71-27,628

MALLIARIS, Anastasios G., 1942-
MONETARY GROWTH THEORY; CRITICISMS AND MODELS.

The University of Oklahoma, Ph.D., 1971
Economics, theory

University Microfilms, A XEROX Company , Ann Arbor, Michigan

THIS DISSERTATION HAS BEEN MICROFILMED EXACTLY AS RECEIVED



THE UNIVERSITY OF OKLAHOMA
GRADUATE COLLEGE

MONETARY GROWTH THEORY: CRITICISMS AND MODELS

A DISSERTATION
SUBMITTED TO THE GRADUATE FACULTY
in partial fulfillment of the requirements for the
degree of

DOCTOR OF PHILOSOPHY

BY
ANASTASIOS G. MALLIARIS
Norman, Oklahoma

1971



MONETARY GROWTH THEORY: CRITICISMS AND MODELS

APPROVED BY

f MVkA/\ J‘{’W/}k&v
A T K olenaniR_

Q@m\oﬂgﬁm
Vi) by

A Lé%@ ‘é;; 'deéZzzz:"

DISSERTATION COMMITTEE




ACKNOWLEDGEMENTS

This dissertation is submitted to the Graduate Faculty
with grateful acknowledgements to the following individuals:

To Professor J. Kirker Stephens for providing intellectual
stimulation, continued aid and most cooperative supervision,
without all of which this study might have not been completed;

To other committee ﬁembers, Professors Ed F. Crim and
James E, Hibdon for their advice and encouragement, and
Professor David L. Drennan for his comments and assistance
concerning mathematical aspects of this dissertation. Also
to Professor Alex J. Kondonassis who, as graduate advisor and
discertavion committee member, generously supplied advice and
support when it was needed;

To my lovely fiancee, Miss Mary Elaine Emerson, graduate
assistant, Department of Mathematics, for her dedicated
assistance in solving parts of the models, and in organizing,
editing and typing the manuscript. Most importantly, however,
the author is grateful for her attitude towards cooperation
that proved to be most conducive to the progress and completion
of this dissertation;

Last, but not least, to my parents for having supported
my interest in education, and to Peter, my brother, for taking

care of my parents during my extended absence from home,
iii



TABLE OF CONTENTS

Chapter
I L] INTRODUCTION L] . L] L L ] L] L] [ ] L[]
Purpose

Scope
Methodology

The Importance of Additional Work

in this Area

PART I.
CRITICISMS

MONETARY GROWTH THEORY:

IT. A CRITIQUE OF MONETARY GROWTH THEORY .

PART II.
MODELS
IITI.

Model I
‘Model II

Comparisons and Interpretations

IV. BARTER AND MONETARY DYNAMIC MODELS .

Model III
Model IV

Comparisons and Interpretations

Ve CONCLUSIONS « o ¢ o o o o o o

Contribution
Some Unresolved Issues

BIBLIOGRAPHY . o ¢ ¢ « ¢ o o ¢ ¢ ¢ o o
iv

BARTER AND MONETARY STATIC MODELS .

MONETARY GROWTH THEORY:

21

46

83

2L



MONETARY GROWTH THEORY: CRITICISMS AND MODILS
CHAPTZR I

INTRODUCTION

Purpose
The purpose of the present study is twofold: first to

critically evaluate the present state of monetary growth
theory and second to remove some of the shortcomings of this
theory by suggesting alternative models.

Monetary growth theory is a new area of economic
reseﬁrch. The last decade witnessed an ever increasing
interest in the field of monetary growth theory and many
theoretical economists attempted to investigate problems
related to this field. It is not hard to find reasons for
tnis trend. The pathoreaking articles of Solow (1956), Swan
(1956), Tobin (1955) and the heavy rssearch activity that
these articles stimulated, initiated investigation of the
fundamental theoretical issues associated witn the problem of
economic growth over time. Zconomists soon came to realize
that real growth models, if they were to be tneoretically
sound and useful in economic policy decision-making, had to
consider the very meaningful economic variable, money. The
original stimulus for the birth of monetary growth thneory
having been provided by both theoretical and apolied con-
giderations was reinforced by the appropriate responses of
very talented economists who found that sphere an appealing

1
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field for theoretical and empirical research. Today,
monetary growth theory has evolved to become an independent
area of ressarch for the economic specialist.

It is not the purpose of this dissertation to survey
the area of monetary growth theory, thougn such a survey
might be valuable and contributing. Instead, the author
proposes a slightly more ambitious undertaxing, as indicated
above, i.e., to provide a critique of the present trends in
monetary growth theory and then proceed in building alter-
native models, For this purpose, a convenient point of
departure is the Stein article (1970) which presents the
main issués and results of the research activity in the area

of monetary growth theory during the last decade.

Scope

Monetary growth theory covers a rather wide range of
questions of both theoretical and practical significance.
There are however some very basic questions that formulate
the core of monetary growth theory. These basic questions
and the tentative answers to these questions provided in the
economic literature have been skillfully surveyed in Stein's
article (1970). It is the basic questions and methods of
approach of monetary growth theory as interpreted by Stein
(1970) that define the scope of this dissertation. Though
such a scope is not precisely defined, it is sufficiently
defined for the purpose of this dissertation. Part I of this

dissertation consists of a critique of monetary growth theory.
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The scope of this critique includes both criticisms of
Stein's article (1970) already available in the economic
literature as well as additibnal ones suggested by the
author. With Fespect to the models of monetary growth
theory presented in Part II of this dissertation, their
scope is limited to static and dynamic models of the intro-
duction of money in a barter economy. Economists have come
to realize that stochastic models describe the real world
more faithfully than the deterministic ones, but the con-
struction of stochastic models'presents many conceptual
difficulties which are due to the fact that the study of
uncertainty is at its infancy in economics. Hence, the
scope of this dissertation is not extended to include the
construction of dynamic stochastic models of the introduction

of money in a barter economy.

Methodology

It is particularly interesting to discuss the method of
approach followed in this dissertation. In Part I, the
critique of monetary growth theory follows the methodology
of positive economics. The theoretical constructions of
monetary growth theory are critically evaluated by the
utilitarian approach1 to economic theory, where emphasis is

given to the ability of these constructions to adequately

lpor some interesting comments of the utilitarian
approach to economics, see for example Georgescu-Roegen
(1966), pp. 3 - 16.
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represent the real world. The same approach motivated the
development of the models of Part II. In particular, in all
four models, synthesis, solvability and realism compose the
very essence of the methodology followed. All models are
general equilibrium models, with consumer and producer
behavior derived from utility and profit maximization. In
addition, all models are not only presented and analyzed but
also a set of solutions is obtained to allow for comparisons
with the economic reality. Finally, both varieties of
static as well as dynamic models appear to represent the two

most often used methods of approach in economics.

The Importance of Additional Work in this Area

The modern approach to science is undoubtedly the
utilitarian approach. In accordance with this spirit, the
importance of the present research in the field of monetary
growth theory stems from the fact that there are many
unsolved issues in this area. These issues demand solutions
and unlesgs additional research is done, solutions cannot be
obtained. Furthermore, additional research in the area of
monetary growth theory is of particular significance to the
economic theorist who is interested in expanding human
knowledge, regardless whether such knowledge is motivated by
practical considerations or not. In this respect, the
importance of further research is due to the fact that a
theoretical integration is needed between real growth theory

and monetary theory.



PART I

MONETARY GROWTH THEORY: CRITICISMS



CHAPTER II
A CRITIQUE OF MONETARY GROWTH THZORY

One of the most intellectually exciting problems that
has attracted the attention of economic theorists the last
decade or so 1s the introduction of money in real growth
models. This problem arose naturally because economic growth
theorists recognized that the exclusion of money from growth
models was a temporary simplification rather than a permanent
omission.

Prom a less abstract and theoretically formal stand-
point, the question of introducing money in real growth
models may be reformulated to read: what is the role of
money in a growing economy? This reformulation is obviously
dictated by the utilitarian approach to science, which, if it
is interpreted in the present case, will mean that monetary
growth models are built for the purpose of shedding some
light on matters of monetary policy in modern growing
economies., Thus monetary growth theory has a largely over-
lapping dual role: first, to construct a theoretical frame-
work which would allow for a meaningful integration of
monetary theory and real growth theory, and second, to

6
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provide meaningful suggestions on questions of monetary
policy.

It could safely be argued that monetary growth theory
started with the significant article of Tobin (1955). The
decade 1955-6l;, with the exception of Hahn's article (1961),
was rather sterile in this area of economic research.
However, in the last five years, several powerful articles
have appeared in the economic literature.l Professor Stein
(1970) presented an excellent analysis of the techniques
used in the literature in attacking questions of monetary
growth theory.2 His paper may be considered to be a methodo~
logical essay on the techniques of monetary growth models3
and his puroose is, presumably, to intensify "the rivalry of
scholars" which will "increase wisdom." Professor Stein's
(1970) "main conclusion is that equally plausible models
yield fundamentally different results," (p. 85), and he ends
by asking: '"the crucial question is: which is the correct

monetary growth model?" (p. 105). It is the opinion of the

present author that the techniques used so far in monetary

lThe interested reader is referred to the Journal of
Money, Credit and Banking, Volume I, No. 2, May 1969, which
is entirely devoted to the Proceedings of the Conference on
Money and Economic Growth, June 17-19, 1968. The literature
cited at the end of the articles publisned in the journal
includes almost all major articles in monetary growth theory.

2p less rigorous presentation of Professor Stein's ideas
on the same topic could be found in Stein (1969).

3For an interesting discussion of the concepts "model"
and "gheory", see Nagel (1961), Spector (1965) and DeShon
(1970).
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growth theory are not fully appropriate and that the crucial
question is: what alternative techniques might yield more
"interesting and useful" results?

Before such an alternative technique is proposed one
must, to maintain continuity, discuss briefly the techniques
employed so far in monetary growth theory and criticisms
that have been made of them. Once this is done, the author
will present some additional criticisms common to the
techniques used so far, which have not been widely recognized
by monetary growth theorists. On the grounds of the
criticisms by the author in this chapter, & new approach will
be outlined. The main purpose of this chapter, however, is
not the detailed construction of a new technique,u but the
presentation of some critical comments about the nature of
the techniques of monetary growth theory as illustrated in
Stein's (1970) article.

Professor Stein (1969, 1970) distinguished between the
neoclassical approach and the Keynes-Wicksell approach to
monetary growth theory.5 With respect to the neoclassical
approach, Professor Stein derives in a very elegant way
equation (11) which describes the time rate of change of the

6

capital intensity. Certain modifications of this equation

brnis is the topic of Chapters III and IV.

5Actually, Professor Stein states three different
approaches, but he goes on to critically evaluate only the
two approaches mentioned above, See Stein (1970), p. 85.

6This equation reads Dk =y(k)— YL?(-C[VK'fBL(e(, }*’VL)]-
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follow suggested mainly by the work of Johnson (1967) and
the work of Levhari and Patinkin (1968). The latter half of
Stein's article (1970) is devoted to the discussion of the
Keynes-=Wicksell approach. The fundamental equation of this
section is equation (30).7 For both approaches Professor
Stein succeeds in demonstrating very logically the essence
of these models, although his basic tool is the single
differential equation -- as opposed to the two differential
equations == system.8

Both approaches have been criticized in the monetary
growth theory literature and Professor Stein is most
certainly aware of these criticisms. More specifically,
Marty (1968, 1969) has raised several valuable criticisms on
the neoclassical approach to monetary growtn theory. In
particular, the neoclassical growth model assumptions of:
a 'well behaved! two input -- gapital and labor -«- production
function; savings being a constant proportion of disposable
income; the rate of capital formation being identically
equal to planned savings, i.e., no independent investment
function; the markets being always in equilibrium regardless

of price changes; nonexistence of a tradeoff between inflation

TThis equation reads Dp=1& [(M ©)/ N(E)) - (YL (k) po-n) |
For the detailed derivation of both equations, the reader is
referred to the Stein (1970) article.

