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ABSTRACT

The purpose of this study is to determine the inelastic lateral-
torsional buckling Toad of a 1inearly web-tapered member having unequal
flanges and subjected to unequal end moments and axial load. Triangular
residual stress patterns in flanges and uniform tensile stress across the
web are assumed to exist. The total potential energy functional for such
a member is developed and the inelastic effects are included. Using the
standard techniques of calculus of variations, the three differential
equations describing the behavior of the member are derived and the natural
and force boundary conditions are determined. Two of these equatijons,
which are coupled, describe the out-of-plane behavior of the member.
Central difference expressions are used to transform these two equations
into difference equations. In order to determine the yield pattern at
each station along the member, a new method based on the solution of the
equations of equilibrium is proposed. By solving these two simultaneous,
nonlinear equations, the yield parameters are computed. The section
properties of the partially yielded cross-sections are computed using the
yield parameters. The section properties are used to satisfy the differ-
ence equations at different nodes along the member. The value of the de-
terminant of these equations is tested for different trial values of the
buckling load until a zero value is found which insures buckling. The
buckling mode shape is then obtained by assuming one of the displacements
equal to unity, cancelling one equation and solving the rest of the equa-
tions using Gauss~Jordan elimination method.

The results of the analysis are compared with solutions available
in the literature and also with those of a 1imited experimental study.
Good agreement is shown to exist. The effect of the curvature of the
neutral axis and the contribution of the yielded portions in lateral-tor-
sional buckling are explained. The results of the study are used to de-
velop a design criterion for singly-symmetric, tapered members and an in-

teraction-type equation is developed in Load Resistance Factor Design for-
mat.

Xii



CHAPTER 1

INTRODUCTION

1.1 Background

The use of tapered or non-prismatic structural elements has been
increasingly popular since the 1960's. Their use was suggested for the
first time in 1952 by Amirikian(l), and since then a significant amount
of research has been devoted to investigating the strength and stability
of both.sing1y and doubly-symmetrical web tapered members. In such mem-
bers, the web dimensions vary along the length to permit a more efficient
use of the material and provide the required strength at different loca-
tions. It is not feasible to fabricate the structural elements to match
the required strength over the entire member length because of labor cost
and manufacturing difficulties. However, the use of non-prismatic mem-
bers may result in significant savings of material.

It was not until 1969 that the design provisions for tapered
members appeared in North American specifications. Appendix D of the
1969 AISC "Specification for the Design, Fabrication and Erection of Struc-
tural Steel for Bui]dings"(z) provides criteria for the design of doubly-
symmetrical, tapered beams, columns and beam-columns. In order to satisfy
these requirements, it is necessary to maintain double symmetry, which re-
sults in inefficient use of material especial]y.in the tension flange of

members subjected to axial load and bending moment. Another shortcoming of

-]
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the given specifications is that the interaction equation proposed for
the design of beam-columns (tapered or prismatic), is based on the in-
plane behavior of such members, while for common dimensions of the cross-
sections and lengths, the laterally unsupported members are more likely
to fail by the lateral-torsional buckling (LTB).

In order to achieve greatest economy, high strength steels are
used to fabricate tapered members, which along with the need for materiail
optimization, result in members with high flange stresses. This causes
the potential for lateral-torsional buckling to increase for laterally
unsupported beams, columns and beam-columns. For comparatively long
members, with no residual stresses, lateral-torsional buckling will occur
in the elastic region. Shorter members are capable of being loaded into
the inelastic region and this becomes more probable when residual stresses
exist. The presence of residual stresses gives rise to complicated prob-
lems in the analysis and design of steel structures. Due to the non-
uniform distribution of such stresses, at high stress levels some fibers
reach the yield point and the effective section properties vary from
their values for an elastic section. Because of the complicated nature
of the inelastic stability problems, the design specifications have not
been medified to take into account the inelastic effects for tapered and
singly-symmetrical members.

The purpose of this study is to develop a procedure for the de-
sign of tapered, singly-symmetrical beam-columns assuming that the lat-
eral-torsional buckling is the governing failure mode and that the yield
stress is reached at some points on the cross-section due to the presence

of residual stresses combined with the stresses caused by external loading.
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In this study, a review of the literature in the related areas
is first presented. Texts and papers giving historical background to
the stability problems are reviewed. Then the governing differential
equations of the problem are obtained by minimizing the total potential
energy functional and the boundary conditions are specified. The finite
difference technique is used to solve these equations. The results of
theoretical study are used to develop a design methodology and compari-
sons are done with those of experimental investigations and with other

analytical techniques used for different cases.

1.2 Review of Previous Work

1.2.1 Elastic Stability of Prismatic Beams and Columns

The elastic stability of compression members was studied first

by Euier(3) in the 18th century. He developed the theoretical solution
to the problem of a concentrically loaded column and his results were
experimentally verified by Van Musschenbrock(4) who performed tests on
the columns with solid rectangular cross-sections. The increasing use
of steel during the 19th century resulted in the use of laterally un-
supported beams with high flange stresses. Prandtl(s) was the first to
consider the elastic lateral-torsional buckling of beams having deep and
narrow rectangular cross-sections. He used St. Venant torsional proper-
ties and neglected warping torsion. An extensive theoretical study by
Timoshenko(s) was performed on the elastic buckling behavior of the
doubly-symmetric I-beams and he included the warping effects for such
open sections.

DeVries(7), while attempting to simplify the theoretical formu-

lations, derived simple rules for computing the critical stress in the



elastic range of buckling. He showed that such a stress is a function of
the flange dimensions, depth of the section and the length of the beam. Def-
inition of the shear center by Eggenschwyler and Ma111art(8) made it pos-
sible to analyze the torsional behavior of singly-symmetrical I-sections.
Based on this, Ninter(g) analyzed the lateral instability of non-symmet-
rical sections in 1943 and Ostenfe1d(10) noted that at buckling the center
of twist does not coincide with the shear center. Wagner(ll), in 1929,
investigated the torsional buckling of compression members and explained
that at buckling, a distrubing torque is exerted on the section due to
the twist of the member. This has been referred to as the Wagner effect.
The developments of prismatic beam-column theory in the first
half of the 20th century have been reviewed by B1eich(12). In 1937,
Shanley(l3), developed the interaction formulas considering the in-plane
behavior of beam-columns. Massonet(14), proposed the "equivalent uniform
moment" for columns subjected to unequal end moments. Nright(ls) was the
first one to consider the lateral deformation of a column loaded by a
single concentrated force at the mid-span. Ketter(ls) has also studied
this case and has developed interaction curves to predict the strength
of wide-flange beam-columns. A comprehensive treatment of the theory of

such members is provided by Atsuta and Chen'17518)

» which considers
both their in-plane and out-of-plane behavior. The differential equa-
tions describing the behavior of non-symmetrical, thin walled beam-columns

(19), and Bleich(lz) has derived similar equa-

have been derived by Vlasov
tions by minimizing the total potential energy functional. Similar at-
tempts have been made by Timoshenko(ZI) and Gaiambos(zo), to study the

behavior of structural members subjected to axial load and bending moments.
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"Guide to Stability Design Criteria for Metal Structures" by SSRC(ZZ),
covers a coiplete account of buckiing of structural members. An exten-
sive Tist of references on the lateral stability of beams has been as-
sembled by Lee(23).

1.2.2 Elastic Stability of Tapered Members

Shortly after the use of tapered members was suggested by
Amirikian(l) in 1952, research started to consider the lateral stability

of such members. Lee(24)

, in 1956, studied the torsional behavior of
tapered, doubly-symmetrical I-beams, ignoring the effect of web defor-
mation. He demonstrated the fact that the contribution of web to out-
of-plane bending is negligible and also noted that the torsional term
derived by Timoshenko for prismatic beams remains unchanged in tapered
beams.

Culver and Preg(zs) have used Vlasov's approach to derive the
differential equations describing the in-plane and out-of-plane behavior
of doubly~-symmetrical tapered members. They employed the finite differ-
ence approach to find the critical moments for beams having different
taper ratios, support conditions and end mome:ts. Their results have
been experimentally verified by Butler and Anderson(zs) and Krefeld et
a1.(27).

The minimization of the total potential energy has frequently
been used to develop the governing differential equations and to obtain
approximate solutions for members with tapered web or flanges. Van-
kayya(za) has investigated the stability of simply supported I-beams in
which the depths increased parabolically from the center and were loaded

by central concentrated loads or uniformly distributed loads. The
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(29) who

potential energy approach was also used by Lee, Morrel and Ketter
investigated the stability of doubly-symmetric tapered members under vary-
ing end moments and used the Rayleigh-Ritz method to find the solution.
Chi(so) extended this approach to singly-symmetrical members and obtained
the solution using polynomial displacement functions. E. Heidarzadeh(sl)
has also used polynomials to study the elastic stability of tapered mem-
bers with discrete lateral braces. Sheu(32) has added the effect of
lateral loads to Chi's problem and he has obtained the solution in a simi~
lar way.

Gere and Carter(33) have developed formulas and graphs for the
determination of elastic buckling loads of uniformly tapered and doubly-
symmetric columns, having different boundary conditions. The same ef-

(34)

fort was made by Girijavallahhan who used the finite difference

technique to obtain the buckling loads of nonuniform columns. Lee and

Hsu(35)

used the finite element method to determine the buckling loads
for tapered columns having unequal flanges.

Trahair and his research team(36’37’38) have provided several
studies on the stability of singly and doubly-symmetric, stepped and
uniformly tapered beams. They noted that for singly symmetrical, tapered
members the centroidal axis and the shear center axis are inclined toward
each other, They also neglected the fact that the centroidal axis in
such members is not a straight line, as will be shown in Section 2,
Chapter II. Using the method of equilibrium, they have derived differ-
ential equations describing the lateral-torsional behavior of tapered
beams and solved them by the finite integral method. The same approach

(39)

was used by Nelson who studied the wedge beams under moment gradient.



1.2.3 Inelastic Stability of Prismatic Members

Experimental study of the inelastic stability started as early
as 1913 by Moore(ao), who tested standard I-beams and studied their lat-

eral buckling. Later, Ketchum and Draffin(41)

made similar experiments.
The results obtained showed much Tower critical stresses than what was
predicted by the theory of elastic stability. In 1939, Chwa]]a(42)
published a éomprehensive discussion of the problem, considering the
lateral buckling of symmetrical I-sections.

In order to predict the buckling load of columns, two concepts

were stated by Engesser(77).

One is called the tangent modulus approach,
which is based on the assumption that unloading follows the same path as
loading. The second approach is the reduced modulus, which assumes dif-
ferent moduli of elasticity in loading and unloading. This approach

leads to a larger value for the critical buckling load. It was not until
1047, when Shaniey(3) explained the differences and showed that the in-
elastic buckling load predicted by the reduced modulus can be reached

only for infinite displacements. B1eich(44), has indicated that the in-
elastic buckling stress can be obtained by substituting the tangent mod-
ulus in the elastic buckling formula. Test results reported by Hechtman,

Hattrap, Styer and Tiedmann(45) (46)

and studies by Austin » show that
this approach is somewhat unconservative.

One of the first who made experimental and analytical studies
on the inelastic lateral-torsional buckling (LTB), was Nea1<47). Using
the finite difference approach, he obtained the theoretical buckling loads
based on the reduced modulus theory and also performed tests on beams

having rectangular cross-sections. Several tests were made to show that,



both in beams in pure bending and in bending combined with shear, the
initial torsional rigidity remains unaltered at its elastic value when
partial yielding of the cross-section has occurred.

Nittrick(48) extended Neal's work to rectangular beams of mater-
jals in which strain hardening occurs and followed the tangent modulus
approach. white(49) considered the inelastic LTB of a member subjected
to unequal end moments by assuming that the cross-sections of the beam
are either entirely elastic or completely inelastic. This resulted in
a member with abrupt changes in stiffness.

galambos ¢ 50551,52)

studied the LTB of partially yielded, wide
flange shapes subjected to eccentric axial loading and included the ef-
fect of residual stresses to obtain the buckling loads and to develop

the interaction curves. Ketter(53) developed ultimate stgength inter-
action curves for an axially loaded column with a concentrated transverse
load at mid-depth, assuming in-plane bending. The theoretical solution

to the inelastic stability of a wide-flange beam-column subjected to

(54) (55)

unequal end moments was given by Fukumoto Galambos and Fukomoto
introduced the idea of Column Deflection Curves (CDC) and Column Curvature
Curves (CCC) in solving the buckling problems.

In the 1970's, the finite element method became one of the most
important techniques used in solving the stability problems. Murray and
Rajasekaran(56’57) have used this method to analyze a thin walled, in-
elastic member subjected to biaxial bending and axial compression. Mallet
and Marcal(ss) have proposed a finite element analysis approach for non-
linear structures. Considering the out-of-plane behavior of beam-columns,

(59)

Hsu and Lee used the finite element analysis to analyze such members
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considering lateral-torsional end restraints and including the effect of
residual stresses. In this study only the elastic core has been used in
computing the section properties of partially yielded sections., As will
be discussed in Chapter III, Section 1 this can result in some error.
The finite difference technique has also been used by several
authors to solve the inelastic stability problems. Miranda and Ojalvo(so)
used it to solve the governing differential equations of a doubiy-sym-
metric beam-column. Hartman(sl) has derived the total potential energy
expression for inelastic, singly-symmetrical beam-columns with discrete
bracing points and ahs also used the finite difference technique to study
the instability of such members. Nowacki(sz) has also used the minimi-
zation of the total potential energy for inelastic, wide-flange beam-
columns and has obtained the critical load by using Holzer's method.
Since the existence of residuai stresses is the primary cause
for the inelastic behavior of steel members, their study has always been
of great importance to those conducting research on the steel structures.
For wide-flange shapes, a linear variation of stress along the width of

flange is assumed(sz’ss’sz).

The ends of the flanges are assumed to be

in compression and the tensile stress along the web is taken as constant.
The distribution of residual stresses in singly-symmetrical sections has
been studied by Lee and Nuokedi {63,

1.2.4 Inelastic Stability of Non-Prismatic Members

Investigation of the inelastic instaLility of tapered members has

mostly been concentrated on columns. Newton(64), Appl and Sheets(ﬁs),
Young(68), K1ein(67), Goldberg68), App1 and Smith(6%), have a1 studied

the buckling strength of inelastic, tapered columns, using various



10

methods including those discussed here. Emphasis has been placed on
doubly-symmetrical members and due to the complexity oﬂ‘the problem,
1ittle attention has been devoted to the effects of the residual stres-
ses on the behavior of singly-symmetrical columns.

Only a recent paper by Lee and Hsu(35)

was found, which has ana-
lyzed the problem of inelastic stability of columns ina more general
manner. A singly-symmetrical, tapered beam-column is analyzed subjec-
ted to one end moment and the residual stresses are assumed to exist in
the flanges only. The finite element method is applied and the average
values of the cross-sectional properties at the two nodes are used for
each element. The results are used to modify the interaction equation

used by AISC.

1.3 Current Methods Used in Stability Analysis of Beam-Columns

The failure analysis of laterally unsupported beam-columns us-
ually involves one of the following methods:

(1) Timoshenko(ZI) derived the differential equations describing
the behavior of thin walled members by considering the equilibrium of a
finite portion of the beam-column and obtained three simultaneous equa-
tions. walof these equations are second order and one is a third order
equation.

(2) V]asov(lg) considered the equilibrium of an infinitely small
element of the buckled beam and obtained three fourth order differential
equations.,

(3) B]eich(lz) minimized the total potential energy functional

and derived the governing differential equations. He defined the shear
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center axis as the axis of rotation of the member.

In all of the above cases, symmetry of the cross-section causes
the differential equations to become uncoupled, i.e., @ doubly sym-
metric member has three uncoupled equations and for a singly symmetric
section, two equations are coupled and one is uncoupled. It is obvious
that for inelastic cases, a doubly-symmetric section is, in effect, a
singly-symmetric since the shear center and the centroid are separated
after yielding.

A closed form solution of the governing differential equations
is available only for special cases of loading and symmetry of the cross-
section. In order to solve stability problems in a more general form,
it is necessary to use approximate methods. In some methods, such as
Rayleigh-Ritz and the Galerkin method, the buckled configuration of the
member is approximated by a function satisfying the appropriate boundary
conditions. Finding the buckling load by such an approach is thus reduced
to solving an eigenvalue problem.

In the finite element method, the member is modeled as an as-
semblage of inter-connected elements. For an element of varying cross-
section, the section properties are assumed to be equal to the average
of their nodal values. A polynomial represents the deformed configura-
tion and the total potential energy functional is used to develop the
stiffness matrix of each element. The structure stiffness matrix is as-
sembled considering compatibility of displacements and equilibrium of
forces at connecting nodes. By setting the determinant of this matrix
equal to zero, the critical buckling load can be obtained.

The finite difference technique gives a pointwise approximation
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to the governing equations. The values of the derivatives of all terms
in the equations are substituted by forward, central or backward dif-
ference expressions. The governing equations are satisfied at several
poihfs a1ong'%he member and the determinant of the resulting equations
is set equal to zero in order to find the buckling load.
The above methods can be used to analyze qinelastic members

as well as the elastic ones, It has been conventional practice to find
the yield pattern and modify the equations by using the section proper-
ties of the elastic core at different cross-sections. It will be shown
in Chapter III that neglecting the yielded portions in lateral-torsional
buckling problems is unconservative and thg results are more realistic

if the elastic core is used and the effects of the yielded parts included.

1.4 Current Methods Used in the Désign of Beam-Columns

The stability interaction equation used by AISC (Formula 1.6-la
of Reference 2 ) has generally been recognized as a convenient design
tool to design members subjected to axial and bending stresses. This
equation, which is derived based on the in-plane behavior of beam-columns,
does not have a rational basis when used for laterally unsupported ele-

ments. However, as indicated by Massonet(76)

» with only slight error,
the same equatiqn can be used to predict the failure by lateral-torsional
buckling, Based on this, the same equation has been recommended by AISC
to be used for laterally unsupported beam-columns.

For tapered members used as beam-columns, a similar interaction
equation is proposed by AISC (Formula D.l1-la of Reference 2 ). In this

equation, an effective length factor has been used to identify a prismatic
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member with the equivalent length of a tapered member. The equivalent
Tength approach has also been used in the design of tapered beams and
columns with similar factors for both types of members. Another approach
to the design of the tapered members is suggested by Salvadori(70).
Again, modifying factors to doubly symmetrical solutions are used. Spe-
cific coefficients have been incorporated into the AISC specifications to
account for moment are a function of gradient.

A new design philosophy, recently introduced into practice in

the U.S. by Galambos and his research team(74)

is termed Load Resistance
Factor Design (LRFD). Thisapproach interprets the safety of a structure
in terms of its "limit states" unlike the customary allowable stress de-
sign., It was first developed and used in Europe in the early 60's for
the design of reinforced concrete structures. Probabilistic approaches
have been employed to compute different load and resistance factors with
the following general formula as the LRFD design criterion:

oR, > Iy, Q (Equation 1 in Reference 74)

where the left side represents the resistance (strength) of the structure
and the right side the factored loads.

On the resistance side, ¢ = the resistance factor < 1. This
factor reflects the uncertainties included in computing Rn, the nominal
resistance, which is computed based on the nominal values of the cross-
sectional and material properties. On the right side, Qm is the "mean
load effect” and Yy is the corresponding load factor which reflects the
potential of the overloads. Qp is a generalized force or action (axial
force, bending moment or shearing force), obtained by using the mean

loads for which the structure is designed.
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The resistance of a structure is always defined with respect to
a certain "Limit State". Two sets of 1imit states have been defined:
the ultimate 1imit states and the serviceability 1imit states. The ulti-
mate 1imit states include the maximum strength, different types of in-
stability of structures and members, progressive collapse, etc. Service-
ability 1imit states are observed in excessive deflection and vibration.

The LRFD is a broad subject and the study of its details is be-
yond the scope of this work. Since this study is limited to the Tateral-
torsional buckling of beam-columns, only the design formulae proposed for
the Jimit state will be discussed. In the proposed LRFD format(74), the
interaction equation currently used by AISC in the allowable stress design
format has been translated into the LRFD format using ¢ factors. The ¢

factors proposed in Reference 75 have been used.

1.5 The Scope of the Present Study

This study is concerned with the lateral stability of tapered
members subjected to axial loads and unequal end moments. Only singly-
symmetrical members, linearly tapered fn depth are considered. The ef-
fects of the residual stresses are included and the results of the analy-
sis have been used to develop a design formula based on the LRFD method.
The objectives can be Tisted as follows:

1. To develop the governing differential equations of the prob-
lem in the most general case to include the effects of the residual
stresses and tapering. Inconsistencies in the formulation of the problem

by different authors are to be discussed.
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2. To determine the critical combination of axial Joad and end
moments when failure is by lateral-torsional buckling,

3. To compare the theoretical critical Toad with the current
design requirements and to develop a design equation based on the LRFD
approach.

In Chapter II, the procedure for the theoretical analysis is
explained. Assumptions made regarding the values of the residua]lstresses,
Timitations on the sizes and those used in the stability analysis of a
beam-column are explained. The effect of the curvature of a singly-sym-
metric, tapered member is investigated and within the limitations of this
study, this effect has been neglected, The total potential energy func-
tional for tapered beam-columns is developed and the inelastic effects
are included. Using the standard techniques of the calculus of varia-
tions, the three differential equations describing the behavior of such
elements are derived. The central difference expressions are used to
transform these differential equations into difference equations. Two
of these three equations are coupled and simultaneously describe the
out-of-plane behavior of the beam-column. These two equations need to be
satisfied at internal stations along the element, and at each station the
coefficients of the difference equations must be computed using the
section properties which in turn depend on the yield patterns at the
proper points.

In this study a method to find the yield pattern and to determine
the yield parameters is proposed which is based on the solution of the
equations of equilibrium. The idea is similar to the ultimate strength

design of reinforced concrete. It can be shown that the two equations
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of equilibrium and also the yield parameters for different yield patterns
can all be defined in terms of two unknowns: the curvature of the section
and the location of the neutral axis (distance to the top flange). The
two equations of equilibrium are nonlinear and simultaneous in terms of
the above unknowns. Solution of these equations results in the needed
yield parameters.

At each node the above analysis is performed and the cross-
sectional properties are computed using the yield parameters. The dif-
ference equations are then satisfied and the determinant of the resulting
equations is assembled. The effect of the boundary conditions (fixed or
pinned) is included. Effects of one intermediate brace are included in
the formulation.

The value of the determinant is tested for different trial values
of the buckling load (using the method of bisection) until the one that
vanishes the determinant is found. The details of the computer program
written to do the above analysis are explained in Chapter II,

The results obtained are compared with the results given by dif-
ferent sources in Chapter III. Results are obtained for inelastic,
prismatic beam-columns, elastic tapered beams and columns, inelastic tap-
ered beam-columns, etc. The effect of an intermediate bracing is shown.
The contribution of the yielded portions in LTB is discussed and the
error resulting from using the elastic core is noted.

In Chapter IV a design equation is proposed in the LRFD format. ..
Regression analysis is performed to determine the parameters in the inter-
action equation used for tapered beam-columns and design aids are performed
which include the effects of the tapering, singly-symmetric and residual

stresses.



