
INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI films 
the text directly from the original or copy submitted. Thus, some thesis and 
dissertation copies are in fypeemterface, wtiile others may t>e from any type of 
computer printer.

The quality of this reproduction is dependent upon the quality of the 
copy submitted. Broken or inrSstinct print, colored or poor quality illustrations 
and photographs, print bleedthrough, substandard margins, and improper 
alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete manuscript 
and there are missing pages, these will be noted. Also, if unauttrorized 
copyright material had to t)e removed, a note will indicate the deletion.

Oversize materials (eg., maps, drawings, charts) are reproduced try 
sectioning the original, beginning at the upper left-hand comer and continuing 
from left to right in equal sections with small overlaps.

Photographs included in the original manuscript have been reproduced 
xerographically in this copy. Higher quality 6" x 9" black and wfiite 
photographic prints are available for any photographs or illustrations appearing 
in this copy for an additional charge. Contact UMI directly to order.

Bell & Howell Information and Learning 
300 North Zeeb Road, Ann Arbor, Ml 48106-1346 USA 

800-521-0600

UMT





THE UNIVERSITY O F OKLAHOMA 

GRADUATE COLLEGE

A  C O M P A R IS O N  O F SO L U T IO N S O F  A  B O U S SIN E SQ  S Y S T E M  

A N D  T H E  B E N J A M IN -B O N A -M A H O N Y  E Q U A T IO N

A DISSERTATION 

SUBMITTED TO THE GRADUATE FACULTY 

in  partial fulfillment of the requirem ents for the 

degree of 

DOCTOR OF PHILOSOPHY

By

ABDULRAHMAN A. ALAZMAN 

Norman, Oklahoma 

2000



UMI Number 9964763

UMI*
UMI Microform9964763 

Copyright 2000 by Bell & Howell Information and Learning Company. 
All rights reserved. This microform edition is protected against 

unauthorized copying under Title 17, United States Code.

Bell & Howell Information and teaming Company 
300 North Zeeb Road 

P.O. 00x1346 
Ann Arbor, Ml 48106-1346



A  C O M P A R IS O N  O F  SO LU TIO NS O F A  B O U SSIN E SQ  S Y S T E M  

A N D  T H E  B E N JA M IN -B O N A -M A H O N Y  EQ U A TIO N

A  D ISSER TA T IO N  

A P P R O V E D  F O R  T H E  D E P A R T M E N T  O F M ATH EM A TIC S

Approved By

AAcK .



© Copyright By ABDULRAHMAN A. ALAZMAN 2000 

AU Rights Reserved



A CK N O W LED G EM EN TS

This dissertation came after so much encouragement and  constant support from 

so m any people to  whom I  owe so much respect and thanks. Before I s ta rt this 

thesis, I  would like to  m ention some of them.

As a  m atter of fact, I  w ant to  s ta r t  by deeply thanking Allah (my Lord) so much 

for enabling me to  make th is small contribution to  th e  science of m athem atics. 

Truly, I  want to express m y appreciation to my family, m y academic advisor a t OU, 

my advisor a t the Saudi A rabian Educational Mission, m y Advisory Committee 

Members, and the people a t  King Saud University in  Riyadh, Saudi Arabia.

My father AbduUateef, who passed away four years ago, was a true leader and 

encouraged me to study hard  and get as high an education as I  can. My m other is a  

strong base for me and she is making supplication to  Allah th a t I become successful 

in my life. I would like to  thank  my wife and my three wonderful children Arwa, 

Afrian, and Norah for their continuous support to m e before, during, and  after 

this dissertation. My family was behind me from the get-go to  the finish line, day 

and night.

I really want to send special thanks to  my academic advisor who is also the 

chairman of my Advisory Com mittee, professor John Albert; without him  and his 

family this research would not be possible. He was really there when I needed 

him. Also, I want to say a  word of appreciation to  D r. Ali Babikir, with whose 

support and  advice I was able to  get to  this point. In  addition, I  would like to  take 

this opportunity to extend several thanks to  my Advisory Committee Members, 

Professor Marilyn Breen, Professor Kevin Grasse, Professor Walter Wei, and

IV



Professor M usharraf Zaman, for their encouragement and fruitful comments. Last 

but not least, I  want to mention King Saud University, and to thank this great 

university for giving me this chance to  leam , explore, and study. Finally, besides 

the people I  have mentioned, I  have left out even more to whom I also owe so

much.



TABLE OF C O N TEN TS

I. I N T R O D U C T I O N ...................................................................................................1

II. N O T A T IO N  A N D  PR E L IM IN A R IE S

2 .1 . Notation ..................................................................................................11

2.2. Review of some results from functional analysis ...........................13

III . W E L L -P O SE D N E SS A N D  R E G U L A R IT Y  R ESU LTS

3.1. The regularized Boussinesq s y s t e m .................................................... 17

3.2. The Beujamin-Bona-Mahony equation ........................................... 27

IV . T H E  C O M PA R ISO N  RESULT
4.1. Statement of the  r e s u l t .........................................................................34

4.2. Proof in the case j  =  0  37

4.3. Proof in the case j  >  1  45

V . C O N C L U D IN G  R E M A R K S ....................................................................... 49

R E F E R E N C E S  .........................................................................................................51

VI



C hapter I 

IN T R O D U C T IO N

A variety of m odel equations have been derived for the propagation of long, 

bidirectional, weakly nonlinear surface water waves (cf. [7]). Many o f them  go by 

the name of Boussinesq equations, in honor of th e  researcher who in 1871 derived

the system

c( W ) *  =  0 

(1-1) 1 
V, +  JV. +  € V V , -  - € V ,„  =  0

to describe two-dimensional water waves in a channel w ith a flat bo ttom . In  (1.1), 

N  =  N{x, t) represents the  elevation of the free surface above the channel bottom  

and V  = V {x , t )  represents the  horizontal velocity in the layer of fluid whose 

height above the bo ttom  is equal to h/y/3, where h  is the depth of the  undisturbed 

fluid. (See Figure 1.) Here the  dependent and independent variables have been 

nondimensionalized and scaled so that, if the m otion under consideration is a  wave 

with small am plitude a and  long wavelength I relative to  h, then N ,  V ,  and their 

derivatives will have size on the order of 1, while th e  small dimensionless param eter 

e is equal to both  a / h  and  In the formal derivation of this system , term s

containing quadratic or higher powers of 6 have been ignored.

A situation in  which waves governed by (1.1) m ight be observed is the fol­

lowing. Consider a  channel with rectangular cross-section, and let th e  z-axis be 

oriented in  the  direction along the length of the channel. Suppose a  p iston  a t one



%

Figure 1. Physical meaning of the  variables N ,  a, h, and  /.



end of the  channel moves back and forth horizontally, generating waves in such a 

way th a t the  functions describing the height of the &ee surface and the velocity 

field w ithin the  water are a t all times independent of the crosswise coordinate. If 

the flow is irrotational, and viscosity and surface tension are negligible, then in 

the regime of small amplitude and large wavelength described above, the waves 

created will be governed approximately by (1.1).

In this work, we will consider the pure initial-value problem  for (1.1), in which 

the values of N  and V  are specified a t tim e t  = 0  for all x €  (—oo, oo), and the 

values iV(x, t) and  V{x,  t) are sought a t all later times t  >  0 an d  all x €  (—oo, oo). 

Our assum ptions on the initial da ta  wiU imply in particular th a t iV(x, 0) and 

F (x ,0 ) tend  to zero as x —̂ —oo and x —> oo. These assum ptions would be 

reasonable, for instance, if one were modeling the behavior of a  localized wave 

which propagates from one end of a channel into a  quiet region located far from 

the ends of the channel.

Besides (1.1), there are many other formally equivalent m odel systems which 

can be obtained either by choosing different physical variables as the dependent 

variables (for example, one could use the velocity at the free surface rather than at 

the height h/y/3) ,  or by introducing term s which formally have size or smaller 

but which change the character of the equations. One such equivalent model 

system is th a t treated  in [7]. Another whole family of equivalent systems, treated
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in [5], axe of the form

ff, + v^+ €(VNU +  '  f  Ç -  s )  -  {1 -  A)JV,„) =  0/i J
V, +  AT. +  e W ^  +  e ( - -  +  y j  (/.AT.„ -  (1 -  /*)Vi«) =  0.

