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Abstract

Understanding heat transport phenomena in nanoscale has gained more traction in the recent

decade, especially in the last couple of years due to unprecedented innovation in the field of Ar-

tificial Intelligence and Machine Learning tools. Continuous progression of Moore’s Law has led

to the incorporation of billions of transistors into a smaller package as length scales decrease, but

computational needs increase. This has accelerated our need to understand heat transport in nano-

scale that can aid in designing efficient nano-structured and nano-engineered devices for effective

thermal management or energy conversion applications.

Therefore, there is a pressing need to evaluate novel materials that can be potential candidates

to meet the approaching demands of the future. Improvements in the capabilities of pump-probe

measurement techniques such as Frequency Domain Thermoreflectance (FDTR) can allow ac-

curate experimental determination of the thermal properties such as volumetric heat capacities,

thermal conductivities, anisotropy, and thermal boundary conductance of novel 2D thin film and

bulk materials. Additionally, the application of computational tools like Quantum ESPRESSO and

ShengBTE have aided in developing insights on the effectiveness of a potential material system by

evaluating its thermal transport properties. The work in this thesis will demonstrate that by estab-

lishing a high degree of agreement in the experimental and computational results, one can quantify

the factors that contribute to the material’s thermal properties.

Using FDTR, the bulk properties of ZnSe and ZnTe materials were measured, which demon-

strated a good agreement between the results from the experimental and computational methods.

Our experimentally measured thermal conductivities ( 17 Wm-1K-1 for ZnSe and 14 Wm-1K-1 for

ZnTe) were consistent with first-principles predictions (23.2 Wm-1K-1 and 13.72 Wm-1K-1at 300

K). Computational results provided insights on the length-dependent thermal conductivity of both

of the materials, further showing the effect of phonon–boundary scattering being present at modern

device dimensions.
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Another study involved an examination of STO thin films at varying thicknesses to show

FDTR’s sensitivity to nanoscale thermal transport, where a significant reduction of 93% from

the bulk value was noticed for the 12 nm thin film. This indicated the consequence of boundary

scattering and substrate effects. Sensitivity analysis showed the measurement to be sensitive to

cross-plane thermal conductivity and volumetric heat capacity properties, which made their evalu-

ation possible. The study illustrated the underlying mechanisms of thermal transport in the oxide

perovskite thin films. It is important for understanding the thermal properties of oxide thin-film

systems, especially those with silicon substrates, as they serve as an important platform for inte-

gration of these materials in microelectronic devices.

The computational study of intermetallic materials like ReSi1.75, ReAlSi and ReGaSi becomes

the first attempt to report the thermal properties of the materials through the first-principles cal-

culations. This study develops an understanding in the thermal transport phenomena of bulk and

nanoscale materials, as well as understanding their temperature dependent properties. This study

was essential in proving the potential of the materials for thermoelectric applications and provides

insights on how the material can be tuned for its application to developing efficient thermoelectric

devices.

The final experimental chapter examined the effects of annealing of Strontium Chromate thin

films under different environments — a process with limited literature due to the difficulty of com-

putational modeling because of the strong electron correlations exhibited by the materials of this

family. Measurements performed by FDTR showed that after annealing there were observable

changes in thermal conductivity and heat capacity, that were consistent with observed electronic

measurements that shows a transition towards metallic behavior. Further study is necessary to

determine the microscopic origin of these changes but this work establishes a foundational back-

ground with regard to SCO thin films and the ability of FDTR to characterize thermally complex

oxide systems grown on silicon, adding to the barely available literature.

The successful experimental analysis of STO enabled the experimental characterization of the

thermal properties of Strontium Chromate (SCO) thin films on Si substrate. Here, an attempt was
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made to characterize the effects of annealing environments on the thermal properties of the SCO

thin films. The effects of annealing environments were quantified, along with validating the phase

transition from semiconducting to metallic behavior, which was observed in the literature through

electrical and structural characterizations.

Keywords: Thermal Conductivity, 2D Thin-Films Characterization, Frequency Domain Ther-

moreflectance Method, First-Principles Calculations, Quantum ESPRESSO, ShengBTE, Density

Functional Theory, Nano-fabrication, Nanoscale Heat Transfer
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Chapter 1

Introduction

Modern microelectronic performance and reliability depend heavily on thermal properties such as

thermal conductivity. According to Moore’s law, the number of transistors in an integrated cir-

cuit doubles every two years, causing the relevant length scales to diminish to nanometers. The

material properties, in particular the thermal properties, may differ dramatically from their bulk

counterparts at these nanoscale length scales, resulting in a larger than expected temperature rise

in electronic devices. This phenomenon diminishes reliability and performance in microelectronics

[1], increasing the attention on thermal management as an area of concern in the design of modern

microelectronics [2, 3, 4, 5, 6, 7]. Low thermal conductivity can also be beneficial for applica-

tions such as thermoelectrics where lower lattice thermal conductivity minimizes heat loss through

lattice vibrations, improving the energy conversion efficiency. Additionally, the heat conduction

across nanoscale thin films is frequently constrained by material interfaces [8], which hinders the

reliable operation of electronic devices such as developing wide-bandgap nitride material systems

[9, 10], phase change memory, and heat-assisted magnetic recording.

A wide range of experimental approaches have been developed to comprehend fundamen-

tal elements of thermal transport at the nanoscale [8, 11]. These include scanning thermal mi-

croscopy (SThM), which is based on a heated atomic force microscope tip [12], 3ω method [13],

and optical pump-probe methods such as Time-Domain Thermoreflectance (TDTR) [6, 14, 15]

and Frequency-Domain Thermoreflectance (FDTR) [7]. All the methods mentioned above are

reliable ways to understand the heat transport phenomena in the nanoscale and quantify thermal

properties of micron/nanometer thin films and the resulting interfaces (as thin films need to be

deposited on a substrate of choice). But all these techniques exhibit advantages and drawbacks,

relative to each other’s capabilities. For example, 3ω methods are one of the reliable ways to mea-

sure the cross-plane thermal conductivity of material; however, the method involves very intricate

1



microfabrication of electrical contacts, and subsequently loses spatial resolution, due to the size

of the strip heater. In the case of SThM, the method can provide images of thermal properties

with nanometer-scale spatial resolution, which is highly sensitive to sample and tip morphology.

However, SThM involves complex tip fabrication.

This is where pump probe methods such as TDTR and FDTR have been gaining popularity,

to measure the thermal properties for a variety of material systems such as solids [7, 14, 16, 17],

liquids [18, 19], thin films [20, 21, 22], and the thermal conductance of interfaces [23, 24, 25, 26].

For several decades, photothermal and photoacoustic phenomena have been active research

fields due to the need for a quick and practical method to assess thermal and electrical transport

properties, particularly those of thin films that are common in contemporary integrated circuits.

Today, there are several different non-contact measurement methods available that rely on how

optical characteristics change with temperature. All these methods generate heat and/or measure

temperature using light waves.

The development work began in 1970 with contributions from Rosencwaig and Gersho [27],

Rosencwaig [28], Opsal et al. [29], and Rosencwaig et al. [30], which utilized continuous-wave

(CW) light sources for the heating of the sample surface. To study nonequilibrium electron-phonon

dynamics in metals, [31, 32, 33] that generate coherent phonons and to measure the heat diffusion

in thin films and across the interfaces, measurement methods utilizing pico and femtosecond pulsed

laser sources were developed in the 1980’s. Thermoreflectance microscopy systems were also

being used to develop heat dissipation maps in microelectronic devices. Pump-probe thermore-

flectance methods, in recent years, have been developed by fitting them with motorized stages for

imaging systems and scanning mirrors. [34]

Here, we first go through the fundamentals of TDTR and FDTR procedures. The measurement

geometry used by both methods is the same as that depicted in Figs. 1.1a and 1.1c. A probe

laser beam is focused on the same spot as a pump laser beam to measure the change in reflectivity

while a pump laser beam creates a Gaussian-shaped heat source on the sample surface. Through

the coefficient of thermoreflectance, the change in reflectivity is proportional to the change in
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Figure 1.1: a) Schematic diagram of basic FDTR principle, b) FDTR Phase data and best fit curve,
c) Schematic diagram of basic TDTR principle, d) TDTR Phase data and best fit curve.

surface temperature for minor temperature changes [35]. The sample is often covered with a thin

transducer layer, such as a layer of metal, which has a high coefficient of thermoreflectance at

the probe wavelength, improving system’s signal to noise ratio and a substantial absorption at the

pump wavelength, ensuring efficient heating of the sample surface, minimizing any losses in the

system, while also aiding in improving the confidence of material property extraction. Typically,

a 532 nm probe laser and an 800 nm probe laser are utilized for gold and aluminum transducers,

respectively [36] [19]. In FDTR, the pump beam is modulated at various frequencies, and a lock-

in amplifier is used to measure the phase delay between the pump beam and probe beam. The

pump and probe beams in TDTR are separated by a configurable optical delay and originate from
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a pulsed laser source. The pump pulses heat the sample, while the probe pulses measure the

change in surface reflectivity as a function of time. To enable lock-in detection, the pump beam’s

pulse train is subjected to extra periodic modulation at one or more frequencies. The observable

parameter might be the amplitude, phase, or the ratio of the in-phase to out-of-phase components

of the lock-in amplifier signal.

While TDTR studies can probe frequencies up to the GHz range, FDTR experiments primarily

access the frequency response of the sample in the kHz to MHz range [37]. The measurement of

thermal characteristics is carried out as an inverse problem in both TDTR and FDTR by minimizing

the difference between the calculated and actual probe phase or amplitude and by modifying the

relevant parameters in a heat transfer model. Fig. 1.1b illustrates sample data from a typical FDTR

measurement of fused silica coated with 80 nm of gold and the best heat transfer model fit, while

Fig. 1.1d illustrates sample phase data and the best model fit from a TDTR measurement of fused

silica coated with 70 nm of aluminum.

The capacity to resolve non-equilibrium dynamics among energy carriers, picosecond tempo-

ral precision, and for some samples, greater sensitivity to thermal interface conductance and the

thermal characteristics of thin films are all benefits of TDTR [38]. In contrast, FDTR eliminates

the difficulty of a mechanical delay stage and the high expense of a pulsed laser system, and with

the appropriate range of modulation frequencies, FDTR provides comparable or increased sensi-

tivity for many kinds of thin-film thermal measurements [16, 21, 25, 39, 40]. Another advantage of

this experimental system is that it can reliably characterize the thermal properties of the material

system under investigation, as well as providing an insight on the real-life consequences on the

material properties such as interfacial properties like boundary conductance through various ma-

terial tuning techniques such as doping, creating superlattice (lattice matching or mismatch) and

growing on various substrates.

But, the biggest bottleneck to novel material discovery through experimental research arises

from the grave difficulty to synthesize the material physically, especially the synthesis of pure

single crystals and thin-film material systems on a substrate. Material synthesis involves an intense
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trial and error process, through the use of expensive techniques like pulsed layer deposition (PLD)

or molecular beam epitaxy (MBE), along with an extensive characterization process, implemented

through a variety of complex instruments, which is not an efficient use of either time or resources.

It therefore stands to reason that there must be a better way one can evaluate the material properties

without having to grow these systems for experimental evaluation physically. In particular, to the

expected level of confidence, while also being able to verify the potential of the material system,

before experimental analysis proceeds so that we can better enhance the desired properties of the

material for a specific application.

In the case of semiconductors and thermoelectrics, the approach to the design of high and low

thermal conductivity materials through nano-engineering for the respective applications requires

an understanding of how phonon scattering can be used to reach these desired goals. Phonon mean

free path or MFP is one of those important parameters that influences the thermal conductivity of

the material. MFP is defined as the product of the phonon group velocity and phonon relaxation

time. The significance of a mean free path for phonon is that it determines how far it can travel

without scattering. Scattering occurs when a phonon interacts with other phonon(s), or it interacts

with grain boundaries at nanometer length scales, thus obstructing its free flow in the system.

Therefore, if the phonon mean free path is longer, that is, in the order of 1 micron or larger, then

the material will exhibit high thermal conductivity, and materials with lower mean free path exhibit

lower thermal conductivity. Applying this knowledge to our material analysis can help in reducing

costs involved in developing nano-engineered materials for desired applications, which can be

achieved by applying first principles approach, based on density functional perturbation theory to

solve the phonon Boltzmann transport equation (PBTE).

The work in this thesis is aimed at attempting to characterize thermal properties of the materials

through both experimental and computational methods, where an agreement in the computational

and experimental results helps us understand the thermal transport phenomena in both bulk scale

and nanoscale. Chapters 2 and 3 discuss,in brief, the fundamentals of thermal analysis using FDTR

and tools like Quantum ESPRESSO and ShengBTE. Chapter 4 is dedicated to applying the under-
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standings from chapter 2 towards characterization of GaX (X = P, As, Sb) materials, as the analysis

of a well understood and a well researched system helps us solidify our methodology of applying

FDTR towards the characterization of novel materials. From our analysis, the thermal conductiv-

ity values for GaX materials (X= As, Sb, P) were 39.3±1.97 Wm-1K-1, 29.4±1.47 Wm-1K-1 and

92.7±4.64 Wm-1K-1 respectively, which are in close agreement to the values widely mentioned in

the literature. In chapter 5 we look at the degree of agreement in the thermal properties from both

the methods in the bulk system and extend our analysis of the system in nanometer length scales,

where we estimated the length dependent thermal conductivities of ZnSe and ZnTe. We found

that using FDTR, the experimentally determined thermal conductivity values of natural occurring

ZnSe and ZnTe are ∼17 Wm-1K-1 and 14 Wm-1K-1 respectively. The computed results of around

23.2 Wm-1K-1 and 14.2 Wm-1K-1 for naturally occurring ZnSe and ZnTe respectively at 300K were

achieved using first-principles.

Chapter 6 is dedicated towards understanding the effects of varying length scales and substrates

on the thermal conductivity of Strontium Titanate thin films. We characterize thickness dependent

thermal properties of STO thin films on Si substrate, with film thickness of 200 nm, 80nm, 50nm

and 12nm. The thermal conductivity values for these films were 7.4±0.74 Wm-1K-1, 3.86±0.43

Wm-1K-1, 2.35±0.26 Wm-1K-1 and 0.8±0.1 Wm-1K-1 respectively, and compare these results to

the STO thin films grown on STO, LSA and DSO in literature. This work was also another step

in the right direction towards understanding the analysis of thermal properties using FDTR, and

contributing to the understanding of heat transfer phenomena in STO thin films across length scales

and substrates.

We then attempt to characterize the thermal conductivity of ReSi1.75, ReAlSi and ReGaSi ma-

terials through our work in chapter 7. Firstly, we verify the confirmation of our results across the

two different methods for ReAlSi systems, indicating that the material properties thus evaluated

are true. We then extend our analysis into ReGaSi and ReSi1.75 using Quantum ESPRESSO and

ShengBTE. This work is the first attempt at doing first-principles calculations for these material

systems.

6



We also characterize the effects of annealing on the thermal properties of Strontium Chro-

mate thin films on a silicon substrate, by varying the amount of oxygen present in the thin film,

through annealing in different environments. Annealing in different environments demonstrated a

dramatic increase in the thermal conductivity values for the thin films, as compared to unannealed

ones. In chapter 8, we try to understand the phenomenon of increased thermal conductivity due to

annealing.
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Chapter 2

Fundamentals of Frequency Domain Thermoreflectance
Technique

2.1 Experimental Setup Details

The FDTR[36, 41] system setup consists of two 75mW and 20mW TEM00 (Transverse Electronic

Modes) continuous wave free space diode lasers (Coherent OBIS) where the pump laser works at

the wavelength of 473 nm and the probe laser works at a wavelength of 532 nm. The operating

wavelength represents the wavelength associated with visible spectrum range. Hence the pump

laser at 473 nm is a blue light laser and the 532 nm probe laser is green in color. The output

power of the pump laser is modulated digitally by modulating the pump laser’s driving current,

with the help of output reference of the Lock-In amplifier being used (Zurich Instruments HF2LI).

The driving signal used for pump laser modulation is a sinusoidal signal with a 2V peak to peak

voltage and the frequencies used for the modulation range from 500 Hz to 50 MHz. The beams

from these lasers pass through optical isolators (Thorlabs IO-5-532-HP for 532nm, Thorlabs IO-

3-488-HP for 473 nm), which prevent any back scattering of laser beam into the aperture of the

laser, which in turn protects the laser from output power instabilities.

This setup also utilizes mirrors to appropriately direct the laser beam in the desired direction.

Using a beam splitter, 1% of the pump laser beam is directed towards a photodetector which records

the phase of the pump beam, referred to as pump phase or φpump. A dichroic mirror (Edmund

Optics, hot mirror) reflects the pump beam onto the sample through the microscopic objective.

This creates a periodic heat flux on the sample’s surface with spot intensity being maximum in the

middle and decaying towards the edges according to a Gaussian spatial distribution. Both the pump

and probe beams are aligned coaxially, and the probe beam is used to measure the change in phase

of the temperature response of the surface with respect to the phase of the input heat signal. This
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(a)

(b)

Figure 2.1: a) Frequency Domain Thermoreflectance (FDTR) experimental setup schematic and
b) Experimental setup as seen in the laboratory at OU.

is achieved by measuring the surface temperature through a measurement of the intensity of the

reflected probe beam (the two are correlated through the fact that surface reflectivity is a function
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of surface temperature).

Every sample whose thermal properties are measured using FDTR utilizes a thin film of metal,

whose thickness is in the range of 80-100 nm. The metal film maximizes the coefficient of ther-

moreflectance at the probe laser’s operating wavelength. Balanced photodetection is implemented

to improve the signal to noise ratios at the low frequencies of modulation for the pump laser.

Balanced photodetector like Thorlabs PDB415A is used, as it consists of two well matched pho-

todiodes namely, PD1 and PD 2. A polarizing beam splitter (PBS) is utilized to split the probe

beam into a pre-sample beam and a post-sample beam. The pre-sample beam is reflected into PD

2 as shown in the schematic. The post-sample beam is reflected from the sample surface, reflected

again using the dichroic mirror into PD 1. The optical path lengths to PD 1 and PD 2 need to be

matched, to reduce the noise in the PD signal. The noise minimization is achieved by delicately

balancing the pre and post sample beams, by adjusting the half-wave plate. Another way of noise

rejection that has been implemented is by letting the PD 1 and PD 2 subtracted signal pass through

a low noise transimpedance amplifier. This method helps eliminate noise from the probe beam,

which is a common problem. To prevent the thermal signal from getting overwhelmed by the back

scattering of the pump beam, two band pass filters (FGB37) are used before the photodetectors.

The measurement of FDTR in our case works by comparing the phase lag of probe beam’s

post-sample beam (which is measured with respect to a reference signal from the lock in amplifier)

with respect to the calculated phase lag of the surface temperature of the sample surface to a

periodic Gaussian heat source (pump laser) at the sample surface. It is important to note that

all the components within the experimental setup along with the path lengths traversed by both

the pump and probe beams, driving electronics and photodetectors are responsible for introducing

a frequency-dependent phase shift to the signal which is denoted by φext. The way this phase

shift is accounted for is by sampling 1% of the pump beam and directing it into the post-sample

photodetector. φext is then measured over a range of the modulation frequencies for the pump beam

and is then subtracted from the phase signal that has been measured, before fitting the measured

data to a thermal model. In the setup, we also use a translation stage to adjust the sample height
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which keeps the sample in sharp focus i.e., the sample is in the depth of focus of the objective lens

being used. This step is of utmost importance as a sharp image of a focused sample helps in the

accurate determination of the spot size, which is a vital input parameter for the thermal model. The

image of the sample being focused is done by using the CCD (charge-coupled device) camera.

2.2 Spot Size Characterization

One of the primary sources of experimental uncertainty in FDTR is estimation of laser spot size

[7] [39]. To measure the spot size, a two-dimensional knife edge technique is used to determine

the laser spot size [36]. A knife-edge sample as shown in the Fig. 2.2 is fabricated for this purpose.

This knife edge sample is then mounted on a piezoelectric sample stage, which is used to position

Figure 2.2: Example of knife-edge sample for spot size measurement

the knife-edge sample in the focal plane of the objective lens. The sample is then scanned in

two directions, while measuring the transmitted light, by placing a photodetector underneath.

I (r) =
2A0

πw0

exp

(
−2r2

w2
0

)
(2.1)

Gaussian intensity profile of a laser spot is determined by where, A0 is the total power and w0

is the 1
e2

radius. The total power transmitted by the photodetector is given by
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P (x) =
2A0

πw0

∫ ∞

−∞
dy exp(

−2y2

w2
0

)

∫ x

−∞
dx exp(

−2x2

w2
0

) (2.2)

when the knife edge is scanning in the x direction. We now fit the Gaussian profile with the

spatial derivative of the photodetector output in x and y directions to get the pump and probe spot

radius. To measure the spot size using the knife edge method, one requires a piezo stage which can

move in both x and y direction. Such a stage is expensive and hence an effective way to calculate

the spot size on a stationary stage needed to be introduced. This is achieved by measuring the

spot size using Gaussian beam optics. The minimum spot size for both pump and probe beams are

determined by w0 = 0.61λ/NA where λ is the operating wavelength of the laser and the NA [42]

is the numerical aperture of the objective being used for the measurement. Using this information,

we can calculate w1 and w2 for both the lasers respectively. The w0 is the root mean squared value

of w1 and w2 where w0 =
√
(w2

1 + w2
2)/2.

