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SPECTRAL THEORY FOR SINGULAR LINEAR SYSTEMS

OF HAMILTONIAN DIFFERENTIAL EQUATIONS

1. Introduction. In 1910 Weyl [11] inéugurated the modern theory

of singular self-adjoint differential operators, considering, in par-
ticular, second order differential operators with real coefficients.
Since then his results have been generalized by various authors to the
case of arbitrary even order self-adjoint differential equations with
real coefficients. Also, in 1954 Coddington [2] treated the case of

an arbitrary n-th order self-adjoin; differential equation with complex
coefficients. He obtained the Parseval equality and spectral expansion
associated with the singular case directly, through the consideration
of such a problem as a limiting case of corresponding self-adjoint two-
point boundary value problems on compact subintervals of the reals.
Using the same general concept, Coddington and Levinson [3] derived a
Green's function, which in turn enabled them to obtain the spectral
matrix for a singular problem involving a linear homogeneous n-th order
differential operator, and then proceeded to derive the Parseval equality
and spectral expansions.

Recently Brauer [1l] treated similar problems which involve a defi-
nitely self-adjoint vector differential operator, of the sort that has
been treated by Reid [6] and others. He obtained the Green's matrix
and spectral matrix through the use of the spectral theorem and the
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theory of direct integrals.

In the spirit of variational methods and principles, Reid [7,8]
developed the general theory of self-adjoint two-point boundary value
problems associated with a formally self-adjoint Hamiltenian vector dif-
ferential operator defined on a given compact subinterval of the reals.
The main purpose of the present paper is to employ the general method of
Coddington and Levinson [3; Chapter 10, Sections 4,5] to derive the
Green's matrix, spectral matrix, the Parseval equality, and spectral
expansion for a singular linear Hamiltonian vector differential system
which includes as special instances the Euler vector differential equa-
tion and a system that is equivalent to a self-adjoint 2n-th order
scalar differential equation.

In Section 4 the existence and the properties of a Green's matrix
are treated. In Section 5 there is obtained the spectral matrix, and
finally, the Parseval equality and the expansion theorems are derived
in Section 6.

Matrix notation is used throughout; in particular, matrices of one

column are called vectors, and for a vector y = (yi), (1 =1,--,n), the

n

norm |y| is given by i=

||21/2Wd te by E_ and O_ th x
1 ¥y . e denote by E and O the n n
identity and zero matrices, respectively, and when there is no ambiguity
as to dimensions, we use merely the symbols E and 0. The conjugate
transpose of a matrix M is designated by.M*. If A is an Hermitian
matrix, then the symbol A > 0 (A 2 0) signifies that A is positive (non-
negative) definite; in general, A > B (A > B) signifies that A apd B are
Hermitian matrices of the same dimension and such that A- B is positive

(non-negative) definite.
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A vector function is called locally absolutely continuous on an
open interval I of the reals when it is absolutely continuous on each
compact sub-interval of I, and a matrix function is called continuous,
differentiable, integrable, of bounded variation, locally absolutely con-
tinuous, etc., when each element of the matrix possesses the specified
property. If M(t) = [Mij(t)] denotes an n < m matrix function, then we
define JM(t)dt S [JMij(t)dt] and M'(t) = [Mij(t)]' For a given interval
J of the real line, the symbols Cg, bvn and tz are used to denote the
class of n-dimensional vector functions y(t) on J which are respectively
m times continuously differentiable, (Lebesgue) integrable, and (Lebesgue)
measurable with Iy(t)lp integrable on J. If M(t,s) is a matrix function
of two variables t and s, then, for brevity, we use the symbols M[l’ol(t,s)
and M[O’l](t,s) to designate the partial derivative of M with respect to
t and s, respectively. If M = [Mjk], N = [Njk], (j=1,++,n;
k=1,++*,m), are n X m matrices, for typographical simplicity the
symbol (M;N) will denote the Zn X m matrix [Sik] with Sik = Mik’

S K’ (i =21,++,n; k=1,-+-,m). In particular, if u = (ui)

n+i,k = Ni

and v = (Vi) are n-dimensional vectors then (u;v) denotes the

2n-dimensional vector y = (yi) such that y; = vy and Yopi = Vi0

(i

1,**,n).

2. Hamiltonian vector differential system. We are concerned with

a Hamiltonian vector differential system of the type

L, [u,v](£) = =v'(£) + C(t)u(e) - A" (t)v(t) = 0,

(2.1) t €1,
L2[u,V](t) u'(t) - A(t)u(t) - B(t)v(t) 0,

tn
L}

where I = (c,d) is a given open interval of reals such that (2.1) is
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singular both at ¢ and d, while u(t) and v(t) are n-dimensional complex-
valued vector functions, and the coefficients A(t), B(t), and C(t) are
given n X< n complex-valued matrix fumctions.

By definition a solution of (2.1) is a pair of n-dimensional vector
functions u(t) and v(t) belonging to Ci(l), and satisfying (2.1) for
t € I. Throughout this paper we assume 'thé following hypothesis.,

(4 On I the matrix functions A(t), B(t), and C(t) are continuous,

1)
A(t) and B(t) are continuously differentiable, and B(t), C(t) are

Hermitian. Moreover, the system (2.1) is identically normal in the sense

that if (u(t);v(t)) = (0s;v(t)) is a solution of (2.1) on any non-

degenerate sub-interval of I, then v(t) = O on that interval.

The system (2.1) may be expressed as a single 2n~dimensional vector

differential equation

(2.2) Lyle) = §y' (&) + Ay (t) = 0, tel,
where
ce)  -a%(t) 0 -E_
y(£) = @()sv(e), o) = , G- ,
-A(t)  -B(t) E 0

As (& = —9‘* and cA(t) = cA*(t), the differential operator £ is identi-

cal with its formal Lagrange adjoint
:f,“‘ A%y *
[yl(e) = - 37y (£) + A (D)y(t) = 0, t € I.

If y(t) and z(t) are of class Clz'n(I), then the Lagrange identity in

integral form is given by

t_
(2.3) J'oﬂﬂﬂMt-J<miuDa=z%wgﬂw o
J J t=a

where J = [a,b] is an arbitrary compact subinterval of I. In particular,
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if we set y(t) = (ul(t);vl(t)), z(t) = (u2(t);v2(t)), and y, z are such
that L2[ui,vi](t) =0, (i = 1,2), on I, then relation (2.3) yields the
equation

t=b

%

(2.4) J (Ll[ul,vll,u?)dt - J (ul’Ll[uZ’VZJ)dt = (vzul-u;vl -
J - J =

Following Reid [7,8], if I = (¢,d) is a given open interval then we
denote by [§[I] the set of n-dimensional vector functions u(t) which are
locally absolutely continuous on I and such that.Lz[u,v](t) =0on I for
some v(t) € Iﬁ(l). Similarly, we denote by ﬁ&JI] the set of all
u(t) € B[1I] such that u(t) has a compact support on I. If u, € DEJI],

(i = 1,2), with corresponding v, which are of class Ci(I), then from (2.4)
we have
JI (Ll[ul,vl},uz)dt = jI (ul,Ll[uz,vzl)dt.

A 2n X 2n matrix function Y(t) is called a fundamental matrix for

(2.2) if the 2n column vector functions of Y(t) are linearly independent

solutions of (2.2) on I.

3. Preliminary results. Let 8§ = [a,b] be an arbitrary, but fixed,
compact subinterval of I = (c,d), and let K(t) be a non-identically
vanishing n X< n matrix function defined on I which is continuous and
Hermitian.

We now consider the two-point self-adjoint boundary value problem

(2) Lylu,v[A1) = L [u,v](t) = AK(t)u(t) = 0, L,lu,vI(t)=0, t €6,
(b) JVLs[u,v] = Mju(a) + M,v(a) + Mju(b) + M,v(b) = 0,
involving the characteristic parameter A, where each coefficient matrix

Mi’ (i=1,2,3,4), is of dimension 2n < n and the 2n. > 4n matrix
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= [Ml M, Mg M4] has rank 2n. Corresponding to (2.2), system (186)

UMS
may be expressed in terms of the 2n-dimensional vector function y(t) =
(u(t);v(t)) as

(@ LIy[ale) = Lyle) - A Koy = o, t €6,

(3.1)
8 (b) Ws[y] = Hlu,v] =0,

where X(t) is the 2n X< 2n matrix function defined by H(e) =

diag{K(t),01}.
Since we are dealing with self-adjoint boundary problems, the

boundary condition J'ZG [yl = 0 must satisfy the self-adjointness condition;

that is, if y and z belong to Clz'n(cS) then

J (‘j)v[Y]’z)dt = J (y’ i[Z])dt
§ §

whenever u‘vts[y] = 0 and J’Za[z] = (0, It is to be noted that in view of

(2.3) the above relation is satisfied if and only if

z*(b)%y(b) - z*(a)%y(a) = 0 whenever cMa[y] = 0 and J%G[z] = 0.
Throughout our discussion in this paper we assume also the follow-

ing hypothesis.

(HZ) The n < n Hermitian matrix function K(t) is non-negative

definite on I, and not all A are proper values for (BG)‘

Following Reid [8; Sec. VII.1l0], for ui(t) € :8121(.]), (i=1,2),
where J is a compact subinterval of I, we define an Hermitian functional
2 2

k;on L@ > €@ vy

Kjlopuyl = [ @y @),

J

§J[ul] = &J[ul’ull'

In view of hypothesis (HZ) we have the Cauchy-Schwarz inequality

2
|§J[ul,u2]| < meJ[u1]§~J[u2]' The non-negative square root of mIgJ[u] is
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called the K~norm of u(t) over J, and, for brevity, is denoted by "uHJ,

or merely by ”u" when there is no ambiguity.
For later reference we make the following observations as to (ﬁ%-a):
(i) 4if the matrix function B(t) is non-singular on §, then the
system (E%-a) is a canonical representation of the n~dimensional Euler

vector differential equation
(3.1")  R(t)u' (£)+ Q(t)u(e))' - (@ (t)u'(£)+B(t)u(t)) = AK(t)u(t), t € 6,

in terms of the canonical variables u(t) and v(t) = R(t)u'(t) + Q(t)u(t),

1A, P=2¢C+ A*B—lA, and K is non-singular;

where R = B-l, Q=-B
(ii) the system (E%—a) also contains as a special instance a system
which is equivalent to a self-adjoint 2n~th order scalar differential

equation

0z @u™ @14 0P e e o1 gy

(3.1
r (tu(t) = Ak(t)u(t), t€ 6,

with real coefficients, rm(t) # 0 and k(t) # 0 for t € §. 1In this case

the corresponding n < n matrix functioms A(t), B(t), C(t), and K(t) are

it

given by A () 21, ({1 =1,++,n-1), Aij(t) = 0 otherwise; B(t) =

i,i+l

diag{0__, ry ()17} o(e)

1

diag{ro(t),rl(t),'--,rn_l(t)};

K(t) = diagfk(t),On_1

Thus, the self-adjoint system QBG) includes as special instances
the corresponding two-point self-adjoint boundary problems of these two
important cases.

Concerning the basic properties of the proper values, proper vector
functions, aﬁd the Green's matrix associated with the self-adjoint

boundary value problem GBG)’ we state two theorems, whose proofs mey be
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found in Reid [8; Theorems IV.5.1, VII.10.1].

