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INTRODUCTION

Let E be a quadratic Galois extension of F where the characteristic of F
is not two. We develop a hyperbolic geometry in this general set-up where
H = E —F is the hyperbolic plane model. When F = R and E = C, we get the
classical case except that our hyperbolic plane is really a union of the upper and
lower half planes. It is necessary to define H in this way because PSL»(F) acts
transitively on H for many fields. In particular, this is true when F is finite, a
case of primary importance to us. Though the classical case and the finite case
are of the most interest to us, working in the more general set-up does prove to
be advantageous. For instance, we get some applications in number theory to

diophantine equations when F is the field of rational numbers.

This work was motivated by our desire to develop a deeper understanding of
the group PSL2(q) (the projective linear group of 2 x 2 matrices with entries
in the field F, with g elements where ¢ = p™ and p is an odd prime). In
an earlier work [OST], we solved the Spherical Hurwitz Problem for PSLs(q)
(the determination and classification of Riemann surfaces that admit orientation
preserving symmetries isomorphic to PSL,(g) with quotient the sphere) where
g is a prime power larger than eleven and ¢ is odd. The Spherical Hurwitz
Problem is equivalent to the Inverse Galois Problem for the function field C(t)
(the determination and classification of Galois extensions of C(t) with Galois
group isomorphic to PSL2(q)). The Inverse Galois Problem is open for the field
of rational numbers and the group PSLy(p) for infinitely many primes p. Our
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viewpoint is that a group is what a group does-sort of an inverted Klein point
of view. That is, one should understand a group (PSLsy(q) for instance) by
realizing it as the group of allowable transformations of a geometry and then

studying that geometry to gain insights about the group.

The group of allowable transformations of our hyperbolic geometry is
PGLy(F), which contains PSLy(F) as a subgroup (of index two in the finite
case). The underlying space of our Euclidean geometry is E. The Az + B group
(which is the stabilizer of infinity in PGL2(E)) acts as similarities on E. The
projective space E U {oo} and the group PGL,(E) give a conformal geometry.
PGL,(E) acts on E U {co} taking the set of lines and circles into itself and

preserving "dengles”.

The need for our notion of the "dengle” or double exponential angle between
two lines stems from the fact that our fields are not necessarily ordered. Con-
sequently, there are no "rays” in our set-up making it impossible to define the
angle between two lines. There are, in fact, two angles, 6 and § — 7, between two
given lines. We get around this problem by defining an analog of e2*® (= ¢?!(¢—))

from the classical case.

In general, much of the classical theory holds true in our set-up. However,
we do have unexpected peculiarities. For instance, a line may pass through
the center of a circle without intersecting the circle. In fact, when F is finite,
exactly half of the lines passing through the center of a circle will intersect it.
Therefore, while most of our results are motivated by our geometric intuition
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from the classical case, the proofs are algebraic. We rely heavily on group theory

and, in particular, on group actions.

Our analog of hyperbolic distance takes values in F and is preserved by the
group PGL2(F). When F = R and the two points are in the upper half-plane,
this analog turns out to be sinh?(£) where p is the classical hyperbolic distance.
While the concept of the "shortest” path between two points makes no sense in
our context, we have "geodesics” which are the fixed point sets of hyperbolic
reflections. This is also the case classically. Moreover, our geodesics turn out
to be vertical lines and circles centered on I as one would expect. Classically,
however, geodesics are orthogonal to F and are all equivalent under the isometry
group PSL2(R). This is no longer true in this generality. There can be many
different equivalence classes of geodesics since not all geodesics intersect F. In
the finite case, there are two—those having ¢ + 1 points and those having ¢ — 1.
We therefore lose the powerful technique of normalizing from the classical set-
up. Furthermore, the concepts of ”perpendicular” and ”orthogonal” are distinct
in our geometry. Two geodesics can be orthogonal without intersecting. We

reserve the term perpendicular to describe orthogonal geodesics which intersect.

We recently became aware of the work of Audrey Terras and her students. In
[T], Terras defines finite hyperbolic space and a hyperbolic distance on the space
which agrees with ours up to a scalar. However, we are able to define hyperbolic
distance without using a choice of coordinates. She also associates to every
distance in F — {0, —1} a graph which is Ramanujan. Ramanujan graphs play a
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very important role in computer science as they are the best possible expanders
amongst graphs of fixed degree. We define a generalization of the Terras graphs
which we conjecture are also Ramanujan. The construction of these graphs uses
triangle groups and relates to our work on the Spherical Hurwitz Problem. It
is an open question whether or not the Terras graphs are all nonisomorphic [T

but we show that there are at least three isomorphism types when ¢ > 3.

In Sections 4 and 5 we concentrate on PSLy(F). In Section 4 we classify the
finite subgroups of PSLs(F) and count the number of subgroups of PSLs(q).
We do not know of any modern reference which does the latter. Both problems
were solved by Dickson for F = I, in the early 1900’s though our arguments are
more geometric than his. In Section 5 we compute the Eichler cohomology of

every subgroup of PSLy(p) as well as some subgroups of PSL,(p").



0. Notation and Preliminaries.

Let E be a quadratic Galois field extension of F with char(F) # 2. Let
f(z) = 2 + B be an irreducible quadratic in the ring F[z] of polynomials with

coefficients in F. Let +a be the roots of f(z) in E. Then

Thus, any element of E can be expressed uniquely as a + ba with a,b € F. We

also note that 8 = —a?.

For example, when F = R and E = C, we get the classical case of C = R@R:.
Another special case that will be of interest to us (referred to hereafter as the

finite case) occurs when F = F,,q = p". Here E = F2.
We define the projective space of dimension one over F, denoted IE";_, via
1 _ X X
PL= F*I\EX.
Since any element [u:v] € IP’;, can be written uniquely as [2:1] if v #0 or
[1:0] ifv =0, ]P; can be identified with FU{co}. Analogously, ]P;: = EU{oo}.
Given a field K|
GLy(K) := { (: ;) | a,b,¢,d € K,ad — b # 0 } ,
SLy(K) := { A € GL2(K) | det(4) =1 }.

We will consider the matrix groups
PGLy(K) := GL2(K)/K*I and PSL3(K) := SLo(K)/{£I}

where Kis E or F.



Given an element (z Z) in GLy(K) (respectively SL2(K)), we will denote

its equivalence class in PGL2(K) (respectively PSL5(K)) via [‘: 3] .

The elements of PGLy(K) (respectively PSL2(K)) can also be viewed as lin-
ear fractional transformations via the obvious identification of ( : Z) in GL2(K)
(respectively SL»(K)) with the transformation g(z) = -z—:fz We will use the
two formulations of the groups interchangeably throughout.

Viewed as linear fractional transformations, the groups PGL4(F), PSL»(F),
PGL3(E), PSLy(E) all act on ]P’;: in the obvious way. (Equivalently, the action

. . . . 20 .. ab ©] _ | eu+tbdv
is given by matrix multiplication: [c d] [,,] = [cu _,_dv]-)

Remark: Given P,Q, R distinct in ]P’;, there is an element k of PGL2(E)

satisfying h(P) = 0,h(Q) = oo, and h(R) = 1. If all of the points are in E, then
R-Q\[(z-P
= (323) (55):

R - Q -P z—P
o M) = = ) =

when P, @, or R respectively is oo.

Otherwise,

h(z) =

Theorem 0.1. PGL,(E) acts triply transitively on ]Plll-:' The action of PGLx(F)

is transitive on E — F and triply transitive on ]P’;.

Proof: Given ¢ = a+ba € E—F, let g(z) = bz +a. Then g € PGL4(F) and

g(a) = z. So PGL,(F) acts transitively on E — F.

PGLy(E) acts transitively on P; by the above Remark. If P,Q,R ¢ ]P’El? are

distinct then the h in the Remark is in PGL,(F). O
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The stabilizer of the set ¥ in the group G will be denoted Gy or G; if

Y = {z}.
An easy computation shows that

PGLy(F)oo = {az+b|aecF*,beF},

az — b3
bz+a

PGLy(F)y = { [a,bGF,a#Oorb#O}.

Consequently, there are exactly two orbits of the action of PGLy(F) on ]P’;: ,
namely FU {co} and E — F.
Theorem 0.2. PSLy(E) acts doubly transitively on P:E and PSLy(F) acts dou-
bly transtively on ]P;, .
Proof: Given P,Q € P}, g(z) = (325)(22§) € PSL2(E) and g(P) =
0,9(Q) =c0. £ P,Q € lP’;_, then g € PSLy(F). O
Notation:
) K*:={keK|k#0}
i) Ky :={ k2| ke K*}.
Note that | ker(d) | = 2 where O : K* — K, is the squaring map. In

particular, K; has index two in K* when K is finite.

We can also write

az +b
cz+d

PSLg(IF):{ | a,b,¢,d € F, ad—bceF+}

since

))=1Whenad—bc=r2.

H503 |0
33 | o

c:c+d=

a

az + b ;:c-i—
¢
-z +
r

b
2 and det((
r



Thus, we have

PSLy(Floo = {az+b|lacFy,belF },

—b
PSLy(F)a = {a;+f | a,b € F,a® —b2B € F, }

The following theorem, together with Theorem 0.2, thus says that there are

also exactly two orbits of the action of PSLy(F) on ]P’; when F is finite.
Theorem 0.3. When F is finite, PSLa(F) acts transitively on E — F.

Proof: Let a+ba € E—F. If b€ Fy, then g(z) = bz + a € PSL,(F) and
g(a) = ba+a. If b € F* —F,, then b = ¢! for some c € F; (since F* /F; has

degree two, bF;, = SF,). Then h(z) = =°+a € PSLy(F) and h(a) = a+ba. O
Lemma 0.4.
PGL(F) acts transitively on (E —F) x F ={ (w,z) |l we E-F,z €F }.

Proof: Let w=a+ba € E—F, z € F. Then g(a) = w where g9(z) = bz +a.
Consequently, g™(w) = a. Let y = g7 1(z). Then y € F since g (and hence
g~ !) preserves F.

If y = oo, then g~} (w) = a and g7*(c0) = o0. If y # o0, then k(c0) = y
_yz+ a?

z+y
k=10 g~1(z) =k~!(y) = oc. Hence, we can always find an element of PGL,(F)

where k(z)

€ PGLy(F)_. Consequently, k~'o g7 (w) = a and

taking the pair (w,z) to the pair (a,00). O

We define the conjugate of an element A = a+ba in E to be a — ba, denoted
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Conjugation is a field automorphism of E fixing F.

Given 1 # f(z) = %_*,Z € PGL,(F), we consider the fixed points of f.
If ¢ # 0, then

flz)=z <= cz’—(a—d)z-b=0

= (@ —d) + +/(a— d)? + 4bc
2c )

—

The discriminant A= (a—d)? +4bc = (a+d)? — 4(ad — bc) = tr?(f) — 4det(f).
A€ Fy = i) f has two fixed points in PIIF, none in E—~F A=0 =
ii) f has one fixed point in ]P’;, none in E —F. A€ F* —F; = iii) f has no

fixed points in IP’;.

If A€ E; in iii), then f has two conjugate fixed points (since they are the

roots of an irreducible quadratic). Otherwise, f has no fixed points.
If ¢ = 0, then the only fixed point of f is co and we again get result ii).

We define the type of 1 # g € PGL3(F) to be hyperbolic, parabolic or elliptic

if g satisfies condition i), ii) or iii) respectively.

In the finite case, F* C E; . (Since ¢— 1 divides |E; | = ¢% — 1, there must be
a subgroup of Ey C E* of order ¢ — 1. But the unique such subgroup is F*).

Consequently, all elliptic elements have two fixed points in E — F in the finite

case.

Since PGL2(F) acts doubly transitively on IP; and transitively on E — F,
and the type of an element is invariant under conjugation, we can conjugate a
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nonidentity element of PGLy(F) with nonempty fixed point set to have fixed

point set {0,000}, {0}, or {a,a}.
We therefore have the following proposition.

Proposition 0.5. Every 1 # g € PGLy(F) is one of the following:
i) hyperbolic  iff tr%(g) —4det(g) € F+
iff g is conjugate to az for some a € F*
ii) parabolic  iff tr®(g) =4
iff g is conjugate to z+b, b € F*

iil) elliptic iff tr*(g) —4det(g) € F* —Fy

(iff g is conjugate to an element of the form “bzz:_bf ,a,beF

if g has a fized point).

Note that a similar fixed point analysis for 1 # g € PGL2(E) shows that g
has at most two fixed points. Consequently, if two nonidentity elements g, h of
PGL»(E) agree on three distinct points, then g = k. (A~! og fixes three points.)
In view of this fact and Theorem 0.1, we now know that PGL,(E), PGL,(F)

act sharply triply transitively on IP;:, IP’;_ respectively.

Consider the finite case. Let PSLy(q) := PSLy(F,). Then |PSL2(q)| =
ﬂﬂzuq—_l)-, I]P’;,I = ¢* + 1, |F,2 — F,|. Since the action of PSL,(q) is transitive

on both ]P’;_ and F 2 — Fy, we have

PSLy(g)] _ g-1 PSLy(g)] _ g+1
- d |PSLs(q)e| = =
FLp o o IPSLde = R =

|PSL2(q)eo| =

We thus have the following proposition.
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Proposition 0.6. Every 1 # g € PSLy(q) is one of the following:

1) g is hyperbolic

il) g is parabolic

i) g is elliptic

iff tr?(g) —4¢€ (Fy)+

iff g is conjugate to az, a € (Fy)+
iff ord(g)|-

iff tr’(g) =4

iff g is conjugate to z+b, b € (Fq)™
uff ord(g)=p

iff tr?(g) —4 € (F)* — (Fo)+

iff g ts congugate to an element of the form

az — bp

bz+a
iff ord(g)|LEL.

, a,b €T,

We note that the order of an element of PG L2(q) does not determine its type

since an element of order two could be either hyperbolic or elliptic.

The norm map N :

is the norm of A.

E* — F* is defined by N(A) = AX. We will say that A\

Of course, this map is not surjective in general (e.g., F = R,E = C), but the

following lemma shows that it is in the finite case.

Lemma 0.7. N : (Fg2)* — (F,)* is surjective.

Proof: A € ker(N) iff 1 = AX = AX' = A?*1. So |ker(N)| = q+1. Thus,

[ Im(N))]

)] -1
ker()] ~ g1

g-1=|(F)". O

Note that Im(N) C E; in this case.
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1. Euclidean Geometry.

Throughout this paper, we will assume that E is a quadratic Galois extension
field of F with char(F) # 2. Then E = F @ Fa where a is a root in E of the
irreducible polyomial z2 + 8 € Flz].

Given X € E, Azk—;z-{—z‘g—iwhere%ﬂ-elﬁ

We call A = Azﬂ the real part of A and 2%-2 the imaginary part of A
(denoted Re(A), Im(X) respectively).

Let I={A-X|A€E-F*}={A€E|Xx=-A}

We call I the imaginary axis of E.

Lt S={A€EX| M\ =1}and T={ A€ EX| \X = —1}.

We call S the unit circle of E and T the unit imaginary circle of E.

Note that I and S are nonempty for any E but T may be empty.

We observe the following simple but useful facts.

Facts:
i) m,n€l—-{0} = mn, 2 €F

i) F*(I-{0}) =1-{0}
i) FA(I-{0})=0=1INT
iv) FNS = {£1}

v)
{:t\/—_l}v if -1€ IE-l-

INS=FNT=
{ 0, otherwise.
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We consider the Borel group B = {az +b| a € E*,b € E}, the subgroup of
PGL,(E) fixing co. Under the action of B on E, we note that By = { az | a €

E*} = EX. We also have the following lemma.

Lemma 1.1.

i) Br={az+b|acF*,bcF} (= PGL(F)o)

i) Bes={ az | a € S} for c € E*.

Proof: i) Clearly if a,b,A € T, then aX + b € F. Conversely, assume aA+b €
FV)XeF. Inparticular, \=0 = b€Fand A=1 = a+b € F. Thus,

a=(a+b)+(—-bd) eF.

ii) First assume ¢ = 1. If a, A € S, then (a))(a}) = (¢a)(AX) = 1. Conversely,
assume al + b € SV A € S. Then (aX + b)(aX + b) = a@ + @A + ab) + bb =

1¥YXeS.

In particular, A = 1 = a@+ab+ab+bb=1,\=—1 => aa—ab—ab+bb=

Together these two equations imply that @b = —ab. If b # 0, then @ € I—{0}.
Since a@+a@bA+abA+bb =1 = aa@+bbV A € S,we also haveabd € I-{0}V A € S.
Then by Fact i) above, we have %’3 =A€FVXeF. This is a contradiction
since FNS = {£1} and |S| > 2. Thus, b= 0 and Bs = { az | a € S}. Thus,

r(S)+t=cSiffrS+2=Sifr€Sandt=0. O
Lemma 1.2. The action of B on E s sharply doubly transitive.

Proof: It suffices to show that given P # @ € E, there is a unique element
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g € B with g(P) = 0,9(Q) = 1. Such an element g(z) = az + b must satisfy
the equations aP + b = 0,a@Q +b = 1. The unique solution to these equations is

_ =1 - _P
d—m,b—-m. D

Definition: L is said to be a line in E iff it is the image of F under a Borel

element. I.e., L = aFF + b for some a € EX,b € E.

By definition B acts transitively on all lines in E and we therefore have

1Bl _ (-1
|1Brel  (¢—1)q

=q(g+1)

distinct lines in E in the finite case. Moreover, |aF + b| = |F| = ¢q. Lemma 1.2
says that any two distinct points in E determine a unique line. We will often

use the notation PQ for the line passing through the distinct points P and Q.

Proposition 1.3. The following are equivalent descriptions of the line L

through P # Q in E.
i) L = gF where g € B,g(0) = P,g(1) = Q
i) L=(Q—P)F+P

i) L={AP+pQ [ \peFA+p=1}

Proof: Since the unique element of B taking 0 to P and 1 to Q is g(z) =
(@ — P)z+ P, clearly (i) & (ii). f A,p € F with A+ p =1, then AP 4+ uQ =

(1- WP +pQ = (Q - Pu+P.
Conversely, if t € F then (@ — P)t + P = (1 — t)P +tQ. Thus, (i) < (iii). O

Definition: L and M are parallel (denoted L || M) if LNM =@or L = M.

14



Remark: Since two points determine a line, any two lines are either parallel

or intersect in exactly one point.

Lemma 1.4. Let L = aF + b. The following are equivalent.
i) F|| L

i) L=F+b

i) Q-PcFVPQeL.

Proof: (i) & (ii): If F = L, then clearly (ii) holds. Assume FNL = (. Then
at+b#at+bVYteF. Thus, (a—@t#b—-bVteF. Ifagck, then we have
that E—:—% ¢ F. This is a contradiction to Fact (i) since b — b,a — @ € L. Thus,

a€Fand L=F+5b.

() = (@): f3teFNL, thent = r + b for some r € F. Thus,

b=(r+b)—r€F. Soeither L=ForFNL =0.

(i) © (ii): ¥L=F+b,then PQEL = P=r+bQ =t+bfor some
r,t € F. Thus, @ — P =t—-b € F. Conversely, since 0,1 € Fand L = aF + b, we

know b,a + b€ L. Thena=(a+b)—-beF. O

Remark: It is clear from Lemma 1.4(ii) that the parabolic subgroup P =
{ z+ a| a € E} of B acts transitively on all lines parallel to F. (The element
g(z) = z + (v — B) takes F+ 8 to F + v.) Thus, in the finite case there are
ng(%ﬂ = 9; = ¢ lines parallel to F. Since any line L = gF, for some g € B
and B preserves parallel lines, there are therefore g lines parallel to any given

line.
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Lemma 1.5. Let L be a line. If LNF = {0}, then L = aF,a ¢ E—-F. In

particular, 1= aF where a € I — {0}.

Proof: Since LNF = {0}, 3Q € L—F. Then L = (Q —0)F+ 0 = QF where

Q@ €E~F. If L =QF =1, then in particular Q =Q(1) € I-{0}. O
Remarks: i) In fact, since F*(I — {0}) =I- {0}, I=aF V a € I - {0}.

i) By Lemma 1.5, the hyperbolic subgroup H = { az | a € E*} of B acts
transitively on all lines through 0. In the finite case, there are J§1§_"_1| =q+1
distinct lines through 0 (since |L — {0}| =¢—1V line L).

Lemma 1.6.

- B
P—-Q

i) B preserves ratios of the form where A # B, P # @Q are points
n E.
i) f A#B,C # D leonalineL and P # Q,R # T lie on a line M,
. (A=B\(P-Q\_(T-D\(R-T
a-8)\7-5)"\c=p)\&=7F)

Proof: i) Given g(z) =az+b € B,

g(A)—g(B) _(aA+b)—(aB+b) a(A-B) A-B
9(P)-9(Q) (aP+b)-(aQ+b) oP-Q) P-Q

since a € E*.

ii) Since B acts transitively on lines and preserves ratios by i), WMA L =TF.

Then A,B,C,D ¢ T — % =1= —g%g—. It thus suffices to show that

:

|

3

R—

ol
O|
’ﬂl

IfF || M, then P - Q,R—T € F by Lemma 1.4(iii). Therefore, P—:% =1=

]

o
e

:ull
S

. Otherwise, [FN M| = 1. Using i) again, WMA FN M = {0}. Then
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M = alF,a € E —~F by Lemma 1.5. In this case, R = ar,T = at where r,t € F.

Thus,

ar—at _a(r—t) a
ar—at a(r—t) a

R-T
R-T

—-Q a
Smﬂl,_ =—==. 0
imilarly. 50 32

Definition: Let L, M be lines with A # B € L,P # Q € M. The dengle

. (P—-Q
from L to M is (A B) (P Q) € S and is denoted den(L,M).

Lemma 1.6 says that the dengle is well-defined and is preserved under ele-

ments of B.

Proposition 1.7. Let A # B € L,P # Q € M where L,M are lines. The

following are equivalent:

i) LijM

. P=-Q
i 1B

i) den(L,M) =1 (= den(M,L))

e F>

iv) (A - B)(P - Q) e F*.

Proof:

Thus, (i) & (i) & (iv).

(i) < (ii): Since B preserves parallel lines and ratios, WMA L = F. Then
A—Be€Fsince AABEL=F Thus, =% ¢ F* if P~ Q c F* iff F || M by

Lemma 1.4(iii). O



It is clear from Proposition 1.7 that “|| "is an equivalence relation.

We can now show that lines also have a parametric form.

Lemma 1.8. The line L through P # Q is given by

{z€E| (z-P)(z-Q)=(z - P)(z - Q)}.

Proof: By Proposition 1.3, L = { AP+pQ | \,p e F,A+p =1} KA\ ueF

with A + g =1, then

AP+pQ—P=(1-p)P+pQ — P =p(Q - P),

AP +pQ —Q = AP - Q).
Thus,
(AP +pQ - P)(AP + Q@ - Q) = \u(P - Q)(Q — P)
= (P - Q)@ -P)

= P+ aQ - P)AP +4Q - Q).

Conversely, assume (z — P)(z— @) = (z— P)(z - Q). Now z = AP + uQ

5‘_—1;,/\ = 1— p. It suffices to check that 1 € F. By Proposition

where p =
1.7(iv), the line L through z and P is parallel to the line M through z and Q.
Since {P,Q} C LN M, L = M. Since {z,P,Q} C L = M, Proposition 1.7(ii)

gives that p = 5__1; eF. O

Definition: Lines L, M are said to be perpendicular (denoted L 1 M) if

and only if den(L, M) = -1.

18



Lemma 1.9. Let A#Bbeon L, P# Q be on M, and R# T be on N where
L,M,N are lines.

i) LLM iff i:gen.

i) FLL f L=I+bbckE

ii) Assume M L N. Then L|| N if L L M.

;
|
;
|

Proof: i) L L M iff (5=8) (£=8) = -1if 5=¢ = (

WIL=1I+b andtG][,then(i'{'%_—b=t€]Iand]FJ_Lbyi). Conversely,
FlL =

"l
]
&l

A—B=42¢cI Thus, L=(A-B)F+B=1+B.

ii) M LN = £=F e Ibyi). Thus,

P-Q R-T R-T P—-Q
L_LM<=>A_Bell<=>A_B-(P_Q)(A_B)GIF@LHN. O

Definition: Any line parallel to I will be called a vertical line.

line perpendicular to F.

Lemma 1.10.

i) Given a line L and p € E, there is a unique line M with p € M and
L|M.

ii) Given a line L and p € E, there is a unique line M with p € M and
L1M.

Proof: WMA L =F.
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)Now L|Mif M =F+bbcE Butpc M=F+b => p=t+bfor

somet €F => b=p—t = M=F+ (p—t)=F+psincet €F.

i) M LFiff M =1+b,bcE. Nowpe I+b = p=it+bte€l = b=p—i,

tel = M=I+b=I+(p-t)=I+p. O

Lemma 1.11. Lett € L —F. The following are equivalent:
1) L is a vertical line.
i) teL.

iii) L=1+bb€F.

Proof: We know L is vertical iff L L F.
i) & ii): Let M be the line passing through ¢,f. Sincef -t € I, M L F. By
Lemma 1.10(ii), M is the unique line passing through ¢ and perpendicular to F.

Thus, L LFif L=M ifft€ L.

i) © iil): Now ili) = i) by Lemma 1.9(ii). If L L F, then den(L,F) # 1.
Thus, 3¢ € LNF # (. Since I+t is a line passing through ¢ and perpendicular

to F and L is the unique such hne, we have L=1+¢ O

Note that a # b € EX lie on the same vertical line iff a +@=b+b. (I+a =

@-a)f +a=(F-bF +b=T+bifa—bel)

Define p : EX — S by p(z) = z/Z. Given s € S— {-1},

1+s_ 1+s

1435) = = —
Pl+s)=13 1+1

=s.
Since p(I — {0}) = {—1}, p is surjective. Also ker(p) = F*.

Note that den(L,M) = p (%:—oé-) where A#Be€L,P#Q € M.
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Lemma 1.12. Giwven a line L, p € L and s € S, there is a unique line M such

that p € M and den(L,M) = s.

Proof: WMA L =F and p = —1. If s = —1, then the result follows from
Lemma 1.10(ii). Otherwise, let M be the line through p and s. Then den(F,M)
=p (%) = s. Suppose N is another line with —1 € N and den(F,N) = s.
Let —1 #t € N. Then

s+1 t+1

den(F,M) =
Therefore, M || N which implies M = N since -1€e M NN #0. O

Definition: C is said to be a circle in E iff it is the image of S under a Borel

element. l.e., C =aS+ b wherea € E*,b € E.

Since B acts transitively on all circles in E, there are

|B] — (¢ -1)¢ =g ¢
| Bg| g+1

distinct circles in E in the finite case. Moreover,

|E> | ¢ -1
b — }— = prng
|aS + 8] = [S] Tker(p)] . qg+1

since p is surjective.

Definition: Let z,y € E. The length of z (or the norm of z) is denoted by

|z|? and is defined by |z|? = zz.
The distance between z and y is |z — y|2.

Observe that if ¢,y € E and az + b € B, then

|(az +b) — (ay + 8)? = |az - ay|” = |af’|= — y|*.
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Thus, B preserves distances only up to a scalar multiple. Nevertheless, since
all distances change by the same scalar, we may assume P = 0,Q = 1 (or

P =—1,Q =1, etc.) in proving statements about |P — Q| with P # Q.
Lemma 1.13. aS+b={z | |z— b2 = |a|*}.

Proof: Given as +b with s € S, |(as +b) — b|? = |as|> = |a|?|s|? = |a|? since
Is|2 = 1.
z—b

Conversely, assume |z — b2 = |a|’>. Let w = 22, Then z = aw + b and

hwl? = 2222 — 1. SoweS. O

le®
Definition: The circle C = aS + b has center b and sqradius (denoted

sqr(C)) aa.

In particular, S and T are the circles centered at 0 with sqradii 1,-1 respec-

tively.

Lemma 1.14.

i) Any three distinct noncollinear points lie on a unique circle.
il) A line and a circle can intersect at at most two points.

i) Any two distinct circles intersect at at most two points.

Proof: i) Any circle C is completely determined by its center W and one
point A on the circle ( = sqr(C) = |W — AJ?). It thus suffices to show that

there is exactly one point W equidistant from P, Q and R. Now W must satisfy

W —P* =W —QI* = |W - R
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By the observation above, WMA P = (,Q = 1. Thus,
WW=WW-W-W+1=WW -RW — RW + RR

which implies W +W —1 = 0 = RW + RW — RR. The unique solution to these

equations is W = %’—2. (W exists since R ¢ F.)

ii) Let L = aF + b. Since
LNS={at+b| aat® + (ab+ ab)t + (bb—1) =0, € F},

|L N'S| < 2. Consequently, |[L N C| < 2 for any circle C.

iii) By part i), two distinct circles can’t intersect at three distinct points unless
the three points are collinear. But three collinear intersection points would give

a contradiction to part ii). O

Remarks: i) If P € C, a circle centered at R, then (PR)NC = {P,2R - P}.
IL.e., a line passing through the center of a circle cannot intersect the circle in

only one point.

ii)It is possible for a line to pass through the center of a circle without inter-
secting the circle. For instance, F passes through the center 0 of T but FNT = 0
when —1 ¢ E; . In fact, exactly half the lines through the center of a circle in-
tersect the circle in the finite case. (WMA the circle is S. There are exactly ¢+1
lines through 0. Any line passing through 0 and intersecting S must intersect it
at two points by Remark i). Thus, there are 5';—1 lines passing through 0 and

intersecting S.)
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Definition: A line L is said to be tangent to a circle C if L intersects C at
exactly one point.
Lemma 1.15.

i) Given P # Q, there 1s a unique circle with center P passing through Q.

i) Given P ¢ L, there is a unique circle C with center P and L tangent to
C.

iii) Gwen a circle C and P € C, there is a unique line through P and tangent

to C.

Proof: i) WMA P =0,Q = 1. Now any circle centered at 0 is of the form
oS = {z | |22 = |a]?}.

Thus, 1 € aSiff [¢> = 1iff a € Siff aS =S.

ii) WMA L = F. Any circle centered at P is of the form aS+ P = {z | |z —

P|? = aa}. Now
FN(aS+P)={az+p|z€S,az’+ (P - P)z —a =0}

The quadratic equation az? + (P — P)z — @ = 0 has a unique solution iff the

discriminant

(P - P)?

A=(P-P)P +4aa=0 < aa= .

Thus, C = {z | |z— P|? = gP:_f)’} is the unique circle centered at P which is
tangent to F (at 5?—?).
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i) WMA P =0. Then C =b8S+b={z | |z—b|*> = [b]*}. Any line through

0 must be of the form aF. Let A = f—% Then
(aF) N (S +b) ={b(s +1) | s€S, s>+ (A —1)s -1 = 0}.

The quadratic equation has a unique solution iff A= (A—1)2+4X = (A+1)2 =0
#f A= —1if ab € I—{0}. Now ab,cb€I— {0} = ac'=2LcF = oF =
cF. Thus, (p_:_i) F is the unique line through 0 and tangent to Cif b ¢ F. If

b

b € F, then Iis the unique such line. [
We will denote the unique tangent line to C at p by T(C).

We now show that every element of EX — I has a “polar coordinate represen-
tation”. That is, every element of E* — I can be written uniquely in the form

tz where t € F* and z € (S+ 1) — {0}.
Proposition 1.16. EX —I=F*((S+1) — {0}).

Proof: Let z € EX —I. Let L be the line passing through 0,z. Since
0 € LN(S+1) and I is the unique such line through 0 and tangent to S+ 1 (by
Lemma 1.15(iii)), there’s another point £ € LN (S+1). Since 0,z € L, L = zF.
Thus, z = zt for some ¢t € F*. If z = Aw where A € F* and w € ((S+1) —{0}),

then w =z (%) € L. Since {0,2z} =LN(S+1), w=zand A=¢. 0O

Remark: Analogously, E—F = F*((aS +a)— {0}) where a € I — {0}. Thus,
elements of E — F can also be represented by polar coordinates.

Lemma 1.17.

i) Let C=aS+b,pe C—F. ThenbeF if 5€C.
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i) Let C=aS+bb#0. Ifz#y€ (BF*)NC, then |z|* # |y|*.

Proof: i) If b € F, then WMA b= 0. So C = aS and p = as for some s € S.

Then 5 = @5 = a [s (22)] € aS since s, Z € S.

as

Conversely, € C = |p-b>=p-b°? =
PP—bp—pb+bb=(p—b)(p—b)=(F—b)(F—b) =pp—bp—bp+bb.

Thus, (p —7)(b —b) =0 and b € F since p ¢ F.

ii) Now z = br,y = at where r,t € F*. Thus, |z|> = bbr? = bbt> = |y|* iff
r = +tiff y = £z. The equation |b—br|? = [b+br|>? = (1-7)% = (1 +7)? =

r = 0, a contradiction. Thus, |z|? = |y|? since —z ¢ C. O

Remark: In the finite case, |C| = ¢+ 1 and |F| = ¢q. Thus, C — F is always

nonempty in Lemma 1.17(i).
We now prove the analogs of some classical geometry theorems.

Proposition 1.18. Let L, M, N be lines with LN N = {A} and MN N = {B}.

Then L || M iff den(L,N) = den(M,N ).

Proof: If A= B, then L | M iff L = N iff den(L,N) = den(M,N) (by

Lemma 1.12). Thus, WMA A# B. Let P# A€ L,Q # B € M. Then

o = (42) (33) - (42) (32) -

iff (A-B) Q@ -B)=(A-P)(Q-B)iff L| M. O
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Proposition 1.19.

= {p}, LNL = {Q}, and M N M = {R} where L 1 I,

Assume LN M
M L M. Then den(L,M) = den(L, M).
Proof: WMA P=0and L=F. Lee RZU € M,Q#V € L,R# W € M.

Now

- Q-V — (R-W)(E—F)
L1L =——=—1land M L1 M = = | = -1.
=~ o-v an A

0

Therefore, den(L, M) = (%;_VVZ) (g:—%) = £=U — den(L,M).

Proposition 1.20. If P,Q, R are distinct on a circle C with center W, then
den(WP,WQ) = [den(RP, RQ))?.

Proof: WMA C =S. Then W = 0. Since P,Q,R € S,

den(RF, RQ) = (g 7) (R 5)- (72 (52) (%) -2

2
. O

3
i

and den(0P,0Q) =

Observe that if L, M, N are lines then

den(L,N) = den(L, M)den(M, N).

(Let P£QE€L,R#S€MT#W € N. Then

(7=a) (r=w) - (7=0) (7%) (5=%) (7).

P-Q/)\T-W
Definition: Let L, M be lines with LN M = {p}. A line N is said to bisect

den(L,M) at pif p€ N and den(L,N) = den(N,M).

If N exists, it is unique.
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Proposition 1.21. Let L, M be lines with LN M = {p}. Let 8 = den(L,M ).

Then B can be bisected at p iff B € S4.

Proof: If 3 N s.t. den(L, N) = den(N, M), then

B = den(L, N)den(N, M) = [den(L,N))* € Sy.

Conversely, assume 8 = ¥? € S;. By Lemma 1.12, there is a unique line N
with p € N and den(L, N) = 7. Then den(N, M) = 52230 = v also and N

bisects B at p. O

The set of points in E fixed pointwise by the maps z — Z,z — 1/Z are F,S

respectively.

Deflnition: The reflection about a line L (denoted r ) is gZg~! where g €
B sends F to L. Similarly, the inversion about a circle C (denoted r C,) is

h(1/Z)h~! where h € B sends S to C.

Remarks: i) Note that Br commutes with z — Z and Bs commutes with

z— 1/Z.