2.3 Signal Analysis

Figure 2.3: Multiple layer sample with Gaussian pump and probe spots

In FDTR, the thermal properties are measured using an inverse problem, which is done by

minimizing the error between the phase lag that is measured using the current setup and the phase

lag that is calculated at different frequencies of modulation, by adjusting the parameters of our
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interest in a thermal model. As described in literature, the model gives us a frequency response of

the surface temperature of the sample in the diffusion regime, which is the result of the sample’s

response to a Gaussian heat source (pump laser) on a stack of materials, comprising of multiple

layers. For each layer of the sample, we utilize five physical parameters namely, the cross-plane

and in-plane thermal conductivities of the layer (k⊥ and k∥), thickness of the layer, d, volumetric

heat capacity, Cp and the thermal boundary conductance with respect to the next layer, G.

Therefore, for a sample with n layers, the number of physical parameters associated with the

material system are 5n-1. Semi-infinite boundary condition can be considered for the bottom-

most layer within the stack, if the thermal penetration depth for the material system at the lowest

frequency of modulation is smaller than the thickness of the bottom layer. If not, then the actual

thickness of the final layer is to be considered for the solution using the thermal model. The bottom

layer can be considered adiabatic, isothermal, or convective depending on the way it is mounted.

Thermal penetration depth is given by Eq. 2.3,

δt =

√
2α

ω0

(2.3)

where ω0 is the lowest frequency of modulations and α is the thermal diffusivity of the bot-

tommost layer. The optical power of the pump beam which is falling on the sample surface is

determined by Eq. 2.4,

Qmodulation =
1

2
Qpump(1 + cosωt) (2.4)

where Qpump is the maximum DC output of the pump laser. The harmonic component of the

probe signal is detected by the lock-in amplifier and the frequency ω. The amplitude of the lock-in

voltage is given by

|VLI | =
1

2
QpumpQprobe

(
1−Rλpump

)(dR

dT λprobe

)
Gdet|H(ω)| (2.5)
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where Qprobe is the power of the probe beam, which is hitting the sample surface, Rλpump is

the reflectivity of the sample surface and the co-efficient of thermoreflectance is dR
dT λprobe

at the

probe wavelength. Gdet is the product of transimpedance amplifier gain and the responsivity of the

photodiode at the probe wavelength. The frequency response of the sample surface temperature to

a periodic Gaussian heat flux absorbed at the sample surface, which is weighted by the intensity

distribution of the probe beam, is represented by a complex number H (ω) . We now derive an

expression for H (ω) for the geometry depicted in Fig 2.3. In this derivation, k is considered to be

the Henkel transform variable, which is not to be confused with the thermal conductivity for this

derivation specifically. In cylindrical co-ordinates, the heat conduction for each layer of material

is given by

Λr

r

∂

∂r
(r
∂θ

∂r
) + Λz

∂2θ

∂z2
= Cp

∂θ

∂t
(2.6)

where Cp is the volumetric heat capacity, Λr and Λz is the in-plane and cross-plane thermal

conductivities of the layer. The approach to the solution for the above equation in the frequency

domain is described by Carslaw and Jaeger [43]. Taking the Henkel transform, and Fourier trans-

form of Eq. 2.6 gives us

Λz
∂2θ(ω, k, z)

∂z2
= (Λrk

2 + Cpiω)θ(ω, k, z) (2.7)

and let us assume that

q2 =
Λrk

2 + Cpiω

Λz

(2.8)

for a layer of material n, the temperature, θn, and heat flux fn, on the top surface are related to

the temperature and the heat flux of the bottom surface by
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θn,b

fn,b

 =

 cosh(qd) − sinh(qd)
Λzq

−Λzqsinh(qd) cosh(qd)


θn,t

fn,t

 (2.9)

where d is the thickness of the layer. Now there is a thermal boundary conductance G between

the bottom surface of the layer n and the top surface of the layer n+1. This can also be written in

a matrix form as

θn+1,t

fn+1,t

 =

1 −G−1

0 1


θn,b

fn,b

 (2.10)

Combining Eqs. 2.9 and 2.10, we get a solution for a multilayer sample by the matrix multi-

plication of the above 2 equations

θb

fb

 = MNMN−1 · · ·M2M1

θt

ft

 (2.11)

And from above equation, let us assume

MNMN−1 · · ·M2M1 =

A B

C D

 (2.12)

If we consider an adiabatic and semi-infinite boundary condition to the bottom surface of the

Nth layer, the surface temperature is given by

θt =
−D

C
ft (2.13)

The radial heat flux distribution of the pump beam’s top surface heat flux boundary condition

is given by

I (r, t) =
2P (t)

πw2
0

exp

(
−2r2

w2
0

)
(2.14)
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where P (t) is the total absorbed pump power in the time domain and w2
0 is the 1/e2 radius of

the pump beam on the top surface. Taking the Fourier transform, and Hankel transform of Eq. 2.14

and substituting it into Eq. 2.13, we get

θt (ω, k) =

(
−D

C

)
P (ω)

2π
exp(

−k2w2
0

8
) (2.15)

The temperature distribution in the real space is computed by taking the Hankel transform of

Eq. 2.15,

θt (ω, r) =

∫ ∞

0

kJ0(kr)

(
−D

C

)
P (ω)

2π
exp(

−k2w2
0

8
)dk (2.16)

The reflected probe signal is proportional to the average surface temperature weighted by the

Gaussian distribution of the probe intensity on the surface

θt (ω) =
P (ω)

2π

∫ ∞

0

k

(
−D

C

)
exp

[
−k2(w2

0 + w2
1)

8

]
dk (2.17)

where w1 is the 1/e2 radius of the probe beam on the surface. Frequency response of the sample

is inserted into Eq. 2.5 by dividing θt (ω)by P (ω) :

H (ω) =
1

2π

∫ ∞

0

k

(
−D

C

)
exp

[
−k2(w2

0 + w2
1)

8

]
dk (2.18)

And then, phase is measured by the lock-in amplifier, given by

ϕLI = tan−1 I(H (ω))

R(H (ω))
+ ϕext (2.19)

where ϕext is introduced in the beam because of it moving through the optical and electronic

components in the set-up. ϕextis measured at each frequency of modulation before fitting the lock-

in data with the H (ω) derived from the thermal model. In Eq. 2.19, I(H (ω)) is the imaginary

part of H (ω) and R(H (ω)) is the real part of H (ω).
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2.4 Sensitivity Analysis

To determine how sensitive the phase signal is to multiple properties in the thermal model, we use

phase sensitivity S(ω), which is calculated by

S (ω) =
∂ϕ(ω)

∂lnx
(2.20)

where x is the parameter as a function of frequency. In Figure 2.4, we plot the sensitivity to

various parameters such as cross-plane thermal conductivity, in-plane thermal conductivity and

thermal boundary conductance for Sapphire and Si respectively.

Figure 2.4: Plotting sensitivity for some known reference sample Si

In case of Sapphire, we can observe that the sensitivity to in-plane thermal conductivity is

dominant in the low frequency regime, whereas sensitivity to cross-plane conductivity is higher

in the high frequency regime, because of the transition in dimension of heat transfer from 2D to

1D occurs when we compare the penetration length with the spot size at various frequencies in

the modulation frequency range, as explained in the introduction section. In case of Si, the in-

plane conductivity is dominant in the mid-frequency range and cross-plane conductivity exhibits

similar behavior like Sapphire. The peaks of sensitivity seem to be narrower for Si in comparison
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to Sapphire. Another interesting aspect is that the curves for volumetric heat capacity and cross

plane conductivity for both the materials tend to meet in frequency range greater than 10 MHz. The

frequency range in which this happens for Si is smaller than for Sapphire. This behavior plays an

important role in determining measurement methodology for materials using FDTR, as discussed

in the following sections.

2.5 Uncertainty Analysis

This implementation of uncertainty analysis is based on FDTR where the system is equipped to

record the phase lag in the probe beam due to the modulation of pump beam at various frequencies

in a modulation frequency range. Let us assume that p unknown parameters, xu, u = 1, 2, ..., p,

have to be estimated by fitting the phase lag data calculated from a model to the measured phase

lag. The model estimates the phase lag of the reflected probe signal, ϕ through a nonlinear function

of the unknown parameters and the pump modulation frequency, ω represented as:

ϕ = f(ω,XU) (2.21)

where XU , is a vector of unknown parameters (x1, x2, ..., xp) with dimensions p × 1. The least

squares estimate of the unknown parameter vector Xu minimizes the sum of squared R which is

represented as X̂U .

R =
M∑
i=1

[ϕi − f(ωi,XU)]
2 (2.22)

where ϕi, i = 1, 2, . . . ,M are the M measured phase data points at frequencies ωi. R is mini-

mized by equating the first derivative or R with respect to each Xu to zero, as indicated below

∂R(XU)

∂xu

|X̂U = 0, u = 1, 2, . . . , p (2.23)
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Taking the first order Taylor series expansion of f(ωi,XU) near the mean of X̂U , denoted as

X⋆
U , leads to [44]:

X̂U =
(
J⋆′

U J⋆
U

)−1

J⋆′

U (Φ− F (X⋆
U)) +X⋆

U (2.24)

where Φ is vector with dimensions M × 1, with measured phase data ϕi, The vector F (X⋆
U)

has dimensions M × 1 with calculated phases f(ωi, X
⋆
U), and J⋆

U is the Jacobian Matrix:

J⋆
U =


∂f(ω1,XU )

∂x1
|X⋆

U . . . ∂f(ω1,XU )
∂xp

|X⋆
U

... . . . ...

∂f(ωM ,XU )
∂x1

|X⋆
U . . . ∂f(ωM ,XU )

∂xp
|X⋆

U

 (2.25)

The unknown model parameters in X̂U variances are determined through the diagonal elements

of the variance-covariance matrix in Eq. 2.25

The aforementioned procedure supports the uncertainty of multiple unknown parameters, X̂U

for least squares estimate, to the uncertainty of the measured data, Φ. The same method is applied

to consider the uncertainty in model parameters that are controlled. We start by establishing that

the number of unknown parameters in this FDTR model are N. The N parameters are then divided

two groups. The first group is the p unknown parameters xu, where u = 1,2, . . .p, while the second

group is the N-p controlled parameters xc where c = p+1, p+2, . . ., N. Column vectors XU with the

elements x1, x2, x3. . .xN are used to indicate the unknown and controlled parameters respectively.

The phase lag ϕ is then represented as:

ϕ = f(ω,XU , XC) (2.26)

where the sum of square of errors is modeled as:

R =
M∑
i=1

[ϕi − f(ωi, XU , XC)]
2 (2.27)

where ϕi, i=1, 2, . . .M are still the M measured phase data points at frequencies ωi. The least
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squares estimate of XU , which is still denoted as X̂U , now satisfies

∂R(XU , XC)

∂xu

|X̂U = 0, u = 1, 2, . . . , p (2.28)

From Eq. 2.27 and 2.28 we have,

M∑
i=1

(
[ϕi − f(ωi, XU , XC)]

∂f(ωi, XU , XC)

∂xu

)
|X̂U = 0, u = 1, 2, ..p (2.29)

where we denote the average values of X̂U and XC as X⋆
U and X⋆

C respectively. The corre-

sponding elements are denoted as x⋆
u, u=1,2, . . . p, and x⋆

c , c = p+1, p+2, . . .N, respectively. When

XU and Xc are in small neighbourhood X⋆
U and X⋆

C , f (ωi, XU , XC) could be approximated by a

first order Taylor expansion around both X⋆
U and X⋆

C :

f (ωi, XU , XC) ≈ f (ωi, X
⋆
U , X

⋆
C) +

∂f(ωi, XU , XC)

∂xu

|X⋆
U , X

⋆
C(xu − x⋆

u))

+ (
N∑

c=p+1

∂f(ωi, XU , XC)

∂xc

|X⋆
U , X

⋆
C (xc − x⋆

c) , i = 1, 2 . . .M

(2.30)

Substituting f (ωi, XU , XC)from Eq. 2.29 into Eq. 2.30, we have

M∑
i=1

([ϕi − f(ωi, X
⋆
U , X

⋆
C)−

p∑
u=1

∂f(ωi, XU , XC)

∂xu

|X⋆
U , X

⋆
C(x̂u − x⋆

u)

−
N∑

c=p+1

∂f(ωi, XU , XC)

∂xc

|X⋆
U , X

⋆
C (xc − xc⋆)]

∂f(ωi, XU , XC)

∂xu

|X⋆
U , X

⋆
C) = 0

(2.31)

For u = 1,2, . . . p, where x̂c are the elements of the least squares estimate vector x̂U . We utilize

matrix operations to simplify Eq 2.31. For i= 1, 2, . . .M, we denote Φ as vector consisting of

elements ϕi and F (X⋆
U , X

⋆
C) as a vector with elements f (ωi, X

⋆
U , X

⋆
C) . Jacobian matrices are used
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to represent the first order derivatives of f (ωi, XU , XC) in Eq. 2.31 so that

J⋆
U =


∂f(ω1,XU ,XC)

∂x1
|X⋆

U , X
⋆
C . . . ∂f(ω1,XU ,XC)

∂xp
|X⋆

U , X
⋆
C

... . . . ...

∂f(ωM ,XU ,XC)
∂x1

|X⋆
U , X

⋆
C . . . ∂f(ωM ,XU ,XC)

∂xp
|X⋆

U , X
⋆
C

 (2.32)

and J⋆
C =


∂f(ω1,XU ,XC)

∂xp+1
|X⋆

U , X
⋆
C . . . ∂f(ω1,XU ,XC)

∂xN
|X⋆

U , X
⋆
C

... . . . ...

∂f(ωM ,XU ,XC)
∂xp+1

|X⋆
U , X

⋆
C . . . ∂f(ωM ,XU ,XC)

∂xN
|X⋆

U , X
⋆
C


Rewriting Eq. 2.31 in terms of Φ, F (X⋆

U , X
⋆
C) and Eq. 2.7, we get,

J⋆′

u

(
Φ− F (X⋆

U , X
⋆
C)− J⋆

U

(
X̂U −X⋆

U

)
− J⋆

C (XC −X⋆
C)
)
= 0 (2.33)

With J⋆′
U J⋆

U being nonsingular, Eq. 2.33 can be rearranged to express the least squares estimate

X̂U in terms of the measured phase data Φ, the controlled parameters vector XC , and the Jacobian

matrices:

X̂U = (J⋆′

U J⋆
U)

−1J⋆′

U (Φ− F (X⋆
U , X

⋆
C)− J⋆

C (XC −X⋆
C)) +X⋆

U (2.34)

Eq. 2.34, explains us about the uncertainty in the parameters of the model that are controlled

as well, as compared to Eq. 2.24. Assuming that the experimental noise for each data point in Φ is

normally distributed with zero mean, and that the elements of XC are normally distributed around

their mean values, the elements of X̂U will be asymptotically normally distributed around their

mean values [45] We calculate the variance-covariance matrix of X̂U from Eq. 2.34 to obtain the

variances of the individual elements of X̂U , which we then use to determine the standard deviations

for each of the unknown parameters. Given that Φ and XC are independent vectors, the variance-

covariance matrix of X̂U is given by,
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V ar[X̂U ] = (J⋆′

U J⋆
U)

−1J⋆′

U (V ar [Φ] + J⋆′

C V ar [XC ] J
⋆
C)J

⋆
U(J

⋆′

U J⋆
U)

−1 (2.35)

If we assume that the elements of Φ and XC are all independent variables, we can write V ar [Φ]

and V ar [XC ] as

V ar [Φ] =



σ2
ϕ1 0 0 · · ·

0 σ2
ϕ2 0 . . .

0 0 σ2
ϕ3 . . .

...
...

... . . .


(2.36)

V ar [XC ] =



σ2
c1 0 0 · · ·

0 σ2
c2 0 . . .

0 0 σ2
c3 . . .

...
...

... . . .


(2.37)

where σ2
ϕk, k = 1,2,3. . ., are the variances of the measured phase data points ϕk at modulation

frequencies ωk and σ2
cl, l = 1,2,3, . . . are the controlled parameters. Thus, using the experimentally

determined variances in the phase data and the variances for the controlled parameters, we can

determine the variances of the unknown parameters from the diagonal elements of Eq. 2.35

V ar[X̂U ] =



σ2
xu1

cov[xu1, xu2] cov[xu1, xu3] · · ·

cov[xu2, xu1] σ2
xu2

cov[xu2, xu3] . . .

cov[xu3, xu1] cov[xu3, xu2] σ2
xu3

. . .

...
...

... . . .


(2.38)

where cov[xu2, xu1] is the covariance of xui and xuj . If we let Pij be element (i, j) of V ar[X̂U ],

the standard deviation of the ith element of X̂U will be
√

Pij , which we take to be the uncertainty

of that parameter. For the case of a single unknown fitting parameter and no experimental noise,

Eq. 2.35 is equivalent to the uncertainty estimate for TDTR given in [6].
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2.6 Sample Preparation and Transducer Characterization

To start the process of measuring thermal properties of a material using FDTR, key initial steps are

required to be ready for the process. As discussed in the previous sections, it is imperative for us

to know the values of as many variables as we can, so as to reduce the number of free parameters

that need to be adjusted, leading to high confidence and low uncertainty results. Samples under

study need to have an 80-100 nm thick transducer layer deposited on its surface. For our experi-

mental setup, we use gold as our transducer layer. This is because at 473 nm wavelength, gold has

high absorptivity, which is responsible for maximizing the heating of the sample surface by the

pump laser beam. Gold also has high thermoreflectivity or coefficient of thermo reflectance at the

probe laser beam at 532 nm wavelength. This is important to improve the quality of the signal and

reduce the noise, in effect increasing the signal to noise ratio for the probe beam reflecting of the

heated sample surface. The gold thin film is deposited using [36, 46, 47] Lesker Nano36 Evapo-

rator thermal evaporator, (part of Microfabrication Research & Education Center at University of

Oklahoma). The target gold pellet was purchased from Kurt. J Lesker Company (99% purity).

The gold is deposited at a very low deposition rate of 1 Å/s and at a target thickness of 100

nm. This process may require a proper characterization of thickness achieved during deposition

as compared to the target thickness. This is because the gold thin film thickness values depend

on the deposition rate as well as where the sample is placed on the sample holder in the thermal

evaporator. Another important factor is the tooling percentage (the ratio between the film thickness,

measured by the profilometer on the substrate to the thickness measured by the crystal monitor),

which can also change the thickness acquired as compared to the target thickness. The reason for

using very low deposition rate is because, it has been observed that the volumetric heat capacity

of gold thin film, deposited on a substrate with known properties (like Fused Silica) computed

using FDTR, varied from ∼80% of the bulk value for a deposition rate of 4 Å/s to a considerable

∼97% of its bulk value for a deposition rate of 0.5 Å/s as seen in Fig. 2.5. This is because of its
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dependence on the grain size, deposition method and deposition rate. [41]

Figure 2.5: Measured over bulk C gold deposited at different deposition rates

To characterize the properties of gold thin film transducer, we place a reference sample like

fused silica or silicon (because of their contrasting values of thermal conductivity) or both, very

close to the sample under study in the evaporator. After deposition, the thermal conductivity of

gold kAu and thickness of the gold thin film are considered to be free parameters and are determined

by FDTR measurements using the known properties of the reference sample. Another way to

determine kAu and tAu is by measuring electrical resistivity of gold and converting it into thermal

conductivity using Wiedemann-Franz Law and profilometer respectively [21]. demonstrated that

the values obtained for kAu and tAu using both methods yielded similar results. Hence fitting of

gold parameters with respect to known substrate parameters is an effective way of characterizing
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transducer properties. Once gold properties are known, we can commence measurement using

FDTR.

For the analysis of the materials in this report, we worked with 2 different codes, where the up-

graded code includes transducer layer properties such as co-efficient of thermoreflectance (CTR),

transducer absorptivity, along with calibrated pump laser power. The laser power is calibrated

using a laser power meter. This is to ensure highest accuracy and account for the power loss in

the pump beam in the time it travels from the laser and the reaches the sample surface. Another

improvement in the code is the real time plotting of the uncertainty as well as the sensitivity plots.

These improvements help in understanding whether a set of parameters chosen to be free/adjusted

can give us reliable and certain data or not. This also tells us whether the parameters chosen for

fitting are coupled in a way, which can lead to difficulty in distinguishing/isolating the properties

for measurement.

Sensitivity plots also give us an idea whether the parameters are sensitive to the measurement

in the modulation frequency range or not. Insensitive parameters do not affect the curve fitting or

the

values of the fitted parameters, and hence can be assigned the highest value of the specific

insensitive parameter and can be used as a fixed know input parameter. This helps in minimizing

the number of parameters to be fitted as the curve fitting in FDTR yields desirable results for a set

of 4 or less unknown/adjusted/free parameters. CTR value is fitted for the reference sample. This

fitted value is assumed to be the CTR value of the transducer layer for the sample under study.

Transducer absorptivity is a value that is used as a fixed input parameter from literature for a gold

thin film layer. We can estimate this value by varying the value of absorptivity and by observing

its effect on the curve fitting.

Once the best possible curve fitting is achieved, value of absorptivity can be considered fixed

for the measurement. This specific example is of the Sapphire reference sample under analysis,

to characterize the properties of the transducer layer for GaP measurement. During this step, we

first consider that the gold transducer properties as mentioned above to be unknown. These values
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are then measured by fitting this set of unknown parameters to the measured phase lag for the

reference Sapphire sample, whose properties are known to us, yielding the best curve fit for the

reference sample. By executing the aforementioned steps, the values for CTR are measured to be

3.202 X 10-4 K-1, kAu is 164 Wm-1K-1, tAu is 164 nm and a thermal boundary conductance value of

∼77 MWm-2K-1 between the transducer layer and reference sample (Sapphire).
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Chapter 3

Background on Quantum ESPRESSO and ShengBTE

3.1 Theory of Thermal Conductivity

Here, we build upon the theory of thermal conductivity using the foundation laid out in the ref.

