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Chapter 1
INTRODUCTION

A variety of model equations have been derived for the propagation of long,
bidirectional, weakly nonlinear surface water waves (cf. [7]). Many of them go by
the name of Boussinesq equations, in honor of the researcher who in 1871 derived

the system

Nt+Vz+5(NV)z =0

(1.1) 1
Vi+ N:+eVV, — -€Veze =0

3

to describe two-dimensional water waves in a channel with a flat bottom. In (1.1),
N = N(z,t) represents the elevation of the free surface above the channel bottom
and V = V(z,t) represents the horizontal velocity in the layer of fluid whose
height above the bottom is equal to h/\/3, where h is the depth of the undisturbed
fluid. (See Figure 1.) Here the dependent and independent variables have been
nondimensionalized and scaled so that, if the motion under consideration is a wave
with small amplitude a and long wavelength [ relative to k, then N, V, and their
derivatives will have size on the order of 1, while the small dimensionless parameter
€ is equal to both a/h and A2/I%. In the formal derivation of this system, terms
containing quadratic or higher powers of € have been ignored.

A situation in which waves governed by (1.1) might be observed is the fol-

lowing. Consider a channel with rectangular cross-section, and let the z-axis be

oriented in the direction along the length of the channel. Suppose a piston at one
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Figure 1. Physical meaning of the variables N, a, h, and (.



end of the channel moves back and forth horizontally, generating waves in such a
way that the functions describing the height of the free surface and the velocity
field within the water are at all times independent of the crosswise coordinate. If
the flow is irrotational, and viscosity and surface tension are negligible, then in
the regime of small amplitude and large wavelength described above, the waves

created will be governed approximately by (1.1).

In this work, we will consider the pure initial-value problem for (1.1), in which
the values of N and V are specified at time ¢ = 0 for all z € (—o0, 0), and the
values N(z,t) and V(z,t) are sought at all later times ¢ > 0 and all z € (—o0, 00).
Our assumptions on the initial data will imply in particular that N(z,0) and
V(z,0) tend to zero as z —+ —oo and z — oco. These assumptions would be
reasonable, for instance, if one were modeling the behavior of a localized wave

which propagates from one end of a channel into a quiet region located far from

the ends of the channel.

Besides (1.1), there are many other formally equivalent model systems which
can be obtained either by choosing different physical variables as the dependent
variables (for example, one could use the velocity at the free surface rather than at
the height h/v/3), or by introducing terms which formally have size €2 or smaller
but which change the character of the equations. One such equivalent model
system is that treated in [7]. Another whole family of equivalent systems, treated

3



in [5], are of the form

2 1
Ne+ Ve + e(VN)z + € —2” - 6) (AVz:: - (1 - ’\)szt) =0
(1-2) 1 6

Here N and € are the same as in (1.1), while V' now represents the horizontal
velocity in the layer of fluid whose height above the bottom is 6k, where 0 < 6 < 1.
The values of A and u can be chosen arbitrarily.

In this work, we consider the special case of (1.2) given by the choices §* = 2/3,

A =0, and g = 0. Then (1.2) takes the form

Ne+ V. +VN), — éeN,m —0

(1.3) 1
Vi+ N +eVV, — EGszt = 0.

Following the terminology of [5], we will refer to this system as the regularized
Boussinesq system.

One reason for studying this particular form of the Boussinesq system is
that it is easier to establish existence results for the initial-value problem for
system (1.3) than for other systems of type (1.2). In Chapter 2 below, we prove
the local existence (in time) of solutions of (1.3) for arbitrary initial data in the
Sobolev space H! x H!. The proof requires only a standard application of the
Banach Contraction-Mapping Theorem (cf. [3], where a similar result is proved for
periodic initial data, and [14]). For other systems of type (1.2), it is considerably
more difficult to prove local existence of solutions, and in fact many systems of
type (1.2) are probably ill-posed in the sense that solutions exist only for special

initial data [5].



For unidirectional waves, that is, waves which propagate either mostly to the

right or mostly to the left, the system (1.3) can be formally reduced to a single

equation

1

(1.4) Ne+ N, + g-eNN, re

eN. zzz = 0,
called the Korteweg-de Vries equation [11]. If N satisfies (1.4) and V is given by
V=N }-eN 2
= 2 ,

then N and V will satisfy a system which agrees with (1.3) except for terms of
quadratic and higher order in €. Alternatively, since from (1.4) we see that N; and
— N, are the same up to terms of order ¢, then by ignoring terms of order €2, we

can replace (1.4) by the equation

3 1
(1.5) N, + Nz + EGNN:: — géN;zg =0.

Equation (1.5) is called the Benjamin-Bona-Mahony equation [2]. Its relation to
the Korteweg-de Vries equation is similar to that between the regularized Boussi-
nesq system (1.3) and other systems of type (1.2). See [Albert/Bona] for a discus-
sion of the advantages and disadvantages of (1.5) versus (1.4) as model equations.

Another advantage of system (1.3) over other systems of type (1.2) is that
(1.3) is easier to solve numerically. In fact, J. Bona and M. Chen have performed
careful numerical studies of system (1.3) which have revealed various interesting
properties of its solutions [3]. In particular, these studies have shown that (1.3)

5



has solutions which behave in many ways like solutions of (1.4) and (1.5). This
suggests that the formal derivation of (1.4) or (1.5) from (1.3) is based on correct
prim".iples, and that solutions of (1.4) or (1.5) are close to unidirectional solutions
of (1.3) when € is small. In Chapter 4 below, we prove that this is indeed the
case. Since the mathematical theory of equations (1.4) and (1.5) is much further
advanced than that of system (1.3), such a result is of interest: it allows us to use
our better knowledge of (1.4) and (1.5) to obtain quantitative information about
solutions of (1.3). Thus our comparison result can be thought of as a theoretical
explanation and confimation of the numerical work of Bona and Chen. It should
be noted, however, that the agreement between solutions of (1.3) and (1.5) which
has been seen by Bona and Chen is actually much better than we can currently

explain by our theory. This point is discussed further in Chapter 5.

Our comparison result has precedents in work done by a number of other au-
thors on comparisons between (1.4), (1.5) and the Euler equations for water waves
(the Euler equations are the fundamental equations for water waves, expressing
the laws of conservation of mass and momentum). Since (1.3), (1.4) and (1.5) are
derived formally from the Euler equations under the assumption that ¢ is small
(cf. chapter 13 of [15]), one would expect that when ¢ is small, solutions of all
these equations are close (in an appropriate normed space) to solutions of the
Euler equations, and hence in particular are close to each other. Moreover, one
would expect that if [0, T'(¢)] is the time interval on which solutions remain close,

6



then T'(€) — oo as € = 0.