Here N  and e are the same as in (1.1), while V  now represents the horizontal 

velocity in the layer of fluid whose height above the  b o tto m  is 6 h, where 0 <  ^ <  1. 

The values of A and f t  can be chosen arbitrarily.

In this work, we consider the special case of (1.2) given by the choices ^  =  2/3,

A =  0, and f t  =  0. Then (1.2) takes the form

Nt + V^ + e{VNU -  =  0
(1.3) ^

Vt + N^ + eVV^ -  - e K „ t  =  0 .
0

Following the terminology of [5], we will refer to th is system  as the regularized 

Boussinesq system.

One reason for studying this peirticular form o f th e  Boussinesq system is 

tha t it is easier to establish existence results for the  initial-value problem for 

system (1.3) than  for other systems of type (1.2). In  C hap ter 2 below, we prove 

the local existence (in time) of solutions of (1.3) for a rb itra ry  initial da ta  in the 

Sobolev space x . The proof requires only a  s tan d ard  application of the 

Banach Contraction-Mapping Theorem (cf. [3], where a  sim ilar result is proved for 

periodic initial data, and [14]). For other systems of ty p e  (1.2), it is considerably 

more difficult to  prove local existence of solutions, and  in fact many systems of 

type (1.2) are probably ill-posed in the sense tha t solutions exist only for special 

initial da ta  [5].
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For unidirectional waves, th a t is, waves which propagate either m ostly to  the 

right or m ostly to  the left, the system (1.3) can be formally reduced to  a  single

equation

(1.4) Nt  +  Nx  +  — Nx  4- g =  0,

called the Korteweg-de Vries equation [11]. I f  N  satisfies (1.4) and V  is given by

V  = N - 4

then N  and  V  will satisfy a system which agrees with (1.3) except for term s of

quadratic and  higher order in 6. Alternatively, since from (1.4) we see th a t N t  and

—Nx  are the  sam e up to terms of order e, then  by ignoring term s of order e*, we 

can replace (1.4) by the equation

(1.5) Nt + Nx + —eN N x — —̂ Nxxt = 0-

Equation (1.5) is called the Benjamin-Bona-Mahony equation [2]. Its  relation to  

the Korteweg-de Vries equation is -simila r  to  th a t between the  regularized Boussi­

nesq system (1.3) and other systems of type (1.2). See [Albert/Bona] for a  discus­

sion of the advantages and disadvantages of (1.5) versus (1.4) as m odel equations.

Another advantage of system (1.3) over o ther systems of type (1.2) is th a t

(1.3) is easier to  solve numerically. In fact, J . Bona and M. Chen have performed 

careful num erical studies of system (1.3) which have revealed various interesting 

properties o f its solutions [3]. In particular, these studies have shown th a t (1.3)
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has solutions which behave in m any ways like solutions of (1.4) and  (1.5). This 

suggests th a t the formal derivation of (1.4) or (1.5) from (1.3) is based on correct 

principles, and th a t solutions of (1.4) or (1.5) are close to  unidirectional solutions 

of (1.3) when £ is small. In Chapter 4 below, we prove th a t th is is indeed the 

case. Since the m athem atical theory of equations (1.4) and (1.5) is much further 

advanced than  th a t of system (1.3), such a result is of interest: it allows us to  use 

our better knowledge of (1.4) and  (1.5) to obtain quantitative information about 

solutions of (1.3). Thus our comparison result can be thought o f as a  theoretical 

explanation and confimation of the  numerical work of Bona and  Chen. It should 

be noted, however, tha t the agreement between solutions of (1.3) and (1.5) which 

has been seen by Bona and Chen is actually much better th an  we can currently 

explain by our theory. This point is discussed further in C hapter 5.

Our comparison result has precedents in work done by a  num ber of other au­

thors on comparisons between (1.4), (1.5) and the Euler equations for water waves 

(the Euler equations are the fundam ental equations for w ater waves, expressing 

the laws of conservation of mass and momentum). Since (1.3 ), (1.4) smd (1.5) are 

derived formally from  the Euler equations under the assum ption th a t e is smitll 

(cf. chapter 13 of [15]), one would expect that when e is small, solutions of all 

these equations are close (in an appropriate normed space) to  solutions of the 

Euler equations, and  hence in particular are close to each other. Moreover, one 

would expect th a t if [0 , T(£)] is th e  tim e interval on which solutions remain close,

6



then T{é) — oo as e —> 0.

In fact, Craig [9] has shown th a t solutions of (1.4) are close to  solutions of the 

Euler equations on time scales of length 1 /e. More precisely, he proves tha t under 

certain smallness conditions on the initial data, a  solution of the Euler equations 

will exist for 0 <  t <  1/e; and th a t if one further assumes (i) a  boundedness 

condition (independent of e) on higher-order Sobolev norm s of this solution and 

(ii) a  condition on the solution which implies its unidirectionality, then as e — 0 

the solution tends, in an appropriate Sobolev norm, to a  solution of (1.4) for each 

t G [0 ,1/e]. Moreover, since Bona, Pritchard and Scott have shown in Theorem 1 

of [4] th a t solutions of (1.4) are close to  those of (1.5) on tim e scales of length 1/e, 

it follows th a t solutions of (1.5) are also close to those of the  Euler equations on 

these tim e scales.

It rem ains an open question, however, whether the solutions of (1.3), or of any 

other system  of type (1.2), resemble solutions of the Euler equations. In this work 

we address the  somewhat easier question of whether solutions of (1.3) resemble 

those of (1.5) or (1.4) on long time scales. Consider solutions of (1.3) with initial 

data
i\f(x ,0) =g{x)

(1.6)
V'(*,0) =  h{x),

and a  solution U{x,t)  of (1.5) with initial data  (7(z, 0) =  g(z). To guarantee 

unidirectionality of the solution (iV, V),  we assume th a t

(1.7) k  = g — - 6̂ ^.



Then the following theorem, (restated below as Theorem 4.1.1 and proved in Chap­

ter 4) estabhshes a comparison between these solutions on a  long time scale. (See 

the next section for an explanation of the notation used for the  function spaces in  

this theorem.)

T h e o re m . Suppose ^ is in (m >  7), and h is given by (1.7). Then there 

exists a  constant C\ > 0, depending only on such th a t  for all e >  0, system

(1.3) with initial conditions (1.6) has a solution pair (iV, V ) in where

(1.8) T  =  C ie - i /2

Moreover, if U solves (1.5) with Z/(z, 0) =  g{x), and W  is defined by

W  = U -
4

for all t  >  0, then for 0 <  j  <  m  — 7, we have

(1.9) \\{N, V)  -  (CT, W)\\n,  < C eh  for 0 <  t  <  T,

where C  depends only on ||^ ||j+7-

Note that, as a consequence of (1.9) and the Sobolev embedding theorem, it 

follows easily that

sup (|JV (ï,t) -  U(x,t)\  +  \V(x,t)  -  » " (* ,0 ) l)  <  C tH
iGR.

for 0 <  t <  T, so that (1.9) implies in particular th a t the  solutions {N, V)  and 

(U, W )  are close in a pointwise sense.
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We remark also th a t the  estim ate in (1.9) is w hat one would expect to  hold 

for the  difference between solutions of two systems which differ by term s o f order 

6̂ . For example, consider th e  simple equations t*f tt* =  0 and Ut +  tt* =  

posed with the same initial d a ta  u (x ,0) =  û (z ,0 ) =  ^(x). The exphdt solutions 

of these equations are tt(x, t) =  g{x —t) and ü{z, t) =  g{x — so for any j  one

has

ll« -  «Iki <

for all t  €  [0 , 1/e^].

Notice that in the preceding example, the estim ate between the  difference 

of the two solutions held on a  time interval 1/e^, which is much longer than  

the  tim e interval l /y /e  m entioned in (1.8). We suspect th a t the result of the 

preceding Theorem is also true  on a longer time scale th an  1 /y/e. (Recall th a t the 

comparison result between (1.4) and (1.5) in [4] holds on a  time interval of length 

1/e.) However, we have not been able to prove this.

