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COVERING REFINEMENTS, COLLECTIONWISE NORMALITY,

AND RELATED PROPERTIES

INTRODUCTION

W illiam  Haver [Ha] f i r s t  in troduced  the no tion  of a m etric  

C-space in  1973 a t  the VPI topology conference a t  B lacksburg, V irg in ia .

In  1974, John Gresham [Gr] gave a to p o lo g ica l d e f in it io n  of a C-space, 

and he thoroughly in v e s tig a te d  such spaces.

In  th is  d is s e r ta t io n ,  spaces w ith  various covering p ro p e r tie s  are 

examined. In  p a r t ic u la r ,  weakly C-spaces [1 .2 ] ,  f in i t e ly  (s tro n g ly ) 

screenable spaces [2 .2 ] ,  screenab le  spaces [2 .1 ] ,  CCC spaces [5 .1 ] ,  

L indelof spaces, and SCN [1 .9 ]  spaces are  involved in  many o f the  

r e s u l ts  obtained h e re in .

In  Chapter One, weakly C-spaces are  in troduced  and many theorems 

concerning these  spaces a re  s ta te d .  However, most proofs a re  om itted  be­

cause they req u ire  only obvious m odifica tions to  Gresham’s .  Also in  

Chapter One th e re  a re  se v e ra l theorems which are  aimed a t  decid ing  under 

what co nd itions a weakly C-space i s  a C-space.

In  Chapter Two, f in i t e l y  screenable  spaces and f in i t e ly  s tro n g ly  

screenable  spaces a re  in troduced , and i t  i s  shown how these new spaces a re  

re la te d  to c e r ta in  well-known spaces. The main r e s u l t  proved i s  th a t  

every f in i t e ly  sc reenab le , normal, T^ space i s  f in i t e ly  s tro n g ly  sc reen - 

a b le . The r e s u l ts  in  Chapter Two are  summarized in  an im p lica tio n  d ia ­

gram [2 .1 8 ].



Many examples are  examined in  the  th ird  ch ap te r, inc lud ing  the 

tangen t d isc  space [3 .7 ] ,  the  H ilb e r t cube [3 .8 ] ,  and B ing 's 

example G [ 3 .9 ] .  A sp e c ia l type o f su b se t, c a lle d  a CIC-subset [3 .3 ] ,  

i s  defined  and th is  d e f in it io n  i s  shown to  be u se fu l in  in v e s tig a tin g  

spaces fo r  such p ro p e r tie s  as s c re e n a b il i ty  and being  co llec tio n w ise  

H ausdorff. The main r e s u l ts  o f Chapter Three a re  summarized by means 

o f a  containm ent diagram [3 .1 4 ] .

In  Chapter Four, F le is s n e r 's  example, c a lle d  "George" [4 .1 ] ,  

i s  reco n stru c ted  and i t  i s  shown th a t  George i s  n e i th e r  countable

dim ensional nor sc reen ab le . The main r e s u l t  o f th is  d is s e r ta t io n  i s

the  co n s tru c tio n  derived  in  th is  ch ap te r, which d e ta i ls  how to b u ild

a normal, co llec tio n w ise  H ausdorff space which i s  n o t co llec tio n w ise  

normal by s ta r t in g  w ith  a space th a t  i s  s u f f ic ie n t ly  l ik e  B ing 's  

example G.

In  Chapter F ive, the  concept o f a CIC-subset i s  r e v is i te d  and 

r e s u l ts  a re  ob ta ined  which r e la te  th is  concept to  CCC spaces, L indelo f 

spaces, and sc reen ab le  spaces.

N o ta tio n ;

(1) I f  P i s  a p ro p erty , then a space X w il l  be c a lle d  a
00

a -  P space i f  X = Ux where each X has p roperty  P. For example,
I n  n

00

a space X i s  o-compact i f  X = Ux where X̂  i s  compact.

(2) The l e t t e r  N w i l l  denote the s e t  of n a tu ra l  numbers.

(3) I f  F i s  a c o lle c tio n  o f s e ts ,  then F* w il l  denote the

union of the elem ents o f F.

(4) I f  A i s  a su b se t o f a space X, then B d ^  w i l l  denote



th e  boundary of A in  X. When no confusion i s  l ik e ly ,  the n o ta tio n

BdA w i l l  be used.

(5) I f  X i s  a space and F i s  a  c o l le c tio n  o f su b se ts  of

X, then fo r  each x e X, S t(x ,F ) w i l l  denote th e  s e t  U{f e F: x e f} .

(6) I f  M i s  a  su b se t o f a space X and F i s  a c o lle c tio n

of subsets  o f  X, then {f fl M: f  s F} i s  c a lle d  th e  tra c e  o f F

on M and i s  denoted by Tr^F.

O rdinal spaces a re  assumed to  have the usua l (o rder) topology. 

Since the  open o rd in a l space [0 ,w ^), a lso  c a lle d  th e  space o f countable 

o rd in a ls , i s  used ex ten s iv e ly  in  th is  d is s e r ta t io n ,  a  few fa c ts  con­

cerning th is  space w i l l  now be l i s t e d .

(A) Every d is c re te  closed  subse t o f [0 , ü)^) i s  f i n i t e .

(B) I f  H and K a re  d is jo in t  closed  su b se ts  o f [0 ,w ^),

then e i th e r  II o r  K i s  bounded.

(C) I f  A i s  a countable su b se t o f [0,u)^), then

sup A = sup{a: a e A} < w^. In p a r t ic u la r ,  i f  i s  a  sequence

in  [0 ,w ^), then supo^ <

(D) The P ress in g  Down Lemma. I f  f ;  ^  i s  a function

such th a t  f(X) < X fo r  each X in  some su b se t o f [0,oj^) which

in te r s e c ts  every c losed  unbounded s e t  in  CO,m^), then  th e re  e x is ts  

an o rd in a l B e [0 ,u ^ ) and a c o f in a l subse t F o f [0,w^) such th a t

f(y ) = B fo r  each y e F.

Note: The symbol % denotes a leph .



CHAPTER ONE

WEAKLY C-SPACES

1 .1  D e f in itio n ; A space X i s  a C-space i f  fo r  every

sequence {C^}^ o f open covers o f X th ere  i s  a sequence

of p a irw ise  d i s jo in t  open c o lle c tio n s  such th a t ,  fo r  each n ,

weakly r e f in e s  C (U re f in e s  C , b u t U need n o t be a cover), n  n n n
and i s  a cover o f X. The c o lle c tio n  {U^}^ i s  c a lle d  à

C -refinem ent of {C

1 .2  D e f in itio n : A space X i s  a weakly C-space i f  every 

sequence {C^}^ of f i n i t e  open covers has a C-refinem ent.

1 .3  D e f in itio n : A space X i s  a s tro n g ly  C-space i f  every 

sequence {C^}^ o f open covers has a C-refinem ent such th a t ,

00

fo r  some n a tu ra l  number k ,

1 .4  Theorem: I f  X i s  a weakly C-space and {C^}^ i s  a

sequence of f i n i t e  open covers of X, then th ere  e x is ts  a C -re fin e ­

ment {U }, of {C such th a t each U i s  f i n i t e .n  1 n 1 n



1 .5  D e f in itio n ; A fam ily {F^: a s A} o f su b se ts  o f a 

space X i s  d is c re te  i f  each p o in t o f X has a neighborhood which 

in te r s e c ts  a t  most one member of the fam ily. I t  i s  well-known th a t  

{F^: a G A} i s  d is c re te  i f  and only i f  {F^: a  s A} i s  pa irw ise  d is ­

jo in t  and, fo r  every subse t B o f A, the  s e t  U{F^: b 6 B} i s  c losed .

1 .6  D e f in itio n : A space X i s  c o llec tio n w ise  normal (CHM)

i f  fo r  every d is c re te  fam ily {F^: a e A} in  X th e re  e x is ts  a p a ir ­

wise d is jo in t  open fam ily {U^: a e A} in  X such th a t  F^ c fo r

each a e A.

1 .7  D e f in itio n : A p a ir  {A,B} of su b se ts  o f  space X i s

separa ted  i f  Â n B  = Af l B  = 0 . A fam ily {F^: a e A} i s  separa ted

i f ,  fo r each a s A, F fl ( U F ) = F n ( ( J F ) = < è .
® b fa  b ^ b^a b

1 .8  D e f in itio n : A space X i s  com pletely normal i f  fo r  every

sep ara ted  p a ir  {A,B} of subse ts  o f  X th e re  e x is t  d i s jo in t  open s e ts

U and V in  X co n ta in ing  A and B, re sp e c tiv e ly .

1 .9  D e f in itio n ; A space X is  s tro n g ly  com pletely normal (SCN)

i f  fo r every sep ara ted  fam ily {F^: a e A} in  X th e re  e x is ts  a  p a ir ­

wise d is jo in t  open fam ily {U^: a e A} in  X such th a t  F^ c fo r

each a 8 A.

1.10 D e f in itio n : A c o lle c tio n  V o f su b se ts  of a space X

is  o f o rd er ^  ^  % i f  y i s  contained in  p re c ise ly  a members of

V. This w i l l  be denoted by ord(y,V) = a .



1.11 D e f in itio n ; A space X has dimension < n , denoted 

dim X £  n , i f  every f i n i t e  open cover o f X has an open refinem ent

o f o rder £ n  + 1. A lso, dim ({> = -1 .

1.12 D e f in itio n : A space X has s trong  covering dimension < n , 

denoted sdim X £  n , i f  every open cover has an open refinem ent of

o rder ^  n + 1. Again, sdim <j> = -1 .

1.13 D e f in itio n : A space X i s  countable dim ensional (CD)

i f  X = UX , where sdim X = 0 fo r  each n.i n  n

1.14 Theorem; (A) A space i s  SCN i f  and only i f  i t  i s

h e r e d i ta r i ly  CWN.

(B) A space i s  com pletely normal i f  and only 

i f  i t  i s  h e re d ita r i ly  normal.

(C) I f  X i s  com pletely normal and 

^^1*^2’ '■*’^n^ i s  a f i n i t e  sep ara ted  fam ily in  X, then th e re  e x is ts  

a pairw ise  d is jo in t  open fam ily {U^,Ü2 , . . .  ,U^} such th a t  c

fo r  i  = 1 , 2 , . . . ,n .

By using  p a r t  (C) o f th i s  theorem along w ith  Theorem 1 .4 ,

many new theorems re la te d  to  weakly C-spaces can be ob ta ined  from the

r e s u l ts  found in  the  f i r s t  th re e  chap ters o f John Gresham’s d is s e r ta ­

tio n  [G r]. In  p a r t ic u la r ,  the  theorems in  [Gr] can be m odified by 

rep lac in g  the expressions "C-space" and "SCN" by "weakly C-space" and 

"com pletely norm al," re sp e c tiv e ly . For example, Gresham’s p ro p o s itio n  3 .1 .6  

s ta te s :  Let X be an SCN space such th a t  X = UX̂  and each X  ̂ i s  a



C-space ( in  the  r e la t iv e  topology). Then X i s  a C-space. Modifying 

th is  as in d ic a te d  p rev io u s ly , the follow ing theorem i s  ob ta ined .

1.15 Theorem; L et X be a com pletely normal space such th a t

X = Ox and each X i s  a  weakly C-space ( in  the r e la t iv e  topo logy). I n  n
Then X i s  a weakly C-space.

P ro o f: L et {C^}^ be a sequence o f f i n i t e  open covers o f X.

L et g : N x N - > N  be a b i je c t io n  and l e t  C ^  denote the cover

j ) ' i  e N, and consider {C^^ ® sequence o f f i n i t e

open covers o f X^. Since X  ̂i s  weakly C, Theorem 1 .4  im plies th a t
00 00 

th e re  e x is ts  a C -refinem ent {U^ o f {C ^ r e la t iv e  to

X  ̂ such th a t  each i s  a f i n i t e  c o lle c t io n . Each is

a f i n i t e  p a irw ise  d i s jo in t  c o lle c tio n  of r e la t iv e ly  open su b se ts  of X, .̂ 

and th e re fo re  each is  a f i n i t e  sep a ra ted  fam ily  in  X. Apply­

ing Theorem 1 .14(C ), th e re  i s  a f i n i t e  p a irw ise  d i s jo in t  fam ily

{F(U): U G U ,. .X} o f open subsets  o f  X such th a t  Ü c F(U) fo r

each U s • A lso, fo r  each Ü e , th e re  i s  a s e t  G(U)

in  C ^  such th a t  U c G(U). Let = {F(U) fl G(U) : U s

a f i n i t e  fam ily o f open su b se ts  of X. S e ttin g  W = V,. wheren
g ( i , j )  = n , i t  i s  e a s i ly  checked th a t  i s  a  C-refinem ent of

. 0 0

Many theorems which can be proved e s s e n t ia l ly  as in  [Gr] 

w i l l  now be l i s t e d ,  and some of them w i l l  be proved.

