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Abstract

The Neptune—Triton system represents one of the most dynamically compelling targets for future
deep-space exploration, yet the trajectory design infrastructure needed to support a long-duration
orbital mission remains largely undeveloped. This thesis addresses that gap by constructing a
systematic dynamical framework for identifying, classifying, and evaluating trajectories suitable for
a Neptune—Triton tour mission, using tools drawn from nonlinear dynamical systems theory.

The analysis is conducted within the planar Circular Restricted Three-Body Problem (CR3BP),
formulated in the rotating barycentric frame of the Neptune—Triton system and extended to include
Neptune’s J, oblateness perturbation as a correction to the gravitational potential. Large trajectory
sets are generated across selected energy levels and analyzed using three complementary tools.
Poincaré maps characterize the geometric structure of phase space, frequency analysis identifies
resonance families through spectral decomposition of trajectory time histories, and linear stability
analysis evaluates periodic-orbit candidates via the monodromy matrix and Floquet multipliers.

All numerical workflows are implemented within ORBIT, a computational framework developed
as part of this work that integrates trajectory generation, phase-space mapping, spectral analysis,
stability evaluation, and data visualization into a unified and reproducible pipeline.

The analysis identifies trajectory families supporting Neptune-bounded operations, system-
wide touring, bottleneck-crossing transfer into the Triton region, and Triton-bounded terminal
orbits. These families are synthesized into a conceptual tour architecture demonstrating how the
natural phase-space structure of the Neptune—Triton system can be directly leveraged for mission
design. The results establish a reproducible dynamical foundation for future trajectory optimization,
higher-fidelity modeling, and mission concept development in the Neptune—Triton system.
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1. Introduction

The Neptune—Triton system presents a compelling problem at the intersection of planetary science,
astrodynamics, and nonlinear dynamical systems. On the scientific side, Neptune remains one of
the least explored major planets in the solar system, and Triton remains one of its most dynamically
and geologically intriguing satellites. On the mission-design side, any future spacecraft sent to the
system would have to operate in a gravitational environment shaped not only by Neptune itself,
but also by Triton’s substantial dynamical influence. These two perspectives motivate the central
question of this thesis: whether the natural phase-space structure of the Neptune—Triton system can
be used to identify long-term trajectories that are compatible with sustained tour operations.

This chapter establishes the motivation, scope, and research direction of the work before the
more detailed theoretical and computational developments begin in the later chapters. It first reviews
the scientific case for a dedicated return to the Neptune system and explains why the Neptune—Triton
subsystem is dynamically significant from a trajectory-design perspective. It then defines the specific
problem addressed in the thesis, summarizes the principal contributions of the study, clarifies the
scope and assumptions of the adopted model, and concludes by outlining the organization of the full
document. In this way, the introduction serves as the bridge between the broader scientific context
of outer-planet exploration and the focused dynamical-systems analysis carried out in the remainder
of the thesis.

1.1 Motivation

The Voyager 2 flyby in 1989 provided the first and only in situ exploration of the Neptune—Triton
system, establishing the initial scientific basis for understanding this distant ice giant and its
satellites [1,2]. In the decades since that encounter, advances in observational capability, theoretical
modeling, and computational analysis have significantly expanded knowledge of the system while
simultaneously revealing new scientific questions. Modern telescopes, improved detection techniques,
and higher-fidelity modeling have shown that the Neptune—Triton system is far more complex and
dynamically active than initially suggested, strengthening the motivation for renewed exploration [3].

Continued observations have revealed substantial variability in Neptune’s atmosphere. High-
resolution imaging and spectral analysis from both ground-based and space-based observatories
have enabled long-term monitoring of atmospheric dynamics, including the evolution of large-scale
storm systems on timescales ranging from months to decades [3]. These observations have refined
atmospheric models while also exposing limitations in current understanding, reinforcing the need
for sustained measurements obtainable only through a dedicated spacecraft mission.

Neptune’s magnetic field presents another major scientific puzzle. Voyager measurements
revealed an unusually tilted and significantly offset magnetic dipole, producing a highly asymmetric
magnetosphere [2,4]. Advances in dynamo theory suggest that this configuration may provide insight
into the internal structure of ice giant planets, yet the limited temporal coverage of the Voyager flyby
prevents a complete characterization. A modern mission could enable detailed three-dimensional
mapping of this environment and its variability.

The Neptune—Triton system’s rings also present unresolved dynamical problems. Voyager
observations revealed narrow rings containing confined arc structures whose long-term stability
cannot be explained by simple gravitational models alone [2]. Subsequent theoretical work has



highlighted the importance of resonance dynamics and satellite—ring interactions, which remain
incompletely understood and require direct observational validation [3].

Observational advances have further expanded knowledge of Neptune’s satellite system. The
discovery of several irregular satellites with highly eccentric and inclined orbits indicates a complex
dynamical history and suggests that the system remains only partially characterized [3].

Among these bodies, Triton stands out as the dominant dynamical component. Its retrograde and
inclined orbit strongly suggests a captured origin, likely involving the disruption of a binary object
early in solar system history [5]. Voyager imagery revealed active surface processes, including
geyser-like plumes, indicating ongoing geological activity [6]. These features, combined with
advances in cryovolcanism and ice-shell modeling, make Triton one of the most compelling targets
for future exploration.

The growing recognition of the scientific importance of ice giant exploration is reflected in recent
strategic planning efforts. The Neptune Odyssey flagship mission concept proposes a comprehensive
investigation of Neptune and its satellite system [5], while the 2023-2032 Planetary Science and
Astrobiology Decadal Survey identifies ice giant exploration as a major priority for advancing
planetary science [7, 8].

1.2 Dynamical Significance of the Neptune-Triton System

While the scientific motivation for returning to Neptune is compelling, the feasibility of such a
mission depends critically on the ability to design trajectories that efficiently navigate the system’s
complex gravitational environment. In contrast to two-body motion, long-duration spacecraft
trajectories in the Neptune—Triton system are governed by multi-body interactions, which give rise
to intricate phase-space structures including resonances, invariant manifolds, and regions of stability
and instability [5,9-11].

Triton’s relatively large mass and proximity to Neptune create a gravitational subsystem that
dominates the local dynamical environment. Although additional moons and ring structures are
present, their influence is comparatively weak, and the primary features of spacecraft motion
are determined by the interaction between Neptune and Triton. This interaction produces a rich
dynamical environment that is well suited for analysis using modern nonlinear dynamical systems
techniques [5,9, 11, 12].

From a dynamical perspective, the Neptune—Triton system exhibits behavior characteristic of
multi-body gravitational systems, including quasi-periodic motion, resonance structures, and chaotic
transport. These features govern the accessibility and long-term stability of trajectories within the
system and therefore play a central role in mission design [5,9-11, 13].

Understanding the organization of phase space in this environment is essential for identifying
trajectories that remain bounded, persist over mission-relevant timescales, and provide access to
scientifically important regions. Accordingly, this work focuses on the analysis of dynamical
structures within the Neptune—Triton system, with the goal of identifying stable and tour-suitable
trajectories that enable sustained exploration of the outer Solar System [5,9, 14].

1.3 Problem Statement

With a dedicated Neptune—Triton mission identified as a high-priority objective in current planetary
science planning, trajectory design emerges as a central element of mission architecture development.
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Trajectory selection determines the spacecraft’s accessibility to key scientific targets within the
system, including Neptune, Triton, and the surrounding satellite and ring environments. Because
propulsion capability and mission duration impose strict operational constraints, trajectories must be
designed to efficiently utilize available resources while maximizing scientific return. Consequently,
the identification and analysis of viable trajectory architectures represent a critical step in early
mission planning and feasibility assessment [15].

Advances in trajectory design methods and numerical modeling capability since the Voyager 2
era have significantly expanded the range of mission architectures that can be investigated. Modern
computational tools allow detailed simulation of multi-body gravitational environments and enable
the systematic exploration of dynamical structures that can support long-duration spacecraft motion.
Improved knowledge of planetary system parameters and enhanced numerical integration techniques
now make it possible to investigate trajectory families that were computationally inaccessible during
earlier mission studies [9, 15, 16].

Despite these advances, relatively little research has focused specifically on mission-oriented
trajectory design within the Neptune—Triton system. In particular, there remains limited characteri-
zation of long-term bounded motion, stability classifications of naturally occurring trajectories, and
the role of resonant dynamical structures in enabling sustained exploration of the system. From a
mission design perspective, trajectories suitable for extended system exploration must satisfy several
fundamental criteria: they must remain dynamically bounded within the region of interest, persist
over mission-relevant time scales, and remain controllable under realistic propulsion constraints.
The absence of a systematic dynamical framework capable of identifying and classifying such
trajectories represents a significant gap in current Neptune—Triton mission analysis.

This thesis addresses this gap by investigating the dynamical structure of the Neptune—Triton
system within the framework of the circular restricted three-body problem. Using tools from
nonlinear dynamical systems theory—including Poincaré maps, frequency analysis, and Floquet
stability assessment—the work identifies trajectory families and phase-space structures that naturally
support long-lived motion within the system. By characterizing these features and their associated
stability properties, this study aims to provide a foundation for future mission designers seeking to
construct efficient and scientifically productive exploration trajectories within the Neptune—Triton
system [9,11,16].

1.4 Thesis Contributions

This thesis develops a dynamical framework for identifying and evaluating long-lived trajectories
within the Neptune—Triton system using tools from nonlinear dynamical systems theory. The
primary contributions of this work are summarized as follows:

1. Formulation of the planar Neptune—Triton system within the Circular Restricted Three-Body
Problem (CR3BP), including nondimensionalization and incorporation of Neptune’s J, oblate-
ness perturbation, establishing the dynamical model used throughout the analysis.

2. Systematic construction of Poincaré maps across ranges of energy levels and initial conditions,
enabling identification of invariant phase-space structures including periodic orbits, quasi-
periodic invariant curves, and chaotic regions.



3. Extraction of dominant and secondary frequencies from trajectory time series and construction
of frequency spectra to characterize the oscillatory structure of motion.

4. Computation of frequency ratios v = w;/w; to identify resonant relationships and map
resonance structure within the phase space of the Neptune—Triton system.

5. Identification of candidate trajectory regions supporting long-duration bounded motion through
combined geometric (Poincaré) and spectral (frequency) analysis.

6. Stability classification of selected periodic orbits through computation of the monodromy matrix
and analysis of Floquet multipliers, distinguishing dynamically stable and unstable trajectory
families.

Together, these contributions establish a reproducible dynamical systems framework for analyzing
trajectory behavior in the Neptune—Triton system and provide a foundation for extending the analysis
to higher-fidelity models and mission design applications.

1.5 Scope and Assumptions

The analysis presented in this thesis is conducted within the framework of the planar Circular
Restricted Three-Body Problem (CR3BP). In this model, the motion of a massless spacecraft is
governed by the gravitational influence of two primary bodies—Neptune and Triton—which move
in circular orbits about their common center of mass. The spacecraft is assumed to have negligible
mass relative to the primaries and therefore does not influence their motion. These assumptions
produce an autonomous dynamical system that captures the dominant gravitational structure of the
Neptune—Triton environment while remaining analytically and computationally tractable [9,12,17].
The full spatial CR3BP is defined in a six-dimensional phase space,

(x,y,2,%,9,2).

In this work, the planar CR3BP is adopted by restricting motion to the orbital plane of the primaries
through the conditions z = 0 and z = 0, reducing the system to a four-dimensional phase space

('x9y’“x.’y)'

This reduction preserves the principal dynamical structures governing motion while enabling efficient
application of phase-space analysis tools such as Poincaré maps and frequency analysis [9, 11, 17].
All equations of motion are expressed in the synodic rotating reference frame of the primaries
and are formulated using canonical nondimensional units. In this normalization, the distance
between the primaries is set to unity, the total mass of the system is normalized to unity, and the
mean motion is equal to one. These conventions simplify the governing equations and allow results
to be interpreted in a system-independent form. Dimensional quantities can be recovered through
appropriate scaling based on the physical parameters of the Neptune—Triton system [12,17, 18].
The analysis focuses on gravitational dynamics within the CR3BP framework and does not
include additional perturbations such as solar gravity, radiation pressure, or non-spherical harmonics
beyond the J, term. The inclusion of Neptune’s J, perturbation provides a first-order correction to



the gravitational potential, capturing the dominant effect of planetary oblateness while maintaining
computational efficiency. Higher-order perturbations and full ephemeris models are not considered
and are reserved for future work.

1.6 Thesis Organization

This thesis is organized to distinguish clearly between theoretical development, computational
implementation, and dynamical application.

Chapter 2 develops the theoretical and methodological foundations used throughout the study. It
introduces the CR3BP formulation, derives the governing equations of motion, and presents the
dynamical systems tools used to analyze trajectory behavior. These include the Jacobi integral and
zero-velocity surfaces, Lagrange points and their stability properties, Poincaré maps as a method for
reducing the dimensionality of the flow, and frequency analysis for characterizing quasi-periodic
and resonant motion. The chapter focuses on the underlying mathematics and physical interpretation
of these methods independent of any specific numerical implementation.

Chapter 3 describes how these methods are applied in the context of the Neptune—Triton system.
It details the numerical integration procedures, construction of Poincaré maps, extraction of trajectory
time series, implementation of spectral analysis techniques, and computation of frequency ratios.
Model parameters, sampling choices, and data-generation procedures are also specified.

Chapter 4 presents the computational framework developed to support this analysis. The
architecture of the ORBIT software system is described, including modules for trajectory generation,
phase-space mapping, frequency analysis, and stability evaluation, along with tools for visualization
and data management.

Chapter 5 presents the geometric phase-space results obtained from the Neptune—Triton
exploration. Poincaré maps are used to identify the large-scale organization of the flow, the evolution
of invariant structures with Jacobi constant, and the major dynamical regions that later serve as the
basis for candidate selection.

Chapter 6 refines that geometric picture using spectral analysis. Frequency-ratio products,
resonance overlays, and trajectory-level frequency content are used to distinguish coherent resonance-
supported families from more weakly organized or transitional structures, thereby narrowing the
broader phase-space survey to a smaller set of dynamical candidates.

Chapter 7 uses the combined geometric and spectral results to identify specific candidate
regions and representative trajectory classes. Neptune-centered bounded candidates, touring-region
candidates, Triton-centered candidates, and bottleneck-crossing transport candidates are compared
across the selected energies and organized according to their likely mission roles.

Chapter 8 evaluates the local dynamical robustness of those shortlisted candidates. Periodic-orbit
refinement, monodromy matrices, Floquet multipliers, and scalar stability indices are used to
determine which candidates remain dynamically coherent enough to justify follow-on mission
interpretation.

Chapter 9 then interprets the surviving candidates at the trajectory level and assembles them
into a conceptual Neptune—Triton tour architecture. In this chapter, local bounded motion, broad
touring motion, bottleneck-crossing transfer trajectories, and Triton-centered terminal options are
considered together in mission-design terms.

Chapter 10 closes the thesis by discussing the scope and limitations of the present framework,
interpreting the broader significance of the results, and outlining the modeling, analysis, and
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mission-design extensions needed to move from the current idealized dynamical study toward
higher-fidelity future work. In particular, it identifies the major next steps required to extend the
present analysis toward higher-fidelity ephemeris models, three-dimensional dynamical formulations,
and more mission-specific trajectory design constraints.

Together, these chapters progress from foundational dynamical theory through computational
implementation to application-driven trajectory analysis in the Neptune—Triton system. The overall
organization is intended to provide a rigorous and reproducible framework that supports both the
present dynamical investigation and future extensions toward higher-fidelity mission design.



2. Dynamical Background and Analysis Methods

This chapter introduces the dynamical framework and analysis methods used throughout this study.
The Neptune—Triton system forms a gravitational environment in which spacecraft motion is strongly
influenced by the interaction between Neptune and its largest satellite. Because Triton’s mass
dominates the satellite dynamics of the system, motion in the vicinity of Neptune can be modeled
effectively using the Circular Restricted Three-Body Problem (CR3BP), in which Neptune and
Triton act as the two primary bodies while the spacecraft is treated as a massless third body.

Within this framework, the fundamental dynamical structure of the system is first developed
through the Jacobi constant, zero-velocity curves, and the equilibrium (Lagrange) points that arise
in the rotating frame. These quantities define the energetic constraints and geometric structure that
govern the motion of trajectories in the system.

To analyze the more intricate phase—space behavior that emerges from these dynamics, two
complementary analytical tools are introduced. The first is the Poincaré map, which provides a
geometric representation of trajectory intersections with a surface of section and reveals periodic,
quasi-periodic, and resonant structures in phase space. The second is frequency analysis, which
characterizes quasi-periodic motion through the identification of fundamental spectral components in
the trajectory time history. Together, these methods provide the conceptual foundation for identifying
resonant trajectories and interpreting the underlying dynamical structure of the Neptune—Triton
system.

2.1 The Circular Restricted Three-Body Problem

The motion of a spacecraft within a planetary satellite system can often be approximated using the
Circular Restricted Three-Body Problem (CR3BP). In this model the gravitational environment
is represented by two massive bodies. Collectively, these are referred to as the primaries, while
individually they are distinguished as the primary body and the secondary body. A third body of
negligible mass moves under their gravitational influence. For spacecraft applications the third body
represents the spacecraft itself, whose mass is many orders of magnitude smaller than that of the
planetary bodies. As a result, the spacecraft does not influence the motion of the primaries and
instead evolves within the gravitational field they generate [12, 17].

The terminology used to describe the CR3BP reflects the simplifying assumptions that define
the model. The term circular refers to the assumption that the two primaries move in circular orbits
about their common barycenter. This assumption removes variations in orbital distance between the
primaries and allows their motion to be described by a constant angular velocity. The term restricted
indicates that the mass of the third body is sufficiently small that it does not affect the motion of
the primaries. Consequently, the trajectories of the two massive bodies are known in advance and
remain unchanged regardless of the spacecraft trajectory.

These assumptions significantly simplify the full three-body problem. Instead of solving for the
motion of three mutually interacting bodies, the CR3BP reduces the problem to determining the
motion of a single particle within the gravitational field generated by the two primaries. Despite
these simplifications, the CR3BP retains many of the essential dynamical structures that govern
motion in multi-body systems, including equilibrium points, periodic orbit families, and resonant
phase-space structures [9,12,17].



A particularly useful representation of the CR3BP arises when the equations of motion are
expressed in a reference frame that rotates with the primaries. In this rotating frame the two bodies
remain fixed at constant positions, allowing the trajectory of the spacecraft to be analyzed relative to
stationary reference points associated with the primaries. The formulation of the CR3BP in this
rotating coordinate system is introduced in Subsection 2.1.1.

2.1.1 Rotating Frame and Normalized Coordinates

In the Circular Restricted Three-Body Problem, the motion of the primaries is most conveniently
described in a reference frame that rotates with their orbital motion about the system barycenter. In
this rotating frame the line connecting the two primaries remains fixed, allowing the trajectory of the
third body to be studied relative to stationary reference points associated with the primaries [12, 17].

Let m; denote the mass of the primary body and m, the mass of the secondary body. The two
bodies revolve in circular orbits about their common barycenter with constant angular velocity. A
Cartesian coordinate system (x, y, z) is defined such that the origin lies at the system barycenter, the
x—axis lies along the line connecting the two primaries, and the z—axis is perpendicular to the orbital
plane of the primaries.

In order to simplify the mathematical formulation of the problem, the CR3BP is commonly
expressed using a nondimensional coordinate system. In this formulation the physical quantities
that describe the system are scaled using characteristic values associated with the motion of the two
primaries. This normalization removes unnecessary physical units from the governing equations
and allows the dynamical structure of the system to be studied in a more general form [12, 17].

Three characteristic quantities are chosen to define the nondimensional scaling. The distance
between the two primaries is selected as the unit of length, the sum of the two masses defines the
unit of mass, and the angular velocity of the rotating frame defines the unit of time. Under these
scalings the distance between the primaries, total mass, and mean motion are set to unity:

a=1,
n=1,
my+mo =1 2.1)

Expressing the CR3BP in this normalized form significantly simplifies the equations of motion
and reveals the fundamental dynamical structure of the problem. In particular, the system can
be described using a single dimensionless parameter that characterizes the relative masses of the
primaries.
Within this coordinate system the positions of the primaries are determined by the dimensionless
mass parameter
mj

= — . 2.2
H mi +my ( )

The parameter u therefore represents the fraction of the total system mass contained in the secondary
body.

Using this definition, the primary body is located at (—u, 0, 0) and the secondary body is located
at (1 — u,0,0). The distance between the two bodies is therefore unity in the normalized coordinate
system.



CR3BP Rotating-Frame Geometry
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Figure 2.1. The primaries m and m, remain fixed on the x-axis, the third
body m3 moves under their gravitational influence, and the distances r
and r, define the instantaneous geometry used in the CR3BP formulation.

With these scalings the dynamical system is fully characterized by the single parameter u.
Expressing the problem in this normalized rotating frame greatly simplifies the mathematical
formulation and allows the structure of phase space to be studied independently of the specific
physical units of the system [12, 17]. The resulting rotating-frame geometry, including the fixed
locations of the primaries and the distances r; and r, is shown in Figure 2.1. Before the equations
of motion governing this geometry are introduced, however, it is useful to first define the effective
potential of the CR3BP, from which the equations of motion follow directly; this is done in
Section 2.2, with the full equations of motion developed subsequently in Section 2.3.

2.2 Effective Potential of the CR3BP

In the Circular Restricted Three-Body Problem, the spacecraft is attracted gravitationally by both
primaries. However, because the motion is described in a rotating frame rather than an inertial frame,
the equations also contain inertial effects associated with the rotation of the coordinate system. For
this reason, it is useful to define a single scalar function that combines the gravitational contributions
of the two primaries with the centrifugal contribution of the rotating frame [12, 17, 18].

Let (x, y, z) denote the position of the spacecraft in the normalized rotating frame. As introduced
in Subsection 2.1.1, the distances from the spacecraft to the two primaries are

r :\/(x+,u)2+y2+22,

r2:\/(x—1+,u)2+y2+z2.

These distances determine the gravitational attraction exerted by each primary. In normalized units,
the gravitational potential associated with the two-body attraction of the primaries may be written as

(2.3)

l—w, r (2.4)

U, =
£ n

The first term represents the gravitational contribution of the primary body, while the second term



represents the contribution of the secondary body. If the motion were described in an inertial frame,
these two terms alone would define the gravitational potential governing the motion of the spacecratt.
In the present formulation, this quantity is written in the positive-sign convention commonly used in
CR3BP development, so that it can be combined directly with the centrifugal term in the effective
potential.

The CR3BP, however, is formulated in a frame that rotates with the primaries. Because this
coordinate system is non-inertial, an additional inertial effect appears in the form of the centrifugal
acceleration. This contribution can also be represented by a scalar potential term,

UC:%@2+ﬁ) (2.5)

This term depends only on the radial distance of the spacecraft from the rotation axis of the frame. It
does not arise from gravity, but rather from the choice to observe the motion in a rotating coordinate
system.

It is therefore convenient to combine the gravitational and centrifugal contributions into a single
function,

1- 1
KRy —(x* +y?). (2.6)
r ra 2

Q(x,y,7) =

This function is commonly referred to as the effective potential of the CR3BP. In some texts it is
also called the pseudo-potential [12,17]. Both names emphasize the same important point: the
function Q is not purely gravitational. Rather, it combines the gravitational potential of the two
primaries with the centrifugal potential associated with the rotating frame. For this reason, it is
more accurate to interpret Q as an effective scalar function that governs the structure of motion in
the rotating frame, rather than as a true gravitational potential alone.

The utility of Q becomes clear when its spatial derivatives are computed. The equations of
motion in the rotating frame can be written directly in terms of the partial derivatives of this function,
allowing the combined gravitational and centrifugal forces to be represented in compact form.
Before introducing the full equations of motion, it is helpful to examine these derivatives explicitly.

Taking the partial derivatives of € with respect to the coordinates yields

Q-+ p-T+p)

Q. . =x
‘X 3 3 )
1 )
(1=w)y uy
Qy=y-—F—--73, (2.7)
r "
(1-wz oz
QZ:_—3__3'
r r

1 2

These expressions show directly how the effective potential combines two distinct contributions.
The terms proportional to x and y arise from the centrifugal potential, while the remaining terms
arise from the gravitational attraction of the primaries. No centrifugal contribution appears in Q.
because the rotation occurs in the x-y plane.

The effective potential plays a central role in the CR3BP. Its derivatives govern the equations of
motion, its stationary points define the equilibrium solutions of the system, and its value appears
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directly in the Jacobi constant. As a result, £ provides a unifying quantity that links the geometry,
energetics, and phase-space structure of the problem. The equations of motion derived from this
potential are introduced next in Section 2.3.

2.3 Equations of Motion

The motion of the spacecraft within the CR3BP is governed by Newton’s second law applied in
the rotating coordinate system introduced earlier. In an inertial frame, the acceleration of the
spacecraft would be determined solely by the gravitational attraction of the two primaries. However,
because the motion is described in a frame that rotates with angular velocity n = 1, additional
inertial accelerations appear in the equations of motion. These terms correspond to the Coriolis and
centrifugal forces that arise in a rotating reference frame [12, 17].

Let r = (x,y,z) denote the position vector of the spacecraft in the rotating frame. The
acceleration of the spacecraft relative to an inertial frame can be expressed as

Finertial =F+2W XTF+w X (0 Xr), (2.8)

where w is the angular velocity vector of the rotating frame. The second term represents the Coriolis
acceleration and the third term represents the centrifugal acceleration associated with the rotating
coordinate system.

In the normalized CR3BP formulation the rotation occurs about the z—axis and the angular
velocity has magnitude n = 1. Under these conditions the inertial forces take a particularly simple
form. When combined with the gravitational forces from the two primaries, the equations governing
the motion of the spacecraft can be written in component form as

A-p+p) p-T+pu)

X=2y=x- ,
' i 3
A (1-pwy wpy
y+2i=y-——=—-—7, (2.9)
" "
__(-mz_ pz
- r3 r3'

1 2
Although the spatial form is written here for completeness, the analysis developed in the remainder
of this thesis is restricted to planar motion, for which z = 0 and Z = 0.

These expressions describe the motion of a massless particle in the rotating frame under the
gravitational influence of the two primaries. The terms containing r; and r; correspond to the
gravitational attraction of the primary and secondary bodies, while the terms proportional to x and y
represent the centrifugal acceleration. The Coriolis accelerations appear in the velocity-dependent
terms +2x and +2y.

Using the effective potential introduced in Section 2.2, these equations can be written in a
more compact form. Because the spatial derivatives of Q(x, y, z) contain both the gravitational and
centrifugal contributions, the equations of motion become
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—2y = —,
r= ox
.. 0Q
V+2=—, (2.10)
dy
, 09
Z—az.

This formulation highlights the central role of the effective potential in the CR3BP. The
derivatives of Q determine the forces acting on the spacecraft, while the Coriolis terms account for
the rotation of the reference frame. Together these equations fully describe the motion of a massless
particle in the normalized rotating coordinate system.

An important property of this dynamical system is the existence of a conserved quantity known
as the Jacobi constant. This integral of motion constrains the allowed regions of motion within the
system and provides valuable insight into the geometric structure of trajectories in the CR3BP. The
Jacobi constant and its relationship to the effective potential are introduced in the following section.

2.4 The Jacobi Integral and Jacobi Constant

The equations of motion derived in Section 2.3 possess an important conserved quantity known
as the Jacobi integral. This quantity plays a central role in the analysis of motion in the Circular
Restricted Three-Body Problem because it constrains the regions of space that a spacecraft may
access. The value of the Jacobi integral therefore provides direct insight into the geometric structure
of the dynamical system [9,12, 14, 17].

The Jacobi integral can be obtained directly from the equations of motion by considering the
scalar product of the velocity vector with the dynamical equations. Starting from the rotating-frame
equations

-2y =Q,,
F+2i=Q,, @2.11)
i=Q,.

each equation is multiplied by the corresponding velocity component X, y, and Z, and the resulting
expressions are summed. This procedure yields

XX+ yy + 22 = 2Qy + yQy + 2Q,. (2.12)
The left-hand side can be recognized as the time derivative of the kinetic energy per unit mass,

d(l 5, o .
E(E(XZ‘F)’Z"‘ZZ)),

while the right-hand side corresponds to the time derivative of the effective potential,

dQ
E = xx + ny + QZZ (213)

Combining these results leads to
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d(l 5 2 .

— |z +y"+27)-Q] =0. 2.14

i U ) 2.14)
Because the time derivative of this quantity is zero, the expression inside the parentheses must
remain constant along any trajectory of the system. Rearranging terms yields the classical form of

the Jacobi integral,

20 - (W2 +y*+2%) =Cy. (2.15)

The symbol C; represents a constant value determined by the initial conditions of the spacecraft
trajectory. This quantity is commonly referred to as the Jacobi constant. It represents the numerical
value of the Jacobi integral for a particular trajectory within the CR3BP [9,12,14,17].

It is useful to distinguish between these two related concepts. The Jacobi integral refers to the
conserved expression derived from the equations of motion,

20 — V2,

where v? = %% + y2 + 2%, The Jacobi constant, denoted by Cy, is the specific value that this expression

takes for a given orbit. Because the Jacobi integral is conserved, the Jacobi constant remains fixed
along the entire trajectory of the spacecraft.

Physically, the Jacobi constant can be interpreted as an energy-like quantity associated with
motion in the rotating frame. Although it does not correspond exactly to the classical mechanical
energy of the system, it plays an analogous role by constraining the motion of the spacecraft. In
particular, the velocity magnitude must satisfy

v =2Q-Cy. (2.16)

This relationship shows that the kinetic energy of the spacecraft depends directly on the difference
between the effective potential and the Jacobi constant. Regions of space where 2Q < C are therefore
dynamically inaccessible, as the resulting velocity squared would be negative [9,12,17].

An important feature of the CR3BP formulation is that the usual conserved quantities associated
with motion in an inertial gravitational system do not generally exist in the rotating frame. In a
classical two—body problem expressed in an inertial reference frame, both mechanical energy and
angular momentum are conserved. In the CR3BP, however, the equations of motion are written
in a synodic coordinate system that rotates with the primaries. Because this coordinate system is
non-inertial, additional inertial forces appear in the equations of motion. These velocity—dependent
Coriolis terms and the centrifugal contribution of the rotating frame prevent the existence of separate
conserved energy and momentum integrals [9,12,17]. As a result, the Jacobi integral represents
the only classical integral of motion available in the CR3BP within the present formulation. The
existence of this single invariant strongly constrains the motion of the spacecraft and plays a central
role in understanding the structure of trajectories within the system.

From a dynamical systems perspective, the Jacobi integral can also be viewed as the Hamiltonian
of the CR3BP expressed in the rotating frame, up to a constant sign convention [9, 14]. In Hamiltonian
mechanics the Hamiltonian represents the total energy of the system and its conservation follows
from the time invariance of the governing equations. Although the CR3BP equations are written
in a rotating coordinate system, they remain autonomous, and therefore a Hamiltonian invariant
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still exists. The Jacobi constant therefore plays the role of the conserved Hamiltonian quantity that
defines the energy surfaces of the system [9, 17].

The geometric implications of the Jacobi constant become especially clear when the velocity is
set to zero. Substituting the condition v = 0 into the Jacobi integral yields

2Q(x,y,2) = C. 2.17)

This equation defines a set of surfaces in space known as the zero-velocity surfaces. When these
surfaces are projected into the plane of motion they form the well-known zero-velocity curves. These
curves partition the configuration space into regions that are dynamically allowed or forbidden for a
given value of the Jacobi constant [12, 17].

The topology of these regions changes as the value of the Jacobi constant varies, revealing
pathways that connect or isolate different regions of the three-body system. These transitions occur
at the critical energy levels associated with the equilibrium points of the CR3BP, where the neck
regions between gravitational domains open or close. The geometry of the zero-velocity surfaces
and their relationship to the equilibrium points of the CR3BP are examined in Section 2.5 [9, 14,17].

2.5 Zero-Velocity Surfaces and Hill’s Regions

The Jacobi constant provides a direct constraint on the motion of a spacecraft within the CR3BP. As
shown in Section 2.4, the velocity magnitude of the spacecraft satisfies

v2 =2Q(x,y,2) - C. (2.18)

Because the square of the velocity must be non—negative, this relationship imposes a fundamental
restriction on the locations that the spacecraft can occupy within the rotating coordinate system.
Specifically, motion is only possible in regions of space where

2Q(x,y,z) = C.

Points that violate this condition would require the velocity squared to be negative and are therefore
dynamically inaccessible.

The boundary separating accessible and forbidden regions of motion occurs when the velocity is

exactly zero. Setting v = 0 in the Jacobi integral reproduces Equation (2.17).
This equation defines a set of three—dimensional surfaces known as zero-velocity surfaces. These
surfaces represent the locations where a particle would momentarily have zero velocity in the rotating
frame. Consequently, they form the boundaries of the regions in which motion is dynamically
allowed [12,17].

In many applications the motion of interest occurs primarily within the orbital plane of the
primaries, where the three-dimensional zero-velocity surfaces reduce to two-dimensional curves
when intersected with the plane z = 0. These planar boundaries, known as zero-velocity curves
(ZVCs), define the accessible and forbidden regions of motion within the configuration plane and
are widely used to visualize the dynamical structure of the CR3BP, as illustrated in Figure 2.2. The
ZVCs are obtained directly from the zero-velocity condition above by setting z = 0 and are therefore
fully determined by the Jacobi constant and the system mass parameter u [9,12,17].

The inequality 2Q(x,y,z) > C determines the locations where motion of the spacecraft is
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dynamically possible. The portions of space that satisfy this condition define the accessible domains
of motion, commonly referred to as Hill’s regions [12,17]. Within these regions the spacecraft
possesses sufficient energy to move through the gravitational field of the primaries while remaining
consistent with the Jacobi constant. Conversely, regions where 2Q < C are dynamically forbidden
because the spacecraft would require negative kinetic energy to enter them.

Generic Zero-Velocity Topology
2 -

y (nondimensional)
o
T

-1.6 -0.8 0.0 08 1.6

X (nondimensional)

Figure 2.2. Zero-velocity curves in configuration space for a generic CR3BP system with ¢ = 0.3, shown for
multiple Jacobi levels on a single plot. The overlaid contours illustrate how the allowed and forbidden regions
evolve as the Jacobi constant changes and provide a compact view of the changing topology of Hill’s regions
in the rotating frame.

The geometry of Hill’s regions changes as the value of the Jacobi constant varies. For large values
of Cy, corresponding to lower kinetic energy, motion is confined to isolated regions surrounding
each primary. As the value of C; decreases, the zero-velocity curves deform and narrow passages
begin to open between previously disconnected regions of space, as shown in Figure 2.3. These
openings, which first appear near the collinear Lagrange points, allow trajectories to move between
the gravitational domains of the primaries and play an important role in transport through multi-body
systems [9, 17].

For a spacecraft moving solely under the gravitational influence of the two primaries, the Jacobi
constant remains fixed along the trajectory and the associated zero-velocity surfaces therefore remain
unchanged. As a result, the spacecraft is confined to the Hill’s regions corresponding to its initial
value of C;. In practical spacecraft missions, however, propulsive maneuvers can modify the velocity
of the spacecraft and thereby change the value of the Jacobi constant. Such changes effectively alter
the topology of the zero-velocity curves, allowing trajectories to access regions of the system that
would otherwise remain dynamically forbidden [9, 14].

The transitions between different Hill’s region topologies occur at specific values of the Jacobi
constant associated with equilibrium solutions of the CR3BP. These equilibrium points occur where
the gradient of the effective potential vanishes,

VQ =0. (2.19)

At these locations the gravitational and centrifugal forces acting on the spacecraft balance exactly in
the rotating frame. The corresponding Jacobi constant values define the critical energy levels at
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Zero-Velocity Bottleneck
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Figure 2.3. A bottleneck occurs at the L1 Lagrange point of a u = 0.3 system. At lower C; values, the
bottleneck opens, allowing trajectories to pass between the two primaries.

which the zero-velocity curves open or close, revealing connections between different regions of the
system. These equilibrium solutions are known as the Lagrange points and play a central role in the
global dynamical structure of the CR3BP. Their properties and stability characteristics are examined
in Section 2.6.

2.6 Lagrange Points

The equilibrium solutions of the Circular Restricted Three-Body Problem are known as the Lagrange
points. These points correspond to locations in the rotating coordinate system where a massless
particle can remain fixed relative to the two primaries. At these locations the gravitational attraction
of the primaries and the centrifugal acceleration of the rotating frame balance exactly, producing
zero net acceleration in the rotating reference frame [9, 12, 17].

Physically as well as mathematically, equilibrium occurs when both the velocity and acceleration
of the particle vanish in the rotating frame. Applying these conditions to the equations of motion
yields

o 0.
rer=s (2.20)
X=y=%2=0.

Substituting these conditions into the equations of motion leads to the requirement that the spatial
derivatives of the effective potential vanish,
Q, =0, Q, =0, Q. =0. (2.21)

Equivalently, the equilibrium points occur at the stationary points of the effective potential referenced
in Equation 2.19. These stationary points represent locations where the combined gravitational and
centrifugal potential is locally extremized. In this sense the Lagrange points can be interpreted as
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locations where the effective energy landscape of the rotating system possesses critical points.

Solving the equilibrium conditions reveals that the CR3BP possesses five such solutions, known
as the Lagrange points and traditionally denoted L, Ly, L3, L4, and Ls [12,17]. As shown in
Figure 2.4, three of these points lie along the line connecting the two primaries and are therefore
referred to as the collinear Lagrange points. The remaining two points form equilateral triangles
with the primaries and are known as the triangular Lagrange points as seen in Figure 2.4. This
geometric distinction reflects fundamental differences in their dynamical properties, which are
examined in the following section.

Lagrange-Point Geometry
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Figure 2.4. The equilibria L, L, and L3 lie on the line connecting the primaries, while L4 and Ls form the
triangular equilibrium configuration.

The collinear equilibrium points L, L,, and L3 lie along the x-axis of the rotating coordinate
system. The point L is located between the two primaries, L; lies beyond the secondary body, and
L3 lies on the opposite side of the primary body. These points correspond to saddle points of the
effective potential and therefore represent unstable equilibrium configurations.

The triangular equilibrium points L4 and Ls are located at the vertices of equilateral triangles
formed with the two primaries. In the normalized coordinate system their positions are given by

1
TR (2.22)
y:+£
7

Unlike the collinear points, the triangular Lagrange points correspond to local extrema of the
effective potential and can exhibit linear stability depending on the mass ratio of the primaries. In
particular, these points are linearly stable when the mass parameter satisfies

U < pe ~0.03852, (2.23)

a condition known as the Routh stability criterion [12, 17].
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The Lagrange points play a central role in the global dynamical structure of the CR3BP. Each
equilibrium point is associated with characteristic energy levels of the Jacobi constant, and the
topology of the zero-velocity curves changes as these critical values are crossed. In addition, families
of periodic and quasi-periodic trajectories often exist in the vicinity of these equilibrium solutions,
forming the foundation for many spacecraft mission design strategies in multi-body systems.

2.6.1 Linear Stability of the Lagrange Points

Once the equilibrium locations of the CR3BP have been determined, the next step is to evaluate
their stability. This can be accomplished by examining the behavior of small perturbations to the
equations of motion in the vicinity of each equilibrium point. The resulting procedure is known as
linear stability analysis and is widely used in celestial mechanics to classify the local dynamical
structure of equilibrium solutions [9, 12, 17].

Let (x., y.) denote the coordinates of an equilibrium point satisfying

VQ(x,,y.) =0. (2.24)

To investigate the behavior of nearby trajectories, small perturbations are introduced about the
equilibrium location,

X=x,+¢&, Y=Y, +1, (2.25)

where ¢ and 1 represent small displacements from the equilibrium point.

Substituting these expressions into the planar equations of motion and retaining only first-order
terms in the perturbations yields the linearized equations governing the evolution of the perturbation
variables [9, 17]:

6_277 = Q‘xxf"'gxyn,

+28 =80, &+ Q.
where the second derivatives of the effective potential are evaluated at the equilibrium point.
This system describes the dynamics of infinitesimal deviations from the equilibrium solution.

To analyze the behavior of these perturbations, the system is written in first-order form by defining
the perturbation state vector

(2.26)

sX=1[¢ n & a. 2.27)

The linearized system can then be expressed as

56X = A6X, (2.28)

where A is the Jacobian matrix of the dynamical system,

0 0 1 0
0 0 0 1

A=lo. oy 0 2| (2.29)
Q. Q, -2 0



The stability of the equilibrium point is determined by the eigenvalues of the matrix A. If any
eigenvalue has a positive real part, perturbations grow exponentially with time and the equilibrium
point is unstable. If all eigenvalues are purely imaginary, perturbations remain bounded and the
equilibrium point is linearly stable [9,11,12,17].

For the classical CR3BP, this analysis reveals that the three collinear equilibrium points L1, L,
and L3 are linearly unstable for all values of the mass parameter u. The triangular equilibrium
points L4 and Ls, however, may exhibit linear stability when the mass ratio of the primaries satisfies
the Routh stability criterion Equation 2.23
a result obtained by examining the eigenvalue structure of the linearized system [12, 17].

This linear stability analysis provides a systematic method for determining the local dynamical
behavior near each equilibrium point and forms the foundation for studying periodic and quasi-
periodic motion in their neighborhood. These local dynamical structures play an important role in
the analysis of resonant trajectories and invariant structures within the CR3BP.

2.7 Poincaré Maps

The linear stability analysis of the Lagrange points provides local information about the behavior
of trajectories in the immediate vicinity of an equilibrium solution. However, many of the most
important dynamical structures in the Circular Restricted Three-Body Problem (CR3BP) are
fundamentally global in nature. Periodic orbits, quasi-periodic trajectories, resonant structures,
separatrices, and chaotic layers all arise from the nonlinear organization of the phase space away
from a single equilibrium point. In order to study these structures, it is necessary to use a tool that
captures the geometry of the full flow while reducing the dimensional complexity of the system to a
form that can be interpreted more directly [9-11,19].

One of the most powerful tools for this purpose is the Poincaré map. Introduced by Henri
Poincaré in his study Les méthodes nouvelles de la mécanique céleste, the Poincaré map transforms a
continuous flow into a discrete mapping by recording the successive intersections of a trajectory with
a chosen lower-dimensional surface embedded in phase space [10, 11,20]. Rather than attempting to
visualize the full continuous motion of a trajectory in a high-dimensional phase space, the method
reduces the problem to the analysis of a sequence of points. This discrete representation preserves
the essential dynamical structure of the system while making invariant sets, resonances, and stability
transitions much easier to identify.

In the CR3BP, the Poincaré map is especially valuable because the equations of motion define
a nonlinear Hamiltonian system whose trajectories are constrained by the Jacobi integral. The
resulting phase space contains organized structures that govern transport and long-term behavior,
but these structures are difficult to discern from configuration-space trajectories alone. A spacecraft
trajectory plotted in the rotating frame may appear geometrically complicated without revealing
whether the motion is periodic, quasi-periodic, resonant, or chaotic. The Poincaré map resolves
this difficulty by recasting the dynamics in a reduced phase-space representation that exposes the
underlying organization of the flow [9-11].
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2.7.1 Motivation and Dimensional Reduction

The state of the spatial CR3BP is described by the six-dimensional vector

(X,y,Z,X,y,Z),

while the planar CR3BP is described by the four-dimensional state

(X,y,)'C,)'/).

Even in the planar case, direct visualization of the full phase space is not possible. However,
the existence of the Jacobi integral imposes a constraint on the motion that reduces the effective
dimensionality of the system. In general, all four variables in the planar CR3BP may vary
independently, and the trajectory evolves within this four-dimensional phase space.

The Jacobi constant introduces an additional relation between these variables,

Cy=29(x,y) - (x2 + )')2) , (2.30)

which must remain constant along any trajectory. This equation is not an equation of motion,
but rather an invariant (conservation) of the motion that constrains the allowable combinations of
position and velocity.

As a result, the four phase-space variables are no longer independent. For a fixed value of Cy, the
state of the system must satisfy the Jacobi relation, which defines a three-dimensional hypersurface
embedded within the four-dimensional phase space. The trajectory is therefore restricted to evolve
on this hypersurface rather than throughout the full phase space [12,17].

This reduction can be understood more concretely by solving the Jacobi integral for one of the
velocity components. For example,

¥ = 2v2Q(x,y) - C; — 22, (2.31)

provided the expression under the square root is non-negative. Thus, once x, y, X, and C; are specified,
the value of y is determined up to a sign. The motion is therefore confined to a three-dimensional
energy manifold, often referred to as the Jacobi surface, within the four-dimensional phase space.

This constrained structure is fundamental to the analysis of the CR3BP, as it defines the allowable
regions of motion and forms the geometric foundation for further dimensional reduction through the
introduction of a surface of section [12,17].

Although this reduction is significant, a three-dimensional phase-space manifold is still difficult
to analyze directly. The key idea of the Poincaré method is to reduce the dimensionality by one
additional degree through the introduction of a surface of section. The trajectory is not examined
continuously, but only when it intersects this surface. Since the trajectory is already confined
to a fixed-energy manifold, the intersection of that manifold with a chosen section produces a
two-dimensional domain on which the dynamics can be represented as a discrete map [10,11,19].

This dimensional reduction is central to the utility of the Poincaré map. In the planar CR3BP,

4D phase space — 3D energy manifold — 2D surface of section.
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The resulting map is therefore a two-dimensional representation of the dynamics on a fixed Jacobi
level. This reduced representation is rich enough to preserve the essential qualitative behavior of the
system, yet simple enough to visualize and interpret.

2.7.2 Definition of the Surface of Section

To construct a Poincaré map, a codimension-one surface must be chosen within the phase space.
This surface is called the surface of section. In the planar CR3BP, a standard and particularly useful
choice is the plane

y =0,

which corresponds to the x-axis of the rotating frame. This choice is natural because the x-axis already
plays a central geometric role in the problem: it contains the primaries and the collinear Lagrange
points, and it partitions the planar configuration space into upper and lower half-planes [12,17].

However, the condition y = 0 alone is not sufficient to define an unambiguous crossing set. A
generic trajectory may cross the line y = 0 in two opposite directions, once with y > 0 and once
with y < 0. If both directions are included, the same geometric crossing structure is effectively
counted twice, which can obscure interpretation of the map. For this reason, a directional condition
is imposed so that only one orientation of crossing is recorded. A common convention is

y =0, y >0, (2.32)

which selects only crossings from the lower half-plane to the upper half-plane.
The surface of section may therefore be written formally as

Y ={(x,y,%,y) €R*|y=0, y >0, C; = constant} . (2.33)

Because the Jacobi constant constrains y through Equation (2.30), the value of y on the section is
not independent once x, y = 0, x, and Cj are specified. Thus, on a fixed energy surface, the state of
an intersection can be represented using the coordinates

('x’ x)’

with y determined implicitly from the Jacobi integral. This is why the Poincaré section of the planar
CR3BP is usually plotted in the (x, x) plane [9, 10, 21].

2.7.3 Definition of the Poincaré Map

Once a surface of section has been selected, the continuous flow of the CR3BP can be transformed
into a discrete map. Let a trajectory intersect the section X at an initial point Xy € X. The system
then evolves according to the equations of motion until the trajectory next returns to the section.
The state of that next intersection defines a new point X; € 2. Repeating this process generates a
sequence

Xo, X1, Xo, ...

of successive intersections.
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The Poincaré map is the mapping
P:2—-X

defined by
Xn+1 = P(Xn), (2.34)

where P (X)) denotes the next return of the trajectory to the section X. Thus, the continuous-time
flow is replaced by an iterative discrete-time dynamical system on the section [10, 11,20].

This construction is conceptually important. The original CR3BP is an autonomous system
described by differential equations, whereas the Poincaré map is an iterated map defined on a
reduced state space. The map does not discard the dynamics; rather, it samples the dynamics at a
dynamically meaningful set of events, namely, repeated returns to the same section. In doing so,
it captures the recurrence properties of the flow and reveals invariant structures that organize the
motion.

For a trajectory that repeatedly intersects the section, the Poincaré map records one point per
return. The order in which these points appear corresponds to the time evolution of the trajectory.
The map therefore encodes the long-term behavior of the orbit in a compact geometric form.

Poincaré-Map Construction
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Figure 2.5. Construction of a Poincaré map from a representative trajectory in the rotating frame. The left
panel shows the continuous trajectory crossing the section y = 0 with y > 0, while the right panel shows the
corresponding sequence of discrete points recorded in the (x,x) plane at each successive crossing.

This construction is illustrated in Figure 2.5, which shows a representative trajectory in the
rotating frame together with the discrete points generated by its successive crossings of the surface
of section.