CHAPTER I1I
THEORETICAL ANALYSIS

2.1 General

In this chapter the method of stability analysis for a tapered,

singly-symmetrical member subjected to unequal end moments and axial load is

explained. The effect of the residual stresses is included. A computer pro-

gram is developed to find the buckling load and attention is focussed on the

out-of-plane behavior of the beam-column.

2.2 Assumptions

1.

w

0 N o0 o6 b

The assumptions used in this study are as follows:

The material is elastic-perfectly plastic and no strain reversal
occurs (Figure 2.1).

The member is initially straight and free of imperfections.

The moment of inertia about the x-axis is significantly larger than
that about the y-axis (Figure 2.2).

The external moments are applied about the x-axis of the member.

The taper angle is less than 10°.

Plane cross-sections do not change in geometric shape during buckling.
The effect of the shear strains on the deformations may be neglected.
During buckling, the internal forces and the external loads remain

in a vertical plane and no unloading occurs.

Warping stresses and strains are developed only in the elastic core

during buckling.
17
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10. The curvature of the neutral axis is neglected.

11. The Bernaulli-Navier hypothesis (bending strain is proportional to
the distance from the neutral axis) applies to inelastic as well as
elastic deformations.

12. The material in the flanges of the beam-column is concentrated at
the centerline of the flanges. The distance from the top flange to
the bottom flange and the height of the web is then equal to the
center-to-center distance of the flanges of the real beam (Figure 2.2).

13. The area of the compression flange is not smaller than the area of
the tension flange.

Assumption (3) was stated by Salvadori(70)

and allows vertical de-
flections to be neglected for lateral-torsional butkling. Boley(71) has

shown that the standard flexural formulas can be used for less than 10° tap-
ered beams and the resulting error would be less than 2%. Assumption (5) is
made regarding his findings. As will be discussed later, for singly-symmetric,
tapered members, the neutral axis is not a straight line and the deviation of
this curve from a straight line increases as the taper ratio becomes larger.
Assumption (5) also justifies assumption (10) because of 1imiting the devia-
tion of the neutral axis as stated above. Assumptions (6) and (7) are made

according to V1asov(19)

» who used these to separate the combined bending and
torsion effect in a member into two independent actions. Assumption (12) re-
sults in adding an area equal to the thickness of the web times the average
thickness of the two flanges to the area of the cross-section. This is justi-
fied by the fact that the tabulated area of a cross-section is more than the
sum of the areas of the rectangular components. The rest of the assumptions

are common in mechanics of materials.
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In addition to the above, the following size limitations have also

been assumed to exist (Reference 39):

minimum depth
1< f]ange width < 6

length
minimum depth < 24

15 < flange width
— flange thickness

< 50

6 inch < depth of small end < 24 inch
3 inch < flange width < 12 inch
3/16 inch < flange thickness < 3/4 inch

2.3 The Curvature of the Neutral Axis

As mentioned earlier, the neutral axis of a singly-symmetric, tapered
member (the line that connects the centroids of different cross-sections), is
not a straight line. This effect, which is commonly neglected in formulation
found in the literature, can be observed by locating the centroid of a cross-

section at a distance Z from the smaller end (Figure 2.3).

z 2,2
AgD, + }A3D, - A2Do(1+YL)-+ 030 (1+4)

y = — v
Al + A2 + A3 A1 + A2 + Ao3(1+ﬁ:)

(2.3.1)

It can be seen that this function does not represent a linear vari-
ation in terms of z, so it is concluded that such members can be taken as
curved elements in their plane of loading. It is also observed that when

A1 = A2, i.e., for doubly-symmetrical sections,

D
y=—3 0P =3

which represents a straight line. In order to determine the amount of the



€ ? 20

b
2
A2=b2t2
d
-

Figure 2.2 The Real and Idealized Cross-Section

Figure 2.3 The Curvature of the Meutral Axis (Not Drawn to Scale)
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deviation from a straight line, the equation of the straight line connecting
the centroids of the two ends is written and the difference between the two

ordinates shows the amount of this deviation (Figure 2.3):

AZDO + !5A3DO

v, - (2.3.2)
Ay + Ay *+ Ay3

_ AD, +3%AD

Y, = 2L 731 (2.3.3)
Ay + Ry + A5

yz = yl + (YZ‘:V—I) ‘E‘ (2.3.4)

Dev. = y - y; (2.3.5)

For all positive values of z, this deviation is positive, i.e., the
neutral axis 1is curved, concave down and deflected toward the larger flange.
Another important conclusion is that when singly-symmetric, tapered members
are subjected to axial compression and bending and the smaller flange is in
tension, this curvature is reverse to the deflected shape of the member due
to loading. Therefore, it is concluded that, in such beam-columns, the P - 4
moments are reduced due to the curvature of the neutral axis.

The values of the centroidal deviations in the mid-span are tabulated
in Table 2.1 for two different cross-sectional dimensions at the smaller end
and a taper angle of 10°. It is noted that the amount of this deviation is a
function of the section properties at the smaller end, taper ratio, length of
the member and z, the distance from the smaller end. However, it is observed
that for dimensions used in practice, such deviation does not exceed 0.2 inch.
Therefore, in this study, the effect of the curvature of the neutral axis is

neglected.
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Table 2.1

"The Values of the Centroidal Deviations
for o = 100 at Mid-Span

L=60" L=120" L=180" L=240"
D,=17.375, A;=2.5, R,=3.75, A,3=3.26 0.018 0.06 0.099 0.145

D,=9.5, A;=1.125, Ay=1.5, Ay3=1.78 0.016 0.044 0.068 0.09

i
i
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2.4 Residual Stresses

The behavior of hot rolled and flame cut members is usually affected
by the existence of residual stresses. These stresses are the primary cause
of the inelastic behavior of structural members and therefore their consid-
eration is essential in determining the stability of tapered beam-columns.
Several experimental investigations to measure the magnitude of such stresses
have been reported and it has been shown that the residual stresses can reach
the yield stress in some instances.

| The stress pattern that has generally been used to model the existing
residual stresses is known as the triangular pattern (Figure 2.4). In this
model, used for wide flange sections by several authors(55’61’62), the varia-
tion of stress across the flanges is taken to be linear, the tips being in
compression with tension near the web. The tensile stress across the web is
" assumed to be constant. (The stress in the web has been disregarded by some
authors(sg).) Usually, the maximum compressive residual stress at the tips
of the flanges is assumed equal to 0.3oy(55’62), or 0.Soy(59)
ibrium of the forces will determine the magnitude of the tensile stresses

, and the equil-

across the web (Figure 2.4).

However, the use of the above model with the same values of stresses
for singly-symmetric sections will result in the inequality of the flange
forces and therefore the section will not be in equilibrium. Lee and Hsu(35)
have neglected the tensile stress in the web and have assumed equal values
for the tensile and compressive stresses in the flanges (Figure 2.6). The
forces in this model are in equilibrium but it Tacks the compatibility of
strains since at the intersection of the web and flanges there is some strain

in the flange and none in the web.
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In this study another model to represent the distribution of residual
stresses for the singly-symmetric sections is proposed. It is assumed that
the maximum values of the compressive stresses in the flanges are different
while the tensile stress in the web is uniform (Figure 2.5). By specifying the
maximum value of the compressive stress in the upper flange, the compressive
stress in the lower flange and the tensile stress in the web can be obtained
using the ecquations of equilibrium (See Figure 2.5):

iM (bottom flange) = 0

Asoy (B) - 3D (o - 0.) = 0 (2.4.1)
:F, =0
Agop = *2h (crc - crt) - %A (Urb - Urt) =0 (2.4.2)

The first equation gives

Ay
[o 2 a,
rt A2 + A3 rc

and substituting in Equation (2.4.2),

1+ A3/A1

g [o}
rb rc
1+ A3/A2

It can be shown that within the practical Timitations of the dimensions, the
values of L and Opc are essentially equal. For example, if A1 = 2.5“2,_
A2 = 3.75“2 and A3 = 3,25"2 (from Table 2.1), the above relationship gives:

opp = 1.23 0.

This model has the advantage of being in equilibrium and in the special case
(doubly-symmetrical section), is the same as the pattern used in the litera-

ture by several authors.
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2.5 Theoretical Analysis and Solution Method

The total potential energy expression for an inelastic, tapered,

singly-symmetric beam-column is derived in Appendix A and is repeated here:

L
2 2

ek f (€1 (L (ur(d-y)e))? + EL (L (u-ye))? + Glo'

0 dz dz

2
+ B EL v Z e Myt - Myt + W80 E - p(utd v viE o rfyrd
+2u'e'y,) +f(R.S. * o )(2yv" + eyl By cl>'2(yo-y)2
A .

+ 2u'¢'(y0 - y))dA} dz (2.5.1)
The three governing differential equations which describe the behavior
of the beam-column, can be derived by minimizing the above functional. It

is sufficient to set the first variation of the total potential energy ex-"

pression equal to zero or use Euler's equation, given as:

9_2__(_""_) . d ( om )+ 3 = (2.5.2)

2 n o [ ]
dz X i dz ‘ax i ax,i

and the associated boundary conditions are:

L
d m am -
and [(EE? X" - aX'5 ) ax{] o = 0 (2.5.3)

L
o ) -
[W 8X 1]0 = 0 (2.5.4)

where X; denotes each of the deformations v, u and ¢.




27

Substituting Equation (2,5.1) into Equation (2.5.2) gives three equa-

tions by taking first variations in v, u and ¢, respectively:

columns.

2 . ’
d " d tay ! =
d—z'z' (EIXV + MX +J.A(R.S. + O'y) _VdA) - ai(-pv +v A(R.S.+Oy)dA) =

(variation in v) (2.5.5)

2 w u
if (ET (d - y)(u - yo + do)" - EI y(u - y@)) - G (€I
(d'-y' ) (u-ygotde) - 2EL, y' ¢'(u-y4) + Glo' - Mu' + stx¢'-pr2¢'

] 1 2 If‘ n
- pu'y, t+ o fA (R.S. + cy)s dA +u R (R.S. + c:y)(y0 - y)dA) - Ey s

(I(u -y + d<1>).I + It(u-¢ys)") =0 (variation in ¢) (2.5.6)

2 " n
%Z—z (EI(u - yso + do) +El(u-ye)) - g—z— (-Mys*' - pu' - ps'y,

+ u'J; (R.S. + oy) dA+ ¢'fA (R.S. + oy)(.Yo -y)dA) =0

(variation in u) (2.5.7)
The above equations describe the behavior of inelastic, tapered beam-

Equation (2.5.5) governs the in-plane behavior and since this study

is concerned with lateral-torsional buckling, it will not be used and its bound-

ary conditions are not of interest. The two other equations,which are coupled,

simultaneously describe the out-of-plane behavior of such members. It is ob-

served that for simple or fixed boundary conditions, su and 8¢ at the ends are

zero and the boundary condition (2.5.3) is satisfied. Also for fixed ends,
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su' and &¢' are equal to zero which satisfy (2.5,4). The natural boundary

conditions for simply supported ends are:

a'ﬂ' _ [ 1\ - [1] | S ]
il El (utdo-ygo) +El (u-ye) =Elu -2kl ye -Eyee I+
| ] n

2Ech ¢ - Eyst¢ (2.5.8)

Py _ 1 " _ 1] [

o = ELldy) () - (rge)” ULy oLvg) = Bl (dy)(d +2d's )

(2.5.9)

The boundary condition (2.5.9) has been previously mentioned by

Lee(24). Assumption 3 of Section 2.2 implies that the lateral-torsional buck-

ling will be the govérning failure mode, so the buckling load will be obtained
by solving Equations (2.5.6) and (2.5.7), simultaneously. The details of sim-
plification of these equations are given in Appendix B. It is to be noted
that the section properties in these equations vary along the beam-column, so
a numerical solution method is required which takes such variations into ac-
count.

In this study, the finite difference technique is used to solve the
above equations and determine the buckling load. The procedure of transform-
ing the two coupled differential equations into difference equations is also
shown in Appendix B. The central difference expressions have been used to
approximate all derivatives since the round-off error is smaller than what
caused by using backward or forward differences. The resulting difference

equations are linear combinations of u and ¢ values at different stations.

The member is divided into n equal segments and the difference equations must
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be satisfied at different stations (nodes) along the member, The boundary

conditions are 0 = Up = 0y = U, = 0, Figure 2.7(a). Also, for simple ends

(1ateral-torsional), u_y

n

-uy and ¢_y = -¢; Figure 2.7(b). Fixed ends (laterai-

]

torsional) require: u_y

2.7(c).

Uy and o1 = 41> Uil © Upal and ¢n+1 = $p.1° Figure

Since the related difference equations must be satisfied at different
nodes along the beam-column and the coefficients in these equations are func-
tions of the section properties which vary with the different yield patterns,
it is necessary to determine the yield pattern at each node. For prismatic
members, development of the moment-curvature-thrust relationship about the

strong axis of the cross-section, has been proposed by Galambos(ss).

For tap-
ered members, due to the change of the depth, the above procedure would be
quite difficult to apply, since at each node a new set of curves would need to
be developed.

(73) can be

Another approach, suggested by Morre1(72) and Movaghar
used to find the yield pattern through an iterative procedure based on incre-
mental loading. The cross-section is divided into small segments, the load
is increased and the yielded portions are removed until the equilibrium is
satisfied. This method is applicable for tapered members but the amount of
computer time required is comparatively high and the accuracy of the result
will depend on the number of segments at each cross-section.

In this study, another approach, based on the solution of the equa-
tions of equilibrium is proposed. The idea is similar to that of the ulti-
mate strength design of reinforced concrete. This approach is based on the

fact that the two equations of equilibrium at a cross-section and also the

yield parameters (which specify the depth of the yield penetration in the web
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or flanges), can all be written in terms of two unknowns: The value of the
curvature due to loading and the location of the neutral axis (point of zero
strain due to loading). The two equations of equilibrium are nonlinear and
simultaneous in terms of the above unknowns and they are also functions of the
yield parameters (which in turn depend on the same unknowns). Since it is not
possible to determine in advance which yield pattern will prevail at a cross-
section, the procedure to determine the yield pattern (among different pat-
terns) is a trial and error procedure. This method, enjoys the advantage of
being non-iterative and so the amount of book-keeping effort and computational
time required is considerably less than what is needed for other methods dis-
cussed.

Since the aim of the whole procedure is to determine the buckling load,
and a value for buckling load is needed to find the yield patterns, an itera-
tive procedure must be followed. In this study, two values for the buckling
Toad (upper and lower limits) are estimated and investigation is performed to
locate the value of the buckling load between the two limits. The method of
Bisection (or halfing) is used to determine the critical buckling load.

The method used to find the inelastic buckling load of a tapered
beam-column, based on the above discussion, can be summarized as follows:

1. The two limits of the buckling load {(axial load or bending moment)
are éstimated and the critical load is investigated between these

two limits.

2. Assuming a trial value of the buckling load, the yield pattern is
sought at each node along the member. In order to determine the
yield pattern, the following steps are needed: first based on the

elastic behavior, the extreme values of the stresses on the section
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are checked (pne out of fiye patterns will be chosen) and if no ac-
ceptable result is obtained by solving the equations of equilibrium,
another yield pattern is tried, (Figure 2.8).

3. By solving the equations of equilibrium and finding the value of the
curvature and the Tocation of the neutral axis, the yield parameters
are obtained.

4. The section properties are calculated using the yield parameters.

5. The difference equations are satisfied at each unrestrained node. By
dividing the member into n segments, there will be 2(n-1) difference

equations to be satisfied, which can be written in matrix form as:
u -
(D) {53 =0

6. Setting the determinant of matrix (D) equal to zero, provides the
condition of lateral-torsional instability. The value of this deter-
minant is tested for different trial values of the buckling load till
the load that vanishes the determinant is found.

In order to insure that this load is the first buckling load, the
buckling mode shape is found. After determination of the buckling load, one
of the degrees-of-freedom, for example, Ups is taken equal to 1. This value
is substituted into ali equations, the corresponding row and column to u; are
cancelled and the remaining 2n-3 linear equations are solved to find the rel-

ative values of the displacements and rotations.

2.6 Computer Program

" A computer program for this study was written using Fortran - IV
language for an IBM 370/158 computer. The steps used to find the buckling

load of a tapered beam-column are as follows:
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Step I - Input Data. The input data includes the dimensions of the

web and the flanges at the smaller end, the taper ratio, the yield stress of
the material, the length of the member and the type of the boundary conditions
(fixed or pinned)., The value of the maximum compressive residual stress in

the upper flange as a percentage of the yield stress must also be given. The
location of the intermediate brace (distance from the smaller end) must be
specified and if such a brace does not exist, this value will be equal to zero.
An upper bound estimate of the buckling Toad must be given, This load should
not be higher than the plastic capacity of the section and some preliminary
calculation is required to estimate its value. The lower bound is specified
as 40% of the upper bound. The program can work in two modes: Beam type, in
which the value of the axial load is specified and the larger end moment is
taken as buckling load, and column type, for which the end moments are speci-
fied and the axial load is taken as the buckling load. In both modes, the
ratio of the end moments is an input data. The values of E, the modulus of
elasticity, G, the shear modulus of elasticity and the required accuracy for

the buckling load must be given.

Step Il - Preliminary Computations. The beam-column is divided into

n equal segments (n+l nodes) and at each node, the following quantities are
computed: external bending moment, the values of the maximum compressive re-
sidual stresses in the flanges and the tensile stress in the web, the torsional
constant J (which is assumed to remain unaltered for all yield patterns), the
Tocation of the centroid and the moment of inertia about the sfrong axis. As-
suming that the cross-section remains elastic, the extreme values of stresses
on the cross-section are computed as sum of the residual stresses and the

stresses due to bending moment and axial load.
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Step 111 - Determining the Yield Pattern, Using the values of the

stresses computed aboye, the yield pattern which is deemed most probable to
govern is found. An attempt is then made to solve the two equations of equil-
ibrium using a subroutine written to solve the simultaneous nonlinear equa-
tions. The two unknowns of the equations are: the curvature o times E and
the distance from the top flange to the point of zero strain (due to loading).
If the convergence criterion is met and acceptable values are obtained for the
yield parameters, it is assumed the proper yield pattern and the yield para-
metgrs obtained are used to compute the section properties. Otherwise, the
next yield pattern is tried according to Figure 2.8.

"~ 'Step IV - Assembling the Determinant of the Equations, The section

properties at each node are computed using the yield parameters and theyAare

used to satisfy the difference equations at that node. The procedure is re-

peated for all (n+l) nodes and the determinant of these difference equations

are assembled for (n-1) unrestrained nodes. The effect of the boundary con-

ditions is included and if there is an intermediate braced point, the corres-
ponding row and column of that node are cancelled.

Step V.- Obtaining the Buckling Load and Mode Shape. The value of

the determinant assembled is then tested and different buckling loads are
tried until a zero value for the determinént is found. The IMSL library
routine LiNV3F is used to evaluate this determinant(78). The convergence
criterion depends on the required accuracy which is specified in the input
data. The buckling mode is then specified by computing the relative displace-
ments. This is done by assuming uy = 1 and cancelling the first row and
column of the determinant and solving the remaining 2n-3 linear equations by

Gauss-Jordan elimination method(79).
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Figure 2.8 Possible Yield Patterns and Order
of Assumption in Analysis



36

|

Input member properties and
two trial values for buckling
loads

Compute the values of the re-
sidual and maximum stresses at
each node

|

Find a yield pattern

Yield parameters are
computed

Make new estimates

Section properties
are computed

The finite difference equations
are satisfied

Det. of the equations is assembled

No

Buckling Yoad and mode shape are
computed

F'1'~g.ure”2.9 Macro Computer Program Flow Chart



37

2.7  Computer Program Capability
The program can analyze a 1inearly web tapered, singly-symmetrical
member subjected to axial load and unequal end moment, Options of including
the residual stresses (inelastic analysis) and neglecting them (elastic analy-
sis), are available. The triangular residual stress pattern is used and the
value of the maximum stress is specified as a percentage of the yield stress.
For an elastic analysis this percentage is taken equal to zero. The boundary
conditions may be fixed or pinned at both ends. One braced point, along the
beam-column may be specified. The number of segments must be chosen in a way
that the braced point coincides with a node.
Small modifications by the user are required to handle the following
cases:
1. Taperad flanges or tapered web and flanges.
2. Equally spaced multiple braces.

3. Combination of different types of boundary conditions.

It is noted, however, that considerable modification is required for extensions
to the double curvature case because of the numerous combinations of possible

yield patterns.



CHAPTER III
NUMERICAL AND EXPERIMENTAL STUDIES

3.1 General

In the previous chapter, the method of determining the buckling
load of a beam-column with variable cross-section was explained. Results
of the numerical studies are presented in this chapter. These results
are compared to results found in the literature by different authors and

also with those observed in a 7imited experimental investigation.

3.2 Numerical Studies

3.2.1 Elastic Stability of Tapéred Beams

The elastic stability of tapered, singly-symmetrical beams under
moment gradient has been investigated by Ne]son(39). In this reference,
the critical buckling moment is found using trigonometric functions,
finite element analysis and polynomial functions (reported from Refer-
ence 30). These results and those obtained using the present program are
shown in Tables 3.1 and 3.2 for two different cross-sections. Compari-
sons are made for prismatic and tapered beams, doubly and singly-symmetric
sections. A stress ratio, r, is defined as the ratio of the maximum com-
pressive stresses at the ends of the beam. This ratio is positive for a
beam in single curvature and negative for beams having double curvature.
In all cases, it is assumed that the larger moment is acting at the lar-
ger end.

The results obtained in this study are in good agreement with

38
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Table 3.1 4 x .25
Results of Critical Moment Calculations
Section #1 6 x .1875
4x .25
Polynomial| Trigonometric | Finite
Taper Length | Stress| Functions Functions Element Present
Ratio éChi) (Nelson) BASP 15)] Study
Radians | Inches r K-ft) (K-ft) K-ft) (K-ft)
0.00 60.0 +1.0* 62.79 62.79 63.08 62.45
+0.5 82.79 82.92 83.09 79.92
0.0 114.84 116.19 116.40 112.73
-0.5 155.76 163.40 164.83 166.00
0.0l 180.0 | +1.0 10.67 10.63 10.82 10.54
+0.5 14.63 14.77 15.08 19.42
0.0 20.69 22.35 22.85 22.0
-0.5 25.15 33.21 3.1 28.03
*exact solution = 62.79 K-ft.
Table 3.2 5 x .3125
Results of Critical Moment Calculations Sp——
Section #2
10 x .375
5x .1799
Polynomial | Trigonometric| Finite
Taper Length | Stress| Functions Functions Element | Present
a L Ratio §Chi) Nelson) BASP 15| Study
Radians | Inches | r K-ft) K-ft) (K-ft) {K-ft)
0.00 120.0 | +i.0* 71.91 71.91 74.01 71.34
+0.5 94.44 94.90 97.67 91.74
0.0 127.62 132.29 136.11 128.0
-0.5 156.82 181.38 186.24 183.07
0.05 120.0 | +1.0 62.69 61.04 62.87 59.46
+0.5 89.31 89.37 91.94 133.86
0.0 138.58 151.26 154.87 161.21
-0.5 167.31 204.15 201.99 196.12

*axact solution = 71,91 K-ft.
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those obtained by other methods. Comparison of results with closed form
solutions indicates that the finite difference method yield buckling
loads which are slightly (less than 1 percent) on the conservative side.
The same conclusion is reached through different numerical studies pre-
sented in other sections in this chapter.

