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Abstract
In this study, an extensive assortment of the principal studies related to drill-string vibrations is presented, focusing on analytical studies, finite element models and experimental setups. A discussion on the current limitations of the current experimental research is discussed and is used to design a new experimental setup that will cover most of those limitations. Two finite different studies are presented. The first study compares six different cases to a simplified bottom-hole-assembly and concludes that when all three modes of vibration are induced in the system, the vibration response will be lower than when a single mode of vibration is applied. The second study extended the scope of the previous study and modelled the behavior of the downscaled geometry proposed for the experimental setup, comparing four different materials when one mode of vibration is induced versus all modes of vibration. The results are compared graphically and numerically using the damping ratio and response frequency. Additionally, a modal analysis comparing the first 140 modes of natural frequencies is presented for the four studied materials. It was concluded that, similarly to the previous study, the vibration response is lower when all modes of vibration are applied than when only one mode is induced. It was concluded as well from this study that when one mode of vibration is applied, the behavior of the vibration response is predictable according to known analytical models, but when all modes are present in the system, the behavior will vary considerably.  Finally, a in detail description of a designed and build experimental setup is presented and the future steps are described in order to ultimately mitigate downhole vibrations in a safe, cost effective and environmentally responsible manner.
xii
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[bookmark: _Toc481588073]1.1 Motivation
In the oil and gas industry the ultimate objective is to achieve the successful retrieval of hydrocarbons from the reservoir in a safe, cost effective, and environmental friendly manner. The most critical process in order to achieve this objective comes with the drilling process of the well. The drilling process in turn, represents the biggest portion of the cost of the development of a well, due to the high level of intricacies, unknown parameters and risk management. Therefore, this process needs to be planned, monitored and executed in a safe and efficient manner. 
The drilling process consist of the mechanical energy transfer from the top to the drilling bit with the rotation of the drilling pipe by the rotary system. The rotary system applies the torque to rotate the entire string and drilling bit. The necessary weight-on-bit (WOB) is controlled by the hoisting system. Finally, the lifting of the rock cuttings is made by the circulating system. 
The optimization and effectiveness of the drilling process is dependent upon many factors such as the technology available at the drilling location, the drilling crew, the geological formation to be drilled, the depth of the target reservoir, the direction at which the target needs to be reach, among many others. One of the most critical factors to consider is drill-string dynamics. 
Undesired drill-string vibrations may cause not only a reduction of rate of penetration (ROP), but also bottom hole assembly (BHA) tool failure or excessive wear (Kapitaniak, et al. 2015, 324-337) (Younggang, et al. 2011) (Moradi and Ranjbar 2009, 923-933). 

[bookmark: _Toc481588074]1.2 Problem Description
There are three modes of vibrations which affects the drill-string during operation: torsional, lateral and axial (Sotomayor, Placido and Cunha 1997) (Patil and Teodoriu 2013, 227-238). In the industry, each one of these modes generate a specific drilling problem. The axial vibrations generate a repeated separation between the bottom hole and the drilling-bit, this problem is known as “bit bouncing”. The lateral movements of the drill-string that causes repeated shocks between the bore-hole and the drill-pipe is called “whirling”. Finally, the most common, and often most detrimental, type of drilling problem called “stick-slip” it’s associated with vibrations due to the torsional vibrations in the drill-string. (Tucker and Wang 1999, 123-165) (Omojuwa, Osisanya and Ahmed, Measuring and Controlling Torsional Vibrations and Stick-Slip in a viscous-Damped Drillstring Model 2011).
Bit bouncing is generally observed in vertical to near vertical wells, when using tricone bits, when drilling out the shoe track (i.e. full-sized length of casing placed at the bottom of the casing string that is usually left full of cement on the inside to ensure that good cement remains on the outside of the bottom of the casing), and in hard formations or stringers. It may also be generated by the combined effect of other vibration problems such as whirling and stick-slip. Some signs of bit bouncing at the surface include: shaking of the top drive or kelly and WOB fluctuation. Some measures that have been used to mitigate this issue include the reduction of WOB and the increasing of RPM, changing the bit design as well as the option to include a shock sub in the BHA (Ashley, McNary and Tomlinson 2001).
Whirling occurs when the Bit and/or the BHA rotates eccentrically around the wellbore instead of its rotating center. The bit whirls due to its interaction with the formation. It is generally observed when transitioning between a soft and hard formation and near-vertical wells. The BHA whirling is a more complex in its inducing conditions but it is considerably more detrimental for the drilling operations. It will mainly occur when the BHA doesn’t have any type of stabilizers and the well is near vertical but, other conditions such as bad lubricity of the well and washout boreholes considerably affect the severity of these vibrations.  (Ashley, McNary and Tomlinson 2001). 
Although these are both a consequence of the same mode of vibration, they are both diagnosed and treated differently. Bit whirling is difficult to recognize at the surface unless it is severe. However, this problem may cause premature BHA failure, bit failure and reduce significantly ROP. BHA whirling can be recognize at the surface because it usually induces other types of vibration problems such as bit bouncing. Both of these problems are usually recognized using specialized downhole tools such as Measure-While-Drilling (MWD). They can be mitigated by stopping momentarily drilling operations or reducing WOB and increasing RPM. (Ashley, McNary and Tomlinson 2001)
Stick-slip is a drilling dysfunction that is characterized by large oscillations of the bit rpm (Pavone and Desplans 1994). The bit will stop periodically causing the string to torque up and when the torque is sufficiently high it will spin free back and forward until it reaches an equilibrium point or it continues its vibration. It is generally observed in “high angle wells, when aggressive PDC bits are used and in environments where the BHA to wellbore friction is high” (Ashley, McNary and Tomlinson 2001). The phenomena can be detected at surface by the presence of a ratty surface torque and fluctuating RPM. Some of the consequences of leaving this problem untreated is the over torque and damaged connections that could lead to washouts, the removal of cutters from PDC bits and teeth from roller cone bits. Among the general practice mechanisms to deal with this issue is the reduction of WOB and RPM, reduction of friction by using roller reamers or increasing the mud lubricity, and having a smooth well profile (Ashley, McNary and Tomlinson 2001).
All of these drilling vibrations are always present in drilling operations but they only become a problem when the oscillations in any axis (lateral, axial and torsional) come close to the natural frequencies of the system, thus reaching resonance. A summary of the frequencies at which these vibrations become an observable problem is presented by Esmaeili et al (2012) from field measurements presented in Macpherson et al (1993). The frequency ranges are shown in Figure 1.
[image: ]
[bookmark: _Toc480894679]Figure 1. Drilling vibration spectrum of frequency ranges by Esmaeili et al (2012)

[bookmark: _Toc481588075]1.3 Mechanical Vibrations Introduction
Mechanical vibrations can be defined as “…periodic exchange of potential and kinetic energy”. The main components of any mechanical system (such as a drill-string) are its mass and stiffness. Additionally, the system will have inherently some damping associated with it. The mass component relates the system’s forces and acceleration (Newton’s 2nd law). The motion of this mass it’s what generates the potential energy of the system. The stiffness component relates the system’s forces and displacement (Hook’s law). The displacement of the stiffness component generates kinetic energy. Finally, the damping component will be responsible for the energy dissipation. Whatever the source of the damping of the system is, it will convert kinetic and potential energy into heat, which is lost. (Schmitz and Smith 2011)
There are three general categories for mechanical vibrations: free vibrations, forced vibrations and self-excited vibrations.
Free Vibrations occur when a system is initially at rest and in a stable equilibrium condition, then it is disturbed with a force out of its equilibrium position. The system will vibrate until it reaches its initial equilibrium condition again. An example of free vibration’s behavior is shown in Figure 2. As it can be seen, free vibration is observed as an exponentially decaying, periodic response to the initial disturbance (Schmitz and Smith 2011).
[image: ]
[bookmark: _Toc480894680]Figure 2. Free vibration example. (Schmitz and Smith, 2011)

Forced Vibration occur when instead of a single disturbance to the system, a continuing periodic excitation is applied. When initially applied, the system will experience a transient state behavior to then reach a steady state in which the system response will be similar to the disturbance function and the system’s vibrating frequency matches the forcing frequency. It is important to note that, once the recurring disturbance stops, the system then becomes a free vibrating system in which it will return to its original equilibrium position. Forced vibration is usually represented in a magnitude vs. frequency domain as shown in Figure 3. (Schmitz and Smith 2011)
[image: ]
[bookmark: _Toc480894681]Figure 3. Forced vibration example. (Schmitz and Smith, 2011)

When the forcing frequency is equal to the system’s natural frequency, this is known as resonance. This is identified where the forcing or disturbance’s frequency is equal to the natural frequency. (Schmitz and Smith 2011)
Self-Excited Vibration occurs when “a steady input force is modulated into vibrations near the system’s natural system”. Unlike free vibration, the disturbance is long lasting and unlike forced vibration, the disturbance is steady rather than periodic and revolves around its natural frequency. A good example given by Schmitz and Smith (2011) is the sound that a bow and a string make in a violin. The friction between the string and the bow generate vibrations that make different sounds depending on the speed at which the bow moves across the string. A representation of the behavior observed with self-excited vibration is shown in Figure 4. (Schmitz and Smith 2011)
[image: ]
[bookmark: _Toc480894682]Figure 4. Self-excited vibration. (Schmitz and Smith, 2011)





[bookmark: _Toc481588076]1.3.1 Dampening of harmonic systems
There are three types of damping that are used for physical models:
Viscous Damping relates the resistance on a body that is moving through a fluid at a certain velocity. It is one of the prefer damping methods due to its mathematical simplicity. Even if the problem at hand does not involve a viscous fluid, an equivalent viscous damping can be found by obtaining the damping ratio from experimental or simulation data. If the vibration response is obtained, the damping ratio can be found by calculating the natural logarithm of two peak values (represented as x1 and x2 in Figure 5), and then divide this quantity by 2π (Schmitz and Smith 2011). If the two selected peaks are not consecutive, this value is also divided by the number of cycles between the peaks yielding the following expression,


[image: ]
[bookmark: _Toc480894683]Figure 5. Vibration Spectrum Response.  (Schmitz and Smith 2011)

Coulomb Damping represents the energy dissipation due to the frictional interaction between two dry surfaces (Schmitz and Smith 2011). For the purposes of this research, this type of dampening will not be considered as it escapes the scope and objective of this study.
Finally, Solid Damping occurs due to the dissipation of internal energy in a vibrating solid (Schmitz and Smith 2011). Every solid body will have the tendency to damp any vibration that it’s affecting it.
[bookmark: _Toc481588077]1.3.2. Rayleigh Damping
Rayleigh Damping is a useful tool that is used to deal with multi degrees of freedom systems and consider the system to have an equivalent viscous damping even if there is no fluid in the system. The viscous damping assumption is that damping is directly proportional to the velocity, which can be described by Rayleigh dissipation function as described by the following expression (Liu and Gorman 1994),

“Where  is an energy dissipation coefficient, C are discrete damping factors and u(x,y,z,t) is a displacement function for which the normal finite element discretization is available which produces a set of discretized second-order differential equations derived by using the variational principle” (Liu and Gorman 1994). 
Then, the equation of motion of a linear dynamic system can be written as,

Where [M], [C] and [K] are the mass, damping and stiffness matrices and {x} and {f} are displacement and force vectors respectively.
Due to the difficulty and intricacies of obtaining a system’s damping, a common expression of the Rayleigh damping for small levels of damping is given by the following expression (Liu and Gorman 1994),

The simples form of this expression however is the case for proportional damping consisting of only two terms as follows,

Where  and  are arbitrary constant coefficients (Liu and Gorman 1994).
In the software Ansys Workbench V 17.1, used in this thesis extensively, these constants are described as the usual Alpha and Beta letters from the Greek alphabet. In the help section of the software where it describes the Rayleigh Damping in detail, it explains that these “values are not generally known directly, but are calculated from modal damping ratios…”. The expression given to find this relation is as follows,

Where,  is the ratio of actual damping to critical damping for a particular mode of vibration, i. and  is the natural circular frequency of mode i. The manual, goes further to explain “to explain both  and  for a given damping ratio , it is commonly assumed that the sum of   and  terms is nearly constant over a range of frequencies. Therefore, given  and a frequency range  to  two simultaneous equations can be solved for  and  These expressions are presented as follows,


This is derived from the graphical representation shown in Figure 6.
[image: ]
[bookmark: _Toc480894684]Figure 6. Alpha and Beta Damping Relationship (Reyleigh Damping).

An important warning and further explanation is given in the manual of the use of this type of damping for Finite Element Analysis. It explains that the use of alpha damping can lead to “undesirable results if an artificially large mas has been introduced into the model”. And if the use of Beta damping can lead to “undesirable results in a nonlinear analysis” because these coefficients are multiplied by the stiffness matrix which is constantly changing in a nonlinear analysis. 
Given the complexity and significant impact that the selection of these coefficient has on a nonlinear analysis, it is highly recommended that these are derived from experimental data instead of a “trial and error” approach. To find these values experimentally, the damping ratio vs natural frequencies relation should be found with the experimental setup already completed. 



[bookmark: _Toc481588078]Chapter 2: Current Research
Research related to drill-string dynamics it is not new. In the 1960s it began a wave of research trying to accurately describe and understand the drill-string dynamics with the purpose of optimizing the drilling process and brining the cost down (Darein and Livesay 1968) (Shor, Pryor and Oort 2014). These models have increased in complexity with time and with the advancement of computational resources and power (Darein and Livesay 1968) (Leine, Campen and Keultjes April, 2002). 
[bookmark: _Toc481588079]2.1 Analytical Modelling
Analytical models have been divided into mainly two categories: Soft-string and stiff-string models. Soft-string model is a lumped mass model that assumes continuous drillstring-borehole contact while a stiff-string explicitly calculates bending and may assume contacts with the borehole (Darein and Livesay 1968). 
The simplest of models to recreate the dynamic behavior of the drill-string is to simplify it as a pendulum. As shown in Figure 7, the schematic was created to describe longitudinal and angular vibrations, but not to include lateral vibrations. This schematic also assumes that these types of vibration along the string are independent of each other (Darein and Livesay 1968).  The authors of this theory compared their predicted results with rough measurements done to surface equipment and concluded that they were able to “predict reasonably well the overall longitudinal and angular vibration of the drill-string” (Darein and Livesay 1968). However, they recognize the fact that friction is a crucial factor when performing measurements in the field. Another important factor not considered by the authors of this theory is the energy dissipation across the drill-string due to its solid and viscous damping. 
[image: ]
[bookmark: _Toc480894685]Figure 7. Pendulum type analytical model by Darein and Livesay (1968).

More complex analytical models were developed later, that included more complex system with the purpose of more accurately predicting the dynamic behavior of the drill-string. An example of models like these is shown in Figure 8. This type of analytical model is called a “lumped mass torsional model” (Navarro-Lopez and Cortes 2007) (Shor, Pryor and Oort 2014). This type of system describes a torsional model of a drill-string, with each disk representing a drill-pipe. The system increases as the drilling operation advances. Four kinds of elements are described in this model: The top-rotary system, the ‘p’ number of pipes which are modeled as linear springs of torsional stiffness ‘Kt’ and torsional damping ‘Ct’, the bottom-hole assembly which include the drill-collars, and finally the drill-bit (Navarro-Lopez and Cortes 2007).  This type of model, although is more precise than the one described earlier, is increasingly complex to solve analytically and simplifications need to be made in order to solve. 
[image: ]
[bookmark: _Toc480894686]Figure 8. Lumped mass vibration analytical model. (Navarro-Lopez and Cortes 2007)

In horizontal wells, although due to the high friction forces applied to the drill-string vibrations are less severe and energy is more easily dissipated, vibrations are still present and can still cause a significant effect in bottom hole assembly tools. Specially in extended-reach well which are defined by its high horizontal departure ratio to the true vertical depth (Omojuwa, Osisanya and Ahmed 2012). Dynamic analysis has been done to study and understand the behavior of the drill-string in these sections. An example of this type of analysis is shown in Figure 9, where the authors take a near straight section of an extended reach well geometry and analyze all the forces involved in section of the string that is in between two stabilizers (Omojuwa, Osisanya and Ahmed 2012). Effects such as torque and drag, buckling and of mechanical vibrations at the BHA are considered in this study. 
[image: ]
[bookmark: _Toc480894687]Figure 9. Horizontal String Analytical Model by Omojuwa, Osisanya and Ahmed (2012).

[bookmark: _Toc481588080]2.2 Finite Element Modelling
The Finite Element Method is a well-known and widely used method to solve mathematical and engineering problems numerically. The use of this method began as early as 1941 in structural engineering with the work by Hrennikoff. Ever since, great advancement in how to use this method to different engineering fields has been developed and the advancement of computational resources and software that we have in the present, has made it more accessible for a wider group of individuals. A wide variety of problems can be solved using this method, including, but not exclusively: structural analysis, heat transfer, fluid flow, mass transport and electromagnetic potential problems (Logan 2012). It is particularly useful when dealing with complicated geometries, material properties and loadings that otherwise analytically are either too complex to solve or they are just outright impossible. 
The finite element method is very appealing due to its formulation in a system of algebraic equations instead of requiring to solve systems of differential equations. This method works by fragmenting the system at hand into discrete elements that will be interconnected by vertices called nodal points or simply nodes.  Then, instead of solving the physical and mathematical problem for the entire system in one step, the system is solved algebraically for each node and element to then combine and integrate the overall result (Logan 2012). Although this method saves time by simplifying the problem, there will always be a level of uncertainty associated with this method as the results usually depend on how refined the fragmentation (meshing) of the problem is and how small are the steps increments. Especially, when dealing with a transient analysis, as it is the case for vibration analysis, both the meshing and the selection of the time step is critical to the convergence of the solution.
Finite Element Method applied to non-linear vibrations of the drill-string have been attempted successfully as early as 1978 with the work of Millheim et al. Their study focused on the BHA of the drill-string. In their formulation (shown in Figure 10), they simplified the problem by using beam elements and using a uniform grid with simple beam supports and considered four different configurations through the placement of stabilizers shown in Figure 11 (Millheim, Jordan and Ritter 1978).
[image: ]
[bookmark: _Toc480894688]Figure 10. Drill String Simplification for Finite Element Analysis by Millheim, Jordan and Ritter (1978).
[image: ]
[bookmark: _Toc480894689]Figure 11. Stabilizer Configurations by Millheim, Jordan and Ritter (1978).

Another important contribution to the study of string dynamics was made by Axisa and Antunes (1992). In their study, they analyze theoretically the effects in linear vibrations of the shaft immersed in a dense annular fluid. The effect of fluid was concluded to have a significant effect in the transverse modes of vibration of the shaft. To solve their analytical model, they created a finite element numerical method. They concluded that stability of the system will have to be studied further in order to accurately predict the dynamic behavior of the string. The analytical system used in their study is shown in Figure 12 (Axisa and Antunes 1992).
[image: ]
[bookmark: _Toc480894690]Figure 12. Analytical configuration used by Axisa and Antunes (1992).

Some studies using FEM have focused more on one type of vibration but considering special conditions such as the contact between the wellbore and drill-string. Such is the example of a study made by Spanos et al (2002). They model the BHA considering well borehole contact and their discretization of the model is shown in Figure 13. They found good agreement in their results with field data pointing out the uncertainty associated with recording of drill-string vibrations. 
[image: ]
[bookmark: _Toc480894691]Figure 13. Model Schematics used by Spanos et al (2002).

One of the most recent efforts was made by Kapitaniak et al (2015) where they use a commercial software call ABAQUS for modelling an experimental rig to study the stick-slip phenomena. Their focus was to study the stress and strains associated with the drill-string vibrations in order to compare them with their experimental downscaled model, therefore they modelled their material properties as an anisotropic and flexible material. Their FEM model is shown in Figure 14 with the respective analytical equivalent. They provided details into their geometry, material and meshing process and conducted experiments to find the equivalent shaft stiffness to use in their model. They compared the results given in the simulation with their experimental setups and the results, they claim were in close agreement. They payed special attention in generating the TOB curves as their focused was on stick-slip vibrations (Kapitaniak, et al. 2015).
[image: ]
[bookmark: _Toc480894692]Figure 14. Model Schematic used by Kapitaniak et al (2015).

This procedure followed in this study is worth of recognition as they calibrate their model with experimental downscaled models to accurately predict stick-slip vibration and subsequent mitigation. However, they recognize the fact that in the following steps they need to use a larger setup that it is not as limited to downscaling factors and to the fact that it can only recreate vertical geometries (Kapitaniak, et al. 2015). Another limitation found in this paper is the fact that they don’t study the combined effects of the three modes of vibration. Stick-slip is the most common and usually is a very detrimental type of vibration, but the combined effect of these modes need to be considered in order to accurately predict the behavior of a drill-string and create methods to mitigate them.
Another important research effort was made by Patil (2013). In his study, he developed a mathematical model to study parametrically the stick-slip phenomena influencing factors based on nonlinear differential equations which are formulated considering drill pipes and bottom-hole assembly separately (Patil and Teodoriu 2013). Nonlinear friction forces represented the bit-rock interaction. The analytical model that represents his setup is shown in Figure 15. Using the commercial software Simmulink/Matlab they simulated 5,700 m of pipe with a 5 in diameter, and a 180 m BHA with a 6 ¾ in diameter (Patil and Teodoriu 2013). 
[image: ]
[bookmark: _Toc480894693]Figure 15. Analytical schematic for model used by Patil and Teodoriu (2013).

From their mathematical model, they concluded that with increasing surface RPMs, stick-slip is converted to torsional oscillations and the ROP is increased. The reduction of WOB decreases the possibility of stick-slip but it naturally decreases ROP at the same time. They also note the importance of considering the drill-string stiffness and inertia when doing a dynamic analysis. They claim that, increasing the stiffness of the drill-string reduces the chance of stick-slip and it increases the ROP. Also, that with increasing inertial mass, it increases the possibility of having stick-slip and reduces the average ROP (Patil and Teodoriu 2013). 

[bookmark: _Toc481588081]2.3 Experimental Research Setups
On the experimental side, there hasn’t been as many models as there has been analytical or numerical ones. The obvious reasons are due to the complexity around downscaling several thousand feet of pipe into a lab size space as well as the high cost of the necessary equipment. Most experimental setups won’t exceed six-fit tall in height However, there have been several research contributions that have encourage other scientist and engineers to keep pushing the limitation’s boundary. 
As it was mentioned earlier, one of the latest studies done in this field of study was made by Kapitaniak et al (2015). The numerical method was discussed in the previous section and now the experimental side of it will be discussed.
Their setup was developed at the Centre for Applied Dynamic Research at the University of Aberdeen. As mentioned earlier, their objective was centered in the formulation and validation of a mathematical and numerical model based on experimental formulations. They did not make a downscaled model of a real-case scenario but they achieve making a testbed for qualitative understanding of detrimental phenomena observed in the industry. The schematic of their experimental setup is shown in Figure 16. Their setup aimed to recreate proper conditions of Torque-on-bit (TOB), weight-on-bit (WOB) and more importantly stiffness of the string in order to achieve vibrations such as whirling or stick-slip. To achieve this, they used a flexible shaft consisting of many layers of thin wires. The configuration shown in Figure 17, they claim is able to transmit torque while maintaining high flexibility (Kapitaniak, et al. 2015).
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[bookmark: _Toc480894694]Figure 16. Experimental setup schematic used by Kapitaniak, et al. (2015).

[image: ]
[bookmark: _Toc480894695]Figure 17. String stiffness schematic used in the setup by Kapitaniak, et al. (2015).

They did used a real bit and rock to study the bit-rock interaction. To do this, they replaced the flexible shaft with a more rigid one and increase the WOB while monitoring the TOB. They found, as expected, that by increasing the WOB, the TOB increased. They also found that the TOB decreases with rotational speed for a short range of speed, to then increase with rotational speed after reaching a threshold (Kapitaniak, et al. 2015).
Westermann et al (2015) presented another very interesting experimental setup. Their setup was to address the gap in scaled model rigs that have been published. They designed a scaled model which has the uniqueness of measuring side-forces during lateral vibrations. They mention that the setup is also designed to test for torsional vibrations as well but no results of this were provided. The setup, shown in Figure 18, is one of the longest in length that are available with a combined length of 5.52 m (17.71 ft.). Something they argued, is that it is unpractical to represent the hundreds of meters of pipe of a usual drill-string as, when downscaling, the diameter of the string will be unpractical. Instead, they model critical sections of the BHA and claim to manipulate the torsional stiffness of the drill-string with a torsional spring. They ultimately represent 20 m of a BHA section with an OD of 6.5 in. 
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[bookmark: _Toc480894696]Figure 18. Representation of experimental setup used by Westermann et al (2015).

They were successful in building and testing their experimental setup which measures side forces. They compared their measured data recreating backward-whirl velocity with theoretical rolling velocity and they show that it has good agreement. In a future study not published at the moment this thesis was written they claim that they will show the results of combine effects of whirling and stick-slip.
Another study example of an experimental setup contributing to the understanding of dysfunctional drill-string dynamics was made by Kovalyshen (2014). His main objective was the understanding the root cause of stick-slip vibrations with an experiment using drag bits.  The setup is shown in Figure 19. Although their results are only preliminary, and no new study has been published by the author relating to this study, he claims that the main factor that causes stick-slip is the bit-rock interaction.
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[bookmark: _Toc480894697]Figure 19. Experimental setup used by Kovalyshen (2014).

Esmaeili et al (2012) contributed with another important experimental work, which focused mainly on the construction and testing of a fully automated laboratory scale drilling rig which they called CDC mini-rig. Their motivation was the lack of vibration recordings in previous research in real-time. They disclosed important information used in their setup (shown in Figure 20) such as the length of the drill-string which was 52.4 cm long and 4 cm in diameter. The setup has a maximum WOB capacity of 80 kg on a bit 2 in in diameter, the maximum RPM is 360 and maximum TOB is 30 N.m. They also provide the details of the rock which the drill through while recording the data (Esmaeili, et al. 2012).
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[bookmark: _Toc480894698]Figure 20. Experimental setup used by Esmaeili et al (2012).

They were successful in measuring the drilling parameters while drilling through rock and concluded that WOB and RPM increases ROP as expected. Also, that by keeping WOB constant and reducing rotary speed, both ROP and vibrations decrease (Esmaeili, et al. 2012). The authors of the study made no assertions on the specific modes of vibration and how to mitigate them successfully nor how this will translate to the field.
Another experimental setup, developed by Foster et al. (2010) aimed at quantifying the behavior of an asymmetric vibration damping tool. The setup, shown in Figure 21 use a DC motor and a steel rod of 5 mm in diameter. The length of the drive ranges from 250 mm to 2000 mm. The maximum WOB used was 4.5 Kg and an inertia wheel was used to simulate the BHA. To simulate torsional vibration the inertial wheel was used to represent the top drive in addition to the one representing the BHA and a 1 mm diameter high tensile steel wire was used to represent the drill-string. A drill bit of 8 mm diameter was located at the BHA contacting a steel bore (Foster, Macfarlane and Dinnie 2010).
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[bookmark: _Toc480894699]Figure 21. Experimental setup used by Foster et al. (2010).

The authors of this study were testing the Asymmetric Vibration Tool (AVDT) which they concluded an analysis of advantages and disadvantages on using this tool in the field. They claim that their field test showed improvement in torsional vibrations by using a AVDT but that attention must be paid to the BHA (Foster, Macfarlane and Dinnie 2010).
As discussed earlier, Patil (2013) developed a mathematical model, presented in Patil and Teodoriu (2013) where he studied parametrically the effects of drilling parameters on stick-slip. After completing this effort, they proceeded to build a downscaled model which they designed using the ‘law of similitude’ which we’ll refer to it later. They considered the BHA, which consists of downhole measurement tools, undergoes more sever vibration than the drill-string above. This setup is shown in Figure 22. They downscaled 150 m of length of a BHA to a 5 m laboratory setting for testing. The string used was 6 mm OD and 4 mm ID. Instead of using a rock and bit as other researchers, they used a breaking device to recreate the non-linear interaction at the bit. Patil (2013) shows the results of using different materials to recreate the best stiffness possible in which is showed in the field. For his setup, he concluded that for stick-slip the material PVC was the best in terms of torsional stiffness. 
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[bookmark: _Toc480894700]Figure 22. Experimental setup used by Patil (2013).

A comparative review of the experimental setups since 2003 until present was taken from Patil (2013), corrected and expanded to include the latest developments in experimental setups is presented in the Appendix A. This table includes the main focus of the investigation, the approach, the setup details and their limitations.


