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ABSTRACT
	A previous paper by our group[1] concluded that to distinguish between the wettability of different particles, heat of immersion is the best method as opposed to the Washburn or sessile drop method.  In this paper, heats of immersion of three different particles with three different wettabilities are measured at different temperatures to examine one critical assumption concerning the temperature dependence of the heat of immersion.  In addition, surfactants are added to the water and the effect of surfactant concentration on the heat of wetting is measured. One particularly noteworthy aspect of the current study is that some measurements were made at pressures higher than atmospheric with no more difficulty than measurements made at atmospheric pressure.  

The previous paper showed that, for certain particles, the relationship used by us and others between heat of wetting and contact angle gave impossible values for certain surfaces. In this thesis, the derivation of that expression is re-examined and certain assumptions are highlighted. Because of issues with the assumptions, we conclude that using heat of immersion to quantify wetting is perfectly appropriate, but without measurement of the values of liquid-solid interfacial energy with temperature, conversion to the contact angle is likely not appropriate. 

Keywords – nanoparticles, wettability, silica, heat of immersion, contact angle
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Chapter 1. Introduction
The ability of a surface to be wet by a liquid is key to many important applications, including coatings, detergency and cleaning and printing. The most common parameter used to quantify wetting is the contact angle, represented by the diagram in Figure 1. In words, the contact angle is the angle between the liquid and the solid at the three phase (liquid, solid, vapor) contact line.  The fundamental expression for the contact angle is given by Young’s equation:
                                                                                                                    (1)
where SL is the interfacial energy (also termed the surface free energy or surface energy) between the liquid and the solid, LV is the liquid-vapor interfacial energy (i.e. surface tension) with the vapor saturated with liquid, and SV is the interfacial energy of the solid in air saturated with the liquid vapor (note that interfacial energies are not usually the same as interfacial tension or surface tension in the case of the expressions that involve solids.[2]) In principle the contact angle is a single value as Equation 1 results from a mechanics balance and all phases are required to be in thermodynamic equilibrium with one another. In practice surface roughness and compositional variations along the surface of the solid cause the measured contact angle to vary as described in various tomes and review articles on the topic.[3-6]  The advancing and receding contact angles are another complication with the latter being different than the former if a thin liquid film remains on the solid surface or the liquid induces some change in the solid surface by chemical changes. Regardless, contact angle is the single most important parameter typically used to quantify wetting.
Measurement of a powder creates a great number of challenges, as described well in review articles on the subject.[7, 8]   A sessile drop method can be used, but the way in which the surface is prepared is different. The sessile drop method works by placing the liquid droplet on the solid surface, then a high-resolution camera is used to take image and determine the shape of droplet. One method involves coating the powder on a second flat surface and the second involves compressing the powder; combinations of the two methods are possible. The measurement of contact angle can be done using a sessile drop technique on a powder-coated surface, or via a Wilhelmy plate if the powder is adhered to the surface. In either case, surface roughness inherently creates significant issues for measurements of contact angle. If compression is used, most methods of compression can cause changes in surface chemistry especially for the powder that contacts the compressing surface. The sessile drop method doesn’t work since the rough and easily contaminated surface of powder and the powder clumps together sometimes leading to affect the shape and size of the droplet.[9]  The main challenge for optical goniometry is the uneven surface of the powder, which will lead to inaccurate measurement.[10]
The Washburn method involves putting the powder into a vessel and measuring the rate of capillary rise; however, significant experimental difficulties are found with this technique as described in the review articles.  However, even in a perfectly performed experiment, the Washburn method will not work for contact angles greater than 90 and not all surfaces with contact angle of 0 wet the same.  Further, our experience in this area has indicated that the differences between 0-10 and 80-90 are too small to distinguish reliably.[1, 11]  
In the captive bubble method, bubbles of air are injected beneath a solid immersed in a liquid. The contact angle is measured in a similar way used for the sessile drop. The data measured by this method is somewhat subjective because the contact angle is dependent on the analytical model selected. Also, bubbles tend to be unstable and will fluctuate. [12]
The heat of immersion method involves measuring the heat evolved or required during mixing of water with a powder and was the subject of our previous paper.   By changing the type of surface and controlling the amount of grafted hydrophilic and hydrophobic material, we were able to manufacture surfaces with a wide range of wetting behavior.[1]   Our results clearly show that the heat of immersion is superior to the other methods in capturing differences in wetting in the order expected based on the type and coverage of the surface coating. The only caveat to this statement was that for non-wetting surfaces, the method was not appropriate and, in that case, a sessile drop method offered the best option. However, the calculation of contact angles from the heat of immersion method according to the standard formula was suspect, in some cases values less than 0 are the result.   The key value in this previous treatment that deserves question is the variation of interfacial energies with temperature as described more fully below. 
Two equations, shown below, for the heat of immersion are given in the paper of Masliyah[13] which in turn are identical to Equations X-6 and X-39 the book of Adamson and Gast[14].   The expression on the right also appears in the paper by Adamson and Ling[15].   
                                 	(2)
SL and LV were defined in Equation 1, S is the interfacial energy of the solid in dry air, T is absolute temperature and P is absolute pressure.   ELV (ELV in the paper by Adamson and Ling, EL in the book by Adamson and Gast, and incorrectly  in the paper of Masliyah) is defined as the total surface free energy of the liquid: 
                                                           	(3)
The total surface free energy differs from the surface free energy because of the latter entropic term; this term accounts for the reduction in the movement of atoms or molecules at the liquid surface vs. that in the bulk.  Substituting Equations (1) and (3) into the middle term of Equation 2 gives the term on the right of Equation 2 with the restriction that S and SV must be the same.   In fact, the expression on the right side of Equation 2 is actually the opposite sign of the expression in Ref [15]; the difference is a result of the sign of the heat of wetting.  The sign of this term is correct for the experiment being performed in this paper; heat is positive if energy input is required to maintain constant temperature during an isothermal mixing experiment, i.e. the mixing is endothermic.   
Continuing the examination of the left-hand side of Equation 2: 
                                                 	(4)
Equation 4 is derived from the expressions for the free energy change of immersion per unit area of solid and heat of immersion respectively [13, 15]
                                                                                                                                 (5)
	                                                                 (6)
The differential expression in Equation 6 implies that:
				                          (7)
which is only true if the enthalpy is temperature independent. Of course, the enthalpy of mixing is almost certainly not temperature independent.   
To determine the final expression that relates the heat of immersion to the contact angle requires substitution of Young’s Equation (Equation 1) into Equation 4 (again assuming S=SV) to give
                                                                                             (8)
The derivative of the solid surface energy S  with temperature has been shown low energy surfaces to be equal to -7 × 10 -5 J/(m2*K)[16] which is the value used previously.  However, the value has been measured for various silicas, as detailed in Table 1.1.  Note that all of these values are for the dispersive/Van der Waals component only; however the temperature dependence of the other components is small.[17]   The variability in this value is quite large; in fact the variability of the dispersive component of the surface energy at room temperature is quite large for silica; values vary between 50 and 100 mJ/m2.[18-20]   The average of the bottom four values is -45.15 × 10 -5 J/(m2*K), which is used in the expression below.   The average of the silica presumably without silanol groups is lower as expected and is similar to that of glass; the authors of this paper suggest that the pore structure is responsible for the non-linear behavior.[19]  Finally, assuming that = 0 gives the final expression for low energy and high energy materials respectively
	Silica
	Temperature ()
	 (mJ/m2)