In fact, Craig [9] has shown that solutions of (1.4) are close to solutions of the
Eule;: equations on time scales of length 1/e. More precisely, he proves that under
certain smallness conditions on the initial data, a solution of the Euler equations
will exist for 0 < t < 1/¢; and that if one further assumes (i) a boundedness
condition (independent of €} on higher-order Sobolev norms of this solution and
(i1) a condition on the solution which implies its unidirectionality, then as ¢ — 0
the solution tends, in an appropriate Sobolev norm, to a solution of (1.4) for each
t € [0,1/€]. Moreover, since Bona, Pritchard and Scott have shown in Theorem 1
of [4] that solutions of (1.4) are close to those of (1.5) on time scales of length 1/¢,
it follows that solutions of (1.5) are also close to those of the Euler equations on
these time scales.

It remains an open question, however, whether the solutions of (1.3), or of any
other system of type (1.2), resemble solutions of the Euler equations. In this work
we address the somewhat easier question of whether solutions of (1.3) resemble
those of (1.5) or (1.4) on long time scales. Consider solutions of (1.3) with initial

data

N(z,0) = g(z)
(1.6)

V(z,0) = h(z),

and a solution U(z,t) of (1.5) with initial data U(z,0) = g(z). To guarantee

unidirectionality of the solution (N, V'), we assume that

1
(1.7) h=g— Zeg’.

7



Then the following theorem (restated below as Theorem 4.1.1 and proved in Chap-
ter 4) establishes a comparison between these solutions on a long time scale. (See
the next section for an explanation of the notation used for the function spaces in

this theorem.)

Theorem. Suppose g is in H™ (m > 7), and h is given by (1.7). Then there
exists a constant C; > 0, depending only on ||g||7, such that for all € > 0, system

(1.3) with initial conditions (1.6) has a solution pair (N, V) in XT, where
(1.8) T = C1e7 /2,
Moreover, if U solves (1.5) with U(z,0) = g(z), and W is defined by
W=U - tel?
T4
for all ¢t > 0, then for 0 < j < m — 7, we have
(1.9) (N, V)= (U,W)|ln; <Ce’ for 0<t<T,
where C depends only on ||g||;+7-

Note that, as a consequence of (1.9) and the Sobolev embedding theorem, it

follows easily that
sup (|[N(z,t) — U(z,t)| + |V(z,t) — W(z,t))]) < Cét
z€R

for 0 < t < T, so that (1.9) implies in particular that the solutions (N,V) and

(U, W) are close in a pointwise sense.



We remark also that the estimate in (1.9) is what one would expect to hold
for the difference between solutions of two systems which differ by terms of order
€. For example, consider the simple equations u¢ + u = 0 and #; + %, = €4,
posed with the same initial data u(z,0) = 4(z,0) = g(z). The explicit solutions
of these equations are u(z,t) = g(z —t) and @(z,t) = g(z —t)e®, so for any j one

has

lu — @ll3; < Céet

for all ¢t € [0,1/€2].

Notice that in the preceding example, the estimate between the difference
of the two solutions held on a time interval 1/e?, which is much longer than
the time interval 1/,/¢ mentioned in (1.8). We suspect that the result of the
preceding Theorem is also true on a longer time scale than 1/,/c. (Recall that the
comparison result between (1.4) and (1.5) in [4] holds on a time interval of length
1/e.) However, we have not been able to prove this.

The method we use to prove Theorem 4.1.1 is based on that used by Bona,
Pritchard and Scott [4] to compare (1.4) and (1.5). It consists of studying the
equation satisfied by the difference between the solutions of the two equations
being compared, and using Gronwall’s Lemma to obtain estimates on the size of
this difference. One technical feature of our analysis which differs from that of
[4] is that we have to use a form of Gronwall’'s Lemma which is valid only on
finite time intervals; in this our analysis resembles that of [1]. We also have been

9



influenced by the paper [6], which helps to make clear the role played in comparison
results by suitable a priori estimates for the individual equations being compared.
In order to obtain our comparison result, it was necessary to first obtain such a
priori estimates for system (1.3). This is done in Chapter 3 below, where we also
include a review of some a priori estimates we need for equation (1.5).

The exposition below is organized as follows. Chapter 2 describes our notation
and contains some well-known results from functional analysis which we include
here for the reader’s convenience. Chapter 3 concerns a priori estimates on (1.3)
and (1.5). In Section 3.1, we prove a local well-posedness result for (1.3) by
applying the contraction-mapping principle to an equivalent system of integral
equations. In section 3.2, we review certain known results for (1.5), with the
intent of establishing uniform bounds (independent of €) on the growth of higher
Sobolev norms of its solutions over long time intervals. Chapter 4 contains the
statement and proof of our main result, the comparison result between (1.3) and

(1.5). Concluding remarks are in Chapter 5.

10



Chapter II
NOTATION AND PRELIMINARIES
2.1. Notation

In this work the following notation will be used.
For 1 < p < 0o, we define the space LP to be the set of all functions f on R

satisfying |f|, < co, where the norm |f|, is defined by

iflo= [ [~ 17600 ] ”

ifl1<p<oo,and

|floo = ess supzer|f(z)|-

For any real number s, we define the L?-based Sobolev space H* to be the set of

all functions f on R satisfying || f||s < oo, where the norm || f||, is defined by
oo - 1/2
i = [ [ @+ erifmr e
—o0

Here hats are used to denote Fourier transforms, which are defined by the formula

oo

f(k) =/ ek f(z) dz.

—o0
If X and Y are two Banach spaces, then X x Y denotes the Banach space
consisting of ordered pairs (z,y) with z € X and y € Y, where ||(z,y)||xxY is

defined as max(||z||x, [[¥ll¥)-

11



In particular, we will often work in the space H™ x H™, which will henceforth
be denoted as H™.

.If X is a Banach space and T is a positive real number, we define C(0, T; X)
to be the Banach space of all continuous X-valued maps h from [0, T'] to X, with
norm given by [|k|c(o,1;x) = supp<i<r l|h(t)[|x- We define C(0, co; X) to be the
union of all sets C(0,T; X) as T ranges over the set of all positive numbers. For
0 < T < oo, we will use XT* as an abbreviation for C(0, T; H™) .

If K(z) and g(z) are functions defined for z € R, we define the convolution

of K and g to be the function f given by

f@ = [ ~ K(z - v)ey) dv.

We use the notation

f=K=xg

for convolutions. The operation of convolution is related to that of Fourier trans-

formation via the formula

K xg(k) = K(k)3(k).

12



2.2. Review of some results from functional analysis

-Here we recall for the reader’s convenience some standard results which will
be used below.
Proposition 2.2.1 (Banach Contraction-Mapping Theorem). Suppose
B is a closed ball in a Banach space X, and 4 : X — X is such that
(i) A(B) C B, and

(ii) there exists § < 1 such that
|Avlix < 9|jvllx forall vin B.
Then there exists some v € B such that Av = v.

