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ABSTRACT 

 

 

In many scenarios, we need to determine the capacity of a reservoir for water injection or 

disposal. The capacity is typically controlled by the container size, total compressibility, and 

the maximum pressure above which the injection may jeopardize the formation integrity 

related to formation parting pressure. It can be potentially correlated to and sometimes even 

cause fault reactivation. Even though current studies only have correlations rather than 

causality to prove that SWD causes fault reactivation, it has been established that other factors 

like permeability, reservoir fluid, and mineralogy can also be potential factors causing seismic 

activities. Given that full-scale numerical modeling and simulation needs extensive data that 

isn’t usually available, we propose an analytical model to determine the maximum injection 

volume based on pressure superposition. This model provides a practical solution to calculate 

the reservoir capacity that can help fill knowledge gaps by removing human bias.  

In the proposed model, a reservoir container has homogeneous properties with boundaries that 

can be infinite acting, open, or closed. Multiple wells, including injection (disposal) wells and 

extraction wells, are arbitrarily placed in the reservoir. The model assumes that individual 

extraction rates are constant with time but may differ from well to well. A geomechanical model 

considering thermoelastic and poroelastic stresses determines the maximum injection pressure. 

An equation system can be established for injection wells to a given time based on the pressure 

superposition in the reservoir. The solution of the equation system is the rates for the injection 

wells.  

The analytical solution is validated by numerical simulation with 16 equally spaced wells in a 

100 km by 100 km reservoir with closed boundaries, and the reservoir only contains water. We 

get the amount of water volume and pressure profiles at different times through numerical 

modelling. We use the determined rates from the equation system and known extraction rates 
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to compute the pressure along the fault to see when the activation pressure is reached. With 

known rates and time, the reservoir's total capacity can be determined.   

The proposed analytical model is robust, easy to implement, and doesn’t need extensive 

subsurface characterization. Because of its high performance, the model can be used in 

uncertainty studies, such as Monte Carlo simulation, to determine the range of capacity with 

probability. This will make the model very attractive in practice. This geomechanical approach 

is a valuable tool that can provide optimal water injection pressure while minimizing the risk 

of formation integrity. 
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1. Introduction 

1.1.Objectives and Motivation  

Nowadays water injections are one of the most widely adopted technologies for maintaining 

reservoir pressure and enhancing oil recovery. Hassan et al. (2023) also stated that the water 

injection method is the most well-established secondary oil recovery technique. Each of these 

EOR approaches has its own set of challenges and preferences when it comes to the 

environment where it is used. We all know that during the water injection operation, the 

injection volume of the reservoir increases, and the reservoir becomes more complex, so 

determining the exact capacity of the reservoir is a major task. If injection pressure exceeds the 

fracture pressure, it can lead to fracturing, fault reactivation, and sometimes even cause induced 

seismicity. Therefore, it leads to an important research topic of determining the capacity of the 

water injection in a well to maintain the reservoir integrity. 

Many researchers have explored the traditional approaches for estimating the reservoir 

capacity, using empirical models and numerical simulations, to determine maximum injection 

volume. This thesis focuses on developing an analytical model that does not require extensive 

sub-surface data making it more practical as it is not always attainable. This model offers a 

faster and more efficient way to estimate reservoir capacity, that also accounts for pressure 

superposition, geomechanical constraints, and uncertainty in subsurface properties without 

being computationally expensive. 

The primary objective of this research is to develop a robust analytical model that can 

accurately determine the maximum allowable water injection volume while incorporating 

geomechanical constraints and pressure superposition effects. To achieve this goal, four major 

tasks are undertaken in this thesis: 
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1. Developing a new analytical model that estimates the injection volume by considering 

pressure interactions between wells and geomechanical constraints. 

2. Extending the model to be applicable for both single-well and multi-well reservoir 

systems, ensuring its usability across various reservoir conditions. 

3. Validating the model through numerical simulations and benchmarking against field 

data, ensuring its reliability for practical applications in reservoir engineering. 

By addressing these challenges, this research aims to provide a computationally efficient, easy-

to-implement, solution for optimizing water injection operations while maintaining reservoir 

integrity and preventing environmental risks. 

1.2.Key Issues and Challenges 

The development and production of oil and gas generate substantial volumes of wastewater, 

primarily in the form of produced water. Much of this wastewater is managed through 

underground injection into saltwater disposal (SWD) wells. In 2017 alone, approximately 24.4 

billion barrels of produced water was generated by nearly one million oil and gas wells across 

the United States. While there is growing interest in the beneficial reuse of produced water 

(Scanlon et al. 2020), a significant portion continues to be disposed of via injection. 

Additionally managing the produced water is a major concern in the oil and gas industry. The 

proportion of produced water that is recycled versus disposal varies by region and over time; 

however, disposal remains the dominant management practice nationwide. According to the 

U.S. Geological Survey, over 95% of produced water from hydrocarbon extraction is injected 

underground, either into dedicated disposal wells regulated under the Underground Injection 

Control (UIC) program or into petroleum reservoirs for enhanced oil recovery (EOR) and 

pressure maintenance (Clark and Veil 2009). The decision of disposal method is a balance of 

cost and disposal regulations in a particular area, and Figure 1 shows the costs for different 

water treatment methods. 
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Figure 1- Comparison of cost for disposal methods (Sahu 2021), and the darkening bar 

indicates the range of costs 

 

  Field experience underscores the importance of designing disposal wells with a 

comprehensive understanding of key operational parameters, including maximum injection 

rates and pressures, formation breakdown pressures, and the overall storage capacity of the 

disposal zone. Proper engineering and monitoring of disposal wells are critical to mitigating 

environmental risks and preventing unintended consequences such as induced seismicity, 

formation damage, or fluid migration. 

Determination of the maximum allowable injection pressure in SWD or water injection 

operations is very crucial, exceeding this threshold can lead to unintended fracture propagation 

which may cause formation integrity failure. The maximum injection capacity is controlled by 

the pore volume and pressure dissipation capability of the reservoir. Without proper pressure 

monitoring, disposal wells may reach injectivity limits prematurely. 

To address these challenges, we propose an analytical model that uses pressure superposition 

to determine the maximum injection volume for a reservoir in this paper. The model aims to 

provide a practical solution that can estimate the reservoir capacity without extensive data 

gathering or complex simulations. By considering a homogeneous reservoir with various 

boundary conditions like infinite, closed, and open boundaries and multiple wells (both 

injection and extraction), this model simplifies the process of reservoir capacity estimation 

while ensuring that the maximum injection pressure remains within safe limits, thus preserving 

formation integrity. In this study, Monte Carlo simulation was employed to account for possible 
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parameter distributions, providing a range of potential pressures and their associated 

probabilities of occurrence. 

1.3.Contribution of this Research  

The contributions of this research lie in the development of an analytical model that accurately 

determines the maximum injection volume for water injection and disposal wells while 

considering geomechanical constraints and pressure superposition effects.  

In this study, we present the pressure superposition model. Then, this model will be applied to 

a selected region that contains multiple formation intervals and numerous injection and water 

disposal/injection wells. The pressure superposition yields the pressure (or pressure 

differential) heat map, which can help place target injection wells. We apply a geomechanics 

model to determine the fracturing pressure, which is used as the maximum injection pressure 

and the maximum pressure the interval can have. The maximum injection volume (reservoir 

remaining capability) is determined by applying determined reservoir properties. Finally, this 

model uses pressure superposition to estimate the pressure distribution along a multi-segment 

line regarded as a sensitive region. 

This study employs a numerical model, focusing on pressure behavior in a 10 km × 10 km 

reservoir during water injection operations. The reservoir was modeled with sixteen equally 

spaced water injection wells, strategically positioned as illustrated in Figure 2. Comprehensive 

input parameters, including rock and fluid properties, are detailed in Table 2 to ensure an 

accurate representation of reservoir conditions. 
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Figure 2- Numerical model of 16 equally spaced water injection wells 

The numerical simulation was developed using an industry-standard reservoir simulator to 

evaluate bottomhole pressure (BHP) dynamics under continuous water injection. The 

simulation was initialized with a BHP of 8,000 psi and a water injection rate of 3,000 barrels 

per day (bbl/day). The model was run for 15 years, during which the maximum recorded BHP 

was carefully monitored to ensure it remained within safe operational limits, preventing fault 

reactivation or fracture initiation. Given the significant uncertainty in subsurface parameters 

and the lack of precise, accurate values, we typically only have a general range of these 

parameters. To address this, we incorporated stochastic modeling, alongside analytical and 

numerical approaches, to determine the maximum allowable pressure for water injection wells.   