3.2.2 Elastic Stability of Tapered Bean-Columns

The elastic stability of a tapered beam-column has been studied
by Morre1(72), Figure 3.1. For an eccentricity of e = 6", length L = 144"
and taper ratio y = 2, the critical moment is found by Morrel to be 160 k-
in., usfng both the finite element method and the Rayleigh-Ritz method.

The same problem has been solved using the present computer pro-
gram. A constant axial load equal to 160 k/6 = 26.67 k was specified and
the analysis performed by dividing the member into 10 segments to find
Mcr = 160.4 k-in., which is in excellent agreement with the result given

in the above study.

3.2.3 Inelastic Stability of Wide Flange Column

The inelastic stability of wide flange columns has been investi-

(59). The finite element method was used with the

gated by Lee and Hsu
member divided into 10 elements. The same residual stress pattern as
shown in Figure 2.4 and two different cross-sections were studied by Lee
and Hsu. The results were compared with the curves proposed by AISC
(Figure 3.2). In this study, only the resistance provided by the elas-
tic core is taken into account.

The present computer program was used to develop results for

the above problems. Again, the member was divided into 10 segments.

Excellent agreement was found in both the elastic and inelastic region,
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Figure 3,2. It is observed that due to the symmetry of the cross-section,
buckling modes are separated and the weak axis buckiing governs, In such
‘cases, neglecting the contribution of the yielded portions does not affect
the critical stress in the inelastic region.

3.2.4 Inelastic Stability of Wide Flange Beam-Columns

The results of the present study have been compared with those
presented in Reference 55 for a W8x31 beam-column. For three different
levels of axial load, 0.2 Py, 0.4 Py and 0.6 Py, the critical moments
were determined. Two different curves are presented: one for equal end
stress pattern (Figure 2.4) was used in both studies. The procedure used
" in Reference 55 included the effect of P-a moments, which are neglected
in this study.

For the case of equal end moments, no differences are observed
between the results obtained by the two methods. For one end moment, a
maximum difference of approximately 5 percent was found. This difference
might be attributed to the difference in number of segments, 15 in the
referenced study and 10 in this study, or to the fact that some terms in
the governing equations have been neglected in the referenced study. It
was also found that neglecting P-A moments does not result in unconserva-
tive estimates of buckling loads, therefore such effect can be safely
disregarded for the range of problems studied here.

3.2.5 The Contribution of the Yielded Portions in LTB

The behavior of structural steel is usually idealized as elastic-
perfectly plastic (Figure 2.1). For such material, when the stress at

some fibers reaches the yield stress no further cesistance is provided
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by the yielded portions, It has been common practice in analysis of in-
elastic members to remove the yielded portions and use the section pro-
perties of the elastic core in the governing equations. This approach,
which is applicable to laterally supported beams, is unconservative when
applied to LTB problems. |

For LTB of laterally unsupported beams or columns, all normal
stresses contribute to twist of the cross-section and neglecting the
yielded portions can result in a significant error in computing the
buckling load. This effect has been observed by Galambos and Fukumoto(ss)
while using the method of equilibrium to derive the governing differential

equations, Still, several sources (35+59,61)

who have minimized the po-
tential energy functional to derive these equations, have used the sec-
tion properties of the elastic core. The error resulting from this ap-
proach will be explained in this section.

The derivation of the total potential energy functional is given
in Appendix A and it is shown that the yield stresses contribute to the
external work. Physically, this work can be interpreted as the displace-
ment of the yield stresses due to the elongation of the yielded fibers
during LTB. Neglecting the yielded portions in such problems means ig-
noring a disturbing torque imposed by the yield stresses about the shear
center which will result in obtaining unconservative values for the buck-
1ing loads,

In order to show the error caused by using the elastic core in
inelastic LTB problems, the curyes in Figure 3.4 are presented. The
study is done for the same cross-section as in the previous section,

subjected to equal end moments. At the same levels of axial load, the
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analysis is performed by using the ejastic core only and the "exact"
solution has also been presented. It is shown that the error resulting
from neglecting the yielded portions for this cross-section can be as

high as 10%. It is also observed that the error is larger for shorter

members.

3.3 Experimental Investigation

The results of the present study have been experimentally veri-
fied in a limited study at the Fears Structural Engineering Laboratory,
University of Oklahoma, Three different tapered beam-columns have been
tested and the buckling loads are estimated using the load vs. lateral
deflection curves. The specimens were fabricated from A572 Gr50 steel.
Details and dimensions of the three specimens are given in Figure 3.5
3.3.1 Test Details

The test set-up consisted of the test specimens with two columns
bolted to the end-plates. A test frame supported the beams on the reac-
tion floor of the laboratory. A hydraulic ram was used to draw the two
columns together in order to produce axial load and end moments in the
specimens. A steel strap and a load cell were connected to the hydraulic
ram as shown in Figure 3.§.

To stabilize the supporting columns, lateral brace mechanisms
were used which are shown in Figure 3,6. These mechanisms also provide
lateral support to the ends of the specimens. In addition, lateral sup-
port mechanisms were attached to the flanges of the beams to simulate
intermediate brace locations. Intermediate brace locations at 1/4, 1/2

and 3/4 of span were investigated.
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3
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Beam #1 | 240 | 10 | 14 | 4.932 | 0.256 | 4.978 | 0.259 | 0.125
geam #2 | 300 | 10 |20 | 4.984 | 0.18 | 5.016 | 0.241 | 0.18
Beam #3 | 292 | 15.97| 20 | 4.91 | 0.246 | 4.91 | 0.246 | 0.126*

*Average web thickness

Figure 3.5.

Details and Dimensions of Three Specimens.
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3.3.2 Instrumentation

Instrumentation consisted of a calibrated load cell, two exten-
someters and several lateral deflection scales. These scales were grad-
uated to 0.1 inch and were attached horizontally to both the top and bot-
tom flanges of the beam section. A digital strain indicator, along with
the load cell were used to monitor the applied Toad. Compressive stress
in the top flange was measured with the extensometers, a switch and bal-
ance unit and a digital strain indicator. A transit was set in a fixed
position to measure the lateral deflection of the beams with its tele-
scope free to move only in a vertical plane.

3.3.3 Testing Procedure

Prior to testing, all testing apparatus and instrumentation were
checked and calibrated and zero readings were recorded. The Toad was
increased incrementally until near the buckling load. At each increment,
the lateral deflection and the compressive stresses in the upper flange
were recorded. When lateral deflections increased considerably, the max-
imum load was recorded as the failure load and the load was then removed.
In all tests, the beams remained elastic and no indication of yielding
was observed at any point along the members.

A total of 18 tests were performed on three beams. The various
loading conditions and bracing cases are shown in Figures 3.7 and 3.8.
Results of the experimental investigation were compared to the buckling
load predicted by the BASP 15 computer program using the finite element

method (80)

and also with the buckling loads obtained using the present
program, In using the present program, since both the axial load and

the bending moment are variables, a trial and error procedure was followed.
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Beam #1
Loading Bracing BASP 15 Present Failure
Case Case Program Load
1 1 2.90 2.72 3.50
2 6.92 7.40 7.75
3 6.60 6.38 6.75
4 9.81 9.48 9.75
2 1 4.02 3.65 4,75
2
3 7.70 7.57 7.75
4
Beam #2
Loading Bracing BASP 15 Present Failure
Case Case Program Load
1 1 2.57 1.86 4.0
2
3
4
2 1 3.03 2.1 4.25
2
3 6.30 5.07 6.78
4
Beam #3
Loading Bracing BASP 15 Present Failure
Case Case Program Load
1 1 2.76 2.03 4.2
2 6.57 6.08 7.5
3 6.11 5.45 6.9
4 9.04 7.79 9.7
2 1 4.12 2.81 4.75
2 10.14 10.39 9.75
3 7.30 6.55 8.0
4 11.74 10.35 13.5

Table 3.3 The Results of the Experimental and

Analytical Investigations
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Only two or three trial values of the axial load were needed to obtain

a bending moment with the desired eccentricity, The values of the fail-

ure Toads obtained from the tests and also those found by using the fin-

ite element procedure and the present program are presented in Table 3.3.
In the case of members with intermediate bracings, each member is analy-

zed using 8 segments so the braced points coincide with the nodes in the

present program, The lateral defiection of the centerline of the Beam 1-
Loading 1 - Brace Case 1 from all three methods is shown in Figure 3.9,

3.3.4 Discussion of the Test Results

The critical buckling loads obtained through tests are consid-
erably higher than what was predicted by the two different methods of
analysis, This difference arises from the boundary conditions of the
beams., Bolting the ends of the beams on top and bottom to the end plates
has virtually caused torsional fixity at the ends, while analysis was
performed assuming torsionally simple ends which means that the ends
must be free to warp. The results obtained by the finite element method
(BASP 15 program) and the finite difference method (present study) are
in close agreement and also the deflected shape which is found using all

three methods, shows good agreement between the results,

3.4 ‘General Remarks and Conclusions

The following conclusions have been reached through the studies
reported in this chapter:
1. The present program is comparatively efficient with respect to

CPU time and storage requirements.,
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The results obtained using the present procedure are in geod
agreement with previous studies, It is shown that the simpli-
fication of the governing equations, as is commonly done, tends
to achieve results which are slightly on the unconservative side.
Comparison with closed form solutions, showed that the finite
difference method gives buckling Toads which are 1 to 2 percent
on the conservative side. To obtain more accurate loads, it

is possible to change the number of segments and extrapolate the
results,

There is no indication that the P-a moments affect the critical
LTB loads of the beam-columns studied. Little difference was
found in results obtained neglecting such moments as compared

to methods that include the effects.

Using the elastic core of partially yielded sections in the
governing equations can yield unconservative results. The con-
tribution of the yielded portions in reducing the buckling load
can become significant, especially for short members.

Since the end conditions were not properly provided, the results
of the experimental investigation give higher buckling loads
than what was predicted using the present program. However, the
results obtained by the finite element method verify the accuracy

of the results obtained through this study.



CHAPTER 1V
DEVELOPMENT OF A DESIGN METHODOLOGY

4.1 General

In this chapter, the results of the analysis performed by the
present computer program are used to develop a design guideline for tap-
ered members having unequal flanges and subjected to axial load and end

moments. A design example is given to illustrate the design procedure.

4.2 Design Procedure

For the development of this design methodology, the results of

an extensive study by Lee and Hsu(as)

are used and the same parameters
are chosen. In the above reference, tapered members subjected to axial
load and one end moment acting at the larger end were studied. In the
present study, an attempt is made to include the effect of a second end
moment acting at the smaller end and the relative variation of the magni-
tude of these moments. Since the number of parameters affecting the sol-
ution of the problem is comparatively large, common values for some para-
meters were assumed based on statistical studies. The effect of the other
parameters is then investigated by specifying values. The total number
of constant and variable parameters is large enough to define the geome-
try of the member.

Based on the studies performed by Lee and Hsu, the following

section properties and parameters were used in this study:

57
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Web thickness = 0.1 in,
Dimensions of the tension flange = 6 in, x 0,25 in.

Total depth of the section at the smaller end = 12 in,

E = 29000 ksi G = 11200 ksi Fy = 45 ksi
vy = Taper ratio ='dL'do = 0,2,4
d

The ratio of the area of the compression flange to'that of the

tension flange =

5& = ..__bztz = 1] 2
L]
Ap by
1/t
L = 30, 60, 90, 120
r ] L] 9
o

The four cross-sections (at the smaller end) shown in Figure 4.1
were studied. Three taper ratios and four values for length of the mem-
bers were used. It was assumed that the larger moment acts at the larger
end of the member and the larger flange is in compression at that end.

It was also assumed that lateral-torsional simple boundary conditions exist
at the ends. The member was divided into 10 segments for the finite dif-
= 0.5 F,, was used for the maximum com-

c y
pressive residual stresses at the tips of the compression flange.

ference analysis and a value of Oy

In order to include the effect of the moment acting at the smal-

ler end, the practical conditions of using such members must be considered.
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Tapered beam-columns are generally used in frames where the smaller end of
the member resists either a small moment or zero moment; Based on this,
the range of the variation of moment at the smaller end is assumed not to
exceed the following Jimits: A minimum of zero and a maximum moment that
produces a stress equal to the stress produced at the larger end at the
centerline of the compression flange (Basic Case). Results for these two
'1oading conditions will be presented in graphical form. Interpolation of
the values is suggested for other types of the moment diagrams.

The same interaction equation proposed by Lee and Hsu is used in

this study, that is, of the form:

,—,f; + s'w';L = 1 (4.1)
C r

In which, P and M are the applied axial load and bending moment,
respectively. Pcr is the critical axial load in the absence of bending
moment and Mcr is the critical moment at the larger end in the absence of
“axial load. The term, &, is the moment modification factor, values of
which are computed for different cross-sections and loading conditions in
the following.

To transform Equation (4.1) into LRFD format, resistance factors
must be used and the values of P and M must be obtained from factored loads. .
Using the resistance factors, Equation (4.1) is written as:

P M
e 4+ § = = 1 (4.2)
¢l‘>cr ¢MCY‘

(75)

As suggested by Galambos and his research team , ¢ = 0.86 is appropri-

ate in lateral-torsional buckling.

To determine the values of P Figure 4.2 was developed using the

cr?
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computer program developed through this study. For a concentrically
loaded column, the critica) axial Joad was determined and the critical
stress at the smaller end was computed as a percentage of the yield
stress. The critical stress is plotted versus 2/ry0 length divided by
the radius of gyration about the weak axis at the smaller end. Curves
are given for four cross-sections, three taper ratios, two ratios of the
areas of the flanges and two different values of p = (bz/tz)/(bl/tl)'
The present computer program was also used to determine the criti-
cal moment of the beams for the following cases: one end moment acting
at the larger &nd (Figure 4.3), and end moments producing equal stresses
in the compression flange at both ends, e.g. the basic case (Figure 4.4).
The compressive stress at the centerline of the compression flanoe at the
larger end is computed as a percentage of the yield stress and plotted
versus z/rTo which is the parameter used in the AISC specifications.
The term "o is the radius of gyration of the compression flange plus one
third of the web, with respect to y axis, at the smaller end.

The values ofvthe moment modification factor are determined from

Equation (4.1). Rearranging terms in this equation, it is written as:

1-P/Pey
M/MCY'

6 =

(4.3)

The curves previously discussed were used to find the values of Pcr and

Mcr’ and for different values of P, the corresponding values of M were:
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determined using the program. Curves are plotted for four values of
sz/wy° as mentioned before. These curves specify the values of & versus
the applied load as a percentage of the critical load (Figures 4.5 and
4.6). It is shown that the values of the moment modification factor vary
between unity for a beam and zero for a column.

Summarizing the discussion made above, the following limitations
must be considered using the design criteria proposed in this study:

1. The larger moment is acting at the larger end of the tapered
member and the larger flange is in compression.

2. The compressive stress due to bending at the smaller end does
not exceed that at the larger end. This assumption implies that the mom-
ent at the smaller end remains reasonably small.

The data used to develop the design criteria is given in Appendix
E. Linear interpolation and extrapolation methods are suggested to be
used for problems involving parameters other than those used in the pres-
ent criteria. The following example illustrates the application of the

proposed design method.

4.3 Design Example

The beam-column shown in Figure 4.7 is to be checked for the
given loading conditions. It is assgmed tha; the specified loads are
factored and the LRFD criteria is used. Interpolation between the curves

shown in Figures 4.2 through 4.6 is necessary to obtain results.
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Solution:

Step I. Critical Axial Load

Using the parameters of the problem and Figure 4,2, Table 4.1 is
deve]dped. The critical axial stress is obtained for a vaJue of L/ryo =
803ata=0,2;p=1, 2 and AZ/AI =1, 2, 1.5 from Figure 4,2. Results
are given in the first 4 rows of Table 4.1. Interpolating between rows
1 and 2, and rows 3 and 4, results in rows 5 and 6, respectively. Inter-
polating between rows 5 and 6 results in row 7. Finally, the values on
row 7 are interpolated to result in row 8. From this procedure, a crit-
ical axial load equal to 232k is obtained. An exact analysis of the same
member was done using the present computer program. The critical axial
Joad was found to be 214.65%, a difference of 8%.

Step II. Critical Bending Moment

Tables 4.2 and 4.3 were developed to determine the critical stress
due to moment only. Figures 4.3 and 4.4 were used and the same order of
interpolation as was done for critical axial load was followed. For the
example problem, having a moment ratio of 0.075, interpolation is done
between 0.715 (moment ratio of zero), and 0.6 (moment ratio of Sto/STL =

0.36). The result is:

0.69 F

%r y

and

Mcr = 0.69 STLFy = 0,69 x 104.57 x 60 = 4329 in-k

The exact value of the critical moment, obtained from the present computer

program is 4110.8 in-k, a 5.3% difference,
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Table 4.1
Critical Stresses in Axial Loading .

ﬁgv Yore Rofhy | aafFy LY | o | Ryfhy | o,fFy

1 0 2 1 0.54 2 2 2 0,32

2 0 2 2 0.34 2 2 1 0.63

3 0 1 1 0.59 2 1 2 0.44

4 0 1 2 0.46 2 1 1 0.67
5] 0 |2 |15 |oas 2] 2 | 1.5 | 0475

6 0 1 i.5 0.525 | 2 1 i.5 0.555
7| 0 |07 ] 1.5 |0.583 | 2| 0.67 | 1.5 | 0.582

8 | 1.5 | 0.67 1.5 0.575

P

cr Rgo, = 6.725 x 0.575 x 60 = 232 k
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Table 4.2
Critical Bending Stresses (one end moment)

ol I PR VLV VN I R YR RV

1 0 1 1 0.89 2 1 1 0.68

2 0 1 2 0.68 2 1 2 0.71

3 0 2 1 0.91 2 2 1 0.69

4 0 2 2 0.72 2 2 2 0.70
50| 1 | 1.5 | 078s|2 |1 | 1.5 | 0.695

6 0 2 1.5 0.815 | 2 1.5 0.695
T e TR o | Toe 1 s

8 {1.5] 0.67 1.5 0.715
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Table 4.3
Critical Bending Stresses (Basic Case)

1 0 1 1 0.63 2 1 1 0.59
2 0 1 2 0.62 2 1 2 0.6
3 0 2 1 0.63 2 2 1 0.6
4 0 2 2 0.62 2 2 2 0.6
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Table 4.4
Moment Modification Factor (one end moment)

Row [ v | o | A/Ay § | Y | o LWL 5
No.

1 0 1 1 0.71 2 1 1 0.92

2 0 1 2 0.95 2 1 2 0.79

3 0 2 1 0.86 2 2 1 0.82

4 0 2 2 0.71 2 2 2 0.75
5l o| 1| 15| 08| 2|1 | 1.5] 0.8

6 0 2 1.5 0.785| 2 2 1.5 0.785
o 06| 1.5 | o.eas| 2 |o.67] 1.5 | 0.878 |

8 | 1.5y 0.67 1.5 0.87
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Table 4.5
Moment Modification Factor (Basic Case)

Row | ¥ p Ry/Aq 6 Y 0 ArfAL | 6
No.

1 0 1 1 0.97 2 1 1 0.96

2 0 1 2 0.82 2 1 2 0.84

3 0 2 1 0.92 2 2 1 0.88

4 0 2 2 0.78 2 2 2 0.76
------ U VPR A PR N SR PO VMU S

5 0 1 1.5 0.895| 2 1 1.5 0.9

6 0 2 1.5 0.85 2 2 1.5 0.82
"7 T o 067 1.5 | 0.1 | 2 |0.67] 1.5 ] 0.927

8 |1.5] 0.6/ 1.5 0.923




Step III. Moment Modification Factor

The values of the moment modification factor from Figures 4.5 and
4.6 are tabulated in Tables 4.4 and 4.5. A value of

P _ 60

P " ETB X OATXE0 " 0.315

is used and the same order of interpolation and extrapolation as previously
defined, is followed. Interpolation is done between the values of & spec-
ified by Tables 4.4 and 4.5, and for the desired moment diagram & = 0.881
is obtained. To find an exact value, an axial load equal to 60k is spec-
ified and analysis is performed to find the critical moment using the pre-

sent program. M = 3301 in-k is obtained and Equation 4.3 is used to find &:

.. 1-P/Peyr 1. 60/214.65 = 0.897
v 01/4110.8 )

The difference between the two values obtained for & is less than 2%.
Equation 4.2 is to be used to check the adequacy of the member,

as:

P M
— + & <1
Per Moy =
TExz ¢ 08l X pmgygmy - 0:2950.437 = 0.77 < 1

The design is acceptable in accordance with LRFD criteria.



CHAPTER V
SUMMARY AND CONCLUSIONS

The purpose of this study was to investigate the elastic and in-
elastic stability of tapered beam-columns having unequal flanges. It was
assumed that the lateral-torsional buckling was the governing failure
mode. A detailed literature survey was conducted to determine the scope
of the investigation done by different authors on the stability of struc-
tural members. It was observed that iittle effort had been devoted to in-
vestigate the inelastic stability of singly-symmetric, tapered members
subjected to unequal end moments and axial load. It was also noticed
that approximate methods with insufficient accuracy were used to deter-
mine the yield patterns and a general formulation of the governing equa-
tions had also not been made. Present design specifications need to be
modified to allow the design of tapered members having unequal flanges.

The method of solution proposed in this study is based on the
minimization of the total potential energy functional and then to solve
the governing equations using the finite difference technique. The total
potential energy expression is derived and the effect of the residual
stresses are included. The governing differential equations are derived
and the boundary conditions are specified using calculus of variations.
These equations are transformed into difference equations using the central

difference expressions. The difference equations are satisfied at each

78
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station along the member. To find the depth of the yield penetration at
each station, a new method based on.the solution 6f the equations of
equilibrium is presented. The yield pattern at each station is determined,
the section properties are computed and the difference equations are sat-
isfied. The determinant of the resulting equations is evaluated and an
jterative procedure, using the method of Bisection is followed until a
zero value for the determinant is obtained which specifies the critical
combination of the bending moment and axial load. The buckling mode shape
is then specified by assuming one of the displacements equal to one, can-
celling an equation and solving the rest of the simultaneous equations
using Gauss-Jordan elimination method; A computer program is developed
using this procedure and it is used to analyze several different types of
members having different loadings.

The results obtained using this program are in good agreement
with the studies found in Titerature for different kinds of members and
loading conditions. It is noticed that for tapered, singly-symmetric mem-
bers, the neutral axis is not a straight line. It is also mentioned that
in partially yielded cross-sections, the yielded portions contribute in
twisting the section during lateral-torsional buckling and using the sec-
tion properties of the elastic core in the governing equations can yield
unconservative results. The results of a limited experimental investi-
_gation on three different members are also presented and comparisons are
made with the buckling loads obtained by using the present program and
those obtained through a finite element analysis.