Thus, reflections (resp. inversions) are well-defined since gF = L = AF (respec-

tively gS = C =hS) = h = gf with f € By (resp. f € Bs).

ii) The set of points in E fixed pointwise by 7o is L, C respectively. We

call this fixed point set the mirror of the reflection/inversion.

iii) Reflections and inversions have order two.
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Any reflection is of the form

- 75 3
(az+b)oZo(az+b)"* = (az+b)ozo (Z - b> = (az-{-b)o(z = b) = %E_{.(b_ar).
The mirror of this reflection is aF + b.

Any inversion is of the form

z

(az8)0(1/2)ola+8) " = (az+8)o(1/D)o( 232

The mirror of this inversion is aS + b.
We have thus shown the following.

Lemma 1.22. If L =aF + b and C =aS + b, then

r(2) = %E +(b- %b) and 74(z) = —= +b.

z—0b

Notice that r, interchanges the center b of C' and oo.

Lemma 1.23.
1) Reflections (inversions) preserve lines (circles).
i) Reflections conjugate dengles. Le., if L, M, N are lines with MO N # {,
then den(r (M),r (N)) = 1/den(L,M).

Proof: Nowr =goZog™ andr,=ho(l/Z) oh™".

i) Since we already know Borel elements take lines to lines and circles to
circles, it suffices to show the statement for r (z) = z,r () =1/Z. Let L =
aF +b,C =aS+b. Thenr (aF +b) = (@)F + b and

ro(aS +8) = (2)S+ % if b0 and (%)Sifb:O.
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ii) Since elemnents of B preserve the dengle, it suffices to show that r (z) =%

inverts dengles. Let A# B € M,P # Q € N. Then

den(r, (M), (V) = (§:§> (ﬁ:g) = den(zlu,N)' O

Lemma 1.24. If L, M are two lines with LN M = {0}, then T © rL(z) =

[den(L,M )/z.

Proof: Since 0 € LN M, L = oF, M ={F. Thus, 7, (2) = (£)Z and 7, (2) =

(%)E Thus, 7, o7 (z) = (%)(%)z = [den(L,M)]z. O

Lemma 1.25. Let L, M be distinct lines, C a circle.

i) r (M)=Mif L LM

ii) v, (C) = C iff the center of C lies on L.

Proof: i) WMA L = F. Then r,(z) = Z. Note that both conditions of the
statement imply that FN M #0. (If L | M, then M =F + b where b€ E —F.
Ifbc M,thenb=a+bforsomea € Fanda=b—-be (I-{0})NF =0.) Let
p € FNM. Let Q € M —F. Thenr (M) = M iff 3(PQ) = PZ(Q) = PQ iff

Z(Q) e M if M L F by Lemma 1.11.

1) Now g(C) = S for some g € B. Since ry) = go s 0g~! and g takes

the center of C to the center of S, WMA C = S. Let L = aS+ b. Then

r(2) = a(fgg) +b If0€ L, thend=0andr,(z) = (22 Given z €
S,r (2)r (2) = (&%) (%z) = 2z = 1. Therefore, r,(z) € S and r (S) CS.
Since 7 has order two, 7 (S) =S.
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Conversely, if rL(S) = §, then r (1) = -“—"‘—EE"'\-E—I’,TL(—I) = ——"—_%3—'—"& € S.

Now 7 (1)r L(l)—-l—rL( 1)1' (-1)
. (a — ab + ab)(a — @b + ab) _ (—a — @b + ab)(—a — ab + @b)

aa aa

—> —2aah + 2aab — 2aab + 2aab =0
= —abla—a)+abla—3) =0
= (ab—ab)(a—@) =0 => ab=Gbora=a.
If ab = @b, then 7 . (0)= b“"“b =0 = 0€L. lfa=3a,then L=aF+b=

F+b. Sincer (1) =1- b+ b €S, we have b(b — b) = 0. Thus, either b =0 or

beF. Ineithercase, L=Fand0e€ L. O

Lemma 1.26. (Essential Uniqueness of Distances) Assume C is a circle cen-

tered at Rand p ¢ C,p# R. If Q # T € C with [P — Q> = |P — T|?, then

T =r_(Q) where L is the line through R and P.

Proof: WMA P = 0. Since |Q — 0|2 = [T —0/?, Q and T both lie on the
circle G centered at 0 of sqradius Q@. Since @ # T,C NG = {Q, T}. But since
L passes through the center of both C and G, r; (C) = C and r (G) = G (by
Lemma 1.25). So r (@),r,(T) e CNG. Kr (Q) =@ and r.(T) = T, then
@,T € L. This is a contradiction to Lemma 1.17(i) since |Q — 0|2 = |T — 0]2.

Thus, 7 (Q)=T. O

Thus, each distance |P — Q|2,Q € C occurs exactly twice except for the

distances |P — X|2,|P — Y|? where X,Y € LN C (which occur exactly once).

Definition: Let C = aS +b. An element r» € B such that »(b) = b and

r(C) = C is said to be a rotation with respect to C.

31



Lemma 1.27. Gwen z,y € C = aS+b, there is a unique rotation r with respect

to C with r(z) =

Proof: WMA C =S. Consider r(z) = () z. Then r(0) =0,7(z) = (¥)z =
y and r € B (since £ € S). If t(z) = gz € Bs and ¢(z) = y, then ¢ = £ so

t =r and r is unique. O

We have seen that the Borel group preserves dengles and ratios of lengths,
but preserves distances only up to a scalar multiple. We will now determine

what type of elements preserve | |2.

Definition: An element g: E — E such that |g(z) — g(y)|> = |z — y|? is said

to be an isometry of E.

The isometries of E form a group under composition, denoted Isom(E).

Lemma1.28. Ifg: E — E with g(0) =0, g(1) = 1 and |g(z)—9(v)|* = [z—v|?,

then g=1 or g(z) =% for all z € E.

Proof: Let P € E — {0,1}. Let
R={z||zf=|PP}, T={z||:-1P=|P-1/}.

Since R # T (the centers are distinct) and P € RN T, we know |[RNT| =1 or

|IRNT| =2.
We also note that g(P) € RN T since g fixes 0 and 1:

9(P)I* = 1g(P)~g(0)|* = |P-0* = |P|* and |g(P)-1]? = |¢(P)-g(1)]* = [P—1]%.

Case 1. P=P
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Suppose there exists P # Q € RNT. Now Q must satisfy QQ = PP = P2
and QQ —Q—-Q+1=P2—-2P+1. Thus, Q + Q = 2P. But Q = Q since
Q ¢ RNT (by Lemma 1.17(i)). Thus, @ = P and RN T = {P}. In particular,

g(P)=P.

Case 2. P+ P

Then RN T = {P, P} so that g(P) = P or g(P) = P.

The above shows that g(z) = zVz € F. If g(z) =2V z € E, then g = 1.
Otherwise, 3 P € E —F with g(P) = P. We'll show that g(z) =2V P #z ¢

E-F.

Note that z — T is in Isom(E). Thus,

|z — P? = |g(z) — g(P)* = |g(2) — g(P)}* = |g(z) — PP

If g(z) = z, then we have |z— P|? = |[z— P|2. This is impossible since z, P € E—F
(because |z — P|? = |z — P|? iff (Z— z)(P — P) =0). Thus, g(2) =z. O

Theorem 1.29. Isom( E ) = (Sz+E,z).

Proof: Now |(az +b) — (ay +b)|? = |a|?|c —y|? = |z —y|?> when a € S. Thus,
(Sz+E,z) C Isom(E) since Sz + E and z + Z are isometries and Isom(E) is

closed under composition.

Let g € Isom(E). Let

_g9(2) —g(0) _ z oz — oalz
P2 = G0 = o(0) ~ g =g ° =~ (O es(2).
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Then h(z) € Isom(E) since it is a composition of g(z) and two elements of Sz+E

Also h(0) =0,h(1) =1. By Lemma 1.28, h = 1 or k(z) = Z. Thus,

. -1
90) = (e~ 9O "o (o) 0B €(S+E3). O

-9
Corollary 1.30. The isometries of E are bijections.

Remark: Note that B normalizes Isom(E): Given g € Isom(E) and k(z) =

az + b,

|hgh™" (w) — hgh™*(2)[* = |af’|gh ™" (w) — gh ™" (2)?

= |a]2|h" Y (w) — R7Y(2)]? = |a|? i w—z|? = |w - z|?
= of' I+ w) = A = [of (35 ) o 2P = o — 2.

In particular, every reflection and rotation is an isometry since it can be written

in the form gzZg~!, g(kz)g~! respectively where g € B, k € S.

Lemma 1.31. Let g € Isom(E).

i) If g fizes P # Q and g # 1, then g is the reflection with mirror PQ.

i) If g fizes three non-collinear points, then g = 1.

Proof: WMA P =0,Q =1. (The element k= gh € Isom(E) fixes 0,1 where
h € B with h(0) = P and k(1) = Q.) Then PQ =F. By Lemma 1.28, g =1 or

9(z) ==
i) Since g # 1,g(z) = Z and is thus the reflection with mirror F.

ii) Let 8 be the third fixed point. Since 8 € F,8 # 3. Thus, g(8) =8 # B
and g(z) # Z. Hence,g=1. O
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P
Definition: Assume P # @ € E. The unique line passing through ;Q

(the midpoint of P and Q) and perpendicular to PQ is the perpendicular

bisector of PQ.

Lemma 1.32.
i) Assume P # Q, A # B with |A—P|* = |B-P|? and |A—-QJ* = |B-Q/>.
Then PQ 1s the perpendicular bisector of AB and r 0 (4)=B
i) Let A#Be{z||z=PP =[PP} {z ||z — Q> = ||’} where P # Q.
Then PQ 1s the perpendicular bisector of AB and T, Q (A4) =

i) If B # C € E, let L be the perpendicular bisector of the line through B

and C. Thenr (aS+ B)=aS+C.

Proof: WMA A=-1,B=1 Then |-1-Q?=|1-Q) = Q+Q =
0 = @ € 1. Similarly, P € I. Thus, PQ =1 and is therefore the perpendicular

bisector of AB. We have rPQ(z) = —Z so that rPQ(—l) =1.

ii) Now |A— P|> = |B—P|? and |A—Q|? = |B— Q|?>. The result thus follows
from i).
iii) Given z € aS+ B, |r (z) — Cl*= r, (= )—rL(B)[2 =|z—B?=ada. O
Theorem 1.33. Every isometry of E is a product of at most three reflections.
Proof: Let ¢ € Isom(E). If $(0) =0, let p := 1. Otherwise, let p := 7, Where

L is the perpendicular bisector of ¢(0) and 0. Then p(0) = ¢(0) by Lemma 1.32.

Note that s := po ¢(1) € S since p o ¢ is an isometry fixing 0, the center of S.

Lett:=1fs=1,7=—2if s=—-landT:=17 otherwise. In the
0(s+1)
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latter case, 0(s + 1) is the perpendicular bisector of the line 1s (by Lemma

1.32) and thus r = 1. Thus, in all cases 70 po ¢ fixes 0 and 1. Then

0(s+1)(s)

Topogd =1lorropod =z by Lemma 1.28. Hence, ¢ = poTor ¢ =poroz. O

The above proof shows that any isometry of E fixing 0 is a product of two

reflections.
Corollary 1.34. Every rotation is a product of two reflections.

Proof: Let g be a rotation. Then g = h(kz)h™! for 2 € B,k € S. Since

kz = r; ory for reflections 1 and r, g = (hrih™) o (hrek™1). O

Definition: Let P,Q, R be distinct noncollinear points of E. The union of
the three lines PQ,QR, RP (denoted APQR) is called a triangle in E.
P,Q, R are the vertices and the lines PQ, QR, RP are the sides of the triangle.

The vertex P is said to be opposite the side QR and QR

is the midpoint

of side QR.

We will use the notation A(P,Q, R) to denote the oriented triangle with

vertices P, @, R and dengles den(PQ,QR), den(QR,RP), den(RP,PQ).

A dengle equal to -1 is called a right dengle. A triangle with at least one right

dengle is a right triangle.
Notice that the product of the dengles of any oriented triangle is one.

Theorem 1.35. (Thales) If P, Q, R are distinct points, then den(PQ,QR) =

-1 if and only if Q is on the circle C with center P+R

and passing through P

and R.
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P+R

Proof: WMA P=1,R = -1. Then 3

=0and C =S. Thus,

den(PQ,QR) = -1 < g—t—iel—{ﬂ} = QQ=1< QeS. O

Theorem 1.36. (Pythagorean Theorem) If P, @, and R are distinct points,

then den(PQ,QR) = -1 if and only if |[P—QJ* +|Q — R|?> = |P — R|%.

Proof: WMA @ = 0. Then
P-QP+1Q—R*? = |[P-RP

< PP+ RR=PP—-PR-PR+RR
- RP
<= PR=—-PR = — =-1
PR

<> den(PQ,QR) = —-1. O

Proposition 1.37. Let D, E be the midpoints of the sides AB, AC of AABC.
|B-CJ?

—

A+ B A+C B-C

a.ndE=—2—,D—E=T. The proof is

Then DE || BC and |D — EJ? =

Proof: Since D =

therefore immediate since

den(BC,DE) = (g:g) (g:g) O

Definition: A line through a vertex of a triangle and the midpoint of the

opposite side is a median.

Lemma 1.38. In A(A4, B,C), den(BC,AC) = den(AC,AB) if and only if the
median through B is the perpendicular bisector of AC.
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Proof: Let M be the median through B. WMA A = —1 and C = 1. Then

0 € M. Now

den(BC, AC) = den(AC, AB) <= ( 2 )

since B¢ F ).

|
Il
b
by
m
=
(-
i
2

Since 0 € M and AC =F, M is the perpendicular bisector of AC iff M 1 F iff

M=Iif Bel-{0}. O

Definition: We say that AABC is isosceles if |[A — B|* = |B — C|? and

equilateral if |A- B> =|B-C|?= |A—-C]~.

Theorem 1.39. The AABC is isosceles (|A— B|?> =|B—C|? ) if and only

if den(BC,AC) = den(AC,AB).

Proof: Let M be the median through B andlet D = 43C. If|A-B|* = |B-
C|?, then M is the perpendicular bisector of AC by Lemma 1.32(i). Therefore,

den(BC,AC) = den(AC,AB) by Lemma 1.38.

If den(BC,AC) = den(AC,AB), thenr, (B) = Bandr, (4) = C (again by
Lemmas 1.38, 1.32(i)). Since r, is an isometry, |A— BJ? = |7, (4) —rM(B)|2 =

|IC-B2. O

Corollary 1.40. The A(A, B,C) is equilateral if and only if all its dengles are

equal.
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Proposition 1.41.

i) Let C be a circle centered at B, L a line andp € LNC. Then L L BP
if and only if L is tangent to C.
ii) Let C, D be circles centered at A, B respectively. Let p € C N D. Then

den(T,(C),T,(D)) = den(AP,BP).

Proof: i) Assume L is tangent to C. There is a unique line N through
B and perpendicular to L. Let @ € LN N. If Q # P, then L = PQ and
R=2@Q - P € L. Since &2@ = @ € N, N is the perpendicular bisector of PR.
Therefore, 7 (P) = R. Bt B€ Nandp € C = R=r, (P) € C. This

contradicts the fact that L is tangent to C. Thus, P = Q and (BP = N) L L.

Conversely, assume L L BP. Suppose there exists P # @ € LN C. Consider
ABPQ. Since P,Q € C and B is the center of B, |P — B|? = |Q — B|2. Thus,

ABPQ is isosceles and
den(BQ, PQ) = den(PQ,BP) = den(L, BP) = -1.

Ie., BQ L L. This gives two distinct lines BP, BQ passing through B and

perpendicular to L, a contradiction. Thus, L is tangent to C.

i) By part (i), Tp(C) L AP and T,(D) L BP. Thus, den(AP,BP) =

den(T(C),T(D)) by Proposition 1.19. O

Proposition 1.42. If char(F) # 3, then the medians of AABC intersect at
A+B40 (called the centroid of AABC). If char(F) = 3, then the medians are

(distinct) parallel lines.
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Proof: Assume char(F) # 3. Let M be the median passing through B and
ALC Then M = (£4C — B)F+B and thus 4+24C = 2 (44C _B)+B e M.

By symmetry, %ﬂ lies on the other two medians as well.

If char(F) = 3, then 2 = -1 and thus

B+C _4iBic=B_AtC _o_A4A+E

A‘z 2 2

Thus, the dengles between the medians A (B;‘C), B ( A';C) and C (BT'K"-) are

all one and they are all parallel. If A(Bizﬁ) =C (—‘%‘2), then A,B,C are
all collinear. Hence, A (2;-_0_) #C (4';—3) and all three lines are distinct by
symmetry. O

Proposition 1.43.

i) The perpendicular bisectors of the sides of a triangle are concurrent at the
center (called the circumcenter) of the circle (called the circumcircle)

passing through the vertices of the triangle.

i) Let P # @ be points on a circle C. The perpendicular bisector M of PQ
passes through the center of C. Equivalently, when M NC # 0, PQ is

parallel to the tangent lines at the intersections of M with C.

Proof: i) Let P,@,R be the vertices of the triangle and D = aS + b the
unique circle through P, @, R. Let L be the line through b and 2_—;—9_’

Since |P—b|2 = |@—b|? and |P—P—"'2Q-|2 = IQ—Pizot-lz, we know b (P—';Q-) is the
perpendicular bisector of PQ by Lemma 1.32(i). So b lies on the perpendicular
bisector of PQ and on the other two by symmetry.

40



ii) Choose R € C — {P,Q} and consider APQR. Then PQ is the side of a
triangle and B € M where B is the center of C by i).
KEMNC #0,let W e MNC. Then Tyw(C) L BW by Prop. 1.41. Therefore

by Lemma 1.9(iii),
PQ||Tw(C) < PQ LBW <= BW =M <= BeM.

(since M is the unique line containing W and perpendicular to PQ). O

Proposition 1.44. The three perpendiculars from the vertices to the opposite

sides of a triangle meet at a point (called the orthocenter).

Proof: Let C be the circle through the vertices A, B, C of the triangle. WMA
C =S. Consider M = (A+ B+ C)B. Now

A-C A-C
M1 AC < (A+B+C)—B€I_{0} = 450C
A—C’__(Z—C")

A+C  4+C

e I- {0}

& AA—-CC=-AA+CC < AA=CC.

But A,C €S = AA=CC = M 1 AC.
Thus, M is the perpendicular from the vertex B to AC and it contains 4 +

B + C. By symmetry, A+ B + C lies on all three of the perpendiculars from

the vertices to the opposite sides. O

Lemma 1.45. Assume X ¢ A(A, B,C). Let Q, R be the intersection points of
the perpendiculars from X to AB, AC respectively. Then the angle bisector L of

den(AC,AB) at A ezists and contains X if and only if | X — Q|* = | X — R|%.

Proof: Assume X € L and den(AR,L) = den(L,AQ). Since reflections
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conjugate dengles and 7, fixes L, we have

1 1
~ den(AR,L) ~ den(L, AQ)

den(A(r (R)), L) = den(r (A)r, (R),L) = den(AQ, L).

Thus, A(r, (R)) and AQ are both lines making the same dengle with L and we
must therefore have A(r (R)) = AQ. Sor (R) € AB. Similarly, RX L AR
and X € L implies (r (R))X L (A(r,(R)) = AB). Since the unique line
passing through X and perpendicular to AB is QX, we know r L(R) € QX.
So r,(R) € (AB) N (QX) = Q. Consequently, r (R) = Q and |X — RJ? =

X —r, (R)? =X - QP
Conversely, if | X — @|? = | X — R|?, then the Pythagorean Theorem gives that
|A-QP =|A-X?-|Q-X?=|A-X|-|R- X|*=|A- R

Let
G={z|l:~ X2 =1Q- X"} and H = {z | |z — A = |Q - 4P}.

Then {Q, R} = GN H since G and H are distinct circles. Therefore, r ax(B) €
G N H since r 4x Preserves distance and fixes X, A. Since R ¢ AX, we have

7 ,x(R) = Q. Thus,

1
den(AR,AX) = Gen(Alr , (B)), AX) = den(AX, AQ)

and AX bisects den(AR,AQ) = den(AC,AB) at A. O

Remark: By Proposition 1.21, all the dengles of AABC can be bisected if

and only if all the dengles of AABC arein S..
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Proposition 1.46.

1) If all the dengles of AN(A, B,C) are in Sy, then the angle bisectors are

concurrent (at a point called the incenter).

1) There is a unique circle (centered at the incenter and called the in-
scribed circle) which is tangent to all the sides of A(A, B,C) if and

only if the dengles of A(A,B,C) are in Sy.

Proof: i) Assume 32 = den(AB,BC), v? = den(BC,CA), 72 = den(C A,AB)
€S,
Let L, M, N be the bisectors of 8% at B, ¥2 at C, 72 at A respectively. Note
that

den(L, M) = den(L,BC)den(BC, M) = B~.

Now den(L,M) =1 = 12 = 52;72 = 1. Since 4, B,C are noncollinear, we
therefore know den(L,M) # 1 and there exists an z € LNM. There exist unique
points P € AC,Q € AB,R € BC such that XP 1 AC,X@ L AB,XR | BC.
By Lemmald4, X €L = [X-QP?=|X-Rffand X e M = |X-P|2=
|X — R|?. Thus, | X — P|> =|X - Q|? and X € N by Lemma 1.45 again. So

L,M, N are concurrent at X.

i) Moreover, since P,Q, R are all equidistant from X, all three points lie
on the circle C centered at X of sqradius |P — X|2. Since AB 1 QX, AB is

tangent to C by Prop. 1.41(i). By symmetry, C is tangent to all three sides of

A(4, B, C).

Conversely, if G is any circle centered at Y and tangent to all the sides of
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A(A, B, C), then the angle bisectors must exist and be concurrent at Y by Prop.

1.41(i) and Lemma 1.45. Thus, all the dengles of A(4, B, C) arein S.
This also shows the uniqueness of the C above since Y = X. [

Definition: Two triangles A(4, B,C) and A(P,Q, R) are said to be iso-
metric (denoted A(4, B,C) = A(P,Q, R)) if there exists a g € Isom(E) such

that g(A) = P, g(B) = @,9(C) = R.

Remark: Since reflections are allowed and reflections conjugate dengles, g

may not preserve the orientation of A(A, B,C) (just as in the classical case).

Proposition 1.47. (55S) If|[P-Q? =|A—- B, | —R|> = |B—-C|? and

IR — P2 = |C — AP, then A(4, B,C) = A(P,Q, R).

Proof: WMA that B = Q = 0 (by applying z — z — @ to A(P,Q,R)
and z = z — B to A(4,B,C)). Since |P — 0> = |A -0}, A and P both
lie on the circle G centered at 0 of sqradius |P|>. By Lemma 1.27, there is
a rotation r with respect to G taking A to P. Applying r to A(A4,0,C), we
now have 7(4) = P, 7(0) = 0, »(C) = C. Now |[R— 0> = |C — 0| and
IR— P2 =|C-P? = R,C € HNK where H = (RR)S and K =

-~

(IR — P|?)S 4+ P. By Lemma 1.32(ii), either C = Ror r__(C) = R. In either

or!
case, A(4,B,C) = A(P,Q,R). O

Lemma 1.48. Let B # C, Q # R € E. Then 771 0 ¢ € Isom(E) where
@, 7 € B with ¢(B) =0=7(Q) and ¢(C) =1 =7(R) if |B-C|* =|Q - RJ?.
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Proof: Now

Thus,

So

~ |[R-QP=|C-B]?. O

Proposition 1.49. (DSD)

If den(AB,BC) = B = den(PQ,QR), den(BC,AC) =~ = den(QR,RP), and

|B=CJ? = |Q — R]?, then A(4,B,C) = A(P,Q, R).

Proof: Let ¢,7 € B with ¢(B) =0 =7(Q),4(C) =1 = 7(R). Since ¢ and
T preserve dengles, we know

den(¢(A)0,F) = B = den(7(P)0, F),

den(F, $(A)1) = v = den(F, 7(P)1).
Since there is a unique hine making any specified dengle with F at 0, we must
have that ¢(A)0 = 7(P)0 and ¢(A)1 = 7(P)1. Since ¢$(A)0 and ¢(A)l are
distinct lines intersecting at ¢(A) and 7(P), we have ¢(4) = 7(P). Thus,
log(A)=P, 7710¢(B)=Q,and 7710 ¢(C) = R. But 771 0 ¢ € Isom(E)

by Lemma 1.48. O
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Corollary 1.50. (to the proof of DSD)
i) Ifden(AB,BC) = den(PQ,QR) in triangles A(A, B, C) and A(P,Q, R),
then ¢(A)0 = 7(P)0 where ¢,7 € B with $(B) =0=7(Q), $(C) =1=
7(R).
ii) If den(AB,BC) = den(PQ,QR) and den(BC,AC) = den(QR,RP), then

there exists g € B with g(A) =P, g(B) =@, g(C)=R.

Proposition 1.51. (DDS)

If den(AB,BC) = B = den(PQ,QR), den(BC,AC) = v = den(QR,RP) and

|A—CJ? = |P — RP?, then A(A,B,C) = A(P,Q, R).

Proof: Now den(AC,AB) = ﬂL‘Y = den(PR,PQ). Since den(BC,AC) =
den(QR,RP) and [A — C|® = |P — R|?, the two triangles are isometric by

DSD. O

Given a triangle A(P, @, R), there is exactly one point P # W € PQ satisfy-

ing |[W - Q? =|P — Q?, namely W = 2Q — P.

Proposition 1.52. (SDS) If den(AB,BC) = 8 = den(PQ,QR), |A - B? =
|P—Q)? and |B—C|* = |Q—R|?, then A(4,B,C) = A(P,Q, R) or A(A,B,C) =

A(2Q - P,Q,R). If B =—1, then A(A,B,C) = A(P,Q,R).

Proof: By Corollary 1.50(i), we know ¢(A)0 = 7(P)0 where ¢,7 € B with
#(B)=0=17(Q), ¢(C)=1=7(R). Since |[B—C|2=|Q —R|?>, 7™ o¢isan

isometry. Now ¢(4) € 7(P)0 = 77! o ¢(A) € PQ. But

[P~ QP =]|A-BP =|r" 0 g(4) — 77 0 ¢(B)* = [r T 0 4(4) - Q.
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There are exactly two points on P@Q equidistant from (), namely P and 2Q) — P.
Thus, 771 0 #(4) = Por 771 o ¢(A) = 2Q — P. So 77! 0 ¢ is an isometry
from A(A,B,C) to A(P,Q,R) or A(2Q — P,Q,R). If B = —1, then QR is
the perpendicular bisector of P(2Q — P) and consequently r 0 R(2Q —P)=P.

If 771 0 ¢(A) = 2Q — P, then o ot lo¢(A) = P and so A(4,B,C) =

R

A(QQ - P,Q')R) = A(P’QrR)‘ U
Definition: A(A,B,C) and A(P,Q, R) are weakly isometric (denoted

=) if there exists a g € Isom(E) such that g(AB) = PQ, g(BC) = QR and

g(AC) = PR.
In this terminology, the data for DSD gives that A(4, B,C) = A(P,Q, R).

Proposition 1.53. (DSS) Assume den(AB,BC) = 8 = den(PQ,QR), |B —
Cl? = |Q - R]? and |A—C|®? = |P - RP. Then den(PR,QR) € { ¢ =

den(AC,AB), 1 }. If = -1, then A(4,B,C) = A(P,Q,R).

Proof: By Corollary 1.50(i), #(A4)0 = 7(P)0 where ¢,7 € B with $(B) =
0="(Q), $(C)=1=1(R). I §(4) = 7(P), then
den(PR, PQ) = den(r(P)1,7(P)0)
= den(¢(A)1, $(A)0) = den(AC,AB) = 0.
Otherwise, A(1,7(P), #(A)) is an isosceles triangle since |A — C|? = |P — R|%.
Thus,
den(PR, PQ) = den(7(P)1,7(P)¢(4))

— den(r(P)$(4), (A)1) = den(AB, AC) = 1.

o
If 3 = —1, then ¢(A)0 = 7(P)0 = I since I is the unique line through 0 and
perpendicular to F. Since |[7(P)—1]2 = |¢(4)—1|?, ¢(4),7(P) € ING where G

47



is the circle centered at 1 of sqradius [7(P)—1J2. But ING = {7(P), 7(P) } by

Lemmas 1.11(ii), 1.17(i). Thus, ¢(A4) = 7(P) or ¢(A4) = 7(P). Since |B~C|? =

|Q — RJ?, A(4,B,C) = A(P,Q, R) by either 7 logporzorlog. O

Remark: Consider the special case of the above proposition when A = P

and C = R. Now ¢(z) = é:g and 7(z) = é__g so
A-B A-Q

#(4) =7(P)=7(4) <

C-B (C-Q
< —-BC—-AQ+AB+CQ=0
< (A-C)(B-Q)=0 < B=Q.
Thus, if A(A4,B,C) # A(A4,Q,C) then ¢(A) # 7(A) and we always have that

den(AC,AQ) and den(AC,AB) are conjugate.

Theorem 1.54. (Essential Uniqueness of Dengles)
Let C be a circle centered at R and p ¢ C, p # R. If Q and W are distinct
points of C and den(PQ,QR) = den(PW ,WR), then r, . (PQ) = PW and one
of the following occurs:

i) Q, We PR

ii) PQ, PW are both tangent to C and v, .(Q) = W

i) (PRINC ={Q,rpp(W) }, (PW)NC ={W,r,.(Q) } andr,(Q) #
w.

Proof: Consider A(P,Q, R) and A(P,W,R). Since |Q — R|*> = |W — RJ?,
we know from the above remark that ¢ = den(PR,PQ) and den(PR,PW) are
conjugate. But den(PR,r, (PQ)) = den(r,,(PR),r,,(PQ)) = 1 also. Thus,
rog(PQ) = PW since both lines make dengle 1 with PR at P. Note that
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rop(C) = C since R € PR. Thus, Q € (PQ) NC which implies that 7, (@) €

(PW)NC and we have 7, .(Q), W € (PW)NC.

Case 1. r (@) =W.

Then

1

den(r, o (PQ), 755 (QR))
1 _ 1

= den(PW,WR)) B

B = den(PW,WR) = den(PQ,QR) =

and 8 = +1. If B = 1, then PQ || QR and PW || WR. Since PQ = QR and
PW =WR, we know Q,W € PR. If 8 = -1, then PQ L QR and PW 1 WR.

Consequently, PQ and PW are both tangent to C.

Case 2. 7,.(Q) #W.
Then (PW)NC ={ W, r,.(Q) }. Applying 7, to both sides of the equation

gives (PQ)NC ={Q, r (W)} O

Definition: The triangles A(4, B,C) and A(P, @, R) are said to be similar
(denoted A(A,B,C) ~ A(P,Q,R)) if there exists a ¢ € B with g(4) = P,

9(B)=Q, 9(C)=R.

A-B P-@Q A-C P-R
~ th = =
IfA(A,B,O) A(P7Q’R)7 €n C —B R_Q and B-C Q_R
since B preserves ratios. On the other hand, if é : 5= ; : g and _g : g =
—g—:—ﬁ, then den(AB,BC) = den(PQ,QR) and den(BC,AC) = den(QR,RP).
Then by Corollary 1.50(ii), we have
A-B P-Q
AABC)~APOR) < F—F=5_¢

<= den(AB, BC) = den(PQ,QR) and den(BC, AC) = den(QR, RP).
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Thus, B is the trig group of E.
Consider A(A, B,C) where § = den(AB,BC). We define

2 _ (012 (6+6)+2
cos*(0) = W= n eF.

From the definition of cos?(#), we can derive the squares of the other trigono-

metric functions using the familiar identities that hold in the classical case. For

example,

2y 12 _(6-1)2 2-(6+96)
sin(f) = 1 — cos*(0) = 0 = 1 € F,

2 sin®(6 —(6-1)?
tan®(6) = cosz((e)) = (g T 1)2 when 6 # —1.

We therefore have the following formulas:

1) cos?(6) = (6 1_91)
_1)2
2) sin?(9) = 4;)
3) itan(6) = Zﬁ € I when 6 # —1
. -9
4) isin(6)cos(6) = el

Notation: In A(4,B,C), let a = den(CA,AB), 8 = den(AB,BC), v =

den(BC,CA)and a=|B-C|?, b=|A-C|? c=|A- B]2

Proposition 1.55. (Law of Sines)

a® b? c?

sin’(a)  sin?(f) N sin®(7y)”

Proof: Since sin®(6) = 2=2=¢ it suffices to show that

a? b? c?
2-a-a 2-f-B 2-7-7
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a2

Since B preserves dengles and ratios (and ;—%—= = ;’3

is equivalent to

B
%;:3_‘_;;) we may assume B =1, C = 0. Now v =%ﬁ=_ﬁ--:—i,a=
AA-1) 21 2= AAand ¢ =|A-1 = (4 —1)(A - 1). Thus,

A(A-1)?
AA-1) A@A-1) 244-7 -4
A(A-1) A(A-1) AAA-1)(4A-1)
9 g Fog ATl _A-1l_24A-T &

A-1 ZA-1 (A-1)(A-1)
4 4 2AZ-A2—22

AA

2—-a—-a=2-

:nll
;

Hence,

a? _AA(A —1)(A 1) ¥ c?
2—a-a@ oAA-A-A2 2-B-B 2-1-7

Proposition 1.56. (Law of Cosines)

(a® + 8% — ?)? = 4a®b%cos?(v).

Y+7+2

1 , we want to show that

Proof: Since cos?(y) =
(a® + 82 - ?)? = a®b (v + 7+ 2).

WMA B=0,C=1Theny=2, ?=|A-1P=AA-A-A+1, ¥ =44

and a® = 1. Thus,

— A A = )
R e

(@®+8* =P =(1+44A-(AA-A-A+1)°=(A+4)P O

Definition: In an isosceles triangle A(4, B,C) with |A — B|? = |B — C|?,

C-B

the engle from AB to BC (denoted en(AB,BC)) is B
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If A(P,Q,R) ~ A(4,B,C), then en(PQ,QR) = en(AB,BC) since B pre-
serves ratios.

Since |A — B|?> = |B - C|?, en(AB,BC) € S. Consequently,

den(AB, BC) = % = (en(AB, BC))>.
en ,

Moreover,

§+3\° 2+25+5 6+6+2
— ] = = 1 = cos”(6)

2 4

where 0 = den(AB,BC) and § = en(AB,BC).

Thus, for an isosceles triangle A(A4, B,C) with [A— B|> = |B-CJ?, 6 =

den(AB,BC), § = en(AB,BC), we define

cos(6) = 6—;—6

In this case, we also define zsin(6) = -5%

Let P # @ be points on a circle with center R. Since |P - R[> = |Q - R|?, §

= en(PR,RQ) is defined.

Definition: Let Py, P, Ps,..., P, be distinct points, no three of which are

collinear.

The union of the lines Py P, P,Ps,...,Pp_1Pyp, P, Py is an n-gon, denoted
PP, P,

The points P; are the vertices of the n-gon and the lines making up the n-gon
are called sides.
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The notation (Py, P, Ps,...,P,) will denote the n-gon with den(P;P,, P»P;),

den(P2P3,P3P4), ey den(P _1Pn,PnP1).
Note that the product of the dengles of (Py, Ps, Ps,...,P,) is one.

An n-gon with four sides is a quadrilateral, one with five sides is a pentagon,

etc.

Proposition 1.57. In PQRS, S— P = R—- Q if and only if PQ || RS and
PS || QR.

Proof: f S—P=R—Q,then Q—P=R—S. Thus, Z=f =1=22 cF
and PQ || RS, PS || QR.

Conversely, assume PQ || RS and PS || QR. Note that S(S+Q — P) || PQ
since CST%'-—:_I;)—_S = 1. Thus, RS = S(S+ Q@ —P)and S+ Q@ - P € RS.