Proposition 2.2.2. If X is a Banach space, and af0,1] — X is a continous

map, then fol a(s) ds is well-defined as an element of X and

1 1
I /0 afs) dsllx < /o lla(s) [l xds.

Proposition 2.2.3. Suppose m > 1 is an integer. Then there exists a
constant C,, such that for all f and g in H™, the product function fg is also in

H™ and satisfies

Ifgllm < Canllfllmllglim-

The proofs of the preceding three results are elementary, and are here omitted.
For Proposition 2.2.1, the reader may refer to Theorem V.18 of [12]. Proposition

13



2.2.2, which contains Minkowski’s integral integrality as a special case, is a basic
consequence of the definition of the integral of a Banach-space-valued function;
cf. Theorem 3.29 of [13]. Proposition 2.2.3 is easily proved by appealing to the
alternative definition of H™ as the set of all functions whose derivatives up to order

m exist and are in L2, and using the Liebnitz rule for derivatives of products.
We conclude this section with a version of Gronwall’s Lemma.

Lemma 2.2.4 (Gronwall’s Lemma).
(i) Let a,8 > 0 be given. if T > 0 and A(t) is any non-negative continuous

function defined on [0, T] satisfying A(0) = 0 and
4
A%(2) < / (aA(s) + BA%(s)) ds for 0<t<T,
()

then

A(t) < %(eip‘ —1) for 0<t<T.

(ii) Let a,8 > 0 and p > 1 be given. Define
T =B Yeql=p)e /oo (14 2°)"1 dz.
()

Then there exists a constant C = C(p) > 0, which is independent of a and
B, such that if 0 < T1 < T and A(t) is any non-negative continuous function
defined on [0, T] satisfying A(0) =0 and
t
A%(t) < /o (aA(s) +BA** (s)) ds for O<t<Ti,

14



then

A(t) <Cat for 0<t<T.
Proof. Define B(t) on [0, T] by

B(t) = /O (aA(s) +BA%(s)) ds.

Then

%(B’ (t)) = aA(t) + BA%(t).
Now, by assumption A(t) < B(t), so
2 (B2(2)) < aB(t) + BBY()

and hence

4B _

> < 5(a+BB()).

N -

Now dividing both sides of the last inequality by a + 3B(t), and integrating both
sides of the resulting inequality from 0 to ¢, we obtain

1

5lo8(1+BB(8)/a) <

12
5"
Therefore
B(t) < 5(e¥#* ~1)
holds for all ¢t € [0,T]. Since A(t) < B(t), this proves part (i).
To prove part (ii), let B(t) be defined on [0, T}] by
4
B(¢) = / (aA(s) + BAPHY(s)) ds.
0

15



Then

Z(B*(2)) = aA(t) + A1 (2).
Again we have A(t) < B(t), so
Z(B2 1) < aB(t) + BB().

But, as shown in Lemma 2 of {1} , if 7} < T then the preceding inequality can be
integrated to yield B(t) < Cat for t € [0,T;], where C depends only on p. Since

A(t) < B(t), the desired result follows.

16



Chapter III

WELL-POSEDNESS AND REGULARITY RESULTS

3.1. The regularized Boussinesq system

Consider the following regularized Boussinesq system:

Ne+ Ve + ¢(NV)s — %eN,,‘ =0
(3.1.1)

V:+N,+evvz—§evm=o.

In [3], well-posedness results are proved for solutions of (3.1.1) on a finite interval
0 < z < L, subject to boundary conditions at 2z = 0 and £ = L. Here, we are
concerned rather with the pure initial-value problem. Thus we look for solutions
of (3.1.1) defined for z € R, which take prescribed initial data

N(z,0) = ¢(=)
(3.1.2)

V(z,0) = ¥(z)
defined for z € R.

In this section, the dependence of (3.1.2) on the parameter ¢ will not play a

role in our analysis. In fact, for the purpose of proving the well-posedness theorem

which appears below (Theorem 3.1.2), we could just as well have considered the

system

1
N + uz + (Mu)z — gle=t = 0

1
U + Nz +uuz — 'G‘uzzt =0,

17



which is obtained from (3.1.1) by means of the scaling
n(z,t) = EN(\/E:B, \/Et)

u(z,t) = eV (Vez, Vet).

(Indeed, the latter form of the system is the one considered by Bona and Chen.)
However, in Chapter IV of this work, the role of ¢ will become very important,
and so we have chosen to keep it visible in the analysis which follows.

The approach we take to studying the well-posedness of (3.1.1), (3.1.2) is
the same as that used for the periodic problem in [3], which in turn is the same
approach used for the scalar Benjamin-Bona-Mahony equation in [2,3]. Namely,
instead of working directly with (3.1.1) and (3.1.2), we first reformulate the prob-
lem as a system of integral equations, which will then be solved using the Banach
Contraction-mapping Theorem, Theorem 2.2.1.

The first step in reformulating the initial-value problem is to solve equations
(3.1.1) for N, and V; by making use of the integral form of the operator —3.(1 —
%—ea;"’:)"l. This operator is in fact a well-behaved convolution operator, whose

properties are studied in the following Lemma.

Lemma 3.1.1. Suppose f € H™, where m is any non-negative integer. Then

there exists a unique g € H™*! which satisfies the equation
1

(3-1.3) (1 - 5ed2)g = —8:f.

This function g is given by the formula

9=K=f,

18



where

K.(z) = g(sgn z)e V8=*/e
Further, one has the estimate

3
- < —
lgllm = [| Ke * fllm < % [[fllm-

Proof. By taking the Fourier transform of both sides of (3.1.3), one arrives at

the equation

306) = (575 ) F0)

We therefore define K(z) to be the function whose Fourier transform is given by

—ik

K(k) = %776

An elementary computation shows that K, is then given by the formula displayed

in the statement of the Lemma.

Now notice that
o o 1
IKe * Fllmer = ( [ a+wmgs s dk)
o o - 1
< ( [ a+ IR ®PQ + R R dk)
< (sup 0+ KDHRRN) 1Flim < Zifllm.

This shows that g is in A™+1,

19



The stated estimate on ||g||m is obtained by a computation similar to that

done just above:

15en flm = (0 +RIET S0 ) %

< ( [ Rawpa s dk)%

—O0

< (300 IR®)) 1l = /2 17l

This completes the proof of the lemma.

Now rewrite (3.3.1) in the form

(1— %ea:)zv, = —8,(V + eNV)

1

1
(1-656:)‘/::"’ z(N+2

v?),
and apply Lemma 3.1.1. After performing an integration with respect to ¢ and

using (3.1.2), we arrive at the following useful reformulation of the initial-value

problem:

t
N=¢+/ K.+ (V +€eNV) ds
(3.1.4) ° )
V=¢+/ Kct(N+§eV2) ds.
0

Suppose (¢,9¥) € H™ for some m > 1, and suppose T > 0. If (N,V) € X
is such that (3.1.4) holds (in the sense of equality in H™ for each t € [0, 7], then
(N, V) also satisfies (3.1.1) in the sense of distributions. Conversely, any distribu-
tion solution of (3.1.1) in XT* will satisfy (3.1.4) for some ¢ and . Therefore, to

prove well-posedness of (3.1.1) in X7, it will suffice to consider (3.1.4).

