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ON UNIFORM CONVERGENCE STRUCTURES AND CONVERGENCE SPACES
CHAPTER I
INTRODUCTION

In this paper we consider the uniform convergence spaces of C. H.
Cook and H. R. Fischer [6]. We are mainly interested in uniformization
and compactifications of convergence spaces and completions of uniiorm
convergence spaces.

In the first chapter we give a brief historical account of conver-
gence theory. The remainder of the chapter contains an explanation of
the notations which are used in the remaining chapters.

In Chapter II we introduce a notion of "bases" into uniform conver-
gence structures which we call U-bases and U*—bases. This notion is
then used to obtain several results about uniform convergence spaces and
to construct several examples. We also give conditions on a uvunifarm con-
vergence structure which characterize separation and give a construction
of an "associated separated space". Finally, the important problem of
uniformization of convergence spaces is considered in this chapter.

Completions of uniform convergence spaces are considered in Chapter
III. In general, a completion is a solution to a universal mapping prob-
lem in a given category. The category we consider consists of uniform
convergence spaces and the uniformly continuous functions on these spaces.
We give a completion in this category which is due, in the separated case,

to 0. Wyler [25]. Then we cbtain several results shout this completion
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The remainder of this chapter is devoted to the category consisting of



uniform convergence spaces and a subcollection of the uniformly continuous
functions. This subcollection of maps, called strongly uniformly contin-
uous maps, has several useful properties which we discuss in detail,

In Chapter IV, we consider compactifications of convergence spaces.
We give a compactification which is "universal" for principal T2 con-
vergence spaces in the sense that every compactification of a principal
T2 convergence space which is itself principal and T2 is the continuous
image of this "universal" compactification. We also consider compactifica-

tions with other properties such as the separation axioms Tl and Tz.

1.1. Historical Background. In his famous doctoral dissertation in 1906
M. Fréchet [9] inaugurated the study of abstract spaces and, in particular,
he used the concept of convergence of sequences to introduce the so-called
sequence spaces. Frechet's original paper thus gave the study of metric
spaces a suitable basis. However, the general mathematical world adopted
the axioms given by F. Hausdorff [13] in 1914 for further investigation

of abstract spaces. This, of course, has led to the development of topo-
logical spaces, making use of open set and neighborhood as the basic notion.

vergence as the basic notion was apparently ignored. In any case, Fréchet's
work is the basis of convergence theory as we know it today. '

In Fréchet's work the "instrument of convergence" is the sequence.
It is, of course, well-known that sequences are not sufficient to describe
convergence in the subsequently developed topological spaces. An example

to demonstrate this fact may be found in [15]. That sequences are not

sufficient to describe convergence in general spaces is a serious limita-



tion to the value of the work of Fréchet. However, other "instruments of
convergence" have since been developed.

Of particular importance to us are the "nets" of Moore and Smith
and "filters”. Other means of describing convergence may be found in the
literature such as the "runs" of Kenyon and Morse [16] but we will pri-
marily make use of filters.

The idea of nets first appeared in the literature in 1922 in a
paper by E. H. Moore and H. L. Smith [20]. It is well known that topo-
logical spaces can be described in terms of convergent nets (c.f., for
example, [15)). The nets of Moore and Smith were placed in a topological
context in 1937 in a paper by G. Birkhoff [1]. Birkhoff's work is appar-
ently the first to consider the relationship between topological spaces
and convergence theory.

The last instrument of convergence that we will mention, indeed, the
one we make use of in this paper, is that of filter. H. Cartan [4] and
[5] is given credit by most authors for the concept of filter which he
introduced in 1937. J. Schmidt [21] and [22] developed the filter theoéy
and gave many useful relationships about filters. A very important result
for our purposes here was given in a paper by G. Brums and J. Schmidt [3].
Bruns and Schmidt showed that filters and Moore-Smith nets give "equivalent"
convergence theories. The equivalence which Bruns and Schmidt demonstrate
is strictly set theoretic and has nothing to do with topological spaces
as such. An elegant treatment of filter theory may be found in N. Bourbaki
[2].

Using the above-mentioned instruments of convergence we then find

attempts to use convergence as the basic idea in topology. One of the



most important works in this comnnection is that of J. W. Tukey [23].
Tukey shows that closure, neighborhoods, and convergence each can be
used as the basic concept in topological spaces and thus achieves a
unity among these ideas. It is shown in this work how and when one can
recover any two of the three mentioned concepts using the third.

As we mentioned earlier, a topological space may be characterized
in terms of nets. One can find a treatment of this topic in J. L. Kelley
[15], where a list of four axioms (which are due to G, Birkhoff) are used.
The filter analogues to the first three axioms are obvious. However, the
fourth or the so-called interated limit axiom is much more difficult.

H. J. Kowalsky [17] has introduced a "compression operator" to obtain an
analogue of this axiom. We then get similar results using filters to
those using nets.

But this fourth axiom is of some interest in itself. Cook and
Fischer [7] have used the compression operator to describe regular
spaces., Also, G. Grimeisen [11] and [12] has a discussion of the iter-
ated limit processes in terms of filters.

In recent years several attempts to develop a theory of spaces in
which convergence has been or can be defined may be found in the litexr-
ature. H. J. Kowalsky [17] and {[18] in his papers published in 1954
gives an excellent treatment of convergence spaces. Of primary interest
here is the work of H. R. Fischer [8] published in 1959, Fischer gives
a theory of convergence spaces which includes topological spaces and the
pseudo-topologies. His work was motivated by problems of the recently
developed distribution theory. At the present time most applications of

convergence space theory are .in analysis. For other papers dealing with



various aspects of convergence spaces see the bibliography.

Another notion basic to this study is that of uniform spaces, intro-
duced in 1937 by A. Weil [24]. We find here a generalization of the met-~
ric space. It is of course well known that the uniform topology induced
by a uniform structure is completely regular and that every completely
regular topology can be obtained as the topology induced by a uniform
structure, Thus, in this sense uniform spaces characterize complete regu-

-~ larity. In a uniform space there is enough structure to obtain useful
notions of uniform continuity, Cauchy filter, completeness and other
properties usually associated with metric spaces. An elegant treatment
of uniform spaces appears in N. Bourbaki [2].

The concept of uniform spaces has been generalized by C. H. Cook
and H. R, Fischer [6]. This generalization, together with the conver-

gence spaces mentioned zarlier, is indeed the basis of this study.

1.2. Notations and Definitions. In this section we attempt to list the

basic definitions and give ;he notations which are extensively used in
this dissertation.

Let [F(E) denote the collection of all filters in a set E,‘?KE)
the collection of all subséts of E and IF l;(E) the collection of
all filter bases on E. We denote elements of [F(E) by German script
letters such as §, @, & and 8. In the cases where we have occa-
sion to use filters on a product ExE we will denote these filters by
Greek capital letters such as ¢, ¥, ... . For a filter base B we
will write [8]. If B consists of a single set B we will write this

filter as [B] and if B = {x} then we write x = [{x}]. An ultra-



filter @ elF(E) is a maximal element of F (2) with respect to the
obvious partial order < defined by: if {, @ efF(E) then T < @

if and only if 85@. where & 18 ordinary set inclusion, Clearly

% 1is an ultrafilter for each xeE,

For any map ¢ : E + F we define, for Je[F(E),

¢@) = [{¢(F) | Fe §]. Thus any map from E to F induces a map from
[F(E) to [F(F). It is well-known that if & is an ultrafilter on E
then ¢(8) 1s an ultrafilter on F.

A convergence structure, T, (we have translated the terms "Limit-

ierung" and "Limesraum" as they appear in [8] by the respective terms
"convergence structure"” and "convergence space") on a set E is a map

T:E~» P.([F(E)) which satisfies the following conditions:

(Cl) xetx for each xcE.
(C2) 1if Jerx, @erx then 8“@81 x, for all =xeE.
(€3) if Petrx, @ 3 J then @ etx, for all xeE.
A convergence space, (E,T), is a pair consisting of a set E and a
convergence structure T on E; the collection of all convergence
structures on E will be denoted by C(E).
Amap ¢ : (E,r) » (F,0) between the convergence spaces (E,T)
and (F,0) 1is continuous at x if and only if for all Jetx,
'.¢(8)eo(¢(x)). The map ¢ 1is then said to be continuous if it is con-

tinuous at each point xeE. The map ¢ 1s a homeomorphism of (E,t)

and (F,0) if and only if ¢ dis a bijection such that ¢ and ¢—1

are .continuous.



For any set ACE, (E,7) a convergence space, we define a clo-

sure as follows: -

A' = {x | there exists JefF (E) such that
Aed and & etx} .
This operator, —T, satigfies the following conditioms:

(1) ACAT, for all Acf(E);

2 9" = ¢;

(3) If ACB then A'CB;

(4) ANB'CAMNBT and AUB' = 4 'YB"', for all

A, Bep.(E) .

The collection C= {AQE|KT= A} give the closed sets in a topology
on E which we denote by wr. This topology (considered as a conver-
gence space) is the finest topology coarser them Tt with respect to

the partial order on C(E) defined as follows:

o ¢t if and only if o(x) D 7(x), for all xeE.
The partially ordered set (C(E),<) is a complete lattice with largest
element ﬂl, the discrete topology, and smallest element 10’ the
trivial topology.
The separation axioms, T1 and T2, may be generalized from topo-~
logy to convergence spaces. Thus, (E,0) is 'I.‘1 if and only if
yeo(x) implies x = y; (E,0) 1is T2 if and only if o(x) ) o(y) = ¢,

for all x + y. X, veE. These definitions, of course, agree in the

topological case with the usual separation axiams.



A convergence space (E,0) is compact if and only if for any ultra-
filter & there exists an xeE such that Qeo(x). It is easily shown
that the image of a compact space under a continuous map 1s again compact,

For the remainder of this theory we refer the reader to the above-
mentioned paper.

We will denote by A the set, {(x,x)|xeE}. For V, WC ExE we
define V1 = {(x,y)|(y,x)eV} and V o W = {(x,y)| there exists zeE
such that (x,z)eV, (z,y)eW}. Then for o,%e [F(EXE) we define
oL - {V-1|Ve¢} and 9o¥ = [{VoW|Ved, We¥}] provided VoW # ¢ for
all Ve®, Wed., Then Q-leﬂiéEXE) and ¢oYefF (ExE) if @o¥ exists,
i.e., 1f VoW ¢ ¢ for all Ved, Wed.

With these definitions we now define a uniform space in terms of

filters, Let E be a non-empty set. Thena uniform structure on E

is a filter ¢e[F(ExE) which satisfies the following conditions:

(1) ¢ < [A)s
(2) =0 7,

(3) 300 =9,

A vniform space is a pair (E,®) where E is a set and ¢ a uniform
structure on E. For xeE, V(CExXE, we define V[x] = {y| (x,y) eV},
and for a uniform structure ¢ on E, @&[x] = {V[x]|Ved}. Then &[x]
is the neighborhood filter about x in a completely regular topology
on E. We, of course, do not assume the separation axiom Tl for com~
plete regularity. In fact, it is well known that completely regular

topologies are uniformizable in the sense that there exists a uniform



space whose induced topology is the given completely regular topology.

For an elegant treatment of uniform spaces see N. Bourbaki [2].

T

Finally, a uniform convergence structure on a set E 1is an inter-

section ideal J in [F(ExE) which satisfies the following conditions:

wes 1) [Ale §;
(UCS 2) if 9e3 then ¢ e3;

(UcS 3) if ¢,¥%eJ and QoY exists then do¥eJ .