1.4.Thesis Organization  

This thesis is mainly divided into 5 major chapters: 

• Chapter 1: Introduction  

This chapter talks about the importance of water injection and SWD in reservoir 

management as it produces large amounts of wastewater. Improper balancing of 
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wastewater disposal can lead to serious consequences such as fault reactivation, and 

formation fracturing or could even trigger seismic activities. Therefore, it becomes very 

crucial to determine the injection capacity of a reservoir while staying within the safe 

geomechanical limits. To address this challenge, we have developed an analytical 

model based on the pressure superposition principles. This model considers multiple 

injection and extraction wells within various boundary conditions and incorporates 

poroelastic and thermoelastic geomechanical constraints to estimate the maximum 

injection volume. Ultimately, this chapter establishes the motivation, challenges, and 

objectives of the research.  

• Chapter 2: Literature Review 

This chapter presents a comprehensive review of existing research and industry 

practices in reservoir geomechanics, water injection, and saltwater disposal. It begins 

with outlining the geomechanical factors that influence injection operations such as the 

stresses, pore pressure, rock strength, etc. This chapter also examines various methods 

to predict the fracture gradient including the direct methods like LOT and the already 

existing empirical models like Hubbert-Willis or Ben Eaton methods. Then it 

emphasizes the importance of considering the pressure superposition principle for 

modeling in muti-well interactions.  

Finally, it highlights the importance of incorporating uncertainty analysis in the model 

through Monte Carlo simulation.  

• Chapter 3: Methodology  

This chapter details the development of the analytical model for estimating the reservoir 

capacity, integrating both the geomechanical constraints and the pressure superposition 

effects. The importance of these constraints was explained in Chapter 2. Then chapter 
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3 begins by the concept of the multi-well reservoir system and outlines the assumptions 

that we have made for this model.  

Next, comes the two geomechanical models that are applied in this research to 

determine the maximum injection pressure for a reservoir. 

Then this chapter describes how reservoir characterization was performed using the 

historical well data obtained from Enverus to estimate parameters like porosity, net 

thickness, and compressibility. Pressure superposition is applied to estimate the 

reservoir pressure distribution over time. Finally, this chapter highlights the relationship 

between injection pressure and injection rate with the determination of injectivity index 

before and after the fracturing of the well. 

• Chapter 4: Results and Conclusions  

This chapter summarizes the key findings of the research and outlines the broader 

implications of the proposed analytical model for saltwater disposal (SWD) well design 

and reservoir capacity estimation. The study demonstrates that integrating 

geomechanical considerations—such as in-situ stress, poroelastic and thermoelastic 

effects—into an analytical pressure superposition framework can provide a reliable 

estimate of the maximum injection volume for a reservoir. The model’s accuracy is 

validated through numerical simulations and enhanced through uncertainty 

quantification using Monte Carlo simulation with Latin Hypercube Sampling. 

The conclusions emphasize that maintaining injection pressures below the fracture 

gradient is critical for preserving reservoir integrity and minimizing seismic risk. The 

methodology presented offers a scalable, computationally efficient alternative to full 

numerical models, making it suitable for early-stage field assessments, regulatory 

evaluations, and operational planning. 
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2. Literature Review 

2.1.Introduction  

The design of a SWD well requires careful evaluation of key operational parameters such as 

maximum injection pressure, injection capacity, and formation integrity to ensure long-term 

operational efficiency and environmental safety. Among them, one of the most critical design 

parameters is the maximum allowable injection pressure, which is dictated by the fracturing 

pressure gradient of the target formation (Murray 2014). Exceeding this threshold can cause 

unintended fracture propagation, leading to the loss of containment, migration of injected 

fluids, and potential communication with shallower groundwater-bearing zones. To prevent 

such cases, regulatory agencies in the United States, such as state-level commissions, have 

imposed strict pressure limits to prevent formation damage and contamination risks (Schmidt 

et al. 2021). Therefore, accurate estimation of the fracture gradient, combined with real-time 

monitoring of wellhead and bottom hole pressures, is essential to maintain injection integrity 

and prevent geomechanical failure (Khan and Michael 2024).  

Another fundamental consideration of the SWD design is the maximum injection capacity of 

the disposal formation, which is controlled by its pore volume, and pressure dissipation 

capability (Clement Okezie and Bump 2024). The injectivity index of an SWD determines the 

sustainable disposal rate before pressure buildup becomes excessive. If the formation has 

limited permeability, prolonged injection can lead to pore pressure elevation near the wellbore, 

reducing the effectiveness of disposal operations. Additionally, prolonged high-pressure 

injections may activate pre-existing faults, potentially triggering induced seismicity. Disposal 

wells should also be designed with multiple monitoring points, and downhole pressure gauges 

may be used to track pressure evolution over time and detect early signs of reservoir over-

pressurization. 
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A saltwater disposal well's overall design and management must incorporate comprehensive 

injection surveillance protocols to ensure compliance with regulatory requirements and 

operational safety. Operators can optimize disposal performance by integrating advanced 

geomechanical modeling, real-time pressure monitoring, and regulatory-compliant operational 

limits while minimizing subsurface hazards. 

 The correlations currently established between the saltwater disposal and the seismic activities 

potentially triggered by these injection practices do not have any direct causality; it is widely 

accepted that factors like permeability, reservoir fluid properties, and mineralogy also 

contribute to the risk of fault reactivation. Additionally, understanding reservoir geomechanical 

behavior is increasingly vital for the petroleum industry as it plays a crucial role in safe and 

efficient reservoir management. 

 Hamid et al. (2017) observed that substantial changes in pore pressure, whether from depletion 

or injection activities, can lead to significant shifts in effective stress, particularly in weak 

formations. These changes in stress can impact the stability of the reservoir rock, leading to 

potential issues such as wellbore instability, fault re-activation, and unwanted fracture 

propagation.  

In the next section, the existing research that informs the development of the proposed model 

will be reviewed. The crucial factors and their significance that have been incorporated into 

the model for injection safety will also be highlighted. 

2.2.Fundamentals of Geomechanical Constraints and the Factors Influencing Them 

The pressure required to fracture a rock formation is closely tied to the stresses within the 

Earth's crust and the mechanical properties of the rock (Morgenstern 1962).This relationship 

suggests that understanding rock strength and estimating local stress conditions makes it 

possible to predict the pressures needed to induce fractures. 
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A geomechanical model needs to be built to predict stress-induced wellbore failure. The 

principal constituents of the geomechanical model are the three principal stresses: vertical 

stress (σv), Maximum principal horizontal stress (σH), minimum principal horizontal stress (σh), 

pore pressure (pp), and the rock strength parameter Unconfined Compressive Strength (UCS). 

Three types of stress field distribution have been noted with σH>σh >σv found mainly in 

relatively shallow coal mines (<400 m), the σH>σv>σh type in moderately deep coal mines 

(400–600 m), and the σv>σH >σh type predominantly in moderately deep to deep coal mines 

(Kang 2010) .When the horizontal stresses are not equal (a frequent condition in the Earth's 

crust), stress anisotropy is created. Pore pressure is a critical parameter in the geomechanical 

model and can be directly related to fracture gradient, especially in depleted formations. Rock 

strength is also a major input in the calculation of wellbore collapse. When these parameters 

are known, a geomechanical model can be created and utilized for various applications, 

including evaluation of wellbore stability, injection pressure constraints, and sand/solids 

production prediction(Aamri et al. 2017). 

2.2.1.  In-situ stress 

In-situ stress is the stress of a subsurface formation. Variation of the in-situ stress state is closely 

related to engineering geological hazards, sliding instability of crustal fracture, and earthquake 

preparation. The study of in situ stress measurement and its distribution characteristics has 

always been a basic and very important task in rock mechanics and geodynamics. The 

measured in situ stress data can not only directly reflect the characteristics of the regional in 

situ stress field and the distribution characteristics of the in situ stress in the engineering area 

but also can determine the properties of engineering rock mass for stability analysis of 

surrounding rock and support structure design (Li et al. 2017).  It is commonly characterized 

by three principal perpendicular stresses: overburden stress, maximum horizontal stress, and 
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minimum horizontal stress. In other orientations, stress components devolve into a tensor 

characterized by directionality and magnitude, and they include normal stress and shear stress 

components relative to the surface upon which the stress is acting (Ma 2016). Accurately 

understanding stress ranges is essential for effective geomechanical modeling. Errors in 

estimating horizontal stress can result in inefficient wellbore designs and higher operational 

expenses. For instance, miscalculating in-situ stresses in overpressure environments can greatly 

affect porosity-permeability measurements during core analysis and compromise pore volume 

compressibility data used in reservoir simulations. 

