i d e n t i c a l  

m o r t g a g e  w i t h o u t  a c a l l  f e a t u r e ,  t h e n .

B* = HINCO, B] 

Q = | t  (1 -

wher e  s ’ i s  o b t a i n e d  f rom s o l v i n g

and c i s  t h e  coupon and N i s  t h e  o r i g i n a l  l i f e  of  t h e  

m o r t g a g e .  D e t a i l s  a r e  p r o v i d e d  i n  Appendi x  A t o  C h a p t e r  2 .

Note t h a t  t h e  p o l i c y  c o n d i t i o n s  a l s o  a p p l y  t o  t h e  

b o u n d a r y  c o n d i t i o n s .  Thus ,  t o  e v a l u a t e  a m o r t g a g e ,  us e  t h e  

e q u a t i o n  2 . 1 . 3  [ 2 ]  t o  e v a l u a t e  a bond,  t o g e t h e r  wi t h  t h e  

c o n d i t i o n s :

B ( P , 0 )  = 0 ,
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B ( P . O)  = 1,

B ( 0 , t )  = 0 ,

B ( 0 , t ) = 0 ,  0 + t ,

B ( K , t )  = C t

B ( K . t )  = 1
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2 . 2 . 1 .  APPENDIX A TO 2 . 1 :  A BOND VALUATION MODEL WITH A 

SINGLE STATE VARIABLE.

1.  INTRODUCTION

Thi s  s e c t i o n  d e v e l o p s  a bond v a l u a t i o n  model  t h a t  may 

be us ed  f o r  a wi de v a r i e t y  o f  b o n d s .  With m o d i f i c a t i o n ,  t h e  

model  may be used t o  e v a l u a t e  any bond .

The a d v a n t a g e  of  e x a mi n i n g  a s i n g l e  s t a t e  v a r i a b l e  

model  i s  t h a t  t h e  m o d e l ' s  d e v e l o p me n t  i s  r e l a t i v e l y  s i m p l e ,  

but  y e t  p r o v i d e s  t h e  p a t h  by which more a d v a n c e d  model s  may 

be c o n s t r u c t e d .  The model  d e v e l o p e d  has  some c l e a r  

a d v a n t a g e s  o v e r  e a r l i e r  mode l s :

(1)  The f i n a l  model  does  no t  i n c l u d e  t h e  d r i f t  t e r m of  

t h e  s t o c h a s t i c  p r o c e s s  used t o  d e s c r i b e  t h e  s t a t e  

v a r i a b l e .  We s e e  a s i m i l a r  r e s u l t  i n  t h e  81 a c k - S c h o l e s  

model  f o r  e v a l u a t i n g  s t o c k  o p t i o n s .  The o m i s s i o n  of  t h e  

d r i f t  t e r m  r e s u l t s  n o t  f rom s i m p l i f y i n g  a s s u m p t i o n s ,  but  

f rom t h e  main d e v e l o p me n t  of  t h e  mode l .

(2)  Th e r e  i s  no ma r k e t  p r i c e  of  r i s k  t e r m i n  t h e  mode l .  

Two f u n c t i o n s  t h a t  have been s e l e c t e d  wi t h  g r e a t e r  o r

l e s s  d e g r e e s  of  a r b i t r a r i n e s s  have  t h u s  been e l i m i n a t e d  when 

e v a l u a t i n g  b o nds .  A new f u n c t i o n  has  been i n t r o d u c e d  t h a t
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must  be s p e c i f i e d .  Th i s  f u n c t i o n  has  a s t r a i g h t f o r w a r d  

e m p i r i c a l  i n t e r p r e t a t i o n ,  and may be s p e c i f i e d  wi t h  

i n c r e a s i n g  c o n f i d e n c e  as  t h e  number  o f  s t a t e  v a r i a b l e s  i s  

i n c r e a s e d .

( 3)  The s t a t e  v a r i a b l e  s e l e c t e d  i s  o b s e r v a b l e ,  and i s  

unambi  g i o u s .

I t  i s  u s u a l  t o  s e l e c t  a r a t e  of  i n t e r e s t  as t h e  s t a t e  

v a r i a b l e .  Ex c e p t  i n  t h e  two s i m p l e s t  c a s e s  of  a m a t u r i n g  

bond and a c o n s u l ,  i t  i s  e a s y  t o  f o r g e t  t h a t  t h e  y i e l d - t o -  

m a t u r i t y  on two bonds  i n  e q u i l i b r i u m  w i t h  t h e  m a r k e t ,  hu t  

w i t h  d i f f e r e n t  r a t i o s  of  coupon r a t e  t o  p a r ,  w i l l  i n  g e n e r a l  

be d i f f e r e n t ,  e ven  when t h e  m a t u r i t y  d a t e s  of  each a r e  t h e  

s ame .  Our l a n g u a g e  must  be s p e c i f i c  t o  a v o i d  t h e  d a n g e r  of  

n o t  d i s t i n g u i s h i n g  be t ween t h e s e  two y i e l d s  i f  one o f  t h e  

bonds  i s  used as  t h e  g e n e r a t o r  o f  t h e  y i e l d - t o - m a t u r i t y  used 

as  t h e  s t a t e  v a r i a b l e .  The p r e s e n t  model  i s  c o n s t r u c t e d  so 

as  t o  make such an e r r o r  i m p o s s i b l e ,

( 4 )  The s t a t e  v a r i a b l e  may be s e l e c t e d  so t h a t  i t  i s  t h e  

mos t  a p p r o p r i a t e  f o r  t h e  v a l u a t i o n  b e i n g  p e r f o r m e d .

The s i n g l e  s t a t e  v a r i a b l e  mode l s  d e v e l o p e d  in t h e  

l i t e r a t u r e  u s e  t h e  i n s t a n t a n e o u s  i n t e r e s t  r a t e ,  r ,  as  t h e  

s t a t e  v a r i a b l e ,  r i s  a somewhat  e c c e n t r i c  s e l e c t i o n  o f  a



46

S t a t e  v a r i a b l e  f o r  é v a l u a t i o n  of  bonds  w i t h  a medium or  

l o n g - t e r m  m a t u r i t y .  I f  a s i n g l e  s t a t e  v a r i a b l e  must  he 

u s e d ,  i t  would be b e t t e r  t o  use  one t h a t  has  c h a r a c t e r i s t i c s  

as  c l o s e  t o  t h e  s e c u r i t y  b e i n g  e v a l u a t e d  as  p o s s i b l e .  The 

i m p o r t a n c e  of  t h i s  c o n s i d e r a t i o n  becomes  l e s s  as  t h e  number  

o f  s t a t e  v a r i a b l e s  i s  i n c r e a s e d .

The model  i s  b a s e d  on t h e  f o l l o w i n g  key  a s s u m p t i o n s :

(1)  The bond pays  a c o n t i n u o u s  couoon c ( t ) ,  which does  

n o t  have  t o  be c o n s t a n t ,  and has  a t e r m i n a l  lumpsum pa y me n t ,  

k .  One would n o r m a l l y  have  t h a t  c ,  k > = 0 ,  b u t  t h i s  i s  no t  

a r e q u i r e m e n t .

(2)  The p r i c e  o f  a bond ,  B, i s  a f u n c t i o n  o f  t h e  s t a t e  

v a r i a b l e  and t h e  m a t u r i t y  o f  t h e  bond .  Al l  o t h e r  

c h a r a c t e r i s t i c s  of  t h e  bond a r e  mode l ed  by t h e  b o u n d a r y ,  

i n i t i a l  and p o l i c y  c o n d i t i o n s .  Tha t  i s :

B { P , t )

( 3)  The s t a t e  v a r i a b l e ,  P,  f o l l o w s  a s t a t i o n a r y

I t o  p r o c e s s  wi t h  a w i e n e r  n o i s e  d z ( t ) :

dP = a { P ) d t  + p(P)  d z ( t )  [ 2 ]

( 4)  The s t a t e  v a r i a b l e  i s  an E- b o n d .

An E-bond i s  a c o n s t r u c t  t h a t  has  been  i m p l i c i t  i n  t h e

a n a l y s i s  o f  t h e  t i me  v a l u e  of  money.  The f o l l o w i n g
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d e f i n i t i o n s  make t h e  c o n s t r u c t  e x p l i c i t :

An e q u i v a l e n c e  c l a s s  of  b o n d s ,  E , i s  d e f i n e d  as  t h e  s e t

o f  a l l  bonds  such t h a t :  f rom a s p e c i f i e d  t i me  b e f o r e  
*

m a t u r i t y ,  y , t o  m a t u r i t y ,  p=0,  t h e  r a t i o  o f  t h e  coupon r a t e

t o  p a r  v a l u e  i s  equa l  f o r  a l l  bonds  i n  t h e  c l a s s  a t  a l l
*

t i m e s  t o  m a t u r i t y  y,  0 < =y < =y .

An exa mpl e  w i l l  h e l p  c l a r i f y  t h e  d e f i n i t i o n .  C o n s i d e r  

t h e  two bonds  A and B:

A: Pay a coupon as  f o l l o w s :

[ 1 9 8 3 ,  1984)  $ 1 0 0 / y e a r  c o n t i n u o u s l y  

[ 1 9 8 4 ,  1985)  $ 1 2 0 / y e a r  c o n t i n u o u s l y  

[ 1 9 8 5 ,  1986)  $ 1 1 0 / y e a r  c o n t i n u o u s l y  

and has  a p a r  v a l u e  of  $1000 p a y a b l e  on t h e  l a s t  day of  

1986.

B: Pays  a coupon as  f o l l o w s :

[ 1 9 8 3 ,  1984)  $ 8 / y e a r  c o n t i n u o u s l y

[ 1 9 8 4 ,  1985)  $ 9 / y e a r  c o n t i n u o u s l y

[ 1 9 8 5 ,  1986)  $ 1 2 / y e a r  c o n t i n u o u s l y

[ 1 9 8 6 ,  1987)  $ l l / y e a r  c o n t i n u o u s l y

and has  a p a r  v a l u e  of  $100 p a y a b l e  on t h e  l a s t  day o f  1987.  
*

I f  y i s  2 y e a r s ,  t h e n  bo t h  bonds  b e l o n g  t o  t h e  same 

e q u i v a l e n c e  c l a s s ,  w h i l e  i f  y* i s  g r e a t e r  t h a n  two y e a r s
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t h e y  a r e  n o t .

An E-bond i s  a p r o c e s s  d e f i n e d  on a p a r t i c u l a r  E - c l a s s  

of  bonds  so t h a t  t h e  m a t u r i t y  i s  a l ways  a c o n s t a n t ,  y.  Any 

E - c l a s s  may be us ed  t o  g e n e r a t e  any number  o f  E - b o n d s ,  each  

of  whi ch w i l l  have  a d i f f e r e n t  c o n s t a n t  nomi na l  m a t u r i t y ,  

u.  We w i l l  d e n o t e  a s p e c i f i c  E-bond p r o c e s s  (E-bond f o r  

s h o r t )  wi t h  a nomi na l  m a t u r i t y  y by:

The y i e l d - t o - m a t u r i t y , R ( t ) ,  a t  any t i m e  t , may be 

d e t e r m i n e d  f o r  any bond in t h e  e q u i v a l e n c e  c l a s s  t h a t  has  a
4c

r e m a i n i n g  m a t u r i t y  of  y,  0 < y < = y . At  some t i me  l a t e r ,  

s ay ( t  + 5 t ) we may d e t e r m i n e  t h e  y i e l d - t o - m a t u r i t y  

R( t  + 6t  ) of  a n o t h e r  bond i n  t h e  e q u i v a l e n c e  c l a s s  t h a t  has  

a r e m a i n i n g  m a t u r i t y  of  y.  I t  s h o u l d  he o b s e r v e d  t h a t  t h e  

bond s e l e c t e d  a t  ( t  + 6t  ) was n o t  t h e  one s e l e c t e d  a t  t ,  

f o r  a t  t h a t  t i m e  i t  had a r e m a i n i n g  m a t u r i t y  of  ( y  + f i t ) .