Analogously, S+Q—P € QR. Since QRNRS = {R}, wehave R=S+Q—-P. O

Definition: PQRS is a parallelogram if S — P = R — Q. The diagonals

of PQRS are PR and @QS.

Proposition 1.58. PQRS 1is a parallelogram if and only if the diagonals of

PQRS bisect each other.

Proof: The diagonals PR and QS of PQRS bisect each other if and only if
PR -2 «— P+R=Q+S <« S—-P=R-Q < PQRSisa

parallelogram. O

Proposition 1.59. If PQRS is a parallelogram, then

21Q ~ P +2|R- QP =|R- PP +|Q - S|*.
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Proofi: Let u=Q—-P=R-S,v=R—-Q=S5S—-P. Thenu+v=R-P
and u —v=Q — S. But
fu+ o + o — o = (u + 0)(@FD) + (u - )(@=7)

=2um+ 2207 =2|Q - P?+2/R-Q|%2. O

Proposition 1.60. PQRS is a parallelogram if and only if |Q —P|?> = |R—-S|?,
|S — P|> = |[R — Q|? and v, (P) # R where L is the perpendicular bisector of

QS.

Proof: WMA S = -1and @ = 1. Then L =T and r (z) = -2 K
1-PP?P=|R+1?and [P+1>=|R-1[?, then PP-P-P=RR+R+R
and PP + P + P = RR — R — R. Adding these two equations gives PP = RR
and subtracting them gives P + P = —(R + R). Since —P, —P are the roots of
2?4 (P+P)z+ PP and Ris aroot of z2 —(R+R)z+RR = z? +(P+P)z+ PP,
we know R = —P or R = —P. But r(P) = ~P # R so R = —P. Thus,

S—P=S+R=R-1=R-Q and PQRS is a parallelogram.

Conversely, if PQRS is a parallelogram, then [1- P|?> = |R+1|? and |P+1]? =
|R— 1% If—ﬁ=rL(P)=R, then -1-P=S—-P=R—-Q=-P—1and

P € F. This can’t happen since P, S, @ are not collinear. Thus, rL(P) #R. O

Remark: The condition that r (P) # R is clearly necessary (see Figure

1.60.1).

Proposition 1.61. If PS || QR and |S—P|?> = |R—-Q|? in PQRS, then either
PQRS or PRQS is a parallelogram.
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FIGURE 1.60.1

Proof: Let z = g—:g- € F* since PS || QR. Now |S — P|? = |R — Q|? implies

that (S~ P)(S—-P)=(R-Q)R-Q) = zz =1 and z € S. Therefore,
zeF*NS = {£1}. f z =1, then S— P = R—Q and PQRS is a parallelogram.

If z=—1, then S — P = Q@ — R and PRQS is a parallelogram. O

In (P,Q,R,S), den(PQ,QR) and den(RS,SP) are said to be opposite;

den(RS,SP) and den(SP,PQ) are said to be adjacent.

Proposition 1.62. (P,Q,R,S) is a parallelogram if and only if both pairs of

opposite dengles are equal and den(PQ,RS) # —1.

Proof: If (P,Q, R, S) is a parallelogram, then den(PQ,RS) =1 # -1. Also

den(PQ,QR) = (5 f’,)
S

den(QR, RS) = p (ﬁ: 5)

S-P
-P
‘53_ p) = den(SP, PQ).

-
-

Conversely, assume p (
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p(%-:-g). Thus, den(RS,PQ) = den(PS,RQ) = den(PQ,RS). Conse-
quently, den(PQ,RS) = £1. Since den(PQ,RS) # -1, PQ || RS and PS ||
RQ. O

Remark: The condition that den(PQ,RS) # -1 is necessary in Proposition
1.62. Consider the construction of Figure 1.62.1 in the classical case. Now
B=7%—a= yand T =7 +a. Since e#(7+2) = e2ime2ia — e2ia opposite pairs

of dengles are equal but PQRS is not a parallelogram.

Pla

FIGURE 1.62.1

Proposition 1.63. Let a = den(SP,PQ), B = den(PQ,QR) and v =
den(QR,RS) in (P,Q,R,S). Then (P,Q,R,S) is a parallelogram if and only if

af =1=p.

Proof: (P,Q, R, S) is a parallelogram if and only if
SP||QRand PQ || RS < den(SP,QR) =1=den(PQ,RS) <= af=1=p44. O
Corollary 1.64. If B = den(SP,PQ) = den(PQ,QR) in parallelogram

(P,Q,R,S), then 3 = —1.
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Proof: By Proposition 1.63, 32 = 1. If 3 =1,then SP=PQand S, P, Q

are collinear. Thus, 8 =-1. O

Definition: (P, @, R,S) is a rectangle if all four of its dengles are equal and

den(PQ,RS) # —1. PQRS is a rhombus if all four sides have equal length.

By Proposition 1.62 and Corollary 1.64, a rectangle is a parallelogram with

all dengles equal to -1.
Lemma 1.65. A rhombus PQRS is a parallelogram.

Proof: By Proposition 1.60, it suffices to show that r (P) # R where L is
the perpendicular bisector of @S. WMA S = -1, @ = 1. Then L = I and
r,(z) = —z. Since |1 - P?2=|R+1P? =|P+1?, wehave PP-P—-P =

RR+R+R=PP+P+P and thus P = —P. Then r (P)= -P=P#R. 0O
Proposition 1.66.

i) The diagonals of a rectangle (P,Q, R, S) have equal length.

ii}) The diagonals of a rhombus PQRS are perpendicular.

Proof: i) Since |S—P|? = |[R—Q|%, A(P, S, R) = A(Q, R, S) by SDS. Thus,

IR-P]? =S - QP

i) Let {T'} = @S N PR. By Propositions 1.58 and 1.59,
4Q-P[* = |R-PP+|Q-SI* = (P-T)P+2(Q~T)” = 4(P~TP+/Q-TP).
Since |Q—P|?2 = |P-T|2+|Q-T)%, QT L PT by the Pythagorean Theorem. [

Definition: A trapezoid is a quadrilateral with exactly one pair of parallel

sides.
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Proposition 1.67. If PQRS is a trapezoid with PS | QR, then

P+Q R+SPP_|P-SP+|R-QP+2(P-S)(Q@-R)
2 2 | 4 :

Proof:

IP+Q—-R-SP?=(P+Q-R-S)(P+Q-R-9)
= (PP- PS—-PS+S5)+ (RRE-QR- & QR+ QQ)

+(PQ-SQ - PR+ RS)+(PQ—-QS —PR+ RS)

=|P-SP+|R-QP +(P-S)(@-R)+(P-3)(Q-R).

But (P — S)(Q —R) = (P — S)(Q — R) since PS || QR. O
Let D € E, L aside of A(4, B,C).

Definition: The intersection of L with the perpendicular from D to L is

called the foot of the perpendicular.

Theorem 1.68. (The Nine-Point Circle)
Let o be the orthocenter, T the circumcenter and G the circumcircle of

A(A,B,C). Then the following nine points all lie on the circle H centered
o+T sqr(G)

at 5 with sqgr(H )=——4—:
) A+B B+C A+C
2’ 2’ 2
. O0+A o+B o+C
B = "7 T2

iii) The feet of the three perpendiculars from A to BC, B to AC, C to AB.

Proof: WMA G =S sothat A, B, C € Sand 7 = 0. Then H has center s
and sqradius ;. From the proof of Proposition 1.44, we know ¢ = A+ B + C.
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Thus,

2 2

c A+B

2 2

c+A o

2 2

1
and = =.
4

2

> e
- 12

2_|A

1
4

Let )\ be the foot of the perpendicular from A to BC. Then A € BC, AA L BC

and o € AA. Let p:= %m. Now

L, o
den(pA,BC)z(A(B—C))(—BC—A)_—AC+AB—AB+AC_

—-BC—-A>)\ A(B-C)) -AC—-AB+ 4B+ AC
Since AA is the unique line through A and perpendicular to BC, pA = AA.
Thus, (BA = BC) L (po = AA). Since |0 —B? = |[A+C]? = |p —

B2, A(p,B,\) = A(o,B, ) by DSS. Consequently, |4 — A2 = |6 — A|? and
o+ Co|ef Bl
120 7|24

oc+p o
2 2
and A € H. By symmetry, the other six points also lie on H. [J

A=

. . 1
E since A, p, o are collinear. Then 2

H is called the nine-point circle of the triangle.

The line passing through the orthocenter, circumcenter, centroid ( if char(F)
# 3 ) and center of the nine-point circle is called the Euler line of

the triangle. ( If A, B, C € S as above, the four points are A + B +

A+B+C A+B+C
3 ’ 2

C, 0, respectively which are clearly collinear. )

Let 2z1,22,23,z4 be distinct points of S. The nine-point circles of

A(zp2324), O(212324), D(212224) and A(z123z4) are centered at P, =
21 +23 +z4’ P, = zZ1 +23+Z4’ Py = 21+ 29+ 24 and Py = zZ1+ 22 + 23
2 2 2 2
respectively and all have sqradius %. Thus, P;, P», P3, P, all lie on the circle

21+ 22+ 23+ 24
2

centered at with sqradius , called the nine-point circle of
the quadrilateral z; zpz324.
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Given five distinct points zi, 22, 23,24,25 € S, the nine-point circle of

zZ1+22+23+24+ 25
2

sqradius 1— and contains the centers of the nine point circles of the quadrilaterals

the pentagon z; 25232425 is the circle centered at with

22232425, 21232425, Z1222325, Z1222324.

There is such a result for each n-gon. The classical version of this infinite

sequence of theorems is due to J.L. Coolidge.

Theorem 1.69. The three perpendiculars from the midpoints of the sides of a
triangle to the tangents to the circumcircle at the opposite vertices meet at the

center of the nine-point circle of the triangle.

Proof: WMA that the circumcircle of A(ABC) is S. Then the center of
the nine-point circle is § where 0 = A+ B + C. Let M be the perpendicular

B to the tangent line L of S at C. Now (£) (432) || (0C) since

Cc-0 2C

T _4+B _ (O
F-HE-C

M and ¢ € M. By symmetry, the three perpendiculars are concurrent at . 0O

from

=2¢€F. Since 0C L L, (%) (ALZ,B) L L. Thus, (%) (%g) =

Definition: The centroid of m distinct points P, P,...,P, is
Pp+Py+---+Pp

m

when char(F) # m.

Theorem 1.70. Assume char(F) # n—1. Let n distinct points lie on a circle.
From the centroid of n — 1 of these points, drop a perpendicular tc the tangent

to the circle at the remaining point. These n perpendiculars are concurrent.

Proof: WMA the circle is S. Let 7 = Py + P, + --- + P,. Let M be
the perpendicular from "n;_Pf- to the tangent line L to S at P,. Note that
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—_ T —_Pn
(Z‘ET)(Tn_—ﬁn') | (0P,) since (_‘r_ - I=Pn
n—1 n—1

have (=I5 )(Z=52) L L and I € M. O

n—1

):n—lE]F. Since 0P, L L, we

The classical version of Theorems 1.69 and 1.70 is due to M.B. Cantor. We

will see more of these infinite sequences of theorems in the next section.
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2. Conformal Geometry.
We now consider the action of PGLy(E) on IP’;: =E U {oo}.

Lemma 2.1. PGLy(E) = (E*z+E, =) and PSLy(E) = < E;z+
E = >.

az+b
cz+d

then g(z) € PGL3(E)oo = E*2z+E ( respectively PSLy(E)oo =E4z+E). If

Proof: Let g(z) = € PGL3(E) ( respectively PSLy(E) ). If ¢ =0,

c#Otheng(z)—m=z—m—(Zl—>(ad be)z+2)o(R)o(z—

?z+ecd)isin < B2+ E, 22 > (respectively < E,z+E, =2 >). O
Remark: Note that the action of PGLy(F) on ]P’;: commutes with conjuga-

tion. That is, if g € PGLy(E), then goz=Zog.

Definition: An extended line in ]P’;: is LU {co}, denoted L, where L is
a line in E.

A mirror is a Euclidean circle or an extended line.
Lemma 2.2. PGLy(E); = PGLy(F).

Proof: Clearly, PGLy(F) C PGL2(E);. Let g(z) = 222 € PGL,(E)..

Then for all z € ﬁ‘,

az+b az+b

cz+d = cz+d

=> (az + b)(cz + d) = (@z + b)(cz + d)
=> acz’ + (bc + ad)z + bd = @cz? + (ad — bc)z + bd
= g, bd € F and b¢ + ad = ad — be.
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If d =0, then bc € F. Also ¢ # 0 since det(g) = ad — bc # 0. Therefore,

az+b acz+bc
g(z) = =

= = P .
cz+d ccz+7cd € PGL(F)

A similar argument works if @ = 0, b = 0, or ¢ = 0. Thus, we may assume

b d - -
a, b, ¢, d € E*. Since :=§, -3-:2 and bc + ad = ad — be, we have

= (bc+ad) = g(&d+5c)
¢ ab

=>bc<i_g) - ad(i_g)
d a b ¢

=>(ad—bc)(g—§)=0=>2=g.

b ¢ b ¢

Thus e_c_¢c.2 In particular, @b, @ad € F and (z)—az+b—
@ ¢ ¢ 4 P » N =rd

aaz + ab .

isin PGLo(F). O

acz +ad

Lemma 2.3. The PGLy(E) orbit of F contains all mirrors.

Proof: Since B C PGLy(E) acts transitively on lines and fixes oo, clearly

all extended lines are contained in the PGL>(E) orbit of F. Since B also acts

transitively on circles, it suffices to note that g(S) = T where g9(z) = ‘:;1 €
PGL,(E). O
Lemma 2.4. g(ﬁ) 15 a mirror for g € PGLy(E).
Proof: Let T-! € PGLy(E) and T(z) = 2. Now T~ (3) = o,
iy cz+d c
T71(c0) = —

Now w € T™}(F) <= T(w) €F = = =

<> (ac - ac)|w|® + (ad — be)w + (—ad + be)w + (bd — bd) = 0
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since w # -—c—d If e F, then w € T-(F) if and only if A(w — k) = A(w — k)
c —
where A = bc —ad a.ndk=-_jﬁ. But

NF+k={z€E|\E=F =Xz-F}=T"(F- U 2o 12(e0) ).

Since T~ (%) = o0, T-1(F) = 5F T k. If % ¢ F, then w € T~*(F) if and ouly

if
d — b —ad + be d — bd
w|? + (“ﬁl f°> w+ (———‘f +_bc) o+ (b_ = ) = 0.
ac — ac ac —ac ac — ac
Letting p = af —Ec and m = af —fc’ we see that
ac — ac ac — ac

sS+m={zeE||le-mP=A?}={z€cE|2z—Tizc—mT+mm=pfg }
=TIE U =T () }

=TYF). O

Definition Let 23, 23, z3, z4 be distinct points in E. The cross-ratio of

21, 22, 23, Za, denoted (z1,22,23,24) is S(z1) where S is the unique element of

PGL,(E) such that S(22) =1, S(z3) =0, S(z4) = oo.
Theorem 2.5. The PGL,y(E) orbit of F is the set of all mirrors.

Proof: Let C be a mirror and T € PGL2(E). Let 21, 2o, z3, 24 € C be
distinct and (z3, 22, 23, za) = S(z1). Then S‘l(ﬁ) is a mirror containing zs, z3, 24
by Lemma 2.4. Since three distinct points determine a unique mirror, C =
S-1 (ﬁ) Thus, T(C) = T 0 S~Y(F) is a mirror by Lemma 2.3. The result now

follows from Lemma 2.3. O
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Lemma 2.6. The cross-ratio is invariant under PGL3(E).

Proof: Let T € PGL(E). Assume S € PGL3(E) with S(z2) =1, S(23) =0,
and S(z4) = 0. Then SoT (T (22)) =1, SoT }T(z3)) = 0, SoT (T (ze)) =
oc. Therefore, (T(z1),T(22),T(23),T(z4)) = S o T7YT(z1)) = S(z1) =

(21,22,23,24). O

Propostion 2.7. Let z;, z5, 23, zs be distinct points in E. The cross-ratio

(21,22,23,24) € F if and only if z1, z2, 23, z4 lie on a mirror.

Proof: Let (z1,22,23,2s) = S(z1). Then $~1(F) is a mirror containing
Z2, 23, z4 by Lemma 2.3. If z;, 23, 23, 24 € C where C is a mirror, then
C = S"l(ﬁ). Then since z2 = S™(c0) and 24 # 21 € S‘l(ﬁ), we have
(21,22,23,24) = S(z1) € F. Conversely, if S(z1) € F, then S~(F) is a mir-
ror contalning 23, 2, 23, zg. U

z_

The map g : S~ I given by g(z) = s i defined in the proof of Lemma

2.3 is a useful tool. The following illustrates some of its applications to number

theory.
Applications

1) Find all Pythagorean triples, i.e., all (a,b,c) such that a,b,c are positive

integers satisfying a? + 5% = c2.

Solution: Since (ka,kb,kc) is a Pythagorean triple for any Pythagorean

triple (a,b,c) and positive integer k, we may assume a,b, ¢ have no common
2 b\ 2
divisor. Since ¢ # 0, a® + b = < (E) + (—) = 1. Thus, the problem
c c

can equivalently be phrased as follows:
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Find all z + 1y € Q(z) lying in the first quadrant of S and with =,y € Q in

reduced form.

~ 1
Now (B = g71) : I — S is given by h(z) = I—i;g In particular, the set

W ={ir | 0<r <1, r a positive rational } maps onto the first quadrant of S.

Solet r2 € W. Then r = g where ¢ >p >0, (p,q) = 1. Then

1+ 1+ 2ir — 72 _qz—p2

_ _ +i 2pq
1—ir 1472 q* +p?

h(ri) = zq2 s

Thus, the Pythagorean triples are of the form (¢> — p?,2pq, ¢*> + p*>) where

¢ -7 2pq
¢ +p?’ ¢ +p?
p?), then d|2¢? and d|2p? (the sum and difference of ¢*> — p?,q? + p?). Since

g>p>0and

are in reduced form. If d|(¢* — p?) and d|(¢* +

(p,q) =1, d = 2. But ¢*> — p?,¢*® + p? are both even if and only if p,q are

2, .2
both odd since (p,q) = 1. A similar argument shows that (p , 1 -;p ) =1

if p,q are both odd and (2pq,¢% + p?) = 1 otherwise. Hence the Pythagorean
2 _ .2 2, .2
triples are of the form <q 5 P , Pq, 1 -;-p

(42 — p?,2pq,¢® + p?), ¢>p >0, p,q not both odd. O

) for g > p > 0, p,q both odd and

The above can be generalized as follows.

2) Find all positive integers (a,b,c) such that a®> + A\b®> = ¢ where A is a

positive square-free integer.

Solution: We want to find all z + iy € Q(iv/)) lying in the first quad-
rant of S and with z,y € Q in reduced form. With W = { iVAr | 0 <
r < 1, r apositive rational }, we argue as in 1) to see that all solu-
tions are of the form (¢®> — Ap?,2pg,¢® + Ap?) where ¢ > VAp > 0 and
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¢ —-xp®  2pg
g* +Ap?’ g% + Ap?

are thus of the form

(q2 —Ap® 2pg ¢* + Ap?
B B’ B

3) Find all positive integers (a,b,c) such that a® — Ab? = c? where ) is a

are in reduced form. Let 8 = gcd(g,A). The solutions

qz_/\pz ZE q2 +Ap2
28 '8’ 28

) otherwise where ¢ > vAp > 0.

) when p,g¢,A are all odd and

positive square-free integer.

Solution: We want to find all z + vAy € Q(v/X) lying in the first quad-
rant of S and with z,y € Q in reduced form. With W = { VAr |0 < r <

1, 7 a positive rational }, we argue as in 1) to see that all solutions are of the
€+’ 2pq
PRV R

reduced form. Consequently, (a,b,c) is a solution to a? — A\b? = ¢? if and only if

form (g2 + A\p?, 2pq, ¢* — Mp®) where ¢ > v Ap > 0 and

(¢, b,a) is a solution to a® + Ab? = c2.

Definition Let C,D be mirrors with C N D = { P,Q }. Choose an element

g € PGLy(E) with g(P) = oo and g(C) = F. The dengle from C to D at Q

is defined to be the dengle from F to g(D) — {oo} and is denoted den(C,D,Q).

Lemma 2.8. The den(C,D,Q) is well-defined and is a PGL3(E) invariant.

I

Proof: Assume g,k € PGLy(E) with g(C) = F = h(C) and g(P) = oo
h(P). Since B acts transitively on E, there exists £ € B with k(g o R71(0)) =
0,k(g o h~1(1)) = 1. Since ko g and h agree on the three distinct points
R~1(0),h~1(1),00, we know h = kog. Let X # Y € D — {P}. Since k € B,

kog(X)—kog(Y)
Fog(X) - kog(Y)

den(F, g(D) — {oo}).

den(F, k(D) — {c}) = den(F,kog(D) — {c0}) =

9(X) —g(Y)
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Thus, den(C,D,Q) is well-defined.

Let T € PGLy(E) and X #Y € C — {P}. Let g and h be in PGLy(E) with

9(X) = 0= h(T(X)), g(Y) = 1=h(T(1)), 9(P) = oo = h(T(P)). Then

den(C,D,Q) = den(F,g(D) — {oo}) = den(F,h o T(D) — {cc})

den(T(C),T(D),T(Q)). O

Remark:
i) Distinct mirrors C, D are tangent if and only if C N D = {Q} if and only
if den(C,D,Q) = 1.
ii) If Q € LN M where L, M are lines, then den(L,M,Q) = den(L,M).
(Since P = oo is the other intersection point of I and M, den(z,l/\l\ @)

= den(g(L),9(M)) where g € PGL»(E)_, = B.)

Lemma 2.9. If P and Q are the intersection points of mirrors C and D, then

den(C,D,Q) = den(C,D, P).

Proof: Let R € C — {P,Q}, W € D — {P,Q}. Let g be an element of
PGL,(E) satisfying g(P) = 0,9(Q) = 00,9(R) = 1. Then h = ﬁ € PGL,(E)

satisfies g(Q) =0, g(P) = o0, g(R) = 1. Thus,

den(C,D,P) = den(F,g(D) - {c}) = EWi hEW;

= den(F, h(D) — {oo}) = den(C, D,0). O

Proposition 2.10. Let L be a line and C,D be mirrors.

i) IfCND={P,Q} and LNC = {P}, then den(C,D,P) = den( L,D,P).
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1) If P € LNC and C 1s a Euclidean circle with center A, then den(C,Z,P)
= den( T,(C),L) = -den(AP,L).
iii) Let P € CND and C, D be Euclidean circles centered at A, B respectively.

Then den(C,D,P) = den( T,(C),T,(D)) = den(AP,BP).

Proof: i) By Lemma 2.8, we may assume that P =00, @ =0 and C = F.
Then den(C,D,Q) = den( F,D,Q) = den( I,D,X) where co X € LN D by

Proposition 1.18. Thus,
den(C, D, P) = den(C, D, Q) = den( L, D, X) = den( L, D, P).

ii) By i), den(C,I,P) = den(TP(C),f,P) = den(T,(C),L). By Proposition

141(i), T,(C) L AP. Thus,
den(AP,L) = den(AP,T,(C))den(T,(C),L) = —den(T,(C), L).

iii) By i) and ii),

c—— ——

den(C,D,P) = den(T,(C),D, P) = den(D,T,(C), P)

= den(T,(D),T,(C)) = den(T,(C), T,(D)).
By Proposition 1.41(ii), den(T,(C),Tp(D)) = den(AP,BP). O
Definition: The reflection about the mirror C is gzg~! where g € PGL2(E)
and g(F) =C.

Remarks:

i) Since PGLy(E); = PGLy(F) and PGLy(F) commutes with conjugation,

reflections are well-defined: If g@ = hﬁ, then f = g7'h € PGL,(E)

=)

PGL,(F). Thus, gzh~™! = (¢f)z(f197) = g2(ff~1)g~! = gzg~.
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i)

iv)

If Lis aline, thenr (2z) = gz9~! whereg € B C PGL(E) and g(F) = L.
Therefore, the reflection about L is r L If C is a Euclidean circle, then

ro(2) = ho(%)oh'1 where h € B, h(S)=C. Let Q € S— {£1}. Then

k(ﬁ) = S where k71(z) = (g ; i) (‘: j__ i) It’s easy to check that

} —kozok™\. Thus, ry(z) = ho(L)oh™! = (k) 07 o (hk)™! where

z

hk(F) = C. Hence, this definition of reflection about C agrees with our

Euclidean definition and will be denoted = i

Since the dengle between two mirrors is a dengle between two lines (after

a change of coordinates), reflections invert dengles.

If g € PGL2(E), thenr, = g to 7.0 ° 9 ( Let b € PGLy(E) be such

(
that A(F) = g(C). Then

g o 70 °9 = gl o(hzh Y og= (g7 h)oZo(g~ h) " =7

(C) c

since (g~1R)(F) =C.)

Let W be the set of all mirrors in IP’]II5 (ie., the PGLs(E) orbit of ).

Definition: A bijection ¢ : ]P’;: > ]PIIE is conformal if ¢(W) = W and ¢

preserves dengles.

The set of all conformal maps forms a group under composition, denoted

1
Conf(]P’]E).

Lemma 2.11. Let G be a group acting on the set X. If H < G acts transitively

on X and Hy = G5 for some z € X, then H = G.
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Proof: Let g € G. Since H acts transitively on X, there exists h € H such

that h(z) = g(z). Then h~'g € G, = H, and g=h(h™1g) € HH, = H. O
Theorem 2.12. Conf( P;:) = PGLy(E).

Proof: Clearly, PGL2(E) < Con.f(lP;:). Now Conf(]P’IIE) acts on the set X
of all triples (z,y,2) of elements of IP;: and PGLy(E) acts transitively on X.

By Lemma 2.11, if C’o'nf(IP’;:)(o 100) = 1 ( = PGLy(E) o) ), then PGLy(E)

(0.1,
= Conf(lPIlE). Let T € Cmf(P;)(o,l’m) Let P € E—F. Since 7 fixes 0,1, 00
and sends circles to circles, 7(F) = F. Since den( F, 0P ) = den( F, 07(P) ),
0P = 07(P) and thus 7(P) € OP. Similarly, 7(P) € 1P. Since P ¢ F, OP # 1P

and therefore {P} = (0P) N (1P). Thus, 7(P) = P for every P ¢ E —F.

Let @ € F. Now L = I+ @ is perpendicular to F at Q. Let « € I — {0}.
Then a+Q € L —F so 7(a+ Q) = a+ Q. Since 7(L) is perpendicular to F and

contains a + @, 7(L) = L. Thus, 7(Q) e FNL = {Q}. Hence, 7 =1. O

It follows from Theorem 2.12 that the group of bijections of lP’;: that either
preserve dengles or invert dengles is < PGL3(E),z >. For if ¢ € Conf(]P’;:)

inverts dengles, then g = ¢ o Z preserves dengles.

Proposition 2.13. If F* C E,, then the subgroup of < PGLy(E),z > gener-

ated by reflections is contained in < PSLo(E),Z >.

Proof: Let g = [z Z] € PGL2(E). Then g7 = [ ¢ _b]. Since Zog™! =

—Cc a

g~ 0 Z, we have

. | ab d =8| = ad—bE —abta@b | . =
0zoO = 0z = — —
gozog [c d] [—’E z ] z [cd—Ed @d—bc ] ©Z.



Note that —ab+ @b, cd—cd € T and thus (—ab 4+ @b)(cd —cd) € F. Therefore,
0 # det(gg~?) = (ad — bc)(ad — b¢) — (—ab + @b)(cd — cd) € F* C E; and we

have gg~10Z € < PSLy(E),z>. O

Definition: If C,D are two mirrors with P € CN D, then C and D are

perpendicular ( denoted C L D ) if and only if den(C,D,P) = —1.

Proposition 2.14. Let C,D be distinct mirrors with P € CN D.

i) C L D if and only if r,(D) =D (if and only if r (C)=C ).
i) If D is an eztended line and C is a Fuclidean circle with center @, then

C L D if and only if Q € D.

Proof: i) Let g € PGLy(E) such that g(P) = co and g(D) = F. Then

g(C) = I for some line L. Therefore,

ro(D)=D = g7 or 0 °9(D)=D & r (F)=F < r (F)=F

< LLF <= L.F < g (I)Lg}(F) & C LD

i) C LD < r (C)=C < Q€D byLemma 1.25(i). O

Definition: Mirrors C and D are said to be orthogonal ( denoted C ¥ D

) if and only if r, o7 has order two.

Proposition 2.15. Let C, D be distinct mirrors. The following are equivalent:
) C¥D

ii) To and T, commute
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Proof: i) < ii):

THOTg =70y < r(rpory)ry =r (rgory)r, =1 < (rcorD)2 =1.

ii) <= iii): Sincer jor jandr jor

c°Tp are both elements of PGL2(E),

c

roor, =rpor, <> r ot (2) =r 07, (2)foral z €C.

But r or (z) =r or,(z) forall z € Ciff r o7 (z) =7, (z) forall z € Ciff

ry(z)eCforall ze Ciffr (C)=C. O

Remark: If C,D are distinct mirrors with C N D # 0, then C L D if and

only if r ,(C)=C if and only if C ¥ D.

Proposition 2.16. Let C =aS+b and D = ¢S + d be distinct. C ¥ D if and

only if a@ + cc = |b— d|2.

Proof: First assume that b = 0. Let A = a@, p = cc. C ¥ D iff (r c©

20\ — 1
r5)(z) =zforall z € PE' Now

role) =3 o) = g
Thus,
r,or_(2) = A — Mz—-4d)
°P (#£5+39) dz+(p—dd)
oo ey = LB M e d) 2@+ e d)
P A2+ (u-dd)  dMz—d) + (b= dd)(dz + (u ~ dd))

(A% = \dd)z + (Ad®d — \3d — Adp)
(M + pd — dd’ )z + (2 — Add — 2pdd + 2T
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Assume C ¥ D. Then, in particular, (r, o rD)Z(O) = (. Therefore,
Ad?d — X2d — Mdp = Ad(dd — X — p) =0.

Since A # 0, we have d = 0 ordd = A+ p. If d = 0, then (rCorD)z(z) = (2—:) z
and thus (r, o rD)z(l) = 1 gives A2 = p?. Since C # D, A = —p and so

A+ p=0=dd asabove.

Conversely, if A + p = dd, then

S Mdd-A-p) 0
Coorpl O = @ rdd-r-p  Ra-dd
\ AMA-dd)  AA-dd)
(rg 07 p)(o0) = - - o,

—ddd-x-p) 0
MA—dd) Mg
plp—dd) —dp

(rgorp)(1) =

Since (rcorD)2 € PGL>(E) and fixes three distinct points, (r orD)2 = 1. Thus,
C ¥ D if and only if A + u = |d|? when b = 0. If b # 0, consider g(C) and g(D)
where g(z) = z — b. Since g(C) has center 0, sqradius A and g(D) has center

g(d) = d — b, sqradius p, the above result gives C ¥ D iff A+ p=[b—d|?. O

Definition Points w;,ws,...,w, € ]P’;: are cocyclic if there is a mirror in

]P’;E containing all of them.

Lemma 2.17. Let C4,C5,C3,Cs be mirrors in ]P’;: such that C; N Cy =
{zl,‘wl}, ConNCs; = {Zz,’U)z}, C3NCy = {z3,w3}, CsnNC; = {24,‘1.04} and
21, 22, 23, 24, W1, Wa, w3, wy are all distinct. Then 21, 23, 23, 24 are cocyclic if and

only if wy,ws, w3, ws are cocyclic.

Proof: We may assume all of the mirrors are Euclidean circles. (Choose a

74



point Q not lying on any of the C; and conjugate it to co0). Let

[ z4 — 21 | [w1 — wa]
Ry = (z4,w1,21,w4) = ,
|24 — W4 § | W1 — 21 ]

-21—22 -‘wg—'wl-
Ry = (z1,w2,22,w1) = ,
|21 — w1 | | w2 — 22 |
—22—23- 'w3—w2
R3 = (z2,ws,z3,w2) = )
|22 — w2 ] | W3 — 23 |

-23'_24- 'w4—'w3'

Ry = (z3,ws,24,w3) =

|23 W3 | | Wq — 24 | )
Note that R; € F* since 21, w1, 24, ws € C1. Similarly, Ry, R3, Ry € F* and
thus %f% € F*. But
RyRy  (z—z3| |z2—2za| |w1—w3| [wy—wy
R1R3 21 — 24 Zy — 23 wy — Wa w2 — W3

= (21,23, 22, 24) (w2, ws, w1, ws).

Thus, (21, 23, 22,24) € F if and only if (w2, ws,w;,w3) €F. O

Definition: We say n lines are in general position if no two are parallel

and no three meet at a point.
The intersection of two nonparallel lines is their Clifford point.

Given three lines in general position, we obtain (g) =3 Clifford points. The

(Euclidean) circle through these three points is the Clifford circle.

Lemma 2.18. Let B,C,J,K be distinct points of E, G the circle through
B,C,J centered at P and H the circle through D,J,K centered at Q. If

BK = DK, CK = JK and PK = QK, then BC || DJ.

Proof: We may assume B=-1, K=1, C €S. Sog =S and P = 0. Since
Di=Fand Q1=F, D,Q€F. Since D,JJK€H, [D-Q?=|J-Q?=
|1 — Q|?. Therefore, D* —2DQ =JJ - (J+J)Q =1~2Q.
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Since C1=J1, J € (C—1)F+1. SoJ=Ct—t+1, t € F. Therefore,

JI=Xt?* —Xt+1land J+J = -Xt+ 2 where X =2 — C — C. Thus,
D?2-2DQ=1-2Q = Xt + XtQ — Xt+1—2Q.

Since D?-2DQ = 1—2Q, we have D?~2QD+(2Q—1) = 0 and thus D = 2Q-1.

Now 0=X#?+XtQ - Xt =Xt(t +Q—1)and thus ¢t =1-Q (X =0 =
C=1landt=0 = J=1)andJ=C—-CQ+ Q. Since C €S,

(D-J)C+1) _(CQ+Q-C-1)(C+1) _

den( (G DI) =" yp=5) ~ @ete—o-DC+D) -

Theorem 2.19.

i) Let Ly,Ls,L3,Ls be lines in general position. The (;‘) = 4 Clifford
circles of the triples { L;,Lj,Lr | 1 <i < j < k <4} intersect at a
point ( the Clifford point of L;, L2, L3, Ls ).

i) Let Ly, Ls,L3,L4,Ls be lines in general position. The (2) = 5 Clifford
points of the quadruples { Li,Lj,Lg,Lm | 1<i<j<k<m<5} are

cocyclic ( on the Clifford circle of Ly, L2, L3,Ls,Ls ).

Proof: i) Let {zjz} = L;N Lk, 1 <j < k < 4and Cjpy, be the circle through
Zim, Zmn, 2ln- By Lemma 2.18, den(Ci34,C234) # 1 and thus there exists a point

z34 # z € Ci34 N C234. Now

—_~ e~

LiNLy = {z12,00}, 1’3;00134 = {213,214},

LN Cass = {223,224}, C13aNCags = {234,2}.
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Since oo, 213, 223, 234 € L3, we know from Lemma 2.17 that 219, 234, 204, z are
also cocyclic. Thus, z is in Cj24, the unique circle containing z;2, z14, and
z04. Similarly, we know o0, z14, 224, 23¢ € Ls and thus z € Ci93. Hence, z €

Ci23 N C124 N C134 N Ca34.

il) Define z;j, Cijr asin i) for 1 <72 < 7 < k < 5. Let 2zkimn be
a point in Crim N Cimn N Ckmn N Crin Wwhere 1 < k <l <m < n < 5.
Now Ci23 N Ci2s = {z12,21235}, Ci24 N C13a = {214, 21234}, C125 N C1g5 =
{715, 71245}, and Ci3a N Ciss = {713, 21345}, Also z12,214,215,213 € L7. If
[{ 21235, 21234, 21245, 21345 }| < 4, then 21235, 21234, 21245, 21345 are cocyclic. Oth-
erwise, they are cocyclic by Lemma 2.17. A similar argument shows that any

four of z1234, 21235, 21245, 21345, 22345 are cocyclic. Hence, all five are cocyclic. O

Given lines L1, Ly, L3, L4, Ls, L in general position, the 6 Clifford circles of
the quintuples { L;, L;, Lk, Lm,Ln | 1 <1< j <k <m <n <6} intersect at a
point (the Clifford point of Li, L2, L3, La, Ls, Ls). These results are part of an

infinite sequence of theorems by W.K. Clifford.