[48]. A crystal’s unit cell defined by the vector l while the vector b describes the atomic positions

in each unit cell, has a potential energy V . This potential energy can be defined as a Taylor series

expansion in the powers of the atomic displacements u(lb). Writing the expansion up to the third

order, it is represented as:

V = V0 +
∑
lbα

∂V

∂uα(lb)

∣∣∣∣
0

uα(lb)+

1

2

∑
lb,l′b′

∑
αβ

∂2V

∂uα(lb)uβ(l′b′)

∣∣∣∣
0

uα(lb)uβ(l′b′)+

1

3!

∑
lb,l′b′,l′′b′′

∑
αβγ

∂3V

∂uα(lb)uβ(l′b′)uγ(l′′b′′)

∣∣∣∣
0

uα(lb)uβ(l′b′)uγ(l′′b′′).

(3.1)

With the potential energy’s first derivative with respect to atomic displacements being zero at

equilibrium, it is defined as:

∂V

∂uα(lb)

∣∣∣∣
0

= 0 (3.2)

This is because of the energy being minimum in this specific configuration. To determine the

second order force constants, we take the second order derivative of the crystal’s potential energy

with respect to the atomic displacements, defined as:

Φαβ(lb, l′b′) =
∂2V

∂uα(lb)uβ(l′b′)

∣∣∣∣
0

(3.3)
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and the third-order force constants are derived by taking the third order derivative of the crystal’s

potential energy with respect to the atomic displacements.

Φαβγ(lb, l′b′, l′′b′′) =
∂3V

∂uα(lb)uβ(l′b′)uγ(l′′b′′)

∣∣∣∣
0

(3.4)

Re-writing the potential energy in terms of the force constants, we get,

V = V0 +
1

2

∑
lb,l′b′

∑
αβ

Φαβ(lb, l′b′)uα(lb)uβ(l′b′)+

1

3!

∑
lb,l′b′,l′′b′′

∑
αβγ

Φαβγ(lbl′b′l′′b′′)uα(lb)uβ(l′b′)uγ(l′′b′′).

(3.5)

3.1.1 Dynamical Matrix and Phonon Frequencies

It can be demonstrated that the displacements can be expressed in terms of fully decoupled vi-

bration modes if the crystal potential expression is written up to the second-order with regard to

atomic displacements. Since it produces no forces on atoms, the initial term in the potential energy

V0 is disregarded in order to get the equation of motion. The equation of motion can be expressed

as:

mbüαβ(lb) = −
∑
l′b′β

Φαβ(lb, l′b′)uβ(l′b′) (3.6)

Re-writing the second-order force constants in terms of the relative positions between the unit cells

h = l′ - l, due to translation symmetry, we get:

Φαβ(lb, l′b′) = Φαβ(0b, (l′ − l)b′) (3.7)
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Therefore, the equation of the motion becomes:

mbüα(lb) = −
∑
l′b′β

Φαβ(0b, l′b′)uβ(l′b′) (3.8)

The above equation can be solved by writing the atomic displacements as:

uα(lb) =
1

√
mb

∑
q

Uα(q,b)exp[i(q.l − ωt)], (3.9)

where q is the vibrational mode’s wave-vector in the first Brillouin zone, and ω being the vibra-

tional mode’s frequency. The result of substituting Eq. 3.9 into Eq. 3.8, we get:

ω2Uα(q,b) =
∑
b′β

Dαβ(bb′)|q)Uβ(q, b′) (3.10)

Where the above equation’s determinant equation is determined as:

|Dαβ(bb′|q)− ω2δαβδbb′| = 0 (3.11)

where Dαβ(bb′|q) is the dynamical matrix and is given by the following expression:

Dαβ(bb′|q) = 1
√
mbmb′

∑
l′

Φαβ(0b, l′b′)exp(iq.l′) (3.12)

Phonon frequencies are obtained by diagonalizing the dynamical matrix. Therefore, the presence

of completely de-coupled vibrational modes that do not interact with each other are a result of ex-

panding the potential energy expression only up to the second-order. To show this more clearly, we

observe that the crystal’s Hamiltonian can be expressed as follows in the harmonic approximation,
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which ignores the third-order term in the expansion of potential energy:

H =
∑

lb

p(lb).p(lb)
2m

+

1

2

∑
lb,l′b′

∑
αβ

Φαβ(lb, l′b′)uα(lb)uβ(l′b′)
(3.13)

where the momentum operator of an atom located at l + b is denoted by p(lb). We then replace the

Fourier representations X and P of displacement and momentum operators respectively, through

series of transformations. This then allows the above equation to be re-written in terms of vibration

wave-vectors q as:

u(lb) =
1√
N0

∑
q

X(q,b)eiq.l (3.14)

p(lb) =
1√
N0

∑
q

P(q,b)e−iq.l (3.15)

HereNo = N1N2N3 is the crystal size, N1, N2 and N3 being the number of unit cells along the

three lattice directions. Using the above transformations the Hamiltonian can be rewritten as,

H =
1

N0

∑
qq′lb

P(q,b).P(q′, b)
2mb

exp[−i(q + q′).l]+

1

2

1

N0

∑
q,q′

∑
lb,l′b′

∑
αβ

Φαβ(lb, l′b′)Xα(q,b)Xβ(q′, b′)exp[i(q.l + q′.l′)]
(3.16)

Simplifying the first term by summing over l,

First term =
∑
q,q′b

P(qb).P(q′b)
2mb

1

N0

∑
l

exp[−i(q + q′).l]

=
∑
qq′b

P(qb).P(q′b)
2mb

δq+q′,0

=
∑

qb

P(qb).P†(q′b)
2mb

(3.17)

As indicated earlier, because of the translational symmetry, the second-order force constants
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can be rewritten in terms of only the relative position between the unit cells h = l′ - l as shown by

Eq. 3.7. Using this the second term can be rewritten as:

Second Term

=
1

2

1

N0

∑
q,q′

∑
lb,l′b′

∑
αβ

Φαβ(lb, l′b′)Xα(q,b)Xβ(q′, b′)exp[i(q.l + q′.l′)]

=
1

2

1

N0

∑
q,q′

∑
b,hb′

∑
αβ

Φαβ(0b, hb′)Xα(q,b)Xβ(q′, b′)exp[iq′.h]
∑

l

exp[i(q + q′).l′]

=
1

2

∑
q,q′

∑
b,hb′

∑
αβ

Φαβ(0b, hb′)Xα(q,b)Xβ(q′, b′)exp[iq′.h]δq+q′,0

=
1

2

∑
q

∑
b,hb′

∑
αβ

Φαβ(0b, hb′)Xα(q,b)Xβ(-q, b′)exp[−iq.h]

(3.18)

In the above use is made of
∑

l exp[i(q + q′).l] = N0δq+q′.o. Using

Φαβ(bb′|q) =
∑

h

Φαβ(0b, hb′)exp(−iq.h) =
√
mbmb′Dαβ(bb′|-q) (3.19)

where D is a synamical matrix, the second term can now be written as

Second Term =
1

2

∑
q,b,b′

∑
αβ

Φαβ(bb′|q)Xα(q,b)X†
β(qb′) (3.20)

Using Eqs. 3.17 and 3.20 crystal Hamiltonian in the harmonic approximation can now be written

as a sum over the different vibration wave vectors q,

H =
∑

q

[∑
b

P(qb).P†(q,b)
2mb

+
1

2

∑
b,b′

∑
αβ

Φαβ(bb′|q)Xα(q,b)X†
β(qb′)

]
(3.21)

The above Hamiltonian is completely separable and therefore has independent eigen states or vi-

bration modes. However it is shown next that the inclusion of the third-order anharmonic term in

the potential energy expansion leads to coupling (scattering) between three vibration modes.
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3.1.2 Anharmonic Potential

Including the third-order term in the expansion of the potential energy the crystal Hamiltonian can

be written as:

H =
∑

lb

p(lb).p(lb)
2m

+

1

2

∑
lb,l′b′

∑
αβ

Φαβ(lb, l′b′)uα(lb)uβ(l′b′)+

1

3!

∑
lb,l′b′,l′′b′′

∑
αβγ

Φαβγ(lb, l′b′, l′′b′′)uα(lb)uβ(l′b′)uγ(l′′b′′).

(3.22)

We focus the discussion on rewriting of the third term V3 to show how anharmonicity leads to

three-phonon coupling. Using the transformations represented by Eqs. 3.14 and 3.15,V3 can be

rewritten as

V3 =
1

3!

1

(N0)3/2

∑
qq′q′′

∑
lb,l′b′,l′′b′′

∑
αβγ

Φαβγ(lb, l′b′, l′′b′′)Xα(q,b)Xβ(q′, b′)Xγ(q′′, b′′)

× exp[i(q.l + q′.l′ + q′′.l′′)]

(3.23)

Defining h′ = l′ − l and h′′ = l′′ − l the cubic term V3 can be further rewritten as

V3 =
1

3!

1

(N0)3/2

∑
qb,q′b′,q′′b′′

∑
αβγ

∑
l

exp[i(q + q′ + q′′).l]

× Φαβγ(qb, q′b′, q′′b′′)Xα(q,b)Xβ(q′, b′)Xγ(q′′, b′′)

(3.24)

where

Φαβγ(lbl′b′l′′b′′) =
∑
h′,h′′

Φαβγ(ob, h′b′, h′′b′′)eiq
′h′
eiq

′′h′′
(3.25)

32



Finally summing over l and realizing that
∑

l

exp[i(q + q′ + q′′).l] = N0δG,q+q′+q′′ we obtain

V3 =
1

3!

1√
N0

∑
qb,q′b′,q′′b′′

δG,q+q′+q′′

×
∑
αβγ

Φαβγ(qb, q′b′, q′′b′′)Xα(q,b)Xβ(q′, b′)Xγ(q′′, b′′)

(3.26)

G in the above equation is the reciprocal lattice vector. To explicitly show the three-phonon cou-

plings and to convert the anharmonic term into a form where it can be used to compute the three-

phonon scattering rates, two more transformations are performed. The second set of transforma-

tions allows the anharmonic term to be expressed in terms of the vibration eigenvectors e(b|qs),

where s represents a particular vibration mode of the vibration characterized by wave-vector q.

The transformations are indicated below:

X(qs) =
∑

b

√
mbe∗(b|qs).X(qb) (3.27)

P (qs) =
∑

b

1
√
mb

e(b|qs).P(qb) (3.28)

The vibration eigenvectors oney the following relationships

∑
b

e∗(b|qs).e(b|qs′) = δss′ (3.29)

∑
b

e∗α(b|qs).eβ(b′|qs) = δαβδbb′ (3.30)

Finally, the last set of transformations involves the use of the creation and annihilation operators

aqs, and a†qs.

aqs =
1√

2ℏω(qs)
P (qs)− i

√
ω(qs)
2ℏ

X†(qs) (3.31)

a†qs =
1√

2ℏω(qs)
P †(qs) + i

√
ω(qs)
2ℏ

X(qs) (3.32)
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We discuss next some of the properties of creation and annihilation operators. Let a state with

n phonons of wavevector q and polarisation s be denoted by |nqs⟩; the effect of the creation and

annihilation operators on such a state is summarized below:

a†qs|nqs⟩ =
√
nq,s + 1|nqs + 1⟩ (3.33)

aqs|nqs⟩ =
√
nq,s|nqs − 1⟩ (3.34)

Inverting Eqs 3.31 and 3.32 allows the operators X(qs) and P (qs) to be written in terms of creation

and annihilation operators:

X(qs) = −i

√
ℏ

2ω(qs)
(a†qs − a−qs) (3.35)

P (qs) =

√
ℏω(qs)

2
(a†−qs + aqs) (3.36)

Finally, using Eqs. 3.27 and 3.28, the operators X(qb) and P (qb) can now be written in terms of

the vibration eigenvectors and the creation and annihilation operators:

X(qb) =
1

√
mb

∑
s

e(b|qs)X(qs)

= −i
∑
s

√
ℏ

2mbω(qs)
e(b|qs)(a†qs − a−qs)

(3.37)

P(qb) =
√
mb

∑
s

e∗(b|qs)P (qs)

=
∑
s

√
mbℏω(qs)

2
e∗(b|qs)(a†−qs + aqs)

(3.38)
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Substituting the above in the expression for the cubic term in the crystal Hamiltonian yields

V3 =
1

3!

i√
N0

∑
qs,q′s′,q′′s′′,bb′b′′

∑
αβγ

(
ℏ3

8mbmb′mb′′ω(qs)ω(q′s′)ω(q′′s′′)

)1/2

× δG,q+q′+q′′eα(b|qs)eβ(b′|q′s′)eγ(b′′|q′′s′′)Φαβγ(qb, q′b′, q′′b′′)

× (a†qs − a−qs)(a
†
q′s′ − a−q′s′)(a

†
q′′s′′ − a−q′′s′′)

=
iℏ
3!

∑
qs,q′s′,q′′,s′′

δG,q+q′+q′′Ṽ (qs, q′s′, q′′, s′′)

× (a†qs − a−qs)(a
†
q′s′ − a−q′s′)(a

†
q′′s′′ − a−q′′s′′)

(3.39)

where

Ṽ3(qs, q′s′, q′′s′′) =

(
ℏ

8N0ω(qs)ω(q′s′)ω(q′′s′′)

)1/2

∑
b,b′,b′′

∑
αβγ

Φαβγ(qb, q′b′, q′′b′′)

× eα(b|qs)√
mb

eβ(b′|q′s′)
√
mb′

eγ(b′′|q′′s′′)
√
mb′′

(3.40)

Eq. 3.39 shows that an anharmonic term in the expansion of potential energy leads to scattering be-

tween three phonons such that G = q+q′+q′′. We next compute the rates of phonon scattering due

to anharmonicity and use them along with Boltzmann transport to compute thermal conductivity.

3.1.3 Boltzmann Transport Equation

In the absence of a temperature gradient, the heat flux in a material is zero and the phonon modes

are in their equilibrium state with the phonon populations being determined by the Bose-Einstein

distribution

n̄qs =
1

eℏω(qs)/(kBT ) − 1
(3.41)

where n̄(qs) and ω(qs) are the equilibrium population and the frequency, respectively, of the

phonon mode qs, ℏ is the Planck’s constant and kB is the Boltzmann constant. However, the

presence of a temperature gradient in a material causes the phonon population of any mode qs
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to be perturbed out of equilibrium and establishes a heat flux Q than can be written in terms of

phonon energies ℏω(qs), perturbed phonon populations nqs, and phonon group velocities c(qs) as

Qα =
1

N0Ω

∑
qs

ℏω(qs)cα(qs)nqs = −kαβ|∇T |β (3.42)

where Ω is the volume of the unit-cell. As shown above the heat flux can be further written as the

product of the thermal conductivity k and the temperature gradient ∇T . Thermal conductivity is a

tensor whose components kαβ give the direction of heat flux along a direction α for a temperature

gradient along direction β. Knowledge of the perturbed phonon populations allows heat flux and in

turn thermal conductivity to be determined. As phonon populations are a function of temperature,

a temperature gradient creates an imbalance in the flux of a phonon mode qs through an elemental

volume in the material. If the phonon mode qs does not interact (scatter) with other phonon

modes (i.e. ∂nqs/∂tscatt = 0) as is the case in a perfect harmonic crystal, such an imbalance

creates a divergence in the perturbed phonon population leading to a divergence in the thermal

conductivity. A perfect harmonic crystal therefore has infinite thermal conductivity. Through,

three-phonon scattering processes anharmonicity allows for the perturbation due to the temperature

gradient to be balanced by the change in phonon population by scattering, leading to a finite thermal

conductivity. The resulting balance equation for the perturbed phonon population is called the

phonon Boltzmann equation

−c(qs).∇T

(
∂nqs

∂T

)
+

∂nqs

∂T

∣∣∣∣
scatt

= 0 (3.43)

where nqs and c(qs) are the perturbed phonon population and group velocity respectively of mode

qs. The first term on the left-hand side represents phonon diffusion induced by a temperature

gradient and the second term represents the phonon scattering rate due to all scattering processes.

Assuming that the perturbation from equilibrium is small, the temperature gradient of the perturbed

phonon population can be replaced with the temperature gradient of the equilibrium phonon pop-
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ulation, ∂nqs/∂T ≈ ∂n̄qs/∂T , leading to

−c(qs).∇T

(
∂n̄qs

∂T

)
+

∂nqs

∂T

∣∣∣∣
scatt

= 0 (3.44)

where n̄qs is the equilibrium population of mode qs and is determined by the Bose einstein distri-

bution Eq. 3.41.

As indicated in the previous section, in a pure material a phonon mode qs can scatter through

anharmonic three-phonon scattering processes such that G = q + q′ + q′′. The three-phonon

scattering can thus be classified into two types: 1. Normal processes: For these type of processes,

G = 0. For example, when a phonon q scatters by absorbing another phonon q′ to yield phonon

q′′ the momentum conservation for this process can be written as −q − q′ + q′′ = 0. As can be

seen, these processes preserve the direction of energy flow, since the resulting phonon is in the

same direction as the combining phonon modes. Hence these processes do not contribute towards

thermal resistance in a material. 2. The second type of processes are characterized by G ̸= 0.

Here the momentum conservation for the process indicated above would be q + q′ = q′′ + G.

As can be seen, in this process the direction of energy flow is reversed. These type of scattering

processes were given the name ”Umklapp” by Peierls[49], and they give rise to thermal resistance

in a material. The scattering rate for a three-phonon scattering process can be computed using

Fermi’s golden rule [50, 51]:

P f
i (3ph) =

2π

ℏ
|⟨f |V3|i⟩|2δ(Ef − Ei). (3.45)

In the above equation i and f denote the initial and final state, V3 is the three phonon coupling

potential as expressed in Eq. 3.39, and δ(Ef −Ei) denotes energy conservation between the initial

and final states. There are two types of events associated with three-phonon scattering. In the

first type of events, called class 1 events or ”coalescence processes”, a phonon mode (qs) scatters

by absorbing another mode (q′s′) to yield a third phonon mode (q′′s′′). In the second type of
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events, called class 2 events or ”decay processes” a phonon mode (qs) scatters by decaying into

two phonon modes (q′s′) and (q′′s′′). Both processes satisfy momentum and energy conservation:

For class 1 events, these are:

q + q′ = q′′, ℏω(qs) + ℏω(q′s′) = ℏω(q′′s′′), (3.46)

while class 2 events we have

q = q′ + q̄′′, ℏω(qs) = ℏω(q′s′) + ℏω(q′′s′′), (3.47)

The reciprocal lattice vector G is not explicitly written in the above equations. For class 1 events

the scattering rate is given by

P q′′s′′
qs,q′s′ =

2π

ℏ2
|⟨nqs − 1, nq′s′ − 1, nq′′s′′ + 1|V3|nqs, nq′s′ , nq′′s′′⟩|2

× δ(ω(qs) + ω(q′s′)− ω(q′′s′′))

(3.48)

where n in the above equation represent the perturbed phonon populations. Substituting V3 from

Eq. 3.39, we obtain

P q′′s′′
qs,q′s′ = 2π|Ṽ3(−qs,−q′s′, q′′s′′)|2nqsnq′s′(nq′′s′′ + 1)

× δ(ω(qs) + ω(q′s′)− ω(q′′s′′))

(3.49)

The factor of 1/3! in the expression for V3 is cancelled by the presence of 3! equivalent terms

involved in the summation over q, q′, q′′. This is due to the fact that the expression for V3 is

cyclically symmetric in q, q′, q′′. Secondly in the expansion of (a†qs − a−qs)(a
†
q′s′ − a−q′s′)(a

†
q′′s′′ −

a−q′′s′′) only one term, a−qsa−q′s′a
†
q′′s′′ , survives, as this is the only term that couples the initial state

|nqs, nq′s′ , nq′′s′′⟩ with the final state |nqs− 1, nq′s′ − 1, nq′′s′′ +1⟩. The net scattering rate involving

a class 1 event can be written as the difference of the forward and back scattering processes. The
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expression is given below:

P q′′s′′
qs,q′s′ − P qs,q′s′

q′′s′′ = 2πδ(ω(qs) + ω(q′s′)− ω(q′′s′′))|Ṽ3(−qs,−q′s′, q′′s′′)|2

[nqsnq′s′(nq′′s′′ + 1)− (nqs + 1)(nq′s′ + 1)nq′′s′′ ]

(3.50)

At equilibrium and in the absence of a temperature gradient, the net scattering rate is zero. This

yields the principle of detailed balance for the class 1 events:

n̄qsn̄q′s′(n̄q′′s′′ + 1) = (n̄qs + 1)(n̄q′s′ + 1)n̄q′′s′′ (3.51)

that can be written as

n̄q′s′ − n̄q′′s′′ =
n̄q′s′(n̄q′′s′′ + 1)

(n̄qs + 1)
(3.52)

To linearize the scattering rates in Eq. 3.50, we expand the perturbed phonon population nqs about

the equilibrium in terms of a first order perturbation Ψqs defined as

nqs = n̄qs −
kBT

ℏ
∂n̄qs

∂ω(qs)
Ψqs (3.53)

leading to

nqs = n̄qs + n̄qs(n̄qs + 1)Ψqs (3.54)

Substituting Eq. 3.54 into Eq. 3.50, the net scattering rate due to class 1 events can be written as :

P q′′s′′
qs,q′s′ − P qs,q′s′

q′′s′′ = P̃ q′′s′′
qs,q′s′(Ψ

s
q +Ψs′

q′ −Ψs′′

q′′) (3.55)

where
P̃ q′′s′′

qs,q′s′ = 2πn̄qsn̄q′s′(n̄q′′s′′ + 1)|Ṽ3(−qs,−q′s′, q′′s′′)|2

× δ(ω(qs) + ω(q′s′)− ω(q′′s′′))