8The two differential equations system approach for
the neoclassical growth model may be found for instance in
Nagatani (1970) and for the Keynes-Wicksell growth model in
Stein (1966).
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and unemployment; all these among other assumptions are
indeed very restrictive.?

With respect to the Keynes-Wicksell approach, Professor
Hahn (1969) has criticized it on the grounds that "one has
_in the present state of knowledge, great latitude in the
construction of disequilibrium models; that is one of the
reasons why they are so unattractive, and so a great variety
of results can be produced" (p. 186). Also, Burmeister and
Dobell (1970) seem to agree with Hahn.lo One has, however,
to also state that Hahn (1969) believes that ". . . the
picture (in the case of disequilibrium models) does not look
as bleak as it does when continuous equilibrium is a
requirement" (p. 186).ll

Critics have gone a little further in criticizing
monetary growth theory. Not only each approach -- i,e.,
neoclassical and Keynes-Wicksell -~ seems to be defective
for reasons of the nature stated above, but also both of
them seem to have some common methodological errors. If it
is accepted that the theoretical motivation of monetary

growth theory is the construction of a model of the intro-~

9Marty (1969) p. 252,
10puymeister and Dobell (1970) pP. l66.

llThis statement with Hahn's overall criticisms of the
neoclassical model in Hahn (1969) do not necessarily
imply Stein's (1970) assertion on footnote 20 stating that
Hahn "also seems to lean in a Keynes-Wicksell approach.™
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12 then both approaches

duction of money into a barter economy,
are intellectually inappropriate for the nature of such a
task., The reason is rather simple. Both approaches
implicitly assume a given, constant financial structure of

the economy. As Professor Marty (1969) has argued ". . « no
attempt is made to answer fundamental questions ccncerning

the way a money economy develops, the optimal degree of
financial intermediation, and its impact on the savings-
investment process, the nature and classification of financial
innovations -- a subject which in comparison with the state

of analysis of technical change is a terra incognita of
economics" (p. 253). Thus, monetary growth models do not
actually show the introduction of money in a barter economy,
and do not show the relationship between & barter economy

and a monetary economy. According to Marty (1968) in

monetary growth models "a barter economy is one in which

the stock of real cash balances has been reduced to

12A distinction is made between "introduction of money
in real growth models" and "construction of a model of the
introduction of monsey in a barter economy." For the former
there is need only for a consistent money growth model; for
the latter there is need for a model of the economy as a
barter and as a money economy. In constructing a model of
the introduction of money in a barter economy one does not
intend to actually describe the process, institutional and
otherwise, through which a barter economy is transformed
into a monetary one. What is really meant here by the
introduction of money in a barter economy is a study in
comparative dynamics; an analysis of the barter econony
at a given period of time and an analogous analysis of the
same economy after it has been monetized by a process which
is not the object of study.



12

negligibility by a sufficiently rapid inflation and not an
economy in which money has not yet been introduced." (p. 868).

All the above criticisms are very valuable. However,
monetary growth theory as presented in Stein's (1970)
article could further be criticized along the following
methodological lines. What both monetary growth theorists
and monetary growth critics have failed to recognize so
far is that a meaningful integration of real growth theory
and monetary theory could only be achieved if the integrated
theory is constructed under a set of assumptions consistent
with both constituent theories.13 The nonrigorous state of
monetary theory has influenced monetary growtn theorists to
attempt an integration by leaning very heavily on the
assumptions of real growth theory. There is very little
doubt that monetary growth theory is primarily an extension
of real growth theory along its methodological lines, rather
than a meaningful integration of both theories under common
assumptions. However, an integration of real growth theory
and monetary theory along the assumptions and the methodology

substantially of the former is neither practically interesting

131n nis research, the author has failed in finding any
published work in the area that could broadly speaking be
called "integration of theories," or "integration of systems."
The discipline of mathematics offers a number of such
"integrations," for instance, analytical geometry, algebraic
topology, algebraic probability, etc. In general, the
problem may be formulated as follows: given the axioms,
definitions and theorems of a theory or system, say A, and
the axioms, definitions and theorems of theory B, how would
the scientist construct a theory C by combining or integrating
theories A and B?
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nor theoretically sound. [From the practical standpoint,
monetary growth theory is not interesting because it can
offer very few monetary policy recommendations. The
neutrality and non-neutrality theorems of monetary growth
theory do not lead to monetary policy formulations. This
is to be expected due to the theoretical weaknesses of
monetary growth theory as presented in Stein's (1970) article.

The weakness of monetary growth theory is due to the
methodological error of attempting to integrate it with real
growth theory without careful consideration of the assumptions
of these two theories. More specifically, any monetary
theory is constructed on at least one of two basic assumptions:
(a) there exists an economy with at least three goods, or
(b) there exists uncertainty in the economy. Unfortunately,
monetary growth tneory ignores these two necessary assumptions;
thus Stein's (1970) article describing the introduction of
money in a real economy that does not satisfy these two
assumptions has no solid theoretical foundations. Since
monetary growth theory has not been criticized along these
methodological lines in the available literature, it might
be helpful to discuss in some detail the nature of the
inconsistent foundations of monetary growth theory.

If monetary growth theory is to study the introduction
of money in a barter economy, it is necessary to start with

a barter economy. Unfortunately, both the neoclassical and



1
the Kevnes-Wicksell models are one-good models.lLt Obviously,
such models could not describe a barter economy. It seems
rather unnecessary‘to indicate that for a barter economy to
exist more than one good'needs'to be produced, among other
things of course. As a matter of fact, two goods are not
sufficient to define a barter economy which would be con-
structed for the purpose of introducing money later on. The
feason is rather simple: in a two good economy the double
coincidence of wants occurs very naturally and there seems
to be nc necessity for a medium of exchange, i.e., money.
Thus, Stein's (1970) argument for introducing money in one
good models on the grounds that "if there were no medium of
exchange, then the inefficiencies of a barter economy would
result" (p. 90) is both logically and economically incorrect.15

On logical grounds it is incorrect because it is inconsistent

with the foundations of any monetary theory; economically,

lhpigou (1935) has long ago suggested that there exists
no need for money in a one good economy. For possible
interpretations of this view see Kuenne (1963).

1SStein (1970) in footnote 7 presents a rather uncon-
vincing argument on the way a one-sector model could remove
the complications of a multi-sector model. If his argument
were correct, there would be no need in studying multi-
sector growth models. For the significance of multi-sector
analysis see Morisnima (1969). This is not however to be
interpreted that one-sector models are unimportant for real
growth theory; they simply are inappropriate for monetary
growth theory, for reasons presented in this paper. In
particular, in order to act as if the economy produced a
single good we would have to assume that the relative
quantities as well as the relative prices of a vector of
goods are fixed. In this case the problems of barter would
be far less than under less restrictive assumptions.
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it could not be argued that a one-good economy suffers from
inefficiency. Generally speaking, it might be conjectured
that monetary growth theorists have paid very little attention
to the economics of a barter economy and that they tried
very hurriedly to introduce money in real growth models,
justifying such a astep by the axiom that barter of any sort
is inei‘ficient.16 Once money has been introduced into a
real, i.e., one-good economy rather than a barter economy
on the basis of the above axiom, then because of the fact
that a barter economy was not constructed, theorists had to
rely extensively on their intuition of a monetary economy
and asked questions that their models were not suitable for
answering,

Furthermore, monetary growth theory has paid very
little attention to uncertainty.l7 If the three traditional
functions of money are accepted, i.e., money being a (i)
measure of value, (ii) medium of exchange, and (iii) store
of value, then it could safely be argued that an economy
with perfect certainty is inconsistent with the third
function of money. Money fulfils its third function as a

store of value if and only if there is uncertainty about the

1614 is interesting to note that social scientists have
seriously questioned the validity of the statement that
money was introduced historically because of the
%negf%ciencies of a barter economy., See for instance Polanyi

1957).

17The role of uncertainty is very lucidly presented in
Shackle (1967).
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future in an economy.18 If there is perfect certainty in
the economy, then money is simply a measure of value and &
medium of exchange.19 These two functions alone may not
yield interesﬁing results, in the sense that classical
economists viewed money as simply being a "veil". Consider
for instance an economy and assume perfect certainty. On
what economic justification would individuals hold cash
balances? Professor Rosenstein-Rodan (1936) has long ago
provided an answer by stating that "in an economy without
'frictions' where everybody foresaw with perfect certainty
his tastes, income, future prices and the dates as well as
the size of his purchases, nobody would keep a cash balance"
(p. 271).2O Thus he reaches the conclusion that "a state
of general foresight and the existence of money . . . are
mutually incompatible" (p. 272). Of course, Professor
Rosenstein-Rodan (1936) attempted to build the foundations

for a meaningful integration of the theories of price and

money, and one may argue that economic theory has greatly

18Definitions of the three functions of money may be
found in Rosenstein-Roden (1936), p. 259.

19This follows from the definition suggested by
Rosenstein-Rodan (1936), p. 259.

20Rosenstein-Rodan's views are very similar to Hicks!
views, They both argued that money is meaningless in a
static general equilibrium model. Marget and Kuenne on the
other hand hold an opposite view. For an interesting dis-
cussion of these and other economists' views on whether
money and static general equilibrium theory are consistent
see Kuaenne (1963), Chapter 5.
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progressed since then.21 quetary growth theorists recently
are attempting to integrate real growth theory and monetary
theory and they should raise the methodological question
whether the introduction of money in real growth models is
compatible with stationary states. There seems to be very
little doubt that the framework of real growth models,
although dynamic, does not emphasize uncertainty, a condition

which may be sina qua non for any meaningful monetary theory.

It is true that monetary growth theory has incorporated a
simple price expectation322 function. The motivation,
however behind the introduction of this function is not the
detailed study of the implications of uncertainty. The
price expectations function has been chosen according to
Stein (1970) in such a way that it "is both a stabilizing
influence and is consistent with the steady state solution"
(p. 89).

Having presented some general methodological criticisms

of modern monetary growth theory, a brief answer will be

2lThere is very little doubt that economic theory has
progressed since 1936. It might be interesting, however, to
note that the integration of static price theory and monetary
theory on the one hand, and the integration of real growth
theory and monetary theory on the other hand, seem to raise
some of the same fundamental methodological issues. It is
hoped that economists have learned something from the famous
"Patinkin Controversy" and that the recent efforts of
integrating real growth theory and monetary theory will avoid
another analogous controversy.

22The nature of expectation and uncertainty is very
carefully discussed in Georgescu-Roegen's (1958) classic
article, See also, Hicks (1946).
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provided in the remainder of this c¢hapter to the question
already asked above, i.e., what alternative tschniques might
yield "interesting" results?23s 2l

It is the opinion of the author that a stochastic,
dynamic, general equilibrium approach25 to monetary growth
theory might yield more interesting results in ﬁhe sense of
taking into consideration the various criticisms raised above.
Such a task is by no means easy. & great synthesis of var-
ious branches of economic theory will be requirado26 Such
a synthesis will have to start with a static general

equilibrium approach to a barter economy with more than two

237he insufficiency of criticisms in attacking well
established paradigms is presented in Kuhn (1970). For an
overall view of the structure of scientific revolutions in
economics see Coats (1969).

2uProfessor Stein's (1970) paper has ectually a misleading
title, What the reader is lead to understand is that monetary
growth theory has been developed only along the lines of the
neoclassical growth model and the Keynes-Wicksell model. This
is not however true. There are at least two additional papers
in the area ol monetary growth theory that have used entirely
different techniques. See for instance, Drandekis (1966) and
Shapley (196l4). As a matter of fact, the approach suggested
by the author could be considered as an extension of that
followed by Drandakis (1966). PFurthermoré, Friedman (1969)
has also contributed in the area of monetary growth theory.

25Professor Hahn (1969) has suggested an alternative
technique to monetary growth theory. He called it a "Monetary
Debreu." Since Professor Hahn did not explain what he under-
stands by "Monetary Debrsu," no ccmparisons could be made
between his suggested technique and the one suggested in this
paper. It could safely be argued however, that there are
probably more similarities than dissimilarities between Hahn's
approach and the author's approach. See also Hahn (1965).