THEOREM 3.1. For a self-adjoint system (86) satisfying hypotheses

(Hl) and (HZ) all proper values are real, and the set of the proper

values is at most denumerably infinite with no finite limit point. If

(ui(t);vi(t)), (1 = 1,2), are two proper vector functions of (936) corre-

sponding to distinct proper values A 1 (i = 1,2), then they are

Ks-orthogonal in the sense that K. [ul,uz] = 0. Moreover, if A is a

proper value of index m(A), then the linear vector space of solutions of

(ﬁs) for this value A has a basis (ui(t);vi(t)) which is K -orthonormal

(1,3 = L,°*,m)).

in the sense that 'Igs[ui,uj] = Gij’

It is to be noted that the last conclusion of the above theorem is

(u(t);v(t)) is a proper solu-

implied by hypothesis (HZ)’ since if y(t)
tion of (BG) for a proper value A we have 0 < Ks[u], and the equality
sign would hold if and only if K(t)u(t) = O for t a.e. on §, in which
case all values of X would be proper value of (Bé)' In particular, if
y(t) = (u(t);v(t)) is a proper solution of (86) for a proper value XA then

u(t) £ 0 on 8§ = [a,b], so that the boundary value problem (BS) is normal.

THEOREM 3.2. If (BG) satisfies hypotheses (Hl) and (Hz), § = [a,b],

and A is not a proper value of (186), then there exists a unique 2n >< 2n

matrix function.Zl(t,s,A), called the Green's matrix, such that for

2
arbitrary fo(t) € £2n(6) the 2n-dimensional vector function y(t)

defined by
y(t) = Jé J(ty8,0)E (s)ds

is the unique solution of the boundary problem

Liy[rale) = £ (), Jivl = o.

Moreover, the Green's matrix B(t,s,k) possesses the following properties.
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(1) On each of the triangular regions

(3.2) Al = {(t,8)€8§ x § Iass<tsb and A2 = {(t,s) €8 x & |ast<s$b},

(a) the matrix X(t,s,\) is continuous in (t,s);

(b) the partial derivative 21[1,0] (t,s,\) exists, and is con-

tinuous in (t,s); moreover, Zj(t,s,k) satisfies the differential equation

LY ¢,s,0 @) = 0;

(c) as a function of the complex number A the matrix F(ty8,A)

is regular at each point which is not a proper value; in particular,

B(t,s,)\) 1s holomorphic in the half-planes Im A > 0 and Im A < 0

(d) if X is mot a proper value, then

(3.3) Ble,s,0) = [§(s,6,00%

(e) if (So’so) € § < &, then Y(t,s,\) has the finite limits

(3.4) bj(so,so,k) = lim §(t,s,)), as (t,s) » (s,08,)s (£,8) € 4y,
(G =1,2);

moreover, these two limits satisfy the relation

*

(3.5) .G 0800 = Bylsos 0 = G

(i1) on each of the triangular regiomns {(t,s)€§ x § |a<s<tgbl}

and {(t,s)€ 6 x § |ast<s<b}, as a function of t, the matrix Xi(t,s,))

satisfies the boundary condition; that is, J'lé[ﬁS (+58,A)] = 0.

It is to be noted that relations (i-b) and (i-d) imply that the
matrix 3[0’1] (t,s,)A) exists, and is continuous in (t,s) on each of the

triangular regions Al and AZ.

In the sequel a partitioned matrix form of zl(t,s,}\) will be used
frequently, and to this end we set

G (t-,S,)\) G (t!S’A)
(3.6) Pe,s0) = | 12 = 6,681, (3= 1,2),

GZl(t,s,A) G22(t,s,A)
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where each Gij is .an n < n matrix function. In particular, conclusion

(i-d) of the above theorem is equivalent to the relations

Gy (E,8,0) =[G4 (558,17, (4,5 = 1,2).

If fo(t) in Theorem 3.2 is a particular vector function of the form
fo(t) = (f(t);0), where f(t) ailki(G), then the following results are
immediate.

COROLLARY. If Im A # O, then for an arbitrary £(t) G'fﬁ(é) the

2n~dimensional vector function (u(t);v(t)) = (u(l)(t);u(z)(t)) defined

by

oD ey = j 6,y (£:5,)E(s)ds, (1 = 1,2),
[}

is the solution of the differential system

(a) L [u,v[Al(E) = £(t), L,[u,vl(t) =0, t €,
(b) cP%[u,v] = 0.
In connection with Theorem 3.2 the reader is referred to Reid [8;
Theorem VII.8.2] for additional properties of the matrix functions

Gil(t,s,x), (i = 1,2). In the following, whenever it is desired to

emphasize the dependence on § of J(t,s,\), we write B(t,s,k;d).

We shall now establish the following result which is basic to our

discussion in this section.

LEMMA 3.3. 1If g(t) € Irzl(é), then for Im X # 0 the solution

(u(t);v(t)) of the differential system

(a) L[u,w[Al(t) = R(t)g(t), L,lu,vl(t) =0,  tes,

(3.7)
®) Hu,v1 =0,

satisfies the inequality

-1
(3.8) Jull < 11m 2 gl),
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Suppose that (u(t);v(t)) is the solution of (3.7). Since the problem

(BG) is self-adjoint, it follows that
(3.9) j (Ll[u,v],u)dt - J (u,Ll[u,v])dt = 0,
S $

and using the first relation of (3.7-a) in (3.9) we obtain the result
Im A g‘d[u] + Im ,Iga[g,u] = 0. Now applying the Cauchy-Schwarz inequality
to 'I&S[g,u], and using the fact that ”Iga[u] > 0, we obtain (3.8).

If Y(t) is a 2n X< 2n fundamental matrix for (2.2), then for
£(6) = (£(£)30) with £(t) € £2(I) a solution of R[yl(e) = £ (),
t € I, can be obtained by the method of variation of parameters. That is,
there exists a 2n > 2n matrix function %H(t,s) such that the
2n-dimensional vector function y(t) defined by y(t) = JG ﬁ#(t,s)fo(s)ds is
a solution of f[y] (t) = fo(t) on each compact subinterval § of I; in

fact, this result holds for H(t,s) defined as
1 -1 *
(3.10) HN(t,s) = 3 Y(t)Y (s)% sgn(t-s).

We observe that this matrix “H(t,s) possesses the following properties.

(1) On each of the triangular regions A, = {(t,s) € I x1I]|s <t}

and A, = {(t,s) € I x I|t < s} we have that:

(a) the matrix function % (t,s) is continuous in (t,s); moreover,

014[1’0] (t,s) and "H[O’ll(t,s) exist, and are continuous in (t,s);

(b) as a function of t the matrix function N(t,s) = [I-Iij (t,8)],

(i,3 = 1,2), satisfies the differential equation PIW(,8)1(t) = 03
that is,
(3.11) Li[Hlj("s)’HZj("S)](t) = 0, (i, = 1,2);

(c) if (so,so) € I x I, then the limits oﬁ(-j (so,so), (GG = 1,2),

in the semse of (3.4), have finite values, and they satisfy the relation
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*
(3.12) aHl(so,so) - OHZ(So’So) = % .

(1) If 6 = [a,b] C I and (so,so) € § x §, then the matrix function

F(t,s,)) = b(t,s,)\) - M(t,s) has finite limit values 5j (so,so,k),

(3 = 1,2), in the sense of (3.4), and they satisfy the relation

ﬁl(so,so,)\) - Jz(so,so,k) = 0.

(iii) The partial derivative 3[1’01 (t,s,A) exists and is continuous

on {(t,s) € § x ¢ |t # s} x< A, where A is a subset of the complex plane

which does not intersect the real-axis.

In view of (ii), if 3(s0,so,}\) is defined to be equal to

.}l(so,so,)\) then J(t,s,\) is defined and continuous on § =< § x A,

4. Green's matrix. We shall introduce an additional hypothesis

which will be assumed in this section and hereafter.

(Hé) If X denotes the set of real-valued scalar functions p(t) of

class Czn(I), then there exists a linear homogeneous operator M[p] on X

into the class of n x n matrix functions on I such that if u(t), v(t)

. R 1 .
are n-dimensional vector functions of class Cn(Io) on a subinterval Io

of 1 which satisfy Lz[u,v] (t) = 0 on Io then:

(1) there exist n-dimensional vector functions q(t) =

q(tlu,v;u) € Cn(Io)’ z(t) = z(tlu,V;u) € Ci(Io) such that

y(t) = M[u](t)u(t), z(t) are solutions of the differential equations

Ll[y,ZI(t) = K(t)q(t), L2[y,z](t) =0, tel;

(11) | ®(e) [ut)-y(£)L,ult)-y ()] < ll-u(t)lzl(K(t)u(t),u(t))l, tel 3

il
[

(ii1) if J. is a non-degenerate subiaterval of I such that u(t)

1
on Jl then M[u](t) = En and z(t|u,v;p) = v(t) on Jl; if J2 is a
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non-degenerate subinterval of I such that u(t) = 0 on J2, then M{u](t) = O,
z(t|u,vsu) = 0 and q(t|u,vip) = 0 on J,.

The above hypothesis looks unduly restrictive, but it will be
demonstrated that the two important instances of (&%) given in Section 3
do indeed satisfy the above hypothesis. First we establish the following
result.

LEMMA 4.1. Suppose that [a,b] is a compact subinterval of I, and

S is a set of k points of [a,b]. If on [a,b] - S the n-dimensional vector

——

functions u(t), v(t) are bounded, of class Ci, and satisfy Lz[u,v](t) = 0,

then there exist sequences of functions ym(t), zm(t) belonging Eg_Ci[a,b]
such that

Loly 2 1(t) = 0, € € [a,b]; y (£) = 0 for £ €§_ = SU{a}lU{b};

b
J R [y () =u(®)], y (£) -u(t))dt >0 as m > .
a. . .

Let Jm be a set of at most k+ 2 non-overlapping open intervals cover-
ing 8 = SuU{alV{b}, and such that the sum of the lengths of these inter-
vals is less than 1l/m. Let um(t) be a real-valued scalar function of
class Czn(I) such that um(t) =1 on [a,b] - Jm, um(t) = 0 in a neighbor-
hood of each point of So’ while 0 g um(t) <1l for t €I, Then in view
of hypothesis (Hé—i) there exist n-dimensional vector functions

zm(t) = z(tlu,v;um) 3 Ci on [a,b], and n xX n matrix functions M[um](t)

such that Lz[ym,zm](t) 0, (m=1,2,**+), on [a,b] where
ym(t) = M[um](t)u(t). Since um(t) = 0 in the neighborhood of each point
of So, it follows from (Hé-iii) that ym(t) =0 for t € So'

In view of (Hé-ii)land the fact that um(t) =1 on [a,b]-Jm, it

follows that
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j ®(E) [y, (€)= u(©)],y, (&) = u())dt
a

< JJm (1—um(t))2(1<(t)u(t),u(t))dt < me K(t)u(t),u(t))dt.
Since the functions K:and u are bounded on [a,b], the right-hand member
of the above relation tends to zero as m > «, thus establishing the con-
clusion of the lemma.

We shall now demonstratg that the two important cases stated in
Section 3 satisfy the above hypothesis.

Example 1. Suppose that the matrix functions B(t) and K(t) are non-
singular on I; that is, Cﬁa-a) represents (3.1'). For u(t), v(t)
ﬁ-dimensional vector functions of class Ci(é) such that Lz[u,v](t) =0
on §, let u(t) be a scalar fﬁnction of X which is of class Czn(I) and
such that 0 < p(t) £ 1 on I. Define an operator M on u to be
M(E) = M[W](E) = W(EE_. Then (Mu)' - AQMw) = B(E M'u + Mv), which is
equivalent to Lz[y,z](t) = 0, where y(t) = M(t)u(t) and z(t) =
B—l(t)M‘(t)u(t) + M(t)v(t) € Ci(6). Since K(t) is non-singular, (Hé—i)
holds for these vector functions y(t), z(t), and q(t) = K(t)_lLl[y,z](t).
Conclusion (Hé—iii) is quite obvious. Employing the relatioms
M(t)u(t) = u(t)u(t) and O < u(t) £ 1, property (Hé-ii) follows readily.