2.7.4 Geometric Interpretation of Map Structures

The true power of the Poincaré map lies not merely in its construction, but in the interpretation of
the patterns formed by the resulting points. Different classes of motion in the continuous system
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generate qualitatively distinct structures on the map. These structures provide a direct geometric
diagnosis of the underlying dynamics [9-11, 19].
Periodic Orbits

A periodic orbit is a trajectory that returns exactly to its initial state after some period 7. If such an
orbit intersects the surface of section once per cycle, then every return occurs at the same point in X.
On the Poincaré map, the orbit therefore appears as a single isolated point satisfying

P(X*) = X*. (2.35)

Such a point is called a fixed point of the Poincaré map.
More generally, if the periodic orbit intersects the section g times before repeating, then the map
produces a finite set of g repeating points,

Xi-Xo0 o X, o X

In this case, the orbit is a period-g orbit of the map, and the points form a closed cycle under
successive applications of P. Thus, periodic motion in the continuous system corresponds to discrete
periodicity on the section [10, 11].

Periodic and Quasi-Periodic Poincaré Signatures
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Figure 2.6. Representative Poincaré signatures of regular motion in the (x, X) plane. The left panel shows the
fixed-point structure produced by a periodic orbit, while the right panel shows the closed invariant curve
generated by quasi-periodic motion on a surrounding torus.

Quasi-Periodic Motion and Invariant Curves

Quasi-periodic motion occurs when the trajectory evolves with two or more incommensurate
frequencies and does not repeat exactly. In the planar CR3BP, such motion is typically confined to
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an invariant torus within the energy manifold. The intersection of that torus with the surface of
section produces a closed curve on the Poincaré map.

As the trajectory evolves, each return to the section lands at a new point on this curve. Over
time, the points densely populate the curve without ever collapsing to a finite repeating set. The
resulting structure is called an invariant curve. These curves are one of the clearest signatures of
regular quasi-periodic motion and indicate that the trajectory remains confined to an ordered region
of phase space [10, 11,22].

Invariant curves are especially important because they often surround stable periodic orbits. In
the neighborhood of a linearly stable periodic point, nearby trajectories do not diverge away but
instead remain bounded, producing nested families of closed curves on the section. These closed
curves are frequently called stability islands or islands of regular motion. Their presence indicates a
region of phase space in which the dynamics are ordered and structurally persistent. The contrast
between periodic and quasi-periodic signatures on the section is shown in Figure 2.6.

Resonant Island Chains

If the fundamental frequencies of a quasi-periodic trajectory satisfy a rational relationship, then
the motion is resonant rather than truly quasi-periodic. In this case, the orbit closes after a finite
number of returns to the section. On the Poincaré map, such a resonance appears as a chain of
distinct islands surrounding a central region.

Suppose the trajectory returns to its original phase after g intersections of the section. Then the
resonance appears as a period-g structure on the map, usually in the form of ¢ islands arranged
around a central stable region. Each island corresponds to one phase of the resonant orbit. These
island chains are among the most important structures in nonlinear Hamiltonian systems because
they signal the presence of commensurate frequency relationships and organize the local phase-space
geometry [10,11,13].

Hyperbolic Points and Manifold Structure

Not all periodic orbits are stable. An unstable periodic orbit corresponds to a hyperbolic fixed point
of the Poincaré map. Near such a point, trajectories are attracted along one direction and repelled
along another. The local geometry is governed by the stable and unstable manifolds associated with
the hyperbolic orbit.

When projected onto the section, these manifolds often form crossing patterns that divide distinct
regions of motion. In nonlinear systems, the repeated stretching and folding of these manifolds can
generate extremely intricate structures and produce transport between different parts of the phase
space. Hyperbolic structures are therefore central to the onset of chaotic motion and to the transport
mechanisms that connect otherwise separated dynamical regions [9,11,23]. Representative resonant
and hyperbolic Poincaré structures are shown in Figure 2.7.

Chaotic Regions

Chaotic trajectories differ fundamentally from periodic and quasi-periodic motion. Rather than
remaining confined to a fixed point or invariant curve, chaotic trajectories wander irregularly through
an extended region of the section. On the Poincaré map, this behavior appears as a cloud or scattered
layer of points that does not organize into a smooth geometric structure.
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Resonant and Hyperbolic Poincaré Structures
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Figure 2.7. Poincaré maps in the (x, X) plane for the CR3BP on the surface of section y = 0 with y > 0. The
left panel illustrates the island-chain geometry associated with resonant motion, while the right panel shows
the crossing-manifold structure of a hyperbolic trajectory together with the surrounding scattered points
indicative of nearby chaotic transport.

These chaotic layers often arise near separatrices or in regions where invariant tori have broken
down under nonlinear interaction. The map is especially effective at revealing such regions because
even when the configuration-space trajectory appears bounded, the surface of section may show
clearly that the motion lacks the ordered structure characteristic of regular dynamics [10, 19, 23].
In Figure 2.7, this behavior is visible in the scattered points surrounding the hyperbolic structure,
which reflect the onset of chaotic transport in the neighboring phase-space region.

2.7.5 Why the Poincaré Map is Important in the CR3BP

The Poincaré map is not merely a visualization tool; it is a fundamental method for organizing
the nonlinear dynamics of the CR3BP. By reducing the continuous flow to a discrete return map,
it reveals the existence and arrangement of periodic orbits, invariant curves, resonant islands,
hyperbolic structures, and chaotic layers. These are precisely the structures that govern long-term
trajectory behavior and transport in multi-body dynamical systems [9, 11, 14].

For astrodynamics applications, this information is especially valuable. Regions of ordered
motion may indicate families of long-lived bounded trajectories, while hyperbolic structures may
indicate transport corridors between dynamical regions. The geometry of the map therefore provides
both physical insight and practical guidance for identifying trajectories of interest in mission design
problems [9,21].

Equally important, the Poincaré map provides the geometric foundation for the frequency-based
analysis developed in the next section. Invariant curves on the section are the geometric manifestation
of quasi-periodic motion, while island chains indicate resonant frequency relationships. Thus, the
structures observed on the map are not merely visual patterns; they reflect the underlying oscillatory
content of the trajectories. The next section builds on this idea by introducing frequency analysis as
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a complementary method for quantifying the dynamical relationships that the Poincaré map reveals
geometrically.

2.8 Frequency Analysis of Trajectory Dynamics

The Poincaré map provides a geometric representation of the dynamical structure of the CR3BP
by revealing invariant curves, resonant island chains, and chaotic regions. These structures reflect
the qualitative organization of the phase space and provide insight into the long-term behavior of
trajectories. However, while the Poincaré map identifies these structures visually, it does not directly
quantify the underlying motion that produces them.

In particular, the appearance of invariant curves and island chains suggests that the motion
is governed by one or more fundamental frequencies. Quasi-periodic trajectories evolve through
oscillations that are not immediately apparent from configuration-space plots or even from their
geometric representation on a surface of section. To characterize this motion more precisely, it is
necessary to examine the time-dependent behavior of the trajectory and extract the frequencies that
govern its evolution.

Frequency analysis provides a complementary perspective to the geometric framework established
by the Poincaré map. Rather than focusing on where a trajectory intersects a surface, frequency-based
methods analyze how the trajectory evolves in time. By decomposing a time series derived from
the motion into its spectral components, it is possible to identify the dominant frequencies and
determine how they combine to produce the observed dynamics [10, 13, 19,24].

This approach is particularly powerful for quasi-periodic motion, where trajectories lie on
invariant tori in phase space. On such tori, the motion can be described by a small number
of incommensurate fundamental frequencies. These frequencies generate a structured spectrum
consisting of a primary frequency and a set of secondary components, often referred to as sidebands,
which arise from linear combinations of the fundamental frequencies. The relationships among
these frequencies provide a direct link between the spectral content of the motion and the geometric
structures observed in the Poincaré map [10, 13,19,22,24].

The distinction between commensurate and incommensurate frequencies is central to the
interpretation of this spectral structure. Two frequencies are said to be commensurate when
their ratio is rational. In that case, the oscillatory components repeat with a common phase
relationship after a finite number of cycles. By contrast, if the ratio is irrational, the frequencies are
incommensurate, and the motion does not repeat in this way. This distinction is directly related
to resonance: resonant motion occurs when the fundamental frequencies satisfy a commensurate
relationship, so that the spectral behavior and the geometry of the trajectory both reflect an underlying
integer frequency ratio.

In addition, frequency analysis offers a quantitative means of identifying resonances. When
the fundamental frequencies satisfy a rational relationship, the motion becomes resonant, and this
condition is reflected both in the spectral structure and in the formation of island chains on the
Poincaré section. Thus, frequency ratios serve as an analytical tool for classifying dynamical
behavior and for distinguishing between regular and chaotic motion [10,11,13,19].

The goal of this section is to develop the theoretical framework for analyzing trajectory dynamics
in terms of their frequency content. This includes the representation of trajectories as time series,
the decomposition of these signals into spectral components, the identification of dominant and
secondary frequencies, and the interpretation of frequency ratios in the context of dynamical systems.
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Together, these tools provide a quantitative counterpart to the geometric insights obtained from the
Poincaré map and form the foundation for the frequency-based analysis employed in subsequent
sections. The frequency plots in this section are built from a synthetic signal with hard-coded
frequencies w; = 0.9 and w, = 0.3, rather than from a spectrum computed from an actual CR3BP
trajectory. An illustrative example of the resulting quasi-periodic time series is shown in Figure 2.8.

Quasi-Periodic Time Series
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Figure 2.8. Illustrative quasi-periodic time series s(¢) exhibiting amplitude modulation produced by the
superposition of multiple oscillatory components.

2.8.1 Time Series Representation of Motion

In order to analyze the frequency content of a trajectory, the continuous motion of the system must
first be represented as a time-dependent signal. The equations of motion of the CR3BP define a
trajectory as a function of time,

x(t) = (x(2), y(1), (1), %(2), ¥(1), (1)), (2.36)

which describes the evolution of the system in phase space. Frequency analysis is performed not on
the full state vector directly, but on a scalar or vector-valued function derived from this trajectory.

A time series is constructed by selecting a scalar observable s(¢) that depends on the system
state. Common choices include individual position or velocity components, such as x(t) or x(¢),
or combinations of state variables. The function s(z) therefore represents a projection of the full
phase-space trajectory onto a one-dimensional signal that evolves in time.

This representation is justified by the fact that the underlying dynamics are deterministic and
governed by a finite number of degrees of freedom. As a result, the essential dynamical information
contained in the trajectory is preserved in the time evolution of such observables, and their spectral
content reflects the fundamental frequencies of the motion [10, 13, 19].

For the purposes of spectral analysis, the continuous signal s(z) is typically evaluated at a
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sequence of discrete time instances,
tr =ty + k At, k=0,1,2,...,N—1, (2.37)

producing a discrete time series
Sk = S(tk). (2.38)

This sampled representation forms the basis for subsequent analysis in the frequency domain. The
discrete sequence {s;} captures the temporal evolution of the system over a finite interval and
enables the decomposition of the motion into its constituent frequency components [10, 13, 19].

It is important to emphasize that the choice of observable s(7) does not alter the underlying
dynamics, but rather determines how the motion is represented for analysis. For quasi-periodic
trajectories, any sufficiently smooth observable will contain the same fundamental frequencies,
although the relative amplitudes of the spectral components may vary depending on the chosen
projection [10, 13].

Thus, the representation of trajectory motion as a time series provides the essential bridge
between the continuous dynamical system and its spectral characterization. In Subsection 2.8.2, this
time-domain signal is decomposed into its frequency components using Fourier analysis, revealing
the structure of the motion in the frequency domain.

2.8.2 Fourier Representation of the Time Series

Once the motion of the system has been represented as a time-dependent signal s(7), the next step is
to express this signal in terms of its underlying frequency content. This is accomplished through
Fourier analysis, which provides a representation of the signal as a superposition of oscillatory
components.

For the quasi-periodic signals of interest here, the time evolution can be expressed as a sum of
complex exponentials of the form

s(t) = Z Apel@rt (2.39)
k

where Ay are complex amplitudes and wy are angular frequencies. Each term in this expansion
represents a harmonic component of the motion, and the full signal is obtained by superposing all
such contributions.

In the context of dynamical systems, this representation has a direct physical interpretation. The
frequencies wy correspond to the fundamental oscillatory modes of the motion, while the amplitudes
Ay describe the relative contribution of each mode to the overall trajectory. For periodic motion,
the spectrum consists of a single fundamental frequency and its harmonics. For quasi-periodic
motion, the signal is composed of multiple incommensurate fundamental frequencies and their
linear combinations [10, 13, 19].

More generally, a quasi-periodic signal can be written in the form

S(l‘) = Z Aml,mz,...,mn el(m|w1+m2a)2+~-~+m,,wn)t’ (240)
mi,ma,...,mMp
where w1, wo, . .., w, are the fundamental frequencies and m; € Z are integer coefficients. This

expression shows that the full spectrum consists not only of the fundamental frequencies themselves,

28



but also of all integer linear combinations of those frequencies. These additional components give
rise to the structured spectral patterns observed in quasi-periodic motion.

In practice, the idealized representation above assumes knowledge of the signal over an infinite
time interval. However, real trajectory data is available only over a finite time span, so the Fourier
representation is necessarily a finite-time approximation of the true spectral content. As a result, the
identified frequencies represent approximations to the underlying dynamical frequencies, and the
resolution of the spectrum is limited by the duration of the observation window.

When working with a sampled time series {sy }, the frequency content is represented in discrete
form. The continuous Fourier transform, which applies to signals defined over continuous time, is
replaced by a discrete representation constructed from sampled data. In this setting, the continuous
spectrum is approximated by a finite set of frequencies determined by the sampling interval and the
total observation time. The resulting representation provides a practical means of identifying the
dominant frequencies present in the motion and analyzing their relationships.

It is important to emphasize that the Fourier representation is not merely a mathematical
transformation, but a reflection of the underlying dynamics of the system. The structure of the
spectrum is determined by the geometry of the motion in phase space. In particular, trajectories
confined to invariant tori generate discrete frequency spectra composed of a small number of
fundamental frequencies and their combinations, while more irregular or chaotic motion produces
broader and less structured spectral distributions [10, 13, 16,24].

Thus, Fourier analysis provides a bridge between the time-domain representation of the trajectory
and its dynamical interpretation. By decomposing the motion into its constituent frequencies, it
becomes possible to identify the fundamental oscillatory behavior of the system and to relate this
behavior directly to the geometric structures observed in the Poincaré map.

2.8.3 Dominant Frequency Identification

Once the time series representation of the motion has been expressed in the frequency domain, the
next step is to identify the dominant frequencies that characterize the trajectory. These frequencies
correspond to the principal oscillatory modes of the system and provide a compact description of its
dynamical behavior.

For a given signal s(7), the Fourier representation consists of a collection of spectral components
with associated amplitudes and frequencies. The dominant frequency is defined as the frequency
associated with the largest amplitude component in the spectrum. Physically, this frequency
represents the primary oscillatory mode of the observable and typically corresponds to the most
energetic or most prominent contribution to the motion. This identification is illustrated in Figure 2.9,
which shows both the full Fourier spectrum and the corresponding dominant peak.

In periodic motion, the dominant frequency coincides with the fundamental frequency of the
orbit, and all other spectral components appear as integer multiples (harmonics) of this value. In
contrast, for quasi-periodic motion, the spectrum contains multiple fundamental frequencies that are
incommensurate, meaning that no integer linear combination of these frequencies vanishes. In such
cases, the dominant frequency corresponds to the spectral component with the largest amplitude,
but it does not uniquely define the motion, as additional fundamental frequencies are required to
fully describe the trajectory [10, 13,24].

The identification of dominant frequencies is central to the analysis of nonlinear dynamical
systems. In the case of motion on invariant tori, the dynamics can be described by a small set of
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Fourier Spectrum and Dominant Frequency
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Figure 2.9. Two complementary views of an illustrative quasi-periodic spectrum. The left panel shows the
full Fourier spectrum with the dominant peak and neighboring combination frequencies, while the right panel
isolates the dominant frequency w; as the largest-amplitude spectral component.

fundamental frequencies, and the full spectrum is generated by their integer combinations. The
dominant frequency therefore serves as an entry point for reconstructing the frequency structure of
the system and for identifying additional spectral components associated with secondary modes of
motion [10,13,16].

It is important to distinguish between the mathematical definition of dominance, based on
spectral amplitude, and the physical interpretation of the corresponding frequency. Depending on
the choice of observable s(¢), the dominant frequency may represent different aspects of the motion,
such as radial oscillations, angular motion, or libration about a reference configuration. While the
numerical value of the dominant frequency depends on the chosen projection, the underlying set of
fundamental frequencies is an intrinsic property of the trajectory itself [13, 19].

Thus, the process of dominant frequency identification provides the first step in extracting
meaningful dynamical information from the spectrum. By isolating the primary oscillatory
component—defined by the largest amplitude spectral contribution—one obtains a reference
frequency that can be used to organize the remaining spectral structure. In Subsection 2.8.4, this
structure is examined in greater detail through the identification of secondary frequency components
and their relationships to the dominant mode.

2.8.4 Secondary Frequencies and Sideband Structure

While the dominant frequency provides an initial characterization of the motion, a complete
description of quasi-periodic dynamics requires the identification of additional frequency components.
These secondary frequencies arise from the presence of multiple fundamental oscillatory modes
and are essential for understanding the full structure of the motion.

As discussed in Subsection 2.8.3, quasi-periodic motion on an invariant torus is governed by a
set of incommensurate fundamental frequencies wy, wy, . . ., w,. The time-dependent signal can
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therefore be expressed as a superposition of oscillatory components of the form
W =mw| +mwy + -+ m,wy, m; € Z. (2.41)

This relation shows that the spectrum is not composed of isolated frequencies, but rather of a
structured set of components generated by integer linear combinations of the fundamental frequencies.

In practical spectral representations, this structure manifests as a dominant peak accompanied by
additional components located at frequencies offset from the primary value. These components are
commonly referred to as sidebands. In the simplest case of two-frequency quasi-periodic motion,
the spectrum contains peaks at frequencies that can be written explicitly as

w=kiwi + krws, ki,kr € Z, (242)

and, in particular, at
W= w| +muwsy, meE7Z, (2.43)

which appear symmetrically around the dominant frequency. The spacing between these peaks is
determined by the secondary frequency w;, while their amplitudes reflect the coupling between the
underlying modes of motion. This symmetric sideband structure is illustrated in Figure 2.10.

The presence of sidebands is a direct consequence of motion on invariant tori. Each fundamental
frequency corresponds to an independent angular variable on the torus, and the observed signal
represents a projection of this multi-dimensional motion onto a scalar observable. As a result, the
spectral content encodes the geometry of the trajectory in phase space, with the sideband structure
revealing the existence and interaction of multiple oscillatory directions [10, 13,21, 24].

From a dynamical perspective, secondary frequencies often correspond to distinct physical
modes of motion. For example, in planar CR3BP trajectories, one frequency may be associated with
the primary orbital motion, while another may describe libration about a reference trajectory or
oscillations transverse to a guiding path. The interaction of these modes produces the characteristic
modulation patterns observed in the time series and gives rise to the sideband structure in the
frequency domain [11,21].

The identification of secondary frequencies is therefore essential for reconstructing the full set of
fundamental frequencies that define the motion. While the dominant frequency provides a reference
scale, it is the relationship between multiple frequencies that determines the qualitative nature of
the trajectory. In particular, these relationships form the basis for defining frequency ratios and
identifying resonant behavior, which are examined in the subsequent subsections.

2.8.5 Extraction of Secondary Frequencies

The identification of sideband structure in the frequency spectrum provides a means of recovering
the underlying fundamental frequencies that govern the motion. While the dominant frequency
establishes a primary reference scale, the secondary frequencies are obtained by analyzing the
relationships among neighboring spectral components.

For quasi-periodic motion characterized by two fundamental frequencies w; and w;, the spectrum
contains components of the form given previously in Equation (2.43). In this representation, the
dominant frequency is typically associated with w{, while the secondary frequency w, determines
the spacing between adjacent spectral peaks. Consequently, the difference between neighboring
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Figure 2.10. Symmetric sideband peaks about the dominant frequency w; are separated by the secondary
frequency w;.

components in the spectrum provides a direct measure of the secondary frequency,
W2 = Wi4] — Wg. (2.44)

This relationship reflects the underlying structure of the quasi-periodic expansion and does not
depend on the specific observable used to construct the time series. Although the amplitudes of the
spectral components may vary with the chosen projection, the spacing between peaks is determined
solely by the fundamental frequencies of the motion and therefore represents an intrinsic property of
the trajectory [10, 13,24]. The recovery of the secondary frequency from sideband spacing is shown
in Figure 2.11.

More generally, when multiple fundamental frequencies are present, the spectrum consists of
a lattice of components generated by integer combinations of these frequencies. In such cases,
secondary frequencies can be identified by examining consistent spacing patterns within the spectrum
and by recognizing families of peaks that share a common linear relationship. This structure reflects
the geometry of the invariant torus on which the motion evolves, with each fundamental frequency
corresponding to an independent direction on the torus [10, 11].

In practical terms, the extraction of secondary frequencies relies on identifying coherent patterns
in the spectral distribution rather than isolated peaks. The presence of symmetric sidebands about a
dominant frequency, along with regular spacing between components, provides strong evidence for
an underlying two-frequency quasi-periodic structure. These features allow the secondary frequency
to be determined as a characteristic separation between spectral components, even when individual
peaks vary in amplitude [13,21].

The recovery of secondary frequencies is a critical step in reconstructing the fundamental
frequency set of the motion. Once both the dominant and secondary frequencies have been identified,
their relationship can be quantified through a frequency ratio, which provides a concise measure of
the dynamical behavior. This ratio forms the basis for identifying resonant motion and classifying
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trajectories according to their spectral properties, as discussed in Subsection 2.8.6.

Secondary-Frequency Extraction
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Figure 2.11. The secondary frequency w; is recovered from the spacing of symmetric sidebands about the
dominant peak.

2.8.6 Frequency Ratio and Resonance Interpretation

Once the fundamental frequencies of the motion have been identified, their relationship can be
expressed through a dimensionless quantity known as the frequency ratio. For motion characterized
by two primary frequencies w and w», the frequency ratio is defined as
y=22 (2.45)
w1
This ratio provides a compact measure of the relative timescales of the underlying oscillatory modes
and serves as a key analytical measure for classifying dynamical behavior.

The value of v determines whether the motion is quasi-periodic or resonant. If the ratio is
irrational, the frequencies are incommensurate, and the trajectory densely fills an invariant torus in
phase space. In this case, the motion is quasi-periodic, and the corresponding Poincaré map consists
of smooth invariant curves. The trajectory never exactly repeats, but instead explores the torus in a
structured and non-repeating manner [10,11,19].

In contrast, when the frequency ratio is rational,

v=L pgez (2.46)
q

the frequencies satisfy a commensurability condition,
quw, —pw; =0. (2.47)

Under this condition, the motion becomes resonant, and the trajectory is periodic in a rotating frame
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defined by the fundamental frequencies. Rather than densely filling a torus, the motion is confined
to a closed orbit, and this change is reflected in both the spectral structure and the geometry of the
Poincaré map [10, 11].

Resonant motion gives rise to characteristic structures on the Poincaré section known as island
chains. A resonance of order p : g produces ¢ distinct islands on the section, corresponding to
the g discrete phases of the periodic orbit. These islands represent stable periodic orbits and their
surrounding invariant curves, while the regions between them are typically associated with more
complex or chaotic behavior [9—-11].

From the perspective of frequency analysis, resonance is reflected in the structure of the spectrum.
When the frequencies satisfy a rational relationship, the spectral components collapse onto a set
of harmonically related peaks, and the sideband structure becomes organized according to the
resonance condition. The frequency ratio therefore provides a direct link between the spectral
representation of the motion and its geometric manifestation in phase space [13,21].

In practice, the frequency ratio serves as a powerful tool for mapping the dynamical structure of
the system. By evaluating v for a family of trajectories, it is possible to identify regions of regular
motion, locate resonances, and detect transitions to chaotic behavior. Smooth variations in v are
typically associated with invariant tori, while abrupt changes or discontinuities may indicate the
presence of resonances or the breakdown of regular motion [13,21,24]. The role of low-order
rational values in organizing this structure is illustrated schematically in Figure 2.12.

Thus, the frequency ratio provides a unifying framework for interpreting the dynamics of the
CR3BP. It connects the time-domain behavior of trajectories, the spectral structure of their frequency
content, and the geometric organization revealed by the Poincaré map. This relationship forms the
foundation for the analysis of dynamical structures and stability in the system and provides the basis
for the computational methods described in Chapter 3.

Resonance Structure in Frequency-Ratio Space
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Figure 2.12. Representative low-order rational values are highlighted together with the resonant condition
wy /w1 = p/q. The bar heights are illustrative and indicate the relative dynamical significance of the
low-order resonances.

34



2.9 Stability Analysis of Periodic Orbits

The identification of periodic and quasi-periodic structures in the circular restricted three-body
problem provides important information about the organization of phase space. However, the
existence of a periodic orbit alone does not determine whether it is dynamically useful or physically
significant. A trajectory may satisfy the periodicity condition exactly and yet be highly sensitive to
small perturbations, so that nearby trajectories diverge rapidly from it. For this reason, the analysis of
stability is a necessary complement to the geometric and spectral methods introduced in Section 2.7
and Section 2.8 [9-11, 14].

In dynamical systems, stability concerns the response of a reference solution to small deviations
in its initial state. If a trajectory that begins near a periodic orbit remains near that orbit for all
subsequent time, the orbit is regarded as stable in the local sense. If instead small perturbations grow
with time, the orbit is unstable. In the CR3BP, this question is especially important because periodic
orbits often serve as the organizing centers of nearby phase-space structure. Stable periodic orbits
are typically surrounded by invariant tori and regions of ordered motion, whereas unstable periodic
orbits are associated with hyperbolic structures and invariant manifolds that govern transport through
the system [10, 11, 14,21].

The stability of periodic orbits is commonly assessed through linear stability analysis. In this
approach, the full nonlinear equations of motion are expanded about a reference trajectory, and
the evolution of an infinitesimal perturbation is studied. This procedure does not determine the
global behavior of the nonlinear system, but it does provide a local characterization of how nearby
trajectories behave in the immediate neighborhood of the periodic solution. The resulting framework
leads naturally to the variational equations, the state transition matrix, and the Floquet multipliers
that are used to classify the stability of periodic motion [9, 11, 14].

2.9.1 Perturbation and Linearization

Let the equations of motion of the dynamical system be written in first-order form as
x = f(x), (2.48)

where x(7) denotes the state vector and f is the vector field defining the flow. Suppose that x(7) is
a known reference solution of these equations. To examine the stability of this solution, a nearby
trajectory is introduced in the form

x(1) + 0x(1), (2.49)

where 0x(7) is an infinitesimal perturbation to the reference state.
Substituting the perturbed trajectory into the equations of motion yields

d
E(X + 0x) = f(x + 6x). (2.50)
The vector field on the right-hand side may then be expanded in a first-order Taylor series about the

reference solution: It
£(x + %) = f(x) + —) 5x + O(||5x]?). 2.51)
OxIx(r)

Since x(#) is a solution of the equations of motion, the zeroth-order terms cancel identically.
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Neglecting second-order and higher-order perturbation terms then yields the variational equations,

ox(1) = A(r) 6x(1), (2.52)
where ot
A(t) = I " (2.53)

is the Jacobian matrix of the vector field evaluated along the reference trajectory [11,14,19].

This linear system governs the evolution of infinitesimal deviations from the reference solution.
Its coefficients are generally time-dependent because the Jacobian is evaluated along the trajectory
itself rather than at a fixed point in phase space. As a result, even when the original dynamical
system is autonomous, the perturbation dynamics along a non-equilibrium solution are typically
nonautonomous [10, 11].

The physical meaning of this linearization is important. The variational equations do not replace
the full nonlinear equations of motion, nor do they describe the evolution of large deviations from
the reference orbit. Instead, they provide a local tangent-space approximation to the flow, valid
only in the limit of sufficiently small perturbations. Within this approximation, the growth, decay,
or bounded evolution of dx(z) provides a first assessment of the local stability of the reference
solution [9, 11, 14].

When the reference solution is a periodic orbit, the variational equations become especially
useful because they allow the perturbation to be tracked over one complete period of the motion.
The resulting mapping of an initial perturbation to its value after one cycle forms the basis for the
monodromy matrix and the Floquet multipliers, which provide the standard tools for classifying the
stability of periodic orbits in the CR3BP [9, 14,21].

2.9.2 State Transition Matrix

The linear system defined by the variational equations admits a fundamental matrix solution that maps
perturbations between any two points along the reference trajectory. This mapping is represented by
the state transition matrix (STM), denoted ®(z, ¢y), which relates an initial perturbation at time #; to
its value at a later time ¢ according to

o0x(t) = ®(t,ty) 6x(19). (2.54)

The state transition matrix is defined as the solution to the matrix differential equation

%(I)(t, to) = A(r) D(1,19), D(19,10) =1, (2.55)
where A(¢) is the Jacobian of the vector field evaluated along the reference trajectory, and I is the
identity matrix [9, 11, 14].

The STM provides a complete linear description of the local flow in the neighborhood of the
reference solution. Each column of ®(¢, ¢y) corresponds to the evolution of a basis perturbation
direction, and together these columns describe how an infinitesimal neighborhood of initial conditions
is deformed by the dynamics over time. In this sense, the STM defines the linearized mapping of
phase space in the tangent bundle of the trajectory [10, 11].
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Several important properties follow directly from its definition. First, the STM satisfies the
composition rule
D (12, 10) = ®(t2,11) P(11,10), (2.56)

which reflects the sequential evolution of perturbations. Second, the inverse mapping is given by
@~ (1,10) = (10, 1), (2.57)

so that the STM is nonsingular for all times along a well-defined trajectory. These properties
emphasize that the STM acts as a linear propagator of perturbations along the flow [9, 14].

The significance of the STM for stability analysis lies in its ability to quantify the growth or
contraction of perturbations. By examining how §x(#) evolves under the action of ®(¢,ty), one
obtains a local measure of sensitivity to initial conditions. When applied over a finite time interval,
and in particular over one period of a periodic orbit, the STM forms the basis for defining the
monodromy matrix and the associated Floquet multipliers used in stability classification [14,21].

2.9.3 Periodic Orbits and the Monodromy Matrix

When the reference solution x(¢) is a periodic orbit of period T, the linearized dynamics exhibit a
corresponding periodic structure. In this case, the state transition matrix evaluated over one full
period,

M = ®(T,0), (2.58)

is referred to as the monodromy matrix. This matrix defines a linear mapping from an initial
perturbation at time ¢y = O to its value after one complete cycle of the orbit [9, 11, 14].

The monodromy matrix therefore represents a discrete-time description of the continuous
perturbation dynamics. While the variational equations describe the instantaneous evolution of
perturbations along the trajectory, the monodromy matrix captures the cumulative effect of this
evolution over one full period. In this sense, it provides a natural bridge between continuous-time
dynamics and a stroboscopic mapping defined at intervals of the orbital period [10, 11].

Because the reference orbit is periodic, repeated applications of the monodromy matrix describe
the evolution of perturbations over successive cycles:

ox(nT) = M"6x(0), neZ (2.59)

This formulation highlights the role of the monodromy matrix as the fundamental linear operator
governing the long-term behavior of small deviations from the periodic orbit.

The eigenvalues of M, known as Floguet multipliers, determine the stability characteristics of
the orbit. Each multiplier describes the growth, decay, or bounded evolution of perturbations along
a corresponding eigendirection over one period. If the magnitude of a multiplier exceeds unity,
perturbations grow from one cycle to the next, indicating instability. If all multipliers lie on the unit
circle, perturbations remain bounded and the motion is locally stable in the linear sense [9, 14,21].

In Hamiltonian systems such as the CR3BP, the structure of the monodromy matrix imposes
additional constraints on its eigenvalues. In particular, the multipliers occur in reciprocal pairs
(4,1/2), and complex eigenvalues appear in conjugate pairs. This symmetry reflects the underlying
conservation properties of the system and restricts the possible stability types of periodic motion [10,
11].
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Thus, the monodromy matrix provides a compact and complete description of the linear stability
of periodic orbits. By reducing the continuous perturbation dynamics to a finite-dimensional linear
mapping over one period, it enables the classification of orbits based on the spectral properties of a
single matrix, forming the foundation for the stability criteria developed in Subsection 2.9.4.

2.9.4 Floquet Multipliers and Stability Classification

Let A; denote the eigenvalues of the monodromy matrix M. These eigenvalues, known as Floguet
multipliers, characterize the evolution of infinitesimal perturbations over one period of the orbit.
The magnitude of each multiplier determines whether perturbations grow, decay, or remain bounded
under repeated application of the monodromy mapping [9, 11, 14].

The stability of the periodic orbit is therefore determined by the spectral properties of M. If
|4;| = 1 for all i, perturbations remain bounded for all time and the orbit is said to be linearly stable.
If any |4;| > 1, perturbations grow exponentially with successive iterations and the orbit is unstable.

It is important to emphasize that this classification is based on the linearized dynamics. While
linear stability implies that nearby trajectories remain close to the periodic orbit for sufficiently small
perturbations, it does not guarantee nonlinear stability over arbitrarily long times. Nevertheless, it
provides a fundamental first-order characterization of the local behavior of the system [10, 19].

In Hamiltonian systems such as the CR3BP, the monodromy matrix possesses a symplectic
structure that imposes strong constraints on its eigenvalues. Specifically, the Floquet multipliers
occur in reciprocal pairs (4,1/4), and complex eigenvalues appear in conjugate pairs. As a
result, eigenvalues typically appear in sets of four when off the real axis, reflecting the underlying
conservation properties of the system [10, 11].

Based on the distribution of the Floquet multipliers in the complex plane, periodic orbits are
commonly classified into distinct stability types. In the elliptic case, all multipliers lie on the unit
circle, so perturbations remain bounded and the motion is locally associated with invariant tori. In
the hyperbolic case, at least one pair of multipliers lies off the unit circle on the real axis, leading to
exponential divergence along the corresponding eigendirections. In the complex unstable case, the
multipliers form complex conjugate pairs off the unit circle, producing a combination of oscillatory
and exponentially growing behavior.

These stability types are directly related to the geometric structures discussed in Section 2.7.
Elliptic periodic orbits are typically surrounded by families of invariant curves on the Poincaré map,
while hyperbolic periodic orbits are associated with stable and unstable manifolds that organize
transport through phase space. Thus, the spectral properties of the monodromy matrix provide
a direct link between local linear behavior and the global dynamical structures observed in the
CR3BP [9,11,14,21].

2.9.5 Stability Indices

For planar periodic orbits, the spectral information contained in the Floquet multipliers can be
reduced to scalar quantities that provide a convenient summary of stability properties. One such
measure is the stability index, defined for a reciprocal pair of multipliers (1, 1/4) as

1
=1+ —. 2.60
s + 7 (2.60)
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This definition arises naturally from the structure of Hamiltonian systems, in which eigenvalues
occur in reciprocal pairs. Rather than analyzing the individual multipliers directly, the stability
index combines each pair into a single real-valued quantity that preserves the essential information
regarding growth or boundedness of perturbations [10, 11].

The interpretation of s follows from the location of the eigenvalues in the complex plane. If the
multipliers lie on the unit circle, they may be written in the form A = ¢, in which case

s=e?+e7 =2cos0, (2.61)

so that s is real and satisfies |s| < 2. This corresponds to bounded, oscillatory perturbations
and therefore linear stability. In contrast, if the multipliers lie off the unit circle, they are real or
complex with magnitude different from unity, and the resulting value of s satisfies |s| > 2, indicating
exponential growth or decay of perturbations [9, 10, 14].

Thus, the stability index provides a simple classification criterion: |s| < 2 corresponds to elliptic,
linearly stable behavior with bounded perturbations, whereas |s| > 2 corresponds to hyperbolic,
unstable behavior with exponential divergence.

In practical analysis, stability indices are particularly useful because they reduce the multidi-
mensional eigenvalue problem to a small set of scalar quantities that can be tracked as system
parameters vary. This makes them well-suited for studying families of periodic orbits and identifying
bifurcations, where transitions in stability occur as the index passes through the critical values
s ==+2[9,11,14].

From a dynamical perspective, these transitions are associated with qualitative changes in the
local phase-space structure. Stable periodic orbits, characterized by |s| < 2, are typically surrounded
by invariant tori and regular motion, while unstable orbits with |s| > 2 give rise to hyperbolic
structures and invariant manifolds that organize transport. In this way, the stability index provides a
compact link between the spectral properties of the monodromy matrix and the geometric structures
observed in the CR3BP [9, 11,21].

2.9.6 Interpretation in Phase Space

The stability properties of periodic orbits have a direct geometric manifestation in phase space.
While the preceding analysis characterizes stability through the spectral properties of the monodromy
matrix, these results may also be interpreted in terms of the local and global structure of the flow.

In the vicinity of an elliptic (linearly stable) periodic orbit, perturbations remain bounded, and
the surrounding phase space is typically foliated by invariant tori. Trajectories on these tori exhibit
quasi-periodic motion and appear as closed invariant curves on a Poincaré map. This structure
corresponds to regions of ordered dynamics, where motion is regular and confined [9-11].

In contrast, hyperbolic (unstable) periodic orbits are associated with directions of exponential
growth and decay in the perturbation dynamics. These directions give rise to stable and unstable
invariant manifolds, which extend away from the periodic orbit and form the backbone of phase-space
transport. Intersections of these manifolds generate complex structures, including homoclinic and
heteroclinic connections, that are fundamental to chaotic dynamics and govern the movement of
trajectories between different regions of the system [9, 11, 14].

From this perspective, stability analysis provides a bridge between local linear behavior and
global nonlinear dynamics. The eigenvalues of the monodromy matrix determine how perturbations
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evolve near a periodic orbit, while the associated geometric structures—such as invariant tori and
manifolds—determine how trajectories evolve over longer timescales and across larger regions of
phase space [10,11].

This connection is central to the dynamical interpretation of the CR3BP. The structures identified
through stability analysis correspond directly to the features observed in the Poincaré map, where
invariant curves indicate stable motion and separatrices and chaotic layers reflect the influence of
hyperbolic dynamics. Moreover, these same structures are encoded in the spectral properties of the
motion, as discussed in the frequency analysis section. In this way, stability analysis, Poincaré maps,
and frequency methods together provide a unified framework for understanding the organization of
trajectories in multi-body dynamical systems [9, 14,21].

2.9.7 Summary of Dynamical Methods

This chapter has established the theoretical framework used to analyze motion in the circular
restricted three-body problem. Beginning with the formulation of the equations of motion and
the Jacobi integral, the discussion introduced the geometric constraints that define the allowable
regions of motion. These constraints provide the foundation for understanding how trajectories
evolve within the system.

The Poincaré map was then presented as a method for reducing the continuous dynamics to a
discrete representation, revealing the underlying phase-space structure in terms of invariant curves,
resonant islands, and chaotic regions. Complementing this geometric perspective, Fourier-based
frequency analysis was introduced as a spectral tool for identifying the fundamental oscillatory
components of the motion and for quantifying resonant relationships through frequency ratios [10,
13,21].

Finally, stability analysis was developed through the linearization of the equations of motion,
leading to the variational equations, state transition matrix, and monodromy matrix. The resulting
Floquet multipliers and stability indices provide a means of classifying periodic orbits and linking
local linear behavior to the global phase-space structures observed in the system [9, 11, 14].

Together, these methods form a unified framework for analyzing the dynamics of the CR3BP.
The geometric structures observed in Poincaré maps, the spectral signatures identified through
frequency analysis, and the stability properties determined from linearization are interconnected
representations of the same underlying dynamical behavior.

In Chapter 3, this theoretical framework is carried into the Neptune—Triton problem in explicit
computational form. There, the governing models, normalization choices, trajectory-generation pro-
cedures, and analysis workflows used in this study are defined in detail, providing the methodological
basis for the results presented in the subsequent chapters.
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3. Dynamical Models and Numerical Methods

This chapter translates the theoretical framework developed in Chapter 2 into the explicit dynamical
models and numerical procedures used to generate the trajectory data analyzed throughout this thesis.
While the previous chapter established the CR3BP concepts and analysis methods in general form,
the present chapter specifies the exact mathematical formulations and computational procedures
implemented for the Neptune—Triton system.

In particular, this chapter establishes the governing equations of motion, the normalization and
parameterization of the Neptune—Triton system, and the numerical techniques used for trajectory
propagation, event detection, and data generation. Together, these elements define the computational
framework used to construct Poincaré maps, perform frequency analysis, and evaluate trajectory
stability in the chapters that follow.

The objective of this chapter is therefore twofold: first, to clearly document the precise dynamical
models used in this work, including both the baseline CR3BP formulation and its J>-augmented
extension; and second, to provide sufficient implementation detail to ensure that all numerical results
presented in this thesis are fully reproducible.

3.1 Reference Frames and Normalization

The dynamical models and trajectory integrations in this study are formulated in the rotating
barycentric reference frame established in Subsection 2.1.1. In that frame, the two primaries
remain fixed along the x-axis, eliminating explicit time dependence in their motion and allowing
spacecraft accelerations to be evaluated directly during numerical integration. The canonical CR3BP
normalization developed in Subsection 2.1.1 is adopted here without modification. The present
section specifies the system-specific numerical values and dimensional constants that instantiate that
normalization for the Neptune—Triton system used throughout this thesis.

The normalized CR3BP is fully characterized by the single dimensionless mass ratio defined in
Equation (2.2). For the present application, m; corresponds to Neptune and m; to Triton, yielding

u =2.09898 x 107+,

This small value reflects the strongly asymmetric mass distribution of the Neptune—Triton subsystem:
Neptune dominates the gravitational field while Triton constitutes a comparatively low-mass but
dynamically significant secondary. The degree of this asymmetry is directly relevant to the phase-
space structure examined in the later chapters, particularly in the neighborhoods of the collinear
bottlenecks, the large Neptune-centered regions, and the region local to Triton.

The characteristic length scale for nondimensionalization is the Neptune—Triton separation. As
established by the normalization in Subsection 2.1.1, the total mass and mean motion are set to unity
in Equation (2.1). In the present chapter, the normalized Neptune—Triton separation is denoted by
rnT, So the corresponding length normalization is

rNT = 1. (31)

All coordinates and initial conditions therefore represent fractions of the physical separation rather
than dimensional distances. The physical value of the Neptune—Triton separation used in this study
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1s approximately 354,759 km, which defines the length scale for dimensional interpretation of all
trajectory products. Under this normalization the equations of motion take the standard CR3BP
form without explicit appearance of the gravitational constant or dimensional orbital parameters.
The dimensional conversion factors corresponding to these choices are collected in Appendix A.

Within the rotating barycentric frame, the positions of the two primaries follow directly from the
mass parameter. As shown in Subsection 2.1.1, Neptune and Triton are located at

X1 = —p, x2=1-pu, (3.2)

placing Neptune slightly to the left of the barycenter and Triton slightly to the right. These positions
remain constant for the duration of all integrations and serve as the fixed geometric reference points
in every trajectory propagation, zero-velocity computation, Poincaré map, and frequency-analysis
product generated in this work.

This normalized rotating-frame formulation defines the common coordinate system shared
by both the baseline CR3BP model in Section 3.2 and the J>-augmented model in Section 3.3.
Maintaining a unified nondimensional framework for both models ensures that differences in
computed results are attributable to the dynamical perturbation rather than to any inconsistency in
units or reference frame.

3.2 Planar CR3BP Equations

This section defines the baseline dynamical model used for trajectory propagation in this study.
The planar Circular Restricted Three-Body Problem (CR3BP) is adopted as the unperturbed model
governing spacecraft motion in the Neptune—Triton system. The governing equations were developed
in Section 2.2 and Section 2.3; the present section states the planar forms of those equations as
implemented in the numerical integrator and describes how they are used to generate the trajectory
data analyzed throughout this thesis.

In the rotating barycentric frame and canonical normalization described in Section 3.1, the
planar motion of the spacecraft is governed by the equations of motion derived in Section 2.3,
specifically Equation (2.9) reduced to the plane:

=2y =Q(x,y), J+2%=Q)(x,y).

The effective potential Q(x, y) appearing in these equations is the planar form of Equation (2.6)
from Section 2.2,

l—pu w1
Q(x,y) = - +E+§(2+y2),

where the distances from the spacecraft to Neptune and Triton are obtained by setting z = 0 in
Equations (2.3) of Section 2.2,

ri=V(x +p)?+y2 rz=\/(x—(1—u))2+y2-

The corresponding partial derivatives, which are the planar reductions of Equation (2.7) from
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Section 2.2, are

-+ p=0=p)
% i

_d-wy

3 7‘3

Qr=x Qy=y

r r

1 2

These relations constitute the complete set of working expressions evaluated at each integration step.
For numerical integration, the second-order system must be recast into first-order form. This

is an implementation requirement of the adaptive ODE solvers used for trajectory propagation,

surface-of-section event detection, and time-history extraction. The state vector is defined as

. .7
X = [x y X y] , (3.3)
and the first-order system governing its time evolution is

X
: y
x=| . (3.4)
2y + QX(X, y)

=24+ Qy(x,y)

Equations (3.3) and (3.4) define the ordinary differential equation system passed directly to the
numerical integrator and form the computational entry point for all trajectory propagation carried
out in this work.

The Jacobi constant provides the energy-level parameterization used throughout this work
to organize and compare trajectory families. The general form was derived in Section 2.4 as
Equation (2.15); restricted to planar motion with z = Z = 0, it reduces to Equation (2.30). For a
prescribed value of Cjy, the integral constrains the admissible initial conditions and determines
the energetically accessible regions of the rotating frame, as established through the zero-velocity
analysis of Section 2.5.

Initial conditions are constructed procedurally on a prescribed energy manifold rather than
sampled arbitrarily from the full four-dimensional phase space. Positions are selected along the
section y = 0, and the remaining velocity component is recovered directly from Equation (2.30).
When x, y = 0, X, and C; are specified, the Jacobi constraint yields

¥ = +v2Q(x,0) - C; — £2,

where only states with a nonnegative radicand are retained. This admissibility condition is a direct
consequence of the velocity constraint established in Section 2.5, ensuring that every generated
initial condition lies within a dynamically accessible region of phase space. The sign of y is selected
according to the orientation convention required for the relevant trajectory set or surface-of-section
analysis.

Constructing initial conditions in this manner ties the numerical data generation directly to the
geometric framework of Chapter 2. All trajectory families share a common energy surface and are
propagated under a common dynamical model, which ensures that subsequent comparisons across
Poincaré maps, frequency spectra, and stability computations are made within a controlled and
explicitly defined region of phase space rather than across an arbitrarily sampled distribution of
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states.

The planar CR3BP equations presented in this section constitute the baseline, unperturbed
dynamical model used throughout this thesis. All trajectory propagation, Poincaré map generation,
and frequency analysis are based on this formulation unless otherwise stated. Section 3.3 extends
this model by incorporating the J, oblateness perturbation of Neptune, enabling examination of how
planetary flattening modifies phase-space structure and trajectory stability.

3.3 J2-Augmented Model

This section defines the perturbed dynamical model used in this study by extending the baseline
CR3BP formulation to include the effect of Neptune’s oblateness. Specifically, the second zonal
harmonic coefficient J; is incorporated into the equations of motion as a correction to the gravitational
potential. This augmented model is implemented alongside the classical CR3BP equations to
quantify how planetary flattening modifies trajectory behavior, phase-space structure, and stability
characteristics.

In addition to the classical planar CR3BP, this study employs a J;-augmented formulation that
preserves the rotating-frame structure described in Chapter 2 while introducing the leading-order
deviation from spherical symmetry in Neptune’s gravitational field [12,25]. The equations presented
in this section define the exact perturbed system of differential equations used in the numerical
simulations.

The baseline effective potential is the CR3BP effective potential of Equation (2.6), with r; and
r, defined by Equations (2.3). In the present section this Chapter 2 relation is carried forward into
the J>-augmented model used for Neptune—Triton trajectory propagation.

The oblateness correction is introduced as an additional body-centered contribution to the
effective potential associated with Neptune. In nondimensional form, this term is written as

2
Q)Y = _% (r;3 - 3z2r;5) , (3.5)
where J, is Neptune’s second zonal harmonic coefficient, Ry, = Ry/a is the nondimensional
equatorial radius of Neptune, and r; is the spacecraft distance from Neptune. This formulation
is consistent with the canonical CR3BP scaling, in which all lengths are normalized by the
primary—secondary separation a [25].
The augmented effective potential used in this study is therefore

-Q'aug(xa y’ Z) = Q()C, y’ Z) + Q‘(IJZV) (36)

Triton is modeled as a point mass, and its oblateness contribution is neglected due to its comparatively
small effect.

The corresponding oblateness acceleration is obtained from the gradient of the augmented
potential. Defining

k = %(1 — 1) J> R? (3.7)

bar’
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the J, acceleration components for the Neptune-centered position vector are

_ 3k(x+p)  ISk(x+ w72

a]z,x - 5 7 s
}"1 rl
3ky 15kyz2
apy=—%~——%5—, (3.8)
i 81
9kz 15kz°
a_]Z’Z = _5 - r—7.