[bookmark: _Toc481588082]2.4 Current Experimental Setups Limitations
Although all of the presented experimental setups have contributed to the understanding of dysfunctional drill-string and BHA dynamics, there are still some setbacks that are going to be addressed in the proposed setup of this thesis.
The first limitation it is the dimensional limitations. As Westermann et al (2015) explains in their work, oftentimes experimental setups do not attempt to do a mechanical downscaling of field conditions. This is due to the fact that downscaling directly thousands of feet of drill-pipe to very limited and expensive lab space, it’s just impossible for most researchers. The largest downscaled setup build to date is 5.4 m (17.7 ft.) in length. This makes it nearly impossible to later upscale results and predict more accurately what could be seen in the field and come up with more consistent preemptive methods. This limitation is to be addressed with the new proposed setup later presented in this work.
The second limitation observed in the experimental setups studied by the author is that they have only addressed vertical wells. With increasing numbers of directional, horizontal and extended reach wells for the successful production of unconventional reservoirs, there is a gap in the research done up to date to study the dynamics of the drill-string with different well geometries. The proposed setup in this work will be designed to not only study vertical configuration wells, but also vertical and horizontal, and eventually ‘S’ type wells. The advantage that is presented at the University of Oklahoma is the laboratory space available for this study. The new proposed setup will account with a unique flexibility in the well configuration that can be represented.
The third limitation of the available experimental setups is the ability to accurately reproduce bit-rock interactions. There has been some debate in the topic on whether or not to use real rocks with downscaled drill bits in the setups to study and predict vibrations. The author of this work believes that the current studies that use drill bits do not reflect the vibration modes of real size bits, and therefore this may lead to inaccurate reproduction of rock-bit interactions. To overcome this problem, the new proposed setup will use a high frequency hexapod and an electromagnetic break which will allow to recreate a wide spectrum of bit-rock interaction behavior. The reason why a hexapod could prove more advantageous versus a normal vibratory table, is the fact that in order to recreate the bit-rock interaction, an extremely high precision of repeating movements is needed. The hexapod used in the proposed setup have a strut resolution of 50 nano meters, with up to 4g acceleration and 250 mm/s speed. It is expected that this hexapod will be able to recreate most severe bit-rock interaction processes.



[bookmark: _Toc481588083]Chapter 3: Finite Element Modeling
Finite Element Method as described in Chapter 1 it is an incredibly useful tool for engineers and researchers across any field. It provides the means to analyze complex non-linear problems and obtain results in a short period of time providing a sense of the expected outcome in reality. As such, it was decided to use this tool through a widely used and powerful engineering software called Ansys Workbench V17.1. Two sets of finite element analysis are presented in this work. 
The first it’s a published study in the SPE Health, Security, Safety, Environment and Social Responsibility Conference North America 2017 which was held on 18th to the 20th of April in New Orleans, Louisiana (SPE-184420-MS). In this first study a real size BHA is used and the three modes of vibration (torsional, lateral and axial) are applied to the string in six different configurations. The BHA response according to its deformation are compared.
The second study is related to what was observed from the first study but it is applied to the vertical configuration of the experimental setup presented in a later section.
[bookmark: _Toc481588084]3.1 Bottom-Hole-Assembly FEA Study
This study was published by myself, Emmanuel Omojuwa PhD candidate at the University of Oklahoma and Dr. Catalin Teodoriu Associate Professor at the Mewbourne School of Petroleum and Geological Engineering of the University of Oklahoma. The objective of this study was to perform a Finite Element Analysis on a real size BHA to observe the response by applying the three modes of vibration described in Chapter 1. 
[bookmark: _Toc481588085]3.1.1 Simulation Setup
As mentioned before, the commercial software Ansys Workbench V 17.1 was used to perform this analysis. A transient analysis was selected as a base for the analysis as the response over a finite period of time was required. 
A BHA geometry was designed in the commercial software for CAD modelling called Solidworks 2016 and can be seen in Figure 24. For this study, three stands of two drill collars were used, as well as two stabilizers located in between each stand. The summary of the dimensions used can be seen in Table 1 (Marquez, Omojuwa and Teodoriu 2017).
[bookmark: _Toc479750128]Table 1. Dimensional setup used in model by Marquez, Omojuwa and Teodoriu (2017).
	Component
	Length
	OD
	ID

	Drill Collar
	30 ft.
	6.25 in
	2.81 in

	Stabilizers
	3 ft.
	8.5
	6.25

	Bit
	1 ft.
	8.5
	-



[image: ]
[bookmark: _Toc480894701]Figure 23. Model setup used by Marquez, Omojuwa and Teodoriu (2017).

A critical consideration made for this study was to not include the wellbore geometry. The first reason is for the authors wanted to see the unaltered behavior of the string when the three modes of vibrations are coupled into a single analysis. This allowed for any movements of the string not to be altered or mitigated due to this condition. The second reason was oriented towards computational resources available for this study. Including an external body to the analysis that does not have any initial contact with the system will transform the analysis to a collision plus a non-linear dynamic analysis. This requires a tremendous amount of computational resources and the lack of previous studies to compare results to made it unbeneficial to even try to attempt this. 
Of course, the authors and myself are aware that the wellbore friction has a critical effect on vibrations and that it’s something that in follow up studies should be considered. However, the results of this finite element analysis are not quantitative but qualitative. 
[bookmark: _Toc481588086]3.1.2 Meshing and Boundary Conditions
For the meshing in this analysis a curvature type size function was used with tetrahedron shape elements. The final count of elements was 36,115 with 70,724 nodes. Considering the size and proportions of the geometry the resolution and refinement of this mesh was considered to be sufficient (Marquez, Omojuwa and Teodoriu 2017). Additionally, the material for the string was structural steel available through the material’s library preloaded into Ansys’s Engineering Library.
Careful attention was paid to the boundary conditions applied to this model. As no other finite element model has coupled the three modes of vibration in a single analysis, there was little to no way of comparing initial conditions for the system. As such, six cases were presented. The summary of the studied cases is shown in Table 2 with the respective magnitudes for the torque, axial load and displacements shown in Table 3. To recreate torsional vibrations, a torque of 40,000 lbf was used and applied in a sinusoidal function at an angular velocity of 120 rpm for the base case 1. An axial load of 20,000 lbf to recreate the WOB was applied as well as a sinusoidal function to recreate the bit bouncing. Finally, the lateral disturbances were applied as displacements with a constant value of 1.2 in and applied as well with a sinusoidal function. Different attempts were made to find the best configuration of lateral displacements (Marquez, Omojuwa and Teodoriu 2017). At the end, the best configuration resulted in having a phase difference of 90 degrees between the time of application. The lateral vibration response observed was more realistic when this configuration was applied with the singular exception of uniplanar whirling which happens if no torsional vibration is present.
Later, the rest of the cases presented were variations of different load configurations to study how the magnitudes of this loads affected the overall vibration response.
[bookmark: _Toc479750129]Table 2. Summary of cases modeled and presented by Marquez, Omojuwa and Teodoriu (2017).
	Case
	Torque function
	WOB function
	Lateral disturbance in X axis
	Lateral disturbance in Z axis

	1
	Torque x Sin (wt)
	Axial Load x Sin (wt)
	Displacement x Sin (wt)
	Displacement x Sin (wt+90°)

	2
	Torque/2 x Sin (wt)
	Axial Load x Sin (wt)
	Displacement x Sin (wt)
	Displacement x Sin (wt+90°)

	3
	Constant Torque
	Constant Load
	Displacement x Sin (wt)
	Displacement x Sin (wt+90°)

	4
	Torque x Sin (Kwt)
	Axial Load x Sin (wt)
	Displacement x Sin (wt)
	Displacement x Sin (wt+90°)

	5
	Torque/4 x Sin (Kwt)
	Axial Load x Sin (wt)
	Displacement x Sin (wt)
	Displacement x Sin (wt+90°)

	6
	Torque x Sin (Kwt)
	Axial Load/2 x Sin (wt)
	Displacement x Sin (wt)
	Displacement x Sin (wt+90°)



[bookmark: _Toc479750130]Table 3. Magnitude values used in simulation used by Marquez, Omojuwa and Teodoriu (2017).
	Torque
	3,333.3 ft.lbf (40,000 lbf in)

	Load
	20,000 lbf

	Displacement
	1.2 in

	Angular velocity (w)
	120 rpm

	Time (t)
	Variable

	K
	Random value between 0 and 1



For the time step selection of the analysis, a time step of 0.02 seconds was required in order to cover the full spectrum of the load application without any observing any peak truncation. Due to this restriction, a total analysis time of 6 seconds was performed to balance the computational resources and time taken to perform the full analysis. However, it was determined that this time was sufficient to observe the desired response (Marquez, Omojuwa and Teodoriu 2017).
Finally, a fixed support restriction was placed at the top of the BHA in order to conduct the transient analysis properly. Frictionless supports were placed around the stabilizers which assumes ideal contact between the wellbore and stabilizers which is not of course, what is observed in the field. 
[bookmark: _Toc481588087]3.1.3 Results and Analysis
The first set of results presented were the comparison of maximum total deflection of the geometry as it is shown in Figure24. As it can be seen, for Case 3 which had constant loads and oscillating displacements, the amplitude of the vibrations was significantly larger than for any other simulated case. Case 1 (base case) presented a smaller amplitude of the vibration and a shorter frequency than for Case 3. For Case 4, which applied a random alternating torque, the behavior was not significantly different than for Case 1 but a small shift to the right of the vibration response. Case 2, which halved the torque applied in the base case, presented a higher initial peak but the frequency of the vibration responses increased. Finally, for Case 5 and Case 6, no considerable difference was observed when compared to Case 2 (Marquez, Omojuwa and Teodoriu 2017). 

[bookmark: _Toc480894702]Figure 24. Maximum total deformation. (Marquez, Omojuwa and Teodoriu 2017)

Next set of results presented were the maximum lateral deformations located between the bit and the first stabilizer. No significant deformations were observed in the second, nor the third stand of drill collars. This is due to the boundary condition of ideal frictionless wellbore geometry which is not what it is seen in the field. These results which represent a type of lateral vibration response can be seen in Figure 25. 
As it can be seen, for Case 3, the amplitude of the vibrations was the largest of the six cases and the frequency of the maximum amplitude decrease, similar to what was seen in the previous set of results. For cases 1 and 2, a very similar frequency is observed but the magnitude of magnitude differs. The magnitude of the lateral displacements of this section increases as the torque applied decreases. A possible explanation for this phenomenon is the energy distribution in the string during different load application. When only one mode of vibration is induced, the magnitude of the vibration response is larger and the frequency gets smaller in comparison when more modes are coupled in conjunction. This is clear when comparing Case 1,2 and 3. For Case 6, very similar results were observed in comparison with Case 2 and 4 which is why Case 4 was not included in this figure (Marquez, Omojuwa and Teodoriu 2017). 

[bookmark: _Toc480894703]Figure 25. Maximum lateral deflection of first stack. (Marquez, Omojuwa and Teodoriu 2017)

Finally, the axial vibration response is studied and represented in Figure 26. A similar behavior in comparison with the previous set of results was observed. When one mode of vibration was induced, the magnitude of the vibration response was considerably higher than when all three modes were induced. For cases 1 and 2, another similar behavior was observed with the amplitude of the axial displacement varying but not considerably. Finally, for case 6 it can be seen that the axial vibrations will mitigate, as expected when reducing the WOB. Case 4 yielded identical results as 2 once again so it was not included in the figure (Marquez, Omojuwa and Teodoriu 2017).

[bookmark: _Toc480894704]Figure 26. Axial deflection of bit. (Marquez, Omojuwa and Teodoriu 2017)

[bookmark: _Toc481588088]3.1.4 Conclusions
It was concluded that first, the Finite Element Analysis does allow the representation and modeling of dynamic response of the drill-string. The location of critical areas where vibrations will propagate and the magnitude of these vibration can be observed from these analyses. The qualitative analysis of this study showed that if only one type of vibration is being considered, the magnitude of the other modes of vibration will increase significantly. For more comparable results, the three modes should be studied at the same type unless a particular desired for studying a mode of vibration is pursued. The combination of these modes of vibration seems to lead to a reduction of overall magnitude of vibration responses, which could point toward the application of new downhole vibratory tools to mitigate these dynamic dysfunctionalities (Marquez, Omojuwa and Teodoriu 2017). 

[bookmark: _Toc481588089]3.2 Experimental Setup FEA Study
The second Finite Element (FEA) study was created after the published study presented in the previous section. As the experimental setup presented in a later section will have downscaled parameters for all of its components, a finite element analysis was required to corroborate the consistency of the previous study and conclusions. As such, a similar study using the finite element method was made with similar conditions, yet expanded, for the drill-string that will be part of the experimental setup.
For this study, once more Ansys Workbench V 17.1 was the commercial software used to perform a transient structural analysis. Four different materials are used: aluminum, structural steel polyethylene (PE) and polyvinyl chloride (PVC). Two different sets of loadings were used for each material. The first set is with only inducing lateral vibrations, keeping the torque and WOB on the string constant, while the second set all modes of vibrations were included. Additionally, a modal analysis of these four materials is presented comparing the first 140 modes of vibration for this geometric configuration, identifying which frequencies will create resonance with each mode of vibration.
[bookmark: _Toc481588090]3.2.1 Simulation Setup
The geometry for this study was created again using the commercial software Solidworks 2016 and can be seen in Figure 27. This is the simplified version of the geometry of the drill-string that will be used in the experimental setup presented in a future section. The dimensions of the setup are summarized in Table 4.
[bookmark: _Toc479750131]Table 4. Dimensional considerations for experimental setup modelling.
	Component
	Length
	OD

	Drill String
	41 ft.
	0.125 in

	Top Holder
	0.394 in
	0.250 in

	Stabilizer
	0.394 in
	0.250 in

	Bit
	0.394 in
	0.250 in



[image: ]
[bookmark: _Toc480894705]Figure 27. Geometry configuration used for experimental setup modelling.

Similar considerations were made as in the previous presented study (Marquez, Omojuwa and Teodoriu 2017), including to not consider the wellbore geometry in the analysis. To reiterate the argument that it is desired to observe the unaltered behavior of the string without including collision analysis between the string and the formation. 
[bookmark: _Toc481588091]3.2.2 Material Properties
As mentioned, four materials were originally tested. These materials are: structural steel, aluminum, polyethylene (PE) and polyvinyl chloride (PVC). The properties of the first three materials were obtained from the software Ansys V17.1 material’s library. The structural steel and aluminum material properties were retrieved from the non-linear library and the polyethylene material properties were retrieved from the general materials library. The PVC material properties were obtained from different websites were the values for its most important properties did not change. The material properties for the metals can be seen in Table 5 and for the plastics on Table 6. It was observed that the properties of the non-linear materials (steel and aluminum) had no relevant properties for the analysis. Therefore, only the relevant material properties are presented.
[bookmark: _Toc479750132]Table 5. Material properties for metals used for this model.
	
	Structural Steel
	Aluminum

	
	SI units
	Standard units
	SI units
	Standard units

	Density
	7850
	Kg/m3
	490.06
	lb/ft3
	2770
	Kg/m3
	172.93
	lb/ft3

	Young's Modulus
	2.00E+11
	Pa
	2.90E+07
	psi
	7.10E+10
	Pa
	1.03E+07
	psi

	Poisson's Ratio
	0.3
	-
	0.3
	-
	0.33
	-
	0.33
	-

	Bulk Modulus
	1.67E+11
	Pa
	2.42E+07
	psi
	6.96E+10
	Pa
	1.01E+07
	psi

	Shear Modulus
	7.69E+11
	Pa
	1.12E+08
	psi
	2.67E+10
	Pa
	3.87E+06
	psi






[bookmark: _Toc479750133]Table 6. Material properties for plastics used for this model.
	
	Polyethylene
	Polyvinyl Chloride

	
	SI units
	Standard units
	SI units
	Standard units

	Density
	950
	Kg/m3
	59.307
	lb/ft3
	1400
	Kg/m3
	87.399
	lb/ft3

	Young's Modulus
	1.10E+09
	Pa
	1.60E+05
	psi
	2.00E+09
	Pa
	2.90E+05
	psi

	Poisson's Ratio
	0.42
	-
	0.42
	-
	0.4
	-
	0.4
	-

	Bulk Modulus
	2.29E+09
	Pa
	3.32E+05
	psi
	3.33E+09
	Pa
	4.83E+05
	psi

	Shear Modulus
	3.87E+08
	Pa
	5.62E+04
	psi
	7.14E+08
	Pa
	1.04E+05
	psi



[bookmark: _Toc481588092]3.2.3 Meshing
The meshing for this study was made considerably different than for that of the previous study. Being the geometry considerably slenderer, meaning that the length/OD ratio was too large, the same approach for the meshing could not be made. Tetrahedron elements deformed the geometry considerably and the quality of the mesh and aspect ratio was not acceptable. As such, a sweeping type of meshing was used. This allowed for a more uniform meshing around small cylindrical elements throughout the drill-string, increasing the quality considerably of the mashing and having an aspect ratio of acceptable ranges. An example of the meshing used can be seen in Figure 28. Given that the time step for this analysis was considerably small (0.01 sec) and that the analysis was run for 9 seconds, yielding 900 loading steps, the mesh was designed to have the least number of elements and nodes as possible. The final statistical values for the mesh were 64,736 nodes and 12,226 elements. 
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[bookmark: _Toc480894706]Figure 28. Sweeping mesh along the drill-string.

[bookmark: _Toc481588093]3.2.4 Boundary Conditions
In order to accurately compare the behavior of the three selected materials and two different sets of boundary conditions, the loading conditions remained constant for all of the simulated cases. The two different configurations, are related to what was observed in the previous presented study where, the higher vibration responses were observed when only one type of vibration is induced in the system. The magnitudes and sets of boundary conditions are summarized on Table 7. These loads were applied at the bit. The frequency chosen for this analysis was 250 rpm (26.18 rad/s) and a maximum analysis time of 9 seconds and a time step of 0.01 s.
[bookmark: _Toc479750134]Table 7. Magnitudes for Boundary Conditions
	
	1st Set: "Only Displacements"
	2nd Set: "All modes"

	Torque (lbf ft)
	0.01
	0.01 x Sin (wt)

	Weight-on-bit (lbf)
	0.01
	0.01 x Sin (wt)

	Lateral Displacements (in)
	0.02 x Sin (wt)
	0.02 x Sin (wt)



The movement conditions set in this analysis are similar to the previous study. A fixed support type restriction was placed at the ‘top drill-string holder’ and a frictionless type support was placed at the ‘stabilizer’. 
[bookmark: _Toc481588094]3.2.5 Special Analysis Considerations
Besides the important considerations of not including a borehole to not restrict the unaltered behavior of the drill-string and avoid modeling with a highly complex collision analysis, other important considerations were made for this analysis. Firstly, fluid will not be included in this particular analysis. Even though in the field, the drill string will be surrounded by drilling fluid, for the purpose of this analysis it was desired to investigate the unaltered behavior of the drill-string when coupled modes of vibration are applied. It is expected that, if fluid is included in the system, the viscosity of the fluid will have a significant effect on the damping of the vibrations, mitigating the overall response. 
Secondly, in the analysis settings of the transient analysis, the option of ‘large deformations’ was activated. The help and guide section of Ansys V 17.1 recommends to activate this option if the body is slender and offers a rule of thumb which states: “… you can use large deflection if the transverse displacements in a slender structure are more than 10% of the thickness”. When this option is activated, the software will take into account stiffness changes resulting from change in element shape and orientation due to large deflections.
Thirdly, in the analysis settings in the damping controls, a value for the numerical damping of 0.1 was used as well as a value of 0 for both the stiffness and mass coefficients. After reviewing extensively, the damping “Rayleigh model” (Review section 1.3.2) that Ansys V 17.1 uses for non-linear analysis, it was decided that a common initial value for the numerical damping of 0.1 was a good first assumption given that experimental data is lacking. Once the experiment for this setup is made, a “Damping vs. Frequency” data can be obtained and used as input for the software’s analysis. The argument for using 0 for both stiffness and mass coefficients is related to what was explained in section 1.3.2. These values have a very significant impact on non-linear models and particularly on models where the stiffness changes. Even after several trials and errors in this study, it was found that the analysis did not converge with any of the attempted given values. Therefore, it is highly recommended to input these after experimental data is available and not to use the trial and error approach. 
Finally, in the solver settings of this analysis, a ‘Direct’ type of solver was selected. The argument for using this type of solver is that, given the time step of 0.01 sec the analysis was already taking almost 8 hours on average to complete. Usually, using the alternative ‘Iterative’ option will increase the solving time significantly and it is only recommended when using a relatively large time step. Also, with a considerable small time step, it is expected that the effects of an iterative solver will not turn as beneficial.
[bookmark: _Toc481588095]3.2.6 Modal Analysis
The first step in this study is to find and compare the different modes of vibration for each material and identifying which modes will create resonance with which modes of vibration. Ansys V17.1 modal analysis was used to perform this analysis. The first 140 modes of vibration where simulated and retrieved for comparison. The criteria for using 140 modes was to find at least 1 natural frequency for torsion and 1 for axial vibration. In general, most natural frequencies found were for lateral vibrations with different frequencies of sinusoidal oscillations.
On Table 8 are summarized the principal natural frequency for each mode as well as the frequencies and modes of vibration at which each mode will resonate. As it can be seen, for lateral, torsion and axial, all the materials have similar modes at which the system will come into resonance. However, the frequencies at which this occurs are different when comparing aluminum and steel with PE and PVC. There is a large discrepancy of frequency where the systems with aluminum and steel will enter resonance for torsion and axial vibrations compared with the PE and PVC frequency. This may lead to a large discrepancy in the results for the simulation of these materials by applying the same boundary conditions. 
[bookmark: _Toc479750135]Table 8. Summary of Modal Analysis
	
	
	Lateral at bit
	Torsion
	Axial

	Material
	Fundamental (Hz)
	Mode
	Frequency (Hz)
	Mode
	Frequency (Hz)
	Mode
	Frequency (Hz)

	Aluminum
	0.1269
	1
	0.1269
	77
	60.789
	100
	100.78

	
	
	2
	0.1275
	137
	184.05
	
	

	Steel
	0.1266
	1
	0.1266
	77
	61.301
	100
	100.48

	
	
	2
	0.1268
	137
	185.6
	
	

	Polyethylene (PE)
	0.0269
	1
	0.0269
	75
	12.504
	100
	21.421

	
	
	2
	0.0271
	133
	37.859
	116
	28.698

	Polyvinyl Chloride (PVC)
	0.0301
	1
	0.0301
	77
	13.988
	100
	23.794

	
	
	2
	0.0302
	133
	42.351
	
	



The modes of natural frequencies can be seen in Figure 29. As it can be seen, from the first 140 modes of natural frequencies, the steel and aluminum are almost overlapping throughout the range of frequencies. It can also be seen the large discrepancy discussed between the range of frequencies of the steel and aluminum and the PE and PVC. However, even though the steel and aluminum are overlapping, the PE and PVC are only close to each other and toward the end, it can be seen how they start to diverge from each other with the PVC having higher natural frequencies for the same mode of vibration.

[bookmark: _Toc480894707]Figure 29. Results of the first 140 modes of natural frequencies.

Again, this discrepancy in range of frequencies might result in a large discrepancy of results of the simulated models between the metals and plastics.
[bookmark: _Toc481588096]3.2.7 Results and Analysis
After performing the simulation for the four materials and two configurations the first that was noticed was the impossibility to compare the metallic materials with the plastic ones. As predicted from the modal analysis, by applying the same boundary conditions to both polyethylene (PE) and Polyvinyl Chloride (PVC), it was noticed that the deformation diverges as the pipe buckles and collapses due to extremely high deformations. The set of results for the metallic materials was considerable better and went in accordance to what was expected with the established conditions. 12 different configurations of loadings were attempted to the PE and PVC in order to obtain comparable results. The criteria for obtaining good comparable results was to observe vibrations with at least one period of oscillation in order to be able to quantify the results. A summary of the attempted configurations for the plastic materials is shown in Table 9. It is worth noting that the WOB and Torque were applied constant and the displacements were applied in a sinusoidal function. The reason for this is because it is expected that the configuration with only one mode of vibration and the other two modes constant, the deflections will be considerably higher than for the case with all modes of vibration. Given this, if this configuration did not show observable vibrations or it buckled beyond considerable limits, then there will be no point in performing the configuration with all modes of vibration nor redoing the metal materials simulations with new magnitudes for the loading.
[bookmark: _Toc479750136]Table 9. Attempted configurations for the PE and PVC.
	Attempt
	Configuration
	Boundary Conditions
	Observation

	1
	Polyethylene (PE)
	WOB (lbf ft)
	0.01
	The deformation diverges with excessive deformation. Structure buckles and collapses.

	
	
	Torque (lbf)
	0.01
	

	
	
	Displacements (in)
	0.02
	

	2
	Polyethylene (PE)
	WOB (lbf ft)
	0.005
	The deformation diverges with excessive deformation. Structure buckles and collapses.

	
	
	Torque (lbf)
	0.01
	

	
	
	Displacements (in)
	0.02
	

	3
	Polyethylene (PE)
	WOB (lbf ft)
	0.001
	The drill-string shows high initial deflection but immediate stabilization showing no vibrations.

	
	
	Torque (lbf)
	0.008
	

	
	
	Displacements (in)
	0.008
	

	4
	Polyethylene (PE)
	WOB (lbf ft)
	0.005
	The drill-string shows high initial deflection and then a decrease in deflection but no second vibration peak was observed

	
	
	Torque (lbf)
	0.008
	

	
	
	Displacements (in)
	0.008
	

	5
	Polyvinyl Chloride (PVC)
	WOB (lbf ft)
	0.01
	The deformation diverges with excessive deformation. Structure buckles and collapses.

	
	
	Torque (lbf)
	0.01
	

	
	
	Displacements (in)
	0.02
	

	6
	Polyvinyl Chloride (PVC)
	WOB (lbf ft)
	0.005
	A deformation peak is observed but no considerable subsequent peak was observed.

	
	
	Torque (lbf)
	0.01
	

	
	
	Displacements (in)
	0.02
	

	7
	Polyvinyl Chloride (PVC)
	WOB (lbf ft)
	0.005
	A deformation peak is observed but no considerable subsequent peak was observed. Magnitudes are just lower than previous configuration.

	
	
	Torque (lbf)
	0.008
	

	
	
	Displacements (in)
	0.008
	

	8
	Polyvinyl Chloride (PVC)
	WOB (lbf ft)
	0.0075
	The deformation diverges with excessive deformation. Structure buckles and collapses.

	
	
	Torque (lbf)
	0.008
	

	
	
	Displacements (in)
	0.008
	

	9
	Polyvinyl Chloride (PVC) with steel bit
	WOB (lbf ft)
	0.01
	The deformation diverges with excessive deformation. Structure buckles and collapses.

	
	
	Torque (lbf)
	0.01
	

	
	
	Displacements (in)
	0.02
	

	10
	Polyvinyl Chloride (PVC) with steel bit
	WOB (lbf ft)
	0.005
	A deformation peak is observed but no considerable subsequent peak was observed.

	
	
	Torque (lbf)
	0.01
	

	
	
	Displacements (in)
	0.02
	

	11
	Polyvinyl Chloride (PVC) with steel bit
	WOB (lbf ft)
	0.005
	A deformation peak is observed but no considerable subsequent peak was observed.

	
	
	Torque (lbf)
	0.008
	

	
	
	Displacements (in)
	0.008
	

	12
	Polyvinyl Chloride (PVC) with steel bit
	WOB (lbf ft)
	0.005
	A deformation peak is observed but no considerable subsequent peak was observed. Magnitudes are just lower than previous configuration.

	
	
	Torque (lbf)
	0.0075
	

	
	
	Displacements (in)
	0.004
	



Therefore, it was decided to excluded from the result comparisons. However, it was desired to investigate the cause of this significant discrepancy in behavior from what was observed with the steel and aluminum. The first instinct of the root of this behavior is the stiffness and mass of each of these material configurations. It was decided to calculate theoretical axial, radial and torsional stiffness for a section of a pipe with the same geometrical parameters and only changing the material. 
To calculate the axial stiffness for each material, the following expression was used,

Where, E is the Young’s modulus, A is the cross-sectional area and L is the length of the rod.
Then, to find the radial stiffness two possibilities were considered. In beam theory, for a cantilever beam which is fixed on one end but not the other, there are two possible stiffness values. If the free end is allowed rotation then the expression results in,

Where I, is the inertia of the cross-sectional area. If that end is only allowed displacement but not rotation, then the following expression is used,

These cases are summarized in Figure 30. As in this case, both the model and experimental setup will not be allowed bit rotation, the latter expression was used to find the radial stiffness.
[image: ]
[bookmark: _Toc480894708]Figure 30. Different radial stiffness configurations.

