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INTRODUCTION

The first book devoted to linear groups was Jordan's Traité des

Substitutions. In this work is found the famous Jordan Normal Form,

results on substitution groups, and a study of quadratic forms. Perhaps
the most important results are those dealing with Galois' problem of
determining all solvable groups of substitutions. Dickson, in Linear
Groups [10], investigates linear groups over Galois fields and derives an
extensive collection of finite simple groups. More recently D.

Suprenenko, in Soluble and Nilpotent Linear Groups [27], studies the

problem of normal series in linear groups.
In 1938 J. Brenner began a study of the general linear group over
the particular local ring Z/Zp- ([61,[7]1,[8]). For each t,1 < t < n, he

defined normal subgroups of GLn(Z/an),

*
Nt = {A : A is scalar mod pt}
Nt = {A : det A=1 and A = I mod pt}.

It was then shown that the subgroups are characteristic and that G is a

normal subgroup of GLn(Z/an) if and only if there is an integer t such

that,

N* G>N

> -

B -t

In Chapter II we sketch a generalization of Brenmner's work, due to

Klingenberg [18], for the setting of an arbitrary local ring. Klingenberg

1
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defines for each ideal J of the local ring R the congruence subgroups
*
GCn(R,J) and SCn(R,J) that are analogous to Nt and Nt’ respectively; he

shows that a subgroup G is normal if and only if

cc_(R,J) 2 G 2 SC_(R,J)

for some ideal J of R.

We raise the question: For an arbitrary local ring are the con-
gruence subgroups characteristic as was the case in GLn(Z/an)? A
partial answer to this question is given in Chapter II showing that the
congruence subgroups for R and the maximal ideal are characteristic.
Furthermore, it seems unreasonable to expect the congruence subgroups
for any ideal in a local ring to be characteristic; rather, it was con-
jectured that GCn(R,Mi) and SCn(R,Mi) are characteristic where M denotes
the maximal ideal and i a non-negative integer.

In Chapter III we determine the structure of the kernels of the

natural group morphisms

i ..
hy 3 6L (R) > GL_(R/M), =1,2,°"".

In particular, we generalize portions of recent research by Barbee [3]
with regard to basic genmerators, nilpotency, and the central series. It
is also shown that when R is a finite local ring the kernel Kl of h1 is
characteristic. A useful corollary is that when R is finite the
automorphisms of GLn(R) induce the automorphisms of GLn(R/M). Since in
this case R/M is a finite field and here the automorphisms are know, one
is able then to "1lift" much of the theory to GLn(R).

The subgroup of the upper triangular matrices over finite fields has

been studied by Weir [28] who showed they form a p-Sylow subgroup of the
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general linear group. Weir also computed elementary generators and
central series. Robertson [22] considered the subgroup of matrices that
are upper triangular modulo the Jacobson radical injan arbitrary ring
with 1. He showed the subgroup is a Fitting group when the radical is
nilpotent. We consider the subgroup S of matrices that are upper tri-
angular modulo the maximal ideal and determine its elementary generators
and central series. We show that when the maximal ideal is nilpotent,

S is a nilpotent group and when R is finite of characteristic pt that S
is a p-Sylow subgroup.

In 1928 Schreier and van der Waerden [25] determined the automorphisms
of the general linear group over an arbitrary commutative field. Later
Dieudonné [11] described the automorphisms of the general linear group
over a non—-commutative field. Hua and Reiner [16] investigated auto-
morphisms of linear groups over the ring of integers; whereas, Landin and
Reiner [19] discussed automorphisms of the general linear group over non-
commutative principal ideal domains. Automorphisms of the general linear
group over integral domains very recently have been determined separately
by T. O'Meara [21] and Yen Shih Chien [8].

Finally Cohn [9] was able to compute the automorphisms of'GLn(R)
where R is a k-ring (k a field) with a degree function such that R is a
discrete normed ring. The general method in each case is first to
determine the images of involutions and then the images of transvections.
Once the images of transvections are known, 0'Meara invoked the Funda-
mental Theorem of Projective Geometry in the field of quotients of the
integral domain to obtain his results. In our study we have no field of

quotients to appeal to and since R is not a domain, it was suspected the
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presence of torsion elements would produce new automorphisms.

In determining the automorphisms we follow Yen Shih Chien's method
which is highly computational. If R/M has characteristic other than 2
and n > 3, we show that any automorphism of GLn(R) can be described in
terms of a triple (x,P,a); x is a group endomorphism of Rf, P a similarity
factor in GLn(R), and o an automorphism of R. The cases n = 2 and
characteristic of R/M equal to 2 are very difficult and O'Meara [ 21] was
only able to handle involutions for characteristic 2 over domains by
employing separate arguments. Cohn [9] discusses in detail the difficulty
of determining the automorphisms of GLZ(R).

In the last section the conjecture posed concerning the character-
istic subgroups is answered affirmatively by showing that GCn(R,Mi) and
SCn(R,Mi) are characteristic for all i > 0, when the characteristic of

R/M is not 2 and n > 3.



Notation and Terminology

Throughout this paper all rings are assumed to have identity element
which is denoted by 1 or by I in the case of matrix rings. The symbol R
always denotes a local ring with maximal ideal denoted by M.

The following is a list of symbols and a brief description of their

use. Precise definitions are given in the text of the paper.

R(n), the n-dimensional free R-module, z R.

n-summands
GL(V), the group of invertible linear transformations of the free

R-module V.

GLn(R), the group of invertible n by n matrices

Mn(S), the n by n matrix ring over the ring S.

SL(V), the subgroup of GL(V) consisting of elements with determinant 1.

SLn(R), the subgroup of GLn(R) consisting of elements of determinant 1.

GCn(R,J), the general congruence subgroup modulo J, defined in Chapter

II.

SCn(R,J), the special congruence subgroup modulo J, defined in Chapter

II.
H < G, H is a subgroup of G.
ACB, A is a subset of B.
P> the natural ring morphism of R - R/Mi.
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hi’ the natural group morphism induced by py on Gln(R) > GlnﬁR/Mi).
K., the kernel of h,.
=X i
Eil, the matrix having 1 in the (i,j) position and zeros elsewhere.
Bil(l), the elementary transvection, I + AEij.
Sil, the permutation matrix, Bij(l)Bji(-l)Bij(l).
D.(r the diagonal matrix, I + (r-1)E,..
(r), g s ( )jj
Jii’ the diagonal involution having - 1 in the (i,1i) and (j,j)

positions and 1 elsewhere on the main diagonal.

[al,az,---,an], the n by n diagonal matrix having ay in the (i,1i)

position.

C), direct sum for matrices and for modules. (Use is clear from

context.)



CHAPTER I
LOCAL RINGS
PROPERTIES OF LOCAL RINGS

Let S be a commutative ring and J an ideal of S. J is called a
maximal ideal of S if J # S and J is not a proper subset of any ideal
except S.

Definition 1.1. A commutative ring with identity is a local ring
if it has exactly one maximal ideal.

An element of a ring is called a unit if it has a multiplicative
inverse and the set of units in a ring S is denoted by S*. It is clear
then that a commutative ring S is a local ring if and only if S - s* is
an ideal. Consequently in a local ring a sum of elements is a unit only
if one of the summands is a unit.

If R is a local ring with maximal ideal M, then the ring R/M is a

field and is called the residue field of R. The natural epimorphism,

R - R/M

will be denoted by p and images of elements under p will be denoted by
bars. That is, if r is in R then the residue class p(r) = r + M will be
denoted by T.
The following are examples of local rings:
Example 1.1 Any field is a local ring with maximal ideal (0).
7
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Example 1.2 The rational integers modulo a power of a prime,
Z/an, is a local ring with maximal ideal Zp/zp_.

Example 1.3 If S is a commutative ring and P is a prime ideal in
S then SP’ the ring of fractions with denominators from S - P, is a
local ring. The maximal ideal comsists of all elements % where p is in
P. SP is called the localization of S at P.

Local rings play the role of elementary building blocks for com-
mutative rings that satisfy the descending chain condition on ideals,
that is, Artinian rings.

Theorem 1.1 (The Structure Theorem for Artinian Rings) An
Artinian ring is uniquely (up to isomorphism) a finite direct product of
Artinian local rings.

Proof: See Atiyah and MacDonald [2].

Finite commutative rings obviously are Artinian and therefore
Theorem 1.1 reduces the study of these finite rings to the study of their
finite local components. We also note that Artinian local rings have
nilpotent maximal ideals and thus Theorem 1.1 reduces the study of
Artinian rings to the study of local components having nilpotent maximal
ideals. If R is a local ring with nilpotent maximal ideal M then the
smallest positive integer B satisfying MB = 0 is called the degree of
nilpétency of M.

We note also that structures "over" a ring S are often productive
and thus Theorem 1.1 simplifies their study. 1In particular, for a ring
S let Mn(S) denote the n by n matrix over S and S[X] the polynomial ring.

If S is isomorphic to a direct product,

ct

S= 1 8
j=1 1’



then
I
M ()= n M(S,) (ring isomorphism)
n =1 D i
and .
~ L
S[x] = I si[x] (ring isomorphism)
i=1

Suppose that R is a finite local ring with maximal ideal M. The
residue field, R/M, is a finite field and therefore has characteristic
p for some prime number p. It can be showa that if R/M has characteristic
P, then R has characteristic pt for some t and cardinality ps for some s.
The following theorem, proven by Ganske in [13], gives the structure of
finite local rings.

Theorem 1.2 Let R be a finite local ring with characteristic pt
and maximal ideal M having minimal generating set of cardinality n. Then
there is a subring T of R such that T is a separable extension of Z/Zpt

and R is a homomorphic image of T[Xl,'-°,Xn].

Modules Over Local Rings

The following theorem is fundamental for finitely generated modules
over local rings. A detailed treatment of the theorem and proof can be
found in Nagata [20].

Theorem 1.3. Let R be a local ring with maximal ideal M and let E
be a finitely generated R-module.

(i) A subset {ui}:=l of E is a generating set for E if and only if
their residue classes {ﬁi}:=l generate the vector space E/ME over the
field R/M.

(i1) A subset {ui}:=1 of E is a minimal generating set for E if and

only if {ﬁi}n is a linearly independent basis for E/ME over R/M.
i=1
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(1ii) Any generating set for E contains a minimal generating set; if

Ups®tru and vl,---,vm are both minimal generating sets for E then

1°
m = n and there is an R-isomorphism of E - E that maps U >V, l1<i1iz<n.

Let V denote the n-dimensional free module over the local ring R.
1f e)»*"*»e is an R-basis for V then Re, ZRforalll<ic<n and
VvV = Re1 @---3 Ren £ R(n). When dealing with V, we will often assume
that a free basis has been chosen and will treat elements of V as
n-component vectors.

Observe that there is no ambiguity in the dimension of a finitely
generated free R-module because by Theorem 1.3 (iii) each basis will have
the same number of elements.

Definition 1.2 K is a subspace of free R-module V if K is a
direct summand of V.

The following theorem, due to Kaplansky [17], has as a consequence
that subspaces are free R-modules.

Theorem 1.4 Projective modules over local rings are free.

A subspace K of the free R-module V is a summand of the free module
V and is therefore projective, hence free. Furthermore if K # V, then
the dimension of K is strictly smaller than that of V. The situation
appears to be very much the same as with a finite dimensional vector
space over a field. However, it is not the case that submodules of V
are necessarily subspaces as happens over fields; for example, if e, is a
free basis element and m is in the maximal ideal, then R(elm) is a non-
trivial submodule but not a subspace.

Definition 1.3 Let V be an n-dimensional free module over the

local ring R. An (n-1)-dimensional subspace of V is called a hyperplane
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of V; a l1-dimensional subspace is called a line of V ; and a cyclic sub-
module of V is called a ray of V.

Theorem 1.5 Let V be an n-dimensional free module over the local
ring R with maximal ideal M. If m < n and Uy, t,u are linearly
independent modulo M, then L AL can be extended to a free R-basis
of V.

Proof: Applying Theorem 1.3, uy,°°t,u are linearly independent in
V/MV over R/M and thus can be extended to a basis of the vector space

v/Mv. If {u,,**-,u_} is such a basis, then again by Theorem 1.3,
1 n

{ul,---,un} is a free generating set for V over R.

Linear Groups

Throughout this section R will denote a local ring with maximal

ideal M and V will denote an n-dimensional free R-module, n > 2.

Definition 1.4 The general linear group of V over R is the group
of all invertible R-linear mappings of V to V. The general linear group
is denoted GL(V).