Theorem 2.20. Let D € E and P,Q, R be the feet of the perpendiculars from
D to BC, AC, AB respectively in A(ABC). Then P,Q,R are collinear if and

only if D is on the circumcircle of A(ABC).

Proof: If D = C, then C = P = @ and the result holds. Thus, we may

assume D ¢ {A, B,C}. Since DP L PB and DR 1 RB,

[i:g] [Z:g [ﬁ:ﬁ] [g:g] = den(DP, PB)den(RB, DR) = 1.
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Thus, (P, R, B, D) = [g:—g] [%:-g-] & F and P, R, B, D lie on a mirror G in PL.

Similarly, P,@,C, D lie on a mirror H in ]P’;: since DP L PC and DQ L QC.

Now GNAB = {B,R}, HNAC = {C,Q}, GNH = {D,P},and ABNAC =
{A,00}. By Lemma 2.17, P,Q, R are collinear iff P,Q, R,00 are cocyclic iff

A, B,C, D are cocylic iff D lies on the circumcircle of A(ABC). O

When P, @, R are collinear, the line through them is the Simson line of D

with respect to A(ABC).

Lemma 2.21. Assume the circumcircle of A(ABC) isS, D € S—{A,B,C}
and P,Q, R are the feet of the perpendiculars from D to BC, AC, AB respectively.
Then the equation of the Simson line of D with respect to A(ABC) is Dz—03Z =

%(D2+01D—02—5D-°‘) where 01 = A+ B+C, 02 = AB+AC+ BC, 03 = ABC.

Proof: Since D ¢ {A,B,C}, P # Q. Thus, the Simson line is PQ and its
equation is (P — @)z — (P — @)z = PQ — PQ. From the proof of Theorem 1.68,

2P=D+B+C~-Eand2Q=D+A+C— 4. Thus,

P=):-(p-qr = C2MAB), _(©-Da-5),
_ 2[(D—0)(B—A) ,_(c-D)a-B) _
2 ABCD 2D z.
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4PQ - PQ) = (D’ +BD+CD—-BC)(D>+AD +CD — AC)

—(D*+BD+CD-BC)D’ +4AD +CD - 4C)
— ABCD +ABCD — ABCD — ABCD — BCD? — ACD® + BCD®
+ACD?+ AC +BC - AC - BC +2AB — 24B

— (A-B)({C - CD")+ (A—B)(CD? - C) + (AB — AB)(CD + CD — 2)

_ (A-B)(D*-0C?) . (B-A)(D*—C?)  (B>—A%)(D-C)
= CD? ABC + ABCD

Thus, the equation of the Simson line is

2[(1) —C)(B—A)]z_ (C - D)A-B)_

2| ABCD 2D
_1[(A-B)(D*—C?) , (B-A)(D*—C?) , (B? - 4%)(D - CY
=1 [ CD? + ABC ABCD ]

2ABCD
Multiplying both sides by D= C)(Cl; ) gives the desired equation. [

Theorem 2.22. Let L, M,N ¢ {A, B,C} be three distinct points on the circum-
circle of A(ABC). The three Simson lines of L, M, N with respect to A(ABC)

intersect if and only if LMN = ABC.

Proof: We may assume the circumcircle of A(ABC) is S. By Lemma 2.21,

the equations of the Simson lines of L, M with respect to A(ABC) are

1
Lz —o03z = 5(!’42-{-0’111—02—Uf3 s

g3

_ 1
Mz — 03z = §(M2+01M—02—H)
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respectively, where 0y = A+ B+ C, 09 = AB + AC + BC, o3 = ABC. The

intersection point ¢ of these Simson lines thus satisfies

Lt— (I + o1l — 7) = Mt = 5(M> + 1M — 7).
Therefore, (L — M)t = 1(L2 = M? + (L — M)oy + 2 and ¢ = L(L+ M +

o1+ 5 )-

Similarly, the intersection point of the Simson lines of M and N wrt A(ABC)
is 1(M + N + 01 + 37%)- Thus, all three of the Simson lines intersect if and
only if L — N = Z=0) if and only if LMN =¢5. O
Corollary 2.23. Let A,B,C,L,M,N be distinct points on a circle. Then the
Simson lines of the points L,M,N with respect to A(ABC) intersect if and

only if the Simson lines of A, B,C with respect to A(LMN) intersect. In this

case, all siz Simson lines meet at @ where P,Q are the orthocenters of

A(ABC), A(LMN) respectively.

Proof: Assume the six pointslieonS. Then P = A+B+Cand Q = L+ M+
N. From the proof of Theorem 2.22, the Simson lines of L, M, N wrt A(ABC)

(and of 4, B,C wrt A(LMN) by symmetry)is ;[L+M+A+B+C+IMN] O

Theorem 2.24. Let W be a circle, ABCD a quadrilateral with A,B,C,D ¢ W
and P € W — {A, B,C,D}. Then the feet of the perpendiculars from P to the

Simson lines of P with respect to A(ABC), A(ABD), A(ACD), A(BCD) are

collinear ( on the Simson line of P wrt ABCD ).

Proof: We may assume W =S. Then the Simson line L of P with respect

to A(ABC)is Pz—03z = 3(P?+01P—0y — %) whereoy = A+B+C, g5 =
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AB 4+ AC + BC, 03 = ABC. The equation of the line M with P € M and
M perpendicular to L is Pz + ABCZ = P? + 48 Thus, the foot Q of the
perpendicular from Pto L (ie,LNM)is

AB
[?,P2 +(A+B+C)P—-(AB+ AC+ BC)+ —C]

4P P

Similarly, the foot R of the perpendicular from P to the Simson line of P wrt

A(BCD) is
4},[3P2 +(B+C+D)P-(BC+CD+BD)+ BCTD]
The line through @ and R has equation
2 3 2 37,
Pz+14z=[3P° +nP° — 1P+ 7134+ — P

where ; = A+ B+C+ D, 5= AB+ AC+ AD+BC+BD+CD, 73 =
BCD+ ACD + ABD + ABC, 174 = ABCD. But this equation is symmetric in

A,B,C, D and therefore the other two feet also lie on this line. O

Theorem 2.24 is part of an infinite sequence of theorems named for Robert
Simson. The following result initiates yet another infinite sequence of theorems
involving Simson lines. This sequence was discovered by M.B. Cantor. Its proof

is similar to the above and is omitted here.

Theorem 2.25. Let A,B,C,D,P,Q be cocyclic points in IF’}IE such that
A,B,C,D are the vertices of a quadrilateral. Then the four intersections
of the four pairs of Simson lines of the points P and Q with respect to
A(BCD),A(ACD), A(ABD), A(ABC) are collinear ( on the Cantor line

of P and @ wrt ABCD ).
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3. Hyperbolic Geometry.

Definition: Let H=E—F andD = ]P’;:—S. We will call H the plane model
and D the disk model of hyperbolic space.

149z
1—7~z
with inverse ¢~1(z) = sz:_%; Recall that PGLy(F) acts transitively on H (The-

Fix v € I. Then ¢(H) = ]P’;E — S where ¢(z) = . Also ¢ € PGLy( P:E )

orem 0.1) and thus ¢PGL,(F)$~? acts transitively on D since ¢ is a bijection.

Remark: Since ¢ is an element of PGL3(E) and PGLy(E)z = PGL:(F),

$PGLy(F)¢™! = PGLy(E) 5, = PGLy(E).

#(F)

Lew:{ii“_c

— | B 2 2y < )
22 | BOCE, 1BP £10] } < PGLy(E)

Lemma 3.1. ¢PGLy(F)¢~! =U.
Proof: Given [¢ ] € PGL,(F),
¥ 1 ab 1-11 _ [(a+d)y+by*+c (d—a)y+by3~c] _ [-B -C
[Za][ea] )= [ Gaiz] =2 5]
where B= —(a+d)y— (Y2 +¢c), C=(a—dyy - y* +c.

Now

1B =(—(a+d)yy— (&y* +¢))((a+d)y = (87* +¢) ) = —27*(ad — be),

IC?=((a=d)y =0y +c ) —(a—d)y —by* + ¢ ) =29*(ad — be).
Since ad — bc # 0, |B|? # |C|? and ¢PGLy(F)¢~* C U.

—(B
Let g(z) = —(_—z——t_g—) € U. By the above remark, it suffices to check that
Cz+ B
g(S)=S. Given z €S,
—— [-(Bz+C)] |-(Bz+0C) BBzz + BCz+ BCz +CC
9(z)g(z) = | ——= — St Ml M Wiy
Cz+ B Cz+ B CCzz + BCz+ BCz + BB

O
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o — a2
P _l;)(wwl ) is preserved by PGL(F) where z,w €

Lemma 3.2. The ratio

H.
Proof: Let g(z) = %j—_';'_—s € PGLy(F). Then
_(az +b)(cw +d) — (aw + b)(cz +d) _ be) (s — w
g(z)—g(w)—' (cz+d)(cw+d) ""(a'd b )( )
Since g € PGLy(F) and thus commutes with Z, g(z) = g(z). Thus,
—[(9(2) — g(w))(9(2) —g(w)) ] _ —(ad —bc)’(z —w)(z=w) _ —|z—wf

(9(2) —9(2))(g(w) —g(w)) ~ (ad—bc)?(z=Z)(w—@) ~ (z-Z)(w—w)

Definition: The hyperbolic distance between z,w € H is

—|z —wl?
G -o)

Al(z,w) =

The hyperbolic distance between z,y € Dis A(z,y) := A'(¢71(z), s (v)).

Since A’ is invariant under PGL2(F), A is invariant under ¢PGLy(F)¢~!.

|z — y|?

Lemma 3.3. A(z,y) = (1—1z]2)1 - |¥]?)

1
ly|2 -1

Proof: If z,y € D — {00}, then

if ¢,y €D — {0} and Az,y) =

if £ = oo.

~1(2) — 1 - z—-1 y—-L 2(z - y)
TR0 = GTD T ED T A+ D)
e vou i z-1 F-1  =2(1-lz?)
P -7 = Sy Y T T eI
Thus,
—l¢7 @) -7 4=—9y 41 -[=P)-P)
(6(z) — 8(2))(d(v) — d(v)) VPl +1Ply+12 2|z + 1Py + 12
|z — 3/

(1 —12P)(1 - |yl?)’
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If z = oo, then ¢! (z) = %, ¢~ Hz)—¢"(y) = —y(y+1) and ¢~1(z)—¢~1(z)

ll
2

Thus,

~ 4 (41 - y? )) -1 1
A(zvy) - (72|y+1|2) ° < 2]y+1|2 1- |y|2 |y|2 -1 o

Note that A(z,w) €F forall z,w € H since z—Z, w—w € I— {0}. Also

A(z,w) = A(w, z) and A(z,w)=0if andonly if z=w
Definition: Points A,B € D are conjugate in D if and only if
$~1(A),$~(B) are conjugate in H.
Lemma 3.4.
i) A'(z,w) = —1 if and only if w =%.

ii) A(A,B) = —1 if and only if A,B are conjugate in D if and only if

B =

?1>|| -

Proof: i)
A(z,w) =-1 <= (z—w)(z—-w) =(z -Z)(w —D)
= 2ZZ-—zw—wWz+ww=0
= 2-V)EZ-w)=0 <= w=7z
il) Assume A,B € D — {0,00}. Then
A(4,B) = -1 < A'(¢7(4
B-1
—1(B+1)
< (B-1)(A+1)=—-(A-1)(B+1)

),674(B)) = -1

A-1

= v(A+1)

= FB) =97 (4) =

<> AB-1=-AB+1 <> AB-1=0 <= §=l.
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If A=0, then

A(0,B) = -1 < A'({Y—l,¢-1(3))=—1 - ¢‘1(B)=% e B=oco. O

Definition: Let A € F* —{-1}, a € H, b € D. The hyperbolic circle with
sqradius A and center a in H ( respectively center binD )is {z € H| A/(z,a) =
A} (respectively {z€eD | A(z,b) =A}).

Proposition 3.5. Let A € F* — {-1}, be H
) {zeD|Az,0)=A}= (%ﬂ)s

i) {zeH | A'(z,b) =X } =cS+d for some c€ E*, d€E.

Proof: i) A(z,0) = A < 1izzz=)‘ = A=A+1)zzz < 2z =
A
A+1°

ii)Let C={z€ H|A(2,b) =1}. Then ¢(C)={w €D | A(w, d(b)) = A }.
Since PG L2 (F)$~? acts transitively on D and preserves A, we may assume that
C)={weD|A(w,0)=A}= (A—jg)s. Thus, € = ¢ ( (A—L)s) is a
mirror since ¢! € PGL2(E). But C C H and oo ¢ H, so C must be a Euclidean

circle. O

Remark:

i) Let W be a hyperbolic circle in ID centered at p and @ € W. Since
U C PGLy(E) and acts transitively on DD, Proposition 3.5(i) implies
that W is a mirror. Note that it is possible for a hyperbolic circle in
D to be an extended line. (If g € U and g{Q) = oo, then g(W) is a
hyperbolic circle centered at g(P) and containing co.
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1) It is possible for two hyperbolic circles with different centers to be equal.

For example, if F = F;, then

(z€H|A(zi)=1}={l%i,~1+i}={z€H|Az,—i)=1}.

Lemma 3.6. Let A, B, C be distinct points of D, C # co.
i) A(0,4) = A(0, B) if and only if AA = BB.
i) If A(0,A) = A(0, B), then A(C, A) = A(C, B) if and only if 0C L AB.
AA BB

Proof: i) = = — if and only if A4 = BB.
1-AA 1-BB
2

(C-A)C-4) (C-B)(C-B)
1-AA - 1- BB

A(C,A) = A(C,B)

<= —-AC - AC=-BC-BC
< -C(A-B)=C(A_B)
< den(AB,0C) = E( ) -1. O

Lemma 3.7. A'(z,A) +A'(z,A) = -1 forall AcH.

Proof: Let R = (z —%z)(A — A) and X = zZ+ AA. Then

, (= A)(z—A) Az+Az—-X
A (z’ A) - R R b
N A)z - A)_X—E—Az
A(z,A) = 7 = i .
Therefore,
AI(Z,Z) + A,(Z, A) — AE'*' AZ — Az — AZ - (A et A)(E— Z) —_1. O

R R
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Theorem 3.8. Let C={zeH|A'(z,A) =2}, W={z€eH | A'(2,B) =
p} where A#BcHand \,p € F* —{—1}. ThenC =W ifandonlyif B=A

and p=—(A+1).

Proof: If B = A, then C = W if and only if 4 = —()A + 1) by Lemma 3.7.
Suppose C = W and B # A. Working in the disk model, WMA A = 0. Since
C=W,pick P#£Q # Re CnNW. Since B # o0, A0,P) = X = A(0,Q)
and A(B,P) = p = A(B,Q), we have OB L PQ by Lemma 3.6(ii). Similarly,
0B L PR. But then PQ = PR and P, Q, R are collinear. This is a contradiction

since P, @, R determine the Euclidean circle C. [

Remark: If A,B € H with A ¢ {B,B} and A € F* — {—1}, then | {z €
H|Az4) =A=20B)} | <2 (C={z¢H|[MzA) =)}
and D = { z € H [A'(2,B) = X } are distinct Euclidean circles and thus

lcnD|<2.)

Lemma 3.9. Leta#becI— {0}, \,p € F* - {-1}.
LetC={zeH|Alz,a)=A}, W={zeH| A'(z,b)=pu }.
i) For z, y € H, A'(z,y) = A'(-%,y) if and only if z € I - {0} or
y € I-{0}.

i) PeC ifand onlyif —P € C.

i) IfteCNW and C# W, then COW ={t,—% }.
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Proof: i)

N e
E-DE-9 @-Dw-7

= (-T-y)(-T-y)=2T+zy+Ty+ 9y

Al(z,y) =

=2T-Ty -2+ 9y =(z - y)(z —)
< (z+Z)(y+79)=0 < z€I-{0} oryel- {0}

ii) Since a € I— {0}, A/(P,a) = A'(-P,a) by i).

iii) Since ¢,b € I-{0}, -t € CNW. So {¢,—t } C CNW. Note that Iis or-
thogonal to both C and W since C and W are invariant under —z. Consequently,
the Euclidean centers ?i,‘l; of C,W respectively both ieon I. f r € CNW,
r ¢ {t,—t },then r,t € Isince | CNW | < 2. This is a contradiction to Lemma

1.32(). Thus, COAW ={¢,—t}. O

Lemma 3.10.
i) PGLy(F)_, = [b;'yz :] la,beF, a#0or b£0}.
i) ($PGLy(F)~), =Sz.

i) Sz acts sharply transitively on any hyperbolic circle inID centered at 0.

az+b c
cz+d

2 _(g—d)z—b=0i _p_lezd) b _ =1} = =1
ez’ —(a—d)z—b=0iff p(z) =z et 0. Thus,g(_y)— =

Proof: i) Let g(z) =
iff "71 is a root of p(z) iff (g) = % is a root of p(z). But the unique monic
quadratic having roots { —71,% }is 22 — % Sog (:'71_) = “71 iff p(z) = 2% — %

iff ¢ = d and ¢ = by2. Also

det(g)=‘b::2 2l=a2—b2727é0 => a#0o0r b#0.
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Conversely, assume without loss of generality that b # 0. If a? = 5242, then

=% € P andy= £§ €0 (I~ (0)) = 0. Thus,o? 547

ii) Let g € PGLy(F). Since ¢7(0) # £, ¢g4™(0) =0iff g (:11.) ==
Thus,

(¢PGL2(F)9™), = $(PGL:(F) _1_1)¢—1
[_‘y.y%][a:z:] [3{;1] | a,b €F, a#Oorb-;éO}
— { [2(::7-!65‘72) 2('”?_”2)] |a,beF, a#0o0rb#0 }
|

“"awa.—ob‘y] la,beF,a#00rb#0 }
Since p(a + by)z = %z € Sz and p maps onto S, (¢PGL2(IE‘) 43‘1)0 =Sz.

) Let C={weD| A(w,0)=/\}=p,Swherep=A)‘?. SinceS:z=BMS
is the group of Euclidean rotations with respect to uS, the result follows from

Lemma 1.27. O

Proposition 3.11. If A'(z,w) = XA = A'(z,y), then there exists g € PGLy(F)

such that g(z) = z, g(y) =w. If A € F* — {—1}, then g is unique.

Proof: Nowz =w, z =yif A=0andw =%, y=7T if A = —1. In either
case, there exists a ¢ € PGLy(F) such that g(z) = z by transitivity. If A = -1,
then g(y) = g(Z) = Z = w since g commutes with Z. Assume X € F* — {~1}.
It suffices to show there exists b € PGLy(F)$~! such that h(c) = a, h(d) = b
when A(a,b) = A = A(c, d). Since 9PGLo(F)$™? acts transitively on D, we may
assumea = ¢ = 0. Then b,darein C = { k €D | A(k,0) = A }. By Lemma

3.6(iii), there is an element k € Sz such that kh(d) =b (and R(0) =0). O
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Lemma 3.12. Let a,b € H with a ¢ { b,b }. The unique g € PGLo(F) with

g(a) = b and g(b) = a has order two.

Proof: Since A'(a,b) = A'(b,a) € F* —{—1}, thereis a unique g € PGL,(F)
with g(a) = b, g(b) = a by Proposition 3.11. Now g2 € PGLy(F) fixes the three

distinct points a,b,@. Thus, g2 =1. O

Definition: A bijection 7 : H — H preserving A’ is said to be an isometry
of (H, A).
The set of all isometries of (H, A’') forms a group under composition denoted
Isom(H,A').

The group Isom{(D,A) is defined analogously.

Theorem 3.13. Assume F #F;. Let a, b€ 1— {0} such that a ¢ { b,d } and
ceH-1. If g € Isom( H, ') fizing both a and b, then g = 1 if g also fizes c

and g = —Z otherwzse.

Proof: Now A’(a,g(a)) = A'(a,@) = -1 => ¢(@) = a. Similarly, g(b) = b.
Let t € I—{0,2,a@,b,b }. Then A'(a,t) = X, A/(b,t) = p € F* — {—1}. Note
that { t,g(t) } SCCNW where C ={zeH|A(z,a) =X}, W={zc¢
H|A'z,b) =p }. Since C # W andt € I—- {0}, CNW = {t} by Lemma

3.9(iil). Thus, g(t) =1 for every £t € I — {0}.

Arguing as above, we also have that g(z) € { z,—~Z } for all z € H — I. Let
h=gifg(C)=C and h = (=Z)ogif g(C) = —C. Then h fixes I — {0} pointwise
and h(C) = C. Let ¢ #r € H— 1. Now A'(k(r),c) = A'(r,c) # A'(—F,c) by
Lemma 3.9(i). Thus, h{r) =7 and h =1. Consequently, g =1 if g(C) = C and
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g = —z otherwise. O

Corollary 3.14. Assume F # F;, Then Isom( HLA') = < PGLy(F),-zZ >

and Isom( D,A ) = < ¢PGL2(F)p7 1,z >.

Proof: Both PGLy(F) and —Z clearly preserve F and thus H. Since —%
also preserves A', < PGLy(F),-z >C Isom(H,A’) by Lemma 3.2. Let g €
Isom(H,A'). Let a,b be in I — {0} such that a ¢ { 4,5}. Since A'(g(a), g(3)) =
A'(a,b), there exists k& € PGLy(F) such that k(g(a)) = a and k(g(b)) = b.
Thus, kog = 1 or ko g = —Z by Theorem 3.13. Consequently, g = £~} or
g=k 1 o(-%) and g € < PGLy(F),-z >.

It is immediate that Isom(D,A) = < @PGL2(F)¢~1,Z > since ¢ o (=Z)o

6~ t=z%z 0O
Remarks:

i) Since —1 € PGLs(F), < PGL2(F),-Z > = < PGLy(F),z >.
ii)) We will use the two models of hyperbolic space interchangeably from

now on.

Definition: A reflection is a hyperbolic reflection of H if and only if its

mirror is orthogonal to F.

Equivalently, a reflection 7 is a hyperbolic reflection of H if and only if L is

(an extended) vertical line or a Euclidean circle centered on F.

By Remark(ii) above and Proposition 2.15(iii), hyperbolic reflections are

isometries of (H, A').
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Lemma 3.15. Ifg,h € Isom(H,A') and g, h ¢ PGL4(F), then gh € PGLy(F).

Proof: Now PGL,(F) has index two in Isom(H,A'), so g7, h ¢ PGLy(F)

implies g~ PGLy(F) = hPGLy(F). Consequently, gh € PGLy(F). O

In particular, the product of » c°Tw of two hyperbolic reflections is in

PGL,(F).

Given two distinct points a,3 € E, there is always a Euclidean reflection = L

such that L(a) = f3; namely, let L be the perpendicular bisector of af. We

now determine the conditions for the existence of a hyperbolic reflection taking

a to 3.

Proposition 3.16. Let a # 8 € H.

i) There is a vertical line L such that r,(a) = B if and only if af || F.

ii) Assume t € af NTF and a # B. There is a Buclidean circle C centered

_i € Im(N).

on F such that r (o) = B if and only if
a

Proof: i) If o || F, then the perpendicular bisector L of a3 is perpendicular
to F and thus L is a vertical line with r (@) = B. Conversely, if r(@) =P

where M is a vertical line, then rM(aﬁ) =af and M L aff. Thus, a8 || F.

e\ Qs -1
ii) Since den(aB,aB) =1, A = % € F*. Translating if necessary, we may

assume ¢t = 0. Let C = aS + b with b € F. Then To(2) = _a._ab + b. Now
z —

ro(a) =6 and ro(6) = o
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2% L b=)a and 2

= I8 Xa —

b+b=a
<> ag+ba@ ~b = da@— Xab and a@ + Aba — b® = dad@ — ab
= b — (@ + Aa)b+ (hax@ —ad) = 0 =b* — (A& + a)b + (Aaa@ — aa@).
If b # 0, then @+ Aa = da+a and (A-1)(a—a) = 0. Since a € H- {8}, 8 =0.
az . ey _ Ao _
Thus, r(2) = > with r(a) = B iff a@ = Aa@ iff 7 (2) = B But C =

(Aa@)S + b is a circle if and only if Aaa € Im(N) if and only if A € Im(N). O

In particular, if N is surjective, then there is always a hyperbolic reflection

taking a to ffora# B € H.

Theorem 3.17. If N is surjective, then every element of PGLy(F) is a product

of two hyperbolic reflections.

Proof: WMA 1 # g € PGLy(F). Choose a € H with g(a) # {a,a}. By
Proposition 3.16, there exists a hyperbolic reflection such that p(a) = g(a).
Thus, pog(a) =aand pog(a) =a. Let 7 =gpopogod~!. Now 7 fixes ¢(a)

and ¢(a). By transitivity, we may assume ¢(a) = 0 so that 7 fixes 0 and co.

Let £ € D — {0,00}. Then z,7(z) € C = {2 €D | A(z,0) =z }, 2
Euclidean circle also centered at 0. By Lemma 1.32(i), L =0 (#l) is the

perpendicular bisector of z7(z) and r (7(z)) = z. Since r, o7 fixes 0,00, and

z,

¢l o(r om)op=(¢""or 0g)(pog)=r, 0pog € PGLy(F)
fixes a,@ and ¢~!(z) where M = a¢~!(z). Consequently, Ty oPog=1and
g =por,,. Since 0,00 € L, M contains two conjugate points and must
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therefore be either a vertical line or a circle centered on F. Hence, Ty 15 @

hyperbolic reflection. O
Definition: A hyperbolic mirror of the plane model is a mirror of a hyper-
bolic reflection of H intersected with H. A hyperbolic mirror of the disk model

is #(G) where G is a hyperbolic mirror of H.

For convenience, we will refer to a mirror C as being hyperbolic when we
really mean H N C is hyperbolic. In this notation, the hyperbolic mirrors of
H are all mirrors of P}lE which are orthogonal to F. Therefore, the hyperbolic

mirrors of D are all mirrors of lP’;: which are orthogonal to S.

Lemma 3.18. Let C be a mirror in ]P;_‘.
1) If C is an extended line, then C is a hyperbolic mirror of D if and only
ifoeC.

ii) If C = aS+b, then C is a hyperbolic mirror of D if and only if ag = bb—1.

Proof: i) C ¥ Sif and only if the center 0 of S lies on C.

ii) By Proposition 2.16, C ¥ Sif and only if ag+ 1 =bb. O
Remarks:

i) If 0 € aS+b, then aa = bb. Thus, it follows from Lemma 3.18(ii) that the
only hyperbolic mirrors of D passing through 0 are lines. It also follows

that the only hyperbolic mirror of D of the form aS is T'.

ii) Assume F # F; and let G and H be distinct hyperbolic mirrors of H.
Since neither G nor H contains more than two points of F, [FN(GUH)| <
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4. Thus, there is a point t € F — (G U H). By a change of coordinates,
we may assume that £ is infinity. Then G and H are both Euchdean
circles centered on F. Since PGL3(F) acts doubly transitively on F, we

may further assume G is centered at 0 and H is centered at 1.

The following is a more constructive proof of Theorem 3.17 but requires the

additional hypothesis that FC E, .

Theorem 3.19. Assume F # F3 and F C E.. Then every element of PSLy(F)
is a product of two hyperbolic reflections. If, in addition, N is surjective, then
every element of PGLy(F) is also a product of two hyperbolic reflections. More-
over,if l£g=r1r oTp 5 in PGLy(F) for hyperbolic mirrors C and D, then

1) g is parabolic if and only if C,D are tangent (at a point in ﬁ)

i) g is hyperbolic if and only if CN D = 0.

iil) g s elliptic if and only if C N D intersect in H.

Proof: Let 1 # g € PGLy(F).

Case 1. g is parabolic.
Working in the plane model, we may assume g(co0) = oo so that g(z) = z+b, b €
F. Let C =I1+2, D = 1. Then C and D are tangent at co (and rlH_%(z) = —Z+b,

r(z)=~%).

Case 2. g is hyperbolic.
Working in the plane model, we may assume g(oo) = oo and g(0) = 0 so that
g(z) =az. Let C={z|2Z2=a}and D=S. (Now C # @ sincea € F, C
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Im(N) if g € PSLy(F) and N is onto otherwise.) Then CND = @ (and
ro(s) = 27 () = 1)

Case 3. g is elliptic.

Since F C E;, g has two fixed points. Working in the disk model, we may

assume these points are 0,00. Then g(z) = sz, s € S (by Lemma 3.10(ii)). Let

C=(s+1)F, D=F. SoCND={0,0} (and rC(z) =sz, 1 (2) =%).

Conversely, let 1 # g =17 ™D with C and D hyperbolic mirrors. We may
assume C = {z € E|z2Z=aa}and D={z€E||z-1° =bb} or
D={z2€eE|2z==>bb} Sinceg# 1,C # D. If C and D are concentric,

then CND =0 and rorp(2) = ( ) z is in F* z and is hyperbolic. Otherwise,

aa(z — 1)
z+ (80 —1)
Now r or, (z) = z iff 22 4+ (bb— a@ — 1)z + a@ = 0. According to the

ro(2) = ——+1a,ndr or ()=

classification of elements of PGLy(F), r cO°Tp is hyperbolic iff A € F;, parabolic
iff A = 0 and elliptic iff A € F* —F where A is the discriminant of the quadratic

22 4 (bb — a@ — 1)z + aa.

On the other hand, z € CND iff 2z = a@ and (2—1)(Z—1) = 2Z—2z—Z+1 = bb.
Together these equations imply a@ — bb + 1 = z + Z and thus 22 + (bb — az —
1)z+a@ =0 (Z= %= since z # 0). Consequently, C, D intersect at two points

in Hif A € F* —F,. From the equation a@ — bb + 1 = z + Z, we see that C
ag—bb+1
2
intersect in exactly one point in F iff A = 0 and are disjoint ff A€ F,. O

and D intersect in at most one point (z = }in F. Thus, C and D

Remark: Let g = rr, where C, D are hyperbolic mirrors and F C E,.. If
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g is elliptic, let C and D be as in the above proof. Then g(z) = sz and det(g)
= s. Also den(D,C) = den(F, (s+ 1)F ) = s. Consequently, g € PSLy(F) if

and only if den(D,C) € S4. If g is parabolic, then g is always in PSL2(F).

The hypothesis that F C E; in the above theorem was used to guarantee that
all elliptic elements of PGL2(F) have fixed points. We now propose another way

of fixing this problem. We define

U:={acF-F | dimg(Flo]) = 2}.
PGL»(F) (and PSLy(F)) acts on PIF = F U{x} = (F-F) U]P’;_ with orbits
U and ]P’;. U provides an alternate model for the hyperbolic plane in which all
elliptic elements have fixed points. If F has a unique quadratic extension (e.g.,
F=RorF=F,)thenU =E-F = H
Theorem 3.20. Leta#be H

i) There is a hyperbolic reflection fizing a and b which is unique if a # b.
i) If g € Isom( H,A') fizing a and b and a # b, then g is a hyperbolic

reflection.

Proof: If a +@ = b+ b, then we may assume a +@ = b+ b = 0. Then
rn(z) = —% fixes @ and b and has mirror I. Otherwise, the line ab is not vertical
and thus is not perpendicular to F. Let L be the perpendicular bisector of ab.

Then by Lemma 1.9(iii), LN F # (. Translating if necessary, we may assume

LNF = {0}. By SDS, A0, %%,a) = A(0,%£2,b) and thus a@ = b5. Then
a,beC={z€E|zZ=daa }andr ¢ s the desired hyperbolic isometry since
the center 0 of C lies on F.
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Letg=r, ifat+@=>b+bandg= To otherwise. If a # b and h is a hyperbolic
isometry fixing a and b, then h~1g € PGL,(F) by Lemma 3.15. Then h™1g fixes
a,b,@ and is therefore 1. Therefore, g = h. This argument proves both ii) and

the uniqueness of gini). O

Given a # b € H, there is a hyperbolic mirror passing through a and b by
Theorem 3.20(i). If a # b, this hyperbolic mirror is unique and is denoted

M(a,b). The analogous statement holds for z # y € D.

Lemma 3.21. Let A,B € D with0A # 0B and B # % LetG={z||z—T)? =

B—T|? } be the unique Euclidean circle such that A, B € G and G is a hyperbolic
yp

mirror of D. Then

_B-A-BBA+BAA

T —
BA—-BA

Proof: Now |B — T|?> = |A—T|?> = TT — 1 since G is a hyperbolic mirror.

(B-T)(B=T) =(A-T)(A-T)=TT-1 => BB—BT-BT = AA-AT—AT = 1.

Multiplying equation BB — BT — BT = —1 by A and equation 44— AT — AT =

—1 by —B, we get
BBA - BAT — BAT = —A, —BAA + BAT + BAT = B.
Adding these two equations gives
T(BA-BA)=B—-A—BBA+ BAA.

Since den(0B,04) #1, BA¢F. O
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Since isometries preserve orthogonality, the image of any hyperbolic mirror
under an isometry is again a hyperbolic mirror. (Two such hyperbolic mirrors
are said to be isometric.) Also PGLy(F) preserves the dengle between any two

intersecting hyperbolic mirrors.

Consider the finite case with F = F,. Hyperbolic mirrors of H which are
vertical lines or circles centered on F and intersecting F have cardinality ¢ — 1,
while the hyperbolic mirrors that are circles centered on F but not intersecting
F have cardinality ¢ + 1. In particular, the classical result that all hyperbolic

mirrors are isometric does not hold.

Lemma 3.22. Let L and M be hyperbolic mirrors of D with A,B € L and
A(A,B) € F* —{-1}. L is isometric to M if and only if there ezists P,Q € M

with A(P,Q) = A(4, B).

Proof: If g € Isom( D,A) such that g(L) = M, then A(g(A4),9(B)) =
A(A,B). Conversely, if there exists P,Q € M with A(PQ,=)A(4, B), then
there exists g € PGLy(F) such that g(P) = A and ¢(Q) = B. Since there is
a unique hyperbolic mirror through any two distinct nonconjugate points and

A,BeLng(M), g(M)=L. 0O

If follows from Lemma 3.22 that hyperbolic mirrors L and M are isometric if

and only if they are isometric by an element of PGL,(FF).

Theorem 3.23. Let A,B,P,Q € D withd = A(A,B), d = A(P,Q) € F* —
{-1}. M(A,B) and M(P,Q) are isometric if and only if d#_‘:_—l and I‘E—l are in

the same coset of Fy in Im(N ).
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Proof: Since U acts transitively on D, we may assume A = P = 0. Since
Be{zeD|A(z0)=d}={z€cE|zz= 3k}, ;,,—.%TEIm(N). Thus,

the cosets (d+1)F+, (~ )]F+ are defined. Now d = A(B,0) = = BB and

d+1 = BB. Note that

BB(r —t)? -1

B) = S . Ao, tB) = ————
ArBitB) = n—aEma-ers) St = TTams

for r,t € F. Since M(A,B) = BF
M(P, Q) is isometric to M (A, B)
= d= A(rB,tB) or d= A(o0,tB) for some r,t € F

d _ BB(r—t)? o d 1
d+1 (rtBB-1)? i+1 BB

for some r,t € F.