(3.56)
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Similarly the scattering rate due to class 2 events is expressed as

[]
P qs,q′s′

q′′s′′ =
2π

ℏ2
|⟨nqs − 1, nq′s′ + 1, nq′′s′′ + 1|Ṽ3|nqs, nq′s′ , nq′′s′′⟩|2

× δ(ω(qs)− ω(q′s′)− ω(q′′s′′))

(3.57)

Substituting V3 from 3.39 we obtain

P qs,q′s′
q′′s′′ = 2π|Ṽ3(−qs,−q′s′, q′′s′′)|2nqs(nq′s′ + 1)(nq′′s′′ + 1)

× δ(ω(qs) + ω(q′s′)− ω(q′′s′′))

(3.58)

The net scattering rate involvng a class 2 event is

P q′s′,q′′s′′
qs − P qs

q′s′,q′′s′′ = 2πδ(ω(qs)− ω(q′s′)− ω(q′′s′′))|Ṽ3(−qs, q′s′, q′′s′′)|2

[nqs(nq′s′ + 1)(nq′′s′′ + 1)− (nqs + 1)nq′s′nq′′s′′ ]

(3.59)

Again at equillibrium, the net scattering rate for calss 2 events i zero, yeilding the following the

identity for class 2 events

n̄qs(n̄q′s′ + 1)(n̄q′′s′′ + 1) = (n̄qs + 1)n̄q′s′n̄q′′s′′ (3.60)

that can be written as

1 + n̄q′s′ + n̄q′′s′′ =
n̄q′s′n̄q′′s′′

n̄qs
(3.61)

making use of 3.54, the scattering rate due to class 2 events becomes

P q′s′,q′′s′′
qs − P qs

q′s′,q′′s′′ = P̃ q′s′,q′′s′′
qs (Ψs

q −Ψs′

q′ −Ψs′′

q′′) (3.62)

where
P̃ q′s′,q′′s′′

qs = 2πn̄qs(n̄q′s′ + 1)(n̄q′′s′′ + 1)|Φ(−qs, q′s′, q′′s′′)|2

× δ(ω(qs)− ω(q′s′)− ω(q′′s′′))

(3.63)
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The net scattering rate involving a class 2 event is

−∂nqs

∂t

∣∣∣∣
scatt

=
∑

q′s′,s′′

[
(P q′′s′′

qs,q′s′ − P qs,q′s′
q′′s′′ ) +

1

2
(P q′s′,q′′s′′

qs − P qs
q′s′,q′′s′′)

]
=

∑
q′s′,s′′

[
P̃ q′′s′′

qs,q′s′(Ψ
s
q +Ψs′

q′ −Ψs′′

q′′) +
1

2
P̃ q′s′,q′′s′′

qs (Ψs
q −Ψs′

q′ −Ψs′′

q′′)
] (3.64)

Substituting the above expression for net scattering rate into Eq. 3.44, the PBE can now be rewrit-

ten as

−c(qs).∇T

(
∂n̄qs

∂T

)
=

∑
q′s′,s′′

[
P̃ q′′s′′

qs,q′s′(Ψ
s
q +Ψs′

q′ −Ψs′′

q′′) +
1

2
P̃ q′s′,q′′s′′

qs (Ψs
q −Ψs′

q′ −Ψs′′

q′′)
]

(3.65)

3.1.4 Single Mode Relaxation Time Approximation

Eq. 3.65 shows that the PBE for the unknown Ψs
q is coupled together with the unknown phonon

populations of all other modes (Ψs′

q′ , Ψs′′

q′′) all over the Brillouin zone. The complexity involved

in solving the phonon Boltzmann equation (PBE) based on the three phonon processes lies in

the dependence of the distribution function nqs on the occupation of all other states, allowed by

energy and momentum conservation. The scattering rate of a mode when the entire system relaxes

to equilibrium would in general not be the same as when all other modes are in equilibrium. In

the first situation the PBE’s of all the different modes qs are coupled together and have to be

solved simultaneously in a self consistent way [52, 53]. The second situation corresponds to the

single mode relaxation time approximation [54, 55, 48, 56, 57]. In this approximation, the PBE is

solved for nqs by assuming that Ψs′

q′ , Ψs′′

q′′ are zero where q′s′ and q′′s′′ are modes involved in the

scattering of mode qs. We first calculate the thermal conductivity in the single mode relaxation time

approximation and later compare it with the result obtained from the full self consistent solution

of the Boltzmann transport equation. In the single-mode relaxation time approximation, by setting
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Ψs′

q′ , Ψ
s′′

q′′ = 0 and using identities represented by Eqs. 3.52 and 3.61, Eq. 3.64 can be rewritten as,

−∂nqs

∂t

∣∣∣∣
scatt

= n̄qs(n̄qs + 1)Φs
qπ

∑
q′s′,s′′

Ṽ3(−qs, q′s′, q′′s′′)|2

[
2(n̄q′,s′ − n̄q′′s′′)δ(ω(qs) + ω(q′s′)− ω(q′′s′′))+

(1 + n̄q′s′ + n̄q′′s′′)]δ(ω(qs)− ω(q′s′)− ω(q′′s′′))
] (3.66)

Using 3.54, the above equation can be rewritten as

−∂nqs

∂t

∣∣∣∣
scatt

=
nqs − n̄qs

τqs
(3.67)

where τqs is the phonon relaxation time and is given by the following expression

1

τqs
= 2Γqs =π

∑
q′s′,s′′

|Ṽ3(−qs, q′s′, q′′s′′)|2

×
[
2(n̄q′,s′ − n̄q′′s′′)δ(ω(qs) + ω(q′s′)− ω(q′′s′′))+

(1 + n̄q′s′ + n̄q′′s′′)]δ(ω(qs)− ω(q′s′)− ω(q′′s′′))

(3.68)

In the above expression Γqs is the full linewidth at half maximum (FWHM). Now solving the PBE

assuming a temperature gradient along direction β, we get

−c(qs).|∇T |β
(
∂n̄qs

∂T

)
= −∂nqs

∂t

∣∣∣∣
scatt

=
nqs − n̄qs

τqs
(3.69)

Therefore

nqs − n̄qs = −cβ(qs).|∇T |β
(
∂n̄qs

∂T

)
τqs

= −cβ(qs).|∇T |βn̄qs(n̄qs + 1)
ℏω(qs)
kBT 2

τqs

(3.70)
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Substituting the perturbed phonon population obtained above into the expression for heat flux (Eq.

3.42) yields the following expression for thermal conductivity

kαβ =
ℏ2

N0ΩkBT 2

∑
qs

cα(qs)cβ(qs)ω2(qs)nqs(nqs + 1)τqs (3.71)

3.2 Implementation

Thus, in order to compute thermal conductivity in the single mode relaxation time approxima-

tion, the only inputs required are the second-order and the third-order interatomic force constants

(IFCs).

Steps involved in the thermal conductivity calculation are outlined below:

1.) The second-order interatomic force constants (IFCs) Φαβ(ob,hb′) are obtained. The second-

order IFC’s allow computation of the dynamical matrix Dαβ(bb′|q), whose eigenvalues yield the

phonon frequencies and the dispersion, from which the phonon group velocities and Bose-Einstein

populations can be computed. The secondorder force constants yield the second derivative of en-

ergy with respect to two atomic displacements; as the distance between the atoms increases, these

force constants diminish in magnitude. In order to ensure an accurate estimate of dynamical ma-

trix, these force constants have to obtained in real space on a large enough supercell such that the

force constants have decayed to negligibly small values. We find that a supercell size of 10x10x10

is enough to ensure this. However, direct calculation of force constants in real space is compu-

tationally expensive as it requires using a supercell with thousands of atoms. Instead, first the

Brillouin zone is discretized into 10x10x10 grid of q points; then the force constants in q space

Φαβ(bb′|q) are computed for q belonging to this grid, using density-functional perturbation the-

ory in reciprocal space. This calculation is computationally much cheaper as it involves using the

primitive fec unit cell with only two atoms. The force constants in q space, Φαβ(bb′|q), are then
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inverse Fourier transformed to obtain the force constants in real space:

Φαβ(ob,hb′) =
∑

q

Φαβ(bb′|q)exp(iq.h) (3.72)

where q in the above equation now belongs to the 10x10x10 grid in the first Brillouin zone, and

h is the lattice vector of a unit cell on a 10x10x10 supercell in real space. The dynamical matrix

at any arbitrary q′ can now be obtained by a simple Fourier transform of these real space force

constants

Dαβ(bb′|-q′) =
1

√
mbmb′

∑
h

Φαβ(ob, hb′)exp(−iq′.h) (3.73)

2.) Next, the third-order interatomic force constants Φαβγ(lb, l′b′, l′′b′′) are computed. The third-

order IFC’s are used to compute the three-phonon scattering matrix elements, which along with the

phonon frequencies and populations yield the phonon relaxation times. As in the case of second-

order force constants, the third order force constants decay with the distance between atoms and

have to be computed on a large enough supercell such that for the farthest atoms in the supercell,

these force constants have diminished to negligible values. In the case of second-order force con-

stants this calculation was performed indirectly, the force constants were first obtained in q space

and then inverse Fourier transformed to get them in real space. To repeat the same process for the

third-order force constants, force constants in q space Φαβγ(qb, q′b′, q′′b′′) need to determined for

q, q′ and q” belonging to a chosen grid in the first Brillouin zone. As in the case of second-order

force constants, this approach would reduce computational cost as it would allow using the primi-

tive fcc unit cell with only two atoms. The three-phonon matrix elements are then computed using

these force constants through Eq. 3.39, which are then used to compute phonon relaxation times

using Eq. 3.68.

3.) To compute the thermal conductivity, the first Brillouin zone is discretized into a grid of q

points, and the thermal conductivity is computed using Eq. 3.71. At any q in the grid, the phonon

frequencies are computed using the second-order force constants obtained in step 1, and the phonon
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group velocities are computed from the derivative of the phonon dispersion ∂ω/∂q, using the cen-

tral difference technique

c(qs) =
∂ω(qs)
∂q

=
ω(q +∆q, s)− ω(q −∆q, s)

2∆q
(3.74)

Finally, the phonon population is computed using the Bose-Einstein distribution (Eq. 3.41).

4.) To compute the relaxation time of any phonon mode q, the Brillouin zone is again discretized

into a grid of q′. The relaxation time is then computed by evaluating the sum in Eq. 3.68. The

convergence of the computed relaxation time with respect to the size of the q’ grid is studied.

It is found that for a grid of size 30x30x30, relaxation times are sufficiently converged. Also to

compute the relaxation time, the delta function for the energy conservation in Eq. 3.68 is replaced

by a Gaussian

δ(ω) =
1√
πϵ

exp(−(ω/ϵ)2) (3.75)

ϵ = 2.5cm−1 along with a q′ grid of size 30x30x30 is found to lead to reasonably converged relax-

ation times.

5.) Finally, the convergence of the computed thermal conductivity with respect to the size of the q

grid in the first Brillouin zone is studied. The converged result is taken to be the thermal conductiv-

ity in the single mode relaxation time approximation. For all density-functional perturbation theory

calculations a 8x8x8 Monkhorst- Pack [58] mesh is used to sample electronic states in the Bril-

louin zone and an energy cutoff of 20 Ry is used for the plane-wave expansion. Convergence of all

quantities with respect to these parameters is carefully tested. First-principles calculations within

density-functional theory are carried out using the PWscf and PHonon codes of the Quantum-

ESPRESSO distribution [59] with norm-conserving pseudopotentials based on the approach of

von Barth and Car [60].
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Chapter 4

Understanding FDTR Measurement Procedure and Technique
Through the Measurement of GaX (X = P, As, Sb)

4.1 Introduction

Group III phosphide compounds, because of their intriguing physical features, become very suit-

able for optoelectronic applications, and have been attracting massive attention in the research

community [61, 62]. Gallium Phosphide (GaP) is one of the most commonly known materials

from this group of materials and is being widely studied in comparison to other Group III phos-

phides [63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73]. GaP has been reported to exhibit Zinc-Blende

structure. Due to its bandgap of 2.26 eV, it becomes an essential part in the high bandgap so-

lar cell in multijunction systems. Its other applications are in the fields of optical devices, light

emitting diodes, photocells and solar cells [74]. Gallium Arsenide (GaAs) is another well-known

semi-conductor material with a direct bandgap of 1.42 eV, garnering attention to its applications

towards device physics [75]. GaAs is considered to be a well-suited material for the fabrication

of photovoltaic devices [76], heterostructures [77], semiconductor lasers [78] and light emitting

diodes [79]. Gallium Antimonide (GaSb) is another member of the III-V compound semiconduc-

tor family, which has shown tremendous promise in the field of devices. It’s commonly known

to have shown potential in the areas of low threshold voltage laser diodes [80, 81], high quantum

efficiency photodetectors [82], high frequency devices and as superlattices for improved optical

and transport characteristics [83, 84]. It is also used in booster cells and thermophotovoltaic cells

[85].

The analysis done in this chapter, serves as a practice exercise for us to gain more confidence

and familiarity in defining and understanding the suitable procedure for thermal property charac-

terization using FDTR. The prescribed approach to thermal analysis by this method is affirmed by
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being able to replicate the thermal properties of GaX materials as mentioned in the literature, by

the virtue of the materials having been studied and analyzed extensively for various applications.

To commence our analysis, The GaP crystal substrate was procured from MTI Corporation [86]

and the GaAs and GaSb crystal substrates we received from Dr. Sellers’s lab. We used Sapphire

(purchased from SPI Materials) polished on both the sides as the reference sample for transducer

characterization.

4.2 Sample Preparation and Transducer Layer Characteriza-

tion

As discussed in the above sections, the essential first step in this process was to deposit a thin

transducer layer comprised of gold on top of the reference Sapphire sample as well as the samples

under investigation. This was done using a Kurt J Lesker thermal evaporator, using a 99.9 percent-

age pure gold nugget as a target material. The deposition is done under a strong vacuum of 10-6

Torr and the deposition rate is kept at 1Angstrom/s. Some other parameters and settings are used

to ensure a high quality uniform thin film is produced with a certain consistency, as this can be

extremely influential in the characterization process. In the deposition chamber, there is a sample

holder on to which the samples are mounted using a high temperature double sided Kapton tape, to

keep the samples secured during the deposition process, as the sample holder is kept under a small

rotational speed, which ensures the uniformity of the film, during the deposition process.

Another important consideration while placing the samples on the sample holder is that the

reference Sapphire samples were kept as close as possible to the GaP, GaAs and GaSb respec-

tively, leading us towards making an assumption that the transducer properties evaluated during

the characterization of the reference samples, will exihibit similar properties on the sample under

study. In our case ,the GaAs and GaSb samples were coated in the same run whereas GaP was

coated in a different run. From Table 4.1, we can evidently see the difference in the gold thermal
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conductivity (kAu) and the gold film thickness (tAu ) values for the reference sample. Table 4.1 is

also an indication of how all the runs are not the same and the effect of evaporator conditions in

each run determines the properties of the transducer layer, making transducer characterization a

significant first step towards thermal property characterization using FDTR.

Table 4.1: Transducer layer characterization for GaP, GaAs, and GaSb.

Material Au Transducer Layer k Au Transducer Layer t

(W m−1K−1) (nm)

GaP 164± 21.23 164± 11.48

GaAs 199± 23.88 120± 8.40

GaSb 199± 23.88 120± 8.40

4.3 Thermal Conductivity Results and Discussion

To obtain the transducer layer properties using the reference sample, we first measure the phase

lag plot of the reference sample.

Through the model tab, we then replicate the reference sample and the transducer system in

the model. Both the gold transducer layer and the Sapphire substrate, are characterized by their

volumetric heat capacity (Cp), cross-plane thermal conductivity(k⊥) , in-plane thermal conductiv-

ity (k∥), and thickness. Another important parameter in the fitting model is the thermal boundary

conductance (TBC) at the Au/Sapphire thin film interface. Here in our case, the properties that

are known to us are of the reference Sapphire sample i.e. its volumetric heat capacity, its thermal

conductivity and its thickness. We consider these to be our fixed input parameters. The parameters

that are unknown to us i.e. the thermal properties of the transducer, transducer CTR, its thickness

and the boundary conductance will be evaluated by considering them as free parameters, whose

values can be changed, until the theoretically computed phase lag from the set of fixed and free

parameters fits to the measured phase lag. Another important parameter for the fitting analysis is
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(a) (b)

Figure 4.1: Characterizing of Sapphire transducer involving a) phase lag plot b) sensitivity plot

the laser spot size. The laser spot size determines the size of the heat source on the sample surface,

which is an important parameter used in the calculation of the phase lag using the 2D heat conduc-

tion model. Through this process, we are able to determine the properties of the transducer layer

on the GaP, GaAs and GaSb samples.

We then measure and plot the phase lag of the probe laser with respect to the modulation

frequency for all the GaX samples. By utilizing using the transducer parameters from Table 4.1,

we then estimate the thermal properties of the respective crystals, through the curve fitting analysis

by doing a 3-parameter curve fit where the fitted parameters for the samples are their cross-plane

thermal conductivity, laser spot size and the thermal boundary conductance between the gold thin

film and the GaP, GaAs and GaSb surfaces. Fig. 4.2 shows that the best curve fit for all the

three samples, where the profile of the phase lag data for distinctly different samples seems to

be very similar in nature. The figure also shows the variance in the curve fit line, if the thermal

conductivity is varies by ± 20%. The significant difference in the curve fit profiles for both the

thermal conductivities is the first indication the measurement done is sensitive to the property of
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(c)

Figure 4.2: Best curve fitting analysis for a) GaP b) GaAs c) GaSb

cross-plane thermal conductivity. It is important that the measurement is sensitive to the parameters

we desire to evaluate, which corresponds to the strength of the signal, and stronger the signal, the

more confident we are on the value that has been estimated from the curve fit analysis. Also

from Table 4.2, we can observe that the measured k values for GaP, GaAs and GaSb are in good
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agreement to the values available in the literature.

Table 4.2: Curve fit solutions with their uncertainties for GaP, GaAs, and GaSb.

Material Cliterature k C TBC
(106 J m−3K−1) (W m−1K−1) (106 J m−3K−1) (MW m−2K−1)

GaP 1.78 92.7± 4.64 1.83± 0.18 50.4± 5.04

GaAs 1.76 39.3± 1.97 1.51± 0.14 64.4± 5.80

GaSb 1.31 29.4± 1.47 1.51± 0.14 32.5± 3.25

Fig. 4.3 depicts an alternative method for the sensitivity analysis, where we plot the absolute

change in the phase experienced by the parameters during our measurement. We observe that the

GaX system is insensitive to kAu’s cross-plane and in-plane thermal conductivities. Similar insen-

sitivity towards kAu’s cross-plane and in-plane thermal conductivities for the GaAs and GaSb was

observed, hence they were not plotted in the figure, due to their insignificance. This insensitivity

to the gold thin film’s cross-plane and in-plane thermal conductivities on the GaX crystals arises

because the thermal conductivities of these materials is greater than 10 Wm-1K-1. Due to this, the

heat quickly diffuses from the transducer surface to the crystal, leading to no signal sensitivity to

these parameters. This can be verified by varying the input values for kAu in the curve fit analysis.

When the input values for gold are varied, the fit does not change and the adjusted/fitted thermal

conductivity values for the GaP, GaAs and GaSb remains unaffected. This does not negate the step

for characterization of the transducer from the reference sample, as the initial guess for the best

curve fit analysis.

For the cross-plane and in-plane thermal conductivities in all these materials, the solution is

sensitive to these properties, with the phase change profiles across the modulation frequency range

being distinct in comparison to one another. Their magnitude of phase change at the peak is similar,

indicating that the crystals are isotropic in nature. This sensitivity is because in the low frequency

range, the thermal penetration depth (121µm to 383 nm for GaSb, 141µm to 444 nm for GaAs and

199µm to 628 nm for GaP across the modulation frequency range of 500 Hz to 50 MHz) is larger
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(a) (b)

(c)

Figure 4.3: Plotting parameter sensitivities to the measurement as a function of probe beam phase
change in degrees for a) GaP b) GaAs c) GaSb

than the spot size and the thermal transport regime is 2D, which leads to the solution’s sensitivity

to in-plane thermal conductivity.

When the modulation frequency range is high, the regime transitions to 1D as the thermal
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(c)

Figure 4.4: Determining the calculated uncertainty of fitted parameter in the best curve fit analysis
of a) GaP b) GaAs c) GaSb with the thermal conductivity as a varying parameter

penetration depth becomes smaller than the spot size of the laser, which gives rise to the decrease in

the sensitivity to the in-plane thermal conductivity and increased sensitivity to cross-plane thermal

conductivity. Hence, we can measure both the in-plane and the cross-plane thermal conductivities
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from this curve fit solution, independently.

Fig. 4.4 shows the change in uncertainty values of the fitted parameters, with respect to the

thermal conductivity of the material under study. The uncertainty values for the measurements are

mentioned in Table 4.2.

