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ABSTRACT

The in v a r ia n t  imbedding neu tron  t ra n s p o r t  equations were s tud ied  by 

the  i t e r a t i v e  L ie s e r ie s  p e r tu rb a tio n  method, tak in g  the f i r s t  th ree  

terms o f a T aylor s e r ie s  expansion as the  so lu tio n s  to  th e  pertu rbed  

system , which has th e  same i n i t i a l  co n d itio n  as the given eq u a tio n s , 

and using  i t  as a  s t a r t i n g  so lu tio n  in  the  i t e r a t io n  method. Three 

term s o f  the  L ie  s e r ie s  expansion were used in  each process as a 

c o r re c tio n .

The p r in c ip a l  r e s u l t  from th i s  in v e s t ig a tio n  i s  th a t  the i t e r a t i v e  

Lie s e r ie s  p e r tu rb a tio n  method i s  e f f e c t iv e  in  so lv in g  the  in v a r ia n t  

imbedding t r a n s p o r t  eq u a tio n s . Numerical r e s u l t s  ob tained  fo r  the 

r e f le c t io n  fu n c tio n  o f a s e m i- in f in i te  homogeneous s lab  were in  

e x c e lle n t agreem ent w ith  th o se  by th e  Runge-Kutta method given by

“12Bellman. The lo c a l  tru n c a tio n  e r ro r s  in  the  c a lc u la tio n s  were below 10 

Furtherm ore, because o f  f a s t  convergence, th e  h ig h er o rders  o f the  method 

a re  n o t necessa ry  to  y ie ld  a ccu ra te  r e s u l t s .  A lso , w ith  th e  v a r ia b le  s tep  

s iz e  c o n t r o ls , d ecreases in  rounding e r ro r s  a re  expected in  comparison 

w ith th e  fix ed  s te p  s iz e  c a lc u la t io n s .

From in d i r e c t  com parison, the  i t e r a t i v e  L ie s e r ie s  p e r tu rb a tio n  

method i s  f a s t e r  than th e  Runge-Kutta method.
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LIE SERIES SOLUTION OF INVARIANT IMBEDDING 

NEUTRON TRANSPORT EQUATIONS 

CHAPTER I  

INTRODUCTION

Neutron t ra n s p o r t  th eo ry  i s  concerned w ith  th e  neu tron  f lu x  

d is t r ib u t io n  a s  a  fu n c tio n  of p o s i t io n , v e lo c i ty ,  and tim e in  th e  medium. 

The e n g in e e rs ' i n t e r e s t  in  neu tron  tra n sp o rt th eo ry  i s  in  th e  study and 

d esig n  of n u c lea r r e a c to r s ,  such as  th e i r  r a d ia t io n  sh ie ld in g  and re a c to r  

c r i t i c a l i t y  c a lc u la t io n s .  The methods developed in  neu tron  tra n s p o r t  

theo ry  can be ap p lied  to  o th e r t ra n s p o r t  problems in  eng ineering  and 

p h y sics , such as  th e  study o f wave p ropaga tion , e le c tro n  m otion in  

plasm as, e le c tro n  d isc h a rg e , p e n e tra tio n  of gamma rays through s c a t te r in g  

m edia, r a d ia t iv e  t r a n s f e r  in  s t e l l a r  atm osphere^^^, e tc .

The in v a r ia n t imbedding fo rm ulation  of th e  equations in  eng ineering  

and th e  p h y s ica l s c ie n c e s , in c lu d in g  neutron  tra n s p o r t  has been developed 

during  th e  p a s t f i f t e e n  y ea rs  w ith  a goal of ach iev ing  a fo rm u la tion  

more s u i ta b le  fo r  a p p l ic a t io n  of a  d i g i t a l  com puter. The reaso n  fo r  th i s  

i s  th a t  th e  in v a r ia n t Imbedding fo rm ulation  o f the  eq u ation  i s  a non­

l in e a r  i n i t i a l  v a lu e  problem, which can ba solved r e la t iv e ly  sim ply. But 

in  the  c l a s s i c a l  approach , th e  r e s u l t  i s  a  boundary v a lu e  problem, which

re q u ire s  a t  some s tag e  th e  so lu tio n  of a  la rg e  system of
(2)l i n e a r  e q u a tio n s ' \

There i s  an o th er advantage o f  in v a r ia n t imbedding approach over th e
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c la s s ic a l  Boltzmann approach. For the  in v a ria n t imbedding approach, an

ex ten s io n  to  a s la b  o f la rg e  th ick n ess  i s  easy; th e  tran sm issio n  fu n c tio n

f o r  a  th ickness 2X can be obtained  re a d i ly  from th e  fu n c tio n  fo r  a
(3)th ick n ess  X by u t i l i z i n g  th e  fu n c tio n a l re la t io n s h ip  .

The essence o f th e  in v a r ia n t imbedding concept i s  to  imbed a p a r t ic u la r  

problem in  a fam ily  of problem s. The fam ily  p rov ides a means of advancing 

g ra d u a lly  from th e  so lu tio n  fo r  one member to  th e  so lu tio n  o f th e  t o t a l  

problem.

The m athem atical to o l  we employed here  to  so lv e  th e  in v a r ia n t 

imbedding t ra n s p o r t  equations i s  a L ie s e r ie s  method. The L ie  s e r ie s  i s  a 

s p e c ia l  power s e r ie s  co n ta in in g  d i f f e r e n t ia l  o p e ra to rs . I t  i s  named a f t e r  

Sophus L ie , a Norwegian m athem atician, and was in troduced  by Wolfgang 

Grobner , Innsbruck U n iv e rs ity , A u s tr ia , in  th e  e a r ly  6 0 's  to so lv e

s p e c ia l  problems in  a lg e b ra ic  geometry.

The p o s s ib i l i ty  o f so lv in g  d i f f e r e n t ia l  equations by power s e r ie s  

expansions has been known s in ce  B. Taylor (1685-1731) f i r s t  undertook 

t h i s  work. As a p r a c t ic a l  com putational scheme th i s  approach has been 

deemed in fe a s ib le  because of th e  ta sk  o f d e riv in g  ex p ress io n s  fo r  h igher 

d e r iv a t iv e s .  On th e  o th e r  hand, s e r ie s  methods can g ive  r e s u l t s  of 

a r b i t r a r i l y  high accu racy , provided th a t the  s e r ie s  converges, and th a t  

a s u f f ic ie n t  amount of tim e i s  expended on th e i r  c a lc u la t io n .  Good 

num erical r e s u l t s  obtained  by Taylor s e r ie s  expansions have been 

rep o rted  fo r  c e r ta in  d i f f e r e n t i a l  equations

Due to  the impact o f modern high speed d i g i t a l  com puters, the 

c a lc u la t io n  of h ig h e r d e r iv a tiv e s  in  th e  s e r ie s  expansion i s  no longer 

a problem. Thus, th e  f e a s i b i l i t y  of studying th e  d i f f e r e n t i a l  equations 

by the  s e r ie s  method i s  coming to  the fo re .



CHAPTER I I  

RESEARCH OBJECTIVES

The prim ary o b je c tiv e  o f  th is  work Is  to  show th a t  the Lie 

s e r ie s  method i s  s u i ta b le  f o r  so lv ing  in v a r ia n t  imbedding tra n sp o r t 

eq u a tio n s , i t  i s  a ls o  to  be shown th a t  accuracy i s  m ain tained  and th a t  

sav ings in  computer time are  re a liz e d .

There are  fo u r v a r ia b le  param eters encountered in  applying the  

i t e r a t iv e  L ie  s e r ie s  p e r tu rb a tio n  method to  a problem: one can choose 

from se v e ra l approxim ations ( fo r  example, the  number o f  term s in  the  

Taylor s e r ie s  expansion) to th e  s o lu tio n  o f th e  pe rtu rb ed  system , i t s  

i n i t i a l  co n d itio n s  a re  th e  same as the given e q u a tio n s; number o f  terms 

used in  the  Lie s e r ie s  expansion , in  each i t e r a t i v e  p ro c e ss , as 

c o rre c t io n ; lo c a l e r ro r  bound used in  th e  s tep  s iz e  c o n tro l;  and the  

number o f nodes in  th e  G aussian quadratu re  formula used to  approximate 

th e  in te g ra t io n s .

A secondary o b je c tiv e  i s ,  th en , to  study th e  e f f e c t s  of these 

param eters on the  p re c is io n  o f the r e s u l t s ,  and on the  computing tim e 

re q u ired .



CHAPTER I I I  

LITERATURE SURVEY

When a n eu tro n  balance equation  i s  w r it te n  fo r  any re g io n  of a re a c to r  

co re , we get th e  c la s s ic a l  s ta r t in g  p o in t of neutron  t ra n s p o r t  th eo ry , 

th e  Boltzmann tra n s p o r t  e q u a tio n . The most comprehensive work in  th i s  area

i s  probably th e  book of Davison and S y k e s o t h e r  n o ta b le  p u b lic a tio n s

(8 ) (9)a re  by Kourganoff , and by Case and Zw eifel . However, by review ing

some r e la t iv e ly  new th e o r e t ic a l  e f f o r t s  as  w ell as  the new development of

th e  old id eas  which a rose  from o th e r f i e l d s ,  the  b a s is  o f neu tron

tra n s p o r t  theory  has been broadened. The fo llow ing i s  th e  summary of the

re c e n t (from mid 50*s to  d a te )  developments in  neu tron  t ra n s p o r t  th eo ry ,

w ith  emphasis on the  in v a r ia n t  imbedding concept.

1. Quantum m echanical approach. The most fundamental of th i s  type 

approach has been the works of Osborn and Yip^^^^, and of Jauho and Riska

They gave co n d itio n s  fo r  the  v a l id i ty  of the  tra n s p o r t  equation : the  

s id e  of a cube of the sm a lle s t reg io n  of v a l id i ty  i s  A »10  cm ., and the 

en erg ies  of th e  neu tron  must be » 1 0   ̂ mev. To d a te  the  quantum m echanical 

tra n s p o r t  theo ry  has no t been used to  o b ta in  any r e s u l t s  which a re  no t 

more simply found from c la s s i c a l  th eo ry .

2. S to c h a s tic  t ra n s p o r t  th eo ry . Neutron tra n sp o r t th eo ry  i s  o rd in a r i ly

concerned w ith  th e  mean o r expected value  of a neu tron  d e n s ity . The a c tu a l

neutron d e n s ity  in  a system  may o r may no t resem ble the  mean va lue  of the

d e n s ity . G enera lly  speak ing , i f  th e re  a re  few neu trons in  a system , the

a c tu a l d e n s ity  a t  c e r ta in  tim e w ith in  c e r ta in  reg io n  o f th e  system i s

4



5
u n lik e ly  to  resem ble the  mean d e n s ity  of the  system . But i f  th e re  a re  many 

neu trons in  a  system , the  a c tu a l d e n s ity  fo r a c e r ta in  re g io n  of th e  system 

i s  l ik e ly  to  be v e ry  s im ila r  to  th e  expected one.

These two extreme examples ty p ify  th e  two most im portan t types of 

p r a c t ic a l  q u estio n s  which have m otivated th e  development o f a s to c h a s tic  

th eo ry  o f neu tron  tr a n s p o r t .

In  fo rm u la tin g  th e  tra n s p o r t  eq u a tio n s , we g e n e ra lly  t r e a t  the  

fu n c tio n  as con tinuous in  space , v e lo c i ty ,  and tim e. But i t  i s  more 

f r u i t f u l  in  th e  s to c h a s tic  process to  t r e a t  neu trons a g en era tio n  a t  a 

tim e . I t  appears th a t  th e re  a re  m athem atical advantages in  doing so.

The neu trons in  su ccessiv e  g en era tio n s  a re  sim ply r e la te d  and th e ir  prob­

a b i l i t y  g en e ra tin g  fu n c tio n s  a re  connected by a tran sfo rm a tio n  which can 

be s tu d ie d .
(12)There a re  se v e ra l people working on th i s  a re a : n o tab ly . Pal , who 

in  1958 pub lished  the  th eo ry  o f s to c h a s t ic  p ro cesses  in  n u c lea r r e a c to r s .

He framed h is  th eo ry  in  term s of th e  p ro b a b ili ty  th a t  a s in g le  neutron  

would lead  to  "n" neu trons a t  a l a t e r  tim e. By co n sid e rin g  th e  v a rio u s  

p o ss ib le  f i r s t  c o l l i s io n s ,  and in tro d u c in g  th e  g en era tin g  fu n c tio n , he 

derived  the  n o n lin e a r in te g r o d i f f e r e n t ia l  eq u a tio n  s a t i s f i e d  by the 

g en era tin g  fu n c tio n . Because of ignorance of the  space and energy de­

pendence in  h is  th eo ry , i t  ends up as  a p o in t re a c to r  model.

no tion

(14)

(13)In  1965, B e ll c l a r i f i e d  th e  r e la t io n s h ip  of th e  e x tin c tio n

p ro b a b il i ty  to  th e  g en era tin g  fu n c tio n , and in  1966 Otsuka and S a lto  

e lu c id a te d  th e  r e la t io n s h ip  between g en era tin g  fu n c tio n s  and product 

d e n s i t ie s  of a l l  o rd e rs .

Abu-Shumays^^^^uses th e  g en era tin g  fu n c tio n s  to  t r e a t  the  one energy 

group tra n s p o r t  problem f o r  s lab  geometry w ith  a x ia l  symmetry and c o n sta n t
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c ro s s -s e c t io n . Numerical r e s u l t s  fo r  r e f le c t io n  and tran sm issio n  fu n c tio n s  

were c a r r ie d  ou t based on the X- and Y -functions of C handrasekhar.

Also in  1966, th e  L angev ln 's  equation  was in troduced  by Sheff and 

A kcasu^^^\ I t  borrows from th e  Langevin theory  of Brownian m otion.

In  t h i s  form of t r a n s p o r t  theory  i t  i s  p o s tu la te d  th a t  th e  d if fe re n c e  

between the a c tu a l  n eu tro n  d e n s ity  and the mean one i s  m ain tained  by a 

random source  which a r i s e s  from th e  f lu c tu a tio n s  in  neu tron  d e n s i ty  i t s e l f .  

The p h y s ica l b a s is  o f th e  Langevin approach seems le s s  r ig o ro u s  than  the  

f i r s t  two.

3 . In v a r ia n t imbedding approach. The in v a r ia n t  imbedding, o r th e  

method of c o n tin u ity , i s  a fundam ental technique of m athem atics .
/I  o\

I t  stems from th e  p r in c ip le  of in v a ria n ce , in troduced  by Ambarzumian 

in  a s tro p h y s ic s  in  1943, and was extended to  r a d ia t iv e  t r a n s f e r  by 

Chandrasekhar in  about 1950. A fte r  1 9 5 6 t hr ough th e  e f f o r t s

o f Bellman and h is  c o lle a g u e s , i t  found a wide a p p lic a tio n  in  r a d ia t iv e  

t r a n s f e r n e u t r o n  t r a n s p o r t  (3) (35)(42-75) w alk and

s c a t te r in g  (3) (76-82) propagation^*^"**^, r a re f ie d  gas dynamics

(86 87) H an ix to n 's  eq u a tio n  of m o t i o n n o n l i n e a r  f i l t e r i n g  th eo ry  

quantum mechanics and s o l id  s t a t e  p h y s i c s . In  s h o r t ,  th e  in v a r ia n t 

imbedding concept i s  a p p lic a b le  to  th e  trea tm en t of boundary v a lu e  problems 

(*2- 10*)and e igenvalue  p r o b l e m s .

The In v a r ia n t imbedding eq u atio n s  can be obtained from an a n a ly s is  o f 

th e  o r ig in a l  p h y s ica l p ro cess  ( in  tra n s p o r t  theory  i t  i s  c a lle d  the  

" p a r t ic le  coun ting" te ch n iq u e ), which we w i l l  employ in  th e  nex t s e c tio n , 

or from th e  c l a s s i c a l  eq u atio n s  re p re se n tin g  th e  p rocess ^^^)^26)(29)(44) 

(93-104) yxgg(73) i l l u s t r a t e d  th a t  th e  r e f le c t io n  equations de riv ed  from 

th e  c l a s s ic a l  method and those  from in v a r ia n t imbedding a re  e q u iv a le n t.



The " p a r t ic le  counting" technique i s  f a i r l y  prone to  e r r o r  fo r  

c y lin d r ic a l  and sp h e r ic a l g e o m e t r i e s H o w e v e r , i t  does p rov ide  a 

c le a r  p ic tu re  o f the  p ro cesses .

Although the  bu lk  of papers d ea l w ith  in v a r ia n t imbedding fo rm ulation  

o f the  tra n s p o r t  eq u a tio n , and l i t t l e  work has been done a c tu a lly  on th e  

methods of s o lu tio n , th e  problem o f  d e riv in g  in v a r ia n t imbedding eq u a tio n s  

fo r  in te rn a l  flux^^^ 55)(65)(70)^  a n iso tro p ic  s c a t t e r i n g e t c .  are  

s t i l l  under in v e s t ig a t io n .

Thus, th e re  a re  two ways we can approach the  study  of t ra n s p o r t  

theory  : one i s  from th e  a n a ly t ic a l  a sp e c t, th e  o th e r i s  from th e  num erical 

a sp e c t. From th e  a n a ly t ic a l  a sp e c t, one d ea ls  w ith th e  fo rm ulation  o f  the  

equations and p roof fo r  the  ex is ten ce  and uniqueness o f the s o lu t io n s .

From the  num erical a sp e c t, our goal i s  to  f in d  an e f f i c i e n t  techn ique  

fo r  o b ta in in g  num erical so lu tio n s  on d ig i t a l  computers.

There a re  fou r num erical r e s u l t s  which re la te d  to  the in v a r ia n t  

imbedding approach. In  1963, Bellman and h is  c o l l e a g u e s s o l v e d  the  

r e f le c t io n  equations fo r  a one-dim ensional s lab  ; in  1966, Mathews

app lied  the  in v a r ia n t imbedding method to  a  sh ie ld in g  problem ; in  about

to  1 

(75)

(3)the same tim e, Shimizu app lied  th e  in v a r ia n t  imbedding method to  the

re f le c t io n  and tran sm issio n  problem of gamma ray s . In 1970, Zink 

extended th e  method to  the  tw o-dim ensional s la b  problem fo r  both 

r e f le c t io n  and tran sm issio n  fu n c tio n s .

In the four above cases the  Gaussian quadrature  formula were used 

in  perform ing the  in te g ra tio n s  w ith  re sp ec t to  the angular v a r ia b le .  

Bellman, Mathews, and Zink used the  Runge-Kutta method in  the  num erical 

c a lc u la t io n s . Mathews a lso  t r i e d  th e  Adams method, which was f a s t e r
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than the Runge-Kutta method and gave a  r e la t iv e ly  easy e s tim ate  o f 

tru n c a tio n  e r r o r  p e r s te p , bu t was d iscarded  because o f  problems w ith  

num erical i n s t a b i l i t y  and because of the  la rg e  amount o f  computer memory 

sto rag e  re q u ire d . The Runge-Kutta method was easy to  a p p ly , bu t i t  was 

very time consuming, and i t  a lso  lacked an easy method o f e stim atin g  the 

lo c a l tru n c a tio n  e r r o r .  Shimizu used the i te r a t io n  method, s ta r t in g  

from the f i r s t  o rd er f i r s t  degree so lu tio n s  by n eg lec tin g  the second 

degree terms in  the  eq u a tio n s . S o lu tions o f adequate accuracy was 

obtained upon two to  ten  i t e r a t io n s .

Numerical r e s u l t s  fo r  the  one-dim ensional monoenergetic r e f le c t io n  

func tion  were found w ith in  one to  two p ercen t of those th a t  obtained 

from Chandrasekhar’s X- and Y - f u n c t i o n ^ ^ ^ ^ F o r  th e  two dim ensional 

case i t  was found th a t th e  r e s u l t s  were sm aller than th o se  of a one­

dim ensional s lab  because o f  the  leakage from the s id e s .  The th e o re t ic a l  

r e s u l t s  o f Shim izu 's c a lc u la tio n  of the  energy and an g u lar d is t r ib u t io n  

o f tran sm itted  photons were compared w ith  experiments and found to  be 

in  good agreem ent.



CHAPTER IV 

FORMULATION OF THE THEORY

4.1 Hypotheses

The most Im portant assum ptions made in  d e r iv a tio n  of the tra n sp o r t  

equations a re :

1. The neu tron  i s  a  p o in t p a r t i c l e ,  moving a t  speed c , 

c h a rac te riz ed  only by i t s  p o s it io n  and d ire c t io n  o f m otion.

2. The moving neu trons may c o l l id e  only w ith  the  fix ed  n u c le i of the  

medium; in te ra c t io n  between the  moving n eu trons w i l l  no t be co nsidered .

3. A c o l l i s io n  always r e s u l t s  in  th e  d isappearance of th e  o r ig in a l  

neutron  and th e  appearance of "y" new neu trons a t  the  p o in t of c o l l i s io n .  

These a re  em itted  is o tro p ic a l ly  and in ta n ta n e o u s ly .

4. No more than  a s in g le  c o l l i s i o n  i s  assumed.

5. No in te r n a l  so u rce .

The assum ptions made in  so lv in g  th e  tr a n s p o r t  equations a re :

1. The tra n s p o r t  fu n c tio n s  a re  co n tin u o u s, and s a t i s f y  a L ip sc h itz  

c o n d itio n , so th a t  the  so lu tio n s  e x i s t  and a re  unique.

2. The tra n s p o r t  fu n c tio n s  a re  s u f f i c i e n t ly  d i f f e r e n t ia b le ,  so th a t

a l l  the terms in  Taylor s e r ie s  and L ie  s e r ie s  e x i s t .

4.2 Form ulation of the R e f lec tio n  Equations

In the fo llow ing d e riv a tio n  of th e  tra n s p o r t  e q u a tio n s , a new 

g rap h ica l re p re se n ta tio n  o f c o l l i s io n  p rocess was in troduced . The one­

dim ensional in v a r ia n t imbedding r e f le c t io n  equation  was f i r s t  form ulated 

by Bellman^^), and exp lained  p a r t ly  due to  W ing^^^\ The two-dim ensional
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eq u atio n  was In troduced  by Z in k ^ ^ ^ \ In  th i s  C hapter c l a r i f i c a t io n s  

were made on both  one- and tw o-dim ensional eq u a tio n s .

4 .2  One dim ensional r e f l e c t io n  fu n c tio n  

Consider an Input o f one p a r t i c l e  per second per u n it a re a  of a s lab  

s u r fa c e , and moving in  th e  d i r e c t io n  Og.

The p ro b a b il i ty  o f one o f the  In je c te d  p a r t i c l e s  having a c o l l i s io n  

in  p ass in g  from x+A to  x (F ig . 1 , to p ) i s

0

where a (x ) i s  the  p ro b a b il i ty  o f  c o l l i s io n  p e r u n it  pa th  le n g th , and p , is

th e  cosine  o f angle 6 p. The expected  f lu x  th u s  produced in  d ire c t io n  0 i s

R ■ p*k(x ,0 ,O )» a 2 0

2where k i s  th e  expected number o f  seco n d arie s  p e r  cm per second going 

in  d i r e c t io n  0  as a r e s u l t  o f  a c o l l i s io n  a t  x , due to  a u n i t  in c id e n t 

flu x  in  d ire c t io n  R ,. This p rocess  i s  sy m b o lica lly  rep resen ted  by 

in  F ig . 1.

Now, co n sid e r an in je c te d  p a r t i c l e  having a c o l l i s io n  in  (x,x+A)

and g iv in g  r i s e  to  p a r t i c le  going in  d ir e c t io n  0 " , where and

6" i s  the  p o la r-a n g le  component of 0 " . The number of such p a r t i c le s  

Impinging p e r second on a u n it  a re a  p e rp en d icu la r to  the outward normal n 

a t  X and moving in  d ire c tio n  0" is

p îk (x .n v n o ).

This amount o f f lu x  a t  x produces a  neu tron  d e n s ity  a t  x+A, moving in  

d i r e c t io n  0 , due to  r e f le c t io n ,  of

p |k(x,O V Û o)«(x,ft,n '') (1- p , ) ,
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and thus c o n tr ib u te s  to  a  f lu x  (moving in  d ire c t io n  0 ) normal to  n of

-  pSkcvj[’̂ |°R(x,n.n")dy"d(j)" + o(A ),

where c i s  the  speed of n eu tro n . R (x,0 ,A ") i s  c a lle d  the  r e f le c t io n  fu n c tio n , 

and i t  has u n i t  of d e n s ity  [ii*/cm̂ J. This r e s u l t  i s  shown by R^ in  F ig . 1, 

where pY -  1 -  p§ i s  th e  p ro b a b il i ty  o f su ffe r in g  no c o l l i s io n  in  tra v e rs in g  

a d is ta n c e  A/yo« The term  invo lv ing  p§P2 i s  sm all in  compare ion  w ith  pz 

and th u s  i s  rep resen ted  h ere  by o(A ).

Here we a lso  assume th e  c o l l i s io n  process i s  i s o t r o p ic ,s o  th a t  k i s  

independent of 0 and x . Thus,

jjjkdfl -  Y, 

o r k -  Y/4%,

where Y i s  the  t o t a l  expected  number of secondaries  per c o l l i s io n .

C ontinuing th i s  k ind  of a n a ly s is  we w i l l  o b ta in  the ex p ress io n s  fo r  

R^, R j, and R^ re s p e c tiv e ly .

A ll o th e r p rocesses involve two o r more c o l l i s io n s  in  (x,x+A) and only 

c o n tr ib u te  a term  o(A) to  those  a lread y  inc luded .

By combining f iv e  p ro cesses  in  F ig . 1 , we g e t th e  f lu x  a t  x+A which 

i s  normal to  th e  s lab  and moving in  d ir e c t io n  0 , 

cyR(x+A,y ,yo)  -  R^ + Ry + R^ +  R^ +  R^.

Let cyR (x,y ,yo) -  R (x ,y ,y o ).

Then. 11m
A-K)

ZTT fl„
-  O Y / 4 v | y o |  + O Y / 4 T r ) y o |  '  d * " j j R ( x , y , * ; p y * " ) d p "
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-  K(x , v ,<|>;Mo.<I>o) I ^

nv f dll '
+ ^ |  d<J>’ R (x ,w ',* ';W o ,* o )4 rr (4-1)Airj 0

rjir

o ' "  "  U’

2ir
+ %  d<j) R (x,w ',* ';W o,*o)S& r d*" R (x,w ,*;w ",*")dw ",0 ) 0 U j o j o

w ith  the i n i t i a l  c o n d itio n  th a t

R(0,y,<(>;yo.<t>o) " 0.  ( 4 -2 )
A

The purpose of in tro d u c in g  R i s  to  change the  fu n c tio n  R, which i s  odd 

in  i t s  argum ent, y , to  an  even fu n c tio n . Thus we can con fine  th e  domain of 

angu lar v a r ia b le s  y to  (0 , 1) ,  and sim plify  th e  t ra n s p o r t  equation .

By s u b s t i tu t in g
A

r ( x , y , * ; y o , * o )  -  4TryoR(x,y,((»iyo,<j»o) 

in to  Eq.(A -l) and l e t t i n g  0 - 1  (u n ita ry  mean f r e e  p a th ) , Eq.(4-1) becomes

i l +  (
3x ^  S o ^ ) r  ■ 7 (1  +

^ (4-3)

w ith  r ( 0 ,y ,y o ) -  0 .

We see th a t  (4 -3 ) i s  symmetric in  i t s  angular argum ents.

4 .3  Two-dimensional r e f le c t io n  fu n c tio n s  

The p h y s ica l model o f th e  c o ll is io n  p ro cesses i s  shown in  F ig . 2. 

From th is  one can determ ine th e  flu x  a t  ang le  0 from th e  normal to  the

s la b  a t  p o s it io n  (x+A,y) due to  the  neutrons in c id e n t a t  (x+A,y ) in
0

d ire c t io n  Oo a t  th e  r a t e  of 1 per cm̂  per second. This can be w r i t te n  a s :

c yR(x+A,y ,n ,no)  " R + R .  + R + R . + R .a D c a e

Let cyR(x,y,0,O o) -  R (x ,y ,0 ,0 o ) ,
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l ia  R(x+A,y,n,Oo) -  R(x.y.O.Oo) _ Û
A-K)

W o

3x

- ^ +  J )  R (x .y .a . f to )  

l y . j j j .  dO'dy'

| n " | y ' l a '  ^ ' * ' ^ ' -^ " ^ d O 'd y 'R (x ,y ,n ,n ")d n " , (4 -5 )

w ith  the i n i t i a l  co n d itio n  th a t

R ( 0 , y , 0 , 0 o )  -  0 .  (4 -6 )

Although we assume th a t  the  c o l l i s io n  p rocess i s  is o tro p ic ,  i t  does

n o t mean th a t  th e  r e f le c te d  f lu x  i s  az im u th ally -sy n m etric . To sim p lify

(73)th e  eq u atio n , in tro d u ce  a new function

(2*A
R(x,y,y,<j»;yo) -  R(x,y,fl,Jîo)d(|)c. (4 -7 )

pTT p ir
O perating on ( 4 -5 )  by I^ d^ol^ d<fr" and applying ( 4 - 7 ) ,  we have

-  Ï 7 - ( ü 7  +  j)R (x ,y .t l ,* ;U o )

1 I 1

0. 0. 0
R (x ,y  Iv ’ zHf.t  ?^"-̂ dy *dy"dy *d(j) ' ,  (4 -8 )

w ith  the  i n i t i a l  co n d itio n  th a t  

R ( 0 , y , y , * ; y o )  -  0 . (4 -9 )
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| P 2k \
(y ,(j))

R^= p | k

X x+A

' P i

^  R^= [ p i C
2 'IT f 1

I0 Jo ' R p 2 d y  ' d(() ' ] k

V

{}

2 TT /• 1
y ' Rdy ' d({) ' ]

0 fair
{Up'zl

f 0

R g= { } c R p 1 y

F ig . I .  The p h y sica l model of the  c o l l i s io n  p ro cesses .

A do t in d ic a te s  th a t  a c o l l i s io n  has taken  p lace  in  (x , x+A).
The normal components a re  rep resen ted  by R^, R ^ , . . ,  R^,

The pa th s a re  dashed in  (0 ,x ) to  emphasize th e  fa c t  th a t the  d e ta i l s  o f  
the  p a r t i c l e  behav ior th e re  a re  of no I n te r e s t  to  us.
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X  x + A0

n

R = «* Ja  | v o  I 4 i t

Rj^=| [ l - j - ^ ] c y 'R ( x , Y ; f i ' , î î o ) d f i ' d Y '^

c R ( x , Y i n ; n o ) d n ' d Y '  + o ( a ) .
4 ïï Y ' Çl'

;

\

!
Y '
J ....

5
Ü"

c  M o l  4 IT
O A  Y

I Wo I 4tt,

0 "
c M R (x ,Y ,n ,n " )d n "  [ i -

Ü"
c M R ( x , Y , n , n " ) d n "  +  o ( A ) ,

PV R ^ = [ l - p ^ ] c M R ( x ,Y , f i , n o )  [ 1 ~ ]

R

R = 
0

I  I  [ 1 - t ^ ] c m ’ R ( x , Y '  , J ? J f i o ) ^ , C M R ( x , Y , f i , f i " ) d f i ' d Y ' d f î
"  J  V » J  ( )  ' I W o  I W

= c m R { x , Y , Q , S Î o ) - ü A  

+  o  ( A )  ,

a A y

C M R (x,Y ,^ ,O o)

11 I /in"

F ig . 2. The p h y sica l model of th e  c o l l i s io n  p ro cesses fo r  a  two-dim ensional 
s la b . o(A) re p re se n ts  h ig h e r-o rd er term s, o r term s involv ing  
powers o f A h ig h er than f i r s t .



CHAPTER V 

LIE SERIES PERTURBATION METHOD

The development of th e  L ie s e r ie s  method a re  due to  Grobner, Knapp, 

Wanner e t  of Innsbruck U n iv e rs ity , A u s tr ia . In th i s  s e c tio n  we

t r y  to  c l a r i f y  some of th e i r  id e a s , c o n so lid a te  s c a tte re d  m a te r ia ls  

in to  one p ie c e , and to  use them to  so lv e  the in v a r ia n t Imbedding 

tr a n s p o r t  eq u a tio n s .

5 .1  D e f in it io n  of th e  L ie  s e r ie s  

Let F (x ,y ) be an  a n a ly t ic  o r a s u f f ic ie n t ly  d i f f e r e n t ia b le  fu n c tio n  

of th e  v a r ia b le s  x , ŷ ,̂ ,  y^ .

Where

(5-1)

n

a re  so lu tio n s  o f a system of f i r s t  o rd e r o rd in ary  d i f f e r e n t i a l  equations 

■ f i C x .y i » . . . .  yn>* ( i - l , . . . , n )  (5 -2 )

In s e r t in g  s o lu tio n s  y ^ ( x ) , . . . ,  y^(x) in  th e  p lace  of y ^ , . . . ,  y^ we f in d  

a fu n c tio n  th a t  depends on x o n ly . By th e  chain  r u le ,  i t s  d e r iv a t iv e  w ith  

re s p e c t to  t h i s  v a r ia b le  is

dx ■ K  + V s r  + -  + ^ d r j  •
"  x ,y (x )

Since the  fu n c tio n s  y (x ) , which we have in s e r te d  in  E q .(5-3), a re

supposed to  be th e  s o lu tio n s  o f Eq. (5 -2 ) , we have

16
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dYi
d T  -

x ,y ( x ) ’

and

dx F (x ,y (x )) 9F
’’x +  87

nJ

DF

x ,y (x )

(5-4)x,y(x>*

We have defined  th e  l in e a r  d i f f e r e n t ia l  o p e ra to r

 ̂1 n

a s  th e  Lie s e r ie s  o p e ra to r.

By i t e r a t i o n  of Eq.(5 -4 ) ,  we fin d  fo r  the  h igher d e r iv a tiv e s , 

.8

dx8
F (x ,y (x ))  - D®F x ,y (x ) (s -  1 , 2, 3, . . . ) . (5-6)

A s e r ie s  o f th e  fo llow ing  k ind :

 ̂ ^  D®F ■ F (x ,y (x ))  + xD F(x,y(x)) + F (x ,y (x ))  + . . .  (5-7)
s -0  ' ^

s a t i s f i e s  th e se  r e la t io n s h ip s  and i s  c a lle d  a  L ie s e r ie s ,  freq u en tly  

denoted by the  symbol e*^F.

xD5.2  The p ro p e r tie s  of e 
xD(1) The symbol e f u l f i l l s  the  follow ing re la t io n s :  

xD f(x ,y )  + g (x ,y ) j -  |^e*°f(x,y)j e*°g(x,y)j .

and
xD f (x ,y )g (x ,y )J  -  [e*^f(x,y)j |e*®g(x,y)

(5-8)

(5-9)
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(2) Commutation theorem: I f  F (y) deno tes any fu n c tio n  which is

xDa n a ly t ic  in  a neighborhood of (y^ ,̂ y ^ , . . . ,  y ^ ) , and ■ (|»^(x,y) -  e y^,

■ (p (0 ,y )«  y^, i  -  1 , 2 , ,  n , then  th e  corresponding power

s e r ie s  expansion F(Y) s t i l l  converges a t  th e  p o in t (Y^,Yg,. . . ,  Y^).