In order to establish a design criteria for singly-symmetric,

tapered beam-columns, the present program is used and an interaction
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equation was deyeloped, Four different cross-sections with three dif-
ferent taper ratios are studied and curyes are presented to determine the
critical buckling stresses on the compression flange of the beams and on
the cross-section of the columns. A modifying factor is introduced and
for two types of moment diagrams (one end moment only and two moments in-
troducing equal stresses at the ends), the values of this factor are given
for different types of cross-sections and taper ratios. The resistance
factors are used to transform the interaction equation into the limit
states design format. A design example is worked using the above equation.
-From the results of this study it is concluded that: 1) The
yielded portions have a significant effect in LTB and they should not be
disregarded. 2) The effect of the P-A moments is negligible for practical
dimensions of the tapered members. 3) The solution methods provided in
the literature yield buckling loads which are slightly in the unconserva-

tive side in the inelastic region.
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The strain energy for a unit volume of an elastic body is

defined as(zo):

L = %(o e, + o e +o0 e+ 1 T

X X Yy z°2 xy'xy t TxaVxz t Tyzsz) (A.1)

where o_,0 . an a rm stress a r
here x' %y d g, re the normal stresses and Txy, Tyz and Tyz are

the shearing stresses; e € €

x' and vy 2 are the corre-

y' Ez’ 'Yzyl Yz y

sponding normal and shearing strains. For a member subjected to
uniaxial bending and axial locad, normal stresses exist in the z
direction only, and shear stresses exist in the xy plane. Thus, for
a member of length L, the above relationship can be transformed into
o

the following, using Hooke's Law (e = £ and y =

L e ) )
1 g e
v=1 j f € + D)t as az (A.2)
0 (o] ’

where t is the thickness, E is the modulus of elasticity and G is

): o

Q)

the shear modulus of elasticity and s is the variable defining the
distance on the cross-section and e is the end point on the cross-
section. The components of the normal and shearing stresses and
the corresponding strain energy expressions are:

1. Normal stress due to axial load:

L

_ P _1 p2

ol—Kand Ul_ff ﬁdz (A.3)
[+}

P is the axial load and A is the cross-sectional area which for a
tapered member is a function of 2.

2. Normal stresses due to strong axis bending:
L

f EI, v"2 gz (A.4)
[0}

™) =

[} =

My¥
2 I,

= - Byv" and U2 =
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Ix is the moment of inertia w.r.t. x axis and v is the

deformation in the vertical plane.

3. Normal stresses due to weak axis bending and warping:

As proved by Vankayya(zs)

(29)

and mentioned by Lee, Morrel
and Ketter , the resistance to weak axis bending and warping
comes from flange bending. Refering to Figure A.l, the following

equations are obtained for a singly~-symmetrical section:

03 = Ex (u - ¢ys)" (A.5)
o, = Ex [u+ (d - y_ )¢ (A.6)
n2 2
U .r {EI [u + (4 - Yg el + EIt (u - ¢ys)" }-dz (a.7)

Equations (A.5) and (A.6) give the values of stresses in
the tension flange and the compression flange, respectively. U is
the horizontal deformation of the shear center and ¢ is the angle
of rotation (FigureA.l). Ic and It are the moments of inertia of the
compression flange and the tension flange with respect to y axis and
Yg is the distance from the shear center to the tension flange.

4. Shear stresses due to torsion.
The shearing stress, resulting from torsion, can be

written as:

Top = 2Go'x | (A.8)

where ¥ is the distance from any point on the cross-section to the

mid-line. The corresponding value of U is:

v =1 fPars2a
y - 2 ¢ z (2.9)
o]
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L U=y ¢

Figure A.l1 The Cross-Section Before and After Buckling
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where J is the torsional constant. The total strain energy expres-

sion is obtained by adding together U1 through U“ which yields:
L )
- 1 P 12 - 2 - 2 2
=3 f {ﬁ + EI, V"2 + EI [U+(d Yg)1""® +EI, (U ¢ys)" +GJ¢'“}dz
o ' (A.10)

The existing stress on the cross-section is of the follow-

ing form:
p , MyY
g = K + -—I— + R.S. (A.ll) and ¢ = ¢ (A.l2)

% y
(A.1ll) gives the stress on the elastic core and (A.12) is the
value of stress on the yielded portions which is equal to the

yield stress. R.S. indicates residual stresses. The potential of

the external forces can be written as(zo):
e
VP = - ‘r ALotds (A.13)

o]

where L, the elongation of a fiber is given as:
L

2
AL = J. {=y v" =U" + o ¢" - %’- [u'+¢'(yo-y)]2- % (v'=¢ (xo=x)1ldz
o (A.14)

in which wnis the warping function, x, and y, are the coordinates

of the shear cénfér. Setting x, = 0 in Eq. (A.14) for a singly-

symmetrical section and noting the following:

= = = 23a=
J'xodA—J.x R.S.dAnymndA 0 fydAIx

2 2
.rY(x + vy )da _ - I, +1I 2 2
5 2Yo= B _X__A_Y ty, =r (.15)
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The following expression is obtained by substituting

(A.14) into (A.1l3) and including the results of (A.15):

L L} L ] [} 1 l2 P L |2 l2 2 I2 LIV |
vy = A M, (V'-u' ¢' + 5 By¢ )dz-f0 (u* +v' +r ¢' + 2u'¢'y )dz

2 271 .2 2

X +3 ¢' (¥o-y) +u'e'(y,-y)IdA} dz
(A.16)

Everywhere in this study any integral including the term

L
wgl 421,21

(R.S.+cy) means integral of residual stresses on the elastic core

and the yield stresses on the yielded portions. M% is the external
bending moment. Since the total potential energy,vnf is the sum of
the strain energy and the potential of the external fqrces, then it

can be obtained by adding equations (A.10) and (A.l1l6), as:

n=-]—'fL{EI [ut (d-y_) 6] " *+EI, (u- ¢)"2+GJ¢'2+2-2-+EI L
2 4 c g t ¥s ER X X

2 2 2 2
_M u“b' +M B ¢'2 _P(ul +vl +r ¢l +2ulvly )+I(R.S.+0 ) [ZYV“ +
X XX LI { Y

2 2 2 2 2
u' + v' o+t x' +o! (yo-y) + 2u'¢’ (yo-y)] da } dz (A.17)

In this expression, all primes indicate differentiation with

respect to z.
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DEVELOPMENT OF THE DIFFERENCE EQUATIONS
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Equations (2.5.6) and (2.5.7) which govern the out-of-plane
behavior of a beam-column, are developed in section 2.2 and they

are repeated here as:

&

L " d '
dzzwxc(d = yg)lu =y +de)" - BI, vy, (u =y 4)"] = gz (2(d°~y')EI,

2
(u - Yg p+d ¢)" - ZEIt y's ¢! (u-ys¢)" +GJ¢'-qu'+Mx8x¢'—Pr ¢'+P\:l'yo

+ 3 Af (R.S.+ay)ssz+u' Ar (n.s.+cy) (y,-y)dA } -Ey", [T (u-y ¢+d¢)"

+ I, (u=-4y)" =0 (B.1)
ﬁ[EI (u-y_¢+d¢)" + EI_ (u-y_¢)"] - d [=M ¢' «~ Pu' = Po'y +u' [/
azz c ¥g t Yg dz X ° A
(R.S. + o_) dA +¢' [(R.S. + 0 )(y ~y) dA]= 0 (B.2)
b'4 A y “o
I
Rearranging terms and noting that It =1 -1 andy_= = d,
Yy c 8 Iy

the above equations are simplified as:

2
:—zztmc (dyg) @0)"1 - §5 [2E(IQ' - Iy'g) (u-yge)" +2ET (d'~y'y)

(d¢)" + GJ¢' - qu' + Mx5x°' - Pr2 ' - Pu'y  +¢' Af (R.S. + ay)SZdA +

u' Af (R.S. + ay‘) (yo-y) da] -~ Ey"s [Iy(u-ys¢)" + I, (dp)" 1= 0 (B.l.a)

ﬁ - " [} " [] l. ' L] L] gyt

422 IEIy (u=yg#)" + EX (d9)") + (Mxo + M x¢ ) + Pu" + P (4"y +¢'y'))
a -

+ u" AI(R.S. + °y) da + u' i AI (R.S. +oy) da + ¢" Af(R.S.-bay)(yo-y)dA-i»
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o & SRS+ o) (v, - y) an =0 (B.2.2)

Performing differentiations with respect to z in Egs. (B.l.a)

and (B.l.b) the following equations are obtained:

E (I, (d - y)1" (d6)" + 2E[T_ (d - v )]' (d6)'" + EI_ (a - y (@)™~
{ZE(ch' - Iyy's)(u - oys)"' + 2E(ch' - Iyy's)'(u-¢ys)"+2E[Ic(d'-y's)]'
tde)" + 2E(1 @' - I y',) (A9)"* + G(T'¢'+J4") - (M u"+M', 0ty + (Mg

sx¢' + an'x¢' + stx¢")-p(r2¢"+2rr‘¢') = Plu"y + u'y' ) +¢" f
(R.s.+¢y) széa +4! g—z- A.r (R.S.+¢y)52 dA +u" A.r(R.s.+¢y) (y,-y) da

+u'gs Ar(n.s.a-a;) (¥o~y) d } - Ey" (I (u-y 4)" + I (d¢)"] =0 (B.1.D)
E[I"Y (u"-ygd-2y' ¢'-y ") + ZI'y(u"'-Ysb""3¥'So"-3Y's¢'-Y"'s¢)

+ Iy(uIv-ys¢Iv-4y's¢"'-Gy"so"-4yg' o~y Vo) 41" (dgm2d" 9 ) 420
(d¢"'+3d'¢")+Ic(d¢IV+4d'¢"')] +Mx¢"+M'x¢'+Pu"+P(¢"y°+¢'y'°)

+u" AI(R.S.+cy)dA+u'g-z- AI(0Y+R.S.)dA+¢" AJ’ (R.s.+uy) (y,-y)da+

N g? [(R.S.40.) (¥ =y)dA = 0 (B.2.b)

A
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In the above equations, for all the terms that include
integrals, a sign change has taken place. This is because the
derivation of the equation is done based on taking the tensile
stress as positive, while the integrals for different patterns are
computed by assuming compressive stress being positive. It must
be noted that d" and all the higher derivatives of d are zero,
because of the linear variation of d. Rearranging the terms in

Eq. (B.2.a) and simplifying, yields:

=2E(d"-¢"' ys-3"¢" Y'gm3e'Y"gmey" ) (I A'-T v o) = E(u=¢"y =26y
~0y"g) (21' @'=T y" =21 y" ) 4EL (d-yg) (do7 +4d' 9" 1)42B"

(d-yg) (@¢'"+3d'¢")+EI" (d-y.) (A4"+2d°¢ ') =G (T "¢ +T¢")+

M utM' u'-(M' 8 ¢THM B' 4'4M, B ¢")+P(X2e"+2rrTe )+

d
+ + + 29A4¢"' = + 2
P(u“yo u'y'o) ¢" JS(R.S. GY)S da+¢’ az J(R.S. ay)S da+u”

| (ReSutay) (y oy aasu! & [ (ReSc4oy) (7,-y)da = 0 (B.1.c)

All derivatives of u and ¢ are substituted by central difference

expressions, which are(79)=

U,,, - U
u' = _l'iﬁ!_j'_l (B.3.a)

u. 2u+u
a" = _lti_irj__i:l (B.3.b)
h

T3t 2uy =24, M0y,
2n®

u'" =

(B.3.0)
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Ej-z"uj-l+6uj'4uj+1+uj+2

u = (B.3.d)
h4

$ie1 = #5-1

$' = 5k (B.3.e)
'™ -2¢ 4.

on = —itt 3 3=l (B.3.£)

h
ar o "bi_o * 265 1 = 24 +4¢..
¢ j-2 331 3+1 j+2 (B.3.9)
2h

Gu_op =4 1 + 64 = 405, ., +o.

ofV= —d=2 =1 3 J#2 32 (B.3.h)

h4
Substituting (B.3.a) through (B.3.h) into equations (B.2.b)
and (B.l.c) yields two equations of the following forms:

BjUs_p*Aydg_o¥Ay Uy y+R, 44 1¥Ag UstRg 04¥Ag UsuytRg 05417 Rg U4y
*Bpp b542 =0 (B.4)

Bluj-2+82¢j-2+33 uj_l+B4 °j-1+35uj+36°j+37uj+1+38¢j+1+39“j+2

+By 4 ¢j+2 =0 (B.4.2)

where the values of Ay through Alo and B1 through B10 are:

Ay =~ E(I'cd - I'yys)/h3 (B.5.1)

)/h3 + Ech(d-ys)/h4 - ZEch'(d-ys)/h3 - EI’c

A, = EYS(I'cd-I'yys

d(d-ys)/h3 (B.5.2)
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Ay = 2E(1'cd-I-yys)/h3+n(1ncd-zﬂyys)/h2+(ux+py°+ A’(R'S'*$1(Yo'y)da
d
)/hz—(u'x+Py'°+ = AJ’(R.s.+oy) ¥,~y)da)/,p (B.5.3)

4=‘23ys(I'cd°I'yys)/h3'68Y's(I'cd'I'yys)/h2+3Ey"s(I'cd-l'yys)
/h'Eys(I“cd'I"yys)/h2+Ey'3(I"cd'I"yys)/h‘4Ech(d'ys)/h4
+4E1cd'(d—ys)/h3+ZEI'cd(d-ys)/h3+ ssx'cd'(d-ys)/h2+
EI“cd(d-ys)/hz-EI"cd'(d-ys)/h+6372h-GJ/h2+(M'xBX+MXB'X)/2h‘MXBX/h2

d 2

+(Pr2+ A.r(R.S.+cy)deA)/hz-Prr'/h.(aE Af(R.s.+ay)s dA)/2h (B.5.4)
A .=>2E(I" d-I".y.)/ ,=2M / ,=2PY / ,=2 [(R.S.+0 ) (y -y)dr/ (B.5.5)

5 T yYs! 27N 27 270 v’ Yo n2
A6=1ZEy's(I'Cd-I'yys)/hz-ZEys"'(I'cd-I'yys)+2Eys(I"cd-I"yys)/hz
-Ey”s(I"cd-I“yys)+6E1cd(d-ys)/h4-1231'cd'(d-ys)/hz-ZEI”cd(d-ys)/hz
+2G3/ ,+2M B / ,~2Pr?/ .= 2f/(R.S.+¢ )S%2da/ (B.5.6)

n? X x'p2 n? a Y h?

A7=-2E(I'cd-I‘sz)/h3+E(I“cd-I"

sz)/h2+(mx+9yo+ Af(R.s.+aY)(yo-y)dA

1/ g* ' syt b $ S (R.S4a) (y,-n)a) /g (B.5.7)
A
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Ag = ZEYS(I'cd-I'yys)/hZ-GEy‘s(I'cd-I'yys)/h2-3EY"§(I'cd-l'yys)

/p-BYg (1" Q-1" o) =By  (I7c8-1" ¥ ) /= 4ET G-y )/, 4~
4BI A" ([d-yg)/ 3m2BL' @ g/, JHEET" A" (d-Y,)/, g+BI" A (d-Y )/

2

h®+EI cd'(d-Ys)/h-GJ'/Zh-GJ/hz-(M'xaxmxs'x)/zh-mxsx/hz

+(Pr2+ Af(R.s.+ay)ssz)/h2+prr-/h+( & A.r(n.s.+oy)szaA)/2h (8.5.8)
(B.5.9)

Ay = E(I' d - I'sz)/h3

Alos-Eys(I'cd-I'yys)/h3+Ech(d-ys)/h4+2Ech'(d-ys)/h3+E1'cd(d-Ys)/h3

(B.5.10)
B, = EIy/h4 - EI'Y/h3 (B.5.11)
B, = EI'yys/h3 + zsty's/h3 - EI'cd/h3-ZEch'/h3 (B.5.12)

d
B3=EI"Y/h2+ZEI'y/h3-4EIY/h4+(P+ I(R.S.+ay)dk)/h2- az J‘(R.S.+°'Y)dA/2h
A A

B.5.13)
= " - " - ‘ - ] ] "
By=EI" ¥' o/p=EI"\Yo/ 5=2EI'y¥/ 3=6EI'\y'/ J#3EL'yy"g,

'4EIyY's/h3'631yygs/hz+zglyy'Z/rﬁil"cd/hz'gl"cd'/h

-M* - ]
wiin +2EI'cd/h3+6EI‘cd'/h2+4Bch'/h3+Mx/h2 My /2h+Py°/h2 Py °/2h
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d
+ Af(R.s.w-oy)(y° y)dA/hz = AI(R.s.-my)d}\/2h (B.5.14)
B.==2EI" / ,+6El_/ ,=2P/ -2 [(R.S.+o0_)da/ (B.5.15)
[ Y2 Y 4 w2 a Y n2
z==BT" " - " - Iv
Bg EI'Yy“s+2EI yys/h2+1231'yy's/h2 2EI'Yy'"s+12EIYy s/hz EIYy s

~283" 4/ j-L2BT' &'/ 3B/ )Y/ -2 .A.r (R.5.4a,) (YY) A/ 5 (B.5.16)
B7=E1"y/h2-ZEI'Y/h2-4EIY/h4+P/h2+ AI(R.s.+ay)dA/h2+
& | (RS+a)a8) /gy | (B.5.17)
B=-EI“yy's/h-EI"yys/h2+ZEI'Y ys/h3-6EI'yy's/h2-3EI'Yy"s/h+4E
Iyy ' s/h3-GEIYy" s/hz-ZEIYy ' "s/h+EI"cd/h2+EI"cd ' /h-ZEI ' cd/h3+GE

I'cd'/h2-4Ech'/h3+Mx/h2+M'x/2h+Py°/h2+py'°/2h+ A!(R.s.+ay)(y(;.-Y)dA/h2

a
+(z AI(R.s.-boy)(yo-y)dA/zh (B.5.18)
= " - -
By = EI Y/h3+EIy/h4 , (B.5.19)
Bloa-EI'yys/h3-ZEIyY'8/h3+EI'cd/h3+2Ech'/h3 (B.5.20)

In the above equations h = % and s = x2+(y-y )2.

The rest of the parameters are defined in Appendix A.



APPENDIX C
THE YIELD PATTERNS
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In this Appendix, the different yield patterns along with their yield
parameters and the equations of equilibrium are presented, Ten different yield
patterns are recognized which, along with the elastic case, (Case 1), are con-
sidered to be all the possible patterns. (Figure 2.8).

For a doubly symmetrical section subjected to bending and axial com-
pression, yielding will always start at the extreme ends of the compression
flange (Case 2). Additional loading will cause either complete yielding of
the compression flange plus part of the web (Case 11), or partial yielding of
the tension flange (Case 3). Depending on the dimensions of the cross-section,
increasing the load will cause one of the two cases: Complete yielding of the
compression flange plus part of the web and partial yielding of the tension
flange (Case 6), or complete yielding of the tension flange plus part of the
web and partial yielding of the compression flange (Case 7). The ultimate
pattern consists of both flanges completely yielded plus parts of the web on
both sides (Case 5). |

Partial yielding of the tension flange and web, (Case 4), may occur
when the compression flange is larger than the tension flange and the amount of
axial force is low. When the difference between the areas of the two flanges
is large, the complete yielding of the lower flange (Case 10), is a possibility.
In any event, these two cases rarely happen within the practical size limita-
tions and they are encountered only in the case of low axial Toad and singly
symmetrical sections.

High values of axial load and small bending moment can cause the
partial yielding of both flanges in compression (Case 8). Increasing the
moment in this case will cause the complete yield of the compression flange

and part of the web (Case 9).
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For each yield pattern, the yield parameters are computed in terms of
the curvature of the section, the location of the neutral axis and the values
of the residual stresses. Referring to Figure (5); the equation representing
the variation of the residual stresses across the upper flange can be written

as:

2
o= B% (,crc + Urt) - Ot (c.1)

and similarly for the lower flange:

2x
¢ = rl (‘orb + ort) - Opt (c.2)

where x is measured from the centerline of the web to both sides and compressive
stress is positive.

In order to find the yield parameters, at the point where yielding
starts, sum of the stresses due to loading and the residual stresses is set
equal to the yield stress. For example, for the yield pattern of Case (2), in
order to find k, the yield parameter, the following procedure is followed:

The compressive stress due to loading in the upper flange would be equal to

EeC and the residual stress where yielding starts is:

2k -

BE'(Z'bZ)(°rc *opg) = opg = Klope +opg) - opy (c.3)
Sum of these two stresses must equal Oys so the following relationship is ob-
tained:

EoC + k(,crrc - crt) =0, (c.4)

from which k is found.
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The two equations of equilibrium are derived on the same basis. The
forces are summed in a direction perpendicular to the cross-section. These
forces consist of the following components: axial force, the yield stresses,
the residual stresses and the stresses caused by loading. The moments are
summed about the neutral axis (point of zero stress due to loading). In both
equations, sum of the internal forces and moments are set equal to external
axial force and bending moment. For the elastic section (Case 1), since the

section properties do not depend on the curvature, the equations of equilibrium

have not been written.
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Case 1 ———
S
¢ d
Y¢ S
Komien,
Figure C.1 Case 1 yield
Section propert;i.es 3 3 pattern
o M
c 12 b'4 12 12
14 = G(A2+ 3 AL)/A,+A +A,) R
Y, - Yg= @ T RgViByHhAHAz) ¥, = YetYg
b 4

3 2
2 12,8°t3 d,
Ix = Alyf-l-AZ (d'Yf) +_I2_ + A3 (Yf—f )

J = %— (Blt13+b2t23+b3t33) (unchanged for different patterns)
t
3 3 3.0 o 30053y (rnew 14
4
v /g -2,
t

2aamt. b, 3 (o - XL 3o - It (2
[(R.S.-i-ay)s dA=t b; (0~ =5 )/jgttoby (o~ =5~ )/16 (5
o, 1(D-y,) 34y 3 1 42, (D-y ) 20 =0 )/ 4By e (o_ =0 )/
ret P7¥g) Vg 1 =Yg SN0y =0 ) /¥ A2Y e (9pe™re!/2
J(R.S. + °y) dA = 0

S(R.S. + °y) (yo- y) dA= 0



106

sz
—t
Case 2

1. Section properties

t, (kb)) £, b 3
I =22 I =202 11
¢ 12 Y 12 12

Id FigureC .2 Case 2 yield
=—- = 1 pattern

YT ¥p=d (KA2+3A3) fa14ka2+a3)

Y
I = KA, (d-y,) 2+A,y, 2+t.b,3/, _+A., (y, -d/2) 2
X 2 \97Yy 1¥p Tt3P3 /127831
.3 3 3,3 4
-(a-y,) N 1/; -2y,
b I,
J(R.S.+0. ) S2dA=A, [by 2 (0. #0_,) /v cby 2 /oty 2lo_ 0 ) /om0, ¥ 2]
+TOy 1881 {05t 02e1 /16701 2e/12%¥s 9rp™0rt?/27%tYs
2.3 2
Tret3l¥g 3+ (a- ¥g) ]/3"'52[1’1 2t (0pc*0p) /16701 K70/ 15+ (8-Yg)
2
k¥ (apgtore) /7o ek (dyg) 2140,y 10,2 (1-k3) /1 p+ (dey ) 2 (100
f(R.S.+ay)dA=A20Y(l-k)-a:tA3+O.5A1(o

2
)+A2(0.5k (arc+a rko el

rb 7rt rt!

