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Abstract 

In this study we looked at spin resolved cyclotron resonance in InSb 

quantum wells.  InSb is an attractive material for this type of work due to its small 

electron effective mass (0.014 mo), high intrinsic electron mobility, large electron 

g-factor (-51), and non-parabolic conduction band.  The energies of the spin 

resolved transitions agreed with calculated values, even though some 

discrepancies in the intensities were evident.  We used this spin-resolved 

cyclotron resonance to observe and study four subband Landau level avoided 

level crossings.  These observed avoided level crossings are associated with the 

lowest Landau levels of the ground and first excited subbands of the InSb 

quantum wells.  It was found that the energy gaps associated with anti-crossings 

of the same spin Landau levels depend on the tilt of the sample with respect to the 

magnetic field direction.  This result is consistent with earlier, non spin-resolved, 

studies of Landau level coupling in GaAs quantum wells.  We also observed anti-

crossings associated with Landau Levels of opposite spin, with energy gaps that 

are essentially independent of sample tilt angle.  Opposite spin anti-crossings are 

not expected from the theory explaining the GaAs experiments.  Although spin-

orbit effects are strong in InSb, the origins of the opposite spin anti-crossings are 

not definitively identified.  

  

 vii



Chapter 0 

Introduction 

 The unique characteristics of the III-V narrow gap semiconductors make 

them a natural choice for the study of fundamental physics.  Of the various III-V 

semiconductor systems, InSb possess the smallest electron effective mass (0.014 

mo), the highest intrinsic electron mobility at room temperature, the largest 

electron g-factor (-51), and the most non-parabolic electron dispersion relation.  

These characteristics make InSb an excellent candidate for band structure studies 

and experimental exploration of spin properties.  The study of these properties is 

the motivation behind this work. 

The band structure of InSb can be described experimentally by Kane (k●p) 

or Luttinger models [1, 9].  These models will be investigated in chapter 1.  The 

purpose of this chapter is to explore some of the theories of narrow gap 

semiconductors.  Non-parabolicity in the band structure as well as the 

InSb/AlxIn1-xSb band offset will be discussed.  In addition, the theoretical 

foundation surrounding Landau levels and the resulting fan diagrams will be 

investigated.  Finally, the numerical methods used to calculate these quantities 

will be explored. 

The purpose of chapter 2 is to discuss the InSb quantum well structure, as 

well as sample preparation, and some of the experimental techniques used to 
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measure the transport, transmission, and photo-conductivity properties of the 

samples.  These measurements can then be used to determine some of the 

fundamental properties of the InSb quantum wells. 

Chapter 3 will discuss the spin-split cyclotron resonance experiments 

conducted for this work at the National High Magnetic Field Lab (NHMFL) in 

Tallahassee, Florida.  The sample’s layer structure as well as its energy profile 

will be reviewed.  The experimental setup at the NHMFL will be discussed as 

well.  The fan diagram / Landau level plots will then be touched upon again, but 

derived in a less rigorous fashion than previously.  Then, some representative data 

of both the cyclotron resonance energies as well as intensities will be examined 

and an interpretation of the data will be made in light of the established theoretical 

backdrop. 

In chapter 4 the focus will be on using cyclotron resonance to probe anti-

crossings that occur between Landau levels of different subbands within the same 

quantum well.  Specifically, this chapter will discuss anti-crossings that occur 

between same spin states.  Chapter 5 will consider opposite spin anti-crossings.  

To begin, we will review the sample structure once more in order to understand 

how the fan diagram changes with the inclusion of different subbands in the well.  

We will then touch on previous experiments done using GaAs [62, 63, 64] where 

the first evidence of anti-crossings was observed.  Next, a theoretical foundation 
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will be discussed to explain the anti-crossings and a comparison will be made 

between the theoretical and experimental results for the same spin crossings. 

Finally, the purpose of chapter 6 will be to summarize the data and results 

of the previous two chapters and to discuss future improvements to the OU light 

pipe assembly in order to reduce previous signal-to-noise problems with the OU 

FTIR experimental setup and further extend this work.  A discussion of the 

positions of both the same spin and opposite spin anti-crossings in B-field for 

sample s842 will be covered.  Specifically, the adjustment of various parameters 

in the calculated fan diagrams in order to bring the theory more in line with the 

observed positions will be discussed.  This discussion can then be extended to 

other samples in this study.  Also, some possible anti-crossings seen in the data 

for samples s499, s702, and s716 will be discussed. 
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Chapter 1 

Theoretical Foundations 

The purpose of this chapter is to explore some of the theories of narrow 

gap semiconductors.  Non-parabolicity in the band structure as well as the 

determination of the band offset will be discussed.  In addition, the theoretical 

foundation surrounding Landau levels and the resulting fan diagrams will be 

investigated.  Finally, the numerical methods used to calculate these quantities 

will be explored. 

 

1.1 Introduction 

InSb is a direct band gap semiconductor.  The important parts of the band 

structure for this material are the conduction, heavy hole, light hole, and spin-

orbit bands.  An example of this type of band structure, near the band edges of 

such a direct band gap semiconductor, is shown in Figure 1.1.  The band gap for 

InSb is approximately 0.236 eV at 4 K with a 0.014m0 conduction band edge 

effective mass. 

 In addition to being a direct band gap semiconductor, InSb also possesses 

a strongly non-parabolic band structure.  The result of this non-parabolicity is an 

energy dependent effective mass and g-factor.  The Kane model [1] is capable of 
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describing this non-parabolicity and will be covered in the next section.  Also, in 

the InSb/AlxIn1-xSb heterostructures used in this study, there exists a lattice 

mismatch between the InSb and AlxIn1-xSb layers.  This results in the quantum 
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Figure 1.1: Typical band structure of a direct band gap semiconductor 
showing the conduction, heavy hole, light hole, and spin-orbit bands. 

Eg

E 

well being under strain, resulting in a strain dependent band gap and splitting of 

the heavy hole and light hole bands.  The resulting band alignment is shown in 

Figure 1.2. 
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Figure 1.2: InSb/AlxIn1-xSb band alignment.  Since the well is 
under strain due to lattice mismatch, the heavy hole and light hole 
bands are split. 

 

 

 

 

 

 

 

 

 

 

 

 

1.2 The Kane Model (a.k.a the k●p theory) 

For any solid, the dependence of the electron’s energy on the wave vector, 

(i.e. - the band structure) is defined by the Schrödinger equation.  For an electron 

in a periodic potential and in the absence of the spin-orbit interaction, the 

Schrödinger equation is given by [2, 3, 4]: 

    (1.1) 

V(r) = V(r + R)                    (1.2) 

)()()()()(
2

2

0

2
rkErrVr

m
Ψ=Ψ+Ψ∇

− h
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R = n1e1 + n2e2 + n3e3          (1.3) 

where e1, e2, and e3 are the lattice vectors and n1, n2, and n3 are integers.   

Notice that Ψ(r) and Ψ(r + R) are both solutions of the Hamiltonian.  This 

suggests that the Hamiltonian is invariant under lattice vector translations             

r → r + R.  Also, from the Bloch theorem, the solution of the Hamiltonian given 

above can be rewritten as: 

Ψnk(r) = eik.r unk(r)                  (1.4) 

where unk(r) is a periodic function, n is the band index, and k is the wavevector.  

Substituting this back into Equation (1.1) and using the fact that            , the 

Schrödinger equation becomes [4]: 

pi =∇h

    (1.5) 

Notice the k●p term that is now present in the Hamiltonian.  This is the k●p 

Hamiltonian for which the theory is named.  This Hamiltonian results in a 2-band 

model.  These two bands are the familiar conduction band (CB) and valence band 

(VB). 
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 However, the k●p Hamiltonian given in Equation (1.5) does not yet 

contain the spin-orbit interaction.  With this interaction included, the Hamiltonian 

takes on the following form [4]: 
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where                         (1.7) ][ −

The inclusion of the spin-orbit interaction removes the degeneracy in the valence 

band, resulting in the heavy-hole (HH), light-hole (LH), and split-off (SO) bands 

(see Figure 1.1). 

2
)('

0

22

m
kkEE n

hr
=

 In this case, the dispersion relation is doubly degenerate with the 

following solutions: 

E’ = -Eg        (1.8) 

E’(E’ + Eg)(E’ + Eg + ∆)- k2 P2 (E’ + Eg + 2/3*∆) = 0               (1.9) 

Note, these solutions assume the bottom of the conduction band as the zero point 

energy [2].  Also, the parameter P in Equation (1.9) is a measure of the coupling 

between the conduction band and the valence band, and is given by: 

 
ZpS

m
iP z

0

h
−=   (1.10) 

 

In addition, in Equation (1.9), ∆ is the spin-orbit split-off energy and Eg is the 

band gap (refer to Figure 1.1).   

 At k ≈ 0, there will be three solutions to Equation (1.9): 

E’ = 0       (1.11) 

E’ = -Eg                 (1.12) 

E’ = -Eg - ∆                 (1.13) 

In the vicinity of k = 0, consider a small term ε(k2) where ε(k2) << Eg and 
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ε(k2) << ∆.  Adding this term to these three solutions we get the following  

solutions in the vicinity of k = 0: 

E’ = 0 + ε(k2)                   (1.14) 

E’ = -Eg + ε(k2)       (1.15) 

E’ = -∆ - Eg + ε(k2)       (1.16) 

Now, considering these three solutions and assuming that the top of the valence 

band as zero energy [4], the dispersion relations for the CB, HH, LH and SO will 

have the following forms: 

)(
)3/2(

2

22
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gg

g
gCB EE

EPk
m
kEE h   (1.17) 
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h   (1.19) 
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22

∆+
−+∆−=

g
SO E
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m
kE h

  (1.20) 

At this point it should be noted that the Kane model does not include the effect of 

higher bands.  This fact results in an incorrect effective mass for the heavy holes.  

The Kane model is, however, sufficient to describe the effective mass of both the 

electrons and the light holes.  From Equation (1.9) this energy dependent effective 

mass has the form: 
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1 2

*   (1.21) 

 In some materials, the energy E’ is negligible when compared to Eg and ∆ 

and can usually be ignored.  However, in narrow gap materials like InSb, this is 

not the case.  This implies that these non-parabolicity corrections are indeed 

important. The result of the Kane model for the effective mass will be used in the 

following sections in order to define the subband energies in doped quantum 

wells. 

 

1.3 Sub-bands for Doped Quantum Wells 

The main goal of the self-consistent computer simulations discussed in 

this section is solving the Schrödinger and Poisson equations for a remotely doped 

AlxIn1-xSb/InSb square quantum well (SQW) in order to determine the subband 

energies for the conduction and valence bands.  Because InSb possesses such a 

large dielectric constant and small effective mass, the exchange potential has a 

small contribution.  This results in the Hartree potential being the dominant term.  

This Hartree potential should, of course, be calculated self consistently. 

   The Schrödinger equation inside a square quantum well is given by: 

 
0)(
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∂ z

zEm
K

zVE
zzEmz kti

i

t
i

i

hh
  (1.22) 

 

where i is the subband index and Kt is the transverse wave vector.  Likewise, the 

Schrödinger equation outside the well is given by: 
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In these Schrödinger equations, m1

*(Ei,z) and m2
*(Ei,z) are the energy dependent 

effective masses in the well and the barrier respectively.  If the bottom of the 

square well is defined as zero energy, then V1(z) = VH(z) where VH(z) is the 

Hartree, or electrostatic potential.  Likewise, V2(z) = (EgBarrier – EgWell) x Q where 

Q is the offset.  This offset has been determined experimentally for InSb quantum 

wells to be approximately 62% [5]. 

 The Hartree (or electrostatic) potential mentioned above is given by: 

 

0

2
2 )(

)(
κε

ezn
zVH

−
=∇   (1.24) 

 

where ε0 is the vacuum dielectric constant and κ is the relative dielectric constant 

for the material in question.  For InSb, κ is equal to 17.7.  The electron 

distribution is obtained by: 

∑ ∑
= =
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where N is the number of occupied subbands and KFi is the Fermi wavevector for 

the different subbands.  The second summation in Equation (1.25) can be 

rewritten as: 

 
2
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Note that the factor of 2 in the second term of Equation (1.26) is due to the two 

spin states of the electrons.  With Equations (1.25) and (1.26) in mind, Poisson’s 

equation (1.24) becomes: 

2
,

010

2
2 )(1)( zdKKezV

t

Fi

Kit

K

t

N

i
H Ψ

−
=∇ ∫∑

= πκε
  (1.27) 

 

Assuming that VH(z) = 0, a self-consistent procedure will produce a set of 

wave functions.  These wave functions are then used in Equation (1.27) to 

calculate VH(z).  This VH(z) will then be substituted back into the Schrödinger 

equation in order to generate a new set of subband energies.  This procedure is 

then repeated until variations in the calculated potential converges to some 

acceptably small value.  

 

1.4 Numerical Techniques 

1.4.1 Solving the Schrödinger Equation 

In order to solve the Schrödinger equation numerically, the Runge-Kutta 

[6] method of fourth order was used.  To employ this method, the spatial 

dimension in question, in this case the region containing the quantum well, is first 

divided into evenly spaced points.  For simplicity, throughout the calculation, the 

width of the quantum well is scaled to one, and the Schrödinger equation is 

divided by             where W is the width of the well [6].  Using this method, the 22
h
*

2

Wm
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wave function and its first derivative on each grid point can be determined as 

follows: 

 
 
 
 
 

  (1.28) 
    
 
 
 
 
 
 
 
 
 
 

  (1.29) 
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is a unitless variable and h is the grid size.  It should also be noted that the Runge-

Kutta method needs an initial guess for the wave function and its first derivative. 

 Using Equations (1.28) and (1.29) above, the wave function and its first 

derivative can be determined on each grid point.  In a quantum well system such 

as AlxIn1-xSb/InSb, the bound states can be found by propagating the wave 

function from a grid point in the barrier and the well regions to a matching point.  
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The bound states are those states for which the Wronskien at the matching point 

goes to zero.  The Wronskien is given by: 

            (1.31) ((((Wr '))'))( zzzzz lrrl ΨΨ−ΨΨ= )

The indicies l and r correspond to the solutions from the left and right sides of the 

matching point. 

 A C++ computer program, which performs the calculation described 

above, was written by Giti Khodaparast [6] and was used for all the subsequent 

calculations in this work.  

 

1.5 Sub-Bands in Undoped QW: Bastard Formalism 

1.5.1 Subband Energies (Kt = 0) 

Consider a square quantum well of narrow gap material with the 

Hamiltonian given by [2]: 

 

 

)()()(
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1 zEfzfzVp
zEm
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⎡
+ (1.32) 

The function f(z) and                     are continuous at the well-barrier interface.  

m(E,z) is the energy dependent effective mass and in the presence of band 

bending, it has an explicit position dependence.  The solutions of a square 

quantum well are well known, with the dispersion relation for both odd and even 

solutions in the well: 

dz
df

m
(1 z

zE
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The Kane model discussed previously gives the wave vectors in the well and the 

barrier for electrons and light holes: 
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(1.38) 

 

For heavy holes, the dispersion relation is parabolic and the associated 

wave vectors for the well and barrier are given by: 

 (1.39) h/)(2 EEmk gwhhww +−=

 
(1.40) h/)(2 pgwhhbb VEEmk ++−= 

The effective mass of the heavy holes is related to the Luttinger parameters which 

will be discussed in the next section.  The bound states are the solutions of 

Equation (1.33) and can be calculated using any number of numerical techniques.  

Also, the terms Vs(z) and Vp(z) are defined in Figure 1.3. 
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Figure 1.3: Relationship between Vs, Vp, and the various band parameters.  

 

1.5.2 Subband Energies for Kt ≠ 0 

The wavevectors in the well and barrier for Kt ≠ 0 have the following forms [8]: 
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And the bound states are the solutions of the following dispersion relation: 
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1.6 Luttinger Model 

As stated earlier, the Kane model does not produce the correct effective 

mass for heavy holes [7].  This deficiency can be overcome, however, by using 

the Luttinger model to define the heavy hole effective mass.  This model 

describes the valence bands more accurately than the Kane model.  It also 

includes the warping of the valence band.  This latter fact is very important and 

cannot be ignored in InSb.  The details of the Luttinger model can be found in 

several different references such as Ref. [9, 10].  This model produces a valence 

band dispersion relation given by:      

   
(1.46) 
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In Equation (1.46), the γ’s are the standard Luttinger parameters which can be 

found in Landolt-Börnstein [11].  And although for this analysis, the calculation 

of the heavy hole effective masses is of primary interest, corresponding to the (-) 

in Equation (1.46), this model can also be used to calculate the light hole effective 

masses by using the (+) sign in the above equation.   
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 This dispersion relation for heavy and light holes can be rewritten using 

Luttinger’s valence band Hamiltonian for k║[001] as: 
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Using this dispersion relation, the band edge effective masses for heavy holes and 

light holes becomes:  
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where γ1 and γ2 are, of course, the Luttinger parameters. 

 At this point it is important to note that the band edge effective mass and 

the cyclotron mass are the same only when the constant energy surfaces are 

spherical, i.e. - when γ2 = γ3.  Thus, with the warping of the energy surfaces in 

systems such as InSb, it is important to distinguish between the cyclotron mass 

and the band edge effective mass.  With this distinction in mind, the cyclotron 

masses can be related to the Luttinger parameters for when B║[001] by: 
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1.7 Interaction of a 2DEG with a Magnetic Field 

1.7.1  Landau Levels (a.k.a – Fan Diagram) 

From a classical viewpoint, the motion of an electron in a uniform 

magnetic field follows a closed circular orbit.  Quantum mechanically, the energy 

of an electron in such a closed orbit must have quantized values.  The quantized 

energy levels of this two dimensional motion are referred to as Landau Levels 

[12, 13].  The goal of this section is to derive and discuss these Landau Levels. 

Consider electron moving in a uniform magnetic field in the z – direction.  

In this case the Hamiltonian is of the form [6]: 
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  (1.52) 
 
Since the magnetic field is in the z – direction, in the symmetric gauge, A is given  
 
by:             
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By applying the following transformation: 

A = A + ∇ Λ        (1.54) 

Λ = -Bxy/2       (1.55) 

A will then be changed into the Landau gauge: 

A = -B(y, 0, 0)      (1.56) 

Thus, the Hamiltonian becomes: 
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Since this Hamiltonian commutes with ∇x, the wavefunction can be written as: 

ψ = eikx f(x) Φ(y)       (1.58) 

This results in the Schrödinger equation being written as: 

 

  (1.59) 
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where       and      .  Notice that this Schrödinger equation is the 

equation for a shifted harmonic oscillator.  An equation of this type has solutions 

of the form:   

              (1.60) 

The first term in Equation (1.60) corresponds to the energies due to the electron’s 

motion in the plane (in this case the xy-plane) perpendicular to the magnetic field.  

These energies are referred to as Landau Levels.  The Ez term in Equation (1.60) 

is the solution along the z-axis. 

 Next, including the energy due to the electron’s spin, Equation (1.60) 

becomes: 

  (1.61) 

where the – refers to spin down (i.e. electron’s spin anti-aligned with the magnetic 

field) and the + refers to spin up (i.e. electron’s spin aligned with the magnetic 

field).  Thus, each Landau level is further divided into two spin-split energy 

levels.  Quantum mechanically, electron transitions between Landau levels of the 
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same spin are referred to as cyclotron resonance transitions, while transitions 

between spin-split states of the same Landau level are called spin  

resonances.  A simple diagram depicting these two types of transitions, in the 

absence of non-parabolicity, is given in Figure 1.4. 

 Energy 

Landau 

N 
Level 

Landau 
Level 
N+1 

Spin 

Cyclotron 
Resonances

Spin Resonances 

 

 

 

 

 

 

Figure 1.4: A simple picture of cyclotron and spin resonance.  Note that 
cyclotron resonance occurs when ∆n = 1 and ∆s = 0 and spin resonance when 
∆n = 0 and ∆s = -1 

 

 

Of course, in an actual system, the samples have impurities and defects.  

Collisions between the electrons in the samples and these impurity atoms or 

defects account for the majority of the energy dissipation of the electrons in the 

samples.  The result of this is that, rather than the Landau levels being a sharp 

energy level as they would be in a pure material, in the presence of impurities the 

Landau levels will spread out into a band which contains many distinct energy 

levels.  States near the bottom and near the top of the Landau level are localized 

states, and therefore electrons trapped in these states cannot contribute to current 
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carried through the sample.  However, near the center of each band the states are 

spatially extended.  Electrons in these states are mobile and can therefore carry 

current through the sample.  Thus, each Landau Level can be occupied by a large 

number of electrons that all possess the nearly the same energy.  The population 

of these levels changes with the strength of the magnetic field.  The magnetic 

length of the electrons within the sample is give by: 

 2
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l h

  (1.62) 

which will clearly decrease with increasing magnetic field.  This, in turn, results 

in an increasing degeneracy of the Landau Levels [12, 13] given by: 

h
eB
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D ==

22
1

π
  (1.63) 

The number of occupied Landau Levels is referred to as the filling factor and is 

defined by: 

ν = N / D      (1.64) 

where N is the number of electrons per unit sample area.  Figure 1.5 shows an 

example of a 5 electron system demonstrating the ideas discussed above. 