We use GLn(R) to denote the group of invertible n X< n matrices over
R and observe that by fixing a basis for V there is a natural matrix
representation such that GL(V) = GLn(R). It is often convenient to con-
sider that a basis has been fixed and to use GLn(R) to obtain results for
GL(V).

Definition 1.5 The special linear group of V over R is the subgroup

of GL(V) consisting of elements having determinant 1. It is denoted by
SL(V).
The set of n >< n matrices having determinant 1 is denoted by SLn(R)

and SL(V) = SLn(R) under the above isomorphism GL(V) = GLn(R).
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We will use GLn(R) to describe basic generators for the general and
special linear groups. The letter I will denote the identity matrix;
and Eij will denote the n >< n matrix having zeros everywhere except in
the (i,j) position where a 1 appears. In the n X n matrix ring Mh(R)

we have,

0,j # k

Consider two "elementary" matrices:

Bij(A) I+ AEij,

i#3j and A € R;

and

*
+ - .
I (u l)Eii’ u € R

Di(u)

The matrix Bij(A) is called an elementary transvection. A casual obser-

vation yields,

B (A)-l

ij = Bij (-A)’

Bij(kl)'Bij(Az) = Bij(A1 + Az),
and

det (B,,(A)) = 1.

ij

Furthermore, if A is an element of GLn(R) then Bij(k)-A is the matrix
obtained from A by adding A times the j~th row to the i-th row. Similarly,
right multiplication by Bij(k) adds X times the i-th column to the j-th
column.

The matrix Di(u) is called an elementary diagonal element and we have

D, ()1 D, @D,

Di(“1)°D1(“2) = Di(uluz),
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and

det Di(u) = u.

If A is in GLn(R), then Di(u)-A is the matrix obtained from A by multi-
plying the i-th row by u. Right multiplication by Di(u) multiplies the
i-th column by u.

If P is a subset of M then Bi (P) denotes an arbitrary elementary

]
transvection with an element from P in the (i,j) position. The notation
Di(l - P) is analogous.

If A is an element of GLn(R), then det A is in R?. Since R is a
local ring, it follows that A must have at least one unit in each row
and in each column. This observation allows us to establish the follow-
ing theorem on elementary generators for GLn(R).

Theorem 1.6 If Ris a local ring, then GLn(R) is generated by the

set

%
{Bij(k),Dk(u)| A€R,ueR,i#j, 1csc1i,j,ks<nl}.

Proof: The proof proceeds by showing that a matrix can be reduced
to the identity matrix under left multiplication by elements from the
asserted set of genmerators.

If A = [aij] is in GLn(R), then some element in the first column of

A is a unit. The product P,, = Bij(l)B

ji(_l)Bij(l) permutes the i-th

ij
and j-th rows while changing the sign on the i-th. We can arrange to
have a unit in the (1,1) position then by multiplying A by Plj for suit-
able choice of j. Now assume a is a unit and place 1 in the (1,1)

-1
position by left multiplying by B21(all(1 - a21)) and then by Blz(l-all).

With 1 in the (1,1) position, the remainder of first column is reduced
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to zeros by left multiplying by Bil(- ail)'

This same process is applied to all of the columns, putting 1 on the
diagonal and zero elsewhere, until only the n-th column remains. Note
that we have only used elementary transvections in the reduction. Now
the (n,n) position must contain a unit so that left multiplication by

-1
Bij(ann(- ain))’ for 1 < i < n-1, reduces the last column to zeros
except for a - Finally Dn(a;i) completes the reduction of A to I. We

have then that,

-1 _
Dn(ann) BA=1,

where B denotes a product of elementary transvections. Therefore,

= g-1.
A=3 "D (a ).

The proof is completed by recalling that Bij ()\)-l = Bij(- A).

Corollary 1. Any element A of GLn(R) can be written as BDn(u) where
B is a product of elementary transvections and u = det A.

Proof: 1In the proof of the theorem, A is expressed precisely in
this form; furthermore, det (B) = 1 and thus det A = u.

Corollary 2. SLn(R) is the group generated by all elementary
transvections. -

Proof: Clearly each Bi (1) is an element of SLn(R). Further, by

]
Corollary 1, any element of GLn(R) having determinant 1 is a product of

elementary transvections.

Commutators
In this section we list some basic relations for commutators of the
elementary generators.

Definition 1.6 If G is a group and x and y elements of G, then the
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product x_ly—lxy is called the commutator of x and y and is denoted by

[x,y]. If H and K are subgroups of G, the commutator subgroup generated

by H and K is the subgroup of G generated by elements [h,k] where h is
in H and k is in K; it is denoted by [H,K].

In the following lemma we give several identities that will be
important throughout the remainder of the paper. The proofs will not be

given since all are routine calculations. The equations are true in any
commutative ring.
Lemma 1.1 (The Basic Identities).

-1

(i) Let A = [ai ] be in GLn(R) and A~ = [aiJ]; then

1
[4,B;,0)]1 = B, () - 22 2y Z ot Eyy = ) 2 of ajszts

(ii) If 1 - r is a unit and A is in R, then
I, if k#i and k # j
- R § . -
o, Q- r),Bij(A)] = Bij( n(l-r) ), if k =

Bij(rl), if k=

(iii) 1If Al’ Az are in R and i, j, k are distinct indices, then

[Byy (1) By )1 = B (ay).

(iv) If i #k and j # m,

[B (Al) B (Az)] =1I.

2.2
v) [Bij(kl),Bji(Az)] =1+ (Al)\2 - Alkz)Eii

2 .2
+ llAZEij A1"2Eji AIAZEjj'
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(vi) If 1 - ru is a unit, then

2 2
1 - Tru Tu
Di<;— r;)Dj(l.-ru) = Bij(l— ru)[Bij(r)’Bji(u)]Bji(l-ru)'

(vii) For A, B, C matrices in GLn(R),

[4B,C] = [A,C]l[A,C],B][B,C].

Individual parts of this lemma will be referred to as "Basic

Identity (j)".

The Finite Case

As mentioned previously if R is a finite local ring, then there is
a prime p such that the cardinality of R is a power of p and R/M is a
finite field of characteristic p. The natural map of R - R/M induces a
group morphism denoted by hM: GLn(R) - GLn(R/M). The kernel of hM is
the group of matrices that are congruent modulo M to the identity. When
R is finite, we have GLn(R) finite. The following theorem gives the
cardinality of GLn(R).

Theorem 1.7. Let R be a finite local ring with R/M having

characteristic p and cardinality q = pt; then

2 n-1 -
lee_@®| = [rI" 1 Q- <.
i=0
Proof: 1In [10] Dickson shows that,
2 n-1 _
oL ®R/M)| = ¢* 1 @ -,
n 1=0

This is easy to see by considering the number of choices for linearly

independent rows. The map

hM: GLn(R) - GLn(R/M)
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2
has a kernel, as described above, of cardimality IMIn . Since hM is a

surjection, we have,

_ n
leL_®)| = (M| oL (R/M)|
2 2n-1 -
- IMln qn T Q- qi n)
i=0
2 -
= RIY 1 a-J™.
1=0

*
In order to count SLn(R), note that for the units R of R we have,

%
IR°| = [R] - || = |Rj@ - |rR/M]).
Theorem 1.8 If R is a finite local ring with |R/M| = q = p*, then

2_, n-1 _
s @] = R" 1 1 a-d™Mra-d.
1=0 4

Proof: The determinant map,
*
det: GLn(R) -+ R
is an epimorphism with kernel SLn(R). Thus
G SL (R)] = [R": 1]
[ Ln(R)' Ln() = H .

Therefore

and the conclusion follows from the previous theoren.



CHAPTER 1II
THE NORMAL SUBGROUP STRUCTURE OF GL(V)

In a series of three papers Brenner [5], [6], [7] described the
lattice of normal subgroups of GLnCz/an) in terms of certain maximal and
minimal congruence subgroups. Brenner also determined characteristic
subgroups of GLn(Z/an). Klingenberg [18] has generalized many of the

results on normal subgroups to the case of an arbitrary local ring.

Congruence Subgroups of GL(V)

Let R be a local ring with maximal ideal M, and V be an n-dimensional
free R-module. We shall sketch Klingenberg's results on normal subgroups
of GL(V). For our purposes it suffices to consider n > 3, although most
of the following theorems remain true when n =2 if one assumes R/M does
not have characteristic 2.

If J is an ideal of R, we let V/J denote the n-dimensional free

module over R/J. The map py: R~ R/J induces natural morphisms

g5° vV~>V/] (module morphism)
and

hJ: GL(V) = GL(V/J) (group morphism).

When a basis has been fixed, 83 merely reduces components of a vector
modulo J and h; reduces entries of a matrix modulo J. More precisely hJ

is defined by,
18
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(hy0) (g X) = g;(0X) for all o in GL(V), X in V.

If J = (0), then g and hJ are identity morphisms; if J = R, GL(V/R) is
defined to be the identity group.

Definition 2.1. If X is an element of V, the order of X, 0(X), is
the smallest ideal J such that gJ(X) = 0. If o is in GL(V), the order
of o, 0(c), is the smallest ideal such that hJc is in the center of
GL(V/J). 1f G is a subgroup of GL(V), the order of G, 0(G), is the ideal
generated by {0(¢): o is in G}.

If X is in V and has representation (al,"',an) with respect to
some basis, then 0(X) is precisely the ideal generated by the set
{;i: 1 <1i<n}. Note also that an element X can be extended to a basis
of V if and only if 0(X) = R. If ¢ is in GL(V) and has matrix [aij] with
respect to some basis, then 0(c) is the smallest ideal J such that [aij]
is scalar modulo J. Equivalently 0(c) is generated by

{aij

,aii-ajjzi#jalﬁi’jf.n}'

Definition 2.2. For each ideal J of R the gemeral congruence group

modulo J, GCn(R,J), is the group h}l (center of GL(V/J)).

GCn(R,J) is obviously a normal subgroup of GL(V). For the extreme
cases we have that GCn(R,O) = center of GL(V) and GCn(R,R) = GL(V). Ia
terms of matrix representations, GCn(R,J) is the set of matrices that are
scalar modulo J.

Definition 2.3. An element T of GL(V) is called a transvection if

there is a hyperplane H of V such that t™X -~ X is in H for all X in V and
T is the identity map when restricted to H. If a basis is chosen, say

{e ,*++,e_}, then for i # j, B,,()) is a transvection with hyperplane
1 n

i]

generated by {el,-- -.-,en} and Bij(k)(x) - X is contained in

2€3-12%541°



20

the line generated by e i
Lemma 2.1. Let T be a transvection in GL(V) with fixed hyperplane
H. Then there is a functional ¢ in the dual space of V and an element A

of H such that
X = X + ¢(X)A, for all X in V.

Proof: There is obviously a functional, ¢, such that H = qb—l(O) and
¢(B) = 1 for some element B in V-H. For example, choose B such that
V = H®R*B and simply define ¢(B) = 1 and ¢(X) = O for X in H. Then
extend ¢ to V linearly. Now let A = tB -B. Then A is in H and

X - ¢(X)B is in H. Thus for all X in V,

(X - ¢(X)B) = X - $(X)B
and therefore

X=X+ ¢(X)(1B - B) =X + ¢(X)A.

This completes the proof of the lemma.

If T is a transvection with

X = X + ¢(X)4,
then A is said to belong to T and is determined by H up to a unit multiple.
That is, if ¢ is replaced by u¢, u in R*, then A is replaced by u-lA. It
is also clear that the ideals 0(A) and 0(t) are identical for hJT is
scalar if and only if gJA = 0.
Conversely, if ¢ is a surjective element of the dual space, then

¢-1(0) is a summand of V of dimension n - 1. If H = ¢-1(0) and A is any

element of H, then the map T described by,
X = X + ¢(X)-4,

is a transvection with A the vector belonging to t and hyperplane H.
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If T is a transvection with hyperplane H, then by choosing a basis
for V, say {el,~--,en}, with e; in Hfor 1 <ig<n-1and ¢(en) =1 we

have the matrix representation,

1 0 0 *** 0 a, |

mat (t) = |« ¢ o cee o .

lo
o
L ]
.
»
o
[

n-1
where A = 2 ae.. It follows that det (1) = 1 for any transvection T.
i=1

Definition 2.4. For each ideal J of R the special congruence group

modulo J, SCn(R,J), is the normal subgroup of GL(V) generated by all

transvections T such that 0(t) € J.

For the extreme cases we have that SCn(R,(O)) = I and

SCn(R,R) = SL(V).