The results from the Monte-Carlo simulations for all the crystals are shown in Fig. 4.5. Here we

assume that the parameters used in the analysis have a normal distribution about their mean with

a standard deviation associated to their measurements separately. Now, FDTR data distributions

for the fitted parameters are generated by randomly varying any of the input parameters. The

response of the fitted parameter to the randomly changing initial guesses of the input parameter is

also a normal distribution about a mean value. This global minima of the normal distribution is

considered to be the best value of the fitted parameter that corresponds to the best curve fit in the

analysis. This Monte-Carlo analysis corroborates the validity of the values we get for the fitted

parameters.
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Figure 4.5: Monte Carlo simulation results for a) GaP b) GaAs c) GaSb
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Chapter 5

Length Dependence Thermal Conductivity of Zinc Selenide
(ZnSe) and Zinc Telluride (ZnTe) – A Combined First

Principles and Frequency Domain ThermoReflectance (FDTR)
Study)

5.1 Background

Zinc Chalcogenides (ZnX, X=S, Se and Te) are II-VI wide band gap semiconductors that crys-

tallize in zinc-blende structure[87, 88, 89, 90, 91, 92] and are mainly studied for catalysis [93],

electronic [94] [95], structural [95], opto-electronic [96], thermal [90] [97]and thermoelectric prop-

erties [96]. In recent times, thin films and nanostructured ZnSe have been widely investigated [89]

[96], however, their thermal conductivity dependence on size is unknown. In this chapter, we

quantify the bulk material thermal conductivity and length dependent lattice thermal conductiv-

ity (k) of ZnSe and ZnTe by solving phonon Boltzmann transport equation (PBTE) coupled with

harmonic and anharmonic interatomic force interactions derived from density-functional theory

[98, 99, 100]. The bulk material thermal conductivities for both the materials are measured ex-

perimentally using FDTR, and these results are then compared to the computational results for

the thermal properties of the bulk system, to determine the degree of agreement between the two

methods, applied in this analysis.

We first discuss the details of computation of bulk and length dependent k of ZnSe and ZnTe

using first principles calculations where we explore the evaluation of various parameters such as

phonon dispersions, phonon group velocities, phonon scattering rates, phonon meanfreepaths and

mode dependent contribution of transverse acoustic (TA), longitudinal acoustic (LA) and optical

phonons for both ZnSe and ZnTe, as well as the length dependence and meanfreepath accumu-

lation of k for both the material systems under study. The details of analysis done using FDTR

56



measurement of k for polycrystalline ZnSe and ZnTe also discussed in detail in the results and

discussion.

5.2 Computational Details

Thermal conductivity in this work is computed by solving the phonon Boltzmann transport equa-

tion (PBTE) described below,

−c (qs)▽T

(
∂nqs

∂T

)
+

∂nqs

∂T
|scatt = 0 (5.1)

where, nqs is the population of phonon mode with wave-vector q and polarization s, T is

temperature and c (qs) is the phonon group velocity computed using c (qs) = ∂ωqs/∂q, (ωqs rep-

resents the frequency of phonon mode qs). The equation represents a balance between change in

phonon population due to temperature gradient (first term in the equation) and change in population

due to scattering (second term). In this work, PBTE is solved exactly for phonon population using

QUANTUM ESPRESSO thermal2 code (reference is needed). Knowledge of perturbed phonon

populations allows computation of thermal conductivity.

The only ingredients required to compute all phonon properties involved in PBTE are the sec-

ond order (harmonic) and third-order (anharmonic) interatomic force interactions. These force in-

teractions were derived accurately in this work from first-principles. Harmonic force interactions

are needed to compute phonon frequencies, group velocities and populations while anharmonic

force interactions enable computation of phonon scattering. Harmonic interactions were derived

using the PHONON code [101], while anharmonic interactions were derived using D3Q package

[102] [103], both within the QUANTUM ESPRESSO density-functional theory (DFT) code.

All the first principles calculations were performed using plane-wave based QUANTUM

ESPRESSO [59] package. We used local density approximation (LDA) [104] and norm-conserving

pseudopotentials for electronic calculations. Calculations were carried out with plane-wave en-

57



(a) (b)

Figure 5.1: Crystal structure of a) ZnSe b) ZnTe

ergy cut-off of 80 Ry and Monkhorst-Pack [58] k-point mesh of 12 x 12 x 12 was used for

integration over Brillouin zone. Crystal structure was relaxed until the total force acting on each

atom diminished below 1e-5 eV/Å. Optimized lattice constants of Zinc-blende ZnSe and ZnTe

were determined to be a=5.6 Å and a=6.138 Å. Dynamical matrices were computed on 8 x 8 x

8 q-grid mesh. Inverse Fourier transform was used to convert these matrices in q-space into 2nd

order force constants (harmonic) in real space on an 8 x 8 x 8 supercell. Anharmonic (3rd order)

interatomic force constants were similarly first computed on 4 x 4 x 4 q-grid using QUANTUM

ESPRESSO D3Q [101, 102, 103] package and then inverse-Fourier transformed to obtain the force

constants in real space. Lattice thermal conductivity is calculated by solving Peierls-Boltzmann

transport equation (PBTE) [101] [103] [105]iteratively within QUANTUM ESPRESSO thermal2

code [101, 102, 103]with 30 x 30 x 30 q-mesh. Casimir scattering [106] is imposed for length

dependence k calculations.

5.3 Sample Preparation

The ZnSe and ZnTe bulk crystals were purchased from MTI Corporation. The gold pellet for the

deposition of gold [36] [46] [107]thin film on bulk polycrystalline ZnSe was purchased from Kurt.

JLesker Company (99% purity). We use Lesker Nano36 Evaporator thermal evaporator, (part of

Microfabrication Research & Education Center at University of Oklahoma) to deposit 100nm of

gold film. After this, the sample was placed carefully on a glass slide using double sided carbon
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tape, making it ready for measurement using FDTR.

5.4 Results and Discussions

5.4.1 Computational Analysis

Temperature dependent lattice thermal conductivity(k) of Zinc Selenide (ZnSe) and Zinc Telluride

(ZnTe) derived from first-principles computations is shown in Figs. 5.2a and 5.2b respectively. At

room temperature (300K), k of 23.2 W/m-K is computed for the naturally occurring ZnSe in close

agreement with the previously reported experimental value [90].

Figure 5.2: Lattice thermal conductivity of pure and naturally occurring a) ZnSe and b) ZnTe.

Length dependent k of ZnSe nanostructures was computed from first principles calculations by

imposing Casimir/boundary scattering [106] and is shown in Fig. 5.4a. k value of ZnSe is observed

to decrease significantly from 22.92 W/m-K to 1.79 W/m-K as the length scale is diminished from

10 m to 10 nm (Fig. 5.4a). Bulk k of ZnTe is computed to be 13.72 W/m-K for the naturally

occurring case and is again in close agreement with the previously reported values [108]. k value

of ZnTe is also observed to decrease significantly from 12.65 W/m-K to 1.24 W/m-K as the length

scale is diminished from 10 m to 10 nm (Fig. 5.4b). We investigated the phonon dispersion,
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phonon group velocity, phonon scattering rate and phonon mean free path in detail to explain these

thermal conductivity results.

Figure 5.3: Phonon Density of States of a) ZnSe b) ZnTe

(a) (b)

Figure 5.4: Length dependent thermal conductivity of isotopically disordered a) ZnSe b) ZnTe

We first compare the thermal conductivity accumulation with respect to phonon mean freepath

(MFP) in Fig. 5.5a and Fig. 5.5b for ZnSe and ZnTe respectively. Fig. 5.5a and Fig. 5.5b represent

the accumulated thermal conductivity (k accu ) of ZnSe and ZnTe as a function of the mean free

path length [109] Contributions of transverse acoustic (TA), longitudinal acoustic (LA) and optical
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phonons to overall thermal conductivity are shown in Figs.5.6a and Fig. 5.6b for ZnSe and ZnTe

respectively.

(a) (b)

Figure 5.5: Mean free path length dependent thermal conductivity of isotopically disordered a)
ZnSe b) ZnTe

Figure 5.6: Thermal conductivity contribution from TA, LA and optical; phonon modes for a)
ZnSe and b) ZnTe

Phonon line width (inverse of lifetime) are shown in Figs. 5.7a and Fig. 5.7b and phonon

group velocities are shown in Figs. 5.8a and 5.8b for ZnSe and ZnTe respectively. In ZnSe, the

contribution of LA phonons to overall thermal conductivity is higher than TA and optical phonons
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(Fig. 5.6a). This can be understood by noticing that LA phonons have higher phonon group

velocities (Fig. 5.8a), and their scattering rates (Fig. 5.7a) are lower than TA phonons (in the low

frequency range).

Figure 5.7: Phonon scattering rates of a) ZnSe b) ZnTe

Figure 5.8: Phonon group velocities of a) ZnSe b) ZnTe

LA phonons contribute almost 44.5% to overall thermal conductivity in ZnSe. In case of ZnTe,

the contribution of TA1, TA2 and LA phonons are ∼34%, 32% and 31% respectively at 300 K.
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Figure 5.9: Phonon Mean free paths of a) ZnSe b) ZnTe

5.4.2 Thermal Conductivity Measurements - Experimental Analysis

The experimentally measured thermal conductivity values of Zinc Selenide (ZnSe) and Zinc Tel-

luride (ZnTe) using FDTR were ∼17 W/m-K and 14 W/m-K respectively at room temperature.

Comparing experimental thermal conductivity results from FDTR and theoretical results as shown

in Figs. 5.4a and 5.4b, we can determine that the grain sizes of the ZnSe and ZnTe samples obtained

from the MTI Corp. are around 2µm and more than 10µm respectively [110]. The measurement

of thermal conductivities of polycrystalline ZnSe and ZnTe using FDTR is achieved by curve fit-

ting method as explained in the experimental setup. The blue circles (in Fig.5.10) represent the

phase-lag data that has been measured using the FDTR setup where in the frequency of lock-in

amplifier was set at 1MHz and the laser power of the pump and theprobe lasers were set at 20mW

and 5mW respectively for all samples measured in this work. The solid line represents the best

fit curve, which is obtained by a 2D heat conduction mathematical model which utilizes known

input parameters such as volumetric heat capacity of the gold film, gold film thermal conductivity,

film thickness, volumetric heat capacity of the material under investigation, the thickness of the

material under investigation and the laser spot size. The properties of gold film and its thickness

are determined by depositing the gold film over a substrate with known properties, namely, fused
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Silica (k ∼1 W/m-K) and Sapphire (k ∼35 W/m-K).

Figure 5.10: FDTR data for curve fitting analysis to calculate the thermal properties of ZnSe
measured at a lock-in frequency of 1MHz along with pump and probe powers at 20 and 1mW
respectively

This results in accurate determination of the properties of the gold thin film. The volumetric

heat capacities of ZnSe and ZnTe are obtained by multiplying the density (g/cm3) and specific heat

(J/Kg K). These details are available on the datasheet of the ZnSe and ZnTe on MTI Corporation’s

website [86]. The only unknown property in our study is the thermal conductivity of ZnSe and

ZnTe, which leads to a single parameter fit.

For the measured thermal conductivity to be accurate, the measured data and the predicted

phase-lag from heat conduction model should agree very well. As shown in Fig.5.10, the best fit

curve agrees very well with the measured phase-lag values (represented by blue circles). The figure

is representative of the agreement between the measured phase data and the phase data generated

using the mathematical model which utilizes the input parameters mentioned earlier in the section.

We next describe the sensitivity analysis which is important in ascertaining the accuracy of

measured thermal conductivity values. Insensitive parameters can be fixed as input parameters in

the model as they do not affect the curve fitting, and this reduces the number of free parameters

to be fitted. Sensitive parameters are seen to have a significant difference in the upper and lower
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Figure 5.11: Sensitivity of phase-lag to a) gold volumetric heat capacity b) gold cross plane thermal
conductivity c) gold in-plane thermal conductivity and d) thickness of gold film deposited on top
of the ZnSe crystal

bound values of the phase lag measured in degrees (Figs. 5.11a, 5.11d), while insensitive param-

eters demonstrate small difference between these bounds (Figs. 5.11b, 5.11c). Figs. 5.11a, 5.11b

and 5.11d show us that the measurement is sensitive to gold thin film’s volumetric heat capacity,

gold’s cross-plane thermal conductivity and its thickness (essential input parameters). Figs. 5.12a

and 5.12b, show that the measurement is sensitive to the cross and in-plane thermal conductiv-

ity of bulk polycrystalline ZnSe. Figs. 5.13a and 5.13b represent another way of understanding

sensitivity in terms of the phase difference values.

As seen in Fig. 5.13, the sensitivity analysis shown in Figs. 5.11 and 5.12 can be represented

as a function of the phase lag set to a certain upper and lower bound limit, which in this case
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Figure 5.12: Sensitivity of a) Cross Plane b) In Plane thermal conductivity parameters of ZnSe
Crystal

is set at 20%. This representation is a great way of determining the sensitivity of FDTR to the

material parameters. Comparing the Figs. 5.11b and 5.11c with 5.13a, the orange and yellow

curves represent the sensitivity of FDTR to the in-plane and cross plane thermal conductivity of

gold thin film.

Figure 5.13: Sensitivity analysis of all the parameters of gold transducer and a) ZnSe and b) ZnTe
as a function of phase change with limits of ±20% upper and lower bounds

The green and light blue curves in Figs. 5.13 corresponds to the FDTR’s sensitivity to the

in-plane and the cross plane thermal conductivity of ZnSe.
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Analysis process similar to that of ZnSe was conducted for ZnTe as well in order to deter-

mine its thermal conductivity. Figs. 5.14 shows that with the help of accurately determined input

parameters, we were able to achieve a good agreement between the FDTR’s measurement of the

Figure 5.14: FDTR data for curve fitting analysis to calculate the thermal properties for ZnTe

phase lag and the phase lag calculated using the 2D diffusion model, keeping the thermal

conductivity of ZnTe as a floating or a free parameter. This gives us a high confidence value of the

thermal conductivity of ZnTe which was measured to be ∼14 W/m-K.

5.5 Conclusion

Using FDTR, the experimentally determined thermal conductivity values of ZnSe and ZnTe are

found to be ∼17 W/m-K and 14 W/m-K respectively. These compare well to the computed results

of around 23.2 W/m-K and 13.72 W/m-K for ZnSe and ZnTe respectively at 300K achieved using

first-principles. The length dependent k value of ZnSe saw a significant reduction from 11.3 W/m-

K to 1.75 W/m-K with the length scale going from 10 m to 10 nm whereas for ZnTe, the k value

was observed to decrease significantly from 10 W/m-K to 1.2 W/m-K with similar length scale re-

duction as ZnSe. The difference in the experimental and the computational results can be attributed
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to the dissimilarity in the polycrystallinity as obtained from the manufacturer and as modeled for

computational analysis. This work is also a definite demonstration of the power of the tool that

is FDTR, which can very precisely and accurately measure the thermal properties of materials.

FDTR can also be utilized to measure the thermal properties of some unknown material systems

with great confidence and supplemented by the computational work, one can easily gain a greater

understanding towards the physics behind the heat transport phenomena taking place within the

material system under study. Additionally, this combination of computational work and the ex-

perimental work using FDTR can greatly influence the ability of tuning the materials to achieve

desired results for specific applications in the areas of thermal management and thermoelectric

devices.
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Chapter 6

Thickness Dependent Thermal Conductivity of Strontium
Titanate (STO) Thin Films

6.1 Literature Review

Perovskite materials, of which strontium titanate (STO) and its thin films are an example, have

attracted significant scientific interest, due to their desirable properties and the potential to tune

thermal conductivity, by employing several techniques. Notably, strontium titanate thin films on

silicon (Si) substrates serve as a fundamental platform for integrating various oxides onto Si sub-

strates, making it crucial to understand the thermal properties of STO on Si.

The ability to control thermal conductivity is important for a wide range of applications. For

instance, advancements in both oxide thermal barrier coatings and thermoelectric materials hinge

on engineering a thermally resistive material that is optimized in conjunction with other parame-

ters such as thermal expansion, microstructure, toughness, or carrier mobility. Similarly, materials

with high thermal conductivity are desirable for thermal management applications. The remarkable

ability of perovskites to accommodate a wide range of materials opens avenues to tune material

properties through an appropriate choice of elements [111]. In recent years, epitaxial growth of

complex oxides with the perovskite crystal structure has featured prominently in studies of the

physics of correlated electrons [112] and in the search for electronic materials for information

technology and sensing [113] [114]. Measurement of thermal conductivity of epitaxial thin films

is another way to characterize the quality of epitaxial films, beside x-ray diffraction (XRD) [115],

transmission electron microscopy (TEM) [116] [117], and in situ reflection high energy electron

diffraction (RHEED) [118]. The perovskite family of oxides shows promise for thermal barrier

[119] and thermoelectric applications [120, 121, 122, 123], because of its compositional tunabil-

ity, which is accompanied by high-temperature stability. One such material from the perovskite
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family is strontium titanate (Fig. 6.1) and its epitaxial thin films have attracted interest as possi-

ble insulating layers in dynamic random-access memories [124, 125, 126], ferroelectric thin film

structures [127] and high-Tc superconductor devices [128, 129].

Figure 6.1: a) STO crystal structure and b) unit cell

Due to its potential applications, it is important to investigate thermal conductivity properties

of STO and tunability of thermal conductivity using techniques such as varying domain size [130,

131, 132, 133, 134, 135, 136], defects, doping, deposition using different techniques under varying

growth conditions and deposition of films on different substrates. Computational methods have

also been applied to understand the thermal transport in STO.

With respect to thermal conductivity measurements for STO thin films, Oh et al. measured

STO thin films produced using MBE and PLD (Pulsed Laser Deposition) techniques on single-

crystalline STO and LSAT (LaAlO3)0.3(Sr2AlTaO6)0.7) substrates [137]. The STO film thickness

across all the samples was in the range of 300 to 400nm. The thermal conductivity of all the

samples at 300 K ranged from ∼ 9 to 12 Wm-1K-1 for MBE samples while k values were in the

range of ∼ 4 to 12 Wm-1K-1 for PLD samples [137]. Sarantopoulos et al. demonstrated that

STO thin films grown on DyScO3 substrate under tensile strain showed a significant reduction in

thermal conductivity at room temperature to ∼2.5 Wm-1K-1, when compared to the STO on LSAT

and STO substrates (∼6 Wm-1K-1) [138]. Katsufuji et al. measured thermal conductivity of two
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samples where one of them was a thin film of 70 nm SrVO3 on STO and the other samples were

thin film of 30 nm SrVO3 and 30nm SrTiO3 on LSAT substrates with thermal conductivities of 8

Wm-1K-1 and 2 Wm-1K-1 respectively [139]. Bugallo et al. measured SrTiO3- LaCoO3 superlattices

on STO substrate, with varying periodicity of SrTiO3 - LaCoO3 and a total thickness of 80nm. The

combinations of SrTiO3 - LaCoO3 were 40x2, 20x4, 10x8, 8x10, 5x16, 4x20 and 2x40 where the

first number is the thickness of each layer and the other is the repetition of each layer. The thermal

conductivity values for all the combinations were in the range of ∼ 4 to 1 Wm-1K-1 at 275 K [140].

Kumar et al. investigated the effect of Nb, and oxygen vacancies on thermal conductivity

and thermoelectric properties of STO thin films. The lattice thermal conductivity at 300 K was

measured to be 2.2 W/mK and the thermoelectric figure of merit was around 0.29 at 1000 K.

The thin films were deposited on SiO2/Si and LAO (LaAlO3) substrates [141]. Yu et al. in

their study mesured the thermal conductivity of oxygen deficient lanthanum-doped STO thin films

Sr1−xLaxTiO3-δ, deposited on STO/Si substrates, with the film thickness being ∼10 nm. The mea-

sured thermal conductivity of the thin film at 300 K was around 3 W/mK, which represents a large

reduction in the value in comparison to bulk single crystal STO (∼11 Wm-1K-1)[142]. Foley et

al. looked at the thermal conductivity of nano grained STO thin films deposited on Sapphire sub-

strates. Thin films with a thickness of 170 nm with varying grain sizes were deposited using a

chemical deposition process. There was a reduction of 50%-60% across the grain sizes, as com-

pared to the bulk values. A reduction in thermal conductivity with decreasing grain size was also

observed in this work [143].

Brooks et al. demonstrated the ability to tune the thermal conductivity of homoepitaxial STO

thin films using MBE by varying deposition parameters such as growth temperature, oxidation

temperature and cation stoichiometry. The study showed a 80% reduction in thermal conductivity

from 11.5 Wm-1K-1 for stoichiometric STO to 2 Wm-1K-1 by creating strontium rich homoepitax-

ial Sr1+δTiOx films and also by introducing planar defects such as the (SrO)2 Ruddlesden-Popper

planar defects[111]. Breckenfeld et al. deposited SrTiO3 thin films using PLD on NdGaO3, where

they illustrated that films with excess Sr displayed drastic reduction in thermal conductivity, as
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compared to films with excess Ti [144]. Zhang et al. in their study of tunability of STO thermal

conductivity, used annealing treatments as an effective method to induce reduction in the ther-

mal conductivity values [145]. Wiedigen et al. induced defects (as a function of the deposition

process), lattice strain (due to film-substrate lattice mismatch) and studied their effect on the film

thermal conductivity in homoepitaxial STO films, produced by ion-beam sputtering [146].

Computational studies on the lattice thermal conductivity of SrTiO3 were conducted by Fumega

et al. using both ab initio Molecular Dynamic simulations and Density Functional Theory. This

study focuses on the effect of structural distortions on the thermal conductivity of STO, by iden-

tifying key features of thermal transport in STO and the changes they undergo under a particular

case of structural distortions. The thermal conductivity of bulk single crystal STO is measured to

be 13.4 Wm-1K-1 [147]. Martelli et al. conducted studies on the thermal conductivity of doped and

undoped STO, over a temperature range of 2 to 400 K and identified different heat flow regimes.

In one of the regimes for undoped STO the thermal conductivity increased faster than T3, at low

temperatures, an effect that was attributed to hydrodynamic phonon transport. Such an effect was

lost with the introduction of any dopant[148].

