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A BINARY REPRESENTATION FOR FINITE BOOLEAN FUNCTIONS

CHAPTER I

INTRODUCTION

Finite Boolean algebras have been studied intensively since the
discovery by Shannon [21] in 1938 that Boolean algebra can be applied
to the analysis and synthesis of switching circuits. Many different
mathematical methods have been used for representing Boolean functions.
Among these methods are algebraic [2], [10], [12], [16], [17], and [18];
topological [19] and [23]; diagramatic [9] and [24]; and real analytic
[3] and [14]. Harrison [6] provides an excellent exposition on all of
the above methods. Descriptions of all of the methods except the last
are given by Hu [7] and Miller [11].

In Chapter II of this paper, it is shown that the set of all
Boolean functions of a finite Boolean algebra has the structure of a
vector space over the field of integers modulo two, and that by a suit-
able change of basis, many structural properties of Boolean functions
may be determined easily from the coordinates of functions. The struc-
tural properties of functions which are studied include symmetry, in-
dependence of a variable, self-duality, anti-self-duality, and linearity.

From an engineering viewpoint it is natural to call two Boolean
functions '"equivalent' if the two functions can be mechanized with the
same switching circuit of a given type. Several different definitions
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of equivalence are commonly used depending upon the type of switching
circuits being considered. In Chapter III it is shown that a canonical
representative may be assigned to each equivalence class of functions
based on the coordinates introduced in Chapter II. For each of six def-
initions of equivalence, algorithms are developed for finding the ca-
nonical representatives of an arbitrary Boolean function.

The following definitions and theorems or their equivalents may
.Abe found in any of the references [4], [6], [7], [11], [14], an& [22]. The

theorems are stated here without proof. A Boolean algebra <{B, v, *, ',

0, > is a set B with binary operations v (logical sum, disjunction,

or, join) and ¢ (logical product, conjunction, and, meet), a unary opera-

tion ' (complement, negation, not), and distinguished elements 0 and 1
comp_ement, neg ngu

satisfying the following postulates essentially due to Huntington [8]:

(1) For all a,b e-B, avb=>bva.

(2) For all a,b ¢ B, ab = ba.

(3) For allaeB, av0=a.

(4) For all a € B, al = a.

(5) For all a,b,c e B, avbc=(avb)(avc).
(6) For all a,b,c e B, a(bvc) =a v ac.

(7) For all aeB, ava'=1andaa' =0.

As usual a°*b is written ab, + takes precedence over v if parentheses
are omitted, and ab' = a(b').

Theorem 1.1. For all a,b,c ¢ B, (avb)vc=av (bvc)and
(ab)c = a(bc).

Theorem 1.2. For all a e B, av a=a and aa = a.
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Theorem 1.3. For allae B, av1l=1andal=0.
Theorem 1.4. For all a e B, (a')' = a.

Theorem 1.5. For all a,b e B, (a vb)' =a'b' and (ab)' = a' v b'.

Theorem 1.6. 0' =1 and 1' = 0.
Theorem 1.7. For all a,b ¢ B, ab v ab' = a.
Let B, = <30,1}, v, *» ', 0, 1> where the operations are defined
by:
Ovo0o=0 1-1=1 ’
Ovli=1vO0=1vl=1 0+-0=0-1=1-0=0
0' =1 1' = 0.
The symbol B, will be used to identify {0,1} as well as the structure

1
fo.1}, v, -, 10, D
Theorem 1.8. B, is a Boolean algebra.

n
Let B. = X B1
no o j=1
', 0, and 1 are defined by components on the set Bn =

be the n-fold direct product of By, i.e., v, °,

Blz

W ><s
—

1

(al,...,an) v (bl,...,bn) (a1 v bl,...,a.n v bn)

(al,...,a ) - (bl,...,bn) = (albl,...,a b )

n nn
(al""’ah)' = (31':---san')
0= (0,...,0)
1=(1,...,1)

Theorem 1.9. Bn is a Boolean algebra.

Theorem 1.10. Every finite Boolean algebra is isomorphic to

Bn for some natural number n.

Theorem 1.11. Bn contains 2n elements.
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A Boolean function (switching function) of n variables is a

mapping from B, inte Bl‘ Let F_ be the set of all Boolean functions
of n variables and let x = (xl,...,xn) € Bn' The operations v, =+, '

and distinguished elements 0 and 1 are delined in Fn by:

(fvg)l)x) = £(x)vgk)
(fg) (x) = £(x)-g(x)
£r(x) = (£(x))’
ox) =0
1(x) =1 .

The symbol F_ will be used to identify'<Fn, v, *, ', 0, D,

A subset G of a Boolean algebra B is a set of generatois for
B if every element of B can be expressed as a logical sum of logical
products of elements of G or elements whose complements are elements

of G. A set G of generators for B is a set of free generators for B

if every mapping of G into an arbitrary Boolean algebra C can be ex-
tended to a homomorphism of B into C. A Boolean algebra is free if it

contains a set of free generators.

Theorem 1.12. Fn is a free Boolean algebra with n generators
and 22" elements.

Let i be an integer such that 0 < i 5_2n - 1 and let in...i1
be the binary number equivalent to i. The atom (minimal polynomial,
| minterm) a; € Fn is defined by

1 if xl . il,-ou,Xn = in

ai(x) = {0 otherwise.

Theorem 1.13. There are 2" atoms®in Fn.

Theorem 1.14. If i # j, aiaj = 0.
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Theorem 1.15. Each f ¢ Fn’ can be expressed uniquely as a logi-

cal sum of atoms.

If m is an integer such that 1 < m < n, the symbol X, mayipe in-
terpreted as one of the components (variables) of x = (xl,c.h,xn) or as
a function x, € Fn defined by xm(x) = 1 if the variable X, = 1 and
xm(x) = 0 if the variable X, = 0. The symbol xm' denotes the comple-

ment of the function X - The functions xm and xm' are called literals.
ip

- is defined by x; =x and x0 = x '. If

If i e {0,1}, the literal x o D= X

{il,.,.,;m}c: {1,...,n} and iy € {0,1} for k = 1,...,m, the logical

pro&uct xil---xim e F_ is called a fundamental product. The l-function

1 m
is considered to be the fundamental product corresponding to

{i,..ip} = 9.

.Theorem 1.16. If a; = a3 4, is an atomof F, a; 4 =

i
xMeeagl,
n 1

1f a; and aj are atoms of Fn, 3. is adjacent to 3 ...j10
provided there is exactly one integgr me {1,.,.,n} such that im # jm‘
If a; and aj are adjacent atoms in Fn, the function a, v aj can be ex-
pressed as a fundamental product of n - 1 literals using Theorems 1.16
and 1.7.

