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ABSTRACT

The purpose of this study is to illustrate how the
Koiter's concept of initlal-postbuckling behavior can
be applied to thin sheli structures which exhibit
rectangular imperfections. Throughout the study,
shallow shell strain displacement 1s assumed in deriving
the final potential energy expression for the buckling

analysis,

Decay length in the circumferential direction 1s varied

to obtain the minimum potential energy since the shell
buckling has a weak dependence on the shell curvature.

Linear prebuckling 1s assumed for the displacements in

the axial direction and for mid-surface displacements, but
from the definition of prebuckling the effect of nonlinearity

wlth repect to the axial load is considered.

A computer program to calculate the ratio of bifurcation
point load of the imperfect shell to the classical axial

load of the perfect shell is developed.

xi1



CHAPTER 1
INTRODUCTION

No thin cylindrical shell structure ls free of imperfection.
The purpose -of this study is to 1llustrate how the Kolter's
concept of initial-postbuckling behavior can be applied to
cylindrical shell structures which have rectangular finite
imperfections, A rectangular lmperfection 1s defined as a
rectangular area where the thickness of the imperfection is
greater or smaller than the thickness of the remalnder of
the shell. A rectangular cutout 1s consldered to be a

finite imperfection of the shell.

Review of Previous Research

Many thin eylindrical shell structures require circular or
rectangular openings and therefore, considerable research
has been conducted on the subject. Previous reseirch has
been concerned with the experiments of shells having a
single cutout or shells having diametrically opposite

cutouts.



Starnes [1] has conducted experiments on the effect of a
single circular or rectanguiar cutout in cylindrical shells
and has found that the prebuckling 1s dependent on the
non-dimensional geometric parameter © = r'/(R*'I‘l)l/2 where
r 1s characteristic hole dimension, R is the principal
radius of the shell, and T, is the shell thickness. An
approximate theoretical analysis was also done by Starnes
[1] using the Rayleigh=-Ritz type of approach. In another
paper [2] based on the work of Lekkerkerker [3], Starnes
has shown that the parameter
2 1/4 2 1/2

p =(1/2)%(12% (1= v ))  ¥(r /R¥T )
where v is Polssons ratlo, governs the solutlon of the
prebuckling stress distribution and displacements for a
circular hole in its slde. Starnes showed that the
increase in the prebuckling stress field due to cutouts
is very much restricted to the local area of the cutout
region and contains both membrane and bending stress
increments, Such stress increments are found to be maximum

at the cutouts and decay rapidly away from the cutout.
Kraus [4] has provided a formula

M

1/
L, = H(R2*T2/3*(l-v2))

for axial or circumferential decay lengths in cylindrical

shells.,



A theoretical and experimental study of the behavior of
cylindrical shells with rectangular diametrically opposite
cutouts and subjected to axial compressive load was
presented by Almroth and Holmes [5,6,7,8]. The analytical
studies were made using the computer program STAGS. The
method predlcted the experimentally observed shell behavior

within a reasonable accuracy.

Almroth and Holmes studied the influence of reinforcements
around the cutouts and they showed that the critical load
was increased by use of the reinforcement, but because of
the effect of random geometrical imperfection in the reinf-
orcement, the agreement between the test and theory was not
as good as for the cylinders with unreinforced cutouts. In
addition, Almroth [8)] has used a modified version of the
computer program STAGS for geometric nonlinear analysis of
shells of general shape with general imperfections. The
modified STAGS program uses a bifurcation type analysis

and Almroth found thls approach does not represent a true
solution to the physical problem. From his geometrical
nonlinear analysis it was concluded that the shell structure
allows considerable redistribution of stresses so the
bifurcation buckling load may be only a small fraction of
the collapse load. The reason for this 1s considerable

distortion in geometry in the viecinity of the cutout. This



fact was verified by comparison with the test results

reported in Reference 8.

Gorman et al [9] conducted an experiment on the buckling of
eylindrical shells with general imperfectlions and studied
the effect of large prebuckling deformation by photoelastlc
techniques. These techniques provided a means to observe
and record the rapld changes that take place during the
transition from prebuckling to the buckling mode. Gorman
Ef.E& used Donnel type equllibrium equations and the Galerkin
method to obtain theoretical stresses. They did not
consider the inltial~postbuckling effects in their analytical
studiles. The effect of nonuniform prebuckling deformations
caused by edge supports which reduces the buckling loads of
cylindrical shell was not taken into account in the theoret-
ical analysis but realized in the test. Hence the assum=
ptions used in theory did not agree with the experimental

conditions.

Almroth [10] defined prebuckling as a rotation of the
structural elements before buckling, thus introducing the
concept of nonlinearity with respect to the load but not with
respect to the geometry. According to Reference 10 the
ultimate load of shell with a cutout when subjected to axial
compressive load 1s governed by collapse after consliderable

distortion of geometry by bifurcation buckling.



A survey article [11] on postbuckling theory shows that
numerous papers describing theorles for imperfections are
avallable, Yet there 1is no general method to find the
realistic bifurcation load for a thin shallow cylindrical
shell of finite length having a rectangular imperfection
subjected to axial compressive load. The survey article
further suggests calculatlions to explore the possibilities
of initial-postbuckling theory are necessary to predict the
realistic bifurcation point load for thin imperfect
cylindrical shells.

Most of the above cited literatures places emphasis on the
experimentally determined collapse load. The analytical
studies reported in these literatures considered only
analysis based on bifurcation type buckling. The predicted
bifurcation buckling loads were only a fraction of the
experimentally determined collapse load. Studies [5,6,7,8]
of general shells with cutouts, some of which were for
cylindrical shells, have shown that the analysis of shells
subjected to moderate axlal loads must ianclude the effect of
geometrical nonlinearity. Therefore, an initlal-postbucklling
analysis must be made if a realistic buckling is to be

obtalned.

Initlal-postbuckling theory as developed by Koilter [12], is

sulted for the development of the differential equation for



potential energy of an imperfect thin cylindrical shell
subjected to axial compressive load. Koiter used the
principle of minimum potential energy to derive an asymp=-
totic technique that gives an approximation for 1lnitial=
postbuckling behavior and imperfection sensitivity of struc-~
‘tures. Kolter's technique, and parallel methods that have
been developed independently by other researchers, have been
used to investigate the behavior of a number of thin shell
structures [13,14,15,16]. A necessary and absolute
condition to apply Koiter's method is the determination of
the primary equilibrium path of the perfect structure U, as
an explieit function of the applied load parameter A, The
maln feature of Koiter's method of analysis 1s that, after
the primary equilibrium path has been determined, the
remaining nonlinear problem 1s converted into a serles of
linear problems, Because the interest 1s pointed towards
the region of the bifurcatlion load the nonlinear analysis

18 reduced to an equivalent of one or two linear analyses,
This 1s only a slight departure from the linearized
stability analysls but 18 a lot easier than the direct

nonlinear stabllity analysils.

The stability of thin cylindrical snells 1s more complex in
nature since they are very sensitive to any sort of
imperfection that is inherent in the shell structures. For

an imperfect shell according to the Koiter's theory there gpre



two stages of buckling, one is the prebuckled stage

( primary equilibrium path ) and the other the buckled
stage ( nonlinear behavior ). Hence 1t 1s realistic to
consider the line&ar prebuckling behavior because during
the initial Stages of loading the elements of the structure
are consldered to be rotation free,that is, the geometry

of the shell structure is substantially unaltered prior to
buckling [16], and also if this primary equilibrium path is
not linear the analytical applicatlion of Kolter's method

becomes é difficult task.

The concept of initilal«postbuckling theory 1s developed by
Koiter [12] appealed to the author as the most efficient
and realistic analytical approach that can be fitted to the

present study.

Method of Analysis

In this presentation,the prebuckllng stages are analyzed by
writing the potentlal energy expression for both stretching
and bending. A sultable displacement function in conformity
with the nature of the imperfection 1s assumed and integrated
over the area of the imperfection and the shell. The
important factors that have to be considered for the assum-
ption of the displacement function is the possible mode of
buckling in the vicinity of the imperfection and the effect

of discontinuity due to the presence of the rectangular



imperfection. The 1ntegrat;d potential energy expression
for the prebuckling stage, including the imperfect displac~
ement function, i1s then partially differentiated with
respect to the constants in the assumed displacement
function. The result 1s a symmetric matrix on the left hand
side and the load matrix on the right hand side. The order
of the matrix will be equal to the number of constants
present in the assumed displacement function. The prebuck=
ling equations are then solved to determine the constants
of the assumed displacement function for a unit applied load
parameter A, The constants are then substituted into the

buckling differential equation.

The buckling differential eqdation i1s derlved by using
Koiter's stability concept, which is as follows: let the
displacement of the equilibrium stage be denoted by Ui and
those of the nelghboring state by (Ui+ ﬁi). Then the
energy criterion of stabllity requires that the potential

energy of the structure in the basic equilibrium state 1s,
P(U,+ u,) > P(U,)  .uee (1.1)

where the potential energy P is the integral over the entire
structure. The integrands of P(Ui+ ui) may be expanded
using Taylor expansion. For a homogeneous function of mth

order in Uy » the sum of the integrals for the stability



criterion 1s

P(Ug+ uy) - P(Uy) = Pl(u) + Py(u) + P3(u) + Py (u)

+ “ el e :0 (102)

[ the subscripts for u are left out for simplicity ]

where Pl(u) are the first order terms of the integrand,
Pz(u) are the second order terms, etc. For an equilibrium
state Pl(u) = 0, P2(u)3 0 establishes the stability
eriterion, if P2(u) vanishes the criterion for stabllity
must be reexamilned. The necessary and absolute condition

is then

P3(u) = 0 and Py(u)z 0 (1.3)

and so forth. It is significant that Koiter's initial-
postbuckling technique is applicable only to structure
which exhibit a bifurcation point type of buckling.

Taking the second order terms for the stability eriterion,
a sultable buckling displacement serles solution is assumed.
The assumed displacement functlon as a solution of the
stability expression must be continuously differentiable,
should have finite integrals and should exhiblt uniform

convergence. The Fourier double serlies so assumed



represents various buckling modes both in the axial and

in the circumferential direction that the shell structure
can assume before it bifurcates to the buckling confilgu-
ration, The derivatives of the displacement functions

are then included in the buckling differential equation,
which is to be integrated over the area of imperfection

and the shell for both stretching and bending. The
integrated stabllity equation 1s then partially differenw-
tiatéd with respect to the constants of the assumed
buckling displacement function to form a buckling determi-
nant. Since the linear prebuckling is assumed, the
analysis of stability is relatively simple. All the
prebuckling displacement components can be expressed as a
load factor A and their values for a unit load. There is
no need in that case to evaluate the determinant of the
coefficient matrix for a serles of increasing values of the
load parameter, The eritical value of A c¢an be directly
determined as the eigenvalue Acrdefined by an equation of

the fbrm
Det[ A+ AB ] =0 eeess (1.8)

for the buckling analysis.

Organlzation of the Present Study

The first part of Chapter 1 describes experiments on the

10



imperfect cylindrical shell structure subjected to axial
compressive load. However, it seemed desirable to give a
brief summary on the initlal-postbuckling theory developed
by Koiter which 18 best sulted for imperfecf cylindrical

shells subjected to axial compressive load.

In Chapter 2 the general potential energy expression is
derived for the buckling analysis considering the initlal
imperfections as the coefficients of derivatives of the
buckling displacement functions. Nonlinear strain displa-
cement relatlons are considered while deriving the resultant
strains due to the initial and total strains, These
resﬁltant stralns are substituted in the potential energy
expression and the concept of Koiter is fitted ( second
order terms for stability ) to obtain the final potentilal

energy expression for the buckling analysis.

In Chapter 3, the prebuckling analysis 1s carried out by
consldering the linear strain displacement relationship.

The effect of circumferential decay length is included in
assuming the pretuckling displacement functions. The
effect of prebuckling on the stability of a cylindrical
shell in the presence of rectangular imperfection is conside
ered and the corresponding parameters derived. The
constants assumed in the prebuckling displacement functilons

are obtained by partially differentiating the prebuckling

11



energy with respect to the constants, and assuming the

load parameter a as unity.

Chapter 4 is concerned with the buckling analysis of the
shell with rectangular imperfectilon. The displacement
function as a double Fourler series is assumed. The series
displacement functions are assumed because of the fact that
the buckling modes in circumferential direction is dependent
upon the curvature strains in the presence of a rectangular
imperfection. These curvature strains predominate 1n
making the shell structure to bifurcate earlier than the

so called classical buckling. The derivatives and their
constituents of the assumed displacement function for the
buckling analysis are formed before substituting them in
the final potential energy expression; The integration of
the final potential energy expression over the area of
rectangular imperfection and the area of the cylindrical
shell is separated in such a manner so as to give the
effect of discontinulty of energy in the presence of a
rectangular imperfection. The separated potential energy
expressions are energy due to stretching and energy due to
bending. The final potential energy contains only the
second order derivatives of the assumed displacement funce
tions and the first order derivatives of the imperfection

displacement functions which act as the coefficients of the

12



final potential energy equation. The functions, all of

which are under the summation sign, are partially differe-

ntlated with respect to the constants to form homogeneous
equations in terms of the constants of the assumed buckling
displacement functions. Since there are three constants

in the assumed buckling displacement functions, there will
be a three by three determinant. The elements of the
determinant are symmetric with respect to the main diagonal.
The least and consistant positive elgenvalue will give raise
to bifurcation point load parameter, which is the ratio of

critical load and the classical buckling load.

Chapter 5 descrilibes the development of computer program to
obtain the bifurcation point load parameter numerically.
Most of the elements of the entire analysis (prebuckling
and buckling ) are converted into non-dimensional form,
which facilitates the obtaining of the maln parameters of
the thin cylindrical shell. The varlation of these
parameters along with the number of terms in the seriles
expansion decides the bifurcation point load parameter.
The last of thls chapter 1s the discussion of the results

from the computer program.

The entire study on the effect of rectangular imperfection
on the axial compressive load carryling capacity of thin

cylindrical shell is summarized in Chapter 6.

13



CHAPTER 2

POTENTIAL ENERGY FORMULATION

2.1 Final Potential Energy

In this section the final potentlal energy expression for
the general case for the buckling analysis 1s derived by
considering the Lagrangian and the nonlinear strain
displacement relatlions. Final potential energy is defined
here, as the terms containing the second derivatives of
the buckling displacement function and the coefficients

as the first derivatives of the imperfection displacement
functions. Here general case means the imperfect strain
displacement relationship (unstressed state) is included
in formulating the final potential energy expression for
the bifurcation point load analysis, The resultant
strains of the imperfect strain displacement functions

are explicitly derived. It 1s noted that the middle
surface strains and nonlinear terms are neglected in
Reference 16 in arriving at the resultant strains due to
imperfection, and the same has been done here for the

total potential energy formulation. The resultant strains

1l



so obtained are then substituted in the total potential

energy expression.

4Tota1 potential energy is the sum of the stressed state

and the unstressed potential energies, The energles in
the stressed and the unstressed state consist of both the
stretching and bending strain displaqement derivatives.

The total potential energy consists of terms up to fourth
order 1n terms of partial derivatives of the strain
displacement functions, By using the initlal-postbuckling
concept as developed by Koiter, the final potential energy
is formulated ,which is the second order terms in the total
potential energy. These second order terms in the final
potentlal energy expression will satisfy the stability
criterion and are used for the calculation of bifurcation
point buckling. This method of analysls is asymptotically
exact at the bifurcation point load [11]. In other words

1t can be called as initial-postbuckling theory.

The second order terms of the final potential energy
formulation consist of the second derivatives of the
buckling displacement functions and the coefficlents as
the first derivatives of the prebuckling displacement
functions. This will form a final stability expression
for an imperfect thin shallow cylindrigal shell for

bifurcation point load analysis.

15



Following is the potential energy expressions for the

general case considering the Lagrangian,

The potential energy for the unstressed 1s @

0 . 2
P(HQ.W.) w 11(C/2(e%2+ 924 2y¢ + 2(1= v)el"
b 4 Yy Xy

080

Xy
02, o2 0,0 02

+(D/2(x, + Xy +2v.xxxY + 2(1l=v) Xgy )

+xN°e§ + pw?) ax.dy (2.1)

Similarly, potential energy for the stressed state Is
given by:

m2

2 2
TT T
P(U,V,W) = u(cmeg + ey +2vege t2(l-v)e )

2 2 12
T T TT T
+D/2(xx + xy +2vxxxy+2(l- v)xxy )
+ AN© gz + pW ) dx.dy (2.2)
where U=u+ul,Vayv,u=ws+uo (2.3)

and C,D are the stretching and bending rigldities,
By Kolter's concept, the total potential energy 1s
P e P(U,V,W) = Plug,w,)
- Pl(u,v,W) + P2('U,V,W) + P3(U,V,W) + P)(U,V,W) +
s sa sV IR PIEOELEROESIORS lo (2-“)

16



2.2 Nonlinear Strain Displacement Relations

The following equations are the stretching nonlinear
strain displacement relations for both the stressed el

and the unstressed el states.,

eg = u,, + 1/2(u§x + v?x + ng )

T 2 2 2

ey = Vay + 1/2(u,y + v,y + w,y ) + w/R

ezy = 1/2(u,y+ v,x+ UyxUsy + VyxVsy +w,xw,y)

0 2 2
€y = u?x + 1/2(u9x + w?x )

e = wi/R + 1/2(u‘,’y + w9y )

0 = 1/2(u9y + u?quy + w?xw9y)

w 1s considered positive if the deformation is bulging

outside,

(2.5a)

(2.5b)

(2.5¢)

(2.5d) .

(2.5e)

(2.5f)

The resultant strains ¢? due to imperfection are in general

g eT - eo thus

a T
€Ex™ tx ~ ©x

= u,, + u,xu9x + w,xng +1/2(ud, + v¢

Similarly,

17
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(2.8)



0 0 2 2

a sy + WagWsy +1/2(u,v +v,y

ey = Vg + w/R + Uy, U

2
"'W,y ) (2:;9)

2 = 1/2(u

Xy ry + st+ uaxu’y + Vaxvsy + W:sty

+ u:xu?y + usyu?x + W.xwgy *WayWQx ) (2.10)

The curvature strains for both the stressed xT and

unstressed xo states are given by

T T Uk T T
SW - R
Xe "oxx Xy = Wagy = Vay /
‘ } (2.11)
T T T T
xxy‘ s xy + u,y/MR -3/4R Vg
0 0 0 0
= =
Xx Waxx Xy W’yy
Y} (2.12)

0 0 0
X =W + u, /4R
xy ’xy 'y

The resultant curvature strains are in general glven by

x2 w xT a x° thus (2.13)
a T 0 -
X " Xx = Xx (2.14)
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a
] = - R
Xy ™ Yoxx Xy = Wogy = Yoy / |
} o (2.15)
a
= W + u, /UR =3/4R v
Xxy ny 9y >

where R is the radius of the cylinder.