Example 2. Suppose Cﬁd-a) is equivalent to the 2n-th order differen-
tial equation (3.1"), with the corresponding coefficient matrix functions
A(t), B(t), C(f), and K(t) given in the statement following relation (3.1").
Let u(t) = (ui(t)), v(t) = (vi(t)), (1 =1,2,+++,n), be as in (Hé), and
u(t) be as in Example 1. Now we define the operator M to be then > n

matrix function M[u](t) whose i-th row is given by

i-1 -
U[ : i—lclu[i 2] ‘¢t u 0+ 0, (1 =1,2,**,n),
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where rcs is the binomial coefficient r!/[s!(r-s)!].

With y(t) = M(t)u(t), the first n-1 components of y'(t) - A(t)y(t)
are all zero, and for arbitrary vector function z(t) = (zi(t)) the
first n-1 components of B(t)z(t) are all zero, so that the condition
y'(t) - A(t)y(t) = B(t)z(t) determines zn(t) uniquely as [rn(t)]—lﬁn(t),
where ?n(t) is the n-th component of y'(t) ~ A(t)y(t). Also in terms

of the components the vector equation Ll[y,z](t) = K(t)q(t) reduces to

-2! + 1y, = k(t)q,(c),
-2y = z; + 7, = 0,
(4.1) :
~z! -z, ,tT 5 ¥ =0,
_zrv1 -z ,tr ;v =0,

and it follows that the last n-1 of these equations determine zn_l(t),
zn_z(t), see, zl(t) uniquely. Finally, since k(t) # 0 for t € I, the
first equation of (4.1) specifies ql(t) uniquely. Condition (Hé-ii)
follows readily from the relations (y—u)*K(t)(y—u) = (u—l)zﬁlk(t)ul =
(u-l)zu*Ku, and conclusion (Hé-iii) is obvious from the definition of
u(t).

Let Y(t) = (U(t);V(t)) be a fundamental matrix for L[yl(t) = 0 on
I, where U and V are n < 2n matrix functions. Then from relation

(3.10) we have that
LIM,8) 1) = LIYI(E)e(t,s) =0, t#s,
where ¢(t,s) is the 2n x 2n matrix function given by
o(t,s) = % Y_l(s)Q}*sgn(t-s).

Equivalently, we may write
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L, [U,vI(t)e(t,s)

[

0,

LZ[U,V](t)Q(t,S) 0,

If u(t) € X, then hypothesis (Hé) implies that there exists an
n > n matrix function M(t) = M[ul(t), and n * 2n matrix functions
Vo(t) € Cl, Q(t) € C on I which satisfy the system of n X< 2n matrix dif-

ferential equations
(4.1") Ll[MU,VOJ(t) = K(£)Q(t), L2[MU,V°](t) =0 on I.

Moreover, in view of (Hé-iii) we have that if u(t) = 1 on a non-degenerate

subinterval J, of I then K(t)Q(t) = 0 on Jl, and if u(t) = 0 on a non-

1
degenerate subinterval Jz of I then K(t)Q(t) = 0 on J2. From (4.1') we

also obtain the relations

Ll[MU,Vo](t)Q(t,S) = K(t)Q(t)@(t,S),
LZ[MU,VO](t)Q(t,s) =0, t#s.
If we set ®(t,s) = [Ql(t,s) ¢2(t,S)], where each Qj(t,s),

(G = 1,2), is a 2n < n matrix function, then the above system is equiva-

lent to the system of n < n matrix differential equations

(a) Ll[Nlj("S)’NZj(.’S)](t) = K(t)Qj(t,S),
(4.2) : ‘
(b) L2[N1j('ss)’N2j('ss)](t) = os (j = 192),
where Nij and Qj are n < n matrix functions defined by
Nlj(t,s) = M(t)U(t)éj(t,s),
(4'3) sz (t’s) = Vo(t)‘pj (t’s),

Qj(t,s) = Q(t>¢j(t,s), G = 1,2).

It is to be remarked that if u(t) = 1 on an open interval Jo of I

then the n X n matrix functions N are such that

ij
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j(t ,8) = H (t s) for (t,s) € J < I, t#s,

where Hij(t’s)’ (i,j = 1,2), are the n >< n partition matrix functions of
% (t,s) in (3.10). Moreover, if S, € J0 then in view of the limit
relations (3.10) satisfied by °H(t,s) we have that the functions Nij(t’s>

have 1limits N., (s ,s ) and N (s T ) in the sense of (3.4), and
ijsl1 0’ 0

ijs2

Nlj;l(so,so) 1_-) 2(8 28 ) =6§,.E ,

N2j;1(so’so) - N2j;2(so’so) = _61jEn'
In particular, N 113 1(s sS, ) = ii;Z(So’so)’ (i =1,2), and if Nii(s,s) is

defined as equal to N, s) then Nii(t’s) is continuous in (t,s) on

i151%8
Jo > Jo. Also, if p(t) = 0 on a non-degenerate subinterval J, of I

2
then Nij(t’s) =0 for te Jz, (i,j = 1,2).

As to the differentiability properties, it is mow clear from the
expression of ¢(t,s) and hypothesis (Hé).thét each Nij(t’s)’ i,j = 1,2),
has continuous partial derivatives with respect to t and s on the region
D(I) = {(t,s) € I =<1 |t # s}, while each Qj(t,s), @G - 1,2), has a
continuous partial derivative with respect to s on D(I).

We are ready to prove now a result that is basic for our considera-

tion. First, we introduce some notations. Let A be a set which

possesses the following property.

A is a non-empty compact set in the complex

(4.4) A-plane which is symmetric with respect to the

real-axis, and does not intersect the real-axis.

If d is an arbitrary subinterval of I, then we define D(d) and @ by

(a) D@) = {(t,s) d ><d|t ¢ s},
(4.5)
(b) Q =D(d) > A.
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It is to be remarked that @ is symmetric in the sense that if (t,s,\) < Q,
then (s,t,A) € Q. When the dependence of © on d and A is desired, we
write Q(d,A).

It is emphasized here that the motatioms 4, D(d), and Q(d,A)

described above will be used subsequently in our discussion in the remain-

ing of this section as well as in the next section. In particular, the

symbol A is reserved for an arbitrary set with the property listed in

(4.4).

THEOREM 4.1. Suppose that (BG) satisfies hypotheses (Hl), (H2),

(d!), and let d, = [a.,b,] be an arbitrary given non-degenerate compact
2’0 220 222 o =2 £ e

1
subinterval of I and ¢ = e(dl) >0a value such that the closed interval

d2 = [al—e, bl+e] is contained in I. Let S be an arbitrary compact sub-

interval of I such that d, € ¢, and for a given non-real complex number

2
A denote by ﬁ(t,s,A;G) = [bm(t,s,l;ﬁ)], (0,7 = 1,°"*,2n), the Green's

matrix for the self-adjoint problem (Bd)’ Moreover, let A be a compact

subset of the complex plane possessing the property (4.4). Then there

exists a bound k = K(dl,l\.) > 0 such that for all (t,s,)A) € Q(dl,A) we

have |BOT(t,s,->\;6)| <k, (0yt =1,°++,2n), independent of §.-
Choose an open interval d‘J such that dl c do c d2 < 8§, and the
closure of do is properly contained in the interior of d2. Let p(t) be

a real-valued function of class Czn(I) such that u(t) = 1 for t e do’

u(t).= 0 for t outside d2. Since the matrix function W(t,s) = [Hij (t)1,

1,2), defined in (3.10) satisfies the equation LIHMH(,8)1() =0

]

(1,3
on D(I), there exist n X n matrix functions M[u](t), sz (t,s), and

Qj (ty8)s (j = 1,2), which satisfy on D(I) the system of n X n matrix

differential equations



19
(a) L2[N1j(-’s)’N2j(.’s)](t) = 0,

(b) Ll[Nlj(‘,S)gsz(',S)](t) = K(t)Qj(t,S), (J = 192)’

(4.7)

where Ni and Qj are given in (4.3). In particular, it is to be noted

3
that K(t)Qj(t,s) 0 for te do'

Define the 2n < 2n matrix function Y¢(t,s) as
(4.8) Wt,s) = [Nij(t,s)], (1,3 = 1,2).

From the definition of u(t) and condition (Hé-iii) the matrix functions
Nij(t’s) and Qj(t,s), (j = 1,2), vanish for t outside dz. Also, we
observe that the matrix function M(t,s) posseéses the following proper-

ties:

(1) T(t,s) is defined and continuous in (t,s) on

D(I) = {(t,s) €I < It # s};

(4.9) (i1) Tt,s) 14(t,s).£9£_(t,s) € do < I, t # s;

1]

T(—(tss) 0 Eﬁ (t,S) € (I'dz) =< I3

(111i) Ti(t,s) has continuous partial derivatives with

respect to t and s on D(I).
Let X (t,s,A;8) be the 2n X 2n matrix function defined by
(4.10)  H(t,s,138) = B(t,s,036) - Yi(t,s) for (t,s,0) €& x d; > A.

It is tovbe emphasized that in the consideration of the matrix func-
tion W(t,s,\;8) defined by (4.10) the interval § is always required to
satisfy the condition specified in the statement of Theorem 4.1. 1In
particular, the matrix function ¥((t,s) is defined by °N(t,s) of (3.10)
and the transformation matrix M[u] which is identically zero on I-'dz, 80
that Y((t,s) = 0 for t € I-dz, and is independent of the compact inter-

val § which contains d Also, in view of (3.5) and (3.12) the matrix

2
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function 9% has limits ﬂNi and 9Vé in the sense of (3.4) and ‘VE(S,S,A;S) =
W, (s,s,A38). Consequently, if we define W(s,s,A;8) tc be equal to
2
W (s,s,1;6) then Mt,s, ;8) is a continuous function of (t,s,A) on
1
§ < d, >< A. Throughout the following discussion it will be understood

1
that W(t,s,A;8) has Been_Eg defined.

For each s € dl the matrix W(t,s,r;8) has a continuous partial
derivative relative to t on § if t # s; furthermore, it satisfies the
boundary condition cW%[ﬁV(-,s,A;G)] = 0 and the matrix differential equa-
tion

(4.11) LIW(,8,238) A1) = = LIv(-,8)[A1(e) if t # s,
and hence from Theorem 3.2 we have the relation

(4.12) dv(t,s,1;8) = -J Bt r,056) L I ,8) | 2] (x)ar.
8

It is to be remarked that the integral in (4.12) remains unchanged
when 8§ is replaced by d2, since the matrix functions Nij(t’s) vanish for

t outside d2 c 6.

Upon setting 9N(t,s,A;8) = [Wij(t,s,k;é)], (i,j = 1,2), where each
Wij is an n X< n partition matrix, in terms of the notations given by
(3.6) and (4.8) the relation (4.12) is equivalent to the following four
equations
(4.13) Wij(t,s,A;G) = Gij(t,s,A;G) - Nij(t’s)

= - sz Gil(t,r,A;G)Ll{Nlj(o,s),sz(.,s)|A](r)dr,

which in view of (4.7-b) can be written as

(t,s,13;8) = -~f Gil(t,r,A;G)K(r)R (rys,2)dr, (1,3 = 1,2),
dy i

(4.14) Wi
2

3

for (t,s,A) € § x d1 =< A, It may be verified readily that in (4.14)
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the n >< n matrix functions
(4.15) Rj (tQSQA) = Qj (t,S) - )\Nlj (t’s)’ (j = 1’2)’

have the following properties:

x< A,

1
while K(t)Rz(t,s,A) is continuous on {(t,s) € § X dl It # s} x A; more-

(i) K(t)Rl(t,s,l) is continuous in (t,s,A) on 6§ < d

over, if (so,so) € dl x dl’ then with R(t,s,A,]) = K(t)Rj(t,s,A) the

limits gi(so,so,k;j), (1 = 1,2), exist in the sense of (3.4), are finite,

and satisfy the relation

(4016):] "B”'l(so,so,k;j).- ﬁz(so’so’l;j) = -AGZjK(SO), (j = 1’2);

(i1) on the set {(t,s) € § x d, [t # s} > A, the matrix func-

tions R, (t,s,A) have continuous partial derivatives Rgo’ll(t,s,k) with

3

respect to s; moreover, Rgo’l](t,s,k), (j = 1,2), are continuous and

bounded functions of (t,s,A) on {(t,s) € § x dl |t # s} x A;

11}

(141) Rj(t,s,k) 0, (3 =1,2), for (t,s,)) € (I-d,) > I = A.