Also

d d d d
—|Fy = [ =—|F; = —=2%| =—
<d+1> + (d+1) + d+1 ° (d+

If M(P,Q) is isometric to M(A4, B), then BB = z? (2-_%1) where z = TBB-1

(r—t)2

-

) for some z € F*.

or z = t?(BB)? for some r,t € F.

Conversely, if BB = z? (ﬁ;) for some z € FX, then d = —2B

22-QQ
A((2)Q,0). O
Corollary 3.24. The number of PGL2(F) orbits of hyperbolic mirrors in D is

[ Im(N) : Fyq].

In particular, there are two 1sometry classes of hyperbolic mirrors in the finite

case.
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Lemma 3.25. Let G be a hyperbolic mirror inID, p€ G, s € S. There is a

unique hyperbolic mirror H with p € H and den( G,H,p) = s.

Proof: We may assume P = 0. Then G is an extended line and the result

follows from Lemma 1.12. O

Proposition 3.26. Let P# Q € CNW where C = { z€D | A(z,A) =1 },
W={z2zeD|A(=B) =p}, A¢{B,Bland \,peF* —{-1}. If M
is any hyperbolic mirror through P and @ and L = M(A,B), then L = { z €

D|A(z,P)=4L(2,Q) }, LY M andr (P)=Q.

Proof: We may assume A = 0. Then L = 0B. Since A(0,P) = A(0,Q) and

A(B,P) = A(B,Q), 0B L PQ. Thus,
{zeD-{0} | A(z,P)=A(2,Q) } ={z€D— {0} |0z L PQ}=0B

and L={z€D| A(2,P) = A(2,Q) }. Sincer, (P) e CNW = {P,Q} and
P¢L,r (P)=0Q.

If 0 € M, then M is an extended line. Since PP = QQ, OB is the perpen-
dicular bisector of PQ and thus L ¥ M and r (P) = Q. If 0 ¢ M, then let
R be the Euclidean center of M. If R # 0, then by Lemma 1.32(ii) OR is the

perpendicular bisector of PQ. Since 0B L PQ we have 0B = OR. In any case,

ReLandthus LY M. O

Proposition 3.27. Assume F # F;.

i) If G is a hyperbolic mirror inD with p € G, there is a unique hyperbolic
marror passing through p and orthogonal to G.
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ii) Given p € D, there is a unique hyperbolic mirror T, such that every
hyperbolic mirror through p is orthogonal to T,. Moreover, if H # T}
is a hyperbolic mirror, then there’s a unique hyperbolic mirror through p

and orthogonal to H.

Proof: We may assume p = 0.
1) Every hyperbolic mirror through 0 is an extended line. Thus, given any
hyperbolic mirror G with 0 € G, there’s a unique line passing through 0 and

perpendicular to G.

ii) By 1), it suffices to consider a hyperbolic mirror G with 0 ¢ G. Then G is a
Euclidean circle with Euclidean center R. If R # 0, then the unique hyperbolic
mirror passing through 0 and orthogonal to G is OR. There is a unique circle
with R = 0 which is a hyperbolic mirror, namely T'. But every hyperbolic mirror

passing through 0 is orthogonal to 7. 0O

Question: Given disjoint hyperbolic mirrors G and H, when do they have a

(necessarily unique) common orthogonal?

Assume F # F3;. Working in the H model, we may assume G and H are
circles centered on F. If G and H are concentric with center £, then the unique
common orthogonal is the vertical line passing through ¢ (by Proposition 2.16).

Otherwise, the only possible common orthogonal to G and H is the circle K
- - A+p a-b2+A—p
2(a —b) 2(a —b)

G has center a, sqr()\) and H has center b, sqr(y) (again by Proposition

with center

2
and sqradius 7 = <( ) — X where

2.16). It is not clear from the formulas that K is nonempty. Specifically, why is
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7 nonzero and in the image of the norm map?

To make computations easier, we will further assume that a = 0 and b = 1.

Since G and H are disjoint, r,r (z) = ;_‘)_‘—z(’:-_il—) is hyperbolic (Theorem
iy
3.19) with fixed points z = lﬂ?;_t_ﬂ:_ € F where 82 = (p,—A— ]_)2 —4)\ €

Fy.
Claim. The fized points of r v, lie on K.

Proof: We need to show that

2

1+A-p (1+2—p)?
— = — -\
1 2 i 1
z+4d 0 0
Let z=1+A—p. Then z = — and 6° = z° — 4). Therefore,
g = i = G = T
(L+XA—p)? _a?
2 A= y A
2 . 2 o2
But z2 —zz = [Ec_i_ﬁ] _ z(-'l!i&) _ 2 +26 + 6% —2z°% F 24z _
2 2 4
62 — 2? z? — 4\ - z?
4 - 4 - _'A. D

Corollary 3.28. If G and H are disjoint hyperbolic mirrors, then the unique

hyperbolic mirror passing through the fized points of L s @ common orthog-

onal of G and H.

Corollary 3.29. If G and H are disjoint hyperbolic mirrors, then G and H are

conjugate to two concentric circles.

Proof: Since r g is hyperbolic, its fixed points lie on F and thus the
common orthogonal of G and H intersects F. Thus, we may assume the common
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orthogonal is IU {0} which implies that G and H are both circles centered at

0. O

Unlike the classical case, it is also possible for G and H to have a common
orthogonal even if they are not disjoint. For example, let F = F5 and a be a root
of the quadratic 2 + 2, irreducible over Fs. Let G be the vertical line through
2+ aand H =S. Then GN H = {2+ a} and the circle centered at 2 with

sqradius -2 is the common orthogonal.

Theorem 3.30. If G and H are hyperbolic mirrors intersecting in H and —1 €

Im(N ), then T is a common orthogonal of G and H.

Proof: Working in the disk model, we may assume the fixed points of r c"H

are 0 and oo (since r is elliptic by Theorem 3.19). Then G and H are

¢'H
extended lines passing through 0 and both are orthogonal to T when T exists. O
In the finite case for instance, there are therefore three possibilities for distinct

hyperbolic mirrors G and H:

i) If G and H are disjoint, they have a unique common orthogonal inter-
secting F (and conjugate to IU {0}).

ii) If G and H intersect in H, they have a unique common orthogonal not
intersecting F (and conjugate to T).

i) If G and H intersect in F, they do not have a common orthogonal.

(Conjugate so that G and H are vertical lines.)

Definition: Distinct hyperbolic mirrors G and H will be called parallel if

they intersect in F.
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Theorem 3.31. Every hyperbolic element of PGL2(F) can be written as a prod-

uct of two hyperbolic reflections if and only if the norm map s onto.

Proof: Let a € F*. Then g(z) = az is hyperbolic. If g(z) = rr_, then G
and H are disjoint mirrors having common orthogonal IU {0}. But rgry(z) =
(%) z where ) is the sqradius of G and p is the sqradius of H. Since A and p
are in Im(N) and N is a group homomorphism from a multiplicative group, we

have a = A € Im(N). Hence, N is onto.
7
The converse was proved in Theorem 3.17. O

For instance, z — —z is not a product of two hyperbolic reflections when

F=R.

Even though disjoint hyperbolic mirrors G and H have a common orthogonal
K, K may intersect neither G nor H. (If G and H are concentric circles centered
at 0, K = I may not touch either circle.) Nevertheless, if G and H are disjoint
hyperbolic mirrors having a common perpendicular K, then we can recover some

of the classical theory. We can, for instance, define the distance between G and

H in this case.

Definition: Let C and D be disjoint hyperbolic mirrors with a common
perpendicular K such that K N C = {P}, KN D = {Q}. Change coordinates
so that P = 0. Then C = cF, D is a circle centered at A € E satisfying sqr(D)
= AA -1 and K = 0A. We define the hyperbolic distance from C to D at
Q as follows:

A(C,D,Q) = 2(0,Q) = ; ?ga‘
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Moreover, cosh(A(C, D,Q)) :=1+2A(C,D, Q).

Given a field K, consider the map from GL,(K) into K given by 4

(Z(tﬁ)) . Given X € K*, tr(A4) = Atr(A) and det(AA) = A" det(A). Le., the

map 4 — ETAN™ o tors through PGL,(K). Let ¢, : PGLA(K) — K be
€

the induced map.

Since both the trace and the determinant of a matrix are invariant under con-

jugation, ¢n(a) = ¢»(B) when a and B are conjugate in PGL,(K).

Definition: The inversive product of hyperbolic mirrors C and D 1is

¢2(ro or_) and is denoted (C, D).
Lemma 3.32. Let a = [4], B = [B] be nonidentity elements of PGL,(K).
i) If ¢,(a) # 0, then B is conjugate to a in PGL(K) if and only if ¢2(a) =

$,(8)-

ii) If ¢,(a) =0, then B is conjugate to a in PGL2(K) if and only if¢2(a) =

$,(8) and g%% €K,

Proof: Note that det(A) = det(AB) = A\? det(B) for some A € K, if and

.. det(A)
only if Ft(B_) e Ky.
tr?(A) _ tr*(B) det(A) _ tr?(A)

det(A)  det(B) " det(B)  tr2(B)
a representative B of a with det(A) = det(B). Consequently, ¢,(a) = ¢,(B)

The

1) Assume

€ K; and we can find

implies tr2(A) — 4det(A4) = tr?(B) - 4det(B). le, aand f are conjugate in
PGLy(K) by Proposition 0.5.

det(A)

m € K4, we can find a representative B of 8 with det(4) =

i) Since
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det(B). Since tr2(4) = 0 = tr2(B), a and f are conjugate in PGLy(K) by

Proposition 0.5. O

Let K = F5. Then K; = {£1}. Consider g(z) = =* and h(z) = =2.
Then tr2(g) = 0 = tr(h) but g and h are not conjugate in PGLy(K) since
det(g) =1 € K; but det(k) =2 ¢ K.

Theorem 3.33. Let C and D be distinct hyperbolic mirrors of PSLo(F). Then
i) If C N D = {P}, then (C, D) = 4cos®(v) where v = den( C,D,P).
i) If C and D are disjoint and have a common perpendicular K, then

(C, D) = 4cosh?(A(C, D, Q)) where @ e DNK.

Proof: i) By a change of coordinates we may assume C = AS and D =

uS+d, d€F. Then

A(z —d)
r or = = ., =0
¢ D dz + (p — dd)

@) = ¢ ([324]) - B2

On the other hand, applying the Law of Cosines (Proposition 1.56) to

A(0, P, d) gives (A + p — dd)? = 4\pcos?(y) where v = den(0P, Pd). Hence,

(C,D) = 4cot(r) = (7%1)2

where v = den(C,D,P).

il) If CN D = (, change coordinates so that C = cF, D is a circle centered at

d € E satisfying sqr(D) = dd -1, K= 0d. Now r,(2) = 5z, r_(2) = 2=
C

i

z—-d

Therefore,

rorplz) =

ol o
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Since Q € 0d = QF, d = aQ for some a € F. Therefore, sqr(D) = |Q — dj? =

dd-1 — Q0-d0-30=-1 — Q¥ -2QQa=-1 = a= qugl
_QQ+1

and d = 0 Thus,
rorplz) = @ [(Q@+1)z—2Q] i
¢p Q [2Qz—-(QR+1)

. CQ 4(QQ + 1)

Since _C_,.———g =den(0C,0Q) = den(C’,f-{) =-1, we h:j:re ¢(rcorD = W
_ QQ |_1+Q@Q

But 1+ 2A(C,D,Q) =1+2 [1 = QQ’] 1

Remarks: i) If C N D # 0, then the proof of part i) of the above theorem

(A + p — dd)®

shows that (C, D) = - Thus,rjor, € PSLy(F) iff det(ror,) €

Ap
Fy iff (C,D)€F+1ﬁ ApeFy.

ii) It follows from Theorem 3.33(i1) that

cosh?(A(C, D, Q)) = cosh?(A(C, D, Q)) where {Q,Q} = KN D. le.,

A0,Q) + A(0,Q) = —1.

Definition: A, B,C € H are cocyclic in H if there is a hyperbolic mirror

of H containing A, B,C.

Definition: Let A, B,C be noncyclic points of H. The hyperbolic triangle
with vertices A, B and C is M(A,B)UM(B,C)UM(C, A) and is denoted ABC.
Mirrors M(A, B), M(B,C), M(C, A) are the sides of the triangle.

The oriented triangle (4, B,C) is the triangle ABC with dengles den( M (A, B),

M(B,C), B), den( M(B,C), M(C, A), C ), and den( M(C, A), M(A,B), 4 ).
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Note that no two vertices of a triangle are conjugate. ( If B = A4, then B €
M(A,C). )
Triangles ABC and PQR are isometric ( denoted ABC = PQR ) if there is
a g in Isom(H, A’) such that g(4) = P, g(B) = @, g(C) = R and weakly
isometric ( denoted ABC =, PQR ) if there is an h in Isom(H, A') such that
h(M(A, B)) = M(P,Q), h(M(B,C)) = M(Q, R), h(M(C,4)) = M(R, P).
(4, B,C) is a right triangle if (at least) one of its dengles is —1.
Lemma 3.34. Consider (A,B,C).

1) den( M(B,C), M(C,A), C ) = -1 = den( M(C,A), M(A,B), A ) i

and only if A,C € T.
ii) If den( M(B,C), M(C,A), C ) = -1, then A(B,C) = A(A, B) if and

onlyif A,C eT.

Proof: We may assume B = 0. Then M(A4,0) = OA4, M(0,C) = 0C and
M(A,C) is a Euclidean circle with center R.

i) Now den( 0C, M(C,A), C ) = —1 = den( M(C, A), 04, A ) if and only if
R e (0C)N (0A) = {0} if and only if M(A4,C)=T.

ii) Since den( 0C, M(C,4), C ) = -1, r (M(C,A4)) = M(C,A). Let
W ={2z2eD]| A0,z) = A(0,4) }, a Euclidean circle centered at 0. Note
that r, C(A) € WnM(C,A) and TOC(A), A, C are distinct. Consequently,
A(0,C)=A(A4,0) <= CeW <= W=M(C,A) < M(C,A)=T. O
Proposition 3.35. In (4,B,C), A(A,B) = A(A,C) if and only if B = 7
where 8 = den(M(A, B), M(B,C), B) and 7 = den(M(B,C), M(4,C), C).
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Proof: We may assume A = 0. Then M(0,B) = @, M(0,C) = 0C and

M(B,C) is a Euclidean circle centered at R.

If R =0, then M(B,C) = T and both A(0,B) = A(0,C)and B =7 = -1
hold. Assume R # 0. Let L = OR. Note that r (M(B,C)) = M(B,C), that
B,r (B),C € G and that B,r (B) e W = { z € D | A(0,z) = A(0,B) }
Since G # W, A(0,B) = A(0,C) <= C €W <= r (B) =C. (Since
r,(C) € GNW when C € W, r,(B) = B implies that r, (C) = C and 0, B, C

are collinear.)

Now f8 = den( 0B, M(B,C), B ) and 7 = den( M(B,C), 0C, C ). Thus, &

= den( 0r(B), M(B,C), r,(B) ) and 1 = den( 6C, M(B,C), C ).

If 7, (B) = C, then %3- = den( 0C, M(B,C), C ) = X and B = 7. Conversely,
assume 8 = 7. Ifr (B)# C,thenr (r (0B)) = 0C by the Essential Unique-
ness of Dengles Theorem. This can’t happen since 0, B,C are not collinear.

Thus, 3 =7 if and only ier(B) =C. O

Proposition 3.36. (SSS) If A(P,Q) = A(A,B), A(Q,R) = A(B,C) and

A(R,P) = A(C, A) in PQR and ABC, then PQR = ABC.

Proof: We may assume @ = B = 0. Since A(0, P) = A(0, A), there exists a

g € U such that g(0) =0, g(4) = P. Let
V={2eD|A(2,0)=A0,R)}, W={zeD| A(z,P)=A(P,R) }.

Since V # W and R,C € V NW, Proposition 3.26 implies that R = C or

rOP(C) = R. In either case, ABC = PQR. O
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Proposition 3.37. (SDS) If A(4,B) = A(P,Q), A(B,C) = A(Q,R) and §
= den( M(A,B), M(B,C), B ) = den( M(P,Q), M(Q,R), Q ) in (4,B,C)
and (P, Q, R), then (P,Q, R) is isometric to either (4, B,C) or (D, B,C) where
{A+#D}=(AB)n{z€e D | Az, B) = A(4,B) }.
If B = —1, then (P,Q,R) = (4, B, C).
Proof: We may assume B = Q = 0. Since A(0,C) = A(0,R), WMA C = R.
Since den(04,0C) = den(0P,0C), we know 04 = OP.
Since P € (04)N{ z € D | A(z,0) = A(4,0) } = {4,D}, A(P,Q,R) =
A(4,B,C) or A(P,Q,R) = A(D,B,C). I 8= -1, then 04 L 0C and
AP (A) € (0A)N{zeD| A(z0) = A(4,0) }.
Hence, r,,(4) =P. O
Proposition 3.38. (DSS for right triangles)
If den( M(B,C), M(C,A), C ) = —1 = den( M(Q,R), M(R,P), R ),
A(A,B) = A(P,Q), A(B,C) = A(Q,R) and A4, B) # A(B,C) in (4, B,C)

and (P,Q,R), then (A,B,C) = (P,Q,R).
Proof: We may assume B = @ =0 and C = R. Since
den( 0C, M(A,C), C )= den( 0C, M(P,C), C),
we have M(A,C) = M(P,C) by Lemma 3.25.

Now A, P, v, (P) € W ={z €D | A(z,0) = A(0,4) }. Since den( 0C,
M(A,C), C) = -1, weknow A,Pr (P) € M(AC). Since A(4,B) #

A(B,C), W # M(A,C)andthusr (P)=A. O
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Proposition 3.39. (DSD)

If den( M(4, B), M(B,C), B ) = den( M(P,Q), M(Q,R), Q ), den( M(B,C),
M(C,4), C ) = den( M(Q,R), M(R,P), R ), and A(B,C) = A(Q,R)
in (A,B,C) and (P,Q,R), then (P,Q,R) is isometric to either (4,B,C) or

(1,B,0).

Proof: We may assume B = @ = 0 and C = R. Since den(04,0C) =

den(0P,0C), 0A =0P. Also M(C, A) = M(C, P) by Lemma 3.25 since
den 0C, M(C, A), C )=den(0C, M(C,P), C).

Thus, 0A and M(C, A) are distinct mirrors ( since 0 ¢ M(C, A) ) containing

both A and P. Thus, P = A or P is conjugateto AinD. O

Two triangles in D satisfying the data of DDS are not necessarily even

weakly isometric.

Definition: Let P;,P,,...,P, be distinct points (called vertices) of
H, no three of which are cocyclic in H. The union of the mirrors
M(Py,P2),M(P2,Ps),...,M(Pyr_1,P,), M(P,,P,) (called sides) is a hyper-

bolic n-gon, denoted PP, --- P,.

(P1,Ps,...,P) will denote the n-gon with dengles
den(M(P, P2),M(Ps, P3)),. .., den(M(Pn-1, Prn),M(P,, P;)).
Proposition 3.40. There is no rectangle in D.

Proof: Suppose (A, B,C, P) is a rectangle in D. We may assume P = 0.

Now M(A, B) and M(B,C) are Euclidean circles with centers @, R respectively.
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Thus,
IB-QP? = Q@ —1and [B-R]> = [C-R?=RR-1.
Consequently, BB—BQ—BQ = —1and BB—BR—-BR = —-1=CC-CR-CR.

Since den(0C, M(B,C), C ) =-1 =den( 04, M(4, B), A), weknow R € 0C

and @ € 0A. Thus, den(0C,0R) = 1—;—% =1 and CR=CR. Therefore,

CC-2CR = BB-BR-BR = -1 = BB-B@Q -BQ.
Since den(0C,04) = den(0R,0Q) = —1, we know QR = —QR. Since
—1 =den(M(A, B),M(B,C), B) = den(@QB, BR),
(B — R)(B—Q)=—-(B - Q)(B - R). Thus,
BB-BR-BQ+QR = -BB+BQ+BR-RQ
—» BE-BQ-BQ = —(BE - BR-ER).

In particular, CC—-2CR = BB—-BR-BR=BB-BQ-BQ = -(BB-BR-
BR) and so CC —2CR =0. This is a contradiction since C = 2R implies that

|IC-R?=RR#+RR-1. O

Definition: The conjugate of the product of the dengles of the n-gon

(PyP2P;--- P,) is the derea of (P, P,P;--- P,).

Lemma 3.41. Assume P € M(B,C)—{B,C} in the triangle (A, B,C). Then

the derea of (A, B,C) 1is the product of the derea of (A, B, P) and the derea of

(4,P,C).

Proof: We may assume B = 0. Then M(4,C) and M(A, P) are Euclidean

circles with centers R, () respectively.

113



Now the derea of (A, B, C) is the conjugate of
den(04,0C)den(0C, M(4,C),C)den(M(4,C),04, A)
= den(0A4,0C)(—den(0C, CR))(—den(AR,0A))

= den(0A,CR)den(AR,04) = den(AR,CR).
The derea of (4, B, P) is the conjugate of

den(0A,0P)den(0P, M(A, P), P)den(M(A, P),04, A)
= den(0A,0P)(—den(0P, PQ))(—den(AQ,0A4))

den(0A, PQ)den(AQ,04) = den(AQ, PQ).
The derea of (4, P, C) is the conjugate of

den(M(A, P),PC, P)den(PC, M(A,C),C)den(M(A,C), M(A, P), A)

= (—den(PQ, PC))(—den(PC,CR))(den(AR, AQ))

=  den(PQ,CR)den(AR, AQ).
Therefore,
den(AT, PQ)den(PT,CR)den(AR,AQ) = den(AQ,CR)den(AR,AQ)

= den(AR,CR). O
The analogue of Lemma 3.41 holds for any n-gon.

Consider (4, B,0) in D. Then M(A, B) is a Euclidean circle with center R.
Since [A—R|? = [B—RJ?, 6 = en(AR,BR) is defined. Recall that [en(AR, BR)]?
= den(AR,BR). The derea of (4, B,0) is the conjugate of
den(M(A, B),0B, B)den(0B,04)den(0A, M(A, B), A)
= (—den(BR,0B)(den(0B,04))(~den(04, AR))
= den(BR, AR).
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Thus, the derea of (4, B,0) is den(BR, AR) = den(AR, BR) = §2.

Definition: The erea of (4, B,0) is en(AR,BR) = g—:—; where R is the

Euclidean center of M(A, B).

Hence, the derea of (4, B,0) is the square of the erea of (4, B, 0).

Lemma 3.42. The erea of (A,B,0) is 1= AE.
1-AB
R-B . .
Proof: The erea of (4,B,0) = R A where R is the Euclidean center of

A—B-—-AAB+ ABB

M(A,B). By Lemma 3.20, R= —_
AB - AB

. Therefore,

A—B- AAB+ ABB - ABB + ABB
AB - AB

_ A(1-AB)-B(1-AB) _ (A-B)(1-4B)

- AB - AB AB-4B

R-B=

(A - B)(1 — AB) R-B 1-4B
AB-AB R—-A 1-AB

Similarly, R— A =

Lemma 3.43. The erea of (K(B), K(0),0) and the erea of (A, B,0) are equal

where k(z) = Z= A .
Az -1
B-A
Proof: Now k(0) = A and k(B) = VTR By Lemma 3.42, the erea of

(k(B), k(0),0) is therefore

)k(0) (A§—1—A§+AZ AB -1

) AB-1 )(ZB—l—ZB+AZ>
AB-1 1-A4B

AB-1 1-4B

Le., the element k(z) = Zz— Al € U preserves the erea of (4, B, 0).

Definition: The erea of (P,Q, R) is the erea of (g(P),g(@),0) where g €

U,g(R)=0.
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Lemma 3.44. The erea of (P,Q, R) is well-defined.

Proof: Since (P,Q,R) = (@, R, P), the definition of erea depends on both
the vertex sent to 0 and the element of U sending it to 0. Let V,W € {P,Q, R}.
Let g,h € U such that g(V) =0,h(W) =0. f V = W, then go 2~*(0) = 0 and
so go h™! € Sz < B. Since B preserves ratios, it preserves erea. Thus, A and

g=1toh, t € B give the same erea.

z—g(W)
g(W)z -1
where ¢t € B. Thus, h and g give the same erea by Lemma 3.43. O

IFV # W, let k(z) = . Then kogoh ™ € Bandh=tokog

Notation: In (4,B,C), let a = den( M(C,A), M(A,B), A ), B = den(
M(A,B), M(B,C), B ),y = den(M(B,C), M(C,A), C ) and § be the erea of

(4,B,C). Alsolet a= A(B,C), b= A(A,C) and c = A(4, B).
We define cosh(c) =1+ 2A( A4, B).

Theorem 3.45. (First Cosh Law)

In (A, B,C),
cosh(c) = cot(a)cot(B8) + E(Z_(;ss"ym—(ﬂ)—'
Proof: Now
cot(a) cot(f) + —aut _ —(a+1)(B+1) 2(y +1)afBs

sin(a)sin(8) = (a—1)(8-1) (a=1)(B-1)
We may assume C = 0. Let D be the Euclidean center of M (A, B). We know

0#|D—-AP?=|D—B?=DD—-1, AA#1+# BB, AB #1. Also

a=£;—A—),,B=:_B(LB—),7=f—B

A(D - 4) B(D - B)
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From Lemma 3.42 and its proof,

1-4B DB (A— B)(1 - 4B) Ded = (A—B)(l—A_E).

1- AB’ AB-4B B AB — 4B
Thus,
A(A- B)(1 - AB) B(A-B)(1 - AB) AB + AB
= — —_— ’ ﬂ = = e » + 1 =T =5
A(A=B)(1 — 4B) B(A — B)(1 —AB) AB

1= (AB —AB)(1 — AA) atl = 244(1 + BB) - (AB + AB)(1 + A4)
~ A(A-B)(1-4B)’ B A(A=B)(1 - 4B) ’

AB — AB)(1 - BB)

—2BB(1 + A4) + (AB + AB)(1 + BB)

-l = B(A- B)(1-4B)’ Al = B(A- B)(1 — 4B)
Now
_ (1-AA)(1-BB)+2(A-B)(4-B)
1+24(4,8) = (1 - A4)(1 - BB)
_ 1+AA+ BB+ AABB-2AB-2AB
- (1 — A4)(1 - BB)

Note that
[2AA(1 + BB) — (AB + AB)(1 + A4)][-2BB(1 + AA) + (AB + AB)(1 + BB)]

= —4AABB(1 + AA)(1 + BB) +2BB(1 + AA)(1 + A4)(AB + AB)
+ 2AA(1 + BB)(1 + BB)(AB + AB)

— 2(AB + AB)(AB + AB)(1 + AZ)(1 + BE)

= [—4AABB - 4AYA’BB - 4AAB’B’ - 444" BB’ ]
+ [2ABB’ +4A*ABB’ + 24%4’ BB’ + 2AB*B + 4AA°B?B + 24°A°B’B |
+ [2A4°B +4AA°B*B + 244°B°B’ + 2A*AB + 4AABEB’ + 24*4AB°F" |
+ [-244ABB-A'B* - A’B’ — 24%4°BE — AZ°B? - A*4(B)?
— 244B°B’ - A°B’B - ABB’ — 24’A°B*B’ - AA°B*B — A%ABE".
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So
P:= —[24A(1+BB)—-(AB+AB)(1+ AA4)]

[ =2BB(1 + AA) + (AB + AB)(1 + BB) ]
— 6AABB +6AAB*B — 844 B*E — 244 BB’ + AA'B*E + 6A*A°BB
+ 6AA°B®B’ —8A?ABB - 24?A°B*B - 2A?AB*B’ - 2474BB’
_ 24%ZA’BB’ + AABE’ + A*ABB’ - 24BB’ — 2AB’E - 2A4°B
— 24°AB + AZ'B? + A°B’B — 2A*4AB + A’BB’° + A°B% + A*F".
Thus,

—~(a+1)(B+1)

_ [2AZ(1 + BB) — (AB+ AB)(1 + AZ)} [—231‘9‘(1 + AA)+ (AB + AB)(1 + BB)
A(A = B)(1- 4B) B(A - B)(1 - 4B)
P
~ AB(A- B)(A- B)(1- AB)?

Now

2(AB + AB)(1 - AB)
AB(1— AB)
2(AB + AB)(1 — AB)(1 — AB)(A - B)(A - B)
AB(A — B)(A - B)(1 — 4AB)?

(24B + 2AB)[ (1 — AB—AB + AABB)(AA + BB - AB — AB) ]

AB(A- B)(A-B)(1 - 4B)?
Q
AB(A-B)(A=B)(1 -4B)?

2(v+1)aps =

where
Q := (24B +24B)[ AA + BB — 4B — AB — A*AB — ABB’ + 244BB + A°B’
— AA°B-ZAB’B+A'B?+24B + AA’BB + AAB’B’

_ AA’B?B - A*ABB’ |
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611
(gv—gy gy -gv ) gve-gye-4ayv +49 +yv +1) =
( 8V~ gay-gqvve)gve-gye—-gqyv+4g+yv+1) =
Vet GV VT~ o8 Vet 8.8 VVe-

GV eV — 88 VV — .8V, Vet g9,V — 4.9 Y~ 2.9VVe+

VsV — o8 YV — g8 Vo Ve + GV~ gV -gdyve = X
myg
gy -gv)agy—-gv)gg-1yv-1) _ (1-g)(1—n)
X T (ego) 1+ Kz + (1+9)(1 +0)-
‘snyq,
Nay-ne@-viglar-lg-vlv _ __ . __
(gg-1)(gy -gv)yv -1)(gy —gv) (T= )1 -=)
MON

.zgzz - z_g.ZV - sg.svz +
s VET FdoV ~ sl YV~ dVV ~ FAYV ~ (@)W sV — IV ~
o8 YV + Y VT + a8 VV — 8.8, YVe~ 8.AYVe+ddyve =

O+Egy—-1)d = X

gy -1 g -v)g-v)gv
X

= ogo(1+ L)z + (1 + ¢)(1 +0)-

HQ'[{LL
(o8 YVO+ o8 YVe+Ed YVe— L AVVY — G0V VT +

oA YV~ GGV Ye+ IV yo+8d .y vy — gV Ve +
8 VYT +dgvvy— g8 VT — 4 YVe— Gd.Ve— (DY Ve —

g.9ve+ gave+4 yve+ vyt + g ye— G.ve— Vot 4. ¥e] =



Thus,

1+ AA+ BB+ AABB -2AB —2AB
(1 - AA)(1 - BB)
= — — X_ S —. O
(1 - AA)(1 — BB)(AB — AB)(AB - AB)

Note that (a +1)2(B+ 12— (e —=1)}(B-1)? = 4(a+B)(1 + aB) and

_wpr L) =%
s = 0 () =
Thus,
(sinhc)® = (coshe)® —1
_ [ —(a+1)(8 +1) +2(y +1)apBs ]2 1
(@ —1)(8—-1)

(@+1*(B+1)° = (a—1)*(B—1)* — 4(a+1)(B + 1)(y +1)aBs + 4(y +1)*a?B%§
(@ —1)*(8-1)

4] (a+ BY1+B) — (a+ (B +1)(y+ 1)aBb + (v + 1) |
(@—17(B-17 |

We therefore have the following hyperbolic trig formulas.

—(a+1)(B+1)+2(v+1)aBs
(@ —1)(8 —1)

i) coshe =

i)

4] (a+B)1+af) +(v+1)* () - (a+1)(B+1)(7 +1)afs |
(@—1P(B-17

(sinhc)? =

The analogous formulas hold for sides a and b.

In the classical case, a hyperbolic triangle is determined (up to isometery) by

its dengles.

Notation: In (4,B,C), let ay = den( M(C,4), M(4,B), A ), p1 =

den(M(A, B), M(B,C),B), v1 = den(M(B,C), M(C,A), C ) and §; be the

120



erea of (A,B,C). In (P,Q,R), let az = den( M(R,P), M(P,Q), P ), B2 =
den(M(P,Q), M(Q, R), @), v2 = den(M(Q,R), M(R,P), R) and 4> be the

erea of (P,Q, R).
Ifa1 = a2, ,31 =,32 and Y1 = Y2, then

1 1
52 = = = (85)%.
(31) a1fim azfB2y2 (32)

Thus, §; = % .

Theorem 3.46. If all the corresponding dengles of (A, B,C) and (P,Q, R) are

equal, they are isometric if and only if their ereas are equal.

Proof: If §; = §,, then

_ (e +1)(B1+1) | 2(m+1apié
1+2A(A,B) = o = 1)(ﬂ11_ 5 (all_ T 11)

= 1+2A(P,Q)

by the First Cosh Law. Similarly, A(B,C) = A(Q, R) and A(4,C) = A(P, R).

Consequently, the two triangles are isometric by SSS.

Conversely, if the triangles are isometric then 4; = é2 since isometries preserve

erea. [

If at least one of a3, B1, 71 is a right dengle, then (4, B,C) and (P, Q, R) are
weakly isometric (but not necessarily isometric). For we may assume v; = —1.
Then by the First Cosh Law,

—(a1 +1)(B1 +1)

1+2A(4,B) = (a1 — 1)(8; — 1)

= 1+2A(P,Q).

Thus, A(4,B) = A(P,Q) and (4,B,C) =, (P,Q,R) by DSD.
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One can still hope that if none of the dengles of (4, B, C) are right dengles,

then the derea is determined by the dengles. We now investigate this possibility.

Continuing with the notation above Theorem 3.46, we may assume C =0 =

R. Suppose that v; = v5. Then 13 = %g— = %_% = <2 by (the proof
P
of) Lemma 3.42. Consequently, p(Q) = % = %%% = p(%—) Since

APB

ker(p) = ]Fx1 Q = A

for some X\ € F*.

Conversely, given a triangle (4, B,0), for any O # P € D, (P, ip ,0)is a

triangle with v; = 2.
The question thus becomes

Given (4, B,0), when can we choose a P € D so that a; = a3 in (4, B, 0)

and (P, 282, 0) but & = 5,7

We recall from Lemma 3.42 and its proof, that the erea of A(A4,B,0) is
1-AB - PQ

Y and the erea of A(P,Q,0) is _Pa. Also
. _AA-B(1-4B) _ _ F(P-Q-FQ)
' T AA-B)(1-4B) 7~ P(P-Q(1-PQ)
g = B(4A - B)(1 - AB) By = QP - Q)(1 - PQ)
B(A-B)(1-4B)’ QP -Q)(1-PQ)’
_ 4B _ PO
M = fga T2 = %

Claim 1. a; = [H} [62]

Proof: In (P,Q =222 (),




But

P(P-Q) _ A) _ "4 _Aa-xB) _
P(P-Q) <_ Aﬁ) AB ~ A(A-XB)
Vi A
Claim 2. : %;i?_)_ = % if and only if Re(AB) = AA = BB or
\ _ (244 AB-4B)

2BB-AB-AB
A—/\B> A-B

Proof: — (

A-3B) ZA-B

< —AA+)AB+AB-\BB = AA-)\AB-AB+)\BB
< —24AA+AB+AB = \2BB - AB-AB)

& M\2BB - AB-74B) = —(244- AB-4B)
_(247 — AB ~4B)

= A= BB _4i5_iB

or 2AA=2BB=AB+AB. O

Claimi. IfO # P e D X € F*¥ and Q = %, then 1:1;% =
—(I_AE) if and only if Re(AB) = AABB=1 or

1- AB
o _ AZ[ (1 —Z4B) + (1 - AB) ] ~ —AZ[ 29— AB - 4B ]
X |AB(1-4B)+4B(1-AB)] = X |244BB-AB-A4B|’
_ | _ ABPP _ _
1-PQ -3 A(A - A\BPP)
P f: — = _—— = — —. T f
%% 1-PQ ,_ MBPP A(A—xppp) |nerelore,
1-4B _  —A(A—\BPP)
1—-AB ~ A(A-)\BPP)

& A(A-7A’B - \BPP + XABBPP) = —A(A - A’B — A\BPP + \ABBPP)

<= APP(2AABB - AB - AB) = —-AA(2 — AB - AB)

—AA(2 - AB - AB)

< PP = — = 2AABB = AB+ AB =2.
X2AABB - AB- 4B) + -

Claims 1, 2 and 3 give the following theorem.
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Theorem 3.47. Let (A,B,0) be a triangle in D such that Re(AB) ¢

( BB, AZBE }.
ABP .
Assume O # P €D, X € F* andQ:—A—. Then ay; = as and §; = —d, if and
. —(244 - AB—4B) _ _AA[ 2-AB-AB ]
Iy if A = A AT dPP = it
only 1f °BB — AB —AB % |2AABB - AB - 4B

Theorem 3.48. Let (A, B,0) be a triangle in D such that Re(AB) = BB = AA
or Re(AB) = AABB = 1. Then there is a triangle with the same dengle data

as (A, B,0) but with a different erea.