The p r o c e s s  R ( . )  so d e f i n e d  i s  t h e  i n t e r e s t  r a t e  p r o c e s s  

c o r r e s p o n d i n g  t o  t h e  E^-bond p r o c e s s .  At any t i m e ,  t , any 

E - c l a s s  of  bonds  d e f i n e s  a y i e l d  c u r v e .

For  r e a s o n s  t h a t  w i l l  become c l e a r  i n  t h e  a n a l y s i s  of  

t h i s  s e c t i o n ,  we w i l l  use  t h e  p r i c e  of  bonds  in an E - c l a s s  

as o u r  s t a t e  v a r i a b l e  r a t h e r  t h a n  t h e  y i e l d - t o - m a t u r i t y
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p r o c e s s  s p e c i f i e d  a b o v e .

We may d r op  t h e  s u b s c r i p t s  f rom Pp i n  t h e  c a s e  of  t h eu 9  y
one d i m e n s i o n a l  model  where  t h e  e q u i v a l e n c e  c l a s s  and t h e  

nomi nal  m a t u r i t y  a r e  u n d e r s t o o d  f rom t h e  c o n t e x t .  P r o c e s s

[ 3 ]  i s  r e q u i r e d  t o  s a t i s f y  t h e  s t o c h a s t i c  d i f f e r e n t i a l  

e q u a t i o n  [ 2 ]  which l e a d s  us t o  p r a c t i c a l  q u e s t i o n s  of  

o b s e r v i n g  P when t h e  E-Bond p r o c e s s  i s  n o t  d e n s e .  T h i s  w i l l  

n o t  be d i s c u s s e d  h e r e ,  b e c a u s e  i t  w i l l  be a s sumed t h a t  t h e  

same t y p e  of  p r a g m a t i c  s o l u t i o n  i s  a p p l i e d  t o  o b s e r v i n g  t h e  

E-bond p r o c e s s  as i s  a p p l i e d  when o b s e r v i n g  t h e  y i e l d - t o -  

m a t u r i t y  p r o c e s s .  Note t h a t  once  one o f  t h e  p r o c e s s e s  i s  

d e t e r m i n e d  t h e n  so i s  t h e  o t h e r .

( 5)  The r e  a r e  no p r o f i t a b l e  r i s k - f r e e  a r b i t r a g e

o p p o r t u n i t i e s  t o  be found i n  t h e  bond m a r k e t .

( 6 )  The p a r t i a l s  o f  t h e  p r i c e  of  a bond B(P,  % ) e x i s t

whe neve r  t h e y  a r e  s p e c i f i e d  i n  t h e  mo d e l .  In p a r t i c u l a r ,  

p B / p t ,  pB/pP and ppB/pPP e x i s t .

( 7 )  The r e  a r e  no t r a d i n g  c o s t s  i n  t h e  bond m a r k e t .

2 .  Ma t h e ma t i c a l  Devel opment

I t o ' s  lemma a p p l i e d  t o  t h e  p r i c e  o f  a bond ,  B(P,  t )
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g i v e n  t h a t  P has t h e  p r o c e s s  s p e c i f i e d  by [ 2 ]  r e s u l t s  i n :  

dB = ( - 8 ^  + a Bp + { e ^ B p p l d t  + g B p d z ( t )  [ 4 ]

Whi l e  E-Bond p r o c e s s e s  a r e  n o t  a c t u a l l y  t r a d e d  on

o r g a n i z e d  e x c h a n g e s ,  t h e y  do e x i s t  i n  t h e  form of  v a r i a b l e  

r a t e  n o t e s .  I ndexed Bonds ,  and m o r t g a g e s  ( a d j u s t a b l e  r a t e  

m o r t g a g e s ,  f o r  e x a m p l e ) .  I t  i s  no t  n e c e s s a r y  f o r  o u r

d e v e l o p me n t  t h a t  t h e y  e x i s t ,  i t  i s  o n l y  n e c e s s a r y  t h a t  t h e y

c o u l d  e x i s t .  They a r e  t h e  t h e o r e t i c a l  c o n s t r u c t  t h a t  

e n a b l e s  us t o  o b t a i n  a c o n s i s t e n t  mo d e l ,  and t h e y  do n o t  

form p a r t  o f  t h e  f i n a l  mode l .  We s h a l l  c o n s i d e r  a 

p a r t i c u l a r  E-Bond p r o c e s s ,  t h e  s t a t e  v a r i a b l e  P.

I f  we p u r c h a s e d  $W1 of  t h e  bond B(P,  t ) ,  ( t h a t  i s  

W1/B(P,  x) u n i t s ) ,  and p u r c h a s e d  $W2 of  P ( t h a t  i s  W2/ S( P , y )  

u n i t s ) ,  and t h e  t o t a l  v a l u e  of  o u r  p o r t f o l i o  i s  $1,  t h e n  t h e  

p r o p o r t i o n a l  change  i n  v a l u e  of  t h e  p o r t f o l i o ,  V, i n  t h e  

n e x t  i n s t a n t  of  t i me  would be

^  = “ l * f> * “ 2
W |  +  Wg = 1

wher e  c i s  t h e  coupon of  t h e  bond B,  C i s  t h e  coupon p a i d  on 

t h e  e q u i v a l e n c e  c l a s s  of  bonds  t h a t  d e f i n e  P,  dB and dP a r e  

g i v e n  by [ 4 ]  and [ 2 ]  r e s p e c t i v e l y  and f i n a l l y ,  -G^ i s  t h e  

c a p i t a l  g a i n  r e s u l t i n g  f rom a r e d u c t i o n  in m a t u r i t y  o f  t h e
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bond 6 t h a t  c u r r e n t l y  has  t h e  same m a t u r i t y  as  P ' s  nominal  

m a t u r i t y .

The r i s k  t e r m of  [ 5 ]  i s  t h e n  

( \  P + - p - )  d z ( t )  C6]

By h y p o t h e s i s  pB/pP e x i s t s .  I f  B,  P * 0 we may s e l e c t  

HI (and h e n c e  W2) such  t h a t  t h e  n u m e r a t o r  o f  d z ( t )  i s  

i d e n t i c a l l y  z e r o .  For  t h i s  t o  o c c u r  W1 or  W2 may he 

n e g a t i  ve.

Wj Wp
^  6 Bp 4 - I  B = 0 [ 7 ]

Thi s  s e l e c t i o n  o f  W1 ( and so W2 = 1 - Wl) makes  t h e  

p o r t f o l i o  i n s t a n t a n e o u s l y  r i s k  f r e e .  We have  y e t  t o  show 

t h a t  t h e  r i s k - f r e e  n a t u r e  o f  t h e  p o r t f o l i o  may be 

m a i n t a i n e d .  How t h i s  mi gh t  he done i s  e x p l a i n e d  as  a no t e  

t o  t h i s  s e c t i o n .

The p o r t f o l i o  i s  now i n s t a n t a n e o u s l y  r i s k  f r e e .  By t h e  

a s s u mp t i o n  o f  no p r o f i t a b l e  r i s k - f r e e  a r b i t r a g e s  i n  t h e  bond 

m a r k e t ,  we have  t h a t :

-  r d t  [B]

where  r i s  t h e  y i e l d - t o - m a t u r i t y  on a m a t u r i n g  d e f a u l t - f r e e  

b o n d .

Thus ,
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w w
[ - B^  + aBp + ^B^Bpp + c - rBÜ + [ a - r p  + C-G^] = 0 [ 9 ]

E q u a t i o n s  [ 7 ]  and [ 9 ]  form a s i n g u l a r  s y s t e m .  In 

f o r mi n g  t h e s e  e q u a t i o n s ,  t was a r b i t r a r y .  Thus ,

Bt + a Bp + -  ̂ Bpp + c - rB = XB Bp [ i O ]

and

o - rp + C -  = XB [ 1 1 ]

and wher e  x(P)  i s  a f u n c t i o n  o f  P a t  m o s t .  [ 1 1 ]  may he us ed  

i n  [ 1 0 ]  t o  o b t a i n  t h e  mode l :

-  Bpp + c - C Bp -  RpG^ + r ( P  Bp-B) = 0 [ 1 2 ]

Th i s  e q u a t i o n  i s  a g e n e r a l i z a t i o n  o f  t h e  B 1 a c k - S c h o l es  

model  f o r  e v a l u a t i n g  o p t i o n s :

wher e  :

Z i s  t h e  v a l u e  o f  t h e  o p t i o n  
2

a i s  t h e  v a r i a n c e  of  t h e  g e n e r a t i n g  s e c u r i t y  

S i s  t h e  g e n e r a t i n g  s e c u r i t y  p r i c e  p r o c e s s  

t  i s  t i m e .

J a r r o w  and Rudd ( 1983)  r e p o r t  a g e n e r a l i z a t i o n  

a t t r i b u t e d  t o  Y. Bergman of  t h e  s t a n d a r d  B 1 a c k - S c h o l es  model
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( e q u a t i o n  8 - 1 2 ) :

Zgg + r ( SZg - Z)  - DSZg = 0 .

We have a g a i n  made t h e  g e n e r a t i n g  s e c u r i t y  p r o c e s s  more 

g e n e r a l  t h a n  t h a t  r e p o r t e d  i n  o r d e r  t o  make c o mp a r i s o n  more 

s t r a i g h t  f o r w a r d .  The n o t a t i o n  i s  i d e n t i c a l  e x c e p t i n g  t h a t  

D i s  t h e  d i v i d e n d  y i e l d  on t h e  s e c u r i t y .

In our  e q u a t i o n  [ 1 2 ] ,  a n o t h e r  t e r m a s s o c i a t e d  w i t h  a 

c a s h  f l ow o c c u r s ,  t h e  coupon c .  Th i s  t e r m does  no t  o c c u r  in 

t h e  model  r e p o r t e d  by J a r r o w  and Rudd b e c a u s e  o p t i o n s  do no t  

pay a coupon.

Eq u a t i o n  [ 1 2 ]  has  mos t  o f  t h e  d e s i r e d  p r o p e r t i e s .  I t  

d o e s ,  however ,  c o n t a i n  r ( P ) ,  and no f u n c t i o n a l  form of  r  has  

been  s p e c i f i e d :

Any bond s a t i s f i e s  e q u a t i o n  [ 1 2 ] .  Thus m a t u r i n g  

d e f a u l t  f r e e  p u r e  d i s c o u n t  bonds  a l s o  s a t i s f y  t h i s  

e q u a t i o n .  We a l r e a d y  know t h a t  t h e  v a l u e  o f  s uch  a bond 

w i t h  a pa r  v a l u e  o f  $1 ,  B* i s ,  i n t h e  l i m i t  as  % + 0 ,  S i .

