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ABSTRACT

Ten multidimensional data configurations and ane
unidimensional data confiquration for thirty item tests
were simulated for 6000 examinees. Each condition
consisted of specific item parameter configurations and a
specific correlation between traits on two dimensions.
Three differences in mean difficulty between the two
tests to be equated were simulated.

Equatings were examined in terms of standardized root
mean squared di fferences, standardized differences
between means, the ratio of standard deviations,
correlations, and tau equivalence. The strength of the
correlation between the two true (generating) traits
appeared to have little effect on the quality of the
equating. In general, the horizontal equatings were
better than the vertical equatings.

Results indicated that both the poorest item
parameter estimation and the poorest equating occurred
for the situation in which one test was unidimensional
and one was multidimensional. When both tests were
unidimensional or both were multidimensional the
equatings were comparable to the unidimensional criterion
equatings. There appeared to be a very slight advantage
when both tests were unidimensional over equating tests
that were both multidimensional when considering local
equating bias (local equating consistency). However, the
advantage appeared anly at the extremes of the ability

distribution, particularly at the lower end.
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EXAMINING THE EFFECTS OF MULTIDIMENSIONALITY ON
VERTICAL EQUATING WITH THE THREE-PARAMETER
LOGISTIC MODEL

In many testing situations, it is desirable or even
necessary to compare test scores of different examinees or
the same examinee across multiple forms of a test or across
levels of a test, or to compare two entirely different
tests. These different forms, and especially different
levels, cannot be expected to be of equal difficulty nor of
equal reliability. Therefore, scores on different forms or
levels must be transformed in some way so that comparisons
between test scores will be meaningful.

Converting the scores of one test or test form to the
system of units of the other test or test form so that the
resulting scores are directly equivalent is called test
equating (Angoff, 1984). Horizontal equating is equating
test forms that measure the same attribute at the same
difficulty level. Vertical equating equates tests that
measure the same attribute at different difficulty levels.
The Need for Vertical Equating

The need for vertical equating arises when scores from
tests of unequal difficulty must be compared. Examples of
such situations include following an individual ‘s progress
through an academic year or across grades, comparing scores
of different examinees taking different levels aof the same
test, or interpreting scores of students who are tested
"out of level" because their ability levels are not the

same as their grade placement.



Vertical egquating is especially applicable to the case
of a multilevel battery of tests whaose levels are of
increasing difficulty. An advantage of such a series of
graded tests is that examinees ahead or behind their peers
in development can take the most appropriate level, thereby
increasing measurement accuracy. These out—-of-level scores
must then be scaled in some manner (vertically equated) if
they are to serve a useful purpose.

The Unidimensionality Assumption

Despite widespread use of vertical equating, results
must be examined with caution because many problems remain
unsolved. One problem in many practical applications is
the effect of violating the unidimensionality assumption.
This assumption requires that the tests to be equated onto
a common score scale must measure the same underlying
(latent) trait or ability. In most equating models used to
date unidimensionality is assumed. It is assumed that the
test items measure a single latent trait or ability. This
assumption fregquently does not appear to be met; however,
the need for vertical equating does exist. Therefore, the
issue becomes that of the robustness of vertical equating
to violation of the unidimensionality assumption.

Possible Causes of Violation of the
Unidimensionality Assumption

Violation of the unidimensionality assumption could
result from various factors. For example, the trait
underlying mathematical computation may change from level
to level with mathematics performance being differentially
dependent upon school curriculum. Diffferent probabilities
of success could be due to lack of emphasis on, or lack of
introduction to, some aspect of mathematical computation
such as fractions or decimals (Loyd & Hoover, 1980). An
achievement test in science might require both reading and

knowledge of science facts.



Any factor that influences an examinee’'s score on a
test, other than the one latent trait (ability) assumed for
the one-dimensional model, will violate the assumption of
unidimensionality. The existence of two or more cognitive
traits influencing an examinee's response to an item is one
such possible +factor. Other possible factors are bias or
group membership, guessing, speededness, fatigue, cheating,
deliberate random answering, or accidently overlooking or
skipping an item. Some of these factors can be controlled,
reduced, or eliminated, but the fact remains that vertical
equating is needed, and the unidimensionality assumption
will be violated in many practical situations.

Poor item parameter estimates can compound the problems
found in equating. The accuracy of item parameter estimates
can be affected by several things, including accuracy of
the estimation program (McKinley & Reckase, 1980), and size
of the calibration sample (Hambleton, Swaminathan, Cook,
Eignor & Gifford, 1978; Reckase, 1977). Violation of the
unidimensionality assumption has also been suggested as a
problem in estimation of item parameters (Loyd & Hoover,
1980; Cook & Eignor, 1981). Therefore, if multidimensional
data have an adverse effect on vertical equating when
accurate parameter estimates are used (and this problem is
further compounded by the effect of multidimensionality on
item parameter estimates), then the effect of multi-
dimensionality on vertical equating could be quite extreme.
Equating Models

One distinction between equating models or methods is
the dichotomy betwaen the traditional techniques based on
classical test theory versus the newer techniques based on
item response theory (IRT) or latent trait theory. An
extensive coverage of the traditional or classical test
theory techniques can be found in Angoff (1984). Item

response theory techniques are surveyed by Lord (1975b).
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This research is concerned with vertical equating;
therefore, IRT techniques were used. Use of traditional
techniques is inappropriate and inadequate for vertical
equating. Lord (1975b) states that IRT methods are the
only existent methods that are appropriate for estimating
the equipercentile line of relatiaonship between raw scores
when two tests to be equated are not parallel, when they
are given to non—equivalent groups, and when every examinee
takes an anchor test. Traditional equipercentile equating
of two tests to an anchor test is inefficient, biased and
inadequate for groups that differ in ability level.

There 1is ample research supporting the appropriateness
and usefulness of the three-parameter model for vertical
equating and the inappropriateness of traditional methods
(Cook, Dunbar & Eignor, 19813 Cowell, 19813 Gialluca,
Crichton, Vale & Ree, 1984; Kolen, 1981; Lord, 1975b, 1977;
Marco, Petersen & Stewart, 1983; Petersen, Cook % Stocking,
1983; Slinde & Linn, 1977, 1978, 197%9a, 1979b).
gObjectives

The objectives of this research were to examine the
robustness of vertical equating with the three-parameter
logistic model to violation of the unidimensionality
assumption and to examine the effects of specific
multidimensional data configurations on vertical equating
with the three—parameter logistic model.

Educational or Scientific Importance of_ the Study

Clearly, item pools in most practical situations do not
strictly satisfy the assumption of unidimensionality {(Lord,
1968) . Because IRT models assume unidimensionality of the
latent space, their applicability is questionable. Although
it is acceptable to assume unidimensionality in the case of
some general achievement tests, that assumption is
unrealistic for most achievement tests, some criterion-

referenced tests, and speeded tests (McKinley & Reckase,
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1982; Reckase, 1979, 1981b; Sympson, 1978). Given that the
assumption is not valid, it is informative to determine the
effects of multidimensionality on vertical equating. The
guidelines presented in this paper will be useful to
educators and researchers in interpreting the effects of

multidimensionality on vertical equating.

METHOD

The computer simulations used in this inquiry began
with the generation of two-dimensional data sets from a
multidimensional model using prespecified (‘true”’ or
generating) parameters. These ‘true’ parameters were then
estimated, followed by an examination of the accuracy of
the parameter estimation. Finally, equating was performed,
followed by an examination of the accuracy of the equating
and an investigation into the effects on vertical equating
of various multidimensional conditions.

Yest Analysis Made

The statistical model used in this study for analyzing
item responses was the three-parameter logistic model of
IRT (Birnbaum, 1948). This model assumes that an
individual's performance on a test is influenced by only
one important unobservable characteristic, 6, which is
called a (latent) ¢trait or ability. The three-—parameter
logistic model assumes that the probability of a correct

response to item i by person j with ability level, ©, is:

1 - ca

Pi(04) = c, + ’ (1)
1 + exp(—-1.7a,4(6,5-b,))

where sy bsy, and c, are the discriminating power,

difficulty and guessing parameters of item i, respectively.
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Data Generation

The main question examined in this research was haow
robust vertical equating based on the three-parameter
logistic model is to violation of the unidimensionality
assumption underlying the equating. The unidimensionality
assumption is violated when scores that are being equated
are multidimensional in the sense that an examinee’s score
on a test is the result of two or more latent traits. The
data can be the result of more than one latent trait, and
can also vary in the degree of correlation that exists
between these traits. Infinitely many multidimensional
data sets fulfilling these requirements are possible;
therefore, this research was necessarily limited to a few
of the possibilities.

Number of latent dimensions. Examinee’'s scores in most

academic testing situations probably result from two or
more latent traits. The two-dimensional case was chosen for
this research as possibly typical of some published tests
and as a starting point for examining the robustness of
vertical equating to violation of the unidimensionality
assumption. One unidimensional data set was generated (m =
1 in the generating model) to use as a criterion against
which the multidimensional data sets could be compared.

Degrees of correlatiaon. The choice of correlations

between dimensions was limited to that which seemed
possible for a published test. A correlation of zero
simulated data sets in which Traits 1 and 2 had no
correlation. Correlations of .3 and .4 were chosen to
simulate data sets in which the two traits had low
correlation; .5, .6, and .79 were used for traits that were
more highly correlated; and .9 was used to simulate two
traits that were highly correlated. One unidimensional
data set (equivalent to a situation in which the

correlation between traits is 1.0) was also generated.
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Multivariate model. Two-dimensional data sets were
generated using a modified version of the multidimensional
model described by Hattie (1982). This model, an extension
of the three—-parameter logistic latent-trait model (Doody-
Bogan & Yen, 1983), allows one to vary the levels of
difficulty, guessing, discrimination and the number of

traits underlying the data. The model used was:

(1 - c4)
Pa(93¢) = €4 + ’ (2)
m
1+ exp(—l.?S;a‘g(e,g - bie))

where Pi(03¢) = P1(051,035250004595m), the probability of a
correct response to item i by person j whose location in an
m—-dimensional latent space is described by abilities 6,,,
O3zyece393mj G4 is the ability of person j on trait t, a:.
is the discrimination of item i with respect to trait t,
bse is the difficulty of item i with respect to trait t,
and €1 is the guessing parameter for item i. Because this
research was concerned with two-dimensional data sets, m =
2. Note that for m = 1, the model reduces to the uni-
variate logistic three-parameter model of Birnbaum (1968).
Difficulty values. Base values of b; were chosen to be
reasonable for published tests (Lord,19683; Ross, 19663 Yen,
1982). The b. ‘s chosen were -2.00, -1.46, -1.25, -1.04,
-84, —.b66, -.59, —-.52, -.45, -.38, -.31, —-.24, -.17, -.10,
-.03, .04, .11, .18, .26, .32, .40, .49, .53, .62, .68,
.74, .95, 1.02, 1.35 and 1.52 (Mean = —-.03; SD = .82).
Three levels of differences in difficulty between the
tests to be equated were simulated. For the first set,
both tests to be equated had the same mean difficulty
values. This simulated a horizontal equating situation.
For the vertical equating situations, mean differences in

difficulty were chosen to be 1 and 2. These differences in
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difficulty represent adjacent 1levels and once-removed
levels, respectively, and were represented as bp - be = 1.0
and bp = be = 2.0, where bp is the mean difficulty of the
harder test (Test D), and be is the mean difficulty of the
easier test (Test E). Hereafter, the harder test will be
called Test D, and the easier test will be called Test E.
For bp — be = 1.0, .5 was added to the base b; values in
order to simulate the b, for the harder test (Test D), and
.5 was subtracted from the base b, values in arder to
simulate the b; for the easier test (Test E). Similarly,
1.0 was added-to and subtracted-from the base bi: values in
order to create bop - Bz = 2.0

Discrimination values. Discrimination wvalues in IRT
simulation studies are typically between 0.5 and 2.0 with a
mean around 1.0 (Hattie, 1982; Lord, 1948; Ree, 19793 Ross,
1966; Warm, 1978). For this study, a. values for the
simulated items were chosen to be: .5, .6, .6, .7, .7, .8,
.8, .8, .8, .9, .9, .9y 9y 1.0, 1.0, 1.0, 1.0, 1.0, 1.1,
1.1, 1.1, 1.1, 1.2, 1.2, 1.2, 1.3, 1.4, 1.6, 1.8, and 2.0
(Mean = 1,033 8D = .34).

Guessing values. For a multiple choice item with five
alternatives, the expected value aof ¢ is .2 under the
assumption of random guessing; however, values less than .2
are often found in actual test items because some incarrect
alternatives are deliberately made more attractive than
others. Values of the quessing parameter typically range
from 0.0 to 0.4 (Hambleton & Traub, 1971; Hattie, 1982;
Kingsbury & Weiss, 1979; Lord, 1968; Warm, 1978). In arder
to generate data similar to published tests for which the
simulation results might be applicable, the following c.
values were chosen: .16 (seven items), .17 (three items),
.18 (three items), .19 (three items), .20 (eight items),
.21 {(three items), and .22 (three items) (Mean = .19;
SD = .02).



Item pool. The base item pool consisted of 30 items.
The existence of two traits was assumed; therefore, the
model required two discrimination parameters, two diffi-
culty parameters and one guessing parameter per item. For
each configuration, item parameters asa:, bass, as=, biz=, and
Cs were randomly assigned to Traits 1 and 2 far Tests E and
D. Randomizations were repeated until the desired correla-
tions between latent traits were closely approximated.

Test configurations. Ten two-trait configurations were
chosen as typical of possible achievement tests. As a
starting point, CTBS/U and CTBS/V (CTB/McGraw-Hill, 1981)
were examined from the point of view that the examinees-
responses were the result of two traits rather than one.
From this examination, gpecific configurations of
correlations between traits and between item parameters
were chosen to be simulated. Table 1 shows the desired
trait and item parameter correlations for the simulated
data sets. Table 2 shows the item parameters used for each
data configuration.

For Configuration 1, both traits were assumed to be
measured by both tests. Zero carrelation between traits
was assumed. All correlations for discrimination and
difficulty were assumed to be zero. This configuration was
chosen to represent a test, such as language mechanics,
where Trait 1 is end punctuation (i.e., period, question
mark), and Trait 2 is middle punctuation (i.e., comma,
colon). Theoretically, a student could understand or
master either trait with no knowledge of the other trait.

Confiquration 2 was the same as Configuration 1 (both
traits measured by both tests, a, b, ¢ randomly assigned)
except a moderate correlation (.6) was assumed between
traits. This configuration might result from a science
test where an examinee’s item responses were the result of

both reading ability and knowledge of science facts.
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Table 1

Correlations for Simulated Data Sets

Configquration

Easy  Test Hard Test
Trait | Trait 2 Trait 1 Trait 2
r{6:,62) = 0 same as
rlag,bs) = 0 rlaz,be) = 0 easy
rlaggaz) = 0 ribyyba) = 0 easy
ri0;,02) = .4 same as
rlagghy) = 0 rlagbz) = 0 easy
rlas,az) = 0 ribyb2) = test
r{0,,02) = .75 sake as
riay,by) = .4 rlazbz) = .0 easy
r(a,,az) =0 r(bl,bz) = 0 test
ri6,,62) = .9 same as
rias,by) = .0 rfazbal = easy
rlas,az) = 0 riby,ba) = test
ri0,,02) = .9 same as
rlag,by) = 0 riazba) = 0 gasy
rfas az) = .8 riby,b2) = .8 test
ri6;,02) = .5 same as
rlagybs) = 0 riaz,b2) = 0 easy
rla; az) = -8 riby,b2) = 0 test

10
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Table | {continued)

Easy Test Hard Test
Confiquration Trait 1 Trait 2 Trait | Trait 2
7 ri6,,82) = .4 same as
ria;by) = .2 riazba) = .5 easy
ria;,az) = 0 ribyyba) = 0 test
8 rid,6,) = .3 ri6y,0,) = .3
rlag,by) = =3 rlazbz} = 0 rlay,by) = -3 rlaz,ba) =
rlazyaz) = 0 riby,ba) = 0 rlagyaz) = .2 ribyyby) =
9 r(O;,Og) = .9 r(O‘,Oz) = .9
r(a,,b,) = .4 r(iz.bz) = 0 r(a.,b.) = .4 r(izlbz) = .7
r{as,az) = 0 ribyyba) = 0 r{agsaz2) = 0 riby,b2) = .5
10 r{0;,82) = .5 same as
r{a; by} = =3 rlazba) = 0 easy
rlag az) = =5 ribg,b) = 0 test
11 unidimensianal unidimensional

Note: All item parameters are written without the item subscript, i.
All ability parameters are written without the person subscript, j.
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Table 2

ase Item Parameters

Hard Test

Easy Test

Confiquration
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Table 2 {continued)

Easy Test _Hard Test
Configuration ALl _AL2 BL1 BL2 CL AHL  _AH2 BH1 BH2 o
11 0.80 0.68 0.18 0.90 0.82 0.16
2.00 0.18 0.20 0.%0 -0.03 0.18
1.00 0.62 0.18 2,00 -0.31 0.17
1.10 -0.17 0.20 %.00 .30 0.%3
.38 4§ 843 68 b4 §:39
1-00 ull 0-16 180 '0-8‘ 0-16
1.20 -0.66 0.16 00 =2.00 0.18
1.20 -0.31 0.18 10 0.26 0.20
0.90 -0.84 0.20 ). 60 -0.10 0.22
1.10 =2.00 0.19 .10 0.32 0.22
0-60 -0145 o. 19 |00 '0-45 0. 20
0.80 ), 49 0.15 .90 0.49 0.21
1.00 -0.39 0.22 10 0.48 0.16
0.99 -0.92 0.17 .00 -1.46 0.17
0.80 -1.25 0.20 ), 80 -0.29 0.19
0,90 -0.24 0.20 20 =0.92 0.16
70 7] 0.20 80 0.93 0.20
0.70 -0.10 0.16 .90 =0.17 0.19
.10 -0.38 0.16 .80 0.04 0.17
0.40 -1.04 0.21 0.70 -1.04 0.16
60 .99 0.21 +30 -1.2% 0.18
.80 -1.46 0.20 ). 80 -0.24 0.16
.00 .02 0.22 .20 0.18 0.20
0.90 23 0.22 90 0.74 0.2t
+30 33 0.21 40 -0. 66 0.16
A 04 0.16 .80 -0.38 0.20
.80 -0.03 0.17 .10 0.11 0.21
00 0.26 0.17 40 0.40 0.20
10 0.74 0.19 .20 1.92 0.22

Note: ALl and BL! are discrimination and difficulty for Trait 1 on the easy test.
AL? and BL2 are discrimination and difficulty for Trait 2 on the easy test.
AH! and BH! are discrimination and difficulty for Trait 1 on the hard test.
AH2 and BH2 are discrimination and difficulty for Trait 2 on the hard test.
Base itea parameters are before +0, 1, or 42 are added to the difficulty paraaeters.
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For Configuration 3, it was assumed that both traits
were measured by both tests, and a high (.73) correlation
existed between the two traits. Discrimination and
difficulty were correlated .4 in Trait 1. A test that
involves both mathematics and reading might produce such a
configuration.

