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ABSTRACT

F o r a  b lu n t  body u n d erg o in g  m ass iv e  a b l a t i o n ,  th e  s t a g n a t io n  

re g io n  i s  t r e a t e d  a s  two in v i s c id  r e g io n s  s e p a r a te d  by a  s l i p - l a y e r .

The momentum e q u a tio n  f o r  each  re g io n  i s  s o lv e d  in  q u a d ra tu re  form  and  

th e n  f o r  p u rp o se s  o f  c a lc u la t in g  th e  s tre a m  fu n c t io n  th e  d e n s i ty  o f  

each  la y e r  i s  assum ed c o n s ta n t .  T h is  le a d s  t o  an a n a l y t i c a l  s o l u t io n  

o f  th e  momentum e q u a tio n  and y i e ld s  th e  e n t i r e  s ta g n a t io n - p o in t  

geom etry . The en erg y  e q u a tio n  i s  th e n  d ev e lo p ed  in c lu d in g  n o n g rey  

a b s o rp tio n  and e m is s io n  o f  r a d i a t i o n  i n  b o th  th e  shock  and a b l a t i o n  

. l a y e r s .  An en erg y  b a la n c e  a t  th e  body s u r f a c e  g iv e s  th e  a b la t io n  m ass 

lo s s  r a t e  th ro u g h  an e f f e c t i v e  h e a t  o f  a b la t io n  and th u s  p ro v id e s  th e  

c o u p lin g  betw een  th e  momentum and en e rg y  e q u a t io n s .

The e f f e c t s  o f  in c r e a s in g  th e  a b l a t i o n  l a y e r  a b s o rp t io n  c o e f f i ­

c i e n t  a re  th e n  exam ined f o r  b o th  a  g re y  and a  tw o -en erg y  grovq> a b so rp ­

t i o n  c o e f f i c i e n t  m odel. The en erg y  e q u a tio n  i s  so lv e d  by a  tim e 

a sy m p to tic  te c h n iq u e  w hich  rem ains s t a b l e  w i th  l a r g e  d i s c o n t i n u i t i e s  

i n  f l u i d  p r o p e r t i e s .  T h is  a llo w s i n v e s t i g a t i o n  o f  a b l a t i o n  l a y e r
7

a b s o rp tio n  c o e f f i c i e n t  enhancem ent by  f a c to r s  g r e a t e r  th a n  10 . The 

r e s u l t  i s  an  a b l a t i o n  l a y e r  t h a t  becom es o p t i c a l l y  th ic k  owing t o , a  

programmed in c r e a s e  i n  a b s o rp tio n  c o e f f i c i e n t  r a t h e r  th a n  th ro u g h  an  a  

p r i o r i  R o sse land  ap p ro x im a tio n . In  a l l  c a s e s  o f  a b s o r p t io n  c o e f f i c i e n t  

enhancem ent (g r e y ,  vacuum u l t r a v i o l e t  and v i s i b l e ,  and vacuum u l t r a ­

v i o l e t )  a  p o in t  i s  re a ch e d  beyond w hich  in c r e a s e s  i n  enhancem ent cau se  

an in c r e a s e  in  th e  m ass lo s s  r a t e  r a t h e r  th a n  th e  g e n e r a l ly  o b se rv ed  

d e c r e a s e .
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NOHENCLÂTURE

The fo llo w in g  n o m e n c la tu re  i s  u sed  th ro u g h o u t t h i s  w ork.

a  c o e f f i c i e n t  o f  e x p o n e n t ia l  i n t e g r a l  a p p ro x im a tio n , s e e  Eq. E .5

A geom etry  f a c to r  (1+Ky)

A ^(z) dunny p a ra m e te r , s e e  Appendix C

b c o e f f i c i e n t  o f  e x p o n e n t ia l  i n t e g r a l  a p p ro x im a tio n , s e e  Eq. E .5

B^(z) dumny p a ra m e te r , s e e  A ppendix C

P la n c k  fu n c tio n  

c  sp ee d  o f  l i ^ t

C(x) dummy v a r i a b le

Di d i f f u s i v e  enhancem ent f a c to r

E^(x) e x p o n e n tia l  i n t e g r a l  d e f in e d  by Eq. 3 .1 5

f ( ç )  d e n s i ty  fu n c tio n  [ 2 e ( l - e ) p  / p -  sh ock  l a y e r ,  p /p  -  a b l a t i o n
la y e r ]  ®

F s tre a m  f u n c t io n ,  s e e  E qs. A .8 and A .14

G dummy v a r i a b le  i n  momentum i n t e g r a l s

h  s p e c i f i c  e n th a lp y  o f  th e  gas

H dummy v a r ia b le  i n  momentum i n t e g r a l s

H(x) H e a v is id e  fu n c t io n  d e f in e d  i n  C h ap te r  I I
*

H __ e f f e c t i v e  h e a t  o f  a b la t io n  w ith o u t  w a l l  e n th a lp y

23H -, effective heat of ablation with wall enthalpy "iSee 
Eq. 3.2

eff 
eff
Ij partial integral of the Planck function between v ^ a n d

s p e c i f i c  i n t e n s i t y  a t  freq u en cy  w 

JS number o f  s te p s  i n  an a b s o rp tio n  c o e f f i c i e n t  model

x i i



NOMENCLATURE (continued) 

k thermal conductivity
R body c u rv a tu re  f a c t o r ,  ap p ro x im a te ly  1/R ^ a t  s ta g n a t io n  p o in t

M t o t a l  num ber o f  mesh p o in t s

N Boltzm ann number

Ng^ Bouguer number

Ngg c o n d u c t io n - r a d ia t io n  number

P e c le t  number 

P s t a t i c  p r e s s u r e

Qy aerodynam ic b lo c k a g e  h e a t  f lu x

**cond c o n d u c tiv e  h e a t  f lu x

h e a t  f lu x  a t  freq u e n c y  v 

q^ r a d i a t i v e  h e a t  f lu x

q*’̂  r e r a d i a t i v e  h e a t  f l u x  from  w a ll  o r  body

Re R eynolds number

t  tim e i n  C h ap te r I I I ,  a r t i f i c i a l  in d e p e n d e n t v a r i a b le  i n
C h ap te r IV

T te m p e ra tu re

Th a b s o r p t io n  c o e f f i c i e n t  enhancem ent f a c t o r

T^ b r ig h tn e s s  te m p e ra tu re ,  se e  Eq. 5 .1 1

u g e n e r a l  v e lo c i ty  o r  v e lo c i ty  a lo n g  x - p h y s ic a l  c o o rd in a te

V v e lo c ity  component normal to  body

v e lo c i ty  o f  w a l l  i n j e c t a n t

X g e n e r a l  c o o rd in a te  o r  p h y s ic a l  c o o rd in a te  a lo n g  body
o r ig i n a t in g  a t  s ta g n a t io n  p o in t

a u x i l i a r y  y a r i a b l e s  d e f in e d  by E q s. C .1 2 , C .1 3 , and C .14 

y p h y s ic a l  c o o rd in a te  o r ig i n a t in g  a t  body

x i i i



NOMENCLATURE (c o n tin u e d )  

z  p h y s ic a l  c o o rd in a te  o r ig i n a t in g  from  sh o ck

a  v o lu m e tr ic  a b s o r p t io n  c o e f f i c i e n t

a a b la t io n  l a y e r  a b s o r p t io n  c o e f f i c i e n t  f o r  j t h  s te p

Og j  shock  l a y e r  a b s o rp tio n  c o e f f i c i e n t  f o r  j t h  s te p

r  r a d i a t i o n  c o o lin g  number

Y u n i f i e d  boundary  c o n d i t io n  on s tre a m  fu n c t io n  d e r iv a t iv e  
(1  -  sh o c k , 0 -  body)

A sh ock  s ta n d  o f f  d i s ta n c e  from  body i n  p h y s ic a l  c o o rd in a te
sy stem

i n t e r f a c e  s ta n d  o f f  d i s ta n c e  from  w a l l  i n  p h y s ic a l  c o o rd ia n te  
sy stem

A shock  s ta n d  o f f  d i s ta n c e  from  i n t e r f a c e  i n  p h y s ic a l  c o o rd in a te
sy stem

5 shock  s ta n d  o f f  d i s ta n c e  from  body i n  s tre a m  fu n c t io n  
c o o rd in a te  sy stem

6^ i n t e r f a c e  s ta n d  o f f  d i s ta n c e  from  body i n  s tre a m  fu n c t io n
c o o rd in a te  sy stem

sh ock  s ta n d  o f f  d i s ta n c e  from  i n t e r f a c e  i n  s tre a m  f u n c t io n  
c o o rd in a te  sy stem

E d e n s i ty  r a t i o  a c ro s s  sh o ck  o r  s u r f a c e  e m is s iv i ty

E^ ^ ( y )  w a l l  o r  body s p e c t r a l  and d i r e c t i o n a l l y  dep en d en t e m is s iv i ty

G g e n e r a l iz e d  s tre a m  fu n c t io n  c o o rd in a te  norm al to  body

n s tre a m  f u n c t io n  c o o rd in a te  o r ig i n a t in g  a t  body

6 p a ra m e te r  t h a t  d e te rm in e s  ty p e  o f  d i f f e r e n c e  schem e, s e e  Eq. 4 .2

9 (  ) o rd e r  o f  ( )

A f a c t o r  [ ( 1 - f ) o r  wave le n g th

M c o s in e  o f  p o la r  a n g le  o r  dynam ic v i s c o s i t y

V f re q u e n c y  o r  k in e m a tic  v i s c o s i t y

x iv



NOMENCLATURE (c o n tin u e d )

C s tre a m  f u n c t io n  c o o rd in a te  o r ig i n a t in g  a t  shock

p d e n s i ty  o f  g a s

a geom etry  f a c t o r  i n  C h ap te r I I  and A ppendix A (1  -  p l a n a r ,
îj -  th r e e - d im e n s io n a l ) ,  Sephan B oltzm ann c o n s ta n t  i n  C h ap te r  111

o p t i c a l  d e p th  a t  body

o p t i c a l  d e p th  a t  freq u en cy  v d e f in e d  by Eq. 3 ,2  

T d e f in e d  by  Eq. 5 .1 4

* a z im u th a l a n g le

^  a b l a t i o n  l a y e r

g

^ i n t e r f a c e  c o n d i t io n  o r  sp a c e  d i s c r e t i z e d  v a r i a b l e

tim e  d i s c r e t i z e d  v a r i a b le  

r e f e r e n c e  c o n d i t io n s  ( s e a  l e v e l  s ta n d a rd s )  

sh o ck  c o n d i t io n  

w a l l  o r  body c o n d i t io n  

w a l l  e m is s io n  

w a l l  r e f l e c t i o n  

f r e e  s tre a m  c o n d it io n s

v a r i a b l e  d i r e c t e d  in  p o s i t i v e  c o o rd in a te  d i r e c t i o n

v a r i a b l e  d i r e c t e d  i n  n e g a t iv e  c o o rd ia n te  d i r e c t i o n

d i f f e r e n t i a t i o n  w ith  r e s p e c t  to  in d e p e n d e n t v a r i a b l e  o r  
dummy v a r i a b l e  i n  i n t e g r a t i o n

n o rm a liz e d  f u n c t io n ,  s e e  Eq. 3 .3 1

ap p ro a ch e s  i n  th e  l i m i t
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TIME ASYMPTOTIC DETERMINATION OF THE EFFECTS OF ABLATION-PRODÜCT 

ABSORPTION COEFFICIENT ENHANCEMENT ON THE MASS LOSS RATE FRCM THE 

STAGNATION POINT OF A BLUNT BODY IN THE MASSIVE BLOWING REGIME

CHAPTER I  

INTRODUCTION

S ta g n a t io n - p o in t  h e a t in g  to  b o d ie s  t r a v e l in g  i n  th e  e a r t h 's  

a tm osphere  h a s  b e en  s tu d ie d  e x te n s iv e ly  f o r  many y e a r s .  More r e c e n t ly  

i n t e r e s t  i n  v e ry  h ig h  speed  m otion  h a s  le d  to  th e  c o n s id e r a t io n  o f  

v e ry  la r g e  h e a t in g  r a t e s  and th e  r e s u l t i n g  problem  o f  m a te r i a l  decom­

p o s i t i o n  o r  a b l a t i o n .  The work o f  Howe and V iegas (1963) in d ic a te d  

t h a t  th e  i n j e c t i o n  o f  fo re ig n  s p e c ie s  in to  th e  boundary  l a y e r  and th e  

r e s u l t i n g  a b s o r p t io n  o f  r a d ia t io n  by  th e  i n j e c t a n t  w ould s u b s t a n t i a l l y  

re d u c e  th e  w a l l  r a d i a t i v e  h e a t  f l u x .  A f te r  t h i s  e a r ly  w ork many in v e s ­

t i g a t o r s  c o n s id e re d  th e  e f f e c t s  o f  i n j e c t e d  o r  a b l a t i o n  s p e c ie s  on th e  

n e t  s u r f a c e  h e a t  f l u x ,  a lth o u g h  a  com plete  t re a tm e n t o f  th e  prob lem  

h as  n o t  y e t  b een  g iv e n .  W ilson (1970) a c c u r a te ly  c h a r a c te r iz e d  th e  

a b la t io n  and a i r  s p e c ie s  a b s o rp tio n  c o e f f i c i e n t s ,  b u t  s p e c i f i e d ,  r a t h e r  

th an  computed from  a  w a l l  energy  b a la n c e ,  th e  i n j e c t i o n  r a t e .  Chin 

(1968) used  a  s u r f a c e  energy  b a la n c e  b u t  c o n s id e re d  o n ly  th e  l i n e  

t r a n s i t i o n s  o f  n i t r o g e n  atoms in  th e  a b la t io n  l a y e r  r a t h e r  th a n  th e
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t r a n s i t i o n s  o f  n i t r o g e n  atom s i n  th e  a b la t io n  l a y e r  r a t h e r  th a n  th e  

t r a n s i t i o n s  o f  atom s p r e s e n t  i n  an  a b l a t i o n  g a s .  B a r t l e t t  e t  a l .  (1969) 

t r e a t e d  th e  w a ll  e n e rg y  b a la n c e  c o r r e c t ly  b u t  superim posed  th e  r a d i a t i o n  

w ith  a  c o o lin g  f a c t o r .

I n  th e  c u r r e n t  a n a l y s i s , th e  w a l l  en erg y  b a la n c e  i s  c h a r a c te r ­

iz e d  b ^  a  f ix e d  te m p e ra tu re  and an e f f e c t i v e  h e a t  o f  a b l a t i o n  and th e  

r a d i a t i o n  t r a n s p o r t  i s  t r e a t e d  w i th  e i t h e r  a  g re y -g a s  m odel o r  a  tw o- 

s te p  continuum  m odel. The s ta g n a t io n  re g io n  i s  c h a r a c te r iz e d  by  a  two 

i n v i s c id  l a y e r  flow  f i e l d  s e p a ra te d  by a  s l i p  l a y e r .  A lthough no m ass 

i s  t r a n s p o r te d  a c ro s s  th e  s l i p  l a y e r ,  en erg y  i s  t r a n s p o r te d  by b o th  

r a d i a t i o n  and c o n d u c tio n . The in c o r p o r a t io n  o f  c o n d u c tio n  in  th e  

i n v i s c i d  flow  f i e l d  c a lc u la t io n  was n e c e s s a ry  to  a llo w  e q u i l i b r a t i o n  o f  

energy  a c ro s s  th e  d i s c o n t in u i ty  i n  o p t i c a l  p r o p e r t i e s  a t  th e  s l i p  l a y e r .  

T h is d i s c o n t in u i ty  i s  a  r e s u l t  o f  th e  a b l a t i o n  l a y e r  a b s o r p t io n  c o e f f i ­

c i e n t  enhancem ent th ro u g h  a  m u l t i p l i c a t i v e  f a c t o r  a t ta c h e d  to  th e  a b la ­

t io n  l a y e r  a b s o rp tio n  c o e f f i c i e n t .  B ecause t h i s  m odel y i e ld s  a  s te p  

f u n c t io n  i n  th e  a b s o r p t io n  c o e f f i c i e n t ,  a  d i s c o n t in u i ty  in  th e  tem pera­

tu r e  p r o f i l e  would r e s u l t  w ith o u t  th e rm a l d i f f u s io n .  A d d it io n a l  

j u s t i f i c a t i o n  comes from  th e  r e s u l t s  w hich show t h a t  owing to  th e  v e ry  

s te e p  g r a d ie n t  i n  th e  te m p e ra tu re  p r o f i l e  a t  th e  s l i p  l a y e r ,  c o n d u c tio n  

can become th e  dom inan t mode o f  h e a t  t r a n s f e r ,  and th e  en erg y  f i e l d  i n  

some c a s e s  i s  in  c o n d u c t iv e - r a d ia t iv e  e q u i l ib r iu m  on th e  shock  s id e  and 

in  c o n d u c tiv e -c o n v e c t iv e  e q u i l ib r iu m  on th e  a b la t io n  s id e  o f  th e  s l i p  

l a y e r .

The r e s u l t s  o f  t h i s  s tu d y  d e m o n s tra te  th a t  tim e  a sy m p to tic  

te c h n iq u e s  can be s u c c e s s f u l ly  u sed  on r a d ia t iv e - c o u p le d  flow  f i e l d s
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w hich in c lu d e  la r g e  d i s c o n t i n u i t i e s  i n  f l u i d  p r o p e r t i e s .  B ecause 

s t a b i l i t y  can  b e  m a in ta in e d  th ro u g h  th o s e  la r g e  d i s c o n t i n u i t i e s , i t  i s  

p o s s ib le  to  d r iv e  th e  a b l a t i o n  l a y e r  from  o p t i c a l l y  t h i n  to  o p t i c a l l y  

th ic k  and in v e s t i g a t e  th e  p h y s ic a l  phenomena a s s o c ia te d  w ith  t h i s  

t r a n s i t i o n .  I t  was d e m o n stra ted  t h a t  enhanced  a b l a t i o n - l a y e r  a b s o r p t io n  

c o e f f i c i e n t s  w i l l  c au se  a  r e d u c t io n  in  w a l l  m ass lo s s  r a t e  o n ly  to  a  

p o i n t .  Enhancement beyond t h a t  p o in t  c au se s  th e  w a l l  m ass lo s s  r a t e  

to  in c r e a s e  w ith  in c re a s e d  enhancem ent. W ith a  f ix e d  w a l l  mass lo s s  

r a t e  a  minimum i n  th e  w a l l  h e a t  f lu x  was n o t  o b se rv ed  w ith  enhancem ent 

th ro u g h  th e  l i m i t  o f  th e  c u r r e n t  th e o ry .  T h is  r e s u l t  sh o u ld  be a  

c a u t io n  to  i n v e s t i g a t o r s  who a tte m p t to  draw c o n c lu s io n s  ab o u t a b l a t o r  

p e rfo rm an ce  b a sed  on f ix e d  w a l l  m ass f lu x  a n a ly s e s .



CHAPTER II

SOLUTION OF THE MOMENTUM EQUATION

C o n sid e r th e  momentum e q u a tio n  a s  d e r iv e d  i n  Appendix A i n  th e

form

F F" = o[F*^ -  f ( C ) ] ,  2 .1

w here a  i s  1 f o r  tw o -d im en s io n a l and 1 /2  f o r  th re e -d im e n s io n a l  f lo w  

w h ile  f ( ç )  i s  2 e ( l - e ) p ^ /p  f o r  th e  shock  l a y e r  and P^/P f o r  th e  a b la ­

t i o n  l a y e r .  The boundary  c o n d it io n s  f o r  th e  s h o c k - la y e r  s o lu t io n  a r e  

( s e e  F ig s .  A . l  and A .2 f o r  geom etry  and  n o m e n c la tu re ) :

a t  G = 0 (sh o ck  wave)

p = _F* =* 1

a t  Ç = ( i n t e r f a c e )
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F o r th e  a b la t io n  l a y e r  th e  boundary  c o n d i t io n s  a re :  

a t  Ç = 0 (body)

F * 1 , F* = 0

a t  ç = ( i n t e r f a c e )

F o r th e  d e s i r e d  g e n e r a l  s o l u t i o n ,  we can p o se  th e  fo llo w in g  

u n i f i e d  boundary  c o n d i t io n s :

a t  Ç = 0

F « 1 , F* =* -Y

a t  ç =

w here y I s  1 f o r  th e  sh o ck  l a y e r  and 0 f o r  th e  a b la t io n  l a y e r .

A lthough Eq. 2 .1  i s  a  s e c o n d -o rd e r  o rd in a ry  d i f f e r e n t i a l  e q u a t io n ,  th e  

t h i r d  boundary  c o n d i t io n  i s  r e q u ir e d  in  o rd e r  to  d e te rm in e  th e  lo c a t io n  

o f  th e  i n t e r f a c e ,  sym b o lized  in  b o th  c o o rd in a te  sy stem s by
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An a n a l y t i c a l  s o lu t io n  o f  Eq. 2 .1  can  b e  o b ta in e d  i f  we m u l t i ­

p ly  i t  by F ' ,  y ie ld in g

F F* F" = oF*[F*^ -  f ( ç ) l

o r

Y  F ^  ( f *^) « oF '[F * ^  -  f ( ç ) l  . 2 .2

I f  we now m u lt ip ly  Eq. 2 .2  th ro u g h  by 2 /F 'F  and r e a r r a n g e , t h e  r e s u l t  

i s

^  F*2 = -  f ( ç )  . 2 .3

M u lt ip ly in g  Eq. 2 .3  by  th e  i n t e g r a t i n g  f a c t o r  (F) we o b ta in

w hich can  b e  i n t e g r a te d  to  y ie ld

( F ') 2 f ' 2® _ = _2o \  dH . 2 .5

We can now s o lv e  Eq. 2 .5  f o r  F * ,

p . .  -  ( p V  -  2op2”  ^  ^  . 2 .6
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The n e g a tiv e  s q u a re  ro o t  i n  Eq. 2 .6  was s e le c te d  by  c o n s id e r in g  th e  

boundary  c o n d i t io n s  w hich show t h a t  F (0 ) i s  1 w h ile  F (ç^ ) i s  z e r o ,  and 

s in c e  th e  r a d i c a l  o f  Eq. 2 .6  m ust a lw ays b e  p o s i t i v e ,  F m ust b e  mon- 

a to n ic  and th e  boundary  c o n d i t io n s  r e q u i r e  i t  t o  b e  m o n a to n ic a lly  

d e c re a s in g .

We can  now i n v e r t  Eq. 2 .6  t o  g e t

^  « y

w hich  i n t e g r a t e s  to

l ^ 4 r i r  dH
2 .7

E q u a tio n  2 .7  i s  th e  g e n e r a l  s o lu t io n  i n  q u a d ra tu re  form  f o r  

th e  u n i f i e d  s tre a m  f u n c t io n .  The s o lu t io n  can  b e  c a r r i e d  no  f a r t h e r  

a n a l y t i c a l l y  w ith o u t  p r e s c r ib in g  f ( ç ) .  B ecause we d e s i r e ,  i n  o rd e r  to  

s im p l i f y  f u tu r e  c o m p u ta tio n s , to  a n a l y t i c a l l y  s o lv e  th e  momentum equa­

t i o n  we w i l l  a t  t h i s  p o in t  assum e f ( ç )  to  be  c o n s ta n t .

T h is  assu m p tio n  im p lie s  t h a t  f o r  p u rp o se s  o f  c a l c u l a t i n g  th e  

s tre a m  f u n c t io n ,  we a re  c o n s id e r in g  c o n s ta n t  d e n s i ty  s o lu t io n s  ( th e  

d e n s i ty  in  th e  sh ock  l a y e r  i s  t h a t  c a lc u la te d  by th e  R ank ine-H ugon io t 

r e l a t i o n s  a c r o s s  th e  shock  w h ile  th e  d e n s i ty  i n  th e  a b la t io n  l a y e r  i s  

t h a t  o f  th e  a b l a t i o n  p ro d u c ts  a t  th e  w a l l ) .  F o r f r e e  s tre a m  c o n d i t io n s  

s im i l a r  to  th o s e  o f  th e  c u r r e n t  a n a l y s i s ,  Howe and V iegas (1963) 

d e te rm in ed  th ro u g h  a  f u l l y - v i s c o u s  g re y  r a d ia t io n - c o u p le d  s ta g n a t io n
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r e g io n  s o lu t io n  t h a t  th e  d e n s i ty  i n  th e  shock  l a y e r  was c o n s ta n t  

e x c e p t f o r  a  v e ry  s m a ll  re g io n  n e a r  th e  body . O ls t a d 's  a n a ly s is  

( O ls ta d ,  1969) o f  a  nongrey  r a d ia t io n - c o o le d  ( in c lu d in g  th e  c o n tr ib u ­

t i o n  o f  a to m ic  l i n e s )  flow  a b o u t a  sy n m e tr ic  body shows t h a t  n e a r  th e  

s ta g n a t io n  p o in t  th e  sh ock  l a y e r  d e n s i ty  i s  a g a in  r e l a t i v e l y  c o n s ta n t  

( th e  change a c r o s s  th e  sh ock  l a y e r  i s  l e s s  th a n  10%) e x c e p t f o r  th e  

s m a ll  re g io n  n e a r  th e  body . F o r th e  p u rp o ses  o f  e v a lu a t in g  ç (F ) from  

Eq. 2 . 7 ,  th e  s m a ll  re g io n s  w h ere  th e  d e n s i ty  v a r i e s  makes a  n e g l ig ib l e  

c o n t r ib u t io n  t o  th e  q u a d r a tu r e .  J is c h k e  and B aron (1969) by in c lu d in g  

th e  e f f e c t s  o f  c o u p lin g  th e  momentum and e n e rg y  e q u a tio n s  have  shown 

th e  e f f e c t  o f  r a d i a t i v e  t r a n s f e r  on th e  s tre a m  fu n c t io n  t o  b e  q u i te  

s m a ll  f o r  a  w ide ran g e  o f  p a ra m e te r  v a lu e s  p ro v id e d  th e  shock  la y e r  

th ic k n e s s  i s  n o rm a liz e d  to  u n i t y .  I t  sh o u ld  b e  em phasized t h a t  th e  

c o n s ta n t  d e n s i ty  assu m p tio n  i s  o n ly  made f o r  p u rp o se s  o f  c a lc u la t in g  

th e  s tre a m  fu n c t io n  and th e  j u s t i f i c a t i o n  r e s t s  on th e  f a c t  t h a t  th e  

momentum e q u a tio n  i s  o n ly  w eak ly  coup led  to  th e  en erg y  e q u a tio n  

(H o sh iz ak i and L a s h e r , 1 9 6 8 ).

T h is  u n c o u p lin g  o f  th e  momentum e q u a t io n  from th e  en erg y  

e q u a tio n  does n o t  s im p l i fy  th e  problem  i n t o  w h a t A nderson (1968b) c a l l s  

"u n co u p led  shock  l a y e r " .  The l a t t e r  r e f e r s  t o  th e  c o n d i t io n  o f  

n e g le c t in g  th e  in f lu e n c e  o f  r a d i a t i v e  en erg y  t r a n s p o r t  on th e  shock  

l a y e r  v a r i a b l e s ,  i . e . ,  th e  d iv e rg e n c e  o f  th e  r a d i a t i v e  f lu x  i s  o m itte d  

from  th e  en erg y  e q u a t io n . The r a d i a t i v e  f l u x  to  a  body due to  th e  

r e s u l t i n g  te m p e ra tu re  p r o f i l e  i s  th en  c a lc u la te d  a  p o s t e r i o r i .  These 

"unco u p led  shock  la y e r "  c a l c u l a t i o n s  n e g le c t  r a d i a t i v e  c o o lin g  and ( f o r  

th e  same a b s o r p t io n  c o e f f i c i e n t  d a ta )  can y i e l d  up to  tw ic e  th e
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r a d i a t i v e  h e a t  t r a n s f e r  o f  a  co u p led  s o l u t i o n ,  i . e . ,  one w hich in c lu d e s  

r a d i a t i v e  c o o lin g  o f  th e  shocked  g a s .  The c u r r e n t  a n a ly s i s  in c lu d e s  

r a d i a t i v e  c o o l in g ,  s e l f  a b s o r p t io n ,  and c o n d u c tio n  f o r  b o th  th e  sh o ck  

and a b la t io n  l a y e r s .

W ith f ( ç )  c o n s ta n t ,  th e  i n t e g r a l  in  t h e  r a d i c a l  o f  Eq. 2 .7  

can  b e  e v a lu a te d  a s

2 o f \  - ^ =  f ( l  -  2 . 8

w here we have  ta k e n  a d v an ta g e  o f  a  b e in g  e i t h e r  1 o r  1 /2 .  E q u a tio n

2 .7  can  now be  e x p re s s e d  a s

2 .9

E q u a tio n  2 .9  i s  th e  g e n e r a l  two o r  th r e e - d im e n s io n a l , sh o ck  

o r  a b la t io n  l a y e r  s o lu t io n  f o r  th e  s tre a m  f u n c t io n  in  q u a d ra tu re  form  

w ith  th e  a ssu m p tio n  t h a t  f ( ç )  i s  c o n s ta n t .  I f  we c o n s id e r  th e  fo u r  

c a s e s  one a t  a  tim e  a d d i t i o n a l  a n a l y t i c a l  r e s u l t s  can  b e  o b ta in e d . 

C om parison w ith  p r e v io u s ly  p u b lis h e d  r e s u l t s  w i l l  th e n  be  made to  

i n d i c a t e  th e  a c c u ra c y  o f  th e  c u r r e n t  d ev e lo p m en t.

L e t u s  f i r s t  c o n s id e r  th e  tw o -d im en s io n a l c a se  (o = 1 ) .  F o r 

t h i s  c a se  Eq. 2 .9  becom es

\  f ■)'
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We can n o t c a r ry  o u t  th e  i n t e g r a t i o n  i n  Eq. 2 .1 0  w ith o u t  s p e c i f y in g  th e  
2

s ig n  o f  th e  G c o e f f i c i e n t .  F or th e  sh ock  l a y e r  w ith  f  c o n s ta n t

Y^-f l-2 c ( l-E )  (l-e )^ -K ^  ,
f  ■ 2 e ( l-e )  “  2 e ( l - e )  ^

w h id i i s  p o s i t i v e  s in c e  0 e ^  1 . E q u a tio n  2 .1 0  can  th en  be  i n t e ­

g r a te d  f o r  th e  sh o ck  l a y e r  t o  g iv e

2.12Ç = ( l - f ) " ^ £ n

w hich  i s  th e  s o lu t io n  f o r  th e  s tre a m  f u n c t io n  f o r  th e  tw o -d im en s io n a l 

sh o ck  l a y e r .  At th e  i n t e r f a c e ,  th e  norm al v e lo c i ty ,  th u s  F , m ust go to  

z e r o .  T h is  c o n d i t io n  im posed in  Eq. 2 .1 2  y i e l d s  th e  shock s t a n d - o f f  

d i s ta n c e  a s

^ s = ç(F=0) = ( l - f ) A n  . 2 .1 3

F o r s m a ll  c c o rre sp o n d in g  to  s t r o n g  sh ock  w aves f  2c and Eq. 2 .1 3  

becom es

tin Y 2, 1̂

e-K)

The tr a n s fo rm a tio n  from  th e  n o rm a liz e d  to  th e  p h y s ic a l  c o o rd in a te  

sy stem  i s ,  f o r  f ( ç )  c o n s ta n t .
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T h e re fo re  th e  sh o ck  s t a n d - o f f  d i s t a n c e  from  th e  I n t e r f a c e  w ith  s m a ll  e 

i s

Ag = — eR^,£n|7rrI 2 .1 5

w hich  a g re e s  to  lo w e s t o rd e r  w ith  th e  c o n s ta n t  d e n s i ty  s o lu t i o n  o f  

Hayes and P r o b s te in  (1 9 5 9 , p 1 5 2 ) . The c o n s ta n t  d e n s i ty  s o lu t i o n  i s  

o n ly  v a l id  f o r  c v e ry  sm a ll and th e n  o n ly  i n  a  l o c a l  re g io n  i n  th e  

v i c i n i t y  o f  th e  s t a g n a t io n  s tre a m  l i n e .  F o r th e  nom inal f l i g h t  c o n d i­

t i o n s  u n d e r c o n s id e r a t io n s  ( a l t i t u d e  o f  200 ,000  f e e t  and v e l o c i t y  o f  

50 ,000  f p s ) ,  th e  sh o ck  s t a n d - o f f  d i s t a n c e  p r e d ic te d  by Eq. 2 .1 5  i s

w i th in  7% o f  t h a t  p r e d ic te d  by Hayes and P r o b s te in  (1 9 5 9 ), p 1 5 2 ) . In

a  s im p l i f i e d  a n a ly s i s  f i r s t  g iv e n  by  Hayes (1955) in  w hich th e

c e n t r i f u g a l  c o r r e c t io n  to  th e  N ew tonian  p r e s s u r e  d i s t r i b u t i o n  i s  

n e g le c te d ,  th e  sh o ck  s t a n d - o f f  d i s t a n c e  o b ta in e d  a g re e s  w ith  Eq. 2 .1 5  

to  o rd e r  A lthough  Eq. 2 .1 5  i s  in  e r r o r ,  th e  o rd e r  o f  th e

e r r o r  i s  sm a ll enough t h a t  i t  sh o u ld  n o t  a p p re c ia b ly  d i s t o r t  t r e n d - ty p e  

h e a t - t r a n s f e r  c a l c u l a t i o n s .  We can  now i n v e r t  Eq. 2 .1 2  to  o b ta in  th e  

momentum f u n c t io n .  The r e s u l t  i s

F(C) = 2 ( i+ x y  2 .1 6
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w here

L e t u s  r e t u r n  now t o  Eq. 2 .1 0  and c o n s id e r  th e  tw o- 

d im e n s io n a l a b l a t i o n  l a y e r  i n  w hich

f ( c )  *  P ^ / p '

The assu m p tio n  t h a t  f ( c )  i s  c o n s ta n t  th e n  y i e ld s  f  = 1 . I f  we a l s o  

im pose th e  a b la t io n  l a y e r  c o n d i t io n  t h a t  y i s  0 ,  Eq. 2 .1 0  becom es

J f (1-^ )

w hich  a f t e r  i n t e g r a t i o n  y ie ld s

Ç = I  -  S i n ' l  (F ) . 2 .1 7

We can  now d e te rm in e  th e  th ic k n e s s  o f  th e  a b l a t i o n  l a y e r  by e v a lu a t in g  

Eq. 2 ,1 7  a t  F = 0 w h ich  g iv e s

6^ = (F=0) = j  . 2 .1 8

F o r th e  c u r r e n t  a s su m p tio n s , th e  t r a n s fo rm a t io n  from  th e  n o rm a liz e d  to  

th e  p h y s ic a l  c o o rd in a te  i s



13

c é ) -

T h e re fo re  th e  a b l a t i o n  l a y e r  th ic k n e s s  i s

y

E q u a tio n  2 .1 9  a g re e s  w i th  th e  r e s u l t  o f  W allace  and Kemp (1969) i f  we 

ta k e  t h e i r  u n s p e c i f ie d  r e f e r e n c e  le n g th  a s  , I n v e r t in g  Eq. 2 .1 7 ,

we h av e  th e  tw o -d im en s io n a l a b l a t i o n  l a y e r  momentum fu n c t io n  as

F = Cos (c )

o r  i n  d im e n s io n a l form

V = V „ C o s ( f ^ ) .  2 .20

E q u a tio n  2 .2 0  a ls o  a g re e s  w ith  th e  r e s u l t s  o f  W allace  and Kemp.

The tw o -d im en s io n a l sh o ck  and a b la t io n  l a y e r  a n a ly s e s  have  

been  in c lu d e d  f o r  co m p le ten ess  and do te n d  to  add c re d e n c e  to  th e  

s e l e c t e d  m a th e m a tica l m odel, b u t  th e  rem ain d er o f  th e  developm ent w i l l  

be d i r e c t e d  tow ard th e  th re e -d im e n s io n a l  s ta g n a t io n  p o i n t .  R e tu rn in g  

to  Eq. 2 .9  w ith  o a s  h» we have

dG
2
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Upon i n t e g r a t i o n  t h i s  e x p re s s io n  becomes

2 .21

B efo re  i n v e r t i n g  Eq. 2 .2 1  f o r  th e  momentum f u n c t io n ,  we can  c o n s id e r  

th e  sh o ck  s t a n d - o f f  d i s t a n c e  and th e  a b la t io n  l a y e r  th ic k n e s s  by 

l e t t i n g  F go to  z e r o .  T h is  y i e ld s

6 = ç(F=0) »  - | —  -  f ^ ]  . 2 .2 2
Y - f

I f  we now c o n s id e r  th e  sh o ck  l a y e r  and t r a n s fo rm  to  th e  p h y s ic a l  

c o o rd in a te  sy s te m , th e  sh o ck  s t a n d - o f f  d i s t a n c e  i s

w here th e  th r e e -d im e n s io n a l  c o o rd in a te  t r a n s fo rm a t io n  i s

Z = TT

Hayes and P r o b s te in  (1 9 5 9 , p 159) o b ta in  an  i m p l i c i t  s o lu t io n  f o r  th e  

th re e -d im e n s io n a l  sh o ck  s t a n d - o f f  d is ta n c e  u n d e r  th e  c o n s ta n t  d e n s i ty  

a ssu m p tio n  and o n ly  i n  th e  l i m i t  o f  sm a ll c do th e y  d e te rm in e  

e x p l i c i t l y .  T h e ir  r e s u l t  i s

^  = "“s t  -  (t )  ] -̂  • :  24
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E q u a tio n  2 .2 3  becom es, f o r  s m a ll  e

= ER_|jl -  ]  +  O (e^) . 2 .2 5s SI

The ag reem en t betw een  E qs. 2 .2 4  and 2 .2 5  i s  s u f f i c i e n t l y  good to  g iv e  

a sound  b a s i s  to  th e  h e a t  t r a n s f e r  c a lc u la t io n s  w hich fo llo w .

I f  we now r e t u r n  to  Eq. 2 .2 2  and make th e  a p p r o p r ia te  s u b s t i ­

t u t i o n s  , th e  a b la t io n  l a y e r  th ic k n e s s  i s  found  to  b e

/ P

' a  -  •
»  C»

w here th e  c o o rd in a te  t r a n s fo rm a tio n

h a s  b een  a p p l ie d .  A lthough  th e r e  a re  no e x i s t i n g  th re e -d im e n s io n a l  

c o n s ta n t  d e n s i ty  s o lu t io n s  w ith  w hich to  com pare Eq. 2 .2 6 ,  th e  depen­

dence  on th e  a b la t io n  p ro d u c ts  v e lo c i ty  a t  th e  w a ll  i s  s im i l a r  to  th e  

tw o -d im en s io n a l r e s u l t  and th e  two e x p r e s s io n s ,  Eq. 2 .1 9  and Eq. 2 .2 6 ,  

d i f f e r  o n ly  by a  c o n s ta n t  f a c t o r .

We can i n v e r t  Eq. 2 .2 1  to  o b ta in  th e  momentum fu n c t io n  a s  a  

fu n c t io n  o f  ç .  T here  r e s u l t s

Y ^ - f  2F (ç )  = 1 - 5  +  5 . 2 .2 7
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T h is  g iv e s  th e  momentum f u n c t io n  f o r  th e  sh o ck  la y e r  i n  th e  p h y s ic a l  

c o o rd in a te  fram e a s

2
F (z )  = 1 - 2 - ^  +  [ 1 -  2 e ( l - e ) ]  , 2 .2 8

and t h a t  f o r  th e  a b la t io n  l a y e r  a s

F (y ) = 1 -------- 5 - - ^  . 2 .2 9
v ;  V

F o r f u tu r e  co m p u ta tio n s  i t  i s  d e s i r a b l e  to  s e l e c t  one c o o r­

d in a te  sy s te m . We w i l l  u se  th e  c u r r e n t  z - c o o r d in a te  sy stem  w hich  

o rg in a te s  a t  th e  sh ock  and in c r e a s e s  tow ard  th e  body . I n  o r d e r  to  

u n ify  th e  momentum p r o f i l e ,  we can  r e f e r  to  th e  momentum f u n c t io n  

d e f i n i t i o n s  w hich  a re

F (z )  =
P . " .

and

P(7) = ^

and im pose th e  c o o rd in a te  tr a n s fo rm a tio n

y = A -  z ,

w here

A =. Ag + Aa
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The r e s u l t i n g  momentum p r o f i l e  i s

2
pv(z)  = -  2 + [ l - 2 s ( 1 - t )  ] - y y  j ~

2 ^ ^  2 .3 0

w here th e  a p p r o p r ia te  s ig n  change h a s  b een  made in  Eq. 2 .2 9  t o  acco u n t 

f o r  th e  a b l a t i o n  l a y e r  v e lo c i ty  b e in g  i n  th e  n e g a t iv e  z d i r e c t i o n  and 

H(x ) i s  th e  H e a v is id e  fu n c t io n  d e f in e d  su ch  t h a t

1, X > 0
H(x) = 1 , X = 0 .

0, X < 0

The symbol i s  alw ays t r e a t e d  a s  b e in g  p o s i t i v e .

W ith  th e  assu m p tio n  t h a t  f ( ç )  i s  c o n s ta n t  ( f o r  p u rp o se s  o f  c a l ­

c u la t in g  th e  s tre am  f u n c t io n ) , E qs. 2 .2 3 ,  2 .2 6 ,  and 2 .3 0  c o m p le te ly  de­

f in e  th e  th re e -d im e n s io n a l  s ta g n a t io n  p o in t  geom etry  and momentum f i e l d .  

The re m a in d e r o f  th e  d e r iv a t io n  in v o lv e s  th e  s o lu t io n  o f  th e  e n e rg y

e q u a tio n  f o r  th e  te m p e ra tu re  p r o f i l e ,  h e a t  f lu x  to  th e  w a l l ,  and th e

r e s u l t i n g  m ass lo s s  from  th e  w a l l .  We can  s e e  a t  t h i s  p o in t  t h a t  we 

m ust i n i t i a l l y  assume ( a b la t io n  v e lo c i ty  a t  th e  w a l l )  i n  o r d e r  to

d e te rm in e  from  Eq. 2 .2 6  and th e  momentum p r o f i l e  i n  th e  a b la t io n  

la y e r  from  Eq. 2 .3 0 . A f te r  p ro c e e d in g  th ro u g h  th e  s o lu t io n  o f  th e  

energy  e q u a t io n ,  th e  com puted w i l l  b e  compared w ith  th e  assum ed 

v a lu e  and i t e r a t i o n s  w i l l  p ro c e ed  u n t i l  th e  d e s i r e d  co n v erg en ce  i s
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o b ta in e d . I t  i s  th ro u g h  t h i s  u p - d a t in g  o f  and th u s  th e  a b la t io n  

la y e r  geom etry  and momentum f i e l d  by Eq. 2 .2 6  t h a t  th e  e n e rg y -  

momentum c o u p lin g  a c tu a l ly  ta k e s  p la c e .