Relation (4.16):.I and property (ii) follow readily from (4.15) and
from the fact that if s € dl then for t sufficiently close to s we have
that t also belongs to do' Indeed, if (t,s) € do x dl and t # s, then
Ni (t) = 0. Con-~

j(t,s) = Hij(t’s)’ (1,3 = 1,2), and hence Ll[Nlj’ sz]

sequently, from (4.2-a) and (4.15) we obtain the relatioms

(4.17) - AK(t)Hlj (t,s) = K(t)R,(t,s,A), for (t,s) € do X dl, t # s,

]
and j = 1,2,
It is then clear that (4.16)j follows from the above relation and (3.10).
In view of the continuity property of Hlj’ condition (i) also follows
from (3.10) and (4.17). Property (iii) follows readily from the remark

following relation (4.8).
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It is easy to see that the two pairs (U;V) = (le;sz), G =1,2),

in (4.14) are respectively the solutions of the matrix differential systems

L, [0,V[A1(8) = K(O)R, (£,8,0), (4 = 1,2),

m
(o]
-

LZ[U,V](t) = 0, t
J'16 [U,V] = O.

Consequently, we can apply Lemma 3.3 to each corresponding column vector

of le and Rj' To this end, let & be an arbitrary n-dimensional constant
vector belonging to the unit ball B, = {£||€| < 1}. Then it follows from
Lemma 3.3 that

(4.18) Wy € o80258)E ]l < |Im xl'lnRJ.(.,s,A)gudz.

Applying the triangular inequality to Gl £ = leg + Nl £ we obtain from

3 3

(4.18) the relation
-1
(4.29) [legy Comds®dels < Ny oodely, + Jim AR €008 ]

It is clear that for j = 1,2 the first and the second terms of the
right-hand side in the above relation (4.19) are respectively continuous

in (s,8) on d, X Bl’ and in (s,A,&) on d, < A >< B.. Consequently,

1 1 1
for (s,\) & dl x A there exists a constant k(dl’ A) such that

(4.20) loy 5 Cossrsdelly < k(dy,0), G = 1,2),

for (s,A) € 4, >< A uniformly for £ £ Bl’ and independent of 8. In par-

1
ticular, upon choosing £ equal to the unit vectors & = (Gik),
(i,k = 1,°**,n), we have that as a function of t the,§6—norm of each

column vector of Glj(t,s,A;G) is bounded uniformly for (s,A) £ dl =< A,

independent of §.

11

We recall that the Wij = Gij - Nij and Rj’ (i,j = 1,2), appearing in
aB

relation (4.13) are n < n matrix functions. Let ng and Nij’
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(¢, = 1,°++,n), denote the scalar elements in the a-th row and B-th

B B

column of Gi and Nij’ respectively; similarly, let Gij and Rj’

N

(g =1,2,-+,n), denote the B~th column vectors of Gij and Rj’ respec~
tively. As Gil(t,r,k;s) = [Gli(r,t,i;d)]*, relation (4.14) is equivalent
to

4.21)  ¢*Be,s,038) = WO

] 8 o T,
ij ij(t,s) _‘Kdz[R (‘ss’)\)’ Gli('st’)"a)],

3

which, in view of the Cauchy-Schwarz inequality, implies that
|Gi§(t,s,k;6)| s IN:?(t,s)| + ”Gii(-,t,i;ﬁ)”6”R§(.,s,x)"d2,

(i,j = 1,25 a,B = 1,2,***,n). We shall estimate the right-hand members

af
ij

=< A the g-norm of G

in the above relation. Each N,,(t,s) is clearly bounded for (t,s) € D(dl)’

o ,
1 14 over § is bounded by (4.20).
B

Moreover, for (s,A) € dl < A the K-norm of Rj over d2 is also bounded

and for (t,A) &€ d

in view of the properties listed above for the matrix function Rj.
Therefore, there exists a constant k = K(dl,A) such that for

(t,s,2) € Q(dl’ﬂ) we have
IG;J%(t’S,)\;G)I S K, (i,j = 1,2; 0,B = 1’“.,'!1),

independent of 6. This completes the proof of the theorem.

THEOREM 4.2. Under the hypothesis of Theorem 4.1 the family of

2n X 2n matrix functions W(t,s,A3;8) = Zl(t,s,x;ﬁ) - W(t,s) is equi-

continuous on each compact domain d1 = dl > A.

As noted in the paragraph following (4.10), the matrix function
w(t,s,A;68) is continuous in (t,s,A) on dl = d1 < A. From the
integral expression (4.14) it follows that for (t,s,A) € § X d1 =< A,
and t # s,'the partial deriQatiQe with respect to s of Wij(t,s,A;S) is

given by
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WLt (,8,050) = 6 (08,0300 Ry (5T,8,0) - Ry (57,8,0)]

. [0,1]
- fdz Gil(t,r,k,<S)I<(1:)R.:i (r,s,A)dr.

Using (4.16),, the above relation may be written as

3

Wig’ll(t,s,k;d) = =A8 (t,s,238)K(s)

23611
(4.22)
- L cﬂ(t,r,x;s)K(r)Rj[‘””(r,s,mr.

[0
ij ‘
><d1|t=fs}></\,

We shall proceed to show that each element of W ’l](t,s,k;G) in

(4.22) is bounded on & = Q(dl, A = {(t,s) é.dl

independent of 6. In view of Theorem 4.1 the first term of the right-
hand member in (4.22) is bounded on ©. Next, in view of property (ii)
for (4.15), it is easy to see that the matrix functions R}O’l](r,s,x)
appearing in the integrand in (4.22) are such that "R}O’l](o,s,l)indz,

(j = 1,2), are continuous functions of (s,A,&) oﬁ dl < A X Bl. Conse~
quently, to relation (4,22) we can apply arguments similar to these used

to show the boundedness of Wij’ and conclude that the matrix functions

10,11

14 (t,s,A;8) are bounded on §}, independent of §.

From relation (4.22) it also follows that the matrix QN[O’l](t,s,A;G)
has finite limits 1V£0’1](so,so,A;6) and ?Kéo’ll(so,so,x;d)»in the sense

of (3.4), which are bounded for (s,A) € d1 =< A,

From the symmetry properties of n(t,s,k;G) and @ it also follows

[1,0](t’s,

that the matrix function N A38) possesses similar properties.

Consequently, we have that 2(t,s,A;d) is Lipschitzian in (t,s) on

d1 = dl’ nniformly for A € A. Now for fixed (t,s) e dl p3 dl the matrix

function #V(t,s,r;8) is a holomorphic function of A on A, and in view of

Theorem 4.1 this matrix function is bounded on dl = d1 > A, independent

of 8. With the aid of the Cauchy integral formula for the derivative of
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a holomorphic function it thgn follows that the partial derivative matrix
function a”x(t,s,A;d) is also bounded on d1 > dl >< A, independent of 4.
Combining these results, it then follows that the family of matrix func-
tions W(t,s,A;8) satisfies on dl >< d1 >< A a Lipschitz condition in
(t,s,)\) with Lipséhitz constant independent of §, so that the family
W(t,s,138) is equicontinuous on d1 = dl =< A. This completes the proof
of the theorem.

Now let dlk’ (k = 1,2,*++), be a non—-decreasing sequence of compact
subintervals converging to I, and Ak a corresponding non-decreasing
sequence of compact sets which with the property listed in (4.4) converges
to Co’ the complex plane with the real-axis deleted. Corresponding to
d1 = d1k there exist intervals do = dok’ d2 = de satisfying thé condi-
tions specified in the proof of Theorem 4.1, and a corresponding matrix
function W(t,s) = )Yk(t,s) satisfying the conditions (4.9); in particular,

Yt (t,8) is independent of the choice of intervals § o d For each
k

2k’
positive integer k we have that for § o de the set of matrix functions

IN(t,8,138) = ﬂNk(t,s,A;G) = n(t,s,k;d) - ‘nk(t,s) is equicontinuous on

dyp > gy < Ak; moreover, nk(t,s) = %{(t,s) on D@

{(t,8) ¢ d

ud =
1 = i |t # s}.

Now suppose that {Gh} is a non-decreasing sequence of compact inter-
vals coqverging to I as h ~ », In view of the Ascoli theorem there is a
subsequenﬁe {Gml} of {Sh} with d21 c Gml’ (m=1,2,°*+), and such that
2&1(t,s,k;6ml) = X(t,g,k;dml) - lll(t,s) converges uniformly on

d,., < d =< A,. Moreover, since ﬁl(t,s) = 1q(t,s) on D(d we have

11 11 1 ll)’
that the sequence {B(t,s,k;éml)} converges uniformly on Q(dll,Al). Simi-
larly, there is a subsequence {sz} of {Gml} with d22 C.sz, (m = 1,2,"0,

and.?Né(t,s,k;sz) = b(t,s,l;&mz)- Mi(t,s) converges uniformly on
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d12 =< d12 < Az; also, as ﬁ%(t,s) = W(t,s) on D(dlz) the sequence
&(t,s,k;émz) converges uniformly on Q(dlz,Az). Applying a diagonal-
ization process, one obtains a subsequencev{Gm} of {éh} such that for
k = 1,2,+++ the sequence 7Nk(t,s,k;8m) = ﬁ(t,s,k;&m) - ?ﬂk(t,s)
converges uniformly on dlk =< d1k = Ak’ and correspondingly the
sequence z(t,s,k;6m) converges uniformly on Q(dlk,Ak).

Consequently, we have proved the following theorem.

THEOREM 4.3. Suppose that the hypotheses of Theorem 4.1 are satis-

fied and {Gh} is a non-decreasing sequence of compact subintervals con-

verging to I. Then there exists a subsequence {6 } of {6 } such that the

corresponding sequence of Green's matrices {zl(t,s,k;ém)} converges on

Q(I,Co) = {(t,s,\) | te I, s€I, t#s; A€ Co} to a limit matrix

B(t,s,k). Moreover, if d and A are respectively an arbitrary compact

subinterval of I, and a compact set of the complex plane with the proper-

ties listed in (4.4), then the convergence of {ji(t,s,k;ém)} is uniform
on 2(d,A).

In view of the uniform convergence of {2f(t,s,k;6m)} on an arbitrary
set Q(d,A), we have that on Q(I,Co) the limit matrix function B(t,s,k)
is continuous in (t,s,A), and holomorphic in XA for fixed (t,s), moreover,

the symmetry property of b(t,s,x;dm) for all m implies that
(4.23) Alt,s,0) = [H(s,t,3)]% on 2(1,C).

Let iﬁ(I;K) be the Hilbert space consisting of all n-dimensional

vector functions u(t) which are defined and measurable on I, and such that

Klu] = J (R(t)u(t),u(t))dt < =.
I

If ui(t), (i =1,2), are vector functions of fﬁ(I;K), then we define an

inner product correspondingly as
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Kluysu,] = JI (K(£)u, (£),u,(t))dt.