One of the most useful methods of representing Boolean functions
utilizes modified Venn diagrams called Veitch diagrams [24] or Karnaugh
maps [9]. Veitch diagrams for representing functions in Fl’ F2’ FS’

and F4 are given below:
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1 2 3 4
X X
P
[011] 01 0]1]3]2 0l 1] 3] 2
o [2]3]} x, 4576}x3"{4576
X ~— " "312131514}
X 2 8l 9|11[10]° X4
X

The Veitch diagram for E, is divided into 2" squares corresponding to
the 2" atoms of Fn. The integer i appearing in a square of a diagram
identifies that square with the atom a;. If X, € Fn, one-half of the
atoms of Fn are dominated by X5 and the other half of the atoms are
dominated by xi'. The braces and symbols X; appearing at the edges of
each diagram indicate those atoms dominated by X; . In view of Theorem
1.15, a Boolean function f ¢ Fn may be represented by a Veitch diagram
in which 1 appears in the square co:responding to a; iff f dominates
the atom 3, i.e., fai = 1. For example, the function f ¢ F3 given by
f =a,va va va, =a v a v a

110 ¥ 111 is represented by the

7 000 010

Veitch diagram:

A major feature of Véitch diagrams is the connection hetween
physical adjacency of squares and adjacency of atoms defined on p. S.
In the diagram for F3 consider the left and right edges to be identi-
fied so that square 0 is adjacent to square 2 and square 4 is adjacent

to square 6. In the diagram for F4 consider the left and right edges
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to be identified and the top and bottom to be identified so tha. square
C is adjacent to squaves 2 and 8, etc. Then it is easy to see that the
atoms a, and aj are adjacent iff squares i and j are adjacent. Veitchv
diagrams are partical»cly nseful .. finding minimal algebraic expressions
for functions as a logical sum of fundamental products where minimal is
definud in the sense of fewest literals. For example, the minimal ex-
pression for the function given in the preceding Veitch diagram is
f = XS'XI' V XgX,.

Veitch diagrams may be extended readily to functions of more
than four variables by using the appropriate number of copies of the
diagram for four variables. For example, the diagram for functions in
F5 consists of one copy of the F, diagram with squares labeled 0 through
15 and a second copy of the F4 diagram with squares labeled 16 through
31. In the case of FS’ squares in the same relative position of the two
F4 diagrams are considered to be adjacent.

All theorems, corollaries, lemmas, and algorithms appearing in
Chapters II and III are believed to be original with two exceptions.

Theorem 2.1 is essentially the same as problem 6, p. 61 of Harrison's

book [6], and Corollary 2.9 is a well-known result (p. 173, [6]).



CHAPTER 11

THE FUNDAMENTAL REPRESENTATION OF BOOLEAN FUNCTIONS'

In B, = {0,1}, the binary operation ® (modulo two addition,
exclusive or) is defined by 0 8" =181 =0and 061 =160 =1.
Obviously <pl, e, d> is an abelian group with identity 0. If & is ex-
tended in the standard manner to Bn and Fn’ it is clear that <$n,$,d>
and <Fn’ @, 0) are abelian groups with identities 0 = (0,...,0) and
the O-function, respectively. Let Z2 be the field of integers modulo
two and define scalar product by 0f = 0 and 1f = f for all f ¢ Fn.

Then clearly Fn has the structure of a vector space over Z,. Note that
0f and 1f may be interpreted as scalar multiples of f or as logical
products of the O-function with f and the l-function with f, respec-
tively. However, with either interpretation 0f = 0 and 1f = £.

Each of the 2" atoms of F, may be represented as a 2n-tup1e
with a single 1 and the remaining positions 0. For i =0,...,2° -1,

let a; = 2 ... be the Zn-tuple with 1 in position i + 1 from the

0,...0,D.

left so that ag = (1,0,...,0), a; 0,1,0,...,0), ..., a

on.y ~
Then the ordered set An = {ai t 1= 0,...,2n-1} is the standard basis

. . n
for F_ as a vector space over Z, so F has dimension 2". If gy 8yees By

e F_, let
n
m

Pg =g ve Vv ... ve
i=1
and let



o n
2 -1

By Theorem 1.15, each f ¢ Fh has unique representation f = Z fiai
i=0
where fi = fai. By Theorem 1.14, aiaj =0 if i # j. Hence

a; o aj =a; v aj ifi#j.

Hence

i=0

will be called the atomic representation of £, and fi’ i=20,...,27-1

will be called the atomic coordinates of f. The atomic representation

2 -1

fiai
i=0

of £ also may be written as the vector (fi) = (f ""’fén-l)' If
f = (fi) and g = (gi), then £ 8 g = (fi 6 gi) and f' =10 f =

(1) e (fi) = (186 fi)'

!
O

= a: . - i,
Let a, = aln"‘l} be a fixed atom and let cj

i i
fundamental product (x )jn o (x )jl where
n’Jy 1°J1

ik 1] ' 1
(xk)o =1, (xk)l = X s and (xk)l = X -

Then C; = {c; tj= 0,...,2n-1} is the set of all fundamental products
which include the atom a;. Let a = a,...k be an atom. Then

i...d
n 1
C.

o= 1
ipeeedy
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for the atom ay iff for eachm = 1,...,n either jm =0 or km = im' Let

. i...1
i 1
c =c.0

j,k Jn...jl,kn...k

1
be the k'th atomic coordinate of c}. Then c; K = 1 iff for each

m=1,...,n either jm =0 or km = im' For example Cg is the set of all

fundamental products of three variables which include the atom

ag = 8,9y = (0,0,0,0,0,1,0,0). The elements of Cg are:
¢ = cpop = 1 - (1,1,1,1,1,1,1,1)
ci - cégi = x, = (0,1,0,1,0,1,0,1)
¢ =cob=x,' = (1,1,0,0,1,1,0,0)
¢y = ¢y = X'x; = (0,1,0,0,0,1,0,0)
c; = clob = x, - (0,0,0,0,1,1,1,1)
cp = el =x.x, = (0,0,0,0,0,1,0,1)
cg = c190 = X%,' = (0,0,0,0,1,1,0,0)
c> = 190 = xx,'x; = (0,0,0,0,0,1,0,0)
Theorem 2.1. The ordered set Cﬁn'1'={c§n'1: j=0,1,...,2"1}

is a basis for Fn' Let Tn be the matrix of the coordinate transfor-

mation from the Cin'l basis to the An basis. Then

Tp-1 Th-a

n n
0 Tn—l

1
where T1 = l;.li
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n_
Proof. That Cﬁ 1 is a basis for Fn will foilow immediately
if T_ can be shown to have an inverse. Let T_ = [t..]. Then t.. is the
n n 1j ij

n-l'

j'th coefficient in the atomic representation of ci The structure

of Tn can be shown by induction. The ordered set

¢l = {1,x;} = {@,n, ©,0}.

