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ABSTRACT 
 
 

 
This research presents a shape design analysis and optimization methodology for 

parametric surface flume sections. Flume sections or flow channels have been used 

widely in many areas such as water chutes in civil and agricultural engineering and water 

slides and bob sled tracks in the recreational and sports fields. Designing such a flow 

channel in a CAD environment can provide many advantages such as time and resource 

savings to the designer. In addition, optimizing such flow channels in a virtual 

environment is especially efficient.  

In this research, geometric modeling was addressed first. Two types of parametric 

surface flume section models were created:  B-Spline-based flume sections and 

parametric CAD-based flume sections as used in water chutes or water slides. The B-

Spline-based flume sections were based on the dimensions of fifteen flume sections, 

provided by a commercial water slide firm. These flume sections presented the basis for 

building up realistic flume section configurations. In addition, three different kinds of 

CAD-based flume sections were developed by the author.  Sets of differential equations 

based on Lagrange’s equations of motion were derived that describe the motion of an 

object traveling in the flow channel. These ordinary differential equations were solved 

using Mathematica®. Continuity requirements were derived from the equations of motion. 

An analytical shape design sensitivity analysis (DSA) methodology was developed and 

employed to support the optimization of the B-Spline-based and the CAD-based flume 

section models.  

 
xiii



Optimization of parametric surfaces is a reasonably new area. Although research has 

been done in this area, most of it has been focused on developing better parametric 

surfaces, i.e., surface fitting schemes. Here, the B-Spline-based models, based on bi-cubic 

B-Spline surfaces, were optimized first. The control point positions were used as design 

variables in the optimization. Using the B-Spline control points as design variables 

provides more flexibility and allows for local design changes. However, the fact that no 

CAD software provides the control points as design parameters significantly limits their 

usefulness in a real design environment. The CAD-based flume section models consisted 

of sets of key dimensions, which were again defined as design variables for optimization. 

Using dimensions as design variables provided an easy and realistic avenue for design 

changes. However, the limited number of dimensions also limits the flexibility of design 

changes in the CAD-based flume section models. The DOT® (Design Optimization Tool) 

software with the includet BigDOT® tool for large numbers of design variables provided 

the optimization code for the procedure, while CAD software, e.g., I-DEAS®, 

SolidWorks®, and Mathamatica® were used for curve fitting and surface representations. 

 Among the many practical (water channel, water chutes) and not-so-practical (water 

slides, bobsled tracks) application of this work, water slides were used here as examples. 

For water slide design, safety and excitement of the ride are two common criteria. Of 

these, the excitement level of the ride can be increased by increasing the acceleration of 

the rider. The more important safety aspect is addressed by restricting the traveling object 

to stay within the physical boundaries of the slide during the entire time of the ride.  

Various waterslide configurations were successfully optimized for these conflicting 

requirements. 
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CHAPTER 1 

INTRODUCTION 

 

Gravity driven open flow devices have been widely used in many application areas. 

The Roman Empire already built water channels in about A.D. 100 (Figure 1.1). 

 

  

 

 

 

 

 

 

 

Figure 1.1 Roman Water Channel 

 

 

 In modern days, water chutes and sluices have been built for water delivery and 

control (Figure 1.2).  For less practical purposes, water slides have been built for 

amusement parks around the world (Figure 1.3).  
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Figure 1.2 Water Sluice in Middle East Asia 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.3 Water Slide 
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In addition, flume configurations have been used in sports competition such as for 

bobsleds and luges (Figure 1.4). 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.4 Bobsled Track 

 

Designing such flow channel models can require considerable resources and 

expertise. Especially, when a flow channel has to satisfy safety requirements (water slide, 

bobsled track) or has to be built on a low budget, designing a flow channel model in a 

Computer Aided Design (CAD) environment has advantages.  Such flow channels can be 

represented by parametric surfaces such as cubic surfaces or B-Spline surfaces. Among 

the above applications, the water slide has been chosen as an example throughout this 

research because it is relatively easy to model and evaluate.  
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This chapter provides the reader with a general overview of the research. Section 

1.2 contains the literature review. The objective and scope of the proposed research and 

the approaches developed for it are presented in Sections 1.3 and 1.4, respectively. The 

chapter closes with an outline of the remaining chapters in the dissertation. 

 

1.1 Motivation and Literature Review 

  

 As mentioned in the introduction, designing water channels or flume sections in a 

CAD environment can save considerable resources. However, designing flume sections 

in a CAD environment also requires a certain level of knowledge about CAD applications, 

dynamics, numerical methods, and parametric surfaces. In addition, reliable optimization 

routines or software packages are required if optimization is desired. Thus, to date, few 

attempts have been made to design and optimize flume sections such as used in water 

slides. However, due to increasing competitiveness in the recreational equipment industry 

and stricter safety requirements from the government and the public, demands on 

computer tools that support modeling, analysis, and the optimized design of flume section 

for waterslides have increased as well. Therefore, developing flume section 

configurations in a CAD environment should allow for tremendous time and cost savings 

in the development and building of flume section configurations, not only for waters 

slides, but for other flow channel configurations as well. 
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 In a literature search, very little information was found describing a mathematical 

model of a particle (human) moving in a gravity field, constrained within a given  

predefined cross section, such as in a waterslide. Several Mechanical Engineering 

students at the University of Oklahoma conducted the first work as a design project 

during the fall semester of 1993. Preliminary results showed that the path of a human 

rider could be determined using surface modeling techniques and dynamics analysis [1]. 

However, these results were not verified using real-world waterslide configurations. 

Following this preliminary work, research was conducted by Kondragunta for his M.S. 

Thesis in 1995 at the University of Oklahoma [2]. Again, accuracy of his work was not 

verified using real-world waterslide configurations.  

 

    Theories for designing flow channels haven been developed by several researcher 

like White [3] and have been commercially applied. However, designing flow channels 

using parametric surfaces is a relatively new concept. In addition, integrated tools which 

support the dynamic analysis and optimization are essentially non-existent. 

 

In the area of computer aided parametric surface design, there has been much 

research done on parametric surfaces, especially splines, since the 1940s. Before 

computers came into play, numerical calculations were done by hand. Although 

piecewise-defined functions like the signum function or the step function were sometimes 

used, polynomials were generally preferred because they were easier to work with. 

Through the advent of computers, splines have gained importance. They were first used 
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as a replacement for polynomials in interpolation, then, as a tool to construct smooth and 

flexible shapes in computer graphics. 

It is commonly accepted that the first mathematical reference to splines is a 1946 

paper by Schoenberg [4], which first mentions the word "spline" in connection with 

smooth, piecewise polynomial approximations. However, these ideas have their roots in 

the aircraft and ship-building industries. In the foreword to Reference 5 (Bartels et al., 

1987), Robin Forrest describes "lofting," a technique used in the British aircraft industry 

during World War II and ever since, to construct templates for airplanes by passing thin 

wooden strips (called "splines") through points laid out on the floor of a large design loft, 

a technique borrowed from ship-hull design. Lofting was replaced by what we call 

splines in the early 1960's, based on work by Ferguson at Boeing and by Sabin at British 

Aircraft Corporation. 

The use of splines for modeling automobile bodies seems to have several 

independent beginnings. Credit is claimed on behalf of de Casteljau at Citroën, Bézier at 

Renault, and Birkhoff, Garabedian, and de Boor at General Motors (see Birkhoff and de 

Boor, 1965) [6], all for work occurring in the very early 1960s or late 1950s. Work was 

also being done at Pratt & Whitney Aircraft, where two of the authors of Reference 7 

(Ahlberg, et al., 1967) — the first book-length treatment of splines — were employed, 

and at the David Taylor Model Basin by Theilheimer.  

 

 In the area of optimizing parametric surfaces, much research has been done, as well.  

e.g., by Sarkar, et al. [8], Speer, et al. [9], and Laurent-Gengoux [10].  However, the 

optimization of parametric surfaces has mostly been limited to developing better 
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parametric surface numerical algorithms. There has been little attempt made to develop 

an application tool to optimize parametric surfaces.  

 

 The research in this dissertation represents the continuation and conclusion of work 

performed by the author for his M.S. thesis at the University of Oklahoma [11, see also 

12]. Important parts of the development leading to the optimization methodology have 

been included here again for clarity and continuity. 

  

1.2    Objective and Scope 

 

   The objective of the research in this area is to develop an integrated modeling, 

analysis, and optimization methodology for the design of flume sections to address 

smoothness and speed of flow in general and safety and excitement in water slides in 

particular.   

 Another objective of the research is to parameterize and optimize a flow channel 

configuration in a CAD environment by defining control points or the geometric 

dimension as design variables. 

 Essentially, this research aims at solving the following design optimization 

problem: 

 

Minimize: φ(b) 

Subject to:    ψi(b) ≤ ψi
u (1.1) 

  bj  ≤ bj ≤ bj
u 
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where φ(b) is the objective function; b is the vector of design variables defining the flume 

section surface model; ψi(b) is the ith dynamic performance with its corresponding upper 

bound ψi
u; and bj  and bj

u are the lower and upper bounds of the jth design variable, 

respectively. To achieve this objective, an integrated tool environment that supports 

design parameterization, motion analysis, design sensitivity analysis, and optimization of 

flume sections will be developed.  

 

1.3    Approach 

 

1.3.1 Design Optimization of B-Spline-Based Flume Sections  

 

   In the first part of this research [11], the geometry of a flume section 

configuration is constructed from a set of discrete points. These discrete points or 

geometric points describe the shape of the flume section in a discrete form. Curve fitting 

and surface skinning techniques [14] are employed to construct a smooth, parametric B-

Spline surface that best fits the given geometric points. The control points of the B-Spline 

surface that govern the shape of the flume section are chosen as shape design variables. 

The traveling object in this proposed method is assumed as a particle with concentrated 

mass. The interaction between the traveling object and the flume section surface with a 

thin water layer in between is simplified by a pre-assumed friction coefficient. With these 

assumptions, the ordinary differential equations that govern the motion of the traveling 

object are derived using Lagrange’s equations of motion. These equations are solved 
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numerically using Mathematica® [4]. Analytic shape DSA expressions that describe the 

derivatives of the particle path, velocity, and acceleration with respect to control point 

perturbations of the flume section B-Spline surface are derived. These equations are 

again solved numerically using Mathematica®. A sensitivity display and what-if 

methodology developed for structural design optimization is employed to conduct 

interactive design for continuity and smoothness of flow in the flume section. As a final 

step, the optimization problem is defined and solved.  

 

1.3.2 Design Optimization of CAD-Based Flume Sections 

 

  The objective of the second part of this research is to optimize a CAD-based 

flume section model. To accomplish this goal, such a model is parameterized, and 

analytical shape design sensitivity analysis for the CAD-based flume section is 

performed.  In the first part of the research, it was shown that analytical shape DSA can 

be successfully used on the geometric model of a flume section constructed using a 

parametric B-spline surface. However, it is not always practical to use a perturbation of 

control points as a method to change the design model in real design cases because there 

are very few CAD tools, which support design change based on control points. Therefore, 

parameterization of a CAD-based flume section model and shape DSA with actual 

dimensions as design variables are much needed.  

 

  With parametric modeling techniques, designers are able to create parts using CAD 

tools such as Pro/ENGINEER®, SolidWorks®, CATIA®, and assemble these parts into a 
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product in the CAD environment. In addition, with parameterized product models, 

designers are able to define the dimensions as the design variables and make a design 

change simply by changing the design variable values. Also, these design variables can 

be used for analytical shape design sensitivity analysis (DSA) and design optimization. 

 

 In this research, several sets of CAD-based flume section models are first 

constructed in a CAD environment. Several key dimensions are implemented in the CAD 

model. The design variables, which are the dimensions of the CAD model, are defined 

for shape design sensitivity analysis and optimization. The same assumptions about the 

traveling object and about friction as used in the first part of the research are applied. The 

same ordinary differential equations that governed the motion of the traveling object in 

the first part of the research are used here, too. Analytic shape DSA expressions that 

describe the derivatives of the particle path, velocity, and acceleration with respect to the 

design variable perturbations of the CAD-based flume section shape are again derived 

and solved numerically using Mathematica®. A sensitivity analysis method again is 

employed, and the optimization problem is defined and solved.  

  

1.4 Outline 

 

In Chapters 2 and 3, B-Spline-based and CAD-based flume section geometries are 

introduced, respectively, and shape design sensitivity analysis is conducted. In Chapter 4, 

motion analysis of a particle down flume sections is introduced with a number of 
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examples. Design optimization of flume sections is presented in Chapter 5. In Chapter 6, 

present and future work are discussed.             
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CHAPTER 2 

CONSTRUCTION OF B-SPLINE-BASED FLUME SECTION GEOMETRIES 

 

 

2.1    Introduction 

 

An open flow channel configuration such as a water slide is composed of basic 

building blocks, called flume sections. Each flume section is represented by a set of 

geometric points in a global x1-, x2-, x3- coordinate system. These geometric points 

represent the shape of the basic building blocks in a discretized form. The geometric 

points of each flume section are transformed through translations and/or rotations to 

connect with other flume sections. In this research (see also Reference 11), bi-cubic B-

Spline surfaces in parametric form are employed for representing the shape of the flow 

channel. Importantly, C2-continuity of the bi-cubic B-Spline surfaces satisfies the 

regularity requirements of motion analysis. Thus, the transformed geometric points 

represent the geometric shape of the flow channel. In Section 2.2, the overall procedure 

for constructing the flow channel geometry is presented.  

In Section 2.3, the geometric shapes and characteristics of basic flume sections are 

introduced. In Section 2.4, parametric representations of planar and spatial curves and 

surfaces are introduced. B-Spline curves and surfaces are introduced in Section 2.5. 

Finally, a number of real-world examples are shown in Section 2.6 to demonstrate the 

proposed geometric construction process for flume sections. 
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2.2    Flume Sections 

  

Each flume section has its own unique shape. There are fifteen flume sections 

employed in this research, as listed in Table 2.1, serving as the basic building blocks for 

flow channel and water slide geometries. Each flume section was designed by the 

Miracle Recreational Equipment Company, a water slide company, and specific code 

names were designated by this company. These codes have been changed here for clarity. 

Since geometric shapes at the ends of each flume section are unique, it is important to 

choose compatible sections for connection, so that the junction between two flume 

sections is smooth. For example, the end section shape of LC45 (Table 2.1c) and the 

beginning section shape of CFL (Table 2.1b) are compatible.  

 

Straight Flume Sections 

 

Five straight flume sections were used as basic sections. Code names have S 

(straight) + two-digit number format (total length in feet-inches) + D (if drop exists), e.g., 

S30 means that it is a straight flume section with 3 feet 0 inches length. Flume sections 

are S30, S60, S46, S58, and S68D. 

More detailed information is given in Table 2.1a. Note that the drawings are not to the 

same scale. 
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Table 2.1a Straight Flume Sections 

 
Code 
Name  Info. Isometric View of Flume Section 

S30 3’ 

 

S60 6’ 

 
 
 
 
 
 
 
 

3’ 

6.31º 

6’ 

6.31º 
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Table 2.1a Straight Flume Sections (Cont’d) 

 
Code 
Name  Info. Isometric View of Flume Section 

S46 4’6 5/8” 

 

S58 5’8 1/2” 

 

4’ 6 5/8” 

 
 
 
 
 
 

5’ 8 1/2” 

6.31º 

6.31º 
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Table 2.1a Straight Flume Sections (Cont’d) 

 
Code 
Name  Info. Isometric View of Flume Section 

S68D 6’ 8” 

 

6’ 8” 

Drop area exists 

 
 
 
Connection Flume Sections 

 

Four connection flume sections were used as basic sections. Code names have C 

(connection) + T or F (to or from) + L or R (left or right), e.g., CTL means that it is a 

connection flume section to connect to a left-hand curved flume section from a straight 

flume section. All connection flume sections are used to connect curved flume sections 

with straight flume sections. Connection flume sections are CTL, CTR, CFL, and CFR. 

The length of each flume section is 3 ft. 