 As can be seen in the figure, at high magnetic fields, all the electrons lie in 

the lowest Landau Level (ν < 1).  By reducing the magnetic field strength, the 

spacing, as well as the degeneracy of the Landau levels, decreases.  Thus, there 

will be a magnetic field such that the lowest Landau Level is exactly filled.  When 

this occurs, ν = 1.  Extending this line of reasoning, as the magnetic field is still  
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B > B1, ν < 1

B = B1, ν = 1B < B1, ν > 1 

 

 n = 1, ↑ 

 
Energy 

 n = 0, ↓ 

 
n = 0, ↑ 

 

 

B - field 

 

 

 

Figure 1.5: The three lowest Landau Levels for a sample 5 electron system.  
At B = B1 the lowest Landau Level is exactly filled (ν = 1).  For smaller B, 
some electrons are forced into higher levels (ν > 1) resulting in a reduction of 
the degeneracy of the system [12]. 

decreased further, at some point the two lowest Landau Levels will be exactly 

filled (ν = 2), and so on.  Thus, for any integer value i there is a magnetic field:  

ie
NhBi =   (1.65)  

for which the ith lowest Landau Levels are completely filled and all higher levels 

are empty.  This effect leads to the integer quantum Hall effect, which is the 

subject of the next section. 

 

1.7.2 Integer Quantum Hall Effect 

As mentioned in the previous section, dissipation of the electron’s energy 

occurs when electrons can scatter into an empty energy level.  However, at integer 
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filling factors, the empty levels are at higher energies and thus cannot be reached 

when the sample is at low temperatures.  This fact leads electron transport without 

dissipation in the energy and therefore to a vanishing of ρxx [12, 13].   

The zeros of ρxx correspond to the plateaus in a Hall resistance trace.  The 

value of the Hall resistance in terms of the filling factor is given by: 

 
  (1.66) 
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Clearly, RH is independent of magnetic field for integer filling factors and just 

depends on the fundamental constants indicated in Equation (1.66).  For example,   

 S702, density = 2.6x1011/cm2, µ = 150,000 cm2/Vs
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Figure 1.6: Plot of the Hall resistance and ρxx as a function of B at 4.2 K for 
s702.  Notice the plateaus in the Hall resistances and how these correspond to 
the dips in the Shubnikov-de Haas trace. 
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the Hall resistance is ≈ 25.8 KΩ for ν = 1.  A trace of both RH and ρxx for sample 

s702 at a temperature of 4.2 K is given in Figure 1.6 showing the discussed 

plateaus. 

In order to understand the plateaus in the Hall resistance one should revisit 

the defects and impurities picture mentioned above.  Recall that the electrons 

trapped by impurities or defects cannot contribute to the flow of current through 

the sample.  However, small changes of the magnetic field away from the specific 

magnetic field at an integer filling factor will change the number of trapped 

electrons, but will not change the number of filled extended states.  This implies 

no change in RH (i.e. – a plateau in the RH trace). 

The integer quantum Hall effect is a very useful tool for characterizing the 

samples used in this study as well as studying fundamental physics.  In a 

Shubnikov-de Haas (SdH) trace the minima in the ρxx correspond to integer filling 

factors.  This fact, combined with Equation (1.65), can be used to determine the 

electron density of the samples.  Also, in the Van der Pauw geometry (see Chapter 

2), the average of ρxx at B = 0 can be used, again in conjunction with Equation 

(1.65) to evaluate the resistivity and then, in turn, the mobility of the samples.  In 

addition, the Hall traces can also be used to determine the density of the samples.  

This is because the slope of the Hall trace at low magnetic fields is inversely 

proportional to the density.      
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1.7.3 Technical Aside – Input Parameters for Landau Level Calculation 

As a technical aside, a program written in C++ is used to perform the 

Landau Level calculation discussed above.  When this program is run, various 

input parameters are required by the user.  These parameters are as follows: 

Output file name 

Well width in Angstroms 

Al concentration 

Starting magnetic field 

Number of data points for field 

Interval for field 

Landau Level index 

The output file name is the file under which the results of the calculation 

will be saved.  After the calculation is completed, this file will be located in the 

C:\BCC\BIN\ directory.  The well width in Angstroms and Al concentration are 

the width of the quantum well and aluminum concentration in the barrier of the 

sample for which the calculation is being performed. Starting magnetic field is the 

magnetic field value at which the calculation will begin, typically chosen to be 

zero Tesla. Number of data points for field is the number of individual data point 

for which the calculation is repeated, typically chosen to be between 100 and 150. 

Interval for field is the spacing in magnetic field between data points, usually 

chosen to be 0.25 Tesla.  By choosing the above two values, the Landau level 
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calculation will extend to between 25.0 Tesla and 37.5 Tesla.  And finally, 

Landau level index is the Landau level index for the calculation, typically zero, 

one or two.   

In addition to the input parameters discussed above, there are also two 

values within the body of the program that one could desire to alter.  Those are 

the momentum matrix element and the sample tilt angle.  The momentum matrix 

element is defined on line 17 of the program: 

Define p sqrt(11.3*cf/m0) 

The value of the matrix element is highlighted in red above and was kept at a 

value of 11.3 in all the calculations of this study.  The sample tilt angle is found in 

line 88 of the program: 

kt = sqrt((2.0*lan+1.0)*cf*bf*1.0/hb) 

The highlighted term in the above equation represents the cos θ term of the 

sample tilt angle.  This value is, of course, changed on a sample by sample basis. 
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Chapter 2 

Sample Preparation and Experimental 
Techniques 
 

The purpose of this chapter is to discuss the InSb quantum well structure, 

as well as sample preparation, and some of the experimental techniques used to 

measure the transport, transmission, and photo-conductivity properties of the 

samples.  These measurements can then be used to determine some of the 

fundamental properties of the InSb quantum wells. 

 
 

2.1 The Quantum Well Structure 
 

The samples used in these experiments are InSb quantum wells (QW) 

grown on GaAs (001) substrates using molecular beam epitaxy (MBE).  The 

barrier material is AlxIn1-xSb where x is usually 0.09 or 0.15.  Carrier 

concentration in the well is achieved with Si delta doping in the barrier layers [14, 

15] and can be either symmetric or asymmetric in nature.  This type of doping is 

advantageous because it leads to reduced scattering by ionized dopants, thus 

resulting in high electron mobility inside the well.  A typical example of the 

cross-sectional layer structure for a symmetric sample (specifically sample s842) 

is given in Figure 2.1.  
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 As stated above, by placing dopants on only one side of the well, one can 

achieve a QW with an asymmetric energy profile, while dopants on both sides of  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Al0.15In0.85Sb  Buffer   4µm 

Al0.15In0.85Sb Barrier  400Å 

Al0.15In0.85Sb  Spacer  1000Å 

Al0.15In0.85Sb  Top  Layer  100Å 

InSb cap                130Å

GaAs (001) substrate 

AlSb  Buffer    2150Å

Al0.15In0.85Sb  Layer    600Å 

Al0.15In0.85Sb  Barrier       400Å 

InSb  Well         250Å

δ-doped Si 

δ-doped Si 

δ -doped Si 

n = 4.3x1011 cm-2    µ = 80,000 cm2/Vs  @ 4.2K 

Figure 2.1: A typical layer structure for a triple δ-doped sample 
(specifically s842).  In this case the dopants are both above and below the 
QW, resulting in a symmetric sample. 

the well result in a symmetric profile.  Also, an asymmetric profile can be 

achieved by growing the sample with different Al concentrations in the barriers 

on either side of the well.  See Figure 2.2 for some schematic examples of these 
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different sample structures.  Referring to Figure 2.2 we can see that for symmetric 

doping, the electrons in the well experience no net external field (Figure 2.2 (a)), 

 

 

 

 

 

 

 

 

 

 

(a) (b) 

(c) 

Figure 2.2: a) Symmetric structure resulting from doping on both sides of
the QW.  b) Asymmetric structure resulting from doping on only one 
side of the well.  c) Asymmetric structure resulting from having different 
Al concentrations on the two sides of the well. 

 

thus the electron probability distribution in the well will be symmetric.  However, 

in samples with asymmetric doping, the electrons in the well experience a non-

zero net external field (Figure 2.2 (b)).  This moves the electron probability 

density towards the side of the well closest to the dopant layer.  This asymmetry 

in the confining potential can be useful as it lifts the spin degeneracy of the 

electrons, even in the absence of an external magnetic field. 
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2.2 Sample Preparation 

2.2.1 Wedging the Samples 

The first step in preparing the samples for optical measurement is 

wedging.  This is needed to minimize Fabry-Perot interference that can occur due 

to the parallel nature of the front and back surfaces of an un-wedged sample.  

Wedging begins by mounting the sample, face down (so the back of the sample 

gets material removed) on a piece of clean glass (usually a piece of microscope 

slide, cleaned with methanol) using white paraffin wax.  The samples are mounted 

on either a 20 or 40 mounting block.  This mounting block attaches to a South Bay 

Technology hand lapping fixture (model 155) by means of a threaded knob.  

Then, a small amount of Silicon Carbide powder (600 grit / 14.5 micron) is mixed 

with water on a piece of flat glass.   The sample and fixture are then rubbed over 

this mixture for a few minutes in order to wedge the sample.  Care must be taken 

when placing the fixture into the flat glass so as to not break the sample.   

Finally, in order to remove the sample from the microscope slide piece, 

the mounting block with the sample still on it is heated on a hot plate.  Any 

remaining white wax on the sample can be removed by placing the sample, in 

order and under a vent hood, in boiling trichloroethylene for 2 minutes, boiling 

acetone for 4 minutes, and finally boiling methanol for 4 minutes.  The sample 

can then be dried using dry nitrogen gas. 
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2.2.2 Ohmic Contacts 

In order to measure the electron density and photo-conductivity effects of 

our samples, ohmic contacts need to be made on the samples.  First, after the 

samples are removed from the MBE chamber, they are cleaved into typically 5 

mm square pieces (sometimes as small as 2 mm x 3 mm, depending on what is 

needed).  Then, after wedging (if optical measurements are planned) ohmic 

contacts are prepared on the 4 corners of the sample by placing small indium 

spots in the corners using a soldering iron.  The indium used is kept clean of 

contaminates by only being cut with a clean razor blade and the soldering iron 

used is only used for this purpose and cleaned on a regular basis.   

Once the contact indium is on the surface of the sample, the sample needs 

to be annealed in order for this contact indium to diffuse into the sample and 

make good ohmic contact with the quantum well below.  Therefore, the sample is 

then placed in the annealing station in the Thin Films Lab.  While a flow of 

approximately 4 liters/min of forming gas (mixture of 80% N2 and 20% H2) is 

passing over the sample, the sample is heated to approximately 2200 C for about 5 

minutes.  Note, depending on the sample structure (i.e. – well depth and layer 

structure) and the type of experiment being done, the annealing temperature and 

time can vary somewhat (example: 2300 C for 7 minutes).   

Once annealed, 99.99% gold wires are soldered onto the corner indium 

contacts.  The other ends of the wires are then connected to the sample holder pins 
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when the sample is mounted for experimentation.  The sample should have an 

appearance similar to Figure 2.3. 

 

 

 

 

 

 

 

2.3 Hall Effect 

2.3.1 Theory 

Consider a conductor placed in a magnetic field as shown in Figure 2.4. 

Figure 2.3:  Sample contact and wiring setup 

A 

C 

B 

D 

Annealed In 99.99% Gold Wire 

≈ 5 mm

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

Bz

 _ _ _ _ _ _ Ey (induced) jx
Ex (applied) 

y 

x 

z  

 

 

 

 

 

 

Figure 2.4: Hall setup.  n-type carrier flow in the x-direction will get deflected by 
the B-field in the z-direction.  Charge collects on the sides and creates a 
transverse electric field, Ey.  A steady-state results when the repulsive force from 
Ey equals the deflection force of Bz.   
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When an electric field Ex is applied in the +x-direction a 2D current density jx is 

induced in the same direction.  The electrons will therefore flow in the –x-

direction.  However, due to the presence of the magnetic field Bz, these electrons 

will feel a Lorentz force: 

F = -e ( v x B )                                        (2.1) 

where e is the electrons charge and v is the average electron velocity.  If the 

direction of the current and magnetic field are those given in Figure 2.4, the 

flowing electrons will be deflected in the –y-direction.  This will result in a net 

negative charge on one side of the bar.  Thus, an additional electric field, Ey, is 

induced perpendicular to the original electric field and current density.  In general, 

equation (2.1) becomes: 

       F = -e ( E + v x B)                                       (2.2) 

Steady state is reached when enough charge accumulates on the side of the 

conductor so that the force on the electrons from Ey (in the +y-direction) is equal 

to the force from Bz (in the –y-direction). 

 Knowing (or, rather, in our case, measuring) the quantities discussed 

above allows one to determine the Hall coefficient for the sample: 

               (2.3) 
Bj

E
R y=

x
H

 

With the Hall resistance known, the carrier concentration can be determined by 

using: 
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ne
RH

1
−=     (2.4) 

where n is the 2D density. 

 

2.3.2 Van der Pauw Technique 

The above discussion assumes that the sample is in what is known as 

“Hall bar geometry” [16], i.e. – the sample is long and thin resulting in the x and y 

components of the voltage and current being decoupled.  However, in practice, 

the simpler van der Pauw [17, 18] geometry tends to be more convenient.  An 

example of this geometry can be seen by referring back to Figure 2.3.  As can be 

seen in the figure, in this technique the contacts are symmetric on the four corners 

of a square sample.  The 2D resistivity of the material is given by: 

           
   (2.5) 
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where RAB,CD is the potential difference, VD – VC, divided by the current passed 

from contact A to contact B, with no magnetic field.  RBC,DA is similarly defined.  

If the sample is a homogenous square sample, with contacts on the four corners, 

then RAB,CD = RBC,DA, and the function f in this model is equal to one.  The density 

can then be obtained from the slope of the Hall resistance vs. magnetic field, and 

the mobility is given by: 

              (2.6) enH ρ
µ =

1

where n = N / d  is the samples 2-D density.   

 35



2.4 Magneto-Optics Measurments 

2.4.1 Experimental Setup 

The experimental setup for the magneto-optical experiments conducted at 

the University of Oklahoma used in this work is shown in Figure 2.5. 
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MagnetLiquid Helium
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Optical Table 
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Figure 2.5: Schematic of the magneto-optical experimental setup.  Note, the 
setup is such that the FIR laser or the FTIR can be used as the source of the 
incident light. 

This setup begins with an Edinburgh FIR laser model 100 which is pumped by a 

CO2 laser.  This laser is capable of providing far infrared (FIR) radiation in the 40 

– 1200 µm wavelength range.  This radiation is directed via a mirror box and light 

pipe onto the sample that sits at the center of a superconducting magnet.  The 

radiation that gets transmitted through the sample is then detected by either a 

Ge:Ga doped photoconductor or a bolometer detector.  The sample, magnet, and 
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the detector are all held at 4.2 K by being immersed in liquid helium at the bottom 

of a vacuum jacketed dewar.  Also, a small portion of the FIR laser beam is 

monitored as a reference signal using a polyethylene beam splitter (not shown in 

the figure) by a room temperature pyroelectric detector. 

 

2.4.2 The Superconducting Magnet 

As indicated in the figure, the magnet used in this setup is located inside a 

cryogenic dewar.  It is a Cryomagnetics Inc. superconducting NiTb magnet 

capable of providing a magnetic field of 7.7 Tesla, although in our experiments 

we rarely went above approximately 6 Tesla.  A programmer, connected to the 

magnet power supply, controls the maximum field, the sweep direction, and the 

sweep rate.  Voltage across a shunt on the back of the power supply is used to 

measure the strength of the magnetic field.  The field to current ratio for this setup 

is 969.3 Gauss/Ampere.   

In order to properly operate our magnet, the following considerations 

should be taken into account: 

(1) The power supply to the magnet should only be turned off when the 

magnetic field is zero. 

(2) Using a switch box located in the far infrared lab, one can change the 

direction of the magnetic field.  This should only be done when the 

magnet power supply is OFF. 
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(3) The magnetic field sweep rate should NOT exceed 0.1 Tesla per 

second, otherwise quenching of the magnet could occur.  The sweep 

rate can be changed using a sensitive potentiometer, which allows a 

sweep rate as low as 0.01 Amps per second. 

(4) At low sweep rates, typically less than 0.05 Amp/sec, the programmer 

does NOT change the sweep direction.  In order to overcome this, one 

can first set the sweep rate to a larger value (but still not greater than 

0.1 Tesla/sec) and then adjust it to a lower rate once the sweep 

direction has changed as desired. 

(5) In order to operate the magnet at high field, a sufficient amount of 

liquid Helium is required (typically a liquid helium level of 5 cm, see 

the section on system cool down), otherwise, quenching of the magnet 

can occur. 

(6) The magnet leads are vapor cooled.  Therefore, the holes on top of the 

leads should not be covered during normal magnet operation. 

(7) Before the magnet is cooled down, it should be dried using dry 

nitrogen gas. 

(8) The magnet leads can carry very high current.  Therefore, good 

electrical isolation is required and the leads should NOT be touched 

unless the magnet power supply is off. 
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2.4.3 Cooling Down the System 

The first step in cooling down the system to perform a low temperature 

experiment is to be sure that the magnet is dry using the nitrogen gas mentioned 

above.  This is important to prevent any water ice from forming at the base of the 

setup that could later interfere with the insertion of the vacuum can / light pipe 

assembly.  Also, it is a good idea to pump on the cryogenic dewar to at least 10-5 

Torr before continuing.  Note however, that the dewar does not need to be 

pumped on before every experiment.  Pumping on the dewar overnight 

approximately once a month with a good diffusion pump is usually sufficient to 

maintain the necessary low pressure.   

Once the magnet is dry and the dewar pressure is sufficiently low then the 

magnet can be pre-cooled by filling the dewar with approximately 30 liters of  

liquid nitrogen the night before the experiment.  This transfer of liquid nitrogen 

should occur at a slow rate so as not to damage the magnet.  The temperature of 

the magnet can be monitored by connecting a standard ohm meter to the magnet 

leads in order to measure the resistance of the magnet.  The magnet has a 

resistance of about 600 Ω at room temperature and 70 – 77 Ω at 77 K. 

 Once the magnet has been pre-cooled, the liquid nitrogen should be 

removed by pressurizing the dewar with helium gas.  Note that this pressure 

should not exceed 2 PSI.  As this is being done, the resistance of the magnet 

should again be monitored.  As the liquid nitrogen is removed, the magnet will 
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warm up slightly.  Thus, when the liquid nitrogen is full expunged from the dewar 

the magnet should have a resistance of about 110 – 120 Ω. 

 At this point, the system is ready to be filled with liquid helium.  The 

initial transfer of liquid helium into our system usually requires 30 – 35 liters in 

order to achieve a liquid helium level of 20 cm, as measured from the bottom of 

the magnet.  After this initial transfer, the same level can usually be obtained with 

approximately 15 – 20 liters of liquid helium.  Again, the resistance of the magnet 

should be monitored during the initial liquid helium transfer.  The magnet 

resistance will, of course, drop to zero as it becomes superconducting.  However, 

until that time, there will not be a significant increase in the liquid helium level.  

Once the magnet becomes superconducting, the helium level should rise 

noticeably faster.  Also, again, so as to not damage the magnet, the initial liquid 

helium transfer should be conducted slowly.  An initial transfer of one hour is not 

uncommon.  However, after that, subsequent transfers can occur much quicker, 

sometimes only 15-20 minutes depending on the amount of addition liquid helium 

needed.  But keep in mind, the general rule of thumb for all transfers is: The 

Slower the Better. 

 The final step in cooling the system is to prepare the vacuum can / light-

pipe assembly.  This assembly requires pre-cooling as well.  First, the vacuum can 

should be pumped on with a diffusion pump to at least 10-4 Torr.  Then, a small 

amount of helium exchange gas is introduced into the can.  Next, the assembly is 
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immersed in liquid nitrogen for at least 20 minutes.  Once this is achieved, the 

assembly can be removed from the liquid nitrogen and placed inside the liquid 

helium filled magnet dewar and the experiment can proceed. 