1.16 Theorem: I f  X i s  weakly C, then every c losed  subspace

o f X i s  weakly C.



1.17 Theorem; I f  every G^-subspace o f X i s  weakly C,

then X i s  h e r e d i ta r i ly  weakly C.

1.18 Theorem: I f  X i s  a com pletely normal space and

{X }? i s  a  sequence o f weakly C-subspaces o f X, then UX i s  a n i  i n
weakly C-subspace o f X.

1 .1 8 .1  C o ro lla ry : I f  X i s  a com pletely normal weakly

C-space, then every F^-subspace o f X i s  weakly C.

1 .1 8 .2  C o ro lla ry ; I f  X i s  a p e r fe c t ly  normal weakly

C-space, then every open subspace o f X i s  weakly C.

P ro o f: Every p e r fe c tly  normal space i s  com pletely normal by

VII 4 .4  in  [Du]. Every open subspace o f a  p e r fe c tly  normal space i s  

known to  be an F^-subspace. The r e s u l t  now follow s from C oro llary  1 .1 8 .1 ,

1.19 Theorem: I f  dim X = 0 , then X i s  weakly C.

Proof : S ince dim X = 0, every f i n i t e  open cover o f X has a

p a irw ise  d is jo in t  open refinem ent; i . e . ,  an open refinem ent o f o rd er 1. 

The r e s u l t  i s  now obvious.

1.20 Theorem: Every countable dim ensional com pletely normal 

space i s  weakly C.

1 .2 0 .1  C oro llary  : Every f i n i t e  (o r countable) dim ensional

m etric  space i s  weakly C. In  f a c t ,  i t  i s  shown in  [Gr] th a t  such 

spaces a re  a c tu a lly  C-spaces.

1.21 Theorem: A d is jo in t  union ( to p o lo g ic a l sum) of weakly 

C-spaces i s  a  weakly C-space.



1 .2 1 .1  C o ro lla ry ; I f  {F^: a e A} i s  a sep ara ted  fam ily

o f weakly C-subspaces o f X, then ^U^F^ i s  a weakly C-subspace of X.

1 .2 1 .2  C oro llary  : I f  {F^: a s A} i s  a d is c re te  fam ily o f

weakly C-subspaces o f  X, then i s  a weakly C-subspace o f X.

1.22 Theorem: L et X be a com pletely normal space such th a t

fo r  each sequence of f i n i t e  open covers o f X th e re  i s  a  sub­

s e t  N* o f N and a c o lle c tio n  such th a t :

(1) i s  a p a irw ise  d is jo in t  fam ily of open s e ts  fo r

each n e N' .

(2) For each n e N ', weakly re f in e s  C^.

(3) X - U _,U i s  contained in  some weakly C-subspace of X.nsN n
(4) N -  N’ i s  i n f in i t e .

Then X i s  a weakly C-space.

1 .23 Theorem: Sinpose X i s  com pletely normal. Then X is

L indelb f and weakly C i f  and only i f  every open cover o f X has a

countable refinem ent by open s e ts  whose boundaries a re  weakly C.

P ro o f: Suppose every open cover o f X has a countable re f in e ­

ment by open s e ts  whose boundaries a re  weakly C. Then X i s  obviously 

L in d elo f. We now prove th a t  X i s  weakly C. Let be a sequence

o f f i n i t e  open covers o f X. Let {u  ̂ be a  countable refinem ent of

C  ̂ such th a t  Bdu^ i s  weakly C fo r each j . L et Vq = Uq and l e t

V = u -  .U u. fo r  m > 1. Then {V.}, i s  a pairw ise  d is jo in t  openm m ]<m j  j  1 j r

weak refinem ent of C  ̂ such th a t  X -  c ^Bdu^. To see  th is  l a s t

containm ent, suppose x i  Bdu^ fo r  each j .  Then e i th e r  x e u  ̂ o r
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X ^ üj  because i s  open. Let jg  be the le a s t  whole number such

th a t  X 6 u. . Hence fo r  n < j_ ,  x  i  vl . Therefore, jQ u n
X  6 u. -  U. u = V, . I t  follow s th a t  x ^ X -  UV.. This proves the 

j o  iKjo n Jo 0 J
d es ired  containm ent. By Theorem 1 .1 8 , OBdUj i s  weakly C. The hy­

p o th esis  o f Theorem 1.22 is  now s a t i s f i e d ,  using N' = {1}. T herefo re ,

X i s  weakly C. The converse i s  t r i v i a l .

1.24 Theorem; I f  X i s  a com pletely normal L indelo f space,

then the  follow ing a re  eq u iv a len t:

(a) X i s  a weakly C-space.

(b) X has a b a s is  o f open s e ts  whose boundaries a re

weakly C.

(c) Each p o in t o f X has a lo c a l  base o f open s e ts  

whose boundaries a re  weakly C.

(d) Every open cover o f X has a refinem ent c o n s is tin g  

of open s e ts  w ith  weakly C boundaries.

1.25 Theorem: Let X be a com pletely normal paracompact

space. Then X i s  weakly C i f  and only i f  every p o in t o f X has

a weakly C neighborhood.

1.26 Theorem: I f  X i s  a weakly C-space, and Y i s  a com­

p le te ly  normal, paracompact, lo c a lly  compact subspace of X, then Y 

i s  weakly C.

1 .26 .1  C o ro lla ry : I f  X i s  a lo c a lly  compact, 

h e r e d i ta r i ly  paracompact, weakly C-space and Y i s  the in te r s e c t io n  of 

an open subspace of X and a closed  subspace of X, then Y i s  weakly C.



11

1.27 Theorem; I f  X i s  com pletely normal, paracompact, and

has a lo c a l ly  countable cover by weakly C-subspaces, then X i s  weakly C.

1 .2 7 .1  C oro llary  : In  h e r e d i ta r i ly  paracompact spaces,

a lo c a l ly  countable union o f weakly C-subspaces i s  a weakly C-subspace.

1.28 Theorem: I f  X i s  a re g u la r  com pletely normal space, 

then th e  follow ing a re  eq u iv a len t:

(a) X i s  paracompact and weakly C.

(b) Every open cover of X has a o - d is c r e te  refinem ent

by open s e ts  w ith weakly C boundaries.

(c) Every open cover of X has a a - lo c a l ly  f i n i t e  re ­

finem ent by open s e ts  w ith  weakly C boundaries.

(d) Every open cover of X has a lo c a lly  f i n i t e  re f in e ­

ment by open s e ts  w ith  weakly C boundaries.

1.29 Theorem: For any space X, the  follow ing are  eq u iv a len t:

(a) X is  m etrizab le  and weakly C.

(b) X i s  T^, re g u la r, and th e  topology has a o - lo c a l ly

f in i t e  base of open s e ts  w ith  weakly C boundaries.

(c) X i s  T^, re g u la r , and the topology has a o - d is c r e te  

b a s is  o f open s e ts  w ith  weakly C boundaries.

1.30 Theorem: A m etric  space X i s  weakly C i f  and only i f

fo r  every d is jo in t  p a ir  {A,B} o f c losed  s e ts  in  X th e re  e x is ts  an 

open s e t  Ü such th a t  A c u c x -  B and BdU i s  weakly C.
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1.31 D e f in itio n ; A space X I s  weakly i n f i n i t e  dim ensional

(wld) I f  fo r  every sequence {(A ,B )} , of d is jo in t  p a ir s  of c losedn n X
s e ts  th e re  e x is ts  a sequence of open s e ts  such th a t

A c U c X -  B fo r  each n and QBdU = ÿ.n n n 1 n

1.32 Theorem: Every normal weakly C-space i s  w ld.

No m o d ifica tio n  o f Gresham’s proof I s  needed to  prove 

th is  l a s t  theorem because only b inary  covers a re  used In  h is  p roo f.

1 .32 .1  C o ro lla ry : A m etric  space X i s  weakly C i f

and only i f  fo r  every sequence {(A^,B^) o f d is jo in t  p a ir s  of

c losed  s e ts  th e re  e x is ts  a sequence of open s e ts  such th a t

A c u c X -  B fo r  each n , (iBdU = ÿ , and BdU i s  weakly Cn n  n i  n n
fo r  each n .

1 .32 .2  C oro llary  : A com pletely normal countab le  dimen­

s io n a l space I s  wid.

1 .33 D e f in itio n : A space X i s  subparacompact i f  every open

cover o f X has a o -d is c re te  c losed  refinem ent. This d e f in it io n  i s  

due to  D.K. Burke [Bu 1 ] .

1.34 Theorem: A com pletely normal subparacompact space X 

i s  h e r e d i ta r i ly  weakly C i f  and only i f  every p o in t o f X has an 

h e r e d i ta r i ly  weakly C neighborhood.

P ro o f: Suppose every p o in t o f X has an h e r e d i ta r i ly  weakly

C neighborhood. Let U be an open cover of X by s e ts  u each 

contained in  an h e r e d i ta r i ly  weakly C neighborhood o f some p o in t o f 

X. Since X i s  subparacompact, th e re  e x is ts  a o -d is c re te  closed  r e -
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finem ent V o f U. Thus, each v e V i s  weakly C because each 

V e V i s  a  subspace o f some h e r e d i ta r i ly  weakly C-subspace of X.

Let V = UV ,̂ where each i s  a c losed  d is c re te  fam ily . For each

n , V* i s  weakly C by C oro llary  1 .2 1 .2 . Let A be an a rb i tr a r y  sub­

space o f X. Then, s in ce  each v s V i s  a c tu a lly  h e r e d i ta r i ly  weakly 

C, i t  fo llow s th a t  fo r  each n , UTr^V^ i s  a d is c re te  fam ily o f weakly 

C-subspaces o f A. Applying C oro llary  1 .21 .2  again , i t  follow s th a t  

UTr^V^ i s  a  weakly C-subspace of A. Since A i s  com pletely normal 

and A can be w r i tte n  as a countable union of weakly C-subspaces o f 

A, namely A = ^y^^(UTr^V^), i t  follow s by Theorem 1.15 th a t  A i s  

weakly C. The converse is  t r i v i a l .

1 .3 4 .1  C oro llary  : I f  X i s  a com pletely normal 

subparacompact space and {F^: a e A} i s  a  lo c a l ly  countable cover o f 

X by h e r e d i ta r i ly  weakly C-subspaces o f X, then X i s  h e r e d i ta r i ly  

weakly C.

P ro o f; L et x s X. Let N(x) be a  neighborhood of

X in te r s e c t in g  a t  most countably many members o f {F^: a e A}, say

^1*^2’ * *' ' N(x) c UF^. The proof w i l l  be completed by showing

th a t  UF  ̂ i s  h e r e d i ta r i ly  weakly C. Suppose B c UF^. Then

B = U(B n F ) ,  and each B fl F i s  weakly C because each F i si  n n n
h e r e d i ta r i ly  weakly C. I t  follow s from Theorem 1.18 th a t  B is  

weakly C.

1 .3 4 .2  C o ro lla ry ; In a com pletely normal space, every 

countable union o f h e r e d i ta r i ly  weakly C-subspaces i s  an h e r e d i ta r i ly  

weakly C-subspace. ''
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1.35 D e f in itio n : A map f :  X ->■ Y i s  p e r fe c t  i f  i t  i s  a con­

tinuous c losed  s u r je c t io n  and f  ^(y) i s  co n tac t fo r  each y s Y.

1.36 D e f in itio n : A subse t A o f a space X i s  dense in  

i t s e l f  i f  every p o in t x e A i s  a l im it  p o in t o f A -  {x}.