A uniform convergence space is a pair (E, J) where E is a set and
3 is a uniform convergence structure on E. Let M(E) denote the
collection of all uniform convergence structures on E.
It was shown in [6] that QA (E) 1s a complete lattice with

respect to the operations induced by

<3

23, .
2

9 if and only if

31
3
1
If the inclusion is proper then we will write 31 < 32. Although we
have used the same symbol for the order on [F (E) the meaning will be
clear where it is used.
If J is generated by a single filter ¢ then J will be called
principal. Every principal uniform convergence structure is generated

by a uniform structure and conversely, every uniform structure generates

a principal uniform convergence structure.

the intersection ideal in [F (ExE) generated by B . If B = {¢} then
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we will write &78]] = E¢]] .

Let ¢ : E>F, E, F sets. Then we define a map, denoted by ¢x¢,
as follows: ¢x¢ : EXE + FxF :: (¢x¢) (x,y) = (¢(x),¢(y)). A map
f: (E,J) > (F,8) where (E,J) and (F,U) are uniform convergence
spaces is said to be uniformly continuous if and only if (fxf) JCU.
It is easily shown that the composition of uniformly continuous maps is
again uniformly continuous.

The map ¢ 1is called a uniform isomorphism if and only if ¢ 1is a

bijection such that ¢ and ¢-1 are uniformly continuous.
A uniform convergence space (E, J) has an associated convergence

space obtained as follows:

Ts : E +'p(|F(E)) s 13 (x) = { Fe[FE)|S x ke JL

Then (E,7..) 1s a convergence space. A convergence space (E,g) 1s

5
uniformizable if and only if there exist JeqU(E) such that W = o,
There is a very natural definition of "Cauchy filter" in a uniform

convergence spaces. Thus, e (E) is a J-Cauchy filter (denoted

simply by Cauchy fiilter when there is no ambiguity) on E 1f and only

i

I

Sx3ecJ. We denote the collection of all Cauchy filters of (E,J)
by 03 . Then (E,3) 1is complete if and only if every J-Cauchy filter
on Ek "converges", Z.e., {S‘é'rs (x) for some xeE. It is shown in [6]
that the product of uniform convergence spaces 1s complete 1f and only if
each component is complete.

A subset A of a uniform convergence space (E,J) is totally

bounded 1f and only if for all @®e{P(E) such that Ae® there exists

ﬁecs such that § > ® . The space (E,J) 1is compact if and only if
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(E,TS) is a compact convergence space. Again, it is easily shown that
(E, 3) 1is compact if and only if (E,J) is complete and totally bounded.

For a comprehensive treatment of uniform convergence spaces see [6].



CHAPTER II
UNIFORM CONVERGENCE SPACES AND UNIFORMIZATION OF CONVERGENCE SPACES

In this chapter we introduce a concept, which we call U-bases and
U*—bases, into uniform convergence spaces. These bases allow us to
obtain several results about uniform convergence spaces and to comstruct
examples of these spaces in a relatively simple manner. We give an ex-
plieit representation of the infimum of a collection of uniform conver-
gence structures on 4.set E, prove the distributive properties for the
complete lattice of uniform convergence structures on a set E and give
a construction for an "associated separated space" which is analogous to
the associated separated uniform space as found in N. Bourbaki [2].

We consider the problem of uniformization in Section 2.3. We show
that every separated convergence space admits of a uniform convergence
structure which induces the given convergence structure. This means, in

particular, that every T, topological space has the uniform properties

2
of a uniform convergence space.
The last section of this chapter is devoted to listing some examples

of uniform convergence spaces.

2.1. Bases for Uniform Convergence Structures. Let E be a non-empty

set and let B be a non-empty collection of filters on EXE which sat-

isfy the three following conditions:

12
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(U1l) if 9B then [A] 2 &5
(U2) 1f 9B then & =& 1;

(U 3) if ¢,¥eB then there exists

TeB such that ®o¥ > I'. Note that if ¢,%¢B then ®o¥ always exists
since [A] > 0e¥ from (U 1). We now have the following result:

Theorem 2.1. Let E. be a non-empty set and let 8 be a non-empty
collection of filters on ExE satisfying (U 1), (U 2), and (U 3). Then
E’Bil is a uniform convergence structure on E. Conversely, for every
uniform convergence structure J on E there exists a collection Ss
of filters satisfying (U 1), (U 2) and (U 3) which generate J.

Proof: Let BC [F(EXE) be such that (U 1) - (U 3) hold in B, By

definition [[56]] is an intersection ideal in [F(EXE). Since B is

non-empty, (U 1) implies that [A]e |[ [58]] . For VYe [PBE ﬁl ‘Pi,
0
-1 -1 _

YeB, 1sisn Then ¥ 3 ([} i) > v, =y from v 2).
Hence ¥ Y& ﬁfﬂ]] whenever VYe @B]] . Let ¢,¥e EI'BH be such that @&o¥
exists. We then have ¢ > inl <I>i, Y ‘Pj where ¢ie B, 1g1i<n

ve ] P 3 ~ v ﬂ o ﬁ n\- d oV

and .js B, 1< j <m. Hence ooV ( $, ) (J Al ‘PJ i,j('i .j).
From (U 3) there exists I‘ijsia such that Qio‘yj 2 I‘ij and hence

$o¥ 2 nj I‘ij so $o¥ ¢ [[saﬂ . This completes the proof that ESB.]] is
]
a uniform convergence structure on E.

Conversely, let J be a uniform convergence structure on E. Then

define Ss as follows:
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Clearly [A]s:i\jS so 35 is not empty. Axioms (U 1) and (U 2) are
obviously satisfied by 38. Let ¢,‘PESS. Then (®o¥) M\ (¥od)eJ
since 3§ is a u.c.s. and ®o¥ 3 (%o¥) () (¥o2). But (¢o¥) (‘l’oQ)eSs
so 33 satisfies (U 3). It remains only to show that [-[Ssﬂ = 3.
Obviously E3ST_IC J. Hence let ¢ ¢ J. Then ¢ 3 tbﬂfb_lﬂ[A] and
since ¢ﬂ¢_1ﬂ[A]e 3gs %Essﬂ . Thus ESS]J = %. This completes
the proof of Theorem 1.

A non-empty collection of filters B which satisfy (U 1), (U 2)
and (U 3) will be called a U-base for E?Bﬂ . We have shown that the
natural map n : IP(E) +u(E) 12 n(B) = IiiBiJ of the collection of
all U-bases on E (denoted by [P(E)) to the collection of all uni-
form convergence structures on E is surjective.

Let B be a U-base on E with the additional property:
U4 1f (@) 4 cq &8 then 1@1 ¢c 8.

*

Then 9 will be called a U -base for Eiﬁﬂ . Clearly Ss is also
*

a U -base for Q s‘u(E) so every uniform convergence structure has a

*

U -base.

Corollary: Let Se@U(E) have a U-base B consisting of a finite

number of elements. Then J is principal.

Proof: Let B = (@i) 1 ¢ be a U-base for J. Then clearly

$i<n

1‘51 @i generates § so J is principal.
As we have mentioned in the introduction AA(E) 1is a complete
lattice with respect to the partial order given. It is clear that the

supremum of a collection (3,

) Sae:\i(E), for all aeA is given

acA’
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by sup J =N 3 Also u(E) has a greatest element,ﬁ{[A]}ﬂ s
aeA aeA

and a least element, [F(EXE) . Our next theorem gives a means of cal-
culating the infimum of (3 )aeA whore (Sa)aEAgu(E). We will
first prove the following lemma:

Lemma, Let Qi,lSjSm(i),lsiSn and ‘l’k,ISQSq(k),

h| L
1<k sp be filters on ExE such that [A] 2 i » [A] 2 k . Then
¢ 2
A m(1) ,f\ q(k) m(i) q(k)
*
O L2 G %) W G0 Y = N 1Gee, )~ (9, %))
n
where 1 I'. is defined to be the composition P1°r2°' oI‘ .
Proof: Since [A] 2 ¢i , ‘l’k the components of (*) are all meaningful,
h| 2

1.e., each composition exists. Thus, it suffices to show that

0 | U
[V, °o..0V Y e [[Y. (V, °...0V )]
i=] 11 im(i) k&1 kl kq(k)
= U (V,° ...oV o V, ©,..0V )
iSk il im(i) kl kq(k)
for each Vv, ¢, ,V ¥ , 1< 3ism(l),1<is<n and 1< & < q(k),
i, 1 k, k
h| ] L L
1 £k £p. But

(x,y)s:[iﬂ1 Vi °...0Vim<i)] ° [kU1 Vklo...ovkq(k)]

* % *
if and only if there exists =z such that for some i ,k , 1 <4i ¢<n,

*
lsk s<op, (x,z)e:V‘i wOreeoVo R (z,y)er*o;-..oVk* s which

1 o) 1 q(k*)
holds if and only if (x,y)e iUk CARTO A o Vy ouenoVy ).
’ 1 m(i) 1 q(k)
Theorem 2.2, Let () be a non-emnty collection of uniform con-
—_—— o’ 0eA PR

vergence structures on E with respective U~bases 53“. Then
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inf Sa = E{¢1°---°Qn|¢i€ l&ga, 1<1i<n, nsNi]
. BEA
where N 1is the set of positive integers.

Proof: Let T denote the inters2ction ideal generated by

{¢1°...°¢n|¢ieU B,.1¢1<m, neN}h
o

We first assert that ‘IBE‘M(E):

(1) Since ¢.¢ U B,1s1isn, [A] » @;°...00  and hence

i~ a
[Alem.
m(1)
(2) Let ¥e®. Then ¥ 32 fl (.0 ¢ ) where ¢ eU%,1 ¢35 ¢n@),
i=1 ij i_*} a o
1 <1< n. Thus, ‘i‘ 2 [i 1 j 1 ¢ij)] = (jol tbij)
Obviously,
m(i)
R AN A
By n(1) 2 1
It then follows from this relation and the condition that ¢i = @Il
h| h|
that ‘l’ ihl‘bi °,..°® and hence ‘l’-lem.
= i
m(1)
(3) Let ¢,Ye® such that ¢°¥ exists.
m(1) 2 1
Then ¢ 2 if='1(j01 Qij) and Y 2 1{__!1(291 \Pkg,)
where ¢ Y. € B . Thus
ij’ kl aeA ’
[ﬁ(mm )1[ e ) IANCH o)
doy > 0, ¢ 0, ¥ ]l-= (tb oY o,,,0 s
=]l i= k=1‘2=1 k i(i) k1 kq(k)

which follows from the Lemma. But this means that ¢°¥c® from the
definition of ®. Thus, TeUE).
Clearly, J = |-[-’B~]_'m for each acA so that B ¢J  for each

acA. Let U eu(E) be such that U ¢ 30‘ for each aeA. Since



u cY(®), LR e U for each (<I>i)1 < i ng gﬂa. Hence BCU

or B> U and it follows that B = inf{ SalaeA}.
One should note that

CU®T , nen}
Qo [+

% = {(¢1°...°q’n) n (¢n°'-°°®l)l(q’i)1 < ig<n

is a U-base for inf Sa'
Remark. We may use this construction to obtain the finest uniform con-
vergence structure which contains any given subset of [F(EXE). Thus, let