	silica xerogel heated at 1000C
	25-65
	-0.345[19]

	
	65-90
	-0.155[19]

	
	100-150
	-0.227[19]

	
	
	

	Aerosil 130
	70-150
	-0.362[21]

	Aerosil 200
	70-150
	-0.49 [21] 

	Ultrasil VN 2
	70-150
	-0.392[21]

	Ultrasil VN 3
	70-150
	-0.562[21]


Table 1.1. Derivative of surface energy with temperature value for various silicas
 (low energy surfaces)                                    (9)
   (hydrophilic silica)                                  (10)
Restating, previous work showed that the heat of immersion method was excellent for measuring wetting of powders with a more negative heat corresponding to better wetting.  In this thesis, this work is extended experimentally in two ways.  First, can heat of immersion be used to quantify how wetting is affected if a surfactant is added to the solution?  Anionic, cationic and nonionic surfactants are used to study this question.   Second, how does the heat of immersion change with temperature?  One advantage of heat of immersion is that measuring at pressure above atmospheric was straightforward, so the temperature range investigated was quite large.   



Chapter 2. Experimental
Three different silicas, R974, R380 and R300, were used, all supplied by Evonik.  R974 is a hydrophobic silica based on a hydrophilic fumed silica with a specific surface area of 200 m2/g, as reported by the manufacturer, treated with dimethyldichlorosilane.   R380 and R300 are both hydrophilic silicas, with specific surface areas of 380 and 300 m2/g respectively as reported by the manufacturer. Hydrophilic and hydrophobic silicas were used to be compared in this work. Two kinds of hydrophilic silicas were to check the effect of surface area.  As will be shown, the surface area available for surfactant adsorption is smaller because reported surface areas are based on nitrogen adsorption. Surfactant with different charges were also compared here. Sodium dodecyl sulfate (SDS), cetyl trimethyl ammonium bromide (CTAB) and hexaethylene glycol monododecyl ether (C12E6) were purchased from Aldrich and used as received. The reason that these three surfactants were chosen is because they are anionic, cationic, and nonionic surfactant, respectively.   
Heat of immersion was measured using a Setaram C80 calorimeter.   Measurement was done in a procedure similar to that used previously[1], with some changes described below.  The homemade powder cells consisted of a stainless-steel cylinder and a pair of brass sealing rings that held nitrile membranes in place, see Figure 2.   Between 95 and 130 mg of powder was added to the cell before sealing; controls were run at each temperature which consisted of a cell having no powder but with the nitrile membranes in place.   All powders were stored at ~80C in a vacuum oven to remove adsorbed water; the powders were measured into the cell at room conditions (relative humidity ~40%); the total atmospheric exposure time was 30-60 sec although the cells upon sealing also contained room air.   
The powder cell, after sealing, were placed in a stainless outside steel cell supplied by Setaram.  7.0  0.05 g of water, or water containing surfactant, was added to the outside cell (the inside cell was not contacted by water until the nitrile seals were punctured) and the cell was sealed. The rod, instead of a roughly flat surface used at the end for the Setaram glass ampoule mixing cell, was specially fabricated with an arrow at the end having maximum width to create the biggest hole possible in the nitrile membrane. After placing the rod-stainless steel outside cell-powder cell inside the calorimeter, the system was allowed to equilibrate at the given temperature.  Sometime after equilibration had occurred (a minimum of 2-3 hours was required, with longer times required for higher temperatures) one rod was pushed through both nitrile seals.   The distance that the rod was pushed was enough to break the bottom seal, but not enough to touch the bottom eliminate the significant conductive heat transfer from the bottom of the outside cell along the rod.  The measured heat evolved or required to maintain constant temperature (positive means energy input was necessary to maintain constant temperature) was measured assuming a linear baseline and from this value the average value from the control experiments was subtracted.  After the cell had reached equilibrium, the other rod was pushed through the nitrile seals. At least 14 different trials were used for the control (no sample in cell) to determine the average, while the data presented represents the results from at least 5 trials.   Not all trials were used; those trials where the baseline drift was too high, or the shape of the curve was clearly not correct were not used.   Roughly 1 in 10 trials was unusable based on this criterion, and this failure rate did not depend on temperature.   No evidence in the signal was ever found of the nitrile seals failing (gasket that sealed the outside sell did occasionally not seal correctly and the consequences were obvious in the signal).  The highest temperature tested was 145C (pressure=4.2 bar); higher temperatures were not tested because catastrophic failures of the gasket seal sometimes occurred if we attempted to remove the device at that temperature.  In fact, we believe with a simple design change, e.g., replacing the o-ring compression seal shown in Figure 2 with something that is threaded, would allow very high pressures (and hence temperatures) to be reached. 