I(R.S.-wy) (yo-y)dm-cyaz(l-k) (d—ya)+(d-ys)A2(0 Sk (c +a!t) ka

2 2
=0. 51\lys (orb-ott) +0. Stacrt [ys - (d—ys) )]

rt)

2. The yield parameter: k= (oy-ba = E8C)/ (0,4
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3. Equations of equilibrium:

- - - - 2-
P = Ao, (1-k)-R30,, +E6CkA,-A, EO (d-c) +0. 5t 3EC ~0. 5t 36
(a=c) 2+0.5A, (a4m0., ) +A, [0.5k3(a_ +o_ ) =ka_,]
eI Lo 0pe ) TR LT rc ’rt rt
2
M= =P (yf-l-C-d)-O.SAl (@=-c) (arb-art)ﬁ-CAz[O.Sk (°rc+°rt)-k°rt]

2 2 3
+A3Urt(d/2-c)+EBC kA2+A1E6(d-c) +(t3/3)E9C +(r3/3)Ee

3
(d-c) +A20yC (1-k)
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4
Case 3
1. Section properties '
£ ki) 5 (k) 1‘1"13 3
It It 7 (-4 val

vb]
FigureC .3, Case 3

yield pattern
I4d

=S = 1 -y
RO PR it i B WO WCERECWEED)

t
I= KA, (d-yy) 24y, 2A) (1-y) +(73) (d=vd) 3+t (d-va) [y, ~v8=0.5(d-vd) ] 2

3
t t,b
B, =1 (3 ((yymva) A= (@-yp) 4y, 38, (1ov) kA, (d-yy) Pk (a-yy) ErE-

t,b,>
by (1-p3) 2ot -2
Yy, (1-v —-rrl/Ix Y

24ax 3 - - )2 4 -

f(R.S.+0, ) S2dA=0 A, (D)2 (1K) /) o+ (1K) (8- ) 214A21by %k (o o=opy ) /1
+(d-y_) 2( yE2 Lo b2 K3/, -a_, (a-y_) 2kl=0_ t, 1 (y.~vd) 3+ (d-y )31/

Yg) “lopctore) 3 =%peb2 127%¢'97Yg ret3t g™V ¥g 3

p.2 3
"Cyta [YB "(ys \‘d) ]/3-°yhl(-r2L + Ys )+a1 blz (qrb+art) (l-“ )/16
2(1= ___ -ty 2
~a.¢by 2 (1=y )/121+A1[ - 1 ) (00, ) =0, ¥2 (1-9)]
2 - -

I (R.S.+0y) A=A, [0.5k2 (0, +0, ) =0 KI+A 105 {oppba,) (1 ¥2)

-ort(l-w)l Aacrt(l-v)-vkao -WAlo 20 (1-k)

- 2 - - -
I(R.A.+oy)(yo y)dA=h,[0.5k (0pctopy) ko, (d-yg) Alys[°'5(°rb+°rt)



109

(1-y2) =0, (1=9) 140, YR ¥ +A, (1-K) (B=y )0 +o ta Y 2= (yg=vd) 21/,

Y
~0, Eal(y -vd) 2-(a-y ) 21/,

2. Yield parameters:

ta
L}

)

(o +a

y*ore -E8C)/ (o

rc rt

v = [art-cy+Ee (d"C) ]/Eed

[E8 (d-¢)+0

L =3
#

rt” y]/(a +0.,)

3. Equations of equilibrium:

2 - 2 -
P=3 Al[(ar b)(1 ve)- 20rt(1 ¢)1+A (0.5k (a kort]

t rt)

- - )+ 2.1 cemud) 2
+EOCKA,-E8 (d-C) A, (1=y)+7 £,E0C2-3¢E0 (d=cmvd)

v)+A a (l1-k)=-vA.o -wA

Srehzils 3% VA%

M=-P(yf+c-d)-al(d-c)[0.5(ort+arb)(1'02)-0rt(1*¢)1

+A,C 0. .5k2 (o )- kort]+EeczkA2+EOA1(d-c) (1=y)

!‘C !'t

+(53/;)E0¢%+ (*3/,) B0 (a-c-va) *-0 , (1-v) [C-0.5d (1-v) 1A,

+A2(l-k)ayC+uA3uy(d-c-0.5va)+wAluy(d-c)
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Case 4
1. Section properties
3
3 b

=taP2"/ - - d
I="2"2 /12 I, 1c+ 12 (1-v3) v I

a1 c Figure C.4 Case 14 yield
Ysz-i— Ybn [A a+0. 5A d ( 1-\’ ) ]/[A +A3 (I'V) +A1 (l_w) ] Pattern

b 4

L= Az(d-yb)2+yb2Al(l—w)+(t3/12)(d—vd)3+t3(d-vd)(Yb-O.S(d-vd))z '
B, =((53/,) Lygva) = tayp) 14y, 3, (1-0) -2, -y - ey £,0,%

1y -1 y0) /51 -2y,
X

23A= 2 -
f(R.S.+oy)S da Aszz (arc+art)/16+0.5(d ys) (orc+art) Ore

2
by*/12
- - 21 - 3 - 3 - 3_ 3_ - 3

Opg (@-Yg) 21=0 £ 1y =vd) "+ (d-¥ ) 71/ 3-0, 1y = (¥g" = (¥g~va) 1t3/3
“0 Ay (93D 2/ by 29) 4B, [la g, )b 2 (1-p4) /) =0 b.2(1~y3) /., +

1B/ 5%y, 11(0pptape by 167%rtP1 12

(0,40, ) ¥ 2 (1-42) /=0 ¥ 2 (1-9)])
- —2) - - - -
. T(R.S.+0,)AR0.5R) (0 =0 }4A) (0.5 (0 #a ) (1-42) =0y, (19) 1-Rg0p, (1-v)

-vA3ay-¢A10y

I(R.s.+qYXy°fy)dA-Az(arc-ort)(d-ys)/2+Aloyys¢-All(urb+ott)(l-wz)/z

- - - 2 - 2 ~y 2
Ory (1=) 140 ol (vdey )2y 21/ 40 31 (dmyg) ¢4 (va-y ?)]
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2. The yield parameters:

w=[EB(d—c)+att-oy]/(ort+arb)

v=[art-cy+Ee(d-C)]/E9d

3. Equation of equilibrium

P=A; [0.5(a, +o,p) (1=42)=0_, (1~4) 1+A, (3) (o )+E6CA,

re rt

- - 2 - ceeyud) 2= -
-EeAl(d c) (1=-y)+0.5C Eet3 0.5t3Ee(d c=vd) Aaort(l v)

-uA3cY-wAlcy

M=-P (yc+c-d) =A, (d-c) [0.5(c ) (1-y2) =0, (1-¢) 1+0.58,C (o

rbtorte rc~%¢t!

+Eec2A2+Ee(d-c)zAl(l-w)+(t3/3)sec3+(t3/3)ne(d-c-vd)3-d(1-v)

art[c-O.Sd(l-v)]t3+uA3uy(d-c-0.5vd)+¢Aloy(d-c)
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case 5
1. Section properties: wd‘I
I.=0 Iy= 0
¥ =0.5d (1=y+v) Yy = ¥g vd :L
Ix-[d(l-w-v)]3t3/12 Bx = 0 Figure €.5 Case 5 yield

pattern

I(R. s.+¢i,) Szdasazoy'(d-ys) z-klayys

3
t d 3
2+0y( 3/3) (-8—) ['1'0-'1!)

t t
+1eovti) *1=0, (231 @ L Atv=y) P+ (1=v=9) 140, (198 (1v-9) Yoy

2 - 2
by*/1279yA1P1%/12

I (R.S, +°y) aA-Azay-Alay+wa3oy-vA3ay-crtA3 (1=y=v)

- = - - 2 —yey) 2=
I(R.S.+ay) (y,-y)dn Azay(d ya)ﬂ\layys 0.1250,t3d° [ (1-v=y)

b4

(1=v+y) 2]+0.125t30yd2 [ (1+v=y) 2= (1=v=y) 2]

2. The yield parameters:

g_+0 g ~C
v=(c-Y==5) /a ve(d-c-YpEE) 7a

3. Equations of equilibrium:

PA 0 A 0y =VBq0 #VA0,=0 A (1=v=y)+0.5E8t 4 (c-¥d) 2

~0.5E8t, (d-c=vd) ?
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M=Aloy(d—c)+A20yC+wA3oy(C-O.5¢d)+vA3ay(d-c-0.5vd)

+(*3/3)E6 (c-vd) 2+ (*3/;3) E6 (a-c-va) P+p (a-c-y,)
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I

Case 6
l-section properties "dI
60 4 oy
=0 IY= 12 (1-£7) Figure C.6 Case 6 yield
pattern

Ys=0 Yb=0.5d t3 (1-y=v) (1-w+“)/[33(1-‘0-\’)4‘31(1'f)]
I = £, (1=y=v) 3/y o +ay (1-£)y, 242, (1=vey) [, ~2(1-y=v) ]2
< t3 12741 ¥p i3 "7
8 =i (£3/,) [ ly,~va) 4= (v, ~a+ay) 3148y, (b, 2 (1~£3) /, 4y, 2 (1~£) 1 }/5 =2
X WYy ¥y 1¥p e 12%¥p 1, Yo

2 20 (t _ay 34431t ey 3
I (R.S. 0, S2AR=RHE d240, (“3/3) [ (¥8-2) 42”1 (53/3) app [~ (va)

3. .t 3 3
- (¥d=8)"1=(3/3) o, (vd) -(ayllz)tl(fbl) +A,by
et - g3 2

f(R.S.+oy)dA-Azuy+wA30y-vA30y-fAlay+A1[0.5(l-f )(urb+u:t)

-art(l-f)]-A3ort(1-v-w)

I(R.S.+uy)(yo-y)dA=Aza d+0.5t30Y62[1-(1-&)2]-0.Sdzt30rt[(l-w)2-vzl

Yy
232 —f2)m -
+o.5t3oyv d “1Ys‘°-5‘°:b+°n’ (1-£2) °rt(1 £)1
2. The yield parameters:

. =0 0,40
v = (a-c--LE5/a v = (c—XEE/a

f= [Ee(a-c)+°rt-°yl/(°rt+°!b)
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3. Equations of equilibrium:

- - - - 24 - -reyd) 2
P—Azo +wA3oy vAaoy fAloy+0.SEe(C vd) t3 0.5E8t3(d c=vd)

Y

-EeAl(l-f)(d-c)+A1[0.5(orb+urt)(l—fz)-ort(l-f)]-ortA3(l-v-¢)

M=A20 C+wA3cy(C-0.SWd)+vA3ay(d-q-0.5vd)+fAlay(d-c)+

Y

(*3/,;)E0 (C-vd) >+ (*3/,) B0 (d-c-vd) P+EeA, (1-£) (a-c) 2-P(y gte-a)

-Al(d-c)[0.5(0rb+art)(l-fz)-ort(l-f)]+0rtA3(1-v-w)(d-20-vd+wd)/2
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Kby

—
Case 7
1. Section properties
(kby) 3t, : vl
Ics—rz—— IyﬂIc ' .
Figure Q.7 Case 7 yield
¥g>d Y= UeR 3R 3 (1921 8/51/ fhen 4 (1-v) A g partem

= - 24 - 3 + - -y -4 2
8,={~A, (d-y,) [k°b,2 +k (d= 214("3 ~yd) "= (d= -2

=3-T% =Ay9y( 30,87 (1=v)= () o, (vd)

2.4 e %3 2 (1.3
Agbo itk (0, 40, )/ 670p K/ a1 Ha RO, * (1k7) /1

I(R.C.+oy)dA--Alc

- - - - 2
y VA3cy+(l k)Azuy crtA3(1 v)+1\2[0.5k (orc-'»

Ire) kel

I (R.S.40,) (y,~y) dAm-A)0,d+0.50, t3d? (1-v) 2-0.50, ¢, (d2-d% (1-v) 2]

b 4

2. The yield parameters:

velo_, o +EB8(d-c)]/E6d k-(oy+ort-EeC)/(crc+crt)

rt=-y
3. Equations of equilibrium:

P=-A,0 +A2(1-k)cy-yA30y+0.SEBC2t3+kazEec-0.5t3Ee(d-c-vd)z

Y

- - 2 o
artA3(1 v)+A2(0.5k (°rc+°rt) k°rtl
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M=Aloy(d-c)+Azay(l-k)C+vA3cy(d-c-O.Svd)+(t3/3)Ee(d—c-vd)3

+(t3/3)EeC3+CA2[0.5k2(orc+ort)-kcrt]+kAzEeC2+ortA3(l-v)[d-c

=0.5d(1+v)1-P (yf+c-d)
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Case 8
l1=-Section properties
3 3 -3
I =t2 (kbz) . _tz(kbz) . tl(rbbl)
c Yy 12 12
14

ys--%; Yp,=d (kKA,+0.58,) / (Ay+kA +1y A1)

= 2 -y ) 2483 - 2
IX rbAlyb +kA2 (a yb) +d t3/12+33 (Yb 0.5d)

' r.b l
b"1
Figure C.8 Case 8 yield
pattern

t
={=A_ (A= 3.2 —v. )2 3p.2 2y 4 (<3) (v, 2=

X

2 2/ oy 3y 2 2(1- 2 13
I(P.S.-i-oy)s dA=A10Y[b1 /12 Ty by /12+ys (1 rb)l-l-Azt:vy[b2 /12(1 k~)

#ldoy_) 2 (1K) 1= (ZE) 1y 3+ (a-y_) 2148, (b, 2k % (0, _+a_.) /1 =0 KD, 2/
Yg) il 3 ) \¥g Yg 2'92 re Yre! /167%™ P27/12

2 (dev }2 - — )2 2, 4 -
+0.5k2(d-y ) 2 (0 Fo ) =0 k(d=y ) 21+A  (by “rp (o 40, ) /1 6=0py

3,2 2y 2 - 2
Tp Dy °/13%0- 57, Y g (0pp#0re ) =0 ¥ ®)

‘ =, - i) = 2
f(RS.'l'Uy)dA Alay(l rb)+A20'y(l k) OrtA3+A2[0.5k (o

2 -
-0-1-\1[0.5rb (°rb+°rg) rbax:t]
It F.S.-NY) (¥, =y)dA=+A, (d~y,) {0.5k2(c

rcr

(o

1:) =kao

retOrg) Kozl

- 2
re! yshllo . Srb

- - v e - 1 20 (v =d)2
!b+art) °rtrb]+A2°y(1 k) (d-y,) Alayys(l rb)+!-t3crtlys (yg=d) <1
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2. The yield parameters :

k=(uy+ort-EBC)/(orc+ort) rb=[oy+crt-30(c-d)1/(orb+ort)

3. Eguations of equilibrium:

- - 2 - -
P—Azlo.Sk (arc+qrt) kcrt]+ Al[O.Srb (orb+crt) rb°rt1 °rtA3+Ee
Alrb(c-d)+EeCA2k+Azcy(l-k)+Alcy(l-rb)+A3Ee(C-d/2)

2 - - 2 -
M=CA2{0.5k (arc+crt) 0. KI+A4 (c d)[O.Srb (°rb+°rt) 0,4 Tp)

-P (c-d+y¢) +A T, E6 (c-d) 2+kA2£6C2+ (1-k) ayazcmloy (1-ry)

(c=d)+E0A4 (c=d) (c-3/2) +E0dn, c=9/3) /s
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Case 9
wd]
1-Section properties
3

fb t

[t i
Icﬂo Iys —I
¥.=0 ¥, =0.5 (1-y) 22/ fby '
s b ° (fA1+A3-yA3) Figure C.9.Case 9 yield

pattern

3.3t

Ix-(l-'f) a%%3/,,+(1- w)A3[yb-0.Sd(1--w)]2+fA1yb2
b= (C3) 1y, A= (y, +au-a) 4140y, £y 2 £y Y}/ =2
x~- T Yp "W Wt Wy + 12 1, "%,

£ (RS.+0,)S2ahma Ay (42+D,2/) )+ (¥3/3) 0, 13- (@=ya) 31- (*3/3) o, (a-ve)

2 4, _ 3 2(1-¢3
+A b 2 (o pta ) E /169t E /12140 A b1 2(1-£7)/, 5

y
=, - - - 2 -
.f(RS.+ay)dA Azuy+¢A30y O Az (l=v)+(1 f)Alcy+Al[0.Sf (Opptopy) =£0,,)

J(RS.+0 ) (y_-y)dA=A,o d+ t3 (a2~ 2d2)-§-2v a2y2
s ¥0) WYY 2%ySt 2o, ld%y eV

2. The yield parameters

g, +0
v Fle-—LEE) £ mloy+o, ~E0 (c=d) 1/ (0pyta, )

3. Equations of equilibrium

- - - 2 -
P-A20y+¢A3uy+(1 f)Aloy crtA3(1 v)+Al[0.5f (crb+°rt) fart]

+E0 (c-d)Alf+EBA3 (1=¢) {C~0.5d(1+y)]
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MeA,0, C+iRg0, (C-§ Q)+ (1-E)A, o (c-d)~a, Bg (1) c-5-¥

’

- 2 = - =d) 23, £~ -
+A1(c d) [0.5£ (crb-hrt) fart]-i-EB (c=d) Alf I-‘(C-O-yf d)

+E0A4 (c=d) (1-) (C-§ =43) +5E8A2t, (1= y) 2 [C-ya-1d (1-¥) ]
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Case 10
1-Section properties
vd I
by,
I~ Iy=Ie
Figure C.10 Case 10 yield
pattern
Yg=d Yp=[Ayd+R3(1=,2)8/51 /1, (1-v) 42,1

- v Y2433 1oy 3 - - -
IX Az(d yb) +d” (1=-v) t3/12+A3(l v)[@(l v)/z d+yb]

, £
B ={-A, (d-yp) [b,2/) o+ (d-yp) 21+ (=) [ (yy-vd) = ta-y) ¥ My -2,

by2 ¢t o +0 ]
1 3 3 3,_t3 3,3 rc rt “rt
23Am- 2 - - - 2
I RS.+oy)S dA Alcy(d "—II) —sdyd (1=v~) Tort\)d +A2b2 (*-—r‘—‘—ﬂ)
<f(RS.*UY)dA--Aloy-vaaay-crtA3(1-v)+0.5A2(arc-ort)

!(!LS.+0Y)(Yo-y)dA--Aloyd+0.50 dz(l-v)2-0.50yt3[d2-62(1-y)2]

rtt3

2. The yield parameter

v-[crt~0y+Ee(d—c)l/Eed

3. Equations of equilibrium

- - 2 - -Ce 2. -
Pm Alay uA3u +0.5E6C t3+AZEGC O.StsEB(d c-vd) °rtA3(1 v)

y

+0.5R, (0 )

re rt
t3 3, 533

M-Aloy(d-c)+vA3oy(d-c-0.5vd)+(-§)Ee(d-c-vd) +(—g)EEC +0.5C

Az(a

: c'°rt) *AzE"cz""r:"s (1-v) (d=c=0.5d (1+v) ] =P (y¢+C~d)
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Case 11 vdI
1. Section properties
tyby 3
I_=0 1=t
¥g=0  ¥p0.5A3(1-%/a y(1v)ay Figure C.11 Case 11 yield

pattern

3
I, =ld(1=v)] t3/12+A1yb2+d(1-u)t3[yb-o.5«1(1.-v)12
8= (53/) typ - (@ (1-v)-yp) 14wy, P12/ ey ®)
2 b2? .2 2
I(RS.MY)S dA-ayAZ(—ﬁ-Pd )+A1b1 [(art"'arb)/lﬁ-ort/lz 1
A a
3 3 3 3

+(=) 0,42 (1= (1-v) *1= (=) 0,42 (1-v)

1
J( RS.+uy)dA-ii\l (°rb'°zt) +A2°y+"A3°y'°rtA3 (1=v)
<r(ns.+ay)(yo-y)dA;-Azayd-o.snaayd(1-»2)+o.5a3dartv2

[} +°rt
2. The yield parameter : v e (C-—xm—) /4

3. Equations of equilibrium:

P-Azcy+vaaoy-orta3 (1-»)-3931 (d=¢c)+0. 5A1 (crb-crt) +

0.5t3Ee(c-vd)z-o.StaEe(d-C)z
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M=CAzoy+vA3cY(C-O.Svd)+EeAl(d-c)2-0.5Al(a ) (d=c)

rb rt
t3/.)E, (cva)3
-P(c+yf-d)+A3(1-v) [d-C-O.Sd(l-v)]srt-i-( 3%

+(t3/3)E0 (d-c) 3
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COMPUTER PROGRAM



COMPUTER PROGRAM

D.1 Desqription of the Computer Program

The computer program used in this study computes the buckling

load of a linearly web-tapered member having unequal flanges and subjected

to axial load and end moments. The program consists of a main program and

four subroutines as follows:

MAIN--Reads and prints the input data, computeé the section properties,

the bending moment and the values of the residual stresses at each
station. Sum of the axial, bending and residual stres;es are com-
puted at extreme points of the cross-section, based on which the
type of the most probable yield pattern is determined. For each
yield pattern,computés the section properties. Computes the terms
of the difference equations at each station and assembies the de-
terminant of the difference equations. Determines the value of
this determinant and follows the iterative procedure until a zero
value is obtained. Then uses Gauss-Jordan elimination to determine

the buckling mode shape,

NONLIN--This subroutine, written by Dr. K. Brown at the University of

Minnesota, solves a system of N simultaneous nonlinear equations.
The method does not require the user to furnish any derivatives.
In this study, the subroutine is used to solve the two equations
of equilibrium. The two unknowns are: The curvature times E, and

the distance from the neutral axis to the top flange.
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BACK--This subroutine back - solves the first N rows of a triangularized

Tinear system.

COLUMN--This subroutine computes the value of stress and the yield para-
meters in the absence of bending moment since in this case the lo-

cation of the neutral axis cannot be determined.

AUXFCN--Lists the equations of equilibrium for different yield patterns.

The yield parameters are defined before each equation.

D.2 Input Data Format
CONTROL_CARD

Cols. 1-2 JG - Number of members to be analyzed

MEMBER DATA CARD (Two cards per member)
Card 1 |
Cols. 1-2 N - Number of segments which a member is divided into
3 NB - Code number for boundary conditions:
1 = simple lateral and torsional supports:
2 = fixed conditions
4 NH = Analysis option:
1 = beam analysis (the larger end moment is taken
as buckling load);
2 = axial load analysis
5-10 B1 - Width of the lower flange
11-16 T1 - Thickness of the lower flange
17-22 - B2 - Width of the upper flange
23-28 T2 - Thickness of the upper flange

29-34 BO3- Center to center distance of the flanges at the
smaller end

35-40 T3 - Thickness of the web
41-46 DEL - Taper ratio
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47-52 CC - The ratio of the moment at the smaller end to that
at the larger end. Positive for single curvature
and negative otherwise.

53-57 xxx - The specified load: axial load for NH = 1; larger

end moment for NH = 2 (Moment producing tension in
the Tower flange is positive).

58-62 FY - Yield stress of steel

63-67 COF - Ratio of the maximum compressive residual stress in
the upper flange to the yield stress.