20



(2)

(b)

We can now state and prove the main result of this chapter.

Theorem 3.1.2. Suppose (¢, %) is in H!.

There exists T' > 0 such that (3.1.4) has a solution in X}. In fact, for a given
value of €, T can be chosen to depend only on the norm of (¢,%) in H*.

For any T > 0, there is at most one solution of (3.1.4) in X1.

Let Tp be the supremum of the set of all T > 0 such that (3.1.4) has a solution

n X}. Then either Tp = 400 or
}Tl%) "(N(v t)v V(', t))"?’l" = +o00.

Suppose (¢, ¥) is in H™ for some integer m > 1. Let T be as defined in (c),
and suppose T € [0,7p). Then (N,V) € X, and (8fN,8FV) € X! for
every integer k > 0.

The correspondence (¢, ) — (N, V) defined by (d) is a continuous mapping
of H™ into XT for every T < Tp; and, if k > 0, the correspondence (¢, %) —
(8£N,8%V) is a continuous mapping of H™ into X7 *! for every T < To.
More precisely, the first of these assertions means that for every T < Ty and
& > 0, there exists an open ball B in H™ containing (¢, ¥) such that for each
initial datum (@,%) in B, there is a solution (N,V) € X of (3.1.4) (with

(¢7 ¢) replaced by ($v ';))’ Satisfying
1N, V) = (B, P)llxp <.

The second assertion is to be interpreted similarly.
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Proof. Let T be a positive number, as yet unspecified. If h = (N,V) is
an element of X}., denote by Ah the pair of functions on the right-hand side of
equations (3.1.4), i.e.,

t
Ahy =¢+/ K. «(V+eNV)ds
0
¢ 1
Ah, =¢+/ Kex (N + 56V?) ds.
0

It is easy to see that this defines a map A from X} into X1.. We now show
that if T is sufficiently small, then A is a contraction map on a certain ball in X}.

Let b = ||(#,¥)|l#2, and set R = 2b. Define Bp to be the ball with radius R
centered at the origin 6 = (0,0) in X}.

Suppose h; = (N1,V;) and hy = (N2, V3) are two elements of Bg. Then using

Proposition 2.2.2, Proposition 2.2.3, and Lemma 3.1.1, we find that

3
Ak — Ahal|xy < 1/ 5 T(1 +2€R)|lh1 — hal|x; -

Also,
| Ak1lxy = lARs — A8 + (6, %)llx

3
<2 T+ 2Rl +
< ,/53; T(1 +2eR)R + b.

o Ve
v6(1 + 2¢R)’

/3 1
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(Since R = 2b = 2||(¢,%)|l#:, it is indeed the case that the value of T depends

only on the norm of (¢,%) in H*.) Then, for all k; and h; in Bg,
1
lAhy — Ahallxy < Sllh1 — hallxz

and
l4kilixy < sR+5=R.

Hence, for this choice of T, A maps Bg into Br and is a contraction mapping on
Bpg. An application of Proposition 2.2.1 then yields the existence of a fixed point
of A in Br. This completes the proof of part (a) of the Theorem.

To prove part (b), suppose that h; and h; are two solutions of (3.1.4) in X}.
Then for any t € [0, T}, one has

llR1(t) — h2(t)ll3 = [|Ah1(t) — Ah2(t)]|2
< \/2E (1 + Ikl + lB2llxs) /0 " iha(r) = ha(r)llses dr.

It then follows from Lemma 2.2.4(i), with a = 0 and 8 = /3= (1 + [[h1flxz +
lh2llxz), that |[h1(t) — ha(t)llar = 0 for 0 < ¢t < T. Hence h; = hs, and (b) is
proved.

To prove (c), suppose on the contrary that T < co and that there exists a

number M > 0 and a sequence ¢, approaching Ty from below such that
H(N(z,ta),V(z,ta))llsz <M forn=1,2,3,...

By part (a), there exists some T = T(M) > 0 such that if (§,%) € H! and
(¢, %)ll#r < M, then (3.1.4) has a solution (N(z,t), V(z,t)) in X}. Choose ¢,
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such that Ty — £, < T, and choose (¢,¥) = (N(z,tn), V(2,)). Then, extending
the solution (N, V) to the interval [0,¢, + T] by defining N(z,t) = N(z,t — t,)
and V(z,t) = V(z,t —t,) for t, < t < t, + T, we obtain a solution of (3.1.4) in

Xl

(tntT)" But since ¢, + T > Tp, this contradicts the maximality of Tj.

To prove (d), we will first show that (N,V) is in X’-{'o for 1 < j < m by using
induction on j. The case j = 1 has already been done above in (a). Suppose
now that it has been shown that (N,V) € X3!, where 2 < j < m; we wish to
show that (V,V) € X%o. From Lemma 3.1.1 and Proposition 2.2.3, it follows that
Ke*(V + eNV) and K, * (N + 3€V?) are functions in H7 for each ¢ € [0, Tp].
Hence, since ¢ and ¢ are in H™ C H’, (3.1.4) implies that N and V are in H7 for
each t € [0,Tp]. Moreover, if 0 < ¢ < ¢’ < Tp, then from (3.1.4) and Lemma 3.1.1

we obtain the estimate

INGz8) = N, ) < [ 1Ko (V + NV ds

3 gt
< /52 IV +eN Vi I~ 4]

3 v N\
<\ Wik, (141Nl ) 1 -l

and a similar estimate for ||V (z,t) — V(z,t')||;. It follows from these estimates
that (N, V) is a continuous map from [0, Tp] to H7?, so (N,V) € X‘;'o'

The assertions of (d) concerning (8fN,8%V) will be proved using induction
on k. First, take the distributional derivative of (3.1.4) with respect to ¢ to obtain

the equations

Ne=K.*(V +eNV)
I’t = K¢ * (N + e%V’).
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Since N and V are in H™, then V + eNV and N + 3eV2 are also in H™, so by
Lemma 3.1.1 it follows that N; and V; are in H™+1. Next, suppose it has been
shown that 8%V is in H™*!, where k is any positive integer. Taking the k-fold

derivative of (3.1.4) with respect to t, we get the equations
O IN = K + (05V + Of(eNV))

FHV =K, » (a:N + %eaf(vz)) ,
and from Lemma 3.1.1 it follows that 8N and 9tV are in H™*!. This
completes the proof of (d).
We now prove (e). Let T' < Tp and § > 0 be given. From parts (a) through (d),
we know that there exists an open ball B’ containing (¢, ) such that if (¢,¥) € B’
then equations (3.1.4) (with (¢, ) replaced by ($, l/;)) has a solution (N, V) € X7
Let p and g be functions of z and t defined by (p,q) = (N,V) — (N,V). Then p

and g satisfy the equations

plz,t) =p(2,0) + [ Ko+ (g+epV +eql) ds
(3.1.5) ° L
oz:t) = 9(,0) + [ Ko+ o+ 3ealV +V) ds.