Configuration 4 was the same as Configuration 1 except
that a high correlation (.9) was assumed between traits.
This configuration represents a test, such as language
mechanics, where Trait 1 is reading ability and Trait 2 is
punctuation ability.

A test such as reading comprehension might involve both
reading and vocabulary as separate traits. A high
correlation between traits would probably exist. Such a
situation was assumed for Configuration 5, with difficulty
and discrimination highly correlated across traits.

In a test such as social studies, where two traits
might be reading ability and ability to understand graphs,
some items usually pertain to graphs only, some require
reading only, and a few may require both reading ability
and an understanding of graphs. For Configuration 6, some
items were assumed to measure only Trait 1, while having
zero discrimination in Trait 2. Some items were assumed to
measure Trait 2 only, with zero discrimination in Trait 1.
A few items were assumed to measure both traits.

Configuration 7 involves a situation in which Trait 2
is measured in the easier test by a few items and in the
harder test by most or all of the items. For the easier
test, discrimination was high for the items in both traits,
while all other items had a range of discrimination in
Trait 1 and zero discrimination in Trait 2. The harder test
had a range of discrimination in both traits. This might
occur if knowledge of fractions was one trait measured by a

few items, and all other items measured another trait.
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Decimals are introduced after more basic concepts
(number, addition, etc.) have been taught. Therefore, items
measuring knowledge of decimals usually do not occur in the
lowest or easiest levels of a series of tests designed to
cover kindergarten through high school. Configuration 8 was
chosen to represent a situation where the second trait is
measured only by a few items in the harder test. For the
harder test, these few items were assumed to have equal
difficulty in both traits, while discrimination was assumed
to be medium for Trait 1 and high for Trait 2. All other
items include a range of discrimination values in Trait 1
and zero discrimination in Trait 2. A low correlation (.3)
between the two traits was assumed.

In Configuration 9, Trait 2 was measured only by a few
items in the harder test with moderate correlation between
traits. Difficulty and discrimination were assumed to be
moderately correlated in Trait 1 for both tests and highly
correlated in Trait 2 for the harder test. Difficulty had
medium correlation for the harder test. This was chosen to
represent a test such as mathematics computation, where
Trait 2 is ability with fractions (measured by a few items
in the harder test), and Trait 1 is ability to solve
nonfraction items (measured at both levels).

For Configuration 10 it was assumed that both traits
were measured by both tests. The correlation between traits
was .35. A few items were assumed to have low discrimination
in Trait 1 for both tests, low discrimination in Trait 2
for the easier test and high discrimination in Trait 2 for
the harder test. All other items were assumed to have
high, medium, or 1low discrimination in Trait 1 and zero
discrimination in Trait 2. This configuration was chosen
as being similar to a test such as mathematics computation,
where Trait 2 is ability in decimal problems, and Trait 1

is ability in computing all other problems.
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Configuration 11 was the unidimensional situation.
This caonfiguration was simulated by setting m =1 in
the multidimensional model used to generate the data.

Data conditions. Combining the previously described
configurations resulted in 33 data conditions: i1 (item
parameter/correlation configurations) x 3 (bo — be) values.

Confiquration Groupings. Configurations 1 through 10
were generated by a multivariate model, and therefore are

multidimensional. However, for the sake of clarity, the
configurations were grouped into four groups based on the
discrimination values. Items not measuring a trait were
assigned zero discrimination values, because, if an item
does not measure a trait it presumably will not
discriminate on that trait. It was assumed that Trait 2
was not measured at all by some tests or was measured by
only a few items (five of the 30 items). These tests,
although not strictly unidimensional, may be considered to
be essentially unidimensional. Tests that were assumed to
measure both traits with all items were assigned nonzero
discriminations and are clearly multidimensional.

In Configurations 1 through 5 and Configuration 7, Test
2, every item measured both dimensions, and over half the
items (17) measured each ¢trait in Configuration 6.
Therefore, both tests of Configurations 1 through 6, and
Test 2, Configuration 7 were multidimensional. Hence, Group
Mi, consisting of configurations having both tests clearly
multidimensional, was composed of Configurations 1 through
S. For all items in both tests, this group had nonzero
discriminations for both traits. Configuration 6 was the
only canfiguration placed in Group M2 because it was the
only configuration with about half of the items measuring
each dimension. Group M2 was also considered to be a

multidimensional group.
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Another group (Group U) was considered as a group of
configurations with both tests essentially unidimensional.
Group U consisted of Configurations 8, 9, 10, and 11. For
Test 1 of Configurations B8 and 9, Trait 2 was not measured
at all; hence, it had zero discriminations for all items.
Therefore, Test 1 for Configurations 8 and 9 was considered
to be essentially unidimensional. Similarly, Test 1 of
Configurations 7 and 10, and Test 2 of Configurations 8, 9,
and 10 were all essentially unidimensional because 25 of 30
items did not involve the second trait.

Test 1, Configuration 7 was essentially unidimensional
and Test 2 was multidimensional. Configuration 7 was placed
into a group by itself, Group M3.

Simul ated data. The simulated data sets included three
groups of simulated examinees for each of the two traits:
2,000 of low ability, 2,000 of middle ability and 2,000 of
high ability. The 2,000 ability or theta values for each of
the three ability levels were generated using the IMSL
multivariate normal random deviate generator, GGNSM (IMSL,
1979). In each case a normal distribution was assumed.
{Mean = ~-.97; SD = 1.0 for the low ability group. Mean =
0.0; SD = 1.0 for the medium ability group. Mean = 0.357;
SD

1.0 for the high ability group.) These differences in
mean ability were chosen to be similar to the differences
between ability levels in published tests. A total group
of all 6,000 observations pooled was also formed. For the
33 data conditions (11 configurations x 3 differences in
mean difficulty between tests), response vectors were
generated for the low, medium and high ability groups for

tests of 30 items each.
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Anchor test. Recall that for vertical equating, Test E
was the easier test, and Test D was the harder test of each
pair of tests to be equated. For horizontal equating, Tests
E and D are equivalent. For each of the 33 data conditions,
a 30 item anchor test was chosen using traditional
difficulty or p-values. Each anchor test was composed of
the 15 items from Test E with the lowest p-values and the
15 items from Test D with the highest p-values.

Response vectors. Using the prespecified parameters
and the multidimensional model, the P4(06,4,,052) were
computed for each observation. Using these P;(0,4:,05=2)
values, binary responses (u,,.) were generated for each
item (i), examinee (j) and test (k) combination, where usj«
is 1 (a correct response) if a random number is less than
ar equal to P, (0,,,0,42) or 0 (a wrong response), otherwise.
Random numbers were generated from a uniform random number
generator distribution provided by the IMSL subroutine,
G6GUBS (IMSL, 1979).

Responses were generated for all simulated examinees
for both tests (E and D). For item parameter estimation,
only the responses to Test E were used from the low ability
group, only the responses to Test D were used from the high
ability group, and only the responses to the anchor test
were used from the medium ability group. Responses for all
simulated examinees to both tests were used to examine the
accuracy of the equating.

Data verification

Means and standard deviations of number—correct scores,
item difficulties (p—-values), and KR-20 test reliability
coefficients from the simulated tests were examined in
order to verify that the simulations were veridical.
Parameter Estimation

Before equating can be done using an IRT model, the

estimated item parameters (3, B, e), and the ability
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(),

These estimates are usually

estimates must be derived from the test response
obtained
1976;

19763 Wingersky, Barton, & Lord,

vectors. using
Woad,
1982).

With the LOGIST program, the estimates are computed by a

computer programs, such as LOGIST (Wood & Lord,
Wingersky, & Lard,

modified maximum likelihood procedure.

For each of the 33 data
were estimated in two separate runs with LOGIST (Wingersky,
Barton, & Lord, 1982). to
exclude from the parameter estimation those items which are
the test.
are not considered incorrect, but are ignored
the test that the
shows the LOGIST runs used for parameter

conditions, item parameters

LOGIST bhas a not-reached option

beyond the examinee’s last marked response on
These items
as if they were not part of examinee
took. Table 3

estimation.

Table 3

LOGIST Runs for Parameter Estimation

Items
LOGIST . .
Run Sample N Test E (30 items) Test D (30 items)
1 lon‘ability_ 2,000 responses? NR2
medium ability 2,000 19 NR 15 responses 15 NR 135 responses
2 medium ability 2,000 15 NR 18 responses 13 NR 15 responses
high ability 2,000 NR responses
Note: *!"Responses" means the item responses were used,

2"NR" means "not reached” was used in place of item responses.
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Item parameters for Test E and the anchor were estimated
using the responses from the low and medium ability groups.
The 30 items from Test D were considered not-reached (NR)
items for the low ability group. The 15 Test D and the 15
Test E items not in the anchor were considered NR items for
the medium ability group. Similarly, item parameters for
Test D and the anchor were estimated using the responses
from the medium and high ability groups combined. Items
from Test E were considered NR for the high ability group.
The 30 Test D and Test E items not in the anchor were NR
for the medium ability group.

This allowed combined samples of 4,000 examinees; a
sample size found to be adequate for obtaining very stable
item parameter estimates (Yen, 1983 ). Because separate
pairs of LOGIST runs were made for each of the 33 data
conditions, the result was two sets of estimated item
parameters and estimated abilities per condition. For each
of these 33 conditions, the accuracy of the parameter
estimates was examined; equating was performed, and the
accuracy of the equating was examined.

Accuracy of the Parameter Estimation

Although in real 1life situations the true parameters
are not known, an advantage of using simulated data is that
the "true" item parameters are known; the "true™ item
parameters are those used to generate the data. Hence
comparisons- between true and estimated parameters can be
made, and such comparisons can be used to examine the
accuracy of the estimation procedure within levels.

Within level comparisons. The accuracy of the

estimation procedure was examined within levels by
comparing the estimated item parameters from Tests E and D
to both sets of true item parameters for Traits 1 and 2
using correlations between the appropriate parameters and

by comparing true thetas to estimated thetas. Estimated b,
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{as) values were compared to each of the two sets of true
bas (as) values, bsii (a43) and by (a1z) for both traits.
The estimated ci values were compared to the one set of
true c4 values, and the estimated thetas (8) were compared
with the true thetas (0, and 6z) for the two traits.
Item Response Theory Equating

In IRT eguating, scores from two tests are considered
equivalent if they correspond to the same level of
estimated ability, 6. In other words, two tests are
considered equated if the same ability estimate, 6, can be
expected for any examinee on both tests after equating. The
basic principle behind equating ability estimates is that
if the data fit the IRT model, then an estimate of an
examinee's ability can be obtained that is independent of
the set of items to which the examinee responds. The
ability estimates for each examinee obtained from two tests
will be identical except for sampling error.

Equating using an IRT model involves first estimating
item and ability parameters, followed by equating. Equating
consists of placing the item parameter estimates for the
tests to be equated onto the same scale, and then placing
the ability estimates, 6, onto this scale. A transformation
is chosen such that scores from the two tests are equated
if they correspond to the same estimated level of the
latent trait ability underlying both tests.

Using the estimated item parameters from the parameter
estimation runs, the means and standard deviations of the
b: values for the anchor items were equated as follows:

a. Mpai, SD5i1, Ma=, and SDg= were calculated where MS.
and SDia. are the mean and standard deviation of the item
difficulty parameter, bi, for the anchor items as estimated
in Run 1, and Mgz and SD4i» are the mean and standard
deviation of the b, as estimated in Run 2.

b. Let Ki = 8SDG1/SD&=, and Kz = M51 — KiMi=.
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c. The estimated parameters for a, b, and ¢ for Run 2
were then adjusted as follows: €=+ = €z, 32% = 42/K,, and
Gz’ = GzK; + Kz. The estimated item parameters for Run 2
were then on the same scale as those for Run 1. A second
set of LOGIST runs (using Fixed equated item parameters
from the parameter estimation) was made. Because fixed
equated item parameters were used, the result of these runs
was that the @ of Test D were equated to the 8 of Test E.
Accuracy of the Equating

The accuracy of the equating was examined in light of
three effects: the effect of each multidimensional data
configuration, the size of the difference between mean
difficulty on the two tests that were equated, and the
effect of the accuracy (or inaccuracy) of the item
parameter estimates.

Between level comparisons. For each of the 33 data

conditions, thetas () were estimated in two separate runs
with item parameters (3, 3, €) fixed (and equated). In Run
1, thetas were estimated for Test E using item responses
for all three ability levels on Test E and not reached (NR)
for Test D. Item parameters were fixed at the values
estimated in the parameter estimation LOGIST runs. In Run
2, thetas were estimated for Test D, using item responses
on Test D, NR on Test E, and fixed item parameters. Because
equated fixed item parameters were used, estimated thetas
for Tests E and D were equated after these LOGIST runs. The
accuracy of the equating was then examined.

The accuracy of the equating was examined by comparing
the estimated thetas for all simulated examinees on the
easier test with the estimated thetas for all simulated
examinees on the harder test. Standardized root mean
squared differences (SRMSD), standardized differences
between means (SDM), the ratio of the standard deviations,

correlations, and degree of tau equivalence were used.
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The RMSD between pairs of estimated thetas, scaled by
the variances of the two equated trait estimates being

compared, was computed as follows:

i n
- 5 (Bes - 6p=
n j=1
SRMSD = ’ (3)
(Se® + Sp=) /2

where 6;,, 694, Se=, and Sp= are the ability estimates for
person j and the variances of the theta estimates for Tests
E and D, respectively.

The standardized difference between means (SDM), an
estimate of overall bias between the estimated thetas, is
the difference in mean thetas for Test E and Test D divided

by a pooled estimate of the standard deviations:

62 _ép
SDM = s (4)

(SEZ + SDZ) P -

where 5:, ép, Se®, and Sp® are means of the estimated
thetas and variances of Tests E and D, respectively.

A third method used to check the accuracy of equating
was the examination of the degree of tau-equivalence of the
equated, estimated thetas (Yen, 1983). Two scores, Xi and
Xz are tau—equivalent if E(X,IT) = E(X=iT), where T is the
true score. Local equating bias of 8= and 60 is defined as
B(8c,0p!T) = E(Ox!T) — E(6p!T). To estimate 1local bias,
examinees were rank ordered on the basis of the average of

the two trait values and grouped intoc five cells with 20
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percent of the observations in each cell. The estimate of

local equating accuracy that was used is

Bm(8e,0p!T) = (5)
~/(SeZ + Sp2)/2

for cell m, where %Em and éom are the means of 63 and 69
for cell m. The standardized difference between means was
found for each of the five cells. The average of the
absolute values of the standardized mean differences for
the five cells was used as a summary measure of local bias.
Note that this is not really bias in the conventional,
statistical sense, but actually is local consistency of the

scaled, estimated thetas.
RESULTS

True ltem Parameters

All attained correlations among the item parameters
used for generating the two—-trait data were within +.10 of
the desired correlations. Hence, the attained correlations
appeared to be acceptable.

Simulated Thetas

The attained correlations between generated thetas on
the two traits were within .03 of the desired correlations.
For all three ability levels mean thetas were within .06 of
the desired mean ability, and the standard deviation of the
true thetas were within .04 of the desired standard

deviations. The simulated thetas appeared to be acceptable.
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Simulated Item Responses
Table 4 contains means and standard deviations of

number-correct scores for the pairs of simulated tests.
The simulated tests appeared to be realistic. As was
expected, Tests E and D differed a great deal in difficulty
for the bp — be = 2 conditions, and had very similar
(number—correct) difficulties when bp — be = O. Also as
expected, Test E appeared easiest and Test D hardest when
bo — be = 2. (Note that the easiest test of Configurations
1 through S had a loss of more than 1000 examinees due to
perfect scores. Thetas for examinees with perfect or zero
scores cannot be estimated by maximum likelihood methods;
hence LOGIST automatically terminates such runs because
results from a run with a large percentage of deleted
examinees would be inaccurate.)

