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Abstract

In this work, particle dynamics in a binary asteroid system is analyzed within the Circular
Restricted Three-Body Problem (CRTBP) framework, assuming the largest body is treated
as a mass point. The secondary body is modeled as a mass dipole in synchronous rotation
with its orbital motion, which leads to the spin–orbit resonance. The third body is a point
of negligible mass whose motion is restricted to the orbital plane of the primary bodies.
We considered asymmetrical and symmetrical dipole cases. The number and positions of
the equilibrium points are determined for the dynamical analysis, and the zero-velocity
curves are studied. This model preserves the number and geometric arrangement of the
equilibrium points compared to the CRTBP. The equilibrium points adjacent to the dipole
are the most sensitive in position to the variations in physical parameters. Considering the
solar radiation pressure on the third body, different initial conditions for its motion in the
vicinity of the dipole are analyzed. As a result, the particle survival time in orbital motion
is estimated before colliding or suffering gravitational ejection from the system.

Keywords: Astrodynamics; asteroid; asymetric mass dipole; equilibrium points; orbits
lifetimes

MSC: 70F15

1. Introduction
Space missions for scientific research of the solar system have enhanced our knowledge

about asteroids. In 1993, the Galileo spacecraft flying over the asteroid Ida showed for the
first time that such celestial bodies can be arranged in asteroid systems with more than one
body [1]. Since then, numerous binary and some triple asteroid systems have been found
and cataloged. More than 160 binary asteroid systems are known, corresponding to 2% to
3% of the main belt bodies [2]. Asteroids that periodically approach Earth are classified as
NEAs (Near-Earth Asteroids). NEAs are part of a broader category of celestial bodies called
NEOs (Near-Earth Objects). Such objects, in addition to asteroids, also include comets.
Technically, NEAs are asteroids whose distance from the Sun at perihelion is less than
1.3 astronomical units [3]. More than 14,000 NEAs are currently known [3]. About 15% of
asteroids classified as NEAs are binary asteroid systems [2]. Based on space missions that
visit asteroids, studies have been conducted and quantified the stability and navigability of
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spacecraft orbits in the vicinity of non-uniform mass distributions and rotating celestial
bodies [4].

The interest in asteroids is mainly justified for three reasons: (i) to investigate the
chemical composition of these bodies, with the purpose of future mining operations of
their resources, in particular the metallic ones that may become scarce on Earth and to
support space exploration activities; (ii) improve the understanding of their orbital motion,
especially of large asteroids, to develop strategies to prevent the risk of collision of any of
these bodies with the Earth; (iii) promote greater knowledge about the origin and formation
of the solar system since asteroids preserve such information [5].

Whatever the purpose of a space mission targeting an asteroid or asteroid system,
the gravitational field modeling of these bodies is the basis for analyzing the orbital
motion of a spacecraft around them, and thus for planning the mission [6,7]. However,
given the wide variety of shapes and mass distributions found in asteroids, a refined
model of the gravitational potential of one of these bodies can only be achieved if a
spacecraft is close enough to it. Several asteroid characteristics are only known when the
spacecraft approaches its target [4]. In this context, space missions to asteroids should allow
flexibility in mission parameters related to mass distribution and the shape of the target
body or system.

There are several ways to mathematically represent a celestial body’s gravitational
field. One of the most common methods is to approximate the gravitational potential using
an infinite series of special functions, such as spherical harmonic functions and ellipsoidal
harmonic functions [6]. Celestial bodies without radial symmetry, non-uniform mass
distributions, and rotational motion introduce considerable complexity in estimating their
gravitational potential. One of the biggest challenges for asteroid missions is designing
orbits in the vicinity of these bodies. Due to the coupled effect of rotating the asteroid with
its asymmetric gravitational field on neighboring objects, such as a nearby spacecraft, the
orbital dynamics around the asteroid are quite challenging and complex [8]. The orbital
environment around asteroids is among the most disturbed and extreme environments
found in the solar system. Uncontrolled trajectories are generally highly unstable and can
impact or escape at times [9].

For the gravitational field modeling of bodies with non-uniform mass distributions,
three-dimensional approximations have been conceived using simplified geometric shapes,
such as the triaxial ellipsoid model, the polyhedral model, and the particle swarm model [6].
The Polyhedron Method stands out [10]. In this method, the gravitational potential of a
body is modeled with high precision, although there is no analytical expression for such a
representation. Due to the high accuracy of this method, which is based on the geometric
shape of the body, it has been widely used in numerous studies to describe the gravitational
potential of several asteroids. The disadvantage of this method is that it relies on prior
and detailed knowledge of the shape of the celestial body being studied. A model derived
from this method can only be made by radar observations. Consequently, a gravitational
potential model specifically developed for a given asteroid via the Polyhedron Method
cannot be applied to another body. Additionally, due to the geometric complexity of
the Polyhedron Method, it requires a high computational processing time. Alternatively,
general aspects of the orbital dynamics of a spacecraft near a body with a non-uniform
mass distribution can be obtained by applying simpler gravitational potential models
for asteroids. As an example, consider the rotating mass dipole model proposed by
Chermnykh [11] and adopted to approximate the gravitational potential of a rotating
dumbbell-shaped body [8,12,13]. Such models, although conceptually simpler than those
derived from the Polyhedron Method, have the advantage of representing the gravitational
potential of families of celestial bodies that have similar shape and mass distribution
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aspects. Indeed, using a more general model for the gravitational potential is necessary
when the morphological characteristics of a mission target asteroid are poorly understood.
Additionally, the rotating mass dipole model, for instance, requires minimal computational
capacity and is virtually instantaneous in terms of processing. The rotating mass dipole
model thus enables the flexible representation of the main morphological characteristics
of an elongated body with a non-uniform mass distribution and rotation. This model can
be employed to represent one of the bodies of an asteroid system. Such an approach was
considered in studies involving the symmetric mass dipole model with rotation, which is
one of the bodies in a binary asteroid system [14–16]. Reference [14] considers a similar
problem without adding the solar radiation pressure in the model. The focus is on the
location and stability of the equilibrium points. Reference [15] also considers the problem
without the solar radiation problem in the model, but looking at the lifetime of particles.
Reference [16] considers the problem of just one asteroid, not a double one, but extends the
model in the third dimension.

In this work, the dynamics of a spacecraft around a binary asteroid system is analyzed.
The largest mass primary is assumed to be spherical and homogeneous, and the smallest
primary is represented as an elongated shape with non-uniform mass distribution. This
primary is evenly rotated around its axis of largest moment of inertia and has spin–orbit
resonance due to the synchronization between its rotation and its motion around the center
of mass of the binary asteroid system. The equations of motion for the third body, the
spacecraft, are written in the framework of the Circular Restricted Three-Body Problem.
Added to this framework, the rotating mass dipole model represents the gravitational
potential of an elongated shape with non-uniform mass distribution, in which two poles
concentrate the entire mass of this body. A new parameter is introduced to determine the
mass of each pole of the less massive primary and is used as a scale factor in the distance of
each pole from the larger primary. This parameter not only determines the mass of each
pole but also influences the distance of each pole to the center of mass of the system. The
distance between the poles is also considered a variable in the model. The investigation
of the impact of the variation in these parameters on the dynamics of the third body, and
consequently how the gravitational field of the minor primary impacts its dynamics, can
be critical in the planning of space missions to double asteroid systems in general, since
it provides an extensive range of distances and shapes in which double systems can fit,
specially for missions with close approach with the minor primary. In the second part of
this work, the solar radiation pressure is added to the model to evaluate its impact on the
survival times of the spacecraft around the binary system.

2. Mathematical Model
In this section, we first consider a parametric representation of the mass dipole model,

followed by the description of the motion of a third body with respect to a synodic reference
system originating in the center of mass of the binary system. This system is used to find
the equilibrium points and the associated zero-velocity curves. Then, the equations of
motion of the third body in the inertial reference system, which also originate from the
center of mass of the binary system, are considered, taking into account the gravitational
fields of the primaries and the solar radiation pressure.

The equilibrium points in celestial mechanics, also known as Lagrange points, are
positions where all the forces involved (the gravitational forces of m1, m21, and m22 in the
present paper), the centrifugal force, and the solar radiation force balance out, allowing a
smaller third body to maintain a stable position relative to the bodies. They are obtained
just by imposing that the resultant force is zero. The classical restricted three-body problem
has five points, labeled L1 through L5. L1 to L3 are the collinear points, which are always
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unstable, while L4 and L5 are the triangular points, which are stable if the mass parameter
is smaller than 0.03852 [17]. In more complex dynamics, the number of equilibrium points
and their stability must be verified in every situation.

2.1. Parametric Representation of the Model

A binary asteroid system is considered where each body is a primary. The primary I,
with mass m1, presents a spherical and homogeneous mass distribution. The primary II,
with mass m2, presents an asymmetric and homogeneous mass distribution in an elongated
format. In this system, it is assumed that m2 < m1. In this model, Bp1 and Bp2 denote the
centers of mass of the primaries I and II, respectively, and B is the center of mass of the
binary asteroid system.

