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Evaluation of GNMA Pass-Through Securities

1. INTRODUCTION

The Government Rational Mortgage Association (GNMA)
first issued modified pass-through securities backed by a
pool of government-guaranteed mortgages in February, 1970.
The purpose of this new security was to make Federal Housing
Administration (FHA) and Veterans Administration (VA)
Mortgage more marketable, and so less risky, resulting in a
reduction in the spread between the yield on Treasury
securities and government-guaranteed mortgage debt.

The new security improved the homogeneity of mortgage
investments by guaranteeing the prompt payment of interest
and principle in the case of a default. The eventual
payment of interest and principle had been guaranteed on
government-backed mortgages bpefore the emergence of the GNMA
modified pasé-through securities., However, the investor
would suffer a loss from a default when his claim for
remaining principle was not satisfied promptly. This led to
increased transaction costs, as the buyer of the mortgage
had to evaluate each individual mortgage purchase. Black,

Garbade, and Silber (1981) have shown that the objective of



the GNMA modified pass-through security has, to a major
extent, been achieved.

The GNMA modified pass-through program did not reduce
another source of risk to the investor in mortgaged-backed
securities: the mortgager is able to make non-scheduled
repayment of principle. This necessitates the creation of
an expected schedule of repéyment for pools of mortgage
pased on the experience of lenders. The actual repayment
behavior of borrowers will depart from this expected
repayment schedule because principle repayments may be made
earlier or later than expected. This leads to reinvestment
and market risk as the pass-through holder will have to make
unscheduled purchases or sales of securities at a future
date at yields not yet determined. It is this problem that
this paper addresses. The problem is made more complicated
by the fact that individuals do not always act in fheir own
economic best interests, at least as defined by a particular
economic model., It is common observation that an individual
will sell his home to another who does not wish to assume a
below-market interest rate existing mortgage. Some
individuals will make a suboptimal capital repayment, while

others will not refinance a mortgage when it is profitable



for them to do so.

GNMA modified pass-through securities have become a
significant investment instrument since they were introduced
in 1970. At the end of 1982 the total nominal value of GNMA
pools was $118,940,000,000. While this is only 8.2% of the
total mortgage debt outstanding, it does represent a
substantial amount in absolute terms. The ability to
evaluate callable bonds where the holder of the call acts
irrationally is clearly of economic importance. The thecry
in this paper has been developed under the assumption that
there is no interruption of the cash flow to the investor
when a default occurs as in a GNMA. The model may also be
used tc evaluate non-GNMA mortgage pools and trusts
guaranteed by other governmental agencies, ($97,714,000,000)
and the substantial portfolios of commercial banks
($301,742,000,000), mutual savings banks ($94,452,000,000),
savings and loans ($482,414,000,000), and life insurance
companies ($141,919,000,000), under the assumption that the
cash flow delay resulting from a default is insignificant,
and that the mortgages are adequately insured against
default. (Numerical Data from the Federal Reserve Bulletin

(F.R.B.), June 1983),



This paper deals primarily with the valuation of
traditional GNMA pass~through securities. In developing the
theory, a model is derived that will evaluate any default-
free bond. The newer non-fixed rate mortgages may also be
evaluated using the theory developed here. For instance, if
the mortgage has an interest rate that is adjustable every
six months to some interest rate that is a function of a
short-term interest rate, then the specification of the
boundary and policy conditions become somewhat harder, but
this increase in difficulty is of a bookkeeping nature
rather than requiring additional theory.

Some Federal agencies actually hold mortgages
thémselves, and issue their own bonds in the market. For
instance, the Federal National Mortgage Association holds
$71,814,000,000 of mortgages and the Federal Land Banks ﬁold
$50,350,000,000. The theory developed may be used to
determine under what terms they should buy mortgages and
under what terms they should issue bonds to the public.to
achieve particular risk-related goals. (FRB, June 1983)

The model developed has the following advantages:

1. The irrational behavior of holders of options is

correctly analyzed.



2. A multi-dimensional interest rate process is used
with a functional form fhat should be flexible enough to
adequately model the empirical process.

3. The state vector is in terms of bond prices rather
than interect rates.

This draws attention to the importance of the coupon
rate on the bond being used to generate the interest rate
observations. This formulation also permits direct
numerical solution without truncation and transformation.

4, The market price of risk does not appear in the final
model.

5. The drift term of the generating stochastic process
doe§ not appear in the final model.

6. The instantaneous rate of interest does not appear in
the model. All the state variables are then relevant to the
problem being analyzed.

7. A flexible, efficient and theoretically correct
method for estimating the parameters of the interest rate
process is provided.

The stochastic calculus is not easy to learn without
some strong motivation and good textbooks. Some of the

textbooks used are listed in the bibliography. The most



useful ones found were the ones authored by Gihman and
Skorohod referred to in the bibliography. Two new textbooks
designed for the finance community have recently been
published, "Stochastic Methods in Economics and Finance" by
A.G. Malliaris contains a wealth of relevant theorms
together with some applications. The second book is "Option
Pricing, Theory and Applications" edited by Menachem
Brenner, and contains a number of papers with a stress on

application.

1.1, Historical Development

The most widely used model for evaluation of mortgage-
backed securities is to treat the security as if it were a
regular bond without'a call feature. An early repayment
date is assumed, the most common being 12 years for
mortgages with a remaining scheduled life substantially
longer than 12 years. The origin of this model has not been
determined.

While this model does have simplicity, it ignores the
fact that yields-to-maturity are stochastic and that the
exercise of the call feature on a mortgage will depend upon

interest rates. It also ignores the fact that each mortgage



pool appears to have its own rate of early repayments, and
that using a measure of only the distribution of early
repayment's central tendency will introduce substantial bias
into the model. The Financial Publishing Company's (F.P.C.)
method of valuation of GNMA pass-through securities does not
use a single expected termination date (F.P.C. Publication
715). Rather it uses the expected proportion of mortgages
that will be retired each year based on FHA experience of
all insured mortgages. Each mortgage pool's history of
early retirement is compared with the history of early
retirement on all pools. Each pool is then assigned a
percentage history of FﬁA experience." On the assumption
that the percentage history of FHA experience will continue
on each pool, a schedule of the expected proportion of early
retirements from the pool may be calculated. The pass-
through security is then evaluated using conventional bond
valuation theory by treating the security as if it were a
portfolio of regular bonds. This method does have the
advantages of also modeling the distribution of early
repayment by thirty probability densities rather than a
single measure of central tendency.

The Curley and Guttentag (1974) (1977) model attempted



to determine the annual termination rate of mortgages in
year t as a function of policy year, maturity, contract rate
prevailing during year t, the discount prevailing in year t
and the contract rate on mortgages in the cohort.  Their
paper has the advantage that an attempt is made to make
explicit the determinates of the terminatior probabilities
of individual pools of mortgages rather than relying on the
historical percentage of FHA experience. A regression
analysis was used to estimate the distribution of early
repayments, A major problem with this method is that at an
earlier time, we do not know wnat the prevailing discount |
rate and contract rate will be in a later year. The model
is then only useful, without substantial extensions, in
conditional valuation.

In order to value a mortgage satisfactorily, the call
feature must be treated correctly. The only satisfactory
way of modeling options is through the use of contingent
claims theory. Vasicek (1977) and Brennan and Schwértz
(1977) models proyide us with contingent claims models for
the valuation of bonds. Both of these models had a single
state vector, the short-term rate of interest.

The Brennan and Schwartz paper was developed under the



assumption that the value of any bond is a function of only
the instantaneous spot rate of interest and the term to
maturity, and that the expectations hypothesis regarding the
future interest rates holds. . As a result of this final
assumption, the market price of risk becomes identically
zero. There is no question that investors will require a
premium for carrying risk. The Vasicek model includes the
market price of risk but is otherwise very similar. The
Brennan and Schwartz paper develops the boundary conditions
to be placed on the partial differential equation that
describes the value of any bond. The resulting model
enables us to place a value on a wide range of bonds with
put and call features.

The major disadvantage of the above models, even if the
better features of each are assembled together in a single
model, are:

1. The state vector contains only the instantaneous rate
of interest, and this does not adequately describe the
behavior of long-term bonds.

2. The functional form of the market price of risk has
not been determined.

3. The functional form given to the interest rate
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process is too simple.
4, The model will evaluate only those bonds that have
opiion features that are exercised in an optimal manner.

In a later paper by Brennan and Schwartz (1980), a
model is developed that has a state vector that contains two
processes: the spot instantaneous rate of interest on a
risk-free bond, and the spot rate on a government consol
bond. This model was found by the authors to be inadequate,
and they recommended that a three state vector model should
‘be developed. Their model was, in fact, misspecified and
this may have the cause of the poor empirical fit they
observed. At the stage where they attempt to eliminate one
of the two market prices of risk functions, they treat the
two dimensional process as if it were a single dimensional
process. The result is that a covariance is éxcluded from
their analysis. The two dimensional model developed retains
the market price of risk function associated with the
instantaneous rate of interest.