 

2.4.4 Warming Up the System 

The first step to warming up the system after completing an experimental 

run is to remove the vacuum can / light-pipe assembly.  The procedure to 

complete the assembly warm up will be addressed shortly.  For the magnet, two 

methods can be employed.  The simplest method is simply to allow the remaining 

liquid helium in the magnet dewar to boil off and permit the magnet to warm up 

on its own.  This method is attractive if there is no rush to use the setup again.  If, 

however, a faster warm up is required, dry nitrogen gas can be circulated through 

the dewar, but only after the magnet has reached a temperature above 77 K (or 

approximately 100 Ω magnet resistance).  Waiting until a reading of 100 Ω will 

prevent any nitrogen ice from forming at the base of the dewar.   

The procedure for warming up the vacuum can / light pipe assembly 

involves using a heat gun on the assembly to expedite the warm up.  Note, caution 

must be taken to avoid an excessive amount of hot air near the indium seal at the 

base of the vacuum can between the vacuum can and the gold colored detector 

casing.  Also, recall that a small amount of nitrogen transfer gas was added to the 

vacuum can before pre-cooling.  This nitrogen gas should be pumped out of the 
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assembly using a mechanical pump when the assembly is about half-way warmed 

up (i.e. – when the heat gun has removed about half the water condensation that 

forms when the assembly is removed from the magnet dewar).  

 

2.4.5 FTIR Principles 

In the Fourier transform spectrometer, the radiation from a broad-band 

light source is divided into two parts by a beam splitter.  After reflection from a 

fixed and movable mirror, respectively, the two partial waves are combined by the 

same beam splitter and focused on a detector.  There they interfere and yield the 

total intensity.  For different positions of the movable mirror the two partial waves 

get different phase shifts with respect to each other.  Therefore, on the detector the 

radiation field is superimposed with a time-delay copy of itself.  Refer to Figure 

2.6.  Hence, what is basically measured when the detector signal is recorded while 

the mirror moves is the autocorrelation function of the radiation field.  This 

autocorrelation function is called the interferogram in FTIR spectroscopy and it is  

the Fourier transform of this interferogram that is the desired power spectrum in 

the frequency domain.   

Let us consider these ideas in more detail.  First, if monochromatic light of 

wavenumber k and amplitude A is incident, the beam splitter will send light of 

amplitude          along each arm.  This light will then be reflected at the two 

mirrors and as a result of the different path lengths traveled in the two arms, will 

2A
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Figure 2.6: Scheme of a Fourier transform spectrometer.  Light waves 
emitted from the light source are divided by the beam splitter.  One fraction is
reflected by the fixed mirror, the other by the movable mirror.  The partial 
waves interfere on the detector, where the total intensity is measured.  The 
sample is usually placed between the interferometer and the detector. 

 

 

 

recombine with different phases at the beam splitter.  For convenience, consider a 

moment when the phase is zero at the point of division.  If this is the case then if 

the two paths have lengths d1 and d2, then the phases will be 2πk2d1 and 2πk2d2.  

Then the two amplitudes, whom are both complex when the phases are included, 

are added and the transmitted amplitude is given by: 

 ])[2/( 21 22 ikdikd
T eeAA ππ += (2.7) 

The transmitted intensity is then: 

]][)[4/( 2121 22222* ikdikdikdikd
TTT eeeeAAA ππππ −− ++==I (2.8)  

Writing the path difference of 2(d1-d2) as ∆ and multiplying, this becomes: 
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 (2.9) )]2cos(1)[2/( ∆+= kIIT π

where I =AA* is the input intensity.   

 If, instead of a monocromatic source is used, a broad band spectrum 

source is employed, then the intensity at wavenumber k will be given by a I(k).  In 

other words, the power entering the interferometer between wavenumbers k and 

k+dk will be I(k)dk.  Therefore, the emerging intensity will be given by: 

dkkkIdJ )]2cos(1[
2

)()( ∆+=∆ π (2.10) 

and the integral of this over the entire spectrum is: 
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The first integral in the above expression is half the total input intensity, I.  Thus, 

it is often more convenient to write K(∆) = 2J(∆) – I/2, so that: 

K(∆)↔I(k)         (2.12) 

Thus, if the interferogram J(∆) is recorded at suitable intervals of path difference, 

the spectral power density I(k) can be recovered by a Fourier Transform [19]. 

Figure 2.7 shows an example of a typical interferogram and its 

corresponding intensity spectrum.  The maximum of the interferogram 

corresponds to equal distances of the two mirrors to the beam splitter which 

causes constructive interference of the two partial waves for all wavelengths.  For 

this reason, the peak is sometimes called the “White Light Position” (WLP).  

 44



Outside this central structure the phase difference between the partial waves 

reflected at the two mirrors depends on the wavelength.  For a broadband source 

 

 

 

 

 

 

 

 

 
Figure 2.7: A typical interferogram obtained by a FTIR spectrometer and 
the corresponding spectrum. 

their superposition to the interferogram contain less and less structures the further 

away one gets from the WLP.  From the Fourier transformation it follows that a 

narrow WLP correlates to a broad frequency distribution, where as a broad 

interferogram correlates with a narrow, or “monochromatic”, frequency 

distribution.  The spectral resolution in an FTIR is determined by the inverse of 

the total path length of the movable mirror.   

 

2.4.6 The Detectors 

Two different types of optical detectors were used in the magneto-optical 

experiments discussed above.  The first is a gallium doped germanium (Ge : Ga) 
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photo-conductor detector (serial number 2754) from Infrared Laboratories.  This 

detector’s operating temperature is in the range 1.5 – 4.2 K and has a spectral 

range of 40 µm – 120 µm. The output of this detector is connected to a pre-

amplifier control box (model number LN6, serial number 2732).  The box 

contains two internal 9 volt batteries to amplify the detector signal, as well as a 

single 15 volt battery to provide the bias.  The lifetime on these batteries is 

approximately 100 hours.  When the DC bias switch is turned on during normal 

operation, the bias is adjusted by the use of a 10-turn potentiometer built into the 

control box.  The detector is connected to a 6 pin connector at the top of the 

vacuum can with two shielded cable containing Constantan wires.  The pins on 

the connector of the amplifier box (labeled A through F) are connected to the 

Fisher connector (labeled by numbers) on the top of the vacuum can as follows: 

Pin A → Bias (pin 6, green wire of the second cable) 

Pin B → Drain (pin 5, black wire of the first cable) 

Pin C → Gain (pin 10, white wire of first cable) 

Pin D → Source 2 (pin 12, green wire of first cable) 

Pin E → Source 1 (pin 4, red wire of first cable) 

Pin F → Feedback (pin 8, white wire from second cable). 

 The second type of detector used in these experiments is a Si Bolometer 

(serial number 2851), also from Infrared Laboratories. For this detector the 

operating temperature is in the range 0.3 – 4.2 K and has a spectral range of 2 µm 
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– 3000 µm.  Again, the output of this detector is connected to a pre-amplifier 

control box (model number LN6, serial number 623) and likewise, this box 

contains two internal 9 volt batteries to amplify the detector signal, and a single 

15 volt battery to provide the bias.  The main difference between the amplifier 

box for the photo-conductor and the bolometer comes from how the bias is 

adjusted.  Rather then using a 10-turn potentiometer (essentially a knob on the 

side of the box) like the photo-conductor, the bolometer amplifier box utilized a 

toggle switch to select a gain of either 200 or 1000.  Another difference between 

the two detector setups is the wiring codes.  For the Bolometer the wiring code is 

as follows: 

Pin A → Drain (pin 8, wire with red tape, note: no longer used) 

Pin C → Load Resistor (pin 6, wire with orange tape) 

Pin D → Source (pin 10, wire with black tape) 

Pin E → Ground (pin 4, wire with blue tape) 

Finally, a few words about the internal structure of both detectors should 

be mentioned as well as a guide as to how the detectors are mounted on their 

corresponding vacuum cans.  The detector unit consists of a Winston Cone [20] 

and a cold amplifier (currently disabled) which is placed close to the detector.  

The detector unit is sealed to the vacuum can using Indium wire.  Before making 

the Indium seal, the surface of the flange on the vacuum can as well as the flange 

on the detector should be cleaned using Methanol.  A small amount of vacuum 
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grease is used on the Indium wire before putting it in the Indium grove.  The eight 

4 – 40 screws should be tightened in a symmetric star pattern in order to make the 

seal between the detector unit and the vacuum can.  The assembly should then be 

check for any leaks using a leak detector. 
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Chapter 3 

Cyclotron Resonance 

Spin resolved cyclotron resonance was first observed in InAs quantum 

wells with AlSb barrier layers [21, 22].  The observations were explained by 

using a modified Pidgeon Brown bulk band structure model [23, 24, 25, 26] that 

takes into account non-parabolicity.  Spin split cyclotron resonance due to many 

body effects has also been observed in GaAs-AlGaAs heterostructures [31, 32].  

The purpose of this chapter is to discuss the spin-split cyclotron resonance 

experiments conducted for this work at the National High Magnetic Field Lab 

(NHMFL) in Tallahassee, Florida.  The sample’s layer structure as well as its 

energy profile will be reviewed. The experimental setup at NHMFL will be 

discussed as well.  The fan diagram / Landau level plots will then be touched 

upon again, but derived in a less rigorous fashion than previously.  Then, some 

representative data of both the cyclotron resonance data as well as intensities will 

be examined and an interpretation of the data will be looked at in light of the 

established theoretical backdrop.  Finally, some concluding remarks will be made.  
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3.1 The Samples 

As discussed in previous chapters, the samples used in these experiments 

are triple delta-doped, InSb quantum wells, with AlxIn1-xSb barrier material, 

grown on (001) GaAs substrates [33].  As a review, the layer structure for sample 

s499 is given in Figure 3.1.  The majority of the data discussed in this chapter was 

gathered using this sample. 

 

 

 

 

 

 

 

 

 

 

 

 

 

As shown in Figure 3.1, s499 is a symmetrically doped sample. Therefore 

it is expected that the energy profile will also be symmetric in nature.  This 

δ-doped Si 

InSb cap     100Å

AlSb Buffer 2150Å    

GaAs (001) substrate 

Al0.09In0.91Sb  Buffer   4µm 

Al0.09In0.91Sb  Barrier       300Å 

Al0.09In0.91Sb  Layer    600Å 
δ -doped Si 

InSb  Well         300Å

Al0.09In0.91Sb  Top  Layer  100Å 

Al0.09In0.91Sb  Spacer  1000Å 

Al0.09In0.91Sb Barrier  300Å 
δ-doped Si 

n = 2.0x1011 cm-2  µ = 130,000 cm2/Vs  @ 4.2K 

Figure 3.1: Layer structure for sample s499 
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symmetric profile can be seen in Figure 3.2.  At this point, one may wonder why 

InSb is chosen instead of some other, more common III-V semiconductor, such as 

GaAs or InAs.  The answer to this question is three-fold.  First, InSb has the 

smallest effective mass of all the III-V semiconductors.  This fact can result in 

high electron mobilities. 
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Figure 3.2: Energy profile for sample s499.  The sample density is 
n = 2.0x1011 cm-2 as measured by Shubnikov-de Haas. 

Second, InSb also possess a very large g-factor, -51 in fact.  This results in a large 

energy difference in the allowed states for electrons of different spins (either up or 

down) when the sample is placed in a magnetic field.  This fact will be very 

important in the spin-split cyclotron resonance discussion to follow.  And finally, 

although GaAs, InAs, and InSb all possess non-parabolic dispersion relations, the 

dispersion relation for InSb is the most non-parabolic of the three.  This will also 

 51



play a key role in the experiments discussed in this chapter.  These important 

characteristics are summarized in Table 3.1. 

Most non-parabolic -51 0.014 InSb 

More non-parabolic -15 0.023 InAs 

Least non-parabolic -0.5 0.067 GaAs 
E(k)g-factorm*/mo

Table 3.1: Characteristics of some III-V semiconductors.  Notice that InSb 
is the most advantageous for spin-split cyclotron resonance experiments. 

 

 

 

 

 

 

 

3.2 The Experimental Setup 

 The setup at the NHMFL is not unlike the setup used at The University of 

Oklahoma (OU), but there are some important differences.  Like at OU, the 

sample sits inside a light pipe at the center of a superconducting magnet.  

However, at the NHMFL the magnet is much larger and stronger, with a 

maximum field of approximately 18 Tesla.  The light transmitted through the 

sample is detected using a Far Infrared Labs Bolometer detector.  The sample, 

magnet, and detector are again all held at 4.2 K by being immersed in a liquid 

helium filled dewar.  The incident radiation is directed from the source to the 

sample again by means of a mirror and light pipe.  However, instead of a CO2 

laser like at OU, at the NHMFL, the source of the incident radiation is a Bruker 

Fourier Transform Infrared Spectrometer (FTIR), model number 113V.  The 
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FTIR can utilize either a glowbar or a Hg lamp as its source, depending on the 

spectral range needed.  In addition to these two sources, there are two different  

Bruker FTIR 
(glowbar, mylar 3.5 

 beamsplitter) 

Mirror 

Light Pipe 

Computer 

Liquid He filled 
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Superconducting 
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Figure 3.3: Experimental setup used at the National High Magnetic 
Field Laboratory in Tallahassee, Florida.  

beamsplitters used, a mylar 3.5 and a mylar 12.  These numbers refer to the 

thickness of mylar on the surface of the glass of the beamsplitter.  Typically, a 

source / beamsplitter combination of Hg lamp/ mylar 12 is used to study features 

seen below 100 wavenumbers and a the combination of glowbar / mylar 3.5 is 

used to study features above 100 wavenumbers.  Finally, the FTIR is connected to 

a computer, which records all the important data.  Typically, background scans 

are taken for at least one hour and individual CR scans are taken for 15 to 20 min 
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and have a resolution of approximately 1 cm-1.  A schematic of the NHMFL setup 

is given in Figure 3.3. 

 

3.3 Fan Diagram / Landau Level Plot 

Referring to Figure 3.3, one will notice that the sample orientation inside 

the magnet is such that the direction of the magnetic field is perpendicular to (or 

very nearly so) the plane of the QW in the sample.  This fact will cause the 

electrons in the well to move in closed cyclotron orbits with a classical cyclotron 

radius given by:          mhkv
eBm

r F

c

F
*

*
==

ω     (3.1) 

Next, quantum mechanics dictates that the energy states for these orbiting 

electrons must be quantizied, and will take on the form of simple harmonic 

oscillators:   

)( 2
1+= nhE cn ω     (3.2) 

where ωc = eB/m* and n = 0, 1, 2, 3…  This, however, is not the complete story.  

Recall that since the electrons possess spin, and the magnetic field direction 

determines a “preferred direction”, the electron’s spins will either be aligned 

(called “spin up”) or anti-aligned (“spin down”) with this preferred direction.  

This alignment (or anti-alignment) will also affect the energy of the electrons.  

Therefore, this additional effect needs to be included in order to get a more 
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complete picture of the total energy of the electrons in the well.  This additional 

“spin energy” is included in equation (3.3): 

              (3.3) BghE Bc nn µω 2
1

2
1( ) ±+=

where B is the magnetic field, µB = eh/4πm and g is the electron g-factor 

discussed above.  Equation (3.3) indicates that for a given magnetic field there are 

multiple allowed electron energies for the different values of n.  In addition, for 

each value of n, the energy levels are further split by the spin energies of the 

electrons.  The size of this splitting depends on the material’s g-factor.  Plotting 

En vs. B produces what is typically called a Landau level plot, also known as a fan 

diagram.  An example is shown in Figure 3.4.   
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Figure 3.4: Example of a Landau Level Plot (Fan Diagram) for sample 
s499.  The orange line indicates the Fermi Level of the electrons. 
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Taking a closer look at Figure 3.4, one notices that there are two “spin-

split” energy levels for each value of n, one for spin-up and another for spin-

down.  Also included in this figure is the Fermi level for the electrons in the 

well.  The Fermi level makes the “steps” between the allowed energy levels 

because the degeneracy of the energy levels increases linearly with increasing 

magnetic field.  Therefore, as the magnetic field is increased, each level is capable 

of holding more electrons (see Equations (1.62) and (1.63)).  The number of 

allowed states below each step is known as the “filling factor”.  For example, the 

step that occurs at approximately 4 Tesla would be filling factor 2.  Likewise, the 

step at approximately 2.6 Tesla would be filling factor 3, etc. 

 Also, referring back to equation (3.3), one would expect that the energy 

levels on the fan diagram should be linear in nature and that the splitting due to 

spin should be the same for all values of n at a given magnetic field.  However, 

looking closely at Figure 3.4 it can be seen that this is not the case.  The reason 

for both is the non-parabolic nature of the dispersion relation for InSb.  Recall that 

of all the III-V semiconductors, InSb has the most non-parabolic dispersion 

relation.  And, although not thoroughly discussed in this chapter, this in fact leads 

to the effective mass m* and the g-factor being dependent on energy (i.e. m*(E) 

and g(E), see Chapter 1).  This causes the fan diagram to be non-linear in nature 

as shown in Figure 3.4.  If one looks closely at the figure, one will noticed that 

each line, or Landau Level, has a slight curve to it, and that the gap due to the g-

 56



factor (i.e. the splitting of different spin states for a given value of n) decreases as 

the energy increases.  All these features of the fan diagram will be critically 

important in the data analysis to follow. 

 Now, with a more through understanding of the Landau level fan diagram, 

it is now more feasible to look at what this diagram predicts.  Assume the sample 

is placed inside the light pipe and the light pipe is inside the magnet and 

everything is cooled down to 4.2 K.  Also, assume the magnet is held at some 

steady B-field, say somewhere between 2.5 and 4 Tesla.  Further, recall that the 

source of the incident radiation for this experiment is an FTIR, so the energy, or 

frequency, or wavenumber, of this incident radiation is what is varied as the B-

field is held constant.  Note, however, the B-field can be changed, of course, and 

additional frequency sweeps can be taken at the new B-field.  But for now, 

assume the B-field is fixed.  For a fixed B-field, there are fixed energy differences 

between the Landau Levels that contain electrons (i.e. the Landau levels at or 

below the orange line in Figure 3.4) and the Landau levels with empty, or 

partially empty states (i.e. the Landau levels at or above the orange line).  These 

differences define allowed electron transitions in the well for that particular B-

field.  Thus, if the light incident on the sample is at the same energy as one of 

these fixed energy differences, then the light will be absorbed by the electrons in 

the well, resulting in the transmitted light intensity detected by the bolometer to 

decrease.  Therefore, for a sweep of incident light frequency, a drop of transmitted 
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intensity will be seen for certain photon energies.  This is the heart of cyclotron 

resonance.  An example of some of these transitions is shown in Figure 3.5.    
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 Figure 3.5: Example of some allowed electron transitions between Landau 
Levels.  Note: For a given B-field there can be as many as three allowed 
transitions, all of different energies and intensities.   

 

For a given magnetic field, various possible transitions occur.  For example, 

notice that for B-fields where the filling factor is 2 or greater, three transitions are 

predicted.  On the other hand, if the B-field is such that the filling factor is 

between 1 and 2, only 2 transitions are allowed.  Also, due to the non-parabolicity 

considerations discussed above, the different transitions, even for the same B-

field, should occur at different energies.  In addition to different energies, the 
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transitions should also have different intensities.   The reason for these different 

intensities is as follows.  Recall that as the B-field is increased the degeneracy of 

the Landau levels also increases.  This is what creates the “steps” in the Fermi 

level shown in both Figures 3.4 and 3.5.  Therefore, only when exactly on top of a 

step is the Landau level AT the Fermi energy completely filled with electrons.  Of 

course, all the Landau levels below the Fermi energy are completely filled and all 

those above the level are completely empty.  So, if the B-field such that the Fermi 

level is “in-between” steps, the Landau Level at the Fermi energy is only partially 

filled with electrons.  Therefore, this Landau Level is capable of both receiving 

electrons from a lower level, as well as sending electrons to a higher level through 

transitions.   

 So with a more complete understanding of “completely-filled, completely-

empty, partially-filled, partially-empty” Landau levels, a reexamination of the 

intensity variations mentioned above is in order.  Refer to the triple transition on 

the left of Figure 3.5.  The red transition is from a partially filled state to a 

completely empty state.  The blue transition is from a completely filled state to a 

completely empty state.  And finally, the black transition is from a completely 

filled state to a partially empty state.  Furthermore, since the transitions of interest 

are so close to the “step” to the right, they are only slightly above filling factor 2.  