In t h e  l i m i t ,  t h e  p r i c e  of  a m a t u r i n g  bond i s  n on ­

s t o c h a s t i c ,  bu t  t h e  a s s o c i a t e d  i n t e r e s t  r a t e  p r o c e s s  i s  

s t o c h a s t i c .  Let  us d e f i n e  r  t o  he

r  = -  Ai m ( £ n ( B * ( P , T ) ) / T )  [ 1 3 ]
T + O

[ 1 2 ]  and [ 1 3 ]  i mpl y  t h a t  B* must  s a t i s f y :
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t im [ - B ^  + i  Bpp + c -C Bp + BpC^

We do n o t  i n  f a c t  want  B* (we a l r e a d y  know i t s  v a l u e )  

we want  t h e  r a t i o  [ 1 3 ] .  The n u m e r a t o r  and d e n o m i n a t o r  a r e  

bo t h  z e r o  i n t h e  l i m i t  as  % + 0 , s o  n u m e r i c a l l y  [ 1 3 ]  i s  

u n d e f i n e d .  However ,  i f  we s e l e c t  a t s m a l l  e n o u g h ,  we can 

o b t a i n  as  good an a p p r o x i m a t i o n  as  we d e s i r e ,  l i m i t e d  on l y  

by t h e  p r e c i s i o n  of  t h e  c o mp u t e r  e n v i r o n m e n t .

Let  Î* be a number  s uch  t h a t  t h e  l i m i t  i n  [ 1 3 ]  i s  

a l mo s t  a c h i e v e d .  We may s u b s t i t u t e  

( t n ( B * ( P , T * ) ) / t * )  

f o r  e v e r y  o c c u r a n c e  of  r . The y i e l d - t o - m a t u r i t y  f  on t h e  

bond G i s  d e f i n e d  by t h e  r e l a t i o n s h i p

P=G = ^ ( 1  -  e - r ? )  + Gp e ” ^^ [ 1 4 ]  
r

In t h e  c l a s s i c a l  c a s e  P i s  i n d e p e n d e n t  o f  %, and so we can

e a s i l y  p r o v e  t h a t :

= C - GF; ? = r .  [ 1 4 ' ]

Th i s  i s  a u s e f u l  r e s u l t  as  i t  e x p l a i n s  t h e  p r i c e  b e h a v i o u r  

of  bonds  as  t h e y  a p p r o a c h  m a t u r i t y .

[ 1 4 ' ]  and [ 1 2 ]  i mpl y  t h a t
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“ ®T Bpp + c - rB = 0 [ 1 4 " ]

We o b s e r v e  t h a t  i n t h e  c l a s s i c a l  c a s e  g = 0 ,  and t h e  

s o l u t i o n  t o  [ 1 4 " ]  i s  t h e n  j u s t  t h e  bond v a l u a t i o n  f o r mu l a  o r  

a l t e r n a t i v e l y  t h e  d e f i n i t i o n  of  y i e l d - t o - m a t u r i t y  e q u a t i o n  

[ 1 4 ] .

In t h e  s t o c h a s t i c  c a s e ,  r  i s  no t  o n l y  a f u n c t i o n  o f x ,  

i t  i s  a s t o c h a s t i c  f u n c t i o n  o f  t .  S t o c h a s t i c  c a l c u l u s  

must  t h e n  be used t o  o b t a i n  an a n a l o g  of  [ 1 4 ' ] ,  and t h i s  

w i l l  r e s u l t  i n a s t o c h a s t i c  v a r i a b l e  b e i n g  r e i n t r o d u c e d  i n t o  

t h e  v a l u a t i o n  f o r m u l a .  I f  ? and a r e  s m a l l ,  t h e n  t h e
T p p

e r r o r  i n t r o d u c e d  w i l l  no t  be s i g n i f i c a n t .  From c a s u a l  

o b s e r v a t i o n  t h e s e  c o n d i t i o n s  t e n d  t o  be met  when i n t e r e s t  

r a t e s  a r e  l o n g e r  t e r m .

We s h o u l d  ne x t  o b s e r v e  t h a t  e q u a t i o n  [ 1 2 ]  does  no t  have 

a s o l u t i o n  when t h e  bond b e i n g  e v a l u a t e d  i s  t h e  c u r r e n t  bond 

f rom t h e  e q u i v a l e n c e  s e t  t h a t  i s  us e d  t o  d e f i n e  t h e  bond 

p r o c e s s .  Th i s  i s  b e c a u s e  t h e  l e f t - h a n d  s i d e  i s  i d e n t i c a l l y  

z e r o .  We r e q u i r e  t h e  v a l u e  of  G^,  h owe ve r .  We s h o u l d  a l s o  

o b s e r v e  t h a t  G i s  a f u n c t i o n  of  P,  and t h i s  makes t h e
t

e q u a t i o n  [ 1 2 ]  n o n - q u a s i - 1 i n e a r .  The e q u a t i o n  may be q u a s i -  

l i n e a r i z e d  t a k i n g  [ 1 4 ' ]  as our  c l u e :

Le t  G^ = c '  - D P?=(P)
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where  c ' i s  a c o n s t a n t  t h a t  may n o t  e q u a l  c ,  D i s  a c o n s t a n t  

t h a t  may no t  e q u a l  1,  and r  i s  o b t a i n e d  f r om [ 1 4 ]  u s i n g  a 

n u m e r i c a l  me t h o d .  Q u a s i - l i n e a r i z a t i o n  w i l l  e n a b l e  one t o  

u s e  s t a n d a r d  PDE p a c k a g e s .

An o t h e r  met hod i s  t o  i n t r o d u c e  one o r  two new bonds  

i n t o  t h e  s y s t e m f o r  s o l u t i o n  t h a t  have  m a t u r i t i e s  c l o s e  t o  

t h e  nomi na l  m a t u r i t y  o f  t h e  s t a t e  v e c t o r .  w i l l  be j u s t  a 

p o l y n o mi a l  i n  P.  Any o c c u r a n c e  of  t w i l l  he as a c o n s t a n t .

In c a s e  t h e  above d i s c u s s i o n  g i v e s  t h e  i m p r e s s i o n  t h a t  

a n o t h e r  a s s u m p t i o n  in t h e  g u i s e  of  an a s sumed f u n c t i o n a l  

form has  been i n t r o d u c e d  i n t o  t h e  mode l ,  t h e  f o l l o w i n g  p o i n t  

i s  made .  The model  i s  c o m p l e t e l y  s p e c i f i e d  w i t h o u t  t h e  

q u a s i - l i n e a r i z a t i o n  s u g g e s t e d  a b o v e .  I t  may be s o l v e d  t o  

any s p e c i f i e d  d e g r e e  o f  a c c u r a c y .  The f u l l  s p e c i f i c a t i o n  of  

t h e  model  w i l l  l e a d  t o  a d o u b l i n g  of  t h e  s i z e  o f  t h e  s y s t e m 

of  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s ,  and t h i s  i s  a v o i d e d  f o r  

c l a r i t y .

The s o l u t i o n  of  [ 1 2 ]  w i l l  t h e n  p r o c e e d  i n  two s t a g e s :

-  B* + ^  8^ B*p + 0 -  C Bp + Bp + r  (PB* -  B*)=0 [ I S ]

-  * 7  Bpp  + c  -  C Bp + Rp C ,  * r  ( P B p  -  B ) = 0
wher e
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r  =~Ln ( B*( P ,

Th e r e  i s  no need t o  f i n d  a f u n c t i o n a l  form f o r  t h e  

d r i f t  p a r a m e t e r  o of  e q u a t i o n  [ 2 ]  as  i t  doe s  no t  a p p e a r  i n  

t h e  f i n a l  mode l .  We r e q u i r e  a f u n c t i o n a l  f orm f o r  t h e  n o i s e  

p a r a m e t e r ,  g.  Our  a s s u m p t i o n  i s  t h a t  when t h e  i n t e r e s t  r a t e  

i s  0 ,  (P = K ) , t h e n  g = 0 .  When i n t e r e s t  r a t e s  a r e  

i n f i n i t e ,  (P = 0 ) ,  t h e n  g = 0 . One f u n c t i o n  t h a t  has  t h i s  

p r o p e r t y  i s

,  .  .  P) *  [161

whe r e  d* f and g a r e  p o s i t i v e  c o n s t a n t s .

The model  i s  now c o m p l e t e ,  e x c e p t  f o r  t h e  s p e c i f i c a t i o n  

o f  t h e  b o u n d a r y ,  i n i t i a l ,  and p o l i c y  c o n d i t i o n s .  As o u r  

p r i me  i n t e r e s t  i s  i n  mo r t g a g e  backed  s e c u r i t i e s ,  we a d d r e s s  

t h e  p r o b l e m of  c a l l a b l e  bonds  w i t h  no r e s i d u a l  p a r  v a l u e .

The coupon i s  c o n s t a n t  and e s t a b l i s h e d  u s i n g  c l a s s i c a l  

a n a l y s i s .

3 .  I n i t i a l ,  Boundar y  and P o l i c y  C o n d i t i o n s ,

The bou n d a r y  and i n i t i a l  c o n d i t i o n s  on t h e  m a t u r i n g  

p u r e - d i s c o u n t  bond a r e  found as  f o l l o w s .  Th e r e  b e i n g  no 

o p t i o n  f e a t u r e ,  t h e r e  a r e  no b i n d i n g  p o l i c y  c o n d i t i o n s .

♦ I n i t i a l  C o n d i t i o n s  ( Ma t u r i n g  Bond) :
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At T = 0 ,  t h e  s e c u r i t y  w i l l  be v a l u e d  a t  i t s  p a r  v a l u e ,  

$1 .  Thus:

B*( P,  0)  = 1

♦Boundary C o n d i t i o n s  ( Ma t u r i n g  Pur e  D i s c o u n t  Bond) :

When P = 0 ,  t h e n  g = 0 ,  and e q u a t i o n  [ 1 5 ]  becomes :

B* = 0 [ 1 7 ]

on t h e  a s s u m p t i o n  t h a t  P and B* have t h e  same o r d e r  o f  

a s y m p t o t i c  b e h a v i o r .  The c o n d i t i o n

B* ( 0 ,  t )  = 0 .  T + 0 [ 1 8 ]

i s  c o n s i s t e n t  w i t h  [ 1 7 ]

When P = K, e q u a t i o n  [ 1 5 ]  becomes

Bpp = » r i o ]

The c o n d i t i o n

B*(K,  t ) = 1 [ 2 0 ]

i s  c o n s i s t e n t  w i t h  [ 1 9 ]  and has  t h e  r e q u i r e d  p h y s i c a l  

p r o p e r t i e s .

We w i l l  now a n a l y s e  t h e  c o n d i t i o n s  on t h e  mo r t g a g e  

backed  bond,  B:

♦ I n i t i a l  C o n d i t i o n s  ( Mor t gage  Bond) :

Let  us as sume t h a t  t h e  coupon f o r  one d o l l a r  of  d e b t  a t  

t h e  s t a r t  of  t h e  c o n t r a c t  i s  c .  Let  t h e r e  be N y e a r s  t o  

m a t u r i t y .
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At T = 0 ,  t h e  s e c u r i t y  w i l l  have  no v a l u e  b e c a u s e  i t  

w i l l  have  l i q u i d a t e d  i t s e l f .