B e fo re  p ro c e e d in g  to  th e  en erg y  e q u a tio n  fo r m u la t io n ,  i t  sh o u ld  

be  p o in te d  o u t t h a t  by  d e v e lo p in g  th e  momentum p r o f i l e  i n  th e  m anner 

o f  t h i s  s e c t io n  r a t h e r  th an  b y  th e  Hayes and P r o b s te in  o r  W allace  and 

Kemp c o n s ta n t  d e n s i ty  te c h n iq u e s ,  we have a llo w ed  f o r  s im p le  e x te n s io n  

to  a  c o m p le te ly  g e n e r a l ,  v a r i a b l e  d e n s i ty  s o l u t i o n .  T h is  c o u ld  b e  

accom plished  by u s in g  th e  c u r r e n t  s o lu t io n  a s  th e  f i r s t  i t e r a t i o n .

Then w ith  th e  c o r r e c te d  and a  p r e d ic te d  f (ç )  b a sed  on th e  d e n s i ty  

b e in g  some known fu n c t io n  o f  te m p e ra tu re ,  Eq. 2 .1  i s  in t e g r a t e d  

d i r e c t l y  y ie ld in g  a  c o r r e c te d  momentum p r o f i l e .  I t e r a t i o n s  c o n tin u e  

u n t i l  th e  d e s i r e d  r e s u l t s  a r e  o b ta in e d .  T h is  su g g e s te d  p ro c e d u re  

w ith o u t g u id an ce  on th e  i n i t i a l  g u ess  i s  s i m i l a r  to  t h a t  p ro p o sed  by 

Chin (1 9 6 8 ).



CHAPTER I I I  

ENERGY EQUATION CONSIDERATIONS

In  th e  continuum  flo w  reg im e  o f  gasdynam ics»  th e  p o p u la t io n s  

o f  th e  v a r io u s  a to m ic  and m o le c u la r  s t a t e s  im p o r ta n t  to  th e  e m iss io n  

and a b s o r p t io n  o f  r a d i a t i o n  a r e ,  f o r  c a se s  o f  i n t e r e s t  to  u s ,  g iv en  

a c c u r a te ly  by t h e i r  e q u i l ib r iu m  v a lu e s .  F or o u r  p r e s e n t  p u rp o s e s , th e  

continuum  flow  reg im e can be  d e f in e d  a s  a  reg im e  w here th e  e x c i t a t i o n  

and d e e x c i t a t io n  o f  th e  s t a t e s  o c c u r  p r im a r i ly  a s  a  r e s u l t  o f  m o le c u la r  

c o l l i s i o n s  r a t h e r  th a n  th ro u g h  r a d i a t i v e  e m is s io n  and a b s o r p t io n .

T hus, i f  th e  c o l l i s i o n a l  p ro c e s s e s  a re  in  q u a s i - e q u i l ib r iu m ,  th e  

r e s u l t i n g  d i s t r i b u t i o n  o f  th e  m o le c u le s  among th e  en erg y  l e v e l s  i s

c lo s e  to  th e  Boltzm ann r e s u l t  w i th  th e  a s s o c ia te d  te m p e ra tu re  b e in g

e q u a l  to  th e  l o c a l  g as  te m p e ra tu re . The a ssu m p tio n  t h a t  th e  en erg y  

l e v e l s  a r e  p o p u la te d  in  a  B oltzm ann d i s t r i b u t i o n  i s  known a s  th e  q u a s i ­

e q u i l ib r iu m  h y p o th e s is  o r  th e  assu m p tio n  o f  l o c a l  therm odynam ic

e q u il ib r iu m  (V in c e n ti  and K ru g e r , 1965, Ch x l ) .

The g e n e r a l  o n e -d im e n s io n a l e q u a tio n  o f  r a d i a t i v e  t r a n s f e r  

u n d er q u a s i - e q u i l ib r iu m  c o n d i t io n s  and ig n o r in g  s c a t t e r i n g  i s  (V in c e n ti  

and K ru g e r, 1965, Ch x i )

19
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.  a i  a i  

Z a l T +  ^ a T '

w here  u i s  th e  c o s in e  o f  th e  p o la r  a n g le  and a c c o u n ts  f o r  r a d i a t i v e  

t r a n s f e r  skew to  th e  c o o rd in a te  d i r e c t i o n , x .  We ta k e  th e  one­

d im e n s io n a l r a d i a t i v e  t r a n s f e r  e q u a tio n  to  be  v a l i d  i n  th e  v i c i n i t y  o f  

th e  s ta g n a t io n  p o in t  w i th  v a r i a t i o n s  norm al t o  th e  body b e in g  im por­

t a n t .  T h is  ta n g e n t s la b  a p p ro x im a tio n  h a s  b een  shown to  be  v e ry  

a c c u r a te  n e a r  th e  s ta g n a t io n  p o in t  when th e  sh o ck  s ta n d  o f f  d i s t a n c e  

i s  s m a ll  com pared to  th e  l o c a l  r a d iu s  o f  c u r v a tu r e  (O ls ta d , 1971 ; P ag e , 

e t  a l ,  1968; and Qieng and  V in c e n t i ,  1967). The v o lu m e tr ic  a b s o r p t io n  

c o e f f i c i e n t  o^ in c lu d e s  th e  e f f e c t  o f  in d u ced  e m is s io n . A d e t a i l e d  

developm ent o f  Eq. 3 .1  b a se d  upon th e  n o t io n  o f  a  pho ton  d i s t r i b u t i o n  

fu n c t io n  can  b e  found in  V in c e n t i  and K ruger (1 9 6 5 , Ch x i ) .

I f  we n o n d im e n s io n a liz e  Eq. 3 .1  and c o n s id e r  th e  r a t i o  o f  th e  

t im e - d e r iv a t iv e  term  to  th e  s p a t i a l - d e r i v a t i v e  te rm  we s e e  t h a t  th e  

c o e f f i c i e n t  i s  a  sp eed  r a t i o  form ed by th e  c h a r a c t e r i s t i c  d i s t a n c e  and 

tim e  to  th e  sp eed  o f  l i g h t .  We c a n , f o r  th e  c u r r e n t  p ro b lem , s e l e c t  

th e  shock  s t a n d - o f f  d i s ta n c e  a s  th e  c h a r a c t e r i s t i c  le n g th  and th e  tim e  

r e q u ir e d  f o r  a  p a r t i c l e  to  t r a v e l  from  th e  sh o ck  to  th e  i n t e r f a c e  a s  

th e  c h a r a c t e r i s t i c  tim e . An u p p e r l i m i t  on th e  r e s u l t i n g  c h a r a c t e r i s ­

t i c  v e lo c i ty  w ould be th e  v e lo c i ty  j u s t  b eh in d  th e  shock w hich f o r  th e  

c u r r e n t  n om inal f l i g h t  c o n d i t io n s  i s  a p p ro x im a te ly  3 ,000  f e e t  p e r  

se c o n d . The r e s u l t i n g  sp eed  r a t i o  shows t h a t  th e  t im e - d e r iv a t iv e  te rm  

o f  Eq. 3 .1  i s  ap p ro x im a te ly  s i x  o rd e r s  o f  m ag n itu d e  l e s s  th a n  th e
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s p a t i a l - d e r i v a t i v e  te rm  and we can  s a f e ly  c o n s id e r  th e  t im e -  

in d e p en d e n t form  o f  Eq. 3 .1

B efo re  p ro c e e d in g  to  th e  s o lu t io n  f o r  th e  r a d i a t i o n  i n t e n s i t y  

l e t  u s  d e f in e  th e  o p t i c a l  d ep th  a t  a  p a r t i c u l a r  freq u e n cy  by

3 .2

W ith t h i s  d e f i n i t i o n ,  th e  tim e -in d e p e n d e n t form  o f  Eq. 3 .1  becom es

3 .3
V

•f»
I t  i s  c o n v e n ie n t to  s p e c i f y  a s  th e  i n t e n s i t y  i n  th e  p o s i t i v e  - x  

d i r e c t i o n  and a s  th e  i n t e n s i t y  i n  th e  n e g a t iv e  - x  d i r e c t i o n .  We 

can  now w r i t e  e q u a t io n s  f o r  each  d i r e c t i o n  o f  p ro p a g a t io n . T h ere  

r e s u l t s

d l^

V

and

- ^ d f = » v - : v  3 . 5V

w here th e  m inus s ig n  on th e  l e f t  hand s id e  o f  Eq. 3 .5  a cc o u n ts  f o r  

p ro p a g a tio n  o p p o s i te  to  th e  d i r e c t i o n  o f  th e  p o s i t i v e  c o o rd in a te *  In  

b o th  Eq. 3 .4  and Eq. 3 .5 ,  p i s  p o s i t i v e .
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L e t u s  now i n t e g r a t e  Eqs. 3 .4  and 3 .5  f o r  a  p a r a l l e l  s la b  o f  

g as  a s  shown i n  F ig .  3 .1 ,  w ith  th e  boundary  c o n d i t io n s  t h a t  a t  = 0 ,

In  o rd e r  to  d e te rm in e  th e  i n t e n s i t y  a t  any a r b i t r a r y  p o in t  w i th in  th e  

gas s l a b ,  we can  i n t e g r a t e  th e  d i f f e r e n t i a l  e q u a tio n s  f ro m -th e  p o in t  

o f  th e  s p e c i f i e d  boundary  c o n d i t io n  to  th e  a r b i t r a r y  p o i n t .  U sing  

a p p ro p r ia te  i n t e g r a t i o n  f a c t o r s ,  we o b ta in

3 .6

and

(t -T ) / u  ^  ' V "

V

In  g e n e r a l  th e  boundary  c o n d it io n s  on E qs. 3 .6  and 3 .7  r e q u i r e  

s im u lta n e o u s  s o lu t io n  o f  th e  e q u a t io n s .  T h is  i s  a  r e s u l t  o f  r e f l e c t i n g  

b o u n d a rie s  and can be  se e n  by e v a lu a t in g  Eq. 3 .6  a t  th e  b o u n d a ry ,

. . The r e s u l t  i sV V,A
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.  r^VjA T*/y
e ' '  B^dx^

w hich  i s  th e  i n t e n s i t y  in c id e n t  from  th e  p o s i t i v e  d i r e c t i o n  on th e  

boun d ary  a t  x^ -  x^ I f  we now assum e th e  body s u r f a c e  a t  x  = A 

t o  b e  o paque, th e r e  i s  no i n t e n s i t y  t r a n s m i t te d  i n  th e  n e g a t iv e  

d i r e c t i o n  and th e  t o t a l  c o n t r ib u t io n  to  I^ (x ^  i s  m ade-up o f  th e  

r e f l e c t e d  p o r t i o n  o f  l^Y x^ p lu s  th e  e m is s io n  due to  s u r f a c e  tem p era ­

t u r e .  By K ir c h h o f f 's  la w , th e  p o r t i o n  o f  in c id e n t  i n t e n s i t y  t h a t  i s  • 

r e f l e c t e d  f r im  an  opaque s u r f a c e  i s  r e l a t e d  t o  th e  in c id e n t  i n t e n s i t y  

by  (1-E ^ ^ ( y ) ) »  w here ^ (y )  i s  th e  s p e c t r a l  e m is s iv i ty  o f  th e  

s u r f a c e .  I f  we f u r t h e r  assum e t h a t  th e  s u r f a c e  i s  d i f f u s e  and non­

s p e c t r a l ,  we can  e x p re s s  th e  boundary  c o n d it io n s  a t  x^ ^  a s

3 .9

w here i s  g iv e n  by  Eq. 3 .8 .  I t  i s  now c l e a r  t h a t  th e  bound­

a ry  c o n d i t io n  a t  x^ ^  r e q u i r e s  e v a lu a t io n  o f  th e  i n t e g r a l  o f  Eq. 3 .8  

w hich  i n - t u r n  r e q u i r e s  th e  te m p e ra tu re  p r o f i l e .  In  m ost problem s i n  

r a d i a t i v e  g asd y n am ics , th e  te m p e ra tu re  i s  n o t  known a  p r i o r i ,  b u t  i s  

p a r t  o f  th e  s o lu t io n .

As x^ ^ c o rre sp o n d s  to  th e  b ody , Eq. 3 .9  g iv e s  th e  i n t e n s i t y  

le a v in g  th e  body and p ro p a g a tin g  tow ard  th e  sh o ck . The above c h a ra c ­

t e r i z a t i o n  o f  th e  s u r f a c e  a t  x^ ^ i s  t y p i c a l  o f  an  a b l a t i v e  body and 

th e  a ssu m p tio n s  o f  an  opaque, d i f f u s e  s u r f a c e  w i l l  be  m a in ta in e d .
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We can  now c o n s id e r  th e  boundary  a t  = 0 ( s h o c k ) . L e t us 

assum e t h a t  th e  shock  i s  t r a n s p a r e n t  and t h a t  any incom ing r a d i a t i o n  

due to  th e  p r e c u r s iv e ly  h e a te d  a tm osphere  i s  n e g l i g i b l e  compared to  

r a d i a t i o n  from  th e  h o t  g a s  cap b e h in d  th e  s t r o n g  sh o c k . The r a d i a t i o n  

i n t e n s i t y  p a s s in g  th ro u g h  th e  shock  and th u s  a v a i l a b l e  f o r  p r e c u r s iv e  

h e a t in g  i s  g iv e n  by  e v a lu a t in g  Eq. 3 .7  a t  «  0 . '  The r e s u l t  i s

J m fx _  ^ /y  -T ^ /y

e  B dx* . 3 .1 0
0+ m V

B ecause th e r e  i s  no r e f l e c t i o n  a t  th e  sh o ck  ( i . e . , t r a n s p a r e n t  shock  

a s s u m p tio n ) , and b e ca u se  we do n o t  h av e  a  s o l i d  s u r f a c e  t o  e m i t , th e  

boundary  c o n d i t io n s  a t  x^ = 0 i s

= i t * )  = « •

We can  now in c o r p o r a te  th e  s p e c i f i c  boundary  c o n d it io n s  i n t o  

E qs. 3 .6  and 3 .7  to  g e t

)o
e  B dx» 3 .1 1V V

and

-T .. . / y  f x  . .  x.'./y

T ../M  - t ; / m

1 T ' " 'i
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In  g e n e r a l  th e  n e t  m onochrom atic r a d i a t i v e  h e a t  f lu x  a t  any o p t i c a l  

d e p th  can  b e  e x p re sse d  a s

i ;  -  ■ ;* 2ti \  -  I^ Jp d p  . 3 .1 3

I f  we now s u b s t i t u t e  E q s . 3 .1 1  and 3 .1 2  I n to  Eq. 3 .1 3  and I n t e g r a t e  

o v e r  th e  r e s u l t i n g  r a d i a t i v e  f lu x  I s

J T v .A

3 .1 4

w here we h av e  In tro d u c e d  th e  e x p o n e n t ia l  I n t e g r a l  d e f in e d  by

3„(x) - j y -2 ^ -x /P d y  . 3 .1 5

F or f u tu r e  u s e ,  l e t  us c o n s id e r  th e  n e t  r a d i a t i v e  h e a t  f lu x  

I n c id e n t  on th e  body s u r f a c e  ( r^  = ^ ) .  T h is  f lu x  i s  d e te rm in ed  by

sim p ly  e v a lu a t in g  Eq. 3 .1 4  a t  ^ w hich  y i e l d s

- f . - '

In  a d d i t io n  to  th e  r a d i a t i v e  f l u x ,  th e  body s u r f a c e  r e c e iv e s  a d d i t i o n a l  

h e a t  from  co n d u c tio n  due to  th e  g a s  te m p e ra tu re  p r o f i l e  a d ja c e n t  t o  th e  

w a l l ,  homogeneous c a n b u s tlo n  o f  a b l a t i v e  g a se s  and f r e e  s tre a m  oxygen .
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and h e tro g e n e o u s  com bustion  o f  th e  a b l a t i v e  s u r f a c e  and f r e e  s tre a m  

oxygen. The e x te n t  o f  com bustion  h e a t in g  i s  d ep enden t on th e  a b l a t i v e  

m a t e r i a l .  A d e t a i l e d  d is c u s s io n  o f  com bustion  h e a t in g  f o r  a  t y p i c a l  

c h a r r in g  a b l a t o r  (n y lo n  p h e n o lic )  can  b e  found  i n  W ak e fie ld  and 

L u n d e ll (1 9 6 9 ). The l a s t  te rm  in  Eq. 3 .1 6  a c tu a l ly  r e p r e s e n t s  c o o lin g  

o f  th e  s u r f a c e  due to  r e r a d i a t i o n .  I n  th e  g e n e r a l  c a s e  t h e r e  a r e  

o th e r  c o o lin g  m echanism s su ch  as  t h e  s u b l im a tio n  o r  d e co m p o s itio n  

e n e rg y , aerodynam ic  b lo c k a g e  due to  th e  r e l a t i v e l y  c o o l  a b l a t i o n  

p ro d u c ts  c a r r y in g  e n e rg y  by  c o n v e c tio n  away from  th e  w a l l ,  and conduc­

t i o n  o f  en erg y  i n t o  th e  v i r g i n  s t r u c t u r e  o f  a b l a t i v e  m a t e r i a l .

F o r th e  c a s e  o f  a  m e ltin g  a b l a t o r  i t  w ould b e  n e c e s s a ry  to  

c o n s id e r  th e  b re a k in g  o f f  and e v a p o ra t io n  o f  l i q u i d  d r o p l e t s .  I f  we 

r e s t r i c t  o u r a n a ly s i s  to  s u b lim a tin g  a b l a t o r s ,  how ever, th e  above 

l i s t e d  s o u rc e s  and s in k s  o f  en erg y  s h o u ld  b e  co m p le te . L e t u s  a l s o  

r e s t r i c t  o u r s e lv e s ,  a s  we d id  in  th e  momentum e q u a tio n  c o n s id e r a t io n s  

(C h a p te r  I I )  t o  th e  c a s e  o f  m ass iv e  b lo w in g . B ecause th e  boundary  

l a y e r  i s  blow n away from  th e  w a ll  and  th e  i n t e r f a c e  b e tw een  th e  

a b l a t i v e  p ro d u c ts  and  th e  shocked f r e e  s tre a m  a i r  i s  c o n s id e re d  to  b e  

a  c o n ta c t  s u r f a c e  w i th  no  d i f f u s i o n ,  th e r e  w i l l  be  no f r e e  s tre a m  

oxygen a v a i l a b le  f o r  com bustion  h e a t i n g .  The re m a in in g  s o u rc e  o f  h e a t  

from  th e  g as  i n  a d d i t io n  to  r a d i a t i o n  i s  c o n d u c tio n  w hich  i s  g iv e n  by
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The aerodynam ic  b lo c k ag e  can  b e  e x p re s s e d  a s

%  w\"w 2 /  3 .1 8

w hich i s  th e  e n e rg y  c o n v ec ted  away from  th e  w a l l  by th e  a b l a t i v e  

p ro d u c ts .  The s u r f a c e  h e a t  b a la n c e  f o r  a  s u b lim a tin g  a b l a t o r  i n  a  

m ass iv e  b lo w in g  en v iro n m en t can b e  w r i t t e n  a s

^co n d u c ted  ^  ^ a b so rb ed  ** *^cond
in t o  s o l i d  . i n  s u b lim a tio n 3 .19

w here

)d v  -  3 .2 0

and i s  th e  en e rg y  r e r a d i a t e d  from  th e  s u r f a c e .

L e t u s  now d e f in e  an e f f e c t i v e  h e a t  o f  a b la t io n  w hich  g r o s s ly  

c h a r a c te r i z e s  th e  s o l i d  c o n d u c tio n  and s u r f a c e  s u b l im a tio n .  T h is  

e f f e c t i v e  h e a t  o f  a b la t io n  w i l l  b e  a  c h a r a c t e r i s t i c  o f  th e  m a te r i a l  

b u t  c o u ld  b e  a  f u n c t io n  o f  th e  s u r f a c e  te m p e ra tu re  and p r e s s u r e  

(M a r tin , 1 9 6 6 ). I t  i s  d e f in e d  by

« e £ f « w V  * p T - '  -  •w w

The p u rp o se  o f  d e f in in g  an  e f f e c t i v e  h e a t  o f  a b la t io n  i s  to  b e  a b le  to  

d e te rm in e  th e  m ass f lu x  o f  a b l a t i v e  p ro d u c ts  once th e  h e a t  f lu x  to  th e
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w a ll  h a s  b een  com puted. S in ce  i s  an e x p l i c i t  f u n c t io n  o f  th e  mass 

f l u x ,  i t  w ould  be  c o n v e n ie n t to  remove t h i s  dependence. T h is  can be 

done by  r e p la c in g  in  Eq. 3 .2 1  by th e  e x p re s s io n  g iv e n  i n  Eq. 3 .1 8  

y ie ld in g

3 .2 2

For a  n o m in a l s u r f a c e  te m p e ra tu re  o f  5000**R and an a b la t io n  p ro d u c ts  

s p e c i f i c  h e a t  a t  c o n s ta n t  p r e s s u r e  o f  .2 4  B tu /lbm  -  ®R, h ^  i s  

a p p ro x im a te ly  1200 B tu /lb m . I f  w ere to  be  as  h ig h  a s  775 f e e t  p e r  

sec o n d , w hich  i s  e x tre m e ly  l a r g e ,  th e  r a t i o  o f  w a ll  e n th a lp y  to
4

k i n e t i c  e n e rg y  w ould b e  o f  th e  o rd e r  o f  10 . T h is  c l e a r l y  shows t h a t  
2

h  »  V /2  f o r  th e  c o n d i t io n s  o f  c u r r e n t  i n t e r e s t  and Eq. 3 .2 2  when w w

re a r ra n g e d  becomes

w here w ith o u t  th e  a s t e r i s k  in c lu d e s  th e  w a l l  e n th a lp y .

C o n sid e r now th e  g e n e r a l iz e d  en erg y  e q u a tio n  a s  d ev e lo p ed  in  

Appendix A i n  th e  form

w here

dz
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and z i s  th e  c o o rd in a te  d i s ta n c e  m easured from  th e  sh o ck . N ote  t h a t  

q c o n ta in s  b o th  th e  r a d i a t i v e  and c o n d u c tiv e  h e a t  f lu x e s .  L e t  u s  

now r e tu r n  to  Eq. 3 .1 4  to  d e te rm in e  th e  needed d e r iv a t iv e  o f  th e  

r a d i a t i v e  f l u x .  I f  we r e c a l l  th e  d e f i n i t i o n  o f  o p t i c a l  d e p th  a s  

g iv e n  by  Eq. 3 .2 ,  we can s e e  t h a t

dz ■ “v  •

W ith t h i s  i n  m ind th e  n eed ed  d e r iv a t iv e  o f  Eq. 3 .1 4  i s

d T  -  -  “v J„
3 .2 5

Upon in c o r p o r a t in g  Eq. 3 .2 5  and th e  F o u r ie r  h e a t  c o n d u c tio n  law  in to  

Eq. 3 .2 4  th e  r e s u l t i n g  en erg y  e q u a tio n  i s

L e t u s  now g iv e  th e  s p e c t r a l  d ep enden t g a s  a b s o r p t io n  c o e f f i ­

c i e n t  by
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JS
= E ^ “ j ( P .T )  H (v -V j_ i)  H (V j-v )  3 .2 7

w here H(x) i s  th e  H e a v is id e  fu n c t io n  d e f in e d  i n  C h ap te r I I .  E q u a tio n  

3 .2 7  i s  th e  c l a s s i c a l  " s te p -m o d e l"  r e p r e s e n ta t i o n  o f  th e  a b s o r p t io n  

c o e f f i c i e n t .  W ith  t h i s  r e p r e s e n ta t io n  one c an  t r e a t  th e  a b s o r p t io n  

c h a r a c t e r i s t i c s  o f  a  g as  from  th e  s im p le  c a se  o f  a  g rey  m odel w ith  

one s te p  to  th e  e x a c t  a b s o r p t io n  sp ec tru m  w i th  i t s  i n f i n i t e  num ber o f  

s t e p s .  T h is  te c h n iq u e  h a s  b een  u sed  by many a u th o r s  to  a c c u r a te ly  

d e s c r ib e  th e  d e t a i l e d  s p e c t r a l  o u tp u t  o f  a  n u c le a r  d e to n a t io n .  T y p ic a l 

c a lc u la t io n s  h av e  b een  c lo s e ly  com pared w ith  e x p e r im e n ta l  d a ta  and i n  

g e n e r a l  p ro v e  t o  b e  w i th in  e x p e r im e n ta l  e r r o r  ( P r iv a te  Communication 

w ith  Maj W.A. W h ita k e r , C h ie f  S c i e n t i s t ,  A ir  F o rc e  Weapons L a b o ra to ry , 

K ir t l a n d  AFB, New M exico 8 7 1 1 7 ). I f  one i s  c a r e f u l  to  s e l e c t  a  s te p  

m odel w hich p r e s e rv e s  en erg y  th ro u g h  th e  band  a b s o r p t io n  and e q u iv a le n t  

w id th  c a l c u l a t i o n s ,  th e  freq u e n c y  i n t e g r a t e d  r a d i a t i v e  h e a t  f l u x  can 

b e  e x tre m e ly  a c c u r a te .  The p a r t i c u l a r  s te p  m odels  u sed  i n  t h i s  s tu d y  

a r e  d is c u s s e d  i n  A ppendix B.

W ith th e  s t e p  m odel o f  Eq. 3 .2 7 ,  th e  n e t  h e a t  f lu x  a t  any p o in t  

i n  th e  f i e l d  i s  g iv e n  by

 ̂ 3.28

- * 3
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w here

S ’ ’  V• ' V .  ,

I j  S % B. dv

" j - 1

The n e t  h e a t  f l u x  to  th e  w a l l  i s  g iv e n  by

q ( T  )  =  2lTE 
A .  j

^  r  3 4 /  dT
W g j g  -  ( "  di- 3 .2 9

w

w here

(  B dv
” Jo  ''

h a s  been  u se d . The e n e rg y  e q u a t io n ,  Eq. 3 .2 6 ,  becomes a f t e r  i n t e r ­

chang ing  th e  o r d e r  o f  i n t e g r a t i o n

p V  4 ^  +  2 ITdz j

N ( f ^ j ,A
S ' j j  -  I  Y , ( h ^ - t j l ) d x - + 2 I j

[ V j < V

+ '( '-V  i/'\ '2 (^ j.A -9 " i]}  - i  f )  " “ •

In  p e rfo rm in g  th e  freq u en cy  i n t e g r a t i o n  to  o b ta in  E qs. 3 .2 8 ,  

3 .2 9 ,  and 3 .3 0 ,  we assum ed t h a t  th e  s te p  c u t - o f f  f r e q u e n c ie s  w ere 

c o n s ta n ts  and w ere  th e  same f o r  b o th  th e  sh o ck  and a b la t io n  l a y e r s .  

T em peratu re  and p r e s s u r e  d ep enden t c u t - o f f  f r e q u e n c ie s  m igh t be  m ore 

a p p r o p r ia te ,  b u t  w ould g r e a t ly  c o m p lic a te  th e  a n a ly s i s .  The g r e a t e r
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c o m p lic a tio n  i s n ' t  r e a l l y  w a rra n te d  a s  none o f  th e  a c c e p te d  s t e p  m odels 

d is c u s s e d  i n  A ppendix B in c o rp o ra te  t h i s  s o p h i s t i c a t i o n .  T h ere  i s  no  

lo s s  i n  g e n e r a l i t y  i n  th e  a b s o r p t io n  c o e f f i c i e n t  m odel by u s in g  th e  

same c u t - o f f  f r e q u e n c ie s  f o r  b o th  th e  shock  and a b la t io n  l a y e r s .  T h is  

i s  d em o n stra ted  i n  A ppendix B.

The f i n a l  s t e p  i n  th e  e n e rg y  e q u a tio n  c o n s id e r a t io n s  i s  to  

in tro d u c e  th e  fo llo w in g  s e t  o f  n o n d im en s io n a l p a ra m e te rs  and re d u c e  

E qs. 3 .2 8 , 3 .2 9 ,  and 3 .3 0  to  n o n d im en s io n a l fo rm . The n o n d im en s io n a l 

r e l a t i o n s  a r e

z = AgZ, T (z ) = T g T (z ) , h ( z )  = h ^ h (z )

pv(z)  = pgVg p v ( z ) ,  U j(z ,T )  = Op gO j(z ,T )

= " B a ' j ( ' )  '  " e f f  =

I j(T )  = ( o T g /n ) i j ( T ) ,  k (T ) = k Jk (T )

hg = h (T g ) ,  k ^  = k ( T ^ ) , q (z )  = ZNg^oT^qCz)

**Pe = \ P s V s  V s

" bu “  “p .s '^ s  = ■'"bo

"CR ‘  = "B o^Pe •

3 .3 1
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In  g e n e r a l  t ï ie  sh o ck  c o n d it io n s  w ere  chosen  a s  th e  b a s i s  f o r  n o rm a liz a ­

t i o n .  T h is  was done b e ca u se  d u r in g  th e  p ro c e s s  o f  v a ry in g  th e  a b la ­

t i o n  la y e r  o p t i c a l  p r o p e r t i e s ,  c o n d i t io n s  such  a s  th e  a b la t io n  l a y e r  

s t a n d - o f f  d i s t a n c e ,  A^, and w a l l  m ass f l u x ,  w i l l  ch ange . The

sh o ck  c o n d it io n s  c o n v e rse ly  w i l l  rem a in  c o n s ta n t  b e c a u se  we h av e  f ix e d  

th e  f l i g h t  c o n d i t io n s  and b e ca u se  o f  th e  "u n co u p lin g "  o f  th e  momentum 

and en erg y  e q u a t io n s .  The p a ra m e te rs  Np^, T , and a r e

th e  P e c l e t ,  r a d i a t i o n  c o o l in g ,  B oltzm ann , B ouguer, and c o n d u c tio n -  

r a d i a t i o n  num bers, r e s p e c t i v e l y .  T hese p a ra m e te r s ,  e x c e p t f o r  th e  

l a s t  o n e , a r e  w id e ly  u sed  in  th e  s tu d y  o f  r a d i a t i v e  gasdynam ics and a r e  

d is c u s s e d  i n  d e t a i l  by  G oulard  (1964) and  F en n e r (1 9 6 4 ) . The 

c o n d u c t io n - r a d ia t io n  number i s  s im p ly  th e  r a t i o  o f  th e  B oltzm ann and 

P e 'c l e t  num bers and i s  a  m easure  o f  c o n d u c tio n  a t  th e  w a l l  f o r  a  c o ld  

w a l l  and a  l i n e a r  te m p e ra tu re  p r o f i l e  compared to  th e  r a d i a t i o n  a t  th e  

sh o ck . I t  i s  in c lu d e d  i n  t h i s  s tu d y  b e ca u se  o f  i t s  co n v en ien ce  when 

c o n d u c tio n  h e a t  t r a n s f e r  i s  c o n s id e re d .

I f  we now s u b s t i t u t e  th e  n o n d im en sio n a l r e l a t i o n s  i n t o  E qs. 

3 .2 8 ,  3 .2 9 , and 3 .3 0 ,  th e  r e s u l t i n g  n o n d im en s io n a l form s a r e

-  ^ 3 [^ B u (^ j ,A -^ j) ]  [ n^  3 .3 2
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w 

3 .3 3

and

pv #  +  FNg^ 
dz J?1 °J 1 ' *  " 1

■ ® 2 % u ^ ' ' j , i  ■ [ ^  ^ p v  3 3*

+ 3 ( l - e „ ) J o ^ ’" Y 2 t N 3 „ ( ; j  - - x p i d i - ] }

F o r f u tu r e  u se  i t  w i l l  be  c o n v e n ie n t to  d e f in e  th e  d iv e rg e n c e  o f  th e  

r a d i a t i v e  f lu x  as

j  r  JS  -  { f  j  *A- -  -  -

t  '  ”3“ 3o 'j®:'":" ' 'j  - 'j  ' B̂u J

- ® 2
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T h is  th e n  a llo w s th e  en e rg y  e q u a tio n  (Eq. 3 .3 4 )  to  b e  w r i t t e n  i n  th e  

c o n v e n ie n t form

dz \  d z /  dz dz
3 .3 6

In  th e  re m a in d e r o f  t h i s  p a p e r th e  t i l d e s  w i l l  be  d ropped  a s  

a l l  v a r i a b l e s , e x c e p t when c l e a r l y  s p e c i f i e d ,  w i l l  b e  n o n d im e n s io n a l.



CHAPTER IV

SOLUTION APPROACH

The n e c e s s a ry  e q u a tio n s  a r e  now e s t a b l i s h e d  and we can  p ro c e ed  

tow ard  th e  d e s i r e d  g o a l  o f  d e tezm in in g  th e  optimum o p t i c a l  p r o p e r t i e s  

o f  an a b l a t o r  m a t e r i a l .  B ecause th e  p ro b lem  i s  t o  o p tim iz e  a  f u n c t io n ,  

nam ely th e  a b s o r p t io n  c o e f f i c i e n t  o f  th e  a b la te d  g a s e s ,  th e  u se  o f  

v a r i a t i o n a l  m ethods m ig h t seem a p p r o p r ia te .  An a tte m p t a lo n g  th e s e  

l i n e s  w ould in v o lv e  m in im iz in g  th e  t o t a l  h e a t  f lu x  to  th e  w a l l  a s  

g iv e n  by  Eq. 3 .3 3  w i th  th e  c o n s t r a in t s  o f  th e  e n e rg y  e q u a tio n  (E q. 3 .3 6 )  

and th e  s u r f a c e  m ass-en e rg y  b a la n c e  (E q. 3 .2 3 ) .  An a n a l y t i c a l  fo rm u la ­

t io n  o f  th e  v a r i a t i o n a l  prob lem  was a t te m p te d ,  b u t  th e  r e s u l t i n g  E u le r -  

L agrange e q u a tio n s  (H ild e b ra n d , 1965, Sec 2 .7 )  w ere  i n t r a c t a b l e

T h is  r e s u l t  l e d  to  th e  i n v e s t i g a t i o n  o f  n u m e ric a l te c h n iq u e s  

f o r  s o lv in g  o p t im iz a t io n  p ro b lem s. The R a y le ig h -R itz  method 

(H ild e b ra n d , 1965, Sec 2 .1 9 )  was fo rm u la te d , b u t  i n  o rd e r  to  form  a  

w o rk ab le  system  o f  e q u a t io n s ,  th e  a ssu m p tio n s  w ere so  r e s t r i c t i v e  t h a t  

m ean in g fu l r e s u l t s  d id  n o t  seem p o s s ib l e .  The m ost p ro m isin g  and f l e x ­

i b l e  n u m e ric a l o p t im iz a t io n  te c h n iq u e  a p p ea re d  to  b e  some form  o f  th e  

m ethod o f  s t e e p e s t  a s c e n ts  (B ryson and Denham, 1 9 6 2 ). T h is  m ethod was 

programmed and u sed  to  s u c c e s s f u l ly  s o lv e  n u m e r ic a l ly  a  prob lem  posed

37
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by S c h e c h te r  (1967 , p 54) f o r  w hich an  a n a l y t i c a l  s o lu t io n  to  th e  E u le r -  

L agrange e q u a tio n s  was o b ta in e d . W ith t h i s  su c c e ss  on th e  exam ple 

p ro b lem , th e  g re y -g a s  en erg y  e q u a t io n , Eq. 3 .3 4  w ith  JS  e q u a l  1 , was 

c a s t  i n  B ry s o n 's  optimum c o n t r o l  form  and th e  n e c e s sa ry  a u x i l i a r y  and 

c o n s t r a i n t  e q u a tio n s  w ere  e s t a b l i s h e d .

The m ethod o f  s t e e p e s t  a s c e n ts  (S ee Bryson and Denham, 1962; 

B ryson e t  a l ,  1962; B ryson and Ho, 1969; and G era , 1970 f o r  d e t a i l s )  

in v o lv e s  s o lu t io n s  t o  tw o -p o in t boundary  v a lu e  problem s w i th  th e  

o p t im iz a t io n  o f  a  c o n t r o l  v a r ia b le  to  re n d e r  s t a t i o n a r y  a  s p e c i f i e d  

p a ra m e te r . I n  th e  c u r r e n t  r a d i a t i v e  gasdynam ics p ro b lem , th e  c o n t r o l  

v a r i a b l e  i s  th e  a b s o r p t io n  c o e f f i c i e n t  o f  th e  a b la te d  g a se s  and th e  

p a ra m e te r  to  be  made s t a t i o n a r y  i s  th e  a b l a t i o n  mass l o s s  r a t e .  The 

s o lu t io n  p ro c e d u re  i s  to  gu ess  a  c o n t r o l  v a r i a b l e  p r o f i l e  and in t e g r a t e  

th e  en e rg y  e q u a tio n  w i th  th e  known boundary  c o n d it io n  and an  assumed 

b oundary  c o n d i t io n .  I f  we in t e g r a t e  from  th e  shock  to  th e  b o d y , th e  

te m p e ra tu re  a t  th e  sh o ck  i s  th e  known boundary  c o n d i t io n .  S in ce  th e  

g re y -g a s  en erg y  e q u a t io n  in  optimimum c o n t r o l  form  i s  a  seco n d  o rd e r  

o rd in a ry  i n t e g r o - d i f f e r e n t i a l  e q u a t io n ,  o n ly  two boundary  c o n d it io n s  

a r e  r e q u i r e d .  However a s  th e  problem  i s  p o se d , th e  sh o ck  and w a l l  

te m p e ra tu re s  a re  th e  two known boundary  c o n d i t io n s ,  whence th e  tw o -p o in t 

b oundary  v a lu e  prob lem  i s  p roduced . The assum ed boundary  c o n d it io n  can 

be  ta k e n  a s  th e  s lo p e  o f  th e  te m p e ra tu re  p r o f i l e  a t  th e  sh o c k . In  

th e o ry ,  th e  en erg y  e q u a t io n  i s  now in t e g r a t e d  tw ice  to  y i e l d  a  c a lc u la ­

te d  w a l l  te m p e ra tu re . T h is  te m p e ra tu re  i s  th e n  compared to  th e  

s p e c i f i e d  w a l l  te m p e ra tu re ,  and th e  s lo p e  a t  th e  shock can  b e  a d ju s te d  

a p p r o p r ia t e ly .  The m ethod o f  s t e e p e s t  a s c e n ts  i s  th en  a p p l ie d  by
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exam in ing  th e  e f f e c t  o f  s m a ll  p e r tu r b a t io n s  i n  th e  c o n t r o l  v a r ia b le  

p r o f i l e  on th e  p a ra m e te r  to  b e  made s t a t i o n a r y  and th e  s p e c i f i e d  t e r ­

m in a l c o n d i t io n .  The r e s u l t  i s  a  new c o n t r o l  v a r i a b le  program  and a  

new i n i t i a l  c o n d i t io n  g u e s s .  The i t e r a t i o n  p ro c e ed s  u n t i l  we h av e  a  

s t a t i o n a r y  p a r ^ e t e r  and h av e  m atched th e  s p e c i f i e d  w a l l  te m p e ra tu re .

In  a p p ly in g  t h i s  te c h n iq u e  to  th e  m ass iv e  b low ing  p ro b lem , 

c o n s id e ra b le  d i f f i c u l t y  was e n co u n te red  owing to  th e  u n s ta b le  n a tu r e  o f  

th e  e n e rg y  e q u a tio n  w ith  r e s p e c t  to  t h i s  ty p e  o f  d i r e c t  i n t e g r a t i o n .

F o r exam ple , changes i n  th e  g u essed  te m p e ra tu re  s lo p e  a t  th e  shock  o f 

th e  o rd e r  o f  10 ^ y ie ld e d  s o lu t io n s  t h a t  te n d ed  from  p lu s  i n f i n i t y  

t o  m inus i n f i n i t y .  B ecause o f  t h i s  i n s t a b i l i t y  and th e  r e s u l t i n g  la c k  

o f  c o n t r o l  o v e r th e  te m p e ra tu re  a t  th e  te r m in a l  end o f  t h e  i n t e g r a t i o n ,  

i t  was co n c lu d ed  t h a t  th e  m ethod o f s t e e p e s t  a s c e n ts  was n o t  a p p ro p r i­

a t e  f o r  a  s o lu t io n  to  th e  c u r r e n t  p ro b lem .