This means that the Landau level that black transitions into and red transitions 

from has more empty states than filled states.  Armed with all this information, a 
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prediction can now be made as to the relative intensities of these three transitions.  

Since blue is from completely full to completely empty, it should be the strongest 

transition of the three.  Black should be the next strongest because it goes from 

completely full level to an “almost” empty level.  Finally, red should be the 

weakest transition since it goes from a “not very full” level to a completely empty 

level. 

 

3.4 The Experiment 

Before considering a comparison of the experimental and predicted 

results, one needs to look at what type of data the experiment generates, and what 

needs to be done to this data in order to get it into a meaningful format.  Recall 

that the result of this experiment is essentially a measure of the transmitted light 

intensity vs. wavenumber.  An example of some raw data gathered using the 

glowbar source and the mylar 3.5 beamsplitter is given in Figure 3.6. 

A few things should be noted when looking at the raw data.  First, notice 

that the transmitted intensity varies greatly over the wavenumber range of interest.  

This is combination of the fact that the source does not transmit equal light 

intensities at all wavelengths, and that the polyethylene windows inside the FTIR 

and light pipe also do not transmit equally at all wavelengths.  Second, notice the 

two “blind spots” that occur at approximately 180 to 190 cm-1 and 260 to 310   

cm-1.  These are due to optical phonon absorption in the Al0.09In0.91Sb buffer 
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layers and GaAs substrate respectively.  For reference, the phonon frequencies for 

various semiconductors are given in Table 3.2. 
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Figure 3.6: Background Transmitted Intensity for sample s499 at B = 0. 
Note the following blind spots: ~180 to 190 cm-1, Al0.09In0.91Sb optical phonon 

      absorption (buffer layer) 
~260 to 310 cm-1, GaAs optical phonon absorption
(substrate) 
 

More specifically, the absorption region at 180 cm-1 is due to the InSb-like 

phonons in the AlInSb buffer layer [42].  Also, AlSb-like phonons are present at 

approximately 320 cm-1, however, the effect of these phonons is small since the 

concentration of Al in the buffer layer is small (typically 9 – 15 %).  A more 

detailed picture of the relevant absorption regions is shown in Figure 3.7. 
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Semiconductor ωLO ωTO ωLA ωTA

Si 420 cm-1  489 cm-1  378 cm-1  145 cm-1  
SiC 831 cm-1  760 cm-1  640 cm-1  373 cm-1  

GaP 403 cm-1  367 cm-1  197 cm-1  115 cm-1  
AlSb 344 cm-1  323 cm-1  232 cm-1  64 cm-1  
GaAs 293 cm-1  269 cm-1  203 cm-1  62 cm-1  
GaSb 205 cm-1  216 cm-1  153 cm-1  45 cm-1  
InSb 196 cm-1  184 cm-1  127 cm-1  37 cm-1  
ZnS 367 cm-1  274 cm-1  215 cm-1  91 cm-1  
ZnSe 206 cm-1  201 cm-1  158 cm-1  64 cm-1  

 Table 3.2: Phonon frequencies for various semiconductors. [11, 34-41] 
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 Figure 3.7: Close up of the raw data showing the relevant phonon absorption 
regions. 
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As can be seen in Figure 3.7, there are several regions of phonon 

absorption.  Begin by considering the region between the TO and LO phonons of 

GaAs.  This region is sometimes referred to as the reststrahlen region for GaAs.  

The reason for the low signal strength in this region is due to the fact that waves 

do not propagate in the frequency region for which the dielectric function is 

negative.  In this case, the wavenumber is imaginary for real ω.  Thus, incident 

electromagnetic waves of frequency ωT <  ω <  ωL will not propagate in the 

medium, but will be reflected at the boundary.  This same effect is seen to a lesser 

extend between the LO and TO region of InSb in the figure. 

Returning to Figure 3.6, it would be extremely difficult to spot a slight 

decrease in the transmitted intensity due to cyclotron resonance if one only 

looked at the raw data.  In order to overcome this, what is done is to take a 

background scan, when the magnet is at zero B-field, and then divide the non-zero 

B-field cyclotron resonance scans by this “baseline” in order to see the cyclotron 

resonances more clearly.  Figure 3.6, is, in fact, one of these background scans.  

Dividing the CR scans by the background produces “normalized scans” in which 

the drops in transmitted intensity due to the cyclotron resonances are much more 

pronounced.  Several examples of these “normalized” CR scans are given in 

Figure 3.8. 

 There are several important things to notice in Figure 3.8.  First, due to the 

normalization discussed above, the traces are relatively flat, except at the location 
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of a cyclotron resonance (marked by the colored arrows).  The colors of these 

arrows correspond to the transitions shown in Figure 3.5.  Also, notice the “noise” 

feature at approximately 180 cm-1.  This feature is due to the optical phonon 

absorption of the buffer layer seen in Figure 3.6.  Second, notice that, for a given 

B-field, there is more than one cyclotron resonance.  This is due to the “spin-

splitting” as predicted by the Landau level plot.  Third, observe that the position  
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Figure 3.8: Example of several normalized CR scans.  Notice that the absorption 
are spin-split and that both the position and intensity of the resonances change 
with changing B-field [43].  The scans are offset in the vertical direction for 
clarity. 

 64



of the cyclotron resonances move with changing B-field.  The Landau level plot, 

again, predicts this.  Finally, notice how the intensity of the different cyclotron 

resonances change as the B-field changes, again, predicted by the fan diagram. 

It should also be noted that in the initial interpretation of the data, the dips at 5.0 

Tesla in the above figure were interpreted as only two absorptions, one for the 

blue transition and one for the black.  However, as will be discussed in the next 

section and the following chapters, it is now believed that there are, in fact, 4 

absorptions in this scan, two in the blue transition and two in the black, indicating 

the presence of an avoided level crossing.  This will be expanded upon in the 

pages to follow.    

Although the data gathered for this experiment can look quite clean, as 

Figure 3.8 indicates, there are several possible sources of noise that can 

complicate the interpretation of the data.  The first, which has already been 

mentioned, are regions of the spectra where there is a strong absorption of the 

sample at all magnetic fields.  For example, the optical phonon regions shown in 

Figure 3.6 exist at all magnetic fields and produce the type of noise seen in Figure 

3.8 at approximately 180 cm-1. There, of course, can also be electrical noise in the 

experimental setup.  This type of noise, however, can be moved in wavenumber 

by changing the mirror speed on the inside of the FTIR.  For our experiments this 

electrical noise was seen mainly at approximately 150 cm-1 and 525 cm-1 (see 

Figure 6.11). Also, when light passes through a sample with polished, plane-
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parallel sides, multiple internal reflections can result. This interference 

phenomenon, known as Fabry-Perot interference, produces a wavelength-

dependent intensity modulation, which is superimposed on the transmitted 

spectrum. In many cases, these oscillations partially or wholly obscure weak 

absorption features.  This problem can be reduced by wedging the sample so its 

surfaces are no longer parallel.  For our samples with a thickness of 

approximately 500 µm, this type of interference would produce periodic 

oscillations in the 5 – 10 cm-1 range.   

 

3.5 Experimental Results 

At this point hopefully a good understanding of the Landau Level diagram 

and what it predicts has been established, in addition to a good comprehension of 

the experimental data.  Now a comparison between the actually results of the 

experiment and what is predicted is in order.  First, let us consider the positions, 

or energies, of the cyclotron resonances.  These positions are given in terms of the 

wavenumber at which the resonance occurs, and should vary as the B-field is 

changed.  A plot of these resonance positions vs. B-field for sample s499 is shown 

in Figure 3.9. 

A closer look should be taken at Figure 3.9.  The first thing to notice is the 

colored lines black, blue and red.  These lines correspond to the colored transition 

arrows in Figure 3.5.  It is imperative to understand, however, that although these 
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colored lines look similar to the lines in the fan diagram (Figure 3.4), and are 

derived from that plot, they are, in fact, different.  The colored lines in Figure 3.9 

are the DIFFERENCES in the energies of the lines in Figure 3.4.  Recall that it is 

these differences that determine the energies (or wavenumbers) of the allowed 

transitions between the different Landau levels, and it is these differences that the 

colored lines of Figure 3.9 represent.  Second, the dots in Figure 3.9 represent the 
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Figure 3.9: Plot of cyclotron resonance position vs. B-Field for sample s499 [43]. 

experimentally determined cyclotron resonance positions.  Notice that these 

positions correspond quite well with the colored lines, indicating good agreement 

with our theory and experiment.  Third, observe how the red transition disappears 
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below filling factor 2 (approximately 4.5 Tesla), again, as predicted by the theory.  

And finally, again a “blind spot” is seen in the data caused by the buffer layer and 

substrate phonon absorption.  In addition, there are magneto-polaron effects at 

approximately 180 cm-1 and 320 cm-1. A magneto-polaron is a coupling of the 

cyclotron resonance motion of the electrons to the phonon lattice vibrations of the 

host crystal.  This coupling results in an avoided level crossing occurring in the 

cyclotron resonance trace near the point where the cyclotron resonance energy 

equals the InSb LO phonon energy. In addition, the AlSb magneto-polaron at 

approximately 316 cm-1 causes the avoided level crossing seen in the inset of 

Figure 3.9.  Also shown in the figure is a green transition.  Although not discussed 

previously, this green line corresponds to the n = 1 to the n = 2, spin down 

transition.  Also in the figure is an apparent avoided level crossing in both the 

blue and black transitions at about 4.9 Tesla and 5.05 Tesla respectively.  The 

possible origin of these avoided level crossings will be explored in the next few 

chapters. 

Further evidence that our one electron theory can accurately predict the 

positions of the cyclotron resonances is shown in Figure 3.10.  This figure is 

along the same vein as Figure 3.9, but for two additional samples, s702 and s716. 

Clearly, as the above figure shows, there is good agreement between our theory 

and experimental results.  Also, any apparent discrepancy seen in the above 

figures  
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Figure 3.10: Additional evidence that our theory accurately predicts the 
position of the cyclotron resonances for (a) s702 and (b) s716. 
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is within the error bars of the measurement (anywhere from 2 cm-1 to 4 cm –1, or 

0.25 meV to 0.5 meV, depending on the sample). 

A similar analysis to the one discussed above was done by Yang et al. [22] 

on InAs quantum wells.  As in our study, Yang also saw clear splitting in the 

cyclotron resonance and the positions of these traces fit the theoretical predictions 

well. Their results are shown in Figure 3.11. 

 

 

 

 

 

 

 

 

 
Figure 3.11: Clear CR splitting seen in InAs quantum wells [22].  Notice how, 
like our study, the positions of the CR traces agree well with experiment.   

As a practical aside, the data for sample s702 merits further discussion.  

Unfortunately, of the three samples s499, s702, and s716, the data for s702 

possess the most noise, as Figure 3.12 shows. Fabry-Perot oscillations with a 

period of approximately 5 cm-1 are evident.  Because of this noise, it is often 

difficult to determine which dips in the normalized transmission spectra are due to  
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 Figure 3.12: Normalized transmission spectra for sample s702 at 
magnetic fields of (a) 3.25T and (b) 5.5 T.  Arrows indicate the positions 
of possible CR signals. 

 71



cyclotron resonance and which are due to the noise in the measurement. Indicated 

by the arrows in Figure 3.12 are all dips flagged as possible cyclotron resonance 

signals.  If one plots the positions of these possible resonances vs. magnetic field 

along with the colored transition lines, Figure 3.13 is the result. Clearly, some of 

these potential resonances are real and others are simply noise, so how does one 

sort out which is which?  Referring back to Figure 3.12, clearly several of these 

“possible” transitions are real, such as the second dip from the right at 3.25 Tesla 

and the far left dip at 5 Tesla. Also, dips that lie on the predicted transition lines 

would seem to be real as they move in wavenumber as the magnetic field is 
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 Figure 3.13: Graph of all potential resonances (dots) for sample 
s702 along with the predicted resonances (colored lines).  
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varied as predicted by theory.  The other dips, on the other hand, could be due 

simply to noise, or a result of possible avoided level crossings as was seen in 

sample s499 (refer to Figure 3.9).  However, as will be discussed further in 

chapter 6, it has been determined that we do not see any avoided level crossings 

for sample s702 at these magnetic fields.  So these other dips are simply noise in 

the measurement.  With this in mind, a revised figure showing the positions of the 

true cyclotron resonances for sample s702, along with the predicted positions is 

given in Figure 3.14. 
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Figure 3.14: Revised plot of transition position vs. B-field for sample s702.  
The colors of the dots representing the experimental transitions correspond 
to the color of the predicted transition lines.  
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Due to the periodic nature of the noise present in sample s702 (a period of 

approximately 5.4 cm-1) the most likely source of this noise is the Fabry-Perot 

interference mentioned previously.  Further increasing the wedge angle for the 

sample piece used in the experiment could reduce this noise. 

            Figures 3.9 and 3.10 show us that the Landau level theory can accurately 

predict the positions of the cyclotron resonances.  Can the same be said about the 

cyclotron resonance INTENSITIES discussed above?  Recall that the size, or 

value, of the predicted intensities should be a function of both the fraction of the 

initial state that is filled with electrons, as well as the fraction of the final state 

that is empty.  Thus, a formula for the predicted intensities should look something 

like: Intensity ~ ffilled(Einitial) * [1 - ffilled(Efinal)].  If we plot the measured intensities 

vs. B-field for s499 along with theoretical lines derived from the equation given, 

Figure 3.15 is produced.  Note that for this figure, an electron density of 2.0x1011 

cm-2 is assumed.  This value comes from Hall and Shubnikov-de Haas 

measurements done on the sample as mentioned in Chapter 2. 

Looking at Figure 3.14 one see that there is some rough agreement in the 

general shape of the curves and the way that the experimentally determined 

intensities change with changing B-field.  For example, the red dots decrease in 

intensity and fall to zero at filling factor two and the black dots are at zero 

intensity, then steadily increase in intensity after filling factor two.  Blue, on the 

other hand, is more of a mystery as the experimental data increases up to filling 
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 Figure 3.15: Relative CR Intensity vs. B-field for s499.  The dots represent 
the experimentally determined intensities while the lines represent theoretical 
intensities.     

 

factor two, then decreases after.  So, after some initial considerations, the theory 

thus far can only somewhat explain the CR intensity variations. 

 However, this is not the entire story for the CR intensities.  Improvements 

can be made on the theory explained above.  The first of which is to more 

accurately determine an equation that describes the intensities of the different 

resonances.  This is accomplished by once again turning to quantum mechanics.  

Recall that the Hamiltonian describing the interaction of an electron with an 

electromagnetic field is: 

              (3.4) )(
2

VH c +=
)],()([ 2

r
m

trAp e+
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where V(r) is the static potential and A(r,t) is the vector potential.  This leads to a 

transition rate given by Fermi’s Golden Rule: 

              (3.5)  )(2 2

ρπ
= Efih MR fi >−

 

where ρ(E) is the density of states and Mfi is the matrix element of the 

perturbation between the initial and final states.  It is this matrix element Mfi that 

will play the most important role in the effort to more accurately describe the CR 

resonances, so it should be examined closer. 

 In general, Mfi is of the following form:     
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However, this experiment deals with a purely one dimensional case, so this 

simplifies to: 
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However, for this experiment, interest only lies in transitions from a lower to a 

higher Landau Level, so the second term in equation (3.9) drops out.  This leaves 

an n (or m+1), which is the quantum number of the final state.  Refer to this state 

as Nfinal from now on. 

 The result of this analysis is that in order to more accurately predict the 

transition intensities the n-value of the final state of the transition should be 

included in the equation for the transition intensities.  In other words, the equation 

for the transition intensities should be of the form: 

Intensity ~ ffilled(Einitial) * [1 - ffilled(Efinal)] * Nfinal.  Now, if Figure 3.15 is redone 

considering the above discussion, Figure 3.16 is the result. 

Intensity ~ ffilled(Einitial) [1 - ffilled(Efinal)]  Nfinal
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Figure 3.16: Relative CR Intensity vs. B-field for s499 with inclusion of final
Landau Level value and increased electron density.    
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Notice also in Figure 3.16 that the density has been increased to 2.4 x 1011 cm-2,  

thus producing a shift of the position of ν = 2 to the right.  These changes bring 

our experimental and theoretical data into much closer agreement then seen 

previously. 

 However, the presence of spin split cyclotron resonance in sample s499 

extends to higher magnetic fields than 6 Tesla. Although these resonances also lie 

along the colored transition lines shown in Figure 3.9, the position of the relative 

intensities behaves in a somewhat unusual manner, as can be seen in Figure 3.17.    
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Figure 3.17: Extension of the relative transition intensity vs. B-field plot for 
s499 shown above.  Notice how the black and blue transition intensities appear 
to become constant at higher B-field. SdH density for s499 is 2.1x1011 cm-2. 

 

 

 78



Clearly, for the transitions that lie above the optical phonon window that is due to 

the sample’s substrate layer (5.5 T < B < 8 T for this sample, refer back to Figure 

3.6), the transition intensities appear to maintain a constant value, rather than the 

black transition increasing intensity while the blue transition loses intensity, as 

predicted by theory. Also, consider a similar analysis applied to sample s716, as 

shown in Figure 3.18. Again, like in sample s499, although the black and blue  
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Figure 3.18: Relative transition intensity vs. B-field for sample s716. 
SdH density for s716 is 1.4x1011 cm-2.  See Figure 6.11 for related 
spectra.  
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in the higher magnetic field region.  However, unlike s499, the higher field 

transitions in sample s716 are above the phonon region due to the AlxIn1-xSb 

buffer layer (3 T < B < 4 T in this sample), not the optical phonon window of the 

substrate layer.  In fact, the proximity of these transitions to the optical phonon 

window of the InSb may lead one to conclude that the constancy of these 

transition intensities in sample s716 is due to some magneto-polaron effect. Recall 

that a magneto-polaron is a coupling of the cyclotron resonance motion of the 

electrons to the phonon lattice vibrations of the host crystal.  This coupling results 

in an avoided level crossing occurring in the cyclotron resonance trace near the 

point where the cyclotron resonance energy equals the LO phonon energy 

(approximately 180 cm-1 for InSb).  However, since the same constancy was seen 

in s499 for transition intensities above the substrate absorption region, it must be 

concluded that the constancy of the higher field transition intensities is not due to 

a magneto-polaron effect.  For further reading on magneto-polarons see Ref. [27 – 

30]. 

 In addition to the unpredicted constancy of the transition intensities for 

higher fields for both s499 and s716, Figures 3.17 and 3.18 also share another 

unusual feature.  Specifically, the deviation in the intensity of the blue transition 

from the theoretical prediction between filling factors 2 and 3.  For both samples, 

the experimental transition intensities are significantly above the predicted values 

in this region.   
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 Also, included in Figure 3.19 is the relative transition intensity vs. 

magnetic field plot for sample s702.  Unfortunately, as seen before, the noise 

associated with this sample was quite large, making an accurate determination of 

transition intensity quite difficult. For this sample, the above mentioned anomaly 

in the blue transition is not seen because of the presence of the magneto-polaron 

region. 
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  As the discussion above concluded, there exist intensity anomalies in the 

experimentally observed cyclotron resonance transitions in our InSb samples.  

Also mentioned above, spin split cyclotron resonance has been seen in other 

Figure 3.19: Relative transition intensity vs. B-field for sample s702. 
SdH density for s716 is 2.4x1011 cm-2.   
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semiconductors.  As mentioned in the introduction to this chapter, Scriba et al. 

[21] also saw a splitting in the cyclotron resonance traces in the non-parabolic 

quantum well system of InAs/AlSb. As can be seen in Figure 3.20, no intensity 

anomaly was present, possibly due to the fact that this experiment was carried out 

at lower electron densities and higher filling factors. 
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Figure 3.20: Data obtained from InAs quantum wells by Scriba et al. [21] 
showing no intensity anomaly in the CR transition intensities. 

In addition to InAs/AlSb, spin split cyclotron resonance has also been 

observed in GaAs-AlGaAs heterostructures [31, 32, 44].   However, unlike in the 

InSb/AlSb case, Wu et al. [44] did indeed see an intensity anomaly, as shown in 

Figure 3.21. 

This study found that when ωc≥ωLO in high density 2DEGs, the frequency 

ordering of the spin-resolved CR lines was reversed. This reversal of the CR 
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intensities is explained in these samples by polaron and many-body effects.  

However, as was discussed earlier in relation to Figures 3.17 and 3.18, an 

explanation involving magneto-polarons will not explain the intensity anomaly 

observed in our study. 