Hence
11
Ty = [OJ
and
R RERT
171 9 0 01
S0
-1
T1 = T1
Assume that Tk“1 = T . From the definition of
C2k+1—1 ) ;C2k+1-1 L . I
k+1 = Lj | —Jk+1....Jl~ R 3
the first Zk elements of Czkﬂ"1 do not contain x or x, .' as a factor
k+1 k+1 k+1
since jk+1 = 0. Hence the first Zk coordinates in atomic representation

for each c?k+1'1, j
J

= 0,.,.,2k-1, are the same as the coordinates of
c?k‘ln The second 2K coordinates of c§k+1'1 are ordered duplicates of

the first Zk coordinates. Hence

o]k k
k+1 A B

K+l (the blocks A and B) have yet to be

. . _ Lk k+1 . _ 2k+1_3
determined. For j = 27,...,27 "-1, j, , =1 so 3 has x ., as 2

factor and the first 2 coordinates of c§k+1'1 are 0. The second 2¢

where the second 2k rows of T



12
: ok+l_ - k.1
coordinates of cj are the coordinates of Cj . Hence the blocks

A and B are 0 and T, , respectively. Finally,

k
L T ) Tk Tk . Tk T;l ) Tka TkaQ Tka
k+17k+1 0 Tk 0 TEJ 0 Tka

-1
. _ . - _
By the induction hypothesis Tka =I,and I €I =0. Hence Tk+1 = T
Let aj = ajn...ig be an atom and let Py be the 2" x 2" permuta-
tion matrix obtained by interchanging rows of the 2" x M identity
matrix according to the following rule: row k = kn;..k1 is interchanged
i = i = i i = = '] i =
with row h hn...h1 provided km hm if i 1 and km hm if i 0
form=1,...,n,
Theorem 2.2. Let aj = 3j....ip be an atom. The ordered set
C; = {c; 1 j o= 0,...,2n-1} is a basis for Fn and the matrix T; of the

coordinate transformation from the C: basis to the An basis is Tnpi'

Proof. Let T: = [t% ]. Then t} is the k'th coordinate of c*

n jk jk . . j
ip...1

expressed relative to the An basis. Recall that cj: ji = 1 for the

atom ay k., iff for eachm=1,...,nj =0or k =i . Hence the

n---f1 m m m

N . in.-.ll

atomic coordinates of c; :

Jn'°'J1
nates of c}ﬁ::%jl according to the following rule: the coordinate in

o ip...1
position kn....k1 of 5 I

are a permutation of the atomic coordi-

is interchanged with the coordinate in
position h_...h, provided k_ =h if i =1landk =h'ifi =0 for
n 1 m m m m m m
m=1,...,n. By the definition of Pi’ multiplication of Tn on the
n
right by Pi effects an interchange of columns of Tn = Ti -1 according
to the preceding rule. Since [Tnl = 1 and lPiI = 1, it follows that

i , i i, .
|Tn| = ITn] lPiI =1 so0 C is a basis for F_.
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Each f ¢ F  may be represented as
21,
£= P £ c
j=0JJ

or as a vector (f;) of length 2" relative to the ordered basis C;¢

The ordered basis C; will be called the fundamental basis for Fn rela-

tive to a; and the f; will be called the fundamental coordinates (co-
efficients) of f relative to a, .
Theorem 2.3. Let f = (f;) and let g = (g;). Then

i i D i i
£Og=(f0g) and £ = (10 f, ..., ).

Py |
Proof.
e e N e O R T
feg= 9 f.c;0 § gic:= 9 (f;@8g)c;.
je0 37 52077 T =0 j by M
Note that f' = 1 & f and cg = 1. Hence
2>-1 i i i i 27-1 i
f'=10f=189 _§ £.c;=10f5¢c, 0 .? fj c; =
j= j=1
i i zn-
(16 fo) o o ;? f cJ

Suppose f is given in atomic coordinates by f = (fj) and in
fundamental coordinates relative to a; by f = (f;). Then {fj)==(f;)T;
and

i U | -1 -1
(fj) = (fjJ[Tn] = (fj)[TnPi] = (fj) P~ T .

The group of all permutation matrices of dimension 2" under multipli-

cation is isomophic to the symmetric group S2n [1]. Since Pi is obtained
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from I by simple interchanges of rows, the image of P, in S, is a
product of disjoint cycles of length two. Hence Pi'1 = Pi and
(f;) = (fj) P,T . Hence [Tril]'1 may be obtained from T_ by inter-
changing row kn...k1 with row hn"'hl provided km = hm if im = 1 and
km = hm' if im =0 form=1,...,n. It is important to note that
1

(11

n n
i=2"1, 1 ticular, (£.) = (£2 -1)T_ and (£2"-1) = (£.)T_.
i 1 n particular, ( J) ( 3 ) n an ( ] ) ( J) n

= T; and that T; has a very convenient block form only if

Let T = [tjk]. Then
2"
j

L

tjk =c

n_
which is the k'th atomic coordinate of c? 1. Hence tjk =1 iff

Jp = 0 or km = 1. Hence

oM 2°-1
e =8 ftys R
j=0 JEJk
where
J = {i = jpeeedy tip=0ork =1,m=1, ,n}
For example in case n = 3:
Jooo = 1000} fg = %000
Jooy = {000,001} £ = £, 0 £50;
Jo10 = 1000,010} £ = £5,0 @ £91
Jq; = {000,001,010,011} f; = £500 @ 001 @ 010 @ fo11
J100 = 10005100} £ = £500 9 £10
3oy = 1000,001,100,101} £ = £, @ £, 8 £, 0¢F
I = {000,010,100,110} £ = £, @ £ 0@ £ 0@ £ 0
s QRN - b 3
=0

j
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R S i _qspes =3 0 -
Let [Tn] = [ujk] = pi[tjk]‘ Then ujk 1iff Jp =i, or km 1 for

m=1,...,n. Hence

i 22-1 i ;
£ = f. u,, = . £,
kg0 0k el
where
i . . .
Iy = { = jpeerdy tdg=iptork =1, m=1, ,n}
Note that
2"
I = Iy
Let
1.5 a .
% jsJi J
Then fi = 0(1) iff £ x 1 for an even (odd) number of atoms in M;.

From the structure of J; it can be seen that M; may be written as the

fundamental product

i! i,!

1

(xp) n, voe (X7
k, Yy

where
i ] i ] .
m o _ m o' _ 1 _
Gy = gl =1 ) = O] = % s
and
v _ 0 _ ' _ '
(xm)o' = (xm)1 = Xy form=1,...,n.

Note that {Mi : k =0,...,2"1} is the set of all fundamental products

which include the atom LI PAK: In terms of Veitch diagrams, each

M; can be drawn as a mask with shading in those areas for which M; =1,

If f is given by a Veitch diagram, £ = 1 iff £ has an odd number of

"ones' in the shaded region of M;.
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For example let n = 3 and i = 5. The masks Mi are:

5 ' ' 5 _ ' 5 1 5 _ 1
M0 = Xg X)Xy M1 = X3'X, M2 xs'x1 M3 = Xg
X]
N NN NEENEE NN
]'Xs )

X2

5 ' 0D _ S _ ' S _

M4 = xle M5 = x2 M6 = x1 M7 =1
N N Tl Ok
N NN NEENNAN

Let f(xs,xz,xl) = xl'(x2 v x3') V XgXoX, . As a sum of minimal poly-
3 = ty ' ' ' 3

nomials £(xz,X,,X;) = Xz'%3 "% 1 v X1 X,V XgX X, TV XXXy and in

atomic form f = 20500 "] 23510 "] 2110 ] 3, SO (fj) = (1,0,1,0,0,0,1,1).