A t t h i s  tim e  th e  s o lu t io n  app roach  u n d e rta k e n  was a  s t r a i g h t  

fo rw ard  te c h n iq u e  o f  o p t im iz a t io n  by  p a ra m e te r  v a r i a t i o n .  T h is  

in v o lv e s  a  fu l ly - c o u p le d  s o lu t io n  o f  th e  e q u a tio n s  w ith  a  s p e c i f i e d  

te m p e ra tu re  dep en d en t a b la te d -g a s  a b s o r p t io n  c o e f f i c i e n t .  The n e x t 

s t e p  i s  t o  enhance  th e  a b s o r p t io n  by some program ed f a c t o r  and o b ta in  

a n o th e r  s o l u t i o n .  T h is  c o rre sp o n d s  t o  s e e d in g  th e  a b l a t i v e  m a te r ia l  

w ith  a  s u b s ta n c e  t h a t  i s  h ig h ly  a b so rb in g  in  th e  shocked  g a s  s p e c t r a l  

b a n d s . I f  we c o n tin u e  to  enhance th e  a b s o r p t io n  c o e f f i c i e n t  and o b ta in  

s o l u t i o n s ,  in c lu d in g  th e  w a l l  mass f l u x ,  f o r  each  d e g re e  o f  enhancem ent; 

and i f  a  minimum i n  th e  m ass f lu x  v e rs u s  enhancem ent o c c u r s , we have  

found th e  optimum d eg ree  o f  enhancem ent and th u s  th e  optimum c h a r a c te r ­

i s t i c s  f o r  th e  a b s o rp t io n  c o e f f i c i e n t  o f  th e  a b l a t o r .
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B ecause o f  th e  s t a b i l i t y  problem s a s s o c ia te d  w ith  d i r e c t  

i n t e g r a t i o n  o f  th e  en erg y  e q u a t io n ,  i t  was d e c id e d  t h a t  an  i t e r a t i v e  

scheme b e g in n in g  w ith  a  s p e c i f i e d  te m p e ra tu re  p r o f i l e  w ould b e  m ost 

a p p r o p r ia te .  C a l l i s  (1968) ad o p ted  a  tim e  a sy m p to tic  te c h n iq u e ,

"------------- b e ca u se  i t  seemed t o  o f f e r  a  d i r e c t  s o lu t io n  t o  th e  p roblem

a t  band  ( r a d ia t io n - c o u p le d  s t a g n a t i o n - l i n e  s o lu t io n s  f o r  b y p e r v e lo c i ty  

b lu n t  b o d ie s )  w ith  a  minimum number o f  r e s t r i c t i v e  a ssu m p tio n s  and 

c o m p u ta tio n a l d i f f i c u l t i e s . "  He was a b le  to  co n c lu d e  t h a t  o v e r a  w ide  

ra n g e  o f  c o n d i t io n s  th e  tim e  a sy m p to tic  te c h n iq u e  can  b e  s u c c e s s f u l ly  

and e f f i c i e n t l y  a p p l ie d  t o  th e  a n a ly s is  o f  r a d ia t io n - c o u p le d  flow  

f i e l d s  in c lu d in g  e f f e c t s  o f  nongrey  e m iss io n  and a b s o r p t io n .  C a l l is *  

a ssu m p tio n s  w ere s im i l a r  to  th o s e  im posed in  th e  c u r r e n t  s tu d y  b u t  h e  

added th e  a d d i t i o n a l  r e s t r i c t i o n s  o f  a  n o n co n d u ctin g  f l u i d  and a  c o ld  

and n o n a b la t in g  w a l l .  M o re t t i  and A lb b e tt  (1966) have  d em o n stra ted  

t h a t  n o n r a d ia t in g  flow  f i e l d  c a lc u la t io n s  can  be  c a r r i e d  on i n  th e  

e n t i r e  flow  f i e l d  o f  a  b lu n t  body u s in g  tim e  a sy m p to tic  te c h n iq u e s  w ith  

few o f  th e  u s u a l  prob lem s o f  co n v erg en ce , s t a b i l i t y ,  o r  s e n s i t i v i t y  to  

th e  i n i t i a l  g u e s s e s .  O th e r a u th o rs  su ch  a s  C hin (1968) and Page e t  a l .  

(1968) h av e  chosen  to  p e rfo rm  i t e r a t i v e  c a lc u la t io n s  by assum ing a  

te m p e ra tu re  p r o f i l e ,  com puting th e  d iv e rg e n c e  o f  th e  r a d i a t i v e  f lu x  and 

th e n  a f t e r  d iv id in g  th e  s p a c e - d i s c r e te  r a d i a t i v e  f lu x  by th e  momentum 

f l u x ,  i n t e g r a t i n g  f o r  a  new te m p e ra tu re  p r o f i l e .  As can  b e  seen  from  

th e  en erg y  e q u a tio n  i n  th e  form

„ „  dh ^
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w hich was u sed  by b o th  C hin and P a g e , th e  te m p e ra tu re  p r o f i l e  becomes 

i n f i n i t e  when th e  mass f lu x  goes to  z e ro  i f  one  does n o t  a t  t h a t  p o in t  

e x a c t ly  s a t i s f y  th e  c o n d i t io n  o f  r a d i a t i v e  e q u i l ib r iu m . The l a t t e r  i s  

e s p e c ia l l y  d i f f i c u l t  t o  in s u r e  a s  th e  r a d i a t i v e  f lu x  d iv e rg e n c e  depends 

upon th e  e n t i r e  shock l a y e r  te m p e ra tu re  p r o f i l e  th ro u g h  th e  a b s o r p t io n  

i n t e g r a l .  Page av o id ed  t h i s  p rob lem  by c o n s id e r in g  o n ly  99% o f  th e  

shock l a y e r .  A lso , a b l a t i o n  was n o t  c o n s id e re d . Chin does n o t  d is c u s s  

th e  p ro b lem , b u t  does p o in t  o u t t h a t  in  th e  a i r  l a y e r ,  i n t e g r a t i o n  i s  

p erfo rm ed  from  th e  sh o ck  to  th e  i n t e r f a c e ,  w h i le  in  th e  a b la t io n  l a y e r  

th e  i n t e g r a t i o n  goes from  th e  w a ll  t o  th e  i n t e r f a c e .  S in ce  C hin con­

s id e r s  b lo w in g , th e  m ass f lu x  i s  n o n zero  a t  t h e  w a l l  b u t  goes to  z e ro  

a t  th e  i n t e r f a c e  and t h i s  i s  w here one m ust u s e  some s p e c ia l  te c h n iq u e .

T h is  c o m p u ta tio n a l d i f f i c u l t y  i s  c o m p le te ly  e l im in a te d  when 

one in c lu d e s  th e  m echanism  o f  th e rm a l c o n d u c tio n  a s  i s  done i n  th e  

c u r r e n t  a n a l y s i s .  The in c lu s io n  o f  th e rm a l ccm duction  was p re v io u s ly  

p roven  s u c c e s s f u l  by H o sh iz a k i and W ilson (1965) and Nerem (1 9 6 6 ) .

In  a d d i t io n  to  th e rm a l c o n d u c tio n , b o th  o f t h e s e  a n a ly se s  in c lu d e d  

v is c o u s  e f f e c t s  from  th e  shock  to  th e  body w h ich  e l im in a te s  th e  

m atch ing  o f  an  in v i s c id  sh o ck  l a y e r  w ith  a  v is c o u s  boundary  l a y e r .

The f u l l y  v is c o u s  t r e a tm e n t  o r  a  b o u n d a ry - la y e r  a n a ly s is  i s  e x tre m e ly  

im p o r ta n t i n  d e te rm in in g  th e  c o n v e c tiv e  h e a t  f l u x  to  th e  body f o r  a  

n o n a b la t in g  body , b u t  i n  th e  m ass iv e  b low ing  prob lem  th e  la r g e  th e rm a l 

and v e l o c i t y  g r a d ie n ts  a r e  f a r  enough removed from  th e  w a ll  t h a t  r a d i a ­

t i o n ,  w hich  i s n ' t  s t r o n g ly  e f f e c t e d  by th e se  g r a d i e n t s ,  i s  u s u a l ly  

th e  dom inan t mode o f  h e a t  t r a n s f e r .  As p o in te d  o u t by A nderson (1 9 6 8 ) , 

th e  i n c o r r e c t  t re a tm e n t o f  th e  re g io n  where t h e  mass f lu x  goes to  z e ro
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d o es n o t  g r e a t l y  in f lu e n c e  th e  r a d i a t i v e  h e a t  t r a n s f e r ,  b u t  i t  does 

p re c lu d e  th e  c a l c u l a t i o n  o f  c o n v e c tiv e  h e a t  t r a n s f e r  by u s u a l  boundary  

l a y e r  te c h n iq u e s .

W ith  th e s e  c o n s id e r a t io n s  i n  m ind , we can  now p ro ceed  t o  th e  

n u m e r ic a l  te c h n iq u e s  u se d  i n  th e  c u r r e n t  a n a l y s i s .  The e n e rg y  e q u a tio n  

(E q. 3 .3 6 )  can  b e  e x p re s s e d  a s

I t  = I l  (* ' I D ' I l  "

w here  i s  g iv e n  by  Eq. 3 .3 5  and  th e  t i l d e s  h av e  been  d ropped  a s  

e v e ry th in g  i s  n o n d im e n s io n a l. I n  Eq. 4 .1  we h a v e  re p la c e d  th e  z e ro  o f  

Eq. 3 .3 6  w ith  th e  te m p e ra tu re  d e r iv a t iv e  w i th  r e s p e c t  to  t  th u s  

y ie ld in g  a  p a r t i a l  d i f f e r e n t i a l  e q u a t io n .  The sym bol " t "  w i l l  b e  

r e f e r r e d  t o  a s  t im e , b u t  i s  c l e a r l y  see n  t o  b e  some a r t i f i c i a l  in d e p en ­

d e n t  v a r i a b l e .  T h is  form  o f  th e  en erg y  e q u a t io n  was chosen  f o r  th e  

i t e r a t i v e  s o lu t io n  b e c a u se  i t  c a s t s  th e  e q u a t io n  a s  th e  c l a s s i c a l  

t im e -d e p e n d e n t o n e -d im e n s io n a l d i f f u s io n  o r  h e a t  e q u a tio n  w ith  convec­

t i o n  and a  so u rc e  te rm . The ad v an tag e  o f  t h i s  c a s t  i s  th e  e x te n s iv e  

t r e a tm e n t  in  th e  l i t e r a t u r e  (See f o r  exam ple R lch tm yer and M orton , 1967; 

C arn ah an , e t  a l ,  1969; and th e  s e r i e s  M ethods i n  C om putational P h y s ic s ,  

Academic P r e s s )  o f t h i s  e q u a tio n  w ith  th e  p o s s ib l e  co nvergence  d i f f i c u l ­

t i e s  and s u g g e s te d  m eans o f  s t a b i l i z a t i o n .  F o r  exam ple c o n s id e r  th e  

f i r s t  te rm  on th e  r i g h t  hand s id e  o f Eq. 4 .1 .  I f  we expand t h i s  te rm  

a n a l y t i c a l l y  we g e t
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T h is  y ie ld s  a  n o n l in e a r  te rm  i n  l g - - j  id iic h  can  cau se  s t a b i l i t y  

p rob lem s i n  d i f f e r e n c e  form . An a l t e r n a t i v e  p ro c e d u re  co u ld  b e  t o  

a p p ly  th e  tr a n s fo rm a tio n

/
y  = I 1 /k  dz

i n  te rm s o f  w hich

(R ic h tn ^ e r  and M o rto n , 1967, p 1 9 4 ). The d i f f i c u l t y  w ith  t h i s  new 

c o o rd in a te  sy s tem  i s  t h a t  a  f ix e d  s te p  s i z e  i n  z y i e ld s  a  sm a ll s t e p  

s i z e  i n  y  w here k  i s  l a r g e .  S in ce  k  i n  g e n e r a l  in c r e a s e s  w ith  th e  

te m p e ra tu re , t h i s  t r a n s fo rm a tio n  would y i e l d  v e ry  f i n e  zon ing  n e a r  th e  

sh o ck  and c o a r s e  zo n in g  around  th e  i n t e r f a c e  and tow ard  th e  w a l l .

N ear th e  sh o c k , th e  te m p e ra tu re  s lo p e  i s  n e a r  z e ro  and a  c o a rse  mesh 

i s  a c c e p ta b le ,  w h ile  n e a r  th e  in t e r f a c e  th e  te m p e ra tu re  s lo p e  i s  

l a r g e  and r e q u i r e s  a  f in e  m esh. A f ix e d  s t e p  s i z e  i n  y  would r e s u l t  in  

c o r r e c t  zon ing  i n  z ,  b u t  i t  was d e te rm in ed  t h a t  f o r  th e  c u r r e n t  p rob lem  

th e  added co m p le x ity  due p r im a r i ly  to  th e  f lu x  d iv e rg e n c e  term  i n  

Eq. 4 .1  d id  n o t  w a r ra n t  th e  t r a n s fo rm a tio n .  A t h i r d  a l t e r n a t i v e  w hich  

i s  su g g e s te d  by R ich tm yer and H orton  (1 9 6 7 , p 198) i s
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.  /  . T \  +  ( l - 8 ) [ 6 ( k 6 T ) f
 :

(A z)^

w here 0 I s  a  p o s i t i v e  c o n s ta n t ;  0 = 0  g iv e s  a  f o u r - p o in t  e x p l i c i t  scheme 

and a l l  o th e r  v a lu e s  o f  0 g iv e  I m p l i c i t  schem es. The sym bol 5 s ta n d s  

f o r  th e  c e n te re d  s p a c e  d i f f e r e n c e  a s  d e f in e d  by

and

6Fj, = F[(l-M s)Az] -  F [ ( l-^ )A z J

6^F^ = F [ ( l+ l)A z ]  -  2F(lA z) +  F f ( l - l ) A z ]

w hich  I n  s u b s c r ip t  d i f f e r e n c e  n o ta t i o n  becomes

and

= ^ + 1  -  +  h - i

I n  th e  e x p an s io n  o f  Eq. 4 .2 ,  th e  th e rm a l c o n d u c t iv i ty  m ust b e  e v a lu a te d  

a t  H mesh p o i n t s .  The c u r r e n t  a n a ly s i s  d e f in e s  q u a n t i t i e s  a t  w hole 

mesh p o in ts  and th u s
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\  ^ i+ 1
144 ”  2

and

m u st b e  d e f in e d . I f  we b a se  o u r  s t a b i l i t y  c r i t e r i o n  on t h i s  conduc­

t i o n  te rm  a lo n e , i . e .  assume o u r  e n e rg y  e q u a tio n  i s

at

one w ould e x p e c t ,  a s  an e x te n s io n  o f  th e  c a se  w here k  i s  c o n s ta n t  

(R ich tm yer and M orton , 1967, p 2 0 5 ) ,  s t a b i l i t y  i f

ià z )

and no  r e s t r i c t i o n  f o r  îj ^  0 ^  1 . One m igh t c o n s id e r  o n ly  I m p l ic i t  

schem es (8fO ) b e ca u se  o f  no r e s t r i c t i o n  on s t a b i l i t y ,  b u t  a f t e r  

e x a m in a tio n  o f  R ich tm yer arid N o rto n  (1967 , p l8 9 .  T ab le  8 .1 )  i t  i s  

c l e a r  t h a t  f o r  even  th e  s im p le s t  c a s e  o f  c o n s ta n t  th e rm a l c o n d u c t iv i ty  

o th e r  f a c t o r s  su ch  a s  t r u n c a t io n  e r r o r ,  co m p lex ity  o f  th e  d i f f e r e n c e  

schem e, and co m p u ta tio n  tim e m ust b e  c o n s id e re d . F o r exam ple i f  one 

i s  a b le  to  in c r e a s e  th e  tim e s t e p  by  an o rd e r  o f  m ag n itu d e  by going 

to  an  i m p l i c i t  schem e, t o t a l  co m p u ta tio n  tim e to  a r r i v e  a t  a  f i n a l  

p rob lem  tim e  c o u ld  b e  l a r g e r  f o r  a  p a r t i c u l a r  sy stem  o f  e q u a t io n s .
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T h is  i s  b e ca u se  th e  im p l i c i t  scheme r e q u i r e s  th e  s o lu t io n  o f  a  th r e e  

by th e  number o f  sp a c e  mesh p o in t s  m a tr ix  a t  e ac h  tim e  s t e p .

B efo re  le a v in g  th e  c o n d u c tio n  te rm  i t  i s  a p p r o p r ia te  to  q u o te  

R ich tm yer and M orton (1967 ,p  2 0 5 ) , "N ote t h a t  f o r  n o n l in e a r  p rob lem s 

s t a b i l i t y  depends n o t  o n ly  on th e  s t r u c t u r e  o f  th e  f i n i t e - d i f f e r e n c e  

system  b u t  a l s o  g e n e r a l ly  on th e  s o lu t io n  b e in g  o b ta in e d ;  and f o r  

a  g iv e n  s o l u t i o n ,  th e  sy stem  may b e  s t a b l e  f o r  some v a lu e s  o f  t  and 

n o t f o r  o t h e r s . "  R ich tm yer and M o rto n 's  s ta te m e n t  was b ased  on Eq. 4 .3  

and d e s i r in g  a  s o lu t io n  in  o n ly  a  l im i t e d  ra n g e  o f  t .  I n  th e  c u r r e n t  

a n a ly s i s ,  we a re  o b ta in in g  a  s o lu t io n  to  Eq. 4 .1  w h ic h , i n  a d d i t io n  

to  th e  c o n d u c tio n  te rm , c o n ta in s  a  n o n l in e a r  lo w e r -o rd e r  c o n v e c tiv e  

term  and a  r a d i a t i o n  te rm  t h a t  m ust b e  t r e a t e d  e x p l i c i t l y  in  a l l  c a s e s .  

We a r e  a l s o  c o n s id e r in g  a l l  v a lu e s  o f  t  s in c e  we a r e  s e e k in g  th e  tim e  

a sy m p to tic  s o lu t io n .

C o n sid e r now th e  second  te rm  on th e  r i g h t  han d  s id e  o f  Eq. 4 .1 .  

The s im p le s t  d i f f e r e n c e  scheme i s

pv

b u t t h i s  scheme i s  w e l l  known to  be u n s ta b le  and to  f i r s t  o rd e r  i s  i n  

f a c t  an ap p ro x im a tio n  to

/  3 h \ 3T 1 /  3^T• 31̂  ̂  ■ 2 (i"' 3ij rrdz

whose s o lu t io n  grows e x p o n e n t ia l ly  w ith  tim e  (R o b e rts  and W eiss , 1966),
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O th e r s im p le  d i f f e r e n c e  schem es t h a t  a r e  s t a b l e  can  b e  o b ta in e d  i f  one 

i s  o n ly  i n t e r e s t e d  i n  th e  c o n v e c tiv e  te rm  o f  Eq. 4 . 1 ,  i . e .  th e  

a p p ro x im a tio n

A schem e s u g g e s te d  b y  B yers and K i l le n  (1970) i s

4 .5

The s t a b i l i t y  c r i t e r i o n  i s

1 ^ 1  < 1

f o r  a l l  v a lu e s  o f  p v . The d i f f i c u l t y  w ith  Eq. 4 .5  i s  th e  in c o m p a ti­

b i l i t y  w ith  th e  o th e r  te rm s o f  Eq. 4 .1  b u t  f o r  th e  s o lu t io n  to  Eq. 4 .4  

i t  i s  a c c e p ta b le .  A n o th e r s t a b l e  scheme (B yers  and  K i l le n ,  1970) i s  th e  

"upstream -dow nstream " d i f f e r e n c e  e q u a tio n  w hich  i s

...i i ÂZ

w ith  th e  same s t a b i l i t y  c r i t e r i o n  a s  Eq. 4 .5 .  F o r th e  c u r r e n t  p ro b lem , 

b o th  th e  u p stream  and dow nstream  d i f f e r e n c e s  w i l l  b e  needed b e c a u se  pv 

changes s ig n  a t  th e  i n t e r f a c e  betw een  th e  sh o ck  l a y e r  and a b l a t i v e
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l a y e r .  O ther schem es su ch  a s  th e  " le a p f r o g ” d i f f e r e n c e  e q u a tio n  w hich  

i s  h ig h e r  o rd e r  a c c u r a te  b u t  a  th r e e  tim e  l e v e l  e q u a tio n  and T a y lo r  

S e r ie s  e x p an s io n  i n  tim e  w hich become e x tre m e ly  c o m p lic a te d  b e c a u se  o f  

th e  v a r i a b l e  c o e f f i c i e n t  a r e  a v a i l a b le  b u t  n o t  c l e a r l y  n e c e s s a ry  f o r  

t h i s  c u r r e n t  p ro b lem .

I t  sh o u ld  b e  p o in te d  o u t t h a t  th e  above d is c u s s io n  o f  s t a b i l i t y  

f o r  th e  v a r io u s  d i f f e r e n c e  te c h n iq u e s  i s  b a se d  on s im p le  e q u a tio n s  l i k e  

E qs. 4 .3  and 4 .4  and even  though th e  s t a b i l i t y  c r i t e r i o n  i s  m et f o r  th e  

c o n v e c tiv e  term  and th e  c o n d u c tiv e  te rm  in d i v i d u a l l y ,  th e  combined 

d i f f e r e n c e  e q u a tio n  c o u ld  b e  u n s ta b le .  C o n v erse ly  an  " u n s ta b le "  

scheme l i k e  th e  s im p le  c e n te re d  d i f f e r e n c e  c o u ld  b e  s t a b l e  when in  

c o m b in a tio n  w ith  o th e r  te rm s . In  th e  c u r r e n t  a n a l y s i s ,  th e  u p s tre a m - 

dow nstream  d i f f e r e n c e  e q u a tio n  (Eq. 4 .6 )  was u sed  f o r  th e  c o n v e c tiv e  

te rm  when Eq. 4 .2  was u sed  i n  th e  e x p l i c i t  mode (6 = 0 ) a n d , th e  s im p le  

c e n te re d  d i f f e r e n c e  was u sed  f o r  th e  i m p l i c i t  mode ( th e  o n ly  i m p l i c i t  

mode e x e r c is e d  was 8 = 1  w hich i s  a  f u l l  i m p l i c i t  f o u r - p o in t  scheme 

w ith  backw ard tim e  d i f f e r e n c i n g ) .

The l a s t  te rm  i n  Eq. 4 .1  i s  i n t e g r a l  and n o n l in e a r  a s  can  be  

s e e n  from  Eq. 3 .3 5  and can  n o t  be  t r e a t e d  i m p l i c i t l y  w ith o u t c o n s id e r a b le  

s i m p l i f i c a t i o n .  I f  one w ere to  assume an  e m iss io n  dom inated  g a s  w ith  

c o ld  n o n r e f le c t in g  b o u n d a r ie s ,  th e n  th e  n o n l in e a r i t y  o f  t h i s  r a d i a t i o n
4

te rm  w ould be r e v e a le d  a s  OpT w hich c o u ld  be  l i n e a r i z e d  by

(R ich tm yer and M o rto n , 1 9 6 7 ). N ote t h a t  th e  l i n e a r i z a t i o n  i n  T ^ ^
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a llo w s  an  i m p l i c i t  s o lu t io n  schem e. B ecause th e s e  a ssu m p tio n s  a r e  to o  

r e s t r i c t i v e  f o r  th e  c u r r e n t  p ro b lem , th e  r a d i a t i o n  te rm  was t r e a t e d  

in c lu d in g  a l l  th e  p h y s ic s  o f f e r e d  by Eq. 3 .3 5 . T h is  r e q u i r e s  e x p l i c i t  

t r e a tm e n t  o f  th e  r a d i a t i o n  term  and when t h i s  te rm  becom es dom inant 

th e r e  a r e  s e v e re  r e s t r i c t i o n s  on th e  tim e  s t e p .

We can  now e x p re s s  th e  s e l e c t e d  e x p l i c i t  d i f f e r e n c e  scheme f o r  

Eq. 4 .1  a s

n + l  _ ^

-  « - 1  + " 3  -  < - i ) ]  - (H )” ^  -  ’? - i )

+  H [ - < p v ) j ] ( T ; ^ ^ - T “ ) j - r ( | | ) " 4 .7

w here H(x) i s  th e  H e a v is id e  fu n c t io n  d e f in e d  i n  C h ap te r I I  and

i s  d is c u s s e d  in  A ppendix C. The s t a b i l i t y  c r i t e r i o n  b a se d  on th e

-3c o n d u c tio n  te rm  y i e ld s  a  tim e s te p  o f  a p p ro x im a te ly  10 w h ile  th e
-3

c o n v e c tiv e  term  y i e ld s  a p p ro x im a te ly  5x10 . W ith t h i s  i n  mind th e

e x p l i c i t  code was s e t  up to  compute a  tim e  s te p  b a se d  on th e  c o n d u c tio n  

term  and th e n  red u ce  t h i s  s te p  i f  th e  s o lu t i o n  d iv e rg e d .

The i m p l i c i t  d i f f e r e n c e  scheme i s  g iv e n  by

4.8

■ •  • :  J  ( c  -  « ) )  -  ( s > ;  S ?  K !  -  a  -
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w here th e  m a jo r  d i s t i n c t i o n  from  th e  e x p l i c i t  scheme i s  th e  e v a lu a t io n  

o f  th e  te m p e ra tu re  a t  th e  u p d a ted  tim e  (n + 1 ). S in ce  th e  r i g h t  hand  

s id e  o f  Eq. 4 .8  i s  a  f u n c t io n  o f  th e  i m p l i c i t  m e th o d , in v o lv in g

th e  s o lu t io n  o f  a  n u m b er-o f-m esh -p o in ts-m in u s-tw o  sq u a re  m a tr ix  a t  each  

tim e s t e p ,  i s  n e c e s s a ry .  A f te r  one expands Eq, 4 .8  i t  i s  a p p a re n t a s  

d em o n stra ted  i n  Appendix D t h a t  th e  r e s u l t i n g  m a tr ix  i s  t r i d i a g o n a l  and 

th u s  th e  s o l u t i o n  i s  g r e a t l y  s im p l i f i e d .

In  o rd e r  to  d e te rm in e  th e  b e s t  s o lu t io n  te c h n iq u e  ( e x p l i c i t  o r

i m p l i c i t )  f o r  th e  c u r r e n t  p ro b lem , n u m e ric a l e x p e rim en ts  w ere  made w ith

th e  fo llo w in g  c o n d i t io n s :  f r e e  s tre a m  v e lo c i ty  o f  5 0 ,0 0 0  f e e t  p e r  second

a l t i t u d e  o f  200,000  f e e t ,  and an a b l a t o r  e f f e c t i v e .h e a t  o f  a b l a t i o n  o f

184 B .T .U . p e r  pound m ass . The same i n i t i a l  te m p e ra tu re  p r o f i l e  and

w a l l  mass f lu x  w ere assum ed. The e x p l i c i t  code in c o rp o ra te d  Eq. 4 .7  to

"3u p d a te  th e  te m p e ra tu re  p r o f i l e  and u sed  a  tim e  s te p  o f  1 .7 x 1 0  com­

p u ted  from  th e  c o n d u c tio n  term  s t a b i l i t y  c r i t e r i o n .  A f te r  s i x  i t e r a ­

t io n s  th e  s o lu t io n  s t a r t e d  to  d iv e rg e  and an  a u to m a tic  ch eck  i n  th e  

code h a lv e d  th e  tim e s t e p  a llo w in g  th e  s o lu t io n  to  p ro c e ed  an a d d i t io n a l  

826 i t e r a t i o n s . The CDC 6600 c e n t r a l  p ro c e s s o r  tim e  r e q u i r e d  f o r  

c o m p ila tio n  and 832 i t e r a t i o n s  was 512 s e c o n d s . An a d d i t i o n a l  param e­

t e r  o f  i n t e r e s t  i s  (A T ^^/A t)^^ w hich a s  can  b e  s e e n  from  E qs. 4 .1 ,  4 .7 ,  

o r  4 .8  i s  th e  m easure o f  convergence  to  th e  " s t e a d y - s t a t e "  o r  th e  tim e  

a sy m p to tic  s o l u t i o n .  T h is  p a ra m e te r  a t  832 i t e r a t i o n s  h ad  red u ced  to  

3 .0257x10“ ^ .

The i m p l i c i t  code  u s in g  Eq. 4 .8  was ru n  w ith  a  tim e  s t e p  o f  

10 a p p ro x im a te ly  an o rd e r  o f  m ag n itu d e  l a r g e r  th a n  th e  e x p l i c i t  

code . A l a t e r  ru n  w ith  a  tim e  s t e p  o f  10 p roved  s t a b l e ,  b u t  th e  d a ta
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-2f o r  th e  10 ru n  w i l l  b e  u se d  f o r  th e  com parison  w ith  th e  e x p l i c i t

code . A f te r  84 I t e r a t i o n s  CAT./At) ' was down to  3 .019x10 and th e1 max

la p s e d  com puter tim e was a p p ro x im a te ly  54 s e c o n d s . T h is  I s  a lm o s t an

o rd e r  o f  m ag n itu d e  s a v in g s  I n  com puter t im e . A l a r g e r  tim e  s t e p .  I f

s t a b l e  a s  was 10 ^ In  th e  l a t t e r  r u n ,  w ould  r e s u l t  In  an a p p ro x im a te ly

p r o p o r t io n a l  r e d u c t io n  In  com puter tim e  r e q u i r e d  to  re a c h  a  s p e c i f i e d

v a lu e  o f  (A T ./A t) . As a  r e s u l t  o f  th e s e  com parisons I t  was d e t e r -  X max

m ined t h a t  f o r  th e  c u r r e n t  c l a s s  o f  prob lem s th e  I m p l i c i t  m ethod o f

s o lv in g  th e  e n e rg y  e q u a tio n  w ould y i e l d  a  com puter tim e  s a v in g s  o f  one

to  two o rd e r s  o f  m ag n itu d e . T h e re fo re ,  th e  i m p l i c i t  m ethod (E q. 4 .8 )

was u sed  f o r  th e  rem a in d er o f  th e  s tu d y .

In  o r d e r  to  d e te rm in e  a  re a s o n a b le  v a lu e  o f  (A T ./A t) f o r1 max
••2c o n v erg en ce , th e  I m p l i c i t  ru n  w i th  At o f  10 was c a r r i e d  o u t to  950

I t e r a t i o n s .  A t 476 I t e r a t i o n s  th e  w a l l  m ass f l u x  re a c h e d  .49022

pounds m ass p e r  sq u a re  fo o t- s e c o n d  w ith  (A T ^^/A t)^^ e q u a l 8 .766x10

At 950 I t e r a t i o n s  th e  w a l l  m ass f lu x  had  n o t  changed and (AT /A t)X ndx
—ft

had d ropped  t o  9 .9452x10 . T h is  I s  a  c l e a r  I n d ic a t io n  t h a t  f o r  th e s e

f l i g h t  and m a te r i a l  c o n d i t io n s  convergence  I s  re a ch e d  when (A T^/A t)^ ^ ^
- 4

re d u c es  to  a p p ro x im a te ly  10 . Based on t h i s  n u m e ric a l e x p e r im en t th e

co nvergence  c r i t e r i o n  I s  assum ed to  b e  e x te n d a b le  to  th e  co m p le te  c l a s s  

o f  p rob lem s t h a t  a r e  c u r r e n t ly  u n d e r c o n s id e r a t io n .  S in ce  th e  com puter 

tim e I s  p r o p o r t io n a l  to  th e  number o f  I t e r a t i o n s , some ru n s  w ere  t e r ­

m in a ted  and c o n s id e re d  co n v erg ed  w ith  (A T ^ /A t)^ ^  l a r g e r  th a n  10 

However, a s  was d e te rm in ed  from  t h i s  n u m e r ic a l  e x p e r im e n t, s to p p in g  

th e  c a l c u l a t i o n  a t  a p p ro x im a te ly  100 I t e r a t i o n s ,  more th a n  one fo u r th  

tim e  s a v in g s ,  y ie ld e d  a  (A T ^^/A t)^^ o f  n e a r  10 and an e r r o r  In  mass
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f lu x  o f  l e s s  th a n  4%. T h is  e r r o r  i s  b a sed  on 950 i t e r a t i o n  d a ta  

b e in g  " e x a c t" .

I t  i s  im p o r ta n t t o  n o te  t h a t  a lth o u g h  th e  i m p l i c i t  m ethod was 

u sed  th ro u g h o u t th e  s tu d y ,  th e  g a s  th e rm a l c o n d u c t iv i ty ,  e q u a tio n  o f  

s t a t e ,  and r a d i a t i v e  f l u x  d iv e rg e n c e  term  a r e  t r e a t e d  e x p l i c i t l y .  T h is  

i s  n e c e s s a ry  i n  o rd e r  t o  hav e  a  l i n e a r  sy stem  o f  e q u a tio n s  a s  i s  p o in te d -  

o u t i n  A ppendix D. The e x p l i c i t  c o e f f i c i e n t s  c au se  no  accu racy  prob lem  

b ecau se  we a r e  se e k in g  th e  tim e  a sy m p to tic  s o l u t i o n ,  b u t  f o r  a  t r u e  

tim e d ep en d en t s o lu t io n  w here in te rm e d ia te  tim e  r e s u l t s  a r e  im p o r ta n t ,  

an i t e r a t i v e  o r  a v e ra g in g  te c h n iq u e  m ust be  a p p l ie d  to  th e s e  c o e f f i ­

c i e n t s .  The r a d i a t i v e  f l u x  d iv e rg e n c e  term  does cau se  p rob lem s w ith  

th e  i m p l i c i t  tim e  s te p  b e c a u se  a s  a b s o rp tio n  enhancem ent g e ts  la r g e  

t h i s  e x p l i c i t  te rm  becom es dom inant and c o n t r o l s  th e  maximum a llo w a b le

tim e  s t e p .  Thus f o r  l a r g e  enhancem ent th e  tim e  s te p  was red u ced  to  a s  

-4low a s  5x10 i n  o rd e r  to  m a in ta in  s t a b i l i t y .

An a d d i t io n a l  n u m e r ic a l  ex p erim en t was conducted  t o  s tu d y  th e  

e f f e c t s  o f  d i f f e r e n t  s p a c e  s t e p  s i z e s  f o r  a  f ix e d  tim e  s te p  and co n v er­

gence v a lu e  o f  ( 4 T ^ /A t ) ^ ^ .  The th r e e  sp ace  s t e p  schemes w ere a  f ix e d  

s te p  s i z e  o f  10 , a  f ix e d  s t e p  s i z e  o f  10 , and a  v a r i a b le  s te p  s i z e

w hich ch an g es  from 10 n e a r  th e  shock  and w a l l  w here th e  te m p e ra tu re

“ 3s lo p e  i s  f a i r l y  c o n s ta n t  to  10 n e a r  th e  i n t e r f a c e  w here th e  tem pera­

tu r e  s lo p e  i s  l a r g e .  T hese s t e p  s i z e s  a r e  i n  n o n d im en sio n a l le n g th s  

w hich h av e  th e  shock s t a n d - o f f  d is ta n c e  from  th e  i n t e r f a c e  a s  a  b a s i s .  

S in ce  th e  d i f f e r e n c e  schem e becom es more a c c u r a te  a s  th e  mesh s i z e  g e ts  

s m a l le r ,  th e  10 ^ f ix e d  s t e p  s i z e  was ta k e n  a s  " e x a c t" .  The e r r o r  i n  

th e  w a l l  m ass f lu x  w ith  th e  v a r i a b l e  s te p  s i z e  was z e ro  to  th e  n e a r e s t
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te n  th o u san d th  and l e s s  th a n  .02% w ith  th e  10 ^ s te p  s i z e .  T h is  w ould

su g g e s t u se  o f  th e  l a r g e r  s t e p  s i z e  s in c e  th e r e  i s  no a p p re c ia b le

im pairm en t o f  a cc u ra cy  and i t  re d u c e s  i n  t h i s  exam ple th e  number o f

mesh p o in ts  by  an  o r d e r  o f  m ag n itu d e . The l a r g e r  s te p  s i z e  was u sed

f o r  c a lc u la t io n s  w ith  l i t t l e  o r  no  a b s o rp tio n  enhancem ent and n o se

r a d i i  e q u a l to  o r  g r e a t e r  th a n  one f o o t .  For l a r g e  enhancem ent and

s m a ll  n o se  r a d i i ,  how ever, th e  c o n d u c tio n  a t  th e  w a l l  became im p o r ta n t  
-2

and l a r g e r ,  10 o r  g r e a t e r ,  s t e p  s i z e s  cau sed  i n s t a b i l i t i e s .  T hese 

i n s t a b i l i t i e s  r e s u l t e d  from  chang ing  th e  w a l l  f l u x  and th u s  th e  d i s ­

ta n c e  betw een th e  i n t e r f a c e  and th e  w a l l .  T hese changes m ust b e  made 

i n  f u l l  sp a c e  s t e p  in c re m e n ts  and th e  l a r g e r  m esh s i z e s  cau sed  tem p era ­

t u r e  s lo p e  f l u c tu a t io n s  n e a r  th e  w a ll  t h a t  w ere  to o  l a r g e  f o r  s t a b i l i t y .  

Thus f o r  s t a b i l i t y  a  f ix e d  s t e p  s i z e  o f  10 ^ was u sed  f o r  th e  c a l c u l a ­

t io n s  w ith  a p p re c ia b le  enhancem ent..

One a d d i t i o n a l  s t a b i l i z i n g  te c h n iq u e  s h o u ld  b e  m en tioned  

b e f o r e  le a v in g  t h i s  c h a p te r .  As p o in te d  o u t i n  C h ap te r X I, i t  i s  

n e c e s s a ry  to  assume a  v a lu e  f o r  th e  w a l l  mass f lu x  (o r  w a l l  v e l o c i t y  

f o r  a  s p e c i f i e d  a b la t io n  g as  d e n s i ty )  in  o rd e r  t o  d e te rm in e  th e  i n t e r ­

fa c e  s t a n d - o f f  d is ta n c e  from  th e  w a ll  and th u s  th e  momentum p r o f i l e  i n  

th e  a b la t io n  l a y e r .  W ith t h i s  boundary  c o n d i t io n  assum ed, th e  s o lu t io n  

p ro c e ed s  and p ro d u ces  a  n e t  h e a t  f lu x  to  th e  w a l l .  Then by u s in g  

Eq. 3 .2 3  a  c o r r e c te d  v a lu e  o f  th e  w a ll  mass f l u x  i s  d e te rm in e d . I t  

w ould seem t h a t  th e  com puted v a lu e  o f  th e  w a l l  m ass f lu x  co u ld  

u sed  as th e  needed  momentum boundary  c o n d it io n  f o r  th e  n e x t i t e r a t i o n  

and as  c o n v e rg en ce , b a se d  on (A T ^^/A t)^^, i s  re a c h e d  th e re  w ould be  no 

change in  p r e d ic te d  and computed v a lu e s  o f  th e  w a l l  mass f l u x .  T h is
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te c h n iq u e  was u sed  f o r  l i t t l e  o r  no a b s o rp tio n  enhancem ent and l a r g e  

n o se  r a d i i  and le d  to  no d i f f i c u l t i e s  b ecau se  th e  a d ju s tm e n ts  i n  th e  

i n t e r f a c e  s t a n d - o f f  d is ta n c e  r e q u ir e d  ad d in g  o r  rem oving te m p e ra tu re  

mesh p o in ts  i n  an  is o th e rm a l  l a y e r .  U nder c o n d i t io n s  w here th e  a b la ­

t i o n  l a y e r  was n o t  i s o th e r m a l ,  how ever, i t  became n e c e s s a ry  to  a p p ly  

th e  damping te c h n iq u e

m* = 6m +  ( l-0 )m  4 .9u  u  p

w here  m i s  th e  v a lu e  u sed  i n  th e  com pleted  i t e r a t i o n ,  m i s  th e  u  P

v a lu e  p r e d ic te d  b y  th e  com pleted  i t e r a t i o n ,  m^ i s  th e  v a lu e  to  b e  u sed

i n  n e x t  i t e r a t i o n , and 6 i s  a  f a c t o r  betw een  z e ro  and  o n e . A 6 o f  u n i ty

i s  th e  m ost s t a b l e  c o n d i t io n  b u t  a s  i s  see n  from  Eq. 4 .9  t h i s  w ould

r e s u l t  i n  a  f ix e d  w a l l  m ass f l u x .  A 6 o f  z e ro  i s  a c c e p ta b le  when th e

i n i t i a l  g u ess  on m^ i s  v e ry  good and was u sed  i n  th e  c a l c u l a t i o n s  w ith

l i t t l e  o r  no enhancem ent. F o r th e  more s e v e re  c o n d it io n s  w ith  r e s p e c t

t o  s t a b i l i t y  ( i . e . ,  l a r g e  a b s o r p t io n  enhancem ent) 6 was s e t  t o  u n i ty

u n t i l  (A T ,/A t) re a c h e d  c o n v e rg en ce . Then m and m w ere com pared X indx u  p

and i f  th e y  w ere  w i th in  1% th e  c a lc u la t io n  was te rm in a te d .  I f  th e  two 

v a lu e s  w ere  n o t  w i th in  1% Eq. 4 .9  was a p p l ie d  w ith  6 some v a lu e  o th e r  

th a n  u n i ty  and th e  i t e r a t i o n s  w ere  c o n tin u e d . Changing m^ a lw ays r e ­

s u l t s  in  in c r e a s in g  (A T ^/A t)^^^ and th e  s o lu t io n  m ust be a g a in  d r iv e n  to  

co n v erg en ce . T h is  te c h n iq u e  i s  tim e  consum ing b u t  was th e  o n ly  m ethod 

found s t a b l e  enough t o  t r e a t  th e  la r g e  a b s o r p t io n  enhancem ent c a s e s .