The K-norm of u over I is denoted merely by ”u"

THEOREM 4.4. Suppose that hypotheses (Hl), (H2), and (Hé) are satis-

fied, and for A € C_ let i(t,s,)) = [Gij(t,s,m, (1,j = 1,2), be the

limit of a convergent sequence {i?(t,s,k;&m)} of Green's matrix functions

as in Theorem 4.3. Then Il(t,s,h) pogsesses the following properties.

(i) .2;‘3[0’1] (t,s,)) and 11[0’1] (t,s,A) are continuous functions of

(t,s,1) on Q(I,C ) = {(t,s,)) € I x I < C_ |t # s};

(ii) the sequences b[l’ol(t,s,)\;ém) and b[o’l] (t,s,)\;Sm) converge

uniformly on every bounded subregion 2(d;,A) of 2(I,C)) to b [1,0] (tys,2)

and ﬁ[o’ll(t,s,)\), respectively;

(iii) as a function of t, the matrix ﬂ(t,s,)\) satisfies the dif~

ferential equation i[i} (-,s,A)|A](t) =0 if t # s

(iv) for each fixed (t,A) € I X C0 each row vector of the n <X n
matrix functions Gil(t,s,A), (i = 1,2), as a function of s, belongs to
2
fn(I;K);

(v) Aif (so,so) € I x I, then the limits ij (So’so’)‘)’ G =1,2),

in the semse of (3.4) exist, and are finite; moreover;
%
B s s i) = Yy hs 000 = G

(vi) if fo(t) = (£(£);0), f € Irzl(I;K), ther the 2n-dimensional

vector function y(t) defined by

Y(t) = J h(tgssx)%(S)fo(S)dS
I

satisfies the differential equation ,‘f,[ylk](t) = %(t)fo(t) on I; more-

over, if y(t) = (ul(t);uz(t)), then
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(4.24) oyl < fm A el

Let the compact subintervals dl’ d2, and § be as described in the
beginning of the proof of Theorem 4.1, and let A be a set with property
(4.4). We consider the relation (4.14) for (t,s,X) & d1 > dl > A,

Upon taking Gm = § and letting Gm + I, in view of the uniform convergence
of ﬁ(t,s,X;ﬁm) on ﬂ(dl,A) to a limit matrix ﬂ(t,s,l) which is continuous
and bounded, it follows that

(4.25) Wij(t,s,}) = -sz Gil(t,r,A)K(r)Rj(r,s,A)dr,

where the n < n matrix functions

(4.26) Wij<t’s’;\) = Gij(t’S’A) - Hij (t,-S), (isj = 192)’
are continuous in (t,s,A) on dl =< dl < A, It is easy to see that the

integral in (4.25) possesses a continuous partial derivative with
respect to s for (t,s,A\) € Q = Q(dl,A), and hence Wij(t,s,A) has the

same property. Indeed, on Q(dl,A) we have that

[0,1] -
(4.27) wij (t,s,A) = - AGZjGil(t,s,k)K(s)

- fdz Gil(t,r,A)K(r)Rgo’ll(r,s,A)dr.

In view of the continuity on Q(dl,A) of Gil(t,s,k) and property (ii)

of the partial derivative matrix functions R}O’ll(r,s,k), it follows

from (4.27) that Wig’ll(t,s,k) is continuous in (t,s,A) on Q(dl,A).

From property (i-a) of the matrix function H(t,s) as stated following

[o,
13

on D(dl). Consequently, from relation (4.26) and (4.27) it follows that

[o
ij

(t,s,1) on Q(dl,A). Also, we have the relation

relation (3.10), the matrices H 1](t,s) are also continuous in (t,s)

each matrix function G ’l](t,s,A) exists and is a continuous function of
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(0,1]
ij

[0,1]
13

(0,1]

(4.28) G 1]

(t,s,A) = H (t,s) + W (t,s,A), on Q(dl,A).

Since Q(dl,A) is arbitrary, conclusion (i) then follows from the symmetry
properties of J(t,s,}) and that of Q.

To prove conclusion (ii), we return to relation (4.é2) with Gm =4
and (t,s,A) € Q(dl,A); that is,

[0,1]

(4.29) Wij

(£,5,236_) = = 26,.G, | (£,8,136 IK(s)

825811
- e tt,es8 )RR (2, 6,0)dr,
d i1 m 3 :
)
where

Wig’l] (tQSs)‘;Gm) = Ggg,ll (t,S,}\;Gm) - Hj[_?’ll (t,S-) on Q(dl,A).

Let (t,s,)A) be an arbitrary, but fixed, point of Q(dl;A) such that, with

d2 = [az,bQ] we have a, <t<s< b2. We write the integral expression in

(4.29) as the sum of the integrals over the intervals Jl = [az,t),
J2 = (t,8), J3 = (s,b2]. Then in view of the continuity property of K(t),

the property (ii) following relation (4.16),, and the uniform convergence

3

of Gi (t,s,A;Gm) on Q(dl,A) to G,,(t,s,A), it follows that each integral

3 ij

JJ Gil(t,r,k;dm)K(r5R§0’1](r,s,A)dr converges uniformly to
k
JJ Gil(t,r,A)K(r)Rgo’ll(r,s,k)dr, (k = 1,2,3). Consequently, each right-

hand member in (4.29) converges uniformly oﬁ Q(dl,A) to the corresponding
right-hand member in (4.27). Therefore, the left-hand member in (4.29)
converges under the same condition to the left-hand member in (4.27),
which from the symmetry properties of h(t,s,k;ﬁm), h(t,s,l), and Q

proves conclusion (ii) for all (t,s,)) € Q(dl,A) with a, <t<sc< bz.

The case in which a, = t or s = b2, or both a, = t and 5 = b2’ or

2

s < t can be treated similarly.

2
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In view of conclusion (i-b) of Theorem 3.2, for Gm = § the matrix

function %(t,s,x;ém) satisfies the differential equation
i[ﬂ(’ssy)\;sm)l}\](t) =0on Q= Q(dlyA)s (m = 1,2,-.0).

Upon letting dm + I in the above relation, with the aid of conclusion
(i1) we then obtain <f[2}(t,s,A)IA](t) =0 on Q. Since Q is arbitrary,
conclusion (iii) follows.

To prove conclusion (iv), we take 6m = §, and let Gm + I in relation
(4.20). It is then clear that as a function of t the K-norm of each
column vector of Glj(t,s,x) over I is bounded uniformly for (s?k)e dlx.A.
Since dl and A are arbitrary; the conclusion follows from the symmetry
properties of b(t,s,k) and Q.

Conclusion (v) follows directly from relations (3.12) and (4.26).

Finally, let fo(t) = (£(t);0) with f e fﬁ(I;K). Then the
2n-dimensional vector function y(t) as defined in the theorem is meaning-
ful, for the integral is equivalent Eo the condition that the
n~dimensional vector functions ui(t) defined by y(t) = (ul(t);uz(t))

satisfy the equations
(4.30)i ui(t) = J Gil(t,s,X)K(s)f(s)ds,; (i =1,2),
. . I .- M !

which, in view of conclusion (v), are well-defined. Moreover, it follows

readily with the aid of conclusion (v) that we have

YO = LEEE - Bt T, (0 + fI B0 (e,0,0) H(o)2 (o)ds

QrROE, 0 + j g0 (e 8,1 Hodt (o)as,
I : ' )

and with the aid of conclusion (iii) it follows that y(t) satisfies the

differential equation. Finally, to establish (4.24) we define a vector
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function g(t) by
f(t), for t €6,
g(t) =
0, for teI-6,

Application of (3.8) to (4.30)1 then yields the relation
Ju, I < Jzm 2] 7Y €]
1% - , §*

Since f ¢ I,IZI(I;K) we have "f"’5 < "f”, and consequently

fu,llg = [ MY £ll, so that also uy € ii(I;K) and [lu; | < |Im A"l

This completes the proof of the theorem.

Let f3¢() denote the set of all 2n-dimensional vector functions
y(t) = (u(t);v(t)) which are locally absolutely continuous on I, and such
that u(t) € ;CIZI(I;K). In particular, it follows from relation (4.24) that
the 2n-dimensional vector function y(t) given in (vi) of Theorem 4.4
belongs to Jﬁ(i).

In order to prove the uniqueness of the limit matrix b(t,s,}\) we

introduce the following hypothesis.

(H3) There exists a non-real complex number Ao such that
fiyle) + )\o‘?)((t)y(t) =0, t € I, has no non-trivial solution of class

5.

THEOREM 4.5. Under hypotheses (Hi), (i=1,2,3), and (Hé) for any

complex number A belonging to Co the equation i[ylﬂ(t) =0, t €I, has

no non-trivial solution of class 8 ; that is,

(4.31) Liyaie) =0, te1, yeRD,

is an incompatible system.

Suppose thai: hypothesis (H3) holds for a complex number )‘o with

Im Ao > 0, and let X be any complex number such that
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(4.32) A - xo| < Im ;\O‘;
in particular, this implies that Im A > 0, Now suppose that there exists
a 2n~dimensional vector function z(t) = (zl(t:);z2 (t)) € §(L) which is
such that y = z(t) is a non-trivial solution of (4.31) for a complex A

satisfying (4.32). We shall show that z(t) £ 0 on I. Set
(4.33) w(t) = z(t) - (A -Ao)yo(t),

where yo(t) = JI lﬁ(t,s,ko)ﬁ{(s)z(s)ds. As z(t) e 8¢( I,)., in view of con-
clusion (vi) of Theorem 4.4 we have that yo(t) € B(L), and from (4.33)

we conclude that w(t) € B(£). Since yo(t) is a solution of

i[yllo] (t) = H(t)z(t) on I, it follows from the hypothesis on z(t)

- that I[wllol(t) = 0. As hypothes..s (H3) implies that w(t) = 0 on I, the

relation (4.33) is reduced to

z(t) = ()“'}\o)f 3(‘193,)\0)7((8)2(8)‘18,
I

which is equivalent to the two equationms

zi(t> = (A~ AO)L: Gil(t’S’AO)K(s)zl(s)ds" | 1 =1,2).

From conclusion (vi) of Theorem 4.4 for z(t) = (zl(t);zz(t)), and rela-

tion (4.32), it follows that

-1
legh < = ] 1t 2| ™ 2yl < Dz

But this is impossible,~§ince thg normality condition for the system and
the fact that z(t) is a non—trivial solution of (4.31) imply that

zl(t) Z0onlI, and. 'consequently, that-"zl" > 0. Therefore, we conclude
that z(t) = 0 on I, thus completing the proof of the result that (4.31)
is incompatible whenever A satisfies (4.32). If X is such that Im A < 0

and [\ - (-)\o)l = |A+ AOI < |Im AOI, then by a similar argument it
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follows that the system (4.31) is incompatible for this value of A.
That is, we have established that if hypothesis (H3) holds for a non-
real complex Ao then hypothesis (H3) also holds for any complex number,
necessarily non-real, satisfying |\ - xol < |Im Ao] or |A - (—AO)I =
A+ ] < [Im A°|.

If ¢ is any complex number with Im u # O, then after a finite number
of iterations of the above argument, u will eventually fall in a domain
|u=A] < |Im A] or |u + A| < |Im A| for some A for which hypothesis (H3)
holds, which in turn implies that (H3) also holds for u.