Substituting Equations2,6 and2,13 in to Equation 2.4 ,
simplifying and collecting similar terms, the total

potential energy 1s given by

B o=y (C((eo + so)(ea+ e2)+2(1 - v)(eo £ -
x Sy fy Xy Xy

0 a0 0 0 a a
l/2(eae + e’¢ ) + D(x + (x"+ +
x%y y x) ) X X‘) X X.)

0 a a0 a0 a,_ay?
2(1““)(xxyxxy =1/2(XxXy + nyx))+C/2((ex+sy)

+2(1-v)(ea2 -c2e¢@ )) + D/2((xa +ya )2 + 2(1-v)(xa2
Xy x vy x y Xy

- xaxa )) +2 N ea + pw )dx.dy (2.16)
Xy 0 x

Substituting Equations(2.8«2,12)in Fquation 2,16 and
considering second order terms only, the final potentlal

energy is given by
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P, wit Pydx.dy (2.17)
where
- 2 0 +
2P,/C = (1+3u, +uw /R) + u,xu, (2u,y) + u,y(u .
WO/R +(1=v)/2 + (1-9)/96(T,/R)?) + u, v, ((
0
l=v)u, ) + u, Vi ((1-y) (1+u0 )) + v, (u’x +
y y
wO/R + 3(1-v)/32(Ty/R)Z + (1=9)/2) + u, v, *
(2 (1+u0 )) + u, v (2u0 ) + v, v (1=v)ul+
v 'x syVsy 'y 'xV2y y
v?y(lw ud + wO/R +1/12(T,/R)%) + w/R¥u, (
2\.(1+u,x)) +w/R*u, (2u ) + w/R(0)v,, +
w/R(?)v,y +(w/R)2 +u,xw,x(2w9x) + u,yw,x(l-
)W.y+ v,xw,x(l-v)w,g + v,yw,x(2vw9x) + w/R¥
w,x(sz,x) + w,x(u,x+v wO/R) + u,xw,y(z w, )+

u.yW.y((l-v)wex) + V,XW.y((l-v)wQX) *VyWayl(
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awl, + w/R*w,y(Zw?y) + w,xw,y(l-v)uo +

y 'y

w?y( u9x+w0/R) "‘ u,"yw’xy (1-\’)/R(T§/12) +
v,xw,xy(-(l-v)/R(Ti/Q)) + w,xxv,y(l-v)/ﬂ
.o e 2

- M(Ty/6) + Vay(Wayxt Wayy )(=1/R(T{/6)) +

(w’xx + W, (Ti/lZ)'K ngy - WyyxYsyy )

2
yy )

| 2 2
*(lwy) (T1/6) - u, v,x((l-v)(Tl/R) (2.18)

y

Equation 2.18 1s the final potential energy expression

for the buckling analysis, Only the second order terms
are considered for both membrane and curvature displace-
ment function, This expression will be used in chapter

4 to develop the buckling determinant.
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CHAPTER 3
PREBUCKLING STRESSES

3.1 Assumption for Prebuckling Displacement Functions.

Prebuckling was defined as the rotation of the structural
elements before buckling, thus introducing the nonlinearity
with respect to the load. Decay length both in the axial
and circumferential direction in the immediate vicinity of
the rectangular imperfection is assumed to account for the
possibility of local buckling before the shell structure

bifurcates into a buckling mode.

In this section potential energy for an unstressed state

in both stretching and bending 1s calculated by considering
the linear strain displacement equation_and integrating

over the area of the rectangular imperfection and the area
of the shell. It is found after performing the integration
that the imperfection parameters RTl/a2 and RTl/ezare
obtained during the process of arriving at the potential
energy for an unstressed state. These parameters show

that the decay length in the circumferential directilon

accelerates bifurcation of the lmperfect shell into a

22



buckling mode configuration. The above mentioned
imperfection parameters appear in the potential energy
expression showing the weak dependence on the shell

curvature,

The prebuckling matrix 1s obtalned by taking the first
variation of the integrated final potential energy with
respect to the constants of the assumed displacement

funetions.

3.2 Effect of Discontinuity.

Discontlinuity in the membrane displacements occurs when
there 1s a change in the wall thickness, The discontinuity
forces must be computed along hoop circles [19], however,
the discontinulty stresses decay rapidly. According to
Reference 4 the decay length Lc and La must be greater than

or equal to H/(3*(1-v2)/R2*T§)1/u .

Let us consider a thin cylindrical shell as shown in Fig3.,1
Let the thickness of the shell be Tl and that of the
rectangular imperfection be T2. Figure 3,2 shows how the
prebuckling can be affected in the presence of two diffe=-
rent thickness both in the circumferential and in the axial
direction. According to Starnes [1], the deformations
decay rapidly from one thickness to the other, and require

a quadratic displacement function. At the interface of
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Figure 3,1 Initial geometry of the
shell,
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Figure 3.2a Shell geometry in
circumferential direction.
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Figure 3.2b Shell geometry in
axial direction.

25



the shell and the imperfection there exlsts both stretchlng
and bending strains. The magnitude of these strains will
be higher in the area of imperfection than at the Junction
of the imperfection and that of the shell. In conformlty
with the above, the displacement function 1s wrltten as

follows.

u® = By + BIXOCosz(nY/2(bO+Lc))

0 2 | 2
w- = Ay + Aj0Cos(MX/2(agtL, ) *Cos™(n¥/2(bg+L,)) b (3.1,)
VO-O
Where AO,Al,BO,B1 are the arbitrary constants which can

be obtained from minimization of the potentlal energy and
0 1s defined as follows:

1 |X|< (a +L. ) and |Y|< (b,+L )

0 [X|> (ag+L,) and |Y|> (bg+L,)
Using these displiacement functions the prebuekling strains

are now determined,

3.3 Prebuckling Calculations,

Neglecting the higher order stralns for the unstressed

state, the stretching strains are given by:
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sg = u9x = Bg + B 6Cos®(¥/28)

1

53 ==wC/Ra-1/R(A +A, Cos2 (X/2q )*Cos2 (Y/2p)) (3.2,)
;gy-l/z(u9y) = -B1X0/28 Sin(Y/g)

where a =(ayt Ly)/T and 8 = (bg+L,)/M

Similarly, the bending strains are

x0 = w?xx = - A10/2a2 Cos(X/a)*(Cos2(y/28)

xg - wgyy = - Ale/232 CosZ(X/2a)*(Cos(Y/B) (3.2b)

0 0 0

= =A10/baBSin(X/a)*(Sin(¥/8) - B,X6/8BR(Sin(Y/8))

Assuming that the area of imperfection is at midhelght of
the shell, then only one quarter of the shell need be
considered because of symmetry. Thus potential energy
for one quarter of the shell in the unstressed state is
given by.

PO = C/211¢ 522+ 2vegeg + eg2+2(1-v)523 Ydx 4y +

2 2 2
D/25 i xﬁ + 2vx2x3 + xg +2(l-v)xgy ldx dy +
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Ilnieg dx dy + Ilpwo dx dy (3.3)

Where N;lis axial compressive force and p 1s the internal

pressure, From (3.1) 1if |X|> a; or |Y| >bjy, the only non-
0 0

zero terms are e, ™ BO, cy = -AO/R . But for the terms

containing axial compression, to give the effect of non-

linearity Ni 1s multiplied by the higher order strains.

Hence (3.3) can be written as

P, = Cys2r Ti( B2 + A3/R% - 2yA B ay +
0 = Cr/2 5 + A§/R® = 2AGB/R) dx dy

a, by |
a; R
1 2 2 ;e
01/26 é{ B0 + AO/R - 2vAOBo/R) dx dy +
L b1 5 5 >
Cy/2f I( By + AG/R® - 29AgBg/R) dx dy +
al 0
ay TR
nR 1 a.b _ .
P17 N2elax ay L N ax dy rLilng > ax dy 4
a0 : 1 00

g ¥ pw0 dx dy + P,
DO
(3.1)

where PA 1s the potential energy in the region of
imperfection where both stretching and bending are
significant., The nonlinear strain eg due to the axial
load 1is included to give the beam column effect and to

satisfy the condition of prebtuckling. Thus
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0 2 02
eg = ul, + 172 ud +wd ) (3.5,)
Substituting for the derivatives of the imperfect
displacement function from Equation 3.2 in 3.4 we get

e) = By+B3/2 +0 [B,/2(1+C0s(/8))(1+By)]

+0 [1/16B2 (3+4Cos (¥/8)+Cos(2Y/8)
+1/128(A, /5 )2 (1-C08 (2K/q ) (3+1Cos (Y/p)
Cos(2Y/8)) (3.5,)

Incorporating Equations 3,5, 1n 3.4, the potential energy

in the unstressed state becomes

2 2 02
Py = P, +C;/2(Bj + AG/R® = 2vA0Bg/R)[ (L-ay) (TR=b;)

+ al(nR-bl) + (L-al)bl] + Pyt Pp (3.6)

Where

I n? a 2 21m8 o 2
I~ 2
PNX- il 5 Nx(BO + BO/Z) dx dy +0 bNx(BO + By/ ) dx dy
1

a4 b
i1yl

a, b
1l Yla 2
i Nx(BO + B0/2) dx dy +0 0

J

a
+] %®
5 N[ By/2(14By)

29



Py

(14Cos (Y4B ) +(1/16)BJ(3+4Cos(¥/8) +Cos(2Y/8)

+3/6M(Al/a)2)]

+ 1/128(A /a)2(1=Cos(2X/a)(3+4Cos(Y/B) +Cos(2Y/R))]dx dy

a 2 2
< NgnRLIB, + By/2 +a1b1/2nR~L(B1 + 3/8(Bf) + B4Bg

b
P = PAQIRL + pzl élAleCosa(X/2a)* Cos?(Y/28) dx dy

Now consldering P

where

o 2
02/

= pA TNRL + pA

0

A’

1albl/ll

Let P

A

= P (e) + Py(x)

Pl(e) = potential energy for stretching

P,(x) = potential energy for bending

Qv

O
()

C,/2

[
01/2 s

D2/2

g

[

by

bg
A eo
0 X

b
!0{ X
0

02

X

2
0
{ €y

2
+ 2ve

+ 2vyx

+ 2vexey + ey

0.0

00
€
VY

0.0 0
xXy ¥ Xy

30

+ eo
y

2 2
é { eg + 2vegeg +,eg +2(1~-v)ex

02

2

+2(1--v)ex

+2(l-v)ex

2

0
}dx
y

2

0
y}dx

2

}
v dx

0

2 2
+2(l-v)xgy}dx

dy +

dy +

dy +



a b
1 1 2 2 2
Dy/2 | U xo +2vxox0 + xo +2(1-\!)x0 }dx dy +
ao 0 X X'y y Xy
a b
1 1 2 2 2
Dy/2 17 17,0 0,0 0 -v)y9 }dx dy .10
1 by *x '0'2\))(}()(y + Xy +2(1 v)xxy} x dy (3.10)

Consider P,/CimRL = Py(e)/C TRL + P,(x)/C,MRL(12/T3) (3.11)
For stretching .
P;(€)/CyMRL = ea /2 [ BS(1+;+3/8;2) +(AO/R)%1+C/2f9/6u;2)
-2vAyBy/R(L+z/2+E/0 +3/16kE ) + B%/lz(l-v
)22(a,/8)2(14r)%] + ¢, es/2 [B2(1+§(1+° )
0 ag s/ 0 “b
+22/8(34 1S+ Spp)) + (A /R)Z(145/2(145,)%
(1+Sb>+52/6”(3+"3a*323)(3+“Sb*32b))
=29ApBo/R(1+5/2(14Sy )+ /U (148,) (145y)+

£E/16(1+S,) (3+4Sy+S,, ) +B2/12(1-v) *

:2(80/8)2(1-5p)] (3.11y)

For bending

2
P,(x)/C,TRL = e81/1536[A1(3m2+3n2+2mn)/R2+2(1-v)/6*
82(n/m) (RT;/R)2 + 4(1-v)A,B 27 +
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eao eb/1536[Al/B (m (1+sza)(3+usb+s2b) +

n2(1+32b)(3+usa+s2a)+2vmn(1+2sa+s2a)(

1+25, 45, ) +2(1ey)mn(1=S,,) (1=5,,)] +
2(1=v)/6B5 (nT; /R) (ag/R)° (1-55p) +
h(l-v)AlBl/R(nTl/R)(l-SZb)(Sa-Ca)) (3.11

Hence

Po/C4NRL = P,/C,MRL + P, + P

2 2
uxt 172 (Bt (Ag/R)

-ZVAOBO/R)(I-albl/HRL) (3.12)
To determine the minimum of potential energy Equation
(3.12) 18 differentiated with respect to the constants

and equated to zero, Thus

Following are the equations to obtalin the (3.13)
constants of the assumed prebuckling displacement

functions:

2 2
AO/R(1+eaoss) - vBo/R(l+saoes) + Al/R (eallu +ca eSTaTb)
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- R + +. = L 14
vB1/ (ea1/2 caoeSTb) p/Cl 0 (3.14)

vAo/R(l eaoes ) + Bo(l+eaoes+ Nx/cl) vAl/R(

4 + +
e / € esTaTb) Bl(ea

+ 2 +
£ ag Nx/ZC1 eal/ €, esTb)

1

+ Nx/c1

0 (3.15)

2 - /
AO/R (aal/ﬂ + eaoesTaTb) vBO/R(ea 4+ anesTaTb)

1

2 2 2
+ Al/R (3/646a R Nx/c1 + 9/6Mea + ¢ eS(Ta-T

) ¥
1 1 ao a

2

2 2 2
(Tb-T ) + sa1/768(3m +3n“4+2mn) + caoeb/lz[m Dza(

2b

2
b 2b) n D2b( . 2a) vmn/ 2 ( b 2b)

T « 2T -B - -
( o 2a)] 1/R(3/16veal + eaoeswa(Tb T2b)

(1-V)/384)nT1/R(eal +16ea ebTZb(?a - Cpa))) +

0

1

-vAO/R(eal/z +ea esTb) + BO(Nx/2Clea +eal/2 +

0 1

eaoesTb)~ AlR(3ea§/16 +vea esTa( T T ) =

0 b~ 2b
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(1-v)/3818(nTl/R)(eal + 16T, (T -C

pa

2 2
B1(3/8eale/c1 + 3/8eal +ea1(1-v)al/126 +

€
a9

<1—v)/384(eal/6(n/m)<nTl/R)2 +e

2 a
(21/R)7)) + N, /Cye, /2

€
ao b

es(Tb -sz) +2/3ea0es(1-V)(a€/82)T2b +

)eaoeb)) +

/5(nT1/R)*

0

(3.17)

and writing in matrix form the followlng exoression 1s

obtalnead:
T G4 —le
-le Gl+ Nl
Go -vGo
-vG3 G3+ N,

where G, etc.,are given by

G

- +
1 € 5

ap

€

G
1 s

-G + B
v 3 G3 N2 5
- G6 G7+Nn Bl
= ¢ /4 4+ ¢ e T.T
a1 ao s*a"b
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+ I m. ﬂ
Qw = an\m mNOmmed zH Zx\ou ZM szmH\m

Gy = Gy + N =[9/64e, + € mmﬁem-

I
H m 1 m.o

. 2
Toa) (T, = Top) + MP/T68(3c, +6hc, Dy (Ty-Tyy))+

2
n \qmmAwmmH+mcmmoncuMcAem mmvv+ as\wmzﬁmmw +

192v (T, =2T, (T =2T, ))]

- 2,.2
Ny = 3/32 N, R°/a

Gg = w\wmcmmw +ve mo T mAed - Top) - Aulcu\wm:AseH\mVA

e +16¢

€ -
ay a4 camcA Ta ovmvv

n\mm+mmﬁp-<pmmm+ |e+
w m.u. N.u..mu. v\ mm.O NMA_H.U Ndv

/365 e (1=v) (20/8)2T,, +(1-v)/384(nT,/R)(

eg /6(NT,/mR) + €

2
R)¢)
) Amu\ )

m.od

= ¢_ /lUp

= w\uzm = pR/C, e, a 1

a1
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where

(T, = Top ) = (1/8)[4(1+S, )=(1-8,,)] (3.19a)
(T, - TZa’ ) = (1/8)[4(1+5, )=(1-8,,)] (3.19b)
T, = (1+5.)/2 Top = (1=S54)/8 (3.19¢)
T, = (1+s,)/2 Tpg = (1=55,)/8 (3.194)
Dy, = (1+5,,)/8 Dy, = (1455,)/8 (3.19e)
Cpa = (1+C4)/2 (3.w1?f)

By giving a value for the axlal compressive load Nl,

pressure p = 0 and knowing the geometry of the shell

1 .
structure, the constants Ay/R, By, A;/R, B; are determined
by solving equation 3,18, These constants are then
substituted into the equations of the buckling analysis,

which are developed in the following chapter.
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CHAPTER 4

BUCKLING ANALYSIS
4.1 Priliminary Remarks

The final potentlal energy equation, as derived in Chapter
2, which contains the second order terms of the buckling
displacement functions and the corresponding coefflcients
from the prebuckling analysis, is integrated over the area
of the rectangular imperfection and the area of the shell
to arrive at a set of equations which can be used for the
buckling analysis. The integration of the final potential
energy expression for the buckling analysis 1s separated

in such a manner so as to give the effect of discontinuity
of energy in the presence of a rectangular imperfection.
The separated potential energy expressions are: (a) energy
due to stretching, and (b) energy due to bending. ( The
bending terms can be ldentifled as the terms which contain
second order derivatives of the buckling displacement
functions and, hence, the square of the thickness of the
shell) The final buckling determinant is formed by taklng
the first variation of the integrated final potentlal energy

expression with respect to the constants of the assumed
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buckling displacement function.

The buckling displacement functions are assumed by giving
due consideratlion to the effect of decay lengths 1in the
axial and in the circumferential directions. To do so,

a Fouriler serles solutlon as a displacement function is
choosen for the buckling analysis. This assumed displa-
cement function, as a solution of the stablility expressilon,
is continuously differentiable, and has finite integrals

and exhlibits uniform convergence. The Fourier double
series so assumed permits various buckling modes both in the

axial and in the circumferential direction.