W ith th e  c o n s id e r a t io n s  o f  t h i s  c h a p te r  i n  m ind , th e  s o l u t i o n  

p ro c e d u re  can  b e  sum m arized a s  fo l lo w s :
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1 . S e t t r a j e c t o r y  and body c o n d i t io n s

2 . S p e c ify  a b s o r p t io n  c o e f f i c i e n t  m odel ( i . e . , g re y  g as  o r  two

s te p  continuum  by JS  *  1 o r  2 r e s p e c t iv e ly ;  th e  code i s  w r i t t e n  to  t r e a t  

g e n e r a l  s te p  m odels by  s im p le  d a ta  a d d i t io n  to  th e  ALP s u b ro u t in e )

3 . Assume a  te m p e ra tu re  p r o f i l e

4 . Assume a  w a l l  mass f l u x

5 . Compute th e  s ta g n a t io n  p o in t  geom etry  and momentum flo w

f i e l d

6 . E v a lu a te  th e  r a d i a t i o n  f lu x  d iv e rg e n c e

7 . U p -d a te  th e  te m p e ra tu re  p r o f i l e  by  s o lv in g  th e  e n e rg y  eq u a ­

t i o n

8 . Compute (A T ^^/A t)^^ and com pare w i th  con v erg en ce  c r i t e r i o n

9 . Compute h e a t  f lu x e s  and  w ith  w a l l  h e a t  f lu x  d e te rm in e  

r e s u l t i n g  w a l l  m ass f lu x

10. Compare u sed  and com puted w a l l  m ass f lu x

11 . I f  (A T ^/A t)^^^ i s  g r e a t e r  th a n  th e  co n v erg en ce  c r i t e r i o n  go

b ack  to  6

12. I f  (A T j^ /A t)^^  i s  e q u a l  t o  o r  l e s s  th a n  th e  co n v erg en ce

c r i t e r i o n  b u t  m and m a re  n o t  w i th in  1%, com pute m and go b a ck  t o  5 u p  * u  **

13 . I f  (A T^/A t)^ ^ ^  i s  e q u a l  to  o r  l e s s  th a n  th e  co n v erg en ce

c r i t e r i o n  and m and m a re  w i th in  1%, s o lu t io n  i s  c o m p le te , u p



CHAPTER V

RESULTS

B efo re  we d is c u s s  th e  e f f e c t s  o f  a b l a t i o n  p ro d u c t enhancem en t, 

l e t  u s  compare th e  p r e s e n t  r e s u l t s  w ith  th o se  o f  o th e r  a n a ly s e s  f o r  th e  

c a se  o f  no enhancem ent. Throughout t h i s  c h a p te r ,  th e  r e f e r e n c e  c o n d i­

t i o n s ,  e x c e p t w here c l e a r l y  s p e c i f i e d ,  w i l l  b e :

A l t i tu d e  -  190,000 f e e t

V e lo c i ty  -  55 ,000  f e e t  p e r  second

Nose r a d iu s  -  1 f o o t

W all te m p e ra tu re  -  54000 ®R (3000 *K)

E f f e c t iv e  h e a t  o f  a b la t io n  -  2200 B tu  p e r  pound mass

W all e m ls s lv l ty  -  1

T hese c o n d it io n s  w ere chosen b e ca u se  o f  th e  p re v a le n c e  In  th e  l i t e r a t u r e  

o f  r e s u l t s  w ith  th e s e  nom inal c o n d i t io n s .  Even though  th e r e  I s  an  

exchange o f  e n e rg y  betw een th e  sh o ck  and a b l a t i o n  la y e r s  w hich r e s u l t s  

In  en erg y  o r  te m p e ra tu re  p r o f i l e  changes f o r  d i f f e r e n t  a b la t io n  p ro p ­

e r t i e s ,  th e  shock  and w a ll  c o n d i t io n s  a r e  c o n s ta n t .  These c o n s ta n t  

c o n d i t io n s  w ere u sed  In  Eq. 3 .3 1  to  d e f in e  c h a r a c t e r i s t i c  num bers and 

n o n d lm e n s lo n a llz ln g  p a ra m e te rs . F o r th e  s t a t e d  r e f e r e n c e  c o n d i t io n s  we 

th e n  h a v e :

56
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W all th e rm a l c o n d u c t iv i ty  -  5 .41x10 -5 B tu
f t - s e c -  R

W all d e n s i ty  

Shock te m p e ra tu re  

Shock d e n s i ty  r a t i o  

Shock p r e s s u r e  

Shock e n th a lp y  

Shock m ass f lu x  

Shock s t a n d - o f f  d is ta n c e  

Shock P la n c k  mean a b s o r p t io n  

c o e f f i c i e n t

.1  Ibm /ft'*

30 ,280"R  (16 ,820"K ) 

.059

.9 8  a tm o sp h eres  

4 8 ,820  B tu /lb m  

1 .548  I b m /f t^ - s e c  

.044  f e e t

-  .128  f e e t -1

Shock th e rm a l c o n d u c t iv i ty  -  1 .39x10 -3  B tu
f t - s e c -  R

P e c le t  number 2.049x10-

.0602

.0944

R a d ia t io n  c o o lin g  number 

B oltzm ann number

Bouguer number -  5 .68x10

C o n d u c t io n - ra d ia t io n  number -  4 .61x10  

H eat f lu x  n o rm a liz a t io n  

f a c t o r

-3

-5

-  4545 B t u / f t  - s e c

A com parison  o f  th e  t a n g e n t i a l  v e lo c i ty  p r o f i l e s  o b ta in e d  i n  th e  

p r e s e n t  a n a ly s is  w ith  th o s e  o f  W ilson  (1970) i s  g iv e n  i n  F ig .  5 .1 .  The 

W ilson  d a ta  a re  f o r  a  v is c o u s  sh o ck  l a y e r  w ith  th e  ap p ro x im a tio n  o f  

pp -  c o n s ta n t .  The l a t t e r  ap p ro x im a tio n  i s  a p p a r e n t ly  good a s  th e  

r e s u l t s  a r e  c lo s e  to  th e  more e x a c t  s o lu t io n  o f  Howe and V iegas (1 9 6 3 ) .
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Howe St V legas
1.0 U lls o n

^  « 6 <u•H C u rre n t A n a ly s is

-H
A l t .  -  190 ,000  f e e t

50 ,000  f t / s e c  

1 fo o t

V el00

.2 4 .6 1.0.80

N orm alized  D is ta n c e  from  W all o r  I n te r f a c e

F ig u re  5 .1  T a n g e n t ia l  V e lo c ity  Com parison w ith  V iscous Non­
b lo w in g  R e s u lts
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Both o f  th e s e  a n a ly s e s  a r e  f o r  th re e -d im e n s io n a l  s ta g n a t io n  p o in t  c a l ­

c u la t io n s  w ith  z e ro  b lo w in g , i . e .  z e ro  m ass f lu x  from  th e  w a l l .  The 

a b s i s s a  z e ro  o f  F ig . 5 .1  co rre sp o n d s  t o  th e  w a l l  f o r  b o th  th e  W ilson 

and Howe and V iegas d a ta  b u t  i s  th e  i n t e r f a c e  o r  s l i p - l a y e r  i n  th e  

c u r r e n t  a n a ly s i s .  As w i l l  b e  d is c u s s e d  i n  more d e t a i l  l a t e r ,  W ilson 

u sed  h i s  d i f f e r e n t i a l  s o lu t i o n  to  t r e a t  th e  prob lem  o f  m ass iv e  b low ing  

w ith  r a d i a t i o n .  The ag reem en t o f  o u r s im p l i f i e d  momentum e q u a tio n  

s o l u t io n  in  th e  re g io n  away from th e  a b s i s s a  z e ro  w ith  th e  f u l l y  . 

v is c o u s  s o lu t io n  o f  Howe and V iegas i s  w orthy  o f  n o te .

F ig u re  5 .2  com pares th e  c u r r e n t  r e s u l t s  w ith  th o s e  o f  Chin 

(1 9 6 8 ). As d is c u s s e d  i n  Appendix A, th e  c u r r e n t  te c h n iq u e  u s e s  C h in 's  

co n cep t o f  two i n v i s c i d  l a y e r s  w ith  th e  added a p p ro x im a tio n  o f  c o n s ta n t  

d e n s i ty  i n  th e  s tre a m  fu n c t io n  e q u a tio n  w ith  th e  sh ock  l a y e r  d e n s i ty  

b e in g  t h a t  a t  th e  sh o ck  and th e  a b l a t i o n  l a y e r  d e n s i ty  b e in g  t h a t  a t  

th e  w a l l .  The t a n g e n t i a l  v e lo c i ty  i s  d e te rm in ed  from  ta k in g  th e  ap p ro ­

p r i a t e  d e r iv a t iv e  o f  Eq. 2 .3 0  as  d e f in e d  by Eq. A .8 . The r e l a t i o n s  

be tw een  th e  norm al and t a n g e n t i a l  v e l o c i t i e s  a r e  d is c u s s e d  i n  C h ap te r I I  

and A ppendix A. The r e s u l t  i s

u /u  = 1 -  [ l - 2 e ( l - e ) J  — 5. 1

f o r  th e  shock l a y e r  and

,2 r  „  ,<S
^  5 .2

f o r  th e  a b la t io n  l a y e r .  S in ce  b o th  E qs. 5 .1  and 5 .2  a r e  l i n e a r  in  th e
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Shock I n t e r f a c e ' W all

1.0

C hin

C u rre n t Theory

•H

A lt -  212 ,000  f e e t

-  5 0 ,0 0 0  f t / s e c  
“  8 .4  f e e t

7200 *R

Vel,

w w .097
m oo

1.2.6 .8 1.02 .4

N orm alized  C o o rd in a te , z/A s

F ig u re  5 .2  T a n g e n tia l  V e lo c ity  Com parison Coupled Monentum 
and Blowing
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p h y s ic a l  c o o rd in a te  fram e , th e  c a lc u la t io n  n e c e s sa ry  to  p ro d u ce  F ig . 5 .2  

I s  th e  e v a lu a t io n  o f  each  e q u a tio n  a t  th e  I n t e r f a c e .  From E qs. 2 .2 3  and 

2 .2 6  we h av e  a t  th e  I n t e r f a c e

eRjj
z  ---------------------- r

^  1 +  [ 2 e ( l - e ) 3 ^

and

w hich y i e l d

f o r  th e  shock  l a y e r  and

f o r  th e  a b la t io n  l a y e r .  The I n t e r f a c e  d i s c o n t in u i ty  o f  t h e  c u r r e n t  

a n a l y s i s .  F ig .  5 .2 ,  I s  due to  th e  shock  l a y e r  and a b l a t i o n  l a y e r  denr> 

s l t l e s  b e in g  d i f f e r e n t .  T h is  d i s c o n t in u i ty  In  t a n g e n t i a l  v e lo c i ty  on 

th e  I n t e r f a c e  f o r  m assiv e  b low ing  prob lem s was p re v io u s ly  r e p o r te d  by  

W allace  and Kemp (1 9 6 9 ). I t  I s  e a s i l y  se e n  from  Eq. 5 .4  t h a t  t h i s
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v e lo c i ty  d i s c o n t in u i ty  w ould n o t  e x i s t  i f  one to o k  = p ^ . W allace

and Kemp make t h i s  a d d i t i o n a l  ap p ro x im a tio n  w hich a llo w s  com parison

w ith  s o lu t io n s  t o  th e  F a lk n e r-S k a n  b o u n d a ry - la y e r  e q u a t io n .  In  t h i s

l im i t in g  c a se  th e y  found th e  two i n v i s c i d - l a y e r  a p p ro x im a tio n  to  g iv e

e x c e l l e n t  r e s u l t s  f o r  V / u  a s  low a s  5 Re ^  w herew s

For th e  s p e c i f i e d  r e f e r e n c e  c o n d i t io n s ,  i f  one ta k e s  £ a s  and

-h  -3e v a lu a te s  th e  v i s c o s i t y  a t  th e  sh o c k . Re = 8 .1x10  . At th e  co n d i­

t i o n  o f  minimum w a l l  m ass f l u x  o f  th e  c u r r e n t  a n a ly s i s  and w ith  th e  

ap p ro x im a tio n  t h a t  p ^  = p^ w hich  i s  im posed b y  W allace  and Kemp,

= 12 Re T h is  com parison  adds to  th e  v a l i d i t y  o f  th e  two

in v i s c i d - l a y e r  ap p ro x im a tio n  i n  th e  reg im e o f  th e  c u r r e n t  a n a ly s i s .

B e fo re  le a v in g  F ig .  5 .2  i t  i s  o f  i n t e r e s t  to  n o te  t h a t  i n  o rd e r  

to  o b ta in  v e l o c i t y  p r o f i l e s ,  i t  was n e c e s s a ry  f o r  C hin  to  s o lv e  b o th  

th e  sh ock  and a b l a t i o n  l a y e r  momentum e q u a tio n s  f o r  each  i t e r a t i o n  o f  

th e  en erg y  e q u a t io n .  In  th e  c u r r e n t  a n a l y s i s ,  th e  sh o ck  momentum equa­

t i o n  i s  s o lv e d  o n ly  once f o r  a  g iv e n  s e t  o f  r e f e r e n c e  c o n d i t io n s  and 

th e  a b la t io n  l a y e r  momentum e q u a tio n  i s  s o lv e d  once f o r  e ach  c a lc u la te d  

o r  assum ed w a l l  m ass f l u x .  In  scmie o f  th e  p r e s e n t  c a l c u l a t i o n s  w ith  

la r g e  enhancem ent o f  th e  a b l a t i o n  a b s o rp t io n  c o e f f i c i e n t ,  o v e r  3000 

i t e r a t i o n s  o f  th e  en erg y  e q u a t io n  w ere r e q u ir e d  f o r  c o n v e rg en c e , b u t 

u s in g  th e  f ix e d  w a l l  mass f lu x  te c h n iq u e  o n ly  th r e e  to  f i v e  m ass f lu x  

changes w ere r e q u i r e d .  W ith th e  c u r r e n t  a n a ly s i s  te c h n iq u e ,  t h i s  3000 

i t e r a t i o n  p rob lem  re q u ir e d  o n ly  f iv e  to  sev e n  e v a lu a t io n s  o f  th e
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momentum e q u a t io n s .  The same p rob lem  u s in g  C h in 's  te c h n iq u e  w ould 

re q u ire "  o v e r  6000 com ple te  i n t e g r a t i o n s  o f  th e  momentum e q u a tio n s  i n  

a d d i t io n  to  th e  i t e r a t i v e  s o lu t io n s  o f  th e  e n e rg y  e q u a t io n . W ith com­

p u te r  tim e  re q u ire m e n ts  i n  m ind , th e  sm a ll e r r o r s  im posed by  th e  a p p ro x i­

m ate  s o lu t io n  to  th e  momentum e q u a tio n  seem J u s t i f i e d .  The t a n g e n t i a l  

v e lo c i ty  h a s  b een  d is c u s s e d  h e r e  f o r  ccm parisons w ith  o th e r  r e s u l t s ,  b u t  

th e  norm al v e lo c i ty  g iv e n  by Eq. 2 .3 0  i s  th e  v a r i a b l e  a c tu a l ly  u sed  i n  

th e  en erg y  e q u a tio n  s o l u t i o n .  The com parison  o f  Eq. 2 .3 0  w ith  o th e r  

th e o r ie s  i s  d is c u s s e d  i n  C h ap te r XI and ag reem en t i s  found to  b e  q u i t e  

g o o d .■

B e fo re  le a v in g  th e  momentum fu n c t io n  d i s c u s s io n ,  i t  s h o u ld  b e  

p o in te d - o u t  t h a t  in  o b ta in in g  Eq. A. 16 , we assum ed

P
«  1 . 5 .5

F or th e  m ost s e v e re  b lo w in g  c a s e  o f  t h i s  s tu d y  (z e ro  a b s o rp t io n  en hance­

m ent w ith  th e  nongrey  a b s o r p t io n  c o e f f i c i e n t ) ,  we d e te rm in ed

^  = 2 .3 x 1 0 -*

w hich j u s t i f i e s  th e  a p p ro x im a tio n . I n e q u a l i ty  5 .5  s e t s  an u p p e r l i m i t  

on th e  b lo w in g  r a t e  t h a t  can b e  t r e a t e d  by th e  c u r r e n t  th e o r y .  The 

low er l i m i t  i s  e s t a b l i s h e d  by th e -b o u n d a ry  l a y e r  b low ing  l i m i t  (b low ing  

r a t e  a t  w h ich  th e  boundary  l a y e r  i s  blown away from  th e  s u r f a c e ) . I f  

th e  b low ing  r a t e  f a l l s  below  t h i s  low er l i m i t ,  th e  assu m p tio n  o f  an 

in v i s c id  i n n e r  la y e r  b re a k s  down. Cole and A ro e s ty  (1968) d is c u s s
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t h e o r e t i c a l l y  th e  v a l i d i t y  ra n g e  o f  in v i s c id  in n e r  l a y e r s  and 

S tew artso n  (1964) g iv e s  t h e o r e t i c a l  e v id en c e  t h a t  a  la m in a r b o u ndary  

la y e r  b low s o f f  a  f l a t  p l a t e  when

5 .6
e  e

w here

K e -  —

and th e  s u b s c r ip t  e  r e f e r s  to  c o n d i t io n s  a t  th e  edge o f  th e  boundary  

la y e r .  I f  we e x te n d  t h i s  c r i t e r i o n  to  b lu n t  body s t a g n a t io n - p o in t  

boundary  l a y e r s  we have

w hich f o r  th e  r e f e r e n c e  c o n d i t io n s  g iv e s  from  Eq. 5 .6

P.V

-
> 8 .1x10 5 .7

For th e  c a se  o f  minimum w a l l  m ass f lu x  o f  th e  c u r r e n t  a n a ly s i s

= 9 .75x10"^

and we a r e  w e l l  i n t o  th e  m ass iv e  b low ing reg im e . W ith I n e q u a l i ty  5 .6  

as  th e  low er l i m i t  on m assiv e  b lo w in g , we can combine th e  two l i m i t s  to
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y i e l d

=
■  /

^  = I r - s V - P  5 .8
W »  "

w hich d e f in e s  th e  com plete  reg im e o f  th e  c u r r e n t  th e o ry .

In  o r d e r  to  compare th e  c u r r e n t  r e s u l t s  f o r  h e a t  f l u x  w ith  

o th e r  a n a ly s e s  we have  chosen  to  u se  p a r t  o f  W ilson*s c o m p ila tio n  o f  

d a ta  (W ilson , 1970 , F ig . 1 1 ) .  B ecause o f  th e  d i f f e r e n t  n o se  r a d i i  

c o n s id e re d , th e  c u r r e n t  d a ta  and C h in ’ s  d a ta  (C h in , 1968) in c o r p o r a te  

r a d i a t i v e  f lu x  s c a l in g  by

(W ilson , 1 9 7 0 ). A l l  d a ta  p re s e n te d  i n  F ig . 5 .3  o th e r  th a n  th e  c u r r e n t  

a n a ly s i s  a r e  a  r e s u l t  o f  continuum  p lu s  l i n e  c a l c u l a t i o n s .  B oth  th e  

W ilson and C hin  a b s o r p t io n  c o e f f i c i e n t s  a r e  f a i r l y  d e t a i l e d  w ith  th e  

C hin model in c o r p o r a t in g  9 continuum  bands and 21 l i n e  g ro u p s . The 

Page model h a s  o n ly  2 continuum  b ands and 2 l i n e  g roups b u t  a s  can  . 

b e  see n  from F ig .  5 .3  and i s  shown i n  m ore d e t a i l  i n  Page e t  a l ,  (1968) 

th e s e  r e s u l t s  a r e  i n  good ag reem ent w ith  th o s e  o f  much more d e t a i l e d  

a b s o rp tio n  c o e f f i c i e n t  a n a ly s e s .  The two s te p  m odel o f  th e  c u r r e n t  a n a l ­

y s i s ,  as. i s  d is c u s s e d  in  A ppendix B, i s  composed o f  th e  two continuum  

bands o f th e  Page m odel. The p o in t  on F ig .  5 .3  m arked "TWO STEP x  1 .2 5 "  

i s  th e  two s t e p  m odel r e s u l t s  o f  th e  c u r r e n t  a n a ly s i s  In c re a s e d  by 25%. 

T h is  i s  th e  f a c t o r  s u g g e s te d  by Page to  b r in g  a  continuum  o n ly  r e s u l t  

up to  a  continuum  p lu s  l i n e  r e s u l t .  The c u r r e n t  a n a ly s is  d a ta
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Two S tep  X 1 .2 5  
O  Chin (P = .l)

W ilson  (P = l)

C hin (P = .5 ) P = . l
.08
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G  O th e r

  P a g e , e t  a l

340 50 60x10

F ree  S tream  V e lo c ity  ( f t / s e c )  

F ig u re  5 .3  R a d ia tiv e  F lu x  Com parisons
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p re s e n te d  in  t h i s  f ig u r e  a re  ta k e n  from  th e  z e ro  enhancem ent c a s e .  As 

w i l l  b e  d is c u s s e d  i n  th e  fo llo w in g  p a ra g ra p h s , w ith  z e ro  enhancem ent 

th e  r a d i a t i v e  f lu x  a t  th e  i n t e r f a c e  i s  e s s e n t i a l l y  th e  same a s  a t  th e  

w a l l .  Thus f o r  s h o c k - la y e r  p r e s s u r e s  betw een 0 .1  and 1 .0  a tm o sp h e re s , 

th e  blow n l a y e r  does n o t  a f f e c t  th e  w a l l  r a d i a t i v e  h e a t  f l u x ,  and o u r  

com parisons w ith  nohblow ing r e s u l t s  a r e  v a l i d .

C o n sid e r now th e  v e ry  im p o r ta n t  r e s u l t s  f o r  a b la t io n  p ro d u c t 

a b s o rp t io n  enhancem ent. As d is c u s s e d  i n  A ppendix B , we hav e  s im u la te d  

th e  enhancem ent by  in c r e a s in g  th e  te m p e ra tu re  d ep en d en t a b s o rp tio n  

c o e f f i c i e n t  i n  th e  a b la t io n  l a y e r  o n ly .  F or th e  g re y -g a s  c a se  w here 

th e  a b s o rp t io n  c o e f f i c i e n t  was ta k e n  a s  th e  P la n c k  m ean, t h i s  te c h n iq u e  

y i e ld s  a b la t io n  l a y e r  enhancem ent o v e r  th e  e n t i r e  freq u e n cy  sp ec tru m . 

F ig u re  5 .4  shows th e  e f f e c t  on th e  w a l l  mass f l u x  o f  enhancem ent 

th ro u g h  2 .1x10^ and th e  com ponents o f  th e  w a l l  h e a t  f lu x  a r e  g iv e n  i n  

F ig . 5 .5 .  As i s  se e n  from  F ig . 5 . 5 ,  th e  r a d i a t i v e  f lu x  i s  th e  dom inan t 

mode o f  s u r f a c e  h e a t  t r a n s f e r  and a s  w i l l  be  show n, r a d i a t i v e  m echanism s 

a r e  r e s p o n s ib le  f o r  th e  minimum i n  F ig .  5 .4  w hich  o c c u rs  a t  an en h an ce ­

m ent o f  a p p ro x im a te ly  8x10^. Shown i n  F ig . 5 .6  a r e  th e  o p t i c a l  d e p th s

a t  th e  i n t e r f a c e ,  , and a t  th e  w a l l ,  t^ .  The s l i g h t  in c r e a s e  in
s  ^

th e  w a l l  r a d i a t i v e  f lu x  f o r  enhancem ents th ro u g h  10 i s  due to  th e

m a jo r i ty  o f  th e  a b la t io n  la y e r  b e in g  o p t i c a l l y  t h i n  in  t h i s  ran g e  o f  

enhancem ent. T h is  o p t i c a l  th in n e s s  i s  shown by th e  cu rv e  in  

F ig .  5 .6  and i t s  e f f e c t  on th e  w a l l  f lu x  m ig h t b e  e x p e c te d  by c o n s id ­

e r in g  th e  en erg y  e q u a tio n  f o r  «  1 . An ap p ro x im a te  a n a ly s is  shows

- -A
e m is s io n  '  F o T
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w h ile

2 " ~4a b s o rp tio n  ~ F a  T

The n e t  r e s u l t  o f  t h i s  ap p ro x im a tio n  i s

-  •'As ’  ' a 5 -»

4
and th ro u g h  an enhancem ent o f  10 , < 1 y ie ld in g  an e m is s io n  dom i­

n a te d  a b la t io n  l a y e r .  W ilson (1970) o b se rv e d  from  h i s  c a lc u la t io n s  

w hich  u se  a  d e t a i l e d  continuum  m odel i n  a d d i t io n  to  l i n e s  t h a t  th e r e  

was a  s i g n i f i c a n t  d e c r e a s e  in  th e  vacuum u l t r a v i o l e t  continuum  e m is s io n  

w ith  w a l l  m ass i n j e c t i o n .  He a l s o  c a l c u l a t e d  in c re a s e d  w a l l  r a d i a t i v e  

f lu x  i n  th e  v i s i b l e  con tinuum  u n d e r th e  same c o n d i t io n s .  W ils o n 's  

r e s u l t s  a r e  c o n s i s t e n t  w i th  th e  c u r r e n t  a n a ly s i s  s in c e  a s  p o in te d  o u t  

i n  A ppendix B o u r g re y  a b s o rp tio n  c o e f f i c i e n t  m odel i s  v e ry  c lo s e  to  

th e  Page e t  a l .  (1968) v i s i b l e  con tinuum  b an d . As th e  g e n e r a l  r u l e  

o b s e r v a t io n s  o f  H o sh iz a k i and L a sh e r (1968) seem a p p r o p r ia te ;  "The 

m onochrom atic  f lu x  i s  enhanced  by  th e  p re s e n c e  o f  a b la t io n  s p e c ie s  

when th e  m onochrom atic  o p t i c a l  d e p th  i s  s u f f i c i e n t l y  s m a ll  t h a t  th e  

gas i s  o p t i c a l l y  t h i n  a t  t h a t  f r e q u e n c y . C o n v e rse ly , th e  m onochrom atic  

f lu x  i s  red u ced  when th e  m onochrom atic o p t i c a l  d e p th  i s  s u f f i c i e n t l y  

l a r g e  t h a t  th e  gas  i s  h ig h ly  a b so rb in g  a t  t h a t  f r e q u e n c y ."

F ig u re s  5 .7  and  5 .8  show th e  te m p e ra tu re  and a b s o r p t io n  

c o e f f i c i e n t  p r o f i l e s  f o r  enhancem ent p a ra m e te rs  o f  1 and 10^ re s p e c ­

t i v e l y .  N ote th e  a p p ro x im a te ly  2 o r d e r s  o f  m agn itude  in c r e a s e  in
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th e  a b l a t i o n  l a y e r  a b s o r p t io n  c o e f f i c i e n t  o v e r th e  sh o ck  l a y e r  a b so rp -  

t i o n  c o e f f i c i e n t  n e a r  th e  i n t e r f a c e  f o r  an enhancem ent o f  10 . I t  i s  

t h i s  s m a ll  re g io n  o f  s t r o n g ly  e m i t t in g  g as  t h a t  i s  p r im a r i ly  r e s p o n s ib le  

f o r  th e  in c re a s e d  w a l l  r a d i a t i v e  f l u x .  The ap p ro x im a te  a n a ly s i s  

r e s u l t i n g  i n  Eq. 5 .9  s im p ly  shows t h a t  th e  r a d ia t io n  e m it te d  i n  th e  

a b la t io n  l a y e r  i s  n o t  ab so rb ed  i n  t r a n s i t  to  th e  w a l l .  To f u r t h e r  

i l l u s t r a t e  t h i s  p o in t  and show w hat o c c u rs  f o r  l a r g e r  enhancem ents we 

have  in c lu d e d  F ig s .  5 .9  and 5 .1 0 .  F ig u re  5 .9  i s  a  p l o t  o f  th e  fu n c t io n  

q ^ (z )  w hich  r e p r e s e n ts  th e  r a d i a t i v e  f l u x  o r ig i n a t in g  b e tw een  z and A 

t h a t  g e t s  to  th e  w a l l .  I t  i s  g iv e n  by

%(z)  = Z  j  j  ^j®2^” Bu^^j,A  ”  I*
 ̂ j ,A  '

The t o t a l  r a d i a t i v e  f lu x  t h a t  re a c h e s  th e  w a l l  i s  s e e n  to  b e  q ^ (0 ) and 

i s  th e  n o rm a liz a t io n  u sed  f o r  F ig .  5 .9 .  W ith t h i s  n o r m a l iz a t io n ,

F ig . 5 .9  r e p r e s e n ts  a t  any v a lu e  o f  z th e  f r a c t i o n  o f  w a l l  r a d i a t i v e  

f lu x  coming from  th e  re g io n  b e tw een  z  and A. At an enhancem ent o f  1 0 ^ , 

16% o f  th e  w a l l  f lu x  o r ig i n a t e s  i n  th e  a b la t io n  l a y e r  w h ile  a t  an 

enhancem ent o f  1 e s s e n t i a l l y  no f lu x  o r ig i n a t e s  in  th e  a b la t io n  l a y e r .  

F ig u re  5 .1 0  shows th e  r a d i a t i v e  f lu x  d i r e c te d  tow ard  th e  w a l l  a s  a  

fu n c t io n  o f  z .  When th e  s lo p e  o f  t h i s  cu rve  i s  p o s i t i v e , t h a t  re g io n  

o f  th e  flow  i s  c o o lin g  and th u s  ad d in g  to  th e  f l u x .  T h is  i s  th e  case  

f o r  th e  e n t i r e  shock  l a y e r  u n d e r th e  g re y -g a s  ap p ro x im a tio n  w ith  th e  

g re y  a b s o r p t io n  c o e f f i c i e n t  ta k en  a s  th e  P lan ck  mean. Through an 

enhancem ent o f  10^ we can  s e e  t h a t  th e r e  i s  v e ry  l i t t l e  o f  any f lu x  

a t t e n u a t io n  in  th e  a b la t io n  l a y e r  and a t  10^ th e  p r e v io u s ly  d is c u s s e d
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e m iss io n  n e a r  th e  i n t e r f a c e  in  th e  a b la t io n  l a y e r  i s  seen  to  ta k e  p la c e

i n  th e  f i r s t  5% o f  th e  enhanced  r e g io n . F o r an  enhancem ent o f  10^ and

6 7even  more pronounced  a t  9x10 and 2 .1x10  , t h e  v e ry  s te e p  p o s i t i v e  

s lo p e  j u s t  beyond th e  i n t e r f a c e  shows t h a t  t h e  gas i n  t h i s  r e g io n  i s  

un d erg o in g  c o n s id e ra b le  r a d i a t i v e  c o o lin g  and ad d in g  to  th e  w a l l  

d i r e c te d  r a d i a t i v e  f l u x .  The 10^ and 9x10^ c u rv e s  f a l l  o f f  a s  th e  w a l l  

i s  approached  th u s  show ing t h a t  th e s e  r e g io n s  o f  th e  a b la t io n  l a y e r  a r e  

h ig h ly  a b so rb in g  and a r e  a t t e n u a t in g  th e  w a l l  d i r e c te d  r a d i a t i v e  f l u x .  

The la r g e  z e ro  s lo p e  p o r t i o n  o f  th e  2 .1x10^ c u rv e  shows th e  re g io n  o f  

th e  a b la t io n  l a y e r  t h a t  i s  i n  r a d i a t i v e  e q u i l ib r iu m  and th e  r a p id  

d e c re a se  i n  th e  w a l l  d i r e c t e d  f lu x  v e ry  n e a r  th e  w a l l  i s  i n d i c a t i v e  o f  

v e ry  s t ro n g  a t t e n u a t io n  in  t h i s  r e g io n .

In  o r d e r  to  exam ine th e  e f f e c t s  o f  th e rm a l c o n d u c t iv i ty ,  a  

s e r i e s  o f c a lc u la t io n s  w ere  a tte m p te d  w ith  t h i s  v a r i a b l e  s e t  t o  z e r o .  

Under t h i s  c o n d i t io n  th e  en erg y  e q u a tio n  s o l u t io n  became u n s ta b le  a t  

th e  i n t e r f a c e  even  w ith  v e ry  s m a ll  tim e  s t e p s .  Upon ex am in a tio n  o f  

Eq. 3 .3 6  we s e e  t h a t  a t  th e  i n t e r f a c e ,  w here pv = 0 ,  w ith  z e ro  th e rm a l 

c o n d u c t iv i ty  r a d i a t i v e  e q u i l ib r iu m  i s  r e q u i r e d ,  i . e .  d q ^ /d z  m ust go to  

z e r o ,  o r  th e  e n th a lp y  p r o f i l e  m ust become i n f i n i t e .  C le a r ly  th e  . 

i n f i n i t e  s lo p e  i s  im p o s s ib le  and r a d i a t i v e  e q u i l ib r iu m  a t  a  p o in t  

when th e  rem a in d e r o f  th e  flow  i s  i n  r a d i a t i v e  n o n e q u ilib r iu m  i s  

ex tre m e ly  d i f f i c u l t  t o  o b ta in .  To overcom e t h i s  d i f f i c u l t y ,  th e  

n o rm a liz e d  th e rm a l c o n d u c t iv i ty  was s e t  e q u a l  to  u n i ty  f o r  a l l  tem pera­

t u r e s .  T h is  c o rre sp o n d s  to  th e  a c tu a l  th e rm a l c o n d u c t iv i ty  a t  th e  

w a l l  and re d u c e s  th e  sh ock  th e rm a l c o n d u c t iv i ty  by a  f a c t o r  o f  2 5 .7 6  

f o r  th e  r e f e r e n c e  c o n d i t io n s .  The r e s u l t s  o f  th e s e  c a l c u l a t i o n s  w ith
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c o n s ta n t  th e rm a l c o n d u c t iv i ty  a r e  shown i n  F ig .  5 .1 1 . By com paring 

th e s e  r e s u l t s  w ith  F ig .  5 .4  we s e e  t h a t  w ith  s m a ll  a b s o rp tio n  enhance­

m ent th e  c o n s ta n t  th e rm a l c o n d u c t iv i ty  r e s u l t s  do n o t  e x h ib i t  th e  

in c r e a s e  in  w a l l  m ass  f l u x .  T h is  r e s u l t  m ig h t s u p e r f i c i a l l y  seem  

c o n tra ry  to  th e  argum en ts  g iv en  f o r  an in c re a s e d  w a ll  r a d i a t i v e  h e a t  

f lu x  in  th e  k  = k (T ) c a s e ,  b u t upon c lo s e r  e x am in a tio n  we f in d  t h a t  

th e  so u rc e  o f  th e  a d d i t i o n a l  h e a t  f lu x  ( th e  s t r o n g ly  e m it t in g  r e g io n  i n  

th e  a b la t io n  l a y e r  n e a r  th e  i n t e r f a c e )  i s  e s s e n t i a l l y  e l im in a te d  In  

th e  c o n s ta n t  c o n d u c t iv i ty  c a se . T h is  i s  s e e n  i n  F ig s .  5 .1 2  and 5 .1 3

( th e  te m p e ra tu re  p r o f i l e s  f o r  c o n s ta n t  th e rm a l c o n d u c t iv i ty  and en h an ce­

m ent p a ra m e te rs  o f  1 and 10^) to  b e  due to  th e  la c k  o f  d i f f u s io n  o f  

en erg y  by c o n d u c tio n  from  th e  sh ock  l a y e r  i n t o  th e  a b la t io n  l a y e r .

The te m p e ra tu re  p r o f i l e s  f o r  th e  k  = k (T ) c a s e  a r e  a ls o  in c lu d e d  i n  

F ig s .  5 .1 2  and 5 .1 3  f o r  com parison . F ig u re  5 .1 4  shows th e  r a d i a t i v e  

f lu x  d i r e c te d  tow ard  th e  w a ll  a s  a  fu n c t io n  o f  z f o r  th e  c a se  o f  con­

s t a n t  th e rm a l c o n d u c t iv i ty .  In  c o n t r a s t  t o  F ig .  5 .1 0 ,  F ig . 5 .1 4  shows
4

t h a t  as th e  a b l a t i o n  l a y e r  a b s o rp tio n  c o e f f i c i e n t  i s  enhanced t o  10 

th e r e  i s ,  j u s t  p a s t  th e  i n t e r f a c e ,  o n ly  a  3.1% in c r e a s e  i n  th e  p o s i -
4

t i v e  f lu x  w h ile  f o r  th e  k  = k(T ) c a se  a t  10 th e  in c r e a s e  i s  16.7% . 

A lthough th e  r a d i a t i v e  f lu x  a t  th e  w a l l  f o r  t h i s  c o n s ta n t  th e rm a l 

c o n d u c t iv i ty  c a se  i s  n o t  much d i f f e r e n t  from  th e  k  -  k (T ) c a s e ,  a  

com parison  betw een  F ig s .  5 .1 0  and 5 .1 4  in d i c a t e s  a  la r g e  d i f f e r e n c e  i n  

th e  w a ll  d i r e c te d  f lu x  i n t e r i o r  to  th e  a b l a t i o n  l a y e r .  C a lc u la t io n s  

show th a t  a t  a  n o rm a liz e d  d is ta n c e  from  th e  sh ock  o f  1 .05  th e  w a l l  

d i r e c te d  r a d i a t i v e  f l u x  f o r  th e  k  = k (T ) c a s e  a t  an enhancem ent o f  

1 .9x10^ i s  1 .5 1  tim e s  l a r g e r  th a n  th e  c o n s ta n t  th e rm a l c o n d u c t iv i ty
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c a s e .  T h is  i s  a  r e s u l t  o f  red u ced  d i f f u s io n  o f  en erg y  from  th e  sh ock  

l a y e r  to  th e  s t r o n g ly  a b s o r p t io n  enhanced  a b la t io n  l a y e r .

The a p p ro x im a te ly  5% in c r e a s e  i n  th e  z e ro  enhancem ent w a l l  m ass 

f lu x  f o r  c o n s ta n t  th e rm a l c o n d u c t iv i ty  i n  com parison  w ith  th e  k  = k (T ) 

c a s e  i s  due a g a in  to  th e  reduced  d i f f u s io n  o f  en erg y  by th e rm a l conduc­

t i o n .  T h is  i s  shown i n  F ig .  5 .1 2  w here th e  te m p e ra tu re  p r o f i l e  f o r  

c o n s ta n t  th e rm a l c o n d u c t iv i ty  i s  se e n  to  i n d i c a t e  h ig h e r  en erg y  c o n te n t  

and  th u s  h ig h e r  e m i t t in g  power in  th e  sh ock  l a y e r  n e a r  th e  i n t e r f a c e .

The sm earin g  e f f e c t  o f  th e rm a l c o n d u c t iv i ty  was n o te d  by W ilson  (1970) 

when a f t e r  h i s  v is c o u s  c a lc u la t io n s  h e  p o in te d -o u t  t h a t  v is c o u s  e f f e c t s  

( in c lu d in g  th e rm a l c o n d u c t iv i ty )  s im p ly  d i f f u s e  th e  r e g io n  o f  s te e p  

te m p e ra tu re  g r a d ie n t  n e a r  th e  i n t e r f a c e  o v e r  a  l a r g e r  s p a t i a l  e x te n t  

th a n  w ould b e  c a lc u la te d  by in v i s c id  th e o r y .  In  th e  c u r r e n t  a n a l y s i s , 

th e  in c lu s io n  o f  a c t u a l  th e rm a l c o n d u c t iv i ty  e x te n d s  th e  h ig h  tem p era ­

t u r e  re g io n  in to  th e  a b l a t i o n  l a y e r  w h e re , w ith  enhancem ent, th e  a b so rp ­

t i o n  c o e f f i c i e n t  i s  l a r g e .  As can b e  n o te d  a  p o s t e r i o r i  t h i s  s im u la te s  

th e  e f f e c t  o f  d i f f u s in g  h ig h ly  a b so rb in g  a b la t io n  s p e c ie s  i n t o  th e  

h ig h - te m p e ra tu re  r e g io n  o f  th e  shock  l a y e r .  H o sh izak i and L ash er 

(1968) concluded  from  t h e i r  v is c o u s  c a lc u la t io n s  in c lu d in g  d i f f u s io n  

t h a t  f o r  mass i n j e c t i o n  com parable w ith  th e  c u r r e n t  a n a ly s i s  an 

i n c r e a s e  in  r a d i a t i v e  f lu x  o v e r lo w er i n j e c t i o n  r a t e s  was due to  th e  

a b l a t i o n  p ro d u c ts  d i f f u s i n g  i n t o  th e  h i ^ - t e m p e r a t u r e  re g io n  o f  th e  

sh o ck  l a y e r  and r e r a d i a t i n g  tow ards th e  w a l l .

4 6In  th e  a b s o r p t io n  enhancem ent reg im e betw een 10 and 9x10 th e  

r e d u c t io n  in  w a l l  m ass f lu x  shown i n  F ig .  5 .4  i s  due to  a b s o rp t io n  by 

th e  c o o le r  p o r t io n s  o f  th e  a b la t io n  l a y e r  o f  r a d i a t i v e  en erg y  e m itte d
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by th e  h o t t e r  p o r t i o n s  n e a r  th e  i n t e r f a c e .  T em pera tu re  p r o f i l e s  f o r  

t h i s  reg im e a r e  g iv e n  f o r  enhancem ent p a ra m e te rs  o f  1 0 ^ , 1 0 ^ , 5x10^, 

and 9x10^ in  F ig s .  5 .1 5 ,  5 .1 6 ,  5 .1 7 ,  and  5 .1 8  r e s p e c t iv e ly .  Through 

t h i s  reg im e  th e  te m p e ra tu re  p r o f i l e s  i n  th e  a b la t io n  l a y e r  a r e  se e n  t o
4

go from  is o th e rm a l  a t  enhancem ent o f  10 to  one c o n ta in in g  an i n f l e c -

6t i o n  p o in t  a t  th e  i n t e r f a c e  f o r  9x10 w i th  a  s te e p  g r a d ie n t  n e a r  th e  

w a l l .  These p r o f i l e s  s u g g e s t  a lm ost n o  a b la t io n  l a y e r  a b s o r p t io n  a t  

10^ and v e ry  s t r o n g  a b s o r p t io n  f o r  9x10^ (n o te  a l s o  th e  r a p id  d r o p - o f f  

o f  th e  f lu x  cu rv e  n e a r  th e  w a l l  f o r  l a r g e  enhancem ent a s  shown in  

F ig .  5 .1 0 ) .  An a d d i t i o n a l  p o in t  to  n o te  ab o u t t h i s  reg im e i s  shown 

in  F ig .  5 .6  w here we s e e  th e  a b la t io n  l a y e r  o p t i c a l  d e p th  in c r e a s in g  

from  4x10 ^ a t  10^ enhancem ent to  1 3 .9  a t  9x10^ enhancem ent. We hav e  

now th ro u g h  enhancem ent and n o t by th e  assu m p tio n  o f  " o p t i c a l l y  th ic k "  

p rod u ced  an o p t i c a l l y  t h i c k  a b la t io n  l a y e r .  I f  we com pare o u r  a b la t io n  

l a y e r  te m p e ra tu re  p r o f i l e s  w ith  th e  te m p e ra tu re  p r o f i l e s  o f  J is c h k e  and 

Baron (1969 , F ig .  3) w h ere  th ey  v a ry  th e  o p t i c a l  d e p th  o f  a  one­

d im e n s io n a l h y p e rs o n ic  r a d i a t i n g  sh o ck  l a y e r ,  we s e e  th e  t r e n d s  a s  th e  

o p t i c a l  d ep th  in c r e a s e s  a r e  v e ry  s i m i l a r .  The d i f f e r e n c e s  i n  th e  

c u rv e s  n e a r  th e  h o t  b o u n d ary  a r e  due t o  t h a t  boundary  b e in g  th e  re g io n  

o f  l a r g e s t  c o n v e c tio n  f o r  th e  h y p e rs o n ic  sh ock  l a y e r  and th e  re g io n  o f  

s m a l le s t  c o n v e c tio n  f o r  o u r  a b la t io n  l ^ e r .

L e t u s  now c o n s id e r  th e  f i n a l  reg im e o f  a b s o r p t io n  enhancem ent,
g

enhancem ent g r e a t e r  th a n  9x10 . T y p ic a l  a b la t io n  l a y e r  te m p e ra tu re  

p r o f i l e s  f o r  enhancem ents o f  1 .5x10^ and 2 .1x10^ a r e  g iv e n  in  F ig s .