THEOREM 4.6. If hypotheses (Hi)’ (i=1,2,3), and (Hé) are satisfied,

then there is a unique 2n X< 2n matrix function J(t,s,)) satisfying the

properties of Theorem 4.4. In particular, if § denotes a general non-

degenerate compact subinterval of I, and (786) is an associated self-

adjoint boundary value problem (3.1) 5 involving a fixed, but arbitrary,

set of two-point boundary conditions at the end-points of & then for A

non-real the family of Green's matrix functions b(t,s,)\;&) converges

to ﬂ(t,s,}\) as 6 tends monotonically to I, and the convergence is

uniform in (t,s,A) on each region 2(d,A) of the form

{(t,s,X) €d xd x<A|t# s}, where d is an arbitrary compact subinter-

val of I and A is an arbitrary set possessing the property listed in

(4.4).
Suppose there are two matrix functions Ql(j)(t,s,)\), (j = 1,2), each
of which satisfies the properties of Theorem 4.4. Then in view of con-

~

clusion (v) of Theorem 4.4 the 2n < 2n matrix function Y(t,s,)) '

%(l)(t,s,k) - ﬂ(z)(t,s,k) is a continuous function of (t,s) in I < I
upon defining this matrix funcfion in a suitable fashion along the line

t = s, and from conclusion (iii) of the theorem we have that
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Y [¥(e,8,A)|A1(E) = 0 for t = (c,s) and t - (s,d) with I = (ec,d), so

that as a function of t the matrix ¥(t,s,A) is locally absolutely con-
tinuous on I. Moreover, from conclusions (i) and (iv) of Theorem 4.4,

as a function of t each column vector of Wl (tys,2), (3 = 1,2), where

|
¥(t,s,A) = [Wij(t,s,k)], (i,j = 1,2), belongs to ~‘T’i(I;K). Consequently,
as a function of t each column vector of ¥(t,s,)A) belongs to 5(X£).
But the incompatible system (4.31) implies that ¥(t,s,A) = 0 for t € I
and (s,A) € I > Co' Therefore, b(l)(t,s,l) = b(z)(t,s,)\) on Q(I,Co).

Corresponding to a non-decreasing sequence {Gh} of compact subinter-
vals converging to I as h + =, let Z“l)(t,s,l) be a Green's matrix which
is determined as in Theorem 4.3 and thch possesses the properties of
Theorem 4.4. If it is not true that the Green's matrix function
m(t,s,A;G) tends to m(l)(t,s,X) on Q(I,Co) = {(t;s) €1 x< Ilt # s} X Co
as § >~ I, then theré exists a point (to,so,Ao) of Q(I,Co) such that
%(to,so,lo;G) does not tend to B(l)(to;so,ko) as § > I. By a suitable
argument it follows that there exist a 2n X< 2n constant matrix L with
elements in the extended real number system such that L # b(l)(to,so,ko)
and a sequence {Gﬁ} of compact intervals tending monotonically to I as
h - =, and such that ﬁ(to,so,ko;Gﬂ) tends to L as h + », By the preced-
ing, there exists a subsequence {Sm} of {Gﬁ} such that b(t,s,A;Gm) tends
to a limit matrix function b(z)(t,s,l) on Q(I,Co) as m + « which
possesses the properties of Theorem 4.4. As 21(1)(t°,so,lo) #
23(2)(to,so,ko), we thus have a contradiction to the uniqueness property
of the limit matrix, hence completing the proof of the theorem.

Under the conditions of Theorem 4.6 the uniquely determined 2n < 2n

matrix function ﬁ(t,s,k) is called the Green's matrix for the incompatible

system (4.31).
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5. The existence of a spectral matrix. In this section we are con-

cerned again with the self-adjoint problem CBG)’ or equivalently (3'1)6'
Hypotheses (Hi), (i-=1,2,3), and (Hé) are all assumed in this section.
First we employ the following theorem, which permits us to replace
the self-adjoint boundary condition J"ld[u,v] =0 ;n (86) by an alternate
form. The reader lis referred to Reid [8; Sec. VII.8] for a proof of this

result.

THEOREM 5.1. If hypotheses (Hi)’ (i=1,2,3), and (Hé) hold, and if

6§ = [a,b] is a compact subinterval of I, then a necessary and sufficient

condition for a differential system (BG) to be self-adjoint is that there

exist a 2n < 2n Hermitian matrix Q = Q[BS] and a linear subspace

& = $[8 6] of the 2n-dimensional Euclidean space C2n over the complex

field such that the 2n-dimensional vectors G = (u(a);u(b)),

¢ = (v(a);v(b)) satisfy the boundary conditions (Bs-b) if and only if

§ e d, Qf + 0§ e B

where D is the 2n >< 2n matrix defined by D = diag{-En,En}, and

4 i
$ = \g [36] denotes the orthogonal complement of Z) = $[BG] in C2n'

Since the system (86) treated in Section 3 is self-adjoint, in view

of the above theorem we may present this system as

(a) Ll[uslel(t) = 0, Lz[u’V] (t) =0, t €4,
(b)ﬁe%, QG+DGe%'L.

We denote by

(5.1)6

(.5.2) {)\j(s);yj(t;s) = (uj(t;G);Vj(t;-G))}, (3 =1,2,-°),

the sequence of the prdper values and corresponding proper vector func-

tions for (5.1),, as described in Theorem 3.1.
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In this section éﬁd hereafter the following additional hypothesis

is assumed throughout.

(H4) E_IE n < n matrix function B(t) is non-negative definite
Hermitian on I. |

A conséquence of the above hypothesis is the following result, which
appears in Reid [8; Theorem VII.1l1l.1].

THEOREM 5.2. If hypothesis (Hi)’ (1 =1,2,3,4), and (Hé) hold 29_1_'_

a given compact subinterval § of I then the proper values A j ),

(3 =1,2,***), for (5'1)6 may be ordered as a sequence Ai'(é) < AZ(G) < v

vith the corresponding proper solutions (u(t);v(t)) = (uj (t;-G);vj (t36))

such that: (a) ..155[“1(‘;5)’“J(';5)] = 61__,, (1, = 1,2,-++); (b) the

set of gr_opef values )‘j (8) 1is bounded below, and }‘j (§) » = as j > o,

We denote by ,15[86] the space of all n-dimensional vector functions
ﬁ(t) € H[8] such that i = (n(a);n(b)) € 3[‘86], where [[§] is defined in
the paragraph following the relation (2.4) in Section 2. The space
IS[BG] is clearly a linear space; moreover, it is an inmer.product space

with inner product »IS\S [n,g]‘and norm

Inlly = @ tnnn>/2.

We denote by KR(83;K) the completion ‘of this space, so that B(8;K) is
a Hilbert space. .
Concerning the Parseval equality, we state the following theorem.

A proof appears in Theorem VII.11.3 of Reid [8].

THEOREM 5.3. If n(t), &(t) are vector functions in S‘S[BB] then
. o 2 :
(5.3) KgInl = 2j=1 |Csj[“” ,

) KsInigl = 1.; T TEIc, Inl,
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where C .. [n] denotes the j-th Fourier coefficient of n defined by

63

C..[n] = (K(t)n(t), u (t;a))dts (j = 1,2,:00).
53 5

3

THEOREM 5.4. If n(t), £(t) are vector functioms in X(8:K), then

the relations (5.3) and (5.4) hold.

If n ¢ H8(6;K), then for ¢ > 0 there exists an n, € &S[’le such that

(5.5) o EsIn=ng) < e/4.

(m) (t) =

Let T Zj =1 6j[n ]uj (t). Then in view of the inequality

KsIn+&] < 21K In] + K. [€]}, we have

(5.6) 3 Ksln-rém)l g 2{ggIn-n,] +\§6[“o’r§m)]}°

"

From Theorefn 5.3 we have that for a sufficiently large m the term

wI§6[1r1o--rc(>m)] is less than e€/4, so that for such an m it follows from

relation (5.6) that

(5.7) KoIn-z™1 < e

Set w( )(t) = n(t) - Zj 1 Gj[n]u (t 8), (m = 1,2,°**). Since the Bessel

inequality for the,gﬁ-orthonormal sequence {uj(é)} implies.gslw(m)] <

K ln~ r(m)], and K ma[w(m)] = KsIn] - Zj=1 j[n”z, it then follows that

§d[w(m)] > 0 as m -+ », which proves (5.3) for n € B(8;K).

In the usual fashion the sesquilinear representation (5.4) follows
from the quadratic rélation (5.3).

In the proof of Theorem 5.4, we have actually establishéd the fol-~
lowing result.

COROLLARY. If § is a compact subinterval of I and n(t) is an

n-dimensional vector function belonging to S(§;K), then

(5.7") n(£) = [i.g Cgqlnlu,(e56),
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where the series converges in the norm of N(§;K).

In what follows, for typographical simplification we write the

proper vector functions for (B.) as
S

(5.8) <uj‘1)<c;a>;uj(2)(t;s>) = (o, (E38)5v, (638)), (G = 1,2,000).

For X not a proper value of the problem (5'1)6 let b(t,s,l;é) =

[Gij (tys,A238)]1, (1,j = 1,2), be the corresponding Green's matrix. Then

clearly‘ (usv) = (ugl) (t;d);u}z)(t;G)), ( = 1,2,+-+), are solutions of

the differential system

Ll[u,vﬁ](T) = ()‘j-A)K(t)uj

(t38), Lz[usV](t) = 0, te §,
ded,  ob+vb e I

Consequently, for B = 1,2 we have the relation

e\ —7\)-1 u(s)(t;G) = J Gsl(t,s,i;G)K(s)u(l)(s;s)ds, t e,
8

3 3 3

and hence for B = 1,2 and j = 1,2,"” we have

69 00 @01 - | 0 @01k e, 6 00,

3 3 3

We now establish a result which is basic in what follows.

THEOREM 5.5. Suppose that hypotheses (Hi>’ (i=1,2,3,4), and (Hé)

hold, and § = {a,b] is a compact subinterval of I, while A is a complex

number which is not a proper value for (5'1)6‘ If ?j(t,s,A;G) =

[G

14 (t,8,A36)], (i,3 = 1,2), is the corresponding 2n < 2n Green's matrix

for (5'1)6’ then as a function of t each colvimn vector of Glj (t,8,A368),

(3 = 1,2), belongs to H(§;K).
In view of Theorem VII.8.2 in Reid [8], as a function of t each
column vector of Gll(t,s,A;tS) belongs to D’[)‘)’sl, and hence belongs to

5%(83K). Therefore, it suffices to show the similar result for
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Glz(t,s,x;é). Let £ be any n-dimensional constant vector, and 8 a point
of § = [a,b]l. Then from conclusion (i-b) of Theorem 3.2 we have that
as a function of t the n-dimensional vector functions Glz(t,s,A;S)E and

G22(t,s,k;6)£ are of class Ci on [a,b] - {8}, and
L2[G12(' ’S’)‘;G)g’ G22("SSA;6)E](t) = q, for ta [a’b] - {8}'

Consequently, in view of Lemma 4.1, for each fixed s € & we have that
there exist sequences {ym(t,s,k)} and {zm(t,s,k)} which, as a function of

t, belong to.Ci[a,b] and are such that

(a) Lz[ym(-,s,l),zd(n,s,l)](t) = 0, for t € [a,b];
(5.10) (b) ym(t,s,k) =0 for t € So = {g}U{a}U{b}, (m=1,2,°++);

(c) ﬁ%[yh(-,s,k) - Glz(-,s,k;ﬁ)il +0asm->

Relations (5.10-3,b) imply that as a function of t each ym(t,s,A)
belongs to 35[36], and in turn relation (5.10-c) implies that as a fumc-
tion of t the vector Glz(t,s,k;é)g belpngs to ¥(6;K). Since £ is |
arbitrary, it follows, in particular, that as a function of t each column
vector of Glz(t,s,x;é) belongs.to 5(;x).