Klingenberg's Results

In this section we will sketch Klingenberg's results on normal sub-
groups of GL(V). All of the propositions appear in [18] and we shall only
indicate the method of proof in each case. R is a local ring with
maximal ideal M and V is an n-dimensional free R-module.

Lemma 2.2 (Klingenberg). Two elements X, Y of V have the same
order if and only if there is a o in GL(V) such that oX = Y.

Proof: (Klingenberg) Let oX =Y. Note that (hy0)(g;X) = 0 if and
only if g;(X) = 0. But (h;0) (gX) = g;(oX) = gJ(Y). Thus 0(X) = 0(Y).

Conversely, supposing that 0(X) = 0(Y) = J, choose a minimal
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generating set {ui}m

n n
for J and show there are bases {ei}i=1 and {fi}iﬂl

m m
for V such that X = 2 u.e, and Y 2 u,f,. Then take o to be the
151 ii i=1 i"1

change of basis map, o(ei) = fi’ 1

IA

i < n, and have oX =Y.
Theorem 2.1 (Klingenberg). Two transvections T, and T, of GL(V)
have the same order if and only if they are conjugate in GL(V). Further-

more, if n > 3 and 0(11) is a principal ideal, then 1, and T, are

1
conjugate in SL(V).

Proof: (Klingenberg) As in the lemma if v, and T, are conjugate,

1l
then 0(11) = 0(12).

For the converse suppose,

11x X+ ¢1(X)A1

and

TAX
2

X+ ¢2(X)A2.
Then by lemma 2.1 there is a o in GL(V) such that cAl = A2 and cHl = HZ‘
Then a calculation yields, Ty = crlc-l. When the order of T is principal,
then ¢ can be chosen to have determinant 1.

The next theorem characterizes the special congruence subgroups and
part (ii) gives rise to an easy matrix interpretation of SCn(R,J).

Theorem 2.2 (Klingenberg). Let J be an ideal of the local ring R
and G be a subgroup of GL(V). The following are equivalent:

(i) G = SCn(R,J)

(1i) G consists of elements ¢ such that hJO =1 and det ¢ = 1.

(iii) G is the mixed commutator group [GL(V), GCn(R,J)].

Proof: (Klingenberg) Let G2 denote the group defined in (ii) and

G3 the group defined in (iii). It is clear from our representation of



23

transvections that each transvection of order J is contained in Gye Thus
SCn(R,J) is a subgroup of G2. But any matrix representation of an element
of G2 can be reduced to the identity by left multiplication by elementary
transvections of order contained in J and by GLn(R) conjugates of

elementary transvections of order contained in J. Therefore 62 is a sub-

group of SCn(R,J) and we have G, = SCn(R,J).

2

For part (iii), it is clear that G, is a subgroup of G2 = SCn(R,J).

3
For the reverse we suppose that T is a transvection of order contained in
J and

X=X+ ¢(X)A, 0@) = 0(1).

There exist A, and A, in V such that A = A, - A; and 0(a) = O(Al) = O(Az)-

Define 1 by

1 T2

TiX =X+ d>(X)A:.L

and note there is a o in GL(V) such that T, = crlo-l. Then we have

-1 -1-1

T =1,1, = 01,0 1T, and the latter is in G,. Thus SCn(R,J) is a sub-

1 3
group of G3 and it follows that (i), (ii), (4ii) are equivalent.
Theorem 2.3 (Klingenberg). Let J be an ideal of the local ring R.
(i) GCn(R,J)/SCn(R,J) is isomorphic to the subgroup of R? < (R/J*)
that is formed by the elements (a,b) such that pJ(a) = b
(ii) The group GCn(R,J)F\SLn(R) is isomorphic to the n-th roots of
unity in (R/J)*.

Proof (Klingenberg): The proof of both parts follows immediately

from the observation that
center (GL(V/J)) 2 R/1)¥

and by considering the image of the morphism
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£2 GC_(R,J) » R® =< center (GL(V/J))

where ¢ — (det o, hJc). The morphism f has kernel SCn(R,J) and image
{(a,b)} such that a = det ¢ and [b,+--,b] = hJo.
An immediate consequence of Theorem 2.3 is that GCn(R,J)/SCn(R,J)

is an Abelian group and thus any group G satisfying,
*) GC_(R,J) 2 G 2 SC_(R,)

is a normal subgroup of GL(V). It is obvious also that if G satisfies
(%), then 0(G) = J. The consequence of the next theorem is that con-
versely for any SL(V) invariant subgroup G of GL(V), there is an ideal J
for which G satisfies (*).

Theorem 2.4 (Klingenmberg). (i) Let {Ta}a‘:q be any set of trans-
vections. The SL(V) invariant subgroup G of GL(V) generated by the
is precisely SCn(R,J) where J is the ideal generated by {O(Ta)hxeq‘

(ii) Let G' be an SL(V) invariant subgroup of GL(V) of order J.
Then G' contains the group SCn(R,J).

Proof (Klingemberg): (i) First assume that there is only one
transvection, 1, in the collection. If 0(t) is principal then Theorem

2.1 implies that G, being SL(V) invariant, contains all transvection® of

n
0(t). If =X =X+ ¢(X)A and A = z ase; with respect to the basis
i=1

{el,- -,e

n}’ then there is an SL(V) conjugate of T having order (ay) for

each 1 < 1 < n. Thus by Theorem 2.1, G contains all transvections of
order (ai), 1<1iz< n, and hence G contains all transvections of order
0(A) the ideal generated by {al,'°',an}. Finally if {Ta}aczq is an

arbitrary collection and 0(t) is contained in the ideal generated by

{O(Ta) }ae ¢ then
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X = X + ¢(X)-A

n

where A = z A“i is a finite sum with A“i having order contained in
i=1

O(Ta ). By the first part G contains each of the transvections T&
i i
defined by,

' = .

But then G contains 1 since
n n
It X =X+6X)() A ) =1(%).
i=1 % i=1 %
Since G contains all transvections of order J, G = SCn(R,J).
The proof of (ii) relies heavily on (i). Let ¢ be an element of
the SL(V) invariant group G. The ideal 0(c) is generated by elements a
of G satisfying the property that there is a free element E of V and a
surjective element of the dual space of V, ¢, such that ¢(E) = 0 and
¢(cE) = a. On the basis of this we show that G contains a transvection
of order containing (a). Thus by (i) G' contains SCn(R,(a)) for each
generator, (a), of 0(oc). Thus G' contains SCn(R,O(o)) for all ¢ in G
and, since 0(G') = J = ({0(5): o in G}), we have SCn(R,J) is contained
in G'.
Corollary A subgroup G of GL(V) is normal if and only if G is
SL(V) invariant.
The final theorem of this section is stated to summarize the fore-
going results. The conclusions have been proven or are direct conse-
qﬁences of the previous results.

Theorem 2.5 (Klingenberg). Let R be a local ring.

(1) A subgroup G of GL(V) which is invariant under SL (V) determines



an ideal J in R such that

GCn(R,J) 2 G 2 SCL(R,T).

Conversely every subgroup G of GL(V) that satisfies this relation is
normal and has order J.
(ii) A normal subgroup, G, of SL(V) determines an ideal J such that
GCn(R,J) AN SL(V) > G > SCn(R,J).
Conversely every subgroup of SL(V) satisfying R relation is normal and

has order J.

Characteristic Subgroups

In [6] Brenner gives the theorems of the previous section for the
case where R is Z/Zpr. In addition Bremner shows that the subgroups
GCn(R,Zpt) and SCn(R,Zpt) are invariant under group isomorphisms of
GLn(R). His proof depends heavily on two properties of Z/Zpr. The first
property is that the groups are finite, so that counting arguments can be
used; the second property is that the ideals are totally ordered. It is
obvious from the results of the last section and the fact that GCn(R,Zpt)
and SCn(R,Zpt) map to themselves under group automorphisms that auto-
morphisms of GLn(Z/Zpr) inner automorphisms. What subgroups are preserved
in the general case?

Definition 2.5. A subgroup H of a group G is called characteristic

if for all automorphisms, A: G ~ G, AH is a subset of H. H char G will
denote the phrase "H is a characteristic subgroup of G".

Note that any characteristic subgroup of G is normal since it is
invariant under conjugation, that is, under inner automorphisms. Also
observe that if H char G and K char G, then also [H,K] char G.

We now ask the following question: What conditions on the local ring
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R are necessary to assure that GCn(R,Mi) and SCn(R,Mi) are characteristic?
Obviously from Bremner's work R being finite and having ideals totally
ordered is enough. Note also that by Theorem 2.2 we need only show that
GC_(R,M") char GL(V) because SC_(R,M1) = [GL(V), oc_(R,MD)].

Observation 2.1 Let R be a local ring. The subgroups GCn(R,M),
SCn(R,M) and SL(V) are characteristic subgroups of GL(V).

Proof: SL(V) = [GL(V),GL(V)] by Theorem 2.2 and thus is character-
istic. For GCn(R,M), let A be an automorphism and note that A(Gcn(R,M))
is a normal subgroup. By Klingenberg's theory AGCn(R,M) is either
between GL(V) and SL(V) or contained in GCn(R,M). The former is impos-
sible, for them it would follow that SL(V) ¢ GCn(R,M). Thus AGCn(R,M)
is contained in GCn(R,M) and hence GCn(R,M) char GL(V). Finally SCn(R,M)
is characteristic, since SCn(R,M) = [GL(V),GCn(R,M)].

For higher powers of M the general problem is greatly complicated
by the abundance of ideals not lying in the chain M o Mzg M3_:_ *++. The
question is slightly easier in the finite case as will be shown in the
next chapter. The final affirmative answer to the above question will
not follow, however, until the group of automorphisms of GL(V) has been

determined. This will be done in the last chapter.

The Finite Case

Throughout this section R will denote a finite local ring with

maximal ideal M. We shall count the congruence subgroups and determine

1).

Theorem 2.6. Let R be a finite local ring and J be an ideal of R.

the structure of GCn(R,Mi)/GCn(R,M1+1) and SCn(R,Mi)/SCn(R,Mi+

2_
1) |ecy®,n| = [rR¥]+[5]7"1

(ii) [SC (R,N)| = IJI“Z'l
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Proof: (i) Elements of GCn(R,J) are scalar modulo J and thus each
off-diagonal position can be filled in any of |J| ways. Along the
diagonal each position must contain a unit and the units must be pair-
wise congruent modulo J. After the unit in the (1,1) position has been
chosen there are |J| ways to fill each remaining diagonal position.

In—l

Therefore there are lRfl-lJ possible diagonals and, for each choice

2_
of diagonal, IJ]n n possibilities for the remaining positions. Thus

- 2_ 2_
lec, Ry | = [R*[- |3 PHa PR o [RY] |37
(ii) Let KJ denote the set of matrices in GL,(R) that are congruent
2
to 1 modulo J. Obviously |KJ| = |J|n . Now consider

*
det:K;>H={reRr | £ = 1 mod J}.

Clearly elements of KJ have determinants congruent to 1 modulo J. More-

over the kernel of this group morphism is precisely SCn(R,J). Observing

that ]H| = |J| we have

EIE

2_
|sc_®,D| = = |3* L.

i+l

Note that when R is finite, the quotients Mi/M are naturally

R/M-vector spaces of finite dimension. Suppose |R/M| = q = pt and that
_ i, i+l

Theorem 2.7. Let R be a finite local ring with | R/M| = q= pt.
i+l

b ] i Z l.

(i) SCn(R,Mi)/SCn(R,M ) is an elementary Abelian p-group and is a

direct product of t-wi-(nz-l) cyclic groups of order p.

i+l 1

i ~ i i+
(ii) GCn(R,M )/GCn(R,M ) = SCn(R,M )/SCn(R,M ).

Proof: From the previous theorem we have
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IGCn(R,Mi) /Gcn(R,M“l)l - k]

Isc ®,4h)/sc_(r,MH

-

Thus if |R/M| = p%, then

2
3 n _1 . 2-
'M:L/Hi-l-l | - (pt)wi (n°-1) .

It only remains to show the quotient groups are elementary Abelian.

Let I + Nl and I + N2 be elements of SCn(R,Mi) where Nl and N2 aren by n

matrices with elements from Mi. Since M is nilpotent, the representations

-1 — 2 LR -
(I+Nj) =I-Ny+N;- , j=1,2
are finite sums. We now compute the commutator,

-1 -1
[I+N1,I+N2] (I+N1) (I+N2) (I+N1)(I+N2)

= (I+N1)-1(I+ Nz)’1(1+ Ny+ Nj+ N.N,)

= (I+ Nl)'1(1+ Ny NN, = NN = N NN, - o2)

= (T+N Ny = NN = NN N, + o = NON, + NN N+ N NN Ny = oo )
= I (mod Mi+1).