Table 5 contains KR-20 values for the pairs of tests.
The KR—-20 values ranged from .74 to .94. The overall trend
appeared to be that the hardest test for each configuration
(bp - be = 2, Test D) had the smallest KR-20. Most of the

tests appeared to be acceptably reliable.
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Table 4

Means and Standard Deviations of Number—-Caorrect Scores

Ability Level

Low + Medium Medium + High
Config- _ _
uration bp—be Test Mean S.D. Mean S.D.
1 2 E 24.03 6.05 * *
1 19.87 7.13 24.47 S5.79
0 15.93 7.10 20.53 7.06
0 D 15.78 6.92 20.56 6.70
i 11.76 6.04 16.26 6.93
2 ?.07 4.76 12.56 6.30
2 2 E 23.20 7.08 * *
1 19.71 8.03 23.87 6.80
0 15.79 8.00 20.33 7.89
0 D 15.99 7.76 20.42 7.48
1 12.40 6.94 16.44 7.75
2 ?.63 9.69 12.93 7.15
3 2 E 23.14 6.92 * *
1 19.42 7.81 23.49 6.73
0 15.75 7.84 20.02 7.77
0 D 15.90 8.01 19.88 8.11
1 11.91 6.90 15.93 8.04
2 ?.42 S.64 12.49 7.17
4 2 E 23.25 7.28 * *
1 19.58 8.24 23.66 7.15
0 16.03 8.20 20.30 8.12
(o) D 16.15 8.03 20.33 7.93
1 12.45 7.23 16.53 8.06
2 9.84 5.88 13.19 7.46
S 2 E 22.85 &b.74 * *
1 19.55 7.45 23.22 6.59
0 15.93 7.47 19.98 7.43
o] D 15.88 7.40 19.93 7.44
i 12.70 6.71 16.49 7.352
2 10.16 S.54 13.29 6.82

(table continues)
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Table 4 (continued)

Ability Level

Low + Medium Medium + High
Config- _

uration bp-be Test Mean S.D. Mean S.D.
) 2 E 22.69 5.53 25.46 4.40
1 12.790 6.05 23.01 5.46

0 16.84 S.928 20.27 5.94

0 D 15.93 6.02 19.41 6.01

1 12.99 S5.594 16.32 6.20

2 10.62 4.83 13.35 5.61

7 2 E 21.53 S.94 24.40 5.01
1 18.68 6.38 21.98 6.01

0 15.56 6.14 18.97 6.25

0 D 15.41 7.42 19.992 7.48

1 12.08 6.58 16.39 7.54

2 ?.32 S.11 12.39 6.58

8 2 E 21.95 S.71 24.51 4.94
1 19.22 6.30 22.32 5.64

0 16.52 6.39 19.53 6.22

0 D 16.51 6.15 19.66 6.05

1 13.66 S5.79 16.88 6.17

2 11.22 5.09 14,06 5.92

9 2 E 21.94 6.04 24.69 5.15
1 19.04 6.49 22.17 6.04

0 16.15 6.92 19.40 6.44

0 D 15.33 6.43 18.72 6.62

1 12.69 S. 66 15.77 6.51

2 10.55 4.85 12.98 5.82

10 2 E 22.10 S5.94 24.94 4.87
1 19.32 6.45 22.54 5.72

0 16.47 6.49 19.97 6.36

o] D 16.25 6.36 19.76 6.36

1 13.30 S.84 16.54 6.42

2 10.60 5.02 13.58 S.99

11 2 £ 21.90 S5.99 24.60 5.05
1 12.04 6.54 22.16 5.89

0 16.31 6.33 19.59 6.35

0 D 16.45 6.37 19.74 6.32

1 13. 466 &.00 16.65 6.38

2 11.37 S.21 14.03 6.04

¥ Incomplete LOGIST run due to too many perfect scores.
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Table S

KR-20 Values of Number—Correct Scores

Ability Level

Config— _ _
uration bp-be Test Low + Medium Medium + High

1 2 E <921 *
1 - 21 « 21
0 « 20 .21
0 D .82 - 91
1 .89 .89
2 .76 .86

2 2 E .94 *
1 « 24 - 23
0 .92 « 24
0 D .92 23
1 .89 92
2 .83 - 90

3 2 E « 93 *
1 .93 « 23
0 .92 .93
0 D .92 - 74
1 .89 .93
2 -84 - 20

4 2 E .94 *
1 -4 .24
0 .93 .24
0 D .22 - 74
1 .90 .93
2 .85 «21

S 2 E .93 *
1 - 93 23
0 .91 .23
0 D - 21 « 93
1 .89 .92
2 .83 .89

(table continues)
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Table 5 (continued)

KR-20 Values of Number—-Correct Scores

Ability Level

Config— _ _ .
uration bp-be Test Low + Medium Medium + High
& 2 E .86 .84
1 - 86 .87
0 .84 - 86
0 D .84 - 86
1 « 80 .85
2 « 75 .81
7 2 E .88 .86
1 .88 .88
0 <85 .8
(o] D -21 23
1 .88 921
2 .79 .88
8 2 E .87 .86
1 .87 .87
0 .87 .87
0 D « 85 .87
1 .83 .86
2 .78 -84
9 2 E .88 .88
1 .88 -
0 .87 .88
o D .86 .88
1 .82 .87
2 .76 .83
10 2 E .88 .87
1 -88 -
0 .87 .88
0 D .87 .88
1 .83 .87
2 .77 .84
11 2 E .88 .87
1 .88 .88
0 .86 .88
o] D .86 .87
1 .84 .86
2 .78 .84

«Incomplete LOGIST run due to too many perfect scores.
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Parameter Estimation. Tables 6 and 7 contain
comparisons of the true and estimated parameters. Recall
that both tests (E and D) of Group U and Test E of Group M3
were unidimensional tests according to the values of the
(generating) item discrimination parameters; both tests of
Group M1 and Test D of Group M3 were multidimensional (all
items measuring both traits); and both tests of Group M2
were multidimensional (approximately half of the items
measuring each trait). Table 6 1lists the correlations
between the estimated and true item parameters. For
Configuration <] and the unidimensional tests, the
correlations between difficulty on Trait 1 (bi) and
estimated difficulty (B) were .90 and above. For most of
the multidimensional tests the correlations were under .80
(mostly between .60 and .78). The only correlations under
.99 were in M2, Test D (.26, .36 and .34).

For the correlations between estimated difficulty )
and difficulty on Trait 2 (bz), the best correlations (.87
to .95) were for Configuration S, the multidimensional
configuration with the highest correlation between traits.
All other correlations were .77 or less. For most of the
unidimensional tests the correlations were below .20. For
most of the multidimensional tests the correlations were
between .50 and .78.

Note the large differences (.78 to .96) between r(G,bz)
and r(a,bg) for the unidimensional tests. Note also the
differences between r(B,bg) and r(G,bz) for Group M2. For
Trait 1, Test E had the higher correlations (.77 and .78)
and Test D had the lower (.26 to .36). The reverse was true
for Trait 2. Test D had the higher correlations (.67 to
.77), and Test E had the lower (.24 to .30).

The correlations between estimated discrimination (3)
and true discrimination on Trait 1 (a,) followed some of

the same patterns as the correlations between estimated and
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true difficulty. The highest correlations between 3 and a,
were for the unidimensional tests as was true for the
correlations between b and bi. The correlations for most
of the multidimensional tests were less than .72. Group
M2, again an exception, had the lowest overall correlations
on Trait 1 (.11 to .41).

For the correlations between estimated discrimination
(3) with discrimination on Trait 2 {az), the unidimensional
test of Group M3 had the largest correlations (.80 and
.83). All other correlations were .73 or less. Most of the
Group M1 correlations were between .50 and .73. Group M2
correlations were mostly in the .30s, and correlations for
Group U were less than .31.

There appeared to be no pattern for the correlations
between € and c. These correlations fell between -.14 and
.80. Some of the poorest correlations were for Group U.

Table 7 1lists the correlations between estimated and
true trait values. The correlations for Trait 1 ranged
from .44 to .92. The unidimensional tests had correlations
mostly in the .90s, and the correlations for the
multidimensional tests were mostly in the .70s and .80s.
Configuration 1 yielded the smallest correlations -- from
.44 to .48.

For the multidimensional tests the correlations between
8 and 6= were approximately equal to the correlations
between & and o, for corresponding conditions. For the
unidimensional tests the Trait 2 correlations were all .28

to .56 less than the corresponding Trait 1 correlations.
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Correlations Between True and Estimated Traits

r(6,82)

r(8,0,)

N.

Bo-be

Jest

Cont.

SN

NOO—=N

E
D

1

MNP
NDODO0

TNM) et ot O ome
nmmorsr~

©-Q0~OMII
wa-NMmM e
NOo NN
TN

NOO—N

OMNIMIN
[Tplseleelooles T

Ot NO e
[Tpleciseleclen]l ]

@ ONPMION

SLUINUNOW

NHOO (N

DO~
No~@WOr~

DO@MMPDN-O0
wno-E@oor-

[eellplecle JTpliip]
DT O
WNO~ w0~
T TIN

N™OO—~IN

= WDNWILIN

NHOO (N

QOO0 O
(e e Tl ot o

WOLOUNIr~
~ONON0

M00o~0~0~
LIAINIINDLVIN

NOO =N

NN

NHOO—~N

O~ 000N
MM er<s

—ONCO-0N
ooO~0- D

—rOMN—LD
o~ o~
< ~0~0~0~0~
[TpllplteiTpl7y Ty ]

NmOO—MN

O~ ONLIMI
<INV

NNO OO~
0~0~0~0~Or~

® o =0 a0

N™OO N

¢ <F-00N-OM
WIHN-oWN

OO~
[« gl ad=ad e pdectee]

QDO
—~0N OO0~
=00~ DOo~0~
WIUNNWNNN

NHOQO—NN

10

UL

NHOO Y

i1

N® is total N minus examinees with
ero or perfect scores.

-
-

Note:

3¢&



Equating. Table 8 shows means, standard deviations and
correlations between the estimated thetas for Test E versus
Test D. Correlations were .83 or greater for the horizontal
equating conditions; .80 to .85 when bp — b= = 13 and the
poorest equating was when bo — be = 2. The correlations
for the multidimensional data sets were as good as for the
unidimensional data sets except for Group M3 (equating a
multidimensional test to a unidimensional test). Group M3
had the worst equating (correlations .64 to .78).

The standardized root mean squared differences (SRMSD)
between thetas from Tests E and D, standardized differences
between the means (SDM), ratios of standard deviations and
summary measures of local bias are presented in Table 9.
Except for Group M3, the SRMSD were mostly in the .350s for
the horizontal equating conditions, in the .&0s for the
bo — be = 1 conditions, and .68 to .79 for the most extreme
vertical equating situations. Group M3 had the worst
(largest) SRMSD. The ratios between standard deviations
were mostly near 1.00. Note the small ratios for Group M3
and the large ratios for Configurations 2 and 4.

The SDM values were small for Configuration S, Group U
and for the horizontal equating condition for most
multidimensional configurations. Configurations 3 and 7
were exceptions (SDM values for the bo — be = O condition
were largest). The SDM values were largest in each
configuration for the mast extreme vertical equating
situation. As for the correlations between estimated
thetas and SRMSD, Group M3 had the worst §5DM. Test D means
were usually higher than Test E means.

The 1local bias measure tended to increase as the mean
difference in difficulty between the tests increased;
however, the largest local bias for Group M3 was in the
bp -~ be = O condition. Group M3 had the worst overall

local bias.
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Table 8

Means, Standard Deviations and Correlations of Eguated

Theta Estimates for Test E versus Test D

Config— _ _ A A
uration bp—be Mg SDe Mp SDp r{ée,6p
1 0 .28 1.03 « 29 .26 .88
1 33 .92 - 43 .89 .84

2 * * .85 .85 *

2 o] 23 1.02 «17 .91 .87
1 .27 .96 .37 77 .85

2 * * .86 .81 *

3 0 .24 .84 .12 1.04 .85
1 .22 .71 « 24 .29 .83

2 * * .51 1.23 *

4 0 27 .99 « 26 .97 «21
1 .29 .95 39 .81 .85

2 * * .92 .83 *

S 0 .23 .26 .23 .91 .87
1 .28 .24 =25 1.03 .83

2 * * « 29 1.38 *

) 0 .28 1.07 « 20 1.11 .83
1 26 .28 - 33 .96 .82

2 .18 .88 « 30 .88 .71

7 0 .27 .20 .12 1.17 .77
1 - 36 .94 .44 .96 .78

2 .39 .87 .96 1.04 .69

8 0 22 1.00 - 20 1.08 .84
1 « 30 .95 .26 1.02 .81

2 .22 .94 .31 .97 .78

9 0 « 20 1.02 .22 1.09 .84
1 .21 1.00 « 22 1.08 .81

2 .18 .90 « 26 1.04 .70

10 0 « 26 .98 . 26 1.03 .86
1 27 <93 .32 .88 .83

2 . . .31 .94 .76

11 0 e 25 1.01 . 295 .98 .89
1 .26 .94 e 31 .86 .83

2 .18 .92 - 23 .92 .73

*Incaomplete LOGIST runs due to too many perfect scores.

Note: Test E is the easier test and Test D is the
harder test.
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Table 9

Standardized Root Mean Squared Differences, Standardized

Differences Between Means, Ratios of Standard Deviations

and Local Bias® for Test E versus Test D

Conftig-~ __ _ Local
uration bp—bge SRMSD SDe/Shp ShM Bias
1 0 - 49 1.07 -.01 - 09
1 .08 1.04 —.11 .11
2 b b b

2 o « 92 1.12 -« 07 .07
1 - 60 1-24 e 11 -16

2 b b b b
3 0 « 60 .81 «12 .12
1 - 99 « 93 —. 03 « 09

2 b b b b
4q 0] -.43 1.02 .01 .03
1 - 08 1.16 -.11 .14

2 b b b b
) 0 « 52 1.06 .00 .05
1 « 60 .92 -03 .08

2 b b b b
6 (o] - 99 - 26 . 06 .07
1 - 60 1.03 ~-.07 .07
2 .77 1.00 -« 13 - 13
7 (o) .74 « 77 .14 « 25
| <67 -98 -.08 .08
2 .87 .83 -.18 .18
8 0 .98 - 23 .02 -04
1 .62 .23 .04 .05
2 .68 -98 —009 009
9 0 -56 -93 _002 105
1 « 62 092 —-01 .08
2 079 -B? _-08 -17
10 0 <93 « 26 ~.01 .04
1 « 99 1.06 -.05 .05
2 .71 .74 -. 09 .09
11 0 « 04 1.03 -.01 .04
1 - 60 1.09 -.05 .09
.71 1.01 -.05 - 05

=Local bias is not really bias_in_the conventional,
statistical sense, but actually is local consistency of
ecaled estimated thetas.

b%ncgmelete LOGIST run due to too many perfect scaores on
es -

Note: A positive SDM indicates that the Test E mean is
higher than the Test D mean.
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Local equating bias by ability quintile is shown in
Table 10. Recall that this measure is not really bias in
the conventional, statistical sense, but actually is local
consistency of scaled estimated thetas.

The conditions with large SDM and large overall amounts
of 1local bias in Table 9 also tended to have large amounts
of local equating bias in two or more quintiles, or
extremely large bias in one quintile. In the bp — be = 2
conditions (extreme vertical equating), a moderate to high
amount of local equating bias in at least two quintiles or
a very high amount in one quintile appeared for all of the
multidimensional conditions, except the configurations for
which there was no data. This was consistent with the
correlations, which indicated that the poorest equating
occurred in the most extrgme vertical equating situations.
Configurations 3 and 7 were again exceptions. Configuration
7 showed the largest equating bias for the bo - b= = 0
condition and the smallest for the bp — be = 1 condition,
which was consistent with the SRMSD, SDM and Local Bias
data.

Note that the unidimensional configurations had a small
amount of bias in all quintiles for all conditions.
Configuration 1 and Group M2 followed a similar pattern of
low bias in all quintiles for all conditions, although a

few quintiles had moderate bias.
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Table 10

Local Equating Bias® for Estimated Thetas for Test E

versus Test D

Con-
figu-—

ration bg-bg Ne

1

2

10

11

BQuintile

1 2 3 4 S
0 5198 - 09 .02 -.02 -.04 .08
1 4642 —a22 —a 06 -.08 - 07 -.14
2 c [ c c c c
0 /757 .01 =07 .01 .02 - 24
1 4196 -« 90 -.09 -.05 -.04 .12
2 C c c c c c
0 4748 « 97 .01 .03 - 00 « 00
1 4348 «16 -« 09 -.08 -.04 - 13
2 c c c c C c
0 4552 -. 05 .04 .00 .01 .03
1 3979 -.38 -.05 -.06 -.12 .08
2 c c c c (= c
0 9064 -.13 -.00 .01 -04 .08
1 4602 - 26 -.08 -.02 .01 .01
2 c c c c c c
(o] 9679 -14 .12 .07 -01 -.00
1 9374 - 09 -.14 -.10 -.07 .01
2 4840 -.08 - 20 -.19 -.10 -.08
0 5139 -59 -27 .14 _.06 --21
1 4824 - 09 -.06 -.09 -.06 -a17
2 4131 -.16 —. 23 -.12 -. 15 -« 23
(o] 9593 .14 .00 -.02 .01 —. 05
1 9277 .19 —.00 -.00 -.01 .03
2 o073 -.04 -.11 -.14 -.07 - 07
0 9634 « 07 - 00 -.02 -.03 -. 10
1 5442 -15 ".0 —-06 --01 —.09
2 4900 « 23 -.16 -.19 -.11 -.17
0 59455 - 07 .02 -.02 -.04 —.06
1 S177 -.16 - 02 -.05 -.03 -.01
2 4864 -.04 -.10 -.08 -.06 -.17
0 5493 ~a 10 -03 103 -01 -00
1 5243 e 15 e —-0 - 01 .09
2 5033 -.10 -.10 -.04 -.03 -.00

«Local equating bias is not reallg bias in the
u

conventional statistical sense
local consistency of scaled est

t actually is
imated thetas.