For the analysis of the system, we consider the sidereal referential SB(x, y, z), which
is inertial, and S̃B(x̃, ỹ, z̃), a synodic referential, both originating from B, with Bz ≡ Bz̃
at all times, as shown in Figure 1 (left). The synodic referential S̃B follows the orbital
motion of the center of mass of primary II (the point Bp2) around the center of mass B
of the binary asteroid system. In addition, the primaries rotate around their respective
centers of mass. Due to the spherical shape and homogeneity of primary I, its rotation
does not introduce relevant aspects in this study. As for primary II, due to its asymmetric
mass distribution and elongated shape, rotation should be considered in the model. In
this study, it is assumed that there is a synchronization between the primary II rotational
motion around Bp2 and its orbital motion around B, with w⃗p2 = w⃗p, which allows us to
consider a spin–orbit resonance for this body, as presented in Figure 1 (left). From this
condition, we have ∥w⃗p2∥ = ∥w⃗p∥ = n, with n being the orbital mean motion of the
primaries in SB. Additionally, as illustrated in Figure 1 (left), the third body, of negligible
mass (m3 ≪ m1 and m3 ≪ m2), is represented by the mass point P, which can be considered
a spacecraft. The motion of P in the system is restricted to the Bxy plane, which is the
primary motion plane.

Figure 1. Representation of a binary asteroid system where primary II presents asymmetric mass
distribution and spin–orbit resonance (left). Representation of the constituent mass points of the
binary asteroid system considering the spin–orbit resonance configuration for the dipole (right).

The primary I is assumed to be a mass point represented by P1 ≡ Bp1 . Due to its
elongated shape, primary II is defined by the spin–orbit resonance mass dipole model,
whereby two mass points (poles) P21 and P22 of masses m21 and m22, respectively, are used
such that m21 + m22 = m2, as shown in Figure 1 (right). Thus, the gravitational potentials
of primaries I and II are taken as the gravitational potentials of a mass point and a pair of
mass points or poles linked together by an ideal rod (rigid and massless), rotating about an
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axis perpendicular to it, respectively. The length of this rod is the characteristic distance
between the poles, i.e., the length of the primary II. Since a dipole is a model for primary
II, it is considered a spin–orbit resonance. From Figure 1 (right) we can see that, as a
consequence of the spin–orbit resonance over the dipole, the mass points P1, P21, and P22

are aligned with the center of mass B of the binary asteroid system. The direction of such
alignment was conveniently chosen to define the synodic frame S̃B, which presents the
uniform rotation of intensity n relative to the sidereal frame SB.

Considering the dipole model, the total mass of the binary asteroid system is
M = m1 + m21 + m22. For the numerical simulations, it is interesting to use canonical
units. It means that the unit of mass is defined as the total mass of the system; the unit of
distance is taken as the distance between m1 and the center of mass of m21 and m22 and the
unit of time multiplied by the mean angular motion of the system. This approach yields
more accurate numerical integrations of the equations of motion, without interfering with
the dynamics. The binary mass parameter µ is defined in canonical units as µ = m2/M.
Consequently, we have that m1/M = 1 − µ, considering 0 < µ < 1/2, given that m2 < m1.
Similarly, the mass parameter µ∗ of primary II is defined in canonical units as µ∗ = m21/M.
This parameter can be related to the parameter µ through the equation µ∗ = f µ, where
f is the dipole mass factor, with 0 < f < 1 to preserve the dipole. This factor expresses
the fraction of µ comprised by the choice of P21. Thus, given that m21/M = f µ, we have
that m22/M = (1 − f )µ. In that sense, f defines the mass distribution of the two points
of mass that form the smaller body. Let l and d be the distance between Bp1 and Bp2 and
the distance between P21 and P22, respectively, assumed to be constants. The geometric
parameter of the dipole in canonical units is defined as d∗ = d/l, with 0 < d∗ ≪ 1, such that
the dimensionless distance between the dipole poles is a fraction of the distance between
the centers of mass of the primaries. We also consider the instant t∗ = nt, given in canonical
units, with t denoting a time instant in seconds.

The parameter f of the model not only determines the mass of each pole from
the mass of primary II but also influences the distance of each pole to the center of
mass Bp2 of primary II. To decouple these two influences of the parameter f from the
dipole and to analyze only the effect of mass variation in the poles P21 and P22 by the
variation in this parameter, the standard distance (geometric reference) of the model
is adopted as the distance between the centroids (geometric centers) of the primaries.
As shown in Figure 2, the synodic abscissa in canonical units of the dipole poles are
x∗21(µ, f , d∗) = 1 − µ − (1 − f )d∗ and x∗22(µ, f , d∗) = 1 − µ + f d∗.

Figure 2. Representation of the binary asteroid system considering the distance between the primary
centroids as a new geometric reference.
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2.2. Equations of Motion of the Third Body in the Synodic Reference Frame

Let x∗ = x/l and y∗ = y/l be defined as the corresponding coordinates of the third
body P in the synodic frame in canonical units. Based on the Restricted Circular Three-
Body Problem [17,18], and in the parameterization of the physical model established in
Section 2.1, we have that the effective potential of the binary asteroid system modeled
by the mass points P1, P21, and P22 at the given arbitrary point, evaluated in the synodic
reference S̃B and in canonical units, is given in Equations (1)–(4):

Ω∗(x∗, y∗) =
1
2

(
x∗2 + y∗2

)
+

1 − µ

r∗1
+

f µ

r∗21
+

(1 − f )µ
r∗22

, (1)

r∗1 =
√
(x∗ + µ)2 + y∗2, (2)

r∗21 =
√
[x∗ − (1 − µ − (1 − f )d∗)]2 + y∗2, (3)

r∗22 =
√
[x∗ − (1 − µ + f d∗)]2 + y∗2. (4)

Note that Equations (2), (3), and (4) are the distances from P to P1, to P21, and to P22,
respectively, evaluated at S̃B. The first term of the second member of Equation (1) is the
pseudo centrifugal potential of the system. Its occurrence is due to the description of the
gravitational potential of the binary asteroid system in the synodic reference frame, which
is non-inertial. The other terms of the second member of Equation (1) are the gravitational
potentials of mass points due to P1, P21, and P22, respectively. From Equation (1), the
equations of motion of the third body P, in canonical units and the synodic referential S̃B,
are x̃∗ − 2ỹ∗ = Ω∗

x∗(x̃∗, ỹ∗) and 2x̃∗ + ỹ∗ = Ω∗
y∗(x̃∗, ỹ∗), where Ω∗

x∗(x̃∗, ỹ∗) and Ω∗
y∗(x̃∗, ỹ∗)

are the partial derivatives of the pseudo-potential with respect to x̃ and ỹ, respectively.
Then, it can be determined, from the synodic reference S̃B, the number and location of the
equilibrium points Ei(x̃∗, ỹ∗) of the physical system in the orbital plane of the primaries,
which are the real algebraic solutions of Equations (5) and (6):

[Ω∗
x∗ ]x∗=x∗i ,y∗=y∗i

= 0, (5)

[
Ω∗

y∗
]

x∗=x∗i ,y∗=y∗i
= 0. (6)

Equations (5) and (6) generally present six real solutions Ei(x̃∗i , ỹ∗i ) [19]. One of these
solutions is located along the axis of the synodic abscissa between the poles P21 and P22.
Since the motion of the third body between the poles is discarded, because the dipole
model is associated with an extended body (primary II), this equilibrium solution is not
considered in this study. The remaining five equilibrium solutions (points) of the physical
system are arranged in the plane of motion of the primaries in a geometric arrangement
similar to that of the Circular Restricted Three-Body Problem [17,18]. Three real values
of x̃∗i are found, for which x̃∗i = 0 and which correspond to three collinear equilibrium
points E1(x̃∗E1

, 0), E2(x̃∗E2
, 0), and E3(x̃∗E3

, 0), in addition to the triangular equilibrium points
E4(x̃∗E4

, ỹ∗E5
) and E5(x̃∗E5

, ỹ∗E5
), with x̃∗E4

= x̃∗E5
and ỹ∗E4

= −ỹ∗E5
.

Similarly to the Circular Restricted Three-Body Problem, the Jacobi Integral is obtained
for the present physical model (Equation (7)):

ẋ∗2 + ẏ∗2 = 2Ω∗(x∗, y∗)− C∗. (7)
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where C∗ is the Jacobi constant in canonical units. Using a given value of C∗ = C∗
i (x̃∗i , ỹ∗i )

for an equilibrium point Ei(x̃∗i , ỹ∗i ), under the conditions of zero velocity (ẋ∗ = 0, ẏ∗ = 0),
one can, via numerical integration, plot the zero-velocity curves (Hill curves) associated
with C∗

i . Such curves are the geometrical place of the points, in the primary plane of motion
and in the synodic frame, where 2Ω∗(x∗, y∗) = C∗. It is observed that the regions of the
primary plane of motion in which P has motion physically permitted are those where
ẋ∗2 + ẏ∗2 ≥ 0, and this condition must be satisfied in Equation (7).

2.3. Third Body Equations of Motion in the Sidereal Referential Considering the Effect of Solar
Radiation Pressure

Since the third body has a mass much smaller than the primary masses, the influence
of solar radiation pressure on its motion near the asteroids is significant [20–22].