2.2.2. Vertical Stress 

The concept of in situ stress was first put forward by Swiss geologist Albert Heim, who believed 

that the magnitude of the vertical stress was related to the buried depth and vertical stress was 

equal to horizontal stress in the absence of tectonic influences (K=1, K is discussed in Eqn 2.6) 

(Arno 2010). This foundational idea laid the groundwork for understanding stress distributions 

in the Earth's crust, particularly in geomechanics and structural geology. Heim's work 

emphasized the role of depth in determining stress magnitudes, forming the basis for modern 

stress analysis in subsurface formations.  

M.R.P. Tingaya (2002) highlighted that vertical or lithostatic stress is critical in tectonic and 

geomechanical studies, particularly for predicting pore pressures and fracture gradients. 

However, it is often not measured in situ, and a standard approximation of 1.0 psi/ft (22.63 

MPa/km) is commonly applied for the vertical stress gradient. 

The vertical stress, also known as the overburden stress, can be calculated at the given depth 

D, as 
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                                                                                                            (2.1) 

Where, 

𝜎𝑣  -vertical or overburden stress (Pa) 

ρ -formation bulk density (kg/m3) 

g -gravitational acceleration (m/s2) 

D -depth (m) 

In the case of porous medium, the weight of the overburden is carried by both the rock material 

and the fluid within the pore space. The corresponding effective vertical stress can be calculated 

by: 

 

                                                                                                               (2.2) 

Where, 

 α -biot’s poroelastic constant  

 p - pore pressure.  

Hydrostatic pore pressure is defined as the weight of a vertical column of water from the sea 

surface to the depth of interest(Aamri et al. 2017).The Biot coefficient (α) quantifies the 

relationship between pore pressure and effective stress in porous materials, with values 

typically ranging from 0 to 1. A Biot coefficient of 0.7 indicates that 70% of the applied stress 

is transmitted through the pore fluid, while the solid matrix bears the remaining 30% (Salemi 

et al. 2021). 

2.2.3. Horizontal Stress 

The magnitude of the least principal stress (σh) can be determined from an active measurement 

(such as mini frac, leak-off tests, extended leak-off tests, wireline fracking, etc.), indirectly 
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from log-based methods (e.g., Eaton) or core-based methods (inelastic strain recovery, 

differential stress analysis, or Kaiser effects). Direct testing is more reliable than an indirect 

derivation from logs.(Aamri et al. 2017).Case study shows that the naturally fractured 

formation with high dip-angle or vertical fractures has a lower minimum horizontal stress 

(Zhang et al. 2023). 

The effective horizontal stress σ’H can be translated from vertical stress through the Poisson 

relationship: 

 

                                                                                                               (2.3)     

Where, 

υ -Poisson's ratio 

For most materials, Poisson’s ratio typically falls between 0.2 and 0.5, with metals commonly 

having a value around 0.3. However, there are exceptions. For instance, a cork (cork refers to 

the material commonly used for bottle stoppers) has a Poisson’s ratio close to 0, meaning it 

hardly changes shape in directions perpendicular to an applied stress. Some materials known 

as auxetic materials have negative Poisson’s ratios, which causes them to expand in all 

directions when subjected to tensile strength. 

The absolute horizontal stress, SH, can be determined as follows: 

 

                                                                                                                  (2.4) 

As a result of tectonic stresses, the horizontal stress is not the same in all directions in the 

horizontal plane. Therefore, there is minimum horizontal stress and maximum horizontal stress, 

which can be defined as: 
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                                                                                                 (2.5) 

Where, 

  refers to the tectonic stress 

2.2.4.  Tectonic stress  

Ali et al. (2022) concluded that tectonic characteristics create conditions conducive to seismic 

activity, often leading to earthquakes along associated fault lines. Gaining a thorough 

understanding of these tectonic settings is crucial for evaluating stress regimes, seismic risks, 

and the overall geological behavior of the region. 

Tectonic processes influence the in-situ stresses and can even change the arrangements in 

tectonically active regions. According to Zoback (2002), the stress in the brittle upper crust is 

dominated by large-scale tectonic processes. Based on Anderson’s faulting theory Anderson 

(1951), the arrangement of principal stresses can be related to the style of currently active faults 

induced by a given tectonic regime in a region. According to Anderson's faulting theory, in 

normal faulting (N) regime σV is the greatest principal stress and σh is the least principal stress 

at depth (σV> σH>σh), and therefore, the value of K in this regime is<1, while in the reverse 

faulting (RF) regime the stress field is very compressive. Both horizontal stresses exceed the 

vertical stress (σH>σh>σV) and, therefore, the value of K in this regime is always >1. The strike-

slip faulting (SS) regime represents an intermediate stress state where the vertical stress is 

greater than the minimum horizontal stress and less than the maximum horizontal stress 

(σH>σV>σh), thus the value of K in this regime is about 1, where K can be defined as: 

 

                                                                                                           (2.6) 
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2.2.5. Poroelastic stress 

Poroelasticity describes the physical process of rock deformation and fluid flow through 

deformable pores, more accurately estimating the changes in stress and pore pressure within 

the crust. Chang and Segall (2016) most models neglect poroelastic stress changes associated 

with injection, assuming that direct pore pressure changes are the dominant effect in 

destabilizing faults. However, indirect stress transfer may perturb faults without direct diffusion 

of pore pressure. Due to poroelastic coupling, fluid injection or extraction can induce seismicity 

by changing stress fields in rocks adjacent to the storage formation (Segall and Lu 2015). 

The change in the pore pressure due to the injection can induce the poroelastic stress in the 

formation rock, the poroelastic stress at the wellbore wall Biot and Willis (2021) can be defined 

as – 

 

                                                                                                               (2.7) 

With the effect of the geometry of the thermal front,  

 

                                                                                                      (2.8) 

𝛼𝑝 the coefficient of the pore pressure defined as,  

 

                                                                                                                  (2.9) 

Where,  

α is Biot’s poroelastic constant 
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2.2.6.  Thermoelastic stress  

Thermoelastic stress refers to the changes in stress within a rock formation caused by variations 

in temperature. Lu et al. (2019) provided a modified method to accurately predict fracture 

initiation pressure, considering thermal and plugging effects. The paper concluded that 

temperature variations around the perforated wellbore induce thermal stress during cold or hot 

water injection. The thermal stress induced by cold water injection reduces the fracture 

initiation pressure (FIP) of water injection wells, whereas hot water injection has the opposite 

effect. Furthermore, the formation rock is more likely to fracture during cold water injection. 

When a cool fluid such as water is injected into a hot reservoir, a growing region of cooled rock 

is established around the injection well. The rock matrix within the cooled region contracts and 

a thermoelastic stress field is induced around the well. This is referred to as injection 

thermoelastic stress(Perkins and Gonzalez 1985). 

 

Figure 3 -Plan view of vertical fracture perpendicular to the horizontal earth stress. Adapted 

from Perkins & Gonzalez (1985) 

 Perkins and Gonzalez (1985) developed a numerical method to calculate the change in 

horizontal earth stress resulting from a step change in temperature (or pressure) across a region 

of elliptical cross-section and finite thickness. 
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                                                                                                          (2.10) 

Where, 

T: temperature difference between the injected fluid and formation temperature  

Sf: geometric shape factor of the cooled region of the reservoir rock. 

αT is the coefficient of thermoelastic stress  

According to (Perkins and Gonzalez 1985) , Sf  can be measured as  

                                                                                                                  (2.11) 

Where ao is the major semi-axis, and bo is the minor semi-axis of the elliptical cooling region, 

as shown in Figure 4.  

The degree of thermoelastic stress depends on several factors, including the thermal expansion 

coefficient of the rock, the temperature difference between the fluid and the formation, and the 

rock’s elastic properties such as Young’s modulus and Poisson’s ratio. In some cases, heating 

the formation may lead to compressive stresses, potentially closing fractures instead of 

extending them. The interaction between thermoelastic stress and the in-situ stresses in the 

reservoir plays a crucial role in determining how fractures propagate. 

2.2.7.  Water Quality  

Poor injection water quality is a prime factor in reducing injectivity in many water injections 

and disposal wells. These reductions in injectivity often result in costly workovers, stimulation 

jobs, and re-completions, or, in many cases, the uncontrolled fracturing of wells by high bottom 

hole pressures, resulting in poor water injection conformance and reduced overall sweep 

efficiency and recovery (Bennion et al. 1998). 
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Thus, ensuring that water quality does not adversely impact injectivity is crucial. Poor water 

quality can lead to severe operational challenges, such as restricted water injection, voidage 

replacement inefficiencies, and uncontrolled fracture propagation, which can compromise the 

overall efficiency of waterflooding and disposal operations. Maintaining optimal water quality 

through effective treatment and monitoring is essential to prevent interactions that may degrade 

injectivity, ensuring sustained reservoir performance and operational success(Bennion et al. 