'The Veitch diagram for f is:

Comparing the Veitch diagram for f to the masks Mg through Mg yields

(fﬁ) = (1,1,0,0,0,1,1,0). The fundamental coordinates of f relative

to a. also could be obtained by multiplying (fj) on the right by

5
5.-1 _ .
[T3177 = P.Ty:




—
~

00100000 (11111111} [00110011
00010000/ |010310101f |00010001
10000000[ [00110011f (11111111
(r571 . |01000000 00010001 01010101
3 00000010/ " J00001111{ /00000011
00000001 fooooo0101| Jooo0o0o0001
00001000 |00000011| [00001111
00000100f [o0000001) [00000101]
(fi) = (1,0,1,0,0,0,1,1) fJoo11001 1} = (1,1,0,0,0,1,1,0)

00010001

11111111

01010101

00000011

00000001

000011111

0000010 1]

The rows of [T are the fundamental coordinates of the atoms rela-

5,-1
3]
tive to ag. Since f is the modulo two sum of the atoms dominated by f,

Theorem 2.3 may be used to compute (fi) as follows:

(£) = 0,0,1,1,0,0,1,1)
@ (1,1,1,1,1,1,1,1)
@ (0,0,0,0,1,1,1,1)
® (0,0,0,0,0,1,0,1)

(1,1,0,0,0,1,1,0).

Also by Theorem 2.3, the fundamental coordinates of f' relative to ag
are given by (£)' = (0,1,0,0,0,1,1,0).

Theorem 2.4. Let Tn ° Fn + Fn be deﬁlned by

Tm(f(xn,...,xm,...,xl)) = f(xn,...,xm',...,xl),

s i.e., Tn complements variable X of £f. Then

fi

. ifk =1
INGIEE S |
B 08 k.. Hkn=0

n m 1
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Proof. Complementing x has the effect of changing the funda-

mental basis from

i_...1 i i A i
C n m 1 to C n mn 1
n
Hence
in...lm...i1 in...lm'...ll
(rm(f))k = fk .

Recall that fi =1 iff £ = 1 for an odd number of atoms of

. i i)
i n
Mk = (xn) knl s (xl)kl ]

where
' o
), =1 G = %y s
and
(xm);: = xm' .
i .u%;".il.'

Hence (Tm(f))i <1 iff £ = 1 for an odd number of atoms of M,"

k
If ky = 1,

i Wi t.ld iveliLald
n m 1 _,.'n m 1
My = My

SO

If =
n = 0 iv..ift.. i i i, !

1 n m 1

M = (x aee X see X
e G e Gy
i! i! i
= n cee m-oo 1
= (xn) knl (xm) 0' (xl)kl 1
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Hence (rm(f))]t = f; 0 f; R
SPPR S S

As an example of the application of Theorem 2.4, consider the

function of the previous example:

101 101

101 101 101 101 101 101
0100 fo11’ f100’ £ 110° f111)

Sy _
(£ = 00> o010 fo10° fo11° Fro0’ f101° £

(1, 1, 0, 0, 0, 1, 1, 0).

Complementing Xy produces o

1
o fk L]

1
1

x O

101 101 101 101
(t,(£)) = f and (t,(£f)) = f
1 kSk 1 k3k21 1 k3k20 kSk 0

2 2 372

Hence the fundamental coordinates of rl(f) relative to a; are

S 5 4
((Tl(f))k = (0,1,0,0,1,1,1,0). Note that (-rl(f))k = fk‘

A function f ¢ F is said to be independent of xp if there is
an algebraic expression for f as logical sum of fundamental products
which include neither X, nor xm' as a factor.

Theorem 2.5. The function f is independent of X iff;fi =0
for all k = k ...k ...k

n m 1 o _

Proof. Clearly f is independent of x  iff Tm(f)t=,£. Hence f

with km = 1.

ié\independent of X iff (Tm(f))i = fi for k = 0,...,2n-1. Hence by

Theorem 2.4 f is independent of Xn iff fi = 0 for all k such that km= 1.
The dual fD of a function f is defined by fD(xl,...,xn) =

£1(x,',...,% '), A function £ is said to be self-dual if £ = f and

anti-self-dual if fD = £,
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Theorem 2.6. The function £ is anti-self-dual iff £ = £
, n
for k = 0,...,2"1; £ is self-dual iff fg =10 fg -l and

0 _ 2“-1 - n_
£ = ff for k = 1,...,2"-1.

Proof. Complementing all variables has the effect of changing
the fundamental basis C to C2 -1, Hence f is anti-seif-dual iff

fg = fﬁ"l for all k. By Theorem 2.3, complementing f changes the

fundamental coordinates of f relative to a.

1
0 _ 2n.1 0 _ ong
0= 18 fo and fk = fk for

only by changing fg to
10 £5. Hence f is self-dual iff f
k=1,...,2"-1.

Let ¢ be a permutation on {1,...,n}. Then o may also be con-
sidered to be a permutation of the digits kﬁ"‘kl’ or as a mapping of
F into Fn which permutes the variables of a functicn £f. As indicated
by the following theorem, the fundamental bases relative t6 2 and
a,;n_; are especially convenient for considering the effects of permuting
the variables of a function.

-

Theorem 2.7. If o is a permutation on {1,...,n} then

n n
0 _ g0 2°-1 _ 2 -1
CEDy Lk Tk Lk 2 OO T Lk
Proof. The elements of the fundamental basis Cg are given by
0
cg é (xn)k (xl)kl where (xm)o 1 and (x )1 Xp'. Hence each vari-
able which appears in the fundamental product cg is complemented.
Hence permuting the variables of f by o simply reorders the elements of
Cg by mapping

toc . .
U(kn.l .kl)
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Hence

0
OBy . x. = foac ...k
n 1

n

Similarly, each variable which appears in the fundamental product cﬁ -1

is uncomplemented so

"1 21
(of) = f
koooky Ttk k)

The binary number kn...k1 is said to be of length m if exactly

m of the binary digits k k, are 1. The fundamental product c; or

ns- oKy
the coordinate fi is of length m provided k = kn...k1 is of length m.
Evidently there are (;) fundamental products or coordinates of length m
form = 0,...,n. In investigating the structure of functions it is
convenient to arrange the ci and the fi in descending order of length,
and within groups of fundamental products or coordinates of the same
length, in decreasing values of k. For example the elements of Cg are
ordered as follows:

c101 c101 c101 c101 c101 c101 c101 c101

111 110 101 011 100 010 001 000

A function f ¢ Fn is said to be symmetric if f is invariant
under all permutations of variables.

Theorem 2.8. The function f is symmetric iff all coordinates
fg of the same length have the same value; f is symmetric iff all
fﬁn'l of the same length have the same value.

Proof. Each permutation o on {1,...,n} when applied to kn"'kl

does not change the length of kn...kl. Hence by Theorem 2.7, f is sym-

n
metric iff all fz (or fﬁ "1y of the same length have the same value.



22
Theorem 2.8 provides a siﬁple proof of a well-known result [6]

on the number symmetric functions:

1

Corollary 2.9. There are v symmetric functions of n vari-

ables.

Proof. For n variables there are n + 1 possible lengths for
k (0,1,...,n) and all coordinates of each length may be either 0 or 1
for a symmetric function.