Filgure 4,1 shows a cylindrical shell of radius R and length
2L and d, and d, define the location of the center of the
imperfection. The dilsplacement functions from the

prebuckling analysis are:

u? = Bpe+ BlgeCosa(nn/2(bo+Lc))-

wO = Ay + Ale(Cosz(n5/2(ao+La)))(Cosz(nn/Z(b0+Lc))) (3.15)
1 lel < agL, and Inl < by*L,
0 lel > ag+L, and [nl > bo+L,

The assumed displacement components for buckling are the

following double Fourler series expressions:
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shell.
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nn
u=rIA iCos(JnX/ZL) Cos(iY/R)
1:11 J

nn

Vv = EEBJiSin(JHX/ZL) Sin(iY/R) } (4.1)
11

nn
W = £3C,,Sin(Jnx/2L) Cos(iY/R)
11 J1

4,2 Buckling Analysis.

Having assumed the displacement functions, it is now
necessary to evaluate the different terms in the final
potential energy expression, Equation(1.16). This will

be accomplished by first determining the various derivatives
of the displacement functions and then forming the numerous

products of the various derivatives.

The derivatives of the buckling displacement function are

as follows:

n
= =& Ay, (Jn/2L)Sin(JnX/2L)Cos(1Y/R) (4.2,)
i=1

(1 / R)Cos(JnX/2L)Sin(1Y/R) (4.2b)

n .
= +% Bji(Jn/2L)Cos(JHX/ZL)Sin(iY/R) (4.2¢)
i=]

n
Vag -1+§ Byy (1 / R)Sin(JnX/2L)Cos (1Y/R) (4.2d)

4o



w/R

W
'xx

W’Xy

yy

n
.-{-2

i=1

n
CRY:
i=1

n
= -
1=1

n
--z
i=1

C,+(1 / R)Sin(JnX/2L)Cos(1Y/R)

1
Cy4(Jn/2L)Cos(JnX/2L)Cos (1Y/R)
(1 / R)Sin(JnX/2L)Sin(1Y/R)
Cdi(Jn/2L§Sin(JHX/2L)Cos(iY/R)
CJi(Jn/2L)(i/R)Cos(JnX/ZL)Sin(iY/R)

C,. (1/R)? Sin(jgX/2L)Cos(1¥/R)

(4.2,)
(y,271)
(4,28)
(4,2h)
(4,21)

(4,23)

The derivatives of the imperfection displacement function

are as follows:

0

W
'x

0
Wy

Ale/za Sin(g/a)Cos2(n/23)
A o/28 Cos?(g/24)Sin(n/p)
B. +B 90082( /2g)

0 1 n/<g

Blae /285Sin(n/8)
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The various products of the derivatives are as follows:

(u,x)2 = l/2(Jn/2L)2*(1-Cos(JnX/L))(? A Cos(iY/R))2

i=1 J1

1 + 3ul,+ww0/R = (1 + 3B; + vAy/R) + 0[3B;/2(1 +
cos(n/8) + vAl/uR(l + Cos(&/a)¥
(1 + Cos(n/B) (4.4%)

(u,xu,y) e (jn/2L)Sin(JnX/2L)Cos(jnX/2L) ¥

n
Cos(jY/R)z A,,Sin(iY/R) (i/R)
R E J1
2u9 ' = - B.£0/8Sin(n/8) ~ Exists only (4.5)
y 1 for =1
2 2 0 2
(uyg) = (Cos (jnX/2L))°(r (1/R)A,,Sin(1Y¥/R))

(1-v)/2[1+(Ty/R)2/481+w0/R + ul = (1=v)/2[1+(T,/R)%/

481+Ao/R+By+ o[A,/UR(1+Cos(g/a)(1+Cos(n/B) )
B,/2(14Cos(n/8)] (4.6)

(u, v, ) ==(Jn/2L) Sin(JnX/ZL)Cos(JnX/ZL)z Ay

b2



' n
Cos(iY/R) ¢ B
i=1

JiSin(iY/R)

(l-v)u9 = -(1-v)Bl£9/28 Sin(n/B) Exists only (4.7)
y for o= 1

Uy Vs - -Jn/hL(l+Cos(JnX/Lz)§ Aji(i/R)Sin(iY/R)*

83181n(iY/R)

i 5 1 ]

(1=y)[ 1 = (1=y)[(1-1/16(T{/R)%+ B )+eB1/2(1+

COS(“/B)] (M.B)

n
= 1/2(31/2L)2 (14Cos(§1X/L)(Z ByySin(1¥/R))°
11

(v,x)2

(1-v)/2[ 1 + uf + wO/R = (1-y)/2[1+3/16(T,/R)2] +
+VAo/R +0(B,/2(14Cos(n/8))+vA, /4R (1+

Cos(&/a))(1+Cos(n/8))) (4.9)

T
u.xv,y = -(J“/2L)/2(1-Cos(JHX/L2)§ AJiCos(iY/R)

% (1/R)By, Cos(1¥/R)
1=1

2 (1+uf ) = 2y(14B;)+eByy (1+Cos(n/p)) (4.10)
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(u, v, ) --(Sin(JnX/ZL))/22Ad1(1/R)Sin(iY/R)*

y 'y jml
. n ( (1¥/R)
1/230os (1Y/R
P
2u9y =~ B,0£/BSin(E/8) Exists for 0= 1
(Vayvey) = (jH/hL)Sin(JHX/L)zBJiSin(1Y/R)

n .
i_i(i/R)BJiCos(iY/R)

(l-v)u9 =~ (1-v)®B,£/2B5in(n/B) Exlsts for
y o= 1

(Vsy)z - 1/2(1-Cos(JnX/L))(g'BJii/RCos(iY/R))2
1m=1
1+ u9x+w°/R+(Tl/R)2/12 - 1+(T1/R)2/12+vBO+A0/R¢

[931/2(1+Cos(n/s))+A1/MR(1+Cos(£/o)(

1+Cos(n/B))

(w/R)u, , --(JH/MRL)(1-Cos(JHX/L))(zc Cos(1iY/R) -

1my 91

N .
(XA,  Cos(1iY/R)
4=l J1

2u(1#ufy) = 2v(14B)+B,OV (14Cos(n/8)

4y

(4,11)

(4,12)

(4.13)

(4.14)



(w/R)u,
¥

210

2w/Rv,y

(i/R)2

(u.xw,x)

2wl

(u,yw,x)

0
(1 v)W.y

(stwox)

--(Sin(JnX/L))/Rzgcjicos
RN

iml Ji

- Byog/8Sin(n/8) Exists for e=1

2 n
1/R“(l«Cos(JnX/L))gC, Cos(i¥Y/R)¥*
| 1wy 91

n
25311C08(1Y/R),
i=] '

1/2R% (1=Co8 (JIX/L) (EC 44 Cos (1¥/R))2
i=])

~1/2(31/2L) 510 (JNX/L)TA 44 Cos (11/R) ¥
i=]

n
ECJiCOS(iY/R)
i=]

Exlst for
-Ale/zas1n(e/a)(1+Cos(n/a) o= 1

Ji

n
= ~(JN/4L)(1+Cos(JnX/L)E A,,1/RSin(1Y/R)

im] 1=l

i=]

n
£C,,Cos(1¥/R)
=1 41

= (1= )A,/Ug (1+Cos(g/a))Sin(n/8)
1/2(Jn/2L)2(1+Coa(JnX/L))*

? 33181n(1Y/R)2 C,,Cos(1Y/R)

Ji
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(1Y/R)LA,,1Sin(1Y/R)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)



0

)

(V»ywsx

an,x

(w/R)w,x

2vw,x

(wy.)

= «0(1-v)/UBA; (1+Cos(£/a))Sin(n/B)

n
=(JN/4L)Sin(JNX/L)EZ(1/R)By Cos(1y/R)*
1=1

n
)
(ak CyaCos(L¥/R)

=-MGA1/2a81n(£/u)(1+Cos(n/8) Exéstlfor

-(JH/HRL)Sin(JHX/L)ZCJiCos(iY/R)

n

£C.,Cos(1Y/R)
=1 9%

=-vA10/2a81n(£/0)(1+Cos(n/B) Exist for
: 0= ]}

=1/2(31/2L)2 (14Cos (3 1X/L)*#

n

2
( £C44Cos(1Y/R))
i=] J1

uf +yw0/R = (By+vA /R)+e[B,/2(1+Cos(n/8) +

vAl/QR(1+Cos(£/u))(l+Cos(n/8))]

(u,xw,y) = (JN/4RL) (1=-Cos(JNX/L))*

n n
1.§(AJic°s(iY/R)iiicdiiSin(1Y/R))
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2vw,y

(u’yW.y)

(1.v)w9x

(V,XW,y)

(1~°)w2x

(vy w, )

2w

=)

(w/R)w,y

2w°

--veAl/26(1+Cos(E/G)Sin(n/ﬁ) X
. = ]

-1/2R Sin(J"X/L)ZA

1isin(iY/R)
i=]

J

n
IC
i

3 Ji1Sin(iY/R)

w6 (1=V)A,/l4asin(&/a}(1+Cos(n/8)  for

0= ]

n

=~ (JN/4RL)Sin (JAX/L)IB

Sin(1Y/R)#*
im] Ji

n

Ji1Sin(iy/R)

== (1=V)OA, /40oS1in (&/a) (14Cos(n/8)

n

=-1/2R° (l—Cos(JﬂX/L))EBJiiCos(iY/R)*

n
: C 11sm(1Y/R)
je1 J

=<0A,/28(14Cos(E/a))Sin(n/8)

n

=-1/2R? (1=Cos (JNX/L)E C

JiCos(n/R)
im]

-§631151n(1Y/R)

=-04,/28(1+Cos(&/a))Sin(n/8)

b7

Exist for

(4,24)

(4.25)

(4.26)

(4.27)

(4,28)



(W, w,.) ==(Jp/bRL)SIn(JpX/L) g C. Cos(1¥/R)
Xy 1my 91

$¢. 1Cos(1Y/R)
j1
1u]

(l-v)uPy --(1-v)Blge/2381n(n/s)

n
(w,y)2 - 1/2R2(1-Cos(JnX/L)(zCJiiSin(iY/R))z

1=)

(ud, #wo/R) = (uByAg/R)+elvBy/2(14Co8(n/g) +
Al/uR(1+Cos(g/a)(1+Cos(n/3))]

(y Wy ) = (3 1/4R2L) (14Cos ( mX/L) *

n
LA
i=]

1Sin(1i¥/R

n
0
31 111 Ji131n(1Y/R)

2
(1-v)D1/cla = (1=-v)/R(T7/12)

)  ==1/2R(jp/2L)°(1+Cos(JpX/L))*

(v’xw’xy
n n
L B3181n(1Y/R)zC i1Sin(iY/R)
i=] im] J

3(1=v)/4R3(D, /C;) = =(1=v)/R(TE/H)

Vohayy) = ~1/2R(J1/2L) 2 (1-Cos (1 X/L))*
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(4.30)

(4.31)

(b.32)



n n
ZCJiCOs(iY/R)ZBJiicos(iY/R)
i=1 im=) .

2(1-v)/R(D1/C,) = (1=v)/R (T5/6) (4.33)

v,y(w,x;w,yy)- -1/2R(1=Cos(JnX/L))*

n
¥B, . 1Cos(1Y/R)5C. [ (n/2L)°+(1/R)2]*
a1 92 J1
o i=]}
Cos(1iY/R)
~-2D,/C,R = = T2/6R (4.34)

n
)2 a[ s (C,,Sin(J X/2L)Cos(iY/R)*

(w,__+w,
XX
i=1 J1

yy

(Gpm)? + a/m)®)1%(e212)  (4.35)

2
2(1-v)T§/12[<w,xy)2- 1= (1 =v)Ty/60

Trxx"syy

n
(Jn/zL)g(l/sz)((1+Cos(JnX/L))(zcjiisin(1Y/R))2
ia]

n n
-(l-Cos(JnX/L))zcjicos(iY/R)zCJiizcos(iY/R)]
{1m] im] (4.36)

Having these terms the final potential energy expresslon

can be formulated and integrated.

ho



4.3 Formulation of Equations for Buckling analysis,

From Chapter 2 the potential energy expression 1s

P, =ff P, dx dy

where ?2 i1s already defined.

Letting 2P2/Cl(l/MHRL) = Il + 12 + I3 (4.372)

where I I. and I_ are the integrals

1?72 3

I1 is then separated into Ig + Ii s, Where
Ig 1s the integral for terms when 6= 0
I% is the integral for terms when 0= 1

From the prebuckling analysis
D aD (1+e)=(1+e)(ET/12(1mv?)
1 b b 1
D /C, = (1 + ¢ )(T2/l2)
2" 71 b 1l

where ¢_ 1s the bending stiffness

b

and € is the stretching stiffness,

da is the distance in the axlal direction to the centre of
of imperfection from Y axia,

dc is the distance in the clrcumferential direction from X
axis,

These coordinates are so choosen such that the Imperfection

may be located anywhere in the shell.
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substituting
2L 2mR_ dy+aqdetby
I, = (1/78mRL)LS /S Pg dx dy +Ia iy ?; dx dy]
0 0 d_~a.,d «b
a "1l7¢ 1
[ 191 + [ 17 ]

The limits of integration over the imperfection are gilven

by
E =X = da when &= + ay X = da + al
X = £ + da | when £z = al X = da - a1
(4,374)
- = + = +
n=Y dc when n bl Y dc b1
Y=an +d when n= = b Y=d «0b
c 1 c 1
da+a0 dc+b0 -
I, = (e /UTRL)L S S/ P, dx dy ] (4,37¢)

da-ao dc- bo

Where Pg 18 the stretching potential energy in the area
of the rectangular imperfection.
d,+a d.+bpo~b
I, =(e /mRL)(T2/12)[ 12 O ;¢ 05 ax dy 1 (4.37¢)
3 b 1 2
d_=a d =b
2 b a 0 c O
Where (Tl/12)§2 1s the bending potential energy in the

area of the rectangular imperfection.
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In all of the above integrals the symbol F represents

the potential energy, and the subscript represents the
degree of the derivatives in the potentlal energy
expression, The superscripts correspond to the potentlal
caused by stretching (s) or bending (b), and (0) or (1)
means that the potentlal energy i1s within the area of
rectangular imperfection or outside of the imperfection,

respectively,

The integration of the above integrals are carried in

appendix B=2 and results in:

19 =% A2,0(I1/2L)2 (143Bgruag/R) + 12/R2((1-v)/2)%
1=1

(1+1/48(T /R)2) + Ap/R + B)INRL -

n
1_1 Ayq Ji[(Jn/2L)(i/R)(1-v)(l (T1/R)2/16 + By)+
(JII/?L)(i/R)Z\)(l‘PBO) TnRL +
n

> B,i[(Jn/zL) ((l-v)/2(1+(T /R) 3/16+B +vA /R)+
i=]

(i/R)2(1+(T1/R)2/12+vB0+AO/R)]nRL +

2
1.1 JicH[zi/R + (Jn/2L) /12(1-»)/12(T1/R) 1+

1/6(T, /R)2((31/2L)24(1/R)2) JnRL, +
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%02 [1/R2 4 (JH/ZL)2(BO+oA0/R)+(i/R)2(vBO+A0/R)+

121 I
((31/21)%+(1/R)2)2(T5/12) IR -

n
(oI C A [Q1/20) (2u/R) (148 )= (31/2L) (12/R) €

(1=v)/12 (TI/R)ZJHRL (4.38a)

1 nn 2
Ip = aybylx Ay ((J1/2007((38) /208 ) $uh, /4RC

kul im]l

Sal+8-1'(f+1+f_2)/2))(t+1+(T+2+S_2)/2)>'

)) +

(31/2L)/2R(B,d,/8) (1a_y (T} +S_,

2
21k/R (t_1+(T,2+s;2)/2)(Al/uR(sal+g+l+
nn 5
(£o1+£.2)/2)4B1/2(5, 1)) +2 ZBJinJ((l/R ) (
kel i=4
ki(vB,/2(g_;) +Al/uR(sal+g_l-(f+1+f_2)/2))*
(tyq+(T4pt525)/2)) + (£3+(T_o+S1,)/2)(
2

Blg+l/2 +vAl/MR(Sal+g+1+(f+l+f_2)/2))(Jn/2L)

~(1=y)/2R(§1/4L)4, B, / Bka_; (T},*5.2))
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| ol o e |
H ™3

2
DT Ay By (Bydg /N8 (/210 0 (ThptS_5) (=)

(JL/HL)/R(Byk) (¢ _y +(T_p+512)/2)8,, (1=V) -
V/R(JN/2L)g_ By1(t, (T +8!,)/2) +By/6(
oR? ' 71
d,/2R%) (kla_y (T) 45 _,)))+EIA (C
2
-A /Ha(yn/2L) (f_1+f+2)(t+1+(T+2+812)/2)-
(Jn/MRL)(uAl/Zs)(Sa1+g_l-(f+l+f_2))*
(1/2)(Ty,#5_5) + (1-v/ba)(Ay/2R7)(E i+
nn
f+2)ki(t_l+(T‘2+S;2)/2)) +7 Z-Bkickd (
k=l 1=1
(In/8L) /R (VA4 /20) (£ _1+f o)k (b +(T o+
§15)/2) +(1=v)/URUIN/L) (A, /8a) (£_y+F, )%
1(t~1+(T_2+812)/2) +(A1/R)/83R(Sal+g-l-
nn
(£,+_5)/2)1k(TL+S_5) +I ECkickJ(-uAl/uaR(

k=l i=]

mI/2L)(£_ +8,,) (6, (T, 1#515)/2) +(fn/2L)%(
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t+1+(T+2+812))(B1/2(g+l)+vAl/4R(Sal+

Baq L+ 5)/2)) +(1718) (1/R) (A /R) (

S, +B_1=(f 1 +0_5)/2) (T *S_,)+(1-v)/hs(

“1

Bl/R)da(Jn/Z )iq‘1(6§2-G$2) + (1/R)(k/R)(
(t_l+(T_2+s;2)/2)(vBl/Z(g_1)+A1/aR(sa1+

nn
ksl 1=y

2
taqrt (T #815)/2)8 1 + 1daB1/R7F(ay)(

T! 45_,)) +EEBysCley(=(1-v)/8(A/8) (In/21)%(
2 7 ymy el '

nn
S +g +(f 4+ ,)/2)(T! +S_ )B)> zAkiCk“ (
aq T+l T+l =2 +2 2k=l ey

(1-v)/ns(Al/zn)(J“/zL)(sa1+g+l)+<f+l+r_2)/2)*

L(T! 45 _5))] (4.380)

The integration of the I, integral 1s identical except for

2
the integration limits,
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and for bending are :

/ o
13 Eb ’aobo[z
k=l

n
E

k=l
n

k=1

n
z

k=l

n . 2 2 0.0
:A31A5k<1-v)/n (Ty/R)%/96(k1)g) t2,+
'1

(1-v) (T1/R) /32(jn/uRL)g+lkt 1+

Ji Jk
i’l
2 0 0
2B11Bjk(T1/R) /12R (ki)em l +1 +
i=1

(1-v)/2(T1/R)2(J“/2L)2521 O1

n .
fCJiCJk((T§/12)g91((Jn/2L)2 + (X/R)2)(
=1

(Jn/2L)2+(1/R)2)t21+(1-v)/6(Tl/R)g(
317202 (g0 k160 -80,1%60,) -

1-1

3 2 0 0
((1=v)/R (jn/2L)(T1/l2)g+1kit

ZA1iCJk -l)

=4

- 2 2m2 50 1,40
By 4Cyp ( (1 v)/URE(IN/2L)°TT g kt2y +
1=1

2,520 2 2,,0
T1/6R g k((11/2L)7+(1/R) i) (4.38d)

substitution of the integrals into Equation (4,37) is the

final potentlal energy for the system.
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4,4 Minimization of Potential energy.