Proof: Case 1: Re(AB) = BB = AA

In other words, 2AA = 2BB = AB + AB. Then — (ﬂ— /\_B_) = 14_— E by
A—-AB A-B
Claim 2. f 2AABB = AB+AB = 2, then the erea of (P, 222 0) and (4, B, 0)

are negatives by Claim 3 for any choices of O # P € D and A € F*. Otherwise,

—AA(2-244) 1
A(2(A4)2 —244) X’
Such a choice will work by Claim 3. In either case, we have a; = a3y by Claim

we can choose any A € F* and any P € D with PP =

1. O

Case 2: Re(AB) = AABB = 1.
Then 2AABB = AB + AB = 2. By Claim 3, §; = 4, for any O # Pe D
and A\ € FX. If 2AA = 2BB = A§+ZB, then a; = a; by Claims 1 and 2.

Otherwise, if

)\ = _[2AZ—(A§+ZB)] _ _[2AZ_2] 1-43

2BB - (AB + AB) 2BB-2] BB-1

~~

then a; = a2 again by Claims 1 and 2. OO

124



ABP

Claim 4. Assume (A, B,0) is a triangle inD. Assume Q = —

— —AA 2—-AB-AB —(2AA - AB - AB)

= — —_ d = — —_— 0.
PP ) [2AABB —AB - AB]’ o 2B —AB-4B
Then PP # 1.

Proof: Let X = AB + AB. Since A #0,

PP - 47| ] 2222
2AABB-X| [2AA-X

If PP =1, then

AA(2 - X)(2BB - X) = (2A4BB — X)(244 — X)
=> AA(4BB —2BBX —2X + X?) = 4(4A4)’BB — 2AAX — 2AABBX + X?
— 4AABB + AAX? - 4(AA)?BB-X%=0
— (1 — AA)(4AABB — X?) = 0 —> 444BB = X? = (AB + AB)?
=—> (AB—A4B)’=0 = AB=AB = v, =1.
This is a contradiction and therefore PP #1. O
We have now established the following theorem.

Theorem 3.49. Let (A4, B,0) be a triangle inD. Then there existsa0# P €D

and A € F* such that (P,Q = ABP O) and (A, B,0O) have the same dengle

B
data but different ereas if and only if neither of the following occur: Re(AB) €
{AA, BB} but AA # BB or Re(AB) € {AABB,1} but AABB # 1. Moreover,
unless Re(AB) = AA = BB or Re(AB) = 1= AABB, PP and X are uniquely
given by the formulas
L QAR AD ) Ly AA[ 2 AB-Tp ]
2BB - AB—-AB '’ A |24ABB - AB-4B]|’
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If F = F5 and E = Fo5, there are no examples of two triangles with the same
dengle data but different ereas unless at least one of the dengles is -1. Write
E = F® Fa where a is atoot of 22 +2in E. Let A = 2,B = a. Using
the equations from Theorem 3.49 we get A = —2,PP = —1. If we choose
P = -1+ 2a,then Q@ = -1+ a and (4, B,0) and (P,Q,0) are triangles with

different ereas (+(2 — a)) but the same dengle data (dengles 2 — a, -1, —1).

Let F = F;,E = Fi5; and write E = F @ F: where ¢ is a root of z2 + 1 in
E Let A=4,B=1+2,P =2,Q =5—i. Then (4, B,0) and (P,Q,0) have

different ereas (+i) but the same dengle data (all dengles equal to —5 — 37).

Theorem 3.50. (Hyperbolic Pythagorean Theorem)

Ify=-11n (A,B,C), then cosh(c) = cosh(a)cosh(b).

Proof: Since vy = -1,

coshe = —(a+1)B+1) cosh a = 2(a +1)Bvd — —(a+1)B4
(a=1)(6-1) 7 B-D-1) @-1)
28+1)ayd  _ —(B+1)ad

@-D(-1) = a-1

coshbd =

Thus,

aBF(a+1)(B+1)  —(a+1)(B+1)

cosh(a) cosh(b) = @-DB-1 - @-0B-1"

O
Remark:
cosh(c) = cosh(a) cosh(b)
< 1+2A(A,B) = (142A(B,C) )(1+2A(4,C))
<= 1+2A(4,B) = 1+2A(B,C) +24(A4,C)+4A(B,C)A(A,0)

& A(4,B) = A(B,C)+ A(4,0) + 2A(B, C)A(4,C).
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Thus, the Hyperbolic Pythagorean Theorem says
vy=-1 < A(4,B) = A(B,C)+ A(4,C)+2A(B,C)A(4,C).

Theorem 3.51. (Sinh Law) In (A,B,C),

sinh®(a) _ sinh®(d) _ sinh®(c)
sinh®(a)  sinh?(8)  sinh®(y)’
(6-1)°
—46
sinh®(z) = [2A(y,2)+1]?~1#0forz,y,z € { a,b,c }. Thus, it is equivalent

Proof: First note that sin2(9) =

#0 for 8 € { a,8,7} and

to prove

sinh®(a) _ sinh?(a) and sinh?(b) _ sinh® ()
sinh?(c)  sinh?(q) sinh®(c)  sinh®(y)’

Let
X = (B+v)1+By)+ a+12(

®»
2

) (a4 1)(B+ 1)(v +1)B~4,

Y = (a+7)1+a7)+ ﬂ+12<%7> (a@+1)(B+ 1)(v+1)avs,
Z = (a+B)1+aB)+(v+1)° (g) a +1)(8 +1)(y +1)apBs.
Then
. 2 _ 4X
(obe]” = Borm -1
. 4Y
S o o
sith¢)? = i
( h ) (a—1)2(,3—1)2'
Thus,
sinh?(a) _ sinh?(a)
sinh?(c) sinh?()

= le=we=ml [ - = [

X(a—1)? _ Y(a —1)2 Y
Z(y-1  ofy-1)? a’
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Let
M = @)+ @ri? (2),

N = (a+B8)(1+af)+(v+1)° (%é)

R = —(a+1)(B+1)(v+1)Bé
Then X =M +~4R, Z=N+aR. So

X 0% M+~9R vy
= S = N+ aR > <= a(M ++R) Y(N + aR)

— aM +ayR=9N +ayR < aM = 4N.

But

oM = af (B+)(1+57)+ (a+1) (ﬂ—”) ]

a
= a[B+7+B7+B7 1+ By(a+1)(a+1)
= af+ay+af’y+aBy’ + o®By +2aBy + B,
N = Al(a+p+ad) +ir+17 (L))
= ay+fBy+aBy+aBly+afy’ + 208y + ap.

sinh?(b) _ sinh?(3)
sinh?(c) sinh® ()

The proof that is analogous. 0O

Theorem 3.52. (Second Cosh Law) In (A,B,C),
sinh?(a)sinh?(b)cos®(y) = [ cosh(a)cosh(d) — cosh(c) ]2

Proof: Now (sinha)? = (sinhd)? =

where

By

X = @9+ + @+ 17 (Z) - @r 16+ 6+ e,

(a4 7)1+ ) + (B+1)° (‘%) ~(a+ 1)(B+1)(y + L)ars.

Y
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Therefore,

4XY (v +1)?
Y(a—1)?(B —1)%(y - 1)*"

sinh?(a)sinh?®(b)cos?(y) =

Also
(a —1)3(8 — 1)%(y — 1)* cosh(a) cosh(d) — cosh(c) ]2
= [-(B+1)(v+1) + 2a+1)By8 ] [ —(a+1)(v+1) + 2(8+1)ard ]
— [~(e+1)(B+1) + 2y +1)eBs [(vy-1)* )’
= ((@+1)B+1)(r+1)° - 28v8(a+1)*(v+1) — 2a76(8+1)*(y +1)
+ 4y(a+1)B+1) + (a+1)(B+1)(y—1)°
- 2a5(v+1)(v-1)* )?
= ((a+1)(B+)[ (v +1)* + (v=1) +47] — 26(y +1)[ By(a+1)’
+ ay(B+1) +aB(y —1)] ).
Since (v +172 +(y -1 +47 = 2(y+1)?
(a = 1)*(8 — 1)%( — 1)*[ cosh(a) cosh(b) — cosh(c) |
= 4(y+1)°[ (a+1)(B+1)(y+1)
—8(Br(a+1)* + av(B+1) + aB(y-1)*) ]
Let W = ( By(a+1)® + ay(8+1)* + af(y—-1)* ). Then
sinh®(a)sinh?®(b)cos’(y) = [ cosh(a)cosh(b) — cosh(c) ]2
= XY = q[(a+1)(B+1)(y+1) - W ]?
= XY 2 y(a+1P(B+1)%(y+1)

—26(a +1)(B +1)(y + YW + 8W? |.
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But

XY = [(B+1)1+8)+(a+1) ("—”) ~ (a+1)(B+ 1)y +1)BY ]

a

v [la+7)1+ay) + (B+1) (%1) — (a+1)(B+1)(7+ Dard ]

= (@+2)E+PA+EA+a) + B+ +onE+1 (F)
— (@+1)(B+1)(+1)(B +7)(1 +By)ays
+ @+ Datn)ten) (D) + @+ 176+
— (a+13(B+1)(y+ 1)y
= (a+ DB+ D+ (a -+ +ar)Bs

— (@+1)B+1)*(r+ 1)’ + (a+1)*(B+1)*(v+ 1),

W2 = [(By(a+1)® + ev(B+1) + aB(y~1)%) )2
= BP(a+1)* + afy’(a+1)*(B+1)* + afy(a+1)*(y—1)?
+ afy?(a+12(B+1) + Y (B+1)* + o?By(B +1)*(y - 1)°

+ afy(a+1)*(v-1)° + 2By(B+1) (v -1) + a?B%(y-1)%

2 _ @_ o add 4 3@ -
SWE — (a)( S+ (ﬂ>(ﬁ+1) + (7)(7 1)t
+ 2a(B+1)(v—-1)2 + 28(a+1)%(y—=1)* + 2y(a+1)*(8+1)%,
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Y (@ +1)2(B +1)%(v+ 1) = 28(a +1)(B + 1)(y + VW + 62W? ]
= AHa+1’B+1P(r+1)® — 26°5(a+1)°(B+1)(y+1)
- 207%8(a+1)(B+1)*(v+1) — 2aBys(a+1)(B +1)(v+1)(v-1)?
+ (%”;) (a+1)* + (%) (B+1)* + af(y-1)*
+ 2a7(B+1)(y—=1)% + 2By(a+1)*(y—1)?

+ 2%(a+1)*(B+1)%
Thus, (1) holds if and only if

(a+7)B+7)(1+B87)1+a7) + (B+7)(1+B7)(B+1) (aﬁ_”f)

= (a+1)(B+1)(v+1)(B+7)1 + By)ays

+ (e 1)(a+)(1+ o) (2)

a

= (@+1)B+1)(y+ (a+7)(1 +ar)Bys

2 (e + 1B+ +1) — ard(a+1)(B+1) (v +1)

— 2aBy8(a+1)B+1)(y+1)(v-1)? + (ﬂ—;’—z) (e +1)%

2

+ (‘%) (B+1)* + aB(y-1)*

+ 2078+ 12(v-1) + 2Bv(a+1)%(7 =12 + 4 (a+1)%(8+1)2
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Note that

—(e+1)(B+1)(v +1)(8 +7)(1 + Br)aré
—(a+1)(B+1)(y+1)(a+)(1+ay)8ys
= —y(a+1)B+1)(v+ [ B +7)(1+B7) +B(a+7)(1+a7)]
= —8(a+1)(B+1)(v+1)[ 208 + oy + By + B’y + 2287 + &*B ],
—B7?8(a+1°(B+1)(y+1) — ev’8(a+1)(8+1)*(v +1)
- 2afv6(a+1)(B+1)(v +1)(v - 1)?
= —78(a+1)(B+1)(v+1)[Br(a+1)* + av(B+1)° + 20B(y—1)?]

= —8(a+1)(B+1)(v+1)] By + By + B’y + ay + 208y* + 28 .
Therefore, (2) holds if and only if

(@+7)(B +7)(1 +B7)( +av) + 2—”([1 +7)(1+B7)(B +1)?

Ha+ 1)@+ +a) (%")
2 a 2
= (&) @+vt + (B) 6+1* + ablr—1)* + 2e9(8+ 12717
+ 28y(a+1)*(7—-1)* + Y (a+1)}(B+1)?
= B+NC+N (@+7)1+ay) + %’(ﬁﬂ)zl

+ Dlat 1@t +ay)

= la+1) g(a+l)2+(ﬁ+1)2] + Y (B+1)°[ (B +1)°

J
B

+ 2(v =1 1+ B(v—1)* [ aly = 1)2 + 29(a — 1)? ].
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The left hand side of (3) is
ay
=

B
+ %Z[a3+a2’7+a4’7+a372+2a2+2a7+2a37+2a272+a+7+a27+a72]

B+7+ B2+ aty+a®y+ar’ +aBy+2ar+

Q2+ aB + 287 + 207 + 207° + 287 + o2 + B2 + 20’ + 267

ay? | By 2 2 2 2722
+T+T+2a By + 6aBy” + 2aB°y +4afy + a”B%y

+ 2aB%y® + aBPy? +2aB%9? + 202 B7® + afyt + 4aBy? + 3By + 227 B4R,
The right hand side of (3) is

B

P +2a+ 1) aB+28+ 5+ +28+1]

+ (6 +26+1)[ By + 27+ 5+ 27 ~ 47 +2]
+ B(7* =27 +1)[ @7® — 2ay + a + 2’y + 4ay + 27 ]
D [ (a®B+202B+aB+ a8 +2aB +0a2) + (2228 + 4af + 28 +2af” + 4o
+ 2a) + (aﬂ+2ﬂ+§+,32 +28+1)]
+ o] (B3 +26%y + By +28°77 —48°y +26%) + (2877 + 4By +2v +4B7°
— 86y +48) + (ﬁ'7+27+%+272 —4y+2)]
+ Bl(ay* — 207 + av? + 2a24® + 4ar® + 27%) — (2a7® + 4ay® — 2ay
— 4’y -8y’ - 47°) + (@7 - 2a7+ a+ 2%y + day +27) ]
= Y a®B + o?B% +6a’B+ a® +2a8% + 1008 + 2a + B2 + 68 + §+1 ]
+an| By +26° +28% + 4By — 2By +48 + 277 + % +2]
+ Bl2a®7® — 4a®y? + 207 + oy — 207 + a + 29° — 44% + 2a ]-

Expanding and simplifying the right hand side of (5), we get (4). O
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4. The Geometry of PSL,(E) and PSLy(F).
In this section we consider the actions of PSL3(E) and PSL(F) on IP’;:.

Theorem 4.1. An eztended line L is in the PSL2(E) orbit of F if and only
if den(F, L )€S,.

Proof: Assume g( F ) = L where g(z) = az+b
c

—d

b
— =00, then g(z) = a®z + 5 since ad=1.

,ad—bec =1. If g71(oc0) =

~ a? a\2 ) ., b b -1
Thus, den(F,L) = (—a_.é-)- = (E) € S; since a*+-—, 3 € L. If g7 (o0) # o0,
a— —1 ~
then _cé € F and h(z) = ! € PSLy(F). Since goh™( F ) = L and
z —

g 0 h71(c0) = oo, applying the above argument to g o A~! yields the result.

Conversely, assume den( F, L y=7, reS. KL= F/:b, then k(z) =

z+ b€ PSLy(E) and k( F ) = L. Thus, we may assume 0 € LNF. Now

2 —2r+1
den(F, (r—1°F) = p((r-1)?%) = = i 2

since 7 € S. Since (r — 1)?F and L — {oo} are both lines through 0 making

dengle r? with F, L=((r—1)?F ) U {0} = (r—1)2F. O

Corollary 4.2.

i) F and T are in the same PSLy(E) orbit if and only if IN'S # 0.
i) fINS#0, then S and I ( hence S and F ) are in the same PSLy(E)

orbit.

Proof: i) By Theorem 4.1, F and T are in the same PSLy(E) orbit if and

onlyif -1 € Sy. faelINS, then —a=a = % and —1 = a2®. Conversely, if

—-1=a?fora €S, thena=§=—a and a €I - {0}.
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ii) Let t € INS. Then —1 =2 € S by the proof of ). Let ¢ # p € INS. Since
PSL5(E) acts transitively on ]P’]IE, there exists g € PSLy(E) such that g(p) = oo.
Thus, den( g(I), 9(S), g(t) ) = den(T, S,¢) = —1 and g( T ), ¢(S) are in the

same PSLy(E) orbit by Theorem 4.1. O
Lemma 4.3. IfF is finite, INS # 0 if and only if —1 ¢ F.

Proof: Since F is finite, —1 € F* C E;. Thus, -1 = o?, a« € E. Then
1
a? = -1 =a® and @ = +a. Since —a = @ € Forae€InNS. Thus, if

~1¢F,,thenacINS#0.

Conversely, if t € INS, then ¢2 = —1. Since + ¢ € I — {0} are the only roots of

~1inEand (I-{0})NF=0, -1¢F,. O

Lemma 4.4. Let C be a Euclidean circle. If N is onto and sqr(C) € F4., then

C is in the same PSLy(E) orbit as F.

Proof: We may assume C = aS. Assume d@ = %, r € F*. Since F* =
Im(N), there exists b € E with bb = r. Since %S is a circle centered at 0 with

sqradius (bb)? = 7% = a@, b’S = aS. But (z = b%z) € PSLy(E). O

Proposition 4.5. Let C be a Fuclidean circle. If F is finite and —1 ¢ F, then

C is in the PSLy(E) orbit of ¥ if and only if sqr(C) € Fy.

Proof: Since C is in the PSLy(E) orbit of F and —1 ¢ F;, there exists

(z)_az+b
g T ecz+d

on H when F is finite, pPSLy(F)¢~! C UNPSLy(E) acts transitively on ]P’;:—S.

with ad — bc = 1 and g(S) = C. Since PSLy(F) acts transitively

Thus, we may assume g~?(o0) = co. Consequently, g(z) = a®z+ g, C= aZS-{-g
and sqr(C) = (a@)® € Fy. O
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az+b € PSLy(E) with g(c0) # oo, the isometric
cz+d
1

circle of gis I(g) = {z€E| [z— (=) |2 = of } (i.e., the circle centered

Definition: For g(z) =

. 1
at g~*(oco) with sqradius oF )-

Lemma 4.6. If g € PSLy(E) with g{co) # oo, then g( I(g) ) = I(g7?).

az+ b
cz+d

If z € I(g), then |cz + d|?> = 1. Thus,

 Then I(g™) = {=€E |l (2)P = lc%}'

Proof: Let g(z) =

a az+b a,l2 bc — ad 2 1

2 _ 22 _ ~ 12 =
F=1 |c(cz+d) le|2

|g(z)—-c— cz+d ¢
and g( I(g) ) C I(¢g™?). Switching the roles of g and g~ gives g~2( I(g71) ) C

I(g), hence I(g™*) C g(I(g) ). O

Theorem 4.7. Every element g of PSLy(E) is a product of (at most) four

reflections/inversions.

Proof: Conjugating if necessary, we may assume g(oo) # oo.

Case 1. I(g) = I(¢™*) ( Equivalently, g~*(c0) = g(c0) )
Choose z € I(g) such that g(z) # z. Let M be the perpendicular bisector of
the line through z and g(z). Note that M passes through g~!(c0). ( Either
g Y oo) = z_-i%(z) or M = (g71(c0)) (:z:_—l—zg(_:c)) by Lemma 1.32(i). ) Since
(%) = 9(z), we have 7, orI(g)(g‘l(oo)) = 7,(00) =00, 7, 0 Tr)(®) =
rM(g‘l(oo)) =g (o0), and Ty o'rI(g)(z) =r,,(z) = g(z). Thus,r, Oy 9
are elements of PGLy(E) agreeing on three distinct points. Consequently, g =

' or .
M " I(g)

Case 2. I(g) # I(g71).
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Let N be the perpendicular bisector of the line through g(co), g7(00). Let z €

I(g)- By Lemma 1.32(iii), (=) € I(g™*). Thus,r, o rI(g)(:c), g(z) € I(g71).

Let p € B be the rotation with respect to I(g~') such that p(ry o rI(g)(:c)) =
. _1 — —

g(z). Since porNorI(g)(g (c0)) =0 a,ndporNorI(g)(oo) = g{oo), POT N\ OT 1y

and g agree on three distinct points and are thus equal. But p is a product of

two reflections by Corollary 1.34. O
We now further investigate the structure of PSLy(F).
Choose a €I—-{0}. Then -8 = o? € F-F; ( —aa = a® € F*.

Moreover, a® = a?, a € F* = a = ¢ = a€F*, a contradiction.)

Therefore, f(z) = z? +f is irreducible over F and
E = ]F'[:c]/(f(z» = F @ Fa.

Let
P ={z+b|beF} = F,
A = PGLy(F),NPGL:(F) = {az|aecF*} = F*,

Ay = PSLy(F) NPSLy(F)_ = {az|a€Fi} = Fy

C = PGLy(F), = { [Z _bﬂ] la€F, beF, a#0 or b;éO},

a

C, = PSL,(F)

Then
PGLy(F) . = {az+b|acFx, beF} = AP,

PSLy(F) = {az+blacF,beF} = ALP.
Notation: Let {1} # K < H < G. The normalizer of K in H is
denoted N (K) and the normalizer of K in G is denoted N(H).
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Let h € P and g € NPGLz(lF)(P)’ Then ghg™! € P. In particular,

ghg™!(00) = oo implies h( g~1(o0) ) = g7!(o0). Therefore, g~*(o0) = oo (and

hence g(co) = oo ) since k is parabolic with fixed point co. Consequently,

N

roram(P) = PGLa(F)

-

The arguments for the following are analogous:

NPGL;(]F) (A4) = PG’Lg(lF){Om}, NPGL;(F) () = PG’Lz(]F){a,E}

Npsp,m(A+) =PSLa(B) g v Npgp 0 (C4) = PSLa(F), .

Let f:F* — GLy(F) be given by f(a +ba) = (Z —2'8)'

When F is finite, F* is cyclic and thus

Im(f) = {(Z ‘2'3) |abeF, a;eOOrb;eo}

is also cyclic. Since quotients of cyclic groups are cyclic, C = Z,4; and

2

Let g: PG’LQ(IF){O o} {£1} be the map sending k € PG’Lg(]F){O oo} to
1 if b fixes 0 and oo and to —1 if hk interchanges 0 and oo.

Note that ker(g) = A and that g is onto since -1 € PGLg(]F){0 y:
VA ;00

Let h : PGL,(F) () {£1} be the conjugation map.
Then ker(h) = C and k is onto since —z € PGLg(]F){a )
When F is finite,

l PGL?(]F){O’OQ} |

| ker(g) |

= | Im(g) |.
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Therefore, PGLo( has order 2(g — 1). Since

F){0v°°}

-1
Dyy = <A, 7> < PGL(F),

we know PGLg(IB‘){0 o} = Dy_s.

Similarly, PGL(F) = <C,—z>= Dg1, PSL2(F) ., = Dos,
) )

{a, =}
and PSLo(F),, o, = Dags-

Notation 4.8. Let G be a finite subgroup of PGL2(F) where F has

characteristic p.
The parabolic singular setof G is T = {z€F |G, # {1} }.
Given z € T, let P; be the set of all parabolics in G fixing z.

The hyperbolic singular set of G is A = {{z,y} C Flz#y, G.NG, #
{1} }.
Given {z,y} € A,

Azy = GzNGy = GNPSLy(F)_ N PSLg(]F)y,

Ny = G{z,y} = GﬂPSLg(]F){z’y} = N;(Azy)-

G actson A(G) := { Ay | {z,y} € A} by conjugation.
The elliptic singularsetof G is = = {z€eH| G, # {1} }.

Given z € E, let C. = G; = GNPSLy(F), and N, = G{z?}

G actson E(G) := {C;|2€E} by conjugation.
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Remarks 4.9: i) P« = G N P ( and thus every P; ) is a Sylow p-subgroup

of Gsince P=TF is a Sylow p-subgroup of PSL,y(F).

ii) Now Agzy is conjugate to the finite subgroup A of the multiplicative group
Ay = Fyp C F*. Therefore, Ay is cyclic of order relatively prime to p.
-1 -1
Moreover, N, = < A |, — > is dihedral when — € G and N, = Apeo
Oco 0co’ o z Oco

is cyclic otherwise. Hence, A, has index one or two in N,.

iii) Let g be an elliptic element with fixed points z,Z. Now PSLy(F) = Cy.
Working in the disk model, we can conjugate so that the fixed points are 0 and
co. Therefore, Cy = PSLy(F) = U, = S C E*. Consequently, C is

conjugate to a finite subgroup of EX and hence cyclic of order relatively prime

to p. Now N, = < Cys -1 > when :zl- € G and A is self-normalizing

z

otherwise. Hence, C, has index one or two in N,.

iv) Analogous arguments to those given in ii) and iii) show that H N A and
HNC are cyclic when H is a finite subgroup of PGL3(F). Moreover, HNA ( and

similarly H N C ) is either self-normalizing or has index two in its normalizer, a

dihedral group.

v)Let @ = P,. Now NG(Q) = GNN(P) = GnN B; where
By = {az+b|acFy, beTF} isthe Borel group. Therefore, N (@Q)NP =
GNP =Q. Since P, N G(Q) < B4 with P<B,, the Second Isomorphism

Theorem gives that

N(@Q) /@ =Ne(Q) [PON,@ = PN,@Q /P < B./P = 4,
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Consequently, N G(Q) / @ is isomorphic to a finite subgroup of A4 and is

therefore cyclic with order relatively prime to p. In fact,

N(@ = GNPA, = QGN4:) = Q4

Thus, [N (Q):Q]=14,]

Theorem 4.10. Let {+1} # H be a finite subgroup of PGLy(F). If H is

abelian, then H is either cyclic, a subgroup of P or a subgroup of Ds.

Proof: Let 1#hc H.
If h is parabolic, we may assume h(z) =z +b, b € F*. Let h # g € H. Since
gh="hg, ghg ' =handg € PGL,(F)_ . Therefore, g(z) = az+c. But gh = hg

implies @ = 1. Therefore, H < P.

If h is hyperbolic, we may assume h(z) = az. Now g € H and H abelian
-1
implies g( {0,00} ) = {0,0} = g € <A, — > Therefore, g(z) = bz or

g(z) = :z—b

-b
If g(2) = — then a = —1 since g commutes with k. Therefore, H is a finite

subgroupof A or H < { + z, i-i—} = D,.

If h is elliptic, then by the above either H < D, or all nontrivial elements
of H are elliptic. Assume the latter holds and h(a) = a. Since H is abelian,

1#g € H implies g € HNPGLy(F), o = HN ( PGL(F)_,—= >

Since g and k are in a dihedral group and k is in the cyclic part of the dihedral
group, gh = h~!g. Thus, either H is a finite subgroup of C or k has order 2
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since g and h commute. In the latter case, H is noncyclic of order 4 (hence

isomorphic to D;). O

We now classify the finite subgroups of PSL,(F). Dickson solved this problem
for F = F, in the early 1900’s, though our arguments are more geometric than
his. We also count the number of subgroups of PSL2(gq). Modern references

don’t seem to do this [S].

Notation 4.11. Let {1} # G be a finite subgroup of PSL,(F) where

the characteristicof Fis p. Let Q = PNG.

Let C1,0C,...,Csys denote the distinct elements of [ A(G)/G | U [ E(G)/G].

Assume that for a representative W; of C;,

NG(W,-) = W; for : <s,

[N(W:):W; ] = 2 for i >s.

Let |G|=g, Q=7 [Ny (Q):Q]=k, [Wi|=w;

Lemma 4.12. Let {1} # G be a finite subgroup of PSLy(F). Letting s and t

be as in

4.11, one of the following holds:

w)s=0,t=1 v) s=0,t=3 vi) s=0, t =2
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Proof: The number of nontrivial elements contained in a conjugate of W; is

G G|
(Wil =1)ICi| = (w:i 1) |57 = (wi—1) '
No(W:) (l [ No(W:) - W; ] |W; )
o3 cig
—(%iw—_im otherwise.

Similarly, the number of nontrivial elements found in any conjugate of @ is

(lol-1)(%) = =1

Since the W;’s together with the Sylow p-subgroups of G form a partition

G- {l}a
1 w; — w; —1
g—1=|G|—1-— )g Z( Z( )g
=1 =s
Therefore
1 'r—l (w,—l) (w,—l)
l=3t Z Z
t=1 i=s
Now r = p™, m € N and w; is an integer > 2 for all . Therefore, wi—1 > %
w;

for all 7 and

1 r—1 (wi — 1)g : (w; — 1)g
1=+ rk +z w; +Z w;

N —— 1=1 1=s
. 4 L. S
W

2

W o

4t

t
Consequently, 1 > 2 + = = s < 5 Therefore s <2. But s =10

2 4
implies 0<t<3ands=1 = 0<t<1. O
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Definition: The subgroups of SO(3) of rotational symmetries of the (regular)
tetrahedron, octahedron, and icosahedron respectively are called tetrahedral,
octahedral, and icosahedral groups.

Note that

Alt(4) = PSLy(3) = T4(2,3,3)

are tetrahedral groups,
Symm(4) = PGL,(3) = T4(2,3,4)
are octahedral groups, and
Alt(5) = PSL,(4) = PSL,(5) = T4+(2,3,5)

are icosahedral groups where T.(p,q,r) denotes the orientation preserving

subgroup of the triangle group

< s, t, ul| s, 82, Ul (st)P, (tu)?, (us)” >.

Theorem 4.13. Let {1} # G be a finite subgroup of PSLy(F). Then G is
(isomorphic to) one of the following:

i) A cyclic subgroup

i) A subgroup of the Borel By

i) A dihedral group

iv) A tetrahedral, octahedral or icosahedral group

v) PSLy(p*) where £ |n if F= ]Fp,,

vi) PGLy(p®) where 2 | n if F = ]Fp“'

144



Proof: We will use the notation of 4.11.

Casel. s=1,t=0

Now
1 r—1 wy —1 1 1
= - == 1 = - —_— - —
1 g+rk+ wy g+1'k rk
ool 11
T g k rk
Therefore,
1,1 _1.1
rk wi g k

If »=1 (i.e., there are no parabolics in G ), then g = w;

G =W; is cyclic.

Assume r > 1. If £ = 1, then we have

1 1 1

=+ = = = 4,

T w1 g
S~~~ -~ N
<1 1 >0

2 <3

a contradiction. Therefore £ > 1. By Remark 4.12(ii), N (@) = QA

Since s =1, AOOO is conjugate to W3 and w; = |A0°°

g =tk =1Q N 4(@): Q] = IN(Q).
I.e., G=NG(Q)=G0B+ S B+.

Case 2. s=1,t=1

r—1  wi—1 wp—1
+ = 4 2

1
Now 1 = - + = 1 =
g rk wy 2w,
1 1 1
1 - — 4+ = — ——. Therefore,
w1 2 2‘lU2
1 1 1 1 r—1
14-1 — — = Z -
( ) wy + 2ws 2 + g + rk

wi 1
wa wy
1
w
which implies

0o’

| = k. Therefore,




If r > 1, then r-1 > —1- Consequently, (14-1) gives
rk 2k
1 + 1 S 1 + 1 + _1_
wy 2wy — 2 g 2k
1 1 1 1 1 1 1 1

—_ -2+ ) - — = - -—-——1] >0.

2wq 2k_(2+g> w1 g +<2 'wl)
N~ N s’
>0 >0

. Therefore, k > w2 > 2. Since N,(Q) = Q <z > where < z > is conjugate to

. 1 1
some W; but k # wo, we must have k = w;. But then the equation 2ws " 3% >
2
1 1 . .
- + — — — implies
2 g w;
1 1 1 1 1

L - > = sz

2w2+2w1_2+g>2’

—— N~

< 1 < !

~4 “4
a contradiction. Therefore, » =1 and there are no parabolics in G.

1 1 1

Then — + — = = - = which implies that either w; = 2 (and

Case 2A. w; =2
Now g = 2wy = [NG(Wz) : Wz] IWzl = ING(Wz)l and G = NG(Wg). But

N (W) is dihedral since [ N (W2) : W2 | = 2.

Case 2B. w; = 3.

Since |[W>| =2 and [ N (W) : W2 | = 2, N (W,) = D,. Now D; contains
three elements of order 2, say z1,z2,2z3. Also |C2]| = [G: NG(W2 )] = 142— =3.
Therefore, C2 = { <z >, <22 >, < z3 > } since there is only one congugacy
class of W;’s with cardinality two. Given g € G and z; € Dy, < g~ lzg >€ C,

and therefore g™ zig = z; for some 1 < j < 3. Hence, D; <G. Since [G : Ds] =
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3 = |W1| and there is only one conjugacy class of elements of order 3, G/D; is
conjugate to (hence isomorphic to) W;. Consequently, G = Dy x W;. le., G =

Alt(4).

Case 3. s=0,t=0
Since there is no element in G whose order is relatively prime to p and Q is a
Sylow p- subgroup of G, wehave G = @ <P < B. -

Case 4. s=0,t=1

Now

1 »-1 w-—1 1 »r—-1 1 1 1 1 1 -1
1 = - _— - — — — ‘ﬁ — — T -
g+ rk 2wy g+ rk +2 2w 2+2w1 g+ rk
-1 1 1 1 1
t > e = - _— = -
But g 2w, |[N(W1)| so % 5 + (2'w1 g) > 3" So
N, oo
>0
r—1 1 1 1 1
: — (=) > = s - _
r>1 Also(r ) (k>—2 == k>2 = k<2 = k
< 1 1 1
1 1 1
Therefore,Q—NG(Q)a.nd§+2—w1-§+1—;=>;+.2_w_1_=
1 1 1 1 1
= | icular, = — — which impli = = i
5 + 7 n particular, 3 + w > 3 which implies » = 2 or r = 3. Since

Q| =p™, p=2 or p=3.
Ifr=2,theng = 2wy = |N (W1)|. Consequently, r =2 implies that p = 2

and G = N_(W1) is a dihedral group.