B{P.  0) = 0 [ 2 1 ]

♦Boundary  C o n d i t i o n s  ( Mo r t g a g e  Bond) :

From e q u a t i o n  [ 1 5 ] ,  when P = K we h a v e  t h a t

- B^ + c - 0 .  [ 2 2 ]

B (K,  t ) = CT [ 2 3 ]

i s  c o n s i s t e n t  wi t h  t h e  i n i t i a l  c o n d i t i o n  and t h e  n a t u r a l  

b o u n d a r y  c o n d i t i o n  [ 2 2 ] .

When P = 0,  e q u a t i o n  [ 1 5 ]  i m p l i e s  t h a t

Bpp .  0

A s o l u t i o n  t h a t  s a t i s f i e s  t h i s  n a t u r a l  bou n d a r y  

c o n d i t i o n  and has t h e  r e q u i r e d  p h y s i c a l  c o n d i t i o n s  i s :

B( 0 .  t ) = CT [ 2 5 ]

♦ P o l i c y  C o n d i t i o n  ( Mo r t g a g e  bond) ;

The bond w i l l  be c a l l e d  when t h e  v a l u e  of  a bond 

w i t h o u t  t h e  c a l l  f e a t u r e  i s  g r e a t e r  t h a n  t h e  r e m a i n i n g  l oan

b a l a n c e .  The r e m a i n i n g  l o a n  b a l a n c e  may be c a l c u l a t e d  as

f o l 1ows :

From c o n v e n t i o n a l  t h e o r y  we have t h a t



60

L = I  {1 - e - s N)  = 1 [ 2 6 ]

wher e  s i s  t h e  y i e l d - t o - m a t u r i t y  on t h e  mo r t g a g e  bond g i v e n

no c a l l ,  and L i s  t h e  amount  b o r r o w e d ,  i n  our  c a s e  1.

We know c and N, and e i s  t h e  b a s e  of  t h e  n a t u r a l  l o g ,

so we may in p r i n c i p l e  o b t a i n  v a l u e  o f  s f rom [ 2 6 ] .  Ca l l  i t  

s ' .

From t r a d i t i o n a l  t h e o r y ,  t h e  r e m a i n i n g  p r i n c i p l e ,  Q, 

o u t s t a n d i n g  a t  any t i me  % t o  m a t u r i t y  i s

Q = f i -  (1 - e - s ' t )  [271

The p o l i c y  c o n d i t i o n  i s  t h e n  t h a t  t h e  v a l u e  o f  a bond 

B'*' i s  t h e  minimum of  0 and B, wher e  R i s  t h e  v a l u e  of  t h e  

bond w i t h o u t  t h e  c a l l  f e a t u r e .

B'  ̂ = MIN [ 0 ,  B] .  [ 3 4 ]

I t  would be u s e f u l  t o  s ummar i ze  t h e  above mo d e l .  The

v a l u e  of  a mo r t g a g e  bond ,  B, a t  any t i m e  ? ,  0 < = ? < = T i s  

g i v e n  by t h e  s o l u t i o n  o f  t h e  s y s t e m o f  e q u a t i o n s :

- B* + j  8^ B*p - C B* + bJ G* t  r  (PB* - B*) = 0 [ 2 8 ]

-  Bpp * c -  C Bp * G,  + r  (PBp-B) = 0

r  = - l n  ( B*( P ,  t* ) ) / t*
P P ^B = a ( 1 - 1̂ ) ( ^)

s u b j e c t  t o :

R* (P,  n) = 1
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B ( P ,  0)  = 0

B ( 0 , t ) = 0  T + 0

B ( 0 ,  t ) = Û

B* (K,  t ) = 1

B (K,  t ) = C t

= MIN ( 0 ( t ) ,  B( P,  t ) )

wh e r e

0 = c ( l  - e " S t ) / s  

and s 1s t h e  s o l u t i o n  t o

1 = c ( l  - e " S H ) / s  [ 351

The p a r a m e t e r s  o f  t h e  s y s t e m  a r e  t o  be e s t i m a t e d  f rom 

e m p i r i c a l  d a t a ,  but  mus t  be c o n s t r a i n e d  as  f o l l o w s :

a > 0 

b > = 0

d > 0 ( s t o c h a s t i c  c a s e )  

f > 0 

g > = 0

0 < T < (a T such  t h a t  c o n v e r g e n c e  t o  

t h e  r i s k - f r e e  r a t e  i s  s a t i s f a c t o r y )

In t h e  model  summary,  B* d e n o t e s  t h e  p r i c e  of  a 

m a t u r i n g  d e f a u l t - f r e e  p u r e  d i s c o u n t  bond ,  and i s  c a l c u l a t e d  

as  a b y - p r o d u c t  of  t h e  v a l u e  o f  t h e  m o r t g a g e ,  B"*̂ . B i s  t h e
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v a l u e  of  an e q u i v a l e n t  mo r t g a g e  t o  B'*’ , e x c e p t i n g  t h a t  i t  may 

no t  be c a l l e d .  The coupon on t h e  mo r t g a g e  i s  c p e r  $1 of  

t h e  p r i n c i p l e  when t h e  m a t u r i t y  was e q ua l  t o  t h e  o r i g i n a l  

l i f e  o f  t h e  mo r t g a g e  and i s  p a i d  c o n t i n u o u s l y .  The mo r t g a g e  

had an i n i t i a l  l i f e  o f  N y e a r s .  The s y s t e m i s  a f u n c t i o n  of  

a s i n g l e  s t a t e  v a r i a b l e  P whi ch i s  t h e  p r i c e  of  a s t a n d a r d  

E- bond and which has  a nominal  coupon of  c^P)  and a p a r  

v a l u e  o f  Pg.  The r e m a i n i n g  nomi na l  c a s h  f l ow 

k = + Pq wher e  = u t h e  nomi na l  m a t u r i t y  o f  t h e

s t a t e  v e c t o r .

4 .  A Note on Ma i n t e n a n c e  of  a R i s k - F r e e  Hedge .

Th e r e  r ema i ns  one p o i n t  t h a t  r e q u i r e s  d i s c u s s i o n .  

I m p l i c i t  i n  t h e  c o n s t r u c t i o n  o f  t h e  model  i s  t h e  a s s u m p t i o n  

t h a t  t h e  r i s k - f r e e  hedge  can be m a i n t a i n e d  f rom t h e  c u r r e n t  

t i m e  t o  t h e  m a t u r i t y  d a t e  o f  t h e  s e c u r i t y  b e i n g  e v a l u a t e d .

At any t i m e ,  a p o r t f o l i o  may be c o n s t r u c t e d  such t h a t  i t  i s  

i n s t a n t a n e o u s l y  r i s k - f r e e .  The c o s t  of  a d j u s t i n g  t h e  

p o r t f o l i o  i s  $0,  so t h a t  t h e  p o r t f o l i o  may be a d j u s t e d  t o  

make i t  i n s t a n t a n e o u s l y  r i s k  f r e e  ( a t  as many t i me s  as  one 

woul d r e q u i r e d ,  i n  any i n t e r v a l )  w i t h o u t  p e n a l t y .  The 

p r o b l e m r ema i ns  t h a t  t h e  p o r t f o l i o  i s  s t i l l  no t  r i s k - f r e e  a t
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a l l  t i m e s  i n  t h e  i n t e r v a l .

Le t  us d i v i d e  any g i v e n  i n t e r v a l  i n t o  M e q u a l  s u b -  

i n t e r v a l s ,  1 ( 1 ) ,  0 < i < = M, i i n t e g e r .  Let  S be a g i v e n  

p r o b a b i l i t y  c l o s e  t o  o n e .  D e f i n e  J ( i )  t o  be t h e  q u a n t i t y :

J ( i )  = / (Wp Bp/B + ( l - W) p  Sp / S )  d z ( t )  [ 3 6 ]

1 ( 1 )

I f  we a d j u s t  t h e  p o r t f o l i o  a t  t h e  b e g i n n i n g  o f  each 

i n t e r v a l ,  t h e n  a t  t h e  b e g i n n i n g  of  t h e  i n t e r v a l ,  t h e  

i n t e g r a n d  i s  by h y p o t h e s i s  z e r o .  However ,  a t  any t i m e  l a t e r  

( i n  t h e  i n t e r v a l )  t h e  i n t e g r a n d  w i l l  be n o n - z e r o  w i t h  

p r o b a b i l i t y  o n e .  For  an a r b i t r a r y  e we may s e l e c t  an M such

t h a t  t h e  l a r g e s t  J ( i ) ,  J ( * ) ,  i s  l e s s  t h a n  c , w i t h  a

p r o b a b i l i t y  S.  The i n t e g r a l  o v e r  t h e  whol e  i n t e r v a l  must  be 

l e s s  t h a n  M. J ( * )  w i t h  a p r o b a b i l i t y  g r e a t e r  t h a n  S.

I f  i t  c o u l d  be shown t h a t  i n  t h e  l i m i t  as M » ,  t h e

q u a n t i t y  M . J ( I )  i s  0 ,  t h e n  we w i l l  have  shown t h a t  a r i s k ­

f r e e  p o r t f o l i o  can be m a i n t a i n e d  w i t h  a g i v e n  p r o b a b i l i t y .

I f  f u r t h e r ,  t h i s  c o u l d  be shown t o  be t r u e  f o r  any S 

s t r i c t l y  l e s s  t h a n  o n e ,  t h e n  t h e  r e q u i r e d  r e s u l t  f o l l o w s .

In e s t a b l i s h i n g  t h e  above  r e s u l t ,  we w i l l  p r o b a b l y  have  

t o  make us e  of  t h e  f a c t  t h a t  t h e  q u a n t i t y :

p Bp/B
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i s  c o n t i n u o u s  wi t h  p r o b a b i l i t y  o n e .  In e s t a b l i s h i n g  t h e  

r e s u l t  one may a l s o  have  t o  u s e  t h e  F o k k e r - P l a n c k  e q u a t i o n .

Whi l e  a p r o o f  t h a t  t h e  hedge  can be m a i n t a i n e d  i s  

h i g h l y  d e s i r a b l e ,  we c o u l d  r e s t r i c t  o u r  bonds  t o  t h o s e  t h a t  

s a t i s f y  t h e  h e d g e .  I t  i s  t h e n  an e m p i r i c a l  m a t t e r  t o  

d e t e r m i n e  what  c l a s s  o f  bonds  s a t i s f y  t h e  f i n a l  mo d e l .  In 

t h e  c a s e  o f  s t o c k  o p t i o n s ,  t h e r e  i s  s u f f i c i e n t  e v i d e n c e  t o  

show t h a t  a s i m i l a r  r i s k - f r e e  hedge  can be m a i n t a i n e d .  Any 

such t e s t  i s ,  of  c o u r s e ,  a j o i n t  t e s t  of  a l l  t h e  a s s u m p t i o n s  

of  t h e  m o d e l .

The p r e s e n t  a u t h o r  i s  c o n d u c t i n g  j o i n t  r e s e a r c h  wi t h  

t h e  o b j e c t i v e  of  p r o v i n g  t h a t  a hedge  may be m a i n t a i n e d ,  and 

u n d e r  what  c o n d i t i o n s .
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2 . 2 . 2 .  Appendi x  B t o  2 . 1

A BOND VALUATION MODEL WITH TWO STATE VARIABLES.