That i s

CO g

F(Y) -  I  & D = F (y ) , 
s -0

or F(e*^y) ■ e*^F (y ). (5-10)

Thus, th e  fu n c tio n  s ign  F of an a n a ly t ic  fu n c tio n  may be commuted w ith the  

xDsymbol e fo r  the  L ie s e r ie s .

(3) M u ltip le  Lie s e r ie s :

Let m l in e a r  d i f f e r e n t i a l  o p e ra to rs  be g iven  by

a . . .  ,  .  a
“k ■ * k l W  5 7 ,  5 T ’ O' ■ "> ̂1 n

a l l  o f which be holomorphic in  a c e r ta in  domain C. We in troduce  m new

independent v a r ia b le s  x, , x_ , .  . . ,  x , u s in g  them fo r th e  m u ltip le  Lie
1 z m

(5-11)

s e r ie s :

x^D^+ . . .  + x_D
e "  ” f ( ï )  ■ I  - Î t K ' ’i  +  •■• + V m ] ' " ) ' ) 's"0

P o s it iv e  c o n s ta n ts  T^ can be found such th a t  th e  s e r ie s  (5-12) i s  

a b so lu te ly  convergent fo r  (y)eC a t  |x |^T |^.

The commutation theorem is  v a lid  a ls o  fo r  th e se  s e r ie s :

x.D, + . . .  + X D 
Yj -  e ™ (j ■ 1 . 2 , . . . ,  n) .  (5-13)

We may change th e  fu n c tio n  s ig n  F o f each fu n c tio n  a n a ly t ic  in  C w ith th e  

symbol of th e  Lie s e r ie s :
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x.D . + . . .  + X D

F(Y) -  F(e ^ ^ “  ®y)

x.D. + . . .  4x D 
-  e ^ ^ ® F (y ) . (5-14)

The o p e ra to rs  D  ̂ In  g en era l cannot be exchanged.

5,3 L ie  s e r ie s  p e r tu rb a tio n  method

(1) The problem and the  main theroem.

Consider a  system of o rd in ary  d i f f e r e n t i a l  eq u a tio n s

y ^ '(x )  -  f ^ (x ,y ^ (x ) ,  . . .  , y ^ (x ) ) , ( i  -  1 , . . . ,  n) (5-15)

w ith  th e  i n i t i a l  co n d itio n s

y^(xo) " y^^. (5-16)

I f  th e  fu n c tio n s  f^  s a t i s f y  a L lp sc h itz  condition*  than  th e  so lu tio n s

yj^(x), . . . . .  y^(x) (5-17)

a re  unique. But only in  a few sim ple cases can th e  s o lu tio n s  be w r it te n

in  terras of well-known elem entry fu n c tio n s . In  most c a s e s , approxim ation 

methods must be used.

The method we in tro d u ce  here  i s  a p e r tu rb a tio n  m ethod. Hence, th e re  

should be given an o ther system o f d i f f e r e n t i a l  equations

y ^ '(x )  -  ^j_(x, y ^ (x ) , . . . ,  y ^ (x ) ) , ( i  - 1 ,  . . .  , n) (5-18)

whose s o lu tio n s :

y ^ (x ). ............  y^(x) (5-19)

a re  known, which s a t i s f y  th e  same i n i t i a l  co n d itio n s

y^(xo) " y^g. (5-20)

Next, we d e fin e  the  d i f f e r e n t i a l  o p e ra to rs

 V â lk " l  'k
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belonging  to  th e  given system (5 -1 5 ), and

®1 " 9 Ï  * X   V  17.k " l  ■'k
belong to  th e  chosen system  (5 -1 8 ). Then

®2 ■  V  -  .........

" ® "  °1  (5-23)

tak in g  In to  account the d iscrepancy  between the  o r ig in a l  and th e  chosen 

system .

Now, l e t  f ^ ( x ,y ^ , . . . , y ^ )  and f  j^(x,yj^,. . .  ,y^) (k -  l , . . . , n )

be continuous In  th e  compact domain

C -  { (x ,y ^ , . . . , y ^ )  x c (x o , *o+a] , |yj_ -  y^^N b ( 1 - 1 , . . . , n)}

(5-24)

o f th e  ( x ,y ^ , . . . ,y ^ )-sp a c e . Then they  a re  bounded In  C. The c o n d itio n s  

I^j^(*»yj^»• • • »yjj) ^Ao, [ f , y j ^ , . . . ,y^)I^B o, (5—25)

and the Peano-theorem g uaran tee  th e  ex is ten ce  o f corresponding

s o lu tio n s  y^(x) of (5 -1 5 ), and y^(x ) o f (5-18) a t  l e a s t  fo r

xe[xo ,xo  + h ] ,

h -  m ln(a, | ^ ) .  (5-26)

The main theorem

If  f  2 ( x , y , . . .  ,y ^ ) , . . . , f^ (x ,y ^ , . . . , y^) and $ ^ (x ,y j^ ,. . .  ,y ^ ) , . . . ,  

^n^*’^ l ’ ' * ’ ’^n^ a re  s -tim es  con tinuously  d i f f e r e n t ia b le  (s )0 ) in  C 

th en  the  fo llow ing form ula h o ld s , a t  l e a s t  fo r  xe[xo,%o+h] :
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(X )  -  y ^ ( x )  +  \ s < * >

a a

(k -  1 , . .  . ,  n) (5-27)

where

\ s < ^ >  -  r » - “ >
X q

and

(X )  -  y ^ ( x )  + J ^  [ D / y J ç _ , ^ ( ç j d Ç .

Proof :

(5-29)

F i r s t ,  we in tro d u ce  th re e  a u x i l ia ry  fo rm ulas. We recogn ize  th a t:

(a) I f  g(Ç) and h(Ç) a re  con tinuously  d i f f e r e n t ia b le  fu n c tio n s  

w ith  g(Ço) “ b(Ç o). then

(5-30)g(Ç) -  h(C) ^ ^g’ (n) -  h '( n ) jd n .

(b) Let Yj^(x), . . .  ,y ^ (x ) be the s o lu tio n s  of th e  o r ig in a l  problem and 

Yj^(x), . . .  ,y ^ (x ) be th e  s o lu t io n s  of th e  chosen eq u a tio n s . I f  now 

F ( x ,y ^ , . . .  ,y^) i s  s u f f i c i e n t ly  d i f f e r e n t ia b le ,  then  fo r  th e  d e r iv a tiv e  o f 

F (x ,y ) and F (x ,y ) ,  we have, by the chain  ru le :

d î  •
. . . . .  M ^ J x . y )

-  p F ( x ,y ) x ,y ( x ) ’

x ,y (x ) 

(5-31)

and

-  h '^ - H x . y C x ) -

y(x)

(5-31)

re s p e c tiv e ly . F in a l ly ,
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'Xo ‘'xo ■'xo
-  C)

a+1
1)!

k(Ç)dÇ. (5-33)

This can be proven e a s i ly  by in te g ra t io n  by p a r ts .  

The l e f t  hand s id e  o f (5-33) g iv es:

where th e  f i r s t  term  v an ishes by in s e r t in g  th e  in te g ra l  bounds. 

Now, we may beg in  the  proof o f th e  main theorem. We w rite  

yj^(x) -  y^(x ) + y^(x ) -  y ^ (x ^  (k -  1 ......... n)

by (a) and (b) we have

j x o k ' ( " )  - y k ’ (n)]dn

Xo
X

L ' W n . y (n ) ' r '^ J n o

y d i) '’"  +

Where

(5-34)

■ 1*S K ] n , y ( n )  ‘  h k ln .y C n )^ '* '’ -

This proves our main theorem fo r  s  ■ 0.

Now, fo r  any p o s i t iv e  in te g e r s ,  and a< s, then  by ( a ) ,  (b ), and ( c ) :

[ '> " ' \ ] ç . y ( 5 ) - [ ““* \ ] 5 , y ( ç ) > ‘‘«

■ ‘ ' K * \ ] n . y ( n ) )  '- < [ ““" ' ’'k ]n .y (n )>  ’ >-■"«
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+|DD Vy.

|x o  ^(0+1)1 [v
o + iC )  "  jx o

(5-36)

Thus, the  main theorem i s  v a l id  i f  a< s. From E q .(5 -29 ), ve n o tic e  th a t  

our method i s  an expansion of the so lu tio n s  in  th e  neighborhood o f  chosen 

fu n c tio n s , whereas the  Taylor s e r ie s  i s  an expansion in  th e  neighborhood 

of a  p o in t.

(2) Order of the  rem ainder term.

I f ,  in  a d d itio n  to  th e  assum ptions in  the  main theorem,

I  V  x , y . -  “ “ ' i C - . y i .......... V  x , y . J

n
<K II  V  " V * l  (5-37)

V i

fo r (x,y^^*,. . .  ,y^*)€C and (x ,y ^ * * ,. .  .y^**XC ( th a t  is  th e  L lp sc h itz  

co n d itio n  fo r th e  fu n c tio n s  D*f . .  .,D®f^ w ith  a co n stan t in  C),

and |yj^(x) -  9^(x)|(M  fo r  xe[xo,xo + h ] , (5-38)

where M i s  a c o n s ta n t and m i s  an in te g e r ,  then



24

K n |x  -  Xo im + 8 + 2

( m  +  s  +  2 )  ! fo r  xE[xo, Xo + h ] .  (5-39)

Proof: S ince (Dy^ )̂ ■ and because of (5-37) and

(5 -3 8 ), we can e s tim ate  Ri s

Jil! K nM
Xo 8 1 s (m+l)l

l^ r

In troducing

r (» - o“(£ - x.)̂ ,j, (X -
L . B! (a +B + 1)1 '

where a  and B a re  p o s i t iv e  in te g e r s ,  we g e t (5-39)

(5-40)

(3) I te r a t iv e  method in te r p r e ta t io n

I t  i s  in d ic a ted  in  s e c tio n  V -  3 th a t  th e  s o lu tio n s  to  th e  pertu rbed  

system must be known. In  our case , fo r  example, we use th e  f i r s t  m terms 

of a Taylor s e r ie s .  We g e t th e  f i r s t  approxim ate so lu tio n s  from E q .(5-27) 

by s u b s ti tu t in g  the p e rtu rbed  s o lu tio n s  fo r  and n eg lec tin g  the  

rem ainders. In  th is  way, we have an i t e r a t i o n  p rocess which y ie ld s  the 

d e s ired  s o lu tio n s . To pu t i t  ano ther way, l e t  us in troduce  a l e f t  s u b sc r ip t 

V (v -  0 , 1 , . . . )  to  denote th e  index of s te p s  of th e  i t e r a t i o n .  Then,

y .(x )  -  9 , (x ) , ( i  -  l , . . . , n )  (5-41)
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and by E q .(5 -2 7 ), we have

a»0

In g e n e ra l, we c a lc u la te  by

s

VH ^1^*) "  "^Jgjxo  ^*o! [v°2°'*yi]ç^^y(Ç)^^ (5-42)

where n ^
7 2   V  -  v ' k ' * ^ > 3 5 r  •k -1  •'k

(4) Convergence p roof

I f  th e  fu n c tio n s  D®f ( x , y . , . . . , y  ) , . . . ,  D®f ( x , y . , . . . , y  ) a rei  i  XX A J* IX

continuous and s a t i s f y  a  L lp sc h itz  cond ition  (5-37) in  C, g iven  by 

E q .(5 -24), then

11m ^y^(x) -  y . (x).
\hH»

Proof ;

R eca ll th a t ,

(a) Under these assum ptions th e  e x is ten c e  and uniqueness o f th e  

s o lu tio n  a re  g uaran teed , a t  le a s t  fo r xe^xo, xo+ h j ;

(b) I f  th e  fu n c tio n s  ^y^(x) a re  (s+ l)- tim e s  d i f f e r e n t ia b le  and

(x, y ^ (x ))E C  fo r  x£[xo,xo+h^], then  a re  a ls o  (s+ l)- tim e s

d i f f e r e n t ia b le  fo r  xe[ xq ,Xo+h^]. The fu n c tio n s  ^f^^(x) a r e ,  th e re fo re , 

s -tim es  d i f f e r e n t ia b le .
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Note th a t

J® * 

dx'  ̂ ■'Xo

i s  s t i l l  (s  -  a )- tim e s  d i f f e r e n t ia b le ;  th e re fo re  each term of

X, y(x) 
V

v+1 ^ i

and th e  sum i t s e l f  a re  s-tlm es  d i f f e r e n t ia b le .  This to g e th e r w ith

proves th e  a s s e r t io n .

Thus th e  i te r a te d  fu n c tio n s  remain (s+ l)- tim es

d i f f e r e n t ia b le  in  n [xo.xo+h ]  i f  th e  s t a r t i n g  functions^y^^Cx) have
p"0 ^

t h i s  p ro p e r ty . Hence they  may be in s e r te d  in to  (5 -4 2 ).

Now, we f i r s t  have to  show th a t  th e re  e x i s t s  an in te rv a l  jxo,Xo+h]

w ith  h f  0 such th a t (x ,^y^(x))eC  fo r  xe[xo ,xo+ h]. (Or in  o th e r words, we

have to  show th a t  th e re  i s  an h f  0 such th a t  [xo,xo+h]c n [xo,xo+h 1 . )
yO  ^

For th i s  we do the  fo llow ing :

F unctions which a re  continuous in  th e  compact domain C a re  uniform ly 

con tinuous. The assum ptions s ta te d  lead  to  numbers Aq , and Cq, . . . ,C ^  

such th a t

( i  -  1 , . . . ,n )

(k -  1 , . . . , n )  
(o •  0 , . . . , s )

(5-44)

fo r  ( x ,y ^ , . . .,y ^ )eC .
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Now l e t

I f . ( x ) | < B o  f o r  x e [x o ,x o + h ] .
0 1

R e s tr ic t in g  th e  in te rv a l  to  [xo,xo+hJ, w ith

(5-45)

h -  m in[a,

we have th e  e s tim a te  th a t

( f i r s t  r e s t r i c t i o n ) .

<Bo X -  Xo <b.

Thus we o b ta in  th e  rough bounds

I ' ‘ a

and |^ f^ (x ) |< |f j^ (x , y ^ ^ (x ) ,. . . ,g y ^ (x ) ) |

'Xo
S  I | 0(

(  I I?. " .xoj_ . A. -  B ,.
a*0 a ! "a 1*

(5-46)

(5-47)

(5-48)

(5-49)

Under th e  assum ption Ao<Bo, we r e s t r i c t  the  x - in te rv a l  to  [xo, xo+hj, w ith

^ (second r e s t r i c t i o n ) ,

where a i s  the  p o s it iv e  ro o t of th e  polynomial

h -  min [a , — , i ]

P ( t )  -  Bo -  I  
a"0

Then B̂ ^̂ Bq , from which fo llow s
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s  I la

and fx

U l  >'k<=‘> -  ’'kol ■ Ijx,  vn*k'5>'*^l«'’ -
fo r  a i l  V - 0 , 1 , . . . ,  S ince , fo r  the  estim atio n  o f ^ ^ ^ f^ (x ) , we have only 

to  re p e a t th e  above techn iques beginning w ith  (5-45) by co n sid erin g  ^ f^ , 

y. , and D_ in s te ad  of f , , y. , and D. (k -  l , . . . , n ) ,  no fu r th e r
V  K V Z 0 K 0 ^  0 ^

r e s t r i c t io n s  on the  x - in te r v a l  a re  necessary  to  ensure  th a t  ^^(x) |<Bq .

Now, we show th a t  th e  sequences of fu n c tions ^y^(x) converge toward

y ^ (x ) . This i s  e a s i ly  done, because in  [x^,Xg+hJ th e  main theorem holds. 

W ritten  w ith  ^ y j^ ( x ) , . . . ,  ^y„(*) a s  approxim ate s o lu t io n s , we have:

■ „yi<*) + J J ^ ^  ^ ^ r v » 2 D “yi]ç_^y(ç)dÇ  +

I f  in  the  in te r v a l  [xQ,x g+h]

|y^(x ) -  ^yj^(x)|^2b, (b<b)

th en  we have (using  th e  L lp sch itz  co n d itio n  (5 -3 7 ))

K n |x  -  xol®'*'^
|y .(x )  -  _ y ,(x ) | -  I R. (x )|$2b (8 + 1 )!

Induction  over v th en  le ad s  to  th e  follow ing r e s u l t :  

I f  |y^_(x) -  gy^(x) |<2^ fo r xe[xo,xo+h] (b< b)

where b -  Mix] y . -  y . | ,
^  1 lo
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_ (k n jx  -  X o (1 -  l , 2 , . . . , n )
|y i(x )  -  ^y^(x)|< 2b  ®[̂ (8 + l ) v ] l  (V -  0 ,1 ............ )

To prove th i s  we use (5-51) fo r  th e  corresponding index v , and th e  

L lp sc h itz  c o n d itio n  (5 -3 7 ), and in te g r a te  w ith the  he lp  of (5-40)

According to  (5-38) the e r ro r s  decrease  w ith  in c re a s in g  v .

lim  y .(x )  » y .(x )
V -► 00

fo r  x € [x j,X j+ h ]. This completes th e  p roof o f the  convergence. In c id e n ta l ly ,

I I m+1
ly ^ W  -  .7 1 W I  «

then (5-52) becomes

jy^(x) -  $ m| x -  x o |"^^  [nH-l+^(s+l)]! ^

Next, we t ry  to  f in d  the e r r o r  bounds w ithou t knowledge about the  

s o lu tio n . We have

I f  fo r  the f i r s t  i te r a te d  fu n c tio n s  j ; y j ^ ( x ) , j ^ y ^ ( x ) ,

then  by in d u c tio n  and applying the  L lp sc h itz  co n d itio n  (5-37) , (5-38) and

(5=40), we have s+ l V
(K p Ix -  XoI ) 

l ^ l 7 l ( x )  -  7 i< x ) |« b ' [■(, + i ) „ ] i  • ‘ 5 -“ )

where xe[xo,xo+hJ, ( i  ■ 1 , . . . ,  n ) ,  (V "  0 , 1 , .......... ) .

S p e c if ic a l ly , i f
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Ix -x  I

I jy ^ (x )  -  , y / x ) |  (  M- 

then  Eq,(5-55) becomes

m fi
^M lx -x o l f ^ i + v ( s + l ) l !  (5 -5 5 ')

^rom p_i

yy^Cx) -  ^Yji(x) (p+ iyi(*>  -  p y i(’'> ^  (:^>^)

we can w rite
00

y i(x ) -  ^ i ( x )  -  I { p+^y^(x) -  J^ (x )h  (5-56)
p -v

and by (5 -5 5 ')  we have

<5-57)
P"

S im ila r ly , we can i t e r a t e  th e  main formula E q .(5 -2 7 ), R ecall th a t ,  

,y j(x )  “ y^C x), and ^y^(x) -  y ^ (x ) . Thus, from (5-27) we have

y ^ (x ) -  ÿ^(x) •

■ ( O '  t“ “*^’' i U . y ( 5 ) ’"^ « -5 8 )

R*g(x) + R$g(x)

We see th a t  R**ig(x) i s  o f  h ig h e r o rd e r than R * ig (x ), Hence, in  a c tu a l  

computation we can use R*j^^(x) in s te a d  o f Rj^g(x),
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5 .4  Numerical C onsideration  

Recurrence R ela tio n sh ip s  

Recurrence R e la tio n sh ip s  o f  Simple D e riv a tiv e s . In  a system  of 

d i f f e r e n t i a l  eq u a tio n s , l ik e  

dYi
-  f ^ ( x , y ^ , . . . ,  y ^ ) ,  ( i  -  1 , . . . ,  n ) ,

one can d isp la y  each f^  a s  th e  r e s u l t  of th e  f in a l  o p e ra tio n  in  a f i n i t e  

sequence of a r ith m e tic  o p e ra tio n s , each of which d e fin e s  a p a r t i a l  r e s u l t

 V  “ P8<**yr-*-»yn^*Q 8^*’y r - - - ’V ’

where * re p re se n ts  one of th e  a r i th m e tic  o p e ra tio n s  + , - ,  • , / ,  e tc .  

and s -  1 , 2, . . . , S ^  i s  a  f i n i t e  sequence.

We want to  apply the a p p ro p ria te  ru le  fo r  th e  d e r iv a t iv e  o f a

sum, d if fe re n c e , p roduct, o r q u o tie n t e t c . ,  corresponding  to  each p a r t i a l  

r e s u l t  R g(x,yj^,. . .  ,y^) so th a t  we o b ta in  a sequence of su b ro u tin e s  fo r  

each d^Rg(x,Yj^,. . .  ,y^)/dx^ , and hence fo r  each f  \  s in c e

-  £ jO > .

1 d^RL et us a b b re v ia te  z - r — r  o f a  fu n c tio n  R (x ,y ^ ,. . .  ,y  ) a s  (R ) .. Then fo r
J '  dx^ i n  J

two fu n c tio n s  P (x ,y j^ ,. . .  , y ^ ) , and Q (x ,y ^ ,. ««y^) we have 

(P+Q)j -  (P )j + (Q )j, (J -  1 , 2 , . . . ,  J )

(PQ)
r-0

and

The second re la t io n s h ip  fo llow s d i r e c t ly  from th e  exp ress io n
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dx

Thus,
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T (PQ) -  i  

J

■ Jo < ^ > t< « l- r '

and 80 ^
(PQ). -  I  (P )-(Q )._ r- 

J r - 0

The th ird  r e la t io n s h ip  is  the  consequence o f d i r e c t  a p p lic a tio n  of 

th e  second re la t io n s h ip .

Each of th e  q u a n t i t ie s  P and Q in  th e  above exp ressions can be:

(1) a  c o n s ta n t, (2) one of the v a r ia b le s  y^, or (3) one of th e  in te rm d ia te  

r e s u l t s  R.

These re la t io n s h ip s  can be found in  th e  l i t e r a t u r e  of th e  m id-50 's^^^^^. 

More r e la t io n s h ip s  were e s ta b lish e d  in  th e  6 0 's ,  m ostly  due to  Gibbons 

o r  Moore , and L e a w itt^ ^ ^ ^ \

Since fo r  any fu n c tio n  F, we have ((F)j^)j -  (j+1) (F)j^j^, then fo r  a 

system  o f d i f f e r e n t i a l  equations 

dFi
dx “ ^ i(* » y i* “ -»yn^»

( ^ i ) j+ l  -

w ith  which the procedure can be re p e a te d , lead ing  to  a rec u rre n t 

c a lc u la t io n  of th e  expression  (y^)^^^^.
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Recurrence R e la tio n sh ip s  fo r  Expressions w ith Two D if f e r e n t ia l  

O perato rs . As was shown in  E q .(5 -2 7 ), combining th e  p e r tu rb a tio n  method 

w ith  th e  Lie s e r ie s  method gives r i s e  to  a D2D  ̂ term  In  th e  ex p ress io n . 

This re q u ire s  a d d it io n a l  recu rren ce  re la tio n sh ip s  to  c a r ry  out the  

c a lc u la tio n  o f th e  d i f f e r e n t ia t io n  Involving the o p e ra tio n s  D2D^.

L et the second d i f f e r e n t i a l  op era to r be rep resen ted  by D. O perating 

w ith D on

(R)j -  D ^ R (x ,y ^ ,. . . ,y ^ ) .

we g e t

-  4
Applying the  o p e ra to r  D to  th e  form ulas obtained fo r  O'*, and using  th e  

n o ta tio n  we j u s t  In tro d u ced , we have* 

fo r a sum or d if f e r e n c e  r  ■ p+q,

-  f j  i  Q j,

fo r a product r  ■ p*q,
J

" j ■ '

and fo r  a q u o tie n t r  "  p /q ,

Rj -  {Pj -  + (P>rQj-r] '  (P)jQ o>/(Q )o.

In d e riv in g  th i s  e x p re ss io n , we f i r s t  m u ltip lied  th e  sim ple recu rren ce  

re la t io n s h ip  by (Q)o« th en  opera ted  D on I t .

F in a l ly ,

m  ^ i .u -
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“ 3The o p e ra to r D here can be e i th e r  (1) D^, o r (2) , which

appears in  a sim ple Lie s e r ie s  expansion. In  th e  f i r s t  case , we have the 

ex p ress io n

i . a OLl ’

and i t  has to  be s ta r te d  w ith  th e  i n i t i a l  v a lu es
A

Yi 0 ■  -  f j ( x ,y j^ , . . . ,y ^ )  -  f j^ ( x ,y ^ , . . . ,y ^ ) ,

In  th e  second case  we have

^ i . a  "

Here, i t  s t a r t s  w ith

1 , fo r  i  ■ k.

' 0 , fo r  i  f  k .

In  both  e v e n ts , i f  we encounter the  independent v a r ia b le  x , o r a c o n s ta n t, 

the  r e s u l t s  v a n ish . That i s ,

Xo "  X  ̂ "  . . .  -  0,

and Co 0 .

(2) The concept of tra n s fe r  m a trix .

Let y^(x) be so lu tio n s  of th e  g iven d i f f e r e n t i a l  equations fo r  the 

i n i t i a l  v a lu es  y^^. The m atrix

H(x) -
■ 3y^(x) ■

'" k .  J
(5-62)

which c o n s is ts  of th e  d e r iv a tiv e s  o f th e  s o lu tio n s  y^(x) w ith  re s p e c t to  

th e  k^*' i n i t i a l  va lue  y^^, i s  then c a lle d  th e  t r a n s fe r  m atrix  p e r ta in in g
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to  y (x ) .

In  o th e r w ords, th e  t r a n s fe r  m a trix  d e sc r ib e s , in  f i r s t  approxim ation,

th e  v a r ia t io n  of th e  s o lu tio n s  a t  th e  p o in t x i f  the  i n i t i a l  v a lu es

a re  changed. When we change th e  i n i t i a l  v a lu es  y . , by E. , th e  so lu tio n slo lo
y^ a t  th e  p o in t x w i l l  in  th e  f i r s t  approxim ation change by

e^(x) 9y
lo

e ,  +  . . .  +
lo

9yj^(x)

no

Thus,

(x)
3yi

3 y i& )

yn(x)
3y

lo 3y.no

'lo

Leno

(5-63)

o r ,  in  v e c to r form,

e(x) = H(x)Eo«

From (5-63) we see th a t  e r ro r s  committed in  the  num erical 

in te g ra t io n  can be mapped to  any fix e d  p o in t by means of th e  tra n s fe r  

m a tr ic e s . These a ls o  d e sc rib e  how an e r ro r  committed a t  a  c e r ta in  

p lace  in flu en c es  the  f i n a l  r e s u l t .

(3) Step s iz e  c o n tro l.

There a re  th re e  p o s s ib le  schemes fo r  s te p  s iz e  c o n tro l .  These a re : 

(a) co n stan t s te p  s iz e ,  (b) s tep  s iz e  c o n tro l using  th e  lo c a l tru n c a tio n  

e r r o r s ,  and (c) optim al s te p  s iz e  c o n tro l .

The idea of s tep  s iz e  c o n tro l using  th e  lo c a l tru n c a tio n  e r ro rs  i s  

to  choose a s te p  s iz e  which keeps th e  lo c a l  tru n c a tio n  e r ro rs  below the
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p re s e t  bounds. Let R^g(xo+h) be th e  rem ainders of the  s o lu tio n  y^(xo+h), 

and the  d e s ire d  s iz e s  of the  lo c a l  tru n c a tio n  e r r o r s .  Then we d e fin e  

th e  e r ro r  r a t i o  as

M ,,

For a c o n tro l  of the s tep  s iz e  h , one t r i e s  to  keep n = 1.

From E q .(5 -3 9 ), i t  shows th a t  R^gCxo+h) i s  on the  o rd e r o f m+s+2;

i t  fo llow s th a t  n i s  p ro p o r tio n a l to  h™'* '̂*' .̂ That i s ,  i f  we c a lc u la te

one s tep  w ith  s te p  s iz e  h , then

ti  «  h " ^ = + ^ .

Suppose h i s  the second s te p  s i z e ,  and q the  e r r o r  r a t i o  fo r  the  second

s te p ,  and n “  h

th en

t-(!) m+s+2

S ince we want to  keep r) =1, then

h - h

and we see th a t  we have th e  eq u a tio n  o f a  p a rab o la . One can p lo t  h 

a g a in s t  n a s  shown in  the  fo llow ing  f ig u re .

h

m+s+2

h"h

n
Fig. 3. Step S ize C ontrol Using the  Local T runcation E rro r .
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I f  ri > 1 , I t  i s  ev id en t from th e  d e f in i t io n  of ri th a t  th e  remainder 

i s  g re a te r  th an  the  d e s ire d  s iz e  o f  th e  lo c a l  tru n c a tio n  e r ro r  we s e t .

In  th i s  case  th e  s te p  s iz e ,  h , I s  r e c a lc u la te d . O therw ise, th e  o r ig in a l 

h i s  taken as the  s te p  s iz e  fo r  th e  c a lc u la t io n  of th e  so lu tio n .

I f  n «  1 , as  i s  in d ica ted  by th e  sk e tch , a  to o -rap id  in c reases  of 

the  s tep  s iz e  occurs and causes o s c i l l a t io n  in  th e  s o lu t io n . Thus, from 

a p r a c t ic a l  p o in t of view , we choose upper and lower l im i ts  of n, fo r 

example, "  0 .1  or 0 . 0 1 , and TI2 "  1«1 o r 1 . 2 .

For < ri < ri2 we use th e  formula

to  c a lc u la te  th e  s te p  s iz e ;  and fo r  p < rij ,̂ we re p la c e  the  parabo la  by

i t s  tangen t a t  n “  0 ^̂ , th a t  i s .

r  m+s+3 m+s+2 / 1 r,
m+s+2 Y (m+s+3 )r|j^

Optimal s te p  s iz e  c o n tro l:  From the  concept of th e  tra n s fe r  m atrix  

i f  i s  an e r ro r  committed a t  the  p o in t , then  i t s  p ropagation  a t  x^ 

i s  g iven  by

e^^^ = H(Xjj)H"^(Xj)ej.

We want to  know how th e  s tep  s iz e s  h^ , h ^ , . . . ,  h^ a re  to  be chosen to  

g ive minimal f i n a l  e r r o r .

N eglecting  rounding e r r o r s ,  we may w rite  th a t

where p is  th e  o rder of the  method, th a t  i s  m+s+1. Then, we have the  

re la t io n s h ip  th a t
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We t r y  to  minimize

I  e / - >  -  I
j - 1  j - 1

under th e  c o n d itio n  th a t 

NI h -  X -  xo
j - 1  J

"  c o n s ta n t.

The method of L ag ran g e-m u ltip lie rs  y ie ld s  th e  r e s u l t

Thus, fo r  lo c a l  e r ro r  we can w rite  

.
Xj 4 ^ 3

H(Xjj) h"^(Xj ) ’

th a t  i s ,  the  h^ a re  optim al i f

H(x )H ^ (x .)e
  J—J .  ~ c

h j 3

In o th e r  w ords, i f  th e  c o n tr ib u tio n  o f each s te p  to  the f in a l  r e s u l t  i s  

p ro p o r tio n a l to  i t s  s tep  s iz e , th e  t o t a l  tru n c a tio n  e rro r w i l l  be the 

minimum. In  th e  above exp ression , H(x^) i s  a c o n sta n t and need not be 

known a t  the  moment, bu t i t  can be c a lc u la te d  when the  so lu tio n  a t  x^
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i s  o b ta ined , s in c e  H(x^) * 3y(x^)/3yo.

Thus, fo r  optim al s te p  s iz e ,  one has to  keep

H ^(x )e
 ]—J —  = k.

" j

a c o n s ta n t.

From th is  we a lso  f in d  th a t  the  propagated e r ro r  of a t  i s

hjH(Xjj)k,

and th e  t o t a l  e r ro r  a t  x^ due to  th e  p ropagation  of lo c a l e r ro r  i s  

estim ated  a t

N
E = I h H(% )k 

.1-1  ^

-  -  xo)H (x^)k .

5.5  A p p lica tio n  o f the Lie Series Method to  the  R eflec tio n  Equation 

In o rd e r to  perform  an in te g ra tio n  in  Eq. (4 -3 ) , we employed the

Gauss-Legendre quadra tu re  form ula

• 1 N
f(x )d x  = I c ^ f (x ^ ) , 

0 k=l

where a re  th e  C h r is to f fe l  numbers, d e fin ed  by

M Pjj(x)dx
‘'k  ”■ J^(x -x^)P '(X j^)’ k - l , 2 , . . . , N ,

and x^ a re  ro o ts  of Legendre polynomial of degree N, Eq.(4 -3 )  i s  then

replaced by th e  approximate equation

N c, , N c,
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w ith  th e  same i n i t i a l  c o n d i t io n ,  

r(0,p,Mo) -  0.

The s e t s  and a r e  th e  same. In  E q .(5 -6 4 ) d i s c r e t i z e  y and

Wo by l e t t i n g  y assume on ly  th e  v a lu e s  y ^ , y^ , . . . , y ^  and yp on ly  th e  

v a lu e s  y ^ ',y p  . . .  ,y ^  and d e f in e  

r^ jC x ) * r ( x , y ^ , y p .

2
E q .(5 -64 ) th en  i s  re p la c e d  by th e  fo llo w in g  s e t  o f N n o n lin e a r  o rd in a ry  

d i f f e r e n t i a l  e q u a tio n s :

d r^ j j  r , N c, i r , N c 

dx Y

w ith  th e  i n i t i a l  c o n d it io n s  

r^ p O ) .  0 .

By th e  symmetry c o n d i t io n ,

r i j ( x )  -  t j ^ ( x ) ,  i , j  -  1 , 2 , . . . ,  N.

2
T his a llo w s one to  reduce  th e  d im ension  o f (5 -65) from N to  N (N + l)/2 .

In  ap p ly in g  th e  L ie  s e r i e s  p e r tu rb a t io n  method to  E q ,(5 -6 5 ) ,  f i r s t  

th re e  term s of a  T ay lo r  s e r i e s  expansion  of th e  fu n c tio n s  w ere taken  as 

th e  s o lu t io n s  to  th e  p e r tu rb e d  system , w hich has th e  same i n i t i a l  c o n d itio n s  

as th e  g iven  e q u a t io n s ,  and make use o f  i t  a s  a  s t a r t i n g  s o lu t io n s  in  the  

i t e r a t i o n  m ethod, in  w hich th r e e  term s o f  th e  L ie  s e r i e s  expansion  were 

used in  each  p ro cess  as  c o r r e c t io n .

In  o rd e r  to  compare th e  r e s u l t s  o f  the  L ie  s e r i e s  method w ith  th a t  of 

th e  Runge-K utta method given  by Bellm an, seven nodes were used in  th e  

C auss-Legendre q u a d ra tu re  fo rm u la .



CHAPTER VI 

RESULTS AND CONCLUSIONS

In t h i s  in v e s t ig a t io n  c a lc u la t io n s  were made fo r  y  = 0 .1 ,  0 .6 ,  and 

1 .0 .  The r e s u l t s *  f o r  y  = 0 .1  a re  In  e x ac t agreem ent w ith  th o se  from 

B ellm an 's  R unge-K utta m ethod , and th e  r e s u l t s  from y = 0 .6  and 1 .0  

d e v ia te  s l i g h t l y  o r  n o t  a t  a l l  ( th e  maximum p e rc e n ta g e  d e v ia tio n  from 

B ellm an 's  r e s u l t s  i s  found to  be l e s s  than  -  0.02% ).