It follows that
lip(E)llm < lIP(0)ilm + C/Ot (llp(s)llm + lig(s)llm) d=
lig(®)llm < lig(0)llm + C‘[ (llp(s)lim + llg(8)llm) d=,
where p and ¢ are now viewed as H™-valued functions of ¢, and the constants C
depend on € and the norms in X of V, V,and N. Therefore, if we define W (t)
by
W(t) = llp(t)llm + llg(€)llm.,
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then W (t) satisfies the inequality
W(t) < W(0) +C /0 “W(s) ds
for 0 <t < T. It then follows from Lemma 2.2.4(i) that
W (t) < W(0)e,
or, in other words,

IV = Nl + 7 = Viim < (116 = 8llm + I — ¥llm) €.

Since the right-hand side can be made less than § for all ¢ € [0,T] by taking
¢ — ¢llm + [¥ — ¥|lm sufficiently small, this completes the proof of the first
assertion of (e).

Finally, to prove the second assertion of (e), we differentiate both sides of

(3.1.5) repeatedly with respect to t to obtain
Op =K. x9; ' (q+epV + eqN)

1 -
Ofq=K, = 6:‘-1(})-}- ieq(V +V)).
For k£ = 1, this leads to the estimates
lptllm+1 < C(ilgllm + |Plim)

lgellm+1 < C(llpllm + liglim)-
But since we have already shown that ||p||m and |[¢||m can be made arbitrarily

small for ¢ € [0, 7] by choosing [|¢ — @|lm + || — ¥||m sufficiently small, this then
implies that |[p¢[|lm+1 and ||g(t)|lm+1 can be made arbitrarily small. This proves
the second assertion of (e) for the case k = 1. The proof for general k then proceeds

by an obvious induction argument, whose details we omit.
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3.2. The Benjamin-Bona-Mahony equation
In this section we consider the Benjamin-Bona-Mahony equation
(3.2.1) U:+U: + -g-eUU, - éeng =0.
with initial condition
(3.2.2) U(z,0) = g(=).

The following well-posedness result for (3.2.1) is an immediate consequence

of Proposition 2 of [4].

Theorem 3.2.1. Let g € H™ where m > 1. Then for every T > 0, (3.2.1)
has a unique solution U in C(0, T; H!) such that U(z,0) = g(z) on R. Moreover,
U € C(0,T; H™), and for every integer k > 0, 8fU € C(0,T; H™*!). For each
T > 0, the correspondence g — U is a continuous mapping of H™ to C(0,T'; H™)
while, if £ > 0, the correspondence g — 8£U is a continuous mapping of H™ into

C(0,T; H™+1).
We remark that Proposition 2 of [4] actually refers to the equation
Ne+ Nz + Mz — Nzze =0,

which can be obtained from (3.2.1) by making the transformation

n(z,t) = 3<U(V/T6 =, /el ¢).
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Obviously, however, the result is preserved if the variables are rescaled in this way.

In Chapter 4 below, we will also need an e-independent bound on the growth
of Sobolev norms of the solution of (3.2.1) on long time intervals. This bound is
provided by Theorem 3.2.3 below. Before stating and proving Theorem 3.2.3,7 we
need the following lemma concerning the behavior of the operator —(1 — %e&ﬁ)‘l .

(Compare with Lemma 3.1 above.)

Lemma 3.2.2. Suppose f € H™, where m is any non-negative integer. Then

there exists a unique g € H™*! which satisfies the equation
(3:23) (1- ze8)g = ~f.
This function g is given by the formula

g=Jexf,

where
J((z) = —4 /_23_6 e—\/6z3/¢_

Further, one has, for any € > 0,

lgllm = llJe * fllm < | fllm-

Proof. Taking the Fourier transform of both sides of (3.2.3) yields the equation

3k = (57 ) 78
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Define J.(z) to be the function whose Fourier transform is given by

-1
1+ek2/6

Te(k) =
The function J, is obviously related to the function K defined in Lemma 3.1 by
the relation 3;J = K. Therefore we can obtain the formula for J, by taking the
antiderivative of K., with constant of integration chosen so that J is an integrable
function. This leads to the formula displayed above for J.. The final inequality

in the lemma is now proved by an argument similar to that used in the proof of

Lemma 3.1:

e fllm = (/_:(1 R dk)%
< (sup 14)) 1fllm < 11Flm.

Theorem 3.2.3. Let m be any integer such that m > 1. Then there exists an
increasing function M : R — R with the following property: for every g € H™*5,

the solution U of (3.2.1) given by the preceding theorem satisfies

186U (-, )llm—t < M(||glim-+s)

for every t € [0,1/¢] and every integer ! satisfying 0 < [ < m.

Proof. Suppose g € H™, and consider first the solution u of the initial-value

problem for the Korteweg-de Vries equation

Ut + VU + Uz =0
(3.2.4)
u(z,0) = uo(z)-
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Theorem 1 of (8] states that for every T' > 0, the problem (3.2.4) has a unique
solution in C(0,T; H™), provided m > 3. (Actually, the analysis in [8] treats the
equation u¢ + uur + Uzzz = 0, but for our purposes this equation is equivalent
to equation (3.2.4), since one can be transformed into the other by means of the
change of variables 2’ =z — ¢, t' =t.) The extension of Theorem 1 of [8] to all
m > 1 was accomplished in [10].

As explained in the discussion on p. 577 of [8] (q.v. for further references),
there exist a countable number of explicitly-defined functionals Iy, I3, I2, ... which,
at least formally, are conserved under the flow defined by the Korteweg-de Vries

equation (2.4). These functionals are of the form

a0
I =/ Pi(u) dz,

where P; is a polynomial function of u and its partial derivatives with respect to

z. In fact, P consists of a linear combination of monomials
(Bu)*°(8iu)* . .. (82u)%,

in which the “rank” of each monomial, defined as 3 7_,(1+ Ji)as, is equal to k+2.
In Prop. 6, p. 578 of [8] it is shown that if m > 3, then the solution of (3.2.4)
satisfies Ii(u(-,t)) = Ix(ug) for all ¢ > 0. Again, it follows from the work of [10]
that this result holds for all m > 1.