1 1

These terms are added directly to the classical CR3BP accelerations in the rotating frame,
yielding the perturbed equations of motion implemented in the numerical integrator. For the planar
case considered in this study, z = 0, and the expressions reduce to

3k(x + p)
ajpx = r—5’
1
3ky 3.9
Q= =2, (3.9
"
61127Z = 0

The resulting J-augmented equations of motion are therefore

X—2y = Qx +a12,x,
V+2%=Q,+ay,,, (3.10)
Z = QZ + aj, ;-

In this formulation, the J, contribution acts as a perturbative modification to the baseline CR3BP
dynamics, enabling direct comparison between unperturbed and perturbed trajectory behavior under
identical initial conditions and energy levels.

Although the primary trajectory analysis in this thesis is restricted to planar motion, the
numerical implementation retains the full three-dimensional formulation of the J> model. This
ensures internal consistency of the dynamical system and allows the same equations to be used for
future three-dimensional extensions without modification.

This augmented formulation defines the perturbed dynamical model used throughout all
Neptune—Triton simulations presented in this work. All results labeled as “perturbed” or “J,” in
subsequent chapters are generated using the equations defined in this section, while comparisons to
the classical CR3BP are based on the baseline model defined in Section 3.2.

3.4 Equilibrium Structure

Before generating trajectory families and constructing Poincaré maps, it is necessary to characterize
the equilibrium structure of the active dynamical model. In the circular restricted three-body
problem, equilibrium points correspond to stationary solutions in the rotating barycentric frame and
define key geometric and energetic features of the phase space. In particular, the Lagrange points
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establish critical Jacobi constant values that govern the opening and closing of zero-velocity regions
and therefore play a central role in determining the admissible motion of trajectories [9, 12,17].

In this work, the equilibrium structure is computed directly from the governing equations of
motion described in Section 3.2 and Section 3.3. Two dynamical models are considered: the
baseline planar CR3BP and the J>-augmented model that incorporates the oblateness of Neptune.
All equilibrium quantities are evaluated using the active dynamical model, meaning that the effective
potential used in the equilibrium conditions is consistent with the model employed for trajectory
propagation. As a result, both the equilibrium locations and their associated Jacobi constants differ
slightly between the unperturbed and perturbed cases.

The quantities computed in this section are not presented as final dynamical results, but rather as
system-specific reference values required for subsequent analysis. In particular, the Jacobi constants
associated with the equilibrium points define the energy levels used to generate Poincaré maps,
while the equilibrium geometry provides a reference for interpreting the structure of phase space in
the Neptune—Triton system.

3.4.1 Lagrange Point Computation

The Lagrange points used in this study are computed numerically from the equilibrium conditions
of the active dynamical model. For a given effective potential, equilibrium in the rotating frame
occurs at locations where the gradient of the potential vanishes, consistent with Equation (2.24) in
Chapter 2 [12,17]:

Q,(x,y) =0, Qy(x,y) =0.

These two equations define the planar equilibrium conditions for the system.
The equilibrium calculation is performed using the same model selected for trajectory propagation.
For the unperturbed case, the effective potential is Equation (2.6) specialized to planar motion:

Q(x,y) =

1- 1
HL R 62 +y?).
r rp 2

with distances from Equations (2.3),

ri=VE+w2+y2, =V - (1- )2+

In this work, the Neptune—Triton mass ratio is the system-specific evaluation of Equation (2.2),

u =2.09898 x 107%. (3.11)

For perturbed cases, the same equilibrium conditions are solved using the J,-augmented potential.

In that model, the Neptune oblateness contribution is added directly to the effective potential through

Equation (3.5):

(- 2Ry, ( _
- bar (r13—322r15),

where J; is Neptune’s second zonal harmonic coefficient and

) _
oV = -

R
Rygr = 7N (3.12)
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is the nondimensional equatorial radius of Neptune. For the Neptune—Triton system,

Ry =24,764km,  a = 354,760 km, (3.13)
so that 04,764

_ SR 0.0698. 14

bar = 354760 0.0698 (3.14)

When the J; perturbation is enabled, this augmented potential is used in place of the classical CR3BP
potential, so the equilibrium locations and their associated Jacobi constants remain consistent with
the active trajectory model.

Collinear Lagrange Points L, L,, and L3

The collinear Lagrange points are the equilibrium solutions that lie on the rotating-frame x-axis.
Because these points lie on the line joining Neptune and Triton, their computation is restricted to
the condition

y =0. (3.15)

In the planar problem, equilibrium occurs where the gradient of the effective potential vanishes. For
points on the x-axis, this reduces to the single scalar condition

Q,(x,0) =0. (3.16)
For the classical CR3BP, the effective potential is again the planar form of Equation (2.6),

I- 1
ErE @@+,
ry 2

Q(x,y) =

with the corresponding planar distances from Equations (2.3),

n=Narw?ey2 n=Vo- -+

Taking the partial derivative of Q with respect to x reproduces the x-component derivative given in
Equation (2.7), written here in the planar variables used by the collinear root solve:

Q(x.y) = 3(1‘“) + 2 (ﬁ)+3(%<x2+y2>).

ox\ n Ox r Ox

Evaluating these terms one by one,

9 (1 _IJ) =—(1 —,u)rl_2%

a ry ox
= (1 - p)rp2 (x +“) (3.17)
-k +p)
_ - ,

1
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ax\r2) =7 ax
—(1-=-
= —,ur2_2 (M) (3.18)
2
- (1-p)
SR
and 5 (1
2,2
— = = X. 3.19
6x(2(x +y)) x (3.19)
Collecting these terms yields
1- + -(1-
Ou(x.y) = x - ( u)gx n p(x (3 u)). (3.20)
r r
1 2
Imposing the collinear condition y = 0 yields
r1:|x+/'l|’ r2:|x_(1_:u)|’ (321)
so the equilibrium equation becomes
LU=ty pr--p) (3.22)

b + o= (1=

This is the one-dimensional nonlinear equation solved in this study to obtain the collinear equilibrium
locations for the unperturbed Neptune—Triton CR3BP.

For perturbed cases, the same procedure is applied using the J>-augmented potential. In that
case, the equilibrium condition is still Equation (3.16):

Q(x,0) =0,
but € is replaced by the augmented effective potential of Equation (3.6),
Quig(x, ¥, 2) = Q(x,3,2) + QY (x, 3, 2).
For the planar case, z = 0, so the Neptune oblateness term reduces to

(1-u)aRy, _
Q'Y (x,0,0) = —fbar 3. (3.23)

Differentiating this contribution with respect to x produces the additional acceleration term

(3.24)

N
0Q§2) B _(1 - ,u).]zR%ari (r_S)
ox 2 ox '
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Since

0 ( 3\ _ 40 g x+u) o 3(x+p)
o (%) = -3 ot =3, (—r1 s (3.25)
it follows that -
0Q 3
J X +
—2 =20 _y)JzRf;ar( rs"). (3.26)

1
Using the definition of k from Equation (3.7), this becomes the x-component in Equation (3.9):

3k(x + )
Apx = ——=—
r

Accordingly, the collinear equilibrium equation for the perturbed model becomes

(I-w)(x+p) px—(1-p)  3k(x+p
_ _ = 0. 3.27
AT E - (-wP R+ aP 527

This is the model-consistent one-dimensional equilibrium equation used when Neptune’s J,
perturbation is enabled.

The Neptune—Triton system parameters used in this computation are the mass-ratio value in

Equation (3.11), together with the physical and nondimensional radius scalings in Equations (3.13)
and (3.14). For perturbed cases, the same computation also uses Neptune’s zonal harmonic
coefficient J, = 3.411 x 1073.
Because the collinear equilibrium equation is nonlinear and possesses three distinct roots, it is solved
numerically rather than analytically. Separate search intervals are imposed for the three dynamical
regions corresponding to Ly, Ly, and L3. A bracketing procedure is first used to identify intervals
containing sign changes in the equilibrium function, and the roots are then refined using Brent’s
method [26]. This approach is robust for the small mass ratio of the Neptune—Triton system and
ensures that the three collinear roots are found in the correct order and labeled consistently.

The result of this computation is the set of equilibrium coordinates

(xz,,0), (x1,,0), (x15,0). (3.28)

These locations are then used to compute the corresponding Jacobi constants and to define the
critical energy levels used in the subsequent zero-velocity and Poincaré analyses.

Triangular Lagrange Points L, and Ls

The triangular Lagrange points correspond to equilibrium solutions that do not lie on the rotating-
frame x-axis. Accordingly, the restriction y = 0 used for the collinear points cannot be applied, and
the full two-dimensional equilibrium system must be solved [12,17].

Equilibrium is obtained by requiring both components of the gradient of the effective potential
to vanish, as in Equation (2.24):

Q. (x,y) =0, Q,(x,y) =0.
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Using the same effective potential defined by Equation (2.6) and the planar distances of Equation (2.3),
these conditions yield the coupled nonlinear system

-+ p(x = (1= p)) _ 0o
[+ w2+ (- -w2+y?]?
(I—p)y My 0 (5-29)

a2+ [a-(-pr ]

Unlike the collinear case, these equations must be solved simultaneously for both x and y. The
triangular equilibria correspond to configurations in which the spacecraft forms an approximately
equilateral triangle with the two primaries. For the classical CR3BP, these solutions are the classical
coordinates of Equation (2.22):

1 V3

X==-u, =+—.
2 K YT
In this study, these analytical solutions are used as initial guesses for the numerical solution of
the full equilibrium system. Specifically, the nonlinear system is solved using a two-dimensional
root-finding method initialized at

V3

1
(x0,y0) = (5 - u, J_r?) . (3.30)

Because these initial conditions lie in close proximity to the true equilibria, the solver converges
rapidly to the corresponding solutions L4 and Ls.

When the J; perturbation is included, the equilibrium conditions are modified by the addition of
the Neptune oblateness acceleration terms. In this case, the system becomes

-+ pc-(1-p)  Bk(x+p)
X + =

0,
g 2 g 3.31
(I=w)y upy 3ky (3-31)
e I e
i " "

where the planar distances are given by Equation (2.3) and k is defined by Equation (3.7).

The classical equilateral coordinates remain valid initial guesses for the perturbed system, but the
resulting equilibrium positions are slightly shifted due to the modified gravitational field of Neptune.
The numerical solution of this system yields the triangular equilibrium coordinates

(XL4s YL,)s (XLss YLs)s (3.32)

which remain symmetric about the x-axis.

Together with the collinear equilibria, these points define the complete set of Lagrange points
used in the subsequent stability, zero-velocity, and Poincaré analyses.

Following the numerical solution of both the collinear and triangular equilibrium conditions, the
complete set of Lagrange point coordinates is obtained. These include the three collinear points L,
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L,, and L3, and the two triangular points L4 and L5 [12,17].

The computed equilibrium positions for the classical CR3BP are summarized in Table 3.1.
These values are obtained by solving the one-dimensional and two-dimensional equilibrium systems
described in Equation 3.4.1 and Equation 3.4.1 using the Neptune—Triton mass ratio.

Table 3.1. Neptune—Triton Lagrange-point positions for the classical planar CR3BP.

Point XL yL

Ly 0.9591556221  0.0000000000
L, 1.0415562897  0.0000000000
L3 -1.0000874575  0.0000000000
Ly 0.4997901020  0.8660254038
Ls 0.4997901020 -0.8660254038

When the J; perturbation is included, the equilibrium conditions are modified as described
previously, resulting in small shifts in the locations of all five Lagrange points. The corresponding
equilibrium coordinates for the J;-augmented model are summarized in Table 3.2.

Table 3.2. Neptune—Triton Lagrange-point positions for the planar CR3BP with Neptune J> enabled.

Point XL yL

Ly 0.9591525668  0.0000000000
Ly 1.0415538374  0.0000000000
L3 -1.0000792406  0.0000000000
Ly 0.4997818864  0.8660206605
Ls 0.4997818864 -0.8660206605

As expected, the inclusion of Neptune’s oblateness produces only small deviations from the
classical CR3BP equilibrium positions. However, these shifts are sufficient to alter the associated
Jacobi constants and, consequently, the energy thresholds used in the subsequent phase-space
analyses.

3.4.2 Jacobi Constants at the Equilibrium Points

Following the computation of the equilibrium coordinates, the associated Jacobi constants are
evaluated directly from the Jacobi integral of Equation (2.15). In planar form,

MU —()'c2+y'2),

1
+ =+ -(x*+y?)
ry 2

Cr=2

with planar distances given by Equation (3.21).
At each Lagrange point, the spacecraft is stationary in the rotating frame. Therefore, the velocity
components vanish, consistent with the equilibrium specialization of Equation (2.20):

=0, y=0,
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and the Jacobi constant reduces to a function of position only. Substituting these conditions into the
Jacobi integral yields

—H M

1
CL=2 + =+ =7 +yD)]. (3.33)
ry 2

Thus, for each equilibrium point, the Jacobi constant is computed by evaluating the distances of
Equation (2.3) at the equilibrium coordinates (x, y;) and substituting those values directly into the
expression above.

For the collinear Lagrange points, where y; = 0, the same equilibrium expression is evaluated
on the x-axis, with the corresponding distance simplification following directly from Equation (2.3).
For the triangular Lagrange points, both x; and y; are nonzero, and the full expressions for | and
r, are used without simplification.

When the J, perturbation is included, the Jacobi constant must be evaluated using the augmented
effective potential of Equation (3.6). In this case, the planar Jacobi integral becomes

C;=2
! r 2 1

1 1 1 — u)JLR?
HoH §(x2+y2)_ (1-whaR;,, r—3] B (x2+)-;2). (3.34)
ri

Applying the equilibrium condition x = y = 0, the Jacobi constant at each Lagrange point in the
perturbed model is

CL=2|—+—+=(x7 +y (3.35)
r1 2

ra 2L L

l-u p 1 (1 - )R>
(2 2)_ barr13‘

In this expression, the additional term represents the contribution of Neptune’s oblateness to the
total energy of the system. Because this term depends on r1_3, it primarily affects equilibrium
points located closer to Neptune, producing small but measurable shifts in the corresponding Jacobi
constants.

The Neptune—Triton system parameters used in this computation are the mass-ratio value in

Equation (3.11), Neptune’s zonal harmonic coefficient J, = 3.411 X 1073, and the nondimensional
radius scale in Equation (3.14).
The resulting values Cp,, Cp,, Cr,, Cr,, and C; define the critical energy levels associated with
the equilibrium structure of the system. In particular, the Jacobi constants of the collinear points
correspond to the energy thresholds at which the zero-velocity neck regions near L and L, open or
close, thereby controlling the accessibility of trajectories between interior and exterior regions.

In the present study, these equilibrium Jacobi constants are used directly to define the energy
levels for the Poincaré map computations. Because the governing potential depends on whether
the J, perturbation is enabled, the values of C;, differ slightly between the classical and perturbed
models. For this reason, the Jacobi constants are recomputed for each model configuration to ensure
that all subsequent trajectory analyses are performed using energy levels that are consistent with the
active dynamical system.

The computed equilibrium Jacobi constants for both the classical CR3BP and the J>-augmented
model are summarized in Tables 3.3 and 3.4.

Using the equilibrium coordinates obtained in Subsection 3.4.1, the Jacobi constant at each
Lagrange point is evaluated directly from Equations (3.33) and (3.35). Because the velocity vanishes
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at equilibrium, these values depend only on the position of each point and the active dynamical
model.

The resulting Jacobi constants for the classical CR3BP are summarized in Table 3.3. These
values define the critical energy levels associated with the equilibrium structure of the unperturbed
Neptune—Triton system.

Table 3.3. Jacobi constants at the Neptune—Triton Lagrange points for the classical planar CR3BP.

Point Cr

Ly 3.0145841138
L, 3.0143042166
L3 3.0002098971
Ly 2.9997901460
Ls 2.9997901460

For the J>-augmented model, the Jacobi constants are evaluated using the modified effective
potential that includes Neptune’s oblateness. The resulting values are summarized in Table 3.4.

Table 3.4. Jacobi constants at the Neptune—Triton Lagrange points for the planar CR3BP with Neptune J, enabled.

Point Cr

Ly 3.0145655093
L 3.0142896868
L3 3.0001934635
Ly 2.9997737185
Ls 2.9997737185

Comparison of Tables 3.3 and 3.4 shows that the inclusion of the J, perturbation produces
small but systematic shifts in the equilibrium energy levels. These differences are particularly
relevant for the collinear points, where the Jacobi constants determine the opening and closing of
the zero-velocity neck regions that govern transport between dynamical regions.

These equilibrium Jacobi constants are used directly in this study to select the energy levels for
the Poincaré map computations, ensuring consistency between the chosen initial conditions and the
governing dynamical model.

3.4.3 Lagrange Point Stability

After the equilibrium coordinates have been computed, the local stability of each Lagrange point
is determined by linearizing the planar equations of motion about the equilibrium solution and
evaluating the eigenvalues of the resulting Jacobian matrix. In the present study, this procedure is
carried out using the active dynamical model so that the stability classification remains consistent
with the equations used for trajectory propagation and phase-space analysis. The linearization matrix
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used in the implementation is the standard planar CR3BP form of Equation (2.29) [9, 12, 17],

0 0 1 0
a-|0 0 01
Qu Q, 0 2
Q, Q, -2 0

evaluated at the equilibrium location (xz, y; ). The eigenvalues of this matrix are then computed
numerically to determine the local stability type of each Lagrange point. This is the same linearization
and eigenvalue workflow implemented in the project code.

Classical CR3BP Stability Calculation
For the classical CR3BP, the planar equations of motion are the z = 0 specialization of Equation (2.9),
=2y =Q.(x,y), P+2% =Q)(x,y),

with effective potential given by the planar form of Equation (2.6),

Q(x,y) =

1- 1
ErE i 2@+ 0)),
r rmn 2

where the distances are the planar reductions of Equation (2.3),

n=Va+u?+y% =V - (1-p)2+)2

To analyze the local behavior near an equilibrium point (xz, y; ), small perturbations are introduced:

X =xp+¢&, y=yL+mn, x:g’, y=r1. (3.36)

Substituting Equation (3.36) into the equations of motion and retaining only first-order terms yields
the linearized perturbation equations of Equation (2.28),

g_zﬁ:Qxx(f"'Qxyn, ﬁ+2é:Qxy§+nyna

where the second derivatives are evaluated at (xz, yr).
For the classical CR3BP, these second derivatives are

r} ry r3 r ’

1 3y? 1 3y?
ny=1—(1—u)(—3——5)—u(—3——5 : (3.37)
N 2 N

—(1-
Q. = 3(1 - )(x +5u)y Sl : 1)y
r r
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Introducing the first-order perturbation state of Equation (2.27),
. . T
sX=[&n & 0],

the linearized system becomes the matrix form of Equation (2.28),

6X = AsX,
with (2.29)
0O 0 1 0
0O 0 0 1
A= Quy Qy 0 2
Qry Qyy =20 (xL.yL)

For each Lagrange point, the equilibrium coordinates (xr, y;) obtained in Subsection 3.4.1 are
substituted into the expressions for €2, €., and €2, and the resulting Jacobian matrix is evaluated
numerically. The eigenvalues

A1, 42,43, A4

are then computed from
det(A — AI) = 0. (3.38)

The stability classification of each Lagrange point is determined directly from the eigenvalues of the
linearized system evaluated at the computed equilibrium coordinates. The interpretation of these
eigenvalues follows directly from their real and imaginary components.

Eigenvalues that occur as purely imaginary conjugate pairs, A = +iw, correspond to bounded,
oscillatory motion about the equilibrium point. In this case, perturbations neither grow nor decay,
but instead remain confined, indicating a center-type equilibrium that is neutrally stable in the linear
sense.

In contrast, the presence of a real eigenvalue pair, 4 = +a with @ € R, introduces exponential
behavior of the form e¢**'. The positive real eigenvalue leads to exponential growth of perturbations,
which produces instability in the corresponding direction. When both a real pair and an imaginary
pair are present, the equilibrium exhibits a saddle—center structure and is therefore linearly unstable.

Applying this interpretation to the computed eigenvalues, the collinear Lagrange points Ly, Ly,
and L3 are found to exhibit one real eigenvalue pair and one purely imaginary pair. This combination
corresponds to a saddle—center configuration, confirming that all three collinear points are linearly
unstable.

For the triangular Lagrange points L4 and Ls, the eigenvalues are found to occur as two purely
imaginary conjugate pairs, A = +iw| and A = +iw,, indicating bounded oscillatory motion in all
directions. This corresponds to a center-type equilibrium, and therefore the triangular points are
neutrally stable in the linear sense.

This behavior is consistent with the classical Routh stability criterion of Equation (2.23) [12,17].
For the Neptune—Triton system,

1 =2.09898 x 107* < p, (3.39)

so stability of L4 and Ls is expected. The numerical eigenvalue results presented below confirm this

55



prediction, providing direct validation of the Routh criterion for the system under consideration.

Eigenvalue Results for the Classical CR3BP

For each Lagrange point, Table 3.5 summarizes the resulting eigenvalue structure in terms of the
real pair +« and the imaginary pair(s) +iw, together with the corresponding equilibrium type
and stability classification. This presentation makes the stability interpretation explicit: purely
imaginary pairs correspond to bounded oscillatory motion, while the presence of a real pair indicates
exponential growth and therefore instability.

Table 3.5. Eigenvalues and stability classification of the Neptune—Triton Lagrange points for the classical planar CR3BP.

Point  Stability Type A A2 A3 A4

Ly Unstable Saddle-center  2.610705 + 0.000000;  —2.610705 + 0.000000;  0.000000 + 2.134264i  0.000000 — 2.134264i
Ly Unstable Saddle-center —2.412258 + 0.000000;  2.412258 + 0.000000i  0.000000 +2.013394i  0.000000 — 2.013394;
L Unstable Saddle-center  0.000000 + 1.000184i  0.000000 — 1.000184i  —0.023471 + 0.000000i 0.023471 + 0.000000¢
Ly Stable Center 0.000000 + 0.999290i  0.000000 — 0.999290i  0.000000 + 0.037663i  0.000000 — 0.037663i
Ls Stable Center 0.000000 + 0.999290i  0.000000 — 0.999290i  0.000000 + 0.037663i  0.000000 — 0.037663i

The computed results show that the collinear Lagrange points L1, L, and L3 each possess one
real eigenvalue pair and one purely imaginary pair. This confirms the presence of a saddle—center
structure, consistent with linear instability due to exponential divergence along the unstable manifold.

In contrast, the triangular points L4 and L5 exhibit two purely imaginary eigenvalue pairs. This
indicates bounded oscillatory motion in all directions and corresponds to a center-type equilibrium.
In the context of linear analysis, these points are therefore linearly stable.

These numerical results are consistent with the theoretical expectations established by the Routh
stability criterion and confirm that the Neptune—Triton system lies well within the stable regime for
the triangular Lagrange points.

Eigenvalue Results for the J;-Augmented Model

When Neptune’s oblateness is included, the stability analysis follows the same procedure as in the
classical CR3BP, but with the augmented equations of motion. In this case, the planar system
becomes

X - 2y = QX(x’y) + alz,x(x’ y)’ y +2x = Qy(xay) + an,y(x’y)’

which is the planar specialization of Equation (3.10), where the additional acceleration terms are
given by Equation (3.9):
3k(x + u) 3ky
a]z,x = —57 a]z,y - _5
"
As a result, the linearized system is modified through the second derivatives of the augmented
potential. Specifically, the Jacobian matrix (2.29) retains the same structure,

0 0 1
0 0 0

Q)(c?cug) Q)(Ci)‘)ufé) 0
Q}(S‘-‘g) ‘Q';z;ug) -2

A=

S N = O
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but the entries now include contributions from the J; perturbation.
These augmented second derivatives can be written explicitly as

aajz,x Q(aug) -0 aa]z,x Q(aug) -0 (961]2,),

(aug) _
Qxx =Qu + ox Xy Xy ay > yy TRy ay >

(3.40)

where the additional terms arise from differentiating the J, acceleration components. For the planar
case (z = 0), these derivatives introduce higher-order radial dependence through terms proportional
to rl‘5 and r1‘7, which modify the local curvature of the effective potential near Neptune.

The eigenvalues are then computed by evaluating this augmented Jacobian matrix at the perturbed
equilibrium coordinates (xy, y;) and solving the same characteristic equation as in the unperturbed
case, Equation (3.38):

det(A — Al) = 0.

For each Lagrange point, Table 3.6 summarizes the resulting eigenvalue structure in terms of the
real pair =« and the imaginary pair(s) +iw, together with the corresponding equilibrium type and
stability classification.

The computed results show that the collinear Lagrange points L, Ly, and L3 retain a saddle—
center structure, characterized by one real eigenvalue pair and one purely imaginary pair. This
indicates that the inclusion of the J, perturbation does not alter the fundamental instability of the
collinear equilibria, although the numerical values of the eigenvalues are shifted.

For the triangular points L4 and Ls, the eigenvalues remain purely imaginary, indicating bounded
oscillatory motion in all directions. Thus, these points remain center-type equilibria and are linearly
stable in the presence of the J, perturbation.

Comparison with the classical CR3BP results shows that the primary effect of Neptune’s oblate-
ness is to modify the quantitative values of the eigenvalues through changes in both the equilibrium
locations and the local curvature of the effective potential. However, for the Neptune—Triton system,
these changes are not sufficient to alter the qualitative stability classification of any of the five
Lagrange points.

Table 3.6. Eigenvalues and stability classification of the Neptune—Triton Lagrange points for the planar CR3BP with
Neptune J, enabled.

Point  Stability Type A1 A A3 Ay

Ly Unstable Saddle-center —2.610416 + 0.000000i 2.610416 + 0.000000;  0.000000 + 2.134094i  0.000000 — 2.134094i
L Unstable Saddle-center —2.412457 + 0.000000i 2.412457 + 0.000000;  0.000000 + 2.013519;  0.000000 — 2.013519i
L3 Unstable Saddle-center  0.000000 + 1.000208;  0.000000 — 1.000208; —0.023471 + 0.000000; 0.023471 + 0.000000i
Ly Stable Center 0.000000 +0.999315;  0.000000 —0.999315;  0.000000 + 0.037662i  0.000000 — 0.037662i
Ls Stable Center 0.000000 + 0.999315i  0.000000 — 0.999315;  0.000000 + 0.037662i  0.000000 — 0.037662i

3.5 Lagrange Point Geometry

Having computed the equilibrium locations and their associated stability properties, it is instructive
to examine the geometric configuration of the Lagrange points in the rotating frame. While
Subsection 3.4.1 and Subsection 3.4.3 established the existence and classification of these equilibria
through analytical and numerical methods, the present section focuses on their spatial arrangement
and how this structure is modified by Neptune’s oblateness [12,17].
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In the rotating barycentric frame, the Lagrange points define a fixed geometric structure relative
to the two primaries. This structure governs the topology of nearby trajectories and provides the
foundational framework for understanding phase-space transport, zero-velocity surfaces, and the
organization of periodic and quasi-periodic motion [9, 12,17].

The following subsections present the equilibrium configurations for both the classical CR3BP
and the J>-augmented model, followed by a direct geometric comparison. The full-scale view
emphasizes the global five-point structure of the system; however, as shown in Subsection 3.5.2,
resolving perturbation-induced differences requires localized magnification.

3.5.1 Classical CR3BP Configuration

Figure 3.1 shows the geometric arrangement of the five Lagrange points for the classical Nep-
tune—Triton CR3BP in the rotating frame. The primaries are located along the x-axis, with Neptune
atx = —u and Triton at x = 1 — .

The three collinear points L, L,, and L3 lie along the line connecting the primaries. The point
L is located between Neptune and Triton, L, lies beyond Triton on the exterior side, and L3 is
positioned on the opposite side of Neptune.

The triangular points L4 and Ls form an equilateral configuration with the two primaries, located
symmetrically above and below the x-axis. This symmetry is a direct consequence of the form of
the classical effective potential, which is invariant under reflection about the x-axis.

Classical Lagrange-Point Geometry
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—0.8 0.0 0.8 1.6

x (nondimensional)

Figure 3.1. Lagrange-point geometry in the rotating frame of the classical Neptune—Triton CR3BP. The figure
shows the full equilibrium configuration used in the phase-space analysis, with Neptune and Triton fixed on
the x-axis and the five equilibrium points plotted at their computed locations.

To facilitate direct comparison with the perturbed model, a zoomed view of the classical CR3BP
configuration is shown in Figure 3.2. At this scale, the precise locations of the collinear points
relative to the secondary are clearly resolved. This localized view serves as a baseline reference for
identifying the small geometric shifts introduced by the J, perturbation in Subsection 3.5.2.
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Classical Zoomed Lagrange-Point Geometry
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Figure 3.2. Zoomed Lagrange-point geometry in the rotating frame of the classical Neptune—Triton CR3BP.
The figure resolves the region near Triton and the collinear equilibria, where the local geometry used for
comparison with the J,-perturbed model is most clearly visible.

3.5.2 J,-Augmented Configuration

Figure 3.3 shows the equilibrium configuration when Neptune’s oblateness is included through the
J> perturbation, plotted over the full system scale. At this scale, the geometric structure appears
visually indistinguishable from the classical CR3BP configuration.

J>-Augmented Lagrange-Point Geometry
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Figure 3.3. Lagrange-point geometry in the rotating frame of the J,-perturbed Neptune—Triton system. The
figure shows the full equilibrium configuration after Neptune’s oblateness is included through the effective
potential used in the perturbed model.
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This apparent similarity is a consequence of the relative magnitude of the perturbation. Although
Neptune’s J; coeflicient is non-negligible, its contribution to the effective potential is scaled by
R%ar = (Ry/a)?, resulting in a perturbation that is small compared to the dominant gravitational
and centrifugal terms. This is expected otherwise, there will be no orbits around Neptune. As a
result, the equilibrium locations experience only minor shifts relative to the system scale.

To resolve these differences, a zoomed comparison near the secondary and collinear equilibrium

points is presented in Figure 3.4.

J>-Augmented Zoomed Lagrange-Point Geometry

T

0.04

L1 L2
0.00

T
>

o
Triton

y (nondimensional)

—0.04 |-

0.95 1.00 1.05
X (nondimensional)

Figure 3.4. Zoomed Lagrange-point geometry in the rotating frame of the J,-perturbed Neptune—Triton
system. The figure highlights the local shifts of the collinear equilibria near Triton that arise from the
oblateness correction.

When compared with Figure 3.2, the small but measurable displacement of the equilibrium
points becomes apparent. The collinear points exhibit small but measurable displacements along
the x-axis, reflecting the modified gravitational field near Neptune. These shifts arise from the
additional radial dependence introduced by the oblateness term, which alters the local balance
between gravitational and centrifugal forces.

A similar effect is observed for the triangular points, although their displacement is smaller
in relative terms and preserves the symmetry about the x-axis. The persistence of this symmetry
is consistent with the planar formulation of the J, perturbation, which does not introduce any
asymmetry in the y-direction.

Thus, while the global geometric structure of the Lagrange points remains unchanged, the
Jo perturbation introduces localized modifications that are only observable when examined at
an appropriate spatial scale. These small geometric shifts play an important role in the detailed
dynamical behavior explored in the subsequent phase-space analysis.

3.6 Zero-Velocity Structure

While the Lagrange points are defined by equilibrium conditions in the effective potential, the global
accessibility of motion in the rotating frame is governed by the Jacobi integral through a kinematic
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constraint on the velocity. This constraint is made explicit through the zero-velocity curves (ZVCs),
which define the boundaries at which motion is momentarily arrested in the rotating frame [12, 17].
The governing relation is the Jacobi integral of Equation (2.15), together with the zero-velocity
construction discussed in Section 2.5.
Starting from the planar Jacobi relation of Equation (2.30), the velocity magnitude can be written
as in Equation (2.16),
i+ 9% =2Q(x,y) - CJ.

Because the squared velocity must be non-negative, admissible motion is restricted to regions
satisfying
2Q(x,y) —C; > 0. (3.41)

The boundary defined by Equation (2.17),
2Q(x,y) —Cy =0,

corresponds to points where the velocity is exactly zero in the rotating frame. These locations define
the zero-velocity curves. The ZVCs therefore partition the configuration space into allowed regions,
where motion is dynamically possible, and forbidden regions, where motion cannot occur.

Although the ZVCs arise purely from the velocity constraint, they are directly linked to the
equilibrium structure: the Jacobi constants associated with the Lagrange points,

CL] ) CL2 P CL3 s

define critical values at which the topology of the zero-velocity curves changes. As the Jacobi
constant varies, neck regions near the collinear points open or close, regulating transport between
the vicinity of Neptune, Triton, and the exterior domain.

In this section, zero-velocity curves are computed and visualized for both the classical CR3BP and
the J-augmented model. These results provide a geometric interpretation of the Jacobi constraint
and establish the connection between equilibrium structure and global trajectory accessibility.

3.6.1 Zero-Velocity Curves in the Classical CR3BP

For the classical Neptune—Triton CR3BP, the zero-velocity curves are computed from the planar
Jacobi integral obtained from Equation (2.30), where the effective potential is the planar specialization
of Equation (2.6),

1- 1
ErE 2@+ )),
ry 2

Q(x,y) =

and the distances are the planar reductions of Equation (2.3),

n=Na+?ey2 n=Va- -+

The zero-velocity boundary is obtained by setting X = y = 0, yielding

KM

1- 1
F(X,y;CJ):Z —+—+—(X2+y2) —C]:(). (342)
r ry 2
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Thus, for a specified Jacobi constant, the ZVC is the zero-level contour of F(x, y; Cy) evaluated on
a two-dimensional grid.
Using the Neptune—Triton mass ratio of Equation (3.11),

= 2.09898 x 1074,
the equilibrium Jacobi constants define the critical topology transitions:

Cr, =3.0145841138, Cr, = 3.0143042166,
Cr, = 3.0002098971, Cr, = Cry =2.9997901460.

These values determine when transport pathways open:

* Cy > Cr,: all necks closed, motion confined to isolated regions
* Cr, < Cj <Cpr,: Ly neck opens (Neptune—Triton communication)
* Cr, < Cj < CpL,: Ly neck opens (access to exterior region)

* Cj < Cp,: outer barrier removed, global accessibility

Figure 3.5 summarizes the classical zero-velocity topology across the representative energy
levels used in this study, combining the global accessibility changes with a local view of the collinear
neck region near Triton.

3.6.2 Ciritical Energy Levels and Neck Opening Topology

The topology of the zero-velocity curves is most clearly understood by examining the transition at the
L threshold. Figure 3.5(a) first provides the global configuration after the outer barrier has opened.
The local collinear-region progression is then shown in panels (b) through (d): the neck remains
closed for C; > Cy,,, so motion is confined to isolated regions surrounding each primary; at C; = Cy,,
the zero-velocity boundary passes through L, producing the limiting bottleneck geometry; and
for Cr, < C; < Cr,, this neck opens and permits transport between the Neptune-centered and
Triton-centered domains.

Further decreases in C; produce analogous transitions at L, and L3, progressively increasing
global accessibility as shown by the combined local and full-system views in Figure 3.5. These
transitions demonstrate that the ZVCs act as energy-dependent gateways that regulate transport
throughout the system.

3.6.3 Zero-Velocity Curves in the J,-Augmented Model

When Neptune’s oblateness is included, the effective potential is modified by the additional J, term.
Using the augmented potential of Equation (3.6), the Jacobi integral of Equation (3.34) becomes

Cr = 2, 3) = (¥ + 52, (3.43)
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Figure 3.5. Zero-velocity curves for the classical Neptune—Triton CR3BP in the rotating barycentric frame.
The shaded regions indicate forbidden motion where 2Q(x, y) — C; < 0, and the zero-velocity boundary is
defined by F(x,y;Cy) = 0.
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where the augmented effective potential is the planar specialization of Equation (3.6),

2
_ (l - /J)Jszar r_3

2 1

1 -
B R
r

1
Qaug(X,y) = +§(x2+y2)
The corresponding zero-velocity contour is the J>-augmented analogue of Equation (3.42),
Fag(x,y;Cy) = 0. (3.44)

Figure 3.6 compares the global and local zero-velocity structure in the presence of the J, perturbation.
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Figure 3.6. Zero-velocity curves for the Neptune—Triton system with Neptune’s J, oblateness included. Panel
(a) shows the global accessibility of motion, and panel (b) shows a local zoom near Triton and the collinear
equilibrium region. The J, perturbation produces small shifts in the zero-velocity geometry while preserving
the overall topology.

Although the global topology is preserved, the local deformation of the zero-velocity curves near
the primary leads to subtle changes in the geometry of the neck regions. These changes influence
transport pathways and become important in the phase-space analyses that follow.

The zero-velocity curves provide a global, energy-dependent description of where motion is
possible, but they do not describe how trajectories evolve within these regions. In particular, they do
not capture invariant structures, resonance islands, or chaotic transport.

To resolve the internal phase-space organization of trajectories, the next section introduces
Poincaré maps, which reveal the dynamical structure within the admissible regions defined by the
Jacobi constraint.

3.7 Poincaré Map Construction

This section defines the numerical procedure used to construct Poincaré maps from the propagated
trajectory data. While the theoretical foundations of Poincaré maps were introduced in Section 2.7,
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the focus here is on their implementation within the computational framework developed for this
study.

The Poincaré map is generated by intersecting continuous trajectories with a prescribed surface
of section and recording the resulting discrete sequence of phase-space points. In the present work,
this process is carried out by combining three primary components: (i) construction of initial
conditions at fixed Jacobi constant, (i1) numerical propagation of trajectories under the selected
dynamical model, and (iii) detection and extraction of surface-of-section crossings.

Together, these steps produce a discrete mapping that captures the underlying phase-space
structure of the system. The resulting datasets form the basis for identifying invariant curves,
resonance structures, and regions of chaotic motion, and serve as the primary input for the frequency
analysis developed in the following subsection.

3.7.1 Surface of Section Definition and Event Detection

The Poincaré map is constructed by recording intersections of system trajectories with a prescribed
surface in phase space. In the present work, the surface of section is defined by the planar condition
y = 0 [9-11], corresponding to the x-axis in the rotating reference frame. Let the system state be
given by

(x(1), y(2), x(1), y(1)).

A surface-of-section crossing occurs at a time ¢* satisfying the section condition (2.32),

y() =0.

This condition identifies all intersections of the trajectory with the surface but does not distinguish
the direction of crossing. Consequently, a single trajectory may intersect the surface multiple times
per cycle, producing redundant points in the map.

To ensure a unique and consistent mapping, the directional constraint y(¢*) > 0 is imposed at the
crossing, so that only intersections with positive transverse velocity are retained. This guarantees
that each oscillatory cycle contributes a single point to the Poincaré map.

The surface condition y = 0 reduces the four-dimensional phase space (x,y,x,y) to the
three-dimensional manifold (x,x,y). The Jacobi integral provides the additional constraint of
Equation (2.30),

C; = 2Q(x,0) - (x2 + y~2) ,

which allows y to be expressed from the Jacobi velocity relation (2.31) as

¥ =2Q(x,0) - Cy — i2,

where the positive branch is selected by the directional condition. For a fixed Jacobi constant, y is
therefore uniquely determined by (x, x), reducing the system to a two-dimensional mapping.

At each valid crossing, the state vector is evaluated on the surface y = 0 and recorded in the
reduced coordinates

(‘x’ x)’

which define the Poincaré map.
Numerically, crossings are detected during trajectory integration using event detection within
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the ODE solver. The integrator identifies times ¢* satisfying y(¢*) = 0, reconstructs the crossing
state using the dense-output interpolant, and applies the directional constraint y(¢*) > 0 to retain
only valid intersections. In addition, crossings with |x(z*)| below a small numerical tolerance are
discarded in order to reject nearly tangential events that do not provide a clean transverse section.
The resulting sequence of points (x, x) defines the discrete mapping of the continuous trajectory in
phase space.

3.7.2 Initial Condition Construction from the Jacobi Constant

The construction of initial conditions for the Poincaré map is performed by prescribing values of
the Jacobi constant C; and systematically selecting initial positions along the surface of section.
For each chosen value of Cj, initial conditions are generated such that they satisfy both the surface
constraint and the energy constraint of the system. This is the Chapter 3 implementation of the
section constraints y = 0 with y > 0 and the Jacobi velocity relation of Equation (2.31).

The initial position is defined along the x-axis,

yo =0,
with a prescribed value of x(. The corresponding velocity component X is selected as
X0 =0,

so that initial motion is directed entirely in the y-direction. Under these conditions, the Jacobi
integral (2.30) becomes
Cy = 2Q(x0,0) — y;. (3.45)

Rearranging this expression step by step gives
¥2 =2Q(x,0) - C,

and therefore the initial velocity (2.31) is

Yo = £2Q(x0,0) — C;.
The existence of real-valued initial conditions requires that the admissibility condition (3.41) hold,
2Q(x9,0) - C; > 0.

This condition defines the admissible region of motion and ensures that the selected initial condition
lies within the energetically accessible domain of the system.

For each value of x(, two possible initial velocities exist, corresponding to the positive and
negative branches of yo. In the numerical implementation, these branches are organized into
prograde and retrograde families relative to a selected reference body. The sign of yg is assigned
from the location of the initial point with respect to that reference body, so that each sampled xg
generates one prograde and one retrograde initial condition with a consistent geometric orientation.

66



The initial conditions are therefore given by

(%0, 0,0, y0),

with the initial velocity (2.31)

0 = £2Q(x0,0) — C;.

To generate the Poincaré maps in this study, the Jacobi constant was not selected as a continuous
variable but instead sampled systematically between the critical energy levels defined by the Lagrange
points. Specifically, energy values were constructed over the intervals C;,, — Cy,, Cr, — Cp,, and
Cr; — Cr, = Crg, which partition the dynamically distinct regions of the system.

Within each interval, the energy range was subdivided into four equal increments. For a given
pair of bounding energies Cypper and Ciower, the step size was defined as

Cupper — Clower

ACJ = 4 )

(3.46)

and the sampled energy values were taken as
C;= Cuppera Cupper - ACy, Cupper - 2ACy, Cupper - 3AC;.

This procedure was applied sequentially across each interval, with the final lower bound included
to complete the set. The sampled values therefore correspond to the quarter-step energy levels
generated between Cyp, Cp,, Cr,, and Cp, = Cr, in the numerical pipeline used throughout this
study.

For each selected value of Cy, a continuous range of initial positions xo was sampled over a
prescribed interval along the surface y = 0. The corresponding initial velocity yo was then computed
from the Jacobi constraint, and each resulting trajectory was propagated to generate a sequence of
surface-of-section intersections.

This procedure produces a family of trajectories at fixed energy, allowing the structure of phase
space to be examined through the resulting Poincaré map.

3.7.3 Trajectory Propagation and Termination Criteria

Once the initial conditions are constructed, trajectories are propagated under the governing equations
of motion using a high-order adaptive Runge—Kutta integrator. In the present work, numerical
integration is performed using the DOP853 method implemented through solve_ivp, with relative
and absolute tolerances selected to ensure accurate preservation of the Jacobi constant over long
integration times [26,27].

For a given initial condition (xg, 0, 0, y¢), the trajectory is integrated forward in time according
to the equations of motion of the selected dynamical model (classical CR3BP or J;-augmented
model). During propagation, event detection is used to identify successive intersections with the
surface of section defined by y = 0 and y > 0, as described in the previous subsection.

In the numerical pipeline used in this thesis, each trajectory is propagated over a prescribed time
interval ¢t € [0, tax]. The target number of crossings N;oss 18 still tracked for monitoring purposes,
but it is not used as a hard stopping criterion in the trajectory generator. Instead, all valid crossings
detected within the full propagation interval are recorded and associated with the corresponding
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trajectory.

In addition to the surface-of-section events, the propagation routine also monitors simple
geometric safety conditions that flag escape or collision-like behavior. Escape is defined by the
condition

F > Fmax,

where r = 4/x2 + y2, and collision with either primary is detected when the corresponding distance
from the spacecraft falls below a prescribed threshold,

r1 < 1,min or 72 < 72 min-

These thresholds are treated as configurable numerical parameters of the computation and are
recorded together with the run metadata.

In the present implementation, these collision and escape conditions are recorded as non-terminal
event flags rather than hard termination events. Consequently, a trajectory may be marked as colliding
or escaping in the output metadata while the integration itself still proceeds to the prescribed final
time fmax, Unless the numerical solver fails before that point.

For visualization of the Poincaré maps, however, such event-flagged trajectories are not necessarily
discarded outright. Instead, the stored surface-of-section crossings may be clipped at the first
recorded effective stopping time 7.4, S0 that only the bounded portion of the trajectory is retained in
the displayed map.

For the Neptune—Triton production datasets analyzed in this thesis, the stored run metadata
indicate that the generator was executed with xq siep = 0.01, Neross = 1000, and #12x = 15000, while
sampling both prograde and retrograde branches relative to the primary-centered reference choice
P1. The surface of section used the directional constraint y > 0 (sos_direction=+1), and the
trajectory generator retained the J-perturbed model with J primary = 0.003411, J secondary = 0,
Rprimary = 0.06940466794, and Rsecondary = 1. The corresponding safety thresholds were 7y jin =
6.940467 x 1072, romin = 3.812718 x 1073, and rpax = 244.108693, with DOP853 relative and
absolute tolerances both set to 10712, These values define the practical numerical configuration
behind the Neptune—Triton trajectory sets used throughout Chapters 5 and 6.

The combination of adaptive integration, event detection, dense-output crossing reconstruction,
and configurable event flags provides a robust framework for generating trajectory data that remains
both dynamically consistent and numerically reliable.

3.7.4 Data Output Structure and Storage Format

The trajectory data generated from numerical integration are recorded in a structured format designed
to support both phase-space analysis and frequency-domain computations. For each propagated
trajectory, the full time history of the state vector is stored together with the initial-condition
parameters, reference-body information, crossing flags, and run metadata needed to reproduce the
calculation.

The time-history output is written on a uniform evaluation grid of the form of Equation (2.37),

tr = k At,

constructed through the t_eval argument of solve_ivp. Thus, while the DOP853 integrator
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still uses adaptive internal time steps, the stored trajectory arrays are sampled on a prescribed
uniform grid suited for subsequent spectral analysis. In addition to the propagated state variables,
the time-series files retain auxiliary quantities such as xg, yo, Cy, the selected reference body, the
effective stopping time used for plotting, and binary flags identifying retained surface-of-section
events.

Surface-of-section crossings are written separately as reduced Poincaré tables. These files store
the crossing time and crossing state, including x, x, y, the reference angular-momentum sign, the
generating initial condition, and interpolation metadata associated with the event reconstruction.
Although the primary reduced coordinates used in the map visualization are (x,x), the stored
files retain the additional information needed for inspection, candidate selection, and downstream
analysis.

The data are organized into a hierarchical directory structure based on the dynamical model and
Jacobi constant. The base propagation run writes the time-series files, the Poincaré crossing tables,
and the primary frequency products for each dataset. A subsequent ratio and resonance stage then
reads the saved frequency tables, assembles the preferred ratio products used for interpretation, and
writes dedicated frequency-run outputs, including detailed ratio tables, resonance summaries, and
run-level metadata. This structure enables efficient retrieval and filtering of datasets for visualization
and analysis while preserving a one-to-one correspondence between each sampled trajectory, its
Poincaré representation, and its associated spectral products.

All quantities are stored in nondimensional canonical units consistent with the CR3BP formula-
tion, ensuring compatibility across all components of the computational pipeline. This standardized
data format allows seamless integration with the Poincaré map visualization tools, frequency analysis
routines, and stability-analysis workflow used in the remainder of the thesis.

3.7.5 Discrete Mapping and Phase-Space Representation

The procedure described in the preceding subsections produces a discrete mapping of the continuous
system dynamics. Each trajectory, defined by an initial condition (xg, 0,0, yg) at fixed Jacobi
constant Cj, generates a sequence of surface-of-section intersections

(x1,%X1), (x2,%2), ««y (Xp,Xn),

corresponding to successive crossings satisfying y = 0 and y > 0.
This sequence defines the Poincaré map as an iterative transformation of the form of Equa-
tion (2.34),
(Xks Xk) > (Xka1s Xks1)s

which represents the evolution of the system from one surface intersection to the next. The continuous
trajectory in four-dimensional phase space is thus reduced to a discrete dynamical system in the
two-dimensional variables (x, x).

For a given Jacobi constant, the collection of all intersection points generated from a range of
initial conditions produces a global representation of the accessible phase space. Regular trajectories
appear as continuous invariant curves, indicating quasi-periodic motion confined to tori in the
full phase space. In contrast, irregular or chaotic trajectories produce scattered or diffuse point
distributions, reflecting sensitive dependence on initial conditions.

The Poincaré map therefore provides a compact representation of the dynamical structure of
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the system at fixed energy. In the present work, these maps serve as the primary analytical tool
for identifying resonant structures and regions of stability, and they provide the foundation for the
frequency analysis developed in the following subsection.

3.8 Frequency Ratio Analysis

While Poincaré maps provide a geometric representation of phase-space structure, they do not
directly quantify the underlying dynamical frequencies associated with individual trajectories.
To obtain a quantitative characterization of motion, frequency analysis is performed using time
series extracted from the numerically propagated trajectories. In the present workflow, the primary
frequency extraction is carried out as part of the unified generation pipeline, which analyzes the
uniformly sampled trajectory histories produced during propagation and stores the resulting spectral
quantities together with the dataset. A later ratio and resonance stage then operates on those saved
frequency products without requiring the trajectories to be integrated again.
For each trajectory generated at fixed Jacobi constant, the stored time history is used to construct
a scalar observable suitable for spectral analysis. In the present implementation, the x-coordinate is
used,
s(t) = x(1), (3.47)

which captures the dominant periodic components of the motion and provides a consistent time
series for frequency extraction.