1.  INTRODUCTION

The p u r p o s e  o f  t h i s  s e c t i o n  i s  t o  e x t e n d  t h e  s i n g l e  

s t a t e  v a r i a b l e  model  t o  i n c l u d e  a s e c o n d  s t a t e  v a r i a b l e .

The r e s u l t i n g  model  p r o v i d e s  a more a d e q u a t e  c h e c k  o f  t h e  

m u l t i d i m e n s i o n a l  mode l .

The same a s s u m p t i o n s  a r e  made as  i n t h e  one d i m e n s i o n a l  

c a s e ,  e x c e p t  t h a t  t h e  s t a t e  v e c t o r  has  two c o m p o n e n t s .

2 .  Deve l opment  of  t h e  Model Eq u a t i o n

Le t  t h e  v a l u e  of  a bond B be a f u n c t i o n  o f  two E-Rond

p r o c e s s e s  Pj  and P g , Pj  + P g , and i t s  t e r m t o  m a t u r i t y ,

T .  I t  w i l l  be f u r t l i e r  as sumed t h a t  t h e  p r o c e s s e s  Pj  and Pg 

a r e  g e n e r a t e d  by I t o  e q u a t i o n s  wi t h  w i e n e r  n o i s e :

dPj  = a j  d t  + Bj j  d Z j ( t )  + d Z g ( t )  [ 1 ]

dPg = og d t  + B21 d Z } ( t )  + Bgg d Z g ( t )

where  a  and b one f u n c t i o n s  o f  P and n o t  e x p l i c i t  f u n c t i o n  

of  t .

The I t o  lemma p r o v i d e s  us wi t h  t h e  f o l l o w i n g  r e s u l t :  

dB = y d t  + 6 d Z ( t )  [ 2 ]

where
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Y = ( -  B? + BpO + Y t r  ( bb  ̂ Bpp))

fi ■ (BpB)

I t  s h o u l d  be n o t i c e d  t h a t  ? i s  a s c a l a r  and g i s  a 2 e l e me n t  

row v e c t o r .  Bp i s  t h e  v e c t o r

( B p , .  Bp^)

and Bpp t h e  m a t r i x

t r  i s  t h e  t r a c e  f u n c t i o n  on a m a t r i x .

P u r c h a s e ,  l o n g  o r  s h o r t ,  $Wq o f  B $Wj o f  Pj  and $W2 of  

P2 so t h a t  Wq + Wj + W2 = 1.  Th i s  r e s t r i c t i o n  on W i s  no t  

n e c e s s a r y ,  but  makes  t h e  d e v e l o p me n t  somewhat  s i m p l e r .  As a 

r e s u l t ,  we s h a l l  h a v e  p u r c h a s e d  Wq/B u n i t s  of  B,  Wj / Pj  o f  Pj  

and W2 / P 2 o f  P g '  I t  i s  be assumed t h a t  B pays  a c o n t i n u o u s  

d i v i d e n d  c ,  which we assume t o  be c o n s t a n t  o v e r  t i m e .

Denot e  t h e  p o r t f o l i o  by V. By a s s u m p t i o n ,  V=l .  The c hange  

in t h e  p o r t f o l i o  w i l l  be g i v e n  by:
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Wn
dV = ^ { y d t  + «J d Z j ( t )  + gg d Z g ( t )  + c d t )  [ 3 ]

Wj
+ d t  + Bj j  d Z j ( t )  + 0J2 d Z g f t ) )

Wg
+ ag d t  + Bgj d Z j ( t )  + Bgg d Z g ( t ) )

S e l e c t  W so t h a t  t h e  sum of  t h e  r i s k  t e r m s  I s  z e r o  in 

t h e  n e x t  i n s t a n t  o f  t i m e .

Wrt W1 Up
B" + py h i  + ^21 = ° [4A]

Wg Wj Up
B" *2 + P -  *12 + *22 = 0

Under  t h e s e  c o n d i t i o n s

W. W, Up
dV = (g—( Y+c) + -p— oj  + -pY «2 '

The p o r t f o l i o  i s  r i s k l e s s ,  so t o  a v o i d  a r b i t r a g e  i t  must  he 

equa l  t o  t h e  r e t u r n  on a m a t u r i n g  pur e  d i s c o u n t  bon d ,  r 

dV = r  d t .

R e c a l l i n g  t h a t  (Wq + Wi + Wg) = 1 we o b t a i n :

W W Up
•g—( y + c - r B )  + ( a ^ +C^ - G^ ^ - r P ^ )  + ( a 2+C2 - G g ^ - r P 2 ) = 0 [4Cl
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E q u a t i o n s  [ 4 A] ,  [ 4 8 ]  and [4C]  form a s i n g u l a r  s y s t e m ,  

so t h a t  t h e  f o l l o w i n g  m a t r i x :

Y+c - rB «1 + Cl -  -  r P j  *2 + - G g - r P g

V
*1 ^11 ®21
«2 012 H i

/

has  rows t h a t  a r e  l i n e a r  c o m b i n a t i o n s  o f  one a n o t h e r .  The 

c o m b i n a t i o n  f u n c t i o n  ( X j , X 2 )^  i s  n o t  a f u n c t i o n  of  t  as  t h i s  

i s  a r b i t r a r y ,  and s o ,  i s  a t  mos t  a f u n c t i o n  o f  t h e  s t a t e  

v e c t o r  P.  Thi s  f u n c t i o n  has  been c a l l e d  t h e  ma r k e t  p r i c e  o f  

r i s k ,  b u t  i s  of  l i t t l e  c o n c e r n  t o  u s ,  as i t  i s  e l i m i n a t e d  

f rom t h e  m o d e l .

Thus :
X + c -  rB = Xj «1 + Xg *2

a i  + Cl  - Gj^ -  r P j  = Xj 011 + Xg 012
ag + Cg - Gg^ - rPg = Xi Bgi + Xg Bgg

The s econd  and t h i r d  e q u a t i o n s  i mpl y  t h a t

[ 5 ]

‘  ■
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The f i r s t  e q u a t i o n  of  [ 5 ]  i s  j u s t :

Y + c - p B = 8 X [ 7 ]

R e c a l l  f rom [ 2 ]  t h a t

« = (BpB) [ 8 ]

S u b s t i t u t i o n  o f  [ 6 ]  and [ 8 ]  i n t o  [ 7 ]

_ i  On + C,  -  G,  -  r P ,
r  * c .  rB = B ^ b b  ' ( „ *  + c ;  -  g ‘ ;  -  r P * )

S u b s t i t u t i n g  f o r  y f rom [ 2 ]  i n t o  [ 9 ]  r e s u l t s  in t h e  

model  e q u a t i o n  f o r  e v a l u a t i n g  bonds :

-  B ,  + ?  t r  ( B B ?  B p p ) + c  -  B ^ t C ,  ^ c j *  B , ( G , ^  ^ -  [ l o ]

3 .  C o n s t r a i n t s  on t h e  Model E q u a t i o n .

These  a r e  a d i r e c t  g e n e r a l i z t i o n  o f  t h e  one d i m e n s i o n a l

c a s e .
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I I I .  ESTIMATION OF THE PARAMETERS

In t h e  l a s t  s e c t i o n ,  t h e  v a l u a t i o n  e q u a t i o n  f o r  any 

k i n d  o f  bond was d e r i v e d  ( e q u a t i o n  2 . 1 , 3  [ 2 ] ) .  In o r d e r  t o  

u s e  i t ,  i t  r e q u i r e s  e s t i m a t e s  o f  t h e  p a r a m e t e r s  and i n i t i a l  

and b o u n d a r y  c o n d i t i o n s .  T h i s  s e c t i o n  d e v e l o p s  an 

e s t i m a t i o n  p r o c e d u r e  f o r  t h e  p a r a m e t e r s  g i v e n  t h e  i n i t i a l  

and bou n d a r y  c o n d i t i o n s  on t h e  b a s i s  bond .

The c u r r e n t  a u t h o r  p r o p o s e s  t h r e e  me t hods  by whi ch  t h e  

p a r a m e t e r s  o f  t h e  s y s t e m can be f o u n d .  Al l  t h r e e  w i l l  be 

d i s c u s s e d ,  b u t  o n l y  t h e  mos t  p r a c t i c a l  ( number  3) w i l l  be 

a n a l y z e d  in d e t a i l .  They a r e :

1.  D i r e c t  e s t i m a t i o n  u s i n g  n o n - l i n e a r  f i l t e r  t h e o r y .

2 .  D i r e c t  e s t i m a t i o n  u s i n g  t h e  F o k k e r - P l a n c  e q u a t i o n .

3 .  I n d i r e c t  e s t i m a t i o n  u s i n g  e q u a t i o n  2 . 1 . 3  [ 2 ]  o f  t h e  

l a s t  s e c t i o n .

3 . 1 .  E s t i m a t i o n  Us i ng No n - L i n e a r  F i l t e r  Theory

The d e v e l o p me n t  of  d i g i t a l  f i l t e r  t h e o r y  us ed  i n  s i g n a l  

p r o c e s s i n g  and c o n t r o l  t h e o r y  i s  q u i t e  a d v a n c e d .  Th i s  

s u b s e c t i o n  d e s c r i b e s  a p r o c e d u r e  by whi ch  t h i s  t h e o r y  may be 

us e d  t o  e s t i m a t e  t h e  p a r a m e t e r s  o f  t h e  o r i g i n a l  s y s t e m of  

s t o c h a s t i c  e q u a t i o n s .  The t h e o r y  i s  s e t  ou t  i n  s u b s t a n t i a l
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d e t a i l  i n  Sage and Mel s a ' s  (S&M) book " E s t i m a t i o n  Theor y  

wi t h  A p p l i c a t i o n s  t o  Communi ca t i ons  and C o n t r o l " ,  C h a p t e r  9,  

" N o n l i n e a r  E s t i m a t i o n " ,  The t r e a t m e n t  i s  somewhat  l ong  and 

i n v o l v e d  and i s  no t  r e p e a t e d  in d e t a i l  h e r e .

A u s e f u l  f e a t u r e  o f  t h e  t e x t  i s  t h a t  v a r i o u s  a l g o r i t h m s  

a r e  w r i t t e n  i n  a form t h a t  makes t h e  g e n e r a t i o n  c o mp u t e r  

code  r e a s o n a b l y  e a s y  t o  i mp l e me n t .  In o u r  c a s e ,  t h e  t r u e  

s t a t e  v a r i a b l e s  of  t h e  s y s t e m a r e  d i r e c t l y  o b s e r v a b l e  and so 

do n o t  r e q u i r e  e s t i m a t i o n .  In t h e  c l a s s  o f  mode l s  

c o n s i d e r e d  by t h e  S&M t e x t ,  t h e  s t a t e  v a r i a b l e s  a r e  o b s e r v e d  

t h r o u g h  a n o i s y  o b s e r v a t i o n  mode l .  The S&M a l g o r i t h m  may be 

made t o  s u i t  o u r  p u r p o s e s  by t h i n k i n g  o f  t h e  p a r a m e t e r s  of  

ou r  mode as  s t a t e  v a r i a b l e s .  These  new " s t a t e  v a r i a b l e s "  

a r e  now o b s e r v a b l e  o n l y  t h r o u g h  a n o i s y  o b s e r v a t i o n  mode l .