That is, elements of SC (R,M ) commute modulo SC (R, M ) and thus
SC (R, M )/SC (R, M ) is Abelian. Furthermore since R/M has character-

istic p, p*l is an element of M and hence

I+le+ s

I (mod Mi+l) .

(1+ Nl)p

Thus elements of SCn(R,Mi) /SCn(R,Mi+1) have order 1 or p.

i+l

Completely analogous computations yield that GCn(R,Mi) /GCn(R,M )
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is elementary Abelian; since the cardinalities are the same, the groups
are isomorphic. Furthermore the decomposition theorem for finite Abelian
groups implies SCn(R,Mi)/SCn(R,Mi+1) is a direct product of cyclic groups

which must be of order p.



CHAPTER III
SUBGROUPS OF GLn(R)

In this chapter we study in detail two subgroups of GLn(R). First
we determine central series in the kernel Kl of the morphism
hy: GLn(R) > GLn(R/M) and show that Kl is a nilpotent group when M is a
nilpotent ideal. Secondly we investigate the group S of matrices that
are congruent modulo M to upper triangular matrices and show that when R
is a finite local ring, S is a p-Sylow subgroup of GLn(R). We also
continue the discussion of characteristic subgroups begun in Chapter II.
R will always be used to denote a local ring with maximal ideal denoted

by M. Again we assume that n > 3 and note many of the theorems are true

for GL2(R) but the proofs are different.

The Kernels

Let hi (i > 0) be the group morphism induced by CPE R > R/Mi on the

linear groups; that is

i
hi: GLn(R) > GLn(R/M )

where hi([ats]) = [pi(ats)]' The purpose of the present section is to
determine the structure of the kernels: Ki = kernel of hi’ i=1,2,°°".
It is immediate that Ki has order ideal M" and consists of all matrices

that are congruent to the identity matrix modulo Mi. For generators of

31
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Ki we have the following lemma.
Lemma 3.1. For i > O, Ki is generated by the set
{Bkj(}\),Dk(l-H\) tk#3j,1<k,j<n, A in Mi}.

Proof: If A is in Ki then A has the form

1+2y ‘Moo U M
Aoy LtAg, ottt Ay
A = - . L]
B ha2 T LR

where Akj is in Mi for 1 <k, j £ n. A series of left multiplications
by elementary transvections of the form Bkj(-kkj(lé-kjj)—l) will
diagonalize A. Then left multiplying by elementary diagonal elements of
the form Dk((l-FAkk)-l) will reduce A to I. Thus A = B(Mi)D(li-Mi) where
D(l-+Mi) denotes a product of Dk(l+-kkk), Akk in Mi and B(Mi) denotes a
product of elementary transvections each with off diagonal entry from Mi.
When R is a finite local ring with characteristic pt, p a prime,
then Ki is a finite group. In fact |Ki| = IMiln2 and thus Ki is a
p-group.
Theorem 3.1. (i) For i 2 1 the groups Ki/K'

i+l
(ii) If M is nilpotent of degree B and R/M has characteristic p

are Abelian.

then Ki/K’+l is elementary Abelian and for i > 8/2, Ry is Abelian.

(iii) If R is finite and R/M has cardinality p®, then K /

i+l
i, i+l
direct product of men °dimR/M(M /M~ 7) cyclic groups of order p.

is a

Proof: The basis of proof of all three parts is that K /Ki+l

Abelian if and only if the commutator [Ki,Ki] is contained in Ki+l°
The Basic Identities give,
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(B, 00),8,,0)] = T @od ™M),

ts

i i i i
[Dk(l-i-M )’Bts M)] 2 I (mod M™*M),

and

[0, (1+M),0, (1+ )]

n
L]

|

where B (") denotes an arbitrary elementary transvection with an
element of M- in the (t,s) position and Dk(Mi) is analogous.

Thus if i > 1, we have shown that [Ki’Ki] cKk and part (1)

21 € Ky

is established. Furthermore if M is nilpotent of degree B, then we have

for i > B/2 that K,,, = {I} and hence that [Ki,Ki] c {1I}. That is if M

2i

is nilpotent, then K, is Abelian for i > B/2.

i
If R/M has characteristic p, then p°l is in M. Let A= I + N be an

element of Ki’ where N is a matrix having all entries from Mi. Then,

AP=(x+NP =1+ pN + (higher powers of N).

The matrix pN has all entries in Mi+1 and hence,

1

AP I (mod Mi+ ).

We have shown that each element of Ki /Ki +1 has order p and therefore
that Ki/K:H-l is elementary Abelian. Part (ii) is now complete.

For part (iii) we have already shown that Ki/K is elementary

i+l

Abelian, so that when R is finite we conclude immediately that Ki/Ki+l is

a direct product of finitely many cyclic groups of order p. To determine

the number of factors, we count the cardinality of Ki/Ki +1 obtaining,
2 2
| iln n
M N R £ 5 |
IR /K| = 7 = |M /M l .

|M1+1 l n
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. Mi itl
As previously noted, M is an R/M vector space and therefore

i+l

7
has order (p") I where |R/M| = p™ and dimR/M(Mi/M ) = wi. Thus,

2
my4{n
IR /R 51 = @) ,
and it follows Ki/Ki+l is a product of m-nz-xpi cyclic groups of order p.

Central Series in Ki

Definition 3.1. In a group G a series of normal subgroups,

G = Go > G1 > G2 > eee’> Gm’ is called a normal series. Such a series

is called a central series if Gi/G

1+1 < center (G/Gi+1) for all i. The

group G is said to be nilpotent of class m if there is a central series

of distinct subgroups such that

G=6o>6; >G, > >¢6 = {1}

Definition 3.2. In a group G the lower central series is a chain

of subgroups, {Yi(G)} i > 0, defined inductively by YO(G) = G and
Yi41® = [v;(6),6].

The lower central series of a group G is indeed a central series
and is a minimal central series. Note G is nilpotent of class n if and
only if Yn(G) = {1}. (See Hall, [15]). We notice also that the lower
central series is a characteristic series since it is obviously invariant
under automorphisms of G.

Theorem 3.2. Let R be a local ring and K, the kernel of

1

hl: GLn(R) > GLn(R/M).

(1) The lower central series of Kl is

Kl > SCn(R,MZ) > SCn(R,M3) > e > SCn(R,Mi) >ttt
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(ii) If M has degree of nilpotency 8, then Kl is a nilpotent group

of class 8- 1.

Proof: In the proof of Theorem 3.1 we have already observed that

IA

[Kl,Kll K2. Since elements of [Kl’KI] have determinant 1, we have

A

[K,,K.] < sC (R,MZ). Conversely if B,.()) 1is an elementary transvection
171 n ij

of order M2, then we may assume A = Al)\z, Ai in M and from Basic Identity

(i),
Bij (?\llz) = [Dj (1- )\1),31:] ()\2)]-
Thus Bij (Alkz) is in [Kl,Kl] for any (i,j) and hence SCn(R,MZ) < [Kl,Kl].

Therefore SCn(R,MZ) = [Kl’ls_]'

in M and A, in Mi shows that

Similarly the above equation with Al 2

+1 i
SC_(R,M' ") < [K;,S5C (R,MD].

Also, just as in Theorem 3.1, [Kl’Ki] <K and therefore,

i+l
i
Since elements of [K.,SC (R,Mi)] have determinant 1, we have that
1°""n

i+l

[K,,SC_(R,41)] < SC_(RMT)

i+1

and thus [Kl,SCn(R,Mi)] = SCn(R,M ) for i > 2. The proof of part (i)

is now complete.

B 20 and M*71 # 0. Thus

For part (ii) we merely note that M
SCn(R,M ) = {I} and SCn(R,Me-l) ¥ {I}; that is, the lower central series
stops with SCn(R,MB) and hence Kl is a nilpotent group of class B - 1.

Corollary 1. The lower central series of Kt(t >21) is

t ° = L
{Kt,{SCn(R,MS).s 2,3,+++}}.
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Proof: As above,

2t
SC,(R,M™) < [K ,K ] < Ko

and since elements of [Kt’Kt] have determinant 1,
2t
SC_(R,M ") = [K_,K.].

(s-1)t

Likewise [SC_(R,M ),K, 1 = SCn(R,MSt).

Letting [t] denote the greatest integer function, we have the fol-
lowing corollary:

Corollary 2. If M is nilpotent of degree B then Kt is a nilpotent

group of class [B;]zl

Proof: The smallest non-trivial subgroup in the series of Corollary
1 is SCn(R,MSt) where s 1s the greatest integer such that st < f-1.

The derived group of a group G is the commutator subgroup [G,G] and

is denoted by G'. The derived series in a group G is defined inductively

= = O
by G, = Gand G, = 6}_, 12 1.

k
2
Corollary 3. The derived series for K, is {Kl,{SCn(R,M ): k > 1}}.

Proof: We already have Ki = SCn(R,MZ). Now

ok Jk-1 Jk-1
sC (R,M" ) < [sC_(R,M ), SC_(R,M )]

<K k-1

As noted before, elements of the commutator group have determinant 1 and

thus,

&y k1
sc_(R,M2) = [sC_(R,M2 ), SC_(RM? )].

Definition 3.3. Using Z(G) to denote the center of a group G, define

= Z(G), and

the upper central series in G inductively by z = {1}, zZ,

2,,1(G) is the preimage of Z(G/Zi(G)) under the natural epimorphism
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G » G/Z i(G)'
The series {1} <« Zl(G) < ZZ(G) < *++ is a central series and, in
fact, a maximal central series. Further, G is a nilpotent group if and
only if the upper central series reaches G; G is nilpotent of class m if

Zm(G) = G. Observe that zi+1(G) can be characterized in terms of

commutators in the following way:
2,,,6) = {xegc | [X,A] is in z,(G) for all A in G}.

If R is a local ring and J an ideal of R, the annihilator of J,
{r e R:xJ = 0}, is denoted by A(J) and is an ideal of R. We shall be

interested in the groups Hi 51& defined by

Hi ={Xe Klz X is scalar modulo A(Mi), i> 1}

and Ho = {I}. Note that when M is nilpotent of degree 8, A(Mi) contains

f=1 but contains no larger power of M. Furthermore when M is

nilpotent and R = Z/an, we have that A(Mi) = Ms-i.

the ideal M

In terms of congruence subgroups,

_ i
B, = K; n GC_(R,AQM), 1 2 1.

Lemma 3.2. For i 2 1, Hi is the subgroup of K1 generated by all

n
Bjk(k), A in A(Mi) and all products 01 D.(1 - A,,) for x,, in M and

3=1 | 33 33
s i
Ajj - ;\'kk in A(M7).
Proof: Clearly for 1 2 1, Hi contains these generators. If [ats]
is in Hi’ then for t ¥ s a, 2 0 (mod A(Mi)) and a., = 1 (mod M). Thus

[ats] reduces to a diagonal matrix, [1- All,-“,l- )‘nn]’ under left

multiplication by elementary transvections B 1 (AM1)). Then since [ats]

3

is scalar modulo A(Mi), it follows that Ajj - }‘kk

= 0 (mod A(M1)). That

is,
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n

[a, ] =T B,,(A,.) T D,(Q-2,,)
ts i# ij 43 =1 3 kk
1 i 1 : - A
where the Aij s are in A(M*), the Akk s are in M, and X]l i3 is in

AOMi) for all j, k.
Theorem 3.3. The series,

{I} <H1<H2< ss <Hi< .-o’

is the upper central series for Kl. Furthermore if M is nilpotent of

degree B, then HB—l = Kl.

We start by showing that for i > 1 each element of Hi maps

Proof:

to the center of Kl/Hi_l. For this it suffices to show that for each

and each generator A of Kl the commutator [X,A] is in
n

and T D.(1 -2 of H, usin

generator X of Hi
Hi—l' For the generators Bts(k) of K1
the Basic Identity (i) we have,

n
[n Dj(l-Aj), BtS(A;]

(I-As)
Bts(k) -2 l-At Ets

(As B >‘t)
142 _1"}‘: E,q

I (mod a@™D)).

The latter congruence follows from the facts that ks - At = 0 (mod A(Mi))

and A is in M. Thus the commutator is scalar modulo A(Mi-l) and is
therefore in H, ..