Taking the partial derivatlives of the potential energy
with respect to the arbitrary constants of the assuméd
buckling displacement function, and for homogenuity
leaving.the indices of the constants the buckling

determinant is formed,

0 ¢ . ¢

0
3I_/3A, m $2A..C B -
177731 ji 12 31 13

31 11"

0 0 0 0
B ™ - + + I y,
8;1/8 ji ¥ AJ 021 EZBJ 022 Cj C ( 39)

0 0 0 0

J1

The final buckling determinant in general 1s given by

0 1 S B
C(K,L) = C(K,L) + ealc(K-L) + € eao C(K,L) + N caoC(K,L)
(4.40)
where K varies from 1 to 3

and L, varles from 1 to 3.
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C(K,L) is the general representation of the elements of the
buckling determinant. These elements require a great deal
of numerical computalon before applylng the Jacobi's method
for finding the elgenvalue for a real symmetric matrix, The
elements were converted into non-dimensionalized form to

facilitate easler computation.

The superscripts 0 or 1 in the equation of the elements of
the determinant represent whether the term 1s for the
imperfection or for the cylindrical shell respectively, and
S or B is for the stretching or bending of the imperfection
respectively. As can be seen from equation 4.40, the

second term of the element consists of €4 which 1is the

1l
distortion parameter, the third term consists of the product

of stretching stiffness and the undistorted parameter
whereas, the fourth term consists of the product of the

bending stiffness and the undistorted parameter.
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CHAPTER 5

ANALYTICAL STUDIES

5.1 Method of Analysis.

Based on .the theoretical developments of Chapter 3
Prebuckling and Chapter 4 Buckling, a FORTRAN 1V computer
program was developed to perform the calculations. A

complete listing 1s reproduced in Appendix A.

Only one data card which includes the aspect ratio, length
to radius ratio, width of rectangular imperfection to the
radius ratio, and the location of the rectangular imperfe=-
ction 1s required to define the shell and its imperfection.
Permutations and combinations of the above can be made to
obtain various values of the buckling load parameter, which
i1s the least positivg eigenvalue. Number of terms in the

various serles can be varied in the program.

A macro-flowchart of the program is shown in Figure A.1.
First, the constants of the assumed prebuckling dlsplacement

functions are calculated. Then, after the summation of the
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required trigonometric function pertaining to the buckling
analysis 1s completed, the elements of the buckling
determinant are found and the symmetric buckling matrix 1is
developed. The resulting homogeneous buckiing equations
are then solved using Jacobl method for finding the

eigenvalue of a real symmetric matrix.

The computer program was used to study the effect of
rectangular imperfection on cylindrical shell buckling

strength.
5.2 Selection of Shelis for Study.

Two shells having the same radius but different thicknesses
were selected for studylng the effect of rectangular

imperfection on the bifurcation point load. The following

sections describe the various parameters for the prebuckling

and buckling analysis that were made using the computer

program of Appendix A.
5.2.1 Prebuckling:

(a) The imperfection parameter u (rectangular imperfe=-

ction ) was derived in the prebuckling analysis,

This parameter depends on the ratio of the principal

radius of the eylindrical shell to the thickness
of the shell and the aspect ratio of the rectan-

gular imperfection, This parameter 1s obtained
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for the corresponding ratio of the decay length to
the shell radius in the circumferential direction
and governs the prebuckling stress distributicn and
the displacements for a circular cylindrical shell
with a rectangular imperfection in its side. In
the prebuckling analysis, the prebuckling displace=-
ments are localized around the periphery of the
rectangular imperfection and account for both the
stretching and bending stresses. For a constant
aspect ratio of the rectangular imperfectlon and
the ratlo of imperfection width to radius of the
cylindrical shell, the ratio of decay length in the
circumferential direction to the principal radius
is varied. This strategy 1s required since the
circumferential decay length has a weak dependence

on the shell curvature.

(p) The only load parameter considered was the ratio
of the critical load to the classical load in the
axial direction. The pressurization parameter
was taken as zero for this study. The axial load
parameter was set at 0.5 and 1.0 to obtain the least
and conslstant posltive eigenvalues from the buckling

analysls,

5.2,2 Buckling:
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(b)

The main parameters for the bifurcation point load
analysis are: the ratio of principal radius of the
cylindrical shell to the thickness of the shell,
ratio of length of the cylindrical shell to the
radius of the shell, aspect ratlo of the rectangular
imperfection, the ratio of imperfection width along
the circumferential direction to the principal
radius of the c¢ylindrical shell, the ratlo of
imperfection length to the length of the cylinder,
and the locatlion parameters of the rectangular
imperfection both in the axilal and circumferential
direction, and the ratio of the thickness of the
rectangular imperfectlon to the thickness of the
shell. The locatlion parameter in the circumfe-
rential direction was taken as zero, slnce it was
assumed to pass through the axls of symmetry of the
eylindrical shell.

The membrane stiffness parameter and the bending
stiffness parameter derived in the prebuckling
analysis act as multiplyling factors for the
corresponding terms of the elements 1n the buckling
matrix. The membrane stiffness parameter varies
linearly with respect the ratio of thickness of the

imperfection to that of the shell. The membrane and
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bending stiffness parameters are so formed to be
equal to zero when there is no variation in the
thickness of the shell and the imperfection, These
parameters are taken as positive or negative depen=
ding upon whether the thickness of the rectangular
imperfection 1s more or less than the thickness of
the cylihdrical shell respectvely. It was found
that the bending stiffness parameter predominates
in making the imperfect shell to bifurcate premat=
urely. Each element of the buckling matrix consists
of the membrane stiffness parameter and the bending
stiffness parameter, together with the combination

of imperfection stiffness parameters.

(c) The imperfection stiffness parameters depend on the
decay length in the clrcumferential direction. The
imperfection stiffness parameter in the circumfer=
entlial direction is approximately three times less
than the imperfection stiffness parameter in the
axial direction. From this fact ,the cylindrical
shell with rectangular imperfection in 1its side,
under the action of axial compressive load pifur-
cates with considerable distortion of geometry at

the point of discontinulty.

Based on the above, shells with radius to thickness ratio of
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100 and 200 were selected for numerical study. The other
parameters, the aspect ratio of the rectangular imperfection,
length to radius ratio, width of the rectangular imperfection
to the radius, thickness of the imperfection to the thickness
of the shell, which were used to study the subject shells

are shown in Tables 5.1 and 5.2. In these tables the last

two columns are from the computer results.
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g9

'.L‘2/T1 = 0 T2/T1-.5 n

Load in 1bs Load in 1bs ‘1‘2/‘1‘l TZ/Tl

1 A4 1811.08 1356.92
2 .25 .8 .1570 1799.95 1177.36 16 17 .7435 .4863
3 .25 1.2 .1570 - 1632.66 1224.74 17 18 .67h4 ,5059
i .25 1.6 .1570 1645.25 978.78 18 16 .6796 4043
5 .50 oA .1570 1555.68 1453.99 10 13 .6426 .6006
6 .50 .8 1570 1394.20 1228,13 11 15 .5759 .5073
7 «50 1.2 «1570 1478.45 1137.59 12 16 .6107 .4699
8 .50 1.6 .1570 1433.47 1169.78 12 17 .5921 .4B32
9 <75 N .1570 1581,82 1400,25 10 12 ,6534 .5784
10 .75 .8 .1570 1630.24 1267.59 10 14 ,6734 .5236
11 .75 1.2 .1570 1568.26 1224, 74 14 15 .6478 .5050
12 .15 1.6 «1570 1423,01 1300.27 11 16 .5878. .5371
13 1.00 o4 «1570 1538.97 1336.58 13 12 .6357 .5521
14 1,00 .8 .1570 1555. 44 1108,05 10 10 .6425 4577
15 1,00 1,2 .1570 1465,38 1115.80 10 14 ,6053 .4609
16 1.00 1.6 +1570 1394, 44 122k.50 11 15 .5760 .5058
1 .25 N .6280 1758.55 1145,.33 10 10 .7264 .4731
1 .25 .8 .6280 1520.57 1146.5% 11 12 .6281 .A4736
19 .25 1.2 .6280 1h62.71 1148,96 11 13 .6042 4746
20 .25 1.6 .6280 1173.90 841,02 12 13 4849 3474
21 .50 oAb .6280 1496,12 997.42 9 9 .6180 .4112
22 .50 .8 .6280 1395.65 854, 34 10 10 .5765 .3529
23 .50 1.2 .6280 1238.05 967.88 10 11 .5114 .3998
24 .50 1.6 .6280 1181.40 901,79 10 11 .4880 .3725
25 o715 oA .6280 1130.08 1295.91 9 10 ,4668 .,5353
26 .75 .8 .6280 1109.26 1117.00 9 10 .4582 4614
gg .;5 1.2 .gzgo 1126.13 853.13 9 10 .u569 ,.3524
.75 1. .6280 1062,7 872.74 9 10 .u4390 .3605
29 1.00 WA .6280 1094.74 967.40 8 9 ,4522 .%996
30 1.00 .8 .6280 1080.21 730.39 7 10 4462 3017
31 1.00 1,2 .6280 1026. 47 1045.11 8 10 .4240 L4317
32 1.00 1.6 .6280 1038.57 852,89 9 10 .4290 .3523
Eal- 107 psi, R/T1-100.00, T,;® 0.04 ins , v = 0,3, Nxa-(x)'zuzo.gl

Table 5.1 Shell imperfection parameters,
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T2/Tl'0

T2/T1’1o 5

n

Comp. Result

Table 5.2 Shell imperfection parameters.

Load in Lbs Load in Lbs .
0.0 0.5
1 .25 ol 1570 670.00 901.91 17 39 .5535 .7451
2 .25 .8 L1570 600,27 823.35 19 28 .,4959 _6802
3 .25 1.2 .1570 519.04 702,43 20 29 ,4288 ,5803
] .25 1.6 .1570 498.95 537.68 21 29 4122 4442
5 .50 A .1570 653.16 802.17 15 22 .5396 .6627
6 .50 .8 .1570 661.39 710,78 17 25 .5464 .5872
7 .50 1.2 1570 599.66 634,16 18 26 .49sk .,5239
8 .50 1.6 .1570 599,66 486,36 18 26 .4954 L4018
9 .75 ol «1570 643,11 777,84 14 20 ,5313 .6u426
10 +75 .8 «1570 600,14 696,62 15 28 .4958 .5755
11 .75 1.2 .1570 565.52 630.89 16 25 4672 .5212
12 75 1.6 «1570 555. 96 535.02 17 25 4593 U420
13 1.00 4 «1570 676,16 795.27 14 18 .,5586 .6570
14 1.00 .8 1570 652,92 723.00 15 23 .5394% .5973
15 1.00 1.2 .1570 630.43 675.43 16 24 ,5206 ,5580
16 1,00 1.6 .1570 565,52 522,92 16 24 4672 4320
17 .25 b .6280 505,85 1027.93 13 19 .3693 .7889
18 .25 .8 .6280 447,02 954,93 13 19 .3693 .7889
19 .25 1.2 .6280 440,48 686 .45 14 19 .3639 .5671
20 .25 1.6 .6280 469.54 666,96 15 20 ,3879 .5510
21 .50 WA .6280 505.49 939,31 11 17 1176 ,7760
22 .50 8 6280 92,53 843,93 19 17 4069 ,6972
23 .50 1.2 .6280 459,97 736.56 12 21 .3800 ,6085
24 .50 1.6 .6280 446,90 698,67 13 18 .3692 .5772
25 75 WA .6280 185,99 808,22 11 13 .4015 .6677
26 .75 .8 .6280 476.19 786,19 15 17 .3934- 6495
27 .75 1.2 .6280 487,08 690,20 19 17 4024 ,.5702
28 .75 1,6 .6280 463,73 613,94 12 19 .,3831 ,5072
29 1,00 oAU .6280 486,72 797.57 10 14 4021 .6589
30 1.00 .8 .6280 504,88 755.21 11 16 4171 .6239
31 1.00 1,2 .6280 473,17 742,49 16 15 ,3909 .6134
32 1,00 1.6 .6280 484,55 595,67 19 16 ,4003 .4921
‘Egq™ 107 psi, R/TI-ZOO.OO. T,= 0.04 ins , v = 0.3, Nya=(2)#1210.46




5.3 Discussion of the Results of Computer Analysis.,

Figures 5.1 to 5.5 show the variation of the load as a
function of value of the determinant for the parameters
stated in the previous section., Each figure is for two

. shells having radius to thickness ratio of 100 and 200.

Figures 5.1 and 5.2 are for a rectangular imperfection
having an aspect ratio of 1.5. Figure 5.1 is for a
cutout and Figure 5.2 is for a general imperfection of

the same thickness as the shell.

Figures 5.3 and 5.4 are for a rectangular imperfection with

an aspect ratio of 0.5 and varying imperfection thicknesses.

The analyses represented by Figure 5.1 to 5.5 show that,
since the bucklling load parameter A 1is the ratio of the
buckling load of imperfect to the classical buckling load
of the perfect shell, the buckling load parameter
approaches 1.0 as the thickness of the imperfection

approaches the thlickness of the shell.
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Determinant

0.05

0.10

0.15

0.20

0.25

Ratio of Load A = [P, ./P,, ]

0.0 0.2 0.4 //b)f 0.8 1.0
I

LB ! ’ !

R/Tli 100

R/Tl= 200

2,/by=145, 2L/R = 3.0

2by/R=.785,d,/L = 1.0
T,/T;=0.0 , n = 4

Figure 5.1 Variation of buckling load with
determinant.
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Determinant

0.20

0.40

0.60

0.80

1.00

Ratio of Load
0.0 0.2 0.4 c7 7/8 1.0

——f———

R/T1= 100

R/Ty= 200

2b,/R=,785, d4,/L = 1.0

T,/Ty= 1.0 4 n = 20

Figure 5.2 Variation of buckling load with
determinant.,
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Determinant

Ratio of Load A

0.0 0.2 0.4 0.6 0.8 I//}ao

A | | ] v '
0.10 |
0.20 L. ke R /T1= 200
ag/bg=0.5 , 2L/R=s 4.0
0.30 L
2by/R=,785, d,/L= 1.0
0.50 L

Figure 5.3 Variation of buckling load with
determinant.
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Determinant

Ratio of Load A
0.0 0.2 0.4 0.6 0,8 1.0

-
=

0.20 R/T1= 100

R/T1= 200

ay/by =0.5 , 2L/R = 6.0

0.60 L

2b0/R =.6280 da/L = 1.0
0.80 L T,/Ty= 0.5, n = 6
1.00 L

Figure 5.4 Variation of buckling load with
determinant.
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Determinant

.10

0.20

0.30

0.40

0.50

Ratio of Load A

0.0 0.2 0.4 0.6 0,8 1.0
| | ¥ 1
~ R/T1= 100
P
L ay/by= 0.5 , 2L/R =6.0
2by/R =.628, T,/T,=0.0
da/L = 1,0 ,n=25
L

Figure 5.5 Variation of buckling load with
determinant.
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Figures 5.6 to 5.9 show the variation of the load versus
the aspect ratio of the imperfection for different shell

length to radius ratios.

Figure 5.6 is for width of imperfection to radius ratio of
0.1570 and Figure 5.7 is for 0,6280, Both figures are

for a shell having a radius to thickness ratio of 200.0,

The behavior of the shell for different 1ength'to radius
ratios is almost unchanged as shown in Figure 5.6, whereas,

there is a drastic change shown in Figure 5.7.

Figures 5.8 and 5.9 are for different aspect ratios of the
rectangular imperfection, but otherwise the same as the
shells for Figures 5.6 and 5.7. The analyses represented
by Figures 5.8 and 5.9 show that the buckling load decreases
as the aspect ratio of the rectangular imperfection

increases.

The rectangular imperfectlon parameter given by

. 2 1/2
o= C*[(2b/R)*(R/T,) “*(1+a /b )]

where C =1/8 *(12(1-0))1/“

was used to develop the curves shown in Figures 5,10 and
5.11. Figure 5.10 1s for an imperfection width to radius

ratio of 0.1570 and Firgure 5.11 is for 0.6280, The
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RATIO OF LOAD (P, /P ) = A

o
R/Tl=200
T /T: 105
1.00 | 21
2b0/R =0,1570
.80 _ \ 2L/R=O.u
2L/R=0,8
/
\ T eu/ReLe
.60 L
.\ /2L/R:1.6
Jho |
.20 L
| ] A | 1
0 «25 «50 .75 1.00

ASPECT RATIO

Figure 5.6 Variation of buckling load with
aspect ratio of rectangular imperfection.