1998). 

2.3. Importance of fracture gradient and the methods to predict it  

The design and operation of SWD wells require a thorough assessment of the maximum 

allowable injection pressure to ensure safe and efficient disposal while minimizing risks such 

as induced seismicity and reservoir damage. A key parameter in this assessment is the fracturing 

pressure gradient, which dictates the upper limit of injection pressure to prevent unintended 

fracture propagation and fluid migration. Accurately estimating this gradient is crucial to 

maintaining the integrity of both the disposal formation and adjacent geologic strata. Fracture 

pressure is one of the most important parameters in wellbore stability. It shows the rock's ability 

to hold vertical stress before starting to fracture. The application of fracture gradient (FG) 

affects the well design in areas such as the mud weight profile, casing setting depth, and 

cementing operation (Marbun 2015).  

Based on injection pressure, volume, and time, pressure integrity tests are classified into three 

types: formation integrity test (FIT), leak-off test (LOT), and extended leak-off test (XLOT). 

Fracture pressure gradient can be determined using either direct or indirect methods. The direct 

method involves tests like LOT and FIT, while the indirect method calculates the gradient from 

logging data (Zhang and Yin 2017).LOT is a procedure in vertical wells where the well is shut 

in, and fluid/ water is injected into the well at a constant rate, gradually increasing the pressure. 
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At some point in the reservoir, the fluid will leak off and create a fracture, which can damage 

the well. In this method, the pressure breakdown directly measures the fracturing pressure.  

 

 
Figure 4-Fracturing and determination of the breakdown pressure from a leak off test. 

Adapted from (Wu 2017) 

 

2.3.1.   Understanding the mud losses while drilling  

Zhang and Yin (2017) discuss how understanding the mechanism of mud losses during drilling 

can aid in better determining the fracture gradient. The possible causes of mud losses in drilling 

operations include seepage mud loss, small loss (occurring when mud pressure is greater than 

the fracture initiation pressure but less than the breakdown pressure), partial loss (occurring 

when mud pressure is slightly greater than the fracture breakdown pressure), and lost 

circulation. The methods for mud loss control and fracture gradient design vary for different 

cases. In most cases, the fracture gradient (FG) should be equal to or less than the breakdown 

pressure gradient (i.e., FG < Pb) to avoid uncontrollable mud losses. 
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2.3.2. Methods to predict the fracture gradient  

•  Hubbert–Willis. Hubbert and Willis 

The concept and calculation of fracture gradient probably first came from the minimum 

injection pressure proposed by Hubbert and Willis (1957), they assumed that the minimum 

injection pressure to hold open and extend a fracture is equal to the minimum stress: 

 

 

                                                                                                  (2.12) 

 Hubbert and Willis (1957) assumed that under conditions of incipient normal faulting, the 

effective minimum stress is horizontal and has a value of approximately one-third of the 

effective overburden stress, i.e., Therefore, they obtained the minimum injection pressure or 

fracture pressure in the following form:  

 

                                                                                          (2.13) 

Where,  

𝑃𝑖𝑛𝑗
𝑚𝑖𝑛 - minimum injection pressure,  

 - vertical stress 

p - pore pressure.  

Later, many empirical and theoretical equations and applications for fracture gradient 

prediction were presented.  



 

21 

 

• Matthews and Kelly Method 

Matthews (1967) presented a fracture gradient equation similar to Hubbert and Willi's equation. 

They introduced a variable “matrix stress coefficient” (ki), and they developed the concept of 

variable ratio between the effective horizontal and vertical stresses: 

 

                                                                                        (2.14) 

The coefficient, Ki, relates the actual matrix stress conditions of the formation of interest to the 

conditions of matrix stress if the formation is compacted typically. Values for Ki are determined 

empirically from known fracture initiation pressures for an area (Wu 2017). 

• Ben Eaton Method 

Eaton (1969) Used Poisson’s ratio of the formation to calculate the fracture gradient based on 

the concept of the minimum injection pressure proposed by Hubbert and Willis (1957):  

 

                                                                                                              (2.15) 

The resulting fracture gradient equation becomes – 

 

                                                                                                  

(2.16) 

Eaton’s method enables considering the effect of different rocks (e.g., shale, sandstone) on 

fracture gradients because Poisson’s ratio considers the lithology effect. 
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2.4.Analytical vs. Numerical Approaches in Injection Volume Estimation  

The selection for the appropriate modelling approach is very important for estimating the 

storage capacity of SWD reservoirs. Wu et al. (2023) discussed the influencing of the 

parameters of SWD capacity in a reservoir using a pot model. They concluded that the unknown 

extension of the aquifer area creates huge uncertainty in the storage capacity. For a reservoir 

with fixed volume, such as a hydrocarbon reservoir, the uncertainty range of the SWD capacity 

would be smaller as it is mainly affected by the total compressibility, even though the pore 

volume compressibility during pressurization would be much different from the depletion 

process When an aquifer has sensitive regions, such as faults and seismic monitoring regions, 

we often need to determine the pressure distribution in these regions before the SWD wells are 

placed. Wu (2017) discussed that a common challenge encountered during the water injection 

process is the decline in water injectivity over time. When the injection pressure exceeds the 

formation parting pressure, the reservoir may lead to undesirable consequences such as fault 

re-activation or fracturing, either inadvertently or intentionally. Understanding these dynamics 

is essential for optimizing water injection strategies and ensuring the long-term stability of the 

reservoir. It is also important to note that pore volume compressibility behaves differently 

during the reservoir pressurization compared to depletion which introduced us to the 

complexity in capacity predictions. These observations underscore the need for robust 

modeling frameworks. While numerical simulations offer a resolution, they are often data-

intensive and very expensive. Ultimately, understanding the analytical and numerical 

approaches is essential for designing safe and effective injection strategies. Keeping in mind 

all the traditional methods, we have developed a more advance, easy-to-use, and robust model 

which is very user-friendly. 
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2.5.Pressure Superposition and its Effects on Injection Efficiency 

For this composite model, Ramey (1970) developed a rigorous mathematical framework to 

analyze pressure transient behavior in reservoirs composed of multiple regions with distinct 

rock and fluid properties. This work is particularly important in cases where reservoirs exhibit 

heterogeneous characteristics, such as waterflooding operations, naturally fractured 

formations, and thermal recovery projects, where distinct zones exist with varying 

permeability, porosity, and fluid mobility. Ramey's study presents approximate analytical 

solutions for unsteady-state liquid flow in composite reservoirs by solving the diffusivity 

equation under conditions where reservoir properties change radially from the wellbore 

outward. The model considers radial composite reservoirs, which are divided into concentric 

zones, each with different properties such as permeability, porosity, and compressibility. The 

pressure and flow continuity at the interface between zones are rigorously maintained to ensure 

physical consistency. His approach provides a practical alternative to full numerical 

simulations, enabling engineers to predict pressure evolution in such reservoirs without 

resorting to computationally expensive models. The solutions illustrate how the storativity ratio 

and mobility contrast between different regions influence pressure drawdown and buildup 

responses.  

We can apply this analytical approximation for a closed boundary to solve the problem above, 

as the method provides a useful tool for estimating reservoir parameters in well test analysis 

and history matching. By leveraging Ramey's framework, we can obtain first-order insights 

into the pressure behavior in composite reservoirs and assess key factors such as interface 

transmissibility and formation storativity contrasts, which are essential for production 

forecasting and reservoir management. Using Darcy's units, the pressure at an arbitrary location 

in the project area for a closed reservoir boundary is given by: 
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                          (2.17) 

Where: 

k – permeability 

h – reservoir thickness 

q – flow rate of the injection  

μ - fluid viscosity  

pi – initial reservoir pressure  

p(r,t) – pressure at radial distance r and time t  

φ – porosity  

ct – total compressibility  

r – radial distance from wellbore  

re – external boundary radius  

t – time 

Ei – exponential integral function  

For a constant pressure outer boundary, the pressure distribution caused by a single well can 

be written as 

 

                                 (2.18) 

While for an infinite reservoir without external boundary, the pressure distribution caused by 

single well production/injection is: 
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                                                                 (2.19) 

The total compressibility is a linear combination of the pore volume compressibility and fluid 

compressibility stored in the pore volume.  