A i-1
For the generators Bst(u) of Hi and Bjk(A) of Kl, by Basic Identities

(iii) - (v), for each choice of (s,t) and (j,k) there is a matrix N such

that,
[Bst(u),Bjk(A)] = 1 + piN;
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however, u = 0 (mod A(Mi)) and X is in M. Therefore the commutator is

congruent to I mod A(Mi‘l) and thus is in Hi—l'

For Dk(l- A) generating Kl(A in M) and Bst(u) generating Hi

(v in A(MY)) by Basic Identity (ii),
) i-1, ..
(D, (1- 1),B_, (0] = T (ae™Dy);

hence the commutator is in Hi—l'

Since commutators of two diagonal matrices are always I, we have

shown that all commutators of combinations of generators of Hi with

generators of K. are in H Thus Hi < preimage (Z(Kl/Hi_l)) for 1 > 1.

1 i-1°

In particular, Hl < Z(Kl).
Conversely we suppose X maps to the center of KI/Hi-l and show X

must be in Hi. The proof is a calculation based on the idea that if we

know what X commutes with,then we know X. If X maps to the center of

Kl/Hi-l’ then X commutes modulo H with all elementary transvections

i-1
of Kl' That is, if A is in M, then [X,Bjk(l)] is scalar mod Aﬂni-l) for
1 = [ajk] s

all possible choices of (j,k). Let X = [a

jk], X and recall

the Basic Identity (i),

= 2 tig  _ t3
[x,B,, ()] = By (V) = A%ay Z o« E Atzs o a E__.

If [X,Bjk(k)] is in H it is scalar modulo A(Mi_l) and congruent

i-1°

to I modulo M. The following congruences must hold:

(i) For the (j,k) position,
Al - a.kkajj - Aa.kjajj) 2 0 (mod A(Mi-l));
(ii) For the (t,k) position, t # j and t ¥ k,

Aot (akk + Aakj) = 0 (mod A(Mi"l));
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(iii) For the (t,s) position, s # k, t ¥ s,

tj -
rada =0 (mod A(Mi 1));
kS

(iv) For diagonal positions, t # k,

)\akj (akk + Aa.kj) = atjakt (mod A(Mi—l)).

Since A is arbitrary in M these reduce to the following congruences

modulo A(Ml) :

@ a-agd- Aakjajj) = 0 (mod AQD)),
(ii) atj (a.kk + Aakj) = 0 (mod A(Mi)),
(i 1) atjaks = 0 (mod A(Mi)).

(iv) cxkj (a.kk + Aakj) = atja.kt (mod A(Mi)),

with the same restrictions on the indices as stated previously.
The congruences (i) - (iv) are sufficient to show X must be in Hy.

Since X is in Kl’ . is a unit; hence, e + Aakj is a unit and (ii)

then implies that ot is in A(Mi) for all t except t = k and t

j. But

from (iv) we conclude akj is in A(Mi). Also (iii) implies e 0

(mod A(Mi)) except for akj and a3 but again, (iv) implies ak.‘l =0
(mod A(Mi)). Since the indices j, k are arbitrary, we now have all off-

diagonal elements of X in A(Mi) . For diagonal elements we use the first

congruence,

akkujj =1 - Aakjajj (mod A(Mi)).

But a'kj is in A(Mi) and thus,

akkajj =1  (mod AQMY)).
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Letting k vary, we conclude that
_ i
Ay~ ak'k' =0 (mod AM))

for 1 < k, k' < n. Thus we have shown that if X = [ajk] maps to

Z(R,/H, 1), then 3k

which is precisely the condition for X to be in H

i i :
is in A(M)) andajj a‘kkis in A(M™) for any j # k,
1 We have shown Hi is
the preimage of Z(Kllﬁi_l) under the natural projection and hence, that

the upper central series is

{I}<H1<Hz<...<ni<....

If M has degree of nilpotency B, then A(MB-I) contains M and is not
all of R. Thus AM" ™) = M, and B, = K,.

Corollary 1. The center of K1 consists of all elements of Kl that
are scalar modulo A(M).

Corollary 2. When M is nilpotent,

SC,(R,MD) <K sH, . .

Corollary 3. The upper central series in Kt is

{1, {Kt n Hts: s =1,2,3,°**}}.

The Upper Triangular Subgroup

Weir [28] investigated the subgroup of upper triangular matrices in
GLn(F) where F is a finite field with pt elements. He showed that the
subgroup is a p~Sylow subgroup, determined basic generators, and
computed central series. In GLn(Z/an) the subgroup of matrices congruent
modulo (p) to upper triangular has been shown by Barbee [3] to be a
p-Sylow subgroup. E. Robertson [22] has shown that over any ring with 1

and with nilpotent Jacobson radical the group of matrices congruent modulo
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the Jacobson radical to upper triangular matrices is generated by its
normal subgroups, that is, is a Fitting group.

Throughout this section R is a local ring with nilpotent maximal
ideal M of nilpotency B. We also assume that the characteristic of R
is not a power of 2, equivalently, that 2 is a unit. Define S to be the
set of elements of GLn(R) that are congruent modulo M to the set of
upper triangular matrices having 1 in each main diagonal position.

Schematically, an element X of S has the form,

lrmy 1 13 ¢ ' Tin
m21 1+ m22 r23 . . r2n
m31 m32 1+ m33 . . .
X = . . . . . .
. . . : : rn-l,n
L mnl Th2 : ) mn,n—l 1+ mng_

where T 13 denotes an element of R and mi j denotes an element of M. S is

obviously a subgroup of GLn(R) and X is a product of B, (M) (J - 1 < 0),

2
ij
Bij(R) (3-1>0), and D(1+M (k2 D.

To generate central series in S we let Nr denote the collection of

n by n matrices [aij] for which,
t
0 (mod M)

aij =40 (mod Mtﬂ’) when j ~i<r - nt

0 (mod Mt+2) when j - i< r - n(t+1)

where t = [ﬁ] (the greatest integer).

An element of Nr has the form,
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(1,14 r - nt)

(2+ (n+1)t - r,1) — (n(t+l) - r,n)

M4.:+2

L

4 -
(n,n+r-n(t+l)-1)

where M? denotes "entries from M". The positions labeled indicate the
diagonals by which the triangles are bounded.

It is obvious that N C Nr; since MB = 0, we have Nn = 0.

r+1 B
Furthermore NnB—l #0. Forlzsrg nB—l, note that Nr and Nr+1 differ
only in the diagonals where j -~ i =r-nt and j - i =1r - n(t+1) with
N +1 having entries form one higher power of M in these positionms.

Lemma 3.3. If X is in N and Y is in N, then X Y is in N .
— b o r s s r s r+s

Proof: Let Xr = [xij]’ YS = [yij] and Z = X_ - YS = [zij]' Also

r

let t = E], u = [ﬂ and w = [r:s:]. Note that w = t+tuor w= t+u+1.

and we show that z,, is in the proper power of

n

M depending upon the difference j -~ i. Thinking of the usual matrix

multiplication, z,, is a product of the row vector (x ",xin) with the

1j 11°°
column vector } . |; therefore, with respect to powers of M, the product

ynj
has the form,
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(= )
1;13 <.
-s + nu
g+l |37
m
t+2 t+2 t+l t+1 t t .
(m ’...,m ’m ’... m ’m’l..m) :
i+r - n(t+l) i+r-nt ms-i%___
ms+ j=-s + n(utl)
kms+2 }

If j-i<r+s - n(t+u), then 1+r - nt > j - s + nu and the above

product is in Mt+1. If j=4 < (r+s) - n(t+u+1), then

i+r - n(t+l) > j -~ s + nu and i+r - nt > j = s + n(u+1) and the product

is in Mt+2. Finally, if § -1 > r + s - n(t+u+2), then

i+r - n(t+1l) > j-s + n(u+1) and the product is in Mt+3. Hence Z is in

N r+s and the proof is complete.

For 1< r <n_, let S_ denote the set {I +X :X is in N }. Note
B r T T r

S, =Sand if sz2r, S €©€S_.
1 s T

Lemma 3.4, For 1 <r < g, Sr is a normal subgroup of S.

Proof: Let I + Xr and I + Yr be elements of Sr with Xr and Yr in

N . Then
(I+X)(I+Y)=I+X +Y +X%Y.
T r b o r rr

By Lemma 3.3 err is in Nr and thus the product is in Sr' Then Sr is a

subgroup. To consider normality we let I + X, be in S. with

1 1

-1 _
(I + Xl) =1+ Yl and Yl’ Xl in Nl' Then

-1
(T +X)77 @+ X))@ +X) =

-1
= (I+ Xl) 1+ Xl + Xr + erl)

=1+ Xr + erl + ler + lerxl .
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Again by Lemma 3.3 the last sum is in Sr and therefore Sr is normal.

We thus have a normal series in S,

S = S1 > 82 > S3 > ese > SnB-l > Sns = {I}.

We shall show by restricting to subgroups of elements having determinant

1 that,
S, > S, >8], >ee>8 | >s_ = {I}
1 2'det 1 3'det nB_1 det 1 ng
is the lower central series for S.
Theorem 3.4. let t = [:] and 1 <r<n .
—_— n B-1

(1) Ifr $ 0 (mod n) then S, is generated by Sr+1 and
{Bij(k):j ~r=r-nt and A in M° or j-i=r-n(t+l) and X € Mt+l}.

(ii) If r = 0 (mod m), Sr is generated by S d

r+1 3¢
(1 -1[ren, k=1,"",nk
Proof: Clearly Sr contains the asserted generating sets in both
(1) and (ii). Moreover the only way an element of Sr can fail to be in
S 41 1S by having the (i,i+r-nt) or the (i,i+r-n(t+l)) entries in Mt or
Mt+l respectively, or in the diagonal case (ii), the main diagonal entries
in ¥°. Thus in (i) the elementary transvections and Sr+1 generate Sr'
Corollary: (i) If r # O(mod n) then Srldet 1 is generated by
Sr+1!det 1 and the elementary transvections in part (i) of the theorem.
(ii) If r = 0 (mod n), Sr = Snt is generated by Snt+ and

1

1 t )
{Dk(m)nkﬂ(l -M) :k=1,""",n-1}

Proof: Part (i) is exactly as in the theorem. In the r = nt case
t 1 t
we merely replace Dk(l-M ) by Dk(l-nt) Dk+1(l-H ) to keep the determi-
nant equal to one.

Theorem 3.5. Let 1 <rs<nmn Then

g-1°



46

l

r+s 3 0 (mod n), then [S

(50501 = 15,1, 150 = S

det 1° 1 det 1

. Furthermore if 1 < r, s < n and
r g=1

S S .
rldet: v Sldet 1] r+s|det 1

Proof: We begin by showing that for any 1 < r, s < nf

ISr’SsJ < Sr-l-s'det 1

let I +X beinS and I+Y be S whereX dis in N and Y is in N .
T T s s T r s s

Since M is nilpotent, the following are finite:

(1 +xr)'l + eoo

I -X +X
r

+-c- .

I-Y, +Y

oo RN

-1
(I+ Yr)

Thus we have

-1 -1
[I+ XI,I + Ys] (I+ xr) I+ Ys) (I + Ys + xr + erS)

- -1 - -

= (1+ xr) 1+ X str + ers or+s)

=(@+0, *+0_0,
here O denotes “something in N ". The last term is in S and
where 0 den mething in N, e las s in r'*‘S'det 1

thus [sr,ss] <SS

r+s'det 1’

Conversely we show that generators of S are in

r+l det 1

[Srldet 12511 Since [Sne—l’sll = {I} = S » we may use induction and

thus it is only necessa to exhibit that the generators of S
y i g r+llget 1

which are not in S are commutators of the proper form. If

r"'Zldet 1

r+1 $ 0(n) and t = L—I;], then

B )(Mt) = [B

t
1,1+(r+1)-n(t £, 1+r-nt M Vo Bpr ne it (rt1)-n(e) P+

By noting t may be replaced throughout by t + 1, we have the necessary
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generators. If r + 1 = Q(n), we have

D 1 t+1)

—=—=1D, _.(1-M
k 7 tfL kil

t+1 2(t+1)
M t+1
=B k+1(1 c+1) [Bk 1 (1) sByyy )J Bev1 k( t+1)

The first and last factors on the above are in S +2° Thus generators of
S are in [S S.]. Hence
r+l det 1 rldet 1’ 1 ’
}<Is ,s;]<58 .
r‘*’1|de1: 1° ‘det 1 51 r’7l P*‘ﬂdet 1

Thus all three are equal which is the first part of the theorem.
To complete the proof we need to show that if r + s# 0 (mod n),

. If u= [ﬁ] and

any generator of S is in [S S
7 T+s det 1 rldet 1 Sldet 1

W= [r:-_i},thenw=t+uorw t+u+1l. Just as above,

Bi,:l.+ (r+s) - 1:1(1;-+-u)(M )

[B -

u
i,i+r-nt i+r-nt,i+(r+s)-n(t+u) M1

and the commutator is in [s l ]. Since t may be replaced

,S|
Tldet 1 Slidet 1

by t + 1 or u by u + 1, we have that any generator of S is a
™S |gdet 1

commutator of the asserted form. Combining with the initial results we

have,

Seesldet 15 [Srlder 1° Sslaer 1 S 15051 < S iotder 1°

Corollary 1: The lower central geries in S is
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{s =5, {s :2 <1t < nBll.
1" "riget 1

Corollary 2: S is nilpotent of class nf - 1.
Corollary 3: If n is odd, then the derived series in S is

{s, {Szk'det Lt kz 1.