The method we use to  prove Theorem 4.1.1 is based on that used by Bona, 

Pritchzird and Scott [4] to  compare (1.4) and (1.5). I t consists of studying the 

equation satisfied by the difference between the solutions of the two equations 

being compared, and using Gronwall’s Lemma to  obtain  estim ates on the  size of 

this difference. One technical feature of our analysis which differs &om th a t of 

[4] is th a t we have to  use a  form of Gronwall’s Lem m a which is valid only on 

finite tim e intervals; in this our analysis resembles th a t  of [1]. We also have been
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influenced by the paper [6], which helps to make clear the role played in comparison 

results by suitable a priori estimates for the individual equations being compared. 

In order to obtain  our comparison result, it was necessary to first ob tain  such a 

priori estim ates for system (1.3). This is done in  C hapter 3 below, where we also 

include a  review o f some a priori estimates we need for equation (1.5).

The exposition below is organized as follows. C hapter 2 describes o u r notation 

and contains some well-known results &om functional analysis which we include 

here for the reader’s convenience. Chapter 3 concerns a  priori estimates on (1.3) 

and (1.5). In  Section 3.1, we prove a  local well-posedness result for (1.3) by 

applying the contraction-mapping principle to  an  equivalent system o f integral 

equations. In section 3.2, we review certain known results for (1 .5), w ith the 

intent of establishing uniform bounds (independent of e) on the growth of higher 

Sobolev norms of its solutions over long tim e intervals. Chapter 4  contains the 

statem ent and proof of our main result, the comparison result between (1 .3) and

(1.5). Concluding remarks are in Chapter 5.
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C h apter II  

N O TA TIO N  A N D  P R E L IM IN A R IE S

2.1. N o ta tio n

In this work the following notation will be used.

For 1 <  p <  oo, we define the space to be the set of all functions /  on R  

satisfying |/ |p  <  oo, where the norm \ f \p  is defined by

I/I , =  l / ( ' ) l '  - k ] ' ' '

if 1 <  p <  oo, and

I/loo =  ess sup*gR |/(x)|.

For any real num ber a, we define the -based Sobolev space H* to  be the  set of 

édl functions /  on R  satisfying ||/||«  <  oo, where the norm ||/ ||«  is defined by

ll/ll. =  U ( i + * ’ n / ( * ) i ’ *

Here hats are used to  denote Fourier transform s, which are defined by the formula

/(* )  =  r  * - “ * /(* ) dx.
J —oo

If X  and Y  are two Banach spaces, then X  x  Y  denotes the  Banach space 

consisting of ordered pairs (x,y) with x E % and y Ç. Y , where l|(x ,y )||jcxy  is 

defined as m ax(||x ||x , ||y||y).
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In particular, we will often work in the space x which will henceforth 

be denoted as "W”*.

If % is a  Banach space and T  is a positive real number, we define (7(0, T; X )  

to be the Banach space of all continuous valued maps h from  [0, T] to  X ,  with 

norm given by ||h||c(o.r;X) =  supo<t<T We define C7(0, oo; Jf) to be the

union of all sets (7(0, T;%) as T  ranges over the set of all positive numbers. For 

0 < T  <  oo, we will use X ^  as an abbreviation for C(0, T; W ^ )  .

If K {x)  and g{x) are functions defined for z €  R., we define the convolution 

of K  and g to  be the function /  given by

/ ( * )  =  f  dy-J— oo

We use the  notation

f  = K  *g

for convolutions. The operation of convolution is related to th a t of Fourier trans­

formation via the formula

K ^ g i k )  =  K ( k ) m -
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2 .2 . R e v ie w  o f  so m e  re su lts  f ro m  fu n c tio n a l analysis

Here we recall for the reader’s convenience some standard results which will 

be used below.

P ro p o s it io n  2 .2 .1  (B a n a c h  C o n tra c tio n -M a p p in g  T h e o re m ). Suppose 

H is a  closed ball in a  Banach space X ,  euid A  : X  X  is such th a t

(i) A{B)  C B ,  and

(ii) there exists 0  < 1  such th a t

||dv||%  <  g ||r ||x  for all V in B.

Then there exists some v E B  such tha t Av =  v.

P ro p o s it io n  2 .2 .2 . If % is a Banach space, and  a [0 ,1] t-4̂  % is a continous 

map, then ct(s) ds is well-defined as an element of X  and

f  «(«) <^\\x < /  ||a(a)||% ds.
Jo Jo

P ro p o s it io n  2 .2 .3 . Suppose m  >  1 is an  integer. Then there exists a  

constant Cm such th a t for all /  and g in the  product function f g  is also in 

and satisfies

ll/<7llm <  C7™11/|U||<7|U-

The proofs of the  preceding three results are elementary, and are here om itted. 

For Proposition 2.2.1, the reader may refer to Theorem  V.18 of [12]. Proposition
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2.2.2, which contains Minkowski’s integral integrality as a special case, is a  basic 

consequence o f the  definition of the integral of a  Banach-space-valued function; 

cf. Theorem 3.29 of [13]. Proposition 2.2.3 is easily proved by appealing to  the 

alternative definition of as the set of all functions whose derivatives up to  order 

m  exist and sixe in L^, and using the Liebnitz rule for derivatives of products.

We conclude this section with a  version of Gronwall’s Lemma.

L em m a 2 .2 .4  (G ronwall’s L em m a).

(i) Let a,/3 >  0 be given, if T  >  0 and A{t)  is any non-negative continuous 

function defined on [0, T] satisfying A(0) =  0 and

A ^ { t )<  f  (oA(s) -|-/3A^(s)) ds for 0 <  t  <  T,
Jo

then

A(t) <  ^(e&^* -  1) for 0 < t < T .

(ii) Let a ,  /3 >  0 and p >  1 be given. Define

y  =  ^ -i/p „ ( l-p ) /P  /  (1 _|_
Jo

Then there exists a  constant C  =  C{p) > 0, which is independent of a  and 

/?, such th a t  if 0 <  Ti < T  and A{t) is any non-negative continuous function 

defined on [0 , Ti] satisfying A(0 ) =  0 and

A^(t) <  f ( a A (s )+ /3 A ^ n « ))  for 0 <  t <  T i,
Jo
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then

A { t ) < C a t  for 0 < t < T i -

Proof. Define B{t)  on [0, T] by

B \ t ) =  f \ a A { s ) + / 3 A ^ { s ) )  ds. 
Jo

Then

^ i B ^ t ) ) = c A ( t ) + 0 A \ t ) .  

Now, by assum ption A{t) < B{t)^ so

g C B 'M ) <  c æ ( t )  + 0 B \ t )

and hence

Now dividing both  sides of the last inequality by a  4- /3B{t), and integrating both 

sides of the resulting inequality firom 0 to t, we obtain

i lo g ( I + /J B ( 4 ) /o )  <  | .

Therefore

B(t)  < -  I)

holds for all t  €  [0 , T]. Since A{t) < B{t) ,  this proves part (i).

To prove part (ii), let B{t)  be defined on [0, Ti] by

B ^{ t )=  f \ a A ( s )  + ^ A > ^ \ s ) )  ds. 
Jo
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Then

^ { B ’ («))=c.A («) +  ^ 4 '+ ‘ (0-

Again we have A{t) < B{t), so

But, as shown in Lemma 2 of [1] , if  Ti <  T* then the preceding inequality can be 

integrated to  yield B{t) < C a t  for t  6  [ 0 , where C  depends only on p. Since 

A{t) < B{t), the  desired result follows.
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C hapter III

W E L L -P O SE D N E SS A N D  R E G U L A R IT Y  R ESU LTS

3.1 . T he regu larized  B oussinesq  sy s te m

Consider the following regularized Boussinesq system:

JVt +  Y* +  e(iVY)* -  =  0
(3.1.1) °

Yt +  iV. +  eVV^ -  -e V ;^  =  0 .
O

In  [3], well-posedness results are proved for solutions of (3.1.1) on a  finite interval

0 <  z  <  L, subject to boundary conditions at z  =  0 and x  = L.  Here, we are

concerned rather with the pure initial-value problem. Thus we look for solutions 

of (3.1.1) defined for z €  R , which take prescribed initial d a ta

N{x ,0 )  =  < (̂z)
(3.1.2)

Y ( z , 0 )  = ip { x )

defined for z E R

In this section, the dependence of (3.1.2) on the param eter e will not play a  

role in our analysis. In fact, for the  purpose of proving the  well-posedness theorem  

which appears below (Theorem 3.1.2), we could ju st as well have considered the

system

»7t +  «* +  (»?«)« -  g*?xxf =  0 

t*t +  Î7* -b u«* -  ^ttxxt =  0 ,
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which is obtained from (3.1.1) by means of the scaling

rj{x, t)  =  c J V ' ( v / ê x ,  y /ê t)

u { x , i )  =  eV^y/lx, y /e t) .