Now defining a new dependent variable # by

u(,t) = Sei(v/<76 (2 +¢), V/el6 1),
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one sees that solutions u of (3.2.4) correspond to solutions # of the initial-value

problem

e+ + eiia + %eam =0
(3.2.5)
ﬁ(zt 0) = ‘l-lo(z),

where ug(z) = etig(y/ez). Moreover, because P; is a polynomial whose monomials

all have rank k + 2, one has that
Pi(u(z,t)) = €k+2pk(ﬁ(\/€- (z +¢), Vet))

for all z and ¢. It follows easily that I; is also a conserved functional for (3.2.5).
Hence, by the same argument as used on p. 577 of [8], we can conclude that there
exists an increasing function M(!) : R — R such that the solution of (3.2.5) exists

and satisfies
(3.2.6) 852 < MW (||do][x)

foral 0 < k< m.

Now take #g = g, and consider the relation between # and the solution U of
the initial-value problem (3.2.1), (3.2.2). When rescaled into the variables used
here, Theorem 1 of [4] states that, if k > 0 and g € H*t5, then there exists
an increasing function M,(‘z) : R = R such that for every ¢ € (0,1] and every
te[0,1/,

165U — 8killzs < M{P(llglla+s)e?e.
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In particular, it follows that
1650 — Baliza < M (llglle+s)e < M (lglle+s)
for every t € [0,1/¢]. Combining this result with (3.2.6), we obtain that
105012 < BD(liglle) + M;? (llgllis)
for all 0 < k < m. It follows that there exists a function M : R — R such that

IUllm < Mm(llgllm+s)-

This proves that there exists a function M such that the conclusion of the
Theorem holds in the case [ = 0. We now use induction to show that a function
M exists for which the conclusion of the theorem holds for all 0 < I < m. In the
remainder of this proof, we use the letter M to stand for any increasing real-valued
function; the function possibly being different from one line to the next.

To complete the proof by induction, we assume that the desired statement
has been proved for I < lp, where 0 < [y < m — 1; and we wish to prove it for
l = lp+1. Differentiating both sides of (3.2.1) lp times with respect to ¢, we obtain

the equation
B — 220U = ~Bio(Us + SeUT).
It then follows from Lemma 3.2.2 that
(3.2.7)
189 Ulm—tos = e # B0V + S0V lmotoms < 10°(Us + 3V T)lmto-.
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Now, by the inductive hypothesis, we have that 8}°U € H™— %, with
18U llm—to < M(ligllm+s)-
Hence 8;°U, € H™ o~ with
182Uz llm—to—1 < 18°Ullm—to < M(llgllm-+s)-

Moreover, expanding 6:°(U U.) using the Leibniz product rule for derivatives,
and applying the inductive hypothesis and Proposition 2.2.3, we have also that

8;°(UU.) € H™ o1, with
18 (UU=)lm-to-1 < M(llglim-+5)-
Combining these last two estimates with (3.2.7), we obtain
182+ Ullm—to-1 < M(llgllm+s),

as desired.
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Chapter IV
THE COMPARISON RESULT
4.1. Statement of the result

Consider again the regularized Boussinesq system

Ni+ Vet (VN), = ceNoge = 0

(4.1.1) .
Vi+ N: +eVV; — geVzu =0.

The comparison result proved in this chapter will show that solutions of (4.1.1)
with appropriate initial data will resemble solutions of the Benjamin-Bona-Mahony

equation over long time intervals. The initial conditions we consider for (4.1.1)

are
N(z,0) = g(z)
(4.1.2)
V(z,0) = k(z),
where h is related to g by
1 ,
(4.1.3) h =g — -4-69 .

The meaning of this restriction on the initial data will become clear below. Es-
sentially, it guarantees that the corresponding solution of (4.1.1) is a right-moving
wave, rather than a bidirectional wave.

The form of the Benjamin-Bona-Mahony equation we consider is

(4.1.4) U+ U, + geUU, - %eng =0
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with initial condition
(4.1.5) U(z,0) = g(z).

It will turn out that N resembles U, while V will resemble the function W(z,t)

defined for z € R and t > 0 by

1
(4.1.6) W= U - ZEUz.

We remark first that for (g,h) € H™ (m > 1), the well-posedness theory of
the preceding chapter only establishes the existence of a solution to (4.1.1), (4.1.2)
on a short time interval. In fact, an examination of the formula obtained for T in
the proof of part (a) of Theorem 3.1.2 shows that the length of the time interval
on which we have proved existence is no longer than a constant times \/e. In
particular, the time interval of existence decreases to zero as € — 0, which is the
opposite of what we expect from a satisfactory existence theory. Fortunately, the
comparison result we now establish actually also asserts that, under the restrictions
we have imposed on the initial data, a solution to (4.1.1) and (4.1.2) will actually

exist on a time interval of length proportional to 1//e.

Theorem 4.1.1. Suppose g is in H™ (m > 7), and A is given by (4.1.3).
Then there exists a constant C; > 0, depending only on ||g||7, such that for all
e € (0,1], system (4.1.1) with initial conditions (4.1.2) has a solution pair (N,V)

in X7, where

(4.1.7) T = Ce 12,
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Moreover, if U is the solution of (4.1.4), (4.1.5), and W is defined by (4.1.6), then

for0<j<m-71,
(4.1.8) (N, V)= (U,W)|lu; <Ce for 0<t<T,
where C depends only on ||g|l;+7.

The proof of this result will be given in the next two sections.
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4.2. Proof in the case j = 0.

To prove Theorem 4.1.2, we first transform (4.1.4) and (4.1.6) into a form
permitting easier comparison with (4.1.1). Differentiating (4.1.6) with respect to
z, and using the resulting equation to replace U, by W; in (4.1.4), one arrives at

the equation
(4.2.1) Ue + Wy + (UW), — %eng + &G, =0,

where
3
Gl = IU 2 Uz-
On the other hand, differentiating (4.1.6) with respect to t, and eliminating the
U term in the resulting equation by using (4.1.4), one obtains

1
W.+U; + %eUU, + geUU, - EEU"‘ =0.

Using (4.1.4) to replace U, by —U, — %eU U: + %—eng in the third term on the

left-hand side, we obtain

W, + U, + UU, — éevm - %é U, + -1l2-e’UU,,, —o.

Now, use (4.1.6) to replace U by W + {-eU 2 in the third and fourth terms on the

left-hand side of the preceding equation. The result can be written in the form

1
(4.2.2) We+Usz + eWW, — ceW.eo + €G2 +8Gs =0,
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where

1 1 3 1 1
Gy = ;WUU. + ZWzU’ - ZU’U, — gUzUst — 15UeUz2
and
1 s
R Uz
Gs=3U

Note that equations (4.2.1) and (4.2.2) have the same form as the equations
in system (4.1.1), except for the presence of the higher-order terms on the right-
hand sides. Indeed, in showing that two systems are equivalent up to higher-order
terms, we have essentially repeated the formal derivation of the Korteweg-de Vries
equation from the Boussinesq system which appears on pp. 465-466 of [15].