 

 

 

 

 

 

 

 

 

Figure 3.21: Plots of spin split CR data gathered using GaAs-AlGaAs heterostructures. 
The upper panels show the Landau-level occupancy of the spin-down (solid curve) 
and spin-up (dash-dotted curve) electrons, respectively.  The lower panels show the 
measured CR frequency vs. B-field for three samples of different densities. [44].  

Before this section on the experimental results is concluded, a few words 

need to be said about the method used to experimentally determine the CR 

intensities.  This is accomplished by fitting the experimental CR traces with the 

matrix method described in Ref. [45] and Ref. [46].  Using this method, the 

complex index of refraction and the transmittance can be calculated using: 
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Here, the    sign refers to the right and left circularly polarized light, ε is the dc 

dielectric constant, and      is the complex index of refraction.  Further, 

±

n±

                           where z is the thickness of the two dimensional electron gas, zc=Θ /(ω n±± )

                         for InSb, and finally σ(B) is the Drude conductivity. 2.4== ε0n

 On a more practical note, the above model was used to write a 

Mathematica notebook that performed the necessary calculations.  The best fit 

was obtained by altering three input variables per CR transition until a good 

visual fit was achieved.  These input variables are the number of electrons 

involved in the transition, ns, the effective electron mass as a fraction of the 

electron rest mass, mfrac, and finally, the CR lifetime, τCR.  In practice, ns controls 

the overall area of the theoretical CR transition, mfac controls the position of the 

transition, and τCR controls the FWHM.  An example of a theoretical fit to some 

of the experimental data for sample s499 is given in Figure 3.22. Once a good fit 

to the experimental data is obtained, the densities for the individual transitions are 
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divided by the total density, and the result is the experimental relative transition 

intensities shown in Figure 3.15 - 3.18. 

A careful look at Figure 3.22 does indicate a possible problem however.  

Notice how the total density for the theoretical fit in Figure 3.20 is 3.4x1011 cm-1

  s499 B = 9.4 T Theoritical Fit

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

1.05

340 350 360 370 380 390 400 410 420 430 440

wavenumber (cm-1)

 

 

 

ns = 2.9 x 10-11/cm
m fac = 0.0216
tCR = = 2.7*10^-12

ns = 0.3 x 10-11/cm
m fac = 0.02405
tCR = = 2.2*10^-12

n total= 3.2 x 10^11

Figure 3.22: Theoretical fit to the experimental data for sample s499 at 9.4T.  
The density values obtained are then used to determine the experimental 
intensity for each transition. 
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rather than a density of 2.4x1011 cm-1 used in Figure 3.16 for sample s499.  Upon 

a first consideration, this would appear to be a major problem.  However, recall 

that the theoretical fitting is used to determine the relative intensity of the 

transitions in question.  In other words, the method discussed above is used to get 

a measure of the intensity of one transition relative to another.  Therefore, the 

total calculated intensity is of little concern.  Rather, it’s the relative size of one 
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transition to another that matters and it is this relative size that is plotted in 

Figures 3.15 – 3.18. 

 This result is interesting however, since in Ref [46] this model was used in 

conjunction with the sample’s Shubnikov-de Haas (SdH) determined density to fit 

the experimental data, using only τCR as the fitting parameter.  The results of this 

are shown in Figure 3.23. As one can see in the figure, good agreement is 

achieved using the sample’s SdH density and only varying τCR. 

A possible short coming of this method of line fitting is the fact that it is 

based on a classical model.  Other fitting methods based on quantum mechanical 

models do exist and some can be found in Ref. [47 – 50].  In addition, a more 

detailed look was taken at this classical model and it was found that the area 

under the theoretical curve was not directly proportional to the density used to 

produce that curve. For example, the ratio of area under the curve to density for a 

curve generated using a density of 2.0x1011 was found to be 1.14.  However, the 

same ratio for a curved generated using a density of 4.0x1011 was 0.977.  Thus, it 

would seem that the deduced electron density can depend on the model chosen. 

 

3.6 Conclusions 

In this chapter the cyclotron resonance experiments carried out at the 

NHMFL have been explored.  It has been seen that spin-resolved cyclotron 
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resonance is indeed observed in InSb quantum well samples with electron 

densities of n ≈ 2.0 x 10 11 cm-2.  Also, it has been seen the transition energies can 

  

 

 

 

 

 

 

 

 

 

 
Figure 3.23: Theoretical fittings for the data gathered in [46], using the matrix 
method described above.  Solid curves are the experimental traces of cyclotron 
resonance as a function of B for different back gate voltages.  Dashed curves 
are the fits of the transmittance using τCR as the fitting parameter.  

 

 

be explained by a relatively simple Landau level plot, derived from a single 

electron model [51], and non-parabolic E(k).  The transition intensities can be 

somewhat explained by this same model, at least at lower magnetic fields.  

However, at higher magnetic fields, the experimental transitions appear to 

maintain constant intensities, in contrast to what the theory predicts. 
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Chapter 4 

Same Spin Anti-Crossings 

Two dimensional electron systems in various GaAs structures in a 

magnetic field have been shown to exhibit coupling between the Landau levels of 

the various subbands within the system [52 – 61]. However, in these studies spin-

splitting was not resolved.  This chapter will focus on using cyclotron resonance 

to probe anti-crossings that occur between Landau levels of different subbands 

within the same quantum well.  Specifically, this chapter will discuss anti-

crossings that occur between same spin states.  Chapter 5 will consider opposite 

spin anti-crossings.  To begin, we will review the sample structure once more in 

order to understand how the fan diagram changes with the inclusion of different 

subbands in the well.  We will then touch on previous experiments done using 

GaAs [62, 63, 64,] where the first evidence of anti-crossings was observed.  Next, 

a theoretical foundation will be look at to explain the anti-crossings and a 

comparison will be made between the theoretical and experimental results for the 

same spin crossings. 
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4.1 Review of Sample Structure 

Once again, the samples used for this experiment are triple δ - doped InSb 

quantum well samples with AlInSb barrier material.  For reference, the sample 

structure for sample s842 is given in Figure 4.1.  This sample was used to gather  

 

 

 

 

 

 

 

 

 

 

 

 

 

δ-doped Si 

InSb cap       130Å 

density = 4.3x1011 cm-2    µ = 80,000 cm2/Vs  @ 4.2K 

GaAs (001) substrate 

AlSb  Buffer      2150Å 

Al0.15In0.85Sb  Buffer   4µm 

Al0.15In0.85Sb  Barrier       400Å 

Al0.15In0.85Sb  Layer    600Å 
δ -doped Si 

InSb  Well           250Å 

Al0.15In0.85Sb  Top  Layer  100Å 

Al0.15In0.85Sb  Spacer            1000Å 

Al0.15In0.85Sb Barrier  400Å 
δ-doped Si 

Figure 4.1: Layer structure for sample s842.  Notice the large 15% barrier. 
This will generate a much deeper well with more bound subbands.  

the majority of the data that will be discussed in both this chapter and the next.  

Notice that for this sample, a 15% barrier was used.  This creates a much deeper 

well, resulting in multiple bound states, or subbands, in the well.  Also, notice that 
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the well itself is somewhat more narrow (250Å) than seen previously.  This 

causes these bound states to have a greater energy separation in the well.  The 

results of the larger barrier and more narrow well are more clearly seen when 

looking at the energy diagram for s842, shown in Figure 4.2.  As can be seen in  

 

δ-doping 

24 meV 

0 meV 

83 meV 

141 meV 

185 meV 
δ-doping 

72 meV 

 

 

 

 

 

 

 

 

 
Figure 4.2: Energy diagram for sample s842.  Notice the large depth of 
the well resulting in multiple subbands being bound in the well. 

 

the figure, the calculated well height is 185 meV, and there are three bound states 

contained in the well at calculated energies of 24 meV, 83 meV, and 141 meV.  

Also, notice that the Fermi level is 72 meV.  This means that only the lowest 

subband is populated with electrons.  Also notice that this sample is again 

symmetrically doped.  Therefore, the electrons in the well will feel no net electric 

field from the dopants.  This fact will be important in Chapter 5.   
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4.2 Multiple Fan Diagrams 

In the previous section we discovered that for a deep enough well, 

multiple bound states are contained in the well.  How does this fact affect the fan 

diagram discussed previously?  Referring back to the derivation of the electron 

energy in chapter 3, recall that the allowed energy states for an electron bound in 

the well was given by: 

    (4.1)  BgnE Bcn µω 2
1

2
1 )( ±+= h

where the first term is due to the quantized orbits and the second term is due to 

the Zeeman spin splitting.  However, with multiple bound states in the well, we 

also need to take into account the energy of the different subbands.  This 

additional subband energy has been included in Equation 4.2 [66]: 

               (4.2) BgEE Bc nmn µω 2
1

2
1( ) ±++= h

Therefore, for electrons bound in the well, in addition to the previously discussed 

spin-split Landau levels for the lowest bound state, there are also allowed spin-

split Landau levels for the higher bound states.  What this means is that each 

bound state in the well has its own associated fan diagram, and these different 

“bound state fan diagrams” sit on top of one another, with a separation in energy 

determined by the energy separation of the bound states in the well.  A simple 

schematic of this situation is given in Figure 4.3.  For simplicity, Figure 4.3 only 

shows the n = 0,1,2 spin-split levels of the lowest bound state and only the n = 0 

spin-split level for the next highest bound state.  Notice in the figure that when the 
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Landau levels from the second subband are included, multiple crossings occur 

between the Landau levels of the two subbands.  Four of these crossings are 

indicated in Figure 4.3.  Further, consider that these crossings fall into one of two 

categories: A) crossings where the states involved are of the same spin, or B) 

crossings where the states involved are of opposite spin.  Looking at the figure, 

one notices that crossings 2 and 3 are of the same spin variety, while crossings 1 

and 4 are of the opposite spin type.  The remainder of this chapter will focus on 

these same spin crossings (crossings 2 and 3). 

 

   

 

 

 

 

 

 

 

 

 

 

Figure 4.3: Schematic diagram of Landau levels from multiple subbands.  
Notice that multiple crossings occur between the Landau Levels of the two 
bands.  These crossings can be either same spin crossings (2 and 3) or opposite 
spin crossings (1 and 4). 

B 

1 
2

3 4 

E  

 

 92



4.3 Previous Evidence of Anti-Crossings 

As mentioned in the introduction to this chapter, the first observation of 

subband Landau level coupling was reported by Schlesinger et al. [62] 

approximately twenty years ago using GaAs/AlGaAs heterostructures. This 

coupling was observed as a splitting in the cyclotron resonance transition from 

level n to n + 1 in the ground state subband.  A schematic of the levels involved 

and the resulting anti-crossing in the cyclotron resonance is shown in Figure 4.4.  

 

 

     

 

 

 

 

 

 

 

 

i = 0, n = 0 

B 

i = 0, n = 1 

i = 1, n = 0 

(b) (a)

Figure 4.4: Previous evidence of anti-crossings that occurred in GaAs/AlGaAs 
heterostructures.  (a):  Schematic of the Landau Levels and transition involved in 
the anti-crossing. (b):  CR data showing the anti-crossing. [62] 

E  

Due to weak band non-parabolicity and a small g-factor for GaAs (g = -0.5), the 

spin splitting of the cyclotron resonance is small.  Therefore, spin splitting was 

not included in Figure 4.4(a).  This means that in these previous studies, crossings 
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between the various spin states could not be observed, and therefore only one 

crossing was seen instead of four. 

For InSb, however, the spin splitting is much stronger (g = -51), as 

indicted in Table 3.1.  Therefore, in our study using InSb quantum wells, we were 

able to look at both same-spin and opposite spin crossings.  However, before 

discussing our results, we need to establish a theoretical basis describing coupled 

Landau levels. 

 

4.4 Theory of Coupled Landau Levels 

The theory of coupled Landau levels was established by Wieck et al. in 

1989 [64].  This theory is as follows.  Consider the one electron Hamiltonian for a 

2D electron gas in a magnetic field given in Equation 4.3: 

    (4.3) 
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2
2
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−= ⊥ hh

Here the vector potential has been taken in the Landau Gauge: 

)0,sincos,0( θθ zBxBA −=
r     (4.4) 

and the orbit center transformation x → x - hky/eB⊥ has been applied.  Now, if the 

sample is tilted slightly with respect to the magnetic field then the Hamiltonian 

given in Equation 4.3 becomes:   

              (4.5) = + H H H , o tilt
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where 

    (4.6) 

For small tilt angles, this additional Hamiltonian, Htilt, can be treated as a 

perturbation on Ho and first-order degenerate perturbation theory can be applied.  

 Begin by considering the first term in Equation (4.6).  Because of the z2 

term this expression contains, it will not couple the necessary Landau Levels 

together to produce the desired anti-crossings.  Referring back to Figure 4.3, one 

will notice that we are looking for a perturbative term that will couple Landau 

levels together that differ by one in both subband index and Landau level index.   

The second term in Equation (4.6) is more promising however.  When this term is 

applied as a perturbation between degenerate levels                        and           

where i is the subband index, n is the Landau Level index, and s is the spin state 

(up or down), the result is the following: 

 

 

Now, for the matrix element                    we have: 

 

 

where l⊥ is the magnetic length                       [64].  Applying this to Equation 

(4.7) and making the substitution B|| = B⊥tan θ  we get: 
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Finally, after some algebra and using the fact that  ωc = eB⊥/m* and  

Ei+1 - Ei = hωc we arrive at the predicted level splitting for this perturbation: 

            (4.10) neB2  ( )

However, before an analysis of what Equation 4.10 predicts, a few words 

about the wavefunctions      is warrented. Recall from Chapter 1, the Kane model 

was used to solve the Schrödinger equation for the wavefunctions of electrons 

confined in a square well potential self-consistently.  It is these wavefunctions 

that are represented by the      term used above.    

Returning to Equation 4.10, there are a number of characteristics to notice 

about this energy splitting.  First, with the inclusion of the tan θ term, the size of 

the energy gap should have roughly linear dependence on tilt angle, for small tilt 

angles.  Also, there should only be coupling between levels with an odd index 

change of one, if the quantum well is assumed to be symmetric.  This is a result of 

the parity of the individual components of                (odd, odd, and even, 

respectively).  Furthermore, coupling should only occur between levels that have 

a difference of Landau level index of one (∆ n = 1) due to the raising and lower 

operator characteristics of x.  Finally, due to the last term in Equation 4.10, this 

theory predicts that only levels with the same spin should couple together. 

 

 

i 

i 

i z i + 1 

  s s ′ i z i E E s n  iH s ′ = − n i iitilt + − + ∆ +
⊥ 1  tanθ= 2 E , 1 , 1 , ,  1

h
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4.5 Our Results 

Now that an understanding of the theory and expected results for same 

spin crossings has been established, let’s turn to the results we obtained using 

InSb quantum well samples.  Utilizing cyclotron resonance as a probe on sample 

s842, in the vicinity of the predicted same-spin crossings (i.e. crossings 2 and 3 in  
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Figure 4.5: CR traces in the vicinity of the predicted same-spin crossing for 
sample s842 at a tilt angle of 4o.  Notice the clear presence of the gap predicted by 
the theory. 

 97



Figure 4.3) we did indeed see a clear anti-crossing in the CR traces as can be seen 

in Figure 4.5.  As can be seen in the figure, the anti-crossings is characterized by a 

splitting in a single cyclotron resonance peak.  Also, as the magnetic field is 

swept, the intensity of one of the split peaks should decrease, while the other 

increases.  This produces the characteristic “mound” shape in the traces as seen in 

Figure 4.5.  

 Plotting the positions (i.e. energies) of these CR absorptions as a function 

of magnetic field allows us to better see the resulting energy gap in our samples, 

as was seen in the GaAs experiments before.  The Landau levels and transitions 

involved, as well as the a plot of E vs. B for the transitions is shown in Figure 4.6.   
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Figure 4.6: (a): Landau Levels and transitions involved in the same-spin 
crossings for sample s842 at a tilt angle of 4o.  (b): E vs B for the CR 
transitions for sample s842 showing the expected energy gap.  
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As can be seen in the figure, for the black transition occuring at crossing 2, 

an energy gap of approximately 1.7 meV (14 cm-1) is present at a sample tilt angle 
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of 40.  Likewise, for the blue transition occuring at crossing 3, a gap of 

approximately 0.5 meV (4 cm-1) occurs for the same tilt angle. The gap size is 

taken as separation in the two peaks when the intesity of the peaks is equal. 

So we do indeed see the energy gaps opening up for the same-spin 

crossings that occur between the Landau Levels of the i = 1 and the i = 2 

subbands (so ∆i is odd) as predicted by the theory.  Also, the transitions involved 

are from the n = 0 to the n = 1 Landau Levels of the lowest subband (so ∆n = 1), 

again in agreement with the theory.  And finally, to reiterate, these crossings are 

of the same-spin variety.  

 Next, let us turn our attention to the tan θ term found in Equation 4.10.  

This term predicts that the size of the energy gap due to an anti-crossing between 

same spin states should be roughly linear with respect to sample tilt angle, for 

small tilt angles.  Using wedged sample mounts, we measured the size of the 

resulting energy gap for sample s842 at various tilt angles ranging from 

approximately zero tilt to 110.   These results are summarized in Figure 4.7.   

Notice that the resultant splitting is roughly proportional to tilt for these same spin 

crossings.  However, also notice that the experimentally measured gap for these 

same spin anti-crossings increases much more slowly with θ than the prediction 

of Equation 4.10.  Also, note that the experimental slope of ∆E vs. B in Figure 4.7     

depends on spin.  In other words, the resulting energy gap that occurs between 

two spin-up Landau Levels (anti-crossing 2) has a greater slope versus B-field 
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Figure 4.7: Theoretical and experimental results for the energy gap at same-
spin anti-crossings for sample s842. The solid line indicates the theoretical 
energy gap for anti-crossing 3 and the dashed for anti-crossing 2. 

than the energy gap for two spin-down Landau Levels (anti-crossing 3).  The 

difference in the theoretical lines for anti-crossings 2 and 3 is due to the non-

parabolicity in InSb and the fact that the two anti-crossings occur a slightly 

different magnetic fields. Also, the theory was calculated using an infinite square 

well assumption.  Finally, although the size of the energy gap for anti-crossing 3 

does indeed go to zero for zero tilt angle, as predicted by the theory, the same 

cannot be said for anti-crossing 2.  See Appendix A for data on anti-crossing 2 in 

sample s702. 
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4.6 Conclusions 

This chapter dealt with the theoretical and experimental results concerning 

avoided-level crossings that occur between Landau Levels of different subands, 

but with the same spin.  It was observed that the size of the energy gap, ∆E, 

increases with tilt angle θ, as was previously observed in spin degenerate GaAs 

experiments [64], whose results agree with Equation 4.10.  However, unlike the 

theoretical predictions and previous experiments, the experimentally determined 

slope of ∆E vs. θ for us depends on the spin states involved in the avoided-level 

crossing.  Further, again deviating from theory, ∆E did not equal zero for zero tilt 

for crossing 2, but did seem to for crossing 3.  With these considerations in mind, 

we must conclude that the standard coupling mechanism alone does not 

accurately describe these crossings.  It seems that there is an additional, as yet 

unknown, effect that influences the characteristics of these anti-crossings. 
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Chapter 5 

Opposite Spin Anti-Crossings 

As a complement to the previous chapter on same spin anti-crossings, this 

chapter will focus on anti-crossings that occur between opposite spin Landau 

levels from different subbands. Again, in order to study these opposite spin anti-

crossings, cyclotron resonance was employed as a probe in the predicted vicinity 

of the crossings.  The analysis of these anti-crossings will consist of a discussion 

of the size of the resulting energy gap as a function of sample tilt angle.  Then, 

since the theoretical basis discussed in the previous chapter clearly cannot explain 

coupling between Landau Levels of opposite spin (recall the last term in equation 

4.7 requires same spin states), an analysis of some possible coupling mechanisms 

such as Rashba, Dresselhaus, as well as band non-parabolicity, will be examined.  

Next, an additional observed splitting, possibly the result of a third subband will 

be touched upon.  Finally, some concluding remarks will be made. 

 

5.1 A Quick Review 

Since this chapter is a continuation of the discussion begun in Chapter 4, 

the sample of interest is again s842.  Refer to Figure 4.1 for the sample’s layer 

structure and Figure 4.2 for the resulting energy profile.  Of particular interest will 
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be Figure 4.3, which shows the predicted crossings of interest when the Landau 

levels from the second subband are considered.  However, unlike in the previous 

chapter, now the concern lies with the opposite spin crossings (crossings 1 and 4 

in Figure 4.3).  