Finally, the torsional stiffness was found using the following expression,

Where, G is the shear modulus and Ip is the polar moment of inertia.
The summary of the values assumed and resulting stiffness for each material can be observed in Table 10. As it can be seen a 6 ft in length rod was assumed to do this comparison.
It is with great deal of importance to note that the axial stiffness of steel exceeds more than double that of aluminum, 180 times that of PE and 100 times that of PVC. For radial stiffness, a similar trend of magnitude difference is observed. Finally, the torsional stiffness of steel is almost 30 times that of aluminum, around 6,600 times the one of PE and around 790 times that of PVC.  
[bookmark: _Toc479750137]Table 10. Stiffness calculation comparison
	Steel
	Aluminum
	PE
	PVC

	OD (in)
	0.125
	OD (in)
	0.125
	OD (in)
	0.125
	OD (in)
	0.125

	OD(m)
	0.003175
	OD(m)
	0.003175
	OD(m)
	0.003175
	OD(m)
	0.003175

	E (Pa)
	2.00E+11
	E (Pa)
	7.10E+10
	E (Pa)
	1.10E+09
	E (Pa)
	2.00E+09

	G (Pa)
	7.93E+11
	G (Pa)
	2.70E+10
	G (Pa)
	1.20E+08
	G (Pa)
	1.00E+09

	A (m^2)
	7.92E-06
	A (m^2)
	7.92E-06
	A (m^2)
	7.92E-06
	A (m^2)
	7.92E-06

	L (m)
	1.82
	L (m)
	1.82
	L (m)
	1.82
	L (m)
	1.82

	Ip (m^3)
	9.98E-12
	Ip (m^3)
	9.98E-12
	Ip (m^3)
	9.98E-12
	Ip (m^3)
	9.98E-12

	I (m^4)
	4.99E-12
	I (m^4)
	4.99E-12
	I (m^4)
	4.99E-12
	I (m^4)
	4.99E-12

	Kaxial (N/m)
	870903.5
	Kaxial (N/m)
	309170.7
	Kaxial (N/m)
	4790
	Kaxial (N/m)
	8709

	Kradial (N/m)
	6.584
	Kradial (N/m)
	2.337
	Kradial (N/m)
	0.0362
	Kradial (N/m)
	0.0658

	Ktors (N/m)
	4.351
	Ktors (N/m)
	0.148
	Ktors (N/m)
	0.000658
	Ktors (N/m)
	0.00549



The reason why this comparison is greatly important, it’s to show that, as described in the introduction, the stiffness is the correlating factor between the loads applied to a system and the deflection response. Although there is a high difference between the stiffness of steel and aluminum, they are still comparable. However, when compared to the ones of PE and PVC, it can be seen that they are at least two orders of magnitudes apart which makes it impossible to compare deflections by applying the same loading conditions. 
Although with dynamic analysis there are many factors involved in the type of results observed, it was determined that the stiffness was the main component responsible for this.
As such, a comparison between the steel and aluminum results are presented and discussed. The sets of results are related to the maximum deflection in the system, lateral deflections, axial deflections and torsional deflections. 
The first step after performing a successful simulation was to determine the maximum total deformation over the time range. Then, the node where the maximum deflection was observed over the time range was picked and the total deformation of that node over time was retrieved and analyzed. It can be seen on Figure 31 that all the configurations presented a similar pattern of vibration with the case of only displacements for aluminum being the highest, followed by the case of only displacements for steel, followed by the case of all modes for steel and finally the case of all modes for aluminum.

[bookmark: _Toc480894709]Figure 31. Point maximum deflection response.

Then on Figure 32 it can be seen the results for lateral deflections. As observed, there is a lot of noise and clutter of data points which makes it impossible to analyze these results. Therefore, only the maximum peaks were filtered and retrieved and are shown in Figure 33. Once more, these are results which are still difficult to analyze properly which is why the average of these peaks were calculated and make up a single curve shown in Figure 34. 

[bookmark: _Toc480894710]Figure 32. Raw results lateral deflections response.

[bookmark: _Toc480894711]Figure 33. Filtered peaks for lateral deflection response.

[bookmark: _Toc480894712]Figure 34. Averaged peaks for lateral deflection response.

Next, the axial deflections were obtained and can be seen in Figure 35. No modifications were made to this set of data.

[bookmark: _Toc480894713]Figure 35. Axial deflections response.

Finally, the torsional deflection was obtained for the system. However, this data was obtained in inches with respect of a polar coordinate system located at the bit. This represents the arch length displaced with respect of the coordinate system. Therefore, given the radius of the rod and this arch, the deflection in degrees was calculated and is presented in Figure 36.

[bookmark: _Toc480894714]Figure 36. Torsional deflection response.

In order to compare these results appropriately, the damping coefficient (ξ), period of oscillation, and frequency were calculated and compared. The summary of the resulting values can be observed in Table 11. As it can be seen, for almost all cases with the exception of axial deflections, when one mode of vibration is induced, the aluminum has a higher damping coefficient than the steel, and the steel has a higher vibration frequency response than the aluminum. This can be explained from the damping ratio, which can be expressed as follows (Rao 2007),

Where C is the damping coefficient,  is the critical damping coefficient, K is the stiffness coefficient and M is the mass coefficient in the equation of motion presented earlier. 
As it can be seen from this formula, the damping ratio its inversely proportional to the stiffness and mass of the system. Therefore, it is expected that when applied one mode of vibration, the system with a lower stiffness and mass will present the lowest damping ratio. 
The behavior of the steel having a higher vibration response frequency can be explained using the natural frequency expression (Rao 2007),

Where,  is the frequency of the damped vibration and  is the natural frequency. From this expression, it can be seen that the frequency response its directly proportional to the difference between one and the squared of the damping ratio. This means that the higher the damping ratio is, the lower the frequency response will be when a single vibration mode is applied and vice versa. Therefore, given than the damping ratio of the aluminum is higher for most cases when a single mode of vibration is applied, then the frequency response will be lower than the steel’s response.
However, when all modes of vibration are present, for almost all cases, the steel will have a higher damping coefficient whereas the aluminum will have a higher frequency of vibration response. 
A special case is observed for the axial deflection case where, in the case of only one mode of vibration, the steel has a higher damping coefficient and both aluminum and steel present the same vibration response frequency. 


[bookmark: _Toc479750138]Table 11. Simulation results comparison.
[image: ]


A very interesting and significant behavior is observed when all modes of vibration are induced in the system. For most cases, with the singular exception of the lateral deflection, the behavior of the damping ratio and frequency response is flipped. Meaning, for all except for lateral deflections, the steel will perceive a higher damping ratio than the aluminum and the aluminum will perceive a higher frequency response. The only exception is the lateral deflection response where the aluminum has both a higher damping ratio and frequency response.
A possible explanation for this behavior is related to the coupling of all three modes of vibration. When only one mode of vibration is induced in the system, the system reacts in a predictable manner given the known equations for one mode of vibration which are related to the stiffness of the materials. However, when more than one mode of vibration is present, the displacements occurring are a reaction to more than one mode at the time. For example, axial vibration makes the string shorter and longer throughout its application. Torsional vibration also will shorten and elongate the string as it twists the pipe. How these two interact with each other causes the string to behave in a different way than predicted due to the previously presented equations. Further analytical analysis is required to fully describe the behavior of the system to explain this change in behavior. 
It is because of these observations that it is highly recommended when studying drill-string vibrations to include all modes of vibration. Otherwise, the behavior and response of the system may vary in unpredictable ways.
Finally, comparing the general reactions of the system when one mode of vibration is induced against all modes of vibration being applied, a clear difference is observed. When all the modes of vibration are applied to the system, the overall deflection for any of the cases observed, will be lower than for the case with only one mode of vibration being applied. 
This can be explained due to the distribution of mechanical energy in the system. As it was explained in the introduction, mechanical vibrations are characteristic of the mechanical energy distribution of the system when a disturbance is introduced. As it can be clearly seen from Figures 31-36, the amplitude of the vibrations is higher than when only one modes is induced. This is because the mechanical energy is distributed among the different responses occurring simultaneously due to disturbances occurring in the lateral, axial and torsional directions. 
This phenomenon corroborates what was observed in the previous presented study. A possible way to mitigate drill-string vibrations is to induce other modes of vibration in a control manner. This could mitigate the response of the vibration response to acceptable and controllable values.
Additionally, a very similar conclusion was presented out of an extensive study made by NOV where they researched the effects that inducing axial vibrations have on ROP and stick-slip. They found that inducing axial vibrations reduces significantly bit RPM variation (stick-slip) and increases significantly ROP (Clausen 2014). This extensive study supports the same idea made in this thesis that, by inducing controlled vibrations, the vibration response in the system will be lower.



[bookmark: _Toc481588097]3.2.8 Conclusion
After performing this study, several conclusions were reached:
· The stiffness of the four studied materials was calculated and compared.
· Due to the significant difference in magnitude of the radial, axial and torsional stiffness, the materials polyethylene and polyvinyl chloride had to be excluded from the modelling.
· Successful vibration simulation was made for structural steel and aluminum for two main configurations: inducing one mode of vibration and inducing all three modes. 
· It was compared and analyzed the vibration response for steel and aluminum for four different cases: maximum deflection response, lateral deflection response, axial deflection response and torsional deflection response. 
· It was observed that for most cases, when one mode of vibration is induced, the aluminum will have a higher damping ratio than the steel and the steel will have a higher frequency response than the aluminum. The only exception was the axial deflection response where the steel had a higher damping ratio and both the aluminum and steel had the same frequency response.
· It was observed that when all the modes of vibration were applied to the system, for most cases, the steel will have a higher damping ratio and the aluminum will have a higher frequency response. The only exception was seen for the lateral deflection response where aluminum had a higher damping ratio.
· It was determined comparing the two major cases studied that, when only one mode of vibration is induced, the vibration response will be higher than when all three modes are applied. This corroborates what was presented in the previous study (Marquez, Omojuwa and Teodoriu 2017), and leads to the possibility of mitigating downhole vibrations by inducing different controlled modes of vibration. 
[bookmark: _Toc481588098]3.2.9 Recommendations for future studies
It is highly recommended that this study is taken as a step toward the development of a method to mitigate downhole vibrations using other controlled modes of vibration. It is recommended to study the effect that inducing vibrations at different frequencies will have on the vibration response. Another extension to this study will be comparing the vibration response by having stabilizers placed in different positions in the drill-string and comparing with having no stabilizer. For calibration and validation purposes, it is highly recommended to compare results with experimental setup testing. Finally, the expansion of this study to different materials is recommended.



[bookmark: _Toc481588099]Chapter 4: Downscaling for New Experimental Setup
[bookmark: _Toc481588100]4.1 Methodology
Before presenting the mechanical design of the new setup, the downscaling steps taken of both geometrical and mechanical parameters will be discussed in this section.
[bookmark: _Toc481588101]4.1.1 Application of Law of Similitude
Law of similitude (or Similarity Theory) allows researchers to take information, seen in real life, and create a model in a laboratory downscaling geometrical cinematic and dynamic parameters. The considerable challenge of downscaling a drill-string, is the fact that they real drill-strings can be in length thousands of feet in length, and when linearly geometrically downscaled, the dimensions of the pipe needed to recreate the same factors such as stiffness and inertia, become nearly impossible. Moreover, if a pipe or rod is found with the proper downscaled geometrical parameters, the dynamic parameters might not be practical to recreate. That is why in some of the few downscaled available models, the process of using different string material becomes crucial. 
As the objective of the proposed setup is to represent both geometrically and dynamically what could be seen in the field, three critical parameters were considered for the scaling of the model.
1. Angular deflection
2. Critical buckling force
3. Torque and power required

To find these parameters for the model, the first step is to find the downscaling factor for the geometry. 
[bookmark: _Toc481588102]4.1.2 Downscaling Factor
The general first step to find the downscaling factor is, given a well geometry, the measured depth can be obtained, and by dividing by the laboratory resulting measured depth, the downscaling factor ‘n’ is obtained as follows,

Where,
Laboratory measure length (ft)
Measured depth (ft) 
For the vertical configuration, the expression will result as follows,

Where,
Laboratory vertical length (ft)
True Vertical Depth (ft)
The problem with this approach is that when a ‘n’ value is obtained and it is used to downscale the OD of a typical 5” drill-pipe, the resulting model outside diameter yields unpractical values that cannot be found by any manufacturer to the best of the author’s knowledge. Therefore, a fixed OD of the smallest rod of several materials that can be found is used together with the OD of the typical drill-pipe to find the value of ‘n’. The expression to find the downscaling factor is as follows,

Where,
Smallest available outside diameter that can be found for different materials (in)
Typical value of outside diameter for a drill-pipe (in)
Knowing now our downscaling factor and the laboratory space available for the model, an ‘upscaling’ of the setup is made to determine what will be the TVD that the setup will be able to represent. 
[bookmark: _Toc481588103]4.1.3 Shear modulus and maximum torque
Next, is to find the required torque for the model. As a major interest of this study is to create a setup that will generate torsional vibrations such as stick-slip, a proper downscaled torque is needed. To derive the expression used to calculate the downscaled torque, it was started from the torque formula expressed as follows,

Where, 
: Shear stress (psi)
: Polar moment of inertia of an area (in4)
R: Distance from the center to stressed surface in the given position (in)
Next, knowing that the polar moment of inertia is expressed as,

Where,
OD: Outer diameter of the cylinder or pipe (in)
ID: Inner diameter of the cylinder or pipe (in)

Then, solving for the shear rate and equating both the real and downscaled expressions, we get the following expression for the downscaled torque,

Where, 
: Torque needed in the model (lbf ft)
: Torque applied in the real case scenario (lbf ft)
: Shear modulus of the model’s material (psi)
: Shear modulus of the real case material (steel) (psi)

[bookmark: _Toc481588104]4.1.4 Weight on Bit
There are two critical forces that need to be downscaled for the model. First, is the weight-on-bit (WOB) force, and second are the lateral forces that induce whirling. 
To downscale the WOB, a fixed value of WOB was chosen of 5 tons. Then, using Newton’s 2nd law and assuming that both the real and downscaled model have the same acceleration, the following expression was used to find the require downscaled WOB,


Where,
Weight on bit (tons)
 Downscaling factor
Downscaled outside diameter (in)
Downscaled inside diameter (in)
 Outside diameter (in)
Inside diameter (in)
Density of the selected material 
Density of steel 

Then, to know the maximum WOB that can be applied to the model without creating buckling, the critical buckling force was calculated using the following equation,


Where,
 Young modulus (psi)
 Axial moment of inertia 
 Weight per unit length (lb/in)
Inclination
Radial clearance (in)

[bookmark: _Toc481588105]4.1.5 Lateral Forces
To recreate whirling and lateral vibrations, displacements instead of forces will be induced in the system. In the simulations in the previous sections, a sinusoidal displacement disturbance was applied at the bit at a certain frequency and a fixed maximum magnitude of deflection. Given that the experimental setup will include a high frequency movement generator (hexapod), this will stay consistent for the study and future comparison of the simulation model. The use and description of this device will be presented in a future section. 
[bookmark: _Toc481588106]4.1.6 Power Equivalent
To properly select the configuration of the motor for the model, the power equivalent to rotate the drill-string at a constant angular velocity of 250 rpm was calculated with the following expression,

Where,
Power (Watts)
 Torque (lbf ft)



[bookmark: _Toc481588107]Chapter 5: CAD Design of Experimental Setup
[bookmark: _Toc481588108]5.1 Experimental setup components
In order to create a physical model with such a high degree of complexity, a CAD model using the commercial software SolidWorks was used. The designing phase was conducted in four parts:
1. Laboratory Structure
2. Top Drive Assembly
3. Bottom Assembly
4. Drill-string
[bookmark: _Toc481588109]5.1.1 Laboratory Structure
The laboratory space provided by the University of Oklahoma to conduct this experiment was simplified and modelled in a CAD model to get a better representation of the dimensions and orientation that the different equipment will have once the setup is build. The bounding space of the laboratory was first measured and can be seen in Figure 37 with a 9.875 ft x 9.875 ft x 47.5 ft space. 

[image: ]
[bookmark: _Toc480894715]Figure 37. Laboratory space schematic.

Then, the structure was designed with beam columns, pattered steel floors and concrete walls. A latter and the relative positioning of the hole was also included in the design of the structure for visual scaling and reference. The final product can be seen in Figure 38.
[image: C:\Users\anton\AppData\Local\Microsoft\Windows\INetCache\Content.Word\Iso of Only Lab structure.jpg]
[bookmark: _Toc480894716]Figure 38. CAD model of laboratory space structure
[bookmark: _Toc481588110]5.1.2 Top Assembly
The top assembly of the experimental setup needed to recreate the same functions as a drilling rig. That is, it needed to have a top drive that generates the RPM and provides torque to the drill-string. It also requires a hoisting system that will control the weight-on-bit. The assembly of the setup’s top drive is shown in Figure 39.  The RPM generator is the motor of an 18 V hand drill that functions with DC current. Its voltage will be controlled via a digital power supply. Then, the WOB representing the hoisting capabilities of the system is made by the combination of a translocator and a stepper motor which will control the hoisting and lowering of the string at a wide but precise range of speeds. The top drive rests on top of a ‘XY controller’ which moves the string in any coordinate within a certain range in the perpendicular plane. Finally, as shown in Figure 39 as well, the setup includes three sensors that will show the main parameters controlled by the drilling engineer which are WOB, Torque and RPM. 
[image: C:\Users\anton\AppData\Local\Microsoft\Windows\INetCache\Content.Word\Top Drive.jpg]
[bookmark: _Toc480894717]Figure 39. Top assembly CAD model and breakdown.

[bookmark: _Toc481588111]5.1.3 Bottom Assembly
The bottom assembly needed to account for several factors that are present in the field. The final assembly for the vertical configuration of the setup can be seen in Figure 40. First, it had to recreate and control the desired ROP. For that, the main unit (hexapod, sensors and break) was mounted on a wide and solid aluminum plate that in turn is mounted on top of two rails as it can be seen in Figure 41. The movement of this plate is controlled by a similar devise presented in the latter section of the top drive, which is controlled by a stepper motor. Then, to recreate any type of vibration and bit rock interaction, two main components are used. The first is the electro-magnetic break (EM Break) which will be the responsible for generating the stick-slip condition. Second, it’s the hexapod or high-frequency movement generator. This devise can move with 6 degrees of freedom and has a strut resolution of 50 nano meters. It can move with up to 4g of acceleration and a 250 mm/s speed. We expect that this devise will be able to reproduce the most severe bit-rock interaction processes. Both of these devises are labelled in Figure 40. Finally, as a way to control the forces impacting the bit of the drill-string, a force sensor was installed between the movement platform of the hexapod and the electro-magnetic break.
[image: C:\Users\anton\AppData\Local\Microsoft\Windows\INetCache\Content.Word\Bottom Hole Assembly.jpg]
[bookmark: _Toc480894718]Figure 40. Bottom assembly CAD model and breakdown.

[bookmark: _Toc481588112]5.1.4 Drill-string
The drill-string recommended for this devise is a 1/8” OD aluminum rod. The reason for the size of the pipe is related to the fact that, when geometrical downscaling is performed, if it is desired to analyze the largest possible length of real drill-string on the field, then the smallest dimensions for the selected material needs to be used. This will allow to recreate around 1,900 ft of pipe which is larger than any other setup up to date. As a reference, it can be seen in Figure 41 that this setup will be the largest downscaled vibration model by far. The distances in this figure are in meters. This fact will allow to address the size limitation that is commonly observed in other experimental setups.

[bookmark: _Toc480894719]Figure 41. Size comparison of the available experimental setups in comparison with the presented one.

The recommended material for this rod is aluminum. The reason for this is due to the results of the simulated studies previously presented. Only two materials were able to be studied and compared, structural steel and aluminum. Aluminum is expected to allow a better representation of what is observed in the field due to having lower stiffness. Moreover, if an experiment with an aluminum rod is performed under the same or similar conditions as the simulation presented in section 3.2, then this model could prove to be valid and extended to predict a more accurate representation of reality. Other materials can be used as well and a comparison of the behavior of the stiffness can be obtained and compared with the simulation results.
What is important is that this setup is design to accommodate any type of string material as long as it has the same geometrical parameters.
[bookmark: _Toc481588113]5.2 Setup Model Assembly
After all of these different sub-assemblies were designed, two configurations of the final setup assembly were made. As mentioned earlier, the purpose of this setup is to be able to recreate different well geometries. For that purpose, two configurations were designed and are presented in this work, a vertical and a horizontal well configuration.
[bookmark: _Toc481588114]5.5.1 Vertical Configuration
The main configuration which will be at the center of the first phase of experimental studies is the vertical configuration. This is because it is needed first to compare to other experimental setups presented in a previous section as well as with Finite Element models made by the author of this work.  The vertical configuration assembly can be seen in Figure 42. 
[image: C:\Users\anton\AppData\Local\Microsoft\Windows\INetCache\Content.Word\Full Structure Assembly.jpg]
[bookmark: _Toc480894720]Figure 42. Vertical configuration of experimental setup.

[bookmark: _Toc481588115]5.2.2 Horizontal Configuration
To provide an example of the different geometries that could be achieved with this experimental setup, a horizontal well with a medium curvature ratio was designed and is presented in Figure 43. Although this configuration was not tested, the components and connections should not change considerably as the sub-assemblies would remain the same. Only the pipe and the annulus will change as well as the direction the EM break and pipe are connected.  For a better representation of the pipe and bottom assembly positioning Figure 44 is also presented.
[image: C:\Users\anton\AppData\Local\Microsoft\Windows\INetCache\Content.Word\Presentation full structure Horizontal.jpg]
[bookmark: _Toc480894721]Figure 43. Horizontal configuration of experimental setup.
[image: C:\Users\anton\AppData\Local\Microsoft\Windows\INetCache\Content.Word\Presentation full structure horizontal side.jpg]
[bookmark: _Toc480894722]Figure 44. Side view of horizontal configuration experimental setup.


[bookmark: _Toc481588116]Chapter 6: Experimental Setup
After the design, manufacturing and acquisition of the different required components, these were put together to create the new presented experimental setup for drill-string vibrations at the Sarkeys Energy Center at the University of Oklahoma. 
[bookmark: _Toc481588117]6.1 Bottom Hole Assembly
The final assembled setup of the bottom hole assembly of the new experimental setup can be seen in Figure 45. There are 7 main components in this setup which matches closely what was planned and designed. First, number 1 in this figure, the hexapod can be seen. The enclosed caged is for protection of the hexapod and it is recommended by the manufacturer to keep it on until the hexapod is in operation. 
The hexapod is mounted on top of an aluminum plate, marked with number 2. This plate provides a solid base for the hexapod, and a safe and secure connection with the rails guides (number 3) and rails (number 4). The axial movement of the hexapod is controlled by a stepper motor connected with a gear box to provide the necessary torque (number 5). This axial movement will be used in the horizontal configuration of the setup. The motors are connected to the ROP control (number 5). To provide stability and absorb any undesired vibration of the setup, a steel plate is the base for this entire bottom hole assembly setup (number 6). Finally, the electromagnetic motor discussed in the previous section is connected to the hexapod’s platform (number 7). This motor will be used to induce torsional vibrations. A more detailed view of the components, number 2-7 are shown in Figure 46.
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[bookmark: _Toc480894723]Figure 45. Bottom Hole Assembly finished setup.
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[bookmark: _Toc480894724]Figure 46. Detailed view of BHA finished setup.

[bookmark: _Toc481588118]6.2 Top Assembly
The final configuration for the top assembly of the new experimental setup can be seen in Figure 47. There are also 7 main components in the top assembly and are numbered 1-7 in this figure as well. Number 1 is the riser devise which will allow the entire structure be raised and secured at a vertical location. Then, to orient the string in the perpendicular plane, an XY displacer was used (number 2). This will allow the setup to be positioned in different positions. The motor in charge of applying the WOB and also any extra vertical movement that the string requires, similar to the bottom hole assembly, are shown with numbers 3 and 4. Then, a WOB sensor was placed in the connection between the vertical displacer and the motor (number 5). The main source of rotation and torque will be provided by the motor of a manual drill (number 6). This allows for different torque configurations just as a regular drill. Finally, to monitor the torque applied on the string a torque sensor was attached to the motor via a metal link (number 7).
[image: ]
[bookmark: _Toc480894725]Figure 47. Top assembly finished setup.

[bookmark: _Toc481588119]6.2 String and future components.
Although, most of the necessary components are ready and assembled in the way it was designed, there are some components that are highly recommended to be included. 
First, it is recommended that different materials of string are tested. As it was presented in the Finite Element models, it is highly beneficial to study the behavior of different materials in the setup. Particularly, steel, aluminum and PVC are recommended initially. However, based on the simulations presented, aluminum will be the most beneficial initially to combine with the FEA model. That way, the model can be calibrated and expanded to test different materials and well configurations. Later, other strings can be tested and compared with the simulation, providing an insightful behavior to analyze and study vibrations. 
The limitation that was presented during this study is the unavailability of rod or pipe strings with the designed dimensions of these different materials. 
An extension of this study can also include the placement of stabilizers as the finite element models do. 
Several components are missing at the moment of the presentation of this work that are highly recommended to be included in the testing stage. The most important component that is necessary is an RPM sensor both at the top and the bottom assembly. Without the careful monitoring of this parameter, any analysis on how the drilling parameters can affect and mitigate downhole vibrations will be incomplete. 
Another critical piece of equipment that it is highly recommended to be included in the testing stage is accelerometers. Accelerometers are used to measure vibrations and cen be attached in different sections of the string, including the bit, the top and sections at the middle. 
Finally, another critical equipment that at the moment of presenting this work could not be acquire is a force measuring device for the bottom assembly. This force measuring device will be connected to the EM break and will be the link between the top hexapod platform and the string. With this device, it will be possible to measure process in the three axes of movement, including the WOB. 