I t  was f ound  t h a t  u s i n g  a maximum a p o s t e r i o r i  e s t i m a t i o n  

(MAP) d i s c r e t e  a l g o r i t h m  t h e  e s t i m a t i o n  o f  t h e  p a r a m e t e r s  

r e s u l t e d  i n i n s t a b i l i t y  i n  t h e  s e n s e  t h a t  as  each  new 

o b s e r v a t i o n  was f ed i n t o  t h e  mo d e l ,  t h e  e s t i m a t e s  o f  some of  

t h e  p a r a m e t e r s  moved o f f  t o  i n f i n i t y .  The e f f e c t  was 

p a r t i c u l a r l y  p r o n o u n c e d  a f t e r  a l a r g e  jump i n  t h e  o b s e r v e d  

i n t e r e s t  r a t e .

The r e  i s  an a d d i t i o n a l  a l g o r i t h m  t h a t  may be
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i n c o r p o r a t e d  I n t o  t h e  MAP a l g o r i t h m  used  above  c a l l e d  a 

d i s c r e t e  f i x e d - l a g  s mo o t h i n g  a l g o r i t h m .  Al t h o u g h  i t  was not

i mp l e me n t e d ,  i t  i s  t h e  p r e s e n t  a u t h o r ' s  vi ew t h a t  i t  may

r e s u l t  i n  s a t i s f a c t o r y  e s t i m a t i o n s .

One a d v a n t a g e  of  t h e  a bo v e  t y p e  of  a l g o r i t h m  i s  t h a t  i t

p r o v i d e s  e s t i m a t e s  of  t h e  p a r a m e t e r s  a t  t h e  t i m e  o f  e a ch  new

o b s e r v a t i o n .  One i s  t h e n  a b l e  t o  o b t a i n  some i d e a  o f  t h e  

s t a t i o n a r i t y  o f  t h e  p a r a m e t e r s .

An o t h e r  a d v a n t a g e  of  t h i s  c l a s s  of  a l g o r i t h m s  i s  t h a t  

t h e  d r i f t  v e c t o r  of  t h e  g e n e r a t i n g  p r o c e s s  may be 

e s t i m a t e d .  Whi l e  t h i s  v e c t o r  has  no v a l u e  i n  o u r  f i n a l  

mo d e l ,  i t  may have  u s e s  i n  o t h e r  mo d e l s .

The p r o c e d u r e  was a b a ndone d  f o r  h i g h e r  d i m e n s i o n a l  

mode l s  b e c a u s e  o f  t h e  l a r g e  number  of  p a r a m e t e r s  t o  be 

e s t i m a t e d  by s uch  an o n - l i n e  f i l t e r ,  and b e c a u s e  no 

c o n f i d e n c e  s t a t i s t i c s  were  p r o v i d e d  by t h e  a l g o r i t h m .  The 

a l g o r i t h m  i s  however  e c o n o mi c a l  wi t h  c o mp u t e r  t i m e  and 

s h o u l d  pr ove  u s e f u l  t o  a p r a c t i c a l  i m p l e m e n t a t i o n  o f  t h e  

v a l u a t i o n  a l g o r i t h m  i f  o n l y  i t  can be made s t a b l e .

3 . 2 .  D i r e c t  E s t i m a t i o n  u s i n g  t h e  F o k k e r - P l a n c  E q u a t i o n .

The F o k k e r - P l a n c  e q u a t i o n  may be u s e d  t o  c o n v e r t  t h e
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I t o  s t o c h a s t i c  e q u a t i o n  of  a p r o c e s s  I n t o  a p a r a b o l i c  

p a r t i a l  d i f f e r e n t i a l  e q u a t i o n .  The s o l u t i o n  o f  t h i s  

e q u a t i o n  I s  a c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  f u n c t i o n .  The 

I n i t i a l  c o n d i t i o n s  o f  t h i s  e q u a t i o n  I s  a D i r a c  d e l t a  

f u n c t i o n  wi t h  t h e  s i n g u l a r i t y  a t  t h e  c u r r e n t  bond p r i c e .  

C o n s i s t e n t  w i t h  t h i s  a r e  t h e  r e q u i r e m e n t s  t h a t  t h e  

p r o b a b i l i t y  d e n s i t y  f u n c t i o n  I s  I d e n t i c a l l y  z e r o  f o r  a l l  t  

a t  = 0 and P̂ . = K^,  f o r  a l l  1 .

I t  I s  c l e a r  t h e n ,  t h a t  g i v e n  any p a r t i c u l a r  

p a r a m e t e r i z a t i o n  q ' ,  t h e  c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  

f u n c t i o n  may be found as  a s o l u t i o n  t o  t h e  p a r t i a l  

d i f f e r e n t i a l  e q u a t i o n .  C o n s i d e r  any o b s e r v a t i o n  o f  t h e  

s t a t e  v e c t o r  and t h e  c o r r e s p o n d i n g  o b s e r v a t i o n  one p e r i o d  

l a t e r .  Th i s  I s  a s a mpl e  f rom t h e  t h e o r e t i c a l  c o n d i t i o n a l  

p r o b a b i l i t y  d e n s i t y  f u n c t i o n .  T h i s  o b s e r v a t i o n  may be 

mapped on t o  t h e  t h e o r e t i c a l  m o d e l ' s  c u m u l a t i v e  c o n d i t i o n a l  

p r o b a b i l i t y  d e n s i t y  f u n c t i o n  w i t h  p a r a m e t e r i z a t i o n  q ' .  The 

c u m u l a t i v e  p r o b a b i l i t y  of  t h e  p o i n t  may t h e n  be r e a d  o f f ,  

g i v e n  t h a t  t h e  t h e o r e t i c a l  model  and I t s  c u r r e n t  

p a r a m e t e r i z a t i o n  a r e  t r u e .

The m u l t i v a r i a t e  c u m u l a t i v e  p r o b a b i l i t i e s  s h o u l d  come 

f rom a u n i f o r m d i s t r i b u t i o n  on [ 0 , 1 ] .  I f  a s u f f i c i e n t l y
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power f u l  n o n - p a r a m e t r i c t e s t  s t a t i s t i c  i s  s e l e c t e d ,  one 

s h o u l d  be a b l e  t o  " f i t "  t h e  d a t a  t o  t h e  u n i f o r m  d i s t r i b u t i o n  

by t h e  o p t i m a l  s e l e c t i o n  o f  t h e  p a r a m e t e r i z a t i o n ,  q* .

Us i ng t h i s  me t h o d ,  one i s  a b l e  t o  o b t a i n  c o n f i d e n c e  

i n t e r v a l s  f o r  t h e  p a r a m e t e r s  u s i n g  w e l l  d e v e l o p e d  

s t a t i s t i c a l  me t h o d s .

The met hod i n v o l v e s  a ve r y  l a r g e  number  o f  s o l u t i o n s  t o  

p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  whi ch would i n v o l v e  

s u b s t a n t i a l  c o mp u t e r  t i m e .  By c a r e f u l  use  of  i n t e r p o l a t i o n ,  

howeve r ,  t h e  number  o f  s o l u t i o n s  o f  t h e  pde can be r e d uce d  

s u b s t a n t i a l l y .

An a d v a n t a g e  of  t h e  method i s  t h a t  o n l y  t h e  b a s i s  bonds 

a r e  u s e d .  In t h e  i n d i r e c t  me t hod ,  t o  be d i s c u s s e d  n e x t ,  

a d d i t i o n a l  n o n - b a s i s  bonds  must  be u s e d .  The p r e s e n t  method 

makes f e we r  a s s u m p t i o n s .  The r e  i s  no a s s u m p t i o n  a b o u t  

e f f i c i e n t  m a r k e t s ,  f o r  e x a mp l e .

3 . 3 .  I n d i r e c t  E s t i m a t i o n .

From a c o n c e p t u a l  p o i n t  of  v i e w ,  t h e  me t hod  of  

e s t i m a t i o n  t o  be d e s c r i b e d  below i s  v e r y  s t r a i g h t f o r w a r d .

In a d d i t i o n ,  t h e  s u b r o u t i n e  modul es  n e c e s s a r y  t o  e s t i m a t e  

t h e  p a r a m e t e r s  a r e  a v a i l a b l e .  A s y s t e m  of  p a r t i a l



75

d i f f e r e n t i a l  e q u a t i o n s  ( pde )  i s  n o t h i n g  bu t  a s y s t e m  of  h a r d  

e q u a t i o n s  t o  s o l v e .  For  some p a r a m e t e r i z a t i o n ,  q ' e q u a t i o n

2 . 1 . 3  [ 2 ]  i s  s o l v e d  i n  two s t e p s .  F i r s t  B* i s  s o l v e d  u s i n g  

t h e  f i r s t  e q u a t i o n  o f  t h e  s y s t e m and t h e  r e s u l t s  s u b s t i t u t e d  

i n t o  t h e  s econd  e q u a t i o n .  Then t h e  e q u a t i o n  i n  B i s  

s o l v e d .  The e q u a t i o n s  c o u l d ,  of  c o u r s e ,  be s o l v e d  

s i m u l t a n e o u s l y ,  b u t  t h i s  would p l a c e  a f u r t h e r  r e s t r i c t i o n  

on t h e  s o u r c e s  o f  p r e - w r i t t e n  c o mp u t e r  c o d e .  T h e r e  i s  no 

p o s s i b i l i t y  of  b e i n g  a b l e  t o  s o l v e  t h e  e q u a t i o n s  

a n a l y t i c a l l y  t o d a y ,  so  a n u me r i c a l  p r o c e d u r e  i s  n e c e s s a r y .  

The n u me r i c a l  s o l u t i o n  of  t h e  e q u a t i o n  d e p e n d s  upon t h e  

p a r a m e t e r s  of  t h e  e q u a t i o n ,  q , as  we l l  as upon t h e  c u r r e n t  

v a l u e  of  t h e  s t a t e  v e c t o r  P.  The s o l u t i o n  i s  t h e  p r i c e  o f  a 

bo n d ,  and t h e  c o r r e c t  i n i t i a l  and b o u nda r y  c o n d i t i o n s  of  t h e  

bond t y p e  b e i n g  c o n s i d e r e d  mus t  a l s o  be s p e c i f i e d .

I f  t h e  bond B i s  s e l e c t e d  so t h a t  i t  c o r r e s p o n d s  t o  a 

member  of  a s e t  o f  o b s e r v a b l e  b o n d s ,  t h e n  we ha ve  a 

r e g r e s s i o n  p r o b l e m.  The o n l y  d i f f e r e n c e s  b e t we e n  t h e  

c u r r e n t  p r ob l em and a r e g u l a r  r e g r e s s i o n  a n a l y s i s  I s  t h a t  

t h e  e q u a t i o n  i s  n o t  e x p l i c i t .  Be caus e  d e r i v a t i v e s  of  B wi t h  

r e s p e c t  t o  t h e  c omponen t s  of  q ,  t h e  p a r a m e t e r  s e t ,  a r e  n o t  

a v a i l a b l e ,  we s h o u l d  l ook f o r  a d e r i v a t i v e - f r e e  n o n - l i n e a r
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r e g r e s s i o n  c o d e .  Thus ,  g i v e n  a c t u a l  v a l u e s  of  P and B, 

t o g e t h e r  w i t h  o t h e r  knowns ,  a r o u t e  e x i s t s  t o  e s t i m a t e  t h e  

p a r a m e t e r s  of  t h e  s y s t e m .