(¢) be any subset of [F(EXE). For each aeA, let

a’aeA

\Pa = Qan @;1 } [A]. Then the finest uniform convergence structure on E

which contains (q’a)aeA is the intersection ideal

3 = [[{(pa o...o(ba jaigA, 1<1i¢<n, neN}ﬂ .
1 n

The proof of this statement is similar to the proof of Theorem 2 and is

omitted here.

a3

One should note that Ye J if and only if Y 2 ‘l‘a °...°<1>a » since
1 n

m(i)

G \y11) > ¥, e...0¥ o ¥, o...0¥

1 Loy 27 M@
We next show that u(E) satisfies the distributive properties.

Theorem 2.3. Let 31, 32 and 33e‘u(E). Then

31V (32 A 33) = (31 Vv 32) A (31V33)-
Proof: Since :31V 3y SIV 33 2 Slv (3, A 33), we always have
(31\/ 32)/\ (31 V 33) 2 31\/(32 A 33). Thus, it suffices to show
that 3,V (I, A 3D 2 (3 V IDA (S, VG, Let
'1’531_\/ (32/\33) = 31 0(32/\33). Then ¢e$1 and 0532 A 33

and hence from Theorem 2, there exists ‘i’i ssazu 583, 1<j<un(d),
k|
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m(1)

B
1 <1ig<n such that ¢ 2 i=1(j91 ‘}‘ij) where of course 2 is a

U-base for 32 and i33 a U-base for 33. Also, since ¢%e 3 1
there exists d’k, 1 <k €£p such that ¢kefﬁl and ¢ 2 lél ¢>k where

2'31 is a U-base for 31. Thus

m(1) m(1) m(i)
p=eVe: (kélq’k)v(iéﬂj% Y ))= 1@1[(391 ¥ )V(lﬁlq’k)] > 1@1(j91 Aij)
i 3

= ‘ o C
where Aij ‘Pij \') (k‘il <bk). But note that Aije dl.V 32 if \Pije iBZ

and Ai € 31 \V 33 if ‘Fi € 533. Thus, it follows from previous work

h| h|
that ¢e( ; \'} DA (Y \/b33) so that (5, V 3,) A(Y, \'/ 33)
= 3,V (3, A 3.
Theorem 2.4. Let 31,.‘ 32, '338'1‘(13). Then SlA(SZV 33)
= (3, A 3 V(3 A3y,
Proof: We always have the inequality

A3,V 39 2 (3 A3 VIS A 3

since JpACI, V3P, (3 ATZY (Y A 3q)-
We now show that

Thus, let (3, A 32) V ( 31 A 33). Then ¢¢ Sl A 32 and

ﬁ m(i) q(k)
dc 31 A 33 so that ¢ > i=1(j21 \l’ij) and ¢ > k=1(221°k2) where

¥ €@ and ¢ €8 . for 1 ¢jsm(i),1l<1isn and

l1<2sqk), lsksp and 3B« x s B c are U-bases for
SA 3, B,

31 A 32 and 31 A 33. But we now have
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h m(1) ﬁ q(k)

q(k) m(i) n. q(k) m(1)
- Ao 1=1<j°1“’11)] ﬁ(ﬂu,,,lk)V(jolwijm

Let 1 and k be fixed. Then

m(i) q(k) T
(9 1 ) V(2,=1k 2 9 A(ik)t
where
r
\Fi \V] ¢k , 1<t ¢min(m(i), qk))
A t
ey, -
18] , min(m(i), q(k)) <t sr, = max(m(1), q(k)) .
Then ¢ 3 L l(k-l t-l A(ik)t))’ and clearly A(ik)te 31 if either

y or <I>k £ :31 of if min(m(i), q(k)) <t s max(m(i), q(k)) and
t

i

¢ ik

< o G ¢
A(ik)te 32 \'/ 33 otherwise. Hence ¢¢ .31 A ( .52 \Y) Q3) and we have

JACI, V3 = (3, AT V(3 ATy,

Thus, u(E) is a distributive lattice with greatest element EAH
and the least element IF(EXE) with respect to A and v , where these

operations are induced by the partial order <.

2.2. Separation and Asgoclated Separated Spaces. The following two
theorems provide conditions on J which are necessary and sufficient
that (E, ) be separated. The first of these is easily seen to be a
direct generalization of the uniform spaces; 7.e., a uniform space

(A,9) is separated if and only if (){V|Ve¢} = A. The second gives
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a condition in terms of U*-bases.

Theorem 2.5. Let (E, J) be a uniform convergence space., Then

(E, §) 1is separated if and only if for all ¢c 3, M{V{ves} C A
Proof: Let (E, J) be separated and suppose there exists ¢e J such
that N {VIVetb}_? A'. Then there exist x,yeE such that x $ y and

(x,y)¢ N{Vv|ved}. But then %xy > ¢ and hence xxyeJ which is a con-
tradiction since (E, J) 1is separated.

Conversely, suppose that for all ¢cJ, M {V|ved} CA. Then
xxye § ] implies N{V|Vexxy} = (x,y) c A so that x = y. Hence (E, J) is
separated.

Theorem 2.6. Let (E, §) be a uniform convergence space and let B

be any U*-base for §. Then (E, ) is separated if and only if for

all ¥e®, N{v|vey} = A,

Proof: Let (E, 3) be separated. Then from Theorem 5 it follows that
ﬂ{vlvw}gA, for all Ye®, But [A] 2 ¥, for all ¥eB so
{V|Vve¥}D A and hence M{v{ve¥} = 4,

Conversely, let xxye . Then there exists ¢e®B such that xxy > 9.
Thus, (V1{V|Vvekxy} = (x, VE Y {WjWeé} =4 so x=y and (E, §)
is geparated.

Let (E, 3) be a uniform convergence space. For each ¢cJ 1let
Cp = {(x,9) ] (x,y)¢ N {v|ves}}, and let Cc =, U {C¢|<l>e §}. One may
observe that C = U{CWIWE B} where 8 1is any U*-basé for J. We

first show that C gEXE determines an equivalence relation on E.

This is equivalent to showing that:
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L ¢ Da
(2 ¢=c1 and

(3) co.cC=0C.

The properties (1) and (2) are obvious. To verify that C satisfies (3),
let (x,y)eC oC. Then there exists zeE such that (x,z)eC(p, (z,y)eCw
for some <I>,‘Pe$s. But ¢o¥ exists, ©®o¥e 3 and (N {Vle(b})g( N {WIWe‘P})

= 1 {U|Ucdo¥}. Thus C o CCC. Also, since A€ C.C o CDC so

We will, ~°f course, use the equivalence relation determined by C
to construct an associated separated space for each 3e'u(E). In order
to do this we need the following theorem:
Theorem 2.7. Let ¢ : (E,3) » F where (E, J) is a uniform convergence
space. Then there exists a finest uniform convergence structure on F
such that ¢ 1is uniformly continuous.
Proof: Consider the collection B = {(¢x¢)¢|¢c®B} where B is a U-base
forr 3. From the remark following Theorem 2 there exists a finest uniform
convergence structure 4 on F which contains ®. But then U satisfies
the conditions of the theorem.
Remark. If ¢ is an injection then a U-base for U 1is the collection
B = {(¢x¢)0o N [A]|<I>e B} where B 1is a U-base for §. This follows
from the fact that if ¢ is 1 - 1 then [(¢x¢)®] o [(dxd)¥] = (¢x¢) (de¥).
Now, we may construct an associated separated space for an arbitrary
space (E, §) 1in much the same way that an associated separated uniform
space 1s constructed by N. Bourbaki [2]. Thus, let E = E/ﬂ where ~

denotes the equivalence relation determined by C. We define a uniform
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”~ ”~
convergence structure SS' on E as follows: 3 is the finest uniform
' ”~ [
convergence structure on E such that the canonical map ¢ : (E,3) » E
”~
is uniformly continuous. It is easy to show that @,3) is indeed sepa-
rated.

2.3. Uniformization of Convergence Spaces. In this section we develop

conditions under which a convergence space (E,0) is uniformizable, Z.e.,
that there exists a uniform convergence structure 3&“(E) such that
o= TS . We conclude the section with a proof that every separated con-
vergence space is uniformizable.

Let (E,0) be a convergence space. For each xeE and for each
Jeox we define a filter as follows: <I>x, 5 = (Fxx)N [A] N Gx 3).
Hence, if $§ 1is any uniform convergence structure on E such that

T g =0 then ¢ €3, for all xeE and Jeox. It is immediate that

X, 3

if (E,0) is uniformizable then the finest uniform convergence construc-

ture containing H = U{(I>x 8Ixt—:E,{}ecx} must induce o. But from the
)

remark following Theorem 2.2,

t_ T
¥ = E{d}xuao...o@x .3 IxieE, l1<1ig<n and ;jiecxi, 1<1ig<nm, nsN}_l]
1’ ¥l n’ “n

is precisely the finest uniform convergence structure containing H.
The convergence space (E,0) 1s induced by (E,J) if and only if

T 3#(::) = g(x). for all xeE. Clearly = 3,'t(x)j o(x), for all xeE.

Hence, (E,0) is uniformizable if and only if = S#(x)C o(x), for all

xeE.

Theorem 2.8. Let (E,0) be a convergence space which satisfies the

following condition;
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(*) for all (xi) CE, for all Sisoxi, 1 <1ig<n,

l1<1ig<n

¢E, Beo h that ¢ °ues 2
there exists yeE, @eoy such tha x5 8y X3, V,0

Then (E,0) is uniformizable.
Proof: We show that T S#(x) C o(x). Thus, let @et 34 (x). Then
n

QX)’:ES# so that @ x % > where er,{Sﬁ:ox{,lsiSn.

0, ¢
i=1 X ) i i
n
Hence, from (*) there exists yeE,feoy such that @x x 3 ,0.¢ p
i=1 Xy ﬁi

2 <I>y g+ Thus x=y and 8> & so ®eoy. This completes the
L]
proof of Theorem 2-8.
Theorem 2.9. Let (E,0) be a separated convergence space. Then (E,o0)

is uniformizable.

Proof: We again show that 1 M{f(x)(: o(x), for all xeE. Hence suppose
J

@y 0 °u..,00 where ¢ e, 1 s i sn. If ®=9 then
¥0 81 X Gy TR

Goy and we are finished, Thus we assume & # §, Let A = {1|xi = X

for some i % j, 1 <1, j s n}. Since (E,0) is separated, ox [Yoy = @

for x # y so JVG does not exist for all Feox and for all @eoy,

It follows from this observation and a simple calculation that

0 wo, = Hapapnen B axgnn IRCAR RO

o..
x1’81 xn’gn

Suppose that y&{xl,...,xn}. Again by the separation of (E,0),
* *
there exists F.e Si such that y¢Fi s 1 €1 ¢<n., Since @ xy

2 ¢ there exists Ge & such that

s 08 @
x1’31 X0 gn’

11
ox{y}C LY, (i, HU Ux ED U 8 U{iLEJAw: xFy) U Ixlx, D)
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and hence Gx{y}C A so that @ =y contrary to assumption. Thus

ye{x xn}. Without loss of generality, let y = X If 1¢A,

1300
* *
there exists Fis§3i such that xl¢Fi’ 2 <1 ¢n. Then for any

F-le{}l there exists Ge® such that
oxtxy) € (O X{xi})U({xi}XF:)]}UALilikj[(F:x F) U (Gx Ix(x, D)
U@ x{x lj({xl}XFl) .

It follows that GC F, U{xl} so that @ > 51/\ 1':1 and hence U eoy.
If 1€A the proof is similar and will be omitted here.