5 .1 9  and  5 .2 0  r e s p e c t i v e l y .  The v e ry  la r g e  is o th e rm a l  l a y e r  f o r  an 

enhancem ent o f  2 .1 x 1 0 ^  w here th e  a b l a t i o n  la y e r  o p t i c a l  d e p th  i s  2 1 7 .9
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I s  s i m i l a r  to  th e  r e s u l t s  o f  Yoshikawa and Chapman (1962 , F ig . 11) f o r  

t h e i r  l i m i t i n g  c a se  o f  an i n f i n i t e  o p t i c a l  d e p th . The r e s u l t  o f  t h i s  

v e ry  o p t i c a l l y  th ic k  l a y e r  a d ja c e n t  to  an a b la t in g  w a l l  w i th  th e  a b la ­

t io n  r a t e  co u p led  to  th e  w a l l  h e a t  f lu x  i s  th e  p re v io u s ly  u n re p o r te d  

minimum i n  F ig ;  5 .4 .  One m ig h t e x p e c t th e  r a d i a t i v e  f lu x  to  th e  w a l l  

and th u s  th e  w a l l  m ass f lu x  to  c o n tin u e  t o  d e c re a se  a s  th e  a b s o r p t io n  

c o e f f i c i e n t  i s  in c r e a s e d ,  b u t  t h i s  c l e a r l y  i s  n o t  th e  c a s e .  The re a so n  

th e  w a l l  r a d i a t i v e  f lu x  a s  shown i n  F ig .  5 .5  s t a r t s  t o  in c r e a s e  w ith  

enhancem ent g r e a t e r  th a n  8x10^ i s  b e s t  u n d e rs to o d  th ro u g h  th e  c o n c e p t 

o f  b r ig h tn e s s  te m p e ra tu re , T^ Z e ld o v ich  and R a iz e r  (1 9 6 6 , V o l. I ,

Ch. I I - 8 )  d e f in e  T - a sv ,o r

® v « v ,b r>  '  \  5 11

4
w here B i s  th e  P lan ck  f u n c t io n  n o rm a liz e d  b y  2oT N„ /it and T , . _ i s  V s  ou v ,o r

n o rm a liz e d  by  th e  te m p e ra tu re  b e h in d  th e  sh o c k . The b r ig h tn e s s  

te m p e ra tu re  d e n o te s  th e  te m p e ra tu re  o f  a  p e r f e c t  b la c k  body e m i t t in g  

from  i t s  s u r f a c e  th e  same amount o f  s p e c t r a l  th e rm a l r a d i a t i o n  a s  th e  

a c tu a l  body o r  gas u n d er c o n s id e r a t io n .  L e t us now i n t e g r a t e  Eq. 5 .1 1  

o v e r a r b i t r a r y  freq u en cy  b an d s  to  g e t

' j ( ^ j . b r )  “  1  5 .1 2
j ,A

w here

B. = \  B dv
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T hese freq u en cy  bands can  b e  s e l e c te d  a s  th e  b an d s o f  an a b s o r p t io n  

c o e f f i c i e n t  m odel and one th e n  w ould be  a b le  t o  d e f in e  a  b r ig h tn e s s  

te m p e ra tu re  f o r  each  b a n d . We can  now In tr o d u c e  a  b r ig h tn e s s  tem p era ­

t u r e  t h a t  co rre sp o n d s  t o  th e  I n te g r a te d  r a d i a t i o n  f lu x  by I n t e g r a t i n g  

Eq. 5 .1 1  o v e r th e  e n t i r e  freq u e n cy  sp ec tru m . T h is  y ie ld s

= \  \  B E*(r .-T*.)dT*dv

o r  f o r  th e  s te p  m odel a b s o r p t io n  c o e f f i c i e n t

JS ,
.  5 .1 3

j

N ote t h a t  th e  r i g h t  hand  s id e  o f  Eq. 5 .1 3  I s  I d e n t i c a l  t o  Eq. 5 .1 0  

w hich I s  p l o t t e d  In  F ig .  5 .9 .  B ecause th e  e x p o n e n t ia l  I n t e g r a l  

d e c re a s e s  r a p id ly  w ith  o p t i c a l  d e p th  from  th e  w a l l ,  th e  m ain c o n t r ib u ­

t i o n  to  e i t h e r  th e  s p e c t r a l  o r  I n te g r a te d  w a l l  f l u x  w i l l  come from  a  

d e p th  I n to  th e  gas  o f  a p p ro x im a te ly  one p h o to n  mean f r e e  p a th  ( I . e . ,  

a t  T = 1 ) .  P ho tons re a c h in g  th e  w a l l  a r e  b o m  m ain ly  In  a  l a y e r  n e a r  

th e  w a l l  w ith  an o p t i c a l  th ic k n e s s  o f  o rd e r  o n e . P hotons b o m  In  

l a y e r s  f a r t h e r  removed from  th e  w a ll  a r e  a lm o s t t o t a l l y  a b so rb ed  b e ­

f o r e  re a c h in g  th e  w a l l .  The a p p ro x im a te ly  one pho ton  mean f r e e  p a th  
» <

l a y e r  a d ja c e n t  to  th e  w a l l  I s  c a l l e d  th e  r a d i a t i o n  l a y e r  (Z e ld o v ich  

and R a iz e r ,  1966, V o l. i ,  Ch 11 -8 ) and th e  b r ig h tn e s s  te m p e ra tu re  I s  

e q u a l  to  some av e rag e  te m p e ra tu re  o f  t h i s  l a y e r .  For th e  c u r r e n t  

a n a l y s i s .  I t  was d e c id e d  to  p ic k  an a v e ra g e  te m p e ra tu re  o f  th e
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r a d i a t i o n  l a y e r  by ta k in g  th e  g as  te m p e ra tu re  a t  an o p t i c a l  d e p th  

from  th e  w a l l  o f  2 / tt. T h is  i s  th e  av erag e  d i s ta n c e  from  th e  w a l l  a t  

w hich  a  p h o to n  can  be  b o m  and re a c h  th e  w a ll  and i s  d e te rm in ed  from

/•ir/2
T = 2 / tiI SinGde . 5 .1 4

Jo

Thus an  ap p ro x im ate  v a lu e  o f  th e  b r ig h tn e s s  te m p e ra tu re  can  b e  

ta k e n  a s  th e  gas  te m p e ra tu re  a t  an o p t i c a l  d e p th  o f  2 / tt.  The v a lu e s  

o f  b r ig h tn e s s  te m p e ra tu re  d e te rm in ed  from  th e  c a lc u la te d  te m p e ra tu re  

p r o f i l e s  a r e  g iv e n  i n  T ab le  5 .1  a lo n g  w ith  th e  a s s o c ia te d  b la c k -b o d y  

r a d i a t i v e  f l u x e s .  F o r com parison  th e  r a d i a t i v e  f lu x  to  th e  w a l l  com­

p u te d  from th e  r a d i a t i v e  term  i n  Eq. 3 .33  o r  Eq. 5 .1 0  e v a lu a te d  a t  

z e ro  i s  a l s o  g iv e n . The c o r r e l a t i o n  o f  th o s e  two h e a t  f lu x e s  w i th  a  

maximum d i f f e r e n c e  o f  6% shows c l e a r l y  t h a t  th e  b r ig h tn e s s  te m p e ra tu re  

a c c u r a te ly  p r e d i c t s  th e  w a ll  r a d i a t i v e  h e a t  f l u x  and i s  a  v ia b le  means 

o f  e x p la in in g  th e  in c re a s e d  w a l l  r a d i a t i v e  h e a t  f lu x  f o r  enhancem ent 

g r e a te r  th a n  8x10^. W ith t h i s  p o in t  e s t a b l i s h e d  we can  s e e  t h a t  th e  

te m p e ra tu re  s lo p e  w i th in  a  few ph o to n  mean f r e e  p a th s  o f  th e  w a l l  i s  

becom ing s t e e p e r  w ith  in c re a s e d  enhancem ent and th u s  in c r e a s in g  th e  

av erag e  te m p e ra tu re  o f  th e  r a d i a t i v e  l a y e r .  T h is  te m p e ra tu re  in c r e a s e  

y ie ld s  p h o to n s  re a c h in g  th e  w a l l  t h a t  a r e  b o m  in  a  h ig h e r  e f f e c t i v e  

b la ck -b o d y  te m p e ra tu re  re g io n  and r e s u l t s  i n  in c re a s e d  w a l l  r a d i a t i v e  

f lu x .  S in c e  t h i s  i s  a  r a d i a t i v e  phenomena and d i f f u s iv e  p r o c e s s e s , 

s p e c i f i c a l l y  co n d u c tio n  to  th e  w a l l ,  a r e  a t  l e a s t  an o rd e r  o f  m agn itude  

l e s s ,  i t  was n o t  s u r p r i s in g  to  f in d  t h a t  th e  b r ig h tn e s s  te m p e ra tu re  

co n cep t c o r r e l a t e d  th e  c o n s ta n t  th e rm a l c o n d u c t iv i ty  a s  w e l l  a s  th e



T ab le  5 .1  Com parison o f  W all R a d ia t iv e  H eat F lu x  D eterm ined  by B r ig h tn e s s
T em peratu re  and by R a d ia t iv e  F lu x  I n t e g r a l

NORMALIZED
OPTICAL DEPTH NORMALIZED WALL RADIATIV] HEAT FLUX

ENHANCED BRIGHTNESS BY BRIGHTNESS BY DETAILED
FACTOR SHOCK-INTERFACE SHOCK-WALL TEMPERATURE TEMPERATURE INTEGRAL

1 4 .2 0 x l0 " 3 4 .21x10"^

10 4 .20x10” ^ 4 .21 x 1 0 “ ^

10^ 4 .19x10"^ 5 .0 0 x 1 0 "^
'

10* 4 .18x10"^ 4.04x10"*

10^ 4 .17x10"^ 2 .25x 1 0 "*

10* 4 .15x10"^ 1 .6 1 .235 .264 .281

9x10* 4 .15x10“ ^ 1 .39x10^ .209 .167 .172

1 .5x10? 4 .15x10“ ^ 7.68x10^ .222 .251 .230

2 .1 x 1 0 ? 4 .15 x 1 0 “ ^ 2 .18x10^ .240 .290 .275



89

k  = k (T ) d a ta  o f  T ab le  5 .1 ,

Many i n v e s t ig a to r s  ( s e e  f o r  exam ple; W ilso n , 1970, H o sh izak l 

and L a s h e r , 1968; Chapman, 1967; Howe and V ie g a s , 1963; and Howe, 1961) 

h av e  c o n s id e re d  th e  e f f e c t s  on w a l l  h e a t  f lu x  o f  v a ry in g  e i t h e r  a b la ­

t i o n  p ro d u c t o r  i n j e c t e d  g a s  a b s o rp t io n  c h a r a c t e r i s t i c s  o r  m odels . In  

each  o f  th e  exam ples ab o v e , th e  a b la t io n  o r  i n j e c t i o n  r a t e  was n o t  

co u p led  to  th e  w a l l  h e a t  f lu x  b u t  was a r b i t r a r i l y  e s t a b l i s h e d .  In  

o r d e r  to  s e e  th e  e f f e c t  on w a l l  h e a t  f lu x  o f  a b s o r p t io n  p ro d u c t enhance­

m ent w ith  an  a r b i t r a r i l y  s e t  w a l l  mass f l u x ,  a  s e r i e s  o f  c a lc u la t io n s
2

w ere c a r r i e d - o u t  w ith  a  c o n s ta n t  w a l l  mass f lu x  o f  1 ,1 1 3  Ib m /f t  - s e c .

S in c e  t h i s  f lu x  c o rre sp o n d s  t o  th e  c a lc u la te d  r e s u l t  f o r  an enhancem ent

4 4o f  10 o n ly  enhancem ents g r e a t e r  th a n  10 w ere c o n s id e re d .  As shown

in  F ig .  5 .2 1 ,  th e  w a l l  r a d i a t i v e  f lu x  f o r  th e  c o n s ta n t  mass f lu x  c a se
7

does n o t  in c r e a s e  even  a t  an  enhancem ent o f  2 .1x10  . A lso  shown in  

th e  F ig u re  i s  th e  w a l l  r a d i a t i v e  f lu x  f o r  th e  v a r i a b l e  mass f lu x  c a s e .  

T em pera tu re  p r o f i l e s  f o r  c o n s ta n t  w a l l  m ass f lu x  a r e  shown f o r  enhance­

m ents o f  1 0 ^ , 10* , 5x10*, 9x10* , 1 .5 x 1 0 ? , and 2 .1 x 1 0 ?  in  F ig s .  5 .2 2 -  

5 .2 7 .  Com parison o f  th e s e  p r o f i l e s  w ith  th e  c o rre sp o n d in g  enhancem ent 

p r o f i l e s  f o r  th e  v a r i a b le  m ass f lu x  c a se  show t h a t  up to  th e  v a r i a b le  

m ass f lu x  w a l l  lo c a t io n  th e  p r o f i l e s  a r e  v e ry  s i m i l a r .  In  th e  re g io n  

beyond th e  v a r i a b le  mass f l u x  w a l l  l o c a t io n ,  th e  f ix e d  mass f lu x  

te m p e ra tu re  p r o f i l e s  a r e  n e a r  i s o th e rm a l .  I t  i s  t h i s  is o th e rm a l 

o p t i c a l l y  th i c k  re g io n  t h a t  a b so rb s  p h o to n s  e m it te d  from  th e  re g io n  o f  

la r g e  te m p e ra tu re  g ra d ie n t  and p re v e n ts  th e  w a l l  r a d i a t i v e  f lu x  from 

in c r e a s in g  even though  th e  o v e r a l l  o p t i c a l  d ep th  i s  l a r g e r  f o r  a  p a r­

t i c u l a r  enhancem ent th a n  t h a t  c a lc u la te d  f o r  th e  v a r i a b l e  mass f lu x
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c a s e . The key  to  u n d e rs ta n d in g  t h i s  phenomena i s  a g a in  th e  b r ig h tn e s s  

te m p e ra tu re . By lo o k in g  in to  th e  gas to  an o p t i c a l  d e p th  o f  a p p ro x i­

m a te ly  o n e , a l l  we s e e  i s  th e  is o th e rm a l te m p e ra tu re  a t  a l l  enhancem ents . 

The f ix e d  m ass f lu x  a b la t io n  l a y e r ,  even though  o p t i c a l l y  t h i c k ,  s h i e l d s  

th e  w a l l  from  r a d i a t i o n  from  th e  h o t t e r  l a y e r  n e a r  th e  i n t e r f a c e .

F ig u re s  5 .2 5 -2 .2 7  show t h a t  a s  th e  enhancem ent i s  in c r e a s e d  th e  s te e p  

te m p e ra tu re  g r a d ie n t  moves c lo s e r  to  th e  w a l l ,  and i t  i s  a n t i c ip a t e d  

t h a t  w ith  a d d i t io n a l  enhancem ent th e r e  w ould b e  a  minimum i n  th e  w a l l  

r a d i a t i v e  f l u x .  A d d it io n a l  enhancem ent c o u ld  n o t  b e  i n v e s t ig a te d  w ith  

th e  p r e s e n t  model b e c a u se  th e  e x p l i c i t  r a d i a t i v e  f lu x  d iv e rg e n c e  term  

i n  th e  e n e rg y  e q u a tio n  r e q u i r e s  such  a  s m a ll  tim e s te p  t h a t  com puter 

tim e becom es p r o h ib i t i v e .

The r e s u l t s  o f  th e s e  c o n s ta n t  w a l l  m ass f lu x  c a l c u l a t i o n s  

i n d i c a t e  t h a t  ex trem e c a u tio n  sh o u ld  be  ta k e n  when d raw ing  c o n c lu s io n s  

ab o u t a b l a t i o n  la y e r  a b s o r p t io n  enhancem ent o r  a b la t io n  p ro d u c t a b so rp ­

t io n  c o e f f i c i e n t  m odels w ith o u t  c o u p lin g  betw een  w a ll  h e a t  f lu x  and 

w a l l  m ass f l u x .  As shown by F ig . 5 .2 1 ,  t h i s  co u p lin g  was th e  d i f f e r e n c e  

betw een a  minimum i n  th e  w a ll  r a d i a t i v e  f lu x  and no minimum. Even 

though enhancem ents o f  th e  o rd e r  o f  10^ a r e  o n ly  acad em ic , i t  w i l l  b e  

shown i n  th e  d is c u s s io n  o f  a  more d e t a i l e d  a b s o rp tio n  c o e f f i c i e n t  m odel 

t h a t  a  minimum in  th e  w a l l  h e a t  f lu x  can o c c u r  a t  more p r a c t i c a l  

d e g re e s  o f  enhancem ent. W ith t h i s  in  m ind c o n s id e r  an a b l a t o r - m a te r i a l

d e s ig n  b a se d  on w a l l  m ass lo s s  d e c re a s in g  w ith  in c re a s e d  enhancem ent

4 6a s  i s  th e  c a se  f o r  enhancem ents betw een 10 and 8x10 . Our r e s u l t s  

show th e  c o n s ta n t  w a l l  mass f lu x  a n a ly s is  may be m is le a d in g . I f  th e
g

new a b l a t o r  m a te r i a l  w ere  enhanced  to  th e  o rd e r  o f  10 , th e  v a r ia b le
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w a ll  m ass f l u x  a n a ly s is  shows t h a t  th e  a b l a t o r  w ould n o t  b e  v e ry  e f f e c ­

t i v e  a lth o u g h  th e  c o n s ta n t  w a l l  m ass f lu x  a n a ly s i s  shows no  u p p e r l i m i t  

f o r  th e  b e n e f i c i a l  e f f e c t  o f  enhancem ent.

I n  a d d i t io n  to  th e  p a ra m e tr ic  s tu d ie s  o f  a b la t io n  p ro d u c t

a b s o r p t io n  c o e f f i c i e n t  enhancem en t, th e  g re y -g a s  m odel was a l s o  u sed

f o r  two a d d i t i o n a l  a n a ly s e s .  The f i r s t  a n a ly s i s  c o n s id e re d ,  f o r  th e

r e f e r e n c e  c o n d i t io n s  and no  enhancem ent, th e  e f f e c t  on w a l l  m ass f lu x

o f in c r e a s in g  th e  e f f e c t i v e  h e a t  o f  a b la t io n .  From Eq. 3 .2 3  we s e e

t h a t  t h i s  in c r e a s e  w i l l  re d u c e  th e  w a l l  mass f l u x  f o r  f ix e d  h e a t  f l u x .

However a f t e r  f in d in g  t h a t  enhancem ent o f  th e  a b la t io n  a b s o r p t io n

c o e f f i c i e n t  was o n ly  e f f e c t i v e  to  a  d eg re e  and  th e n  was d e t r im e n ta l  i n

re d u c in g  th e  w a l l  m ass f l u x ,  i t  seemed n e c e s s a ry  to  exam ine th e

in c re a s e d  e f f e c t i v e  h e a t  o f  a b l a t i o n  c a s e . As F ig .  5 .2 8  show s, th e

w a l l  m ass f lu x  d e c re a s e s  m o n o to m ica lly  th ro u g h  th e  l i m i t  o f  m ass iv e

b low ing  w hich  f o r  th e  r e f e r e n c e  c o n d it io n s  o c c u rs  a t  a  w a l l  m ass f lu x  
—2 2

o f  1 .25x10  Ib m /f t  - s e c .  The w a l l  mass f lu x  d ro p s  to  t h i s  l im i t in g  

v a lu e  a t  an  e f f e c t i v e  h e a t  o f  a b la t io n  o f  a p p ro x im a te ly  3x10^ B tu /lb m ; 

t h e r e f o r e .  F ig .  5 .2 8  beyond t h i s  l i m i t  i s  s u s p e c t .  I f  t h i s  re g io n  w ere 

o f  i n t e r e s t ,  a  b o u n d a ry - la y e r  a n a ly s i s  w ould b e  r e q u i r e d .  The c u r r e n t  

a n a ly s i s  d id  show t h a t  th e  w a l l  c o n d u c tiv e  f l u x  in c re a s e d  from  th e  

o rd e r  o f  10 ^ a t  th e  r e f e r e n c e  e f f e c t i v e  h e a t  o f  a b la t io n  to  a p p ro x i­

m a te ly  .6  and e q u a l to  th e  w a l l  r a d i a t i v e  f l u x  a t  th e  m a ss iv e  b low ing  

l i m i t .  P r i o r  to  m aking th e  c a lc u la t io n s  i t  was a n t i c ip a t e d  t h a t  a s  

th e  a b l a t i o n  la y e r  g o t  s m a l le r  w ith  in c re a s e d  e f f e c t i v e  h e a t  o f  a b la ­

t i o n  th e  c o n d u c tio n  m ig h t become l a r g e  and c a u se  a  minimum, b u t  a s  

shown i n  F ig .  5 .2 8  th e  w a l l  m ass f lu x  w ent l i k e  th e  e f f e c t i v e  h e a t
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o f  a b la t io n  r a t h e r  th a n  th e  w a l l  c o n d u c tiv e  f l u x .

The seco n d  a d d i t i o n a l  a n a l y s i s , a g a in  f o r  th e  r e f e r e n c e  c o n d i­

t io n s  and no enhancem en t, c o n s id e re d  th e  e f f e c t  on w a l l  mass f l u x  o f  

s m a ll  n o se  r a d i i .  As can  b e  se e n  from F ig .  5 .2 9  a  minimum i n  th e  w a l l  

m ass f lu x  i s  re a c h e d  a t  a  n o se  r a d iu s  o f  a p p ro x im a te ly  .25  f e e t .  F o r 

co m p ariso n , th e  r e s u l t s  o f  B a r t l e t t  e t  a l .  (1969) f o r  th e  same a l t i t u d e  

and v e lo c i ty  b u t  d i f f e r e n t  m a te r i a l  p r o p e r t i e s  and s o lu t io n  te c h n iq u e  

a r e  in c lu d e d . They u se d  a  d e t a i l e d  b o u n d a ry - la y e r  a n a ly s i s ,  b u t  s u p e r ­

im posed th e  r a d i a t i o n .  A lthough  t h i s  s o l u t i o n  te c h n iq u e  w i l l  c au se  

some d i f f e r e n c e s ,* th e  m a jo r d i f f e r e n c e s  a r e  due  to  B a r t l e t  u s in g  f o r  

g r a p h i te  an  e f f e c t i v e  h e a t  o f  a b la t io n  o f  t h e  o rd e r  o f  10^ B tu /lb m  

cMnpared to  o u r  2200 B tu /lb m  and t h e i r  u s in g  a  w a l l  te m p e ra tu re  o f  

ap p ro x im a te ly  7400“R com pared to  ou r.5400*R . B oth o f  th e se  d i f f e r -  - 

en ce s  red u ce  B a r t l e t t ' s  v a lu e s  o f  w a l l  m ass f l u x  compared to  o u r s ,  

b u t  t h e i r  su p erim p o sed  r a d i a t i o n  in c lu d e d  b o th  l i n e s  and continuum  

w hich  w ould te n d  to  in c r e a s e  t h e i r  v a lu e s .  B ecause o f  th e s e  m a jo r 

d i f f e r e n c e s ,  i t  i s  d i f f i c u l t  to  co n clu d e  m ore th a n  tre n d  c o n f irm a tio n  

from  F ig . 5 .2 9 .  The c u r r e n t  c a l c u l a t i o n s ,  i n  a d d i t io n  to  c o n firm in g  

th e  t r e n d s  o f  B a r t l e t t  th ro u g h  th e  u se  o f  c o u p le d -g re y  r a d i a t i o n  

t r a n s p o r t ,  a l s o  show (s e e  F ig .  5 .3 0 )  t h a t  r a d i a t i o n  i s  th e  dom inan t 

component o f  th e  w a l l  h e a t  f lu x  f o r  l a r g e r  n o se  r a d i i  w h ile  c o n d u c tio n  

i s  dom inant f o r  th e  s m a l le r  n o se  r a d i i . To a s s u r e  th e s e  s m a ll  n o se  

r a d i i  c a se s  w ere  s t i l l  i n  th e  m assive  b lo w in g  reg im e , checks w ere  made 

u s in g  th e  c r i t e r i o n  o f  Eq. 5 .8 .  I t  was d e te rm in e d  t h a t  th e  w a l l  m ass 

f lu x  was a lw ays a t  l e a s t  one o rd e r  o f  m ag n itu d e  above th e  b lo w -o f f  

v a lu e .
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The w a l l  m ass f lu x  r e s u l t s  f o r  th e  tw o -s te p  continuum  m odel 

a r e  shown i n  F ig .  5 .3 1 . In  o b ta in in g  th e s e  d a t a ,  b o th  th e  v i s i b l e  and 

vacuum u l t r a v i o l e t  a b s o rp tio n  c o e f f i c i e n t s  w ere enhanced e q u a l ly  by a  

m u l t i p l i c a t i v e  f a c t o r .  In  o rd e r  to  u n d e rs ta n d  th e  f i r s t  minimum 

(n o te  F ig . 5 .3 1  a t  an enhancem ent o f  100) we can  o b se rv e  th e  b e h a v io r  

o f  th e  s p e c t r a l  h e a t  f lu x e s  a s  shown i n  F ig . 5 .3 2 .  The w a l l  f l u x  i n  

th e  vacuum u l t r a v i o l e t  d e c re a se s  r a p id ly  b e ca u se  th e  a b la t io n  l a y e r  

o p t i c a l  d e p th  i n  t h i s  s p e c t r a l  band  ex ceeds u n i ty  w ith  an  enhancem ent o f  

o n ly  30 . The o p t i c a l  d e p th s  f o r  b o th  s p e c t r a l  bands a r e  shown in  

F ig .  5 .3 3 . As was see n  in  th e  g re y -g a s  a n a l y s i s ,  th e  w a l l  f lu x  

s t a r t e d  to  d e c re a s e  f o r  enhancem ents g r e a t e r  th a n  10^ w hich c o r re ^  

sponded to  an  o v e r a l l  o p t i c a l  d e p th  o f  a p p ro x im a te ly  4x10 . The

o p t i c a l  d e p th  f o r  th e  vacuum u l t r a v i o l e t  w ith  no enhancem ent i s  .3 9 5 , 

th e r e f o r e ,  th e  d e c re a s e  i n  w a l l  h e a t  f lu x  f o r  t h i s  s p e c t r a l  band w ith  

enhancem ent can  b e  e x p e c te d . The in c r e a s e  i n  w a l l  h e a t  f lu x  f o r  th e  

v i s i b l e  band i s  a g a in  ex p ec ted  from  th e  g re y -g a s  r e s u l t s  w here f o r  

enhancem ents up to  10 th e  w a l l  h e a t  f lu x  in c r e a s e d .  As i n  th e  g re y -  

g as  c a se  th e  a b la t io n  l a y e r  o p t i c a l  d ep th  i s  much l e s s  th a n  u n i ty  and we 

hav e  an e m is s io n  dom inated  a b l a t i o n  l a y e r  in  th e  v i s i b l e  b an d . The 

re a so n  th e  v i s i b l e  component o f  th e  w a l l  h e a t  f lu x  in c r e a s e s  more 

r a p id ly  th a n  th e  g re y -g a s  ca se  and more th a n  d o u b le s  th e  no enhancem ent
3

v a lu e  w ith  an  enhancem ent o f  10 i s  t h a t  a l l  th e  vacuum u l t r a v i o l e t  

shock  l a y e r  e n e rg y  t h a t  re a c h e s  th e  i n t e r f a c e  i s  ab so rb ed  and g r e a t ly  

in c r e a s e s  th e  te m p e ra tu re  a t  th e  i n t e r f a c e .  T h is  i s  e a s i l y  se e n  from  

F ig . 5 .3 2  w here a t  enhancem ents g r e a t e r  th a n  100 e s s e n t i a l l y  none o f  

th e  vacuum u l t r a v i o l e t  h e a t  f lu x  t h a t  s t r i k e s  th e  i n t e r f a c e  ( th e  vacuum
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u l t r a v i o l e t  h e a t  f lu x  a t  th e  i n t e r f a c e  i s  a p p ro x im a te ly  80% o f  th e  

t o t a l )  re a c h e s  th e  w a l l .
3

At an enhancem ent o f  10 we can  s e e  from  F ig .  5 .3 2  t h a t  th e  

v i s i b l e  w a l l  h e a t  f l u x  s t a r t s  to  d e c r e a s e .  T h is  i s  due to  th e  a b l a t i o n  

l a y e r  v i s i b l e  o p t i c a l  th ic k n e s s  a p p ro ach in g  o n e . At an  enhancem ent
3

o f  10 , th e  o p t i c a l  th ic k n e s s  i n  th e  v i s i b l e  s p e c t r a l  band  i s  o n ly  
-2

1 .5x10  , b u t  a s  shown i n  th e  g re y -g a s  a n a ly s i s  an o p t i c a l  th ic k n e s s
_2

o f th e  o rd e r  o f  10 i s  s u f f i c i e n t  to  c a u se  a  w a l l  h e a t  f lu x  r e d u c t io n

3 6w ith  a d d i t io n a l  enhancem ent. Between enhancem ents o f  10 and 8x10 ,

th e  w a l l  m ass f lu x  c o n t in u e s  to  d e c re a se  w ith  in c re a s e d  enhancem ent.

The e x p la n a t io n  f o r  t h i s  b e h a v io r  i s  t h e  same a s  f o r  th e  g re y -g a s  c a s e

4 6in  th e  enhancem ent re g im e  betw een  10 and  9x10 . B a s ic a l ly  i t  

in v o lv e s  a b s o rp t io n  b y  th e  c o o le r  p o r t i o n s  o f  th e  a b la t io n  l a y e r  o f  

r a d i a t i o n  e m itte d  by th e  h o t t e r  p o r t io n  n e a r  th e  i n t e r f a c e .  The 

second  minimum i n  th e  w a l l  mass f lu x  c u rv e  i s  due to  th e  v e ry  o p t i c a l l y  

t h i c k ,  i n  b o th  s p e c t r a l  b a n d s , gas a d ja c e n t  to  th e  w a l l .  As i n  th e  

g re y -g a s  c a s e ,  th e  p h o to n s  t h a t  re a c h  th e  w a l l  a re  e m it te d  from  th e  

h o t  r a d i a t i o n  l a y e r  and  a s  th e  te m p e ra tu re  p r o f i l e  s te e p e n s  th e  e f f e c ­

t i v e  r a d i a t i o n  l a y e r  te m p e ra tu re  i n c r e a s e s .  T y p ic a l te m p e ra tu re  p ro ­

f i l e s  f o r  enhancem ents o f  1 , 10 , 2 0 , 5 0 , 1 0 ^ , 10^ , 1 0 ^ , 1 0 ^ , 1 0 ^ ,

6 7
8.2x10  and 1 .3x10 a r e  shown in  F ig s .  5 .3 4 - 5 .4 4 .  T hese p r o f i l e s  

e x h ib i t  th e  same t r e n d s  a s  th e  g re y -g a s  p r o f i l e s .

A f te r  o b s e rv in g  th e  f i r s t  minimum i n  F ig . 5 .3 1 ,  i t  seemed 

n e c e s s a ry  to  i n v e s t i g a t e  th e  e f f e c t s  o f  s in g l e  band enhancem ent. To 

do t h i s  one sim p ly  a p p l i e s  th e  enhancem ent p a ra m e te r to  o n ly  th e  

s e l e c te d  b an d . F ig u re  5 .4 5  shows th e  r e s u l t s  f o r  vacuum u l t r a v i o l e t
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enhancem ent and  we s e e  t h a t  a  minimum does o c c u r .  Frcm th e  p o in t  o f

view  o f  re d u c in g  th e  a b la t io n  m ass l o s s ,  th e  r a p id  re d u c t io n  and m in i-
2

mum o f  .246 I b m /f t  - s e c  com pared to  two band  enhancem ent w hich  o n ly
2

red u ced  to  .4 3 8  I b m /f t  - s e c  i s  v e ry  s i g n i f i c a n t .  S in g le  band  enhance­

m ent i s  m ore p r a c t i c a l  th a n  m u ltib a n d  enhancem ent b e ca u se  i t  can  be  

acco m p lish ed  by  s e e d in g  th e  a b l a t o r  w ith  s e l e c t e d  h ig h ly  a b so rb in g  

s p e c ie s .  The o p t i c a l  d e p th s  and com ponents o f  th e  h e a t  f lu x  a t  b o th  

th e  w a l l  and i n t e r f a c e  a r e  shown in  F ig s .  5 .4 6  and 5 .4 7  r e s p e c t iv e ly .  

L ike  th e  two ban d  enhancem ent, th e  minimum, w hich  o ccu rs  a t  an  enhance­

m ent o f  4 0 0 , i s  due to  th e  v i s i b l e  band h e a t  f lu x  in c r e a s in g  b ecau se  

t h i s  band i s  veiry o p t i c a l l y  t h i n .  A lso  n o te  th e  s t r i k i n g  in c r e a s e  i n  

th e  vacuum u l t r a v i o l e t  h e a t  f lu x  to  th e  i n t e r f a c e .  As can  b e  se e n

from  F ig s .  5 .4 8 - 5 .5 1  w hich  show th e  te m p e ra tu re  p r o f i l e s  f o r  vacuum

3 3u l t r a v i o l e t  enhancem ents o f  2 0 0 , 400 , 10 , and 2x10 , th e  in c re a s e d  

i n t e r f a c e  h e a t  f lu x  i s  due to  d i f f u s io n  o f  en e rg y  by c o n d u c tio n  from 

th e  shock  l a y e r  and th u s  i n c r e a s in g  th e  e m is s iv e  pow er. T h is  c h a ra c ­

t e r i s t i c  c o u ld  n o t  b e  o b se rv ed  by  a  n o n h e a t-c o n d u c tin g  m odel.
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CHAPTER VI

CONCLUSIONS AND RECOMMENDATIONS

The r e s u l t s  o f  b o th  th e  g re y -g a s  and tw o -s te p  continuum  

a b s o r p t io n  c o e f f i c i e n t  c a lc u la t io n s  show t h a t  a s  th e  a b la t io n  l a y e r  

a b s o rp t io n  c o e f f i c i e n t  i s  enhanced  a  minimum i n  th e  a b la t io n  m ass l o s s  

r a t e  i s  re a c h e d . Enhancement o f  th e  a b s o r p t io n  c o e f f i c i e n t  beyond 

t h a t  n e c e s sa ry  to  g iv e  a  minimum c a u se s  th e  w a l l  m ass lo s s  r a t e  to  

in c r e a s e  and th e  t r e n d  in d i c a t e s  t h a t  th e  im proved a b l a t o r  p e rfo rm ance  

th ro u g h  enhancem ent can  be  l o s t  w ith  to o  much enhancem ent. C a lc u la ­

t io n s  t h a t  do n o t  co u p le  th e  a b la t io n  m ass lo s s  r a t e  w ith  th e  w a ll  

h e a t  f lu x  f a i l  t o  p r e d i c t  an e v e n tu a l  a b la t io n  m ass lo s s  r a t e  in c r e a s e  

and th u s  c a u tio n  sh o u ld  be  e x e r c is e d  when draw ing c o n c lu s io n s  ab o u t 

a b l a t o r  perfo rm ance  from  m odels t h a t  h o ld  th e  w a l l  mass f lu x  f ix e d .

W ith a b l a t i o n  l a y e r  enhancem ent o f  a  s in g l e  a b s o rp t io n  c o e f f i ­

c i e n t  energy  b a n d , a  r a p id  d e c re a se  i n  a b la t io n  m ass lo s s  r a t e  i s  

e x p e r ie n c e d  and a  minimum o c c u r s .  T h is  s in g le  e n e rg y  band enhancem ent 

can  be  used  to  s im u la te  i n j e c t i o n  th ro u g h  a b la t o r  s e e d in g  o f  m o lecu le s  

t h a t  a r e  h ig h ly  a b so rb in g  i n  one e n e rg y  b and . A gain th e  minimum i s  an  

i n d i c a t o r  t h a t  to o  much enhancem ent, s im u la t in g  to o  much s e e d in g , can  

be d e t r im e n ta l  to  a b l a t o r  p e rfo rm an ce .
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W ith in  th e  fram ew ork o f  a  g re y -g a s  a p p ro x im a tio n , one c a n , 

th ro u g h  n u m e ric a l enhancem ent, s tu d y  th e  f u l l  ran g e  o f  a b la t io n  l a y e r  

o p t i c a l  th ic k n e s s e s  from  th i n  to  th i c k  w ith o u t  m aking a  p r i o r i  a p p ro x i­

m a tio n s . In  a d d i t i o n ,  w ith  n u m e ric a l enhancem ent, a  s e l e c t e d  e n e rg y  

band  o f  th e  a b s o r p t io n  c o e f f i c i e n t  can  a l s o  b e  v a r ie d  th ro u g h  a l l  o p t i ­

c a l  th ic k n e s s e s .

A lthough th e r e  a r e  no p u b lis h e d  r e s u l t s  w ith  w h ich  to  make 

com parisons o v e r th e  f u l l  ran g e  o f  enhan cem en ts , co m p ariso n s a t  z e ro  

enhancem ent a r e  good and t r e n d s  a t  l a r g e  enhancem ents a r e  v e ry  s i m i l a r  

to  p u b lis h e d  l im i t i n g  c a s e s .

The in c lu s io n  o f  th e rm a l c o n d u c t iv i ty  was found  to  s t a b i l i z e  

th e  n u m e ric a l scheme and a lth o u g h  th e  c o n d u c tio n  te rm  i n  th e  en erg y  

e q u a tio n  i s  dom inant n e a r  th e  i n t e r f a c e ,  c o n d u c tio n  h a s  v e ry  l i t t l e  

e f f e c t  on th e  o v e r a l l  r e s u l t s .  W ith th e  th e rm a l c o n d u c t iv i ty  red u ced  to  

a p p ro x im a te ly  z e r o ,  an  in c r e a s e  o f  5% i n  th e  w a ll  r a d i a t i v e  h e a t  f l u x  

was o b se rv e d . T h is  in c r e a s e  came f o r  th e  z e ro  enhancem ent c a se  and i s  

due to  a  la c k  o f  th e rm a l d i f f u s io n  from  th e  h ig h  te m p e ra tu re  sh o ck  l a y e r  

i n t o  th e  low er te m p e ra tu re  a b la t io n  l a y e r .  I t  was found  a  p o s t e r i o r i  

t h a t  th e rm a l d i f f u s io n  in  th e  c u r r e n t  m odel caused  th e  a b l a t i o n  l a y e r  

n e a r  th e  i n t e r f a c e  to  b e  h o t  f o r  th e  enhanced  c a s e s ,  th u s  s im u la t in g  th e  

r e a l  c a se  o f  h ig h ly  e m it t in g  a b la t io n  s p e c ie s  b e in g  t r a n s f e r r e d  by 

m o le c u la r  d i f f u s io n  i n t o  th e  h ig h  te m p e ra tu re  shock l a y e r .

F or th e  g re y -g a s  c a s e ,  in c r e a s in g  th e  e f f e c t i v e  h e a t  o f  a b la ­

t i o n  c au se s  a  much g r e a t e r  d e c re a se  in  w a l l  m ass lo s s  r a t e  th a n  th e  

same m u l t i p l i c a t i v e  f a c t o r  in c re a s e  in  a b la t io n  l a y e r  a b s o r p t io n
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c o e f f i c i e n t  th ro u g h  enhancem en t. The d e c re a se  i n  w a l l  m ass lo s s  r a t e  

w ith  in c r e a s e d  e f f e c t i v e  h e a t  o f  a b la t io n  c o n tin u e s  th ro u g h  th e  lo w er 

l im i t s  o f  m assiv e  b lo w in g  th e o ry  w ith o u t  re a c h in g  a  minimum.

Com parisons o f  th e  c u r r e n t  g re y -g a s  r e s u l t s  f o r  v a ry in g  n o se  

r a d iu s  w i th  p u b lish e d  r e s u l t s  show th e  same t r e n d s  and co n firm  t h a t  

a  minimum i n  w a ll  m ass l o s s  r a t e  d o es  o ccu r and i s  due to  t r a n s i t i o n  

from  a  r a d i a t i o n  dom inant regim e to  a  co n d u c tio n  dom inant reg im e .

B ecause o f  th e  s im p l i c i ty  o f  th e  a b s o r p t io n  c o e f f i c i e n t  m odels 

u sed  i n  t h i s  a n a ly s i s ,  i t  i s  n o t  p o s s ib le  to  make s p e c i f i c  recommenda­

t io n s  a s  t o  w hich e n e rg y  b a n d s , when en h an ced , w i l l  have  th e  g r e a t e s t  

e f f e c t  on w a l l  mass l o s s  r a t e .  We have  d e m o n stra ted  t h a t  d i f f e r e n t  

energy  ban d  enhancem ent can  have  d i f f e r e n t  e f f e c t s .  I t  i s  reconmnended 

t h a t  c a lc u la t io n s  be  made u s in g  d e t a i l e d  a i r  o p a c i t i e s  w hich  in c lu d e  

l i n e s  and  r e a l  c a n d id a te  a b la to r  v a p o r  o p a c i t i e s .  As an  im provem ent 

to  n u m e r ic a l  enhancem ent o f  th e  a b la t io n  l a y e r  o p a c i t i e s  one co u ld  

in c o r p o r a te  th e  d i f f u s i o n  e q u a tio n  i n t o  th e  c u r r e n t  two i n v i s c id  l a y e r  

scheme and  o b ta in  s e l e c t e d  enhancem ent by in c r e a s in g  a  p a r t i c u l a r  

s p e c ie  c o n c e n tr a t io n s  a s  i t  le a v e s  th e  w a l l .  W ith th e  d a ta  from t h i s  

ty p e  o f  a n a ly s i s  one c o u ld  g iv e  g u id a n ce  f o r  new a b la t io n  m a te r ia l  

developm ent t h a t  c o u ld  r e s u l t  i n  m in im iz in g  th e  a b la t io n  mass lo s s  

f o r  a  p a r t i c u l a r  m is s io n .
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APPENDIX A 

CONSERVATION LAW FORMULATIONS

The geom etry  and n o m e n c la tu re  f o r  th e  i n v i s c i d  h y p e rv e lo c i ty  

flow  f i e l d  a re  g iv e n  i n  F ig . A . I .  As x /R ^ «  1 i n  th e  s ta g n a t io n  

re g io n  th e  c o n s e rv a tio n  e q u a tio n s  f o r  a  g e n e r a l  tw o -d im en s io n a l o r  

ax isy m m etric  flow  f i e l d  may b e  g r e a t l y  s im p l i f i e d  (C h in , 1 9 6 8 ). F or 

th e  h y p e rv e lo c i ty  c a s e ,  th e  k i n e t i c  en erg y  change a c r o s s  th e  sh ock  

la y e r  i s  s m a ll com pared to  e n th a lp y  change and th e  p r e s s u re  v a r i a t i o n  

a lo n g  th e  s ta g n a t io n  s t r e a m l in e  i s  v e ry  s m a l l .  The shock  and d iv id in g  

s t r e a m l in e  o r  i n t e r f a c e  a r e  assum ed to  b e  c o n c e n t r ic  w ith  th e  body 

s u r f a c e .  Under th e s e  a ssu m p tio n s  th e  c o n s e rv a tio n  e q u a tio n s  a r e :  

c o n t in u i ty ,

x-momentum.
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y-momenCum,

P = Pg = P„; A*3

and e n e rg y .