Data on thermal conductivity of STO thin films on Si substrate is lacking. STO on Si sub-

strate serves as an epitaxial platform upon which other multifunctional oxides can be integrated

for various device applications [149]. Understanding thermal transport of this material system is

important to such applications [150]. In this study, we examine the thermal conductivity of four

STO thin films of thicknesses of 12 nm, 50 nm, 80 nm, and 200 nm deposited on Si substrates.

6.2 Sample Preparation

The STO thin films were epitaxially grown on 2” diameter, undoped Si (100) wafers (Virginia

Semiconductor) using oxide molecular beam epitaxy (MBE). Epitaxial growth was initiated through

the crystallization of 2 unit-cells of amorphous STO deposited at room temperature, as discussed

in detail elsewhere [151]. After crystallization of this seed-layer at ∼ 500 oC in ultra-high vacuum,
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Figure 6.2: Plot showing the values of thermal conductivity of STO based thin films for various
growth conditions and substrates

subsequent layers were grown through co-deposition of SrO and TiO2 fluxes on Si wafers held at a

temperature of 580 oC in a background pressure of 3 × 10-7 Torr of O2. After growth, each wafer

was diced (Disco DAD3220) into smaller pieces measuring 6 × 4 mm2 for thermal conductivity

measurements.

Additionally, the Au thin film converts the energy from the laser to create a periodic heat source

at the sample’s surface. The periodicity of the heat source corresponds to the frequency at which

the pump laser beam is modulated. The Au film is deposited using a pellet (99% purity) as a

target, for the deposition[46, 107, 36] purchased from Kurt. J Lesker Company. We use Lesker

Nano36 Evaporator thermal evaporator, (part of Microfabrication Research & Education Center at

University of Oklahoma) to deposit ∼100nm of gold film, which is a target thickness set in the

thermal evaporator machine as a process parameter. The final gold film thickness achieved will be

different, as it is based on the position of the sample placed on the sample holder. Before the start

of the gold film deposition process, the STO samples were mounted on the sample stage in the
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thermal evaporator, where a piece of sapphire reference sample was placed in between 200 and 50

nm STO samples, and another in between 80 and 12 nm STO samples respectively.

6.3 Structural Characterization of STO Thin Films

X-ray diffraction (XRD) (Fig. 6.3) confirms the epitaxial quality of the STO thin films on Si. The

XRD measurements were taken on a Bruker D-8 system that is equipped with a standard Cu kα x-

ray source (λ= 1.54056 Å). Figure 3 shows survey scans of the 4 films with the various diffraction

peaks labelled. The out-of-plane lattice constants of the 12 nm, 50 nm, 80 nm, and 200 nm films

were 3.918 Å, 3.924 Å, 3.898 Å, and 3.910 Å, respectively, which largely compares well with the

bulk lattice constant of STO (3.905 Å).

6.4 Experimental Details

Thermal conductivity measurements were performed using the frequency domain thermo-reflectance

method (FDTR). A sinusoidally modulated pump laser (wavelength λ = 473 nm) with a power of

51.41 mW was used to create a periodic heat source at the sample surface. The frequency range

for the modulation of the pump laser is from 2000 Hz to 50 MHz. A probe laser (λ = 532 nm)

was used to measure the change in phase of the temperature response of the surface with respect to

the phase of the input heat signal. This is achieved by measuring the surface temperature through

a measurement of the reflected probe beam’s intensity which is dependent on the surface temper-

ature of gold transducer layer through a thermoreflectance coefficient. The measured phase lag is

fitted to an analytical 2D heat conduction model, by varying parameters such as material thermal

conductivity.

The values of the parameters corresponding to best fit yield the material properties. The four

STO samples of varying thicknesses (200nm, 80nm, 50nm, 12nm) were coated with ∼130 nm of

gold film, which acts as a transducer layer, absorbing heat from the pump beam, and conducting
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Figure 6.3: X-ray diffraction of the four SrTiO3 films showing epitaxial growth on silicon. Various
diffraction peaks are labeled

the heat into the sample. With the gold coating, these materials become a 3-layer stacking problem,

which can be visualized in Fig. 6.4.

Figure 6.4: Multilayer stack model for Strontium Titanate (STO) thin film on Si Substrate

Each layer, starting from the top layer of gold to the Si substrate, is characterized by volumetric

heat capacity (Cp), cross-plane thermal conductivity(k⊥) , in-plane thermal conductivity (k∥), and

thickness. Thermal boundary conductance (TBC) of Au/STO thin film interface (G1) and STO

thin film/Si substrate interface (G2), are also shown in the figure. For a n layer system, the number
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of properties associated with the system are 5n-1 resulting in 14 parameters for a 3-layer material

system. By eliminating the parameters with known values (such as silicon thermal conductivity),

the number of unknown parameters to be obtained by the fitting process between measured and

computed phase lag are reduced. Another important parameter for the fitting analysis is the laser

spot size. The laser spot size determines the size of the heat source on the sample surface, which

is an important parameter used in the calculation of the phase lag using the 2D heat conduction

model. The estimate of these parameters is described next.

6.5 Thermal Conductivity Measurement

6.5.1 Evaluating Input Parameter Quantities

The thermal conductivity, thickness and CTR (coefficient of thermoreflectance) values for Au layer

deposited on the STO samples are determined by performing transducer layer characterization

using a reference sample, with known thermal properties such as fused silica or sapphire [152].

By fitting the thermal properties of the transducer layer on reference samples, we use these values

as input parameters for the analysis of the STO samples. Such transference of properties of gold

layer from reference sample to STO samples is possible because of the assumption in the analysis

methodology that the values of the properties of the Au layer, for samples placed very close to

each other will be the same. The properties of the sapphire reference sample, chosen for the

transducer layer characterization analysis, are pre-determined in the analysis software. The Cp and

cross-plane k values for the reference sample used in this process are 3.066 MJm-3K-1 and 36.43

Wm-1K-1 respectively. Since the reference sample is a c axis sapphire, we use anisotropy ( k∥
k⊥

)

value to be 0.85.

Based on this, Table.6.1 compiles the results for the Au layer properties for reference sapphire

samples, used in the analysis of the STO samples. The value of Cp (also pre-determined in the

fitting analysis software) for gold is 2.484 MJm-3K-1[153].
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(a) (b)

Figure 6.5: Curve fit analysis for transducer (Au thin film) on Sapphire reference samples for a)
200 and 50 nm STO samples b) 80 and 12 nm STO samples, determining the thermal conductivity
and thickness properties of Au thin film on the STO samples (used as input parameters for STO
analysis)

Figs. 6.5a and 6.5b are the best curve fit figures for the transducer layer analysis of reference

sapphire samples for 200 and 50 nm STO samples, and 80 and 12 nm STO samples respectively.

Since the 200 and 500 nm samples share the same sapphire reference sample, the reference sample

curve fit analysis is represented by the same figure for both the samples. This is also true for the

80 and 12 nm STO samples. We observe that the best curve fit line for the measured data fits near

perfectly for both the measurements. This indicates the fitted values of the thermal conductivity

and the thickness for the transducer layer, determined during this analysis is the correct solution.

The Table. 6.1 is the properties of the Au thin film, which are used in the analysis of the STO

samples.

The SrTiO3 thickness is measured as a function of the deposition rate, which is computed

from the rates of SrO and TiO2 fluxes, which are measured and controlled during the STO thin

film deposition process. Volumetric heat capacity values for Au and Si layers are taken from the

literature.
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Table 6.1: Au thin film transducer layer characterization using properties of the STO reference
sample.

STO Thin Film k Au Film
Thickness (thermal conductivity) Thickness t
(nm) (W m−1K−1) (nm)

200 nm 196± 25.48 137± 9.59

80 nm 196± 25.48 138± 9.66

50 nm 196± 25.48 137± 9.59

12 nm 196± 25.48 138± 9.66

Cp = a+ bT +
c

T 2
+

d√
T
(1) (6.1)

The volumetric heat capacity (Jmol-1K-1) for STO is calculated using the above formula men-

tioned in the literature [154] [155], where the values of a, b, c, and d, are 134.581 Jmol-1K-1,

0.0045567 Jmol-1K-2, 11.979e5 Jmol-1K, and -414 Jmol-1K-1/2 respectively. Using a molecular

weight of 189.49 gmol-1 and a density of 4.81 gcm-3 for strontium titanate, the volumetric heat

capacity is obtained to be 2.77 MJm-3K-1. Experimentally, the volumetric heat capacity of STO

was determined to be around 2.78 MJm-3K-1 [156].

6.6 Best Curve Fit Analysis

6.6.1 Quantifying Thermal Conductivity of Films

In Figs. 6.6, the slope of the phase lag plot and its best fit curve in the mid to high-frequency

range changes from a trough to a slight crest as the sample thickness decreases (indicated in Fig. 6

using red highlighted box). This discernible difference in the phase lag plots indicates that all the

samples with varying thickness exhibit discrete trends.

In Figs. 6.7a, 6.7b, 6.7c, 6.7d, shows the sensitivity of the parameters across the modulation
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Figure 6.6: Curve fitting analysis for STO thin films of varying thickness a) 200 nm b) 80 nm c)
50 nm d) 12 nm, determining the thermal properties of the STO films under examination

frequency range. The measurement is found to be sensitive to cross-plane thermal conductivity

(TC), with the extent of sensitivity remaining relatively constant in all the cases. This is an in-

dication that the values of cross-plane conductivity obtained by the curve fitting analysis will be

accurate. We also observe that the solution is relatively insensitive to the thermal boundary con-

ductance (TBC) G1and G2 in all the cases. Therefore, we assign a high value to G1 and G2 equal

to 1000 MWm-2K-1 and consider them to be fixed input parameters with a known value, for our

analysis. This clears up the fact that there is little to no resistance to heat flow across these thermal

boundaries and the effective resistance to the heat flow comes predominantly from the material’s

79



thermal conductivity.

In this analysis we also consider the anisotropy ( k∥
k⊥

) as 1, implying that the materials are

isotropic. Under this imposed isotropic condition, the analysis software outputs the thermal con-

ductivity value (either the cross-plane or in-plane) based on the measurement’s sensitivity to the

specific parameter. In our case, the system is sensitive to the cross-plane thermal conductivity of

the STO thin films and is insensitive to the in-plane thermal conductivity. Hence, by keeping the

anisotropy to be 1 (essentially not decoupling the cross and the in-plane thermal conductivities),

we reduce another fitting parameter, aiding us in the fitting analysis.

This leaves us with only 2 unknown parameters, namely, STO cross-plane thermal conductivity

and laser spot size. The reason we fit the spot size along with the thermal conductivity for our

analysis is because the main source of experimental uncertainty comes from the estimation of spot

size [157] [7].

This spot size can be determined in two ways, by using a knife edge method with a x-y piezo

stage and by using Gaussian beam optics with a stationary sample stage. The knife edge method

is an expensive method of determining spot size, as it requires a specially prepared knife-edge

sample, a piezo stage and additional photodetectors, attached to the stage [41].

One can reduce the expense of this spot size measurement, with a stationary stage, which

would be less accurate. In this method, the pump laser spot is scanned over the probe layer spot,

generating a Gaussian spot intensity profile, which is fitted to a calculated Gaussian spot intensity

profile. This is done in both x and y directions. The curve fit analysis of these intensity plots

provides us with a reasonable estimation of the spot size, at the cost of increased uncertainty.

Hence, for our analysis, a 2-parameter fit was essential to perform thermal conductivity mea-

surements accurately. Thin films can generally show anisotropic nature due to their very small

thickness, but when we analyze the sensitivity plots, we see that there is no sensitivity to the in-

plane thermal conductivity property in any of the samples. This is because the substrate in use is

Si (Cp = 1.64 MJm-3K-1, used in the fitting of STO measurements), which has a very high thermal

conductivity value of ∼145 Wm-1K-1 (also used in the fitting analysis). This leads to quick dissi-
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(a) (b)

(c) (d)

Figure 6.7: Sensitivity plots for different parameters for STO thin films of varying thickness a)
200nm b) 80nm c) 50nm d) 12nm, indicating the extent to which each parameter is sensitive to
the measurement done at each thickness. Sensitivity of every parameter is measured across the
modulation frequency range

pation of the heat into the Si substrate, diminishing the spreading of the heat in the radial direction,

leading to insensitivity to the in-plane thermal conductivity. We then perform a 2-parameter fit for
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the cross-plane thermal conductivity of STO and laser spot size, to find the best fit solution for

the material systems with varying thickness. The values of STO thermal conductivity for different

thicknesses are tabulated in 6.2.

The value of thermal conductivity for STO thin film decreases with the decreasing thickness

of the thin film. The reduction in the thermal conductivity across various thicknesses ranges from

∼ 38% to 93%, when compared to the value of bulk single crystal of STO, purchased from MTI

Corporation [86]. The thermal conductivity of bulk single crystal was also measured in our FDTR

system, with a value of 12.5 Wm-1K-1. The approach for its analysis was like the one used in the

case of thin films. These k values have an uncertainty of 10%, 11%, 11% and 13% respectively,

from the thickest to the thinnest film.

The 38% reduction in thermal conductivity value of 200 nm thin film relative to bulk sample

is due to both finite-size effects associated with scattering of phonons at boundaries of the STO

sample as well as due to presence of dislocations in the sample. Epitaxial films of STO on Si

have dislocations due to the mismatch of not just the in-plane but also out-of-plane lattice con-

stants between STO and Si. Steps on the Si surface associated with the miscut in the wafer are

incommensurate in height relative to the lattice constant of STO.

Consequently, even very thin films, such as the 12 nm thick film studied here, have dislocations

that give rise to anti-phase boundaries in the STO [158]. At present, the effect of such dislocations

on thermal conductivity is not well established. We estimate the distance between dislocations to

be ∼ 25 nm in our films [159]. The even larger 93% decrease in the thermal conductivity value of

the 12 nm thick film relative to the bulk sample, points to reduction in part from finite-size effects,

as the density of dislocations due to steps on the Si surface in the 12 nm thick film and the 200 nm

thick film are comparable.
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Table 6.2: Thickness-dependent thermal conductivity of STO thin films on Si.

STO Thin Film Thickness (nm) Thermal Conductivity k (W m−1K−1)

200 7.4± 0.74

80 3.86± 0.43

50 2.35± 0.26

12 0.80± 0.10

6.6.2 Volumetric Heat Capacity Estimation

Figs. 6.7a, 6.7b, 6.7c and 6.7d show a steady reduction in measurement’s sensitivity to the vol-

umetric heat capacity (Cp) of STO, with decreasing thickness. To measure Cp, we need to apply

a 3-parameter curve fit analysis, with parameters being fitted as Cp, k, and thickness. Table. 6.3

shows that the value of Cp is most certain for the 200 nm thick sample. Although the value of un-

certainty increases with the decreasing thickness of the films, the Cp values seem to be relatively in

the range of the literature values. The uncertainty values are associated to the parameter’s sensitiv-

ity across the film thicknesses, as seen in Fig. 6.7. Therefore, to accurately measure the volumetric

heat capacity and to be confident in the value derived from analysis using FDTR, the film needs to

be thick enough for it to be sensitive to Cp. The measured Cp values for the thickest film is 3.07

MJm-3K-1 with an uncertainty of 6%. The reason why the 3-parameter fit worked in this case is

that phase lag sensitivities of cross-plane thermal conductivity and Cp shows us that they traverse

a completely different trend, across the range of modulation frequencies of pump laser (2000 Hz –

50 MHz), and the fact that there is a sensitivity difference between the two parameters at the lowest

frequency.

Fig. 6.8 depicts the Monte-Carlo simulations for the curve fit analysis, that involves chosing

random values of the fixed input parameters based on their Gaussian distribution and then con-

firming the response of the fitted parameters, which should also have a Gaussian response. This

normal distribution of the fitted parameters to a small peak value is another way of validating our
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Table 6.3: Volumetric heat capacity for STO at different thicknesses with uncertainties.

STO Thin Film Thickness Volumetric Heat Capacity Cp Uncertainty
(nm) (106 J m−3K−1) (%)

200 3.07 6

80 2.79 21

50 2.71 35

12 2.64 51

experimental results, proving them to be correct and true. The results of the fitted parameters is

considered to be incorrect, in case we observe a distribution other than the Gaussian distributuion.

(a) (b)

(c) (d)

Figure 6.8: Monte Carlo simulation results for a) 200 nm b) 80 nm c) 50 nm d) 12 nm showing the
distribution of the results obtained for the fitted parameters
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6.7 Conclusions

In summary, we measured the thermal properties of STO thin films on Si substrate for four different

thicknesses of STO films, 200nm, 80 nm, 50 nm and 12nm as well as a bulk STO sample. The

thermal conductivity values were measured to be 7.4, 3.86, 2.35 and 0.8 W m-1K-1 for the 200

nm, 80 nm, 50 nm and 12 nm, respectively. The k value for the bulk STO sample was measured

to be at 12.5 Wm-1K-1. A significant reduction of 93% in the thermal conductivity value was

observed for 12 nm thin film, in comparison to the value of bulk single crystal STO. The percentage

reduction in k values of different thickness thin films indicate the approximate mean free path of

phonons. A 38% reduction in thermal conductivity for the 200 nm thick sample, relative to bulk

value, indicates that phonons with mean free path larger than 200 nm, contribute ∼38% to overall

thermal conductivity. The measurements were sensitive to the cross-plane thermal conductivity

of the thin films and volumetric heat capacity (Cp) but were insensitive to other parameters such

as the in-plane thermal conductivity and thermal boundary conductance. The measured values of

Cp of the thin films were in reasonable agreement with the literature values. A co-relation between

uncertainty of Cp values across the samples and the measurement’s sensitivity to the parameter was

found. Sample’s decreasing thickness leads to decreased sensitivity to Cp, which is responsible for

the increasing uncertainty, with it being the highest for the thinnest sample. The work provides

understanding of thickness dependence of thermal conductivity of STO on Si substrate.
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Chapter 7

Characterizing the Thermal Conductivity of Silicides of
Rhenium using First Principles

7.1 Introduction to Transition Metals and their Structures

For the applications such as the optoelectronic [160, 161] and thermoelectric devices [162], ma-

terials such as transition metal silcides have garnered the attention of the scientific community

[163]. Thermoelectric devices have also gained attention for their potential applications in the

areas of power generation and refrigeration [164]. These materials have been shown to contain

cage like structures, where the rattling of the atoms causes the phonon to scatter, lowering the ther-

mal conductivity while the electronic conductivity remains unchanged or in some case is found to

be enhanced. These kinds of materials are classified as phonon glass-electron crystal [165, 166].

In this family of transition metal disilicides, one material system that is being touted to have the

potential to transform these devices is Rhenium Disilicide [163].

Rhenium disilicide’s semiconducting nature having a narrow band gap [167] was fist discov-

ered by Nesphor [168] which then gave rise to numerous other investigations [169, 170, 171] on

its nature. Gu et al. [172] provided insights on the demonstration of material’s exceptional ther-

moelectric properties by report a figure of merit (ZT) value of 0.7 at 1000K. This was achieved

by synthesizing a single crystal of its compound, whose crystallographic direction was chosen

specifically to observe its performance. Long [173] and Gottlieb [171] reported that the direct

and indirect band gaps of 0.36 eV and 0.12 eV for the disilicide thin films through optical mea-

surements and two band gaps of 0.16 eV and 0.30 eV through electrical resistivity measurements

on a single crystal respectively. Interestingly, these results disproved that this material system is

metallic in nature, which was theorized through computational analysis [174, 175].

The story of crysrtal structure characterization of Rhenium Disilicide is an interesting one.
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Firstly it was attributed to have a body-centered tetragonal C11b structure, which is similar to

MoSi2 type structure with a I4/mmm space group. The lattice parameter were determined to be

a = 0.3121 nm and c = 0.7681 nm [168]. Then later studies revealed that there were still some

discrepancies in the understanding of material’s crystal structure and its stoichiometry. A compo-

sition of ReSi1.8 with constitutional vacancies on Si sites [169] was reported through this inves-

tigation. A subsequent study by Siegrist et al. [170] found that the structure is a body-centered

orthorombic (space group Immm) with a composition similar to ReSi2. Gottlieb et al. report that

the compound’s structure is triclinic (space group P1) and its stoichiometry is ReSi1.75 [171]. They

conclude that half of the Si sites in the unit cell is randomly occupied by the constitutional voids.

However, electron diffraction patterns that were taken from a specific crystallographic directions

exhibited extra spots that indicated a long-range ordered structure [176, 172] and those of Mishra

et al. [177]. A new structure for the material was determined to be a monoclinic structure (space

group Cm) with lattice parameters a=2.32nm, b=0.314nm, c=0.831nm and β=92.8º, and the atomic

positions were assessed by the first principle calculations [163]. The crystal structures for ReGaSi,

ReAlSi and ReSi have been shown in Figs. 7.1 [178] and 7.2 [179].

Figure 7.1: Crystal structure of ReSi

ReAlSi and ReGaSi are ternary compounds that have been developed from the ReSi1.75 com-
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pound family. The compostion of ReAlSi and ReGaSi is in the ratio of 1:1:1, satisfying the (18 – 4)

valence electrons per formula unit (f.u.) rule, where need for vacancies is eliminated, and therefore

both ReAlSi and ReGaSi are presumed to have a crystal structure, that is similar to that of MoSi2.

While the MoSi2 is a body-centered structure, the ReAlSi and ReGaSi are found to be primitive

structure. This slight difference in the two material systems arises due to the restructuring of the

Al and Si atom just like they way it was observed between the Ga and Si atoms in the ReGaSi

structure [180]. Investigation on the crystal structre for the ternary compounds tells us that the

they have a tetragonal common space group of P 4/mmm. The lattice parameters for ReGaSi and

ReAlSi are a=3.19 Å, b=3.19 Å c=8.054 Å and a=3.17 Å b=3.17 Å and c=8.04 Å respectively. All

the angles of the for the compounds were found to be 90 degrees [179].