(Indeed, the la tter form of the  system is the one considered by Bona and Chen.)

However, in C hapter IV of this work, the role o f e wiU become very im portan t, 

and so we have chosen to keep it visible in the analysis which follows.

T he approach we take to  studying the well-posedness of (3.1.1), (3.1.2) is 

the sam e as tha t used for the  periodic problem in  [3], which in tu rn  is the  sam e 

approach used for the scalar Benjamin-Bona-Mahony equation in [2,3]. Namely, 

instead of working directly with (3.1.1) and (3.1.2), we first reformulate the  prob­

lem as a  system  of integral equations, which will th en  be solved using the Banach 

Contraction-m apping Theorem, Theorem 2.2.1.

The first step in reformulating the initial-value problem  is to solve equations

(3.1.1) for N t  and Vt by making use of the integral form  of the operator —d z (l —

. This operator is in fact a well-behaved convolution operator, whose 

properties are studied in the  following Lemma.

L e m m a  3 .1 .1 . Suppose /  €  where m  is any non-negative integer. Then 

there exists a  unique g € which satisfies the  equation

(3.1.3) (1 -  =  - a . / .

This function g is given by the  formula

g = K ( * f ,
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where

Ke{x) =  -(sgn  z)e~ V ® *^.

Further, one has the  estim ate

IIj IU =  l|JC..  / lU  <  ll/IU .

Proof. By taking the Fourier transform  of both sides of (3.1.3), one arrives at 

the equation

We therefore define JCf(x) to be the function whose Fourier transform  is given by

=  T T # 7 6

An elementary com putation shows that K f  is then given by the form ula displayed 

in the statem ent of the  Lemma.

Now notice th a t

iiir. * / l u + i  =  (1 + m )

< ( y “ ( i + * ’ ) iK ( i ) i ’ ( i+ f c ’ n / ( * ) i ’ m )

< ( s u p ( l  + k ^ ) i l K . ( k ) l )  ll/IU  <  - l l / IU -
\*eR /  e

This shows th a t y is in

19



The sta ted  estimate on ||p||m is obtained by a com putation similar to  th a t 

done just above:

l |J r .» / I U  =  ( i  +  t » n j i r ~ / ( i ) | “ d k Y

This completes the proof of the  lemma.

Now rewrite (3.3.1) in the  form

(1 -  iea j)iV , =  - a ^ V  + e / fV )

( 1  -  i e ^ ) V .  =

and apply Lemma 3.1.1. After performing an integration w ith respect to t  and 

using (3.1.2), we arrive at the following useful reformulation of the initial-value

problem:

N  =  <f>+ f  K , * { V - h  e N V )  <U
(3-1-4)

V  = i , +  K , * { N + ^ e V ^ )  ds.
Jo 6

Suppose (^, V*) € for some m  >  1, and suppose T  >  0. (AT, V)  €  

is such tha t (3.1.4) holds (in the  sense of equality in 'hC  ̂ for each t  6  [0, T], then 

(iV, V)  also satisfies (3.1.1) in the sense of distributions. Conversely, any distribu­

tion solution of (3.1.1) in will satisfy (3.1.4) for some ^  and Therefore, to 

prove well-posedness of (3.1.1) in X ^ ,  it will suffice to consider (3.1.4).
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We can now sta te  and prove the main result of th is  chapter.

T h e o re m  3 .1 .2 . Suppose is in

(a) There exists T  >  0 such tha t (3.1.4) has a solution in  X ^ .  In fact, for a  given 

value of €, T  can be chosen to depend only on the norm  of (^, in 'H} .

(b) For any T  >  0, there is a t most one solution of (3.1.4) in X\>.

(c) Let To be the  suprem um  of the set of all T  >  0 such th a t  (3.1.4) has a  solution 

in X ^ .  Then either To =  +oo or

H m J|(iV (.,t),K (-,t))llH x= + oc.

(d) Suppose is in for some integer m  >  1. L et Tq be as defined in (c),

and suppose T  G [0, Tb). Then (N ,V )  €  X ^ ,  and (d ^N ,d ^ V )  £  for

every integer & >  0 .

(e) T he correspondence (^, iff) (jV", V) defined by (d) is a continuous m apping 

of ‘H’" into X ^  for every T  < T q; and, if fc >  0, the  correspondence {4*,iff) •-> 

(d^N, d f V)  is a  continuous mapping of Tf*" into for every T  < Tq.

More precisely, the  first of these assertions m eans th a t  for every T  < T q and 

J  >  0, there exists an open ball B  in containing {<f>, iff) such th a t for each 

initial datum  (^,•0) in B ,  there is a solution { N , V )  G X ^  of (3.1.4) (with 

{<ff,i>) replaced by (0 ,^ ) ) ,  satisfying

\ \ { N , V ) - { N , V ) \ \ x ^ < S .

The second assertion is to  be interpreted similarly.

21



Proof. Let T  be a positive num ber, as yet unspecified. 1£ h =  (N ,V )  is 

an element of X j.,  denote by A h  the pair of functions on the  right-hand side of 

equations (3.1.4), i.e..

Ahi  = 4, + f  K ^ * { V  + eN V )  ds 
Jo

A h 2 = i> +  f  K , * ( N  + ^eV^) ds. 
Jo 2

It is easy to  see tha t this defines a m ap A  from X \,  into X \,.  We now show 

that if T  is sufficiently small, then A is a  contraction map on a certain ball in X ^ .

Let b =  ||(^ , and set R  = 2b. Define B r  to be the baU with radius R

centered a t the  origin 6 =  (0, 0) in Xj-.

Suppose h i =  (iVi, Vi) and h j =  (JVg, V2 ) are two elements of B r .  T hen  using 

Proposition 2.2.2, Proposition 2.2.3, and Lemma 3.1.1, we find th a t

||Ahi — AhjIIjfi <  ^ (1  +2eR )|jh i —h2\\x^-

Also,
— A6  (0, V’) ||x j  

T(1 4- 2eR)|(hi||jft +  6 

T(1 + 2eR)R  4- b.

-vT
Now choose

1/ 6(1 4- 2ei2) ’

so that

^ T ( l + 2 ^ )  =  i
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(Since R  =  2b =  2 ||(^ ,^ ) |[^ i, it is indeed the case th a t the  value of T  depends 

only on the  norm  of (^, in R } .) Then, for all h\ and hg in B r,

\\Ahi — A hgll^i <  - | |h i  —

zind

Hence, for th is choice of T , A  m aps B r into Br and is a  contraction mapping on

Br. An application of Proposition 2.2.1 then yields the existence of a  fixed point

of A in B r. This completes the proof of pa rt (a) of the Theorem.

To prove p a rt (b), suppose th a t h i  and hg are two solutions of (3.1.4) in X ^ .

Then for any t  €  [0,T], one has

ll^i(t) — hg(t)|l7£i =  ||A hi(t) — AAg(t)||%i

<  (1 +  11̂ 111%  ̂ +  ll^zllx^) ^  11̂ 1 (T) — ^2(T)|l7fi d r .