26The role of synthesis, among other concepts, has been
illustrated in Caws (1969),
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commodities. In such an economy, the introduction of money
can theoretically be explained by viewing it as a produzury
and consumer good., The static monetary general equilibrium
construction will have to be followed by a dynamic mod3127
to account for the use of money as a store of value.
Finally, uncertainty will need to be built in the dynamie
generﬁl equilibrium approach to the barter oconomy,28
generalizing the dynamic model into a stochastic dynamic
monetary general equilibrium model.

It is hopsd29

that once a barter economy with at least
three goods and uncertainty is constructed and then money ig
introduced in it, a meaningful integration of real growth
theory and monetary theory will be achieved and the role of
money in a growing monetary econony will be revealed, Having
such a great task ahead of us, one has to agree with Stein

(1969) who states "research in this exciting field has just

begun" (p. 136),

27See, for instance, Morishima (1969},

28F‘or a valuable contribution in the arca of general
equilibrium with uncertainty, the reader is referred to
Borch (1968) and the references cited at the end of his
paper. See also Radner (1970).

29Nothing more than a hope can be expressed at this
stage. There is always the fear that a synthesis of the
nature suggested above may prove to be fruitless, See
Kuhn (1970), in particular pp. 77-91,.



PART II

MONETARY GROWTH THEORY: MODELS



CHAPTER III
MODELS I AND II

In this chapter two basic models are presented: model
I and model II. Model I is a static, barter, general
equilibrium model1 and model II is a static, monetary,
general equilibrium model., The two models are closely
related since model I has been constructed to accommodate
the introduction of money in a barter economy. The results
of introducing money in a barter economy are analyzed in
model II and the similarities and dissimilarities of a barter
and monetary, static economy are revealed by inspecting the
solutions of these two models. In what follows, model I
will first be developed and a set of solutions will be
obtained; the discussion and presentation of a set of solutions
of model II will follow; finally some interpreting remarks

will be made.

IModel I is an extension of a model presented in Brems
(1968, Chapter 25). Model I differs from Brems' model
however in one crucial way: it has three outputs instead of
only two. The need for extending Brems'! model to include
a third output is motivated by the intention of using model
I to introduce money in it.

21
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Model I
The notation used in this model is the following:
Variables
C{j= 3th output consumed by I person; i = 1,2,3, § = 1,2

F% = price of 1th

output
&, PL = price of capital and price of labor, respectively

Lg = utility to the Jth person

;= th output
Ki = capital absorbed by ith output
LT = Jlabor absorbed by ith output
Wj = income of j*B person
Parameters
A = elasticity of utility with respect to X,
B = elasticity of utility with respect to X,
L = elasticity of utility with respect to A,
U; = elasticity of ith output with respect to capital
AL = elasticity of 1th output with respect to labor
K = total available quantity of capital
L. = total available quantity of labor

The production functions of the model are of the Cobb-
Douglas form described in equations (1) - (3).

. Uy A
(1) X, =K, L XS0 K30, L,SD o<y A< el

u, )z.
(2) X,= K, L, k0 K20 L0 0<up,hel | tpeds

H

(3) K, = KLY 0,50 K90, 1,30 ) 0<uy <l Uyphye]
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It is interesting to note that constant returns to scale
are assumed. The restriction that all variables should be
strictly greater than zero ls required by the fact that
divisions by zero are not allowed.

Assume that firms seek to maximize their profits under
conditions of perfect competition. Equations (4) - (9)
represent the first order conditions of an unconstrained

perfect competitive maximization of profits.

"L;_”
(8) Fk.: P3 _;2_:‘.._.3

(9) po- P2

It is useful at this point to attempt to apply Euler's
Theorem to the distributive shares. Such an application is
both economically useful and algebraically convenient.
Equations (4) = (9) are used to derive the distributive
shares equations. Rearrange (4) and (5) and add them to
obtain equation (4a). Repeat the process for equations (6)

and (7) to obtain equation (6a) and for equations (8) and
(9) to obtain equation (8a).
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(ka) B, = P K, + PLL’1

(6a) LK, - p K+ ply,
(8a) Pk = p ks v p by,

All the above analysis refers to the production aspccts
of the model., The consumption aspects are considered next.

Assume that there are two consumers., The number of
consumers could be increased to more than two with only
notational complications. No loss of generality is suffered
from the present treatment.2 Let both consumers have the
same utility function which for reasons of the solvability

of the model is assumed to be of the Cobb-Douglas form.
A B C oo
U, = ¢ G Gy D< A B L <
A pB pC
U,-C, (. Gy, D<A, B C<T

In the present model it is assumed that all income is spent
on consumption. This assumption is not very restrictive for
a static model like the present one. In models III and IV
of Chapter IV, the "no savings" assumption is dropped. The

budget constraints for the two persons are:
Y, = RG + BGy + BL,
Yo = PCa « BG, + B,

2For an illustration of the case where more than two
consumers are considered see Stephens' article (1970).
Although Professor Stephens analyzes questions of inflation
and unemployment that are not directly related to the
questions of this chapter, the consumption aspects of his
paper (1970) are similar to the ones discussed above,
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Constrained utility maximization yields the following demand

functions:

(10)

(11)

(12)

(13)

(1)

(15)

C

C
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1M

Ys A

P, A+BsC
Y. B

P,  AtR+C
Y. €

B A+e+C
Yoo A
P, A+BiC
Yz B

P, A+B+C
e ¢

B A+piC

Three final aspects of the model need to be considered:

personal incomes, equilibrium in input markets and equilibrium

in output markets.

To simplify the solvability of the model, assume that

one individual is the capitalist and the other the worker.

Personal incomes then are described by equations (16) and

(17).

(16) %=&K

(17) \{?_: FA_L

Equations (18) and (19) refer to the equilibrium

condition in the input markets.

(18) K= K, +K, +K,
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(19) L - L+l v L

1 3

Finally, equilibrium in the output markets is described

as follows:
(20) X, =Cy +Cy,
(21) X, = ﬁz1 + Cyy
(21a) X, = Cy + Gy,

Note that equation (2la) implies that equilibria in X, and
XZ force equilibrium in K,.B Thus (2la) is not necessary
as an independent condition.

The model as described consists of 21 equations and 22
unknowns. The unknowns are: L. , Lu_, L, , Ko K LK,
T T O A T S GV G U
C,, » CZZ ’ C32 , \? and \Q_. Let d be the Walrasian
numeraire. In what follows, a set of solutions is presented

and discussed,

To solve for L1 , Lo, L

N 3 9 K1 ’ Kz and k3 use equations

(4a), (6a), (8a), (10) - (15) and (20) - (21la) to obtain:

310 demonstrate that Walras' law holds true, combine
equations (4a), (6a), (6a), (16), (17), (18) and (19) and

obtain P,XI + Pz Xz + Pj X5 = Y1 t Y;_

Furthermore, combine equations (10) = (15), use equations
(20) and (21) to obtain

RX + Pbt Ps(can*caz)= i+ Y,

?hic? directly implies X3= C.31+C32 , i.e., equation
2la s
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AB(p K, tpL,) = A(;(PK K, + P, L,)= BL (Pr-vkw" o)
From profit maximization conditions, i.e., equations (4) -
(9) obtain:
S PO
P A K A KA K
Use the above with equations (18) and (19) to find

(22) L= __Rh L
AI\1 + BA;&"'C)J

(23) L.z-; Bz L
A/\q + B/\‘,_ + C/\j

(2y) L,-__Ch L
Ajr+Ble+C),

(25) K, . ___AW K
Au1+ Bu;,_+Cuj

(26) K,._ . Buw. __ K
Au, + bua+Cu

(27) K, .___Cu K

Au, + Bre,+Cus
Direct insertion of input solutions, i.e., equations (22) -
(27) into the production functions, i.e., equations (1) =~ (3)

gives the solutions for outputs'

_ ; A

(28) ¥, = L Ak AL X §1
1 LAH{#BU;;?‘(,U; l [A,‘1+Blh +C/]5 )

(29) K, = .. BRu Bl
L Auy + Bul%Cub J L A B Gy

- u, - ; .,3\

(30) K= Ckus 120 CLb 1

LAJ1 + B+ Cuy J !«A‘Am +Blat Cj} J



The solutions of relative prices follow.
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As it was

indicated above, the price of labor, R_ , has been chosen

to be the numeraire.

(22) - (30) to obtain:

(31) PF N (AU1 + BUL*C“;)
P, K (A X+ B L Q)

(s2) P 1 [ (A BuasCus)
oA L (A e Bl Gl

(33) _P | 1 (AU«*MW&,)
PL UZUL' Az)). L (A )1-)— B/‘z , )

(34) B 1 (AurBuasGs) L
3 w1 L (A Bl Q)

Use equations (4) - (9) and equations

ks
.Ku_‘
L%
o
L '\u.a
=

P

The solutions of consumption are very simple to obtaine.

Direct insertion of equations (16) and (17) and equations

(31) - (34) into equations (10) - (15) yields the following

results:
K Uy Ay
(35) CH: A+/;+C 7 A
(36) (. _BK oFp
AtBTC
(31) [, - K o ]
A+B+C
(38) (,= AL g #)h
A+RFC T
. uz/);_
o G- gl

A/\1 +B/‘2+C,]5

/AUy4Bu1+CU3
[ AXI“" B)z’*‘ C}i

(A31*BA2+()5

( Au,+Buz+Cu;>M

Au1 +Bu, +L s

Au»| t B UZ+CL’5

AA‘: + B)J. +CA}) _

L "?A‘
K
I ‘:']L
K
)
Ko
K
Lo
k™
Lo
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-~

, "
' A B (1 K. ] 3
0 L o= ____{‘_-'L. U 2 i A)\l tHAs + J\ L
(40) 3 A+ Bl » s \( Au(+Bu;fChﬁ> L j

For the model to be completed the solutions of \; and
\G’ are needed. These solutions are presented below in
equations (41) and (42). Combine equations (16) and (17)

where \ﬂ and \G_ are defined with equation (31) to obtain:

(41) _:ﬁw.=< AU1+15uz+Cu3\l |

PL. Aﬂ]*B/\z“‘"Ca} /
w2) Yo | L
P.

Model II
The presentation of model II requires some additional
notation. Notation that has already been introduced in model

I will not be repeated again. Only new notation is presented

below.
Variables
NR = money considered as an input and absorbed by the 1t
output; 1 = 1,2,3
M. ; = money considered as an output and demanded by the

jth person; j = 1,2

QS
il

the price of money viewed as a consumer's goodu

the price of money viewed as a producer's good5

£
1

u’5The reader may interpret the price of money to be
what is commonly called an "interest rate", rather than the
reciprocal of a price index. Money in the present model
has a more meaningful function than simply being a medium
of exchange (in which case its price would be the reciprocal
of a price index).
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Parameters
AAT = total supply of money available
D = elasticity of utility with respect to money viewed

as a consumer's good

. = proportion of the total money supply held by person
1
Hi = elasticity of ith output with respect to money as a

producer's good

The production functions of model II are similar to
those of model I with one basic difference. In model II,
money6 is introduced in the production function to express
the function of money as a producer good. The theoretical
foundations of this function of money will be discussed in
the last section of this chapter. Mathematically, to express
the function of money as a producer good is sufficient to
introduce it in the production functions of the model. This
is done presently by considering real cash balances as an
input in the production functions below.

(43) X, = K L (M‘) K0 K0 L]>O,%‘i>o,v<u_,,_‘..}.|:u..<’xy_frf;,:!u;-?

(W) b= K. LZ(M&)‘ (0,K20,L20, My 5k, ke

(45) X;k‘;L; (—P—"‘) 190,190,130, M0 0t k1t

As in model I, also in model II, constant returns to scale

61n what follows "money" and "real cash balances" are
used interchangebly.