2.4, Examples of Uniform Convergence Structures. We conclude Chapter

II with some examples of uniform convergence spaces.
Example 1, Let R denote the set of real numbers and let ¢* denote
the usual uniform structure of R. The reader will recall that ¢* is
generated by the sets v, = {(x,y) | |x=y| < €}, defined for each € > 0,
where Ix - y| is the usual absolute value of the difference of x and
y.

For each positive integer n let ¢ = [{Vgls > 0}] where

n
€

v = {g n ( (-n,n) x ("'n>n) )} U AR

and (-n,n) is the open interval {xeR|-n < x < n}. It is easy to verify
that ¢n is a uniform structure on R for each positive integer n.

For m, n positive intergers we have the following relations:
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@ o e = ¢ o

®) o8 = Cy (m,n);

(c) @m'l =

@ Qo = o

@ I8 oz e

(£) e 2 ® for each m;

(g) 4>1>,<I>2 Zeea2 ® 2., .

*
Note that (a), (b), (c) and (e) show that Sz}l is a U -base for a uni-

form convergence structure on R where ‘4'31 = {¢n|n =1, 2,...}. It

follows from (d) and Theorem 2.6 that 31 is separated where 31

W * -~ * *

= [[781]]. Clearly ;Slc. I.Etbﬂ so 3,2 [[_tb ]] But & ¢ 31 s0
5> ']
\’1 [ ] .

However, Con = Csl and Tok = 131 so that (R, 31) is complete.
This gives us an example of a uniform convergence space which is strictly

*
finer than E@ i] but has the same induced convergence structure and
the same Cauchy filters. The reader will note that the finest uniform
*

space coarser than 31 is precisely ¢ .

Example 2. For each positive integer n and each e > 0 we define

Woo o=V, N ( (-n,n) % (-n,n) ).

For each n we have a uniform space (En,‘l’n) where En = (~n,n) and
‘l’n = [{W2|e> 0}]. Consider the maps defined as follows: for each pair

of positive integers (m,n) such that m < n, in : (Em,‘Pm) > (En,‘i‘n)

HH inm(x) = %, Clearly each inm if uniformly continuous for each
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. n - - U

The "almost" inductive limit of (En’ inm) is defined to be the finest

uniform convergence structure such that the inclusion maps in : (En,‘l’n) +R

v

are all uniformly continuous. This inductive limit is easily seen to be
(R, 31) so that Example 1 may be obtained as an inductive limit of the

uniform spaces {(E_,¥)} .
n° 0 neN

Example 3. Let I denote the set of integers and for each kel let

brrr = LV g le > 031 where Vo = (VA ( (kyktD) x (k+1) IIU 4.

One can easily verify that <I>k K1 is a uniform structure on R for
’

each keI, We have the following relations for the {Qk,k+1}keI:

(a)

(e

for all kel;

(ﬂ (ﬁ

®) ({5 °ki,ki+1 =1 k e, 41 =G ki,k +17 =1 k e, +1

(c) [A] 2 Qk,k‘*‘l’

-1 o for all kel.

@ O ) K k1
Il

Thus, 8, = {N. o

*
2 i=1 k k +1|k EI ls1ics n, nEN} is a U -base for a

uniform convergence structure on R. We denote by ] 9 the uniform con-

vergence structure generated by §,.

2
We observe first that for neN, ¢ > ® where ¢ ¢®B_ Thus
n-1pn n n 1
[23 o8 (o] _
?i 2 \Sl. It is easily shown that \52 >3 and again CS . = 03 )

= Cq)*. However, (R, 32) is not complete since, for example, the filter
of final sections of the sequence {1 - k}k 1 does not converge with
respect to 32. In this example, the finest uniform space coarser than

*
32 is ¢ V[cI XcI] where cI denotes the complement (in R) of I.
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In summary, we have given three separated uniform convergence struc-

tures on R such that

W 3, Y [le]s

(2) ¢ =C =C., 3
32 31 o o
*
(3) B3, >3 =0

(4) (R, 32) is not complete but both (R, 31) and

(R, E(b*]]) are complete.

Example 4. Let Q be the set of rational numbers and let B denote
the collection of all finite subsets of Q. Then let QF = [{VF}] where

FeB and Vg = AU FxF. We have the following relations:

R.
(1) ¢Fn 0% 2 LS for all F,Ge B;

_ .1
@ o, =&,

(3) [4] =2 (DF’ for all Fe B;

for all Fe B ;

4) o_ o

i
. <I>G 2 QFUG’ for all F,Ge <,

*
Thus, @&, = {QFIFE‘JB} is a U -base for a uniform convergence structure

3

33 on Q. Note that 3 is not separated since for any F ={= g,

3
n{V|V€d>F} = Vo 4 A, Tt can be shown that ,

T 3 x) =1{ge |'F(Q)| S > inf{y|yeF,Fex} for some FeB }.
3

This uniform convergence space has the property that for any H =]= g,

HC Q, H= Q where " denotes closure with respect to T

33



CHAPTER III
COMPLETIONS OF UNIFORM CONVERGENCE SPACES

| In this chapter we investigate completions of uniform convergence
spaces. First, we give a completion which, in the separated case, is due
to Oswald Wyler [25]. We then derive several properties of this comple-
tion including the result that a commutativé convergence group has a com-
pletion which is again a commutative convergence group. From a categori-
cal viewpoint the completion we give has several undesirable properties.
We show that, in general, completions in the subcategory of uniform
spaces do not coincide with the usual completion.

Lastly, we consider a subset of the uniformly continuous maps wﬁich
we %gll strongly uniformly continuous maps. We obtain a subcategory of
the original category in which a more satisfactory completion theory is
obtained.

3:.1. Completion. In general a completion is a solution to a universal
mapping problem in a given category. Of course, we assume that some
notion of "completeness" has been defined in the category. Then given
an object of the category one attempts to obtain a "complete" object of
the same catetory subject to certain conditions defined in terms of the
maps of the category.

For example, the problem mentioned above and its solution is well-

known in the category whose objects are metric spaces, whose maps are the

28



29

uniformly continuous ones and whose composition is ordinary function
composition. A second example is the category (lIO, fo,o) of uni-
form spaces, uniformly continuous maps and usual function composition.

Here we consider the category I = (E%O,f,l) where ‘1530 denotes
the collection of all uniform convergence spaces, :f the collection of
all uniformly continuous maps and 4 the usual function composition.

It is shown in [6] that the composition (when defined) of two uniformly
continuous maps is again uniformly continuous. The verification that

B  satisfies the definition of a category is trivial. It is immediate
that the category ( ilo, 330, o) 1is a subcategory of .

The notion of Cauchy filter and hence completeness is well defined
in B so it is natural to consider completions in B, The specific
universal mapping problem which we solve in & may be stated as follows:

A completion of a uniform convergence space (E,J) 1is a pair
((il\, ?3\),_1) consisting of a complete uniform convergence space (E, (3\)
and a uniformly continuous injective map such that

() 1f ((B, W,f) 1is any pair where (B,U) 1is a complete

uniform convergence space and f is a uniformly continuous
map from (E,§) to (B,U) then there exists a uniformly
continuous map £ from @, {3\) to (B, U) such that

foj = f.

As one would expect, if we restrict the problem to separated spaces
and ask for a separated completion then the solution is unique except
for uniformly isomorphic spaces. We now construct a completion.

Let (B, J) be a uniform convergence space and let T = Ce , the

o

collection of all Cauchy filters of (E, J). Let j : (E,S)-;E 1 j(x)=x.
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A
Clearly J'ceC3 and j 1is injective. Denote by J the intersection

ideal generated by the following filters:

W GxPe, e S ;

@ 3(Bx Gand G x3(H), §, Gebq, §xOc I
[4 [}

(3) &x 3, 3,@503,8X@e s

@ 1Al

We will verify that ((ﬁ\,g),j) is a completion of (E,J) with the
following lemmas.

o

Lemma 3.1. The intersection ideal ,\; is a uniform convergence structure
on E.

Proof: The first two axioms of a uniform convergence space are obviously
satisfied by E‘? We show that f}\ is closed with respect to composition
(whenever it exists).

case 1. Let 9,%¢ 3. Then since j is injective (§xj)oo(ixj)¥ = (Ixj)oey
if either side exists. But SEU(E) so 0o¥e J 1if it exists and hence
(jxj)((bo‘if)e':‘s\.

case 2. Let @ = j(x) for =cE. Then j’éBXj(ﬁ) = (jxj) (X x3) and
HH T = D@0, Hence (1(F)x8) o (1xDe, (3xne (((F)x8)
( é{XJ(S-)) o (j*xj)® and (j><j)<1>0(é xj(8)) all reduce to the form con-
sidered in case 1.

case 3. Suppose @#j(x), for all =xcE., We digress here to consider the
following remark:

Remark, Let ¢c¢ 3, Jec[F(E). Then if SECS it follows that <1>[i‘>]ecSs

and ¥(J5)x 3¢ 3 provided that &[F ] exists, t.e., provided V[F] %+ ¢
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for all Ve® and for all Fe{. This result follows immediately from
the relation ( (xJ)20 = Jx0[F]. Hence, 1f (8 xi(F))°(§xi)¢ exists
then oPeCq and ATIxFe 3 so (Bx3(F)N (D0 = 8 x4 DeS.
Also, (§J(Z)x¥)e(jxj) o does not exist since © ¢i(E).

case 4. Let ©x F¢ J and @,8@:(‘3 ~j(E). Then neither
GCR)x @)o(§x1(R)) nor (Ox§(2))(FxiCR))

exists where '§, RSCS and 9x 8, Ixfe J.

‘ . .
case 5. Let §{, 6,8, RECS and {Fx® ,8xQe J. Then (Fxj(R)°(H(R)xSG)
exists if and only if 8&x 8eJ and then this composition reduces to
[ [} P
Ix @c J.
case 6. Let @ﬁ(E). Then Q] X@)°(j><j)<b does not exist. If
@ ecj(E) then the Remark of case 3 shows that ({Fx@)eo(jxj)e =3 x(j(e[@1]))
in the sense that if either side of this expression exists then so does
the other and the equality holds.
case 7. The remaining combinations of composition of generators are
easily seen to be elements of 'f}\ when the composition exists.

”~~ "
It follc_@ﬁ that J is 2 uniform convergence structure on E, The
P
reader will note from section 2.1. of Chapter II that J is the finest
A
uniform convergence structure on E which contains the given filters
(1) - (4).
”~~

Lemma 3.2. The map j is uniformly continuous from (E,J) to (E,’?‘D
and j(E) 1is dense in @,@

Proof: The uniform continuity of j is obvious from the manner in which

7N I3 -~
™ . . . . = V) 3
J is constructed. Let {eC g Then J{F)xJe I and jE)eI(T).
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R
— )
Thus Je¢ j(E) so that j(E) 1is dense in @,3).
Lemma 3.3. Let QEIS\. Then ¢ 1is generated by sets which contain no

pair ( §, @) where 8><@¢3,3,@ecs-j(E).