Two v i ews  h e a r d  f r e q u e n t l y  i n  pde  c i r c l e s  a r e  t h a t  one 

s h o u l d  no t  g e n e r a l l y  w r i t e  o n e ' s  own code  t o  s o l v e  p d e ' s  and 

t h a t  t h e  f i n i t e  e l e m e n t  met hod i s  s u p e r i o r  t o  more 

c o n v e n t i o n a l  m e t h o d s .  The on l y  code  l o c a t e d  in t h e  mar ke t  

p l a c e  t o  s o l v e  o u r  s y s t e m was w r i t t e n  by B i l l  S c h i e s s e r  of  

Le h i gh  U n i v e r s i t y  c a l l e d  DSS/2,  but  i t  u s e s  t h e  me t hod of  

l i n e s .  For  t h e  r e c o r d ,  ACM a l g o r i t h m  540 ,  PDECOL ( w r i t t e n  

by Madsen and S i n c o v e c )  u s e s  t h e  f i n i t e  e l e me n t  me t hod but  

i s  r e s t r i c t e d  t o  s y s t e ms  o f  e q u a t i o n s  w i t h  one s p a c e  

v a r i a b l e ,  and o u r  s y s t e m ha s  been d e v e l o p e d  f o r  a h i g h e r  

number  o f  s t a t e  v a r i a b l e s .

An a p p r o p r i a t e  r e g r e s s i o n  code c a l l e d  BMDPAR was 

w r i t t e n  by Mary R a l s t o n  of  BMDP. The u s e  of  t h i s  code  t o  

e s t i m a t e  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  has  been r e c o g n i z e d  

i n  BMDP t e c h n i c a l  r e p o r t s  46 ,  54,  58 and 70.  The p r e s e n t  

a u t h o r  i n d e p e n d e n t l y  r e c o g n i z e d  t h e  u s e  of  t h i s  co d e  t o  

e s t i m a t e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s .  The t h e o r y  o f  t h e  

c ode  i s  d e s c r i b e d  i n  R a l s t o n  and J e n n r i c h  ( 1 9 7 7 ) ,  and use  a 

v e r y  e f f i c i e n t  s e c a n t  p s e u d o - Ga u s s - Ne wt o n  a l g o r i t h m  t h a t
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m i n i m i z e s  t h e  e x p e n s i v e  f u n c t i o n a l  e v a l u a t i o n s .

A p r a c t i c a l  n o t e  s h o u l d  be I n c l u d e d  a t  t h i s  p o i n t .

When e s t i m a t i n g  a h i g h e r  d i m e n s i o n a l  bond p r o c e s s ,  one 

s h o u l d  u s e  a wide r a n g e  o f  d i f f e r e n t  bond t y p e s  w i t h  w i d e l y  

d i f f e r e n t  m a t u r i t i e s .  I f  t h i s  I s  n o t  d o n e ,  t h e n  t h e  

c o n f i d e n c e  wi t h  whi ch one can e s t i m a t e  some of  t h e  

p a r a m e t e r s  s u f f e r s .  For  I n s t a n c e ,  I f  o n l y  l o n g - t e r m  bonds  

a r e  u s e d ,  t h e n  we woul d  f i n d  t h a t  c o n f i d e n c e  s t a t i s t i c s  o f  

t h e  p a r a m e t e r s  a s s o c i a t e d  wi t h  t h e  s h o r t - t e r m  b a s i s  bond 

p r o c e s s e s  would be p o o r .

A f u r t h e r  p o i n t  o f  I n t e r e s t  I s  t h a t  we may exami ne  t h e  

s t a t i o n a r i t y  of  t h e  p a r a m e t e r s  o v e r  t i m e  by c o l l e c t i n g  bond 

p r i c e s  o v e r  a s h o r t  t i m e ,  a day o r  a we ek .  Given s u f f i c i e n t  

o b s e r v a t i o n s  t h e  p a r a m e t e r s  may be e s t i m a t e d  w i t h  a h i gh  

d e g r e e  o f  c o n f i d e n c e .  The p r o c e s s  may be r e p e a t e d  In 

s u b s e q u e n t  p e r i o d s ,  and t h e  s t a t i o n a r i t y  o f  t h e  p a r a m e t e r s  

o b s e r v e d .

To s u mma r i z e ,  a p r a c t i c a l  way t o  e s t i m a t e  t h e  p a r a m e t e r  

o f  t h e  b a s e s  bond p r o c e s s  I s  t o  u s e  BMDPAR c o u p l e d  wi t h  

DSS/2 o r  PDECOL. An a d v a n t a g e  of  t h e  R a l s t o n  code  I s  t h a t  

s t a t i s t i c s  a r e  p r o v i d e d .  Once t h e  p a r a m e t e r s  o f  t h e  s ys t e m 

have  been  e s t i m a t e d ,  any r a t i o n a l  bond may be v a l u e d .  

I r r a t i o n a l  bonds  may a l s o  be v a l u e d ,  bu t  t h e  e s t i m a t e d  model  

must  be f i r s t  embedded in  a n o t h e r  mode l .
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IV.BOND VALUATIONS WITH THIRD PARTY TRANSACTION COSTS.

I t  i s  c o n v e n i e n t  t o  a n a l y z e  t h e  wo r l d  i n t o  t h r e e  s e t s  

o f  p e r s o n s .  They a r e  t h e  i s s u e r ,  t h e  i n v e s t o r ,  and t h i r d  

p a r t i e s .  The a n a l y s i s  a l r e a d y  p r o v i d e d  e n a b l e s  us t o  

a n a l y z e  a l l  d e f a u l t - f r e e  r a t i o n a l  bonds  i n t h e  a b s e n c e  of  

any c as h  f l ow t o  t h i r d  p a r t i e s .  For  i n s t a n c e ,  i f  a c a l l a b l e  

bond has  a c a l l  premium,  t h i s  may be c o n s i d e r e d  t o  be p a r t  

o f  t h e  e x e r c i s e  p r i c e .  T h i s  premium i s  j u s t  p a r t  o f  t h e  

c a s h  f l ow be t we e n  t h e  i s s u e r  and t h e  i n v e s t o r .  The p r o b l e m 

a r i s e s  when t h i r d  p a r t y  t r a n s a c t i o n  c o s t s  a r e  i n c u r r e d .

Th i s  i s  b e c a u s e  t h e  c a s h  f l o w a s s o c i a t e d  w i t h  t h e  bond o f  

t h e  i s s u e r  i s  n o t  i d e n t i c a l  t o  t h e  n e g a t i v e  of  t h e  c a s h  f l ow 

o f  t h e  i n v e s t o r .  Th i s  r e s u l t s  i n a s e p a r a t i o n  o f  t h e  y i e l d  

c u r v e  i n t o  two c u r v e s ,  one f o r  t h e  i n v e s t o r  and one f o r  t h e  

i s s u e r .  For  i n s t a n c e ,  an i n v e s t o r ' s  r e q u i r e d  r a t e  o f  r e t u r n  

on a p u r e  d i s c o u n t  bond w i l l  be l o we r  t h a n  t h e  c o s t  o f  

c a p i t a l  t o  t h e  i s s u e r .  T h i s  i s  a r e s u l t  o f  t h e  f l o t a t i o n  

c h a r g e s  and t h e  c o s t  o f  a d m i n i s t r a t i n g  t h e  bond i s s u e .

We have  b e e n  a b l e  t o  a v o i d  t h e  p r ob l e m a s s o c i a t e d  wi t h  

c r e a t i o n  of  an i n v e s t m e n t  p l a n n i n g  h o r i z o n  b e c a u s e  of  t h e  

c o n t i n g e n t  c l a i m s  s e t t i n g  o f  our  mo d e l .  E l t o n  and G r u b e r ' s  

( 1 975)  dynami c  programmi ng model  r e q u i r e s  a t i m e  h o r i z o n
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b e c a u s e  t h e r e  i s  no a r b i t r a g e  a n a l y s i s  i n  t h e i r  mo d e l .  In 

o u r  mo d e l ,  i n t e r e s t  r a t e s  a r e  a l l  in e q u i l i b r i u m ,  so t h a t  

g i v e n  t h a t  a bond e x i s t s  w i t h  a c e r t a i n  m a t u r i t y  e q u a l  t o  

t h e  i n v e s t m e n t  p l a n n i n g  h o r i z o n ,  t h e n  any r a t i o n a l  bond w i l l  

be c o r r e c t l y  v a l u e d  by o u r  mo d e l .  I f  t h e  c o r r e c t  t r a n s i t i o n  

p r o b a b i l i t i e s  a r e  s p e c i f i e d ,  t h e n  t h e  two a p p r o a c h e s  w i l l  

g i v e  i d e n t i c a l  r e s u l t s .

One way t o  a v o i d  t r e a t m e n t  of  t h e  p l a n n i n g  h o r i z o n  i s  

t o  r e c o g n i z e  t h a t  t h e  owner  of  t h e  o p t i o n  f e a t u r e  w i l l  

i n c l u d e  a l l  h i s  c o s t s  i n  maki ng an o p t i o n  d e c i s i o n .  Let  us 

i l l u s t r a t e  t h e  i mpac t  of  t h i s  by a n a l y z i n g  a c a l l a b l e  bond 

wi t h  t h i r d  p a r t y  t r a n s a c t i o n  c o s t s .

I t  i s  be assumed t h a t  on a p a r t i c u l a r  mo r t g a g e  t h e r e  i s  

a r e m a i n i n g  b a l a n c e  of  Q ( t ) ,  and a p e n a l t y  of  

0 ( B , ( P , t ) ,  t ) p a y a b l e  t o  t h e  mo r t g a g e  bond h o l d e r .  The 

t h i r d  p a r t y  premium r e q u i r e d  t o  c a l l  i n  t h e  o l d  mo r t g a g e  and 

t o  i s s u e  a r e p l a c e m e n t  mo r t g a g e  i s  M ( B ( P , t ) ,  t ) .  The 

i s s u e r ' s  e f f e c t i v e  e x e r c i s e  p r i c e  i s  0 + U + M. Any bond 

i s s u e  may be used  t o  r e p l a c e  t h e  mo r t g a g e  as  t h e  ma r k e t  i s  

i n  e q u i l i b r i u m .  We w i l l  use  a bond w i t h o u t  a c a l l  f e a t u r e  

but  o t h e r w i s e  i d e n t i c a l  t o  t h e  mo r t g a g e  bond .  Th i s  r e d u c e s  

t h e  c o m p l i c a t i o n s  of  t h e  i s s u e  of  a s e c o n d  c a l l a b l e  bond.
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Note t h a t  B ( P , t ) and t a r e  known.  The f u n c t i o n s  M and U 

s h o u l d  be d e t e r m i n e d  by a n a l y s i s  o f  i n v e s t m e n t  b a n k i n g  

p r a c t i c e s .