 

5.2 Evidence of Spin-Mediated Avoided Level Crossings 

As was used to probe the same-spin anti-crossings, cyclotron resonance 

was again employed as a probe in the predicted vicinity of the opposite spin 

crossings.  The results of this are shown in Figure 5.1.  As was seen in the same 

spin case, and in spite of the theoretical foundation developed in the previous 

chapter, we again see a clear splitting in the cyclotron resonance traces at the 

predicted location of opposite spin crossings from the different Landau Levels.  

This gap can again be more clearly seen by looking at a plot of CR transition 

position versus B-field.  The transitions involved in both same-spin anti-crossings 

as well as the opposite-spin anti-crossings are shown in Figure 5.2(a).  The 

resulting energy gaps for both anti-crossing types are shown in Figure 5.2(b).  For 

the sample tilted 40 with respect to the normal to the B-field direction, a resulting 

energy gap of approximately 1.5 meV (12 cm-1) is seen for the black transition 

and a gap of approximately 1.0 meV (8 cm-1) is seen for the blue transition for the 

opposite-spin anti-crossings.  (Note: refer back to Figure 3.5 for a review of 

which transition was blue and which was black).  Also, for now, ignore the anti-
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crossing indicated by the yellow circle and arrow.  This transition will be 

discussed in greater detail later in this chapter.  For right now, the anti-crossings 

of interest are indicted by the black and blue arrow and circles in Figure 5.2 (i.e. 

crossings 1 and 4 from Figure 4.3).   
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Figure 5.1: Cyclotron resonance traces in the vicinity of the predicted 
opposite spin crossings for sample s842 at a tilt angle of 4o.  Notice that like 
in the same spin case, a gap in the CR traces is again observed.  
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Figure 5.2: (a) CR transitions involved in both the same-spin and opposite-spin 
anti-crossings for sample s842 at a tilt angle of 4o.  (b) Plot of CR transition 
position vs. B-Field for s842.  Notice the clear energy gaps for both same-spin 
and opposite-spin anti-crossings. 

5.3 Tilt Characteristics 

In the previous chapter it was observed that the energy gap size for the 

same-spin anti-crossings was roughly proportional to the sample tilt angle as 

predicted by the theory.  For the observed opposite-spin anti-crossings, however, 

the same cannot be said.  Figure 5.3 shows the tilt dependence of the energy gap 

for all 4 anti-crossings.  From the figure it can clearly be seen that the splitting for 

the opposite-spin crossings is far less dependent on the tilt than the same-spin 

crossings.  This insensitivity of ∆E on tilt angle for crossings 1 and 4 is consistent 

with a spin-spin interaction however.  In addition, Figure 5.4 shows the positions 

of the observed anti-crossings in both magnetic field and wavenumber as a 
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function of sample tilt angle. 
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Figure 5.3: Theoretical and experimental results for the energy gap at same-
spin and opposite spin anti-crossings for sample s842.  Notice how the 
opposite spin anti-crossings are much less tilt dependent then the same spin
anti-crossings. 
Taking a closer look at Figure 5.4, one will notice a few interesting 

ures.  The first is the unusual behavior of crossings 2 and 3 at a tilt angle of 

.  This behavior is the result of both anti-crossings growing in size to the point 

 they begin to overlap and interfere with one another.  Second, for anti-

ssing 1, only two data points are present due to the AlInSb-like magneto-

aron present at 320 cm-1 (see Chapter 3). 
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Figure 5.4: Positions of observed anti-crossings for sample s842 in 
wavenumber (a) and magnetic field (b) versus sample tilt angle. 
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If one now considers the remaining data points of Figure 5.4, one will notice an 

overall decrease in the anti-crossing positions as the tilt angle is increased.  This 

shift is explained by Wieck in GaAs [64] as being caused by the diamagnetic shift 

due to the parallel magnetic field component B|| from Equation 4.6. For reference, 

the calculated shifts (in meV) for our experiment, as a function of sample tilt 

angle and magnetic field (in Tesla) are: 

 
(5.1) )(sin)10657.4(11 2232 θBxizi −===

 
(5.2) )(sin)100074.1(22 2222 θBxizi −===

 

However, for our experiment these shifts move the crossings to higher magnetic 

field, rather than to lower magnetic field, as seen by Wieck.  Though, it should be 

noted that the shift in magnetic field for our crossings was less than 1%.  

 

5.4 Possible Explanations 

Clearly, in order to explain the “spin-flip” anti-crossings 1 and 4 that are 

observed, one needs an additional mechanism to those laid out in the previous 

chapter.  In order to produce these anti-crossings, according to first order 

perturbation theory, what is needed is a perturbation term that contains three 

specific components.  Those components are: 1) a z or kz term to couple the 

subbands together (where k is the wavevector), 2) a x or kx term to couple the 

Landau levels together, and finally, 3) a σx or σy term to couple the opposite spin 
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states.  Note, that to explain the opposite-spin anti-crossings, ALL THREE of 

these terms are necessary.  So clearly, the perturbative term given in Equation 

(4.6) is insufficient. 

 

5.4.1 Rashba and Dresselhaus 

As an initial consideration, one should contemplate the usual suspects 

involved in spin-orbit interactions, the Rashba and Dresselhaus perturbation terms 

[67, 68, 69].  The Rashba term, HR arises from the structural asymmetry in the 

quantum well, while the Dresselhaus term, HD, has its origins in the lack of 

inversion symmetry in the structure of the InSb crystal.  In the gauge A = (0, xB, 

0) and with relative strengths α and β, these two terms take on the form: 
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As can be seen in Equation (5.3), the Rashba term contains the needed x and/or kx 

terms, so that neighboring Landau Levels will be coupled, as well as the needed 

σx and/or σy terms, coupling opposite spin states.  However, the Rashba term 

clearly lacks the necessary z or kz terms in order to couple the different subbands.  

 In order to understand why the Dresselhaus term given in Equation (5.4) 

fails to satisfy all three necessary conditions one needs to look closely at 

Equations (5.4) through (5.7).  Considering that the expressions for κx and κy both 

contain a kx term but neither possesses a kz term, it can be seen that the σxκx and 

σyκy terms given in Equation (5.4) couple opposite spin states and neighboring 

Landau levels, but not neighboring subbands.  In a similar fashion, since Equation 

(5.7) for κz does possess a kz term, but does not contain an x or kx term, the third 

term in the Dresselhaus term, σzκz, couples neighboring subbands but not 

opposite spins nor neighboring Landau Levels.  Therefore, one must conclude that 

neither the Rashba term nor the Dresselhaus can sufficiently explain the observed 

splitting at crossings 1 and 4. 

 In addition to the above theoretical considerations concerning the Rashba 

effect on opposite spin anti-crossings, there also exists experimental evidence that 

this structural asymmetry effect is not important.  By looking at the size of the 

splittings for both symmetrically and asymmetrically doped samples we observed 

no increase in the size of splitting 4.  This evidence is shown in Figure 5.5. 
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Clearly, the structural asymmetry built into sample s707 had little to no effect on 

the size of the energy gap for anti-crossing 4 over its size in the symmetric sample 

s702.  The details of the layer structure for s702 and s707 can be found in Table 

5.1.  This reinforces the belief that the Rashba effect cannot account for anti-

crossings 1 and 4. 

 

∆
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Figure 5.5: Experimental evidence that the Rashba Effect is not important.  
Notice how the structural asymmetry does not increase splitting 4.  The 
solid line represents the theoretical splitting for crossing 2 in s702. 

 

 

 

 

 

 

 

 

 

 

 

5.4.2 Band Non-Parabolicity 

In addition to the Rashba and Dresselhaus perturbation terms, one should 

also consider the effects of band non-parabolicity on the Hamiltonian.  It has been  
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shown by Das et al. that with the inclusion of band non-parabolicity, several 

perturbative terms get added to the Hamiltonian [70].  This expanded Hamiltonian 

is given in Equation 5.8: 

 

    (5.8) 

H = a11 + a12 k2 + a13 k4 + a14( [ky
2, kx

2] + [kz
2, kx

2] + [kx
2, ky

2] ) + a15 B2 + 
  
       a41µB σ • B + a42 σ • κ + a43 σ • B k2 + a44 [σ • κ, σ • B] + 
 

       a45 (σxBxkx
2 + σyByky

2 + σzBzkz
2 ) + a46 (σ x k ) •   

Clearly, the only term of this rather imposing Hamilton

opposite spin states, neighboring Landau Levels , as we

a44 [σ • κ, σ • B] term.  This term describes the anisotro

factor and contains a kz(σx kx + σy ky) term.  Using a val

the constant a44 for InSb [71, 72], we calculated energy

and 4.  These values were 0.022meV for anti-crossing 1

crossing 4.  Recalling that the observed energy gaps had

1.5 meV for anti-crossings 1 and 4 respectively, we con

parabolicity is not responsible for our observed anti-cro

calculated gaps are at least an order of magnitude lower

 

5.5 Third Subband Anti-Crossing 

Referring back to Figure 4.2 one will notice that

subband at 83meV that has been discussed above, there
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bound in the well at 141 meV. If, like before, the Landau levels associated with 

this third subband are considered, additional crossings will once again be 

generated.  These crossings are shown schematically in Figure 5.6. As can be seen 

in the figure, the inclusion of the Landau levels from the third subband introduces 

crossings X and Y and 5 and 6.  Like crossings 2 and 3, crossings Y and 5 are 

same spin crossings, but have a ∆i = 2.  Also, like crossings 1 and 4, crossings X 

and 6 are opposite spin crossings, but also have ∆i = 2.  As a reference, crossing 

X is the same crossing associated with the yellow transition  
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Figure 5.6: Crossings introduced with the addition of Landau Levels from 
both the second and third subbands.  Notice the crossings labeled X, Y, 5 
and 6 due to the third subband. 

B (T) 

arrow shown in Figure 5.2(a).  If one recalls the theory developed back in Chapter 

4 (specifically equation 4.7) for same-spin crossings, no anti-crossings are 
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expected for crossings 5 and Y due to the fact that ∆i is even.  However, referring 

back to Figure 5.2(b), an anti-crossing energy gap consistent with crossing X is 

indeed observed (indicated by the yellow circle in the figure).  However, at this 

point it should be noted that in order to get a proper theoretical fit to the B-field 

position for crossing X, the subband separation between ground and second 

excited subband was reduced by 16%.  In other words, the ground to second 

excited subband separation required to fit anti-crossing X is 16% lower than the 

calculated subband separation for sample s842.  Since ∆i = 2 for this anti-

crossings, a kz
2 term will be required in the perturbation to explain this observed  

∆
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Figure 5.7: Tilt dependence of all five observed anti-crossings.  Note how anti-
crossing X displays the same apparent tilt independence as the two opposite 
spin anti-crossings 1 and 4. 
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energy gap.  Clearly, no theory discussed includes such a term.  In addition, this X 

anti-crossing also exhibits the same apparent tilt independence of anti-crossings 1 

and 4 as indicated in Figure 5.7.  It should also be mentioned that an unusual 

feature seen high magnetic field in sample s716 might be associated with crossing 

6.  This feature will be discussed more thoroughly in chapter 6. 

 

 

5.6 Conclusion 

This chapter dealt with the theoretical and experimental results concerning 

avoided-level crossings that occur between Landau Levels of different subands as 

well as opposite spin.  Clear experimental evidence for such anti-crossings was 

given.  Unlike the observed same spin anti-crossing, it was observed that the size 

of the energy gap, ∆E, is essentially independent of the tilt angle up to 110.  Also, 

it was seen that this energy gap is essentially independent of the structural 

asymmetry of the sample.  Various phenomeon were looked at in an effort to 

explain these observed opposite spin anti-crossings such as the Rashba and 

Dresselhaus terms, as well as band non-parabolicity.  However, upon looking 

further at the theory associated each of these, it was determined that none of them 

can sufficiently explain the observed anti-crossings.  Further, an anti-crossing 

believed to be associated with the Landau levels of the third subband was also 
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observed.  The samples used in this study, along with the relevant sample 

parameters, and the observed anti-crossings are summarized in Table 5.1. With all  

of this in mind, we are left wondering what the mechanism is that couples states 

with opposite spin. 

 One possible mechanism is as follows.  In narrow gap semiconductors 

with large spin-orbit coupling, the strong interaction between the conduction and 

valence bands leads to a mixing of the electronic states.  As a result, the wave 

functions (with nominal spin polarity and Landau quantum number n) contain 

 

Sample 
Number 

Well 
Width 
(nm) 

Barrier 
Height 
(meV) 

Tilt 
(deg) 

ns 
(1011cm-2) 

Anti-
crossing 

1 

Anti-
crossing 

2 

Anti-
crossing 

3 

Anti-
crossing 

4 

Anti-
crossing 

X 
S707 20 103 0 ≈ 2.1 * 6 cm-1 * 8 cm-1 * 

S702 20 100 0 ≈ 2.8 9 cm-1 4 cm-1 * 11 cm-1 * 

S839 25 149 4 ≈ 3.9 * 33 cm-1 3 cm-1 11 cm-1 * 

S842 25 149 4 ≈ 4.3 10 cm-1 14 cm-1 4 cm-1 12 cm-1 10 cm-1

S912 23 154 4 ≈ 6 16 cm-1 22 cm-1 6 cm-1 12 cm-1 2 cm-1

 
 

 

 

Table 5.1: Summary of the samples used in this study. A “*” indicates that the 
electron density was too low for the i=0, n=0, spin down state to be populated at 
the B predicted for an anti-crossing.  The calculated values for the barrier 
heights take the AlxIn1-xSb composition and strain effects into account. 

both spin orientations as well as Landau Level indices n and n+1 [73, 74, 75].  

This mixing of electronic states could account could account for the observed 

coupling.  However, due to the difficulty this type of calculation would entail, it 
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has not yet been explored.  Theoretical investigation of this phenomenon, 

however, would be a logical next step in the continuation of this work. 
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Chapter 6 

Summary and Future Work 

 The purpose of this chapter is to summarize the data and results of the 

previous two chapters and to discuss future improvements on the OU light pipe 

assembly in order to reduce previous signal-to-noise problems with the OU FTIR 

experimental setup and further extend this work.  A discussion of the positions of 

both the same spin and opposite spin anti-crossings in B-field for sample s842 

will be covered.  Specifically, the adjustment of various parameters in the 

calculated fan diagrams in order to bring the theory more in line with the observed 

positions will be discussed.  This discussion can then be extended to other 

samples of this study.  Also, some possible anti-crossings seen in the data in 

samples s499, s702, and s716 will be discussed. 

  

6.1 Anti-Crossing Positions in B-field for s842 

As was covered throughout chapters 4 and 5, sample s842 clearly showed 

both same spin and opposite spin anti-crossings. Recall that the growth 

parameters for sample s842 were a 250 Å well width with a 15% barrier and the 

sample showed crossings at the following B-field positions: 
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  Crossing 1 → 9.50 T (± 0.25T)      Crossing 2 → 10.675 T (± 0.25T) 

Crossing 3 → 12.50 T (± 0.25T)            Crossing 4 → 15.25 T (± 0.25T) 

Note, the crossing position is taken at the B-field where the cyclotron resonance 

traces on either side of the splitting are of equal intensity (refer to Figure 4.5 and 

5.1).  However, when the same growth parameters (well width = 250 Å, x = 15%) 

are used in the creation of a theoretical fan diagram as discussed in Chapter 1, the 

crossings of interest occur at somewhat different positions in B-field: 

Crossing 1 → 7.12 T   Crossing 2 → 8.95 T  

   Crossing 3 → 9.48 T              Crossing 4 → 12.50 T  

 Clearly, the observed and calculated positions for the crossings do not 

agree within the given uncertainty.  However, the question arises as to whether or 

not the particular growth parameters given are indeed representative of the actual 

parameters of the sample.  In fact, there does exist some uncertainty in the flux 

rate of the various growth materials in the MBE chamber.  This uncertainty in the 

flux rate is a result of the RHEED calibration technique used in the MBE growth 

process.  This uncertainty could result in a deviation in both the expected well 

width and barrier concentration of the sample in question.  As further evidence of 

this, x-ray diffraction measurements done on sample s842 indicated an aluminum 

concentration of 12% in the barrier region rather than the expected 15%.   

The result of these considerations is that, in the calculation of the fan 

diagram for a particular sample, there is some uncertainty in both the well width 
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and aluminum concentration and that these intended growth parameters are not an 

absolute.  So in order to produce a better fit of the calculated crossing positions to 

those observed, one needs to calculate multiple fan diagrams, each with different 

well widths and aluminum concentrations, and see which set of growth 

parameters best fits the observed crossing positions.  Table 6.1 shows the results 

of such an analysis for sample s842.    

s842 (250 Å, 15%) Crossing 1 Crossing 2 Crossing 3 Crossing 4
observed 9.5 T  10.675 T 12.5 T 15.25 T 

250 Å, x = 15 %  7.12 T  8.95 T  9.48 T  12.50 T  

225 Å, x = 15 % 8.51 T  10.62 T  11.32 T 14.71 T  
200 Å, x = 12 % 9.37 T 11.65 T 12.46 T 16.10 T 
212 Å, x = 12 % 8.58 T 10.71 T 11.42 T 14.87 T 
225 Å, x = 12 % 7.83 T 9.81 T 10.43 T 13.68 T 
237 Å, x = 12 % 7.21 T 9.08 T 9.62 T 12.71 T 
250 Å, x = 12 % 6.63 T 8.37 T 8.85 T 11.76 T 

 
 

 

Table 6.1: Observed and calculated crossing positions for sample s842.   
     Notice how the theoretical crossing positions change as the well 
     widths and barrier concentrations are varied. 

Clearly, the theoretical crossing positions vary considerably as the input 

parameters of well width and aluminum concentration are changed.  This, of 

course, makes sense, since changing these parameters will change the inter-

subband spacing, which will in turn, change the position of the predicted 

crossings. 
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 Another way to compare this theoretical data with experiment is to plot the 

predicted crossing’s B-field position vs. well width for a particular aluminum 

concentration.  Such as plot is shown in Figure 6.1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Theoretical Crossing Positions vs. Well Width for x=12%
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Figure 6.1: Plot of the predicted theoretical crossing positions vs. well 
width for a sample with an aluminum concentration of 12%.  

Note, it is also possible to make a plot of crossing position vs. aluminum 

concentration for a fixed well width (for example, see such a plot for s702 in 

Appendix B and the analysis for sample s499 to follow), however, since an x-ray 

diffraction measurement of x = 12 % was done for s842, the above graph type was 
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chosen.  Extending the idea of Figure 6.1, lines representing the predicted 

crossings positions can be determined.  Now, in order to compare these predicted 

crossing positions with the observed positions, horizontal lines indicating the 

observed crossing positions needs to be added to a graph of the lines of the 

predicted crossings.  Such a graph is shown in Figure 6.2.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Theoritical Crossing Positions vs. Well Width for x=12%
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Figure 6.2: Comparison of the theoretical and observed crossing positions for 
sample s842.   

The solid horizontal lines in Figure 6.2 represent the B-fields where the crossings 

were observed, with the dashed horizontal lines representing the uncertainty.  The 
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angled solid lines represent the theoretical crossing positions one through four 

(counting from the bottom up) taken from the Landau level calculations.  As 

indicated in the figure, as a result of the ± 0.25T uncertainty in the experimentally 

determined crossing positions, there exists a range of well widths for which 

observed and theoretical crossings agree.  The bold vertical lines in the figure 

indicate these regions of agreement for each crossing.  Similar table and figures 

for the other samples studied are given in Appendix B. 

 As can be seen in Figure 6.2, a theoretical well width of approximately 

197 Å will bring crossings 1 and 3 into agreement with the experimental data.  

However, a well width of approximately 212 Å is required to do the same for 

crossings 2 and 4.  Therefore it must be concluded that, at least for some of the 

samples of this study, it may not be possible to bring all four predicted crossings 

into agreement with experiment by only varying the inter-subband spacing (recall 

that a change in either well width or aluminum concentration affects the inter-

subband spacing).   So the question arises as to what other theoretical parameters 

could be adjusted in order to bring the experimental and theoretical results into 

better agreement.  One possibility is the g-factor for InSb. 

 Previous experiments done here at the University of Oklahoma by G. A. 

Khodaparast et al. [76] show clear electron spin resonance in symmetric samples 

of both 300 Å, 9% and 200 Å, 9% structures.  These results are summarized in 

Table 6.2. 
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  Sample Structure ∆s (meV) B-field (T) n

s644 300 Å, 9 %  6.74 3.35 1 

s377 300 Å, 9 % 10.43 6.1 1 

s716 300 Å, 9 % 12.86 5.67 0 
s716 300 Å, 9 % 7.61 3.95 1 
s710 300 Å, 9 % 10.43 4.35 0 
s372 300 Å, 9 % 6.74 4.05 2 
s704 200 Å, 9 % 6.74 3.35 1 
s704 200 Å, 9 % 10.43 4.1 0 

s704 200 Å, 9 % 12.86 5.58 0 
 Table 6.2: Summary of electron spin resonance data for symmetrically doped 

samples gathered at the University of Oklahoma. n = Landau Level index and
∆s = spin splitting.  