Figure 3 shows the Sun’s apparent motion relative to the center of mass B of the
binary asteroid system. r⃗ and S⃗ are the position vectors of P (spacecraft) and the
Sun, respectively, and are also taken in the sidereal frame. Let D⃗ be the position vec-
tor of the third body with respect to the Sun. From Figure 3, it can be seen that

∥D⃗∥ =
√
(x(t)− xs(t))

2 + (y(t)− ys(t))
2, where x(t) and y(t) are the dimensional side-

real coordinates of the third body and xs(t) and ys(t) are the sidereal coordinates of the
Sun, all of them functions of time. ∥⃗r∥ ≪ ∥D⃗∥ all the time, it follows that S⃗ ≈ −D⃗. In
Figure 3, νs denotes the apparent true anomaly of the Sun with respect to B. We define
ξ(t) = x(t)/l and η(t) = y(t)/l as the sidereal coordinates, in canonical units, of P. Since
t = t∗/n, the equations of motion of the third body in the sidereal reference frame, in
canonical units, assuming the effect of solar radiation pressure on this body, are given in
Equations (8) and (9). They are obtained by adding the terms representing all the forces
involved. The first term, 1−µ

ρ3
1
[ξ + µ cos(t∗)], represents the gravity field of m1; the second

term, f µ

ρ3
21
[ξ − (1 − µ − (1 − f )d∗) cos(t∗)], represents the gravity field of m21; the third term,

(1− f )µ
ρ3

22
[ξ − (1 − µ + f d∗) cos(t∗)], represents the gravity field of m22; and the fourth term,

∥⃗a∗p∥ cos(νs), represents the solar radiation pressure.

Figure 3. Apparent motion of the Sun relative to the center of mass of the binary asteroid system.

d
dt∗2 ξ = −1 − µ

ρ3
1

[ξ + µ cos(t∗)]− f µ

ρ3
21
[ξ − (1 − µ − (1 − f )d∗) cos(t∗)]

− (1 − f )µ
ρ3

22
[ξ − (1 − µ + f d∗) cos(t∗)]− ∥⃗a∗p∥ cos(νs),

(8)
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d
dt∗2 η = −1 − µ

ρ3
1

[η + µ sin(t∗)]− f µ

ρ3
21
[η − (1 − µ − (1 − f )d∗) sin(t∗)]

− (1 − f )µ
ρ3

22
[η − (1 − µ + f d∗) sin(t∗)]− ∥⃗a∗p∥ sin(νs),

(9)

where
ρ1 =

√
[ξ + µ cos(t∗)]2 + [η + µ sin(t∗)]2, (10)

ρ21 =
√
[ξ − (1 − µ − (1 − f )d∗) cos(t∗)]2 + [η − (1 − µ − (1 − f )d∗) sin(t∗)]2, (11)

and
ρ22 =

√
[ξ − (1 − µ + f d∗) cos(t∗)]2 + [η − (1 − µ + f d∗) sin(t∗)]2 (12)

are the distances of P, in canonical units, relative to P1, P21, and P22 in the sidereal reference
frame. The magnitude of the acceleration due to solar radiation pressure is given by

∥⃗a∗p∥ =
1

n2l Cr(A/m)Ps(R0/l)2(
ξ − aS

l
(1−e2

S)
1+eS cos(νS)

cos(νS)

)2
+

(
η − aS

l
(1−e2

S)
1+eS cos(νS)

sin(νS)

)2 , (13)

where aS and es are the semi-major axes and the eccentricity of the heliocentric orbit of B in
the sidereal frame. Cr is the reflectivity coefficient of the third body and depends on the
reflectivity of its sunlit surface. Typically, Cr is defined in the range [1, 2], where 1 means
total absorption of Sun-radiated energy and 2 means total reflection of this energy by the
illuminated surface of the body. PS = 4.56 × 10−6 N/m2 is the solar radiation pressure at
R0, which is one astronomical unit. The factor A/m represents the area-to-mass ratio of the
third body. The higher this ratio, the more sensitive the body will be to the effects of solar
radiation pressure.

In this work, it is considered that the motion of the third body starts around the
primary II, so that, at the initial moment, the orbit of P can be assumed to be an initial
Keplerian osculating orbit whose dynamics take into account the gravitational effect of the
mass distribution of the primary II due to the dipole poles, the gravitational effect of the
primary I, and the solar radiation pressure. Two configurations were considered for the
initial conditions of Equations (8) and (9): direct orbit (0 degree inclination relative to the
plane of motion of the primaries) and retrograde orbit (180 degree inclination relative to
the plane of motion of the primaries). In both cases, such conditions are taken from the
periapsis of the initial Keplerian osculating orbit. In addition, the first initial conditions
are taken in the local referential resulting from the approximation Bp2 ≈ Cp2(δ∗ ≈ 0).
After coordinate transformations, these initial conditions can be expressed in the sidereal
reference frame and canonical units. In both initial Keplerian direct and retrograde oscu-
lating orbits, we have ξ0 = 1 − µ + ã0(1 − e0), η0 = 0, and ξ̇0 = 0. For direct orbits, we

have η̇0 = 1 − µ +

√
µ
ã0

(
1+e0
1−e0

)
and for retrograde orbits, we have η̇0 = 1− µ−

√
µ
ã0

(
1+e0
1−e0

)
,

where ã0 is the initial orbital osculating semi-major axes, taken from the primary II centroid
in canonical units, and e0 is the initial orbital osculating eccentricity.

2.4. Study of the Motion of a Spacecraft in a Binary Asteroid System with Dipole Model

As previously presented, the negligible mass body m3 can be considered a spacecraft
that orbits near the bodies of a binary asteroid system. It is recalled that, by hypothesis, the
spacecraft has its motion restricted to the plane defined by the motion of the primaries of the
system. In this work, we analyze the motion of a spacecraft based on its initial conditions of
position and speed at the periapsis of an initial Keplerian osculating orbit, whose primary
focus is the centroid of primary II, modeled as a mass dipole. Such a choice is justified
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when considering the motion of a spacecraft in the vicinity of a body with a non-uniform
mass distribution along an elongated shape that comprises a binary asteroid system.

The motion of the spacecraft is evaluated considering its survival time in the binary
asteroid system, taking into account its gravitational interaction with the primaries and the
solar radiation pressure. In this study, the pressure effect of solar radiation is considered
by taking the Sun in two possible starting positions: the periapsis and the apoapsis. This
simplification is based on the fact that the orbital period of the asteroid is 2 years and
10 months (1023 days). We are looking for missions of approximately 30 days, which are
significantly shorter than the orbital period of the asteroid. Besides that, we studied the
two extreme situations (periapsis and apoapsis), so we know that intermediate locations of
the asteroid will give intermediate results, giving us an idea of the results. The effect of
solar radiation pressure on the primaries is not considered. Through the combination of
the gravitational effects of the primaries and the solar radiation pressure, it is possible to
estimate, for given initial conditions of position and speed of the spacecraft, and considering
an appropriate simulation time interval, the duration of the motion of the spacecraft in the
asteroid system. We also know if the spacecraft will survive under these initial conditions.
The longer the motion lasts, the longer the spacecraft survives in the binary asteroid system.
For the remaining initial conditions, whether the spacecraft collides with any primary of
the asteroid system or escapes from the system within the considered simulation period
can be determined.

Another relevant point is to verify the assumption of neglecting the planets of the
solar system in the dynamical model. We can do this by making some simple calculations.
The largest planet in the solar system is Jupiter. Using Newton’s law of gravitation and
assuming that the asteroid is at its apoapsis and aligned with Jupiter and Sun (where we
have the minimum distance between the asteroid and Jupiter, so maximum effects), the
acceleration coming from the gravity of Jupiter is in the order of 7.76 × 10−7 m/s2. The
asteroid crosses the orbit of Mars, so it is necessary to consider this planet. Using the
same technique, we can get a value of 1.9 × 10−7 m/s2 at a distance of 0.1 astronomical
units from Mars. The asteroid also passes very close to the orbit of the Earth when it is
at its periapsis, so we need to perform the same calculation for the Earth. We get a value
of 1.78 × 10−8 m/s2 at a distance of 0.1 astronomical units from Earth. The third-body
perturbation of the Sun on a satellite in orbit around the asteroid with a 2 km altitude
is about 10−14 m/s2. Considering that the gravity of the asteroid has an acceleration in
the order of 4.34 × 10−5 m/s2 at 2 km distance, we can assume that we can neglect those
perturbations, unless there is a close approach of the asteroid with Mars or the Earth at
distances below 0.1 astronomical units.