Proof: [Sl,Sl] = SZI and since n is odd we have 2k i 0(n).
det 1

Thus [S.k S,k =S, .k =8 k+1 .
[S; |dec 1* 2 ldet 1 S22 det 1 2 det 1
In Weir's treatment of S over a finite field, the subgroup Sr

corresponds to matrices having 1 along the diagonal and zeros elsewhere

for j ~ 1 < r. He shows that [S ,S ] =S for all r, s and thus
r’’s

r+s

determines the derived series in all cases. This however is not in

general the case as we now show.

Observation 3.1: If r = nt and s = nu, then [S I »S | )i
— Ii{det 1 Sldet 1

[Sr’ss] = Sr+s+lldet 1’

Proof: From the last theorem we have that

S = s S ] <[s s ].
r+s+l|det 1 r+l,det 1’ "sldet 17 - s, det 1’ "sldet 1

However it is an easy computation to show that if Xr is in Nr and Ys is in

Ns’ then XrYs - YSXr is in Nr+s+1 when r = nt and s = nu. Then from the

calculation made in the beginning of the last proof we have that

[T+ Xr’I + Ys] is in Sr+ Thus

s+1°

[s_,5 ] <s < [s S ].
r’’s r+stl|get 1 I Tldet 1’ Sldet 1

Therefore,
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[s_»s.] = Is_ S l1=s

b
det 1 Sldet 1 ristl

det 1

The derived series in S has not been determined when R is local but
not a field.
We turn now to the case where R is a finite local ring and assume

that |R/M| = q = pr. It was shown in Chapter I that

n(n-1) o
IGLn(R)| = M| -q 2 il (qi - 1).
i=1

Theorem 3.6. If R is a finite local ring andIR/M|= q= pr, pa
prime, then S is a p - Sylow subgroup of GLn(R).
Proof: It suffices to show that S is a maximal p-subgroup of

GLn(R) by counting lS]. There are = 2 L positions above the diagonal.

2. 2

Each of these can be filled in IRI ways. The remaining n2 - n_23 = nz-l-n
positions can be filled in |M| ways. Thus

n%+n n2-n 2 nz—n

2 2 2
Is] =[] < - [g] = M| [rx|
n(n-1)
n 2
= [M|" ¢ .

Therefore S is a p-subgroup and must be a maximal one since p does not

divide T (q -1) and |GL_(R)| = |S|* 1 (q*-1).
i=1 n =1

Characteristic Subgroups

Let R be a finite local ring with maximal ideal M. We have shown
at the end of Chapter II that SLn(R), GCn(R,M), and SCn(R,M) are
characteristic subgroups of GLn(R). In this section, by elementary

counting techniques, we extend the collection of characteristic subgroups



50

to include Kl and SCn(R,Mi) for 0 £ i < B. The following two theorems

occur in Gorenstein's, Finite Groups [14] (p. 16).

Theorem 3.7. Let H and K be subgroups of the group G. Suppose H is
characteristic in K and K is characteristic in G, then H is characteristic
in G.

Theorem 3.8. If H is a normal subgroup of G whose index and order
are relatively prime, then H is characteristic in G.

The two theorems will show that Kl is a characteristic subgroup.

Theorem 3.9. If R is a finite local ring then the kernel K1 is a
characteristic subgroup of GLn(R).

Proof: We have already counted K, and GCn(R,M),

1

2 %* 2...
&, = ™, Jec @M | = |&7 |- | T

Furthermore, |R*| = |r|-{1 - L and hence |R*| = |M|-(|JR/M| - 1).
IR/

Thus for the index of K

1 in GCn(R,M),

2
w1 o MITdrmM] - 1)
[6C_(R,1) :K,] = L

Ll

= |RM| - 1.

2
But the order of Kl’ IMIn » is a power of the prime characteristic of R/M.

Therefore the order of Kl and the index of Kl are relatively prime.

Hence by Theorem 3.8 K, 1is characteristic in GCn(R,M) and by Theorem 3.7

1
is therefore characteristic in GLn(R).

Theorem 3.1Q0. If R is a finite local ring, then the subgroups
SCn(R,Mi) are characteristic in GLn(R) for 1 s 1 5 8.

Proof: We have already shown that SLnCR) and SCn(R;M) are
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characteristic. For 1 < i, SCn(R,Mi) is characteristic because it

appears in the lower central series of the characteristic subgroup Kl.

That is,

2, _
SCn(R,M ) = [Kl,Kll
and

=Ly, 1> 3.

i
SCn(R,M ) = [Kl,SCn(R,M
Thus, as commutators of characteristic subgroups, the groups SCn(R,Hi)

are characteristic in Kl

We conclude the chapter with the following observation:

and hence in GLn(R).

Observation 3.2. Automorphisms of Gﬁn(R) induce automorphisms of
GLn(R/M) through the natural surjection hM'

Proof: Let A be an automorphism of GLn(R). Define,
A GLn(R/M) > GLn(R/M)

by KKhM(A)) = hM(A(A)). The map A is a well-defined automorphism because
the kernel of hM’ Kl, is characteristic.

The automorphisms of GLn(R/M), when R/M is a finite field, have been
described in [11] by J. Dieudonné. The above observation allows many of
the results known for finite fields to be lifted back to R. However
there seems to be no simple or direct way to show Kl is a characteristic

subgroup in the case of an infinite local ring and the automorphisms are

somewhat more elusive.



CHAPTER IV
AUTOMORPHISMS

In this chapter we determire the automorphisms of the matrix ring
over a local ring and the automorphisms of the general linear group over
a local ring. For the latter we require that the characteristic of R/M

be other than 2 and that the matrices have dimension n by n, n > 3.

Automorphisms of Mj,(R)

If S is a ring let Aut(S) denote the group of ring automorphisms of
S, that is, the group of all A: S + S such that A is a ring isomorphism.
Let R be a local ring with maximal ideal M and let Mn(R) denote the ring
of all n by n matrices over R. Note that Aut(R) acts as a transforma-
tion group on Hn(R) vhere 1if A is in Hn(R) and o is in Aut(R) , then A%

is the matrix determined by applying o to each of the entries. We shall

show that
Aut@ (R)) ¥ GL_(R) x Aut(R)

where x denotes the semi-direct product, that is, GLn(R) x Aut (R) consists

of order pairs with composition defined by,

(4,0) (B,B) = (AB%,a8).

We call a set {Fij }: ju1 of elements of Mn(R) a complete set of matrix
9 -

units 1if

52
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(1) Fij = Fy, implies (1,3) = (k,m)

(i1) 6§, F

Fifrm = %5fim

n
(i11) § F,, =1.
& it

Note that the collection {E,,}" , where E

13°4,5=1 i3

except in the (i,j) position where a 1 appears, is a complete set of

has zeros everywhere

matrix units. { }n is called the standard set of matrix units.

E
ij i,j:l

Lemma 4.1. Let R be a local ring and {Fi 32 a complete set of

3'1,3=1
matrix units din Mn(R). Then there is a Q in GLn(R) such that

-1

QF,.Q " =E 1<14, j < n.

ij ij’ =

Proof: Let ey denote the vector having 1 in the i-th position and

zeros elsewhere. The set {ei}:=l i8 a free R-basis for the n-dimensional

n
free module 2 R = R(n). It suffices to show that there is a basis
i=1

{bi}:=1 of R(n) and a change of basis matrix Q such that Q(bi) = e, and

._l_
QFijQ = Eij'
n
Since 2 Fii = I we know that some F,

i=1

position and we may assume it is F

{ has a unit in the (1,1)

11° In that case, if

n
F..(e) = 2 r.e.,
1177 7 L Ty

then r, is a unit of R. Now define bi = Filel’ 1<1ig<n. To see that

{bi}ztl is a free R-basis it suffices to show bl,"',bn are linearly

n
independent. Assume z sibi = 0. Then for any j,
i=n
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) )
0=F s,b, = s,F,.b

ij i=1 i1 i=1 1741
) )

= s ,F, F,.e = s.6, . F e
i=1 i"4374171 321 i"i371171

n
= SjF11e1 = 121 sjriei.
But then s,r. = 0 and since r, is a unit, s, must be 0. Thus {b,}" is
i1 - 1 j 140y

n

a free R-basis for R* 7.
Now define Q to be the matrix such that Q(bi) = e The matrix Q is
invertible since it is a change of basis matrix. We now compute QFijQ-l.

First note that for any k, Eij(ek) = sjkei' On the other hand,

QF; Q7 (o) = QFy (b))
= QFy 5 (Fgep)
= Q(64, Fyqey)
= Q(ijﬁi)

= ijei.

Therefore QFi Q.1 = E,, and the proof is complete.

3 ij
Theorem 4.1. Let R be a local ring. If A is an element of

AutG%n(R)) then there is a Q in GLn(R) and an ¢ in Aat(R) such that

M = QYA%Q for all A in M_(R).

Proof: Let F = AE,, and note that the collection {F }n is a
D ij ij 1374, 4=1

complete set of matrix units. By Lemma 4.1 there is a Q in GLn(R) such

that
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-1
QF Q" = Ey,-

Letting A be the automorphism A = QA( )Q-l we have that Ktij = Eij'

rl be a scalar matrix and note that KKrI) commutes with all E,, and

ij
therefore must be scalar. Now define a: R > R by a(r) = s if and only

Let

if A(rl) = sI. o is obviously a ring automorphism because A is a ring

) =

automorphism. Now we have A(rI Eij) = (rI)aEij, equivalently A(rl Ei

3
Q-l(rI)uEijQ. Finally, any A in M_(R) has unique representation

A= E(aijI)Eij

and hence
AA =) May DE,,
=3 Q‘l(aijl)“EijQ
= ¢ ([ (a,, D )0
= o la%.
Corollary 1. Aut(¥ _(R)) ¥ GL_(R) x Aut(R)

Proof: Define a map by

A~ (Q’a)

where the Q and a are described in the theorem. We need only check the

multiplication of pairs. Suppose
Ay > (Bpsep)
A2 > (Pz’az) ?

then
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AlAZ(A) = (P1’°‘1)(P2’°‘2) (a)

- -1,%
= (1>1,ml)(P2 A P2)

]

-1,.-1,%_ %
Pl (P2 A PZ) Pl

_ ol -1lag ®2% o
= Pl PZ A 1P21P

3
(PIPZ ,alaz)(A).

Therefore the product is semidirect.
Corollary 2. Any automorphism fixing the center of Mn(R) is an
inner automorphism.

Proof: The center of Mn(R) consists of all scalar matrices. If

A(rI) = rl then a = lR'

Canonical Form of an Involution
We assume for the remainder of the chapter that R/M is a field of

characteristic other than 2. The assumption is utilized in two settings:

r =-r implies r =20

and

r2 =1 implies r =+ 1.

An element A of GLn(R) is called an involution if A2 = I, With each

involution A we associate two submodules of R(n):

N(A) = {X in R(n): A(X) = - X}

and

P(A) = {X in R™®: A®X) = X}.
Obviously P(&) N N(A) = 0. If X 1s in R™®

X = %(x - A(X)) + 3-2‘(x + A(X))
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and therefore R'™ = N(A) @ P(a).

Theorem 4.2. If A is an involution in GLn(R), then there is a

unique integer t such that A is similar to the matrix - I(t) @ I(n-t)

(q)

where I denotes a q by q identity block.