The problems with this model are that

1. The model is not developed in a sufficiently general
framework that permits higher dimensional processes to be

used as the state vector.
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2. The functional form given to the interest rate
process is more flexible but is still too simple.

3. The market price of risk is retained in the model.

4, The boundary conditions of the resulting valuation
partial differential equation are not analyzed in any
detail.

5. The irrational exeréise of any option features is not
analyzed.

6. The drift term ¢f the gecnerating process is retained
in the model.

Cox, Ingersoll, and Ross (198&1) provide a multi-
dimensional model of the bond process. Their development is
at a somewhat more abstract level. The final model is a
partial differential equation that includes a vector of
market price of risk functions of the same dimension as the
state vector. The primary purpose of that paper was not to
producg a bond valuation model, buf rather tc examine the
consistency of various term structure of interest theories
within a contingent claim framework. It is not criticism of
their paper to indicate that tke coupon on the bonds used to
generate the state vector is implicitly set to zero. Their

theory then applies to pure discount bonds but could be
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extended to more general types of bonds with comparative
ease.

The fact that the rate of interest on any bond used as
a component of the state vector will be dependent on the
coupon rate on that bond requires addressing. Clearly, the
coupon rate will affect the duration of the bond, and hence,
the interest rate of the bond itself. 1In the Brennan and
Schwartz models, the coupon on the bonds that generate the
interest rate process is irrelevant because of the structure
of their models. The very short-term rate and the consol
rate are limiting cases of the more general one where the
interest rate is generated by a bond with finfte life and
pays a coupon. This problem is addressed in the model
developed in this paper.

One type of bond which has an option feature which is
exercised irrationally is analyzed by Dunn and McConnell
(1981). The bond they analyze is a GNMA pass-through
security. Their model is based on a one dimensional
interest rate process that uses the spot instantaneous risk-
free rate of interest as the state variable. What makes
their model interesting is the introduction of a jump cor

poisson process to describe early retirement of the
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underlying mortgage. The probability of early refinancing
is made a function of the interest rate process and the
remaining term to maturity on the mortgage. Their model has
several serious faults:

1. The spot instantaneous interest rate is used as the
only state variable. Mortgages are essentially long-term
securities, and one would rather use a longer term interest
rate to describe the world if only one state variable is
used.

2. While it is possible to generalize the Dunn and
McConnell model to make the interest rate process multi-
dimensional, it would still contain a serious
misspecification. If the optimal date to refinance is t*,
then there are two categories of suboptimal refinancing of
the underlying mortgage: The householder might refinance
before t* or the householder might refinance after t*. The
former behavior is modeled by the Dunn and McConnell model,
but the latter is not. The problem is very real because the
householder does not have access to a method by which he may
value a (rational) call bond. A mortgage is just a callable
bond issued by the householder. Householders are likely to

act in an irrational manner when exercising their call
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option through ignorance.

3. Obtaining a functional form for the parameter of the
Jump process used to determine suboptimal refinancing is not
addressed.

4. The market price of risk function is given a
functional form on the basis of its being reasonable despite
the fact that a market price of risk is implicit in the
model itself. This will lead to possible model
inconsistency.

5. The drift term of the generating function is given a
functional form, but in fact should not occur at all in a
correctly developed model. This will also lead to possible
model inconsistency.

6. Given that a closed form solution was not obtained,
there is no reason why the interest rate process could not
have been specified in a more general marner and the
parameters estimated. The amount of computational work
involved would not increase substantially.

7. A factor in determining whether a householder will
refinance or not at any particular time is the front-end
financing costs of obtaining a new mortgage (points) and the

third party transaction costs. These factors are not
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considered in the Dunn and McConnell model.

This paper develops a multi-dimensional interest rate
model which does not include a residual market price of risk
function. It treats both kinds of irrational behkavior
involved in the refinancing decision. Transactional costs
are included in the model. The interest rate process is be
specified in such a manner that it is flexible enough to
accommodate any reasonable interest rate process. In
addition, a method of estimating the parameters of the

interest rate process is described.
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II. DEVELOPMENT OF A NEW GENERAL THEORY OF BOND EVALUATION,

The purpose of this chapter is to develop a contingenc
claims theory for irrational bonds subject to transaction
costs.

Let us first define an irrational bond. All irrational
bonds contain an option feature., The controller of the
option feature may not act in accordance to a rational
economic model that appears to contain all the variables
necessary to come to an optimal decision on when to exercise
his rights. If this occurs, then the bond is said to be
irrational. A bond may be irrational because the controller
of the option feature does nct understand his own best
interest, or it may be that the model does not take into
account all the variables necessary to make a correct
decision.

An example of an irrational bond is a callable bond.
The company that issued the bond may call the bond at an
earlier time than indicated by the model. There could be
tax or cash flow considerations not included in the
“rational” model. 1In addition, the treasurer may falsely
believe that he has correct intuitions about the future

direction of interest rates. Action based on this false
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belief would lead to a suboptimal call, making the bond an
irrational bond.

A second example of an irrational bond is the hbme
mortgage. The home mortgage is a callable bond. The issuer
of the bond (the house owner), does not have access to
capital markets, has objectives that are less easy to
analyze, and is somewhat less sophisticated than an
industrial or gocvernmental borrower. One may then expect
mortgages to be irrational bonds.

The author's basic objective is to take a step towards
developing a model that may be used with confidence to
evaluate all bonds. The theoretical concepts could have
been illustrated with somewhat simpler models than those
developed, and their funcfional forms could have been left
open., While this would have made the paper marginally
easier to read, it would have also provided a model of less
utility.

Where it was found practical, only quantities that are
measurable are included in the model. The instantaneous
rate of interest has not been shown in the literature to be
measured by any of the surrogates used to measure it. It

has therefore been eliminated from the model. Where a
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quality may be measured by either a quantity which may be
directly measured or by some transformation of the
measurable quantity, then the directly measurable quantity
has been used in the model. An example of this is our use
of the bond-price-process rather than the yield-to-maturity
in the state vector,

There is no chance of being able to obtain a closed
form solution to a sufficiently interesting model. The
final model is a system of partial differential equations.

:Excepting certain specific cases there is no known
~analytical solution to a particular partial differential
equation together with its boundary conditions. If a
numerical solution must be obtained, it then makes little
difference to the modeler whether the system is small and
simple, or large and complex. In this paper the system was
allowed to grow quite large. The size of the model may bhe
reduced at the parameter estimation stage.

A parallel approach was taken to that sometimes taken
when modeling using regression analysis. The exact
functional form may not be known, but one does have some
idea of what the functional form should look like. A

functional form is then postulated but with a sufficient
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number of parameters left open to be estimated.later from
the data. The result is a model with a substantially larger
number of parameters than traditionally found. One must
clearly avoid the many problems that are associated with
over-parameterization of models.

The final model does have a certain beauty which may
not be directly apparent. Given the complexity of what is
being done, the model is extraordinarily simple. For
example, there is no need to determine the functional forms
of the market price of risk or the drift term, as they are
eliminated from the final equation. The elimination is
entire and does not require a complicated substitution as
seen in the earlier models reviewed in the last chapter.
(The reason why the market price of risk and the drift term
can be eliminated entirely is because bond processes rather
than interest rate processes are used as-state variables).

Having created a model with a large number of open
parameters, it becomes necessary to find a way to estimate
them., This chapter provides three methods by which
parameters may be estimated. The first has been used in
communications theory. The second is, to the author's

knowledge, new. The third was independently developed by
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the author but was later found to be a generalization of a
method used to estimate ordinary differential equations in
the biological sciences. It is believed that the estimation

schemes are important contributions to contingent claims

theory.

2.1, The Interest Rate Process

This section develops a model of the bond process.
2.1.1, discusses.the quantities that should be included
in the state vector. 2.1.2, develops the equations that may
be used with appropriate constraint equation to evaluate any

type of rational bond. 2.1.3. suggests the functional form

of an interest rate process.

2.1.1. The State Vector

The most common components of the state vector used in
the bond valuation literature are interest rates. The
interest rate process is one example of a class of processes
we shall call bond processes. The advantage of using
interest rates alone in the state vector is that the time
between observations may be made very short. The major

objection to using a pure interest rate state vector is that
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the relationships between interest rates and macro-economic
theory are not incorporated in the model.

The major disadvantage of a macro-economic based model
is that the observations may be sampled with a much lower
frequency when compared with the observation frequency of
the interest rate process. This is because interest rates
are obtainable on an hourly basis, whereas other possible
state variables are often reported only cn 2 monthly
basis. In addition, the observation errc:i is probably
substantially less when measuring bond prices (and so
indirectly, yields~to-maturity) in comparison with the error
in other macro-economic variables such as inflation,
savings, capital formation or consumption.

Having decided to use a pure bond process as the state
vector, the next step is to determine what measures of the
bond process should be used in the state vector. The two
most obvious are the bond prices and the yields-to-maturity
of selected bonds.

