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ABSTRACT

For a blunt body undergoing massive ablation, the stagnation
region is treated as two inviscid regions separated by a slip-layer.
The momentum equation for each region is solved in quadrature form and
then for purposes of calculating the stream function the density of
each layer is assumed constant. This leads to an anaiytical solution
‘of the momentum equation and yields the entire stagnation-point
geometry. "The energy equation is then developed including nongrey
absorption and emission of radiation in both the shock and ablation
.layers. An energy balance at the body surface gives the ablation mass
loss rate through an effective heat of ablation and thus provides the
coupling between the momentum and energy equations.

The effects of increasing the ablation layer absorption coeffi-
cient are then examined for both a grey and a two-energy group absorp-
tion coefficient model. The energy equation is solved by a time
" asymptotic technique which remains stable with large discontinuities
in fluid properties. This allows investigation of ablation layer
absorption coefficient enhancement by factors greater than 107. The
result is an ablation layer that becomes optically thick owing to.a
programmed increase in absorption coefficient rather than through an a
priori Rosseland approximation. In all cases of absorption coefficient
enhancement (grey, vacuum ultraviolet and visible, and vacuum ultra-
violet) a point is reached beyond which increases in enhancement cause
an increase in the mass loss rate rather than the generally observed

decrease,
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NOMENCLATURE

The following nomenclature is used throughout this work.

a coefficient of exponential integral approximation, see Eq. E.5

A geometry factor (1+Ky)

Aj (z) dummy parameter, see Appendix C

b coefficient of exponential integral approximation, see Eq. E.5

Bj(z) dummy parameter, see Appendix C

Bv Planck function

c speed of light

C(x) dummy variable

Di diffusive enhancement-factor

En(x) exponential integralvdefined by Eq. 3.15

£(z) density function [Ze(l—e)pslp— shock layer, DIDW'- ablation
layer]

F stream function, see Eqs. A.8 and A.14

G dummy variable in momentum integrals

h specific enthalpy of the gas

H dummy variable in momentum integrals

H(x) Heaviside function defined.in Chapter 11

H:ff effective heat of ablation without wall enthalpy } See

Heff effective heat of ablation with wall enthalpy Eq. 3.23

Ij partial integral of the Planck function between vj—l and vj

Iv specific intensity at frequency v

JS number of steps in an absorption coefficient model

xii



NOMENCLATURE (continued)

k thermal conductivity

K body curvature factor, approximately 1/RN at stagnation point

M total number of mesh points

Nﬁo Boltzmann number

NBu Bouguer number

NCR conduction-radiation number

NPe Peclet number

P static pressure

9, aerodynémic blockage heat flux

9% ond conductive heat flui

q, heat flux at frequency v

qr radiative heat flui

qrr reradiative heat flux from wall or body

Re Reynolds number

t time in Chapter III, artificial independent variable. in
Chapter IV .

T temperature

Th absorption coefficient enhancement factor

Tv,br brightness temperature, see Eq. 5.11

u general velocity or vélocity along x-physical coordinate

v velocity component normal to body

Vw velocity of wall injectant

X general coordinate or physical coordinate along body

originating at stagnation point

xi,xg,xg auxiliary -variables defined by Eqs. C.12, C.13, and C.14

y physical coordinate originating at body

xiii



NOMENCLATURE (continued)

z physical coordinate originating from shock

a volumetric absorption coefficient

aa,j ablation laier absorption coefficient for jth step

as,j shock layer absorption coefficient for jth step

T radiation cooling number

Y unified boundary condition on stream function derivative

(1 - shock, O - body)

A shock stand off distance from body in physical coordinate
system

Aa interface stand off distance from wall in physical coordiante
system

As shock stand off distance from interface in physical coordinate
system

é shock stand off distance from body in stream function

coordinate system

Ga interface stand off distance from body in stream function
coordinate system
Gs shock stand off distance from interface in stream function

coordinate system
€ density ratio across shock or surface emissivity

€. () wall or body spectral and directionally dependent emissivity

(4 generalized stream function coordinate normal to body

n stream function coordinate originating at body

] parameter that determines type of difference scheme, see Eq. 4.2
0( ) order of ()

A factor [(l-f)-k] or wave length

u cosine of polar angle or dynamic viscosity

v frequency or kinematic viscosity

xiv



NOMENCLATURE (continued)

£ stream function coordinate originating at shock

p density of gas

o "geometry factor in Chapter II and Appendix A (1 - planar,
% - three-dimensional), Sephan Boltzmann constant in Chapter III

T, optical depth at body'

T, optical depth at frequency v defined by Eq. 3.2

T . defined by Eq. 5.14

¢ azimuthal angle

(), ablation layer

( )8 gas .

( )i interface condition or space discretized variable

o" time discretized variable

( )o reference conditions isea level standards)

( )s shock condition

( )w wall or body condition

( )we wall emission

( )wr wall reflection

), free stream conditions

OF variable directed in positive coordinate direction

() variable directed in negative céordiante direction

() differentiation with respect to independent variable or
dummy variable in integration

) normalized function, see Eq. 3.31

> approaches in the limit



TIME ASYMPTOTIC DETERMINATION OF THE EFFECTS OF ABLATION-PRODUCT
ABSORPTION COEFFICIENT ENHANCEMENT ON THE MASS LOSS RATE FROM THE

STAGNATION POINT OF A BLUNT BODY IN THE MASSIVE BLOWING REGIME
CHAPTER I

INTRODUCTION

Stagnation-point heating to bodies traveling in the earth's
atmosphere has been studied eitensively for many years. More recently
interest in very high speed motion has led to the consideration of
very large heating rates and the reéulting problem of material decom-
position or ablation. The work of Howe and Viegas (1963) indicated
that the injection of foreign species into the boundary layer and the
resulting absorption of radiation by the injectant would substantially
reduce the wall radiative heat flux. After this early work many inves-
tigators considered the effects of injected or ablation species on the
net surface heat flux, although a complete treatment of the problem
has not yet been given. Wilson (1970) accurately characterized the
ablation and air species absorption coefficients, but specified, rather
than computed from a wall energy balance; the injection rate. Chin
(1968) used a surface energy balance but considered only the line

transitions of nitrogen atoms in the ablation layer rather than the



2
transitions of nitrogen atoms in the ablation layer rather than the
transitions of atoms present in an ablation gas. Bartlett et al. (1969)
treated the wall energy balance correctly but superimposed the radiation
with a cooling factor.

In the current analysis; the wall energy balance is character-
ized bf'a fixed temperature and an effective heat of ablation and the
radiation transport is treated with either a grey-gas model or a two-
step continuum model. The stagnation regiop is characterized by a two
inviscid layer flow field separated by a slip layer. Although no mass
is transported across the slip layer, energy is transported by both
radiation and conduction. The incorporation of conduction in the
inviscid flow field calculation was necessary to allow equilibration of
energy across the discontinuity in optical properties at the slip layer.
This discontinuity is a result of the ablation layer absorption coeffi-
cient enhancement through a multiplicative factor attached to the abla-
tion layer absorption coefficient. Because this model yields a step
function in the absorption coefficient, a discontinuity in the tempera-
ture profile would result without thermal diffusion. Additional
justification comes from the results which show that owing to the very
steep gradient in the temperature profile at the slip layer, conduction
can become the dominant mode of heat éransfer, and the energy field in
some cases is in conductive-radiative equilibrium on the shock side and
in conductive-convective equilibrium on the ablation side of the slip
layer.

The results of this study demonstrate that time asymptotic

techniques can be successfully used on radiative-coupled flow fields
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which include large discontinuities in fluid properties. Because
stability can be maintained through those large discontinuities, it is
possible to drive the ablation layer from optically thin to optically
thick and investigate the physical phenomena associated with this
transition., It was demonstrated that enhanced ablation-layer absorption
coefficients will cause a reduction in wall mass loss rate only to a
point. Enhancement beyond that point causes the wall mass loss rate

to increase with increased enhancement. With a fixed wall mass loss
rate a minimum in the wall heat flu;; was not observed with enhancement
through the limit of the current theory. This result should be a
caution to investigators who attempt to draw conclusions about ablator

performance based on fixed wall mass flux analyses.



CHAPTER II
SOLUTION OF THE MOMENTUM EQUATION

Consider the momentum equation as derived in Appendix A in the

form

N FF' = o[F'? - £(D)], 2.1

where ¢ is 1 for two-dimensional and 1/2 for three-dimensional flow

while f(z) is Zs(l-e)ps/p for the shock layer and pwlp for the abla-

tion layer. The boundary conditions for the shock-layer solution are

(see Figs. A.l1 and A.2 for geometry and nomenclature):

at ¢z = 0 (shock wave)

F=-F'=1

at ¢ = &5 (interface)

F=0.
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For the ablation layer the boundary conditionms are:

at £ = 0 (body)

at g = ;1 (interface)
F=0.

For the desired general solution, we can pose the following

unified boundary conditions:

atz =0

at g = Ci

where y is 1 for the shock layer and 0 for the ablation layer.
Although Eq. 2.1 is a second-order ordinary differential equation, the
third boundary condition is required in order to determine the location

of the interface, symbolized in both coordinate systems by g
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An analytical solution of Eq. 2.1 cam be obtained if we multi-

ply it by P', yielding
FF' F" = oF'[F'z - £(g)]

or

4

- (52) = or'1e*? - (001 . 2.2

1
'-Z'F

If we now multiply Eq. 2.2 through‘by 2/F'F and rearrange, the result

is

.2
~&F " F = -7 £(r) . 2.3

Multiplying Eq. 2.3 by the integrating factor (F)-Zo we obtain

20

2,20
d(F'""/F7)_ _
aF T £(2) 2.4
which can be integrated to yield
220 2 Fe
(F')°F -y = <20 —=2=—dH . 2.5
1 H1+20

We can now solve Eq. 2.5 for F',

F 3
P = - (YZPZO - 20?2"8 -—{-g—)- du) . 2.6
1Lu <0
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The negative square root in Eq. 2.6 was selected by.considering the
boundary conditions which show that F(0) is 1 while F(;i) is zero, and
since the radical of Eq. 2.6 must always be positive, F must be mon-
atonic and the boundary conditions require it to be monatonically
decreasing.

We can now invert Eq. 2.6 to get

dc = - dF = k
(yzpz" - 20F2°S e dH)
1H
which integrates to
F
T = -S gé = - 2.7
1 Go(v2 - ZOS —{é%%-dﬂ)
1H

Equation 2.7 is the general solution in quadrature form for
the unified stream function. The solution can be carried no farther
analytically without prescribing £(;). Because we desire, in order to
simplify future computations, to analytically solve the momentum equa-
tion we will at this point assume f(Z) to be constant.

This assumption implies that for purposes of calculating the
stream function, we are considering constant density solutions (the
density in the shock layer is that calculated by the Rankine-Hugoniot
relations across the shock while the density in the ablation layer is
that of the ablation products at the wall). For free stream conditions
similar to those of the current analysis, Howe and Viegas (1963)

determined through a fully-viscous grey radiation~coupled stagnation
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region solution that the density in the shock layer was constant
except for a'very small region near the body. Olstad's analysis
(Olstad, 1969) of a nongrey radiation-cooled (including the contribu-
tion of atomic lines) flow about a symmetric body shows that near the
stagnation point the shock layer density is again relatively‘constant
(the change across the shock layer is less than 10Z) except for the
small region near the body; For the purposes of evaluating r(F) from
Eq. 2.7, the small regions where the density varies makes a negligible
contribution to the quadrature. Jischke and Baron (1969) by including
the effects of coupling the momentum and energy equations have shown
the effect of radiative transfer on the stream function to be quite
small for a wide range of parameter values provided the shock layer
thickness is normalized to unity. It should be emphasized that the
constant density assumption is only made for purposes of calculating
the stream function and the justification rests on the fact that the
momentum equation is only weakly coupled to the energy equation
(Hoshizaki and Lasher, 1968).

This uncoupling of the momentum equation from the energy
equation does not simplify the problem into what Anderson (1968b) calls
"uncoupled shock layer". The latter refers to the condition of
neglecting the iﬁfluence of radiative energy transport on the shock
layer variables, i.e., the divergence of the radiative flux is omitted
from the energy equatioﬁ. The radiative flux to a body due to the |
resulting temperature profile is.then calculated a posteriori. These
"uncoupled shock layer" calculations neglect radiative cooling and (for

the same absorption coefficient data) can yield up to twice the
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radiative heat transfer of a coupled solution, i.e.; one which includes
radiative cooling of the shocked gas. The current analysis includes
radiative cooling, self absorption, and conduction for both the shock
and ablation layers.

With £(z) constant, the integral in the radical of Eq. 2.7

can be evaluated as

1+20

G
ZOfS A8 _ fa - 29, 2.8
1H

where we have taken advantage of ¢ being either 1 or 1/2. Equation

2.7 can now be expressed as

1
;=%SF f_;g_dczo i 29
(e o)

Equation 2.9 is the general two or three-dimensional, shock
or ablation layer solution for the stream function in quadrature form
with the assumption that f(z) is constant. I1f we consider the four
cases one at a time additional analytical results can be obtained.
Comparison with previously published results will then be made to
indicate the accuracy of the current development.

VLet us first consider the two-dimensional case (o6 = 1). For

this case Eq. 2.9 becomes

1
1 dG
c R — o 2'10
£ sF (xz-f 2 )”
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We cannot carry out the integration in Eq. 2.10 without specifying the

sign of the G2 coefficient. For the shock layer with f constant

yz-f _ 1-2e(1-e) _ (1—5)2+€2

f  2e(Q~e) = 2e(1-e) 2.11

which is positive since 0 < € < 1. Equation 2.10 can then be inte- -

grated-for the shock layer to give

GRIC)
p(E) 4 (BE 42 4 1)

1
z = (1-£) Zon

2.12
f

which is the solution for the stream function for the two~dimensional
shock layer. At the interface, the normal velocity, thus F, must go to

zero. This condition imposed in Eq. 2.12 yields the shock stand-off

distance as

g, = 5(F=0) = (1-£) %n [(—1-§-f-—)!i +(%)!i] . 2.13

For small € corresponding to strong shock waves f -+ 2e¢ and Eq. 2.13

becomes

2.14

The transformation from the normalized to the physical coordinate

system is, for £(Z) constant,
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z = eRNC .

Therefore the shock stand-off distance from the interface with small ¢

is

%=%e%meg 2.15
which agrees to lowest order with the constant density solution of
Hayes and Probstein (1959, p 152). The constant density solution is.
only valid for € very small and then only in a local region in the
vicinity of the stagnation stream line. For the nominal flight condi-
tions under considerations (altitude of 200,000 feet and velocity of
50,000 fps), the shock stand-off distance prediéted by Eq. 2.15 is
within 7% of that predicted by Hayes and Probstein (1959), p 152). In
a simplified analysis first given by Hayes (1955) in which the
centrifugal correction to the Newtonian pressure distribution is
neglected, the shock stand-off distance obtained agrees with Eq. 2.15
to order (ezn%). Although Eq. 2.15 is in error, the order of the
error is smail enough that it should not appreciably distort trend-type

heat-transfer calzulations. We can now invert Eq. 2.12 to obtain the

momentum function. The result is

F(z) = i?%iii [(1~+A)2e"/A - fAZeC/x] 2.16



where
A= (1-f)"’.

Let us return now to Eq. 2.10 and consider the two-

dimensional ablation layer in which
£(@) = o /o .

The assumption that £(z) is constant then yields f = 1. If we also

impose the ablation layer condition that y is 0, Eq. 2.10 becomes

; = Sl .__d__G..—-
P (1-G2)%

which after integration yields

L = -'2'— - Sin " (F) . 2.17

We can now determine the thickness of the ablation layer by evaluating

Eq. 2,17 at F = 0 which gives

=0) = ~
68 = (F=0) 2 * 2.18

For the current assumptions, the transformation from the normalized to

the physical coordinate is
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Therefore the ablatiom layer thickness is

e n (25
a Zprc 2

Equation 2.19 agrees with the result of Wallace and Kemp (1969) if we
take their unspecified reference length as RN//_E . Inverting Eq. 2.17,

we have the two-dimensional ablation layer momentum function as

F = Cos (¢)
or in dimensional form
' = L A
V= VwCos(2 Aa) . 2.20

Equation 2.20 also agrees with the results of Wallace and Kemp.

The two-dimensional shock and ablation layer analyses have
been included for completeness and do tend to add credence to the
selected mathematical model, but the remainder of the development will
be directed toward the three-dimensional stagnation point. Returning

to Eq. 2.9 with o as %, we have
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Upon integration this expression becomes

2% 2 s

«:=3—f—-—(1—)-(-‘-'——£p+1)‘ . 2.21

2 f f
vy -f

Before inverting Eq. 2.21 for the momentum function, we can consider

the shock stand-off distance and the ablation layer thickness by

letting F go to zero. This yields

§ = g(F=0) = ;—%—; [(wrz)!i - !i] . 2.22

If we now consider the shock layer and transform to the physical
coordinate system, the shock stand-off distance is

eRy )

s = 1-2e(1l-¢)

Ry

14[2e (1-¢) 1%

A {1 - [2¢(1-6)1 =

2.23

where the three-dimensional coordinate transformation is

€

zz'i'RN;o

Hayes and Probstein (1959, p 159) obtain an implicit solution for the
three-dimensional shock stand-off distance under the constant density
assumption and only in the limit of small € do they determine As

explicitly. Their result is

8, = eRs[l - (%i)!i] +0(ed) . 2.24
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Equation 2.23 becomes, for small ¢

A = eRs[ - (%—)35] +0(e? . 2.25

The agreement between Eqs. 2.24 and 2.25 is sufficiently good to give
a sound basis to the heat transfer calculations which follow.

If we now return to Eq. 2.22 and make the appropriate substi-

tutions, the ablation layer thickness is found to be

2

Aa=RN( 2) , 2.26

mep“

where the coordinate transformation

LT

prU°°

has been applied. Although there are no existing three-dimensional
constant density solutions with which to compare Eq. 2.26, the depen-
dence on the ablation products velocity at the wall is similar to the
two-dimensional result and the two expressions, Eq. 2.19 and Eq. 2.26,
differ only by a constant factor.

We can invert Eq. 2.21 to obtain the momentum function as a
function of . There results
2

F(z) =1-¢ 4-"'—,,:ii 22 2.27
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This gives the momentum function for the shock layer in the physical

coordinate frame as

F(z) =1-2—+ [1 - 2e(1-¢)]

“Ey
and that for the ablation layer as

2p U2

«w @ 2
F(y) = 1 - =

2

pwvw RN

z2
_2—5 'y 2'28
By
. 2.29

For future computations it is desirable to select one coor-

dinate system. We will use the current z-coordinate system which

orginates at the shock and increases toward the body. In order to

unify the momentum profile, we can refer to the momentum function

definitions which are

F(z) = ;———-

and

= PV
ww

and impose the coordinate transformation

y=4-z,
where

A= As + Aa
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The resulting momentum profile is

2
pv(z) = pwUm{l -2-2 3 [1-2e (1-¢)] z }H(As - 2)

eRN 82R§

2 2.30

where the appropriate sign change has been made in Eq. 2.29 to account
for the ablation layer velocity being in the negative z direction and

H(x) is the Heaviside function defined such that

=
~
»
A
)
[
-
M
]
o

The symbol V§ is always treated as being positive.

With the assumption that £f(z) is constant (for purposes of cal-
culating the stream function), Eqs. 2.23, 2.26, and 2.30 completely de-
fine the three-dimensional stagnation point geometry and momentum field.
The remainder of the derivation involves the solution of the energy
equation for the temperature profile, heat flux to the wall, and the
resulting mass loss from the wall. We can see at this point that we
must initially assume Vw (ablation velocity at the wall) in order to
determine Aa from Eq. 2.26 and the momentum profile in the ablation
layer from Eq. 2.30. After proceeding through the solution of the
energy equation, the computed Vw will be compared with the assumed

value and iterations will proceed until the desired convergence is
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obtained. It is through this up-dating of Vw and thus the ablation
layer geometry and momentum field by Eq. 2.26 that the energy-
momentum coupling actually takes place.

Before proceeding to the energy equation formulation, it should
be pointed out that by developing the momentum profile in the manner
of this section rather than by the Hayes and Probstein or Wallace and
Kemp constant density techniques, we have allowed for simple extension
to a completely general, variable density solution. This could be
accomplished by using the current solution as the first iterationm.
Then with the corrected‘Vw and a predicted f£(z) based on the density
being some known function of temperature, Eq. 2.1 is integrated
directly yielding a corrected momentum profile. Iterations continue
until the desired results are obtained. This suggested procedure

without guidance on the initial guess is similar to that proposed by

Chin (1968).



CHAPTER III1

ENERGY EQUATION CONSIDERATIONS

In the continuum flow regime of gasdynamics, the populations
of the various atomic and molecular states important to the emission
and absorption of radiation are, for cases of interest to us, given
accurately by their equilibrium values. For our present purposes, the
continuum flow regime can be defined as a regime where the excitation
and deexcitation of the states occur primarily as a result of molecular
collisions rather than through radiative emission and absorption.
Thus, if the collisional processes are in quasi-equilibrium, the
resulting distribution of the molecules among the energy levels is
close to the Boltzmann result with the associated temperature being
equal to the local gas temperature. The assumption that the energy
levels are populated in a Boltzman; distribution is known as the quasi-
equilibrium hypothesis or the assumption of local thermodynamic
equilibrium (Vincenti and Kruger, 1965, Cﬁ xi).

The general one-dimensional equation of radiative transfer
under quasi-equilibrium conditions and ignoring scattering is (Vincenti

and Kruger, 1965, Ch xi)

19
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L 3L, a1,
e trax - olBM-Ll, 31

where u is the cosine of the polar angle and accouhts for radiative
transfer skew to the coordinate direction, x. We take the one-
dimensional radiative transfer equation to be valid in the vicinity of
the stagnation point with variations normal to the body being impor-
tant. This tangent slab approximation has been shown to be very
accurate near the stagnation point when the shock stand off distance
is small compared to the local radius of curvature (Olstad, 1971; Page,
et al, 1968; and Cheng and Vincenti, 1967). The volumetric absorption
coefficient a, includes the effect of induced emission. A detailed
development of Eq. 3.1 based upon the notion of a photon distribution
function can be found in Vincenti and Kruger (1965, Ch xi).

If we nondimensionalize Eq. 3.1 and consider the ratio of the
time-derivative term to the spatial-derivative term we see that the
coefficient is a speed ratio formed by the characteristic distance and
time to the speed of light. We can, for the current problem, select
the shock stand-off distance as the characteristic length and the time
required for a particle to travel from the shock to the interface as
the characteristic time. An upper limit on the resulting characteris-
tic velocity would be the velocity just behind the shock which for the
current nominal flight conditions is approximately 3,000 feet per
second. The resulting speed ratio shows that the time-derivative term

of Eq. 3.1 is approximately six orders of magnitude less than the
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spatial-derivative term and we can safely consider the time-

independent form of Eq. 3.1

Before proceeding to the solution for the radiation intensity

let us define the optical depth at a particular frequency by

X
rv(x) = Soavdx'. 3.2

With this definition, the time-independent form of Eq. 3.1 becomes

. 3.3

It is convenient to specify i: as the intensity in the positive -x
direction and I; as the intensity in the negative -x direction. We

can now write equations for each direction of propagation. There

results
“
g =B, - Iv 3.4
v
and
b _
-u a-_;: =B, - Iv 3.5

where the minus sign on the left hand side of Eq. 3.5 accounts for
propagation opposite to the direction of the positive coordinate. In

both Eq. 3.4 and Eq. 3.5, p is positive.