31
are assumed. Furthermore, assume that firms seek to maximize
profits under conditions of perfect competition. The first
order conditions of an unconstrained perfect competitive
maximization of profits are presented in the following

equations:
6 g = Bk,
(W7) p P A X
“‘"8) PM = :J 'W ' x‘i

W9) o . F Mk

L5
0) S P ey,
(50) po= Ty L,
(1) p, =P e
(52) P, = P %.xj
(53) p - szb X,
> sy,
(54) p, - ﬁ@.xj
A/

In a gsimilar way as in model I, Euler's equations are
obtained for convenience in deriving the algebraic solutions

of model II.
(46a) PX.= o Ko v p L, + p, (M
1M T P ™M Pu = FM(F"

(49a) szz = FK KZ * !"' L‘"— ' PM <ML>

P
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(52a) Pk, - Py r playg e M%)

Having presented the production aspects of model II,
empnasis is given next to the consumption side. Model II is
based on assumptions similar to those of model I; more
specifically it is assumed that there are two consumers
having the same utility function which is of the Cobb-Douglas
form. An important difference, however, needs to be pointed
out. Money is introduced in the utility function to account
for the hypothesis that real cash balances function as a
consumer good. The utility functions with the budget

constraints are presented below,

MNP
U (11 “L3 {:3] { P,_\j

v, - Ct g G, (’%)"

fz
("

ng‘ R Cﬁ v PGy }a ?j)
M)
Y,- b (v 0, r B0, + B =

To obtain the demand function of model II, maximize utility

under the above constraints.

(sg) (. =Y __A
L“ P A+ B+ Ci D
(56) (, - Yo P2
PQ_ AfoCf'D
(57) C31 :.:(l.. o - L.

B, AtB+CtD
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s8) Moo b
P P A+B+CHD
(59) Cp, - A
i A+ BrCHD
(60) (,, . __ B
B A+ BrCHD
(61) (,, . L .. ¢
. P’_J, AvrBrCeD
(62) Nk’- : \(l b

P" ) Pq | A‘f B+t
For the model to be completed, a definition of personal
incomes is necessary and the equilibrium conditions need to

be stated. First consider the personal incomes.

(63) Yi= p. K+ ap, (%')
. - M0
(6y) Y, = oo Lo+ (1-a) FV\("-ﬁf}
As in model I, equations (63) and (64) show that the first
person is assumed to be the capitalist, while the second is
assumed to be the worker. An important difference, however,
should be noted. Equations (63) and (64) differ from
equations (16) and (17) because they contain an additional
term. This term reveals that the initial stock of real
cash balances has been distributed between the two persons
according to some fixed proportion (L .

The equilibrium conditions in the input markets are

stated in equations (65) - (67).

(65) K = K, +K, +K,
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(66) L. = L+, +L,
(67) M. _ MM, My
P N

Furthermore, equations (68) = (70) describe

conditions in output markets.

(68) X1 = CM’*CM
(69) -Xz_ < (".Z.T t CL‘L

(693) ng = C31 + 'Cj-)_

.M
Pl—

(70) A,
PL PL

equilibrium

Equation (69a) simply indicates that equilibria in the

output markets X1 and XL would automatically force

equilibrium on output market X5 « Thus equation (69a) doea

not add any necessary information for the solution of the

model,

Finally, some emphasis is given to the money market.

Equations (71) and (72) describe the equilibrium conditions

in the money market.

They indicate that total supply of real

cash balances is equal to the demand of real cash balances

by the production sector where money is viewed as an input,

plus the demand of real cash balances demanded by the con-

sumer sector, where money is

M+ M M
(71) N E‘-— = _P,_- + -I§L_

viewed as a consumption good.
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Note that equation (72) implies that the price of real

cash balances in a state of equilibrium is equated to the
rate of return of real cash balances.7
The model presented in equations (43) - (72) consists
of 30 equations and 31 unknowns. The unknowns are: 547 ’
e b K K K M M LML L LK, P
Pz’ PS’PQ’PK’FL ’FM’\(‘I’\/?_’ Cn’cu’czz’
Cas Gy 5 Gy s My s MM LM o Let p be the
8

Walrasian numeraire. In what foliows, a set of sclutions of
the model is presented with an indication of the algebraic
manipulations involved.

Ky

K3 perform the same algebraic operations as in the real

To obtain the solutions of Lﬁ s Lz ’ L3 ’ ’ ki_ and
model I. The introduction of money in model II leaves these

solutions unaffected. More specifically they are:

(73) L. o= Aho
AA,+ BA2+C)5

TNote that the interest rate that producers pay for
using money need not be the same as the interest rate that
consumers pay for using money in cases where the economic
system is off equilibrium. Equation (72) however forces the
equality of the two interest rates as an equilibrium condition.

8Phe use of the price of labor, i.e., wage rate, as a
numeraire for model II is consistent with both the Keynesian
tradition and the derivation of meaningful results. For
suppose that the wage rate was allowed te vary; then the units
of the economy motivated by utility maximization considerations
would attempt to increase the real quantities of economic
goods by reducing the wage rate. This would imply that
utility maximization would eventually drive the wage rate to
zero; such an effect 1s obviously unobservable in economic
reality.
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() L, = ... DA
/'\}1 +BAJ_+L/]5
(15) L. _Ch L
Ay By tCy,
(76) K o.___Aw K
Au1’rBUL+Cu§
(77) K, - Bu K

Au, + Buz t Cu

(78) K, .__. Cus K
Au, + Bu, + Cu,

FPor the solutions of money as an input, scme preliminary
algebraic steps are necessary.
Use Buler's equations (46a), (49a) and (52a) and perform

the necessary salgebraic computations to obtain:

BC<FKK1+F,_L1+FM%\)= AC(F".KLJrFLL’-T FM%)
= AB(FK K5 + F‘_La t P l_;-i)

Also from equations (46) = (S4) solve to get the following

result?; w (%gﬁ- ” (%%)- " iﬁ%ﬁ

B ot K fe Ko b .
My M, :
o Lo E e (_P) A _(IES)
P H’ LH V'L L'z. e L‘3
Combine the above equations with equations (65), (66) and

(67) to solve for real cash balances as inputs. The solutions
obtained are:

(79) My : Ay _/}ﬁ)
P AIJ1+ Bf"2+cf‘5 K P-
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80) M= . Bie (M)

Pi— Ar‘, b B{’z‘*(—f‘} Pe
81) My . Cps (_’\1__)
Pe Ayﬁ- B‘u,_f C}Js P-

Direct insertion of input solutions presented in equations
(73) = (81) into the production functions of the model

yields the following output solutions:

-~ 1”1 IS -'/‘1 Mj
(82) X, < Ak 1AL D[ AL
AL(1 £ BM.ﬁ‘Cl@j 3 ht B/]‘,_'f C,Ax, j AH1 t BHL+LF5J
) ~ S, - ‘-); " -I_\f\_ V
(83) X =l .. BK% 1ol BLA_ ) (PL)V’ |
z LAu1 +Bu, +Cu3 ] A/\, fB/\LfCAﬁ ; r + B 4 +sz(;)l

Ckus ™7 Lkl TR ,_ijv_hzw‘s
A-AUNBUL*CL‘} J AA”B‘AJCAB ( A“ r B, "CMZ

(8) *,

The solutions for relative prices are obtained with the help
of equations (46) - (54) and the input and output solutions
presented above. In what follows, the input and output
solutions have not been inserted into the relastive prices

solutions to eliminate unduly lengthy expressions.

gsy Ao L T
P‘- A1

1

X

P L, 1
86 CENE

()PL o

1

X

4

A

(88) _g‘l .. E&; | (__l@)
P
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(89) PK u1 Ln1

Py K,

The solutions of real incomes are in order. Use
equations (63) and (6l) that define absolute incomes,
Divide equations (63) and (64) by R and use the solutions
for relative prices presented above. Note again that direct
insertions of solutions already discussed above have not
been made for the sake of simplicity.

(90) Y1 . Pr K, Pm fM’)
P P Po \P-

(91) Yo . P |, (t-a).- PM( M)
P P Pl P

In order to obtain the solutions for consumption, use
equations (55) - (62) and several of the solutions already
presented above. As before, note that not all necessary
insertions are made.

(92) C . 7R :Jblz"'(-uv. x + 0. AP”%PUCP;.X
L At B +CHD ' A+ B+ Ct D

.. . : . 2, :( .
(93) (,, . AvarBuCuy CAperBra ity
* A+ B +GD XL‘-G A+B+CtD :

(94) (, . Au+Buyrluy jo 0 Ak # B Gy X,

(95) M_’ o D 5' 41 (AUq +é£f£liél P MY ( MT)\i
P ATBrGD (W (Apy rPpaGey) SN )

MtBlarChs g v (1) AR BRarbes x

6) L., =
(96) - A+BHC4D A+ BFCHD
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(97) (= _A“AJ.J’BAA*CA“ . XZ_ (1 /A) Alil b %Hz *(Ps x

2L A+ B+CH)D A+B+C D z

(98) 1, . AhrBhalls ¢ {1-a) A B+ Cp A,
At B+CHD - A+ B+Ctb

P ArBECED | )

(99) Ma_ D “" B ( Yoy I
a1 (Ai»‘., F bVZfLT" '

The last two solutions below refer to the distribution
of real cash balances between their uses as consumer good

and producer good. To obtain such solutions, use equations

95), (99) and (71).

(100) M. (A+B+C) ﬂh(AijH F )
PL (AfB‘lL*D)/\1u1(API1+BFL+Cu5) +_,l l.41 (,[\u fBuzf uj){»ut,{ ,-\‘ fD‘ ".,' >

Finally, use equations (71) and equation (100) to get:

(101) \AL - MT M

P R

Thus model II is presented and & set of solutions 1is
obtained., The remainder of this chapter is devoted to a

comparison of the two models and interpreting comments.

Comparisons and Interpretations

There are some basic similarities as well as dissimilar-
ities between model I and model II. The basic similarities
include that both are static, general equilibrium models of
the Cobb-Douglas form, each model having three commodities

and two classes of persons, i.s., the capitalists and the
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workers. Similarities between the two models have been
encouraged so that dissimilarities could be studied morec
effectively. An important characteristic of both models is
that a set of solutions can be obtained so that the effect
of basic dissimilarities in the construction of the models
could be traced in the solutions of the models.

Model I has been constructed with the basi; purpose to
be extended in order to accommodate money. Money in the
form of real cash balances is introduced in model II wnich
can be viewed as an extension of model I. In this respect,
model I and modél II have a basic dissimilarity. Model II is
a monetary model while model I is a barter model. A question
naturally arises. How has money in the form of real cash
balances been introduced in model II? A simple examination
of the way model II has been constructed reveals that resal
cash balances are included in the production functions of
the model as well as in the utility functions of the consumers.

The theoretical motivation for such a construction is
the discussion in the current literature, such as Patinkin
(1965) and Levhari and Patinkin (1968), where money is viewed
as a producer good or a consumer good. Perhaps a brief
discussion of Levhari and Patinkin's ideas may prove to be of
interest. It has been argued that the existence of cash
balances in an economy facilitates production. Resources of
the economy are more efficiently utilized in a monetary

economy than a barter economy. Resources that would have to



41
be consumed in an attempt to overcome the difficulties of a
barter economy are efficiently utilized in a monetary
economy. More precisely, as Levhari and Patinkin (1968) put
it, "money is held only because it enables the economic unit
in question to acquire or produce a larger quantity of
commodities in the usual sense of the term" (p. 737).

The question that arises is this: how can money
mathematically express the function attributed to it by
monetary theory? To account for this function of cash
balances, money is introduced as an input argument in the
production functions c¢f model II., This is not the most
theoretically desirable technique. The optimum-inventory
approach suggested by Baumol (1952) has theoretical appeal
because when money is viewed as a producer good, it is
indeed viewed as an inventory. However, the optimum-inven-
tory approach is analytically more complex compared to the
mathematically simpler approach of considering money as an
argument in the production functions.