SNumber of simulated examinees for whom thetas were
estimated on both tests.

<Incomplete data: too many perfect scores in Test 1.

Note:

Quintiles range from 1 for the lowest ability
to S for the 1ghest. A positive difference
indicates that the Test 1 mean is higher than
the Test 2 mean.
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DISCUSSION

The purpose of this research was to examine the effects
of various multidimensional data configurations on vertical
equating using a three-parameter logistic model. Eleven
configurations were chosen, ten two—-trait and one
unidimensional. For each of these eleven configurations,
one horizontal and two vertical equating conditions were
simul ated. Data were generated using a multidimensional
model with the correlation between traits ranging from 0.00
to 1.00.

Simulations. The simulated item parameters and thetas
were well within acceptable limits of the desired values.
Means, standard deviations and KR-20 values of
number—correct scores indicated that all the conditions
simulated realistic test configurations even though the
most extreme vertical equating condition produced tests
that had quite different difficulties.

Parameter estimation. How well the item parameters
were estimated appeared to depend to some extent on whether
the tests were unidimensional or multidimensional. For
Group U (both tests essentially unidimensional) difficulty
faor Trait 1 (bi) was estimated very well, and difficulty
for Trait 2 (bz) was estimated extremely poorly. For most
of Group M1 (both tests multidimensional), b; was not
estimated as well as for Group U. Most Group M1 b=
estimates, although mediocre, were better than Group U
estimates. An exception in Group M1 was Configuration 3,

which had excellent estimation of both b, and bax.
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Note in Table 1 that the correlation between b: and b=
was zero for most configurations. Because the correlation
between b: and b= was high (.80) for Configuration 5, the
excellent estimation of both could be expected. (Recall
that the same set of base difficulties was used for both
traits; therefore, a high correlation between bs: and b=
would indicate that most b=s were the same as the bais.)
Similarily, the medium correlation between b, and B for
Configuration 9, Test D could be expected because the
correlation between b, and bz was .5. However, for Group
U, with zero correlation between b, and bz, and b, well
estimated, b> could not be estimated very well.)

Especially notable is the extremely poor estimation of
by for Test D, Group M2 (about half the items measured each
trait), and the poor estimation of b= for Test E, Group M2
and for Group U. {(Note, that when az = 0, then
az{(® - bz) = 0, and bz has no influence on an examinee’'s
response; therefore, discussing the estimates of b= has no
meaning. Nevertheless, because many of the Group U tests
examined here have a few items with nonzero discrimination,
the quality of the difficulty estimates was discussed).

For Group M2, good b; estimates and poor bz estimates
for Test E and good b= estimates and poor b, estimates for
Test D followed from the fact that nearly half the items
(13 of 30) did not measure Trait 1, 13 others did not
measure Trait 2, and only four measured both traits.
Therefore, approximately half the items discriminated on
Trait 1 and half on Trait 2 which allowed one trait to be
well estimated while the other was estimated poorly.

In general, when r(bi,b=2) was high, the estimation

of both b, and bz was good. When r(b,s,b=) was
medium, ba was estimated well, and the estimation of b=
was mediocre. When r(bi,bz) was zero, and Trait 2 was
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measured by few or no items, then b was estimated well for
the measured trait and poorly for the trait not thoroughly
measured.

It appears that how well the difficulty parameter is
estimated depends on an interaction between whether or not
the test is unidimensional according to the discrimination
criterion, and how closely correlated the difficulties for
the two traits are. If the items clearly measure one trait
and not the other (i.e., the test is wunidimensional), the
difficulty parameter on the trait measured is estimated
well. However, if the test measures both traits (i.e., the
test 1is multidimensional), then mediocre estimation of the
difficulty parameter for both traits can be expected unless
the correlation between difficulty on both traits is high.

The estimation of the discrimination parameter followed
some of the grouping patterns established. For Group U, a,
was estimated well. For Group M1, the estimation of ai: was

mostly mediocre, and Group M2 had the poorest estimations
‘ overall. For Group M3, both a, and az were estimated well
on Test E (unidimensional) and mediocre on Test D
{multidimensional).

The estimation of Trait 2 discrimination (az) did not
seem to follow a discernable pattern. Most r(a,az) were
mediocre to poor. In general, the estimation of a= for
Group Ml was better than that for Group U. The size of the
correlation between a; and az appeared to have no effect on
the estimation of either a, or az; however, it did appear
to be dependent on whether the tests were unidimensional or
not. If the test was unidimensional, then a, was well
estimated, and a= was poorly estimated. If the test was
multidimensional, then the estimation of both ai: and a= was
mediocre to poor.

The estimation of the c parameter was poor to mediocre

for all conditions of all configurations. No consistent
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pattern occurred. Lord (1975a) and others have shown that
LOGIST parameter estimates for the three—-parameter model
are adequate if N > 1000 and n > S0. If there are no or few
examinees at the lower end of the range of abilities, there
is no information from which to estimate c; hence, LOGIST
estimates a fixed value of c for all such items (Wingersky,
1983). There may have been too few examinees with low test
scores for these data. This appears implausible because
the number of examinees used here for parameter estimation
(4000) is well over the 1000 recommended by Lord. As the
difficulty of the items increased there should have been
more examinees with low test scores; hence, ¢ should have
been better estimated for the harder tests. This also does
not appear to be the case here. Possibly the 30-item tests
were too small for good estimation of the c parameter.

Correlations between true and estimated trait values
followed the dimensional grouping. Group U had the highest
correlations between estimated ability and ability on Trait
1. Groups M1 and M2 had correlations about .1 lower.
Configuration 1 had the lowest. Notice for Groups M1 and
M2 that, in general, the correlation between 8 and O,
increased as the correlation between 9, and 6z increased.

When both tests were unidimensional (Group U), ©, was
well estimated but 62 was poorly estimated. Trait 2
estimation improved as the correlation between traits
increased. When one or both tests were multidimensional
(Groups M1, M2, and M3), then the estimation of both traits
was approximately the same. When one or both tests were
multidimensional, as the correlation between traits
increased, the correlation between & and © increased until
it was as good as or better than the correlations for the
corresponding conditions of the unidimensional criterion
(except for the easiest test where the correlation remained
less than .60).
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For most tests, the correlation between 3 and ©
decreased as the test got harder. Examination of Table 7
reveals that Group M1 configurations had a correlation
under .60 on the easiest test for both traits (.19 to .34
less than the next harder test). All other configurations
had virtually equal correlations on the easiest and next to
easiest tests. For these five configurations (Group M1),
the 1loss of examinees (1150, 1412, 1336, 1442, 1079,
respectively) was large. It appeared that a 1loss of over
1000 examinees lowered the correlations between estimated
thetas and true thetas on both dimensions. All
multidimensional tests, (except Configuration 6 tests),
lost more examinees to zero or perfect scores than the
undimensional tests. This could have serious implications
for item and ability parameter estimation.

How well both traits were estimated appeared to depend
on 1) how strong the correlation between true ability on
the two traits was, 2) whether the two tests were
unidimensional or multidimensional, and 3) how many
examinees were lost due to zero or perfect scores. The
higher the correlation between true ability on the two
traits, the better the estimation of both traits was. If
one or both tests were multidimensional, then both traits
were estimated fairly well; however, if both tests were
unidimensional, then one trait was well estimated, and one
was estimated poorly. If over 1000 examinees were lost,
the traits were poorly estimated, despite a larger N than
the criterion set by previous researchers. These results
support several studies where the same conclusions were
reached (Christoffersson, 1975; Drasgow & Parsons, 1983;
McKinley, 1983; Reckase, 1977, 1979; Yen, 1984d).
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Egquating. In general, the greater the difference in
difficulty between the tests to be equated, the worse the
equating. There was little to discriminate between the
unidimensional criterion and the other confiqurations
(except Group M3) in terms of means, standard deviations,
SRMSD, or correlations between © as estimated by Test E and
© as estimated by Test D. The worst equating was for Group
M3, where one test was unidimensional, and one was
multidimensional. If both tests were unidimensional (Group
U) or both were multidimensional (Groups M1 and M2),
equating results were equally good.

The strength of the correlation between true traits, 6,
and 9=, also appeared to have no effect, and the ratio of
standard deviations showed little pattern. When one test
was unidimensional and one multidimensional, the equating
was poor, as seen by the low ratios (SDe/SDp) in Group M3.
The standardized difference between means (SDM) and 1local
bias were nearly all small. As above, the poorest equating
appeared for the most extreme vertical equating situations.
In contrast, Group M3 (again standing out as an exception)
had the poorest SDM and 1local bias in the horizontal
equating condition.

Upon examining 1local equating bias (local consistency
of scaled 6s), clearly Group M3 had the poorest equating
for the horizontal conditian and for the most extreme
vertical equating condition. The unidimensional criterion
had the smallest overall bias in all guintiles. In general,
the multidimensional configurations showed as 1little bias
as the wunidimensional criterion except in -the lowest
quintiles. (The multidimensional equatings were as good as
the unidimensional ones except in the lowest quintile for
some conditions.) It was not clear why Configurations 2,

3, and 4 had a large amount of bias in the first quintile.
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This research supports the conclusion reached by many
researchers using real data that the results of equating
multidimensional data sets are as acceptable as the results
from equating unidimensional data sets. (Cook, Dorans,
Eignor & Petersen, 1983; Cook & Eignor, 1983; Cook, Eignor
& Petersen, 1982; Cook, Eignor & Taft, 1984; Holmes &
Doody-Bogan, 1983; Yen 1980, 1984c).

Cook et al. (1982) found acceptable three—-parameter IRT
equating results when equating achievement tests in Biology
and American History & Social Studies, despite the
instability of item parameter estimates.

Cook et al. (1984) indicated that three—-parameter IRT
equating methods were quite robust to violation of the
unidimensionality assumption if the mﬁitidimensionality can
be represented in a similar factor structure in the two
tests to be equated. However, if the multidimensionality
represented different factor structures (i.e. Group M3 in
this paper), then the IRT equating results were poor. Both
of these results are supported by the data presented here.

Cook et al. (1983) found that, despite the
multidimensionality found in 8SAT verbal and Mathematics
tests, IRT true—-formul a—-score equating results were
reasonable. Holmes and Doody-Bogan (1983) found acceptable
results when using three different IRT equating methods to
equate two content areas and two grade combinations.

Yen (1984b) shows results indicating that, while
equating one—-dimensional and two-dimensional tests is
problematic, it can result in acceptable equating. The
results obtained in this research support this conclusion.
Group M3 was a case of equating an essentially
one—dimensional test to a two-dimensional test. The

results are comparable to Yen’'s.

48



Summary and_conclusions. It is accepted knowledge that
many standardized tests, such as most achievement tests and
many aptitude tests, do not satisfy the undimensionality
assumption of the three—-parameter logistic model (Bejar,
1983; Kingston & Dorans, 19823 Reckase, 1977, 1979).
Therefore, the question 1is not whether the assumption is
satisfied but whether a specific use of the model is robust
to violations of the assumption (Hambleton &% Cook, 1977;
Reckase, 19819. Hambleton, Swaminathan, Cook, Eignor and
Gifford (1978) and Yen (1984a, 1984b) presented evidence
that the models are robust to some departures. The results
of this research present more evidence of this robustness.

Although the strength of the correlation between true
(generating) traits appeared to have little effect on the
quality of equating, there was evidence that the dimension-
ality of the tests to be equated (as determined by discrim-
ination values on the two dimensions) did have an effect on
both item parameter estimation and equating. The poorest
parameter estimation and the poorest equating occurred in a
situation in which one test was unidimensional and one was
multidimensional. This situation resulted in worse equating
than if both tests were unidimensional or both were multi-
dimensional. Whether poor equating was due to poor item
parameter estimation or test dimensionality was not clear.

In general, the greater the difference between b: and
b=, the worse the equating. Horizontal equating was better
than vertical, and in most cases, the worst equating was in
the most extreme vertical equating condition.

When both tests to be equated were unidimensional (both
with large discrimination values on the same dimension),
then ais and b, were well estimated, and a»> and bz were
poorly estimated. When both tests to be equated were
multidimensional, then b, was estimated fairly well, b= was

poorly estimated, and ai: and a= were mostly poorly
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estimated. When both tests were multidimensional —- the
easier test having large discrimination values on one
dimension, the harder test on the other —— then b., bz, a,,
and a=z were all poorly estimated. When the easier test was
unidimensional and the harder multidimensional, then a, and
b: were well estimated, and az and b= were poorly estimated
for the easier test, while, for the harder test, b, was
estimated fairly well, and b=, ai, and az were poorly
estimated. The estimation of the c parameter was poor for
all conditions of all configurations.

When considering local equating bias, there appears to
be a very slight advantage when both tests are essentially
unidimensional over equating tests that are both
multidimensional. This advantage appeared mostly at the
extremes of the ability distribution, particularly the
lower end. This could be due to poor estimation of the
discrimination parameter for both traits, however, the very
poor estimates of ai, biy 32, and b=z for Group M2 seemed to
have little or no effect on the equating, as did the poor
estimation of b= and a» for Configurations 8, 9, and 10.

In conclusion, for the conditions in this research, the
results indicated that the three-parameter 1logistic model
is as good, in most instances, for vertical equating of
multidimensional data as it is for unidimensional data.
Clearly, caution should be exercised when vertically
equating a unidimensional test to a multidimensional test.
However, both the unidimensional and the multidimensional
equatings could be judged as extremely poor instead of good
because equating was as good for the multidimensional case
{(for which the model is not appropriate) as for the
unidimensional case (for which the model is appropriate).
Due to the absence of an appropriate criterion for Jjudging
the adequacy of equating, a determination of whether any

equating is good or bad is not possible.

50



REFERENCES

Angoff, W. H. (1984). Scales, norms and equivalent scores.
Princeton, NJ: Educational Testing Service.

Bejar, I. I. (1983). Introduction to item response models
and their assumptions. In R. K. Hambleton, (Ed.),

Applications of item response theory. Vancouver, BC:

Educational Research Institite of British Columbia.
Birnbaum, A. (1968). Some latent trait models and their use
in inferring an examinee’'s ability. In F. M. Lord &

M. Novick, Statistical theories of mental test scores.

(pp. 395-549) Reading, Mass.: Addison-Wesley.
Christoffersson, A. (1975). Factor analysis of dichotomized
variables. Psychometrika, 40, S5-32.
Comprehensive Tests of Basic Skills, Forms U & YV (1981)
Monterey, CA: CTB/McGraw-Hill.

Cook, L. L., Dorans, N. J., Eignor, D. R., & Petersen, N.

S. (1983, April). An__assessment of the relationship

between the assumption of unidimensionality and the

quality of IRT true-score equating. Paper presented at
the annual meeting of the American Educational Research

Association, Montreal.
Cook, L. L., Dunbar, S. B. & Eignor, D. R. (1981, April).
IRT equating: A flexible alternative to conventional

methods for solving practical testing problems. Paper
presented at the annual meeting of the American

Educational Research Association, Los Angeles.

Cook, L. L. & Eignor, D. R. (1981, April). Score__egquating
and item response theory: Some practical considerations.
Paper presented at annual meeting of the National

Council on Measurement in Education, Los Angeles.

91



Cook, L. L., & Eignor, D. R. (1983, @April). An
investigation of the feasibility of applying item

respanse theory to equate achievement tests. Paper
presented at the annual meeting of the American

Educational Research Association, Montreal.

Cook, L. L., Eignor, D. R., & Petersen, N. S. (1982,
March). A study of the temporal stabilit of IR item
parameter estimates. Paper presented at the annual
meeting of the American Educational Research
Association, New York.

Cook, L. L., Eignor, D. R., & Taft, H. L. (1984, April).
A comparative study of curriculum effects on the
stabilit of R nd conventional _item arameter
estimates. Paper presented at the annual meeting of the
American Educational Research Association, New Orleans.

Cowell, W. R. (1981, April). Applicability of a simplified
three—-parameter logistic model for equating tests. Paper

presented at the annual meeting of the American
Educational Research Association, Los Angeles.
Doody-Bogan, E., & Yen, W. M. (1983, April). Detecting
multidimensionality and examining its effects on
vertical equating with the three—-parameter logistic

model . Paper presented at the annual meeting of the

American Educational Research Association, Montreal.

Drasgow, F., & Parsons, C. K. (1983). Application of
unidimensional item response theary models to
multidimensional data. Applied Psychological Measurement
7, 189-199.