No d i r e c t  com parison o f  th e  speed o f  c a lc u la t io n  f o r  b o th  methods 

has been made. But from i n d i r e c t  e s t im a t io n ,  th e  i t e r a t i v e  L ie  s e r i e s  

p e r tu r b a t io n  method i s  many tim es f a s t e r  than  th e  R unge-K utta f o u r th -  

o rd e r  method. The com parison i s  b ased  on th e  fo llo w in g  f a c t s  and 

assum ptiom :

1. The speed r a t i o  o f  UNIVAC 1108 to  IBM 360/50 com puters in  

so lv in g  a re s tr ic te d - th re e -b o d y -p ro b le m  by th e  L ie  s e r i e s  method i s  

about 3.

2. The tim e f o r  s o lv in g  a tw o-d im ensional r e f l e c t i o n  fu n c t io n ,  

w ith  f iv e  y- d iv i s io n s ,  f iv e  p o la r  a n g le s ,  f iv e  az im u th a l a n g le s  (123 

e q u a tio n s )  , and 25 x - s te p s  by th e  Runge-K utta method i s  ab o u t one hour 

on UNIVAC 1107 com puter^^^^. I t  i s  about 1 .663 s e c . /E q . - s t e p  on UNIVAC 

1107.

* The r e s u l t s  from th e  com puter o u tp u t a re  th e  s o lu t io n s  o f  th e  sym m etric 
fu n c tio n s  r(x ,p ^ ,v i^ ) ,
Bellm an, we have to  < 
ang le  o f  r e f l e c t i o n .

fu n c tio n s  r (x ,p ^ ,v i^ ) .  In  o rd e r  to  compare w ith  th e  r e s u l t s  g iven  by 
Bellm an, we have to  d iv id e d  th e se  f ig u re s  by fo u r  tim es th e  co s in e  o f

41
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3, The speed o f  UNIVAC 1107 and 1108 com puters a re  assumed as the

same.

4 . The r a te  f o r  s o lv in g  a one-d im ensional, r e f l e c t i o n  fu n c tio n  w ith  

seven p o la r  a n g le s ,  o r  28 e q u a tio n s  by th e  L ie  s e r i e s  p e r tu r b a t io n  method 

i s  ab o u t 0 .9 3 8  s e c , /E q , - s t e p  on IBM 360/50 com puter.

The i t e r a t i v e  L ie  s e r i e s  p e r tu rb a t io n  method can be o p e ra te d  w ith  

some f l e x i b i l i t y . In  a d d i t io n  to  th e  c a lc u la t io n  o f  th e  r e f l e c t i o n  fu n c tio n  

w ith  th r e e  y v a lu es  a t  th e  same o rd e r  o f  th e  m ethod, th e  e f f e c t  o f o th e r  

p a ram ete rs  on th e  accu racy  o f  th e  r e s u l t s  and on th e  com puting tim e were 

a ls o  compared. These com parsions were (1) double p r e c is io n  v s . s in g le  

p r e c i s io n ,  and (2) v a ry in g  th e  o rd e r  o f th e  m ethod.

Based on the  th re e  p o in t  approxim ate r e f l e c t i o n  fu n c tio n ,  th e  f i r s t

th re e  term s in  T ay lo r s e r i e s  expansion  were ta k en  as f i r s t  approxim ate

s o lu t io n s .  Three term s in  th e  L ie  s e r i e s  expansion  a re  used  in  each

i t e r a t i o n  as a c o r r e c t io n ,  w ith  y  = 0 .1 ,  w ith  th e  th ic k n e s s  o f  th e  s lab

0 .6 (0 .6 ) 3 .0  mean f r e e  p a th s  (m fp), and w ith  th e  low er bound o f  lo c a l

-8t r u n c a t io n  e r r o r s  o f  10 . The r e s u l t s  from s in g le  p r e c is io n  c a lc u la t io n

tend  to  be sm a lle r  th an  th a t  th o se  from double p r e c is io n  c a l c u la t io n  bv 

th e  o rd e r  o f about 10 as shoxm in  Table 1. The com puting tim e in  

double p re c is io n  c a lc u la t io n  i s  about 1 .66 tim es th a t  o f  s in g le  p r e c is io n .

T hus, fo r  a s la b  th ic k n e s s  o f 3 mfp o r  l e s s ,  a double p re c is io n  

c a lc u la t io n  seems to  be u n n ece ssa ry .

Tlie purpose o f u s in g  double p re c is io n  c a lc u la t io n s  i s  to  reduce the  

rounding  e r r o r s .  Thus f o r  a th ic k  s la b ,  sav 20 m fp, and y = 1 .0 ,  th e  

d i f f e r e n c e s  in  th e  r e s u l t s  o f  doub le  p re c is io n  and s in g le  p r e c is io n  

c a lc u la t io n s  s t i l l  need to  be in v e s t ig a te d .
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Table 2 shows the  comparison o f  the r e s u l ts  by vary ing  the o rd e r  o f

the  method. These r e s u l t s  a re  a lso  from th re e -p o in t approxim ate r e f le c t io n

fu n c tio n s , w ith  y " 0.1, th e  p re s e t  bound o f lo c a l tru n c a tio n  e r ro r s  

—8are  10" . We see th a t  o s c i l l a t i o n  occurs a t  alm ost every  so lu tio n . In 

t h i s  case , th e  p ro p o rtio n  o f  th e  computing time fo r  the  o rder o f th e  

method of 7 , 10, 15, and 20 i s  1 : 1.21 : 1.26 : 1 .56 .

The o s c i l l a t i o n  o ccu rrin g  in  th e  so lu tio n  can be reduced by tig h te n in g  

the e r ro r  bound. Table 3 shows how th e  s i tu a t io n  was improved by choosing 

a  proper e r r o r  bound fo r  each method. I t  i s  because when we use the  order 

o f the  method of p ,  and i f  th e  s tep  s iz e  i s  on the o rd e r o f  10 then 

the  tru n c a tio n  e r ro r  invo lved  in  th e  so lu tio n s  i s  on the o rder o f lOT^P*!). 

I f  the  e r ro r  bound we s e le c te d  i s  g re a te r  than  lOT^P^^), than a b ig g e r 

s te p  s iz e  w i l l  be taken in  th e  nex t s tep  of c a lc u la tio n . This le ad s  to  

a le s s  a cc u ra te  r e s u l t ,  o r causes th e  o s c i l la t io n  in  the  s o lu tio n s .

In the  a c tu a l  com putations, th e  s tep  s iz e  o ften  v a r ie s  from lO"^ to
“210 . Thus, f o r  a given o rd e r o f th e  method p ,  the  tru n c a tio n  e r ro r s  can

be v a ried  from the  o rd er o f 1 0 "^^^ ^  to  10"^ (P+1), Because the e r r o r  

bound rem ains co n stan t th roughout th e  com putation, sm all o s c i l la t io n s  

in  the  so lu tio n s  a re  in e v i ta b le  in  th e  Lie s e r ie s  method.

The p ro p o rtio n  o f th e  com putation time in  the  l a t e r  case , fo r  the  

o rd e r o f the  method of 7, 10 , 15, and 20 i s  1 : 1.38 : 1.69 : 2 .1 1 .

The computing time can be v a ried  appreciab ly  in  th e  same o rd e r of 

the  method. The o rd e r o f the  method i s  defined  as p = m + s + 1, here  

m is  the o rd e r of the T aylor s e r ie s  expansion, and s i s  th e  order o f  

the Lie s e r ie s  c o rre c tio n . G enerally  speaking , fo r  a given order o f  the  

method, the  more terms taken  from th e  Taylor s e r ie s , th e  b e t te r  

the  s ta r t in g  so lu tio n  we g e t ,  and th e  fewer terms needed in  the L ie
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Table 1

Comparison o f  the  R e su lts  
from

Double P re c is io n  and S ing le  P re c is io n  C a lc u la t io n s

Double P re c is io n S in g le  P re c is io n R e la tiv e  E rro r I . J *

r l ( 0 .6 ) .58131250-02 .58131030-02 -3 .96E -06 1 ,1
r2 (0 .6 ) .95664890-02 .9566460E-02 -3 .03E -06 1 ,2
r3 (0 .6 ) .28595890-01 .2859582E-01 -2 .45E -06 1 ,3
r4 (0 .6 ) .23812520-01 .2381246E-01 -2 .52E -06 2 ,2
r5 (0 .6 ) .28842600-01 .2884253E-01 -2 .43E -06 2 ,3
r6 (0 .6 ) .35538460-01 . 3553836E-01 -2 .81E -06 3 ,3

r l ( 3 .0 ) .58269960-02 .5826946E-02 —8 .58E—06 1 ,1
r2 (3 .0 ) 1 .96247600-02 .9624705E-02 -5 .71E -06 1,2
r3 (3 .0 ) .34671440-01 .3466594E-01 -1 .58E -04 1 ,3
r4 (3 .0 ) ' .26477220-01 .2647680E-01 -1 .58E -05 2 ,2
r5 (3 .0 ) .35088600-01 .3508293E-01 -1 .61E -04 2 ,3
r6 (3 .0 ) ! .50412300-01 .5034984E-01 -1 .2 3 E -0 3 3 ,3

* I , J  = 1 ,2 ,  and 3 re p re s e n t  th e  cosine  o f th e  p o la r  a n g le s ; 
1 i s  .1127017, 2 I s  .5000000, and 3 i s  .8872983.
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T able 2

Comparison o f th e  R e s u lts  by V arying th e  O rder o f  th e  Method

••8(w ith  th e  e r r o r  bound o f 10 )

O rder o f  20
R e la t iv e  E rro rs

O rder o f  15 O rder o f 10 O rder o f  7 I . J *

r l ( 0 . 6 )
r2 (0 .6 )
r3 (0 .6 )
r4 (0 .6 )
r5 (0 .6 )
r6 (0 ,6 )

r l ( 3 . 0 )
r 2 (3 .0 )
r3 (3 .0 )
r4 (3 .0 )
r5 (3 .0 )
r6 (3 .0 )

0.5813107E-02
0.9566456E-02
0.2859852E-01
0.2381246E-01
0.2884254E-01
0.3553836E-01

0.5826958E-02 
0.9624705E-02 
0.3466954E-01 
0 .2647679E-01 
0.3508290E-01 
0.5034985E-01

—0,69E—06 
0.00  
0.00  

+0.42E-06 
0.00  
0.00

+0.51E-06 
“ 0.42E—06 

0 .00  
+0.38E-06 
+ 0 .86E—06 

0.00

0.00
+0.42E-06

0.00
-0 .42E -06
-0 .35E -06
-0 .28E -06

-0 .69E -06
0.00

+0.29E-06
0.00

+0.86E-06
0.00

-0 .6 9 E -0 6
+0.42E-06

0.00  
0.00

-0 .3 5 E -0 6
0.00

-0 .21E -05  
0 .00  
0.00  

+0.38E-06 
+ 0 .86E—06 
-0 .2 0 E -0 6

1.1
1,2
1 .3  
2 . 2
2 .3
3 .3

1.1
1.2
1 .3  
2 . 2
2 .3
3 .3

* I , J  = 1 , 2 , and 3 re p re s e n t  th e  c o s in e  o f th e  p o la r  a n g le s : 
1 i s  .1127017, 2 i s  .5000000, and 3 i s  .8872983.
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Table 3

Comparison o f  th e  R e su lts  by V arying th e  O rder o f  th e  Method 

(w ith  th e  e r r o r  bound o f 10” ^ "̂*"^ )̂

O rder o f  20
R e la tiv e  E rro rs

I , JO rder o f  15 O rder o f 10 O rder o f  7

r l ( 0 .6 ) 0.5813096E-02 +0.52E-06 +1.89E-06 +1.20E-06 1 .1
r2 (0o6) 0.9566449E-02 +0.31E-06 +1.15E-06 +1.15E-06 1 .2
r3 (0 .3 ) 0.2859805E-01 +0.35E-06 +0.70E-06 +0.70E-06 1 ,3
r4 (0 ,6 ) 0.2381242E-01 +0.84E-06 +1.68E-06 +1.68E-06 2 ,2
rS (0 .6 ) 0.2884251E-01 +0.35E-06 +0.69E-06 +0.69E-06 2 ,3
r 6 (0 .6 ) 0.3553833E-01 +0.56E-06 +0.84E-06 +0.84E-06 3 ,3

r l ( 3 .0 ) 0.5826954E-02 +0.69E-06 +1.20E-06 -1 .3 7 E -0 6 1 ,1
r2 (3 .0 ) 0.9624701E-02 0.00 +0.42E-06 +0.42E-06 1 .2
r3 (3 .0 ) 0.3466590E-01 0.00 +1.15E-06 +1.15E-06 1 .3
r4 (3 .0 ) 0.2647677E-01 0.00 +0.76E-06 +1.13E-06 2 .2
r3 (3 .0 ) 0.3508287E-01 0.00 +1.41E-06 +1.71E-06 2 .3
r6 (3 .0 ) 0 .5034978E-01 0 .00 +1.19E-06 +1.19E-06 3 .3

* I , J  = 1 , 2 , and 3 r e p r e s e n t  the  c o s in e  o f  th e  p o la r  a n g le s :  
1 i s  .1127017, 2 i s  .5000000, and 3 i s  .8872983.
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Table 4

Comparison o f  th e  R e s u lt  from th e  O rder o f  th e  Method o f 15 
by Taking th e  D if f e re n t  S ta r t in g  S o lu tio n s*

Case I Case I I

r l ( 0 .6 ) .5813103E-02 .5813103E-02
r2 (0 .3 ) .9566460E-02 .9566456E-02
r3 (0 .3 ) .2859853E-01 .2859852E-01
r4 (0 .3 ) .2381246E-01 .2381247E-01
r5 (0 .3 ) .2884253E-01 .2884254E-01
r6 (0 .3 ) .355 3836E-01 .3553836E-01

r lO .O ) .582696lE -02 .582696lE -02
r2 (3 .0 ) .96247G5E-02 .9624701E-02
r3 (3 .0 ) . 3466594E-01 .3466594E-)1
r4 (3 .0 ) .2647697E-01 .2647680E-J1
r5 (3 .0 ) .3508291E-01 .3508293E-01
r6 (3 .0 ) .5034984E-01 .5-34985E-01

* In  case  I ,  f i r s t  10 te rm s o f  th e  T ay lo r s e r i e s  were taken  as th e  s t a r t i n g  
s o lu t io n s ,  and f i r s t  4 te rm s o f th e  L ie  s e r ie s  were taken  as th e  c o r r e c t io n .  
In  case  I I ,  f i r s t  11 te rm s o f  th e  T ay lo r s e r ie s  w ere taken  as the  s t a r t i n g  
s o lu t io n s ,  and f i r s t  3 te rm s o f th e  L ie  s e r i e s  were taken  as th e  c o r r e c t io n .  
The com puting tim e i n  th e  Case I  and Case I I  a re  0.5702 and 0.4375 second 
p e r  s te p  p e r  e q u a tio n  r e s p e c t iv e ly .
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s e r ie s  c o rre c tio n  p ro cess . Since i t  i s  e a s ie r  to  c a lc u la te  the Taylor 

s e r ie s  than the  Lie s e r i e s ,  in  the  a c tu a l com putation, i t  i s  favorab le  to  

take  as many term s in  the  Taylor s e r ie s  as p o s s ib le . For example, an 

o rd e r o f th e  method o f 15 ( p a r t i a l  r e s u l t s  are  l i s t e d  in  Table 4 ) ,  in  

one c a se , we use th e  f i r s t  11 terms in  th e  Taylor s e r ie s  as a s ta r t in g  

s o lu t io n , and th e  f i r s t  3 terms in  th e  L ie  s e r ie s  a s  c o r re c t io n . The 

computing time i s  0.4375 s e c . / s te p - E q . ; in  another c ase , we use th e  f i r s t  

10 term s in  the  Taylor s e r ie s  as s ta r t in g  s o lu tio n , and th e  f i r s t  4 terms 

in  the  L ie s e r ie s  as c o rre c tio n . The computing time i s  0.5702 s e c . / s te p -  

Eq. The r a t i o  o f the  computing time fo r  th e  two cases i s  1 .3 . The d i f f e r ­

ences in  th e  computing time w i l l  widen i f  a h ig h er o rd e r of quadratu re  

formula i s  used , and i f  more terms o f th e  Lie s e r ie s  a re  c a lc u la te d , 

as one m ight ex p ec t.

The sym m etrical p ro p e rty  of the  r e f le c t io n  fu n c tio n  r^ j(x )  w ith  

re sp e c t to  i t s  an g u lar arguments i s  b e s t  exp lained  by th e  r e c ip ro c ity  

p ro p e rty  o f  t ra n s p o r t  fu n c tio n . In  term s o f the p r in c ip le  o f 

r e c ip ro c i ty ( l^ ) ^  the sym m etrical r e f le c t io n  func tion  can be exp lained  

as fo llow s:

(1) The in te rch an g e  o f the  d ire c t io n  o f inc idence  and the  d ire c tio n  

o f r e f le c t io n  o f p a r t i c le s  e f f e c t s  th e  in te rchange  of th e  magnitude of 

source s tre n g th  and th e  magnitude of the  r e f le c t io n  fu n c tio n .

(2) For a given th ick n ess  o f the s la b ,  the component o f the 

r e f le c te d  flu x  normal to  the  s lab  su rface  in  d ire c t io n  0 due to  a given 

s tre n g th  o f in c id e n t beam in  d ire c tio n  Qq I s  the  same as the normal 

component o f th e  flu x  o f the  r e f le c te d  beam in  the d ire c tio n  due to 

the  same s tre n g th  o f the  in c id e n t beam in  the d ire c tio n  -0 .
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F igs. 4 through 7 show th e  norm alized re f le c t io n  curves in  the p o la r  

co o rd in a te . Only two l im it in g  cases fo r  a given value of y a re  p lo t te d . 

These r e s u l ts  a re  ob ta ined  from symmetrical r e f le c t io n  fu n c tio n s  d iv ided  

by four tim es the  cosine  o f r e f le c t io n  ang le , then norm alized . An 

in te re s t in g  c h a r a c te r i s t ic  common to  th ese  i s  th a t  no m a tte r  what 

d ire c t io n  the  in c id e n t p a r t i c l e  may come from, the maximum re f le c t io n  

flu x  always occurs a t  the maiclmum re f le c t io n  ang le .

F igs. 8 and 9 show the ty p ic a l  norm alized r e f le c t io n  c u rv es , 

ob tained  by norm aliz ing  the  sym m etrical r e f le c t io n  fu n c tio n s . We see th a t  

fo r  Y of 0 .1  a l l  the curves le v e l  o f f  near the s lab  th ick n ess  o f 3 .0  mfp, 

and fo r y of 0 .6 , th e  curves le v e l o f f  near th e  s lab  th ick n ess  of 

4 .0  mfp.
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88 .5 '
82.690 72.7

60.0

45 .3

29.4

13.0

1.00 .80.4 0.60.20.0

Normalized R eflec tio n  F u n c tio n , r / r

Fig. 4. Normalized Reflection Curve with Gamma - 0.1, the Angle of Incidence
of 88.5*, and the Slab Thickness of 0.1 mfp.
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88.5 82.690 72.7

60.0

45.3

,29.4

13 .0

0 .0

1.00 . 80 .4 0.60.20.0

Normalized R eflec tio n  F unction , r /r*

Fig. 5. Normalized Reflection Curve with Gamma = 0.1, the Angle of
Incidence of 13.0*, and the Slab Thickness of 3.0 mfp.
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88.5
82.690

72.7

60.0

45.3

29.4

13.0

0.4 0.6 1.00 .0 0.80.2

Normalized R eflec tio n  F unction , r / r

Fig. 6. Normalized Reflection Curve with Gamma - 0.6, the Angle of Incidence
of 88.5°, and the Slab Thickness of 0.1 mfp.
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8 8 .5 ' 8 2 .6 '
72.790

60.0

45.3

29.4

13.0

1.00.6 0.80.40.20.0

Normalized R e flec tio n  F unction , r / r

Fig. 7. Normalized Reflection Curve with Gamma - 0.6, the Angle of Incidence
of 13.0', and the Slab Thickness of 3.0 mfp.
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Fig. 8. Normalized R eflec tion  Curves w ith  Gamma = 0 .1 , and th e  Angle o f 
Incidence/A ngle o f R eflec tio n  a re :  (a) 13 .0“/1 3 .0 “ , (b) 6 0 .0 ° / 
6 0 .0 ° , and (c) 8 8 .5 ° /8 8 .5 ° .
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Fig . 9. Normalized R eflec tio n  Curves w ith  Oamma = 0 ,6 , and the  Angle of 
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F ig . 10, R eflec tio n  Curve w ith  Gamma -  1 .0 , and the Angle o f 
Incidence = Angle o f  R e flec tio n  = 60.0®.
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From these  r e s u l t s  th e  fo llow ing  conclusions a re  reached:

1 . The i t e r a t i v e  Lie s e r ie s  p e r tu rb a tio n  method Is  e f f e c t iv e  in 

so lv ing  the in v a r ia n t imbedding tra n s p o r t  eq u atio n s. I t  can give r e s u l t s  

o f a r b i t r a r i l y  h igh  accuracy by sim ply in c re as in g  th e  o rder of th e  

method, provided th a t  a s u f f i c i e n t  amount o f time i s  expended on t h e i r  

c a lc u la t io n . A lso , because of the  ra p id  convergence o f  th is  method, the  

same accuracy can be ob tained  as w ith  the  Runge-Kutta method, a t  much 

f a s te r  speed. But in  the  L ie  s e r ie s  method, a  b igger computer memory i s  

requlred(248K  v s .  32K).

2 . We cannot e s tim ate  th e  rounding e r ro r s  Involved in  th e  c a lc u la tio n  

by the  i t e r a t i v e  Lie s e r ie s  method, bu t decreases in  rounding e r ro r s  a re  

expected w ith  th e  v a r ia b le  s te p  s iz e  co n tro ls  in  comparison w ith  the 

fix ed  s te p  s iz e  c a lc u la t io n s .

3. The in v a r ia n t imbedding r e f le c t io n  functions s a t i s f y  a re c ip ro c ity  

r e l a t i o n .

4. The r e f le c t io n  fu n c tio n  in c re a se s  w ith  in c re a s in g  angle 

between the  d ire c t io n  of norm al to  the  s lab  and the d ire c t io n  o f 

r e f le c t io n  w hile  the  o th e r  param ters are  f ix e d .

5 . For y le s s  than or equal to  0 .6 , a  slab  th ick n ess  o f 4 .0  mfp 

is  e s s e n tia ly  eq u iv a len t to  i n f i n i t e  th ick n ess .



CHAPTER VII 

RECOMMENDATIONS

1. The e ffe c t iv e n e s s  o f th e  L ie  s e r ie s  p e r tu rb a tio n  method in  so lv ing  

the  one-dim ensional in v a r ia n t imbedding r e f le c t io n  func tion  im p lies  th a t  

i t  can be app lied  eq u ally  w ell to  s im ila r  problem of g re a te r  com plexity . 

Thus, to  gain more knowledge of th e  u sefu ln ess  o f the  L ie  s e r ie s  method

in  in v a r ia n t  imbedding tra n sp o r t c a lc u la t io n s , i t  i s  w orthw hile to  

r e c a lc u la te  the tw o-dim ensional problem and the  problem of gamma ray  

p e n e tra tio n .

2. The in v a r ia n t imbedding form ulation  o f the tra n s p o r t  equation  fo r  

c y l in d r ic a l  geometry w ith  f i n i t e  h e ig h t has n o t been done y e t .  Since i t  

i s  o f p ra c t ic a l  im portance , any e f f o r t s  to  derive  the t ra n s p o r t  equation  

fo r  t h i s  geometry should be encouraged.

3. One advantage o f i t e r a t i v e  L ie  s e r ie s  p e r tu rb a tio n  method, as 

in d ic a te d  by the  t r a n s f e r  m a tr ix , i s  i t s  c a p a b ili ty  to  c a lc u la te  the  

t o t a l  tru n c a tio n  e r r o r .  There i s  no e x is t in g  num erical method to  e s tim a te  

the  t o t a l  tru n c a tio n  e r ro r  e a s i ly  fo r  the  problem o f t h i s  com plexity .

Thus i f  one i s  in te re s te d  in  knowing th e  t o t a l  tru n ca tio n  e r r o r  in  h is  

s o lu tio n  he may s t a r t  from the L ie  s e r ie s  p e rtu rb a tio n  method.

4 . Although th e  Lie s e r ie s  p e r tu rb a tio n  method allow s easy e s tim atio n  

o f  th e  tru n ca tio n  e r r o r ,  i t  i s  even b e t te r  i f  one can confine th e  e r ro r  to  

a  c e r ta in  in te r v a l .  Such a method has been proposed by M o o r e a n d  a

58
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computer program has been w r it te n  by Ladner and Yohe^^^^^. In  o rd er to  

f in d  a b e t te r  num erical method to  solve th e  in v a r ia n t imbedding tra n sp o rt 

eq u a tio n , the  method o f  in te r v a l  an a ly s is  should be in v e s t ig a te d .

5. According to  B ellm an's r e s u l t ,  fo r  y equal to  1 .0 , in  a  20 mfp 

s la b ,  the  r e f le c t io n  fu n c tio n  decreases w ith  in c re a s in g  th e  angle o f 

r e f le c t io n .  The reason  fo r  th e  in v e rs io n  o f  th i s  p ro p e rty  i s  no t c l e a r ,  

a  fu r th e r  s tudy  seems t e  be needed.
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Appendix A

D escrip tio n  and L is tin g  o f the  Computer Programs

The L ie  s e r ie s  computer programs were o r ig in a l ly  w ritte n  by 

M athematics Research C en ter, The U n iv e rs ity  o f W isconsin^^^^^, in  

F o rtran  V, fo r  UNIVAC 1108 computer. Because o f extreme machine 

dependence o f  the  su b ro u tin e  NXTCHR, i t  was com pletely re w ritte n  to  f i t  

IBM 360/50 com puter. O thers were a lso  m odified to  meet our purpose.

Subroutines MMULT and INVERT in  the  o r ig in a l  programs were rep laced  

by su b ro u tin es  GMPRD and MINV of IBM system/360 S c ie n t i f ic  Subroutine 

Package V ersion I I I ,  re s p e c tiv e ly .

The s tack in g  of the deck i s  as fo llow s:

1. Main program.
2. Sub-programs.
3. F ixed in p u t d a ta : Quadrature c o e f f ic ie n ts  A and C.
4 . System of d i f f e r e n t i a l  eq u atio n s.
5 . V ariab le  param eters:

a .  O rder o f the  Taylor s e r ie s  expansion (MM), o rder o f th e  Lie 
s e r ie s  c o rre c tio n  (LL), number o f nodes in  th e  Gauss quadratu re  formula 
(KK), number of equations (NN).

b . Switch fo r  the ta b le  c o n tro l (ITAB), number o f a b sc is sa s  
(NNTAB), sw itch  fo r  s tep  s iz e  c o n tro l (ISTV), sw itch  fo r in te rm ed ia te  
s te p  va lu es  o u tpu ts  (NZWI), sw itch fo r  the  c a lc u la tio n  of the  t r a n s fe r  
m atrix  (IJAC), and th e  o rd e r fo r  th e  c a lc u la tio n  o f the t r a n s f e r  m atrix  
(MMJ).

c .  I n i t i a l  s te p  s iz e  (STH), i n i t i a l  va lue  o f independent v a r ia b le
(XXO), and th e  i n i t i a l  va lu es  o f dependent v a r ia b le s  (YYO(NN)).

d . Bounds on lo c a l  tru n c a tio n  e r ro r s  (GAM(NN)).
e .  The lower to le ra n ce  bound (ETAl) and the  upper to le ra n c e  

bound (ETA2) fo r th e  e r r o r  r a t i o .
f .  The a b sc is sa s  a t  which the  r e s u l t s  should be p r in te d  ou t 

(TAB(NN)).
or f . The ta b le -d if fe re n c e  (DTAB), in  case a constan t s tep  s iz e
Is  choosen.
and g . A s ig n a l o f the  end of the  program (any neg ativ e  MM).
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c l *AI N PRCGKAP*
C T H E  V A I N  P RCG RAM M A N A G E S  T H E  I N P U T ,  T H E  C U T P U T ,  T H E  S T E P  S I Z E  C C N T R C L
C AND THE T A B L E  L C C P .
C
C L I S T  CF p r i n c i p a l  V A R I A B L E S
C
C MM T H E  O R D E R  OF T H E  A P P R O X .  S O L U T I O N  OR T H E  NU MB E R  C F  T E R M S  I N  T A Y L O R  S E R I E S  
C ( 0 $  M M $ S ) .
C L L  T H E  O R D E R  OF  THE L I E  S E R I E S  C O R R E C T I O N  ( O ^ L L ^ I O ) .
C KK T H E  NUMBER CF  N O D E S  I N  T H E  G A U S S - Q U A D R A T L R E  F O R M U L A  ( 1 ^ K K ^ 6 ) .
C NN T H E  NUMBER CF  D E P E N D E N T  V A R I A B L E S  I N  T H E  S Y S T E M  C F  D I F F E R E N T I A L  E O S .
C I T A E  S W I T C H  F C R  T H E  WANTED T A B L E
C I T A B - i = 0 :  T H E  S O L U T I O N S  S H O U L D  B E  P R I N T E D  OU T  AT  D I F F E R E N T  A B S C I S S A S  T A B ( l )
C . . . . . . , T A F ( NN T A B ) .
C I T A B = 0 :  T H E  S O L U T I O N S  S H O U L D  B E  P R I N T E D  O U T  A T  E Q U I D I S T A N T  A B S C I S S A S ,
C AND ONLY T H E  T A B L E - 0 I F F E R E N C E  D T A B  W I L L  B E  R E A D  I N  L A T E R .
C N N T A B  NUMBER O F  A B S C I S S A S  T A B ( I )
C T A B ( I ) = X ( I ) T H E  A B S C I S S A S  AT W H I C H  T H E  R E S U L T S  S H O U L D  B E  P R I N T E D  C U T .
C I S T V  S W I T C H  F C R  T H E  S T E P  S I Z E  C O N T R O L
C I S T V = O î  C O N S T A N T  S T E P  S I Z E .  T H E  P R O G R A M  W I L L  U S E  THE S T E P  S I Z E  S T H  W H I C H
C I S  R E A D  I N L A T E R .
C I S T V = i :  S T E F  S I Z E  C O N T R O L  I S  U S E D  W H I C H  K E E P S  T H E  L O C A L  T R U N C A T I O N  E R R O R S
C BELCW B O U N D S  W H I C H  A R E  A L S O  R E A D  I N  L A T E R .
C I S T V = 2 :  O P T I M A L  S T E P  S I Z E  C O N T R O L  U S I N G  THE C O N N E C T I O N  M A T R I X  ( I N  T H I S
C C A S E .  1 J A C = I ) .
C N Z WI  S W I T C H  F C R  I N T E R M E D I A T E  S T E P  V A L U E S  O U T P U T S  ( I N  A D D I T I O N  TC T H O S E  O F  T H E  
C T A B L E  A B S C I S S A S )
C N Z W I = 0 ;  NU I N T E R M E D I A T E  R E S U L T S  A R E  P R I N T E D  O U T .
C N Z W I = J > 0 :  T H E  R E S U L T S  A F T E R  E A C H  J - T H  S T E P  A R E  P R I N T E D  O U T .
c I J A C  S w i t c h  f c r  t h e  c a l c u l a t i o n  o f  t h e  c o n n e c t i o n  m a t r i x  
c i j a c = o ;  t h e  m a t r i x  i s  n o t  c a l c u l a t e d .
C I J A C = i :  T H E  M A T R I X  I S  C A L C U L A T E D  AND P R I N T E D  C U T  T O G E T H E R  W I T H  T H E
C O T H E R  R E S U L T S .
C MMJ T H E  O R D E R  F C R  T H E  C A L C U L A T I O N  O F  THE C O N N E C T I O N  M A T R I X  ( O ^ M M J ( M M ) .
C S T H  T H E  C U R R E N T  S T E P  S I Z E  H .  I F  I S T V - » = C ,  S T H  I S  U S E D  AS  T H E  I N I T I A L  A P P R C X .
C F O R  T H E  I T E R A T I V E  C A L C U L A T I O N  O F  A S U I T A B L E  S T E P  S I Z E .

to



c  S T H C  T H E  N E »  S T E P  S I Z E .  ( = S T H * ( 1 / E T A ) ♦ ♦ ( 1 / < M + L + 2 ) )
C I F  E T A ^ E T A 2 ,  U P P E R  T O L E R A N C E  B C L N D .
C = S T H * ( Z E T A - Z E T A 1 * E T A )
C I F  E T A < E T A 1 .  THE LOWER T O L E R A N C E  B O U N D ) »
C XXO T H E  I N I T I A L  P C I N T  OF  T H E  I N D E P E N D E N T  V A R I A B L E  X .
C Y Y C ( N )  T H E  I N I T I A L  V A L U E S  F O R  T H E  S O L U T I O N S  Y I .
C R ( I )  T H E  L C C A L  T R U N C A T I O N  E R R O R S  OR T H E  L O C A L  E R R O R  E S T I M A T E S *
C G A N ( N )  U P P E R  F OUN C CN THE L O C A L  T R U N C A T I O N  E R R O R S  ( R E M I N D E R S ) .
C ETA T H E  E R R C R  R AT I O  ( =  1 R ( I  ) 1 / G  AM ( I  ) ) .
C E T A l  t h e  L C W E P  T O L E R A N C E  B O U N D *  ( 0 < E T A K i ) *
C E T A 2  T H E  U P P E -  T O L E R A N C E  B O U N D *  ( F R O M  1 * 1  TO 2 * 0 ) .
C C T A E  T H E  T A L E f c - C I F F E R E N C E  O R C O N S T A N T  S T E P  S I Z E  H .
C H J  T H E  C C N N E C T I O N  M A T R I X *
C I Z  T HE NUMBEA CF  T H E  S T E P S .  W H I C H  A R E  U S E D  F O R  T H E  C C N T I N U A T I C N  C F  T H E  
C S O L U T I C N ,
C I Z I  T HE N U MBE P  CF  T H E  R E P E A T E D  S T E P S .  W H I C H  WERE N O T  U S E D  F C R  T H E  C C N T I N U A T I C N  
C B E C A U S E  T H E  C O R R E S P O N D I N G  T R U N C A T I O N  E R R O R S  WERE A B O V E  T H E  A L L O WE D  B O U N D S *
C I SW T H E  S W I T C H *  I F  I S W = 1 .  T H E  S U B R O U T I N E S  C A L C U L A T E  T H E  MU’- T H  O R D E R  T A Y L C R  ^
C C O E F F I C I E N T *
C I F  I S W = 2 ,  T H E  C O E F F I C I E N T S  O F  G R O E B N E R « S  F O R M U L A  ARE  C A L C U L A T E D *
C Y H A T ( I )  T H E  T A Y L O R  S E R I E S  A P P R O X I M A T I O N *
C Y G U E R ( I )  THE L I E  S E R I E S  S O L U T I O N *
C C J ( I . K )  T H E  L C C A L  C O N N E C T I O N  M A T R I X  W I T H  O R D E R  MMJ *
C