It then follows &om Lemma 2.2.4(i), with a  =  0 and 0  =  (1 +  ||Ai||%i +

llhglljçi ), th a t ||h i(t) — hg(t)|I-«i =  0 for 0 <  t  <  T. Hence h i =  hg, and (b) is 

proved.

To prove (c), suppose on the  contrary that To <  oo and tha t there exists a 

num ber M  > 0 and a sequence tn  approaching Tq &om below such that

||(iV(x,f„), V '(*,t„))||K i < M  for n  =  1 ,2 ,3 , . . .

By part (a), there exists some T  =  T{M ) > 0 such th a t if (^, ^ )  6  'H} and 

^  -Af, then (3.1.4) has a  solution { N { x ,t) ,V { x ,t) )  in X ^ .  Choose
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such that Tq — tn < T , and  choose (^ ,^ )  =  (J\T(x,t„), V (* ,tn ))- Then, extending 

the solution {N, V ) to  the interval [0, tn +  T] by defining N {x , t) =  N {x, t  — in) 

and V{x, t) = V { x ,t  — in) for tn  < t < in + T , we ob tain  a  solution of (3.1.4) in 

^Itr^+T)- But since tn +  T  >  îb> this contradicts the m axim ality of Tq.

To prove (d), we will first show that {N, V ) is in  for 1 <  j  <  m by using 

induction on j .  The case j  =  1 has already been done above in (a). Suppose 

now that it has been shown th a t (iV, V) €  , where 2 <  j  <  m; we wish to

show that {N, V ) E From  Lemma 3.1.1 and Proposition 2.2.3, it follows th a t 

K i * (V  -{- eN V ) and ÜT* * {N  4- are functions in for each t E [0, To].

Hence, since <f> and ^  are in H ”*' C (3.1.4) implies th a t N  and V  are in for

each t E [0, Jo]. Moreover, if 0 <  t <  t ' < Tq, then from  (3.1.4) and Lemma 3.1.1 

we obtain the estim ate

llJV(x.t) -  JV(*,«')||> < j ‘ \\K. .  (V -\-€N V)W i <U

2  \/J r i U j .  ( i + iN -w iU iJ - ‘ I.

and a similar estim ate for ||V (z ,t)  — V(®, t')|[y. It follows from  these estim ates 

that (iV, V) is a  continuous m ap from [0,3b] to  , so {N , V )  E

The zissertions of (d) concerning (ôf JV,â^V) will be proved using induction 

on k. First, take the distributional derivative of (3.1.4) w ith respect to t  to  obtain 

the equations
N t = K ^ * {V  + eN V )

V t= ^ K ,* {N  + e^V ^).
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Since N  and V  are in H '^, then V  +  e N V  and  N  4- jcV'* are also in  H '^ , so by

Lemma 3.1.1 it follows th a t Nt and Vt are  in Next, suppose i t  has been

shown th a t is in where k  is any positive integer. Taking th e  ib-fold

derivative of (3.1.4) with respect to t, we get the equations

=  üfe ♦ (d ^V  +  d ^ieN V ))

a f + V  =  j f . .  ( a f j v  4- ,

and &om Lemma 3.1.1 it follows th a t dt~^^N  and are in This

completes the proof of (d).

We now prove (e). Let T  <Tq  and J  >  0 be given. From parts (a) th rough  (d), 

we know th a t there exists an open ball B ' containing {tp, i/>) such th a t if  (^, 6 B '

then equations (3.1.4) (with {<f>, ip) replaced by (^ , ̂ ) )  has a solution {N , V )  G X ^ .  

Let p and q be functions of z and t defined by (p, q) = {N , V ) — {N , V ). T hen p 

and q satisfy the equations

p(z, t) =  p(®, 0) 4- /  K t *{q + epV + eqN) ds
(3-1-5)

q{x,t) =  g(z,0) 4- * (p 4- - € ç (ÿ  4- ^ )) ds.

It follows th a t

IWOIU <  llp(0)IU +  C  f  (||p(<)IU +  Ik W IW  «feJo

||g(t)l|m <  ||?(0)IU + c  r  (llp(s)IU +  Ik(-)llm) dx,
Jo

where p and q are now viewed as J7’” -valued functions of t, and the constants C  

depend on e and the norms in of V , V ,  and N .  Therefore, if we define W {t)  

by

m t )  =  iiP(oiim 4- ik ( t) iu ,
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then W (t)  satisfies the inequality

W {t) < W^(0) + C  f  W {s) ds 
Jo

for 0 < t < T . It then follows &om Lemma 2.2.4(i) th a t

W {t) < W {Q )e^\

or, in o ther words,

l|JV -  JV|U +  l|K -  K |U  <  ( p  -  4>U +11^ -  V’l u )

Since the  right-hand side can be m ade less than  8 for all t  €  [0, T] by taking 

\\4> — +  11̂  — V’llm sufficiently small, this completes the  proof of the first

assertion of (e).

Finally, to  prove the second assertion of (e), we differentiate both sides of

(3.1.5) repeatedly with respect to  t to  obtain

Sfp =  i f ,  » ( ï  +  epK +  tq N )

e f q ^ K . t  +  \ ‘q ( v  +  n )

For t  =  1, this leads to the estimates

l l p . l U + i < c ( M „  +  ||p |U )

llï.lU+1 <  c ( ||p |U  +  llïlU ).
But since we have already shown th a t ||p||m and ||q||m can be made arbitrarily 

small for t  G [0, T] by choosing ||^  — ^||m  +  I|^ — V’llm sufficiently small, this then 

impUes th a t  ||pt||m+i and ||9(t)||m+i can be made arbitrarily  small. This proves 

the second assertion of (e) for the case & =  1. The proof for general k  then proceeds 

by an obvious induction argument, whose details we om it.
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3 .2 . T h e  B enjam in-B ona-M ahony eq uation

In this section we consider the Benjamin-Bona-Mahony equation

(3.2.1) + \eUU^ -  =  0.
J D

with initial condition

(3.2.2) U {x ,ù )= g {x).

The following well-posedness result for (3.2.1) is an immediate consequence 

of Proposition 2 of [4].

T h e o re m  3 .2 .1 . Let g €  where m  >  1. Then for every T  >  0, (3.2.1) 

has a unique solution U in C {0 ,T \H ^)  such that U {x,0) =  ^(®) on R . Moreover, 

U 6 (7(0,T ;if"*), and  for every integer k > 0, d iU  €  (7(0,T;JT™+^). For each 

T  > 0, the correspondence ^ f7 is a continuous m apping of f f ”* to C(0, T; H '^) 

while, if fc >  0, the correspondence g â f  Î7 is a  continuous mapping of into

(7(0, T;

We rem ark th a t Proposition 2 of [4] actually refers to the equation

»7t +  »7* +  î/q* -  l/xrf =  0,

which can be obtained from (3.2.1) by making the transform ation

*?(z,t) =  ^e(7(\/ë/6  ®, y/7/Q t).
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Obviously, however, the result is preserved if the variables are rescaled in this way.

In C hapter 4 below, we wiU also need an e-independent bound on the growth 

of Sobolev norms of the solution of (3.2.1) on long time intervals. This bound is 

provided by Theorem 3.2.3 below. Before stating and proving Theorem  3.2.3, we 

need the following lemma concerning the behavior of the operator —(1 — 

(Compare w ith Lemma 3.1 above.)

L e m m a  3 .2 .2 . Suppose f  €  where m  is any non-negative integer. Then 

there exists a  unique g E which satisfies the equation

(3.2.3) (1 -

This function g is given by the formula

9 ~  * f  1

where

Further, one has, for any c >  0,

ll^llm =  ||«fe * /||m ^  ||/||m-

Proof. Taking the Fourier transform  of both sides of (3.2.8) yields the equation
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&

Define Jk{x) to  be the function whose Fourier transform  is given by

"  1 +  i = / 6  ■

The function is obviously related to the function defined in  Lem m a 3.1 by

the relation ds =  K ^. Therefore we can obtain the formula for Je by taking the 

antiderivative of üCe, w ith constant of integration chosen so tha t Je is an  integrable 

function. This leads to  the formula displayed above for Je. The final inequality 

in the lemma is now proved by an argument similar to  that used in  the  proof of 

Lemma 3.1:

l|J . » / l U  =  ( / ° °  (1 +  d k )

<  ( sup l l / I U  <  l l / I U -
V*6R /

T h e o re m  3 .2 .3 . Let m  be any integer such th a t m  >  1. T hen there  exists an 

increasing function Af : R  R  with the following property: for every g E ,

the solution U of (3.2.1) given by the preceding theorem  satisfies

l i a i c ^ ( - , < ) I U - i  <  . n / d l p l U - f s )

for every t  E [0,1/e] and  every integer I satisfying 0 <  / <  m.