In addition to considering money as a producer good,
this chapter presents an additional novelty, i.e., viewing
money as a consumer good. Classical economists viewed money
as a "veil" which had to be removed before the real variables
of the economy could be studied. Money was simply a unit of
account and a means of exchange. Because of these two
functions of money, classical economists believed that money

had no direct utility itself. The only utility money had
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was the indirect utility obtained from goods and services
purchased with the help of money. It was viewed as a
double counting to compute utility derived from real goods
and services and utility derived from money. As Hansen (1970)
argues, "this does not follow logically however" (p. 56). If
utility is to be attributed to money, it will be imputed
because of money's function as a store of value. Real cash
balances yield utility because of the liquidity they provide
to their holders. As Hansen (1970) puts it, ". . . money in
real terms is useful not only because it can be exchanged
for useful commodities, but because it facilitates the
process of transactions, bridges gaps between payments and
receipts, makes unexpected purchases possible, and so forth"
(pp. 56-7). On the basis of the above theoretical grounds,
money is introduced in the utility functions of the model.

At this point, the reader must be reminded that the
separate discussion of money as a producer good and money as
a consumer good should not be interpreted to imply that money
can not be viewed as fulfilling both these roles simultaneously.
The mathematical complexities of viewing real cash balances
as a producer good and consumer good simultaneously have
prevented economic theorists such as Levhari and Patinkin
(1968) from studying the general case. It is interesting
however to note Levhari and Patinkin's (1968) conclusion:
"hence, a truly general model would analyze the total demand

for money from both these viewpoints™ (p. 752). It is in
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accordance with this spirit that models I and II have been

built, i.e., to study the general case.

In addition to the theoretical arguments already
presented above for the introduction of money in the pro-
duction and utility functions, one may give some additional
evidence from economic history. There seems to be very
little doubt about money's contribution to rapid economic
growth through extensive specialization, through saving time
and facilitating the production and exchange of goods and
services, and finally through adding to convenience and
security of consumers as well as producers.

The simultaneous introduction of money as a consumer
and as a producer good in model II allows the monetary
theorists to study the allocation of the stock of real cash
balances between producers and consumers. Less general
cases could have been studied, i.e., models could have been
developed where money is considered to be only a consumer
good or only a producer good, but not both, The treatment
of the general case, i.e., model II, has been preferred over
alternative special cases.

With respect to the incomes of the two classes of
persons, a less arbitrary assumption is made concerning the
distribution of the stock of real cash balances. While
capitalists still own all capital and workers all labor
resources, cash balances are distributed between these two

classes according to some proportion (A, Such a definition
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of incomes in model II causes dissimilarities in the consump-
tion solutions .of models I and II.

An additional difference that may be pointed out
between model I and model II is the nature of the production
functions of the.two models. In model I, the production
functions do not include real cash balances as an argument.
In a barter economy, money is not used, Extending the
barter economy intoc a monetary one, the production functions
of model II do include real cash balances as an argument,

As a matter of fact, in a monetary economy, production
functions could not but include real cash balances since
production is not feasible without the use of money. So,
once an economy is monetized, its reversal to a barter
economy is impossible. Another basic difference between
model I and model II is that model II has a money market
while model I does not. Such a money market is necessary if
solutions are to be obtained in model II. Finally, an
important characteristic of model II only is the separation
of ownership and use of money. The use of money by both the
consumers and producers is not restricted by ownership of
money. This quality that the model possesses is, of course,
in accordance with economic reality.

Thus, the dissimilarities between model I and model II
include (a) money as a producer good, (b) money as a consumer
good, (c) incomes contain a portion of the stock of money

and finally (d) money market.
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Model I and model II as constructed and solved above
contribute in the removal of a major criticism raised in the
literature and more carefully elaborated in Chapter_II of
the present study. Model I describes a barter economy
quite realistically and the existence of three commodities
naturaliy creates barter difficulties since "the double
coincidence™ is not likely to occur with the same ease as in
a two commodity barter economy or even more trivially in a
one good economy. It is these barter difficulties that the
introduction of money in model II attempts to remove., The
presence of three commodities contributes to a sound
theoretical foundation for the introduction of money. How-
ever, not all basic criticisms of modern monetary growth
theory have been removed by the construction and solution of
models I and II. In order to contribute to the removal of
some of the additional criticisms, models III and IV are

presented in the next chapter.



CHAPTER IV
MODELS III AND IV

In this chapter, models III and IV will be developed
and solved. Model III is a dynamic, barter, general
equilibrium model., It is developed with the basic purpose
of providing a theoretically sound framework for the intro-
duction of money. Such an introduction of money in a
dynamic economy is achieved in model IV. As in Chapter III,
the two models will be presented and solved and then
critically compared and evaluated. In relating the two
models of the previous chapter to the ones of the present
chapter, it should be noted that models III and IV are
extensions of the earlier ones. Instead of having three
commodities, models III and IV, because of their dynamic
nature, include two consumption goods and an investment good.
Some fundamental differences are obvious between the models
of the previous chapter and the present one. They are due
to the methodological differences that are present always
between static and dynamic models. Apart from this metho-
dological dissimilarity, the models of the last chapter and

the models of the present chapter continue to demonstrate

L6
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the same basic idea: the fundamentals of a model of the
introduction of money in a barter economy. Aspects of the

models related to their stablility are not discussed.

Model III

Some additional notation is necessary for the present

model. Only notation not presented before is introduced

below.
Variables
I = investment good
S = savings
@ = price of the investment good
Parameters
nh = rate of growth of labor force
b = proportion of capitalist's income saved

Note that all variables are subscripted by t s, Where
E = time. t = 0 indicates the values of the variables at
the beginning of the period, i.e., the initial conditions of
the model.

The production functions of model III are described in

equations (1) - (3) below:
(1) K, (k) = L(e)J L, (e>J (0 L0 0cu AT ik
(2) K, (0)= (0] [LE™ )0 Lo, oau it i1
(3) 1(9)= Lk,,(a] LL%&)])’) K020, LD, DU AT wyrds1
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Observe that Cobb-~Douglas production functions are
postulated with constant returnz to scale. This is in
accordance with the preceding models,
Assume profit maximization under conditions of perfect

competition. The first order conditions of such a profit
maximization yield the input demand equations (4) = (9).

P “1 X
(W) p (&) = F(¢) xE

. S Py A X ()
(5) PL(t) L (8) e (
BIEACERACE - At

(k)

1

K, ()

\ }z
(1 ple) = RE) Lz() )
(8) p.( = BB K&) L®
b - L )3 ;:
P9 = BTG 10

Euler's theorem can easily be derived from the above

equations. Simple algebraic manipulations yield:

L}]

(ha) P (e} Wy (t)
(6a) P (£) X, (¢)

SOINIORRACING

P8 Ky (8) + R6) LylE)

(82) P I(t) = P(OK,(8) + Pl L, (&)

Having presented the elements of the production side of
the model, the utility functions and demand functions follow.
Assume, as in Chapter II, that there are two persons, or two

groups of individuals, having similar utility functions of
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the Cobb-Douglas type. Assume furthermore that only the
capitalist saves while the worker consumes his entire
income. More formally, these assumptions are expressed in

the following equations:

U ()= Ch® G (0
U, - Gy 0 0, (®
The budget constraints under the assumptions discussed are:
(£) - 5(E) = P E)Cyy (1) + P (6) Oy (8)
V()= PO () + Pl®) ()
Utility maximization under the budget constraint yields the

demand functions of model III. They are presented in
equations (10) - (13).

C. = Y;@)U-B)l A

(10) Ly =
P(ey  AtB
(1) C,, - &0 B
P, (&) AtB
L) A
a2 Ly - YP,ée) " heB

Y. B
(13) C,, = ol

The definitions of personal incomes are similar to the ones

of model I. More specifically they are:
(1) Y, (E) = pb) K (&)
(25) Y, (e) = p(k)-L(E)
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An important feature of this model is the existence of
savings. It is postulated that savings is a proportion of
the income of the capitalist. This is one out of several
different savings assumptions to be found in the literature
of economic growth.1 In general, there are two broad
categories of savings assumptions: first, the neoclassical
assumption where savings is proportional to total income
and second, the Cambridge assumption where capitalists save
all their income and consumers spend all their income. The
assumption introduced above is believed to be a more realistie
version of the Cambridge savings assumption. It is more
realistic because one could not expect capitalists to live
without consuming. In general, a model postulating savings
and consumption for both capitalists and workers would
obviously come closer to the real world., This, however,
would cause unnecessary mathematical comiplications. Further-
more, equilibrium between savings and investment is stated
below to demonstrate the usual assumption that desired
savings and desired investment are equal. This assumption
is very common in the literature of neoclassical growth
models. In such models, once a certain proportion of output -
is saved, the level of investment required to maintain the
economy at full employment is aﬁtomatically determined.

Unlike the neoclassical models, the savings equals investment

lsee for example Stiglitz and Uzawa (1969), ppe. 309 -
313, '
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assumption of model III needs to be interpreted differently
because this model postulates an investment function
described by equation (3). All equation (17) demonstrates
is sn equilibrium condition for income., Observe that savings
is deflated by the price of the investment good since I(t)
is expressed in real terms and G(E) is expressed in monetary

terms.,

(16) G() = b, (¢)
S(E)
(17) T(+)= =
(e R
For the model to be completed, the equilibrium conditions
in the input and output markets need to be stated, With
respect to the output markets, equilibrium in the one market.

automatically guarantees equilibrium in the other. To

indicate this only one equation is numbered.
(18) X (t) = C,(e) » Cypy (8)
(18a) K, (&) = G, (&) + Cp (&)

It is important to demonstrate that Walras'! law holds
once again, and that in particular the introduction of an
independent investment function described by equation (3) is
consistent with this law. Combine equations (L4a), (6a), (8a),
(14), (15) and equations (19) and (20) below to obtain:

Py X, (6)+ Rk, ) « BT = MG ERA

rA

On the other hand, combine equations (10) = (13) and obtain:
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PLEY X, () PG, (0 +CoulB)] = V() [1-k)+ Y (k)

Making use of equations (16) and (17), this last equation

becomes:

P X, (&) + szfcz, (&) + Cu(h)} FRE ) = Y )+ Y, L)

which immediately implies equation (18a). The dynamic
nature of the model indicates that Walras' law holds true
for all time periods.

In the input markets, note the definition of capital,
i.e., K(t) . It is the sum of capital at the beginning of
the period, plus capital accumulated from £ =0 to present
time t . For simplicity, capital consumption allowance is
assumed to be zero. Furthermore, capital is assumed homo-
geneous and although technical progress could be introduced,
since the model is built to shed some light in the infro-
duction of money rather than other aspects, it is assumed

that there is no technical progress.
(19) K (k) = K (&) + K, (&) + K (8)
(20)  L(&) = Lo () + L, v L,y
(1) K- k(o) r [ T(0de
o

(21a) L (t) = L.(D)e

Note the assumption described in equation (2la). It is

assumed that labor force grows exogeneously at a rate N ,
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This assumption is rather usual in growth theory.

The model as described above consists of 22 unknowns
and 21 equations. Note that \J&) , 1.0., labor force at
period b , although a variable, is not included among the
other 22 variables since equation (2la) provides the solution
in the form of an assumption. The unknowns of the model
R T T S U S SIS SR SN SR
PZ’P""P’” AR ’Cn’cm’cw_’czz'

Let f{ » the price of labor, be the numeraire. Before a

are: |,

set of solutions is presented, a remark is in order. To
keep notation as simple as possible, the time subscript is
dropped from the variables. Since the present model is a
dynamic one, it is understood that the values of the 22
variables stated above depend upon time. Furthermore,
assume that the initial values of all the variables are
given. With the above introductory comments, we embark on
presenting a set of solutions of the model.