The motion of the spacecraft is expressed for initial direct and retrograde Keplerian
orbits, which can be determined via numerical integration of Equations (8) and (9). An
inertial reference frame originating from the center of mass of the binary asteroid system,
utilizing the mass dipole model for one of the primary bodies, is employed. For this, it is
helpful to build grids (maps) of initial conditions for the motion of the spacecraft that relate
the survival time of its motion in the asteroid binary asteroid system with the inclination
of its initial osculator orbital plane with respect to the sidereal plane and with the initial
osculator values of semi-major axis ã0 (in canonical units) and orbital eccentricity e0. During
the entire simulation, the transformation of coordinates occurs at each integration step, from
the distance from the spacecraft to the centroid of the primary II to the center of mass of the
binary asteroid system. However, in the representation of the grids of initial conditions for
the spacecraft motion, the initial values of the semi-major axis ã0 are expressed from the
centroid of the primary II.
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For the composition and testing of the model of this study, an idealized asteroid
system with µ ≈ 0.1 and geometric parameters l = 3804 m and d = 500 m is considered,
to obtain the ratio d∗ ≈ 0.13. The primary with the highest mass, modeled as a spherical
body, has a radius R1 = 1350 m. This idealized asteroid system is built to highlight the
aspects addressed in the present work and inspired by the Alpha and Gamma bodies of the
2001SN263 asteroid system [23–25], whose parameters l, d, and R1 have the values presented
above. However, to emphasize certain aspects of the present research, the parameter µ ≈ 0.1
is adopted as ten times the value of the Alpha and Gamma bodies of the 2001SN263 asteroid
system. This choice of mass parameter is made because we are studying the effects of the
shape of the smaller asteroids, so it is important to use mass parameters (µ) that are not too
small, or the effects of the smaller primary would be negligible in the general dynamics.
There is an extensive range of mass parameters in the real world, so we choose 0.1 to
better exemplify our study. For the 2001SN263 system, its semi-major axis and eccentricity
are, respectively, as ≈ 1.9868 astronomical units and es ≈ 0.47808 [26]. In addition, it is
considered that the spacecraft has a constant mass of 100 kg and an area exposed to solar
radiation of 1 m2, invariably, which leads to an area mass ratio of A/m = 0.01m2/kg.
The reflection coefficient Cr of the surface of the spacecraft exposed to such radiation is
considered to be 1.5.

The grids of initial conditions for the motion of the spacecraft are comprised of different
values for the semi-major axis and eccentricity for the initial osculating orbit. The range for
the semi-major axis is 250 m from the centroid of primary II (the edge of this primary) up to
2000 m, with a variation step of 0.5 m. In addition, as previously said, it is adopted that the
primary I, modeled in this study as a spherical body, has a radius of 1350 m. As a collision
criterion, it is considered that the spacecraft collided with some primary of the system if its
distance to the centroid of a primary is less than or equal to the characteristic dimension of
that body. It is also considered the escape of the spacecraft from the binary asteroid system.
It occurs when the largest osculating semi-major axis of the orbit of the spacecraft, about the
center of mass of the binary asteroid system, is greater than 30 times the distance between
the primaries. For the orbital eccentricity of the spacecraft, values 0 ≤ e0 < 1 are considered
such that the initial osculating orbit of the spacecraft is Keplerian, with a variation step of
0.01. For the initial osculator semi-major axis and initial osculator eccentricity intervals
presented, initial condition grids are considered for direct initial osculator orbit (i = 0◦)
and retrograde initial osculator orbit (i = 180◦).

The numerical integrator Runge–Kutta 7/8 was used for the simulations with a vari-
able integration step. The total integration time adopted for the simulations is 500 days,
which is equivalent to half the orbital period of the asteroid binary system around the Sun.
The justification for this integration period is to consider the motion of the spacecraft in
the asteroid binary system assuming the variation in the relative distance from the Sun to
the center of mass of this system, which, in turn, leads to a variation in the intensity and
direction of the acceleration induced on the spacecraft by the pressure of solar radiation.
Through the simulations, it is possible to verify if, for given initial conditions, the spacecraft
survives for 500 days.

3. Results
This study examines the variations in the model parameters µ, f , and d∗ within

their respective ranges, as defined in Section 2.1, to analyze their impact on the synodic
coordinates of the equilibrium points and to plot the zero-velocity curves. Remember that
varying the parameters of the model allows for flexibility in adapting it to a particular case
of a binary asteroid system. Next, the effect of solar radiation pressure on the motion of the
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third body in the binary system is considered. This third body may represent a spacecraft
exploring the binary asteroid system.

3.1. Variation in Synodic Coordinates of Equilibrium Points Through Variation in Model
Parameters for the Results

Synodic coordinates of equilibrium points Ei(x∗i , y∗i ), in canonical units, of a family
of binary asteroid systems with the characteristics considered in the model set out in
Section 2.3 can be generically expressed by x∗i = x∗i (µ, f , d∗) and y∗i = y∗i (µ, f , d∗). How-
ever, such coordinates have distinct sensitivity to each model parameter according to the
equilibrium point considered.

Figure 4 illustrates the variations in the synodic abscissa of equilibrium points E1

and E2 as the parameter µ varies, considering symmetrical and asymmetrical dipole cases
( f = 0.25, f = 0.5, and f = 0.75), along with geometric parameters d∗ = 0.01 (left) and
d∗ = 0.1 (right). In this figure, there is no significant difference between the symmetrical
and the asymmetrical cases and between the two geometrical parameters considered, since
the variation in the synodic abscissa due to the variation in µ is large enough to hide any
apparent change caused by the variation in f and d∗. The same behavior is present in
Figure 5, which depicts the changes in the synodic abscissa of the equilibrium point E3,
considering the symmetrical and the asymmetrical cases, with d∗ = 0.01 (Figure 5a) and
d∗ = 0.1 (Figure 5b), and the changes in the synodic abscissa of the equilibrium points E4,5

(Figure 5c). Different from the equilibrium points E1 and E2 shown in Figure 4, the changes
in the synodic abscissa of the equilibrium points E4,5 present a linear trend, as the position
of E3 moves away from P1, and E4,5 moves to the center of mass, with the increase in µ.

(a) (b)

Figure 4. Variation in synodic abscissa in canonical units of equilibrium points E1 and E2 considering
∆µ > 0 for symmetrical and asymmetrical dipole cases. In (a), we adopt d∗ = 0.01, and in (b), we
adopt d∗ = 0.1.
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(a) (b) (c)

Figure 5. Variations in equilibrium synodic abscissa E3 for ∆µ > 0 for symmetrical and asymmetric
dipole cases d∗ = 0.01 (a) and d∗ = 0.1 (b). Variations in the synodic abscissa of equilibrium points
E4 and E5 for ∆µ > 0 for symmetrical and asymmetrical dipole cases, assuming d∗ = 0.1 (c).

Figure 6 illustrates the variations in the synodic abscissa of equilibrium points E1 and
E2 as the geometric parameter d∗ is modified for two different values of µ (0.01 and 0.1).
Panel (a) highlights the response of E1 and E2 when µ = 0.01. The data suggests that as d∗

increases, both equilibrium points move further from the centroid of primary II. Panel (b)
shows the situation for µ = 0.1. The influence of increasing d∗ on the positions of E1 and E2

is evident, emphasizing their sensitivity to changes in the mass distribution of the dipole.

(a) (b)

Figure 6. Variations in synodic abscissa of equilibrium points E1 and E2 for ∆d∗ > 0 for µ = 0.01 in
(a) and for µ = 0.1 in (b).

Figure 7 depicts the variations in the synodic abscissa of equilibrium points E1 and E2

as the dipole mass distribution parameter f changes, for different values of µ (0.001, 0.01,
0.1, and 0.3). Panel (a) illustrates the effects of the mass distribution of the dipole when
µ = 0.001. The equilibrium points respond distinctly to variations in f , emphasizing their
stability. Panel (b) shows results for µ = 0.01, where the sensitivity of E1 and E2 to changes
in f is highlighted. Panels (c) and (d) represent higher values of µ (0.1 and 0.3, respectively).
As f increases, the movement of the equilibrium points is more pronounced, indicating
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a complex interplay between mass distribution and the dynamics of the asteroid system.
These figures collectively illustrate the dynamic behavior of equilibrium points in a binary
asteroid system influenced by variations in mass distribution and geometric parameters,
providing valuable insights into their stability and motion.

(a) (b) (c) (d)

Figure 7. Variations in synodic abscissa of equilibrium points E1 and E2 for ∆ f > 0 and for
µ = 0.001 (a), µ = 0.01 (b), µ = 0.1 (c), and µ = 0.3 (d).

3.2. Zero-Velocity Curves

The zero-velocity curves are obtained by imposing the condition that the velocity of
the third body is zero. They represent the loci in space where the kinetic energy of the
third body is zero for a given value of the Jacobi constant. They are the boundaries within
which the third body can move. The third body cannot cross these curves because it would
require negative velocity, which is impossible. It is noteworthy to mention the valuable
aspects of the Jacobi constant at this point. Several researchers have highlighted the value
of the Jacobi integral in elucidating general characteristics of the relative motion of a small
body, particularly when analyzing the zero-velocity curves in various celestial mechanics
problems. A good example can be seen in Fakis and Kalvouridis [27] and others [28–32].