A function f ¢ Fn is said to be linear if it is of the form

n
f=e @ex 0...0ex = mgoemxm

where e, = Oor1l form=20,1,...,n and Xy = 1. A linear function f is

said to be even (odd) if e, = 0 (1).

0
n
Theorem 2.10. A function is linear iff fg =0 (fﬁ -1 0) for

all k of length greater than one. A linear function is even iff
21 _
fo 0.

Proof. The fundamental coordinates of the 0 function are all

0 relative to any atom, i.e., O; =0 for k = 0,...,2“-1. Hence by
Theorem 2.3 the fundamental coordinates of the 1 function are 13 =1

and 1, = 0 for k = 1,...,2"-1. Hence (ey), = 0 for k = 1,...,2"-1.
0 - 201 _ : -
Note that °2m-1 = Xp' and czm-l =X form=1,...,n. Hence the funda-

mental coordinates of the function emxm are

eg if k = 0 or ™1

(i = {0 i€ ko and kpom-1

and
g gem if k=2

Tt = form=1,...,n.
CpXdy = o if xpom-1 m
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By Theorem 2.3, the fundamental coordinates of the linear function

are given by

n n n
_ 0 "1 2.1
= § (e_mxm)k and fk = § (emxm)k
m=0 m=0

n

0
fk

If k = 0, k has length 0, and k 2™ has length 1. Hence

]
o

0 _ 2"-1
(epXpy)x = (emxm)k

provided k has length greater than one. Hence the conditions fg =0

and fgn‘l = 0 for all k of length greater than ore are

necessary for linearity. From the definition of a linear function

n+l .. . . .
linear functions of n variables. Since

it is clear that there are 2
there are n + 1 coordinate positions of length 0 or 1, all linear
functions are accounted for under the described conditions so these con-

ditions are also sufficient for linearity. Finally, (emxm)gn'1 =1 iff

m=0 and e0 = 1. Hence a linear function f is even iff f%n'l = 0,



CHAPTER III

EQUIVALENCE CLASSES OF FUNCTIONS

AND CANONICAL REPRESENTATIVES

There are 22" Boolean functions of n variables which may be
partitioned into equivalence classes with respect to several important
equivalence relations on Fn. The following equivalence relations are
discussed by Harrison [6] : Assume f,g € F_, then

(1) f is P-equivalent to g if there is a permutaiion o on

{xl,...,xh} such that £(x;,...,x ) = g(o(xy,...,x));

(2) £ is N-equivalent to g if there is a complementation

operator T on {xl,...,Xh} (t complements each variable
in some subset of {xl,...,xn}) such that £(x;,...,x ) =

BT (x50 esx ));5

(3) £ is PN-equivalent to g if f is P-equivalent to some

h e F_ such that h is N-equivalent to g;

(4) £ is NP-equivalent to g if f is P-equivalent to g or g';

(5) f is NN-equivalent to g if f is N-equivalent to g or g';

(6) f is NPN-equivalent to g if f is PN-equivalent to g or g'.

Equivalence in Fn was first studied systematically by P6lya
[15]. Using the theory of group characters, P6lya was able to determine
the number of PN-equivalence classes for 1, 2, 3, and 4 variables (there

are 402 classes for 4 variables). P6lya's method was refined by Slepian

24
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[1¢] who determined the number of PN-equivalence classes for 5 and 6
variables. The problem of counting the number of classes for equiva-
lence relations other than PN has been studied by Ninomiya [13],
Harrison [5], and others. Harrison [6] lists the number of equivaleﬁce
classes for the six types of equivalence defined above for n <_ 6 vari-
ables.

Golomb [3] and Ninomiya [14] independently developed methods
for assigning a canonical representative function to each NPN-equivalence
class and procedures for determining the canonical representative corre-
sponding to an arbitrary function. Using either method requires the as-
signment of an ordered set of 2 integers to each function or equivalence
class of functions of n variables. These integers are called "invariants"
by Golomb and 'coordinates' by Ninomiya. Ninomiya [14] lists tables of
coordinates for the canonical representatives of the 14 NPN-equivalence
classes of functions of 3 variables and the 222 NPN-equivalence classes
of functions of 4 variables. Ninomiya [14] has also developed tables of
minimal switching networks including minimal relay networks, diode cir-
cuits, vacuum tube circuits, and transistor circuits for the 402 PN-equiv-
alance classes of functions of 4 variables. The minimal diode circuits
are given algebraically as minimal logical sums of fundamental products.
Harrison [6] uses tables of the "invariants" of Golomb with Ninomiya's
tables of minimal switching networks to reduce the problem of optimum
design to a table look-up procedure for functions of up to 4 variables.

It is the purpose of this .chapter to show that the fundamental
coordinates for functions developed in Chapter II may be used in place

of Golomb's '"invariants" and Ninomiya's ''coordinates' for the purposes



26
described above. The use of fundamental coordinates has the following
advantages over the other methods:

(1) The fundamental coordinates of a function of n variables
are 2" binary digits instead of 2" integers. (Each "in-
variant'" is a non-negative integer 5_2n, and each ''coordi-
nate'" is an integer with absolute value s.2n_1.) Hence
fundamental coordinates provide a more compact notation
better suited for automatic computation.

(2) Every ordered set of 2" binary digits form the fundamental
coordinates of some function of n variables. Golomb [3]
was not able to determine sufficient conditions for an
ordered set of 2" integers to be the "invariants" of a
function. Ninomiya [14] gives a test requiring 2" steps
which will determine whether or not a given ordered set of
2" integers f;;m the "coordinates'" of a function.

(3) The algorithms for determining the canonical representa-
tive corresponding to an arbitrary given function are, in

general, easier to apply using fundamental coordinates

than either of the other methods.

201

The fundamental coordinates (fk ) = (f;"‘l
n

'kl) of a function

f e Fn will be ordered as indicated in the discussion following Theorem

2.7, i.e., fi;::%klprecedes fﬁ;::%hl if length k > length h or if length

k = length h, fin-l precedes fﬁn—l if k >h. Note that fundamental co-

. ordinates relative to the atom aZH'I are to be used. For convenience, .
PR RO T e @

- P ey o i

£27-1 will be relabeled £, andif k # 2", fﬁn"l i, Will be relabeled -
2-1 n-.-l



where i, is the least integer m such that km'='0,'-i2 is® the §econd

1
least integer m such that k =0, etc. For example the coordinates

n
(fz -1

)
kgk k)

are ordered and relabeled as follows:

111 111 111 111 111 111 111 111
111 fii0 fio1 foru1 fioo oo foor  fooo
£ £ £ £ £, £ £ £
Note that the length of f. . . is n - m, From the definition of
. 1112"'1111
M; in Chapter II,
n
2°-1
M = (x.") ...(x,"
k 1
n kﬁ kl'

where (xm')1.= 1 and (xm')0.= xm'. Hence

iff £ = 1 for an odd - umber of atoms in the fundamental product

(xil')(xiz')...&%;) and fo =1 iff £ = 1 for an odd number of atoms.
One simple method of obtaining the fundamental coordinates of a func-
tion £ is to form the modulo two sum of the fundamental coordinates of &+

the atoms dominated by f (see Theorem 2.3). The fundamental coordi-

EEt A 1 g}

nates of the atoms for n = 1,2,3, and 4 are giverin Table 3.1.
Rt
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fle
11
01
10

00

£15555

12

f12f13f23

1 11

0 0 1

Table 3.1. Fundamental Coordinates of Atoms.