0 0 0 1  I M P L I C I T  R E A L * 4 ( A - H . O - Z )
0 0  0 2  C O M M O N /  L / L L • L L 1 / MMM/ MM. MM 1 / K / K K / N N N / N N / S T H H / S T H / M J / M M J . M M J 1
0 0 0 3  C O MMO N /  J A C / I J A C
0 0 0 4  C O M M C N / X Y / X O . Y 0 ( 2 8 )
0 0  0 5  C O M M O N / O U T / Y M A T ( 2 8 ) . Y O U E R ( 2 8 ) / S T O R E / S T O E R ( 3 0 , 1 1 ) / C Q / Q ( 2 6 )
0 0 0 6  C O M M O N / C J J / C J ( 2 8 . 2 8 ) / R R / R ( 2 8 )
0 0 0 7  C O M M G N / A A / A C  6 . 6 . 6 ) / C C / C (  6 . 6 . 6 ) / C O E F / C M ( 6 • 1 1 )
0 0 0 8  D I M E N S I O N  Y Y O ( 2 8 ) . G AM( 2 8 ) . T A B ( 6 0 ) . H J ( 2 8 . 2 8 ) . YJ ( 2 8 . 2 8 )
0 0 0 9  D I M E N S I O N  Y O S T ( 2 8 ) . Z J ( 2 8 . 2 8 ) . R O S T ( 2 8 ) . T E M P ( 2 8 . 2 8 )
0 0 1 0  HEAD ( 5 . 1 0 4 ) (  ( ( A(  I . J . K O ) .  1 = 1 .  6  ) . J = 1 . 6 ) . K 0 = 1 . 6 )
0 0 1 1  R E A D  ( 5 .  I 0 4 ) (  ( ( C (  I . J . K O ) .  1 = 1 .  6  ) . J = 1 . 6 ) . K 0 = 1 . 6 )
0 0 1 2  C A L L  G E T E G ( N N )
0 0 1 3  7 5  RE A D ( S . I O O C )  M M . L L . K K . N N



o o o o o o o o o o o o o o o o o o o o o oo o o o o o o o o o o o o o o o o o o o o o
t C 0 C ^ 0 ' U I ' ^ U N ^ O « 0 ( £ - ^ 0 < U 1 J > U j r v > ^ O \ O 0 D

o o o o o o o o o o o o o oo o o o o o o o o o o o o o
■^O'UI^'OJN^-OiOOB'JO'Lne'

ro u «> 10 lO ro ro lO 10 to p.
o o o o o O O o O oo o o XX o O o » o(jj U1 Ot x« •“ ro O o
■n y 1- z H ifl o X oX ■n c ■n c H s X X 71 s 7 S 71 S X 71 71 2 X X 71o X "n N ■n > w o m om T o X o X o X m m □ X O Xo 3 N o o O 2 m m m 71 OX ►« S cn w > > X M X X > > Z> tO X X II z XX L. > > > XXH II o H o XH X-4 X -4 o n 2 -1 I X -4 2 4 O H X 2 XXo o o 2>m r z z z O M>rr >m >m > ITi > m > m X>> II 2 >H II N z ""x -1 -i H H XXXXH 4 4 II 4 4 2 2 H> z C II II U1 oi tn » «X XX(X 01 01 XXXX O' 7 2 01 01 01"» O' m N M X • • CD« Ot O' O' « • O' L. XXO' XX X N L . X •O' • C X # « xl • m H» XXX—X >a « O' to C m 4- XXXX r
T IV « • o 7 o o • X lo X to I 10 o o ro nT to T c ro X. O O c 4 O’O o m m + z o o m o # o o o o o 6 o O o O o m 1» o o o • XXT o n o (/) -4 M #« o a» o m XXXXtx o II XX2 o to # o inL, w • * (/) > x» • Lu 01 z O' H XXXXXX X» 4 ro 2 u 4 O

(/) m • w -< w » XX m N w XX > * #
II o o * o o LJ M H XX Ul m II 2 4 ro 01*■» o H H w X «X II m > Cl xl X • H 2 m 4 H •4 ClH > > • z II -4 XX » T X 00 II > X X 4 T > nfft z ■> ro m o m u » • XO o T m w r m 4 O « CDo N œ «X Q w < o m XX m XX X • XX • r Ul • Hs z ■< X w # -4 z X 01 Wz X o 4 z X Z OH w "4 • O • XX > o •4 X X z 4 X • X X zO II • o »x Ot • m ro • T X XX H T X 4 m o H lO

X z z xl -4 II • C. o > X > om w z 10 • Cl > z XX z m z Ul z CDII W > • ro II m N II • r z • II10 X n z tO XX w XX r 4 XX• • > z • XX XX z 0) X 01z m Z II z # U z 4 II Z 4z u < x z - g 4 < Z <H H* z m > •
> • H • m Z w Zm « > 'J N X N*- ro X II % Cz XX 4II II 0) XX X z

z
z

mu
•
•0

U W« c.
<A > 
X  m

m
uw
-J

mI

K IIM %w c. «
-4 U 
< •
II z

u  r
• ztoZ II

(_
n
«
Tu

II

M»

ÜI



0 0 5 0
0 0 5 1  
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0033
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0 0 5 5
0 0 5 6
0 0 5 7
0 0 5 8  
0 0 3 9  
0060  
0 0 6 1  
0 0 6 2
0 0 6 3
0 0 6 4
0 0 6 5
0 0 6 6
0 0 6 7
0 0 6 8
0 0 6 9
0 0 7 0
0 0 7 1
0 0 7 2
0 0 7 3
0 0 7 4
0 0 7 5
0 0 7 6
0 0 7 7
0 0 7 8
0 0 7 9
0 0 8 0  
00 8  1 
0 0 8 2
0 0 8 3
0 0 8 4
0 0 8 5

1 0
2 0 0 4
8

eu 10 1 = 1 , NN
CO 9  KO = 1 , N N  
t - J  ( I ,  KO ) =  O . O E O  
H J  ( I ,  I } =  1 . O E O
W R I T E  ( 6 , 2 0 0 4 )  I ,  ( H J ( I , K O ) ,  KO =  1 ,  
f o r m a t  ( I 5 , 5 X , 3 E 3 5 . 7  , /  ( 1 0 X . 3 E 3 5 . 7
I I  =  - 5  
IZ = 0 
I Z l  =  0  
NTAB =  1
I T  =  1 
I T T  =  - 1  
NMl = MM 
L L l  =  L L  
S M2  =  MMl  
I F  ( I S T V

NN ) 
) )

* 1 
* 1 

+ L L l  
. E C .  2 ) S M 2  =  S M 2  — l . O E C

Z E T A  =  ( S M 2 + 1 . O E O ) / ( S M 2 * E T A 1 * * ( 1 . 0 E 0 / S M 2 ) )
Z E T A l  =  Z E T A / ( ( S M 2 + 1 . O E O ) * E T A 1 )
CQ 5  KO =  1 , K K  
C M ( K 0 , 1 )  =  C ( M M 1 , K K , K 0 )
DO 5  l A L P H  =  2 ,  L L l

5  C M ( K O , I A L ° H )  =  C M ( K O . I A L P H  -  I ) * (  l . O E O  -  A ( MM 1 , KK , K 0 )  ) 
XO =  XXO 
DO 1 1  N =  1 , N N

1 1 Y O ( N )  =  Y Y O ( N )
C A L L  J A C O B

1 2  C O N T I N U E  
C A L L  G R C E P N
I F  ( I T  . N r .  1 )  GC TO 1 4  
I F  ( I S T V  . E C .  0 )  GO TO 1 6  
I F  ( I S T V  . E C .  I )  GO TO 6 3  
C A L L  G M P R D ( C J , H J , T E M P , N N , N N . N N )
C A L L  M I N V ( T E M P , N N , D , L O , M )
C A L L  G M P R C ( T E M P , R , 0 , N N , N N , 1 )
DO 6 1  1 = 1 , NN

6 1  G(  I ) = A B S ( C (  I ) ) / S T H

cn
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0 1 2 2 2 7 I F  ( N T A 8  . E C .  N N T A B )  GO TO 7 5
0 1 2 3 NT AB = N T A B  + 1
0 1 2 4 S T H  = S T H S T
0 1 2 5 2 5 S S S  =  XO + S T H  -  T A B ( N T A B )
0 1 2 6 S S S  =  S S S 4 S T H
0 1 2 7 I F  ( S S S  . G E .  O . O e O )  GO TO 3 1
0 1 2 8 I T T  =  - 1
0 1 2 9 I F  ( I T  . N t .  I ) GC TO 2 3
0 1  i O XO =  XO + S T H
0 1 3 1 DO 5 3  N -  1 .  NN
0 1  3 2 5 3 Y O ( N )  =  Y C U E R I N )
0 1 3 3 I F  ( I J A C  . N E .  0 )  C A L L  G M P R D ( C J . H J . H J
0 1 3 4 GO T O  3 5
0 1  3 5 3 3 XO =  X O S T
0 1  3 6 CO 5 4  N =  I ,  NN
0 1 3 7 5 4 Y 0 ( N )  =  Y O S T ( N )
0 1 3 8 I T  =  1
0 1 3 9 I F  ( I J A C  . E C .  0 )  GO TO 3 5
0 1 4 0 DO 5 5  I  =  1 . N N
0 1 4 1 CO 5 5  K 0 = 1 , N N
0 1 4 2 H J ( I . K O )  =  Z J ( I . K O )
0 1 4 3 5 5 C O N T I N U E
0 1  4 4 3 5 N Z M I L  =  NZW I L  -  1
0 1 4 5 I F  ( N Z W I L  . N E .  0 )  GO TO 4 2
0 1 4 6 N Z M I L  =  N Z W I
0 1 4 7 W R I T E  ( 6 . 2 0 0 8 )  X O . S T H . I Z . I Z 1
0 1 4 8 W R I T E  ( 6 . 2 0 0 2 )
0 1 4 9 W R I T E  ( 6 . 2 0 0 5 )  ( N .  Y O ( N ) . R ( N ) . N = 1 . N N )
O l o O I F  ( I J A C  . E C .  0 )  GO TO 4 2
0 1 5  1 W R I T E  ( 6 . 2 0 0 3 )
0 1 5 2 DO 5 8  1 = 1 . NN
0 1 5 3 5 8 W R I T E  ( 6 . 2 0 0 4 )  I . ( H J ( I . K O ) .  K 0 =  1 . N N
0 1 5 4 4 2 S T H = S T H O
0 1 5 5 GO T O  1 2
0 1 5 6 3 1 I T  =  0
0 1 5 7 I T T  =  I T T  + 1
0 1 5 8 I F  ( I T T  . N E .  0 )  GC TO 3 9



o i b g X O S T  =  XO + S T H
01  6 0 CO 5 6  N = 1 ,  NN
01  t l « G S T ( N )  = R < N )
Cl  6 2 b e YOST(N) =  Y C u e R ( N )
0 1 6  3 S T h S T  = S T H
0 1 6 4 I F  ( I J A C  . N E .  0 )  C A L L
0 1  o 5 3 9 S T H  =  T A B I N T A B )  -  XO
0 1 6 6 XT AB = T A e ( N T A B )
0 1 6 7 GO TC 1 2
0 1  6 S 20 STOP
0 1 6 9 END

00
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000 1c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
00U2
0 0 0 3
0004
0 0 0 5
0006
0 0 0 7
0 0 0 8  
0 0 0 9  
001 0 
001 1 
001 2 
0 0 1  3

C A L C U L A T E S  F O R  G I V E N  
N N .
L L .  KK ( A N D  MMJ I F  I J A C = 1 ) .  
X O .  Y 0 (  1 ) .  . . . . Y O ( N (  )

A ( * . * . * l  AND C N ( $ . * ) .  AND
E F F E C T S  T H E  C A L C L L A T I C N  OF T H E  C O N N E C T I O N

T H E

S U E R L U T I N -  C R C E E N  
S U B R C ü T 1 N C R C E E N  

NL ME E R  OF E O S .
P A R A M E T E R S  MM,  
i n i t i a l  V A L U E S  
S T E P  S I Z E  S T F  
G L A C R A T U R E  C O E F F I C I E N T S  
I J A C ,  THE S W I T C H ,  W H I C H  
M A T R I X .

T HE  R E S U L T S
Y H A T ( l ) .  T H E  T A Y L O R  S E R I E S  A P P R O X I M A T I O N .
Y Q U E R ( I ) ,  T H E  L I E - S E R I E S  S O L U T I O N .
R ( I ) ,  E S T I M A T E S  F O R  T H E  L O C A L  T R U N C A T I O N  E R R O R S .

AND I F  I J A C = 1 ,  I T  A L S O  C A L C U L A T E S
C J ( I . K ) .  T H E  L O C A L  C O N N E C T I O N  M A T R I X  W I T H  O R D E R  M M J .  

t h e  S U E R C U T I N E  T A Y L O R  C A L C U L A T E S .  F O R  T H E  SAME G I V E N  C O N D T I C N S .
R E S U L T S

T ( I . l . M ) .  T H E  ( M - I ) S T  T A Y L O R  C O E F F I E I E N T  O F  Y I ( X )  F O R  M = 1 . M M I .  
Y H A T .  T H E  T A Y L O R  A P P R O X I M A T I O N  O F  O R D E R  MM F O R  Y K X O + S T H ) .  
C J ( l . K ) .  T H E  C O N N E C T I O N  M A T R I X .

I M P L I C I T  N E A L * 4 ( A - H . O - Z )
C O M M O N / A A / A (  6 . 6 . 6  ) / C O E F / C M ( 6 . 1 1 ) / S T H H / S T H / M O / M / M J / M M J . M M J 1  
C O M M O N / X Y / ’X O ,  Y 0 (  2  8  ) / K / K K / L / L L . L L l / M M M / M M .  M M l / N N N / N N / I  S W H / I S W  
C O M M O N / O U T / Y H A T ( 2 8 l . Y O U E R I 2 8 ) / S T O R E / s f O E R ( 3 0 . 1 1 ) /  0 0 / 0 ( 2 8 )  
C O M M O N / C J J / C J ( 2 8 . 2 8 ) / R R / R < 2 8 )
C OMMO N/  J A C / I J A C  
C O M M O N / / T ( 4  0 0 0 . 2 , 4 )
D I M E N S I O N  P H K 2 8 ) . Y H A T A ( 2 8 .  I I  ) . F H A T A ( 2 8 . I I ) . Y H A T A K ( 2 8 )
K O R E T  = 1
GO TC 4 2  
E N T R Y  T A Y L O R  
K O R E T  = O

§



OOl  4  
0 0 1  S
0 0 1 e
0 0  I 7
001 8 
00 1 9 

00^0
002 1 
0022
0 0 2 3
0 0 2 4
0 0 2 5
0 0 2 6
0 0 2 7
0 0 2 8
0 0 2 9
0 0 3 0
0 0 3 1
0 0 3 2
0 0 3 3
0 0 3 4
0 0 3 5
0 0 3 6
0 0 3 7
0 0 3 8
0 0 3 9
0 0 4 0  
0 0 4  I
0 0 4 2
0 0 4 3
0 0 4 4
0 0 4 5
0 0 4 6
0 0 4 7
0 0 4 8
0 0 4 9

3 1

l * M M l  -  J )

4 2  »/MMl =  r/V -  1
L L P 2  =  L L  + 2
LO 2  J  =  I » 4
T ( 2 0 0 0 , 2 , J )  = O . O E O  

2  T ( 2 0 0 0 . 1 , J )  =  O . O E O
T ( 2 0 0 0 ,  1 , 2 )  =  1 . O E O
I SW =  1
C A L L  R E C U N ( X O , Y O , N M )
CO 7 N = 1 , NN
S S S  =  T ( N , 1 , MM1 )
I F  (MM . E G .  O )  GC TO 
CO 5  J  =  1 , MM

5  S S S  =  S S S * S T H  + T ( N «
3 1  Y H A T ( N )  -  SSS

CO 7  L 0 =  l . L L l  
7  S T O E R ( N , L O )  =  O . O E O

I F  ( I J A C  . E C .  0 )  GO T O  4  
I S W =  2
CO 6 0  I =  1 ,  NN 
CO 6 1  K 0 =  1 ,  NN 

6 1  PH I ( K O ) =  O . O E O
P H I ( I )  =  O . O E O
C A L L  R E C U R ( X O , P F I , M M J )
CO 6 0  K 0 = 1 , NN 
S S S  = T ( K 0 , 2 , M M J 1 )
I F  ( M M J  . b O .  0 )  GO TO 6 4  
CO 6 5  J  -  1 ,  MMJ

6 5  S S S  =  S S S * S T H  + T ( K O , 2 , M M J 1 - J
6 4  C J ( K O , I )  -  S S S
6 0  C O N T I N U E
4  I F  ( K O R E T  . E O .  0 )  GO TO 5 8

I SW =  1
CO 1 1  K 0 =  1 , K K
AKH = A ( M M  , K K , K O  ) * S T H
CD 1 1  N = 1 , N N
S S S  =  T ( N , 1 , M M 1 )

00



0 0 5 0  
0 0 5  1 
00d2 
0 0  5  J
0 0 5 4
0 0 5 5
0 0 5 6
0 0 5 7  
0 0 5 6
0 0 5 9
0060  
0 0 6 1  
0 0 6 2
0 0 6 3
0 0 6 4
0 0 6 5
0 0 6 6
0 0 6 7
0068
0 0 6 9
0 0 7 0
0 0 7 1
0 0 7 2
0 0 7 3
0 0 7 4
0 0 7 5
0 0 7 6
0 0 7 7
0 0 7 8
0 0 7 9
0 0 8 0  
0 0 8 1  
0 0 8 2
0 0 8 3
0 0 8 4
0 0 8 5

I F  (MM . E C .  O )  GC TO 3 6  
CO 6  J  = 1 . MM 

6  S S S  =  S S S t A K H  + T ( N « 1 . M M 1  -  J )
3 6  Y H A T A ( K , K O ) =  S S S

S S S  =  O . O F O
I F  (MM . E C .  O )  GC TO 4 1  
S S S  =  T (  1 0 0 C  +  N » 1 . MM 1 
I F  ( MM . E C .  I ) GC TO 4 1  
CO 8  J  =  1 .  MMIM 1 

8  S S S  =  S S S * A K H  + T ( 1 0 0 0 - t - N .  1 .  M M - J  )
4 1  F H A T A ( N , K C ) =  S S S
11  C O N T I N U E

CO 1 9  K 0 =  1 . KK
I SW =  1 
CO 1 3  N = l . N h  

1 3  Y H A T A K ( N )  =  Y H A T A ( N . K O )
A K H = A ( M M 1 , K K , K O ) * S T H
C A L L  R E C U R  (XO + A K F , Y H A T A K . L L  )
CO 1 5  N = 1 . NN 

1 5  P H I ( N )  = T (  1 0 0 0 + N . 1 , I )  -  F H A T A ( N . K O )
I SW =  2
C A L L  R E C U R l X O + A K h . P H I . L L )
DO 1 9  M = 1 , L L 1  
CO 1 9  N = 1 , N N
S T O E R ( N . M ) = S T O E R ( N . M  ) + C M ( K 0 . M ) * T ( N , 2 . M )

1 9  C O N T I N U E
DO 2 0  N = l .  NN 
S S S = O . O E O  
CO 2 1  L O = I , L L 1 

2 1  S S S = S S S * S T H * S T O E R ( N . L L P 2 - L 0 )
Y Q U E R ( N ) =  S S S 4 S T F  + Y H A T ( N )

2 0  C O N T I N U E  
IS W= 1
C A L L  R E C U R  ( X 0 + S T F , Y Q U f c R .  L L l )
CO 5 3  N = 1 . NN 

S 3  C ( N )  = T ( 1 0 0 0  + N .  l . L L l )



00U6
0 0 8 7
0 0 8 8  
0 0 o 9  
0 0  9  0 
0 0 9  I 
0 0 9  2
0 0 9 3
0 0 9 4
0 0 9 5
0 0 9 6
0 0 9 7
0 0 9 8
0 0 9 9  
O t  0 0  
0101

36
5 9

5 7
5 8

C A L L  R E C U R  ( X O  + S T f - ,  Y h A T  ,  L L l )

RE ALK = MY2
S S S = l . O E O / R E A L M
I F  ( L L  . E G .  0 )  GC TC 5 9
CO 5 6  J = U L L
REALJ = J
R E A L V  -  Mf / 2  + J
S S S  =  S S S * R c  A L J / R E A L M
C C N T I N U E
S S S =S S S* ( 5 TF * * L L1)
CO 5 7  N = I , N N
fi(N) = ( 0 ( N )  -  T ( 1 0 0 0 +  N . 1 , L L 1 ) ) *SSS
C ( N ) =  A B S ( R C N ) )
R E T U R N
END

00
w



0 0 0  t
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
0002
0 0 0 3
0 0 0 4
0 0 0 5
0 0 0 6
0 0 0 7
0 0 0 8  
0 0 0 9

F U N C T I O N S

T ( I , 1 . M )

S U G R C U T I R t C U R  ( X T O . Y T O t J J )
S U B H C U T I N  RECUR HAS THE F O L L O WI N G
1 )  I F  THE S T A T E M E N T S  ARE 

I S W =  I
C A L L  R F C L R { X O . YO . MM )

WI T H  G I V E N  i n i t i a l  v a l u e s  
X O .  Y O ( U ) • . • • « Y 0 ( N N )  •

I T  C A L C U L A T E S  T H c  T A Y L O R  C O E F F I C I E N T S  
1 = 1 . NN k = M U + I .  M U = 0 « M M .

2 )  I F  THE S T A T E M E N T S  ARE 
I S W = 2
C A L L  R E C L R I X O . P H I . M M J  )

W I T H  T H E  I N I T I A L  V A L U E S  P H I ( 1 )  = Q  , P H I ( K ) = 1 . . . • *
I T  C A L C U L A T E S  T H c  T A Y L O R  C O E F F I C I E N T S  T ( I . 2 * M )
CF  T H E  K - I H  C C L UMN  O F  T H E  L O C A L  C O N N E C T I O N  M A T R I X *
3 )  I F  T H E  S T A T E M E N T S  ARE  

I S W = I
C A L L  R E C U R ! X 0 + A K H , Y H A T A K . L L )

W I T H  T H E  S T A R T I N G  V A L U E S
X O + A K H .  Y H A T A K ( I )  ( I = I , N N )

CR I S W = 2
C A L L  R L C U R ( X 0 + A K H , P H I , L L )

W I T H  T H E  I N I T I A L  V A L U E S

P H I ( N N ) = 0

00•N

P H I ! I ) = F I - Y I ! 1 = 1 . N N )

_  J
I T  C A L C U L A T E S  T H E  T A Y L O R  C O E D F I C I E N T S  T ( I , 2 . M ) W I T H  TWO O P E R A T O R S  OO

I M P L I C I T  R E A L * 4 ! A - H , 0 - Z )
C O M M O N / / T ! 4 0 0  0 , 2 , A )
C O M M O N / I S W H / I S W / M O / M / N N N / N N  
D I M E N S I O N  Y T O ! 6 )
J J J = J J
T ! 2 0 0 0 , I , 1 )  =  XTO 
CO 7  J = l , N N  

7  T ! J . I S W . l )  =  Y T O ! J )



OOl  0 
001 1 
001 2 
0 0 1  3
0 0 1 4
0 0 1 5  
001 6 
0 0 1  7 
001 8

2

I F  ( J J J  . r O .  0 )  J J J = l
CO 6  y = l . J J J
hM = y
C A L L  E C U A T N
CO 2  N = l ,  NN
T ( N . 1 S W , M + 1 )  = T ( 1 0 0 0 + N , I S W $ M l / R M
C O N T I N U E
kETUMN
END

00
Ul



0 0 0 1  S U f c f i C U T I N -  EOUA T N
C b U B R C U T I N  E O UA T N  I N T E R P R E T S  T H E  I N T E R N A L  C O D E  S E T  U P  BY T H E  S U B R C U T I N E
C G E T E O  ANC C A L L S  T H E  A P P R O P R I A T E  R E C U R S I O N  S U B R O U T I N E S  F C R  I N T E G R A T I N G  T H E
C S Y S T E M  E E  I N C  S T U C I E C .
C
0 0 0 2  COMMON / I R P C / I R R ,  I P P ,  1 0 0
0 0 0 3  C O M M O N / C K K / C K
0 0 0 4  C O MMO N / C O r .  / N X T C C C . C O C E C 5 0 0 0 ) * N X T L I T . L I T E R L ( 1 0 0 )
0 0 0 5  I N T E G E R  N X T C O C . C C C E . N X T L  I T
0 0 0 6  R E A L  L I T E R L
0 0 0 7  1 = 1
0 0 0 8  GO TO 9 9 9 9
0 0 0 9  9 9 9 3  1 = 1 + 3
0 0 1 0  GO TO 9 9 9 9
0 0 1 1  9 9 9 4  1 = 1 + 4
0 0 1 2  9 9 9 9  I F U N C = C O D E (  I )
0 0 1 3  I R R = C C C E ( 1 + 1 )
0 0 1 4  I P P = C O C E ( 1 + 2 )
0 0 1 5  l Q Q = C O D E ( 1 + 3 )
0 0 1 6  GO T O  ( 1 .  2 , 3 , 4 , 5 , 6 . 7 .  8 , 1 4 , 1 4 , 1 4 . 1 2 , 1 4 ) , I F L N C
0 0 1 7  1 GO T O 1 4
0 0 1 8  2  CK =  L I T E R L ( I P P )
0 0 1 9  C A L L  K N S T
0 0 2 0  GO T O 9 9 9  3
0 0 2 1  3  C K = L I T E R L ( I C Q )
0 0 2 2  C A L L  SUMK
0 0 2 3  GO TO 9 9 9 4
0 0 2 4  4  C K = L  I T E R L ( I C O )
0 0 2 5  C A L L  P C O K
0 0 2 6  GO T O  9 9 9 4
0 0 2 7  5  C A L L  SUM
0 0 2 8  GO T O  9 9 9 4
0 0 2 9  6  C A L L  C I F F
0 0 3 0  GO TO 9 9 9 4
0 0 3 1  7  C A L L  P R C D

00



0 0 3 2 GO TC 9 9 9 4
0 0 3 3 C A L L  GUCT
0 0 3 4 GO TC 9 9 9 4
0 0 3 5 1 2 CK =  L I T E R L (  I CQ )
0 0  3 6 C A L L  C C P O
0 0 3  7 0 0  T C 9 9 9 4
0 0 3 3 1 4 R E T U R N
0 0 3 9 END

œ•sj



c
c
c
c
c
c
c
c
c
c
c
0001
0002
0 0 0 3
0 0 0 4
0 0 0 5
0 0 0 6  
0 0 0 7

THE F C L L C m I  KG R E C U R S I O N  
F O L L C # I S O  F E L A T I C N S

C O N S T A N T  
SUN n I T F  A C O N S T A N T  

F R O C U C T  W I T F  A C O N S T A N T
SUM

D I F F E R E N C E  
P R O D U C T  

h H E R t  I P «  I C .  OR I R  I S

S U B R O U T I N E S  A R E  P RO G R A MME D  A C C O R D I N G  TO T H E  

CK =  T (  I R , * , * )
T ( I P , * , * ) + CK =  T ( I R , * , * )
T ( I P , * , * ) * C K  = T ( I R , * , * )
T (  I P , * , * ) 4 T ( 1 Q , * , * )  =  T ( I R , * , * )
T (  I P , * , * ) - T ( I Q , * , * ) = T ( I R , * , * )
T (  1 P , * , * ) * T (  1 0 , * , * )  =  T ( 1 R . * , * )

T H E  S T O R E  A D D R E S S  A S S I G N E D  TO T H E  E A C H  O P E R A N D ,
A R G U ME N T S  AP E D E T A I N E D  FROM T H E  COMMON B L O C K S  I R P Q  ,  I S W  AND M,

S U B R C U T l N c  PODK 
I M P L I C I T  R E A L * 4 ( A - H , 0 - Z  )
C O M M O N / / T ( 4  0 O O , 2 , 4 ) / I R P O / I R R ,  I P P ,  I Q Q / C K K / C K  
C O M M O N / I S k H / I S W / M O / M  
T ( I R R , I S W , M )  =  C K * T (  I P P ,  I S W . M  )
R E T U R N
END 00

03

0001
0002
0 0 0 3
0 0 0 4  
0 0 0 3  
0 0 0 6
0 0 0 7
0 0 0 8  
0 0 0 9  
001 O 
001 1

S U B R O U r I N F  K N S T  
I M P L I C I T  R E A L * 4 ( A - H , C - Z )
C O M M O N / / T ( 4  0 0  0 , 2 , 4 ) / I R P Q / I R R , I P P , I Q Q / C K K / C K
C O M M O N / I S W H / I S W / M O / M
GO TO ( 1 , 2 ) ,  I S W
I F  ( M . N E .  1 )  GO TO 2
T C I R R , 1 , 1 )  =  CK
R E T U R N
T(  I R R ,  I S W , M ) =  O . O E O
RETURN
LND



O O L  1
0002
0 0 0 3
0 0 0 4
0 0 0 5
0 0 0 6
0 0 0  7 
0 0 0 8  
0 0 0 9
0 0 1  0 
0 0 1  I 
001 2
0 0 1 3
0 0 1 4  
0 0 1  5 
001 6 
0 0 1  7 
OOl e
0 0 1 9
0020 
0021 
0022

S U B R O U T  I NI  CUCT 
I M P L I C I T  R E 4 L * 4 (  A - t - , C - Z  )
C O M M O N / / T ( 4 0 0 0 . 2 , 4 ) / I R P Q / I R R , I P P , I Q Q / C K K / C K
C C M M C N / I S W H / I S W / M O / M
ML l  =  M -  I
Ml = M + 1
GO TO ( 1 , 2 )  ,  ISW

1 S S S  =  T ( I P P , 1 , M )
I F  ( M L l  . r Q .  0 )  GC TO 4  
CO 5  J  =  1 ,  M L l

5  S S S  = S S S  -  T (  I R R .  l , J ) * T (  I Q Q ,  l . M l - J )
4  T ( 1 R R , 1 , M )  = S S S / T ( l O Q , 1 , 1 )

R E T U R N
2 S S S  =  T ( I P P . 2 . M )

I F  ( M L l  . 6 0 .  O )  GC TO 8  
CO 6  J = 1 , M L 1  
M l J = M 1 - J

6  S S S = S S S - T ( I R R , 2 , J ) * T ( I Q Q , l , M l J ) - T ( I R R , l , J ) * T ( I O O , 2 , M l J )
8  S S S = S S S - T ( I R R , i , M  ) * T (  1 0 0 , 2 , 1  )

TC 1 R R , 2 , M )  =  S S S / T C  I Q O ,  1 ,  1 )
R E T U R N
E ND

00
V£>

0001
0002
0 0 0 3
0 0 0 4
0 0 0 5
0 0 0 6
0 0 0 7
0 0 0 8  
0 0 0 9  
001 0 
001 1

2
3

S U B R O U T I N E  SUMK 
I M P L I C I T  R E 4 L * 4 ( A - h , 0 - Z )
C O M M O N / / T ( 4 0 0  0 , 2 , 4 ) / I R P Q / I R R , I P P , I Q Q / C K K / C K
C O M M O N / I S W H / 1 S W / M O / M
GO T O  ( 1 , 2 ) ,  I SW
I F  ( M . N E .  1 )  GC TO 2
T ( I R R , 1 , M ) = T ( I P P , 1 , M )  + CK
GO T C  3
T ( I R R , I S W . M ) =  T ( I P P , I S W . M )
RE T U R N  
END



0001
0002
0 0 0  J 
0 0 0 4  
O OO t  
0 0 0 6  
OOC 7 
0 0 0 6  
0 0 0 9
001 0

S U K r t O U T I N h  SUM 
i m p l i c i t  k E / » L + 4 (  A - H .  C - Z  )
C O M M C N / / T ( 4 C 0 0 . 2 . 4 ) / I R P Q / I R R » I P P , l O Q / C K K / C K  
C O M M O N / I S W H / I S W / M C / M
T I I R R . I S W . M )  = T ( I P P . I S W . M )  4 K I Q Q . I S M . M )
GO TO 3
ENTRY C I F E
T ( I R R . I S W , M ) = T ( I F P . I S M . M ) - T ( I Q O . I S k . M )
R E T U R N
END

0001
0002
0 0 0 3
0 0 0 4
0 0 0 5
0 0 0 6
0 0 0 7
0 0 0 8  
0 0 0 9  
001 0 
001 I 
0012 
0 0 1  3 
0 0 1  4
0 0 1 5
0 0 1 6  
0 0 1  7

1
5

2

6

3

S U B R O U T I N E  F R C D  
I M P L I C I T  R E A L * 4 ( A - h , 0 - Z )
C O M M C N / / T ( 4 0 0  0 . 2 . 4 ) / I R P Q / I R R , I P P , I Q Q / C K K / C K
C O M M C N / I S W H / I S W / M O / M
S S S = 0 . 0 E 0
Ml =  M + I
GO TO ( 1 . 2 ) .  I SM
CO 5  J  = 1 . M
S S S  =  S S S  + T (  I P P .  I . J  ) 4 T (  1 0 0 .  l . M l  - J )
T ( I R R . l . M )  =  S S S
GO T O  3
CO 6  J  =  1 ,  M
M I J  =  Ml  -  J
S S S = S S S + T ( I F P . 2 . J ) * T (  l O O .  1 . M 1 J ) + T ( I P P . 1 . J ) * T ( I 0 0 . 2 . M 1 J )

VO
o

T ( I R R . 2 . M )
RETURN
e n d

= S S S
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0001
c
c
c
c
c
c
c
c
000?

0 0 0 3
0 0 0 4
0 0 0 5
0 0 0 6
0 0 0 7
0 0 0 8  
0 0 0 9  
001 0 
001 1 
0 0 1 2  
0 0 1  3
0 0 1 4
0 0 1 5

001 6 
0 0 1  7  
001  a
0 0 1 9
0020 
0021 
0022

& U B A C U T I N .  G c T E G C N N )
S U B K C U T I N  G E T E C  I S  T HE  M A I N  R O U T I N E  R E S P O N S I B L E  F O R  R E A D I N G  E C S .  AND 
C O M P I L I N G  C C D E .  G E T E O  F I R S T  I N I T I A L I Z E D  A L L  V A R I A B L E S  U S E D  I N  T H E  
C G M O I L A T I C N  P R O C E S S .  T HEN G E T E Q .  U S I N G  THE R O U T I N E  N X T T C K ,  C O N V E R T S  T H E  

O C C U R R I N G  I N  THE I N P U T  S T R E A M  TO P O S T F I X  N O T A T I O N  AND C A L L S  
G E N R A T  TO P R O D U C E  THE A P P R O P R I A T E  C C D E  W H I C H  W I L L  BE  
AT E X E C U T I O N  T I M E .  T H E  C O N V E R S I O N  I S  C O N E  I N  THE C O N V E N T I O N A L

E X P R t  SS  I C N S  
THE R O U T I N E  
I N T E R P R E T E D
m a n n e r .
AF T E R C C M = I L A T I C N I S  C O M P L E T E .  G E T E Q  P R I N T S  OUT THE G E N E R A T E D  C O D E .