Gialluca, K. A., Crichton, L. I., Vale, C. D. & Ree, M. J.
(1984, November). Methaods {for equating mental tests.
(AFHRL~TR-84-35). Brooks Air Force Base, Texas: Air

Force Human Resources Labaratory.

92



Hambleton, R. K., & Cook, L. L. (1977). Latent trait models
and their use in the analysis of educational test data.
Journal of Educational Measurement, 14, 75-96.

Hambleton, R.K., Swaminathan, H., Cook, L.L., Eignor, D.R.,
& Gifford, J.A. (1978). Developments in latent trait
thenryé Models, technical issues, and applications.
Review of Educational Research, 48, 4467-510.

Hambleton, R. K., & Traub, R. E. (1971). Information

curves and efficiency of three 1logistic test models.

British Journal of Mathematical and Statistical

Psycholoqy, 24, 273-281.
Hattie, J. (1982). Decision criteria for determining

unidimensionality: An empirical study. Armidale, N.S.W.,
Australia: Center for Behavioral Studies.

Holmes, S. E., & Doody—-Baogan, E. N. (1983, April). An
empirical study of vertical eguating methods using the

three—parameter logistic model. Paper presented at the
annual meeting of the American Educational Research

Association, Montreal.
IMSL Library (7th Ed.). (1979). Houston TX: International

Mathematical and Statistical Libraries.
Kingston, N. M. & Dorans, N.J. (1982). Eguating of GRE

aptitude tests using item response theory: Effects of
multidimensionality. Paper presented at the annual

meeting of the American Psychological Association.
Kingsbury, G.G., % Weiss, D.J. (1979, April). Relationships
among achievement level estimates from three item

characteristics curve scoring methods. {Research

Report 79-3). Minneapolis: University of Minnesota,
Department of Phsychology, Psychometric Methods Program.
Kolen, M. J. (1981). Comparison of traditional and item
response theory methods for equating tests. Journal of

Educational Measurement, 18, 1-1il.

53



Lord, F.M. (19468) Analysis of the Verbal Scholastic
Aptitude Test using Birnbaum's three-parameter logistic
model. Educational and Psychological Measurement, 28,
989—-1020.

Lord, F. M. (1975a). Evaluation with artificial data of a
procedure for estimating ability and item characteristic
curve parameters (Research Bulletin 75-33). Princeton,
NJ: Educational Testing Service.

Lord, F. M. (1979b). A survey of equating methods based on

item characteristic curve theory (ETS RB 75-13).
Princeton, NJ: Educational Testing Service.

Lord, F. M. (1977). Practical applications of item
characteristic curve theory. Journal of Educational
Measurement, 14,117-138.

Loyd, B. H., & Hoover, H. D. (1980). Vertical equating

using the Rasch model. Journal of  Educational
Measurement, 17, 179-193.
Marco, G. L., Petersen, N. 5. % Stewart, E. E. (1983) . A

test of the adequacy of curvilinear score equating
models. In D. J. Weiss, (Ed.), New Horizons in testing.
New York: Academic Press.

McKinley, R. L. (1983, April). A multidimensiaonal
extension of the two-parameter logistic latent—trait
model. Paper presented at the annual meeting of the
National Council on Measurement in Education, Montreal.

McKinley, R.L. & Reckase, M.D. (1980, December). A
comparison of the ANCILLES and LOGIST parameter
estimation procedures for the three-parameter logistic

model using qoodness of fit as a criterion. (Research
Report 80-2). Columbia: University of Missouri,

Department of Educational Psychology.

54



McKinley, R. L., & Reckase, M. D. (1982, March).

Multidimensional latent trait models. Paper presented at

the annual meeting of the National Council on
Measurement in Education, New York.

Petersen, N. S., Cook, L. L. & Stocking, M. L. (1983). IRT
versus conventional equating methods: A comparative
study of scale stability. Journal of Educational
Statistics, 8, 137-156.

Reckase, M.D. (1977). Ability estimation  and _item
calibration using the one and three parameter logistic

models: A comparative study (Research Report 77-1).
Columbia: University of Missouri, Department of

Educational Psychology.

Reckase, M.D. (1979). Unifactor latent trait models applied
to multifactor tests: Results and implications. Journal
af Educational Statistics, 4, 207-230.

Reckase, M. D. (1981a, April). The validity of latent

trait models through the analysis of fit and invariance.
Paper presented at the annual meeting of the American

Educational Research Association, Los Angeles.
Reckasey, M. D. (1981b, August). The formation of

homogeneous __item sets when guessing is a factor in item
responses (Research Report 81-5). Columbia, MO:

University of Missouri, Educational Psychology
Department, Tailored Testing Laboratory.

Ree, M.J. (1979, March). Measurements and latent—trait

theory. Paper presented at the 1979 AFHRL Conference on
Human Assessment.

Ross, J. (1966). An empirical study of a 1logistic mental
test model. Psychometrika, 31, 325-340.

Slinde, J. A., & Linn, R. L. (1977). Vertically equated

tests: Fact or phantom? dJournal ot Educational

Measurement, 14, 23-32.

1]



Slinde, J. A., & Linn, R. L. (1978). An exploration of the
adequacy of the Rasch model for the problem of vertical
equating. dJournal of Educational Measurement, 15,
23-25.

Slinde, J. A., & Linn, R. L. (1979a). A note on vertical

equating via the Rasch model for groups of quite

different ability and tests of quite different
difficulty. dJournal of Educational Measurement, 16,
159~-165.

Slinde, J. A., & Linn, R. L. (1979b) . The Rasch model,
objective measurement, equating and robustness. Applied
Psychological Measurement, 3, 437-452.

Sympson, J. B. (1978). A model for testing with
multidimensional items. in D. Jd. HWeiss (Ed.),

Proceedings of the 1977 Computerized Adaptive Testing

Conference. Minneapolis: University of Minnesota.
Warm, T.A. (1978). A__primer of item respaonse theory.
Oklahoma City, OK: U.S. Coast Guard Institute.
Wingersky, M. S. (1983). LQOGIST: A program for computing

maximum likelihood procedures faor logistic test models.
In R. K. Hambleton (Ed.), Applications of item response
theory. VAncouver, BC: Educational Research Institute
of British Columbia.

Wingersky, M.A., Barton, M.S., & Lord, F.M. (1982) LOGIST
user ‘s guide. Princeton: Educational Testing Service.
Wood, R. L., & Lord, F. M. (1976). A User’'s quide to

LOGIST (Research Memorandum RM-76—4). Princeton, NJ:

Educational Testing Service.
Wood, R. L., Wingersky, M. S., & Lord, F. M. (1976).
LOGIST: A computer program for estimating examinee'’'s

ability and item characteristic curve parameters
(Research Memorandum 76—-6). Princeton, NJ: Educational

Testing Service.

S&



Yen, W. M. (1980). The extent, causes and importance of
context effects on item parameters for two latent trait
models. Journal of Educational Statisties, 17, 297-311.

Yen, W. M. (1982, March). Use of three—-parameter item
response theory in the development of CTBS, Form U, and
TCS. Paper presented at the National Council on
Measurement in Education, New York.

Yen, W.M. (1983). Tau equivalence and equipercentile
equating. Psychometrika, 48, 353-369%9.

Yen, W. M. (1984a). Effects of local item dependence on
the fit and equating performance of the three-parameter
logistic model. Applied Psychological Measurement, 8,
125-145.

Yen, W. M. (1984b, June). Increasing item complexity: A

possible cause of scale shrinkaqe for unidimensional

item response theory. Paper presented at the

Psychometric Society, Santa Barbara, CA.

Yen, W. M. (1984c). Obtaining maximum likelihood trait
estimates from number—correct scores for the
three-parameter 1logistic model. Journal of Educational
Statistics, 21, ?3-111.

Yen, W. M. (1984d, April). The choice of scale for
educational measurement: An IRT perspective. Paper

presented at the annual meeting of the American

Educational Research Association, New Orleans.

o7



APPENDIX

REVIEW OF RELEVANT VERTICAL EQUATING RESEARCH

58



Review of Relevant Vertical Equating Research

_ In sany testing situations, it is desirable or even necessary to compare test scores of
different examinees or the same examinee across multiple foras or across levels of a test, or to
compare two entirell different tests. These different foras and levels cannot be expected to be of
equal difflcultz nor to be equally reliable. Therefore, scores on different foras or levels must be
transfaraed so the desired comparisons between test scores will be seaningful.

Converting the systes of units of one test or fora to the systes of units of the other test or
fora so the resulting scores are directly equivalent is called test equating (Angoff, 1984),

Horizontal equating is equatina test foras that seasure the same atfribute af the same difficulty
Tevel, Vertical e?uating equates tests that measure the same attribute at different difficulty
levels, Tord's definition of equating is that two tests are considered equated if it is a
natter of indifference to each examinee which test is taken. Under this definition, tests measuring

different traits and raw scores on unequally reliable tests cannot be equated. Hence most equatings
aust be considered approximate, In particular, vertical equating of raw scores is not possible.

Lord {1980} states three important requiresents for equatina unidimensional tests measuring the
same ability: equity, invariance across ?roups, and syasetry. Equity implies that Lord’s definition
for equating is satistied. (l.e., It would be a matter of indifterence to each examinee which test
is taken.). The invariance requirement means that the transforaed scores on Y sust be the sase no
satter what population is used to determine the transforaation. The syssetry requirement is that
the equating must be the sase no aatter which test is labeled X and which is labeled Y.

Lord shows that the equity requirement will not hold if either X or Y is a fallible (not
perfectly reliable) measure unless X and Y are strictly parallel tests, in which case the need for
equating is obviated. Therefore, the equity requiresent 1|€lles that scores x and y on two tests
cannot be equated unless either both scores x and y are perfectly reliable (infallible) or the two
tests are strictlz parallel. Since in gract:ce scores are not perfectly reliable, equating of raw
scores is not possible. If the tests differ in difficulty, the easy test is more reliable at low
abilities, and the difficult test is amore reliable at high abilities. Therefore, although the
(curvilinear) relationship between true-scores can be detersined, no single ‘equating’ of observed
scores can be equitable within all suhgrou?s of exaninees (Lord, 1977). _However, equating of true
scores can be dane in such a way as to satisfy all three of the above requiresents.

Horizontal equating is apYropriate whenever tests are constructed to be interchangeable, with
the sase degree of difficulty and content. Alternate foras of the same test is the major use for
horizontal equating. The e?uatlng is needed in order to compare the scores of different exasinees
taking different “foras of the same test, Other situations requiring horizontal equating are
congaring perforaance on tests of different publishers that seasure the same attribute at the "sase
difficulty level, and pre-equating (deriving the relationship between test editions before they are
operationally administered). (Cowell, 1982; Marco, 1977).

The need for vertical equating arises when scores from tests of unequal difficulty must be com-
pared, such as following an individual ‘s progress through one acadesic year .follonin? an individu-
al ‘s progress across grades, coaparing scores of different examinees taking different evels of the
sase test, interpreting scores of students who are tested "out of level® because their ability
levels are not the sase as their grade placeaent, or colparing performance on tests _gublxshed by
different publishers. Vertical equatin? is especlall{ agglica le to the case of a aultilevel battery
of tests with levels of increasing difficulty (Yen, 1983). An advantage of such a series of graded
tests is that exasinees ahead or behind their peers in their developaent can take the most appropri-
ate level, thereby increasing seasuresent accuracy. These out-of-level scores aust then be scaled in
soae manner (vertically equated) if thE{ are to serve a useful purpose. Other Erattlcal applications
include evaluating a sultilevel sathematics aptitude test, and pre-equating a test (Marca, 1977).

EQUATING

Any equating procedure, whether horizental or verticil, requires both a data collection design
and a statistical sodel for analyzing the data.

Data Collection Design

The three most common data collection designs are the single-group design, the equivalent-groups
design and the anchor-test design (Laord, 1975).

Single-group design, In the single-group design, the tests to be equated are adsministered to

all examinees, one entire test is adeinistered before the ather, a bias exists due to practice
and fatigue. Therefore, some form of counterbalancing is necessary.
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Equivalent-groups design. For the equivalent-groups design one test is adeinistered to both
graups, where the groups are equivalent randoa samples of examinees. In this case, an unknown
asount of bias exists due to the difference in ability between the groups. If the groups are
randoaly selected, this bias is approximately inversely proportional to the square root of the
nuaber of cases {Lord, 1975). If the 2roup5 are not equivalent or if the ?rngps are smally even
though they are randomly chosen, the anchor test design sust be used. (This design is sometimes
used to equate alternate fores of a test. The two randoa r selected groups each take a different
fora of the test. This sethod of equating is valid only if the two groups are truly equivalent,
which is rare in practice.)

Anchor-test desian. _The anchor-test design is a coabination of the first two designs. It in-
volves e a

oth "t ,llnlﬁtration to diff ren grgups Yf the_differe?t,tests that tre ;o bi eguattﬂ
plus the administration of a coamon set ot 1teas to all examinees. This common set of 1tems, t b
anchor test, measures the difference between the groups and is used to reduce the bias due to dif-
ferences between groups. Therefore, the ditferent groups need not be equivalent nor random. The
anchor test may be either a subset of each of the tests to be equated (an internal anchor), or it
a3y be adeinistered separately for the test to be equated (an external anchor). How etfectively the
anchor test eliminates bias depends on its correlation with the tests being equated (Lord, 1973).

In each of these three data collection designs there are either common itess or common
exaninees, or both. The single-groups design consists of two different tests taken bz a comaon
group of exasinees. The equivalent-groups design consists of a comson set of iteas taken by two

iftferent groups of examinees. The anchor test design contains a common subset of iteas taken by
two different groups. See Table 1.

Table 1. Data Collection Designs

DATA COLLECTION COMMON ELEMENTS RELATIDONSHIPS OF TESTS
DESIEN T0 GROUPS
single-group All examinees are coamon. One group takes both Test |
No iteas are comaon. and Test 2,
equivalent-groups No examinees are common. Sroup 1 and Sroup 2 take
All iteas are coamon, Test §.
anchor-test No examinees are coamon. Group | takes Test | =
ANCHOR + iteas not in Test 2.
Some iteas are coamon. Grouﬂ 2 takes Test 2 =
{The ANCHOR) ANCHOR + iteas not in Test 1,

EQUATING MODELS

The wide variety of test equating techniques that are found in the psychometric literature can
be separated various ways, 0One such distinction is that of the traditional techniques based on
classical test theory and the newer techniques based on itea response theorl {IRT) or latent trait
theor¥. fAin extensive coverage of the traditional or classical test theory techniques can be found in
Angoft (1984). See Table 2. Item response theory techniques are surveyed by Lord (1975). #An
equating method is a procedure for deterllnlng a transformation for converting the scores on one
test to the systea of units in another test in such a way that it does not matter to the examinee
which fors she/he takes. There are three general techniques for determining the transformation.
The first two are traditional techniques. A description of these techniques as iterated by Angoff
{1984) and Lord (1975) follow.

Linear equating involves choosing a transformation that results in scores froa two tests bein
equated 1f gﬁey carrespond to the same nuaber of standard deviations from the mean in some group 02

examinees. Equipercentile equating involves choosing a transformation resulting in scores from the
two tests being equated if Eﬁey correspond to the same gercentile rank in a group of examinees. Itea

response theory equating involves choosing a transformation that results in scores from two tesfs
being equated 17 gﬁey correspond to the same estimated level of ability underlying the two tests.
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Table 2. Angoff Equating Designs

I. Random groups - a different test administered to each group (half take Fora X, half Form Y),
A. Equally reliable tests
. Linear procedure
2, Curvilinear analog
B, Unequally reliable tests

II. Randoa groups - both tests adeinistered to each group, counterbalanced, half take Fora X, then
Fora Y; half take Fora ¥, then Fora X).
A, Equally reliable tests
1. Linear procedure
2. Curvilinear analog
B, Unequally reliable tests

I1I. Randos groups - a different test adainistered to each group, comson equating test adainistered
to both groups.
A. Equa l{ reliable tests
B. Unequally reliable tests

IV. Nonrandom ?foups - a different test to each grogg cosson equating test to both groups.
A, Basic {inear method for groups not widely di ferent in ability
B. Curvilinear method for ?roups not widely different in ability
C. Linear methods for sasples of different ability
1. Equallr reliable tests
2. Unequally reliable tests

V. Other methods involving score data.

A. Foras X and Y equated to a comson test
{, Linear procedure
2. Curvilinear analog

B. Foras X and Y predicted by a cosaon test
1. Linear procedure
2. Curvilinear analog

C. Foras X and Y predicting a comson test
1. Linear procedure
2. Curvilinear analag

VI. HNethods of score equating based on itea data.
A. Thurstone's absolute scaling method
B. Swineford - Fan method of equating

Traditional Equating

Traditional equating techniques are commonly of two types: linear and equipercentile. Before
discussing linear and equipercentile equating, it is necessary to define some teras.

Two sets of scores are tau-equivalent if their expected aeans are egual, Alsp, their true
scores will be equal for every examinee and their true score variances will be equal. Two sets of
scores are parallel if their expected means, variances, and corelations with other variables are
equal, Two sets of scores are strictly garallel or equivalent if their conditional distributions
{of observed scores for a fixed true scorel are equal. ~They are exgected to have identical
distributions, identical aoments, and identical relationships with other variables. Therefore,
although tests with unequal difficultl or unequal reliability cannot be equated (will not be
equivalent) it is possible to calibrate thea {have tau-equivalency).