3h . 3h A — . ,u  %— +  Av "z— = — — d iv  q A .43x 3y p ’

w here L i s  z e ro  f o r  tw o -d im en s io n a l and one f o r  ax isy m m etric  f lo w , K 

i s  th e  body c u rv a tu re  (e q u a l to  1/R^ a t  th e  s ta g n a t io n  p o i n t ) ,  A i s  a  

geom etry  f a c to r  e q u a l  to  (1+Ky) b u t  assumed c o n s ta n t  and e q u a l  t o  one 

( f o r  t h i n  shock  l a y e r s  Ky i s  v e ry  s m a ll  i n  com parison  w ith  u n i ty )  and 

d iv  q i s  th e  d iv e rg e n c e  o f  th e  h e a t  f l u x .

The boundary  c o n d it io n s  a r e :

a t  th e  sh o ck , y  = A,

V = V = -  eU ,s  «0

e = e (p „ ,V  ) ;

A.5
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a t  th e  i n t e r f a c e ,  y  = A^, unknown p r i o r  to  th e  s o l u t i o n .

V = 0 ; A .6

and a t  th e  w a l l ,  y  = 0 ,

„  . , h e a t  a b so rb ed  a t  w a l l

 % -----------------

A .7

i s  th e  s u b lim a tio n  te m p e ra tu re

F or t h i s  c o m p re ss ib le  i n v i s c i d  f lo w . C hin (1965) u sed  t r a n s ­

fo rm a tio n s  s i m i l a r  t o  th e  L ee s-D o ro d n itsy n  t r a n s fo rm a tio n s  f o r  com­

p r e s s i b l e  boundary  l a y e r s  (Rayes and P r o b s te in ,  1959, pg 290) and 

assum ed s i m i l a r i t y  t o  o b ta in  th e  fo l lo w in g  r e s u l t s  f o r  th e  sh o ck  l a y e r ;

dÇ = (L+1) ^  , g * ^  , A .9
Ps 8

 ̂^  [(^ ) -
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and

w here z i s  a  c o o rd in a te  w hich i s  z e ro  a t  th e  shock  and in c r e a s e s  tow ard  

th e  body ( s e e  F ig .  A .2 ) .  In  E qs. A .8 and A .1 1 , i t  h a s  been  assum ed 

t h a t  th e  sh o ck  s t a n d - o f f  d is ta n c e  i s  s m a ll  compared t o  th e  n o se  r a d iu s  

so  t h a t  A = 1 . The boundary  c o n d it io n s  un d er t h i s  t r a n s fo rm a t io n  

becom e:

a t  th e  s h o c k , Ç = z =* 0 ,

and a t  th e  i n t e r f a c e ,  Ç = unknown p r i o r  t o  th e  s o l u t i o n .

F = 0 .  A .13

F or th e  a b l a t i o n  l a y e r .  Chin (1968) u sed  s im i l a r  t r a n s fo rm a tio n  

te c h n iq u e s  t o  o b ta in  th e  fo llo w in g  r e s u l t s :

/ 2 p

dn = (L +l) ^  , g = T -*  A .15
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and

w here y  i s  a  c o o rd in a te  w hich  i s  z e ro  a t  th e  w a l l  and in c r e a s e s  tow ard  

th e  sh o c k . A gain we h a v e  assumed A -  1 ,  b e ca u se  th e  i n t e r f a c e  s ta n d ­

o f f  d i s t a n c e  i s  much l e s s  th a n  th e  n o se  r a d iu s .  I n  o b ta in in g  Eq. A .16 

a  te rm  was found n e g l i g i b l e  by n o t in g  t h a t

1 »  = 1 0 - '*
P A

f o r  th e  no  a b s o r p t io n  enhancem ent c a s e  a t  190 ,000 f e e t  and 5 5 ,000  f e e t  

p e r  seco n d  and d e c re a se d  w ith  a b s o r p t io n  enhancem ent b e c a u se  

d e c re a s e d . The boundary  c o n d i t io n s  f o r  th e  a b la t io n  l a y e r  e q u a tio n s  

a r e :

a t  th e  w a l l ,  n = y  =* 0 ,

F = l ,  ^  = 0 ,  g = 1 , A, 18

and a t  th e  i n t e r f a c e ,  n = unknown a  p r i o r i

F = 0 . A.19
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L e t us  now c o n s id e r  th e  momentum e q u a tio n s  (A. 10 and A. 16) and 

d ev e lo p  a  u n i f i e d  e q u a tio n  w hich  d e s c r ib e s  th e  momentum f i e l d  In  e i t h e r  

l a y e r .  T h is  I s  s im p ly  done by  d e f in in g

f ( ç )  =

2 e ( l - e ) p ^ / p ( Ç ) , sh ock  l a y e r

p ^ /p ( n )  , a b la t io n  l a y e r

A. 20

w hich  y i e l d s  th e  u n i f i e d  momentum e q u a tio n  a s

F F" = o[F*^ -  f ( ç > ] A .21

In  t h i s  e q u a tio n  I t  was c o n v e n ie n t to  r e p la c e  by  o w here

a =

1 , tw o -d im en s io n a l p la n a r  flo w

h  , a x ls y n m e tr lc  flo w

In  th e  sh ock  l a y e r  ç ■> Ç w h ile  In  th e  a b l a t i o n  l a y e r  ç n* The 

p rim e n o ta t io n  I n d ic a te s  d e r iv a t iv e s  w ith  r e s p e c t  t o  th e  In d ep en d en t 

v a r i a b l e  ç . The u n i f i e d  b o u n d ary  c o n d it io n s  a r e

at Ç 0,

F = 1, F' = - Yt A.22
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F = 0 A.23

w here y i s  1 f o r  th e  sh o ck  l a y e r  and z e ro  f o r  th e  a b la t io n  l a y e r .

The en erg y  e q u a t io n s  (A .11 and A .17) a r e  e q u iv a le n t  a s  can  b e  

shown by  r e tu r n in g  a l l  v a r i a b l e s  to  d im e n s io n a l form . W ith E qs. A .8 

and A .9 , Eq. A. 11 becomes

w here  mass c o n t in u i ty  (p^v^ = h a s  b een  u s e d . We can  now w r i t e

th e  o n e -d im e n s io n a l e n e rg y  r e l a t i o n  a c r o s s  a  no rm al shock  a s

2
b u t f o r  th e  f r e e  s tre a m  c o n d it io n s  o f  i n t e r e s t  e ~  .0 6  and h ^  «  

we hav e

Now Eq. A .24 becomes

pv ^  =* — . A .25dz dz
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We can  fo llo w  th e  same p ro c e d u re  w ith  Eq. A .17 t o  g e t  i d e n t i c a l  r e s u l t s  

b u t  i n  th e  y - c o o r d in a te  fram e . W ith th e  change o f  v a r ia b le  z  = A -  y

(se e  F ig .  A . 2 ) , th e  a b l a t i o n  l a y e r  en erg y  e q u a t io n  becomes Eq. A .25
e

and we now hav e  one e x p re s s io n  f o r  th e  en e rg y  e q u a tio n  and i t  i s  v a l i d  

from th e  s h o c k .to  th e  b o d y . The boundary  c o n d i t io n s  a r e :

a t  z = 0 ( s h o c k ) .

h  = h g , A .26

and a t  z -  A (body)

h  = h ^  . A .27

E q u a tio n s  A .21  and A .25 a lo n g  w ith  t h e i r  r e s p e c t iv e  boundary  

c o n d i t io n s  and th e  a p p r o p r ia te  e q u a tio n s  o f  s t a t e  c lo s e  i n t o  a  c o n s i s t ­

e n t  s e t  o f  th r e e  e q u a t io n s  (A .2 1 , A .2 5 , and A .28) and th r e e  unknowns 

( p , v ,  and h ) by th e  s t a t e  e q u a tio n

h  = h (P ,p )  . A .28

The in c lu s io n  o f  p r e s s u r e  i n  Eq. A .28 does n o t  add an a d d i t i o n a l  

unknown b e ca u se  by Eq. A .3 we have  assumed th e  p re s s u re  to  b e  c o n s ta n t  

in  th e  s ta g n a t io n  r e g io n .



APPENDIX B 

THEBMODYNAMIC AND RADIATIVE PROPERTIES

In  o r d e r  to  c a r r y  o u t th e  s o lu t io n s  t o  th e  c o n s e rv a t io n  equa­

t io n s  i t  i s  n e c e s s a ry  t o  have  e i t h e r  t a b u la t i o n s  o r  e x p re s s io n s  f o r  

s t a t e ,  therm odynam ic, and r a d i a t i v e  p r o p e r t i e s  o f  b o th  th e  a i r  and 

a b la t iv e  s p e c ie s *  F or s im p l i c i t y  and c o m p u ta tio n a l s p e e d , we h av e  in  

g e n e r a l  r e s o r t e d  to  a n a l y t i c a l  e x p re s s io n s  f o r  p ro p e r ty  v a lu e s .  The 

e q u a tio n  o f  s t a t e  c o r r e l a t i o n s  and P la n c k  mean a b s o r p t io n  c o e f f i c i e n t s  

a r e  ta k e n  from  O ls ta d  (1 9 7 0 ) , th e  g as  th e rm a l c o n d u c t iv i ty  d a ta  was 

cu rv e  f i t  from  Hansen (1 9 5 9 ) , and th e  two e n e rg y  group a b s o r p t io n  

c o e f f i c i e n t  d a ta  was ta k e n  from  Page e t  a l .  (1 9 6 8 ). T hese p r o p e r t i e s  

a r e  d is c u s s e d  i n  th e  rem a in d e r o f  t h i s  A ppendix .

O ls ta d  n o te d  t h a t  th e  a v a i l a b le  d a ta  f o r  b o th  d e n s i ty  and 

te m p e ra tu re  c o u ld  be  a p p ro x im a te ly  r e p r e s e n te d  by fu n c t io n s  s e p a ra b le  

i n  th e  v a r i a b l e s  p r e s s u r e  and e n th a lp y  i n  th e  form (P /P ^ )^ f (h /R T ^ ) . 

From p lo t s  o f  f(h /R T ^) f o r  v a r io u s  p r e s s u r e s  h e  deduced

,0 .0 9 , V 0 .5 5
T -  3 0 8 .8  ( f )  ■ ( ^ )  ■ . "K B . l
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and

. 0 .9 6  ,RT^v

O/Oo ” 7 944 (p“) ( ~ )  ®-7

w here P i s  s e a - l e v e l  s ta n d a rd  p r e s s u r e ,  p I s  s e a - l e v e l  s ta n d a rd  o o

d e n s i ty ,  i s  273“K, and R i s  th e  g a s  c o n s ta n t  f o r  a i r  (2 .882x10^ 

2 2cm / s e c  - ° K ) .  Upon in v e r s io n  and  u n i t s  c o n v e rs io n  Eq. B . l  becom es

1 .819

" P i & w  ' . e* HI

w ith  T i n  °R and P in  a tm o sp h e re s . In  th e  c o n v e c tiv e  te rm s o f  th e  

en erg y  e q u a t io n  (Eq. 3 .3 6 )  we m ust t r e a t  th e  e x p re s s io n  d h /d z  w hich 

can  be  expanded to

dh _ 3h dT . 3h dP _ ,

dz 3T dz 3P dz

F or o u r s t a g n a t io n - p o in t  s o l u t i o n ,  we have  assum ed th e  p r e s s u r e  to  be  

c o n s ta n t  and  th e r e f o r e  th e  l a s t  te rm  i n  Eq. B .4  i s  z e r o .  By Eq. B .3 

we now h av e

s "

E q u a tio n  B .2 can  a l s o  be  c o n v e r te d  to  o u r sy stem  o f  u n i t s  y i e ld in g

P /P g  = 7 . 9 4 4 ( gi g- )  . B. 6
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T h is  e q u a tio n  o f  s t a t e  in fo r m a t io n  was d ev e lo p ed  f o r  a i r  b u t  i n  th e  

c u r r e n t  a n a ly s i s  was a l s o  u se d  f o r  th e  a b l a t i v e  p ro d u c ts .  T h is  a p p ro x i­

m a tio n  n o t  o n ly  s i m p l i f i e s  t h e  c o m p u ta tio n a l p ro c e d u re  b u t  a l s o  a llo w s  

c o n s id e r a t io n  o f  a b l a t i v e  m a te r i a l s  o v e r  a  w ide ra n g e  o f r a d i a t i v e  and 

d eco m p o s itio n  p r o p e r t i e s  w h ile  m a in ta in in g  th e  same e q u a tio n s  o f  s t a t e .  

T h is  p re v e n ts  th e  i l l - d e f i n e d  a b l a t o r - m a te r i a l  e q u a tio n  o f  s t a t e  

in fo rm a tio n  i n  to d a y 's  l i t e r a t u r e  from  m asking th e  p rim e c o n s id e ra t io n s  

o f  t h i s  a n a l y s i s ,  nam ely , e f f e c t s  o f  v a ry in g  r a d i a t i v e  and decom posi­

t i o n  p r o p e r t i e s .

I t  i s  d e s i r a b l e  to  b e  a b le  to  make flo w  f i e l d  c a lc u la t io n s  f o r  

v a r io u s  f r e e  s tre a m  v e l o c i t i e s  and a l t i t u d e s .  F o r th e  f l i g h t  reg im e o f  

i n t e r e s t  i n  th e  c u r r e n t  a n a ly s i s  (nom inal 200 ,0 0 0  f e e t  and 5 0 ,0 0 0  f e e t  

p e r  s e c o n d ) , i d e a l  g as  r e l a t i o n s  a c ro s s  a  n o rm al shock  g iv e  a  d e n s i ty  

r a t i o  o f  .1667 w h ile  th e  M o l l ie r  D iagram  g iv e s  .0582 th ro u g h  an  i t e r a ­

t i v e  s o l u t i o n .  In  o rd e r  to  keep  o u r  c a lc u la t io n s  econom ica l w ith o u t 

th e  e x tre m e ly  la r g e  e r r o r s  o f  i d e a l  gas c a l c u l a t i o n s ,  O l s t a d 's  shock  

c o n d it io n  c o r r e l a t i o n s

■̂ s vp^

and

« . 0 04 
P» /  \  « 0 8

e . ^ = . 0 6 9 5  ( ^ )  U .» - '
Pg \P _  ' ®

w ere u se d . In  th e s e  e x p re s s io n s  U i s  in  k i lo m e te r s  p e r  seco n d . We
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can  now c o n v e r t  to  o u r  sy stem  o f  u n i t s  y ie ld in g

/ p _ \ 0 . 0 9 /  « „  \ l . 2 8

and

0 . 0 4 .  „  v D . 0 8

c = .0 6 9 5 1 —  I I I 8 .8

w here  now i s  i n  k i l o f e e t  p e r  seco n d . The r e s u l t s  o f  E qs. B .7 and

B .8  w ere compared w ith  M o ll ie r  Diagram r e s u l t s  f o r  th e  nom inal f l i g h t  

c o n d i t io n s  and c o r r e c t io n  f a c t o r s  o f  .897  and .935 r e s p e c t iv e ly  w ere 

a p p l ie d  to  th e s e  e q u a tio n s  y ie ld in g

D .09 /  „  v l .2 8

m m .
Tg = 1678 1 —  1 . ®R B .9

and

= .0650^-j . B.IO

E q u a tio n s  B .9 and B .IO  a re  now e x a c t  a t  200 ,000  f e e t  and 5 0 ,000  f e e t  p e r  

seco n d  and y i e ld  a c c u r a te  r e s u l t s  in  th e  f u l l  ran g e  o f  f l i g h t  c o n d i t io n s  

s tu d ie d .  The rem a in in g  needed  shock  c o n d i t io n ,  P ^ , can  be  d e te rm in e d  

by in v e r t in g  Eq. B .6  to  g e t

1 .6 1 8 / \ . 8 9

“ W  (fc)
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w hich  when e v a lu a te d  a t  th e  shock  y i e ld s

89

The th e rm a l c o n d u c t iv i ty  d a ta  w ere ta k e n  from  Hansen (1959)

w here th e  d a ta  a r e  t a b u la te d  e v e ry  500°K from  5 0 0 -1 5 ,000°K and a t  each

-4o rd e r  o f  m agn itude  p r e s s u r e  change from  10 -1 0 0  a tm o sp h e re s . B ecause

th e  p a ra m e tr ic  s t u d i e s  on a b s o r p t io n  enhancem en t, n o se  r a d iu s  and 

e f f e c t i v e  h e a t  o f  a b l a t i o n  w ere ru n  a t  190 ,000  f e e t  and 5 5 ,000  f e e t  p e r  

seco n d  w here th e  p r e s s u r e  b e h in d  th e  sh ock  i s  1 .0 3  a tm ospheres i t  was 

s u f f i c i e n t  to  u se  o n ly  th e  one a tm osphere  th e rm a l c o n d u c t iv i ty  d a t a .

As can  be se e n  from  F ig .  B . l ,  th e  th e rm a l c o n d u c t iv i ty  i s  a  h ig h ly  

v a ry in g  fu n c t io n  o f  te m p e ra tu re  and i n  o rd e r  to  h av e  an a c c u r a te  

r e p r e s e n ta t io n  th e  cu rv e  was d iv id e d  i n t o  s i x  te m p e ra tu re  ra n g e s  

( l e s s  th a n  3000, 3 -4 0 0 0 , 4 -6 0 0 , 6 -8 0 0 , 8 -1 1 ,0 0 0 , and g r e a te r  th a n  

1 1 ,0 0 0 “K ). W ith in  each  te m p e ra tu re  ran g e  th e  th e rm a l c o n d u c t iv i ty  

was f i t  to  a  6 th  o r d e r  p o ly n o m ia l i n  te m p e ra tu re  w ith  a  min-max c u rv e  

f i t  te c h n iq u e . On com paring th e  p o ly n o m ia l r e s u l t s  w ith  th e  ta b u la te d  

d a ta  a  maximum e r r o r  o f  6.6% was d e te rm in e d  a t  4 ,500^K .

F or th e  g re y -g a s  c a lc u la t io n s  o f  t h i s  s tu d y  th e  P la n c k  mean 

a b s o r p t io n  c o e f f i c i e n t  a s  d e f in e d  by

s; “ v V ' '
Op -

S V "o

was s e le c te d  a s  th e  g re y -g a s  a b s o r p t io n  c o e f f i c i e n t .  O ls ta d  (1970) was
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1 atm

k /k o
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T em p era tu re , ®K 

F ig u re  B . l  Therm al C o n d u c tiv ity  o f  A ir
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a b le  to  ap p ro x im ate  th e  c u rv es  f o r  th e  v a r i a t i o n  o f  lo g ^ ^  Op w ith  

lo g io  T w ith  s t r a i g h t  l i n e s  to  g e t

^ < yi-.
o

w hich h e  found v a l i d  f o r  te m p e ra tu re s  up to  20,000®K a t  p r e s s u r e s  from  

lO"*^ to  10^ a tm o sp h e re s . At lo w er p r e s s u r e s  th e  fo rm u la  i ^  o n ly  v a l i d  

to  lo w er te m p e ra tu re s ;  f o r  exam ple , a t  10 a tm o sp h eres  th e  maximum 

te m p e ra tu re  f o r  w hich th e  fo rm u la  i s  v a l i d  i s  15,000*K . I t  i s  m ore 

d e s i r a b le  f o r  th e  c u r r e n t  work to  e x p re s s  th e  P la n c k  mean a b s o r p t io n  

c o e f f i c i e n t  i n  te rm s o f  te m p e ra tu re  and p r e s s u r e .  Through th e  u se  o f  

c ro s s  p l o t t i n g  O ls ta d  a l s o  d e te rm in ed

[4 .6 3 1  -  .1 8 9 6 £ n e(P )]
<• ,  .  1. 19x10- ’ -  • W « n J P ) ]  j , - l

B .13

w here a g a in  P i s  i n  a tm o sp h eres  and T i s  i n  *R.

A lthough Eq. B .13 i s  th e  a p p r o p r ia te  P lan ck  mean a b s o rp t io n  

c o e f f i c i e n t  f o r  a i r ,  i t  was a l s o  u sed  f o r  th e  a b l a t i v e  l a y e r  i n  th e  

z e ro  a b s o r p t io n  enhancem ent c a s e .  I n  o rd e r  to  s im u la te  n u m e r ic a lly  th e  

e f f e c t s  o f  a b s o r p t io n  enhanced  a b l a t i v e  p r o d u c ts ,  th e  P lan ck  mean 

a b s o r p t io n  c o e f f i c i e n t  f o r  a i r  was in c re a s e d  by a  m u l t i p l i c a t i v e  

f a c t o r  (Th) a p p l ie d  u n ifo rm ly  th ro u g h  th e  a b l a t i v e  l a y e r  ( s e e  F ig .  B .2 a) 

T h is  te c h n iq u e  i s  r e p r e s e n ta t i v e  o f  a  c a s e  w here a l l  th e  a b l a t i v e  s p e ­

c ie s  d e m o n s tra te  enhanced  a b s o rp t io n  c h a r a c t e r i s t i c s  b e ca u se  a s  shown 

by F ig . B .2b w hich i s  tak en  from  W ilson  (1970) th e  a b l a t i v e  p ro d u c t 

m ass f r a c t i o n  i s  u n ifo rm  th ro u g h  m ost o f  th e  a b l a t i v e  l a y e r .  I f  one
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d e s i r e d  t o  enhance th e  a b s o r p t io n  c h a r a c t e r i s t i c s  o f  th e  a b l a t i v e  l a y e r  

by some s p e c ie s  t h a t  o n ly  form s away from  th e  w a l l  by ch em ica l r e a c t io n  

w ith  d i f f u s e d  f r e e - s t r e a m  c o n s t i tu e n t s  o r  due to  th e  e le v a te d  tem pera­

tu r e  n e a r  th e  i n t e r f a c e  a s  i s  th e  c a se  f o r  n e u t r a l  ca rb o n  and c a rb o n -  

i t r i d e  (CN) f o r  th e  A p o llo  m a te r i a l  ( s e e  F ig .  B .3b w hich i s  ta k e n  from  

B a r t l e t t  e t  a l .  (1 9 6 9 ). I t  could n o t  be  s im u la te d  by th e  s te p  fu n c t io n  Th o f  

F ig . B .2 a . T h is  s im u la t io n  w ould r e q u i r e  a  m u l t i p l i c a t i v e  fu n c t io n  

l i k e  D i shown in  F ig , B .3 a . F ig u re  B .4 a  shows a  t y p i c a l  te m p e ra tu re  

p r o f i l e  from  th e  c u r r e n t  a n a ly s i s  a lo n g  w ith  a  q u a n t i t a t i v e  p lo t  o f  

Eq. B .1 3 . F ig u re  B.4b shows th e  same P la n c k  mean a b s o r p t io n  c o e f f i c i e n t  

when o p e ra te d  on by th e  enhancem ent p a ra m e te r  Th. The seco n d  cu rv e  i n  

F ig . B .4b i l l u s t r a t e s  how a  d i f f u s iv e  enhancem ent p a ra m e te r ,  D i, w ould 

a f f e c t  th e  g rey  a b s o r p t io n  c o e f f i c i e n t .

The m u l t i s te p  o r  m u ltie n e rg y  group a b s o r p t io n  c o e f f i c i e n t  

m odel i s  r e p re s e n te d  by

JS
B .14» £  O j(P,T)H (v-V j ^)H (V j-v)

w here H (x) i s  th e  H e a v is id e  fu n c t io n  d e f in e d  i n  C h ap te r I I .  As i s  

p o in te d - o u t  in  C h ap te r I I I ,  a  s te p  fu n c t io n  r e p r e s e n ta t io n  o f  th e  

a b s o r p t io n  c o e f f i c i e n t  c an  b e  made as  a c c u ra te  a s  d e s i r e d  by s im p ly  

in c r e a s in g  th e  number o f  f req u e n cy  s t e p s ,  J S .  I t  sh o u ld  a l s o  be n o te d  

th a t  th e r e  i s  no lo s s  i n  g e n e r a l i t y  by r e q u i r in g  th e  c u t - o f f  f r e q u e n c ie s  

( i . e . ,  v ^ ,  V2 * * ' V j ' ' ' V j g )  to  be th e  same f o r  th e  shock  and a b l a t i v e  

l a y e r s . T h is  can b e s t  b e  s e e n  in  F ig .  B .5 w here a  h y p o th e t ic a l  sh o ck  

a b s o r p t io n  c o e f f i c i e n t  w i th  c o n s id e ra b le  freq u e n cy  dependence f o r  h ig h
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f r e q u e n c ie s  i s  r e p re s e n te d  by  a  . w h ile  th e  a b l a t i v e  a b s o r p t io n

s> j

c o e f f i c i e n t  w i th  c o n s id e ra b le  freq u e n cy  dependence f o r  low f r e q u e n c ie s

i s  r e p r e s e n te d  by  a  . .  The r e s u l t  i s  t h a t  when e i t h e r  l a y e r  r e q u i r e s
3 ; j

s u b s t a n t i a l  freq u e n c y  d e t a i l ,  th e  o th e r  l a y e r  h as  some a d ja c e n t  f r e ­

quency g ro u p s  w ith  i d e n t i c a l  a b s o r p t io n  c o e f f i c i e n t s .  The e f f e c t s  o f  

e i t h e r  g ro s s  o r  d i f f u s i v e  a b s o r p t io n  enhancem ent i n  a  p a r t i c u l a r  f r e ­

quency band  can  b e  s im u la te d  by  m aking th e  enhancem ent p a ra m e te rs

freq u en cy  d ep en d en t g iv in g  T h . and D i . . T hese p a ra m e te rs  a r e  shown
j  J

s c h e m a tic a l ly  i n  F ig .  B . 6 .  An exam ple o f  enhancem ent i n  a  p a r t i c u l a r  

band w hich c o u ld  b e  a c c u r a te ly  r e p r e s e n te d  by  th e  g ro s s  enhancem ent 

p a ra m e te r , T h^, i s  th e  i n j e c t i o n  o f  CO  ̂ w hich i s  h ig h ly  a b so rb e n t in  

th e  v i c i n i t y  o f  1 0 .6  m ic ro n s . In c re a s e s  i n  t h i s  Th^ w ould s im u la te  

in c re a s e s  i n  th e  i n j e c t e d  m ass f l u x  o f  COg.

The two e n e rg y  g roup  a b s o r p t io n  c o e f f i c i e n t  m odel u sed  i n  th e  

c u r r e n t  a n a ly s i s  c o n s i s t s  o f  a  v i s i b l e  continuum  (1130 A < 1 < “ ) band 

and a  vacuum u l t r a v i o l e t  continuum  (0 < A < 1130 A) b an d . The a c tu a l  

v a lu e s  w ere  ta k e n  from  th e  two continuum  s te p s  o f  Page e t  a l .  (1968) 

w here h e  p r e s e n ts  a  fo u r  band  m odel a t  a  p r e s s u re  o f  one a tm o sp h ere . 

T h is  p a r t i c u l a r  m odel was ch o sen  i n  a n t i c i p a t i o n  o f  m aking a d d i t i o n a l  

c a lc u la t io n s  w ith  P a g e 's  l i n e s  in c lu d e d ,  b u t  th e  in c o m p a t ib i l i ty  o f  h i s  

vacuum u l t r a v i o l e t  l i n e  d a ta  (Page t r e a t e d  t h i s  g roup  o f  l i n e s  a s  a  

s in g le  " e q u iv a le n t"  h e a v i ly  s e l f - a b s o r b e d  l i n e  w ith  a  L o ren tz  p r o f i l e )  

w ith  o u r c u r r e n t  s te p  m odel p re v e n te d  t h i s  e x te n s io n .  F ig u re  B .7 g iv e s  

t h i s  two band a b s o rp t io n  m odel and f o r  com parison  shows th e  P la n c k  mean 

a b s o rp tio n  c o e f f i c i e n t  Eq. B .13  and A n d e rso n 's  (1968b) two s t e p  m odel. 

I t  i s  i n t e r e s t i n g  to  n o te  t h a t  P a g e 's  v i s i b l e  continuum  a b s o r p t io n
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c o e f f i c i e n t  i s  v e ry  s i m i l a r  to  O l s ta d 's  P la n c k  m ean, and s in c e  f o r  a  

shock  te m p e ra tu re  o f  16,800*K th e  P lan ck  f u n c t io n  i n t e g r a l  o v e r  th e  

v i s i b l e  continuum  m akes-up  o v e r  94% o f  th e  t o t a l  i n t e g r a l ,  th e  d i f f e r ­

e n ce s  i n  th e  r e s u l t s  o f  th e  g re y  and  two s te p  c a lc u la t io n s  a r e  due 

a lm o s t e n t i r e l y  to  th e  vacuum u l t r a v i o l e t  c o n t r ib u t io n .

A nderson (1 9 6 8 a ) , u s in g  h i s  two s t e p  m odel a s  shown i n  F ig .  B . 7 ,  

made e x te n s iv e  co m parisons o f  th e  t o t a l  r a d i a t i v e  and c o n v e c tiv e  h e a t  

t r a n s f e r  to  a  n o n a b la t in g  w a l l  w ith  th e  r e s u l t s  o f  H o sh iza k i and 

W ilson  (1967) o b ta in e d  by u se  o f  t h e i r  e x tre m e ly  s p e c t r a l l y  d e t a i l e d  

continuum  a b s o r p t io n  c o e f f i c i e n t .  A nderson found t h a t  th e  r a d i a t i v e  

f lu x  was w i th in  14% a t  a  n o se  r a d iu s  o f  .5  f e e t  and 5% a t  a  n o se  

r a d iu s  o f  two f e e t .  The r e s u l t s  f o r  c o n v e c tiv e  h e a t  t r a n s f e r  com pared 

a lm o s t i d e n t i c a l l y .  T hese e x c e l l e n t  ag reem en ts  add v a l i d i t y  to  th e  

Page two s te p  con tinuum  m odel b e c a u se  o f  th e  c lo s e  com parison  o f  th e  

Page and A nderson m odels a s  shown i n  F ig .  B .7 .

These a rg u m en ts  a r e  n o t  m eant t o  im ply  t h a t  a to m ic  l i n e  c o n t r i ­

b u t io n s  a r e  u n im p o r ta n t ,  b u t  to  show t h a t  th e  two continuum  s te p s  o f  

P a g e 's  m odel a s  u sed  i n  th e  c u r r e n t  a n a ly s i s  i s  a s  good a s  a  d e t a i l e d  

continuum  m odel. The im p o rtan ce  o f  a to m ic  l i n e s  i s  c l e a r l y  shown by  

A nderson (1968b) w here  h e  com pares th e  r a d i a t i v e  h e a t  t r a n s f e r  to  a  

n o n a b la t in g  w a ll  a s  com puted u s in g  H o sh iza k i and W ils o n 's  d e t a i l e d  

continuum  m odel and  P a g e 's  two s t e p  continuum  p lu s  th e  two s t e p s  t h a t  

a c c o u n t f o r  a to m ic  l i n e s  m odel. T h is  com parison  shows t h a t  f o r  

200 ,000  f e e t  and 5 0 ,0 0 0  f e e t  p e r  second  w i th  a  n o se  r a d iu s  o f  one f o o t  

th e  Page m odel g iv e s  a  67% in c r e a s e  i n  w a l l  r a d i a t i v e  h e a t  f l u x .  T h is  

in c r e a s e  i s  f a i r l y  c o n s ta n t  and a t  a  n o se  r a d iu s  o f  s i x  f e e t  re d u c e s
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to  52%. S in c e , a s  a rg u ed  above, th e  two s te p  Page continuum  m odel i s  

c lo s e  to  th e  two s t e p  H o sh iza k i and W ilson  m odel, th e  in c r e a s e  i n  th e  

w a l l  r a d i a t i v e  h e a t  f l u x  i s  due a lm o st e n t i r e l y  to  a to m ic  l i n e s .



APPENDIX C

RADIATIVE FLUX AND FLUX DIVERGENCE

In  o rd e r  to  u n d e rs ta n d  th e  p h y s ic s  o f  r a d i a t i v e  gasdynam ics i t  

i s  e x tre m e ly  im p o r ta n t  to  know, a t  any p o in t  i n  th e  flo w  f i e l d ,  each  

component o f  th e  h e a t  f l u x .  T h is  i s  g iv e n  by th e  com ponents o f  Eq. 3 .3 2  

b u t  even  f o r  th e  s im p le s t  c a se  o f  a  g re y  gas  n u m e ric a l te c h n iq u e s  a r e  

n e c e s sa ry  to  d e te rm in e  th e  v a lu e  o f  th e s e  com ponents. F o r  b e t t e r  

v i s u a l i z a t i o n  o f  th e  p rob lem  l e t  u s  make th e  fo llo w in g  d e f i n i t i o n s :

r a d i a t i v e  f l u x  from  th e  gas  i n  th e  p o s i t i v e  d i r e c t i o n  (tow ard  

th e  b o d y ) .

r a d i a t i v e  f lu x  from  th e  g a s  i n  th e  n e g a t iv e  d i r e c t i o n  (tow ard  

th e  s h o c k ) .

r -  f  Ç i -

'•  ■ ■ .5
r a d i a t i v e  f lu x  from  w a l l  e m is s io n  in  th e  n e g a t iv e  d i r e c t i o n .

148
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r a d i a t i v e  f lu x  from  w a l l  r e f l e c t i o n  in  th e  n e g a t iv e  d i r e c t i o n ,

«  •  -  Z ( 1 - V  Z  « s C s . h j . A - j ) ]  S / ’'" '=•'*

and n e t  c o n d u c tiv e  f lu x

’ c o n d " - ^ ' ‘ § -

C o n sid e r now Eq. C . l  and n o te  t h a t  th e  k e r n e l ,  E2 [N g ^ (x ^ -T * )], 

i s  n o n s e p a ra b le . T h is  means t h a t  to  i n t e g r a t e  th e  e q u a t io n  i n  th e  

p r e s e n t  form  w ould r e q u i r e  a  co m p le te  i n t e g r a t i o n  from  z e ro  to  f o r  

each  v a lu e  o f  . T h a t i s , one w ould f i x  x^ y ie ld in g  th e  k e r n e l  o n ly  

a  f u n c t io n  o f  th e  in d e p e n d e n t v a r i a b l e ,  t ^ ,  and th e n  i n t e g r a t e  u s in g  

some s ta n d a rd  te c h n iq u e . F o r i l l u s t r a t i v e  p u rp o s e s , we c an  u se  an 

i n t e g r a t i o n  scheme t h a t  o n ly  r e q u i r e s  in te g ra n d  e v a lu a t io n  once a t  

each  mesh p o in t .  The i n t e g r a t i o n  o f  Eq. C . l  i n  th e  p r e s e n t  form  

would th e n  r e q u i r e

M (l4M )/2

e v a lu a t io n s  o f  th e  in te g r a n d  w here M i s  th e  number o f  mesh p o in t s .  I f  

one c o u ld  s e p a r a te  th e  k e r n e l  by  some a p p ro x im a tio n  y i e ld in g
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j  G (y )F (x ,y )d y  =  F ^ (x ) j  G (y )F g (y )d y ,

th e n  f o r  th e  same i n t e g r a t i o n  te c h n iq u e  t h a t  was u sed  on th e  n o n sep a r­

a b le  k e r n e l ,  o n ly  M e v a lu a t io n s  o f  th e  in te g ra n d  a r e  r e q u i r e d .  In  

th e  c u r r e n t  w ork th e  s t e p  s i z e  was 10 ^ and th e  shock  to  i n t e r f a c e  

d is ta n c e  was n o rm a liz e d  to  one r e s u l t i n g  i n  1001 mesh p o in t s  e x c lu d in g  

th e  a b l a t i o n  l a y e r .  I f  we c o n s id e r  1000 mesh p o i n t s ,  th e  number o f  

in te g ra n d  e v a lu a t io n s  f o r  th e  n o n se p a ra b le  k e r n e l  i s  5 0 0 ,5 0 0  w h ile  

th e  s e p a r a b le  k e rn e l  a p p ro x im a tio n  re d u c e s  t h i s  to  1000 . A lthough no 

d i r e c t  com parisons o f  th e s e  s p e c i f i c  o p e ra t io n s  w ere made on com puter 

tim e re q u ire m e n ts ,  two and a  h a l f  o rd e r s  o f  m agn itude  in c r e a s e  i n  th e  

number o f  tim e s  a  c o m p lic a te d  fu n c t io n  subprogram  ( t h i s  i s  th e  m ethod 

used  to  e v a lu a te  E ^ (x ))  i s  e v a lu a te d  and th e  r e s u l t s  m u l t i p l i e d  i s  

p r o h i b i t i v e .  T h is  i s  e s p e c i a l l y  t r u e  i f  th e  s e p a r a b le  k e r n e l  a p p ro x i­

m a tio n  i s  w i th in  th e  e r r o r  bounds o f  th e  r e s t  o f  th e  c a l c u l a t i o n .  An 

added in c e n t iv e  f o r  u s in g  an  ap p ro x im a tio n  i s  t h a t  i f  a  h ig h e r  o rd e r  

a c c u ra te  i n t e g r a t i o n  schem e i s  u sed  th e  number o f  in te g r a n d  e v a lu a t io n s  

goes up p r o p o r t i o n a l ly ,  b y  a  f a c t o r  o f  fo u r  f o r  a  f o u r th  o rd e r  Runge- 

K u tta .  E q u a tio n  0 .2  r e q u i r e s  th e  same s o lu t io n  te c h n iq u e  th u s  d o u b lin g  

th e  e v a lu a t io n s .

W ith  th e s e  c o n s id e r a t io n s  i n  m ind , th e  s ta n d a rd  e x p o n e n tia l  

a p p ro x im a tio n  to  th e  e x p o n e n t ia l  i n t e g r a l

EgCx) = a /b e
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w here a  and b a r e  c o n s ta n ts  to  b e  p ic k e d  on th e  b a s i s  o f  th e  ran g e  o f  

X, was u se d . C o n s id e r an exam ple w here

y  -  z

and z i s  th e  dummy v a r i a b l e  o f  i n t e g r a t i o n .  The i n t e g r a l  c o u ld  b e  

e x p re s se d  a s

^  F (z )E 2 (y -z )d z  =  a /b e  F(z)e**^dz . C .6

The a c c u ra c y  o f  t h i s  a p p ro x im a tio n  i n t e g r a l  i s  d is c u s s e d  i n  A ppendix E 

f o r  0 y  _< 100. The a c c u ra c y  and v a l i d i t y  o f  t h i s  ap p ro x im a tio n  a r e  

q u e s t io n a b le  f o r  v e ry  l a r g e  v a lu e s  o f  y (y  > 1 0 0 ) . C o n sid e r th e  c a s e

w here y  i s  th e  o rd e r  o f  10^ and b and F (z )  a r e  o rd e r  1 . The i n t e -

10^ 435g ran d  o f  Eq. C .6 ra n g e s  from  one to  e w h ich  i s  a p p ro x im a te ly  10

T h is  i s  to o  la r g e  a  num ber to  c a r r y  on a  CDC 6600 w hich  i s  l im i t e d  to  

-294  322th e  ran g e  10 to  10 . More im p o r ta n t , how ever, a s  y  g e t s  la r g e

(b u t  n o t  e x ce e d in g  com puter c a p a b i l i t y )  th e  p ro d u c t o f  th e  l a r g e  

i n t e g r a l  and th e  v e ry  s m a l l  m u l t i p l i e r ,  e  g iv e s  a  v e ry  in a c c u r a te  

number o f  o rd e r  1 . The same d i f f i c u l t y  i s  e n c o u n te re d  when t h i s  

a p p ro x im a tio n  i s  a p p l ie d  to  Eq. C .2 .

A t h i r d  a l t e r n a t i v e  and th e  one u sed  i n  th e  c u r r e n t  w ork 

u t i l i z e s  th e  e x p o n e n t ia l  a p p ro x im a tio n  b u t  a lw ays m a in ta in s  th e  a rg u ­

m ent o f  th e  e x p o n e n t ia l  a s  a  d i f f e r e n c e .  T h a t i s ,  th e  i n t e g r a l  i s  

a lw ays e x p re s s e d  a s
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j  F (z )E g (y -z )d z  =  a /b  j  F ( z ) e  ^^dz . C.7

On f i r s t  c o n s id e ra t io n  t h i s  m igh t seem t o  b e  no  im provem ent o v e r  th e  

e a r l i e r  e v a lu a t io n s  o f  th e  in te g r a n d ,  b u t  a s  shown below  a  r e c u r s io n  

r e l a t i o n  can b e  o b ta in e d  r e q u i r in g  o n ly  one p a s s  th ro u g h  th e  mesh to  

e v a lu a te  Eq. C.7 .  W ith o u t th e  e x p o n e n tia l  a p p ro x im a tio n  a s  shown i n  

A ppendix E , a  r e c u r s io n  r e l a t i o n  i s  n o t  p o s s ib l e .  W ith E q. C .7 ,
3

c o n s id e r  th e  c a se  w here y  i s  o f  o rd e r  10 and b  and F (z )  a r e  o rd e r  1. 

The in te g ra n d  o f  Eq. C .7 o n ly  ran g es  from  e  to  1 , th u s  k e ep in g  

th e  num bers in  a  te n a b le  ra n g e .

L e t u s  now d e f in e

A^(Z) = b/a j IjE^tNg^CTj-TpldT*

and

y

W ith th e  e x p o n e n t ia l  a p p ro x im a tio n  th e s e  r e l a t i o n s  become

(z )  * b / a  ^

aJ ( . )  -  C .8

and

bJ ( . )  = I j

j
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I f  we now e v a lu a te  Eq. C .8  a t  each  m esh p o i n t , th e  d i s c r e t i z e d  r e l a ­

t io n s  become

® j  ^

and

These r e l a t i o n s  can  b e  r e w r i t t e n  a s

A | = ^  T j -s

J t s  o ^j . 2
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and

4 3 L  j  j
j , 3

o r  th e  g e n e r a l  r e l a t i o n  i s

'  K t - 1  '  '

"3I f  we now assum e t h a t  a c ro s s  each  mesh s te p  (Az -  10 ) 1^ i s  c o n s ta n t ,

th e  g e n e r a l  r e l a t i o n  can  be  i n t e g r a te d  a n a l y t i c a l l y  y ie ld in g  th e  

r e c u r s io n  r e l a t i o n

1 i - 1  bN_Bu

A s im i la r  r e l a t i o n  f o r  Eq. C.9 i s

g j _ g j“H-£ ■ Vi+1®

C . l l

w here M i s  th e  t o t a l  number o f  mesh p o in ts  and i  = M-£. The backw ard
•f

r e c u r s io n  r e l a t i o n  i s  n e c e s s a ry  b e ca u se  B i s  z e ro  a t  th e  body r a t h e r  

th a n  th e  sh o ck . Once th e  B ^ ' s  a r e  g e n e ra te d  and s to r e d ,  th e y  a r e  

r e c a l l e d  j u s t  a s  th e  A ^ ' s  w ith  th e  fo rw ard  ru n n in g  s u b s c r ip t  " i " .