The resulting time series is analyzed in the frequency domain to identify the principal frequencies
governing the trajectory. In the current implementation, this analysis combines a Fourier-based
global spectral estimate with a local NAFF-like refinement procedure. The Fourier spectrum is
used to identify the dominant portion of the signal and to diagnose sideband structure in the sense
described by Bosanac [21], while the final extracted component frequencies are refined through
local projection-based fitting and residual subtraction. These extracted quantities are written directly
by the unified generator and become the source inputs for the later ratio and resonance analysis.

The resulting frequency ratio provides a quantitative measure of the dynamical behavior of
the trajectory and enables the identification of resonant structures within the phase space. In the
following subsections, the procedures for time-series construction, spectral analysis, and frequency
extraction are defined explicitly.

3.8.1 Time Series Construction

Frequency analysis is performed on time series extracted directly from the numerically propagated
trajectories. For each initial condition at fixed Jacobi constant, the continuous solution of the
equations of motion provides the state variables (x(z), y(t), x(¢), y(t)) over the integration interval.

In the present implementation, the scalar observable used for spectral analysis is the x-coordinate,
as defined in Equation (3.47),

s(1) = x(1),

which provides a one-dimensional signal capturing the dominant periodic behavior of the trajectory.
The time series is sampled on a uniform time grid of the form of Equation (2.37),

tr =ty + k At, k=0,1,2,...,N,
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where At is a prescribed sampling interval and N is the total number of samples. Although the
DOP853 integrator employs adaptive internal time stepping, the solution is evaluated at the specified
time points 7, using the t_eval parameter of the integrator. This ensures uniform sampling, which
is required for consistent frequency-domain analysis.

The sampling interval At is selected based on the desired frequency resolution and is controlled
directly through the time grid used for evaluation. In the present implementation, the frequency
analysis uses a dedicated analysis window of duration 7rpr, which need not coincide with the full
propagation horizon fn,x. The quantity Atgpr denotes the uniform sampling interval applied during
frequency analysis; it determines the Nyquist frequency and the spectral bandwidth of the extracted
spectrum. The effective spectral resolution is therefore governed by the ratio 1/7gpy, with longer
analysis windows providing finer frequency discrimination. An additional parameter T, specifies
the minimum usable trajectory duration required for a trajectory to be included in the frequency
analysis; any trajectory whose effective bounded duration falls below this threshold is excluded from
the spectral and ratio computations to prevent poorly resolved records from contaminating the global
spectral map.

For the Neptune—Triton datasets used in the present study, the stored metadata record Atppr = 0.01
and Trrr = 15000. The corresponding frequency-run metadata further indicate that the downstream
ratio/resonance analysis was carried out with Tp,;;, = 5000 and a secondary duration threshold
Tirajectory,min» Which specifies the minimum bounded trajectory length acceptable at the ratio and
resonance classification stage; trajectories shorter than Tipjectory,min are excluded from the resonance
labeling even if they passed the earlier Ty, filter. For the Neptune—Triton production runs,
Tivajectory,min = 100. A resonance tolerance of 0.001 was applied for the production classifications
discussed in Chapter 6. These settings define the practical spectral-resolution and filtering limits
under which the reported resonance maps were generated.

The resulting uniformly sampled time series serves as the input to the spectral analysis and
frequency extraction procedures described in the following subsection.

3.8.2 Spectral Analysis and Frequency Extraction

The uniformly sampled time series s(#;) constructed in the previous subsection is analyzed in

the frequency domain to extract the dominant dynamical frequencies of each trajectory. This is

accomplished through a two-stage procedure. First, a discrete Fourier transform (DFT), implemented

efficiently via the fast Fourier transform (FFT), is used to obtain the global spectral structure of the

signal. Second, the dominant components identified from that spectrum are refined locally through

a NAFF-like projection and subtraction procedure applied directly to the time series [13,21,24].
Given the sampled signal of Equation (2.38),

s = s(ty), k=0,1,2,...,N -1,

the discrete Fourier transform is defined as

=

sy e~ ikn/N n=0,1,2,....,N—1. (3.48)
0

>
3
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The magnitude spectrum
|3l
represents the amplitude of the frequency components present in the signal.
The corresponding cycle frequencies are given by

n

In= 30 (3.49)

where At is the uniform sampling interval. The frequency resolution of the spectrum is therefore

1 1
Af = NAL T T (3.50)
indicating that longer analysis windows yield finer frequency resolution.

Prior to computing the spectrum, the sampled signal is multiplied by a Hann window in order to
reduce endpoint discontinuities and suppress spectral leakage. The largest nonzero Fourier peak
provides an initial estimate of the dominant oscillatory content of the trajectory. Rather than using
that bin location directly as the final result, the algorithm then refines the frequency locally by
maximizing the projection of the signal onto a sinusoid in a narrow neighborhood of the FFT peak.

After the primary component has been refined, a sinusoidal fit is constructed and subtracted
from the signal, and the same procedure is repeated on the residual. This yields a second refined
component when the remaining spectral energy is sufficiently distinct from the primary contribution.
In this way, the implementation combines the robustness of a global FFT-based view with a local
refinement step that reduces bin-locking and improves the extraction of nearby frequencies.

In parallel with this component-extraction process, the primary FFT spectrum is also examined for
spectral sideband structure. Local spectral maxima are identified after removal of the zero-frequency
component, and a symmetric left-right peak pair about the dominant component is selected by
minimizing the asymmetry of the peak spacing while favoring large combined amplitude. Let the
selected sideband pair be denoted by f_ and f., with f_ < f; < fi. The corresponding sideband
spacing is then computed as

fo = % (f+ = 1), (3.51)

which represents the half-spacing of the symmetric sidebands about the dominant peak. This
quantity is not identical in principle to the second component extracted from the NAFF-like residual
analysis, but it provides a sideband-based characterization of modulation structure that remains
valuable for resonance interpretation.

Accordingly, the implementation retains both a directly extracted second component and, when
available, a sideband-based estimate. The output frequency tables record the original second-
component ratio, the sideband ratio, and a selected active ratio used for plotting and resonance
analysis. When a valid sideband estimate is available, it is preferred; otherwise the ratio formed
from the two extracted components is retained.

This sideband interpretation is illustrated in Figure 3.7, where the dominant component fi is
accompanied by a symmetric peak pair at f; — f> 5 and fi + f2B.

The Hann-windowed signal used in this procedure is defined as

s = s, (3.52)
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Sideband-Based Frequency Interpretation
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Figure 3.7. Schematic illustration of the sideband-based frequency extraction method. Panel (a) shows a
representative trajectory segment in the rotating frame. Panel (b) shows the corresponding spectrum, where
the dominant peak at f] is flanked by symmetric sidebands at f; — f> g and f; + f> . The sideband-derived
modulation frequency f> g equals half the total peak-to-peak sideband separation: fo g = %( fe— o).

where wy is the Hann window given by

1 2rk
Wk_Z(l COS(N—I))’ k=0,1,2,...,N - 1. (3.53)
This window smoothly tapers the signal to zero at the endpoints, reducing discontinuities that would
otherwise introduce spurious frequency components in the spectrum. As a result, spectral leakage
is suppressed and the dominant peaks, including secondary sideband structures, are more clearly
resolved. The Fourier transform is therefore applied to the windowed signal s,(cw) rather than the
raw time series, and the resulting spectrum then supplies the initial estimates used by the local
refinement procedure.

The resulting cycle frequencies fi and f>, together with the sideband-based quantity f> g when
available, are used to characterize the dynamical behavior of the trajectory and form the basis for
the frequency ratio computation described in the following subsection. In the stored output tables
these quantities are retained under the legacy field names omegal and omega2, but numerically they
represent cycle frequencies on the uniform sampling grid rather than angular frequencies. The base
dataset also preserves both the directly extracted secondary component and the sideband-corrected
quantity so that the subsequent ratio/resonance workflow can construct the preferred ratio without
repeating the primary frequency extraction.

3.8.3 Frequency Ratio Computation

Once the dominant and secondary frequencies have been extracted from the spectrum, the dynam-
ical behavior of the trajectory is quantified through the frequency ratio, defined in the form of
Equation (2.45),

_p

A

4
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This ratio provides a dimensionless measure of the relationship between the principal frequencies
governing the motion. For quasi-periodic trajectories, the motion is characterized by multiple
incommensurate frequencies, and the ratio v varies continuously with the initial condition. In
contrast, when the frequencies satisfy the rational relationship of Equation (2.46), the trajectory is
said to be in resonance, and the motion exhibits periodic or resonantly structured behavior.

In practice, the frequency ratio is computed from the stored spectral values associated with each
trajectory. The downstream ratio/resonance stage reads the saved primary frequency products and
then assigns the active ratio according to the available spectral information. When a valid sideband
estimate exists, the active ratio is taken as

2,B
vy = 128 (3.54)
h
whereas otherwise the ratio of the two extracted components is retained,
P
Vorig = — (3.55)
fi

The resulting values are then associated with the corresponding initial condition xy and Jacobi
constant Cy, producing a frequency-ratio dataset over the sampled phase-space domain. In the base
frequency plot, these values are displayed in the (xg, v) plane and are color-coded by orbit sense so
that prograde and retrograde structures may be compared directly in ratio space. This representation
is used as an initial spectral analogue of the Poincaré map: smooth bands and ordered clusters in
the ratio plot provide a guide to coherent dynamical structure, while diffuse or irregular patterns
indicate less ordered spectral behavior.

Resonance identification is then performed in a separate downstream stage using the stored ratio
values rather than by repeating the primary frequency extraction. In that stage, each computed
ratio is compared against a set of rational targets p /g within a prescribed tolerance. Ratios that
fall within the chosen tolerance are flagged as resonant, while those outside the tolerance remain
unclassified. This approach enlarges the set of prospective resonant trajectories relative to an exact
rational test, but it also admits the possibility of both false positives and false negatives near the
tolerance boundary.

Once the resonant trajectories have been flagged, all trajectories assigned to the same resonance
label are grouped into a common resonance family. Each family is then assigned a unique display
color, and this color assignment is used to construct two complementary overlay products. First, the
resonance-family colors are applied to the frequency-ratio plot, so that classified resonances may be
distinguished from non-resonant trajectories, which remain gray. Second, the same resonance-family
colors are projected back onto the Poincaré map, allowing resonant invariant structures in phase
space to be compared directly with their corresponding spectral classification.

In this way, the downstream ratio/resonance stage functions as a classification and visualization
pass built on the previously extracted spectral products. The frequency ratios provide a quantitative
complement to the Poincaré maps, while the resonance-family overlays establish an explicit link
between spectral organization and geometric phase-space structure. These products are used in the
present study to identify resonant neighborhoods within the Neptune—Triton system and to guide the
later selection of trajectories for further dynamical analysis.
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3.9 Stability Analysis

The stability of trajectories identified through Poincaré mapping and frequency analysis is evaluated
using a periodic-orbit framework based on the state transition matrix and Floquet multipliers [12,17].
The underlying variational framework was introduced in Section 2.9 and Subsection 2.9.2. In this
study, candidate trajectories are selected from regions of interest in the Poincaré maps and the
corresponding frequency-ratio distributions. These trajectories are then analyzed by computing the
linearized dynamics along the orbit and evaluating the monodromy matrix over one period.

3.9.1 State Transition Matrix and Monodromy Matrix Formulation

For a trajectory x(7) = (x, y, x, y) governed by X = f(x), the linearized dynamics are described by
the variational system of Equation (2.52) [12,17]

%5x(z) = A(1) 6x(1), A1) = % X(I).

The associated state transition matrix @(7) satisfies Equation (2.55),

%(I)(t) —A®(), D) =1,

and is integrated simultaneously with the trajectory.
For a periodic orbit with period T, the monodromy matrix (2.58) is obtained as [17]

M = ®&(7).

3.9.2 Numerical Implementation of Stability Computation

The stability computation is implemented by augmenting the equations of motion with the variational
equations governing the STM. The resulting system consists of 20 coupled differential equations,
including the four state variables and the sixteen elements of the STM.

At each integration step, the Jacobian matrix A(t) is evaluated along the trajectory. For the
planar CR3BP, the Jacobian uses the same structure as Equation (2.29) and is given by

0 0 1 0
0 0 0 1

AD=1g. a, o 2|
Qe Qyy -2 0
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where the second derivatives of the effective potential are evaluated using Equation (3.37),

2 _(1_ 2
Qu=1-(1- )(13_3(““)) (%_3(96 (1 u))),
r r;
RO Rl D (S
Qyy=1-(1 ,U)(rf rf) 'u(rg r;)
Quy = Qyy = 3(1 - ) ST 5, XUy
I"l r2

When the J, perturbation is included, the Jacobian is modified through the addition of the partial
derivatives of the perturbation accelerations,

(961] i
Aij — Ajj + 6—5 (3.56)
For the planar model, the acceleration components (3.9) are
3k(x + p) _ 3ky
ajnx = r? ) J2,y r? ’
with the coefficient (3.7)
1
leading to
dajx 3k 1 S5(x+p)?
o ST
o7 r? | (3.57)
Ox r? ’
_aajz’y =3k l _ S_yz
o AT

The augmented system is integrated using the same DOP853 solver and tolerance settings as the
trajectory propagation. For each selected trajectory, an initial estimate of the orbit period is obtained
primarily from recurrence information in the Poincaré map and the associated surface-of-section
candidate-selection procedure. Spectral information from the dominant oscillatory component may
be used as a consistency check on the timescale of the motion, but the working period guess used
for differential correction is taken from the recurrence structure of the map itself. This estimate
is then refined through a differential-correction procedure in which the initial state and period are
adjusted simultaneously so as to satisfy the periodic-orbit closure conditions. The final monodromy
matrix is therefore evaluated using the corrected period rather than the initial seed estimate.

At the final time, the STM is reshaped into a 4 X 4 matrix to obtain the monodromy matrix M.
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3.9.3 Stability Classification via Floquet Multipliers

The stability classification is performed using the eigenvalues of the monodromy matrix,
/ll" l: 17273’47

referred to as Floquet multipliers [17].
An orbit is classified as linearly stable if all multipliers satisfy

il =1, (3.58)

and unstable if any multiplier satisfies
|4;] > 1. (3.59)

Due to the symplectic structure of the CR3BP, the eigenvalues occur in reciprocal pairs (4, 1/1) [17].
Stability is therefore determined by the presence or absence of multipliers outside the unit circle.

For reporting purposes, a scalar stability index is defined as in Equation (2.60), where A is
selected from the nontrivial reciprocal multiplier pair after removing the near-unity pair associated
with the periodic orbit itself [17]. This scalar provides a compact summary of the nontrivial linear
stability behavior of the orbit and is recorded together with the full set of multipliers.

The procedures defined in this section establish a complete computational framework for the
identification and characterization of dynamical structures in the Neptune—Triton system. Trajectories
are first sampled and propagated under the selected dynamical model, and their intersections with
the surface of section are recorded to construct Poincaré maps. These maps provide a geometric
representation of phase-space structure and are used to identify regions of regular and resonant
motion.

For selected trajectories, time-series data are extracted and analyzed in the frequency domain
to compute characteristic frequencies and their ratios. This enables the identification of resonant
relationships and provides a quantitative measure of quasi-periodic behavior. Finally, trajectories of
interest are subjected to stability analysis through the computation of the monodromy matrix and its
associated Floquet multipliers, yielding a rigorous classification of their dynamical stability.

Together, these components form a unified analysis pipeline in which geometric, spectral, and
stability-based analyses are applied consistently to the same set of trajectories. The resulting data
products serve as the basis for the analysis and interpretation of dynamical structures presented in
the subsequent chapter.

3.10 Summary and Remarks of Dynamical Models and Numerical Methods

This chapter has defined the dynamical models and numerical procedures used to generate and
analyze trajectory data in the Neptune—Triton system. The equations of motion, including both the
classical CR3BP and the J>-augmented model, were implemented in a consistent rotating-frame
formulation. Numerical integration, event detection, and data extraction methods were specified in
detail to ensure reproducibility of all results.

A complete analysis pipeline was then established, consisting of Poincaré map construction,
frequency-domain analysis, and stability evaluation through Floquet multipliers. Each component
was formulated explicitly and implemented within a unified computational framework, enabling
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consistent comparison of trajectories across different dynamical regimes.

The methods developed in this chapter provide the foundation for the results presented in the
following chapter, where the structure, resonance behavior, and stability characteristics of trajectories
in the Neptune—Triton system are examined in detail.
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4. The ORBIT Computational Framework

The preceding chapters established the theoretical and computational foundation for this study.
Chapter 1 introduced the scientific motivation and research objectives, Chapter 2 developed the
dynamical systems framework underlying the Circular Restricted Three-Body Problem, and Chapter 3
defined the specific Neptune—Triton models and numerical procedures used to generate the trajectory
datasets analyzed throughout this thesis. With those elements in place, the remaining task is to
describe how these models and procedures were assembled into a unified research environment that
could be used efficiently, consistently, and reproducibly.

That environment is ORBIT (Orbital Research and Body Interaction Tool), the computational
system developed for this work to organize system definition, model configuration, data generation,
analysis, and visualization within a single program. Rather than treating the underlying physics,
numerical solvers, and analysis utilities as isolated scripts, ORBIT connects them through a project-
based workflow that allows the user to define a system, select the active dynamical model, generate
trajectory data, inspect derived quantities, and export results from a consistent interface. In this
sense, ORBIT is the operational layer through which the mathematical framework of Chapter 3 is
translated into executable analysis.

This chapter therefore shifts the emphasis from the governing equations themselves to the software
framework that implements them. The goal is not to repeat the derivations already presented in
the previous chapters, but to show how those derivations are embodied in the architecture of the
program, how the major analysis modules are connected, and how the graphical interface guides
the user through the full workflow of project creation, system setup, trajectory generation, and
post-processing. The discussion is limited to the components of ORBIT that support the physics
and mathematical investigations of this thesis; a complete software-engineering treatment of every
utility, experimental branch, or archived module in the repository is beyond the scope of the present
work.

4.1 Motivation for ORBIT

The numerical and analytical tasks required in this thesis are individually straightforward in
principle, but become difficult to manage efficiently when carried out as disconnected scripts
and manually coordinated post-processing steps. The Neptune—Triton study developed here
requires repeated transitions between physical model definition, parameter normalization, trajectory
generation, Poincaré map construction, frequency extraction, zero-velocity analysis, and stability
assessment. When these tasks are separated into isolated programs, the workflow becomes
vulnerable to inconsistent parameter choices, duplicated effort, fragmented data storage, and reduced
reproducibility.

ORBIT was developed to address this problem by providing a single computational framework in
which the major stages of the analysis could be linked directly. Its purpose is not merely to provide a
graphical wrapper around existing scripts, but to unify the full research workflow so that system
definition, model selection, data generation, visualization, and export all operate from a common
project state. In practical terms, this means that the same physical parameters and numerical settings
used to define a Neptune—Triton configuration are carried consistently into the data products and
output plots derived from that configuration.
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This unified structure was especially important for the present work because the thesis compares
multiple dynamical representations of the same system, including the baseline planar CR3BP and
the J>-augmented extension introduced in Chapter 3. A modular but coordinated environment was
therefore needed to ensure that model variations, energy selections, and output products could be
generated and compared without repeatedly rebuilding the workflow by hand. ORBIT provides
that coordination layer, allowing the underlying mathematical methods to be used in a way that is
systematic, traceable, and eflicient for large-scale trajectory studies.

4.2 Software Architecture

ORBIT is organized as a layered research framework rather than as a single monolithic script. This
structure was adopted so that the physical models, numerical routines, data-generation workflows,
and graphical interface could remain logically distinct while still operating as parts of one consistent
system. In practice, this separation makes it possible to refine individual components, such as the
governing equations or a plotting module, without having to restructure the entire program each
time the workflow evolves.

At a high level, the framework may be viewed as four connected layers. The lowest layer
contains the physical and mathematical model definitions, including the normalized equations of
motion, Lagrange-point routines, and zero-velocity calculations. Above this sits the numerical and
data-generation layer, which carries out trajectory propagation, event detection, frequency extraction,
and stability computations. A third layer provides analysis and visualization utilities that transform
generated data into tables, computed metrics, and plots. Finally, the graphical interface acts as the
coordinating layer through which these capabilities are configured, executed, and reviewed. The
following subsections describe these components in the order in which they support the overall
system; the resulting pipeline is illustrated in Figure 4.1.

4.2.1 Core Physics Layer

The foundational layer of ORBIT consists of the modules that define the dynamical system itself.
These files provide the mathematical descriptions of the normalized Neptune—Triton problem and
supply the low-level functions used throughout the rest of the framework for model evaluation. The
governing equations are defined in a dedicated file and are called by the higher-level generators and
analysis modules whenever dynamical quantities must be evaluated. Physical constants and related
reference quantities are stored separately, while additional supporting files handle tasks such as
normalization, Lagrange-point computation, and zero-velocity calculations.

This layer is responsible for enforcing consistency between the theoretical development of
Chapter 3 and the software environment in which that development is applied. For example, the
same mass parameter definitions, rotating-frame equations, and effective-potential relationships
used in the Chapter 3 derivations are evaluated here during trajectory propagation, equilibrium-point
analysis, and zero-velocity calculations. By concentrating these model definitions in a dedicated
physics layer, ORBIT avoids duplicating core mathematical logic across multiple scripts or interface
modules.

An additional advantage of this structure is that it separates model definition from model use.
The physical equations are not embedded directly within the graphical screens or post-processing
utilities; instead, higher-level modules call the shared physics routines whenever system quantities
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ORBIT Computational Pipeline
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Figure 4.1. High-level architecture of the ORBIT program shown as a computational pipeline. Initial
conditions are generated from the selected system parameters and Jacobi constant and are then propagated
with the CR3BP or J>-augmented equations of motion using a shared numerical integration core. The
resulting trajectories feed three parallel analysis branches: Poincaré surface-of-section extraction, frequency
analysis using spectral methods, and stability analysis through state-transition and monodromy computations.
The outputs of these branches are stored and visualized within ORBIT as maps, frequency ratios, stability
metrics, and exported research products.

must be computed. In practice, once the governing equations, constants, and normalization logic
were established and verified, this physics layer was treated as fixed for the thesis workflow. Users
interact with the framework through controlled inputs at the interface and configuration level rather
than by editing the underlying physical model files directly. This reduces the risk of accidental
changes to equations or parameter values that could introduce silent errors into the results, while
also ensuring that all datasets generated within ORBIT rest on the same mathematical foundation.

4.2.2 Numerical and Data-Generation Layer

Built on top of the physics layer is the numerical and data-generation layer, which carries the
mathematical model into executable trajectory studies. This portion of the framework contains
the routines that perform orbit propagation, event detection, Poincaré map construction, frequency
extraction, candidate selection, and stability computation. If the physics layer defines what system is
being studied, the numerical layer determines how that system is sampled, propagated, and converted
into the datasets used throughout the thesis.

Within ORBIT, these tasks are organized primarily through dedicated generator and analysis
scripts rather than through the graphical interface itself. The interface supplies validated inputs and
run settings, but the actual computations are performed in a separate group of numerical modules.
This design was adopted intentionally so that the research calculations would remain usable both
inside the GUI and as independent computational tools when needed. It also keeps the numerical
workflow aligned with the procedures described in Chapter 3, since the same generator routines can
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be invoked consistently regardless of how a run is launched.

This layer includes the trajectory-generation pipeline used to build the Poincaré and frequency
datasets, along with the auxiliary routines used to derive energy arrays, identify candidate trajectories,
and compute stability properties of selected periodic-orbit seeds. In this sense, it serves as the
production engine of the system. The graphical environment does not replace these numerical
routines; rather, it orchestrates and parameterizes them. By preserving that separation, ORBIT
maintains a clear distinction between the underlying scientific computation and the interface used
to control it, while ensuring that the outputs remain structured, reproducible, and traceable at the
project level.

4.2.3 Analysis and Visualization Layer

Above the numerical engine sits the analysis and visualization layer, which converts generated
datasets into forms that can be inspected, interpreted, and exported. This portion of ORBIT includes
the routines responsible for rendering trajectory-derived plots, displaying output tables, assembling
summary metrics, and providing interactive access to the structures identified in the Neptune—Triton
phase space. In practical terms, this is the layer through which the raw outputs of the generators
become scientifically useful products.

This layer plays an important role in the workflow because the principal outputs of this thesis are
not only numerical trajectories, but also derived structures such as Poincaré maps, zero-velocity
curves, Lagrange-point summaries, frequency spectra, and stability classifications. These products
require additional processing beyond orbit propagation alone. ORBIT therefore separates the
numerical generation of data from the visual and analytical routines that help the user interpret that
data. This improves modularity while allowing different views of the same dataset to be produced
without rerunning the full propagation each time.

The analysis and visualization layer also supports export and reporting. Tables produced in
this layer can be written to structured files, while figures generated here provide direct support for
interpretation and, in many cases, for inclusion in the thesis itself. In this way, the layer functions
as the bridge between computation and presentation: it does not alter the underlying trajectory
solutions, but organizes them into forms that are readable, comparable, and suitable for research
documentation.

4.2.4 Graphical Interface and Control Layer

The highest layer of ORBIT is the graphical interface and control system through which the user
interacts with the rest of the framework. This layer does not define the physics or perform the
low-level numerical calculations itself; instead, it manages project creation, accepts user input,
routes configuration choices to the appropriate modules, launches the relevant numerical workflows,
and presents the resulting analysis products in an organized way. It is therefore best understood as
the coordinating layer of the framework.

This layer is especially important in the context of the present work because the underlying
workflow spans many interconnected tasks: defining the physical system, choosing the active model,
selecting energy ranges, generating large trajectory sets, reviewing plots and analysis tables, and
exporting the resulting products. Managing these steps manually through separate scripts would be
possible, but inefficient and prone to inconsistency. The graphical interface provides a structured way
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to move through this process while preserving continuity between the selected system configuration
and every subsequent computation derived from it.

From the standpoint of research use, the interface layer also provides an important boundary
between user-adjustable settings and protected scientific logic. The user can modify project
parameters, numerical settings, and model selections through controlled interface elements, while
the deeper physics and generator routines remain unchanged beneath that surface. This arrangement
makes the framework both usable and robust: it allows flexibility where the study requires it, while
preserving the integrity of the underlying methods that support reproducible results.

4.3 Dynamical Engine Implementation

While the software architecture described above explains the logical organization of ORBIT, the
implementation of the framework begins with a much more concrete task: creating a stable entry
point through which the graphical application can initialize the research environment and route
the user into the correct workflow. In ORBIT, this role is handled by a dedicated launch file that
initializes the application, ensures the repository structure is accessible to the Python environment,
and opens the main Qt window through which the remainder of the framework is accessed.

This entry-stage design is more important than it may first appear. Because ORBIT connects
graphical controls to multiple physics, generator, plotting, and analysis modules distributed
throughout the repository, the program must begin in a known and consistent state. The launch
process therefore establishes the repository root, prepares required runtime paths, and initializes the
graphical application before any project-specific interaction begins. This ensures that the modules
described in the previous section can be accessed consistently from a single point of entry, rather
than being invoked through disconnected or ad hoc execution paths.

Once the program is launched, control is transferred to the main application window, which
functions as the routing hub of the framework. Rather than embedding every tool within a
single oversized interface, ORBIT organizes the user experience as a collection of distinct screens
representing different stages of the workflow. The main window manages these screens, preserves
shared application state between them, and allows the user to move between project selection, system
definition, dashboard control, and analysis modules without restarting the application or manually
reloading the active configuration.

4.3.1 Program Entry and Screen Routing

The entry point of the framework is implemented as a dedicated graphical user interface (GUI)
launch script that serves as the only direct executable file in the interface layer. Its responsibility is
intentionally narrow: it initializes the runtime environment, applies the graphical style configuration,
and instantiates the main application window. All substantive computational behavior is deferred to
lower-level modules, ensuring that the launch process remains stable and does not become entangled
with trajectory generation or post-processing logic.

From that entry point, the central routing logic is handled by the main window object, which
maintains a stacked collection of screens corresponding to the major stages of the ORBIT workflow.
These screens include the splash screen, project selector, system definition interface, dashboard,
and the dedicated analysis and plotting modules. By organizing the application in this way, ORBIT
achieves two goals simultaneously. First, it keeps each screen focused on a clearly defined task
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rather than overloading the user with every tool at once. Second, it allows the shared application
state to persist across the workflow so that system choices, model settings, and project metadata
remain available as the user moves from one stage of the analysis to the next.

This routing structure also reflects the broader design philosophy of the framework. ORBIT
is not simply a plotting interface layered on top of a collection of scripts, nor is it a monolithic
application in which all computation is embedded directly into the graphical elements. Instead,
the GUI acts as a controlled navigation and coordination system that exposes the major research
capabilities of the framework in a consistent order. The user enters through a single launch point,
proceeds through the screen hierarchy, and interacts with the physics and numerical engines through
routed, state-aware interface components rather than through manual command execution.

4.4 Poincaré Data Generator

The Poincaré data generator is one of the central production components of ORBIT because it is
responsible for creating the trajectory datasets from which much of the later analysis is derived. In
the current implementation of the thesis workflow, this role is carried by the unified generation
pipeline, which transforms the mathematical procedures established in Chapter 3 into an executable
process that can generate large sets of initial conditions, propagate the corresponding trajectories,
identify surface-of-section crossings, and record the resulting map structure in an organized project
format.

Conceptually, this module occupies the point at which the theoretical framework becomes a
repeatable computational experiment. Rather than computing a single trajectory in isolation, the
generator systematically sweeps across selected initial-condition ranges and Jacobi-constant levels,
applies the active dynamical model, and assembles the resulting outputs into structured datasets.
These outputs include the time-domain trajectory histories, the reduced surface-of-section data
needed for phase-space analysis, and the initial spectral quantities retained at the dataset level. In
this way, the generator acts as the main bridge between the dynamical equations of Chapter 3 and
the large-scale map-based investigations carried out in the later results chapters.

The dashboard tab through which this generator is configured and launched is shown in Figure 4.2.
The screen exposes the principal controls used in the thesis workflow, including the Jacobi level, the xg
sweep bounds, the surface-of-section generation settings, and the associated base frequency-analysis
parameters that are recorded alongside the trajectory outputs.

Within ORBIT, the Poincaré generator is not implemented as an isolated standalone program
exposed directly to the user. Instead, it is integrated into the broader workflow through the dashboard
and project structure. The user selects the relevant system configuration, specifies the numerical
ranges and model options, and then launches the generation process from the interface. Those
inputs are passed to the underlying unified generator, which performs the actual propagation, event
handling, and dataset assembly before writing the resulting products into the active project directory.
This arrangement preserves the scientific integrity of the underlying generator while making it
practical to use repeatedly across many runs.

An important feature of this design is that the generator is paired naturally with the rest of the
ORBIT analysis pipeline. The same datasets created for Poincaré-map construction also support
subsequent frequency analysis, candidate identification, and stability assessment. As a result, the
generator is not merely a map-making utility; it is the front end of a broader data-production process
that feeds the remainder of the computational framework. By structuring the workflow in this
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ORBIT Data-Generation Screen
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Back Change Projects Settings Save Exit

Figure 4.2. Data-generation tab of the ORBIT dashboard. The screen provides the controls used to configure
the unified trajectory-generation workflow, including the Jacobi level, the initial-condition sweep, the Poincaré
crossing settings, and the base frequency-analysis parameters associated with each run.

way, ORBIT ensures that the information required for later analytical and stability work is created
consistently at the moment the trajectories are generated, while still allowing additional downstream
frequency-ratio and resonance products to be built later from the stored datasets rather than from ad
hoc manual reconstruction.

The corresponding Poincaré-analysis view used to inspect the resulting surface-of-section
datasets is shown in Figure 4.3. In practice, this screen provides the immediate bridge between
trajectory generation and phase-space interpretation by allowing the user to filter the generated runs
and open the associated Poincaré plotting and table tools directly from the same project context.

4.5 Frequency Analysis Module

The frequency analysis module extends the Poincaré generation workflow by extracting the spectral
information needed to interpret the underlying structure of the computed trajectories. As described
in Chapter 3, frequency analysis provides a complementary view of the dynamics by identifying
the dominant oscillatory content of a trajectory and relating that content to resonance structure,
quasi-periodic behavior, and candidate periodic-orbit families. Within ORBIT, this analysis now
proceeds in two connected stages: an initial spectral pass performed alongside the unified trajectory-
generation workflow, followed by a dedicated downstream ratio and resonance stage that operates on
the saved frequency products associated with the generated dataset.
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ORBIT Poincaré-Analysis Screen
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Figure 4.3. Poincaré-analysis tab of the ORBIT dashboard. The screen provides dataset filters and access to
the plotting and table tools used to inspect the surface-of-section outputs generated by the unified trajectory
workflow.

In practical terms, this module begins with the time-series outputs associated with the generated
trajectories and applies the frequency-extraction procedures described in Chapter 3 during the
unified generation stage itself. That base stage writes the trajectory histories and the primary spectral
products into the project dataset, after which the ratio/resonance workflow can be launched as a
separate analysis pass from the dashboard. The downstream pass then reads the saved frequency
table for the selected dataset, assembles the preferred ratio products used in the later analysis, and
generates the associated resonance tables. This design ensures that the transition from geometric
phase-space interpretation to spectral characterization does not require a disconnected manual
workflow. Instead, the trajectory data and their associated frequency products remain linked within
the same project environment.

The dashboard tab associated with this workflow is shown in Figure 4.4. It provides direct access
to the saved frequency runs and to the plotting tools used to review the ratio maps, frequency tables,
and spectrum products derived from the generated trajectory datasets.

This integration is especially important because the frequency results are not treated as isolated
output values. They serve as the basis for later tasks such as resonance identification, trajectory
classification, and candidate selection for stability studies. For this reason, the frequency module
1s best understood not as a standalone plotting utility, but as a core analytical stage in the ORBIT
workflow. It takes the raw dynamical behavior encoded in the propagated trajectories, converts
that behavior into stored spectral products during the base generation pass, and then organizes the
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ORBIT Frequency-Analysis Screen
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Figure 4.4. Frequency-analysis tab of the ORBIT dashboard. The screen organizes access to the saved
frequency runs and to the plotting tools used to inspect frequency-ratio trends, data tables, and associated
spectral products within the active project.

derived ratios and resonance relationships in a form that can be compared systematically across
large datasets.

The module also contributes to the usability of the framework by reducing the amount of manual
post-processing required from the user. Rather than exporting time histories and analyzing them
in a separate external environment, ORBIT keeps both the base spectral extraction and the later
ratio/resonance generation inside the same project-driven workflow. This preserves continuity
between initial-condition selection, orbit propagation, Poincaré-map construction, and frequency
interpretation, while ensuring that the frequency outputs remain consistent with the physical model
and numerical settings associated with each project run.

4.6 Stability Analysis Module

The stability analysis module represents the most selective stage of the ORBIT workflow, focusing
not on broad trajectory sweeps but on the detailed evaluation of candidate periodic or near-periodic
structures identified in the earlier phases of the analysis. Whereas the Poincaré and frequency
modules are designed to survey large regions of phase space and reveal the overall organization
of the dynamics, the stability module concentrates on particular trajectories or candidate families
and assesses their local dynamical character through periodic-orbit refinement and linear stability
analysis.
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This module is therefore positioned naturally at the downstream end of the framework. The
preceding ORBIT components generate the data needed to recognize potentially important structures
in the Neptune—Triton problem, while the stability analysis stage provides the tools needed to
examine those structures in greater depth. In the workflow used for this thesis, candidate trajectories
are first identified from the geometric and spectral outputs of the earlier modules, and only then
are they passed into the stability pipeline for more focused computation. This preserves a logical
progression from broad exploration to detailed characterization.

The interface used for this stage is shown in Figure 4.5. The screen collects the saved candidate
targets, provides controls for launching stability runs, and displays the resulting classifications and
scalar stability measures in a project-linked analysis table.
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Figure 4.5. Stability-analysis tab of the ORBIT dashboard. The screen displays the stored target list, the
controls used to launch stability runs, and the tabulated results used to classify the candidate trajectories
identified in the earlier analysis stages.

As established in Chapter 3, the stability analysis itself is based on periodic-orbit targeting,
state-transition-matrix propagation, and the evaluation of the resulting Floquet multipliers and scalar
stability measures. ORBIT does not reframe these procedures as a separate mathematical model;
instead, it packages them into a dedicated module that can be applied systematically to trajectories
selected from the larger data products. In this way, the framework maintains continuity between the
earlier analytical stages and the later dynamical interpretation of orbit families.

The importance of integrating this capability into ORBIT lies in the fact that stability analysis
depends strongly on the provenance of the selected candidates. A useful stability workflow requires
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a clear connection between the candidate orbit, the system configuration from which it was drawn,
the model options active at the time of generation, and the associated frequency and phase-space
analysis. By keeping these elements inside the same project-centered environment, ORBIT reduces
ambiguity in the transition from exploratory analysis to targeted stability computation and supports
a more traceable interpretation of the final results.

4.7 Graphical User Interface

The graphical user interface is the visible layer through which ORBIT is accessed and controlled.
While the preceding sections described the underlying computational modules that carry out the
physics, numerical generation, and analysis tasks of the system, the purpose of the interface is to
organize those capabilities into a coherent user workflow. In the context of this thesis, the interface is
not merely a convenience feature added after the scientific tools were developed; it is the mechanism
through which the full Neptune—Triton analysis pipeline is coordinated, repeated, and managed at
the project level, as shown in Figure 4.6.

ORBIT Startup Screen

ORBIT

Orbital Research & Body Interaction Tool

Created by: Blake Johnson
University of Oklahoma Gallogly College of Engineering
Aerospace and Mechanical Engineering
2026

Figure 4.6. Startup screen of the ORBIT graphical user interface for the Neptune—Triton analysis framework.
The figure shows the application entry point and project-oriented environment through which the ORBIT
workflow is initiated.

The role of the interface is therefore twofold. First, it presents the major framework capabilities

in a structured and accessible form, allowing the user to move from project creation to system
definition, model configuration, data generation, and post-processing without leaving the program
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environment. Second, it acts as a control boundary between user input and protected scientific logic.
The user interacts with validated fields, selections, and workflow screens, while the lower-level
physics and numerical modules remain insulated from direct modification during ordinary operation.
This balance between accessibility and control is one of the principal design features of ORBIT.

Another important aspect of the interface is continuity. The workflow implemented in ORBIT
is not a collection of independent windows opened in arbitrary order, but a connected sequence
of screens that reflect the logical progression of the research process. The user first establishes or
selects a project, then defines the dynamical system, proceeds to the dashboard for generation and
analysis control, and finally accesses the dedicated analysis and plotting screens associated with the
generated data products. This ordering mirrors the methodology developed in Chapter 3 and helps
ensure that each stage of the workflow is grounded in a consistent system configuration and project
state.

For this reason, the graphical user interface is best understood as the operational face of the
system rather than as a separate software subsystem detached from the scientific work. It provides
the means by which the methods of the preceding chapters are carried into repeated computational
practice, and it determines how the user experiences the architecture described earlier in this chapter.
The following discussion therefore focuses on the major interface screens and the roles they play in
linking project organization, model selection, data generation, and analysis into a unified workflow.

4.7.1 Project Creation and Selection

The first functional stage of the ORBIT interface is the project-selection workflow. After the
application is launched, the user is directed to a project screen where an existing project may be
opened or a new one may be created. This design reflects the fact that ORBIT is organized around
persistent research projects rather than around one-oftf computational sessions. Each project acts as
a container for the system definition, numerical settings, generated datasets, and exported analysis
products associated with a specific study configuration.

This project-based structure is important for both usability and reproducibility. From the
standpoint of usability, it gives the user a clear organizational unit within which all computations and
outputs are grouped. Rather than manually managing unrelated files generated at different stages
of the workflow, the user works within a single project context that remains active throughout the
session. From the standpoint of reproducibility, the project structure helps preserve the connection
between a selected physical system, the numerical settings used to analyze it, and the outputs
generated from those settings. This becomes especially valuable when multiple Neptune—Triton
runs, model variants, or energy regimes are being compared within the same broader investigation.

The project selector therefore serves a more significant role than a simple file-open dialog. It
marks the point at which the framework establishes the active working context for the remainder
of the analysis. Once a project has been opened or created, the corresponding state is carried
forward into the later screens, allowing system definitions, generator settings, and analysis outputs
to remain associated with that project without repeated manual re-entry. In this way, the project
screen provides the organizational foundation upon which the rest of the graphical workflow is built.
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ORBIT System-Definition Screen

System Definition
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R1(m): 24622000.0 R2 (m): 1352600.0

M (computed): 0.0002098980

Option 3 Inputs (u only)

Back Continue

Figure 4.7. System-definition screen reached immediately after creating a new ORBIT project. The interface
presents three input pathways: selecting the primary and secondary bodies from the catalog, entering the
masses and radii manually, or specifying the reduced mass parameter u directly for an abstract CR3BP study.

4.7.2 System Definition

Once a project has been established, the next stage of the ORBIT workflow is the system-definition
screen (Figure 4.7), where the physical two-body system underlying the restricted three-body
model is specified. This screen provides the connection between the abstract framework of the
CR3BP and the concrete physical system selected for study. In the present thesis, that system is the
Neptune—Triton pair, but the interface is designed so that the underlying framework can also accept
other primary-secondary combinations or simplified parameter-based inputs when needed.

The system-definition stage is especially important because it determines the physical inputs
from which the normalized model parameters are derived. Rather than forcing the user to work
directly with low-level internal quantities alone, the interface provides multiple pathways for defining
the system. A user may select bodies from a stored catalog, enter masses and radii manually, or
specify the mass parameter directly when a simplified or abstract model is desired. These options
allow the framework to support both physically grounded configurations and more generalized
theoretical studies while still routing the result into a consistent internal representation.

From the standpoint of the present work, this screen serves as the formal point at which
the Neptune—Triton problem is instantiated inside the framework. Once the system definition is
accepted, the corresponding derived quantities, such as the mass parameter and associated physical
configuration, become part of the active project state. All subsequent stages of the workflow then
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inherit these values. This is an important design choice because it reduces the risk that later modules
will be run under inconsistent assumptions about the active system. The user does not repeatedly
redefine the physical configuration from screen to screen; instead, the selected system propagates
forward through the remainder of the analysis pipeline.

This screen also illustrates a recurring design principle of ORBIT: the interface exposes
scientifically meaningful choices while shielding the user from unnecessary implementation detail.
The user chooses bodies, masses, radii, or the mass parameter in forms that are easy to interpret
physically, while the framework handles the translation of those inputs into the internal configuration
required by the computational modules. In this way, the system-definition screen provides both
accessibility and rigor, allowing the physical problem to be established clearly before the numerical
workflow begins.

4.7.3 Dashboard and Workflow Control

After the system has been defined, ORBIT transitions to the dashboard (Figure 4.8), which functions
as the primary operational hub of the framework. This screen occupies a central role in the program
because it is the point from which the user launches generation routines, selects analysis modes,
configures model options, and navigates to the specialized modules described earlier in the chapter.
While the project screen establishes the working context and the system-definition screen establishes
the active physical model, the dashboard is where the user begins to execute the actual computational
workflow.

The importance of the dashboard lies in its ability to connect high-level research questions to the
specific generator and analysis tools required to address them. From this screen, the user can define
the Jacobi-constant regime of interest, choose trajectory-generation settings, activate or deactivate
the relevant model options, and launch the numerical routines that produce the Poincaré, time-series,
and base frequency data products. The dashboard also provides access to the later ratio/resonance
workflow, allowing an already generated dataset to be revisited and extended without rerunning
the full propagation stage. In effect, the dashboard condenses the computational control structure
of ORBIT into a single coordinated interface rather than distributing those responsibilities across
disconnected scripts or menus.

This screen also plays an important role in maintaining continuity between modules. Because
the dashboard remains connected to the active project state, it can pass a consistent set of system
parameters, model settings, and numerical controls into the lower-level routines that perform
the actual computations. The user therefore interacts with the workflow through a centralized
control surface, while the underlying modules inherit the necessary information from the shared
state maintained by the application. This arrangement simplifies repeated studies and reduces the
likelihood of launching different parts of the framework with mismatched assumptions.

In practical use, the dashboard is the point at which ORBIT becomes most visibly integrated as
a research environment. It is where model definition, numerical execution, and downstream analysis
begin to converge in a single operational screen. For this reason, the dashboard may be understood
as the principal control center of the interface: it does not replace the specialized modules that carry
out the detailed work, but it provides the structured access point from which those modules are
configured and invoked.
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ORBIT Dashboard Screen
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Figure 4.8. Dashboard screen of the ORBIT graphical user interface for the Neptune—Triton framework. The
figure shows the central project-control screen from which model settings, numerical generation steps, and
downstream analysis modules are coordinated.

4.7.4 Analysis and Visualization Screens

Beyond the dashboard, ORBIT provides a set of dedicated analysis and visualization screens through
which specific data products can be inspected in greater detail. These screens include the modules
associated with Lagrange-point analysis, zero-velocity analysis, and the plotting tools used to
visualize phase-space and spectral outputs. Their purpose is to separate detailed interpretation tasks
from the general control logic of the dashboard while still preserving continuity with the active
project and model state.

This separation is useful because the products generated by the framework differ substantially in
character. Some outputs are most naturally interpreted as tables of equilibrium properties or stability
quantities, while others are best understood through graphical views of zero-velocity structures,
Poincaré maps, or frequency distributions. ORBIT therefore treats analysis and visualization as
specialized stages of the workflow, each with its own interface context, rather than forcing all outputs
into a single overloaded control screen. This improves readability and allows the user to focus on
one class of result at a time without losing access to the broader project environment.

These screens also strengthen the connection between computation and interpretation. The user
does not simply launch a generator and then inspect files externally; instead, the generated data can
be reviewed within the same framework that produced it. This allows the phase-space structures
discussed in Chapters 2 and 3 to be examined directly as part of the computational workflow. In
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this sense, the analysis and visualization screens function as the interpretive layer of the interface,
translating raw numerical outputs into organized views that support scientific reasoning and later
reporting.

Equally important, these screens maintain the same controlled relationship to the underlying
computation as the rest of the GUI. They present derived tables, summaries, and plots based on the
project data, but they do not alter the protected physical and numerical logic beneath the framework.
Their role is therefore observational and analytical rather than definitional. This design preserves
consistency while making the framework much more practical for iterative research use, since the
user can inspect the outputs of a run, refine the setup if needed, and continue the analysis without
leaving the ORBIT environment.

4.7.5 Project Data Organization and Export

An essential feature of ORBIT is that it does not treat generated outputs as temporary by-products of
an interactive session. Instead, the framework organizes them as persistent components of the active
project. Trajectory data, derived output tables, frequency outputs, and exported figures are written
into a structured project directory so that the results of a computational run remain associated with
the system definition and numerical settings from which they were produced. This project-centered
storage strategy is one of the mechanisms by which the framework supports reproducibility.

The importance of this design becomes clear when a study requires repeated runs across multiple
Jacobi constants, model variants, or numerical settings. Without a structured data model, the user
would be required to manually track which files correspond to which physical assumptions, a process
that is both inefficient and highly vulnerable to error. ORBIT instead preserves this association
internally by grouping outputs under the active project and by routing exports through the same
organized directory structure. In this way, the project is not only a container for the interface state,
but also the persistent record of the computational investigation itself.

This storage model also supports the later phases of the analysis pipeline. Because the frequency
and stability modules depend on the provenance of previously generated trajectory data, the
framework benefits from a directory structure in which earlier outputs can be located and reused
reliably. In the current workflow this includes not only the base trajectory and Poincaré products, but
also the later frequency-run products, run catalogs, and resonance summaries generated from those
stored datasets. The organized project format therefore supports more than archival convenience; it
is a functional requirement for a workflow in which the outputs of one stage become the inputs of
the next. By managing this structure internally, ORBIT reduces the burden of manual file handling
and helps maintain continuity across the full sequence of computations.

Export functions are integrated into this same organizational approach. Tables, reports, and
figures generated within the interface can be written back into the project in a controlled and
predictable way, allowing the user to preserve intermediate analyses as well as final products. In the
case of figures, the export path is structured to write both PDF and PNG versions of the same plot
so that a single analysis product can move directly into thesis preparation, presentation graphics,
and general screen-based review without requiring a separate conversion step. This is particularly
valuable for a thesis-oriented workflow, where plots and tables often move from exploratory analysis
into formal presentation. ORBIT therefore supports not only the execution of the computational
study, but also the orderly preservation and extraction of the results needed for documentation and
interpretation.
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An additional practical feature of the system is that the core generator workflow was not restricted
to the local graphical environment alone. For large trajectory campaigns, a reduced batch-execution
path was maintained for use on the University of Oklahoma Supercomputing Center for Education
& Research (OSCER), where computational loads exceeding the practical limits of a personal
workstation could be executed more efficiently. In this workflow, the essential physics and numerical
logic were preserved, but the run was launched through a minimal command-line control path rather
than through the full graphical interface. The resulting data products were then transferred back into
the ORBIT project structure for inspection, plotting, and subsequent analysis. This arrangement
made it possible to scale the workflow to larger parameter sweeps while preserving continuity
between high-performance batch generation and the interactive project-based environment used for
interpretation.