From Equation (7), considering the zero-velocity condition (ẋ∗2 + ẏ∗2 = 0), it is
possible to determine the value of the Jacobi constant C∗

i , in canonical units, associated
with the coordinates x∗i and y∗i of an equilibrium point Ei of the binary asteroid system.
The values of C∗

i as a function of f are shown in Table 1, where one can notice that the
variation in C∗

3,4,5 caused by the change in the symmetry of the dipole starts at the fifth
decimal place. In contrast, this change starts at the third decimal place in the case of C∗

1,2,
as expected since E1,2 are near the dipole. From the value of C∗

i associated with Ei and
maintaining the zero-velocity condition, one can calculate all other synodic coordinate
points x∗ and y∗ related to C∗

i . The geometric location of these points defines a zero-velocity
curve of the system. Below, we present the zero-velocity curves of the binary asteroid
system related to the values of the Jacobi constant C∗

i , in canonical units, determined by
the coordinates of the equilibrium points of the system, adopting the configuration µ = 0.1
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and d∗ = 0.1, for example. For the Jacobi constant values related to E1 and E2, which are
the equilibrium points closest to the dipole, a zoom is considered for tracing such curves
in the vicinity of the mass dipole for the asymmetric and symmetric dipole cases under
consideration in this study. As the coordinates of the equilibrium points E3, E4, and E5 are
less affected by the variation in the parameter f of the dipole mass distribution, then, for
the Jacobi constant values associated with these points, the zero-velocity curves are omitted.
It should be observed that the perturbing forces change the potential (Equation (1)), so
when calculating the Jacobi constant (Equation (7)), it will depend on f . Therefore, in the
calculations of the zero-velocity curves, when we use the equation 2Ω∗(x∗, y∗) = C∗

i , there
will be a dependency on f . The differences can be seen by comparing figures with different
values of f , which are presented in Figures 8 and 9 and shown next. In these figures, zero-
velocity curves for C∗ = 1.46, 1.5, 1.6, 1.7, 1.8, 1.9, 2.2, 2.7, 3.1 were generated to highlight
the general behavior of the system due to the variation in C∗. The zero-velocity curve
corresponding to C∗

1 was added to Figure 8, and C∗
2 was added to Figure 9, highlighted

in red in both figures. The general behavior of the zero-velocity curves (blue curves) is
compatible with the classical Circular Restricted Three-Body Problem (Figures 8 and 9 left
pannels), except for the curves in the vicinity of the dipole (Figures 8 and 9 right pannels),
for C∗ = 2.2, 2.7, 3.1, where the zero-velocity curves follow the simmetry of the dipole,
highlighting the impact of the parameter f in the dynamics of that region.

Table 1. Value of the Jacobi constant C∗
i for the equilibrium points Ei as a function of f .

f C∗
E1

C∗
E2

C∗
E3

C∗
E4,5

0.25 1.80755881 1.73685824 1.54981538 1.45497213
0.50 1.80854427 1.73865328 1.54982325 1.45496841
0.75 1.80495251 1.73796213 1.54981406 1.45498035

3.3. Motion of a Spacecraft Around a Binary Asteroid System Using a Dipole Model

The motion of the spacecraft in the first 30 days is analyzed, truncating the results to
be presented in the initial condition grids. The choice of the first 30 days of the simulation is
justified because it considers a reasonable time interval so that a spacecraft can investigate
an asteroid system like the one considered in this study. To study the effect of mass
distribution in primary II on the survival time of the spacecraft, the cases of an asymmetric
dipole ( f = 0.25 and f = 0.75) and symmetric dipole ( f = 0.5) are analyzed. The symmetric
dipole is adopted as a reference case for investigating the effect of mass distribution in
primary II on the motion of the spacecraft. In the initial condition grids, the sets of points of
the initial osculator semi-major axis and initial osculator eccentricity that appear in white
represent the initial conditions of the position of the spacecraft when located inside the
primary II and, therefore, are not physically practical.

The results presented here show the importance of the solar radiation pressure in the
lifetime of the spacecraft. The presence of solar radiation pressure introduces additional
forces that can significantly influence the spacecraft’s motion. The results indicate that
solar radiation pressure can lead to shorter lifetimes in specific scenarios, particularly if the
spacecraft’s orbit is closely aligned with the solar position that maximizes radiation effects.
This effect is particularly strong during the initial phases of its trajectory. Figures 10 and 11
show that when the asteroid is at the apoapsis of its orbit, several parts of the plots have
their lifetimes increased. The colors go from green and yellow to blue, representing higher
lifetimes. By looking at this, we see that reducing the effects of solar radiation pressure
by moving away from the Sun increases the lifetimes. It confirms results available in the
literature [15].
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(a) (b)

(c) (d)

(e) (f)

Figure 8. Zero-velocity curves associated with C∗
E1

highlighted in red for the configuration µ = 0.1,
d∗ = 0.1, considering f = 0.25 (a), f = 0.5 (c), and f = 0.75 (e). In this figure, plots (b), (d), and (f)
are plots (a), (c), and (e) zoomed in on the region around the dipole, respectively.
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(a) (b)

(c) (d)

(e) (f)

Figure 9. Same as in Figure 8 for C∗
E2

.
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(a) (b)

(c) (d)

(e) (f)

Figure 10. Grids (maps) of initial conditions for a spacecraft in initial Keplerian osculator direct orbit
(i = 0◦) around the dipole. In (a,b), dipole with f = 0.25; in (c,d), dipole with f = 0.5; in (e,f), dipole
with f = 0.75. In (a,c,e), the Sun is initially considered in the periapsis of its relative motion around
the binary asteroid system; in (b,d,f), the Sun is considered initially in the apoapsis of its relative
motion around the binary asteroid system. Evaluated period: the first 30 days of integration.

In conclusion, while solar radiation pressure can enhance the complexity of the space-
craft’s trajectory, it often results in shorter lifetimes compared to scenarios where such
effects are neglected. The dynamics of the spacecraft’s motion are significantly influenced
by initial conditions, highlighting the need for careful planning in mission design to opti-
mize for these factors.
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(a) (b)

(c) (d)

(e) (f)

Figure 11. Grids (maps) of initial conditions for a spacecraft in initial Keplerian osculator direct orbit
(i = 180◦) around the dipole. In (a,b), dipole with f = 0.25; in (c,d), dipole with f = 0.5; in (e,f),
dipole with f = 0.75. In (a,c,e), the Sun is initially considered in the periapsis of its relative motion
around the binary asteroid system; in (b,d,f), the Sun is considered initially in the apoapsis of its
relative motion around the binary asteroid system. Evaluated period: the first 30 days of integration.

Figures 12 and 13 show the initial condition grids considering the entire integration
period (500 days) for direct and retrograde motion of the spacecraft in the binary asteroid
system, respectively. In both sets of grids, the dipole mass distribution factor f and the initial
position of the Sun relative to the center of mass of the binary asteroid system vary, as con-
sidered in the grids in Figures 10 and 11. The colors used in the grids in Figures 12 and 13
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indicate whether, within 500 days, the spacecraft collided with primary I (black), if it
collided with primary II (grey), or if it escaped the asteroid system (red). Otherwise, the
spacecraft is assumed to have survived for the 500-day simulation (blue). Again, the sets of
the initial semi-major axis and eccentricity points in white represent the initial spacecraft
position conditions located within primary II and, therefore, are physically infeasible.

(a) (b)

(c) (d)

(e) (f)

Figure 12. Grids (maps) of initial conditions for a spacecraft in initial Keplerian osculator direct orbit
(i = 0◦) around the dipole. In (a,b), dipole with f = 0.25; in (c,d), dipole with f = 0.5; in (e,f), dipole
with f = 0.75. In (a,c,e), the Sun is initially considered in the periapsis of its relative motion around
the binary asteroid system; in (b,d,f), the Sun is considered initially in the apoapsis of its relative
motion around the binary asteroid system. Evaluated period: 500 days of integration.
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(a) (b)

(c) (d)

(e) (f)

Figure 13. Grids (maps) of initial conditions for a spacecraft in initial Keplerian osculator direct orbit
(i = 180◦) around the dipole. In (a,b), dipole with f = 0.25; in (c,d), dipole with f = 0.5; in (e,f),
dipole with f = 0.75. In (a,c,e), the Sun is initially considered in the periapsis of its relative motion
around the binary asteroid system; in (b,d,f), the Sun is considered initially in the apoapsis of its
relative motion around the binary asteroid system. Evaluated period: 500 days of integration.

In Figures 14 and 15, the analysis of the direct and retrograde motion of the spacecraft
in the asteroid system preserving µ ≈ 0.1 and d∗ ≈ 0.13 is considered without the effect of
the solar radiation pressure on the spacecraft. In this way, the motion of the spacecraft is
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governed only by the gravitational action of the primaries. Such an analysis is performed
so that one can perceive the effect of the solar radiation pressure on the motion of the
spacecraft in the asteroid system under study.