In  o rd e r  to  s im p l i f y  th e  c a lc u la t io n s  to  come i t  i s  c o n v en ie n t 

to  d e f in e  th e  fo llo w in g  a u x i l i a r y  v a r i a b le s :
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d x j

C .12
and

x |(A )  = 0

w here i s  th e  a b s o r p t io n  c o e f f i c i e n t  f o r  th e  j t h  freq u e n cy  g ro u p ;

and

and

d x j

(0 ) = 0 ;

C.13

X:

dX^

3 =

C.14

and

X ^(0) = 0 .

At th e  b e g in n in g  o f  each  i t e r a t i o n  in  th e  o v e r a l l  p rob lem  s o l u t i o n ,  

th e s e  th r e e  v a r i a b le s  a r e  c a lc u la te d  a t  each  mesh p o in t  u s in g  an
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"Im proved E u le r  P r e d ic to r - C o r r e c to r  I n t e g r a t i o n  M ethod", (M cC alla , 1967) 

and th e  te m p e ra tu re s  from  th e  p re v io u s  i t e r a t i o n .

By u s in g  E q s. C .10-C .14  we can s im p l i f y  E qs. C .1 -C .4  to

q ^ .  = a /b  5 3  aJ  , C .15
g . l  4=1 1

N
]

i-

N
q ^ "^  = -  a /b  2  bJ  , C .16

1=1 ^

and

V . i  ■ -  ^  •

% T , ±  °  •

C .17

C .18

A s p e c i a l  c a se  o f  Eq. 3 .3 2  i s  when z i s  A and t h i s  y i e ld s  Eq. 3 .3 3 .  

The r a d i a t i v e  f lu x  t h a t  re a c h e s  th e  w a l l  can b e  com puted e i t h e r  by  

Eq. C.15 e v a lu a te d  a t  th e  w a l l  w hich i s

C m - 4 0 .1 9

o r  by

1
^3,M  *  * G 20

S in c e  th e r e  a r e  no a p p ro x im a tio n s  in v o lv e d  to  g e t  ( t h i s  assum es th e  

f u n c t io n  subprogram  f o r  E ^(x) to  b e  e x a c t ) , th e  o n ly  e r r o r s  w ould a r i s e  

from  th e  i n t e g r a t i o n  r o u t in e  and th e s e  a r e  m in im a l. T h e re fo re , Eq. C.20 

was ta k e n  as  " e x a c t" .  I t  a lw ays gave a  v a lu e  low er th a n  Eq. 0 .1 9 ,  b u t
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th e  maximum e r r o r ,  w h ich  o c c u rre d  f o r  th e  m ost s e v e re  c o n d i t io n  o f  

maximum enhancem ent was l e s s  th a n  15%. The e r r o r  i s n ' t  im p o r ta n t in  

th e  r a d i a t i v e  f lu x  c a l c u l a t i o n  b e ca u se  d i s c r e t e  mesh p o in t  f lu x e s  a r e  

o n ly  u sed  f o r  t r e n d  in fo rm a t io n  w h ile  th e  ^  v a lu e  i s  u sed  to  d e t e r ­

m ine th e  w a l l  m ass f l u x ,  b u t  th e  e r r o r  i s  im p o r ta n t f o r  th e  r a d i a t i v e  

f lu x  d iv e rg e n c e  s in c e  th e  A ^ 's  and B ^ 's  a r e  a l s o  u sed  in  th o se  c a lc u la ­

t i o n s .

W ith th e s e  d e f i n i t i o n s  n o te d , we can  now p ro c e ed  to  th e  r a d i a ­

t i v e  f lu x  d iv e rg e n c e . I t  i s  t h i s  f lu x  d iv e rg e n c e  a s  d e f in e d  by Eq. 3 .3 5  

a lo n g  w ith  c o n v e c tiv e  and c o n d u c tiv e  te rm s t h a t  d e s c r ib e  th e  energy  

r e l a t i o n s  o f  th e  sh o ck  and a b la t iv e  l a y e r s .  E q u a tio n  3 ,3 5  can  be  

s e p a r a te d  in to  th e  fo l lo w in g  p a r t s :

en erg y  a b s o r p t io n  due to  gas b e tw een  shock  and  p o in t  o f  i n t e r e s t ,

-a— «  M N  r .  1 T  V ru  .  C .21
dz

en erg y  a b s o r p t io n  due to  g as  betw een  th e  p o in t  o f  i n t e r e s t  and 

th e  w a l l

dz “ buS  “j  I / '  :
C.22

en erg y  a b s o r p t io n  due to  e m iss io n  from  th e  w a l l

C.23
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en erg y  a b s o r p t io n  due to  r e f l e c t i o n  from  th e  w a l l .

and en erg y  e m iss io n  from  p o in t  o f  i n t e r e s t .

W ith th e  e x p o n e n t ia l  a p p ro x im a tio n , E q . C .21 becomes

r+

■ " ■ ' f

and Eq. C.22 becomes

f

By u t i l i z i n g  E qs. C .8  and  C.9 we have

and

dq^”  N

C.24

C.25

d q ^  N

. C.27
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W ith Eqs. C.12 and C .1 3 , we can s im p l i f y  E qs. C .23 and C .24 to

<  "

and

6 T ^  "  • <=•“
1~"J-j

Now we can u se  Eqs. C .2 5 -0 .2 9  to  c o m p le te ly  d e f in e  th e  r a d i a t i v e  f lu x  

d iv e rg e n c e  o f  Eq. 4 .8  a s

In  a d d i t io n  to  m aking-up  th e  term s o f  Eq. C .30 f o r  te m p e ra tu re  u p d a te  

th ro u g h  th e  en erg y  e q u a t io n ,  Eqs. 0 ,2 5 -0 .2 9  a r e  u sed  to  compute th e  

in d iv id u a l  com ponents o f  th e  r a d i a t i v e  f lu x  d iv e rg e n c e . These com­

p o n en ts  a r e  th e n  u sed  i n  f u r th e r  u n d e rs ta n d in g  th e  p h y s ic s  o f  th e  

problem  u n der c o n s id e r a t io n .



APPENDIX D

IMPLICIT SOLUTION TECHNIQUE

The e n e rg y  e q u a t io n ,  w hich i s  t o  b e  so lv e d  by  th e  i m p l i c i t  

te c h n iq u e ,  i s  g iv e n  by  Eq. 4 .8  and f o r  r e f e r e n c e  i s  re p e a te d  h e r e  a s

»jn+l

-  {> : •  ‘ i j i ’ T  ■ c . ) ]  -  S S - K !  -  a  -  ' ( « ) ; .
D .l

By t r e a t i n g  th e  gas p r o p e r t i e s ,  e q u a tio n  o f  s t a t e ,  and n o n l in e a r  

term  ( r a d i a t i v e  f lu x  d iv e rg e n c e )  e x p l i c i t l y ,  Eq. D . l  can  b e  r e w r i t t e n  a s

a”  T?^^ +  b"  t“^ ^  +  c”  T?^} = d“  D.21 i - 1  i  i  i  i+ 1  i

w here

a"  -  At 
\  ~ 2(A z)

^ L 2Pe(A z)^ J

D .3

160
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and

We can  now w r i t e  Eq. D .2 f o r  each  i n t e r i o r  mesh p o in t  y i e ld in g  M-2 

l i n e a r  e q u a tio n s  w here  M i s  th e  t o t a l  number o f  mesh p o i n t s .  S in c e  th e  

end p o in t s  a r e  f ix e d  ( th e  te m p e ra tu re  a t  th e  shock  i s  known from  th e  

R ank ine-H ugon io t r e l a t i o n s  and th e  te m p e ra tu re  a t  th e  w a l l  i s  f ix e d  b y  

th e  m a t e r i a l  s u b lim a tio n  te m p e ra tu re  a t  th e  shock  p r e s s u r e ) , th e  M-2 

e q u a tio n s  a r e  i n  te rm s o f  th e  M-2 unknowns **■ A f te r

e x p an s io n  o f  Eq. D .2 we hav e

®2^2 “  ®2 “  ^ ^ 1

A3T2 +  B3T3 +  C3T^ = D3

\ ^ i - l  ^ i^ i ^i^i+1 = D  ̂ ^ .4
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^ - 2 ^ - 3  ® M -2^-2  **' S l - 2 ^ - 1  *  °M-2

^l-l'*M -2 ■*’ ^ - 1 ^ - 1  . “ ®H-1 " S l - A

w here th e  tim e  s te p  s u p e r s c r ip t s  n  and n+1 h a v e  been  d ropped  and th e

r ig h t - h a n d  s i d e  o f  e ac h  e q u a tio n  i s  a  known c o n s ta n t  f o r  e ac h  tim e

s t e p .  The m a tr ix  o f  c o e f f i c i e n t s  A ,B, and C i s  known a s  a  t r i d i a g o n a l

m a tr ix  and can  b e  s o lv e d  by  a  G au ss ian  e l im in a t io n  m ethod (C arn ah an ,

e t  a l . ,  1969, pp 2 7 0 -2 7 2 ) . Note t h a t  we h av e  m o d ified  th e  d e f i n i t i o n  o f

Do and D . a s  fo llo w s  Z m-x

°2  = -  V l

and D.5

^ - 1  “ ®M-1 "  S i- A  *

L e t u s  now p o s t u l a t e  a  r e c u r s io n  r e l a t i o n  i n  th e  form

=  d .6

w here th e  c o n s ta n ts  and a re  to  be  d e te rm in e d  (C arnahan , e t  a l . ,  

1969, p 4 4 1 ) . S u b s t i t u t i o n  o f  t h i s  e x p re s s io n  in to  th e  f i r s t  term  o f  th e  

i t h  e q u a tio n  o f  Eq. D .4 y i e l d s

{ ^ - 1  -  V  *  %  +  = ® i-
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Upon s o lv in g  f o r  we h av e

( ° 1  "  M i - l )  -  V

w hich  v e r i f i e s  th e  p o s t u l a t i o n  o f  Eq. D.6 i f

and

®i ■ \ ^ i - l  
^ '1 ---------- ^ —

D.7

The end  p o in ts  m ust b e  t r e a t e d  in d iv id u a l ly  and  s u b s t i t u t i o n  i n t o  th e  

f i r s t  o f  Eq. D.4 shows

and D .8

Ï2  =

w h ile  s u b s t i t u t i o n  i n t o  th e  l a s t  o f  Eq. D .4 y i e ld s

^ - 1  “  ^M-1 '

Now th e  s o lu t io n  p ro c e e d s  by s o lv in g  Eq. D .8 f o r  Eg and Yg* th e n  

m arch in g  fo rw ard  th ro u g h  th e  mesh w ith  Eq. D .7 to  d e te rm in e  th e
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rem a in in g  B*s and  y ' s .  At th e  end o f  th e  mesh i s  d e te rm in e d  from

Eq. D.9 and th e n  th e  mesh i s  t r a v e r s e d  backw ards w ith  Eq. D .6 y ie ld in g  

a l l  u p d a ted  te m p e ra tu re s .

A d is a d v a n ta g e  o f  th e  G au ss ian  e l im in a t io n  m ethod o f  s o lv in g  

th e  t r i d i a g o n a l  m a tr ix  i s  t h a t  ro u n d -o f f  e r r o r  may accu m u la te  s e r io u s ly .  

W ith t h i s  i n  m ind D ouglas (1959) h a s  co n ducted  an  a n a ly s i s  o f  t h i s  

scheme and c o n c lu d e s  th e  ro u n d -o f f  e r r o r  w i l l  b e  s m a ll  i n  com parison  

t o  th e  d i s c r e t i z a t i o n  e r r o r  f o r  t y p i c a l  c h o ic e s  o f  Az and A t. F o r 

some c a se s  c o n s id e re d  d u r in g  th e  c u r r e n t  a n a l y s i s , many i t e r a t i o n s
3

( th e  o rd e r  o f  10 ) w ere r e q u ir e d  f o r  a  s t e a d y - s t a t e  s o l u t i o n .  To 

e v a lu a te  th e  e x i s t e n c e  o f  c u m u la tiv e  e r r o r s , converged  s o lu t io n s  w ere 

u sed  a s  in p u ts  to  r e s t a r t  a  p rob lem  and i n  e v e ry  c a se  con v erg en ce  was 

a ch ie v e d  a t  one o r  two i t e r a t i o n s  and t h i s  converged  d a ta  was
3

u n d is t in g u ls h a b le  from  th e  10 i t e r a t i o n  co n verged  d a ta .  From t h i s  

r e s u l t  one can  co n c lu d e  t h a t  c u m u la tiv e  e r r o r s  a r e  s m a ll  and w e l l  

w i th in  th e  o v e r a l l  a n a ly s i s  a c c u ra c y . F or a d d i t i o n a l  d is c u s s io n  o f  

d i s c r e t i z a t i o n  e r r o r  and co m p ara tiv e  com puter tim e re q u ire m e n ts  f o r  

im p l i c i t  and e x p l i c i t  te c h n iq u e s  s e e  C arn ah a n , e t  a l . ,  (1 9 6 9 , pp 4 4 0 - 

448) and R ich tm y er and M orton (1967 , pp 1 9 8 -2 0 1 ).



APPENDIX E

EXPONENTIAL INTEGRAL APPROXIMATIONS

C o n s id e r th e  p rob lem  o f  d e te rm in in g

A(x) = \  B (y )E ,(x -y )d y  E . l

w here 0 ^  x  ^  100 ,

E _(z) = I

th e  e x p o n e n t ia l  I n t e g r a l ,  and

dE „(z)

V i < " >  = -  - t -  '

Throughout t h i s  w ork , th e  " e x a c t"  e x p o n e n t ia l  I n t e g r a l  v a lu e s  a re  

d e te rm in ed  by  a  fu n c t io n  subprogram  b ased  on a lg o r ith m s  g iv e n  In  S e c ­

t io n s  5 .1 .1 4 ,  5 .1 .5 3  and 5 .1 .5 6  o f  Handbook o f  M athem atica l F im otions  

m t h  FoimulaSj G raphsj and M athem atica l Tables^  U .S . D epartm ent o f  

Commerce, N a t io n a l  B ureau o f  S ta n d a rd s , A p p lied  M athem atics S e r ie s  

No. 5 5 , 1964. E q u a tio n  E . l  was chosen  b ecau se  o f  I t s  s i m i l a r i t y  to

165
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th e  d iv e rg e n c e  o f  th e  r a d i a t i v e  f l u x  due to  gas  b e tw een  th e  sh o ck  and 

p o in t  o f  i n t e r e s t  term  i n  th e  e n e rg y  e q u a tio n . C o n s id e r , f o r  p u rp o se s  

o f  d is c u s s io n

B (y) = (l-y^>** E .3

w hich  i s  a  q u a r t e r  c i r c l e  and i s  th e  s im p le s t  a p p ro x im a tio n  t o  th e  

sh ap e  o f  th e  te m p e ra tu re  p r o f i l e  b e tw een  th e  sh o ck  and th e  i n t e r f a c e .

We w i l l  now s o lv e  Eq. E . l  w ith  Eq. E .3  by th r e e  m ethods o f  a p p ro x i­

m a tio n  and com pare th e  r e s u l t s .

The f i r s t  m ethod i s  c o n s id e re d  th e  " e x a c t"  m ethod and in v o lv e s  

a  sum o f  i n t e g r a l s  o v e r  many s m a l l  s te p s  in  x .  The m ethod w ould b e  

t r u l y  e x a c t  i n  th e  l i m i t  Ax 0 .  E q u a tio n  E . l  becom es

(* 2  , f * 3  . f* n  .
A(x^) = \  B E ^ (x ^ -y )d y  +  \  B E ^ (x ^-y )d y  + -------- +  I B Ej^(x^-y)dy

*1 *2 ^ n -1

I f  we now assum e t h a t  th e  s te p  s i z e  i s  sm a ll enough t h a t  o v e r  one s t e p  
4

in  x ,B  i s  c o n s ta n t ,  we have

The Im p o rta n t f a c t o r  to  n o te  h e re  i s  th a t  th e r e  i s  no r e c u r s io n
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r e l a t i o n  p o s s ib le  from  Eq. E .4 ; t h a t  i s ,  th e  g e n e r a l  te rm  r e q u i r e s  a

sum m ation from  2 to  n -1  f o r  each  n  and A , c an  n o t  b e  u sed  to  o b ta inn~x

A . S in c e  A, i s  z e ro  a s  can b e  s e e n  from Eq. E . l ,  th e  s o lu t io n  o f  
n  1

E q. E .4  r e q u i r e s

M (M -l)/2

e v a lu a t io n s  o f  th e  e x p o n e n t ia l  I n t e g r a l  w here M i s  th e  t o t a l  number o f  

mesh p o in t s .  F o r a  few mesh p o in t s  t h i s  w ould  be  no g r e a t  p rob lem  and 

one c o u ld  u se  th e  " e x a c t"  te c h n iq u e  g iv en  b y  Eq. E .4 ,  b u t  i n  th e  

c u r r e n t  a n a ly s is  w here  M > 1000 th e  com puter tim e  becomes p r o h i b i t i v e .  

In  a d d i t io n  to  each  e v a lu a t io n  o f  th e  e x p o n e n t ia l  i n t e g r a l ,  th e  s o u rc e  

f u n c t io n ,  B, m ust b e  r a i s e d  to  th e  fo u r th  pow er and  m u l t ip l ie d  th e  

same number o f  t im e s .

The seco n d  m ethod in v o lv e s  th e  ap p ro x im a tio n

E ^ (z )  =  ae"^^  E .5

w here  th e  c o n s ta n ts  a  and b a r e  chosen  th ro u g h  v a r io u s  c o n s id e r a t io n s

and th e  o th e r  E -  f u n c t io n s  a r e  ta k e n  su ch  t h a t  Eq. E .2  i s  s a t i s f i e d ,  n

I f  one m atches th e  a r e a  and f i r s t  moment o f  th e  e x a c t  and ap p ro x im a te  

e x p re s s io n s  f o r  E g ( z ) , th e  r e s u l t  i s  a  = 9 /8  and b = 3 /2 ,  b u t  o th e r  

m ethods le a d  to  d i f f e r e n t  v a lu e s  (V in c e n ti and B aldw in , 1 9 6 2 ). Through­

o u t  th e  c u r r e n t  a n a ly s i s  th e  v a lu e s  o f a  = b = w ere u s e d . T hese 

v a lu e s  g iv e  a c c e p ta b le  a c c u ra c y  (V in c e n ti and  K ru g e r, 1965, p 483) and 

w ith  a  = b th e y  c o n v e n ie n tly  c a n c e l  in  many c a s e s  o f  i n t e r e s t .  W ith
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Eq. E .5  s u b s t i t u t e d  i n t o  Eq. E . l  we have

A(x) = a  ^  B^e E .6 a

-b xss ae £ .6 b

L e t u s  now d e f in e  a  new v a r i a b le  g iv e n  by

C(x)

w hich  can b e  d e te rm in e d  by any s ta n d a rd  te c h n iq u e . Now Eq. E .6b  

becom es

A (x) = a s  ^*C (x)

o r  i n  d i s c r e t i s e d  form

-b x
A(x ) = ae  C(x ) . E .7n  n

As p o in te d -o u t  in  A ppendix C, th e  problem  w ith  t h i s  second m ethod ,  i n  

a d d i t io n  to  th e  e x p o n e n t ia l  a p p ro x im a tio n  to  th e  e x p o n e n tia l  i n t e g r a l ,

i s  t h a t  i n  com puter c a lc u la t io n s  e r r o r s  a r e  in tro d u c e d  f o r  l a r g e  v a lu e s
“bx 29A

o f  bx^ and when e  goes below  10 th e  p rob lem  can n o t be  c a r r i e d

by a  GDC 6600 co m p u te r.

The t h i r d  m ethod fo llo w s  d i r e c t l y  from  Eq. E .6 a  i f  we I n t e g r a t e

o v e r  each  sp ace  s t e p  a s  fo llo w s
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A(x^) = 0

f* 2  ^ -bC xg-y)
ACx^) = a  j  B e  dy

f ^ 2  ^ -b (x  - y )  f* 3  , -b (x _ -y )
A (x^) = a  j  B e  dy +  a j  B e  dy

1 ' " 2

The r e c u r s io n  r e l a t i o n  i s  seen  t o  b e

X.-b (x ^ -x ^ )  r  3 ^ -b (X j-y )

J :
A (x j) = A(Xg)e +  a  \  B e  dy

*2

o r  i n  g e n e r a l

- b ( x  -X - ) f* n  ,  - b ( x  -y )
A(x ) = A(x ^ )e  +  a  \  B e  d y .n  n —x 1

* n - l

E.8

4
I f  we now a s  i n  th e  f i r s t  method assum e B to  b e  c o n s ta n t  o v e r  one 

s p a c e  s t e p ,  we can p e rfo rm  th e  i n t e g r a t i o n  a n a ly t 'i c a l ly  y ie ld in g

n> -  +  f  C lA(x

A lthough we have made th e  e x p o n e n t ia l  a p p ro x im a tio n  to  th e  e x p o n e n t ia l  

i n t e g r a l  i n  a r r i v i n g  a t  Eq. E .9 , th e  m ajo r a d v an tag e  o f  t h i s  m ethod 

o v e r  th e  second  m ethod i s  t h a t  th e  ex p o n en ts  o f  e x p o n e n t ia ls  a re  

d i f f e r e n c e s .  T h is  a llo w s  us to  go to  e x tre m e ly  la r g e  v a lu e s  o f  x^  and 

s t i l l  rem ain  w i th in  th e  n u m erica l ra n g e  o f  com puter a lg o r i th m s .
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Â ccnnparlson o f  m ethods one and th r e e  i s  g iv e n  i n  F ig s .  E . l -

E .3 . A lth o u g h  th e  a c c u ra c y  o f  m ethod t h r e e ,  u s in g  m ethod one a s  

" e x a c t" ,  i s n ' t  v e ry  good f o r  sm a ll  v a lu e s  o f  th e  argum ent x ,  i t  was 

d e te rm in ed  t h a t  i n  th e  com plete  p ro b lem  th e  argum ent i s  s u f f i c i e n t l y  

l a r g e ,  in  r e g io n s  w here  te rm s l i k e  Eq. E . l  a r e  im p o r ta n t ,  t h a t  th e  

t h i r d  m ethod i s  s u f f i c i e n t .  T h is  judgm ent i s  a l s o  made i n  p a r t  by 

c o n s id e r a t io n  o f  th e  p r o h i b i t i v e  com puter tim e r e q u ir e d  to  in c o rp o ra te  

m ethod one i n t o  th e  co m p le te  p ro b lem . A lso shown i n  F ig s .  E .1 -E .3  a re  

th e  r e s u l t s  o f  m ethod two c a l c u l a t i o n s .  Under th e  same assum ptions 

u sed  to  a r r i v e  a t  Eq. E .9 ,  method two w ould g iv e  th e  same r e s u l t s  a s  

m ethod t h r e e ,  b u t  th e  c a l c u l a t i o n s  w ere  p erfo rm ed  u s in g  a  c e n te re d  

t r a p e z o id a l  r u l e  i n t e g r a t i o n  te c h n iq u e .  At th e  s m a l le r  v a lu e s  o f  x  

th e  d i f f e r e n c e  betw een  m ethods two and th r e e  i s  due p r im a r i ly  to  th e  

r a t h e r  in a c c u r a te  t r a p e z o id a l  r u l e  i n t e g r a t i o n ,  b u t  a t  la r g e  v a lu e s  o f  

X th e  a d d i t i o n a l  in a c c u ra c y  o f  m u l t ip ly in g  v e ry  la r g e  num bers by v e ry  

s m a ll  num bers i s  coming in t o  c o n s id e r a t io n .

A much b e t t e r  com parison  o f  m ethods two and th r e e  i s  shown i n  

F ig .  E .4 . T h is  f i g u r e  shows r e s u l t s  o f  converged  s o lu t io n s  to  th e  

com plete  g re y -g a s  p ro b lem . In  a d d i t io n  to  d e v ia t in g  from  th e  v a lu e  o f  

w a l l  mass f l u x  p r e d ic te d  by  m ethod th r e e  by 17%, a t  a b s o r p t io n  enhance­

m ents g r e a t e r  th a n  9x10^ m ethod two g e n e ra te d  num bers o u ts id e  th e  ran g e
“ 2 9 4  3 2 2

10 to  10 w hich i s  th e  l i m i t  o f  a  CDC 6600 .
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APPENDIX F

THE CODE

The com puter program  u sed  i n  th e  c a lc u la t io n s  o f  t h i s  a n a ly s is  

i s  l i s t e d  b e lo w . In  o rd e r  to  s t a r t  a  c a l c u l a t i o n  one s im p ly  s p e c i f i e s  

th e  f l i g h t  and s u r f a c e  c o n d i t io n s ,  a b s o r p t io n  c o e f f i c i e n t  m odel and 

c u t - o f f  f r e q u e n c ie s ,  and an i n i t i a l  g u ess  o f  te m p e ra tu re  p r o f i l e  and 

mass lo s s  r a t e .  A d d it io n a l  o p tio n s  such  a s  convergence  c r i t e r i o n  f o r  

th e  i n t e g r a t i o n  a lg o r i th m , convergence  c r i t e r i o n  f o r  th e  i t e r a t i o n  on 

th e  energy  e q u a t io n ,  d eg re e  o f  enhancem ent and s e l e c t i o n  o f  freq u e n cy  

ran g e  to  enhance a re  a v a i l a b le  and w ere  i n  g e n e r a l  e x e r c is e d .

175
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P̂OSRAH TIHEdNPUT.3UTPÜT,PUNCH, FILHPR,TAPc2=FILHPRI A 1
EXTERNAL FCT1,0UTP1,FCT2,0UTP2 A 2
31HENSI0N 0IVQ(2Cj3), A(2C0C), 6(2393), CC2333I, OC200C), DIVQP(20 A 3

10 C) A 4
DIMENSION FN(2G0C), PRHT(5), X(ll), DERXCll), 32(2000) A 5
DIMENSION P(2003), 3RPZ(2030), QRHZ(2030), QRRMZ(2000)« QCONZ(2030 A 6

1) A 7
DIMENSION DQC0(2C33), 03CV(23ÛC), OQRL(2000), DQRR(200C), FT(2003) A 8
DIMENSION DQRH(2C00), D3RE(2G0C), DQS(2C00) A 9
DIMENSION ASUH(2tû0), 8SUM(20CC) A 10
COMMON /AA/ XA(3,2030,2),1(2:00) A 11
COMMON /B3/ IHLF,AN(10) A 12
30MM0N /3/ 0I,VI,DH,RN,3RS,0ELS,DELT,0Y,TH,ALPPS,PS A 13
COMMON /C/ HH A 14
COMMON /O/ THICK,JS,AC,3C,BÜ,TS A 15
COMMON /E/ NCOEF A 16
COMMON /F/ AN1,AN2,AN3,INF A 17

C SET FLIGHT CONDITIONS, VI IN FPS, ALT IN FT. A 18
DATA DIODSL,VI,ALT/.03335,5.5EC4,1.9E35/ A 19

c SET SURFACE CONDITIONS. UNITS, FT, OR, 9TU/L8M . A 20
DATA RN,TH,HEFF/1.,3<«C3. ,2200./ A 21

c SPECIFY CONSTANTS. UNITS, L3H/FT*, 8TU/FT2-SEC-DRL A 22
DATA DSL,SIC/.030 4,:̂ .761111E-13/ A 23

c ■ SPECIFY COEFFICIENTS FOR EXPO. APPROX. (E1(X)=A EXP(-B X)) A 24
DATA AC,BC/1.732,1.732/ A 25

c A 26
c DEFINE FUNCTION STATEMENTS. T IN DR, P IN ATM. A 27
c ■ A 28
c ENTHALPY AT 1 ATM. A 29

HFAKX)s33.85* (X/556.)** 1.819 A 30
c PRESSURE CORRECTION FOR HFAl A 31

PC0RH(Y)=Y**(-.1635) A 32
c DENSITY RATIO TO SEA LEVEL AT 1 ATM. A 33

DOOSL(X)=7.944*(X/556.)»»(-!.819) A 34
c PRESSURE CORRECTION FOR OOOSL A 35

PC0R0(Y)=Y**1.1235 A 36
c PLANCK mean absorption COEFFICIENTAT IN 1/FT A 37

ALPP(X,Y)=l.l91334E-i;9*{X/556,0)**(4.631-.1896»ALOG(Y))*Y** (1.9685 A 38
1-.174*AL0G(Y)) A 39

c SET INITIAL CONDITIONS FOR SPECIFIED TEMPERATURE PROFILE A 40
READ 61, ICON,IHLFR,AMOJ,HEFF,OELT,OIOOSL,VI,RM,THICK A 41

c SET FREQUENCY BAND LIMITS A 42
AN(i)=0. A 43
AN(2)=3./1.13*1.EM5 A 44
AN(3)=l.Et20 A 45

c SET COUNTERS A 4E
IC0N=1 A 47
IREAD=1 A 48
IREA0=0 A 49
MFI=0 A 50
MFI=1 A 51
MFIX=MFI A 52
IPQ=0 A S3
IP3=1 A 54
IPDQ=0 A 55
IP0Q=1 A 56
IURIKA-0 A 57
MR=0 A 58
MR=1 A 5 9
IP=20 A 60
IP=10 A 61
IP=153 A 62
IP=103 A 63
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I P * l A 6 4
IP =50 . A 65
I I P = I P - A 6 6
NDIH=2300 A 67
NIT=0 A 68

c S£T NUMBER OF STEPS IN 4 3 S .  COEF. MODEL ANO WALL EMISSIVITY A 6 9
J S = 2 A 70
EPSW=l. A 7 1

c SET FREE STREAM DENSITY A 72
DI=DIOOSL*OSL A 7 3

c SET REMAININS SHOCK AND HALL CONDITIONS A 7 4
T S s l . 6 7 8 E 0 3 * ( D l O D S L » * * . 3 9 * l V I * l . E - 0 3 / 3 . 2 8 l * * 1 . 2 8 A 7 5

c OR A 7 6
0 R S = o . 5 E - C 2 » 0 l 0 0 S L * * . 0 A * C V l * l . £ - 3 3 / 3 , 2 9 ) * * . OS A 7 7
P S = .1 * » 7 * C T S /5 5 6 . I  * * l . é l 9 * ( ( l . / D R S ) * O I O O S L ) * * . 3 9 A 78

c ATM. A 7 9
3H=000SLCTH)*PCOROfPS)»OSL A 80

c LBM/FT3 A 81
c L 8 M /F T2 -SE C ,  UNITS ON AHOU A 82

YW=AMOU/OW A 8 3
c . FT/SEC A 84

4S=HFA1(TS)*PC0RH(PS) A 85
c 3TU/L3M A 8 6

ALPPS -ALPP(TStPS) A 87
c 1 / F T A 8 8

05VS-OIOOSL*OSL*VI A 8 9
L3X/FT2 -SEC A 90

c SET COEF. I N  THREE SUBPROGRAMS ANO GET WALL THERMAL CONDUCTIVITY. A 91
NCOEF=0 A 92
COEF l= OH OTM (l , ,T W, l ) A 93
AKW=TC0N(1. .TW,TS) A 94
C 0 E F 3 = A L P ( i t l , t l * , T H . l . . l ) - A 95

c CALCULATE SHOCK STAND 0~F DISTANCE# IN F T . A 96
3 E L S = 0 R S * R N / C i . * C 2 . * 0 R S * ( l , - 0 R S ) ) * * . S ) A 9 7

c - A 9 8
c CALCULATE NONOIMEHSIONAL NUMBERS A 9 9
c A 100
c PECLET NUMBER A 101

PE=OELS*OSVS*HS/CAKH*TS) A 102
c RADIATION NUMBER A 103

3AMMA = 2 ,*ALPPS*0£LS*SIG*TS**«. /C0SVS*HS) A 104
c BOLTZMANN NUMBER A 105

30=0SYS*HS/  ( 2 .* S IG * T S * * '4 ) A 106
c BOUGUER NUMBER A 107

3U=ALPPS*0ELS A 10 8
c CONDUCTION RADIATION NUNBER A 10 9

CR=BO/P£ A 110
O Y=. 0O l A 111
A K ST =rC ON(l . , TW ,T S) A 112
O T - 1 . A 113
O T = S . E - 0 3 A 114
O T = . l A 115
D T = l . E - 0 2 A 11 6
O T = l . E - 0 3 A 117
D T = 5 . E - 0 4 A 118
O T = 1 . E - 0 5 A 119
D E L T = i . * R N / D E L S * V H / y i * ( D H / ( 2 . * 0 I ) ) * * . 5 A 120
IHLF=OELT/DYH A 121
1= f I H L F . L T . 2 0 0 L )  CD TO 1 A 122 •
PRINT 5 5 ,  IHLF,0ELT#NIT A 123
CALL EXIT A 124

1 I S T 0 P = I H L F - 1 A 125
Y—0 . A 126

2 OD 3 I = 1 , I H I F R , 1 0 A 127
READ 5 4 ,  ( T ( I - 1 » K ) , K = 1 , 1 0 ) . A 128

3 CONTINUE A 129
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H l F = I H U F iI  a  1 3 w

C N 3 R M A L I Z E 0  H E F F  A 131
H £ F F T = H c F F / ( H S * C A H H A »  A 132
Q N 0 R M = 2 . * 3 U * S I G * T S * * < »  A 133

G  I F  ( N I T . N E . C *  G O  T O  6  A 1 3 4
5 >H3=0H*WH**2/CDI»VI*»2I  A 135

3 U H =A L P P( T H ,P SI *( 0E l T -1 .» *0 E L S *T H IC K  A 136
C P^INT INITIAL CONDITIONS A 137

PRINT L 9 ,  TH. AKH.DI ,  V l , 3 M tO ELS» ' \ LT t0 1O OS L.R N«H £F F, VH,T St 0R St PS tO Ht  A 138
lH S.A LPP S.D SVS« P£. GA'1HA,30 .3U.CR,AKST.QY,0T,PH3.aN0RN«aUM A 1 3 9

PRINT 5 7 .  JS .OELT.&MOU.EPSH.IHLF,THICK.IHLFR A 148
WRITE ( 2 . 4 8 )  T H .A K H .O I . V I .O H .O E L S .A L T .D IO D S L .R N .H E F F .V H .T S .O R S .P S t  A 1 4 1

lOH.HStALPPS.OSVS.PE.CAKHA.BO.SU.CR.AKST.DY.OT.PHB.QNORHtBUH A 142
WRITE ( 2 . 5 7 )  JS .OELT.AHDU.EPSW.IHLF,THICK,IHLFR A 143
I F  ( l U R l K A . E Q . l )  GO TO 44  A 144

6 CONTINUE A 145
P R H T ( l ) - 0 .  A 146
PRHTC2)=DELT A 147
PRH T(3)=0Y A 148
» R M T ( 4 ) = l , E - 0 3  A 14 9
0 3  7 3 = 1 , J S  A 150

7 X ( J I = 0 ,  A 151
N=1 A 152
GALL EIPC ( P R H T , X , 0 E R X , J S , I H L F , F C T 1 , 0 U T P 1 , N )  A 153
I F  ( P R H K 5 ) )  8 , 9 , 8  A 154

8 . PRINT 50  A 155
GALL EXIT A 156

9 P R H T ( 1 ) = ( I H L F - 1 ) * 0 Y  A 157
P R H T ( 2 ) = 0 .  A 158
PRHTC3)=-DY A 159
N E=2 »J S A 160
DO 10 3 = 1 , NE A 161

10 X ( J ) = 0 .  A 162
N=1 A 163
GALL EIPC ( P R H T ,X ,0 E R X ,N E ,I H L F ,F C T 2 ,0 U T P 2 ,N )  A 164
I F  (P R H T (5 ))  1 1 , 1 2 , 1 1  A 165

11 PRINT 50 A 166
GALL EXIT A 167

12 CONTINUE A 168
B I G = 0 .  A 169
IG =1  A 170
I S T 0 P = I H L F - 1  A 171
P ( l ) = l .  A 172
P (IHLF)=TW /TS A 173
QRW=3. A 17 4
DO 13 I = 1 , I H L F  A 175
D 3 R L ( I ) = 0 .  A 176
0 3 R R ( I ) = C .  A 177
0 Q R W ( I ) = 8 .  A 178
3 Q R E ( I ) = 0 .  • A 179
a R P Z ( I ) = G .  A 180
Q R H Z ( I ) = 0 .  A 181

13 QRRWZ(I)=0.  A 182
INF=C A 183
0 0  18 3 = 1 , J S  A 184
I F  C 3 .E Q .3 S )  INF=1 A 185
ASUH(1)=C.  A 186
3S U H (I H L F )sO .  A 187
0 0  14  I = 2 , I H L F  a 188
P 0 W = X A ( 2 , I - 1 , 3 ) - X A ( 2 , I , 3 )  A 189
A S U M ( I ) = A S U M ( I - 1 ) * E X P ( P 3 W ) * P L K I ( T ( I - 1 ) , T S , A N ( 3 ) , A N ( 3 * 1 ) , I N F , 0 ) » ( 1 .  A 190

l -EXP(P OW))  A 191
L = 1 H L F - I * 1  A 192
P 0 W = X A ( 2 , L , 3 ) - X A ( 2 , L * 1 , J )  A 193

14 3 S U H ( L ) = 8 S U K ( L » 1 ) » E X P ( P 0 W ) » P L K I ( T ( L ) , T S . A N ( 3 ) , A N ( 3 * 1 ) , I N F , 0 ) * ( 1 . - E  A 194
IXP(POW))  A 195
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r = J .  A l i »
00  15 I=1 »I HLF A 197
PLKCKM-PLKKTCIHLFI t T S . A N U I  . A N ( J 4 ^ t ) t I N F t O )  * 19 8
ASUNII1=ASUH(II*AC/3C A 199
3 S U H ( I I = S S U H ( t I » A C / 3 C  A 2 0 0
Q i % P Z ( I ) s Q R P Z t I ) t A S U H ( I l / 3 C / B U  A 20 1
QRMZfI l=QR MZC I)-B3U '1( I» /9C/3 U A 20 2
a R R M Z t I ) = Q R R H Z ( l l - £ f 3 . X A l l « I * J ) l * ( £ P S H / B U » P L K C < M « 2 . » f l . - E P S H ) * X A ( 3  A 2 0 3

1 , 1 $  j n  A 2 0 4
A L P C K = A L P tJ ,Y ,T ( I )  ,TS,THICK,JS)*GAHMA A 2 0 5
O Q R L (I)= A L P C K *A S U H (I)*O O R L (I: A 20 6
OaRa(I I=AL?C<*BSUMCI»*OaRR<I» A 2 0 7
D a R H t I ) = D a R H C l l * A L P C K * E I 2 , X A C l , I , J n * ( E P S H * P L K : K H * 2 . * ( l . - E P S H I * B U *  A 20 8

l X A f 3 f l , J ) )  A 20 9
DQRE(I} = O Q R E ( I l - A L P a K * 2 . * P L K I ( T ( I ) , T S , A N f J } , A H I J 4 ^ 1 l , l N F , 0 1  A 210

15 Y=Y*Or A 2 1 1
I F  I I P . H E . I I P )  GO TO 18 A 21 2
WRITE 1 2 , 6 5 )  J . J S  A 21 3
00 16  I = l , I H L F , i C  A 21 4
L = I - l  A 21 5
WRITE 1 2 ,5 8 }  I , I Q R P Z ( L * O , K = l , 1 0 )  A 216
WRITE ( 2 , 5 9 )  CQRMZIL+K),K=1,10) A 217
WRITE ( 2 , 5 9 )  (Q RR W Z(L «K ) ,K -1 ,1 0 )  A 2 1 8

15 WRITE ( 2 , 6 7 )  A 21 9
WRITE ( 2 , 6 6 )  A 220
90 17  I = 1 , I H L F , 1 0  A 221
L - I - l  A 2 2 2
WRITE ( 2 , 5 8 )  I , ( D Q R L ( L * K ) , K = 1 , 1 0 )  A 2 2 3
WRITE ( 2 , 5 9 )  ( 0 0 R R ( L * K ) , K = 1 , 1 3 )  A 22 4
WRITE ( 2 , 5 9 )  ( D a R W ( L * K ) , K = l , 1 0 )  A 22 5
WRITE ( 2 , 5 9 )  (O O R E (L * K ) ,K = 1 ,1 0 )  A 2 2 6

17 WRITE ( 2 , 6 7 )  A 227
18 0RW=QRW*EPSW»XA(3,1,J) A 2 2 8

Y=OY A 229
0 0  19 I = 2 , I S T 0 P  A 230
T C 0 N 1 = T C 0 N IT ( I - 1 ) ,T W ,T S )  A 231
T : 0 N 2 = T C 0 N ( T ( I ) , T W , T S )  ,  A 2 3 2
T :0 N 3 = T C 0 N ( T ( I » 1 ) , T W , T S )  A 23 3
P H P T = 6 l . 6 7 ( H S * P S * * . 1 6 3 5 ) * ( T S / 5 5 6 . ) * * 1 . 8 1 9 * T ( I ) * * . 8 l 9  A 23 4
0 Q C 0 ( I ) = 1 . 7 ( 2 . * P E » 0 Y ) * ( ( T C 0 N 3 t T C 0 N 2 ) * ( T ( I * l ) - T ( I ) ) / O Y - ( T C O M 2 * r C O N l  A 2 3 5