Proof: Note R is a local ring and thus any module which is projec-

(n)

tive over R is free. Since R = N(A) @ P(A) it follows that both N(A)

and P(A) are projective and hence free. Letting {xl,"‘,xt} be a basis

of N(A) and {x .o ,xn} a basis of P(A), we define a change of basis

matrix Q by Q(ei) =X, where {el,-u,en} is the standard basis for R(n).

t+1° )

Then

clag = - 18 @ 1(®0)

The dimension t of N(A) is unique since N(A) is completely determined by
A and free modules over local rings have well-defined dimension.
Definition 4.1. An involution which is similar to a matrix of the

1) g (0t

index t satisfies 0 < t < n.

form - is said to be an involution of type (t,n-t). The

Let Eu denote the collection of all matrices in GLn(R) having 1 or
- 1 in any combination on the main diagonal and zero's elsewhere. An
element of En is an involution and any two elements of En commute. Note
that if A is in En’ A is of type (t,n-t) if and only if A has exactly
t -1's on the main diagonal.

Theorem 4.3. 1If {Ai};l is a ccllection of pairwise commutative
involutions, then there is a2 P in GLn(R) for which P-lAiP is in En for
all i = 1,2,-*-,r.

Proof: The theorem is obvious in GLZ(R) and, proceeding by induc-

tion, assume the theorem holds in GLk(R) for 2 < k < n. We may assume
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that Al has type (t,n-t) for some t satisfying 1 < t < n-1 for otherwise
the result would be trivial. By Theorem 4.2 there is a Q in GLn(R) such

that

e =-1e1,

For each i, 1 < 1 < r, the matrix Q-lAiQ commutes with Q-lAlQ and there-

fore has the form

-1 _ o(t) (n~t)
Q AQ =B~ @B

where () denotes a q by q matrix block. The sets {B(t)}r and
i 1 1=
{Bin—t)}z—l are collections of pairwise commutative involutions from

(v

GLt(R) and GLn-t(R)’ respectively. By induction there exist Q in

6L (®) and Q@) 4 GL__ (®) such that

-1
Q78" 45 in B

and

t) 0 y(@-t)

N is in En— .

t

Therefore, for all i, 1 < i < r,

-1 -1 -
@ @™ Holaee® @)

is in En and the proof is complete.

Corollary. There are at most (2) elements in any collection of
pairwise commutative involutions of type (t,n-t).
Let Jij denote the diagonal matrix with - 1 in both the (i,i) and

(3,3) positions and 1 is elsewhere. The matrix Jij is an involution of

type (2,n-2); the collection {Jij: 1<1, § <n, 1% j} forms a set of

(g) palrwise commutative elements. Note also that J,,J

13745k =7

ik’



59

Preservation of J

ij

We now begin the preparations necessary to determine the group
Aut(GLn(R)). Assume henceforth that n > 3 and that the characteristic of
R/M is other than 2. Initially it is shown that any automorphism of

GL_(R) acts as an inner automorphism on the set {Ji 3 .
n 371,521

Theorem 4.4. If A is an automorphism of GLn(R), then there is a P

in GLn(R) such that

PAJ, Pl = 3., for all i# j.

ij ij

Proof: The collection

{AJi :1<i,j<n, i# 3}

3

is made up of pairwise commutative involutions. Furthermore since J,, is

ij

similar to Je for any pairs (i,j) and (r,s), it follows that AJ,, is

13
similar to AJrs for any pairs (i,j) and (r,s). Therefore the involutions

AJij’ 1<1i, j <n are all of the same type, say (t,n-t). It will be

shown that t = 2 by eliminating all other possibilities.

There are (2) elements in the collection {AJi }; hence, t # 0 and

3
t # n by the corollary to Theorem 4.3. Also when n > 3,

@ =)< Q

and therefore t # 1 and t ¥ n- 1. Ifn=3and t =1, then AJ d

12 a0
AJZ3 are of type (1,2). Thus the equation,

A3 p0Tp3) = Myg,

implies AJ13 is of type (2,1) which is a contradiction. We have thus

shown that if n =3, thent = 2 and if n > 3, then 1 < t < n- 1.
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Now assume that 2 < t < n- 2. Since (g) < (g) there is at least one

involution, B, of type (t,n~t) which is not in the set {AJi } and which

3
commutes with each AJij' But then A—lB commutes with all Jij and has
type (2,n-2) which is impossible since {Jij}: is a maximal collection

of pairwise commutative involutions of type (2,n-2). Thus the only
remaining possibilities are t = 2 or t = n-2. If n = 4, then either
possibility yields t = 2; therefore we may assume that n > 4. Assume

further that, with the same similarity factor, AJ,, is similar to

12
- I(n-2) ® 1(2) and AJ,, is similar to either 1 @ - I(n—2) @1 or

23
2 n-2
I( )GD- I( ). Thus A(JlZ-J23) = AJ23 is of type (2,n-2) or of type

(4,n-4). The first possibility is always a contradiction and the second

IR ) BF N ¢
R =T e,

for 211 1 # j, 1 < i, j < 6. Among

is also unless n = 6. Assume that n = 6, that Q_lAJ

and that Q-lAJijQ is an element of E6

the eight elements,

{AJlk,AJ2k : k = 3,4,5,6}
at least one, denoted by AJik’ has a 1 in the (5,5) or the (6,6) position.
A permutation matrix that fixes Q-lAleQ will bring AJik into the form

1+ - I(n—2) @ 1. Then

(mlk, if 1 =2
AT, ,0d..) =L
12 “ik
My, if1=1

will be of type (2,n-2) which is a contradiction. Therefore the involu-

n
tions {AJij}i y=1 are of type (2,n-2).

’

By Theorem 4.3 there is a P in GLn(R) such that

AT, Pl

] i#j’ i’jal’...’n’
1] ke, ok
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where kl,kz,---,kn is a permutation of 1,2,-++,n. Let Q be the permuta-

tion matrix satisfying,

It then follows that

-1, -1 _
Q(RAI PTIQ = T4

which completes the proof.

The Image of Bij (1)

Our purpose in this section is to determine the action of an

automorphism A of GLn(R) on elementary transvections of the formBi

j(1).

It will be shown that there is a P in GLn(R) such that either

-1
PABij(l)P Bi (1) for all i,j

3

or
1yp~}

B, (-1) for all i,j.

PABi 31

k|
Many of the proofs are based on the idea that the form of a matrix
A is known whenever a suitable set of matrices that commute with A is

known. For example if A commutes with all Bi (1) then A must be a scalar

]
matrix; if A commutes with le then A has the form,

A= [a b]@ B(n_z)
c d

where B(n—Z)

is an (n-2) by (n~2) block. The latter follows since right
multiplication by le multiplies the first two columns of A by - 1 and

left multiplication multiplies the first two rows by - 1. Thus if j > 2,
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alj = - alj and hence alj = (0. Note the use of the overall assumption

that the characteristic of R/M is not 2.

Lemma 4.2. If a, b, ¢, d are elements of the local ring R and

2 12
a b = -1, a =1,
c d c -
then a=d=0and ¢ = -b .

-1, a*+bc =-1,

Proof: The two matrix equations yield a2 + be

a2 - bec =1 and d2 - be = 1. Therefore we have 2bc

b and c are units with ¢ = - b—l. The matrix equations also imply that

- 2 and hence that

0 =>b(a+d) = c(a+d)

b(d- a) = c(a-4d).

Thus a = d = - d implies that 0 = a = d.

Let Si i+l denote the permutation matrix of the form
b
o 1
- 1(1-1) - (n-i-1) =
Si,iﬂ_—l @[ @1 , 1=1,2,+°-,n-1.

-1 0

Observe that left multiplication by S replaces the i-th row by the

i,i+1
(i+l)-th row and the (i+l)-th row by - 1 times the i-th row. Right

multiplication by S 1 yields the corresponding column operation. The

i,i+
matrix Si, 1+1 is an element of SLn(R) and has inverse,
0 -1
S 1. {@-Dg o1 1D 4y .in

i,i+1 1 0

We shall use the fact that if the diagonal [al,-n,an] commutes with

S 1’ then a, = a

1,1+ 1 1+1° For the action of automorphisms of GLn(R) on

S 1,1+1 we prove the following theorem.
Theorem 4.5. If A is an automorphism of GLn(R), then there is an

e in R such that e = + 1 and a P in GLn(R) with
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0 1
P—l (1-1)69

PA = el @ eI(n'i’l), i=1,2,-++,n"1,

S
1,1+1 1 o

Proof: By the previous theorem there is a Q such that
J, ...Q =1 1=1,2,++0,0-1
1,441% T V4,141° 28571 7,07 L

Define A by A(4) = QA(A)Q—l. We determine the action of A on S

i,i+1°
It is obvious that Ji,i+1 commutes with 812 for i = 1 or 1 > 3 and hence
that A812 commutes with AJi,i+l = Ji,i+l for i =1 or i > 3. Therefore
ifn=30rnz35,
1
a b
- g ... .1
Rs)p = JEORNED @ [a;77,",a,7]

or if n = 4,

By considering the equations

- 2 _ = - = 2 _
(1) (ASlZ) = A,, = Jy, and (AsleJ23) =1

it may be concluded that when n = 4

2 2
w =2z

1 and x=y =0,

That is, for all values of n,

a(l) b(1) @ -
ASqy = REVIINGD @ lag,e-sa ]

Using the equations in (1) again,

2 2
ReVReN D W

-1I, =1
LD

LD
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2 -1
and (a(l)) = 1. By Lemma 4.2 it follows that c(l) = - b(l) and that
a( ) - d(l) = 0. Thus Kslz has the form,
0 s
- - (1) (1)
A812 = (1)-1 ® Ia 28y ]
-b 0
where ail) =+ 1. In exactly the same manner,
(1) (1) 0o W (1) (1)
ASy,em T lap Tareeea 3l @ -1 ® lagiysrsay’]
RO
where a (1) =+ 1,

k|

Now a similarity factor is constructed that does not alter the

Ji,i--l-l

Let

but transforms the S

n-1
1

t=1

-1_

and note that PlJi +1 1

(i)
l 1 i+lPl

To complete the proof of the theorem it must be shown that a

1) .

for all j and k and that a

a0 - aj(m)

the set

3

for all i.

{Sj,j+1 : 1

and hence that PlASi i+1 1

-1 n-1

=J

Observe that S

i,i+1 to the form asserted in the theorem.

-1

-1
-1
’.u.’b(n )

1 (")
t=2

since P

1 For

1,i+1 is a diagonal matrix.

[ad

tolajge

* 548

(1)] + aéi)].

-1 0

(1)
3

for all j and k and that

(1)
" %

a§i+l)

1441 commutes with elements of
>

$jgi-2,1+2<3<n-1}

commutes with elements of
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- -1 .
{PlASi,:H-lPl :1<jsi-2,1+253gn-1}
(L) _ @ _ ... @ CORNC) B €
It follows that a;”’ = a, = =a ] and that a3 = 3440 a, -
Thus
0 1 '
- -1 _ (1) (1)
PJAS; 4By =2 1 @ 1o @ a’ I

3

The fact that (Si- )~ = I implies

1,i Si,i+l

bl
i,1+1F1

P)As, ;488 = I.

The last equation yields,

. 1 3 sy v 3
a(l-l) a(i) =1 (a(i)oa(i-l)) = 1, and (a(l) a(i-l) ) =1.

Since all the a's are either 1 or - 1 it follows that

CE PR CO RN cH I ¢ DI C DL C S D

>

Letting e denote the common value,

01
-1 _(§i-1) (n~i-1)
PiAS; y4aFp = el ® 1o @ el

for i = 1,2,***,n-1 where e = + 1. Finally, since A= QA( )Q-l,

01

-1 -1 —i-1
CXOTERI R 1D g @ er® i)

-1 0

Taking P = P1Q, the proof is complete.
Theorem 4.6. If A is an automorphism of GLn(R), then there is a P

in GLn(R) such that either

pABij(l)p‘l Byy () for all (1,3,

or

PAB, (1yp~L Byy(-1) for all (4,9).

3
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Proof: By the previous theorems there is a P such that

01

-1 _(i-1) (n-i-1)
PASi’i_uP = el ® ® el
-1 0
and
PAJ rl-y
i,i+1 i,1+1°
Let TA = PAAP T for all A in GLo(R). It will be shown that
AB 13 1) = Bij (1)
or that
ABij(l) = Bji(-l).

The matrix KBlz(l) must have the form,

a b

7\312(1) = ® [ag,---,a_]

c d n

12 and Ji,i+1 for 1 > 3. Thus

AB12 commutes with AJi,i+1 = Ji,i+1 for all i, i ¥ 2 and therefore AB

has the above form. By the argument with n

when n # 4 because 312(1) commutes with J

12
4 it may be concluded that

_ a b w X
B, (1) = ® .
c d y 2

We begin the case n # 4 by showing that ag=a, = =a. The

element BlZ(l) commutes with S for 1 2 3 hence Khlz(l) commutes with

i,i+1

for i 2 3. In particular ABlz(l)-AS34 = AS34A512(1) implies that

a b 0 a3 e a b o é4
e[; d]@ [_34 0] @ e[a5, ,an] = e[c d]@ [-a3 0]@ e[as,...,an].