4.8 Verification and Validation

The usefulness of a computational framework such as ORBIT depends not only on its organizational
clarity, but also on the degree to which its outputs can be trusted to reproduce the intended
mathematics and numerical behavior. For this reason, verification and validation were treated as
integral parts of the development process rather than as post hoc checks applied only after the interface
had been assembled. In the context of the present work, verification refers primarily to confirming
that the software implementation reproduces the governing equations, analytical quantities, and
numerical procedures described in Chapter 3, while validation refers more broadly to confirming
that the resulting outputs exhibit the expected dynamical structures for the Neptune—Triton problem.

Several aspects of the framework support this verification process directly. The separation
of the protected physics layer from the user-facing interface reduces the risk that the governing
equations or constants will be altered inadvertently during ordinary use. The project-based workflow
preserves the configuration context associated with each run, making it possible to trace a given
output back to its defining parameters and numerical settings. In addition, the modular structure of
the framework allows individual components, such as Lagrange-point calculations, zero-velocity
analysis, frequency extraction, and stability computations, to be examined independently before
being integrated into the full interface workflow.

For a research framework such as ORBIT, however, internal consistency alone is not sufficient.
It is also necessary to demonstrate that the software can reproduce known CR3BP behavior in
controlled cases outside the primary Neptune—Triton application. To address this requirement, two
external checks were emphasized during development: a prescribed-u test case with u = 0.3, used
repeatedly while reproducing the CR3BP structures and frequency-analysis behavior described in
the cited prior work [21], and a Sun—Earth benchmark tied to the zero-velocity and Poincaré-map
examples presented in Dynamical Systems, the Three-Body Problem, and Space Mission Design
by Koon et al. [9]. These examples do not replace the Neptune—Triton analysis of the thesis, but
they do provide concrete evidence that the ORBIT implementation reproduces expected CR3BP
structures outside the primary application system.

4.8.1 Controlled Verification Case at u = 0.3

The first validation example is a controlled CR3BP test problem defined directly by the reduced mass
parameter u = 0.3. This case was used throughout development as a practical verification system
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because it allowed the same governing equations, normalization logic, and analysis routines used in
the thesis workflow to be exercised without tying the test to a separate catalog-based planetary model.
It was also the mass-parameter setting used while recreating the phase-space and frequency-analysis
results discussed earlier in the thesis, making it a natural benchmark for checking that the ORBIT
implementation remained consistent with the equations and solution procedures adopted for this
work.

This ¢ = 0.3 case provides more than a single numerical spot check. Once the system is defined,
ORBIT must compute the equilibrium points, assemble the effective potential, evaluate the Jacobi
structure, propagate trajectories, construct the Poincaré section, and extract the dominant frequency
information from the resulting time series. Because all of these tasks are driven by the same
user-defined mass ratio, the case serves as an end-to-end verification problem for both the protected
physics layer and the analysis pipeline built on top of it. Agreement across these outputs is therefore
evidence that the software is not merely generating plausible individual plots, but is carrying the
same underlying model consistently through each computational stage.

The first pair of products checks the configuration-space quantities derived directly from the
equations of motion. The computed Lagrange-point geometry (Figure 4.9) shows the expected
asymmetric arrangement associated with a relatively large secondary mass, while the zero-velocity
curves (Figure 4.10) reproduce the corresponding partition of the admissible and forbidden regions in
the rotating frame. Together, these plots verify that the equilibrium-point solver, effective-potential
evaluation, and zero-velocity routines are working coherently for the prescribed value of u.
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Figure 4.9. Computed Lagrange-point geometry for the controlled verification case with u = 0.3. This figure
verifies that the equilibrium-point solver reproduces the expected asymmetric CR3BP configuration for the
prescribed mass parameter.

The second pair of products tests the downstream dynamical analysis routines that operate on
propagated trajectories. The Poincaré map reveals organized phase-space structure rather than a
scattered or numerically unstable cloud, indicating that the trajectory generator, event-detection
logic, and section-construction routines are acting consistently. The corresponding frequency-ratio
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Mu = 0.3 Zero-Velocity Verification
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Figure 4.10. Zero-velocity curves in configuration space for the CR3BP at a distinct Jacobi level, showing
how the topology of the accessible regions changes as the energy varies. The openings near the collinear
equilibria illustrate the transport channels that emerge at critical Jacobi constants.
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plot extracted from the same dataset exhibits a smooth, interpretable trend, showing that the spectral
analysis module is recovering coherent oscillatory information from the generated trajectories; both
products are shown in Figure 4.11. This was especially important because the same frequency-
analysis machinery is later used in the Neptune—Triton study and was cross-checked against the
phase-space and frequency results from the cited prior work.
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Figure 4.11. Verification products for the controlled case with ¢ = 0.3 using C; = 3.88514958412578,
shown using the prograde (blue) family. Left panel (a): Poincaré map in (x, x), demonstrating the organized
surface-of-section structure produced by the trajectory generator and crossing logic. Right panel (b):
corresponding frequency-ratio trend extracted from the same prograde family, confirming that the

spectral-analysis pipeline recovers a smooth and interpretable dynamical relationship from the propagated
trajectories.

Taken together, the u = 0.3 results provide a direct verification example for the equations,
numerical routines, and post-processing steps implemented in ORBIT. They show that a single
prescribed mass parameter can be passed consistently through Lagrange-point computation, zero-
velocity analysis, trajectory generation, Poincaré construction, and frequency extraction while
preserving the expected qualitative CR3BP structure at each stage. For the purposes of this thesis,
that consistency is the key validation requirement: it demonstrates that the program is accurately
implementing the intended mathematical framework before those same tools are applied to the
Neptune—Triton problem.

It is also important to note that, in the present thesis, ORBIT is not being validated as a general-
purpose commercial analysis package intended for unrestricted use across arbitrary problems. Rather,
it is being documented and assessed as the research environment developed to support the specific
Neptune—Triton investigations reported here. Its verification and validation are therefore tied to the
internal consistency of the implemented methods, the reproducibility of the generated outputs, and
the agreement of those outputs with the theoretical and benchmark expectations established in the
earlier chapters and in the reproduced literature examples.
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4.9 Framework Limitations

Although ORBIT provides a unified and effective environment for the computational work of this
thesis, it is important to define its scope clearly. The framework was developed as a research
tool tailored to the needs of the Neptune—Triton study presented here, not as a fully generalized
celestial-mechanics platform intended to support every possible restricted multi-body workflow.
As a result, some design choices were made in favor of research efficiency and methodological
consistency within this thesis rather than maximal generality.

One important limitation is that the framework is built primarily around the planar dynamical
models and analysis procedures developed in Chapter 3. While certain components of the codebase
are more general in principle, the implemented workflow documented in this chapter is centered
on the planar CR3BP, the Neptune-primary J; extension, and the associated Poincaré, frequency,
and stability analyses used in the present study. The framework therefore should be interpreted in
the context of this thesis-specific application rather than as a finished universal environment for all
orbit-dynamics investigations.

Another limitation is that the graphical interface is designed as a controlled research workflow
rather than as an unrestricted programming environment. This is intentional and, in many
respects, advantageous, because it protects the verified physics and numerical logic from accidental
modification during ordinary use. However, this also means that extending the framework to
incorporate substantially different models, new analysis pipelines, or alternative numerical strategies
generally requires development at the code level rather than simple configuration through the
interface. ORBIT is thus flexible within its intended domain, but not infinitely configurable from
the GUI alone.

Finally, the framework should be understood as one component of the larger research process
rather than as a substitute for theoretical interpretation. ORBIT organizes calculations, manages data,
and provides structured access to analytical outputs and visualizations, but the scientific meaning
of the results still depends on the analytical framework established in Chapters 2 and 3 and on the
interpretation developed in the later results chapters. In that sense, ORBIT is best viewed as the
computational instrument of the thesis: powerful and carefully structured, but always operating in
support of the underlying dynamical analysis rather than replacing it.

Taken as a whole, ORBIT provides the computational bridge between the theoretical and
numerical methods developed in the earlier chapters and the dynamical results presented in the
chapters that follow. By unifying protected physics models, repeatable generator workflows,
integrated analysis modules, and a project-centered graphical interface within a single framework, it
makes the Neptune—Triton study both executable and reproducible at scale. With this computational
structure now established, the thesis turns next to the phase-space results generated within ORBIT,
beginning in Chapter 5 with the dynamical structures revealed by the computed Neptune—Triton
trajectory datasets.
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5. Geometric Phase-Space Exploration

This chapter presents the phase-space exploration of the Neptune—Triton system within the framework
of the planar Circular Restricted Three-Body Problem (CR3BP), with a J;, perturbation applied to
Neptune through the effective potential formulation. Having established the theoretical foundations
and computational methods in the preceding chapters, the analysis now focuses on the dynamical
behavior that emerges within this specific gravitational environment. The Neptune—Triton system
provides a particularly rich setting for this investigation due to its unique mass ratio, retrograde
orbital configuration, and resulting phase-space structure.

The primary objective of this chapter is to identify and characterize the organization of phase
space through the generation and analysis of large trajectory sets. By examining the resulting motion
using geometric tools, including Poincaré maps and direct trajectory visualization, the underlying
structure of the system can be revealed. These methods allow for the identification of invariant
structures and the classification of trajectories according to their dynamical behavior.

Particular attention is given to the identification of periodic, quasi-periodic, resonant, and chaotic
regions of motion, as well as to the transitions between these regimes as system parameters vary. The
resulting phase-space structures provide insight into the accessibility, transport pathways, and long-
term behavior of trajectories within the Neptune—Triton system. These geometric results establish
the framework that is refined in the following chapters through frequency-based classification,
candidate selection, and stability analysis.

5.1 Interpretation of Motion in the Neptune-Triton System

In order to interpret the phase-space structures presented in this chapter, it is necessary to briefly
consider the relationship between the rotating reference frame used in the CR3BP-based formulation
and the inertial frame in which the physical motion of the system occurs. The equations of motion
are expressed in a synodic (rotating) reference frame that rotates with constant angular velocity n
about the system barycenter. In this frame, the two primary bodies remain fixed along the x-axis,
while the motion of the third body is observed relative to this rotating coordinate system. The
physical motion, however, occurs in the inertial frame, where the system rotates through an angle
nt with respect to the rotating frame. This distinction is important when interpreting trajectory
direction and velocity components in the Neptune—Triton system.

A key characteristic of the Neptune—Triton system is that Triton orbits Neptune in a retrograde
direction relative to Neptune’s rotation and the general prograde motion of most bodies in the
solar system. In the inertial frame, Triton therefore moves opposite to the conventional prograde
orientation typically assumed in standard CR3BP examples. As a result, the rotating reference frame
defined by the Neptune—Triton system reflects this retrograde motion, and the apparent direction of
motion within the rotating frame differs from the intuition developed from prograde systems such as
Earth—Moon or Sun—Jupiter. This reversal introduces an important distinction in how trajectory
motion and velocity components are interpreted in the phase space.

This difference is particularly relevant when interpreting velocity components in the rotating
frame. In planar CR3BP analyses, the direction of motion is often inferred from the sign of the
velocity components, particularly y when examining crossings of a Poincaré map defined along
the x-axis. In prograde systems, a positive y is typically associated with motion in the same
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direction as the rotating frame, while a negative y corresponds to motion in the opposite direction.
In the Neptune—Triton system, however, the retrograde motion of Triton effectively reverses this
interpretation when viewed relative to inertial motion. Consequently, trajectories that appear to
follow standard directional conventions in the rotating frame may correspond to physically retrograde
motion in the inertial frame. This distinction is critical when associating velocity sign with physical
trajectory direction.

This reversal directly impacts the visualization and interpretation of the phase-space structures
presented in this chapter. Poincaré maps and trajectory plots generated in the rotating frame may
appear inverted when compared to analogous results from prograde systems. Regions of phase
space traditionally associated with prograde motion may instead correspond to retrograde motion in
the inertial frame, and vice versa. Care must therefore be taken when assigning physical meaning to
the orientation and structure of trajectories observed in the rotating frame. To clarify this distinction,
Figure 5.1 illustrates the relationship between inertial and rotating frames for both a standard
prograde system and the retrograde Neptune—Triton system.

Retrograde Frame Interpretation

y y
)/ 7 3 Y A
x " X
>0 G y>0 .
- m nt *\ o ~ Neptune nt *"\ _Triton.
O COM \<0§ e ~ COM }',<0* T

Figure 5.1. Comparison of prograde and retrograde motion in a rotating reference frame. The top panel
shows a standard prograde system, while the bottom panel shows the Neptune—Triton retrograde system. The
rotating frame (x, y) is used for computation and visualization, while the inertial frame (X, Y) represents the
physical motion of the system. In the rotating frame, the retrograde Neptune—Triton configuration produces a
reflected orientation relative to the prograde case. The velocity component y is shown for reference, where
y > 0 and y < 0 indicate the direction of motion across the Poincaré map. The sizes of the primary bodies are
not to scale and are shown for visual perspective only.

With this distinction established, the phase-space structures presented in the following sections
can be interpreted consistently within the context of the Neptune—Triton system.

5.2 Phase-Space Mapping Results

The phase-space structure of the Neptune—Triton system is investigated through the construction of
Poincaré maps over a range of Jacobi constants. These maps provide a reduced representation of
the system dynamics, allowing complex trajectories to be interpreted in terms of their recurrent
intersections with a defined surface of section. By examining the distribution and organization of
these intersections, it is possible to identify regions of regular, resonant, and chaotic motion within
the system.
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In the present work, Poincaré sections are generated using the J,-perturbed formulation described
in Chapter 3. As a result, the structures observed in the following analysis reflect the influence
of oblateness on the underlying dynamical environment. Rather than reproducing the classical
circular restricted three-body problem, these results characterize the modified phase-space geometry
associated with the Neptune—Triton system under perturbation.

The analysis proceeds by first identifying the global organization of the phase space and
introducing a regional decomposition based on observed trajectory behavior. Subsequent sections
examine how this structure evolves with Jacobi constant and explore the internal features of each
region, including resonant patterns and frequency characteristics.

5.2.1 Global Structure of the Phase Space

The global dynamical structure of the Neptune—Triton system is examined using Poincaré maps
constructed in the (x,x) phase plane. The surface of section is defined by the crossing condition
y = 0 with y > 0, producing a one-sided mapping of trajectory intersections with the synodic
plane. Figure 5.2 presents a Poincaré section at a Jacobi constant of C; = 3.018641378, computed
using the J>-perturbed model. All trajectories were generated with collision and escape termination
enabled, and event-flagged trajectories are clipped at the first recorded termination time so that
only the bounded portion of each orbit is retained. The resulting map provides a clear snapshot of
the global phase-space structure at this energy level and serves as the basis for identifying distinct
dynamical regions.

Global Poincaré Regions
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Figure 5.2. Global Poincaré section of the Neptune—Triton system in the (x, x) plane at C; = 3.018641378
for the J-perturbed model. Shading indicates the four primary dynamical regions discussed in the text; the
boundaries are approximate and are used for interpretive clarity.
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At C; = 3.018641378, the phase space exhibits a consistent and interpretable organization that
can be decomposed into four primary dynamical regions. These regions are identified based on
qualitative differences in trajectory behavior, density of crossings, and the presence or absence of
coherent invariant structures.

1. Region I: A sparse outer region characterized by weakly structured motion and a low density
of crossings. Trajectories in this region exhibit limited coherence and do not form well-defined
invariant structures.

2. Region II: A domain dominated by nested quasi-periodic invariant curves, indicating regular,
stable motion. This region exhibits clear island structures associated with resonant and
near-resonant trajectories.

3. Region III: The largest and most dynamically complex region, containing a mixture of
coherent invariant structures and irregular, scattered crossings. This region is primarily
associated with retrograde motion and exhibits significant variability in trajectory behavior.

4. Region IV: A narrow bounded region located near Triton, visible only upon zooming.
This region contains tightly clustered crossings corresponding to localized motion near the
secondary body.

The boundaries between these regions are approximate and are introduced for interpretive clarity;
they do not correspond to exact dynamical separatrices. Nevertheless, this regional decomposition
provides a useful framework for understanding the large-scale organization of the system. Across
the range of Jacobi constants examined in this work, these four regions persist as identifiable features
of the phase space, although their relative size, structure, and degree of coherence vary with energy.

This global classification serves as the foundation for the subsequent analysis, where the internal
structure of each region, including resonant features and frequency characteristics, is examined in
greater detail.

5.2.2 Evolution of Phase-Space Structure with Energy

The structure of the Poincaré map evolves systematically as the Jacobi constant is varied across the
13 energy levels examined in this study. While the regional classification introduced in Figure 5.2
remains useful for organizing the phase space, the size, shape, and internal structure of each region
change with energy, as illustrated across four representative Jacobi constants in Figure 5.3, reflecting
shifts in the underlying dynamical accessibility of the system.

At higher Jacobi constants (just below Cr;), the Poincaré map is dominated by relatively
constrained motion. Region II is compact and well-defined, with tightly organized invariant curves
indicating predominantly regular behavior. Region III is present but limited in extent, and the overall
phase space is largely partitioned into coherent structures with minimal scattering.

As the Jacobi constant decreases into the range between Cr; and Cp;, the accessible phase
space expands. Region III grows significantly in size, and the boundary between Regions I and II1
becomes less sharply defined. Scattered crossings begin to appear more frequently, indicating the
emergence of increasingly irregular motion. Region I becomes more populated as trajectories gain
access to a broader range of spatial configurations.
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Figure 5.3. Poincaré maps in the (x,x) plane for the J>-perturbed Neptune—Triton system at four Jacobi
constants, with the surface of section defined by y = 0 and y > 0. The panels are ordered from higher to lower
Jacobi constant and show the expansion of accessible phase space together with the increasing prominence of
scattered crossings as the energy decreases.
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Further decreasing the Jacobi constant into the range between Cr» and Cr 3 produces a pronounced
increase in dynamical complexity. Region III becomes the dominant feature of the Poincaré map,
occupying a substantial portion of the accessible phase space. The distribution of crossings in this
region becomes more diffuse, and the distinction between coherent and irregular motion becomes
increasingly blurred. Region II persists but is reduced in relative size and exhibits deformation in its
invariant structures.

At lower Jacobi constants approaching the range between Cr3 and Cp 4, the Poincaré map exhibits
its most expanded and irregular configuration within the analyzed dataset. Region III remains
dominant, with widespread scattering across the phase space. Region I continues to expand outward,
while Region II becomes increasingly fragmented. Region IV, the narrow bounded region near
Triton, remains present across all energy levels but is consistently confined to a small portion of the
phase space and is only clearly resolved under localized zoom.

Across all energy levels considered, the evolution of the Poincaré map reflects a transition
from predominantly regular, organized motion at higher Jacobi constants to increasingly complex
and irregular behavior as the energy decreases. This progression provides a global view of how
accessible phase space and trajectory behavior change within the J,-perturbed Neptune—Triton
system.

5.3 General Dynamical Signatures in the Poincaré Maps

Having established the global organization of the Neptune—Triton phase space and its evolution
with Jacobi constant, the next step is to identify the recurring dynamical signatures that appear
throughout the Poincaré maps. These signatures provide the basis for interpreting the large trajectory
sets generated in this study. In particular, they allow regions of regular, resonant, transitional, and
chaotic motion to be distinguished directly from the geometry of the surface-of-section points. In
this chapter, terms such as periodic, quasi-periodic, and chaotic are used to describe the qualitative
geometric character of the motion as revealed by the Poincaré map. This usage is distinct from the
resonance-based interpretation developed later from the frequency content of the trajectories, and
also from the stability classification introduced in the subsequent stability analysis.

The most ordered structures in the maps appear as smooth invariant curves. These curves are
produced by trajectories that remain confined to regular quasi-periodic motion on invariant tori in
the full phase space. On the surface of section, such motion generates continuous closed loops
or nested families of loops, indicating that the trajectory repeatedly returns to the section in a
geometrically coherent manner. In the Neptune—Triton results, these structures are most clearly
visible in the more regular portions of Region II and in selected localized subregions of Region III,
with a representative example shown in Figure 5.4. Their persistence across successive crossings
indicates bounded motion with low local sensitivity to perturbation.

Resonant behavior is identified through the appearance of island chains embedded within or
adjacent to these regular regions. Rather than filling a continuous closed curve, a resonant trajectory
returns to the section through a finite number of preferred phases, producing a repeating chain of
discrete islands. In the present dataset, such structures are especially important because they mark the
locations where the smooth invariant organization of the map is interrupted by commensurabilities
between the underlying frequencies of motion. These island chains, illustrated in Figure 5.5,
therefore serve as geometric markers of resonant families that will later be examined using the
frequency-ratio analysis.
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Figure 5.4. Example of a smooth invariant curve on the Poincaré map corresponding to a quasi-periodic
trajectory confined to an invariant torus in the full phase space. This figure was taken from Region IV of the
Poincaré map at C; = 3.018641378. The trajectory repeatedly intersects the surface of section, producing a
continuous closed loop that indicates regular, bounded motion. In the Neptune—Triton system, such curves are
indicative of stable regions of phase space where trajectories exhibit low sensitivity to perturbations and
remain confined over long timescales.

Resonant Island Chains

02}
0.1F
0.0
—0.1F
—02F T )
03025 03050 03075 03100

x (nondimensional)

Figure 5.5. Local view of a resonant island chain in the Neptune—Triton Poincaré map at

C; = 3.0072570569, shown over the window x € [0.300, 0.315] and x € [-0.25, 0.25]. The repeated closed
islands mark a resonant family in which the section crossings cluster at a discrete set of phases rather than
filling a continuous invariant curve.
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Between the most ordered invariant curves and the most diffuse scattered regions lie transitional
domains in which the phase-space structure begins to lose coherence. In these areas, invariant curves
may become distorted, broken, or interwoven with scattered crossings, and the boundaries between
regular and irregular motion become less sharply defined. This behavior is particularly evident
as the Jacobi constant decreases and Region III expands, as shown in Figure 5.6. The resulting
patterns indicate that the local dynamics are no longer confined to a simple invariant-torus structure
and instead reflect the onset of resonance overlap, weak instability, or transport across neighboring
regions of phase space.

Resonance Overlap and Instability
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Figure 5.6. Retrograde-only local view of the Neptune-Triton Poincaré map at C; = 3.0072570569, shown
over the window x € [0.20, 0.26] and x € [—1.5, 1.5]. The central chain and the associated crossing
structure illustrate the loss of simple invariant-curve organization in a locally unstable region, where nearby
resonant structures and separatrix-type crossings produce more complicated phase-space geometry.

The most irregular signatures in the maps appear as diffuse clouds or scattered bands of points
that do not organize into smooth curves or isolated island chains. These scattered distributions
are interpreted as chaotic or weakly chaotic layers, in which nearby initial conditions separate
rapidly and repeated crossings no longer populate a simple geometric object on the section. In the
Neptune—Triton system, such regions become increasingly prominent at lower Jacobi constants,
where the opening of energetically accessible pathways allows trajectories to explore a broader
portion of the phase space. The growth of these scattered layers is one of the clearest visible
indicators of structural breakdown as the energy decreases.

Taken together, these signatures provide a practical visual language for interpreting the Nep-
tune—Triton Poincaré maps. Smooth invariant curves indicate regular bounded motion, island
chains identify resonant structure, transitional regions reveal the deformation or breakup of ordered
behavior, and diffuse scattered layers signal the presence of increasingly irregular dynamics. This
classification is used throughout the remainder of the chapter to interpret the prograde and retrograde
domains, identify resonant families, and select candidate trajectories for subsequent frequency and
stability analysis.
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5.4 Directional Organization of the Phase Space

Although the retrograde character of the Neptune—Triton rotating frame was established in the
opening section of this chapter, the Poincaré maps themselves show that the phase space is not
merely globally retrograde in a descriptive sense. Instead, the maps separate into domains that
are dynamically dominated by different senses of motion relative to the selected reference body.
This directional decomposition provides an additional layer of interpretation beyond the simple
identification of regular and irregular structures, because it clarifies how the large-scale geometry of
the map is tied to the actual character of the underlying trajectories.

The clearest directional partition appears between the compact, highly ordered structures of
Region II and the broader mixed domain occupying most of Region III, as illustrated in Figure 5.7.
Although both regions contain trajectories that remain dynamically associated with Neptune, their
distributions on the Poincaré map differ substantially, revealing distinct phase-space organization
rather than motion about different central bodies. Region II is dominated by prograde motion and
is characterized by nested invariant curves that remain geometrically coherent over a wide range
of crossings. These curves indicate trajectories that remain tightly confined and whose motion is
organized around relatively regular local families. In contrast, Region III is dominated by retrograde
motion and occupies a substantially larger portion of the accessible phase space. This region
contains both smooth invariant structures and scattered layers, indicating that retrograde trajectories
in the Neptune—Triton system support a much wider range of dynamical behaviors than the more
compact prograde family.

Prograde and Retrograde Phase Space
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Figure 5.7. Poincaré maps in the (x,x) plane for the J,-perturbed Neptune—Triton system at

Cy =3.018641378, shown separately for prograde and retrograde trajectory sets. The surface of section is
defined by y = 0 with y > 0, and only the bounded portion of each filtered orbit family is retained. The
comparison shows the compact, regular organization of the prograde domain and the broader mixed structure
of the retrograde domain.

This distinction is significant because it shows that directional classification is not simply a
matter of reversing visual intuition from a standard prograde CR3BP example. Rather, the sense
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of motion is reflected directly in the geometry of the map. Prograde trajectories are concentrated
in a comparatively narrow, well-organized region of phase space, while retrograde trajectories
populate the dominant mixed region in which regular, resonant, and irregular structures coexist.
This asymmetry is a dynamical consequence of how the spacecraft interacts differently with Triton
depending on its direction of motion. Because Neptune lies so close to the system barycenter, its
gravitational influence is relatively insensitive to orbital orientation; it is the spacecraft’s proximity
to and interaction with Triton that drives the directional asymmetry observed in the maps. The
resulting structural difference is one of the defining features of the Neptune—Triton phase space and
is visible across the full range of Jacobi constants examined in this work.

The boundary between these directional domains is not a sharp separation in a strict analytical
sense, but the maps nevertheless show a persistent transition zone in which the coherence of the
prograde structures begins to weaken and the broader retrograde domain appears more dominant.
It should be noted that both families are shown in the same coordinate frame as a visualization
convenience; this apparent shift reflects the greater spatial extent of the retrograde population
in the phase plane, not a physical displacement of prograde trajectories. As the Jacobi constant
decreases, this transition becomes less sharply defined, and scattered crossings appear more
frequently between the most ordered invariant curves. In this sense, the prograde-retrograde
decomposition is closely related to the energy-dependent structural breakdown discussed in the
preceding section: as the Jacobi constant decreases and the accessible phase space expands toward
Triton, its gravitational perturbation grows in relative influence, simultaneously diffusing the
boundaries of both the directional domains and the regular invariant structures, leaving them
recognizable but with increasingly diffuse internal boundaries as additional transport pathways and
irregular layers develop.

Region IV, located near Triton, provides a useful counterpoint to this broader partition. Although
narrow in spatial extent, it contains localized bounded structures that remain coherent even when the
surrounding global phase space becomes increasingly mixed. These localized structures show that
directional organization is not restricted to the two dominant large-scale domains alone. Instead, the
maps contain smaller pockets of bounded motion whose directional character must be interpreted in
the context of their local geometry rather than only their position within the global map.

For the purposes of the present study, the directional organization of the phase space therefore
serves two roles. First, it provides a physically meaningful way to partition the map into broad
dynamical domains before examining specific resonant families. Second, it helps identify where
different classes of candidate trajectories should be sought. The prograde-dominated region is
associated primarily with compact regular families, whereas the retrograde-dominated region
contains the richer mixture of resonant and irregular behavior that becomes central to the later
trajectory selection and stability analysis. This directional interpretation forms the natural bridge
between the general geometric signatures identified above and the more detailed examination of
resonant island structure that follows.

5.5 Geometric Synthesis and Transition

The Poincaré maps at various energy levels show that the J>-perturbed Neptune—Triton system
possesses a rich geometric phase-space structure that can be organized at several levels. At the
global scale, the Poincaré maps reveal a persistent regional decomposition whose relative size and
coherence evolve with the Jacobi constant. At a more local scale, the maps exhibit the full range of
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familiar dynamical signatures, including smooth invariant curves, resonant island chains, transitional
breakup zones, and diffuse scattered layers associated with increasingly irregular motion. The
directional decomposition into prograde- and retrograde-dominated domains adds an additional
level of structure by showing that different portions of the phase space support different classes
of bounded motion even when all trajectories remain associated with the same Neptune—Triton
dynamical environment.

These geometric results provide the essential first stage of the Neptune—Triton analysis, but they
do not by themselves supply a complete dynamical classification of the observed structures. In
particular, the appearance of an island chain or a coherent region in the Poincaré map does not
uniquely determine the associated frequency ratio, confirm a resonance assignment, or establish
whether the trajectory family identified in that region is dynamically robust under more refined
analysis. The most useful structures in the Poincaré maps are not the broadly scattered or weakly
organized regions, but the compact island chains and smooth invariant neighborhoods that suggest
repeatable and geometrically coherent motion. These structures provide the strongest geometric
foundation for identifying trajectory families that may later prove useful as candidate pathways in the
Neptune—Triton tour design problem. The geometric phase-space exploration therefore serves as a
structured map of where important dynamical features are located, while the subsequent chapters use
frequency-based analysis and targeted candidate examination to determine which of those features
correspond to the most significant and practically useful trajectory families.
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6. Frequency and Resonance Analysis

The geometric phase-space exploration presented in Chapter 5 established the large-scale organization
of the Neptune—Triton system and identified the principal domains of regular, resonant, transitional,
and chaotic motion visible in the Poincaré maps. Geometry alone, however, does not reveal
the underlying dynamics responsible for those structures. The positions and shapes of invariant
curves and island chains in the map reflect the spacecraft’s interactions with both primaries, and
the frequency commensurabilities that govern those interactions cannot be inferred from visual
inspection alone. In particular, smooth invariant curves, resonant island chains, and scattered layers
may be recognized visually, but the associated commensurabilities and frequency families must be
examined directly through spectral analysis.

This chapter therefore turns to the frequency-analysis capabilities of ORBIT and applies them
to the same bounded trajectory sets used in the preceding phase-space study. The objective is to
characterize the internal frequency structure of the Neptune—Triton system, identify approximate
resonances, and interpret how those resonances organize the phase-space features observed in
the Poincaré maps. The resulting frequency-ratio products provide a complementary analytical
framework that extends the geometric interpretation developed in Chapter 5 and supports the later
selection of candidate trajectory families for more detailed analysis.

6.1 Frequency Analysis Framework

The theoretical basis for frequency analysis was established in Section 2.8, where quasi-periodic
motion was described in terms of a small number of fundamental frequencies and resonance was
related to commensurate frequency relationships. In the present chapter, those ideas are applied
directly to the Neptune—Triton trajectory sets generated by ORBIT. Rather than treating the Poincaré
map and the frequency spectrum as separate analytical tools, the analysis developed here uses
them as complementary descriptions of the same underlying motion. The Poincaré map reveals
the geometry of the trajectories on a surface of section, while the frequency products quantify the
oscillatory relationships responsible for that geometry.

As discussed in Section 2.8, two frequencies are said to be commensurate when their ratio is
rational. In principle, this provides a direct way to identify resonance from the extracted frequency
ratio. In practice, however, requiring an exactly rational ratio would return very few cases because
the computed frequencies are affected by numerical error, finite sampling, and spectral resolution.
For this reason, the analysis must also admit ratios that are approximately rational. This provides a
larger set of prospective resonant targets, but it also introduces the possibility of false positives and
false negatives. The frequency ratios therefore provide a compact way to organize large trajectory
sets and to relate smooth invariant curves, island chains, and transitional structures in the Poincaré
map to corresponding spectral behavior.

Within ORBIT, the frequency workflow begins with the time-series data generated during
the unified trajectory propagation process described in Chapter 3. Those stored trajectories are
used to compute dataset-level frequency products, including the extracted ratio values and the
derived resonance classifications used throughout the present analysis. These products are then
used to construct the frequency maps, resonance overlays, and family classifications examined
in the remainder of this chapter. In this sense, the frequency-analysis module is not a separate
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dynamical model, but an analytical layer built on top of the same Neptune—Triton trajectories already
interpreted geometrically in Chapter 5.

It is important, however, to distinguish the interpretation of resonance from the numerical
procedure used to identify it. The resonance products developed here are constructed from extracted
frequency ratios and finite tolerance thresholds, so the resulting labels should be interpreted as
numerical guides rather than confirmed dynamical classifications. Accordingly, the resonance
computations performed by ORBIT are used primarily to identify regions of interest and organize
the phase space for further analysis, rather than to replace geometric inspection or later stability
assessment.

6.2 Frequency Ratio Plots

The first global visualization product used in this chapter is the frequency ratio plot. This plot
is constructed in the (xg, w>/w1) plane, where the horizontal axis corresponds to the sampled
initial-condition coordinate and the vertical axis represents the extracted frequency ratio associated
with each trajectory. The base plot is color-coded by trajectory type, so that prograde and retrograde
trajectories may be distinguished directly in ratio space. This representation is used to examine how
the large trajectory sets organize spectrally across the sampled domain before any explicit resonance
labeling is applied.

The value of this plot lies in the fact that it reveals structure that is not immediately obvious
from the Poincaré map alone. Ordered trajectory families tend to form coherent bands or clustered
patterns in ratio space, whereas more irregular spectral behavior tends to produce scattered or poorly
organized distributions. In particular, horizontal or nearly horizontal groupings provide a useful
visual indication of families whose spectral behavior varies slowly across a range of initial conditions.
For this reason, the frequency ratio plot serves as a practical guide for identifying regions that merit
closer resonance analysis, especially near low-order rational ratios.

The representative case shown in Figure 6.1 is drawn from the J>-perturbed Neptune—Triton
runs at C; = 3.018641378, consistent with the full set of computations used throughout this project.
For the dataset used to construct these figures, the underlying trajectories were propagated to
fmax = 15000 nondimensional time units and sampled for frequency analysis with Atgpr = 0.01 over
a fast Fourier transform (FFT) window of Tgrr = 15000 (see Subsection 3.7.3 and Subsection 3.8.1
for the formal definitions of these parameters). The downstream frequency-classification run applied
Tnin = 5000 and Tirajectory,min = 100. Taken together, these settings ensured that the spectral products
were built from long, uniformly sampled records while still excluding trajectories whose usable
duration was too short for reliable comparison. The long propagation and analysis windows were
needed to preserve frequency resolution and keep the horizontal band structure in the ratio plot
sharply defined, whereas the Tisjectory,min = 100 cutoft acted as a data-quality filter that prevented
short or poorly resolved cases from contaminating the global spectral map.

Within the Neptune—Triton workflow, the frequency ratio plot is therefore interpreted as a
spectral analogue to the geometric phase-space maps of Chapter 5. It does not by itself confirm
resonance, but it helps reveal where the ratio distribution is smooth, where it breaks sharply, and
where families of trajectories appear to cluster about potentially significant values. These visual
patterns provide the first step in narrowing the large dataset to a smaller set of candidate resonant
neighborhoods.
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Global Frequency-Ratio Structure
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Figure 6.1. Frequency ratio plots in the (xg, w/w1) plane for the J,-perturbed Neptune—Triton system at
Cy =3.018641378. The full plot shows the global spectral organization of the sampled trajectories, while the
zoomed panel highlights a horizontal band structure used to identify candidate resonant neighborhoods.

6.3 Resonance Identification and Family Construction

The role of resonance identification can be illustrated clearly using the working case C; =
3.018641378. At this Jacobi constant, the frequency ratio plot already reveals that the trajectories
do not populate ratio space randomly. Instead, the points organize into visible bands and clusters,
some of which appear to gather near low-order rational values. These visual patterns provide the
first indication that the dataset may contain structured resonance families, but they do not yet assign
a formal resonance label to any individual trajectory.

That assignment is carried out in a separate downstream stage of the ORBIT workflow, where the
extracted ratio values are compared against candidate rational ratios using a prescribed numerical
tolerance. For each trajectory with a valid extracted ratio, the program compares the computed
value of wy/w; to a library of rational targets of the form of Equation (2.46),
£ P.q €Z,

q
subject to the selected maximum denominator and tolerance threshold. If the computed ratio lies
within the prescribed tolerance of one of these rational values, the trajectory is flagged as resonant
and assigned the corresponding label. Ratios that do not satisfy any admissible match remain
unclassified. In the C; = 3.018641378 example, this step converts the visually suggestive groupings
in the ratio plot into explicit candidate resonances that can be tracked systematically rather than
interpreted by eye alone.

In the present study, the resonance matching was carried out with a tolerance of 0.001. This
value was chosen as a practical compromise between two competing requirements. If the tolerance is
chosen too small, trajectories that are genuinely associated with a resonance may fail to be identified
because the extracted ratio is affected by finite sampling, spectral resolution, and numerical error. If
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the tolerance is chosen too large, trajectories that are not truly associated with the resonance may
be grouped into that class. The adopted value of 0.001 was therefore used to capture the visibly
coherent ratio bands in plots such as Figure 6.1 without letting the classification spread so broadly
that nearby non-resonant trajectories were absorbed indiscriminately. For this reason, the resonance
labels produced by ORBIT are interpreted as approximate numerical classifications rather than exact
dynamical truths. In the present example, as in the full dataset, the classification should therefore be
understood as a practical guide for locating promising resonance neighborhoods, not as a final proof
that every flagged trajectory belongs to a rigorously confirmed resonant structure.

Once the resonant trajectories have been identified, the program groups all trajectories sharing
the same assigned resonance into a common resonance family. Each family is then given a unique
display color, allowing the classified results to be visualized consistently across multiple plotting
environments. In the C; = 3.018641378 case, this step transforms the broad ratio plot from a
collection of spectrally organized points into a set of color-coded families associated with specific
approximate resonances. This family structure is especially useful because it creates a direct bridge
from numerical ratio matching to the overlay products discussed in the next section.

For the present working example, the 1:2 resonance family is used as an illustrative example
of the ORBIT family-classification process. A subset of the trajectories assigned to this family is
listed in Table 6.1. Even in this reduced view, the table shows the practical meaning of the ORBIT
classification workflow: trajectories drawn from different parts of the sampled x( range, and from
both prograde and retrograde orbit types, can still be grouped into the same approximate resonance
family when their extracted frequency ratios fall within the selected tolerance of the rational value
1/2.

Table 6.1. Representative trajectories assigned to the 1:2 resonance family for the J-perturbed Neptune—Triton system
at C; = 3.018641378. The listed rows are drawn from the ORBIT resonance-family output and show how the extracted
ratio values cluster about the rational target 1/2 within the selected tolerance.

X0 Orbit Type  wy/w;  Approx. Ratio Resonance Error
—0.510079 Retrograde 0.499980 1/2 2.00 x 107>
—0.500079 Retrograde 0.499971 1/2 2.90 x 107>
—0.920079  Prograde  0.499962 1/2 3.85x 107
0.219921 Retrograde 0.500117 1/2 1.17 x 1074
0.209921 Retrograde 0.500125 1/2 1.25x 107
—-0.900079 Retrograde 0.499706 1/2 2.94x 1074

6.3.1 Worked Example: Frequency Extraction and Resonance Classification

To make the resonance identification procedure concrete, this subsection traces the trajectory at
xo = 0.2099207594 through the complete frequency-extraction and classification pipeline. This
retrograde orbit at C; = 3.018641378 under the J,-perturbed model corresponds directly to the fifth
row of Table 6.1 and is used here to show explicitly how the numerical entries in that table are
produced.

Figure 6.2 shows the trajectory in configuration space over the full propagation interval
t € [0, tmax] (see Subsection 3.7.3). The orbit remains bounded throughout the integration and
exhibits the characteristic looping structure associated with Neptune-centered retrograde motion.
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The regular, repeating geometry of the path is a qualitative indicator that the trajectory belongs to a
structured dynamical family, though it does not by itself identify the resonance.

Worked Example: Retrograde Trajectory at xo = 0.2099
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0.0

y (nondimensional)

-0.2 0.0 0.2
x (nondimensional)

Figure 6.2. Configuration-space trajectory for the retrograde orbit at xo = 0.2099207594 and
C; =3.018641378 under the J,-perturbed Neptune—Triton model. The bounded, regularly repeating path is
consistent with membership in a structured resonant family.

To extract the dynamical frequencies, the x-coordinate time series s(#;) = x(#;) is sampled
on a uniform grid with Afgpr = 0.01 over an analysis window of Tgpr = 15000 as defined in
Subsection 3.8.1. The resulting normalized frequency spectrum is shown in Figure 6.3.

The dominant spectral peak identifies the primary frequency:

wp = 0.159227. (6.1)

The secondary frequency is extracted using the spectral sideband spacing procedure [21], which
locates the symmetric pair of spectral peaks flanking w; and computes w; as half their total

separation:
w2 = 0.079633. (6.2)

The frequency ratio is then computed directly from Equation (2.45):

wy _ 0.079633

o - 0159227 = 0.500125. (6.3)

Comparing this value to the candidate rational ratio p/g = 1/2 = 0.500000, the resonance error is

1
w2 _ _‘ =1.25x 1074, (6.4)
w1 2

which falls well within the adopted tolerance of 0.001. The trajectory is therefore classified as a
member of the 1:2 resonance family. This result corresponds directly to the fifth row of Table 6.1,
confirming that each table entry is the direct numerical product of the pipeline described in Chapter 3.
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Worked Example: Frequency Spectrum at x¢ = 0.2099
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Figure 6.3. Normalized frequency spectrum for the retrograde trajectory at xo = 0.2099207594 and
Cy =3.018641378. The dominant peak identifies the primary frequency w1, and the symmetric sideband pair
flanking it is used to extract the secondary frequency w; via the sideband spacing method [21].

This trajectory will appear again in the resonance overlay products of the following section,
where it is recolored according to its 1:2 family assignment and projected back onto both the
frequency ratio plot and the Poincaré map. Having traced this single example from initial condition
to resonance label, the reader can use that familiarity to interpret the overlay figures with a concrete
understanding of the classification step they represent.

The resonance families therefore serve as the bridge between raw frequency-ratio data and
the overlay products examined in the next section. The ratio plot reveals where structure exists,
the tolerance-based classification determines which trajectories are treated as resonant, and the
family construction organizes those trajectories into a form that can be projected back onto both the
spectral and geometric maps. In this way, the working example at C; = 3.018641378 illustrates the
central interpretive step of the Chapter 6 workflow before the family colors are applied back onto
the frequency and phase-space plots.

6.4 Resonance Overlays on Frequency and Phase Space

Once resonance families have been assigned, ORBIT uses those classifications to generate overlay
products that connect the numerical resonance labels directly to the visual structures identified in
the results. These overlays are among the most useful outputs of the frequency-analysis workflow
because they allow the same resonance family to be traced across both spectral and geometric
representations. Rather than viewing the resonance table as an isolated numerical artifact, the
overlay process projects its classifications back into the plotting environment used to interpret the
dynamics.

The first overlay product is applied to the frequency ratio plot itself. In this view, trajectories
that have been assigned to a resonance family are recolored according to the family label, while
trajectories that remain unclassified are shown in gray. The resulting classification is shown in
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Figure 6.4 and differs from the base ratio plot of Section 6.2 by replacing the broad prograde—
retrograde distinction with an explicit resonance-family classification. This makes it possible to
see which portions of the ratio distribution belong to the same resonance family, how widely each
family extends in the sampled domain, and where non-resonant trajectories remain intermixed with
the classified resonant structures.

Resonance Families in Frequency Space
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Figure 6.4. Overlay of resonance-family classifications on the frequency ratio plot for the J,-perturbed
Neptune—Triton system at C; = 3.018641378. Each color corresponds to a different resonance family
identified by ORBIT, while gray points represent trajectories that were not classified as resonant within the
selected tolerance. This overlay allows the resonance families to be traced directly in ratio space, revealing
how they organize the spectral distribution and where they cluster about rational values.

The second overlay product applies the same resonance-family colors to the Poincaré map. This
step is particularly important because it links the spectral classifications back to the invariant curves,
island chains, and transitional regions introduced in Chapter 5. When the family colors are projected
onto the surface-of-section points, as shown in Figure 6.5, resonant structures that were previously
interpreted only geometrically can now be associated with specific approximate resonance families.
In this way, the Poincaré map no longer displays only geometric organization; it also becomes a
resonance-classified phase-space map.

Taken together, these two overlay products provide a direct comparison between frequency
space and phase space. The frequency overlay shows how resonance families are distributed in
(x0, wa/w1), while the Poincaré overlay shows how those same families occupy invariant structures in
(x,X). Agreement between the two strengthens the interpretation of coherent resonant organization,
while disagreement or fragmentation may indicate transitional behavior, tolerance sensitivity, or
incomplete family assignment. The overlay framework therefore serves as a critical interpretive
bridge between the numerical classifications generated by ORBIT and the physical dynamical
structures discussed throughout this thesis.
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Resonance Families in Phase Space
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Figure 6.5. Overlay of resonance-family classifications on the Poincaré map for the J,-perturbed
Neptune-Triton system at C; = 3.018641378. Each color corresponds to a different resonance family
identified by ORBIT, while gray points represent trajectories that were not classified as resonant within the
selected tolerance. This overlay allows the resonance families to be traced directly in phase space, revealing
how they organize the invariant structures and where they cluster about rational values.

6.5 Individual Trajectory Frequency Behavior

While the frequency ratio plots and resonance overlays provide a global view of the spectral
organization of the Neptune—Triton dataset, they do not show how the frequency content is
assembled for any individual trajectory. For that reason, ORBIT also provides trajectory-level
frequency plots that allow a single case to be examined in greater detail. These products are used to
inspect the dominant spectral peaks, evaluate the local clarity of the extracted ratio, and determine
whether a candidate resonance classification is supported by an organized underlying frequency
structure.

This trajectory-level view is particularly useful when interpreting points that lie near a rational
ratio in the global frequency plot. In some cases, the corresponding spectrum exhibits a clean
and well-separated set of peaks, making the associated ratio straightforward to interpret. In other
cases, the spectrum is more diffuse, contains competing peaks of comparable amplitude, or exhibits
sideband structure that complicates the extraction. The individual trajectory plots therefore provide
an important intermediate view between the large-scale resonance maps and the later dynamical
interpretation of specific families.

For the present study, these trajectory-level products are not treated as standalone results in the
same sense as the global ratio plots or the resonance overlays. Instead, they are used as supporting
analytical views when a candidate family, horizontal ratio band, or resonance-classified structure
requires closer inspection. In this role, they help distinguish between trajectories whose frequency
behavior is coherent enough to support the resonance interpretation and trajectories whose extracted
ratio may be more sensitive to local numerical or spectral ambiguity.
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Accordingly, the individual frequency plots serve as a verification layer within the Chapter 6
workflow. The global maps identify where structure exists, the tolerance-based classification
organizes that structure into candidate families, and the trajectory-level spectral plots provide a
closer look at how particular cases realize those classifications. This makes them especially useful
when moving from broad resonance mapping toward the more focused selection of candidate regions
and families developed in the following chapters.

Trajectory-Level Frequency Spectra
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Figure 6.6. Representative trajectory-level spectra for the J,-perturbed Neptune—Triton system at

Cy =3.018641378. The left panel gives a comparatively clean low-order resonant case whose dominant
frequencies are easy to identify, while the right panel shows a trajectory whose denser secondary content
makes the spectral interpretation less immediate.

The comparison in Figure 6.6 illustrates how the trajectory-level spectra were used in practice
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throughout this project. In the easier case shown in the left panel, the dominant peak may be
identified cleanly as the primary frequency fi, and the secondary structure is separated well enough
that the associated sideband spacing or second component can be read with comparatively little
ambiguity. In that situation, the corresponding ratio is straightforward to interpret, and the trajectory
can be associated confidently with the band structure seen in the global frequency-ratio plot.

The harder case in the right panel shows why this analytical step is necessary. Although the
dominant peak remains visible, the surrounding spectral content is much denser, with multiple
nearby peaks and a broader cluster of competing secondary features. For trajectories of this type,
the ratio cannot be assigned responsibly by eye from the global map alone. Instead, the local
spectrum must be inspected to determine whether a coherent secondary spacing is actually present
and whether the extracted ratio should be trusted as evidence of organized quasi-periodic behavior
or treated more cautiously as a numerically ambiguous case.

In this way, the individual spectra provide the practical reading rule for the Chapter 6 resonance
workflow: first identify the dominant peak fi, then inspect the nearby secondary peaks or sideband
structure used to define the secondary frequency contribution, and finally compare the resulting
ratio with the rational values highlighted in the global maps and family classifications. When the
spectrum is clean, this procedure strengthens the resonance interpretation. When the spectrum is
crowded or diffuse, it signals that the corresponding ratio and resonance label should be interpreted
with more caution.