When a bond is bought or sold, what is observed is a
price. A transformation of a current bond price is the
current market yield-to-maturity. This yield-to-maturity

has the advantage of providing a standardized, easy to
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understand, index, As there is a simple transformation from
a pure discount bond's price to its yield-to-maturity, there
is little to choose between them from a theoretical vantage.

The major advantages that bond prices have over yield-
to-maturities are that the boundary conditions of the
derived partial differential equations may be set so that no
approximation nor unnatural transformation is necessary, the
state vector is directly observable, and that bonds other
than special cases may be used in forming the state vector
because the coupons may be treated explicitly in the model's
derivation. Another major advantage is that the
instantaneous drift function of the process may be shown to
be irrelevant and so need not be specified. These
advantages are significant and override the disadvantage
that the yield-to-maturity has traditionally been used in
the literature.

The relevant transformations between price and yield-
to-maturity on a pure discount bond are

P = p*(14r)-N
p = pre-r'N

where N is the remaining life of the standard bond in years,

P* is the par value of the standard bond, P is the current
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price of the bond, r is the yield-to-maturity, and r' is the
continuous yield-to-maturity.

It should be noticed that neither transformation has an
inverse when N = 0. The yield-to-maturity of a bond that is
maturing must be described in terms of a limiting process as
N approaches 0. The instantaneous interest rate on a period
basis, ros and continuous basis, r'o are then defined to be:

x -

gim (p/P YV/N _
N+o0

-
]

"= gim (((2n(PT/P))/N)
N+0

-
f

Some serious problems however remain:

The first problem has to do with transaction costs.
The shorter the time to maturity, the more important
transaction cost become. For very short maturities, the
underlying process is masked by the transaction costs
involved, making direct observation of the process
impractical.

A second problem has to do with the 1imiting behavior
of the instantaneous interest rate. Because of the problems

connected with observing an instantaneous interest rate, one
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might be tempted to select a very short-term rate as a
surrogate for the instantaneous rate of return. However,
the yield curve suggests that yields-to-maturity typically
are very sensitive to maturity as the maturity becomes
shorter. Whether the overnight federal funds rate, or the
rate on short-term repurchase agreements, are good
surrogates Tor the incstantaneous rate of return should have
been investigated before being used in valuation models
found in the literature. A related problem is whether
federal funds and repurchase agreements are in the same
default and risk class as Treasury bills, and if not, what
impact does the risk premium have on their yield-to-
maturity.

We are then left with the choice of using a state
variable, r, that cannot be directly observed or selecting a
short-term bond measure that may be observed. If the
unobservable instantaneous interest rate is retained as a
variable, and bond prices are used for the other state
variables, then this would destroy the symmetry of the
model. There is no bond price that corresponds to the
instantaneous rate of interest r, (or ra) that may serve as

a state variabie, as the value of such a bond would be non-
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stochastic in the limit as N + « . Accordingly, the bond
price processes used in the state vector will have a
maturity greater than zero, but finite. Consuls have been
excluded because they are not available to investors in U.S.
government securities and would detract from the formulation
of a model which is both powerful and may be expressed in a
compact notation.

The problem of using the instantaneous interest rate
has not been addressed in the literature, yet all received
contingent claim models contain the instantaneous risk-free
rate of interest. In some models, such as some versions of
the Black-Scholes option pricing model, it is non-
stochastic, and in others, such as the Brennan and Schwartz
bond pricing models, it is stochastic. If one is willing to
select a particular observable short-term interest rate, and
use it as the instantaneous risk-free rate of interest, then
the problem is assumed away. There is no received empirical
study that supports such an assumption.

One of the advantages of the procedure defined in this
paper is that the instantaneous risk-free interest rate, r,,
is not used. This advantage is purchased with the

disadvantage that the development of the model is somewhat
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more complicated. However, this disadvantage is outweighed
by the advantage that the final model does not contain the
drift function and the market price of risk function,
resulting in a final model which is simpler than it would
have been.

The next thing to be determined is what type of bonds
should be used in the state vector. The securities that are
being evaluated are all default free. We shall then
restrict our attention to Federal Government bonds.
Different government bonds are subject to different tax
provisions. Thus, some components of a bond returns are
subject to long-term capital gain provisions, while other
returns are subject to short-term capital gains and ordinary
income provisions. This differential treatment of returns
for tax purposes results in different yield curves for
otherwise similar classes of securities. Securities that
are trading 2t a large premium or discount to par will also
have different yield curves partly due to the tax clientele
effect and partly due to durational effects.

The tax effect on bond prices is excluded from the
present model as its inclusion would make the model much

more complicated. Should the yield curve be seriously
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discontinuous for bonds with maturities of a about a year
then the model will have to be respecified to include taxes.

Bonds pay interest at discrete times and not
continuously, The mathematics becomes intractable if we
consider réal bonds. Thus, the bonds we consider pay their
interest continuously. This should be considered when
collection of data is undertaken, as the basis bonds must be
adjusted for payment of dividends.

Long-term Government bonds tend to carry a call
provision. This makes such bonds less valuable to
investors, and hence they demand higher yields on them. It
would be very difficult to use such securities as state
variables. We are thus restricted to a wide range of
securities with maturities between one day and about ten
years as our state variables and a narrow range of
securities with lives greater than ten years. This should
not be too serious a constraint because the majority of the
characteristic shape of the yield curve occurs within the
former range.

The final consideration is the number of state
variables to include. While it makes little mathematical

difference (one just moves into vector notation when the
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scalar equations become cumbersome), it is better to use as
small a number of state variables as adequately describe the
system. Traditionally, one or two state variables have been
used. Three state variables should be more than adequate,
but the theory is developed in general.

To summarize, we have made the following restrictions
on the state variables of the mode being developed:

1. Bond prices alone are used in the state vector.
The bonds used as state variables are not consols, are not
irepaid in the next instant of time, and do not carry option
'features.

2. Taxes are not treated.

3. Bonds pay interest continuously and not at discrete
times.

4, There is no 1imit on the number of state
variables to be included in the model, but a reasonable

number is two or three,

2.1.2. Model Development
The reader is referred to the appendix to Chapter 2
where a one dimensional model and a two dimensional model

are developed if contingent claim analysis is new to him
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before this section is read. The one dimensional model was
developed after the following section was developed, and may
prove to be clearer on two grounds. First, the algebra is
simpler, as it is in one dimension. Second, some new
terminology is introduced that, once understood, makes the
development less verbal. The old notation has been retained
here because it provides an alternative to that found in the

appendix.

2.1.2.1. General Comments

In this section, an n-dimensional state variable model
is developed, where the state vector contains
only continuous coupon bond processes, for the valuation of
any type of risk-free bond not containing conversion
privileges to equities or commodities.

A bond may be defined as a security with a
deterministic payout function k(t). The payout function
k(t) is the remaining undiscounted total cash flow from the
bond from any time t to « .

The value of a bond may be expressed in terms of the
basis bond state vector P(t) and the term to maturity <.

Thus, we have that:
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g(P,t)

There are some technical advantages in using bond price
processes rather than interest rate processes. A discussion
on the issues involved is to be found in Section 2.1.1. We
shall now define the basis bond price process P.

A basis bond price process, P, may be defined as a
vector of bond prices [Pi] that adequately describes the
price of all bonds of interest to us. Each component, P; of
the stochastic state vector, P, is not itself a bond.

Rather it is the derived process defined below.

Let us consider bonds with finite maturities. We
further restrict the bonds examined to those with cash flows
from t to T that are identical except for a time shift.

That is, the set of all bonds at time s that have a payout
function kg such that for all t, 0 < =1t < T:
kg(s+t) =$I§o(t).

Such a set of bonds is searched for a particular
maturity 1, and the price of that security BT(t) at time t
is defined to be P;(t).

One may object that in practice PT(t) will only be
rarely observed because there will only rarely be a

satisfactory BT(t) in the set of all physical bonds. This



- 31

objection is valid, but a good measure of PT(t) may be found
using interpolation. More advanced and theoretically sound
methods are available to measure the P;(t) indirectly
through continously observable bonds. Bond indices might
also be considered if due consideration is taken of the
representative cash flow of the underlying bonds.

An important distinction between the physical bond
process and the basis bond price process is that the
trajectory of the former will drift towards the terminal
value, while the trajectory of the latter will not do so. A
basic hnnd js a theanretical construct designed to always
have the same remaining time to maturity, whatever the
current time. The remaining time to maturity on a physical
bond will become shorter as time proceeds.

It would.have been operationally simpler to work with
ctate vectors which were physical bonds. The problem would
arise of how, when bonds mature, to phase in and out new
real bonds being used as the basis set without causing
disruption. One could however produce a set of equations
expressing the basis bond price process in terms of a more
observable bond price process.

In the next subsection a partial differential equation

is obtained that may be used to evaluate any security that
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is a function of maturity and our state vector only. The
derivation is somewhat novel in that the instantaneous risk-
free rate of interest is not one of the state variables and

the state variables are bond processes.