Linear equating. One definition of equivalent scares is that scares on two test may be
considered equivalent if their frequency distributions for a particular qroup of examinees is
identical {(Cook, 1982)., For horizontal equating, where the difficultl levels of two tests are
sinilar, the shape of the ram score distributions .uxfl differ only in the ameans and standard
deviations (first and second mosents) when adaministered to the sime group of examinees. The shape
of the raw score distributions can be made identical by transforming only the first and second
aoments of one of the distributions. Such a transforsation is linear since the resulting
relationship between raw scores on the two tests is linear.
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ﬁssuning that the raw scores of two tests are linearly related, a linear transformation is
chosen such that scores froa the tests are equated if they are the sase nuaber of standard
deviations from the sean in some group of examinees. The two tests are equated by a linear
transforsation of the amean and standard deviation of the scores on one test. The assumption that
the raw scores are linea(ll related usually holds approxxlatglz for forms that are very carefully
constructed to be strictly parallel. Hence the score distributions have siailar shapes and the
standard scores are equivalent, [f the assuaption does not hold, the standard scores will not be
egu;valent and a table or_graph may be used to show score transformations {Allen & Yen, 1979). #n
additional assueption for linear equating is that the tests have equal reliabilities.

Linear equating is used in designs I.A.1 and II.A.1 in Angoff (1984), The linear equating
technique may be ea51l¥ adapted for equating tests of unequal reliability in which case this aetho
becoaes desxgn 1.B. or 11,B 1n Angoff. If an anchor test is used, this linear equating becomes one
of designs I[1.A, IIL.B, IV.A, or IV.C.

Equipercentile equating, If the two tests differ in level of difficulty (i.e. a vertical
equating situation], the shape of the raw score distributions for the two tests as adninistered to
the sase group of examinees will be consnderabl‘ ditferent. The two distributions can be forced into
the sase shape by setting equal all scores that have the same percentile ranks in the two
distributions, This stretches and/or compresses the raw score scale on one of the tests (i.e., all
acaents of the distribution are transforaed), and the resulting relationship between the raw scores
on the two tests is curvilinear., For a non-linear (curvilinear) equating of raw scores, the
equipercentile method is the traditional method usually used. Equigercentile equating requires that
the tests to be equated be adainistered to randoaly selected equivalent groups. I the groups are
equivalent, then a ram score on one test is equivalent to a raw score on a second test when the
scores are at the same percentile ranks in their respective distributions. Since equipercentile
equating invelves setting equal all scores in the two distributions that have the same percentile
rank, 1t will transfora all moments of one distribution so that its shape will be identical te the
shape of the other distribution. The tests are equated by first obtaining the frequency
distributions and percentile ranks of raw scores for both tests. Scores with the same Eercentile
rank are then considered equivalent. Interpolation is used to estimate the percentile ranks of raw
scores that do not occur in the cbserved distributions.

Designs  I.A and II.A.2 in fAngotf (1984) are equipercentile aethods. The equigercentile aethod
produces a linear eguatin? of the scores when the distributions of scores ditfer only in their seans
and standard deviations. [f the distributions differ in more than means and standard deviations, the
result is a non-linear equating. If an anchor test is used, Angoff’'s design IV.B applies.

Results of curvilinear and linear methods will be identical if the distributions of raw scores
differ only in their first and second moments. Linear methods should be viewed as approximations to
curvilinear aethods (Cook, 1982),

I¢ anchor test data is used, equipercentile and linear methods can be equated either directly or
indirectly by frequency estimation (Marco, Petersen & Stewart, 1979). For direct equating, scores
on the tests to be equated are equated seﬁarately to the anchor test. Scores on the two tests to be
equated are assused to be equivalent if they correspond to the same score on the ancher test.

In indirect equipercentile equatin?, the frequencies of the tests to be equated are estimated
froa the coabined distribution of scores from all examinees on the anchor test, The resultin
frequencies represent the estimated distributions on the tests to be equated for all examinees as i
they were a single-group design. The usual equipercentile gquatin? is then applied to the resulting
sarginal distributions on the tests to be equated. For indirect linear equating, the tests to be
equated are eguaged.by applling.the usual linear equating technique to the resulting estimated means
and standard deviations. This is Angoff’'s design IV.B.

[tea Response Theory

Itea response theory (IRT) assuses that an individual's performance on a test is influenced by
only one important uncbservable characteristic, @, which is called a (latent) trait or ability. The
relatnonshggh between performance and ablllgr is assumed to be a mathematical function that relates
the probability of a correct response on an itea to an examinee’s ability (Lord & Novick, 1968).

.. The IRT three-parameter logistic model assumes that the probability of a correct response to
itea i by a person with ability level, 6 is:

PalO) =g + (1 - cid/{1 + exp [-1.7a,(0-b,) 13, (1)
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where a,, by, and c, are the discriminating power, difficulty, and lower asyaptote or guessing
paraseters of itea i, respectively.

IRT Equating

Lord (1975) states that he knows of no equating method other than IRT sethods that can estimate
the equipercentile line of relationship between raw scores when the two tests to be equated are not
gara;lgl, are given to non-equivalent grougs, and every examinee takes an anchor test. The
traditional equipercentile equating of two tests to an anchar test is inefficient, biased, and
inadequate for groups that differ in ability level.

In IRT equating, two scores froa two tests are considered equivalent if they correspond to the
sane_ estimated lsyel of abxlltl, . In other words, two tests are considered equated if the same
ability estimate, B, can be expected for any exaainee on both tests after equating.

Several technigues exist for equatin? tests both horizontally or vertically, using an IRT apdel
(Lord, 1975, 1980). [In general, IR equatlgg involves the choice of sose transformation that
results in the e?uatnng of estilageﬁ true scores T, estimated true-formula scores > , or abilit
estimates ¥, In practice, ability estimates, 8, are most commonly equated.” Four methods o
transforaing ability estisates onto a common scale wifl be discussed here. The first three are
linear transforsations chosen to transfora the mean and standard deviation of one distribution of
abilities or difficulties to equal the mean and standard deviation of the other distribution of
abilities or difficulties. The fourth, a method developed bz Stocking and Lord (1983), is a Iinear
transforsation that minimizes the average squared difference between test characteristic curves or
sinisizes the sua of squared deviations between test characteristic curves.

The basic rin%%ple behind equating ability estimates, ©, is that if the data fit the IRT model
then an estimate (8) of an examinee's abxlxtg.cgn be obtained that is independent of the set o
iteas to which the examinee resgonds. The ability estimates for each examinee obtained from the two
tests will be identical except for saspling error.

_Estimating ability and ites parameters. Before equating can be dong using an IRT aodel, the
estinated 1tes garale ers, a, b, and C, and the ability estimates, ®, must be calculated froa the
test response vectors. These estimates are usuall¥ abtained using conguter prograss such as LO6IST
{Nood & Lord, 1976; MWood, Mingersky & Lord, 1978). With the LOBIST program, the estimates are
conputed by a modified maximum likelihood procedure.

After being estimated by the LOGIST prn?raa, the itea garaleters and the ability estimates for

each test segarately (and in some cases for both tests together) are on a common scale. (i.e. For

each test all the ites discrjmination estimates, @, are on a common discrimination scale; all the

itea difficulty estimates, b, are on a coamon AIGficulty scale%‘all the itea guessin?.es ilates’ C,
i

are on a cosmon guessing scale; and all the ability estimates, U, are on a common ability scale.

Placing itea paraseters for the two tests on a comson scale. The next step in IRT equating is to
place the 1tea paraseter estisafes froa the two tests on the same scale. If either the single-group
design, or the anchor-test desiin of data collection is used and the paraseters are estimated
siaultaneously in a SInale LOGIST run, then the itea parameters for both tests will already be on a
coangn scale. Also, if the equivalent-groups qesxgn is used and the paraseters are estimated in 2
single LOBIST run, then the ites paraseters will be on a3 common scale.

For the single-?roup design, the two sets of itea parameters from the two tests may be estimated
in two separate LOBIST runs. For the equivalent-aruu 5 design and the anchor-test design, the itea
parameters are usually estisated in two separate LOGIST runs,

If the ites parameters for the two tests to be equated are estimated in two separate LOGIST runs
then the itea parameters, 3y, by, and €,, for one test and the itea paraseters, §,, by, and T,, for
the other test aust be placed on the same scale (a, on the sase scale with a;, etc.).

Thenreticalll, the itea characteristic curves are independent of the groups used to derive thea.
Therefore, except for sampling error, the two sets of itea parameter estimates should be identical.
Unless itea garaneters or “ability parameters are known in advance, LOGIST estimates the item and
ability paraseters for the threg-ggraneter logistic model in the same run. An arbitrarily chosen
aean of zero and standard deviation of one are chosen for the scale on which the ability estisates
are placed. The difficulty and discrimination estimates are adjusted accordingly. Whenever the two
roups differ in ability level, the ites parameter estimates will not be the same but the itea

ifficulty estimates of the two ?roups (and s, which are on the sase metric as the difficulties)
will be linearly related. This linear relatxonshxﬁ is then used to place all paraseter estisates on
the same scale. These comaon ites paraseters are then used to equate the two tests.
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fForaulas for placing item paraseters on the same scale. This method is necessary only if the
[arale er estimations are no ger oraed in a single LOGIST run. 1f they are performed in a single
OGIST run, the paraseters are automatically on the same scale except for sampling errer.

Consider the two tests to be equated to be Test | and Test 2. The first step is to estimate the
garaleters in two LOGIST runs. If the data were collected by the single-groug design then both Test
and Test 2 would have been administered to the same groug. The first LOGIST run will be to
estimate the parameters for Test 1 using responses from the group. Run 2 estimates the parameters
;o{hT§s§ 2 u:i? responses from the same group. The parameters are then placed on the sase scale by
ethod 1 as follows:

a, Calculate H ., SD., M., SD.,
01 £y £ ] 93

where the i and j refer to Test 1 and Test 2 respectively, and/or Run | and Run 2. M and SD
refer to the mean and standard deviation of ability.

b. If the assumptions of the aodel hold, the 8's will have the following linear relationship:
/9“=A$J*B
where A=50 /SD, and B=M_, - AN

01 9_' 0‘ #3

c. The estisated parameters for 3, 3, and T are adjusted as follows:

’b\,ﬁ =ﬁg; +B

~ ~
ik =¢y
~ A~
ast = /A

As a result of these transformations, Test 2 is equated to Test .

If the data were collected by the equivalent-grouﬂs design, then Groups | and 2 both took one
test, In the first LOGIST run the parameters for this test are estimated using the responses froa
Sroup 1. In Run 2 the parameters for the sase test are estimated using the responses from Group 2.
The parameters are then placed on the same scale by Method 2 as follows:

a. CalculateM. , S0 , M , 8D

~
11 11 bll bll

ghere Byy is the estinate of difficulty of item i in Test 1 as estimated from Group 1 responses;
12 i5 the estimate of item difficulty for the same item in Test 1, as estimated from Group b
responses; M and SD refer to the mean and standard deviation of the itea difficulty parameter.
b. [f the assusptions of the model hold, the b’s will have the following linear relationship:
i;n = A’b\u tB

where A=S8), /5) and B=N, -AM,

biy b2 by 12
¢. The estimated parameters, &, € and 8§ are adjusted as follows:
Tz =Tz
a2t = 3,2/8
Al ~
0128 = 02 + B

fs a result, the scores for Group 2 on the cosson test are equated to the scores for Group { on the
comaon test,

If the anchor-test design is used for data collection, then Test 1 taken by Group 1 and Test 2
taken by Group 2 contain a common set of iteas, the anchor. In Run 1, the parameters for Test 1 are
estisated using the responses from 6roup 1. In Run 2, the paraseters for Test 2 are estimated usin
the responses from 6roup 2. Using Method 2 and the anchor item responses (which are collecte3
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according to the equivalent-groups design), the linear relation-ship between these anchor iteas is
calculated, and this relationship is used to adjust all item paraseters and ability estisates to a
common scale.

Since the LOGIST program can accept paraseter estimates from a previous run, an alternate aethod
for estxgatlna the parameters is available for the anchor-test aethod. In Run {, the paraseters for
Test 1, (inclu ing the ANCHOR) are estimated using the responses froa group 1. For Run 2, the
parale{ers far Test 2 are estimated using the responses from Group 2 with the exceptian that the b
values for the anchor iteas are fixed at the values obtained from Group 1. All ites paraseters and
ability estimates will then be on a coamon scale (the Test | scalel.

. Note that, since parameter estimates fros the seggrate IRT paraaeter estimate runs differ only
in origin and unit of measurement, then the transformation required_to place two sets of parameter
estimates on the same scale is a simple linear transformation. Typically, the f and B parameters
for this linear transformation are chosen such that the mean and standard deviation of the
transformed distribution of estimated ability (Method 1) or estimated itea diffxcultl {Nethod 2)
obtained from the second test are equal to the sean and standard deviation of the estimated ability
or estisated itea difficulty for the first test,

A fourth amethod of equating ability estimates is the Stocking and Lord (1983) characteristic
curve method. The A and B in Method 2 are chosen through an iterative process such that the average
squared difference between test characteristic curves is ainiaized.

RELATED RESEARCH

The Anchor Test Study (Loret,Seder,Bianchini & Vale, 1974) was the first equating study spanning
i nusber of tests and grades, Eight standardized reading tests were equated at grades 4, U and &,
Diffieulty lavels and content varied widely on the tests. Various patterns of coason and different
levels were equated at all three ?rades. These diverse tests produced by different publishers would
intuitively appear to be nonparallel, in which case, equipercentile eguating sethods should be inad-
equate. In another stud{ involving verbal tests; Petersen,Marco, and Stewart (1982) found the linear
sodel to be better than equigercentxle when both are approgriate. Thex found e uigercentile
equating superiar to linear when e tests diftered in difficulty.

Linn {1975) found equipercentile equatings “quite satisfa:torr for most practical purposes.”
This opinion was based on an estimated error that was generally less than ane raw scare gaint.'
However, major exceptions were found for test scores in the "chance® range. Also, when the data were
analyzea in subgroups of IQ@ and race, large differences in equating tables were found in regnons
where the data were scarce. In particular, the largest difference for the minority aroups was found
where the sample size was extreaely saall, Slinde and Linn (1977) reanalyzed the Anchor Test Data
usxng equipercentile equatxng across grade levels {vertical equating). They found that vertical
equating with an anchor test is inadequate although the equipercentile aethod appeared adequate for
tests o agproxiuately equal difficulty. Kolen (1983) compared linear equatlng. versus several
equipercentile equating methods at sasple sizes of 500 or more per fora for equating four foras of
each of the four tests of the ACT Assessaent Program. The linear method was mostly less adequate
than the least adequate equipercentile asethod. He found the equiﬂercentile_snoothlna procedure
using cubic sacothing splines equating as good as those produced by other smoothing sethods.

he samples were dissimilar and t

Studies dealing with applications of the Rasch model to horizontal equating generally report
favorable overall results (Beard & Pettie, 1979; Renz & Bashaw, 1977). In each case, the Rasch model
equating results were found to agree closely with those from more conventional equafxng aethads.

Beard and Pettie (1979) found Rasch equating with an anchor test to be comparable to linear
'equating in_the anal¥§is of longitudinal trends in student achievement of basic skills. They also
found that linear equating and Rasch equating were different near the ends of the test score
distribution. This is probably to be expected since scores near the distribution ends would usually
bz avjusted with linear equating.

Rentz and Bashaw (1977) used Rasch equating on the Anchor Test Data. They found close
similarity between the Rasch equatings and the equiﬂercentile equatin?s. However, in view of the
Slinde and Linn (1977) findings that equipercentile methods were inadequate for equating tests of
different difficulties, it "would appear that if Rasch equatings yield similar results, then Rasch
equating for tests of differing difficulties would also be inadequate.

In these cases, where the equating was horizontal instead of vertical, the largest discrepancies
were found in the lower tails where there was little data. It would sees that, while equipercentile
and Rasch horizontal equating may be "adequate® overall, inadequate equating results are occurring
in regions where there is a scarcity of data,
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On the other hand, almost all equipercentile and Rasch vertical equating results are
questionable. Applications of the Rasch model to vertical equating has been less satxsfactor¥ than
horizontal e uatxn? with the Rasch sodel, Althnugh Guskey (1981), Guskey and Katims (1978)
Gustatsson (1979, 1979b), Stinde and Linn (1979b), Whitely and Dawis l1970) and Wright (198)
su 3est that the Rasch model is accegtable for verfical e uatxng Divgi (1981), Holmes (1382), Kolen
{1979), Loyd and Hoover (1980) and Slinde and Linn (1977, 19 b, 1979a) found the Rasch aodel
inadequate for equating nonparallel tests.

Buskey (1981),in an investigation of the utility of the Rasch model for vertical equating, found
the Rasch abilit‘ estinates as accurate as, and in some cases more accurate than, grade-equivalent
estimates throughout the range of test scores. He suggested that the Rasch model is a feasible model
for cross-validation of score-equating procedures. Guskey and Katins (1978) found highly consistent
and stable results in their comparison of traditional and Rasch model vertical equating results.