More detailed information is given in Table 2.1b. 
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Table 2.1b Connection Flume Sections 

 
Code 
Name  

Info. Isometric View of Flume Section 

CTL 

End of 
straight 
flume 
section to 
Start of left-
hand curved 
flume 
section 

CTR 

End of 
straight 
flume 
section to 
Start of 
right-hand 
curved 
flume 
section 

Height of this side has 
been increased at this 
end. 

Height of this side has 
been increased at this 
end. 
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Table 2.1b Connection Flume Sections (Cont’d) 

 
Code 
Name  

Info. Isometric View of Flume Section 

CFL 

End of left-
hand flume 
section to 
Start of 
straight 
flume 
section 

CFR 

End of 
right-hand 
flume 
section to 
Start of  
straight 
flume 
section 

Height of this side has 
been decreased at this 
end. 

Height of this side has 
been decreased at this 
end. 
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Curved Flume Sections 

 

Four curved flume sections were used as basic sections. Code names have L or R 

(left or right) + C (curved) + two digit number format (45 or 90 in degree) + D (if drop 

exists), e.g., LC90D means that it is a left handed 90º curved flume section with drop. 

Note that a curved flume section’s height on the outside wall is larger than on the inside 

wall. This is the reason why connection flume sections are needed. Curved flume sections 

are LC45, LC90, LC90D, RC45, RC90, and RC90D. More detailed information is given 

in Table 2.1c. 

 
 
 

Table 2.1c Curved Flume Sections 

 
Code 
Name  Info. Isometric View of Flume Section 

LC45 45º Left-
handed 

 

Wall is higher 
than on the 
inside 

Length of Center Line 
= 4.857 ft 
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Table 2.1c Curved Flume Sections (Cont’d) 

 
Code 
Name  Info. Isometric View of Flume Section 

LC90 90º Left-
handed 

 

Wall is higher 
than on the  
inside 

Length of Center Line 
= 9.714 ft 

90º Left-
handed 
with Drop 
(Slope 
change) 

LC90D 

Drop exists 
Wall is higher  
than  on  the  
inside 

Length of Center Line 
= 9.876 ft 

 
 

 

 

 

RC45, RC90, and RC90D are not shown in Figure 2.1c, since they are the exact same 

flume sections as LC45, LC90, and LC90D, respectively, except for the turn direction. 
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The following rules must be followed for connecting flume sections: 

A left-hand or right-hand curved flume section cannot be connected to a straight flume 

section without a connection flume section. The following are examples of valid 

connections: 

         (Straight) + (To Left) + (Left-hand Curved) + (From Left) + (Straight), 

         (Straight) + (To Right) + (Right-hand Curved) + (From Right) + (Straight). 

 

Identical flume sections can be connected directly without a connection flume section. 

The following are examples of valid connections: 

         (Straight) + (Straight), 

         (Left-hand Curved) + (Left-hand Curved), 

         (Right-hand Curved) + (Right-hand Curved). 

 
As an example, the flow channel shown in Figure 2.1 is composed of five sections 

in the following order: S30 + CTL + LC45 + CFL + S58. Figure 2.2 shows the geometric 

points of the five flume sections before three-dimensional transformation. Figure 2.3 

shows the geometric points of the flume sections after transformation. As shown in 

Figure 2.3, transformations convert individual flume sections to a well-connected flow 

channel configuration. Three-dimensional transformations are explained in Appendix A. 
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S30 
CTL 

LC45 

CFL

S58 

 

Figure 2.1 Flow Channel Composed of Five Flume Sections 

 

S58 

CFL 

LC45 

CTL 

S30 

 

Figure 2.2 Flume Sections Before Transformation 
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S30 CTL LC45 

CFL 

S58 

 

Figure 2.3 Transformed Flume Sections  

 

2.3   General Procedure for Constructing Flume Section Geometry 
 

The procedure starts with fifteen basic flume sections (Table 2.1), described by 

their corresponding sets of geometric points. Through three-dimensional transformations, 

the flume sections are connected, again using geometric points. A surface fitting process 

is conducted to generate bi-cubic B-Spline surfaces. The overall procedure is summerized 

in Figure 2.4. 

An example of two flume sections is presented to illustrate the procedure. The two 

flume sections employed are CTL and S68, as shown in Figure 2.5. There are 5×11 and 

2×11 geometric points in CTL and S68, respectively. 
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Flume Sections                      Geometric Points 

 

  

 

 

Three-Dimensional Transformation Flow Channel in Discrete Form 

Curve Fitting and Surface Skinning B-Spline Surface 
 

Figure 2.4 General Procedure for Constructing Flow Channel Geometries 

 

 
 

S68 

 CTL x2 

x3 

x1 

 

Figure 2.5 Geometric Points of CTL and S68 Flume Sections 
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In this example, the red geometric points of flume section S68 are translated and 

connected with those from CTL to form a desired flow channel, as shown in Figure 2.6. 

 

 

Joined Geometric 
Points 

S68 

CTL 

x3 

x1 x2 
 

 
Figure 2.6 Completed Connection of CTL and S68 Flume Sections 

 

Surface fitting is then conducted to generate a bi-cubic parametric B-Spline surface 

with 13×7 red control points from the 11×6 blue geometric points, as shown in Figure 

2.7. In this figure, u and w are the parametric coordinates of the B-Spline surface. In this 

example, ( ) [ ], [0,1] 0,1.u w ∈ × 3 , which means the u parameter of the B-Spline surface 

has a range of [0,1] knot values, and the w parameter of the B-Spline surface has a range 

of [0,1.3] knot values. More detailed information about knot values is given in Section 

2.4. 
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w u 

*  Control Points 

 Geometric Points 

 

      Figure 2.7  B-Spline Surface and Control/Geometric Points of  Connected Flume 

Sections 

 

                
 
2.4 Parametric B-Spline Representation 
 
 

The parametric equation for a spatial curve as shown in Figure 2.8 can be expressed 

as  

 

[ ]1 2 3( ) ( ) ( ) ( )u x u x u x u=C                                                                                         (2.1)   

 

(u), x (u), and xwhere x1 2 3(u) are functions of the parameter u bounded by 

. Usually umin= 0. [ maxuminuu ,= ]
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x1 x2

x3 

C(u)=[x1(u)  x2(u)  x3(u)] 

umax 

umin  

 

 

 

 

 

 

 

 

 

Figure 2.8 Parametric Curve in Space 

 

Similarly, the parametric equation for a spatial surface as shown in Figure 2.9 can 

be expressed as  

           `                                                                                                         

1 2 3( , ) [ ( , ) ( , ) ( , )]u w x u w x u w x u w=Q                                                                         (2.2) 

 

where x (u, w), x1 2(u, w), and x3(u, w) are functions of the parameters u and w bounded by 

 and , respectively. [ ]maxmin uuu ,∈ [ maxmin www ,∈ ]
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x3

x2
x1 

w 
Q(u, w) 

u 

Figure 2.9 Parametric Surface in Space 

 
2.4.1    B-Spline Curve 
 

 

A parametric B-Spline curve as shown in Figure 2.10 can be defined 

mathematically as  

 

maxminki
n

0i
i uuuuNu ≤≤⋅= ∑

=
)()( ,BC                                                              (2.3) 
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where Bi are the control points of the B-Spline curve, and  are basis functions of 

the curve.  

)(uN ki,

 

 

u 

B3

B 

x2

x3 

x1 

C(u) 

B1 

umin 

B2

umax 

B4 

B0 

Figure 2.10 Parametric B-Spline Curve with Control Points and Control Polygon  

 

A basis function  is a polynomial function of u, defined  recursively by )(uN ki,

 

1

1,1

1

1,
,

)()()()(
)(

++

−++

−+

−

−

−
+

−

−
=

iki

kiki

iki

kii
ki xx

uNux
xx

uNxu
uN                                                           (2.4)  

 

and 
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otherwise,0
if,1)(1

=

≤≤= +1iii, xuxuN
                                                                                      (2.5) 

 

12 +≤≤ nkwhere k-1 represents the polynomial order of the basis functions with , and 

xi’s are so-called knots of the basis functions. A set of knots forms a knot vector t. For an 

open B-Spline curve, the knots xi are defined as 

 

0ix if i k= <  

1ix i k if k i n= − + ≤ ≤                                                                     (2.6)    

2ix n k if i n= − + >  

 

where   0 . kni +≤≤

 

According to Equation 2.6, a number of knots are repeated at the start and end of 

the curve for an open B-Spline. A B-Spline curve with nonevenly distributed knots along 

its parametric coordinate is called a non-uniform B-Spline curve. Usually, integer values 

are assigned to knots, as defined by Equation 2.6, although this is by no means a fixed 

requirement. According to Equation 2.6, the parametric coordinate u is  

 

20 +−≤≤ knu                                                                                                              (2.7) 

 

In Equation 2.4, 0/0 0 is assumed. ≡
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For a cubic B-Spline curve, i.e., k = 4, C2-continuity is ensured over the entire 

parametric coordinate u due to the fact that its basis functions Ni,k(u) are continuous 

cubic functions. 

 The B-Spline curve reveals a local control property since each of its control 

points Bi is associated with a unique basis function  that governs the shape of the 

curve locally. When a control point Bi is moved, only a part of the curve segments is 

affected, thus, the term local control. In addition, when 

)(, uN ki

[ ]1,0or ≠wu , e.g. , there 

will be more than one curved segment to form the B-Spline curve. The polynomial order 

and number of control points can be changed independently so that the B-Spline curve 

fits the given geometric points properly. These properties are desirable for representing 

spatial curves and for supporting curve fitting.  

[ 2,0∈u ]

 

2.4.2    B-Spline Surface 
 

A B-Spline surface is represented mathematically by 

 

, ,
0 0

( , ) ( ) ( )
n m

ij i k j
i j

u w N u M w
= =

=∑∑Q B                                                                            (2.8) 

 

 where Bij are (n+1)× (m+1) control points, and and are basis functions 

of the B-Spline surface in the u and w parametric coordinates, respectively. Note that the 

functions and are identical to those of the B-Spline curve. In addition, a 

bi-cubic B-Spline surface is C

)(, uN ki )(, wM i

)(, uN ki )(, wM i

2-continuous, similar to the B-Spline curve.  
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2.5    Curve Fitting and Surface Skinning 
 

The basic ideas for the proposed methodology of constructing flow channel 

geometries are improved least squares curves fitting and surface skinning, using B-Spline 

curves and surfaces, respectively. The improvement of the least squares fitting consists of 

(i) a robust knot vector construction that guarantees existence of a set of control points, 

and (ii) control of the curve fitting error with a minimum number of control points.  

These curve fitting and surface skinning methods were first proposed by DeBoor [16]. 

 

2.5.1    Least Squares Fitting Using B-Spline Curves 
 
 

 This method assumes that a set of geometric points describing each of the section 

contours of the flow channel are available. These points reside on serial sections that are 

normal to the centerline (along the longitudinal direction) of the flow channel. Using least 

squares fitting for geometric points on a plane, the best approximation curve is obtained 

by minimizing the distance sum f between the curve and the geometric points. The 

distance sum f is defined as 

 

2

0

)(f ∑
=

−=
r

j
jj uCP                                                                                                       (2.9)     

 

where Pj is the position vector of the jth geometric point and r+1 is the total number of 

geometric points. In addition, x(uj) = [x1(uj), x2(uj), x3(uj)] is the position vector of the 

fitting B-Spline curve at uj, where u is the parametric coordinate of the curve. Note that uj 
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is defined by the length ratio of the polygon formed by the geometric points Pj, as 

illustrated in Figure 2.15a. Values of uj are determined by 

 

0

1

( 1)mod( 1) ( 1)mod( 1)
0 0

0,

( 1) / , 1,...,
j m

j k r k k r k
k k

u

u n j r
−

+ + + +
= =

=

⎧ ⎫
= + − − =⎨ ⎬

⎩ ⎭
∑ ∑P P P P

           (2.10)   
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(a) Curve Fitting for Geometric Points Pj 
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x3 
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u =0 

 

 

 

(b) B-Spline Curve with Control Points Bi 

Figure 2.11 B-Spline Curve Fitting 

 

The uj can be further adjusted to reduce the curve fitting error [17]. In order to minimize 

f, the derivative of f with respect to the n+1 control points Bi is set to zero. For simplicity, 

considering only the th control point, one has 

 

0
0

)
0

)(,(
0

)(,2
0

)(,2 =∑
=

∑
=

∑
=

+∑
=

−=
m

j

n

i
jukiN

n

i
jukiN

n

i
jukiNjd

df BP
B

        (2.11) 

 

 

Let  = 0, …, n. Then, the above expression can be rewritten in matrix form as NTN B = 

NTP. According to [6], NTN is invertible if Ni,k(uj) ≠ 0. This is true if and only if xi-k+1 < 

uj < xi+1, for i = 0, …, n, and j = 0, …, r. This implies that there must exist at least one uj 

u 

B

B4

B1 u = umax 

2
B3

B0

Control Polygon x2 

Bn

x3 
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in at least one knot span (e.g., [x , xi-1 i]) so that Ni,k(uj) ≠ 0 for all basis functions. This 

requirement can be achieved by adjusting the knot values of the basis functions. As 

shown in the computational algorithm listed in Figure 2.12, the polynomial order and 

error of the approximate curve can be controlled.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

1. Collect and sort geometric points 
2. Smooth geometric points by averaging their positions with the 

two previous and two following nodes (optional) 
3. Specify desired error bound ε 
4. Determine polynomial order (if cubic B-Spline curve is 

employed, k = 4, and the curve is C2-continuous) 
5. Determine number of control points, n+1, as small as possible 
6. Construct B-Spline curve, reduce fitting error by adjusting u

j 

values, calculate e = f/(m+1), if e < ε, acquire control points Bi 
to construct B-Spline curve 

7. Otherwise, increase k or n, repeat steps 4 to 6 

Figure 2.12 Computational Algorithm for Curve Fitting 

 

This curve fitting method allows for minimizing the number of control points, 

which avoids the difficulty of having a large number of design variables for design of the 

flow channel. The output of the curve fitting is a set of control points and basis functions 

that describe the smoothed section contour.  

 

2.5.2    Surface Skinning 

 

 The fitting B-Spline curves discussed above are then connected across sections to 

form an open B-Spline surface, as shown in Figure 2.13, using the surface skinning 

technique. Note that, in this process, the number of control points of the B-Spline curves  
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Figure 2.13 Spline Surface Skinning 
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must be kept identical across sections. In addition, the polynomial order of the basis 

functions and the knot values of the B-Spline curves must be identical on all sections. 

The control points are connected to their corresponding points across the sections, as 

shown in Figure 2.13, to form a control polyhedron. The enclosed B-Spline surface is 

then constructed by  

 

)()(),( ,,
0 0

wMuNwu jki
n

i

m

j
ij∑ ∑

= =
= BQ                                                                       (2.12) 

 

where n+1 and m+1 are the numbers of control points in the u and w parametric 

directions, respectively; and k-1 and l-1 are the polynomial orders of the basis functions 

and , respectively. Note that the B-Spline surface constructed is C2)(, wM j)(, uN ki -

continuous in the u and w parametric directions, if cubic basis functions are assumed. The 

control points and basis functions of the B-Spline surface can be imported into CAD tools 

to support visualization and other purposes, such as manufacturing of a flow channel. 

Note that, in this research, curve fitting and surface skinning are performed in I-DEAS® 

using the “sd tes ex ge” function. 
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2.6    Flume Section Configuration Examples  

 

There were four real-world flow channel examples employed in this research to 

demonstrate the curve fitting and surface skinning methods. These examples are the 

Parker, McAllen, SAFbase, and Bloomfield configurations provided by the Miracle 

Recreational Equipment, Company. In this section, only the Parker configuration will be 

presented. The rest can be found in Reference [11]. 