22
Let us now integrate Eqs. 3.4 and 3.5 for a parallel s;ab of

gas as shown in Fig. 3.1, with the boundary conditions that at T, = 0,

+ +
Iv = IU(O)
A
and at Tv = Tv,A = oavdx
Iv = Iv(tv,A)'

In order to determine the intensity at any arbitrary point within the
gas slab, we can integrate the differential equations from.the point
of the specified boundary condition to the arbitrary point. Using

appropriate integration factors, we obtain

I+ = I+(0)e + I]l: e Bdt' 3.6

- ' - 1
“/lu Tofu (v /¥
v v e 0 vV v

and

I =1I(t e

v V' Vv,A

.
(t,-1, A)/u 1 Yol v,a Tv/"
’ +=e : e Bdt' . 3.7

" v Vv

T
\Y

In general the boundary conditions on Eqs. 3.6 and 3.7 require
simultaneous solution of the equations. This is a result of reflecting
boundaries and can be seen by evaluating Eq. 3.6 at the boundary,

T, = rv,A . The result is
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-tv,Alu Tv,A t;/u

) = It(O)e +-%-e-1v,bluso e Bvdt; 3.8

I:').(T\J,A
which is the intensity incident from the positive direction on the
boundary at T, = Tv’A. If we now assume the body surface at x = A

to be opaque, there is no intensity transmitted in the negative
direction and the total contribution to I;(TV,A) is made-up of the
reflected portion of f:(Tv’A) plus the emission due to surface tempera-
ture. By Kirchhoff's law, the portion of incident intensity that is -
reflected from an opaque surface is related to the incident intensity
by (lrev’w(u)), where ev,w(") is the spectral emissivity of the
surface. If we further assume that the surface is diffuse and non-

spectral, we can express the boundary conditions at Tt as

v,A

a1l .
I;('tv,A) = eva(Tw) + (1--5"’)1/11310 s I+(TV,A)udud¢ 3.9

0o
where i:(Tv’A) is given by Eq. 3.8. It is now clear that the bound-
ary condition at tv’A requires evaluation of the integral of Eq. 3.8
which in-~turn requires the temperature profile. 1In most problems in
radiative gasdynamics, the temperature is not known a priori, but is
part of the solution.

As Tv,A corresponds to the body, Eq. 3.9 gives the intensity
leaving the body and propagating toward the shock. The above charac-
terization of the surface at T,A is typical of an ablative body and

’

the assumptions of an opaque, diffuse surface will be maintained.
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We can now consider the boundary at v, =0 (shock). Let us
assume that the shock is transparent and that any incoming radiation
due to the precursively heated atmosphere is negligible compared to
radiation from the hot gas cap behind the strong shock. The radiation
intensity passing through the shock and thus available for precursive
heating is given by evaluating Eq. 3.7 at T, = 0. The result is

1) =T (x e + 1 e B dt' . 3.10
v 0 v Vv

- - '
T , /u T ’!/u ' /v
vV V,A u

Because there is no reflection at the shock (i.e., transparent shock
assumption), and because we do not have a solid surface to emit, the

boundary conditions at Tt = 0 is

We can now incorporate the specific boundary conditions into

Eqs. 3.6 and 3.7 to get

- ]

tv/u T, t\,/u

e e B dt! 3.11
vV v

-
n
= |-

0

and
1 -Tv,A/" Tv,A T/ (Tv-TU,A)/lJ
- - - [ 4
Iv [eva(T;) + (1 ew)z goe So e Bvdtvdu]e
. ' 3.12
1 Tvlu 1.\»,,A Tvlu
+ = e B dt' .
u T v

\Y



26
In general the net monochromatic radiative heat flux at any optical

depth can be expressed as

1 + _
q, = 2n So [Iv - Iv]udu . _ 3.13

If we now substitute Eqs. 3.11 and 3.12 into Eq. 3.13 and integrate

over u, the resulting radiative flux is

T T
v v,A
q, = 2n {S Bsz(Tv-‘t"’)d‘t\" - S B\’Ez(‘l‘"’-'l'v)d‘l’\"
0 ' T
3.14
Tv,A
- - - S L
E3(TV,A Tv) [eva(Tw) +2 (1 ew) o B\)EZ(T\),A 'tv)d'rv]
where we have introducedv the exponential integral defined by
1 .
E (x) '-'s un‘ze-xl"du . 3.15
" 0

For future use, let us consider the net radiative heat flux

incident on the body surface '(tv'= T ,). This flux is determined by

v,A
simply evaluating Eq. 3.14 at To.A which yields

T
v,A
= — 7 r
qv(Tv,A) Zm:w so BvEZ(Tv,A -rv)drv neva(Tw) . 3.16
In addition to the radiative flux, the body surface receives additional
heat from conduction due to the gas temperature profile adjacent to the

wall, homogeneous combustion of ablative gases and free stream oxygen,
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and hetrogeneous combustion of the ablative surface and free stream
oxygen. The extent of combustion heating is dependent on the ablative
material. A detailed discussion of combustion heating for a typical
charring ablator (nylon phenolic) can be found in Wakefield and
Lundell (1969). The last term in-Eq. 3.16 actually represents cooling
of the surface due to reradiation. 1Im the general case there are
other cooling mechanisms such as the sublimation or decomposition
energy, aerodynamic blockage due to the relatively cool ablation
products carrying energy by convection away from the wall, and conduc-
tion of energy into the virgin structure of ablative material.

For the case of a melting ablator it would be necessary to
consider the breaking off and evaporation of liquid droplets. If we
restrict our analysis to sublimgting ablators, however, the above
listed sources and sinks of enmergy should be complete. Let us also
restrict ourselves, as we did in the momentum equation considerations
(Chapter II) to the case of massive blowing. Because the boundary
layer is blown away from the wall and the interface between the
ablative products and the shocked free stream air is considered to be
a contact surface with no diffusion, there will be no free stream
oxygen available for combustion heating. The remaining source of heat

from the gas in addition to radiation is conduction which is given by

dT
9cond = (kdx

x = A, 3.17
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The aerodynamic blockage can be expressed as

v,
@ = pwvw hw + 2 3.18

which is the energy convected away from the wall by the ablative
products. The surface heat balance for a sublimating ablator in a

massive blowing environment can be written as

- r -
9conducted + qabsorbed q + Qeond ~ I 3.19
into solid . in sublimation *
where
T ® xr
q -Soqv(r‘,’A)dv -q 3.20

and qrr is the energy reradiated from the surface.

Let us now define an effective heat of ablation which grossly
characterizes the solid conduction and surface sublimation. This
effective heat of ablation will be a characteristic of the material
but could be a function of the surface temperature and pressure

(Martin, 1966). It is defined by

r -—
+ qcond qb

PVw

*
Heff(T'w’Pw) =

. 3.21

The purpose of defining an effective heat of ablation is to be able to

determine the mass flux of ablative products once the heat flux to the
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wall has beer computed. Since q is an explicit function of the mass
flux, it would be convenient to remove this dependence. This can be

done by replacing 9, in Eq. 3.21 by the expression given in Eq. 3.18

vielding
r 2
* q + 9c0nd vw
Hogr = o V. hw +=3) 3.22
ww

For a nominal surface temperature of 5000°R and an ablation products
specific heat at constant pressure of .24 Btu/lbm - °R, hw is
approximately 1200 Btu/lbm. If Vw were to be as high as 775 feet per
second, which is extremely large, the ratio of wall enthalpy to
kinetic energy would be of the order of 104. This c1ea¥1y shows that
hw >> V:/Z for the condiFions of current interest and Eq. 3.22 when

rearranged becomes

r r

oV = q + qcond - q + clconcl 3.23

ww Lk “H (T ,p *
Heff(Tw’Pw) + hw eff 'w’ vr)

where Heff without the asterisk includes the wall enthalpy.
Consider now the generalized energy equation as developed in

Appendix A in the form

dh , dq _
PV 32 + Iz 0 3.24

where
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and z is the coordinate distance measured from the shock. Note that
q contains both the radiative and conductive heat fluxes. Let us
now return to Eq. 3.14 to determine the needed derivative of the
radiative flux. If we recall the definition of optical depth as

given by Eq. 3.2, we can see that

With this in mind the needed derivative of Eq. 3.14 is

ii-'il-"—= Zn{-— a jtv’AB E (It -T'I)d‘r' +2Ba -E . (r. .-t )a [eB (T)
dz v Jo vi1ti'v v v vV 2 v,A VvV wvVvw
i 3.25
f v,A
+ 2(1-ew) so P.'vEZ(Tv, A-—‘r:’)dt"’]}.

Upon incorporating Eq. 3.25 and the Fourier heat conduction law into

Eq. 3.24 the resulting energy equation is

dh © Tv,A
2 - . ]
A + 2% a, o anl(ltv rvl)dtv + ZB\’av

0
- Ez(tv’ A-'rv) a, [eva(Tw) . 3.26
T
v,A
_ Ty de! - 2_( 21) =
+ 2(1 Ew) so BvEZ(Tv,A ‘rv)drv]}dv i k iz 0.

Let us now give the spectral dependent gas absorption coeffi-

cient by
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JS
= };aéj(P’T) H (v—vj_l) H (vj-v) 3.27

where H(x) is the Heaviside function defined in Chapter II. Equation
3.27 is the classical "step-model" representation of the absorption
coefficient. With this representation one can treat the absorption
characteristics of a gas from the simple case of a grey model with
one step to the exact absorption spectrum with its infinite number of
steps. This technique has been used by many authors to accurately
describe the detailed spectral output of a nuclear detonation. Typical
calculations have been closely compared with experimental data and in
general prove to be within experimental error (Private Communication
with Maj W.A. Whitaker, Chief Scientist, Air Force Weapons Laboratory,
Kirtland AFB, New Mexico 87117). If one is careful to select a step
model which preserves energy through the band absorption and equivalent
width calculations, the frequency integrated radiative heat flux can
be extremely accurate. The particular step modeis used in this study
are discussed in Appendix B.

With the step model of Eq. 3.27, the net heat flux at any point

in the field is given by

3s, S‘j S‘j A
= 2"}éi jEz('r j)dtj - . j Z(Tj Tj)dtj
i 3,28

T
: h Y.
_ _ dT
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where

The net heat flux to the wall is given by

3,4 4 dt
q(‘rA) = 2'm-:w jz=:1So 2('L'j AT j)d‘l' - onw - (ka . 3.29

where
4 -]
9:— = S Bvdv
0

has been used. The energy equation, Eq. 3.26, becomes after inter-

changing the 6rder of integration
— ~ + 27 a S IE (|t,~t!])de! + 21
P Z { fFalrymyheg + 21,

EZ(Tj,A—Tj) [w j(Tw) 3.30

T
h 1Y)
+ 2(1—ew) SO IjEZ(‘rj A” j)d-;j]} k __.) =0 .

In performing the frequency integration to obtain Eqs. 3.28,
3.29, and 3.30, we assumed that the step cut-off frequencies were
constants and were the same for both the shock and ablation layers.
Temperature and pressure dependent cut-off frequencies might be more

appropriate, but would greatly complicate the analysis. The greater
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complication isn't really warranted as none of the ;ccepted step models
discussed in Appendix B incorporate this sophistication. There is no
loss in generality in the absorption coefficient model by using the
same cut-off frequencies for both the shock and ablation layers. This
is demonstrated in Appendix B.

The final step in the energy equation considerations is to
introduce the following set of nondimensional parameters and reduce
Egs. 3.58, 3.29, and 3.30 to nondimensional form. The nondimensional
relations are

z = As;, T(z) = Tsi(;), h(z) = 'Sh(z)

a (z,T)

pv(z) = PV pv(z), uj(z.T) = % %

-~

- . ) B
NpoT3(2) » hoge = R e2Np 0T Jo v,

rj(Z)

Ij (T)

[l

(orgln)ij(i), K(T) = k k(D)

| - - 4=~
hs = h(Ts)’ kw = k(tw), q(z) = ZNBuoqu(z)
3.31

NPe = AspsvshslkwTs

2a_ A oTalp v h

r= P,8S 8 8 '8 88
4

NBo = psvshSIZOTs

NBu = ap,sAs = I'NBO

- 4
NCR = kwTslesaTs NBOINPe .
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In general the shock conditions were chosen as the basis for normaliza-
tion. This was done because during the process of varying the abla-
tion layer optical properties, conditions such as the ablation layer
stand-off distance, Aa, and wall mass flux, pwVw, will change. The
shock conditions conversely will remain constant becauseiﬁe have fixed
the flight conditions and because of the "uncoupling" of the momentum
and energy equations. The parameters N e’ r, NBo’ NBu’ and NCR are
the Péclet, radiation cooling, Boltzmann, Bouguer, and conduction-
radiation numbers, respectively. These parameters, except for the
last one, are widely uséd in the study of radiative gasdynamics and are
discussed in detail by Goulard (1964) and Penner (1964). The
conduction-radiation number is simply the ratio of the Boltzmann and
Pe'clet numbers and is a measure of conduction at the wall for a cold
wall and a linear temperature profile compared to the radiation at the
shock. It is included in this study because of its convenience when
conduction heat transfer.is.considered.

If we now substitute the nondimensional relations into Eqs.

3.28, 3.29, and 3.30, the resulting nondimensional forms are

-~ -

JS j- j)z
z; E [N (rj tj)]dr S- [N (rj rj)]d‘rj
5
€, =~ -~
E3[NBu(T A j ['N—— I,( T 3.32

-~
-

TjA Neg -
+ 2(1-ew)‘ o [N (rj A" j)]dté] ﬁ;—-k

&8



35

T. |
-~ J’A - -
G =, B {S L, [Ny, g -Tg)mrg}- =

and

-
-

- JS - Tj AT - - -
- dh 2 I - 1
VS TN Dey {~ so 3B O | 75 - 7 Dear

dz j=1

-

-~ ~ € - ’
~ W .
- BNy, (x5 7 - )] [——-NBu (1)

w

A
+ 2(1—ew) So j 2[N (‘l’. A j)]dt ]}

dz dz

3'34

For future use it will be convenient to define the divergence of the

radiative flux as

dz Ul

€

L - -
- Byl Gy 5 j)1[;,—— I,(r,)

+2(1-¢) SO 1E, [Ny, Gy 3 j)]dtj]} :

T JS ~ h Y. - -
i.‘l--=u]3 Ya {-S Ijlzl(uBu | - 13 | ddr

3.35
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This then allows the energy equation (Eq. 3.34) to be written in the

convenient form

-~ am - T
NP;ls:(kd_?)-pvﬂ.-rég. -0 . ERY;
dz dz dz dz

In the remainder of this paper the tildes will be dropped as

all variables, except when clearly specified, will be nondimensional.



CHAPTER IV
SOLUTION APPROACH

The necessary equations are now established and we can proceed
toward the desired goal of determining the optimum optical properties
of an ablator material. Because the problem is to optimize a functionm,
namely the absorption coefficient of the ablated gases, the use of
variational methods might seem appropriate. An attempt along these
lines would involve minimizing the total heat flux to the wall as
given by Eq. 3.33 with the constraints of the energy equation (Eq. 3.36)
and the surface mass-energy balance (Eq. 3.23). An analytical formula-
tion of the variational problem was attempted, but the resulting Euler-
Lagrange eﬁuations (Hildebrand, 1965, Sec 2.7) were intractable

This result led to the investigation of numerical techniques
for solving optimization problems. The Rayleigh~Ritz method
(Hildebrand, 1965, Sec 2.19) was formulated, but in order to form a
workable system of equations, the assumptions were so restrictive that
meaningful results did not seem possible. The most promising and flex-
ible numerical optimization technique appeared to be some form of the
method of steepest ascents (Bryson and Denham; 1962). This method was

programmed and used to successfully solve numerically a problem posed

37
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by Schechter (1967, p 54) for which an analytical solution to the Euler-
Lagrange equations was obtained. With this success on the example
problem, the grey-gas energy equation, Eq. 3.34 with JS equal 1, was
cast in Bryson's optimum control form and the necessary auxiliary and
constraint equations were established.

The method of steepest ascents (See Bryson and Denham, 1962;
Bryson et al, 1962; Bryson and Ho, 1969; and Gera, 1970 for detailg)
involves solutions to two-point boundary value problems with the
optimization of a control variable to render stationary a specified
parameter. In the current radiative gasdynamics problem, the control
variable is the absorption coefficient of the ablated gases and the
parameter to be made stationary is the ablation mass loss rate. The
solution procedure is to guess a control variable profile and integrate
the energy equation with the known boundary condition and an assumed
boundary condition. If we integrate from the shock to the body, the
temperature at the shock is the known boundary condition. Since the
grey-gas energy equation in optimimum control form is a second order
ordinary integro-differential equation, only two boundary conditions
are required. However as the problem is posed, the shock and wall
temperatures are the two known boundary conditions, whence the two-point
boundary value problem is produced. fhe assumed boundary condition can
be taken as the slope of the temperature profile at the shock. In
theory, the energy equation is now integrated twice to yield a calcula-
ted wall temperature. This temperature is then compared to the
specified wall temperature, and the slope at the shock can be adjusted

appropriately. The method of steepest ascents is then applied by
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examining the effect of small perturbations in the control variable
profile on the parameter to be made stationary and the specified ter-
minal condition. The result is a new control variable program and a
new initial condition guess. The iteration proceeds until we have a
stationary parameter and have matched the specified wall temperature.

In applying this technique to the massive blowing problem,
considerable difficulty was encountered owing to the unstable nature of
the energy equation with respect to this type of direct integration.
For example, changes in the guessed temperature slopé at the shock of
the order of 10.5 yielded solutions that tended from plus infinity
to minus infinity. Because of this instability and the resulting lack
of control over the temperature at the terminal end of the integration,
it was concluded that the method of steepest ascents was not appropri-
ate for a solution tovthe current problem.

At this time the solution approach undertaken was a straight
forward technique of optimization by parameter variation. This
involves a fully-coupled solution of the equations with a specified
temperature dependent ablated-gas absorption coefficient. The next
step is to enhance the absorption by some programed factor and obtain
another solution. This corresponds to seeding the ablative material
with a substance that is highly absorbing in the shocked gas spectral
bands. If we continue to enhance the absorption coefficient and obtain
solutions, including the wall mass flux, fof each degree of enhancement;
and if a minimum in the mass flux versus enhancement occurs, we have
found the optimum degree of enhancement and thus the optimum chéracter~

istics for the absorption coefficient of the ablator.
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Because of the stability problems associated with direct
integration of the energy equation, it was decided that an iterative
scheme beginning with a specified temperature profile would be most
appropriate. Callis (1968) adopted a time asymptotic technique,
B —— because it seemed to offer a direct solution to the problem
at hand (radiation-coupled stagnation-line solutions for hypervelocity
blunt bodies) with a minimum number of restrictive assumptions and
computational difficulties."” He was able to conclude that over a wide
range of conditions the time asymptotic technique can be successfully
and efficiently applied to the analysis of radiation-coupled flow
fields including effects of nongrey emission and absorption. Callis'
assumptions were similar to those imposed in the current study but he
added the additional restrictions of a nonconducting fluid and a cold
and nonablating wall, Moretti and Albbett (1966) have demonstrated
that nonradiating flow field calculations can be carried on in the
entire flow field of a blunt body using time asymptotic techniques with
few of the usual problems of convergence, stability, or sensitivity to
the initial guesses. Other authors such as Chin (1968) and Page et al.
(1968) have chosen to perform iterative calculations by assuming a
temperature profile, computing the divergence of the radiative flux and
then after dividing the space-discrete radiative flu% Sy the momentum
flux, integrating for a new temperature profile. As can be seen from

the energy equation in the form
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which was used by both Chin and Page, the temperature profile becomes
infinite when the mass flux goes to zero if one does not at that point
exactly satisfy the condition of radiative equilibrium. The latter is
especially difficult to insure as the radiative flux divergence depends
upon the entire shock layer temperature profile through the absorption
integral. Page avoided this problem by considering only 99Z of the
shock layer. Also, ablation was not considered. Chin does not discuss
the problem, but does point out that in the air layer, integration is
performed from the shock to the interface, while in the ablation layer
the integration goes from the wall to the interface. Since Chin con-
siders blowing, the mass flux is nonzero at the wall but goes to zero

at the interface and this is where one must use some special technique.

This computational difficulty is completely eliminated when
one includes the mechanism of thermal conduction” as is done in the
current analysis. The inclusion of themmal conduction was previously
proven successful by Hoshizaki and Wilson (1965) and Nerem (1966).
In addition to thermal conduction, both of these analyses included
viscous effects from the shock to the body which eliminates the
matching of an inviscid shock layer with a viscous boundary layer.
The fully viscous treatment or a boundary-layer analysis is extremely
important in determining the convective heat flux to the body for a
nonablating body, but in the massive blowing problem the large thermal
and velocity gradients are far enough removed from the wall that radia-
tion, which isn't strongly effected by these gradients; is usually
the dominant mode of heat transfer. As pointed out by Anderson (1968),

the incorrect treatment of the region where the mass flux goes to zero
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does not greatly influence the radiative heat transfer, but it does
preclude the calculation of convective heat transfer by usual boundary
layer techniques.
With these considerations in mind, we can now proceed to the
numerical techniques used in the current analysis. The energy equation.

(Eq. 3.36) can be expressed as

T _ o123 1‘) 311__ aq"
at Pe 3z ( pv r 9z 4.1

where %gi is given by Eq. 3.35 and the tildes have been dropped as
everything is nondimensional. In Eq. 4.1 we have replaced the zero of
Eq. 3.36 with the temperature derivative with respect to t thus
yielding a partial differential equation. The symbol "t will be
referred to as time, but is clearly seen to be some artificial indepen-
dent variable. This form of the energy equation was chosen for the
iterative solution because it casts the equation as the classical
time-dependent one-dimensional diffusion or heat equation with convec-
tion and a source term. The advantage of this cast is the extensive
treatment in the literature (See for example Richtmyer and Morton, 1967;
Carnahan, et al, 1969; and the series Methods in Computational Physics,
Academic Press) of this equation with the possible convergence difficul-
ties and suggested means of stabilization. For example consider the
first term on the right hand side of Eq. 4.1. If we expand this temm

analytically we get
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2 2

3 3T\ _ 2k (3T 2%t
3z (km 52) = 3T (az) + k(T) o2

2
This yields a nonlinear term in (%%) which can cause stability

problems in difference form. An alternative procedure could be to

y=—-[1lkdz

apply the transformation

in terms of which

(Richtmyer and Morton, 1967, p 194). The difficulty with this new
coordinate system is that a fixed step size in z yields a small step
size in y where k is large. Since k in general increases with the
temperature, this transformation would yield very fine zoning near the
shock and coarse zoning around the interface and toward the wall.