1.37 Theorem: L et X and Y be m etric  spaces, X h e red i­

t a r i l y  weakly C, and f : X Y a p e r fe c t map. Let Y  ̂ = {y e Y: f  ^(y) 

i s  dense in  i t s e l f } .  I f  Y^ i s  h e r e d i ta r i ly  weakly C, then Y i s  

h e r e d i ta r i ly  weakly C.

1 .3 7 .1  C o ro lla ry : Using the  same n o ta tio n  as in

Theorem 1 .37 , i f  Y^ i s  empty (each f  ^(y) has an is o la te d  p o in t) ,

then Y i s  h e r e d i ta r i ly  weakly C.

1 .3 7 .2  C oro llary  : Using the same n o ta tio n  as in

Theorem 1 .37 , i f  f  ^(y) i s  to p o lo g ica lly  d is c re te  fo r each y s Y, 

then Y i s  h e r e d i ta r i ly  weakly C.

1.38 Theorem; Suppose X i s  com pletely normal, Y i s  a

C-space, and f :  X -> Y i s  a c losed , continuous, s u r je c t iv e  map such

th a t  dim f  ^(y) = 0 fo r  each y e Y. Then X i s  a  weakly C-space.

1 .3 8 .1  C oro llary  : I f  Y i s  re g u la r , compact, dim Y = 0,

and X i s  a  C-space such th a t  X x Y i s  com pletely normal, then X x y

is  weakly C.

1.39 Theorem: L et X and Y be m etric  spaces, X h e red i­

t a r i l y  weakly C, and f :  X -»■ Y a continuous c losed  s u r je c t io n . Let 

Yq = {y G Y: Bdf ^(y) i s  dense in  i t s e l f  and nonempty}. I f  Y  ̂i s

h e r e d i ta r i ly  weakly C, then Y i s  h e r e d i ta r i ly  weakly C.
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1.40 Theorem; Let X be a m etric  space and {F^: a e A}

a w ell-o rdered  cover o f X such th a t  each i s  weakly C and,

fo r  each a e A, i s  c losed  in  X. Then X i s  weakly C.

1 .4 0 .1  C o ro lla ry : Let X be a m etric  space and

{F^: a G A} a c lo sed , h e r e d i ta r i ly  c lo su re  -  p reserv in g  cover o f X 

by weakly C-subspaces of X. Then X i s  weakly C.

1.41 Theorem: Let X and Y be m etric  spaces, X a

weakly C-space, and f :  X + Y an open and c losed , continuous s u r je c tio n . 

Let Yg = {y s Y: Bdf ^(y) = f  ^(y) and Bdf ^(y) i s  dense in  i t s e l f } .  

I f  Yg i s  contained  in  a weakly C-subspace of Y, then  Y i s  

weakly C.

1 .4 1 .1  C o ro lla ry : I f ,  in  Theorem 1.41, both  X and

Y 2 a re  h e r e d i ta r i ly  weakly C, then Y i s  h e r e d i ta r i ly  weakly C.

1 .41 .2  C orollary  : Let X, f ,  and Y be as in  Theorem 1.41.

I f  Bdf ^(y) i s  n o t dense in  i t s e l f  fo r  any y e Y, then Y is  

weakly C.

1.42 Example; I f  denotes (as usual) the f i r s t  uncountable

o rd in a l, then [0,w^] i s  a  C-space. This i s  proved in  [G r].

1.43 Example: The open o rd in a l space [0,m^) i s  n o t a 

C-space s in ce  i t  i s  n o t sc reen ab le , b u t, s in ce  dim [0,Wj) = 0, i t  

follow s from Theorem 1.19 th a t  [0,w^) i s  weakly C.

The remaining theorems and c o ro lla r ie s  in  th is  s e c tio n  are  re ­

la te d  to  the problem of decid ing  when a weakly C-space i s  a c tu a lly  a
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C-space. However, the follow ing question  i s  s t i l l  unanswered.

1.44 Q uestion; Is  every m etric  weakly C-space a C-space?

This question  r e la te s  to  a famous unsolved problem known as

Alexandroff*s problem [A l]: I s  every compact m etric  wid space a lso  

CD? In  p a r t ic u la r ,  i f  one could answer Question 1.44 n e g a tiv e ly , th is  

would provide a neg a tiv e  answer to  A lexandro ff 's  problem ( in  the non­

compact c a se ) . Note a lso  th a t  a compact m etric  C-space which i s  not 

h e r e d i ta r i ly  C would provide a n egative  answer to  A lexandro ff 's

problem.

1.45 Theorem: Every lo c a l ly  compact, L indelb f, SCN, weakly

C-space X i s  a  C-space.

P roof: Let B be a b a s is  fo r  X co n s is tin g  of r e la t iv e ly  com­

p ac t open s e ts ;  i . e . ,  open s e ts  whose c lo su res  a re  compact. I f  b e B, 

then Bdb i s  closed in  b. Therefore Bdb i s  a compact weakly 

C-subspace of X, Since every compact weakly C-space is  obviously 

a C-space, Bdb is  a C-subspace of X. Therefore X has a b a s is  of

open s e ts  whose boundaries a re  C-spaces. I t  follow s from Theorem 3 .2 .2  

o f [Gr] th a t  X i s  a C-space.

1 .45 .1  C o ro lla ry : Every lo c a lly  compact, o-compact,

SCN, weakly C-space i s  a  C-space.

P roof: See XI 7.2 in  [Du] where i t  i s  proved th a t

every lo c a lly  compact o-compact space is  L indelof.

1 .45 .2  C o ro lla ry : Every paracompact, lo c a lly  compact,

SCN, weakly C-space i s  a C-space.
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P ro o f; I t  follow s from Theorem 7.3 in  [Du] th a t  

such a space i s  a f re e  union of lo c a l ly  compact, o-compact, SCN 

spaces. Each member of th is  f re e  union, be ing  c lo sed  in  the space, 

i s  weakly C by Theorem 1.16. By the  p rev ious c o ro lla ry , each member 

o f  th is  f re e  union i s  a C-space. The r e s u l t  follow s due to  Gresham's 

p roof th a t  a  f re e  union o f C-spaces i s  a  C-space.

1 .4 5 .3  C o ro lla ry : A lo c a l ly  compact m etric  space is

a C-space i f  and only i f  i t  i s  a weakly C-space.

1.46 Theorem: Every o-compact, SCN, weakly C, Hausdorff

space i s  a C-space.

1 .4 6 .1  C o ro lla ry : A o-compact m etric  space i s  a C-space

i f  and only i f  i t  i s  a weakly C-space.



CHAPTER TWO

SCREENABLE SPACES

2 .1  D e f in itio n ; A space i s  screenab le  (s tro n g ly  screenable) 

i f  every open cover has a o -d is jo in t  (o -d is c re te )  open refinem ent.

2 .2  D e f in itio n : A space X i s  f in i t e l y  sc reen ab le  ( f in i t e ly

s tro n g ly  sc reen ab le ) i f  fo r  every open cover U o f X th e re  i s  a

refinem ent W = &W such th a t  k s N and each W i s  a  d is jo in ti n  n

(d is c re te )  open c o lle c t io n . The obvious ab b rev ia tio n s  FS and FSS 

w i l l  be used.

2 .3  Theorem:

(a) Every FS space i s  metacompact and sc reen ab le .

(b) Every FSS space i s  paracompact and s tro n g ly  screenable.

(c) Every FSS space i s  an FS space.

(d) Every s tro n g ly  C-space i s  an FS space.

(e) Every compact space i s  an FSS space.

2 .4  Theorem: I f  X i s  paracompact, T^, and FS, then 

X i s  FSS.

P ro o f: Let U be an open cover of X. Since X i s  FS,

k

k
th e re  e x is ts  a refinem ent W' = yw  ̂ of U such th a t  each Ŵ  i s  a

d is jo in t  open c o lle c t io n . By paracom pactness, W’ has a p re c ise

1 8
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lo c a l ly  f i n i t e  open refinem ent W = 5w such th a t  each W i s  ai n  n
d is c re te  c o lle c t io n . Therefore W i s  the d esired  refinem ent o f U,

shoving th a t  X i s  FSS.

2 .4 .1  C o ro lla ry ; I f  X i s  normal, T^, and FS, 

then X i s  FSS.

P ro o f: Since X i s  normal, T^, and FS, i t  i s  a

reg u la r  screenable metacompact space. Therefore , by Theorem 6 

of [Nm 2 ], X i s  paracompact.

2 .4 .2  C oro llary  : Every f i n i t e  dim ensional m etric  

space X i s  FSS.

P roo f: By p ro p o sitio n  3 .6 .3  of [G r], X i s  a s tro n g ly

C-space. Therefore X i s  FS, normal, and Tg.

2.5 D e f in itio n : A p roperty  P of a space X i s  weakly

h e re d ita ry  i f  every closed  subspace of X a lso  has p roperty  P.

2 .6  Theorem: Each o f the follow ing p ro p e rtie s  i s  weakly

h e re d ita ry : s c re e n a b il i ty ,  s tro n g  s c re e n a b il i ty , FS, and FSS.

2 .7  Theorem: I f  every open subspace of X i s  screen ab le ,

s tro n g ly  screen ab le , FS o r FSS, then every subspace o f X i s

screen ab le , s tro n g ly  sc reen ab le , FS o r FSS, re sp e c tiv e ly .

In  [Gr] i t  i s  proved th a t  every SCN space which i s  the

countable union of closed  C-subspaces i s  a C-space. Such a countable 

sum theorem fo r  FS o r FSS spaces does not hold (consider the d is ­

jo in t  union UX̂  where each X  ̂ i s  a m etric  space of dimension n ) .
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However, the next theorem shows th a t a f in i t e  sum theorem does ho ld .

k
2.8 Theorem: I f  X i s  CWN and X = UX where each X---------------------------------  i n  n

i s  closed and FSS, then X i s  FSS.

P roo f: Let U be an open cover of X. L et q” =

be a  refinem ent o f Tr U such th a t  each i s  a d is c re te  open
n

c o lle c tio n  iii X . Since X i s  c losed , Q? i s  d isc re te  in  X a lso ,n n 1
k n

The refinem ent of U given by i s  a refinem ent c o n s is tin g  of

k
Z .j(n )  d is c re te  c o lle c tio n s . By using co llec tio n w ise  norm ality  n—1

these  c o lle c tio n s  can be expanded to  d is jo in t  open c o lle c tio n s  in  X. 

This proves th a t  X i s  FS, and s in ce  X i s  normal, i t  follows 

by C orollary  2 .4 .1  th a t  X i s  FSS.

The follow ing theorem and i t s  c o ro lla ry  a re  due to J.A . French 

[F r] ,  although he was n o t aware of the p re sen t term inology.

2 .9 Theorem: I f  X i s  CWN and sdim X £  n , then X

is  FSS.

2 .9 .1  C orollary  : I f  X i s  FSS, then sdim X S n

i f  and only i f  every open cover U of X has an open refinem ent
k

W = where each Ŵ  i s  d is c re te ,  and fo r  each w s W there

e x is ts  u 6 U such th a t w c u.

2.10 D e fin itio n : Let X be a to p o lo g ica l space, U an 

open cover of X, and V = Ov^ an open refinem ent o f U. Consider 

the  follow ing conditions of these covers:
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(1) For each x e X, th ere  i s  a n a tu ra l  number n(x)

such th a t  0 < ord(x,V ^^^j) £  u.

(2) For each x e X, th ere  i s  a n a tu ra l  number n(x) 

such th a t  0 < ord(x,V^^^^) < w.

(3) For each n e N, covers X.

I f  every open cover U of X has a refinem ent V = Ov^ s a t is fy in g  (1 ),

then the space i s  c a lle d  weakly 5 6 -re f in a b le . I f  V s a t i s f i e s

(1) and (3 ) , then X i s  c a lle d  5 9 -re f in a b le . I f  V s a t i s f i e s  (2 ),

X i s  c a lle d  weakly 9 -re f in a b l e . I f  V s a t i s f i e s  (2) and (3 ), X 

i s  c a lle d  0 - re f in a b le . These terms are  found in  [WW2].

2.11 Theorem; I f  X i s  screen ab le , then X i s  weakly

0- re f in a b le .