 

 

Figure 2.14 Geometric Points of Parker Water Slide after Three-Dimensional 

Transformation 

 

The size of the water slide is W×L×H: 30.2’×83.9’×93’. Geometric points of the 

Parker configuration are shown in Figure 2.14. Note that this configuration is composed 

of the following flume sections: 
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S68+CTL+LC45+LC90+LC90+LC90D+CFL+S30+CTR+RC45+Rc90+RC90+RC90D

RC90D+CFR. 

After transforming the flume sections, there are 66×11 geometric points, as shown in 

Figure 2.14. 

 

 
x2 

x3

x1

w 
u 

 

Figure 2.15 B-Spline Surface of Parker Water Slide 

 

A bi-cubic open B-Spline surface that fits the geometric points given in Figure 2.14 

is shown in Figure 2.15. Note that there are 1368×  control points in the B-Spline surface 

as shown in Figure 2.16. In addition, [ ] [ ] [ ], 0,1 0,11.2369u w ∈ × , which means the u 

parameter of the B-Spline surface has a range of [0,1] knot values, and the w parameter of 

the B-Spline surface has a range of [0,11.2369] knot values. 
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x2 
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Figure 2.16 Control Points and Control Polygon of Parker Water Slide 
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CHAPTER 3 

CONSTRUCTION OF CAD-BASED FLUME SECTION GEOMETRY 

 

3.1    Introduction 

 

In this chapter, the construction of CAD-based flume section configurations is 

presented. In Section 3.2, a mathematical representation of basic flume sections is 

introduced. In Section 3.4, continuity requirements and design parameterization are 

presented. The chapter closes with two numerical examples in Section 3.5. 

  

3.2 Mathematic Representation of Basic Flume Sections 

 

 Three basic flume sections, straight, arced, and cubic-curve, are developed to serve 

as the building blocks for composing flow channel configurations. The geometries of all 

three flume sections are expressed in parametric surface form in terms of the parametric 

coordinates u and w, using CAD geometric dimensions. The general equations of a 

parametric surface can be expressed as 

 

X(u,w) = [X1(u,w), X2(u,w), X3(u,w)]T                                                                          (3.1) 

 

where Xi(u,w) is the ith coordinate of any given point on the surface with prescribed 

parameters (u,w). 
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3.2.1  Equations of Straight Flume Section 

 

 The mathematical representation of a straight flume section as shown in Figure 

3.1 can be given as 

 

0

0

0

1 1

0 2

33

cos sin 0 ( , )
( , )   ( ) ( , ) sin cos 0 ( , )

0 0 1 ( ,

X

2

)

x u w
u w θ u w X x u w

x u wX

θ θ
θ θ

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥= + = + −⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎢ ⎥⎣ ⎦

X X T x                       (3.2) 

 

where T(θ) is the rotation matrix that orients the flume section by an orientation angle θ 

with respect to the X3 axis, Xi0 is the location of the local coordinate system of the flume 

section in the flow channel configuration, and x(u,w) is the surface function of the flume 

section referring to its local coordinate system. For a straight flume section, 

 

x(u,w) = [r cos u           A w          r (1 + sin u) − h w]T, u∈[−π, 0] , w∈ [0, 1]             (3.3) 

 

Note that, in Equation 3.3, h and l are the height and length of the straight flume section, 

respectively; r is the radius of the semicircular cross section of the flume section; and u 

and w are the parametric coordinates along the circumferential and longitudinal directions 

of the flume section, respectively. 
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Figure 3.1 Straight Flume Section 

 

3.2.2 Equations of Arced Flume Section 

 

 The mathematical representation of an arced flume section as shown in Figure 3.2 

can be given using Equation 3.2, where 

 

x (u,w) = [± cos wφ (R + r cosu) ∓ R         sin wφ  (R + r cosu)         r (1 + sin u) − h w]T, 

u∈[−π,0], w∈ [0,1]                                                                                                         (3.4) 
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Note that, in Equation 3.4, R is the radius of the arc of the flume section, and φ is the 

rotation angle measured about the X3-axis. The signs in the first entry of Equation 3.4 are 

determined by the sign of the rotation angle φ of the flume section. An example of the 

arced flume section with φ = 90o is shown in Figure 3.2. 

 

R 

x2 

x1 φ 

R 

x2 

x1 φ 

x3 

x1 

R 

h 

x3 

x2 

w 
u 

r 
X1 

X2 

X3 

x3 

x1 

x2 
(X01 X02 X03) 

X3 
 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.2 Arced Flume Section 
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3.2.3 Equations of Cubic-Curve Flume Section 

 

 A cubic-curve flume section is created by sweeping a semi-circle (cross sectional 

shape of the flume section) through a planar or spatial cubic curve. A spatial cubic curve 

can be expressed by its end points and tangent vectors at the end points, as shown in 

Figure 3.3.  
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P0,w 

P1,w 
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Figure 3.3 Spatial Cubic Curve 

 

 The parametric equations of the cubic curve are 
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P
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P
P

, w∈ [0, 1]                     (3.5) 

 

where M is a constant 4×4 matrix, P0 and P1 are the start and end points of the curve, 

respectively, and P0,w and P1,w are the tangent vectors at the corresponding points. 
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 With Equation 3.5, the mathematical representation of a cubic curve flume section 

as shown in Figure 3.4 can be given as 

 

X(u,w) = T(θ) x(u) + P(w)                                                                                             (3.6) 

 

where 

 

x(u) = [r cos u,  0,  r (1 + sin u)]T,  u∈[−π, 0]            (3.7)  
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Figure 3.4 Cubic-Curve Flume Section 
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3.3 Continuity Requirements and Design Parameterization 

 

 From Equations 3.2, 3.4, and 3.6, X(u,w) must be at least second and third order 

differentiable with respect to u and w, respectively. It is obvious that this requirement is 

satisfied within individual flume sections. However, when joining two flume sections for, 

e.g., a waterslide configuration, the continuity requirements must be satisfied. Note that 

all continuity requirements are satisfied in the circumferential direction; i.e., in u-

direction (referring to Equations. 3.3, 3.4, and 3.7), as long as the flume sections share an 

identical cross section radius r. However, in order to ensure that the geometry of the 

configuration is sufficiently differentiable, the first and second order derivatives of 

X(u,w) with respect to w must be continuous. Therefore, at the junction of two flume 

sections, for example flume sections A and B shown in Figure 3.5, the following 

conditions must hold, 
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  (3.8a) 

(3.8b) 

(3.8c) 
 

 

where wA = 1 and wB = 0 specify the end and start of the flume sections A and B, 

respectively. The continuity requirements not only restrict how flume sections can be 

joined but also dictate the changes of the configuration, hence, the design 

parameterization of the flow channel configurations. Note that not all flume sections can 
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be connected. Only straight-straight, arced-arced, straight-cubic, and cubic-straight 

sections can be connected under specific situations. Cubic-arced connections cannot be 

made due to the C2-continuity problem. In addition, the dimension variables must be 

changed in certain ways in order to satisfy specific continuity requirements. A detailed 

discussion is given in Appendix B.  

 Due to the continuity requirements, two co-planar straight flume sections can be 

connected only when they share the same slope along the w-direction, as illustrated in 

Figure 3.5. When the height of the configuration is changed (δH), the change must be 

distributed to each section proportionally (δhA and δhB) in order to maintain the same 

slope along the w-direction. If the height of only one flume section is changed, each 

flume section will have a different slope and the continuity problem will arise.  The 

mathematical arguments regarding continuity requirements can be seen in Appendix B. 

 Only two identical-direction (left-handed or right-handed) arced flume sections can 

be connected. When the height of the configuration is changed, the change must be 

distributed to each section proportionally in order to satisfy the continuity requirements 

along the w-direction. This requirement also can be seen in Appendix B. For both 

straight-cubic and cubic-straight connections, the slopes must be identical at the flume 

junction, and the tangent vectors of the cubic flume section must satisfy certain 

requirements, as described in Appendix B. For a straight-cubic-straight connection, more 

restrictions are imposed on the cubic curve. As a result, the slopes at both ends of the 

cubic curve must be identical, and the two straight flume sections must be in parallel. 

More detailed information is given in Appendix B. 
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 Note that, when a dimension, e.g., the height, of a straight-cubic-straight configuration is 

changed, multiple conditions must be considered. As illustrated in Figure 3.6b, P0 can be 

changed with both straight flume sections kept unchanged. In addition, the slope of the 

straight flume sections can be adjusted according to an overall height change without 

changing the height of the cubic flume section, as illustrated in Figure 3.6c. Note that, in 

this case, P0,w and P1,w must be adjusted accordingly. Any combinations of the two cases 

are possible, as long as the continuity conditions are satisfied, as illustrated in Figure 

3.6d. Note that C1- and/or C2-continuity cannot not be maintained when an arced flume 

section is connected to a straight or a cubic flume section. More detailed explanations are 

given in Appendix B. 
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(b) Design Change in Height 

Figure 3.5 Configuration of Two Straight Flume Sections 

 

  

 

 50



 

 

 

 

 

 

 

 

 

 

hA 

hB 

H 

A 

B 

AB AA 

L 

C 

P0 

P1 

(a) Original Unchanged Configurations 

 

 

 

 

 

 

 

 

A 
δH 

δP03 

B 

C 

P0 

P1 

 L 

(b) Case 1: δH = δP03  and δP13= 0 
 

Figure 3.6 Configuration of Straight-Cubic-Straight Flume Configuration 
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(c) Case 2: δP03 =δP13 
 

 

 

 

 

 

 

 

 

 

 

(d) Case 3: δP03 ≠ δP13≠0 
 
        Figure 3.6 Configuration of Straight-Cubic-Straight Flume Configuration (Cont’d) 
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CHAPTER 4 

MOTION ANALYSIS ALONG FLUME SECTIONS 

 
 
 
4.1    Introduction 

  

         This chapter describes the theory used to compute the particle path, velocity, and 

acceleration in a flow channel with and without friction forces (see also Reference 11). 

Lagrange’s equations of motion are presented in Section 4.2, and the formulation of the 

coupled ordinary differential equations for motion analysis is presented in Section 4.3.   

Numerical methods are explained in Section 4.4.       

 

4.2    Lagrange’s Equations of Motion 

 

According to Hamilton’s Principle, 

 

                                                                                                       (4.1) ( ) 01
0

=+∫ dtWT
t
t

δδ

 

where Tδ  is the variation of the kinetic energy and Wδ is the virtual work of the non- 

inertial forces. For a conservative system, VW δδ −= , where V is the potential energy of 

the system. Consequently, Equation 4.1 may be written in the following form: 

 

VTLLdtAA
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The quantity L is known as the “Lagrangian”. Hamilton’s Principle yields the conclusion 

that the Euler-Lagrange equations applied to the Lagrangian are the differential equations 

of motion. If the system has coordinates x1, x2, x3, the differential equations of motion are 

accordingly  
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ii x
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x
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dt
d                                 i=1,3                                                                    (4.3) 

 

Equations 4.3 are known as Lagrange’s equations of motion. 

If the coordinates of a mechanical system receive infinitesimal virtual 

displacements ixδ , the virtual work of all the forces that act on the system is represented 

by a linear differential expression 
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where  Qi  are the components of the generalized forces and n is the number of 

coordinate components. The components of Qi are functions of ( )txi , . The variations ixδ  

are arbitrary functions of t. 

Since the kinetic energy T is a function of ( ), ,i ix x t , the theory of the first variation yields 

 

 dtx
x
T

dt
d

x
TTdt i

n

i ii

t

t

t

t
δδ∫ ∫ ∑

=
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

−
∂
∂

=1

0

1

0 1
                                                                                         (4.5) 

 

 54



Consequently, Hamilton’s Principle, Equation 4.1, yields 
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This relation is true for all variations ixδ , that is, 
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Equation 4.7 is the general form of Lagrange’s equations. 

 

4.3    Generalized Equations of Motion   

 

          The position of a particle of mass m constrained to a parametric surface, 

represented in terms of parametric coordinates u and w, is 

 

[ ]1 2 3( , ) ( , ), ( , ), ( , )u w x u w x u w x u w=Q                                                           (4.8)                      

 

The potential energy of the particle at any position on the surface can be 

expressed as 

 

3 ( , )U mgx u w=                                                                                                               (4.9) 
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and the kinetic energy can be expressed as 
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with 
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where 
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Substituting Equation 4.11 into Equation 4.10, one has 
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where 

 

2
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wiui xxb ,, ⋅=                                                                                                                 (4.15) 

2
,wixc =                                                                                                                       (4.16) 

 

The Lagrangian equations of motion can then be written as 
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where  are the components of the actual external forces in the xi directions, 

respectively, acting on the particle in the Cartesian space. Q

iF

u and Qw represent the 

generalized forces acting in the u and w directions, respectively, in the parametric space. 

In this case, the external forces are friction and gravity forces. The friction forces are due 

to centrifugal forces and gravity, i.e., the weight of the particle.  
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  The Lagrangian equations of motion with friction forces can be written as  
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Details of the friction forces are discussed in Appendix C. 

Simplifying the above equations, one has 

 

   
( )us

uwwuu

mVR
m

gxwuawbcuawbua

Pe ⋅−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
++

−−−+−=+

ˆcos1

,),,
2
1(,

2
1

2

,3
22

φ
ρ

μμ
                                                 (4.23) 

     

and 
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Equations. 4.23 and 4.24 can be rewritten as 
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where  
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Note that, for non-friction cases, and  are zero. 9k 10k

The system of differential equations can be solved if the four initial conditions are 

given, i.e., 
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Note that the above initial conditions represent the position and velocity of the 

particle in the flow channel at time t = 0. 

 

4.4    Numerical Calculations 

 

The Mathematica® NDSolve function is employed in this dissertation to solve the 

system of ordinary differential equations for motion analysis. NDSolve is implemented 

using the Adams-Bashforth-Moulton method for non-stiff differential equations, as well 

as a backward difference formula (Gear method) [8]. NDSolve switches between these 

two algorithms based on an adaptively selected step size. Both methods are multi-step 

methods [18]. Multi-step methods, when applied to solve ayy =′ , have more than one 

solution. In fact, the number of solutions is equal to the number of steps that the method 

uses. One of these solutions is an approximation to the solution of the differential 

equation. All explicit multi-step methods are, at most, conditionally stable, but many of 

them have regions in which they are truly stable. Implicit multi-step methods may be 

unconditionally stable. 

The most general k step method is 
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A particular method is defined by the number of steps k and the parameters mα and mβ .  
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If  00 =β , the method is explicit; otherwise it is implicit. Methods for 10 =α , 11 −=α , 

and 0=mα  for m > 1 are called Adams methods. The explicit methods of this type are 

called Adams-Bashforth methods, and the implicit methods are called Adams-Moulton 

methods.  These methods can be derived in a number of ways, one of which is from 

difference formulas. For the Adams-Bashforth methods, backward formulas are needed 

while, for the Adams-Moulton case, formulas with one forward point are required. They 

can be derived through the use of interpolation formulas. Fitting a Lagrange polynomial 

to the derivative at the points and integrating the result from  

to  yields the Adams-Bashforth formulas. Performing the same calculation with 

 included in the interpolation yields the Adams-Moulton methods. The coefficients 

for the Adams-Bashforth methods are given in Table 4.1. Similarly, the coefficients for 

the Adams-Moulton methods are given in Table 4.2.  For details on how they were 

chosen, see [19]. 

y ′ nknkn xxx ,,,1 −+− nx

1−nx

1+′ny

Adams-Bashforth methods are easy to use but not as stable as the Adams-Moulton 

methods, which are more difficult to use. Thus, a better approach is to construct a 

predictor-corrector method based on the Adams methods. Generally, such an approach 

consists of an Adams-Bashforth predictor followed by one or more corrector steps of the 

Adams-Moulton type. This method is called the Adams-Bashforth-Moulton method. 

Also, stiffness is a special problem that can complicate the solution of ordinary 

differential equations. A number of approaches to the solution of stiff problems have 

been suggested. The Gear method is probably the most popular one in use today, and 

variations have been developed by various authors.  

For a single equation, the Gear method gives 
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The coefficients for this method are given in Table 4.3. For details on how they are 

chosen, see [18]. 