Surfactant concentration was determined using the silica surface area, the volume of water and CMC of the surfactant. The high concentration of surfactant solution was set at the CMC after adsorption assuming 120 mg of silica, all silica surface area (as measured by N2 adsorption) was covered by surfactant and using the areas/headgroup of adsorbed surfactant at the air-water interface found elsewhere.[22]   As expected and will be shown by the data, in all cases this concentration was significantly higher than the CMC.  At least two other lower concentrations were measured, with the idea that at least one of these was above the CMC (i.e., the adsorption was the same) and one was sufficiently below the CMC so that adsorption was less but also that adsorption was greater than zero (e.g., the heat of immersion measured was different than that with no surfactant in the liquid).  For a given surfactant, the concentrations were identical for all temperatures but obviously surfactant concentrations for different surfactants were different, so we used qualitative descriptions for the different surfactant.  Even if the added amounts were identical, the amount in solution after adsorption, which is the important concentration in the adsorbed surfactant-surfactant in solution equilibrium, would be different.  
One important issue that must be addressed is the heat required to cause micelles to breakup must be determined to be sure that the heat measured truly corresponds to wetting and not micelle dissociation.  Literature values for heat of micellization for SDS, CTAB and C12E6 are -4 kJ/mol,[23] -13 kJ/mol,[23] and 1 kJ/mol[24].  Using the value for CTAB, the amount of heat that would need to be added is 16 mJ; the absolute value of the average heat required for the control at 40C was 79.1 45.6 mJ.  Just to be sure, we also did an experiment where the high concentration (7000 ppm, approximately 19 times the CMC for CTAB) was encased in the sample cell and then diluted below the CMC with 7 g of water.  The heat of this experiment (run twice) relative to the control were statistically indistinguishable. Therefore, the heat of demicellization can be safely ignored. 
Another issue involves the vaporization of the water into the unoccupied volume within the cell. The outer cell was ~full with water, however gas space exists in the powder cell.   As expected, the endothermic heat associated with this phenomenon increased with increasing temperature and the increase in endothermic heat in the control measurements was consistent with this effect.  The unoccupied volume is larger in the control then in the sample. The total volume of the cell that held the powder was ~3.5 cm3. With a maximum of 130 mg of powder having a density ~2.5 g/cm3, the difference in volume between an empty cell and a cell filled with powder was approximately 1.5%. The relative error in the blank measurement was ~50%, so it is safe to assume that the control measures this effect accurately for the samples and hence this effect can be ignored in the data.  
Because some confirmation was desired that the changes in heat of immersion correlated with adsorbed surfactant amount, after doing the heat of immersion experiments adsorption isotherms were measured for the three surfactants on the three different silicas.  A measured amount of silica was added to a glass vial and then surfactant at a given concentration and known amount was added and the vial was sealed and the solution was allowed to equilibrate for 24 hours at 40C. Some supernatant was removed and filtered through a 2mM syringe filter during injection into a high performance liquid chromatograph (HPLC) with a flowrate of 1mL/min, a mobile phase of 25% water and 75% acetonitrile and a Hypersil GOLD, 150 mm length and 4.6 mm diameter column.  For the ionic surfactants, UV detector and conductivity detector was used to quantify concentration while an evaporative light scattering detector (ELSD) was used to quantify the nonionic concentration in solution.   Calibration curves were developed by injecting solutions with known surfactant concentration. 