P roof: L et U be an open cover o f X and l e t  W = UW be  1 n

a  a -fd is jo in t open refinem ent of U. Since W is  a cover o f X, fo r 

each X e X th e re  is  a t  l e a s t  one n a tu ra l number n(x) such th a t  

ord(x,W^) = 1. Hence, X i s  weakly 0 -re f in a b le .

2 .1 1 .1  C o ro lla ry : A screenab le  space i s  compact i f  

and only i f  i t  i s  countably compact.

Proof : I t  i s  proved in  [WW2] th a t  a weakly 0 -re f in a b le

space i s  compact i f  and only i f  i t  i s  countably compact. This c o ro lla ry  

i s  a lso  proved d ire c t ly  in  [He].

2 .1 1 .2  C o ro lla ry : A C-space i s  compact i f  and only i f  

i t  i s  countably compact.
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P roof; Every C-space i s  sc reen ab le . This i s  e a s i ly  

e s ta b lish e d  by i t e r a t in g  any given open cover U; i . e . ,  l e t  = U 

fo r  each n e N. Then a C -refinem ent o f {C^}* i s  c le a r ly  a

o - d is jo in t  open refinem ent o f Ü.

2.12 Example: The open o rd in a l space [0,w^) i s  a countably

compact weakly C-space which i s  n o t compact.

2 .13 D e f in itio n ; A space i s  c a lle d  p e r fe c t  i f  every closed

su b se t o f  X i s  a G. in  X.
0

2.14 D e f in itio n : A space i s  c a lle d  F^-sc reen ab le  i f  every

open cover has a a -d is c re te  c losed  refinem ent. This d e f in i t io n  i s  

due to  McAuley [Mcl].

2.15 D e f in itio n : According to  A rh a n g e l'sk ii [A r], a

space X i s  a-paracompact i f  fo r  every open cover U of X th e re  i s
00

a sequence open covers o f X such th a t  i f  x s X, th e re

i s  a n a tu ra l  number n(x) and a s e t  u e U such th a t  S t(x ,U  , c u, 

where S t(x,U ^^^j) = U{v s ^ ® v}.

2.16 Theorem: [Bu 1] The follow ing p ro p e rtie s  o f a  space

X a re  eq u iv a len t:

(a) X i s  o-paracom pact.

(b) X i s  F ^-screenab le .

(c) X i s  subparacompact.

(d) Every open cover o f X has a o - lo c a lly  f i n i t e

closed  refinem ent.
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(e) Every open cover o f X has a a -c lo su re  p reserv in g  

c losed  refinem ent.

( f )  For every open cover II th e re  i s  a  sequence 

{U^}”  o f open refinem ents such th a t  i f  x s X th e re  i s  a n a tu ra l  

number n(x) such th a t  o rd (x ,u ^^^ j) = 1 .

2 .17 Comments ; From (f)  i t  i s  obvious th a t  every subparacom­

p a c t space i s  0 - re f in a b le . Bennett and L utzer [BL] have proved

th a t  every p e r fe c t ,  weakly 0- re f in a b le  space i s  subparacompact.

Hodel [Ho] has proved th a t  every countably subparacompact sc reen ab le  

space i s  subparacompact.

2.18 An im p lica tio n  diagram : This c h a p te r 's  main r e s u l t s  a re

summarized in  the fo llow ing diagram. In  th is  diagram, a s o l id  l in e  

denotes uncond itional im p lica tio n , w hile a d o tted  l in e  in d ic a te s  

co n d itio n a l im p lica tio n  w ith  th e  needed cond ition  w r i tte n  near the 

d o tted  l in e .

See diagram on follow ing page.
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FIN. DIM. METRIC

'V

FSS

STRONGLY C

-> FS SCREENABLE

(NORMAL)

PARACOMPACT
/h

(CWN)
/

SUBPARACOMPACT

'K
!

i

METACOMPACT ------- > WEAKLY
f   0-REFINABLE

(PERFECT)

0-REFINABLE

(CWN)

I (SCREENABLE)

COUNTABLY
SUBPARACOMPACT

(COUNTABLY COMPACT)

Figure 2.1



CHAPTER THREE

EXAMPLES AND COUNTEREXAMPLES

3.1 Burke’s Example; [Bu 1 ] . Let (re sp . Wg) be the

f i r s t  o rd in a l w ith  c a rd in a l i ty  (resp . ^ 2)  '

Let X = EO,w^) X EOjWg). For a e (O.Wg), l e t  L^ ^ = {(a,B) e X:

B G EO,uu)} and l e t  L . = {(B>a) e X: B e [0,w _)}. Also l e t
£. ,  <ijCi /.

L. = L- „ = { (0 ,0 )} . Define an open base fo r  a topology on X as
JL y U 6  ̂  U

follow s: For each (a,B) e X where a 5̂ 0 and B ^ 0 , the  s in g le to n

s e t  {(a,B)} i s  in  the base . For i  = 1,2 and a e EOiWg) the

base includes a l l  subsets  of L. which have f i n i t e  complement
1,0

r e la t iv e  to L. . Note th a t  {(0 ,0)}  i s  a lso  in  the base .
1

3 .1 .1  X i s  a  s tro n g ly  C-space.

P roo f: L et {Ĉ }™ be a sequence o f open covers o f X. Let

U  ̂ = {(o,B ): a f  0 and Bî ^O o r o = B = 0}. C learly , U ^ weakly

re f in e s  C^. Since Cg i s  an open cover o f X, th ere  i s ,  fo r  each

a e (0,w«), a b as ic  open s e t  B _ c L̂  such th a t (o ,0) e B _
Z Ct^U J.ÿCt OC)U

and B n i s  contained in  some member of C ,. Let U? = {B
Ot ) u  z  z  Ct ) (J

o e (0 ,ü)2)}* Then Ug weakly re f in e s  C^. Since C  ̂ i s  an open

cover of X, th e re  i s ,  fo r  each B e (O^Wg), a b a s ic  open s e t

„ c L„ - such th a t  (0,B) e B  ̂ and B_ i s  contained in  some
U j p  p  p U )  p

member o f Cg. L et = {Bg B e (Ô Wg) . Then Ug weakly re f in e s

25
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Cg. Let = ()) fo r  n ^  4 . C learly , i s  a C-refinem ent of
00

Therefore X i s  a s tro n g ly  C-space.

3 .1 .2  X i s  screen ab le , metacompact, 0- re f in a b le  and FS.

P ro o f: Every s tro n g ly  C-space has these  p ro p e r tie s .

3 .1 .3  X i s  CD.

Proof ; X = { ( a , 3) : 0,  3 ^ 0} u {(a ,0)  : a t  CO.Wg)} u{(0,a) :

a e [ 0 , ^ 2 )} ,  and each o f these s e ts  has s trong  covering dimension zero ,

because each i s  d is c re te  in  the r e la t iv e  topology.

3 .1 .4  X i s  n o t normal.

Proof ; Let A = { (a ,0 ) :  a e (0,w^)} and B -  { (0 ,3 ): 3 e (O^Wg,)}. 

Then A and B a re  d is jo in t  c losed  subsets of X. Suppose U and 

V a re  d is jo in t  open s e ts  in  X w ith A c u and B c v. For each 

(0 ,3) c B th e re  i s  a b a s ic  open s e t  B^q = Lg g such th a t  

(0 ,3) e B^q gj c V. Note th a t  each s e t  B^^ ĝ  con ta ins po in ts  w ith

f i r s t  coord inate  in  (0,w ^). But, s ince U n V = fo r  each

a e (0,(0^) th e re  can be only f in i t e ly  many such s e ts  B^^ ĝ  in  V 

having f i r s t  coord inate  a .  This im plies th a t th e re  are  a t  most 

such s e ts  B^q ĝ , which i s  a co n tra d ic tio n . (There a re  %2 such s e t s . )

3 .1 .5  X i s  n o t FSS.

P roof; R ecall th a t  every FSS space i s  paracompact. Since X 

is  obviously H ausdorff, i f  i t  were FSS then i t  would be normal, 

which i s  f a ls e .  So X i s  not FSS.

3 .1 .6  X i s  reg u la r.

Proof: Suppose A i s  a closed subset of X and p e X -  A.
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I f  p = ( a ,g) where a  ^  0  and g ^ 0 , o r  i f  p = (0 ,0 ) ,  then

{p} i s  clopen and sep a ra te s  p from A. Suppose p = (0 ,g ) fo r

some g e [OxWg)' Without lo ss  o f g e n e ra li ty , we may a lso  assume th a t

A c {0} X [O.Wg)• Then Lg g i s  a clopen s e t  co n ta in ing  p and

sep a ra tin g  p from A. Other cases a re  handled s im ila r ly .

3 .1 .7  X i s  n o t subparacompact.

P roo f: See Burke’s proof in  [Bu 1 ] ,

3 .1 .8  X i s  n o t countably subparacompact.

P ro o f; Hodel [Ho] has proved th a t  every sc reenab le  countably 

subparacompact space i s  subparacompact. S ince X i s  screenab le  and 

n o t subparacompact, i t  i s  n o t countably subparacompact.

3 .1 .9  X i s  lo c a l ly  compact.

P ro o f; The sp e c if ie d  b a s is  c o n s is ts  e n t i r e ly  of compact sub­

s e ts  o f  X.

3 .1 .10  Summary; This example dem onstrates th a t  an FS space 

which i s  n o t normal may f a i l  to  be FSS even though i t  has many 

a d d itio n a l p ro p e r t ie s .

3.2 Example: A nonm etrizable paracompact space which i s  no t

FS.

C onstruc tion : For each n e N, l e t  = [0,w^] x i t

follow s by Lemma 18-2 in  [Nm 2] th a t each has dimension n .

Let Z denote the d is jo in t  union, Z = uZ^. Let be an open

cover o f Z such th a t  no refinem ent o f U has o rder le s s  than n + 1.n n
00 y

Let U = uU . Then U i s  an open cover o f Z. Suppose W = uW. r e -
1 n 1 3

fin e s  U, where each i s  a d is c re te  open c o lle c tio n  in  Z. Then,
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fo r  each n e N, Tr W i s  an open refinem ent o f U having o rd er K.
n ^

Since K i s  f ix e d , a c o n tra d ic tio n  a r is e s  when K < n + 1. T herefore ,

Z i s  n o t FSS.

Before considering  the  nex t example, a  u se fu l d e f in i t io n  w il l  

be in troduced , and a theorem invo lv ing  th is  d e f in i t io n  w i l l  be e s tab ­

l ish e d  as a to o l to  be used in  deciding th a t  c e r ta in  o f the  examples 

to  fo llow  a re  n o t sc reen ab le .

3 .3  D e f in itio n ; A su b se t A of a space X i s  c a lle d  a 

CIC-subset i f  every p a irw ise  d is jo in t  open c o lle c t io n  in  X con tains 

a t  most countably many members which in te r s e c t  A. The l e t t e r s  CIC 

in d ic a te  a "countab le  in te r s e c t io n  co n d itio n ."

3 .4  Theorem: I f  X con tains a c lo sed , uncountable, d is c re te ,

CIC-subset K, then X i s  n o t sc reenab le .

P ro o f: For each k e K, l e t  V(k) be an open s e t  con ta in ing

k and no o th e r  p o in t o f K. Let C = {V(k): k e K} u {X -  K}. Then

C is  an open cover o f  X. Suppose {U^} i s  a sequence o f pairw ise

d is jo in t  open c o lle c tio n s  in  X. Since K i s  a CIC-subset of X,

each con ta ins a t  most countably many menbers which in te r s e c t  K.

T herefore , uU^ co n ta in s a t  most countably many members which in te r s e c t
00

K. I f  each weakly re f in e s  C, then uU  ̂ does n o t cover K,

because K i s  uncountable. Therefore X i s  n o t sc reen ab le .

3 .5 D e f in itio n : A space i s  c o llec tio n w ise  H ausdorff (CWH)

i f  fo r  every c lo sed  d is c re te  su b se t {x^: a e A} in  X, th e re  e x is ts

a  pa irw ise  d i s jo in t  open c o lle c tio n  {V^; a e A} in  X such th a t



29

X e V fo r  each a e A.
(X  (X

From the  d e f in it io n s  involved, the follow ing r e s u l t  i s  c le a r .