First, to solve for the values of the inputs rearrange
equations (4a), (6a), (8a), (10) - (13), (14) and (15) to

obtain the subsystem:

R MU R PR A
) . 3 .
ﬁ e Bl R - Y“ L))-A_B— ' Yijq%;: PFKZ+PLL‘fZ

I)%- BW? :FFK3

Perform the necessary algebraic operations to solve for

R Kz ’ i<3' These solutions are not as complicated as

i
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the solutions of L. » by s Ls . In equations (22) - (27),
the solutions are explicitly presented.
(22) K, - .-.é.l*.a...ﬁ..." -bus)
Au, + Bu,
(23) K, - Bu, (1-bUs) | k
Au, + Bu,
(24) K,= buyK
(25) L. - A L1-b (1)) L
! A(Awb)g—bj‘),}f B(ltb)s-bp)
(26) huy oo Bla[1-B(1-4)] L

.K(}1;L53-kﬁ{)+ B()zrkﬂ3;b42)

(1) ., . __Abks (1) + BEL(1:)e)
© AGarbpebp) + BRrby by

Although some criticel comments concerning the comparison

of the solutions of model I and the present one will be made
in the last section of this chapter, it is interesting to
note the great significance of the propensity to save. From
a mathematical standpoint, the significance of the propensity
to save is witnessed by the presence of the coefficient b ’
i.e., the proportion of the capitalist'!'s income saved, in all
solutions demonstrated by equations (22) - (27). More
interestingly, from an economic standpoint, the introduction
of an investment output and savings (among other things) in
model III reveals the powerful significance of the propensity
to save, not observed in previous models. Such an economic

significance of the propensity to save may be interpreted as
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follows. The propensity to save directly affects the

allocation of the two inputs, i.e., capital and labor. In
particular, the propensity to save causes a decrease in the
proportion of inputs allocated in the production of consump-
tion outputs as indicated by equations (22), (23), (25) and
(26), in favor of an increase in the proportion of inputs
allocated in the production of the investment good as shown
in equations (24) and (27). In general, the higher the
propensity to save is, the smaller the proportion of inputs
allocated in the production of consumption outputs will be
(and consequently, the higher the proportion of inputs
allocated in the production of the investment good). Such
an observation is clearly in accordance with the principles
of economic theory.

Having solved for the inputs, direct insertions of

equations (22) - (27) in equations (1) - (3) yield the

solutions X1 R Xz and | . L
(28) (L [AKu(1- hu? i ALY L1-b(1-4)] ‘;'3‘
1 Au,+BLQ_ J LA(Q+b)s-bj,)+ B(Aszb‘bh))

29y K[ BRualb)| T BULDB() YR

'l
AVH +Pus _)I L A U1 + by~ b/h) (’\~z.Jr bxlf"b)ll)

(30) T= ibu KJ”a’ ALb) (- 1)+ BLb )y (1-4) VP
L 3 t\/‘\(mﬂ“ﬂ/\sbh)f B()z‘f bb "9)\;) ;

The solutions of relative prices are presented next.

They are very simple to obtain. Use equations (4) - (9) and
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solve directly for relative prices. The solutions are given
below in equations (31) - (34). Note that insertions of
solutions already obtained have not been made to keep the
expressions in their simplest forms.

(31) . Ly ]
X

(32) .Eé TS
D VN

(33) 0. Ly
YR

(3) P o L
PL )1 K1

Following the solutions of relative prices are the
solutions of relative incomes. They are necessary for the

solutions of consumption.

(35) Y. M Lok

b K
(36) 2 . L.

[
Since the usual assumption of "savings equals invest-
ment" is introduced in equation (17), the solution of savings
is directly obtained from equations (16) and (35).

(37) 2. L. Y bk

- MoK

At this point, it may be interesting to check whether
the solutions of I(E) and S(E) given above satisfy equation
(17) of the model. Such a check would reveal both internal

consistency of the model as well as correct solutions. From
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equation (17) obtain:

RI=5
From equation (37), solve for 5(t) and obtain:
. a L, .
S - b=t .5 K
CERD '
Thus we have:

Bl= p- b _';i‘. TL;J K
ni 3

Divide both sides by f{ , use equations (33), (25), (27) and
(22). Simple algebraic operations show that equality holds.
Now, to obtain the solutions of consumption, use

equations (10) - (13) and solutions already obtained above

to get:

(38) C., = m(1-b) L ¥ A

K Ave
- o) Ky B
(bo) (.. - .. L x._A
4 12 1 Lﬁ 1 A'+B
i L_x . _58
1 - L= N2

Finally, in order to complete the solutions of this
model, it is necessary to indicate the time paths of labor
growth and capital accumulation., Direct substitutions of
such solutions in all the solutions presented above will
allow one to perfectly determine the value of any variable
at any time t . The path of labor growth has already been
assumed to be that of an exponential growth. For convenience,

it is reproduced below:
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nk

y2) L(t)= L (0)e
The path of capital accumulation needs to be solvéd for.
Since it is fairly complicated to find, the complete set of
derivations is presented.

From equation (21) it is obtained that:

K(t)= K(o)'fStI(EM§

(3]

, §= variable of integration

Substitute the solution of IUﬂ obtained in equation (30);

furthermore, substitute L (t) by its equivalent in equation
(y2).

-t} { oy K [P alid ) Bod(1d) | (o) P
k()= K(O)+Sa [Buﬁ’\(ﬂ] {A()Hb);‘ bii) + B (darb),-by,) Lble J J§

s ua'___/_A_L,_b‘_}:-,b);f‘B‘b,l}-U—_ﬁ L 0\12'3 gt-‘
K(t)— K(on(bus) jA(Aﬁb}\z”b/h) b Bliztb)y-by) ( ;j JKG}

Let )

- T Abgs (1-00) + Bbas(1-) .
G o= (bu,) Lemimal Tt I Lo
(o) LAk ro)s -bj) + B(Jatbjs-by) )J

MS f\/\

Je At

Hence the last equation becomes:

t Uy n).jf
KW =ko)+ 6 | k] el

Differentiate both sides with respect to E .

Kl = 6 k(D] e
" 3 u
Divide by-[K(E))5 and integrate, [K(E)} ’ # 0.

© e ¢ Nk
RESGI Gj R
J (k)™



Uy b ”)5}
kel | . 6,
1-uj o H}B o
™ ko™ e Mg
1-uy 1-uj nl nhs
; : 1-U;
i-Us [K(C‘U (7 I\/\gf:- 1 l
k = [1-U e
(k)] - >{1_u5 el
Thus: 1-Uy LE 3 ._1__.
. - NnAs , -
3 KO ={U<<o>} ol p b
Y\A; ]

and equivalently,

r 4y : At —_
(43a) K(t)=| K(O)"+ E (e -]

Some economic interpretations are in order for a better
understanding of model III. This model is a dynamic, general
equilibrium model with two consumption goods and an invest-
ment good. Unlike neoclassical growth models, model III
explicitly postulates an investment function. It has been
shown that Walras' law holds true for all time periods and
that total output is in equilibrium, A question naturally
arises., Is such an output equilibrium a full employment
equilibrium? The answer is provided by the solutions of the
model. Observe that all solutions refer to some period of
time £ . Obviously, the solutions (25), (26) and (27)
indicate that the proportions of labor force allocated to the

production of the three outputs add to give 1. Thus, model
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III is a full employment model.

Furthermore, one may ask about the nature of the growth
paths of the variables of the model. A detailed presentation
of such growth paths for the 22 variables is not shown, not
only because of the complexity of the expressions, but also
because it lies beyond the scope of this thesis., Recall that
emphasis is given to a meaningful integration of real and
monetary growth models rather than to a full presentation of
a real growth theory. All the details, however, for a
discussion of growth paths are available. The basic exogenous
force of growth is provided by the growth of labor force
postulated by equation (2la). Assuming full employment, the
growth of labor determines the growth path of the worker's
income since the wage rate has been postulated to be main-
tained fixed, playing the role of the economy's numeraire.
Also, labor force causes partially the growth of the three
outputs according to the proportion of its allocation.
However, the most interesting growth effect of the labor
force is the effect labor force has on capital accumulation.
The growth path of capital is determined directly by the
influence which the labor force's growth has on the invest-
ment function. Naturally, the determination of capitalt's
growth path is subject to two basic constraints: Walras!
law and the M"savings equals investment" assumption. So,
once the "right™ rate of growth of capital is determined,

capital growth (endogeneously determined) and labor growth
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(exogenously determined) help determine the growth paths of
the remaining variables. Note that the simplicity of growth
paths observed in simple neoclassical growth models where
all variables grow at the same rates, i.e., stationary states,
is not present in model III. Growth rates vary and in
general are determined by the rate of growth of labor, the
rate of growth of capital, savings coefficient and all the
remaining parameters of the model. Equipped with such a

powerful tool, the analysis proceeds to model IV,

Model IV

The analysis of this chapter continues with the presen-
tation and solution of the dynamic general equilibrium model
with money. This model is considered to be the most complete
model of the dissertation; and former models, although con-
tributing in themselves, were built as preliminary steps to
the construction of model 1IV.

The production sector of model IV consists of two
consumption goods and an investment good. This is similar
to model III. The difference between model III and the
present model is the introduction of real cash balances in
the production functions and utility functions. The
theoretical issues of money viewed as a producer good and
consumer good have been touched upon in Chapter III. More
formally, the production functions of the model are:

M ‘w COils
| Pu(ﬁ)j

(W) K ()= [ kw) L )]
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WYg - ha YHa
ws) KU =[] L] wz(ik)]r
(h6) I(t) - [Ks@”u}[LstA iﬂ%g‘l

The usual assumptions of positive inputs, positive elasticities
of outputs with respect to inputs and constant returns to

scale are retained. Profit maximization under perfectly
competitive market structure yields the following first order

conditions:
W7) p (k) = P(t) X (k)
W8) b (c) = P (t) ()

W) p () = P, () —_,gﬁ - K (k)

(50) p ity = Ble) Hac . X, ()

Ko (£)
(51) p (6) = R(4) _gﬁ&.).xzm
(52) p, ()= B (&) ‘r:im' X, (&)
[P!(E)]
(53) L P M T(v)
PK(L) Pa T L
) ) = BT (e
(54) p ()= Bl L(e) [(€)
(55) p, ()= Rilt) Mm I{t)
R&)}

Following the pattern established in previous models,
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Eulert's theorem when applied in this model yields:

| Ny , M, (t)

(47a) P)X,(E) = P (t) K, (&) + P (&) L&) + FM(E) 0
N s (&)

(500) PIK(E) = py(tykaleh e ple) Lot pute) T
o - . M; ()

(53a) Pa(” I (H = Fk(C) Ka(t) t ﬁ“‘-) L»S(t) * ;DM(H PLZE)

Having presented the basic elements of the production
side of the model, a discussion of the consumption side of
the model follows. Note that the utility function includes
real cash balances as one of the arguments. The introduction
of money in the utility function has been discussed in
Chapter III and similar arguments hold true in the present
model, Note also that only one utility function is postu-
lated instead of two as was the case in the previous models.
The idea behind this change is purely computational. The
introduction of money in a rather large and complex model
such as model III presents difficult computations.
Theoretically, not very important information is lost by
considering the special case of a classless society, in
particular since the purpose of model IV is to provide a
measningful dynamic integration rather than to study the
relative shares of the society's different classes. The new
notation needed is the following:

Ck = aggregate consumption of ith output; 1 = 1,2

v
Y

aggragate utility

total income
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* = total cash balances viewed as a consumption good
L

On the basis of the above, the utility function postu-

lated in model IV is of the form:

U= 6o [ 0] (2]

To derive the demand functions, the above utility
function needs to be maximized under the budget constraint

stated below.

IR PO e P () TR
Y(£) - S(8)= P(8)C,(6)+ B () C, 00+ F (8) lm-}

‘where:

(56)  5(t) = b Y(&)

Two remarks are in order at this point. First, observe
that not all total income is spent on consumption. A propor-
tion of total income is saved and the savings function is
explicitly postulated in equation (56). Second, the process
of maximizing aggregate utility under the budget constraint
to obtain demand functions is not entirely necessary. It
contributes to the completeness of the model but also might
be criticized along the conceptual lines of the existence of
such a social utility function.