2.1.2.2. Mathematical Development: n-Dimensional State
Vector
A very straightforward generalization of Appendix B to
2.1, equation [10], results in the valuation equations:

-B_ ¢ % tr (BBthp) + ¢ - B(C-G) -r(B-BgP) = 0 [1]

T _ T
C = (Cl,..’cn) [} Gm- (Gl’t. ',Gn%.

The subscripts, other than i's refere to partial
differentials. The i's refere to the ith state vector.
B is the security being evaluated and is a function of the state
vector P and maturity, t, only. ¢ is the coupon rate on the
security B, £ is3 the vector of coupon rates associated with the
security vector B and Gi 1s the current bond that corresponds to
the ith component of the state vector.

It is necessary that the bond processes making up the

state vector have T; that are different from one another if the
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ky are of each bond truely different., To be
truely different from one another, a bond's cash flow must
be different from a linear combination of the cash flows of
the other bonds. We shall later obtain a term structure of
interest equation. For example, three bonds each with a
maturity of 3 years, each paying a par value of $1,000 at
maturity, but the first paying no coupon (pure discount
bond), the second paying $100 per year (continuously), and
the third paying a continuous coupon at instantaneous annual
rate of v x $100, would be sufficient to obtain a term
structure of interest. To obtain insight into this possibly
counter-intuitive result, one may think of a coupon bearing
bond as being made up of possibly an infinite number of
component "bondlings". Each bondling is a pure discount
bond which, when summed with the correct weight, gives a
cash flow equivalent to the bond's. The fact that each
bondling has its own maturity accounts for the time
structure of interest being contained in the theory.
Equation [1] is independent of the drift term of the
generating process and also of investor preferences. The
bond valuation model then enjoys the same properties enjoyed

by the Black-Scholes Model. This is an important result.
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The specification of drift and market price of risk
functions may be the cause of the poor empirical results
obtained using the Brennan and Schwartz [1979] model.

A new state variable r, has been introduced into the
system. For the reasons discussed earlier, r is not to be
included as a state variable. A method of eliminating it is
required. This element of the paper accomplishes this
objective.

The short-term rate of interest, r, may be defined in

terms of maturing risk-free pure discount honds:

zn(Bo) - zn(BT)

r= 2im ( .

T+0

Note that the limit is determined by the functional
form of
B> which is a function of t . As ¢t + o, BO/BT + 1, 50 we
are unable to make any ; priori judgements about the value
of this limit. Assuming that such a limit exists, then for
a sufficiently small 1*, a2 further reduction in r* will have
an insignificant effect on the value of r. (The behavior of
the 1imit will be investigated further in a subsequent

paper. However, as Br is given by the partial differential
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equation [1], the problem is non-trivial). Let the par

value of a maturing pure discount bond, B* be B*y = 1.

Then we mey write for this bond with maturity «*:
ro= - an(B_*)/< [2]
For notational simplicity, write BT* as B*., Then for
any bond, its value B is obtained by solving the following

set of simultaneous eqguations:

* 1 T * * * *
-B_ + 5t B + - + G -
. tatr (ee pp) B p - C Bp . .
Bt~ P By ) = 0 [3]
B +1tr (g" B__) + c-B C o+ 6 -
T 2 pp p _ p T

"B =~ p B )=0

*x * * *
r = - (B (P,t ))/«<
The first equation gives the value of a bond that has a

maturity of t*, where ¢* is sufficiently smali, and the
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second evaluates the value of any bond given the value of
the first bond. The instantaneous rate of interest is thus
not a state variable in this model.

This system will require initial and boundary
conditions on B* and B, These are discussed later in this
paper. One should note however that the conditions on R
will depend upon the specific bond being evaiuated, but the

conditions on B* are standard.

2.1.3. Function Specification

Equation 3.1.2.2 [3] provides us with a means to value

any kind of bond, given the basic bond process is of the

form

dP = «(P)dt + g(P) dz(t) [1]
B(P) = g /2

dz(t) = ¢'1/2 du(t)

The o, B8, B* and ¢ have not been given any form. It is
the purpose of this section to specify the form of these
entities.

The specification of the functional form of the model
is somewhat subjective. There are so many factors that may

or may not be important. Yet all possible factors cannot bhe
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included. As there is almost no literature on the -
theoretical form of the interest rate transitional
probabilities, the approach to be taken in this paper is
that the selected model's functional form will include all
the important features of the more common models as
approximations. The resulting model will be a substantial
super-set of approximations to existing models. The
increased generality will be at the cost of a substantial
number of parameters that will have to be estimated.

The process we develop should have certain
properties. Clearly, the value of a bond may never be
negative, and may never be greater than the undiscounted
remaining cash flow, k(t). Elastic random walk; are often
used to describe the behavior of the implied yield-to-
maturity, whereby interest rctes are pulled towards some
ideal value. The ideal value will depend to some extent
upon the yield-to-maturity of adjacent basis bonds.
However, as we have been able tc climinate the drift form
from our model, there is little point in providing it with a
functional form. An exception to this would be if we were
to estimate the parameters from the generating process

itself. This paper will provide an estimation pracedure
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through the final model.

Linking the behavior of the long- and short-term
interest rates is important in order that the system models
observed behavior. If the long-term interest rate rises,
the short-term rates will tend to also. There are two
natural ways of introducing this cross linking of interest
rates into the system. The first involves the use of the
"force" term and the second the noise term.

In their paper on a two- dimensional process, Brennan
and Schwartz (1979) used the "drift" term to cross-link the
interest rates. They postulate that one of the yields-to-
maturity is being pulled towards the other yield-to-
maturity. In our model the drift term has no influence
whatsoever, The cross linking behavior must be modeled in a
different manner,

The other way of linking the various interest rates is
to use the noise term. Consider the two independent
processes dzq; and dz, defined in 2.1.2.2. The short-term
bond process and the long-term bond process are hoth
functions of these independent processes. Thus the cross-
linkage is already an integral part of the model. Correct

specification of the functional form of g(P) wiil provide
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the necessary cross-linkage. It is not an easy matter to
observe y, so we shall work with g rather than s*.

The form of 8 defined in the appendix to this chapter
is adequate for our purposes, and will be adopted here.
Note that the noise functions associated with the change in
the state variable P; depend only upon that state vector.
This restriction may be removed if appropriate.

The final model then is a straightforward
generalization of the one on and two dimensional models
given in the appendix to this section. Subject to
consistent and appropriate initial, boundary and poliicy

conditions, we have the model:

1 |
- + + -
B ftr (g8 Bpp) c Bp . p e

*

r (B -— P B ) =0 [2]
P cmen(8* (P,1)) /1

P, by P, 45
ij ij (1 - H) (ri—)

*
where B also satisfies the first equation. The natural

B8 = a
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boundary conditions are just
-BT(K,r) + ¢ - Bp( c -6 )=0

B(O,7) - P B, =0
It should be observed that these conditions are a
direct consequence of the differential equation itself and
no additional assumptions are required to obtain them.
The above restraints may be simplified to the
equivalent form:

-B(K,t) + ¢ =0
B(0,7) = 0

2.1.4, Specific Restrictive Conditions on a Calliable Bond.

A mortgage is just a callable bond. The only major
difference between the more common callable bonds and a
standard mortgage is that the former is more likely to have
its call feature exercised rationally, and that the residual
value of a mortgage at the end of its life is zero.

We have already seen that the valuation equation must
satisfy certain natural boundary conditions. The forms

given below do so.
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The initial conditions are just:

B(P.0)
B (P,0)

0 . 0 <P <K,
1 » 0 <P cXK.

These conditions are straightforward and just reflect the
fact that the value of a mortgage at the end of its life is
zero, whiie the value of a pure discount bond at the end of
its life is (in our case) one dollar, .
The left-hand boundary conditions area:
B(0, 1) o0, 0 < 1
B*(O.r) =0, 0< ¢

In words, the value of any bond must be zero when the
interest rate is infinite, or which is the same thing when
the bond process is zero. Note that there is a
discontinuity between this boundary condition and the
initial condition in the case of the pure discount bond.
The right hand boundary conditions are

B(k, t) = ct

B*(gTh%Q $slthe same thing as saying that the value of a
mortgage is just the remaining scheduled cash flow if the
interest rate is zero (ie. P=K), and that the value of a
pure discount bond is equal its remaining cash flow. These

boundary conditions hold if there is no call provision. The
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conditions require modification if there is a call
provision. We must then examine the policy conditions.

The policy conditions on a mortgage are that, if the
value of the mortgage bond rises above its remaining
principle Q, then the call will be exercised. That is, if
Bt represents the value of a mortgage with a call feature (a
real mortgage), and B represents an otherwise identical

mortgage without a call feature, then,

B* = MIN[Q, B]
[}
Q =+ (1-e% )
where s' is obtained from solving

-CS-T (1 = e-SN) = la

and ¢ is the coupon and N is the original 1ife of the
mortgage, Details are provided in Appendix A to Chapter 2.