C
c
c

C O M M C N / A L C C A T / T A V A I L . T U B E ( 4 0 0 0 ) . G A R B A G . T M P A D R ( l O O C ) .
1 L A V A I L ,  L U S E ( I O O C )

I N T E G E R  T A V A I L , T U S c . G A R B A G . T M P A D R . L A V A I L . L U B E  
C O M M C N / C C C  / N X T C C D . C O D E C 5  0 0 0 ) , N X T L I T , L I T E R L ( 1 0 0 )
I N T E G E R  N X T C O C . C G C e . N X T L I T  
R E A L  L I T E R L
c o m m o n  / s c  AN/ ^NCL a s s  . N S Y M B . L C L A S S .  C O L U M N .  C A R O  ( 8 0 )  . N U M E R R . M A X Y  
I N T E G E R  N C L A S S . N S Y M B . L C L A S S . C O L U M N . C A R D . N U M E R R . M A X Y  
C O M M O N / S T A C K S /  A T O P . E T Q P . A B T A C K ( 1 C 0 ) , B B T A C K ( 1 0 0 )
I N T E G E R  A T O P . E T C P . A S T A C K . B S T A C K  
C C M M O N / / T ( 4 0 0  0 . 2 . 4 )
L O G I C A L  G l N RAT
I N T E G E R  K I N C . A D D R E S . T O P O P . O P N A M E  
D I M E N S I O N  O P N A M E ( 1 3 )
D A T A  C P N A M E  / 3 H E N C , 4 H K N S T . 4 H S U M K . 4 H P 0 D K . 3 H B U M . 4 H D I F F . 4 H P R C D .

1 4 H 0 U G T . 4 H E X P C . 4 H L 0 G A . 4 H S I N K . 4 H C U P 0 • 4 H W U R Z /  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
I N I T I A L Z E  A L L  V A R I A B L E S
I N I T I A L I Z E  V A R I A B L E S  I N COMMON B L O C K  A L Q C A T  
DO 1 I  =  1 . 4 0  0 0
T U S E C  I ) =  I  -  1 
T U S E <  2 9 )  -  T US E C 1 )
T U S E ( 1 0 2 9 )  = T U B E ( 1 0 0  1 )
T U S E ( 2 0 0 1 )  = T U S E ( 2 O O 0 )
T A V A I L  =  ' t OCO 
CO 2  I =  I .  1 0 0 0

V)to



0 0 2 3
0 0 2 4
0 0 2 5
0 0 2 6
0 0 2 7
0 0 2 8  
C
C
0 0 2 <3
0 0 3 0
0 0 3 1  
C
C
0 0 3 2
0 0 3 3
0 0 3 4
0 0 3 5
0 0 3 6  
C
0 0 3 7
0 0 3 8
0 0 3 9
0 0 4 0
0 0 4 1
C
0 0 4 2
0 0 4 3
0 0 4 4
0 0 4 5  
C
0 0 4 6  
0 0 4  7
0 0 4 8
0 0 4 9  
C
0 0 5 0

8 0

9 9

i  0 0

101

1 02

200

T M P A 0 9 { l ) - 0  
G A H 8 A G = 0
CO 3  I =  3 ,  1 0 0 0
L U S £ (  1 ) = I  + 1 
L U S h ( 1 0 0 0 )  =  0
LAVA I L  = 3
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
I N I T I A L I Z E  V A R I A B L E S  I N  COMMCN B L O C K  C O D E
K X T C O D = l
L I T E R L I I ) = 0 . O E O
L I T E H L ( 2 ) = 1 . 0 E 0
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * $ * * * $ * * * * * * * * * *
I N I T I A L I Z E  V A R I A B L E S  I N  COMMCN B L O C K  S C A N
MA X Y = 0
N U M E R R = 0
L C L A S S = 6
C O L U M N - 8 l
C A L L  N X T C H R
I N I T I A L I Z E  S T A C K S  TO P R E P A R E  F O R  N E X T  S T A T E M E N T
A T Q P = 0
BT 0 P = 1
E S T A C K ( B T C P ) = - 2
C A L L  N X T T L K ( K  I N C . A D O R E S )
GO TO ( 1 0 0 , 2 0 0 , 3 0 0 . 4 0 0 . 5 0 0 , 6 0 0 , 7 0 0 . 8 0 0 ) , K I N D
C P E R A N D ,  P U T  I T  CN T H E  A S T A C K
I F  ( A T C P  , G E .  I O C )  GO TO l O I
A T O P  =  A T C P  + 1
A S T A C K ( A T C P ) = A O C R E S
GO TO 9 9
O P E R A N D  S T A C K  O V E R F L O W  
C A L L  B R R C P ( 2 )
W R I T E  ( 6 , 1 0 2 )
GO TO 8 0 0
F OR MA T  ( 3 2 H O O P E R A N O  S T A C K  C A P A C I T Y  E X C E E D E D  )
O P E R A T O R
I U P C P = E S T A C K ( E T C P )



0 0  5 1
C
0052 
00 5.5 
00o4 
C
0055
O O o ô
0 0 d 7
0 0 5 8  
C
0 0 5 9  
OOb O 
0 0 6  l 
0 0 6 2  
C
0 0 6  3 
C
0064
0 0 6 5  
C
0 0 6 6
0 0 6 7
0068 
C
0 0 6 9
0 0 7 0  
C
0 0 7  1
0 0 7 2
0 0 7 3
0074
C
0 0 7 5
0 0 7 6  
0 0 7  7

I F  ( A D C R E 5  . G T .  T C P O P )  GO TO 2 0  1
C U R R t N T  C P E P A T O R  F A S  L O WE R P R E C E D E N C E .  SO E M I T  S CME C O D E  
t r O P = B T C P - 1
I F ( G E N f i A T I T C P C P  ) ) GO TO 8 0 0
GO TO 2 0 0
C U R R E N T  O P E R A T O R  F A S  H I G H E R  P R E C E D E N C E .  T H E R E F O R E  S T A C K  I T

2 0 1  I F  ( E T C P  . G E .  1 0 0 )  GO TO 2 0 2  
L T O P  =  B T l P  + 1 
E 5 T A C K ( B T L P ) = A C C R E S
GO T C  9 9
C P E R A T C R  S T A C K  O V E R F L O W

2 0 2  C A L L  E R R 0 R ( 2 )  
w r i t e  ( 6 . 2 0 3 )
GO TO 8 0 0

2 0 3  F O R M A T  ( J 3 H C O P E R A T O R  S T A C K  C A P A C I T Y  E X C E E D E D )
F U N C T I O N .  T R E A T  I T  AS  A U NA R Y O P E R A T O R

3 0 0  GO TO 2 0 0
L E F T  P A R E N T H E S I S ,  S T A C K  A Z E R O  ON T H E  B S T A C K  

4 0 0  A D D R E S = 0  
GO T O  2 0 1
R I G H T  P A R E N T H E S I S

5 0 0  T O P C P =  B S T A C K ( B T C P )
E T 0 P = B T C P - 1
I F  ( T O P C P )  5 0 1 . 9 9 . 5 0 2
E M I T  A L L  S T A C K E D  O P E R A T O R S  U N T I L  YOU G E T  TO A L E F T  P A R E N T H E S I S

5 0 2  I F  ( G E N R A I ( T O P O P  ) ) GO TO 800
GO T O  5 0 0
T H E R E  WAS NC L E F T  P R R E N T H E S I S  I N  T H E  S T A C K

5 0 1  C A L L  E R R C K <  I )
W R I T E  ( 6 . 0 0 3 )
GO TO 8 0 0

5 0 3  F O R M A T  ( 2 4 H 0 E X T R A  R I G H T  P A R E N T H E S I S )
D O L L A R  S I G N

6 0 0  T O P C P ^ E S T A C K  ( B T C P  )
E T O P = H T C P - l
I F  ( T O P C P )  6 0 1 , 6 0 2 . 6 0 3

VOiP



C C O ê R A T C R  s t a c k  i s  NOW E MP T Y
0 0 7 6 6 0  1 IF ( A T C P  . E C .  1 )  GO TC 8 0
0 0 7 9 C A L L  E B R 0 L ( 2 )
O O s C * 9 I T r  ( 6 . 6 1 0 )
O O B l GO TC 8  0
0 0 6 2 6 1 0 F O R M A T ! 1 5 E 0 I N T E R N A L  E R R O R )
C C P E R A T C R  S T A C K  C O N T A I N S  AN U N B A L A N C E D  L E F T  P A R E N T H E S I S
0 0 6 3 6 0 2 C A L L  E R R O R ! 2 )
0 0 t î 4 * R I T E  ! 6 . r 2 0 >
0 0 c 5 GO TO 8 0
0 0 8 6 6 2 0 F 0 R M A T ! 5 5 ) O A B C V E  S T A T E M E N T  C O N T A I N S  AN U N MAT C H E D  L E F T  P A R E N T H E S I S )
C E M I T  C C C E  F C R  A L L  O P E R A T O R S  S T I L L  I N  THE O P E R A T O R  S T A C K
0 0 8 7 6 0 3 I F  ! G E N R A I ( T O P O P  ) ) GO TO 8 0
0 0 8 8 GO TO 6 0 0
C E N D  OF I N P U T , E M I T  THE E N D  O P E R A T O R
0 0 6 9 7 0 0 C A L L  E M I T ! 1 )
C L I S T  T H E  C E L L S  A S S I G N E D  TO T E M P O R A R Y  V A R I A B L E S
0 0 9 0 i f l a g = o
0 0 9 1 DO 7 4 1  1 = 1 ,  1 0 0 0
0 0 9 2 j = T M P A C R ( I )
0 0 9 3 I F  ( J  . E G .  0 )  GC TO 7 4 1
0 0 9 4 I F  ( I F L A G  . N E .  0 )  GO TO 7 4 3
0 0 9 5 W R I T E  ( 6 , 7 4 0 )
0 0 9 6 I F L A G = 1
0 0 9 7 7 4 3 W R I T E  ( 6 , 7 4 2 ) I , J
0 0 9 8 7 4  I C O N T I N u e
0 0 9 9 7 4  0 F OR MA T  ! 5 5 F 0 T E M P C R A R Y  C E L L S  WERE A S S I G N E D  TO THE T A R R A Y  A S  F O L L O W S )
0 1  0 0 7 4 2 F O R MA T  ( 1 H 0 , 3 0 X ,  I H T ,  I 3 , 2 1 h  WAS A S S I G N E D  TO C E L L ,  I S  )
C L I S T  T HE  L I T E R A L S  A S S I G N E D  D I R E C T L Y  TC T H E  T - A R R A Y
0 1 0 1 1 F L A G = 0
0 1 0 2 DO 7 5 1  I  = 1 ,  4 0 0 0
0 1 0 3 I F  ( T U S E ( l )  . N E .  9 9 9 9 )  GO TO 7 5  1
0 1  0 4 I F  ( I F L A G  . N E .  0 )  GO TO 7 5 3
0 1  0 5 W R I T E  ( 6 , 7 5 0 )
0 1  0 6 I F L A G  = I
0 1  0 7 7 5 3 W R I T E  ( 6 ,  / 5 2 )  T ( I ,  1 ,  1 ) ,  I

V£>ül



0 1 0 8 7 5 1 C O N T I N U E
0 1 0 3 7 5 0 F OR MA T  ( 4 e H G L I T E R A L S  WERE A S S I G N E D  TO THE T A R R A Y  AS  F O L L O W S )
0 1 1 0 7 5 2 F O R M A T !  1 H 0 . 3 0 X . E 3 4 . 7  . 2 1 H  WAS A S S I G N E D  TC C E L L . I S )
c E D I T  AND ^ R I N T  T H E  G E N E R A T E D  CODE
0 1 1 1 W R I T E  ( 6 . 7 0 9 )
0 1 1 2 7 0 9 F OR MA T  ( 5 2 H C T H E  F O L L O W I N G  C O D E  WAS G E N E R A T E D  FROM THE E C L A T I O N S
0 1 1 3 1= 1
0 1 1 4 7 1 0 J = C C D E (  I )
O i l  6 GO TO ( 7 3 0 , 7 1 1 . 7 1 2 , 7 1 2 , 7 1 3 , 7 1 3 . 7 1 3 , 7 1 3 . 7 1 4 . 7 1 4 . 7 1 3 . 7 1 2 * 7 1 4 ) . J
0 1 1 6 7 1  1 L I T = C O C E ( I + 2  >
0 1  1 7 W R I T E ( 6 . 7 2 1  ) O P N A M E I J ) , C O D E (  I  + l  ) , L  I T t R L ( L I T )
0 1 1  a 1= 1 + 3
0 1 1 9 GO T O  7 1 0
0 1 2 0 7 1 2 L I  T = C C D E (  1 + 3 )
0 1 2  1 W R I T E  ( 6 , 7 2 2 )  O P N A M E ( J ) . C O D E ( I  + 1 ) , C O D E ( I + 2 ) , L I T E R L ( L I T )
0 1 2 2 1= 1 + 4
0 1 2 3 GO TO 7 1 0
0 1 2 4 7 1 3 W R I T E ( 6 . 7 2 3  ) O P N A M E ( J ) , C O D E (  I  + l ) , C O D E (  1 +  2  ) , C O D E ( 1 + 3 )
0 1 2 5 1 = 1 + 4
0 1 2 6 GO T O  7  1 0
0 1 2 7 7  1 4 WR I  T t ( 6 . T 2 3  )  C P N A M E C J  > . C O D E !  I  +  l ) . C O D E !  1 + 2 )
0 1 2 8 1 = 1 + 3
0 1 2 9 GO T O  7 1 0
0 1  3 0 7 2 1 F OR MA T  ! I H O . 3 0 X . A 6 .  I  1 0 . E 3 4 . 7  )
0 1 3 1 7 2 2 F O R M A T ! I N C . 3 0 X . A 6 . 2 I 1 0 . E 3 4 . 7  )
0 1 3 2 7 2 3 F O R M A T ! I H O . 3 0 X . A 6 . 3 1 1 0 }
0 1 3 3 7 2 9 F OR MA T  ! I F  0  , 3 0 X .  1 4 . 3 8 H  L O C A T I O N S  WERE U S E D  I N  THE C O D E  A R R AY  )
0 1 3 4 7 3 0 W R I T E  ( 6 , 7 2 3 )  C P N A M E ! 1 )
0 1  3 5 W R I T E  ( 6 . 7 2 9 ) 1
0 1  3 6 CO 7 6 0  I = i . M A X Y
0 1 3 7 I F  ! T U S E ! I + l O O O ) . L T .  0 )  GO T C  7 6 0
0 1  3 8 C A L L  E R R O R  ( 2 )
0 1 3 9 W R I T E  ( 6 . 7 6 1 ) 1
0 1 4 0 7 6 0 C O N T I N U E
0 1 4 1 7 6 1 F O R MA T  ( 3 2 H 0 NCJ  V A L U E  H A S  B E E N  A S S I G N E D  TO Y ,  1 2 ,  6 H  P R I M E )
0 1 4 2 NN=MAXY

VOa\



0 1 4 3  * R I T E ( 6 . 7 9 9 )  NUMERR
0 1 4 4  7 5 9  F O R V A T  ( l F 0 . I 4 . 2 I H  E R R O R S  WERE D E T E C T E D  )
0 1 4 2  I F  ( N U Y E R K  . E O .  0 )  GC TO 4
0 1 6 %  . R I T F  ( 6 . 7 9 9 9 )
0 1 4 7  7 5 9 5  F G R V A T  ( 4 2 H 0 * * * *  E X E C U T I O N  W I L L  NOT BE A T T E M P T E D  * * * *
C E RRCR RUNCUT LOCR
0 1 4 4  6 0 0  C A L L  N X T T l K ( K  I N C . A D O R E S )
0 1 4 9  I F  ( K I N D  . N E .  6 )  GO TO 8 0 0
0 1 2  0 GO T C  8 0
0 1 5 1  4 r e t u r n

0 1 5 2  END

VO
- J



0 0 0 1  L O G I C A L  F U N C T I O N  G E N R A T ( O P )
C L O G I C A L  f u n c t i o n  G E N R A T  I S  I N V O K E D  WH E N E V E R  I T  I S  N E C E S S A R Y  T C  P R C D U C E
C t h e  C C D E  P E R T A I N I N G  TO ANY A R I T H M E T I C  O P E R A T O R .  T H E  P A R A M E T E R  O P  I N D I C A T E S
C « H I G H  O P E R A T O R  I S  B E I N G  C O N S I D E R E D .  G E N R A T  A U T O M A T I C A L L Y  P O P S  T H E  P R O P E R
C n u m b e r  C F  O P E R A N D S  O F F  T H E  A S T A C K ,  C A L L S  D E F C H K  TC T E S T  I F  T H E  O P E R A N D S
C ARE C U R R E N T L Y  D E F I N E D  AND T H E N  G O E S  T C  T H E  G E N E R A T O R  A P P R O P R I A T E  TO O P .
C T H E  V A R I O U S  G E N E R A T O R S  W I L L  U S U A L L Y  C A L L  C O N C H K  I N  AN A T T E M P T  TC P E R F O R M
C SOME L O C A L  O P T I M I Z A T I O N  B E F O R E  A C T U A L L Y  P R O D U C I N G  E N T R I E S  I N  T HE  C O D E
C A R R A Y .  T HE  V A L U E  R E T U R N E D  BY G E N R A T  I S  T R U E  I F  AND C N L Y  I F  E R R O R S  WERE
C D E T E C T E D  D U P I N G  T H E  A E O V E  P R O C E S S I N G .
C

0 0 0 2  C O M M C N / A L C C A T / T A V A I L . T U S E I A O C O ) , G A R B A G , T M P A D R I I C C C ) ,
I  L A V A I L ,  L U S E ( 1 0 0 0 )

0 0 0 3  I N T E G E R  T A V A I L , T U S E , G A R B A G , T M P A D R , L A V A I L , L U S E
0 0 0 4  C O M M O N / C O D  / N X T C C D , C O D E ( 5 0 0 0 ) • N X T L I T , L I T E R L ( I  0 0 )
0 0 0 5  I N T E G E R  N X T C O D , C C C E , N X T L  I T
0 0 0 6  R E A L  L I T E R L
0 0 0 7  COMMON / S T A C K S /  A T O P , B T O P , A S T A C K ( 1 0 0 ) . B S T A C K ( I  0 0 )
0 0 0 8  I N T E G E R  A I  O F , B T C P , A S T A C K , B S T A C K
0 0 0 9  I N T E G E R  O P , C P I , C P 2 , O P C O D E , G E T C E L , T R U E , F A L S E

C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
0 0 1 0  G E N R A T = . F A L S E .
0 0 1 1  F A L S E = 0
0 0 1 2  T R U E = 1

C D E T E R M I N E  NU MBE R O F  O P E R A N D S  AND P O P  THEM O F F  O F  THE S T A C K
0 0 1 3  I F  ( O P  . G T .  6 )  GO TO 9 9 9 1
0 0 1 4  C P 2  =  A S T A C K ! A T C P )
0 0 1 5  A T 0 P = A T 0 P - 1
0 0 1 6  C A L L  D E F C H K ( 0 P 2 )
0 0 1 7  9 9 9 1  C P I = A S T A C K ( A T C P )
0 0 1 8  I F  ( A T C P  . L E .  0 )  GO TO 9 9 9 2
0 0 1 9  I F  ( O P  . N i - .  I )  C A L L  D E F C H K ( O P I )
0 0 2 0  GO T O  ( 1 , 2 , 2 , 4 , 5 . 6 . 7 , 8 , 1 4 , 1 4 , 1 4 , 1 4 , 1 4 ) , O P
0 0 2 1  9 9 9 2  G E N R A T = . T R U E .
0 0 2 2  C A L L  E R R O R ! 2 )
0 0 2 3  W R I T E  ( 6 , 0 9 9 3 )

lO00



0 0 2 4
0 0 2 b
C
c
0 0 2 6  
0 0 2  7 
0 0 2 3  
0 0 2 9  
0 0  JO 
00 J l
0 0 3 2  
0 0  3 3 
0 0 3 4
0 0 3 3
0 0 3 6
0 0 3 7
0 0 3 8
0 0 3 9
0 0 4 0
0 0 4 1
0 0 4 2  
0 0 4  3
0 0 4 4
0 0 4 5
0 0 4 6

0 0 4 7
0 0 4 8
0 0 4 9  
O O b O
0 0 5 1

C
c
0 0 5 2
0 0 3 3
0 0 3 4

TO
GO

1 0 2
TO 1 0 3

GO TO 1 4  
9 9 9 3  F O t ^ V A T (  I 7 H 0 V I S S  INC- O P E R A N D  )

« * ♦ ♦ ♦ ♦ * ♦ ♦ « ♦ ♦ ♦ ♦ ♦ ♦ ♦ ♦ * ♦ ♦ ♦ ♦ ♦ ♦ ♦ ♦ ♦ ♦ ♦ ♦ ♦ ♦ ♦ ♦ ♦ * ♦ ♦ * ♦  * * * * * * *
A S S I G N M E N T  O P E R A T O R  =

1 I F  ( ( C P I  . L T .  I )  . O R .  ( D P I  . G T .  b C O O ) ) G O  TO 1 0 1  
I F  ( r U S E ( L P l )  . L T .  0 )  GO TO 1 0 5
T U S E ( C P I ) - - C P I  
I F  ( Ü P 2  . L T .  0 )  GC 
I F  ( 0 P 2  . G T .  5 0 0 0 )
C A L L  E M I T ( 3 )
C A L L  E M I T I O F I )
C A L L  Ë M I T ( 0 F 2 >
C A L L  E M I T ( l )
GO T C  1 4

1 0 3  C A L L  E M I T ( 2 )
C A L L  E K I T I O F l )
C A L L  £ M 1 T ( O F 2 - 5 0 0 C )
GO TO 1 4

1 0 2  C O D E ( - C P 2 ) = C P 1 
GO T O  1 4  

1 0  1 C A L L  E R R C 9 ( 2 )
W R I T E  ( 6 , 1 0 4 )
G ê N H A T = . T F U E .
GO T O  1 4

1 0 4  FORMAT ( 6 4 H C A  

I A N  =  S I G N  )
1 0 5  C A L L  t f i R 0 R ( 2 )

W R I T c ( 6 . 1 0 6 )
G E N R A T = . T R U E .
GO T O  1 4

1 0 6  F O R MA T  ( 8 5 H 0 A T T E M P T  TO A S S I G N  A V A L U E  
I H A S  A V A L U E  A S S I G N E D  TO I T  )

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
+

2  C A L L  CCNCT : K ( N U M C G N , O P l , O P 2 . T R U E )
GO TO ( 2 0 0 , 2 0  I » 2 0 2 ) . N U M C O N

2 0 0  C P C G D E = 5

VO
VO

C O N S T A N T  OR E X P R E S S I O N  MAY NOT O C C U R  TO T H E  L E F T  CF

TO A V A R I A B L E  W H I C H  A L R E A D Y



0 0 5 5
0 0 5 6  
0 0 c >7
0 0 5 8
0 0 5 9  
C
C
0 0 6 0  
0 0 6  I 
0 0 6 2
0 0 6 3
0 0 6 4
0 0 6 5
0 0 6 6
0 0 6 7
0 0 6 8  
C
C
0 0 6 9
0 0 7 0
0 0 7 1
0 0 7 2
0 0 7 3
0 0 7 4
0 0 7 5
0 0 7 6  
C
C
0 0 7 7
0 0 7 8
0 0 7 9
0 0 8 0  
0 0 8 1  
0 0 6 2
0 0 8 3
0 0 8 4

C-0 TC g99' -<
2 0 1  C » C C D E = 3

GO T ü  9 9 9 V
2 0 2  L I  T t £ R L ( C P l  ) = L  I T E R L ( O P  l  ) + L  i T E R L ( 0 P 2 )

GO TO 9 8 0 1
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
M  NUS

3 C A L L  C C N C M K ( N U M C C N , 0 P 1 . 0 P 2 . F A L S E )
GO TO ( 3 0 0 .  3 0  1 . 3 0 2 ) . NUMCON

3 0 0  C P C C D Ë = 6  
GO T C  9 9 9 9

3 0 1  L I T E R L ( C P 2 > = - L I T 6 R L ( 0 P 2 )
C P C C D E = 3
GO TU 9 9 9 9

3  0 2  L l T Ê R L I G P l  ) = L  I T E H L I O P l  ) - L  I  T E R L { O P 2 )
GO T ü  9 8 0 1
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
*

4  C A L L  C C N C H K ( N U M C C N . G P l . 0 P 2 . T R U E )
GO TO ( 4 0 0 . 4 0 1 . 4 0 2 ) . NUMCON

4 0 0  C P C C U E = 7  
GO T C  9 9 9 9

4 0 1  C P C 0 D E = 4  
GO T C  9 9 9 9

4  0 2  L I T E R L ( C P l ) = L  I T E R L ( O P l  ) * L  I T E R L ( 0 P 2 )
GO T C  9 8 0 1
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
/

5  C A L L  C C N C h K i N U M C C N , O P l , 0 P 2 . F A L S E )
GO T U  ( 5 0 0 . 5 0 1 . 5 0 2 ) . NUMCON

5 0 0  C P C G D E = 8  
GO T C  9 9 9 9

5 0 1  L I T E R L ( G P ? ) = 1 . O E O / L  I T E R L ( G P 2  )
C P C C D E = 4
GO T C  9 9 9 9

5  0 2  L I T E R L C O P  l ) = L  I T E R L I Q P l  ) / L I T E R L ( G P 2 )

Oo



( Z d O ) i i w a

o
r H

ONP 
N d n i 3 M  »  T 

( O  Z d O )  d l
( t d O ) i I 4 3  m V D  

( 0 ) 1 I W 3  m v D  
3 0 3 i X N - = ( d 3 i V ) % 3 V l S V

< 3 0 3 3 d 0 ) i I N 3  T 1 V 3  5 6 6 6  
S y 3 i V M 3 N 3 3  3 A 0 8 V  AS  d O  1 3 S  3 0 0 D  3 M 1  1 I M 3  

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
* I  0 1  0 9  

Z d O = n i V A V l  
Ti tf Ai/n=( 2do > 3 s m  t o e s  

3 S n  3 8 0 1 0 3  8 0 3  3 9 V 8 0 1 S  3 0 8 V 0 I V A V  OX 0 0 3 9  0 V 8 3 1 1 0  V N 8 0 1 3 8  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

* l  0 1  0 9
( 0 0 0 9  -  I d 0 ) O 8 3 1 1 O -  =  ( 0 0 0 9  -  I d O ) O M 3 1 1 0  1 0 9

6 6 6 6  0 1  0 9  
* = 3 0 0 9 8 9  

Z = Z d 9
1 0 9  0 1  0 9  ( 0 0 0 9  " 1 9 "  I d O )  3 1  a

-  A 8 V N O
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

V I  0 1  0 9  L 
♦ A 8 V N 0

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
1 0 8 6  0 1  0 9

( 2 8 0 ) 0 8 3 1 1 0 * * ( 1 8 0 ) 0 8 3 1 1 0 = (  I d O  > 0 8  3 1  1 0  2 0 9
6 6 6 6  0 1  0 9  

2 1 = 3 0 9 9 8 9  1 0 9
( 8 3 * 0 8  1 N V 1 S N 0 9  V 0 1  3 8  I S O W  NO 1 1 V 1 1 N 3  sJOdX 3 0  HP *  > l V r t 8 0 8  6 0 9

V I  0 1  0 9
" 3 n d l " = l V 8 N 3 9

( 6 0 9 * 9 ) 3 1 1 8 *

( 2 1 8 0 8 8 3  O O V 9  0 0 9
N 0 9 W O N * ( 2 0 9  * 1 0 9  * 0 0 9 )  0 1  0 9

( 3 S O V 3 ' 2 d O * I d O ' N 9 9 w n N ) % 3 9 N 3 9  O O V 9  9
**

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  * * * * * * * * * * * * * * * * *

1 0 8 6  0 1  0 9

E 1 10  
2 1  10  
1110 
0 1 10
6 0  1 0  
8 0 1 0  
1010 

9 
9

9 0  1 0  
9 0  1 0  
* 0  I D  

9 
9

F O l O  
20 10 
1010 
00  10 
6 6 0 0  
8 6 0 0  

9  
9

16  00  
9  
9

9 6 0 0
S 6 0 0
* 6 0 0
F 6 0 0
2 6 0 0
1 6 0 0
0 6 0 0  
6  3 0 0
8 9 0 0
1 8 0 0
9900

9
9

8 8 0 0



0001
c
c
c
c
c
c
c
c
c
c
c
c
c
0002
000 j
0 0 0 4
0 0 0 5
0 0 0 6
0 0 0 7
0 0 0 8  
0 0 0 9
001 0 
001 1 
c
c
001 2
c
c
0 0 1  j  
0 0 1  4  
0 0 1  5  
0 0 1 6  
0 0 1  7  
0 0 1  8

s u s a c u T I N -
COiNChic I S  
CODE E c  I \ ' i  
C P E R A T C a .  

h C k C L \ = 3  I F  
C O M P I L E  T1  

N L ^ C O N = l  I F  
N L M C C N = 2  I F  

c o n s t a n t  a 
O P E R A T I O N  

I F  L E F T  CPt >< 
C O N S T A N T  1 
V A R I A B L E .

CÜN CF K ( N U M C O N , L E F T , R I G H T , C C M M L T )
U S E C  T ü  O B T A I N  A C E R T A I N  AMOUNT O F  L O C A L  O P T I M I Z A T I O N  I N  T H E  

F R O D U C E C .  I T  I S  C A L L E D  B E F O R E  G E N E R A T I N G  C C D E  F C R  ANY B I N A R Y

BC T H  o p e r a n d s  ARE  C O N S T A N T S .  THE O P E R A T I O N  I S  P E R F O R M E D  AT 
ME BY THE A P P R O P R I A T E  G E N E R A T O R .
N E I T H E R  O P E R A N D  I S  A C O N S T A N T .
T F t  R I G H T  O P E R A N D  I S  A C O N S T A N T ,  OR I F  T H E  L E F T  C P E R A N D  I S  A 
NC THE O P E R A T O R  I S  C O M M U T A T I V E .  I N  B O T H  C A S E  A MORE E F F I C I E N T  
C C D E  CAN T H E N  B E  E M I T T E D ,  E . G .  A P O D K  I N S T E A D  C F  A P R O D .
AND I S  A C O N S T A N T  AND THE O P E R A T O R  I S  NOT C O M M U T A T I V E ,  T H E N  T H E  
S A S S I G N E D  P E R M A N E N T L Y  TO A C E L L  I N  T HE T A R R A Y  AND T R E A T E D  AS  A

C O M M O N / A L C C A T / T A V A I L , T U S E ( 4 0 0  0 ) . G A R B A G . T M P A D R ( 1 O O C ) •
1 L A V A I L ,  L U S E ( I O O O )

I N T E G E R  T A V A I L , T U S E , G A R B A G , T M P A D R , L A V A I L , L U S E  
C C M M O N / / T ( 4 0 0  0 , 2 , 4 )
C O M M O N / C O D  / N X T C C C , C O D E ( 5  0 0 0 ) , N X T L I T , L I T E R L ( 1 0 0 )

I N T E G E R  N X T C O D , C C D E , N X T L I T  
R E A L  L I T E R L
I N T E G E R  N L M C U N , L E F T , R I G H T . C C M M U T , G E T C E L  
N U M C O N = l
I F  ( R I G H T  . G T .  5 0 0 0 )  GO TO 3  
I F  ( L E F T  . L E .  5 0 0 0 )  GO TO 4  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
L E F T  O P E R A N D  I S  A C O N S T A N T ,  R I G H T  O P E R A N D  I S  NOT 
I F  ( CCMMUT . E O .  1 )  GO T O 2  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
O P E R A T O R  I S  N O T  C O M M U T A T I V E ,  A S S I G N  C O N S T A N T  TO T - A R R A Y  
K = G E T C E L ( L U M M Y )
T U S E ( K ) = 9 9 9 9  
CO 1 1 = 1 , 4
1 ( K , 1 , I ) = O . O E O  
T ( K . 2 , I ) = O . C E O  
L I T  =  L E F T  -  5 0 0 0

Oto



0 0 1 9  T { K , 1 . I ) = L I T t R L ( L I T )
0 0 2 0  L U S t  ( L  I T  ) - L i » V A  I L
0 0 2 1  L A V A I L = L I T
0 0 2 2  L E F T = K
0 0 2 j  GO TO 4
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C C P E R A T C R  I S  C O M M U T A T I V E ,  S O  WE CAN S WAP  THE O P E R A h O S
0 0 2 4  2  K = H I G H T
0 0 2 5  R I G H T  =  L E T  -  5 0 0 0
0 0 2 6  L E F T = K
0 0 2 7  K U M C 0 N = 2
0 0 2 8  GO TO 4
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C R I G H T  O P E R A N D  I S  A C O N S T A N T
0 0 2 9  3 R I G H T  =  R I G H T  -  5 0 0 0
0 0 3 0  N U M C 0 N = 2
0 0 3 1  I F  ( L E F T  . L E .  5 0 0 0 )  GO TO 4
0 0 3 2  L E F T  =  L E F T  -  5 0 0 0  o
0 0 3 3  NUMCON -3  ^
0 0 3 4  4  R E T U R N
0 0 3 5  END



0001
c
c
c
c
c
0002

0 0 0 3
0 0 0 4
0 0 0 5
0 0 0 6
0 0 0 7
0 0 0 8  
0 0 0 9  
001 0 
OOl 1 
0012
0 0 1 3
0 0 1 4
0 0 1 5
0 0 1 6  
0 0 1  7  
0 0 1 8
0 0 1 9

0020 
0021

S U B S C t i T I N Î  C E F C H K  ( O P H A N D  )
S U B B C U T I N i  C E F C H K  I S  U S E D  TO C H E C K  T H A T  AN O P E R A N D  H A S  A V A L U E  A S S I G N E D  T C  
I T  B E F C R E  I T  I S  U S E D  I N  AN E X P R E S S I O N .  T H E  O N L Y C P E R A N D S  * H : C H  ALWAYS  H A V E  
A V A L U E  A S S I G N E D  TO THEM A R E  X AND A L L  Y V A L U E S .  V A R I A B L I E S  C F  T H E  F O R M T 
AND Y NNP  c a n n o t  E E  R E F E R E N C E D  U N T I L  A V A L U E  H A S  B E E N  A S S I G N E D  TO T H E M .