68-72 AJ - Distance from the braced point to the smaller end.
In the absence of intermediate bracing, AJ = 0

73-77 AL - Length of the member

Card 2
Cols. 1-10 E - Modulus of elasticity
11-20 G - Shear modulus of elasticity
21-30 ES - Acceptable error in computing the buckling load,
0.1 to 0.5 percent of the estimated buckling load
is recommended.
31-40 xp(2) - Upper bound estimate of the buckling load;
P preferably not to exceed 50 percent of the
estimated value.
Note:

Kips and inches are assumed for all units.
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s Rakz N2 X2 BY

DIMENSIOR BET{20),YI(20),YS(20),X(30),3N(20),CI(20),34(20)
DIMENSION UY(20),WKAREA(18),0(20),N(20),XP(2) ,ENC(2) , 08V (20)
DIMENSION T (20),Y¥(20),a(18,18),B(20),DT (18, 18),0UR(20) ,0URR (20)
DIMENSION DU (20,20),DV(20),DdC {18, 18),DG(20,20)
cosMox¥ Js,A1,A2,T3,SIBR,SICR,SITR,FY,BK,SA1,0N,D,P,XN,YF,A3
COSNON BR,M1,PAI .
READ{5,483) J6
PORNAT (I2)
20 401 NX=1,3G

N=NO. OF ELEMENTS WAICH A MEMNBER IS DIVIDED INTO

AL=LENGTH OF A AEMBER

B1,T1=THE DIMENSIONS OF THE LOWER FLANGE

B2,T2=THE DIMENSIONS OF THE UPPER FLANGE

B3,T3=THE DIMENSIONS OF THE WEB

BO3=THE WIDTH O7 THE WEB AT THE SMALLER END

DEL=TAPER RATIO

CM1,0M2=THE TWO END NONZNTS

PY=THE YIELD STRESS

AJ=DISTANRCE PROM THE SHMALLER END TO THE BRACED POINT

XXXx=SPECIFIED LOAD.AXIAL LOAD FOR NH=1 AND BENDING NONENT FOR NH=2
CC=RATIO OF THE MOMENT AT THE SMALLER END TO THAT AT THE LARGER END

POSITIVE POR SINGLE CURVATURE AND NEGATIVE OTBEBRWISE

COF=RATIO OF THZ MAXINUM COMPRESSIVE RESIDUAL STRESS TO THE IIELD ST:
E,G=NODULUS AND SHEAR NODULUS OF ELASTICITY
JG= NUNBER OP MEMBERS TO BE ANALYZED

B=THE LENGTH OF EACH SEGBENT

READ(5,31) §,NB,§4,81,T1,82,T2,803,73,DEL,CC, IXX,PY,COF, AJ, AL
PORMAT {I2,211,8F6.3,5F5. 1)
READ(S,681) E,G,ES,XP (2)
FORMAT (4P 10. 1)
WRITE(6,491) NX
FORMAT (//181,1X,°INPUT DATA',4X, "MEMBER #',I2)
PRINT 492
PORMAY (' ““t.#“")
PRINT 129
FORMAT (/7' INCH AND KIPS ARE TO BE USED POR ALL UNITS')
PRINT 459
PORMAT (//1X, *¥IDTH-L. ?LG. ", 1X, *THICK.L.FLG. ', 1X, "WIDTH~UPP.PLG. ",
c 1Y, 'THICK.OPP.PLG.',1X, 'DEPTH’, 1X, ' ¥EB-THICK. *, 1X, "TAPER RATIO')
WRITE(6,7) B1,T1,B2,72,803,73,DEL
FORMAT {//,2X,P10.4,1X,P10.4,4X,F10.4,3X,F10.3,4%,3P10.4)
PRIKT 433
FOBMAT (//1X, " NUM.SEG.",1X, *B.C.?,1X, 'E?, 1X, VANAL.TYPE. ', 1X, G, 1X,
C'MON.RATIO",1X,'YIELD STB.',1X,'LOC.BRACE?, 1X, 'R.S./PY',1X,'SPEC.L
COAD', 1X,'LEZEGTH')
4RITE (6,495) §, NB, E, §{,6,CC, PY,AJ, COP, XXX, AL
FORMAT (//16 ,15,2% ,P7.1,23,2%,F 71,7642, 1Z,F6.2,3%,2P9.3,2X,F9. 3,
¢ 11,P6.2)
PRINT 122
FORMAT (//' ACCEPTABLE ERROR',2X,'ESTIMATED BUCKLING LOAD')
WRITE(6,123) ES,XP(2)
FORNAT (//27 154 8)

JX=H0. OF POINTS (STATIONS) ALOKG THE MEMBER

ES=ACCEPTABLE ERROR IN COMPUTING THE BOUCKLING LOAD

XP{1),XP(2) ARE TWO ZSTIMATES OF THE BUCKLING LOCAD

METHOD OF BISECTION IS USED TO FIND THE "ZERO? OF THE DETERMINANT
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OF THE LINEAR EQUATIONS.THE TWO ESTINMATES ABOVE WILL BE USED AKRD
THE VALUZ OP THE BOUCKLING LOAD IS EXPECTZD IO BE BETWEEN THE THO

0M2=XXX
XP (1) =0.4*XP{2)
H=AL/N
NZ=AJ/H+1
JT=R+1
XP (1)= (TP (1) +XP(2))/2
DO 93 IN=1,2
IF (NH.2Q.1) GO TO 377
P=XP (IN)
G0 To 378
0B2=XP (IN)
P=XXX
CONTINUE
0X1=CC*OM2
DO 8 I=1,JX
Z=H% (I-1)

XM=BENDING MOMENT AT EACH POINT
XMP=THE DERIVATIVEZ OF THE BENDING MOMENT
IN=0M1+ (ON2-0N1) *Z/AL
ZNP= (OM2-0N1) /AL
BM(I) =XM
D=B03*(1+DEL*3/AL)

A1,A2,A3 ARE THE AREAS OF THE LOWER PLANGE,UPPER FLANGE AND WEB
SICR=CONPRESSIVE STRESS AT THE SIDES OF THB UPPER PLANGE
SITR=TENSILE STBESS ALONG THE WEB
SIBR=COMPRESSIVE STRESS AT THE SIDES OF THE LOWER FLANGE
YP=DISTANCE PROM THE CENTROID TO THE BOTTON FLANGE

A1=B12T1

A2=B2*T2
A3=D*T3

AT=A1+22+A3

SICR=COF*PY

SITR=(A2/(A2+43)) #SICR
SIBR=(A2% (A1+A3) / (A1%{A2+A3))) #SICR

THIS PART COMPUTES THE PROPERTIES OF THE ELASTIC SECTION
TP=(A22D+0.5%A3%D) /AT

YS=DISTANCE PROM THE SHEAR CENTER TO LOWER FLANGE
¥B=DISTANCE FROM THE CZNTROID TO LOWER PLANGE
T=THE TORSIONAL CONSTANT
XI=NOMENT OF INBRTIA W.R.T. X-AXIS
X{1) IS AN ESTINATE OF E TIMES CURVATORE
X(2) IS AN ESTIMATE OF C (DISTANCE FPROM HEUTRAL AXIS TQ UPPER FLANGE)

YT=D-2P
T(I)=(B2#T2#*3+B14%T 1553+ D*T3%23) /3
XI=ATSYFES24 0257 T*524D2535TI/12¢ A2 (YT-D/2) 342
IF(X4.B3.0)GO TO 358
X (1) =XM/X1
X (2) =D-Y2+P*XI/(AT*LY)
COBTINDE
THE EXTRENE VALUES OF STRESSES ARE CHECKED TC DEZCIDE THE PROPER YIELD
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PATTERN
SCOM=P/AT-X4*TF/XI+SIBR=-FY
SBOT=~P/AT+XA* (YP) /XI+SITR-FY
STOP=P/AT+XN#* {D-YF) /XI+SICR-FY
1P (SCON)91,91,92
IF (SBOT) 80,80,81
IF (STOP) 82,82,83
IP (STOP) 84,94,85
CONTINUE

CASE # 1

35=0.0

YI=MOMENT OF INERTIA W.ReT. Y-AXIS

CI=MOMENT OF INERTIA OF THE UPPER PLANGE W.R.T.Y-AXIS

INTEGRAL OTF (STRESSES TIMES SQUARE OF THEIR DISTANCZ TO THE SHZAR CENI
UR=INTEGRAL OF STRESSES

UY=IBTEGRAL OF STRESSES TIMES THEIR DISTANCE TO THEZ SHEAR CENTER

YI(I)=(T2¢B2¢%3+T1#B1%43) /12

S (I) =D*B2%43¢T2/(128YI(T))

YR=YS5(I)

¥ (I) =YP-Y5 (I)

CI (I)=T2%B2%#3/12

BET (I) == (T2%B2#%3% (D-YF) /12-YP*T19B1%%3,/12+ A2% (D-YF) $¢3-A1¢YF**3
€ +(T3/4)%((D~YF)#%3-YFs#4)) /XT-2%YK (I)

URR (I) =T1%B1##3% (STBE-SITR/3) /164 T2#B2%#3* (SICR=-5SITR/3) / 16- (T3/3)
£ ®SITR®[{D-YR) **3+YR*#3) +A1% (D-YR)*#2% (SIBR-SITR) #0.5+A2¢YR**2
t *0.5%(SICR-SITR)

UR (I)=0.
UY (I)=0.
RE (I) =SQRT { (XI+YI (I))/AT+YH (I)*%2)
GO TO 8B

THE CROSS SECTION WITH THE YIELDED PORTIONS
IN THE COMPRESSION PLANGE ONLY
CASE # 2

Js=1
12=20
CALL NONLIN[2,5,1%,2,X,0.01)
IF (BK.GT.1) GO 70 83
1P (81.61.9) GO T0 83
IP (BK.%LT.0) GO T0 83
AT=A1+A3+BK*A2
YI(I)=(T2#BR**+3sB2*23+T1eB1%23) /12
YS (I) =D*T2# (BK*B2) #%3/ {12¢7I (I))
YR=YS(I)
YB=D* {(BK*A2+0.5#A3) / (A1+A3¢BK*A2)
XI=BK*A2® (D~YB) $%2+A18YB##2¢T3% D#33/12+23% (YB-D/2) $%2
CI (I)=T2#BK#*3#52%3/12
TN (1) =¥B-YS(I)

BET (I) ={(T3/4) #(YB*84=~ (D-YB) ##4) +YB#+3%11-EK*A2% (D-YB) #¢3-BEK**3* (D
C-1B) $T2%B2%#3,/12+4YB*T1#51%#3/12) /XI-24YN (I}

UE (I) =A2#FPY#* (1~-BK) =SITR$A3+0.5%1 1% (SIBA-SITE) + A2% (0. 5¢BK##2% (SICR
C +SITR)~BKsSITR)

URR(I) =A1#(B1##2# (SIBR+SITR) /16-B18*2#SITR/12+ YR*$2# (SIBR+SITR) /2
C-SITR*YR#%2) -SITRST3# [YR##3+ (D-YR) #%3) /3+A2# (B1#82#BK# 44 (SICR+
CSITR)/16-B1##2#BKe#34SITR/ 12+ (D~YR) *#2#BR*¢2# (SICR+SITR) /2-SITR*
CBR* (D-YR) ##2) +PY$A2% (B2#%2# (1~BK#%3) 712+ (D-YR) %2 (1-BK) )

DY (I)=FY®A2#%(D-TR) #(1=EK) ¢ (D~YR) #12¢ (0. 5#BK##2% [SICR+SITR) -BK*SITR
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C) =0 5%A1#YR® (SIBR-SITR) + Do S#TI*SITR® (YR*#2~ (C-TR) #42)
BN (I) =SQRT ( (XI+YI(I)) /AT +IN (I) #+2)
GO TO 8

PARTIAL COMPRESSION YIELD IN THE UPPER FLANGE AND TENSION YIELD
IN TRHE LOWER FLANGE AND WEB
CASE # 3

J5=2
IF(COF.20.0) GO TO 28

12=20

CALL NONLIN (2,5,1%2,2,X,0.01)

IF(N1.GT.9) 50 TO 56

IF(BK.LT.0) GO TO 56

IF (UN.LT.0) GO TO 56

IF (BK.GT.1) GO TO 56

IF (UN.GT.1) GO TO 56

IP(SAI.GT.1) GO TO 56
IP(SAI.LT.D) GO TO 56
CI (I)=T2%(BR*B2) #*3/12
YI (I)=CI[I)+T1#B1s%3% (1-SAI#%3)/12
Y5 (I) =D*T2#% (BK#B2) #*3/ (12¢YI (I})
YR=YS (I)
YB= (BK#A2#D+D#A3%0. 5% (1~ N**2)) / (BK*A2+A3% (1-0N) +A 1% (1-SAIL))
TI=BK*A2% (D-YB) 2+ YBs #2484 1% (1-5aT) + (13/12) * {(D-UN*D) *+3+T3% (D-
& UN®D)* (YB-UN$D-0.5% (D-UH#D)) #*2
IH (1) =YB~1S (I)
AT=A1# (1-SAI) *A2*BK+A 3¢ (1-0H)

BET (I)=((T3/%) * ({IB-UN*D) %4~ (D—~YB) ##4) +YB*#*34A1% (1-SAT) -BK*A2

# (D-Y3) ##3~BK##3% (D-YB) #T2¢B2$%3/12+YB* (1-SAI*43) $T1#B1#%3,/12) /

II-2%1H(I)

UR (I) =A2* (0. 5*BK*$2# [SICR+SITR) ~SITR*BK) +A 1% (0.5% (SIBR+SITR) *

{1-SAI##2) ~SITR* (1-SAI))= (1-ON)®SITR®A3-UN® A3SFY-SAI®A1*FT+

A2#FY* (1-BX)

UBR(I) =FY®A2% (B2#42% (1~BK#%3) /12+ (1=-BK) ® (D=YR) #82) +A2¢ (B2¢#2#BK
§e#4* (SICR+SITR) /16+ (D-YR) #2# (SICR+SITR) *BK*##2%0.5-SITR*B2##2%BK
£ #%3/12~SITR® (D-YR) ##28BK) ~SITR*T3% ( (YR-UN*D) ##3+ (D~YR) ##3) /3~FY*
& T3% (TR®$3- (YR=UN*D)#$3) /3-PTtR 1% (B19828SAT#%3/12¢ YRS ISSAT) 44 1% (
£ B1%%2#% [SIBR+SITR) #({1-SAI**4) /16-SITREB18#2% (1~SAI*#3) /12)

UBYV (I)=A1% [TR*#2%0, 5 (1-SAI*#2) * (SIBB+SITR)-SITR*YR##2# (1-SAI))
URR(I)=URR (I) +ORV (I)

UY (I) =+A2% (0, 58BK#%2% (SICR+SITR)-SITR*BK) * (D-YR)-A1% (0. 5¢ (SIBR+
CSITR) *{1=-5AI#¢2) =SITR* (1~SAI)) *TR¢SAI*A1#FY#YR+A2¢ (1~BK) * (D-YR) $FY
C4PY#T3% (YR#$2- (YR-UN®D) $$2) /2+SITR*T 3% ( (YE-UN*D) #%2~ (D-IR) #82) /2

BH (I)=SQRT { (XT+YI (I} ) /AT +YN [I) #22)
GO TO 8

o0 OO0

COMPLETE COXPRESSION YIELD OPF TRE UPPER PLANGE PLUS PART OP THE
WEB
CASE # 11

Js=3
X (1) =XM/XI
X (2) *D-YF +P*XI/ (AT*XH)
IZ=20
CALL NONLIN(2,5,IZ,2,X,0.01)
TP (41.6T.9) GO 70 29
IF(ON.LT.0) GO 70 29
IF (UN.GT.1) GO 70 29
AT=A1+¢23%[1-UK)
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YB=D#A3%0.5% (1-UN) #%2/ (A 1+ (1~0N) #43)
XI=(D*61-UB))‘*3*?3/12#(!8-0.5*0#(1-0!))**2'A3*(1-UN)611#!8**2
CI (I)=0.

YI (I)=B1##3#71/12
YS (I)=0.
IH (I)=YB~1S(T)
UR (I)=0.5%A 1% (SIBR-SITR) +A2¢FY+UN*A3*PY-SITR®*A3* (1-UN)
URR (I) =FY*A2%(B2%%2/124D*#2) +A14B1%*2% [ (SITR+SIBR)/16~SITR/12)
# (A3/3) SFY#D##2#% (1~ (1-0N) #%3) = (A3/3) #SITReD##2#(1~0k) *#3
UY (I)=A2%PY#D¢AJ*D*FY#0, 5% (1= (1-0N) ) #$2-A34D#0,.5% (1~UH) ##2%SITR
BET(I)=(T3/4)* (TB*%4~ (D¢ (1-0N) -7 3) ##4) +TB*A1% (B1982/12+7B+%2)
BN (I) =SQIT ((XI+YI(I))/ATHIN (I) ##2)

GO TO 8

PARTIAL YIELDIBG OF TOE UPPER ARD LOWER
CASE ¢ 8
TLAYGES IN COMPRESSION

Js=4
IP{COP.EQ.0) GO TO 28

12=20

IF (X¥.NE.0) GO TO 355

CALL COLUME (X,RO0T)

GO 70 356 .

CONTINUE

CALL NONLIS(2,5,1Z,2,%,0.01)
IF{N1.6T.7) GO TO 78

IF (BK.GT. 1) GO TO 78

IF (BK.LT.0) GO TO 78

IF (BR.GT. 1) GO T0 78

IP(3R.1T.0) GO TO 78

COSTINUE

CI (I)=T2#% (BK*B2) ¥%3/12

YI(I)=CI(I)+T1%(BR*B1)#**3/12

YS (I)=D$T2% (BR#B2) #*3/ (12871 (I))

Y8= (BK*A2¢D+A3%0,.5¢D) / (BK*A2+A3+3R*A 1)

YN (I) =¥B-15 (I)
XI=BR*A1$7B*#2+BK*A2% (D~YB) $42+D9¢38T3/12+A3% [1B-0.59D) #+2

BET (I)=(=-A2% (D~YB) # (BK##3852##2/12+ (D-¥B) #*+2%BK) +A19YB* (BR#*3*
B1%%2/12¢YB##24BR) +(T3/4) * (YB**4~ (D-YB) #%4)) /XI-2#TN (I)
TR=YS(I)

UR () =A16FPY# (1=-BR) ¢A2%FT# (1-BK) -SITR*A3+A2* [0, S*BK*##2% (SICR+
SITR)~SITR*BK) +A1% (0. 59BR%#2# (SIBR+SITR) ~SITR*BR)

DY (I)=+A2% (0. S*BR*#2% (SICR+SITR) ~BK*SITR) * (D~YR) ~YR*A1%(0.5¢BR
#%2¢ (SIBR +SITR) ~BRESITR) +A2% {1~BK) $FY# (D~IB) ~A1* (1~BR) SFY*TR+
TISSITRS (YR$*2~ (YR=D) #32) #0.5

URR (I) SAT*PY® { (B1#%2/12) = (BR#%3%5 1#82/12) + TR¥#2% (1~BR} ) +A2*FY*
((B29%2/12) # (1-BR*%3) + (D-IR) ##2% (1-BK) ) - (SITE/3) $T3% (YR**3+
(D=YR) ##3) +12¢ ( (B2%%2/16) «BK*#4# (SICR+SITR) - (SITR/12) #BK*#3¢B2
#%2+ (SICR+SITR) * (D-YR) $#2#0, 5#BK$#2-SITR*BK* (D-YR) #*2) +A 1% {(B1%*
2/16) *BR**5% (SIBR+SITR) -SITR*BR#*3#B1#%2/12+ (SIBR+SITR) ¥YR** 280,
S$ER*#2-SITRFBR*YR*$2)
AT=BK*A2+BR*A1+A3

BN (I)=SQRT ( (XI+YI(I))/AT+TN(I) **2)
GO T0 8

COMPLETE YIELDING OF BOTH PLARGES

CASE # 5
Js5=6
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PARTIAL YIELEING OF THE LOWER FLANGE ANS& CO-PLETE YIZLEING OF THE
UPPER PLANGE PLUS PART OF THE REB
CASE 4 6

Js=8
X (1) =x3/XT
X (2) =D-YF +P#XI/ (AT*XN)
1z=20
CALL NOFLIN(2,5,1Z,2,%,0.01)
IF(N1.GT.9) 0 T0 27
IF (UN.1T.0) GO TO 27
IF(SAZ.LT.0) GO TO 27
IF(FRI.LT.0) GO TU 27
IF (UN.GT.1) GO TO 27
IF (SAI.GT.1) GO TO 27
IF (PAL.GT.1) GO TO 27
1S (I) =0.0
CI(I) =0.0
YI (I) =31#%38T1/12~ (PAI*B1) #+3271/12
YB=D* (1-SAI-UX) $T3#0.5#D* (1~SAI+UN) / (D* (1-SAI-0N) T3+ (1-FAI) *A1)
TN (I) =YB-YS {I)
XI=T3% (D* (1-SAI~UN))##3/12+01% (1-FAI) *TB*#2+T3%D* (1-SAI-UN) % (YB
~0.5%D* [1-SATI+OH) ) $%2
DR (I) =A2#FY+SAI#A3$FY=0 N#A3*PY-FAI#A1%PY+A1% [0.5% (1-FAI*$2) % [SIBR
+SITR) = (1=FAI) $SITR)=A3*SITR* [ 1~UK=S5AI)
AT=A3% (1-SATI~UB) +A 1# (1-PAI)
DY (I) ==A2¢F Y#D-FYST3%0, 58D##2% {1~ (1-SAI) ##2) +0.5¢D*#2¢TIsSITR* ( (

C 1-SAI)##2-0N#%2)~0.5%T3%PY* (UR*D) ##2¢ A 1%YR* (0. 5%(SIBR+SITR) *

(4

(1-PAI##2) ~SITR* (1-FAI))
URR (I) =A2¢ PYSD*#2+FY* (T3/3) # { (SAI*D=D) $#3+D##3) -SITR* (T3/3) *

C (= (UND) 3~ (SAT#D=D) #$3) —=FY# (T3/3) * (DN*D) *#3- (FY/12) #T1#(FAI

(o
(o

c

#B1) ##3+218B1%82% [ (1-PAI##4) # (SIBR+SITR) /16~ (SITR/12) * (1~-FAI*#3
)) +A2%PY#B2#%2/12
BET (I) =((T3/4)* ( (YB-UN#D) #sl4~ (YB=D# (1-5SAI) ) **4) + A1*YB* (Bis#2s (1~
PAI##3) /124 YB*¢2% (1-FAI) ) ) /XI=-2#YH (I)
R¥ {I) -soar ({XI+YI{I)) /AT+IN(I)**2)
G0 10 8

COMPLETE YIELDING OF THE UPPER FLANGE AND PARTIAL YIELDING OF THE
LOWER TLANGE,BOTH IN COMPRESSIOR
CASE # 9

Js=9
12=20
CALL NORLIN (2,5,I2,2,X,0.01)
IF(PAI.LT.0) GO TO 422
IP(SAZ.LT.0) GO TO 422
IF(SAI.GT.1) GO TO 422
IP(FAI.GT. 1) GO TO 422
IP(41.67.9) GO TO 422
S (I) =0.0
TR=7S5(I)
¥ (I)=YB-YS (I)
€I (I)=0.0
YI(I)=(PAI*B1) *#38T1/12
YB=0.5% (1-SAI) $#2#D#%2/ (PAI#A 1¢A3=-SAT*A3)
XI= (1=SAT) *%3%D*#3#T3/12¢ (1-SAL) *A3% (YB~0.5%D% (1-SAI) ) ##2+PAT*A 1%