Near the shock, the temperature slope is near zero and a coarse mesh

is acceptable, while near the interface the temperature slope is

large and requires a fine mesh. A fixed step size in y would result in
correct zoning in z, but it was determined that for the current problem
the added complexity due primarily to the flux divergence term in

Eq. 4.1 did not warrant the transformation. A third alternative which

is suggested by Richtmyer and Morton (1967, p 198) is
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(Az)2 4.2

where 6 is a positive constant; 6 = 0 gives a four-point explicit scheme
and all other values of 6 give implicit schemes. The symbol § stands

for the centered space difference as defined by
SF; = Fl(i+5)Az] - Fl(i-%)Az)
and
5%, = F(t+D02] - 2F (ibz) + Fl(1-1az]
which in subscript difference ﬁotation becomes
GFi = Fi+& - Fi-k
and

§°F

F - 2F, +F

i i+l i i-1 °

In the expansion of Eq. 4.2, the thermal conductivity must be evaluated

at % mesh points. The current analysis defines quantities at whole

mesh points and thus
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ki +k

i+l
ki, =732
and
o k;_, + K
i-% 2

must be defined. If we base our stability criterion on this conduc-

tion term alone, i.e. assume our energy equation is

aT _ . -13 (, 3T
3t - Ype 3z (k az)’ 4.3

one would expect, as an extension of the case where k is constant

(Richtmyer and Morton, 1967, p 205), stability if

2kae, 1 for 0 <0 <%
(AZ)ZN 1~ 20 -
Pe

and no restriction for % < 6 < 1. One might consider only implicit
schemes (0#0) because of no restriction on stability, but after
examination of Richtmyer and Morton (1967, p189, Table 8.1) it is
clear that for eﬁen the simplest case of constant thermal conductivity
other factors such as truncation error, complexity of the difference
scheme, and computation tipe must be considered. For example if one
is able to increase the time step by an order of magnitude by going

to an implicit scheme, total computation time to arrive at a final

problem time could be larger for a particular system of equations.
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This is because the implicit scheme requires the soiution of a three
by the number of space mesh points matrii at each time step.

Before leaving the conduction term it is appropriate to quote
Richtmyer and Morton (1967,p 205), "Note that for nonlinear problems
stability depends not only on the structure of the finite-difference
system but also generally on the solution being obtained; and for
a given solution, the system may be stable for some values of t and
not for others." Richtmyer and Morton's statement was based on Eq. 4.3
and desiring a solution in only a limited range of t. In the current
analysis, we are obtaining a solution to Eq. 4.1 which, in addition
to the conduction term, contains a nonlinear lower-order convective
term and a radiation term that must be tréated explicitly in all cases.
We are also considering all values of t since we are seeking the time
asymptotic solution.

Consider now the second term on the right hand side of Eq. 4.1.

The simplest difference scheme is

vg"h'z(\'?'l'i’ A _fovh S EGE
PVaz = \PV 3Tl 3z = |PV ot ; 20z ’

but this scheme is well known to be unstable and to first order is in

fact an approximation to

2 2

- ( v 3&).22‘_ l.( éh) ac &L
PV aT)/oz "2 PV ar 2y

whose solution grows exponentially with time (Roberts and Weiss, 1966).
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Other simple difference schemes that are stable can be obtained if one

is only interested in the convective term of Eq. 4.1, i.e. the

approximation

aT _ _ T
at PV 3z -

A scheme suggested by Byers and Killen (1970) is

Ttilﬂ ; (1+1 1—1) ( )i (T2+1 - Tl;-l).

The stability criteriom is

A
| &5 | <

4.4

4'5

for all values of pv. The difficulty with Eq. 4.5 is the incompati-

bility with the other terms of Eq. 4.1 but for the solution to Eq. 4.4

it is acceptable. Another stable scheme (Byers and Killen, 1970) is the

"upstream-downstream" difference equation which is

n ] n
(ov)"at ;Tm " T | ey < 0
Tn+1 =70 - i ( : ,
i i Az 1
\T‘;_ - T::-l if (pv)‘i‘ >0

4.6

with the same stability criterion as Eq. 4.5. For the current problem,

both the upstream and downstream differences will be needed because pv

changes sign at the interface between the shock layer and ablative
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layer. Other schemes such as the "leapfrog" difference equation which
is higher order accurate but a three time level equation and Taylor
Series expansion in time which become eitremely complicated because of
the variable coefficient are available but not clearly necessary for
this current problem.

It should be pointed out that the above discussion of stability
for the various difference techniques is based on simple equations like
Eqs. 4.3 and 4.4 and even though the stability criterion is met for the
convective term and the conductive term individually, the combined
difference equation could be unstable. Conversely an "unstable"
scheme like the simple centered difference could be stable when in

combination with other terms. In the current analysis,.the upstream-

downstream difference equation (Eq. 4.6) was used for the convective
term when Eq. 4.2 was used-in the explicit mode (0 =>0) and, the simple
centered difference was used for the implicit mode (the only implicit
mode exercised was 6 = 1 which is a full implicit four-point scheme
with backward time differencing).

The last term in Eq. 4.1 is integral and nonlinear as can be
seen from Eq. 3.35 and can not be treated implicitly without considerable
simplification. If one were to assume an emission dominated gas with
cold nonreflecting boundaries, then the nonlinearity of this radiation

term would be revealed as aPTﬁ which could be linearized by

(ap'r")‘i""l o~ (ap'rl’): + 4(«1;1'3)‘1‘ (T‘I"l = T:) ,

(Richtmyer and Morton, 1967). Note that the linearization in T:+1
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allows an implicit solution scheme. Because these assumptions are too
restrictive for the current problem, the radiation term was treated
including all the physics offered by Eq. 3.35. This requires explicit
treatment of the radiation term and when this term becomes dominant
there are severe restrictions on the time step.

We can now express the selected explicit difference scheme for

Eq. 4.1 as

* At *- ZNP:( Az)> [(k: + k‘il+1) (T111+1 - Tlil)

n (pv)?
N (kg-l + ktil) (T: - lel.-l)] '(% 1 _‘:\2_1 g“[“’ V):](T: ) T:‘l)

wu [ o0p] (8, - )}

where H(x) is the Heaviside function defined in Chapter II and (%g)n
is discussed in Appendix C. The stability criterion based on the '
conduction term yields a time step of approximately 10-3 while the
convective term yields approximately 5x10-3. With this in mind the
explicit code was set up to compute a time step based on the conduction

term and then reduce this step if the solution diverged.

The implicit difference scheme is given by

T:+1 _ Tn

i 1 n n n+l1 +1
At Y [(ki + kj.+1) (T1+1 - T )
Pe z) _

4.8

' (V)]
() (57 - 2] - (O, it (2 - ) - o),

i 92z
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where the major distinction from the explicit scheme is the evaluation
of the temperature at the updated time (n+l). Since the right hand
side of Eq. 4.8 is a function of Tn+1; the implicit method, involving
the solution of a number-of-mesh-points-minus-two square matrix at each
time step, is necessary. After one expands Eq. 4.8 it is apparent as
demonstrated in Appendix D that the resulting matrix is tridiagonal and
thus the solution is greatly simplified.

In order to determine the best solution technique (explicit or
implicit) for the current problem, numerical experiments were made with
the following conditions: free stream velocity of 50,000 feet per second
altitude of 200,000 feet, and an ablator effective heat of ablation of
184 B.T.U. per pound mass. The same initial temperature profile-and
wall mass flux were assumed. The explicit code incorporated Eq. 4.7 to
update the temperature profile and used a time step of 1.71:10-3 cém-
puted from the conduction term stability criterion. After six itera-
tions the solution started to diverge and an automatic check in the
code halved the time step allowing the solution to proceed an additional
826 iterations. The CDC 6600 central processor time required for
compilation and 832 iterations was 512 seconds. An additional parame-
ter of interest is (ATilAt)max which as can be seen from Eqs. 4.1, 4.7,
or 4.8 is the measure of convergence to the "steady-state" or the time

asymptotic solution. This parameter at 832 iterations had reduced to

3.0257x10 2.

The implicit code using Eq. 4.8 was run with a time step of
10"2, approximately an order of magnitude larger than the explicit

code. A later run with a time step of 10_1 proved stable, but the data
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for the 1.0'.2 run will be used for the comparison with the explicit
code. After 84 iteratioms (ATi/At)mai was down to 3.019#10-2 and the
lapsed computer time was approiimately 54 seconds. This is almost an
order of magnitude savings in computer time. A larger time step, if
stable as was 10~1 in the latter run, would result in an approximately
proportional reduction in computer time reqﬁired to reach a specified
value of (ATiIAt)max' As a result of these comparisons it was deter-
mined that for the current class of problems the implicit method of
solving the energy equa;ion would yield a computer time savings of one
to two orders of magnitude. Therefore, the implicit method (Eq. 4.8)
was used for the remainder of the study.

In order to determine a reasonable value of (ATi/At)max for
convergence, the implicit run with At of 10"2 was carried out to 950
iterations. At 476 iterations the wall mass flux reached .49022
pounds mass per square foot-second with (ATi/At)max equal 8.766x10-5.
At 950 iterations the wall mass flux had not changed and (ATi/At)max
had dropped to 9.9452x10"8. This is a clear indication that for these
flight and material conditions convergence is reached when (ATi/At)
reduces to approximately 10~4. Based on this numerical experiment the
convergence criterion is assumed to be extendable to the complete class
of problems that are currently under consideration. Since the computer
time is proportional to the number of iterations, some runs were ter-
minated and considered converged with (ATiIAt)max larger than 10-4.
However, as.was determined from this numerical experiment, stopping

the calculation at abproximately 100 iterations, more than one fourth

time savings, yielded a (ATi/At)max of near 10”2 and an error in mass
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flux of less than 4%. This error is based on 950 iteration data
being "exact".

It is important to note that although the implicit method was
used throughout the study, the gas thermal conductivity, equation of
state, and radiative flux divergence term are treated ekplicitly. This
is necessary in order to have a linear system of equations as is pointed-
out in Appendix D. The explicit coefficients cause no accuracy problem
because we are seeking the time asymptotic solution, but for a true
time dependent solution where intermediate time results are important,
an iterative or averaging technique must be applied to these coeffi-
cients. The radiative flux divergence term does cause problems with
the implicit time step because as absorption enhancement gets large
this explicit term becomes dominant and controls the maximum allowable
time step. Thus for large enhancement the time step was reduced to as
low as 5x10™ 7 in order to maintain stability.

An additional numerical experiment was conducted to study the
effects of different space step sizes for a fixed time step and conver-
gence value of (ATiﬁAt)max. The three space step schemes were a fixed
step size of 10-2, a fixed step size of 10-3, and a variable step size.
which changes from 10-2, near the shock and wall where the temperature
slope is fairly constant to 1073 near the interface where the tempera-
ture slope is large. These step sizes are in nondimensional lengths
which have the shock stand-off distance from the interface as a basis.

Since the difference scheme becomes more accurate as the mesh size gets

3

smaller, the 10 ~ fixed step size was taken as "exact". The error in

the wall mass flux with the variable step size was zero to the nearest
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ten thousandth and less than .02%Z with the 10"'2 ste; size. This. would
suggest use of the larger step size since there is no appreciable
impairment of accuracy and it reduces in this example the number of
mesh points by an order of magnitude. The larger step size was used
for calculations with little or no absorption enhancement and nose
radii equal to or greater than one foot. For large enhancement and
small nose radii, however, the conduction at the wall became important
and larger, 10“2 or greater, step sizes caused instabilities. These
instabilities resulted from changing the wall flux and thus the dis-
tance between the interface and the wall. These changes must be made
in full space step increments and the larger mesh sizes caused tempera-
ture slope fluctuations near the wall that were too large for stability.
Thus for stability a fixed step size of 10"3 was used for the calcula-
tions with appreciable enhancement..

One additional stabilizing technique should be mentioned
before leaving this chapter. As pointed out in Chapter II, it is
necessary to assume a value for the wall mass flux (or wall velocity
for a specified ablation gas density) in order to determine the inter-
face stand-off distance from the wall and thus the momentum profile in
the ablation layer. With this boundary condition assumeé, the solution
proceeds and produces a net heat flux to the wall. Then by using
Eq. 3.23 a corrected value of the wall mass flux is determined. It
would seem that the computed value of the wall mass flux could
used as the needed momentum boundary condition for the next iteration
and as convergence, based on (ATi/At)max, is reached there would be no

change in predicted and computed values of the wall mass flux. This
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technique was used for little or no absorption enhancement and large
nose radii and led to no difficulties because the adjustments in the
interface stand-off distance required adding or reﬁoving temperature
mesh points in an isothermal layer. Under conditions where the abla-
tion layer was not isothermal, however, it became necessary to apply

the damping technique

'; = eﬁu + (1—6)6P £.9
where ﬁu is the value used in the completed iteration, m_ is the
value predicted by the completed iterationm, ﬁ; is the value to be used
in next iteration, and 0 is a factor between zero and one. A 0 of unity
is the most stable condition but as is seen from Eq. 4.9 this would
result in a fixed wall mass flux. A 6 of zero is acceptable when the
initial guess on ﬁn is very good and was used in the calculations with
little or no enhancement. For the more severe conditions with respect
to stability (i.e., large absorption enhancement) 6 was set to unity
until (ATi/At)max reached convergence. Then ﬁu and ﬁp were compared
and if they were within 12 the calculation was terminated. If the two
values were not within 17 Eq. 4.9 was applied with 6 some value other
than unity and the iterations were continued. Changing ﬁu always re-
sults in increasing (ATi/At)max and the solution must be again driven to
convergence. This technique is time consuming but was the only method
found stable enough to treat the large absorption enhancement cases.
With the considerations of this chapter in mind, the solution

procedure can be summarized as follows:
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1. Set trajectory and body conditions
2. Specify absorption coefficient model (i.e., grey gas or two
step continuum by JS = 1 or 2 respectively; the code is written to treat

general step models by simple data addition to the ALP subroutine)

3. Assume a temperature profile
4, Assume a wall mass flux

5. Compute the stagnation point geometry and momentum flow

field
6. Evaluate the radiation flux divergence
7. Up-date the temperature profile by solving the energy equa-
tion
8. Compute (ATiIAt)max and compare with convergence criterion
9. Compute heat fluxes and with wall heat flux determine
resulting wall mass flux
10. Compare used and computed wall mass flux
11. 1If (ATiIAt)max is greater than the convergence criterion go
back to 6
12, If (ATi/At)max is equal to or less than the convergence
criterion but ﬁu and 6@ are not within 17, compute ﬁu and go back to 5
13. 1f (ATi/At)max is equal to or less than the convergence

criterion and ﬁu and ﬁp are within 12, solution is complete.



CHAPTER V
RESULTS

Before we discuss the effects of ablation product enhancement,
let us compare the present results with those of other analyses for the
case of no enhancement. Throughout this chapter, the reference condi-

tions, except where cleariy specified, will be:

Altitude - 190,000 feet

Velocity : - 55,000 feet per second
Nose radius : - 1 foot

Wall temperature - 54000 °R (3000 °K)

Effective heat of ablation

2200 Btu per pound mass

Wall emissivity -1

These conditions were chosen because of the prevalence in the literature
of results with these nominal conditions. Even though there is an
exchange of energy between the shock and ablation layers which results
in energy or temperature profile changes for different ablation prop-
erties, the shock and wall conditions are constant. These constant
conditions were used in Eq. 3.31 to define characteristic numbers and
nondimensionalizing parameters. For the stated reference conditions we

then have:

56
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Wali thermal conductivity - 5.41:{10-5 EE:SE%::E
Wall density - .1 l.bm/ft3
Shock temperature - 30,280°R (16,820°K)
Shock density ratio - .059
Shock pressure - .98 atmospheres
Shock enthalpy - 48,820 Btu/1bm
Shock mass flux -~ 1.548 lbm/ft’-sec
Shock stand-off distance - .044 feet
Shock Planck mean absorption

_ coefficient - .128 feet-l
Shock thermal conductivity = 1.39x10 > s
Peclet number - 2.069x10°
Radiation cooling numbef - .0602
Boltzmann number - .0944
Bouguer number - 5.681:10-'3
Conduction-radiation number - l;.611:10-5
Heat flux normalization

factor - 4545 Btu/ftz-sec

A comparison of the tangential velocity profiles obtained in the
present analysis with those of Wilson (1970) is given in Fig. 5.1. The
Wilson data are for a viscous shock layer with the appfokimation of
pp = constant; The latter approximation is apparently good as the

results are close to the more exact solution of Howe and Viegas (1963).
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Figure 5.1 Tangential Velocity Comparison with Viscous Non-~
blowing Results
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Both of these analyses are for three-dimensional s;;gnation point cal-
culations with zero blowing, i.e. zero mass flué from the wall., The
absissa zero of Fig; 5;1 corresponds to the wall for both the Wilson
and Howe and Viegas data but is the interface or slip-layer in the
current analysis. As will be discussed in more detail later, Wilson
used his differential solution to treat the problem of massive blowing
with radiation. The agreement of our simplified momentum equation
solution in the region away from the absissa zero with the fully .
viscous solution of Howe and Viegas is worthy of note.

Figure 5.2 compares the current results with those of Chin
(1968). As discussed in Appendii A, the current technique uses Chin's
concept of two inviscid layers with the added approximation of constant
density in the stream function equation with the shock layer density
being that at the shock and the ablation layer density being that at
the wall. The tangential velocity is determined from taking the appro-
priate derivative of Eq. 2.30 as defined by Eq. A.8. The relations
between the normal and tangential velocities are discussed in Chapter II

and Appendix A. The result is

u/u =1 - [1-2e(1-e)] = 5.1

By

for the shock layer and

/ . (29,,,11: & o !’.L -
o, (25 2= 0] "
8 P V2 ) [ P ©) RN

for the ablation layer. Since both Eqs. 5.1 and 5.2 are linear in the
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Figure 5.2 Tangential Velocity Comparison Coupled Momentum
and Blowing
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physical coordinate frame, the calculation necessary to produce Fig. 5.2
is the evaluation of each equation at the interface. From Eqs. 2.23 and

2.26 we have at the interface

e,

1+ [2e(1-€))?

and

which yield

(s Sk 2 - (2c ooy

for the shock layer and

P
wall side _ ., ‘@ . . .%
(ulus)interface = [2 Py (1-e)] 3.4
for the ablation layer. The interface discontinuity of the current
analysis, Fig. 5.2, is due to the shock layer and ablation layer den-~
sities being different. This discontinuity in tangential velocity on
the interface for massive blowing problems was previously reported by

Wallace and Kemp (1969). It is easily seen from Eq. 5.4 that this
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velocity discontinuity would not exist if one took Py = Pge Wallace
and Kemp make this additional appro%imation which allows comparison
with solutions to the Falkner-Skan boundary-layer equation. In this
limiting case they found the two inviscid-layer appro;imation to give
-’

excellent results for V‘w/us as low as 5 Re “ where

_Ausl
Re = ——
v

For the specified reference conditions, if one takes £ as RN and
evaluates the viscosity at the shock, Re"!i = 8.1x10-3. At the condi-
tion of minimum wall mass flux of the current analysis and with the
approximation that Py = Pg which is imposed by Wallace and Kemp,

(v /us)

- = 12 Re-%. This comparison adds to the validity of the two

min
inviscid-layer approximation in the regime of the current analysis.
Before leaving Fig. 5.2 it is of interest to note that in order
to obtain velocity profiles, it was necessary for Chin to solve both
the shock and ablation layer momentum equations for each iteration of
the energy equation. In the current analysis, the shock momentum equa-
tion is solved only once for a given set of reference conditions and
the ablation layer momentum equation is solved once for each calculated
or assumed wall mass flux. In some of the present calculations with
large enhancement of the ablation absorption coefficient, over 3000
iterations of the energy equation were required for convergence, but
using the fixed wall mass flui technique only three to five mass flux

changes were required. With the current analysis technique, this 3000

iteration problem required only five to seven evaluations of the



63
momentum equations. The same problem using Chin's technique would
require over 6000 complete integrations of the momentum equations in.
addition to the iterative solutions of the energy equation. With com-
puter time requirements in mind, the small errors imposed by the approxi-
mate solution to the momentum equation seem justified. The tangential
velocity has been discussed here for comparisons with other results, but
the normal velocity given by Eq. 2.30 is the variable actually used in
the energy equation solution. The comparison of Eq. 2.30 with other
theories is discussed in Chapter II and agreement is found to be quite
good.

Before leaving the momentum function discussion, it should be

pointed-out that in obtaining Eq. A.16, we assumed
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For the most severe blowing case of this study (zero absorption enhance-

ment with the nongrey absorption coefficient), we determined

which justifies the approximation. Inequality 5.5 sets an upper limit
on the blowing rate that can be treated by the current theory. The
lower limit is established by the-boundary layer blowing limit (blowing
rate at which the boundary 1a§er‘is blown away from the surface): If
the blowing rate falls below this lower 1limit, the assumption of an

inviscid inner layer breaks down. Cole and Aroesty (1968) discuss
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theoretically the validity range of inviscid inmer iayers and

Stewartson (1964) gives theoretical evidence that a laminar boundary

layer blows off a flat plate when

p.V
WY, pe™? 5.6
P U, —°
ee
where
.U;k
Re = —
v
e
and the subscript e refers to conditions at the edge of the boundary
layer. If we extend this criterion to blunt body stagnation-point
boundary layers we have
U
o . YRy
s v
s
which for the reference conditions gives from Eq. 5.6
p.V -
¥ ¥, g,1x1070, 5.7
p@U@ -

For the case of minimum wall mass flux of the current analysis

PV -
YV _ 9.75x1072
p U

and we are well into the massive blowing regime. With Inequality 5.6

as the lower limit on massive blowing, we can combine the two limits to
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yield
u_ pV u
T 1(Res)"’z (p = )" 5.8
w w w0 O

which defines the complete regime of the current theory.

In order to compare the current results for heat flux with
other analyses we have chosen to use part of Wilson's compilation of
data (Wilson, 1970, Fig. 11). Because of the different nose radii
considered, the current data and Chin's data (Chin, 1968) incorporate

radiative flux scaling by

(Wilson, 1970). All data presented in Fig. 5.3 other than the current
analysis are a result of continuum plus line calculations. Both the
Wilson and Chin absorption coefficients are fairly detailed with the
Chin model incorporating 9 continuum bands and 21 line groups. The
Page model has only 2 continuum bands and 2 line groups but as can ..

be seen from Fig. 5.3 and is shown in more detail in Page-et al. (1968)
these results are in good agreemént with those of much more detailed
absorption coefficient analyses. The two step model of the current anal-
ysis, as is discussed in Appendix B, is composed of the two continuum
bands of the Page model. The point on Fig. 5.3 marked "TIWO STEP x 1.25"
is the two step model results of the current analysis increased by 25%.
This is the factor suggested by Page to bring a continuum only result

up to a continuum plus line result. The current analysis data
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presented in this figure are taken from the zero enhancement case. As
will be discussed in the following paragraphs, éith zero enhancement
the radiative flux at the interface is essentially the same as at the
wall. Thus for shock-layer pressures between 0.1 and 1.0 atmospheres,
the blown layer does not affect the wall radiative heat flux, and our
comparisons with nonblowing results are valid.