To compare the solutions of the two systems, we will study the functions
m =N —U and n = V — W. Notice first that, according to Theorem 3.1.2, the
system (4.1.1) has a solution in X7 for any T < T, where Ty > 0 is defined
as in Theorem 3.1.2(c). Further, the regularity properties of N and V which
are guaranteed by Theorem 3.1.2 are sufficient to justify the manipulations which
follow.

Subtracting (4.2.1) and (4.2.2) from (4.1.1), we find that m and n satisfy the

equations

(4.2.3) me + nz + e(mn); + €(Un)z + ¢(Wm), — %em,ﬂ =Gy
and

(4.2.4) ne + mz + €(nnz) + ¢(Wn): — %enug = G2 + € Gs.
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Now multiply (4.2.3) by m and (4.2.4) by n, and add the results to obtain

1 1
mm, + nny + (mn)z — gemm,,t - genn“g
(4.2.5) + € (m(mn). + m(Un): + m(Wm), + n’n, + n(Wn);)

= &(mG; + nG2) + €3 nG;.
Next, integrate (4.2.5) with respect to z over the real line, and then with
respect to t from O to t. Since mn vanishes at z = *o0, the third term on the
left-hand side of (4.2.5) integrates to zero. After integrating by parts with respect

to z in the fourth and fifth terms, we obtain finally that

(4.2.6)
%/_: [m2 +n%+ %e(m,)2 + %e(nz)z] dz =

t (- -]
— e/ / (m(mn); + m(Un)z + m(Wm); +n’n. + n(Wn);) dz ds
0 —00
t oo t (- -]
+€2// (mG1+nG2)dzda+63// nGs dz ds.
0 —oo 0 J—-oo

Now define the positive quantity A(t) by

22(0) = [~ [m? 47 + Getma)? + getne)?| oz

i.e., A2(t) is (except for the factor of 1/2) the quantity appearing on the left-hand

side of (4.2.6). Note that obviously
'ml2 < Av

ln|2 S Av

mzl2 < VBe1/2 A,
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and

[nzls < V6e /24,

We also have the elementary estimate
mle < [mlz*Ims[3 < 61/4e72/4 4,

and a similar estimate for [n|c-

Our next goal is to deduce from (4.2.6) the inequality
t
(4.2.7) At <C / (62.4(3) +€l/242(s) + A’(s)) ds,
o

where C denotes a constant which may depend on norms of U and its derivatives,
but is independent of € and ¢. (In what follows, we will use the same letter C for
any such constant; the value of C possibly changing from one occurrence to the
next).

To prove (4.2.7), we begin by considering the term multiplied by a factor of e
on the right-hand side of (4.2.6). The integral with respect to z contained in this
term can be broken into five integrals numbered (I) through (V), corresponding
to each of five terms in the integrand; we will estimate each of these five integrals
separately.

For integral number (I), we have, using Holder’s inequality,

€ / m(mn); dzl < €(Imleoimlz|nz|z + [mloolmz|2in|2)

-0

< Ce/*A% < CAS.
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For integral number (II), we have

€

/°° m(Un); dzl < e(lUlooIml2|nz|2 + IUzIoolmhlnI?)

—o0
< C(e/2A? + eA?)
< Cet2A2.

Applying integration by parts to integral number (III), we obtain

oo o0
e/ m(Wm), dz = —e/ Wmm, dz

—o0
=1 / W(m?), dz
2 Jow

= 1'-e/- W.m? dz.
2 Jo

Therefore

€

oo
f m(Wm), dzl < %elwzlmlmli < CeA? < Ce'/242.

-0

(The use of the notation C for 3|W:|w is justified by (4.1.6), which shows that

norms of W may be estimated in terms of norms of U.)

Integral (V) is handled in the same way as (III), and so is also bounded by

Ce'/2A?. Finally, integral (IV) equals zero, since n’n_ is the derivative of in?,

which vanishes at 2 = +o0.

Combining the above estimates, we see that the term on the right-hand side

of (4.2.6) containing a factor of € can be bounded by an expression of the form
appearing on the right-hand side of (4.2.7). To complete the proof of (4.2.7), then,
it remains only to show that the remaining terms on the right-hand side of (4.2.6)

can be bounded by such an expression. But from the definitions of G;, G2, and
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Gs, it is easy to see that |G|z, |G2|2, and |G3|2 are each bounded by a constant

times ||U||2 + ||U¢[l1- Hence, by Holder’s inequality,

62

/ nGs dzl < Cé(imlz+Inj2)+Celnla < C4,

-0

/ (mG1 +nGa) dz|+é

and the proof of (4.2.7) is complete.
We have now verified that (4.2.7) holds for all ¢t € [0,T;). Next, we apply

Gronwall’s Lemma to (4.2.7). First, note that by Young’s inequality,
61/2A2 = (eAl/z)(e—1/2A3/2) < 62A+€-1A3,
so (4.2.7) implies that
t
A%(t) < C/ (2A(s) + €71 4%(s)) ds.
()

Therefore we may apply Lemma 2.2.4(ii) with a = Ce?, 8 = Ce™, p = 2, and

Ty = min(Tp, T'), where

*® 1
T = -1/2 —1/2/ dz.
a B L T¥ 2 z

We then conclude that the inequality
(4.2.8) A(t) < Cét

holds for all ¢ € [0,T}]-
It follows now that in fact T3 = T'. For if not, then we would have T = Tp;
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and so for all t < Tp, using Theorem 3.2.3, we have

N, Wl < ll(m,n)llzg + (U, W)ll32
< |m2 + n|z + |mz[2 + |n=z|2 + M([iglle)
< Ce 2 A(t) + M(llglle)

< Ce¥*To + M(llglle) < oo,
which contradicts Theorem 3.1.2(c).
We have now proved that (4.2.8) holds for all t € [0, T']. From the definition of
T, we see that T' = C1¢~1/2, where C; depends only on the constants C appearing
in a and . But an examination of the estimates used to obtain (4.2.7) shows that
these constants C actually depend only on the norms ||U||2 and ||U¢||1. Hence C;

also depends only on these quantities. Moreover, from (4.1.4), we have
3
Us=F=*(U:+ EeUU,),

where F is the function whose Fourier transform is

~ 1.,

F(k)=1/1+ gek )-
Since |F(k)| <1 for all , it follows that

3
1Uells < IU= + 5eUV=(l: < C(IIU]l2 + 1U113),

where C is independent of € and U. Therefore C; actually depends only on ||U||2.
Finally, by applying Theorem 3.2.3 (taking C; smaller, if necessary, so that T =
C1671/2 is less than 1/¢), we can bound ||U]|2 for all ¢t < T by a quantity M(||gl|7)
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which does not depend on €. Therefore the constant C; in (4.1.7) depends only

on ||gfl7-

Another consequence of the argument just given is that the constant C in

(4.2.8) depends only on ||g||7. Since
"(Nx V) - (Ua W)”"‘lo < A(t)w

this proves (4.1.8) in the case 7 = 0.