C YB#»2

BET (I)=((T3/4) *(IB**4~ (YB+SAI*D~D) $¢4) +A1SYBFPAL* (YB**2+PAI**3*B1

C %42/12))/X1I-2%1N (I)
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UBR (T) =EY#A2# {D$%24B27% 2/12) ¢PY#(T3/3) * (D¥*3= (D~SAI*D) *¥*3) = (T3/3)
C ®SITS* (D~SAI*D) $#3+A1%D 1%82% (PAT**4* (SIBR+SITR) /16~SITR*FAI**3/12
C)+FI*A1#D18%2% (1~FAT#*+3) /12

UR (I) =A2¢PY+SAISAIRFY-STTR*A3% {1=SAI) +FYSA 1% (1-FAL) +A1% (0. S*FAI**2
C #(SIBR+SITR) -PAI*SITR)

DY (I) =A2*FT*D+(T3/2) $PI* (D##2~SAT##28D#42) = (T3 /3) *SITR*D##24SAT##2

BN (I) =SQRT { (RI+YI {I}) /AT+YN (T)**2)

GO TO 8

CONPLETE YIZLDING OF THE LOWER FLANGE IN TENSION
CASE ¢ 10

J5=10
12=20
CALL NOBLIN({2,6,IZ,2,%X,0.001)
1S(I)=D
TR=TS ()
CI (I) =B2%#3%T2/12
YI(I)=CI(I)
YB= (A24D+A3% (1~UH) 0. 54D* (1408) ) / (A2+A3* {1~UN) )
YH (I)=YB-YS (1)
TI=A2#(D-7B) #$2+T3% (D¢ [1-UN)) #%3/12¢A3% (1~UN) # (YB~0.5¢D¢ (1+TN) ) **
c2
BET (I) = [-A2% {D~YB) % (B2%#2/12+ (D~YB) #%2) + (T3/4) *( (LB-UN*D) $*4~ (D~Y3
C) ##4) ) /XI=-2¢TH (I)
U!(g)=A1‘F!‘D—0.StSITR’TJ'D“Z‘(1-0&)"24PY‘0.5#13‘(D*‘2~(Dt(1-UH)
C) #%2)
URR (I) =~A1%PY#(D*¥2451832/12) ~PY#* (T3/3) $D*%3# (1~JH#%3) ~SITR* (13/
C3) # (UND) $%3+A29B2%#2# { (SICR+SITR) /16~SITR/12)
AT=A2+13% {1~UN)
OB (I)==A1*PY~URSAISFY-SITR®A3* (1~UN) +0.5% (SICR~SITR) *A2
RN (I) =SQBT { [XI+YI{I)}) /ATHIN (I) *22)
6o TO 8

PARTIAL YIELDING OF THE LOWER FLANGZ IN TENSION PLUS
PART OF THE WEB
CASE # &

3535
IP(COP.EQ.0) GO TO 79
12=20
X (1) =x8/X1
X (2) =D-IF+D*XI/ (AT*XN)
CALL NONLIK(2,5,12,2,X,0.01)
IF (81.GT.7) GO TO 83
IP(UN.LT.0) GO TO 83
IF {ON.GT.1) GO TO 83
IP(5A3.17.0) GO TG 83
IP(SAI.GT.1) GO TO 83
CI(I)=T2%B2%%3/12
YI(I)=CI(I) ¢T1*B1#%3%(1-SAT**3) /12
TS (L) =D*T2#B2##3/ (12¢31 (1))
YR=YS ()
Y3= (A2%D+D*AI0. 5% (1~UN*%2)) / (A2+A3* (1-UN) +4 1% (1~SAI))
XI=A2% (D~YB) $#24YB##28A1% (1-SAI) +(T3/12) * (L-0N#D) ##3+T3% (G-UN*D
& )®(YB=0.5% (D+UND) ) **2
T8 (I) =¥B~T5(I)
BET(I)=((T3/4) #{ (IB-UH*D) **l4~(D-YB) #*4) + YB*+3¢A1% (1-SAI}~22* (D~
& YB)*#3~(D~YB) ¢T2#B2#33,/12+YD% (1-SAI*%3) ¢T19B1#43/12) /XTI~ 21K (I)
AT=A2¢1 1% 1-SAIL) #A3% {1~ ON)
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UR {I) =A2%0. 5% [SICR~SITR) +A1# {0a5% (SIBR+SITR) * (1~SAT*$2)~SITR* {1
& =SAI))-D* (1~-UK) *SITR*T 3-UN®DAT3sFY~SAI*A 1%FY

UY (I) 20.5%A 2% (SICR~SITR)* (D~YR) +A 14 FY$YR*SAI-A1# (0. 5¢ (SIBR+SITR)
C* (1-SAI#*2) =SITR® {1-SAI)) +0.5%FT*T3% ( (UN*D-YE) #%2-YR*#2) +0.54SITR
C$T3# ( (D-YR) #*2- (UN*D-YR) #%2)

RN {I)=SQRT ( (XI+YI(I)) /AT +TN (I) #*2)

DRR(I) =A2% {B2%#2% (SICR+SITR) 716+ (D~IR) **2% (SICR+SITR) #0. S-SITR*
€ B2%#2/12-SITR* (D-YR) ##2) =SITR*T3*( (YR-UN*D) ##3+(D~TR) #3) /3-FY*
& T3%(TR*#3= [YR-OR*D) #+3) /3~FY*A1# (B1*$28SAT*#3/12¢ TR**295AT) +A 1%
& (B1##2% (SIBR#SICR)*(1-SAI**3) /16-SITR*B1*%2% (1=-SAT#*3) /12+YRes2
€ *0.5%{1-SAI**2)* (SIBR+SITR)-SITR* TRe#2% (1-5A1))

CORTINDE

JL=2% (N-1)

D0 180 JP=1,JL

D0 180 JU=1,JL

DT (JF,J0U) =0.

TAIS PART COMPUTES THE
DERIVATIVES OF THE SECTIOHN PROPERTIES

DO 191 I=2,8
2= (I-1)*H

D=B03%(1+DEL*Z/AL)

IPpP=I-2

IP=I-1

IA=I+1

IAA=I+2

IP (I.EQ.2) GO TO 89

IF (I.EQ.H) GO TO 88

YSPO= (YS (IPP) ~4*YS [IP) +68YS (I) -4*YS (IA) +YS (IAA)) /He*0Q
YSTH= (~YS (IPP) +2¢YS(I2)-24YS (IA) +YS (IAA) )/ (2%H%+3)
GO TO 555

YSFO= (YS(TAA)=4%YS (IA) +7#1S (I) -4%YS (IP)) /H**4
rsmns(-gg(l)02*!5(19)-2:15(13)+!5(113))/(2tat~3)'
Go TO

YSPO= (S (IPP) -4%IS (IA) +73YS (I) -4*YS(IP)) /He*q
YSTH= (=YS (IDP) +28YS (IP) ~2%YS (IX) +1S (I) ) / (2% F*#3)
CONTINUEZ
CONTIKUE

Y5PP= (YS{I A)=2+1S (I) +YS(IP)) JH**2

1SP= (YS(IA)=YS5 (IP) )/ (2*H)

YR=YS (I)

YIN=YI (I)

YIP=(YI(IA)-YI(IP))/ (2%H)

YIPP=(YI (TA)=2%TI (I)+YI(IP)) /H**2

CIN=CI(I)

CIP=(CI{IA)=-CI(IP))/ (2%H)

CIPP= (CI (IA)=-2%CI(I) +CI (IP)) /H**2

BP=(RN (IA) =RN (IP)) / (2*})
BETAP=(3ET (IA) -BET (IP) )/ (2*4)

IH=BH (I)

VP=CIP*D-YIP*IR

VPP=CIPP*D-YIPP*YR

YO=TH (I)

DP=80 3¢DEL/AL

B=RBN {I)

BETA=BET(I)

TJI=T (I)

BS=UR (I)

RAS=ORR (I}
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RSP= (UR(I+1)=UR (I-1) )/ (2*H)
RASP=(DBR (I+1) -URK (I~1))/ [2*H)
TTN=0Y (I)

YTP= (UY(I+1)=0Y{I~1))/ (2*H)
TIP= (T (T+1) =T (T-1) )/ [2%H)

YOP= (YN (I+1)=TK(I-1))/ (2*8)

THIS PART DEFINES THE DIFFERENT TERNS OF THE FPINITE DIFFERENCZ
EQUATIONS.

ugn = -B*VD/H*%3

U (2) = (E/H**4) * [CIN*D#%2-2¢CIN*D* IR +TINSTRS*2)~ (E/H**3) & (2%CIN#D
§ #DP-2%CIK*DP*IR-2%YZ4CIP#D+TR*#24YIP~2+4YSPSCIN#D+24YSP4IR*YIN+
& CIP#D#*2)

U (3) =2*E*VD/H3%3+ (E#VPD+PEYO+X N+ YTR) /H##2+ (~P*TOP-XNP-YTP) / (2*H)

U (4) =-4*ESCINAD#* (D-YR) /R#*4+E* (- 28 TP *YR+ (D~TE) * (4*CIN*DP+2*CIP*D))
C/H*% 3¢ [~6SESYPRY SP=EAVAPSYR+Z# (D-YR) * (64CIP*DP+CIPP#D) ~GTJ +PFRe*2
C-XN#BETA+RAS) /H*$2= (=G ESVP#Y SPP~-24VPPRESYSP +2¢E*CIPP*DP* (D-YR) ~G*
CTJP+2#P*R*RP-XNDP*#BETA-X{ #BETAP+RASP) / {2#H)

u{5)= -2% (ESVDP+PSYO+XH+YTH) /HS*2

U {6) =6 #E$CIN#D* (D~YR) /HS #4—=2% (~6$Z4VYP*ISP-ESYPP* YR +E* (D-YH) * (6 #CIP
C*DP+D#CIPP) -G#TJ +P*R**2~ XN *BETA+RAS) /H##2~ (24VP*YISTH+VPPSYSPP) *E

U (7) =-28C4VD/B%#3¢ (EAVPP+PSTO+XH+ITR) /R##2+ (XNP+P*TOP+YTP) / (2¢H)

U {8) a-4$ESCIN*D® (D~YR) /H*#4=E* (- 24VD4YR+ (D~YR) * (4$CIN*DP+2#CIP*D))
C/H$%3+ (-6¥E#TPSY SP-E4TPPHYR+E* (D-YR) * (6*CIP*DP4CIPP&D) ~GSTJI +PSE*52
C~ZM*BETA+RAS) /H*#2+ (~GSESV DY SPP-24VPPSESYSP +2%24CIPP#DP* (D-YR) -G*
CTJIP+2¢DP*R*RP-XNP*BETA- XN *BETAP +RASP) / (2*8)

U (9)= E*VD/H*%3

U(10) = (E/O**4) # (CIN#D*#2-2%CIH*D* YR+YINSYR##2) + (E/H%#3) % (2#CIN*D
§ SDP-2#CIN®DP*YR~2¢YR$CIP*D+YRE#24YIP~2¢YSPACIN#D+2%YSP*YR*TIN+
& CIPsD*#2)

W (1) =E* (YIN/H*s4-TIP/H**3)

i{2)= ~E% (VP+2*CIN®DP~2%YIN#YSP) /Hs*3
U (3) =-USESYIN/H**Q+28EST ID/H%% 3+ (ESYIPP+P+RS) /H*$2~RSP/ (2%H)
w(u)= 2%E% (VP +2#CIN*DP=-2%YIN*YSP) /H*%3¢ (B (VPP-5% (YSP

& SYIP+YINSYSPP~CIP#DP) ) +P*YQ+IM+ITH) /H*#2~ (- 2% ESYIPPSYSP-6*E*Y1P*
§ YSPP~UeESYIR®YSTH+2¢E*CIPP*DP-P*YOP+INP+YTE) /(2%H)

W (5) =6*E*YIR/H*%4~ [PH+E*TIPP+RS) $2/H*s2 .

W(6)= =2% (E*(VPP-6#YIP*YSP-6SYIN®YSPP+6%DPSCIP) +2*Y0+XH
& +YTH)/H®*2-E% (YIPPSYSPP+2¢YIP*YSTH+YIN*YSFO)

W (7) >=4*BSYIN/B¥*4~22ESYIP /H*# 3+ (P¢YIPP*E+ BS) /H**2+RSP/ (2% )

W(s)= ~2%E* (VP +25CIN®DP=-2*YIN*YSP) /H**3+ (C* (VPP-6* (ISP
& *YIP+YINSYSPP-CIP*DP) ) +P*YO+IN+YTH) /H*2+ (~2¢E¢YIPP*YSP-6*E*T IP*
& YSPP-G*ESYIN®YSTHA+2*E*CIPP*DP-P*YOP+XNP+YTP)/ [2*H)

W [9) =E*TIN/He#4+2¢IID/H**3

¥(10)= E® (VP+2$CIN®DP-2¢YIN*#YSP) /H**3

THIS PART ASSEMBLES THE DETERNINANT OF THE FINITE DIPPERENCE
EQUATIONS.

IF (I.BQ.2) GO TO 71
I7(I.EQ.H) GO TO 72
K=2#I-2

Do 19 J=1,JL

IF (J-2%1.GT.2) GO TO 19
IF(8+J-2¢I.1T.1) GO 10 19
DT (K,J) =8 {8-2#I+J)
CONTINUE

DO 18 J=1,JL

IF (J-2#1.GT.2) GO TO 18
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IF (8+J=2¢I.LT.1) GO T0 18
DT (K=1,J) =0 (3=2¢I+J)
CONTINUE
GO TO 75
DT (1,1)=G (5)=0 (1)
DT (1,2) =0 (6) =0 (2)
DT (2, 1) =¥ (5) =% (1)
DT (2,2) =W (6) =% (2)
1P (¥B.2Q. 1) GO 20 222
DT (1,1)=0(S) +0 (1)
DT (1,2) =0 (6) +0 (2)
DT (2, 1) =¥ (S) +H (1)
DT (2,2)=H (6) +7 (2)
DO 96 J=7,10
DT {1,3-3) =T (J)
DT (2,3-8) =¥ {J)
. GO TO 75
DT [28=3, 28%=3) =7 (5) =0 (9)
DT (2%8-2, 2¢k~3) =¥ (S) =¥ (9)
DT (2%8=3,2#%=2) =0 (6) =0 (10)
. DT (2¢H=2, 2¢8-2) =¥ (6) =3 (10)
IP (§B.2Q. 1) GO TO 223
DT (2%§=3, 2#%4=3) =7 (5) +1 (9)
DT [2%H=2,2%8=3) =8 (S) +§ {9)
DT (2¢8=3, 2¢K-2) =0 (6) +U (10)
DT (298=2, 2¢5-2) =4 (6) +7 (10)
DO 97 J=1,8
DT (2#1-3, 2¢N+J=8) =0 (J)
DT (28N~2, 2¢H+J=8) =K (J)
CONTINUEZ
CONTINUE.

HERE A SUBROUTINE IS CALLED TO COMPUIE THE
VALUE OF THE ABOVE DETZRMIBANZ.

IJOoB=4

Di=1.,

Ir(AJ.¥B.0) GO TD 817
DO 669 1IV=1,JL

DO 669 J¥=1,JL
DG({IY¥,JV)=DT (IV,JV)
IA=JL

Ni=JL

CALL LINV3FP(DT,B,IJOB,HN,IA,D1,D2,WKABEA,IER)
PHC (IN)=D1%298D2

G0 T0 93

THE PEOPER ROS§ ABD COLUHN ARE CANCELLED IN CASE OF INTERMEDIATE BRACI)

IA=JL

JA=JL=2

DO 840 ¥N=1,JA
DO 840 mmM=1,J3
IF (98.GT.2%8Z=8) GO TO 343
IF (N8.GT.2®NZ=4) GO TO 341
DC (34, NN) =DT (NN, NN)

GO TO 840
IP (38.GT.2%H2-3) GO TO 384
DC (MM, Ni) =DT (AM+2, NN)

GO TO 380
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451 343  IP(¥M.GT.2%N2-4) GO TO 344
452 DC (NN, NN) =DT (MM, NH+2)

453 G0 TO 840

454 344  DC(MM,NN)=DT (MM+2,NN+2)
455 B840  CONTINUE

456 DO 657 IvV=1,JA

457 DO 657 3v=1,JA

458 657 DG (IV,JV) =DC(IV,JV)

859 NN=JL~2

460 CALL LINV3F(DC,B,IJOB,~ N,IA,D1,D2,WKAREA,IER)
461 PNC(IN)=D1%2%%D2

462 93 CONTINUE

463 IF(FRC(1).EQ.0) GO TO 276
464 DE=PNC (1) /PNC (2)

465 IF {DE) 20, 20,40

466 20 IF (XP(2)-X2{1)-2%ES) 30 ,30,70
467 276 BOOT=XP (1)

468 GO TO 277

469 30 ROOT=(XP (1) +XP {2) ) /2

470 277 CONTINUE

471 PRINT 461

472 461  FORMAT {//,3X,'OUTRUT')

473 PRINT 462

474 462 FORNAT( 3X,'sssssar)

475 PRINT 463

476 463  PORMAT(///,2X,'BUCKLING LOAD!)
477 WRITE(6,61) ROOT

478 61 FORNAT (P12. 3)

479 IF(AJ¥2.0) GO TO 617

380 JA=JL-1

481 GO TO 618

482 617 JA=J1-3

483 JL=JL~2

488 618 CONTINUE

485 DO 801 NS=1,JA

486 DO 801 ND=1,JA

487 801  DU(NS,ND)=DG(NS+1,HD+1)
488 DO 802 ¥5=1,JA

489 802  DU(NS,JA+1)==DG(N5+1, 1)
490 DO 888 K=1,JA

891 TE8P=DU (K, K)

452 DO 999 J=1,JL

493 999  DU(K,J)=DU(K,J)/TEAP

494 po 777 1=1,JA

495 ABAAAA=DU (I,K)

496 po 777 J=1,JL

497 IF(I.EQ.K) GO TO 777

498 DU (T,J)=DU (I,J) ~AAAAAA® DY (K, J)
499 777  CONTINUE

500 888 CONTINDE

501 PRINT 467

502 467 PORMAT (//2X,'MODE SHAPE®)
503 PRINT 466

504 466 PORHAT{//2X,*PI1%,2X,'02',2X,'F12Y,3%X,%03*,3%,' F13*,3X,°'047,2X,
C*PI4+,2%,'05*,2X,'P15',3%,U6' ,2X,'F16°,3X,'07Y,3X, P17 ,2X,'08",
C2X,'FI8*,2X,'09*,3X,'FI9")

505 WRITE {6,803) (DU(NS,J1),85=1,JA)
506 803  FORMAT(1795.2)
507 60 70 9

508 70 XP [1) = (X2 (2) +XP (1)) /2
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Go To 14
TEN=XP (2) -XP {1)
IF (TEN.LT.0.01%ES}) GO TO 419
XP (2)=XP (1)
ZP (1) =XP{2) = (TEN/2)
Go To 14
PRINT 418
FORMAT (/' THZ SOLUTION IS MISSING.TRY ANOTHER ESTINATE')
CONTINUE
CONTINOE
STOP
EXD

THIS SUBKOQUTINE ,WRITTEN BY DR K.BROWN AT THE UNIVERSITY OF
JINNESOTA,SOLVES A SYSTEM OF N SIMULTANEZOUS NONLINEAR EQUATIONS
THE METHOD REQUIRES ONLY (H*#2/2+3*N/2) FUNCTION EVALUATION PER
ITERATIVE STEP AS COMPARED WITH (N**2+K) EVALUATIONS FOR JEWION'S
METHOD.THE METHOD DOES NOT REQUIRE THE USER TO FURNISH ANY
DERIVATIVES.HERE THE SOBROUTINE IS USED TO SOLVE THE EQUATIONS

OF EQUILIBRIUM AT ARY CROSS SECTION AND TO FIND THZ LOCATION OF
THE BEUTRAL AED THE VALUE OF THE CURVATURE AT THEZ SAME POINT.

SUBROUTINE NONLIN (N, NUMSIG,MAXIT,IPRINT,X,EPS)
BEAL X (30) ,PART(30) , TENP (30) ,COR (30, 31) ,RELCON,P
+PACTOR, HOLD, 8, PPLUS ,DERNAX, TEST
DIMENSION ISUB(30),LOOKUP({30,30)
CONMNON JS,A1,A2,T3,SIBR,SICR,SITR,PY,BX,SAL,08,D,P,XN,YF,A3
CONMCH BR,NM1,PAI

IFLAG=0. .

DELTA=1.2=7
RELCON=10. E+0%% {-RUNSIG)

JTEST=1

IF (IPRINT.EQ. 1) PRINT 48

FORMAT (181)

DO 700 N=1,MAXIT

IQIIT=0

PHAX=0

A1=g-1

IP (IPRINT.HZ.1)GO TO 9

PRINT 49,Mm1, (X{I),I=1,H)

FORNAT (IS, 3E18.8/(P23.8,2E18.8))

DO 10 J=1,¥

LOOKUP {1,d) =J

DO 500 K=1,H

IF (R-1) 138,136,131

KMIN=K=1

CALL BACK [KBIN,N,X,ISUB,COE,LOOKUP)
CALL AUXPCN (X,F,K)
PHAX=2MAX } (FNAX,ABS (F))

IF (ABS (F) «GZ.BPS) GO TO 1345
IQUIT=IQUIT+1

IP (IQUIT. NE.§) GO TO 1345

G0 TO 725

FACTOR=0. 00 1E+00

ITALLY=0

DO 200 I=K,N

ITEMP=LOOKOP (K, I)

HOLD=X {ITEAP)

PREC=5.B-4
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ETA=PACTOR*A3S (HOLD)
H=ANIN1(PNAX,ETA)
IF (D.LT.PREC) A=PREC
X (ITZNP) =AOLD+E
IF (K-1) 161,161,151
151 CALL BACK (KMIN,X,X,ISUB,COE,LCOKUP)
161 CALL AUXYCY (X, PPLUS,K)
PART (ITENP) = (FPLUS=F) /H
X (ITEME) =HOLD
IP (ABS(PART(ITZYP)).LT.DELTA) GO TO 190
IP (ABS (F/PART (ITENMD)).12. 1. E+15) GO 7O 200
190 ITALLYsITALLY+1
200 CONTINUE
IP (ITALLY.LE.N=K) GO TO 202
PACTOR=7ACTOR*10.0E+00
IP (PACTOB.GT.11s) GO TO 775
GO TO 135
202 IF (K.1T.¥) GO TO 203 :
IP (ABS(PART (ITENP)).LT.DELTA) GO TO 775
COE(K,5+1) =0.02+00
KAAX=ITENP
GO TO 500
203 KSAX=LOOKUP (K, K)
DERNAX=ABS (PART (KNAX))
KPLUSsK+1
DO 210 I=KPLUS,N
JSUB=LOOKTP (K, I)
TEST=ABS (PART (JSUB) )
IF (TEST.LT.DERNAX) GO 70 209
DERNAX=TEST
LOOKUP (RPLUS,I) sKNAZ
KNAX=JSUB
GO T0 210
209 LOOKUP (KPLUS,I)=JSUB
210 CONTINUE
IP (ABS (PART (KNAX)).EQ.0.0)GO TC 775
ISUB (K) =KHAX
COE (X, B+ 1) =0, 02+00
DO 220 J=KPLUS,H
JSUB=LOOXUP (KPLUS,J)
COE(K,JSUB) ==PART (JSUB) /PART (KNAX)
COE(X, §+1) =COE (X, N+1) + PABT (JSUB) *X [JSUB)

220 CONTINUE
500 COE (K, 3+ 1) = (COE(K, N+ 1) =F) /PART (KNAX) +X (KNAX)
X (KMAX) =COE (¥, li+ 1)

IP (8.EQ.1) GO TO 610

CALL BACK (N-1,8,X,ISUB,COE,LOOKUPR)
610 1P (8-1) 650,650,625
625 DO 630 I=1,4

IP (ABS(TENP (I) X (I)) «GT- ABS (X {I) ) *RELCON) GO TO 649
630 COBTINOE

JTESTaJTEST+1
IP (JTEST-3) 650,725,725
649 JTBST=1
650 DO 660 I=1,N
660 -  TEZMP(I)=I(I)
700 CONTINUE
PRINT 1753
1753 PORMAT (/! : J

IP (IPRINT.NE.1)GO T0 800
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PRINT 1763
. 1763 PORMAT(*FUNCTIION VALUES AT THE LAST APPROXINATION POLLOE:'/)
IFLAG=1
GO TO 7777
725 IF (IPRINTL.NB.1) GO TO 800

7777 DO 750 K=1,N

CALL AUXFCH (X,PART(K),K)
750 CONTINUE

IF (IFLAG.NE.1)G0 TO 8777

PRINT 7788, (PART (K} ,K=1,H)
7783 FORMAT (3220. 8)

‘GO TO 800
8777 PRINT 751
751 FORMAT (//*CONVERGENCE HAS BEEN ACHIEVZD. THE FUNCTION VALUES')

PRINT 7515, (PART (K) ,K=1,N)
7515 PORMAT(*AT THZ FINAL ARPPROXINATION FOLLOW:'//(3220.8))

GO TO 800
775 PRINT 752
752 FOBMAT {//'NODIFIED JACOBIAN IS SINGULAR.TRY A DIFFERENT')
PRINT 7525
7525 FORMAT (*INITIAL APPROX IMATION.')
800 MAXIT=N1+1
RETURN
ERD -
c THIS SUBROUTINE BACK-SOLVES THE PIRST KMIN ROWS OF A TRIANGULARI-
c ~ZED LINEAR SYSTEM POR INPROVED X VALUES IN TERMNS PREVIOUS ONES.