3 .6  Theorem: I f  X contains a c lo sed , uncountable, d is c re te ,  

C IC-subset, then X i s  n o t CWH.

3.7 Example: The Tangent Disc Space [SS]. Let X be 

the  p o in ts  on o r above the x -ax is  in  the xy-p lane. P o in ts  above 

the x -ax is  have th e i r  usual neighborhood base c o n s is tin g  of the in ­

te r io r s  o f d isc s  cen tered  a t  the p o in t, w hile a p o in t t  on the 

x -a x is  has a neighborhood base co n s is tin g  of t  along w ith in te r io r s  

o f d isc s  cen tered  above t  and tangent to  the x -ax is  a t  t .  From 

the d e f in it io n  of th e  topology on X and the f a c t  th a t  the plane

i s  separab le  i t  follow s th a t  the x -ax is  i s  a c lo sed , uncountable, 

d is c r e te ,  CIC-subset o f X. By Theorems 3.4 and 3 .6 , X i s  n e ith e r  

screenab le  nor CWH.

The tangen t d isc  space i s  a well-known example of a Moore 

space (a  re g u la r  developable sp ace ). McAuley [Me 1] proved th a t 

every developable space i s  subparacompact. Thus, the tangent d isc  

space i l l u s t r a t e s  the  f a c t  th a t  a subparacompact space need not 

be sc reen ab le .

3.8 The H ilb e rt Cube, I ^ . This c la s s ic a l  example o f a 

compact m etric  space has been s tu d ied  fo r  years by an a ly s ts  and topo­

lo g is t s ,  and i t  w i l l  continue fa sc in a tin g  m athem aticians fo r gene­

r a t io n s .  Since i t  i s  compact, i t  i s  FSS, b u t i t  i s  n o t a C-space. 

This f a c t  i s  proved in  [Gr] by f i r s t  proving th a t  every m etric
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C-space i s  wid and then quoting N agata 's  proof in  [Nt 2] th a t 

i s  n o t wid. W illiam Haver proved in  [Ha] th a t  i s  no t

a C-space by f i r s t  proving th a t  every compact, lo c a l ly  c o n tra c tib le , 

m etric  C-space i s  an ANR; then he embedded Borsuk’s example [Bo] 

o f a compact, lo c a l ly  c o n tra c tib le  m etric  space which i s  no t an 

ANR in to  I* .̂

Since a d i r e c t  proof th a t  i s  n o t a C-space seems de­

s i r a b le ,  i t  i s  given below. For th is  purpose, w i l l  be considered

as the product o f countably many copies of the  closed  u n it  in te rv a l

I  = [ - 1 ,1 ] .  For each n e N. l e t  A = ir and B = ir ^(-^5, 1] ,n n n n
where ir^ denotes the  p ro je c tio n  of onto the  n th  f a c to r .

L et C = {A ,B }. Then {C }? i s  a sequence of ( f in i te )  n n n n i
open covers o f I^ . Suppose i s  a sequence o f pa irw ise  d is ­

jo in t  open c o lle c tio n s  such th a t  weakly re f in e s  C  ̂ fo r  each

n e N. Without lo s s  o f g e n e ra lity  suppose where

ir’’ c A and c B . Let V = {V^,V^}, where ^ T r \ - l y - k )  un n  n n  n n ’ n n n  n

and ir ^O k,l] u U^. I f  i t  can be shown th a t  uV i s  no t a_ = n n 1 nn

cover o f I^ , i t  w i l l  follow  th a t  uU i s  n o t a cover of I^ , and
1 ^

consequently , {C^}^ has no C -refinem ent. For each n ,

l "  -  BdV  ̂ = u d "  -  V^). A lso, and a re  d is jo in tn n n n n

open s e ts  in  -  BdV  ̂ such th a t  ir ^ ( - 1) <= and ir ^ (1) c l^  -  V^. ^ n n n n  n

Thus, BdV  ̂ sep a ra te s  tî ^ ( - I )  and ir^ ^ (l). I t  w i l l  now be proved
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th a t  nBdV  ̂ ^ (p. This w i l l  be done by f i r s t  showing th a t

^dV ^ 3̂ (J) fo r  each i  e N, and then using  the compactness of I^ .

The f a c t  th a t  ^BdV^ f  (J> follow s from the f a c t  th a t  &BdV̂  n l ^  ^

where i s  the  i-d im ensional cube embedded in  in  the f i r s t
00 3.i  coord ina tes  (see Theorem D, page 40 of [HW]). Let x e |®dV^.

Then x i s  n o t in  any member of any V^, because x i s  c le a r ly  

n o t in  fo r  any n , and i f  x e fo r  some n , then

n would n o t be empty. So uV is  n o t a cover o f I^ . This n n 1 n
completes the argument th a t  i s  n o t a C-space. Note th a t

a lso  serves as an example o f a screenab le  space which i s  n o t a C-space.

3.9 B ing 's  Example G. This space was f i r s t  introduced 

in  1951 in  B in g 's  famous m etriza tio n  a r t i c l e  [B i] as an example of 

a normal H ausdorff space th a t  i s  no t CWN. His p roo f, however, shows 

th a t  i t  i s  no t even CWH. Over twenty years l a t e r  W illiam 

F le issn e r  [F I]  construc ted  a normal space which i s  CWH b u t n o t 

CWN. He c a lle d  h is  example "George." I t  w i l l  be examined in  de­

t a i l  l a t e r  and a sim pler co n stru c tio n  w i l l  be given.

I t  has been proved in  [Gr] th a t  every countable dim ensional 

SCN space i s  a C-space, b u t the question  of whether every countable 

dim ensional normal space i s  a C-space remained unanswered. I t  w i l l  

be shown la t e r  th a t  B ing 's  space provides a n egative  answer to  th is  

q uestion . In  f a c t ,  i t  w i l l  be shown th a t  B ing 's  example G i s  

countable dim ensional but i s  n o t even sc reen ab le . In  doing th i s ,  

F le is s n e r 's  n o ta tio n  w i l l  be used because i t  i s  somewhat s im p ler,th an
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B ing 's o r ig in a l  n o ta tio n  and, o f course, i t  i s  th e  same n o ta tio n  

used in  d escrib in g  George.
g

For any s e t  S, l e t  2 be the  s e t  o f fu n c tio n s  from S in to  

2 = {0,1}. Let e denote e i th e r  0 or 1. For each a e S, 

l e t  V (a,e) = {f e ^2: f (a )  = e} . Then {V (a,e): a e S, e e 2} i s
g

a subbasis fo r  the usual p roduct topology on 2. A s e t  i s  sa id  to  be

of degree n i f  i t  i s  the nonempty in te rs e c tio n  o f n subbasis  s e ts ;

eq u iv a len tly , i t  i s  the r e s u l t  o f r e s t r i c t in g  on n co o rd in a tes .

There a re  a t  most 2^ p a irw ise  d is jo in t  open s e ts  o f degree n . Let

P(S) denote the power s e t  of S; i . e . ,  P(S) i s  the s e t  o f a l l  sub-
P(S)s e ts  of S. For every s e t  S, a topology Gg on 2 w i l l  be

constructed  so th a t  Gg i s  f in e r  than the product topology. For
P(S)each a e S, l e t  f,, denote the function  in  2 defined  so

th a t  fo r  A e P (S), f„ (A) = 1 i f  and only i f  a e A. LetO 9 â
P ( S )

Xg = {fg a  e S}. A b a s is  fo r  Gg is  {B: B i s  b a s ic  open in  2} u

{{p}: p e ^(^^2 -  Xg}. B ing 's  example G i s  obtained  by l e t t in g  S

be an uncountable s e t .  Burke [Bu 4] has examined th is  space under

the assumption th a t  |s|  > c. L et G denote the  to p o lo g ica l space 
P(S)( 2,Gg) where S i s  uncountable.

I t  i s  e a s i ly  seen th a t  Xg i s  a c losed , d is c re te  s e t  in  G 

because G -  Xg i s  open and V ({a},l) n Xg = {fg ^}. Since S i s  

uncountable, so i s  Xg. To see th a t  G is  CD simply n o te  th a t 

G = Xg u (G -  Xg) and both  Xg and G -  Xg a re  d is c re te  in

the r e la t iv e  topology. I f  i t  can be shown th a t  Xg i s  a  CIC-subset

o f G, i t  w i l l  follow  from Theorems 3.4 and 3.6 th a t G i s  n e ith e r
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screen ab le  nor CWH. L et F be a p a irw ise  d i s jo in t  open c o lle c tio n  

in  G such th a t  fo r  each f e F ,  f  n Xg ^ Suppose F i s  un­

coun tab le . Then th e re  e x is ts  an uncountable su b se t A o f S such 

th a t  each member o f {f_ : a e A} belongs to a d i s t i n c t  member

f^  o f  F. Then f^  i s  open and con ta in s fg and so th e re  i s  a 

b a s ic  open s e t  B o f degree n such th a t  f  e  B c f
SL S i D y 3  3  3

C learly , B^ nB^ = # i f  a ^ c . Thus, fo r  some n e N, th e re  a re  

uncountably many members o f {B^: a e A} of degree n . This co n tra­

d ic tio n  im plies th a t  Xg i s  a CIC-subset o f G.

B ennett and L utzer asked in  [BL] i f  Bing’s example G i s  

0 - re f in a b le . Burke [Bu 4] proved th a t  the answer i s  no i f  |s|  > c.

I t  follow s th a t  G i s  n o t subparacompact i f  | s |  > c because sub-

paracom pactness im p lies  0 - r e f in a b i l i ty .  However, the question  remains 

open i f  |s|  = c.

Having seen th a t  Bing’ s example G i s  n o t sc reen ab le , a 

n a tu ra l  q u estion  i s  w hether i t  can be made sc reen ab le . Note th a t  a 

normal sc reenab le  space th a t  i s  n o t CWH would be a sc reen ab le  ,

Dowker space [Ru]; i . e . ,  a normal H ausdorff space th a t  i s  n o t count­

ab ly  paracompact. This i s  because of Nagami’s r e s u l t  in  [Nm 1] 

th a t  every norm al, sc reen ab le , countably paracompact space i s  para - 

compact. The au thor w ishes to  thank John J .  Walsh fo r  th e  next

theorem which proves th a t  Bing’s example G cannot be made sc reen ab le .

3 .10 Theorem; Every norm al, screenab le  Haudorff space X i s  CWH.

P ro o f: Let C be a closed d is c re te  su b se t of X. For each

c e C, l e t  be an open s e t  in  X such th a t  c e c % -  {b e C: b f  c}
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Then Q = {U^: c e C} u {X -  C} I s  an open cover of X. L et 

V = uV  ̂ be a o - d is jo in t  open refinem ent o f Q. Let

= {x e C: X e V*}, Cg = {x e C: x e -  V*},

* * *
Cg = {x G C: X  G Vg -  (V^ u Vg)}, snd so on.

Then C i s  the d i s jo in t  union, C = uC^. Thus, i s
*  * 

c losed  and i s  open w ith  c v^. By no rm ality , th e re  e x is ts
*

an open s e t  such th a t  c  c  c  v^. L ikew ise, Cg i s

*  _  *  _
closed and i s  open w ith  Cg c Vg -  So th e re  e x is ts  an

open s e t  Wg such th a t  Cg c Wg c WgC -  W .̂ In g en era l, th e re

-  *  _

e x is t  open s e ts  W. such th a t ,  fo r  each i ,  C .c  W. c w . c  v. -  .u.W.X X i  X X j<x J

Therefore i s  a pa irw ise  d is jo in t  open cover o f C. Let

c e C. Then th ere  i s  a  unique w ith  c e W .̂ Also th e re  e x is ts

a unique v^ e such th a t  c e v^. C lea rly , the pa irw ise  d is jo in t

open c o lle c tio n  {v^ n W :̂ c e  C, i  e N} sep a ra te s  th e  p o in ts  in  C.

So X is  CWH.

The follow ing q u estio n s remain open.

3.11 Q uestion; I s  every normal, screen ab le , Hausdorff

space CWN?