4.3. Proof in the case j > 1.

To prove Theorem 4.1.1 for 7 > 1, we use induction. Define the quantity

Aj(t) by

oo j
1
A(t) = / IZ(mf,‘, +nd) + selmiig) +ndi)| de.
—00 —0

(Here subscripts in parentheses are used to denote partial derivatives with respect
to z; so that m2), for example, denotes %;';’5) We wish to prove that 4;(t) < Cet
for 0 <t < T, where T is defined in (4.1.7). In Section 4.2 this was proved to be
true for j = 0; we now assume it that has been proved for j — 1, and will show

that it holds for j.

First, differentiate equations (4.2.3) and (4.2.4) j times with respect to z to

obtain

8im(j) + n(i+1) + €(mn)(ip)
1
+ e(Un)(j41) + e(Wm)(j11) — geBem(jsa) = €(Gr)(j)
(4.3.1)
8in(jy + m(ip1) + e(nnz)(j)
1
+ e(Wn) (1) — s€Bingien = €(Ga)) + €(Gs) (i)
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Now multiply the first equation in (4.3.1) by m(;) and the second by n(;) to obtain
Bmjymj) + nij+1)m() + e(mn)jrme)
+ e(Un)jenym(;) + (Wm)rym;) — %‘a!m(j*-?)m(j)
= €(G1)jym(;)
(4.3.2)
Bnyng) + M+ + e(nnz))n()
+e(Wn)ijryng) - %éat"(ﬁz)nm
= €(G2)yn(s) + € (Gs))ni)
Next, add the two equations in (4.3.2), and then integrate over (—oo, o) X [0, ¢].

Since the sum n(;1ym(;) + m(j4+1)n(;) integrates to zero, the result can be written

as
1 * 2 2 1 2 1 2
= (1) + (ID) + (IID) + (IV),
where

(I) = —e /0 t /_ : ((mn)i+ymj) + (nnz)yng)) dz ds
(II) = —¢ /0 t /_ : ((Un)G+yme) + (Wm)4nyme) + (Wn)ienyn(y) de ds
(I1I) = € /0 t /: : (G1)iymi) + (Ga)iyngs) dz ds
(Iv)=¢ /ot /;: (Gs)i)ng) dz ds.

As in Section 4.2, we want to deduce from (4.3.3) the inequality

(4.3.4) Ait)<cC /; ) (52,4,-(3) + €2 A3(s) + Ag(.)) ds,
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where C depends on norms of U and its derivatives, but is independent of ¢ and

t. We have at our disposal the estimates

(4.3.5) Im)l2 + Inl2 < 4,

valid for all k£ < j, and

(4.3.6) Im(+2)l2 + Ingi+aylz < VB3 4;.

Let us now consider the integrals (I), (II), (III), (IV) on the right side of
(4.3.3). Using Liebniz’ rule for the derivative of a product, we see that the in-
tegrand of (I) can be written as the sum of terms of the form mym;)n() or
n(k)n(;)n(1), which each of k, 7, and [ is less than or equal to j + 1, and no two can
both equal j + 1 in any term. Therefore, Holder’s inequality together with (4.3.5)

and (4.3.6) allows us to conclude that
(D) < Ce24y;y < CAy).
Similar arguments applied to the integral (II) in (4.3.3) show that
I(I1)] < Ce /2 AY,.
Finally, combining Hélder’s inequality and (4.3.5), we obtain
[(II1)] < CE A;)

and
I(IV)] < Cf Ay < CEA;).
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Combining these estimates, we obtain (4.3.4), which is valid for all t € [0,T). An
examination of the estimates shows that the constant C appearing in (4.3.4) can
be taken to depend only on |[[Ul|j4+2 + [[Ut|lj+1; and as shown in the preceding
Section, the latter quantity can in turn be bounded by a constant times ||U||;42.
Therefore, by Theorem 3.2.3, C can be chosen to depend only on ||g||;+7-

Finally, applying Gronwall’s Lemma 2.2.4(ii) to (4.3.4) as before, we conclude
that

A;(t) < Cét

holds for all t € [0, T], where C depends only on (|g||;+7. This then completes the

proof of Theorem 4.1.1.
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Chapter V

CONCLUDING REMARKS

The comparison result proved in Chapter 4 establishes that solutions of the
Benjamin-Bona-Mahony equation (1.5) are close to solutions of the regularized
Boussinesq system (1.3) on a time interval of length 1/,/c. This result is a theo-
retical confirmation of the recent numerical work of Bona and Chen [3]. However,
the results of [3] suggest that the comparison result should hold on much longer
time intervals, perhaps as long as 1/¢2. In fact, for many initial data, the solutions
to (1.3) and (1.5) found by Bona and Chen are virtually indistinguishable to the
eye, even when graphed over a time interval which is long enough for many sig-
nificant wave interactions to occur. (In general, different solutions of (1.3), with
small amplitudes and long wavelengths measured by the parameter ¢ are expected
to require a time interval of at least 1/€ on which to interact significantly.) It is not
yet clear how to extend Theorem 4.1.1 to these longer time intervals. (A similar
question raised by Bona, Pritchard, Scott [4] for equations (1.4) and (1.5), namely
the question of whether solutions of (1.4) and (1.5) remain close on a time interval
of length 1/€?, has remained open to this day.) One way to obtain an improved
result would be to use the same argument as above, but with a more favorable
estimate than (4.2.7) for the quantity A(t). To get such an improved estimate on
A, one would need to establish better a priori estimates on the solutions of (1.3).

Another, easier way to extend Theorem 4.1.1 would be to prove it for other
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systems of the form (1.2). As explained in [5], there are other systems of type
(1.2) besides (1.3) for which a suitable existence theory can be established. One
of them, the Bona-Smith system, is even known to have solutions which exist
globally in time. We chose here to study (1.3) rather than the Bona-Smith system
because (1.3), with its advantageous numerical properties, was the system studied
numerically by Bona and Chen. However, a result like Theorem 4.1.1, or an even
better one, could probably be proved in the same way for the Bona-Smith system.
Similarly, Theorem 4.1.1 could also be improved, in the sense that less regularity
would be required for the initial data g, if we had compared (1.3) to (1.4) instead
of comparing (1.3) to (1.5). The reason for this is that for the Korteweg-de Vries
equation (1.4), a version of Theorem 3.2.3 holds which requires less regularity on
g. In fact, for a solution U of (1.4) one can assert that |jU||m is bounded by a

constant M,, which depends only on ||g||m, and that the bound holds for all ¢ > 0.
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