123
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-

N

N =
-P-_Nb—-

NN

NN =
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Let R be one of the six equivalence relations defined above.

If f ¢ Fn’ let [f]R be the R-equivalence class containing f. The

canonical representative fi of'[f]R is defined to be that function
£ e [f] whose ordered fundamgntai coordiﬁa;es.(fgli.tim) are miminum
as a binary number. | o
The fundamental coordinates of all functions of 1,2, and 3
variables are listed in Tables 3.2, 3.3, and 3.4, respectively. A
Veitch diagram is given for each function and -each function is paired
with its complement. The functions are grouped in PN-equivalence classes
with a space between PN classes. 'Within each PN class, the functions
are grouped in P-equivalence classes. If f dominates r atoms, then f'
dominates 2"-r atoms. Each equivalence class [f]R of functions whose
menbers dominate <2"”! atoms is assigned an integer m and the symbol m'
is assigned to the class [f']R. If n < 3 and f dominates exactly 2n-1
atoms, f' e [£]y and £' ¢ ['f]PN, but £' £ [£], (see Ninomiya [14]).
Hence if f dominates 2n-1 atoms, an integer is assigned to [f]N = [f']N
and an integer is éssigned to {f]PN = [f']pN. If £ dominates Zn'1 atoms
and fl...n = 0, an integer m is assigned to [f]P and m' is assigned to
[f']p. The equivalence class number of the canonical representative uf
each class is underlined and a double underline denotes the representa-
tive of an NP, NN, or NPN class.
Algorithms now may be developed for determining the canonical o .
representative for an arbitrary function. Let S be the set’éf.allnﬁe};é

~

mutations o on {1,...,n}. The ordered fundamental coordinktes
. L ®

f12...m'f13..,(m¥1)‘‘;'.f(n-'m+1)(n-m+2)...n



Veitch
Diagram

Table 3.2.

Fundamental
Coordinates
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Functions of One Variable.

£

Equivalence ~

fi

o

-

Class

=

s>

PN

fl~

firo

(1] |

s

0

1

>

P N PN
' 1' 1!
2' 2 2

*2D



Veitch
.. " -Diagram

X2

[\§] [ov]

X1

Table 3.3. Functions of Two Variables.

Fundamental

Coordinates
£, £, £
0 00 0
1 06" 0
1 01 0
1 10 0
1 11 1
0 01 0
0 10 0
0 11 0

32

®

-

Equivalence
Class

P N PN f0 fle f12 P N PN

1L L [go oo 1 1711
1{1

2 2z 2 [ 1 oo 1 222
1

3 2 2 1 1 01 1 322
1/1

3 2 2 141y 1 10 1 3r 2 2!

: 1

4 2 2 i 1 11 0 4 22
11

5 3 3 [I 0 01 1 5'3 3

floy
fln
fi~
=
o
—
—
—
(e
w
=Y
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TABLE 3.4. FUNCTIONS OF THREE VARIABLES

.- Veitch .  Fundamental . Equivalence* .’
Diagram Coordinates " Class
X1
O[1] 32
41576} x3 1 1
2 112 2 112 2
01232333 P N PN 0 123 233 3 P N
00000000 1L 1 1 1 1f1{1] 0 000 000 1 1' 1'
13T
10000000 2 2 2 I[I[1]1] 1 000 000 1 2' 2
1
(T T[] 10010000 3 2 2 rﬁ 1] 1001 0001 3' 2'
L1l afafa)
- 10100000 3 2 2 ﬂ[! 1010 0001 3' 2'
1] | 1111}
11000000 3 2 2 111111} 1 100 000 1 3' 2'
*1—— - 1
1 ] 10110010 4 2 2 1] J1l1j 10110021 4' 2
, 11010100 4 2 2 ﬂ== 11010101 4 2
10 1]
' 11101000 4 2 2 [(1/1]11]1] 1 110 100 1 4' 2°¢
j] ] [ (11101}
1 ] 11111111 5 2 2 1j11111 111112 0 §' 2'
1 1111
. 1 00010000 & 3 3 1j1] |11/ 0001 0001 6' 3'
1 1]1] {1
00100000 6 4 3 1]1]111]10 010 000 1 6' 4!
HERIE 1 1
] 01000000 6 5 3 1111|01000001 6' 5!
111 111
1 0 001 001 O 3 3 1 1]1}10 001 001 1 7' 3'
1 1 1il
1 0o010100 7 3 3 [1T1]1 00010101 7' 3
111 11111
111 00100010 7 4 3 1 1{00100011 7' 4
111113
] 00101000 7 4 3 PERUEEEE 010 1001 7' 4
1 1 :
TTT 01000100 7 5 3 1000101 7' &
01001000 7 'S5 3 100 100 1 7 5
1]1 111 R
1] 00010111 8 3 3 =JIJI]I]0 0010110 §' 3
1 - 1111

[
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1 1
17 | L1122
01232333 P N PN | 01232333 P N PN
11 00011000 37 27 13 [I[I[_[T] 0001 100 1 37' 27 13
111 1
—T1[1] o0 0100100 37 28 13 [d[1 0 010 010 1 37' 28 13
1 1 1 1
T 0100 001 0 37 29 13 [I T] 0100 001 1 37' 29 13
1 1l 11
1 0 001 101 0 38 27 13 [I[ JI[T] 0 001 101 1 38' 27 13
11303 1
. 1] co011100 38 27 B [I[I[1 0 001 110 1 38' 27 13
11 1
IT 7I] 00100110 38 28 13 I [I] 0010 011 1 38' 28 13
N 11 111
I[1] oo10 11d0 38 28°13 [1[1 0 010 110 1 38' 28 13
a1 1 11
I JI] 01000110 38 29 13 [1] |1 0 100 011 1 38' 29 13
2 0 R Y I . 2 1 1 .
Ta[ ] ©0 1001010 38 29 13 [1 T] 0100 1011 38' 29 13
~[1]¢ B I 111
71 0 001 1110 39 27 13~ (1 0 001 111 1 39' 27 13
: 1 9 11111
"I [I] 0010 1110 39 28 13 1 g 010 111 1 39' 28 13
AT 1
Ti] 01001110 39 29 13 °[1 0 100 111 1 39' 29 13
H FE 1103 o
RTINS c L . k) -
TI] 00001110 .40 30 14 [ITII=]" 0 000 111 1 o40' 30 14
o -
Q °g .
- 2 ts
o . Lﬁ o 3 ° < 5
-] @ °
k] -~ [
° 3 8
o ® * ¢ r'y
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of length n - m may be considered as a binary number M. Each 0 € S
may be considered as a permutation of the digits of me which maps the
digit in position filiZ"'im to position £5(3,)0(ip)...0(ip) A Sequence

S of subsets of S may be defined recursively as follows:

Sypoe0Sp

={oes : o(lg) = o(fy...f) is minimum} .