C a M M C N / A L C C A T / T A V A l L . T U S E ( 4 0 0 0 ) . G A R B A G . T M P A D R I l O O C ) •
1 L A V A I L .  L U S E ( I O O O )

I N T E G E R  T A V A I L , T U S E , G A R B A G , T M P A D R , L A V A I L . L U S E
D ATA I l H T / ' T ' / ,  I I H Y / ' Y ' / .  1 6 H P / '  P ' / ,  I 6 H / '  • /
I N T E G E R  C P R A N C  
I F  ( O P R A N C  . L T .  0 )  GC TO 4
I F  ( O P R A N D  . G T .  5 0 0 0 )  GO T O  4
I F  ( T U S E ( C P R A N O )  . L T .  0 )  GO TO 4
I F  ( ( O P R A N D  . G E . l O O l )  . A N D .  ( O P R A N D  . L E . 1 0 2 8 ) )  GO TO 2
NAME 1 =  1 I H T  
N A M E 2 = T U S F .  ( C P R A N C  )
N A M E 3 = I 6 H  
GO T O  3

2  N A M E 1 = I 1 H Y
N A M E 2  =  O P R A N D  -  1 0 0 0
N A M E 3 = I 6 H P

3  C A L L  E R R O R ! 2 )
M R I T E ( 6 , 1 )  N A M E l , N A M E 2 , N A M E 3  

1 F O R M A T ! 7 5 H 0 A  V A R I A B L E  C A N N O T  B E  R E F E R E N C E D
1 A S S I G N E D  T C  I T  . A 1 . I 3 . A 6 )

4  R E T U R N  
END

B E F O R E  A V A L U E  H A S  B E E N



O O O l S U B R C U T I  Ne N X TC H R
c N X T C H R  C E T A I N S  T H E  N E X T  N O N - B L A N K C H A R A C T E R F R O M T HE  I N P U T  S T R E A M  AND S E T S
c T HE  CCHMCr . V A R I A B L E S  N C L A S S  AND NS YMB A C C O R D I N G  T C  T H E  F O L L O W I N G  T A B L E
c
c S C A N N E D  S Y MB O L  N C L A S S NSYMB
c
c A 1 A
c B 1 B
c • • •
c • • •
c Z 1 Z
c 0 2 0
c 1 2 1
c . . .c • • a
c 9 2 9
c 3 1
c + 3 2
c - 3 3
c * 3 4
c / 3 5
c ( 3 6
c ) 3 7
c % 3 a
c • 3 9
c
0 0 0 2 C O M M O N / S C A N / N C L A S S * N S Y M B . L C L A S S . C O L U M N . C A R D ( 8 0 ) . N U M E R R . M A X Y
0 0 0 3 I N T E G E R  N C L A S S . N S Y M B . L C L A S S . C O L U M N , C A R D , N L M E R R . M A X Y
0 0 0 4 I N T E G E R  I S Y M B ( S ) ,  I N T G ( I O ) .  I S S ( 9 ) . 1 I H . I N T G R ( 1 0 )
0 0 0 5 DA T A  I N T G R / 0 . 1 • 2 . 3 . 4 . 5 . 6 . 7 . 8 . 9 /
0 0 0 6 DA T A  I l H / '  ' /
0 0 0 7
0 0 0 8 D A T A  I S Y M D  / ' X ' . ' Y ' . ' T • . .  * P * /
0 0 0 9
0 0 1 0 1 0 0 I F  ( C O L U M N  . G T .  8 0 )  GO TO 2
0 0 1  1 1 1 L S Y M B  =  C A R C ( C O L U M N )
0 0 1 2 COLUMN =  COLUMN + 1

s



0 0 1  3
0 0 1  4 
0 0 1  5  
0 0 1 6  
0 0 1  7 
0 0 1 8
0 0 1 9
0020  
0021 
0022
0 0 2 3
0 0 2 4
0 0 2 5
0 0 2 6
0 0 2 7
0 0 2 8
0 0 2 9
0 0 3 0  
C
C
0 0 3 1
0 0 3 2
0 0 3 3
0 0 3 4
0 0 3 5  
0 0 1 6  
C
C
0 0 3 7
0 0 3 8
0 0 3 9  
C

0 0 4 0  
0 0 4  1

I I I - )  GO TO 1 0 0I F  ( L S Y M 8  . E Q ,
CD 3 0  J = l , 5
I F  ( L S Y M B  « E Q .  I S Y M B C 3 ) )  GO TO 1 0  

3 0  C O N T I N U E
0 0  4 0  I  = 1 , 1 0  
N C L A S S  =  2 
NSYMEJ =  INTC-RC I  )
I F  ( L S Y M B  . E O .  1 N T G ( 1 ) >  GO TO 6  

4 0  C O N T I N U E
CO 5 0  J  =  1 , 9
N C L A S S  =  J  .
NS YMB =  I N T G R ( J + 1 )
I F  ( L S Y M B  . E O .  I S S ( J > )  GO TO 6  

5 0  C O N T I N U E  
GO TO 5  

l O  N C L A S S  =  1
NS YMB =  L S Y M B  
GO T O  6
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
R E A D  A NEW CARD AND S C A N  C H A R A C T E R  I N  C OL UMN 1

2  R E A D ( 5 , 3 , E N C = 6 )  ( C A R O C I ) • 1 = 1 , 8 0 )
W R I T E  ( 6 , 4 )  ( C A R D ( I ) ,  1 = 1 ,  8 0 )

3  F O R M A T  C B O A l )
4  F O R MA T  ( l O X ,  8 0 A 1 )

COLUMN -  I
GO T O  1 1
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
I L L E G A L  C H A R A C T E R ,  P R I N T  M A S S A G E  AND D I S C A R D  T H E  C H A R A C T E R

5  C A L L  E R R O R ! 1)
W R I T E  ( 6 . 1 )  L S Y M B

1 F O R M A T  ( 1 9 H 0 I L L E G A L  C H A R A C T E R  •  A l .  1 2 H  WAS I G N O R E D  )
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

6  R E T U R N  
END

ë



c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c
c

c
c
c
c
c
c
c
c

S U 5  = C U T I N t ;  h X T T O K
N XTTC K C E T A I N S  T H E  N E X T  T O K E N  F RO M T H E  I N P U T  S T R E A M .  I T  U S E S  N X T C H R  T C  
a c t u a l l y  p EAD c h a r a c t e r s  F ROM T H E  I N P U T  S T R E A M .  T H E  P A R A M E T E R S  C L C U T  AND 
I N D C U T  ARz S E T  A C C O R  l O N G  TO T HE  F O L L O W I N G  T A B L E

I N D O L T

A D D R E S S  O F  T H E  O P E R A N D  I N  T H E  T A R R A Y  
P R E C E D E N C E  O F  T H E  O P E R A T O R  
I N D E X  O F  T H E  F U N C T I O N  ( I . E .  S I N = I .  
M E A N I N G L E S S

T C K ^ N  C L O U T

C P E R A N D  I
C P E R A T C R  2
F L N C T I C N  3

( A
} 5
» 6

END C F  i n p u t  7
I L L E G A L  T O K E N  8

N X T T C K  A L S O  C O N S U L T S  A P R E C E D E N C E  T A B L E  
t o k e n  MAY L E G A L L Y  F O L L O W  T H E  P R E C E D I N G  
g i v e n  i n  T H E  F O L L O W I N G  T A B L E

C Q S - 2 .  E T C . )

TO MAKE S U R E  T H A T  T H E  C U R R E N T  
T O K E N .  T H E  P R E C E D E N C E  M A T R I X  I S o

C c u r r e n t  t o k e n  c l a s s > 1 2 3 4 CS 6
c L A S T  T O K E N  C L A S S V
c 1 E L E E L L
c 2 L C L L E E
c 3 E E E L E E
c 4 L C L L E E
c 5 E L E E L L
c 6 L E E E E L

A C T I O N  E =- E R R O R
L =  I L L E G A L  T O K E N  P A I R  
C -  C O N D I T I O N A L L Y  V A L I D  

UNARY O P E R A T O R )  
I N T E G E R  F U N C T I O N  S C N I N T  I S  U S E D  
THE i n p u t  s t r e a m .

( I . E .  V A L I D  I F  T H E  C U R R E N T  T O K E N  I S  A 

TO S C A N  AN O P T I O N A L L Y  S I G N E D  I N T E G E R  F ROM



0001
0002

0 0 0 3
0 0 0 4
0 0 0 5
0 0 0 6
0 0 0 7
0 0 0 8  
0 0 0 9
0 0 1  G 
0011 
0012  
C
c

c
c
0 0 1 7
o b i s
0 0 1 9
0 020  
c
c
0021
0022
0 0 2 3
0 0 2 4
0 0 2 5  
C
0 0 2 6
0 0 2 7
0 0 2 8

S U B R O U T I N E  N X T T C K ( C L O U T * I N D O U T )
C O M M O N / A L L C 4 T / T A V A I L , T U S E ( 4 0 0 0 )  . G A R B A G • T M P A O R ( 1 O C C )  •

1 L A V A I L .  L U S E C 1 0 0 0 )
I N T E G E R  T A V A I L . T U S E . G A R B A G . T M P A D R . L A V A I L . L U S E  
C C M M C N / C O D  / N X T C C C . C O D E ( 5  0 0 0 ) . N X T L 1 T . L I T E R L ( 1 0 0 )
I N T E G E R  N X T C O D . C C C E . N X T L I T  
R E A L  L I T E R L
c o m m o n  / S C A N / N C L A S S . N S Y M B . L C L A S S . C O L U M N , C A R D ( 8 0 ) . N U M E R R . M A X Y  
I N T E G E R  N C L A S S . N S Y M B . L C L A S S . C O L U M N . C A R D . N U M E R R . M A X Y  
I N T E G E R  C L A S S .  I N C E X • G E T C E L . S O N  I N T • E X P C N . C L O U T • I N O C U T . T A B L E  
D ATA I 1 H E / * E * /
D A T A  I 1 H X / * X ' / .  I l H Y / ' Y ' / .  I 1 H T / * T * / .  I 1 H P / « P ' /
GO T O  ( 1 0 0 . 2 0 0 . 3 0 0 ) .  N C L A S S  

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
F I R S T  C H A R A C T E R  I S  A L P H A B E T I C

0 0 1 3 1 0 0  I F ( NS YMB . E Q . I  I H X ) GO TO 1 1 0
0 0 1 4 I F ( N S Y M B . E Q . I l H Y ) GO TO 1 2 0
0 0 1 5 I F ( N S Y M B . E Q . I  I H T ) GO T O 1 3 0
0 0 1 6 GO T O  9 9 9

S

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
I N D E P E N D E N T  V A R I A B L E  ( l E . X )

1 1 0  C L A S S = 1
I N D E X  =  2 0 0 0  
T U S E ( 2 0 0 0 )  =  - 2 0 0 0  
GO T O  9 9 8

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
D E P E N D E N T  V A R I A B L E  OR I T S  D E R I V A T I V E  ( I E . Y 2 8  OR Y 2 8 P )

1 2 0  I N D E X = S C N I N T (  DUMMY)
I F  ( ( I N D E X  . L T .  I )  . O R .  ( I N D E X  . G T . 2 8 ) )  GO TO 1 2 1  

C L A S S = 1
1 F ( I N D E X  . G T .  MA X Y )  M A X Y = I N D E X
T U S E ( I N D E X ) = - I N D E X
C H E C K  I F  N E X T  C H A R A C T E R  I S  P .  T H U S  I N D I C A T I N G  A D E R I V A T I V E  
I F  ( N S Y M B  . N E .  I l H P )  GO TO 9 9 9  
I N D E X  =  I N D E X  + 1 0 0 0  
GO T C  9 9 8



0 0 2  9
00 jO
0 0 3  1
0 0 3 2  
C
C
0 0 3 3
0 0 3 4
0 0 3 5
0 0 3 6
0 0 3 7
0 0 3 8
0 0 3 9
0 0 4 0
0 0 4  1
0 0 4 2
0 0 4 3
0 0 4 4
0 0 4 5  
C
c
0 0 4 6
C
0 0 4 7
0 0 4 8  
C
0 0 4 9
0 0 5 0

0 0 5 1
0 0 5 2  
C
0 0 5 3
0 0 5 4  
C
C

1 2 1  C A L L  EBR Cf <(  1 )
W W I T F  ( 6 . 1 2 2 )
GO TO 4

1 2 2  F O R MA T  ( 4 6 H 0 D E P E N C E N T  V A R I A B L E S  M U S T  B E  NAMED Y i  T HR U  Y 3 0  )
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

T E M P O R A R Y  V A R I A B L E  ( I E .  T 2 0 )
1 3 0  1 N 0 E X = S C N I N T ( D U M M Y )

I F  ( ( I N D E X  . L T .  1 )  . O R .  ( I N D E X  . G T . 1 0 C 0 ) ) G O  TO 1 3 2  
C L A S S = l
I F  ( T M P A D R (  I N D E X ) . N E .  O )  GO TO 1 3 1  
I = G E T C E L ( D U M M Y )
T U S E (  I ) = I N D E X  
T M P A D R (  I N L ' E X )  =  I

1 3 1  I N D E X = T M P A D K ( I N D E X )
GO TO 9 9 9

1 3 2  C A L L  E R R O R ( l )
W R I T E  ( 6 . 1 3 3 )
GO T O  4

1 3 3  F O R M A T  ( 4 8 H O T E M P O R A R Y  V A R I A B L E S  M U S T  B E  NAMED T 1  T H R U  T 2 C C 0 )  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
F I R S T  C H A R A C T E R  I S  N U M E R I C  

2 0 0  C O N S = N S Y M B
P R O C E S S  T H E  I N T E G E R  P O R T I O N

2 1 0  C A L L  N X T C H R
GO TO ( 2 1 1 . 2 1 2 . 2 1 3 ) . N C L A S S
N E X T  C H A R A C T E R  I S  A L P H A B E T I C .  C H E C K  F O R  E  I N D I C A T I N G  E X P C N E N T

2 1 1  I F  ( N S Y M B  . E Q .  I I H E )  GO TO 2 3 0
GO T O  2 9 0
A C C R U E  NUMBE R AND C O N T I N U E  I N T E G E R  L O O P

2 1 2  C 0 N S = C C N S * 1 C  + N S Y MB  
GO TO 2 1 0
NEXT C H A R A C T E R  I S  S P E C I A L .  CHECK  FOR D E C I M A L  P O I N T .

2 1 3  I F  ( N S Y M B  . E O .  9 )  GO TO 2 2 0
GO T O  2 9 0
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
P R O C E S S  T H E  F R A C T I O N  P O R T I O N

S



0 0 5 5
00o6 
0 0  5 7 
C
0 0 5 8
0 0 5 9
0 0 6 0  
C
C
0 0 6  1 
0 0 6 2  
C 
C
0 0 6 3
0 0 6 4
0 0 6 5
0 0 6 6
0 0 6 7
0 0 6 8
0 0 6 9  
C
C
0 0 7 0
0 0 7 1
0 0 7 2
0 0 7 3  
C
C
0 0 7 4  
C
C
c
0 0 7 5
0 0 7 6  
C
C
0 0 7 7

220
2 2 9

222

2 3 0

2 9 0

2 9 1

2 9 2

3 0 0

3 0 9

3 9 9

F R A C T = 0 . I t O  
C A L L  N X T C H R
Gü  TO ( 2 1  1 , 2 2 2 . 2 9 0 ) . N C L A S S
A C C R U E  N U N B E R  ANC C O N T I N U E  T H E  F R A C T I O N  L C O P
C O N S = C C N S + N S Y N B * F R A C T
F R A C T = F R A C T * 0 . 1 E 0
GO TO 2 2 9
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
P R O C E S S  T H E  E X P C N E N T  P O R T I O N
E X P C N = S C N I N T ( D U M K Y )
C O N S = C C N S * ( 1 0 . 0 E 0 * * E X P O N )  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
A S S I G N  A P L A C E  I N  T H E  L I T E R A L  A R R A Y  F C R  T H E  C O N S T A N T  
I N D E X = L A V A  I L
C L A S S = 1
1 F ( I N D E X  . E G .  O )  GO T O  2 9 1  
L A V A I L - L U S E C I N O E X  )
L I T E R L C I N O E X ) = C C N S  
I N D E X  =  I N D E X  + 5 0 0 0  

GO T O  9 9 9
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
NO MORE S P A C E  A V A I L A B L E  F O R  L I T E R A L S  
C A L L  E R R O R ! 2 )
W R I T E ( 6 . 2 9 2 )
GO T O  4
F O R M A T ! 3 9 H O N O  MORE S P A C E  A V A I L A B L E  F O R  C O N S T A N T S  ) 
* * * * * * * * * * * * * * * * *  * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
F I R S T  C H A R A C T E R  I S  A S P E C I A L  C H A R A C T E R  
GO T O  ! 3 9 9 . 3 9 9 . 3 9 9 . 3 0 4 . 3 9 9 . 3 8 8 . 3 8 8 . 3 8 8 , 3 0 9 ) . N S Y M B  

=  +  - ♦  /  ! ) *  •  
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
D E C I M A L  P O I N T  .
C O N S = 0 . 0  
GO TO 2 2 0
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
= + — /
C L A S S = 2

H
s



0 0 7 8
0 0 7 9  
C
C
0 0 8 0  
0 0 8 1  
0 0 8 2  
0 0 6 3
0 0 8 4
0 0 8 5  
C
c
0 0 8 6
0 0 8 7
0 0 8 8  
C
C

c
c
0 0 9 8
0 0 9 9
0100  
O l O l  

01 02 
C
c
0 1 0 3

I N D E X = N S Y V B  
GO TO 9 9 8
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
S T A R ,  C H E C K  I F  T I M E S  OR E X P O N E N T I A T I O N  I S  D E S I R E D  

3 0 4  C U A S S = 2  
I N D E X = 4  
C A L L  N X T C H R
I F  ( ( N C L A S S  . N E .  3 )  . O R .  ( N S Y M B  . N E .  4 ) )  GC TO 9 9 9
l N O E X = 6  
GO TO 9 9 8
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

( ) $
3 8 8  C L A S S  =  NS YMB -  2

I F  ( L C L A S S  . E G .  6 )  GO TO 9 9 9  
GO TO 9 9 8
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
A D V A N C E  T H E  S C A N N E R  F O R  N E X T  E N T R A N C E

S T R I N G
0 0 8 9 9 9 8 C A L L N X T C H R
C T E S T F C R  L E G A L A D J A C E N T  T O K E N S I N  I N P L
0 0 9 0 9 9 9 GO T O ( 1 0 . 2 0 . 3 0 . 4 0 . 5 0 . 6 0 . 6 0 . 8 0 ) . L C L A S S
0 0 9 1 1 0 GO TO ( 2 . 1 , 2 , 2 . 1 . 1 ) . C L A S S
0 0 9 2 2 0 GO T O ( 1 . 2 9 . 1 . 1 . 2 . 2 ) .  C L A S S
0 0 9 3 3 0 GO TO ( 2 . 2 . 2 . 1 . 2 . 2 ) . C L A S S
0 0 9 4 4 0 GO T O ( 1 . 2 9 . 1 . 1 . 2 . 2 ) , C L A S S
0 0 9 5 5 0 GO TO ( 2 , 1 , 2 . 2 . 1 . 1  ) . C L A S S
0 0 9 6 6 0 GO TO ( 1 , 2 . 2 . 2 . 2 . 6 9 ) .  C L A S S
0 0 9 7 8 0 GO TO ( 4 . 4 . 4 . 4 . 4 . 1 )  .  C L A S S

H*
I-"

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C H E C K  F O R  U N A R Y  O P E R A T O R S  +  AND -  

2 9  I F  ( I N D E X  . E Q .  2 )  GO TO 2 8  
I F  ( I N D E X  . E Q .  3 )  GO TO 2 8
GO TO 2  

2 8  I N O e x = I N D C X + 5  
GO T O  1
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
K L U D G E  F O R  E N C - O F - I N P U T  D E T E C T I O N  

6 9  C L A S S = 7



0 : 0 4 GO T C  1
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
0 1 0 5 2 C A L L  E R R O R ! 1>
0 1 0 6 " R I T E  ( 6 , 2 2 2 2 )
0 1 0 7 2 2 2 2 F O R MA T  ( 2 3 H 0 I L L E G A L  C H A R A C T E R  P A I R )
0 1 0 6 4 C L A S S = a
0 1  0 9 1 C L O U T = C L A S S
0 1  1 0 L C L A S S = C L A S S
0 1  1 1 1 N D C U T = I N D E X
0 1  1 2 R E T U R N
0 1  1 3 E N D

K



0 0 0 1  I N T E G E R  F U N C T I O N  S C N I N T ( D U M M Y )
c  I N T E G E R  F u n c t i o n  s c n i n t  i s  u s e d  t o  s c a n  a n  o p t i o n a l l y  s i g n e d  i n t e g e r  f r o m
C THE i n p u t  S T R E A M .
c
0 0 0 2  C O M M O N / S C A N / N C L A S S « N S Y M B « L C L A S S * C O L U M N . C A R O ( 8 0 ) • N U M E R R . M A X Y
0 0 0 3  i n t e g e r  N C L A S S , N S Y M B . L C L A S S . C O L U M N . C A R O , N U M E R R , M A X Y
0 0 0 4  I S I G N = I
0 0 0 5  C A L L  N X T C H R
0 0 0 6  GO TÙ ( 9 9 9 . 1 0 0 . 3 0 0 ) . N C L A S S
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
c  S P E C I A L  C H A R A C T E R .  S H O U L D  B E  + OR -
0 0 0 7  3 0 0  I F  ( N S Y M B  . E O .  3 )  GO TO 3 0 1
0 0 0 8  I F  ( N S Y M B  . E Q .  2 )  GO TO 3 0 2
0 0 0 9  GO TO 9 9 9
0 0 1 0  3 0 1  i S I G N = - l
0 0 1  I  3 0 2  C A L L  N X T C H R
0 0 1 2  GO T O  ( 9 9 9 . 1 0 0 . 9 9 9 ) . N C L A S S
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * $ $ *
C A C C R U E  N U MB E R
0 0 1 3  1 0 0  S C N 1 N T = N S Y M E
0 0 1 4  1 0 1  C A L L  N X T C H R
0 0 1 5  GO TO ( 1 0 3 .  1 0 2 . 1 0 3 ) . N C L A S S
0 0 1 6  1 0 2  S C N 1 N T = S C M N T * 1 0  + NS YMB
0 0 1 7  GO TO 1 0  1
0 0 1 8  1 0 3  S C N I N T = S C N I N T * I S I G N
0 0 1 9  GO T O  1 4
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C E R R O R .  NC I N T E G E R  F O U N D  WHERE O N E  WAS E X P E C T E D
0 0 2 0  9 9 9  C A L L  E R R O R ( l )
0 0 2 1  V » R I T E ( 6 . 9 9 9 9 )
0 0 2 2  S C N 1 N T = 0
0 0 2 3  GO T O  1 4
0 0 2 4  9 9 9 9  F O R M A T  ( 3 1 H 0 I N T E G E H  E X P E C T E D  B U T  N O T  F O U N D  )
0 0 2 5  1 4  R E T U R N
0 0 2 6  E ND



0 0 0 1  S U B R C U T l N r  E k l T ( A R G )
C S u e R C U T l N =  E M I T  I S  U S E D  TO P A C K  G E N E R A T E D  C O D E  I N T O  T H E  C C D E  A R R A Y .  A
C P O S I T I V E  ARGUMENT I N D I C A T E S  T H A T  ARG S H O U L D  B E  P U T  I N T O  THE N E X T
C s e q u e n t i a l  L O C A T I O N  I N  T H E  C C D E  A R R A Y .  A N E G A T I V E  V A L U E  F C R  A R G  ME A N S
C T H A T  A r e f e r e n c e  I S  B E I N G  MADE TO T H E  R E S U L T  H H I C H  WAS C O M P U T E D  AT
C L O C A T I O N  A R S ( A R G )  I N  T H E  C O D E  A R R A Y .  A T A R R A Y  C E L L  I S  A L L O C A T E D  F C R  T H I S
C R E S U L T ,  AND A R E F E R E N C E  TO I T  I S  G E N E R A T E D  I N  T H E  N E X T  S E Q U E N T I A L  L O C A T I O N
C CF  THE C O L E  A R R A Y .
C
0 0 0 2  C O M M O N / C O D  / N X T C O C , CODEC 5 0 0 0 ) • N X T L I T , L 1 T E R L ( I  0 0 )
0 0 0 3  I N T E G E R  N X T C O D , C O D E , N X T L  I T
0 0 0 4  H E A L  L I T E R L
0 0 0 5  i n t e g e r  A R G , t e m p . G E T C E L
C A * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C A N E G A T I V E  ARG UME NT  I N D I C A T E S  A R E F E R E N C E  T O  A P R E V I O U S  R E S U L T
0 0 0 6  I F  ( A R G  . G E .  0 )  GC TO I
C  A L L O C A T E  A T E M P O R A R Y  S T O R A G E  C E L L  AND B A C K P A T C H  T H E  R E F E R E N C E
0 0 0 7  T E M P = G E T C F L ( D U M M Y  )
0 0 0 8  C O D E ( - A R G ) = T E M P
0 0 0 9  A R G = T E M P
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C S T O R E  T H E  S Y L L A B L E  I N  T H E  C O D E  A RR AY
0 0 1 0  1 I F  ( N X T C O D  . G T .  5 0 0 0 )  GO TO 2
0 0 1 1  C O D E C N X T C C O ) = A R G
0 0 1 2  NXTCQD=NXTCCD+1
0 0 1 3  R E T U R N
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C C O D E  ARRAY O V E R F L O W ,  F A T A L  E R R O R
0 0 1 4  2  C A L L  E R R G H C 2 )
0 0 1 5  W R I T E ( 6 , 3 )
0 0 1 6  3  F O R M A T C 5 5 H O I N S U F F I C I E N T  S P A C E  F O R  S T O R I N G  E Q U A T I O N S  I N  C C D E  A R R A Y )
0 0 1 7  R E T U R N
0 0 1 8  END



0 0 0 1  S U B - 5 C U T I N t  e R R O R ( I F L A G )
C S u g P C L T I \ =  E R R OR  I S  U S E D  TO I N D I C A T E  T HAT AN E R R O R  H A S  B E E N  D E T E C T E D  AND
C TO I S C I C A T E  T H E  A P P R O X I M A T E  P L A C E  I N  THE I N P U T  C A R D  S T R E A M  WHERE
C T H E  Ef i f i CR O C C U R R E D .
C
0 0 0 2  C O M M O N / S C A N / N C L A S S . N S Y M B . L C L A S S , C O L U M N , C A R D i e O ) . N L M E R P . M A X Y
0 0 0 3  I N T E G E R  N C L A S S . N S Y M G . L C L A S S , C O L U M N , C A R D . N L M E R R . M A X Y
0 0 0 4  D I M E N S I O N  I C A R D ( 8 1 )
0 0 0 5  DATA I l H / '  • / ,  J l / ' * ' /
0 0 0 6  DO 1 0  1 = 1 . 8 1
0 0 0 7  i c  I C A R D I  I  ) =  I I I -
0 0 0 8  I F  ( I F L A G  • E O • 1 )  I C A R D ! C O L U M N  ) =  J 1
0 0 0 9  W R I T E ( 6 , 1 1 )  I C A R D
0 0 1 0  11  F O R M A T  ( 1 4 H 0 * * *  E R R O R  , 2 7 X . 8 1 A 1  )
0 0 1 1  N U M E R R = N U V E R R + 1
0 0 1 2  R E T U R N
0 0 1 3  END



0001
c
c
c
0002

0 0 0 3

0 0 0 4
0 0 0 5
0 0 0 6
0 0 0 7  
c
c
0 0 0 8  
0 0 0 9  
001 0 
001 1 
0 012  
0 0 1  3

I N T E G E R  F U N C T I O N  G E T C E L CDUMMY )
G E T C E L  I S  U S E D  TC O B T A I N  AN A V A I L A B L E  C E L L  
T H E  T C P  ENTR Y O F F  THE T U S E  S T A C K .

IN THE TARRAY. IT SIMPLY PCPS

C C M M O N / A L C C  A T / ’T A V A I L .  T U S E  ( 4 0 0 0 )  • G A R B A G  • T MP AD R  ( l O O C )  •
I L A V A I L .  L U S E ( I O O O )

I N T E G E R  T A V A I L . T U S E . G A R B A G . T M P A D R . L A V A I L , L U S E
I F  ( T A V A I L  . E C .  0 )  GO T O  1
G E T C E L = T A V A I L
T A V A 1 U - T U S E ( T A V A 1 U >
R E T U R N
* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
NO MORE A V A I L A B L E  C E L L S  I N  T H E  T - A R R A Y  
C A L L  E R R 0 R ( 2 )
W R I T E ( 6 . 2 )
G E T C E L = 1
F O R M A T  ( 4 3 H 0 I N S U F F I C I E N T  S P A C E  F O R  C O M P I L I N G  E Q U A T I O N S  )
R E T U R N
END



0001 SUBROUTINE GMPRD(A,B,R,N,M,

000 2 DIMENSION A ( 1 ) , B ( 1 ) , R ( 1 )
0CC3 IP = G
00C4 IK =
0 0 0 5 CC 10 K=1,L
00G6 IK = IK + M
0 0 0 7 CC 10 J = l»N
ccce IP = IR ♦ 1
0 0 0 9 J I  = J -  N
00 1 0 le  = IK
0011 R ( I R )  = 0
0 0 1 2 DC 10 I = l,M
00 1 3 J I  = J I  + N
0 0 1 4 IB = IB + 1
001 5 1C R ( I R )  = R ( I R )  + 4 ( J I ) * B ( I B )
001 6 RETURN
0 0 1 7 ENC

HH'J
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CC61
0 0 6 2
0083
0 0 6 4
0C85
0 C 6 6
0 0 8 7
COBB
CC8Ç

1 3 0

15C

OC 13C I= 1 ,N  
<l = KI ♦ N
^CLC = A (K I)
J I  = KI -  K + J 
£ ( KI) = - A ( J I )  
A ( _ I )  =  h C L D  
GC TO ICC 
P E T U R N  
ENC

to



COEFFICIENTS A ( 6 . 6 . 6 )

0 . 5000000E CC C . 6 6 6 6 6 6 6 6 00 0 .7500000E 00 0.80000006 00 0 .83333336 00

0.65714276 oc 0 .78867516 OC 0 .34494896 CC 0 .87748526 00 0 .89871356 00

0 .91366346 GC 0.9247639E GC 0 .88729836 00 0.91141196 00 0 .92700596 00

0 .93792416 CO 0 .94599756 00 0 .95221106 CO 0.93056816 00 0 .94289586 00

0 .95149936 oc 0 .9 5 7 8 4 7 1 E 00 0 .96272406 CO 0 .96658866 00 0 .95308996 00

0 .96019016 oc 0 .965 42  106 00 0 .96943576 00 0 .97261436 00 0 .97519386 00

0 .96623476 0 0 0 .97068356 00 0 .97409536 00 0 .97679536 00 0 .97898526 00

0 .98079726 0 0 0 . 0 0 .0 0 .0 0 .0

0 . 0 0 . 0 0 .21132486 00 0 .35505106 00 0 .4 5 5 8 4 8 :6 00

0.S298579E 00 0 .58633666 00 0 .63079156 CO C .50000006 00 0 .59053316 00

0 .65299626 0 0 0 .69861  126 00 0 .73388936 00 0 .76162396 00 0 .66999056 00

0 .72315696 0 0 0 .76 139 91 6 00 0 .79028316 00 0 .81289156 00 0 .83107896 00

0.76923466 0 0 0 .8 0  198666 0 0 0 .82651976 CO 0 .84560516 00 0 .86088636 00

0.87340276 0 0 0 .83060476 0 0 0 .85192146 00 0 .86843606 00 0 .88161676 00

0 .89238516 0 0 0 .90135076 0 0 0 . 0 C.O 0 .0

0 . 0 0 . 0 0 .0 0 .0 0 .0

0 .  0 0 . 0 0 . 0 0 .0 0 .11270176 00

0 .21234056 0 0 0  . 2 9 4 9 9 7 8 6 0 0 0 .36326466 00 0 .42011306 00 0 .46798326 00

Hto



0 . 3 3 0 0 0 9 5 E  OC 

0 . 6 1 4 6 6 9 4 E  0 0  

0 . 6 8 0 0 5 9 2 e  0 0  

0 . 7 2 5 6 0 2 7 E  0 0  

0 . 0  

0 . 0  

0 . 0  

0 .  0

0 . 3 1 2 1 3 5 5 E  0 0  

0 . 4 1 7 1 0 0 2 E  0 0  

0 . 4 9 0 9 6 3 6 E  CC 

0 . 0  

0 . 0  

0 . 0  

0 . 0  

0 . 0

0 . 1 4 8 9 4 5 7 E  0 0  

0 . 2 3 0 7 6 6 1 E  0 0

0 . 4 l 6 a O 9 6 E  0 0  

0 . 5 0 0 0 0 C O E  0 0  

0 . 7 0 6 3 3 3 8 E  0 0  

0 . 7 4 8 8 3 E 5 E  0 0  

0 . 0  

0 . 0  

0 . 0  

0 . 0

0 . 3 5 6 8 9 3 7 E  0 0  

0 . 4 6 0 9 3 3 6 E  0 0  

0 . 5 3 2 4 1  1 5 E  0 0  

0 . 0  

0 . 0  

0 . 0  

0.0 

0 . 0

0 . 1 9 6 2 1 2 0 F  0 0  

0 . 2 8 4 3 1 8 9 E  0 0

0 . 4 8 2 9 5 2 7 E  CC 

0 . 5 6 2 0 2 5 2 E  0 0  

0 . 6 1 9 3 C 9 5 E  0 0

0 . 7 6 8 4 1 3 5 E  0 0  

0 . 0  

0 . 0  

0 . 0

0 . 1 3 9 7 5 9 8 E  0 0  

0 . 2 3 0 7 6 5 3 E  0 0  

0 . 4 9 8 7 0 9 8 E  0 0  

0 . 5 6 7 5 7 2 4 E  0 0  

0 . 0  

0 . 0  

0 . 0  

0 .0  

0 . 0

O . 2 3 9 7 9 2 0 8  0 0  

0 . 3 3 1 3 0 0 4 E  0 0

0 . S 3 4 8 4 6 4 E  0 0  

C . 6 I 0 1 1 3 6 E  0 0  

C . 6 6 3 0 1 S 2 E  CO 

C . O  

0 . 0  

C . O  

0 . 0

0 . 2 0 4 1 4 8 5 E  0 0  

0 . 3 0 4 5 3 S 7 E  0 0  

0 . 3 8 0 6 9 0 4 E  0 0  

C . S 9 7 7 8 9 0 E  0 0  

C . O  

0 . 0  

0 . 0  

0 . 0

0 . 4 6 9 1 0 0 7 E - 0 1  

0 . 2 7 9 6 9 3 1 E  0 0  

0 . 3 7 2 7 5 1  I E  0 0

!-■to

0 . S 7 8 9 1 S 7 E  OO 

0 . 6 4 8 5 6 9 9 E  0 0  

0 . 6 9 7 5 6 3 1 E  0 0  

0 . 0  

0 . 0  

0 .0  

0 . 0

0 . 2 6 1 4 7 7 8 E  0 0  

0 . 3 6 5 6 6 6 4 E  0 0  w  

0 . 4 4 1 3 2 8 5 E  0 0  

0 . 0  

0 .0  

0 . 0  

0 .0  

0 .0

0 . 9 8 5 3 5 0 0 E - 0 1  

0 . 1 6 9 3 9 5 3 E  0 0  

0 . 4 0 9 5 3 3 3 E  0 0



0»C 0 . 0  0 , 0  0 . 0  0 . 0

0»'^ 0 . 0  0 .0  C.O 0 .0

0 . 0  0 . 0  0 . 0  0 . 0  0 . 0

0 . 0  0 . 0  0 . 0  0 . 0  0 . 0

0 . 0  0 . 0  0 . 0  0 . 0  0 . 0

0 . 0  0 . 0  0 . 0  0 . 0  0 . 0

0 . 3376524E-0I 0 . 730542 5E -01 0 . 1 131943E 00 C.IS22731E 00 0 . I89 46 9 6E  00

0.22446395 00



C O E F F I C I E N T S  C ( E * 6 # 6 )