Note that the policy conditions also apply to the
boundary conditions. Thus, to evaluate a mortgage, use the
equation 2.1.3 [2] to evaluate a bond, together with the
conditions:

B (P,0) = 0,



B'(P,0) = 1,
B (0,7) =0,
B (0,1) = 0,
B(K,t) = ct

B (K,1) = 1

O*Tp

43
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2.2.1. APPENDIX A TO 2.1: A ROND VALUATION MODEL WITH A
SINGLE STATE VARIABLE.

1. INTRODUCTION |

This section develops a bond valuation model that may
be used for a wide variety of bonds. With modification, the
model may be used to evaluate any bond.

The advantage of examining a single state variable
model is that the model's development is relative!y simple,
but yet provides the path by which more advanced models may
be constructed. The model developed has some clear
advantages over earlier models:

(1) The final model does not include the drift term of
the stochastic process used to descrihe the state

variable. We see a similar result in the Black-Scholes
model for evaluating stock options. The omission of the
drift term results not from simplifying assumptions, but
from the main development of the model.

(2) There is no market price of risk term in the model.

Two functions that have been selected with greater or
less degrees of arbitrariness have thus been eliminated when

evaluating bonds. A new function has been introduced that
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must be specified. This function has a straightforward
empirical interpretation, and may be specified with
increasing confidence as the number of state variables is
increased.

(3) The state variable selected is observable, and is
unambigious.

It is usual to select a rate of interest as the state
variable. Except in the two simplest cases of a maturing
bond and a consul, it is easy to forget that the yield-to-
maturity on two bonds in equilibrium with the market, but
with different ratios of coupon rate to par, will in general
be different, even when the maturity dates of each are the
same. Our language must be specific to avoid the danger of
not distinguishing between these two yields if one of the
bonds is used as the generator of the yield-to-maturity used
as the state variable. The present model is constructed so
as to make such an error impossible.

(4) The state variable may be selected so that it is the
mdst appropriate for the valuation being performed.

The single state variable models developed in the
literature use the instantaneous interest rate, r, as the

state variable. r is a somewhat eccentric selection of a



46

state variable for evaluation of bonds with a medium or
long-term maturity. If a single state variable must be
used, it would be better to use one that has characteristics
as close to the security being evaluated as possible. The
importance of this consideration becomes less as the number
of state variables is increased.

The model is based on the following key assumptions:

(1) The bond pays a continuous coupon c(t), which does
not have to be constant, and has a terminal lumpsum payment,
k. One would normally have that ¢, k > = 0, but this is not
a requirement,

(2) The price of a bond, B, is a function of the state
variable and the maturity of the bond. A1l other
characteristics of the bond are modeled by the boundary,
initial and policy conditions. That is:

B(P,1) (1]

(3) The state variable, P, follows a stationary

Ito process with a wiener noise dz(t):

dP = q(P)dt + g(P) dz(t) [2]

(4) The state variable is an E-bond.

An E-bond is a construct that has been implicit in the

analysis of the time value of money. The following
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definitions make the construct explicit:

An equivalence class of bonds, E, is defined as the set
of all bonds such that: from a specified time before
maturity, u*, to maturity, p=0, the ratio of the coupon rate
to par value is equal for all bonds in the class at all
times to maturity p, 0 < =y < =u*.

An example will help clarify the definition. Consider
the two bonds A and B:

A: Pay a coupon as follows:

[1983, 1984) $100/year continuously
[1984, 1585) $120/year continuously
(1985, 1986) $110/year continuously
and has a par value of $1000 payable on the last day of
1986.
B: Pays a coupon as follows:
[1983, 1984) $ 8/year continuously
(1984, 1985) $ 9/year continuously
£1985, 1986) $12/year continuously
{1986, 1987) $11/year continuously
and has a par value of $100 payable on the last day of 1987.
If u* is 2 years, then both bonds belong to the same

equivalence class, while if u* is greater than two years
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they are not.

An E-bond is a process defined on a particular E-class
of bonds so that the maturity is always a constant, u. Any
E-class may be used to generate any number of E-honds, each
of which will have a different constant neming) maturity,
ue. We will denote a specific E-bond process (F-bond for
short) with a nominal maturity u by:

PE,u(t) (3]
The yield-to-maturity, R(t), at any time t, may be
determined for any bond in the equivalence class that has a
remaining maturity of py, 0 < p < = u*- At some time later,

say (t + &t) we may determine the yield-to-maturity

R(t + 6t ) of another bond in the equivalence class that has
a remaining maturity of y. It should be observed that the
bond selected at (t + &t ) was not the one selected at t,
for at that time it had a remaining maturity of (u + &t).
The process R(.) so defined is the interest rate process
corresponding to the Eu-bond process. At any time, t, any
E-class of bonds defines a yield curve.

For reasons that will become clear in the analysis of
this section, we will use the price of bonds in an E-class

as our state variable rather than the yield-to-maturity
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process specified above.

We may drop the subscripts from PE’ in the case of the
one dimensional model where the equivalence class and the
nominal maturity are understood from the context. Process
[3) is required to satisfy the stochastic differential
equation [2] which leads us to practical questions of
observing P when the E-Bond process is not dense. This will
not be discussed here, becauvse it will be assumed that the
same type of pragmatic solution is applied to observing the
E-bond process as is applied when observing the yield-to-
maturity process. Note that once one of the processes is
determined then so is the other.

(5) There are no profitable risk~free arbitrage
opportunities to be found in the bond market. |

(6) The partials of the price of a bond B(P, v ) exist
whenever they are specified in the model. 1In particular,
pB/pt, pB/pP and ppB/pPP exist.

(7) There are no trading costs in the bond market.

2. Mathematical Development

Ito's lemma applied to the price of a bond, B(P, 1)
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given that P has the process specified by [2] results in:
2

dB = (-B_+ aB + 58 Bp)dt + 8 B dz(t) [4]

While E-Bond processes are not actually traded on
organized exchanges, they do exist in the form of variable
rate notes, indexed Bonds, and mortgages (adjustable rate
mortgages, for example). It is not necessary for our
development that they exist, it is only necessary that they
could exist. They are the theoretical construct that
enables us to obtain a consistent model, and they do not
form part of the final model. We shall consider a
particular E-Bond process, the state variable P.

If we purchased $W1l of the bond B(P, ¢), (that is
W1/B(P, t) units), and purchased $W2 of P (that is W2/S(P,y)
units), and the total value of our portfolio is $1, then the
proportional change in value of the portfolio, V, in the
next instant of time would be

dv

=W, (4B, ¢ L LA
v W (g tE) W, (- 6) (5]

W, + W, =1

1 2

where ¢ is the coupon of the bond B, C is the coupon paid on
the equivalence class of bonds that define P, dB and dP are
given by [4] and [2] respectively and finally, -G1 is the

capital gain resulting from a reduction in maturity of the
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bond G that currently has the same maturity as P's nominal
maturity.

The risk term of [5] is then
W.g B W,8
(252 + &) dz(t) [63

By hypothesis pB/pP exists. If B, P + 0 we may select

W1l (and hence W2) such that the numerator of dz(t) is

identically zero. For this to occur W1l or W2 may be

negative.
W W
1 2 _

This selection of W1 (and so W2 = 1 - W1) makes the
portfolio instantaneously risk free. We have yet to show
that the risk-free nature of the portfolio may be
maintained. How this might be done is éxplained as a note
to this section.

The portfolio is now instantaneously risk free. By the
assumption of no profitable risk-free arbitrages in the hond

market, we have that:

%! = rdt [8]

where r is the yield-to-maturity on a maturing defauiti-free
bond.

Thus,
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s van +1g%8 - orp e 2 [a-rp + C-6_1=0 [9]
B . ap ~2-B PP c rs. -p—'u"P T .Y,

Equations [7] and [9] form a singular system. In

forming these equations, t was arbitrary. Thus,

1 .
- + - 0
B a B+ 7 B Bpp + cC rB AB Bp [10]

and

a-rp+C - GT = AB [11]
and where A(P) is a function of P at most. [11] may be used

in [10] to obtain the model:

1 2

- B +78 By +c-CB —RG +r(PB-B) =0 [12]

p
This equation is a generalization of the Black-Scholes

model for evaluating options:

1 2 -
Zt txo0 Zss +r (SZS-Z) = 0,

where:
Z is the value of the option
02 is the variance of the generating security
S is the generating security price process
t is time.
Jarrow and Rudd (1983) report a generalization

attributed to Y. Bergman of the standard Black-Scholes model
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(equation 8-12):
Z, +§ o I *+ r(SZ,-2) - DSZ_ = 0 .

We have again made the generating security process more
general than that reported in order to make comparison more
straight forward. The notation is identical excepting that
D is the dividend yield on the security.

In our equation [12], another term associated with a
cash flow occurs, the coupon c. This term does not occur in
the model reported by Jarrow and Rudd hecause options do not
pay a coupon,

Equation [12] has most of the desired properties. It
does, however, contain r(P), and no functional form of r has
been specified:

Any bond satisfies equation [12]. Thus maturing
default free pure discount bonds also satisfy this
equation. We already know that the value of such a bond
with a par value of $1, B* is, in the limit as v +» 0, $1.