RATIQ OF LOAD (P,./P.;)= A

0.991_

R/T,= 200
2b,/R=,6280
0.826]
T2/Tl=1.5
2L/R =0,4
0.661L
2L/R =0,8
0-“9jL 2L/R =1.2
2L/R =1.6
0.3300
o.165%
{ 1 L | 1
0 25 .50 .75 1.00

ASPECT RATIO

Figure 5.7 Variation of buckling load with
aspect ratio of rectangular imperfectlon.
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A

Ratio of Load

0.991

0.826

0.661

0.496

0.330

0.165

-
R/T = 200
2bo/R = .1570
@
L (1) 2p/bg=0.25
® (3) 24/by=0.75
—
1 1 1 J
0.0 0.4 0.8 1.2 1.6

Length to Radius Ratio

Figure 5,8 Variation of buckling load with
length to radius ratio of the shell,
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“A

Ratio of Load

1.0

0.9

0.8

0.7

0.6

0.5

0.4

ao/bo- 0.25

1 i | ] ]

0 0,4 0.8 1.2 1.6

LENGTH TO RADIUS RATIO

Figure 5.9 Variation of buckling load with
length to radius of the shell,
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R/T. =200
/ 1

T2/T1= 1.5
a 2b /R= 0.6280

- ay/bg=0.75

ao/bofl.O



ratio of the thickness of the imperfection to that of the
shell is 1.5, These figures show the varlation of the
load as a function of the imperfection parameter for
the same shells. The buckling load parameter decreases
with lncrease of the imperfection parameter. The shape
of curves shows general agreement with curves developed
by Koiter for shells with general imperfections. The
steepness of the curves shows that the shell structure

1s very much sensltive to a rectangular imperfection.

Figure 5.12 is for a rectangular imperfection having a
width to radius ratio 0.1570 and Figure 5.13 is for 0.6280.
Both of these curves are for a ratlo of thickness of the
imperfection to that of the shell of 1.5. Figures 5.12
and 5.13 show the variation of the load as a function of
the curvature parameter. These two figures reveal the

reduction in load as the geometric parameter increases.
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Ratio of Load *

0.8

0.6

0.4

0.2

T,/T, = 1.5

2b0/R = 0,1570

1 1 [ 4 |
0 0.2 0.4 0.6 0.8 1.0

¥  Imperfection Parameter

Figure 5.10 Variation of buckling load with
imperfection parameter,
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A

Ratio of Load

1,00

0,90

0.80

0.70

0.60

0.50

0.40

T =
R/ 1 200
-
T2/Tl= 1.5
- 2b0/R=0.5280
2L/R = U
2L/R = ,8
r
2L/R =1.2
- 2L/R =l1,6"
I ] 1 |
0.0 1.0 2.0 3.0 4.0

u Imperfection Parameter

Figure 5,1) Variation of buckling load with
imperfection parameter,
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Ratio of Load *

0.7

0.6

0.5

0.4

- R/Tl= 200 ,T2/T1- 1.5
2bO/R 20,1570
(1)
(l) ao/b0-0a25
(2) ao/bo'OU 50
_ (3) ap/by=0.75
(4) ay/by=1.00
1 L1 1 s+ 311 1 - | . W 1
20 100 200 300 400 500

Curvature parameter 2

Figure 5.12 Variation of buckling load with
curvature parameter.
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A

Ratio of Load

0.9

R/T, = 200 ,

(1)
0.8

0.7

0.6
(1) ay/by=0.25
(2) ay/by=0.50
0.5 (3) ag/by=0.75
(4) a,/b,=1.00

0.4 i Lol b I ) q

TZ/TI- 1.5 , 2b0/R=0.6280

20 30 40 50 100 200

Curvature parameter 2

Figure 5,13 Variation of buckling load with
curvature parameteg
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CHAPTER 6
SUMMARY AND CONCLUSION

In this study the bifurcation point load for cylindrical
shell having a rectangular imperfection was obtained by
adopting the Koiter's concept of initial-postbuckling
theory for imperfect shells. Since linear prebuckling
behavior 1s assumed, the bifurcation point load analysis
leads to a linear eigenvalue problem. In this case the
bifurcation point load analysis is relatively simple, and
eminently useful way to determine the stability limit.
Although nonlinear strain displacement relationships of
shallow shells are assumed for deriving the potential
energy expressions for the buckling analysis, when 1t comes
to the qguestlion of considering the second order terms of
the total potential energy, the equation exhibits a highly
linearized form, hence, obtaining the linear elgenvalue of

the bifurcation point load is justified.

Variatlon of decay length in the circumferential direction

is considered in obtaining the minimum potential energy
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for the buckling analysis of imperfect shallow shells.,
This strategy 1s required because the shell buckling has
a weak dependence on shell curvature, The bifurcation
point load for a shell having a rectangular imperfection

in its side considerably reduces the axial compressive

load carrying capaclty of the shell,
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APPENDIX A

Computer Program Listing
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Input
parameters

Prebuckling calculations
varyling the number of series
terms

Formulation of prebuckling
matrix and computation of
constants

Buckling calculations and
formulation of the buckling
matrix

Computation of the sums of
trigonometric functions before
obtaining the buckling matrix

Generation of buckling matrix

Solution of the buckling

equations by Jacobi's method
of obtaining the elgenvalues
for a real symmetric matrix.

Figure A,1 Macro computer program flow chart
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BNOLv G LEVEL 21 MAIN DATE = 76163 16740721
MAIN PRBUCKLING STRESS

THIS PROGRAM FIRST CALCULATES TFHE PRFBUCKLING COEFFICI
ENTS BY A SUBROUTINE *GAUSJU' THUS OBTAINED COEFFICIENT
S ARE THEN SUBSTITUTED IN THE BUCKLING DETERMINANT, THF
BUCKLING DETERMINANT INVOLVES VARIABLE INTEGERSe. THE
ELEMENTS OF THE PRESUCKLING MATRIX DEPENDS CN THE RATI
10 OF THE THICKNESSES OF THE SEHELL AND THE [IMPERFECTION
THE PROGRAM CAN BE EXTENDED TO FORM THE CUTOUT BY
GIVING THE VALUE OF T2 AS ZERKO AND CAN ALSU BE TKREATED
WITH OQUY ANY IMPERFECTION BY SETTING T2=T1=T WHERE T1
1S THE THICKNESS (OF THE SHELL. THE VARIABLES ARE AS
FOLLCWS .
100606A0/8B0eeee s ASPECT RATIC OF THE CUTOUT OR
IMPERFECTION
2eeeEL/R eoees LENGTH OF THE CYLINDER TO RADIUS
3c0ee R/TleoseessRATIO OF PRINCIPAL RADIUS OF THE CYLINLFR
TO THE THICKNESS OF THE CYLINDER
4e0eBO/R eeeesRATIO OF CUTOUT CR IMPERFECTICN BREADTH
TO PRINCIPAL FADILS OF THE CYLINDER.
SeeeT2/Tl asoeesRATIO OF THICKNESS OF CUTOUT OR IMPERFEC
TIGN TO THCKNESS CF CYLINDER,
GeeoDA/EL ¢ 060 LOCATION OF THE CUTOUT OF IMPERFECTICN A
ALCNG THE LENGTH CF THE CYL INDER,
7200e0C/R 28 eeeLOCATION OF THE CUTOUT OR IMPERFECTION A
LONG TFHE C[RCUMFERENCE 0OF THE CYLINDER
THIS CAN BE SFT TC ZERO
RoeePOR s000ePOISSON RATIND DIFFERS FOR MATERIALS
9«2 SIGA/SIGCL RATIO OF ACTUAL STRESS TO THE CLASSICAL
CAL STRESS FROM WHICH THE LCAD CAR
RYING CAPACITY OF THE CYLINDER WITH
AN IMPERFECTION CR CUTOUT CAN BE AR
RIVED WITH RESPECT TO A PERFECT CVL
INDER
10 eseoeaTHE MAIN PARAMETER IS SQRT{(RT1/8C*%
sesese2) AND THE ASPECT RATIO.

YTHE SUBRPOUTINE*GAUSJO* IS USED TO OBTAIN THE BUCK
LING DETERMINANT, A PLOT IS MADE OF EACH OF THE D
ETERNMINANT AGAINST THE RAYIO OF 9

s NeNeNaNe NN e EaN s T NaoNe s NeNeNeN o NN oo NeNe N NaNeN s NaNoNeNe e NN NN e Es o XE)

IMPLICIT REAL * 8 (A-H, 0-2 )
NDIMENSION A{4+5) «C{3+3)eT(3:43)3AIK{(3)eEIGEN(3)
C COMMON BLOCKS
CCWMCN/BLCCKLIZBITAUs STAUBY o SEPSIVeSCSIY«SOHNMBL, SPHIY,
1SSIYsSPHINY SSIOY«SCSIOY »STHBBC +B1TAUL »STAUBO oDCCHM, SESICY
COMMON/ZBLKZ2/XT o XIT o XIJeXJeXJJeXIIII
COMMON/BLK3I/ZEPSAQ »EPSAL
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AN 1V G LEVEL 21 MAIN DATE = 76162 16/25/51

COMMON/BLK4/RBALPALPBEL,,A3
COMMON/BLK7/C11304C257C+C32904C1231+C2481+C36214C1235,C248BS5,C362S,
2 C113B8+C215B+C329B,C2610,C3420,C2091,C3981,C2095,C348S,
3 C206B,C332B,C35304C3281,C358S5,C3348,DELTA
COMMCN/BLOCKS/Ql s BOBEET ELBRs AOEBO +BOBR «DABEL +DCBRTZBT 1,
1ALPBET CLBRy X0sY0s X1 oY1 sEPSIEPSETEMPAOBEL »
2FOP1+FOM2s TOP1 4+ TOP2y SOPRM2+sQ0M1 s TOPRP24+SA0+SOM2+GOP1 »
10M1 s TPRP2:SM2+sTM1 s TM2 oGP 1 +FM1 o EETBT 14+ ALPBT1 »GOM1 »
3TOM]1 s TOM2,BETBR¢FOML1 sFOP2 4GSM2 4GTP2 s GOSM2
4 GOTP2sGM1+FPLsFM2sFP2sTP1yTP2+SPRM2,+DABBET 4SPRP2
COMMON/BLKE/PI sB1 B8R+ CCTAUWN
C CAODING
13 READ 100+MM, AOBBO+ELBR+BOBR+DAEEL.DCBR
PRINT 1
PRINT 110
PRINT 105+sMM,AOBBOELBR+BOER,DAEELsDCBR

P11 = 34141562654

PCR = 03

P = 0a0

Q1 =(3e*(1e~POR*POR) )%%0, 25
N = 17

T287T1 = 145

PRINT 180.N.T28BT1
DO 85 KK= 741245

ZGXBCL = (KK=2)/10.
TEMP = ZGXBCL
RBTI = 100
PRINT 210s RBT1, TEMP
PRINT 200
40 ALBEL = 2+44/(ELBR*DSQRT(RBT1))
RBO = BOBR*DSQRT(RBT1)
AR = (2.44/A0BBOY/REO
AS = 2.44/RBO
ACBEL =(A0BB0O) *(BOBR)/(ELBR)
A3 = AOBEL + ALBEL
ALPBEL =A3/P1
RBALP =(1 ¢/ ((ELBR) *(ALPBEL)))
CLBR = 2444/DSQRT(RBT!)
BETAA = BOBR*BOBR*RBT1
ALPHA = (AQBB0 )1**2*BETAA
Q2 =1+ +AR
Q3 =1 e +AS
UN =(PI/Q3)%%x2/BETAA
UM =(P1/Q2)**x2/ALPHA

AOBALP =PI/Q2
BOBBET =PI/Q3

ALPBET = AO0BB0 * ( Q2/Q3 )

FPSAQ = «85%A0BEL*BOBR/PI

EPSA1 =EPSAO*Q2%Q3

SA =(DSIN(AOBALP))I/(AOBALP)

s8 =(DSIN(BOBBET))/(BOBBET)

S2A =(DSIN(2.%A0BALP) )/ (2. *A0BALP)
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AN [V G LEVEL

12

21

s28
CA
TA
T8
T2A
T28B
D2A
D28
CcPA
EPS
EPSB
G1
G2
G3
ANXAC1
ANt
G4
G5

W N -

AN2
AN3
G6
1
2
A1BBETYT
AOBBET
A 18R
G7
1
2
3
ANG
RHO1
RHQ2
DO 12 I
DO 12 o
AlI«J)
ACl.1)
A(l.2)
A(l +3)
A(l144)
A(2+1)
A2 +2)
A(2+3)
A(24+4)
A{2+5)
A(3+1)
A(3,2
A(3+3)
A(3+4)

MAIN DATE = 76162

=(DSIN(2 +%BOBBET) )/ (2., *BOBBET)

=(0DCAas(AOBALP))

=(1e+SA) /2.

=(le + SB M2,

=(1e=S2A)/8.

={1.-S28)/8,

=(1+.+S52A)/8,

=(1e+S2B)/8,

=(1e+CA /2,

=(T2BT1-1,)

=((T2B8T1 )**3=1,)

=1 ++EPSAOX*EPS

=(EPSA1/40)+(EPSAO*EPS*TA*TB)

=(EPSA1/24)+(EPSAOXEPS*TH)

= TEMP * (DSQART((1 ¢ - POR¥POR)/3.))/7(RBTI1)

= ANXAC1

=Gl +AN1

=(9e¢/644 )XEPSAL+EPSAOXEPS*k(TA-T2A)%(TB-T2B)+(UNX*
%2/77686 ) ¥(3s*EPSAL14064 +*EPSAO*EPSB*D28%( TA-T2A
))+(UMRUN/384, ) ¥(EPSA1+192+ *POR¥(TB-2.%T2B8 ) *(
TA=26%T2A))

=AN1*EPSA1%,5

={(3e/32¢)%AN2*(RBALP) *%2

=( 3e¢/164 ) *POR*EPSAI+POR*EPSAOXEPS*TAX(TB-T2B )~
((1.=POR)/384,)*UN*¥(EPSA1+16, *EPSAOXEPSBk T28%
(TA-CPA))/(REBT1)

=(PI*(AO0BBO) *Q2/Q3)

=(A0B80) *(BOBBET)

=(A08BBO)*x(BOBR)I*Q2

=(3e¢/8e¢) *EPSAL14+((1.-POR)/12¢)%XEPSAL*(AIBELET) %%
2H+EPSAO XEPS*(TB=T2B)+ +6T*EPSAQ*EPS*{1.~POK) *T2
B¥ (AOBBET)*%2+((1~POR)/384 ¢ )XUNX( ¢ 17%EPSAL1 *
PIZ(UMX(RBT1))+.17%EP SACXEPSBX(AIBR)*%2)/(RBT1)

= 7TS®AN2

=0.0

=EPSAL1 *RHO1/4.,

144

165

0.0

=61

==POR*A(1,1)

=G2

==POR*G3

=A(1,2)

=G1+AN1

==POR%A(1,3)

=G3 +AN2

==AN1

=A(1,3)

=A(2,+3)

=GS+AN3

==G6
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A4 1) =A(1.+4)

Al4,2) =A(2+4)

A(a,3) =A(3+4)

A(4 44) =GT7T4+ANA

A(4+5) =~AN2
CALL GAUSJO ( AsQ41+DETER )
DO 30 I =1,4

X0 = AC I.+5 )
X3 = A (1,5 )
Y0 = A ( 2+5 )
X1 = A { 3¢5 )
vl = A (& o5 )

CALL BUCK (C+RBT1)
EIGENVALUES B8Y THE JACOBI METHGD.,

Do 2 I = 1,3

DO 2 4 = 1,3

T(IeJd) = 040

ClIsJ) = 040

NN = 3

I TMAX = 50

EPS] = 1s400E-10

EPS2 = 1.00E~=10

EPS3 = 1 400E-S

C( 1ol )=eS5*(C1130+EPSAL%XC1231+C123S*EPS*kEPSA0+C113B*EPSB
1 ¥EPSAQ )

Cl 142 )I=(—-C25T0+EPSAL%*C24814+C248S*EPSXEPSAO+C215SB*EPSH
1 XEP SAQ )%,25

Cl 143 )=(~C3290+C3621%EPSAL+C2E2SXEPS*FPSAO+C32GB*EPSHB
1 XEPSAQ )*ke25

Cl 242 )=¢5%(C26104C2091*%EPSA14C209S*XEPS*EPSA0+C Z06B *EPSR
1 *EPSA0 ) '

C( 2,3 )=(C34204+C3981*EP SA1+C348SkEP SXEPSAO+C332BXEPSA

1 *EPSAD )*425

C{ 3+3 1=+.5%(C35304+C3281*%EPSA1 4+C358S*EPS*EPSAO+C 234B*EPSB
1 *EPSAOD )

NM1 = NN=-1

SET UP INITIAL MATKRIX Ts COMPUTE SIGMA AND S
SIGMAlL = 0.0

OFFDSQ = 0.0

DO S I = 1sNN

SIGMAY1 = SIGMA] + C(LeI)%%x2
T(Iel) = 160

IP1 =1 +1

IF (1.GE«NN )} GO YO 6

DO S J = IP1le NN

OFFDSQ = OFFDSQ + C(IsJ)%%2
S = 2.0%0FFDSQ + SIGMAL

BEGIN JACOBI ITERATION
DO 26 ITER = 1 ,ITMAX
DO 20 I = 1.NMi

Pl =1 +1
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DO 20 J IP1 +NN

Q DABS(C(1+1)=-C(JsJ))

COMPUTE SINE AND COSINE OF ROTATION ANGLE
IF({Q.LEL.EPS1) GO TO 9
IF{DABS(C(1+J))eLE.EPS2) GO TO 20

it

P = 240%C{1eJ)%Q/7{C(I,L[)=C(JeJ))
sPQ = DSART{PXxP+Q*Q)

CSA = DSQRT((1.04Q/S5PQ)/2,)

SNA = P/(2 0%CSAXSPQ)

GO TO 10

CSA = 140/7DSQRT(2.000)

SNA = CSA

CONT INUE

UPDATE COLUMNS I AND J OF T EQUIVALENTS TO
MULTIPLICATION BY THE ANNHILLATION MATRIX
DO 11 K = 1,NN

HOLDKI = T(K,I)

T(Kes1) = HOLOKI*CSA + T(KsJ)XSNA
T(KeJ) = HOLOKI*SNA = T{KsJ)*%CSA

CONPUTE NEW ELEMENTS OF A IN RCWS I AND J
DO 16 K = I+NN
IF (KeGTseJ) GO TO 15

AIK(K) = C{1+K)

ClIsK) = CSA*ALIK(K) + SNAXC{(K,J)
IF (KwsNEeJ ) GO TO 14

ClJeK) = SNAXALIK(K) = CSA*C(JsK)
GO TO 16

HOLDIK = C(I,K)

ClIsK) = CSAXHOLDIK + SNA*C(J,4K)
C(JeK) = SNAXKHOLDIK = CSA*XC{(J+K)
CONTINUVE

COMPUTE NEW ELEMENTS OF A IN COLUMNS I AND J
AIK({J) = SNAXAIK(I) = CSA%AIK(J)

WHEN K IS LARGER THAN 1
DO 19 K = 1led
IF (Ke.LE.I) GO YO 18

C({KeJ) = SNAXAIK(K) = CSAXC(KsJ)
GO TO 19

HOLDKI = C(KsI)