 

Table 4.1   Coefficients of Adams-Bashforth Methods 

m =1 m =2 m =3 m =4 m =5 m =6
1
3 -1

23 -16 5
55 -59 27 -9

1901 -2774 2616 -1274 251
4277 -7923 9982 -7298 2877 -475

22 mβ
312 mβ
424 mβ
5720 mβ
61440 mβ

1mβ

 

 

 

Table 4.2   Coefficients of Adams-Moulton Methods 

m =0 m =1 m =2 m =3 m =4 m =5
1
1 1
5 8 -1
9 19 -5 1

251 646 -264 106 -19
475 1427 -798 482 -173 27

1mβ
22 mβ
312 mβ
424 mβ
5720 mβ
61440 mβ
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Table 4.3   Coefficients of Gear Methods 

k =2 k =3 k =4 k =5 k =6
β0 2/3 6/11 12/25 60/137 60/147
α1 4/3 18/11 48/25 300/137 360/147
α2 - 1/3 - 9/11 -36/25 300/137 450/147
α3 2/11 16/25 200/137 400/147
α4 - 3/25 - 75/137 - 75/49
α5 12/137 72/147
α6 - 10/147

 

 

Another important factor to affect the results is round-off error. In NDSolve, the 

round-off error can be controlled with the help of the WorkingPrecision option in 

Mathematica®. Specifically, the round-off error can be reduced by increasing the number 

of WorkingPrecision. High precision calculations normally require substantially more 

computational time and memory. 

 

4.5 Numerical Examples  

 

Again, water slides will be used as numerical examples to demonstrate the motion 

analysis for the two approaches. 

 

4.5.1 Numerical Example of B-Spline-Based Flume Sections 

 

The geometric shape of the Parker water slide configuration is shown in Figure 

4.1. In this example, the particle weight is assumed to be 100 lbs. Particle traces of the 

friction and non-friction cases are shown in Figures 4.2 and 4.3, respectively. In the 
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friction case, the coefficient of the friction is assumed to be 0.03.  Waterslide 

configuration and rider path are represented in the I-DEAS® CAD environment.  Initial 

conditions for the rider are u(0) = 0.5 (i.e., the rider is at the center point), w(0) = 0, u (0) 

= 0, and w(0) = 0, respectively. The physical sizes of the configuration are described in 

Table 4.4.  Note  that  some  irregularities  of  the B-Spline  surface  are  shown  due  to  

I-DEAS® software’s limitations in representing the surface in Figures 4.3 and 4.5. 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 4.1 Geometric Shape of Parker Configuration 
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Figure 4.2 Top View of Particle Trace of Non-Friction Case (Parker) 

 

 

 

 
 
 
 
 
 
 
 
 

 

 
 
 
 

   
 

Figure 4.3 Isometric View of Particle Trace of Non-Friction Case (Parker)  
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Figure 4.4 Top View of Particle Trace of Friction Case (Parker)  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4.5 Isometric View of Particle Trace of Friction Case (Parker)  
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Table 4.4 Physical Sizes of Parker Configuration 

 
Description Size 

W (Width of Flume Cross Section) 36.24 in. = 3.02 ft 

L (Length of Flume Section) 1006.92 in. = 83.91 ft 

H (Height of Configuration) 188.52 in. = 15.17 ft 
 

 

4.5.2 Numerical Example of CAD-Based Flume Sections 

 

Since the Parker water slide configuration was created using specific B-Spline-

based basic flume sections, it would have been very difficult to create the same Parker 

water slide configuration for the CAD-based flume section example. Thus, two numerical 

examples are presented to demonstrate the feasibility of the motion analysis method, 

instead. The first example consists of arc flume sections. The second example is 

composed of both straight and cubic flume sections.   

Weight examples of actual riders on water slide were not available. However,  

information about crash test dummies can be easily obtained [30]. According to 

Reference [30], automakers use dummies of 22.0, 34.2, 46.0, 108.0, and 172.0 lbs. This 

suggests that it is reasonable to use 40, 100, and 160 lbs for this research.  
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Example 1: Arced Flume Configuration  
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Figure 4.6 Particle Trace of Arced Flume Configuration 

 

 An arced waterslide configuration is analyzed first. The physical sizes of the 

configuration are given in Table 4.5. The path of the rider is displayed together with the 

waterslide configuration in Figure 4.6. The waterslide configuration is developed and the 

rider path is computed in the SolidWorks® environment, unlike the previous B-spline case, 

to show different code environments. The initial conditions of the rider are u(0) = 

−1.5707 (−π/2; i.e., at the center), w(0) = 0, (0) = 0, and (0) = 0, respectively. Note u w
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that, if u(t) ∉ [−π, 0], the rider leaves the waterslide boundary, which is a severe safety 

violation. As shown in Figure 4.6, the rider stays in the water slide all the time for this 

particular case. The friction coefficient is 0.03 and the weight of the rider is 160 lbs. 

  

Table 4.5 Physical Sizes of Arced Flume Configuration 

 
Description Size 

R (Radius of Configuration) 71.56 in. = 5.6 ft 

r (Radius of Flume Cross Section) 17.46 in. = 1.46 ft 

h (Height of Configuration) 143.28 in. = 11.94 ft 

φ (Total angle along X3-axis ) 450°  
 

 

Example 2: Straight-Cubic-Straight Flume Configuration 

 

 A waterslide configuration composed of two straight end flume sections and one 

cubic middle flume section as shown in Figure 4.6 is defined with the physical 

dimensions given in Table 4.6.  

 

Table 4.6 Physical Sizes of Straight and Cubic Mixed Flume Configuration 

 
Description Size 

L (Length of Flume Configuration) 60 in. = 5.0 ft 

R (Radius of Flume Cross Section) 17.46 in. = 1.46 ft 

H (Height of Configuration) 45 in. = 3.75 ft 

θ (Rotation along x3 axis ) 0  °
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Two particle paths are simulated with two different initial conditions, u(0) = −2.5707 (i.e, 

at a 31.8%  off-center position) and u(0) = −2.0707 (i.e, at a 16% off-center position). For 

both cases, w(0) = 0, u (0) = 0, and (0) = 0. Since the flume section configuration is 

relatively short and friction causes little difference, no friction is used. The weight of the 

rider is 160 lbs. 

w

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

u(0)=−2.0707 
u(0)=−2.5707 

Figure 4.7 Particle Traces of Straight-Cubic-Straight Configuration 
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CHAPTER 5 

SHAPE DESIGN SENSITIVITY ANALYSIS AND  

OPTIMIZATION OF FLUME SECTIONS 

 
 
 
5.1    Introduction 
 

   
In this chapter, shape design sensitivity analysis (DSA) and optimization are 

presented. The shape DSA calculates derivatives of position, velocity, and acceleration of 

the traveling particle with respect to the design variables, i.e., the control point positions 

of the B-Spline surface or the dimensions of the CAD-based flume section for the entire 

travel time (see also Reference 11). There are two methods to compute the design 

sensitivity coefficients, analytical and overall finite difference. 

For this research, an analytical DSA method has been developed and employed for 

the design of flume sections. The overall finite difference method is used to verify the 

accuracy of the analytical DSA method. The overall finite difference method is first 

explained in Section 5.2. The analytical DSA method with its assumptions is presented in 

Section 5.3. Numerical methods to evaluate the shape design sensitivity coefficients are 

detailed in Section 5.4. A number of examples are given in Section 5.5 to verify the 

accuracy of the analytical DSA.  In Section 5.6, optimization results for both flume 

sections are presented. 
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5.2    Overall Finite Difference Method 

 

In this section, the friction forces are assumed to be zero. This is a conservative 

assumption, leading to higher accelerations. The equations of motion (Equations 4.25 and 

4.26) are rewritten as  
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 = kNote that, in Equations. 5.1 and 5.2, k9 10 = 0 is assumed for zero friction. The 

coefficients  in Equations 5.1 and 5.2 are functions of the design variables D.  In this 

section, the control points  have been used as the design variables throughout the 

equations. However, the dimensions of the surface can be used instead of the control 

points as design variables and the same sensitivity equations can be derived.  
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ijB

ijB

 

 

 72



For example, for k , one has 0

 

                                     

                   (5.4) 
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since   are functions of D. So, a control point movement (δBij) or a 

change in dimension significantly affects the path, velocity, and acceleration of the 

traveling object. Hence, the δBij of the B-Spline surface or the dimensions of a CAD-

based flume surface are defined as design variables for shape design sensitivity analysis 

(DSA) of the flume section configuration. The path, velocity, and acceleration of the 

traveling object depend on these shape design variables in two ways.  

wuwuwu zzyyxx ,,,,,

 The first dependence is explicit, Here, the geometric shape of the surface of the 

flume section configuration varies due to design changes. This dependence is illustrated 

in Figure 5.1b and is characterized by 

 

                                             (5.5) 
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=x( ) ( ), ,
0 0

( ) ( ) , ,
n m

i k j j
i j

u,w N u M w x y zδ δ
= =

= ∑∑ ix B

                                                                

where δ x represents the variation of the function x and δBij represents the movements of 

the control points. The dependence shows the variation of the position vector x due to 

δBij, evaluated at the same parametric coordinates u and w. Note that, in this chapter, the 

control points of the B-Spline surface are used as design variables to explain the overall 

finite difference method. 
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The second dependence is implicit. Here, object path, velocity, and acceleration vary due 

to variations of u(t) and w(t), which are determined by Lagrange’s equations of motion, 

reformulated based on a different flow channel geometry, as illustrated in Figure 5.1a. 

Using Taylor’s series expansion, the object path in the parametric coordinate u (similar 

for w) at the perturbed design can be expressed as 

        

                                                                                                                                       (5.6) )6.5()) Higheruu k ++=+= δ
∂

  ,~(,~()~(* TermsOrderB
B
utBttu ijk

ij
ij

k
ijij

∂δ BB

 

where ∼t  denotes that the time is kept constant and δBκ
ij is the design perturbation of the 

control point Bij in the k-direction, where k = 1, 2, and 3. 

 The simplest way for calculating sensitivity information is using the overall finite 

difference method, in which the sensitivity coefficients are approximated by 

                                        

                                                                                                                                                               

                                                                                                                              (5.7) 
~ ~ ~ ~
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(( **

k
ij

ij
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k
ij B

twtuBtwtu
dB
d

δ
ψδψψ BB −+

≈ (

 

where ψ represents path, velocity, or acceleration of the traveling object obtained by 

solving the equations of motion and u*(∼t ) = u (∼t , Bij+ δBκ
ij) and w*(∼t ) = w (∼t , Bij+ δBκ

ij). 

Note that, when the design perturbation δBκ
ij approaches zero, the results of the finite 

difference computation approach the true sensitivity information. The amount of design 

perturbation is usually difficult to determine. A small perturbation may result in an 

inaccurate sensitivity information due to numerical noise. On the other hand, a large 

 74



 

 

 

 

 

 

 

 

 X 
Y 

Z 

δBκ
ij 

Object Path 
(Before 
Change) 

Object Path 
(After Change) 

x(u(∼t ),w(∼t )) 

x(u*(∼t ),w*(∼t )) 
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Figure 5.1 Dependence of Object Path on Design Changes 

 

x(uβ ,wβ ; Bij) 
κ
ij) 

δ x(uα ,wα) 

δ x(uβ ,wβ) 

 75



perturbation may also cause inaccuracy due to nonlinear effects of the function ψ. 

Moreover, a full motion analysis is required for every individual design variable 

perturbation, which is time consuming. 

 The analytical DSA does not require choosing a proper amount of δBκ
ij. By taking 

derivatives of Equations 5.1 and 5.2 with respect to the design variable Bκ
ij, shape DSA of 

the motion problem can be obtained as follows 
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Note that, in Equations 5.9, friction forces are not included, a conservative assumption. 

Equation 5.9 contains derivatives of a, b, c, and their u- and w-derivatives with respect to 

the design variable Bκ
ij. Two typical terms in Equation 5.9 are presented in the following. 
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 The last terms on the right-hand side of Equations 5.11 and 5.12 represent the 

explicit dependence of x,uu and z on the design variable Bκ
ij, respectively. The remaining 

terms describe the implicit dependence of x,uu and z on the design variable Bκ
ij, through 

u(t) and w(t). As discussed earlier, t is kept unchanged to relate the object position before 

and after the design change. Therefore, ∂t/∂Bκ
ij vanishes from Equations 5.11 and 5.12. In 

fact, the shape DSA predicts the time dependent variables, i.e., position, velocity, and 

acceleration, of the object sliding on the surface of the perturbed flume section, assuming 

that the time steps are kept constant. This is further illustrated using the straight slide 
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perturbed design down to the same parametric location u as the original one. In this paper, 

the DSA information will predict the time dependent variables of the perturbed design at 

the same time step. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.2 Illustration of DSA Predictions for Variables at Same Time Step 

 

 The initial conditions of the shape DSA equations are defined as follows 
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which means that the initial position and velocity of the traveling object are assumed 

unchanged before and after the design changes. These assumptions are physically 

meaningful. A detailed derivation of the sensitivity equations is presented in Appendix D. 

 In this dissertation, the equations of motion (5.1 and 5.2) and the shape DSA 

equations (5.8) are solved simultaneously using Mathematica®. Note that the same design 

sensitivity equations can be derived by using the dimension instead of the control points. 

They were used for optimization of the CAD-based flume sections later. 

 

5.3    Numerical Calculations 

 

Before solving the sensitivity equations, the dynamic equations must be solved, 

since the sensitivity equations need  In the Mathematica®( ), ( ), ( ), and ( ).u t u t w t w t  

environment, two dynamics equations and two sensitivity equations are solved 

simultaneously as illustrated in Figure 5.3. 
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                                       Dynamic Equations 
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Figure 5.3 Procedure for Numerical Calculations 

 

5.4    Design Sensitivity Verification 

 

   As an example, a Parker waterslide configuration is shown with a particle trace in 

Figure 5.4. In this example, the initial conditions are 
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0.0)0(,5.0)0(,0.0)0(,0.0)0( ==== wwuu
 

and 

                           

The friction force is assumed to be zero, and the weight of the moving particle is 160 lbs. 

The w-location of the particle during the entire ride is shown in Figure 5.5 Note 

that, if u ∉ [ , the traveling object leaves the waterslide. As shown in Figure 5.5, the 

object is close to sliding out of the boundary around t=15.2 (sec). 

]1,0

 

 

Figure 5.4 Parker Configuration with Particle Trace 
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u

 

Figure 5.5 Location of Object u(t) in Time Domain 

 
Design sensitivity analysis is carried out for this example, with arbitrarily chosen 

design variables , , and . It is shown in Figure 5.6, that the sensitivity 

coefficients of and  are accurate compared to the overall 

finite difference results. In Figure 5.6, column B shows the time steps chosen arbitrarily 

from the results of the motion analyses. Columns C, D, and E list position, velocity, and 

acceleration of the object in the u- or w-direction at the selected time steps. Columns F, G, 

and H show the same information, but at the perturbed design. Note that columns C to H 

are obtained from the motion analyses. In this example, the design perturbation is 

= = 0.1, = 1.0 inch. Columns I, J, and K show the sensitivity of position, 

velocity, and acceleration obtained using the finite difference method, i.e., Column I = 

(Column F – Column C) / 

zB 6,20
yB 7,5

xB 8,8

( ),u t ( ),u t ( ),u t ( ),w t ( ),w t )(tw

zB 6,20δ yB 7,5δ xB 8,8δ

Bδ , Column J = (Column G – Column D) / Bδ , and Column 

K = (Column H – Column E) / Bδ . Columns L, M, and N list the sensitivity information 

obtained from the analytical shape DSA expressions. The last three columns show the 

accuracy of the analytical shape DSA by comparing data in Columns L, M, and N with 
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those in Columns I, J, and K, respectively. It is shown in columns O, P, and Q of Figure 

5.6 that the sensitivity coefficients of u(t), 
.
u(t), and 

..
u(t) computed using the analytical 

shape DSA are accurate compared to the overall finite difference results. 
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5.5    Shape Design Optimization of B-Spline-Based Flume Sections 

 

5.5.1    Flume Configuration for Optimization 

 

  The flume configuration for optimization is created from 14 basic B-Spline flume 

sections. The configuration was named William configuration by the author.  