[bookmark: _Hlk480884320][bookmark: _Toc481588120]Chapter 7: Conclusions and future work
In this study, an extensive review of current research related to drill-string vibration was presented focused on three areas: analytical work, finite element models, and experimental setups. It was analyzed the limitations that current experimental setups have and how they can be addressed. 
Two detailed finite element studies are presented. Both tackled an unprecedented issue of coupling the three modes of vibration into a single model. The first, studied and compared the BHA dynamic reaction when one mode of vibration was applied versus the three modes of axial, lateral and torsional were induced in the system. The effects of changing the magnitudes of those vibration was also presented and discussed.  It was discussed the importance of stabilizer use in bottom hole assemblies in order to mitigate significantly vibration propagation. It was concluded as well that when only one mode of vibration is applied, the magnitude of the vibration response is considerably higher than when all modes are present. This inspired one of the objectives of the second presented study.
The second study expanded the scope of the first one and had the objective to compare four different materials (steel, aluminum, PE and PVC) when one mode was induced versus when all three modes where applied. A modal analysis was also studied and the stiffnesses of the different materials were calculated and compared. It was concluded from these studies that when all modes of vibration are present, the vibration response decreases due to the mechanical energy redistribution. It was also concluded that when one mode of vibration is applied, the behavior of the system can be predicted based on known equations, whereas when all the modes are induced the dynamic behavior of the system changes considerably to where it does not longer follow the same equations and predictable behavior. 
These results lead to the possibility of mitigating downhole vibrations by inducing other controlled vibrations. If one particular mode of vibration is being particularly detrimental to the drilling operation, inducing another controlled vibration might reduce the magnitude of the harmful vibration to manageable levels. Experimental work needs to be done in order to corroborate this model. 
An experimental setup was designed with downscaled parameters that will allow to corroborate or calibrate better these simulated models. This experimental setup will address most of the issues that others haven’t been able to address, specially the size limitation. With a designed length of 41 ft vertical and the possibility of having a horizontal section of up to 8 ft, this will be the first setup able to recreate up to 1900 ft of drill-string as well as comparing the behavior between vertical and vertical with horizontal sections. The setup was designed to accommodate any type of drill-string material but it is recommended the use of 1/8” OD aluminum pipe in order to observe comparable results with the simulation. 
The use of this setup as recommended will allow for the acquisition of important simulation calibration information such as the damping vs frequency table, which can be used as an input in the finite element model to acquire more accurate results. Once the model is calibrated and corroborated, it will be possible to simulate different materials and well geometries as well as study the effect of different stabilizer placement.
In the near future, once the proposed experimental setup is tested successfully, an innovative Hardware-In-Loop will be implemented in this setup. With the implementation of a HIL, a software can be programmed to recreate vibration situations that occur in the field, and the same software will be able to modify the operational parameters of WOB, RPM and TOB in a way that it will reduce the possibility of encountering harmful vibrations.
The overall conclusion of this work is to contribute to the already extensive research work to show the importance of studying the drill-string dynamics in order to mitigate vibrations to successfully drill the intended well in a safe, cost effective and environmental safe manner.
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Appendix A: Comparative Table of Experimental Research
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 Displacement (in)


Case 1	0.04	0.08	0.12	0.16	0.2	0.24	0.28000000000000003	0.32	0.36	0.4	0.44	0.48	0.52	0.56000000000000005	0.6	0.64	0.68	0.72	0.76	0.8	0.84	0.88	0.92	0.96	1	1.04	1.08	1.1200000000000001	1.1599999999999999	1.2	1.24	1.28	1.32	1.36	1.4	1.44	1.48	1.52	1.56	1.6	1.64	1.68	1.72	1.76	1.8	1.84	1.88	1.92	1.96	2	2.04	2.08	2.12	2.16	2.2000000000000002	2.2400000000000002	2.2799999999999998	2.3199999999999998	2.36	2.4	2.44	2.48	2.52	2.56	2.6	2.64	2.68	2.72	2.76	2.8	2.84	2.88	2.92	2.96	3	3.04	3.08	3.12	3.16	3.2	3.24	3.28	3.32	3.36	3.4	3.44	3.48	3.52	3.56	3.6	3.64	3.68	3.72	3.76	3.8	3.84	3.88	3.92	3.96	4	4.04	4.08	4.12	4.16	4.2	4.24	4.28	4.32	4.3600000000000003	4.4000000000000004	4.4400000000000004	4.4800000000000004	4.5199999999999996	4.5599999999999996	4.5999999999999996	4.6399999999999997	4.68	4.72	4.76	4.8	4.84	4.88	4.92	4.96	5	5.04	5.08	5.12	5.16	5.2	5.24	5.28	5.32	5.36	5.4	5.44	5.48	5.52	5.56	5.6	5.64	5.68	5.72	5.76	5.8	5.84	5.88	5.92	5.96	6	6.04	6.08	6.12	6.16	6.2	6.24	6.28	6.32	6.36	6.4	6.44	6.48	6.52	6.56	6.6	6.64	6.68	6.72	6.76	6.8	6.84	6.88	6.92	6.96	7	7.04	7.08	7.12	7.16	7.2	7.24	7.28	7.32	7.36	7.4	7.44	7.48	7.52	7.56	7.6	7.64	7.68	7.72	7.76	7.8	7.84	7.88	7.92	7.96	8	8.0399999999999991	8.08	8.1199999999999992	8.16	8.1999999999999993	8.24	8.2799999999999994	8.32	8.36	8.4	8.44	8.48	8.52	8.56	8.6	8.64	8.68	8.7200000000000006	8.76	8.8000000000000007	8.84	8.8800000000000008	8.92	8.9600000000000009	9	9.0399999999999991	9.08	9.1199999999999992	9.16	9.1999999999999993	9.24	9.2799999999999994	9.32	9.36	9.4	9.44	9.48	9.52	9.56	9.6	9.64	9.68	9.7200000000000006	9.76	9.8000000000000007	9.84	9.8800000000000008	9.92	9.9600000000000009	10	1.0515000000000001	0.92083999999999999	0.74670999999999998	0.73602000000000001	0.8861	0.39137	-1.1181000000000001	-1.2275	-1.5694999999999999	0.37063000000000001	0.87460000000000004	1.1861999999999999	1.6978	2.3978999999999999	2.7105000000000001	2.3788	1.3036000000000001	-1.1156999999999999	-1.9927999999999999	-3.0377000000000001	-3.3298999999999999	-2.6109	0.64263000000000003	1.1435	2.9159999999999999	4.0542999999999996	4.1570999999999998	3.2280000000000002	1.4765999999999999	-1.0102	-2.895	-4.2245999999999997	-4.3696999999999999	-3.1997	0.37026999999999999	1.5610999999999999	3.6644999999999999	4.8231000000000002	4.7281000000000004	3.4333999999999998	1.2864	-1.2755000000000001	-3.4325000000000001	-4.7176	-4.7087000000000003	-3.3519000000000001	-1.0155000000000001	1.6304000000000001	3.778	4.8628999999999998	4.6497999999999999	3.2660999999999998	1.1046	-1.3079000000000001	-3.3647	-4.5495000000000001	-4.5214999999999996	-3.2591999999999999	-1.1087	1.306	3.2892000000000001	4.3175999999999997	4.1826999999999996	3.0032999999999999	1.1355999999999999	-0.94799999999999995	-2.7523	-3.8531	-3.9729999999999999	-3.0706000000000002	-1.3859999999999999	0.61441000000000001	2.3599000000000001	3.4060999999999999	3.536	2.798	1.4403999999999999	-0.21357999999999999	-1.7297	-2.8237000000000001	-3.2361	-2.8664000000000001	-1.8059000000000001	-0.33817999999999998	1.1721999999999999	2.3153999999999999	2.8472	2.6909000000000001	1.9373	0.78908999999999996	-0.49847000000000002	-1.6567000000000001	-2.4420000000000002	-2.6732999999999998	-2.2810999999999999	-1.3440000000000001	-9.5028000000000001E-2	1.1943999999999999	2.1701000000000001	2.6303000000000001	2.4922	1.8093999999999999	0.74487000000000003	-0.57165999999999995	-1.6794	-2.4727999999999999	-2.7063000000000001	-2.2797000000000001	-1.2637	0.36908000000000002	1.5125	2.5308000000000002	2.9565000000000001	2.698	1.8255999999999999	0.55037999999999998	-0.99707999999999997	-2.2279	-2.9859	-3.0106999999999999	-2.2410000000000001	-0.85233000000000003	0.86653999999999998	2.3136000000000001	3.2120000000000002	3.3289	2.6556000000000002	1.3641000000000001	-0.5091	-1.8957999999999999	-3.0497999999999998	-3.4571000000000001	-2.9567999999999999	-1.6431	0.36871999999999999	1.929	3.1911999999999998	3.6438999999999999	3.2044000000000001	2.0074999999999998	0.36314999999999997	-1.4429000000000001	-2.8618000000000001	-3.5874999999999999	-3.3885000000000001	-2.2772999999999999	-0.54395000000000004	1.3647	2.8799000000000001	3.6398000000000001	3.4859	2.4984999999999999	0.93967999999999996	-0.85736999999999997	-2.4224999999999999	-3.4121000000000001	-3.5444	-2.7496	-1.2186999999999999	0.64658000000000004	2.3069999999999999	3.3487	3.5325000000000002	2.8610000000000002	1.5323	-0.22220000000000001	-1.7667999999999999	-2.9716	-3.4523000000000001	-3.0583	-1.8665	-0.19309999999999999	1.5319	2.8214000000000001	3.3772000000000002	3.1032000000000002	2.1088	0.65056999999999998	-0.95808000000000004	-2.3273999999999999	-3.1499000000000001	-3.2006000000000001	-2.4369999999999998	-1.0398000000000001	0.63461999999999996	2.1162999999999998	3.0457000000000001	3.2153	2.6246	1.4428000000000001	-0.22169	-1.5508	-2.6793	-3.1739999999999999	-2.8807999999999998	-1.8445	-0.32983000000000001	1.2945	2.5590999999999999	3.1768999999999998	3.0257000000000001	2.1751	0.84165000000000001	-0.72130000000000005	-2.0823999999999998	-2.9792999999999998	-3.1551999999999998	-2.5274000000000001	-1.2325999999999999	0.43672	1.9389000000000001	2.9681000000000002	3.2610000000000001	2.7784	1.6600999999999999	0.19556999999999999	-1.3989	-2.6233	-3.2307999999999999	-3.0293999999999999	-2.0335999999999999	-0.49487999999999999	1.2134	2.5802	3.2930999999999999	3.2	2.3561000000000001	0.97911000000000004	-0.67444000000000004	-2.12	-3.0954999999999999	-3.3119999999999998	-2.6734	-1.3197000000000001	0.43664999999999998	2.0211999999999999	3.1044999999999998	3.4072	2.8904000000000001	1.7063999999999999	0.16561000000000001	-1.492	-2.7549999999999999	-3.3591000000000002	-3.1141000000000001	-2.0484	-0.43662000000000001	1.3166	2.8083	3.7541000000000002	Case 2	0.02	0.04	0.06	0.08	0.1	0.12	0.14000000000000001	0.16	0.18	0.2	0.22	0.24	0.26	0.28000000000000003	0.3	0.32	0.34	0.36	0.38	0.4	0.42	0.44	0.46	0.48	0.5	0.52	0.54	0.56000000000000005	0.57999999999999996	0.6	0.62	0.64	0.66	0.68	0.7	0.72	0.74	0.76	0.78	0.8	0.82	0.84	0.86	0.88	0.9	0.92	0.94	0.96	0.98	1	1.02	1.04	1.06	1.08	1.1000000000000001	1.1200000000000001	1.1399999999999999	1.1599999999999999	1.18	1.2	1.22	1.24	1.26	1.28	1.3	1.32	1.34	1.36	1.38	1.4	1.42	1.44	1.46	1.48	1.5	1.52	1.54	1.56	1.58	1.6	1.62	1.64	1.66	1.68	1.7	1.72	1.74	1.76	1.78	1.8	1.82	1.84	1.86	1.88	1.9	1.92	1.94	1.96	1.98	2	2.02	2.04	2.06	2.08	2.1	2.12	2.14	2.16	2.1800000000000002	2.2000000000000002	2.2200000000000002	2.2400000000000002	2.2599999999999998	2.2799999999999998	2.2999999999999998	2.3199999999999998	2.34	2.36	2.38	2.4	2.42	2.44	2.46	2.48	2.5	2.52	2.54	2.56	2.58	2.6	2.62	2.64	2.66	2.68	2.7	2.72	2.74	2.76	2.78	2.8	2.82	2.84	2.86	2.88	2.9	2.92	2.94	2.96	2.98	3	3.02	3.04	3.06	3.08	3.1	3.12	3.14	3.16	3.18	3.2	3.22	3.24	3.26	3.28	3.3	3.32	3.34	3.36	3.38	3.4	3.42	3.44	3.46	3.48	3.5	3.52	3.54	3.56	3.58	3.6	3.62	3.64	3.66	3.68	3.7	3.72	3.74	3.76	3.78	3.8	3.82	3.84	3.86	3.88	3.9	3.92	3.94	3.96	3.98	4	4.0199999999999996	4.04	4.0599999999999996	4.08	4.0999999999999996	4.12	4.1399999999999997	4.16	4.18	4.2	4.22	4.24	4.26	4.28	4.3	4.32	4.34	4.3600000000000003	4.38	4.4000000000000004	4.42	4.4400000000000004	4.46	4.4800000000000004	4.5	4.5199999999999996	4.54	4.5599999999999996	4.58	4.5999999999999996	4.62	4.6399999999999997	4.66	4.68	4.7	4.72	4.74	4.76	4.78	4.8	4.82	4.84	4.8600000000000003	4.88	4.9000000000000004	4.92	4.9400000000000004	4.96	4.9800000000000004	5	5.0199999999999996	5.04	5.0599999999999996	5.08	5.0999999999999996	5.12	5.14	5.16	5.18	5.2	5.22	5.24	5.26	5.28	5.3	5.32	5.34	5.36	5.38	5.4	5.42	5.44	5.46	5.48	5.5	5.52	5.54	5.56	5.58	5.6	5.62	5.64	5.66	5.68	5.7	5.72	5.74	5.76	5.78	5.8	5.82	5.84	5.86	5.88	5.9	5.92	5.94	5.96	5.98	6	1.1621999999999999	1.2152000000000001	1.0617000000000001	0.91639000000000004	0.78478000000000003	0.66496999999999995	0.66603000000000001	0.98084000000000005	1.1637999999999999	0.93966000000000005	0.53971000000000002	0.13455	-1.1904999999999999	-1.1157999999999999	-1.2077	-1.5962000000000001	-1.8456999999999999	-1.8648	-1.7206999999999999	0.37063000000000001	0.64281999999999995	0.87468999999999997	1.0515000000000001	1.1623000000000001	1.2171000000000001	1.8107	2.3915000000000002	2.8746	3.1240999999999999	3.1063000000000001	2.8731	2.5089000000000001	2.0234999999999999	1.3560000000000001	0.54310000000000003	-1.1156999999999999	-1.5256000000000001	-2.3292999999999999	-3.0411000000000001	-3.5651000000000002	-3.8069999999999999	-3.7141000000000002	-3.3006000000000002	-2.6254	0.37042999999999998	0.64275000000000004	0.92101999999999995	1.7775000000000001	2.7778	3.6413000000000002	4.2831000000000001	4.6459999999999999	4.6912000000000003	4.4085999999999999	3.8224	2.9828999999999999	1.9570000000000001	-0.51058999999999999	-0.83596999999999999	-1.8322000000000001	-2.9180000000000001	-3.8553999999999999	-4.5471000000000004	-4.9195000000000002	-4.9227999999999996	-4.5392000000000001	-3.7871000000000001	-2.7218	-1.4360999999999999	0.37053000000000003	1.4648000000000001	2.7570999999999999	3.8574999999999999	4.6805000000000003	5.1702000000000004	5.2971000000000004	5.0590000000000002	4.4783999999999997	3.5990000000000002	2.4820000000000002	1.2060999999999999	-0.24643000000000001	-1.5094000000000001	-2.742	-3.7942	-4.5938999999999997	-5.0814000000000004	-5.2140000000000004	-4.9718999999999998	-4.3639000000000001	-3.4281999999999999	-2.2317	-0.86711000000000005	0.55567999999999995	1.9172	3.1101000000000001	4.0458999999999996	4.6628999999999996	4.9282000000000004	4.8379000000000003	4.4137000000000004	3.6991999999999998	2.7534000000000001	1.6466000000000001	0.48597000000000001	-0.79352	-1.9286000000000001	-2.9306999999999999	-3.7315	-4.2801	-4.5412999999999997	-4.4973999999999998	-4.1505999999999998	-3.5244	-2.6636000000000002	-1.6353	-0.57801000000000002	0.68723000000000001	1.7287999999999999	2.6198999999999999	3.2873000000000001	3.6884999999999999	3.8077999999999999	3.6541000000000001	3.2570999999999999	2.6625000000000001	1.929	1.1412	0.64412999999999998	0.37196000000000001	-1.5069999999999999	-2.1678000000000002	-2.6836000000000002	-3.0244	-3.1730999999999998	-3.1255000000000002	-2.8902000000000001	-2.4881000000000002	-1.9534	-1.3375999999999999	-0.78083999999999998	0.23771999999999999	0.83543999999999996	1.3854	1.8211999999999999	2.1143999999999998	2.2549000000000001	2.2475999999999998	2.1095000000000002	1.867	1.5524	1.206	0.88983000000000001	0.64422000000000001	0.37215999999999999	-0.65647	-0.97923000000000004	-1.2568999999999999	-1.4736	-1.6196999999999999	-1.6904999999999999	-1.6850000000000001	-1.6046	-1.4530000000000001	-1.2358	-0.96128999999999998	-0.64102000000000003	-0.29008	-8.8787000000000002E-5	0.43504999999999999	0.77210999999999996	1.0714999999999999	1.3207	1.5099	1.6315	1.6801999999999999	1.6532	1.5506	1.3762000000000001	1.1374	0.84589999999999999	0.52000999999999997	0.19616	-0.76373999999999997	-1.0028999999999999	-1.3149	-1.6338999999999999	-1.9036999999999999	-2.0880999999999998	-2.1595	-2.0988000000000002	-1.8969	-1.5571999999999999	-1.0972999999999999	0.36917	0.64158999999999999	0.93837999999999999	1.4798	2.0116000000000001	2.4470999999999998	2.7471999999999999	2.8879000000000001	2.8570000000000002	2.6536	2.2869999999999999	1.7766	1.153	0.46877000000000002	-0.76368000000000003	-1.2533000000000001	-1.9296	-2.5354000000000001	-2.9996	-3.2746	-3.3269000000000002	-3.1395	-2.7147000000000001	-2.0762999999999998	-1.2695000000000001	0.36903999999999998	0.73316000000000003	1.6154999999999999	2.4478	3.1255999999999999	3.5983000000000001	3.8347000000000002	3.8218999999999999	3.5634000000000001	3.0779999999999998	2.3973	1.5646	-0.22291	-0.52103999999999995	-1.3855999999999999	-2.2783000000000002	-3.0421	-3.6154999999999999	-3.9502000000000002	-4.0128000000000004	-3.7887	-3.2852999999999999	-2.5331999999999999	-1.5858000000000001	-0.51736000000000004	0.62089000000000005	1.6863999999999999	2.6349	3.3917000000000002	3.9056000000000002	4.1466000000000003	4.1060999999999996	3.7951999999999999	3.2416	2.4863	1.5798000000000001	0.58015000000000005	-0.45838000000000001	-1.4603999999999999	-2.3723000000000001	-3.1343999999999999	-3.6949999999999998	-4.0128000000000004	-4.0606999999999998	-3.8294999999999999	-3.3300999999999998	-2.5943999999999998	-1.6744000000000001	-0.63887000000000005	0.43728	1.4661	2.3748999999999998	3.0985999999999998	3.59	3.8228	3.7915000000000001	3.5097999999999998	3.0070999999999999	2.3248000000000002	1.5124	0.62863999999999998	-0.31702000000000002	-1.1919	-1.9938	-2.6678000000000002	-3.1724000000000001	-3.4750999999999999	-3.5552000000000001	-3.4054000000000002	-3.0337999999999998	-2.4647999999999999	-1.7382	-0.90961000000000003	-0.22756999999999999	0.85519999999999996	1.6341000000000001	2.2823000000000002	2.7570000000000001	3.0326	3.1004	2.9672999999999998	Case 3	0.04	0.08	0.12	0.16	0.2	0.24	0.28000000000000003	0.32	0.36	0.4	0.44	0.48	0.52	0.56000000000000005	0.6	0.64	0.68	0.72	0.76	0.8	0.84	0.88	0.92	0.96	1	1.04	1.08	1.1200000000000001	1.1599999999999999	1.2	1.24	1.28	1.32	1.36	1.4	1.44	1.48	1.52	1.56	1.6	1.64	1.68	1.72	1.76	1.8	1.84	1.88	1.92	1.96	2	2.04	2.08	2.12	2.16	2.2000000000000002	2.2400000000000002	2.2799999999999998	2.3199999999999998	2.36	2.4	2.44	2.48	2.52	2.56	2.6	2.64	2.68	2.72	2.76	2.8	2.84	2.88	2.92	2.96	3	3.04	3.08	3.12	3.16	3.2	3.24	3.28	3.32	3.36	3.4	3.44	3.48	3.52	3.56	3.6	3.64	3.68	3.72	3.76	3.8	3.84	3.88	3.92	3.96	4	4.04	4.08	4.12	4.16	4.2	4.24	4.28	4.32	4.3600000000000003	4.4000000000000004	4.4400000000000004	4.4800000000000004	4.5199999999999996	4.5599999999999996	4.5999999999999996	4.6399999999999997	4.68	4.72	4.76	4.8	4.84	4.88	4.92	4.96	5	5.04	5.08	5.12	5.16	5.2	5.24	5.28	5.32	5.36	5.4	5.44	5.48	5.52	5.56	5.6	5.64	5.68	5.72	5.76	5.8	5.84	5.88	5.92	5.96	6	6.04	6.08	6.12	6.16	6.2	6.24	6.28	6.32	6.36	6.4	6.44	6.48	6.52	6.56	6.6	6.64	6.68	6.72	6.76	6.8	6.84	6.88	6.92	6.96	7	7.04	7.08	7.12	7.16	7.2	7.24	7.28	7.32	7.36	7.4	7.44	7.48	7.52	7.56	7.6	7.64	7.68	7.72	7.76	7.8	7.84	7.88	7.92	7.96	8	8.0399999999999991	8.08	8.1199999999999992	8.16	8.1999999999999993	8.24	8.2799999999999994	8.32	8.36	8.4	8.44	8.48	8.52	8.56	8.6	8.64	8.68	8.7200000000000006	8.76	8.8000000000000007	8.84	8.8800000000000008	8.92	8.9600000000000009	9	9.0399999999999991	9.08	9.1199999999999992	9.16	9.1999999999999993	9.24	9.2799999999999994	9.32	9.36	9.4	9.44	9.48	9.52	9.56	9.6	9.64	9.68	9.7200000000000006	9.76	9.8000000000000007	9.84	9.8800000000000008	9.92	9.9600000000000009	10	1.0515000000000001	0.91691999999999996	0.73106000000000004	0.71413000000000004	0.88185999999999998	0.42021999999999998	-1.1183000000000001	-1.1613	-1.5698000000000001	0.37062	0.87458999999999998	1.163	1.3009999999999999	1.9708000000000001	2.5489999999999999	2.5455000000000001	1.7532000000000001	-1.1155999999999999	-1.5261	-2.7334999999999998	-3.4958999999999998	-3.4152999999999998	0.64261000000000001	1.0513999999999999	1.5526	3.2852000000000001	4.2945000000000002	4.2359999999999998	3.0655000000000001	1.0397000000000001	-1.6047	-3.6833	-4.9699	-4.9954000000000001	0.37017	0.87434999999999996	1.5919000000000001	3.9769000000000001	5.5183999999999997	5.6696	4.3362999999999996	1.8414999999999999	-1.4455	-4.1391999999999998	-5.9481000000000002	-6.2625000000000002	-4.95	0.64224999999999999	1.2064999999999999	4.1645000000000003	6.2534000000000001	6.7648000000000001	5.5296000000000003	2.8426	-0.98553000000000002	-4.0658000000000003	-6.4305000000000003	-7.1715	-6.0667	0.36976999999999999	0.87441999999999998	3.8559000000000001	6.4837999999999996	7.4762000000000004	6.5500999999999996	3.9283999999999999	0.35009000000000001	-3.5430999999999999	-6.4194000000000004	-7.6772999999999998	-6.9714999999999998	-4.4705000000000004	0.64210999999999996	3.1345999999999998	6.2404000000000002	7.7729999999999997	7.3217999999999996	4.9943	1.3967000000000001	-2.6434000000000002	-5.9534000000000002	-7.7633000000000001	-7.5952999999999999	-5.4882999999999997	0.36945	2.0848	5.5666000000000002	7.6494	7.7859999999999996	5.9410999999999996	2.5909	-1.474	-5.0884999999999998	-7.4329999999999998	-7.8887	-6.3422000000000001	-3.1941000000000002	0.84399000000000002	4.5263	7.1151999999999997	7.8975999999999997	6.6803999999999997	3.7810999999999999	-0.50966999999999996	-3.8929	-6.7032999999999996	-7.8131000000000004	-6.9485000000000001	-4.3388	0.36919999999999997	3.1995	6.2034000000000002	7.6342999999999996	7.1390000000000002	4.8547000000000002	1.3744000000000001	-2.4597000000000002	-5.6238999999999999	-7.3630000000000004	-7.2469999999999999	-5.3182	-2.0767000000000002	1.6869000000000001	4.9728000000000003	7.0010000000000003	7.2671999999999999	5.7186000000000003	2.758	-0.90193000000000001	-4.2606000000000002	-6.5530999999999997	-7.1978999999999997	-6.0476999999999999	-3.4047999999999998	0.36893999999999999	3.4975000000000001	6.024	7.0370999999999997	6.2975000000000003	4.0039999999999996	0.74888999999999994	-2.6959	-5.4212999999999996	-6.7861000000000002	-6.4626000000000001	-4.5452000000000004	-1.5253000000000001	1.8680000000000001	4.7522000000000002	6.4462000000000002	6.5377999999999998	5.0178000000000003	2.2757999999999998	-1.0316000000000001	-4.0266999999999999	-6.0214999999999996	-6.5212000000000003	-5.4139999999999997	-2.9853999999999998	0.36853999999999998	3.2545000000000002	5.5164999999999997	6.4105999999999996	5.7256999999999998	3.6413000000000002	0.68940999999999997	-2.4476	-4.9383999999999997	-6.2070999999999996	-5.9478999999999997	-4.2335000000000003	-1.4964999999999999	1.6186	4.2942999999999998	5.9123000000000001	6.0758000000000001	4.7518000000000002	2.2734999999999999	-0.79325999999999997	-3.5939999999999999	-5.5301999999999998	-6.1074999999999999	-5.1886999999999999	-3.0055000000000001	0.36796000000000001	2.8471000000000002	5.0654000000000003	6.0411000000000001	5.5368000000000004	3.6800999999999999	0.93845999999999996	-2.0661	-4.5251000000000001	-5.8781999999999996	-5.7914000000000003	-4.2877999999999998	-1.7419	1.2668999999999999	3.9165999999999999	5.6203000000000003	5.9478	4.8186999999999998	2.5125000000000002	-0.53652999999999995	-3.2498	-5.2718999999999996	-6.0045999999999999	-5.2656000000000001	-3.2370000000000001	0.36746000000000001	2.5347	4.8377999999999997	5.9603000000000002	5.6215000000000002	3.9033000000000002	1.2349000000000001	-1.7849999999999999	-4.3254000000000001	-5.8167	-5.8817000000000004	-4.5019	-2.0183	1.0227999999999999	3.7422	5.5754999999999999	6.0422000000000002	5.0232999999999999	2.7688999999999999	-0.50761000000000001	-3.0985	-5.2416999999999998	-6.1014999999999997	-5.4603999999999999	-3.4742000000000002	0.36701	2.4043999999999999	4.8201000000000001	6.0585000000000004	5.8061999999999996	4.1219999999999999	1.4269000000000001	-1.6746000000000001	-4.3182999999999998	-5.9150999999999998	-6.0563000000000002	-4.7032999999999996	-2.1909999999999998	1.0496000000000001	3.7881	5.9679000000000002	Case 5	0.02	0.04	0.06	0.08	0.1	0.12	0.14000000000000001	0.16	0.18	0.2	0.22	0.24	0.26	0.28000000000000003	0.3	0.32	0.34	0.36	0.38	0.4	0.42	0.44	0.46	0.48	0.5	0.52	0.54	0.56000000000000005	0.57999999999999996	0.6	0.62	0.64	0.66	0.68	0.7	0.72	0.74	0.76	0.78	0.8	0.82	0.84	0.86	0.88	0.9	0.92	0.94	0.96	0.98	1	1.02	1.04	1.06	1.08	1.1000000000000001	1.1200000000000001	1.1399999999999999	1.1599999999999999	1.18	1.2	1.22	1.24	1.26	1.28	1.3	1.32	1.34	1.36	1.38	1.4	1.42	1.44	1.46	1.48	1.5	1.52	1.54	1.56	1.58	1.6	1.62	1.64	1.66	1.68	1.7	1.72	1.74	1.76	1.78	1.8	1.82	1.84	1.86	1.88	1.9	1.92	1.94	1.96	1.98	2	2.02	2.04	2.06	2.08	2.1	2.12	2.14	2.16	2.1800000000000002	2.2000000000000002	2.2200000000000002	2.2400000000000002	2.2599999999999998	2.2799999999999998	2.2999999999999998	2.3199999999999998	2.34	2.36	2.38	2.4	2.42	2.44	2.46	2.48	2.5	2.52	2.54	2.56	2.58	2.6	2.62	2.64	2.66	2.68	2.7	2.72	2.74	2.76	2.78	2.8	2.82	2.84	2.86	2.88	2.9	2.92	2.94	2.96	2.98	3	3.02	3.04	3.06	3.08	3.1	3.12	3.14	3.16	3.18	3.2	3.22	3.24	3.26	3.28	3.3	3.32	3.34	3.36	3.38	3.4	3.42	3.44	3.46	3.48	3.5	3.52	3.54	3.56	3.58	3.6	3.62	3.64	3.66	3.68	3.7	3.72	3.74	3.76	3.78	3.8	3.82	3.84	3.86	3.88	3.9	3.92	3.94	3.96	3.98	4	4.0199999999999996	4.04	4.0599999999999996	4.08	4.0999999999999996	4.12	4.1399999999999997	4.16	4.18	4.2	4.22	4.24	4.26	4.28	4.3	4.32	4.34	4.3600000000000003	4.38	4.4000000000000004	4.42	4.4400000000000004	4.46	4.4800000000000004	4.5	4.5199999999999996	4.54	4.5599999999999996	4.58	4.5999999999999996	4.62	4.6399999999999997	4.66	4.68	4.7	4.72	4.74	4.76	4.78	4.8	4.82	4.84	4.8600000000000003	4.88	4.9000000000000004	4.92	4.9400000000000004	4.96	4.9800000000000004	5	5.0199999999999996	5.04	5.0599999999999996	5.08	5.0999999999999996	5.12	5.14	5.16	5.18	5.2	5.22	5.24	5.26	5.28	5.3	5.32	5.34	5.36	5.38	5.4	5.42	5.44	5.46	5.48	5.5	5.52	5.54	5.56	5.58	5.6	5.62	5.64	5.66	5.68	5.7	5.72	5.74	5.76	5.78	5.8	5.82	5.84	5.86	5.88	5.9	5.92	5.94	5.96	5.98	6	1.1256999999999999	1.1984999999999999	1.0465	0.90359	0.77398	0.65217999999999998	0.65283999999999998	0.96243999999999996	1.1444000000000001	0.92574000000000001	0.53293999999999997	0.1333	-1.1532	-1.1156999999999999	-1.1859999999999999	-1.5686	-1.8151999999999999	-1.835	-1.6930000000000001	-1.593	0.62261999999999995	0.87468000000000001	1.0185	1.1621999999999999	1.1973	1.7810999999999999	2.3513999999999999	2.8273000000000001	3.0735000000000001	3.0567000000000002	2.8271999999999999	2.4683999999999999	1.9911000000000001	1.3351999999999999	0.53586	-1.1156999999999999	-1.5008999999999999	-2.2913999999999999	-2.9914999999999998	-3.5074000000000001	-3.7458999999999998	-3.6549999999999998	-3.2484000000000002	-2.5838999999999999	-1.7263999999999999	0.64276	0.90822999999999998	1.7487999999999999	2.7328999999999999	3.5828000000000002	4.2142999999999997	4.5719000000000003	4.6166	4.3391000000000002	3.7625000000000002	2.9363999999999999	1.927	0.82423999999999997	-0.82277	-1.8024	-2.8708999999999998	-3.7936999999999999	-4.4744999999999999	-4.8414000000000001	-4.8449	-4.4678000000000004	-3.7280000000000002	-2.6798000000000002	-1.4146000000000001	0.37181999999999998	1.4408000000000001	2.7128000000000001	3.7957999999999998	4.6062000000000003	5.0884	5.2138	4.9795999999999996	4.4085999999999999	3.5432999999999999	2.4441999999999999	1.1884999999999999	-0.24123	-1.4843999999999999	-2.6978	-3.7336	-4.5210999999999997	-5.0011999999999999	-5.1321000000000003	-4.8940999999999999	-4.2961	-3.3753000000000002	-2.1978	-0.85475999999999996	0.54579999999999995	1.8858999999999999	3.0606	3.9817999999999998	4.5896999999999997	4.851	4.7625000000000002	4.3451000000000004	3.6423000000000001	2.7111999999999998	1.6221000000000001	0.47982999999999998	-0.78005999999999998	-1.8973	-2.8841999999999999	-3.6726000000000001	-4.2130999999999998	-4.4702999999999999	-4.4276	-4.0862999999999996	-3.4702000000000002	-2.6227999999999998	-1.6108	-0.56984999999999997	0.67578000000000005	1.7012	2.5787	3.2357999999999998	3.6313	3.7488000000000001	3.5977999999999999	3.2069000000000001	2.6219000000000001	1.8995	1.1235999999999999	0.62934000000000001	0.37190000000000001	-1.4831000000000001	-2.1341000000000001	-2.6419000000000001	-2.9777	-3.1240999999999999	-3.0775999999999999	-2.8456999999999999	-2.4502000000000002	-1.9234	-1.3169999999999999	-0.77024999999999999	-0.51205999999999996	0.82249000000000005	1.3642000000000001	1.7931999999999999	2.0821999999999998	2.2204000000000002	2.2132999999999998	2.0771999999999999	1.8383	1.5287999999999999	1.1871	0.87839	0.64412999999999998	0.36091000000000001	-0.64702999999999999	-0.96470999999999996	-1.2382	-1.4515	-1.595	-1.6649	-1.6588000000000001	-1.58	-1.4298999999999999	-1.2165999999999999	-0.94545000000000001	-0.63080999999999998	-0.28470000000000001	7.8259999999999996E-2	0.42934	0.76044	1.0550999999999999	1.3006	1.4859	1.6061000000000001	1.6533	1.6267	1.5257000000000001	1.3534999999999999	1.1186	0.83174999999999999	0.51097000000000004	-0.49346000000000001	-0.76380000000000003	-0.98892999999999998	-1.2944	-1.6083000000000001	-1.8733	-2.0545	-2.125	-2.0649000000000002	-1.8663000000000001	-1.532	-1.0793999999999999	-0.54520000000000002	0.64163000000000003	0.92283000000000004	1.456	1.9795	2.4081000000000001	2.7031000000000001	2.8418000000000001	2.8113000000000001	2.6113	2.2505000000000002	1.7482	1.1348	0.46150999999999998	-0.74126000000000003	-1.2330000000000001	-1.8988	-2.4950000000000001	-2.9516	-3.2225000000000001	-3.2738999999999998	-3.0897000000000001	-2.6718000000000002	-2.0434999999999999	-1.2497	-0.36546000000000001	0.72072999999999998	1.5893999999999999	2.4085000000000001	3.0758999999999999	3.5409999999999999	3.774	3.7612999999999999	3.5072000000000001	3.0295999999999998	2.3597999999999999	1.5405	0.62870999999999999	-0.51512000000000002	-1.3631	-2.2416999999999998	-2.9937	-3.5579999999999998	-3.8877999999999999	-3.9493999999999998	-3.7292000000000001	-3.2338	-2.4937999999999998	-1.5613999999999999	-0.50980000000000003	0.61067000000000005	1.6593	2.5928	3.3380000000000001	3.8437999999999999	4.0814000000000004	4.0415000000000001	3.7359	3.1911	2.4478	1.5557000000000001	0.57169999999999999	-0.45057999999999998	-1.4368000000000001	-2.3344	-3.0849000000000002	-3.6366000000000001	-3.9498000000000002	-3.9969999999999999	-3.7698	-3.2782	-2.5541999999999998	-1.6488	-0.62948999999999999	0.42976999999999999	1.4427000000000001	2.3372000000000002	3.0499000000000001	3.5335999999999999	3.7631999999999999	3.7323	3.4552999999999998	2.9603999999999999	2.2890999999999999	1.4892000000000001	0.61951000000000001	-0.31152999999999997	-1.173	-1.9621999999999999	-2.6259999999999999	-3.1225999999999998	-3.4209999999999998	-3.4996999999999998	-3.3525	-2.9866000000000001	-2.4268000000000001	-1.7113	-0.89590000000000003	-0.22438	0.84172999999999998	1.6085	2.2467999999999999	2.714	2.9855999999999998	3.0522	2.9214000000000002	Case 6	0.02	0.04	0.06	0.08	0.1	0.12	0.14000000000000001	0.16	0.18	0.2	0.22	0.24	0.26	0.28000000000000003	0.3	0.32	0.34	0.36	0.38	0.4	0.42	0.44	0.46	0.48	0.5	0.52	0.54	0.56000000000000005	0.57999999999999996	0.6	0.62	0.64	0.66	0.68	0.7	0.72	0.74	0.76	0.78	0.8	0.82	0.84	0.86	0.88	0.9	0.92	0.94	0.96	0.98	1	1.02	1.04	1.06	1.08	1.1000000000000001	1.1200000000000001	1.1399999999999999	1.1599999999999999	1.18	1.2	1.22	1.24	1.26	1.28	1.3	1.32	1.34	1.36	1.38	1.4	1.42	1.44	1.46	1.48	1.5	1.52	1.54	1.56	1.58	1.6	1.62	1.64	1.66	1.68	1.7	1.72	1.74	1.76	1.78	1.8	1.82	1.84	1.86	1.88	1.9	1.92	1.94	1.96	1.98	2	2.02	2.04	2.06	2.08	2.1	2.12	2.14	2.16	2.1800000000000002	2.2000000000000002	2.2200000000000002	2.2400000000000002	2.2599999999999998	2.2799999999999998	2.2999999999999998	2.3199999999999998	2.34	2.36	2.38	2.4	2.42	2.44	2.46	2.48	2.5	2.52	2.54	2.56	2.58	2.6	2.62	2.64	2.66	2.68	2.7	2.72	2.74	2.76	2.78	2.8	2.82	2.84	2.86	2.88	2.9	2.92	2.94	2.96	2.98	3	3.02	3.04	3.06	3.08	3.1	3.12	3.14	3.16	3.18	3.2	3.22	3.24	3.26	3.28	3.3	3.32	3.34	3.36	3.38	3.4	3.42	3.44	3.46	3.48	3.5	3.52	3.54	3.56	3.58	3.6	3.62	3.64	3.66	3.68	3.7	3.72	3.74	3.76	3.78	3.8	3.82	3.84	3.86	3.88	3.9	3.92	3.94	3.96	3.98	4	4.0199999999999996	4.04	4.0599999999999996	4.08	4.0999999999999996	4.12	4.1399999999999997	4.16	4.18	4.2	4.22	4.24	4.26	4.28	4.3	4.32	4.34	4.3600000000000003	4.38	4.4000000000000004	4.42	4.4400000000000004	4.46	4.4800000000000004	4.5	4.5199999999999996	4.54	4.5599999999999996	4.58	4.5999999999999996	4.62	4.6399999999999997	4.66	4.68	4.7	4.72	4.74	4.76	4.78	4.8	4.82	4.84	4.8600000000000003	4.88	4.9000000000000004	4.92	4.9400000000000004	4.96	4.9800000000000004	5	5.0199999999999996	5.04	5.0599999999999996	5.08	5.0999999999999996	5.12	5.14	5.16	5.18	5.2	5.22	5.24	5.26	5.28	5.3	5.32	5.34	5.36	5.38	5.4	5.42	5.44	5.46	5.48	5.5	5.52	5.54	5.56	5.58	5.6	5.62	5.64	5.66	5.68	5.7	5.72	5.74	5.76	5.78	5.8	5.82	5.84	5.86	5.88	5.9	5.92	5.94	5.96	5.98	6	1.1256999999999999	1.1982999999999999	1.046	0.90359	0.77503	0.64646000000000003	0.67925999999999997	0.97009000000000001	1.125	0.87955000000000005	0.47081000000000001	-1.1903999999999999	-1.1532	-1.1156999999999999	-1.2514000000000001	-1.643	-1.873	-1.8831	-1.7447999999999999	-1.6526000000000001	0.62261999999999995	0.87466999999999995	1.0185	1.1621999999999999	1.1637999999999999	1.7246999999999999	2.3077000000000001	2.7930000000000001	3.0411999999999999	3.0175999999999998	2.7742	2.3948999999999998	1.8880999999999999	1.1988000000000001	0.38455	-1.1156999999999999	-1.6707000000000001	-2.4609999999999999	-3.1408	-3.6269999999999998	-3.8325	-3.714	-3.2917999999999998	-2.6246999999999998	-1.7724	0.64275000000000004	0.88995999999999997	1.6879999999999999	2.673	3.5329999999999999	4.1776999999999997	4.5454999999999997	4.5918999999999999	4.3036000000000003	3.7029999999999998	2.8422999999999998	1.7932999999999999	0.66054000000000002	-0.92500000000000004	-2.0011000000000001	-3.0768	-3.9784999999999999	-4.62	-4.9381000000000004	-4.8929999999999998	-4.4755000000000003	-3.7094	-2.6518999999999999	-1.3927	0.37214999999999998	1.4359999999999999	2.6966999999999999	3.7772000000000001	4.5933999999999999	5.0860000000000003	5.2209000000000003	4.9893000000000001	4.4095000000000004	3.5226000000000002	2.3914	1.099	-0.32031999999999999	-1.6278999999999999	-2.85	-3.8740999999999999	-4.6307999999999998	-5.0654000000000003	-5.1440999999999999	-4.8563000000000001	-4.2195	-3.2765	-2.0952999999999999	-0.76502000000000003	0.61240000000000006	1.9259999999999999	3.0783999999999998	3.9868000000000001	4.5925000000000002	4.8601999999999999	4.7817999999999996	4.3726000000000003	3.6711	2.7323	1.6269	0.46561999999999998	-0.81169999999999998	-1.9409000000000001	-2.9264999999999999	-3.6991000000000001	-4.2104999999999997	-4.4295	-4.3464	-3.97	-3.331	-2.4775	-1.4792000000000001	-0.51837	0.75468999999999997	1.7436	2.5886	3.2233999999999998	3.6093000000000002	3.7292999999999998	3.5897999999999999	3.2143999999999999	2.6442999999999999	1.9315	1.1545000000000001	0.63038000000000005	0.37190000000000001	-1.4372	-2.0823999999999998	-2.5781999999999998	-2.8967000000000001	-3.0232999999999999	-2.9588000000000001	-2.7157	-2.3197999999999999	-1.8067	-1.2319	-0.76107999999999998	0.27087	0.82469999999999999	1.3334999999999999	1.7392000000000001	2.0171999999999999	2.1572	2.1629	2.0476999999999999	1.8328	1.5449999999999999	1.2145999999999999	0.89017999999999997	0.64412999999999998	0.36120999999999998	-0.55708999999999997	-0.87461	-1.1506000000000001	-1.3689	-1.5205	-1.6025	-1.6124000000000001	-1.5525	-1.4221999999999999	-1.228	-0.97443999999999997	-0.67566000000000004	-0.34727000000000002	-3.6448000000000001E-2	0.37813999999999998	0.70235999999999998	1.0024	1.26	1.4649000000000001	1.6088	1.6808000000000001	1.6763999999999999	1.5924	1.4294	1.1941999999999999	0.89653000000000005	0.55393000000000003	0.20402999999999999	-0.76378999999999997	-0.99987999999999999	-1.3405	-1.6827000000000001	-1.9658	-2.1549999999999998	-2.2258	-2.161	-1.9551000000000001	-1.613	-1.1523000000000001	-0.60777999999999999	0.64161000000000001	0.90710000000000002	1.4418	1.9842	2.4339	2.7473999999999998	2.8978000000000002	2.8687	2.6575000000000002	2.2730000000000001	1.7358	1.0804	0.36785000000000001	-0.75853999999999999	-1.3652	-2.0621999999999998	-2.6625999999999999	-3.1057000000000001	-3.3508	-3.3698999999999999	-3.1528999999999998	-2.7067000000000001	-2.0577999999999999	-1.2512000000000001	0.36908000000000002	0.72902	1.6032999999999999	2.4285999999999999	3.1038999999999999	3.5764999999999998	3.8132000000000001	3.7963	3.5274999999999999	3.0234999999999999	2.3174999999999999	1.4558	0.50299000000000005	-0.59536999999999995	-1.5358000000000001	-2.4238	-3.1635	-3.6977000000000002	-3.9847999999999999	-3.9982000000000002	-3.7317	-3.1987999999999999	-2.4346999999999999	-1.4926999999999999	-0.44440000000000002	0.66303000000000001	1.6998	2.6212	3.3584999999999998	3.8601999999999999	4.0956000000000001	4.0517000000000003	3.7366999999999999	3.1751999999999998	2.4081000000000001	1.4875	0.47488999999999998	-0.56694	-1.5657000000000001	-2.4594999999999998	-3.1899000000000002	-3.7069999999999999	-3.9758	-3.9754	-3.7048999999999999	-3.1812	-2.4407999999999999	-1.536	-0.53322000000000003	0.50168000000000001	1.4843999999999999	2.3511000000000002	3.0428000000000002	3.5144000000000002	3.7401	3.7105999999999999	3.4365999999999999	2.9426000000000001	2.2684000000000002	1.462	0.58557999999999999	-0.35193000000000002	-1.2152000000000001	-1.9964	-2.6423999999999999	-3.1124000000000001	-3.3788999999999998	-3.4253	-3.2511000000000001	-2.8683999999999998	-2.3058999999999998	-1.6029	-0.81532000000000004	-0.22308	0.85616000000000003	1.5880000000000001	2.2000000000000002	2.6526999999999998	2.9224000000000001	2.9977	2.8828999999999998	Time (sec)