C(Ks I) = CSAXHOLDKI + SNAXC(KeJ)
C(KeJd) = SNAXHOLDKI - CSA%XC(K,J)
CONT INUE

C(IleJ) = 0.0

FIND SIGMA2 FOR TRANSFORMED C AND FOR CONVERGENCE

SIGMA2 = 0.0

DO 21 I = 1NN

EIGEN(I)= C(I.I)

SIGMAZ = SIGMA2 + EIGEN(I)*%2

IF(l «0 = SIGMAL/SIGMA2,GE.EPS3) GO TO 25
PRINT 204,y ITERy SIGMA2sS NN

PRINT 201 +(EIGEN(I)s I= 14NN)

GO TQ 84
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2€ PRINT 202, ITER+sSIGMAl+SIGMAZ

26 SIGMAYl = SIGMAZ2

C IF ITER EXCEEDS ITMAX » NO CONVERGENCE
PRINT 2934ITER+S+sSIGNA1+SIGMA2

84 RBT1 = RBT1 + SO

IF {( RBT1 - 100 ) 40+,40.85
85 CONT INVE
IF (MM) 90,90,.13

90 sTaP
C FORMATY STATEMENTS
1 FORMAT ( *1° )

100 FORMATY (I5,5X+5F10e4 )
105 FORMAT (/,15+5X«5F10.4 )
110 FORMATY(3X,"MM? 10X *A0/B0%,5SXs *L/RY,TX,*BO/R?*
1 +SXe"DA/EL'*+5Xe*DC/R?*,/)
180 FORMAT (/+10Xe* N = *3J2e5Xe®T2/T1 = ",F10e29/ )
200 FORMAT(5X.* EIGEN VALUES BY JACCBI METHOD®,/)
201 FORMAT (SX»6E1868)
202 FORMAT(/+6X+sPITER = 9,1346Xs*SIGMAL = % ,E17+8¢6X+s"'SICMA2=*,E17.8)
203 FORMAT(/+4X+s*"NO CONVERGENCE » WITH " 4/7XS*'ITER = ' 413+5X,

1 'S = 1,E17e89SXe*SIGMAL = "4E17.,8¢5X*SIGMA2 =
2 2E17e80//7)

204 FORMAT(/+4Xs *CONVERGENCE HAS OCCURED o WITH * 4/
1 O6Xe*ITER = *3I3,5Xes?SIGMA2 = 9,E17:8¢5Xe?S = ¢,
2 E17e¢68s5Xe " NN = S 3139/ +4X'EIGENVALUES EIGEN(1 ).
3 e o EIGEN(NN) ARE '+/)

210 FORMAT (/+5Xs*RBT] = 1 9F6e0sS5Xs? TEMP = *3F6e2e¢/)
END
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SUBROUT INE BUCKL ING

SUBRCUTINE BUCK (C.RET1)

STABILITY OF CYLINDRICAL SHELL WwITH RECTANGULAR CUT CuU
T OR IMPERFECTION,

s ASPECT RATIO AO/B0
+LENGTH TO RADIUS EL/R
oRADIUS TUO THICKNESS OF CYLINDER R/T1
+CUTOUT LENGTH TO LENGTH OF CYLINDER AO/EL
+CUTOUT BREADTH TO RADIUS QOF CYLINDER BO/R
«RATIO OF THICKNESSES T2/7T1

eT?2 IS THE THICKNESS OF IMPERFECTION
Tl IS THE THICKNESS OF CYLINDER
oWHEN THERE IS A CUTOUT THICKNESS QOF
¢ IMPERFECT ION IS TO BE GIVEN AS ZERO
+POSITION OF OMPERFECTION IN X=-AXIS DA/ZEL
«POSITION OF OMPERFECTION IN Y-AXIS DC/R
IMPLICIT REAL * B (A~tFy 0=2Z )
DIMENSION C ( 3 , 3 )
COMMON BLOCKS
COMMCN/BLOCKLI/ZB1 TAUs STAUBL1eSEPSIYSCSIY»SOHMBLsSPHIY,
1SSIYsSPHYIOYsSSIOYSCSIOY+STHBBO +B1TAUL »STAUBO 4DCCHMy SESIOY
COMMON/BLK2/XT oXIT o XTJeXJeXJJeXIIII
COMMCON/BLK3/EPSAQLEPSAL
COMMGN/BLK4/RBALPJALPBEL A3
COMMON/BLK7/C1130+C2570sC3290+sC1231+sC2481+C36214C123S+C248S4+C362S,
2 Cl113B8,C21584+C329B»C2610,C3420,C2031,C3981,C2095+C348S,
3 C206B+sC332B+C3530+C3£81,C358S,C3348,DELTA
COMMECN/BLOCKS/ Q)Y +BOBEET s ELBRyAOBS0 s BOBR¢DABEL +DCBR»T2BT1»
1ALPBETsCLBR e X0 s YO s X1 sY1EPSEPSB.TEMP,AOBEL,
2FCPL +FOM2+TOP1 s TOP2+SOPRM2,Q0M1+TOPRP2eSA0»SOM2,G0OP1
1QM1 s TPRP2¢SM24,TMI+TM2,GP1 ,FM1 , BETBT1  ALPBT1,GOM1,
3TOMI s TOM2+sBETBResFOMI1 «FOP2+GSM2 ,GTP2,GOSM2,
4 GOTP2sGM1 oFPL +FN2+sFP2eTP1+sTP 2 SPRM2 ,DABBET ¢ SPRP 2
COMMON/BLKG6/PT 4B1BR +DCTAUWN

SAt =00

POR = 043

M = 2

PI = 3.141592654%
PHIX =PI%(MkA3+1. )
PSIX =PIR(M*A2=1, )
SPHIX =DSIN(PHIX)/PHIX
SPSI X =DSIN(PSIX)/PSIX

IF(MXA3 ,EQele ) SPSIX = 1.,
DABALP =(DABFL)/(ALPBEL)

AS =(M%P [ %A 3)
SPIAl =DSIN(AS)/AS
A7 =(M:PI*DABEL)

COPIDA =DCOS(A7)

CPHIDA =DCOS(A7 +DABALP)
CPSIDA =DCOS(A7-DABALP)
cDALP =DCOS(DABALP)
SPHIDA =DSIN(A7+DABALP)
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SPSIDA =DSIN(A7-DABALP)
GP1 =1e + CDPIDA*SPIA}
GM1 =1e = CDPIDA*SPIA]

B 18R =(BOBR)+(CLBR)

CALL SUMS

ELBTI1 = ELBR * RBTI1

DABBET = DABEL*ELBR*BOBBET/BOBR
ALPBT1 = ALPBEL * ELBTI
BETBT1 = BOBR * RBT1/BOBBET

BETBR = BOBR / BOBBET
DCBBET = DCBR/BETHBR

DCTAUl = DCBBET
PHIDC = DCTAU + DCTAU1L

SIDC = DCTAU ~ DCTAU!

EPSIDC = DCOHM + DCTAUI
CPSIDC = DCOHM = DCTAUI

COPHCC =DCOS(PHIDC)

CCSICC =DCAS{CPSIDC)
CESIDC =DCGOS(EPSIDC)
SDCSDC =DSIN(CPSIDC)
SOSIDC =DSIN(SIDC)

SDPHDC =DSIN(PHIDC)
SDPSDC =DSINCEPSIDC)
COTIDC =DCOS{(DCTAUl)
COTALCC =DCOS(DCTAU)
CDQHDC =DCOS{(DCOHM)
SDTIDC =DSIN(DCTAUL1)
CDSIDC =DCOS(SIDC)
TPL =(CDTADC*STAUBL +COOHDC *SOHMB 1)
™1 =(CDTADC*STAUB1~-CDOHDC*S0OHMB1)
STP2 ={CDSIDC*SS1Y +COPHDC%SPHIY )
STP3 =(CCSIOC*SCSIY +CESIDCASEPSIY)
STM2 =(COPHDC *SPHIY =~CDSIDC*SSIY )
STN3 =(CCSIDC*SCSIY =~CESIDC*SEPSIY)
CPRIDA =DCOS(A7) /AT
SDALP =DSIN{DABALP)
CDPI Al =DCOSU(A3)

SsP2 =({ SDPHDC *SPHIY +SDSIDC¥SSIY )
SSP3 ={SDCSDC*SCSIY +SDPSDC*SEPSIY)
SsSm2 =( SDPHDC*SPHIY ~SDSIDC%SSIY )
SSM3 ={ SDCSNDC*SCSIY ~-SDPSDC*SEPSIY)
FP1 =({CPHIDA*SPHIX +CPSIDA*SPSIX )*CDALP
FM1 =(CPHIDAXSPHIX -CPSIDA*SPSIX )*CDALP
FP2 =(SPHIDA*SPHIX +SPSIDA*SPSIX )*SDALP
FM2 =(SPHIDAXSPHIX ~SPSIDA%XSPSIX )*SDALP
TP 2 =CDTIDC*{STP2 +STP3 )
T™™2 =CDT1DC*(STP2 =STP3 )

TPRP2 =CDTIDCx (STM2 +STM3 )
TPRM2 =CDTIDC*(S5STM2 =STM3 )
spP2 =SDTIDC*x(SSP2 +SSP3 )

SM2 =SDTIDCx (SSP2 =~SSP3 )
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SPRP 2 =SDTIDCR{(SSM2 +SSM3 )

SPRM2 =SDT1DCx(SSM2 =SSM3 )

QP11 =CPIDA * (SPIAl +CDPIA1l)

am1 =CPIDA %(SPIAl -CDPIA1l)

GSP2 =CDT1DCk(SSM2 +SSM3 )

GSM2 =COTIDCx(SSM2 =SSM3 )

GTP2 =SDT1IDCx(STP2 +STP3 )

GTM2 =SDT1IDCx(STP2 =STP3 )

AOBALP ={AO0BEL)/(A3/PI)

SAQ =DSIN(AQD BALP )/ (AOBALP)

SIOX =(M¥PI*( AOBEL)=-(AGBALP))

PHIOX =(M*PI*( AOBEL)+(AOBALP))

SPIAC =DSIN(MXPI*x(AOBEL ) )/ (MXPI%x(AOBEL))
SPHIOX =DSIN(PHIOX)/PHIOX

SSI0X =DSIN(SIOX)/SIOX

sSTOP2 =(CDSIDC*SSIOY +CDPHDCXSPHIOY)
STOP3 =(CPSIDC *SCSIOY+CESIDC*SESIOY)
STOMZ =(CDSIDC*SSI0Y —CDPHDC*SPHIOY)
STOM3 =(CPSIDC *SCSIOY-CESIDC*SESIOY)
SsoP2 =(SDPHDC*SPHIQY+SDSIDC*ESIOY )
SSOM2 =(SDPHDC*SPHIOY-SDSIDC*SSI0Y )
ssopP3 ={ SDCSDC*SCSIOV+SDPSDC*SES1IO0Y)
SSOM3 =(SDCSDC*SCSI0V=-SDPSDC*SESIQOY)
TO0P2 =CDT1IDC *#(STOP2+STOP3)

TOM2 =CDTIDC *(STOP2-STOP3)

TOPRP2 =CDT1DC *(STOM2+STOM3)
TOPRM2 =CDTIDC *(STOM2-STOM3)
soP2 =SDT1DC *(SSOP2+SS0P3)
SOM2 =5DT1DC *(S5S50P2-SS0P3)
SOPRP2 =SDTIDC *(SSOM2+SSOM3)
SOPRM2 =SDTIDC *(SSOM2-SSOM3)
COPIAO =DCOS(M *PI*AQOBEL)

SPIAD =DSIN(M *PI*xA0BEL }/(M*PI*AQBEL)
QoP1 =CPIDA *(SPIAO+CDP1lAO)
QoML =CPIDA *(SPIAO=CDPIAO)
GOSP2 =CDTIDC *#(SSOM2+4SS0OM3)
GOSM2 =CDT1DC %*(SSOM2~SSOM3)
GOTP2 =SDTIDC *(STORP2+STOP3)
GoOTM2 =SDT1DC *(STOP2=STOP3)
GOP1 =1e + COPIDA % SPIAQ
GOML =1e. ~ COPIDA * SPIAD
TOoP1 =(CDTADC*STAUBO +CDOHDC *STHBB0)
TOM1 =(CDTADC*STAUBO-CDOHDC *STHBBQ0)
FOP1 =(CPHIDA*SPHIOX4+CPSIDA*SSIOX )*CDALP
FOM1 =(CPHIDA*SPHIOX-CPSIDA*SSIOX )*CDALP
FOP2 = (SPHIDAXSPHICX+SPSIDA*SSIOX )*SDALP
FOM2 =(SPHIDA®SPHIOX~-SPSIDA*SSIOX ) *SDALP
A9 =MkPL/2.
C
C
c1130 = (A9XAS/(ELBTI*ELBT1) )*(1l «+3e*YO+PCR.XC )+ (X I
H Z(RBT1*RBT1))*( +S*(1e=POR)*¥(1e+ (021 “{RET1I®*RBTI1
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}))+X0+YO)

= (A9XXI/Z(ELBT1%REBT1)) *((1.+POR)I*%R(1 +Y0O)=( (1.~
POR)/(16.%RBT1%RBT1)))

=(A9/(ELBTIARBT1))%( 2 %POR¥(1e+Y0)=(XII%*(1.-FOR)
/(12+%RBT1%RBT1)))

= (A9XAG/(ELBTIX®ELBT1)) *(1,5%Y1%XGMI+(0.,25*%P0OR%*X1)
*{SAL+GM1=0 Sk (FPI4FM2))IR(TP1+0.S%(TP2+SPRM2))

== (AG/(ELBT1%RBT1)) XY %, S¥DABBETAX[*QMI % (TPRF2+SM2)

=(2¢*¥X1TJ/(RBT1%RBTL) )X (TM1+0.5%( TM2+SPRP2) ) %(Ce25

XX1%k(SALE+GP1+0Sk(FPI1+FN2))+0.5S%Y1%GP1)

= Cl12311 + C12312 +C12313

=(A9%A9/ (ELBTIXELBTL1) ) #,25%Y1 *DABBE T*QM1 *( 1+ -POR)
*( TPRP24SM2)

== (AG/(ELBTLI*RBT1) 1%, S5%(1.~POR) ¥ XJIXk (TM14 N, 5%(TM2
+SPRP2) 1%xGP1

== (AS/(ELBTI*RBT1) I XPORXXI XY 1I*GMLI*(TPL1+.5%(TP2+
SPRM2))

=(Y1%e 5%xDABBET®XI J*QM1 /(RBT1 *RBT 1)) *¥(TPRP2+5M2)

=C24811 + C24822 + C24823 + C2482a

==Xl %25 %¥REBALPX{ A9XAG/ (ELBT 1 ¥ELBT1) )X(FM1+FP2) %
{TP14+.5%(TP2+SPRM2))

=~{X1%PORX¢S/BETBT1)*%{ SA14+GM 1= S*x{(FP1+FM2) )R X *
oSk (TPRP2+SM2)

=e (2. ¥PORXYI/RBT1)X (TP 1+ .5%( TP24SPRM2) ) *GMIL

={X1%e25%( 1 ¢=POR)I/BETBT1)*(SAL+GP1+.5%(FPL1+FN2))
X XT*{ TPRP2+SM2)

=2((1e~POR)*,125%X1/(ALPBTI*RBT1))IXRXIJR(FN1+FF2)%
(TMI+,S%k{TM2+SPRP2))

=(Y1*XI%*DABBET*QM1 * (TPRP2+SM2)/(RBT1%RBT 1))

=2C 36211+ .5%A0%(LC362124C36213+¢C36214)+C36215+4C362156

=(1e+3ekYO+PCR®(X0)*GOM1%TOP1

=(1e5%Y]1%GOM14+,2S*POR¥ X1%k( SAC+GOMI—S5*{(FOP1+FOM2
)))IR(TOP14+.5%(TOP2+SO0PRM2))

== (AG/(ELBT1*RBT] } ) %5%Y1 kxDABBET*X [ *QOM1 *(TOPRP2
+S0M2)

=((eS%k (1 e =POR)+X0O4Y0) XCOP1%xTOMI+(TOMI+.5*(TOM2+
SOPRP2) I.(¢25%¥X1%( SAQ+GOP1+ SX(FOP1+FOM2) )+ ,5*
Y1*GOP1))#(2.%XI1J/(RBT1%RBT1Y1))

=(A9XAQ/(ELBTI*ELBT1) ) *(C123S1+4C123S2)+C12352+C123S4a

={ASKAI/(ELBTIXELRT1) ) %x,25%Y1%DABBE TXQOMI*(TOPRP2+
SOM2)%(1es = POR )

S e SRXJR(]1+~POR) #¥(2e% (1 e+YO) *GOPL*¥TOMLI+Y 1 XGOP] %
(TOM1+,5S%(TOM2+SO0PRP2)))

== XI*POR®(2 ¢ *(1 e +YO)XGOMIX*XTOPL1+GOML XYL X( TOP 1 +e5%
{TOP24+SOPRM2)))

=(Y1%, S*DABBET/(RBTI*RETL1) ) *XI1J*QOMLIX(TCPRP2+5S0M2)

=C248BS1+(A9/(ELBT1*RBT1))%(C24852+L£24883)+C24854a

== (AG*AG/(ELBTI*ELBT1) ) #X]1%, 25%«RBALP*(FON1+FOP2) %
(TOPL+.5%(TCP2+SOPRM2))

== (X1 ¥POR*,5/BETBT1)* (SAO+GIML1 =5 =% {FOP1 4FOM2) )%
XI*(TOPRP2+SOM2)%,5

== (2¢s%POR/RABT1)X(2+%(1 ¢ +YO)2TOPI +Y1 %(TOP 14+ .5%
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(TOP2+SOPRM2) ) )*GOMI

=(X1%e25%(1+~POR)/BETBT1)*x{SAO+GOP14.5%(FOP1+FOM2
JIEXI*(TOPRP2+S0OM2)
=(e128%(1e=POR)/(ALPBTI*RBTI ) jXX1X(FOML+FOP2 )*
XIJR(TOML++5*(TOM2+SOPRP2))

=(DABBET/(RBT1*RBT1))I*Y1 %X I*QOMI *(TOPRP2+45S0M2)