Consider now the very important results for ablation product
absorption enhancement. As discussed in Appendix B, we have simulated
the enhancement by increasing the temperature dependent absorption
coefficient in the ablation layer only. For the grey-gas case where
the absorption coefficient was taken as the Planck mean, this technique
yields ablation layer enhancement over the entire frequency spectrum.
Figure 5.4 shows the effect on the wall mass flux of enhancement
through 2.1x107 and the components of the wall heat flux are given in
Fig. 5.5. As is seen from Fig. 5.5, the radiative flux is the dominant
mode of surface heat transfer and as will be shown, radiative mechanisms
are responsible for the minimum in Fig. 5.4 which occurs at an enhance-
ment of approximately 8x106. Shown in Fig. 5.6 are the optical depths
at the interface, Ty » and at the wall, Tye The slight increase in
the wall radiative f;ux for enhancements through 104 is due to the

majority of the ablation layer being optically thin in this range of

enhancement. This optical thinness is shown by the t, curve in

A
Fig. 5.6 and its effect on the wall flux might be expected by consid-

ering the energy equation for A << 1. An approximate analysis shows

emigssion " T a Ta
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while

absorption ~ T az Aa T4 .

The net result of this approximation is

absorption . - © .
a Aa T

- T = T
emission

A As 5.9

A

and through an enhancement of 104, Ty < 1 yielding an emission domi-~
nated ablation layer. Wilson (1970) observed from his calculations
which use a detailed continuum model in addition to lines that there
was a significant decrease in the vacuum ultraviolet continuum emission
with wall mass injection. He also calculated increased wall radiative
flux in the visible continuum under the same conditions. Wilson's
results are consistent with the current analysis since as pointed out
in Appendix B our grey absorption coefficient model is very close to
the Page et al. (1968) visible continuum band. As the general rule
observations of Hoshizaki and Lasher (1968) seem appropriate; "The
monochromatic flux is enhanced by the presence of ablation species
when the monochromatic optical depth is sufficiently small that the
gas is optically thin at that frequency. Conversely, the monochromatic
flux is reduced when the monochromatic optical depth is sufficiently
large that the gas is highly absorbing at that frequency."

Figures 5.7 and 5.8 show the temperature and absorption
coefficient profileé for enhancement parameters of 1 and 104 respec—

tively. Note the approximately 2 orders of magnitude increase in
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the ablation layer absorption coefficient over the shock layer absorp-
tion coefficient near the interface for an enhancement of 104. It is
this small region of strongly emitting gas that is primarily responsible
for the increased wall radiative flux. The approximate analysis
resulting in Eq. 5.9 simply shows that the radiation emitted in the
ablation layer is not absorbed in transit to the wall. To further
illustrate this point and show what occurs for larger enhancements we
have included Figs. 5.9 and 5.10. Figure 5.9 is a plot of the function

r(z) which represents the radiative flux originating between z and A
q,

that gets to the wall. It is given by

q.(2) = § { Srj I.E, [N, (1, , - t})ldt] } 5.10
=1 Tj,Aj 2" Bu j,A k| h
The total radiative flux that reaches the wall is seen to be q:(O) and
is the normalization used for Fig. 5.9. With this normalizatiom,

Fig. 5.9 represents at any value of z the fraction of wall radiative
flux coming from the region between z and A. At an enhancement of 104,
16Z of the wall flux originates in the ablation layer while at an
enhancement of 1 essentially no flux originates in the ablation layer.
Figure 5.10 shows the radiative flux directed toward the wall as a
function of z. When the slope of this curve is positive, that region
of the flow is cooling and thus adding to the flux. This is the case
for the entire shock layer under the grey-gas approximation with the
grey absorption coefficient taken as the Planck mean. Through an
enhancement of 104 Qe can see that there is very little of any flux

attenuation in the ablation layer and at 104 the previously discussed
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emission near the interface in the ablation layer is seen to take place
in the first 5% of the enhanced region. For an enhancement of 106 and
even more pronounced at 9x106 and 2.1x107, the very steep positive
slope just beyond the interface shows that the gas in this region is
undergoing considerable radiative cooling and adding to the wall
directed radiative flux. The 106 and 9x106 curves fall off as the wall
is approached thus showing that these regions of the ablation layer are
highly absorbing. and are.attenuating the wall directed radiative flux.
The large zero slope portion of the 2.1x107 curve shows the region of
the ablation layer that is in radiative equilibrium and the rapid
decrease in the wall directed flux very near the wall is indicative of
very strong attenuation in this region.

In order to examine the effects of thermal conductivity, a
series of calculations were attempted with this variable set to zero.
Under this condition the energy equation solution beéame unstable at
the interface even with ;ery small time steps. Upon examination of
Eq. 3.36 we see that at the interface, where pv = 0, with zero thermal
conductivity radiative equilibrium is required, i.e. dqr/dz must go to
zero, or the enthalpy profile must become infinite. Clearly the.
infinite slope is impossible and radiative equilibrium at a point
when the remainder of the flow is in radiative nonequilibrium is
extremely difficult to obtain. To overcome this difficulty, the
normalized thermal conductivity was set equal to unity for all tempera-
tures. This corresponds to the actual thermal conductivity at the

wall and reduces the shock thermal conductivity by a factor of 25.76

for the reference conditions. The results of these calculations with
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constant thermal conductivity are shown in Fig. 5.11. By comparing
these results with Fig. 5.4 we see that with small absorption enhance-
ment the constant thermal conductivity results do not exhibit the
increase in wall mass flux. This result might superficially seem
contrary to the arguments given for an increased wall radiative heat
flux in the k = k(T) case, but upon closer examination we find that

the source of the additional heat flux (the strongly emitting region in
the ablation layer near the interface) is essentially eliminated in

the constant conductivity case. This is seen in Figs. 5.12 and 5.13
(the temperature profiles for constant thermal conductivity and enhance-
ment parameters of 1 and 104) to be due to the lack of diffusion of ‘
energy by conduction from the shock layer into the ablation layer.

The temperature profiles for the k = k(T) case are also included in
Figs. 5.12 aﬁd 5.13 for comparison. Figure 5.14 shows the radiative
flux directed toward the wall as a function of z for the case of con-
stant thermal conductivity. In contrast to Fig. 5.10, Fig. 5.14 shows
that as the ablation layer absorption coefficient is enhanced to 104
there is, just past the interface, only a 3.1% increase in the posi-
tive flux while for the k = k(T) case at 104 the increase is 16.7Z.
Although the radiative flux at fhe wall for this constant thermal
conductivity case is not much different from the k = k(T) case, a
comparison between Figs. 5.10 and 5.14 indicates a large difference in
the wall directed flux interior to the ablation layer. Calculations
show that at a normalized distance from the shock of 1.05 the wall
directed radiative flux for the k = k(T) case at an enhancement of

1.9x107 is 1.51 times larger than the constant thermal conductivity
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case. This is a result of reduced diffusion of energy from the shock
layer to the strongly absorption enhanced ablation layer.

The approximately 52 increase in the zero enhancement wall mass
flux for constant thermal conductivity in comparison with the k = k(T)
case is due again to the reduced diffusion of energy by thermal conduc-
tion. This is shown in Fig. 5.12 where the temperature profile for
constant thermal conductivity is seen to indicate higher energy content
and thus higher emitting power in the shock layer near the interface.
The smearing effect of thermal conductivity was noted by Wilson (1970)
when after his viscous calculations he pointed-out that viscous effects
(including thermal conductivity) simply diffuse the region of steep
temperature gradient near the interface over a larger spatial extent
than would be calculated by inviscid theory. in the current analysis,
the inclusion of actual thermal conductivity extends the high tempera-
ture region into the ablation layer where, with enhancement, the absorp-
tion coefficient is large. As can be noted a posteriori this simulates
the effect of diffusing highly absorbing ablation species into the
high~temperature region of the shock layer. Hoshizaki and Lasher
(1968) concluded from their viscous calculations including diffusion
that for mass injection comparable with the current analysis an
increase in radiative flux over lowe£ injection rates was due to the
ablation products diffusing into the high-temperature region of the
shock layer and reradiating towards the wall.

Inlthe absorption enhancement regime between 104 and 9x106 the
reduction in wall mass flux shown in Fig. 5.4 is due to absorption by

the cooler portions of the ablation layer of radiative energy emitted
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by the hotter portions near the interface. Temperature profiles for
this regime are given for enhancement parameters of 105, 106, 5x106,
and 9x106 in Figs. 5.15, 5.16, 5.17, and 5.18 respectively. Through
this regime the temperature profiles in the ablation layer are seen to
go from isothermal at enhancement of 104 to one containing an inflec-
tion point at the interface for 9x106 with a steep gradient near the
wall. These profiles suggest almost no ablation layer absorption at
104 and very strong absorption for 9x106 (note also the rapid drop-off
of the flux curve near the wall for large enhancement as shown in

Fig. 5.10). An additional point to note about this regime is shown

in Fig. 5.6 where we see the ablation layer optical depth increasing
from laxlo-2 at 104 enhancement to 13.9 at 9x106 enhancement. We have
now through enhancement and not-by the assumption of "optically thick"
produced an optically thick ablation layer. If we compare our ablation
layer temperature profiles with the temperature profiles of Jischke and
Baron (1969, Fig. 3) where they vary the optical depth of a one-
dimensional hypersonic radiatiné shock layer, we see the trends as the
optical depth increases are very similar. The-differences in the
curves near the hot boundary are due to that boundary being the region
of largest convection for the hypersonic shock layer and the region of
smallest convection for our ablation layer.

Let us now consider the final regime of absorption enhancement,
enhancement greater than 9x106. Typical ablation layer temperature
profiles for enhancements of 1.Sx107 and 2.1x107 are given in.Figs.
5.19 and 5.20 respectively. The very large isothermal layer for an

enhancement of 2.1x107 where the ablation layer optical depth is 217.9
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is similar to the results of Yoshikawa and Chapman (1962, Fig. 11) for
their limiting case of an infinite optical depth. The result of this
very optically thick layer adjacent to an ablating wall with the abla-
tion rate coupled to the wall heat flux is the previously unreported
minimum in Fig. 5.4. One might expect the radiative flux to the wall
and thus the wall mass flux to continue to decrease as the absorption
coefficient is increased, but this clearly is not the case. The reason
the wall radiative flux as shown in Fig. 5.5 starts to increase with
enhancement greater than 8x106 is best understood through the concept

of brightness temperature, Tv br' Zeldovich and Raizer (1966, Vol. I,
»

Ch. I1-8) define Tv,br as

T
-~ - v oo
- = -1t 9)dt!

Bv(Tv,br) S Bsz(Tv’A T dty 5.11

v,A

- 4 d
where B is the Planck function normalized by onsuhu/" and Tv,br is
normalized by the temperature behind the shock. The brightness
temperature denotes the temperature of a perfect black body emitting
from its surface the same amount of spectral thermal radiation as the

actual body or gas under consideration. Let us now integrate Eq. 5.11

over arbitrary frequency bands to get

T
- - j -
Bj(Tj,br) = ST B Ez(Tj,A-Tj)de 5.12
j,A

where



86

These frequency bands can be selected as the bands of an absorption
coefficient model and one then would be able to define a brightness
temperature for each band. We can now introduce a brightness tempera-
ture that corresponds to the integrated radiation flux by integrating
Eq. 5.11 over the entire frequency spectrum. This yields

54

br @ Tv =~ .
= -’ |}
T BvBZ(Tv,A Tv)dtvdv
oJt
. VA

or for the step model absorption coefficient

daz} . 5.13

4 T
T JS j -
br :
P S p

TR BjEZ(t

Bu  3=1 .8 3

W)

Note that the right hand side of Eq. 5.13 is identical to Eq. 5.10
which is plotted in Fig. 5.9. Because the exponential integral
decreases rapidly with optical depth from the wall, the main contribu-
tion to either the spectral or integrated wall flux will come from a
depth into the gas of approximately one photon mean free path (i.e.,
at T = 1). Photons reaching the wall are born mainly in a layer near
the wall with an optical thickness of order one. Photons born in
layers farther removed from the wall are almoét totally absorbed be-
fore reaching the wall. The approximately one photon mean free path
layer adjacent‘to the-wall i;rcalled the radiation layer (Zeldovich
and Raizer, 1966, Vol. I, Ch II-8) and the brightness temperature is
equal to some average temperature of this layer. For the current

analysis, it was decided to pick an average temperature of the
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radiation layer by taking the gas temperature at an optical depth
from the wall of 2/n. This is the average distance from the wall at

which a photon can be born and reach the wall and is determined from

_ /2
T=2/n Sin6db . 5.14
o

v

Thus an approximate value of the brightness temperature can be
taken as the gas temperature at an optical depth of 2/nw. The values
of brightness temperature determined from the calculated temperature
profiles are given in Table 5.1 along with the associated black-body
radiative fluxes. For comparison the radiative flux to the wall com-
puted from the radiative term in Eq. 3.33 or Eq. 5.10 evaluated at
zero is also given. The correlation of those two heat fluxes with a
maximum difference of 6% shows clearly that the brightness temperature
accurately predicts the wall radiative heat flux and is a viable means
of explaining the increased wall radiative heat flux for enhancement
greater than 8x106. With this point established we can see that the
temperature slope within a few photon mean free paths of the wall is
becoming steeper with increased enhancement and thus increasing the
average temperature of the radiative layer. This temperature increase
yields photons reaching the wall thag are born in a higher effective
black-body temperature region and results in increased wall radiative
flux. Since this is a radiative phenomena and diffusive processes,
specifically conduction to the wall, are at least an order of magnitude

less, it was not surprising to find that the brightness temperature

concept correlated the constant thermal conductivity as well as the



Table 5.1 Comparison of Wall Radiative Heat Flux Determined by Brightness
Temperature and by Radiative Flux Integral

NORMALIZED
OPTICAL DEPTH NORMALIZED WALL RADIATIVE HEAT FLUX
ENHANCED BRIGHTNESS BY BRIGHTNESS | BY DETAILED
FACTOR SHOCK-INTERFACE | SHOCK-WALL TEMPERATURE TEMPERATURE INTEGRAL
1 4.20%10™> 4.21x1073
10 4.20x1073 4.21x1073
10 4.19x10™3 5.00x10">
10% 4.18x10"3 4.04x10™2
10° 4.17x103 2.25x107}
108 4.15x107 | 1.61 .235 .264 .281
9x10° 4.15x10™> 1.39x10% .209 .167 .172
1.5x10’ 4.15x1073 7.68x10" ,222 .251 ,230
2.1x10’ 4.15%1073 2.18x10° ,240 .290 275

88
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k = k(T) data of Table 5.1.

Many investigators (see for example; Wilson, 1970, Hoshizaki
and Lasher, 1968; Chapman, 1967; Howe and Viegas, 1963; and Howe, 1961)
have considered the effects on wall heat flux of varying either abla-
tion product or injected gas absorption characteristics or models. In
each of the examples above, the ablation or injection rate was not
coupled to the wall heat flux but was arbitrarily established. In
order to see the effect on wall heat flux of absorption product enhance-
ment with an arbitrarily set wall mass flux, a series of calculations
were carried-out with a constant wall mass flux of 1.113 lbm/ftz-sec.
Since this flux corresponds to the calculated result for an enhancement
of 104 only enhancements greater than 104 were considered. As shown
in Fig. 5.21, the wall radiative flux for the constant mass flux case'
does not increase even at an enhancement of 2.1x107. Also shown in
the Figure is the wall radiative flux for the variable mass flux case.
Temperature profiles for constant wall mass flux are shown for enhance-
ments of 10°, 10%, 5x10%, 9x10%, 1.5x107, and 2.1x107 in Figs. 5.22-
5.27. Comparison of these profiles with the corresponding enhancement
profiles for the variable mass flux case show that up to the variable
mass flux wall location the profiles are very similar. 1In the region
beyond the variable mass flux wall location, the fixed mass flux
temperature profiles are near isothermal. It is this isothermal
optically thick region that absorbs photons emitted from the region of
large temperature gradient and prevents the wall radiative flux from

increasing even though the overall optical depth is larger for a par-

ticular enhancement than that calculated for the variable mass flux
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case. The key to understanding this phenomena is again the brightness
temperature. By looking into the gas to an optical depth of approxi-
mately one, all we see is the isothermal temperature at all enhancements.
The fixed mass flux ablation layer, even though optically thick, shields
the wall from radiation from the hotter layer near the interface.
Figures 5.25-2.27 show that as the enhancement is increased the steep
temperature gradient moves closer to the wall, and it is anticipated
that with additional enhancement there would be a minimum in the wall
radiative flux. Additional enhancement could not be investigated with
the present model because the explicit radiative flux divergence term
in the energy equation requires such a small time step.that computer
time becomes prohibitive.

The results of these constant wall mass flux calculatiomns
indicate that extreme caution should be taken when d;awing conclusions
about ablation layer absorption enhancement or ablation product absorp-
tion coefficient models without coupling between wall heat flux and
wall mass flux. As shown by Fig. 5.21, this coupling was the difference
between a minimum in the wall radiative flux and no minimum. Even
though enhancements of the order of 107 are only academic, it will be
shown in the discussion of a more detailed absorption coefficient model
that a minimum in the wall heat fluxvcan occur at more practical
degrees of enhancement. With this in mind consider an ablator-material
design based on wall mass loss decreasing with increased enhancement
as is the case for enhancements between 104 and 8x106. Our results
show the constant wall mass flux analysis may be misieading. If the

new ablator material were enhanced to the order of 108, the variable
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wall mass flux analysis shows that the ablator would not be very effec-
tive although the constant wall mass flux analysis shows no upper limit
for the beneficial effect of enhancement.

In addition to the parametric studies of ablation product
absorption coefficient enhancement, the grey-gas model was also used
for two additional analyses. The first analysis considered, for the
reference conditions and no enhancement, the effect on wall mass flux
of increasing the effective heat of ablation. From Eq. 3.23 we see
that this increase will reduce the wall mass flux for fixed heat flux.
However after finding that enhancement of the ablation absorption
coefficient was only effective to a degree and then was detrimental in
reducing the wall mass flux, it seemed necessary to examine the
increased effective heat of ablation case. As Fig. 5.28 shows, the
wall mass flux decreases monotomically through the limit of massive
blowing which for the reference conditions occurs at a wall mass flux

2 lbmlftz-sec. The wall mass flux drops to this limiting

of 1.25x10"
value at an effective heat of ablation of approximately 3x10S Btu/lbm;
therefore, Fig. 5.28 beyond this limit is suspect. If this region were
of interest, a boundary-layer analysis would be required. The current
analysis did show that the wall conductive flux increased from the
order of 10"5 at the reference effective heat of ablation to approxi-
mately .6 and equal to the wall radiative flux at the massive blowing
limit. Prior to making the calculations it was anticipated that as

the ablation layer got smaller with increased effective heat of abla-

tion the conduction might become large and cause a minimum, but as

shown in Fig. 5.28 the wall mass flux went like the effective heat
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of ablation rather than the wall conductive flux.

The second additional analysis, again for the reference condi-
tions and.no enhancement, considered the effect on wall mass flux of
small nose radii. As can be seen from Fig. 5.29 a minimum in the wall
mass flux is reached at a nose radius of approximately .25 feet. For
comparison, the results of Bartlett et al. (1969) for the same altitude
and velocity but different material properties and solution technique
are included. They used a detailed boundary-layer analysis, but super-
imposed the radiation. Although this solution technique will cause
some differences,: the major differences are due to Bartlet using for
graphite an effective heat of ablation of the order of 104 Btu/1bm
compared to our 2200 Btu/lbm and their using a wall temperature of
approximately 7400°R compared to our.5400°R. Both of these differ- -
ences reduce Bartlett's values of wall mass flux compared to ours,
but their superimposed radiation included both lines and continuum
which would tend to increase their values. Because of these major
differences, it is difficult to conclude more than trend confirmation
from Fig. 5.29. The current calculations, in addition to confirming
the trends of Bartlett through the use of coupled-grey radiation
transport, also show (see Fig. 5.30) that radiation is the dominant
component of the wall heat flux for larger nose radii while conduction
is dominant for the smaller nose radii. To assure these small nose
radii cases were still in the massive blowing regime, checks were made
using the criterion of Eq. 5.8. It was determined that the wall mass

flux was always at least one order of magnitude above the blow-off

value.
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The wall mass flux results for the two-steé continuum model
are shown in Fig. 5.31. In obtaining these data, both the visible and
vacuum ultraviolet absorption coefficients were enhanced equally by a
multiplicative factor. In order to understand the first minimum
(note Fig. 5.31 at an enhancement of 100) we can observe the behavior
of the spectral heat fluxes as shown in Fig. 5.32. The wall flux in
the vacuum ultraviolet decreases rapidly because the ablation layer
optical depth in this spectral band exceeds unity with an enhancement of
only 30. The optical depths for both spectral bands are shown in
Fig. 5.33. As was éeen in the grey-gas analysis, the wall flux
started to decrease for enhancements greater than 104 which corre~
sponded to an overall optical depth of approximately 4x10-2. The
optical depth for the vacuum ultraviolet with no enhancement is .395,
therefore, the decrease in wall heat flux for this spectral band with
enhancement can be expected. The increase in wall heat flux for the
visible band is again expected from the grey-gas results where for
enhancements up to 104 the wall heat flux ;ncreased. As in the grey-
gas case the ablation layer optical depth is much less than unity and we
have an emission dominated ablation layer in the visible band. The
reason the visible component of the wall heat flux increases more
rapidly than the grey~gas case and more than doubles the no enhancement

3 is that all the vacuum ultraviolet

value with an enhancement of 10
shock layer energy that reaches the interface is absorbed and greatly
increases the temperature at the interface. This is easily seen from

Fig. 5.32 where at enhancements greater than 100 essentially none of

the vacuum ultraviolet heat flux that strikes the interface (the vacuum
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ultraviolet heat flux at the interface is approxim;tely 80Z of the
total) reaches the wall.

At an enhancement of 103 we can see from Fig. 5.32 that the
visible wall heat flux starts to decrease. This is due to the ablation
layer visible optical thickness approaching one. At an enhancement
of 103, the optical thickness in the visible spectral band is only
1.5x10-2, but as shown in the grey-gas analysis an optical thickness
of the order of 10-'2 is sufficient to cause a wall heat flux reduction
with additional enhancement. Between enhancements of 103 and 8x106,
the wall mass flux continues to decrease with increased enhancement.
The explanation for this behavior is the same as for the grey-gas case
in the enhancement regime between 104 and 9x106. Basically it
involves absorption by the cooler portions of the ablation layer of
radiation emitted by the hotter portion near the interface. The
second minimum in the wall mass flux curve is due to the very optically
thick, in both spectral bands, gas adjacent to the wall. As in the
grey-gas case, the photons that reach the wall are emitted from the
hot radiation layer and as the temperature profile steepens the effec-
tive radiation layer temperature increases. Typical temperature pro-

files for enhancements of 1, 10, 20, 50, 102, 103, 104, 105, 106,

8.2x106 and 1.3x107 are shown in Figs. 5.34-5.44. These profiles
exhibit the same trends as the grey-gas profiles.