Chapter 3. Results and Discussion
[bookmark: _Hlk131932988]3.1 Water with no surfactant
[image: ]
Figure 3.1.1. Heat of wetting for various silicas with water; surface areas provided by the silica manufacturer were used. Symbols (*, # or +) represent statistically significant differences at the 95% confidence level. 
Figures 3.1.1 and 3.1.2 show heats of immersion and the calculated contact angle respectively according to Equation 9 for all surfactants using surface tension  values for water as a function of temperature[25].   R974 is the most hydrophobic as expected, but all silicas would be considered as hydrophobic given the calculated contact angle.  The order of hydrophobicity from most to least is R974 > R380 > R300 and this order does not change with increasing temperature. For the hydrophilic silicas, the magnitude of the heats of immersion are significantly smaller (in an absolute value sense) than those found previously.[1, 13]  In fact, all silicas would be rightly considered hydrophobic based on the contact angles shown in Figure 3.1.2.  
[image: Chart
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Figure 3.1.2. Calculated contact angle for the three silicas using data from Figure 3.1.1 and Equation 9. Symbols (*, # or +) represent statistically significant differences at the 95% confidence level.  
[bookmark: _Hlk132364475]One possible reason for the less exothermic heats of wetting is that the hydrophilic silicas studied previously had surface areas 1.5-3 times less than the silicas studied here and hence one explanation could be that more of the N2 measured surface area is not accessible to the larger water molecules.  Unfortunately, the average surface area calculated from adsorption isotherm data of CTAB and C12E6 was of little use; assuming bilayer adsorption for all silicas and the areas per headgroup at the air-water interface for these surfactants found in Rosen[22] gives average values of R974=271 m2/g, R380=310 m2/g and R300=272 m2/g.  SDS was not used in this calculation because the adsorbed amount was ~1/2 that of these other two surfactants which is attributed to the fact that both SDS and the silica surface are negatively charged.  The error in these values is quite large. The determination of the adsorbed amount at the plateau above the CMC is not very accurate as Figures 3.2.2 to 3.2.4 show and each 0.1 mmoles/g change in the adsorbed amount causes a 5-10% change in the surface area/weight.  In terms of Figure 3.1.1, the only value that would change substantially is the R380 if the surfactant surface area were used.   Also, the actual surface for water adsorption is equal to a linear interpolation of the molecular volumes of the surfactant, water and nitrogen relative to the two surface areas of the silicas, e.g., the nitrogen and surfactant average, then the values in Figure 3.1.1 would remain essentially unchanged.  
	