 

Table 5.1 Physical Sizes of William Configuration 
 

S68D+CTL+LC45+LC90+LC90+LC90+LC90+CFL+S30
+CTR+RC45+RC90+RC90+RC90+CFR 

Configuration 

No. of Geometric Points 54× 11 
No. of Control Points 56× 31 

[ ] [ ] [ ], 0,10.6298 0,1u w ∈ ×Knot Vector  
Size of Water Slide W×L×H : 8.3 × 22.5 × 7.5 (ft) 

 
 

  Detailed shape representations in Mathematica® are shown in Figures 5.7a – 5.7c. 

Note that the representations in Mathematica® are much clearer and smoother than those 

in the I-DEAS® or SolidWorks® CAD Packages.  

 For this optimization, the Design Optimization Tool (DOT) [29] was used to carry 

out the optimization procedure. Interface programs were developed for retrieving 

information from the Mathematica® analysis software via specially coded FORTRAN 

programs. Once the initial control points were retrieved from I-DEAS®, the entire system 

was integrated and made functional. The environment was designed with the flexibility in 

mind to incorporate additional CAD packages, motion analyses, and/or optimization tools. 

 

 

 91



 
 

 

 

 

 

 

 

 

 

 

Z 

X 
Y 

Figure 5.7a Isometric View of William Configuration 
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Figure 5.7b Front View of William Configuration 
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Figure 5.7c Top View of William Configuration 
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5.5.2    Design Optimization Problem 

  

 In the optimization of a water slide, the performance functions will be the rider’s 

excitement level (= objective function) and safety (= constraints). Velocities and 

accelerations at specified locations can be designed for maximum recreational effect by 

altering the locations of the control points of the flume section. At the same time, safety 

consideration can be addressed by limiting the rider’s lateral movement to stay within the 

flume section boundary.  

 

The optimization problem of the B-Spline-based flume sections is presented as 

follows: 

 
Minimize: 
 

( )u tOBJ = ( -1α ⋅ 2α ⋅ [ ]w t ) at each time step 
 

where 
 

 = 0.7,  = 0.3, and 1α 2α 1 2α α+ = 1 
 
Subject to: 
 

0.2 ( ) 0.8u t≤ ≤  
 

_ _20 20xij initial xij xij initialP P P− ≤ ≤ +        1..31, except 1,16,31 1..56i j= =  
 

_ _20 20yij initial yij yij initialP P P− ≤ ≤ +       1..31, except 1,16,31 1..56i j= =  
 

_ _5 5zij initial zij zij initialP P P− ≤ ≤ +       1..31, 1..56i j= =  
 

1 2 3, , 0, 1..13, 1..68x ij x ij x ijP P P i j≥ = =  
 

( ) 0w t ≥  
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where 

 
( )u t  : Lateral acceleration at each time step 

( )u t  : Lateral location at each time step 

( )w t  : Axial acceleration at each time step 
 

( )w t  : Axial location at each time step 
 

, ,xij yij zijP P P : x, y, z Coordinate values of control points 

_ _ _, ,xij initial yij initial zij initialP P P : Initial x, y, z coordinate values of  

       control points 

i : u Direction parameter  

j : w Direction parameter 

 

  Note that the x, y locations of each edge point (i=1, 31) and the center point (i=16) 

in the u direction are fixed to prevent the shape of the flume configuration from 

becoming unreasonable. Otherwise, flume sections could turn sideways or even upside 

down. 

 

5.5.3    Design Optimization Results 

 

Figure 5.8a and Figure 5.8b show a rider’s path in the William configuration 

before optimization.  Initial conditions at the starting point are u(0) = 0.5 a the center of 

the flume section, = 0.0, w(0) = 0.0, = 0.0, the rider weighs 160 lbs and no 

friction is applied.  

(0)u (0)w
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After optimization, path, velocity, and acceleration of the rider have changed 

significantly. The lateral accelerations are minimized and the axial acceleration is 

maximized. The rider’s paths are compared in Figure 5.9. The rider travels closer to the 

center, which improves the safety of the traveling object. Also, due to the increase in 

acceleration, the total transit time has been reduced from 19.15 seconds to 16.32 seconds 

with a faster, smoother, and safer ride.  
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Figure 5.8a Isometric View of William Configuration with Particle Trace 

before Optimization 
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Figure 5.8b Top View of William Configuration with Particle Trace before Optimization 
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Figure 5.9 Comparisons of Particle Traces in William Configuration 

before and after Optimization 
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5.5.4    Off-Design Results 

 

This optimized flume section is also analyzed with friction and different rider 

weights. Here, four different off-design friction/weight cases are tested on the optimized 

slide configuration (see Table 5.2). There are no noticeable differences between the paths 

as shown in Figure 2.10. The reason is that the cross sectional shape of the flume section 

has been optimized to keep the rider in the center as much as possible with no friction. 

With friction, the rider moves sideways less than with no friction. Thus, the rider just 

follows the path of the optimized shape of the flume section at a lower velocity and with 

a longer transit time. Figure 5.11 shows the combined paths of riders which show no 

noticeable differences. 

 

Table 5.2 Physical Parameters for Off-Design Friction/Weight Cases 

Color of Line Weight (lbs) Friction Coefficient 
Blue – Design Case 160 0.0 (No Friction) 
Green 40 0.05 
Yellow 40 0.1 
Light Blue 100 0.05 
Magenta 100 0.1 
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Figure 5.10 Paths of Friction Cases on B-Spline-Based Optimized Slide 
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Figure 5.11 Combined Paths of Friction Cases in B-Spline-Based Optimized Slide 
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5.6    Shape Design Optimization of CAD Based Flume Sections 

 

5.6.1    Flume Configuration for Optimization 

 

  The flume configuration for optimization is created from three straight flume 

sections and two cubic-curve flume sections with 33 and 36 piecewise cubic-curve 

segments. The dimensions (including the x, y, z locations) of the three straight flume 

sections, except for the radius of the cross section, are not included in the optimization to 

prevent the flume configuration from becoming just one straight flume section during 

optimization. Instead, these straight flume sections are used as anchors.  This 

configuration is named David by the author. 
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   Figure 5.12 Top View of Center Points of Cubic-Curve Sections 
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  Figure 5.12 shows the center points of the cubic-curve flume sections and three 

straight flume sections. Based on these center points and the straight flume sections, the 

flume configuration for optimization is constructed.   

®  Detailed shape representations in Mathematica  are shown in Figures 5.13a – 

5.13b. 
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Figure 5.13a Isometric View of David Configuration 
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Figure 5.13b Top View of David Configuration 
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5.6.2  Design Optimization Problem 

  

 As in the previous optimization, the performance functions will be the rider’s 

excitement level (= objective function) and safety (= constraints). Velocities and 

accelerations at specified locations can be designed for maximum safety and recreational 

effect by altering the locations of the center points of the cubic-curve flume sections and 

the radii of the flume section cross sections.  

The optimization problem of the CAD-based flume sections is presented as 

follows: 

 
 

Minimize: 
 

( )u tOBJ = ( -1α ⋅ 2α ⋅ [ ]w t ) at each time step 
 

where 
 

 = 0.7,  = 0.3, and 1α 2α 1 2α α+ = 1 
 
Subject to: 
 

( ) 0.0u tπ− ≤ ≤  
 
14.505 19.624r≤ ≤  

 
_ _50 50xk initial xk xk initialP P P− ≤ ≤ + 1..70k =        

 
_ _50 50yk initial yk yk initialP P P− ≤ ≤ + 1..70k =       

 
_ _5 5zk initial zk zk initialP P P− ≤ ≤ + 1..70k =       

 
( ) 0w t ≥  

 
where 

 
( )u t  : Lateral acceleration at each time step 
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( )u t  : Lateral location at each time step 

 
( )w t  : Axial acceleration at each time step 

 
( )w t  : Axial location at each time step 

 
 r : Radius of semi-circular cross section 

, ,xk yk zkP P P : x, y, z Coordinate values of center point k of cubic curve 

_ _ _, ,xk initial xk initial xk initialP P P : Initial x, y, z coordinate values of  

                                                                  center point k of cubic curve 

i : u Direction parameter  

j : w Direction parameter 

 

 Note that the lower and upper limits of the u(t) constraint are –π and 0, 

respectively, instead of  -0.8 π and -0.2 π, the equivalent to the optimization of the B- 

Spline-based flume sections. The reason is that a rider can more easily reach the edge of 

the CAD-based flume section because of the lower wall and the relatively small size of  

the cross section. This action will stop the motion analysis. Therefore, the safety 

constraint was loosened, allowing more movement from edge to edge in the CAD-based 

case, to let the optimization continue without stoppage due to strict safety constraints. In 

either case, the final path mostly follows the flume section centerline. 
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5.6.3  Design Optimization Results 

 

Figure 5.14a and Figure 5.14b show the rider’s path in the David configuration 

before optimization.  Initial conditions at the starting point are u(0) = -1.5707 (at the 

center of the flume section) , = 0.0, w(0) = 0.0, = 0.0, and no friction is applied. 

Note that there are several locations where the rider almost leaves the surface boundary. 
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Figure 5.14a Isometric View of David Configuration with Particle Trace  

before Optimization 
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Figure 5.14b Top View of David Configuration with Particle Trace 

before Optimization 

 

Figures 5.15 and 5.16 show the results for the CAD-based flume section 

optimization problem. As in the first optimization, the lateral accelerations are minimized 

and the axial acceleration is maximized. The total transit time has been reduced from 

26.15 seconds to 25.32 seconds with a faster, smoother, and safer ride despite the fact 

that the optimization results in a longer overall configuration. Also, the radius of the 

flume cross section is increased from 17.061 inches to 19.624 inches. Changes of the 

center point locations of the cubic-curve flume sections are shown in Figure 5.15.  
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Figure 5.15 Comparisons of Center Points Before and After Optimization 
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Figure 5.16b Isometric View of David Configuration with Particle Trace after 
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5.6.4  Off-Design Results 

 

The same four off-design cases as shown in Table 5.2 are analyzed for the CAD-

based optimized slide. Unlike in the B-Spline-based flume section case, there are 

noticeable differences between the paths. Since the CAD-based flume optimization hasn’t 

changed the cross sectional shapes (except the width), the paths cannot be the same. 

However, since the friction coefficients are relatively small (0.05-0.1), the rider don’t 

move out much from the original optimized path as shown in Figure 5.17 and 5.18. Some 

of paths are not even distinguishable. If the friction coefficients are increase more, a rider 

will move out of the original path more dramatically. However, a friction coefficient 

larger than 0.1 does not seem realistic. 
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Figure 5.17 Combined Paths of Friction Cases on CAD-Based Optimized Slide 

 

 111



 

 

 

200

300

400

500

600

0

100

200

0

100

200

300

200

300

400

500

0

100

200

 

 

Figure 5.18 Combined Paths of Friction Cases on CAD-Based Optimized Slide 
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CHAPTER 6 

DISCUSSION AND FUTURE WORK 

 

In this dissertation, motion analysis, a shape DSA methodology, and shape design 

optimizations of flume section configurations have been presented. The traveling object 

is assumed to be a particle of concentrated mass with and without friction. An analytical 

shape DSA methodology has been developed and verified to be accurate. Design 

variables can be either the control points of a B-Spline-based flume section or the 

dimensions of a CAD-based flume section. Sensitivity verification based on sensitivity 

coefficients proves that conditions can be imposed on flume section configurations and 

their performance optimized, e.g., safety and excitement of a water slide can be ensured 

by modifying the geometry of the flume section configuration. Two optimization 

problems were defined and executed. 

 

Some limitations of the present study are given here. The developed dynamic 

analysis methodology seems to have provided reasonable results, although they could not 

be verified on an actual water slide configuration. Friction coefficients are very hard to 

determine. However, these are needed to provide the most realistic slide environment. 

Educated guesses were made here. Another limitation is the assumption that the traveling 

object is a particle of concentrated mass. In a real water slide, the rider’s path and 

velocity can be dramatically changed depending on a rider’s body shape, orientation, and 

movement. Also, the current dynamic analysis code cannot generate an accurate path for 
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an object that jumps at the start point. The code always assumes that the object stays 

connected to the surface of the flow channel.  

The CPU time for the optimization was long when the flume section was long, 

especially for the B-Spline-based flume section configuration. An optimized code and 

high-performance computing seem to be a must when a large number of design variables 

have to be deal with. Good CAD or mathematical packages, which support B-Spline 

curve fitting, and stronger graphics representation capabalities are also necessary. I-

DEAS® has good curve fitting capabilities, but it’s graphics representation capabilities 

seem to be  poor, since it generated bad surface representations at times. Mathematica®’s 

external packages have very good graphics representations. However, its lack of good 

curve fitting and B-Spline control points generating capabilities significantly limits it as 

an independent design and graphics tool. Solidworks®  and Pro/E®  don’t have curve 

fitting capabilities even though they have useful graphics capabilities 

     

 Several directions are worthy of future study. This dissertation provides theoretical 

and computational foundations for the design of flume sections. Following this research, 

it is desirable to develop a well-integrated user friendly tool to allow for the interactive 

design of flume sections.  In addition, instead of using a particle, a dynamic system for a 

human body should be developed. Improving the calculations of the water-human and 

water-slide interaction by incorporating fluid mechanics will enhance the accuracy of the 

motion analysis. It is possible to expand this research and apply it to other areas, not just 

water  slides.  Since  this  program  uses  common  programs  like  Mathematica®   and  
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®I-DEAS , it should be easy to covert it to other platforms and to improve its 

compatibility by using a common programming language. 

Finally, expanding the parametric surface representation to that of a moving surface 

can be another possible study. Instead of using fixed parametric flume sections, it is 

possible to use moving parametric surfaces such as free wave surfaces via a wave 

function. Such a module to calculate the movement of objects on waves is presently 

under development. 
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APPENDICES 

 
APPENDIX A: THREE-DIMENSIONAL TRANSFORMATION 

 
         In this research (see also Reference 11), geometric transformations of basic flume 

sections are conducted in the so-called homogeneous coordinate system of three 

dimensions. The homogeneous coordinate system of two dimensions is easier to 

understand; therefore, it is discussed first. 

         Every single point [x1, x2] in a 2-D x1-x2 plane has a corresponding set of 

homogeneous coordinates [hx1 , hx2 , h] in the homogeneous coordinate system of two 

dimensions, as shown in Figure A.1. When h = 1, [hx1 , hx2 , h] becomes [ x 1, x2, 1] 

which projects the point [hx1 , hx2 , h]  onto the h = 1 plane in the homogeneous 

coordinate system. Therefore, the geometric representation in a two-dimensional 

Cartesian coordinate system is a special case of the more general homogeneous 

coordinate system of two dimensions. 

 

[hx1 , hx2 , h]   

 

Figure A.1 Homogeneous Coordinate System of Two Dimensions 

h 

0 
x1 

 

h=1 
plane 

 1
, x2, 1] [ x

x2 
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Similarly, a point in a three-dimensional Cartesian space [x1 , x2 , x3]  has a 

corresponding set of homogeneous coordinates [hx1 , hx2 , hx3 , h]  in the homogeneous 

coordinate system of three dimensions. 

Three-dimensional transformations of geometric points can be handled more 

effectively in the homogeneous than the ordinary Cartesian coordinate system.  

Let Pj, j = 0, n, be n+1 geometric points in the homogeneous coordinate system of 

three-dimensions that define a flume section. Hence, for the jth  geometric point , Pj can 

be written as 

 

 Pj = [hx1j , hx2j , hx3j , h]  or simply [hx1, hx2, hx3, h]                                             (A.1) 1×4

 

When h=1, one has [x1 , x2 , x3 , 1]. 