After observing the first minimum in Fig. 5.31, it seemed
necessary to investigate the effects of single band enhancement. To

do this one simply applies the enhancement parameter to only the

selected band. Figure 5.45 shows the results for vacuum ultraviolet
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enhancement and we see that a minimum does occur. From the point of
view of reducing the ablation mass loss, the rapid reduction and mini-
mum of .246 lbm/ftz-sec compared to two band enhancement which only
reduced to .438 lbm/ftz-sec is very significant. Single band enhance-
ment is more practical than multiband eunhancement because it can be
accomplished by seeding the ablator with selected highly absorbing
species. The optical depths and components of the heat flux at both
the wall and interface are shown in Figs. 5.46 and 5.47 respectively.
Like the two band enhancement, the minimum, whicﬁ occurs at an enhance-
ment of 400, is due to the visible band heat flux increasing because
this band is very optically thin. Also note the striking increase in
the vacuum ultraviolet heat‘flux to the interface. As can be seen
from Figs. 5.48-5.51 which show the temperature profiles for vacuum
ultraviolet enhancements of 200, 400, 103, and 2x103, the increased
interface heat flux is due to diffusion of energy by conduction from

the shock layer and thus increasing the emissive power. This charac-

teristic could not be observed by a nonheat-conducting model.
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CHAPTER VI
CONCLUSIONS AND RECOMMENDATIONS

The results of both the grey-gas and two-step continuum
absorption coefficient calculations show that as the ablation layer’
absorption coefficient is enhanced a minimum in the ablation mass loss
rate is reached. Enhancement of the absorption coefficient beyond
that necessary to give a minimum causes the wall mass loss rate to
increase and the trend indicates that the improved ablator performance
through enhancement can be lost with too much enhancement. Calcula-
tioﬁs that do not couple the ablation mass loss rate with the wall
heat flux fail to predict am eventual ablation mass loss rate increase
and thus caution should be exercised when drawing conclusions about
ablator performance from models that hold the wall mass flux fixed.

With ablation layer enhancement of a single absorption coeffi-
cient energy band, a rapid decrease in ablation mass loss rate is
experienced and a minimum occurs. This single energy band enhancement
can be used to simulate injection through ablator seeding of molecules
that are highly absorbing in one energy band. Again the minimum is an
indicator that too much enhancement; simulating too much seeding, can

be detrimental to ablator performance.
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Within the framework of a grey-gas approximation, one can,
through numerical enhancement, study the full range of ablation layer
optical thicknesses from thin to thick without making a priori approxi-
mations. In addition, with numerical enhancement, a selected energy
band of the absorption coefficient can also be varied through all opti- .
cal thicknesses.

Although there are no published results with which to make
comparisons over the full range of enhancements, comparisons at zero
enhancement are good and trends at large enhancements are very similar

to published limiting cases.

The inclusion of thermal conductivity was found to stabilize
the numerical scheme and although the conduction term in the energy
equation is dominant near the interface, conduction has very little
effect on the overall results. Wi;h the thermal conductivity reduced to
approximately zero, an increase of 5% in the wall radiative heat flux
was observed. This increase came for the zero enhancement case and is
due to a lack of thermal diffusion from the high temperature shock layer
into the lower temperature ablation layer. It was found a posteriori
that thermal diffusion in the current model caused the ablation layer
near the interface to be hot for the enhanced cases, thus simulating the
real case of highly emitting ablation species being transferred by
molecular diffusion into the high temperature shock layer.

For the grey-gas case, increasing the effective heat of abla-
tion causes a much greater decrease in wall mass loss rate than the

same multiplicative factor increase in ablation layer absorption
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coefficient through enhancement. The decrease in wall mass loss rate
with increased effective heat of ablation continues through the lower
limits of massive blowing theory without readhiné a minimum.

Comparisons of the current grey-gas results for varying nose
radius with published resﬁlts show the same trends and confirm that
a minimum in wall mass loss rate does occur and is due to transition
from a radiation dominant regime to a conduction dominant regime.

Because of the simplicity of the absorption coefficient models
used in this analysis, it is not possible to make specific recommenda-
tions as to which energy bands, when enhanced, will have the greatest
effect on wall mass loss rate. We have demonstrated that different
energy band enhancement can have different effects. It is recommended
that calculations be made using detailed air opacities which include
lines and real candidate ablator vapor opacities. As an improvement
to numerical enhancement of the ablation layer opacities one could
incorporate the diffusion equation into the current two inviscid layer
scheme and obtain selected enhancement by increasing a particular
specie concentrations as it leaves the wall. With the data from this

type of analysis one could give guidance for new ablation material

development that could result in minimizing the ablation mass loss

for a particular mission.



LIST OF REFERENCES

Anderson, J.A., Jr, "A Simplified Analysis for Re-Entry Stagnation
Point Heat Transfer from a Viscous Nongray Radiating Shock
Layer,” AIAA 6th Aerospace Sciences Meeting, ATAA Paper No.
68-164, 1968a.

Anderson, J.A., Jr, "An Engineering Survey of Radiating Shock Layers,"
ATAA Entry Vehicle Systems and Technology Meeting, AIAA Paper

Bartlett, E.P., W.E, Nicolet, and J.T. Howe, "Heat-Shield Ablation at
Superorbital Reentry Velocities," Aerotherm TN No. 69-63,
Aerotherm Corporation, Mountain View, CA, 1969.

Bryson, A.E., and Yu-Chi Ho, Applied Optimal Control, Ginn and Company,
1969.

Bryson, A.E., and W.F. Denham, "A Steepest-Ascent Method for Solving
Optimum Programming Problems," Journal of Applied Mechanics,
pp 247-257., 1962.

Bryson, A.E., W.F. Denham, F.J. Carroll, and K. Mikami, "Determination
of Lift or Drag Programs to Minimize Re-Entry Heating," Journal
of Aerospace Sciences, pp 420-430, 1962.

Byers, J.A. and J. Killen, “Finite-Difference Methods for Collisionless
Plasma Models," Methods in Computational Physics, Vol. 9,
Plasma Physics, Academic Press, 1970.

Callis, L.B., "Time Asymptotic Solutions of Blunt-Body Stagnation-
Region Flows with Nongray Emission and Absorption of Radiatiom,"
AIAA Fluid and Plasma Dynamics Conference, AIAA Paper No. 68—
663, 1968.

Carnahan, B., H.A. Luther, J.0. Wilkes, Applied Numerical Methods, John
Wiley and Sons, Inc., 1969.

Chapman, G.T., "Heat Transfer in the Stagnation-Point Laminar Boundary
Layer with Mass Transfer and Radiant Energy Absorption,"
Proceedings of the 1967 Heat Transfer and Fluid Mechamics
Institute, Stanford University Press, pp 163-188, 1967.

Cheng, P. and W.E. Vincenti, "Inviscid Radiating Flow Over a Blunt Body,"
Journal of Fluid Mechanics, Vol. 27, pp 625-646, 1967,

Chin, J.H., "Inviscid Radiating Flow Around Bodies, Including the Effect

of Energy Loss and Non-Grey Self-Absorption," LMSC 668005,
Lockheed Missiles & Space Company, Sunnyvale, CA, 1965.

118



119

Chin, J.H., "Radiation Transport for Stagnation Flows Including the
Effect of Lines and Ablation Layer," AIAA Fluid and Plasma
Dynamics Conference, AIAA Paper No. 68-664, 1968.

Cole, J.D. and J. Aroesty, "The Blowhard Problem--Inviscid Flows with
Surface Injection," International Journal of Heat and Mass
Transfer, Vol. XI, No. 7, pp 1167-1183, 1968.

Douglas, J., Jr, "The Effect of Round-Off Error in the Numerical Solu-
tion of the Heat Equation," Journal of A.C.M., Vol. 6, pp 48-
58, 1959.

Gera, J., "Branched Trajectory Optimization by the Projected Gradient
Technique," ATAA Journal, Vol. 8, No. 6, pp 1121-1126, 1959.

Goulard, R., "Similarity Parameters in Radiative Gas-Dynamics, " High
Temperature in Aeronautics, C. Ferrari, ed. Pergamon Press,
Inc., pp 181-210, 1964.

Hayes, W.D., "Some Aspects of Hypersonic Flow," The Ramo-Wooldridge C.
P. Report, Los Angeles, CA, 1955.

Hayes, W.D. and R.F. Probstein, Hypersonic Flow Theory, Academic Press,
1959.

Hansen, C.F., "Approximations for the Thermodynamic and Transport
Properties of High-Temperature Air," NASA TR R-50, 1959.

Hildebrand, F.B., Methods of Applied Mathematics, Prentice Hall, 1965,

Hoshizaki, H. and K.H. Wilson, "Viscous Radiating Shock Layer About a
Blunt Body," AIAA Journal, Vol. 3, No. 9, pp 1614-1622, 1965,

Hoshizaki, H. and L.E. Lasher, "Heat Transfer to an Ablating Body,"
ATAA Journal, Vol. 6, No. 8, pp 1441-1449, 1968.

Howe, J.T., "Shielding of Partially Reflecting Stagnation Surfaces
Against Radiation by Transpiration of an Absorbing Gas,"
NASA TR R-95, 1961.

Howe, J.T. and J.R. Viegas, "Solutions of the Ionized Radiating Shock
Layer, Including Reabsorption and Foreign Species Effects, and
Stagnation Region Heat Transfer,' NASA TR R-159, 1963.

Jischke, M.C. and J.R. Baron, "Application of the Method of Parametric
Differentiation to Radiative Gasdymamics," AIAA Journal, Vol. 7,
NO. 7, pp 1326-1355, 1969.

Martin, J.J., Atmospheric Reentry, Prentice Hall, 1966.

McCalla, T.R., Introduction to Numerical Methods and Fortran Programming,
John Wiley and Sons Inc., 1967.



120

Moretti, G. and Albbett, M., "A Time Dependent Computational Method for
Blunt Body Flows," AIAA Journal, Vol 4, No. 12, pp 2136-2141,
1966.

Nerem, R.M., "An Approximate Analyses of Thermal Conduction and Radia-
tive Transport in the Stagnation-Point Shock Layer," AIAA
Journal, Vol 4, No. 3, pp 539-541, 1966.

Olstad, W.B., "Nongray Radiating Flow About Smooth Symmetric Bodies
with Large Blowing," AIAA 4th Thermophysics Conference, 1969.

Olstad, W.B., "Stagnation-Point Solutions for Inviscid Radiating Shock
Layers," NASA TN D-5792, 1970.

Olstad, W.B., "Nongray Radiating Flow About Smooth Symmetric Bodies,"
AIAA Journal, Vol 9, No. 1, 1971.

Page, W.A., D.L. Compton, W.J. Borucki, D.L. Ciffone, and D.M. Cooper,
"Radiative Transport in Inviscid Nonadiabatic Stagnation-Region

Shock Layers," ‘AIAA 3rd Thermophysics Conference, AIAA Paper No.
68-784, 1968.

Penner, S.S., M. Thomas, and G. Adomeit, "Similarity Parameters for
Radiative Energy Transfer in Isothermal and Nonisothermal Gas
Mixtures," Supersonic Flow Chemical Processes and Radiative
Transfer, D.B. Olfe and V. Zakkay, eds., Pergamon Press Inc.,
PP 279-305, 1964.

Richtmyer, R.D., and K.W. Morton, Difference Methods for Initial-Value
Problems, Interscience Publishers, 1967.

Roberts, K.V., and N.O. Weiss, "Convective Difference Schemes," Mathe-
maties of Computation, No. 20, pg 272, 1966.

Schechter, R.S., The Variational Method in Engineering,McGraw-Hill,
1967.

Stewartson, K., The Theory of Laminar Boundary Layers in Compressible
Fluids, Oxford University Press, London, 1964.

Vincenti, W.G. and C.H. Kruger, Jr, Introduction to Physical Gas
Dynamics, John Wiley and Sons, Imc., 1965.

Vincenti, W.G. and B.S. Baldwin, Jr., "Effect of Thermal Radiation on the
Propagation of .Plane Acoustic Waves," Journal of Fluid Mechanics,
Vol. 12, pt. 3, pg. 449, 1962,

Wakefield, R.M. and J.H. Lundell, "Comparison of the Performance of a
Charring Ablator Under Transient and Constant Combined Convec-
tive and Radiative Heating," AIAA 7th Aerospace Sciences
Meeting, AIAA Paper No. 69-151, 1969.

Wallace, J and N. Kemp, "Similarity Solutions to the Massive Blowing
’Problem,“ AIAA’Journal, Vol. 7, No. 8, pg 1517, 1969.



121

Wilson, K.H., "Stagnation Point Analysis of Coupled Viscous-Radiating
Flow with Massive Blowing," NASA CR 1548, 1970.

Yoshikawa, K.K. and D.R. Chapman, "Radiative Heat Transfer and Absorp—~
tion Behind a Hypersonic Normal Shock Wave," NASA TN D-1424,
1962.



APPENDIX A
CONSERVATION LAW FORMULATIONS

The geometry and nomenclature for the inviscid hypervelocity
flow field are given in Fig. A.l. As x/R.n << 1 in the stagnation
region the conservation equations for a general two-dimensional or
axisymmetric flow field may be greatly simplified (Chin, 1968). For °
the hypervelocity case, the kinetic energy change across the shock
layer is small compared to enthalpy change and the pressure variation
along the stagnation streamline is very small. The shock and dividing
streamline or interface are assumed to be concentric with the body

surface. Under these assumptions the conservation equations are:

continuity,
apru + BAprv =0: Al
ax oy ’ :
X-momentum,
du du _ ) 2
u 5;'+ v 3y + Kuv = - 1/p Syl A.2
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y-momentum,

2
2 p.4
P = PS = pwUm(l"E)(l - —R—g)'l' Pq; A.3
and energy,
oh oh _ A
ugo+ Av 3y - div q A.4

where L is zero for two-dimensional and one for axisymmetric flow, K
is the body curvature (equal to 1/RN at the stagnation point), A is a
geometry factor equal to (1+Ky) but assumed constant and equal to ome
(for thin shock layers Ky is very small in comparison with unity) and
div E'is the divergence of the heat flux.

The boundary conditions are:

at the shock, y = A,

<
]
<
"

s - er,
A.5
hs = hs(pwyvm):

£ = e(pwsvw) ’
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at the interface, y = Aa’ unknown prior to the solutionm,

and at the wall,

v=0; A.6
=0,
. _ heat absorbed at wall
Ve = mw/ w H ’
v Puteff
u, =0,
A.7

hw = hw(gw’rw) ’

Tw is the sublimation temperature .

For this compressible inviscid flow, Chin (1965) used trans-

formations similar to the Lees-Dorodnitsyn transformations for com-

pressible boundary layers (Hayes and Probstein, 1959, pg 290) and

assumed similarity to obtain the following results for the shock layer:

p=-=LL, e A.8
ps 8 E 8
- o __dz =h_
dg (L+1) ps eRN g . hs } ] Aog
2 2 .
aF  _LI(4EY _ pequ- 'E’g]
F 2 L+1[ 3£ 2¢ (1-¢) 5 ’ A.10
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and

pdg . _

——_—é& Alu
dz

2
o 03 dz

where z is a coordinate which is zero at the shock and increases toward
the body (see Fig. A.2). 1In Eqs. A.8 and A.1ll, it has been assumed
that the shock stand-off distance is small compared to the nose radius

so that A 1. The boundary conditions under this transformation

become:

at the shock, £ =z =0,

=9 _ o _

and at the interface, £ = £ i’ unknown prior to the solution,
F=0, ' A.13

For the ablation layer, Chin (1968) used similar transformation

techniques to obtain the following results:

c: .
p=-0y ~dE__ Py A.14

T o V. ?dn L D *

Pu'w Umpmx[Z(l-e)]
2

4 ) p (meUm i ay b )

n_= L"" — 9 8 =1 A-ls
P 0 V:Z RN hw
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Fd2F= 1 [(d—Fz-p—"] A.16
an (L+1) dn o} ’ -

and

de_ _ 1 _dg

-—— A.17
dy pwvwhw dy

‘where y is a coordinate which is zero at the wall and increases toward
‘the shock. 'Again we have assumed A = 1, because the interface stand-
off distance is much less than the nose radius. In obtaining Eq. A.1l6
a term was found negligible by noting that

1> ~=10
P 02

oW o

. for the no absorption enhancement case at 190,000 feet and 55,000 feet
per second and decreased with absorption enhancement because V“7

decreased. The boundary conditions for the ablation layer equations

are:

at thewall, n=y = 0,

F=1, %"-:-=o, g=1, A.18

and at the interface, n = Ny unknown a priori

F=0. A.19
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Let us now consider the momentum equations (A.10 and A.16) and

develop a unified equation which describes the momentum field in either

layer. This is simply done by defining

2e(1—e)pslp(E), shock layer
£(z) =4 A.20

p,/p (M) , ablation layer

which yields the unified momentum equation as
114 '2

F F" = o[F'" - £()]. A.21
In this equation it was convenient to replace Tﬁ%if'by o where

1 , two-dimensional planar flow

% , axisymmetric flow
In the shock layer ¢ + £ while in the ablation layer ¢ + n. The
prime notation indicates derivatives with respect to the independent
variable z. The unified boundary conditions are

at g =0,

F = 1, F. | - Y’ A.22
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at C = Ci’
F=0 A.23

where vy is 1 for the shock layer aﬂd zero for the ablation layer.
The energy equations (A.1ll and A.17) are equivalent as can be.
shown by returning all variables to dimensional form. With Egs. A.8

and A.9, Eq. A.11 becomes

20 Uh

2"l 4q
PV iz = 3  dz A.24
. PoVes

where mass continuity (psvs = pQUQ) has been used. We can now write

the one-dimensional energy relation across a normal shock as

= 12a-¢2
h =5 U, (-€) +h_,

but for the free stream conditions of interest e ~ .06 and h_ << Ui

we have

~ 142
hox 70 .
Now Eq. A.24 becomes
pv . _da A.25
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We can follow the same procedure with Eq. A.17 to get identical results
but in the y;coordinate frame. With the change of variable z = A - y
(see Fig. A.2), the ablation layer energy equation becomes Eq; A.25
and we now have one expression for the energy equation and it is valid

from the shock .to the body. The boundary conditions are:

at z = 0 (shock),

h=h, A.26
s
and at z = A (body)
h = hw . A.27

Equations A.21 and A.25 along with their respective boundary
conditions and the appropriate equations of state close into a consist-
ent set of three equations (A.21, A.25, and A.28) and three unknowns

(p,v, and h) by the state equation

h = h(P,p) . A.28

The inclusion of pressure in Eq. A.28 does not add an additional

unknown because by Eq. A.3 we have assumed the pressure to be constant

in the stagnation region.



APPENDIX B
THERMODYNAMIC AND RADIATIVE PROPERTIES

In order to carry out the solutions to the conservation equa-
tions it is necessary to have either tabulations or expressions for
state, thermodynamic, and radiative properties of both the air and
ablative species. For simplicity and computational speed, we have in
general resorted to analytical expressions for property values. The
equation of state correlations and Planck mean absorption coefficients
are taken from Olstad (1970), the gas thermal conductivity data was
curve fit from Hansen (1959), and the two energy group absorption
coefficient data was taken from Page et al. (1968). These properties

are discussed in the remainder of this Appendix.

Olstad noted that the available data for both density and
temperature could be approximately represented by functions separable
in the variables pressure and enthalpy in the form (P/Po)nf(h/RTo).

From plots of f(hIRTo) for various pressures he deduced

0.09,  ,0.55
o
(—-—RT ) , °K B.1

T = 308.8 (—)
o]

P
P
*]
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and

= P
olo, = 7.944 ( )

P
o

0.96 (RTO) 52

h

where Po is sea-level standard pressure, Po is sea-level standard

density, T is 273°K, and R is the gas constant for air (2.882x106
o

cm?lsec2—°K). Upon inversion and units conversion Eq. B.1l becomes

Btu

h » 1
m

_ 33.85 ( T 5.3

1.819
- p-1635 556)

with T in °R and P in atmospheres. In the convective terms of the
energy equation (Eq. 3.36) we must treat the expression dh/dz which

can be expanded to

dh _ 3h 4T , 3h P
dz oT dz 9P dz

. B.4

For our stagnation-point solution, we have assumed the pressure to be
constant and therefore the last term in Eq. B.4 is zero. By Eq. B.3

we now have

- o (1-819
3h _ _ 61.6 ( s) -, +819

- (T) . Bos
3T hsP.1635 556

Equation B.2 can also be converted to our system of units yielding

-1.819

1.1235 ( T
olo, = 7.944(P) (ggg) B.6
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This equation of state information was developed for air but in the
current analysis was also used for the ablative products. This approxi-
mation not only simplifies the computational procedure but also allows
consideration of ablative materials over a wide range of radiative and
decomposition properties while maintaining the same equations of state.
This prevents the ill-defined ablator-material equation of state
information in today's literature from masking the prime considerations
of this analysis, namely, effects of varying radiative and decomposi-
tion properties.

it is desirable to be able to make flow field calculations for
various free stream velocities and altitudes. For the flight regime of
interest in the current analysis (nominal 200,000 feet and 50,000 feet
per second), ideal gas relations across a mnormal shock give a density
ratio of .1667 while the Mollier Diagram gives .0582 through an itera-
tive solution. In order to keep our calculations economical without
the extremely large errors of ideal gas calculations, Olstad's shock

condition correlations

P,\ 0.09
T = 1038 (-——) ul-28 o
s ) o
o
and
0.04 -
Po Py 0.08
€ === ,0695 | — u_
pB pO

were used. In these expressions U_ is in kilometers per second, We
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can now convert to our system of units yielding

P 0.09(.nw )1.23
s 1870 'p—o-) 398 s 'R B.7

-3
1

and

0.04

o_ { U 0.08
e = .0695 B—; 338 B.8

where now U_ is in kilofeet per second. The results of Eqs. B.7 and
B.8 were compared with Mollier Diagram results for the nominal flight
conditions and correction factors of .897 and .935 respectively were

applied to these equations yielding

o_ 0.09( U, )1.28
p— —_— eee—— [-]
Ts = 1678 po) 378 » 'R B.9
and
(pm 0.04 Uw 0.08
E = ,0650 p—- 338 . B.10

Equations B.9 and B.10 are now exact at 200,000 feet and 50,000 feet per
second and yield accurate results in the full range of flight conditions
studied. The remaining needed shock condition, Ps, can be determined

by inverting Eq. B.6 to get

T 1.618 0 .89
P = .147(3—5-6') (‘g) B.11
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which when evaluated at the shock yields

1.618 .89
Ts ) 1\ [P=
P = .147\s3e (‘5) o . B.12

The thermal conductivity data were taken from Hansen (1959)

where the data are tabulated every 500°K from 500-15,000°K and at each

order of magnitude pressure change from 10—4-100 atmospheres. Because
the parametric studies on absorption enmhancement, nose radius and
effective heat of ablation were run at 190,000 feet and 55,000 feet per
second where the pressure behind the shock is 1.03 atmospheres it was
sufficient to use only the one atmosphere thermal conductivity data.
As can be seen from Fig. B.l, the thermal conductivity is a highly
varying function of temperature-and in order to have an accurate
representation the curve was divided into six temperature ranges

(less than 3000, 3-4000, 4-600, 6-800, 8-11,000, and greater than
11,000°K). Within each temperature range the thermal conductivity

was fit to a 6th order polynomial in temperature with a min-max curve
fit technique. On comparing the polynomial results with the tabulated
data a maximum error of 6.6% was determined at 4,500°K.