Proof: For <I>e,3\ we have
ﬁ . m - (4 S . L4
o> (L) o) N (NaE 6 DN (ﬁl 2x3(8,)N ([ B,xB) N [4]
where ¢.eJ,1 <1 <n; Skx@kas, 1<k sm @R,XRSLE J,1¢2 <p;

n
and fatx Rtes, l1<tsgs, Since iGI(ij)(bi = (ij)in¢i = (jx))V¥ for

¥e J, this reduces to
ﬁ o Py S [ 2
W ez (Y NG 303)<%) N ({51 2,5 (R,0) N (£, BxB) N [a).
The filter on the right side of (1) is generated by sets of the form
m P s
@ @DV U GED* (g0 U iad sy (Y xs U s

where Vey, st ﬁk, 1<k <m and We 32, 152 g<p. It follows from

(1) that each set of the form given in (2) is an element of ¢, and clearly
sets of the form given in (2) contain no pair (J,®) where g,® ECS -j(E)
and 8?@# J. Let B= {Ba|aeA} be a base for ¢ and let H*_'be. any

set of the form given in (2). Then R"= {Ba ﬁH*IBaeh ,a_t-:A} is obviously
a base for ¢ and has the properties given in the lemma.

Lemma 3.4. Let ¢e§ be generated by sets in j(E)xj(E). Then

¢ = (§xj)Y for some YeJ. Any Cauchy filter of @!\,@) is of one of

~

the following forms:
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(1 (3, Z}ecs;
(2) i@l ;31’ :SiECS’ 8:-1’(8353,151’_‘] <03
(3 j(g) n ('ié]_ 81)’ S ,51503, Sixgjecs,

3x§ies,1si,j5n.

- .
Proof: Let ¢c 3 be generated by sets in j(E)xj(E). Then
¥ = [{BxC|j(B) xj(C)ed}}. Clearly ¥elF(E) and since ¢ = (jxj)¥ it
follows that Ye 3. Let ¥ be a %-Cauchy filter. Then it follows from
Lemma 3.3. that % must be of one of the forms given.
”
Lemma 3.5. The uniform convergence space @,3) is complete.
Proof: Let & be aJ-Cauchy filter. Then we have three cases from
Lemma 3.4.:
¢~

case 1. © = j(J). Then R xPeJ so that & T4 -converges to 3 .
case 2. §H= ﬁl 81. n’l’hen o) Ig-converges to 3§ 1
case 3. = j(F) *x( ﬂlg ). Then & ~converges to J. Thus @'3‘)

1=1 Y1’ ° s ’
is complete since every Cauchy filter converges. We may summarize the
results of the previous lemmas as follows:
Theorem 3.1. Let (E, J) be a uniform convergence space. Then there
exists a complete space (?,@) and an injective uniformly continuous
map j from (E, J to @\,@)

We now have the following theorem:

Theorem 3.2. Let (f,(BU)) be any pair such that £ 1is a uniformly
continuous map from (E, J) to a complete uniform convergence space
(B, ). Then there exists a uniformly continuous map f from @,,';‘\))

to (B, i1) such that E:j = f.
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Proof: Let JeE. Then since f 1is uniformly continuous and (B,U0)
complete, f£( §) converges to some b5 eB. 1In general ba is not

unique but we may choose a fixed b3 with the understanding that for
3= x, ba = f(x). Then we define £(3J) = b8 and clearly foj = f.

We now show that f is uniformly continuous.

case 1. Let $= (jxj)¢ for ¢ J. Then (Ex?f-) (ixj)e = (£x£)d and

since: f is uniformly continuous (£xf)¢ell.

case 2. Let = [A Since ABXBQ(?X.E) AEXE it follows that

EXE]'
(B6) [8g,p] > [g,p) Thus (ExE) (4 el

case 3. Let § = ‘fﬁx é’,where § x@eJ. Then (£xE) (Exé)

3Xb@) and since § x®eJ, b8 xb@s u.

case 4. Let §= j(3)x® vhere §x®e3. Then (ExD)(5(F)x®)

-
= £(3) Xt;@ and since §x®eJ it follows that f({i)xl;ge U, Simi-
larly, if Q= éxj(s) where ®xJe J it follows that (£xf)
(éxj(g))e Ul . Hence f is uniformly continuous.

From Theorem 3.1. and Theorem 3.2. we have:
Theorem 3.3. Let (E,J) be a uniform convergemce space. Then there
exists a pair (j,@,@)) where j 1is an injective uniformly continuous
map from (E, J) to (f,@) and (j,@,@)) satisfies (C) given above.

Of course, Theorem 3.3. simply means that every uniform convergence
space has a completion. We may now treat the separated case. - Thus, let
(E, §) be a separated uniform convergence space. We define an equivalence
relation in CS as follows:

J~6 if and only if Fx®c J. It is easy to verify that ® is

an equivalence relation. The following lemma shows the ronnection between
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4> and the set C defined in section 2.2.

Lemma 3.6, Let ,3¢C Then J®@ 1if and only if (F,@®)eC

g
where C= U {C,[tc3} and c, = N {v|Vesl.
Proof: Let &9 . Then JFx@eJ so éXée’S\ and ({},@)eCéxa .
Thus ( J, @)eC. Conversely (J,@®)eC implies 5Xée 3 so that
0.

We denote the assoclated separated space of (}3‘\,’:?) by (E*, 3*).
Since (E, J) 1s separated, the map j* : (B, J) » (E*, 3*) o j*(x)
= q(X), where q(8) =1{@ t‘:C\‘;s | 0T}, 1is injective and uniformly con-
tinuous. The reader will recall that for the natuyral map
I (T‘E‘.\, ’5) +> (E*, 3*) we have j* = ¢°j, and S* is the finest uni-
form convergence structure on E* such that ¢ is uniformly continuous.
It follows that (E*, 3*) is complete and j*(E) is dense in (E*, 3*).

We have the following additional theorem:
Theorem 3.4. Let (f, (B,{{)) be any pair such that f 1is a uniformly
continuous map from (E,J) to a complete separated uniform convergence
space (B, U). Then there exists a unique map f from (E*, 3*) to
(B, ¥ such that f is uniformly continuous and £ = f°j*.
Proof: The proof is similar to that of Theorem 3.2, The uniqueness of
f follows from the separation of (B,U ) and continuity of .
Remark. The intersection ideal 3* 1s generated by filters of the
following forms:

W (e, eed;
o o
@ @) WD T <17 (P, Fecg

19\ r k]
{3 lA'El* x Ex1,
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The proof of this remark is immediate from the definitions of :”5\ and
S* and from the fact that j* = ¢oj. These filters are, of course,
precisely the ones used by O. Wyler [25] to obtain a completion in the
separated case.

The next theorem shows that the completion is unique for separated
spaces,
Theorem 3.5. Let (E,J) be a separated uniform convergence space and
let (jl,(Bl, ul)) and (jz, Bz,u 2) be separated completions of
(E, §). Then (Bl’ ul) is uniformly isomorphic to (Bz,uz).
Proof: Since (jl,(Bl, ul)) is a completion and j2 is uniformly con-
tinuous there exists a unique uniformly continuous map
4 :(Bl,L&?+(B2,u2) such that 1104, = 3y Separation 1s needed for

the uniqueness of i Similarly, there exists a unique uniformly con-

l.
t;inuous map 12 : (BZ’ u2) > (Bl,ul) such that _']1 = 12 ° j2, Then
il ° iz is the identity map on the image of j2 and 12 ° il is the
identity map on the image of jl. We will now show that il is a uni-

form isomorphism and i2 = (il)-lz

1 11 is 1 -1: Let il(x) = il(y)° Since .jl(E) is dense

in Bl there exists @,QEF(BI) such that @ x %cli 1

and Jl(E)e N . But @jl(E) and bjl(E) exist and since

and 9x }"reul

il(x) = il(y) we have
(a) il( @)Xil( Qe u2' Also

® @]3®) (@ ) = 4,@)

(c) (illjl(E)) (le(E)) = 1,(Q) since j,(E)e eNe.
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But 12 is uniformly continuous so (i2 x iz)(il(@) x il(@))

= 1,1,(0) x 1,i;(9) = 1,(,]3;E) © @ " 1,(113,E) %y (&)
Gx e U_,

1
Since (Bl,lll) is separated, x = y.

(2) 11 is onto: Let bZEBZ.

Then there exists {selF(Bz) such

that jZ(E)e § and J x b2e112. Then 12(8 ) E_Cul , iz(jz(E))

jl(E)eiz( 3), and, since (Bl,lll) is complete; 12(5 ) x blsu 1

for uniquely determined b aBl. But then b2 = il(bl).

1

(3) 1, 1is a uniform isomorphism and 12 = (il)-l: We already

1

have that il and 12 are uniformly continuous. Let bleB1°

is easily shown that iz(il(bl)) = b1 so that 12011 is the identity

and similarly 11012 is the identity map on 3B

is a uniform isomorphism.

Then it

map on B Thus

1 2'

i, = (il)'1 and 1,
We now have shown the following result:

Theorem 3.6. Let (E, J) bea separated uniform convergence space.

Then there exists a separated completion (E*, 3*) which is unique except

for uniformly isomorphic spaces.

Remark. The completion of a space (E, 3) + not, in general, discrete

on the complement of J(E). Thus, let Jee-j(E). Then J(F) + &

and both j(J) and é converge in the completion to . Note that

1f Je j(B) then g () = {j(8)| 8% and J = (N}

3.2. Completions of Convergence Groups. It was shown in [6] that a

convergence group is uniformizable in the sense defined in Chapter II.

We will show in this section that the completion of a separated uniform

convergence space (G,J), where (G,g) is a convergence group and
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T. =0, 1is again a convergence group with respect to natural group

3
operations which agree on (G,0).

We recall here the basic definitions and notations of convergence
groups. Hence, (G,s) 1is a convergence group if and only if (G,*)
is a group and ¢ 1is a convergence structure on G such that the group
operations are continuous. In terms of the identity element e of G,
a convergence group (G,0) 1is a group (G,*) and a convergence struc-

~

ture g on G such that:

(6 o(e) + o(e)C ale);
(Gz) (o(e))_lc a(e);

(G3) x ¢« ag(e) - x—lc o(e), for all xeG; where, of course, for

F,HC G, FoH ={ f+h|feF,heH} and F - = {£ '[feF}, and for

,0cF(©), §-O = [{FH|Fed, He@}], § 7 = {F "|Fed},

xed = [{x-F

Fe §}] and 3- x

[{Fex|Fe 3}]. Then g efF(G) is called

a left Cauchy filter if 3-1'3eo(e) and § 1is called a xight Cauchy

filter if - ‘{S-laa(e). We denote the collection of all left Cauchy

filters on G by CS and the collection of ail right Cauchy fiiters on
G by Cd.
Lemma 3.7. Let (G,7) be a commutative convergence group. Then (G,T)

satisfies the following conditions:
(1) Cs = Cd;
(1) if JeC  then 8'1ecd;
(111) if §, 8L then § -@ecs;

;}&S and @et(e) then F-G- F “et(e).
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Proof: Conclusions (i) and (ii) are obvious since (G,t) 1is com~
mutative. Let @, @eCs so that 8—1° Jet(e) and e l.0 et(e).
Then from (¢,) we have (§ +§) + (87 @)er(e) and (§ L5 )
(616) = (5-8)7" (§- 6). ThusFOec . Lastly, let 8 er(e),
§eC . Then 8_1'86'{(3) and from (Gl)’ (8-1-8)-@er(e). But
(§7%8)6 = 3-6.3"1, This concludes the proof of the lemma.

It was shown in [6] that J = Eﬁ} x 3 A [a1] g eCs}] induces T .

Since (G,r) is separated, (G,J) is a separated uniform convergence

x %
space and hence has a unique separated completion (G , § ). Let
* * %*
+:6 xG +6 :: q(§ +q(@)=q(F-8), vhere q(J) = {:9|F=B}.