1 1 1 1 1 1 1
Ifr=3, then - + — = . 5 " a2 < 2 .
r en3—+-2w1>2=>2w1>2 3 6:w1<3
1
Sol < w3 < 3 = w; = 2. Therefore, = i - %andg=12. Thus,

we have p =3, |G| = 12, [W1| = 2, |Q| = 3. Arguing as in Case 2B, we get
that G = Alt(4).
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Case 5. s=0,t=3

Now

r—1 'w1—1 ‘wz—l 'lD3—1
rk + 2w + Qwo 2ws
1 1 1

211)1 2w2 2’IU3 )

Q- Q|+
ﬁ
!
—

Therefore,

14-2 L + L + L _ 1L
( ) 2un 2wq 2w 2

T _kl > 21_k Consequently, the left hand side of (14-2) is
T
1 1 1

1 1 1
1 . . deis > L 1 1 1 1
<3 <4) while the right hand side is > 3 + P + o > 2 + % his

implies that & > 1. But then Remark 4.12(ii) gives that k¥ = w; for some w;,

If » > 1, then

say wi. Then (14-2) gives that

I . i .
2w, 2wo 2wy T 2 g 2wy
1,1 111
2wy 2wg 2 g 2’

1

=3

a contradiction. Hence, » = 1 and there are no parabolics in G.

We may assumew; < wp < wj3. Since r =1, the right hand side of (14-2)
is larger than one half. If w; > 3, then so are w, and w3 and the left hand side

of (14-2)is < 3 (%), a contradiction. Hence, w; = 2. In particular,

wy =2, wp =2, g=2ws or wy; =2, wy =3, wg <5.

1 1 1
(The equation = + = + — > = implies that w3 < 6. So w3 < 3 when
4 6 2wg 2

w; =2 and we = 3. If wo > 3, then wy > 3 as well and the left hand side of

(14-2) is less than one half.)
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Case BA. w1 =2, wy =2, g =2w;
Since |G| = |N,(Ws)|, G is the dihedral group N (Ws).

Case 5B. w3 =2, w2=3, 'w3=3
1 1 1 1 1 . .
Then - = = + = + = — = by(14-2) and |G| =12. Since |G| =2°-3, W,
g 4 6 6 2

and W; are Sylow 3-subgroups of G and are therefore conjugate. Since this is
impossible, Case 5B can’t happen.

Case 5C. w1 =2, 'U)2=3, 1D3=4

hen - = T+ 1 411 ond)6=24=253 Since[Wa|=3, N_(W:

Ten5=z+g+§—'2"3n |G| =24 =2°-3. Since [W2| = " G( 2)
is dihedral of order 6 and [G : N,(W2)] = 4. Now the only (nontrivial) normal
subgroup of NG(Wz) is Wa. But [Co| = [G: N (W2)] =4 # 1land W is a
Sylow 3-subgroup of G. Hence, W, is not normal in G. Therefore, N (W)
is a subgroup of G of index 4 containing no nontrivial normal subgroup of G.
Consequently, G is isomorphic to a subgroup of Symm(4). But since the order
of G equals the order of Symm(4), G is isomorphic to Symm(4).

Case 5D. w1 =2, wy =3, wg=5
Then = = 2+ 14+ 1 _ 1 .ndjg/=60=223.5 ch lement 1
en ;1787w 3 =60 = . Choose an elemen
g € N (W1) = D,. Given an element k of order 3 in G, |gh| € {2,3,5} because
< gh > is conjugate to one of the w;. If |gh| =35, then < g,h > = T4(2,3,5).
If |gh| =3, then < g,h > is T4(2,3,3), a subgroup of index 5 in G. Since
D, is a Sylow 2-subgroup of G and |G| = [G : N (W1)] = 15 # 1, D, is not
normal in G. Since D; is the only nontrivial normal subgroup of Alt(4), |G| is
isomorphic to a subgroup of Alt(5) (hence isomorphic to Alt(5)). Consequently,

149



G =2 Alt(5) in either case.

We now want to show that there is an h € G with |k| = 3 and |gh| # 2. If
|z] = 3 and |gz| = 2, then < g,z >= D3. Moreover, < g > normalizes <z >
since gzgz = 1 => g~ 'zg = 27! € < z >. By the argument given below,
< g > normalizes exactly two subgroups of order three. Consequently, there
are four elements of order 3 in G such that |[gz| =2 ( <z >=<z"! > ). But
G contains |Cz] = [G: D3] = 10 elements of order 3 and thus such an h

always exists.

Let the cyclic subgroups of G of orders 2 and 3 be the vertex set of a graph
where subgroups of order 2 are colored red and subgroups of order 3 are colored
green. Then there are 10 green vertices and {C;] = 15 red ones. There is an
edge between a red vertex < u > and a green vertex < v > if and only if

v~} <v>u = <v>. G acts on this graph by conjugation.

Let U, V, and E denote the number of red vertices, green vertices, and
edges respectively.
Given a green vertex v, N G( < v >) = D3 contains exactly 3 elements of order
2. Thus, each green vertex forms an edge with exactly three red ones. Thus,
E =3V = 3(10) = 30.
On the other hand, G acts transitively on the red vertices and thus all red

vertices have the same degree. Thus, E = U(degee of each red vertex) and each

red vertex has degree 30 + 15 = 2.

Case 6. s=0,t=2
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Now

1_l+r—1+w1—1+w2—1
T g rk 2wy 2w,
g, t,r-1 1 111
g rk 2 2w, 2 2w,y
Therefore,
1 1 1 r—1
(14—3) 5?0: + -2;; = 5 + -
. T r—1 1
Since g > 2wy = |N(W1)|, (14-3) implies that > 1 and thus Z > T
T
1
If k =1, then the right hand side of (14-3) is larger than —. This is a contra-

2
diction since the left hand side of the equation is < % Thus, k> 1 and k = w;

for some ¢ by Remark 4.12(ii). We may assume k = wy. Therefore,

1 1 1
(1) o T B~ g w T m

Clearing the fractions in (14-4), we get

(2wywarg) (—1— + L) = (l + 1 -1—) (2wywarg)

2wy 2ws g w rw;

=> warg + wirg = 2wiwsr + 2wsrg — 2wag

= 2wiwer + 2wag(r—1).

Define a by ag = 2wjwsr. Then cancelling g from the above equation we
have w1r = a + wor — 2wy or
(14-5) wir = a + wa(r —2)

Let z € Q — {1}. Then Q =C(z) where C,(z) is the centralizer of G in
z. (Given y distinct from z in C c(#); <z,y > is abelian and thus contained
in () by Theorem 4.10. Thus, the number of elements in N (Q) congugate to
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zis [Ng(Q):C4hlz) ] = [Ng(Q): Q] = k. Thus, k = w; divides r — 1.
By (14-5), wir = (e —w2) + (r —1)ws. Consequently, since w; | (» —1), w;

also divides a — ws.

Since 2wy is the order of N,(W2), g = 2wsz for some z € Z*. Therefore,

Quiwsr = ag = 2awsz => az = wir. Le., a divides w;r.

Now a = wir — war —2). Say |Q| = p™. If p° divides a for some s < m,
then p° also divides wa(r—2). Since wj and p are relatively prime, p° | (p™ —2)
which implies p = 2 and s = 1. Thus, ged(a,7) = 2 if p=2and 1 otherwise.
Consequently, the fact that a | wir implies that a | w; or g— | wy. In either

case, a | 2w;.

1 1 1

1 1
——=—+<————)<——=>w1<'w2.
21.02

144

<0
Finally, note that a € Z*. Therefore, w; =

Case 6A. Assume 7 > 4.

wa(r — 2)

Sincer >4, w; > => 2w; > ws. Since w; divides ws — a,

and a divides 2wi, write ws = a + fw; and 2w; = aw. But

+4 <2.

2w 2
w <wy <2w —> w < = + lw < 2w =1 < =
w T

Hence, £ =1 and wy =a + w;.

Moreover, ws =a + w; = (

Now by (14-5), w1r = a + (a+w)(r—2) = w; = (T—1>a.
: )

1 2 _
1‘-{2— )a, a_ndg = 2w war = (T(T—_L)
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- 2
Since 2 = 1 and w; | (r — 1), we know that " € Z%*. Therefore,
a w1

a=1ora=2.

Consequently, when r > 4 one of the following occurs:

_r—1 _r+l _r(r* =1)
wy = 5 wy = 5 g = 3
w, = 7r-—-1, wes = t+1, g=r(r2—1).

Note that r # 2 since w; divides » — 1. Moreover, if r = 3 then
wo (7‘ - 2)

?

w; =2 and 2 = w; < ws. Since we also know that w; > -
2 < ws < 6. But ged(ws,3) = ged(wz,r) = 1. Consequently, either

r>4 or =3, w; =2, and wy € {4,5}.

Case 6B. r=3, w1 =2, ws =4
Note that w; = r—1, we = r+1, and g = r(r2—1). Le, this is a special

case of 6A.

Case 6C. r=3, w3 =2, ws =5

Nowa = wir — (r—2w2 =1 and thus g = 2wyws,r = 60. Now
G acts transitively on its Sylow 2-subgroups by conjugation. Now the Sylow
2-subgroups intersect only at the identity. (If 1 # h € D, N Dy’, then Dy <
N(< h >). But N(< h >) has order 4 since s = 0. Thus, Dy = N(< h >) and
similarly D, = N(< h >). ) Therefore, there are 5 Sylow 2-subgroups of G
since G contains 15 elements of order two. Thus, we have a group homomorphism
¢ : G — Symm(5). Let g € ker(¢). Then g7'Dag = D, and g € N(D,) for
all D,.
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Now |g| € {1,2,3,5 }. Since there are 5 Sylow 2-subgroups, 5 = [G:
N,(D:)] and | N (D2) | = 12. Thus, |g| # 5.
If |g| =2, then pick Ds not containing g and consider H = < D, g >.

Since g € N(D2), D, « H and thus the Third Isomorphism Theorem gives
<g> = <g>/<g>ﬂD2 = H/Dz = <g>D2/Dz
Consequently, |H| =8, contradicting that |G| = 60.

Thus, g € ker(¢) = g € { 1,3} Given a Sylow 5-subgroup
K, | Ny(K)| = 10. Since the Sylow 5-subgroups have prime order and
thus intersect only at the identity, there are 6 Sylow 5-subgroups and thus 24
elements of order 5. Consequently, there are 60 —1 —15 —24 = 20 elements
of order 3 in G. Since the Sylow 3-subgroups must also be disjoint, there are

60

10 Sylow 3-subgroups. If [g| = 3, then [N (<g >)| = T = 6.

Consequently, there is an element A € N (<g>) with |h] = 2.

Now h € N (<g>) = hgh™ = g or hgh™' = g~1. Ifhgh™! =g,
then g and h commute. But N (< h >) = D, = {1,h,z,y} for some
D," which g normalizes. Since < g > acts on { h,z,y } by conjugation, the
orbit of z in < g > contains either 1 or 3 elements (since its cardinality divides
the order of < g > ). Thus, g commutes with z and hence all of D;’. But then

D, <N (< g>), a contradiction since 4 does not divide 6.

If hgh™! = g7, then N (<g>) =<g,h>= D; Since gandh
don’t commute, the orbit of k in < g > contains 3 elements, namely h, z,y. lLe.,
D,y < N G(< g >) = D3, a contradiction since 4 does not divide 6.
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Consequently, ker(¢) = {1}. Thus, G = ¢(G) < Symm(5) and |¢(G)| =

|G| = 60. Hence, ¢(G) = Alt(5).

( Note: An argument similar to this one could have been used for Case 5D

but we chose to give a different proof for variety. )

It remains to determine the structure of G in Case 6A. Conjugating if neces-

sary, we may assume @ = GNP. Then N (Q) = @ <wz > where <wz >

= GNA4, welF;. Also —71 € G since N (<wz>) = <GOA+, ———}->
z

-1 -1
¥ w, = "2 , then |w| = w; = "2 and <w>= (F),.

Consequently, { az |a€ (F;), } = GNAy < G. Likewise, if w3 = r-1,

then [w| = r—1land <w>= (F,)*. Consequently, {az|a€ (F.)" } =

GnA4; < G.

We now show that Q = {z+b|b € F. }. Forthen PGLy(r) =
<B(r), "71> <G when w; = r—1 where B(r) = {z+5b]|be
Fr } { az | a € (F+)™ } is the Borel group in PGLa(r). Since G and PGLy(r)
both have order r(r2—1), G = PGLy(r). Likewise, G = <B+(r), _71 > =
PSLs(r) when w; = % where B.(r) is the Borel group in PSLs(r).

Let M denote the double coset

N,(Q) (1})@ = {(a22+b)(—1>(z+d) | a € (F.), b,d € F, }.

z
Claim: G = N4(Q) U M.

st o0 (2) 150 (2) = 0 = (Z)wrrn(2) -
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. Either g does not fixoo, (b#0) org(z) = 2 hyperbolic ( fixing
—bz+a a
0 and oo ). In either case, g ¢ Q and thus @ N [(;) N,(@Q) <—E})] = 0.
Hence, M contains |Q| =r cosets of N (Q), each of which contains |N, (@)

elements. Therefore,

(M| = rINLQ)] =r([Ng(Q):QlIQI) = r°k = r’wy.

fw; =r—1, then [N (Q)] + [M]| = rwy + r?w;, =r(r—1) + r2(r—1) =
r(r? —1) = |G|. Since No(Q)NM = 0, we have the desired result (

- bz +(d — a?
(a2z+b) (71> (Z+d) — _zi(_.a'_)

o never fixes 0o ). The other case is
analogous. O

-1
Nowlet 1 # 2+c¢c € Q. By the lemma, (-_z—l) (z +¢) (—_1) =
z
-1
(a®z + b) (7> (2 +d) for some a € (F.)*, b,d € F.. The corresponding

matrix equation is

(L OEDED-EHEDEDE

2 a+ bd
1 0} _ a a
= (—c 1) - 1 d
a a
1
Consequently, ¢ = =+ " € (F-)* and Q is contained in ( hence equal to since

both haveorderr) {z+b|beF, }. O

Lemma 4.14.

i) If g € PGLy(F) commutes with both ((1) ”01) and ((1) :) where t # 0,

then g = 1.
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i) If g € PGLy(F) commutes with both (’(‘)’wc_’_i) € PGLy(F) where

w* # 1 and a matriz of the form (g _ﬂz) where z,y,8 € F*, then
g=1
w) If ge U commutes with both (;’%) € U where ww = 1,w?> # 1 and a

matriz in U of the form (_y-z- _zy) where y# 0,z #0, then g = 1.

Proof: Let g = (: 3) where ad — bc # 0.
i) Since g commutes with z + ¢, g must fix co. Thus ¢ = 0 and we may
assume d = 1.

e e
7)) = (w2

Consequently, b =0, Aa =1 and a = X. Therefore, a> = 1 and ¢(z) =

But —zo(z+t) = —(2+%) = —z—1t while (2+¢)o(—2) = —z+t. Hence,
g=1.
ii) Since g commutes with ( wo 1) we have
<aw ) ()\a,w )
o i
d Ad
where X #0. Since aw =dawand — = —, a=d=0 or A=1. If
w
a=d=0, then b3 0,c #0 since ad — bc # 0. Since 2 = Abw and
w
cw = %, we have A = w? = % Hence, A2 =1 and w? = +1. Thisis a

contradiction since w* # 1. Thus, a # 0 or d # 0. In either case, it follows that

A=1.
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If b # 0 or ¢ # 0, then we again get the contradiction that w? = 1. Hence,

g =(;g) with @ # 0 or b # 0.

. B
Since g commutes with (; _,:) , we have

ar af3 _ (paz  ppd
%ﬂ —dz | -"—;l —pzd

where p # 0. Since z # 0, we have a = pa and d = pd. Since a and d are not
both zero, p = 1. Since B # 0, the equation af3 = pBd thus gives a = d so that

g is the identity.

iii) Since g € U, we haved = —@and ¢ = —b. Since g commutes with (;’ ;) ,
we have
aw bw _ Aaw Abw
—bw -aw/ -\bw —)aw

for some A # 0. If b # 0, then Aw = w. Write w = u + av where u,v € F.
Then Au + Aav = u — av. Consequently, Av = —v and v = 0. This implies that
w = u € F, contradicting that w? # 1 (since ww = 1). Hence, b = 0. It follows
from the equations bb — a@ # 0 and a = Aa that @ # 0 and X = 1. Thus, g is of

the form <3 2_) .

Since g commutes with (j; _Zy),

ey az _ pay paz
—az —ay - —paz —pay

where g # 0. Since y and z are both nonzero, the equations ay = paey and

az = paz give that y =1 anda =a. Hence, g=1. O
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Lemma 4.15. Let 1 # g = [A] € PSLy(F).
i) lg| =2 if and only if tr(A) = 0.
i) If p>3, |g|=3 if and only if tr(A) =+ 1.
ii) |g| =4 if and only if t*(A)=2.
) If p#£5, |gl=>5 if and only if tr2(4) + tr(4) — 1 = 0.

Proof: Let A = (a b
c d

The characteristic polynomial x,(A) of Ais A% — tr(A)X + 1. The eigenvalues

) with ad —bc=1.

of A are therefore z, % where z + % = tr(A) (and z # 0).

The eigenvalues of A are distinct if and only if tr?>(A4) # 4 which happens if

and only if 1 # g is not parabolic. Since in all cases of the lemma we are assuming

A is not parabolic, A is conjugate to D = <g g) and |g| = | [D] |-
z
Moreover, D™ = I if and only if 2™ = #£1.

Consequently, |9/ =2 <= z2=-1,|g|=3 < 2=+1, |g| =
4 = z*=-1,|g|=5 = =1 (22=1 = g=1, z* =
1 = 1< gl £2)

. 1 z2 +1 5

1) tr(A) = z4+ - = =0 < z* = -1

z z
|
ii) - =+1 & 2?41 =+z < 22 Fz + 1 = 0. Since

z#+1, 22Fz+1=0 < 2¥+1 = (z£1)(z22Fz+1) = 0 <= L =7F1.

zt+1
22

2
1
iii) <z+—) =2 z2+z—2+2=2 = 2:2-{-i2 =0
z

2
. 1 1
iv) (¢c+;> +(m+;>—1=0 = 424224241 =0 <= -1 =
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(z—-1)(z*+2z3+22+z+1) =0.
L 1 ’ 1 5 4 3
Similarly, z+; — :c-l-;— -1=0 << z2+1 = (z+1)(=z*-2°+
2 —z+1) =0. O
Definition: Given 1 # g1,92,93 € PSLa(q), let m; = |g;|. X(my1,ma,m3) :=

{ (@B,7) | v=(aB), laf =my, |B] = ma, |y| = ms }.
PGL2(q) acts on X(my,m2,m3) by conjugation.
Lemma 4.16. PGL2(q) acts freely and transitively on X(2,p, 3).

Proof: We first choose an element g in PSLy(q) of order 2. Any element h
of order p is parabolic. If k shares a fixed point with g, then g and h generate
a dihedral group (and thus |gh| = 2 ). Using the fact that PGL2(q) acts triply
transitively on E if g is hyperbolic and the fact that PGLy(q) acts transitively
on (]F'q2 —TF,) x Fy if g is elliptic, we may assume g(z) = —71 and h(z) = z+b

( by conjugating the fixed points ). But

(0 =1 (1 b _ (0 -1
1= (09)2-01) -0 7).
Therefore, |gh| = 3 <= tr(AB) = b = %l1.

Consequently, we can always conjugate g to = and h to z = 1. Since —z
z
-1 .
sends — to itself and z + 1 to z — 1, PGL3(q) acts transitively on X(2,p,3).

It follows from Lemma 4.14(i) that the action is free. O

Theorem 4.17. PGL2(q) acts freely and transitively on X(2,3,3) and
X(2,3,4) and freely on X(2,3,5) . Moreover, the cardinality of X(2,3,5) is
2q(g® — 1) when g # 5™.
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Proof: We first consider the action of PGL2(g) on X(2,3,5). When ¢ = 57,
the result follows from Lemma 4.16.
Case1 5| (¢g—1)

We first choose an element g of order 5. Since there are

1
quu choices for

the fixed points of g and 4 choices for a generator of < g > = Zs, there are

. A
4<q(q; 1)) = 2¢(g+1) choices for g. We may assume g = (pO pgk)

where A\ = q;.

5

We now compute the number of elements k such that |h| = 2, |gh| = 3.

Now
A A
s ﬂ), h=(p_a P8 )
(7 —a g Py —pa
where det(h) = —a? — By = 1 and tr(gh) = a(p* —p™*) = 1. (If
tr(4) = -1, tr(—A) =1 and +A represent the same matrix in PSL(q). )
Thus, & = (p* — p7*)7 and By = -1 — (p* — p7*)72
If (p*—p~)"2 = -1, then w—24w"! = —1 where w = p**. Thus,

1 =1-wand w’—w+1 =0. Since w¥+1 = (w+1)(w?—w+1), we
have w® = —1 and w® = 1. But < w > = < p* > and w has order 5. We thus
get the contradiction that 1 = w® = ww® =w. Consequently, 8y # 0 and

—1-(p*—p)? :
v = 3 . Hence, there are ¢ — 1 choices for 8 (and therefore

for ). Thus, |X| =2¢(¢+1)(g—1) = 2q(¢* - 1).

Case 2 5| (g+1)
Since elements of order 5 are elliptic, there are 4 (q(q—2_Q> = 2q(qg-1)

choices for such a g. Working in the disk model, we may assume the fixed points

161



z™ 0
of g are 0 and co. Thus, g = 0 zm where m = ——.

If || = 2 and |gh| = 3, then

[y = _ [ y=™ zz™
h _(—'7? —y)’ gh _(—E':Em —y&:"")

where det(g) = (2Z)™ =1 = —y* +2z = det(h) and tr(gh) =

y(z™ —T™) = 1. Therefore, y = (z™ —2z™)"! is determined. Moreover,

Iz> = 22 = 1+92 =1 + (:z:m—fm)_2 # 0

(since |z™| = 5 ). Since the norm map N : EX — F* is surjective with
kernel S, there are ¢ + 1 elements z with [z]> = 1 + (2™ — z™)72. Thus,

there are ¢ + 1 choices for h and |X| = 2¢(g® - 1).

In either case, we therefore have | X(2,3,5) | is 2¢(¢®> — 1) when q # 5. The
fact that the action is free follows from Lemma 4.14 (and the proofs of cases 1

and 2 above).

If ¢ = 3™, PGL2(q) acts freely and transitively on X(2,3,3) by Lemma 4.16.
Let X be either X(2,3,3) when g # 3™ or X(2,3,4). The arguments given in

cases 1 and 2 above show that PGLy(q) acts freely on X (using Lemma 4.14)
gtl q£1
3 7

there are g(g + 1) choices for g since Z3 and Z4 each have only two generators.)

and |[X| = q(¢® —1). ( Define A = respectively and note that

Since PGL2(q) acts freely on |X| and |[PGL2(q)] = |X]|, it follows that the

action 1s transitive. O
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Corollary 4.18. Assume q is odd.

i) PSL2(q) contains a tetrahedral group.
ii) If PSLa(q) contains an element of order four, then it contains an octa-
hedral group.

iii) If PSLy(q) contains an element of order five, then it contains an icosa-

hedral group.

Proof: The result follows from the proofs of Lemma 4.16 and Theorem

417. O

Theorem 4.19. Let g = p™. There ezists a subgroup of PSLy(q) isomorphic
to
i) PSLy(p™) if and only if m | n.
i) PGL2(p™) if and only if 2m | n when q is odd.
iil) a tetrahedral group except when q¢ = 2™, n odd.
iv) an octahedral group if and only if ¢ = + 1 (mod 8).

v) an icosahedral group if and only if q(¢®> —1) = 0 (mod 5).

Proof: i) and ii) f m | n, then ]Fp,,, - IFP,, and thus PSLy(p™) C
PSLp™). Since 2m | n, PSLy(p?™) C PSLy(p™) by the above. Since
F* C Ey, PGLy(F) C PSLy(E). Analogously, PGLy(p™) C PSLy(p*™).
Therefore,

PGLg(pm) Q PSLz(pzm) g PSLg(p").

Conversely, if PSLs(p™) contains a subgroup isomorphic to PSLy(p™), it follows

from the proof of Case 6A of Theorem 4.13 that IFP"‘ C IFP“ . Thus ]Fpﬂ is a
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vector space over Fpm of dimension d. Consequently, p" = I]Fp,,l = (p™)¢ =

p?™. Hence, n = dm and m |n.

If PSLy(p™) contains a subgroup isomorphic to PGLy(p™) when p™ is odd,

nl 2n __
then p™(p*™ —1) divides p__(ﬁz__l_) Since PSLs(p™) C PGL2(p™) C
PSLy(p™), m divides n. Let k > 0 and consider the ring R = Z/2*Z.

Then
2 | p™+1 <= p™ =TFl(mod 2¥) = (»™)***! = F1 (mod 2F).

Define Gopyr R* — R* by gzt+1(z) = z?*1 where R* denotes the units of
R. Clearly, g,, +1 is a homomorphism since R* is a multiplicative group. If 1 #
z € ker(g2 . +1), then z2¢*! = 1 and thus the order of = divides 2+ 1 and is odd.
Since R* consists of the equivalence classes of the odd integers, |[R*| = 2k-1,
Thus, the order of z is even, giving a contradiction. Hence ker(g,, b = {1}

and g,, 41 isan automorphism of R*. Consequently, if (p™)2**! = + 1 in RX,

then

P™ = (95,,1) 7 (9504, (P™) = (9,,)HE™) = (g,,,,)7 (£ 1) = £1in RX

(since Gor41 fixes + 1 ). Hence, (p™)***! = F1 (mod 2F) = p™ =

F1(mod 2%). Consequently, 2% [p™ +£1 <= 2F| (p™(2¢+]) 4 1). Hence,
P2+ (p2m(2641) _ 1)

p™(p>™ — 1) does not divide 3 . Therefore, n = md
where d is even and 2m divides n.
ili) If p # 2, then there existsa g € PSLy(q) such that <g(z), -1 >
z

= Alt(4) by Cor. 4.18. If p = 2™ with n even, then Alt(4) < Alt(5)

> PSL,(22) < PSL.(2").
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Conversely, if Alt(4) < PSL;(2"), then an analysis of the proof of Theorem
4.13 shows that Alt(4) = QA . Now thereis an element g of order 3 in Alt(4),
hence in Ac)oo‘ Thus, g is hyperbolic and 3 divides 2™ — 1. Consequently, n

1s even.

iv) If Symm(4) < PSLy(q), then 8 divides | PSLy(q) | since the Sylow
2-subgroups of Symm(4) are dihedral of order 8. Since the Sylow p-subgroups of

2 _
Symm(4) are conjugate to @ and thus abelian, p # 2. Thus, 8 | M ==

- 1 -
8 | 1 3 ! since gisodd = 8 | (¢ £1) since either q-;— or q21

1s

odd.

Conversely, if ¢ = =1 (mod 8) then ¢ is odd and thereis an h € PSLs(q)

with <h(z), -1 > = Symm(4) by Corollary 4.18.

z

v) If Alt(5) < PSLa(q), then 5 divides | PSLy(q) | and thus 5| ¢(¢®>—1).

If g(¢® —1) = 0 (mod 5) then 5 divides the order of PSL(g). If ¢ is

odd, then there exists a k € PSLy(q) with <k(z), i> = Alt(5) by
z

Corollary 4.18. If qis even, then 5 divides 22™ — 1 and therefore n must be even.
Consequently, Alt(5) = PSL;(4) C PSL»(2"). O
Lemma 4.20.
i) Let B # v € Alt(4) such that 18| = |y| =3. If |By| =3, then
By~ =2.
ii) If Alt(4) <« G < PGLs(q), |G| =24 and G acts freely on X(2,3,3) N

Alt(4), then G = Symm(4).

Proof: i) Without loss of generality, we may assume 8 = (123) and v =
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(243). Then By = (123)(243) = (124) but fy~! = (123)(234) = (12)(34)

has order two.

ii) Since Alt(4) « G, G acts by conjugation on the Sylow 3-subgroups of Alt(4)
giving a2 homomorphism ¢ : G — Symm(4). Since [Symm(4)| = 24 = |G|, it
suffices to show that ¢ is 1-1. Suppose {1} # k € ker(4). lLe., every Sylow

3-subgroup of Alt(4) is invariant under conjugation by k.

Let (a,8,7) € W(2,3,3). Since k™'pk € {8, '} and k™ vk € {7,771 },
we must have K718k = B! and k™'qyk = ~47l. (Since G acts freely
on W(2,3,3), k~!Bk = B and k~'9k = « is impossible. The other two
possibilities are ruled out by i) above.) Since afy =1, a = (8y)™! = y7187L.
Now (a,8y71,7%) is in W(2,3,3) also ( [87] =2 = |By7!| = 3 by part
i) ). By the same reasoning as above, k~1(By" 1)k = (By71)"! = 4871
and k7192t = (9?)"! = 4. But (k7'ak)8~ly™! = 1 which implies
k~lak = ~B. Consequently, (y8)(y8~ 1)y = 1 thusimplying that v8y =~v~18
and By = v~ 28 = 4B. This is a contradiction since < a, 3,7 > is not abelian.

Hence, ker(¢) = {1}. O

Theorem 4.21. PSLy(q) contains the following conjugacy classes of subgroups
where g = | PSLy(q) | and ¢ = p™ is odd.

q(g —1)
2

and one conjugacy class containing

1) There is one conjugacy class containing Zi’s foreach k > 1

diwviding g+1 q(q2—+l) Zy’s for
each k > 1 dividing 2;—1

i) There are -2% Dy’s for each k > 2 dividing ng—l which form two
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conjugacy classes when 1s even and one otherwise. There are

-1% Dy’s which form two conjugacy classes when ¢ = £ 1 (mod 8)

and one otherw:se.

iti) There are f—2 tetrahedral groups forming two conjugacy classes when
g = £1 (mod8) and one otherwise. If ¢ = +1 (mod 8), there are
two conjugacy classes of octahedral groups, each containing EgZ copies.
There are 3—% icosahedral groups which form two conjugacy classes if
g = £1 (m;)d 5). If ¢ = 5™ there are —6‘% icosahedral subgroups

forming one conjugacy class when n is odd and two when n is even.

Proof: Let F = F,.
1) Foreach pair z # y € ﬁ, < g> is conjugateto Fyz = Z a1 where
g is a hyperbolic element fixing z and y. Thus, there are (q_-l-é_l)_q conjugate
copies of Z agt Each such Z a1 contains a unique cyclic subgroup of order k
-1

for each £ > 1 dividing -qT

2 _
Similarly, there are (g 5 2 conjugate copies of Z,., = PS’Lz(q)_Y, one
2

foreach v € E-F.

ii) Each Z_(,_;_1 = PSLg(q){z’y} determines a unique

Dy = N(PSLa(q), ) = ( PSLa(a), 0 9, )
where g (=9} is an element of order two interchanging z and y. Thus, there

1
e _q_(q;—_) conjugate copies of D,_,.
2

g -1
For m > 2 dividing q—é—, there are copies of D,, within each
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ag+1)\ (g-1\ _ g ... :
DSZ_1 and thus ( 2 5 = 5~ distinct copies of D,,,. ( No

D, is contained in more than one D,_, since thereis a unique subgroup Z,
2
contained in D,,.) Moreover, there are two conjugacy classes of D,, within

D, if 9—2:— is even and one otherwise. ( The normalizer of D,, in D,, is
2 m

D2,, when Z is even and Dy, is self-normalizing in D, otherwise. )

Similarly, we get the result for Doy, = N (PSLz(q) ‘ _}) and its dihedral
= a,a
subgroups of order larger than 4.

-1

Assume 2 divides - 1. Now there are g

2
Dy, = {1,z,y,z }. Since the fixed point sets of z,y and z are distinct, D,

Dy’s per D,_,. Say that
2

is contained in exactly three copies of D,_, . Thus, there are
2

[q@;U][qzl] .
3 12

distinct Dy’s. Now N(D3) = D2 x Zs = Alt(4) unless Symm(4) exists, in
which case N(D;) = Symm(4). Hence, there are two conjugacy classes of D,

when ¢ = £ 1 (mod 8) and one otherwise.

The case when 2 divides g+

is analogous.

iii) Assume ¢ = £ 1 (mod 5) and fix one copy of Alt(5) < PSLs(q). Let

W (2,3,5) be the subset of X(2,3,5) with «a,8 € Alt(5).

Note that G = Symm(5) acts by conjugation on W(2,3,5). Let (a,83,7)

and (a/,3',7') bein W(2,3,5). Now 1 # g € G = g lag =

(e,8,7)
a, g71Bg = B, and g~'yg = ~ which implies g is in the centralizer of <

a,B,v > = Alt(5). Since the centralizer of Alt(5) is trivial, so is G'(a 5
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Define h : Alt(5) — Alt(5) by h(a) =d, R(B) = B, R(y) = .
Since h takes a set of generators of Alt(5) to a set of generators of Alt(5) and
preserves the relations, h is a group homomorphism (hence an automorphism)
of Alt(5). But every automorphism of Alt(5) acts by conjugation. Thus, there
exists a ¢ € Symm(5) suchthat o = h(a) = g lag, 8’ = K(B) =
g Bg, ¥ = h(y) = g7 'yg. lLe., Symm(5) acts transitively on W (2,3, 5).

Consequently,

S 5
W(2,3,5)| = 1G] = o=zl — |( I _ 120

where G denotes the stabilizer of z = (a,,7).

Analogously, we can prove that Symm(4) acts freely and tranmsitively on

W (2,3,3) and W(2,3,4) and thus |W(2,3,3)] =24 =|W(2,3,4)|.

The number of distinct icosahedral subgroups of PSL2(q) is thus

a’-1) _ 9 .
X235 | T e fa=
W(2 ] 29(* -1
|W(2,3,5)] _Q(IQT). = 30 otherwise.

The number of distinct tetrahedral and octahedral subgroups of PSLy(q) is

X233 4 1X(23,4)
w(2,3,3) 12 |[W(2,3,4)]

Since |W(2,3,4)] = 24 and N

PGLz(q)(Symm(4)) preserves W{(2,3,4),

INPGLz(q) (Symm(4))] < 24. But Symm(4) < NPGLz(q) (Symm(4)) so
that N, La(a) (Symm(4)) =  Symm(4). Consequently, Symm(4) is
also self-normalizing in PSLs(g). Since each conjugacy class contains
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g - =
INPGLz(q)(symm(4))l - 24

subgroups, there are two conjugacy classes of oc-

tahedral groups.

Similarly, |N GLz(q)(Alt(4))| < 24 since N

P PGLa(q) (Alt(4)) preserves

W(2,3,3) which has cardinality 24. Since Alt(4) < N, GLal

Alt(4))] < 24 which implies that either Alt(4) is self-

q)(Alt(4)), we

have that 12 < |NPGLz(q)(

normalizing in PGL,(g) or Ait(4) has index two in its normalizer in PGLj(q).
In the latter case, N, La(a) (Alt(4)) = Symm(4) by Lemma 4.20. Consequently,
the normalizer of Alt(4) in PSLs(q) = Symm(4) when Symm(4) < PSLs(q)

and is Alt(4) otherwise.

Let N:=N PGL, (q)(Alt(S)). Since N preserves W (2, 3,5) which has cardinal-

ity 120 and Alt(5) C N, we know that 60 < |[N| < 120.

Assume p # 5. Given an element g € Alt(5) of order 5, we may conjugate so

that the fixed points of g are 0 and oo and thus

Zs = <1, A2z, Xz, Xz;, —;; >

We can conjugate A2z to ;—2 (and A2z to %) by an element of order two which

interchanges 0 and co. Since the trace of a matrix is invariant under conjugation

A0\ .1 .. 1 /X0

2z

and

A%z and Mz are not conjugate. Thus, there are exactly two PGL(q) conjugacy

classes of elements of order 5 in Alt(5).