For the grey-gas calculations of this study the Planck mean

absorption coefficient as defined by

(- -]
S'““vnvdv
a, = bl

P ®
S B dv
v

o

was seiected as the grey-gas absorption coefficient. Olstad (1970) was
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Figure B.1l Thermal Conductivity of Air
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able to approximate the curves for the variation of log10 ap with
log10 T with straight lines to get’
0 - (e—
3.25 [6.0 .5 logyg (p )] .

ap = 7.94x10-26(-‘;—-) T 0 “em
[0}

which he found valid for temperatures up to 20,000°K at pressures from
10-'1 to 101 atmospheres. At lower pressures the formula {3 only valid
to lower temperatures; for example, at 10“3 atmospheres the maximum
temperature for which the formula is valid is 15,000°K. It is more
desirable for the current work to express the Planck mean absorptiomn

coefficient in terms of temperature and pressure. Through the use of

cross plotting Olstad also determined

. : 1/ [4.631 - .18962n.(P)]

_ -9, _[1.9685 - .1742n ()] (_T \

ap = 1.19x10 (P)[ e (_556) ft
B.13

where again P is in atmospheres and T is in °R.

Although Eq. B.13 is the appropriate Planck mean absorption
coefficient for air, it was also used for the ablative layer in the
zero absorption enhancement case. In order to simulate numerically the
effects of absorption enhanced ablative products, the Planck mean
absorption coefficient for air was increased by a multiplicative
factor (Th) applied uniformly through the ablative layer (see Fig. B.2a).
This technique is representative of a case where all the ablative spe-
cies demonstrate enhanced absorption characteristics because as shown
by Fig. B.2b which is taken from Wilson (1970) the ablative product

mass fraction is uniform through most of the ablative layer. If one
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desired to enhance the absorption characteristics of the ablative layer
by some species that only forms away from the wall By chemical reaction
with diffused free-stream constituents or due to the elevated tempera-

. ture near the interface as is the case for neutral carbon and carbon-
;trjde (CN) for the Apollo material (see Fig. B.3b which is taken from
Bartlett et al. (1969). It could not be simulated by the step function Th of
Fig. B.2a. This simulation would require a multiplicative function
like Di shown in Fig. B.3a. Figure B.4a shows a typical temperature
profile from the current analysis along with a quantitative plot of
Eq. B.13. Figure B.4b shows the same Planck mean absorption coefficient
when operated on by the enhancement parameter Th. The second curve in
Fig. B.4b illustrates how a diffusive enhancement parameter, Di; would
affect the grey absorption coefficient.

The multistep or multienergy group absorption coefficient
model is represented by
JS :
@, = gzlaj(P,T)H(v-vj_l)ﬁ(vj-v) B.14
where H(x) is the Heaviside function defined in Chapter I1. As is
pointed-out in Chapter III, a step function representation of the
absorption coefficient can be made as accurate as desired by simply
increasing the number of frequency steps; JS. It should also be noted
that there is no loss in generality by requiring the cut-off frequencies
(i.e., vl. vz"-vj°'-vJs) to be the same for the shock and ablative
layers. This can best be seen in Fig; B.5 where a hypothetical shock

absorption coefficient with considerable frequency dependence for high
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frequencies is represented by a while the ablative absorption

$,3
coefficient with considerable frequency dependence for low frequencies
is represented by &a,j' The result is that when either layer requires
substantial frequency detail; the other layer has some adjacent fre-~
quency groups with identical absorption coefficients. The effects of
either gross or diffusive absorption enhancement in a particular fre-
quency band can be simulated by making the enhancement parameters
frequency dependent giving Thj and D;j. These parameters are shown
schematically in Fig. B.6. An example of enhancement in a particular
band which could be accurately represented by the gross enhancement

parameter, Th

3

the vicinity of 10.6 microns. Increases in this Th, would simulate

h]

» is the injection of 002 Vhich is highly absorbent in
increases in the injected mass flux of COZ‘

The two energy group absorption coefficient model used in the
current analysis consists of a visible continuum (1130 3 < A < ) band
and a vacuum ultraviolet continuum (0 < X < 1130 3) band. The actual
values were taken from the two continuum steps of Page et al. (1968)
where he presents a four band model at a pressure of one atmosphere.
This particular model was chosen in anticipation of making additional
calculations with Page's lines included, but the incompatibility of his
vacuum ultraviolet line data (Page treated this group of lines as a
single "equivalent" heavily self-absorbed line with a Lorentz profile)
with our current step model prevented this extension. Figure B.7 gives
this two band absorption model and for comparison shows the Planck mean .
absorption coefficiént Eq. B.13 and Anderson's (1968b) two step mode;.

It is interesting to note that Page's visible continuum absorption



Th or Di

4&5

2 V3 Y4 Vs Y6 V7 Vg Vg
Frequency

Figure B.6 Schematic Representation of the Absorption Enhancement Parameters

10

At



)

L
\cnm

Absorption Coefficient (

° § ° & o Ol |
+ $
. + ° Vacuum Ultraviolet Continuum
10t}
i c)
(0]
=21
10 °
) }
A
-3 A &
10 *
¢ 4 ©
A (]
A ©]
A
4 ° © Visible Continuum
107} 8 o +
.e ‘
A
©
. *>
- 'Y
10°] o
A © Page et al. (1968)
f A Olstad (1970), Planck Mean
10'6 - 4 - Anderson (1968a)
4 6 8 10 12 14,000

145

Temperature (°K)

Figure B.7 Absorption Coefficient Comparisons



146

coefficient is very similar to Olstad's Planck mean, and since for a
shock temperature of 16,800°K the Planck function integral over the
visible continuum makes-up over 94X of the total integral, the differ-
ences in the results of the grey and two step calculations are due
almost entirely to the vacuum ultraviolet contribution.

Anderson (1968a), using his two step model as shown in Fig. B.7,
made extensive comparisons of the total radiative and convective heat
transfer to a nonablating wall with the results of Hoshizaki and
Wilson (1967) obtained by use of their extremely spectrally detailed
continuum absorption coefficient. Anderson found that the radiative
flux was witﬁin 14% at a nose radius of .5 feet and 5% at a nose
radius of two feet. The results for convective heat transfer compared
almost identically. These excellent agreements add validity to the
Page two step continuum model because of the close comparison of the
Page and Anderson models as shown in Fig. B.7.

These arguments are not meant to imply that atomic line contri-
bution; are unimportant, but to show that the two continuum steps of
Page's model as used in the current analysis is as good as a detailed
continuum model. The importance of atomic lines is clearly shown by
Anderson (1968b) where he compares thg radiative heat transfer to a
nonablating wall as computed using Hoshizaki and Wilson's detailed
continuum model and Page's two step continuum plus the two steps that
account for atomic lines model. This comparison shows that for
200,000 feet and 50,000 feet per second with a nose radius of one foot
the Page model gives a 67% increase in wall radiative heat flui. This

increase is fairly constant and at a nose radius of six feet reduces
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to 52Z. Since, as argued above, the two step Page continuum model is
close to the two step Hoshizaki and Wilson model, the increase in the

wall radiative heat flux is due almost entirely to atomic lines.



APPENDIX C
RADIATIVE FLUX AND FLUX DIVERGENCE

In order to understand the physics of radiative gasdynamics it
is extremely important to know, at any point in the flow field, each
component of the heat flux. This is given by the components of Eq. 3.32
but even for the simplest case of a grey gas numerical techniques are
necessary to determine the value of these components. For better
visualization of the problem let us make the fdllowing definitions:

radiative flux from the gas in the positive direction (toward

the body),
N '3 ‘
+
& = (N, G- )]dt; c.1
g j2=‘,1 So 172 MBulT 57Ty

radiative flux from the gas in the negative direction (toward

the shock),

.
q; = - Z LB, [Ny, (r3-1,)]1d53 c.2

radiative flux from wall emission in the negative direction,

148
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N . €
- _ )] e . ]
e jz=:1 Eg[Ng, (T4,4~7y)) N L (T); c.3

radiative flux from wall reflection in the negative directiom,

. N . LEI
-= - - -  § 1.
q,, 2(1-¢ ) ;12:‘1 E3[NBu(‘tj’A rj)] . j 2[N (rj Am j)]drj, C.4
and net conductive flux
N
: ~ - _CR, dT
Qona = Ng k dz * C.5
u
Consider now Eq. C.1 and note that the kernel, E [N (Tj j)]’

is nonseparable. This means that to integrate the equation in the

present form would require a complete integration from zero to t, for

b

each value of t.,. That is, one would fix 1, yielding the kernel only

3

a function of the independent variable, 1|

3

3 and then integrate using
some standard technique. For illustrative purposes, we can use an
integration scheme that only requires integrand evaluation once at

each mesh point. The integration of Eq. C.1 in the present form

would then require
M(14M) /2

evaluations of the integrand where M is the number of mesh points. If

one could separate the kernel by some approximation yielding



150

X - x
S G(y)F(x,y)dyzFl(x)S G(y)F, (y)dy,

o o

then for the same integration technique that was used on the nonsepar-
able kernel, only M evaluations of the integrand are required. Imn

the current work the step size was 10‘.3 and the shock to interface
distan;e was normalized to one resulting in 1001 mesh points excluding
the ablation layer. If we consider 1000 mesh points, the number of
integrand evaluations for the nonseparable kernel is 500,500 while

the separable kernel approximation reduces this to 1000. Although no
direct comparisons of these specific operations were made on computer
time requirements, two and a half orders of magnitude increase in the
number of times a complicated function s;bprogram (this is the method
used to evaluate En(x)) is evaluated and the results multiplied is
prohibitive. This is especially tfue if the separable kernel approxi-
mation is within the error bounds of the rest of the calculation. An
added incentive for using an approximation is that if a higher order
accurate integration scheme is used the number of integrand evaluations
goes up proportionally, by a factor of four for a fourth order Runge-

Kutta., Equation C.2 requires the same solution technique thus doubling

the evaluations.

-

With these considerations in mind, the standard exponential

approximation to the exponential integral

Ez(i) = a/be-bx,
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where a and b are constants to be picked on the basis of the range of

x, was used. Consider an example where
X=y -2

and z is the dummy variable of integration. The integral could be

expressed as

Sy F(z)Ez(y-z)dz oo albe-by Sy F(z)ebzdz . C.6
o o

The accuracy of this approximation integral is discussed in Appendiﬁ E
for 0 <y < 100. The accuracy and validity of this approximation are
questionable for very large values of y(y > 100). Consider the case
where y is the order of 103 and b and F(z) are order 1. The inte-

3

grand of Eq. C.6 ranges from one to e10 which is approximately 10435

This is too large a number to carry on a CDC 6600 which is limited to
the range 10-294 to 10322. More important, however, as y gets large
(but not exceeding computer capability) the product of the large
integral and the very small multiplier, e-by, gives a very inaccurate
number of order 1. The same difficulty is encountered when this
approximation is applied to Eq. C.2.

A third alternative and the one used in the current work
utilizes the exponential approximation but always maintains the argu-

ment of the exponential as a difference. That is, the integral is

always expressed as
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y . _ y )
S F(z)EZ(y-z)dz o a/bs F(z)e-b(y-z)dz . C.7
o o

On first consideration this might seem to be no improvement over the
earlier evaluations of the integrand, but as shown below a recursion
relation can bé obtained requiring only one pass through the mesh to
evaluate Eq. C.7. Without the exponential approximation as shown in
Appendix E, a recursion relation is not possible. With Eq. C.7,
consider the case where y is of order 103 and b and F(2) are order 1.
The integrand of Eq. C.? only ranges from e.by to 1, thus keeping
the numbers in a tenable range.

Let us now define

T
k|
Aj(z) b/a So j 2[N (t,~-t!)]dx’!

. I R

and

3 A
Bj(z) = b/a j 2[N (<!
‘3

L]
j Tj)]dtj .

With the exponential approximation these relations become

T
j bN (T -t!
Aj(z)-—-s Ie I 3 g c.8
o h h |
and
. T
' 3, bN (T
h| - i j .
BY (2) S% Ije drj

3
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If we now evaluate Eq. C.8 at each mesh point, the discretized rela-

tions become

g
T
j,2 bN (1
j_ 3,2 j
Az So Ije d'rj
i Tj,3 bN (Tj 3 Tj)
A3= . Ije d'rj
T T
j,2 bN ('r 3j,3 bN ('r -t')
=-—S Ie j3jdt+S e 3,3 "V gqr |
. typ :
and

These relations can be rewritten as

bN, (T ) .3 -bNy (‘r -t')
I o ade 27%3,3 j» 3
R R DT P S 1,
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and

.

bN (Tj 4" j 3) i, Ce bN (Tj 4 'rj)dT
. 3 j
3,3

or the general relation is

bN (T
doad .

) 5. -bN, (¢
3,1 '§,i-1 $,1773
i i-l S Ije dt!

j -
Tj yi-1
If we now assume that across each mesh step (Az = 10-3) Ij is constant,

the general relation can be integrated analytically yielding the

recursion relation

-bNg (T ) 1 -bN, (T )
sl =l e 3,173,417 —gﬁ—ii[l-e 1,1 73,1- 1]..0.10

Bu

A similar relation for Eq. C.9 is

A

-bN_ (7 -1 )
Bu ' T§,M-g+1 T ,M-2
Bu BH—2,+1

I -bN, (1 -1 )
T L s L L c.11

Bu

where M is the total number of mesh péints and i = M-g. The backward
recursion relation is nécessary because Bj is zero at the body rather
than the shock. Once the Bj's are generated and stored, they are
recalled just as the Ad's with the forward running subscript "i".

In order to simplify the calculations to come it is convenient

to define the following aukiliary variables:



1 3,473

253

Efl-= - N, @

dz Bu j°

c.12
and
@) =0
1

where @ is the absorption coefficient for the jth frequency group;

j_
X = bNBuTj’
C.13
|
%
az bNBu“j’
and
x3 0 =0
2 2
and
T
3.\ e (N, (v, ~t!)]de!
X3 = S 28, (15 A tj)]dtj
dX‘; | |
—d—z—-= IjEZ[NBu(Tj,A.tj)] '
c.14
_ i
= IjEZ(xl) ’
and ’
x3(0) = o.
3

At the beginning of each iteration in the overall problem solution,

these three variables are calculated at each mesh point using an
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"Improved Euier Predictor-Corrector Integration Method", (McCalla, 1967)
and the temperatures from the previous iteration.

By using Eqs. C.10-C.1l4 we can simplify Eqs. C.1-C.4 to

":1 = albjgll al, Cc.15
- _ A
g g = - a/bé:l B; , C.16
- N 5 S
Ye,i =~ J_Zg:l E3(R) ) 7 Ry Ij(T ) s c.17
and
Gor.g 2(1-592 By 0] %), - c.18

A special case of Eq. 3.32 is when z is A and this yields Eq. 3.33.
The radiative flux that reaches the wall can be computed either by

Eq. C.15 evaluated at the wall which is

LI
= a/b c.19
&

or by

)]dT . C.20

3 3,8
Xam= ), i) Mg (75,4775

Since there are no approximations involved to get X% (this assumes the
function subprogram for En(k) to be exact), the only errors would arise
from the integration routine and these are minimal. Therefore, Eq. C.20

was taken as "exact", It always gave a value lower than Eq. C.19, but
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the maximum error, which occurred for the most severe condition of
maximum enhancement was less than 15Z. The error isn't important in
the radiative flui calculation because discrete mesh point f1u£e5~ate
only used for trend information while the Xg M’value is used to deter-
mine the wall mass flux, but the error is important for the radiative
flux divergence since the Ai's and Bi's are also used in those calcula-
tions.

With these definitions noted, we can now proceed to the radia-
tive flux divergence., It is this flux divergence as defined by Eq. 3.35
along with convective and conductive terms that describe the energy
relations of the shock and ablative layers. Equation 3.35 can be

separated into the following parts:

energy absorption due to gas between shock and point of interest,

dqr+ N ’tj .
dz =NBuj§1aj . IJE [Ny (rj j)]drj; C.21

energy absorption due to gas between the point of interest and

the wall

r—-

l:n.%

N i,
= z; ST IjEI[NBu(Ti-Tj)]dti : c.22
h|

energy absorption due to emission from the wall

dqw N
;Ei ZINBU(Tj,A-tj)]eij(Iw) 3 c.23
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energy absorption due to reflection from the wall,

T T
dq N isa . .
C.24
and energy emission from point of interest,
r
dq N
e
2 I - L ]
};, o1, C.25
With the exponential approximation, Eq. C.21 becomes
r+ T
dq N k| -bN, (1.~
—B = i j
dz aNBu._i‘:-:laj S Ij de
and Eq. C.22 becomes
dq”” N *i.a -bN, (¢i-t,)
i - S Bu''j *j '
iz aNBuz_:ajS Ije d‘l'j .
j" 'l.'j
By utilizing Eqs. C.8 and C.9 we have
E;: 3 3
= aN a,A C.26
dz Buj=1 3
and
vdqr- N j
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With Eqs. C.12 and C.13, we can simplify Eqs. C.23 and C.24 to

i
__dq"e-f; E,x))e 1.(T) c.28
dz "j___l"zleij .
and
dqwr 3
= NBuZa E, (X3 )2(1--e )x c.29

Now we can use Eqs. C.25-C.29 to completely define the radiative flux

divergence of Eq. 4.8 as

N
CL A - 3 iy _
(az)i jg'laj’i [ZIj’i aN, (a] +B)) - E, (x eI )

c.30

-~

3 3
Z(X )2(1 € )X ].

In addition to making-up the terms of Eq. C.30 for temperature update
through the energy equation, Eqs. C.25~C.29 are used to compute the
individual components of the radiative flux divergence. These com-
ponents are then used in further understanding the physics of the

problem under consideration.



APPENDIX D

IMPLICIT SOLUTION TECHNIQUE

The energy equation, which is to be solved by the implicit

technique, is given by Eq. 4.8 and for reference is repeated here as

Tn-l-l -
et [ o) (- )
(o0 _
() (7 - )] - G, ot - ) -G,

D'l
By treating the gas properties, equation of state, and nonlinear

term (radiative flux divergence) explicitly, Eq. D.1 can be rewritten as

n +1 n ntl +1 n
At.i'r'i‘1+13i'ri +c? 'r'i‘_'_1 D.2

where

|

K+ K
R T [( ée(ui-l) * (%):(‘“’)2] ’

At(K),, + 2k + Ky
BY = - [1 + :l+1 i- 1] ,

2Pe (Az)

D.3

160



161

n n
A - At (ki + k-j.+1) _ (E)_h‘)u © )n]
i - 2(dz) Pe (Az) 3T/ Vi; 1>

and

n aq\"
D, = Atr(—-‘l -T .
i

i
We can now write Eq. D.2 for each interior mesh point yielding M-~2
linear equations where M is the total number of mesh points. Since the
end points are fixed (the temperature at the shock is known from the
Rankine~-Hugoniot relations and the temperature at the wall is fixed by

the material sublimation temperature at the shock pressure), the M-2
nt+l +1

equations are in terms of the M-2 unknowns 'I.’2 > Ty 1- After
expansion of Eq. D.2 we have
= 4 -
B,Ty + CTy D, = AT
A3T2 + B3T3 + C3T4 = D3

AT, ¥ BT+ G =D D.4

e e o e e o e o e o o o ¢ o . o
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I
-

AoTves ¥ ByoTuo ¥ Q21 = P2

A-1Ty-2 * By T =Dy1 ~ %17

where the time step superscripts n and n+l have been dropped and the
right-hand side of each equation is a known constant for each time
step. The matrix of coefficients A,B, and C is known as a tridiagonal
matrix and can be solved by a Gaussian elimination method (Carnahan,

et al., 1969, pp 270-272). Note that we have modified the definition of

D, and D _, as follows
Dy =Dy = ATy
By-1 = PM-1 ~ Cu-1Ty -
Let us now postulate a recursion relation in the form

D.6

where the constants Bi and Y; are to be determined (Carnahan, et al.,

1969, p 441). Substitution of this expression into the first term of the

ith equation of Eq. D.4 yields

S
AU T I s R T I T R §



163

Upon solving for Ti we have

_‘( 1"1 1) CiTin1
ACi
i~ 81_1

which verifies the postulation of Eq. D.6 if

2561
By =B~ "8
1-1
D.7
and
Dy m Ay
Yi = B e

i

The end points must be treated individually and substitution into the

first of Eq. D.4 shows

and D.8
Yz = DZIBZ

while substitution into the last of Eq. D.4 yields

-1 = "u-1 - D.9

Now the solution proceeds by solving Eq. D.8 for 82 and Yoo then

marching forward through the mesh with Eq. D.7 to determine the ~
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remaining B's and y's. At the end of the mesh Ty-y 1s determined from
Eq. D.9 and then the mesh is traversed backwards with Eq. D.6 yielding
all updated temperatures.

A disadvantage of the Gaussian elimination method of solving
the tridiagonal matrix is that réund-off error may accumulate seriously.
With this in mind Douglas (1959) has conducted an analysis of this
scheme and concludes the round-off error will be small in comparison
to the discretization error for typical choices of Az and At. For
some cases considered during the current analysis, many iterations
(the order of 103) were required for a steady-state solution. To
evaluate the existence of cumulative errors, converged solutions were
used as inputs to restart a problem and in every case convergence was
achieved at one or two iterations and this converged data was
undistinguishable from the 103 iteration converged data. From this
result one can conclude that cumulative errors are small and well
within the overall analysis accuracy. For additional discussion of

discretization error and comparative computer time requirements for

implicit and explicit techniques see Carnahan, et al., (1969, pp 440-

448) and Richtmyer and Morton (1967, pp 198-201).



APPENDIX E
EXPONENTIAL INTEGRAL APPROXIMATIONS

Consider the problem of determining

X 4
A(x) =S B (Y)El(x-y)dy E.1l
[+]

where 0 < x < 100,

the exponential integral, and

dE_(2z)
E_,(2) =~ ——2—2——- . E.2
Throughout this work, the "exact" exponential integral values are
determined by a function subprogram based on algorithms given in Sec-
tions 5.1.14, 5.1.53 and 5.1.56 of Handbook of Mathematical Functions
with Forrulas, Graphs, and Mathematical Tables, U.S. Department of

Commerce, National Bureau of Standards, Applied Mathematics Series

No. 55, 1964. Equation E.l1 was chosen because of its similarity to
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the divergence of the radiative flux due to gas between the shock and
point of interest term in the energy equation. Consider, for purposes

of discussion
B(y) = (1-y2)% E.3

which is a quarter circle and is the simplest approiimation to the
shape of the temperature profile between the shock and the interface.
We will now solve Eq. E.1 with Eq. E.3 by three methods of approxi-
mation and compare the results.