(a) (b)

(c) (d)

(e) (f)

Figure 14. Grids (maps) of conditions for a spacecraft in initial Keplerian osculator direct orbit (i = 0◦)
around the dipole without the effect of solar radiation pressure. In (a,b), dipole with f = 0.25; in (c,d),
dipole with f = 0.5; in (e,f), dipole with f = 0.75. In (a,c,e), only the first 30 days of the integration
period are considered; in (b,d,f), the entire integration period of 500 days is considered. In (b,d,f),
blue represents survival for 500 days, black represents collision with primary I, gray represents
collision with primary II, and red represents escape.
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(a) (b)

(c) (d)

(e) (f)

Figure 15. Grids (maps) of conditions for a spacecraft in initial Keplerian osculator direct orbit
(i = 180◦) around the dipole without the effect of solar radiation pressure. In (a,b), dipole with
f = 0.25; in (c,d), dipole with f = 0.5; in (e,f), dipole with f = 0.75. In (a,c,e), only the first
30 days of the integration period are considered; in (b,d,f), the entire integration period of 500 days is
considered. In (b,d,f), blue represents survival for 500 days, black represents collision with primary I,
gray represents collision with primary II, and red represents escape.
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4. Discussion
In this section, the results obtained in Section 3 are discussed according to the sub-

section in which they were presented. When interpreting these results, the aim is to offer the
most significant possible scope regarding the dependence of the location of the equilibrium
points of a binary system of asteroids compatible with the conceived model, highlighting
the equilibrium points neighboring the dipole, according to the parameters adopted in
the model, which are varied in their respective ranges. Then, based on this discussion,
the zero-velocity curves of the asteroid binary system are described, emphasizing the
curves that pass through the equilibrium points neighboring the mass dipole. Finally, a
discussion is undertaken about the results of the dynamic behavior of a particle (third
body), coplanar to the primaries. It should be noted that, for application purposes, this
particle may represent a space probe. Its dynamical behavior is discussed for the first
30 days of numerical simulation and, if it survives in flight for that time, the outcome of its
motion is analyzed for 500 days, which allows us to verify whether the particle collided
with any primary system, if it gravitationally escaped from it, or if it remains in motion
around it. Discussions regarding the effect of the presence/absence of solar radiation
pressure on the dynamics of the particle are considered, as well as the effect of adopting
initial conditions for its motion in a direct or retrograde orbit.

4.1. Variation in Synodic Coordinates of Equilibrium Points Through Variation in Model
Parameters Discussions

From Equations (5) and (6) it is possible to observe that the synodic abscissa of the
equilibrium points of the asteroid system depend on the parameter µ in terms of the masses
of the primaries and the positions of these bodies with respect to the center of mass of
the binary asteroid system. In Figure 4a,b, in particular, the variation in the position of
the equilibrium points E1 and E2, close to the primary II, is shown as a function of µ. It
is possible to notice that, regardless of the relative size of the dipole to the extension of
the system and the internal mass distribution of the dipole, given by f , the equilibrium
points E1 and E2 exhibit different behaviors during the increase in µ. As larger values are
taken for µ, the mass of primary II, and thus of the poles P21 and P22, increase together,
which moves E1 and E2 simultaneously from the centroid of primary II. In addition, the
increase in µ causes the centroid of the primary II (dipole) to approach the center of mass
B of the binary asteroid system, which causes the joint entrainment of E1 and E2 to lower
values of synodic abscissa. Since E1 is located between the primaries, the effects of µ on
the mass and position variation in the centroid of primary II combine, leading E1 to an
always B oriented displacement. In contrast, the equilibrium point E2 exhibits variation
in the orientation of its displacement as µ increases. It is observed that at lower values of
µ over the location of E2, the effect of µ predominates on the mass increase in primary II,
which shifts E2 against the center of mass B of the binary system. As higher values of µ are
obtained, the approximation of primary II of the center of mass of the system predominates
over E2, which causes the displacement from E2 to B.

By changing the values of the parameter µ of the system, the synodic abscissa of
the equilibrium points E3, E4, and E5 can also be modified, as shown in Figure 5a–c.
Equilibrium point E3 is close to primary I. When µ increases, the mass of this primary
decreases, but it remains the largest body of the system. Reducing the mass of primary I
moves it away from the center of mass of the system. As a result, the equilibrium point E3

is moved away from B, as can be seen in Figure 5a,b. The triangular equilibrium points E4

and E5 have synodic abscissa located between the primaries, similar to E1. The abscissa of
E4 and E5 equilibrium points are also shifted toward B as µ increases, as shown in Figure 5c,
since the mass of primary II is increased with its consequent approximation of the system’s
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center of mass. Considering the representation of the bodies through the mass points P1,
P21, and P22, the binary asteroid system mass is distributed along the axes of the synodic
abscissa adopted in the model. Consequently, there is no primary mass variation along the
synodic ordinates, which, in turn, does not introduce appreciable variation in the synodic
ordinates of points E4 and E5 when varying µ.

In Figures 4a,b and 5a–c, three configurations for the binary asteroid system with
respect to the dipole mass distribution are represented: symmetrical dipole ( f = 0.5) and
asymmetrical dipole ( f = 0.25) and ( f = 0.75). It is observed that the parameter f locally
influences the position of the equilibrium points of the system, especially E1 and E2, which,
being close to the dipole, are the equilibrium points most sensitive to the variation in f .
Equilibrium points E4 and E5 also show local variation in their synodic abscissa due to
the variation in f . Equilibrium point E3 exhibits less dependence on its location with the
parameter because it is the furthest equilibrium point from primary II. In addition, the
effect of f will be greater for larger values of d∗ associated with the relative size of primary
II over the binary asteroid system.

Unlike what was considered for E1, E2, and E3, for E4 and E5, only d∗ = 0.1 is used for
the numerical simulations. As noted, the points E1, E2, and E3 are closer to the primaries in
comparison with the triangular equilibrium points and, therefore, they are more sensitive
to the variation in µ, thus justifying a greater interest in their study and, in particular, the
equilibrium points E1 and E2, closer to primary II. From the above results, attention will
be given next to the equilibrium points E1 and E2, which are the most sensitive to the
variations in parameters d∗ and f .

As shown in Figure 6a,b, the higher the value of d∗, the further away from the centroid
of primary II the equilibrium points E1 and E2 will be. Moreover, it is observed that, for a
given µ, the equilibrium point E1 is more sensitive to the variation in d∗ when the pole P21

has a higher mass ( f = 0.75) and, therefore, this pole tends to send E1 for a minor synodic
abscissa. Correspondingly, the equilibrium point E2 is more sensitive to the change in d∗

when the pole P22 has the highest mass ( f = 0.25), which causes such a pole to send E2 for
a larger synodic abscissa.

Unlike the binary asteroid system mass parameter µ, which influences, as seen, the
location of the equilibrium points of the system with respect to the mass of the primaries and
their distance from the center of mass of the system, the dipole mass distribution parameter
f , using the model presented in Section 2, influences the location of the equilibrium
points only in terms of the masses of each pole. This influence is most significant on the
equilibrium points E1 and E2, which are closer to primary II. As shown in Figure 7a–d,
when the value of parameter f increases, there is a change in the internal mass distribution
of the dipole, with the increase in the mass of the pole P21 and a reduction in the mass of the
pole P22. As a result, E1, close to P21, tends to move away from the dipole centroid while
E2, close to P22, tends to approach the centroid of primary II. Correspondingly, considering
the reduction in the value of the parameter f , we have that the pole P22 has a mass increase.
In contrast, the pole P21 suffers a mass decrease and, consequently, E1 tends to approach
the dipole centroid, while E2 tends to move away from this point. In addition, as shown
in Figure 7a–d, as larger values for the binary mass parameter µ are assumed, synodic
abscissae of E1 and E2, by varying f , tend to be further from the dipole. As is known, the
higher the value of µ, the greater the mass of the primary II and the closer its centroid will
be to the center of mass of the binary system. However, simultaneously with this behavior,
the primary II tends to shift E1 and E2 more significantly against its centroid by containing
more mass.

It is also possible to observe that, according to Figure 7a–d, the smaller the binary
asteroid system parameter µ, the more sensitive the location of equilibrium points E1 and
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E2 over the axis of the synodic abscissa to the variation in parameter f . This behavior is
explained by the greater proximity of E1 and E2 when µ is reduced, which makes the effect
of the mass distribution between the poles P21 and P22 on the location of the neighboring
equilibrium points more significant. The synodic abscissae of E1 and E2 are also more
sensitive to the variation in f , as larger values are assumed for the parameter d∗. The higher
the value of d∗, the larger will be primary II, and the poles P21 and P22 will be far from
each other. Accordingly, the mass distribution of the dipole along the axis of the synodic
abscissa has a greater extent, which approximates P21 to E1 and P22 to E2 to the same value
of the parameter µ.

4.2. Zero-Velocity Curves of Model Discussions

Figure 8a–f shows the zero-velocity curves associated with C∗
E1

for the configuration
µ = 0.1, d∗ = 0.1. These curves intersect at the equilibrium point E1, located between
the primaries, and, for this reason, E1 is called the first point of contact between the ovals
surrounding P1 and the dipole. Figure 8b,d,f also shows in greater detail the plot of zero-
velocity curves associated with C∗

E1
in the vicinity of the dipole. There is also a second

zero-velocity curve associated with C∗
E1

surrounding the two primaries, as can be seen
in Figure 8a,c,e. Figure 9a–f show the zero-velocity curves associated with C∗

E2
for the

configuration µ = 0.1, d∗ = 0.1. The zero-velocity curves associated with this value for
the Jacobi constant intersect at the equilibrium point E2, to the right of the dipole. This
equilibrium point is the second point of contact of the system and, in particular, allows the
contact of the oval surrounding the primaries to the oval external to the binary asteroid
system. Figure 8b,d,f also show in greater detail the plot of zero-velocity curves associated
with C∗

E2
in the vicinity of the dipole.