Silica
	Temperature ()
	Contact Angle ()
	Method

	quartz [26]
	25
	0
	Washburn method

	
	200
	0
	

	
	400
	0
	

	quartz [27] 
	25
	0
	Wilhelmy balance method

	
	200
	4
	

	
	400
	6
	

	clay [28]
	20
	15
	Sessile drop method

	
	80
	47
	

	silica sand [29]
	40
	27
	Heat of Immersion method

	
	60
	40
	

	
	80
	48
	


Table 3.1.1. Contact angle for various silicas changing with temperature.
Table 3.1.1 shows how the contact angle increases with temperature for a variety of silicas and quartz, which agrees qualitatively with the behavior of all the silicas in this study.  A larger contact angle with increasing temperature is expected because the entropic penalty associated with confinement at the surface increases.   Comparing Figures 3.1.1 and Figure 3.1.2 indicate that this increase is due to the decrease in surface tension.  Examining only Figure 3.1.1 is also instructive.  A less exothermic of wetting with increasing temperature, at least for a hydrophilic silica, is also expected given that hydrogen bonding likely plays a role in the released heat.  A hydrophobic surface would be expected to have an endothermic heat of mixing with water given that the enthalpy required to remove water from the bulk and go to a hydrophobic environment would be positive which should reduce with temperature.   Figure 3.1.1 shows t-test results for the heat of wetting; within statistical error R300 does not change with temperature while the other two silicas become less exothermic with increasing temperature, although a plateau is reached ~above the normal water boiling point.   Only one data point (R974 at 125C) appears clearly endothermic, whether this data point is actually endothermic requires more experimentation.
3.2 Effect of Surfactant
Figure 3.2.1 shows the heat of immersion for the various silicas with varying amounts of surfactant.  [image: Calendar
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Figure 3.2.1. Heat of immersion for the three silicas with added surfactant.  From top to bottom R974, R300 and R380.  The amounts correspond to the added surfactant. 
Using the average values of the silica and water amounts, plus the known maximum adsorption from the measured adsorption isotherms, the concentration in solution at 40C after adsorption appears in Table 3.2.1. The ones less than CMC are calculated by an iterative approach.  The concentration in solution after adsorption was guessed, then the moles of surfactant adsorbed per unit weight assuming this concentration in solution was read from the graph.  Using the amount adsorbed, the weight of solid and the volume of water, the added surfactant concentration was calculated and iteration was complete when the added concentration matched the value in Table 3.2.1. 
	Silica
	Surfactant/Added Concentration
	Concentration after adsorption (mM)
	Concentration after adsorption (xCMC)