THEOREM 5.6. Under the hypothegis of Theorem 5.5, if the sequences

of proper values and proper vector functions for (5.1)6 are denoted by
(5.2) together with (5.8), them for (t,s) € § x § and W,8 = 1,2 we have

that

[EERCARIDILICURCRRIOE

- VI W () DR
= Lymp 124 =217 u e [0 (e30017

Let & be an arbitrary constant n-dimensional vegtor. Then, 1n'view
of Theorem 5.5, as a function of t the vector function Gla(t,s,l)g belongs

to X(8§;K). Relation (5.11) then follows readily from Theorem 5.4
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together with relation (5.9).

The four matrix equations in (5.11) can be . expressed as a 2n x 2n

matrix relation

J ﬁ*(r,t,,k;é)'}{_(r).b(f,a,A;S)dr
8

(5.12) N - .
= Zj=1 I;\j(s) - A yy(Es8y (s38).

If Al and;kz

then (see, for example, Prob. IV.3:1 in Reid [8]) we have the well-

are complex numbers which are not proper values °f‘(5'1)6’

known identity

h(tsss)\z;s) - h(t’syxl;s) = ()\2 -AI)JG h(tprs}\l;‘s)ox(r)A(r,397\2;6>dr0

9 = A and Al = %, where A is.a non-real complex number, and

using the symmetry property of.z}(t,s,x;é), we obtain the relation

Upon setting A

(5.135 Q(tys,138) = 21 Im A f n*(r,z:,x;am(r)ls(r,s,x;c)dr,
8

where

Q(t,s,138) = J(t,s,A;8) - b(t,s,ﬁ;&).
In view of property (i-e) of the Green's matrix it follows that Q(t,s,A;6)
possesses limits Gﬁ(so,so,k;é), (i = 1,2), in the sense of (3.4), and
if Q(so,sb,k;s) is defined as Ql(so.,'so,l;é) then Q(t,8,2;8) is continu-
ous in (t,s,A) on § x § >< Co’ Throughoﬁf,the following discussion it

‘will be assumed that @Q(t,s,A;8) has been so defined; If we set
(5.14) R(t,8,138) = 35 Q(t,8,1368),

: )
then conclusion (i-d) of Theorem 3.2 implies R (t,s,A3;8) = R(s,t,A38),

and it follows from relations (5.12) - (5.14) that

- — ® _2 - * .
(5.15) R(t,s,136) = Im A Zjal |Aj(6) - A yj(t,c)yj(s,cs).
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Let Y(t,\) be a 2n X< 2n fundamental matrix for [y[A](t) =0 on
I such that Y(to,k) = 9 for some t, € (a,b), where § = [a,b]. Fach
proper vector function yj (t;8) may be expressed as yj (t;6) =
Y(t:,)\j)pj 8), (4 = 1,2,+++), for some 2n-dimensional constant vector
pj (8) which depends on § as well as on Y(t,A), and thus using this rela-

tion and C&*Q =E, it follows from (5.15) that
(5.16) "Rt e 2380 F=1mr 1T 1, (8) = Al 7py8)p% (®)
. 9 0?0’ j=l j pj pj .

We shall now express the right-hand member of (5.16) in terms of a
Stieltjes integral. To this end, we introduce a 2n < 2n matrix function

p(u38) defined on == < y < » as
%

~Zu< )‘j (8)<o Pj(5)Pj(5), for u < O,

(5.16") o(u;8) =

*
0<Aj(6)su pj(d)pj(é), for u 2 0.

From this definiti a it is clear that p(u3;8) has the following properties:

u

(1) 4if A= (p,v], and u < v, then

in

2p(8) = p(v38) ~ p(u38) = zu<k 6) <v pj(6)p;‘(6);
AOE

(11) 4if A is a proper value, then

- - +. == ~. *
p(A38) = p(A738) = p(A7;8) + Z,\j(a)ﬂ P, (8)p, (&),

while if A 1s not a proper value then p is continuous at A,

Moreover, p(u;8) is a step function which is discontinuous

at each proper value;

(111) p(038) = 03

(iv) p(u;8) is Hermitianm;
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(v) Ap(8) is non-negative definite Hermitiam if A = (u,v] and

U< v

(vi) the total variation of p(u;é) = [pjk(u;d)], G,k =1,2,+4+,2n),

is finite on every bounded A-interval.

Property (vi) follows from the fact that each diagonal element
pjj(u;é) is a non-decreasing step function, and hence it is of bounded
variation on each bounded A-interval, while for j # k the Cauchy~Schwarz

inequality implies

2
|80, ()17 = o4

The 2n X< 2n matrix function p(p38) is called a spectral matrix for

(G)Apkk(d).

the self-adjoint problem (5‘1)6' In terms of this spectral matrix, rela-

tion (5.16) now may be written as

©

(5.18) T(t ,A38) = Im A J lu = 2| "2dp (u30),

- 00

where the 2n X 2n matrix T(to,k;ﬁ) is given by

(5.19) T(to,x;s) = g*“d?(to,to,x;s)q.

Let d be an arbitrary compact subinterval of I containing the point to,
and A an afbitrary compact - subset of C° with the properties in (4.4).

Let { b(t,s,k;ém)} be a sequence of Green's matrix functions which con-
verges uniformly on Q(d,\) to a limit matrix h(t,s,l) as determined in
Theorem 4.3. Then the corresponding matrices .Q(t,s,l;dm), (m=1,2,++),
and Q(t,s,x) = ﬁ(t,s,A) - b(t,s;i) are continuous fﬁnctions of

(tys,A) ond x d =<A4. Consequently, the sequence Q(to,to,A;ém)
converges to GKto,to,A) as m - «©, and hence the matrix sequence

T(to,k;ém) defined in (5.19) converges to

Te,M = R DG,
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= L
where ‘R(to,to,x) = 5 Q(to,to,x).

THEOREM 5.7. Suppose that hypotheses (Hi), i=1,2,3,4), and (Hé)

hold, and {J (t,s,x;ém)} is a convergent sequence of Green's matrices as

established in Theorem 4.3. Let p(u;Gm) = [pjk(u;am)], (Gok = 1,¢¢+,2n),

be a spectral matrix.for the problem (B, ) possessing the properties
2k e S =5

(1) - (vi) of (5.17). Then there exists a 2n > 2n matrix function

p(u) = [pjk(u)] defined on (-=,®), and such that:

(a) p(0) = 0;
(b) p(u) is Hermitian;

(¢) bp =p(v) - p(u) is non-negative definite Hermitian if

A= (u,v] and p < v, and a subsequence of {p (u;cSm)} which

converges to p(u) on (~«,=).

If H1s M, are points of continuity of o (n), then

1 L/ _ )
(1) S lm | o+ Ju T(to,c+is)dc = p(uz) o(ul).
1 .

Relation (5.18) for A = i and § = Gm implies that

[+2]

T(t,1,8) = J (u

- OO

2+ Mo (36 ).

Consequently, if o is any positive real number then we have the matrix

relation
o]

T(to,issm) 2 J (u2+1)-1dp(u;5m).

-0
Since T(to,i,ém) converges to T(to,i), there exists a constant Hermitian

matrix A such that

o
J G+ Vo uis ) <A, = 1,2,0005 0 <0 < @),
-0
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In particular,

(e}
(5.20) J[ do(u;ﬁm) < (02+1)A, (m=1,2,¢0¢3 0 <0 < =),
—g

which ‘shows that the sequence {p(u;ém)} of spectral matrices.is uniformly
of bounded variation on every compact subinterval of (-w,»). From (5.20)

it follows that

p(038) = p(~058 ) < (®+1)A for 0 <o < =,

[a)

and, in view of the condition p(-a;Gm) < 0 for such o the .above relation

implies that

1,2,--5 1 €& (-aco,co)),

.21 lewss)] < (P4 A, @

where
p(u;Gm) for u 20,

loquss )| =
-p(u38 ) for u <0,

Applying Helly's selection theorem, (see, for example, Coddington and
Levinson [3; p. 233]), to (5.21) one obtains the existence of a conver-
gent subsequence of {p(u;am)} and limit matrix function p (i) possessing
properties (a), (b), and (c).

To prove conclusion (i), we consider the case that My # Hys for if

Hy = Hy then the conclusions hold trivially. We assume that My <M,

and let § = Gm in (5.18), where the sequence {Gm} is such that the
corresponding sequence {p(u;Gm)} converges to p(u) for u € (-»,»), Since
the set {p(u;Gm)} is uniformly of bounded variation on every finite sub-
interval of (-«,»), from the generalized Osgood theorem, (see, fof

example, Hildebrandt [4; p. 98]), it follows that

0

T(t,,2) = Im AJ lu- A|_2dp(u).

- 00
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If ¢ and € are real variables with € > 0, then upon setting A = g +ie

in the above.equatioﬁ and integrating over [ul,u2] with respect to o, we

obtain
L 2, 2.~
H(ul,uz,s) = j j e[ (u=0)" +¢"] ldp(u)dc,
ul -
where
U2
(5.21") H(ul,uz,e) = Ju T(to,d +1ie)do.

1
For m > 0 let

Tm(to,c +ie)

m
J el(u-0)2 + 21 Yap ().

“-m

Then {Tm} is a monotone non-decreasing Hermitian matrix sequence with thq
limit matrix T(to,o+ie). Hence, from the monotone convergence theorem it-

follows that

H2
(5.22) H(ul,uz,s) = limm . Ll Tm(to,o+ie)dc.
1

On. the other hand,.

u2 Ho fm 2 2.=1
(5.23) I Tm(to,c +ie)do J e[(u=0)" + 7] “dp(u)do
l-ll ul ‘=m

m Uy -
= I a[(u--o)2 + 82] ldodp(u)
-m J“l

n -1 -1
= J [tan (uz—u)/e - tan (ul-u)/e]do(u).
-m

Consequently, from (5.22) and (5.23) we have the relation

]

(5.24) H(ul.uz.e) = J [tan"l(uz—u)/s - tan'l(ul-u)/EIdp(u).

-0

Let e be a positive number such that e < (uz- ul)/3, and express the
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integral in (5.24) as the sum of the integrals over Jl = (-w,ul-e),

J, = [uy-e,u te), J, = [u1+e,u2-e), I, = [uz-e,u2+e), and J, = [u2+e,°°)-

If for brevity Wwe .set f(u,e) = tan_l(uz-u)/s - tan_l(ul-u)/e, then:
(a) it follows readily from (5.23) that there exists an €, >0
such that for 0 < e < Eo the scalar function f(u,e) converges.

monotonically on Jl U Js to zero as £ >~ 0, and hence in view of the -

1775

‘monotone convergence theorem we have thatfJ uJ f(u,e)dp(u) = 0 as |

e -~ 03
(b) on J2L1J4, the inequality |£(u,e)| s 7 implies the matrix ine-
quality

-mk(e) s JJZU J4 f(u,e)dp (1) £ mk(e),

where k(e) = {p(u2+e) - p(uz—e)] + [p(u1+e) - p(ul-e)];

(c) on .the interval J, the function f£(u,e) > 7 as € ~ 0, and hence.

3
jJs f(u,e)dp(u) ~ Tr[p(uz-e) - p(u1+e)].

Consequently, in view of the continuity property of p(u) at Hys By
and the -arbitrariness of e, it follows from the above. (a), (b), and (c)
that

lim , o H(ysup,8) = Tlo(uy) - o (u],

which, in view of (5.21'), is equivalent to relation (i).