3.12 Q uestion: I s  every norm al, sc reen ab le , Hausdorff space

paracompact? In  o th e r words, i s  th e re  a screenable  Dowker space? I f

n o t, then a T2 space i s  paracompact i f  and only i f  i t  i s  normal and

screenab le .
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3.13 Q uestion; I f  X i s  normal and screenab le  and f :  X -j- Y 

i s  a continuous closed  mapping of X onto a space Y, then need

Y n e c e s sa r ily  be screenable?

Note th a t  i f  th is  l a s t  question  could be answered n e g a tiv e ly , 

then the  domain space X would be Dowker space because paracompact- 

ness i s  p reserved  by continuous closed s u r je c tio n s .

3.14 A containm ent diagram : The main re s u l ts  of th is  chap ter

a re  summarized by th e  follow ing diagram.

FS

Normal

Normal and CWH

CWN

paracompact

FSS

m etric

f in .  dim. m etric

. h

a) Bing’s example G (3.9)
b) F le is s n e r 's  George (4 .1)
c) Open o rd in a l space [0,w_) 

(1.43) ^
d) Example 3.2

. b

. d

. e

. f

e) Closed o rd in a l space [0,w^] (1.42)
f )  H ilb e rt cube (3.8)
g) See the  comment follow ing Theorem 2.7

h) Burke’s example (3 .1)

F igure 3.1



CHAPTER FOUR 

FLEISSNER’S GEORGE AND A SIMPLER CONSTRUCTION

In th is  chap ter George w i l l  be in v e s tig a te d . In p a r t ic u la r ,  

i t  w i l l  be shown th a t  George i s  n e ith e r  CD nor sc reen ab le . F in a lly , 

a  general method w i l l  be given whereby a space X which i s  s u f f i ­

c ie n tly  l ik e  B ing 's  example G can be used to generate  a normal 

CWH space Y which i s  not CWN. The space Y w i l l  be described  

in  a purely  p o in t- s e t  fash ion , w ithout a l l  the fun ctio n  spaces which 

F le issn e r  used in  construc ting  George. I t  i s  f e l t  th a t  the  reader 

w il l  understand the space Y. much more e a s ily  than George.

4 .1  George; The idea  in  co n s tru c tin g  George i s  to  t i e  together 

an w^-sequence of i n i t i a l  segments o f B ing 's  example G in  such 

a way th a t  each p o in t o f the closed d is c re te  s e t  Xg becomes s tre tch e d  

to  a ( ra th e r  la rg e )  closed s e t  in  George, and the c o lle c tio n  of these 

closed  s e ts  i s  a d is c re te  c o lle c tio n  in  George which cannot be separated  

sim ultaneously  by the members o f any pairw ise d is jo in t  open c o lle c tio n  

in  George.

George i s  a topology on u Let Y = {f : a < 3
p <ü)t a  p , a  1

and l e t  X = u Y = „u X_. A subbasis fo r  George co n s is ts  of the o<W2 a 3<ü)]_ 3
follow ing types o f s e ts :

36
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I .  {p}, where p e -  X.

II. V y  = where W i s  open in  w^.

III. V(A,e) = { f: f  e f(A (3)) = e}, where

i .  A; ü)̂  -+ P(w^) i s  a fu n c tio n , 

i i .  A(3) c [0 ,3 )  fo r  each 3 < w^.

i i i .  = {3: a e A(3)} i s  clopen fo r each a <

P CB)I t  i s  proved in  [F l]  th a t  the topology induced on 2 i s

ex ac tly  G fo r  each 3 < u , , th a t  Y = {Y ; a < w .} i s  a c losed
p  i  CX J .

d is c re te  c o lle c tio n  of c losed  s e ts ,  and th a t  the map tak ing  f  to
p , a

3 i s  a homeomorphism of Y  ̂ onto the  open o rd in a l space (a,w^)

fo r  each a < w^.

Note th a t  George i s  n o t screenab le  because each closed  subset

Y of George i s  no t sc reen ab le . I f  George i s  CD, then each Y a a
i s  CD. But, i f  Y i s  CD then , s in ce  Y i s  SCN, i t  follow s.a a
from p ro p o sitio n  3 .1 .13  in  [Gr] th a t  Y  ̂ i s  a C-space. This 

im plies th a t  Y  ̂ i s  screen ab le , which i s  a  c o n tra d ic tio n . T herefore , 

George i s  no t CD. In f a c t ,  George f a i l s  to  have any weakly h e re d ita ry  

property  which [0,w^) f a i l s  to  have. This i s  due to  the f a c t  th a t 

George con tains closed subspaces (Y^) which are  homeomorphic to 

[0 , W]). For example, George i s  n o t metacompact o r subparacompact.

I t  i s  u n fo rtu n a te , b u t seemingly unavoidable, th a t  the  sim pler 

co n stru c tio n  which i s  to  follow  a lso  con ta in s closed su b se ts  which 

are  homeomorphic to [0 ,# ^ ) .
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Now a general method o f co n s tru c tin g  a normal CWH space 

which i s  n o t CWN by s ta r t in g  w ith  a c e r ta in  type o f normal non-CWH 

space w i l l  be g iven . A c tu a lly , the method w i l l  be derived  through 

a s e r ie s  of attem pts th a t  do n o t q u ite  work.

4 .2  P re lim in a rie s  ; L et X be a space s a tis fy in g ;

(1) X i s  normal.

(2) X co n ta in s  a c lo sed , uncountable, d is c re te  

CIC-subset F = {f^: a < w^}.

(3) I f  p E X -  F, then {p} i s  open in  X.

(4) X has a clopen subbasis B such th a t  i f  n e N,

then th e re  a re  only f i n i t e l y  many pa irw ise  d is jo in t  open s e ts  in  X, 

each having degree n . A s e t  has degree n i f  i t  i s  the in te rs e c t io n  

o f n subbasis elem ents.

(5) I f  H and K a re  d is jo in t  c lo sed  su b se ts  of F,

then th e re  i s  a subbasis  elem ent B(H) such th a t  H c B(H) c x  -  K.

The fo llow ing n o ta tio n  w i l l  be used:

3/ = X -  { fg :  3 > a}

X = X' X {a} a  a

\  = {fc> ^

T = u D a<w^ a

Y = u X a <#2 a
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4 .3  F i r s t  a tte m p t: Noting th a t  Y c X x [0 ,w ^), l e t  Y

rece iv e  the r e la t iv e  product topology, except th a t  { (p ,a )}  i s  

open in  Y i f  p d F. Thus, p o in ts  in  Y a re  of the  form (p ,a )

i f  p d F, o r  o f the form (f^ ,6 )  w ith  a < 3- B asic clopen s e ts

a re  as fo llow s:

( i )  { (p ,a )}  w ith  p  ̂F and a < oi^.

( i i )  Y n [U X {a + 1}] where U i s  a b a s ic  clopen

s e t  in  X.

( i i i )  Y n [U X (p ,X ]], where U i s  a b a s ic  clopen s e t  

in  X, X i s  a l im i t  o rd in a l, and p < X.

In  the seq u e l, th is  topology w i l l  be re fe r re d  to as the o ld  

topology. A lso, i f  ( f^ ,3 )  £ Y, the s e t  U used in  a type ( i i )  

o r a type ( i i i )  b a s ic  clopen s e t  about ( f^ ,3 )  w i l l  o f te n  be taken 

( im p lic it ly )  so th a t  f^ e U c X -  {f^: y ^ a}. A lso, i f  A c  X̂ ,̂ 

then A can be considered as a su b se t of e i th e r  X or X„ w ithp
o < 3 in  an obvious way. The p ro p e rtie s  o f Y w ith  th is  topology 

w il l  now be examined. Those th a t  a re  obvious o r have ro u tin e  proofs 

w i l l  n o t be proved.

4 .3 .1  {D^: a < i s  a c losed  d is c re te  c o lle c tio n

of c losed  su b se ts  of Y.

4 .3 .2  For each a < w^, i s  homeomorphic to  the

open o rd in a l space (a ,u ^ ) , v ia  ( f^ ,3 )  3*

4 .3 .3  I f  D i s  a c losed  d is c re te  su b se t o f Y, then

D n D i s  f i n i t e  fo r  each a < m ,. a 1
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4 .3 .4  I f  a < u ) ^ ,  the r e la t iv e  topology on i s  the
f

same as the r e la t iv e  topology on induced by the  topology on X.

4 .3 .5  Y i s  a re g u la r  Tg space.

Proof ; Y i s  c le a r ly  T2 » and Y has a clopen base .

4 .3 .6  Lemma; I f  H c T and H n i s  bounded in

fo r  each a < then th e re  e x is ts  a c losed  unbounded s e t

C in  CO,w^) such th a t  0 e C and, fo r each c e C, X  ̂ n H = (j>.

P roo f: Let B = {B: th e re  e x is ts  a such th a t

(f^,B) e H}. Suppose B in te r s e c ts  every closed unbounded s e t  in

[0,w ^). For each 3 e B l e t  be an o rd in a l such th a t

(fg ,3) G H . Define the  function  g: -> so th a t  g(3) =

i f  3 G B and g(3) = 3  i f  3 ^ B. Then g(3) < 3 fo r  each 3 g B.

I t  follow s from the  p re ss in g  down lemma (see In tro d u c tio n ) th a t

th ere  e x is ts  a c o f in a l s e t  T in  [0,w^) and an o rd in a l

such th a t  g(3) = ot fo r  each 3 g T. Then { (f  ,3 ) :  3 g P} c H n D .
Y "y

This im plies th a t  H n D i s  n o t bounded, which i s  a c o n tra d ic tio n .
“ y

So there  e x is ts  a c losed  unbounded s e t  C in  [0,w^) such th a t

B n C = <|). Since H n Xq = (J), 0 may be included in  C. This

completes the  p roof.

4 .3 .7  Y k  CWH.

P roof: Let D be a closed d is c re te  subse t o f T. Then

each s e t  D n D i s  f i n i t e ,  hence a lso  bounded, in  D . By Lemma 4 .3 .6 ,a a

there  e x is ts  a closed unbounded s e t  C in  [0 ,w i) such th a t  0 e C 

and fo r  each c e C, X̂  n D = (J>. For each c e C, l e t  c ' denote
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the f i r s t  member o f C such th a t  c < o ' .  Then, fo r  each c c C,

D n [ ,X ] i s  a countable d is c re te  s e t .  By 4 .3 .5 , Y i sc<a<c a
a re g u la r  Tg space, and so th e re  e x is ts  a p a irw ise  d is jo in t  open 

c o lle c tio n  V (c ,c ')  in  Y which sep ara tes  the p o in ts  in  D n

Therefore , ^u^V (c,c ') i s  a pairw ise  d is jo in t  open c o lle c tio n  in  Y 

which sep a ra te s  the p o in ts  in  D.

4 .3 .8  Comment: I f  p o in ts  of the  form ( f^ ,a )  were

included in  Y, then Y would no t be CWH. For then , a p ress in g  

down argument would show th a t  some uncountable subset o f  {(f^ ,A );

X i s  a l im it  o rd in a l in  could be separated  in  Y by b a s ic

"product" neighborhoods. This in  tu rn  would show th a t  the asso c ia ted  

fj^ 's could be sep ara ted  in  X, which i s  im possib le.

These f i r s t  seven p ro p e rtie s  w il l  hold  in  a l l  o f the attem pts 

to fo llow . Note th a t  F le is s n e r ’s space a lso  has these  p ro p e r tie s . 

Before proving th a t  Y i s  n o t CWN, a p re lim inary  r e s u l t  i s  needed.

4 .3 .9  Lemma; I f  U i s  open in  Y w ith  D «=11  a a a
and 3 c (a,w ^), then th ere  e x is ts  a b as ic  open s e t  B(g) in  Xg

w ith (fQ,B) e B(3) such th a t  B(3) x ( a ,33 c U^.