Lateral  Displacement (in)


Case 1	4.0000000000000022E-2	8.0000000000000043E-2	0.12000000000000002	0.16	0.2	0.24000000000000016	0.28000000000000008	0.3200000000000004	0.36000000000000032	0.4	0.44	0.48000000000000032	0.52	0.56000000000000005	0.60000000000000064	0.64000000000000079	0.68	0.72000000000000064	0.76000000000000079	0.8	0.84000000000000064	0.88	0.92	0.96000000000000063	1	1.04	1.08	1.1200000000000001	1.1599999999999986	1.2	1.24	1.28	1.32	1.36	1.4	1.44	1.48	1.52	1.56	1.6	1.6400000000000001	1.6800000000000013	1.72	1.76	1.8	1.84	1.8800000000000001	1.9200000000000013	1.9600000000000013	2	2.04	2.08	2.12	2.16	2.2000000000000002	2.2400000000000002	2.2799999999999998	2.3199999999999972	2.36	2.4	2.44	2.48	2.52	2.56	2.6	2.64	2.68	2.72	2.7600000000000002	2.8	2.84	2.88	2.92	2.96	3	3.04	3.08	3.12	3.16	3.2	3.24	3.2800000000000002	3.32	3.36	3.4	3.44	3.48	3.52	3.56	3.6	3.64	3.68	3.72	3.7600000000000002	3.8	3.84	3.88	3.92	3.96	4	4.04	4.08	4.1199999999999966	4.1599999999999975	4.2	4.24	4.28	4.3199999999999985	4.3599999999999985	4.4000000000000004	4.4400000000000004	4.4800000000000004	4.5199999999999996	4.5599999999999996	4.5999999999999996	4.6399999999999997	4.68	4.72	4.76	4.8	4.84	4.88	4.92	4.96	5	5.04	5.08	5.1199999999999966	5.1599999999999975	5.2	5.24	5.28	5.3199999999999985	5.3599999999999985	5.4	5.44	5.48	5.52	5.56	5.6	5.64	5.68	5.72	5.76	5.8	5.84	5.88	5.92	5.96	6	6.04	6.08	6.1199999999999966	6.1599999999999975	6.2	6.24	6.28	6.3199999999999985	6.3599999999999985	6.4	6.44	6.48	6.52	6.56	6.6	6.64	6.68	6.72	6.76	6.8	6.84	6.88	6.92	6.96	7	7.04	7.08	7.1199999999999966	7.1599999999999975	7.2	7.24	7.28	7.3199999999999985	7.3599999999999985	7.4	7.44	7.48	7.52	7.56	7.6	7.64	7.68	7.72	7.76	7.8	7.84	7.88	7.92	7.96	8	8.0400000000000009	8.08	8.120000000000001	8.16	8.2000000000000011	8.24	8.2800000000000011	8.32	8.3600000000000048	8.4	8.44	8.48	8.52	8.56	8.6	8.64	8.68	8.7200000000000006	8.76	8.8000000000000007	8.84	8.8800000000000008	8.92	8.9600000000000026	9	9.0400000000000009	9.08	9.120000000000001	9.16	9.2000000000000011	9.24	9.2800000000000011	9.32	9.3600000000000048	9.4	9.44	9.48	9.52	9.56	9.6	9.64	9.68	9.7200000000000006	9.76	9.8000000000000007	9.84	9.8800000000000008	9.92	9.9600000000000026	10	3.0332000000000001E-2	6.0390000000000076E-2	6.5129999999999993E-2	6.2547000000000019E-2	4.5113000000000014E-2	1.4494999999999996E-2	-1.5559E-2	-4.2130000000000022E-2	-5.273500000000006E-2	-4.6709000000000001E-2	-2.8473000000000012E-2	7.7793000000000155E-4	3.0607000000000027E-2	5.9936000000000086E-2	8.2487000000000005E-2	8.9896000000000142E-2	7.899100000000002E-2	5.2221999999999998E-2	1.9886000000000025E-2	-7.6978000000000003E-3	-2.3021E-2	-2.4615000000000001E-2	-1.4383E-2	7.3471999999999999E-3	3.9349000000000002E-2	7.5625999999999999E-2	0.10589000000000008	0.12041	0.11444	9.091800000000004E-2	5.9380000000000085E-2	2.9897000000000024E-2	8.3264000000000185E-3	-3.2710000000000026E-3	-2.8808000000000002E-3	1.2102E-2	4.1411000000000003E-2	7.8549999999999995E-2	0.11214	0.13164000000000001	0.13213	0.1154	8.7659000000000042E-2	5.6198999999999999E-2	2.726400000000001E-2	5.9958000000000034E-3	-2.5993000000000032E-3	5.3732000000000094E-3	2.9357999999999999E-2	6.2851000000000004E-2	9.5903000000000002E-2	0.11937	0.12778	0.11985999999999988	9.7880000000000009E-2	6.6669000000000006E-2	3.2873000000000055E-2	4.3178999999999995E-3	-1.1703000000000015E-2	-1.0989000000000001E-2	5.8029000000000023E-3	3.3527999999999995E-2	6.4668000000000003E-2	9.1533000000000003E-2	0.10771000000000008	0.10900000000000008	9.4280000000000003E-2	6.6312000000000079E-2	3.1656000000000011E-2	-8.0010000000000064E-4	-2.2726E-2	-2.9255000000000024E-2	-2.0054000000000002E-2	1.6256000000000013E-3	3.0429999999999999E-2	5.9744000000000033E-2	8.2448999999999981E-2	9.2297000000000004E-2	8.5876000000000022E-2	6.4043000000000003E-2	3.2185999999999999E-2	-1.2799E-3	-2.7702000000000011E-2	-4.1068E-2	-3.9238000000000002E-2	-2.3460999999999989E-2	2.5352E-3	3.2960999999999997E-2	6.0564000000000014E-2	7.809400000000008E-2	8.0463000000000007E-2	6.6540999999999989E-2	3.9780999999999997E-2	7.3403000000000062E-3	-2.2218000000000002E-2	-4.1644999999999967E-2	-4.6898000000000002E-2	-3.7378000000000002E-2	-1.5354000000000001E-2	1.4454999999999996E-2	4.5278999999999986E-2	6.9476000000000024E-2	8.0528000000000127E-2	7.5183000000000014E-2	5.4689000000000002E-2	2.465500000000001E-2	-6.6903000000000023E-3	-3.1230000000000032E-2	-4.335200000000005E-2	-4.0826000000000022E-2	-2.4353E-2	2.8092E-3	3.4890000000000004E-2	6.4239000000000004E-2	8.3161000000000068E-2	8.6363000000000009E-2	7.2882000000000086E-2	4.6578999999999995E-2	1.491E-2	-1.3677E-2	-3.2402000000000042E-2	-3.7474000000000042E-2	-2.7943000000000037E-2	-5.4167000000000104E-3	2.5630000000000028E-2	5.7973000000000004E-2	8.3238000000000006E-2	9.4508000000000134E-2	8.870800000000012E-2	6.7671999999999996E-2	3.7447000000000043E-2	6.1727000000000014E-3	-1.8523000000000001E-2	-3.1287000000000016E-2	-2.9486999999999999E-2	-1.3162000000000012E-2	1.4583E-2	4.7424000000000022E-2	7.7008999999999994E-2	9.5445000000000002E-2	9.7771000000000025E-2	8.3536000000000221E-2	5.6786000000000024E-2	2.468600000000001E-2	-4.7132000000000094E-3	-2.4606000000000006E-2	-3.0679000000000033E-2	-2.1514999999999989E-2	1.1106000000000013E-3	3.211300000000001E-2	6.3866000000000034E-2	8.8152000000000119E-2	9.8532000000000133E-2	9.224700000000001E-2	7.0975999999999997E-2	4.0329999999999998E-2	8.1614000000000148E-3	-1.7652999999999999E-2	-3.1199999999999999E-2	-2.9609000000000028E-2	-1.3311999999999999E-2	1.4010999999999996E-2	4.5907000000000003E-2	7.443100000000008E-2	9.2181000000000013E-2	9.434300000000001E-2	8.0186000000000021E-2	5.3314000000000056E-2	2.0721E-2	-9.2827000000000048E-3	-2.9467000000000011E-2	-3.5438000000000011E-2	-2.6176999999999999E-2	-3.8869000000000026E-3	2.6360999999999999E-2	5.7355000000000024E-2	8.1270000000000009E-2	9.1717000000000007E-2	8.5695000000000146E-2	6.4590000000000078E-2	3.3935000000000014E-2	1.7550000000000014E-3	-2.3861E-2	-3.7028999999999999E-2	-3.5165000000000002E-2	-1.8932000000000001E-2	8.0662000000000008E-3	3.9678000000000012E-2	6.8187999999999999E-2	8.6179000000000033E-2	8.8674000000000183E-2	7.4801000000000034E-2	4.8164999999999999E-2	1.5882000000000021E-2	-1.3663000000000015E-2	-3.3335999999999998E-2	-3.8946000000000001E-2	-2.9567999999999997E-2	-7.2842000000000072E-3	2.3050000000000001E-2	5.4316000000000107E-2	7.8616000000000033E-2	8.9414000000000007E-2	8.3640000000000048E-2	6.2741000000000019E-2	3.2374000000000042E-2	6.1455000000000038E-4	-2.4551E-2	-3.7408000000000038E-2	-3.5427E-2	-1.9127000000000022E-2	8.0749000000000046E-3	4.0069E-2	6.9010000000000085E-2	8.7323000000000012E-2	8.9967000000000047E-2	7.6142000000000001E-2	4.9596000000000091E-2	1.7513000000000001E-2	-1.1789000000000013E-2	-3.1321000000000002E-2	-3.6937000000000039E-2	-2.7586000000000006E-2	-5.1804000000000034E-3	2.5452000000000002E-2	5.7059000000000012E-2	8.1574000000000105E-2	9.2405000000000001E-2	8.6546000000000026E-2	6.5569000000000002E-2	3.5189999999999999E-2	3.4424999999999998E-3	-2.1783000000000025E-2	-3.4795E-2	-3.2958000000000001E-2	-1.6669000000000003E-2	1.0662000000000001E-2	4.2805000000000003E-2	7.1794000000000024E-2	9.0025000000000133E-2	9.2522000000000063E-2	7.8564000000000023E-2	5.1920000000000001E-2	1.9722000000000024E-2	-9.7688000000000028E-3	-2.9541999999999999E-2	-3.5355999999999999E-2	-6.1221000000000001E-3	3.0638000000000012E-2	7.2276999999999994E-2	Case 2	2.0000000000000011E-2	4.0000000000000022E-2	6.0000000000000032E-2	8.0000000000000043E-2	0.1	0.12000000000000002	0.14000000000000001	0.16	0.18000000000000016	0.2	0.22	0.24000000000000016	0.26	0.28000000000000008	0.30000000000000032	0.3200000000000004	0.34	0.36000000000000032	0.38000000000000039	0.4	0.42000000000000032	0.44	0.46	0.48000000000000032	0.5	0.52	0.54	0.56000000000000005	0.58000000000000007	0.60000000000000064	0.62000000000000066	0.64000000000000079	0.66000000000000092	0.68	0.70000000000000062	0.72000000000000064	0.74000000000000066	0.76000000000000079	0.78	0.8	0.82000000000000062	0.84000000000000064	0.86000000000000065	0.88	0.9	0.92	0.94000000000000061	0.96000000000000063	0.98	1	1.02	1.04	1.06	1.08	1.1000000000000001	1.1200000000000001	1.1399999999999986	1.1599999999999986	1.1800000000000013	1.2	1.22	1.24	1.26	1.28	1.3	1.32	1.34	1.36	1.3800000000000001	1.4	1.42	1.44	1.46	1.48	1.5	1.52	1.54	1.56	1.58	1.6	1.62	1.6400000000000001	1.6600000000000001	1.6800000000000013	1.7	1.72	1.74	1.76	1.78	1.8	1.82	1.84	1.86	1.8800000000000001	1.9000000000000001	1.9200000000000013	1.9400000000000013	1.9600000000000013	1.9800000000000013	2	2.02	2.04	2.06	2.08	2.1	2.12	2.14	2.16	2.1800000000000002	2.2000000000000002	2.2200000000000002	2.2400000000000002	2.2599999999999998	2.2799999999999998	2.2999999999999998	2.3199999999999972	2.34	2.36	2.38	2.4	2.42	2.44	2.46	2.48	2.5	2.52	2.54	2.56	2.58	2.6	2.62	2.64	2.66	2.68	2.7	2.72	2.74	2.7600000000000002	2.7800000000000002	2.8	2.82	2.84	2.86	2.88	2.9	2.92	2.94	2.96	2.98	3	3.02	3.04	3.06	3.08	3.1	3.12	3.14	3.16	3.18	3.2	3.22	3.24	3.2600000000000002	3.2800000000000002	3.3	3.32	3.34	3.36	3.38	3.4	3.42	3.44	3.46	3.48	3.5	3.52	3.54	3.56	3.58	3.6	3.62	3.64	3.66	3.68	3.7	3.72	3.74	3.7600000000000002	3.7800000000000002	3.8	3.82	3.84	3.86	3.88	3.9	3.92	3.94	3.96	3.98	4	4.0199999999999996	4.04	4.0599999999999996	4.08	4.0999999999999996	4.1199999999999966	4.1399999999999997	4.1599999999999975	4.18	4.2	4.22	4.24	4.26	4.28	4.3	4.3199999999999985	4.34	4.3599999999999985	4.38	4.4000000000000004	4.42	4.4400000000000004	4.46	4.4800000000000004	4.5	4.5199999999999996	4.54	4.5599999999999996	4.58	4.5999999999999996	4.6199999999999966	4.6399999999999997	4.6599999999999975	4.68	4.7	4.72	4.74	4.76	4.78	4.8	4.8199999999999985	4.84	4.8599999999999985	4.88	4.9000000000000004	4.92	4.9400000000000004	4.96	4.9800000000000004	5	5.0199999999999996	5.04	5.0599999999999996	5.08	5.0999999999999996	5.1199999999999966	5.14	5.1599999999999975	5.18	5.2	5.22	5.24	5.26	5.28	5.3	5.3199999999999985	5.34	5.3599999999999985	5.38	5.4	5.42	5.44	5.46	5.48	5.5	5.52	5.54	5.56	5.58	5.6	5.6199999999999966	5.64	5.6599999999999975	5.68	5.7	5.72	5.74	5.76	5.78	5.8	5.8199999999999985	5.84	5.8599999999999985	5.88	5.9	5.92	5.94	5.96	5.98	6	1.5599E-2	3.8025999999999997E-2	5.0729000000000003E-2	5.6686E-2	6.6237000000000004E-2	7.0061000000000012E-2	6.4328000000000024E-2	6.1741999999999998E-2	5.9851000000000022E-2	4.7532000000000067E-2	2.9436000000000011E-2	1.5488000000000005E-2	4.6879000000000002E-4	-1.6767000000000021E-2	-3.0134999999999999E-2	-3.8972E-2	-4.5198000000000002E-2	-4.9143000000000013E-2	-4.8972000000000002E-2	-4.408000000000005E-2	-3.4758999999999998E-2	-2.4041000000000028E-2	-1.3391999999999999E-2	1.7495000000000016E-4	1.6479000000000001E-2	3.2837000000000047E-2	4.8946000000000003E-2	6.5646999999999997E-2	8.0604000000000106E-2	9.0241000000000002E-2	9.495500000000022E-2	9.6364000000000005E-2	9.3557000000000196E-2	8.4942000000000004E-2	7.1480000000000002E-2	5.5912000000000066E-2	3.9879000000000039E-2	2.4393000000000001E-2	1.0766000000000001E-2	1.0666000000000013E-4	-7.5475000000000004E-3	-1.2945999999999999E-2	-1.6147999999999999E-2	-1.6389000000000001E-2	-1.3369000000000001E-2	-7.5343000000000094E-3	1.2646000000000001E-3	1.3788999999999999E-2	2.9934000000000002E-2	4.8626999999999997E-2	6.8585999999999994E-2	8.8290000000000063E-2	0.10574000000000008	0.1191200000000001	0.12748000000000001	0.13061999999999999	0.12872	0.12223000000000012	0.11194	9.905000000000018E-2	8.4848000000000007E-2	7.0441000000000004E-2	5.6526E-2	4.3434000000000014E-2	3.138500000000001E-2	2.0645000000000028E-2	1.1674000000000007E-2	5.2475000000000004E-3	2.3495000000000026E-3	3.8505000000000032E-3	1.0142000000000003E-2	2.1094000000000002E-2	3.6060000000000002E-2	5.3885000000000002E-2	7.2971999999999995E-2	9.159400000000012E-2	0.10824000000000009	0.12180000000000002	0.13150000000000001	0.13704000000000016	0.13852	0.13628000000000001	0.13064999999999999	0.12193000000000002	0.11047	9.6773000000000012E-2	8.1334000000000004E-2	6.4761000000000096E-2	4.7855000000000002E-2	3.1708E-2	1.7541000000000001E-2	6.5614000000000063E-3	-1.8046000000000023E-4	-2.0002000000000002E-3	1.1954000000000021E-3	8.8741000000000028E-3	2.0117999999999997E-2	3.3812000000000002E-2	4.8825E-2	6.4096000000000097E-2	7.8773000000000024E-2	9.2166000000000026E-2	0.10367999999999998	0.11278000000000002	0.11896000000000002	0.12181	0.12095	0.11607000000000002	0.10712000000000013	9.434300000000001E-2	7.8368999999999994E-2	6.0204000000000001E-2	4.1138000000000001E-2	2.2630000000000032E-2	6.1072000000000062E-3	-7.2470000000000034E-3	-1.6618999999999998E-2	-2.165400000000001E-2	-2.2424000000000006E-2	-1.9355000000000001E-2	-1.3037999999999998E-2	-4.0890000000000076E-3	6.9505000000000053E-3	1.9571000000000022E-2	3.3246999999999999E-2	4.7336000000000086E-2	6.1041999999999985E-2	7.3438000000000003E-2	8.3541000000000046E-2	9.0443000000000009E-2	9.3417E-2	9.2007000000000005E-2	8.6098000000000022E-2	7.5967999999999994E-2	6.2273000000000002E-2	4.6011999999999997E-2	2.8388E-2	1.0675E-2	-5.9324000000000104E-3	-2.0444000000000011E-2	-3.212700000000001E-2	-4.0528999999999996E-2	-4.5420000000000002E-2	-4.6754000000000004E-2	-4.4592000000000076E-2	-3.9095999999999999E-2	-3.0516000000000001E-2	-1.9238999999999999E-2	-5.8324000000000023E-3	8.9309000000000003E-3	2.4097000000000011E-2	3.8608000000000003E-2	5.138600000000005E-2	6.1473E-2	6.8112000000000034E-2	7.0811000000000013E-2	6.9367000000000109E-2	6.3872999999999999E-2	5.4702000000000105E-2	4.2479000000000003E-2	2.8025999999999999E-2	1.2300999999999999E-2	-3.6835000000000058E-3	-1.8939999999999999E-2	-3.2549000000000002E-2	-4.3720000000000002E-2	-5.1819000000000004E-2	-5.6405999999999998E-2	-5.7243000000000002E-2	-5.4313000000000097E-2	-4.7798000000000077E-2	-3.8072000000000002E-2	-2.5682000000000024E-2	-1.1320999999999999E-2	4.1828999999999998E-3	1.9918999999999999E-2	3.4932999999999999E-2	4.8277E-2	5.9090000000000052E-2	6.6656999999999994E-2	7.044700000000001E-2	7.0167999999999994E-2	6.5795999999999993E-2	5.7603000000000022E-2	4.6154000000000001E-2	3.2274000000000039E-2	1.6990000000000022E-2	1.4173E-3	-1.3337999999999996E-2	-2.6282000000000028E-2	-3.6627000000000041E-2	-4.3822000000000014E-2	-4.7554000000000013E-2	-4.7716000000000106E-2	-4.4344000000000022E-2	-3.7582999999999998E-2	-2.7681000000000046E-2	-1.5015000000000001E-2	-1.4127000000000001E-4	1.6195999999999999E-2	3.3052999999999999E-2	4.9359000000000014E-2	6.3997000000000012E-2	7.5905E-2	8.4208000000000005E-2	8.8300000000000045E-2	8.7907000000000041E-2	8.3126000000000172E-2	7.4411000000000088E-2	6.2533000000000033E-2	4.8481999999999997E-2	3.3341999999999997E-2	1.8192E-2	3.9856000000000006E-3	-8.4967000000000185E-3	-1.8669999999999999E-2	-2.608800000000001E-2	-3.0409000000000012E-2	-3.1350000000000003E-2	-2.8683000000000024E-2	-2.2298999999999999E-2	-1.2293E-2	9.5318000000000041E-4	1.6736999999999998E-2	3.4050999999999998E-2	5.1691000000000001E-2	6.8366000000000079E-2	8.2869000000000026E-2	9.4184000000000045E-2	0.10158	0.10466000000000009	0.10337	9.7970000000000002E-2	8.8997000000000104E-2	7.7160999999999993E-2	6.3286999999999996E-2	4.8244999999999975E-2	3.2886000000000012E-2	1.8034000000000001E-2	4.4591000000000075E-3	-7.0918000000000075E-3	-1.5916E-2	-2.1382000000000002E-2	-2.2987000000000028E-2	-2.0442999999999999E-2	-1.3754000000000001E-2	-3.2756000000000026E-3	1.0314E-2	2.6052000000000002E-2	4.2820000000000004E-2	5.943500000000005E-2	7.4788000000000077E-2	8.7903000000000009E-2	9.8018000000000063E-2	0.10457000000000002	0.10724000000000009	0.10593000000000002	0.10074000000000002	9.1978000000000004E-2	8.0127000000000045E-2	6.5840999999999997E-2	4.9921E-2	3.3304E-2	1.7006E-2	2.0818000000000026E-3	-1.047E-2	-1.9796000000000001E-2	-2.526900000000001E-2	-2.6561000000000001E-2	-2.3661000000000001E-2	-1.6871000000000021E-2	-6.7401000000000093E-3	5.9933000000000104E-3	2.0484000000000002E-2	3.5820000000000005E-2	5.1088000000000001E-2	6.5387000000000084E-2	7.7871999999999997E-2	8.7774000000000005E-2	9.4435000000000047E-2	9.736800000000001E-2	9.6279000000000017E-2	9.1115000000000002E-2	8.208600000000002E-2	6.9687000000000013E-2	5.4661000000000022E-2	3.7976000000000044E-2	2.0740000000000001E-2	4.1270999999999955E-3	-1.0753E-2	-2.2950000000000002E-2	-3.1761999999999999E-2	-3.6768000000000002E-2	-3.7831000000000059E-2	-3.5060000000000001E-2	-2.8754999999999978E-2	-1.9361000000000024E-2	-7.4422000000000117E-3	6.3314000000000105E-3	2.1181999999999999E-2	Case 3	4.0000000000000022E-2	8.0000000000000043E-2	0.12000000000000002	0.16	0.2	0.24000000000000016	0.28000000000000008	0.3200000000000004	0.36000000000000032	0.4	0.44	0.48000000000000032	0.52	0.56000000000000005	0.60000000000000064	0.64000000000000079	0.68	0.72000000000000064	0.76000000000000079	0.8	0.84000000000000064	0.88	0.92	0.96000000000000063	1	1.04	1.08	1.1200000000000001	1.1599999999999986	1.2	1.24	1.28	1.32	1.36	1.4	1.44	1.48	1.52	1.56	1.6	1.6400000000000001	1.6800000000000013	1.72	1.76	1.8	1.84	1.8800000000000001	1.9200000000000013	1.9600000000000013	2	2.04	2.08	2.12	2.16	2.2000000000000002	2.2400000000000002	2.2799999999999998	2.3199999999999972	2.36	2.4	2.44	2.48	2.52	2.56	2.6	2.64	2.68	2.72	2.7600000000000002	2.8	2.84	2.88	2.92	2.96	3	3.04	3.08	3.12	3.16	3.2	3.24	3.2800000000000002	3.32	3.36	3.4	3.44	3.48	3.52	3.56	3.6	3.64	3.68	3.72	3.7600000000000002	3.8	3.84	3.88	3.92	3.96	4	4.04	4.08	4.1199999999999966	4.1599999999999975	4.2	4.24	4.28	4.3199999999999985	4.3599999999999985	4.4000000000000004	4.4400000000000004	4.4800000000000004	4.5199999999999996	4.5599999999999996	4.5999999999999996	4.6399999999999997	4.68	4.72	4.76	4.8	4.84	4.88	4.92	4.96	5	5.04	5.08	5.1199999999999966	5.1599999999999975	5.2	5.24	5.28	5.3199999999999985	5.3599999999999985	5.4	5.44	5.48	5.52	5.56	5.6	5.64	5.68	5.72	5.76	5.8	5.84	5.88	5.92	5.96	6	6.04	6.08	6.1199999999999966	6.1599999999999975	6.2	6.24	6.28	6.3199999999999985	6.3599999999999985	6.4	6.44	6.48	6.52	6.56	6.6	6.64	6.68	6.72	6.76	6.8	6.84	6.88	6.92	6.96	7	7.04	7.08	7.1199999999999966	7.1599999999999975	7.2	7.24	7.28	7.3199999999999985	7.3599999999999985	7.4	7.44	7.48	7.52	7.56	7.6	7.64	7.68	7.72	7.76	7.8	7.84	7.88	7.92	7.96	8	8.0400000000000009	8.08	8.120000000000001	8.16	8.2000000000000011	8.24	8.2800000000000011	8.32	8.3600000000000048	8.4	8.44	8.48	8.52	8.56	8.6	8.64	8.68	8.7200000000000006	8.76	8.8000000000000007	8.84	8.8800000000000008	8.92	8.9600000000000026	9	9.0400000000000009	9.08	9.120000000000001	9.16	9.2000000000000011	9.24	9.2800000000000011	9.32	9.3600000000000048	9.4	9.44	9.48	9.52	9.56	9.6	9.64	9.68	9.7200000000000006	9.76	9.8000000000000007	9.84	9.8800000000000008	9.92	9.9600000000000026	10	5.9811000000000066E-2	7.7840999999999994E-2	5.6031000000000004E-2	7.3443999999999995E-2	6.9245000000000001E-2	6.6328999999999999E-2	7.3771000000000003E-2	6.5425999999999998E-2	7.2029999999999997E-2	7.5905E-2	7.6256000000000004E-2	8.3260000000000028E-2	7.890800000000002E-2	7.9750000000000085E-2	8.4023000000000028E-2	8.8091000000000114E-2	9.4399000000000025E-2	9.4789000000000026E-2	9.502600000000018E-2	9.6681000000000003E-2	0.10006000000000002	0.1072700000000001	0.11214	0.11358	0.11351	0.11453000000000002	0.11982000000000002	0.12706999999999999	0.13274000000000016	0.1343	0.13322000000000001	0.13452	0.14011000000000001	0.14780000000000001	0.15352000000000016	0.15492000000000017	0.15394000000000027	0.15486000000000016	0.16019	0.16793000000000016	0.17354000000000017	0.17477999999999999	0.17363999999999999	0.17441000000000023	0.17948000000000017	0.18689000000000017	0.19223000000000001	0.19314000000000001	0.19170999999999999	0.19220999999999999	0.19688	0.20377000000000001	0.20871000000000023	0.20937	0.20768	0.20780000000000001	0.21197000000000016	0.21831000000000023	0.22277	0.22313	0.22116999999999998	0.22081999999999999	0.22431999999999999	0.22996000000000016	0.23390000000000016	0.23400000000000001	0.23185	0.23114000000000001	0.23399000000000017	0.23890000000000017	0.24229000000000023	0.24210000000000001	0.23973000000000017	0.23860999999999999	0.24076000000000017	0.24489000000000016	0.24772000000000016	0.24728000000000017	0.24479000000000023	0.24334000000000017	0.24487999999999999	0.24831000000000017	0.25067	0.25006	0.24742000000000017	0.24557000000000001	0.24644000000000027	0.24917	0.25108000000000008	0.25031000000000031	0.24760000000000001	0.24549000000000026	0.24582000000000001	0.24794000000000027	0.24944000000000033	0.24854000000000026	0.24577000000000004	0.24341000000000027	0.24318000000000001	0.24465999999999999	0.24573000000000023	0.24473000000000017	0.24201000000000017	0.23955000000000001	0.23897000000000004	0.23996000000000023	0.24067	0.23957000000000001	0.23688000000000001	0.23436000000000001	