It follows from Lemma 3.7. that this map is meaningful., Let m, @%‘-’@1
where 8,81, @, @leCS. For convergence groups, (=@ if and only if

3_1- ®et(e). Thus 3-1- 3151 (e) and @-1-@ et(e). It now follows

1
from Lemma 3.7., (ii) and (iv) that @—1- {3-1-‘{’31 ® et(e). Also
@—1@191(e) so from (G;) we have (® -1-8 _1-8 r §). ( ole Pet(e).

e EFTIYL0 s (o7 gTh g ey (878 so

@_1 3—1 31@1 = (3 @)_1 (51@ 1)er(e). Hence 3@28101 so + is
well defined.

i

Theorem 3.7. The system (G*,+) forms a commutative group.

Proof: Note first that q(g) + q(:a) = q(:a ) +q(F) = q(F), for all
q(ﬁ)eG* so that q(;_) is an identity for (G*,+). Obviously + 1is
an associative operation and q({F) +q (@) = q(JF- 8—1) = Q(;) so
that q(}}—l) = (q(i}))_1 (clearly if § %A@ then 3—174@-1 so this

inverse is unique and well-defined). Lastly,
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%
q(5) + q(8) = q(F-3) = q( <F) =q(3) +q(F), for all {,3eC .

*
Hence (G ,+) 1is a commutative group.

Recall that g, (a(§)) = (& eFEH | 9 x5S 1

We will now show that T , 1is compatible with the group structure just
3

defined.

*
Theorem 3.8. The System (6 ,T ,) is a convergence group with respect
J
*
to the group (G ,+).

Proof: We verify the conditions (Gl) - (G3). From the remark following

*
Theorem 3.6. we have 13*(q(é)) = {j (ii;i)l &et(e)}. Hence if

-

5 : . = * ~ ] & o
%, fiers*(q(e)) then %= 3 (3) and X =3 (3) where 5, @et(e).

* * * . .
Thus S+ & =3 (&) + 3 () =3 (J°9)., But Jetr(e), $er(e) implies

N

3« Zet(e) so j’k(g-@)m3 *(q(é)). Thus (G*,TS x) satisfies (Gl)'

Let S)erS*(q(é)). Then § = j*(ZS) for some § et(e) and hence

8—1er(e). It follows that 5)—1 = j*( 5_1)513 *(q(é)) so that (G*,T 3*)

* -~ .
satisfies (G2). Lastly, let q(@)eG , Net q.*(q(e)). Then
)

8 = j*('ﬁ), Set(e) so

WO) + 5 @) +a@ H =ae) +q@ H #3575 =@ + 1) = 1 0n.

*

Hence (G3) holds in (G ,7 ). This concludes the proof of Theorem 3.8.
3 9

3.3. Properties of the Completion, As mentioned earlier, a uniform space

(E,) may be identified with a uniform convergénce space, namely (E Eﬂ] ).
Also, every principal uniform convergence struc;&re is generated by a uni-
form structure, It follows easily from the definitions of uniform con-
tinuity in the respective categories that the uniformly continuous maps

between uniform spaces (E,?) and (F,Y¥) are precisely the uniformly
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continuous maps between the uniform convergem':e spaces (E, E @ ) and
(F, II‘I’]] ). Thus, it is desirable that the completion in the larger cate-
gory of uniform convergence spaces would agree with the usual completion
of uniform spaces when a space (E, Eq)ﬂ) is considered. Our first
theorem in this section shows that this does not happen.. In this section
- we will consider only separated spaces and we will denote the completion
(441 W
of a uniform convergence space (E,S') by (E ,15 ) and the completion
of a uniform space. (E, ¢) by @B,?B).

We digress here to give a very brief description of the completion
of uniform spaces. The details may be found in N, Bourbaki [2]. Thus,
let (E,?) be a uniform space., Then for Ved, V symmetric,define
~
V=1{(3,9)] 3,8 Cauchy filters and there exists AeIN G such that

; ~ o~ - ~
AXKC V}. Then ¢ = [{V|ve?d, V symmetric}] is a uniformity for E, the -
~
collection of all Cauchy filters of (E,$). Then (j,(g,é)) is a comple-
tion of (E,?) in the category of uniform spaces where
~ o
i (E,9) + (E,®) :: j(x) = %.

If (E,?) 1is a separated uniform space, a separated completion is

obtained by means of an equivalence relation ®  defined by: 3, @ei’,
~
F®® if and only if JFx @3 6. It is obvious that E is precisely
the same set as C To] and R ® if and only if YN . 1In this
~ :
case B = E/@Q and % - [{VB|V6¢, V symmetric}] where
T o= o
= {(q(g), q( @) )| there exists § 1£9(F)» @ 1,60 (@)
~
such that (81,- @1)EV} where q(J) = {@ | TRE},

Of course, q(J) = {6 |FNG].
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Thus, given a separated uniform space (E,$) and therefore the
corresponding separated uniform convergence space (E, E&il ), the sets
used in the completions of each may be considered the same. That is,
fB =@w’ = CQ/ % . However, the following theorem shows that in general

] + 1"
Theorem 3.9. Let (E, E@ﬂ ) be a separated uniform convergence space

(j,@«,mw) ) its separated completion and (jl, (E?B,ETFB:U) ) the

separated completion of the uniform space (E,$). If ']i:‘B - jl(E) is

dense in ’ETB then |!¢]wl is strictly finer than [ﬁBiJ .

Proof: From properties of the W~completion and the fact that
i, s (B0 » @°,8° i i iforml
¢ ) ,2) 1is uniformly continuous, there exists a uniformly

continuous map ¢ : (ﬁw,[[ﬁb] ) > @B, E’@Bﬂ) Clearly ¢ 1is the identity

map in this particular case so |[4>]| P [E&B]] . Suppose that
E’@’Bﬂ pY I[o]lw . Then there exists 5i, 8 ke:C E{]_I y 1 gi¢ n, 1 ¢k ¢m

such that
~B A — 2
® P x @e NI *AE N N ATePxxe ) N 1ol

Then given Ved, F s?ji, ls<igm, and Ge @k’ 1 ¢ k ¢ m, there exists

’&?e’Q\B such that

n m
) T v U aE)aE O U (Y, da@ Dixeanu .

But (jxj) V = (j(E)xj(E)) NT so that (**) reduces to

n m
(rx) C LEE=3EIN N U (Y1) FPHU (Y La(@xie,)Ua.
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Since 'E?B-jl(E) is dense in ’E~B, for each q(?})e,ﬁB we have
Wa( HIN @B-jl(E)) $ @. Let AR be such that B . HCW, T
symmetric, and choose xeE so 'q()'c)ejl(E). Then there exists
q(s)e’ﬁ”-jl(a) such that (q(X), q(3))eR. Clearly q(%) % q(J)
and since @Bﬁa) is separated, ) {Vﬁeﬁa} = A so there exists
TF® such that (q(®), q(FN4T. But 'ﬁnﬁe?B s0 there exists
q(@)eﬁB-Jl(E) such that (q(®), q(@)FNM Clearly qa(F) # q(®)
and q(gd), q(@)a?B-jl(E). Since H is symmetric (q(3), q(ic))e'}?
and hence (q(J), q( 8)) eH o (?ﬂ’H\)Cﬁ. But q(g) + q(®) and
q(F), q( @)efB-jl(E) and since each set of the form given in '(**) con-
tains no pair of (q({F), q(®)) this is a contradiction. Hence
[1°- B,

The collection of uniform spaces (E,®) such that ‘:E\B-jl(E) is
dense in EP is not vacuous. Consider, for example, the set of rationals

)

AN
with the usual uniformity. Then EB = E" = R, the set of real numbers.

Corollary 3.9. Let (E,®) be a separated uniform space with the separated

completion (E‘B,?B) If for each VE8° there exists q(%),q(@)eﬁB-jl(E),
WD) 4 (@ amd @@, «(@NF wmen [V > 7.
Proof: This result follows from the proof given for Theorem 3.9.

We may now draw several conclusions about the W-completion:

(1) The filter given by N {¥|ve |[ 4] W} is still, in general, coarser
than ?B This result follows from the fact that the generators
of [ {¥|¥e Ed?T} again contain no pair (q({), q(®)) such that

- . /\w
a(F +a(@) and q(F), ¢@T-j (®). 1f N {¥|¥e [JJ } is

a uniform space then it is precisely pJ, the finest uniform
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space coarser than [0_]] W,

(2) Let (E,3) be a dense subspace of a complete separated space
(F,U). Then, in general we cannot consider (F,U) as the
W-completion of (E,J). A simple counter example is obtained by
taking the rational numbers together with the usual uniformity,
(Q,QO). Then (Q, [[:QOTJ) is a dense subspace of the reals together
with the principal uniform convergence space generated by the usual
uniform structure of the reals, (R, E‘?lﬂ ). But as we have shown
in Theorem 3.9., m > [[4511‘ .

(3) It is well-known that in the category <u‘0,.‘fo, °') the corre-
sponding universal mapping problem whose solution gives the W-com=-
pletion is equivalent to the following statement:

A completion of a separated uniform space (E,p) 1is a complete
separated uniform space (ﬁ',?) and an injective uniformly continuous
map j : (E,d) » (‘E,?D such that j(E) 1is dense in (E?,?), and,
given any complete separated uniform s‘pace (B,¥) and a uniformly
continuous injective map £ : (E,p) » (B,¥) such that f£f(E) 1is
dense in (B,y) then there exists a uniform isomorphism

T @,3\) + (B,¥). It is clear from (2) that the two statements
are not equivalent in the category (ﬁb,f, 1),

(4) Another consequence which is connected to completions is that a uni-
formly continuous map from a dense subspace of a uniform convergence
space to a complete separated uniform convergence space can not, in
general, be extended to the entire space. As a counter example con-

sider the space mentioned in (2), (Q, E%ﬂ) and the uniform
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convergence space @B[ﬁfgﬂ) Let 1 : (Q, E@O-ﬂ ) »+ @B,[ﬁm )
be the identity map. Then clearly (Q,Eooﬂ) is dense in

(ﬁw, [QO] W) and 1 is uniformly continuous to a complete sepa-
rated space @B, [[?gil ) but 1 can not be extended to

@”,E;;]WL

These consequences of the completion we have given show that the
completion theory for uniform convergence spaces has several "unfriendly"
properties. Not the least of the properties is the fact that the comple-
tion does not agree on the smaller category (U O’j 0,0). Also, the
results given in (2) and (4) make it difficult to answer questions such
as: "Is the completion of a product of uniform convergence spaces uni-
formly isomorphic to the product of the completions?” In the next section
we define a new category by restricting the maps ofT:tle category
(!Qo,ff,.L). In this category a completion is obtained which agrees on
- the smaller category (uo,fo,o) with the usual completion.

3.4. Strong Uniform Continuity. Let ¢ : (E,J) » (F, U ) where (E,J)

and (F,U) are uniform convergence spaces. Then ¢ is strongly uniformly

continucus if and only if (¢x¢)u3eu, where 3 is the finest uniform

space coarser than J. The map ¢ 1is called a strong uniform isomorphism

if and only if ¢ 1s a bijection and ¢ and ¢_1 are strongly uniformly
continuous.

Theorem 3.10. Let ¢ : (E, J3) » (F,u) and v ¢ (F,u) > (G,B) be
strongly uniformly coptinuous maps. Then o9 1is strongly uniformly con-
tinuous.