0 . 1 OOOOOOE 0 1 0 .7500000E 00 0.5925S25E 00 0.4882813E 00 0.4147200E 00

0 . 3602323E CO 0.5000000E 00 0.3764030E 00 0.3020174E 00 0.2522389E 00

0.2165682E 00 0 . 1897451E 00 0.2777777E 00 C.220462IE 00 0 .1828570E 00

0 . 1562502E 00 0 .1 3 6 4 2 0 1 E 00 0 . 1 2 1 0651E 00 0.1739274E 00 0.143713SE 00

Oo 1224810E 00 0 .1 0 6 7 3  17Ë 00 0 .945 79 64E - 01 0 .8491641E- 01 0 . 1 184634E 00

0 .10 0 79 4 1E 00 0 .8772683E- 0 1 0 .7766 64 6E - 01 C.6968027E- 01 0 .6318581E - 01

0.8566225E- 01 0 .7449412E- 0 1 0 .6 5 9 0 9 I5 E - 01 0 .5910210E- 01 0.S357164E- 01

0 .4898897E- 01 0 .0 0 .0 0 .0 0 .0

0 .0 0 .0 0 .5000000E 00 0 .S I24857E 00 0.4850196E 00

0 .44976 I0E co 0.4152777E 00 0 .3838795E 00 . 0 .4444444E 00 0 .388I934E 00

0.3429757E 00 0 .3 0 6 b l4 9 E 00 0 .2767369E 00 0.2S20615E 00 0 .1994007E 00

0.28I35Ô0E 00 0.2474584E 00 0 .2208490E 00 0 . 1994007E 00 0.1817443E 00

0 .2 3 9 3 1 43E 00 0 .2084506E 00 0 .1847351E 00 0.1659088E 00 0.150S875E 00

0 . 1378693E 00 0 .18038086 00 0 . 159 I02IE 00 0 .  1423749E 00 0 .1288624E 00

0 . 1 177105E 00 0 . 1 0 8 34éOE 00 0 . 0 0 .0 0 .0

0.  0 0 .0 0 .0 0 .0 0 .0

0.  0 0 .0 0 .0 0 .0 0 .2777777E 00

0 . J288442E 00 0 .3 4 4  1672E 00 0 .3 4 3 7 e e iE 00 0 .3360796E 00 0.32S0821E 00

to(JI



0.3260726E 00 

0 .2442204E 00 

0 .2058293E 00 

0 .1791571E 00 

0 . 0  

0 . 0  

0 . 0  

0 . 0

0.2650933E  00 

0 .2336878E 00 

0 .2127798E 00 

0 .  0 

0 . 0  

0 . 0  

0 . 0  

0 . 0

0.1854340E 00 

0 . 1 9 0 4 7 4 9 E  OO

0.311ft2E5E 00 

0 .2844444E  00 

0.19206E7E 00 

0 .1661325E  00 

0 . 0  

0 . 0  

0 . 0

0 .1739274Ê  00 

0 .2 6 5 0 1 26E 00 

0 .2 2 6 2 0 12E 00 

0 .2022694E  00 

0 . 0  

0 . 0  

0 . 0  

0 . 0  

0 . 0

0 .2013093E  00 

0 . 1 9 4 4 6 8 5 E  0 0

0 .2942587E  00 

0 .2604634E  00 

0 .2339569E  00 

0 .1548567E  00 

0 . 0  

0 . 0  

0 . 0

0.2231039E  00 

0 .239 3 I43E  00 

0 .2181501E  00 

O .I923066E  00 

0 . 0  

0 . 0  

0 . 0  

0 . 0  

0 . 0

0 .2108042E  00 

O.1948467E 00

0.2764993E 00 

C.2396317E 00 

0.2123519E 00 

0 . 0  

C.O 

0 . 0  

0 . 0

C.2483943E 00 

C.2426935E 00 

0 .2339569E  00 

0 .1829978E  00 

0 . 0  

0 . 0  

0.0 
0 . 0

0 .1 I84634E  00 

0 .2 I60023E  00 

0 . 1930448E 00

0 .2 5 9 6 9 6 4 E  00 

0 .2 2 1 S 5 9 0 E  00 

0 .1 9 4 3 6 5 6 E  00 

0 .0  

0 . 0  

0 .0  

0 . 0

0 .2 6 0 S 7 2 9 E  00 

0 .2 3 9 7 3 6 1 E  OO *  

0 .2 2 3 S 5 4 8 E  OOj

0 .0  I

0 . 0  

0.0 
0.0 
0 . 0

0 .1 5 9 8 2 0 3 E  00 

0 .1 8 0 3 8 0 8 E  00 

0 . 1 8 9 9 2 6 7 E  00



0 * 0  0 . 0  0 . 0  C . O  0 . 0

0»C 0 . 0  0 . 0  0 . 0  0 . 0

0 - C  0 . 0  0 . 0  C . O  0 . 0

0 * 0  0 , 0  0 . 0  C . O  0 . 0

O.c 0 .0  0 . 0  C.O 0 .0

0 * 0  0 . 0  0 . 0  C . O  0 . 0

0 . 8 5 6 6 2 2 5 6 - 0 1  0 . 1 1 9 6 1 3 6 E  0 0  0 . 1 4 2 9 C 8 0 E  0 0  0.1590899E 00 0 .1702574E  00

0 . 1 7 7 8 0 2 7 E  OC

HlO



Appendix B. Computer Output



S Y M M E T R I C A L  R E F L E C T I O N F U N C T I O N  R ( X . I . J )  F O R  GAMMA = 0 .  1

I .  J X =  0 .  1 X =  0 . 2 X =  0 . 3 X =  C . 4 X =  0 . 5 NN
1 , 1 0 .  I 2 8 3 5 5 0 E - 0 2 0 .  1 2 8 4 3 2 6 6 - 0 2 0 . 1 2 8 4 3 5 2 E - 0 2 0 . 1 2 8 4 3 6 6 6 - 0 2 0 . 1 2 8 4 3 7 3 6 - 0 2 1
1 . 2 0 . 2 I 3 6 0 I I E - 0 2 0 . 2 I 6 2 9 I 4 E - 0 2 0 . 2 1 6 5 5 2 7 6 - 0 2 0 . 2 1 6 6 4 1 Î E - 0 2 0 . 2 1 6 6 7 5 4 6 - 0 2 2
1 « 3 0 . 2 3 4 5 8 4 4 E - 0 2 0 . 2 3 9 2 4 6 5 E - 0 2 0 . 2 3 9 9 8 0 2 6 - 0 2 0 . 2 4 C 3 5 5 9 E - 0 2 0 . 2 4 0 5 6 9 0 6 - 0 2 3 |
1 .  4 0 . 2 4 1 9 3 8 8 E - 0 2 0 . 2 4 7 4 8 4 8 E - 0 2 0 . 2 4 8 5 0 8 9 6 - 0 2 0 . 2 4 9 1 0 6 2 6 - 0 2 0 . 2 4 9 4 9 2 3 6 - 0 2 4
1 . 5 0 . 2 4 5 I 7 4 9 E - 0 2 0 . 2 5 1 I 5 3 3 E - 0 2 0 . 2 5 2 3 2 4 9 6 - 0 2 0 . 2 5 3 0 5 3 9 6 - 0 2 0 . 2 5 3 5 4 9 8 6 - 0 2 5 '
1 . 6 0 . 2 4 6 7 3 9 6 E - 0 2 0 . 2 5 2 9 3 2 8 6 - 0 2 0 . 2 5 4 1 8 4 9 E - 0 2 0 . 2 5 4 9 8 5 0 6 - 0 2 0 . 2 5 5 5 4 6 2 6 - 0 2 6
1 .  7 0 . 2 4 7 4 4 3 3 E - 0 2 0 . 2 5 3 7 3 4 8 6 - 0 2 0 . 2 5 5 0 2 4 7 6 - 0 2 0 . 2 5 5 8 6 0 7 6 - 0 2 0 . 2 5 6 4 5 2 6 6 - 0 2 7
2 . 2 0 . 5 1 6 8 0 0 6 E - 0 2 0 . 6 3 1 2 5 9 8 6 - 0 2 0 . 6 5 7 0 1 2 7 E - 0 2 0 . 6 6 2 9 9 2 9 6 - 0 2 0 . 6 6 4 4 5 6 2 6 - 0 2 8
2 . 3 0 . 6 1 3 7 4 6 4 E - 0 2 0 . 8 2 2 8 9 6 9 6 - 0 2 0 . 8 9 4 6 5 6 4 6 - 0 2 0 . 9 1 9 6 8 5 5 6 - 0 2 0 . 9 2 8 6 5 9 0 6 - 0 2 9
2 . 4 0 . 6 4 9 5 9 2 7 E - 0 2 0 . 9 0 2 9 8 2 4 6 - 0 2 0 .  1 0 0 2 3 8 3 E - 0 I 0 .  1 0 4 1 9 7 4 6 - 0 1 0 . 1 0 5 8 1 6 1 6 - 0 1 1 0
2 . 5 0 . 6 6 5 6 6 1 3 E - 0 2 0 . 9 4 0 5 9 3 C E - 0 2 0 .  1 0 5 4 7 4 9 6 - 0 1 0 « 1 1 0 2 8 6 1 6 - 0 1 0 .  1 1 2 3 6 6 9 6 - 0 1 1 1
2 . 6 0 . 6 7 3 4 9 4 5 E - 0 2 0 . 9 5 9 3 1 8 9 6 - 0 2 0 . 1 0 8 1 2 4 7 6 - 0 1 0 . 1  1 3 4 0 4 0 6 - 0 1 0 . 1 1 5 7 4 9 5 6 - 0 1 1 2
2 . 7 0 . 6 7 7 0 3 0 S E - C 2 0 . 9 6 7 8 5 8 4 6 - 0 2 0 . 1 0 9 3 4 2 6 6 - 0 1 0 . 1 1 4 8 4 5 7 6 - 0 1 0 . 1 1 7 3 2 0 0 6 - 0 1 1 3
3 . 3 0 . 7 3 9 7 3 7 2 E - 0 2 0 .  1 1 2 7 4 1 7 6 - 0 1 0 . 1 3 3 0 0 9 4 6 - 0 1 0 . 1 4 3 6 1 4 5 6 - 0 1 0 . 1 4 9 1 7 4 8 6 - 0 1
3 . 4 0 . 7 8 6 6 6 8 8 E - 0 2 0 . 1 2 5 8 5 2 7 6 - 0 1 0 . 1 5 4 0 5 2 5 6 - 0 1 0 . 1 7 0 8 9 7 9 6 - 0 1 0 . 1 8 0 9 6 6 1 6 - 0 1 1 5  'O
3 . 5 0 . 8 0 7 7 5 9 5 6 - 0 2 0 .  1 3 2 0 7 4 4 6 - 0 1 0 . 1 6 4 5 2 1 7 6 - 0 1 0 . 1 8 5 0 2 9 5 6 - 0 1 0 . 1 9 7 9 9 4 1 6 - 0 1 1 6 i
3 . 6 0 . 8 1 8 0 5 2 9 6 - 0 2 0 .  1 3 5 1 8 6 3 E - 0 1 0 . 1 6 9 8 7 4 5 6 - 0 1 0 . 1 9 2 3 9 6 1 6 - 0 1 0 . 2 0 7 0 2 0 1 6 - 0 1 1 7 !
3 . 7 0 . 8 2 2 7 0 2 8 6 - 0 2 0 . 1 3 6 6 0 8 3 6 - 0 1 0 . 1 7 2 3 4 6 3 6 - 0 1 0 . 1 9 5 8 3 0 2 6 - 0 1 0 . 2 1 1 2 6 2  3 6 - 0 1 1 8
4 . 4 0 . 8 3 7 8 4 6 5 6 - 0 2 0 . 1 4 1 3 0 1 6 E - 0 1 0 .  1 8 0 5 9 4 5 6 - 0 1 C . 2 0 7 3 9 0 4 6 - 0 1 0 . 2 2 5 6 4 6 9 6 - 0 1 1 9
4 . 5 0 . 8 6 0 8 6 2 4 6 - 0 2 0 . 1 4 8 6 5 5 7 E - 0 1 0 . 1 9 3 8 9 5 3 6 - 0 1 0 . 2 2 6 5 3 6 9 6 - 0 1 0 . 2 5 0 0 5 9 5 6 - 0 1 2 0
4  .  6 0 . 8 7 2 0 9 8 3 6 - 0 2 0 .  1 5 2 3 3 9 C E - 0 1 0 . 2 0 0 7 1 7 3 6 - 0 1 0 . 2 3 6 5 7 4 4 6 - 0 1 0 . 2 6 3 1 1 5 3 6 - 0 1 2 1 :
4 . 7 0 . 8 7 7 1 7 4 7 6 - 0 2 0 . 1 5 4 0 2 3 2 E - 0 1 0 . 2 0 3 8 7 2 3 6 - 0 1 0 . 2 4 1 2 6 6 0 6 - 0 1 0 .  1 6 9 2 7 7 1 6 - 0 1 2 2
5 . 5 0 . 8 8 4 7 5 2 7 6 - 0 2 0 - 1 5 6 5 5 9 1 6 - 0 1 0 . 2 0 8 6 5 9 2 6 - 0 1 0 . 2 4 8 4 3 2 2 6 - 0 1 0 . 1 7 8 7 4 7 9 6 - 0 1 2 3
5 . 6 0 . 8 9 6 4 1 6 2 6 - 0 2 0 . 1 6 0 5 1 9 8 E - 0 1 0 . 2 1 6 2 4 1 9 6 - 0 1 0 . 2 5 9 9 3 8 3 6 - 0 1 0 . 2 9 4 1 4 8 0 6 - 0 1 2 4
5 . 7 0 . 9 0 1 6 8 5 7 6 - 0 2 0 .  1 6 2 3 3 1 5 6 - 0 1 0 . 2 1 9 7 5 0 6 6 - 0 1 0 . 2 6 5 3 2 2 0 6 - 0 1 0 . 3 0 1 4 2 8 8 6 - 0 1 2 5
6 . 6 0 . 9 0 8 2 8 9 8 6 - 0 2 0 . 1 6 4 6 2 0 9 E - O 1 0 . 2 2 4 2 1 9 9 6 - 0 1 0 . 2 7 2 2 2 9 6 6 - 0 1 0 . 3 1 0 8 3 5 6 6 - 0 1 2 6
6 . 7 0 . 9 1 3 6 5 4 3 6 - 0 2 0 . 1 6 6 4 9 6 9 E - 0 1 0 . 2 2 7 9 1 2 9 6 - 0 1 0 . 2 7 9 4 3 2 1 6 - 0 1 0 . 3 1 9 8 9 7 0 6 - 0 1 2 7
7 . 7 0 . 9 1 9 0 6 2 6 6 - 0 2 0  .  1 6 8 4 0 2 4 6 - 0 1 0 . 2 3 1 6 9 1 5 6 - 0 1 0 . 2 8 3 9 1 3 0 6 - 0 1 0 . 3 2 6 9 2 2 1 6 - 0 1 2 8

,  J  = 1 . 2 .  # . # . 7 #  ' . vHERt 1 I S  8 8 . 5  D E C F R C M  N .  2  I S  8 2 . 6  D E C  F R C M  N .  3 I S  7 2 . 7  D 6 G  F R C M  N .
4  I S e c . o  D E C  F R C M N . 5  I S  4 5 . 3  CEG F ROM N ,  6  I S  2 9 . 4 DEG F R C M  N .  7 I S  1 3 . 0  0 6 G  F R C M N .
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S Y M M E T R I C A L  R E F L E C T I O N  F U N C T I O N  R ( X « I « J )  F O R  GAMMA =  0 . 1

I
I 1

X = 1.1 
0 . 1 284389E-02 Ü

X = 1.2 
1 284390E-02 0

X = 1 .3  
1284389E-02

X = 1 .4  
0 .1284390E-02

X = 1 .5  
0 .12 84 3 92 5 -02

NN
1

I 2 0 .2167027E-02 0 2167031E-02 0 2167034E-02 0 .2167035E-02 0 .216 70 385 -02 2
1 3 0 .2403675E-02 0 2 4 08 7 4 lE-02 0 2408784E-02 0 .2408810E-02 0 .24 08 8 30 5 -02 3
1 4 0 .2502219E-02 0 2502b02E-02 0 2502702E-02 0.25C2845E-02 0 .2502 94 95 -02 4
1 5 O.2546330E-02 0 254686eE-02 0 2547267E-02 0 .2547567E-02 0 .25 47 79 55 -02 5
1 6 0 .2568570E-02 0 2569298E-02 0 2569856E-02 0 .2S70286E-02 0 .2 570 62 05 -02 6
1 7 0 .2578804E-02 0 2579638E-02 0 2580285E-02 0 .25 80 7 8 85 -02 0 .25 8 1 18 4 5 -0 2 7
2 2 0 .6650325E-02 0 6650355E-02 0 6650377E-C2 0 .6650388E-02 0 .665 040 35 -02 8
2 3 0 .9344239E-02 o 9344690E-02 O 9344976E-02 0 .934S144E-02 0 .9 3 4 5 2 5 2 E -02 9
2 4 0 .1071298E-01 0 1071490E-01 0 1071621E-01 0 .1 0 7 1 7 1 lE-01 0 .107177  55-01 10
2 5 0 .  1 142508E-01 0 1142873E-01 0 1 143134E-01 0 . 1 143324E-01 0 .11434645 -01 1 1
2 6 0 .  1179909E-01 0 1 I80404 E -0 I 0 1 I80768E-01 0 .11810405-01 0 .11812465 -01 12
2 7 0 . 1 I97431E-01 0 119799SE-01 0 1 198420E-01 0 .11987395 -01 0 .11989845 -01 H
J 3 O. 1552587E-01 0 1553281E-01 0 1553665E-01 0.15S3879E-01 0 . 1554000E-01 14| w
3 4 0 . I953557E-01 0 I956493E-GI 0 1958297E-01 0. 19594115-01 0 .19601045 -01 15
3 5 0.2190072E-01 0 2195624E-01 0 2199220E-01 0 .22015635 -01 0 .22031015 -01 16
3 6 0 .23225O9E-01 0 23 30 045 E -01 0 2335055E-01 0 .23384065 -01 0 .23406635 -01 17
3 7 0 .2 3 8 6 5 5 6 E -0 1 0 239519EE-01 0 2401009E-01 0 .24049425 -01 0 .24076225 -01 18
4 4 0 .2 6 0 7 3 5 6 E -0 1 0 2619794E-01 0 2628282E-01 0 .26340795 -01 0 .26380425 -01 19
4 5 0 .3020871E-01 0 3044397 E -01 0 3061333E-01 0 .30735295 -01 0 .30823155-01 20
4 6 0 .3 2 6 0 6 9 7 E -0 1 0 3292638E-01 0 3316243E-01 0 .33336905 -01 0 .33465905 -01 21
4 7 0 .3 3 7 8 6 9 2 E -0 1 0 3415319E-01 0 3442707E-01 0 .34631915 -01 0 .3478514E-01 22
5 5 0.3564756E-01 0 3609264E-01 0 3E43063E-01 0 .36687265 -01 0 .36882095 -01 23
5 6 0 .38 855 62 E -0 I 0 3946000E-01 0 39 9 3 1 12E-01 0 .40298285 -01 0 .40584385 -01 24
5 7 0 .4 0 4 4 6 9 2 E -0 1 0 4 1 14000E-01 0 4168668E-01 0 .421 17775 -01 0 .42457655-01 25
6 6 0 .4 2 5 7 2 0 9 E -0 1 0 4 3 39 2 8 3 E -0 1 0 4404957E-01 0 .44574935 -01 0 .44995105 -01 26
6 7 0.4445451E-01 0 4538958E-01 0 4614670E-01 0 .46759555 -01 0 .47255505 -01 27
7 7 0 .4 6 4 0 6 5 6 E -0 1 0 47 48 60 0E -01 0 4837034E-01 0 .49094625 -01 0 .49687655 -01 28

J  - 1 .2 .  . . . # 7 .  INHERE 1 IS e e . 5  CEG FROM N, 2 IS 82. 6 DEG FRCM N. 3 IS 7 2 .7  C5G FRCM N.
4 I S e c .o  CEC. F R C V  N , 5 I S  4  5 . 3  DEG FROM N .  6 IS 29 . 4 DEG FRCM N. 7 IS 1 3 .0  DEG FRCM N.
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SYMMETRICAL REFLECTION FONCTION R ( X , I . J ) FOR GAMMA = 0.1

I J X = 2 .1 X = 2 .2 X = 2 .3 X = 2 .4 X = 2 . 5 NK
1 l 0 . 1284392E-02 0 . 1284392E-02 0 1284392E-02 0 . 1284392E-02 0 .1284392E-02 1
1 2 0 .2167044E-02 0 .2167044E-02 0 2167044E-02 0 .216 70 446 -02 0 .2167044E-02 2
1 3 0 .2408862E-02 0 .2408863E-02 0 2408864E-02 0.240886SE-02 0 .2408866E-02 3
1 4 0 .2 5 0 3 1 72E-02 0 .2503 183 E -02 0 2503190E-02 0.25031S7E-02 0 .2503200E-02 4
1 5 0 .25483652 -02 0 .2548397E -02 0 2548422E-02 0 .2 5 4 8 4 4 lE -02 0.25484S5E-02 5
1 6 0 .2571516E-02 0 .2571573E -02 0 2571618E-02 0 .2571654E-02 0 .2 5 7 1 6 8 lE-02 6
1 7 0 .2582 284 6 -02 0 .2582358E -02 0 2582417E-02 0 .2582463E-02 C.2582500E-02 7
2 2 0 .66504332 -02 0 .6650433E -02 0 6650433E-02 0 .6650433E-02 0 .6650433E-02 8
2 3 0 .9345461E-02 0 .93454 64 E -02 0 9345472E-02 0 .9345472E-02 0 .9345476E-02 9
2 4 0 .  1071912E-01 0 .  1071918E-01 0 1017922E-0I 0 .  107I926E-01 0 .1 0 7 1 9 2 8E-01 10
2 5 0 . 1 143812E-0 I 0 .  1 143 832E -01 0 1143847E-01 0 .11438586 -01 0 . 1 143866E-01 11
2 6 0 .11817936 -01 0 . 1 181827E-01 0 1 181855E-01 0 . l 181875E-01 0.1181891E-01 12
2 7 0 . 1 199654E-01 0 . 1199699E-01 0 1 199 7 34E-01 0 .  1 I99726E-01 0 .1199784E-01 13
3 3 0 . 1554165E-01 0 .  1554 169E-01 0 1554171E-01 0 .1554173E-01 0.15S417SE-01 14
3 4 0 . 1 9 6 1229E-01 0 .  1961261E-01 0 1961284E-01 0 . I961299E-01 0 .1 9 6 1 3 1 OE-01 15
3 5 0 .2 2 0 5 9 1 9 E -0 1 0 .2206022E-01 0 2206095E-01 0.2206147E-01 0 .2206185E-01 16
3 t) 0 .2345075E-01 0 .2345255E-01 0 2345387E-01 0 .2345483E-01 0 .2345555E-01 17
3 7 0 . 2 4 1 3018E-01 0 .2 4 1 3 2 5 lE-01 0 2413423E-01 0.2413S49E-01 0 .2 4 1 3 6 4 5E-01 18
4 4 0 .2645768E-01 0 .2646053E-01 0 2646250E-C1 0.2646386E-01 0 .2646480E-01 19
4 5 0 .3 1 0 1 8 3 9 E -0 1 0 .3102735E-01 0 3103385E-01 0 .31038S6E-01 0 .3104198E-01 20
4 6 0 .3 3 7 7 3 7 9 E -0 1 0 .33 78 856 E -0  1 0 3380027E-01 0.336C898E-01 0.338154SE-01 21
4 7 0 .3 5 1 6 1 3 3 E -0 1 0 .3518167E-01 0 3519695E-01 0.3520843E-01 0 .3521708E-01 22
5 5 0.3737862E-01 0 .3740692E-01 0 3742842E-01 0 .3744473E-01 0 .3 7 4 5 7 1 lE-01 23
5 6 0 . 4 1 3 6 755 E -01 0 .4141732E -01 0 4145608E-01 0 .4141627E-01 0 .4150977E-01 24
5 7 0 .4 3 4 1 9 2 l E - 0 1 0 .4348338E-01 0 4353394E-01 0 .4357377E-01 0 .4360516E-01 25
6 6 0 .4623260E-0  1 0 . 4 6 3 2 0 1 IE-01 0 4639003E-01 0 .4644587E-01 0 .4649048E-01 26
6 7 0 .4 8 7 6 6 5 2 E -0 1 0.4887866E-O1 0 4896930E-01 0.49C4255E-01 0 .4910174E-01 27
7 7 0 .5 I55700E -01 0 . 5 1 7 0 2 5 lE-01 0 5182150E-01 0 .519 18 77 E -0 I 0 .5 1 9 9 8 2 9E-01 28

•  J 1 . 2 # . . . . 7 #  WHERE 1 IS 8 8 .5  DEG FROM N. 2 IS 82 . 6 DEG FRCM N. 3 IS 7 2 .7  DEG FRCM N
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S Y M M E T R I C A L  R E F L E C T I O N F U N C T I O N  R ( X .  I . J )  F Ü R  GAMMA = 0 . 6

I » J X =  0 .  1 X = 0 . 2 X =  0 . 3 X =  0 . 4 X =  0 . 5 NN

1 .  I 0 . 8 0 8 6 7 7 6 6 - 0 2 0 . 8 1 1 2 9 4 5 E - 0 2 0 . 8  I 2 0 8 0 9 E - 0 2 0 . 8 1 2 5 8 1 9 6 - 0 2 0 . 8 1 2 9 3 0 2 6 - 0 2 1

1 . 2 0 . 1 3 7 8 7 0 5 6 - 0  1 0 .  1 4 2 7 3 3 8 E - 0 1 0 .  I 4 4 2 0 4 7 E - 0 1 0 . 1 4 4 8 9 7 5 E - 0 1 0 . 1 4 5 2 6 8 6 E - 0 1 2
1 . 3 0 . 1 5 2 3 4 2 0 5 - 0  I 0 . 1 6 0 8 5 1 6 E - 0 1 0 . 1 6 4 5 7 8 8 6 - 0 1 0 . 1 6 6 8 9 9 4 6 - 0 1 0 . 1 6 6 4 1 5 0 6 - o i 3
I ,  4 0  . 1 5 7 4 5 0 8 6 - 0  1 0 . 1 6 7 6 4 1 e e - 0 1 0 .  1 7 2 7 1 0 5 E - 0 1 0 . 1 7 6 2 3 9 5 6 - 0 1 0 . 1 7 8 7 9 4 7 6 - 0 1 4
1 . 5 0 . 1 4 9 7 0 4 6 6 - 0 1 0 .  1 7 0 7 1 0 8 E - 0 1 0 . 1 7 6 4 9 3 8 E - 0 1 0 . 1 8 0 7 2 4 8 6 - 0 1 0 . 1 8 3 9 3 6 9 E - 0 1 5
1 .  6 0 .  1 6 0 7 9 5 6 E - 0 1 0 .  1 7 2 2 1 3 2 E - 0 1 0 .  1 7 8 3 7 2 2 E - 0 1 C . 1 8 2 9 8 7 5 6 - 0 1 0 . 1 8 6 5 7 3 4 6 - 0 1 6
1 • 7 0 . 1 6 1 2 8 5 6 E - 0 1 0  .  1 7 2 8 9 3 0 E - 0 1 0 .  1 7 9 2 2 8 0 6 - 0 1 C .  1 8 4 0 2 6 5 6 - 0 1 0 . 1 8 7 7 9 3 8 6 - 0 1 7
2 , 2 0 . 3 3 7 0 5 2 8 E - 0 1 0 . 4 2 9 4 7 1 1 6 - 0 1 0 . 4 5 7 2 2 4 8 6 - 0 1 0 . 4 6 6 8 5 5 1 6 - 0 1 0 . 4 7 0 8 2 5 3 6 - 0 1 8
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I .  u X — 1 . 6 X =  1 . 7 X =  1 . 8 X =  1 . 9 X =  2 . 0 NN
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3 , 4 0 . 1 6 3 8 9 3 5 E 0 0 0 . 1 6 4 1 3 6 6 E 0 0 0 . 1 6 4 3 2 4 7 6 0 0 0 . 1 6 4 4 7 1 1 6 0 0 0 . 1 6 4 5 8 5 8 6 0 0 1 5  œ
3 . 5 0 . I 8 9 0 5 2 7 E 0 0 0 . 1 8 9 5 1 8 3 E 0 0 0 .  1 8 9 8 8 7 1 6 0 0 0 . 1 9 0 1 8 0 5 6 0 0 0 . 1 9 0 4 1 5 1 6 0 0 1 6 |
3 , 6 0 . 2 0 3 8 9 6 5 E 0 0 0 . 2 0 4 5 5 3 3 E 0 0 0 . 2 0 5 0 8 1 9 E 0 0 0 . 2 0 S S 0 9 4 E 0 0 0 . 2 0 5 8 5 6 3 E 0 0 1 7
3 .  7 0 . 2 1  I 2 8 I 4 E 0 0 0 . 2 1 2 0 5 1  BE 0 0 0 . 2 1 2 6 7 7 1 6 0 0 0 . 2 1 3 1 8 6 8 6 0 0 0 . 2 1 3 6 0 3 9 6 0 0 1 8
4 . 4 0 . 2 2 9 4 6 7 5 E 0 0 0 . 2 3 0 1 8 4 4 E 0 0 0 . 2 3 0 7 4 1 0 6 0 0 0 . 2 3 1 1 7 4 3 6 0 0 0 . 2 3 1 5 1 2 8 6 0 0 1 9
4 , 5 0 . 2 7 4  7 4 2 8 E 0 0 0 . 2 7 6 1 1 6 CE 0 0 0 . 2 7 7 2 0 7 3 6 0 0 0 . 2 7 8 0 7 5 7 6 0 0 0 . 2 7 8 7 6 8 2 6 0 0 2 0 {
4 . 6 0 . 3 0 2 4 7 6 4 6 0 0 0 . 3 0 4 4 1 3 0 E 0 0 0 . 3 0 5 9 7 7 5 6 0 0 0 . 3 0 7 2 4 2 6 6 0 0 0 . 3 0 8 2 6 6 9 6 0 0 2 1
4  .  7 0 . 3 1 6 5 3 2 5 E 0 0 0 . 3 1 8 8 0 4 4 6 0 0 0 . 3 2 0 6 5 4 7 6 0 0 0 . 3 2 2 1 6 3 2 6 0 0 0 . 3 2 3 3 9 4 4 6 0 0 2 2
5 . 5 0 . 3 3 6 4 5 2 5 E 0 0 0 . 3 3 9 0 8 2 5 6 0 0 0 . 3 4 1 2 2 2 1 6 0 0 0 . 3 4 2 9 6 2 6 6 0 0 0 . 3 4 4 3 7 8 5 6 0 0 2 3
5 , e 0 . J 7 5 0 9 0 6 E 0 0 0 . 3 7 8 8 0 0 0 6 0 0 0 . 3 8 1 8 6 7 5 6 0 0 0 . 3 8 4 4 0 3 0 6 0 0 0 . 3 8 6 4 9 7 8 6 0 0 2 4
5 . 7 0 . 3 9 4 8 8 6 6 E GO 0 . 3 9 9 2  3 8 2 E 0 0 0 . 4 0 2 8 6 6 4 6 0 0 0 . 4 0 5 8 8 9 8 6 0 0 0 . 4 0 8 4 0 7 9 6 0 0 2 5
6 , 6 0 . 4 2  I 0 9 0 0 E 0 0 0 . 4 2 6 3 2 2 0 6 0 0 0 . 4 3 0 7 2 0 0 6 0 0 0 . 4 3 4 4 1 3 6 6 0 0 0 . 4 3 7 5 1 3 0 6 0 0 2 6
6 , 7 0 . 4 4 4 7 9 2 8 E 0 0 0 . 4 5 0 9 3 0 9 6 0 0 0 . 4 5 6 1 3 3 0 6 0 0 0 . 4 6 0 5 3 7 3 6 0 0 0 . 4 6 4 2 6 3 0 6 0 0 2 7
7 . 7 0 . 4 7 0 5 7 8 2 6 0 0 0 . 4 7 7 7 7 9 0 6 0 0 0 . 4 8 3 9 3 2 1 6 0 0 0 . 4 8 9 1 8 4 0 6 0 0 0 . 4 9 3 6 6 2 2 6 0 0 2 8

.  J  = 1 , 2 . . . . . 7 .  WHERE 1 I S  8 6 . 5  C E G  F ROM N ,  2  I S 8 2 . 6  DEG F R C M  N •  3 I S  7 2 . 7  C 6 G F R C M  R ,
4 IS f C. O DEC. FRCM N , I S  4 5 . 3  C E G  FROM N» 6  I S  2 9 . 4  D EG F R C M  N ,  7  I S  1 3 . 0  C E G  F R C M  N .
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S Y k Y E T R I C A L  R E F L E C T I O N  F U N C T I O N  R ( X t I * J )  F O R  GAMMA =  0 * 6