 
In the homogeneous coordinate system, the matrix for three-dimensional  

transformation can be represented as 

 

⎥
⎦

⎤
⎢
⎣

⎡
=

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=
××

××

1131

1333
0
0
0

st

r
TT
OT

T

SLKJ
IHG
FED
CBA

                                                                      (A.2) 

 

where , , and  take care of rotation, translation, and global scaling of 

the given geometric point P

33×rT 31×tT 11×sT

j [17]. In this research, only rotational and translational 

transformations are needed.  
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Using Equation A.2, the transformed coordinates of the geometric point Pj can be 

obtained by 

 

1 4 1 4 4 4 2 3 4 4j j 1j j jx x x× × ×
′ ⎡ ⎤= × = ⎣ ⎦ ×P P T T                                                                              (A.3)                        

 
 
where . [ ]1j3j2j1j xxx ′′′=′P
 
 

For a set of n+1 geometric points, one has 

 

4 4( 1) 4( 1) 4
j j nn

×+ ×+ ×

′⎡ ⎤ ⎡ ⎤= ×⎣ ⎦⎣ ⎦
P P T 44

332313

312111

302010

1

1
1

××

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

= T

xxx

xxx
xxx

#
                                     (A.4)  
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APPENDIX B: CONTINUITY REQUIREMENTS OF CAD-BASED FLUME 
  
SECTIONS 
 
 
 
1. Straight Flume Section A to Straight Flume Section B Connection 

 

The general equation of a straight flume section can be expressed as 

  

1_ 0 1

0 2 _ 0

3_ 0 3

cos sin 0 ( , )
( , ) ( ) ( , ) sin cos 0 ( , )

0 0 1 ( ,
2

)

X x u w
u w u w X x u w

X x u w

θ θ
θ θ θ

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥= + = + −⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦

X X T x                       (B.1) 

 

where 

 

[ ]( , ) cos (1 sin ) T
c cu w r u w r u h w= +Ax − ⋅                                                                (B.2) 

 

T(θ) is the rotation matrix that orients the flume section by an orientation angle 　 about 

the X3 axis, Xi_0 is the location of the local coordinate system of the flume section in the 

flow channel configuration, and x(u,w) is the surface function of the flume section 

referred to its local coordinate system. For a straight flume section, h and  are the height 

and length of the section, respectively; r is the radius of the semicircular cross section of 

the flume section; u and w are the parametric coordinates along the circumferential and 

longitudinal directions of the flume section, respectively, and 

A

[ ] [ ]0, , 0,u wπ∈ − ∈ A (see 

Figure B.1). 
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                                   Figure B.1 Straight Flume Section 

 

AX Ah, height  (length In this case, a straight flume section AA ) and a straight flume 

section BX (length , height ) are connected sequentially. In the present calculations, 

the cross-section directional parameter u is not considered and assumed the same in each 

flume section. 

BhBA

 

1) C0 Continuity  

 

The following relationship has to be satisfied for C0 continuity: 

       

1 0
( , ) ( , )A B

w w
u w u w

= =
=X X                        (B.3) 
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1_ 0

2 _ 0

3_ 0

1_ 0

2 _ 0

3_ 0

cos sin 0 cos
sin cos 0

0 0 1 (1 sin )

cos sin 0 cos
sin cos 0 0

0 0 1 (1 sin

A A
A A c

A
A A A

A A
c A

B B
B B c

B
B B
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X r u h

X r
X

)

u
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θ θ
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u
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From Equation B.4, we have  

 

1_ 0 1_ 0

2 _ 0 2 _ 0

3_ 0 3_ 0

cos cos sin cos cos

sin cos cos sin cos

(1 sin ) (1 sin )

A A B B
A c A A B c

A A B B
A c A A B c

A A B B
c A c

X r u X r

X r u X r

X r u h X r u

θ θ θ

θ θ θ

+ ⋅ ⋅ + = + ⋅ ⋅

− ⋅ ⋅ + = − ⋅ ⋅

+ + − = + +

A

A                                              (B.5) 

 

Then, requirements for C0 continuity are  

 

1_ 0 1_ 0

2_ 0 2_ 0

3_ 0 3_ 0

,

sin

cos

A B
A B c c

A B
A A

A
A A

A B
A

r r

X X

X X

X h X

θ θ

θ

θ

= =

+ =

+ =

− =

A

A
                                                                                                   (B.6) 

 

To satisfy the requirements, the radius (r) and rotational angle (θ) of each flume sections 

must be identical. Also, the X1, X , X2 3 coordinate values of each flume sections at the 

connection must be identical. When the above requirements are satisfied, C1 continuity in 

the w-direction exists. 
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2) C1 Continuity  

 

Similarly, the following relationship has to be satisfied for C1 continuity: 

       

0

( , ) ( , )

A

A B

w w

u w u w
w w

= =

∂ ∂
=
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X X                                                                                     (B.7) 
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(B.8) 

 

,A B
A

A B

h hThen, requirements for C1 continuity are Bθ θ= =
A A

. To satisfy these requirements, 

the slope ( h
A

) and rotational angle (θ) of each of the two flume sections must be identical.  

When the above requirements are satisfied, C1 continuity in the w-direction exists. 

 

3) C2 Continuity  

 

Similarly, the following relationship has to be satisfied for C2 continuity: 

       

2 2

2 2
1 0

( , ) ( , )A B

w w

u w u w
w w

= =

∂ ∂
=

∂ ∂
X X                                                                                   (B.9) 
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0 0
0 0
0 0

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥=⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

                                                                                                                     (B.10) 

 

No requirements are needed here for C2 continuity. 

 

2. Arced Flume Section C to Arced Flume Section D Connection 

 

The general equation of an arced flume section can be expressed as 

  

1_ 0 1

0 2 _ 0

3_ 0 3

cos sin 0 ( , )
( , ) ( ) ( , ) sin cos 0 ( , )

0 0 1 ( ,
2

)

X x u w
u w u w X x u w

X x u w

θ θ
θ θ θ

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥= + = + −⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦⎣ ⎦

X X T x                      

(B.11) 

 

where 

 

x (u,w) = [± cos wφ (R + r cosu) ∓ R      sin wφ  (R + r cosu)      r (1 + sin u) − h w]T 

                                                                                                                                     (B.12) 

 

T(θ) is the rotation matrix that orients the flume section by an orientation angle about the 

X3 axis, Xi_0 is the location of the local coordinate system of the flume section in the 

flow channel configuration, and x(u,w) is the surface function of the flume section 
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referring to its local coordinate system. R is the radius of the arc of the flume section. The 

signs in the first entry of Equation B.12 are determined by the sign of the rotation angle φ 

of the flume section. h is the height of the arced flume section, r is the radius of the 

semicircular cross section of the flume section, and u and w are the parametric 

coordinates along the circumferential and longitudinal directions of the flume section, 

respectively, and [ ] [ ]0, , 0,u wπ φ∈ − ∈ . An example of an arced flume section with φ = 

90º is shown in Figure B.2.  

 

 

R 

x2 

x1 φ w 
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 X02
 X03

) 

 

 

 

 

 θ 

 

 

Figure B.2 90º Arced Flume Section 

 

CXIn this case, an arced flume section  (angle Cφ , rotation angle Cθ , height ) and 

an arced flume section 

Ch

DX Dh, rotation angle , height  (angle Dφ Dθ ) are connected 

sequentially. 

 

1) C0 Continuity  
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The following relationship has to be satisfied for C0 continuity: 

       

1
( , ) ( , )C D

w
u w u w

=
=X X

0w=
                                                                                        (B.13) 

 

1_ 0

2 _ 0

3_ 0 1

1_ 0

2 _ 0

3_ 0

cos sin 0 cos ( cos )
sin cos 0 sin ( cos )

0 0 1 (1 sin )

cos sin 0 cos
sin cos 0

0 0 1

C C
C C C C c C

C C
C C C C c

C C
c C w

D
D D

D
D D

D

X w R r u
X w R r u
X r u h w

X w
X
X

θ θ φ
θ θ φ

θ θ φ
θ θ

=

⎡ ⎤ ⎡ ⎤± +⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥+ − +⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥ + − ⋅⎣ ⎦⎣ ⎦ ⎣ ⎦

⎡ ⎤ ±⎡ ⎤
⎢ ⎥ ⎢ ⎥= + −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦

∓ R

0

( cos )
sin ( cos )

(1 sin )

D
D D c D

D
D D c

D
c D w

R r u R
w R r u

r u h w
φ

=

⎡ ⎤+
⎢ ⎥+⎢ ⎥
⎢ ⎥+ − ⋅⎣ ⎦

∓

           

(B.14) 

 

Substituting w = 1 and w = 0 into the respective sides of Equation B.14, one obtains 

 

1_ 0

2 _ 0

3_ 0

1_ 0

2 _ 0

3_ 0

cos sin 0 cos ( cos )
sin cos 0 sin ( cos )

0 0 1 (1 sin )

cos sin 0 ( cos )
sin cos 0

0 0 1

C C
C C C C c C

C C
C C C C c

C C
c C

D D
D D D c

D
D D

D

X R
X R
X r

X R
X
X

θ θ φ
θ θ φ

θ θ
θ θ

⎡ ⎤ ⎡ ⎤± +⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥+ − +⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥ + −⎣ ⎦⎣ ⎦ ⎣ ⎦

⎡ ⎤ ± +⎡ ⎤
⎢ ⎥ ⎢ ⎥= + −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦

∓

0
(1 sin )

r u R
r u
u h

r u D

D
c

R

r u

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥+⎣ ⎦

∓

                             

(B.15) 

 

From Equation B.15, 

 129



 

1_ 0

1_ 0

2_ 0

2 _ 0

3

cos cos ( cos ) cos sin sin ( cos )

cos ( cos ) cos

sin cos ( cos ) sin cos sin ( cos )

sin ( cos ) sin

C C
c c C c c C c c C c

D D
D D c D D

C C
c c C c c C c c C c

D D
D D c D D

X R r u R R r u

X R r u R

X R r u R R r

X R r u R

X

θ φ θ θ φ

θ θ

θ φ θ θ φ

θ θ

± ⋅ + ⋅ ⋅ + ⋅ + ⋅

= ± ⋅ + ⋅ ⋅

⋅ + ⋅ ± ⋅ + ⋅ + ⋅

= ⋅ + ⋅ ± ⋅

∓

∓

∓

∓

_ 0 3_ 0(1 sin ) (1 sin )C C D D
c c cr u h X r u+ + − = + +

C

C u

D

D

D

                 (B.16) 

 

Then, from Equation B.16, requirements for C0 continuity are  

 

1_ 0 1_ 0

2_ 0 2_ 0

3_ 0 3_ 0

cos( ) cos

sin( ) sin

, ,

C D
C C

C D
C C

C D C D
C c c C

X X

X X

X h X r r R R

θ φ θ

θ φ

± ± = ±

± = ±

− = = =

∓ θ                                                                                  (B.17) 

 

To satisfy these requirements, the radius of the cross section (r) and the radius of the arc 

(R) of the two flume sections must be identical. Also, the X , X , X1 2 3 coordinate values of 

each flume section at the connection must be identical. When the above requirements are 

satisfied, C0 continuity in the w-direction exists. 

 

2) C1 Continuity  

 

The following relationship has to be satisfied for C1 continuity: 

       

1 0

( , ) ( , )C D

w w

u w u w
w w

= =

∂ ∂
=

∂ ∂
X X                                                                                     (B.18) 
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From Equation B.11, 

 

cos sin 0 sin ( cos )
sin cos 0 cos ( cos )

0 0 1

cos sin 0 0
sin cos 0 ( cos )

0 0 1

C
C C C C C c

C
C C C C C c

C

D D
D

D D D c

D

w R r u
w R r u

h

R r u
h

θ θ φ
θ θ φ

θ θ
θ θ

⎡ ⎤+⎡ ⎤
⎢ ⎥⎢ ⎥− +⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥ −⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡
⎢ ⎥ ⎢= − +⎢ ⎥ ⎢
⎢ ⎥ ⎢ −⎣ ⎦ ⎣

∓

                                          (B.19) 

⎤
⎥
⎥
⎥⎦

 

Rearranging Equation B.19 with wC =1 results in 

 

cos sin ( cos ) sin cos ( cos )
sin sin ( cos ) cos cos ( cos )

sin ( cos )
cos ( cos )

C C
C C C c C C C c

C C
C C C c C C C c

C

D
D D c

D
D D c

D

R r u R r u
R r u R r u

h

R r u
R r u

h

θ φ θ φ
θ φ θ φ

θ
θ

⎡ ⎤⋅ + + ⋅ +
⎢ ⎥− ⋅ + + ⋅ +⎢ ⎥
⎢ ⎥−⎣ ⎦

⎡ ⎤⋅ +
⎢ ⎥= ⋅ +⎢ ⎥
⎢ ⎥−⎣ ⎦

∓

                                  

(B.20) 

 

Again, from Equation B.20, the requirements for C1 continuity are 

 

sin( )( cos ) sin ( cos )
cos( )( cos ) cos ( cos )

C D
C C C c D D c

C
C C C c D D c

C D

D

R r u R r u
R r u R r u
h h

θ φ θ
θ φ θ

⎡ ⎤ ⎡+ +
⎢ ⎥ ⎢+ = +⎢ ⎥ ⎢
⎢ ⎥ ⎢− −⎣ ⎦ ⎣

∓
∓

⎤
⎥
⎥
⎥⎦

                                              (B.21) 
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From the C0 , C
C D c c

DR R r r= = continuity requirements, . To satisfy these requirements, 

height (h) of each flume sections must be identical. When the above requirements are 

satisfied, C1 continuity in the w direction exists. 

 

3) C2 Continuity  

 

The following relationship has to be satisfied for C2 continuity: 

       

2 2

2
0

( , ) ( , )

C

C D

w w

u w u w
w wφ= =

∂ ∂
=

∂ ∂
X X

2                                                                               (B.22) 

 

From Equations B.11 and B.22, we have 

 

cos sin 0 cos ( cos )
sin cos 0 sin ( cos )

0 0 1 0

cos sin 0 cos ( cos )
sin cos 0 sin ( cos )

0 0 1 0

C
C C C C c

C
C C C C c

D
D D D D c

D
D D D D c

w R r u
w R r u

w R r u
w R r u

θ θ
θ θ

θ θ
θ θ

⎡ ⎤+⎡ ⎤
⎢ ⎥⎢ ⎥− − +⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

⎡ ⎤+⎡ ⎤
⎢ ⎥⎢ ⎥= − − +⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

∓

∓

                        (B.23) 

 

Rearranging Equation B.23 with wC = 1, wD = 0, we have 

 

 132



cos sin 0 cos ( cos )
sin cos 0 sin ( cos )

0 0 1 0

cos sin 0 ( cos )
sin cos 0 0

0 0 1 0

C
C C C C c

C
C C C C c

D
D D D c

D D

R r u
R r u

R r u

θ θ φ
θ θ φ

θ θ
θ θ

⎡ ⎤+⎡ ⎤
⎢ ⎥⎢ ⎥− − +⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

⎡ ⎤+⎡ ⎤
⎢ ⎥⎢ ⎥= − ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

∓

∓

                                            

(B.24) 

 

From Equation B.24, requirements for C2 continuity are 

 

cos( )( cos ) cos ( cos )
sin( )( cos ) sin ( cos )

0 0

C D
C C C c D D c

C
C C C c D D c

D

R r u R r u
R r u R r u

θ φ θ
θ φ θ

⎡ ⎤ ⎡+ + +
⎢ ⎥ ⎢− + + = ± +⎢ ⎥ ⎢
⎢ ⎥ ⎢⎣ ⎦ ⎣

∓ ∓ ⎤
⎥
⎥
⎥⎦

                                              (B.25) 

 

These requirements are already satisfied. 