In t h e  v a l u a t i o n  of  GNMA p a s s - t h r o u g h  s e c u r i t i e s ,  we 

must  s e t  U equa l  t o  z e r o  as t h e r e  i s  no e a r l y  r e p a y me n t  

f e e .  The c o r r e c t  v a l u e  of  t h e  t h i r d  p a r t y  c o s t s ,  M, i s  

h a r d e r  t o  d e t e r m i n e .  For  some c h a r g e s ,  t h e r e  can be no 

doub t  t h a t  t h e y  s h o u l d  be i n c l u d e d  i n  M. Any payment s  t o  

i n s t i t u t i o n s  o t h e r  t h a n  t h e  new l e n d e r  would c e r t a i n l y  be 

i n c l u d e d  i n  M. The pr ob l em a r i s e s  where  l e n d i n g  

i n s t i t u t i o n s  a l l o w  t h e  b o r r o we r  t o  buy-down t h e  i n t e r e s t  

r a t e  o r  a l l o c a t e  f r o n t  end e x p e n s e s  t o  i n c r e a s e  t h e  i n t e r e s t  

r a t e  c oupon .  We ha ve  t o  ask t o  what  e x t e n t  a r e  " p o i n t s " ,  

f o r  e x a mp l e ,  a r e c o v e r y  of  bank e x p e n s e s ,  and t o  what  e x t e n t  

a buy-down of  i n t e r e s t  r a t e s .

C a r e f u l  a n a l y s i s  t h e n  e n a b l e s  us t o  i n c l u d e  t h i r d  p a r t y  

t r a n s a c t i o n  c o s t s  i n t o  t h e  v a l u a t i o n  of  b o n d s .  We do have  

t o  t a k e  g r e a t  c a r e  t o  e n s u r e  t h a t  we s e p a r a t e  t h e s e  c o s t s  

f rom t h e  ma r k e t  r a t e s .  Th i s  w i l l  s ome t i mes  r e q u i r e  t h e  use  

of  c r i t i c a l  f i n a n c i a l  j u d g e m e n t .

To s u mma r i z e ,  we use Q + M i n  p l a c e  o f  0 i n  t h e  model

2 . 1 . 3  [ 2 ] .
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V. IRRATIONAL BONDS WITH TRANSACTION COSTS.

In t h i s  s e c t i o n  we a n a l y z e  t h e  i r r a t i o n a l  c a l l a b l e  

bond .  The a n a l y s i s  may be e x t e n d e d  q u i t e  s i m p l y  t o  i n c l u d e  

any t y p e  of  i r r a t i o n a l  bon d ,  but  i t  i s  be s i m p l e r  t o  a n a l y z e  

GNMA p a s s - t h r o u g h  s e c u r i t i e s  r a t h e r  t h a n  a g e n e r a l i z e d  

bon d .  GNMA p a s s - t h r o u g h  s e c u r i t i e s  a r e  j u s t  p o r t f o l i o s  of  

m o r t g a g e s ,  whi ch in t u r n  a r e  j u s t  a s p e c i f i c  t y p e  of  

c a l l a b l e  bond.

Th e r e  a r e  s e v e r a l  ways t o  a n a l y z e  i r r a t i o n a l  

b e h a v i o r .  Dunn and McConnel l  [ 1 9 8 1 a , b ]  a t t e m p t e d  t o  u s e  a 

jump p r o c e s s  i n  d e r i v i n g  t h e  v a l u a t i o n  e q u a t i o n .  As 

e x p l a i n e d  in C h a p t e r  1 ,  t h i s  method has  s e v e r a l  d r awbacks  

n o t  l e a s t  of  whi ch i s  t h e  f a c t  t h a t  t h e  t y p e  of  s u b o p t i m a l  

b e h a v i o r  whereby a h o u s e h o l d e r  h o l d s  o n t o  a mo r t g a g e  t h a t  

s h o u l d  r a t i o n a l l y  be r e f i n a n c e d  i s  not  m o d e l e d .  I t  i s  no t  

p o s s i b l e  t o  make a s t r a i g h t f o r w a r d  m o d i f i c a t i o n  t o  t h e i r  

mo d e l .

At any t i m e ,  a c a l l a b l e  bond can be g i v e n  a r a t i o n a l  

v a l u e ,  B ( P , t ) ,  u s i n g  t h e  t h e o r y  d e v e l o p e d  i n  t h i s  c h a p t e r .  

The r e m a i n i n g  b a l a n c e ,  Q, o f  t h e  bond may be d e t e r m i n e d  

u s i n g  c l a s s i c a l  t h e o r y  t o g e t h e r  w i t h  any premium t h a t  must  

be c o n t r a c t u a l l y  p a i d .  I f  t h e r e  a r e  any t h i r d  p a r t y
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t r a n s a c t i o n  c o s t s ,  M, a s s o c i a t e d  w i t h  r e f i n a n c i n g ,  t h e n  

t h e s e  may a l s o  be d e t e r m i n e d .  Th u s ,  a t  any t i m e ,  t h e  

o p p o r t u n i t y  c o s t  o f  r e f i n a n c i n g  o r  n o t  r e f i n a n c i n g  may be 

d e t e r m i n e d .  Let  us d e f i n e  t h e  r e f i n a n c i n g  v a r i a b l e ,  S t o  

be :

S -  B ( P , t )  -  0 - M 

I f  S < 0 , t h e n  t h e  mo r t g a g e  s h o u l d  o p t i m a l l y  be 

r e f i n a n c e d  now

I f  S > 0,  t h e n  t h e  mo r t g a g e  s h o u l d  have  been  r e f i n a n c e d  

a t  some p a s t  t i m e .

The above  d e f i n i t i o n  o f  S e n a b l e s  us t o  f i n d  t h e  a c t u a l  

d i s t r i b u t i o n  of  S when mo r t g a g e s  a r e  r e p a i d .

I f  t h e  d i s t r i b u t i o n  o f  S i s  s t a t i o n a r y  and t h e  v a r i a n c e  

i s  no t  t o o  l a r g e ,  we may use  i t  t o  e s t i m a t e  t h e  v a l u e  of  an 

i r r a t i o n a l  bond .  The e q u a t i o n  2 . 1 . 3  [ 2 ]  r e q u i r e s  t h e  

f u r t h e r  m o d i f i c a t i o n  wher eby  f o r  e v e r y  o c c u r a n c e  o f  t h e  

symbol  Q, a r e p l a c e m e n t  s t r i n g  Q + M + S i s  i n s e r t e d .

[ 1 ]  B = f  B ( P , t ; s )  d P ( s )  
s

I f  i t  t u r n s  out  t h a t  t h e  d i s t r i b u t i o n  of  S i s  

u n s a t i s f a c t o r y ,  t h e n  we may make s a f u n c t i o n  of  a s e t  of  

r e l e v a n t  i n d e p e n d e n t  v a r i a b l e s  and p e r f o r m  a r e g r e s s i o n  

a n a l y s i s .  The r e s u l t i n g  e s t i m a t e d  f u n c t i o n a l  f o rm of  S
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t o g e t h e r  w i t h  t h e  r e s i d u a l  e r r o r  a n a l y s i s  may be us ed  i n  an 

a n a l o g o u s  manner  t o  t h a t  j u s t  d e s c r i b e d .

Th i s  method i s  a h y b r i d  o f  c o n t i n g e n t  c l a i m s  bond 

e v a l u a t i o n  me t h o d o l o g y  and t h e  r e g r e s s i o n  me t hods  us e d  by 

C u r l e y  and G u t t e n t a g  (EER,  1974 ,  1 , 1 ) .  The i n d e p e n d e n t  

v a r i a b l e s  us ed  by them a r e :

P o l i c y  Year  

M a t u r i t y

C o n t r o l  r a t e  p r e v a i l i n g  i n  y e a r  t  

C o n t r a c t  r a t e  on mo r t g a g e s  i n  c o h o r t  

R a t i o n a l  o p p o r t u n i t y  c o s t  of  no t  r e f i n a n c i n g  

The p r e s e n t  a u t h o r  would l i k e  t o  add t o  t h e s e  t h e  hous e  

p r i c e  i n f l a t i o n  and d e l e t e  t h e  r a t i o n a l  o p p o r t u n i t y  c o s t  

( t h i s  i s  j u s t  s i n  o u r  m o d e l ) .  C&G wer e  e s t i m a t i n g  t h e  

a n nua l  t e r m i n a t i o n  r a t e  i n  y e a r  t ) .

Note t h a t  t h e  i r r a t i o n a l  b e h a v i o r  of  h o l d e r s  of  o t h e r  

t y p e s  of  b o n d - o p t i o n  h o l d e r s  may be model ed  in  a s i m i l a r  

ma n n e r .  I n d e e d ,  t h e  i r r a t i o n a l  b e h a v i o r  of  any o p t i o n  

h o l d e r  may be so a n a l y z e d .  The v a l u e  of  t h e  o p t i o n ,  g i v e n  

t h a t  p e o p l e  a c t  i r r a t i o n a l l y ,  may n e x t  be f o u n d .  Such an 

e s t i m a t e  would be more u s e f u l  t o  a S ' l l e r  o f  o p t i o n s  t h a n  

t h e  c o r r e s p o n d i n g  r a t i o n a l  e s t i m a t e  of  t h e  o p t i o n ' s  v a l u e .
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VI .  F u r t h e r  R e s e a r c h .

1.  The i n i t i a l ,  b o u n d a r y  and p o l i c y  c o n d i t i o n s  o f  o t h e r  

t y p e s  of  bonds  may be s i mp l y  d e r i v e d .

2 .  E s t i m a t e s  of  t h e  p a r a m e t e r s  of  t h e  model  s h o u l d  be 

o b t a i n e d  i n  t h e  manner  d e s c r i b e d  i n  3 . 3 .

3 .  The mi xed n o i s e  p r ob l e m s h o u l d  be a d d r e s s e d  wher e  

t h e  u n d e r l y i n g  s t a t e  v e c t o r  c o n t a i n s  p o i s s o n  as  we l l  as  

w i e n e r  n o i s e .

4 .  The d i s t r i b u t i o n  of  i r r a t i o n a l  c o s t s ,  S s h o u l d  be 

d e t e r m i n e d  and i n v e s t i g a t e d ,  and a p r a g m a t i c  s t u d y  made of  

t h e  mo r t g a g e  r e f i n a n c i n g  b e h a v i o r .

5.  The e x i s t e n c e  of  a c o n t i n u o u s  hedge  must  be 

e s t a b l i s h e d .  I t  i s  n o t  s u f f i c i e n t  t o  show t h a t  a hedge  can 

be c r e a t e d  a t  any t i m e .  Th i s  i s  a ma j o r  c o n c e r n  i n  t h e  c a s e  

o f  mixed n o i s e  m o d e l s .

6.  We s h o u l d  compare  t h e  r e s u l t s  of  t h e  model  i n  t h e  

bond c o n t e x t  s o l v e d  w i t h  a g e n e r a l  s t r u c t u r e  n u m e r i c a l l y  

w i t h  o t h e r  s o l u t i o n s  o b t a i n e d  w i t h  more r e s t r i c t i v e  

p a r a m e t e r  s e l e c t i o n  u s i n g  a n a l y t i c  me t h o d s .  F o l l o w i n g

B 1 d c k - S c h o l es  [ 1 9 7 3 ] ,  a s o l u t i o n  s h o u l d  e x i s t  i n  t e r ms  o f  

t h e  e r r o r  f u n c t i o n  and f o l l o w i n g  Dothan [ 1 9 7 8 ]  i n  t e r ms  of  

Be s s e l  f u n c t i o n s  g i v e n  s u i t a b l e  s e l e c t i o n  o f  p a r a m e t r i c  form 

of  t h e  f r e e  f u n c t i o n s  of  t h e  mo d e l .
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