6.6 Interpretation of Resonant Structure

Taken together, the frequency-resonance overlays in Figure 6.7 show that the resonance organization
is not reconfigured dramatically over the present C; range. Instead, the dominant result is one of
qualitative persistence. Comparing the cases at C; = 3.018641378, 3.0143741909, 3.0107806367,
and 2.999790146, the classified points continue to concentrate into a small number of recurring
horizontal spectral groupings rather than dispersing uniformly across the (xg, w,/wi) plane. This
indicates that the resonance-identification procedure is isolating a stable set of preferred frequency
relationships throughout the sampled domain. The principal change with energy is therefore not the
appearance of an entirely different resonance architecture, but rather a change in how densely and
continuously those same resonance neighborhoods are populated.

The clearest evidence of that persistence is provided by the strong high-ratio structures. In
each of the sampled cases, a prominent classified band remains visible near w,/w; = 0.89, and a
smaller set of classified points also recurs near w,/w; = 1.0. These repeated concentrations are
important because they show that the most coherent resonance families identified by ORBIT are
not confined to a single isolated energy level. Instead, they persist across the sampled C; values as
robust spectral features. In practical terms, these high-ratio families appear to define the clearest
and most consistently recovered part of the resonance picture developed in this chapter: they are
narrow, repeatedly recovered, and visually distinct from the surrounding unclassified background.
This makes them stronger candidates for physically meaningful resonance structure than isolated
single points or loosely scattered classifications.

By contrast, the lower-ratio portion of the overlays is much less coherent. Below roughly
wy/wi = 0.3, the classified points appear only as sparse clusters or isolated detections, and the
intermediate bands near ratios such as 0.33, 0.40, 0.50, and 0.67 are present but comparatively weak
and fragmented. These families are not absent, but they do not organize the ratio plane with the
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Frequency Resonance Comparison Across Energy
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Figure 6.7. Comparison of frequency-resonance overlays for four representative J,-perturbed Neptune—Triton
energy levels. Colored points denote trajectories assigned to approximate resonance families by ORBIT, while
light gray points remain unclassified within the selected tolerance. Viewed together, these overlays show
which horizontal resonance bands persist across the sampled C; range, which families remain narrow and
strongly populated, and which lower-ratio structures appear only as sparse or fragmented classifications.



same clarity as the dominant high-ratio structures. The overlay at C; = 3.0107806367 is especially
useful in this regard because it appears slightly sparser overall, reinforcing the point that the weaker
resonance families are more sensitive to energy level and less continuously populated than the
dominant bands. At this stage, the frequency-resonance overlays establish the spectral side of the
Chapter 6 interpretation: a few strong horizontal families persist across the sampled energies, while
the lower-ratio population remains fragmented and should be interpreted more cautiously. The next
step is to project these same family labels back onto the Poincaré maps and examine where the
strongest spectral resonances are realized geometrically in phase space.

The Poincaré resonance overlays in Figure 6.8 show that the dominant spectral families identified
in ratio space do project onto coherent geometric structures rather than appearing as disconnected
numerical labels. In the higher and intermediate energy cases, the strongest families trace large
portions of the principal lobes and their bounding invariant envelopes, especially on the right-hand
side of the map where the family structure is richest. This is an important confirmation of the
Chapter 6 interpretation, because it shows that the recurring horizontal bands observed in frequency
space correspond to organized regions of phase space rather than to isolated classifications with no
clear geometric realization.

At the same time, the Poincaré overlays show that the resonance-family coverage is not uniform
across the section. Some geometrically ordered regions remain largely gray, while others contain
several interwoven family colors rather than one single dominant classification. This is especially
noticeable in the lower-energy cases, where the extended left-hand structures and the more intricate
internal arcs of the right-hand lobe appear more fragmented. That geometric fragmentation is
consistent with the spectral result that the lower-ratio and intermediate-ratio resonance populations
are weaker and less continuously populated than the dominant high-ratio bands. Taken together, the
frequency and Poincaré resonance overlays therefore support the same conclusion: a small number
of strong resonance families persist across the sampled energies and map onto recognizable invariant
structures, while the weaker resonance population remains more diffuse and should be interpreted
with greater caution.

Taken together, the frequency-resonance overlays and their projections onto the Poincaré maps
show that only a subset of the identified resonance families remain both spectrally persistent and
geometrically coherent across the sampled Neptune—Triton energy levels. In the present results,
the strongest candidates for later study are the narrow, repeatedly recovered high-ratio families,
since these appear most consistently in both frequency space and phase space. By contrast, the
weaker lower-ratio and intermediate-ratio populations are more fragmented and energy-sensitive,
and therefore provide less reliable targets for immediate follow-on analysis. The combined spectral
and geometric agreement developed in this chapter thus serves as a screening step for the later
selection of trajectory families and candidate pathways relevant to the Neptune—Triton tour design
problem.

6.7 Chapter Synthesis

This chapter has extended the geometric phase-space interpretation of Chapter 5 by showing that
the bounded Neptune—Triton trajectory sets also possess an interpretable spectral organization.
Rather than appearing as an unstructured collection of extracted ratios, the trajectories organize
into recurring resonance-supported groupings, only some of which remain coherent enough to
matter for later analysis. The important result is therefore not simply that resonances can be labeled
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Poincaré Resonance Comparison Across Energy

X (nondimensional)
o
T

-0.5 0.0 0.5 1.0
x (nondimensional)

a.) C;=3.018641378

X (nondimensional)

-0.8 04 0.0 0.4 0.8
x (nondimensional)

c.) C;=3.0107806367

—-0.5 0.0 0.5 1.0
x (nondimensional)

b.) C;=3.0143741909

-0.8 04 0.0 0.4 0.8
x (nondimensional)

d.) C;=2.999790146

Figure 6.8. Comparison of resonance-family projections onto the Poincaré maps for four representative
Jo-perturbed Neptune—Triton energy levels. The same families identified in frequency-ratio space are
recolored here in phase space, allowing the persistent spectral bands of Fig. 6.7 to be traced onto the
corresponding invariant structures. Gray points indicate trajectories that were not assigned to a resonance

family within the selected tolerance.
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numerically, but that the spectral products distinguish between strong families that persist across
energy and weaker families that appear only in more fragmented form.

The central result of the chapter is that only a subset of the identified resonance families remain
both spectrally persistent and geometrically coherent across the sampled J,-perturbed energy levels.
In particular, the strongest high-ratio families recur across multiple C; values as narrow, clearly
populated bands in frequency space and as recognizable invariant structures in the Poincaré overlays.
By contrast, the lower-ratio and intermediate-ratio populations appear more fragmented, more weakly
populated, and more sensitive to energy level. The trajectory-level frequency spectra reinforce this
distinction by showing that some classifications are supported by clean local spectral structure, while
others arise in cases whose secondary frequency content is more ambiguous.

Taken together, these results provide the spectral screening step for the remainder of the thesis.
They show which structures identified geometrically in Chapter 5 are supported by persistent
resonance organization, which ones remain too fragmented to interpret confidently as robust families,
and which candidate regions deserve closer follow-on study. In this way, Chapter 6 narrows the
large Neptune—Triton trajectory database to a smaller set of resonance-family candidates that can be
examined more directly in the later candidate-selection, stability-analysis, and mission-architecture
stages of the thesis.
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7. Candidate Region Identification

The results of Chapters 5 and 6 established that the J,-perturbed Neptune—Triton system contains a
wide range of bounded, resonant, transitional, and transport-capable structures. Taken in aggregate,
however, those results remain broader than what is needed for the design logic of a Neptune—Triton
tour. A practical mission concept does not require an exhaustive catalog of every trajectory family
present in the phase space; it requires a smaller and more defensible set of candidate regions
and candidate trajectories whose behavior is coherent enough to support repeated operations,
or sufficiently accessible to support motion between dynamical neighborhoods. The purpose
of the present chapter is therefore to move from global dynamical characterization to candidate
identification.

For that reason, Chapter 7 is not yet intended to declare which trajectories should be accepted as
mission-ready solutions. That judgment depends on the stability analysis of Chapter 8 and the broader
mission interpretation developed in Chapter 9. Instead, the task here is to determine which portions
of the previously analyzed phase space are promising enough to merit continued study. The chapter
therefore organizes the search around four mission-oriented candidate classes: Neptune-centered
bounded candidates, structured candidates in the broader touring region, Triton-centered bounded
candidates, and bottleneck-crossing transport candidates. Within each class, the comparison across
the selected Jacobi levels is used to distinguish persistent, well-organized structures from those that
are either too fragmented or too weakly expressed to justify follow-on analysis.

7.1 Mission Interpretation for a Neptune-Triton Tour

In the present chapter, the term candidate region denotes a portion of the Neptune—Triton phase
space whose geometry and spectral structure suggest that it may support a recognizable mission
function. One such function is that of a bounded observation region, in which trajectories remain
confined near Neptune or Triton and therefore provide repeated, geometrically coherent motion
about one of the primaries. Regions of this type are of interest because they may support local tour
phases, repeated viewing opportunities, or staging behavior that remains dynamically organized
over many section crossings. A second function is that of a transport region, in which trajectories
approach or cross the bottleneck separating major dynamical neighborhoods. These trajectories
are not valuable because they are maximally regular, but because they may provide access between
regions that remain disconnected at higher Jacobi constants.

From the standpoint of tour design, these two roles should be viewed as complementary rather
than competing. A practical Neptune—Triton campaign would likely require both locally coherent
trajectories that support repeated observation and transfer-type trajectories that permit motion
between distinct neighborhoods of the system. The mission interpretation developed here is therefore
not limited to asking which structures are the most regular in a purely mathematical sense. Instead,
it asks which structures are most useful as local tour segments, staging regions, or inter-region
pathways within the larger dynamical environment.
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7.2 Neptune-Centered Bounded Candidates

The first mission-relevant candidate class considered here consists of trajectories that remain bounded
in the Neptune-centered portion of the phase space. These candidates are attractive because they
provide the clearest foundation for local observation segments, repeatable viewing geometries,
and other mission phases that require motion to remain dynamically organized over many section
crossings. Unlike the bottleneck-crossing trajectories examined later, the aim of this section is not
to identify access between regions, but to isolate coherent neighborhoods of motion that remain
confined near Neptune and can therefore serve as plausible local tour candidates.
Within the four reference cases considered throughout this chapter,

Cy; =3.018641378, 3.0143741909, 3.0107806367, 2.999790146.

the Neptune-centered bounded structures separate naturally into two useful groups. Region II
contains the most compact resonance-supported islands, while Region III extends that bounded
behavior into larger-amplitude prograde and retrograde motion that remains clearly organized in the
Poincaré maps. The discussion therefore begins with the compact 8:9 family in Region II before
moving outward to the broader bounded structures in Region III. This progression is deliberate:
it establishes the most tightly confined Neptune-centered candidates first, and then expands the
candidate set to include larger-amplitude families that preserve bounded motion while covering
more of the Neptune-centered domain.

7.2.1 Compact Resonant Bounded Motion in Region II

The most clearly defined Neptune-centered bounded candidates are found within the compact
invariant structure of Region II in the Poincaré maps. Across the full set of Jacobi constants
considered in this chapter,

C; =3.018641378, 3.0143741909, 3.0107806367, 2.999790146.
this region exhibits a persistent island family centered near
x~ =025 x=0.

surrounded by a set of nested invariant curves that form a coherent and well-isolated bounded
neighborhood. Relative to the other Neptune-centered structures identified later in the chapter,
this family is the most compact, the most regularly organized, and the most consistently recovered
across the sampled energy range. For that reason, it provides a natural starting point for the
candidate-identification process.

At this stage, candidate selection is performed at the level of invariant structures observed in the
Poincaré section, rather than directly from initial conditions. Each candidate is therefore defined in
two steps: first by identifying a specific invariant island or torus in the (x, X) section, and then by
associating that structure with the corresponding initial-condition seed x( that generates it. Because
the mapping between xy and the Poincaré section is not one-to-one, the location of an island in
(x, X) does not directly correspond to the numerical value of xo. This distinction is important for the
interpretation that follows, since the candidate is the invariant family itself, while the listed seed is
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simply the initial condition used to reproduce it.
Figure 7.1 shows the Region II Poincaré section at C; = 3.018641378, with the wider context
alongside a zoomed view of the candidate island region.

Region II Resonant Island Candidates
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Figure 7.1. Region II Poincaré section at C; = 3.018641378. Upper: full-window context; lower: zoomed
view of the candidate island used for seed identification.

The central portion of this structure corresponds to a resonance-supported island associated with
the 8:9 family identified in Chapter 6. In the Poincaré sections with resonance overlays, this family
appears as a compact, symmetric set of closed invariant curves whose geometry remains largely
unchanged as the Jacobi constant varies. This persistence indicates that the structure represents a
robust class of Neptune-centered bounded motion and, more importantly for the present chapter,
that it can be treated as a repeatable candidate family rather than an isolated feature that appears
only at one energy.

Two representative island candidates are selected from within this 8:9 resonance family:

* Primary island (central torus): The compact central island located near (x,x) ~ (—0.26,0)
corresponds to the core of the 8:9 resonance family. The trajectory that generates this invariant
structure is obtained from the initial condition

xo = —0.250079240596.

* Secondary island (outer torus): A larger invariant curve within the same resonance
family intersects the Poincaré section near (x,Xx) =~ (—0.285,0). This island represents
a higher-amplitude member of the same dynamical family and is generated by the initial
condition

xo = 0.209920759404.

These seeds do not correspond directly to the (x, x) coordinates of the island centers; rather, they
are the initial conditions whose trajectories produce the observed invariant structures. At each Jacobi
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level, the corresponding seeds are selected so that they generate the same resonance-supported
island family, even as the precise geometry of the curves deforms slightly with energy. In this way,
the candidate set remains tied to a persistent dynamical family rather than to a single fixed numerical
value of xg.

From a dynamical standpoint, the defining feature of this region is the presence of smooth,
closed invariant curves indicating quasi-periodic motion confined to a compact neighborhood
around Neptune. The Region II islands remain well separated from surrounding mixed layers and
do not exhibit significant fragmentation as the energy varies, which makes them among the most
coherent candidates identified in the chapter. From a mission-design perspective, this compact
resonance-supported structure is particularly attractive because it offers tightly confined motion in
both configuration and velocity space, making it a natural candidate for repeated local coverage
or observation-class behavior. The persistence of the structure across the selected Jacobi range is
therefore the key reason it is carried forward: not because it is already proven stable in the Chapter 8
sense, but because it provides one of the clearest bounded Neptune-centered candidate families
available for that later analysis.

7.2.2 Extended Prograde Neptune-Centered Motion in Region III

In addition to the compact prograde candidates identified in Region II, the Poincaré maps reveal a
second class of Neptune-centered prograde bounded motion in Region III. This region differs from
Region II in that it contains mixed-sense dynamics, with both prograde and retrograde structures
occupying different parts of the phase space. For that reason, the prograde component of Region III
is treated separately here from the retrograde structures that occupy the broader outer envelope.
This distinction is also useful from the standpoint of candidate identification, since the prograde and
retrograde branches play different roles in the Neptune-centered bounded set.
Across the selected Jacobi values,

C; =3.018641378, 3.0143741909, 3.0107806367, 2.999790146.

the prograde contribution to Region III includes a set of large-amplitude invariant curves located on
the left side of the Neptune-centered phase space. These structures form a broad, coherent envelope
of closed trajectories that remain clearly bounded and dynamically organized, indicating that they
represent an extended class of Neptune-centered motion rather than a transport or escape layer. In
comparison with Region II, the relevant change is not a loss of organization, but an increase in
amplitude and spatial reach.

Figure 7.2 shows the prograde Region III structure at C; = 3.018641378, combining the
full-window map with a zoomed resonance overlay for seed selection.

The dominant prograde structure in this region corresponds to a large-amplitude 1:1 resonance
family located near the left boundary of the accessible phase space. This family appears in the
Poincaré section as a broad set of smooth, symmetric invariant curves spanning approximately

x~0.078100.083,  |vi| <2

and forms the outer prograde envelope of the Neptune-centered bounded motion in Region III. The
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Figure 7.2. Extended prograde Neptune-centered structures in Region III at C; = 3.018641378. (a) Regular
map, full window x € [0,0.95], x € [-2.5,2.5], prograde in red. (b) Resonance overlay, same window.
(c) Zoomed resonance overlay, x € [0.06, 0.22], for seed-selection context.
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trajectory generating this invariant structure is obtained from the initial condition
x0 = 0.799920759404.

This candidate is retained because it captures the largest clearly bounded prograde structure in the
Neptune-centered domain without merging into the transition-layer behavior considered later in the
chapter.

A second candidate is selected from a nearby bounded invariant curve located slightly interior to
the primary 1:1 family. This structure appears in the Poincaré section as a thin, well-defined curve
intersecting the section near

x = 0.0994 t0 0.1017.

and represents a smaller-amplitude Neptune-centered bounded trajectory distinct from the dominant
outer envelope. The corresponding trajectory is generated by the initial condition

xo = 0.820079240596.

Retaining this second seed makes it possible to compare the outer and inner portions of the same
extended bounded regime, rather than relying on a single representative orbit.

As in Region II, the invariant structures are identified directly from the Poincaré section, while the
associated seeds x( are determined from the trajectories that generate these curves. The numerical
values of xy do not coincide with the locations of the islands in (x, x), but instead serve as the
parameters that produce the observed invariant families.

From a dynamical standpoint, the defining feature of the Region III prograde structures is their
large spatial extent combined with their regular, closed geometry. Unlike the compact Region II
islands, these trajectories span a broader portion of phase space while remaining clearly bounded
and well separated from nearby mixed layers. This indicates that the motion remains quasi-
periodic and Neptune-centered, but operates in a higher-amplitude regime. From a mission-design
perspective, these extended prograde trajectories provide a natural complement to the compact
Region II candidates. Whereas Region II supplies the most localized bounded motion, the Region I1I
prograde family offers broader coverage of the Neptune-centered environment while retaining
enough dynamical coherence to remain credible as a candidate class. For that reason, these structures
are carried forward not as replacements for the Region II family, but as a second Neptune-centered
bounded option with a different operational scale.

7.2.3 Extended Retrograde Neptune-Centered Motion in Region IIT

In addition to the prograde bounded family identified in Region III, the Poincaré maps show that this
region also contains a broad retrograde Neptune-centered component. This retrograde contribution
is dynamically distinct from both the compact prograde islands of Region II and the more interior
prograde family of Region III. Rather than appearing as a tightly clustered set of nested islands, the
retrograde structures form the dominant large-amplitude envelope in the outer portion of Region I1I
and occupy a substantially larger area of phase space. They therefore represent the most expansive
Neptune-centered bounded trajectories identified in the present chapter.
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Across the selected Jacobi values,
C; =3.018641378, 3.0143741909, 3.0107806367, 2.999790146.

the retrograde Region III structures appear as extended closed invariant curves that wrap around
the outer Neptune-centered domain. When the retrograde component is isolated, it becomes clear
that much of the broad outer envelope seen in the full Region III map belongs to this family. These
trajectories remain bounded and quasi-periodic, but their geometry is more elongated and their
spatial extent is significantly larger than that of the corresponding prograde candidates. This makes
them especially relevant as the outer limit of what still qualifies, at this stage, as a Neptune-centered
bounded candidate.

Figure 7.3 shows the retrograde counterpart at the same energy, following the panel layout of
Fig. 7.2, with panel (c) zoomed to the candidate island neighborhood.

As shown in Fig. 7.3 (c), the left portion of the retrograde map in that zoom resolves into a set of
smooth, non-resonant invariant curves, indicating bounded Neptune-centered motion. Panel (b)
shows that the strongest resonance labeling is concentrated elsewhere in the retrograde domain,
while the zoomed candidate region remains dominated by geometrically coherent bounded curves.
Within this retrograde envelope, two distinct invariant structures are selected as representative
Neptune-centered candidates. Their role is not to sample every ring of the envelope exhaustively,
but to capture its inner and more spatially extended portions with a minimal candidate set.

The first candidate corresponds to a bounded invariant curve located on the left side of the
retrograde envelope, intersecting the Poincaré section approximately over the range

x ~ 0.0809 to 0.0904.

This structure forms part of the inner portion of the retrograde family and represents a moderately
sized, well-defined invariant curve. The trajectory generating this structure is obtained from the
initial condition

xo = —0.080079240596.

The second candidate corresponds to a neighboring invariant structure located slightly further
interior, intersecting the section over the range

x ~0.0914 to 0.1104.

This structure represents a larger-amplitude member of the same retrograde family, with a broader
spatial extent while remaining clearly bounded and dynamically organized. The corresponding
trajectory is generated by the initial condition

xo = 0.809920759404.

As in the preceding subsections, the invariant structures are identified directly from the Poincaré
section, while the associated seeds x( are determined from the trajectories that generate these curves.
The values of x( therefore do not coincide with the visible locations of the structures in (x, x), but
instead define the initial conditions that produce the observed invariant families.

From a dynamical standpoint, the retrograde Region III candidates represent the outer Neptune-
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Figure 7.3. Extended retrograde Neptune-centered structures in Region Il at C; = 3.018641378. (a) Regular
map, full window x € [0, 0.95], x € [-2.5,2.5], retrograde in blue. (b) Resonance overlay, same window.
(c) Zoomed resonance overlay, x € [0.075,0.115], covering candidate island ranges x ~ 0.081-0.090 and
0.091-0.110.
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centered bounded regime. Although these trajectories are significantly larger in amplitude than the
prograde Region II and Region III families, they remain smooth, closed, and well separated from
strongly mixed layers, indicating persistent quasi-periodic motion over the section. At the same time,
their proximity to the outer phase-space boundary suggests that they occupy a less tightly confined
regime than the compact inner families. From a mission-design perspective, these retrograde
trajectories are therefore valuable for two reasons. First, they extend the Neptune-centered candidate
set to include large-amplitude bounded motion with substantial spatial coverage. Second, because
they lie near the outer boundary of the Neptune-centered domain, they provide a natural dynamical
bridge between tightly bound observation-class motion and the transition-layer structures examined
later in the chapter. For that reason, the retrograde Region III family is retained as part of the
Neptune-centered bounded set while also serving as a conceptual precursor to the transport-focused
candidates.

7.3 Touring-Region Candidates

While the bounded families identified in the preceding section provide well-defined Neptune-centered
structures suitable for sustained observation, they do not fully exploit the broader dynamical pathways
available within Region III. In particular, those families remain tied to comparatively narrow spatial
envelopes, which limits their usefulness for trajectories intended to traverse multiple dynamical
subregions. To address this limitation, the present section considers candidate trajectories drawn
from the interior resonant architecture of Region III, where the phase space exhibits richer structure
and increased connectivity across a wider range of Neptune-centered distances.
At the selected energy level,
C; =3.0107806367.

the Region III Poincaré sections reveal a complex mixture of bounded islands, elongated resonant
chains, and partially chaotic transport regions. Compared to the higher-energy bounded cases
emphasized earlier, the structures at this energy retain sufficient coherence to identify distinct
families while simultaneously exhibiting greater radial extent and stronger interaction between
neighboring portions of phase space. This balance makes the configuration particularly well suited
for identifying trajectories that can support multi-phase motion, including repeated excursions
between inner and outer Neptune-centered domains.

The focus of this section is therefore not on the most tightly bounded or geometrically regular
families, but rather on those structures that demonstrate extended spatial coverage while maintaining
recognizable dynamical organization. In practice, this corresponds to island chains and resonant arcs
located within the interior of Region III, especially those that span a range of x-values and exhibit
layered or nested behavior in the Poincaré maps. These features are indicative of trajectories capable
of accessing multiple dynamical regimes, making them strong candidates for tour-like motion.

To better characterize these candidates, the analysis is separated into prograde and retrograde
components. Although both senses of motion are present in the mixed Poincaré sections, the
underlying structures differ significantly in their geometry and extent. The prograde families tend
to retain stronger connections to the outer bounded envelopes, while the retrograde families more
prominently occupy the interior resonant corridors and exhibit broader coverage of the Region III
domain. Accordingly, candidate trajectories are identified and evaluated separately within each
class.
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The touring-region candidates are therefore distinguished according to sense of motion, reflecting
the fundamentally different organization of the underlying phase space. The prograde structures
remain more closely connected to the outer bounded envelopes and also support interior island chains
and corridor-like motion at this energy, while the retrograde structures populate complementary
interior subregions and can display strong layering in other parts of Region III. These differences
are not merely geometric, but directly influence the accessibility, coverage, and dynamical character
of the resulting trajectories. By examining each class independently, it becomes possible to isolate
the distinct mechanisms that support extended motion within Region III and to identify the subset of
families that most plausibly support a tour-like role.

7.3.1 Extended Prograde Island Structure in Region I1I

In addition to the large-amplitude prograde envelope identified previously in Region III, the Poincaré
sections reveal a set of finer invariant structures embedded within the interior of the Neptune-centered
phase space. These structures appear as distinct island chains and quasi-periodic bands located
interior to the dominant outer 1:1 family, and represent a secondary class of bounded prograde
motion with reduced spatial extent but increased structural richness. Their importance in the present
chapter lies in the fact that they occupy the portion of Region III where bounded behavior begins to
overlap with broader radial access.
Across the selected Jacobi values,

C; =3.018641378, 3.0143741909, 3.0107806367, 2.999790146.

these interior structures persist as coherent features of the phase space, indicating that they correspond
to invariant tori rather than transient or purely chaotic behavior. Unlike the outer envelope, which
is dominated by a single large-amplitude resonance family, the interior region contains multiple
candidate structures, including both resonance-supported island chains and smooth non-resonant
bands. This diversity is precisely what makes the region useful for candidate identification, since
it provides several distinct trajectory classes with different combinations of coherence and spatial
reach.

As in the Region II analysis, candidate selection is performed at the level of invariant structures
observed in the Poincaré section. Individual trajectories are then obtained by identifying the
initial-condition seeds x( that generate these structures. Because the mapping between x and the
(x, X) section is not one-to-one, the selected seeds correspond to trajectories that reproduce the
observed islands rather than to the geometric centers of the structures themselves.

Figure 7.4 shows the interior prograde structure at C; = 3.0107806367, using the same three-
panel layout as Fig. 7.2, with panel (c) zoomed to the outer resonant island-chain region rather than
the seed-selection neighborhood.

The first candidate structure is selected from an outer resonant island chain located approximately
within

x = 0.30 to 0.35.
This structure appears as a sequence of well-separated elliptical islands embedded within a larger
quasi-periodic band. The trajectory generating this invariant family is obtained from the initial

condition
xo = —0.900079240596.
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Figure 7.4. Interior prograde invariant structures in Region III at C; = 3.0107806367. (a) Regular map, full
window x € [0,0.95], x € [-2.5,2.5], prograde in red. (b) Resonance overlay, same window. (c¢) Zoomed
resonance overlay, x € [0.30,0.45], x € [-0.65,0.65], outer island-chain neighborhood.
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Figure 7.5. Zoomed view of the outer resonant island chain identified within the prograde Region III structure
(see Fig. 7.4).

This island chain exhibits strong geometric coherence and clear separation from neighboring
trajectories, indicating that it corresponds to a robust resonance-supported invariant structure. Its
position near the outer portion of the interior region suggests that trajectories initialized here will
explore a relatively large spatial extent while remaining dynamically organized. It is therefore
retained as a prograde touring candidate because it combines recognizable resonance support with
broader interior coverage than the more compact bounded families.

A second candidate is selected from a distinct interior island chain located approximately within

x = 0.52t0 0.57.
The corresponding trajectory is generated by the initial condition
xo = —0.930079240596.

This deeper interior chain is shown in Fig. 7.6.

This structure differs from the outer chain in both geometry and location. The islands are more
elongated and lie deeper within the central region of the phase space, closer to the transition between
strongly ordered motion and weakly chaotic behavior. As a result, trajectories associated with
this structure are expected to exhibit more complex phase-space evolution while still retaining the
coherence characteristic of resonance-supported motion. Its inclusion broadens the prograde touring
set beyond the most obvious outer chain and helps demonstrate how candidate behavior changes
across the interior of Region III.

In addition to these resonance-supported structures, the Poincaré sections reveal a smooth,
crescent-shaped invariant band spanning approximately

x = 0.50 to 0.65.
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Figure 7.6. Zoomed view of the interior resonant island chain located deeper within the Region III phase
space.
The trajectory associated with this structure is obtained from the initial condition
xo = —0.940079240596.
The geometry of this non-resonant band is shown in Fig. 7.7.
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Figure 7.7. Zoomed view of the non-resonant crescent-shaped invariant band within Region III.

Unlike the previously selected island chains, this structure does not correspond to a clearly
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identifiable low-order resonance. However, it remains a well-defined and bounded feature of
the phase space, indicating quasi-periodic motion on invariant tori. The absence of a dominant
resonance does not preclude its usefulness; rather, it highlights that coherent Neptune-centered
motion can arise both within and outside of strict commensurability conditions. This makes it a
useful comparison case within the touring set.

From a dynamical standpoint, the inclusion of this non-resonant structure provides a useful
contrast to the resonance-supported candidates. Resonant islands correspond to trajectories whose
frequencies satisfy a commensurate ratio, producing discrete and well-separated structures in the
Poincaré section. In contrast, non-resonant invariant bands arise from quasi-periodic motion with
incommensurate frequencies, leading to smoother and more continuous phase-space coverage. This
distinction is relevant for trajectory design, as non-resonant motion may provide greater flexibility
in certain mission scenarios.

For this reason, the non-resonant structure is retained as an additional candidate for further
investigation. Its inclusion allows for a direct comparison between resonance-supported and non-
resonant Neptune-centered trajectories, and helps establish that the selection of touring candidates
in Region III is not limited to resonance families alone. In the context of Chapter 7, that broader
comparison is useful because it prevents the candidate set from being restricted too narrowly to only
the most visually obvious resonant chains.

7.3.2 Retrograde Corridor Touring Candidates

The interior of Region III at C; = 3.0107806367 also supports a layered corridor of retrograde
structures composed of nested invariant bands and embedded resonant islands. Unlike the broad outer
retrograde envelope identified earlier in the chapter, these interior structures occupy a corridor-like
region that spans a wide range of Neptune-centered distances while maintaining coherent geometric
organization in the Poincaré section. This configuration makes the retrograde interior particularly
well suited for identifying candidate trajectories capable of extended motion through multiple
dynamical subregions.
At
Cy =3.0107806367

the retrograde Poincaré section reveals several distinct island chains embedded within a broader
non-resonant background. Rather than selecting candidates from a single resonance family, the
present analysis focuses on a set of representative structures that span the interior retrograde region
from outer to inner domains. This approach ensures that the selected candidates capture the diversity
of dynamical behavior present in the corridor, including both low-order and higher-order resonant
motion, as well as structures embedded within the surrounding quasi-periodic band. In other
words, the goal here is not to privilege one resonance label, but to identify a small set of retrograde
candidates that collectively represent the dynamical layering of the corridor.

The four retrograde touring candidates considered in this subsection are identified in the zoomed
Poincaré section shown in Fig. 7.8. These candidates were selected based on three criteria: (i) clear
geometric coherence in the Poincaré map, (ii) placement within the interior retrograde corridor
rather than the outer bounded envelope, and (iii) representation of distinct resonance families or
dynamical roles within the region.

The first candidate corresponds to the outer interior retrograde island located near x = 0.59,
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Figure 7.8. Zoomed retrograde Poincaré section at C; = 3.0107806367 with the same resonance-overlay
coloring as the ORBIT Poincaré analysis tool (labels from the run full_run. csv; colors from the shared
resonance palette, with unclassified points in light gray). Representative structures discussed in the text
include (1) outer interior 1:1 island near x ~ 0.59, (2) intermediate 1:11 crescent near x ~ 0.72,

(3) embedded 1:6 island near x ~ 0.78, and (4) deep interior 4: 15 island near x =~ 0.87.

with initial condition
xo = 0.589920759404,

and associated with the 1 : 1 resonance. This structure represents the outer boundary of the
interior retrograde corridor and provides a reference configuration for comparison with more deeply
embedded candidates. Its relatively large size and regular geometry indicate stable, repeatable
motion while still allowing excursions across a broader radial range than the outer bounded families.

The second candidate is the elongated crescent-shaped island located near x ~ 0.70-0.75, with

xo = —0.720079240596,

corresponding to a higher-order 1:11 resonance. Compared to the 1:1 island, this structure exhibits
a more stretched geometry aligned with the interior corridor, suggesting increased radial variation
and a stronger connection to the surrounding transport region. This makes it a representative
intermediate structure bridging the outer and inner portions of the retrograde domain.

The third candidate, located near x ~ 0.78 with

x0 = 0.779920759404,

belongs to the 1:6 resonance and is embedded within a broader non-resonant invariant band. This
configuration is particularly important, as it demonstrates that organized resonant motion persists
within the surrounding quasi-periodic region. As a result, this candidate provides insight into how
coherent trajectories may be sustained while traversing the interior corridor.
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The fourth candidate is a compact island near x ~ 0.85, defined by
xo = 0.870079240596,

and associated with the 4:15 resonance. This structure lies deeper within the interior of Region III
and represents a localized pocket of organized motion. Although smaller in spatial extent than
the other candidates, it provides a useful contrast by illustrating how higher-order resonant islands
persist in the inner portion of the retrograde corridor.

Together, these four candidates span the interior retrograde region from outer to inner domains
and represent a range of resonance classes and geometric structures. This selection provides
a systematic basis for evaluating retrograde touring trajectories, capturing both the hierarchical
organization of the phase space and the diversity of dynamical behaviors available within Region III.
It also gives the later stability analysis a deliberately varied retrograde candidate set rather than a
cluster of nearly redundant seeds.

7.4 Triton-Centered Bounded Candidates

In addition to the Neptune-centered and interior Region III structures identified in the previous
sections, the Poincaré maps also reveal a distinct set of invariant structures located near Triton.
These structures form Region IV and are characterized by compact, highly organized island families
centered near the Triton primary. Unlike the broader and more complex phase-space architecture
observed in Region III, the Region IV structures exhibit a relatively simple and hierarchical
organization consisting of nested invariant curves. For the purposes of Chapter 7, this simplicity is
advantageous, since it allows a concise Triton-centered candidate set to be defined without the same
degree of ambiguity present in the interior Neptune-centered regions.
At the energy level
Cy; =3.018641378.

the Triton-centered region is clearly separated from the interior Neptune-centered domain. The
corresponding Poincaré section is shown in Fig. 7.9, where both prograde and retrograde structures
are visible. This separation is one of the main reasons the region is attractive as a candidate
class: it represents localized motion about Triton that is dynamically distinct from the broader
Neptune-centered environment.

To better distinguish the individual families, Fig. 7.10 shows the same region with resonance-
based coloring applied, highlighting the nested structure of the Triton-centered islands.

7.4.1 Prograde Triton-Centered Candidates

The prograde structures in Region IV consist of two primary invariant islands located near x =~ 1.0.
These islands form a compact pair of concentric families and represent the only clearly identifiable
prograde structures within this region. Their small number and regular geometry make the prograde
Triton-centered set comparatively straightforward to define.

The inner prograde island is defined by the initial condition

x0 = 0.989920759404,
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Figure 7.9. Poincaré section at C; = 3.018641378 showing the Triton-centered Region IV structures. The
region consists of compact invariant islands located near x ~ 1.0, separated from the interior
Neptune-centered domain.

Region IV Triton-Centered Resonance Structure

0.08

0.04

0.00

—-0.04

—0.08

1 1 1
0.990 1.005 1.020
X (nondimensional)

Figure 7.10. Resonance-colored Poincaré section at C; = 3.018641378 for Region IV. The nested structure
of the Triton-centered invariant curves is evident, with distinct families corresponding to prograde and
retrograde motion.
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while the outer prograde island corresponds to
xo0 = 1.009920759404.

These two islands provide a representative pair of prograde Triton-centered candidates, capturing
both the inner and outer extent of the prograde family. Their compact geometry and close proximity
to the Triton primary distinguish them from the larger-scale structures observed in the Neptune-
centered regions. In the candidate-selection framework of this chapter, they therefore serve as the
most direct analog of localized observation-class motion near Triton.

7.4.2 Retrograde Triton-Centered Candidates

The retrograde structures in Region IV exhibit a nested, multi-ring configuration centered near
Triton. Unlike the prograde case, the retrograde region contains multiple concentric invariant curves
corresponding to distinct but closely related families. This richer layering makes the retrograde set
somewhat broader, but it still remains far more compact and orderly than the interior Region III
structures.

From these structures, three representative retrograde candidates are selected to span the region
from inner to outer extent:

x0 = 1.009920759404  (center ring),
x0 = 0.989920759404 (intermediate ring),
x0 = 0.979920759404  (outer ring).

These selections capture the hierarchical structure of the retrograde families while avoiding
redundancy among closely spaced rings. Although additional outer rings are present, their geometric
similarity to the selected candidates suggests that they belong to the same nested family and do not
introduce qualitatively distinct structures at this stage of the analysis. The purpose here is therefore
not to exhaust every visible ring, but to retain a minimal set that spans the region in a representative
way.

It is noted that similar values of xo may correspond to both prograde and retrograde structures,
depending on the sense of motion associated with the initial condition. The classification of each
candidate is therefore determined not only by its location in the Poincaré section, but also by the
direction of motion at the surface of section. This distinction is especially important in Region 1V,
where the geometric compactness of the structures can otherwise make the prograde and retrograde
families appear deceptively similar at first glance.

Together, the prograde and retrograde candidates identified in this section provide a concise
representation of the Triton-centered phase-space structures in Region IV. As in the previous sections,
these candidates are selected on the basis of their geometric organization and phase-space location,
with further dynamical characterization deferred to subsequent analysis. The resulting set gives
the later chapters a compact but meaningful Triton-centered comparison group alongside the larger
Neptune-centered and touring-region candidates.
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7.5 Bottleneck-Crossing Transport Candidates

In contrast to the bounded and touring candidates identified in the previous sections, transfer
candidates are associated with trajectories that pass between dynamically distinct regions of the
system through the narrow openings in the zero-velocity surfaces. These openings, or bottlenecks,
first appear when the Jacobi constant satisfies

CL] <C]<CL2. (71)

at which point motion through the L region becomes accessible while the L, gateway remains
closed. This regime therefore provides a natural setting for identifying candidate trajectories that
may traverse between the Neptune-centered and Triton-centered domains without escaping the
system. The selection logic in this section is therefore intentionally different from that used for the
bounded families: here the goal is not maximal confinement, but credible inter-region access.

For the present analysis, the energy level

C; =3.0143741909.

is selected, which lies within the interval Cr; < C; < Cp,. At this energy, the L bottleneck is open,
and the associated region of the Poincaré section near

xr1 = 0.95915257.

corresponds to the phase-space location where passage through the neck first becomes possible.
Rather than identifying candidates from well-defined resonant island chains, transfer candidates
are selected by examining the local neighborhood of the L bottleneck in the frequency-ratio map.
The frequency ratio (2.45)
w2
w1
provides a classification of the underlying dynamical behavior, with rational values corresponding
to identifiable resonance families. In this subsection, attention is focused on trajectories in the
L neighborhood that do not lie on clearly defined resonance branches. Such trajectories are not
associated with strongly organized invariant structures and therefore represent natural candidates for
transfer-type motion. In other words, the transfer set is identified partly by what it is not: it is not
drawn from the most coherent bounded families, but from the neighborhood where confinement
begins to weaken and passage becomes possible.
The frequency-ratio distribution for this energy level is shown in Fig. 7.11.
Figure 7.12 shows the same data with resonance classifications overlaid, distinguishing the
organized families from the non-resonant transfer candidates.
Based on this selection procedure, three candidate initial conditions are identified in the vicinity
of the L; bottleneck:
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Figure 7.11. Frequency ratio map at C; = 3.0143741909. Candidate initial conditions are identified near the
L bottleneck region (xg ~ 0.94-0.98) while avoiding clearly defined resonance groupings.
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Figure 7.12. Frequency resonance overlay at C; = 3.0143741909. Resonance-associated trajectories are
identified and excluded from the transfer candidate set, leaving non-resonant points near the L region as
primary candidates.

144



x0 =0.94 (retrograde), — ~ 0.3,
wi
xo =0.94 (prograde), “2 5 0.4,
w1
w?
x0 =0.98 (retrograde), — =~ 0.025.
wi

These candidates are located near the L bottleneck and are not associated with clearly identifiable
resonance families in the frequency-ratio map. As such, they represent a set of initial conditions that
are well positioned within the phase-space region where inter-region motion becomes accessible,
while remaining distinct from the bounded and resonance-supported structures considered in previous
sections. Their inclusion ensures that the Chapter 7 candidate set is not limited to observation-class
or touring-class motion, but also contains trajectories chosen specifically for their transport relevance.
The dynamical behavior and practical usefulness of these transfer candidates are examined more
rigorously in the chapters that follow.

7.6 Synthesis of Candidate Structures

The preceding sections have established a structured set of candidate trajectories across the primary
dynamical regions of the Neptune—Triton system. Beginning with the Neptune-centered bounded
families, extending through the interior Region Il structures, and concluding with the Triton-centered
and bottleneck-accessible configurations, the analysis has identified representative invariant sets that
capture the dominant mission-relevant organization of the phase space at the selected energy levels.

Each class of candidates was selected using criteria appropriate to its dynamical context. In
the Neptune-centered regions, candidate trajectories were drawn from clearly defined bounded
island families that remain coherent across the sampled energies. Within Region III, the selection
emphasized interior structures spanning a range of resonance classes and geometric configurations,
so that both resonant and non-resonant touring behavior would be represented. Transfer candidates
were identified through the L; bottleneck using frequency-based filtering to isolate trajectories not
strongly associated with dominant resonance families. Finally, the Triton-centered region provided
a compact set of nested invariant curves representing localized motion near the secondary body.

Taken together, these selections form a coherent set of phase-space representatives that reflect
the hierarchical structure of the system while also preserving the mission-oriented logic introduced
at the beginning of the chapter. Importantly, the identification process has remained strictly within
the framework of the Poincaré map and frequency analysis, ensuring that all candidates are defined
in terms of their geometric and spectral properties rather than by prematurely judging their fully
realized trajectories. That separation is important for the thesis as a whole, because it keeps Chapter 7
focused on candidate identification rather than allowing it to collapse into the stability analysis
reserved for Chapter 8.

While this phase-space characterization provides a necessary foundation, it does not by itself
determine the dynamical behavior or practical utility of the selected candidates. In particular, the
stability of the associated motion and the response of each candidate to perturbations cannot be
inferred solely from the structure of the Poincaré section. A more rigorous assessment requires
examination of the underlying periodic or quasi-periodic dynamics and their associated linearized
behavior.
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Accordingly, the following chapter focuses on the dynamical validation of the candidate set
through stability analysis. This includes the computation of periodic orbit representations where
applicable, the construction of the state transition matrix over one period, and the evaluation of
the corresponding monodromy matrix. The resulting Floquet multipliers provide a quantitative
classification of each candidate, distinguishing between stable and unstable configurations and
establishing the dynamical properties necessary for further application.
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8. Stability of Candidate Trajectories

Chapter 7 narrowed the broad Neptune—Triton phase space to a smaller set of candidate structures
whose geometry, resonance support, and mission relevance justified continued study. That selection
process, however, was intentionally based on the organization of the Poincaré sections and the
associated frequency information rather than on a direct assessment of the long-term dynamical
behavior of the candidates themselves. As a result, the Chapter 7 candidate set should be understood
as a physically motivated shortlist, not as a final statement about which trajectories are dynamically
robust enough to support later mission interpretation.

The purpose of the present chapter is therefore to evaluate the stability properties of the
candidate trajectories identified in Chapter 7. This requires moving beyond geometric and spectral
classification to examine the behavior of the associated periodic or quasi-periodic motion under
linearized perturbations. In practical terms, the analysis developed here is used to determine
which candidate families remain sufficiently organized under perturbation to warrant continued
consideration, which candidates appear strongly unstable, and which occupy an intermediate regime
that may still be useful despite limited instability. The role of Chapter 8 is thus to refine the candidate
set on local dynamical grounds; the separate question of how those surviving candidates function in
the full mission architecture is taken up in Chapter 9.

The chapter proceeds in four parts. It first defines the stability framework used for the candidate
set, including the periodic-orbit representation adopted where applicable and the associated state
transition and monodromy matrices. It then applies that framework to the Neptune-centered,
touring-region, and Triton-centered candidates identified in Chapter 7. A separate section is used for
the bottleneck-crossing transport candidates, since their value is tied less to long-term confinement
and more to their ability to provide access between dynamical regions. The chapter concludes by
summarizing which candidates remain most viable from the standpoint of stability and by identifying
the subset carried forward to the mission-level interpretation of Chapter 9.

8.1 Stability Framework

The stability methodology used in this chapter was developed in detail in Chapter 3 and implemented
in the ORBIT framework described in Chapter 4. The purpose of the present section is therefore
not to repeat that derivation in full, but to briefly restate the key steps needed to interpret the
candidate-level results that follow. In the present chapter, each candidate selected from Chapter 7 is
treated as a trajectory family of interest whose local dynamical behavior can be assessed through a
periodic-orbit representation when such a representation is well defined. This allows the geometric
and spectral candidates identified earlier to be tested in a more rigorous way using the linearized
dynamics along the orbit.

The starting point of the analysis is the same J,-perturbed Neptune—Triton model used throughout
the thesis. For a candidate trajectory that admits a periodic approximation, the equations of motion
are augmented by the associated variational equations so that the nonlinear trajectory and the
linearized perturbation dynamics are propagated simultaneously. As summarized in Chapter 3,
the linearized behavior is governed by the state transition matrix ®(¢), which maps an initial
perturbation in the state to its value at a later time. In practice, the propagated system therefore
contains both the four state variables of the planar problem and the sixteen elements of the 4 X 4
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state transition matrix.

For each candidate considered in this chapter, an initial estimate of the orbit period is taken
from the recurrence structure identified in the Poincaré map and the associated candidate-selection
workflow established in Chapter 7. Where useful, the dominant frequency information from
Chapter 6 provides a consistency check on the expected timescale of the motion, but the working
period estimate remains tied to the recurrence structure of the section. That initial estimate is then
refined through the same differential-correction procedure described in Chapter 3 so that the orbit
closes as accurately as possible under the adopted periodic representation. The corrected period
is important because the stability classification is based on the orbit after correction, not on the
unrefined seed taken directly from the map.

Once the corrected trajectory and the augmented variational system have been propagated over
one period 7, the final state transition matrix is reshaped into the monodromy matrix (2.58),

M = ®&(7).

The eigenvalues of M are the Floquet multipliers and provide the primary linear stability measure
used in this chapter. As discussed previously, one reciprocal pair is associated with the nontrivial
stability behavior of the orbit, while the near-unity pair is related to the periodic nature of the solution
itself. The location of the nontrivial multipliers relative to the unit circle is used to determine whether
the candidate behaves as a linearly stable, marginal, or unstable configuration in the neighborhood
of the corrected orbit.

In addition to the full multiplier set, this chapter also reports the scalar stability index introduced
in Chapter 3. That quantity is derived from the nontrivial reciprocal multiplier pair after removing
the near-unity pair, and it provides a compact way to compare candidates across different dynamical
classes. The use of both the full Floquet multipliers and the scalar index is important here: the
multiplier set retains the most complete information about the local linearized behavior, while
the scalar index makes it easier to summarize candidate quality across the Neptune-centered,
touring-region, Triton-centered, and transport-oriented groups.

One final point is worth emphasizing before turning to the candidate-specific results. The
stability analysis in this chapter is not intended to replace the geometric and spectral interpretation
developed in the preceding chapters, but to refine it. A candidate that appears coherent in the
Poincaré section or well organized in the resonance analysis is not automatically retained unless its
local dynamical behavior is also defensible under perturbation. Conversely, a candidate that is not
strongly stable in the strict linear sense may still remain relevant if its degree of instability is limited
and its mission role is tied to access or transfer rather than long-term confinement.

For this reason, the tables below distinguish between successful elliptic-stable cases and
candidates labeled as ‘Invalid orbit.” In the present chapter, ‘Invalid orbit’ does not mean that the
original seed is meaningless or that no nearby motion exists in a geometric sense. Rather, it means
that the periodic-orbit correction and validation workflow did not produce a defensible corrected
periodic representative for that seed under the adopted stability framework. In practice, this outcome
occurs when the corrector fails to converge satisfactorily, when the corrected state does not meet
the closure or consistency tolerances required for a usable periodic orbit, or when the resulting
orbit is so poorly behaved under the monodromy-based test that a stability classification is not
considered reliable. The sections that follow therefore use the same stability framework throughout,
but interpret the results in light of the intended function of each candidate class.
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8.2 Neptune-Centered Candidate Stability

The Neptune-centered candidates form the most natural starting point for the stability results because
they were also the most geometrically coherent candidates identified in Chapter 7. These include
the compact 8:9 resonance family of Region II together with the larger-amplitude bounded families
selected from Region II1. Taken together, they test whether the bounded structures that appeared
most promising in the Poincaré and resonance analyses also admit well-behaved periodic-orbit
representations under the correction and stability workflow described above.