Proof: Since ¢ 1is strongly uniformly continuous {(¢xp)u Jeii. Hence
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(¢x¢)u J> vl  and we have (Yx¢) (9%¢)nJ 2 (pxPull. But y is
strongly uniformly continuous so (yxy)u Ue® and (¥xy) (%)u J =
(pooxpod)y J € B. Thus ¢o¢p 1is strongly uniformly continuous.

Let Tl( denote' the collection of all strongly uniformly continuous
maps, Then it follows from Theorem 3.10. that (EBO,‘h‘[_.o) is a category
where ¢ is usual function composition.

Let ¢ : (E,J) » (F,U) be strongly uniformly continuous. Then
for %S ,0 > uJ and hence (¢x¢)écU. This shows that (¢x¢) JCU
so that ¢ is uniformly continuous. Thus mc :P . Note that strongly
uniformly continuous maps preserve Cauchy filters,

Theorem 3.11. Let ¢ and Y be uniform structures on E and F respec-
tively and let ¢ : (E, E@ﬂ) + (F, E‘PTJ.). Then ¢ is unifofmly continuous
if and only if ¢ 1is strongly uniformly continuous.

Proof: The map ¢ 1is uniformly continuous if and only if ($*$)¢ > V.

But u( on’ ) =& and the result is now clear.

Thus, the category (mo,‘m,o) contains (uo,'_f),o) as a subcate-
gory. Also, (mO,Th,o) has several properties which do not hold in
(280, '!, L) as we will now show.

Lemma 3.8. Let ¢ : E+F and let & be a uniform struéture on E, If
¢ is injective then ($%$)¢ M [A] is a uniform structure on F.
Proof: The first two properties of a uniform structure are obviously

satisfied by (¢>$)® 1 [A]. Since ¢ is injective,
(¢x¢IV o (¢x¢)W = (¢x¢) (V o W), for all V,WCExE,

and hence {{¢x¢32 £} [4]) o {(¢p>¢)8 N [A]) = (=8 N [4] so that
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(¢%¢)® N [A] is a uniform structure.

Theorem 3,12, Let ¢ (A,SA) + (F,U) be a strongly uniformly contin-
uous injective map from a dense subspace (A,SA) of (E,J) to a com

plete separated space (F,U). Then there exists a unique extension ¢

of ¢ to (E,J).

Proof: Since ¢ is strongly uniformly continuous (¢x¢)u3Aeu. Also,

[A] € U so (0x0Iug , N [A1eU . Thus, from properties of uniform spaces

it follows that there exists a unique map

§ ot (B3 > (B (4x)u3 , 0 1aD)

such that E restricted to A is ¢ and 3 is uniformly continuous.
(It is obvious that if (A,3,) 1is demse in (E,J) then (A,uJ,) is
dense in (E,pJ).) Hence (EXE)uSeu so ¢ satisfies the conclusion
of the theorem.

We may now consider completions in (ﬂofnl,O). Thus, a c-comple-
tion of a uniform convergence (E, J) is a pair (k,(ﬁc,’§_c)), where k
is an injective strongly uniformly continuous map from (E,J) to
@c, ?) and @c,ﬁc) is a complete uniform convergence space, such

that the following condition holds:

(C*) Given any pair (¢,(B,U)) where ¢ is a strongly uniformly
continuous map from (E,J) to a complete uniform convergence space
(B, U), then there exists a strongly uniformly continuous map
5: @, » (B,1) such that ok = ¢.

For a separated space (E,J) we require a separated completion in

which case the c-completion is unique., For the remainder of this section
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we consider only separated spaces.

It is not difficult to construct a c-completion of a space (E,S.).
Thus, let ?c =C 3/4% where % 1is the equivalence relation defined above.
Let k : E »EC :: k(x) = q(X) where, again, q({) = {® |6®J}. Then
k is obviously injective since (E,J) 1is separated. One can verify
that the separated completion @B,ﬁ B) of the.uniform space (E,u J)
will give a c-completion of (E,3) in the sense that (k,@Bl, EQBH) )
is strongly uniformly isomorphic to the unique c-completion.

We now have several results about the c-completion:

Theorem 3.13. Let (B, U4) be any separated complete space and
¢ 2 (E,J) » (B,U ) an injective strongly uniformly continuous map such
that ¢(E) 1is deﬁse in (B,U4). Then (B,U) 1is strongly uniformly
isomorphic to CE‘“,’:?:).
Proof: From (C*) it follows that there exists a unique strongly uni-
formly continuous map ¢ @ (E~c"§c) + (B,u) sucﬁ that E o k = ¢.
Since ¢(E) 1is dense and (B,U) 1is complete and separated it follows
that ¢ 1is a bijection. But clearly f = ¢—1|¢(E) is a strongly uni-
formly continuous map from (¢{(E}, u¢(E)) to (’EC,':*}C) and by Theorem
3.12. we may extend f to a strongly uniformly continuous map f on
(B, U). But clearly ¢-1 =f so ¢ 1is a strong uniform isomorphism.

| This theorem immediately gives the result that if (E,J) 1is a
complete separated space with a dense subspace (A,SA) then (E,3)
is strongly uniformly isomorphic to CA\:,%Z),

Also, it is obvious from the construction of a c-completion that

o . s X - p V4 N eie s
this completion agrees on the smalier category (U g2 ") with the
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usual completion.

Let {(Ea’ 30‘) }aeA be a collection of uniform convergence spaces
A
and (&('Ea’ X ?’a) denote the product space. Let (ka,@g, 3:)) denote

the completion of (Ea,Sa) for each aeA. Then
. ~ A
Xk, (XE,x3) > (OE,, xsg) 2 (xk ) (F) = g where g(a) =k (£(2))
for each ©® 1is a strongly uniformly continuous map and (X.ka) (.XE(!) is
~ S
dense in ("’E\-;, "32). Thus ("E..a, X3§) is strongly uniformly isomorphic
~C
to (<, xﬁg).
Thus, the c-completion of a uniform convergence space gives a stronger

completion theory than the completion defined in the first part of this

chapter.



CHAPTER IV

¥

COMPACTIFICATIONS OF CONVERGENCE SPACES

It is well-known that compactness of topological spaces may be
defined in terms of convergence. Thus, a topological space is compact
if and only if every ultrafilter converges or if and only if every uni-
versal net converges. Hence, compactness is a completeness property.

In convergences spaces, a convergence space is compact if and only if
every ultrafilter converges. It is natural to ask if every convergence
space can be embedded in a compact convergence space. We give an affirm-
ative answer to this question in this chapter.

We will consider a general compactification (E*,T*) of a conver-
gence space (E,r) which is "universal" in the sense that any compact
principal T2 space which contains (E,7) (and (E,T) must be com-
Pact and Tz) as a dense subspace is a continuous image of (E*,T*).

Lastly, we will consider compactifications which have special pro-
perties. For example, we will obtain a Tl—compactification for a

T,-convergence space and a T _-compactification of a T

1 -convergence space.

2 2

Definition 4.1. A compactification of a convergence space (E,T) 1is a

pair ((E,D,¢) consisting of a compact convergence space @',?) and a
functicn ¢ : (E,1) > (ﬁ:?) such that ¢ is a homeomorphism of E onto

o) and (B} is demse in (E,D).

50
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Theorem 4.1l. Every convergence space has a compactification.
Proof: Let (E,T) be a convergence space and let « denote any object
which is not an element of E (for example, {E} ). Then consider the

set

{[T1 {Berx}, 1if %E

E, = EU{=}. For xeE, 1, (x) =
F,) , 1f x=o3

defines a convergence structure on E_. It is immediate that (E_,Ty
is compact since every filter T _~converges to = and hence every ultra-
filter converges. It is also clear that for ¢ : (E,r) » (Eoo’Tm) HH
¢(x) = x,0(E) is a dense subspace of (Em,-:m) and that ¢ 1is a homeo-
morphism onto ¢ (E). Thus ((Ew,rw) s) 1s a compactification of (E,f).

This first theorem is of little interest except to exhibit a com-
pactification of any convergence space whatsoever. We now turn our
attention to more interesting compactifications.

Let (E,r) be a convergence space, E* the collection of all ultra-
filters on E and ¢ : (E,r) » E* 2 9(x) = x. It is well-known that X
is an ultrafilter so that ¢ 1is well-defined. Let us consider the map

‘p_(E) > ‘]Q.(E ) which is defined by P ek [A eJ}. We will
denote by E the set {x|x€E} so that ECE'. Note that
¢ =% | { {x} |xeE} and ¢(A) = AN E for each ACE.

Theorem 4.2. The map * has the following properties:

(1) 0% =g¢; -
(11) ACB implies A*C B*, for all A, Be p(E);

(1i1) ANB = A N B*, for all A, Be TE);

v @aun’

* *
A UB, for all A, Be"RE);

%

o E-8" = B -4, for all ae ).

il
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The proof of this theorem is immediate from the definitions of
filter, ultrafilter and #*,

*
We now define a convergence structure on the set E : Let

(
(6|6 9)* for some § etx}
% % * * . .
T : E +7;1(fF(E ) s T (=9 if % = {eE.
% * * °
{eeF@E)| 827}, if JeE -E,

where for Je [F(E), 3* = [{A* |Aed }].

We will next show that T* is a convergence structure on E* and
that (E*,T*) is a compactification for (E,t).
Theorem 4.3. The mapping r* is a.convergence structure on E*.,
Proof: TFor each e E* we have {‘E}‘} 2 3* since A*e 5* if and only
if Aed. Clearly T*( %) 1is an intersection ideal since from Theorem
4.2, we have (NG ) = 3 *N & and t is an intersection ideal
for eaqh x¢cE.
Theorem 4.4. The map ¢ : (E,1) »> (E*,T*) induces a homeomorphism of
(E,7) onto (¢(E), T*[¢(E)).
Proof: Themap ¢ is 1 - 1 since % =y if and only if x =y, and
obviously ¢ 1s a map onto E = ¢(E). Thus it remalns to show that ¢
and ¢ * are continuous. For 3§ etx, xeE we have ¢(g) = [{A*ﬂélAss}]
since for any set ACE, ¢(A) = (A* " é). But it is clear from this
relation that [¢(§})]E* P 8* so that ¢ (J )et(%) where 1= T* ]E Thus
¢ 1is continuous. Let 9 et (). Then E eand [D ]e‘t*(}'f)g But

*
then [ %] » § for some Jery, and 93 (8*)0. Then
E

¢_1(S)) 2 ¢~1( (8*).). We note now that
E
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LOgH ) = I EN BIFeg ™ = HFFegH = 5.
E

Hence ¢-1( Q2P so ¢_1(g Jety., This completes the proof that ¢
is a homeomorphism of (E,t) onto (E,1).
: .. * &
Theorem 4.5. The space (E,r) 1is demse in (E ,7 ).
* * .
Proof: Let {e E . We will exhibit a filter @cfF(E) such that E ¢
R &
and @et (§). By definition § et (§). Clearly
% 0 ° * * * .
@=[{F N E|Fe J}eF(E) and @ > § so @etr (J). But Ec@
. * %
so E is dense in (E ,1 ).
* %
Theorem 4.6. The convergence space (E ,t ) 1s compact.
* *
Proof: Let § be an ultrafilter on E . Then we assert that & ¢E
*
where & = {H|H eQ}:
*
(1) Clearly {H|H*¢®} + ¢ since Ee{H|H ¢ } and
* *
¢ {HHe 9} since § =0 and & is a filter.
x %k
(2) If A, Be R then A, Be® so from Theorem 4.2, (iil) it
* * *
follows that (A NB)=aNs) e® so AN Be R.
(3) If Ac & B DA then it follows from Theorem 4.2. (ii) that
* * ; *
B DA and since A*e@, Be® so Bck
Thus, ReNE).
* * x -
(4) AUB¢® if and only if (AUB) =A YB ¢% and since &
* * ’ *
is an ultrafilter, A JB e if and only if either A €®
* *
or B e&; hence, if and only if A e® or B ef. Thus ReE .
* %
Now the theorem is obvious; since & 2 & , et (R).
* %
As a result of the previous four theorems, ((E ,1 ),4) 1is a
compactification of (E,7). This compactification is of some interest

since it is a "universal" compactification for principal T,~convergence

2
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spaces. More precisely, any principal Tz-compactification of a princi~

* %
pal T,-convergence space is the continuous image of (E 1 ). 1In order

2
to prove this result we first prove the following two results:

Lemma 4.7, Let f be a map from a set E to a set F. Then for any
ultrafilter @ on F3@3 f(R) for some Je [F(E), there exists an
ultrafilter & on E such that f(Q) =@, and 82 J .