1 ) * ( T ( I ) - T ( I - 1 ) ) / 0 Y )  A 236
033V(I )=-RH0<f(Y,FW) *PHPT* ( T ( I * 1 )  - T ( I - l )  ) / ( 2 . * 0 Y )  A 237
D Q 3 ( I ) = 0 Q C 0 ( I ) f r 0 Q C V ( I ) « D Q R L ( I ) » 0 Q R R ( I ) « 0 Q R W ( l ) f 0 Q R E ( I )  A 238
0 I V Q P ( I ) = 0 q R L ( I ) * O 0 R R ( I ) t O Q R W ( I ) * O O R E ( I )  A 239
I F  (NiTOQ.EQ .O .O R. NOQ FlX .EQ.a)  O I V Q ( I )= O IV O P ( I )  A 240
O I F E = A B S (O Iv 'Q P ( I ) -O I t f Q ( I )  ) A 241
I ~  (DIFE.GT.BIGOQE) I B 0 0 S = I  A 242
3IG0QE=AMAXl(8IG0aE,0IFE)  A 243
A ( I )= O T/(2 .* O Y )* (( rO O N 2» TC O H l) / (PE *O Y )♦ R H O V (Y ,V W )*P H PT )  A 244
B ( I ) = - l . - 0 T / ( 2 . * P c * 0 Y * * 2 ) * ( 2 . * T C 0 H 2 * T C 0 N 3 * T 3 0 H l )  A 245
C(I )= DT/(2 .* OY )* ((TCO N2* TCO M 3l / IPe *OY) -R HO tf lY ,V W )* PH PT )  A 246
0 ( I ) = - 0 T * 0 I V Q ( I ) - T ( I )  A 247
a 3 0 N Z ( I ) = - C R / B U » T C 0 H ( T ( I ) , T W , T S ) * ( T . ( I » l ) - T ( I - l ) ) / ( 2 . * 0 Y )  A 248
0 Z ( I ) = Q R P Z ( I )* Q R K Z ( I) * Q R R W Z (I ) tQ C O N Z (I )  A 249
I : = I C * 1  A 250
P ( I ) = T ( I )  A 251
IF  ( I C . N E . I C )  GO TO 19  A 252
IC=0 A 253
I L = I  A 25 4

19 V=Y*OY A 255
D ( 2 ) = 0 ( 2 ) - A ( 2 ) * T ( 1 )  A 256
0 ( I S T O P ) = 0 ( I S T O P ) - 0 ( I S T O P ) * T ( I H L F )  A 257
A ( 2 ) = B ( 2 )  A 258
B ( 2 ) = 0 ( 2 ) / A ( 2 )  A 259
0 0  20 1 = 3 , (STOP A 260
I H l s I - 1  A 261
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20

21

22

23

24
25

26
27

28

d à = & ( i ) A 26 2
A 26 3
A 264

c o n t i n u e A 265
T(IHLF»=TH/TS A 2 6 6
T( IS T 0 P I= 3 C IS T 0 P » A 26 7
K=IHLF-2 A 2 6 8
0 0  21 1 = 2 , K A 269
J = I H L F - I A 270
T U » = B ( J » - C t J » * T C J » l l / A ( J ï A 27 1
CONTINUE A 27 2
T f l l = l . A 2 7 3
0 0  22  I = 2 , I S T 0 P A 2 7 4
F N ( I » = l T I I ) - P f i n / O T A 27 5
I F  C A 3 S ( F N ( I ) ) . G T . 3 I G )  I B I G = I A 27 6
3IG=AKAX1(BIG,ABSCFN(I)} | A 27 7
CONTINUE A 2 7 8
S L O P E = ( P C I H L F ) - P ( I H L F - i n / O Y A 27 9
aCONZlIHLF» =-CR/3U*SL0PE A 280
QZ t  IHL>-> =QRPZ( Ir iLFl  *QRRWZ ( IHLF) +QCONZIIHLF) A 2 8 1
QA=QRH-EPSH/(2 .*BÜ )*T(IHLF)**4-CR/B U*SL0PE A 28 2
I F  ( I P . N E . I I P )  GO TO 28 A 2 8 3
0 0  23 1 = 1 , I L , 10 A 2 8 4
WRITE ( 2 , 4 9 )  I , ( P ( I - 1 + K ) , K = 1 , 1 0 ) , D I V O ( I ) , Q Z ( I ) A 285
WRITE ( 2 , 6 4 )  ( X A ( J , I , 1 ) , J - 1 , 3 ) , ( X A ( J , I , 2 ) , J = 1 , 3 ) A 2 8 6
PRINT 4 9 ,  I , ( P ( I - 1 » K ) , K = 1 , 1 0 ) , 0 I V 0 ( I ) , X A ( 3 , I , 2 ) A 28 7
1 =1*10 . A 28 8
PRINT 4 9 ,  I , ( P ( I L * K ) , K = 1 , 1 0 ) , 0 1 V Q ( I L * 1 ) , X A ( 3 , I L * 1 , 1 ) A 28 9
PRINT 5 3 ,  X A ( 1 , 1 , 1 ) , X A ( 2 , I H L F , 1 ) , X A ( 3 , 1 , 1 ) , X A ( 1 , 1 , 2 ) , X A ( 3 , 1 , 2 ) , S L 0 A 290

1P E,0 T , I H L F, D IV Q (IH L F) ,Q R W A 2 9 1
WRITE ( 2 , 4 9 )  I , ( P ( I L * K ) , K = l , l C ) , ü I V Q ( I L * l ) , Q Z ( I L * l ) A 29 2
WRITE ( 2 , 5 3 )  X A ( 1 . 1 , 1 ) . X A ( 2 , I H L F , 1 ) , X A ( 3 , 1 , 1 ) , X A ( 1 , 1 , 2 ) , X A ( 3 , 1 , 2 ) , A 2 9 3

l S L O P £ ,O T , IH L F ,D I t f O ( IH L F |  ,QRW A 294
I L P = IL * 1 A 295
I F  ( IP Q .E Q .C )  GO TO 25 A 296
0 0  24 I = 1 , I L P , 1 0 A 2 9 7
3 = 1 - 1 A 29 8
K S= ia A 2 9 9
I F  ( I . E Q . I L P )  K S = I4 L F - IL A 300
WRITE ( 2 , 5 8 )  I , ( Q R P Z ( J * < ) , K = 1 , K S ) A 30 1
WRITE ( 2 , 5 9 )  (Q RK Z( J* K) ,K =1 ,K S) A 302
WRITE ( 2 , 5 9 )  (QRRHZ(J*K) ,K=1,KS) A 303
WRITE ( 2 , 5 9 )  (Q C0N Z(J *X ) ,K =1 ,K S) A 30 4
WRITE ( 2 , 6 0 )  ( Q Z ( J * K ) , K = 1 , K S ) A 30 5
I F  ( IPDQ.EQ.O)  GO TO 27 A 30 6
0 0  26 I = 1 , I L P , 1 0 A 30 7
3 = 1 - 1 A 30 8
KS=10 A 309
I F  ( I . E Q . I L P )  KS=IHLF-IL A 310
WRITE ( 2 , 5 8 )  I , ( O Q C O ( 3 * < ) , K = 1 , K S ) A 311
WRITE ( 2 , 5 9 )  ( 0 Q C V (3$ K ) ,X = 1, K S ) A 31 2
WRITE ( 2 , 5 9 )  ( 0 Q R L ( J * K ) , K = 1 , K S ) A 313
WRITE ( 2 , 5 9 )  (0 Q R R ( J » K ) ,K = 1 ,K S ) A 31 4
WRITE ( 2 , 5 9 )  (0QRW (J*K) ,K=1,KS) A 315
WRITE ( 2 , 5 9 )  ( 0 Q R E ( J * X ) ,K = 1 ,K S ) A 316
WRITE ( 2 , 6 0 )  ( 0 Q S ( 3 * K ) , K = 1 , K S ) A 317
IF  ( l U R I K A . E Q . l )  GO TO 5 A 3 1 8
IP = 0 A 31 9
NIT=NIT*1 A 320
NITDQ=1 A 321
I P = I P * 1 A 322
AHOPP=QA/HEFFT*OSVS A 32 3
T 4 E = .9 5 A 324
THE=.98 A 325
I0= 1H LF -1 A 326
IF  I H F I X . N E . t )  GO TO 29 A 327
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I r  W l G . G T . l . E - 3 3 *  Sù TO 37 A 3Zd
TH£=3 a 329
T H£ =.S 5 A 330
T H E = . i  A 331
T H£ =.9  A 332
T 4 £ = . 9 8  A 333
T H £ = .9 5  a 3 3 4
T HE=.9  A 335
NITOO=0 A 33E
I :HM=ICHMtl  A 337
P ^ I N t  63$ ICHN A 3 3 8
W^ITE (2«631 ICHH A 3 3 9

29 CONTINUE A 340
AMOP=THE*AHOU*ll.-TrfEI*AHOPP A 34 1
0 E L T = 1 .* ( 0 E L T ' 1 . ) * A H 0 ? / A N 0 U  A 342
VHsAHOP/OH A 343
INLFP=0ELT/0Y*1 A 34 4
I F  < I H L F P . L T . 2 0 0 1 )  SO TO 30 A 345
PRINT 55$ lH L F P ,D E L T $N ir  A 3 4 6
CALL EXIT A 3 47

30 I F  <IHLFP-IHLF> 3 3 $ 3 6 $ 3 1  A 34 8
31 I S = I r i L F P - lH L F  A 34 9

0 0  32 K=1$IHLF A 35 0
32 F T (K )= T IK )  A 3 5 1

DO 33  K=1$IS A 35 2
33 T ( K ) = 1 .  A 35 3

KK=IS*1 A 35 4
0 0  34 K=KK$IHLFP A 355

3 4  r < K ) = F T I K - I S )  A 356
IHLF=IHLFP A 357
GO TO 36  A 35 8

35 IHLF=IHLFP A 359
T( IHLF)=TH7TS a 360
T < H L F - 1 ) = T ( I H L F )  ♦ < T C I H L F - 3 ) - T C I H L F ) I * 1 . / 3 .  A 361
T ( I H L F - 2 ) = T < I H L F » K T ( I H L F - 3 ) - T ( I H L F ) ) * 2 . / 3 .  A 362

36 CONTINUE A 363
HFIX=0 a 36 4

37 I F  (H O O (N IT $60) . N E .O )  GO T O . ) 9  A 365
ISONsO A 366
PUNCH 62 A 367
PUNCH 61$ ICON$IHLF$ANOJ$HEFF$DELT$OIOOSL$Vl$RN$THICK A 368
DO 38  I=1$IHLF$1C A 3 6 9

38 PUNCH 56$ < T < I - 1 $ K ) $ K = 1 $ 1 0 )  A 370
39 I F  <NIT-150C)  4 0 $ 4 0 $ 4 3  A 371
40 PRINT 52$ NlTtQA,AMOU$AHOPP.IHLF.QZIIO)$BIG$1BIG A 372

WRITE C2$52) NI T$QA$&MOU$AHDPP$IHLF$QZCIO) $3 IG $ IB IG  A 373
C 0 H 2 = - T < I H L F ) * * 4 / C 2 . * 3 U )  A 374
30M3=-CR/BU*SL0P£ A 375
PRINT 68$ QRH$C0H2$C0H3 A 376
WRITE ( 2 $ 6 S )  QRH$C0N2$C0H3 A 377
CALL SSHTCH C 1 $ IS IN 0 )  A 378
I F  f I S I N O . E Q . l )  GO TO 41  A 3 7 9
CALL TIHTGO (CL Tl)  A 380
CLT2=CLT1/6C.  A 381
I F  ( 1 . L T . G L T 2 )  GO TO 42 A 382

41 NR=0 A 383
PUNCH 69$ NIT A 38 4
PRINT 70  A 385
WRITE ( 2 $ 7 0 )  A 386
6 0  TO 44 A 387

42 I F  ( Q A .L T .O .)  GO TO 47 A 388
IF  ( H F I X . E Q . l )  GO TO 6 A 38 9
HFIX=MFI A 390
AHOCsANOU A 391
AHOU=AHOP A 392
ANOER=A9S<AKOPP-AMOC)/AMOPP a 393
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43

44

45

45

47
C
49

49
50
51

52

53
54
55

56
57

59

IF  ( A M O E ^ . Ü I . . C l u G O  r o  4
I F  ( 3 I G . G T . 1 . E - 0 3 )  GO TO 4
PRINT 5 1 t AKOER
WRITE ( 2 , 5 1 1  AMDER
I F  ( I P . E Q . l l  GO TO 43
I P = I I P
I : 0 N = 1
IURIKA=1
SO TO 6
IURIKA=1
60 TO 5
I F  (T H IC K .G T .3 .0 C E 7 I  MR=0 
PUNCH 62
PUNCH 6 1 ,  I C O N ,I H L F ,AHOU,HEFF,OELT,DIOOSL, tf I ,RN,THICK
THI:K=THICK*1.E3
I P = 2 0
1P=10
I P = 1 5 9
I P = 1 0 0
IP = 5 0
I I P = 1 P
NIT=0
NFI=a
MFI=1
MFIX=HFI
ICHH=0
IURIKA=0
00 45  1 = 1 , I H L F , 1C
PUNCH 5 6 ,  T ( I I , T ( I » 1 1 , T C I * 2 ) , T ( I + 3 ) , T ( I * 4 I , 1 ( 1 * 5 ) , T ( I * 6 ) , T ( I * 7 ) , T (  

1 1 * 8 ) , T ( I * 9 )
I F  (HR.EQ.O)  GO TO 47
I F  ( I R E A O .E Q . l )  GO TO 45
IREA0=1
IREAO=0
GO TO 4
READ 6 1 ,  ICO N,IHLFR,A H O U ,H EFF ,0 ELT, 0 I0 DS L, VI ,RN ,THICK
VH-AH3U70H
IREAD=0
IREAQsl
GO TO 2
CALL EXIT

rORHAT (2 X, 18 HIN IT IA L COND ITIONS, / /13 X,6HTH(DR) , lOX,23HTC0NH(3TU/F 
I T - S E C - D R ) , 6 X , 4 H R K 0 I , 1 3 X , 7 H V I ( F P S ) , 1 5 X , 4 H R H 0 H , 1 4 X , S H 0 E L S ( F T ) , / 2 X , 6 E  
2 2 C . 4 / / 1 3 X , 7 H A L T ( F T ) , 1 h X , 6 H D I / 0 S L , 1 4 X , 6 H R N ( F T ) , i a x , 1 3 H H E F F ( B T U / L 8 H )  
3 ,g x ,1 0 H V H (F T /S E C )  , 1 1 X , 6 N T S ( D R ) , / 2 X , 6 E 2 0 . 4 / / 1 1 X , 3 H D R S , 1 6 X,7HPS(ATH) 
4 , 1 1 X , 1 1 H 0 H ( L 0 H / F T 3 ) , 9 X , 1 1 H H S ( 0 T U / L 3 H ) , 9 X , l i H A L P P S ( 1 / F T ) , 12X,4H0SVS 
5 ,7 2 X ,& E 2 C . 4 / / 1 4 X , 2 H 3 E , 1 7 X , 5 H S A H K A , 1 6 X , 2 H 3 0 , 1 9 X , 2 H 3 U , 1 6 X , 2 H C R , 1 7 X , 4  
6 H A K S T , / 2 X ,6 E 2 0 .4 / / 1 4 X ,2 H D Z ,1 8 X ,3 H O T  ,16X,11H3HVH200IVI2,1CX,5HQN0R 
7 N , 1 5 X , 3 H 3 U H , / 2 X , 5 E 2 5 . 4 )

FORHAT ( 2 X , I 4 , 2 X , 1 2 E 1 3 . 3 / )
-ORHAT (2X,46HFAILED TO CONVERGE AFTER 20 ITERATIONS IN EIPC) 
FORHAT (2X,5HURIKA,12HHD0T ERROR = , E 1 1 . 4 , 1 6 H 0 I V Q  HAX ERROR = , E 1 1 , 4  

1 7 / )
FORHAT (2X.5HNIT = ,I4 ,1X,7HQWALL = ,E 1 1 .4 ,1 X ,3 H ' (0 0 T H U  = , E 1 1 . 4 , 1 X , 9 H  

IHDOTHPP = , E 1 1 . 4 , 1 X , 5 H I H L F  = , I 4 , 1 X , 5 H 0 Z 0  = , E 1 1 . 4 , 1 X , 5 H 0 I G  = , E 1 1 , 4 , 1  
2 X , 6 H I 9 I G  = , I 4 / )

FORHAT ( 2 X , 7 E 1 1 . 4 , 1 1 H  =DT,IHLF = , I 4 , 9 H ,  OQZO = , E 1 1 . 4 , 1 H , , E 1 1 . 4 / )  
( 1 0 F 8 . 5 )
(2X,22HIHLF ,GT.  2C 00,  IHLF = , I 4 , 8 H  OcLT = , E 1 1 , 4 , 7 H  NIT =

FORHAT
FORHAT

1 , 1 3 )
FORHAT
FORHAT

( 1 0 F 8 . 5 )
( / / / / 2 X , 1 4 H R E S U L T S  FOR A , I 1 , 1 9 H  STEP NODEL, OELT = , £ 1 1 . 4 , 8  

IH MDOTU = , E 1 1 . 4 , 7 H  EPSW = , E 1 1 , 4 , 7 H  IHLF = , 1 4 , 8 4  THICK = , E 1 1 , 4 , 8 H  I 
24LFR = , I « . / / / / )

FORMAT ( 2 X . I : . , 1 X , 1 C E 1 1 . 4 )

394
395
3 9 6
397
398
399
400
4 0 1
40 2
4 0 3
4 0 4
40 5
40 6
407
40 8
4 0 9
410
4 1 1
412
41 3
41 4
415
416
417
41 8
41 9
420
421
42 2
423  

A 4 2 4  
A 42 5

426
42 7
4 2 8
4 2 9
430
43 1
432
43 3
43 4
435
43 6
437
438
43 9
440
441
4 4 2
4 4 3
4 4 4
44 5
44 6
447
448
44 9
450
45 1
45 2
453
45 4
45 5
45 6
457
458
45 9
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53 F o i m a r A -»où
60 fORMAT C / 7 X , l O E l l . 4 / / l A 4 6 1
51 FORMAT t 2 I 5 . 7 E 1 0 . 3 t A 46 2
62 FORMAT I55HC----- FORMATS ICON.IHLF.AHOU.HEFF.OEUT.OIOOSL*Vt*RN.THICK A 46 3

11 A 4 6 4
63 FORMAT t / / 2 X , l lH C H A N G E  9 0 0 T , I 6 / / / t A 4 6 5
64 FORMAT C 8 X . 6 E 1 0 . 3 / I A 46 6
55 FORMAT C/ / .2X.23HSUHMATI0N THROUGH STEP , 1 1 , 1 8 4  HEAT FLUXES OF A , A 46 7

l l l . l l r i  STEP MODEL, / / ! A 468
55 FORMAT l / / , 2 X , 2 7 H A S 3 0 C I A T E 0  FLUX DIVERGENCES, / / ! A 4 6 9
67 FORMAT t l H  1 A 470
60 FORMAT I 2 X , 3 £ 2 0 . S 1 A 4 7 1
69 FORMAT C1X,6HNIT = , 1 5 ! A 4 7 2
70 FORMAT I 1 X ,1 3 H  TIME LIMIT! A 47 3

END A 4 7 4 -
S J 9 R 0 J T I N E  FCTl  fY ,X.OERX ,N! B 1
DIMENSION X I I ) ,  OERXCl! 8  2
COMMON /A A /  X A I 3 . 2 S c t , 2 ) , T ( 2 C S 0 ! 8  3
COMMON / O /  T H I C K , J S , A , 8 , 3 U , T S 8 4
DO 1 J = 1 , J S 8  5
A L C K = A L P t J , Y , T IN ) , T S , T H I C K , J S ! 8  6

1 0ERX(J t=aU*ALCK*8 8  7
RETURN 8  8
END 8  9 -
SUBROUTINE FCT2 CY,X,OERX,N) 0  1
DIMENSION X C l ) ,  D ER X tl ! C 2
COMMON / A A /  X A ( 3 , 2 0 C : , 2 ) , T C 2 0 C O ! C 3
COMMON / B 8 /  i H L F . A N t l C ! C 4
COMMON / D /  T H I C K . J S t A , 8 f 3 U , T S ' C 5
L = IH L F * 1 -N C 6
INF =9 0  7
30  1 J = 1 , J S C 8
I F  ( J . E D . J S )  INF=1 C 9
A L C K s A L P t J . Y . T ( L ) , T S . T H I C K , J S ! C 10
DERXIJ)=-ALCK*BU C 11

I D E R X ( J S * J ) = - P L K I ( T ( L ) , T S . A N ( J ) . A H t J f l ) , I N F . 3 ) » A L C K * £ f 2 , X f J ) ) C 12
RETURN C 13
END ■ C 1 4 -
SUBROUTINE OUTPl ( Y.X ,OERX,N.NOIH,PRMT,H,IH LF! 0  1
DIMENSION X ( l ) .  D E R X t l ) ,  PRMTtl) 0  2
COMMON / A A /  X A | 3 . 2 0 e : . 2 ) , T t 2 3 C 0 ) 0  3
COMMON / D /  T H I C K , J S , A , 8 , B U , T S 0  4
DO 1 J = 1 , J S 0  5

1 X A t 2 . N , J ) = X t J ) 0  6
RETURN D 7
END 0  8 -
s u b r o u t i n e  0UTP2 tY,X.OERX,N.NDIM.PRMT, H,IHLF) E 1
DIMENSION X t l ) .  D E R X t l ) .  PRMTtl) E 2
COMMON /AA/ X A ( 3 . 2 C D : . 2 ) . T t 2 0 S 0 ) E 3
COMMON / O /  T H I C K . J 5 . A , 8 , 3 U , T S E 4
L = IH L F * 1 -N E 5
DO 1 J = 1 , J S E 6
X A t l . L , J ) = X t J ) E 7

1 X A t 3 . L . J ) = X t J * J S ) E 8
RETURN E 9
END E 1 0 -
s u b r o u t i n e  EIPC tPRM T.X .OE RX, HOIK.IHLF.F CT. OJTP. NA) F 1
DIMENSION P R M T ( I ) ,  X t l ) ,  D E R X t l ) ,  X P t i l ) ,  X C t l l l ,  DERXPfll), DXtll F 2

1) F 3
1 P R M T t 5 ) = 0 . F 4

N=NA F 5
Y s P R H T t l ) F 6

2 M̂ O F 7
CALL FCr tv.X.OERX,N! F 8
IF  t .N-1) 4 . 3 . 4 F 9

3 c a l l  OUfP tY .X .OE RX.N.NBIH.PRMT.M.IHLF) F 10
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'■* X=%*1 F 11

33 5 I= 1 ,N 0 I M F 12
5 XP( I )=X(I l+P%MT(3)*OE RXI  I I F 13

Y=Y*PRHI(31 F 14
6 CALL FCT CY.XP.OERXP.N) F 15

03 7 I=1 «N 3I H F 16
7 X 3 ( I ) = X ( I ) * P R M T ( 3 I / 2 . * ( 0 E R X P ( 1 ) + 0 E R X ( I ) I F 17

00 8 I = 1 . N 0 I H F 18
O X ( I ) = A O S ( X C ( I I - X P ( I ) I F 19
IF  ( 0 X ( I ) - P R M T ( 4 ) I  8 , 8 , 9 F 20

B CONTINUE F 21
5 0  TO 13 F 22

9 I F  (H-201 1 1 , 1 1 , 1 0 F 23
10 P R y T ( 5 l = l . F 2 4

N=IHLF F 25
5 0  TO 13 F 26

11 0 0  12 I = 1 ,N 0 IM F 27
12 X P ( I ) = X C ( I I F 2 8

M=M*1 F 29
50  TO 6 F 30

13 CALL OUTP (Y,XC,OERXP ,N.NOIH,PRH T,H, lHLF I F 31
I F  (PRHT(51)  1 6 , 1 4 , 1 6 F 32

14 03 15 I=1 ,NDIM F 33
15 X ( I ) = X C ( I ) F 34

I F  CN-IHLFI 2 , 1 6 , 1 s F 35
16 RETURN F 36

ENO F 3 7 -
FUNCTION E (N,X1 G 1

C G 2
C FUNCTION TO GIVE THE N-TH EXPONENTIAL INTEGRAL OF X, EN(X) . G 3c G 4c BASED ON ALGORITHMS GIVEN IN SECTIONS 5 . 1 . 1 4 ,  5 . 1 . 5 3 ,  AND 5 . 1 . 5 6 G 5c IN 'HANDBOOK OF MATHEMATICAL FUNCTIONS WITH FORMULAS, GRAPHS, AND G 6c MATHEMATICAL TABLES' ,  U . S .  OEPT. OF COMMERCE, NATIONAL BUREAU OF G 7c STANDARDS, APPLIED MATHEMATICS SERIES NO. 5 5 .  ( 1 9 6 4 1 . G 8c ROUTINE BY HARRY M. MURPHY, J R . ,  26  DECEMBER 1 9 6 8 . G 9c AMERICAN STANDARD FORTRAN G 10c • G 11

REAL A 0 , A l , A 2 , A 3 , A 4 , A 5 , 9 3 , B l , B 2 , B 3 , C j , C l , C 2 , C 3 G 12c G 13
DATA A O , A 1 , A 2 , A 3 , A 4 , A 5 / - J . 5 7 7 2 1 5 6 6 , 0 , 9 9 9 9 9 1 9 3 , - 0 . 2 4 9 9 1 0 5 5 , 0 . 0 5 5 1 9 9 G 14

1 6 8 , - 0 . 0 6 9 7 6 0 3 4 , 0 . 0 0 1 0 7 8 5 7 / G 15
DATA 8 0 , 8 1 , 0 2 , 8 3 / 5 . 2 6 7 7 7 3 7 3 4 3 , 8 . 6 3 4 7 6 3 8 9 2 5 , 1 8 . 0 5 9 0 1 6 9 7 3 0 , 8 . 5 7 3 3 2 8 7 G 16

1 4 0 1 / G 17
DATA 3 6 , C l , C 2 , 0 3 / 3 . 9 5 8 4 9 6 9 2 2 8 , 2 1 . 0 9 9 6 5 3 6  8 2 7 , 2 5 . 6 3 2 9 5 6 1 4 8 6 , 9 . 5 7 3 3 2 2 G 18

1 3 4 5 4 / G 19c G 20c G 21
1 M=N G 22z=x G 23

IF  (21 2 , 3 , 5 G 24
2 2 = 0 . G 25

PRINT 16 G 26c G 27
3 I F  ( K - l l  1 5 , 1 5 , 4 G 28
4 E = 1 .0 /F L O A T (H -1 ) G 29

RETURN G 30
C G 31
5 I F  (HI 1 5 , 6 , 7 G 32
C G 33
6 E = E X P ( - 2 l / 2 G 34

RETURN G 35
C G 3 6
7 I F  ( 2 - 1 . 6 1  8 , 9 , 1 0 G 37C G 38
9 E i = ( ( ( ( A Ç ' 2 * A 4 ) ' 2 * A 3 ) '2 ' A 2 > ' Z * A 1 I ' 2 * A O - A L O G ( 2 I G 39
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C
9

C
10

11
C
12

13
14

C
15

C
16

1

2

3
C
4

1

2

3

SO 10 I I

5 1 = 0 . 2 1 9 3 8 3 9 3 4  
60  TO 11

ï l = C C C f ( Z t B 3 ) * Z * B 2 î * Z » 8 l » * Z » 9 2 ï * E X P ( - Z » ) / C U I C Z + C 3 1 *Z*C2>*Z*C1» 
1CD)*Z)

I F  CH-l ï  1 5 , 1 4 , 1 2

L=M-1
cX=EXPC-ZI
0 0  13 1 = 1 , L
E1=CEX-Z*E1I /FL0ATCI»
E E l  
RETURN

E = 1 . 7 E 3 8  
PAUSE 5 5 5 5 5  
RETURN

FORMAT 12X,44HARGUMENT 3F EXPOiNT HAS NEGATIVE,SET TO ZERO)
ENO
FUNCTION PLKI ( T T ,T N .A N 1 ,A N 2 ,I N F ,N 0 )
T = T T ' T N / 1 . 8
HOK=c.6 2 5 1 7 / 1 . 3 8 Û 4 » 1 . E - 1 1  
A=rfOK*ANl/T 
3=H0K*AN2/T 
IF  ( I N F . E Q . I )  B = 10 0.
I F  (B-A)  2 , 1 , 3  
PL K I= 0 .
RETURN
PRINT 4 ,  A , 8 
GALL EXIT
PLKI=TT**4*PLNKUTIA,8)
RETURN

FORMAT f 2 X , / / / / / , 44H RANGE OF PLANCK INTEGRATION INVERTEO, A = , E
1 1 1 . 4 , 5H B = , E 1 1 . 4 )

ENO
FUNCTION PLNXUT (3ETA1,3ETA2)
ASSUME 8ETA2 MORE THAN 3ETA1 
DIMENSION T8LC12C)
DATA ( T B L C I ) . 1 = 1 , 1 2 0 1 / . 7 1 9 3 , . 7 5 6 8 . . 7 9 3 9 * . 6 4 5 9 , . 8 9 6 8 , . 9 5 8 7 , 1 . 0 2 7 1 , 1

I . 1 3 6 2 , 1 . 1 9 8 3 , 1 . 3 : 7 3 , 1 . 4 3 8 3 , 1 . 4 6 7 3 , 1 . 4 9 7 9 , 1 . 5 2 9 3 , 1 . 5 6 3 0 , 1 . 5 9 7 8 , 1 . 6 3  
2 4 1 , 1 . 6 7 2 1 , 1 . 7 1 1 9 , 1 . 7 5 3 7 , 1 . 7 9 7 5 , 1 . 8 4 3 6 , 1 . 8 9 2 1 , 1 . 9 4 3 2 , 1 . 9 9 7 2 , 2 . 3 5 4 3 ,  
3 2 . 1 1 4 7 , 2 . 1 7 8 3 , 2 . 2 4 : 9 , 2 . 3 1 9 4 , 2 . 3 9 6 7 , 2 . 4 7 9 3 , 2 . 5 6 7 9 , 2 . 6 6 3 , 2 . 7 6 5 4 , 2 . 8 7  
4 6 , 2 . 9 9 5 8 , 3 . 1 2 6 1 , 3 . 2 6 8 2 , 3 . 4 2 3 8 , 3 . 5 9 5 , 3 . 7 8 t 2 , 3 . 9 9> .4 ,4 . 2 2 9 4 , 4 . 4 9 3 3 , 4 .  
5 7 9 3 3 , 5 . 1 3 5 7 , 5 . 5 3 0 3 , 5 . 9 9 1 7 , 6 . 5 3 6 4 , 7 . 1 9 , 7 . 3 7 4 4 , 7 . 5 6 3 4 , 7 . 7 7 3 , 7 . 9 8 3 9 , 8
6 . 2 1 7 1 . 8 . 4 5 8 8 . 8 . 7 1 5 2 . 8 . 9 3 7 5 . 9 . 2 7 7 4 . . 9 3 5 6 . . 9 3 3 4 . . 9 B C 3 , . 9 7 7 7 , . 9 7 3 8 , . 9
7 5 9 0 . . 9 6 2 9 . . 9 5 5 1 . . 9 4 5 1 . . 9 3 1 9 . . 9 1 4 3 . . 9 1 . . 9 0 5 5 . . 9 3 3 7 . . 3 9 5 6 . . 3 9 0 1 . . 8 3 4
8 3 . . 8 7 8 . . 8 7 1 3 . . 8 6 4 1 . . 3 5 6 4 . . 3 4 3 1 ,  . 8 3 9 2 , . 8 2 9 7 , . 8 1 9 4 , . 8C8 3 , . 7 9 6 3 , . 7 8 3 4
9 . . 7 6 9 4 . . 7 5 4 4 . . 7 3 8 1 . . 7 2 0 4 . . 7 0 1 3 . . 6 3 0 7 . . 6 5 8 3 . . 6 3 4 1 . . 6 3 7 9 . . 5 7 9 6 . . 5 4 9 2  
$ , . 5 1 6 4 , . 4 8 1 3 , . 4 4 3 3 , . 4 0 4 0 , . 3 6 2 1 , . 3 1 8 5 , . 2 7 3 6 , . 2 2 3 2 , . 1 8 3 4 , . 1 4 3 5 , . 1 0 1 1  
$ , . 3 6 6 9 , . 0 5 9 3 5 , . 0 5 2 2 5 , . 0 4 5 6 1 , . 3 3 9 4 6 , . 0 3 3 7 9 , . 3 2 3 6 2 , . 0 2 3 9 6 , . 0 1 9 7 9 , . 0 1  
$ 6 1 /

1=3
IF  ( B E T A 2 - . 7 1 9 )  1 , 2 , 2
PLNKUT=,C51329911»(3ETA2**3*(l,-BETA2*(.375-aETA2*,05))-BETAl*#3*(

I I . - 8 E T A 1 * ( . 3 7 5 - B E T A 1 # . 0 5 ) ) )
RETURN
J=1
5ETA=8ETA1
I F  (BETA-*.719) 3 , 4 , 4
F C N = 1 . - . G 5 1 3 2 9 9 1 1 * 3 E T A * * 3 = ( 1 . - B E T A * C . 3 7 5 - 0 E T A * . 3 5 ) )
1 = 1
ÎO TO 9

G 40
G 41
G 42
G 43
G 44
G 45
G 46
G 47
G 48
G 49
G 50
G 51
G 52
G 53
G 54
G 55
G 56
G 57
G 58
G 59
G 60
G 6 1 -
H 1
H 2
H 3
H 4
H 5
H 6
H 7
H 8
H 9
H 10
H 11
H 12
H 13
H 14
H 15
H 16
H 1 7 -
I 1
I 2
I 3
I 4
I 5
I 6
I 7
I 8
I 9
I 10
I i l
I 12
I 13
I 14
I 15
I 16
I 17
I 18
I 19
I 20
I 21
I 22
I 23
1 24
I 25
I 26
I 27
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7
8 
9

10

1 = 1*1
IF  C I - 6 0 Ï  5 , 7 , 7  
I F  ( 8 E T A - T B L ( I * 1 ) )  S , 6 , 4
F : N = T 3 l ( I * 9 3 l * ( S E T 4 - T B L ( i ; ) » ( T 8 L ( I * 6 i ; - T 8 l ( I $ 9 3 ; ) / ( T B L ( I * l ) - T B L ( I )

I I
GO TO 8
F C N = . 1 5 3 9 8 9 7 3 3 » E X P I - 8 £ T A I ♦ ( ( ( 8 E T A * 3 . I * 8 E T A * 6 . I » B E T A * 6 , |
SO TO 1 9 , 1 0 1 ,  J  
3=2
OFCN=FCN 
BETA=3ETA2 
1= 1-1  
GO TO 4
PLNKUT=OFCN-FCN
RETURN
ENO
FUNCTION TCON (TRT,TW,TS1 
COMMON / A /  CC6,6>
COMMON / £ /  NCOEF
TR=TRT*TS/TW
IF  (NCOEF) 1 0 , 1 , 1 0
C ( l , 1 1 = 8 . 4 3 9 7
C ( 1 , 2 # = - 1 . 9 5 3 8 E * C 1
C ( l , 3 ) = 3 . 9 8 8 8 E * a i
C ( 1 , 4 ) = - 2 . 3 5 0 4 E * C 1
C ( l , 5 ) = 4 . 6 8 9 2
C ( l , 6 ) = 0 .
C ( 2 , 1 1 = - 1 4 C 5 . 1  
C ( 2 , 2 1 = 8 4 7 . 6  
C ( 2 , 3 ) = - 1 2 0 . 4  
C ( 2 , 4 ) = 0 .
C ( 2 , 5 ) = 0 .
C ( 2 , 6 ) = 0 .
S ( 3 , i ) = 3 . C 8 3 9 £ * a 3  
C ( 3 , 2 ) = - 1 . 6 1 S 8 E * C 3  
C ( 3 , 3 1 = 2 . 6 4 5 6 2 * 0 2  
C ( 3 , 4 ) = - 1 . 2 2 6 8 E * C 1  
C ( 3 , 5 ) = 0 .
C ( 3 , 6 ) = 0 .
C ( 4 , 1 ) = - 1 . 7 4 4 2 E * C 4
C ( 4 , 2 ) = 6 . 4 6 7 7 E * 3 3
C ( 4 , 3 ) = - 7 . 4 9 3 7 E * C 2
C ( 4 , 4 ) = 2 . 7 C 9 3 E * 0 1
C ( 4 , 5 I = 0 .
C ( 4 , 6 ) = 0 .
C I S , l ) = - 3 . 5 6 1 1 5 4 3 5 5 * 0 6  
C I S , 2 1 = 1 . 9 0 6 3 7 3 2 6 2 * 3 6  
C I 5 , 3 ) = - 4 . 0 c 2 7 7 6 3 5 E * : S  
C I S , 4 ) = 4 . 3 0 9 5 0 7 6 3 2 * 0 4  
C I S , 5 ) = - 2 . 2 7 5 7 0 6 2 * 3 3  
C I S , 6 ) = 4 . 7 8 7 5 2 * 0 1  
C I S , 1 ) = - 1 . 8 3 3 3 0 6 : 9 2 * 0 5  
C I S , 2 1 = 7 . 2 0 3 7 0 7 8 9 2 * 3 5  
C I S , 3 ) = - 1 . C 9 * 8 G 7 C 1 E * C 5  
C I 6 , 4 ) = 8 . 2 6 6 3 1 1 3 6 * 0 3  
e t c , 5 ) = - 3 . 0 9 2 2 6 8 2 * 3 2  
C I S , 6 1 = 4 . 5 9 1 2 5  
TNC=TW/1.3 * 1 . 2 - 3 3  
IF  ( T M C -3 .0 )  2 , 3 , 3

3
4

5 
S

1=1
GO TO 6 
I F  I T H C - 4 , 0 )  
1=2
GO TO 6 
1=3
T C N = C I I , 1 )

4 , 4 , 5

I 23
I 29
I 30
I 31
I 32
I 33
I 34
I 35
I 36
I 37
I 38
I 39
I 40
I 41
I 42
I 4 3 -
J 1
J 2
J 3
J 4
J 5
J 6
J 7
J 8
J 9
J 10
J 11
J 12
J 13
J 14
J 15
J 16
J 17
J 18
J 19
J 20
J 21
J 22
J 23
J 24
J 25
J 26
J 27
J 28
J 29
J 30
J 31
J 32
J 33
J 34
J 35
J 36
J 37
J 38
J 39
J 40
J 41
J 42
J 43
J 44
J 45
J 46
J 47
J 48
J 49
J 50
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00 7 0 = 2 , 6 0 51

7 f : N = T C K * C ( I , J I * T W C * * ( J - l * 0 52
00 8 1 = 1 , 6 J 53

8 : < I , 1 1 = 0 ( 1 , l l / T C H J 5 4
DO 9 1 = 1 , 6 J 5 5
00 9 0 = 2 , 6 J 56

9 5 ( 1 , 0 ) = 0  C l , 0 ) /TOW*TWO**( J - 1 » 0 57
TC0N=TCW»l.E-06 J 5 8
2ETURN J 5 9

10 r O = T R * T H / l . 8 * 1 . E-OS J 60
I F  ( T C - 3 . 0 1  1 1 , 1 2 , 1 2 J 6 1

1 1 1=1 J 6 2
GO TO 21 J 6 3

12 I F  (TC- 4 .Q* 1 3 , 1 3 , 1 4 J 6 4
1 3 1=2 J 65

SO TO 21 J 6 6
1 4 I F  ( T C - 6 . 0 )  1 9 , 1 5 , 1 6 J 67
1» 1=3 J 6 8

SO TO 21 0 6 9
16 IF  ( T C - 8 . 9 1  1 7 , 1 8 , 1 8 J 70
17 1=4 J 71

GO TO 21 J 72
18 I F  ( T O - 1 1 . 0 1  1 9 , 1 9 , 2 0 J 73
19 1=5 J 7 4

GO TO 21 J 75
20 1=6 J 7 6
21 T : 0 N = c ( i , i ; J 77

DO 22 0 = 2 , 6 J 7 8
22 T C 0 N = T C 0 N * C ( I , 0 I* T R » * (0 -1 1 J 7 9

RETURN J 86
ENO J 8 1 -
FUNCTION RHOV (Y,VM1 K 1
30MMON / B /  OI ,VI,OH,RN,O RS,O ELS ,OELT,DY,TW,ALPPS ,PS K 2
I F  ( l . - Y l  2 , 1 , 1 K 3

1 R H O V = I 1 . - 2 . * O E L S 7 ( 0 R S * R 9 1 * Y * ( 1 . - 2 . * 0 R S * ( 1 . - 0 R S I 1 * (OELS/CDRS'RNÎ)** K 4
12*Y**21 K 5

RETURN K 6
2 RHOV=OW*VW*( ( O E L S / R N ) » * 2 . * ( 2 . * p i » V I * * 2 . / ( 0 W * Y W » * 2 . 1 1 * ( D : L T - Y ) * * 2 - 1 K 7

1 . ) / ( 0 I * V I 1 K 8
RETURN K 9
ENO K 1 0 -
FUNCTION H (TWl I 1
DIMENSION 0 ( 1 5 1 I 2
0 ( 1 1 = 1 . 7 6 6 8 L 3
0 ( 2 1 = 1 4 , 5 3 4 7 L 4
S ( 3 1 = - 4 3 . 4 4 7 7 I 5
0 ( 4 1 = 6 4 . 2 7 3 5 I 6
0 ( 5 ) = - 5 3 . 7 9 8 0 L 7
3 ( 6 1 = 2 7 . 7 8 8 1 I 8
0 ( 7 1 = - 9 . 3 6 6 7 I 9
3 ( 8 1 = 2 . 1 3 9 7 L 10
0 ( 9 1 = - . 3 3 9 0 I 11
0 ( 1 0 1 = 3 . 7 6 4 8 5 - 0 2 L 12
C ( l l l = - 2 . 9 1 9 2 E - 0 3 L 13
0 ( 1 2 1 = 1 . 5 4 8 5 - 0 4 I 14
C ( 1 3 1 = - 5 . 3 5 C 4 E - 3 6 L 15
3 ( 1 4 1 = 1 . 0 8 6 1 5 - 0 7 I 16
C ( 1 5 1 = - 9 . 8 2 1 8 E - 1 C I 17
T P = T W » l . E - 0 3 / 1 . 8 L 18
H = 3 ( l l L 19
00 1 1 = 2 , 1 5 L 20

1 H = H * 0 ( I 1 * T P ' * ( I - 1 1 L 21
H = H * 1 7 1 6 . 6 /  ( 7 7 8 . 3 * 3 2 . 21»TW I 22
RETURN L 23
ENO L 2 4 -
P’0'I3TIOV OHDTM (TR,TW,N1 M 1
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