 

3. Straight Flume Section A to Cubic-Curve Flume Section E to Straight Flume 

Section B Connection 

 

The general equation for a cubic-curve flume section can be expressed as [24]: 

 

0( , ) ( ) ( ) ( , )u w w u wθ= +X P T x                                                                                    (B.26) 

 

where 
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[ ]( , ) cos 0 (1 sin )c cu w r u r u= +x  

 

0

1

0,

1,

1_ 0 2 _ 0 3_ 0

1_1 2_1 3_1

1_ 0, 2 _ 0, 3_ 0,

1_1, 2 _1, 3_1,

2 2 1 1
3 3 2 1

( ) 1
0 0 1 0
1 0 0 0

2 2 1 1
3 3 2 1

1
0 0 1 0
1 0 0 0

TT

w

w

T

w w

w w

w w w w

P P P
P P P

w w w
P P P
P P P

− ⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥− − − ⎢ ⎥⎢ ⎥⎡ ⎤= ⎣ ⎦ ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥

⎣ ⎦ ⎣ ⎦

w

w

⎡ ⎤−⎡ ⎤
⎢ ⎥⎢ ⎥− − − ⎢ ⎥⎢ ⎥⎡ ⎤= ⎣ ⎦ ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥
⎢ ⎥⎣ ⎦ ⎣ ⎦

3 2

3 2

P
P

P W MG =
P
P

                  (B.27) 

 

M is a constant 4×4 matrix, P0 and P1 are the start and end points of the curve, 

respectively, and P0,w and P1,w are the tangent vectors at the corresponding points. 

 

AX Ah, height In this case, a straight flume section  (length AA ), a cubic-curve flume 

section EX BX0P 1P ), and a straight flume section (start point  and end point (length , 

height ) are connected sequentially. The same straight flume sections A and B as in the 

previous cases are used. 

BA

Bh

 

Straight A to Cubic-Curve E Connection 

 

1)  C0 Continuity  

 

The following relationship has to be satisfied for C0 continuity: 
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1
( , ) ( , )A E

w
u w u w

=
=X X

0w=
                                                                                         

(B.28) 

 

From Equations B.1, B.26, B.27, and B.28, we have 

 

1_ 0

2 _ 0

3_ 0

0

1

0,

1,

cos sin 0 cos
sin cos 0

0 0 1 (1 sin )

2 2 1 1
cos sin 0

3 3 2 1
1 sin cos 0

0 0 1 0
0 0 1

1 0 0 0

A A
A A c

A
A A A A

A A
c A A A

E E
T3 2

E E E E E
w

w

X r u
X w
X r u h w

w w w

θ θ
θ θ

θ θ
θ θ

⎡ ⎤ ⎡ ⎤⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥+ − ⋅⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥ + − ⋅⎣ ⎦⎣ ⎦ ⎣ ⎦

− ⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥− − − ⎢ ⎥⎢ ⎥⎡ ⎤= + −⎣ ⎦ ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥

⎣ ⎦ ⎣ ⎦

A

P
P

P
P

1_ 0 2 _ 0 3_ 0

1_1 2 _1 3_1

1_ 0, 2 _ 0, 3_ 0,

1_1, 2 _1, 3_1,

cos

(1 sin )

2 2 1 1
3 3 2 1

1
0 0 1 0
1 0 0 0

cos sin 0
sin cos 0

0 0 1

E
c

E
E

c

T3 2
E E E

w w w

w w w

E E c

E E

r u
w

r u

P P P
P P P

w w w
P P P
P P P

rθ θ
θ θ

⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥ +⎣ ⎦ ⎣ ⎦

⎡ ⎤−⎡ ⎤
⎢ ⎥⎢ ⎥− − − ⎢ ⎥⎢ ⎥⎡ ⎤= ⎣ ⎦ ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥
⎢ ⎥⎣ ⎦ ⎣ ⎦

⎡ ⎤
⎢ ⎥+ −⎢ ⎥
⎢ ⎥⎣ ⎦

cos

(1 sin )

E

E
E

c

u
w

r u

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥+⎣ ⎦

 

                                              (B.29) 

Rearranging Equation B.29 with w = 1 and wA E = 0 results  in  
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1_ 0

2 _ 0

3_ 0

1_ 0

2_ 0

3_ 0

cos sin 0 cos
sin cos 0

0 0 1 (1 sin )

cos sin 0 cos
sin cos 0 0

0 0 1 (1 sin )

A A
A A c

A
A A A

A A
c A A

E
E E c

E E
E

c

X r
X
X r u

r u P
P

r u P

θ θ
θ θ

θ θ
θ θ

⎡ ⎤ ⎡ ⎤⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥+ −⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥ + −⎣ ⎦⎣ ⎦ ⎣ ⎦

⎡ ⎤

u

h

⎡ ⎤⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥= − +⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥ +⎣ ⎦ ⎣ ⎦⎣ ⎦

A

                                                (B.30) 

 

From Equation B.30, 

 

1_ 0 1_ 0

2 _ 0 2 _ 0

3_ 0 3_ 0

cos cos sin cos cos
sin cos cos sin cos

(1 sin ) (1 sin )

A A E
A c A A E c

A A E
A c A A E c

A A E
c A A c

X r u P r u
X r u P r u

X r u h P r u

θ θ θ
θ θ θ

⎡ ⎤ ⎡+ ⋅ + ⋅ + ⋅
⎢ ⎥ ⎢− ⋅ + ⋅ = − ⋅⎢ ⎥ ⎢
⎢ ⎥ ⎢+ + − + +⎣ ⎦ ⎣

A
A

⎤
⎥
⎥
⎥⎦

                                        (B.31) 

 

Then, from Equation B.31, the requirements for C0 continuity are  

 

1_ 0 1_ 0

2 _ 0 2_ 0

3_ 0 3_ 0

sin

cos , ,

A
A A

A A E
A A A E c c

A
A

P X

P X r r

P X h

θ

θ θ θ

= +

= + = =

= −

A

A                                                                           (B.32) 

 

To satisfy these requirements, the radius (r) and rotational angle (θ) of the two flume 

sections must be identical. Also, the X , X , X1 2 3 coordinate values of each flume section at 

the connection must be identical. When the above requirements are satisfied, C0 

continuity in the w-direction exists. 

 

2) C1 Continuity  
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The following relationship has to be satisfied for C1 continuity: 

 

0

( , ) ( , )

A

A E

w w

u w u w
w w

= =

∂ ∂
=

∂ ∂A

X X                                                                                   (B.33) 

 

From Equations B.1, B.26, B.27, and B.33, we have 

                         

1_ 0 2_ 0 3_ 0

1_1 2_1 3_1

1_ 0, 2_ 0, 3_ 0,

1_1, 2_1, 3_1,

cos sin 0 0
sin cos 0

0 0 1

2 2 1 1
3 3 2 1

0
0 0 1 0
1 0 0 0

A A

A A A

A

T

E E
w w

w w

h

P P P
P P P

3w 2w 1
P P P
P P P

θ θ
θ θ

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦

w

w

⎡ ⎤−⎡ ⎤
⎢ ⎥⎢ ⎥− − − ⎢ ⎥⎢ ⎥⎡ ⎤= ⎣ ⎦ ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥
⎢ ⎥⎣ ⎦ ⎣ ⎦

A

2

                         

(B.34) 

 

Rearranging Equation B.34 results in  

 

1_ 0, 2_ 0, 3_ 0,

cos sin 0 0
sin cos 0

0 0 1

A A

A A A w w

A

P P P
h

θ θ
θ θ

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎡= ⎣⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

A w ⎤⎦                                                   (B.35) 

 

Then, requirements for C1 continuity are 
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0, 1_ 0, 2_ 0, 3_ 0,

sin
cos

A A

A A w w w

A

P P P
h

θ
θ

⋅⎡ ⎤
⎢ ⎥ ⎡⋅ = = ⎣⎢ ⎥
⎢ ⎥⎣ ⎦

A
A P w ⎤⎦

A

A

                                                              

(B.36) 

 

1_ 0,

2_ 0,

3_ 0,

sin

cos
w A

w A

w A

P

P

P h

θ

θ

= ⋅

= ⋅

= −

A
A                                                                                                           (B.37) 

 

1_ 0, 2 _ 0, 3_ 0,w wP P P w⎡ ⎤⎣ ⎦To satisfy these requirements, the tangent vector at the start point  

of the cubic-curve flume section must be identical to the values 

[ ]sin cosA A A A hθ θ⋅ ⋅A A A of the straight flume section, respectively. When the above 

requirements are satisfied, C1 continuity in the w-direction exists. 

 

3) C2 Continuity  

 

The following relationship has to be satisfied for C2 continuity:       

 

2 2

2 2
1 0

( , ) ( , )A E

w w

u w u w
w w

= =

∂ ∂
=

∂ ∂
X X                                                                                 (B.38) 

 

From Equations B.1, B.26, B.27, and B.38 with wA = 1, we have 
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[ ]

[ ]

0

1

0,

1,

1_ 0 2_ 0 3_ 0

1_1 2_1 3_1

1_ 0, 2_ 0, 3_ 0,

1_1, 2_1, 3_1,

2 2 1 1
0

3 3 2 1
0 6 2 0 0

0 0 1 0
0

1 0 0 0

2 2 1 1
3 3 2 1

6 2 0 0
0 0 1 0
1 0 0 0

T
E

w

w

T
E

w w

w w

w

P P P
P P P

w
P P P
P P P

− ⎡ ⎤⎡ ⎤
⎡ ⎤ ⎢ ⎥⎢ ⎥− − −⎢ ⎥ ⎢ ⎥⎢ ⎥=⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦

⎣ ⎦ ⎣ ⎦

w

w

⎡ ⎤−⎡ ⎤
⎢ ⎥⎢ ⎥− − − ⎢ ⎥⎢ ⎥=
⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥
⎢ ⎥⎣ ⎦ ⎣ ⎦

P
P

P
P

                       (B.39) 

 

Rearranging Eqaution B.39 with w = 0, we get E 

 

[ ]

1_ 0 2_ 0 3_ 0

1_1 2_1 3_1

1_ 0, 2_ 0, 3_ 0,

1_1, 2_1, 3_1,

0
0 6 6 -4 2
0 w w

w w

P P P
P P P

-
P P P
P P P

⎡ ⎤
⎡ ⎤ ⎢ ⎥
⎢ ⎥ ⎢= −⎢ ⎥ ⎢
⎢ ⎥ ⎢ ⎥⎣ ⎦

⎢ ⎥⎣ ⎦

w

w

⎥
⎥

                                                           

(B.40) 

 

Then, requirements for C2 continuity are 

 

                                                                              

(B.41) 

1_1 1_ 0, 1_1, 1_ 0

2_1 2_ 0, 2_1, 2_ 0

3_1 3_ 0, 3_1, 3_ 0

0 6 4 2 6

0 6 4 2 6

0 6 4 2 6

w w

w w

w w

P P P P

P P P P

P P P P

= − − −

= − − −

= − − −

 

Existence of C2 continuity will be discussed with Equation B.54. 
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Cubic-Curve E to Straight B Connection 

 

1)  C0 Continuity  

 

The following relationship has to be satisfied for C0 continuity: 

 

1
( , ) ( , )E B

w
u w u w

=
=X X

0w=

B

                                                                                         

(B.42) 

 

From Equations, B.1, B.26, B.27, and B.42, we have 

 

1_ 0 2_ 0 3_ 0

1_1 2_1 3_1

1_ 0, 2 _ 0, 3_ 0,

1_1, 2 _1, 3_1,

1_ 0

2 _ 0

3_

2 2 1 1
3 3 2 1

1
0 0 1 0
1 0 0 0

cos sin 0 cos
sin cos 0 0

0 0 1 (1 sin )

T3 2
E E E

w w w

w w w

E B
E E c

B
E E

E
c

P P P
P P P

w w w
P P P
P P P

r u X
X

r u X

θ θ
θ θ

⎡ ⎤−⎡ ⎤
⎢ ⎥⎢ ⎥− − − ⎢ ⎥⎢ ⎥⎡ ⎤⎣ ⎦ ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥
⎢ ⎥⎣ ⎦ ⎣ ⎦

⎡ ⎤⎡ ⎤
⎢ ⎥⎢ ⎥+ − =⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥ +⎣ ⎦ ⎣ ⎦ 0

cos sin 0 cos
sin cos 0

0 0 1 (1 sin )

B
B B c

B B B B
B B

c B

r u
w

r u h w

θ θ
θ θ

⎡ ⎤ ⎡⎡ ⎤

 

⎤
⎢ ⎥ ⎢⎢ ⎥+ − ⋅ ⎥
⎢ ⎥ ⎢⎢ ⎥ ⎥
⎢ ⎥ ⎢⎢ ⎥ + − ⋅⎣ ⎦ ⎥⎣ ⎦ ⎣

A

⎦

)

r u

r u

⎤
⎥
⎥
⎥⎦

                                                                                                                                     (B.43) 

 

= 1 and w = 0 results in  Rearranging Equation B.43 with wE B 

 

1_1 1_ 0

2 _1 2 _ 0

3_1 3_ 0

cos sin 0 cos cos sin 0 cos
sin cos 0 0 sin cos 0 0

0 0 1 (1 sin ) 0 0 1 (1 sin

E B B
E E c B B c

B
E E B B

E B B
c c

P r u X
P X
P r u X

θ θ θ θ
θ θ θ θ

⎡ ⎤ ⎡ ⎤ ⎡⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢⎢ ⎥ ⎢ ⎥ ⎢ ⎥+ − = + −⎢ ⎥ ⎢ ⎥ ⎢⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢⎢ ⎥ ⎢ ⎥ ⎢ ⎥+ +⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣
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 (B.44) 

 

Again, rearranging Equation B.44, we get 

 

1_1 1_ 0

2 _1 2 _ 0

3_1 3_ 0

cos cos cos cos
sin cos sin cos

(1 sin ) (1 sin )

E B B
E c B c

E B B
E c B c

E B B
c c

P r u X r
P r u X r

P r u X r u

θ θ
θ θ

⎡ ⎤ ⎡+ ⋅ + ⋅
⎢ ⎥ ⎢− ⋅ = − ⋅⎢ ⎥ ⎢
⎢ ⎥ ⎢+ + + +⎣ ⎦ ⎣

u
u

⎤
⎥
⎥
⎥⎦

                                                          (B.45) 

 

Then, requirements for C0 continuity are: 

 

 1_1 1_ 0

2 _1 2 _ 0

3_1 3_ 0

, E B
E B c c

B

B

B

r r

P X

P X

P X

θ θ= =

=

=

=

                                                                                                            (B.46) 

 

To satisfy these requirements, the radius (r) and rotational angle (θ) of the two flume 

sections must be identical. Also, the X , X , X1 2 3 coordinate values of each flume section at 

the connection must be identical.  When the above requirements are satisfied, C0 

continuity in the w-direction exists. 

 

2) C1 Continuity  

 

The following relationship has to be satisfied for C1 continuity: 
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1 0

( , ) ( , )E B

w w

u w u w
w w

= =

∂ ∂
=

∂ ∂
X X                                                                                     (B.47) 

 

From Equations B.1, B.26, B.27, and B.47, we have 

 

1_ 0 2_ 0 3_ 0

1_1 2_1 3_1

1_ 0, 2_ 0, 3_ 0,

1_1, 2_1, 3_1,

2 2 1 1
3 3 2 1

3 2 1 0
0 0 1 0
1 0 0 0

cos sin 0 0
sin cos 0

0 0 1

T2
E E

w w

w w

B B

B B B

B

P P P
P P P

w w
P P P
P P P

h

θ θ
θ θ

w

w

⎡ ⎤−⎡ ⎤
⎢ ⎥⎢ ⎥− − − ⎢ ⎥⎢ ⎥⎡ ⎤⋅ ⋅⎣ ⎦ ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥
⎢ ⎥⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

A

                          (B.48) 

 

= 1, wRearranging Equation B.48 with wE B = 0 results in  

 

[ ]

1_ 0 2_ 0 3_ 0

1_1 2_1 3_1

1_ 0, 2_ 0, 3_ 0,

1_1, 2_1, 3_1,

1_1, 2_1, 3_1,

2 2 1 1
3 3 2 1

3 2 1 0
0 0 1 0
1 0 0 0

sin
cos

T

w w

w w

B B

w w w B B

B

P P P
P P P

P P P
P P P

P P P
h

θ
θ

w

w

⎡ ⎤−⎡ ⎤
⎢ ⎥⎢ ⎥− − − ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥
⎢ ⎥⎣ ⎦ ⎣ ⎦

⋅⎡ ⎤
⎢ ⎥⎡ ⎤= = ⋅⎣ ⎦ ⎢ ⎥
⎢ ⎥⎣ ⎦

A
A

                                        (B.49)   

 

From Equation B.49, we can get the requirements for C1 continuity. 