Proof: Let @ be an ultrafilter on F and Je [F(E) such that

() > @ . Then, in particular, £(E) ¢® so that (@)f(E) exists.

Then note that § > @ for & = [{f-l(G N£(E) |G B}] e[KE) where,
of course, f_l(A) is the complete inverse image of A. But clearly
f(fhl(Gn FE))=G6NEE) so £(®) = (@)f(E) s ®. But there exists
an ultrafilter Qe[F(E) such that 83 § > and hence

£(R) > £(®) 2®. Since @ is an ultrafilter £(8) = @, That

&3 U is obvious from our choice of R .

Theorem 4.8. Let f be a map from a convergence space (E,g) to a
principal convergence space (F,t). Then f is continuous if and only
if (*) for each xeE,RQcox, R an ultrafilter implies £(8)et(f(x)).
Proof: If f is continuous (%) 1is obvious. Conversely suppose (¥*)
holds. Let {Feo(x). We must show that f(F)er(f(x)). It is well-
known that every filter @ on a set H 1is the infimum of all ultra-
filters & such that & 3> @ Thus let @ be any ultrafilter on

F vsuch that @ > £(F). By Lemma 4.7. there exists an ultrafilter

f g’ R@ > Jand f(R@ ) = @. Then it follows from (*) that

£( ﬁ@)er(f(x)), and from an earlier remark £(J) = ﬂ{f(R@ | @ f( Pl

The theorem now follows since (F,t) is principal and hence £( J)er(£(x)).
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Theorem 4.9. Let (E, 7 be a convergence space and (F,g) be any
principal Tz-convergence space which is compact and contains (E 1) as
* %
a dense subspace. Then (F,) is the continuous image of (E ,t ).
X %
Proof: Consider the correspondence 1 : (E ,1 ) + (F,0) ::n (R) = X
where [ Rleo(x R)' This is a well-defined correspondence since every
%
f€eE  converges on F and Xq is unique since (F,0) is T,. Let
yeF. Since E is dense there exists Je [F (F) such that E¢J and
3€0(y). But 8E is contained in an ultrafilter & on E so
y=n(8®). Thus n is onto. Also, n |¢(E) is 1 -1 since n (%) = x.
It remains to show that n is continuous. Let & be an ultrafilter on
* * *
E  such that et (R). Then £> & and it follows that the ultra-
*
filter B = {H/He®} is precisely 8 . Butn (R)eo (XR) so by Theorem
4.8, we are donme.
Theorem 4.10. Let (E,r) be a principal convergence space. Then
x %
(E, t ) is principal.
% | *
Proof: This is immediate since for tx = [‘V;] we have 1 (X) = [’Vx]
L * * * °
for %E and 1t (R) =[ Q] for &¢ E -E.
x %
In general (E ,t ) is not Tl even if (E,7r) is Tl. In fact, if

there exists an ultrafilter & such that & ¢ E and Ret x for some

- x * %
xeE then { Rtet (x) so that (E ,t ) is not T We will now give a

1°
Tl-compactification for a Tl—convergence space,

* *
Let (E,T) be a T,-convergence space, (E ,T1 ) the compactification

1
%
defined previously and let El denote the subset of E defined as
. *
follows: E, = EU{R ¢ E | RéxlélETx}. We will denote by T, the conver-

gence structure induced on E. by 1
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Theorem 4.11. Let (E,t) be a T, convergence space. Then (El,rl) is

1
a compactification of (E,7) which is T,.

Proof: It is immediate from Theorem 4.4. that (E, -rl) is homeomorphic

4

to (E,p where T

for ¢: (E,7) ~» (El,rl) :: ¢ (x) = x,¢ (E) is dense ip (El,'rl). It

=7 [E. Also, it follows from Theorem 4.5. that

remains to verify that (El,Tl) is compact and Tl'

(a) (E;,7) 1is compact: Let ® be an ultrafilter on E;. We assert

*
that § = {A|A N El eQ} is an ultrafilter on E.
*
(1) Clearly ¢ ¢ Fsince ¢ ¢ and JF+ @ since E.e®.
* _ %
(2) If AcH BDA then ANEc® and B DA 504 NECENE,

Hence B ¢ § since § 1is a filter.
ok
(3) If A, B ¢g§ then from Theorem 4.2. (iii) we have (AN B N E, =

A N 3% N E, = N E) N &N E). But A'NE, BN Be ® 5o
their intersection is a member of £ and hence Al B ¢
(4) 1If AYB J then from Theorem 4.2. (iv) we have (AU B* N E, =
@u 9N E, = @ n E)UY @ N E))e .
But & is an ultrafilter so either A*ﬂ Elgsl or B*n Elgﬁ . Hence
either A e or B ¢j. The relations (1) - (4) show that e E*o If
3€E, then we are through for then & ¢7,(&). ([R] 3 g and
[&)]E* =% )
Suppose that 5¢ El' Then there exists =xe¢E such that JFetx and
(915 3" so [9ler (). But again ([91)y = ©,%ecrk and ek,
So in either case § T,-converges to a point if El’ and hence (El’Tl)
is compact.
(b) We now sho?v that (El,rl) is Tl' Suppo‘se Ofterl(m) for Rvﬂle Elu
Then either [;2] > B for ¢ xléETx or [5{] 2 8* for some
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Betx eE.

0’ %o
P * *
If [®] > ® then for each Ve®, {R}C V so that VeR .

Hence RBCHK or ® < ® and since R&,B® are ultrafilters

g =T .
. * *
If [®] 2 § , where 36Tx0, xer, then for each Fg} ,{ R)CF
so that Fe®. But then & > § and hence Rerxo. Since (E,1) 1is

T i = ¥ =
1and REEl is follows that & X, ® . Hence (El,'l'l) is a

Tl— convergence space.

Theorem 4.12. Let (E,T) be a T -convergence space. Then the space

2

(El,Tl) is a T, compactification of (E,T).

2

Proof: From Theorem 4.11. it follows that ¢ : (E,T) - (El,'r 1P X > X

1
is a homeomorphism, E 1is dense in (El,r ) and (El,'rl) is compact.
Thus, all that remains to be shown is that (El,rl) is T2° Thus, suppose

5')6'[1( N Tl( ®). We now have three cases as follows:

o)) a,meﬁl—é: Then [8] 3 &°,B". Again, let § = {A|a"e[ 21}.
It follows as in Theorem 4.6 that 3€E*. But then J 2 & and
3 2B sothat J =8 =B,

(2) Ra;:, ’ISSEEl—ﬁ: Again, § = & and [ 9] > 6" for some ®erx.
‘where X = [®. But then 3 = @ so that JFetx. This contradicts
the assumption that J = REEl.

(3) 8 ,®eE:  Then it follows from the fact that (E,t) is T, that
[34 =
Tl( ) n Tl( m) 0'
These three cases show that if R,meEl and & +#8 then

Tl( N Tl(m) = @ and hence that (El,rl) is TZ'

The reader shculd note that the continuous functions, C((E,t),(F,0)),
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from a convergence space (E,t) to a convergence space (F,s) are
related to the continuous functions C((E,ut), (F,wg)) from the associ-
ated topological space (E,wt) to the associated topological space
(F,uo) in the following mamner: C((E,wt), (F,uwo))c C((E,t), (F,0)).
Theorem 4.13. Let f be a real-valued bounded continuous function on
(E,1). Then f may be extended to a real-valued continuous bounded
function f* on the compactification (E*,T*).

* * % *
Proof: Let f : (E ,T ) >R :: £ () = inf (sup £(x)). For §fixed,

Fe § xeF
let o = inf (sup £(x)) and B = sup (inf £(x)). Then we assert
Fe§ xeF Fe§ xeF

o = B. We always have inf (sup £(x)) > sup (inf £(x)) soa 2 B . Let
Fed xeF Fgy  xeF

€ > 0 be given, Then by the definition of o ; there exists Fl€3 such

that a < sup £(x) € o + E.
xe:F1

By the definition of supremum, there exists xlsF1 such that

a-8B <f(xl)< @ + €. Consider the set B_ ={x | a~e< ;f(x) < o *e}o The
remark just made shows that Be is non empty. We assert that Bee L
Suppose Beii}. Since § 1is an ultrafilter E—Basﬁ and hence
(E-B e) n F1 + ¢§. We now have the following ‘conditions for xe(E—Be) n F1:
(a) XaFl implies f(x) < &+ €
(b) xaE-BE implies f(X)gs o -¢ or £(x)za + €,

Thus, for xs(E-vBe) Fl’ f(x)< & -¢ and hence sup f(x)sa - ¢
xeFl N (E-8)

which contradicts the definition of o . Therefore® ¢ 3.
€
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Now it follows that inf f(x)>a - ¢ so that a-e < B. Since
xeB
€

€ >0 was an arbitrary positive real number, ¢ < 8 and thus a = 8.

* *
We note immediately that £ (%) = inf sup f(y) = f(x) so that f
xeF yeF

. *
is an extension of f. (Of course, E has been identified with ECE ).

*
Also, Ee so sup £(x) 3 £ () 2 inf f(x) and since f 1is bounded,
xeE xek

so is f*.

It remains to show that f is continuous. Let o) elF(E*) be such
that @e-r*( 3) for ;}EE*. Then it suffices to show that f*(g;) con~
verges to f*(ﬁ) or that f*(b) a'V'(f*(g)) where 'V(f*(‘[’))) is the
neighborhood system of f*( %) in the reals. Hence, for e > 0 we must
find He § 9 f*(H)C (f*(g) - &, f*(g) + e). We have the following two
cases:

(1) 8¢E Then & > g*. The set B_,, (defined earlier) is a member
of § so B:/ZES*. Hence, there exists He® such that HCB’:/2
and then £ (H)C f*(B:/Z) cif'(m - S (P+ACE (P -,
£(3) +©.

. *
(2) JeE. Then & > @ for some @ e€Tx where J = %. Since f is

continuous, f(@) 2 V(f(x)) =’v-(f*(:':)). Thus

¢ = xlf@-S<tm s £ (% +2)

£
2
is a member of @ since there exists Gle@ such’ that

€

£6) CE® -7, () + -;—) = (f*(}';) -=, f*(,‘c) +-Z-)

oo

80 GDG1 and hence Ge® . But again, there exists He§ such that
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* * * *
HCG s0 f (HCEf@®CE (x) -e, £ (x)+¢).
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