I .  J X = 4 . 6 X =  4 * 7 X =  4 . 8 X =  4 * 9 X = 5 * 0 NN
I •  I C . 8 I 4 0 5 4 5 E - 0 2 0 . 8 1 4 0 5 4 5 5 - 0 2 0 . 8 1 4 0 5 4 5 5 - 0 2 0 . 8 1 4 0 5 4 5 5 - 0 2 0 * 8 1 4 0 5 4 5 5 - 0 2 1
1 . 2 0 .  I 4 6 0 8 1 4 E - 0  1 0 * 1 4 6 0 8 1 4 5 - 0 1 0 . 1 4 6 0 8 1 4 5 - 0 1 0 . 1 4 6 0 8 1 4 5 - 0 1 0 * 1 4 6 0 8 1 5 5 - 0 1 2 |
1 .  3 0  .  1 7 2 0 6 0 6 E - 0  I 0 . 1 7 2 0 6 0 7 5 - 0 1 0 . 1 7 2 0 6 0 8 5 - 0 1 0 *  1 7 2 0 6 0 8 5 - 0 1 0 * 1 7 2 0 6 0 8 5 - 0 1 3
1 * 4 0 * 1 8 6 9 0 2 9 E - 0 1 0 * 1 8 6 9 0 3  1 5 - 0 1 0 * 1 8 6 9 0 3 3 5 - 0 1 0 * 1 8 6 9 0 3 5 5 - 0 1 0 * 1 8 6 9 0 3 6 5 - 0 1 4
I . 5 0 . 1 9 6 I 8 5 9 E - 0  1 0 * 1 9 6 1 8 6 4 5 - 0 1 0 . 1 9 6 1 8 6 8 5 - 0 1 0 * 1 9 6 1 8 7 2 5 - 0 1 0 * 1 9 6 1 8 7 6 5 - 0 1 5 '
1 * 6 0 * 2 0 1 7 9 8 2 E - 0  1 0 . 2 0 1 7 9 9 3 5 - 0 1 0 . 2 0 1 8 0 0 2 5 - 0 1 0 . 2 0 1 8 0 0 9 5 - 0 1 0 * 2 0 1 8 0 1 5 5 - 0 1 6
I .  7 0 * 2 0 4 6 6 1 7 E - 0  1 0 * 2 0 4 6 6 3 2 5 - 0 1 0 . 2 0 4 6 6 4 6 5 - 0 1 0 * 2 0 4 6 6 5 6 5 - 0 1 0 * 2 0 4 6 6 6 5 5 - 0 1 7
2 . 2 0 * 4 7 6 B 1 4 0 E - 0 1 0  * 4 7 6 8 1 4 0 5 - 0 1 0 * 4 7 6 8 1 4 0 5 - 0 1 0 * 4 7 6 8 1 4 0 5 - 0 1 0 * 4 7 6 8 1 4 5 5 - 0 1 8
2 , 3 0 * 7 0 9 9 7 2 4 E - 0 1 0 . 7 0 9 9 7 3 0 5 - 0 1 0 * 7 0 9 9 7 3 0 5 - 0 1 0 * 7 0 9 9 7 3 6 5 - 0 1 0 . 7 0 9 9 7 4 2 5 - 0 1 9
2 . 4 0 * 8 5 1 2 5 0 9 5 - 0 1 0 * 8 5 1 2 5 2 1 5 - 0  1 0 * 8 5 1 2 5 3 3 5 - 0 1 0 * 8 5 1 2 5 3 9 5 - 0 1 0 * 8 5 1 2 5 5 1 5 - 0 1 1 0
2 . 5 0 * 9 3 6 5 6 6 0 5 - 0 1 0 * 9 3 6 5 6 9 6 5 - 0 1 0 * 9 3 6 5 7 2 0 5 - 0 1 0 * 9 3 6 5 7 4 3 5 - 0 1 0 * 9 3 6 5 7 6 1 5 - 0 1 1 1
2 . 6 0 * 9 8 6 3 9 5 5 5 - 0 1 0 * 9 8 6 4 0 2 6 5 - 0 1 0 * 9 8 6 4 0 8 0 5 - 0 1 0 * 9 8 6 4 1 2 2 5 - 0 1 0 * 9 8 6 4 1 5 7 5 - 0 1 1 2
2 . 7 O . I O I 1 2 8 4 5 0 0 0 . 1 0 1 1 2 9 3 5 0 0 0 . 1 0 1 1 3 0 1 5 0 0 0 * 1 0 1 1 3 0 7 5 0 0 0 * 1 0 1 1 3 1 3 5 0 0 1 3
3 . 3 0 * 1 2 5 1 0 6 8 5 0 0 0 * 1 2 5 1 0 7 0 5 0 0 0 * 1 2 5 1 0 7 2 5 0 0 0 *  1 2 5 1 0 7 4 5 0 0 0 * 1 2 5 1 0 7 5 5 0 0 1 4 M
3 . 4 0 * 1 6 5 0 3 6 9 5 0 0 0 * 1 6 5 0 3 7 2 5 0 0 0 * 1 6 5 0 3 7 5 5 0 0 0 * 1 6 5 0 3 7 9 5 0 0 0 * 1 6 5 0 3 8 0 5 0 0 1 5

ifk

3 . 5 0 . 1 9 1 4 0 4 9 E 0 0 0 * 1 9 1 4 0 6 0 5 0 0 0 * 1 9 1 4 0 6 8 5 0 0 0 * 1 9 1 4 0 7 4 5 0 0 0 * 1 9 1 4 0 8 0 5 0 0 1 6
3 . 6 0 . 2 0 7 4 3 0 7 5 0 0 0 * 2 0 7 4 3 2 7 5 0 0 0 * 2 0 7 4 3 4 4 5 0 0 0 * 2 0 7 4 3 5 7 5 0 0 0 * 2 0 7 4 3 6 9 5 0 0 1 7
3 . 7 0 * 2 1 5 5 7 6 3 5 0 0 0 * 2 1 5 5 7 9 2 5 0 0 0 * 2 1 5 5 8 1 5 5 0 0 0 * 2 1 5 5 8 3 6 5 0 0 0 * 2 1 5 5 8 5 2 5 0 0 1 8
4 . 4 0 * 2 3 2 7 9 8 3 5 0 0 0 * 2 3 2 7 9 9 4 5 0 0 0 * 2 3 2 8 0 0 2 5 0 0 0 * 2 3 2 8 0 0 8 5 0 0 0 * 2 3 2 8 0 1 4 5 0 0 1 9
4 . 5 0 * 2 8 1 5 8 5 3 5 0 0 0 * 2 8 1 5 8 7 7 5 0 0 0 * 2 8 1 5 8 9 9 5 0 0 0 * 2 8 1 5 9 1 5 5 0 0 0 * 2 8 1 5 9 3 0 5 0 0 201
4 . 6 0 * 3 1 2 7 3 9 3 5 0 0 0 . 3 1 2 7 4 4 1 5 0 0 0 * 3 1 2 7 4 8 3 5 0 0 0 * 3 1 2 7 5 1 7 5 0 0 0 * 3 1 2 7 5 4 5 5 0 0 2 1
4 . 7 0 . 3 2 8 9 9 0 9 E 0 0 0 . 3 2 8 9 9 8  I E 0 0 0 * 3 2 9 0 0 3 9 5 0 0 0 * 3 2 9 0 0 8 8 5 0 0 0 * 3 2 9 0 1 2 9 5 0 0 2 2
5 . 5 0 . 3 5 0 5 6 4 7 5 0 0 0 . 3 5 0 5 7 0 8 5 0 0 0 * 3 5 0 5 7 5 9 5 0 0 0 * 3 5 0 5 7 9 9 5 0 0 0 * 3 5 0 5 8 3 3 5 0 0 2 3
5 . 6 0 * 3 9 6 3 4 1 7 5 0 0 0 * 3 9 6 3 5 3 5 5 0 0 0 * 3 9 6 3 6 3 4 5 0 0 0 * 3 9 6 3 7 1 5 5 0 0 0 * 3 9 6 3 7 8 3 5 0 0 2 4
5 . 7 0 * 4 2 0 7 4 3 9 5 0 0 0 * 4 2 0 7 6 0 9 5 0 0 0 * 4 2 0 7 7 5 2 5 0 0 0 * 4 2 0 7 8 7 0 5 0 0 0 * 4 2 0 7 9 6 8 5 0 0 2 5
6 . 6 0 * 4 5 3 2 2 6 9 5 0 0 0 * 4 5 3 2 5 0 3 5 0 0 0 * 4 5 3 2 6 9 7 5 0 0 0 * 4 5 3 2 8 5 9 5 0 0 0 * 4 5 3 2 9 9 2 5 0 0 2 6
6 . 7 0 * 4 8 3 9 9 3 9 5 0 0 0 * 4 8 4 0 2 7 6 5 0 0 0 * 4 8 4 0 5 5 6 5 0 0 0 * 4 8 4 0 7 8 9 5 0 0 0 * 4 8 4 0 9 8 6 5 0 0 2 7
7 . 7 0 * 5 1 8 4 6 7 9 5 0 0 0 * 5 1 8 5 1 5 9 5 0 0 0 * 5 1 8 5 5 6 4 5 0 0 0 * 5 1 8 5 9 0 3 5 0 0 0 * 5 1 8 6 1 9 0 5 0 0 2 8

1 . 3  — 1 . 2 .  . * . . 7 .  V*HER5 1 I S  8 8 . 5  D EG F ROM N .  2  I S 8 2 * 6  D E G  F R C M  F .  3 I S  7 2 * 7  DEG F R C M N •
« I S 6 0 . 0  DEG F RCM N . 5  I S  4 5 . 3  DEG F ROM N .  6  I S 2 9 * 4 D 5 G  F R C M  N • 7 I S  1 3 * 0  DEG F RCM N *
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S Y M M E T R I C A L  R E F L E C T I O N  F U N C T I O N  R ( X , I * J )  F O R  GAMMA =  0 . 6

1 « J X = 5 . 6 X =  5 . 7 X =  5 . 8 X =  5 . 9 X =  6 . 0 NN
1 , 1 0 . 8 1 4 0 5 4 5 E - 0 2 0 . 8 1 4 0 5 4 5 E - 0 2 0 . 8 1 4 0 5 4 5 6 - 0 2 0 . 8 1 4 0 5 4 5 6 - 0 2 0 . 8 1 4 0 5 4 5 6 - 0 2 1
1 . 2 0 .  1 4 6 0 8 1 5 E - 0  1 0 .  1 4 6 0 8 1 5 E - 0  1 0 .  1 4 6 0 8 1 5 6 - 0 1 0 . 1 4 6 0 8 1 5 6 - 0 1 0 . 1 4 6 0 8 1 5 6 - 0 1 2
1 .  3 O .  1 7 2 0 6 1 0 E - 0  1 0 .  1 7 2 0 6 1 O E - 0  1 0 . 1 7 2 0 6 1 0 6 - 0  1 0 . 1 7 2 0 6 1  1 6 - 0  1 0 . 1 7 2  0 6 1 2 6 - 0 1 3
1 , 4 0 . 1 8 6 9 0 4 0 E - 0 1 0 . 1 8 6 9 0 4 C E - 0  1 0 . 1 8 6 9 0 4 1 6 - 0 1 0 . 1 8 6 9 0 4 1 6 - 0 1 0 . 1 8 6 9 0 4 1 6 - 0 1 4
1 . 5 0 . 1 9 6 1 8 8 5 E - 0 1 0 . 1 9 6 1 8 8 6 E - 0 1 0 . 1 9 6 1 8 8 7 6 - 0 1 0 . 1 9 6 1 8 8 8 6 - 0 1 0 . 1 9 6 1 8 8 6 6 - 0 1 5
1 .  6 0 . 2 0 1 8 0 3 6 E - 0  1 0 . 2 0 1 8 0 3 7 E - 0  1 0 . 2 0 1 8 0 3 9 6 - 0 1 0 . 2 0 1 8 0 4 0 6 - 0 1 0 . 2 0 1 8 0 4 1 6 - 0 1 6
I .  7 0 . 2 0 4 6 6 9 6 E - 0  1 0 . 2 0 4 6 6 9 8 6 - 0 1 0 . 2 0 4 6 7 0 0 6 - 0 1 0 . 2 0 4 6 7 0 2 6 - 0 1 0 . 2 0 4 6 7 0 4 6 - 0 1 7
2  .  2 0 . 4 7 6 8 1 4 9 E - 0 1 0 . 4 7 6 8 1 4 9 E - 0  1 0 . 4 7 6 8 1 4 9 6 - 0 1 0 . 4 7 6 8 1 4 9 6 - 0 1 0 . 4 7 6 8 1 4 9 6 - 0 1 8
2 . 3 0 . 7 0 9 9 7 4 8 E - 0  1 0 . 7 0 9 9 7 4 8 E - 0 1 0 . 7 0 9 9 7 4 8 6 - 0 1 0 . 7 0 9 9 7 4 8 6 - 0 1 0 . 7 0 9 9 7 5 4 6 - 0 1 9
2 . 4 0 . 6 5 1 2 5 6 8 6 - 0  1 0 . 8 ; 5 l  2 5 7 4 E - 0  1 0 . 8 5 1 2 5 7 4 6 - 0 1 0 . 8 5 1 2 5 7 4 6 - 0 1 0 . 8 5 1 2 5 7 4 6 - 0 1 1 0
2 . 5 0 . 9 3 6 5 8 2 I E - 0  1 0  . 9 3 6 5 8 2 7 E - 0  1 0 . 9 3 6 5 8 3 3 6 - 0 1 0 . 9 3 6 5 8 3 9 6 - 0 1 0 . 9 3 6 5 8 3 9 6 - 0 1 1 1
2 . 6 0 . 9 8 6 4 2 8 9 E - 0  1 0 . 9 8 6 4 3 0 0 E - 0 1 0 . 9 8 6 4 3 0 6 6 - 0 1 0 . 9 8 6 4 3 1 2 6 - 0 1 0 . 9 8 6 4 3 1 8 6 - 0 1 1 2
2 . 7 0 . 1 0 1 1 3 3 1 E 0 0 0 . 1 0 1 1 3 3 3 E 0 0 0 . 1 0 1 1 3 3 5 6 0 0 0 . 1 0 1 1 3 3 6 6 0 0 0 . 1 0 1 1 3 3 6 6 0 0 1 3
3 . 3 0 . 1 2 5 1 0 7 6 E 0 0 0 . 1 2 5 1 0 7 6 E 0 0 0 . 1 2 5 1 0 7 6 6 0 0 0 . 1 2 5 1 0 7 7 6 0 0 0 . 1 2 5 1 0 7 8 6 0 0
3 . 4 0 . 1 6 5 0 3 8 8 E 0 0 0 . 1 6 5 0 3 8 8 E 0 0 0 . 1 6 5 0 3 8 9 6 0 0 0 . 1 6 5 0 3 8 9 6 0 0 0 . 1 6 5 0 3 9 0 6 0 0 1 5 i o \
3 . 5 0 . 1 9 I 4 0 9 9 E 0 0 0 . 1 9 1 4 1 0 1 6 0 0 0 .  1 9 1 4 1 0 1 6 0 0 0 . 1 9 1 4 1 0 2 6 0 0 0 . 1 9 1 4 1 0 4 6 0 0 1 6
3 . 6 0 . 2 0 7 4 4 0 5 E 0 0 0 . 2 0 7 4 4 0 9 6 0 0 0 . 2 0 7 4 4 1 1 6 0 0 0 . 2 0 7 4 4 1 3 6 0 0 0 . 2 0 7 4 4 1 6 6 0 0 1 7
3 . 7 0 . 2 1 5 5 9 0 8 E 0 0 0 . 2 1 5 5 9 1  I E 0 0 0 . 2 1 5 5 9  1 5 6 0 0 0 . 2 1 5 5 9 1 8 6 0 0 0 . 2 1 5 5 9 2 2 6 0 0 1 8
4 . 4 0 . 2 3 2 8 0 3 5 E 0 0 0 . 2 3 2 8 0 3 7 6 0 0 0 . 2 3 2 8 0 3 8 6 0 0 0 . 2 3 2 8 0 3 9 6 0 0 0 . 2 3 2 8 0 3 9 6 0 0 1 9
4 , 5 0 . 2 8 1 5 9 7 3 E 0 0 0 . 2 8 1 5 9 7 6 6 0 0 0 . 2 8 1 5 9 8 0 6 0 0 0 . 2 8 1 5 9 8 3 6 0 0 0 . 2 8 1 5 9 8 6 6 0 0 2 0
4 . 6 0 . 3 1 2 7 6 3 5 E 0 0 0 . 3 1 2 7 6 4 2 6 0 0 0 . 3 2 1 7 6 4 9 6 0 0 0 . 3 1 2 7 6 5 4 6 0 0 0 . 3 1 2 7 6 5 8 6 0 0 2 1
4 , 7 0 . 3 2 9 0 2 6 2 E 0 0 0 . 3 2 9 0 2 7 4 E 0 0 0 . 3 2 9 0 2 8 4 6 0 0 0 . 3 2 9 0 2 9 3 6 0 0 0 . 3 2 9 0 2 9 9 6 0 0 2 2
5 . 5 0 . 3 5 0 5 9 3 9 6 0 0 0 . 3 5 0 5 9 4 8 6 0 0 0 . 3 5 0 5 9 5 6 6 0 0 0 . 3 5 0 5 9 6 2 E 0 0 0 . 3 5 0 5 9 6 8 6 0 0 2 3
5 . 6 0 . 3 9 6 4 0 0 1 E 0 0 0 . 3 9 6 4 0 1 9 6 0 0 0 . 3 9 6 4 0 3 5 6 0 0 0 . 3 9 6 4 0 4 8 6 0 0 0 . 3 9 6 4 0 5 9 6 0 0 2 4
5 . 7 0 . 4 2 0 8 2 9 2 E 0 0 0 . 4 2 0 8 3 1 9 6 0 0 0 . 4 2 0 8 3 4 1 6 0 0 0 . 4 2  0 8  3 6  0 6 0 0 0 . 4 2 0 8 3 7 3 6 0 0 2 5
6 . 6 0 . 4 5 3 3 4 3 5 E OO 0 . 4 5 3 3 4 7 3 6 0 0 0 . 4 5 3 3 5 0 3 6 0 0 0 . 4 5 3 3 5 7 2 6 0 0 0 . 4 5 3 3 5 4 8 6 0 0 2 6
6 , 7 0 . 4 8 4 1 6 4 3 E 0 0 0 . 4 8 4 1 6 9 9 6 0 0 0 . 4 8 4 1 7 4 6 6 0 0 0 . 4 8 4 1 7 8 4 6 0 0 0 . 4 8 4 1 8 1 7 6 0 0 2 7
7 . 7 0 . 5 1 8 7 1 6 5 E 0 0 0 . 5 1 8 7 2 4 9 6 0 0 0 . 5 1 8 7 3 1 9 6 0 0 0 . 5 1 8 7 3 7 9 6 0 0 0 . 5 1 8 7 4 2 9 6 0 0 2 8

.  J  = 1 . 2 . . # # . 7 *  WHERE 1 I S  8 8 . 5  CEG F RO M N .  2  I S 8 2 . 6  DEG F R C M  F: .  3 I S  7 2 . 7  C 6 G 1 F RCM N ,
4 I S e c . o  C E G  F R C M N . 5  I S  4 5 . 3  C F G F RO M N ,  6  I S 2 9 . 4  D 6 G  F R C M  N 7 I S  1 3 . 0  CEG; F R C M  N .



S Y M M E T R I C A L  R E F L E C T I O N  F U N C T I O N  R ( X « I » J )  F O R  GAMMA =  1 * 0

1 J X =  O .  I X =  0  , 2 X =  0 , 3 X =  0 , 4 X =  0 . 5 NN
I 1 0  .  1 4 0 7 0 8 4 E - 0 I 0 , 1 4 1 8 6 1 OE - 0  1 0 , 1 4 2 3 9 5 9 E - 0 1 0 , 1 4 2 7 9 3 1 6 - 0 1 0 , 1 4 3 1 0 9 6 6 - 0 1 1
1 2 0 . 2 4 4 3 9 8 7 E - 0 1 0 , 2 6 0 0 8 0 8 2 - 0 1 0 , 2 6 6 4 9 0 1 E - 0 1 0 . 2 7 C 2 8 4 7 6 - 0 1 0 . 2 7 2 8 4 9 3 6 - 0 1 2
1 3 0 . 2 7 2 0 4 2 9 E - 0 I 0 . 2 9 8 1 0 6 1 E - 0  1 0 , 3 1 3 0 7 g 8 E - 0 1 0 . 3 2 3 9 3 4 2 6 - 0 1 0 . 3 3 2 1 9 4 1 6 - 0 1 3
1 4 0 , 2 8 1 6 6 3 2 E - 0 1 0 . 3 1 2 7 6 7 1 E - 0  1 0 . 3 3 2 7 4 5 8 E - 0 1 0 . 3 4 8 6 5 4 7 6 - 0 1 0 . 3 6 1 7 8 0 1 6 - 0 1 4
I 5 0 . 2 8 5 9 1 5 5 E - 0 I 0 . 3 1 9 4 6 4  7 E - 0 1 0 . 3 4 2 0 9 5 0 E - 0 1 0 . 3 6 C 9 0 8 8 E - 0 1 0 . 3 7 7 0 5 4 5 6 - 0 1 5
I 6 0 . 2 8 7 9 7 5 6 E - 0 I 0 . 3 2 2 7 5 9 2 E - 0 1 0 . 3 4 6 7 8 2 4 E - 0 1 0 . 3 6 7 1 7 9 8 6 - 0 1 0 . 3 8 5 0 3 1 7 6 - 0 1 6
1 7 0 . 2 8 3 9 0 3 0 E - 0 1 0 . 3 2 4 2 5 3 3 E - 0  1 0 , 3 4 8 9 2 7 5 E - 0 1 0 . 3 7 0 0 7 8 4 6 - 0 1 0 . 3 8 8 7 5 6 3 6 - 0 1 7
2 2 Q , 6 0 4 0 1 6 8 E - 0 I 0 . 8 0 4 1 6 0 8 E - 0  1 0 , 8 8 1 3 2 8 0 6 - 0 1 0 . 9 1 7 6 9 6 4 6 - 0 1 0 . 9 3 8 4 9 7 8 6 - 0 1 8
2 3 0 . 7 1 9 6 8 7 9 E - 0 1 0 • 1 0 6 6 0 4 2 E 0 0 0 .  1 2 4 S 4 S 2 E 0 0 0 . 1 3 4 9 2 1 9 6 0 0 0 . 1 4 1 6 1 5 3 6 0 0 9
2 4 0 . 7 6 2 5 1 6 3 E - 0 1 0 , 1 1 7 6 5 8  I E 0 0 0 . 1 4 1 5 4 7 6 E 0 0 0 . 1 5 6 7 3 5 0 6 0 0 0 . 1 6 7 3 6 2 6 6 0 0 1 0
2 5 0 . 7 8 1 7 2 3 3 E - 0 1 0 , 1 2 2 8 6 7  I E 0 0 0 . 1 4 9 9 0 2 9 E 0 0 0 . 1 6 7 8 5 1 6 6 0 0 0 . 1 8 0 9 1 9 2 6 0 0 1 1
2 6 0 , 7 9 1 0 8 8 9 E - 0 I 0 . 1 2 5 4 6 4 8 E 0 0 0 , 1 5 4 1 5 1 8 6 0 0 0 . 1 7 3 6 0 4 8 6 0 0 0 . 1 8 8 0 5 0 4 6 0 0 1 2
2 7 0 , 7 9 5 3 1 7 3 E - 0 1 0 ,  1 2 6 6 5 0 3 E 0 0 0 , 1 S 6 1 0 8 9 E 0 0 0 . 1 7 6 2 7 7 6 6 0 0 0 . 1 9 1 3 9 0 0 6 0 0 * 3  H
3 3 0 . 8 6 8 7 9 6 7 E - 0 1 0 , 1 4 7 3 5 4 9 E 0 0 0 . 1 8 9 2 7 0 7 6 0 0 0 . 2 1 8 9 3 6 9 6 0 0 0 . 2 4 0 4 8 7 6 6 0 0 1 4
3 4 0 . 9 2 4 3 5 7 8 E - 0 1 0 . 1 6 4 9 5 6 9 E 0 0 0 . 2 2 0 8 8 2 7 E 0 0 0 . 2 6 4 3 S 0 7 E 0 0 0 . 2 9 8 5 8 5 8 6 0 0 1 5
3 5 0 , 9 4 9 3 2 9 7 E - 0 1 0 , 1 7 3 3 1 8 3 E 0 0 0 . 2 3 6 6 6 6 9 6 0 0 0 . 2 8 8 0 6 5 1 6 0 0 0 . 3 3 0 1 7 0 5 6 0 0 1 6
3 6 0 , 9 6 1 5 1 5 3 E - 0 1 0 , 1 7 7 5 0 2 6 E 0 0 0 , 2 4 4 7 4 9 7 6 0 0 0 . 3 0 0 4 7 0 5 6 0 0 0 . 3 4 7 0 2 1 9 6 0 0 1 7
3 7 0 , 9 6 7 0 2 0 4 E - 0 1 0 , 1 7 9 4 1 4 9 E 0 0 0 , 2 4 8 4 8 4 8 6 0 0 0 . 3 0 6 2 6 2 0 6 0 0 0 . 3 5 4 9 6 5 3 6 0 0 1 8
4 4 0 . 9 8 4 7 8 2 6 E - 0  I 0 , 1 8 5 5 3 7 0 E 0 0 0 , 2 6 0 2 1 7 7 6 0 0 0 , 3 2 3 9 4 8 5 6 0 0 0 . 3 7 8 3 5 8 1 6 0 0 1 9
4 5 0 , 1 0 1 1 9 5 8 E  0 0 0 , 1 9 5 3 3 7 8 E 0 0 0 , 2 7 9 9 6 1 7 6 0 0 0 . 3 5 5 3 4 1 6 6 0 0 0 . 4 2 2 2 7 5 4 6 0 0 2 0
4 6 0 , 1 0 2 5 2 2 4 E  0 0 0 , 2 0 0 2 4 7 S E 0 0 0 , 2 9 0 0 9 5 7 6 0 0 0 . 3 7 1 8 2 6 8 6 0 0 0 . 4 4 5 8 3 6 8 6 0 0 2 1
4 7 0 , 1 0 3 1 2 1 8 E  0 0 0 , 2 0 2 4 9 2 8 5 0 0 0 , 2 9 4 7 8 3 9 6 0 0 0 . 3 7 9 5 3 7 2 6 0 0 0 . 4 5 6 9 7 2 2 6 0 0 2 2 |
5 5 0 , 1 0 4 0 1 3 3 E  0 0 0 , 2 0 5 8 3 5 2 E 0 0 0 , 3 0 1 7 4 2 3 6 0 0 0 . 3 9 0 9 1 3 4 6 0 0 0 . 4 7 3 2 6 3 4 6 0 0 2 3
5 e 0 , 1 0 5 3 8 8 8 E  0 0 0 , 2 1 1 0 9 6 C E 0 0 0 , 3 1 2 9 3 2 1 E 0 0 0 , 4 0 9 6 2 3 0 6 0 0 0 . 5 0 0 6 8 4 7 6 0 0 2 4
5 7 0 , 1 0 6 0 1 0 3 E  0 0 0 , 2 1 3 5 0 2 5 E 0 0 0 . 3 1 8 1 1 1 2 6 0 0 0 . 4 1 8 3 8 0 7 6 0 0 0 . 5 1 3 6 5 9 1 6 0 0 2 5
6 6 0 , 1 0 6 7 8 8 3 E  0 0 0 . 2 1 6 5 3 4 3 E 0 0 0 , 3 2 4 6 7 0 1 6 0 0 0 , 4 2 9 5 1 8 6 6 0 0 0 . 5 3 0 2 1 6 5 6 0 0 2 6
6 7 0 . 1 0 7 4 2 0 7 E  0 0 0 . 2 1 9 0 2 2 2 E 0 0 0 . 3 3 0 1 0 4 2 E 0 0 0 . 4 3 8 8 3 4 8 6 0 0 0 . 5 4 4 1 9 7 1 6 0 0 2 7
7 7 0 , 1 0 8 0 5 8 0 E  0 0 0 . 2 2 1 5 4 7 2 E 0 0 0 , 3 3 5 6 5 6 6 6 0 0 0 . 4 4 8 4 1 3 9 6 0 0 0 . 5 5 8 6 5 7 3 6 0 0 2 8

.  J _ 1 * 2 # , , , * 7 ,  A H E R t 1 I S  6 8 , 5  C E G  F R O M N .  2  I S 8 2 , 6  DBG F R C M N « 3 I S  7 2 . 7  DEG FRCM N .
4 I S e c , 0  CEG FCJCV N . 5 I S  4 5 , 3  CE G F ROM N ,  6  I S 2 9 . 4  DE G F R C M  N ,  7 I S  1 3 . 0  C 6 G F RCM N .



S Y M M E T R I C A L  R E F L E C T I O N  F U N C T I O N  R ( X . I « J )  F O R  GAMMA =  1 . 0

I . J  X =  0 . 6
I « 1 0 . 1 A 3 3 7 2 6 E - 0 1
1 . 2  0 . 2 7 4 7 6 2 0 E - 0 1
1 . 3  0 . 3 3 8 7 0 0 3 E - 0 I
1 . 4  0 . 3 7 2 8 4 9 9 E - 0 1
1 . 5  0 . 3 9 1 1 6 8 8 E - 0 1
1 . 6  0 . 4 0 0 9 2 6 7 E - 0 1
1 . 7  0 . 4 0 5 5 2 7 3 E - 0  I
2 . 2  0 . 9 5 2 4 2 2 6 E - 0 1
2 . 3  0 . 1 4 6 3 5 1 0 E  0 0
2 . 4  0 . 1 7 5 4 1 6 4 E  0 0
2 . 5  0 . I 9 1 1 8 5 9 E  0 0
2 . 6  0 . 1 9 9 6 1 0 8 E  0 0
2 . 7  0 . 2 0 3 5 8 6 9 E  0 0
3 . 3  0 . 2 5 6 5 9 4 4 E  0 0
3 . 4  0 . 3 2 5 9 8 2 3 E  0 0
3 . 5  0 . 3 6 5 0 9 7 5 E  0 0
3 . 6  0 . 3 8 6 3 5 1 9 E  0 0
3 . 7  0 . 3 9 6 4 6 1 8 E  0 0
4 . 4  0 . 4 2 4 9 7 2 7 E  0 0
4 . 5  0 . 4 8 I 7 1 3 4 E  0 0
4 . 6  0 . 5 1 2 7 7 4 2 E  0 0
4 . 7  0 . 5 2 7 5 9 9 7 E  0 0
5 . 5  0 . 5 4 9 0 5 9 7 E  0 0
5 . 6  0 . 5 8 6 0 4 8 7 E  0 0
5 . 7  0 . 6 0 3 7 3 I 0 E  0 0
6 . 6  0 . 6 2 6 3 5 8 3 E  0 0
6 . 7  0 . 6 4 5 6 4 2 5 E  0 0
7 . 7  0 . 6 6 5 6 9 9 5 E  0 0

X =  0  . 7  
O .  1 4 3 5 9 6 8 E - 0 1  
0  . 2 7 6 2 9 1 3 E - 0 1 
0 . 3 4 3 9 7 1 2 E - 0 1  
0 , 3 8 2 3 3 8 7 E - 0 1  
0 . 4 0 3 6 6 8 8 E - 0 1 
0 . 4 1 5 2 4 6 7 E - 0 1  
0 . 4 2 0 7 5 7 4 E - 0 1  
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1 3 0 . 3 6 8 1 5 3 8 E - 0  1 C .  3 6 9 6 8 3 9 E - 0  1 0 .  3 7 1 1 C 0 7 E - 0 1 0 . 3 7 2 4 1 8 3 6 - 0  1 0 . 3 7 3 6 4 8 0 6 - 0 1 3
1 4 0 . 4 3 1 2 6 4 8 E - 0  1 0 .  4 3 4 5 2 1 8 E - 0  1 C . 4 3 7 5 3 6 2 6 - 0 1 0 . 4 4 0 3 3 5 9 6 - 0 1 0 . 4 4 2 9 4 4 6 6 - 0 1 4
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2 7 0 • 2 7 4 0 5 I 2 E 0 0 C . 2 7 8 6 9 5 0 E 0 0 C . 2 6 3 0 7 4 9 E 0 0 0 . 2 8 7 2 1 3 0 E 00 0 . 2 9 1 1 2 8 6 E 0 0 13
3 3 0 . 3 1 8 3 0 0 0 E 0 0 0 . 2 6 3 2 1 1 1 6 0 2 0 . 3 2 3 6 9 7  1 6 0 0 0 . 3 2 6 0 8 9 6 6 00 0 . 3 2 8 3 1 3 2 6 00 1 4 M
3 4 0 . 4 4 7 7 7 8 0 E 0 0 C . 4 5 3 7 6 1 6 E 0 0 0 . 4 5 9 2 6 3 4 6 0 0 0 . 4 6 4 3 4 6 9 6 CO 0 . 4 6 9 0 6 4 7 6 0 0 1 5
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3 5 0 . 5 3 8 9 1 9 0 E 0 0 G . 2 6 5 4 8 3 9 6 0 2 0 . 5 5 7 1 6 8 9 6 0 0 0 . 5 6 5 3 3 8 4 6 CO 0 . 5 7 2 9 6 5 2 6 0 0 1 6
3 6 0 . 5 9 5 4 0 2 4 E 0 0 C . 6 0 7 5 9 7 3 6 0 0 0 . 6 1 8 9 8 5 8 6 0 0 0 . 6 2 9 6 5 5 1 6 0 0 0 . 6 3 9 6 7 7 2 6 0 0 17
3 7 0 . 6 2 4 2 0 4 7 5 0 0 C . 2 6 6 3 7 9 5 6 0 2 0 . 6 5 0 8 5 0 1 6 0 0 0 . 6 6 2 9 7 6 8 6 CO 0 . 6 7 4 4 0 9 6 6 0 0 1 8
4 4 0 « 6 6 6 2 3 6 9 E 0 0 C . 6 7 8 9 7 3 4 6 0 0 0 . 6 9 0 6 7 8 5 6 0 0 0 . 7 0 1 4 8 1 2 6 0 0 0 . 7 1 1 4 9 0 0 6 0 0 1 9
4 5 0 . 8 2 7 1 7 8 0 E 0 0 C . 2 6 8 4 7 3 4 6 0 2 0 . 8 6 6 0 1 5 3 6 0 0 0 . 8 8 3 3 7 5 3 6 0 0 0 . 8 9 9 5 5 6 3 6 0 0 2 0
4 6 0 . 9 2 9 0 8 5 9 5 0 0 0 . 9 5 5 0 4 3 9 6 0 0 0 . 9 7 9 2 7 3 1 6 0 0 0 .  1 0 0 1 9 4 5 6 01 0 . 1 0 2 3 2 0 6 6 0 1 21
4 7 0 . 9 8 1 5 7 9 6 E 0 0 0 . 2 6  1 0 1 0 7 E 0 3 0 . 1 0 3 8 2 8 0 6 0  1 0 .  1 0 6 4 0 4 7 6 0 1 0 . 1 0 8 8 3 0 2 6 0 1 22
5 5 0 . 1 0 4 5 3 3 9 E 0  1 C . 1 0 7 7 2 4 4 6 0  1 0 .  1 1 0 7 0 5 0 6 0 1 0 . 1 1 3 4 9 4 8 6 0 1 0 . 1 1 6 1 1 0 7 6 0 1 2 3
5 6 0 . 1 1 8 5 2 9 9 5 0 1 C . 2 6 1 2 2 6 3 E 0 3 0 . 1 2 6 5 0 4 7 6 0 1 0 .  1 3 0 1 4 8 2 6 0 1 0 . 1 3 3 5 8 5 7 6 0 1 24
5 7 0 . 1 2 S 7 8 4 9 E 0  1 C . 1 3 0 4 1 7 6 E 0 1 0 .  1 3 4 7 9 5 4 E 0 1 0 . 1 3 8 9 3 6 6 6 0 1 0 . 1 4 2 8 5 7 9 6 0  1 2 5
e 6 0 • 1 3 5 C 8 4 4 E 0  1 C . 2 6 1 4 0 3 8 6 0 3 0 .  1 4 5 3 9 0 5 6 0 1 0 . 1 5 0 1 4 8 7 6 0 1 0 . 1 5 4 6 6 5 9 6 0 1 2 6
6 7 o . 1 4 3 6 9 4 5 5 o  1 C . 1 4 9 6 6 0  l E 0  1 0 . 1 5 5 3 3 8 9 E 0  1 0 . 1 6 0 7 4 7 1 6 0 1 0 . 1 6 5 9 0 0 0 6 01 2 7
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2 7 0 . 2 9 4 8 3 9 0 6 0 0 C . 2 9 8 3 6 0  I E 0 0 0 . 2 0 1 7 C 5 2 E 0 0 0 3 0 4 8 8 7 0 E CO 0 . 3 0 7 9 1 7 2 E 0 0 1 3
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