The first method is considered the "exact" method and involves
a sum of integrals over many small steps in x. The method would be

truly exact in the limit Ax + 0. Equation E.1 becomes

X X > 4
A(xn) = B El(xn—y)dy + B El(xn—y)dy + -+ B El(xn-y)dy.
X X
1 *2 n~-1

If we now assume that the step size is small enough that over one step

in x,Ba is constant, we have

AGx ) n’{[zz(xn-x2> - By Cx_—x))] + n;'[zz (x_~%3)-E, (x_-x,)]

4 -
+-— +B__ [E,(0) - Ey(x —x_ ;)]

B e o) ¢ B ) ) E.4
n-1 " P12 T P2 e T P .

The important factor to note here is that there is no recursion
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relation possible from Eq. E.4; that is, the general term requires a
summation from 2 to n-1 for each n and Ah—l can not be used to obtain
An. Since A1 is zero as can be seen from Eq. E.l, the solution of

Eq. E.4 requires

M(M-1)/2

evaluations of the exponential integral where M is the total numbér'of
mesh points. For a few mesh points this would be no great problem and
one could use the "exact" technique given by Eq. E.4, but in the
current analysis where M > 1000 the computer time becomes prohibitive.
In addition to each evaluation of the exponential integral, the source
function, B, must be rafsed to Fhe fourth power and multiplied the
same number of times.

The second method involves the approximation

El(z) o~ ae-hz E.S

where the constants a and b are chosen through various considerations
and the other En“ functions are taken such that Eq. E.2 is satisfied.

If one matches the area and first moment of the exact and approximate
expressions for Eé(z), the result is a = 9/8 and b = 3/2, but other
methods lead to different values (Vincenti and Baldwin; 1962): Through~
out the current analysis the values of a = b = ¥ 3 were used. These
values give acceptable accuracy (Vincenti and Kruger, 1965, p 483) and

with a = b they conveniently cancel in many cases of interest. With
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Eq. E.5 substituted into Eq. E.l we have

< .
A(x) = as Bl'e-b(x-y)dy E.ba
o
x
= ae-bxs Bl‘ebydy . E.6b
o

which can be determined by any standard technique. Now Eq. E.6b

becomes
A(x) = as °%c(x)

or in discretised form

-bxn
A(xn) = ae C(xn) . E.7

As pointed-out in Appendix C, the problem with this second method, in
addition to the exponential approxim?tion'to the exponential integral,
is that in computer calculations errors are introduced for large values
of bxn and when e—bxn goes below 10—294 the problem cannot be carried
by a CDC 6600 computer.

The third method follows directly from Eq. E.6a if we integrate

over each space step as follows
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A(x

It
o

A(xz) = a Be dy
x

A(x3)

x x
2, -blxs~y) 3 4, ~b(xz-y)
a Be dy + a Be dy .

The recursion relation is seen to be

~b (x,-%,) S"a 4 ~b(x3Y)
+ a

A(x3) = A(xz)e Be dy

p d

2

or in general
“b(x -x_.) *n -b(x_-y)
= n n-1 4 n
A(xn) = A(xn_l)e + a Sx Be dy . E.8
n-1

If we now as in the first method assume 134 to be constant over one
space step, we can perform the integration analytically yielding

-b (xn-x )

-b(x -x ))
n-1 a4 ( n n-1
A(xn) -'A(xn__l)e + b Bn-l l-e « E.9

Although we have made the exponential approximation to the exponential
integral in arriving at Eq. E.9, the major advantage of this method
over the second method is that the exponents of exponentials are
differences. This allows us to go to ez-ctremely large values of ’.‘n and

still remain within the numerical range of computer algorithms.
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A comparison of methods one and three is given in Figs. E.1-
E.3. Although the accuracy of method three, using method one as
“Yexact", isn't very good for small values of the argument x, it was
determined that in the complete problem the argument is sufficiently
large, in regions where terms like Eq. E.l are important, that the
third method is sufficient. This judgment is also made in part by
consideration of the prohibitive computer time required to incorporate
method one into the complete problem. Also shown in Figs. E.1-E.3 are
the results of method two calculations. Under the same assumptions
used to arrive at Eq. E.9, method two would give the same results as
method three, but the calculations were performed using a centered
trapezoidal rule integration technique. At the smaller values of i
the difference between methods two and three is due primarily to the
rather inaccurate trapezoidal rule integration, but at large values of
x the additional inaccuracy of multiplying very large numbers by very
small numbers is coming into consideration.

A much better comparison of methods two and three is showm in
Fig. E.4. This figure shows results of converged solutions to the
complete grey-gas problem. In addition to de;iating from the value of
wall mass flux predicted by method three by 177%, at absorption enhance-
ments greater than 9x106 method two génerated numbers outside the range

10729 6 10722 Ghich is the limit of a CDC 6600.
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APPENDIX F

THE CODE

The computer program used in the calculations of this analysis
is listed below. In order to start a calculation one simply specifies
the flight and surface conditions, absorption coefficient model and
cut-off frequencies, and an initial guess of temperature profile and
mass loss rate. Additional options such as convergence criterion for
the integration algorithm, convergence criterion for the iteration om
the energy equation, degree of enhancement and selection of frequency

range to enhance are available and were in general exercised.

175



O O O O OO0 O 0 O ©

o

176

PROSRAN TIMECINPUTJUTPIT PUNCH, FILHPR, TAPE2=FILHPR)

EXTERNAL FCT1,0UTPL1,FCT2,0UTP2

DIHENSION D1IVQ(2533), A(2T0C), B(2033)s C(22I3), D(200G), OIVQP(20
100)

DIMENSION FN(2G0O0), PRHMT(5), x(11), OZRX(11), 2Z(2001)

DIMENSION P(2000), 2RPZ(23GD), QRHMZ(2050), QIRAZ(2GGI) ¢ QCONZ(201C
1)

DINENSION DQCO(2633), 02CV(22C0), DQRL(2000)s DQRR(200G)y FT(2000)
DIMENSION DQRW(2(85) » DARE(2306G6)» 0QS{2C00)
DIMINSION ASUM(2(30), BSUM(21ZC)

CIMMON ZAAZ7 XA(3,2037%+2)4T(25C0)

COMMON /7B3/7 IHLF,AN(10)

SOMMON /37 OIsVI+DHoRNyDRSIDELS+DELT 0V TH,ALPPS,PS
COMMON 7C/ HN

COMMDN 7D/ THICKyJS+AC+3C,+8U,TS

SOHMON 75/ NCOEF

COMMON /7F/ AN1,AN2¢AN3,INF

SET FLIGHT CONDITIONS, VI IN FPS, ALT IN FT,.

DATA DIODSL,VIZALT/,.03335+5.5EC04+1.9E35/

SET SURFACE CONDITIONS. UNITS, FY, OR, 8Tu/LBM
DATA RNeTHoHEFF/1.49540344+228647

SPZCIFY CONSTANTS. UNITS, LBM/FT+, BTU/FTZ-SEZ~-DRL
BATA OSL+SIG/.08C4y%.761111E~-13/

- SPZCIFY COEFFICIENTS FOR EXPO. APPROX. (EL1({X)=A EXP(-8 X))

DATA ACy8C/1.73291.732/
DEFIN& FUNCTION STATEMENTS. T IN DRy P IN ATM,

ENTHALPY AT 1 ATH.

HFAL(A)=33.85% (X/556.)%%1,819 .
PRESSURE CORRECTION FOR iFAL )
PCORH(Y)=Y*¥ (=,15635)

DENSITY RATIO TO SZA LzVZIL AT 1 ATH,.

DOOSLAX) =7,.94L*(X/556.)**(-1,819)

PRZSSURE CORECTION FOR 90DSL

PCORD(Y)=Y*®1,1235

PLANCK MEAN ABSORPTION JOEFFICIENTQT IN 1/FT7
ALPPIXsY)=1,191334E~C9%(X/556,0) %% (L, 631-.1830'ALOG(Y),’Y"(1-9685
1-.1704%AL0OG(Y))

ST INITIAL CONDITIONS FOR SPECIFIED TEHPERQTJRE PROFILE
READ 61y ICONIHLFRAMOBJIJHEFFLDELT,DI0DSL,VIsRN,THICK
SET FREQUENCY BAND LIMITS
AN(1)=0.

AN(2)=3¢71.13%1.,E¢15

AN(3)=1,.E+2C

SET COUNTERS

ICON=2 .

IREAD=1

IREAD=D . . .
MFI=0

MFI=1 .
NFIX=MFI

I1PA=0

IPa=1

IP0Q=6

1PDQ=1

TURIKA=0 )
MR=0

HR=1

IP=20 ’ ;
I1P=10 *
IP=153

I1P=109

1°=1

.D”’D”””””””””DP”””””’DDD’D’DD’D”’D””DDDDDDD’

OONOWNS UWN =
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IP=3g

IP=50 -
IIP=IP -
NDIK=2200
NIT=0 .

SET NUMBER OF STEPS IN A3S. COEF., MODEL AND WALL EMISSIVITY
J3=2

EPSH=1, -

SZY FREZ STREAN DENSIVY

DI=0I0OSL®*DSL

SZT RIMAININS SHOCKX ANO HALL CONOITIONS

1S=1.678503*(0100SL) **,J9%(VI*1,E-0373.28)%%1,28

oR

ORS=5.55~-C2%DI0DSL** . QL (VI®*1.E~-0373.28)%*,08

PS=e1L7*(TS/556,.) **1.218%((1./7DRS)*0I00SL)**,33

ATH.

IN=D00SL (TH) *PCORDLCPS) *OSL

LBH/FT3

LBM/FT2=-SZC,y UNITS ON AMOU

VH=ANDU/OH

rT/7SEQ

43=HFAL(TS) *PCORH{PS)

3TU/L3H

ALPPS=ALPP(TS,PS)

1/7FT

0SVS=DI0DSL*DSL*VI ‘
L3v/FT2-SEC :

SET COZF, 1M THRZIE SUBPIOGRAMS AND GZT HALL THIRMAL CONODUCTIVITY.
NSOEF=0

COZF1=0HOTH(L¢3TH,y1) -

AKH=TCON(L1.+TH,TS)

SOZF3=ALP{1ylevlesTHrLes1) .

SALCULATE SHOCK STAND O°F OISTANCEs IN FT.
JELS=ORS*RN/Z(1,+(2.*0RS*(1,-D5))¥¥,5)

IS

CALCULATE NONDIME NSIONAL NUHBERS

PZCLET NuMBER

PI=DZLS*OSVS*HS/(AKKH®*TS) .
RADIATION NUMBER
SAMMA=2,*ALPPS*OELS*SIG*TS®**4/(DSYSP*HS)
BOLTZMANN NUMOER

80=DSVS*HS/ (2.*SIG*IS**%)

BOUGUIR NUHBZIR

SU=ALPPS*DZLS

CONDUSTION RAOCIATION NUMBER

CR=80/PE

0y=,001

AKST=TCON(L.,TH,TS)

0T=1,

0T7=25,5=03

0T=.1

DT=1.E-02 *
0T=1.£-03

07=5.2-006

0T=1,E~05
JILT=1,¢RN/DZLS*VH/VI*(OH/(2,%0D1)) *%,5
IHLF=DELT/0Y+}

IS (IHLF,LT.2001) GO YO 1

PIINT 55, IHLF,DZLTHNIT

CALL EXIT
ISTOP=INLF=}
¥=0.

0) 3 I=1,IHLFR,10
RTAD 54, (T(I-1#K)¢X=1,10)
GCONTLINUE

NSNS SSII I I I I ISR S R R R R R R 2 2 2 B b R R Rl il Rl h otk h

-1
€5
66
67
63
€9
70
71
72
73
7%
75
76
7
78
79
80
81
a2
83
8%
85
86
87
1]
89
920
921
92
93
9%
95
96
97
98
99
100
101
132
103
104
105
166
107
108
109
110
111
112
113
116
115
116
117
118
119
120
121

122 -

123
126
125
126
127
128
129
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17

178. -

[4LF=1HLFR

NIRMALIZED HIFF

HAZFFT=HEFF7 (HS*GAMMA)

QNORN=2,*3U*SIG*TS* %y

IF (NIT.NE.T) GO TO &
SH3I=DHA*VH**2/7(0I%VI**2)
JUA=ALPP(TH,PS)*(DZLT-1,) *DZLS*THICK

PRINT INITIAL CONOITIONS

PRINT 643, THAKHy DI o VI DdDZLSsALTyDI0ODSLIRNyHIFFoVH,TSyDRSyPSeDNHy
IHS, ALPPS:DSVYS+PT9GAMNMA30+8UsCRyAKST DY DT4PM3,QANORM +» BUN
PRINT 57y JSsOELT JAMDULZPSWe IHLF s THICK IHLFR
HRITE (2,48) TH AXWo DI VI OHDELS ALT,DI00SLyRN+HEFF,VH,TS,0RS,PS,
10H, HS+ ALPPS,0SVS,PZ¢sGAHMA+80,3U,CRyAKST0Y,0T+PMB,QANORH,BUM
HRULTE (2+57) JISHDELT yAHIULEPSHIHLFyTHICK,IHLFR
IF (IURIKA.EQ.1) GO TO &

SINTINUE

P/YT(1)=0,

PRHTL2)=DELY

PRMT(3I)=0Y

PR4T(%)=1.E-03

DY 7 J=1,JS

x(Jy=0,

N=1

SALL SIPC (PRMTX,0Z PX,JS:I"LF.FCT‘.OU'P"N'
IF (PRHT(5)) 8,9,8 )
PRINT 50 )
SALL EXIT

PRMYT (1) =(IHLF=-1) *OY

PIRT(2)=0.

PRHT(3)=~-0Y

NZ=2%JS

00 10 J=1,4NE

X(J)=0,

N=1

SALL ZIPC (PRHT X s0ZRXJNE+IHLF FCT2,0UTP2,N)
IF (PRHT(5)) 11,12,11

PRINT 50

SALL EXIY

CONTINUE ’

B8I5=0.

ISTOP=IHLF-1

P(1) =1,

PUIHLF)=TH/TS

QRH=J,

00 13 I= 1|IHLF

DARL(II=0,

DARR(IN=G.

DQRH(I) =J,

JQRE(II=C,

ARPZ(ID=G,

QRMZ([) =0,

QRRWZ(I)=0.

INF=6

00 18 J=1,JS

IF (J.EQ.JS) INF=%

ASUM(L1)=(.,

ISUHCTIHLF) =0,

00 14 I=2,IHLF

POH=XA(241I-1,J) =2A(2,1,))

ASUM(I)=ASUM(I- 1,‘ XP(PIH) tPLKICT(I~1) o TSyAN(J) JAN(J*L) 4 INF D)% (1,
1=-SXP(PONH))

L=1IHLF-I¢l

POH=AA(29L,J) ~0A(2,0L ¢1,))

JSUHIL)=BSUM(L+1) *ZXP(POH) ¢+ PLKI(T(L) , TS, AN(J) yAN(J*L), INF.O)'(l.-E

1X2(POW))

DIDI'I-"")""""d.!')-"DID!Ih"dbllii""ﬁi"’1D,l’;,"""l"DIDII"’ID"’ID’-""DIPI""IDID)"'le,l"’lhll"’
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136
137
138
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161
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164
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151
152
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155
156
157
158
159
160
161
162
163
164
165
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167
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173
176
175
17¢
177
178
179
180
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183
184
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Y=l

00 15 I=1,INHLF
PLKCKH=PLKI(T(IHLF) s TS,AN(J) s AN(JI+1) +INF,0)
ASUNCI)=ASUM(II®*AC/3C
3SUM(INI=8SUM{I)*AC/3C

QRPZ(I)=QRPZ(I) +ASUM(I) /73C/8BU
QRMZ(I)=QRM2(I)=-B3UM({I)/8C/3V

QRRHZ(I) =QRRWZ(IVN = (3 XAl1414J)) *(EPSH/BUTPLKCKH+2,* (1,-EPSH) *XA (3

1e1,J))

ALPCK=ALP(J,Y,TLI) TS, THICK, JS) *GAMMA
DARL(I) =ALPCK®*ASUH(I) +DQRL(I)
DAR(II=ALPCK*BSUMII) «DIARR(I)

DARH(I)=DARH(II*ALPCK*E(29 XA (L1414 J) ) * (EPSH¥PLKSKH#2,.% (1. ~EPSH) *BU*

1XA€(341,9))

DQR*(I) DARE(I)~ALPIK®2.*PLKI(T(I) 4 TSsAN(J) yAN(J+1) 4 INF,0)

sY+0OY

IF (IP.NE.IIP) GO TD 18

HRITS (2,€5) J4JS

00 16 I=1,IHLF,1C
L=I-1

HRITE (2+58) I (0RPZ(L+<) 4K=1:+10)
HRITE (2,59) (QIMZ(L +K)}K=1,10)
HRITE (2,59) (QRRHZ(L+K) ¢K=1,10)
HRITE (2,67)

HRITE (2,66)

90 17 I=1,IHLF,10

L=I=-1

HRITE (2,58) I.(DQIL(L#X) ¢K=1,10)
HRITE (2:59) (DARA(L+K)K=1,413)
HRITE (2,53) (DARHIL +K) 4K=1,13)
HAITE (2+59) (DARE(L*K)yK=1,10)
HRUJUATE (2,67}
ARH=QARHH+EPSH*XA(3 914 J)
Y=0Y

B0 19 I=2,ISTOP
CONL=TCON(T (I~1) ,TH,TS)
ToON2=TCON(T(I) s TH,TS) .
TCON3I=TCONIT(I+1) o, Td,TS)
PHPT=61.6/(HS*PS** ,1E35) *(TS/556.)%%1,819%T([)**,819

DQCO(I) =17 (2.,*PE*DY) *((TCON3+TCONZ) *(T(LI¢1}-T(I))/70Y=-(TCON2+TCONL

1) *(T(X)-T(I-1))/0Y)
DAZVII)==RHOVIY oy v ) *PHPT* (T(I+1) ~-T{1I-1))/(2.%DY)
DQS(I)=0QCOCI)+DQCV(I) +DQRL (I} +DQRR(I) +DARKIIL) +IQRE(I)
JIVQPLI)=DARL(I) +DARCI) +0QRHA(I) +DQARE(I)

IF (NITDQ.EQ.0,0R.NIQFIX.EQ.J) DIVQ(I)=0IVQP(I)
DIFE=ABS(DIvQP(I) -0Iva(I))

I (DIFE.GY.BIGDQE) IB02AZ=I

3IG0QZ=AHAX1(BIGO0QZ,DIFZ)
ACI)=DT/Z(2.%0Y)*((TCON2¢TCONL) Z7(PE*DY) +RHOV(Y,VH) *PHPT)
B(I)==1-DT/7(2."PC*OY*%2) *(2,*TCONZ2+TCON3+TSINT)
CCI)-DII(Z.‘DY)'((t’ONZ»thuS)/(PE'DY)-RHOV(V.VH)'PHPI)
0(X)==-0T*0IVQ(I)-T (1)
Q.ONZ(I)--BPIBU'TGOM(I(I)oTH;TS)'(Y(I+1)°I(I 1))7(2.%0Y)
QZC(I)=QRPZ(I) +QRMZ(I) +QNZ (L) +QCONZ(I)

I3sIC+1

PLIY=T (I}

I (IC.NE.1€) GO VYO 19

IC=

IL=1

Y=Y+0Y .
0€(2)=2(2)-A(2)*T (1)

DCISTOP) =0(ISTOP) ~S{ISTIP) *T(IHLF)

A(2)=8(2)

B(2)=0(2)/74(2)

20 23 I=3,IS¥ToP

IMi=[~}
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21

22

23

.24

2€
27

28

adS=4(y1)
ACI)=3(I)-ACI)*CCIML)/Z7ALINL)
3CI)=(D(I)=-AS*B(INL))/ALI)
CONTINUE

TC(IHLF)=TH/TS

TCISTOP) =8LISTOP)

K=IHLF =2

DO 21 I=2.K

J=IHLF=-1
T€JI=8(JI=C(I)*T(I+1)/7AC)
SONTINUE

T(1)=1,

00 22 I=2,ISTOP

FNCD =(T(D)-P(I)) 70T

IF (ABS(FN(I})).GT.3IG) IBIG=I
SIG=AKAXL(BIG,ABSIFNII))})
CONTINUE
SLOPE=(P(IHLF)~P(IHLF-1))/0Y
ASONZ (IHLF) =-CR/BU*SLOPE

QZ(IHLF) =QRPZ(IHLF) +QRRAZ (IHLF) +QCONZ( IHLF)
QA=QRH-EPSH/ (2.*BU) *T(IHLF) **4L-CR/BU*SLOPE

IF (IP.NE.IIP) GO TO 28
D0 23 I=1,IL,10

HRAITZ (2,49) I4(P(I-1+¢K),K=1,10),0IvalI),QZ2(I)
HRITE (2464) (XA(J9I91)9J=1e3)3(XA(J9192)9J=1y3)
PJINT 69y XI,(P(I-14K)sK=1910),DIVQC(I}4XA(34I,2)

I=1+10

PRINT bév I+(PLILHK) yK=1910),DIVQ(ILe1) 4 XA(34IL¢+1,1)
PRINT 53y XA(L191941)9XA(2,IHLF 1) oXA(39191)sXAC191+2) +XAL3,142),SLO

1PE. DT, IHLFy DIVQ(IHLF) +QRH

HRITE (2,069) I2(PCIL+K) 4K=1913),0IVQCILE1),QZ(IL4+Y)
NRITZ (2+53) XAU1+141) ¢eXAL29THLF 1) 3XA(34141)9XA(15142),XA034142),

1SLOPE s DTy IHLF o DIVQ(IHLF) o QRW
ILP=IL+¢}

IF (IPQ.EQ.C) GO TO 25

00 2¢ I=1,ILP,10

J=1-1

KS=1)

IF (I.EQ.ILP) KS=IdLF~-IL

HRITE (2,58) I,(QRPZ(J+K) 4K=1,KS)
ARITE (2,+59) (QRMZ(J+K)9K=14KS)
HRITE (2,59) (QRRHZ(J+K) 4 K=1,KS)
HRITE (2,59) (QCONZ(J+K) o K=1,KS})
ARITE (2,€60) (QZ(J+K) K=1,KS)

IF (IPDQ.EQ.D) GO TO 27

00 26 I=1,ILP,10

J=I=1

KS=10

IF (I.EQ.ILP) KS=IHLF-IL

HRIUIATE (2,58) 1,(0Q00CJ+K) ,K=1,KS)
HAITE (2+59) (DACVIJ+K) 4X=1+KS)
HUAUTE (2,59) (DARL(J+K),K=1,4KS)
HRITE (2,459) (JARR(JI+K)yK=1,KS)
HRUTE (2+59) (DARH(JI+K) 4 K=1,KS)
HRITE (2,59) (DARZ(J+K)9K=1,KS)
HRULTE (2,€0) (0QS(J+K) 4X=1,yKS)
IF (IURIKA.EQ.1) GO T0 3

IP=0

NIT=NIT+1

NITOQ=1

IP=IP¢1

AHOPP=QA/HEFFT*DSVS

T42=,95

THZ=,98

IJ=IHLF~-1

IF (YFIX.NT.1) GO TD 29

180 .
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IF (31G.GT.1.E~-33) 50 T0 37

THZ =3

T4Z=.95

THE=,5

THE=,9

T42=.98

THE=«95

THE=e9

NITDQ=0

IZHM=ICHM+1

PRINT 63, ICHN

HRIUALTE (2,63) ICHH

CONTINUE

AMOP=THE*AMDU+ (1. ~TdE) *ANODPP
DIELT=1.+(0ELT~1,) *AMODP/7AMOV

VH=AMDP/OH

IHLFP=0ELT/Z0Y+1

IF (IHLFP,LT.2031) 50 TO 30

PRINT 55, IHLFP4DELTNIT

CaLL E£XIT

IF (IHLFP=-IHLF) 35,36,31

IS=IHLFP~IHLF

D0 32 K=1,IHLF

FTIK)=T{K)

D0 33 K=1,1S

T(K) =%,

KK=IS+{

00 3% K=KK, IHLFP

T{K)=FT(K~-IS)

IdLF=1IHLFP

Gd 10 36

THLF=IHLFP

TCIHLF)=TW/ 1S

TCIHALF=1) =TCIHLF) «(T{IHLF=-3) -T(IHLF))I*1./3,
TUIHLF=-2)=T(IHLF) + (TC(IHLF~-3)~T(IHLF))*2./3,
CINTINUE

HFIX=0

IF (MOD(NIT,E0).NZ.3) GO TO 39

ICON=D

PUNCH 62

PUNCH 61y ICONyIHLF 9AMIIHEFF,DELT,0I0DSL,VIs N, THICK
D0 38 I=1,IHLF,1C

PUNSH S5&y (T(1-1¢K),K=1,10)

IF (NIT=150C) &LOsW(,L3

PRINT 52, N1T,QA,AMIU,AMOPP, IHLF,QZ(I0) +8IG,IBIG
WRITE (2452) HIT,QAy4MOU,AMDPP,IHLF,QZ(I0) 431Gy IBIG
COM2=~-T(IHLF) **4/(2,%3U) :
S0M3=-CR/BU*SLOPE

PRINY 68, QRW,COM2,30M3

HRITE (2463) QRH+COM2,CO0N3

SALL SSHTCH (1,ISIND)

IF (ISIND.,EQ.1) GO TO 41

cALL TINMYTGO (CLT1)

CLT2=CLT1/6G.