In the limit, the price of a maturing bond is non-
stochastic, but the associated interest rate process is
stochastic. Let us define r to be
r= - 2im (en(B*(F,1))/1) [13]
T+0
[12] and [13] imply that B* must satisfy:
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N s

gim [-B + g° B + ¢ -CB_+BG
740 T PP P Pt

= (1In(B*(P,7)) /1) (PBp -B)]l1=0

We do not in fact want B* (we already know its value)
we want the ratio [13]. The numerator and denominator are
both zero in the limit as ¢t + 0,s0o numerically [13] is
undefined. However, if we select a t small enough, we can
obtain as good an approximation as we desire, limited only
by the precision of the computer environment.

Let t* be 3 number such that the limit in 137 is
almost achieved. We may substitute

(en(B*(P,1*))/x*)
for every occurance of r. The yield-to-maturity © on the
bond G is defined by the relationship

P=6 = £(1 - e""T) + G, e™"T [14]

0 ©
r
In the classical case © is independent of 1, and so we can
easily prove that:
6_=C - GF: F=r. [14']
This is a useful result as it explains the price behaviour

of bonds as they approach maturity.
[14'] and [12] imply that
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--B.r + %32 Bpp + c - rB-= 0 [14"]
We observe that in the classical case g = 0, and the
solution to [14"] is then just the bond valuation formula or
alternatively the definition of yield-to-maturity equation
[14].

In the stochastic case, F is not only a function oft,

it is a stochastic function of . Stochastic calculus
must then be used to ohtain an analog of [14'], and this
will result in a stochastic variable being reintroduced into
the valuation formula. If FT and Fpp are small, then the
error introduced will not be significant. From casual
observation these conditions tend to be met when interest
rates are longer term.

We should next observe that equation [12] does not have

a solution when the bond being evaluated is the current bond
from the equivalence set that is used to define the bond
process. This is because the left-hand side is identically
zero. We require the value of GT, however. We should also
observe that GT is a function of P, and this makes the
equation [12] non-quasi-linear. The equation may be quasi-

linearized taking [14'] as our clue:

Let GT = c' - D PF(P)
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where c¢' is a constant that may not equal ¢, D is a constant
that may not equal 1, and © is obtained from [14] using a
numerical method. Quasi-linearization will enable one to
use standard PDE packages.

Another method is to introduce one or two new bonds
into the system for solution that have maturities close to
the nominal maturity of the state vector. G_r will be just a
polynomial in P. Any occurance of t will bhe as a constant.

In case the above discussion gives the impression that
another assumption in the guise of an assumed functional
form has been introduced into the model, the following point
is made. The model is completely specified without the
quasi-linearization suggested above. It may be solved to
any specified degree of accuracy. The full specification of
the model will lead to a doubling of the size of the system
of partial differential equations, and this is avoided for
clarity.

The solution of [12] will then proceed in two stages:

B +d g2 8" +0-CB +8 6 +r (PBY - 8")=0 [15]
IR A ) P por p - T RE

1 -
- B_+ 7 B Bpp + ¢ -¢C Bp + Bp GT +r (PBp B)=0
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r o==Ln (B*(P, <*))/<*

There is no need to tind a functional form for the
drift parameter a of equation [2] as it does not appear in
the final model. We require a functional form for the noise
parameter, g. Our assumption is that when the interest rate
is 0, (P = K}, then B = 0. When interest rates are
infinite, (P = 0), then g = 0 . One function that has this
property is

p,f p,9 .
g = dlp) (1-¢) [16)
where d* f and g are positive constants.

The model is now complete, except for the specification
of the boundary, initial, and policy conditions. As our
prime interest is in mortgage backed securities, we address
the problem of callable bonds with no residual par value.
The couron is constant and established using classical
analysis.

3. Initial, Boundary and Policy Conditions,

The boundary and initial conditions on the maturing

pure-discount bond are found as follows. There being no

option feature, there are no binding policy conditions.

*Initial Conditions (Maturing Bond):



58

At ¢ = 0, the security will be valued at its par value,
$1. Thus:
B*(P, 0) =1

*Boundary Conditions (Maturing Pure Discount Bond):

When P = 0, then 8 = 0, and equation [15] becomes:
: *
BT =0 [17]

on the assumption that P and B* have the same order of
asymptotic behavior. The condition

8*(0, 1) =0, <%0 [18)
is consistent with [17]

When P = K, equation [15] becomes
B*

pp - 0 [19]
The condition
B" (K, 1) = 1 [201
is consistent with [19] and has the required physical
properties.
We will now analyse the conditions on the mortgage
backed bond, B:
*Initial Conditions (Mortgage Bond):
Let us assume that the coupon for one dollar of debt at

the start of the contract is c. Let there be N years to

maturity.
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At ¢ = 0, the security will have no value because it

will have liquidated itself.
B(P, 0) =0 [21]

*Boundary Conditions (Mortgage Bond):
From equation [15], when P = K we have that
- B +c¢=0. : = [22]
T
B (K’ T)

"

ct [23]
is consistent with the initial condition and the natural
boundary condition [22].
When P = 0, equation [15] implies that
Bpp = 0 [74]
A solution that satisfies this natural boundary

condition and has the required physical conditions is:

B(O’ T) = CT [25]

*Policy Condition (Mortgage bond):

The bond will be called when the value of a bond
without the call feature is greater than the remaining loan
balance. The remaining loan balance may be calculated as
follows:

From conventional theory we have that
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L=S(1-eN - [26)
where s is the yield-to-maturity on the mortgage bond given
no call, and L is the amount bhorrowed, in our case 1.

We know ¢ and N, and e is the base of the natural log,
so we may in principle obtain value of s from [26]. Call it
s'.

From traditional theory, the remaining principle, Q,
outstanding at any time t to maturity is

Q=% (1-e8'T) [271

The policy condition is then that the value of a bond
B* is the minimum of Q and B, where B is the value of the
bond without the call feature.

B* = MIN [0, BI. [34]

It would be useful to summarize the above model. The
value of a mortgage bond, B, at any time ¢, 0 < = ¢t < =T is

given by the solution of the system of equations:

* 1 2 * * * * * *

- + - + + P -8) =0 8

B,r ? 32 Bpp c Bp Bp GT r ( Bp 8 ) [28]
- - G+ PB_-B) = 0

BT t5 8 *Bpp +*c E Bp + Bp < r( Bp )

r ==In (B (P, t ))/+

b d
p p
B =a(l -g) (g)
subject to:
*

B (P, 0) =1
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B (P, 0) =0

B" (0, t) =0 1 0

B (0, ) =0

BY (K, ) =1

B (K, ) = ¢t

BY = MIN (0(x), B(P, 1))

where
0 = c(1 - e 5%)/s
and s is the solution to
1= c(1 - e SNyys [351
The parameters of the system are to be estimated from
empirical data, but must be constrained as follows:
a>=o0

b>=20

(=8
v
o

(stochastic case)

0

[fe]
v
"

*
0 <1 < (a t such that convergence to

the risk-free rate is satisfactory)
In the model summary, B* denotes the price of a
maturing default-free pure discount bond, and is calculated

as a by-product of the value of the mortgage, B*. B is the
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value of an equivalent mortgage to B*, excepting that it may
not be called. The coupon on the mortgage is c¢ per $1 of
the principle when the maturity was equal to the original
life of the mortgage and is paid continuously. The mortgage
had an initial 1ife of N years. The system is a function of
a single state variable P which is the price of a standard
E-bond and which has a nominal coupon of c(p) and a par
value of Pp. The remaining nominal cash flow

k = C(p)T(p) + P0 where T(p) = pu the nominal maturity of the

state vector.

4., A Note on Maintenance of a Risk-Free Hedge.

There remains one point that requires discussion.
Implicit in the construction of the model is the assumption
that the risk-free hedge can be maintained from the current
time to the maturity date of the security being evaluated.
At any time, a portfolio may be constructed such that it is
instantaneously risk-free. The cost of adjusting the
portfolio is $0, so that the portfolio may be adjusted to
make it instantaneously risk free (at as many times as one
would required, in any interval) without penalty. The

problem remains that the portfolio is still not risk-free at
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all times in the interval.

Let us divide any given interval into M equal sub-
intervals, I(i), 0 < i < =M, i integer. Let S be a given
probability close to one. Define J(i) to be the quantity:

J(i) = [(we Bp/B + (1-W)g Sp/S) dz(t) [36]
I(1)

If we adjust the portfolio at the beginning of each
interval, then at the beginning of the interval, the
integrand is by hypothesis zero. However, at any time later
(in the interval) the integrand will be non-zero with
probability one. For an arbhitrary ¢ we may select an M such
that the largest J(i), J(*), is less than ¢ , with a
probability S. The integral over the whole interval must be
less than M.J(*) with a probability greater than S.

If it could be shown that in the 1imit as M + », the
quantity M.J(I) is 0, then we will have shown that a risk-
free portfolio can be maintained with a given probability.
If further, this could be shown to be true for any S
strictly less than one, then the required result follows.