0.23346000000000017	0.23399000000000017	0.23436999999999999	0.23319999999999999	0.23061999999999999	0.22813	0.22705	0.22727	0.22742000000000001	0.22622	0.22375	0.2213	0.22005	0.21998000000000023	0.21991000000000027	0.21871000000000027	0.21639000000000017	0.21405000000000016	0.21276000000000023	0.21253000000000016	0.21235000000000001	0.21120000000000017	0.20902999999999999	0.20680000000000001	0.20546000000000017	0.20508000000000001	0.20479000000000017	0.20369000000000001	0.20169000000000001	0.19961999999999999	0.19835	0.19792999999999999	0.19763	0.19661999999999999	0.19481999999999999	0.19289999999999999	0.19166	0.19120000000000001	0.19087999999999997	0.18997000000000017	0.18834000000000023	0.18661000000000016	0.18547000000000016	0.18507000000000001	0.18482000000000001	0.18405000000000016	0.18262	0.18106000000000017	0.18001000000000017	0.17963000000000001	0.17942000000000016	0.17877000000000001	0.17751000000000017	0.17613000000000001	0.17521000000000023	0.17493000000000017	0.17483000000000001	0.17433999999999999	0.17329000000000017	0.17207	0.17126000000000016	0.17104000000000016	0.17102000000000001	0.17066000000000001	0.16977	0.16871000000000017	0.16802	0.16789000000000001	0.16800999999999999	0.16782	0.16713	0.16622000000000001	0.16563	0.16556999999999999	0.16577	0.16569999999999999	0.16514999999999999	0.16438	0.16388	0.16389999999999999	0.16420999999999999	0.16431999999999999	0.16395000000000001	0.16331000000000001	0.16289999999999999	0.16297	0.16334000000000001	0.16356000000000001	0.16331999999999999	0.16278000000000001	0.16242000000000001	0.16253999999999999	0.16300000000000001	0.16336000000000001	0.16328000000000001	0.16286999999999999	0.16256999999999999	0.16270999999999999	0.16320999999999999	0.16364999999999999	0.16366999999999998	0.16334000000000001	0.16306999999999999	0.16322	0.16375000000000001	0.16428999999999999	0.16445000000000001	0.16424000000000016	0.16402	0.16416	0.16470000000000001	0.16528000000000001	0.16552	0.16536999999999999	0.16514999999999999	0.16527	0.16578999999999999	0.16642999999999999	0.16678000000000001	0.16672999999999999	0.16656000000000001	0.16664999999999999	0.16714999999999999	0.16778999999999999	0.16819000000000001	0.16819000000000001	0.16800999999999999	0.16805	0.16849000000000017	0.16914000000000001	0.16961000000000001	0.16969999999999999	0.16957	0.16958999999999999	0.16997999999999999	0.17058999999999999	0.17108000000000001	0.17101000000000016	0.17041000000000023	0.23083000000000001	Case 5	2.0000000000000011E-2	4.0000000000000022E-2	6.0000000000000032E-2	8.0000000000000043E-2	0.1	0.12000000000000002	0.14000000000000001	0.16	0.18000000000000016	0.2	0.22	0.24000000000000016	0.26	0.28000000000000008	0.30000000000000032	0.3200000000000004	0.34	0.36000000000000032	0.38000000000000039	0.4	0.42000000000000032	0.44	0.46	0.48000000000000032	0.5	0.52	0.54	0.56000000000000005	0.58000000000000007	0.60000000000000064	0.62000000000000066	0.64000000000000079	0.66000000000000092	0.68	0.70000000000000062	0.72000000000000064	0.74000000000000066	0.76000000000000079	0.78	0.8	0.82000000000000062	0.84000000000000064	0.86000000000000065	0.88	0.9	0.92	0.94000000000000061	0.96000000000000063	0.98	1	1.02	1.04	1.06	1.08	1.1000000000000001	1.1200000000000001	1.1399999999999986	1.1599999999999986	1.1800000000000013	1.2	1.22	1.24	1.26	1.28	1.3	1.32	1.34	1.36	1.3800000000000001	1.4	1.42	1.44	1.46	1.48	1.5	1.52	1.54	1.56	1.58	1.6	1.62	1.6400000000000001	1.6600000000000001	1.6800000000000013	1.7	1.72	1.74	1.76	1.78	1.8	1.82	1.84	1.86	1.8800000000000001	1.9000000000000001	1.9200000000000013	1.9400000000000013	1.9600000000000013	1.9800000000000013	2	2.02	2.04	2.06	2.08	2.1	2.12	2.14	2.16	2.1800000000000002	2.2000000000000002	2.2200000000000002	2.2400000000000002	2.2599999999999998	2.2799999999999998	2.2999999999999998	2.3199999999999972	2.34	2.36	2.38	2.4	2.42	2.44	2.46	2.48	2.5	2.52	2.54	2.56	2.58	2.6	2.62	2.64	2.66	2.68	2.7	2.72	2.74	2.7600000000000002	2.7800000000000002	2.8	2.82	2.84	2.86	2.88	2.9	2.92	2.94	2.96	2.98	3	3.02	3.04	3.06	3.08	3.1	3.12	3.14	3.16	3.18	3.2	3.22	3.24	3.2600000000000002	3.2800000000000002	3.3	3.32	3.34	3.36	3.38	3.4	3.42	3.44	3.46	3.48	3.5	3.52	3.54	3.56	3.58	3.6	3.62	3.64	3.66	3.68	3.7	3.72	3.74	3.7600000000000002	3.7800000000000002	3.8	3.82	3.84	3.86	3.88	3.9	3.92	3.94	3.96	3.98	4	4.0199999999999996	4.04	4.0599999999999996	4.08	4.0999999999999996	4.1199999999999966	4.1399999999999997	4.1599999999999975	4.18	4.2	4.22	4.24	4.26	4.28	4.3	4.3199999999999985	4.34	4.3599999999999985	4.38	4.4000000000000004	4.42	4.4400000000000004	4.46	4.4800000000000004	4.5	4.5199999999999996	4.54	4.5599999999999996	4.58	4.5999999999999996	4.6199999999999966	4.6399999999999997	4.6599999999999975	4.68	4.7	4.72	4.74	4.76	4.78	4.8	4.8199999999999985	4.84	4.8599999999999985	4.88	4.9000000000000004	4.92	4.9400000000000004	4.96	4.9800000000000004	5	5.0199999999999996	5.04	5.0599999999999996	5.08	5.0999999999999996	5.1199999999999966	5.14	5.1599999999999975	5.18	5.2	5.22	5.24	5.26	5.28	5.3	5.3199999999999985	5.34	5.3599999999999985	5.38	5.4	5.42	5.44	5.46	5.48	5.5	5.52	5.54	5.56	5.58	5.6	5.6199999999999966	5.64	5.6599999999999975	5.68	5.7	5.72	5.74	5.76	5.78	5.8	5.8199999999999985	5.84	5.8599999999999985	5.88	5.9	5.92	5.94	5.96	5.98	6	1.5348000000000001E-2	3.7802000000000044E-2	5.0514000000000003E-2	5.6478E-2	6.6004999999999994E-2	6.9906000000000079E-2	6.4199999999999993E-2	6.1511000000000003E-2	5.950700000000006E-2	4.7209000000000001E-2	2.9218000000000001E-2	1.5318999999999998E-2	1.7316000000000003E-4	-1.6938999999999999E-2	-3.0336000000000002E-2	-3.9247000000000011E-2	-4.5563000000000013E-2	-4.9528000000000003E-2	-4.9366000000000118E-2	-4.4584000000000013E-2	-3.5319999999999997E-2	-2.461700000000001E-2	-1.3881000000000013E-2	-2.9789000000000031E-4	1.5952999999999998E-2	3.2298E-2	4.8353000000000014E-2	6.487900000000002E-2	7.9728000000000077E-2	8.9248000000000022E-2	9.3939000000000064E-2	9.5235000000000028E-2	9.2413999999999996E-2	8.3784000000000067E-2	7.0430999999999994E-2	5.4886000000000067E-2	3.8886000000000004E-2	2.3370999999999999E-2	9.7222000000000003E-3	-1.0935999999999999E-3	-8.7923000000000046E-3	-1.4352E-2	-1.7507999999999999E-2	-1.7860999999999998E-2	-1.4740000000000001E-2	-8.9768000000000105E-3	-3.8576000000000039E-5	1.2373E-2	2.8559000000000001E-2	4.7036000000000071E-2	6.6965999999999998E-2	8.637800000000001E-2	0.10383000000000002	0.11697	0.12543000000000001	0.12844000000000017	0.12670000000000001	0.1201200000000001	0.11003	9.7041000000000002E-2	8.2976000000000022E-2	6.8407000000000023E-2	5.4570000000000014E-2	4.1276E-2	2.9340000000000001E-2	1.8426999999999999E-2	9.6550000000000143E-3	3.1124999999999998E-3	4.4741000000000062E-4	1.8054000000000013E-3	8.2807000000000002E-3	1.9005000000000022E-2	3.4081000000000042E-2	5.1608999999999995E-2	7.0783000000000082E-2	8.9118000000000003E-2	0.10592000000000008	0.11924000000000008	0.12916999999999998	0.13453999999999999	0.13625999999999999	0.13386000000000001	0.12844000000000017	0.11952000000000008	0.10826000000000013	9.4365000000000046E-2	7.9140000000000002E-2	6.2409000000000013E-2	4.5768000000000024E-2	2.9503999999999999E-2	1.5626000000000001E-2	4.5262000000000063E-3	-1.9655000000000024E-3	-3.9655000000000011E-3	-5.8776000000000065E-4	6.8547000000000052E-3	1.8260999999999999E-2	3.1727999999999999E-2	4.6931E-2	6.2021000000000014E-2	7.6924999999999993E-2	9.0161000000000005E-2	0.10191	0.11083	0.11720999999999998	0.11987	0.11917999999999998	0.11412000000000008	0.10538	9.2461000000000015E-2	7.6749999999999999E-2	5.8508999999999999E-2	3.9727999999999999E-2	2.1159999999999998E-2	4.8827000000000002E-3	-8.5729000000000048E-3	-1.7767000000000005E-2	-2.2952E-2	-2.358E-2	-2.0664999999999999E-2	-1.4184E-2	-5.3434000000000034E-3	5.8904000000000014E-3	1.8439000000000001E-2	3.2300000000000002E-2	4.6304000000000012E-2	6.0153000000000012E-2	7.2428999999999993E-2	8.2647000000000026E-2	8.9418000000000011E-2	9.2513000000000012E-2	9.0994000000000158E-2	8.5252000000000022E-2	7.5059000000000001E-2	6.1554999999999999E-2	4.5265E-2	2.7824000000000002E-2	1.0076999999999996E-2	-6.4001000000000075E-3	-2.097400000000001E-2	-3.2568E-2	-4.1050999999999997E-2	-4.5861000000000013E-2	-4.7261000000000004E-2	-4.4994000000000034E-2	-3.9536000000000002E-2	-3.0842000000000012E-2	-1.958900000000002E-2	-6.0898000000000063E-3	8.6391000000000003E-3	2.3864E-2	3.8318999999999999E-2	5.1148999999999986E-2	6.1174999999999986E-2	6.7874000000000004E-2	7.0519999999999999E-2	6.9156000000000023E-2	6.3624E-2	5.4536000000000091E-2	4.2287000000000012E-2	2.7902000000000024E-2	1.2152E-2	-3.7774000000000032E-3	-1.9073000000000003E-2	-3.2645000000000049E-2	-4.3868000000000004E-2	-5.1927000000000001E-2	-5.6571999999999976E-2	-5.7363000000000088E-2	-5.4486000000000076E-2	-4.7916000000000077E-2	-3.8233000000000045E-2	-2.5788000000000002E-2	-1.1469999999999999E-2	4.0788000000000013E-3	1.9760000000000024E-2	3.4800999999999999E-2	4.8076000000000001E-2	5.8911999999999999E-2	6.6402000000000003E-2	7.0214000000000013E-2	6.9868000000000083E-2	6.5528000000000003E-2	5.7290000000000049E-2	4.5881999999999999E-2	3.1970999999999999E-2	1.6733999999999999E-2	1.1086000000000013E-3	-1.3606999999999999E-2	-2.6634000000000026E-2	-3.6950999999999998E-2	-4.4247999999999996E-2	-4.7947000000000004E-2	-4.8200999999999987E-2	-4.4772000000000076E-2	-3.8084E-2	-2.8108999999999988E-2	-1.5519E-2	-5.8348000000000004E-4	1.5644000000000005E-2	3.2540000000000006E-2	4.8705000000000012E-2	6.3363000000000086E-2	7.5126999999999999E-2	8.3465000000000067E-2	8.7443000000000007E-2	8.7115000000000012E-2	8.225900000000004E-2	7.3630000000000001E-2	6.1695E-2	4.7731000000000023E-2	3.2503000000000011E-2	1.7426000000000001E-2	3.0952000000000002E-3	-9.325500000000023E-3	-1.9637999999999999E-2	-2.6977000000000029E-2	-3.142000000000001E-2	-3.2248000000000006E-2	-2.9687000000000012E-2	-2.3181999999999998E-2	-1.3299E-2	4.6413000000000086E-5	1.5660000000000021E-2	3.3048000000000001E-2	5.0484000000000022E-2	6.7235000000000003E-2	8.1543000000000004E-2	9.2954000000000106E-2	0.10020000000000008	0.10341	0.10199999999999998	9.674300000000001E-2	8.7664000000000047E-2	7.5966000000000033E-2	6.1963000000000004E-2	4.7053000000000032E-2	3.1550000000000002E-2	1.6832000000000003E-2	3.1152000000000011E-3	-8.2835000000000027E-3	-1.7236000000000001E-2	-2.2537000000000026E-2	-2.4272999999999999E-2	-2.1569999999999999E-2	-1.5039E-2	-4.4254000000000003E-3	8.9736000000000225E-3	2.4836000000000011E-2	4.1403000000000002E-2	5.8152000000000002E-2	7.3316000000000103E-2	8.6585000000000023E-2	9.6536000000000066E-2	0.10324999999999998	0.10577000000000009	0.1046200000000001	9.9292000000000005E-2	9.0691000000000063E-2	7.8699000000000019E-2	6.4590000000000078E-2	4.8542000000000002E-2	3.2114000000000004E-2	1.5703000000000005E-2	9.7094000000000119E-4	-1.1696000000000003E-2	-2.0843000000000028E-2	-2.645200000000001E-2	-2.7585000000000012E-2	-2.4840000000000001E-2	-1.7902999999999999E-2	-7.9316000000000143E-3	4.9546000000000034E-3	1.9295000000000003E-2	3.4791000000000002E-2	4.9916000000000092E-2	6.4371999999999999E-2	7.6715000000000019E-2	8.6760000000000045E-2	9.3278000000000028E-2	9.6348000000000031E-2	9.5124000000000153E-2	9.0111000000000024E-2	8.0964000000000105E-2	6.8740999999999997E-2	5.3620999999999995E-2	3.7122000000000002E-2	1.9807000000000026E-2	3.3688000000000012E-3	-1.1601000000000016E-2	-2.3650999999999998E-2	-3.2577000000000043E-2	-3.745600000000001E-2	-3.8641000000000002E-2	-3.5742999999999997E-2	-2.9548999999999999E-2	-2.001700000000001E-2	-8.1917000000000014E-3	5.7196000000000104E-3	2.047800000000001E-2	Case 6	2.0000000000000011E-2	4.0000000000000022E-2	6.0000000000000032E-2	8.0000000000000043E-2	0.1	0.12000000000000002	0.14000000000000001	0.16	0.18000000000000016	0.2	0.22	0.24000000000000016	0.26	0.28000000000000008	0.30000000000000032	0.3200000000000004	0.34	0.36000000000000032	0.38000000000000039	0.4	0.42000000000000032	0.44	0.46	0.48000000000000032	0.5	0.52	0.54	0.56000000000000005	0.58000000000000007	0.60000000000000064	0.62000000000000066	0.64000000000000079	0.66000000000000092	0.68	0.70000000000000062	0.72000000000000064	0.74000000000000066	0.76000000000000079	0.78	0.8	0.82000000000000062	0.84000000000000064	0.86000000000000065	0.88	0.9	0.92	0.94000000000000061	0.96000000000000063	0.98	1	1.02	1.04	1.06	1.08	1.1000000000000001	1.1200000000000001	1.1399999999999986	1.1599999999999986	1.1800000000000013	1.2	1.22	1.24	1.26	1.28	1.3	1.32	1.34	1.36	1.3800000000000001	1.4	1.42	1.44	1.46	1.48	1.5	1.52	1.54	1.56	1.58	1.6	1.62	1.6400000000000001	1.6600000000000001	1.6800000000000013	1.7	1.72	1.74	1.76	1.78	1.8	1.82	1.84	1.86	1.8800000000000001	1.9000000000000001	1.9200000000000013	1.9400000000000013	1.9600000000000013	1.9800000000000013	2	2.02	2.04	2.06	2.08	2.1	2.12	2.14	2.16	2.1800000000000002	2.2000000000000002	2.2200000000000002	2.2400000000000002	2.2599999999999998	2.2799999999999998	2.2999999999999998	2.3199999999999972	2.34	2.36	2.38	2.4	2.42	2.44	2.46	2.48	2.5	2.52	2.54	2.56	2.58	2.6	2.62	2.64	2.66	2.68	2.7	2.72	2.74	2.7600000000000002	2.7800000000000002	2.8	2.82	2.84	2.86	2.88	2.9	2.92	2.94	2.96	2.98	3	3.02	3.04	3.06	3.08	3.1	3.12	3.14	3.16	3.18	3.2	3.22	3.24	3.2600000000000002	3.2800000000000002	3.3	3.32	3.34	3.36	3.38	3.4	3.42	3.44	3.46	3.48	3.5	3.52	3.54	3.56	3.58	3.6	3.62	3.64	3.66	3.68	3.7	3.72	3.74	3.7600000000000002	3.7800000000000002	3.8	3.82	3.84	3.86	3.88	3.9	3.92	3.94	3.96	3.98	4	4.0199999999999996	4.04	4.0599999999999996	4.08	4.0999999999999996	4.1199999999999966	4.1399999999999997	4.1599999999999975	4.18	4.2	4.22	4.24	4.26	4.28	4.3	4.3199999999999985	4.34	4.3599999999999985	4.38	4.4000000000000004	4.42	4.4400000000000004	4.46	4.4800000000000004	4.5	4.5199999999999996	4.54	4.5599999999999996	4.58	4.5999999999999996	4.6199999999999966	4.6399999999999997	4.6599999999999975	4.68	4.7	4.72	4.74	4.76	4.78	4.8	4.8199999999999985	4.84	4.8599999999999985	4.88	4.9000000000000004	4.92	4.9400000000000004	4.96	4.9800000000000004	5	5.0199999999999996	5.04	5.0599999999999996	5.08	5.0999999999999996	5.1199999999999966	5.14	5.1599999999999975	5.18	5.2	5.22	5.24	5.26	5.28	5.3	5.3199999999999985	5.34	5.3599999999999985	5.38	5.4	5.42	5.44	5.46	5.48	5.5	5.52	5.54	5.56	5.58	5.6	5.6199999999999966	5.64	5.6599999999999975	5.68	5.7	5.72	5.74	5.76	5.78	5.8	5.8199999999999985	5.84	5.8599999999999985	5.88	5.9	5.92	5.94	5.96	5.98	6	9.5947000000000046E-3	2.1699000000000027E-2	2.8258999999999989E-2	3.1344000000000004E-2	3.6298000000000011E-2	3.7560999999999997E-2	3.4062000000000002E-2	3.3924999999999997E-2	3.4676999999999999E-2	2.8405000000000024E-2	1.7940000000000001E-2	1.1133000000000001E-2	3.6913000000000037E-3	-5.2246000000000003E-3	-1.1778E-2	-1.4955E-2	-1.6589000000000003E-2	-1.8224000000000001E-2	-1.7835E-2	-1.4249E-2	-8.1355000000000108E-3	-2.6945000000000037E-3	1.6490000000000016E-3	8.0775000000000048E-3	1.6361000000000021E-2	2.4721999999999997E-2	3.3434000000000005E-2	4.3388000000000003E-2	5.2859000000000003E-2	5.8753000000000034E-2	6.1759000000000001E-2	6.3229999999999995E-2	6.2581000000000012E-2	5.8014000000000024E-2	5.0545E-2	4.2403000000000024E-2	3.4751999999999998E-2	2.7780000000000006E-2	2.2384999999999999E-2	1.8955000000000003E-2	1.7146000000000002E-2	1.5580999999999999E-2	1.4566000000000001E-2	1.4492999999999994E-2	1.5984000000000005E-2	1.8332999999999999E-2	2.2300000000000011E-2	2.8410000000000001E-2	3.7243000000000047E-2	4.7748000000000013E-2	5.9516000000000097E-2	7.1044999999999997E-2	8.1370000000000012E-2	8.8630000000000111E-2	9.2870000000000022E-2	9.3703000000000064E-2	9.2113E-2	8.8048000000000043E-2	8.2763000000000003E-2	7.6549000000000006E-2	7.0694999999999994E-2	6.4998000000000014E-2	5.9986000000000067E-2	5.4787000000000093E-2	4.9754000000000034E-2	4.4191000000000022E-2	3.9095999999999999E-2	3.4523999999999999E-2	3.2133000000000043E-2	3.2071000000000058E-2	3.544400000000001E-2	4.1467000000000004E-2	5.0385000000000013E-2	6.0555999999999999E-2	7.1524000000000004E-2	8.1287000000000012E-2	8.9687000000000044E-2	9.5403000000000002E-2	9.9102000000000023E-2	0.10020000000000008	9.9982000000000001E-2	9.8170000000000063E-2	9.5824000000000131E-2	9.2154000000000111E-2	8.7861000000000022E-2	8.1999000000000002E-2	7.5244000000000005E-2	6.6808000000000006E-2	5.7833000000000058E-2	4.8227999999999986E-2	3.9740000000000004E-2	3.2565999999999998E-2	2.8399000000000001E-2	2.7014000000000024E-2	2.9208000000000001E-2	3.3660000000000002E-2	4.0332000000000076E-2	4.7503000000000024E-2	5.5140000000000002E-2	6.1828000000000001E-2	6.8038000000000001E-2	7.2922000000000084E-2	7.7287000000000022E-2	8.0401E-2	8.2974000000000006E-2	8.4103000000000025E-2	8.4211000000000022E-2	8.2136000000000001E-2	7.8266000000000002E-2	7.1724999999999997E-2	6.3434000000000004E-2	5.3190000000000022E-2	4.2497000000000076E-2	3.1661000000000002E-2	2.2308000000000001E-2	1.4590000000000001E-2	9.6138000000000005E-3	6.9112000000000106E-3	6.8790000000000075E-3	8.4724000000000205E-3	1.1750000000000003E-2	1.5664999999999998E-2	2.0493000000000011E-2	2.5523999999999998E-2	3.1218000000000006E-2	3.6956999999999997E-2	4.3010000000000013E-2	4.8515999999999997E-2	5.3433000000000022E-2	5.6739999999999999E-2	5.8385000000000013E-2	5.7511000000000013E-2	5.4403000000000076E-2	4.8680999999999995E-2	4.1175999999999956E-2	3.2054000000000006E-2	2.2474000000000029E-2	1.2808E-2	4.0896000000000075E-3	-3.5204000000000043E-3	-9.3920000000000149E-3	-1.3702000000000016E-2	-1.6128000000000003E-2	-1.703E-2	-1.6185000000000001E-2	-1.3974000000000007E-2	-1.0185000000000001E-2	-5.2111000000000024E-3	1.0073E-3	7.9127000000000034E-3	1.5276E-2	2.2345000000000025E-2	2.874500000000001E-2	3.3734E-2	3.7092000000000042E-2	3.8315000000000002E-2	3.7512999999999998E-2	3.4508999999999998E-2	2.9732999999999999E-2	2.3325999999999993E-2	1.5935000000000001E-2	7.8811000000000107E-3	-1.3944000000000025E-4	-7.8018000000000063E-3	-1.4494E-2	-2.0008999999999999E-2	-2.3872000000000001E-2	-2.6076000000000012E-2	-2.6324E-2	-2.4831000000000027E-2	-2.1492000000000001E-2	-1.6694000000000001E-2	-1.0489999999999998E-2	-3.3843000000000037E-3	4.4362000000000117E-3	1.2361E-2	2.0121E-2	2.7046000000000025E-2	3.2874000000000042E-2	3.7003000000000043E-2	3.9314000000000002E-2	3.941200000000001E-2	3.745600000000001E-2	3.3397000000000003E-2	2.7744999999999999E-2	2.078700000000001E-2	1.3305000000000001E-2	5.7040000000000033E-3	-1.2256999999999986E-3	-7.2434000000000075E-3	-1.1768000000000013E-2	-1.4866000000000001E-2	-1.6187000000000003E-2	-1.6001000000000001E-2	-1.4062E-2	-1.0682000000000007E-2	-5.6336000000000094E-3	7.0481000000000092E-4	8.426400000000011E-3	1.690400000000002E-2	2.5976000000000006E-2	3.4713000000000001E-2	4.2811000000000023E-2	4.9272000000000003E-2	5.3947999999999996E-2	5.6126000000000002E-2	5.6057000000000003E-2	5.3519999999999998E-2	4.9215000000000023E-2	4.3283999999999996E-2	3.6667999999999999E-2	2.9555000000000001E-2	2.2806000000000028E-2	1.6379999999999999E-2	1.0940000000000014E-2	6.2323000000000075E-3	2.8598E-3	5.7221000000000019E-4	5.2067000000000117E-5	1.0973999999999999E-3	4.3544999999999999E-3	9.4084000000000112E-3	1.6572000000000003E-2	2.4957E-2	3.4458999999999997E-2	4.3807000000000013E-2	5.2766000000000098E-2	6.0091000000000033E-2	6.5820000000000004E-2	6.9094000000000086E-2	7.0400000000000004E-2	6.9319000000000089E-2	6.6663E-2	6.2230000000000014E-2	5.6928999999999987E-2	5.0525E-2	4.3861999999999998E-2	3.6617000000000038E-2	2.9641000000000028E-2	2.2664000000000011E-2	1.6690000000000003E-2	1.1601999999999999E-2	8.4862000000000028E-3	7.1748000000000003E-3	8.5188E-3	1.1939000000000003E-2	1.7791999999999999E-2	2.4976999999999999E-2	3.3472000000000002E-2	4.1930000000000002E-2	5.0326000000000051E-2	5.7459000000000003E-2	6.3578999999999997E-2	6.7797000000000107E-2	7.0638999999999993E-2	7.1443999999999994E-2	7.0859000000000019E-2	6.829700000000001E-2	6.4455999999999999E-2	5.8801000000000013E-2	5.2139999999999999E-2	4.4110000000000024E-2	3.574900000000001E-2	2.6955000000000024E-2	1.8977000000000001E-2	1.1846000000000016E-2	6.7489000000000065E-3	3.5100999999999999E-3	2.9293000000000032E-3	4.3677999999999998E-3	8.1604000000000156E-3	1.3284000000000013E-2	1.9844000000000025E-2	2.6730000000000011E-2	3.4086000000000005E-2	4.0919000000000004E-2	4.748700000000005E-2	5.2909999999999999E-2	5.7486000000000065E-2	6.0378000000000022E-2	6.1896000000000076E-2	6.1270999999999985E-2	5.8946999999999999E-2	5.4359000000000032E-2	4.8228999999999987E-2	4.0329999999999998E-2	3.1702000000000001E-2	2.2420000000000002E-2	1.3675000000000001E-2	5.6021000000000013E-3	-7.5932000000000104E-4	-5.5135000000000002E-3	-7.9821000000000024E-3	-8.6304000000000068E-3	-7.1131000000000024E-3	-4.1347000000000024E-3	4.9832000000000121E-4	6.0200000000000002E-3	1.2577E-2	1.9390000000000022E-2	Time (sec)