Gustafsson (1979a) found 2 negative correlation between item ditficulty and discrimination due
to examinee guessing. Gustafson (197%b) also found that the Rasch model was adequate for vertical
eguatin? as long as uessina is not present and there does not exist a correlation between itea
difficu ly and discrimination. Re found that when there exists a positive or negative correlation
between 1tea difficulty and discrimination, a bias dependent on the sign of the correlation will
exist, Also, the Rasch aode] does not account for guessing. When guessipg is present, a negative
correlation results between ites discrisination and quessing, which contributes to poor equating.

Slinde and Linn (1979b), exanined groups not widely separated in ability, and contluded that the
Rasch model provided a "reasonably satisfactory® means of vertical equating. Wright (1968) reported
hithx consistent ability estimates for easy and hard itea sets in an_investigation of the sodel
ites-tree person measureaent claim. Whitely and Dawis (1974) reported sisilar results.

In a study of vertical equating using the Rasch sodel, Divgi (19811 found systematic differences
between individual ability estimates based on difficult and easy tests. Sometimes these differences
were quite large. He concluded that the Rasch amodel is unsuitable for vertical equating of
aultiple-choice tests.

. Holmes (1982), found that when agplying vertical equatin? with the Rasch model, there were large
differences in ability as estimated for exasinees in ‘the lower ability range and even larger
differences when the equating results were applied to a new sample (a sasple on which the equatin

etimates were not based), Even when both of the tests that were vertically equated were composed o

iteas specifically selected to fit the Rasch sodel, these discrepancies were found.

. Using the equiﬁercentile sethod as a criterion, Kolen (1979) looked at the mean absolute
difterence between the equipercentile and eight other equating methods, including one-, two-, and
three-garaleter methads. The only general tendency found was that the mean absolute differences
{froa the equipercentile) were larger for lower scores. Kolen concluded that it was “presusably
because few examinees in the sample had very low scores.” Marked differences were found between
Rasch equatine and equigercentile results. In an atteapt to‘ve(ticalll equate with the Rasch aodel
Slinde and - Cinn (1978) found that while easy and difficult tests are ‘“roughly equivalen
statlstlcally, they differ substantially in their precision for some levels of ability.® Slinde and
Linn é!?l?bb tglso found ability differences that were "considerably larger at the extreaes of the
score distribution.®

Loyd and Hoover (1980) regurted that abilit( had a g(onounced effect on vertical equatin?
results. They found that vertical equatin?.of he mathesatics computation test of the Iowa Tests o
Basic Skills is not independent of the ability group used. These equatings were highly dependent on
the ability of the group, which supports the Slinde and Linn (1978) findings. Exasinees taking an
easier level of the test, whose scores were equated to a more difficult level, had higher resul in?
scores when the equating was based on the higher ability group. Examinees iaking 2 more difficul
level of the test, whose scores were equated to an easier level, had higher resulting scores when
the equathg was based on the lower ability qroup. In addition, large discrepancies between
equipercentile and Rasch aodel equatings were observed.

While these research studies indicate the inadequacy of the Rasch model for vertical equating in
general, they also indicate that the largest discrepancies are usually found in the tails of the
abnl;t{ distribution, particularly in the lower range. These studies further suggest that a
possible cause is the scarcity of scores in the regions of greatest discrepancy.

The results of several studies {Dinero & Haertel, 1977; Hasbleton ¥ Traub, 1971; Kolen, 1981;
Harco, Petersen & Stewart, 1979; and Slinde & Linn, 1975, 1979a, 1979b) imply that the Rasch sode!
a3y not suffice, especially for low-ability examinees and thal a two- or three-paraseter model nay
be required. Slinde and Linn, in their series of studies (1977, 1978, 1979a) found linear,
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equipercentile and Rasch equating inadequate for vertical equating, especially when differences
between test difficulty and between ability levels of e?uating samples were greatest. They
suggested that the three-parameter model sight be most useful for vertical equating.

Although as aentioned above, Slinde and Linn (1979b) found the Rasch medel possibly useful for
vertical equatxna, they state as in their earlier studies that two- or three-parameter mpdels would
be exgected to do even better. Furthersore, they conclude that the results of other studies (Dinero
& Haertel, 1977, Hasbleton & Traub, 19713 Slinde & Linn, 1978, 1979a) isply that the Rasch model may
not suffice for low-ability examinees and that the two-'or three-paraseter aodel may be required.

Slinde and Linn (1979a) state that a Eossible explanation for the poor showing of the Rasch
sode! for vertical equating is lack of data fit due to the effects of quessing. Patience {1981
concluded that it may be a Eroblen with violation of the unidisensionality assumption, while
Bustafsson {1979b) also proposed the effects of guessing.

Other factors have been proposed that may account for the unfavorable vertical equating results
found with the Rasch sodel. The rougs used in the equating usually differed greatly with respect
to ability. The tests being studied differed ?(eatly with respect to difficulty. Model-data fit
was not assessed. The lack of unidimensionality was frequently offered as an explanation for poor
equating results,

On the other hand, vertical equating results using the three-paraseter sodel have been such sore
satisfactory.

. Comparisons of traditional and IRT three-parameter equatings were made by sany researchers.
Differing results were found for the different equating schemes. When equipercentile assusptions
were greatly violated, equipercentile and IRT equatings differed widely. Lord{1975,1977) found the
three-paraseter aadel intuitively appealing and also felt it showed prosising espirical outcomes
while the equipercentile technique was inadequate for vertical equating due to difficulties with
tg;}gtvaryinq widely in difficulty and score distributions of groups with different levels of
ability,

Noods and Wiley (1977, 1978) found that for nonparallel tests, the equatings from a modified
three-paraseter logistic aodel (fixed c} and "the scaling test® equipercentile method (Hieronyaus &
Lindquist, 1974) were nearly equivalent, Cowell (1979) found that results fros IRT equating with the
three-paraseter logistic model and traditional methods were nearly identical over most of the scaore
range on the Tests of English as a Foreign Language.

_Cook, Dunbar, and Eignor (1981}, found that when equating nonparallel tests givea to nonrandonl¥
equivalent groups, traditional linear, equigercentile, frequency estimation equipercentile and IR
equating using the three-paraseter asodel all yielded comparable results for most of the score
reporting range. Where the sethods did not coincide (at the upper end of the distribution), the
three-garaleter aethod was assumed to produce the most appropriate equating. Cook et al. also found
that it is feasible to equate ysing the three-parameter aethod on nonparallel tests given to
nonrandoaly equivalent groups in the absence of an ancher test.

Cowell (1981), in a comparison of a linear model, a one-garaleter aodel and twp three-paraseter
aodels, found all tour models yielded similar results., Since the three-parameter model was the best
acdel for equating with seall samples and the cost of item calibration was found to be reduced more
by reduction in sample size than by reduction in the nusber of parameters to be estimated, Cowell
concluded  that using the three-parameter aodel on reduced sample sizes would be preferable to using
his siaplified acdel at either level of sample size (large or smatll.

Marco, Petersen and Stewart (1979) compared several coabinations of traditional and IRT aethods
on equating the verbal portion of the Scholastic Aptitude Test. They examined five equating aodels:
direct linear, indirect (frequency estimation) linear, direct equipercentile, indirect (trequency
estimation) equipercentile and IRT fone-and three-parameter) models; and two types of samples:
randoa samples, and salgleg dissimilar in ability, The IRT amethods were clearly superior for
equating tests of dif ernng difficulty. Marco et al. found, as did Slinde and Linn (1978} that the
one-paraseter IRT model yiel ed Eoorer results when total tests differed tonsiderabll in ditticulty
(i.e. vertical equating). In this situation the linear models and the frequencl estimation methods
were also inadequate. However, Marco et al. noted that their conclusions are tenative since the
criterion used for judging the superiority of methods may have been biased against certain methods
when used to equate tests of different difficulty. Nevertheless, in spite of this gossxble
criterion bias, they suggest that the three-paraseter logistic model would result in the best
equatings under extreme or unusual conditions.
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Kolen (1981}, used a cross-validation statistic to compare the stgbilitl of e?uating results
obtained from seven IRT sodels and traditional linear and equipercentile methods. The results lend
support to the Slinde and Linn findings, and Kolen reached similar conclusions: When guessing was
present, Rasch vertical equating yielded inadequate results, while three-parameter equating was the
aost stable of the nine equating aethods used.

Kolen and Whitney (1982) found that linear, equipercentile, and one-parameter model equatings
produced similar cross-validation results when equating {uelye foras of each of the five
{achieveaent) tests of Beneral Education Development with sample sizes of approxllatelK'ZOO‘and when
both forms of similar difficulty had been administered to the same examinees. In this situation,
the three-paraseter eﬂuating aethod produced unstable results. Perhaps due to equating sample sizes
being too small an gossible score scale condensing (froa non-existence of estimated true-scores
belon the "pseudo-chance" level of the test).

Patience (1981) evaluated four equating methods in terss of their ability to obtain an equated
score scale which matched their averall score scale obtained froa examinees taking all iteas. The
equipercentile aethod resulted in the highest correlations of equated scales to overall scores. The
one- and two-paraseter IRT e uating sethods were cosparable to the equipercentile method. The
three-paraneter equating resulted in the lowest correlation. Patience states that the poorer IRT
results may have been due to several circuastances: There were only six overlapping itess; they were
not chosen with respect to quality nor model-fit; the ites calibration ;aggle size may have been tao
small; the tests may not have been sufficiently unidimensional; ability estimates were based on
subgroups of only 25 iteas.

ialluca, Crichton, Vale, and Ree (1984} compared equipercentile, linear, IRT and strong true
score theory (STST) using single-group, equivalent-groups and anchor test designs. They found that
linear and equipercentile aethods were hest for horizontal equating. ﬂnll IRT and STST aethods were
suitable for vertical equating. Sample sizes of 1000 were found to be sufficient. Although data
collection design seeaed to have littie effect for samples of equivalent abxllt( levels, the
anchor-test design was the only design found appropriate for equating using nonequivalent groups.

Using scale drift as a criterion, Petersen, Cook and Stucking‘(l983) evaluated the relative
accuracy of four traditional sethods (three linear and one equipercentile) versus IRT equating with
the three-garaleter sodel on the Scholastic Aptitude Test (SAT). Using a chain so that each fors was
linked to the preceding and following forms by an anchor test, they investigated the effect of
equating a test to "itself through five intervening foras. It was concluded that the three IRT
linking methods used {(concurrent calibration, fixed b's and equated b's) were superior to the
traditional aethods on the verbal portion of the test. On the mathematics portion neither the
results from the IRT fixed b’s nor the equated b’s was as accurate as the eﬂuating from two of the
linear aethods.  Hawever, the IRT three-paraseter concurrent method was' comparable,  The
equipercentile equatlna was unsatisfactory for both verbal and aathematics tests. Since in this
study, equating was done for tests with similar levels of difficulty and adsinistered to groups of
exaainees with similar levels of abxlltr, the traditional wmethods would be expected to yield
accurate results.  Hence, they conciude that equipercentile equating is less satisfactory than
linear equatlng. Their final conclusion was that of the seven models used in this study, the IRT
concurrent aethod was the best procedure for reducing scale drift over tise on the SAT,

In a study assgssing the feasibility of itea response theory for gre-equating the Test of
Standard Written English, Bejar and Wingersky (1981), found the three-paraseter model adequate and
useful, Lord (1982} equated the verbal score on a 90-ites fora of the SAT to an 85-item form. In a
coaparison of the standard errors of IRT, linear, and equipercentile equating he found the
following: IRT standard errars were grea{er than Jinear standard errors with the exception aof the
upper ability levels; and IRT standard errors were less than equipercentile with the exception of
very low a 1lltz evels. Research on vertical equating, then, su?gests that the three-paraseter
aodel say be the best aodel available for vertical equating. Although research in different
situations has resulted in different conclusions, the usefulness of the three-parameter model for
vertical equating has been amply desonstrated.

Despite the proven usefulness of IRT for vertical equating and the agreement by many researchers
that the three-paraseter nodel |a{ be the best IRT aodel for vertical equating, vertical equating
with the three-paraseter model is not free of probleas, as noted in some o? the studies above.

Vertical equating with the three-paraseter model has also shown large discrepancies in the tails

of the distribution as did the Rasch model vertical equating. Also tge largesg discrepancies were

usually in the lawer ability range for three-paraseter model vertical eauating as was true for Rasch

YS&%IC;I equ?s}?? {Cook, Dunbar, & Eignor, 1981; Cook and Eignor, 1981, Cowell, 1979, 1981, Hodu,
; Marca, .
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_Cook, Dunbar, and Eignor (1981) found when equating nonparallel tests given to nonrandoaly
equivalent groups, that traditional linear, equipercentile, frequency estimation equipercentile, and
IRT equating using the three-paraseter model all yielded comparable results for most of the score
reporting range.” The three-paraseter method was assuaed to produce the most appropriate equating
since a curvilinear relationship would be expected between tests with different difficulties. This
curvilinear relationship theoretically negates the possibility of raw score eguating (such as
traditienal linear and eaqnpercentgle) and requires the use of IRT equating (Lord, 1980}, ~ Cook et
al. subait that the discrepancies at the extremes of the distribution between IRT and both
curvilinear and linear traditional aethods are probabl¥ due to instability in the traditional
sethods from scarcity of data at the extremes. They turther state that the IRT true foraula score
aethods that they used are not affected by lack of data at the upper end of the distributon but are
affected by lack of data for below chance score levels.

However, as discussed earlier, inadequate data in either extreme of the distribution can result
in_poor estimation of any or all of the discrimination, difficulty, and pseudo-guessing parameters.
This_in turn affects estimation of the ability parameters which then can be expected to affect the
quality of the equating.

Cook and Eignor (1981) also found }ar?er discrepancies at the extremes and especially in the
lower end of the score range in a vertical equating study using the three paraseter model. The most
general pattern they found was that the IRT equatina produced slightlz lower scaled scores than
either traditional linmear or equipercentile methods at portions of the score range which contained
the majority of observed scores (i.e, the siddle portion). At the upper and lower ends of the score
range, the IRT equating produced higher scaled scores, and the dxscregancy was usually larger than
that for the aiddle portion of the score range. They subait that the IRT eguatings are affected by
poorly fitting items, especially at lower ability levels, related to inadequate estimation of the
pseudoguessing parameter and by probleas in estimating the pseudo-guessing parameter due to insuffi-
cient "data at the lower ability levels. They present as a possible cause inadequate estimation of
discrimination and difficulty for very easy or very difficult iteas due to scarcity of data,

Cowell (1979, 1981} also found larger differences between methods in the lower extrese. Cowell
(1979) found that results for IRT equating with the three-paraseter logistic model and traditional
acthods were nearly identical aver most of the score range on the Tests of English as a Foreign
Language. The largest differences were found in the “chance score range®. Cowell (19B1), in a
coaparison of a linear amodel, a one-parameter model and two three-parameter amodels, found all four
aodels yielded similar resuigs. Again, the largest differences were found in the lower half of the
rgn?e. n the average, the differences were less than one point on a converted score scale while
difterences greater than two points were found at the extremes, mostly below chance level.

Nodu (1982), while investigatina_ the extent to which IRT equating results parallel those of
traditional equa{ing aethods under conditions that violate the unidimensionality assusption, found
agreesent between "all methods of one point or less, except at the two extremes of the scale score.
Scarcity of data was the reason offered for the discrepancies at the extreaes.

Marco (1977) found that when equating the scores on 45 iteas of the Advanced Placement Program
to the scores on 50 iteas of the College-Level Examination Program, linear e?uating and the
three-paraneter logistic aodel e?uating were in close agreeaent except at the ends of the scales.
In a preequatin? study, Marco found similar results for equipercentile, linear and three-paraseter
aodel equating. The largest discrepancies were again found at the ends of the scale. The amaximua
discrepancies” between scaled scores for the traditional aodels and the three-paraseter model ran?ed
from -15.1 for the center of the scaled score range to -23.8 for the extremes of the range. The
ditference between the three-paraseter equating and the pre-eguating discrepancies was even greater.
The maxiaua discre anc¥ in the center of the range was 7.0 while the maximum discrepancy at the
extreaes was 21.3. The maxisua difference in scaled scores between these two IRT equating methods
was aore than three times as large in the extremes of the range as in the center.

fs was noted earlier, if quessing is present, the Rasch aodel is entirely inadequate for
vertical equating, while the three-parameter aodel takes guessing into account, However, probleas
do exist for vertical equating with the three-paraseter spdel when the ¢ or pseudo-guessing
parameter is poorly estimated.

In the research aentioned previousl;, Kolen (1981} suggests that poor estimation of the lawer
asyaptote (pseudo-guessina) Earaleter may have caused some instability in the observed results.
Verbal and guantitative thin ing tests were adainistered at two levels: Level 1 -- grades 7 and 10,
and Level II -- grades 11 and 1Z. Levels I and Il were equated to tests of vocabulary and thinking
that were administered as one level to grades 9 through 12. The most stable cross-validation
results were produced by the three-parameter estimated observed-score method at Level I with anly
soderate accuracy at Level II. The three-parameter estimated true-score equating aethod was the
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apst stable method at Level IT with onl¥ aoderate stability at Level 1. Kolen hypothesized that
these results could be partly due to ditficulty in estimating the "c* paraseter.

In a study of the effects of local itea dependence on equating with the three-paraseter aodel
Yen (1984) found unsystematic errors of equating when equating multidimensional tests consisting of
collections of dif¥erent dimensions. Systematic errors of equating were a problea when the two
tests measured quite different dimensions.