Thus a3 = a4. In a similar fashion it is concluded that a3 = a4 = ser = an

AS; 111

and hence that
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a b
- _ v (n=2)
AB,,(1) = [ d] @ a'I .

(4

We now claim a' = e. Copnsider the equatioms,

- 2
(2) R(By,(1)3,)" = 1,
- 3
(3) R(S),B,,(1)° = 1,
— =

From (2) it follows that (a')2 = 1. From (3) it follows that (ea')3 = 1.
Thus ea' = 1 and since e =+ 1 and a' =+ 1 it follows that e = a'.

The above three equations also determine the form of the matrix

a b
. From (2) we have that
c d
a -b 2
c -d
and thus the equations a:Z -be=1, d2 -be=1, 0=0b(d-2a) = c(a-d).

The matrix Blz(l) commutes with B13(1) and thus from (4) we have

Kslzcl)X(sB‘]Bu(l)sn) = T(S,38,,(1)8,,)TB, (1).

Comparing the upper-left 3 by 3 blocks for this equation yields,

a.2 be aeb a2 ab b
ac de bec| = |ec ed 0 .
c 0 ed aec bec ed

Thus bec = 0 and b(a~-e) = c(a-e) = 0. Since e is a unit, it follows
that be = 0 and from (2) that a?' = d2 = 1.
We now claim that either b or c is a unit. Equation (3) implies

that
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that is,

c(c2 - 2ad) + bad d(c2 + bz) - a

[}
(]
.

- a(c2 + bz) +d - b(b2 - 2ad) - cad

Thus c(c2 - 2ad) + bad = 1 and therefore it is impossible for c and b
both to be non-units. Note that since bc = 0, if b is a unit, then

¢ =0and if c is a unit, then b = 0. Also from (4) we have that

b(a -e) c(a-e) = 0 which now implies that a = e; from (2) we have

b(a -d)

c(a-d) = 0 and hence a = d. Furthermore when ¢ = 0, from (3),

we have that bad = 1 and since a=d =+ 1 it may be concluded that b = 1.

Also from (3) if b= 0, then — cad = 1 and hence ¢ = - 1. We have now
shown that

- )

ABlZ(l) = el + E12
or

= _ (@ _

ABlZ(l) = el E21

using equation (4) we also have

() + ek

AB13(1) = el 13

or if ABlZ(l) has the second form,

= (n) _
ABl3(l) = el eE31.

- -1 -
We now show that e = 1. Observe that 812313(1)812 B23(1) and
hence
= - (@)
ABZ3(1) el + E23
or
T e o™ _
ABZ3(1) el E32.

The commutator relation,
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[XBL,_(l) »AB,,(1)] = 4B, 5(1)

yields that e4 = e and hence that e = 1.
To determine the images of the other elementary transvections

_ — s |
assume that ABlZ(l) = 312(1) and note that ABZl(l) = A(S,.B,,(-1)S

12°12 120 =

B21(1). Assume inductively that

KBli(l) = B,,(1) and KBil(l) = B, (1).

il

-1 ~ -
Then since 5,°, ., By (1S, 44y = By 34y (1) and Sy 4y By (DDSy 14y

Bi+1,1(l) it follows that

Knl’i+1(1) (1) and AB 1) 1).

=By 141 3#1,10) = By 1S

Thus, if ABlZ(l) = Blz(l)’ then ABli(l) = Bli(l) and ABil(l) = Bil(l)
for i = 2,°+*,n. Similarly it can be shown that if K312(1) = B,,(-1),

then ABli(l) = Bil(-l) and ABil(l) = B. (-1). Finally by using the Basic

1i
Identity

it follows that

KBij(l) = Bij(l) for all 1i,j,
or

KBij(1) = Bji(-l) for all 1i,j.

The proof is now complete for the case n # 4.

Now let n = 4. Since XBlz(l) commutes with KJlZ’

_ a b w b4
ABlz(l) = @ .
c d y z
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We show that w = z and x = - y. The matrix BlZ(l) commutes with 834 and
hence,
[ y z -X W
v X -z vy
Thus x = - y and z = w. Using equation (2),
) -
a- -bec - b(a-4d) 0 0
c(a-d) d2 - be 0 0 -1
0 0 x2 + wl 0
o 0 0 X2 4w

which implies that a2 -bc=1,d" ~-bc=1, x" + w2 =1, and

0

c(a-d) = b(a-d). We claim that either b or ¢ is a unit, that
a=d=w, and that x = 0. That b or ¢ is a unit follows, just as in the

first case, by considering the (1,1) positions in equation (3). We have
2
c(c” - 2ad) + bad = 1,

which implies that it is impossible for both b and ¢ to be non-units. It
follows from 0 = c(a-d) = b(a-d) that a = d. To complete the argument

use equation (4) and the fact that AB,.(1l) commutes with AB..(l) to con-
12 13

clude,
a2 bw eba -ebx al ab ebw  ebx
ac aw ebc -eax|{ _ |wc wa ex2 -exw |
ecw ex? wa WX eca ecb aw ax
Ljecx ewx ~-xa w2 jexc  exa -ax a2 _

From this matrix equation it follows that b(a-w) = 0, c(a-w) =0,

2ebx = 0 and 2ecx = 0. Using the fact that either b or c¢c is a unit it
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2

follows that a = w and x = 0. Finally, since w* = a2 = 1, recall that

a2 - bc = 1 and hence bec = 0. Thus, if b is a unit then ¢ = Q0 and when
¢ is a unit then b = 0. To summarize, we have shown Kﬁlz(l) has one

of the following forms:

- [a b
AB (1) = o @ Ia,a)
or
- [a 0]
ABlz(l) = @ [a,a].
c a
L i

The proof may be completed just as in the first case.

It has been shown that either

KBij(l) Bij(l) for all 1i,j,

or

KBij(l) B.;(-1) for all 1i,j.

3

Thus since A( ) = PA( )P-l,

-1
PABij(l)P Bij(l) for all 1,j,

or

]

-1 .
PAB, ((1)P By (-1 for all 1,3,

and the proof of the theorem is complete.
Note that Bji(-l) is the transpose of the inverse of Bij(l)' Let

At denote the transpose of the matrix A and recall the facts

t
)t = B8AY ana (aaB) ) = aHeE L.

The composite operation of inverse-transpose will be denoted by,
ahHt = a*,

Theorem 4.7. If A is an automorphism GLn(R) then there is a ring
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automorphism ¢: R+ R and a P in GLn(R) such that

PAAP © = A for all A in SL_(R)

or

2

*
= (A" for all A in SL (R).
n

Proof: SLn(R) is generated by elementary transvections so that it

suffices to find an automorphism o and a matrix P such that either

-1 _ a
PABij(k)P = Bij(A ) for all Bij(l)
or

-1 _ a
PABij(A)P = Bji( A7) for all Bij(l).

Observe that if A = HBij(A) then

_ ay -1
AA HABij(A) = HPBij(A )P

PUB, op~ ! = pa%pl,

(]

-1 -1
Assume that PABij(l)P = Bij(l) and that PASi,i+lP Si,t+1'

Let X be an element of R and, using the fact that Blz(k) commutes with
312(1) and Bij(l)’ 3 <1i,j < n, conclude that

a b
PAB,, ()P T = ® a1®9,
12 o a 1

-1
Now, using the fact,v823 Blz()\)s23 = 313(X),

a 0 bl

-1 _ (n-3)

(5) PABl3(A)P = [0 a, of ® a1 .
0 0 a

But from the commutator relation,

[B15 (1) ,Bys (D] = B3 (M)
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it follows that

-1 -1
P[AB,,(A),AB, (1)]P"" = PAB,,(A)P

and therefore that

1 0 bala--2
(6) PAB..()P Y =0 1 1-a,a % ) 13
13 1
0 0 a'-2

Comparing (5) and (6) yields a = 1 and a; = 1.

Now define a: R > R by a(}) = b if and only if

-1 _ _(n)
PAB , (B " = 1 + bE, ,.

As in the proof of Theorem 4.6 by using the fundamental commutator
relations we can generate the other elementary transvections and show

that

PA].?,i_j(;\)P"l = Bij(A“), for all i,j.

Since ABlz(ll)'ABlz(Az) = ABIZ(J\1 + Az), it is obvious that the map o is
additive. If 3% = 0, then AB,() = I and thus A = 0. Hence a is injec-

tive. To show a is multiplicative consider,

o -1
Bl3[(A1A2) ] PABl3(A1A2)P

- -1
= P[AB;, (1) ,AB, 1 (1,)]P
_ a0

It has now been shown that a is a monomorphism. To show o is surjective
consider the image of SLn(R) under A. By Theorem 4.7, A[SLn(R)] is
contained in SLn(R) and has order ideal (Chapter II) R. Furthermore

since ASLn(R) is normal in GL,(R) it follows by Klingenburg's results that
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A[SLn(R)J = SLn(R).

If r is any element of R there is some B = HBij(Aij) such that
PABE L = B (z)
12 °
That is,
a -
nsij(xij) = B ,()

a
ij°

o image and thus a is surjective. Thus ¢ is an automorphism of R and the

and thus r is a finite sum of finite products of the A Hence r is an

proof is complete.

In the next theorem we determine the action of an automorphism on
all of GLn(R).

Theorem 4.8. Let R be a local ring with the characteristic of R/M
other than 2. Suppose n > 3 and A is an automorphism of GLn(R). Then
there is a P in GLn(R), an automorphism o of R into R, and a group

morphism ¥ of R* into R* such that

AA = x(det A)P TA%P for all A in G,

or

- *
A = x(det A)P LAY P for all A in G.

Proof: If A is in GLn(R), then A = Dn(r)'B where det A = r and B
is a product of elementary transvections. Since AB has been determined,

it is only necessary to compute AD,(r). Here we assume that
I | a*
ABij(A) =P Bij(A ) P.
The other case is similar.

For any (i,j)

-1
Dn(r)Bij(l)Dn(r )
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is an element of SLn(R) and thus,

-1,...-1
P(ADn(r)ABij (l)ADn(r ))P

*

-1, ,a
[Dn(r)Bij(l)Dn(r )]

o a
Dn(r )Bji(-l)Dn(r ).

Then,
D_(r*)PAD_(r)P 1B, (-1)
n n ji

a -1
= Bji(—l)Dn(r )PADn(r)P .

Therefore Dn(ro‘)PADn(r)Pml commutes with B, (-1) for all i # j and hence

31

is a scalar matrix. That is,
AD (xr) = (scalar)P-lD (ra—l)P
n n °
* *
Define x: R™ - R by
x(r) = scalar assoclated with ADn(r).
Since A[Dn(rl)-Dn(rz)] = ADn(rlrz), it follows that x(rl)-x(rz) = X(rer)

and hence that X is a group morphism. For any A in GLp(R),

AA

A(Dn(det A)IB, (A, .)

1§13

x(det A)P']-Dn(r“)*r-P‘l

o \*
]'[Bij(kij) P

X (det A)P L(a%%.

This completes the proof.

Characteristic Subgroups

We are now in a position to answer the questions posed in Chapter II
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regarding characteristic subgroups. As stated previously the character-—
istic of R/M # 2 and n > 3.
Theorem 4.9. Let R be a local ring with maximal ideal M. Then for
i > 1 the subgroups GCn(R,Mi) are characteristic in GLn(R).
Proof: Let h be an element of Aut(GLn(R)). Note that for any auto-
morphism a: R + R that oM = M and hence a(Mi) =M. If A= I+ Ni is
i

an element of GCn(R,Ml) » with N, an n by n matrix with elements in M™,

i
then there are P in GL_(R), x: R* » R* and o in Aut(R) such that

A(rI +N,) = x(det pr i En® + Ng)P.

By the above observation on ring automorphisms we have Ng has all entries
from Mi. Since GCn(R,Mi) is normal it is clear that the right hand side
of the above equation is in GCn(R,Mi) and hence A(GCn(R,Mi)) < GCn(R,Mi).
Thus GCn(R,Mi) is characteristic. For automorphisms of the second type
observe that GCn(R,Mi) is invariant under the operation of inverse-
transpose.

Corollary 1. For i > 1, SCn(R,Mi) is a characteristic subgroup of
GLn (R).

Proof: Note SCn(R,Mi) - [GLn(R),GCn(R,Mi) 1.
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