In establishing the above result, we will probably have
to make use of the fact that the quantity:

B Bp/B
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is continuous with probability one. In establishing the
result one may also have to use the Fokker-Planck equation.

While a proof that the hedge can be maintained is
highly desirable, we could restrict our bonds to those that
satisfy the hedge. It is then an empirical matter to
determine what class of bonds satisfy the final model. In
the case of stock options, there is sufficient evidence to
show that a similar risk-free hedge can be maintained. Any
such test is, of course, a joint test of all the assumptions
of the model.

The present author is conducting joint research with
the objective of proving that a hedge may be maintained, and

under what conditions.
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2.2.2. Appendix B to 2.1

A BOND VALUATION MODEL WITH TWO STATE VARIABLES.

1. INTRODUCTION

The purpose of this section is to extend the single
state variable model to include a second state variable.
The resulting model! provides a more adequate check of the
mulitidimensional model.

The same assumptions are made as in the one dimensional

case, except that the state vector has two components.

2. Development of the Model Equation
Let the value of a bond B be a function of two E-BRond
processes Pl and Pp, Py % Pp, and its term to maturity,
T. It will be furtiier assumed that the processes P, and Py
are generated by Ito equations with wiener noise:
dP, = a; dt + g,, dZ,(t) + g;, dZ,(t) [1]
. dP, = a, dt + 8,, le(t) + Byy dZ,(t)
where q and g one functions of P and not explicit function
of t.
The Ito lemma provides us with the following result:
dB = ydt + §dZ(t) [2]

where
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(- B+ Bya+ztr(ss B

(Bps)

It should be noticed that y is a scalar and § is a 2 element

Y ))

pp

8

row vector. Bp is the vector

(Bp,s Bp,)

and Bpp the matrix

B B \
P1Py P1P2

B B
PiP2 P2P2 .

tr is the trace function on a matrix.

_ Purchase, long or short, swo of B SW, of Py and $W, of
Pp so that Wy + Wy + Wp = 1. This restriction on W is not
necessary, but makes the development somewhat simpler. As a
result, we shall have purchased Wgy/B units of B, W;/P; of P,
and W,/P, of Pp. It is be assumed that B pays a continuous
dividend ¢, which we assume to be constant over time.

Denote the portfolio by V. By assumption, V=1. The change
in the portfolio will be given by:
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W

0
dV = g=(ydt + &, dZ,(t) + &, dZ,(t) + cdt) [3]

W
+play dt+ 8y dZ(t) + gyp dZp(t))

W

2

+ F;‘“z dt + Boy le(t) + By dZZ(t))

Select W so that the sum of the risk terms is zero in

the next instant of time.

Wo W W,
W W W

0 1 2 _
B 2t v P12t F, fa2 T 0

Under these condijtions

Wy Wy W,
dv = (-B--(Y+C) + -F-i- al + -p; az) dt

The portfolio is riskless, so to avoid arbitrage it must be
equal to the return on a maturing pure discount bond, r
dv = r dt.
Recalling that (W5 + W, + Wy) = 1 we obtain:
W 0] W

0 1 2 -
g (y+c-rB) + ﬁj(al+cl-clt-rpl) + F;(GZ*CZ‘GZT'”pz)‘O facl
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Equations [4A], [4B] and [4C] form a singular system,
so that the following matrix:

ytc - rB a + €y - 6 - rP ap + Cp - 6, rP,
8y 811 B2y
8, By2 B22

/

has rows that are linear combinations of one another. The
combination function (xl,xz)T is not a function of ¢ as this
is arbitrary, and so, is at most a function of the state
vector P, This function has been called the market price of
risk, but is of 1ittle concern to us, as it is eliminated

from the model.

Thus:

A""C-PB = Xl 51 +Xé 52 [5]
ap + € -Gy - rPy = a8y * Ay By,
ag + Gy = Gy - TPy = Xy By) * Ay Bpy

The second and third equations imply that

L O PLIC LI 6]
02+C2-GZT-PP

2
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The first equation of [5] is just:

y+c-rB = 8 [7]
Recall from [2] that

§ = (Bpa) (81
Substitution of [6] and [8] into [7]

-~ G - P
-1,0 % G - Gy, 1
Yy+c-rB=8_pgg ( . - ) R
Substituting for y from [2] into [9] results in the

model equation for evaluating bonds:

- B +1tt‘(BBTB)+c-B(C C).r-l-B(G Gr~ [10]
T 7 pp P 1, 2 P 1t N 2t

-B_P,- P =
r(B Py 1 sz 2) 0
3. Constraints on the Model Equation.

These are a direct generaliztion of the one dimzpzianr2al

case.
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ITI. ESTIMATION OF THE PARAMETERS

In the last section, the valuation equation for any
kind of bond was derived (equation 2.1.3 [2]). In order to
use it, it requires estimates of the parameters and initial
and boundary conditions. This section develops an
estimation procedure for the parameters given the initial
and boundary conditions on the basis bond.

The current author proposes three methods by which the
parameters of the system can he found. All three will be
discussed, but only the most practical (number 3) will be
analyzed in detail. They are:

1. Direct estimation using non-linear filter theory.

2. Direct estimation using the Fokker-Planc equation.
3. Indirect estimation using equation 2.1.3 [2] of the

last section.

3.1, Estimation Using Non-Linear Filter Theory

The development of digital filter theory used in signal
processing and control theory is quite advanced. This
subsection describes a procedure by which this theory may be
used to estimate the parameters of the original system of

stochastic equations., The theory is set out in substantial
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detail in Sage and Melsa's (S&M) book "Estimation Theory
with Applications to Communications and Control"”, Chapter 9,
“Nonlinear Estimation",. The treatment is somewhat long and
involved and is not repeated in detail here.

A useful feature of the text is that various algorithms
are written in a form that makes the generation computer
code reasonably easy to implement. In our case, the true
state variables of the system are directly observable and so
do not require estimation. In the class of models
considered by the S&M text, the state variables are observed
through a noisy observation modei. The S&M algorithm may be
made to suit our purposes by thinking of the parameters of
our mode as state variables. These new "state variables"
are now observable only through a noisy observation model.
It was found that using a maximum a posteriori estimation
(MAP) discrete algorithm the estimation of the parameters
resulted in instability in the sense that as each new
observation was fed into the model, the estimates of some of
the parameters moved off to infinity. The effect was
particularly pronounced after a large jump in the observed
interest rate.

There is an additional algorithm that may be
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incorporated into the MAP algorithm used above called a
discrete fixed-lag smoothing algorithm. Although it was not
implemented, it is the present author's view that it may
result in satisfactory estimations.

One advantage of the above type of algorithm is that it
provides estimates of the parameters at the time of each new
observation. One is then able to obtain some idea of the
stationarity of the parameters.

Another advantage of this class of algorithms is that
the drift vector of the generating process may be
estimated. While this vector has no value in our final
model, it may have uses in other models.

The procedure was abandoned for higher dimensional
models because of the large number of parameters to be
estimated by such an on-line filter, and because no
confidence statistics were provided by the algorithm. The
algorithm is however economical with computer time and
should prove useful to a practical implementation of the

valuation algorithm if only it can be made stable.

3.2. Direct Estimation using the Fokker-Planc Equation.

The Fokker-Planc equation may be used to convert the
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Ito stochastic equation of a process into a parabolic
partial differential equation. The solution of this
equation is a conditional probability density function. The
initial conditions of this equation is a Dirac delta
function with the singularity at the current bond price.
Consistent with this are the requirements that the
probability density function is identically zero for all t

at P, = 0 and Pi = K for all i.

i i’

It is clear then, that given any particular
parameterization q', the conditional probability density
function may be found as a solution to the partial
differential equation. Consider any observation of the
state vector and the corresponding observation one period
later. This is a sample from the theoretic2l conditional
probability density function., This observation may be
mappéd onto the theoretical model's cumulative conditional
probability density furction with parameterization q'. The
cumulative probability of the point may then be read off,
given that the theoretical model and its current
parameterization are true.

The multivariate cumulative probabijlities should come

from a uniform distribution on [0,1]. 1If a sufficiently
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powerful non-parametric test statistic is selected, one
should be able to "fit" the data to the uniform distribution
by the optimal selection of the parameterization, q*.

Using this method, one is able to obtain confidence
intervals for the parameters using well developed
statistical methods.

The method involves a very large number of solutions to
partial differential equations which would involve
substantial computer time. By careful use of interpolation,
however, the number of solutions of the pde can be reduced
substantiaily.

An advantage of the method is that only the basis bonds
are used. In the indirect method, to be discussed next,
additional non-basis bonds must be used. The present method
makes fewer assumptions. There is no assumption about

efficient markets, for example.