If, however, this data is plotted along with the spin splitting energies calculated 

and used in the previous theoretical Fan Diagrams one will see that the agreement 

is less than superb, as can be seen in Figure 6.3.  Clearly, the theoretical spin 

splitting needs to be increased in order to bring the theory into better agreement 

with the experimental observations. It was found that by increasing the g-factor 

by approximately 15% for the 300 Å samples and by 23 % for the 200 Å samples, 

much better agreement between the predicted and experimental spin splitting was 

achieved, as Figure 6.4 shows. 

 However, in increasing the spin splitting as discussed above, one might 

wonder if the previous fittings for the cyclotron resonance positions vs. magnetic 

field are affected?  Recall from Figures 3.8 and 3.9 that good agreement was  
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Figure 6.3: Electron spin resonance data for 9% barrier samples with well 
widths of (a) 300Å and (b) 200 Å.  Solid lines represent the theoretical 
spin splitting for each Landau Level. 
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300 A, 9% ESR (g-factor increased 15%)
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200 A, 9% ESR (g-factor increased 23%)
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Figure 6.4: Electron spin resonance data for 9% barrier samples with well 
widths of (a) 300Å and (b) 200 Å.  Solid lines represent the theoretical spin 
splitting for each Landau Level.  The g-factor used in the calculation of the 
theory lines has been increased 15% for the 300 Å samples and 23% for the
200 Å samples. 
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previously achieved between the theoretical and experimental cyclotron resonance 

positions vs. magnetic field for all the samples of this study.  Is this agreement 

maintained when the spin splitting is increased in order to bring the experimental 

and theoretical ESR data into agreement as discussed above?  Figure 6.5 shows 

cyclotron resonance data for sample s716 (300 Å, 9%) both before and after the g-

factor was increased by 15%.  As one can clearly see in the figure, the positions of 

the colored theoretical cyclotron resonance lines do indeed change with the 

change in g-factor, however this change is only minor.  Thus, increasing the g-

factor, even by as much as 15 %, has little effect on the predicted cyclotron 

resonance positions, and the previous agreement with the experimental data is 

maintained. 

 Finally, will the increase in the g-factor affect the predicted positions of 

crossings 1 - 4?  Before the increase, the theoretical calculation of the Fan 

diagram for a 300 Å, 9% sample produces the following crossing positions: 

   Crossing 1 → 4.53 T   Crossing 2 → 5.80 T  

   Crossing 3 → 6.07 T                  Crossing 4 → 8.32 T  

After a 15 % increase in the g-factor, these predicted positions become: 

    Crossing 1 → 4.37 T   Crossing 2 → 5.78 T  

    Crossing 3 → 6.09 T                      Crossing 4 → 8.82 T  

Interestingly, increasing the g-factor moves crossing 1 down, has essentially no 

effect on the positions of crossing 2 and 3, and moves crossing 4 up.  In order to  
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Figure 6.5: Comparison of experimental and theoretical cyclotron resonance 
data for sample s716 (a) before and (b) after the g-factor was increased 
15%.  Notice how the colored predicted transition lines change only slightly 
with this increase. 
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understand these shifts, it necessary to consider the specific spin-split Landau 

Levels that define each crossing (refer to Figure 4.3) and how these levels change 

with an increased g-factor.  For example, consider crossing 1.  Crossing 1 occurs 

between (a) the n = 1, spin down Landau Level of the lowest subband and the (b) 

n = 0, spin up Landau Level of the first excited subband.  Thus, increasing the g-

factor will move (a) up and (b) down.  Both of these changes contribute to moving 

Crossing 1 to lower magnetic field.  In contract, Crossing 2 occurs between (a) the 

n = 1 spin up Landau Level of the lowest subband and the (b) n = 0, spin up 

Landau Level of the first excited subband. Increasing the g-factor will move both 

of these states down, resulting in almost no change in the position for the 

crossing.  A similar line of reasoning can be applied to crossings 3 and 4 to 

understand their change in magnetic field position as the g-factor is increased.   

 So with these changes in mind, consider the predicted positions of 

crossings 1 – 4 for sample s842 with an increased g-factor.  Recall that the well 

width for sample s842 is approximately 250 Å.  Further, recall that in order to 

produce good agreement to the ESR experimental data, the g-factor was increased 

15 % for the 300 Å samples and 23 % for the 200 Å samples.  Thus, since the 

well width for sample s842 falls in between these other values, it seems 

reasonable to average their g-factor increases and reproduce the previous analysis 

for sample s842 with a g-factor increase of 19 %.  The results of such an analysis 

are summarized in Table 6.3.  
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s842 (g-factor ↑ 19%) Crossing 1 Crossing 2 Crossing 3 Crossing 4
observed 9.5 T  10.675 T 12.5 T 15.25 T 

200 Å, x = 12 %  8.97 T  11.59 T  12.54 T  17.09 T  

212 Å, x = 12 % 8.21 T  10.66 T  11.49 T 15.81 T  
225 Å, x = 12 % 7.49 T 9.76 T 10.49 T 14.58 T 
237 Å, x = 12 % 6.90 T 9.03 T 9.68 T 13.56 T 
250 Å, x = 12 % 6.34 T 8.33 T 8.90 T 12.58 T 

 

 

 
Table 6.3: Observed and calculated crossing positions for sample s842 after a
g-factor increase of 19%.  Compare the results to Table 6.1. 
As was done before for sample s842, the above table can be used in conjunction 

with the observed positions for crossings 1 – 4 to produce Figure 6.6. 

 

 

 

 

 

 

 

 

 

 

 

Theoretical Crossing Positions vs. Well Width for x=12%
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Figure 6.6: Comparison of the theoretical and observed crossing
positions for sample s842 after a g-factor increase of 19%.  
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Unfortunately, as can be seen in the figure, the increase in g-factor actually 

removes the agreement that was previously seen between crossings 1 and 3 and 

between crossings 2 and 4.  Thus, for sample s842, such an analysis is not 

successful in bringing the theoretical predictions and experimental data into better 

agreement.   

 For the other samples of this study (see Appendix B), the results of 

increasing the g-factor as was done for s842 are mixed.  Recall from the above 

discussion that increasing the g-factor will move crossing 1 down in magnetic 

field, essentially leave crossings 2 and 3 where they are, and move crossing 4 to 

higher magnetic field.  So for sample s702 (see Figure B1 and B2 in Appendix B), 

increasing the g-factor improves the agreement between crossings 2 and 4.  

However, for samples s839 and s912 (Figures B3 and B4 in Appendix B) 

increasing the g-factor will degrade the agreement seen in those samples.  Thus, it 

is unclear whether or not increasing the g-factor is an aid in bringing theory and 

experiment into agreement. However, it can be concluded from this analysis that 

changing the g-factor is another theoretical parameter that can be used in an effort 

to bring the theoretical predictions and experimental data into better agreement. 

 Yet, is increasing the g-factor at all even justified?  It has been noted by E. 

J. Johnson and D. H. Dickey [79] that both the mass and g-factor have remote-

band contributions.  These contributions have not been taken into account in the 

previous calculation of the Fan diagrams.  These contributions will indeed 
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increase the g-factor, however, when the calculation is carried out, the remote-

band contributions only increase the g-factor by 8 %.  This is clearly significantly 

lower than the 15 – 23% used earlier to bring the previous ESR data into 

agreement with our calculations.     

 

6.2 Return to Samples s499, s702, and s716 

Recall that in Chapter 3 there were some possible avoided level crossings 

in samples s499 and s702 that, up to this point, remain unidentified.   

In the data for sample s702 recall that it was determined that several 

possible crossings in the low magnetic field region were in fact simply the result 

of the considerable amount of noise in the measurement for that sample, and not 

due to any avoided level crossings.  The reasoning behind this conclusion will 

now be explored. 

Referring back to Figure 3.12, several possible transitions, which could 

indicate an avoided level crossing, were identified.  However, several of these 

possible transitions could also be simply artifacts of the noise in the measurement.  

Nonetheless, if these possible transitions are indeed real and do indicate an 

avoided level crossing, which crossings could they be?  Could the possible 

avoided level crossings seen in the blue and back transitions in Figure 3.12 be the 

result of crossings 1 - 4 discussed in Chapters 4 and 5?  Referring to Table B1 in 

Appendix B for sample s702 one will see that by varying the structural parameters 
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for sample s702 the lowest predicted crossing occurs at 6.52 Tesla, well above the 

possible avoided level crossings seen in Figure 3.12.  Also, for sample s702, 

crossings 2 and 4 have already been associated with splittings in the cyclotron 

resonance that occur at 10.875 Tesla and 16.0 Tesla, respectively, as seen in 

Figure 6.7.  Therefore, the possible splittings in the lower magnetic field region 
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Figure 6.7: Cyclotron resonance data for sample s702 showing crossings 
2 and 4 occurring at 10.875 Tesla and 16.0 Tesla respectively. 

that occur in the black and blue transitions for sample s702 clearly cannot be the 

result of crossings 1 – 4. 

    Although the possible avoided level crossings seen in the low field data 

for sample s702 are clearly not due to crossings 1 – 4, another possibility exists.  

Recall that crossings 1 – 4, as identified in Figure 4.3, are the crossings that occur 
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between the spin split, n = 1 Landau Levels of the lowest subband and the spin 

split, n = 0 Landau Levels next highest subband.  However, again referring to 

Figure 4.3, one will notice that additional crossings also occur between the spin 

split, n = 2 Landau Levels of the lowest subband and the spin split, n = 0 Landau 

Levels of the next subband.  These additional crossings are identified by Wieck et 

al. [64, 80] as half-field (or r = 2) crossings because they tend to occur at half the 

energy of crossings 1 – 4.  It is also important to note that, due to the nature of 

these crossings, they can only produce splittings in the cyclotron resonance traces 

associated with the red and green transitions. 

So can the possible splittings in the red and green transitions as seen in 

Figure 3.12 be due to these half field crossings?  Consider the Landau Level plot 

for sample s702 shown in Figure 6.8.  In this figure it is clear that the half field 

crossings occur between approximately 4 and 6 Tesla.  However, referring back to 

Figure 3.12, the possible avoided level crossings in the red and green transitions 

occur between 3 and 4 Tesla.  Thus, the previous conclusion in chapter 3 that 

there are no avoided level crossings in sample s702 at low field seems reasonable.  

Thus Figure 3.12 becomes Figure 3.13, with the expected non-split cyclotron 

resonance transitions black, blue, red and green.  

Next, consider the apparent avoided level crossings that occur in the black 

and blue transitions of sample s499 shown in Figure 3.8 (also, see spectra for s499 

in Appendix A).  Again, identifying the positions of these crossing as the B-field 
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Figure 6.8: Landau Level plot showing the position of the half field 
crossings for sample s702.  

where the cyclotron resonance traces on either side of the splitting are of equal 

intensity, the crossing in the black transition occurs at 4.9 Tesla and the crossing 

in the blue transition occurs at 5.05 Tesla. Also, since these crossings occur in the 

black and blue transitions, as discussed above in the analysis for s702, they cannot 

be the result of the half field crossings discussed by Weick.   

In an effort to identify the origin of these crossings, a Landau Level plot 

for the growth parameters for s499 was generated.  The intended growth 

parameters for s499 are a well width of 300 Å and an aluminum concentration of 

9% in the barrier.  This Landau Level plot predicts crossings at the following 

positions:  
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Crossing 1 → 4.53 T   Crossing 2 → 5.80 T  

 Crossing 3 → 6.07 T               Crossing 4 → 8.32 T  

Considering the fact that the crossing in the black transition occurs slightly before 

the blue crossing, as well as the fact the crossings occur very close to one another 

in magnetic field, it seems like predicted crossings 2 and 3 are the most likely 

candidates to explain the experimental results.  However, each predicted crossing 

is about one Tesla too high.  Thus, like in sample s842, as well as the other 

samples of this study, the parameters of well width and aluminum concentration 

were varied and used to generate multiple fan diagrams for this sample.  First 

consider leaving the well width at 300 Å and varying the aluminum concentration.  

This type of analysis leads to Figure 6.9.  Unfortunately, as can be seen in the 

figure, in order to fit the predicted crossings to the experimentally observed 

positions, and aluminum concentration of approximately 5 % is required.  This 

low a level of aluminum concentration is well outside the uncertainty due to the 

sample growth RHEED calibration mentioned previously.  Also, x-ray diffraction 

measurements done on sample s499 indicate and aluminum concentration of 8.5 – 

9 %, so 5% is simply too low to be reasonable.   

As the above analysis indicates, varying the aluminum concentration for 

sample s499 is not a viable method to bring the predicted and observed crossings 

positions into agreement.  However, performing a similar analysis, this time 
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leaving the aluminum concentration at 9 % and varying the well width, Figure 

6.10 is generated. 
s499 Predicted Crossings vs. Al. Conc. 
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Figure 6.9: Plot of the predicted theoretical crossing positions vs. aluminum 
concentration for a 300Å well width sample.  Observed crossings are those for
s499.  Notice how an Al conc. of 5 % is required for agreement. 
As Figure 6.10 indicates, with a well width of approximately 322 Å, there is good 

agreement with the theoretical and experimental results.  Also, the difference of 

22 Å between the intended well width and the width needed to get this agreement 

is within the uncertainty of the MBE growth process (a thickness uncertainty of 

approximately ± 10 %).  Thus, it does appear that the observed crossings in the 

black and blue transitions seen in Figure 3.8 for sample s499 are indeed crossings 

2 and 3 as speculated earlier.   
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Figure 6.10: Plot of the predicted theoretical crossing positions vs. well 
width for a 9% Al. conc. sample.  Observed crossings are those for s499.  
Agreement with experiment is achieved for a well width of approx. 322 Å 

 

Given the identification of the crossings seen in the experimental data for 

s499 with the predicted crossings 2 and 3 the question arises as to whether or not 

crossings 1 and 4 can also be seen in the data at the magnetic fields predicted by a 

well width of 322 Å?  The predicted positions for crossings 1 and 4 for a sample 

with a 322 Å well and an aluminum concentration of 9% are approximately 4 

Tesla and 7 Tesla respectively.  Unfortunately, for sample s499 these magnetic 

fields would place these crossings near the InSb magneto-phonon energy and the 

GaAs substrate phonon window discussed in Chapter 3 (see specifically Figure 

3.6).  That is why these crossings are not observed in this sample.  Also, for a 
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sample with s499’s structure, the predicted positions for the half field crossings 

are between 2.5 and 3.5 Tesla.  Unfortunately, the resolution of the scans 

(approximately 2 cm-1) coupled with the fact that the lowest magnetic field scan 

taken with this sample was 2.8 Tesla, could explain why these crossings were not 

observed. 

And finally, there exists an unidentified feature in the data gathered from 

sample s716 that merits further discussion.  Although not definitively identified as 

an avoided level crossing, the cyclotron resonance data for s716 associated with 

the blue transition shows a clear decrease in intensity in the three to four Tesla 

range (approximately 160 to 180 wavenumbers) as Figure 6.11 shows.  As 

discussed above, this feature cannot be the result of one of Weick’s half field 

crossings because it occurs in the cyclotron resonance associated with the blue 

transition. Also, like the samples discussed above, the magnetic field at which this 

feature occurs is too low to be explained by crossings 1 through 4.  However, 

unlike the data for s702, the feature in s716 is quite clear and not likely the result 

of noise in the experiment. 

Likewise, other unusual features have been seen by Schlesinger et al. [77] 

in GaAs and again by S. Syed et al. [78] in GaN samples.  Although no 

explanation has been arrived at concerning these unusual features, it is interesting 

to note that the data gathered by both groups seems to follow an nE ∝

relationship as indicted in Figure 6.12.  More specifically however, the 
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Figure 6.11: Cyclotron resonance data for sample s716 showing a curious drop in 
the transition intensity between 160 and 180 wavenumbers 
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data gathered by Schlesinger follows an   relationship where ε is the 

dielectric constant of the host material (ε ≈ 12 for GaAs in this case) while at the 

same time a similar mathematical relationship for Syed’s data requires an 

additional factor of 2.5, as indicted in the figure.  Extending this idea to the 

unexplained feature seen in sample s716 it was found that rather than a factor 

ε
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Figure 6.12: Critical energy vs. sample density for an unexplained feature 
seen by both Schlesinger et al. (open squares and circles) [77] and S.Syed 
et al. (filled circles and triangles) [78]. 

of 2.5, a division by approximately 0.175 is required to fit the unusual feature 

seen in s716, as shown in Figure 6.13.  Although the origin of this phenomenon is 

yet to be determined, it is interesting to note that the scaling factor needed seems 

to scale with the effective mass of the material in question.   
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However, if the unknown phenomenon discussed by Schlesinger and again 

by Syed is indeed responsible for the unexplained feature of sample s716, one 

might wonder if the equation arrived at in Figure 6.13 accurately predicts any 

unexplained features for any of the other samples of this study, specifically s499, 

s702, and s842.  If the same equation is applied to these samples, the predicted 

critical energies for these samples are as follows: 

s499: Ecrit = 25.8 meV (208 cm-1) 

s702: Ecrit = 27.6 meV (222 cm-1) 

s842: Ecrit = 35.6 meV (287 cm-1) 

Unfortunately, for sample s842, this region is obscured by the phonon 

window discussed previously.  However, this is not the case for s499 and s702.  

Yet, upon reviewing the data over the regions of interest for these two samples, no 

unusual features indicating an, as yet unexplained anti-crossing, are found.  This 

fact casts some doubt on whether or not this phenomenon can truly explain the 

unusual feature seen in sample s716. 

There is another possible explanation to explain this unusual feature 

however.  A study done by Heitmann et al. [81] on InAs quantum wells found a 

decrease in intensity of the light transmitted through the sample when at integer 

filling factors.  Referring back to Figure 6.11, one will see that the unusual feature 

for sample s716 occurs between approximately 3.2 and 3.9 Tesla.  Unfortunately, 

for sample with s716’s density (n = 1.4x1011 cm-2) the closest integer filling factor 
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is filling factor 2 which occurs at approximately 2.9 Tesla.  Therefore, it seems 

unlikely that this feature is related to the intensity decrease seen by Heitmann et 

al.  

And finally, on sample s716 there are two additional features that merit 

discussion.  The first is the feature seen between approximately 100 cm-1 and 140 

cm –1 (or about 1.9 T – 2.8 T) in Figure 6.11.  This feature occurs too low in 

magnetic field to be associated with crossings 1 – 4.  However, unlike the 

unexplained feature discussed above, this feature does occur in the red transition, 

so Weick’s half field crossings are at least a candidate to explain it.  For a sample 

with s716’s growth parameters (300 Å, 9%) the half field crossings occur between 

2.5 and 3.5 Tesla, so it is possible that this feature is associated with these half 

field crossings. 

The other feature is seen in a much higher magnetic field regime as seen in 

Figure 6.14.  Clearly, due to the high magnetic field, this feature cannot be 

associated with crossings 1 – 4.  However, referring back to Figure 5.5, there are 

other crossings that occur at higher fields due to the intersection of the n = 1 

Landau Levels of the lowest subband and the n = 0 Landau Levels of the third 

subband (crossings x, y, 5, and 6 in Figure 5.5).  And if one looks at the 

associated Fan diagram for s716 (see Appendix A) it is found that crossing 6 

occurs at the appropriate magnetic field range to explain this feature.  So it is 

quite possible that this high field feature is that crossing 6.  It should also be noted 
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that in this Fan Diagram, the inter-subband spacing has NOT been reduced as 

discussed in Chapter 5 concerning crossing X for sample s842.  If one looks at the 

Fan Diagram for s716 it is quite clear that reducing the inter-subband would move 

the crossings X, Y, 5 and 6 all down in magnetic field, thus crossings 6 could no 

longer explain the feature shown in Figure 6.14. 

 

 

 

 

 

 

 

 

 

22 T 

20.25T 
21T 

20.5T 

 
20.75T 

1.
3 

1.
2 

0.
9 

1.
0 

1.
1 

Tr
an

sm
itt

an
ce

 [%
]  

0.
8 

800 780

21.25T 

 
760

Wavenumber (cm-1 )
740720 700 0.

7 

820

Figure 6.14: Spectra for sample s716 at high magnetic field showing another 
unusual feature.  

 

6.3 OU FTIR Light Pipe Improvements 

In this study, the data used was gathered using the FTIR and magnets at 

the National High Magnetic Field Laboratory (NHMFL) in Tallahassee, Florida.  