Proof. Suppose g  E and consider first the  solution u of th e  initial-value

problem for the Korteweg-de Vries equation
Ut +  u«* +  tt*x* =  0 

(3.2.4)
it(*,0) =  uo(x).
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Theorem 1 of [8] states that for every T  >  0, the problem (3.2.4) has a unique 

solution in (7(0, T ; S ’"*), provided m  >  3. (Actually, the analysis in [8] treats the 

equation ih  +  +  Uxzz =  0, but for our purposes this equation is equivalent

to equation (3.2.4), since one can be transform ed into the other by means of the 

change of vziriables x ' = x — t, t ‘ = t.) The extension of Theorem 1 of [8] to all 

m >  1 was accomplished in [10].

As explained in the discussion on p. 577 of [8] (q.v. for further references), 

there exist a  countable number of explicitly-defined functionals / q, / i ,  / s , . . .  which, 

at least formally, are conserved under the  flow defined by the Korteweg-de Vries 

equation (2.4). These functionals are of the  form

h =  f -P fc (« ) dx,
J  —-oo

where Pk is a  polynomial function of u  and  its partial derivatives w ith respect to 

z. In fact, Pk consists of a linear combination of monomials

in which the “rank” of each monomial, defined as equal to  k  + 2.

In Prop. 6, p. 578 of [8] it is shown th a t if m  >  3, then the solution of (3.2.4) 

satisfies /*(«(*, t)) =  f&(uo) for all t  >  0. Again, it follows from the work of [10] 

that this result holds for all m  >  1.

Now defining a  new dependent variable û  by

" " V
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one sees th a t solutions u o f  (3.2.4) correspond to solutions û  of the initial-value 

problem

3 1
ttf +  «* +  =  0(3.2.5) 2 6

«(*,0) =t*o(*),

where uo(a;) =  €Ûo{y/ex). Moreover, because Pk is a  polynomial whose monomials 

all have reink k + 2 , one has th a t

P k i u { x , t ) )  =  €*'‘'^Pfc(tt(v/ë (z 4-1), y/e  t))

for all X and t. It follows easily th a t Ik is also a  conserved functional for (3.2.5). 

Hence, by the  same argument as used on p. 577 of [8], we can conclude th a t there 

exists an increasing function : R. —f R  such th a t the  solution of (3.2.5) exists

and satisfies

(3.2.6) liajaili. <il/<»>(||ü<,|U)

for all 0 < fc <  m.

Now take ûq = g, and consider the relation between û and the solution U of 

the initizd-value problem (3.2.1), (3.2.2). When rescaled into the variables used 

here. Theorem 1 of [4] states that, if fc >  0 and g €  then there exists

an increasing function : R  —>■ R  such that for every e €  (0,1] and every

i€ [0 ,1 /e],

<  Af<’>(||jiu+5)£’ t.
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In particular, it follows tha t

\ \ d t a  -  <  M ® ( ||s ||» + ,)

for every t  6  [0 ,1/c]- Combining this result w ith (3.2.6), we obtain th a t

l ia itr iu . <  A <»(||slU ) +  m "> (||s |u „ )  

for all 0 <  & <  m . It follows that there exists a  function Af : R  —> R. such th a t

IIC ÎU <  Afmdkllm+S).

This proves th a t there exists a  function M  such that the conclusion of the 

Theorem holds in  the case 1 = 0. We now use induction to  show th a t a  function 

Af exists for which the conclusion of the theorem  holds for all 0 <  / <  m . In  the 

remainder of this proof, we use the letter A f  to  stand  for any increasing real-valued 

function; the function possibly being different &om one line to the next.

To complete the proof by induction, we assume that the desired statem ent 

has been proved for / <  Iq, where 0 < Iq <  m  — 1; and we wish to  prove it for 

/ =  /q + 1 . Differentiating both sides of (3.2.1) Iq times with respect to  t, we obtain 

the equation

4- |eüT^x).

It then follows &om Lemma 3.2.2 th a t

(3.2.7)
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Now, by the inductive hypothesis, we have tha t d ^ U  €  H '^  with

liaJ^c^IU-jo < M (ib iu + 5 )-

Hence w ith

\ \ d l r u . \ \ m - io - i  <  l|al“C^||m-/o <  M ( 1|<7|U + 5 ).

Moreover, expanding df°{UUx) using the Leibniz product rule for derivatives, 

and applying the inductive hypothesis and Proposition 2.2.3, we have also tha t 

Si^iCrVr) e  with

HaJ-Ci/ir.)!!™ .,,-! <  A f(||j|U + 5).

Combining these last two estim ates with (3.2.7), we obtain

||a!°+‘£/'||m-l,-I <  Af(||,|U+5).

as desired.
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C hapter IV

TH E  C O M PA R ISO N  RESULT

4.1. S tatem ent o f  th e  resu lt

Consider again the regularized Boussinesq system

iST, +  v ; +  e(V N )^  -  =  0
(4.1.1)

Vt +  Nx +  e W x  — —cVxxt — 0.
0

The comparison result proved in this chapter will show tha t solutions o f (4.1.1) 

with appropriate initial da ta  wül resemble solutions of the Benjamin-Bona-Mahony 

equation over long time intervals. The initial conditions we consider for (4.1.1)

are

(4.1.2)

where h is related to  g by

N {x,0) = g {x)  

V{x,Q) =  h{x).

(4.1.3) h = g —

The meaning of this restriction on the initial d a ta  will become clear below. Es­

sentially, it guarantees tha t the corresponding solution of (4.1.1) is a  right-moving 

wave, rather th an  a  bidirectional wave.

The form of the  Benjamin-Bona-Mahony equation we consider is

(4-1-4) Ut + Ux-\- ^eUUx -  \ ^ U x ^  =  0
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with initial condition

(4.1.5) U {x,Q )= g[x).

It wiU tu rn  out that N  resembles U, while V  wiU resemble the  function W {z ,t)  

defined for z  €  R. and t >  0 by

(4.1.6) W  = U - ^ e U ^ .

We rem ark first that for {g, h) 6  "H”* (m >  1), the well-posedness theory of

the preceding chapter only establishes the existence of a solution to  (4.1.1), (4.1.2)

on a short tim e interval. In fact, an examination of the form ula obtained for T  in 

the proof of part (a) of Theorem 3.1.2 shows that the length  of the time interval 

on which we have proved existence is no longer than  a  constan t times y/e. In 

particuleir, the time interval of existence decreases to zero as e 0, which is the 

opposite of what we expect &om a satisfactory existence theory. Fortunately, the 

comparison result we now establish actuaUy also asserts th a t, under the restrictions 

we have imposed on the initial data, a  solution to (4.1.1) a n d  (4.1.2) wUl actuaUy 

exist on a  tim e interval of length proportional to Ijy /e .

T h e o re m  4.1 .1 . Suppose y is in (m >  7), and  h  is given by (4.1.3). 

Then there exists a constant C \ > 0, depending only on ||y ||7, such tha t for all 

e €  (0,1], system (4.1.1) with initial conditions (4.1.2) has a  solution pair (W, y )  

in where

(4.1.7) T  =  Cxe~^f^.
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Moreover, if Î7 is th e  solution of (4.1.4), (4.1.5), and  W  is defined by (4.1.6), then

for 0 < j  < m  — 7,

(4.1.8) for 0 <  1 <  T,

where C  depends only on l|^||y+7.

The proof of this result will be given in th e  next two sections.
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4 .2 . P ro o f in th e  case j  =  0.