IF (1.,LT,CLT2) GO TO %2

HR=0

PUNGCH 69, NIT

PRINY 70 ’

HRITE (2,70)

GO TO 44

IF (QA.LT.d.) GO TO &7 .
IF (HFIX.EQ.1) GO ¥O 6

HNFIX=MFI

AMDC=AMOU

ANJU=ANDP

AMITR=AQS (ARIPP=AMDICI 7AMDPP

:»»»»»bb»b»»»»»»»b»»»»»»»»»»»»»»»»»»»b»»»»»»»»»»»bb>>>>»>”>>>>>>’
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IF (AMDER.GT.eZ1lui) 6O TO &

IF (B8IG.G6GT.1.,E~-33) 50 10 &

PRINT 51, AMDER

HRATE (2,51) AMDER

IF (IP.EQ.1) GO TO &3

IP=11pP

IZ0N=1 S
TURIKA=L

50 10 6

IURIKA=1

GO TO S

IF (THICK.GT.3.,0GE7) MR=0

PUNCH 62

PUNCH €1+ ICONsIHLF+AHOUHZFF,0ELT,DIODSLyVIoRNyTHICK
THISK=THICK+1.E3

I1P=23

I1P=10

I1P=1519

I1P=102

I1P=5Q

1IP=Ip

NIT=)

NFI=d

MFI=1

NFIX=NFI

ISHH=)

TURIKA=0

00 45 I=1,IHLF,1(

PUNCH 569 TCIDoTUI®L)oTLI#2)oT(I4+3)sTI®G)oTCIS) TLI#6) T(I47),T¢(
11+8) ,T(149)

IF (MR.EQ.0) GO TO &7

IF (IREAO.EQ.1) GO TO 45

IREAD=1

IRZAD=0

GI 10 & .
READ 619 ICONoIHLFRR/AMOULHEFF,0ELT,DI0DSL VI, INyTHICK
VH=AHOU/0DHW

IREAD=0

IRZAD=1

GO TO 2

CALL EXIT

FORMAT (2X91B8HINITIAL CONDITIONS /713X 6HTHIDR) 419X, 22HTCONH(BTU/F
1T-SZC~0R) 46Xy 4HRHOI y 13X, THVI(FPS) 915X, 4 HRHOH 13X o BHDELS(FT) /72X ,6E
226 %/ 713X yTHALT(FT) g 14XeSHDIZDSL 9 13X s6HRNIFT) y 13Xy 13HHEFFI(BTU/LBN)
eI LOHVH(FT/SZC) 9 LAXGEHTS(OR) 9/2X9€22)e4/711 X 3HORS 118X s 7THPS(ATH)
Ge11XoL1HOHILOM/FT3) 99X 1 1HHS(OTU/ZLBH) 43X, 11HALPPS(L1/7FT) 412X, LHOSVS
S9/2X 9052600/ /716X g 2HOE 417X SHGAMMA 16Xy 2HB0,18X,2H3U,18X92HCR, 17Xk
EHAKST o /72X s0E20 o4/ /719X 2H0Z4 18X e IHOT +416X911HADHVHR00IVIZ2, 10X ¢ SHANOR
THe 15X s IHBUH s /72X93E2544)

FORMAT (2X3T0e2X912212,37)

SIRHAT (2X,LHHFAILZD TO CONVERGE AFTZIR 20 ITZRATIONS IN EIPC)

FOIMAT (2X,S5HURIKA, 1244007 ERROR Z1E11.4916HOIVQ HAX ERROR =4El11.4
177

FIRIMAT (2XySHNIT =410 o1Xo7HQAALL =9EL11elboiXo3HYD0OTHU =9EL1tebe1Xy9H
IMDOTHPP = E11 sl iXeDHIHLF =914 91X o5HAZD =oE18.%91Xy5HBIG =9EL110ksd
2XsSHIBIG =,I47)

FOIMAT (2x,7511,b911H =0T, IHLF =9I4s9H, DQZ0 = 9E11e4%9v1iHy+S11,.47)

FOIKAT (10F8.5)

FORHAT (2Xy22HIHLF +GT. 2000, IHLF =,I4,8H JELT =9Z81.4e7H NIT =
1,1I3) ‘

FORMAT (10F8.5)

FORMAT (777/72X91LHIZSULTS FOR A ,I1,19H STEP MIDEL, OSLY =9yE11.4,8
18 MDOTU =,E11,697H ZPSH =92110497H IHLF =,14,84 THICK =9E11,4y8H I
24LFR =,1I0/777) .

FOUMAT (2% T%91X,10511.0)
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FOIMAT (TXy14581103%)
SOIMAT (/7X,10212.677)
FORIMAT (2I5.,7E10.3)
FORMAY (SSHC---FCORMAT= ICON,IHLF JAMOU HEFF,0ZLTDIO0SLs VI RN, THICK
1

FORMAT (/72X,11HCHANGE v00T,16/77/7)

FOIMAT (8X:6213,37) ‘

FORMATY (/742X 423HSUMMATION THROUGH STEP 211,184 HEAY FLUXES OF A ,
111,114 STEP MOOZL,/77)

FOIMAT (/77,2X2THASSOCIATED FLUX OIVZRGENCES,/7)
FORMAT (iH )

FORKAT (2x43£20.5)

FORMAT (1X,6HNIT = ,1I5)

FOIMAT (1Xy,13H TINE LIMIT)

ZND T

SJIROUTINE FCTL (YeX,0ERX,HN)

DIMEINSION X(1)s OERX (1)

COMMON ZAAZ XA13,2230,2),T(2CG0)

SDOMMON /D/ THICKyJS»A:8,3U,TS

D0 1 J=1,JS

ALCK=ALP(J:s Yo TE(N) » TS, THICK,JS)
DERX(J)=3U*ALCK®B

RETURWN

END

SUBROUTINE FCT2 (YnXoD‘RXvN)

DIMENSION X(1), OCERX(1)

COMMON /AA/Z XA(3,202:,2),7€23C0)

S0MMON 7887 IHLF,ANC1C) .

COMMON /707 THICKyJSsA843UsTS

L=IHLF+1=-N

INF=0

80 1 J=1,JS . .
IF (J.EQ.JS) INF={

ALSK=ALP(Jy Yy TIL) 2 TS, THICK,JS)
JIRX(J)=-ALCK*BU

DZRXCISHI) = -PLKI(T(L)|TS|AN(J);AH(J*1).INF ) FALCKPE (242 (J))
RZITURN

END ’

SYIROUTINZ CUTPL (Y, Xe0ZRXyNyHOIH\PRET oMy IHLF)

OIMENSION X(1), DERX(1), PRMT(1) -

COMMON ZAAZ XA(3,202392),7(20G0)

SOMMON 707 THICK:JS92A98,8U,TS

00 1 J=1,JS

XAC2y HoJ)=X(J)

RETURN

END

SU3ROUTINE OUTPZ (Y9 XeOIIXeNyNDIM,PRNT M, IHLF)

JIMENSION X(1), DERX(1), PRUT(1)

COMMON /ZAAZ XA(3,283:42),7¢20530)

SIYMON 70/ THICKyJS:A198,3U,TS

L=IHLF+1~-N

00 1 J=1,JS .

XA(LsL 9y 3)=0 1) -

XA(3yLoJ)=X(I+JS)

RETURN

ZNO

SU3BROUTINE EIPC (PQHT.X.D‘QX-NDIPQIHLF.FCT.OJ!P.NA)

OIMINSION PRHT(I). x{1)y, OERX(1)y XP(11), XC(ll)o 0ZRXP(11), OX(11
1)

PR4TIS) =0,

N=NA

Y=PRHT (1)

N=3J

SALL FCT (Y,X,DERX,N)

IF (N=1) 43,8

SALL OUTP (YeXeDZRAHeNIIH,PI4T ¢y ¥y [HLF)

-
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GOSN OOVOH SO N

N=N¢L ) F 11
33 S5 I=1,NOIN F 12
XP(I)=X{I) +PRMT(3) *DERX(I) F 13
Y=Y ¢PRMI(3) F 16
CALL FCT (Y XP,DERXP4N) F 15
09 7 I=14,N3IH . F 16
XS(I)=XCI) +PRUT(3)/72.*(OZRXP (1) +DERX(I)) F 17
300 8 I=1.NDIM F 18
DX(I)=ABSIXC(I)=2P(X)) F 19
IF (OX(I)-PRMT(4)) 8,843 F 29
CONTINUE F 21
50 TOo 13 F 22
IF (4-20) 11,11,10 F 23
PRMT(5)=1, F 24
N=IHLF F 25
30 10 13 F 26&
00 12 I=1,NDIN F 27
XP(I)=XC(I) F 28
H=M+1 F 29
30 TO0 6 F 30
CALL OUTP (Y sACsOERXPyNeNODIM,PRHT M, IHLF) F 31
IF (PRHT(5)) 1691441€ F 32
03 15 I=1,NDIN F 33
xX(1)=xC(I) F 34
IF (N=-IHLF) 2,158,153 F 35
RETURN F 36
ENO F 37-
FUNCTION E (N.X) g ;
FUNCTION TO GIVE THZ N-TH EXPONENTIAL INTEGRAL OF X, EN(X). G 3
(1 [

BASED ON ALGORITHHS GIVZN IN SECTIONS Selelés 5.1.539 AND 5.1.56 G 5
IN *HANDBOOK OF MATHEMATICAL FUNCTIONS WITH FORMULAS, GRAPHSs AND G €
HATHEMATICAL TABLES®, U.Se. DEPT. OF COMMERCZ, NATIONAL SUREAVU OF 6 7
STANDARDS, APPLIED MATHZIMATICS SERIES NO. 55. (196L), ) 8
ROUTINE B8Y HARRY H. HURPHY, JR,y 26 D=CIHBER 1368, 1 9
A A AMZRICAN STANDARD FORTRAN r3ves 6 10

. 6 1%

RZAL AO0,AL1,A2,A3,A4,A5,33,81,82,B839C39C1+C2,33 g 12
13

DATA AQ,AL1,A2,A3,A%,A5/-0,57721566,0,99999193,~-3.24991055,0.055199 6 1&
1889 «0.0G97€CI%90.001078577 . 6 15
DATA B0¢B1,82¢83/75.2677737343+8.6347635925,18.,1595159733,8.5733287 g 16
1401/ 17
DATA 3069C19C02,C3/73.9584369228,21,099653C827,25.5329561486,9.,573322 6 18
13454/ 6 19
6 20

6 21

MzN 6 22
Z=X ¢ 23
IF (Z) 2+3,5 6 2%
Z=0, 6 25
PRINT 16 G 26
6 a7

IF (H=1) 15915,4 6 28
£51.0/7FLOAT(H~1) 6 29
RZTURN . 6 30
6 3%

IF (M) 15,6,7 6 32
6 33

S=IXPL(~2) /2 6 34
RETURN 6 35
6 36

IF (Z-1.C) 8,9,10 6 37
¢ 38

E1=C((((ASSZoAL)%Z+A3)Z0A2)%2+A1)%2¢A2-AL0GILT) ¢ 39
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30 10 11

E1=0.219383934
60 T0 11

S1=C0(CC((Z+B3) *Z+B2) ¥ Z+B1) *Z+BI)*EXP(-2) )7 (L (Z+C3)*Z¢C2)%2+C1)* 2+
1CG) *2) )
IF (M~1) 1541%,12

L=M=-1

EXSZXP(~2)

00 13 I=1,L
E1=(EX-Z*CS1)/FLOAT(I)
£=EL

RETURN

$=1.7238
PAUSE 55555
REZTURN

FORMAT (2XsLLHARGUMINT JF EXPOINT HAS NEGATIVZIL,SEY TO ZEROQ)
END

FUNCTION PLKI (TToTN,ANL1,ANZ2, INF,ND)

T=TT*IN/1.8 T
HOK=¢ «€2517/71.38C4*1.E~11 ’
A=HOK*ANL/T ’

3=HOK®AN2/7

IF (INF.EQ.1) B=130.

IF (B-A) 2,1,3

PLKI=0.

RETURN

PRINT 4y, AyB

CALL ZIXIT

PLKI=TT**4*PLNKUT (A,48)

RZTURN

FORMAT (2Xo/777/%5%H RANGE OF PLANCK INTESRATION INVERTED, A =,E
111.495H B =9E1l.4)

€END

FUNCTION PLNKUT (3ZTAL1,32TA2)

ASSUME BETA2 MORE THAN BETAL

DIMENSION TBL (12G)

DATA (TBLUI) oI=1,3200707190,.75683¢79389,4¢80659,.8988,.9587,1.0271,1
1613629119839 1e3073910238391¢467391e4979491.523891:4503391:597891.63
241910672191 ¢711991e753731¢7975+91484369108921+1694329109972,2.3543,
32011647 92e1788924252392:6319092¢390792e479342.567992.66342.7654492487
459209958 ¢3¢1261930258293+4823893¢59593078429309309%422949444938,4,
E793395e135795¢535395¢9917 966536097 01397e374%¢7e568047¢77347.9839,8
60217148.4588984715298.937509e27749098559+,98344,9BE84497779¢97383+49
729000962990 955190094511¢33199e931430091909055109327140895690833190884
83908789e87139086L19e850%9¢39819083329¢829790813%9¢8C839479639.78304
Dy o769k g o 75Lk g o 73819072009 070313¢0633790e65839453%414¢63799e5796445492
$905164 904813 90ltlt3390%3909036219031859027369622%52918343,14354,1011
§v.3669o.059359.05225..0&561..339&&..133?9o.92552..02396'.01979..01

517/

I=3

IF (BITA2-.719) 142,42

PLNKUT=,C51329911*(35TA2**3*%(1,-BETA2¥(.,375-82TA2%,05))=-BCTAL®**3¥%({
11.-8ZTAL1* (., 375-8BETAL1%,235)))

RETURN

J=1

3ETA=8ETAL

IF (BITA-,719) 3,4,4

FON=14=0(51329911%3TA®**3%(1,.~BETA*(,375-8BETA%,I5))

I=1
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I=1e}
IF (I-€0) 57,7
IF (BZTA-TBLII¢*1)) 5+6,9%

SN=TSLII¢53) +(BETA-TBLIIII*(TBLII+61)~TBLIL+53))/7(TBLII+1)-TBLLI)

10
G0 70 8

FCN=,153983733%ExP(-BTA) *(((BETA+3.)*BETA+5.) *BETA+6,)

50 TO (9,10), J
J=e

OFCN=FCN
BZTA=3ETA2

I=1-1

GO TO &
PLNXUT=0FCN~-FCN
RETURN

ENO

FUNCTION TCON (TRT,TH,TS)
SOMMON /ZA7 C(6,46)
COMMON /E/ NCOEF
TR=TRT*TS/TH

IF (NCOEF) 10,1,10
€(1,1)=8,4397
C(1,2)=~1.9538E4L}
C(1¢3)=3,9888E+11
S(194)=~2,3504E0CE
Cl1¢5)=k.6892

-2(1+60=0, -

C(2+1)=-1405.1
C1(2:2)=84L7.6
Cl293)=~120.4%
S(2:06)=0,

C(2+5)=0.

C(2,6)=0,
£(341)=3.0839E¢33
£C(3:2)=-1,518824(3
C(3:3)=2.EL5EEHY2
C(3,4)=-1,2268E¢G1
C(3,5) =0,

C(3+6)=0,

Cllol) ==1.7442E+G0
2(Le2)=6.4677E®I3
Clle3)==7,6937C4C2
Cllyb)=2,7C93E+01
ClhySh=0.

Cl(4,6)=0.
Cl591)=-3.561154352¢95
C(5,2)=1.906373262+36
C(543)==L,GE277€635C¢+.5
C(5,%)=4.309507635¢00
S(5,43)==2,2757055+)3
C(546)=4L.7875E¢01
S(291)==1,83383Jc29Z¢i8
C(592)=7,208797389Z ¢35
C(593)==1:69480C7 15405
C(6,4)=8,26L3113c+03
Clc95)=-3,0922682¢32
C(546)=6.59125
THC=TH/1,3%1.£-03

IF (THC~3.,0) 2:3,3

I=1

Gd) T0 6

IF (THC=L(0) &yb4,S

I=2 .

GO Y0 ¢

I=3

toW=C(l,1)
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20 7 J=246
TSH=TCR+C(I-J) *THC*®* {J~-1)
00 8 I=1,6
s{I,1)=CtI,1)/77CH

00 9 I=1,6

00 9 J=2+6

(1l J)=C(I+ J)/TCH*THC?**(J-1)
TCON=TCH®1,E~06
RETURN
TSsTR*TH/1.8%1.E~03
IF (TC~3.03 11,12,12
I=1

G T0 21

IF (TC-%.0) 13,13,14
1=2

S0 To 21

IF (TC=6.0) 15,15,16
1=3

50 10 21

IF (TC-3.9) 17.18,18
I=4

G0 10 21

IF (T5-11.0) 19,19,2C
I=5

60 T0 21

I=5"

TSON=C(I,1)

00 22 J=2+%
TCON=TCON*C(I,J)*TR¥*¥*([(J~1)
RETURN

ENO

FUNCTION RHOV (Y, V¥N)

SOMMON /787 OI¢VI+OHyRNyIRS,0ELS.0ELT DY, TH)ALPPS,PS

IF (10"’ 2’1.1

RAIV=(1.-24 ®DELS/ (DRS*RY) #Y4 (1,2, *0RS* (1,-0RS) ) * (DELS/ (DRS*RN) ) **
12%y¥»2)

RETURN '

RHOV=DH®*VH® { (DELS/RN) *#2, % {2, *DI*VI®¥2,/ (DH*VH**2,) ) * (DELT-V)**2~1

1.)7001I%*VI)
RETURN
END
FUNCTION H (TN)
DIMENSION C(15)
C(1)=1.7668
C(2)=14.5347
C(I)==43. 077
ClL)=64,2735
C{5)=-53,7980
S(8)=27.7881
€t7)=~9,3667
o(8)=2.,1397
C(3)=-,3390
C(10)=3,7E48E-02
C(11)=-2,9192€-03
C(12)=1.548E~04
C(13)==5.35C4E~26
S(14)=1,0881E-07
C(15)=-9,8213E~10C
FP=TH®L ,E=03/1,.8
=3(1)
00 1 I=2,15
H=H+C(I) *TP** (I~-1)
HzH® 171646/ (778.3%32.,2)°*TH
RETURN
END .
FUNSTION OMITH (TyTHyN)
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C1%21%6 (L°91-0)1) 41
1% 01 O¢
£=1
gigss (C*9-91) i1
. 1% 04 OF
2=1
38646 (0°3-21) JX
11 031 Of
I=1
q%hes (0°9-21) 31
£0-3°Ta8°T/M1atil=C
N3Nizy
£T=-3TTIT92°4=91S
40-3%9458266%9°2-=(51%G) 9
20-35693082%°6=(6%€) 2
2L0SETT2°9-=(9%¢) 2
204339221822°1=14%4)35
£34399508922°2-=(9%¢) ¢
%04308930208°2=(5%¢)2
§9439£998T0E°2-=(H%¢€)I
35436199£002°T=1£%€)2
QJ43C6£27989°°C~-=(2%¢€)2
JC43EH0L2026°09=(T4€) D
9)-3832282%6°2=(L154) 2
20-3129126£0°C-={6°%)<
200064998°T=(8*%) 3
T042236TH652°C~-=(2%%)3
204359TT82221°9=(9¢%) 2
£94399269296°3-=(5%4%)9
904=986E£4TT°S=(h%%) 2
€0436TIBNTH°2-=(£*%) 2
S04329949£809°9=(249) 3
604389902€96° 2-=(T¢9) S
23-2902£0926°2=(CT*€)]
- 265282£2°T~-=(6%€)C
TC43%96262Tn*9=(8%C) 2
2342922806949 °G-=(2*£) 3
£0+43E2£2£296°5=(9%¢€) 3
90422T229285°€-=(5%£)3
§943692T0ITH  T=(H%E)D
504395999980 °S-=(£4€)3
G0437£680°006°9=(2%5) 2
§04393006636°2~-=(T°£)2
*0=(0T%2)2
*0=(6%2)2
*0=(8°2)3
10-20208965€°3-=(2%2)32
104399956£996°1=(9°2)9
264321008615 2-=(5%2)9
£043T12862TT2°T=(n%2)2
£04Z6721886%°I-=(£42)2
4(+320666862°T=(242)2
904322656990°T-=(3¢2)2
*9=(eT°T)2
°0=¢(6°1)9
66822599 °=(98°1) ¢
1988%53°2-=(2*T)J
an2431°39=(9°T) 3
9%062°496T-=(S*T) 3
81£9°282=(n*1)
£22T%°462-=(£*1) 2
22942°951=(2°1)9
2681T°62-=(1*1)I
2°T%2 (4309N) 41
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RITURN . N 52
ZNO N 53~

G9/57/772 SCOPE 342.0 - SCH VER (73 6  JSSEP72EIPA= (75%
00.55.50.015,
80.55.59.,REQUESTyA.
00.55.59. (L7 ASSIGNED)
00 +556+i5.COPYSBF(A)

30 457 ¢33 .RERINDIX)
00.57.33.CP 0G0.171 SEGC.
"00.57.33.PP 164.290 SEC.