(1) S1

(2) Sm={oeS

mo1 © o(mg) is minimum} .

.
“Algorithm 3.1. Let £° be the canonical representative of the

P- equlvalence class conta1n1ng “the functlon f. The fundamental coordi-

nates of fP are glven by £, 0(f fn)’_°(ff2~-*f(n;l)n)""’fi,,.n

where o is any permutatlon in S 1 ¢

Proof By Theorem 2. 7 and the def1n1t10n of length fOllOWlng
@ (<}
the proof of thls theorem, it is ev1dent that: each o €°S permutes only

-]

coordlnates of the same length The choice of . the sequence S1 .,Sn 1

9

1nsures that the coordlnates of fP will be m1n1mumJas requlred for the
oo
canon1ca1 representatlve. A symmetry of f (and [f]P) is indicated by
the presence of more than one element in Sp-1t. - ©
As an example of the appllcatlohvof Algorlthh 3.1, consider the

. quctlon glven in Chapter II: f = 2, 8 a, & ag @ a.. The fundamental

coordinates of f may be calculated from Table 3.1 using Theorem 2.3:

= (1,111,111,1) .
® (1,101,010,0)
® (1,100,000,0)
® (1,000,000,0)

(0,110,101,1)
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The fundamental coordinates of length two form the binary number

£,£,f; = 110. Hence S, = {(13), (12)(213)}. In tabular form:

¢

1
2
3

N =
[Vl
wn N

0 123

110 101 1-] 5 = (13)
011 101 1

0, = (1A
011 011 1 , -

From the above table, 82 = {(12)(13)} so the fundamental coordinates

of fP are (0, 011, 011, 1). Note that fP = °2(f) so in -atomic form

P

f ®a ® a ® a

= 9,(3500 ® 2910 © 2170 @ 29710 = 2pgo 111

(8 = 3Kgkoky)-

100 101

0

If {il""’im} C {1,...,n}, the complementation operator
[il,...,im] is defined to be a mapping from F into F which comple- _ ° “c
ments variables il,...,im and leaves the other variables fixed}4

Clearly

[15,4,1(6) - c[ijﬁtik;)cf) =;[ijl(£{k1(f3) = [ ] U510) .

[ ¢ L 4

If £ s'F;, the problem of finding the®canonical representative fN of
[f]N consists & finding a complementation operator [il,...,im] such
that the binary number formed from the fundamental coordinates of
[il,...,im](f) is minimum. If i,...i is the subscript of a funda-

. . . . . © N ws _
mental coordinate and lp € {11,...,1m}, let (11...1m) 1p be the sub

1
(i )*i = 0. Then Theorem 2.4 may be stated in terms of the relabeled

script obtained by deleting ip from i ...im with the convention that

@



ﬂ f. IjI,;.;;jq](f) are zerg and if°[i

'Qillédbfdinéte of length’n - 1 of [i;,...,i 1(f) is one. Hence
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fundamental coordinates by the following equation:

(i 1(D).
P 300 in £, Of.

° ° (3.1)

1f fO = 1, the fundamental coordinates of fN are very easy to

determine. CI%arly;([il,é..,im](f))o = 1 for every, complementation
*

operétarq[il,.,.,im]. By Eq. (3.1), the fundamental coordinates of
- " . . L]

[1,](£) of length n-1 are given by

M IE); = Qe e1iFi =i
N m 1 P
e m
= ®
o o : ) F Y
Let [jl,.;;,jq]_be the complementation operator obtained by including

. jp,s {51;.{.;j€} iff fjé = 1. Then all coordinates of length n - 1 of
_ AL .
1,...,im] # [jl""’jq]’ at least one

>
©

2
<

o V £ - [yseeadg] ), f=1, ) = £ = £=0,

and the remaining coordinates of fN may be found 5} application of

Eq. (3.1). ' ) -
If f0 = 0, finding the coordinates of fN is usually more dif-

ficult. If f is the O-function or the l-function, fN = f. If f is not

the O-function or the l-function, let p be the least integer m such

of length n-m are not all zero. Then

that the coordinates fi i
1..0 m



€
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l<ps<n-1. Let [il,...,im] be any complementation operator. By
Eq. (3.1), all coordinates of lengths n,...,n-p of [il,...,im](f) are

the same as the corresponding coordinates of f. Hence the coordinates

of fN of length n - p are the same as the corresponding coordinates of

£. Let T, be the set of all 1.1 such that f; = 1. By the

1
definition of p, Tp # @#. Each coordinate of f of length n - p - 1 may

- -dp

o n . L]
be labeled fil"'ip+1' bfhere are t = (; _ p - 1) such coordinates
labeled in order: o :

’ G ° ]
: . .
f2. ) B3 o2y E e
Let ' . o @
- f;‘ i ;‘ ‘ 0 < o
«o s 7 -]
il . =

be. the COdrdiﬁaté“in'pOSition'r from the left S0 r = 1,...,t. The co-
. - T . o L

. > 5

ofdiqates of fN‘= [il;.,.,im](f) may{bé determined using an itexgative
<. . : . . . ! -] o

‘ . ..' . ) - ‘. B .o .
procedure. A set of functions B’ is associated with ‘each, r = S A
e} 4 o ~ ~ 'S <,

¢ - P X ’u ¢ .ll) “,40 9 .O N
and to each g € B_ is assigned a set of possible complementation opera-
o 2 °

('Y ' N o

r
o o J'J Cn‘ f o - ° o o
tors Sf._ Lgtyﬂbv=’{f}”?q§31¢t Sy = {1,....n}., Forweach g € B, there
o o Ve, ) o Py
are three possibilities:
(] . r - c 1_ L te . . .
Case®l. ‘gil"'ip+1 = 0. Let B%’ = {g} L){[Jl,...,Jq]g : q is
o N N ‘. .
even and (11"'1p+1)*Js € TRafor s = 1,...,q}. Let
[3yse-eni e
g . 1 qQ'" _ g . (i . *
82 =8, me s.q ¢ Uy '1p+1) m £ Tp} .

Case 2. g{ = 1 and for at lgast one m € Sf_l,

1. . cip+12
(il...ip+1)*m e T, Let BE" = {[ji,...,jq]g : q is odd and (il...ip+1)*js

€ TP for s =i,...,q}. Let
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Ligss3gle
r

_ <€ . s .
S = {me Sr-l : (11,...,1p+1)*m £T }.

p

Case 3. g:; = 1 and for all m ¢ Sf__l, (il"'ip-!-l)*m

1- L] .ip+1
. . . . 3 _ <8 _ o8
is not defined or (11. "1p+l) *mtTp. Let B% = {g} and let Sr = Sr-l'
Let
a gl 82
By = LJg B, (BI'L)Br )
and let
b U g3
B) = B
r g e Br-l
Let

a . a

Br if Br # 0
B =
T b .

a_
Br if Br =0

r

1 h .
. . = g {
In case 1, hll"'1p+1 0 for each h € Br and Sr contains oyly

S

complementation operators m such that hj = 0 for s < r implies

1-++ipal

; [mfh} . =0 .
1 i

2 ' 1
Similarly, each h ¢ B% has the properties attributed to each h ¢ Bg .