For a 2n.>< 2n matrix p as established in Theorem 5.7 we denote by
ﬂ% the Hilbert space ign(p) consisting of all 2n~dimensional vector
functions w()) defined on (-»,x) which are p-measurable, and are such

that

t
i

Rlw] j (do (V)w(A) ,w(r))dr j W (\)dp MWL) < =,
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If w()) and z()) are elements of °H, then the' inner product of w and z,

denoted by P[w,z], is defined in the natural way by

A

P[w,z] = J z*(\)dp (MW (A).
It is clear that we have' the' Cauchy-Schwarz inequality

| B [w, 2] |2 < Plwl Rlz].

If J is a subinterval of (-»,«), then, corresponding to the notation
used for the Hermitian functional K, we denote.by,gJ[w] the associated

functional JJ w*(k)dp(k)w(k)

6. The Parseval equality and expansion theorem. In this section we

assume all the previous hypotheses (Hi)’ i=1,2,3,4), together with
(Hé). Moreover, as in Section 5, if § = [a,b] is a non-degenerate com-
pact subinterval of I we denote by

{Aj(G);yj(t;G) = (u, (t38);sv,(t38))}, (3 =1,2,:-°),

3 3

a set of the proper values and the corresponding proper vector functions'
for (5.1)6 satisfying the conditions of Theorem 5.2. Moreover, let
Y(t,A) = (U(t,2); V(t,2)) be a fundamental matrix for fiylk](t) = 0 on
I such that.Y(to,A) = g} for someAt° € (a,b), where U(t,A) and V(t,A)

are n < 2n matrix functions. Then corresponding to Theorem 5.3 we have
the following result.

THEOREM 6.1. Let n(t) be an n-dimensional vector function defined

on I such that n(t) €-<ﬁﬂ36] for t € § and n(t) = 0 for t outside §. Then

there exists an element w(x|n) € 9 which depends on n(t) such that

(6.1) K[n] =J w*([n)de Ww(r|n) = BIw(rA|n)],

o

where p(A) is a 2n x 2n matrix function determined in Theorem 5.7, and
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w(A[n) is given by

(6.2) w(A[n) = JI & (tIn(t),U(t,r))de.

It is to be noted that the integral in (6.2) exists in the ordinary
sense, since n(t) vanishes outside §.
Let n(t) be an. n-dimensional vector function as described in the

theorem. Applying relation (5.3) to n(t), we obtain the -equation

Ksln] = Zj,,l II (K(t)n(t),uj (t38))dt II(K(t)n(t),u_.I (t38))dt.

From . the relation yj(t;é) = Y(t,A )pj(é), (G =1,2,*++), it follows that

h|

(t38) = U(t,A )pj(a). Then, employing the spectral matrix defined by

“y i

(5.16'), the -above equation can be expressed as

= ® *
Ksnl ngl{j: (K(t)U(t,Aj),n(t))dt}pj (5)pj,(5){jI(K(t)n(t) ,U(t,Aj))dt}

=j W* (A [mde (38w [n).

It is to be noted that the left-hand member §G[n] is independent of
each compact interval containing §. Now let {6m} be a sequence of
compact intervals converging monotonically to I, and such that the
corresponding sequence {p(A;Gm)} converges - to a limit matrix p()) as
determined in Theorem 5.7. Then, in particular, the above relation holds

for such ﬁm; that is,

-]

(6.3) K [n] =[ v n)do (8 Jw(h[n), (m=1,2,000).
- "“°m

Moreover, in view of relation (5.20), the set {p(k;sm)} is uniformly. of
bounded variation on every compact A-intgrval of (=wx,x). Also, for fixed
n it follows readily that w(AIn) = J K(In(t),U(t,2))dt is continuous

I
in A on (~»,»). Relation (6.1l) then follows upon letting Sm + I in (6.3),
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and applying the generalized Osgood theorem (see, for example, Hildebrandt)

[4, p. 98]). Since K[n] = Ks [n] =,§6[n] whenever Gm D §, relation (6.1)
m
implies that w(A|n) € °H.
Denote by &X(I;K) the space consisting of all n-dimensional vector

functions n(t) which are defined and measurable on I, and such that:

(1) Kin] = J (R(E)n(t),n(E))dt < w
1

(ii) 4if d is any compact subinterval of I, then the restriction
of n(t) on d belong to H(d;K).
We shall now extend the result of Theorem 6.1 to the space K(13K).

THEOREM 6.2, If n(t) € B(I;K), then

(6.4) KInl = plw(r|m1,

where w(A|n) & M is determined by n(t), and given by

(6.5) w(i[n) = J (K(t)n(t),U(t,A))dt.

The integral in (6.5) converges in the norm of “M; that is,

6.6) 2e0In - [ @E©n©),uE)aE > o
d(m)

as m > «, where {d(m)} is a sequence of intervals converging monotonically

to I as m + ». Correspondingly, if n(t) and £(t) belong to $(I3K) then
(6.7) Kn,&1 = Pw(A|n),w(r|€)].

The proof given hefe is a standard one. Following Coddington and
Levinson [3; pp. 236-7], we first prove relation (6.4) for n(t) € ﬁo(I;K),
where ﬁo(I;K) consis::"slof those n(t) € H(I;K) for which n(t) = 0 outside
some compact subinter\‘r'al of I. If n(t)e bo(I;K), and § is a compact
subinterval of I such that ln(t) =0 dutside §, then clearly n(t)€ &(8;K).

Consequently, there exists a sequencé of elements nm(t) € 5[166] such that
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ga[n -nm] + 0 as m > », Next, application of (6.1) to Ny yields the
conclusion that
Ko =n_] ‘=-,£[W(>\|nm- n)]

(6.8)
= Rw@r[n ) - w([n 1.

Since {nm} is a Cauchy sequence in. H(I;K), it follows from (6.8) that
the sequence {w(klnm)} is also Cauchy in M. Therefore, there exists a

unique 2n-dimensional vector function w(l) e 4 such that
(6.9) PlwQn) - w()] > 0 as m~> .

On the other hand, if we demote by wi(Aln) and Ui(t,A),
(i1=1,2,+++,2n), the i-th element of‘w(kln) and i-th column.vector of
U(t,A), respeétively, then from (6.5) we have for 1 = 1,2,--,2n the

equation

w, (\[n) = w () = JG(K(t)[n(t)-nm(t)], U, (£,0))dt.

Consequently, for each fixed A € (-»,») it follows that
2
(6,10) g An) =y )™ < g In=n 1Eg [0, C50)1 > 0
as m + «; that is w(AInm) converges pointwise to w(A{n) as m > «, From
a well-known result of integration theory (see, for example, Rudin [10;

Theorem 3,12, p. 67]) the relations (6.9) and (6.10) then imply that

w(}) =_w(x|n) a.e. in H. Since the convergence in the mean implies the

convergence of the norm, it follows tha;
Bslnl = Lim , Bgln} = lm | RIwGn)T = RwG[m],

which proves relation (6.4) for all n(t) € 5O(I;K).
Let {d(m)} be a.sequence of intervals as described in .the theorem.

If n(t) € B(I;K), then we define n(m)(t) = n(t)xd(m), where X4 (m) is the
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characteristic fﬁnction of d(m), and

(6.11) W |n ™) f ®(e)n ™ (£), UCE,A))dt
I

(R(tIn(t), U(t,)))dt.

J'd(m)

For n > m it.then follows that

v [n®) - wa|n®) = j ®(EIN(E), U(E,A))de,
d(n,m)

where for brevity we set d(n,ﬁ) = d(n) - d(m). Consequently,

g[w(kln(n)) - W(Aln(m)] = )[n], and since the right~hand member

}‘(d(n,m
tends to 0 as m, n + «, the corresponding sequence {w(Aln(m))} tends ‘in
the norm of H to an element w(A) of H asm + «, Therefore,

limm_+CDg[w(A‘n(m))] exists and is finite. DMoreover, in view of (6.11)

we -have the equation

'Kd(m)[n] = E[W(Aln(m))], (m=1,2,:++),
and (6.4) results upon letting m +~ <, From the relation

2w n) - v n®)] = f w* (1 T™)do Gow(r [n ™)

= x_d(m)[n],
where -d(m) = I-d(m), and.n(-m)(t) = n(t)x_d(m), we obtain (6.6) upon
letting m +~ =, .Einally, relation (6.7) follows from (6.4).
Corresponding to the Corollary to Theorem 5.4 we have the following

result.

THEOREM 6.3. If n(t) € N(I;K) then

(6.12) n(t) = f U(t,2)do (A)w(r|n),

where the integral converges .in the norm of & (I;K); that is, if we
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denote by [m] the closed interval [-m,m], then

K[n -J U(t,\)dp (M)w(r[n)] > 0 as'm + .
[m]

For n(t) € RN(I;K) we define

(6.13) - n'm(t) = f[ U, A)dp (W)w(r|n).
m]

If nl'and n, belong to &(I;K), then from (6.7) we have
(6.14) KIngan,1 = Pw@[ny),wiiin))1.

Now let y(t) € $(I;K) be such that y(t) = 0 outside a compact subinterval

§ of I. Using (6.13), it then follows that

,,Iﬁafnm,}’] = JG (K(t)nm<t)9Y(t))dt

= f y*'(t)K(t'){f U(t,A)de (A)w(Ar|n) Hdt
3 ' [m]

= P WO ,w (1.

On the other hand, for n(t) € K(I;K) the application of (&.14) implies

that
KsInsyl = BIw(h[n) ,w(r|y)],

and hence

Esln=n vl =2 o wGn),wG 9],

where ~[m] = (~x,«) - [-m,m]. Upon applying the Cauchy-Schwarz inequality
we .obtain the relation

(6.15) lega[n-nm.yllz S [w(r|y)1Q

Ia

Rlwirlydie
Ks[y1Q,

where Q =,g_[m][w(kln)]. In particular, let y(t) be defined as
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n(t)-nm(t), if t € §,

y(t) =
0, if t ¢ 8.

Since ‘I&G[n-nm] > 0, it follows from (6.15) that
KsIn=n_] s-}"_[m]IW(lIn)],
and as the right-hand member is independent of ¢§ we have the relation

Kln-n 1<

‘][w(Alkn)] .

n?-[m

The right-hand member tends to zero as m -+ =, thus completing the proof.



BIBLIOGRAPHY

1., F. Brauver, Spectral theory for linear system of differential
equations; Pacific J. of Math., 10(1960), pp. 17-34.

2. E. A. Coddington, The spectral representation of ordinary self-
adjoint differential operators, Ann. of Math., 60(1954), pp. 192-211.

3. E. A. Coddington and N. Levinson, Theory<g£_0rdinary Differential
Equations, McGraw-Hill Book Co., New York, 1955.

4, T. H. Hildebrandt, Introduction to.the Theory of Integratiom,
Academic Press, New York, 1963.

5. M. A. Naimark, Linear Differential Operators, Part-II, Frederick
Ungar Pub. Co., New York, 1968,

6. W. T. Reid, A class of two-point boundary problems, Illinois J.
Math., 2(1958), pp. 434-453.

7. W. T. Reid, Variational methods and boundary problems. for ordi-
nary linear differential system, Proceedings, U.S.-Japan Seminar on.
Differential and Functional Equations, W. A. Benjamin, Inc., New York,
1967, pp. 267-299.

8. W. T. Reid, Ordinary Differential Equations, John Wiley and Soms
Pub. Co., New York (to appear).

9. F. Riesz and B. Sz.-Nagy, Functional Ana;ysis,:Frederick Ungar -
Pub. Co., New York, 1965.

10. W. Rudin, Real and Complex Analysis, McGraw-Hill Book Co.,
New York, 1966.

. 1l. H. Weyl, Ueber gewthnliche Differentialgleichungen mit
Singularitdten und die zugehdrigen Entwicklungen willkiirlicher Funktionen,
Math. Ann., 68(1910), pp. 220-269.

54