Figure 7.2: Crystal structures of ReGaSi and ReAlSi

These structures have been conceptualized and analyzed theoretically, and have also been been

synthesized experimentally [181].
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7.2 Computational Details

For the self-consistent calculations in ReAlSi and ReGaSi, we used a plane-wave based Quantum

ESPRESSO [59] package, conducting the electronic calculations using local density approxima-

tion and norm-conserving pseudopotentials. For ReAlSi and ReGaSi, we used a plane-wave energy

cut-off of 80 Ry, with a Monkhorst-Pack k-point mesh of 5 x 5 x 2 and 10 x 10 x 4 for the two

calculations, and for ReSi, the plane-wave energy cut-off of 40 Ry, with a Monkhorst-Pack grid of

1 x 7 x 3 for integration over the Brillouin Zone. The crystal structure was relaxed until the toal

force acting on each atom diminished below 1e-10 eV/Å.

The optimized lattice parameters for ReAlSi, ReGaSi and ReSi were a=3.15 Å c=7.96 Å,

a=3.15 Å c=7.87 Å, and a=23.09 Å b=3.13 Å c=8.36 Å respectively. The harmonic (2nd) order

force constants in real space were computed on the supercell as the Monkhorst-Pack[58] grid for

all the materials. For ReAlSi and ReGaSi, the anharmonic (3rd) order force cosntant were computed

on a 5 x 5 x 2 q-point grid, and inverse Fourier transform was applied to obtain force constants in

real space using the D3Q[101, 102, 103] package in Quantum ESPRESSO. Thermal conductivity

was calculated on a 20 x 20 x 8 q-point mesh, using the thermal2[101, 102, 103] code in Quantum

ESPRESSO.

For ReAlSi and ReSi calculations in ShengBTE [182], the (2nd) order force constants were

computed by converting the harmonic force constants from QuantumESPRESSO to a Phonopy

converter. The converter utilized a python script in Phonopy, where the input parameters were

the second order force constants file from Quantum ESPRESSO and a supercell input file. The

conversion was excuted by running the command as instructed in the Phonopy environment. The

anharmonic (3rd) order force constants were computed on 5 x 5 x 2 supercell for ReAlSi and 1 x 2

x 2 for the ReSi thermal conductivity measurement. For ReAlSi, we chose the displacement files

to be generated for 10 nearest neighboring atoms. For ReSi, we checked the convergence of the

thermal conductivity values calculated using the third order force constants derived from 10 and 12
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nearest neighboring atoms and then finally used the 1 x 2 x 2 supercell with 10 nearest neighboring

atoms for the calculation of the force constants. The set of q-grid points that were utilized for the

thermal conductivity calculations was 3 x 21 x 9 at 1.0 scale broad value. For the finer grid sizes

of 4 x 28 x 12 and 5 x 35 x 15, we used a scale broad value of 0.1 as we saw that the thermal

conductivity values converged across the various scale broad values.

7.3 Computed Thermal Conductivity Values

Here we will first discuss about the thermal conductivity values of ReAlSi and ReGaSi under

various conditions. We measure the length dependent thermal conductivity of both the materials

by changing the characteristic length of the crystal structure, which determines the length of the

physical boundary of the material system in all the three directions. We see that the values of kx

and ky remains the same, but thermal conductivity in the z direction (kz) is lower than kx and ky.

This is due to the fact that the structure of both ReAlSi and ReGaSi is tetragonal i.e a=b and the c

dimension is longer, contributing to the anisotropy in the thermal properties. We observe that the

thermal conductivity values converge at a length scale of 1.5 microns. The values of kx, ky and kz

for ReAlSi range from 1.19, 1.19 and 0.07 Wm-1K-1 to 24.37, 24.37 and 13.95 respectively, for the

characteristic lengths changing from 1 nm to 1.5 microns and beyond. Through our calculations

we also observe that ReAlSi and ReGaSi exhibit similar thermal properties for the length scales

ranging from 1 nm to 50 nm, after which we see a significant difference in thermal conductivity

values between the two material systems.

We also looked the thermal conductivity behavior of ReAlSi and ReGaSi as a function of am-

bient temperature, and summarized them in Tables. 7.1 and 7.2 respectively. Thermal conductivity

for these materials can be computed in Quantum ESPRESSO by solving the Boltzmann Transport

Equation (BTE) by using the Single Mode Relaxation Time Approximation (SMA) or by exactly

solving the equation through Conjugate Gradient algorithm with Pre-conditioning (CGP). It has

been understood that the SMA solution for temperatures lower than 300 K is fairly inaccurate, but
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(a) (b)

Figure 7.3: Demonstrating the length dependent thermal conductivity of a) ReAlSi and b) ReGaSi
by imposing Casimir scattering

for temperatures beyond 300 K, the SMA and the CGP solutions agree within a certain percentage.

Within the range of 50 to 1000 K, the difference in the SMA and CGP results is around 26% to

1% for ReAlSi, while for ReGASi, the thermal conductivity values vary from 15% to 3.4% for the

kx and ky. For kz this percentage change of thermal conductivity values between the two methods

ranges from 45% to 30% for ReAlSi and 4% to 1% in ReGaSi. An important thing to note is that

the calculation done using the Conjugate Gradient algorithm with Pre-conditioning (CGP) based

solution took almost 3 weeks as compared to the Single Mode Relaxation Time Approximation

(SMA) based solution which took 3 days. Therefore, considering computational inexpensiveness

of the SMA solution alongside a small loss in accuracy to the exact solution for temperatures be-

tween 300 K and 1000 K (a range where the characterization of material for thermoelectric device

applications) prompted us to utilize the SMA calculations for our analysis in this section.

For both ReAlSi and ReGaSi, the thermal conductivity values in the temperature range of

700 to 1000 K change only by 30%. This could indicate that the material is thermally stable at

really high temperatures without demonstrating any significant change in its thermal properties,

providing more reasons to why the materials are excellent candidates for thermoelectric device
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Table 7.1: Thermal conductivity for ReAlSi computed using SMA and CGP methods

Temp (K) SMA: k (W/mK) CGP: k (W/mK)

kx ky kz kx ky kz

50 528.94 528.94 347.50 670.21 670.21 518.33

100 118.36 118.36 66.66 124.93 124.93 92.78

200 39.80 39.80 22.26 40.55 40.55 29.96

300 24.37 24.37 13.95 24.69 24.69 18.49

400 17.74 17.74 10.30 17.95 17.95 13.55

500 14.01 14.01 8.20 14.15 14.15 10.74

600 11.59 11.59 6.81 11.70 11.70 8.90

700 9.90 9.90 5.83 9.99 9.99 7.61

800 8.63 8.63 5.09 8.71 8.71 6.65

900 7.66 7.66 4.52 7.72 7.72 5.90

1000 6.88 6.88 4.07 6.95 6.95 5.31

Table 7.2: Thermal conductivity of ReGaSi computed using SMA and CGP methods

Temp (K) SMA: k (W/mK) CGP: k (W/mK)

kx ky kz kx ky kz

50 216.96 216.96 141.95 249.89 249.88 147.32

100 66.24 66.24 35.84 71.89 71.89 36.49

200 27.66 27.66 14.10 29.05 29.05 14.24

300 17.84 17.84 8.90 18.58 18.58 9.01

400 13.24 13.24 6.58 13.74 13.74 6.63

500 10.55 10.55 5.22 10.93 10.93 5.26

600 8.77 8.77 4.33 9.08 9.08 4.36

700 7.50 7.50 3.70 7.76 7.76 3.73

800 6.56 6.56 3.23 6.79 6.79 3.25

900 5.83 5.83 2.87 6.03 6.03 2.89

1000 5.24 5.24 2.58 5.42 5.42 2.60
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applications. The drop of thermal conductivity from 50 K to 300 K for both the materials is steep

and significant, which is approximately 2700% and 1300% respectively.

7.4 Phonon q-grid Convergence in Quantum Espresso and Sheng-

BTE for ReAlSi

7.4.1 Phonon q-grid Convergence QE

Our intention with this study is to understand the consequences of choosing a coarse or fine q-point

grid for phonon calculations on the computation time and reason it through the lens of the accuracy

of the results. For this we commence with our analysis on ReAlSi’s crystal structure.

Figure 7.4: Comparison of phonon density of states across 2 q-grid points for ReAlSi

We first plot the phonon density of states (PDOS) of the two q-point grids under investigation.

From the Fig. 7.4, we can observe that the PDOS from both the meshes sizes have an excellent

agreement, which is indicative of the convergence of the phonon spectrum with respect to the
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Brillouin-Zone (BZ) sampling. In both the cases, we observe minor differences in the amplitudes

of some of the density of states (DOS), with some peak smoothening observed for the larger mesh,

confirming that a coarse q-point grid of 5x5x2 is sufficient for vibrational and thermodynamic

analysis. The absence of any DOS at the negative or imaginary frequencies is indicative of the

dynamic stability of the material system under study.

Figure 7.5: Phonon dispersion and phonon density of states for ReAlSi

Looking at the elemental contribution of Re, Al and Si individually to the phonon density of

states for ReAlSi compound from Fig. 7.5 , the heavy Re atom dominates the low frequency

region, while the lighter Al and Si atoms are responsible for the vibrational modes in the higher

frequency range. We observe crossing over of phonon modes in many bands across the frequency

range in the phonon dispersion diagram, across the high symmetry path for a tetragonal structure.

As expected we observe three acoustic phonon modes TA1, TA2 and LA originate at 0 cm-1 at the

Γ point in the BZ, with an expected linear behavior, with the one of the modes extending up to

approximately 220 cm-1. We see the Re atom also contributes to 2 low frequency optical modes

originating at 150 cm-1 and 180 cm-1, which is where we see the first of the sharp peaks observed
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in the PDOS diagram discussed before. The Al and Si atoms contribute to mid and high frequency

optical vibrational modes, which is indicative of their lighter mass. A wider range of bands in

the optical region is due to the complexity of ternary material’s multi atom system and its mixed

bonding environment.

(a) (b)

Figure 7.6: Comparison of phonon linewidths for ReAlSi across 2 q-grid points a) 5 x 5 x 2 and b)
10 x 10 x 4 in QE

(a) (b)

Figure 7.7: Comparison of phonon group velocity for ReAlSi across 2 q-grid points a) 5 x 5 x 2
and b) 10 x 10 x 4 in QE

Apart from the excellent agreement in the phonon density of states for the two different mesh

sizes, from Figs. 7.6 and 7.7, we see an excellent agreement in the phonon linewidth and phonon
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group velocity plots for ReAlSi. It is also approximately where the contribution from the Re atom

ends, where comparatively, lower linewidths and higher group velocities are observed. The phonon

in this region of 0 cm-1 to 220 cm-1 have lower linewidhts and higher velocities as compared to

phonons in frequency range greater than 220 cm-1, which tells us that these phonons contribute

towards the higher thermal conductivity of the material, as they travel longer and faster.

It is worthy to note that majority of the phonons are in this high frequency range, indicating

that thermal conductivity of the material is dominated by the shorter mean free path and slower

optical phonons. A transition from acoustic to optical modes is clearly observed in the 150 cm-1

to 200 cm-1 range explained through the increasing linewidth and decreasing group velocity of the

phonons in this range, which is also confirmed by the phonon dispersion diagram.

(a) (b)

Figure 7.8: Comparison of phonon group velocity for ReAlSi across 2 q-grid points a) 5 x 5 x 2
and b) 10 x 10 x 4 in QE

Interestingly, we also observe that in the higher frequency range, the linewidths steadily in-

crease, i.e. the phonon travel a shorter distance, but their group velocity remain relatively un-

changed. We then compute the mean free paths for the same set of phonons, and observe that the

mean free paths (MFPs’) from Fig. 7.8 exhibits a similar trend that is observed in the group velocity

plot. We now simulate the ReAlSi material system using another solver named ShengBTE.

96



7.4.2 Phonon q-grid Convergence from ShengBTE

We utilized ShengBTE to replicate our results from Quantum ESPRESSO. We observe an excel-

lent agreement in the vibrational frequencies of the modes, the acoustic-optical separation along

with linewidth and velocity magnitudes. This is an indication that the conversion of 2nd order force

constants from Quantum ESPRESSO to ShengBTE did not introduce any anomalies or discrep-

ancies, which is essential for integration of two methods. Although the 3rd order force constants

were independently generated for both methods, the agreement between the results shows consis-

tency in the force constant calculation method across different solvers, as shown by Figs. 7.9, 7.10

and 7.11. Even in ShengBTE for both the q-point grids, the data looks exactly the same as the

one obtained in Quantum ESPRESSO, which is essential in validating our results of the physical

parameters, such as the thermal conductivity of the material.

(a) (b)

Figure 7.9: Comparison of phonon linewidths for ReAlSi across 2 q-grid points a) 5 x 5 x 2 and b)
10 x 10 x 4 in ShengBTE

This analysis also helped us in solidifying our understanding of the procedure to conduct com-

putational analysis using ShengBTE, which will come handy in our quest to analyze the ReSi

system.

97



(a) (b)

Figure 7.10: Comparison of phonon group velocity for ReAlSi across 2 q-grid points a) 5 x 5 x 2
and b) 10 x 10 x 4 in ShengBTE

(a) (b)

Figure 7.11: Comparison of phonon mean free path for ReAlSi across 2 q-grid points a) 5 x 5 x 2
and b) 10 x 10 x 4 in ShengBTE

7.5 Thermal Conductivity Measurement of ReGaSi using Quan-

tum ESPRESSO

For ReGaSi, we apply a similar kind of analysis that we did for ReAlSi. Just with the mere

substitution of Al with Ga, the expectation is to observe a change in the phonon dispersion and

phonon density of states spectrum, which is clearly observed between the Figs. 7.12 and 7.5 for
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ReGaSi. In the case of ReAlSi, due to the atomic masses of Si and Al being closer to each other

(28.08 and 26.98 respectively), there is an observable similarity in their elemental density of states

spectra, with distinguishable differences in the magnitudes of the density of states, notably the

magnitude being higher for Al than Si. But in the case of ReGaSi, the Re and Ga atoms are heavier

than Si, due to which see some density of states for Re and Ga in the low frequency range of 0

cm-1 and around 230 cm-1.

Figure 7.12: Phonon dispersion and phonon density of states for ReGaSi

Firstly, a distinct phonon band gap is observed in the ReGaSi phonon dispersion, marked by a

frequency region in which no phonon branches occur between the two distinct optical modes. This

gap is also clearly reflected in the phonon density of states, which exhibits a corresponding interval

of zero vibrational states. The presence of this phonon band gap originates from the large mass

contrast among Re, Ga, and Si atoms, which leads to a strong separation between low-frequency

optical modes dominated by the heavy Re atoms and the higher-frequency optical modes associated

primarily with the lighter Ga and Si atoms.

Another effect of this mass sensitivity of the phonon dispersion is that it gives rise to the
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acoustic-optical mode transition that occurs much quicker in ReGaSi at around 120 cm-1, extend-

ing up to around 180 cm-1. This signifies that the bands representing the acoustic modes in ReGaSi

have shallower slopes compared to the steeper slopes for the band in ReAlSi. Within this same fre-

quency range we saw only two optical bands in the ReAlSi phonon dispersion diagram, where here

we see 7 low frequency optical bands. This can be reasoned by examining the phonon dispersion

with the phonon density of states for ReGaSi, where due to the significant mass mismatch between

the constituent elements, we see multiple low frequency optical modes. The high frequency range

is completely dominated by Si only. The optical bands in the high frequency range are flatter and

smoother for ReGasi than that of ReAlSi. All these factor suggests a lower lattice thermal conduc-

tivity of ReGaSi and compared to ReAlSi, which is what we observe from our computed values

from Tables. 7.1 and 7.2.

(a) (b)

Figure 7.13: Phonon linewidth comparison for a) ReAlSi and b) ReGaSi

In Fig. 7.14, we can clearly see how the multiple optical modes that develop above the acoustic

modes in the ReGaSi manifest themselves in the group velocity plots. This is done by observing

the number of vertical lines that form in these plots for both the materials. The lowering of the

group velocities is due to the heavier mass of Ga atom. The frequency range where no density

of states are observed is also visible in the linewidths and the group velocity plots. The increase

in the groupings of the phonons in the low frequency region (below the 230 cm-1) in ReGaSi as
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compared to ReAlSi, corresponds well to the total phonon density of states observed for both the

materials.

(a) (b)

Figure 7.14: Phonon group velocity comparison for a) ReAlSi and b) ReGaSi

(a) (b) fig 7.15b

Figure 7.15: Phonon mean free path comparison for a) ReAlSi and b) ReGaSi

7.6 Thermal Conductivity Calculation of ReSi using ShengBTE

ReSi1.75 is the Rhenium Silicide structure that we are to analyze in this section of the chapter.

This is the base transition metal silicide from which, through substitutions, computational and

experimental methods, ternary ReAlSi and ReGaSi were developed. The thermal conductivity of
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single crystal Re4Si7 has been measured experimentally using Time-Domain Thermoreflectance

Method (TDTR) and is reported to be 4.5 Wm-1K-1 in the in-plane direction and a value of 3.9

Wm-1K-1 in the through plane direction[183]. Through our computational analysis, we were able

to demonstrate the thermal conductivity values of kx, ky, and kz to be around 3.36 Wm-1K-1, 4.48

Wm-1K-1 and 4.23 Wm-1K-1 respectively, which is in good agreement with the published literature

values. This validation sheds light on the thermal transport mechanisms in Re4Si7.

Figure 7.16: Phonon density of states for ReSi

Analyzing the phonon density of states diagram (Fig. 7.16), we clearly see that the magnitudes

of the density of states for this material system across the vibrational frequency range is signif-

icantly higher compared to those of ReAlSi and ReGaSi. Due to presence of a large number of

vibrational modes at each frequency range, it can contribute to significant phonon-phonon scatter-

ing to be induced in the material system, leading us to believe that the thermal conductivity of the

material would be significantly lower than ReAlSi and ReGaSi, which now we know is true.

Around 240 and 250 cm-1 frequencies is where the lowest magnitude of the phonon density of

stats occur, which leads to a slight separation between the lower and the higher frequency modes,

which is not as significant as observed in ReGaSi. Peak broadening is observed in the region where
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Figure 7.17: Phonon linewidths for ReSi

the effects or Rhenium are dominant, whereas in the region where silicon is dominant, sharper

density of states peaks are observed. This indicates the presence of larger variety of vibrational

modes for Re atoms, but for the Si dominated region, the number of phonons vibrating at that

particular frequency is significantly increased. Interestingly, the group of phonons in the frequency

range range of 0 to 130 cm-1 have an abnormally large range of linewidths, ranging from 0.02 cm-1

to 1000 cm-1. The majority of the phonons in this group of vibrational frequency have a linewidth

in the range of 2 to 100 cm-1. Apart from this abnormal region, the phonon linewidths experience

a slight increase, but largely remain unchanged with most of the phonon being in the 1 to 10 cm-1

region.

Another interesting observation is that a majority of the phonons in the group below the vibra-

tion frequency of 230 cm-1 have a significantly larger mean free paths, while the velocities of the

same phonon group is consistently the same throughout the vibrational frequency range. The net

effect of this is that the majority of the phonons experience a consistent mean free path in the range

of 0.1 nm to almost 10 nm as seen in Fig. 7.19. Such low mean free path values for the various

phonon groups contribute to the significantly low thermal conductivity of Re4Si7, compared to its

103



Figure 7.18: Phonon group velocity of ReSi

ternary compound counterparts.

Figure 7.19: Phonon mean free path for ReSi
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7.7 Examining the Effects of 2% Biaxial Strain on ReAlSi and

ReGaSi

Bi-axial compressive strain effects were induced in the system by changing the lattice parameter of

the materials by 2%. The system was then relaxed by fixing the a and b dimensions, while keeping

the c dimension of the crystal structure free by using the ’Epitaxial ab’ flag in the vc-relax and scf

input files for Quantum ESPRESSO.

Looking at the phonon dispersion plots, we observe a slight shift in the phonon frequency

range of the vibrational modes. This slight increase in the frequencies results in a small percentage

increase in the thermal conductivity values of both ReAlSi and ReGaSi. A certain amount of curve

smoothening was also observed between the un-strained and the strained materials.

An increase of 13% and 8% in the thermal conductivity values was observed in the ReAlSi and

ReGaSi materials systems respectively. While the overall reduction in the phonon linewidths is

slightly more evident for ReAlSi, for ReGaSi, we do not see any such effect significantly.

The same can be said about the phonon group velocity, where a slight increase in the phonon

group velocity is observable in ReAlSi, but for ReGaSi, that difference is not quite discernible. The

mean free path calculations also suggests that the increase in mean free path seems to be larger in

magnitude for ReAlSi as compared to ReGaSi. Hence, there is a slightly higher increase in thermal

conductivity for ReAlSi and compared to ReGaSi, but this increase in thermal conductivity is not

significant. This is a significant result as one can deduce the fact that the thermal conductivity of

the material remains relatively unaffected to the applied stress. Along with their relative stability

at high temperatures as discussed in the earlier sections of the chapter, one can definitely state that

these materials are definitely a strong candidate for the development of thermoelectric devices.

We also plot the percentage contribution of the phonon modes to the material’s thermal con-

ductivity (Fig. 7.24. The total contribution to thermal conductivity from acoustic modes are sig-

nificantly smaller compared to that of the total optical modes. A large contribution to the thermal
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(a)

(b)

Figure 7.20: Phonon dispersion and phonon desnity of states comparison for both no strain and
2% strain for ReAlSi and ReGaSi

conductivity of the material is made up by the mixed phonon modes.