Across this candidate class, the results are broadly favorable. Most of the Neptune-centered
seeds converge under differential correction, and the converged cases are classified as elliptic stable.
This is the strongest positive result in the chapter, since it shows that the compact Region II family
and much of the larger Region III bounded structure are not merely visually regular in the Poincaré
section, but also dynamically well behaved under the linearized periodic-orbit analysis. At the
same time, the Neptune-centered set is not uniformly successful: a small number of candidates
either fail to converge or exhibit invalid corrected solutions, indicating that even within the bounded
Neptune-centered domain the stability properties remain family-dependent.

For consistency with the finalized candidate definitions of Chapter 7, the stability results in this
chapter are reported using the Chapter 7 candidate labels and seed values. Where the exported
stability file contained labeling inconsistencies, the tables below follow the finalized Chapter 7
notation so that the candidate definitions remain uniform across the thesis.

Table 8.1. Stability results for the Neptune-centered bounded candidates at C; = 3.018641378. Reported candidate
labels follow the finalized Chapter 7 notation.

Candidate X0 || max Stability in- Result

dex
Region II central torus -0.250079 1.000 x 10° 1.535 Elliptic stable
Region II outer torus 0.209921 1.000 x 10° 1.110 Elliptic stable
Region III prograde outer 0.799921 1.000 x 10° 0.925 Elliptic stable
envelope
Region III prograde inner 0.820079 1.000 x 10° -1.690 Elliptic stable
curve
Region III retrograde candi- —0.080079 1.469 x 10! -14.754 Invalid orbit
date A
Region III retrograde candi- 0.089921 1.000 x 10° 0.452 Elliptic stable
date B

The Region II results are especially encouraging. Both members of the 8:9 family converge
cleanly and remain extremely close to neutrality in the largest multiplier, with values only slightly
displaced from unity. In practical terms, this indicates that the compact resonance-supported family
identified earlier retains the strongest case for continued consideration. Among the Neptune-centered
candidates, Region II therefore provides the clearest example of agreement between geometric
organization, spectral coherence, and linearized stability.

The Region III bounded families preserve much of this positive picture, but with more variation.
Both prograde Region Il candidates converge and are classified as elliptic stable, indicating that
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the larger-amplitude Neptune-centered bounded regime remains dynamically tractable under the
periodic-orbit framework. This result is important because it shows that increasing spatial extent
does not automatically destroy local stability. The extended Region III prograde families therefore
remain credible mission candidates, particularly where broader coverage of the Neptune-centered
environment is desirable.

The retrograde Region III pair is more mixed. One candidate converges to an elliptic-stable
solution with a multiplier still close to unity, while the other fails to produce a valid corrected orbit
and exhibits a very large multiplier magnitude. This split result is consistent with the geometric
interpretation of Chapter 7, where the retrograde outer envelope appeared to occupy the least tightly
confined portion of the Neptune-centered bounded domain. In Chapter 8 terms, the retrograde
Region III family should therefore be regarded as only partially retained: it contains at least
one strong candidate, but it is less uniformly robust than the compact Region II family or the
better-behaved Region III prograde branch.

8.3 Touring-Region Candidate Stability

The touring-region candidates were selected in Chapter 7 precisely because they offered more spatial
reach and richer phase-space access than the tightly bounded Neptune-centered families. For that
reason, a less favorable stability outcome is not surprising. These candidates were never expected to
outperform the compact Region II islands in terms of linearized robustness; instead, the point of this
section is to determine how much dynamical quality is retained once the analysis shifts from tightly
confined motion to extended, region-spanning structures in the interior of Region III.

The results confirm that the touring set is substantially more mixed than the Neptune-centered
bounded set. Several of the prograde and retrograde touring candidates fail to converge to valid
corrected periodic representatives, and the unsuccessful cases are generally associated with much
larger multiplier magnitudes and correspondingly larger scalar stability indices. At the same time,
the section is not purely negative. A smaller subset of the touring candidates remains elliptic stable
after correction, which means that the touring-region concept is not lost entirely; rather, it becomes
more selective and more sensitive to the exact structure from which the candidate is drawn. This is
precisely the kind of outcome that justifies separating Chapter 8 from Chapter 9: stability narrows
the touring set, but does not by itself determine how the surviving trajectories should ultimately be
used.
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Table 8.2. Stability results for the touring-region candidates selected from the interior of Region III at C; =
3.0107806367.

Candidate X0 || max Stability in- Result

dex
Prograde outer island chain  —0.900079 1.000 x 10° 1.759 Elliptic stable
Prograde interior island —0.930079 1.000 x 10° 1.030 Invalid orbit
chain
Prograde non-resonantband —0.940079 1.000 x 10° 1.542 Elliptic stable
Retrograde outer interior is- 0.589921 4.212 % 10° 4.449 Invalid orbit
land
Retrograde crescent candi- —0.720079 7.474 x 10° 7.608 Invalid orbit
date
Retrograde embedded is- 0.779921 1.551 x 10! 15.572 Invalid orbit
land
Retrograde deep interior is- 0.870079 1.000 x 10° -1.386 Elliptic stable
land

The prograde touring set illustrates the basic pattern well. The outer island-chain candidate and
the non-resonant band both converge to elliptic-stable solutions, indicating that extended motion in
the interior of Region III can still support locally well-behaved periodic representations. However,
the interior resonant chain fails to converge to a valid corrected orbit. This suggests that the prograde
touring regime does not become uniformly unstable, but instead contains alternating pockets of
dynamical tractability and regions where the periodic approximation is more difficult to sustain.

The retrograde touring results are more severe. Of the four retrograde touring candidates, only
the deep interior island converges to an elliptic-stable solution, while the remaining three produce
invalid corrected orbits with substantially larger multiplier magnitudes. This is a meaningful result
rather than a computational inconvenience. The retrograde touring corridor was selected because it
offered layered access through the interior of Region III, but that same richness appears to come
with a higher degree of sensitivity under correction. In practical terms, the retrograde touring region
still contains at least one viable candidate, but the class as a whole is much less robust than the
Neptune-centered bounded families.

Viewed together, the touring-region results support a clear interpretation. The interior Region II1
structures do provide access to broader spatial coverage and more varied dynamical behavior, but
that broader reach comes at the cost of reduced stability yield. Chapter 8 therefore refines the
Chapter 7 touring candidate set in an important way: the touring region remains relevant, but only a
subset of its candidates survives as strong stability-supported options.

8.4 Triton-Centered Candidate Stability

The Triton-centered candidates occupy a different dynamical role from the Neptune-centered and
touring-region structures. Their geometry in Chapter 7 was notably more compact and more
localized near the secondary body, which made them attractive as possible local Triton-phase
candidates. The central question in the present section is whether that geometric compactness is
matched by favorable local stability properties, or whether the Triton-centered families remain more
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fragile than their appearance initially suggests.

The stability results show a mixed picture. The candidate set contains successful elliptic-stable
cases in both senses of motion, but it also contains several invalid corrected orbits. This outcome
places the Triton-centered candidates between the clearly favorable Neptune-centered bounded set
and the more difficult touring-region set. Region IV therefore remains mission-relevant, but the
stability analysis indicates that only part of the originally selected Triton-centered family should be
carried forward with confidence.

Table 8.3. Stability results for the Triton-centered candidates selected from Region IV at C; = 3.018641378.

Candidate X0 |4 max Stability in- Result

dex
Prograde inner island 0.989921 1.237 x 10° 1.888 Invalid orbit
Prograde outer island 1.009921 1.000 x 10° 1.795 Elliptic stable
Retrograde center ring 1.009921 1.000 x 10° 1.729 Elliptic stable
Retrograde intermediate 0.989921 1.000 x 10° 1.842 Invalid orbit
ring
Retrograde outer ring 0.979921 1.000 x 10° 1.615 Invalid orbit

Within the prograde Triton-centered pair, only the outer island converges to an elliptic-stable
solution. The inner island fails to produce a valid corrected orbit, which indicates that even within
the compact Triton-centered set the local stability properties can vary noticeably over a relatively
small geometric range. This is a useful caution against reading the nested visual organization of
Region IV as a guarantee of uniformly favorable dynamical behavior.

The retrograde Triton-centered set behaves similarly. The center ring converges and remains
elliptic stable, while the intermediate and outer rings do not yield valid corrected solutions. That
result suggests that the Triton-centered retrograde family is not wholly unsuitable, but also not
uniformly robust across its visible nested structure. The stability-supported Triton-centered set is
therefore smaller than the geometric candidate set originally identified in Chapter 7.

For transparency, the failed Triton-centered entries should be understood in the same sense as
the framework definition given above. These cases were not discarded because they belonged to the
wrong Jacobi level or because the underlying geometric structures were obviously spurious. Instead,
the issue is that the selected seeds did not validate as usable corrected periodic representatives under
the present workflow. In other words, the corresponding Region IV structures remain visible and
dynamically interesting in the maps, but this chapter cannot claim a defensible local periodic-stability
result for those specific seeds. That distinction is important because it preserves the geometric
meaning of the candidate while still being honest about the limits of the periodic-orbit validation.

From a thesis-level standpoint, the Triton-centered results are still valuable. They show that
localized motion near Triton is not eliminated by the stability analysis, but it does require additional
filtering. The stable prograde outer island and the stable retrograde center ring remain plausible
candidates for later mission interpretation, whereas the failed cases are better viewed as geometrically
interesting structures that do not survive the stricter periodic-orbit test in a useful way.
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8.5 Transport-Candidate Stability and Sensitivity

The transport candidates require a different reading from the other candidate classes. These
trajectories were never selected because they appeared to be the most tightly organized or the
most likely to yield long-lived bounded motion. Instead, they were chosen because they lie in the
neighborhood of the L; bottleneck, where motion between the Neptune-centered and Triton-centered
regions first becomes accessible. As a result, the relevant question here is not simply whether the
candidates are linearly stable in the same sense as a compact bounded family, but whether the
stability analysis supports their interpretation as sensitive transfer-type trajectories.

For consistency with the finalized Chapter 7 candidate definition, the three bottleneck cases are
reported here at

Cy =3.0143741909,

which is the transfer energy used in the candidate-selection discussion and in the corresponding
Chapter 9 mission-architecture interpretation.

Table 8.4. Stability results for the bottleneck-crossing transport candidates at C; = 3.01437419009.

Candidate X0 | A max Stability in- Result

dex
Retrograde bottleneck can- 0.939921 1.000 x 10° -0.260 Elliptic stable
didate
Prograde bottleneck candi- 0.939921 7.987 x 10° 7987.407 Invalid orbit
date
Outer prograde bottleneck 0.979921 1.008 x 10° 1008.378 Invalid orbit
candidate

The results are strongly asymmetric. The retrograde bottleneck candidate converges and is
classified as elliptic stable, with a largest multiplier essentially at unity. By contrast, both prograde
bottleneck candidates fail to produce valid corrected periodic solutions and are associated with
extremely large multiplier magnitudes. This is one of the sharpest contrasts in the entire table and
indicates that the bottleneck neighborhood is highly sensitive to both the chosen initial condition
and the sense of motion.

This outcome is dynamically plausible. The transport candidates were deliberately selected
from the portion of phase space where confinement weakens and inter-region access becomes
possible. In such a regime, one should not expect the same rate of success achieved for the compact
Region II families. The two invalid prograde bottleneck cases therefore do not simply indicate
failed candidates in a narrow computational sense; they also reinforce the interpretation that these
trajectories occupy a highly sensitive transfer regime rather than a smoothly bounded one.

At the same time, the successful retrograde bottleneck case is important because it shows
that the transport class is not uniformly unusable. At least one candidate in the L; neighborhood
admits a corrected periodic representative with favorable local linearized behavior. That does not
automatically make it the best mission-transfer solution, since Chapter 9 must still test whether the
full realized trajectory actually performs the required transfer role, but it does justify carrying the
transport class forward to the mission-interpretation stage with selective emphasis on the strongest
local stability result.
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8.6 Stability Synthesis

The stability analysis refines the candidate set of Chapter 7 in a decisive way. The strongest overall
performance is found in the Neptune-centered bounded families, especially the compact Region II
8:9 resonance and the better-behaved Region III bounded branches. These candidates not only
appeared coherent in the phase-space and frequency analyses, but also remain well behaved under
the periodic-orbit and monodromy-based stability framework. As a result, the Neptune-centered
bounded class emerges from Chapter 8 as the most consistently defensible candidate group.

The touring-region and Triton-centered candidates produce a more selective outcome. In both
classes, some structures survive the periodic-orbit correction and remain elliptic stable, while others
fail to converge to valid corrected solutions. This split is informative. It shows that neither class
should be discarded wholesale, but it also confirms that the broad geometric candidate sets identified
in Chapter 7 require further filtering before they can support mission-level interpretation. The
touring-region set, in particular, remains valuable primarily through a smaller subset of successful
cases rather than through its full original extent.

The transport results sharpen that conclusion further. The bottleneck neighborhood remains
important because it is the only portion of the candidate set selected specifically for inter-region
access, but its local linearized behavior is clearly more sensitive than that of the bounded Neptune-
centered families. The retrograde bottleneck case provides the strongest local stability result within
this class, while the prograde bottleneck seeds do not converge successfully under the periodic-orbit
framework. This means that the transfer class remains relevant, but only in a much narrower and
more delicate form than the broader bounded classes. As Chapter 9 makes clear, even this strongest
local result must still be checked against the full realized transfer geometry before it can be accepted
architecturally.

Taken together, the Chapter 8 results support a three-tier interpretation of the candidate set. The
first tier consists of the strongest locally stability-supported candidates: the Region II bounded family,
the successful Region III bounded representatives, the most successful Triton-centered cases, and
the best-performing bottleneck result under the periodic-orbit framework. The second tier consists
of marginal but still informative candidates, especially those touring-region cases that preserve
some degree of dynamical structure but do not perform as consistently as the bounded families. The
third tier consists of candidates that fail to produce valid corrected periodic representatives and are
therefore not retained as primary stability-supported options. This tiered result provides the final
dynamical screening step needed before the thesis turns to the broader mission-level interpretation
of the surviving trajectory classes in Chapter 9.

154



9. Neptune-Triton Tour Architecture

The preceding chapters established the dynamical foundation required to interpret the Neptune—Triton
system in mission terms. Chapter 5 identified the large-scale phase-space structure, Chapter 6
clarified the resonance organization of that structure, Chapter 7 narrowed the search to a focused
candidate set, and Chapter 8 evaluated which of those candidates remain dynamically defensible
under the adopted stability framework. Taken together, those results provide more than a catalog of
trajectories: they provide a filtered collection of dynamical building blocks from which a conceptual
tour architecture can be assembled.

The purpose of the present chapter is to interpret those building blocks in a mission-design
context. The goal is not to present a fully optimized mission with complete maneuver design, timeline
constraints, or high-fidelity ephemeris modeling. Instead, the chapter asks how the surviving classes
of trajectories can be arranged into a coherent exploration strategy, including Neptune-centered
operations, broader system touring, transfer into the Triton neighborhood, and localized motion near
Triton itself. In this way, Chapter 9 serves as the final interpretive step that connects the dynamical
analysis of the earlier chapters to a physically meaningful tour concept.

All trajectory visualizations in this chapter remain tied to the CR3BP-based modeling framework
used throughout the thesis and are shown in the rotating reference frame. Consequently, the figures
should be read as dynamical representations rather than exact geometric mission maps. The sizes of
Neptune and Triton are not necessarily to scale, zoomed panels may distort relative distances, and
apparent intersections between trajectories and bodies in the rotating frame should not be interpreted
as physical collisions. Likewise, the additional major Neptune moons included in selected trajectory
figures are shown only as visual references and are not incorporated as gravitating bodies in the
equations of motion.

9.1 Introduction and Chapter Objectives

The dynamical analysis developed in Chapters 7 and 8 has reduced the broad Neptune—Triton phase
space to a smaller set of candidate trajectory classes with clear dynamical roles. Some of these
candidates are most naturally interpreted as local bounded or staging trajectories, while others
are better viewed as touring or transfer-enabling structures whose value lies in access rather than
long-term confinement. The objective of this chapter is to assemble those distinct dynamical roles
into a mission-oriented framework that remains faithful to the results of the earlier analysis.

Rather than introducing new dynamical constructs, the discussion here synthesizes previously
identified trajectory classes into a coherent exploration architecture for the Neptune—Triton system.
The emphasis is therefore on mission function: which trajectories are best suited for Neptune-
centered observation, which provide broader regional coverage, which support transfer through the
bottleneck, and which are most natural for local Triton operations. In that sense, the chapter marks
the transition from dynamical screening to mission interpretation, treating the selected structures as
building blocks for tour design.

It is important to emphasize that the tour architecture presented here is conceptual in nature. The
trajectories are derived from the CR3BP formulation and are not the result of a fully constrained
optimization process. No maneuver sequences, timing constraints, or higher-fidelity perturbations are
incorporated at this stage. Instead, the purpose is to demonstrate how the stable and mission-relevant
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candidates surviving Chapter 8 may be combined to support distinct phases of an exploration
strategy, while also noting where marginal or transfer-oriented candidates may still play a useful
role. The trajectory figures should therefore be interpreted in the rotating-frame sense described at
the start of the chapter rather than as final geometric mission layouts.

The chapter is organized according to the major dynamical phases of the proposed tour
architecture. Section 9.2 introduces the overall mission framework and defines the sequence of
trajectory classes considered. Sections 9.3, 9.4, 9.5, and 9.6 present the trajectory options associated
with each phase of the mission. Finally, Section 9.8 discusses selected candidate types that were not
retained as primary architectural elements, thereby clarifying the selection logic and preserving the
broader dynamical context of the study.

9.2 Tour Architecture Framework

The construction of a coherent tour architecture within the Neptune—Triton system requires the
organization of dynamically distinct trajectory classes into a structured sequence that reflects both
the underlying phase-space geometry and the practical progression of a mission. Based on the
dynamical analysis presented in the preceding chapters, the trajectory families considered in this
work may be grouped into four primary operational regimes: Neptune-bounded motion, system-wide
touring trajectories, transfer trajectories into the Triton region, and Triton-bounded motion.

These regimes are not arbitrarily defined, but instead emerge naturally from the topology of the
CR3BP. At higher Jacobi constant values, motion is constrained to regions surrounding Neptune,
resulting in stable, bounded trajectories that are well-suited for initial mission operations. As the
energy level decreases, the zero-velocity curves open and permit trajectories that extend across a
broader portion of the system, enabling access to the region populated by Neptune’s major moons.
Further decreases in the Jacobi constant allow for transport through the neck regions near the
collinear Lagrange points, facilitating transition into the dynamical domain of Triton. Finally,
within the Triton region, stable bounded trajectories provide opportunities for localized operations
analogous to those available in the Neptune-centered regime.

In this chapter, these dynamical regimes are interpreted as sequential phases of a conceptual
mission architecture. The resulting framework is composed of the following stages:

1. Neptune-Bounded Operations: Stable, bounded trajectories centered about Neptune that
support initial science operations and system characterization.

2. System Touring Phase: Extended trajectories that traverse a large portion of the Neptune
system, providing geometric access to multiple moons and broader spatial coverage.

3. Transfer to the Triton Region: Trajectories that enable transition between Neptune-dominated
motion and the dynamical environment surrounding Triton through the neck regions of the
zero-velocity surface.

4. Triton-Bounded Operations: Stable, bounded trajectories centered about Triton that support
detailed investigation of the moon and its immediate environment.

Each phase of this architecture is populated using trajectory candidates that have already been
identified and evaluated on dynamical grounds. In particular, the nominal architectural elements are
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drawn from the candidates retained through the stability analysis of Chapter 8. Trajectories that
do not survive that filtering step are not treated as primary components of the architecture and are
instead reserved for the later discussion of rejected or secondary options in Section 9.8.

It is important to note that the transitions between these phases are conceptual and do not imply
direct, continuous trajectories without maneuvering. The CR3BP provides a valuable framework for
identifying natural pathways and dynamical connections within the system, but the realization of a
complete mission would require the incorporation of maneuver strategies, timing considerations,
and higher-fidelity gravitational models. The objective here is therefore to establish a dynamically
informed structure that defines how different classes of motion may be combined, rather than to
prescribe a fully optimized trajectory sequence.

The sections that follow examine each phase of the tour architecture in detail, beginning with the
identification of stable Neptune-bounded orbit options and progressing through the system touring,
transfer, and Triton-bounded phases.

9.3 Neptune-Bounded Orbit Options

The initial phase of the proposed tour architecture is defined by trajectories that remain bounded in
the vicinity of Neptune. These orbits represent the most dynamically reliable class identified in
the preceding analysis and therefore provide the most natural starting point for mission operations.
Within the CR3BP framework, such trajectories are associated with higher Jacobi constant values,
where the zero-velocity curves restrict motion to the region surrounding the primary body. As a
result, these trajectories exhibit regular, repeatable behavior and are well suited for long-duration
observation and early system characterization.

The Neptune-bounded regime serves several important roles within the overall architecture. First,
it provides a comparatively controlled environment for initial spacecraft checkout and calibration
following system arrival. Second, it enables sustained observation of Neptune itself, including its
atmosphere, magnetosphere, and ring system. Finally, these trajectories act as a staging region from
which the spacecraft may later transition into broader system-exploration phases.

Two candidate trajectories are selected from the stable Neptune-centered solutions identified
in Chapter 8 to represent this regime. Both exhibit bounded motion centered about Neptune, but
they differ in radial extent and geometric character. In that sense, they provide not only two viable
operational options, but also two different ways of balancing confinement against spatial coverage
within the Neptune-centered domain.

It is important to distinguish between dynamical classification and mission-role interpretation.
In Chapters 7 and 8, a broader set of Region II and Region III trajectories was retained under the
Neptune-centered bounded classification because those candidates remained dynamically associated
with the Neptune-centered domain and admitted useful periodic-orbit representations. When the
full trajectories were then examined in physical space for mission interpretation, however, not all of
those stable Neptune-centered candidates behaved in the same operational way. The more compact
cases remained natural local Neptune orbits, while the larger-amplitude cases traced broader paths
through the near-Neptune moon region and were therefore more appropriately reassigned to the
touring phase of the architecture. The present section is thus intentionally restricted to the compact
Neptune-centered options, while the larger Neptune-centered stable trajectories are discussed later
as system-touring candidates.
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9.3.1 Nominal Neptune Science Orbit

The first candidate, corresponding to an initial condition of xop = —0.250079, is selected as the
nominal Neptune-bounded orbit. This trajectory, shown in Figure 9.1, exhibits tightly confined
motion about Neptune, maintaining a consistent radial distance and demonstrating a high degree of
regularity in its evolution. The resulting geometry is well-suited for sustained observation, as the
spacecraft remains in close proximity to the primary body while avoiding large excursions into the
broader system.

Neptune-Bounded Nominal Trajectory
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Figure 9.1. Neptune-bounded trajectory for xo = —0.250079 in the rotating frame. The motion remains
tightly confined about Neptune, providing a stable platform for initial mission operations and detailed
observation of the primary body.

NOTE: Neptune-system moon guides are visual references only. Not included in the propagated force model.

The stability of this trajectory, as established in Chapter 8, supports its role as the nominal option
for the initial mission phase. Its relatively compact structure simplifies interpretation, keeps the
spacecraft close to Neptune, and provides a clear dynamical baseline against which the broader
touring and transfer trajectories introduced later in the chapter may be compared.

9.3.2 Alternative Neptune-Bounded Orbit

A second candidate, corresponding to xo = 0.20992, is included as an alternative Neptune-bounded
orbit. While this trajectory, shown in Figure 9.2, remains clearly centered about Neptune, it exhibits
a slightly larger radial extent and a more elongated geometry than the nominal case. This increased
spatial coverage may provide advantages in terms of observational diversity, allowing the spacecraft
to sample a broader region of the Neptune environment while still remaining within a bounded
operational regime.

As with the nominal trajectory, this orbit satisfies the stability criteria established in Chapter 8,
indicating that it also represents a viable option for sustained operations. The choice between these
two Neptune-centered trajectories would therefore depend less on basic dynamical viability and
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Neptune-Bounded Alternative Trajectory
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Figure 9.2. Alternative Neptune-bounded trajectory for xo = 0.20992. The orbit remains stable and centered
about Neptune, but with a larger radial extent and more elongated structure compared to the nominal case.

more on mission-specific priorities, such as desired observational geometry, coverage requirements,
and operational constraints.

9.3.3 Summary of Neptune-Bounded Phase

The Neptune-bounded trajectories presented in this section define a stable and well-understood
operational regime that serves as the foundation of the tour architecture. Both candidates provide
long-duration bounded motion and maintain close association with Neptune, making them suitable for
early mission phases centered on system arrival, checkout, and sustained primary-body observation.
Just as importantly, they establish a reference regime against which the more expansive and
dynamically complex trajectory classes considered in the following sections can be interpreted. The
transition from these compact Neptune-centered options to broader touring and transfer trajectories
is therefore not just a change in geometry, but a change in mission function.

9.4 System-Wide Touring Trajectories

Following the initial Neptune-bounded phase, the tour architecture expands into a class of trajectories
that traverse a significantly larger portion of the Neptune system. These system touring trajectories
arise at lower Jacobi constant values, where the zero-velocity curves open sufficiently to permit
motion that extends beyond the immediate vicinity of Neptune. As a result, the spacecraft is no
longer confined to a localized region, but instead follows trajectories that span a broad spatial
domain, enabling access to the region populated by Neptune’s major moons.

Within the context of mission design, these trajectories represent the primary mechanism for
system-wide exploration. Rather than maintaining a fixed orbital radius, the spacecraft naturally
evolves along paths that sample multiple regions of the system, providing diverse observational
geometry over time. It is important to emphasize, however, that the positions of the moons shown in
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the visualizations are included as reference markers only. While these trajectories may pass near the
indicated locations of the moons in the rotating frame, no direct gravitational interaction with the
moons is modeled in the CR3BP formulation used here.

The touring phase also provides the clearest example in this chapter of why the final architectural
interpretation cannot be read directly from the earlier dynamical labels alone. Two of the trajectories
that survived the Neptune-centered bounded filtering in Chapters 7 and 8, namely the cases associated
with xg = 0.799920 and x¢ = —0.820079, are dynamically Neptune-centered in the phase-space
sense but behave quite differently when plotted as full trajectories. Rather than remaining as compact
local Neptune orbits, both sweep broadly across the near-Neptune moon region and provide repeated
geometric access to the four largest inner moons used here as visual reference bodies. For mission
interpretation, those trajectories are therefore better understood as touring trajectories than as purely
local Neptune-bounded science orbits. This section makes that reassignment explicit and uses
operational geometry, rather than phase-space label alone, to define the touring role.

9.4.1 Nominal Touring Orbit

The primary touring trajectory selected for this study corresponds to an initial condition of
xo = —0.820079. This orbit, shown in Figure 9.3, exhibits a broad spatial extent while maintaining
a coherent and bounded structure, making it well suited for sustained system-level exploration.
Unlike the compact Neptune-centered science orbits, it does not remain confined to a nearly circular
neighborhood about Neptune. Instead, it sweeps repeatedly across the near-Neptune moon region,
providing favorable flyby geometry and broad system coverage while still preserving a dynamically
organized path.

System Touring Nominal Trajectory
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Figure 9.3. Nominal system touring trajectory for xo = —0.820079. The orbit spans a large portion of the
Neptune system while maintaining bounded behavior, enabling broad observational coverage.

The stability characteristics of this trajectory, as established in Chapter 8, indicate that it retains
bounded motion over long time intervals. This combination of stability and spatial coverage makes
it the most suitable candidate for the primary touring phase of the mission. In practical terms, it is
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the strongest example of a trajectory that remains dynamically acceptable while also providing a
mission-useful sequence of moon-region flybys.

9.4.2 High-Energy Alternative Touring Orbit

An alternative touring trajectory is identified for xo = 0.799921. This orbit, shown in Figure 9.4,
also provides extensive spatial coverage and repeated access to the near-Neptune moon region,
making it dynamically attractive from the standpoint of broad exploration. In trajectory space, it
behaves much more like a fluid moon-tour path than a compact Neptune science orbit, which is why
it is considered here rather than in the preceding section.

High-Energy Touring Trajectory
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Figure 9.4. High-energy touring trajectory for xo = 0.799921. The orbit provides extensive spatial coverage
across the Neptune system, offering broad access to the moon region.

Despite its favorable geometric properties, this trajectory introduces a significant operational
concern. The path approaches Neptune at a very low periapsis altitude, bringing it uncomfortably
close to the planetary radius in a way that would complicate its interpretation as a practical nominal
tour trajectory. As a result, while the orbit is dynamically attractive and mission-relevant as a
moon-flyby path, it is better treated as a high-risk or aggressive alternative rather than as the preferred
touring option.

9.4.3 Secondary Touring Candidates

Additional trajectories were examined within this regime, including the case corresponding to
xo0 = —0.900079. While this trajectory exhibits extended motion across the system, its geometry is
less favorable for comprehensive exploration than the preferred —0.820079 case. In particular, it
does not provide the same level of balanced moon-region coverage and is therefore better interpreted
as a secondary touring or targeted-observation option rather than as the nominal system tour.

Due to these limitations, such trajectories are not selected as primary components of the tour
architecture, but are noted here for completeness and comparison.
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9.4.4 Summary of Touring Phase

The system touring trajectories represent a transition from localized Neptune-centered motion
to broad exploration of the Neptune system. Among the candidates considered, the trajectory
corresponding to xo = —0.820079 provides the most balanced combination of stability, moon-region
access, and operational plausibility, making it the preferred choice for the nominal touring phase.
Alternative trajectories, especially the case at xo = 0.799920, confirm that the larger Neptune-
centered stable families can indeed support a moon-tour interpretation, but they also show that not
every geometrically attractive tour path is equally practical once close Neptune approaches are taken
into account.

These results highlight the importance of considering both dynamical structure and operational
constraints when selecting trajectories for mission design. The touring phase serves as a critical
bridge between the initial Neptune-bounded regime and the transfer into the Triton region, and
therefore plays a central role in the overall architecture.

9.5 Transfer to the Triton Region

The transition from Neptune-centered motion to the dynamical environment of Triton represents
a critical stage in the tour architecture. Within the CR3BP framework, this transition is governed
by the topology of the zero-velocity surfaces, which define the permissible regions of motion for
a given Jacobi constant. As the energy level decreases, the zero-velocity curves open near the
collinear Lagrange points, creating neck regions that allow trajectories to pass between previously
disconnected domains. These openings provide the dynamical pathways through which a spacecraft
may transition from the Neptune-dominated region into the vicinity of Triton.

While the existence of these neck regions suggests a natural mechanism for transport, not all
trajectories that approach or traverse them result in meaningful transfer into a Triton-bounded orbit.
The geometry of the trajectory, as well as its dynamical compatibility with the target region, plays a
critical role in determining whether a viable transition is achieved. Among the candidates examined
in this study, two exhibit genuine neck-crossing behavior and are retained as transfer elements in the
architecture: the retrograde case at xo = 0.93992, which serves as the primary transfer candidate,
and the prograde case at xop = 0.97992, which is retained as a secondary alternative.

One point of notation deserves explicit clarification. In this thesis, the seed value x( identifies
the location of the trajectory on the chosen section, but it does not by itself determine the direction
of motion. A prograde and a retrograde trajectory may therefore share the same x( value while still
representing different physical initial conditions because the sign convention associated with the
direction of motion is different. The two transfer candidates below share neither their xg values nor
their directional sense and thus represent genuinely distinct dynamical realizations.

9.5.1 Transfer Candidate 1: Retrograde Neck Crossing

The primary transfer candidate is the retrograde case at xo = 0.93992. This trajectory, shown in
Figure 9.5, passes through the neck region of the zero-velocity surface and therefore represents a
geometrically meaningful transfer path into the Triton-accessible domain. In the final architectural
interpretation adopted here, it is treated as the preferred transfer option because it demonstrates clear
bottleneck-crossing behavior while maintaining a dynamically coherent path through the transition
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region.
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Figure 9.5. Retrograde bottleneck-crossing trajectory for xo = 0.93992. This case provides a geometrically
meaningful neck crossing and is selected as the primary transfer candidate in the tour architecture.

This candidate highlights the fact that transfer usefulness cannot be judged by stability alone.
In the architecture context, a trajectory that actually crosses the bottleneck and reaches the Triton-
accessible region is the essential requirement for a transfer role. The retrograde xo = 0.93992 case
satisfies this requirement and is therefore retained as the nominal transfer option in the mission-level
interpretation.

9.5.2 Transfer Candidate 2: Prograde Neck Crossing

The second transfer candidate is the prograde case at xo = 0.97992. This trajectory, shown in
Figure 9.6, also provides genuine neck-crossing behavior, reaching the portion of the phase space
relevant to transfer into the Triton-centered regime. Within the final transfer set it is better interpreted
as a secondary alternative to the preferred retrograde candidate rather than as a co-equal nominal
transfer path, but it remains a useful dynamical reference for understanding the range of viable
transfer geometries available within the model.

Together, the retrograde xo = 0.93992 case and the prograde xo = 0.97992 case define the
transfer options that remain relevant after the geometry of the full trajectories is taken into account.
The retrograde case is retained as the preferred transfer trajectory, while the prograde case is
preserved as an informative alternative. Neither should be interpreted as a final optimized transfer
solution, but together they provide the most useful dynamical evidence in the present study that
passage from the touring regime into the Triton neighborhood can be achieved within the structure
of the model.
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Figure 9.6. Prograde transfer trajectory for xo = 0.97992. This case provides a second geometrically
meaningful bottleneck-crossing path and is retained as a secondary transfer option within the tour architecture.

9.5.3 Summary of Transfer Phase

The transfer trajectories examined in this section illustrate the importance of combining stability
interpretation with full-trajectory geometry. While the opening of the zero-velocity surfaces provides
the necessary pathways for transport, a candidate must not only be dynamically interesting but must
also demonstrate actual bottleneck-crossing behavior to serve a transfer role in the architecture.

The transfer phase is represented by two candidates that satisfy this geometric requirement:
the retrograde xo = 0.93992 path, which serves as the primary transfer element, and the prograde
xo = 0.97992 path, which is retained as a secondary alternative. The comparison reinforces a
broader lesson of the thesis: mission architecture cannot be built from stability information alone,
but must also account for the realized geometry of the trajectories themselves.

9.6 Triton-Bounded Orbit Options

The final phase of the tour architecture is defined by trajectories that remain bounded in the vicinity
of Triton. Following transfer through the neck region, the spacecraft enters a dynamical regime
in which motion is governed primarily by the gravitational influence of Triton within the CR3BP
framework. As in the Neptune-centered case, this regime supports stable, repeatable trajectories
that are well-suited for sustained observation and detailed investigation of the target body.

From a mission perspective, the Triton-bounded phase represents the terminal science orbit,
where the spacecraft transitions from system-level exploration to focused operations within the
immediate environment of Triton. These trajectories provide opportunities for high-resolution
observation of Triton’s surface, atmosphere, and potential geological activity, while maintaining
bounded motion that supports long-duration stability.

Two candidate trajectories are selected to represent this regime, corresponding to prograde and
retrograde solutions at xo = 1.00992. Both cases exhibit tightly confined motion about Triton, as
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compared in Figure 9.7, and satisfy the stability criteria established in Chapter 8, indicating that
they are viable options for terminal operations.

As in the transfer section, the repeated appearance of the same seed value does not indicate
a typographical error. The prograde and retrograde Triton-centered cases share the same section
location xo = 1.00992, but differ in their directional sense and therefore correspond to distinct
trajectory realizations within the rotating-frame dynamics.

Triton-Bounded Trajectory Options

0.016 0.016

g 0008+ 0.008

g 0.000 - d 0.000
£
g

E —0.008 - —0.008 [
>

—0.016 - —0.016

098 099 1.00 1.01 1.02 098 099 1.00 1.01 1.02
X (nondimensional) X (nondimensional)
a.) Retrograde Triton-bounded b.) Prograde Triton-bounded
trajectory. trajectory.

Figure 9.7. Triton-bounded trajectory options at xo = 1.00992. The upper panel shows the nominal prograde
case, while the lower panel shows the retrograde alternative. Both remain tightly confined about Triton and
define viable terminal science configurations within the rotating-frame model.

9.6.1 Nominal Triton Science Orbit

The nominal Triton-bounded trajectory is selected as the prograde solution at xg = 1.00992. This
orbit exhibits a compact and regular structure centered about Triton, maintaining close proximity to
the moon while avoiding large excursions into the surrounding region. The resulting geometry is
well-suited for detailed observation and provides a stable platform for extended scientific operations.

The stability of this trajectory ensures that it remains bounded over long time intervals, making
it an appropriate endpoint for the tour architecture. Its compact structure also facilitates clear
interpretation and supports sustained observation of Triton’s local environment.

9.6.2 Alternative Triton Orbit

An alternative Triton-bounded trajectory is provided by the retrograde solution at xo = 1.00992.
While this orbit shares many similarities with the nominal case in terms of boundedness and overall
structure, it exhibits a reversed direction of motion in the rotating frame, resulting in a distinct
geometric configuration.

This alternative trajectory satisfies the same stability criteria as the prograde case and may offer
different observational geometry or operational advantages depending on mission requirements.
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The inclusion of both prograde and retrograde solutions highlights the diversity of stable motion
within the Triton region and provides flexibility in the design of the terminal mission phase.

9.6.3 Summary of Triton-Bounded Phase

The Triton-bounded trajectories presented in this section define the final stage of the tour architecture,
where the spacecraft transitions into sustained, localized operations about the target moon. Both the
prograde and retrograde solutions at xo = 1.00992 provide stable, bounded motion and are suitable
for long-duration scientific investigation.

This phase represents the culmination of the dynamical progression established throughout the
chapter, completing the sequence from Neptune-centered motion, through system-wide exploration
and transfer, to focused operations within the Triton environment.

9.7 Integrated Tour Architecture

The trajectory classes developed in the preceding sections may be combined to form a coherent,
dynamics-informed tour architecture within the Neptune—Triton system. Each class represents
a distinct dynamical regime, and when arranged sequentially, these regimes define a structured
progression of motion that supports both system-level exploration and targeted investigation of
Triton. The resulting architecture is not a single continuous trajectory, but rather a framework
composed of dynamically compatible phases that may be connected through appropriate transfer
strategies.

9.7.1 Sequential Mission Architecture

The proposed tour architecture is constructed as a sequence of four primary phases, each corre-
sponding to a specific class of motion identified through the dynamical analysis:

1. Neptune-Centered Operations: The architecture begins with a compact Neptune-centered
bounded orbit, represented by the nominal case at xo = —0.250079, or alternatively by the
broader local Neptune option at xo = 0.20992. This phase supports arrival, checkout, and
sustained observation of Neptune before the spacecraft is committed to broader excursions
through the system.

2. System Touring Phase: The spacecraft then transitions to a system-spanning trajectory,
represented nominally by the touring orbit at xo = —0.820079. In this phase, the trajectory
traverses a large portion of the near-Neptune system and provides repeated geometric access
to the region associated with the major moons. The higher-amplitude case at xo = 0.799920
remains available as a more aggressive alternative, but is not treated as nominal because of its
very close Neptune approach.

3. Transfer Phase: The spacecraft next utilizes a bottleneck-crossing trajectory to move
from Neptune-dominated motion into the Triton-accessible domain. In the final transfer
interpretation of this thesis, the preferred candidate is the retrograde case at xg = 0.93992,
with the prograde case at xo = 0.97992 retained as a secondary alternative. Both candidates
exhibit genuine neck-crossing behavior and are retained on that geometric basis.
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4. Triton-Bounded Phase: The tour concludes with insertion into a stable, bounded trajectory
about Triton, such as the nominal prograde orbit at xo = 1.00992 or the corresponding
retrograde alternative at the same seed value. This phase supports sustained, high-resolution
investigation of Triton and represents the terminal stage of the mission.

Taken together, these phases define a progression from localized Neptune-centered motion to
system-wide exploration, then onward through a narrow transfer gateway into focused operations
within the Triton environment. This structure reflects the natural organization of the phase space
and demonstrates how distinct dynamical regimes may be leveraged to support different mission
objectives within a single dynamical architecture.

9.7.2 Nominal and Alternative Architectures

While the sequence described above defines a nominal tour architecture, alternative configurations
may be constructed by substituting trajectory candidates within each phase. For example, the
Neptune-bounded phase may be initialized using the alternative orbit at xo = 0.20992, which
provides a larger radial extent and increased observational diversity. Similarly, the system touring
phase may be shifted from the nominal case at xo = —0.820079 to the higher-amplitude path at
xo = 0.799920, trading greater moon-region coverage for increased operational risk due to the very
low Neptune approach.

In the transfer phase, the retrograde xop = 0.93992 case and the prograde xo = 0.97992 case
represent two distinct ways of entering the Triton-accessible domain. The former is the preferred
architectural choice as the primary neck-crossing transfer candidate, while the latter remains a
secondary alternative. In the Triton-bounded phase, both the prograde and retrograde solutions at
xo = 1.00992 provide viable options with distinct geometric characteristics. The availability of
these alternatives highlights the flexibility of the architecture and demonstrates that multiple mission
profiles may be constructed from the same underlying dynamical framework.

However, the selection of specific trajectories must balance dynamical properties with operational
considerations. As discussed earlier in the chapter, trajectories that provide extensive spatial coverage
may also introduce undesirable conditions, such as close approaches to Neptune, while trajectories
that appear favorable in local stability analysis may still fail the geometric requirements of a
transfer. The nominal architecture therefore represents a compromise between coverage, dynamical
defensibility, and operational plausibility.

9.7.3 Key Design Insights

The construction of the tour architecture from dynamically derived trajectory classes provides
several important insights into the design of missions within the Neptune—Triton system.

First, stability serves as a fundamental constraint on trajectory selection. The filtering process
established in Chapters 7 and 8 reduces the broad geometric candidate set to a smaller number of
trajectories that remain dynamically defensible under the periodic-orbit framework. This highlights
the importance of stability analysis as a prerequisite for mission design, even when stability alone is
not the final architectural criterion.

Second, geometric accessibility alone is insufficient for trajectory selection. As demonstrated
in the transfer analysis, trajectories that appear to provide access to a desired region may fail to

167



produce meaningful or sustained motion within that region. Dynamical compatibility, rather than
visual proximity, determines the success of a transfer.

Third, trajectories that exhibit the most extensive spatial coverage are not necessarily the most
suitable for mission implementation. High-energy trajectories may provide broad access to the
system, but can introduce operational challenges that limit their practical use. This reinforces
the need to consider both dynamical behavior and physical constraints when evaluating candidate
solutions.

Finally, the CR3BP framework provides a powerful tool for identifying the underlying structure
of motion within the system, but does not, by itself, yield a complete mission design. The architecture
developed in this chapter should therefore be interpreted as a dynamically informed framework that
defines how different classes of motion may be combined, rather than as a fully optimized trajectory
sequence.

The integration of these trajectory classes into a coherent architecture represents the culmination
of the dynamical analysis presented in this work, demonstrating how phase-space structure, resonance
identification, and stability characterization may be directly translated into mission-relevant design
concepts.

9.8 Rejected and Non-Nominal Trajectory Classes

In addition to the trajectory classes incorporated into the tour architecture, a number of dynamically
interesting solutions were identified during the analysis of Chapters 7 and 8. While these trajectories
exhibit complex geometric structure and, in some cases, extensive spatial coverage, they do not satisfy
the combined stability and mission-role criteria required for inclusion in the primary framework.
The purpose of this section is to document these non-nominal trajectory classes, thereby clarifying
the selection process and preserving the broader dynamical context of the Neptune—Triton system.

9.8.1 Retrograde Trajectory Families

Several retrograde trajectory families were identified that display highly structured and often sym-
metric motion within the rotating frame. Representative examples include the cases corresponding
to xp = —0.720079 and xp = 0.599921, both retrograde, which exhibit large-scale excursions and
visually coherent patterns, as shown in Figure 9.8, suggestive of underlying resonance structure.

Despite their visual appeal and apparent dynamical organization, these trajectories were not
selected for use in the tour architecture because they failed to survive the combined stability and
mission-role filtering adopted in the thesis. As shown in Chapter 8, retrograde solutions within
these regions often fail to produce satisfactory periodic-orbit representations or remain too sensitive
to support a primary mission role. They therefore remain valuable for dynamical interpretation, but
not as retained architectural elements.

9.8.2 High-Energy and Weakly Bounded Prograde Trajectories

In addition to the retrograde families, certain prograde trajectories were identified that exhibit large
excursions across the system but lack the bounded structure required for practical use. An example
of this behavior is observed in the case corresponding to xo = —0.92007 (prograde), shown in
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Rejected Retrograde Trajectories
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Figure 9.8. Representative retrograde trajectories exhibiting structured, large-scale motion within the
Neptune-Triton system. While dynamically rich, these trajectories do not satisfy the stability criteria required
for inclusion in the tour architecture.

Figure 9.9, which traverses a wide spatial domain but does not maintain a coherent or repeatable
pattern over extended time intervals.

These trajectories are characterized by their extensive spatial reach but lack the dynamical
coherence necessary for sustained operations. As such, they are not incorporated into the tour
architecture, which prioritizes stability and repeatability.

9.8.3 Interpretation of Rejected Trajectories

The trajectory classes presented in this section highlight the distinction between dynamical richness
and mission suitability. While the CR3BP admits a wide variety of complex and visually compelling
trajectories, only a subset of these satisfy the combined requirements of stability, boundedness, and
operational utility.

The exclusion of these trajectories from the tour architecture is therefore not indicative of a
lack of dynamical significance, but rather reflects the application of the filtering criteria established
in Chapters 7 and 8. In particular, the retained architecture favors candidates that combine useful
trajectory geometry with a defensible degree of stability or transfer relevance. Trajectories that fail
one side of that test may still be scientifically interesting, but they are not carried forward as primary
mission elements.

9.8.4 Implications for Future Work

Although these trajectories are not utilized within the present tour architecture, they may represent
viable candidates under alternative mission scenarios or extended modeling frameworks. For example,
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Figure 9.9. High-energy prograde trajectory for xo = —0.92007. Although the trajectory spans a large portion
of the system, it does not exhibit the bounded, stable behavior required for mission applications.

retrograde trajectories could be reconsidered for short-duration missions or targeted observation
campaigns, where long-term stability is not a primary requirement. Similarly, higher-fidelity models
that incorporate additional gravitational influences may alter the stability characteristics of these
solutions.

As such, the trajectory classes presented here provide a basis for future investigation and highlight
the richness of the dynamical environment within the Neptune—Triton system beyond the subset of
trajectories selected for this study.

9.9 Mission Architecture Implications and Forward Outlook

The tour architecture developed in this chapter represents a direct synthesis of the dynamical
structures identified throughout this work. By combining stable Neptune-bounded trajectories,
system-spanning touring orbits, dynamically viable transfer pathways, and stable Triton-centered
motion, a coherent framework for exploration of the Neptune—Triton system has been established.
This framework demonstrates that the complex phase-space structure of the CR3BP can be interpreted
not only as an abstract dynamical system, but as a set of practical pathways that may be leveraged
for mission design.

A key outcome of this analysis is the identification of a structured progression of motion that
aligns naturally with mission objectives. The transition from localized Neptune-centered operations
to system-wide exploration, followed by transfer into the Triton region and eventual insertion into
a Triton-bounded orbit, reflects the intrinsic organization of the dynamical environment. This
progression is not imposed externally, but rather emerges from the topology of the zero-velocity
surfaces and the stability properties of the associated trajectory families.

At the same time, the results of this chapter highlight several important limitations. The
trajectories presented here are derived from the CR3BP formulation and therefore do not account for
additional gravitational influences, including the effects of Neptune’s moons, solar perturbations, or
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non-uniform mass distributions. Furthermore, the architecture does not include maneuver strategies,
timing constraints, or optimization of transfer trajectories. As such, the framework should be
interpreted as a first-order approximation of the available dynamical pathways, rather than a finalized
mission design.

These limitations do not diminish the value of the results, but instead define the scope of their
applicability. The architecture provides a structured foundation upon which higher-fidelity models
and mission-specific constraints may be incorporated. In particular, the trajectory classes identified
here may serve as initial guesses for numerical optimization, guide the selection of transfer strategies,
and inform the design of observation sequences within the system.

The broader implication of this work is that the methods employed—including Poincaré
analysis, frequency-based resonance identification, and stability classification through periodic orbit
refinement—form a unified framework for exploring and exploiting the dynamical structure of
multi-body systems. While applied here to the Neptune—Triton system, these methods are directly
extensible to other planetary and satellite systems, offering a general approach to trajectory design
in complex gravitational environments.

With the dynamical architecture now established, the remaining questions center on how this
framework may be extended, refined, and applied within a more complete mission-design context.
These broader implications and the most important next steps are taken up in the following chapter.

171



10. Discussion and Future Work

The preceding chapters have developed a complete dynamical framework for the analysis and
interpretation of motion within the Neptune—Triton system. Building on the CR3BP-based model
established earlier in the thesis, together with the J> extension used for Neptune, the analysis
progressed through phase-space characterization using Poincaré maps, frequency-based resonance
identification, candidate-region selection, and periodic-orbit stability analysis. These tools were
then synthesized in Chapter 9 to construct a coherent mission architecture, demonstrating how the
underlying dynamical structure of the system can be directly leveraged for trajectory design.