P ro o f: I f  3 i s  no t a l im it  o rd in a l, s e le c t  b a s ic  

open s e ts  U(3) and U(3 -  1) in  Xg and Xg_^, re sp e c tiv e ly , 

such th a t ( f^ ,3 )  e U(3) c and (f^ ,3  -  1) e U(3 -  1) = U^. Then

11(3) n U(3 -  1) i s  a b a s ic  open s e t  in  both  Xg and Xg ^ which

contains ( f^ ,3 )  and (fg^3 -  1) and i s  a su b se t of U^. I f  3

i s  a l im i t  o rd in a l, then th ere  e x is ts  a b a s ic  open s e t  V x (p ,3 ]
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which contains and i s  a su b se t o f U^. T herefore , fo r

each Y e [p + l , g ] ,  V i s  a b a s ic  open s e t  in  w ith  

(f^ ,3 ) e V c U^. Thus, in  e i th e r  case , th e re  e x is ts  an o rd in a l

g ' such th a t  g ' < g and th e re  e x is ts  a  b a s ic  open s e t  B(g)

in  Xg such th a t  (1:^,3) e B(g) and B(g) x [ g ',g ]  c u^. Since 

one can back up in  the o rd in a ls  only f in i t e ly  many s te p s , the 

r e s u l t  fo llo w s.

4 .3 .10  Y i s  n o t CWN.

P ro o fI Suppose {U^; a < i s  a c o lle c tio n  of open

s e ts  in  Y such th a t ,  fo r  each a < c u^. F ix  a <

Define the function  t :  (a,m^) ->■ N by t(g )  = min {deg B (a ,g ): B (a,g) i s

b a s ic  open in  Xg and (fg ,g )  e B (a,g) x (a ,g ]  c u^}. This i s  w e ll-

defined  due to  the previous lemma. There e x is ts  n e N such th a ta
t(g )  = n^ fo r  c o f in a lly  many g e I t  follow s th a t  t (g )  £

fo r  each g e (o,w ^). L e ttin g  a vary , d efine  the function

[0,w^) -»■ N by i|)(a) = n^ . For some n e N, ij) ^(n) i s  uncount-
CO ••2,a b le . S e lec t a sequence o f d i s t in c t  members of ijj (n ),

and l e t  g = (sup + 1 . Then {B(a^,g)}^ i s  an i n f i n i t e  c o lle c tio n

of b a s ic  open s e ts  in  Xg, each having degree n . By 4 .2 (4 ) ,

{B(a^,g)}^ i s  n o t pairw ise  d i s jo in t .  Therefore hence

{U^; a < w^}, i s  n o t a pa irw ise  d is jo in t  c o lle c tio n .

4 .3 .11  Y i s  n o t norm al.

P roo f; Let H = { (f^ ,a  + 1) : a < and K = T -  H.

Since both  H n T and K n T are  closed in  fo r  a l l  a, both

H and K a re  closed in  Y. Suppose U and V a re  open s e ts  w ith
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H c U and K c v. For each a < l e t  be a b a s ic  open s e t

In  X . - such th a t  ( f  , a + 1) e Q «= U. Then Q u V i s  open in  crf-1 a a  a

Y and c u v . By Lemma 4 .3 .9 , fo r  each ( f^ ,g )  th e re  e x is ts  

a  b a s ic  open s e t  B(a,g) in  such th a t  B (a,g) x (a ,g ]  c V

and ( f  ,3 ) e B (a ,3 ). L et Z = y B (a,3) x ( a ,g ] ,  an open s e t  in
O t G t  C t ^ P

Y w ith  D c z c Q u V. Since Y i s  no t CWN, th ere  a re  o rd in a lsa  a

0^ and 0̂  such th a t  and n # (j>. Therefore,

Q n Z 3̂ ({). But Q nQ = so Q nZ  c U n V. Thus,
“2 “l  “2 %  «2 °1

U n V 3̂ (j) and Y i s  no t normal.

From the method o f proof i t  i s  ev id en t th a t  any topology on

Y which i s  n o t CWN because {D : a < u , ] is  a closed d is c re tea 1
c o lle c tio n  o f closed s e ts  th a t  cannot be sep ara ted  and in  which 

Lemma 4 .3 .9  i s  v a lid  w i l l  n o t be norm al. In  the next a ttem pt, nor­

m ality  w il l  be achieved by adding more open s e ts  in  such a way th a t  

Lemma 4 .3 .9  i s  no t v a lid .

4 .4  Second a ttem p t; In  o rd er to  d esc rib e  th is  second topology 

on Y, a p re lim inary  r e s u l t  i s  needed. Note th a t  th is  i s  simply a 

s p e c ia l  case o f Lemma 4 .3 .6 .

4 .4 .1  Lemma: I f  H and K a re  d is jo in t  c losed  sub­

s e ts  o f T in  the old topology, and H n i s  bounded fo r  each a,

then th e re  i s  a closed unbounded s e t  C in  such th a t  0 e C

and i f  c e C, then X  ̂ n H =
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4 .4 .2  The new (second) topology; Let H, K, and C 

be as in  the  p revious lemma. For each y e C, l e t  y* be the  

f i r s t  element in  C such th a t  y < y ' .  L et U (H ,y ,y ') be an 

open s e t  in  Y such th a t

“  " ■= = <Kg<Y-S -

Note th a t  ^u^U(H,y,y*) i s  open in  the o ld  topology, b u t i s  n o t 

n e c e ssa r ily  c lo sed . The second topology on Y i s  ob tained  by de­

c la r in g  such s e ts  c lo sed . That i s ,  a subbasis fo r  the second topology 

c o n s is ts  o f the  o ld subbasic s e ts  along w ith  these  new s e ts .

4 .4 .3  Y i s  normal.

P ro o f: Suppose H and K a re  d is jo in t  c losed  s e ts  in  

Y. W ithout lo s s  o f g e n e ra li ty , assume th a t  H u K = T. For each 

a < e i th e r  H n o r K n i s  bounded. Let Kg, H^,

denote the bounded and unbounded p a r ts  of H and K, re sp e c tiv e ly .

L et C be clopen in  Y such th a t  H g U K g C C c Y  -  (H^ u K ^). L et

W and W’ be d is jo in t  open s e ts  such th a t  c W and K^ c W'.

Let Q and Q’ be d is jo in t  open s e ts  such th a t  Hg c Q and Kg c Q’ .

Let

U = (Q n C) u [W n (Y -  C)] and V = (Q* n C) u CW’ n (Y -  C)].

C lea rly , U and V a re  d is jo in t  open s e ts  w ith  H c V and K c V.

T herefore , Y i s  normal.
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4 .4 .4  Y CWN.

P ro o f; I t  i s  s u f f ic ie n t  to  show th a t th e re  e x is ts  a 

pa irw ise  d is jo in t  open c o lle c tio n  {U^: a < such th a t  c

fo r  each a . I f  a < g < l e t  V(a,3) denote a clopen s e t  in

X- such th a t  ( f  ,3) e V (a ,3 ). A lso, suppose th a t ,  fo r  f ix ed  3, p o
the c o lle c tio n  {V (a,3): a < 3) i s  pairw ise  d is jo in t .  I f

o < X < 0̂  and X i s  a l im i t  o rd in a l, l e t  denote an o rd in a l

such th a t  a < < X. F ix a < oi^. Suppose X i s  a l im i t  o rd in a l

and a < X < (jj,. L et H be the closed  s e t  which s a t i s f i e s  the 1

follow ing:

(1) H n = ( f  ,a  + 1)

(2) H nDg = fg X (3,X] i f  3 < X and 3 f  a .

(3) H n Dy = ( f y , Y  + 2) i f  Y _  X.

Let K = T -  H. Then H and K a re  d is jo in t  closed s e ts  in  Y and 

H n is bounded fo r each t < The s e t  C = {0,X + 1 ,  X':

X' i s  a l im it  o rd in a l > X} i s  a closed unbounded s e t  in  such

th a t  c e C im plies th a t  n H = (|). The follow ing s e t  Q i s  one

of the new clopen s e ts :

Q = V (a,a + 1) u (g#%V(Y,Y + 2)) u (u {V(3,<S + 1 ): 3 < X,6 <X, 3 f  a})

I
u (u {V(3,X') X (pg^,,X  ] :  3 < X’ _< X, 3 # a , X' i s  a l im it  o rd in a l} .
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Let V’ (a,X) = V(a,X) x (pQ^,X] -  Q. Then V '(a,X ) i s  open in  Y. 

F in a lly , the s e t

= [gU^ V(a,6 + 1 ) ]  u [u (V '(a ,X ): X i s  a  l im it  o rd in a l} ]

i s  open and i s  a pairw ise  d is jo in t  open c o lle c tio n  w ith

D c u fo r  each a . T herefore , Y is  CWN.a a

The b as ic  reason th a t  th is  second topology on Y is  CWN 

i s  th a t  i t  i s  too c lo se  to  the d is c re te  topology, which i s  obviously 

CWN. However, s in ce  the f i r s t  topology was n o t even normal, any 

topology which i s  to  con ta in  the o ld  topology must con ta in  q u ite  a 

few ad d itio n a l open s e ts  in  o rder to  make the re s u l t in g  space normal. 

P a r t of the d i f f i c u l ty  w ith  the second topology seems to  be th a t  the 

new s e ts  in troduced were t ie d  too c lo se ly  to  sp e c ia l types o f d is ­

jo in t  closed s e ts  in  Y. What i s  needed, and w i l l  be achieved in  the

nex t a ttem pt, i s  a new type of clopen s e t  which i s  more g lobal in

n a tu re . However, th e  p rir  <.y m otivation  fo r  the new clopen s e ts  

i s  s t i l l  to  in su re  no rm ality .

4 .5  Third a ttem p t; L et n e N. Suppose U i s  a subse t of 

Y which s a t i s f i e s  the fo llow ing:

(1) U n D i s  clopen in  D fo r  each a < w ,.a a 1

(2) I f  (fg^S) e U, then th ere  i s  a b as ic  open s e t  

F (a,3) of degree £  n in  Xg such th a t  ( f^ ,g )  e F (a,3) <= u.
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(3) I f  ( f  ,6 ) i  ü, then th e re  e x is ts  a b a s ic  open 
Y

s e t  F(y»5) o f degree £  n in  such th a t  ( f  ,5) e F(y»5) c Xg -  U.

The th i rd  topology on Y i s  ob tained  by d ec la rin g  such a s e t  

U to  be clopen in  Y. Note the d iffe ren ces  here between th ese  new 

clopen s e ts  and the ones added in  the second a ttem pt; th ese  new 

clopen s e ts  were n o t n e c e ssa r ily  e i th e r  open or closed  in  the o ld  

topology, and these  new clopen s e ts  are  symmetric; i . e . ,  i f  U is  

a new clopen s e t ,  then Y -  U i s  a lso  a new clopen s e t  (depending 

on the same n e N as U). Note a lso  th a t  these new clopen s e ts  

u t i l i z e  the degree concept fo r  the  f i r s t  tim e.

In  p a r t ic u la r ,  a subbasis fo r  th is  th ird  topology on Y i s  

given by the follow ing types of s e ts :

Type 1: Old subbasic s e ts .

Type 2: U (as above).

A b a s is  fo r  th is  th i rd  topology i s  e a s ily  described  because 

the in te rs e c tio n  o f two o f the new clopen s e ts  i s  a lso  a new clopen 

s e t .  Thus, a b a s is  c o n s is ts  of the  follow ing types o f s e ts :

Type I :  Old b a s ic  open s e ts .

Type II: U n B, where U i s  a Type 2 s e t  and
B i s  a Type I  s e t .

Note th a t th is  a c tu a lly  i s  a clopen b a s is .  In  o rder to  v e r ify  th a t

th is  topology i s  normal and n o t CWN, a few lemmas a re  needed.
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4.5«1 Lemma: I f  i s  open in  Y and c u^,

then fo r  every 3 e (a,w^) th e re  e x is ts  an o rd in a l 3 ' e ( a , 3)

and a p o s it iv e  in te g e r  N (3 ',3 )  such th a t  i f  3* ^  Y £  3 then  th e re

i s  a b a s ic  open s e t  B(y) in  such th a t  (f^^Y) e B(y) =

and deg B(y) < N(3’ ,3 ) .

Proof : S e le c t 3 e (a ,w ^). Suppose 3 i s  n o t a l im it

o rd in a l. Then th e re  i s  a  b a s ic  open s e t  B(3) of degree N(3) in

X- such th a t  ( f  ,3) e B(3) <= U . Also th e re  i s  a b a s ic  open s e t
p  Qt OL

B(3 -  1) of degree N(3 -  1) in  Xg_^ such th a t  ( fg ,3  -1) e  B(3 -  1) c u^.