As candidates for SWD, many aquifers or reservoirs may not have a reliable value for the pore 

volume compressibility. Many correlations can be applied in this case, and several are related 

to porosity and rock mineralogy (Ganat et al. 2024). It is worth pointing out that most 

correlations are from reservoir depressurization, while the SWD is a reservoir pressurization 

process. Wu et al. (2023) have pointed out that the magnitude of the pore volume 

compressibility for reservoir pressurization could be significantly different from (like to be 

larger) that of reservoir depressurization. In other words, the estimated capacity using these 

correlations might be much lower than the actual capacity given the same reservoir volume and 

pressure differential. In the case of missing porosity measurement, correlations between depth 

and porosity can be applied in the appraisal stage of SWD planning (Kim et al. 2018).  

When we use these equations, we typically assign positive rates for production/extraction and 

negative rates for injection/disposal. If we have multiple wells in this region, pressure 

superposition can be applied to solve the pressure at the point of interest (Ganjdanesh and 

Hosseini 2018). The equations for multiple wells with a mix of injections/production are shown 

below in the Appendix. 

2.6.Uncertainty Analysis incorporated in this model 

Since there are huge uncertainties with the parameters used in the geomechanics model, 

especially for SWD into several formation intervals with perforation intervals up to 1000+ ft, 

any deterministic results without probability can't be used confidently without concerns about 

fracturing. To overcome this problem, we suggested and discussed the application of stochastic 
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modeling, such as Monte Carlo (MC) simulations as supported by previous works (Jing and 

Wu 2019, Wu et al. 2023).   

In this paper, we apply the MC simulation with the Latin hypercube sampling (LHS) (Shields 

and Zhang 2016, Iman 2008). LHS is an advanced stratified sampling technique designed to 

improve the efficiency and robustness of MC simulations, particularly in high-dimensional 

spaces. Unlike simple random sampling, LHS divides each input variable’s probability 

distribution into 𝑁 equally probable intervals and then ensures that each interval is sampled 

exactly once, which guarantees a more uniform and comprehensive exploration of the entire 

parameter space. This systematic partitioning reduces the clustering of samples and the risk of 

missing extreme values, thereby lowering the variance of simulation outcomes and improving 

the precision of uncertainty and sensitivity analyses. As a result, LHS often requires fewer 

simulation runs to achieve statistically significant results compared to traditional MC methods, 

making it particularly useful in complex modeling scenarios such as risk assessment, 

engineering design, and environmental forecasting. The method’s ability to capture the full 

variability of inputs with a reduced computational burden makes it an indispensable tool for 

robust simulation studies. 

In the petroleum industries where the decision often relies on incomplete data and high 

investment risks, a solution for this is necessary. Over the years, traditional analytical 

approaches that rely on fixed parameters have undergone substantial evolution. The 

introduction of stochastic variables, commonly encountered in the oil industry, has become 

increasingly practical for addressing a wide range of challenges. This transformation is largely 

driven by the adoption of Monte Carlo techniques, which provide a cost-effective means to 

evaluate uncertainties and enhance decision-making processes(Stoian 1965). 

Moreover, different geomechanical and mathematical models that are used in the well stability 

studies, do not include the uncertainty assessments of the models. As the majority of input 
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parameters into the geomechanical models are subjected to some extent of errors and 

uncertainties, therefore, it is essential to quantify the uncertainty associated with the output of 

the geomechanical models (Tabatabaee Moradi and Nikolaev 2020). 

Monte Carlo analysis is applied to estimate the range of possible fracturing pressures, 

considering the natural variability in several key input parameters. These inputs include 

reservoir petrophysical and geomechanical characteristics, the quality of the injected fluid, well 

specifications, and tubing configurations.(Aamri et al. 2017) used a semi-analytical wellbore 

equation to predict a range of bottom-hole pressure used to avoid fracturing in carbonate and 

shale formations and then validated it by probabilistic results using the Monte Carlo Analysis. 

The analysis yields essential calculations such as the injection pressures at both the bottom hole 

and wellhead, overall, well injectivity, and whether the injection occurs within the formation 

matrix or causes fracturing. For injections resulting in fracturing, additional fracture 

characteristics are assessed, including fracture length, net pressure within the fracture, and 

fracture skin. 

In the developed model, pressure variations resulting from changes in pore pressure are 

represented through the poroelastic coefficient, defined by: 

 

                                                                                                          (2.20) 

Where, 

- β is the Perkins and Gonzalez shape factor, 

- α is Biot’s poroelastic parameter, and 

- ν is Poisson’s ratio. 

The shape factor β, derived from Perkins and Gonzalez’s work, describes the area of the 

reservoir impacted by fluid injection and temperature changes. This factor ranges from: 
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- 0 (when only a small region on each side of a fracture experiences cooling), 

- to 0.5 (when a minor radial distance from the wellbore is cooled), 

- to 1.0 (when cooling extends such that the thermal front surpasses the formation height or the 

half-length of a fracture). 

Similarly, the thermoelastic coefficient is given by: 

 

                                                                                                                    (2.21) 

where: 

- E is Young’s Modulus, and 

- αt is the coefficient of linear thermal expansion.  

These coefficients allow the model to capture both poroelastic and thermoelastic effects within 

the reservoir enhancing the fracture risk assessment and operational planning. 

2.7.Summary of Research Opportunities  

Most models, existing today rely on complex numerical simulations which also ignore the 

geomechanical factors such as poroelastic and thermoelastic stress effects, which is critical in 

injection scenarios. Numerical simulations require detailed sub-surface data which is not 

always available or economically feasible to obtain. Many models have failed to address the 

pressure interactions between multiple injection and extraction wells in reservoirs particularly 

under varying boundary conditions. Without the uncertainty, the predictions made for the 

fracturing pressure and injectivity can be misleading and unsafe sometimes. These gaps 

highlight the need for a practical, efficient, and easy-to-use model that incorporates pressure 

superposition, geomechanical constraints, and probabilistic forecasting. The analytical model 

proposed in this study addresses these issues, offering a tool to estimate the safe injection 

volumes and supporting SWD planning under any uncertainty. 
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3. Methodology  

 

3.1. Analytical solution to predict the pressure in a reservoir with multiple 

production/injection wells  

We first introduce the concept of a project area containing multiple production and 

injection/disposal wells. From the database (Enverus as an example), the production and 

injection history and well data can be obtained, including longitudes and latitudes, true vertical 

depth, and thickness. The project area is related to the reservoir, is shown in Figure 5. 

Reservoir area

Project area

Production Well

Injection/Disposal 
Well

Sensitive path

 

Figure 5-The concept of project and reservoir areas with multiple wells 

In the development, the external reservoir boundary condition can be an open boundary with 

constant pressure, closed boundary, and infinite acting. Furthermore, we have made the 

following assumption for this model: 

• The reservoir has a uniform thickness, porosity, and permeability. 

• We ignore the wells and well activities outside the project area. 

• Fluids inside the reservoir are slightly compressible, as are Newtonian fluids.  

• Fluid flow satisfies the Darcy's law. 
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• The initial pressure is constant across the reservoir. 

While it is trivial to know that the average reservoir for an infinite reservoir will be the initial 

reservoir pressure, the solutions for closed-boundary and open-boundary reservoir conditions 

are reviewed in section 2.5. 

3.2. Applied geomechanical model in this research  

We applied two geomechanical models to capture both poroelastic and thermoelastic effects 

within the reservoir. The first model presented by Jing and Wu (2019) as this model is cast as:  

 

                                                                            (3.1) 

The poroelstic factor 𝐴𝑝 is defined in Eqn (2.20) and the thermoelastic coefficient 𝐴𝑡 is given 

in Eqn (2.21). In the modeling effort, we also applied another model introduced by Hosseini et 

al. (2014). The equation was formulated to estimate the fracture pressure by considering the 

rock and the geomechanical properties. Factors like saturated rock density, Biot's coefficient, 

Poisson's ratio, stress ratio, thermal expansion, temperature drop, and Young's modulus were 

incorporated in the equation which can be used in both normal and reverse faulting stress 

regimes. 

 

   

(3.2) 

and  
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                                                                    (3.3) 

 

where,  

α - Biot’s poroelastic constant  

ν - Poisson's ratio 

K - Initial total horizontal-to-vertical ratio for normal and reverse faulting stress regimes 

αt - Coefficient of linear thermal expansion  

∆T – Temperature difference between injection temperature and reservoir temperature  

E - Young's Modulus  

βv and βh are the stress coupling ratios for the infinite homogenous medium, which can be 

calculated by –             

                                                     

                                                                     (3.4) 

and  

                                                                 (3.5) 
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To improve the predictability of injection performance and mitigate potential risks, future 

research should prioritize coupled thermo-hydro-mechanical-chemical (THMC) modeling 

approaches that incorporate temperature-dependent rock properties, dynamic stress evolution, 

and long-term geochemical interactions. Field-based monitoring techniques, such as fiber-optic 

distributed temperature sensing (DTS) and microseismic monitoring, can further enhance the 

understanding of temperature-induced stress alterations and help validate numerical models. 