Doody-Bogan and Yen {1983} found that both horizontal and vertical equatings were as good for
aultidimensional data_ as for unidimensignal when examining correlations and standardized root aean
squared differences. The aultidimensional tests usually had worse equatings than the undimensional
tests, especially for vertical eggatings, when aeans were examined using the standardized difference
between means and local bias statistics.

On the other hand, Kingston and Dorans (1982) found little difference in mean scores for four
sethods of IRT equating and linear and equipercentile equating, when equating ERE aptitude tests.
However, a aajor exception was poor results for the linear equating model at the upper end of the
score scale. No concfusive results were found in relation to the effect of multidimensionality.

fesearch in vertical equating with the three-paraseter model, then, points at possible probleas
in the equating due to sultidimensionality in the data.

A slightly different attack on the probles of vertical equating has been examined by Yen (1982),
I test scores are not perfectll reliable they cannot be strictly equated unless they are strictly
parallel {Lord, 1980)., Since vertical equating by definition xlglxes that the tests do not have the
sane difficully, then strictly paraliel or parailel results cannot be achieved from vertical
equating. Hence, the scores are not interchangeable. However, it is possible that tests with
unequal difficufties or standard errors can have tau-equivalent scores.

Yen (1982) deamonstrates theoretically, with siaulated data, that perforaing an equipercentile
equgth?‘of observed scores in an atteapt to equate or calibrate tests of unequal difficulty or
reliabifity may not be reasonable since not only score equivalence is lost but tau-equivalence may
also be lost, For this reason, equipercentile equating results should not be used as the criterion
for judging other procedures.

_IRT tau-equivalent ‘equating® (calibration) is fossible and the qualitg of tau-equivalent
calibrations may be exasined by verlfnlng whether the calibrated scores have the same sean for
various groups of examinees although not necessarily the same variances or the same distributions.
Such tau-equivalent "equating® is useful since, on the average, examinees could expect to receive
the same score froa two tau-equivalent tests and groups means can be compared since their means are
expected to be the same for both tests.

ISSUES IN EQUATINS

It is quite abvious from the preceding review that solutions to soae of the prableas involved in
equating have been found. However, many issues are not yet resolved or research into their
solutions is inconclusive. Some of these probleas are how to judge the adequacy of equating, issues
involving the samples behind the scores x and y, issues involving the total tests X and Y {hat are
2:{2 egquggedlnghee:ng¥gr testltaken Slong ang{or in relation to the total tests X and Y, issues

: f uating only, and aiscellaneous issues involving both IRT i
aiscellanequs issues lnvo?v1ng ath IRT equating and traditional equat?gg.o quating only, and

One major problea that remains in the area of equating is how to judge the adequacy of
equating.  Appropriate amethods for measuring the ad i “ehor n
appropriate crgterion have not been established? ¢ ddequacy of an equagnng and the choice of an

How can the stability or reliability and the precision or validity of an equating be ?
ggvergl aethods have been used and/or praposed. Kolen and Whitney (¥982) progosed goth an.:gzgifgé
ias index and an equating isprecision index. Kolen et al. also used Kolen's (1981} percentile

cosparison index, which is a a isiailari istributi
and converted stares on o Equggggae‘g:.fhe disimilarity between distributions of anchor fora scores

Divgi (1981) defines the amount of equating bias as the mean differenc
nt of e betueen
gg ug:o tests gnd hence equating bias depends on ability, A problem with tggs .gfﬂgﬁtfg tx:{ufg

quires a very ar?e sample in order to result in a reasonably small standard error of the mean and

;uségggg. nusber of groups in arder that the variation of ability within groups may be as small as
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A discrepancy index that was presented by Marco, Petersen and Stewart (1979) was used by Cook,
Dunbar and Eignor (1981}, and by Petersen, Cook and Stocking (1983). The discrejancy index is a
weighted mean square difference between an estisated score and a criterion score, wﬁich gives the
greatest weight to the values that are most likely to occur.

Angoff (1984) discusses the standard error of eqqatin? that was described by Lord {1950) as the
standard deviation of converted scores. Slinde and Linn (1977) cospared grade equivalent scores in
teras of the estimated errors of equating. Slinde and Linn (1978, 1 193, f979b) used Nright's (1968)
*standardized difference stores” comparisons between ‘easy® and “hard® tests, gtandardized
difference scores were also used by Holees (1982) and by Whitely and Dawis (1974). Average standard
errors were used by Woods and Wiley (1977, 1978). Doudy-Bogan and Yen (1983) used standardized root
sean squared differences, standardized differences between means, the ratio of standard deviations,
correlgtlons, and tau-equivalence. Gialluca, Crichton, Vale, and Ree (1984) used bias and root mean
squared error.

Cowell (1981) used standard deviations of converted scores for pairs of equating methods to
compare equatxng results. Susmary statistics of five differences were analyzed, The first one, the
aaxisue absolute difference, shows the largest absolute difference between score conversion tables,
Their second summary statistic is the mean ibsolute difference (weighted). Their third sumsar
statistic, the aean squared ditference (weighted) is further subdivided into fourth and fift
SuRmary siatnstxgs. These two components are the mean difference squared (ueighted) which is a
seasure of the bias in the differences and the variante of the differences (weighted),

Many researchers have examined the value of equatings bl siaply looking at and/or comparing
equating tables from two or more equating methods along with plots or graphs of the equating values.
Beard and Pettie (1979) compared Rasch equating to linear equating by looking at the di?ferences
between equated values obtained by the two aethods, Cook, Dunbar and Eignor (1981) used graphical
cosparisons to give an overview of the relative agreement of traditional methods of equating with
IRT methods. Cowell (1979} used graphs of scaled scores and score conversion table comparisons.
Cowell (1981) used graphs along with the standard deviations of caonverted scores.

_ Guskey (1981) used plets te cotgare grade equivalency estimates of raw scores versus Rasch
ability estimates. Kolen and Whitney (1982) exasined equating curves, ites garaleter estisates for
extreaes and compared equating salale aeans and variances. Lord (1975. 1977, 1960} used plots to
evaluate equating sethods. Loyd and Hoover (1980) used plots, evaluation of the seans and standard
deviations of the ites difficulty estimates, maxisum difference between two equatings and mean abso-
lute difference between raw scores or between equatings. Warce (1977) looked at plats and the means
of groups used for equatinE. Patience (1981} used plots and correlations between total tests and
subsets of tests. Slinde and Linn (1978,1979a) used plots of estlnated_lo? abilities on high versus
low groups along with standard difference stores and sean differences in log ability estimates.

Other sethods used to evaluate equating results include examination of the differences between
estimates of the aean of abilitl resulting fron different equating methods (Bustafsson, 19790},
cosparison of which equating method consistently produces a closer correspondence between the cosaon
s:age score distribution for two foras taken by two different groups (Kolen, 1979), comparing
various traditional and IRT equating aethods b{ examining scale drift in a chain of six equatings
leading back ta the original test, {Petersen, Cook & Stocking, 1983), and a set of five evaluative
sethads proposed by Jaeger (1981) to be used to allow a choice between linear and equipercentile
equating methods: similarity of the cumulative score distributions, shape of the raw-score to
scaled-score transformations, consistency of the equating results, similarity of ites difficulty
distributions and similarity of the ites discrisination distributions,

It appears then that the nuaber of methods for judging the adequacy of an equating is almost as
large and diverse as the nuaber of researchers dn:ng research on equating. MNone of the methods
however stand out as being intuitively superior for the fask.

finother probles related to choice of an equatinﬁ acthod is how to choose an approerate
criterion. Arbitrary choice of an equating method as criterion seess to be the rule. arco{
Petersen, and Stewart (1979) judged the results of equatlng a test to itself by using the tes
itself as a criterion. Cook, Dunbar and Eignor (1981) used an IRT criterion, Whea a test was
equated to a different test they used two "criterion equatings® in which they equated the stores
using all their examinees in a single sasple, a situation to which they referred as being an “ideal
£ uagin situation,”  The tyo "criterion equafings' were established by two methods of equating: an
equiper enénfe equating or chserved scores and an equipercentile equating of estimated true scores
derived froa the three-paraseter logistic aodel. They state that the IRT criterion could be biased
in favor of the IRT equating acthods and the criterion based on traditional equipercentile equating
could be biased in favor of the equipercentile equating method.
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Patience (1981), when comparing the relative efficiency of vertical equating aethods, used
plots and correlations obtained from the pairing of equating score scales (based an anly part of the
iteas) with "criterion® score scales, where the "criterion" was the scores of examinees on the scale
when all itess were taken. Since Petersen, Cook and Stocking (1981) equated a base test back to
itself through a chain of equatings, their criferion was the base test itself.

Except in the case of equaging a test to itself, in which case the criterion is the test itself,
there appears to be np basis for these arbitrary choices of an equating result as a standard for
tougarlson of other equating methods. Lord (1977) states that “the results obtained by conventional
aethods cannot be justified as criterion® (p.132) especially in the situation where the two tests to
be equated are not.ggrallel, are given to non-equivalent graups and everyone takes an anchar test,
in which tase traditional methods are not applicable. This is exactly the case in vertical equating.

Yen (1982), susmarizing the inadequacy of the equipercentile sethod as a criterion, states that
"It is not necessarily reasonable to attespt to equate or calibrate tests of unequal difficulty or
relgabxlxtl. by performing an equipercentile equating of observed scores, and the result of such an
:qugpsrcgn 1%e eg?atxng cannot be assumed to be the criterion against which other procedures are to
e judged.® (p. 9.

. Various aethods of cross-validation have been used when evaluating equating sethods. Slinde and
Linn (1978) divided their sasples into high, siddle and low ability "groups. = Paraseter estismates
fros the two extrese groups were applied to the siddle groug. Kolen (1981) used a cross-validation
group to establish a criterion for comparing the results of two traditional and seven IRV equatina
sethods.  Their main evaluative technique was to estimate the stability of the results when applie
to a new, independent sasple. The cross-validation criterion was the mean-squared difference over
exasinees in the cross-validation distribution between scores on one test and equated scores with
identical percentile ranks in randoaly equivalent cross-validation distributions. Kolen and Whitney
(1982) also used cross-validation analyses.

The choice of a criterion or criteria to be used to judge the adequacy of an equating reaains a
problea that has not been solved. The need for an appropriate criterion is obvious.  Questions
remain.  How can the §tab111tz/relxability and the precision/validity of an equating be measured?
What criterion or criteria should be used to jud?e the adequacy of an equating? How can the "best®
or "sost correct” equating procedure for a specitic equating situation be chosen?

Angoff (1963} states four sources of error applicable to equating situations: the unreliabilit¥
of the seasuring instruments, the design of equating and aethod of treating the data, the choice o
saaples to estisate the conversiaon line, and error associated with the size of the study sasple.

The first source of error occurs in all testing situations and results in no unique probless for
equating. The second source of error is a crucial one in judging the adequacy of equatings and/or
in saking a choice along sethods since equating methods are not equally reliable. None of the
evaluative aethods used to date sees to give a definitive answer to the Rroblen of judging the
adequacy of equating and/or saking a logical choice asong the available aethods.

A second area of major concern relating to all equating techniques is that of the samples chosen
for specific equating situations, The larger the sasple, the smaller the error. What is the effect
of sasple size on equating results? How large sust the sasples be for adequate equating? Ree and
Jensen (1983) found that both estimating item parameters and equating require sample sizes of 1000
to 2000. What is the effect of too small a sasple? Different samples yield conversion lines that
differ randoul¥ fros one another in traditional techniques. Theoretically, IRT equating is
independent of the ability distributions of the group taking the test. However, in practice, it has
been seen that differences do occur (Beard & Pettie, 1979; Cook, Dunbar & Eignor, 1981; ‘Holaes,
1982; Loyd & Hoover, 1980; MWarco, Petersen, & Stewart, 1919; Slinde & Linn, 177, 1978, 1979).
Therefore, the effects of USID? different samples sust be taken into consideration. 'What is the
effect of using a randon sample of similar a ilitl versus a randos sample of dissisilar ability? In
Earticular, how stable are the eguatlng results obtained from one sasple of exasinees when agplxed
{olg differeng sasple? These and other questions about the sasples used when equating have not been
ully answered.

A third isportant area relating to equating and especially of importance in vertical equating is
the cangosition of the tests to be equated. How diverse in difficulty can the tests to be equated
be? What is the effect of one test being such sore difficult than the other? What is the effect if
the overall or average difficulty is the same, while the range of difticulties on one test is very
narrow and on the other test is verr wide? Whal is the effect of overlap of ites difficulties and
what percent of overlap is allowable? The sase questions can be asked about the discrimination and
{pseudo-] quessing paraseters.

12



If an anchor test design is used, the composition of the anchor test and its relationship to the
tests to be e?uated is an area of concern. How many anchor iteas are needed for adequate equating?
What is the eftect of too small an anchor? What range of.dxfficult¥ {discrisination, quessing) is
allowable for_the anchor? What distribution of diffitulties is mpst effective? 1f anchor iteas are
plotted accarding to their difficulties froa respective calibrations, outliers from a line with unit
slope are known to decrease the stability of the equating constant. How many outliers can be
tolerated and how discrepant from a unit sicpe can they be without detrimental effects?

The tests to be equated and the anchor test can be siailar or dissimilar in content (or diffi-
culty). If the tests to be equated are similar, the anchor can be similar to both or dissiailar to
both, If the tests to be equated are disiailar, the anchor can be siailar to one or the other or
dissisilar to both. How similar to the tests to be equated must the anchor be? What is the effect
of the anchor being dissimilar to the tests? How auch can the anchor test depart in content froa the
tests to be equated? How diverse can the anchor difficulty distribution be froa the tests te be
equated? The individual effects of content and difficulty between anchor and total tests need to be
separated. MWhat is the effect of an anchor of similar content but dissimilar difficulty? On anchor
tests with similar content and difficulty to total tests, an internal anchor has less total error
than an external anchor (Marca, Petersen & Stewart 19792. Is the same true for e?uatinq tests of
ditferent content and/or different difficulty? Is there bias in favar of an internal anchor?

Most of the questions raised so far are applicable to all equating methods. A fifth area of
concern relates specifically to IRT equating. The list can be broken down into probleas related to
unidisensionality, aodel-data fit, calibration/equating samples, the introduction of new groups of
examinees, items, paraseters and scores. The unidisensionality question is: How robust is {three-
paraleteri equating to viclatians of the unidimensionality assusption? The question about aadel-
data fit is: How poor can model-data fit be before the equating becomes unacceptable? What is the
effect if model-data fit is too poor? The callbratnon/eguatxng saaples question 15: How diverse can
the sample for calibrating the ites parameters be froa the equating samples before the equating
becoses unacceptable? What is the effect of using equating results when these samples are diverse?
Lord (1979, Eﬁ 21-24) describes four methods for dealing with new groups of examinees. How adequate
are these aethods? lRI_equatings are based on gredlctions of what hapRens if there are no oaitted
iteas, In relation to iteas, what is the effect of omitted items and how many can be tolerated? In
relation to itea garaleters, what is the effect of inadequate estimation of the itea parameters,
specifically the lower asyaptote paraseter?

Many probleas relating to IRT scores reaain unanswered: how to handle missing, zero and Eer{ect
scores, since ability cannot be estimated for 2ero or perfect scores; how te deal with observed
scores below the lowest possible nuaber right true score. What is the effect of condensing the score
scale in the three-parameter estimated true-score equivalent aethod? Since true foraula scores below
the chance score level are undefined for the three-paraseter sodel, a sethod is needed to obtain the
relation between scaores below chance level on the foras to be equafed {Lord, 1980, p. 210; Petersen,
Cook & Stacking, 1981, p. 16}, & sixth area of probleas concerning equating confains miscellaneous
probleas that do mot seea to fit the other categories. How many itess are required to perfora an
adequate equating? MWhat is the effect of too few iteas? Once equating is done, how much linking
error can be tolerated? Equating errors are worse at the extremes of the distribufion. How little
is too little at the extremes?

CONCLUSIONS

. Clearly, further research is needed to clarify the (elainin, issues, However, many of these
155ues can be avoided or ainimized by use of gpprogria e designs and/or sufficiently large sample
sizes. The choice of a criterion for judging the adequacy of an equating is not clear.  However,
the cosbination of several of the indices currently in use along with appropriate cross validation
techniques should be sufficient to detect major problems in the equatings. Sample sizes large
enough to ensure good estimation of all three itea parameters should also minlaize the groblels of
discrepancies in the tails of the distributions. Equating tests with extreme differences in
difficulty should be avoided, as should outlier anchor iteas (anchor itess that deviate excessively
from a line with unit slope through a plot of the anchor item difficulties), The anchor test should
be as similar as possible to the two tests to be equated in terss of content, should contain iteas
with good discrisinations, and should contain a range of difficulties.

_ As pointed out earlier, research has mainly indicated that equating with the three-parameter aodel
is reasonably robust to violations of the unidimensionality assumption, Prableas concerning omitted
iteas and zero or perfect scores are handled bl the LOBGIST progral. If the tests to be equated and
the anchor tests are carefully constructed with the above precautions in mind and adequate sample
sizes are used, obtaining good equatings should not be a problea. Nevertheless, sultidimensionality
and other probfegs affec in? equating exist and while it 1s hypothesized that vertical equatlna is
robust to some violations of the assumptions, exasination of specific violations is still needed.
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