If h e,Bgs, there is no complementation operator m such that

1l
o

R o
I'm]hi R §
1 p+l

Hence if there are functions g € Br__1 satisfying the conditions of cases
1 or 2, functions satisfying the conditions of case 3 need not be con-.
sidered. If Si = @ for each g e B, £ is that g ¢ B whose fundamental

coordinates are minimum. If Bt contains a function g such that S% £0,
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then £ is the function in B, LJ{[il,...,im]g :geB, ige S% for
s = 1,...,m} whose coordinates are minimum. The procedure for finding
fN is summarized below.
Algorithm 3.2. If f ¢ F , the fundamental coordinates of £

are obtained as follows:

m g =1, ¢ = [igsees3g)€ vhere 3 e {3;,...,3} 18f

fj = 1. Then f§ =1, fT = fg = ... = fﬁ = {, and the remaining co-

ordinates of £' are found by applying Eq. (3.1) to ([jl]...[jm])f.
(2) If all coordinates of f are 0, £ =0 = fN.
(3) If only the last coordinate of fis 1, f=1 = fN.

(4) If £, =0, £f#0, and f # 1, form the sets Tp’ B and-Si

n
n-p-
puted using Eq. (3.1). Then £ is the function in B+ U {[il”"’im]g :

0 r’

forr=1,...,t = ( 1). The coordinates of each g ¢ Br are com-

g eB

p iS € S% for s = 1,...,m} whose coordinates are minimum.

As an example of the application of Algorithm 3.2, let f be the
function of four variables given in atomic form by f = 3 @ ag ©) 310
@ a4 "] 2, ] 35" From Table 3.1 and Theorem 2.3 the fundamental co-
ordinates of f are: 5
| f = (1, 1111, 111111, 1111,°1)
® (1, 0101, 000010, 0000, O)
® (1, 1010, 010000, 0000, 0)
@ (1, 0100, 000000, 0000, 0)
® (1, 1000, 000000, 0000, 0)

® (1, 0000, 000000, 0000, 0)

(0, 1100, 101101, 1111, 1)
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Hence f falls under part 4 of Algorithm 3.2 and the fundamental coor-

dinates of fN nay be calculated with a table.

1
1112 2
111223 2233 3 T = {1,2}
0 1234 234344 3444 4 P
£ 01100 101101 1111 1 B, = {£} st = {1,2,5,4
11£ . [2]f
B, = {[11£,[2]¢} s, e s 125 (35,41
[1]f 0 1100 001101 0101 0
[2)f 0 1100 001101 1010 O e (a1g
B, = {[11£,[21£} sg ] =_.s£_].‘= {4}
4,1]£ . [42f
B, = {[4,1]£,[4,2]£} -3314 11£, 53[ 1f_ 4

[4,1]f 0 1100 000111 0100 O
[4,2]f 0 1100 000111 1011 1

Since S£4’1]f = S£4’2]f = ¢ and [4,1]f has minimum coordinates
Ao [a,1]f.

The following Lemma is of some assistance in calculating the
coordinates of fPN.

Lemma 3.3. Let £cF . If £, =1orn<3, then £ = (£0°.

Proof. Suppose f € Fn and fo = 1. As indicated in the discus-
sion preceding Algorithm 3.2, there is a unique complementation opera-
tor [il,...,im] such that all coordinates of [il,...,im]f of length n - 1
are zero. By Theorem 2.7, any permutation of the variables of f does not
change the number of coordinates of length n - 1 which are one. Hence
fPN may be obtained by finding fN (Algorithm 3.2) and then finding the

permutation ¢ such that the coordinates of o(fN) are minimum (Algorithm



46
3.1). Tables 3.2, 3.3, and 3.4 list all the functions of n < 3 vari-
ables. It may be scen from the tables that whenever f and g belong to
the same PNrequivalence class, £ and gN belong to the same P-equiva-
lence class. Hence if n < 3, fPN = (fN)P.
Unfortunately, there are functions f of four or more variables
with £, = 0 such that fPN # (fN)p. For example consider the function

0
of four variables whose coordinates are given in the table below:

1
1112 2
111223 22333

0 1234 234344 3444 4
f = fN 0 0111 011000 0000 O
(24)f 0 0111 110000 0000 O

((24)f)N 0 0111 001000 0000 O

Application of Algorithm 3.2 shows that f = fN and that ((24)f)N =
[1]C(24)6). Clearly £ = (29N # (£9)F = £. Fron Table 3.4 it
is easy to find examples of functions f ¢ F3 such that (fP)N # pr.
Algorithm 3.4. If f ¢ Fn’ the fundamental coordinates of fPN

are obtained as follows:

(1) If £, =1o0rn < 3, apply Algorithms 3.2 and 3.1 to ob-
0 ;

tain (fN)P = pr.

(2) If all coordinates of f are 0, £ =0 = fPN.

(3) If only the last coordinate of f is. 1, £f=1-+= fPN.

()] Iff0=0,n_>_4,f#O,andf#l,letpbetheléast
integer m such that the coordinates fil- g of length n - m are not

all 0. Then 1l <p <n - 1. The ordered fundamental coordinates of
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length n - p form a binary number

Pg = f12...p f13...(p+1) T f(n-p+1)(n-p)...n

Let S be the set of all permutations o on {1,...,n} such that o(p.)
is minimum. For each o ¢ S, find (o(f))N using Algorithm 3.2. Then

fPN

is the function in {(c(f))N 10 ¢ S} whose coordinates are minimum.

Proof. Case (1) is an immediate consequence of Lemma 3.3.
Cases (2) and (3) are obvious. In case (4) no complementation operator
can alter the coordinates of length n - p according to Theorem 2.4.
Hence {o(f) 10 € S} contains all possible candidates for fPN with re-
spect to permutation of variables. Hence fPN is the function in
{(o(f))N 10 € S} whose coordinates are minimum.

Algorithm 3.5. The fundamental coordinates of fNN, fNP, and
prN may be obtained from the coordinates of fN, fP, and pr respec-
tively, by making the last coordinate 0.

Proof. By Theorem 2.3, all coordinates of f are the same as
the corresponding coordinates of f' except that the last coordinates
satisfy the condition f'l...n =189 fl...n

sentative of an equivalence class is defined to be the class member

Since the canonical repre-

whose coordinates form the minimum binary number, the algorithm is
obvious.

Ninomiya [14] and Harrison [6] provide tables listing the atomic
coordinates of one representative function for each of the 222 NPN
equivalence classes in F4. A computer program could be written based on
Algorithm 3.5 and the above tables to determine canonical representatives

for the NPN classes in F4.
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Future research may extend the results of this paper to include
investigations of necessary and sufficient conditions for a Boolean
function to be unate, k-monotonic, k-assumable, or to possess other
properties assoc.ated with the study of threshold logic. Winder [25]

_gives a recent analysis of the literature on threshold logic.
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