3.3. Determining the Maximum Injection Capacity for a Reservoir 

While the maximum injection capacity for the cases of infinite reservoir boundary and constant 

external pressure would be infinite, it is only meaningful when we talk about the maximum 

water disposal volume for the case of the closed boundary. Using the concept of reservoir 

storage capacity introduced in the literature(Wu et al. 2023), we have 

                                                        (3.6) 

where 

𝑐𝑡 = 𝑡𝑜𝑡𝑎𝑙 𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦,
1

𝑝𝑠𝑖
 

𝑝𝑚𝑎𝑥 = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑟𝑒𝑠𝑒𝑟𝑣𝑜𝑖𝑟 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒, 𝑝𝑠𝑖  

𝑝̅ = 𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑟𝑒𝑠𝑒𝑟𝑣𝑜𝑖𝑟 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒, 𝑝𝑠𝑖 

The water storage capacity is a dimensionless variable describing how much water can be 

stored per unit pore volume in a closed aquifer/reservoir. The average reservoir can be 

estimated either from the material balance or the volumetric average in the reservoir as follows. 

For example, we can calculate the average pressure in the project area by dividing the area into 

multiple grid blocks, and each grid block has a volume of dV, then the average reservoir 

pressure is 
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                                                  (3.7)

 Where: 𝑉𝑃𝐴 is the reservoir bulk volume in the project area. If each grid has the same 

volume, then the average pressure is the arithmetical average of the pressure at the center of 

the gridlock. This can be conveniently solved by the pressure superposition discussed above. 

We also need to determine the maximum allowable injection pressure from the reservoir 

storage capacity concept. Wu et al. (2023) discussed two scenarios where maximum pressure 

should be determined for the SWD operations. One is the maximum injection pressure without 

fracturing the reservoir formation; and the other one is the other one is the pressure controlling 

the fault re-activation. 

3.4.Case Study to Predict Pressure Distribution and Maximum Injection Capacity  

This study comprehensively evaluates a mature hydrocarbon-producing region, utilizing 

production and injection history data to estimate average reservoir pressure and forecast 

maximum injection capacity for saltwater disposal. The primary objectives of this study are: 

(1) to characterize the reservoir using available historical well data, (2) to estimate current 

reservoir pressure based on pressure superposition techniques, (3) to statistically analyse key 

reservoir properties, and (4) to forecast maximum sustainable injection capacity using MC 

simulation. The selected region comprises 274 wells completed in the layer of our injection 

target interval, including plugged and abandoned (P&A) wells, active producers, and injection 

wells, with operational histories from the 1940s to 2024. The well locations and status at the 

end of 2024 is shown in Figure 6. We used about 200 wells for reservoir characterization after 

filtering out horizontal and directional wells. The porosity is calculated from true vertical 

depth, and the pore volume compressibility is calculated using porosity. Their distributions are 
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shown in Figure 7. The average properties are used to estimate the other reservoir parameters 

as shown in Table 1.  

The methodology follows a structured approach: (1) Data Collection and Preprocessing – 

assembling and standardizing historical production, injection, and pressure data; (2) Reservoir 

Characterization – computing statistical distributions of porosity, net thickness, and pressure; 

(3) Pressure Estimation –  applying pressure superposition techniques to determine the current 

average reservoir pressure; (4) Maximum Injection Capacity Forecasting – developing a 

probabilistic model using MC simulation to estimate injection limits under different 

operational scenarios while accounting for geological and operational uncertainties. 

 

 

Figure 6-Wells in the project region. The project area is around 150,000 acres with 274 wells  
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Table 1: Average properties of the reservoir characterization in the project area from the well 

data. 

 

 

 

 

 

 

 

 

 

 

 

We further assume that the reservoir is 10 times the region covered by the wells. Then we 

applied the pressure superposition algorithms discussed earlier. The pressure heat map is shown 

below with an average reservoir pressure of 2933 psi at the end of injection history. We applied 

the MC simulation with the LHS algorithm in determing the fracturing pressures given that the 

target interval is over 350+ ft net pay.  

Property Value Unit 

Depth 7053.7 feet 

Net thickness 62.9 feet 

Initial pressure 3174.17 psi 

Reservoir Temperature 118.7 F 

Porosity 0.213 fraction 

Permeability 168.357 mD 

Total compressibility 5.91E-06 1/psi 

Unit pore vol 1.0E+05 BBL/Acre 

Storativity 0.616 BBL/Acre/psi 
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Figure 7- Histograms showing the frequencies of reservoir properties. True vertical depth 

and net-pay thickness are from well database, and porosity, pore volume compressibility are 

calculated from correlations. 

 

The analysis uses the pressure superposition principles, which enable the reconstruction of 

historical pressure evolution and estimate the current average reservoir pressure by integrating 

historical well performance and injection/withdrawal rates. Some geological features will only 

be hypothetically added to enhance visualization and analysis for illustration purposes. 
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Figure 8-Pressure heat map in the project area calculated by pressure superposition of all 

wells. The blue multi-segment line is a hypothetical pressure sensitive region for reservoir 

surveillance. 

Suppose the multi-segment blue line represents a pressure-sensitive region, and we want to 

monitor the pressure along this path. With pressure superposition algorithms, the pressure 

distribution at any time of interest, or future forecast can be achieved readily.  

To determine the maximum injection capacity distribution, one needs to calculate the maximum 

pressure allowable for injection first. The maximum pressure can be the pressure in the pressure 

sensitive region, or the fracturing pressure of the rock. Here we used the fracturing pressure as 

an example, and with 8000 realizations, we obtained the fracturing pressure distribution in this 

region. 
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Figure 9-Distribution of fracturing pressure for the formation interval in the project area 

using MC simulation with LHS algorithms. P10 means the probability of fracturing pressure 

less than 6731 psi is less than 10%. 

 

The additional injection volume before the pressure reaches the fracturing pressure is 

 

netQ 0.007758Ah =
                                                        (3.8) 

Where Q is the additional SWD volume in this area in MMSTB, A is the area in acres, ℎ𝑛𝑒𝑡 is 

the net pay thickness here, we assume it is the perforation interval length, porosity is 

determined by the well’s true vertical depth, and 𝛿 is aquifer storativity.  

Since the average pressure has been determined, the area is given, and the distributions for net 

pay thickness, porosity, and total compressibility are calculated from the properties of 200 

wells. With these, we can determine the distribution of the additional injection volume, as 

shown below- 
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Figure 10-Distribution of additional injection volume before the rock fails in the project area. 

 

This study provides a robust framework for optimizing saltwater disposal strategies in mature 

oil and gas fields while ensuring formation integrity and regulatory compliance by integrating 

historical data analysis, statistical reservoir characterization, and probabilistic modeling. The 

results will aid long-term injection planning and support decision-making for enhanced 

wastewater management in similar reservoir settings. 

 

3.5.Determination of well injectivity before and after the fracture formation  

 

The injection of water for pressure maintenance and waterflooding applications or the disposal 

of produced water are becoming increasingly important issues in managing produced 

fluids(Sharma et al. 1997).Well injectivity (J) is a useful measure of the effect of plugging and 

formation damage on injection well performance. The half-life of an injection well is defined 

as the time required for its injectivity to decline to half its initial value(Saripalli et al. 2000) 
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The injectivity of a well that measures the ability of an injection well to receive injected fluid 

can be defined as the following –  

 

                                                                                     (3.9) 

Where Q is the flowrate at standard conditions measured in STB/day 

Pe – external boundary radius pressure, psi  

Pwf -bottom hole flowing pressure, psi. ‘ 

Rw-wellbore radius, ft  

s-total skin factor 

While the fracture grows into the reservoir, the well injectivity is improved, restoring the initial 

injectivity index. This phenomenon must be included in the injectivity index calculation 

through the geometrical factor, which calculates the formation damage factor due to fracture, 

sf. There are models to calculate the formation damage factor for hydraulic fracturing after a 

stimulation procedure, but there are no exclusive models to use with fractures induced by water 

injection. In a fractured regime, the injectivity of a well can be defined similarly (Wu 2017). 