The lemma follow s in  th is  case by s e t t in g  3 ' = 3 - 1  and N(3'>3) =

N(3) + N (3 - l )  because B(3) n B(3 - 1 )  i s  a b a s ic  open s e t  o f degree 

^ N (3 ) + N(3 - 1 ) .  Now suppose 3 i s  a l im i t  o rd in a l. I f  th e re  i s  a 

Type I  b a s ic  open s e t  B w ith  ( f^ ,3 )  e B c U^, then the conclusion

o f the  lemma i s  an obvious consequence of the  n a tu re  o f Type I  s e t s .

Suppose th e re  i s  no Type I  s e t  B w ith  (f^^S) e B c u^. Then, th e re

must be a Type I I  s e t ,  U n B, such th a t  ( f^ ,3 )  e U n B c U^.

Let Ny be the  p o s i t iv e  in te g e r  a sso c ia ted  w ith  Ü. Suppose

B = V X (p ,3 ] , where V i s  a b a s ic  open s e t  in  X of degree Ng.

The conclusion o f the lemma i s  ob ta ined  by s e t t in g  3* = p + 1 and

N ( 3 ' , 3 )  = Ny +  Ng.

4 .5 .2  Comment : I t  i s  p o ss ib le  to sharpen the conclusion

of the l a s t  lemma so th a t  deg B(y) = N (3*,3). This can be done by
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in te r s e c t in g  w ith  more subbasic  s e ts  i f  n ecessary .

4 .5 .3  Lemma: I f  U i s  open in  Y and D c u ,  a  a  a

then fo r  every B e (a,w^) th e re  i s  a  p o s it iv e  in te g e r  such

th a t  i f  Y G (#,B] th e re  e x is ts  a  b a s ic  open s e t  B(y) of degree

Ng in  such th a t  (f^,Y ) e B(y) <= u^.

P ro o f: The r e s u l t  fo llow s by repeated  a p p lic a tio n  o f the

prev ious lemma and the  f a c t  th a t  one can back up in  the o rd in a ls  only 

f in i t e l y  many s te p s .

4 .5 .4  Lemma: I f  i s  open in  Y and c u^,

then th e re  i s  a  p o s it iv e  in te g e r  such th a t  i f  3 e (a,w^) th e re

i s  a b a s ic  open s e t  B(3) in  X. o f degree N such th a t
P G

(f^ ,3 )  e B(3) = U^.

Proof: For each 3 e (a,w<) o b ta in  N„ as in  the
J . p

previous lemma. There e x is ts  a  c o f in a l  su b se t P of (a,w^) such th a t

each Y E P  i s  a s so c ia te d  w ith  the  same n a tu ra l  number, say N .' a

Thus, i f  B e  th e re  e x is ts  y e P such th a t  3 < Y <

Hence, th e re  i s  a  b a s ic  open s e t  B(3) in  Xg o f degree such

th a t  (fQ ,3) e B(3) c u^. Since 3 i s  a r b i t r a r y ,  th is  completes 

the p roo f.

4 .5 .5  Y i s  n o t CWN.

P ro o f: Suppose, fo r  each a < i s  open in  Y

and D c u . For each o, choose N as in  the previous lemma, a a a
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Let {a^}* be a sequence o f d i s t in c t  o rd in a ls ,  each a sso c ia te d  w ith

the  same n a tu ra l  number N. L et g = (sup a^) + 1 . For each a^,

th e re  i s  a  b a s ic  open s e t  U (a.) o f degree N in  X such th a t
i  p

( f  ,3 ) e U (a.) c u . Since th e re  a re  only f in i t e ly  many pairw ise
Oi ^ “ i

d is jo in t  open s e ts  o f degree N in  X^, {U(a^)}^ i s  n o t pairw ise  

d i s jo in t .  Since U(a^) c , th is  im plies th a t  {U  ̂ i s  no t

pairw ise  d i s jo in t .  T herefore , Y i s  n o t CWN.

4 .5 .6  y i s  norm al.

P ro o f; Suppose H and K a re  d is jo in t  c losed  s e ts  

in  Y. Let = H n T, = H n (Y -  T ), = K n T, Kg = K n (Y -  T)

Then and a re  d is jo in t  closed  s e ts  in  the  o ld  topology. With­

ou t lo ss  o f g e n e ra li ty , assume th a t  u = T. Then, fo r  each 

a < ÛJ., H n D i s  clopen in  D and (H„ n X , n X ) i s  a
JL Ot 0( i  Ot j. Ct

d is jo in t  p a ir  o f c lo sed  s e ts  in  X  ̂ n T. By 4 .2 (5 ) , th e re  i s  a  basic

clopen s e t  B(H^,a) in  X̂  such th a t  n X^ c B(H^,a) c Y -  (K  ̂ n X ) .

Thus, B(H j,a) i s  a Type 2 subbasic s e t  (using  n = 1) such th a t

Hjc B(Hj,a) c Y -  K^. Changing n o ta tio n  fo r  convenience, i t  has

been shown th a t  th e re  e x is t  d i s jo in t  open s e ts  and w ith

Hy c Vj and <= W .̂ Now l e t  Kg and -  Hg. Then

c V^, K^ c W^, and H c V = u Hg, while K c W = u Kg.

C learly , V and W are  d is jo in t  open s e ts .  T herefore , Y i s  normal.
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4.6 Comments ; There a re  c e r ta in ly  many o th e r  topo log ies

on Y which could be attem pted; fo r  example, Y could be considered

as the d is jo in t  union Y = u X ', where X' rece iv es  the  r e la t iv eo ct

topology. However, th is  obviously  produces a CWN space. O ther

topologies on Y which produce a normal CWH space th a t  i s  n o t

CWN can be construc ted  by t r i v i a l  m odifications o f the th ird

topology; fo r  example, l e t  a e (0,w^) and dec la re  X̂  d is c re te  i f

3 < a ,  then do the same co n stru c tio n  as befo re  on x . This— 3<Y<w  ̂Y

leads to  uncountably many d i s t in c t  topologies on Y, each of which

has the  desired  p ro p e rtie s  and whose in te rs e c tio n  has these  same 

p ro p e rtie s  because i t  i s  the  th i rd  topology.

4.7 Theorem; There e x is ts  a  space Z such th a t  (1) Y is  

open and dense in  Z, and (2) X i s  homeomorphic to  Z -  Y.

Proof: Let X = X x {w,}, and l e t  Z = y X . Then  1 a

Y c z. Let p o in ts  in  Y have th e i r  usual neighborhoods. I f

(p,o), ) e X and p  ̂ F, l e t  an open s e t  about (p,wu) be a s e t
1

of th e  form {p} x (a,w ^], where a < I f  (f^,w  e X̂  , l e t

an open s e t  about ( f b e  a s e t  of the form x

where A i s  open in  X, f  e A , and p < m .. C lea rly , X = Z -  Y a a a 1 1

i s  homeomorphic to  X, Y i s  open in  Z, and Ÿ = Z, as claim ed.
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4 .8  Theorem; The p ro je c tio n  map p: Z ^  X defined  by
“ l

(x ,a )  (x,w^) i s  a continuous open s u r je c t io n , and p i s  a r e t ra c t io n

o f Z onto . However, p i s  n o t a c losed  map.

P ro o f: I t  i s  e a s ily  seen th a t  p i s  a continuous open r e t r a c ­

tio n  of Z onto X . L et K be any subse t o f X such th a t f_
“ l

i s  a l im i t  p o in t of K. Then K x {0} i s  closed  in  X^, and s in ce

Xq i s  closed  in  Z, K x {0} i s  a lso  closed  in  Z. However,

(fg ,0 )  ^ K X {0}, and so p(K x {0}) does n o t con tain  (fQ,w^) e p(K x {0}), 

This proves th a t  p i s  n o t a closed map.



CHAPTER FIVE 

MORE ON CIC-SUBSETS

5.1  D e f in itio n ; A space X s a t i s f i e s  the  countable chain 

co n d itio n  i f  every pa irw ise  d i s jo in t  open c o lle c tio n  in  X i s  a t  

most countab le . Such spaces a re  c a lle d  CCC-spaces.

5 .2  Theorem: L et X be a to p o lo g ica l space.

(A) Every countable su b se t o f X i s  a CIC-subset of X.

(B) I f  X i s  COG, then every su b se t o f X i s  CIC.

(C) I f  K i s  CIC in  X and U i s  an open s e t  in

X such th a t  K c u, then K i s  a CIC-subset of U.

CD) I f  K i s  CIC in  X and A c K, then A i s

CIC in  X.

(E) I f  X i s  sep a rab le , then X i s  CCC.

5 .3  Theorem: I f  X = uX and each X is  a CIC-subset -----------  i n  n
o f  X, then X i s  CCC.

5 .3 .1  C o ro lla ry : I f  {X^}^ i s  a sequence of open

CIC-subsets o f X, then uX i s  a CIC-subset of X.
1 n

5 .3 .2  C o ro lla ry : A countable f re e  union of CCC spaces

i s  CCC.

5 .4  Comment: I t  i s  c le a r  th a t  i f  a subspace K o f a space

53
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X i s  a  CCC space in  the r e la t iv e  topology, then K i s  a CIC-subset 

o f X. The converse i s  not tru e . The subspace Xg o f Bing’s example G 

(3 .9 ) i s  a  CIC-subset of G, b u t i t  i s  n o t CCC in  the r e la t iv e  

topology — i t  i s  uncountable and d is c r e te .  The x -ax is  in  the tangen t 

d isc  space (3 .7 ) i s  another example of t h i s .

5.5 Theorem; I f  X i s  a  L indelof space, then X i s  CCC

i f  and only i f  every p o in t in  X has a CIC-neighborhood.

P roo f: I f  X i s  CCC, then X i s  a CIC-neighborhood of

each p o in t o f  X. I f  every p o in t x e X has a CIC-neighborhood N (x),

then {N(x): x e X} i s  a cover o f X which may be assumed to  be

open by Theorem 5 .2(D ). From, the L indelof p ro p e rty , {N(x): x e X}

has a countable subcover, say (N(x^)}^. Since each N(x^) i s  an

open CIC-subset o f  X and X = uN (x.), i t  fo llow s from Theorem 5 .3
1 ^

th a t  X i s  CCC.

5 .6  Comment: The n e c e ss ity  of the L indelo f p roperty  in  the 

theorem i s  made c le a r  by considering  an uncountable d is c re te  space.

For such a space, every p o in t x has the CIC-neighborhood {x}, 

y e t the  space i s  n o t CCC.

5 .7  Theorem: I f  {F^: a e A} i s  a Id e a lly  countable cover

of the  L indelo f space X by C IC-subsets, then X is  CCC.

P ro o f: L et x e X and l e t  N(x) be an open neighborhood 

o f X  meeting a t  most countably many members of {F^: a e  A}, say 

{F^}^. Then N(x) = u[F^ nN( x) ]  i s  a countable union of CIC-subsets 

o f X. By Theorem 5 .3 , each N(x) i s  CCC, hence a lso  CIC. This
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shows th a t  every p o in t in  X has a CIC-neighborhood. Since X i s  

L in d e lo f, the  r e s u l t  follow s from Theorem 5 .6 .

5 .7 .1  C o ro lla ry ; I f  {F^: a e A} i s  a  lo c a l ly  f i n i t e  

cover of the L indelof space X by CIC-subsets, then X i s  CCC.

5.8 Theorem: Every screenab le  CCC space i s  L in d e lo f.
00

Proof: L et U be an open cover of X, and l e t  uU be a
1 n

o - d is jo in t  open refinem ent o f U. Since X i s  CCC, each i s
00

coun tab le . T herefore , uU i s  a countable open refinem ent o f U.
1 n

Expanding the  members o f uU , a countable subcover of U i s  ob ta ined .
1 *

Therefore X i s  L in d e lo f.

5 .8 .1  C o ro lla ry : In  CCC spaces, s c re e n a b il i ty  i s

eq u iv a len t to  the L indelof p ro p erty .

5 .8 .2  C o ro lla ry : Every C-space which i s  CCC i s  L in d elo f.

5 .8 .3  C o ro lla ry : Every paracompact CCC space i s  L indelof.

5 .8 .4  C o ro lla ry : Every screenable CCC Moore space

i s  m e trizab le .
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