4.3. Motion of a Spacecraft in a Binary Asteroid System with Dipole Model Discussions

From the analysis of the grids in Figure 10 for direct motion of the spacecraft with
respect to the primary II, it is observed that, in all the configurations considered for the
value of the mass distribution parameter f of the dipole and for the initial position of the
Sun relative to the center of mass of the binary asteroid system, the spacecraft’s initial
positioning conditions prevail that allow it only a short direct motion survival in that
system (up to approximately 10 days). The smaller its initial semi-major axis, the closer the
spacecraft is to primary II, modeled as a mass dipole. In addition, larger initial eccentricities
associated with larger semi-major axis initial values also place the spacecraft initially closer
to this primary. In the grids in Figure 10, the existence of certain regions, of lesser extension,
which present themselves as sets of initial conditions for the direct motion of the spacecraft
that provide it with a longer survival time, reaching up to the initial 30 days of simulation,
is also verified. For the three cases of values assumed for the parameter f , it can be seen,
from the grids in Figure 10, that the spacecraft has several initial conditions in direct orbit
that provide the first 30 days of survival in the system for the configuration in which
the dipole is symmetric regardless of the initial position of the Sun. A symmetric dipole
has a symmetric gravitational potential field. In contrast, an asymmetric dipole has a
gravitational potential field with asymmetry in relation to the center of mass of the primary
II, with greater intensity around the pole of greater mass. Consequently, such asymmetry in
the distribution of the gravitational potential in the plane of motion of the spacecraft for the
cases of f = 0.25 and f = 0.75 leads the vehicle to present, in general, greater difficulties
in sustaining, for a longer time, a direct motion initiated around the mass dipole. When
considering the initial position of the Sun relative to the asteroid system, it appears that, for
cases where the Sun departs from its apoapsis (Figure 10b,d,f), there is a larger number of
initial conditions that allow for the survival of direct motion of the spacecraft for the first
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30 days of simulation, compared to cases where the Sun is considered from its periapsis
(Figure 10a,c,e). Since the Sun’s relative orbit to the asteroid system is eccentric, the Sun will
induce greater perturbations by the pressure of solar radiation on the spacecraft’s direct
motion in the case where the Sun is taken from its periapsis, compared to the case where
the Sun is taken from its apoapsis. Such perturbations by the solar radiation pressure lead,
then, to a reduction in the initial conditions for the direct motion of the spacecraft and a
longer survival time for this motion in the asteroid system.

From the analysis of the grids in Figure 11 for the spacecraft’s retrograde motion in
relation to the primary II, it is observed that in all the configurations considered for the value
of the dipole mass distribution parameter f and for the initial position of the Sun relative to
the center of the mass of the binary asteroid system, there are regions in initial conditions
for this position of the spacecraft that allow it only a short survival of retrograde motion in
this system and areas that allow it to survive in this type of motion for the first 30 days of
simulation. It is also found that, for the smaller initial semi-major axis of the spacecraft,
combined with smaller initial eccentricity, as well as for the larger initial semi-major axis
combined with larger initial eccentricity, the closer the spacecraft will initially be in relation
to primary II, leading the vehicle to a shorter survival time. For the three values assumed for
the parameter f , it can be seen from the grids in Figure 11 that the spacecraft has a greater
number of initial conditions in a retrograde orbit that provide the first 30 days of survival
in the system for cases in which the dipole is asymmetric with f = 0.25 (Figure 11a,b) and
symmetrical (Figure 11c,d), regardless of the initial position of the Sun. In the grids for the
retrograde motion of the spacecraft, it is also observed that the initial position of the Sun
in its periapsis (Figure 11a,c,e) or in its apoapsis (Figure 11b,d,f) relative to the center of
mass of the binary asteroid system does not considerably modify the distribution of initial
conditions regarding the survival time for the spacecraft’s retrograde motion.

Comparing the grids in Figures 10 and 11 for initial conditions of direct motion and
retrograde motion of the spacecraft in relation to the primary II, respectively, it is observed
that, in all the configurations considered for the parameter f of the dipole mass distribution
and for the Sun’s initial position relative to the center of mass of the binary asteroid system,
there is a significant increase in the number of initial spacecraft positioning conditions that
enable it to survive in retrograde motion in the asteroid system for up to 30 days, compared
to that as observed in the initial condition grids for direct orbit. In addition, there is a more
pronounced change in the distribution of initial conditions regarding spacecraft motion
survival time for the retrograde motion compared to the direct motion as the f parameter
is varied.

For an asymmetric dipole with f = 0.25 (Figure 12a,b), there is a predominance of
initial conditions that lead the spacecraft to collide with the primary II, especially for
smaller values of the initial semi-major axis. Some conditions lead the spacecraft to escape
the asteroid system for higher initial semi-major axis values, which is, at both ends of its
movement, for a wide range of initial eccentricity.

For higher values of the semi-major axis and initial eccentricity, the possibility of
collision of the spacecraft with primary I within 500 days is also verified. For an asymmetric
dipole with f = 0.75 (Figure 12e,f), there is a significant increase in initial conditions that,
within 500 days, lead the spacecraft to collide with primary I. There is also an increase
in the region of initial conditions that promote the escape of the spacecraft within the
500 days of simulation. In both cases of asymmetric dipole, there appears to be no initial
conditions in the semi-major axis and eccentricity that support the direct motion of the
spacecraft in the binary asteroid system for the 500 days of simulation. The only direct
motion configuration considered to provide spacecraft survival through the 500 days of
simulation is for a symmetrical dipole (Figure 12c,d). Such behavior occurs within a narrow
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range in which there is a relationship between the increase in the initial semi-major axis and
the initial eccentricity of the spacecraft. It can also be observed that, for direct motion of the
spacecraft in the system, the initial position of the Sun in its periapsis (Figure 12a,c,e) or in
its apoapsis (Figure 12b,d,f) do not introduce considerable changes in the arrangement of
the outcome regions of the spacecraft’s direct motion, in terms of the initial conditions in
the semi-major axis and eccentricity, for the 500 days of simulation considered.

Comparing the grids in Figures 10 and 12, it is clear that the outcome of the direct
motion of the spacecraft by collision with one of the system’s primaries or by escape
occurs, in general, below the first 10 days of simulation considered. In addition, it is also
verified that regions with initial conditions in the semi-major axis and in eccentricity that
provide survival for the direct motion of the spacecraft for the first 30 days of simulation
do not allow, in general, survival for the 500 days considered, except for the narrow range
described in the case of symmetrical dipole ( f = 0.5).

From the analysis of the grids in Figure 13 for retrograde movement of the spacecraft
with respect to the primary II, considering the 500 days of simulation, it appears that in all
the configurations considered for f and independently of the Sun’s initial position relative
to the center of mass of the binary asteroid system, there are regions at the semi-major axis
and eccentricity initial conditions that allow the spacecraft to survive retrograde motion for
such a time interval. It is observed, however, that as the parameter f increases, there is, in
general, a redistribution of the regions in initial conditions for survival over the 500 days
of simulation regarding the outcome of retrograde motion of the spacecraft in the system,
highlighting the reduction in the extent of the regions that promote survival for 500 days.
That is, the asymmetric dipole configuration for f = 0.25 (Figure 13a,b) is the one with the
largest regions of initial conditions that generate the survival of the spacecraft in the binary
asteroid system throughout the simulation period considered in retrograde motion.

It is also noted that, for larger values of parameter f , larger are the regions of the
initial conditions in the semi-major axis and in eccentricity that generate the collision of the
spacecraft with the primary I or the escape of the spacecraft from the system of asteroids
within 500 days (Figure 13c–f) considering their retrograde motion. In all of the grids
in Figure 13, the presence of the initial spacecraft position conditions is also observed,
which, within 500 days, leads to a collision with the primary II (dipole) in retrograde
motion. As expected, in general, smaller initial semi-major axes are associated with small
initial eccentricities and higher initial semi-major axes are associated with high initial
eccentricities, especially for dipoles with f = 0.25, initially positioning the spacecraft
very close to primary II, causing it to collide with that primer within 500 days. It can
also be observed that, for retrograde motion of the spacecraft in the system, the initial
position of the Sun in its periapsis (Figure 13a,c,e) or in its apoapsis (Figure 13b,d,f) again,
it does not introduce considerable changes in the disposition of the outcome regions of the
retrograde motion of the spacecraft, in terms of initial conditions in the semi-major axis
and eccentricity, for the 500 days of simulation considered.

Comparing the grids in Figures 12 and 13 for the initial conditions of the direct motion
and retrograde motion of the spacecraft, respectively, for 500 days of simulation, it is noted
that, in all configurations considered for the parameter f of the dipole mass distribution
and for the initial position from the Sun relative to the center of mass of the binary asteroid
system, there is a very significant increase in the number of initial spacecraft positioning
conditions that enable it to survive in retrograde motion in the asteroid system for the
500 days of simulation, compared to what is observed in the grids from the initial condition
for direct motion. In addition, there is a greater dispersion in the distribution of initial
conditions regarding the outcome of spacecraft motion in the binary asteroid system for the
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case of retrograde motion compared to the case of direct motion in this system, in which
such outcome regions of the spacecraft motion are more concentrated.

Comparing the grids in Figures 11 and 13, it is observed that the initial conditions
in the semi-major axis and eccentricity that allow the spacecraft to survive in retrograde
motion in the binary asteroid system for the first 30 days considered, for the most part,
sustain this survival also by the 500 days of simulation. However, several other regions in
the initial conditions for positioning the spacecraft in the system that allow it to survive
for the first 30 days, considered in retrograde motion, do not sustain this motion for up to
500 days. In addition, it is noted that regions in the initial conditions in the semi-major axis
and eccentricity associated with the collision of the spacecraft with some primary of the
system or its exhaust lead the retrograde motion of the vehicle to one of these outcomes,
generally within approximately 5 to 10 days of simulation.