	R974
	SDS/3000 ppm
	4.73
	0.59

	
	SDS/6000 ppm
	15.22
	1.90

	
	CTAB/2500 ppm
	2.05
	2.05

	
	CTAB/4500 ppm
	7.54
	7.54

	
	C12E6/2500 ppm
	0.0395
	0.44

	
	C12E6/5000 ppm
	5.18
	57.56

	R300 
	SDS/3000 ppm
	6.86
	0.86

	
	SDS/6000 ppm
	14.94
	1.87

	
	CTAB/4000 ppm
	5.93
	5.93

	
	CTAB/7000 ppm
	14.16
	14.16

	
	C12E6/4500 ppm
	3.86
	42.89

	
	C12E6/8500 ppm
	12.65
	140.56

	R380
	SDS/3000 ppm
	6.61
	0.83

	
	SDS/6000 ppm
	14.74
	1.84

	
	CTAB/4000 ppm
	5.76
	5.76

	
	CTAB/7000 ppm
	13.99
	13.99

	
	C12E6/4500 ppm
	3.64
	40.44

	
	C12E6/8500 ppm
	12.44
	138.22


Table 3.2.1.  Concentrations after adsorption of surfactant.   Concentrations above the CMC would be expected to have the same heat of immersion. 
For R380 silica, the enthalpy of immersion goes from exothermic to endothermic as temperature increases for all three surfactants; at high temperatures the heat of immersion is approximately constant.  As opposed to water, at low temperatures the heat of immersion is more exothermic than water and becomes more endothermic than water at high temperatures. For R300 silica, the heat of immersion goes from exothermic to less exothermic as temperature increases for all three surfactants; the enthalpy of immersion is approximately constant at all temperatures except for 40C. As opposed to water, the heat of immersion is more exothermic than water at low temperatures and becomes similar to water at high temperatures.   Comparing R300 to R380, both show the same qualitative behavior of a ~0.06 J/m2 increase in endothermicity as the temperature increases with a plateau at high temperatures, but the magnitude of the exothermicity at 40C for R300 is much larger (about -0.040 J/m2 vs. -0.075 J/m2) with added surfactant.  The constant qualitative changes suggests that the amount of surfactant as well as the type of adsorption (e.g., monolayer vs. bilayer).   For R974 silica, the enthalpy of immersion is approximately equal to zero regardless of the surfactant concentration or the temperature.   Hence, the data seems to suggest bilayer adsorption for the two hydrophilic silica and monolayer adsorption for the hydrophobic silica. 
Figures 3.2.2 to 3.2.4 shows adsorption isotherm for three surfactant solutions. For CTAB, R380 adsorbs the same amount of molecules as R300 and less than R974. Three silicas adsorb similar amounts in SDS solutions. For C12E6, the order of adsorbed molecule amount from most to least is R300>R380>R974.  As noted earlier, CTAB has significantly more adsorption on a given silica vs. SDS which we attribute to the like charge of the SDS and silica surface. Also, because R974 is hydrophobic monolayer adsorption was expected, but the calculated surface area for all three surface areas, especially for CTAB are much too high vs. the manufacture reported 200m2/g measured by N2 adsorption. 
[image: 图表, 散点图
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Figure 3.2.2. Adsorption isotherm of CTAB adsorbed by (a) R380, (b) R300, and (c) R974 silicas at 40℃.
[image: 图表, 散点图
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Figure 3.2.3. Adsorption isotherm of SDS adsorbed by (a) R380, (b) R300, and (c) R974 silicas at 40℃.
[image: 图表, 散点图

描述已自动生成]
Figure 3.2.4. Adsorption isotherm of C12E6 adsorbed by (a) R380, (b) R300, and (c) R974 silicas at 40℃.


Chapter 4. Conclusion and Recommendations
We have shown that the heat of immersion method works at elevated temperatures and pressures. Qualitatively a more negative heat of immersion at a given temperature equals smaller contact angle; however the quantitative agreement is lacking.   No justification exists for using a value for the change in solid surface energy with temperature that was found for very hydrophobic surfaces; however using the correct value and ignoring the change in solid-liquid interfacial energy with temperature gives contact angle values that are clearly incorrect.  Qualitatively, we do believe that using  the heat of immersion as a measure of wetting is appropriate.  
Increasing temperature makes the heat of immersion less exothermic if the heat of immersion is exothermic.  The addition of anionic, cationic and nonionic surfactants make the heat of wetting more exothermic in the case of the more hydrophilic surfaces, with very little effect on the hydrophobic surface.  As with pure water, increasing the temperature causes the heat of immersion to become less exothermic, however in one case the heat of immersion clearly becomes endothermic with surfactant.  
According to Equation 9, contact angle value can’t be calculated without the derivative of silica/water surface tension with temperature. However, nobody reported for three silicas before. The previous paper[1]  in our group shows  =0 because of the low energy surface. But whether  is still equal to zero when silica in surfactant solutions can’t be verified. So, for silica in surfactant solutions need to be measured. Then three silicas contact angle can be calculated by Equations 9 and 10.
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