Due to the application of the bi-axial compressive strain, the contributions from the LA and LO

modes remain relatively unchanged. The contributions from the from the TA and TO modes seems

to decrease and at the same time, the contributions from the mixed phonons increases by almost
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(a) (b)

Figure 7.21: Phonon linewidth comparison for 2% strained a) ReAlSi and b) ReGaSi

(a) (b)

Figure 7.22: Phonon group velocity comparison for 2% strained a) ReAlSi and b) ReGaSi

the same amount. This could be the reason why we did not observe a huge change in the thermal

conductivity values of the strained materials.
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(a) (b)

Figure 7.23: Phonon mean free path comparison for 2% strained ReAlSi and ReGaSi

Figure 7.24: Percentage contribution of phonon modes for both unstrained and biaxially 2%
strained ReAlSi and ReGaSi
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Chapter 8

Understanding the Effects of Annealing on the Thermal
Properties of Strontium Chromate (SCO) thin films on Si

substrate

8.1 Introduction

Chapter 6 of this dissertation was dedicated to the characterization of Strontium Titanate, while in

this chapter we take a look at another material system from the family of oxide perovskites known

as Strontium Chromate or (SCO). These materials are extremely tuneable due to interesting inter-

actions between their physical properties that can produce unexplored phenomena, which make

them an outstanding candidate for a variety of applications [184, 185, 186, 187]. Due to the subtle

inaccuracies in ab initio based DFT calculations that arise because of the nature of electron inter-

actions in complex oxides, accurate prediction of their material properties becomes difficult [188].

Even experimental characterization of these materials remains a problem that needs attention from

the scientific community. This problem is even worse, due to the struggles in synthesizing these

materials as the material properties are susceptible to minor variations in synthesis conditions,

causing it to transition between insulating and metallic states [189]. Because of these reasons, it

has been a challenge to accurately characterize the properties of SCO and understand its under-

lying mechanism through which it exhibits certain material properties. Materials like SCO have

been relatively unexplored. Therefore, through the work done in this section, we attempt to provide

more understanding of the thermal properties of Strontium Chromate thin films using experimen-

tal methods and speculate at the possible reasons that lend these specific properties to the material

system.
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8.2 Sample Preparation, Transducer Characterization and Mod-

eling

Since the aim of the study was to analyze the effects of annealing environments, we prepared 4

samples, each one of them representing a unique annealing condition. One of the thin films was

first annealed on a hot plate set at a temperature of 250◦C. The hot plate was allowed to reach up

to the set temperature, after which the sample was placed in the middle of the hot plate for a set

duration of 2 hours. This sample in this chapter will be referred to as Hot Plate Annealed SCO or

HPASCO. We then annealed two other samples, where both the samples were annealed in the tube

furnace. In one of the cases, the annealing was done by keeping the tube open from both the sides,

to simulate the conditions for annealing in air, which will be referred to as Tube Furnace Annealed

SCO (TFASCO). For the other sample, we provided a small and a steady flux of pure Oxygen gas,

which traveled through the tube and then was trapped in a 5-gallon water jug. This sample will

be called Pure Oxygen Annealed SCO (POASCO). The final sample was an un-annealed pristine

sample, which was simply referred to as SCO. The temperature and the duration of the annealing

process via. the tube furnace method was kept the same as the one for the hot plate annealing.

Once the samples were annealed, they were then deposited with a thin layer of gold using a

gold pellet (99% purity) as a target, for the deposition, purchased from Kurt. J Lesker Company.

We used the Lesker Nano36 Evaporator thermal evaporator, (part of Microfabrication Research

& Education Center at the University of Oklahoma) to deposit 100 nm of gold film, which is a

target thickness set in the thermal evaporator machine as a process parameter. The final gold film

thickness achieved will be different from the target set in the deposition machine, as it is based on

the position of the sample placed on the sample holder. Before the start of the gold film deposition

process, the SCO samples were mounted on the sample stage in the thermal evaporator alongside a

reference Si sample, which was required for the characterization of the properties of the gold film

(also called the transducer layer).
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The structure of the thin film is such that the system has 4 constituent layers comprising of

gold transducer, SCO thin film, STO buffer layer and the Si substrate. Drawing from our analysis

done in Chapter 6, where we analyzed STO thin films, our task was to resolve the 5n-1 parameters

that model the system in FDTR curve fit analysis. Here, n is the number of layers in our sample,

which correlates to the model having 19 individual parameters. Out of these 19 parameters, we

need to find the volumetric heat capacity and the thermal conductivity of the SCO thin films and

thermal boundary conductance at the Au/SCO interface. The rest of the 16 parameters were either

evaluated using independent characterization methods or may not affect the curve fit analysis, if

the parameter is insensitive to the measurement.

Table 8.1: Properties of the transducer layer characterized using the Si reference sample.

Material kAu Au Thickness t TBC
(W m−1K−1) (nm) (107 W m−2K−1)

HPASCO 241.03 (21.74) 170.24 (2.46) 4.45 (0.12)

POASCO 280.29 (18.01) 202.76 (2.28) 4.52 (0.22)

SCO 186.07 (34.12) 136.03 (2.37) 4.50 (0.08)

TFASCO 167.20 (25.77) 130.44 (3.21) 4.54 (0.12)

Table 8.1 represents the numerical values of the transducer layer parameters which are im-

portant for the evaluation of the thermal properties of un-annealed and annealed SCO thin films.

FDTR is a very localized measurement technique and may not capture the total picture as the

properties of the materials may vary from location to location. To account for location dependent

variations in our transducer layer and the SCO thin film characterization, we measure up to 17

points on each sample, spanning from the middle of the sample to the edges of the samples. The

result thus obtained is an average of 17 different measurement on the sample surface. The values

in the brackets represents the standard deviation of all the 17 measurements taken.
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8.3 Experimental Analysis

8.3.1 Identifying Fixed and Free Parameters for Best Curve Fit Analysis

We now focus on performing the curve fit analysis for our SCO samples, for which we need to nail

down our input/fixed parameters, thus reducing the number of unknown parameters that need to be

evaluated using the best curve fit method. In the previous section we discussed how characterizing

the transducer layer helped evaluate two of the 19 parameters.

For the other 17 parameters, we shift our focus to the sensitivity plots in Figs. 8.2 and 8.1

for the measurements in done in this section. This is done by plotting the absolute change in the

phase lag (in degrees) for each of the remaining 17 parameters (although for the sake of having

clear illustrations, we are not showing the sensitivity to all the 17 parameters). From the figures,

we clearly see that the measurement is sensitive to most of the 17 parameters. The measurement is

insensitive to the Thermal Boundary Conductance (TBC) between the SCO and STO film interface

and also to the TBC of the STO/Si interface. This is commonly observed in thin films that are

deposited on a high thermal conductivity substrate like Si. It is due to this that the heat quickly

diffuses through these interfaces, giving no time for the heat to dissipate in the radial direction,

which explains the lack of sensitivity to the TBCs’ of both the interfaces. This phenomena was

also observed in the STO/Si thin film system, discussed in Chapter 6.

Therefore, we consider both the TBCs’ as our input parameter with a value equal to that of 1000

MWm-2K-1 for our analysis. 15 more parameters remain for the assessment. Using the STO thin

film results from chapter 6, we were able to determine the volumetric heat capacity and thermal

conductivity values of the 20 nm buffer STO thin film. The thickness was measured experimentally

by our collaborators, hence we consider it to be true, although a quick check can be done by looking

at the curve fit with the varying STO film thickness, and the curve fit to the measured phase lag

gets worse and worse and we go further away from our correct guess. This helps us determine that

the thickness of the STO thin film in our SCO system is around 20 nm. With this, we now know
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(a) (b)

(c) (d)

Figure 8.1: Sensitivity of the fixed parameters to the measurement in a) SCO b) HPASCO c)
POASCO d) TFASCO

the exact values of the 3 more parameters, reducing our number of unknown parameters to 12.

For the substrate parameters, we use the predefined values for the Si that are available in the

model, based on extensive research of the thermal properties in various literature, both experi-

mentally and computationally. Although for FDTR, one thing was observed that as the spot size

for high thermal conductivity materials decreases, their thermal conductivity predicted by FDTR

should be lower than the preset value. However, for the sake of convenience, we shall go ahead

with the predetermined values of volumetric heat capacity and the thermal conductivity of Si.

For thickness, since the Si substrate is quite thick (around 1 mm), it becomes a semi-infinite
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(a) (b)

(c) (d)

Figure 8.2: Sensitivity of the fitted parameters to the measurement in a) SCO b) HPASCO c)
POASCO d) TFASCO

adiabatic boundary as the heat thermalizes quickly into the substrate. This feature of the measure-

ment allows to consider any large value for thickness of the substrate and in our case we consider

it to be 1 mm. We also consider the materials to be isotropic and use a anisotropy value of 1 for

all the layers, as a known in put parameter. With this we are left with 5 parameters, out of which

the volumetric heat capacity of the gold transducer layer is taken from the preset values available

to us in the software. The SCO thin film is grown through a meticulous MBE process, which also

involves the characterization of the thickness of the SCO thin film, which was also know to us via,

the characterization done by our collaborators. This left us with the unknown parameters or free
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parameters, that will be evaluated using the curve fit analysis. In our case, these parameters were

TBC at Au/SCO interface, volumetric heat capacity of SCO thin film and the thermal conductiv-

ity of the SCO thin films. Generally, it is difficult to curve fit both volumetric heat capacity and

the thermal conductivity of the material, if their sensitivity plots trace the same path through the

modulation frequency range. However, in our case, from Fig. 8.2 we can clearly ascertain that the

sensitivities of the volumetric heat capacity and the thermal conductivity of the SCO thin film have

distinctly different traces, due to which fitting them together is possible in this particular scenario.

8.3.2 Best Cuve Fit Analysis using Phase Lag Plots

Figure 8.3: Comparison of the phase lag plots from different samples

Fig. 8.3 represents the phase lag plots for all the samples used in our analysis, along with some

measurements of thin film STO and bulk STO for comparison as STO and SCO systems are very

similar in nature due to their perovskite structure. Comparison of the bulk and thin film STO phase

lag plots highlights the effect substrates have on the thin film thermal characteristics, as noted from

our analysis in Chapter 6. This may be due to the commensurate growth of thin films that closely
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match the lattice parameter of the substrates they are deposited on. A similar response should be

expected for SCO thin films if compared to the SCO bulk single crystal.

(a) (b)

(c) (d)

Figure 8.4: Best curve fit plots for a) SCO b) HPASCO c) POASCO d) TFASCO

Upon closer observation of the Fig. 8.3, we determine that the thermal properties of the un-

annealed SCO, POASCO and TFASCO samples have a similar trend up until the modulation fre-

quency of approximately 200,000 Hz, after which the phase lag plots for the samples start to

differentiate from each other. This distinct differentiation in the high modulation frequency range

is indicative of the fact that the thermal conductivity of these films will be unique and different to

each other. The phase lag plots for both the HPASCO and the TFASCO overlap each other until

7-8 MHz range, after which there is a slight difference.
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The implication of this is seen from the thermal conductivity values in table 8.2 for HPASCO

and TFASCO, which indicate that annealing in both the cases yielded a similar result, proven

through closeness of their phase lag plot trends. Annealing on a hot plane in an open environment

caused the heat to be concentrated at the center. Due to the convective heat losses at the edges of the

sample, the effect of annealing was significantly reduced, which was confirmed by observing a low

thermal conductivity value 6.5 Wm-1K-1, compared to the 20.43 Wm-1K-1 for the central parts of

the sample. Hence to verify the effects of annealing in air uniformly across the sample, similar kind

of annealing was done in tube furnaces (TFASCO) which showed an average thermal conductivity

value of 18.74 Wm-1K-1 across various locations on the sample. The difference maybe due to the

subtle difference in the annealing procedures in the two methods described. Uncertainty of the

fitted parameters can be be evaluated from the Fig. 8.5, where the uncertainty values are plotted

with respect to the changing guesses for the SCO thin film thermal conductivity. The uncertainty in

thermal conductivity measurements for SCO, HPASCO, POASCO and TFASCO is around 10% in

all the cases. The uncertainty values for other fitted parameter remain unaffected by the changing

SCO thin film thermal conductivity values.

The phase lag plot for the POASCO compared to HPASCO and TFASCO plots differs in a

broader range of modulation frequency, pointing to the fact that the thermal conductivity values

for POASCO would be different. This is what we exactly observe through our tabulated values for

POASCO, that its thermal conductivity is lower than that of hot plate and tube furnace annealed

SCO. An interesting fact to note is that annealing in an oxygen rich environment lead to lower

thermal conductivity as compared to annealing in air.

This result seems strange as one would expect that annealing in an Oxygen rich environment

would lead to addition of electron rich Oxygen atoms to the SCO thin film’s surface, which should

in theory increase the thermal conductivity of the sample due to the presence of higher number of

free electrons.

However, it seems like the Oxygen atoms on the SCO surface act more like a scattering site,

than an electron donor site. Annealing increases the thermal conductivity of un-annealed sam-
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Table 8.2: Volumetric heat capacity and thermal conductivity of SCO-based films.

Material Cp kSCO

(J m−3K−1) (W m−1K−1)

HPASCO 1.46 (0.01) 20.43 (0.25)

POASCO 1.51 (0.03) 14.51 (1.05)

SCO 1.28 (0.02) 4.07 (0.11)

TFASCO 1.41 (0.02) 18.74 (0.50)

(a) (b)

(c) (d)

Figure 8.5: Uncertainty analysis of the fitted parameters, with respect to the variation in the thermal
conductivity values of a) SCO b) HPASCO c) POASCO d) TFASCO
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ple by 402%, 360% and 257% respectively for hot plate, tube furnace and pure Oxygen in tube

furnace annealing environments, which is interesting to note. Electrical resistivity and carrier

concentration measurement can shed some light by supplementing the arguments on why such a

phenomena is observed in the measurement of thermal parameters, and to understand the correla-

tion between electronic and thermal properties. This work to a certain extent supports the evidence

of SCO thin films on LAO and LSAT substrates demonstrating metallic properties, when subjected

to annealing[190].

8.4 Conclusions

Through this work, we were able to experimentally measure the thermal conductivity and volumet-

ric heat capacity of SCO thin films prepared under various annealing environments. We measured

the volumetric heat capacity for the un-annealed sample to be around 1.28 Jm-3K-1 and between

1.41 and 1.51 Jm-3K-1 for various annealed samples. Assuming a measurement error of 10% con-

tributed by the FDTR system, the volumetric heat capacities of all the annealed samples seem to

be in an agreement with each other, irrespective of the method of annealing.

We also measured the thermal conductivity values of the SCO thin films on Si substrate, which

indicated that annealing substantially influenced the thermal conductivity values and the annealing

environment determined how large the increment was. The mechanism of this increment needs to

be understood well through analysis of micro structural changes using TEM, and through electrical

measurements of resistivity and carrier concentrations. This will provide a holistic answer to the

observed phenomena of SCO thin film exhibiting metallic behavior upon annealing.
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Chapter 9

Conclusions

The work done in this dissertation demonstrates how the utilization of experimental thermore-

flectance techniques—such as Frequency Domain Thermoreflectance (FDTR) and first-principles

computational tools such as Quantum Espresso and ShengBTE can be used to examine and char-

acterize the thermal properties of a different material systems. This approach can be applied to

semiconductors, oxides, and intermetallic compounds, to name a few, to aid our understanding of

heat transport phenomena across multiple length scales and material classes.

Our studies began with well-known gallium compounds: GaP, GaAs, and GaSb as a means

to establish confidence in FDTR as a precision thermal measurement tool. As these materials’

thermal properties have been extensively characterized, they provide a reliable baseline to solidify

the procedure to extract thermal properties for this measurement tool. The FDTR-derived ther-

mal conductivity of these compounds was shown to be consistent with literature values through

measurements, sensitivity analyses, and optimized curve fitting. While also serving as a proof of

concept for experimental methods, it was able to elucidate potential sources of error, and conditions

that were required for accurate measurement readings, and allowed for an understanding of how

the final extracted thermal properties could be affected by parameters like modulation frequency

and transducer properties. This showed that FDTR, on a foundational basis, could be utilized as a

method to characterize unexplored and uncharacterized materials systems while also aiding in the

framework that could be used to interpret the remainder of the work.

We next applied the FDTR methodology to two compounds of interest in optoelectronics and

thermoelectrics, Zinc Selenide (ZnSe) and Zinc Telluride (ZnTe). Our experimentally measured

thermal conductivities ( 17 Wm-1K-1 for ZnSe and 14 Wm-1K-1 for ZnTe) were consistent with

first-principles predictions (23.2 Wm-1K-1 and 13.72 Wm-1K-1at 300 K). Differences could be at-

tributed to overall variations in polycrystallinity between experimental samples and computational
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models. We also examined the length-dependent thermal conductivity of both of the above ma-

terials. We were able to observe a decrease in the thermal conductivity in both ZnSe and ZnTe

when the length scale was reduced from micrometers to nanometers, further showing the effect

of phonon–boundary scattering being present at modern device dimensions. The combination of

FDTR and our first-principle results shows that experimental testing and our atomistic modeling

can demonstrate how heat transfer is controlled at a basic physical level. This also shows that both

of these tools can be used to apply theoretical ideas into practical applications.

We then did an examination of STO thin films at varying thicknesses to show FDTR’s sensi-

tivity to nanoscale thermal transport. Compared to the 12 Wm-1K-1 thermal conductivity value for

the bulk single crystal STO, the thin film conductivity values for 200 nm, 80 nm, 50 nm, and 12

nm films were measured to be 7.4, 3.86, 2.35, and 0.8 Wm-1K-1 respectively, which could be a

consequence of boundary scattering and substrate effects. A significant reduction of 93% from the

bulk value was noticed for the 12 nm thin film. In a sensitivity analysis, FDTR measurements were

shown to be sensitive to cross-plane thermal conductivity and volumetric heat capacity properties,

which made their evaluation possible. This illustrated the underlying mechanisms of thermal trans-

port in thin perovskite films. We can use this information to guide future experimental design as

well as improve our understanding of phonon scattering in oxide thin-film systems especially those

with silicon substrates.

Computational methods were applied to systematically predict the thermal transport phenom-

ena in ReAlSi and ReGaSi, which are complex intermetallic compounds that have never previously

had their thermal properties characterized. First-principles results of ReSi were compared to ex-

perimental measurements obtained with TDTR. These comparisons showed that the results from

these methods were in close agreement with each other. We also examined the effect of biaxial

compressive stress on the thermal conductivity in ReAlSi and ReGaSi. We examined how stress-

induced modifications to phonon dispersions, lifetimes, and group velocities affected the thermal

conductivity of the material. We noticed that the thermal conductivity of the material remained

relatively unchanged due to the application of stress.
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The final experimental chapter examined the effects of annealing of Strontium Chromate thin

films under different environments — a process with limited literature due to the difficulty of com-

putational modeling because of the strong electron correlations exhibited by the materials of this

family. Measurements performed by FDTR showed that after annealing there were observable

changes in thermal conductivity and heat capacity, that were consistent with observed electronic

measurements that shows a transition towards metallic behavior. Further study is necessary to

determine the microscopic origin of these changes but this work establishes a foundational back-

ground with regard to SCO thin films and the ability of FDTR to characterize thermally complex

oxide systems grown on silicon, adding to the barely available literature.
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[140] Bugallo D, Langenberg E, Carbó-Argibay E, Varel Dominguez N, Fumega A O, Pardo V,
Lucas I, Morellón, and Rivadulla F. Tuning coherent-phonon heat transport in lacoo3/srtio3
superlattices. The Journal of Physical Chemistry Letters, 12:11878–11885, 2021. 71

[141] Kumar SRS, Barasheed A Z, and Alshareef H N. High temperature thermoelectric properties
of strontium titanate thin films with oxygen vacancy and niobium doping. ACS Applied
Materials and Interfaces, 5:7268–7273, 2013. 71

132



[142] Yu C, Scullin M L, Huijben M, Ramesh R, and Majumdar A. Thermal conductivity re-
duction in oxygen-deficient strontium titanates. Applied Physics Letters, 92:191911, 2008.
71

[143] Foley B, Brown-Shaklee H, Duda J, Cheaito R, Gibbons B, Medlin D, Ihlefeld J, and Hop-
kins P. Thermal conductivity of nano-grained srtio3 thin films. Applied Physics Letters,
101:231908, 2012. 71

[144] Breckenfeld E, Wilson R, Karthik J, Damodaran A, Cahill D, and Martin L. Effect of growth
induced (non)stoichiometry on the structure, dielectric response, and thermal conductivity
of srtio3 thin films. Chemistry of Materials, 24:331–337, 2012. 72

[145] Zhang L, Li N, Wang H.-Q, Zhang Y, Ren F, Liao X.-X, Li Y.-P, Wang X.-D, Huang Z, and
Dai Y. Tuning the thermal conductivity of strontium titanate through annealing treatments.
Chinese Physics B, 26:016602, 2017. 72

[146] Wiedigen S, Kramer T, Feuchter M, Knorr I, Nee N, Hoffmann J, Kamlah M, Volkert C, and
Jooss C. Interplay of point defects, biaxial strain, and thermal conductivity in homoepitaxial
srtio3 thin films. Applied Physics Letters, 100:061904, 2012. 72

[147] Fumega A, Fu Y, Pardo V, and Singh D. Understanding the lattice thermal conductivity of
srtio 3 from an ab initio perspective. Physical Review Materials, 4:33606, 2020. 72
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[181] Mihalkovič M, Krajčı́ M, and Widom M. Prediction of stable insulating intermetallic com-
pounds. Physical Review B—Condensed Matter and Materials Physics, 87:100201, 2012.
88
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