Calculating the formation damage factor for hydraulic fracturing is very critical; this can be 

calculated by introducing the fracture dimensionless conductivity, which is,  

 

                                                                                                                (3.10) 

In cylindrical coordinates the pseudo-steady-state flow equation for a hydraulically fractured 

oil well is –  
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                                                                                           (3.11) 

Thus, the flow equation and injectivity index could be calculated- 

 

                                                                                                                  (3.12) 

 

                                                                                                                    (3.13) 

Using the concept of equivalent radius as mentioned in Eqn (3.13), the skin factor can be 

calculated.  

 

3.6.Relationship between Injection Pressure and Injection Rate  

 

In the process of water injection deployment application, problems often occur due to the 

influence of the injected water quality, reservoir pressure, nozzle flow resistance, nozzle 

clogging, and the difficulty in achieving reasonable flow allocation(Li et al. 2024). 

Critical parameters like surface pump pressure and injection rate are typically known in an 

injection process. These helps determine whether the injection pressure exceeds the formation's 

parting pressure, allowing us to assess whether the water is injected through a fracture or 

directly into the formation matrix. 

To interpret injection data accurately, we must understand the formation face's bottom hole 

pressure (BHP). BHP is influenced by several factors: surface pump pressure, pressure drop 

due to friction along the tubing, hydrostatic head, and any pressure drop caused by the 

completion system in place. The pressure changes along the injection string (either through 
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tubing or annulus) depends on potential energy, kinetic energy, and friction. Kinetic energy 

effects can typically be ignored, except in high flow rates or specific restrictions. 

In a simplified case of single-phase flow, without considering acceleration effects, BHP at the 

formation face can be calculated using surface pressure as follows: 

BHP = P_surface + P_hydrostatic - P_friction                                                                          (3.14) 

Where: 

- BHP is the bottom hole pressure at the formation face, measured in psi, 

- P_surface is the surface pressure in psi, 

- P_hydrostatic is the hydrostatic pressure from the fluid column in psi and 

- P_friction is the frictional pressure drop through the tubing, completion, and perforations in 

psi. 

This formula helps estimate the bottom hole pressure by accounting for each contributing 

pressure change from the surface to the formation face. In sections below, we will study how 

to determine these factors. 

3.6.1.  Determination of friction in the injected string (P_friction) 

When modeling steam flow in wellbores, the effect of friction work on the temperature/steam 

quality of both fluids in wellbores and reservoirs should be considered (Sun et al. 2018). 

Sun et al. (2018) suggestions for energy balance equations for steam flow in inner tubing (IT) 

and annuli are developed, considering the effect of friction work on the energy re-distribution 

process in the system. 

In modern fracturing treatments, friction loss in the pipe has often been the limiting factor in 

obtaining the high injection rates desired for maximum effectiveness (Ousterhout and Hall 

1961). 
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The frictional pressure drop along the tubing per unit length is calculated with the following 

expression: 

 

                                                                                                      (3.15) 

Where: 

-DP is the pressure change (in psi), 

- dL is the length over which the pressure drop is measured (in feet), 

- f is the Moody friction factor (dimensionless), 

- ρ is the fluid density (Lbm/ft³), 

- q is the injection rate (in barrels per minute, BPM), and 

- D is the diameter of the tubing (in inches). 

As fluid flows through the tubing, energy losses occur due to friction. These losses are usually 

irreversible and cannot be accurately predicted for turbulent or transitional flows. A friction 

factor is introduced to address this, which helps account for these energy losses (Wu 2017). 

The friction factor f varies based on the flow regime and is linked to the Reynolds Number, 

which characterizes flow behavior. The Reynolds Number (Re) is calculated by: 

 

                                                                                                 (3.16) 

Where: 

- Dis the tubing diameter (in inches), 

- v is the fluid velocity (ft/s), 

- 𝛾𝑔 is the fluid's specific gravity and 

- μ is the fluid’s viscosity (in centipoise). 
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The flow regime determines how friction is affected by factors like surface roughness. For 

example, in laminar flow (Re < 2100), friction is not affected by roughness, and f is calculated 

by: 

 

                                                                                                                        (3.17) 

In turbulent flow (Re > 2100), f is more complex and can be calculated using the Colebrook-

White equation: 

 

                                                                       (3.18) 

This study uses these equations to account for frictional losses across different flow conditions, 

helping to ensure accurate pressure drop estimates in various flow regimes. 

3.6.2.  Bottomhole pressure and hydrostatic head pressure  

We start by calculating the frictional pressure drop along the tubing to calculate bottom hole 

pressure from surface pressure. After that, the hydrostatic head is determined. 

For a liquid, the hydrostatic pressure (or static bottom hole pressure) is obtained by multiplying 

the fluid gradient by the actual vertical depth (TVD): 

 

                                                                            (3.19) 

 

The fluid gradient itself can be calculated based on the fluid's specific gravity (𝛾𝑔) as follows: 
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                                                                        (3.20) 

This formula allows us to estimate the pressure exerted by the fluid column down to the bottom 

hole, providing an accurate means to convert surface pressure to bottom-hole pressure in liquid 

injection scenarios. 

3.6.3.  Determination of surface pressure 

The viscosity of injection water is determined by a correlation that considers temperature, 

pressure, and the total dissolved solids (TDS) in the water.  

For specific gravity, the following correlation is used, incorporating TDS and temperature (T) 

effects: 

 

          (3.21) 

Where: 

- TDS is the percentage of total dissolved solids, 

- T is the injection water temperature (°F), 

- P is the pressure (psi), and 

- ψ adjusts specific gravity based on pressure and temperature. 

Specific gravity varies with temperature and TDS concentration. Using specific gravity, the 

hydrostatic pressure at any depth (z) can be calculated by: 

 

 

                                                            (3.22) 
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This approach provides a practical way to estimate hydrostatic pressure based on water 

properties under injection conditions. Water has consistent properties (density, viscosity, etc.), 

which can simplify the calculation compared to more complex fluids like oil or multiphase 

mixtures. 

3.7.Validation of Analytical model through numerical model results  

This study used a computational approach to develop a numerical model simulating water 

injection operation in a closed reservoir system. This model evaluates the pressure distribution, 

fluid flow and the maximum allowable pressure to ensure it does not fracture the well . 

To construct the numerical model, a structured cartesian grid was used with a reservoir size of 

10x10 km containing 16 equally spaced water injection wells as shown in Figure 2. The grid 

resolution was selected to balance the efficiency and the accuracy of the pressure variations. 

The input parameters for the reservoir and the fluid properties used in this case study are shown 

in table 2. 

                                              Table 2 - Reservoir properties  

Properties      Values  

Grid blocks 

Initial pressure, Psi 

     100*100*1 

3,500 

Reservoir temp, F     130 

Porosity      0.2 

Permeability, mD     100 

Rock compressibility,1/Psi     3.0E-6 

Maximum injection pressure, psi 

Reservoir area, km2 

Boundary condition 

    8,000 

100 

closed 
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The model was initialized with an initial pressure of 3,500 psi and a water injection rate of 

3,000 bbl/day per well. The simulation was run for 15 years, during which the pressure buildup 

was monitored to determine the maximum allowable pressure. Key assumptions made in the 

numerical model are 

• Isothermal conditions were assumed throughout the simulation  

• The reservoir was homogeneous.  

• No-flow boundaries were applied to simulate a confined area 

• Water was injected at a constant rate to observe the pressure distribution  

The results revealed an increase in bottom-hole pressure over time with pressure accumulation 

near the injection as shown in Figure 12. The maximum bottom-hole pressure reached 8,300 

psi, remaining within the safe limits. Similar approaches have been employed in previous 

studies, where numerical modeling was used to assess reservoir injectivity under varying 

geomechanical conditions, such as Smith & Brown (2019), which highlighted the impact of 

formation permeability on pressure evolution. These studies support the methodology adopted 

in this case study, reinforcing the reliability of numerical predictions. 
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Figure 11-Pressure display after 15 years of water injection estimated by numerical modeling 

 

 

 

Figure 12- Graphical representation of pressure spikes near the injection point 

As shown in Figure 12, the observed pressure increase suggests the multiple injection well 

where the fluids is introduced into the reservoir. The pressure behavior follows the pressure 

superposition principle.  

The pressure distribution can be expressed using Eqn 2.17. 
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The sharp pressure spikes around injection wells occur due to: 

1. Immediate response to fluid injection: When fluid is injected into a formation, 

pressure builds up rapidly at the injection point. 

2. Superposition effect: If multiple wells exist, pressure responses from each well add up 

in overlapping regions, modifying the local pressure distribution. 

3. Formation and grid effects: The pressure distribution depends on the rock 

permeability, porosity, and computational grid resolution. 

 

 

 

 

 

 

 

 

The pressure response observed in the numerical model closely follows the principle of 

pressure superposition, supporting the theoretical foundations of the analytical model. 