3.3. Indirect Estimation.

From a conceptual point of view, the method of
estimation to be described below is very straightforward.
In additicn, the subroutine modules necessary to estimate

the parameters are available. A system of partial
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differential equations (pde) is nothing but a system of hard
equations to solve. For some parameterization, q' equation
2.1.3 [2] is solved in two steps. First B* is solved using
the first equation of the system and the results substituted
into the second equation. Then the equation in B is

solved. The equations could, of course, be solved
simultaneously, but this would place a further restriction
on the sources of pre-written computer code. There is no
possibility of being able to solve the equations
analytically today, so a numerical procedure is necessary.
The numerical solution of the equation depends upon the
parameters of the equation, q, as well as upon the current
value of the state vector P. The solution is the price of a
bond, and the correct initial and boundary conditions of the
bond type being considered must also be specified.

If the bond B is selected so that it corresponds to a
member of a set of observable bonds, then we have a
regression problem. The only differences between the
current problem and a regular regression analysis is that
the equation is not explicit. Because derivatives of B with
respect to the components of q, the parameter set, are not

available, we should look for a derivative-free non-linear
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regression code. Thus, given actual values of P and B,
together with other knowns, a route exists to estimate the
parameters of the system. |

Two views heard frequently in pde circles are that one
should not generally write one's own code to solve pde's and
that the finite element method is superior to more
conventional methods. The only code located in the market
place to solve our system was written by Bill Schiesser of
Lehigh University called DSS/2, but it uses the method of
lines. For the record, ACM algorithm 540, PDECOL (written
by Madsen and Sincovec) uses the finite element method but
is restricted to systems of equations with one space
variable, and our system has been developed for a higher
number of state variables.

An appropriate regression code called BMDPAR was
written by Mary Ralston of BMDP., The use of this code to
estimate ordinary differential equations has been recognized
in BMDP technical reports 46, 54, 58 and 70. The present
author independently recognized the use of this code to
estimate partial differential equations. The theory of the
code is described in Ralston and Jennrich (1977), and use a

very efficient secant pseudo-Gauss-Newton algorithm that



77

minimizes the expensive functional evaluations.

A practical note should be included at this point.
When estimating a higher dimensional bond process, one
should use a wide range of different bond types with widely
different maturities. If this is not done, then the
confidence with which one can estimate some of the
parameters suffers. For instance, if only long-term bonds
are used, then we would find that confidence statistics of
the parameters associated with the short-term basis bond
processes would be poor.

A further point of interest is that we may examine the
stationarity of the parameters over time by collecting bond
prices over a short time, a day or a week. Given sufficient
observations the parameters may be estimated with a high
degree of confidence. The process may be repeated in
subsequent periods, and the stationarity of the parameters
observed.

To summarize, a practical way to estimate the parameter
of the bases bond process is to use BMDPAR coupled with
DSS/2 or PDECOL. An advantage of the Ralston ccde is that
statistics are provided. Once the parameters of the system
have been estimated, anyArational bond may be valued.

Irrational bonds may also be valued, but the estimated model

must be first embedded in another model.,
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IV.BOND VALUATIONS WITH THIRD PARTY TRANSACTION COSTS.

It is convenient to analyze the world into three sets
of persons. They are the issuer, the investor, and third
parties. The analysis already provided enables us to
analyze all default-free rational bonds in the absence of
any cash flow to third parties. For instance, if a callable
bond has a call premium, this may be considered to be part
of the exercise price. This premium is just part of the
cash flow between the issuer and the investor. The problem
arises when third party transaction costs are incurred.

This is because the cash flow associated with the bond of
the issuer is not identical to the negative of the cash flow
of the investor. This results in a separation of the yield
curve into two curves, one for the investor and one for the
issuer. For instance, an investor's required rate of return
on a pure discount bond will be Tower than the cost of
capital to the issuer., This is a result of the flntation
charges and the cost of administrating the bond issue.

We have been able to avoid the problem associated with
creation of an investment planning horizon bhecause of the
contingent claims setting of our model. Elton and Gruber's

(1975) dynamic programming model requires a time horizon
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because there is no arbitrage analysis in their model. In
our model, interest rates are all in equilibrium, so that
given that a bond exists with a certain maturity equal to
the investment planning horizon, then any rational bond will
be corréctly valued by our model. If the correct transition
probabilities are specified, then the two approaches will
give identical results.

One way to avoid treatment of the planning horizon is
to recognize that the owner of the option feature will
include all his costs in making an option decision. Let us
illustrate the impact of this by analyzing a callable bond
with third party transaction costs.

It is be assumed that on a particular mortgage there is
a remaining balance of Q(x), and a penalty of
U(B,(P,t), ) payable to the mortgage bond holder. The
third party premium required to call in the old mortgage and
to issue a replacement mortgage is M(B(P,t), t). The
issuer's effective exercise price is Q + U + M. Any bond
issue may be used to replace the mortgage as the market is
in equilibrium. We will use a bond without a call feature
but otherwise identical to the mortgage bond. This reduces

the complications of the issue of a second callable bond.
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Note that B(P,t) and <t are known. The functions M and U
should be determined by analysis of investment banking
practices.

In the valuation of GNMA pass-through securities, we
must set U equai to zero as there is no early repayment
fee. The correct value of the third party costs, M, is
harder to determine. For some charges, there can be no
doubt that they should be included in M. Any payments to
institutions other than the new lender would certainly be
included in M. The problem arises where lending
institutions allow the borrower to buy-down the interest
rate or allocate front end expenses to increase the interest
rate coupon. We have to ask to what extent are "points",
for example, a recovery of bank expenses, and to what extent
a buy-down of interest rates.

Careful analysis then enables us to include third party
transaction costs into the valuation of bonds. We do have
to take great care to ensure that we separate these costs
from the market rates. This will sometimes require the use
of critical financial judgement.

To summarize, we use Q + M in place of Q in the model

2.1.3 [2].
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V. IRRATIONAL BONDS WITH TRANSACTION COSTS.

In this section we analyze the irrational callable
bond. The analysis may be extended quite simply to include
any type of irrational bond, but it is be simpler to analyze
GNMA pass-through securities rather than a generalized
bond. GNMA pass-through securities are just portfolios of
mortgages, which in turn are just a specific type of
callable bond.

There are several ways to analyze irrational
behavior. Dunn and McConnell [198la,b] attempted to use a
jump process in deriving the valuation equation. As
explained in Chapter 1, this method has several drawbacks
not least of which is the fact that the type of suboptimal
behavior whereby a householder holds onto a mortgage that
should rationally be refinanced is not modeled. It is not
possible to make a straightforward modification to their
model.

At any time, a callable bond can be given a rational
value, B(P,t), using the theory developed in this chapter.
The remaining balance, Q, of the bond may be determined
using classical theory together with any premium that must

be contractually paid. If there are any third party
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transaction costs, M, associated with refinancing, then
these may also be determined. Thus, at any time, the
opportunity cost of refinancing or not refinancing may be
determined. Let us define the refinancing variable, S to
be:

S = B(P,t) -Q - M

If S <0, then the mortgage should optimally be
refinanced now

If S > 0, then the mortgage should have been refinanced
at some past time.

The above definition of S enables us to find the actual
distribution of S when mortgages are repaid.

If the distribution of S is stationary and the variance
is not too large, we may use it to estimate the value of an
irrational bond. The equation 2.1.3 [2] requires the
further modification whereby for every occurance of the
symbol Q, a replacement string Q + M + S is inserted.

(1] 8 = [ B(P,1;s) dP(s)

If it tuins out that the distribution of S is
unsatisfactory, then we may make s a function of a set of
relevant independent variables and perform a regression

analysis. The resulting estimated functional form of S
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together with the residual error analysis may be used in an
analogous manner to that just described.

This method is a hybrid of contingent claims bond
evaluation methodology and the regression methods used by
Curley and Guttentag (EER, 1974, 1,1). The independent
variables used by them are:

Policy Year

Maturity

Control rate prevailing in year t

Contract rate on mortgages in cohort
Rational opportunity cost of not refinancing

The present author would like to add to these the house
price inflation and delete the rational opportunity cost
(this is just s in our model). C&G were estimating the
annual termination rate in year t).

Note that the irrational behavior of holders of other
types of bond-option holders may be modeled in a similar
manner. Indeed, the irrational behavior of any option
holder may be so analyzed. The value of the option, given
that people act irrationally, may next be found. Such an
estimate would be more useful to a s~1ler of opfions than

the corresponding rational estimate of the option's value,
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VI. Further Research.

1. The initial, boundary and policy conditions of other
types of bonds may be simply derived.

2., Estimates of the parameters of the model should be
obtained in the manner described in 3.3.

3. The mixed noise problem should be addressed where
the underlying state vector contains poisson as well as
wiener noise.

4, The distribution of irrational costs, S should be
determined and investigated, and a praématic study made of
the mortgage rafinancing behavior.

5. The existence of a continuous hedge must be
established. It is not sufficient to show that a hedge can
be created at any time. This is a major concern in the case
of mixed noise models.

6. We should compare the results of the model in the
bond context solved with a general structure numerically
with other solutions obtained with more restrictive
parameter selection using analytic methods. Following
Black-Scholes [1973], a solution should exist in terms of
the error function and following Dothan [1978] in terms of
Bessel functions given suitable selection of parametric form

of the free functions of the model.
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