The reason for this, however, is not entirely due to the high magnetic fields 

possible at this facility.  In addition to the high fields, the FTIR setup at this 
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laboratory proved to be most reliable in providing good experimental results.  Yet, 

referring back to Figure 2.5, one will see that the far infrared experimental setup 

at the University of Oklahoma (OU) also possess an FTIR.  Unfortunately, 

however, it was found that the OU FTIR setup using an external light pipe and 

magnet possessed a signal to noise ratio that simply made the desired experiments 

impossible.  This, however, was not due to any design error in the FTIR itself, as 

other experiments, such as photo-luminescence, were done using only the FTIR 

setup alone, and produced usable results.  Thus, the problem seemed to lie in the 

initial light pipe design used in the attempted magneto-optical experiments.  

Therefore, a redesign of the FTIR light pipe was under taken to produce a lower 

signal to noise ratio, resulting in a much improved experimental setup and 

providing a means to continue the study begun in this work.  A schematic 

comparison of the original and the new FTIR light pipes is shown in Figure 6.15. 

The improvements to the FTIR light pipe design are numerous, however, 

probably the most significant is the change in the reflective material used on the 

interior surface of the light pipe.  The original light pipe was constructed entirely 

from brass, thus the interior surface was polished to produce a reflective surface.  

The problem, however, is that polished brass only possesses a reflectance 

coefficient of about 0.80 for infrared light.  In other words, when infrared light is 

incident on polished brass, only about 80% of the incident light is reflected.  
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Figure 6.15 Comparison of the (a) original and (b) new light pipes for the FTIR
experimental setup at the University of Oklahoma.  

Therefore, after the numerous reflections that are inevitable inside any light pipe, 

the intensity of the infrared light will be greatly reduced.  The new light pipe, 
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however, has been constructed from stainless steel and will have its entire interior 

surface coated in highly reflective gold.  Polished gold possesses a reflectance 

coefficient of about 0.98 for infrared light.  Thus, far less intensity will be lost in 

the new light pipe, even for a large number of internal reflections. 

Another important improvement in the light pipe is in the design of the 

focusing cones used to concentrate the light on the sample.  In the original light 

pipe, all the focusing cones have flat, angled surfaces, sometimes refereed to as a 

straight cone.  Although this type of cone design is rather simple to design and 

construct, it is not an ideal design to reduce the number of reflections and focus 

the light.  On the other hand, in the new light pipe all the cones possess a curved, 

parabolic shape.  This type of cone design is known as a Winston Cone [20] and, 

although somewhat more difficult to design and construct, are far superior to the 

straight cones in reducing the number of reflections and focusing the light. 

Although the inclusion of a gold plated interior and a redesign of the 

focusing cones using Winston cones are probably the two biggest improvements 

over the previous light pipe design, two other improvements merit mentioning.  

First, in the original light pipe, immediately below the sample, there was a straight 

section of pipe before the final cone (refer to Figure 6.15(a)).  The reason for this 

straight section is a result of how the sample was mounted in the original light 

pipe.  Although at first glance this straight section may not appear to be much of a 

concern, notice how directly above the sample is a focusing cone.  Because of 
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this, the light passing through the sample will have a significant horizontal 

component to its direction.  Therefore, when the light enters the straight section 

immediately below the sample, it will experience a large number of additional 

reflections before encountering the final cone.  Referring back to the previous 

discussion on the reflectance coefficient for polished brass, these additional 

reflections each reduce the signal strength and are therefore quite undesirable.  To 

overcome this, the technique for mounting the sample has been redesigned in the 

new light pipe so that the final cone sits immediately below the sample, thus 

eliminating this straight section and these additional, undesirable reflections.   

The final change in the light pipe design worth mentioning is the final 

interior diameter of the light pipe.  This is the section of the light pipe that sits 

immediately above the bolometer detector, which is mounted on the bottom of the 

vacuum can assembly in which the light pipe sits.  In the original light pipe, this 

lower interior diameter is larger than the diameter of the bolometer’s input 

window.  This results in some of the light being reflected back up the light pipe 

from the exposed areas of the bolometer’s casing immediately outside the 

diameter of the window.  This, again, reduces the strength of the desired infrared 

signal.  Therefore, in the design of the new light pipe, this lower interior diameter 

was intentionally matched to the diameter of the bolometer’s input window in 

order to maximize the strength of the infrared signal. 
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All the improvements to the new light pipe mentioned above should 

greatly increase the signal to noise ratio of the external magneto-optical FTIR 

setup at OU so further experiments extending this work can be conducted on site.   

 

6.4 Final Conclusions 

The purpose of this work was to experimentally explore the both the band 

structure and spin properties of InSb quantum wells. In almost all samples 

studied, spin resolved cyclotron resonance was clearly seen and the positions of 

these resonances were in good agreement with our theoretical model.  Also, the 

intensities of these transitions were studied and were seen to have rough 

agreement with our model, at least in a lower magnetic field regime.  However, at 

higher magnetic fields (i.e. lower filling factor), these intensities maintained 

rather constant values not predicted by theory.  Also, it was seen that the intensity 

of the blue transition displayed unusual behavior between filling factors 2 and 3.  

In addition to spin split cyclotron resonance, this study also looked at anti-

crossings that occurred between the Landau Levels of different subbands in the 

samples.  Both same spin and, somewhat surprisingly, opposite spin anti-

crossings were observed.  For the same spin anti-crossings, it was observed that 

the size of the energy gap, ∆E, increases with tilt angle θ.  However, unlike the 

theoretical predictions, the experimentally determined slope of ∆E vs. θ depends 
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on the spin states involved in the avoided-level crossing.  Further, again deviating 

from theory, ∆E did not equal zero for zero tilt for crossing 2, but did seem to for 

crossing 3.  Thus, it was concluded that the standard coupling mechanism does 

not accurately describe these crossings. 

For the opposite spin anti-crossings it was observed that the size of the 

energy gap, ∆E, is essentially independent of the tilt angle up to 110.  Also, it was 

seen that this energy gap is essentially independent of the structural asymmetry of 

the sample.  Various possible explanations were looked at in an effort to explain 

these observed opposite spin anti-crossings such as the Rashba and Dresselhaus 

terms, as well as band non-parabolicity.  However, it was determined that none of 

them were able to sufficiently explain the observed anti-crossings. 

Finally, the observed positions of the both the same spin and opposite spin 

crossings were compared to the theoretical crossing positions.  It was found that 

in order to produce agreement between the two, the samples theoretical growth 

parameters, such as well width and barrier concentration, had to be adjusted.  

This, coupled with x-ray diffraction measurements, leads to the conclusion that 

these growth parameters are not necessarily those intended.   

    In conclusion, there remain a number of unresolved issues in this study.  

In summary, these issues are: 

1) Odd behavior in blue transition intensity between filling factors 2 and 3 
(Chapter 3). 
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2) Constancy in both blue and black transition intensities at higher B-fields 
(lower filling factor) (Chapter 3).  

 
3) Inconsistent density in classical model used to fit CR line shapes (Chapter 3). 
 
4) Inability of our model to fit all observed anti-crossings with a consistent well 

width and Al. concentration (Chapter 6 and Appendix B). 
 
5) Discrepancy of our model with ESR data (Chapter 6).   
 
6) Inability of our model to explain the two unusual features seen in s716 data 

(high field feature could be crossing 6) (Chapter 6). 
 

Clearly, the model used in this study needs improvement.  One possibility is the 

inclusion of more bands.  This would bring our results more in line with the ESR 

data gathered previously.  However, as was seen earlier in this chapter, this will 

only result in an increase in g-factor of 8%, rather than the needed 15 –23 %.  

Recall that in order to fit our model to the experimental ESR data, the g-factor 

needed to be increased 15 % for the 300Å samples and 23 % for the 200 Å 

samples.  This, at least, implies a thickness dependence for the necessary g-factor 

increase (i.e. band structure).  It should also be noted that our current “2D” model 

is actually a 3D model with the correction of an effective band gap (see Chapter 

1).  A more accurate 2D model would be desirable, however, none is currently 

available.   
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Appendix A - Experimental Data and Misc. 
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Fan Diagram for s716 (30 nm, 9%)
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Appendix B – Sample Crossing Data 

s702 (200 Å, 9%) Crossing 1 Crossing 2 Crossing 3 Crossing 4
observed ------  10.875 T ------ 16.0 T 

175 Å, x = 8.1 %  8.58 T  10.78 T  11.53 T  15.16 T  

187 Å, x = 8.1 %  8.07 T  10.16 T  10.84 T  14.30 T  
200 Å, x = 8.1 %  7.51 T  9.48 T  10.09 T  13.38 T  
212 Å, x = 8.1 % 7.02 T 8.88 T 9.42 T 12.56 T 
225 Å, x = 8.1 % 6.52 T 8.27 T 8.75 T 11.72 T 
200 Å, x = 8.3 % 7.64 T 9.63 T 10.24 T 13.56 T 
200 Å, x = 9.0 % 8.04 T 10.11 T 10.76 T 14.16 T 

200 Å, x = 10.25 % 8.70 T 10.89 T 11.62 T 15.17 T 
200 Å, x = 12.25 % 9.58 T 11.93 T 12.78 T 16.52 T 
200 Å, x = 15.0 % 10.34 T 12.78 T 13.70 T 17.50 T 

 Table B1: Observed and calculated crossing positions for sample s702.   
     (intended growth parameters: well width = 200 Å, x = 9 %) 
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Theoretical Crossing Position vs. Well Width for x = 8.1%

Well Width (A)
160 180 200 220 240

B
-fi

el
d 

(T
)

6

8

12

18

4 

2 

16.0 T 

10.875 T 

16

14

10

Figure B1: Plot of the predicted theoretical crossing positions vs. well 
width for a sample with an aluminum concentration of 8.1%.  Observed 
crossings are those for s702. 
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Theoretical Crossing Position vs. Al Conc. for W=200A
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Figure B2: Plot of the predicted theoretical crossing positions vs. 
aluminum concentration for a well width of 200 Å.  Observed crossings
are those for s702. 
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s839 (250 Å, 15%) Crossing 1 Crossing 2 Crossing 3 Crossing 4
observed -----  9.375 T 11.75 T 14.875 T 

225 Å, x = 15 %  8.51 T  10.62 T  11.32 T  14.71 T  

200 Å, x = 12 % 9.37 T  11.65 T  12.46 T 16.10 T  
212 Å, x = 12 % 8.58 T 10.71 T 11.42 T 14.87 T 
225 Å, x = 12 % 7.83 T 9.81 T 10.43 T 13.68 T 
237 Å, x = 12 % 7.21 T 9.08 T 9.62 T 12.71 T 
250 Å, x = 12 % 6.63 T 8.37 T 8.85 T 11.76 T 

 
Table B2: Observed and calculated crossing positions for sample s839.   

     (intended growth parameters: well width = 250 Å, x = 15 %)  

 

 

 

 

 

 

 

 

 

 

 

 

Theoretical Crossing Positions vs. Well Width for x=12%
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 Figure B3: Plot of the predicted theoretical crossing positions vs. well width for 
a sample with an aluminum concentration of 12%.  Observed crossings are those
for s839. 
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s912 (230 Å, 15%) Crossing 1 Crossing 2 Crossing 3 Crossing 4
observed 11.25 T  12.25 T 14.75 T 17.0 T 

175 Å, x = 12.4 %  11.59 T  14.26 T  15.35 T  19.45 T  

187 Å, x = 12.4 %  10.52 T  13.02 T  13.96 T  17.84 T  
200 Å, x = 12.4 %  9.51 T  11.82 T  12.64 T  16.30 T  
212 Å, x = 12.4 %  8.70 T  10.86 T  11.57 T  15.04 T  
230 Å, x = 12.4 %  7.66 T  9.61 T  10.20 T  13.41 T  
200 Å, x = 15 %  10.34 T  12.78 T  13.70 T  17.50 T  

 
Table B1: Observed and calculated crossing positions for sample s912.   

     (intended growth parameters: well width = 230 Å, x = 15 %)  

 
Theoretical Crossing Position vs. Well Width for x = 12.4%
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Figure B4: Plot of the predicted theoretical crossing positions vs. well width for a sample 
with an aluminum concentration of 12.4%.  Observed crossings are those for s912. 
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Appendix C 

Table of Samples 
 
The following is a table of specific information concerning when and under what 
circumstances specific sample pieces were used to gather data.  An explanation of 
column titles is given below: 
 
Ref. # → A reference number for each sample run.  This number can be useful 

since the same sample number could have been run multiple times and 
there are, on occasion, various pieces of the same sample run at 
different times. 

 
Date Measured → The specific date that the particular sample piece in question  

        was run. 
 
Sample → The specific sample number and piece.  Usually, when more than one 

piece of a sample is cut from the wafer, an additional letter is added to 
the end of the sample number to distinguish the various sample 
pieces.  (ex: s842N and s842R). 

 
Bmax → The maximum B-field (in Tesla) the sample was run at.  This number is 

usually 29 - 30 T if the magnet used was the water cooled resistive 
magnet at the NHMFL, or 16 – 17.5 T if it was the superconducting 
magnet, also at the NHMFL. 

 
Substrate → The type of substrate material the sample was grown on. 
 
W → The intended well width (in nm) for the sample. 
 
Barrier → The composition of the barrier for the sample. 
 
Sym. → The symmetric nature of the sample (S = symmetric, A = asymmetric). 
 
n (1011cm-2) → The density of the sample as measured by Shubnikov-de Haas. 
 
Comments → Any unusual or noteworthy comments concerning the sample run. 
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Ref. 
# 

Date 
Measured 

Sample    Bmax 
(T) 

Tilt 
(degrees) 

Substrate W
(nm) 

Barrier Sym. n (1011cm-2) 
From SdH 

Comments 

1 Aug. 22, 2002 S499 32 2 GaAs 30 Al0.09In0..91Sb    S 2.1
2       Jan. 2003 S360 32 32 GaAs 30 Al0.09In0..91Sb A 2.15 to 2.7  
3       Jan. 2003 S360 32 65 GaAs 30 Al0.09In0..91Sb A 2.15 to 2.7  
4       Jan. 2003 S360 32 69 GaAs 30 Al0.09In0..91Sb A 2.15 to 2.7  
5          Jan. 2003 S769 32 69 GaAs 30 Al0.09In0..91Sb S 2.0 
6 Feb. 6, 2003 S203 5 0 GaAs 30 Al0.07In0..93Sb   A  
7 Feb. 7, 2003 S360’ 17.5 30 GaAs 30 Al0.09In0..91Sb A 2.15 to 2.7  
8 Feb. 7, 2003 S499’ 5.9 2 GaAs 30 Al0.09In0..91Sb   S 2.1 
9 Feb. 7, 2003 S707 17.5 15 GaAs 20 Al0.09In0..91Sb    A 2.1

10 Feb. 7, 2003 S499b 9.4 2 GaAs 30 Al0.09In0..91Sb    S 2.1
11 Feb. 7, 2003 S360sr 17.5 30 GaAs 30 Al0.09In0..91Sb A 2.15 to 2.7  
12          May 2003 S190 26 15 InSb 30 Al0.07In0..93Sb A  
13       May 2003 S360 27 30 GaAs 30 Al0.09In0..91Sb A 2.15 to 2.7  
14       May 2003 S360 32 69 GaAs 30 Al0.09In0..91Sb A 2.15 to 2.7  
15 June 2, 2003 S842N NA 0 GaAs 25 Al0.15In0..85Sb S 4.0 Sample fell off mount 
16 June 2, 2003 S716Q 17.5 2 GaAs 30 Al0.09In0..91Sb   S 1.4  
17 June 4, 2003 S194 17.5 0 InSb 30 Al0.07In0..93Sb   A  
18 June 4, 2003 S190 17.5 0 InSb 30 Al0.07In0..93Sb    A
19 June 5, 2003 S716R 17.5 4 GaAs 30 Al0.09In0..91Sb    S 1.4
20 June 6, 2003 S702 17.5 2 GaAs 20 Al0.09In0..91Sb    S 2.4
21 June 7, 2003 S842R 17.5 4 GaAs 25 Al0.15In0..85Sb    S 4.0
22 June 7, 2003 S716Q 17.5 25 GaAs 30 Al0.09In0..91Sb    S 1.4
23           Oct. 2003 S702 17.5 0 GaAs 20 Al0.09In0..91Sb S 2.4
24           Oct. 2003 S702 17.5 10 GaAs 20 Al0.09In0..91Sb S 2.4
25           Oct. 2003 S707 17.5 0 GaAs 20 Al0.09In0..91Sb A 2.1
26           Oct. 2003 S707 17.5 10 GaAs 20 Al0.09In0..91Sb A 2.1
27           Oct. 2003 S842 17.5 0 GaAs 25 Al0.15In0..85Sb S 4.0
28           Oct. 2003 S842 17.5 11 GaAs 25 Al0.15In0..85Sb S 4.0
29           Oct. 2003 S842 17.5 14 GaAs 25 Al0.15In0..85Sb S 4.0
30           Oct. 2003 S842 17.5 19 GaAs 25 Al0.15In0..85Sb S 4.0
31           Oct. 2003 S842 17.5 6 GaAs 25 Al0.15In0..85Sb S 4.0
32           Oct. 2003 S842R 17.5 11 GaAs 25 Al0.15In0..85Sb S 4.0
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Ref. 
# 

Date 
Measured 

Sample    Bmax 
(T) 

Tilt 
(degrees) 

Substrate W
(nm) 

Barrier Sym. n (1011cm-2) 
From SdH 

Comments 

33 Oct. 27, 2003 S499 26 13 GaAs 30 Al0.09In0..91Sb    S 2.1
34 Oct. 28, 2003 S499 22 2 GaAs 30 Al0.09In0..91Sb    S 2.1
35 Oct. 29, 2003 S842R 27 4 GaAs 25 Al0.15In0..85Sb    S 4.0
36 Oct. 30, 2003 S716R 29 4 GaAs 30 Al0.09In0..91Sb    S 1.4
37 Oct. 31, 2003 S716R 24 11 GaAs 30 Al0.09In0..91Sb    S 1.4
38 Feb. 16, 2004 S839R 17.5 4 GaAs 25 Al0.15In0..85Sb S 3.9 Slightly lower density than s842 
39 Feb. 17, 2004 S702 17.5 8 GaAs 20 Al0.09In0..91Sb   S 2.4  
40 Feb. 17, 2004 S702Q 17.5 6 GaAs 20 Al0.09In0..91Sb   S 2.4 Wedge came unglued → tilt was ≈ 

0 degrees 
41 Feb. 18, 2004 S842H 17.5 6 GaAs 25 Al0.15In0..85Sb S 4.0 Data implies smaller angle 
42 Feb. 18, 2004 S842R 17.5 8 GaAs 25 Al0.15In0..85Sb   S 4.0  
43 Feb. 19, 2004 S912A 17.5 4 GaAs 23 Al0.15In0..85Sb S  Higher density than s842 
44 Feb. 20, 2004 S702Q 17.5 6 GaAs 20 Al0.09In0..91Sb   S 2.4  
45 Feb. 20, 2004 S842R 17.5 6 GaAs 25 Al0.15In0..85Sb    S 4.0
46 Feb. 21, 2004 S499 17.5 2 GaAs 30 Al0.09In0..91Sb    S 2.1
47 Feb. 21, 2004 S360 NA 2 GaAs 30 Al0.09In0..91Sb A 2.15 to 2.7 Signal too low for good 

measurement 
48 June 6, 2004 S936C 17.5 4 GaAs 25 Al0.12In0..88Sb S 5.3 Density desc. with transmission 

AC #1 obscured by GaAs phonons 
49 June 7, 2004 S939C 17.5 4 GaAs 11.5 Al0.15In0..85Sb S 4.0 No observed anti-crossings 

Trans. linewidth does not vary 
much 

50 June 8, 2004 S917 17.5 8 InSb 20 Al0.15In0..85Sb    S Interference fringes
51 June 9, 2004 S938C 18 4 GaAs 36 Al0.12In0..88Sb   S 8.7 Low mobility → broad linewidths 

Possible 2nd subband occupied 
52 June 9, 2004 S928C 18 4 GaAs 14 Al0.25In0.75Sb   S  
53 June 10, 2004 S928D 18 8 GaAs 14 Al0.25In0.75Sb    S
54 June 11, 2004 S938C 18 8 GaAs 36 Al0.12In0..88Sb    S
55 June 12, 2004 S936C 18 10 GaAs 25 Al0.12In0..88Sb    S
56 June 13, 2004 S917 7 4 InSb 20 Al0.15In0..85Sb    S
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