If the reader has serious objections against the process
of maximizing social utility under the given constraint in
order to obtain the demand functions described in equations
(57) = (59), then he may want to consider equations (57) -
(59) as being postulated rather than derived. This is a very

usual approach in the growth theory literature.
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The demand functions are:
(57) L‘1 ([._) _ b)Y (E) _ A
R(t) A+ B+ D

(58) C, ()= (R)YE B
' P(E)  A+B+D

(59) M) (HYE D
P.(t) Pyt)  A+BtD

Total income is defined next. According to this
definition, total money income is the sum of the yields
received from the services of the capital stock, the services
of the labor force and the services of total real cash
balances. It is assumed that all inputs are homogeneous so
that their total quantities could be measured and their
monetary values would be meaningful.

M (t)
P (t)

Following the definition of income is the usual equilibrium

(60) Y(tl=p, () K(E) v p () L(&) + P, lE)

condition stating that desired investment is equal to desired

savings.

The presentation of model IV is near completion. Equi-
librium conditions need to be stated to fully complete the
model. Previous discussions should facilitate the meaning of
the following three types of equilibrium conditions.

First, equilibrium on Output Markets;
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(62) K (&) = C (k)

(62a) X, (t) Cz(k)

Second, equilibrium in Input Markets;

(63)  K{t) = K, (&) + K (&) + Kylk)

(6ly)  Lo(E) = L () ¢ Ly}« LiylE)
M) MlE) o ML) Ml

g PL(&)" pim EXCIE®

Third, equilibrium conditions in the Money Market;

(66) Mrle) . M(E) M
p(t] AT
(67) B (t) = p,(8)

It seems worthwhlle to establish Walras' law once again.

it

[}

1}

This is both mathematically and economically desirable.
Mathematically, the demonstration of Walras' law, is shown
to hold, establishes the truth of equation (62a). Economically,
Walras' law establishes the consistency of the equilibrium
conditions of the model. Such a property if particularly
desirable in the present model which is very complex.

To show that Walras' law holds true, use equations (47a),

(50a), (53a), (63) - (65) and (60) to obtain (note that the
subscript £t has been dropped):

. > M
P1X1 * P‘sz ' P?>I = P K+ FLL‘ * P (—t;‘-)
Add to both sides of the above expression &(ﬁﬁ,) ;s make use

L

of equation (67) and obtain:

(%) P‘X] + P?.xz+ P?;I-qu(M ): FKKJFF"L-* FM):%+ %}:Y

P
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On the other hand, combine equations (57) - (59) to get

the following expression:

PL o+, 4P (%) - (1-b)Y

Use equation (62) to rewrite this last expression as

P1X1 i chz i P4 (%—) - (1%.)\{

Finally, make use of equations (56) and (61) to get:

() P X+ B ’74(%")* R1=Y

Obviously, equations (%) and (#:%) imply equation (62a).
The above verifies that Walras' law holds true.

The dynamic nature of the model requires some assumptions
concerning the growth of inputs. Presently, it is assumed
that labor grows exponentially at a rate of n per period of
time and that also the money supply grows exponentially at a
rate of P- per period of time. Assumptions of this nature
are not too restrictive and have been widely used in the
current literature. No assumption has been made concerning
the growth of capital. Capital accumulation will be deter-
mined within the context of solutions of the model. Alge-

braically, the assumptions can be stated as follows:
nt
67) L(t)=L(0)e
(68) Mrlt)  MrlD) KE
plt) PL(O) E
(69) K (t) = \<(D)+g T{t)dt
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Assume that all initial values are known. The model consists
of 27 equations and 28 unknowns. Use Blt) as a numeraire.
The unknowns are (note that the subscript b is dropped):
Lol byl ok oK o K s K MM, My, M
‘\Iz’xz’I.’Y’S’ P1’PZ’P3’P4 ’Fn"FL’PM’
G Coo s Mg |

The solutions of model IV are a little complicated.

The dynamic nature of the model is not the only reason. The
complications of model II, caused mainly by the introduction
of an independent investment function in an already large
general equilibrium model, are multiplied in model IV by the
introduction of money.

To proceed with the discussion and presentation of
solutions, a convenient point of departure is the solutions
of input allocation in the production of two consumption
goods and the investment good,

Use Euler's equations (47a), (50a), (53a) and equations
(47) - (622) to obtain the following basic expressions:

BbKi _ Abky _ AB ks
,u»] ',[/"7_ A+B+l} /uﬁ
Bbly . AbL, _ AB L3
M )2 A+B+D A3

M Ma v
sol@) ALl s ()
H M2 A+B+D M

Use equations (63) - (65) and perform the necessary

algebraic manipulations to obtain the following input
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solutions. Note that throughout the presentation of solutions,

the subscript t has been dropped to simplify the expressions.

Au,
(70) K = — = . K
1 Avyt Bu, + bu, (AtBHD)
(71) K, = BYs
S Au,+Bu, + bu, (A+B+D)
(72) K, = —0 _bus (A+BrD)
A¢h+l5uz+ buJA+BH»
(73) L, - Al L
A)7+’531*'b)3(A+B+D>
(74) Ly, . —..Bh L
/-\k t B)er by (A+B+D)
(75) L‘a N Lg/\g(A‘*’E-fD) L
A+ Bt b)s(ABeD)
(76) M1 Aw M
P AH’ + E) e b(’;LA+6*D) P
(77) Ma | B b2 M
P A}M'f B pp t io'fla(A"B*D) o
(78) My bpw{pprd) M

Pe Apy+ By tbpy (A+B+D) P

Two remarks are appropriate at this point. They refer
to the input solutions. First, observe the significance of
the propensity to save b . Mathematically, it sufficies to
indicate the presence of the savings coefficient b in all
solutions. Economically, savings reduces total income spent

for consumption which directly reduces the demand for the
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two consumption goods and indirectly it reduces the demand
for inputs used in the production of these two consumption
goods. Furthermore, the assumption of an independent
investment function and the equality of investment with
savings once again economically justifies the significant
role of the savings coefficient.

Second, observe that the introduction of money in the
form of real cash balances in model IV affected the input
solutions. Mathematically, the elasticity of utility of

money viewed as a consumption good is present in all input

solutions. More interestingly, from an economic standpoint,

the demand for money viewed as a consumption good directly

affects the demand for the other two consumption goods and

indirectly the input allocation solutions are also affected.

Obviously, then, model IV demonstrates a meaningful integra-

tion of real growth theory and monetary theory, where
solutions are definitely affected by the presence of real

cash balances.

Having presented and discussed the input solutions, the

remaining solutions follow relatively easily.

With respect to output solutions, direct insertions of

equations (70) - (78) into equations (4l) - (46) yield
equations (79) -~ (81).
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The solutions for relative prices are rather simple.
Make use of equations (47) - (55) to obtain the following
expressions. Note that these expressions are not in final
form since direct insertions of solutions already obtained
above have not been made to eliminate unnecessary long and

messy formulae.

(82) Px | M L,
Pu M K,
(83) Pm W L,
e [

PL
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(86) P5 . Ls
L g 1

Furthermore, by equations (67) and (83), the relative price

of real cash balances viewed as a consumer good is

(87) P4 M L

P [
Pu
The solutions already obtained above immediately deter-

mine the total income solution:
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Having obtained the total income solution, the savings

solution immediately follows.

(89) --§_= b {Bﬂl—;’l K+ L+ _._‘uj_. ._.l:- Mr
P

b K o [P
At this point, it may be interesting to check whether
the solutions of L(&) and 5(t) given above satisfy
equation (61). Such a check would reveal both internal
consistency of the model as well as correct solutions. From
equation (61l) obtain

B1=6

From equation (89), solve for § and obtain

Seplof M Ly, Ly M
F |_)1 K1 K+ * )1 {'lf‘;'lv) Pu Jl

Thus, we have

7 - fo Loy o Ly M)
R Sl Pl R

Divide both sides by P, use equations (86), (73), (75),

(71) and (76). Use needs also to be made of equation (93)
presented below. Rather complicated algebraic manipulations
show that equality holds.

Now to obtain the solutions for consumption, use
equations (57) - (59) and solutions already obtained above
to get:

- (1) AX4 Uq M M Mr 1
0) ( - Ky 2L 20 T
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Few steps remain for the model to be fully solved. The
solution of the proportion of the total money supply that is
allocated to the use of money as an input is given below.

To obtain this solution, use equations (65) and (66) and

solutions expressed in equations (70), (73) and (76).

(93) M [A+B+D=(1-b) D] Aps v Bz + by (AB+D)) Mq
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or equivalently,
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Naturally, the solution of the proportion of money used as a

consumer good is

(o) M M M
FL FL ﬁ_

The solution of capital accumulation will complete the

set of solutions. Since it is rather involved, a detailed
presentation of this solution follows.

From equation (69) it is obtained that:
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Substitute the solution of I(t) obtained in equation (83);
M ()
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in equations (68) and (69) after making use of equation (93a).
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Hence, the last equation becomes
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1

i fae ~ V\) + 5t i PR

R L CE
v 3”33* 3

o

Having obtained equation (95), some interpreting
comments are in order.

First, observe that by letting enough time elapse, the
rate of growth of capital denoted by gk becomes:

1‘U3 A_r)'f Hs
This rate of growth is very characteristic. As one

(96) g, - ndsr MUy ke pp
gr

might have expected, the rate of growth of capital is deter-
mined by the rate of growth of the labor force and the rate
of growth of the money supply, as well as the elasticities
of investment with respect to labor and money viewed as an
input. Naturally, capital accumulation is determined by the
independent investment function where the two elasticities
mentioned first appeared. The dependence of the rate of
growth of capital on the rate of monetary expansion, among
other things, is of particular interest. It establishes
once again the importance of money in a dynamic economy.
Furthermore, equation (97) clearly indicates that increases
in the rate of monetary expansion cause increases in the

rate of capital accumulation.
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Second, the reader should note that a well known result
of neoclassical growth theory is present in model IV. This
result refers to the fact that the savings coefficient b
does not appear in equation (96). This implies thatvthe
proportion of income saved does not affect the rate of
capital accumulation. This is consistent with the findings
of neoclassical growth theory.2

Third, it is of interest to study the rate of growth of
invegtment. Denote such a rate by QI « Once again, if
enough time 1is allowed to elapse, the rate of growth of

investment would become
(98) 9 = 3K3+)3n + P

where QKS is the rate of growth of capital allocated in the
investmént good industry. But since the allocation of capital
stock in the investment good industry is a fixed proportion
of total capital stock, E%ks is given by equation (99).
(99) Q- s+ Ppis
3 1-Us
Inserting equation (99) into equation (98), the latter

becomes:

—
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Very simple algebraic manipulations yield
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25 useful reference may be Brems (1968; chapter L46).
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which means that the rate of growth of investment is equal
to the rate of growth of capital. This result is not only
aesthetically beautiful but also economically meaningful
since it establishes the long run stability of the model.
Finally, one may study the rate of growth of the two
consumption goods. This is particularly interesting in view
of the fact that economies grow in order to guarantee to
their members, in the long run, high levels of consumption.
Since all output produced by both the two consumption goods
is consumed, the rate of growth of C1 denoted by gc1 and
the rate of growth of Cz denoted by %(ﬁ are given by:
(102)  gc, = gx,
(103) gcz = gxz
where ax1 and é}ﬁa denote the rate of growth of X1 and XL

respectively. Allowing for sufficiently long time to elapse,

gx1 and g?xz are given by
(104) %M = U, C(fg1 FAN Ot Wy M
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where
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Observe that once again the rate of growth of the money
supply plays an important role in determining the growth rates

of the two consumption goods.
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Comparisons and Interpretations

Models III and IV have both similarities and dissimilar-
ities. In general, the basic similarity is that they both
are dynamic, general equilibrium models. In particular, both
models consist of three productive sectors, two of which
produce two different consumer goods and a third sector
producing an investment good. These two models are complste
in the sense that output demand functions are derived from
constrained utility maximization instead of simply being
postulated bo be of a certain form. Also, input demand
functions are derived from unconstrained profit maximization
under conditions of perfect competition. A savings function
is postulated in both models which in conjunction with the
investment function provides the stimulus for economic growth.