To prove Theorem  4.1.2, we first transform  (4.1.4) and (4.1.6) in to  a  form 

perm itting easier comparison with (4.1.1). Differentiating (4.1.6) w ith respect to 

X ,  and using the  resulting equation to replace Ux by Wx in (4.1.4), one arrives a t 

the equation

(4.2.1) U t ^ W x ^  e{UW)x -  \ e U x ^  +  =  0,D

where

=  \u ^ U x .
4

On the other hand, differentiating (4.1.6) w ith respect to t, and elim ina tin g  the 

Ut term  in the resulting equation by using (4.1.4), one obtains

W t^ U x - ^  \eUUt +  \eU U x -  \^ U x ^  =  0

Using (4.1.4) to  replace Ut by —Ux — \eUUx  +  in the th ird  te rm  on the

left-hand side, we obtain

W t  4- U x  +  €.UUx — —c U xx t — =  0.0 4  LZ

Now, use (4.1.6) to  replace U hy W  + \éU^ in  the th ird  and fourth term s on the 

left-hand side of the  preceding equation. The result can be w ritten in  th e  form

(4.2.2) W t-^U x-k- eWWx -  +  e*Gs =  0,o
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where

and

Note th a t equations (4.2.1) and (4.2.2) have the same form as the  equations 

in system (4.1.1), except for the presence of the higher-order term s on the right- 

hand sides. Indeed, in showing tha t two systems are equivalent up to  higher-order 

terms, we have essentially repeated the formal derivation of the Korteweg-de Vries 

equation from  the Boussinesq system which appears on pp. 465-466 of [15].

To com pare the solutions of the two systems, we will study the  functions 

m  = N  — U  and  n  = V  — W . Notice first th a t, according to  Theorem  3.1.2, the 

system (4.1.1) has a  solution in for any T  < Tq, where Iq  >  0 is defined 

as in Theorem  3.1.2(c). Further, the regularity properties of N  and  V  which 

Eire guaranteed by Theorem 3.1.2 are sufficient to  justify the m anipulations which 

follow.

Subtracting (4.2.1) and (4.2.2) from (4.1.1), we find th a t m  and n  satisfy the 

equations

(4.2.3) TTit -t- n* -I- e(mn)* -f- e{Un)x +  e(Wm)* — ^emxxt =  ^ G i6

and

(4.2.4) n t -h m* -I- c(nn*) -|- c(IVn)* — ^cn**t =  c*C?2 +  e*Gs.
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Now m ultiply (4.2.3) by m  and (4.2.4) by n, and add the results to  obtain

, , 1 1 
m m t  +  n n t  +  ( m n ) *  — - e m m x * f  — - e n n x x i

D D

(4-2-5) - I -  e  (m(mn)* 4 -  m {U n)^  +  m(W m)* +  n*n* +  n {W n)x)

— c^(mGi +  n G j)  4- e*uGj.

Next, integrate (4.2.5) with respect to z over the real line, and  then with 

respect to t from 0 to t. Since m n vanishes at z  =  ±oo, the th ird  term  on the 

left-hand side of (4.2.5) integrates to  zero. After integrating by parts w ith respect 

to z in the fourth and fifth terms, we obtain finally tha t

(4.2.6)

^  dz =

— € /  f  (m (m n)i 4-m(Z7n)a: 4-m (W m )* 4-n^n* 4-n(W'’n)*) dx ds
J 0 J—oo

^  f  f  (mGi 4* nGg) dx ds f  j nGs dx ds.
«/0 J—oo #/0 J - oo

Now define the positive quantity  A{t) by

dx;

i.e., A^(i) is (except for the factor of 1/2) the quantity appearing on the left-hand 

side of (4.2.6). Note that obviously

|m|2 <  A,

<  A,

|m*|2 <  y/Qe-^f^A,
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and

|n ,|2  <

We also have the  elementary estim ate

|wi|oo <

and a  sim ilar estimate for [n|oo>

O ur next goal is to  deduce &om (4.2.6) the inequality

(4.2.7) A^{t) < C  J *  (e*A(s) +  +  A »(s)) ds,

where C  denotes a constant which may depend on norm s of U  and  its derivatives, 

but is independent of e and t. (In what follows, we will use the  same letter C7 for 

any such constant; the value o f C  possibly changing from  one occurrence to  the 

next).

To prove (4.2.7), we begin by considering the term  m ultiplied by a factor of e 

on the  right-hand side of (4.2.6). The integral with respect to  r  contained in  this 

term  can be broken into five integrals numbered (I) th rough  (V), corresponding 

to each of five term s in the integrand; we will estim ate each of these five integrals 

separately.

For integral number (I), we have, using Holder's inequality.

e I I  m (m n)x dx
J — OO

<  c(|m|oo|m|2|nxla +  |m |oo|m*|2|n|2)

<  Cc^/*A' <  C'A*.
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For integral number (II), we have

e | I  m{U n)x dx 
J  — OO

<  e(|i71ooH2|n*|2 +  \U^\oo\m\2\n\2)

< +  cA*)

<

Applying integration by parts to integral number (III), we obtain

/ O O  f O O

m{W rn)x dx  =  —c I Wmm* dx
-OO J —oo

=  j  PV(m^), dx

1 r°°
=  —e y  Wxm* d*.

Therefore

el f  m(IVTn)x dx < ^e|W^|oo|m|^ <  CeA^ <
1 J —  O O  ^

(The use of the notation C  for ^\Wx\oo is justified by (4.1.6), which shows tha t 

norms of W  m ay be estim ated in term s of norms of U.)

Integral (V) is handled in the same way as (III), and so is also bounded by 

Finally, integral (IV) equals zero, since is the  derivative of jn* , 

which vanishes a t x =  ±oo.

Combining the  above estimates, we see tha t the term on the  right-hand side 

of (4.2.6) containing a  factor of e can be bounded by an expression o f the  form 

appeeiring on th e  right-hand side of (4.2.7). To complete the proof of (4.2.7), then, 

it remains only to  show that the remaining terms on the right-hand side of (4.2.6) 

can be bounded by such an expression. But &om the definitions of G i, G^, and
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Gz, it is easy to  see that [Gil;, IG2 I2, and IG3I2 are each bounded by a  constant 

times 11(7112 +  ||(7t||i. Hence, by Holder’s inequality,

f {mOi + T 1G 2) dx + É *  f nOz dx < G e * ( |m |2 +  | n | 2) + G e * | n |2 <  Cê A, 
V — 00 I «/— 00

and the proof of (4.2.7) is complete.

We have now verified that (4.2.7) holds for all t  e  [0, To). Next, we apply 

Gronwall’s Lem m a to (4.2.7). First, note th a t by Young’s inequality,

SO (4.2.7) implies that

A^(t) < C  f  (e^A{s) +  e” ^A’ (s)) ds.
Jo

Therefore we m ay apply Lemma 2.2.4(ii) with a  = Ce^, ^  = Ce~^, p =  2, and 

Ti — m in(To,T), where

T =  a-i/2 /3-1 /2  n  _ J —  dz.
Jo 1 +  2

We then conclude that the inequality

(4.2.8) A{t) < CeH

holds for all t  €  [0, Ti].

It follows now that in fact Ti =  T. For if not, then we would have Ti =  To;
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and so for all ( <  To, using Theorem 3.2.3, we have

<  |n » b  +  l » b  +  I " * i l 2 +  l » i l a  +  A f d l j l b )

< < 7 £ - i / ’ A(i ) +  A/(1Iî II.)

<C e»/=ro +  M (||s ||,)< o o ,

which contradicts Theorem 3.1.2(c).

We have now proved th a t (4.2.8) holds for all t  € [0, T]. From  the  definition of 

T, we see th a t T  =  , where C\ depends only on the  constants C  appearing

in OL and /?. But an examination, of the estimates used to  obtain  (4.2.7) shows that 

these constants C  actually depend only on the norms and ||17t||i- Hence C\

also depends only on these quantities. Moreover, firom (4.1.4), we have

U t= F * { U ^ ^ ^ e U U ^ ) ,

where F  is the function whose Fourier transform is

f ( t )  =  1/(1 +  g e t ') .