From the inspection of all the grids considered in Figures 10–13, it appears that the
effect of solar radiation pressure due to the assumed initial position of the Sun on the
survival of spacecraft motion in the binary asteroid system is more significant for the
case of the direct motion of this vehicle, considering the first 30 days of simulation. In
addition, for the first 30 days of simulation, the distribution of initial conditions in terms of
spacecraft survival time in the system is more sensitive to the variations in the dipole mass
distribution parameter f for cases of retrograde motion of the spacecraft compared with the
presented direct motion cases.

Considering the grids in Figures 12 and 13, it can be seen that the distribution of the
initial conditions in the initial semi-major axis and initial eccentricity regarding the outcome
of spacecraft motion sustained by them in the binary asteroid system, for the 500 days of
simulation, is sensitive to the variations in the parameter f in the cases of direct motion
and retrograde motion. It is also possible to note that the effect of solar radiation pressure
due to the initial position of the Sun in relation to the center of mass of the binary asteroid
system, considering a longer simulation time, as performed for 500 days, has little effect
on the distribution of types of outcome of spacecraft motion in the system, within these
500 days, analyzing the grids for direct motion (Figures 12a with 12b, 12c with 12d, and 12e
with 12f) and for retrograde motion (Figures 13a with 13b, 13c with 13d, and 13e with 13f).

From the comparative analysis of the grids in Figure 14 with the grids in Figures 10 and 13,
for direct motion of the spacecraft and the compared analysis of the grids in Figure 15 with
the grids in Figures 11 and 13, for the retrograde motion of the spacecraft, subject only to
the gravitational attraction of the primaries, it turns out that the effect of the solar radiation
pressure is important for small time intervals of spacecraft motion in the asteroid system.
In this case, the configuration of the initial condition grids for the first 30 days of simulation
without the effect of solar radiation pressure is similar to the motion grids, assuming that
the initial position of the Sun is in its apoapsis since, in this position, the Sun is at a greater
distance from the spacecraft. Over time (for the 500 days of simulation), the effect of solar
radiation pressure on the spacecraft’s motion in the system is practically indifferent to the
initial position adopted for the Sun’s motion, as already discussed.

In addition, it is noted in all analyzed cases that, for 500 days of simulation, the
effect of the solar radiation pressure is less important, in terms of the distribution of initial
conditions in the semi-major axis and eccentricity, regarding the closing of the motion of the
spacecraft within a considered time interval compared to the effect due to the gravitational
attraction of the system’s primaries on the spacecraft. For this reason, the grids of initial
conditions for 500 days of simulation, in which the effect of solar radiation pressure is
considered, are very similar to grids for 500 days of simulation in which such an effect was
disregarded, both for the direct motion (Figures 12 and 14) and for the retrograde motion
(Figures 13 and 15) of the spacecraft.
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5. Conclusions
This study considers a generic physical model of the gravitational potential of a family

of binary asteroid systems in which the primaries are reduced to a mass point and a dipole
of mass with spin–orbit resonance. This approach makes it possible to carry out initial
studies on the orbital dynamics of a spacecraft for a mission in which the target is an
asteroid system or one of its constituent bodies. In this sense, the number and location of
the equilibrium points of the studied physical system were determined.

The generic binary asteroid system has five equilibrium points that can be reached by a
spacecraft, and its location in the synodic plane of the system is similar to the ones observed
in the Three-Body Restricted Problem: the occurrence of three collinear equilibrium points,
E1, E2, and E3, arranged along the synodic abscissa and two triangular equilibrium points,
E4 and E5. Through the variation in the parameters µ, f , and d∗ of the model, the variation
in the location of the equilibrium points of the binary asteroid system was analyzed. It
is possible to state that primary II, modeled as a dipole, constitutes a subsystem in the
binary asteroid system. In general, it is noted that the dependence of the positioning of
the equilibrium points with the parameters µ, f , and d∗ occur simultaneously in two ways:
first, the parameter µ determines how close or far the equilibrium points E1, E2, E3, E4, and
E5 must be from the mass points, P1, P21, and P22 of the model to preserve the equilibrium
conditions. Second, the parameters f and d∗ refine the location of E1 and E2, which are
the equilibrium points closest to the pole P21 and P22 of the dipole and are therefore more
sensitive in terms of their location in the synodic plane to variations in the parameters f
and d∗.

Considering the synodic coordinates of the equilibrium points of the system, the Jacobi
constant values associated with each equilibrium point were determined for the established
parameters µ, f , and d∗ to represent, for cases of symmetric and asymmetric dipoles, the
tracing of the respective zero-velocity curves of the binary asteroid system.

To analyze the survival time of a spacecraft in the binary asteroid system, grids (maps)
of initial conditions were composed in terms of the initial semi-major axis and initial
eccentricity for an initial Keplerian osculator orbit around the primary represented as a
dipole (primary II). Initial direct and retrograde orbits for the spacecraft were considered,
subjected to the gravitational acceleration due to the primaries and acceleration associated
with the solar radiation pressure, considering two possibilities for the initial position of the
Sun: its periapsis and apoapsis.

The simulations were carried out over an integration period of 500 days, corresponding
to an orbital half-period of the binary asteroid system around the Sun. During this period,
it was possible to verify whether, given the initial conditions, the spacecraft collided with
any primary, escaped the system, or remained in motion in the asteroid system. The initial
condition grids were also truncated for analysis in the first 30 days of simulation. This time
frame suits a space mission to explore an asteroid system or a specific asteroid.

In these grids, associated with the initial conditions, the spacecraft’s survival time,
in days, in the system, was determined. A binary asteroid system modeled with µ ≈ 0.1
and d∗ ≈ 0.13 was adopted for the simulations. Considering the initial condition grids
for spacecraft retrograde motion for the first 30 days of simulation, it was observed that,
in all the considered configurations, there is a significant increase in the number of initial
spacecraft positioning conditions that allow it to survive in motion in the asteroid system
for up to 30 days, compared to that observed in the initial condition grids for direct motion.
In addition, for the first 30 days of simulation, the initial condition grids for direct motion
were more sensitive to the initial position adopted for the Sun in terms of the presence of
the initial semi-major axis and initial eccentricity regions that allow for the first 30 days
of motion to the vehicle in the system compared to what was observed in the grids for
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retrograde motion for the first 30 days of simulation. It was also found that, as the dipole
mass factor f varies, there is a more pronounced change in the distribution of initial
conditions regarding spacecraft survival time for the retrograde motion case compared to
the direct motion case in the binary asteroid system considered.

From the analysis of the initial condition grids for the 500 days of simulation, it was
observed that, in direct motion, the spacecraft survives for 500 days only for the case of
the symmetrical dipole ( f = 0.5), regardless of the initial position of the Sun, while in
retrograde motion, the spacecraft survives for 500 days regardless of the value of the dipole
mass factor f and the initial position of the Sun.

Furthermore, it is observed that retrograde motion provides a greater number of initial
conditions that support the motion of spacecraft in the asteroid system for 500 days of
simulation. It is also verified that, in the configurations for direct motion, regardless of
the initial position of the Sun, the initial conditions that cause the spacecraft to collide
with some of the primaries or to escape the system, in 500 days, have a more defined
and concentrated distribution than in the retrograde motion configurations, in which such
conditions present a greater dispersion along the initial condition grids.

It was also possible to see, taking into account the first 30 days of simulation, that
for both direct and retrograde motion, the effect of solar radiation pressure on spacecraft
motion in the asteroid system depends on the initial position of the Sun with respect to
the survival time of the spacecraft in such a system. However, when considering a longer
motion analysis time, such as 500 days, the result of the spacecraft motion in the system in
this period of analysis is, in general, independent of the initial position of the Sun, for both
direct and retrograde motion. Thus, the effect of solar radiation pressure on the spacecraft
is important for the first few days of its motion in the asteroid system. In this case, the
configuration of the initial condition grids for the first 30 days of simulation without the
effect of solar radiation pressure is similar to the motion grids when assuming the initial
position of the Sun in its apoapsis since, in this position, the Sun is at a greater distance from
the asteroid system. Over time, the effect of solar radiation pressure on the spacecraft’s
motion in the system is such that, during the 500 days of simulation, which of the initial
positions was adopted for the Sun’s motion is practically indifferent. In all cases analyzed
for 500 days of simulation, the effect of the pressure of solar radiation is less significant
than the effect of the gravitational attraction of the primaries of the asteroid system on the
motion of the spacecraft in the system. In that sense, the grids for 500 days of simulation
in which the effect of solar radiation pressure is considered are very similar to grids for
500 days of simulation in which such an effect was disregarded.

In terms of practical missions, the results show that the best orbits are retrograde and
located in regions where the direct orbits have short lifetimes. It means regions with low
eccentricity and semi-major axes in the 500–1000 km range. The exact locations depend
on the parameters studied and can be found in the figures presented in this paper. The
reason for this is that those locations give survival times that are good enough to observe
the bodies. At the same time, the number of particles that can be dangerous for the mission
should be small, since most of those particles are in direct orbits, which are unstable.
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