SUBROUTINE BACK(KNIN,N,X,ISUE,COE,LOOKUP)
DIMENSION X(30),COE (30,31) ,ISUB (30} ,LOORUE (30,30)
DO 200 XKK=1,KHIN
KH=KMIN-KK+2
KNAX=ISUB (KA=1)
X (RMAX)=0.0E+00
DO 100 J=KN,N
JSUB=LOOKUP (KN,J)
I (KNAX) =X (KNAX) +COE (KN-1,JSUB) *X (JSUB)
100 COSTINUE
X (KMAX) =X (KNAX) +COE (KN-1,H+1)
200 CONTIKUE
RETURN
END
c THIS SUBROUTINE COMPUTES THE BUCKLING LOAD OF A COLOMN

SUBROUTINE COLUMN(X,ROCT)
DIMENSION X(2),PNC(2)
cosnoN Js,A1,A2,73,SIBR,SICR,SITR,PY,BK,SAI,UN,D,P,X4,YF,A3
COMMON BR,N1,PAI
EPS=1.0
£{1)=0. 1%PY
X{2) =PY+SITR
(N =(X(1)+X(2))/2
314 D0 393 I=1,2
BR=(PY+SITR-X(I))/(SIBR+SITR)
BE=(PY+SITR-X{I))/{SICR+SITR)
IF (BK.GT. 1) GO TO 692

G0 TO 393
692  BK=1
393 PNC(I)=A2%(1~-BK) *FY+A1%{1-BR) #FY+X (I) $BK*A2+X (I) *3B*A1+X (I) #A3

& ~SITR*A3+A1%(0.5*DR**2#*(SIIR+SITR)-SITR*BR)+A2¢*(0,5*BK**2* (SICR
& +SITR)-SITR*BK)-P
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DE=FNC (1) #FNC (2)
IF (DE) 302,302,304
IF (X {2) =X {1)~2*EPS) 303,303,307
ROOT= (X(2) +X (1)} /2
GO TO 309
X(N=(X(1)*+X({2)) /2
GO TO 314

TEN=X (2)~X{1)

X (2) =% (1)

X{1) =X [2)~ {TEN/2)
GO TO 314

CONTINUE

RETURN

END

THIS SUBRQUTINE LISTS THE EQUATIONS OF EQUILIBRIUM FOR DIPFERENT
YIZLD PATTERNS.THE YIELD PARAMETERS ARE DEFINED BEPORE EACH
EQUATION. :

SUBROUTINE AUXPCK (X,Y,K)

DINENSION X(2)

coxsoy Js,A1,A2,73,5IBR,SICR,SITR,PY,BK,SA1,08,D,P,X4,YP,A3
COMMOK BR,N1,PAI

IF(J5.E0.1)GO T0 51

IF (J5.EQ.2} 60 T0 52

IF (3S.EQ.3) GO TO 57

IP{JS.EQ.U)GO TO 36

IP(JS.EQ.5)G0 TO 37
IF (JS.EQ.6) GO TO 50

IF (JS.E2.7) GO TO 98

IP (JS.EQ.8) GO TO 91

IF (JS.20.9) GO TO 250

IF {3S.EQ.10) GO TO 950

6o To (23,28),K

CONTINUE

UR= (D-X (2) - (FY-SITR)/X{1)}/2
SAI=(X{2) - (FY+SITR) /X (1)) /D

PAI= (I (1) % [D~X[2)) +SITR-PY)/ [SITR*SIBR)

Y=A2#FYH+SAT*AIPPY~UNSA3SPY-PAT®AISPY+0. 58X (1) * (X (2) ~SALI*D) %2473
C =0.5%X (1) % (D-X (2) ~ON*D) *#22T3=X (1) *A1# (1-FAI} # (D~X (2) ) *+A1* (0.5
C *[SIBR+SITR) *[1-PAI*#2) -SITR* (1-PAI))~P-SITR*A3*({1-UN-SAI) :

RETURN

CONTINOE

UN= (D~X {2) ~ (PY-SITR)/X(1) ) /D

SAI=(X(2)~ {PY+SITR) /X (1)) /D

FAI= {X (1) ® (D~X [2) ) +SITR-FY)/ {SITR+SIBR)

T=A2¢FY2X (2) ¢SAI*AI*FY* (X (2) =0. 5#SAI#D) +UNSAISPY* (DX (2) 0. 5 TN*D
C) +PAISATSFY® (DX (2) ) + (T3/3) $X (1) * (X (2) ~SAI*D) +*3+(13/3) *X{1) * (D=
CX {2) ~DR*D) #33+X (1) ¢A1% (1=FAI) ® (D=X (2) ) ##2-P#% (TF+X(2) -D) ~A1* (D-X (2}
C) *(0.5% (SIBR+SITR) *#(1-FAI*#2) =5ITR#® [1-PAI) ) ~X8+SITR*A3* {1~-UN-5AT) *
C 0.5%(D~2%X (2) ~UN$D¢SAI*D)

RETNEN

GO T0 (1,2),K

COSTINOE

BK=(FY+SITR-X (1) #X (2)) /(SICR+SITR)

T=A2¢FY* [ 1~BK) ~A3#SITR+X [1) #X (2) #BR*A2~A1X (1) % (D~X (2) } +0.5*X (2
) €#28738% (1) 0. 5% (D=X (2) ) $*28% {1) *T3+0.5%A 1% (SIBE~SITR) +A2#*(BK
*%280, 5% (SICR+SITR) -BK#SITR) -P

BETURS

L ]
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CONTINUZ
BK= (FY+SITR~-X (1) #X (2) )/ (SICR+SITR)
=-D% (YF=D+Z (2) ) =0.5%A 1% (D=X (2) ) # (SIBR~SITE) +X (2) #A2* (0. 5#BK**2
* (SICR+SITR)-BK#SITE) +A3#SITR® (D/2-X (2)) +X (1) $X (2) #$2%BK*A2+A1
*X (1)% (D~X(2)) ##2+ (1./3) #T3*X (1) #X (2) #33+ (1./3) * (D=X (2) ) **3*T3*
X (1) ~X4¢ A2#PY* (1~BK) *X [2)
RETORS
GO TO (3,4) K
CONTINUE
BR=(PY+SITR-X (1) *X{2)) / (SICR+SITR)
SAI= (X (1) * (D=X [2) ) +SITR~FY)/ [SITR+SIBR)
UN= (SITR-FPY+X (1) * (D=2 (2) } ) /(X (1) *D)
Y=0.5%A1% ( (SITR+SIBE)* (1-SAI*#2) -2%SITR* (1-SAI)) +A2% (0.5*BR**2#
(SICR+SITR) ~BK#SITR) +X (1) *X (2) #BK*#A2-X (1) * {D~X (2) ) *A1# (1-SAI) +
0.5%X (2) *#24X {1) #T3=0. 5#X (1) #T 3% (D=X (2) ~UN$D) *#2=  (1-UN) #SITR*
A3¢A2% (1-BK) $PY-UN* A3*PY-SAI®A1#FPY~P
RETORN
CONTINUE
SAI= (X (1) * (DX {2) ) +SITE=FY)/ (SITR+SIDR)
BK=(PY+SITR-X {1)*X (2)) / (SICR+SITR)
UN=(SITR-PY+X (1) * (D-X(2))) /(X (1) *D)
Y=-P# (YP+X ({2)=D) ~A1#% {D~X (2) ) * (0.5% (SITR*SIER) * (1-SAI*#2) -SITR* (1
-SAT)) ¢A2%X (2) *{0.5¢BK**2% (SICR+SITR) ~SITR#BK) +X (1) *X (2) ¥*2%BK*
A24X (1) # (D=X(2)) #*2#A1%(1=SAI) ¢ (T3/3) #X (1) *X (2) **3+ (X (1) /3)
*T3#% (D-X (2) -ON#D) #%3= (1=-0UN) #SITR* (X (2) =0.5¢D*(1=0N) ) *a3+A2% (1
~BK) $FY$X (2) +UR®  A3*FY* (D=X (2)~0.5%UN*D) +SAT*A1#PY# (D-X (2) ) -XN
RETURN
G0 TO (58,59),K
CONTINOE
UN= (X (2) - (PY+SITR) /X (1)) /D
Y=12¢FPY+UN*A3% FY-SITR* (1-0N) ®A3-X (1) * (D-X (2) ) #A1+0.5%A 1% (SIBR~
SITR) +X (1) * (X {2) -UN®D) #%2%0,5¢T3~X (1) % (D=X (2) ) #*2#0. 5+T3-P
BETURN
CONTINUE
UN= (X (2) - (PY+SITR) /X [1)) /D
T=A28FT#X(2) +UN*AISPT* (X (2) 0. 5¢TH*D) +X (1) * {D~X(2) ) $*2#21=0. 5%101
# (SIBR=SITR)* (D~X (2) ) ~P* (X (2) #IF~D) ~XN+A3#% (1~UH) * (D-X (2) -=0.5%D*
{1=0N) ) $SI TR+ (T3/3) *#X (1) * [X (2) ~UN®D) $33+ (T3/3)*X (1)* (D-X (2)) **3
RETURN
GO TO (32,33),K
COSTINUE
BK=(PY+SITR=X (1) #X (2))/ (SICE+SITR)
BR=(FPY+SITR-X (1) * (X (2)~D) )/ (SIBR+SITR)
Y=12% (0.5*#BK*#2¢ (STTR+SICR) -SITR*BK) +A1% (0. 5%¢BR*$2% (SIBR+SITR)
-SITR®BR) ~SITR*A3+X (1) SA 1#BR* (X (2) =D) +Z (1) #X (2) *A2%BK+ (1-BK) #A2
SPY+ (1-BR) *A1SPY+A3%X (1) #0.5% (2¢X(2) =D) =P
BETURN
CONTINUE
BK=(PY+SITR~X (1) #X{2)} / {SICR+SITR)
BE=(PY+SITR=-X (1) * (X {2) ~D) ) / (SIBR+5ITR)
=X (2) *A2* (0. 5%BK*##2% (SITR+SICR) ~SITE*BK) +A1%{X{2) ~D) * (0= 5*3R
#%2¢ (SIBR+SITR) ~SITR*BR) =P#* (X (2) -D+YF) +A 18 ER®X (1) * (X (2) =D) *+2
+A2%BE*X (1) $X (2) #32+ (1=3K) *A29FY*X (2) + {1-BR) *A1#FY# (X (2) =D) +X (1
}*A3# (X {2)=D)* (X (2)~D/2) +X (1) ¥D*A3%0.5% (X (2) ~D/3) -IM
RETORN
GO TG (38,39) ,K
CONTINUE
SAI=({X(1)*(D-X(2)) +SITR-FY)/ [SITR+SIBR)
UN= (SITR=PY+X (1) * (DX (2))) /7 (X{1) *D)
Y=A1#(0.5% (SITR+SIBR)* (1=-SAI*#2)=SITR* (1=511)) +A2%0.5% (SICE-SITR
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) +2(1) *X {2) *A2=X (1) * {D=X (2) ) *A 1% (1=SAI) +0. 5*X (2) #*#2%% (1) *T3-0.5
*X (1) #T3# {D~X (2) =Uu#D) #%2-D# (1=0) $SITR*T3~UN#D*TI*PY~SAI*A 1*PY
-p
RETURN
CONTINUE
SAT= (X (1) * (D~X (2)) +SITR-FI)/[SITR+SIBR)
UN= (SITR=FPY+X (1) * (D=X(2) ) )/ (X(1) #D)
Y=<P# [TP+X {2) =D) =A1% (D=X (2) ) # {0.5% (SITR+SIER) * (1-SAI*%2) ~SITR*
(1-SAT)) +A28X (2) #0. 5% (SICR=SITR) ¢X (1) $X(2) $*2%A2+X (1) * (D~X (2) ) **
2#A1%(1=SAT) +{T3/3) $X (1) #X (2) #$3+ (X (1) /3) *T3#(D~X (2) ~UN®D) $*3-D
* (1-UK) *SITR* (X (2) =0.5%D* (1~0UN) ) $T3+UN*D*TI*FT#* (D~X (2) -0, S*UN+D
) +SAI#A1#FY* (D-X (2) ) XX ,
BETURN
GO TO (25,26),K
CONTIRUE
UR=(SITR=FY+X (1) * (D-X(2))) /(X (1) D)

BK= (FY +SITR~X (1) *X (2) ) / (SICR+SITR)

Y=-A1$PY+A2% (1-BK) *FY-UN*A3*FY+0.5¢X (1) *X (2) #2¢T 3+ BR*A2X (1) *X (
C 2)=0.5%X (1) * (D-X (2) ~UN#D) $#2$T3=SITR*D* (1-UN) #T3+¢A2¢ (0. 5¢BR##2
C* (SICR#SITR) -BRK*SITR) P

RETURN
CONTINUE
UN= (SITR=FY+X (1) # (D~X(2))) /(X (1) *D)

BK= (PY+SITR~X (1) #X (2)) / (SICR+SITR)

Y=A1#PY% (DX (2) ) +A2% (1-BK) $PY*X (2) +UNSD*TISF I# (D-X (2) -0.5¢D*0N) +
C(T3/3) *X {1) * (D=X (2) ~UN*D) ##3+ (T3/3) *X (1) *X (2) $$3+X (2) *A2# (0. S5*BR**
C2# (SICR+SITR) -BKASITR) ¢BK*A28X (1) X (2) ##2+SITR*A3* (1-UN) #(D-X(2) -
C0.5#D* (1+0N) ) ~XN~D* (YP+X [2) -D)

RETORN -
GO T0 (951,952),K ' -
CONTIRUE
UN={SITR-FPY+X {1)*(D-X[2)))/(X{1)*D)
T=-A 18PY-UN*A3SPY+0. 5%X (1) #X (2) $%2¢T3+A24X (1) *X (2) -0. 5*X (1) * (D~
C X (2) -UN®D) ##2#T3-SITR*A3#* (1~01) +0.5%A2% (SICR~SITR) =P
RETURN
CONTIRUE
ON=(SITR=FY+X (1) *(D=X(2)))/(X{1) *D)
Y=A1#PY# (D= (2) ) +UNSA3SFY* (D~X (2) =0 5%UN*D) ¢ (T3/3) *X (1) * (D-X(2) -
C UN#D) #%3+ (73/3) #X (1) $X (2) $%3+0.5%X (2) *A2#% (SICR-SITR) +A2¢X (1) *X (2)
C *#24SITR*A3# (1-UKN) * (D-X (2) ~0.5%D* (14U N) ) ~XN-2% (YF+X (2) ~D)
RETURN
GO T0 (21,22),K
CORTINUE
SAI=(X (2)~ (FY#SITR) /X (1)) /D
UN= (D~X (2) - (FY~SITR) /X (1)) /D
Y=A28FPY-A1#PY+SAT*A3SFT-UNSAISPY-SITR*A3* (1=0UN=SAI) +0.5%X (1) *
C (X (2) ~SAT#D) $#2$T3=0, 5¢X (1) * {D=X (2) =UN*D) ##2%T3-p
RETORE
CONTINUE
SAI=(X(2)~ (FY+SITR) /X (1)) /D
DN= (D~X (2) - {PY=-SITR) /X (1)) /D
=A1#PY# (D-X [2) ) +A2*FY#X [2) +SAT*A3SPY# (X [2) -0. 5*SAI*D) +TN*AISFY*
C(D=X [2) -0.5*UH*D) + (T3/3) *X (1) * (X (2) -SAI*D) ##3+ (T3/3) #X (1) * (D-X (2
C ) ~UN®D) ##34P# (D=X (2) -YP) ~XM+SITR#A3® (1-UK-SAI) * (D-2#X (2) ~UN*D+SAT

C *D) *0.5

RETORY

GO TO (251,252), K

CONTINOE
SAI= (X (2)= (FY+SITR) /X (1)) /D

FAI= [FY+SITR-X (1) * (X{2)=D))/ (SIBR+SITR)

a0,

L R R N
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T=A2*FT+SAI*A3#PY+ (1~FAL) *AT#FY-SITR*A3¢ (1=SAI) +A1% (0. SEPAI##2%(
C SIBR+SITR) ~FAI*SITR) +X(1)* (X[2)-D) *A1*PAL+X (1) *A3* (1-SAT) * (X(2) -
C 0.5%D* (1+5AI))-P

RETURN
252  CONTINUE
FAI={VY+SITR-X(1)* (X {2)-D))/ (SIBR+SITR)
SAT= (X (2)= (FY#SITR) /X (1)) /D
Y=A2#FPY$X (2) +SAI*AI#FY* (X (2) ~0. S*SAI*D) + (1~FATL) *A 1%PT* (X(2)~D)~
CSITR*A3#%(1-SAI)* (X (2) - 0. 5%D=0. 5#SAI#D) +A 1% (X (2) =D) * (0. SEPAI*42%(
C SIBR+SITR) -PAI#SITR} +X[1) # (X(2)~D) #*2%A 1% PAI-P* (X (2) +IP-D) +X (1) *
C A3% (X (2) ~D) * (1-SAI) * (X(2) =0.5%D-0.5%SAI*D) +0. 5&X (1) ¥D**2¥T3% (1~
C SAI)*%2#(X{2) ~SAI*#D~D*(1~SAI) /3)
BETURE
END

$EIZC
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IGPIT DATA M24DER & 1
SEERRRRRER

INCH AND KIPS ARE TO BE USED FOR ALL UHITIS
RIDTR~L.FLG. THICK.l.FLG. WIDTH-U2P.FLG. THICK.JPPePLGe DEPTI WEB-THICK. TAEER RATIO
5.0000 0.1803 5.0000 0.312 10. 0000 0.3750 0.6000
qU4.5EG. B.C. Z ANAL.TYPE., G 40MeRATIO YIELD STR. LOC.BRACE ReS./PY S22C.LOAD LZNGTAH
10 1 29000.0 1 11200.0 -0.51 990.3) 0.000 0.000 V.000 120.00

ACCEPTABLE ERROR ESTIMATED BUCKLING LOAD

1.0000 2900.3000
%% TIRAINAL EXROR (I22 = 129) FROM IMSL ROUTIKE LUDATF
*** TERMINAL ERROR {IER = 130) FRO# IMSL ROUTIVE LINV3F
00TPUT
*EEREE

BUCRLING LOAD
2853.267

MODE SHAPE
FI1 U2 FI2 u3 P13 U3 FI4 05 FI5 U6 TFI6 7 PI7 U8 FI8 U9 FI9

005 2207 0.12 2.97 0.27 3.81 0.29 4.50 0,36 4462 0439 4.32 0.37 3.41 0.30 1.91 0.17

STATEZMENTS EXECUTED= 233529

COEE USAGE OBJECT CODE= 91832 BYTES,AREAY AREA= 16360 BYTES,TOTAL AREA AVAl
DIAGHOSTICS NUMBER OF ZRROKS= 0, NUMBER OP WARNINGS= 0, NUMBER OF
COUPILE TIJE= 0.53 32C,EXECUTIOR TINZ= 2. 12 SEC, 21.30.29 WEDNZSDAY

C3BICHEND
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The data generated to develop the design aid in Chapter IV was
statistically analyzed using linear regression analysis technique; The
Statistical Analysis System (SAS) program(78) was used to develop linear
regression equations for data used to develop the curves shown in Figures
4.2 through 4.6, The parameters used in these equations were previously
defined in Chapter IV. Equation B.1 specifies the critical axial stress
as a function of z/ryo, AZ/Al, p and y. Equations B.2 and B.3 specify
the critical stress in the compression flange of beams for each of two
moment gradients as a function of z/rTo, AZ/AI’ p and y. Values of the
moment modification factor are given by Equations B.4 and B.5 as a func-

tion Of P/Pcrs 1/ry09 AZ/AJ.’ P and Y.

Critical stress for columns:

L A
1.456 - 0.0057 -2 - 0.2333 K‘Z‘ - 0.10910 + 0.009486Y
'yo 1
) (B.1)
0.947)

(o}

2

ag
y

(R

Critical stress for beams subjected to one end moment:

A
1.092 - 0.00368 —*— - 0.0236 +2 + 0.02150 - 0.04786y
"o Ay 6.2
B.2
2 _ 0.884)

%
%y

(R

Critical stress for Beams subjected to two end moments (Basic Case):

% ) Ay .

2 = 0.8419 - 0.0029 £~ - 0.0107 ;2 + 0.01085 - 0.0165y

y To 1 (B.3)
(R? = 0.914)
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Moment modification factor (one end moment):
A, 2
0.0512p + 0'0017Y'0'00048r_

p
5= 1.32 - 0.991 s - 0.0849 2 -
PCV’ r]. yo
(R = 0.92) (B.4)

Moment modification factor (Basic Case):

A

§= 1.37 - 0.981752— -0.0977GKg -0.0563p -0.00728y -0.00024_*—
cr 1 yo

(B.5)

(R% = 0.886)