Since |F ( t ) |  <  1 for all k, it follows that

II1 1 . I l l  <  I I P .  +  f e P P . I I i  <  C ( | | t l | | ,  +  l l P l l i ) ,

where C  is independent of e an d  U. Therefore C\ actually depends only on ||(7||2. 

Finally, by applying Theorem 3.2.3 (taking C\ smaller, if necessary, so that T  =  

is less than l/e ) , we can  bound ||[f ||2 for all t  <  T  by  a quantity M dl^jjr)
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which does not depend on e. Therefore the constant 0± in (4.1.7) depends only

on II ÎIt-

Another consequence of the  argument ju st given is th a t the constant O  in

(4.2.8) depends only on Ĥ Ht- Since

H ( N ,V ) - (U ,W ) l ln o < A ( th

this proves (4.1.8) in the case j  =  0.
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4 .3 . P r o o f  in  th e  case j  >  1.

To prove Theorem 4.1.1 for j  >  1, we use induction. Define the quantity

A j{t)  by

# ) = r  [ ± (
U=o

dx.

(Here subscripts in parentheses are used to denote partia l derivatives with respect 

to z; so th a t m(2), for example, denotes We wish to  prove that A j { t )  <  C ^ t

for 0 <  t <  T , where T  is defined in (4.1.7). In Section 4.2 this was proved to  be 

true for j  =  0; we now assum e it that has been proved for j  — 1, and will show 

th a t it holds for j .

First, differentiate equations (4.2.3) and (4.2.4) j  times with respect to  x  to

obtain

0tm.(y) +  «(;+!) +  e(mn)(y+i)

+  e(17n)(_,+i) +  c(W'm)(y+i) — gC0tm(j+2) =  e*(Gi)(j)
(4.3.1)

5tn(j) +  m (j+ i) +  c(nnx)(j)

+  c(W n)(j+ j) — ^câtn(y+2) =  c*(G2)(j ) + c*(Gs)(»o

45



Now multiply the  first equation in (4.3.1) by rn^) and the second by n(j) to  obtain

+  n(j+x)mQ) +  c(mn}(y+i)m(y)

+  c(i7n)(y+i)m(j,-) +  e(W 'm )(y+i)tn(j) — geôtm (y+ 2)” »(j)

(4.3.2)

+  e(W^n)o+i)n(y) -  ge^tnQ+2)»»(i)

Next, add the two equations in (4.3.2), zmd then  integrate over (—oo,oc) x [0,t]. 

Since the sum + ”*(j+ i)” (j ) integrates to  zero, the result can  be written

as

(4.3.3) i  ["*“  +  g'("W +2))’

=  ( /)  +  ( I I )  + ( I I I )  +  ( IV ) ,

where

rt foo

dx

{I) =  - e  /  [  ((mn)(j+i)m(y) +  (nn*)(y)Ti(y)) dx ds
#/ 0 J —QO

( / / )  = -e f f ( ( ü 'n ) ( y + i ) m ( y )  +  ( P V 'm ) ( y + i ) m ( y )  +  ( K ^ m ) ( y + i ) t ( ; ) )  dx ds
*/ 0 w — oo

( I I I )  = e  ̂ f f ((Gi)(y)TU(y) +  (G2)(j)Ti(y)) dx ds
Jo J — oo

{IV )  =  e’ /  f (Os)(j)Ti(j) dx ds.
Jo w — oo

As in Section 4.2, we want to deduce from (4.3.3) the inequality

(4.3.4) A )(t) < c j ‘ (c^A ,(.) +  t^ '^ A ) ( ,)  + A j( ,) )  d ,,
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where C  depends on norms of U and its derivatives, bu t is independent of e and 

t. We have a t our disposal the estimates

(4.3.5) |»»(fc)|2 4- In(fc)|2 <  A j,

valid for all fc <  j ,  and

(4.3.6) Im(j+2)!2 4- ln(j-+2)[2 <  y/Qe~^Aj.

Let us now consider the integrals (I), (II), (HI), (IV) on the  right side of

(4.3.3). Using Liebniz’ rule for the derivative of a  product, we see th a t the in­

tegrand of (I) can be written as the sum  of terms of the form Tn(&)TR(*)R(() or 

n.(fc)n(j)7i(/), which each of k, i, and I is less th an  or equal to j  4-1, and  no two can 

both equal j  4- 1 in any term. Therefore, Holder’s inequality together w ith (4.3.5) 

and (4.3.6) allows us to conclude tha t

|( /) | <  <  C A ^ y

Similar argum ents applied to the integral (H) in  (4.3.3) show th a t

|( / / ) |  <  C ^^ ^^A ly

Finally, combining Holder’s inequality and (4.3.5), we obtain

\( I II ) \  < Ce’ Ao)

and

|(/V )| <  < Ce’^ o )-
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Combining these estim ates, we obtain (4.3.4), which is valid for all t  E [0, T). An 

exam ination of the estim ates shows that the constant C  appearing in (4.3.4) can 

be taken to  depend only on  l|t/^l|j+2 +  and as shown in the preceding

Section, the  latter quantity can in tu rn  be bounded by a  constant times ||Z7||y+2- 

Therefore, by Theorem 3.2.3, C  can be chosen to depend only on  ||^||y+T.

Finally, applying Gronwall’s Lemma 2.2.4(ii) to  (4.3.4) as before, we conclude

th a t

A i(t)  < C ê t

holds for all t E [0, T], where C  depends only on ||^||y+7 . This then  completes the 

proof of Theorem 4.1.1.
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C h a p te r  V  

C O N C L U D IN G  R E M A R K S

The comparison result proved in C hapter 4 establishes that solutions of the 

Benjamin-Bona-Maihony equation (1-5) are close to solutions of the  regularized 

Boussinesq system  (1.3) on a  time interval of length l / \ / i .  This result is a  theo­

retical confirmation of the recent numerical work of Bona and Chen [3]. However, 

the results of [3] suggest th a t the comparison result should hold on m uch longer 

time intervals, perhaps as long as 1/e^. In fact, for m any initial data, the  solutions 

to (1.3) and (1.5) found by Bona and Chen are virtually indistinguishable to  the 

eye, even when graphed over a  time interval which is long enough for m any sig­

nificant wave interactions to  occur. (In general, difiTerent solutions of (1.3), with 

small amplitudes and  long wavelengths m easured by the param eter 6 are expected 

to require a  tim e interval of a t least 1/e on which to  interact significantly.) I t  is not 

yet clear how to extend Theorem 4.1.1 to  these longer time intervals. ( A  s i m i l a r  

question raised by Bona, Pritchard, Scott [4] for equations (1.4) and (1.5), nam ely 

the question of whether solutions of (1.4) and (1.5) remain close on a  tim e interval 

of length 1/e^, has remained open to this day.) One way to obtain an improved 

result would be to  use the same argument as above, but with a m ore favorable 

estimate than  (4.2.7) for the quantity A{t). To get such an improved estim ate on 

A, one would need to  establish better a  priori estim ates on the solutions o f (1.3).

Another, easier way to extend Theorem 4.1.1 would be to prove it for o ther
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systems of the  form  (1.2). As explained in [5], there are other system s of type

(1.2) besides (1.3) for which a suitable existence theory can be established. One 

of them, the  Bona-Sm ith system, is even known to have solutions which exist 

globally in tim e. We chose here to  study (1.3) rather than  the  Bona-Sm ith system 

because (1.3), w ith its advantageous numerical properties, was the  system  studied 

numerically by Bona and Chen. However, a  result like Theorem  4.1.1, or an even 

better one, could probably be proved in the same way for the Bona-Sm ith system. 

Similarly, Theorem  4.1.1 could also be improved, in the sense th a t less regularity 

would be required for the initial da ta  g, if we had compared (1.3) to  (1.4) instead 

of comparing (1.3) to (1.5). The reason for this is that for the Korteweg-de Vries 

equation (1.4), a  version of Theorem 3.2.3 holds which requires less regularity on 

g. In fact, for a  solution U of (1.4) one can assert th a t |jI7||m is bounded by a 

constant Mm  which depends only on ||^||mi and tha t the bound holds for all t  >  0.
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