Axial  Displacement (in)


Aluminum	1	2	3	4	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	21	22	23	24	25	26	27	28	29	30	31	32	33	34	35	36	37	38	39	40	41	42	43	44	45	46	47	48	49	50	51	52	53	54	55	56	57	58	59	60	61	62	63	64	65	66	67	68	69	70	71	72	73	74	75	76	77	78	79	80	81	82	83	84	85	86	87	88	89	90	91	92	93	94	95	96	97	98	99	100	101	102	103	104	105	106	107	108	109	110	111	112	113	114	115	116	117	118	119	120	121	122	123	124	125	126	127	128	129	130	131	132	133	134	135	136	137	138	139	140	0.12691	0.12745999999999999	0.20635000000000001	0.2069	0.56925000000000003	0.56935999999999998	0.79666000000000003	0.79678000000000004	1.1158999999999999	1.1161000000000001	1.8446	1.8449	2.2313999999999998	2.2319	2.7555000000000001	2.7559999999999998	3.8485999999999998	3.8492999999999999	4.3743999999999996	4.3752000000000004	5.1238000000000001	5.1247999999999996	6.5811999999999999	6.5824999999999996	7.2337999999999996	7.2351999999999999	8.2208000000000006	8.2224000000000004	10.042999999999999	10.045	10.81	10.811999999999999	12.045999999999999	12.048999999999999	14.233000000000001	14.234999999999999	15.103	15.106	16.600999999999999	16.603999999999999	19.151	19.155000000000001	20.114000000000001	20.117999999999999	21.884	21.888000000000002	24.797999999999998	24.803000000000001	25.843	25.847999999999999	27.895	27.9	31.173999999999999	31.18	32.290999999999997	32.296999999999997	34.634999999999998	34.642000000000003	38.277999999999999	38.284999999999997	39.457999999999998	39.466000000000001	42.103000000000002	42.110999999999997	46.110999999999997	46.12	47.344000000000001	47.353999999999999	50.3	50.31	54.670999999999999	54.682000000000002	55.95	55.960999999999999	59.225000000000001	59.235999999999997	60.789000000000001	63.960999999999999	63.972999999999999	65.275999999999996	65.289000000000001	68.878	68.891999999999996	73.977999999999994	73.992000000000004	75.322999999999993	75.337000000000003	79.260000000000005	79.275000000000006	84.722999999999999	84.74	86.088999999999999	86.105999999999995	90.369	90.387	96.197000000000003	96.215999999999994	97.575999999999993	97.594999999999999	100.78	102.21	102.23	108.4	108.42	109.78	109.81	114.77	114.79	121.33	121.35	122.71	122.74	128.07	128.09	134.97999999999999	135.01	136.36000000000001	136.38999999999999	142.09	142.11000000000001	149.37	149.4	150.72999999999999	150.76	156.83000000000001	156.86000000000001	164.48	164.51	165.82	165.86	172.31	172.34	180.32	180.36	181.64	181.67	184.05	188.51	188.55	196.89	Steel	1	2	3	4	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	21	22	23	24	25	26	27	28	29	30	31	32	33	34	35	36	37	38	39	40	41	42	43	44	45	46	47	48	49	50	51	52	53	54	55	56	57	58	59	60	61	62	63	64	65	66	67	68	69	70	71	72	73	74	75	76	77	78	79	80	81	82	83	84	85	86	87	88	89	90	91	92	93	94	95	96	97	98	99	100	101	102	103	104	105	106	107	108	109	110	111	112	113	114	115	116	117	118	119	120	121	122	123	124	125	126	127	128	129	130	131	132	133	134	135	136	137	138	139	140	0.12659999999999999	0.12679000000000001	0.20593	0.20598	0.56747000000000003	0.56755999999999995	0.79415999999999998	0.7944	1.1125	1.1127	1.839	1.8392999999999999	2.2246999999999999	2.2250999999999999	2.7471999999999999	2.7475999999999998	3.8371	3.8374000000000001	4.3613	4.3617999999999997	5.1083999999999996	5.1090999999999998	6.5613000000000001	6.5625	7.2119	7.2133000000000003	8.1959	8.1974999999999998	10.012	10.013999999999999	10.776999999999999	10.779	12.01	12.012	14.189	14.192	15.057	15.06	16.55	16.553999999999998	19.093	19.097000000000001	20.053000000000001	20.056999999999999	21.817	21.821000000000002	24.722999999999999	24.728000000000002	25.765000000000001	25.77	27.81	27.815999999999999	31.079000000000001	31.085000000000001	32.192999999999998	32.198999999999998	34.53	34.536999999999999	38.161999999999999	38.168999999999997	39.338000000000001	39.345999999999997	41.975999999999999	41.984000000000002	45.970999999999997	45.98	47.201000000000001	47.21	50.148000000000003	50.156999999999996	54.506	54.515999999999998	55.780999999999999	55.792000000000002	59.045999999999999	59.057000000000002	61.301000000000002	63.767000000000003	63.779000000000003	65.078999999999994	65.090999999999994	68.67	68.683000000000007	73.754000000000005	73.768000000000001	75.093999999999994	75.108999999999995	79.02	79.034999999999997	84.466999999999999	84.483000000000004	85.828000000000003	85.844999999999999	90.094999999999999	90.113	95.905000000000001	95.924000000000007	97.281000000000006	97.3	100.48	101.9	101.92	108.07	108.09	109.45	109.47	114.42	114.45	120.96	120.98	122.34	122.36	127.68	127.7	134.58000000000001	134.6	135.94999999999999	135.97999999999999	141.66	141.68	148.91999999999999	148.94999999999999	150.28	150.31	156.36000000000001	156.38999999999999	163.98	164.01	165.32	165.35	171.79	171.82	179.78	179.81	181.09	181.12	185.6	187.94	187.98	196.29	Polyethylene	1	2	3	4	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	21	22	23	24	25	26	27	28	29	30	31	32	33	34	35	36	37	38	39	40	41	42	43	44	45	46	47	48	49	50	51	52	53	54	55	56	57	58	59	60	61	62	63	64	65	66	67	68	69	70	71	72	73	74	75	76	77	78	79	80	81	82	83	84	85	86	87	88	89	90	91	92	93	94	95	96	97	98	99	100	101	102	103	104	105	106	107	108	109	110	111	112	113	114	115	116	117	118	119	120	121	122	123	124	125	126	127	128	129	130	131	132	133	134	135	136	137	138	139	140	2.6873999999999999E-2	2.7050999999999999E-2	4.3837000000000001E-2	4.3929000000000003E-2	0.12096999999999999	0.121	0.16930999999999999	0.16936999999999999	0.23719000000000001	0.23723	0.39207999999999998	0.39216000000000001	0.47431000000000001	0.47441	0.5857	0.58582000000000001	0.81805000000000005	0.81820999999999999	0.92981000000000003	0.93	1.0891	1.0892999999999999	1.3989	1.3992	1.5376000000000001	1.5379	1.7474000000000001	1.7478	2.1345999999999998	2.1351	2.2976999999999999	2.2982	2.5606	2.5611000000000002	3.0253000000000001	3.0259	3.2103000000000002	3.2109000000000001	3.5287000000000002	3.5293999999999999	4.0708000000000002	4.0716000000000001	4.2754000000000003	4.2763	4.6516000000000002	4.6524999999999999	5.2710999999999997	5.2721999999999998	5.4931999999999999	5.4943	5.9292999999999996	5.9305000000000003	6.6262999999999996	6.6276000000000002	6.8638000000000003	6.8651	7.3620000000000001	7.3634000000000004	8.1363000000000003	8.1379999999999999	8.3871000000000002	8.3887999999999998	8.9494000000000007	8.9512	9.8011999999999997	9.8032000000000004	10.063000000000001	10.065	10.692	10.694000000000001	11.621	11.622999999999999	11.893000000000001	11.895	12.504	12.589	12.590999999999999	13.595000000000001	13.598000000000001	13.875	13.878	14.641	14.644	15.725	15.728	16.010000000000002	16.013999999999999	16.847000000000001	16.850999999999999	18.009	18.012	18.298999999999999	18.303000000000001	19.209	19.213000000000001	20.446999999999999	20.452000000000002	20.741	20.745000000000001	21.420999999999999	21.725000000000001	21.728999999999999	23.041	23.045999999999999	23.335000000000001	23.34	24.396000000000001	24.401	25.789000000000001	25.794	26.084	26.088999999999999	27.221	27.227	28.692	28.698	28.984999999999999	28.991	30.201000000000001	30.207000000000001	31.75	31.756	32.039000000000001	32.045999999999999	33.335999999999999	33.343000000000004	34.962000000000003	34.969000000000001	35.247	35.253999999999998	36.625999999999998	36.633000000000003	37.859000000000002	38.328000000000003	38.335999999999999	38.607999999999997	38.616	40.07	40.078000000000003	41.85	Polyvinyl Chloride (PVC)	1	2	3	4	5	6	7	8	9	10	11	12	13	14	15	16	17	18	19	20	21	22	23	24	25	26	27	28	29	30	31	32	33	34	35	36	37	38	39	40	41	42	43	44	45	46	47	48	49	50	51	52	53	54	55	56	57	58	59	60	61	62	63	64	65	66	67	68	69	70	71	72	73	74	75	76	77	78	79	80	81	82	83	84	85	86	87	88	89	90	91	92	93	94	95	96	97	98	99	100	101	102	103	104	105	106	107	108	109	110	111	112	113	114	115	116	117	118	119	120	121	122	123	124	125	126	127	128	129	130	131	132	133	134	135	136	137	138	139	140	3.0109E-2	3.0186000000000001E-2	4.8716000000000002E-2	4.879E-2	0.13438	0.13442999999999999	0.18811	0.18814	0.26345000000000002	0.26350000000000001	0.4355	0.43558999999999998	0.52683999999999997	0.52695000000000003	0.65056000000000003	0.65068999999999999	0.90863000000000005	0.90881000000000001	1.0327999999999999	1.0329999999999999	1.2097	1.21	1.5538000000000001	1.5541	1.7079	1.7081999999999999	1.9409000000000001	1.9413	2.371	2.3715000000000002	2.5520999999999998	2.5527000000000002	2.8441000000000001	2.8447	3.3601999999999999	3.3609	3.5657999999999999	3.5665	3.9194	3.9201999999999999	4.5214999999999996	4.5224000000000002	4.7488000000000001	4.7497999999999996	5.1665999999999999	5.1677	5.8548	5.8559000000000001	6.1014999999999997	6.1026999999999996	6.5858999999999996	6.5872000000000002	7.36	7.3615000000000004	7.6238000000000001	7.6253000000000002	8.1771999999999991	8.1788000000000007	9.0373000000000001	9.0390999999999995	9.3157999999999994	9.3177000000000003	9.9404000000000003	9.9423999999999992	10.885999999999999	10.888999999999999	11.178000000000001	11.18	11.875999999999999	11.878	12.907999999999999	12.91	13.21	13.212	13.983000000000001	13.986000000000001	13.988	15.101000000000001	15.103999999999999	15.411	15.414	16.262	16.265000000000001	17.466000000000001	17.469000000000001	17.783000000000001	17.786999999999999	18.713000000000001	18.716999999999999	20.003	20.007000000000001	20.324999999999999	20.329000000000001	21.335999999999999	21.34	22.712	22.716000000000001	23.036999999999999	23.042000000000002	23.794	24.13	24.135000000000002	25.591999999999999	25.597000000000001	25.919	25.925000000000001	27.097000000000001	27.102	28.645	28.65	28.972000000000001	28.978000000000002	30.234999999999999	30.241	31.869	31.875	32.194000000000003	32.201000000000001	33.545999999999999	33.552	35.265000000000001	35.271999999999998	35.587000000000003	35.594000000000001	37.027999999999999	37.034999999999997	38.832999999999998	38.841000000000001	39.15	39.158000000000001	40.680999999999997	40.689	42.350999999999999	42.573	42.581000000000003	42.883000000000003	42.892000000000003	44.506999999999998	44.515999999999998	46.484000000000002	Mode


Natural Frequency (Hz)
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Maximum Total Deflection (in)
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Maximum Lateral Deflection (in)