=C362S1+{A9% ,5/ELBT1)%(C36252+C362S3+C362S4)
+C362S5+C36256

=((1e=POR)/(SHXRBTL1%%4))KGOPLXTOML %X IJ

={{1e¢=POR)/(16.*RBT1%%3%XELBT1) ) RAIXGOP1LI* TOM1 %*XJ

=({1 e~POR)I/(12%RBT1%XkIXELBT 1) )XAGXGOP1I*TOM1 *XIJ

S(A9*AI/(ELBTI*ELBT1) ) *(e5*(1e=POR)*(144#(41875
/(RBT1%RBT1))I+YO+POR*X0)
=(XII/(RBTI%*RBTL ) )% (1« +{.0833/(RBT1%*RBT1))+POR
*YO+X0)

= C2610% + C26102
=(2+%XI/(RBT1*¥RBT1) )+ ( (AGXAQ/(ELBT1*ELBT1) )%XI*
(1.-POR)/(144,%XRBT1%*RET1))
=(XI%.1667/RBT1%%4) %( { ASKAS/{ ELBR¥ELBR) ) +XII)

= €C34201 + C34202

=SIXIJZ(RBT1I*RBT1 ) )*(+S*PORXY 1 %kGM 1+, 25X]1 *(SA 1+
GM1=e Sk (FPL+FM2) ) ) *(TP1+.5*(TP24SPRM2))

=(A9*AG/(ELBTI*ELBT1) ) *(TM1+ 5% (TM24+SPRP2) ) *( (5%
Y1I%GP 1+ 25%POR*¥ X1 ¥ (SA1+GP1 +.S¥x(FPL4+FM2)))

==(1e=POR) %, 25% A9%DABBET*Y 1%k XJ QM1 *( (TPRP2+SN2)/
(RBT1*ELBT1))

= C20911 + C20912 + C20913

==POR¥ S*(FMI4FP2)IKXJI*¥(TP1++ 5% (TP2+SPRM2))

=e25%(1 ¢ =POR)R(FML+FP2 )XXIX(TML14:S*(TM2+SPRP2))

=e12S%kX1%({ SA1+GMl=o Sk (FPI+FM2) )X XIJ*(TPRF245SM2)
/(BETBT 1*RBT1)

==(e 125 X1 /BETBRI*(A9*AQ/(ELBTIXELBTLII*(SAL1+GP1
+eSH(FP 14FM2) ) X ( TPRP2+4SM2)

=(«S*AG%X] /(ALPBTI*ELBT1))%(C398114C39812)
+C39813 + C39814%( 1, - POR )

=(XIJ*GOM]1 *TOP1*( 1, +POR*YO+X0)/(REBT1%*RB8T1))

S{XIJ/(RET1I*RBT1)IX(TOPL1+.5*%(TOP24+SOPRM2) j*( +S*
PORXY1*GOMl +25% X1 ¥ ( SAC+GOM1I=S*(FOGPL4+FOM2)))

= (A9 %A/ (ELBTLIX#ELBT1) ) *GOP 1 *TOMI*(,S*(1.~POR)+
YO+POR%*XO0)

=(AGXAQ/(ELBTI*ELBT1) ) *(TOM1 +, 5% ( TOM2+4SOFPRP2))
#( o SKYL XGOM1 + 2S5 *¥POR* X1 % (SAO+GOP1+.,5%(FOP1+FOM2)))

==(A9/(ELBT1I%*RBT1) )%, 25E%V1 *DABBET*X J*x(1 +-POR) %
QOMI*X(TOPRP2+S0M2)

=C20951+C20952+C20953+C209S54 +C209S5

=(XI*GOM 1*TOP1/(RBT1%RBT1))

=(oeS*X1 A/ (ELBTI*ALPBT1) ) *{~S5*%PORX(FOM1+FOP2) %
XJIR(TOP1+5%(TOP24SOPRN2) ) +425%(1,~POR)X(FON1 4+
FOP2) X[ *(TOM1+5%( TOMZ+SOPRP2)))

=(«125*%X1/(BETBT1%RBT1 )I*kX[J%X(SAO+GOMI=S*(FOP1+
FOM2))*( TOPRP2+S0OM2)

T=e12E%kX 1% (AGKAG/(ELBTI*ELBT1%BETBR) ) *(SAO+GOP 1+
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IV G LEVEL

1

1

1

1

1

1

1

1

1

W -

1
2

1

1

1

21
c348¢
c206f
c33281
c32z.2
C332&E
C35301
35302
C35303

C3530
c328t1

c32812
c32813

c32814

c3281S

c3281

€c35881

c358s2

c358S3

c358sS
C33481

c334B82
c3348

RE TURN
END

BUCK DATE = 76162 16725751

«Sk(FOP14FOM2) ) x(TOPRP24SOM2)
C348S1+C348S52+C34B8534C34854
(e0833%kXIJ*GOMI*TOP1/(RBTI%%4) )+1e5%(1.-PORI%

GOP1%TOML *(A9*AQ/(ELBTI*ELEHT1I*16+%RBT1%RBT1))

=(A9XAG/(ELBTI*ELBTI*RBTI*RBTL1))*(1 . -POR)*(=,
1667%GOMIXXTIXTOP 14 25%GOP 1% XJ%XTOM1)

=(e1667TGOMLIAkXIRTOPL/(RBT1%%4) ) x((A9XxA9/ (ELBR*EL
BR))I+XII)

= C33281 + (C33282

S(1e/(RBT1%XRBT1) I+ (AI*AG/(ELBTI*ELBT1))%x(YO+POR*X0)

=(XII/(RBT1%*RBT1))*(POR*YO+X0)

=(((A9%%4/(ELBR**4 ) )+XTITI42*XII*(A9**2/ (ELBR*%2
11V)/7(012.%*RBT1%%4))

= C35301 + C35302 + C35303

== (PORXe Sk X1 /ALPBTL )X (FVNI4+FP2) x(TP1 +.5%(TP2+SPR
®2))

=(eS5*%{1 +~POR)*Y ! ¥CABBET*X1%QM1/RBT1) %(GSM2=GTP2)

=Z(A9XAG/ELBTI*ELBTI)X(TPI+. 5k (TP2+SPRM2) )*(+S*Y1 %
GP 1425 *POR*X1%( SA14GP 1+, S*(FPL1+FM2)))

S(X1%(X[* 25/ (RBTU*BETBTL) )% (SAL1+GM1=oS*k{FP1+FM2
) I ®(TPRP 2+ SM2)

=(XIJ/(RBT1*RBT1))%(TM145%( TM2+SPRP2) ) *{ s SXPOR*
Y14kGM1+ 625k X1 ¥ ( SAL$GMLl -5 (FP1+FM2)))

=(+S*AI/ELBT1)*(C32811+4C32812)+C32813+4C32814
+C32815

=(GOM1*¥TOP1/(RBT1*RBT1))+{+S*AQ/ELBT1 ) %( (=S5 *POR
kX1/7ALPBT1 )X (FIMI+FOP2)%(TOP1+.5%( TOP24SOPRM2))
+e5%(1e~POR)XYL X (DABBET/RBT 1) %QOM1 *XI*(GOSM2
~-GOTP2))

S(YO+PCR*XD ) *GOP1 *TOP 1 4+ ( +S5*Y 1 %GOP 1+, 25%POR®kX 1%
(SAOC+GOPL1+S5*(FOP1+4FOM2) ) I %X(TOP1+,5*%(TOP2+S0OP
RM21})

=(«25%X1 /(BETBT1%RBT1) )*(SAD+GOM1~=.5*%{(FOP1+FOM2))
*XI%( TOPRP2+S0M2)

=C358S1+(A9%xA9/(ELBT1%xELBT1) )I*C35852+C35853

={(GOM1/(12.%RBT1%%4 ) )% ((AI*AG/ (ELBRX*ELBR))+XJJ)
* ((A9%AQ/(ELBR*ELBR) ) +XII)*TOP1

=(1e=POR)I*(AIXAD/ (6 + ¥ELBR**2%RBT 1%%4) ) *

(GOP1 *XI J¥TOM1~GOM1*xX I[%TOP1)
= C334B1 + C334B2
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I IV G LEVEL 21 MAIN DATE = 76162

SUBROUT INE GAUSJO (A«NyM«DETER )
GAUSS=JORDAN REDUCTIGCN

IMPLICIT REAL * 8 (A-H, O0=-Z )
DIMEANSION A€4,5)

NP W™ = N+ M

EPS =10**(~10)

BECIN ELIMINATION PROCECURE
DETER =1e

DO 9 K =1sN

UPDATE THE DETERMINANT VALUE
DETER =DETER * A (KoK }

CHECK FOR PIVOT ELEMENT 700 SMALL
IF(DABS(A(KsK))eGT «ERPS ) GD TO S

NORMALIZE THE PIVOT ROW

KPit =K + 1
DO 6 J = KPls NPM
A(Ksd) =A(KsJIZA(K,HK)

A(KeK) =1,

EL IMINATE K(TH) COLUMN ELEMENTS EXCEPTY FOR PIVOT
DD 9 1 '=l =N

IF (1eEQeKeORA{1:K)eEQeOe) GO TO 9

DO 8 J = KPle NPM

A(I+J) =A(I od) = A(I,KI*A(K,J)

A(l«K) =0,0

CONT INVE

RETURN

END
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IV G LEVEL

aNe Nl

10
50

21 SUMS DATE = 761€2 16/25/751
SUBRCUTINE SUMS

SUBROUTINE SUMS

IMPLICIT RFAL * B (A~=Hs 0=Z )

SUMS 0OF SQUARES ETCe.

COMMON BLOCKS

COMMCN/BLOCKL1/BLITAU»STAUB1 +SEPSIYeSCSIY»SOHMBLsSPHIY,
1SS1IY . SPHIQOY, SSIOY,SCSIOYsSTHBB0+sB1TAUL ¢ STAUBO+DCCHM, SESIOQY
COVMMGCN/BLK2/XT o XITeXIJeXJeXJIJe XIILI

COMMCN/BLK3/EPSAOEPSAL

COMMON/BLK4/RBALP . ALPBEL A3
COMMON/BLK7/C11304,C2570+C3290+C1231+4C2481+03621,C1238,C2485,C362S
2 Cl1138,C2158,C329B+C2610,C3420+C2091+C3981,C209S5,C348S,
3 C206B¢C33284+C3530+C2281+C358S5+C334B,DELTA

COMMCN/BLOCKS/Ql +BOBEETELBR,AOEBO »BOBRsDABEL +DCBRTZET,
1ALPBET CLBRe X002 Y0 e X1sY1EPSHEPSBTEMP+AQBEL »

2F0P] oFOM2 4 TOPL s TOP2 +SOPRM2,Q0M1+TOPRP2,SA0+S0M2+ GOP1
1GM1, TPRP2,SM2,TM1,TM2,GP1 sFM]1 , BETBT1 ,ALPBT!1 ,GOMI ,

3TOM1 4, TOM2, BETBRsFOMLI sFOP2eGSM2eGTP2+,G0SM2,

A GOTP2,GM1 «FPL1 FM2eFP2:TP1+TP2,SPRM2+sDABBET 4SPRP2
COMMON/BLKG6/PI +B1BR+DCTAUN

Suwml = 040

SUMI I = 0.0

SUMI J = 0.0

SUMJ = 0.0

SUMJJ = 049

SMIIIL = 0.0

DO 6 4 = 1N

SUMJ = SUMJS + J

SUMSJ = SUMJJY + JxJ

DO 4 I = 1N

SUMI = SUMI + [

SUNI L = SUMII + Ix%x]
SMITII = SMIIII + [*I%[x]
DO S 4 = 1N

SUMI J = SUMIJ + 1Ix%xJ
CONT INUE

X1 = SUMI

XI1t = SUMII

XId = SUMIJ

XJ = SUMJ

XJJ = SUMJJ

X1111 = SMIIII

SUM = 00

DO S0 I = 1N

00 S50 J = IeN

IF(JsEQel) GO TO 10

B1TAU = (I - J ) % B18R
SUM = SUM + DSIN(BITAU)/BITAU
CONT INUE

STAUBL = 2. % SUM + N
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iV G

LEVEL

C

15

40

70

€5

21

DG 18 1
DO 185 J
DCTAV
CONT INVE

81TAUlL
SUMOD
SUmMO1
sumMo?2
DO 40
DO 40 J
B10HM
EPSLY
csity
SUMO
SUMa1
suMo2
SEPSI1Y
SCS1Y
SOHMB1
Sumi
sSum2

DO 70 I
bo 76 J
B1 TAU
PHIY
S1Y
SUML
SuM2
SPHIY
SS1Y
SUMT 1
SUNMT2
00 6%
DO 65
TB
PHIOY
SIOY
SUMT 1
SUMT 2
SPHIOY
SSIOY
SUMTHI1
SUMTHZ
SUMTH2
DD 62 1
DO 62 J
THB
SUMTH3
ESIOY
Cs10v

IO T IO O T I N N VI { O O T I I 1 O |

o ofonnod K

[

L O | (2 L T O O (L T | £ OO LI Y S| Y 1

SUMS DATE = 76162

1N
1eN
(I - J ) % DCBR

PI

0,0

0.0

0.0

1 N

1+ N

( I + J ) x B18R

BIOHM + B81TAUlL

B1GHM - BI1TAUIL

SUMO + DSIN(B1AOHM)/B1CHM
SUMO1 +DSIN(EPSIY)/EPSLY
SUMO2 +DSIN(CSIVYI/CSIY
SUMO1

sumMmoz

SUMQO

Oe O

.0

1+ N

1¢ N

(I - J ) * 818R

B1TAU + B1TAUlL

B1TAU - B1TAUl

SUM]1 +DSIN{(PHIY)/PHIY
SUM2 +DSIN(SIY)/SIY
SUM1

SUM2

0.0

0.0

1eN

1sN

( I - J ) % BOBR

TB + BOBBET

T8 - BOBBET

SUMT 1 +DSIN(PHIOY)/PHIOY
SUMT2 +DSIN(SIOY)/SIOY
SUMT1

SUMT2

0.0

0.0

0.0

1N

1N

( I + J ) * BOBR
SUMTH3 + DSIN(THB)/ THE
THB + BOBBET

THB - BOBBEY
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Iv G LEVEL

aWals!

62

20
60

42

21

SUMTH1
SUNMTH2
SESIOY
SCSIOY
STHBB0
SUMT

DO 60 I
DO 60 J
IF ( Je«EQ
T8

SUMT
CONT INUVE
STAUBO

(U T I LI T IO T T

nn

DO 42 I
DO 42 J
DCQOHM

oo

RETURN
END

SUMTH1 +DSIN(ESIQOY)/ESIOY
SUMTH2 +DSIN(CSIOY)/CSIOY

SUMS

SUMTHI1
SUMT H2
SUMTH3
0«0
1eN
IeN

ol
(

SUMT + DSIN(TB)/TB

2

s

) GO TO 20
I - J ) % BOBR

* SUNMT +N

1eN
1+N

(

I ¢« J ) % DCBR
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APPENDIX B

Intermedlate Calculations

for Prebuckling and Buckling Analysils,
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Following are the intermediate calculations for prebuckling
analysis.,

Consider Equation 3.10

Letting Pl(e) = Il(s) + Iz(e) + 13(5)

From Appendix C-l

2Il(e)/c2 = B2a b (1+n(1+sb)+n2/8(3+usb+s

020°0 )+

2b

2 2 2
AOaObO/R (1+g/2(1+sa)(1+sb) +E°/64(

3+usa+saa))(3+asb+s )-2vAOBO/R(1+

2b
n/2(148, )+ £/4(145,) (145) +ne/16(
145, ) (3+4S,+S 5, #B3 (1-v) /12778 gbg
8/ B)2(1=S5,) = 2vAyBg/R(1+n/2(148, )+

e/u(1+sa)(1+sb)+ne/16(1+sb)(3+usb+s )

2b
B2(1-v)/12n°a. b (an/8)2(1=S,, ) (B=1)
0 oPo(ag 2b

2I2(¢)/C1 = Bgaobo(1+r)[s+n(s~sb)+n2/8(3s-hsb-82b)]
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got

119/236+(M5=5)2/3481(5+1)) , (u/ )+ (P54 %she8) /5w
. 0
+ (Os+D)urTlan[(Rs=Ogy=58)g/us (Ys=8) bas ) (24T)) 8

lonowHO\A Auva + Auvavm

ATTEUTA
(6-8) (Ps=T)(Tog(T+0)) 5(8/%®)21/,u(s"T)p8
+[(%%54%14€) (]s~a) 91/3u+(s+1) (Ps=a) 0 /3
+ (o) 2/auradu P az-1(Cs+ snat
) (s=Sstmat)ng/ g3+ Csen) (Csma)z/ea

] m\m<+AAgmm+nm:+mvm\mc+Anm+ﬂvc+ﬁvnomampomﬁoxﬁuvaN
(2=8) (3Zg+8),(8/0%)¢(a+1)21/0a%u(a-T) 28+
hAnmmunmznmmvmﬁ\uc+Anmumvz\u+Anmtmvm\c+m
J(a+1)u/%a%% vaz ~[(49/%se~ 91/%¢

~19/86),,3+(Ys=e)2/248 (14 1)/ %%y +



3s=45 )]+r+5/2(r-sa)(1+Sb)+g2/6u(3p_usa_s ) (

b=52b 2a
3+4S, 45,4, ) )=2VA (B /R((1+r)[s+n/2(s=5 )+£/4(s-Sp)+
ns/16(3s-usb-s2b)]+r+nr/2(1+sb)+s/(r-§a)(1+sb) +
NE/16(r=5,) (3+4Sy+Sap) )+BE (1-Y)n?/12(ay/8)2[ (1+
r)3(1+s)-(1-8 )] (B-U)

2b

The potential energy for stretching is given by
PL(e) = I (5) + I, (&) + I(e)
hence
= 2 2 2
2P1(€)/Cla0b0 Bo(l+s)(l+r)(1+n+3/8n )+ (Ag/R)(
145) (L+r) (1+g/2 +9/64g2) = 2uA B /R(
148) (141) (L4n/2+5/4 +3n£/16)+BZ/12¢

2 2 3 2
1-V)n“(ap/8) (1+s) (14r) “+e _[BH(1+

2 2
n(1+Sb)+n /8(3+usa+sza))+(AO/R) (
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2
1+ &/2(1+8, ) (148, )+ /64 (3+4S_+5, ) (

3+USb+S2b))-2QAOBO/R(1+n/2(1+Sb)+
+E/4 (148 )Y(14S )+nE/16(1+S ) (3+
a b a
I 2 2 2
Sp+Sap) 14Bg/12(1=v)n (ap/8) (1=85)] (B-5)

for bending

Letting P, (x) = J,(x) + J,(X) + J (x)