 

The pressure response observed in the numerical model closely follows the principle of 

pressure superposition, supporting the theoretical foundations of the analytical model. 

 

 

 

 

Figure 13- Graphical representation of liquid rate in standard conditions vs the time in days 
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4. Results and Conclusions  

4.1.Future Work  

While this research has provided valuable insights into estimating the maximum injection 

volume for reservoirs using an analytical model, there remain opportunities for further 

development and exploration. Future work can enhance the current model's applicability and 

accuracy by incorporating additional factors and refining existing assumptions. One significant 

area for improvement is the incorporation of complex geomechanical behavior. The current 

model assumes simplified geomechanical properties, but future studies could integrate more 

comprehensive models that account for anisotropy, stress field variations, and dynamic 

changes in rock properties during injection operations. Additionally, expanding the dataset for 

model validation using field data from various geological settings and operational scenarios 

would improve the robustness and reliability of the model. Collaborations with industry 

partners could provide access to real-world data for further validation. 

Furthermore, additional probabilistic methods and sensitivity analysis could be employed to 

better quantify model uncertainty and assess the impact of individual parameters. While the 

current study includes uncertainty analysis using Monte Carlo simulations, further refinement 

in this aspect would enhance the reliability of model predictions. The model could also be 

extended to evaluate reservoir performance in other applications, such as geothermal energy 

production, CO2 sequestration, and underground gas storage, with further modifications 

tailored to the specific requirements of these applications. 

In conclusion, future research focusing on these areas will contribute to the continuous 

improvement of reservoir management practices. By enhancing the accuracy and applicability 

of the analytical model, stakeholders can make more informed decisions in maintaining 

reservoir integrity and optimizing injection operations. 
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4.2.Conclusions  

Effective SWD well design and management require a multi-disciplinary approach involving 

reservoir engineering, geomechanics, and regulatory compliance to achieve safe and efficient 

injection operations. By proactively addressing pressure limitations, injection capacity 

constraints, and formation integrity concerns, operators can enhance long-term injection 

performance, minimize regulatory risks, and ensure sustainable wastewater disposal in oil and 

gas operations. While extensive modeling efforts have been conducted to account for the 

interplay between in-situ stresses, poroelasticity, and fluid-rock interactions, the influence of 

temperature variation remains relatively less studied and poorly understood in practical SWD 

applications. Most existing models primarily focus on isothermal conditions or employ 

simplified assumptions regarding the thermal impact on stress fields. However, recent studies 

suggest that thermal effects can significantly influence fracture propagation, stress 

redistribution, and long-term reservoir compaction, necessitating a more integrated approach 

to SWD well design. 

This study shows that factors like in-situ stress, rock properties, and volumetric properties are 

the major factors that can affect the fracturing pressure for formation. In this study, different 

methods are used to validate the results of the analytical method. Monté Carlo simulations are 

used to understand the range of uncertainties in the formation. This study presents an analytical 

approach to estimating the maximum injection capacity of saltwater disposal (SWD) reservoirs 

while integrating geomechanical considerations and historical production/injection data. The 

proposed methodology leverages pressure superposition principles to estimate average 

reservoir pressure, incorporates geomechanical constraints to determine fracturing pressure, 

and employs Monte Carlo simulations to quantify uncertainty in injection capacity predictions. 

The following key conclusions are drawn: 

1) Reservoir Pressure and Injection Capacity Estimation 
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 • The application of pressure superposition effectively reconstructs historical pressure 

distribution and provides an accurate estimation of current reservoir pressure in multi-well 

SWD operations. 

 • By integrating statistical reservoir characterization, key reservoir properties such as porosity, 

permeability, and total compressibility were determined and incorporated into the injection 

capacity forecast. 

2) Geomechanical Constraints on Maximum Injection Pressure 

 • The fracturing pressure of the target formation was estimated using poroelastic and 

thermoelastic stress models, considering in-situ stress conditions, thermal effects, and 

reservoir deformation.  

• The study highlights that temperature differentials between injected fluids and the reservoir 

can significantly influence stress evolution and fracture pressure, a factor often overlooked in 

conventional SWD modeling. 

3) Probabilistic Forecasting of Maximum Injection Volume  

• Monte Carlo simulation, combined with Latin Hypercube Sampling (LHS), provided a 

probabilistic assessment of maximum sustainable injection capacity, accounting for 

uncertainties in geomechanical and reservoir properties.  

• The results demonstrate that formation integrity can be preserved by ensuring injection 

pressures remain below the estimated fracture gradient, reducing risks of fault reactivation and 

induced seismicity.  

4) Practical Implications for SWD Well Design and Surveillance 

 • The developed methodology enables efficient injection surveillance by identifying pressure 

sensitive regions, optimizing well placement, and ensuring long-term disposal feasibility. 
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 • The analytical model offers a computationally efficient alternative to full numerical 

simulations, making it suitable for regulatory compliance evaluations, operational decision-

making, and reservoir management strategies. 
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APPENDIX: PRESSURE SUPERPOSITION IN THE PROJECT AREA 

The superposition technique determines the distribution of pressure buildup for a multiwell 

injection/extraction scenario. Defining the dimensionless terms using Darcy units as follows: 

Dimensionless time: 

 

 

Dimensionless pressure: 

 

 

Dimensionless distance: 

 

  

In these definitions, the parameters are as follows: 

tD – dimensionless time  

k – permeability  

t – time 

φ – porosity  

μ - fluid viscosity  

ct – total compressibility  

pD – dimensionless pressure 

B- formation volume factor 

pi – initial pressure  

rD – dimensionless radius 

r – radial distance 

rw – wellbore radius  

 

 

 Case 1 – Infinite Acting Boundary Condition   

For an infinite-boundary condition with several injectors, the normalized bottom hole pressure 

of a reference well 1, 𝑃𝑊𝐷, is: 
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 For the infinite-boundary condition with number of extractors, , normalized bottomhole 

pressure of  a reference well,  , is:                          

                                                               

  

                                     

In the following derivation and equations, we use Nw as the total number of wells, 𝑟𝑖−𝑗 

represents the dimensionless distance from point 𝑖 to point 𝑗.  

qDi is the relative injection rate concerning the well,  

rDi is the normalized radius,  

Ei is the exponential integral function. 

The pressure at any location in the reservoir is computed by summing the individual pressure 

contribution from each well. For a three-well injection system, the total pressure change is.  

 

Each well contributes to the pressure buildup and their combined effect must be accounted for 

the matrix representation for muti-well pressure superposition. 

The same technique can be applied to analyze the pressure distribution for a combination of 

pressure buildup and drawdown for a multi-well injection and extraction scenario. While 

calculating bottom hole pressure, given constant injection and extraction rates, is 

straightforward, determining constant injection and extraction rates for a given pressure limit 

in a reversed way requires some computational effort. For a two-well injection system with 

one extractor in an infinite-boundary reservoir, the combination of equations above can be 

rearranged into a matrix form, where matrix A and vectors B and Q can be written as follows: 

 

[A][Q] = [B] 

Where the relationship between the pressure and the flow rates is expressed as follows: 
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where  

Pmax and Pmin are the maximum allowable pressure of injectors and the minimum allowable 

bottomhole pressure of extractors, respectively. P1, P2, P3 refer to the pressure in wells 1, 2 

and 3 respectively. The most important parameter that affects the formation integrity must be 

the maximum formation pressure in the above equation.  

 

Case 2-  Closed Boundary Condition 

Similarly, for closed boundary conditions, with several injectors, the normalized bottom hole 

pressure of a well, 𝑃𝑊𝐷 , is: 

 

 

 refers to the late-time solution for the bottomhole pressure. 

For a closed system the  PSWD is: 

 

 

 

 

where, 
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 reD denotes the formation external boundary radius divided by the radius re/rw. 

The system of equation above for the pressure distribution is represented in matrix form, which 

is used for solving multiple interacting wells efficiently. 

 

The matrix will be as follows, B and C will remain the same.  

 

Case 3- Open Boundary conditions 

In the case of open boundary conditions, the normalized bottom hole pressure of a reference 

well 1, 𝑃𝑊𝐷, is: 

   

 

For an open boundary system, the  is: 

 

    

  

                                                                

 

By combining equations, for open case boundary the following matrix can be calculated - 
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The appendix provides an analytical framework for modeling multi-well pressure interactions. 

We can estimate the reservoir pressure distribution over time using the following matrix. This 

matrix also helps us to compute the maximum allowable injection volume, ensuring the 

formation integrity while minimizing seismic risk. 

                                                                                                                                                              

 