Only Disp Aluminum	0.06	0.57999999999999996	0.7	0.82	0.94	1.05	1.17	1.29	1.41	1.52	1.64	1.76	1.88	1.99	2.11	2.23	2.35	2.46	2.58	2.7	2.82	2.94	3.06	3.18	3.3	3.42	3.54	3.66	3.78	3.9	4.0199999999999996	4.1399999999999997	4.3899999999999997	4.51	4.63	4.75	4.87	4.99	5.1100000000000003	5.23	5.35	5.47	5.59	5.71	5.83	5.95	6.07	6.19	6.3099999999999898	6.4299999999999899	6.5499999999999901	6.6699999999999902	6.7899999999999796	6.9099999999999797	7.0299999999999798	7.1499999999999799	7.2699999999999703	7.3899999999999704	7.5099999999999696	7.6299999999999697	7.74999999999996	7.8699999999999601	7.9899999999999602	8.1099999999999497	8.2299999999999507	8.3499999999999499	8.4699999999999491	8.5899999999999395	8.7099999999999405	8.8299999999999397	8.9499999999999407	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	2.0015000000000002E-2	4.1209999999999997E-2	3.9321000000000002E-2	5.1652999999999998E-2	4.7735E-2	6.2941999999999998E-2	5.6920999999999999E-2	6.9799E-2	6.5588999999999995E-2	7.6095999999999997E-2	6.9432999999999995E-2	7.5576000000000004E-2	6.8879999999999997E-2	7.6554999999999998E-2	6.6346000000000002E-2	7.4664999999999995E-2	6.5970000000000001E-2	7.2727E-2	6.4950999999999995E-2	7.1279999999999996E-2	6.3732999999999998E-2	6.6091999999999998E-2	5.6943000000000001E-2	6.2656000000000003E-2	5.0118999999999997E-2	5.5222E-2	4.5095999999999997E-2	5.3925000000000001E-2	4.4326999999999998E-2	4.9681999999999997E-2	4.3434E-2	4.9557999999999998E-2	4.5520999999999999E-2	3.8591E-2	4.7562E-2	3.8524999999999997E-2	4.6484999999999999E-2	4.3178000000000001E-2	5.1465999999999998E-2	4.6884000000000002E-2	5.2371000000000001E-2	4.904E-2	5.4313E-2	4.7523999999999997E-2	5.5877999999999997E-2	4.8298000000000001E-2	5.5745000000000003E-2	5.0581000000000001E-2	5.9943999999999997E-2	5.4114000000000002E-2	5.9297000000000002E-2	5.3886000000000003E-2	6.0637999999999997E-2	5.1211E-2	5.7098000000000003E-2	4.8606000000000003E-2	5.8299999999999998E-2	4.8946999999999997E-2	5.6009000000000003E-2	5.0885E-2	5.7618000000000003E-2	5.0507999999999997E-2	5.4107000000000002E-2	4.7981000000000003E-2	5.4260999999999997E-2	4.4798999999999999E-2	5.1799999999999999E-2	4.5525999999999997E-2	5.3121000000000002E-2	4.7565000000000003E-2	5.3806E-2	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	All modes Aluminum	0.06	0.34	0.46	0.57999999999999996	0.7	0.82	0.93	1.05	1.17	1.28	1.4	1.52	1.63	1.75	1.87	1.99	2.11	2.2200000000000002	2.34	2.46	2.58	2.7	2.82	2.94	3.06	3.18	3.3	3.42	3.54	3.66	3.91	4.03	4.1500000000000004	4.2699999999999996	4.3899999999999997	4.51	4.63	4.75	4.87	4.99	5.1100000000000003	5.23	5.35	5.47	5.59	5.71	5.83	5.95	6.07	6.19	6.3099999999999898	6.4299999999999899	6.5399999999999903	6.6599999999999904	6.7799999999999798	6.8999999999999799	7.0299999999999798	7.1499999999999799	7.2599999999999696	7.3899999999999704	7.5099999999999696	7.6299999999999697	7.74999999999996	7.8699999999999601	7.9899999999999602	8.1099999999999497	8.2299999999999507	8.3499999999999499	8.4699999999999491	8.5899999999999395	8.7099999999999405	8.8299999999999397	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	2.0015000000000002E-2	2.9894E-2	3.0530999999999999E-2	4.0516000000000003E-2	3.7447000000000001E-2	5.0254E-2	4.5488000000000001E-2	6.1016000000000001E-2	5.3579000000000002E-2	6.6669999999999993E-2	6.1524000000000002E-2	7.0362999999999995E-2	6.1832999999999999E-2	6.8983000000000003E-2	6.0173999999999998E-2	6.6986000000000004E-2	5.5427999999999998E-2	6.5190999999999999E-2	5.4982000000000003E-2	6.1425E-2	5.2949000000000003E-2	5.9457999999999997E-2	4.8772000000000003E-2	5.2371000000000001E-2	4.0440999999999998E-2	4.8117E-2	3.4381000000000002E-2	4.1759999999999999E-2	3.2830999999999999E-2	4.2311000000000001E-2	4.0080999999999999E-2	3.5795E-2	4.2287999999999999E-2	3.4042999999999997E-2	4.1151E-2	3.5253E-2	4.4762000000000003E-2	3.8337999999999997E-2	4.8499E-2	4.4354999999999999E-2	5.0391999999999999E-2	4.6057000000000001E-2	5.3926000000000002E-2	4.5082999999999998E-2	5.2264999999999999E-2	4.2959999999999998E-2	5.4279000000000001E-2	4.4020999999999998E-2	5.2902999999999999E-2	4.6189000000000001E-2	5.4221999999999999E-2	4.5677000000000002E-2	5.0680999999999997E-2	4.2432999999999998E-2	4.99E-2	3.8524000000000003E-2	4.5851999999999997E-2	3.9099000000000002E-2	4.7188000000000001E-2	4.0772000000000003E-2	4.7127000000000002E-2	4.2044999999999999E-2	4.598E-2	3.9268999999999998E-2	4.6991999999999999E-2	3.7651999999999998E-2	4.5088000000000003E-2	3.8483000000000003E-2	4.8932000000000003E-2	4.2068000000000001E-2	4.8690999999999998E-2	4.3668999999999999E-2	5.0724999999999999E-2	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	0	Only disp Steel	0.06	0.57999999999999996	0.7	0.82	0.94	1.05	1.17	1.29	1.41	1.52	1.64	1.76	1.88	1.99	2.11	2.23	2.35	2.46	2.58	2.7	2.82	2.94	3.06	3.18	3.3	3.42	3.54	3.66	3.78	3.9	4.0199999999999996	4.1399999999999997	4.3899999999999997	4.51	4.63	4.75	4.87	4.99	5.1100000000000003	5.23	5.35	5.47	5.59	5.71	5.83	5.95	6.07	6.19	6.3099999999999898	6.4299999999999899	6.5499999999999901	6.6699999999999902	6.7899999999999796	6.9099999999999797	7.0299999999999798	7.1499999999999799	7.2699999999999703	7.3899999999999704	7.5099999999999696	7.6299999999999697	7.74999999999996	7.8699999999999601	7.9899999999999602	8.1099999999999497	8.2299999999999507	8.3499999999999499	8.4699999999999491	8.5899999999999395	8.7099999999999405	8.8299999999999397	8.9499999999999407	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	2.0015000000000002E-2	2.9787999999999999E-2	3.1248000000000001E-2	4.1033E-2	3.9042E-2	5.1147999999999999E-2	6.2369000000000001E-2	5.6602E-2	6.8685999999999997E-2	6.5045000000000006E-2	7.4734999999999996E-2	6.8165000000000003E-2	7.3797000000000001E-2	6.7191000000000001E-2	7.4122999999999994E-2	6.4287999999999998E-2	7.2781999999999999E-2	6.3721E-2	6.9762000000000005E-2	6.2862000000000001E-2	6.8890000000000007E-2	6.0558000000000001E-2	6.3021999999999995E-2	5.2946E-2	5.9119999999999999E-2	4.6109999999999998E-2	5.1805999999999998E-2	4.2143E-2	5.0796000000000001E-2	4.1798000000000002E-2	4.6800000000000001E-2	4.1098000000000003E-2	4.6755999999999999E-2	3.8247000000000003E-2	4.3145999999999997E-2	3.7246000000000001E-2	4.6035E-2	3.8441000000000003E-2	4.6625E-2	4.4104999999999998E-2	5.0660999999999998E-2	4.7185999999999999E-2	5.3293E-2	4.8260999999999998E-2	5.2859000000000003E-2	4.6625E-2	5.6358999999999999E-2	4.811E-2	5.6093999999999998E-2	5.0978999999999997E-2	5.9737999999999999E-2	5.3199000000000003E-2	5.8064999999999999E-2	5.1478000000000003E-2	5.8307999999999999E-2	4.7931000000000001E-2	5.4316999999999997E-2	4.6636999999999998E-2	5.5613000000000003E-2	4.7703000000000002E-2	5.3129000000000003E-2	4.9395000000000001E-2	5.4113000000000001E-2	4.7285000000000001E-2	5.1471999999999997E-2	4.4525000000000002E-2	5.0564999999999999E-2	4.2694999999999997E-2	5.1198E-2	4.5194999999999999E-2	5.0722999999999997E-2	4.7268999999999999E-2	5.3474000000000001E-2	All modes Steel	0.06	0.57999999999999996	0.7	0.82	0.94	1.05	1.17	1.29	1.41	1.52	1.64	1.76	1.88	1.99	2.11	2.23	2.35	2.46	2.58	2.7	2.82	2.94	3.06	3.18	3.3	3.42	3.54	3.66	3.78	3.9	4.0199999999999996	4.1399999999999997	4.3899999999999997	4.51	4.63	4.75	4.87	4.99	5.1100000000000003	5.23	5.35	5.47	5.59	5.71	5.83	5.95	6.07	6.19	6.3099999999999898	6.4299999999999899	6.5499999999999901	6.6699999999999902	6.7899999999999796	6.9099999999999797	7.0299999999999798	7.1499999999999799	7.2699999999999703	7.3899999999999704	7.5099999999999696	7.6299999999999697	7.74999999999996	7.8699999999999601	7.9899999999999602	8.1099999999999497	8.2299999999999507	8.3499999999999499	8.4699999999999491	8.5899999999999395	8.7099999999999405	8.8299999999999397	8.9499999999999407	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	2.0015000000000002E-2	2.9842E-2	3.1008000000000001E-2	4.0785000000000002E-2	3.8392999999999997E-2	5.0658000000000002E-2	4.6616999999999999E-2	6.1702E-2	5.5455999999999998E-2	6.7512000000000003E-2	6.3738000000000003E-2	7.2732000000000005E-2	6.5480999999999998E-2	7.1358000000000005E-2	6.4210000000000003E-2	7.0766999999999997E-2	6.0449000000000003E-2	6.9292000000000006E-2	5.9709999999999999E-2	6.5685999999999994E-2	5.8566E-2	6.4663999999999999E-2	5.5136999999999999E-2	5.8063999999999998E-2	4.6951E-2	5.3809999999999997E-2	4.0361000000000001E-2	4.6815000000000002E-2	3.7601000000000002E-2	4.6404000000000001E-2	3.7858000000000003E-2	4.2972000000000003E-2	3.8066999999999997E-2	4.3915999999999997E-2	3.5693000000000003E-2	4.1249000000000001E-2	3.5996E-2	4.4932E-2	3.8404000000000001E-2	4.7586000000000003E-2	4.4517000000000001E-2	5.0115E-2	4.6908999999999999E-2	5.3942999999999998E-2	4.6941999999999998E-2	5.2955000000000002E-2	4.5266000000000001E-2	5.5959000000000002E-2	4.6844999999999998E-2	5.5296999999999999E-2	4.9540000000000001E-2	5.7690999999999999E-2	5.0124000000000002E-2	5.4822999999999997E-2	4.7310999999999999E-2	5.4241999999999999E-2	4.3432999999999999E-2	4.3274E-2	4.4611999999999999E-2	4.9985000000000002E-2	4.5827E-2	4.9578999999999998E-2	4.2917999999999998E-2	4.9042000000000002E-2	4.0705999999999999E-2	4.6989000000000003E-2	4.0521000000000001E-2	5.0085999999999999E-2	4.3862999999999999E-2	4.9660999999999997E-2	4.5628000000000002E-2	5.2166999999999998E-2	Time (sec)

Lateral Deflection Peaks (in)


Only disp Aluminium	0.06	0.57999999999999996	0.7	0.82	0.94	1.05	1.17	1.29	1.41	1.52	1.64	1.76	1.88	1.99	2.11	2.23	2.35	2.46	2.58	2.7	2.82	2.94	3.06	3.18	3.3	3.42	3.54	3.66	3.78	3.9	4.0199999999999996	4.1399999999999997	4.3899999999999997	4.51	4.63	4.75	4.87	4.99	5.1100000000000003	5.23	5.35	5.47	5.59	5.71	5.83	5.95	6.07	6.19	6.3099999999999898	6.4299999999999899	6.5499999999999901	6.6699999999999902	6.7899999999999796	6.9099999999999797	7.0299999999999798	7.1499999999999799	7.2699999999999703	7.3899999999999704	7.5099999999999696	7.6299999999999697	7.74999999999996	7.8699999999999601	7.9899999999999602	8.1099999999999497	8.2299999999999507	8.3499999999999499	8.4699999999999491	8.5899999999999395	8.7099999999999405	8.8299999999999397	8.9499999999999407	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	#N/A	3.0612500000000001E-2	4.0265499999999996E-2	4.5487E-2	4.9694000000000002E-2	5.5338499999999999E-2	5.9931499999999999E-2	6.336E-2	6.7694000000000004E-2	7.0842500000000003E-2	7.2764499999999996E-2	7.25045E-2	7.2228000000000001E-2	7.271749999999999E-2	7.14505E-2	7.0505499999999999E-2	7.0317500000000005E-2	6.9348500000000007E-2	6.8838999999999997E-2	6.8115499999999995E-2	6.7506499999999997E-2	6.4912499999999998E-2	6.1517500000000003E-2	5.9799500000000005E-2	5.63875E-2	5.2670499999999995E-2	5.0158999999999995E-2	4.9510499999999999E-2	4.9126000000000003E-2	4.7004499999999998E-2	4.6558000000000002E-2	4.6495999999999996E-2	4.7539499999999998E-2	4.2055999999999996E-2	4.3076500000000004E-2	4.3043499999999998E-2	4.2505000000000001E-2	4.4831499999999996E-2	4.7322000000000003E-2	4.9174999999999996E-2	4.9627500000000005E-2	5.0705500000000001E-2	5.16765E-2	5.0918499999999998E-2	5.1700999999999997E-2	5.2087999999999995E-2	5.2021499999999998E-2	5.3163000000000002E-2	5.5262499999999999E-2	5.7028999999999996E-2	5.6705500000000006E-2	5.6591500000000003E-2	5.7262E-2	5.5924500000000002E-2	5.4154500000000001E-2	5.2852000000000003E-2	5.3453000000000001E-2	5.3623499999999998E-2	5.2477999999999997E-2	5.3447000000000001E-2	5.4251500000000001E-2	5.4063E-2	5.23075E-2	5.1044000000000006E-2	5.1121E-2	4.9529999999999998E-2	4.8299499999999995E-2	4.8662999999999998E-2	4.9323499999999999E-2	5.0342999999999999E-2	5.0685500000000001E-2	Only disp Steel	0.06	0.34	0.46	0.57999999999999996	0.7	0.82	1.05	1.17	1.29	1.4	1.52	1.64	1.76	1.87	1.99	2.11	2.23	2.35	2.46	2.58	2.7	2.82	2.94	3.06	3.18	3.3	3.42	3.54	3.66	3.78	3.9	4.0199999999999996	4.1399999999999997	4.2699999999999996	4.3899999999999997	4.51	4.63	4.75	4.87	4.99	5.1100000000000003	5.23	5.35	5.47	5.59	5.71	5.83	5.95	6.07	6.19	6.3099999999999898	6.4299999999999899	6.5499999999999901	6.6699999999999902	6.7899999999999796	6.9099999999999797	7.0299999999999798	7.1499999999999799	7.2699999999999703	7.3899999999999704	7.5099999999999696	7.6299999999999653	7.74999999999996	7.8699999999999601	7.9899999999999602	8.1099999999999497	8.2299999999999507	8.3499999999999499	8.4699999999999491	8.5899999999999395	8.7099999999999405	8.8299999999999397	8.9499999999999407	2.49015E-2	3.0518E-2	3.6140499999999999E-2	4.0037500000000004E-2	4.5094999999999996E-2	5.6758500000000003E-2	5.9485499999999997E-2	6.2644000000000005E-2	6.6865499999999994E-2	6.9890000000000008E-2	7.145E-2	7.0981000000000002E-2	7.0494000000000001E-2	7.0656999999999998E-2	6.9205500000000003E-2	6.8534999999999999E-2	6.8251499999999993E-2	6.6741500000000009E-2	6.631200000000001E-2	6.5876000000000004E-2	6.4724000000000004E-2	6.1789999999999998E-2	5.7983999999999994E-2	5.6032999999999999E-2	5.2614999999999995E-2	4.8958000000000002E-2	4.6974500000000002E-2	4.6469499999999997E-2	4.6297000000000005E-2	4.4299000000000005E-2	4.3949000000000002E-2	4.3927000000000001E-2	4.2501499999999998E-2	4.0696499999999997E-2	4.0195999999999996E-2	4.1640499999999997E-2	4.2237999999999998E-2	4.2533000000000001E-2	4.5365000000000003E-2	4.7382999999999995E-2	4.8923499999999995E-2	5.0239499999999999E-2	5.0777000000000003E-2	5.0560000000000001E-2	4.9742000000000001E-2	5.1491999999999996E-2	5.2234500000000003E-2	5.2101999999999996E-2	5.3536500000000001E-2	5.5358499999999998E-2	5.6468500000000005E-2	5.5632000000000001E-2	5.4771500000000001E-2	5.4892999999999997E-2	5.31195E-2	5.1124000000000003E-2	5.0476999999999994E-2	5.1125000000000004E-2	5.1658000000000003E-2	5.0416000000000002E-2	5.1262000000000002E-2	5.1754000000000001E-2	5.0699000000000001E-2	4.9378499999999999E-2	4.7998499999999999E-2	4.7545000000000004E-2	4.6629999999999998E-2	4.6946500000000002E-2	4.8196500000000003E-2	4.7959000000000002E-2	4.8995999999999998E-2	5.03715E-2	All modes Aluminium	0.06	0.34	0.46	0.57999999999999996	0.7	0.82	0.93	1.05	1.17	1.28	1.4	1.52	1.63	1.75	1.87	1.99	2.11	2.2200000000000002	2.34	2.46	2.58	2.7	2.82	2.94	3.06	3.18	3.3	3.42	3.54	3.66	3.91	4.03	4.1500000000000004	4.2699999999999996	4.3899999999999997	4.51	4.63	4.75	4.87	4.99	5.1100000000000003	5.23	5.35	5.47	5.59	5.71	5.83	5.95	6.07	6.19	6.3099999999999898	6.4299999999999899	6.5399999999999903	6.6599999999999904	6.7799999999999798	6.8999999999999799	7.0299999999999798	7.1499999999999799	7.2599999999999696	7.3899999999999704	7.5099999999999696	7.6299999999999697	7.74999999999996	7.8699999999999601	7.9899999999999602	8.1099999999999497	8.2299999999999507	8.3499999999999499	8.4699999999999491	8.5899999999999395	8.7099999999999405	8.8299999999999397	2.4954500000000001E-2	3.02125E-2	3.55235E-2	3.8981500000000002E-2	4.3850500000000001E-2	4.7870999999999997E-2	5.3252000000000001E-2	5.7297500000000001E-2	6.0124499999999997E-2	6.4097000000000001E-2	6.5943500000000002E-2	6.609799999999999E-2	6.5407999999999994E-2	6.4578499999999997E-2	6.3579999999999998E-2	6.1206999999999998E-2	6.0309500000000002E-2	6.0086500000000001E-2	5.8203500000000005E-2	5.7187000000000002E-2	5.6203500000000003E-2	5.4114999999999996E-2	5.0571500000000005E-2	4.6406000000000003E-2	4.4278999999999999E-2	4.1249000000000001E-2	3.80705E-2	3.7295499999999995E-2	3.7571E-2	4.1195999999999997E-2	3.7938E-2	3.90415E-2	3.8165499999999998E-2	3.7596999999999998E-2	3.8202E-2	4.0007500000000001E-2	4.1550000000000004E-2	4.3418499999999999E-2	4.6426999999999996E-2	4.7373499999999999E-2	4.8224500000000003E-2	4.9991500000000001E-2	4.95045E-2	4.8673999999999995E-2	4.7612500000000002E-2	4.8619499999999996E-2	4.9149999999999999E-2	4.8461999999999998E-2	4.9546E-2	5.02055E-2	4.9949500000000001E-2	4.8179E-2	4.6557000000000001E-2	4.6166499999999999E-2	4.4212000000000001E-2	4.2188000000000003E-2	4.2475499999999999E-2	4.3143500000000001E-2	4.3980000000000005E-2	4.3949500000000002E-2	4.4586000000000001E-2	4.4012499999999996E-2	4.2624499999999996E-2	4.3130500000000002E-2	4.2321999999999999E-2	4.1370000000000004E-2	4.1785500000000003E-2	4.3707500000000003E-2	4.5499999999999999E-2	4.5379500000000003E-2	4.6179999999999999E-2	All modes Steel	0.06	0.34	0.46	0.57999999999999996	0.7	0.82	0.93	1.05	1.17	1.28	1.4	1.52	1.64	1.76	1.87	1.99	2.11	2.23	2.34	2.46	2.58	2.7	2.82	2.94	3.06	3.18	3.3	3.42	3.54	3.66	3.78	3.9	4.03	4.1500000000000004	4.2699999999999996	4.3899999999999997	4.51	4.63	4.75	4.87	4.99	5.1100000000000003	5.23	5.35	5.47	5.59	5.71	5.83	5.95	6.07	6.19	6.3099999999999898	6.4299999999999899	6.5499999999999901	6.6699999999999902	6.7899999999999796	6.9099999999999797	7.1499999999999799	7.3899999999999704	7.5099999999999696	7.6299999999999697	7.74999999999996	7.8699999999999601	7.9899999999999602	8.1099999999999497	8.2299999999999507	8.3499999999999499	8.4699999999999491	8.5899999999999395	8.7099999999999405	8.8299999999999397	8.9499999999999407	2.4928499999999999E-2	3.0425000000000001E-2	3.5896499999999998E-2	3.9588999999999999E-2	4.4525499999999996E-2	4.86375E-2	5.4159499999999999E-2	5.8578999999999999E-2	6.1483999999999997E-2	6.5625000000000003E-2	6.8235000000000004E-2	6.9106500000000001E-2	6.8419499999999994E-2	6.7784000000000011E-2	6.7488500000000007E-2	6.5608E-2	6.4870499999999998E-2	6.4501000000000003E-2	6.2698000000000004E-2	6.2126000000000001E-2	6.1615000000000003E-2	5.9900499999999995E-2	5.6600499999999998E-2	5.2507499999999999E-2	5.0380499999999995E-2	4.7085500000000002E-2	4.3588000000000002E-2	4.2208000000000002E-2	4.2002499999999998E-2	4.2131000000000002E-2	4.0415000000000006E-2	4.05195E-2	4.09915E-2	3.98045E-2	3.8471000000000005E-2	3.8622500000000004E-2	4.0464E-2	4.1667999999999997E-2	4.2995000000000005E-2	4.6051500000000002E-2	4.7315999999999997E-2	4.8512E-2	5.0425999999999999E-2	5.0442500000000001E-2	4.99485E-2	4.9110500000000001E-2	5.0612500000000005E-2	5.1402000000000003E-2	5.1070999999999998E-2	5.24185E-2	5.3615499999999996E-2	5.3907499999999997E-2	5.2473499999999999E-2	5.1067000000000001E-2	5.0776500000000002E-2	4.8837499999999999E-2	4.3353500000000003E-2	4.3942999999999996E-2	4.72985E-2	4.7906000000000004E-2	4.7702999999999995E-2	4.6248499999999998E-2	4.598E-2	4.4873999999999997E-2	4.3847499999999998E-2	4.3755000000000002E-2	4.5303499999999997E-2	4.6974500000000002E-2	4.6761999999999998E-2	4.7644499999999999E-2	4.8897499999999997E-2	Time (sec)

Avg Lateral Peaks Deflection (in)
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Axial Deflection (in)
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Table 11. Simulation results comparison.

Aluminum Steel Summary
Period Frequency Frequency Period Frequency Frequency|
case g 3 & Frequency
) (Hz) (rad/s) (0] (Hz) (rad/s)
aximum Aluminum  Steelis
Deflection Only |0.0469 471 0212 1333 |o0452 419 0239 1499 |°07 )
" ishigher  higher
Displacement
‘Total Deformation Steelis  Aluminum is
All Modes 0.0442 3.61 0277 1.740 0.0444 421 0.238 1.492 higher higher
LateralDefOnly | 550, 515 9194 1219 (00375 479 0209 1311 steels
Displacement higher
Lateral DefAll ;5,35 467 0214 1345 (00395 479 0209 1311 Aluminum s
Modes higher
AxialDefonly |, 700 4 g7 0214 1345 |0.0808 467 0214 1.345 Both are the
Displacement same.
Axial DefAll Modes|0.0733 386 0259 1627 |00783 433 0231 1450 ) Auminumis
higher  higher
Torsional DefOnly | 07 4 g5 0215 1351 [0.0449 417 0240 1506 | Auminum - steelis
Displacement ishigher  higher
Torsional DefAll | 5,45 362 0276 1735 |00#43 421 0238 1492 | Steelis Auminumis
Modes higher higher
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Melakhessou et 

al. (2003)

Study of nonlinear interaction 

between drillstring and wellbore 

with the help of model and 

experiment

Modeling with four DOF and 

experimental

Drillstring dia. 4 mm, wellbore 

dia. 24 mm, stabilizer dia. 20 mm, 

180 RPM, 3 m in length with 

inertial disk located at the middle.

The study focuses on the BHA which 

is in compression. Only lateral 

vibrations investigated.

Mihajlovic et al. 

(2006)

Study of friction induced limit 

cyclcing in a flexible rotor 

system.

Modeling with two DOF and 

experimental

Drillstring length 1.47 m, added 

mass 0.45 kg

Observations made was that the 

normal force in the friction 

component can induce higher 

negative damping for higher normal 

forces giving rise to stick-slip.

Raymond et al. 

(2008)

Defining best operational 

parameters to eliminate axial 

vibrations

Experimental

Drillstring length 3 ft, 3 in diam. 

PDC bit 3.5 in diam.

Experiment is limited to axial mode 

of vibration.

Khulief and Al-

Sulaiman (2009)

Studied impact of drillstring with 

the wellbore. Model accounts 

torsional-bending and axial-

bending nonlinear coupling

Modeling with Lagrange 

approach and experimental

Drillstring length 1-2 m, dia. 3-10 

mm, 50-100 RPM

Sophisticated dynamic models need 

to be developed to investigate 

coupling modes of vibrations

Lu et al. (2009)

Reproduction of stick-slip 

vibration in laboratory for D-

OSKILL mechanism

Experimental

Drillstring stiffness 0.6706 

Nm/rad, 190 RPM, Nominal WOB 

180 N. Length not provided

Smaller ROP with D-OSKILL 

mechanism due to loss of optimal 

WOB while effectively mitigating 

stick-slip vibrations.

Franca (2010)

To prove the drillstring response 

model on the basis of literature.

Experimental

10-400 RPM. ROP 0.01 mm/s to 

100 mm/s. Bits 63.5 mm and 74.6 

mm  in length

Drilling rig has ability to provide ROP 

from 0.01-100 mm/s. The rock 

sample is driven instead of the 

drilling assembly.

Foster et al. 

(2010)

To reproduce lateral vibrations. 

Understand and quantify the 

behavior of AVDT.

Experimental

Drillstring length 2 m, dia. 5 mm, 

WOBs 1, 1.5 and 3.5 Kg, for 

torsional rig dia. 1 mm, wellbore 

dia. 8 mm, 400 RPM

Inertia wheels used to replicate the 

top drive and the BHA. 

Accelerometers used to measure 

shocks ocurring between the 

drillstring and borehole.

Foster (2011)

To reproduce torsional 

vibrations. Understand and 

quantify the behavior of AVDT.

Experimental

Drillstring length 1.25 m, stiffness 

adjustable by varying tension, 

load 1-1.5 kg, Max WOB 20 N, 

400 RPM

Axial excitation succesfully mitigated 

stick-slip.

Esmaeili et al. 

(2012)

Investigation of drillstring 

dynamics.

Experimental

Drillstring length 0.524 m, dia. 40 

mm, 360 RPM, WOB 800 N.

Increasing WOB and rotary speed 

increases ROP. Keeping constant 

WOB and by reducing rotary speed, 

vibrations and ROP decreases

Patil (2013)

Investigation of drillstring 

dynamics

Modelling and Experimental

Drillstring length 5 m, drillstring 

OD 6 mm, drillstring ID 4 mm, 0-

200 rpm, WOB 0 - 15 Kg, TOB 

370.3 mNm, stiffness 0.02 

Nm/rad

Only recreated the BHA of a 

drillstring. 

Kovalyshen 

(2014)

Investigation of drillstring 

dynamics with drag bits.

Experimental

Bit dia. 49 mm, torsional stiffness 

0.05-14 Nm/rad, 10-400 RPM. 

Only drill bit was used.

No drillstring was used, only a small 

shaft and a drill bit. Rock sample was 

used in the experiment.

Kapitaniak et al. 

(2015)

Investigation of drillstring 

dynamics.

Modelling and Experimental

Drillstring dia. 10 mm, 0.5-54 

RPM, WOB 0.85-2.19 kN. Length 

not provided but assumed to be 

about 1 m

Limited in size. Finite Element Model 

used to calibrate setup. Calculated 

TOB from WOB and RPM. 

Westermann et 

al. (2015)

Investigation of drillstring 

dynamics with the uniqueness of 

measuring side forces

Experimental

Drillstring length 5.4 m with 44.5 

mm OD and 19.5 mm ID. Torque 

107 Nm. 1,450 RPM max. WOB 

14 kN max. 

Focuses on studing lateral and 

torsional vibration. Measures side 

forces. Limited in size  and no 

combination of types of vibration 

were provided.
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