 

They are  
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1_1,

2 _1,

3_1,

sin

cos
w B

w B

w B

P

P

P h

B

B

θ

θ

= ⋅

= ⋅

= −

A
A                                                                                                           (B.50) 

 

To satisfy these requirements, the tangent vector at the end point  

of the cubic-curve flume section must be identical to the values 

1_1, 2 _1, 3_1,w wP P P⎡ ⎤⎣ ⎦w

[ ]sin cosB B B B Bhθ θ⋅ ⋅A A of the straight flume section, respectively. When the above 

requirements are satisfied, C1 continuity in the w-direction exists. 

  

3) C2 Continuity  

 

The following relationship has to be satisfied for C2 continuity: 

       

2 2

2 2
1 0

( , ) ( , )E B

w w

u w u w
w w

= =

∂ ∂
=

∂ ∂
X X                                                                                 (B.51) 

 

From Equations B.1, B.26, B.27, and B.51, we have 
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[ ]

1_ 0 2_ 0 3_ 0

1_1 2_1 3_1

1_ 0, 2_ 0, 3_ 0,

1_1, 2_1, 3_1,

2 2 1 1
3 3 2 1

2 0 0
0 0 1 0
1 0 0 0

cos sin 0 0
sin cos 0 0

0 0 1 0

T

w w

w w

B B

B B

P P P
P P P

6
P P P
P P P

θ θ
θ θ

w

w

⎡ ⎤−⎡ ⎤
⎢ ⎥⎢ ⎥− − − ⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥
⎢ ⎥⎢ ⎥
⎢ ⎥⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

                                       (B.52) 

 

[ ]

1_ 0 2_ 0 3_ 0
1_ 0 1_1 1_ 0, 1_1,

1_1 2_1 3_1
2_ 0 2_1 2_ 0, 2_1,

1_ 0, 2_ 0, 3_ 0,
3_ 0 3_1 3_ 0, 4_1,

1_1, 2_1, 3_1,

6 6 2 4
6 -6 2 4 6 6 2 4 0

6 6 2 4

w w

w w
w w w

w w
w w w

P P P
P P P P

P P P
P P P P

P P P
P P P P

P P P

⎡ ⎤
⎡ ⎤− + + ⎡ ⎤⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥ = − + + =⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥− + +⎢ ⎥ ⎣ ⎦⎣ ⎦⎢ ⎥⎣ ⎦

0

0

w

      

(B.53) 

 

Then, requirements for C2 continuity are  

 

1_1 1_ 0, 1_1, 1_ 0

2_1 2_ 0, 2_1, 2_ 0

3_1 3_ 0, 3_1, 3_ 0

0 6 2 4 6

0 6 2 4 6

0 6 2 4 6

w w

w w

w w

P P P P

P P P P

P P P P

= − + + +

= − + + +

= − + + +

                                                                           (B.54) 

 

From Equation B.37, B.41, B.50, and B.54, we have 

 

1_ 0, 1_1,

2_ 0, 2_1,

3_ 0, 3_1,

w w

w

w w

P P

P P

P P

=

=

=

sin sin
cos cos

A A B B

A A B

A Bh h
B

θ θ
θ θ

⋅ = ⋅
⋅ = ⋅

− = −

A A
A A , and   
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To satisfy these requirements, the tangent vector at the start point 1_ 0, 2 _ 0, 3_ 0,w wP P P w⎡ ⎤⎣ ⎦  

and at the end point  of the cubic-curve flume section must be 

identical, and the lengths ( ) and rotational angles (θ) of the two straight flume sections 

must  be  identical.  When  the  above  requirements  are  satisfied,  C

1_1, 2 _1, 3_1,w wP P P⎡⎣ w ⎤⎦

A

2  continuity  in  the  

w-direction exists. 

 

 

 

4. Arced Flume Section C to Straight Flume Section B Connection 

 

CXIn this case, an arced flume section  (angle Cφ , rotation angle Cθ , height ) and 

a straight flume section 

Ch

BX  (length , height ) are connected sequentially. BhBA

 

1) C0 Continuity  

 

The following relationship has to be satisfied for C0 continuity: 

       

1
( , ) ( , )C B

w
u w u w

=
=X X

0w=                                                                                          (B.55) 

 

From Equations B.1, B.11, and B.55, we have 
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1_ 0

2 _ 0

3_ 0

1_ 0

2 _ 0

3_ 0

cos sin 0 cos ( cos )
sin cos 0 sin ( cos )

0 0 1 (1 sin )

cos sin 0 cos
sin cos 0

0 0 1

C C
C C C C C c C

C C
C C C C C c

C C
c C C

B B
B B c

B
B B

B

X w R r
X w R r
X r u h

X r
X
X

θ θ φ
θ θ φ

θ θ
θ θ

⎡ ⎤ ⎡ ⎤± +⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥+ − +⎢ ⎥ ⎢ ⎥⎢ ⎥
⎢ ⎥ ⎢ ⎥⎢ ⎥ + − ⋅⎣ ⎦⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= + −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦

∓

(1 sin )
B B

B
c B

u
w

r u h

u R
u

w

Bw

⎡ ⎤
⎢ ⎥⋅⎢ ⎥
⎢ ⎥+ − ⋅⎣ ⎦

A
                             (B.56)

 

 

Rearranging Equation B.56 with wC = 1 and w = 0, we have the requirements for C0
B  

continuity. 

They are  

 

 

                                                  (B.57) 

o satisfy these requirements, the X1, X2, X3 coordinate values of the two flume sections 

) C1 Continuity  

imilarly, the following relationship has to be satisfied for C1 continuity: 

B

B

r u

r u

 

1_ 0 1_ 0

2_ 0 2_ 0

3_ 0 3_ 0

cos( ) cos cos cos

sin( ) sin sin cos

(1 sin ) (1 sin )

C B
C C C C B c

C B
C C C C B c

C C B B
c C C c

X R X

X R X

X r u h X r u

θ φ θ θ

θ φ θ θ

φ

± ± = +

± ± ± = −

+ + − ⋅ = + +

∓

 

T

at the connection must be identical.  When the above requirements are satisfied, C0 

continuity in the w-direction exists. 

 

2

 

S
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1

( , ) ( , )C B

w

u w u w
w w

=

∂ ∂
=

∂ ∂
X X

0w=                                                                                     
(B.58) 

 

From Equations B.1, B.11, and B.58 with
 
wC = 1 and wB = 0, we have  

 

cos sin 0 sin ( cos ) cos sin 0 0
sin cos 0 cos ( cos ) sin cos 0 1

0 0 1 0 0 1

C
C C C C c B B

C
C C C C c B B

C B

B

w R r u
w R r u

h h

θ θ θ θ
θ θ θ θ

⎡ ⎤
⎢ ⎥⎡ ⎤+⎡ ⎤ ⎡ ⎢ ⎥⎢ ⎥⎢ ⎥ ⎢− + = ⎢⎢ ⎥⎢ ⎥ ⎢ ⎢ ⎥⎢ ⎥⎢ ⎥ ⎢−⎣ ⎦ ⎣⎣ ⎦ ⎢ ⎥−
⎢ ⎥⎣ ⎦

∓

A

⎤
⎥ ⎥⎥
⎥⎦

         (B.59) 

 

Then, requirements for C1 continuity are  

 

sin( )( cos ) sin

cos( )( cos ) cos

C
C C C c B

C
C C C c B

C B

R r u

R r u
h h

θ φ θ

θ φ

± + =

± + =
− = −

θ                                                                              (B.60) 

 

Existence of C1 continuity in w-direction will be discussed with C2 continuity. 

 

3) C2 Continuity  

 

The following relationship has to be satisfied for C2 continuity: 

       

2 2

2 2
1 0

( , ) ( , )C B

w w

u w u w
w w

= =

∂ ∂
=

∂ ∂
X X                                                                                (B.61) 
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From Equations B.1, B.11, and B.61, we have  

 

cos sin 0 cos ( cos )
sin cos 0 sin ( cos ) 0

0 0 1 0

C
C C C C c

C
C C C C c

w R r u
w R r u

θ θ
θ θ

⎡ ⎤+⎡ ⎤
⎢⎢ ⎥− − +⎢⎢ ⎥
⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

∓
⎥ =⎥

=

=

                                                   

(B.62) 

 

Rearranging Equation B.62 with wC =1, and w = 0, we have the requirements for C2
B  

continuity. 

  

They are  

 

cos( )( cos ) 0

sin( )( cos ) 0
0 0

C
C C C c

C
C C C c

R r u

R r u

θ φ

θ φ

± +

± +

=

∓
∓                                                                                      (B.63) 

 

However, if we compare Equations B.60 and B.63, both requirements cannot be satisfied 

at the same time. Either C1 or C2 continuity cannot be satisfied. Therefore, arced flume 

sections cannot be connected to straight flume sections with C2 continuity. 
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APPENDIX C: FRICTIONAL FORCES 
 

C.1.  Frictional Forces due to Centrifugal Forces 
 

         The tangent vectors of the particle trace along the u and w-directions, as shown in 

Figure C.1, can be written as 

 

[ ]u3u2,u1u xxx
u
z

u
y

u
x

u
, ,,=⎥⎦

⎤
⎢⎣
⎡

∂
∂

∂
∂

∂
∂

=
∂
∂

=
PP                                                        (C.1) 

 

and 

 

[ ]wwww xxx
w
z

w
y

w
x

w
, ,3,2,1=⎥⎦

⎤
⎢⎣
⎡

∂
∂

∂
∂

∂
∂

=
∂
∂

=
PP                                                                (C.2) 

 

 

The unit vectors along the u- and w-tangent directions can be defined as 

 

u

u
u ,

,
P
P

e ≡ˆ                                                                                                                      

(C.3) 

 

and               

 

w

w
w ,

,
P
P

e =ˆ                                                                                                                    (C.4) 

 

•where  is the Euclidean norm of the vector. 
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Figure C.1  Vectors of Particle on Surface 

 

The velocity of the particle is given by the expression 

 

                           

                                 (C.5)       

         

sn̂ P, (u,w) w

u 
s

P(u,w) 

x2 

x3 

x1

P ,u(u,w) 

sn- ˆ
n̂

 

nn ˆˆ ⋅− s  

ρ
na
ˆ2Vn =  

sê  

C 

ˆ ˆ

1,u 1,w 2,u 2,w 3,u 3,w

s s

d x u x w x u x w x u x w
dt

V

= = = + + +⎡ ⎤⎣ ⎦

= =

� � � � � �PV P

V e e

�
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where  is the unit vector in the V direction and V is the magnitude of  the vector V. sê

 

The acceleration of the particle is defined as 

 

( ) ˆˆ ˆ ˆs ˆs s s
dd d dVV V V

dt dt dt dt
= = = + = + ��eVa e e e sVe                                                              (C.6) 

 

with                                           

 

ds
d

V
dt
ds

ds
d

dt
d ss

s
s ee

e
e ˆˆ

ˆ
ˆ

=⋅== �                                                                                          (C.7)   

 

where s is the arclength along the curve.  

 

Then, the acceleration can be written as 

 

ds
d

VV
dt
d s

s
e

eVa
ˆ

ˆ 2+== �                                                                                                (C.8) 

 

Note that 

     

n
e ˆ1ˆ

ρ
=

ds
d s                                                                                                                      (C.9)   
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where  is the unit vector perpendicular to and n̂ sê ρ  is the radius of curvature of the path 

of the particle shown in Figure C.1. Hence, 

 

neaaa ˆˆ
2

s ρ
VVns +=+= �                                                                                            (C.10)    

                   

n̂
2

ρ
VIn the above expression,  and sêV�  represent the accelerations along the tangential 

and normal directions along the particle trace, respectively. The later part is the 

centripetal acceleration.  

Since the centrifugal force acting on the particle is known, the friction force that is 

acting on the particle can be calculated. This friction force will be perpendicular to the 

centrifugal force vector and will be opposite to the direction of the velocity vector. Only 

the component of 
ρ
n̂

 that is normal to the surface is of interest for calculating the friction 

force. The unit vector that is normal to the surface, as shown in Figure C.1., can be 

defined as 
wu

wu
s ,,

,,
PP
PP

n
×
×

=ˆ . 

ρ

2mV ( )snn ˆˆ ⋅ Thus, the magnitude of the centrifugal force normal to the surface is . 

Since = φ
ρ

μ cos
2mV

snn ˆˆ ⋅  (Figure C.1), the magnitude of the friction force is φcos , 

where μ  is the coefficient of dynamic friction and m is the mass of the particle. 
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 The direction of the friction force, which is opposite to the direction of the 

velocity of  the  particle, is given by sê− . Now, the component of the friction force that 

is acting in the u-direction is given by us ,ˆ Pe ⋅− ws ,ˆ Pe ⋅− and, for the w-direction, by . 

 

C.2  Friction Forces due to Particle Mass  

 

Let R be the normal reaction force acting on the particle from the surface due to the 

weight of the particle, i.e., 

 

[ T
xx x 321

RRR=R ]                                                                                                   (C.11) 

 

Then, 

                                                             

ss RnnRR ˆˆ ==                                                                                                          (C.12) 

 

where R is the magnitude of the reaction force R,  is the unit vector normal to the 

surface as shown in Figure C.2, and  

sn̂

 

ˆ cos cos cos
1 2

T

s x xα α α⎡= ⎣n
3x ⎤⎦                                                                                (C.13) 

 

zmg αcosFrom geometry,                             R = W =                                           (C.14) sn̂⋅
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and 

 

R = Rcos( ) 1xαx1

R = Rcos(
2xα )                                                                                                           (C.15) x2

R = Rcos(
3xα ) x3

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

Figure C.2 Normal Reaction Force and Unit Normal Vector 
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 Let F be the friction force due to the weight of the particle and μ  be the friction 

coefficient. Then, one has  

 

[ T
xxx 321

F,F,F=F ]                                                                                              (C.16) 

 

and 

 

1xx μRF
1

=       

22 xx μRF =                                                                                                                  (C.17) 

33 xx RF μ=  

 

C.3  Total Friction Force 

 

The total friction force will be given by the summation of the friction force due to 

the normal reaction forces and the centrifugal forces. The total friction forces acting in 

the u- and w-directions are 

 

( uu
mVR ,ˆcos s

2
PeF ⋅−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+= φ

ρ
μμ )                                                                         (C.18) 

 

and 
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( )ww
mVR ,ˆcos s

2
PeF ⋅−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+= φ

ρ
μμ                                                    (C.19) 
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APPENDIX D: DERIVATIONS OF SENSITIVITY EQUATIONS 

 

In this appendix, detailed derivations of the sensitivity equations are presented. 

From Equations 5.1 and 5.2., we get    
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Taking derivatives of Equations D.1 and D.2 with respect to (a design variable, can be 

either a control point or a dimension), one has 
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Equations D.6a – D.6i: 
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The terms from Equations D.3 and D.6a – D.6i, a, b, c, , , , , , and  

are given below: 
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 Taking derivatives of Equations D.7a - D.7g with respect to , one has D
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Derivatives of D with respect to xi,u , xi,uu , xi,w , xi,ww , xi,uw, xi,wu can be described 

as follows: 

The last terms on the right-hand sides of following Equations D.9a and D.9f represent the 

explicit dependence of xi,u , xi,w , xi,w , xi,ww , xi,uw, xi,wu on the design variable D. 

The remaining terms describe the implicit dependence of xi,u , xi,w , xi,w , xi,ww , xi,uw, 

xi,wu on the design variable D through u(t) and w(t). 
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