The basic dissimilarity stems from introducing money.
Model III is a real dynamic general equilibrium model while
model IV is a monetary dynamic general equilibrium one. The
introduction of money in model III is achieved by considering
real cash balances to be a consumer as well as a producer
good. So, real cash balances enter both the utility functions
as well as the production functions. Hence, a basic dis-
similarity between model III and model IV is that real cash
balances are assumed to be an argument of the utility and
production functions of model IV while such an assumption is
not made in model III. Such an assumption is crucial because

the introduction of real cash balances in the utility and
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production functions further generates demand functions for
real cash balances viewed as an Input and viewed as an out-
put. Clearly then, model IV is larger and closer to inter-
preting economic reality where undoubtedly money is demanded
Tfor the services it renders to both producer and consumer.

As a result of introducing real cash balances in model
IV, a monetary market is developed to describe the monetary
behavior of the model. In particular, it is postulated that
the price of real cash balances used as a consumer good and
the price of real cash balances used as a producer good must
be equal if equilibrium is to be achieved. This is in
accordance with orthodox economic theory.

An interesting question arises at this point. With
respect to the monetary sector of model IV, how can absolute
prices be determined? Recall that solvability of model IV
required the reduction of the number of variables by one.
The approach followed was suggested by previous models where
the wage rate was chosen to play the role of the numeraire.
A different approach, however, could have been followed.
Orthodox economic theory has long postulated that monetary
magnitudes can be determined by making use of the "Quantity
Theory of Money". The author has researched this possibility
in both model II and model IV, The main shortcoming of
introducing in these models a "quantity theory of money"
equation is the magnitude of the models. More specifically,

recall that a quantity theory of money equation requires the
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exact enumeration of transactions taking place at a given
period of time. Such an enumeration is not simple to obtain,
even in an economy with three goods and two persons. The
difficulty, however, of introducing a quantity theory of
money equation does not reduce the contribution of models
IT and IV since the determination of absolute prices is not
very crucial in models of the introduction of money in barter
economies. At this early stage of economic research in this
fleld of study, a theoretically satisfactory integration of
barter and monetary theories precedes the derivation of
operationally meaningful theorems concerning different
aspects of the model.

A final dissimilarity between models III and IV lies in
the way incomes are defined. Unlike the definitions of
income in model III, which do not consider any income
generated by the money stock, the definitions of income in
model IV do contain the money stock of the economy as an
argument.

Having presented a brief discussion on the similarities
and dissimilarities of the models of this chapter, some
interpretations are in order. Note that several interpreting
comments followed the presentation of the models. It seens
rather impossible to exhaust all angles of interpretations,
particularly in rich models such as the present two. All
that is intended here is to bring the attention of the

reader to some crucial points, thus stimulating further
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valuable insights into these models.

The basic purpose of the two models iIs to establish an
integration of real growth theory and monetary theory at a
level higher than that of models I and II. Such a higher
level is the dynamic nature of the integration as compared
to the static integration of Chapter III. A dynamic
integration of real growth theory and monetary theory is of
course desirable because it represents economic reality more
faithfully than a static integration.

The main force of growth in model III is the growth of
labor'which, through an investment-savings machanism, causes
capital accumulation which in turn, associated with labor
growth and the investment-savings mechanism, generates growth
to all the remaining variables of the model. All these are
under conditions of constrained utility maximization and
unconstrained perfectly competitive profit maximization. All
solutions of the variables of model III are illustrated and
are indicative of the complexities observed in real economies,
The solutions as presented illustrate the relationships that
exist among the variables and parameters of the model at some
given moment of time. No further manipulations of the
solutions are made since the main purpose is to establish
solvability as the main property of the model rather than
any other property. Having achieved the development of a
consistent, realistic and solvable model, the analysis

proceeded by introducing money in model III.
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The introduction of money in model IV along the lines
of considering real cash balances as both a consumer and
producer good helped establish a meaningful integration of
real growth theory and monetary theory. This integration is
meaningful because money is a variable which affects all the
solutions of the model. Money is not simply a veil but a
very important variable. The fact that all monetary
variables of model IV are expressed in terms of a numeraire
demonstrates that money affects relative magnitudes rather
than only absolute levels of prices as classical economigts
have argued.

Most interestingly, labor and monetary growth now
become the great engine transmitting growth. Both labor
growth and monetary expansion, with the help of the
investment-savings mechanism, determine the rate of capital
accumulation, which in turn, associated with labor and
monetary expansion, stimulate growth to all the variables
of the model. Thus a further step towards a meaningful
integration of monetary and real growth theory is achieved
in Chapter IV by demonstrating such an integration at a

dynamic level.



CHAPTER V

CONCLUSION

The present chapter addresses itself to presenting the
conclusions of this dissertation. The reader must be
reminded that this study had a twofold purpose: first, to
critically evaluate monetary growth theory and, second, to
construct models with the introduction of money into barter
economies. Both aspects of the dissertation's purpose are
quite broad in content. Though the discussion on the
research's scope, presented in Chapter I, helped define, as
well as narrow down, the range of study, one may still argue
that the research territory remains quite extensive. A
systematic study of this extensive research territory leads
to a rich harvest of theoretical results, It is not difficult
to explain the number and nature of results. In essence,
this dissertation is an essay in the methodology of monetary
growth theory. It is not confined within the existing
paradigm. It essentially attempts to demonstrate a different
angle for tackling the theoretical puzzles, most of which
monetary growth theory inherited from the still unresolved

controversy of the integration of value theory amd monetary
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theory. In other words,lthe richness of results is due to
the new way of looking at the old issues and the reexamina-
tion of unsolved problems from the methodological standpoint
presented in this research. The author believes that the
present research has succeeded in providing a meaningful
integration of monetary and real growth theory and that many
lssues can be resolved if use is made of the methodology
suggested in this dissertation. A complete list of all
results is impossible. The main conclusions, however, are
presented below to be followed by suggestions for further

research,

Contribution

The detalled critique presented in Chapter II contributes
to understanding the main theoretical issues of monetary
growth theory. The question "how is money introduced in a
real economy" that monetary growth theory attempts to answer
is indeed a very difficult question. It calls for a
theoretical integration of real growth theory and monetary
theory. Such an integration hss been attempted in the
current economic literature and the critical evaluation of
this literature concludes that the results are neither
theoretically sound nor empirically meaningful. Again, the
methodological critique of monetary growth theory in Chapter
II contributes to raising several points. Two points, however,
are far superior in importance as far as the contribution of

this thesis is concerned. Thess are the following.
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First, it is shown that no theoretically sound integra-
tion of monetary theory and real growth theory can be
achieved by attempting to introduce money into one good real
growth models. A real growth model that consists of only
one, or even two, goods does not suffer from any sort of
barter inefficiencies. Consequently, the introduction of
money in such models is arbitrary and theoretically
unjustifiable. Hence, one main contributing point is the
result that economic models built for the porpose of being
used for introducing money into them should include at
least three goods.

Second, it has been argued that the theoretically
important function of money is that of being a store of
value. The prerequisite for money to perform this function
is future uncertainty. In an economy with perfect economic
foresight, money is reduced simply to a means of exchange
and a unit of account with no meaningful economic role. So,
an additional result of Chapter II is the suggestion that
uncertainty needs to be introduced in real growth models if
they are to be used to study the role of money in a growing
economy.

Motivated by a deeper understanding of the theoretical
requisites for a meaningful integration of monetary and real
growth theory, part II of this study is devoted to the
presentation of four models. Again, many interesting results

follow from these four models. However, two contributing
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points deserve most attention. These are the following.

First, the dissertation contributes to a better under-
standing of what may be called a "static integration of
monetary and value theory." The two models of Chapter III
illustrate a theoretically sound synthesis of barter and
monetary economies. Both models are general equilibrium
models. They are static and contain three goods. Model I
shows that a three good barter economy, with producers
maximizing profits and consumers maximizing utility, reaches
a staticvequilibrium. The existence of three goods justifies
the claim that a barter economy is inefficient. Model II
removes this inefficiency by introducing money. Such intro-
duction of money is theoretically sound because money is
viewed as both a consumer good and a producer good. The
introduction of money in both the utility and the production
functions of model II affect almost all solutions of this
model. Solutions of models I and II, when compared, clearly
indicate that money in model II is an essential variable with
far-reaching effects. The completeness, simplicity and
solvability of models I and II definitely contribute to a
static integration of monetary and value theory. Detailed
inspection of the construction, analysis and solutions of
these two models undoubtedly uncovers many other contributing
points, But the static integration of monetary and value
theory remains methodologically the foremost contributing

aspect of part II.
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Second, part II presents a dynamic integration of
monetary and real growth theory. Realizing that static
integration is not sufficient, models III and IV are
developed to sfudy the methodology of a dynamic integration.
The models are general equilibrium with output demand
functions derived from utility maximization and input demand
funétions derived from profit maximization. The complexity
of such models is not allowed to become an obstacle to
penetrating the hidden relationships of a dynamic economy.
After a dynamic economy is constructed with two consumption
goods and an investment good, a set of solutions is obtained
to illustrate the solvability of the models. The existence
of three goods justifies the claim of barter inefficiency
which motivates the introduction of money. Again, such an
introduction of money is achieved by considering money not
simply as a means of exchange and a unit of account but,
more importantly, as a consumer and producer good.
Mathematically, this way of looking at money is demonstrated
by including money as an argument in the production and
utility functions. This causes direct, as well as indirect,
effects on the solutions of the model which demonstrate that
money is a very integral variable of the model. Needless to
say, a detailed study of the presentation, construction and
solutions of models III and IV reveals very interesting
results. However, the second most significant aspect of the

contributing role of part II is the dynémic integration of
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monetary and real growth theory.

Some Unresolved Issues

The remainder of this chapter is devoted to a brief
discussion of some of the more significant unresolved issues
in the area of monetary growth theory. This discussion will
enable the reader to develop a better perspective in
evaluating the contribution of this dissertation. PFurthermore,
the reader may be motivated in researching some of the
unresolved issues himself,

The critical elaboration of the present day foundations
of monetary growth theory, as illustrated in Chapter II,
shows that a theoretically sound and empirically meaningful
approach seems to be the stochastic, dynamic, general
equilibrium method. A stochastic, dynamic, general equilibrium
approach to monetary growth theory consists of several
building blocks. PFirst, a static, barter, general equilibrium
construction with more than two goods has to be developed
and then money has to be introduced in it. Second, the
static, barter, general equilibrium model has then to be
dynamized. This is usually achieved by postulating labor
growth and an investment-savings mechanism., In such a
dynamic, barter, general equilibrium model, money needs to
be introduced and its effects carefully studied. Finally,
the dynamic, barter, general equilibrium model should be
transformed to become a stochastic rather than a deterministic

one. Mathematically, this can be done by assuming stochastic



89
functional dependence with postulated distributions of the
error terms. Economically, such a stochastic barter
dynamic contruction would illustrate the functioning of a
barter economy with imperfect foresight, i.e., uncertainty.
In such a barter stochastic dynamic model, money needs to be
introduced and once this is achieved, monetary growth theory
could claim its first theoretical triumph for integrating
monetary theory and real growth theory in the most
theoretically satisfactory way. The reader has undoubtedly
detected that the first two building blocks, i.e., static
and dynamic integration of theories, are laid down in this
dissertation. The stochastic dynamic general equilibrium
integration remains to be done.

Furthermore, it can be argued that a stochastic dynamic
general equilibrium synthesis should not be considered the
final goal of monetary growth theory. Actually, it is only
the beginning of a new approach. In particular, once such a
synthesis is achieved, a great deal of research effort
should be devoted to manipulations of the models in order to
better understand all the relationships involved. The
synthetic and solvable nature of the models would allow a
detailed investigation of the preperties of the theoretical
synthesis and its ability to explain and solve theory and
policy issues. Equipped with a thorough understanding of
the methodological Ifcundations and properties of the inte-

gration of monetary growth theory, economists will have to
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attack what seems today to be the ultimate theoretical goal -
an abstract construction of a stochastic, dynamic, general
equilibrium economy - rather than one that is of the Cobb-
Douglas form. Faced with such an extraordinary task, the
theoretical sconomist cannot help but feel highly stimulated
and challenged.
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