It is important to emphasize that the results presented in this work are not isolated numerical
artifacts, but rather manifestations of the intrinsic geometric and dynamical organization of the
Neptune—Triton system. The identification of stable periodic orbits, quasi-periodic invariant regions,
resonance-supported families, and transport pathways reflects the existence of structured phase-space
features that persist across a range of energy levels and modeling assumptions. As such, the trajectory
classes and mission architecture developed herein should be interpreted as first-order dynamical
frameworks that guide, rather than replace, higher-fidelity mission design.

At the same time, the present work is intentionally constrained in scope. The analysis is conducted
within a rotating reference frame under the assumptions of the CR3BP, with optional inclusion of
Neptune’s J; term, and is primarily restricted to planar motion. Additional perturbations, including
the gravitational influence of other Neptunian moons, solar effects, and higher-order gravitational
harmonics, are not included. Furthermore, the trajectories analyzed are not optimized with respect
to maneuver cost, timing constraints, or operational considerations. These simplifications are
deliberate, as they allow the fundamental dynamical structure of the system to be isolated and
understood without the confounding effects of higher-order complexities.

Accordingly, the purpose of this chapter is twofold. First, it provides a structured interpretation
of the results within the broader context of mission design, clarifying what aspects of the developed
framework are directly applicable and what aspects still require refinement. Second, it establishes
a clear and technically grounded set of directions for future work, outlining the steps required
to transition from the idealized dynamical models employed in this thesis to a more complete
mission-design capability. These extensions include both higher-fidelity modeling efforts and deeper
dynamical investigations, each of which builds directly upon the foundation established in the
preceding chapters.

In this sense, the present work should be viewed not as a terminal analysis, but as a foundational
layer in a larger research program aimed at enabling systematic exploration of multi-body dynamical
environments. The results obtained here define the structure of that environment; the work that
follows will determine how it can be navigated in practice.

10.1 Scope of the Present Work

The analysis presented in this thesis is conducted within a deliberately constrained dynamical
framework in order to isolate and characterize the fundamental structures governing motion in the
Neptune—Triton system. As established in Chapters 2 and 3, that framework is the synodic-frame
CR3BP adapted to the Neptune—Triton problem, with the third body treated as massless and the two
primaries providing the governing gravitational field.
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An extension to this model is introduced through the inclusion of Neptune’s oblateness via a J»
perturbation, modifying the effective potential and, consequently, the phase-space structure of the
system. This augmentation provides a first-order correction to the spherical primary assumption and
enables examination of how deviations from idealized gravitational symmetry influence equilibrium
structure, invariant regions, and trajectory stability. However, no additional gravitational harmonics
beyond J, are considered, and Triton is treated as a point mass without internal structure or
higher-order gravitational effects. Within that scope, the thesis is concerned primarily with the
identification of dynamical structure: where bounded motion persists, where resonant organization
appears, where transport channels open, and where locally stable periodic representatives can be
found.

The analysis is primarily restricted to planar motion, with trajectories confined to the rotating-
frame x—y plane. As a result, vertical dynamics and out-of-plane stability characteristics are
not captured in the present study. All trajectory classifications, including Neptune-bounded,
touring, transfer, and Triton-bounded motion, are therefore defined within this planar context.
While this restriction significantly simplifies the dynamical system and facilitates visualization and
interpretation through Poincaré maps, it necessarily excludes three-dimensional trajectory families
that may play an important role in practical mission design.

All results are expressed in the rotating reference frame, and no direct transformation to inertial-
frame trajectories is performed for mission realization. Consequently, temporal phasing, absolute
trajectory timing, and alignment with external bodies are not addressed. The trajectories analyzed in
this work should therefore be interpreted as geometric and dynamical constructs, rather than fully
specified mission trajectories with defined launch windows, encounter sequences, or navigation
timelines.

Furthermore, the analysis does not incorporate maneuver modeling or trajectory optimization.
Transitions between trajectory classes are identified based on dynamical accessibility within the
phase space, but no Av costs, targeting strategies, or control laws are computed. Stability is assessed
through periodic-orbit identification and linear stability analysis using Floquet multipliers, providing
insight into local behavior near periodic solutions but not addressing nonlinear stability, long-term
robustness, or sensitivity to perturbations.

These assumptions and limitations are not deficiencies, but rather intentional design choices
that allow the underlying dynamical structure of the Neptune—Triton system to be examined in
a controlled and interpretable manner. By constraining the problem in this way, the present
work establishes a clear baseline from which more complex and higher-fidelity models can be
systematically developed. That baseline is valuable precisely because later refinements can be
evaluated against a well-understood reference problem rather than introduced into an already
ambiguous design space.

10.2 Interpretation of Results in a Mission Design Context

The dynamical structures identified throughout this work provide a framework for interpreting
motion in the Neptune—Triton system from a mission design perspective. Rather than viewing
trajectories as isolated numerical solutions, the phase-space structures revealed through Poincaré
maps, frequency analysis, and stability characterization define organized regions of motion that can
be directly associated with distinct operational roles within a mission architecture.

Stable periodic orbits, identified through differential correction and classified via Floquet
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multipliers, serve as foundational elements within this framework. These orbits represent dynamically
consistent, repeatable motion that can act as long-duration staging locations or observation platforms.
In the context of the Neptune—Triton system, such orbits provide natural candidates for sustained
proximity operations around Neptune or Triton, depending on their spatial localization and stability
characteristics.

Surrounding these periodic solutions are quasi-periodic invariant regions, which appear in the
Poincaré maps as coherent island structures. These regions correspond to bounded, non-repeating
motion that remains confined over long timescales. From a mission design standpoint, these
quasi-periodic trajectories define operational envelopes that offer flexibility in trajectory selection
while preserving stability. They may be interpreted as families of trajectories that enable extended
exploration within a bounded region without the strict constraints of periodic motion.

In contrast, regions of phase space characterized by instability or transition behavior serve a
different, but equally important, role. These regions are associated with trajectories that traverse
between dynamically distinct zones, such as those connecting Neptune-bounded motion to Triton-
bounded motion. Although such trajectories are not suitable for long-term residence, they represent
natural transport pathways within the system. When properly understood and utilized, these pathways
provide the mechanism by which a spacecraft may transition between mission phases with minimal
control input.

The classification of trajectories into Neptune-bounded, touring, transfer, and Triton-bounded
categories, as developed in Chapter 9, emerges directly from this underlying phase-space structure.
Neptune-bounded trajectories correspond to motion confined near the primary, while Triton-
bounded trajectories represent motion localized around the secondary. Touring trajectories occupy
intermediate regions that enable repeated traversal of the system, and transfer trajectories facilitate
transitions between these regimes. This classification is not imposed externally, but rather arises
naturally from the geometry of the dynamical system.

It is important to emphasize that this interpretation is inherently geometric and dynamical,
rather than operational in the traditional sense of trajectory design. The structures identified here
do not prescribe specific maneuver sequences or mission timelines. Instead, they define a set of
dynamically consistent pathways and regions that can be leveraged in subsequent design stages.
In this way, the present analysis establishes a conceptual bridge between the abstract phase-space
structures of the CR3BP and the practical requirements of mission architecture development.

The value of this framework lies in its ability to reduce the complexity of trajectory design
by organizing the space of possible motions into a small number of interpretable categories. By
identifying where stable motion exists, where transitions are possible, and how these regions are
connected, the analysis provides a systematic basis for constructing mission concepts that exploit,
rather than oppose, the natural dynamics of the Neptune—Triton system.

Just as importantly, the thesis shows that no single analytical lens is sufficient on its own.
Resonant structure, local linear stability, and realized trajectory geometry each provide different
information about candidate usefulness. Some trajectories that appear attractive in resonance space
prove less compelling once their full geometry is examined, while some locally stable candidates
must still be screened against mission-role requirements such as bottleneck crossing, spatial coverage,
and proximity to the primary. The resulting mission architecture is therefore strongest when these
layers of interpretation are used together rather than in isolation.
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10.3 Model Limitations and Assumptions

This section does not restate the full model definition introduced earlier in the thesis. Instead, it
identifies the practical consequences of the modeling assumptions summarized in Section 10.1 and
clarifies how those assumptions constrain the interpretation of the present results.

The primary modeling assumption is the use of the Circular Restricted Three-Body Problem
(CR3BP), in which Neptune and Triton are treated as point masses in circular orbits about their
common barycenter, and the third body is assumed to have negligible mass. This formulation
neglects the gravitational influence of all additional bodies, including the Sun and other Neptunian
moons, thereby removing time-dependent perturbations that would otherwise modify the structure
of the phase space. While this simplification enables a clear identification of invariant structures, it
limits the direct applicability of the results to real mission environments where such perturbations
are non-negligible.

An extension to the classical CR3BP is included through the addition of Neptune’s J> oblateness
term. This provides a first-order correction to the gravitational potential of the primary; however,
higher-order zonal harmonics and any non-axisymmetric contributions are neglected. Additionally,
Triton is modeled as a purely spherical point mass, and its physical characteristics beyond mass
are not represented. As a result, the gravitational model remains an approximation, particularly in
regions where higher-order effects may influence long-term trajectory behavior.

The analysis is further restricted to planar motion within the rotating reference frame. All
trajectories are confined to the x—y plane, and no out-of-plane dynamics are considered. This
eliminates vertical motion, inclination effects, and three-dimensional stability behavior from the
analysis. While the planar approximation captures many of the dominant features of the system,
it necessarily excludes entire classes of spatial trajectories, including halo and quasi-halo orbits,
which may be of interest for mission applications. The tour architecture developed in Chapter 9
should therefore be interpreted as a planar dynamical template rather than a final three-dimensional
mission design.

All results are expressed in the synodic (rotating) frame, and no direct mapping to the inertial
frame is performed for trajectory realization. Consequently, the analysis does not account for
absolute timing, phasing with external bodies, or the evolution of the system with respect to the
Sun. This limits the ability to directly translate the identified trajectories into mission timelines or to
assess their feasibility under real ephemeris conditions.

The trajectory analysis is conducted without the inclusion of maneuver modeling or control.
Transitions between trajectory classes are identified based on dynamical accessibility within the
phase space, but no Av costs, thrust profiles, or targeting strategies are computed. As such, the
results describe what is dynamically possible, rather than what is operationally optimal or achievable
under propulsion constraints. This distinction is especially important in the transfer regime, where
geometric access through a bottleneck does not automatically imply a practical transfer once timing,
control effort, and safety margins are introduced.

Finally, stability is assessed through the identification of periodic orbits and the computation
of their associated Floquet multipliers. This provides a measure of linear stability in the vicinity
of periodic solutions but does not capture nonlinear effects, finite-time behavior, or sensitivity to
perturbations over extended durations. Trajectories classified as stable within this framework may
still exhibit complex behavior when subjected to higher-order perturbations or extended mission
timescales. The distinction made in Chapter 9 between local stability and full mission usefulness is
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therefore an important practical reminder of the limits of the present analysis.

These limitations are inherent to the modeling approach and are not indicative of deficiencies in
the analysis. Rather, they define the scope within which the results are valid and provide a clear set
of conditions under which the identified dynamical structures can be interpreted. The following
sections build upon this foundation by outlining the extensions required to bridge the gap between
the present idealized framework and a fully realized mission design methodology.

10.4 Required Extensions for Real Mission Design

The dynamical framework developed in this work provides a structured understanding of motion
within the Neptune—Triton system; however, additional modeling and analysis are required to
transition from this idealized representation to a fully realizable mission design. The extensions
outlined in this section define the necessary steps for bridging that gap, progressing from simplified
dynamical constructs to operationally viable trajectories.

10.4.1 Higher-Fidelity Dynamical Models

The CR3BP, even with the inclusion of Neptune’s J, term, represents an idealized approximation
of the Neptune—Triton system. A critical next step is the incorporation of additional gravitational
influences, including the Sun and the major Neptunian moons, within an N-body framework. These
additions introduce time-dependent perturbations that modify the structure of invariant regions, alter
stability properties, and influence long-term trajectory evolution.

Such models enable assessment of whether the phase-space structures identified in the CR3BP
persist under more realistic conditions, and whether trajectories derived from the simplified model
remain bounded or require correction. The inclusion of ephemeris-based motion for secondary
bodies further allows for evaluation of encounter timing, resonance effects, and mission sequencing
constraints.

10.4.2 Trajectory Refinement and Targeting

Trajectories identified within the CR3BP framework must be refined to satisfy the constraints of
higher-fidelity models. This process typically involves the use of differential correction techniques
and continuation methods to adjust initial conditions such that trajectories remain consistent when
additional perturbations are introduced.

Refinement also includes the transformation of trajectories from the rotating frame to the inertial
frame, enabling the specification of absolute position and velocity states as functions of time. This
step is essential for aligning trajectories with mission events, such as planetary encounters, flybys,
or insertion phases.

10.4.3 Maneuver Design and Av Budgeting

The trajectories analyzed in this work are purely dynamical and do not account for propulsion
requirements. To translate these trajectories into mission concepts, it is necessary to determine the
maneuver sequences required to insert a spacecraft into the desired dynamical structures, transition
between trajectory classes, and maintain bounded motion over extended durations.
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This includes the computation of Av requirements for key mission phases, such as Neptune system
insertion, transfers between Neptune-bounded and Triton-bounded regimes, and potential orbit
maintenance strategies. Optimization techniques may be employed to minimize fuel consumption
while preserving the dynamical advantages identified in the present analysis.

10.4.4 Time-Dependent Mission Analysis

A fully realized mission design must account for the temporal evolution of the system. This includes
the phasing of Neptune, Triton, and additional moons, as well as the position of the Sun relative
to the system. Time-dependent analysis enables the identification of feasible launch windows,
encounter opportunities, and sequencing of mission phases.

Incorporating real ephemerides allows for the evaluation of how the dynamical structures
identified in the CR3BP evolve over time and whether trajectories remain viable under changing
geometric conditions. This step is essential for determining whether the conceptual mission
architectures developed in this thesis can be implemented within realistic mission timelines.

Collectively, these extensions transform the present dynamical framework into a practical design
tool. The CR3BP-based analysis provides the structural foundation, while higher-fidelity modeling,
trajectory refinement, maneuver design, and time-dependent analysis supply the necessary detail
to realize a mission within the Neptune—Triton system. In that sense, the present thesis should be
viewed as defining the architecture of the problem, while these future extensions define the path
toward an implementable solution.

10.5 Extended Dynamical Investigations

Beyond the extensions required for immediate mission realization, the results of this thesis naturally
motivate a set of deeper dynamical investigations aimed at further understanding the structure
and behavior of the Neptune—Triton system. These investigations are not strictly necessary for
constructing a baseline mission architecture; however, they represent critical avenues for advancing
both the theoretical understanding of the system and the robustness of trajectory design methodologies.
They also provide a means of testing which conclusions drawn in the current idealized framework
are genuinely persistent and which are more model-dependent.

10.5.1 Time-Dependent Multi-Moon Modeling

The present analysis considers only the Neptune—Triton system, neglecting the gravitational
influence of additional Neptunian moons. A natural extension is the incorporation of these bodies
as time-dependent gravitating masses within an N-body framework. This introduces periodic and
quasi-periodic perturbations that can significantly influence trajectory evolution, particularly for
touring and transfer trajectories that traverse large regions of the system.

Such modeling enables the investigation of repeated flyby opportunities, resonance interactions
with additional moons, and the persistence or deformation of invariant structures identified in the
CR3BP. It also provides a pathway toward evaluating the feasibility of multi-moon tour architectures
within the broader Neptunian system.
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10.5.2 Spatial Extension of the Neptune-Triton Model

The restriction to planar motion excludes a wide class of dynamical behavior associated with
out-of-plane motion. Extending the analysis to the full spatial three-body problem allows for the
identification and characterization of three-dimensional trajectory families, including halo and
quasi-halo orbits, as well as vertically stable and unstable structures.

This extension also enables the study of vertical stability properties of periodic orbits and the
coupling between in-plane and out-of-plane dynamics. Such effects may play a significant role in
long-duration missions, particularly in the presence of perturbations that drive motion out of the
plane.

10.5.3 Transfer Manifold Construction

While the present work identifies trajectory classes and their relative accessibility within the phase
space, it does not explicitly construct the dynamical pathways that connect them. The computation
of invariant manifolds associated with periodic orbits provides a systematic method for identifying
these pathways.

Stable and unstable manifolds define natural transport channels that can be used to transition
between Neptune-bounded, touring, transfer, and Triton-bounded regimes. By explicitly computing
and analyzing these manifolds, it becomes possible to design dynamically consistent transfer
sequences that exploit the underlying structure of the system, potentially reducing maneuver
requirements and increasing mission efficiency.

10.5.4 Higher-Order Gravitational Harmonics

The inclusion of Neptune’s J, term represents a first-order correction to the gravitational potential;
however, higher-order zonal harmonics may also influence trajectory behavior, particularly over
long timescales or in regions close to the primary. Extending the gravitational model to include
additional harmonics enables assessment of how these terms modify equilibrium locations, stability
properties, and phase-space topology.

Such analysis provides insight into the sensitivity of the identified dynamical structures to
deviations from idealized gravitational symmetry and informs the level of model fidelity required
for accurate mission design.

10.5.5 Neptune Obliquity and Non-Coplanar Geometry

The present formulation assumes a coplanar configuration in which the rotating frame and the orbital
plane of Triton are aligned. In reality, Neptune’s axial obliquity introduces a misalignment between
its equatorial plane, Triton’s orbital plane, and the Sun—Neptune plane. Incorporating this obliquity
introduces a fundamentally three-dimensional and potentially time-varying geometric configuration.

This extension enables the investigation of how axial tilt influences long-term trajectory behavior,
modifies invariant structures, and affects the stability of both periodic and quasi-periodic motion. It
also provides a more physically accurate representation of the system, particularly for missions with
long operational durations.
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10.5.6 Rotating Frame Formulation in Misaligned Systems

Closely related to the inclusion of obliquity is the question of how the rotating reference frame should
be defined in non-coplanar configurations. The classical CR3BP assumes a single well-defined
orbital plane about which the frame rotates; however, in the presence of axial tilt and external
perturbations, this assumption may no longer be strictly valid.

A reformulation of the rotating frame for misaligned systems is therefore warranted, with the
goal of determining how frame definition influences the interpretation of bounded motion, invariant
structures, and transfer pathways. This investigation addresses both a conceptual and practical aspect
of dynamical modeling, ensuring that the coordinate system used for analysis remains consistent
with the underlying physical geometry.

Taken together, these extended investigations provide a roadmap for advancing the present work
beyond its current scope. Each direction builds upon the dynamical structures identified in this
thesis, offering the potential to deepen understanding, improve model fidelity, and enhance the
applicability of the results to complex mission design scenarios.

10.6 Alternative Mission Architectures

The mission architecture developed in Chapter 9 represents a structured and dynamically consistent
approach to exploring the Neptune—Triton system. However, it is not unique. The phase-space
structure identified throughout this work admits multiple viable interpretations, and alternative
mission concepts can be constructed by emphasizing different dynamical regions or operational
priorities. Exploring these alternatives provides additional context for the selected architecture and
highlights the flexibility inherent in the system.

One class of alternative architectures focuses on short-duration, targeted missions that prioritize
specific scientific objectives over extended system exploration. In this context, trajectories may
be designed to rapidly transition from Neptune-bounded motion to Triton-bounded encounters,
minimizing time spent in intermediate touring regions. Such architectures may rely more heavily on
transfer trajectories and may accept higher instability in exchange for reduced mission duration or
simplified operational planning.

Another approach emphasizes repeated flyby sequences, in which a spacecraft remains within a
touring regime and exploits natural dynamical pathways to achieve multiple encounters with Triton
or other bodies within the system. In this case, the objective is not to achieve long-term bounded
motion around a single body, but rather to maximize observational opportunities through carefully
structured traversal of the phase space. The feasibility of such architectures depends strongly on the
persistence of quasi-periodic regions and the accessibility of transport pathways identified in the
present analysis.

A third class of architectures involves staging the mission into distinct phases that are dynamically
decoupled. For example, a mission may consist of an initial Neptune-centered exploration phase
followed by a dedicated Triton phase, with a transfer segment connecting the two. In contrast to the
continuous tour architecture presented in Chapter 9, this approach treats each phase as a separate
dynamical problem, potentially simplifying design and operational constraints at the expense of
reduced dynamical continuity.

It is also possible to consider architectures that exploit regions of phase space that were not
selected in the primary analysis. Certain trajectory families identified in the Poincaré maps
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and frequency analysis were not pursued due to unfavorable stability characteristics or limited
accessibility within the constraints of the present framework. However, under different mission
priorities or with the inclusion of additional control strategies, these trajectories may become viable
candidates. For example, trajectories exhibiting mild instability could be stabilized through active
control, enabling access to regions of phase space that offer unique observational geometries or
transfer opportunities.

These alternative architectures underscore the fact that the Neptune—Triton system does not
admit a single optimal solution, but rather a spectrum of dynamically feasible mission concepts. The
architecture developed in this thesis represents one coherent realization of the underlying dynamical
structure, selected based on stability, interpretability, and continuity. The alternatives presented here
demonstrate how different priorities and constraints can lead to distinct, yet equally valid, mission
designs. This is an important conclusion in its own right, since it suggests that the main value of the
present framework may be less in producing a single definitive tour than in organizing the space of
plausible tours.

The ability to generate and evaluate such alternatives is a direct consequence of the phase-space
framework established in this work. By organizing the system into identifiable regions of motion
and understanding the connections between them, it becomes possible to systematically explore a
wide range of mission concepts, each grounded in the natural dynamics of the system.

10.7 Closing Perspective

The analysis presented in this thesis demonstrates that the Neptune—Triton system, when viewed
through the lens of dynamical systems theory, exhibits a high degree of intrinsic organization that
can be directly leveraged for mission design. The structures identified—including periodic orbits,
quasi-periodic invariant regions, resonance-supported families, and transport pathways—are not
isolated phenomena, but rather components of a coherent phase-space framework that governs
motion throughout the system.

By systematically developing this framework, the present work establishes a clear progression
from fundamental dynamical modeling to applied mission architecture. The use of Poincaré maps
and frequency analysis provides a means of visualizing and classifying the phase space, while
stability analysis offers a mechanism for identifying robust trajectory candidates. These tools, when
combined, enable the construction of mission concepts that align with the natural dynamics of the
system, reducing the reliance on continuous control and enabling more efficient trajectory design.

The Neptune—Triton tour architecture developed in this thesis represents one such application. It
demonstrates that it is possible to define a structured sequence of motion that transitions between
Neptune-bounded, touring, transfer, and Triton-bounded regimes in a manner that is both dynamically
consistent and conceptually coherent. This result highlights the practical value of dynamical systems
analysis in informing mission design, particularly in complex multi-body environments. At the same
time, the thesis also shows that the final architectural interpretation emerges only after geometric
structure, resonance classification, local stability, and full-trajectory behavior are considered together.

At the same time, the work presented here is not intended to provide a complete mission solution.
Rather, it establishes a foundational layer upon which more detailed and higher-fidelity analyses can
be built. The limitations of the current model, along with the extensions and investigations outlined
in this chapter, define a clear path forward for advancing the study of the Neptune—Triton system
and translating its dynamical structure into operational capability.
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In this sense, the primary contribution of this thesis is not limited to the specific trajectories
or architectures identified, but lies in the methodology used to reveal and interpret the underlying
structure of the system. The approach developed here is broadly applicable to other multi-body
environments and provides a systematic framework for exploring and exploiting complex dynamical
systems in the context of space mission design.

The Neptune—Triton system serves as a compelling example of how order emerges from
complexity. By identifying and understanding that order, it becomes possible to move beyond ad
hoc trajectory design and toward a more principled approach in which mission concepts are derived
from, and guided by, the fundamental dynamics of the system itself. That broader lesson extends
beyond the specific planetary system studied here: careful dynamical interpretation is not merely a
tool for analyzing candidate trajectories after they are found, but a framework for discovering which
classes of trajectories are worth pursuing in the first place.
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A. Units and Derivations

This appendix summarizes the nondimensionalization used throughout the thesis and provides
a dimensional reference table for the Neptune—Triton system. The governing derivations were
introduced in Chapter 2 and applied to the Neptune—Triton model in Chapter 3; the purpose of
the present appendix is not to repeat those chapters in full, but to collect the most useful scaling
relations and dimensional conversions in one place for reference. This is particularly useful because
all trajectory products, Poincaré maps, resonance plots, and stability calculations in the thesis are
expressed in canonical CR3BP units rather than in dimensional mission-design units.

A.1 Canonical Scaling Used in the Thesis

The Neptune-Triton analysis adopts the standard CR3BP normalization. Let the primary and
secondary masses be m; and m>, and let a denote the Neptune—Triton separation used as the
characteristic length. The canonical length, time, velocity, and energy-per-unit-mass scales are then

* * (L*)3 * L * *\2
L =a, T=\/—, Vi=—, E'= (V")
¢ G(m1+I’HQ) T* V9

where G is the gravitational constant. In this normalization, the dimensionless mass parameter is

#= my + mz'
The rotating-frame CR3BP is then written in terms of nondimensional variables. Dimensional
quantities may be recovered from the canonical values through

Xdim = L*xnd’ ldim = T*tnd’ Vdim = V*Vnd, 8dim = E*Snd-

The corresponding inverse relations are obtained by dividing dimensional quantities by the appropriate
characteristic scale.

One useful consequence of this normalization is that the dimensionless mean motion of the
primaries is unity. The physical orbital period of the secondary is therefore not 7*, but

P =2aT".

This distinction matters when converting nondimensional integration times back into familiar
physical units.

A.2 Neptune-Triton Reference Values

The Neptune—Triton scaling used in this thesis was computed directly from the project constants
and nondimensionalization utilities in the ORBIT codebase. The primary values used for the
normalization are summarized in Table A.1. These are the dimensional system values from which
the canonical scales were constructed.
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Table A.1. Dimensional Neptune—Triton reference quantities used to construct the canonical CR3BP normalization in
this thesis.

Quantity Symbol Value

Neptune mass mi 1.02413 x 10°° kg
Triton mass my 2.14 x 10%* kg
Neptune mean radius R 24,764.0 km
Triton mean radius R, 1,353.4 km
Neptune—Triton separation a 354,759.0 km

Substituting these values into the canonical scaling relations above yields the Neptune—Triton
nondimensionalization summarized in Table A.2. These are the actual scales underlying the
normalized quantities used throughout the thesis.

Table A.2. Canonical Neptune—Triton scales and normalized system parameters used in the thesis.

Derived quantity Symbol Value
Characteristic length L* 354,759.0 km
Characteristic time T* 80,811.7213 s
Characteristic time T 0.935321 days
Secondary orbital period 2nT* 5.876794 days
Characteristic velocity Vv 4.389945 km/s
Characteristic energy per unit mass E* 19.271616 km?/s?
Mass parameter J7i 2.09898 x 107
Normalized Neptune radius Ry =R;/L* 0.0698051
Normalized Triton radius R, = Ry/L* 0.0038150

Several points are worth noting. First, the characteristic time 7* is a dynamical scaling time, not
the full orbital period of Triton. The physical orbital period is recovered through the factor of 27, as
shown above. Second, the normalized Neptune radius is not small compared with the unit separation,
which helps explain why close approaches to the primary are still geometrically significant in the
canonical plots even though the primaries themselves are often shown schematically. Third, the
small mass parameter confirms that the Neptune—Triton CR3BP is a strongly asymmetric system,
with Triton acting as a comparatively low-mass secondary embedded in the gravitational field of a
dominant primary.

A.3 Practical Conversion Table

For practical use, it is often helpful to convert the most common nondimensional quantities directly
into dimensional values without reworking the full normalization each time. Table A.3 provides that
reference. These conversions are especially useful when interpreting trajectory plots, integration
times, and orbit sizes in Chapter 9.
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Table A.3. Practical conversion factors between nondimensional CR3BP units and dimensional Neptune—Triton values.

Nondimensional quantity Dimensional equivalent Interpretation

1 length unit 354,759.0 km Neptune—Triton separation

0.1 length units 35,475.9 km Moderate regional scale near a primary
0.01 length units 3,547.59 km Localized orbit-scale distance

1 time unit 80,811.7213 s Canonical dynamical time

1 time unit 22.4477 hr Canonical dynamical time

27 time units 5.876794 days Triton orbital period

1 velocity unit 4.389945 km/s Canonical speed scale

0.1 velocity units 0.438995 km/s Representative local speed scale

1 energy unit 19.271616 km?/s? Specific energy scale

The most common conversions used in practice are therefore straightforward. A trajectory
integrated for t = 100 nondimensional units corresponds to approximately 93.53 days of physical
time, while a structure spanning 0.05 nondimensional length units corresponds to approximately
17,738 km. Likewise, a characteristic speed of 0.2 in the normalized equations corresponds to
approximately 0.878 km/s. These simple scale conversions allow the canonical plots and trajectory
families discussed in the main body of the thesis to be translated back into familiar mission-design
magnitudes.

A.4 Interpretive Notes

The use of canonical units is one of the main reasons the same CR3BP framework can be transferred
from one system to another with only a change in the underlying physical constants. Once the
Neptune—Triton masses and separation are specified, the resulting unit system fixes the interpretation
of all nondimensional trajectory products. This is useful mathematically because it preserves the
compact form of the equations of motion, but it is also useful practically because it provides a clean
separation between the invariant dynamical structure and the later task of dimensional mission
interpretation.

For this reason, the dimensional table given here should be read as a reference layer rather than
as a replacement for the canonical analysis itself. Chapters 5 through 9 rely on nondimensional
variables because they are the natural language of the CR3BP and its associated phase-space
structures. The present appendix simply provides the conversion bridge needed to interpret those
results more directly in Neptune—Triton mission-design terms.
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B. Data Products and Output Schema

This appendix documents the project-level data organization used by the ORBIT workflow for the
Neptune—Triton study. Its purpose is practical rather than software-engineering oriented. The
ORBIT codebase was developed as a research tool to support the analysis performed in this thesis,
not as a polished public software package, and the present appendix should therefore be read as a
guide to the data products actually used in the thesis rather than as a formal application programming
interface or a frozen external specification.

For that reason, the appendix emphasizes file and folder organization, the purpose of the principal
exported products, and the meaning of the most important output columns. It does not attempt to
document every internal helper script or every intermediate file generated during development. The
goal is reproducibility at the project-data level: a future reader should be able to understand where
the main Neptune—Triton outputs were stored, how the major files relate to one another, and which
exported tables were used to construct the figures and results discussed in the main body of the
thesis.

B.1 Top-Level Project Organization

The ORBIT workflow used in this thesis was maintained in the project tree rooted at
/Volumes/neptune_triton_system/THESIS

Within that tree, the most important top-level folders are the following:

Table B.1. Principal top-level folders in the ORBIT project tree used for the Neptune—Triton thesis workflow.

Folder Purpose

physics/ Governing equations, constants, nondimensionalization,
zero-velocity computations, and related physical-model utilities.

data_generators/ Batch-generation scripts for trajectory propagation, Poincaré data,
frequency products, resonance tables, and stability inputs.

stability/ Candidate-selection and periodic-orbit stability-analysis utilities
used in Chapter 8.

plots/ Plotting and export routines used to generate visual products
from the stored datasets.

gui/ The ORBIT graphical interface and its associated configuration
and display helpers.

data/ Project output tree containing the saved Neptune—Triton datasets,
metadata files, and run catalogs used throughout the thesis.

config/ Shared configuration files, including resonance configuration and
metadata-handling utilities.

core/ Shared file-handling and plotting support utilities used across the
workflow.

Not all of these folders are equally important to a thesis reader. For the purpose of reproducibility,
the data/ tree is the most important because it contains the actual exported data products used to
create the Poincaré, frequency, resonance, stability, and trajectory results reported in the thesis.
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B.2 Neptune-Triton Data Tree

The main project output directory for this thesis is
/Volumes/neptune_triton_system/THESIS/data/Neptune_Triton
This folder contains the master metadata for the Neptune—Triton study together with energy-specific

output directories. At the project level, the most important files are:

Table B.2. Primary project-level files in the Neptune—Triton data directory.

File Purpose

project.json Stores the system definition and top-level numerical settings
used for the project.

physics_metadata. Stores key physical parameters for the Neptune—Triton model,

json including u, J», and normalized body radii.

run_catalog.csv Master catalog of dataset-level runs, including dataset name,

Jacobi constant, coordinate range, selected J, mode, and file
locations for key outputs.

CJ_<value>_J2_<mode>/ Energy-specific dataset folder containing per-C; outputs for
one Jacobi constant and one gravitational-model setting.

The energy-specific naming convention is one of the most important organizational rules in the
ORBIT output tree. A folder name of the form

CJ_3.0186413780_]2_primary

indicates that the dataset was generated at Jacobi constant C; = 3.0186413780 with the primary-body
J> term enabled. This convention is used extensively throughout the Neptune—Triton project and
provides the main bridge between the physical model selection and the saved output products.

B.3 Per-Dataset Folder Structure

Each Jacobi-level dataset directory stores both metadata and the major derived products associated
with that run. A representative dataset folder contains the following principal items:

Table B.3. Representative contents of a Jacobi-level dataset folder.

Item Purpose

run_metadata.json Dataset-level metadata, including input settings, geometric
reference values, algorithm settings, and per-orbit
summaries.

postprocess_summary. Postprocessing summary reporting counts of expected,

json present, or missing files after dataset generation.

poincare/ Surface-of-section outputs and trajectory time-series files

for the sampled x values.

frequency/ Base frequency products associated with the dataset prior to
the more detailed resonance-run stage.

frequency_runs/ One or more downstream frequency-analysis runs, each with
its own metadata and derived products.
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Within the poincare/ folder, two file types appear repeatedly:

* x0_<value>_<mode>_hybrid_timeseries.dat.gz, which stores the propagated time-
series history for one sampled seed;

e sos_x0_<value>_<mode>_hybrid.dat.gz, which stores the associated surface-of-section
crossings used in the Poincaré analysis.

These filenames encode the sampled initial condition x, the direction or mode of motion, and the
fact that the stored outputs belong to the hybrid event-detection and time-series pipeline used in the
project. A future reader does not need to know the internal implementation details of that pipeline to
use the files, but the naming convention is useful because it preserves the direct connection between
a specific seed and its corresponding trajectory products.

B.4 Frequency and Resonance Run Outputs

The downstream spectral analysis products are organized under the frequency_runs/ subdirectory
of each dataset. A representative frequency-analysis run folder contains:

Table B.4. Principal files produced in a representative frequency-analysis run.

File Purpose

analysis_metadata. Metadata for the frequency-analysis run, including

json thresholds, tolerances, row counts, and source dataset
information.

frequency_data. Main per-trajectory frequency extraction table for the run.

csv

ratio_table. Ratio-focused export used for resonance interpretation and

csv plotting.

resonance_assignment. Row-level resonance assignments produced by the

csv tolerance-based matching stage.

resonance_families.csv Family-level summary table reporting the identified
resonance families and their extent in x.

resonance_candidates. Candidate resonance list used as an intermediate

csv organizational product.

stability_targets.csv  Filtered list of trajectories promoted from the resonance
stage to later candidate/stability consideration.

full_run.csv Broader merged export retaining much of the row-level
information from the frequency-analysis stage.

The naming convention for these run folders is timestamp-based. A folder such as
freqrun_20260327_205257

indicates one specific downstream frequency-analysis pass applied to a previously generated Jacobi-
level dataset. The accompanying run_catalog.csv inside frequency_runs/ provides a compact
index of those run folders and their associated configuration choices.
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B.5 Key Exported Tables

Although the ORBIT project produces many files, only a small subset is central to the reproducibility
of the thesis narrative. The most important exported tables fall into three groups:

1. project-level catalog files;
2. frequency and resonance analysis tables;
3. stability-analysis result tables.

The most important columns of the project-level run_catalog.csv are summarized in Ta-
ble B.5.

Table B.S. Primary columns in the Neptune—Triton run_catalog.csv file.

Column Meaning

dataset_name Human-readable dataset label.

dataset_dir Absolute path to the Jacobi-level dataset directory.
CJ Jacobi constant for the dataset.

mu Mass parameter used in the run.

x0_min, x0_max, Sampled initial-condition range and step size.
x0_step

J2_mode Selected J, configuration for the run.
poincare_dir Path to the Poincaré output folder.

index_csv, Pointers to key derived tables used later in the workflow.
frequency_csv

row_count Number of entries associated with the dataset.
created_utc Dataset creation timestamp.

The most important columns in the per-trajectory frequency and resonance exports are summa-
rized in Table B.6. The full files contain more fields than are shown here, but the listed columns are
the ones most relevant to the thesis workflow.
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Table B.6. Key columns used in the frequency and resonance export tables.

Column Meaning

x0, Sampled initial-condition coordinate and the seed value retained

x0_seed for later reference.

mode, sense, Labels describing the direction or orbit-sense convention used for

dir_init the trajectory.

Cl, Jacobi constant fields retained in the export products.

gmegal, Legacy stored frequency fields; numerically interpreted as

omegaz2 cycle-frequency quantities in this thesis (see Section 3.8).

ratio Preferred frequency ratio f»/ f (cycle frequencies) used in the
resonance analysis.

ratio_method Indicates how the preferred ratio was chosen from the spectral data.

valid_fft, Whether the frequency extraction was treated as usable and the

fft_reason
crossings_recorded
collision_flag,
escape_flag
termination_reason
is_resonant, p,

g, resonance_label
resonance_error,
resonance_family

associated reason code.
Number of recorded crossings available for that trajectory.
Indicators of collision or escape behavior during propagation.

Text label for how the trajectory integration terminated.
Output of the tolerance-based resonance classification stage.

Numerical closeness to the assigned rational ratio and the grouped
family label.

At the stability stage, the principal thesis-facing export is the stability_results.csv style
table used in Chapter 8. The most important columns in that output are summarized in Table B.7.

Table B.7. Key columns used in the stability-analysis export tables.

Column Meaning

x0, vy0, Initial-condition values used to identify the candidate trajectory.
CJ

mode, Orbit-sense and selected gravitational-model setting.

j2_mode

period, Initial and corrected period values used in the stability workflow.

corrected_period
x0_corrected,
y0_corrected,
vx0_corrected,
vyO_corrected
floquetl-
floquet4
largest_floquet_
multiplier
stability_index

classification
correction_converged,
correction_iterations

closure_error,
final residual norm

Corrected periodic-orbit initial state.

Floquet multipliers of the corrected periodic representative.
Largest multiplier magnitude used for summary interpretation.

Scalar stability summary derived from the nontrivial multiplier
pair.

Thesis-facing stability label such as elliptic stable or invalid orbit.
Whether the differential corrector converged and how many
iterations were required.

Residual measures used to assess periodic-orbit validity.
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B.6 Naming Conventions and Practical Caveats

The ORBIT project uses descriptive filenames and directory names rather than a tightly standardized
relational schema. This is helpful during exploratory research because file purposes are often
recognizable directly from the filename, but it also means that the output tree should be interpreted
with some care. Several practical points are therefore worth stating explicitly.

First, Jacobi-level datasets are named consistently enough to be reliable reference points. Folder
names of the form CJ_<value>_J2_<mode> are the backbone of the project organization and are
the most important naming rule in the output tree. Second, timestamped downstream folders such
as freqrun_<timestamp> identify a specific postprocessing pass applied to an existing dataset.
Third, many row-level filenames encode the sampled x value and the orbit sense directly in the
filename, which makes it possible to trace a figure or selected candidate back to the corresponding
saved trajectory products.

At the same time, the file structure should not be interpreted as a fully curated public release.
Some exported tables preserve internal working fields that are more detailed than a typical end-user
would need. Some naming conventions evolved during development, and therefore certain files
contain overlapping fields retained for convenience rather than for elegance. In addition, the project
tree contains internal caches, helper files, and development artifacts that are useful to the workflow
but not essential to the interpretation of the thesis results.

For these reasons, Appendix B should be read as a practical guide to the data products that
support the thesis rather than as a promise that every internal file or field is part of a stable long-term
interface. The important point for reproducibility is that the major dataset folders, metadata files, run
catalogs, resonance tables, and stability tables are organized consistently enough to allow a future
reader to reconstruct how the principal results were generated and how the candidate trajectories
discussed in the thesis were traced through the ORBIT workflow.
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C. Algorithms

This appendix provides a compact reference for the principal numerical workflows used throughout
the thesis. Its purpose is not to reproduce the full implementation details of ORBIT or to restate
the theoretical development already presented in Chapters 2 through 4. Instead, it collects the core
algorithmic logic in one place so that a reader can see how the major trajectory products, spectral
outputs, and stability quantities were generated at the workflow level.

The descriptions below are intentionally practical. Each section identifies the purpose of the
algorithm, the main inputs and outputs, and the sequence of computational steps used in the thesis.
In this way, the appendix serves as a reproducibility aid for future students or readers who wish to
understand how the principal dynamical products were assembled without treating the thesis as a
software manual.

C.1 Poincaré Map Construction Workflow

The Poincaré map is one of the primary geometric tools used throughout the thesis. In ORBIT, it
is constructed by propagating a family of trajectories and recording the state each time a chosen
surface-of-section event is satisfied. For the Neptune—Triton applications considered here, the
section was defined by

y=0, y >0,

so that only crossings with the selected orientation were retained. The resulting map provides a
reduced representation of the phase-space structure in the (x,x) plane.
Inputs:

* system definition and active dynamical model,

* Jacobi constant or energy-selection rule,

sampled initial-condition line or seed set,

* integration time horizon and numerical tolerances,

* surface-of-section event definition.

Outputs:

* stored crossing states for each trajectory,

* assembled Poincaré point cloud in (x, x),

* trajectory-level metadata used later in the frequency and stability workflows.

The algorithm used in the thesis may be summarized as follows.

1. Define the physical system, active model, and Jacobi level to be studied.

2. Generate the initial-condition set along the prescribed sampling line, typically by varying xo
and solving the corresponding velocity constraint from the Jacobi integral.
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3. Propagate each trajectory forward in time with the selected numerical integrator.

4. Monitor the event condition y = 0 during propagation and detect sign changes indicating a
section crossing.

5. Refine the crossing time and state so that the section is located accurately rather than only at
the nearest output step.

6. Accept the crossing only if the directional condition y > 0 is satisfied.
7. Record the corresponding (x, X) values and any associated trajectory metadata.

8. Repeat the procedure until the propagation terminates or the required number of crossings has
been collected.

9. Aggregate all accepted crossings into the final Poincaré map for the selected energy level.

Several practical features of the workflow are worth noting. First, the event-detection and
crossing-refinement stages are essential because the plotted points should represent true section
intersections rather than coarse output samples. Second, the directional filter prevents the map from
mixing the two passage directions across the same section. Third, the trajectory metadata produced
at this stage are preserved because the same trajectories are later revisited during the frequency-ratio
and resonance workflows of Chapter 6.

C.2 Frequency-Analysis Workflow

The frequency-analysis procedure described in Chapter 6 was applied to the same trajectory families
first organized geometrically in Chapter 5. The purpose of the workflow is to convert stored time
histories into a compact spectral description that can be used to identify broad frequency bands,
approximate commensurabilities, and candidate resonance families.

Inputs:

* stored trajectory time histories,
* analysis window length and sampling interval,

* minimum usable trajectory duration,

ratio tolerance and resonance-library settings.

Outputs:

dominant frequency estimates for each trajectory,

ratio products such as w;/wy,
* frequency-ratio plots,

* approximate resonance labels and family assignments.
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At the workflow level, the procedure used in the thesis is:

1.
2.

10.

Retrieve the stored trajectory time histories produced during the propagation stage.

Discard trajectories whose usable duration is too short for reliable spectral interpretation.

. Extract a uniformly sampled analysis segment from each retained trajectory.

Compute the trajectory spectrum and identify the dominant frequency peak.

. Inspect the remaining spectral structure to identify the second relevant frequency contribution

or sideband spacing used in the ratio calculation.

Form the ratio w;/w, for the trajectory.

. Store the extracted frequency quantities and the associated initial-condition metadata.

. Compare the computed ratio against a library of low-order rational targets within a selected

tolerance.

. Assign an approximate resonance label when a satisfactory match is found; otherwise leave

the trajectory unclassified.

Group trajectories with the same assigned resonance into common resonance families for later
plotting and interpretation.

This workflow is intentionally conservative in interpretation. The extracted ratios are numerical
products derived from finite time windows, finite spectral resolution, and practical matching
tolerances. For that reason, the resonance labels generated by ORBIT are used in the thesis as
organizing devices rather than as stand-alone proofs of exact resonance. Their main value is that
they provide a systematic bridge between the trajectory-level spectra, the global frequency-ratio
plots, and the resonance overlays later projected back onto the Poincaré maps.

C3

Differential Correction and Stability Workflow

The stability analysis of Chapter 8 required representative periodic-orbit solutions rather than
only uncorrected seeds selected from the Poincaré maps. To obtain these, ORBIT applied a
differential-correction procedure to candidate seeds and then evaluated the resulting periodic orbit
through the associated state-transition dynamics.

Inputs:

 selected seed state on the surface of section,

* target symmetry or periodicity condition,

¢ correction tolerance and iteration limit,

* variational-equation model for the state-transition matrix.

Outputs:
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* corrected periodic-orbit initial condition,

* corrected period,

* monodromy matrix,

* Floquet multipliers and derived scalar stability index,

» convergence or invalid-orbit classification.

The numerical workflow is summarized below.

10.

. Select a seed from the candidate family identified in Chapter 7.

Propagate the seed to the next symmetry point, return point, or closure condition appropriate
to the chosen periodicity formulation.

Evaluate the residual measuring failure of the periodic-orbit condition.

Simultaneously propagate the variational equations to obtain the local sensitivity of that
residual to changes in the initial condition.

Build a linearized correction step from the residual and the relevant state-transition information.

Update the seed and repeat the propagation-and-correction loop until the residual falls below
the selected tolerance or the iteration limit is reached.

If the corrector converges, propagate the corrected periodic orbit for one full period while
integrating the state-transition matrix.

Form the monodromy matrix from the propagated state-transition matrix over one period.

. Compute the Floquet multipliers and derive the stability measures reported in Chapter 8.

If convergence fails, the orbit does not close adequately, or the resulting periodic representative
is not reliable enough for stability classification, record the case as Invalid orbit.

This last point is important for interpreting the Chapter 8 tables. In the present thesis, an
Invalid orbit classification does not mean that the original seed is physically meaningless or
that the surrounding phase-space structure does not exist. It means only that the adopted periodic-
orbit validation workflow did not produce a defensible corrected periodic representative from that
seed under the selected tolerances and iteration limits. The invalid classification is therefore a
numerical-stability result, not a denial of the broader geometric structure identified earlier in the

thesis.
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C.4 Brent Root-Finding in the ORBIT Workflow

Several parts of ORBIT require the solution of one-dimensional nonlinear equations for which a
robust bracketing method is more appropriate than an unconstrained Newton iteration. In those
cases, the framework uses Brent’s method. This algorithm combines bisection, the secant method,
and inverse quadratic interpolation, providing the reliability of a bracketing scheme together with
faster local convergence when the function behaves smoothly.

Within the thesis workflow, Brent’s method was used in two especially important contexts. The
first is event and crossing refinement, where a bracketed sign change indicates that a trajectory has
crossed the chosen surface of section. The second is equilibrium and auxiliary scalar calculations,
such as solving for collinear Lagrange-point locations or other one-dimensional closure conditions

that arise naturally in the CR3BP analysis.
Inputs:

e scalar function f(s),

* lower and upper bracket values s, and s; such that f(s,) f(sp) <O,

* stopping tolerance,

* maximum iteration count.

Outputs:

¢ bracketed root estimate,

» convergence flag and solver status.

The practical Brent workflow used by the framework is:

1. Identify a scalar bracket over which the target function changes sign.
2. Initialize the algorithm with the two bracket endpoints and their function values.

3. Attempt an interpolation-based step when the recent iterates indicate that a higher-order
estimate is safe and useful.

4. Fall back to a secant or bisection step when the interpolation estimate is not trustworthy or
would leave the bracket.

5. Replace the bracket endpoint whose sign matches the new trial point, thereby preserving the
sign-change condition.

6. Continue until the bracket width or function value falls below the requested tolerance, or until
the maximum iteration count is reached.

The advantage of Brent’s method in this context is not merely speed, but reliability. Event
localization and equilibrium-point calculations are foundational to the later phase-space and stability
products, so a method that preserves a valid bracket whenever possible is preferable to one that
converges quickly only when the initial guess is already close. For this reason, Brent’s method is a
natural numerical component of the ORBIT workflow wherever a one-dimensional root must be

located accurately and robustly.
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C.5 Appendix Summary

The four workflows summarized here correspond to the principal computational stages that support the
thesis results: geometric phase-space construction, spectral classification, periodic-orbit correction
and stability evaluation, and robust scalar root-finding. Together they provide the algorithmic bridge
between the theoretical development of Chapters 2 and 3 and the applied Neptune—Triton results
of Chapters 5 through 9. The present appendix is therefore intended as a compact computational
roadmap: it does not replace the detailed scientific discussion in the main text, but it identifies the
principal numerical procedures through which those results were produced.
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