2Jl(x)/Dla0b0 =

(1+€)[ (A2/68a) (145, ) (3415, 45, )+(a2/64 8" ) (145op) (
1 2a b P2p/ Ty 8 2b

7) 2
3+usa+sza)+(2vAl/6uﬁs ) (1425 _+5,, ) (1425, +5, )+

2b

2 2,2 2 2
(2(1-v)A1/6uu B® ) (1-5,,)(1-8,.) + (2(1-v)B7/38%487) (
2 2
1-85,) (ag/R)+((1=v)A1B1/168 R)(1-5, ) (5 _=C )] (B-6)
(2(J,(X) + J5(X)))/Dyanb, =

(Ai/sua")[3(1+r)(1+s)-(3+usb+szb)(1+s R

2
-
(Ai/GHB J[3(14r) (L4s)-(3+4S _+5, ) (145,,)] +
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(29A2/64a282)[ (1+r) (1+5)=(1+25,+5,,) (1425,+5,,) 1+

(2(1-v>A§/6ua262>t(1+r)<1+s)-<1-s2a)(1-s )] +

2b
(2(1-v)82/3848° ) (2, /R)Z((1+) (545, 147 (1-55)
ag/R)2(r+(24r)%) 1+ (4(1-v)A1B1/648%) [(1
/R)(147) (8+S5,, )+ (1=55,) (1474C,=55) ]

hence Equation (3.1lle)

Define the following terms

2
es=(C/C =1) &y =(D,/D,~1) D,/Cy= T{/12

eal-albl/nRL ™ aob0(1+r)(1+s) IRL ¢ =3g9bg/nRL

20
g =(T,/Ty-1) €, = (T,/Ty)3-1
ep = (3(14e) + ag) D,/Cy = (1+sb)T§/12
alaaﬂ bl-BI[
m = RT /a? n -RT1/82

111
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For Buckling analysis,

The elements of buckling determinant are multiplied by

2
T

1
C
12

to make them dimensionless and ls as follows,

(Jn/zL)2<1+3BO+vA0/R)+? (1/R)2((1ey }/2(
1

2 m2
1+(1/48R /Tl))+A0/R+B0)

n
(J1/2L)2 (1/R)[ (14v) (148 )=(1-y)/(16(R/T )?)]
1

(J1/2RLI[2v (14B)=F 12(1-v)/(12(R/T1)%)]
1

(31/20)%C (38)/2%8_ #oh /URK(S, 48y =(8440 ) /2))1

n
tp +H(T42*+822)/2)] - (jn/BL)Blda/ZSR*(i 1q_4(

nn
Tt 43 ) +z221k/R2*(t +(T +S' ))(A /UR¥(
+2 =2 11 -] - 42 1

*
Sal+g+1+(f+1+f-2)/2) +B,/2%g,,)

= (Jn/2L) (Byd, /48)q_) (1=v) (T +S_,)~(dn/2L)(

n
Bl/ZR)(l-v)i k(t_q+(T_5+515)/2)g,,-(In/2L)(

n n
2
(i 181 /R)g_; (6, 4(T *81, )/2) +(Blda§ ki/2R“g)*
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.1(T;2 2)
°i3 = —(J1/2L)2(A /b0 ) (£_1+5,5) (tg+ (Tyo+SLy )4+

n
[Alv/ZBR)(Sal+g_l-(f+l+f_2)/2)*§ i(T;z +S_2)/2~

ZVBl/R(t+1+(T+2+SL2 )/2)g_1+(A1(l-v)/uBR)(

n
8 +g+1+(f+1+f-2)/2)§ 1(T], +5_,)1(Jn/4L) +
1

nn
2
(Al(l-v)/8uR )(f-l+f+2)§§ik(t-1+(T-2+S;2 )/2)+

n
(Bydg/8R )E 1q_) (T 45 5)

C?l = (JN/2L) [(1+3B +VA /R)g 1t+l +(3B /2(g +

(v, /8R) (5, +g0 =22 4£0,)/72))8 (80, 4(19,#515 )/2)]
8y L

-(J1/2L) (B d,/ BR)Z 102y (13 452 )+ (((1v)/2+

Ag/R+B )g+1t01+(t +(10 +s'°)/2)*(Al/uR(sa0+

nn

0 .0 2
g+1+(f +f 2)/2)+Blg+1 /2))2§ iik/R

S 2 0 0 0
= H - -
C 5 (Jn/2L) (Bld (1=v)/U8)q 1(T12 +S 2) (Jn/2n)(
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0 0 0 0 -
(l-v)/2R)z k(2(1+BO)5+1t IB18+1(t (T_2+S;2 )/2))

(31/2L) (v3 1/R) (2(14B, )80yt 0, 480 B, (69, +(20,45:9)/2))
1

+(B.d_/2R8 ) ?kiqo (10 450 )

c§3 == (JN/2L) (A, /2a)(f01+f0 )(£0 +(T0 +510 )/ 2)4[ =

+1 +2 =2

(A.v/2R8)(s 4+, (0. +£0_)/2)% 1(T10 450, )/2-
1Y ag By~ : 2 S

0
2v/R(2(l+B 't l+Bl(t+1+(T +5! )/2))g

(A (1-v)/UBR)(S, +g8Q +(f9; +£9,)/72)1 1(
20 1

+f° )zzki(
211

710 +50 ,)1(JI/HL)+ (A, (10 )/8aR 2)(£?

+2 -1

0
t_ +(T ,+S1, )/2)+(d B /BR2)2 tq. <T' 5.2

((1~v)796)/ (/7" g0, ¢°

nn
T ki
1=l

2 0,0
((1=v)/32R/(R/T?) (41/L)g0,t,

="M
~

nn
040 ¢ £kt

((1=v)/12R/(R/T, )2 ) (n/zn) g2,
111

(JN/2L)2[ ((1- )/2% (143/ (16 (R/T)2) }4B g+ vA /R )+
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n
Ks: 1/R)2(141/ (12(R/T ) )+ B *Ao/R)

n

n
¢0 =2% 1/RZ +(JW/2L) ((1=-v)/(144(R/T,)%))T 1 +
23 1 1 1

n 2 2 0 2
(f 1/6)/(R/Ty)°((3 /2L) +(§ 1/R )

nn

1 .z
Cop =E Mkl B /2(g_ J+A /UR(S,

- *
22 +g_ = (£,,4f_5)/2)]

1

(b1 +(Tyo* S1p ))/RZ #3202t +

(Tyo*Sl, 1/2)(Byg, /2 +(vAl/uR)(sal+

Byt (F 14 _5)/2))=(J1/2L) ((1-V)d B, /URE)*

n

L kq_4(T!1, %S ,)
1 "’l +2 -2

1 . - n
023 (Jn/HL)[=vA /2aR *(f_ +f ) i k(t, +(T, ,*8!5)/2)+

n
(Al(l-v)/HaR)(f_1+f+2)§ 1(t_l+(T_2+S;2 /2)] +

2 nn
(A,/8gR )(Sa1+g~l-(f+l+f“2)/2)iiki(T;2 +s_))-

(Al(l-v)/BB)(JH/2L)2(Sal+g+1+(f+l+f_2)/2)*

T' 43
( +2 -2)
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CO

33

1
C33

c

S
33

= (Jn/uL)(-(vAl/z R)(f_l+f+

= (g, -1t +1

n
= (1/R?)+(J1/2L)2(By +vAg/R)+( ii/R)z(vB0+Ao/R)+

n
[(Jn/zL)2 + ( 21/3)2]2(T§/12)

1

)(t +(T+ +S' Y/2)+

2 2

n
S _aT 2
((1=v)B,d /26R)q ) I1(GZ)=0 ) ) )+ (JN/2L)" (8, +
(T, +S!, 1/2)(B.g,,/2 +vA1/4R(Sal+g+l+(f+l+f_2)/2))+

n
2
(A, /4BR7) (5 +g_1-(f+1+f_2)/2)§i(T;2 )¢

aj

( z zki/Rz)(t 1 H(T_o* Sis )/2)(vBlg /2 +

11

(Al/uR) (Sal+s_1-(f+1+f_2 )/2))

/R® Y+ (In/L)L=vA, /2uR)(f +f )(t+1+

(T22+ Slg)/2)+((l-v)B /QRB)O 2. ii(ng“ng)]*

(Jn/eL) ((B +vA /R)g 0 +(B g /2)+(vA /MR)(

+1 +l

S, +80,+(£1+10,)72)) (80 + (148131 /2) )+
20

(a /48RP V(S +g_1 (£, 460,)/2) £1(m) 048’

ag 1 2)
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S =
Cy, =(1+ By +4,4/R) g2 1§ iikt /R +(vB g0 /2 +A /UR¥(

S,*- 0.-te, +f02)/2))(t+1+(T+2+S'2)/2)2 L 1k/R?
1

+((1=v)/2)4B+vAo/R) (1721 g0y 60 +(£0 +(

19,4519 )/2)(Blggl/2+vAl/4R(Sa0+g21+(f2 +£2,)72))%

(417212 = (41/72L) ((1=v)/8R)B.d / * Tkq". (T'% 5O )
la 1 -]l T +2 -2
S 5.0 0 o0 42
Coy = I 8%, /R +(J/8L)[ = (A /2aR)(f o) K
1 1
n
60, +(20,4512)/2) +(a (1=v)/kaR) (£2 +£2,) EX

0 2 0 0 0
t +(T 2+S4'_2)/2)] +(A1/U8R (Sao+g_1-(f+1+f_g)/2)f

(x Zik/2)(T +50)) = (J1/2L) (A1 (1=v)/88)(
11

0 0 0 0 0
Sy g1 t(feq+f_5)/2)(Tho + S.2)
o

1k (g lt21/12(R/T )2 JR2) +(3n/2L)2((lav)3/

Q
nN

n

-
el o |
=™

2, 0 0
32(R/T) g  t

B 0 0
B, = (v’ ((1=v)/ (/7))L 8] iit /6 + g+1§kt L1+
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n n
2. = (20.72/12)[ (41/21)% ( Ik/R)2I[ (j1/20)24 (1/R) 2]
33 -171 L !

2 2, 0nBn 0 on,g
+((1-v}/6(R/Tl) )(§n/2L) (g_li.fkit_l—g_lii tep)
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APPENDIX C

EVALUATION OF INTEGRALS FOR THE
APPENDIX B
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C-1 Evaluatlion of Integrals for Prebuckling.

Consider the Equation (3.10). Each term in the integral
is written separately and lntegrated for the limits
specified in the Chapter 3.
02 2

€ = B 4B B +3/88 +(B B
X 0 0

0 +Bl/2)COS(Y/6)+B /BCos(zY/B)

1

2
0 2 2 .
ffe. dx dy = X[(Bj +B,B,+3/8B] )Y+B,/2(2B; +B,)

2 limits
BSin(Y/8 )+ (BI8/16)Sin(2¥/8)]
limits

02

ey =(A0+AlCos2(X/2a)*Cosz(Y/ZB))2/R2

2
ffcs ax ay = X[A2+982/64 +a A,/2]¥ +((3A /l6)+(A AL /2)(

(Ya81n(X/a)+xs31n(Y/e))+(Al/u+AOA1/2)*
aBSin(X/a)*Sin(Y/B)+(3A§/l28)(u¥81n(2X/a) +

2
(Alua/32)(Sin(X/a)Sin(2Y/B) +Sin(2X/a )%

limits
Sin(Y/g) +Sin(2X/a)Sin(2Y/8)/8)

limits

Letting Al/Ao-g and Bl/Bo = g
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2vege =-2(vA B /R)[1+g(1+Cos(Y¥/B)/2 +£(1+Cos(X/a) +

< O

Cos(Y/B)+Cos(X/a)Cos(¥/B))/4 +zg(l.5+2Cos(Y/B) +
.5C08(2Y/8)+1.5Co8(X/a)+2C03(X/a)Cos(Y/B) +
.5Co8(X/a)Cos (2Y/8))/8]
ffzvegeg dx dy ==(2vA B /R)[ XY+.5z(XY+X8Sin(¥/8)) +
.25 (XY+a¥Sin(X/a) +8XSin(Y/B) +aBSin(X/a)*
Sin(Y/8)) +(z&/16)(3XY+4XBSin(Y/R)+.5Xg¥
Sin(ZY/e) +3a¥Sin(X/a) +4aBSin(X/a)Sin(Y/g)+

1imits
.5a831in(X/a)Sin(2Y/8)]

limits

2
2(1-v)e, =By (1-v)e?/us?)XP (1 - Cos(21/8))

2 limits

y dx dy -(Bg(l-v)zz/IZBg)X3(Y~.5 Sin(2Y/8))

rr2(1-v)e’
X 1imits

Hence Il(e) ete.,

Integrals for the curvature strains are as follows:
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2
xm = A>m\m=azvAw+oomﬁmx\nVﬁw+=oomﬂwxmv+oomﬁmm\mvv

2 2
! xo dx dy = A>H \m:a:VﬁAx+.mnmpuﬁmx\pvvﬁwm+=mm»:ﬁw\mv +
X
limits
.5831in(2Y/8))]
limits
02 2 4
xw = A>H\mum Y(14Cos(2Y/8) (3+4Cos(X/a )+Cos(2X/a ))
om 2 y
Ir xz dx dy = A>H /648 Y[ (Y+.58S1in(2Y/8)) (3X+4aSin(X/a) +
limits
.5aSin(2X/«)) ]
limits

mcxoxo = ( »m\wNQMmmvAp+moomﬁx\av+oomﬂmx\avVhp+moomA~\mv +

Xy

Cos(2Y/g))

ssmxmchax dy = ( >m\wmpmmmVﬁx+mpmHsAx\pv+.mamusﬁmx\nv*
limits
(¥Y+2gSin(Y/B)+.58Sin(2¥/B)
limits
2
NAH|¢on nAAwncv\wmpmmmvAwecomamm\mvvA>w|>w00mAmx\pv +
Xy
Amwomxm\wmmu +(2aXA B, /R)SIn(X/a))
02 2 2 2
s\mﬁuncvxxw dx dy =((l=v)/32a"8")(¥=.5851n(2Y/g)) (A (
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X=.5a51n (2K/a))+(B2a2X3/6R% )+ (2ah B, /R) (

1

5 limits
-aXCos(X/a)+a“Sin(X/a))
limits

C=2 Evaluation of Integrals for Buckling.

/ (1#Cos(juX/L))dx = 2a1[1t003(jnda/L)(Sin(Jnal/L)
a,=-a
a 1l

/(Jnal/L))]
® 2a1[ gtl ]
d +b1 n 2 n
s © *[ © Cos(1¥/R)]ay= I b, (14Cos(21d /R)*

(Sin(21b3/R))/(21b,/R))

da+a1
/ (1 tCos(inX/L)(1+Cos((x-da)/a))dx =
da-al

2a1+2a51n(a1/u) (2/jn/L)(Cos(Jnda/L))Sin(jnal/L) +
Cos(da/a)[Cos((JH/L)-(l/u))da(Sin((Jn/L)-(l/a))al)/
((Jn/L)=(1/a)) +

(Cos((Jn/L+(1/a))da)(81n((Jn/L)+(1/u))al)/

((JN/L)+(1/a)) T +
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Sin(da/a)[-(Sin((JH/L)~(1/Q))da)(Sin((Jn/L)-(l/a))al)/
((Jn/L)=(1/a)) +

Sin((Jn/L)+(1/a)d, (Sin((JN/L)+(1/a))ay )/ ((JN/L)+(1/a))]

Letting
=2y ((JN/L)+(1/a)) v *ay ((J1/L)=(1/a))
Sal=(31n(a1/c))/(a1/u)- 0 Snalﬂ(81n(JHal/L))/(Jnal/L)

S, =(Sin((J1/L)+(1/a))a, )/ ((JN/L)+(1/a))ay
X

5, =(S1n((J1/L)=(1/a))a, )/ ((JN/L)=(1/a))a;
X

¢, = Cos((Jn/L)+(1/a))d $, = sin((Jn/L)+(1/a))d,
bq a %q
a a
¢w = Cos((Jn/L)=(1/a))a, $w = Sin((3n/L)=(1/a))d,
d d
a a
¢a - Cos(da/a) $, = Sin(da/a)

hence the integral 1s
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where

£, ¢ (¢ S +¢ )

S
« wda wx ‘da ¢x

f )

PR A NS A
a a

dc+bl n . 2§ .
! ( ;Cos(iY/R))“®(1+Cos((¥Y=-d,)/g) dy

nn

=b, i f[t+1+ .5¢11 (t+2+t+3)+ .53‘1 (s_p =s_3)
de ; c

Letting

Sp, = (Sin(rby))/vb, b, = Coslxd,)

bel - (Sin(gbl))/Kbl ¢‘dc = Cos(xd,)
= = S9

SWy (Sin(!fy))/ﬂ’y $‘1d n(tldc)

c

d ta,
s @ “sin(ynX/2L)Cos(jnX/2L) * [X-d,] =

=a,d,[ cnd S“al = ¢nalcnda] =a,d,0q_,]
a

d+by n n '
r © r 1 1Cos(iY/R)Sin(kY/R)Sin((Y=d, )/g) dy =
dc-bl l 1
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n n
= £,5b,4i[ ¢ (t_o+t_,)=§ (8423=545)]

dc c

da+a1
! Sin(JnX/L)Sin((X-da)/a) dx = -(f_l+ f+2)a1

da-al

d +b1 n n
r ¢ £ 1 1Cos(1Y/R)Cos(kY/R)Sin((¥=d,)/g)) dy =
de=b; 1 1

n .sbltcfz - sz ]

Following are the symbols for simplicity.

¢wacswy * ¢¢dc Soy = t,q $¢dcs¢y * $wdcswy = s,

¢¢dcs¢y + ¢¢dc swy -ty $¢dcsyy * $¢dcs¢y =5,

[¢¢d' . ¢*d wa]¢a =g [$¢d s¢x + $wd swx]$a= Ty
a a a a

¢Tdc Sth ¢|<dc S"bl = ttl 11 ¢Halsnaz gi]_
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by (bap t+3) = Ty $ry (58 s)
d, d
c
+ = !
¢Tldc(t_2 +t_g) T, $fld (s_, t 5.3)
e
C (s, +¢C ) =q
da a1 al -]
¢ (s ,+s.,) = oo (t . *t,.)
1] ~2 - =3 +, §Tld +2="+3
d = ¢
¢
(r + 7100y =0y (r = Ty)by =vy
(v + rl)dc-¢d (t = Tl)dc =¥y
e c
(« + Tl)b1'°y (¢ = 11)b1 =?y
(c + Tl)dcgodc (¢ = 'rl)dc =ch
t =(k-1)/R Y =(1/8B) x = (k+1)/R
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