Fix an element g of order 5 in Alt(5) and let W be the subset of W(2,3,5)
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[W(2,3,5)| (
5 :
There are 2 (not 4) choices for a generator of each Zs.) Since N < PGLs(q)

consisting of all (a,3,v) with 4 conjugate to g. Then |W| =

acts freely on W, |N| < 60. Consequently, Alt(5) is also self-normalizing in

PSLy(q) and there are thus two conjugacy classes of icosahedrals in PSLs(qg).

Assume q¢ = 5. We observe that in the proof of Lemma 4.16, we showed
that given (a,B,7) in X(2,3,5) we can conjugate so that < a,f,7 > =
<:z-1—,z + 1> = PSLy(5). Thus, Alt(5) = PSL(5) « PGL2(5) which implies
that PGL2(5) is contained in (hence equal to) N. So

PSLy(5™) if = isodd,
Npspysmy (PSL2(5%)) = .
PGLy(5") if = is even.

Hence, there are two conjugacy classes of icosahedrals when ¢ = 5™ and n is

even and one when n1s odd. O
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5. The Eichler Cohomology of PSL»(p).

Let V,.(F) be the vector space of polynomials (in one variable) of degree
at most n with coefficients in F and H,(F) the vector space of homogeneous
polynomials (in two variables) of degree n with coeflicients in F.

Let p(z,w) = @anz® + @n-12""1w +--- + agw™ € Hy(F) and Z’ 3) €

a b z az + bw
SLy(F). Then (c d) <'w) = (cz-{—dw)'

SLy(F) acts on H,(F) via
(pg)(z,w) := an(az + bw)™ + an-1(az + bw)* (cz + dw) + - - - + ap(cz + dw)™.

Since p(Az, Aw) = A"p(z,w) for A # 0, there is an induced action of PSLy(F)
on H,(F) when n is even. Unfortunately, we see than an analog of this action

for PGLy(F) is not so obvious.

Given n =2r — 2, p € V,, and g € PSL»(F), define

(*) (pg)(2) = p(g(2))(¢'(2))* 7.

Consider the following diagram where the vertical maps are given by deho-

mogenizing the polynomials of H,(F) (setting w = 1):

H.(F) —— H,(F)

! !

P.(F) —— P,.(F)
This diagram commutes and the top map defines an action. Since the vertical
maps are isomorphisms, (*) also defines an action of PSL(F) on V,(F).
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Let G < PSLy(F), n an even positive integer. We define the n-cochains of

G with coefficients in V,(F) where n € {0, 1,2} as follows:

C°(G, Va(F)) := Va(F),
CYG;Vu(F)) :={ F:G — V,(F) | F(1) =01},

C2(C; Va(F)) := {F: G x G —s Vo (F) | F(g,1)=0=F(1,9) }.

We have the following coboundary maps: If p € Vo(F) = C%G; V,,(F)) and

g€G,
do* : C%(G; Va(F)) — C*(G; VulF)) via do”()(9) := pg — p
If F € CY(G; Vi (F)) and g,h € G,
di” : C1(G; Va(F)) — C%(G; Vu(F)) via d1"(F)(g, k) := F(g)h — F(gh) + F(k)
Let

ZY(G; Vo(F)) :=ker(d1*) ={ F: G — V,(F) | F(1) = 0,F(gh) = F(g)h + F(h) },
BY(G;Va(F)) :=Im(dy*) ={ F:G— V,(F) | F(g) =pg—pforallge G }.
Elements of Z'(G;V,(F)) (respectively B(G;V,(F))) are called 1-cocycles

(respectively 1-coboundaries) of G with V,,(F) coefficients. The Eichler

cohomology of G with V,(F) coefficients is
HY(G; Va(F)) = ZYG; Va(F))/BY(G; Va(F)).

In other words, the Eichler cohomology of G is the first group cohomology of G
(see [M],[Br]).
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Given g € G, let Reslg"g> denote the restriction map from H!(G; V,(F)) to
H (< g >; Va(F))-

The parabolic 1-cocycles of G with V,(F) coefficients is

PZYG;Vu(F)) = { FEZYGVa() |Fe () ker(Res/,;)

g€G
gparabolic

ILe., a parabolic cocycle is a cocycle which is a coboundary when restricted to
every parabolic element of G.

The parabolic cohomology of G with V,(F) coefficients is
PH'(G;Va(F)) = PZ'(G; Va(F))/ BY(G; Va(F)).

az+b
cz+d

g'(z) = (cz+d)~% and

Let g(z) = € PSLa(F) and p(z) = 72> + sz +t € Vo(F). Then

(pg)(z) = p(g(2))(g'(2))™" = p(g(2))(cz +d)*
= r(az +b)® + s(az + b)(cz + d) + t(cz + d)?
(++)
= (ra® +sac+1tc’)z® + (2rab+ s(ad +bc) + 2ted)z + (rb® + sbd + td?).
Let V€ := {pe Vo(F) |pg=pforall gc G } andlet V9 := V<9>
Remark 5.1
. 1
i) If g(2) = - (a=0=d,b=—-1,c=1), then (pg)(z) = tz> —sz+r
and V9 = {rz?+r|reF}
i) f1#g(z) =24b (a=1=d,c=0), then (pg)(z) = 722 + (2rb+
s)z + (rb®* +sb+t) and VI = {t|teF}.
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i) If g(z) = X2(2), 2 #1 (a=X\b=0=c,d=2"1), then (pg)(z) =
PX222 + sz + tA"2and V9 = {sz|seF}.

iv) If g(z) = [g aﬁl] and a ¢ {0,1},b # 0, then (pg)(z) = ra2z® +
(2rab + s)z + (rb? + sa™1b+ta~2). f p € V9, then 2rab+ s = s which
implies that » = 0.

We also must have sa~1b+ta~2 = t or equivalently, ¢{(a™2—1) = —sa™!b.

If a = —1, then we get sb =0 —> s = 0. Otherwise, t = % =
abs

a?—1

Therefore, V¢ = {t|te€F}ifp=3and VI = {sz+a2ab_$1 |seF}

otherwise.

Note that every elliptic element of PSL,(q) is a hyperbolic element in
PSLy(g?). Consequently, every hyperbolic or elliptic element in PSLy(q) is
conjugate to an element of the form A%z, € (F,2)*. Moreover, if F = F, and

E=F,p,
dimg (H' (PSLy(F); Vo (F) @ E)) = dim (H'(PSL2(F); Va(F)))-
(Changing coefficients from V,(F) to V,(E) is equivalent to applying the exact
functor @FE to the cochain complex {C*(G; V,.(F)),di*}:
<+ — CH(G; Va(F)) 25 CFHY(G; Va(F)) — ---
o+ — C¥(G; Va(F)) ®F E 25 C™Y(G; V() OF E —» - .
The coboundary map di” of both chain complexes is given by the same matrix

since I C E and thus the dimension of cohomology will be the same no matter

which chain complex we use.)
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Remark 5.2 In particular, to find the dimension of H(G;Va(F) (or of
PH(G; V»(F)) for any maximal nonprojective subgroup G of PSLy(q), it suf-
fices to compute the dimensions of the cohomology of the following groups:

i) < Xz >, A€ (Fp2)*, 2 #1 (Cartan)
i) (A%2, 22 [ (FoX2)2 =1),x€ (F2)", A% #1 (dihedral)
i) ( z+1,2%2z ),A € (F,)*, A2 #£1 (Borel)

iv) a tetrahedral, octahedral, or icosahedral subgroup of PSLs(q).

In addition, we will compute the dimension of the cohomology of the following
groups:

v) < z+1 > (cyclic parabolic),

vi) {z+b|b€TF, } (full parabolic),

vii) ( 5,2+1) (PSLa(p))-

We will therefore have computed the dimension of H!(G;V2(F) (and
PH(G; V3(F)) for any subgroup G of PSL,(p). For the remainder of this chap-

ter, let F =F, where ¢ = p™ is odd, E = F,2, V = V,(F), and G < PSL,(F).

If G is an exceptional subgroup of PSLy(q) (i.e., a tetrahedral, octahedral
or icosahedral subgroup), then we may assume G = < A= —71, B= [g aﬁl ] >
where a® —a+1=0and b=1if G is tetrahedral, b = 2 if G is octahedral,
b —b—1=0if G is icosahedral. (It follows from Lemma 4.15 that |B| = 3 and
|AB| € {3,4,5} so that < A, B > is an exceptional subgroup. We are also using
the fact that every elliptic element of order 3,4, or 5 is hyperbolic or parabolic

in Fyz (so that a and b exist in F,2).)
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Remark 5.3: i) It follows from Remark 5.1 that VG = {t |t € F } for the

full parabolic subgroup and the cyclic subgroups listed above and that Vg = {0}

for all the others.

ii) Note that Remark 5.1 and i) above show that p € V9 for g € PSLy(q)
if and only if the fixed points of g are the roots of p (where p is thought of
as a homogeneous polynomial). In particular, V¢ = {0} for every noncyclic
subgroup G of PSLz(p).

We have

0 — CYUG; V) 25 cY(G; V) 5 c¥(G; V).
Since C%(G; V) =V is a vector space and dp” is a linear map,
dim(Im(do)") = dim(V) - dim(ker(do")) = 3 — dim(ker(do")).
Now p € ker(dy”) <= do"(p) =0 <= do™(p)(9) =pg—p = 0forall g €
G <= p € VC. Therefore, ker(dy*) = VC. Consequently, B(G;V) has

dimension 2 for the full parabolic and the cyclic subgroups on the list and
dimension three for all the others.
Assume F' : G — V such that F(1) = 0 and F(gh) = F(g9)k + F(h). Then
0=F(1)=F(99™") = F(g)g~" + F(¢g™") and therefore F(g~') = —F(g)g™".
If g(z) = _71 € G, let F(_Tl) =rz% +sz+t. Since g2 =1,¢7! = g and

0=F(1) =F(9)g+ F(g) = (tz> —sz+7) + (rz® + sz +1t) = (r +8)2° + (r + ¢).

Therefore, t = —r. Consequently,

(5-4) F(‘—1> =rzl +sz—7|.

F4
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If1+#g(z) =2+b¢€ G,let F(g) =rz% + sz +1. Since g is parabolic, g7 = 1.
Therefore,
0=F(1) = F(¢?) = F(gg*™") = F(g)g* ' + F(¢*") = F(g)g"* + F(gg"™?)

= F(g)g*~' + F(g)g" > + F(g?™?)

=F(g)(g" 7 +9" 2+ +g+1)
Since char(F) =p, (1-g)P=1-g?=(1—-g)(1+g+---+ g?7!) and thus

(1—g)P~  =1+g+g*+--+gP~}. Therefore, 0 = F(g)(1 — g)*~>.

For any p(z) € V, (pg)(2) = p(z +b) and p(1—g)(2) = p(2) - (pg)(2) =
p(2z) — p(z + b) has degree one less than the degree of (pg)(z). Thus, p(1 — g)(z)

has degree at most one.

Since p(1 — g)* = [p(1 — 9)I(1 — g), deg(p(l — g)?) < 0. Consequently,
deg(p(l — g)¥) = 0 for k¥ > 3. In particular, if j(z) = F(g) € V, then 0 =
i(1—g)* = F(g)(1—g)* for all £ > 3. Thus, the equation "0 = F(g)(1—g)?~1”

is always true for p—1 > 3 ( <= p # 3) and F(z +b) can be any element of V.
If p = 3, then 0 = F(g)(1 — g)? implies

0 = [F(g)(1-9)I(1—g) = [F(9) - F(g)gl(1 —g)
= [r +sz+t—r(z+b)° —s(z+b) —t)(1 —g) = [~(2rz +8*r + sb)|(1 — g)
= —(2rz + b%r + sb) + 2r(z + b) + b%r +sb = 2rb.

Therefore, r = 0.

(5-5) |F(z+b)=sz+t ifp=3, F(z+b)=rz>+sz+t otherwisel
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If g(z) = A2z € G and A? # 1, let F(A\%2) =722 + sz +t. Assume g has order

m. Then

0=F(1)=F(g™)=F(g)1+g+g°+---+g™7)

= F(g) + F(g)g + F(g)g” + -~ + F(g)g™ "
Since g*(z) = A2%, F(g)g*(z) = rA?*2% + sz +tA~2* by Remark 5.1. Therefore,

0=(rz2+sz+t) + (PA%22 +sz4+t272) + ... + (PA2(m=1 22 4 5z 4 gA2m-D)

=r(1 A+ X+ X222 sz + 1+ AT ATE 4 A7),

1-2m\ 1—)"2m om
Therefore, 0 = » T2 )? 4+ msz + t T .But ™ =1=

A~2™ since g has order m. Therefore, ms = 0. Since m < p, we must have

s = 0. Consequently,

(5-6) F(X%2) = r2® +t|

We have shown that dim(Z%(< z+1 >;V) = 2 if p = 3 and 3 otherwise
and that dim(Z'(< A%z >;V) = 2. Consequently, H(< z +1 >;V) is one
dimensional if p # 3 and trivial for p = 3. Likewise, Hl(< A2z >;V) (=

PHY(< X2z >;V)) is trivial. Since every element of < z + 1 > is parabolic,

PHY (< z+1>;V)=HY < z+1>;V).

Remark 5.7 Suppose F € PZ!(G;V). If G contains a parabolic element,
then we may assume g(z) = z+b € G. Then F(z+b) = p(z +b) — p(2) for some
p € V. Le., F(z + b) has at most degree one.
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Remark 5.8 Let G={z+b|beF }. We know that dim(B!(G;V)) = 2.
Since G has n generators and F(z + b) can be any element of V, dim(Z*(G;V))
= ndim(V) = 3n. Therefore, H!(G; V') has dimension 3n—2. If F € PZ(G; V),
then F(z + b) = sz + t for some s,t € F. Therefore, PZ!(G;V) has dimension

2n and PHY(G;V) has dimension 2n — 2.
Lemma 5.9. H'( ( A2z, 2 | (F0)X%2)2=1);V) for A2 51 is trivial.
-1
Proof: Let h(z) = - and g(z) = A%2z. Then hg = g~*h. We know that

F(h) =72z® +sz—r and F(g) = k2® + w.

F(hg) = F(h)g+F(g) = [r(X2) +s(M2) —r]A~2 + (k2? +w)

=A% +sz—mA 2+ k2 tw=(rA2 + k)22 + 524 (w— rA72).

F(g7!) = —F(g)g™* = — [k (%)2 +'w] 2= —EATZ2 —wd
F(g7'h) = F(g7Y)rh+ F(k) = [—k/\_2 (%)2 - w)‘zl 22+ (rz2 + sz —7)

= (r —wA?)2? + sz 4 (—r — kA7),

In particular, we have k = r — wA? — #)2. Since F(k) = rz? + sz — r and
F(g9) = [r = X3(r + w)])z? + w, dim(Z}(G;V)) < 3. The result follows since

B1(G;V) has dimension 3. O

Lemma 5.10. If G is a Borel subgroup of PSLy(p™) and p # 3, then H(G;V)
is one dimensional if p = 5 and trivial otherwise. The parabolic cohomology of

G with V coefficients is trivial.
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Proof: Let u = 14+p+p*+---+p* .. WemayassumeG =< z+1,)%2z >

where < A >= (F;)*. Note that < A* > = (Fp)*.

Let g(z) = A%z and h(z) = z + 1. Then g*h = h** g*. Moreover, F(g) =

mz? +w and F(z +1) = 722 + sz + &.

Now g*(z) = A?*(z). As in the proof of (5— 6) we get

F(¢*) = F(g9)+ F(9)g+ F(9)g* +--- + F(g)g*~*
1—)\"2
m () 2+ (55

Also h*(z) =z +k and F(R)(R*) = rz? + (2rk+s)z + (rk? + sk +1t) by

Remark 5.1. Let £ = \2%.

Now

F(h') = F(k) + F(R)h + F(R)R? + ... + F(R)ht!
= (2 +sz+8) + (2 +(2r +8)z 4 (r +5+1))

+ oo+ (P22 —1) +8)z+ (P~ 1) +5(£ - 1) + 1))

= r2® + (es+2r (2(32_1)»;'

+ (EHﬂez;H+r(1+22+32+---+(€—1)2)>

= tr2® + (Ls+rE(f—1))z + (Et N sf(fz— 1) +re(e-1;(2e-1)).
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F(g*h)

F(R) + F(g%)h

= (r2® +sz+1) + (m(ll___)‘;:)zz + w(%}))(h)

1— 2% 1— 2%
= (rzz+sz+t) + (m(l_—-iz_>22 + 2m(1—)\2>z

A N A P
T\ T Y\T a2

F(h'g") = F(g") + F(h")g"

1— A2'u. 5 1— A—2u s o
(m(l_/\?_)z +w(T:F-))+£TZ +(£3+r€(£—1))z
N ( o se(e2- 1), (e~ 1()5(22 ~1) ) 1

= (m(fl__—;;>+£2r>zz + (€s + re(£—-1))z
N (w(ti—_12>+s(e2-1)+t+r(e—1)éze—1) >

Equating the coefficients of 22 in F(h‘g*) and F(g*h) gives £*r = r which

implies that £2 = 1orr = 0. Since p # 3 and A* hasorderp—1, (A\*)* = £2 = 1

if and only if p = 5. Therefore, » = 0 unless p = 5.

Assume p # 5. Equating the constant terms of F(hg*) and F(g*h) gives

s(£-1) 1-¢ c e . 2m _
5 = m(l—)\2> which implies that s = o1 Thus, F(g) =
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2m
A2 -1

But dim(B*(G;V)) = 3. Hence, H}(G;V) = {0} = PHY(G;V)ifp# 3 and

pP#5.

mz?> +w and F(z+1) = ( ) z +t. Consequently, dim(Z(G;V)) < 3.

Assume p = 5. Equating the coefficients of z in F(h%g*) and F(g*h) gives

s+7lf—1) = s+2m( 1“3)

1-)2
2m(f—1)
= fls—5 = —Az————l— -+ r(Z—l)
2m
= § = ﬁ + 7.

Equating the constant terms of F(h%g®) and F(g"k) gives

m(f—1)  s(£—-1) + (€ —1)(2¢ - 1)

2—-1 2 6
or equivalently,
m__ r(2£-1) s M.
Az -1 6 A2 -1 2
ab e r(l;—l).

Since p = 5, £2 =1 and therefore £ = —1. Consequently, the above equation

doesn’t give any further restrictions on m or r. So F(g) = mz? +w and F(h) =

2m

A2 -1
Remark 5.7. Hence, dim(H(G;V)) = 1and PHY(G;V) is trivial. O

r2? + ( ) z+t. Then dim(Z*(G;V)) = 4 and dim(PZ(G;V)) = 3 by

We will now compute the cohomology of any exceptional subgroup G of

PSLy(F). As noted above, we may assume G = < A= :},B = [“ b ] >

0ea?
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where a2 —a+1=0and b= 1 if G is tetrahedral, 5 = 2 if G is octahedral,

b2 —b—1=0if G is icosahedral.

We note the following simple but useful facts for future reference:

a2=a—1, az+1=a, a2—a=—l, a+al=1

ad=-1=a3 a®+1=0=0a3+1, a24+1=0a"?

e ?4+a=0, a ¥ 4+21=a2+47"?

If5>—b—1=0, then > =b+1 and

B =2b+1, B*=3b+2, B =5b+3, ¥ =8b+5

¥ =21b+13, ¥ +1=0b+2, B2-1=b, 1-20>=—(2b+1)

- +2=2b+3, b*—b>—1=2b|.

F(A) = kz? + mz — k. Let F(B) =rz? + sz +t. Using (), we have
F(B%*) = F(B) + F(B)B
= (rz® +sz+1t) + (ra®2® + (2rab+s)z + (rb? +sba~! +ta™2))
= r(a® +1)22 + 2(rab+s)z + (rb% + sba' +t(a”? +1))

= raz® + 2(abr + )z + (rb% + sa"'b+ a7t).

2 -1 2
Now B? = [‘B b(a:-_g' )] = [% aﬁz}' Therefore, by (**)

F(B®) = F(BB?) = F(B?) + F(B)B?
= ra(a® +1)z> + (2rba(a +1)+3s)z + (2rb® + sb(a™! + a™?)
+tal(1+a™3))

= (2ra(a +1)b + 3s)z + (2rb® + sb(a™! +a™2)).
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Since B® = 1, we have F(B®) = F(1) = 0. Note that a = —1 if and only if

p=3.

If p = 3, then B(z) = z — b is parabolic and therefore r = 0. In this case,

F(B3) = 0 gives no further restrictions. Thus,

F(B) =sz+t when p=3].

Ifp#3,then 2ra(a +1)b+3s=0 = s= :z1i(g—+—l£. Then

_2rb* (a7t +1)(a+1)

2rb? + sb(a”? +a71) = 2rb? 3

2rb? — 2rb®> =0 (since a +a7! =1).

So we get no further restrictions on F(B) and

2ra(a +1)b
3

F(B) ='rz2—( )z+t when p# 3.

We therefore have dim(Z!(G;V)) is at most 4 and dim(B*(G;V)) = 3. Con-

sequently, if there are any further relations between the coefficients of F(4) and

F(B), then H}(G;V) is trivial.
Now
F(AB) = F(A)B + F(B)
= ka’2® + (2kab+ m)z + (kb* + ma~'b — ka”2) + F(B).

Thus,

F(AB) = (kd® +7)2? + (2kab+m+s)z + (kb® +ma~1b—ka 2 +1¢)
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—2ra(a + 1)b
3

wherer =0anda=-1ifp=3ands = if p # 3.

Let F(AB) = uz? + vz +w. Let F((AB)®) = Ppz? + Qnz + R, for

n=2,3,435 Since 4B = [$T][2.5] = [27%7], (+0) gives

F((AB)") = F((AB)"7')(AB) + F(AB)

= (Rn-10°2% + (2Rn-1ab — Qpn-1)z + (Po—1a™2 — @ 10Q,—1 + Rn_1b%))

+ (uz? +vz+w)

which gives F((AB)"*) =

(Rn._]_a.2 + 'u.)z2 + (2R,,,_1a.b - Qn—-l + v)z + (Pn_]_a-2 - Qn_la'lb-}— Rn_lbz + w) .

Remark 5.11 We obtain the following values of P;, @;, R; by reiteration:
i) P, = u+adw
i) Q2 = 2abw
i) Rp = w+a 2u—a v+ bw
iv) P = 2u —abv+a?(b%® + 1w
v) Q3 = 2a7'bu +v(1 — 2b?) + 2abPw
vi) R = a2(b% + 1)u —a7b%v + (* — 0% + 2)w
vil) Py = (® +2)u — ab®v + a?(b* — b2 + 2w
viil) Q4 = 2a710%u + 2b6%(1 — b?)v + 2ab(b* — 2% + 2)w
ix) Re = a 2(b* — b2 + 2)u — a™2b(b* — 26> + 2)v + (b5 — 3b* + 3b2 + 2w
x) Ps = (b* —b% + 3)u — ab(b* — 2b% + 2)v + a?(b5 — 3b% + 3b2 + 2)w
If? —b—1=0,then Ps = 2(b+2)u—a(3b+ 1)v + 2a%(b + 2)w.
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xi) Qs = 2a71b(b* — 207 + 2)u — (2b° — 6b* + 65% — 1)v + 2ab* (b* — 48% + 5)w
Ifo>?—b—1=0,then @5 = 2a71(3b+ 1)u — (4b + 3)v + 2a(3b + 1)w.

xii) Rs = a~2(b% —3b* +3b2 +2)u —a~1b3(b* — 4b% +5)v + (b — 5b° 4 8b* —
362 + 3)w

b —b—1=0,then Bs = 2a2(b+2)u—a"1(3b+ 1)v +2(b+ 2)w.

If G is tetrahedral, then (AB)® = 1 and b = 1. Since 0 = F((4B)3) =

Pszz + sz + R21

0 = P = 2u—av+ 2%w

2(ka® + 1) — a(2ka +m + s) + 2¢*(k + ma™! —ka"2 +1¢)

= 2a%k + am — as + 2r — 2k + 24°t.

Therefore, s = 2ak +m +2a~1r — 2271k + 2at. This gives a nontrivial relation

for all p and thus H(G; V) = {0} in all cases.
If G is octahedral, then (AB)* = 1 and b? = 2. Therefore,

0= P du — 2abv + 4d*w

= 2a%k + abm — abs + 2r — 2k + 24°t.

Therefore, s = 2ab~'k + m + 2ra™1b7! — 2671671k + 2ab~'t. This gives a

nontrivial relation for all p and thus H(G; V) = {0} in all cases.

If G is icosahedral, then 0 = Ps = Q5 = R5 and 4> — b — 1 = . Note that

b= —21if and only if p = 5.

If p = 5, we see from Remark 5.11 that P5 = @5 = Rj; independently of
what u,v, and w are. l.e., these give no further restrictions on F(A4) and F(B).
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Consequently, dim(Z*(G;V)) = 4 and H!(G; V) is one-dimensional. Since p =5
and |AB| = 5, AB is a parabolic element. Thus, if F € PZ'(G; V), then the
coefficient of z2 in F(AB) must be zero. Therefore, ka2 +r =0 = r = —ka?.

Hence, dim(PZ!(G;V)) = 3 and PHY(G;V) = {0}.

If p # 5, then
0 = P5 = 2(b+2)(ka®+r)—a(3b+1)(2kab+m+s)+2a° (5+2)(kd* +ma~ b—ka~2+t).

Since 2a%(b + 2) # 0, we can write ¢ in terms of k,r,m,s,a and b. Hence,

H(G;V) is trivial if p # 5.
We have proved the following theorem.

Theorem 5.12. The Fichler cohomology of every ezceptional subgroup of
PSLy(q) with Vo(Fy) coefficients ezcept the icosahedral subgroups whenp =5 is

trivial. The cohomology of the latter is one- dimensional.

Theorem 5.13. The Fichler cohomology of PSLa(p) with coefficients in Vo (F,)
is one-dimensional if p = 5 and trivial otherwise. The parabolic cohomology of

PSLy(p) with Vo(Fy) coefficients is trivial for all p.

Proof: We may assume G := PSLy(p) = < z+1, -t >
z
Let g(z) = _71 and h(z) = z + 1. Then (gk)? = h™'g. Moreover, F(g) =
rz + sz —rand F(z+1) = kz® + mz +n.
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-1
Note that h~1(z) = z — 1 and gh(z) = P Therefore,

F(R™Y) = —F(h)r™? = —kz* + (2k—m)z + (m —k —n),
F(gh) = F(9)h+F(h) = (r+k)z> + (2r+s+m)z + (s +n),
F((gh)®) = F(gh)(gh)+ F(gh)

= (r+k+s+n)2® + 2(s+n)z+(-r+k—m+s+2n).

On the other hand,

F(h7tg) = F(R™Y)g + F(g) = (r+m—k—n)z? + (s—2k+m)z + (—r—k).

In particular, r+k+s+n = r+m—k—n which implies that s = m — 2k — 2n.
The equations 2(s +n) =s—2k+mand —r+k—m+s+2n = —r — k are
then trivially satisfied. Therefore, we have F(g) = rz% 4+ (m — 2k —2n)z —r and
F(k) = kz® + mz + n. Hence, the dimension of Z!(G; V) is at most 4. We also

know that B(G; V) is three- dimensional.

If p = 3, then k = 0 since h is parabolic. Therefore, the cohomology of G is

trivial.

Assume p # 3. Note that PHY(G;V) = {0} (k must be 0). Suppose
dim(H(G;V)) = 1. Since the parabolic cohomology of G is trivial, there must
exist a [T] € H'(G;V) such that T is not a coboundary when restricted to
parabolic elements. Consequently, 0 # [T|,] € H 1(B;V) where B is a Borel
subgroup of G containing T'. This is a contradiction to Lemma 5.10 unless p = 5.
Hence, H(G;V) is trivial unless p = 5.
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When p =5, PSLy(p) = PSL2(5) = Ali(5). Therefore, dim(H(G;V)) =1

by Theorem 5.12. O
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Summary:

The dimension of H!(G; V) is one for the following subgroups of PSLa(q)

i) (z+1) when p#3
i) ( z4+ 1,222 > when p=5
iii) icosahedral subgroups when p =5

iv) PSLy(p) whenp=>5

The dimension of H}({ z+b | be F, };V)is 3n — 2.
The dimension of PHY({ z+b|beF, };V)is 2n —2

The cohomology and parabolic cohomology with V2(F,) coefficients of every

other subgroup listed in Remark 5.2 is trivial.
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Addendum
We recently became aware of the work of Audrey Terras and her students. In

[T], Terras defines the finite Poincaré upper half-plane as
H, = {z=az+y\/§|z,y€]Fq and y#0}

where ¢ is an odd prime and < § >= (F,)*. Moreover, she defines the Poincaré

distance between z,w € H, to be

N(z —w)
(Imz)(Imw)

d(z,w) =
where z = 2+yV/§, Rez :=z, Imz:=y, Z:=z—yv/6and Nz = Norm of z :=
zZZ.

Our definition of hyperbolic distance agrees with this one up to a scalar.

However, we define distance using only conjugation which does not require a

choice of coordinates (4).

For a fixed a € F,, Terras defines the finite upper-half plane graph P, (4, a)
with vertex set H, and with edge set { (2,w) | d(z,w) =a }. If a ¢ {0,446}, she
proves that P,(4,a) is a connected graph of degree g + 1. This is accomplished
by realizing P;(d,a) as the Cayley graph of the Borel group { (g f) | z,y €
F,,y # 0} with respect to the set Ry(§,a) = { z € H, | d(z,V8) = a } (which

is closed under inversion and is a generating set when a ¢ {0,44}).

Here again, these graphs require only one parameter (a) using our definition
of hyperbolic distance. Let I'; denote the graph with vertex set H and edge set
{ (z,w) | &'(z,w) = a }. Terras’ case a = 44 corresponds to a = —1 in our
set-up.
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Let X = (V, E) be a finite k-regular connected graph.

The adjacency matrix A of X is indexed by V and has entries
1 if {i,j}lekFE
a;; = {
0 otherwise

Reordering the vertices corresponds to conjugating A by a permutation matrix.

Note that A is symmetric with all diagonal entries equal to 0. Moreover,
A™(v,w) (the entry of A™ indexed by v and w) is the number of paths of length

n from v to w.

Fix an orientation on the edges of X and let X be the set of oriented edges.
Let e = (ep,e1) € E.

Let D be the matrix with rows indexed by V, columns indexed by E, and

entries
(-1 v =¢g
ave = ¢ 0 vée
{ 1 v=e;

Note that DD = kI — A.

Even though D depends on the choice of orientation, DD* does not. DD? is

called the combinatorial Laplacian of X.

D is the matrix of the operator d : CY —» CF defined by (df)(e) = f(e1) —

f(eo). (Here C can be replaced by R.)

Since DD*? is symmetric it has real eigenvalues and the eigenspaces are or-

thogonal with respect to the standard (hermitian) inner product on CV:

<fig>= Y f(v)g().

vEV
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In fact, the eigenvalues are nonnegative.
The eigenspace of the eigenvalue 0 is exactly the constant functions on V.

If X is any other eigenvalue of DD* and f is an eigenvector for A, then (kI —

A)f = Af. Assume f(v) > |f(w)| for all w € V. Then

Af(v) = kf(v) — (Af)(v) < [kf(v) = (Af)ol
< kf(v) + [(Af)(2)]

S kf(v) +kf(v) = 2kf(v).

Thus, 0 < A < 2k. In fact, 2k is an eigenvalue if and only if X is bipartite.

X is a Ramanujan graph if every eigenvalue of DD* other than 0 and 2k

satisfies |A — k| < 2vk -1 [L2].

X is a c-expander (for ¢ € (0,00)) if for every subset ¥ of X, |8Y| >

Y
‘ ( B ||Yl|-> |Y| where 8Y = { z€ X | d(z,Y) =1} is the boundary of Y.

A family of expanders is a family of k-regular graphs (for fixed k and with

the number of vertices going to infinity) which are all c-expanders for the same

C.

A family of (n, k, c)-expanders where the number of vertices n goes to infin-
ity, k and c are fixed and c is as large as possible play a very important role in
computer science. They are used in building communication networks among
other things. It is known that expanders exist [L2] but explicit construction of
these graphs is necessary for applications. Ramanujan graphs are known to be
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the best possible expanders for graphs of fixed degree. The first explicit con-
structions of k-regular Ramanujan graphs were given by Lubotsky, Phillips and
Sarnak [L2]. Following the work of Soto-Andrade and Katz, Terras’ conjecture

that ', is Ramanujan for a € (Fy)* — {—1} has been established.

Let F = F, for the remainder of this section.

It is still an open question whether the ¢ — 2 graphs I'y, a € F* - {-1}
are isomorphic or not [T]. Terras mentions that there are three nonisomorphic
graphs when ¢ = 5. We will now show that there are always at least three

nonisomorphic graphs when ¢ > 3.

Lemma A.1. Given a € F*, there are three possibilities:

i) There is no hyperbolic equilateral triangle with side lengths a.
i1) Every hyperbolic equilateral triangle with side lengihs a is degenerate.

ii1) Ewvery hyperbolic equilateral triangle with side lengths a is nondegenerate.

Moreover, all three possibilities occur if ¢ > 3.

Proof: Let a € F* — {—1}. Suppose there exists an equilateral hyperbolic
triangle with side lengths a. Working in the disk model, we may assume the
triangle is (0, P, Q). Since Sz acts transitively on the circle { z € D | A(0,z2) =

a}, Q=sP whereseS-{1}.

Now s = —1 if and only if (0, P, Q) is degenerate.

PP PP(2-5-73)

A(O,P) = 1—_79—?-, A(P,SP) = (I_P?)z

Therefore, A(0,P) = a = A(P,sP) if and only if PP = (s +3) — 1.
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Thus, (0, P, Q) is degenerate if and only if s = —1 if and only if a = —_f’-.

Consider the map ¢ : S — {1} — F given by s — s + 3.

s—t

|

KFs+s5=t+¢thens—t=1t— . This implies that s = ¢ or s = .

st

Consequently, ¢~1(s + 3) = {s,5}. There are therefore g

pairs {s,S}, each
of which corresponds to a unique element s +5of F. s +35— 1 ¢ {0,1}, then

there exists a P € D so that PP = s + 35 — 1 and (0, P, sP) is a nondegenerate
PP

hyperbolic equilateral triangle with side lengths a = T PP

Now s+3—1 # 1 since s # 1. Moreover, s+35—-1=0ifand only if s+35=1if

and only if PP = 0 = a. So one of the pairs {s,5} will yield a = 0. Thus, there

q—l_l_q—3
2 92

hyperbolic triangle with side lengths a and one a (= 32) for which there exists

are a’s in F* — {—1} for which there exists a nondegenerate
a degenerate hyperbolic triangle with side lengths a. Since ¢ — 2 > (_1;_1 when
g > 3, there must exist an ¢ € F* — {—1} for which there is no hyperbolic

equilateral triangle with side lengths a. O

Theorem A.2. There are at least three nonisomorphic graphs Ty, a € F* —

{-1} when ¢ > 3.

Proof: Let a € F* — {—1}. Let A(a) denote the adjacency matrix of T',.

Now the diagonal entries of A%*(a) count the number of cycles of length 3 in
[';. Note that I'; has a cycle of length three if and only if there is an equilateral
hyperbolic triangle with side lengths a.

By Lemma A.2, there exists an a; € F* — {—1} for which no equilateral
hyperbolic triangle with side lengths a; exists. Consequently, the trace of A3(a;)
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1s zero.

By Lemma A.2, there exists an a; € F* — {—1} such that every hyperbolic
equilateral triangle with side lengths ay is degenerate. Working in the disk
model, we may assume 0 is a vertex. If we start at the vertex 0, there are
g + 1 choices for the next vertex P in the three cycle (since the degree of T',,
is ¢+ 1). Since (0, P, Q) must be degenerate where @ is the third vertex in the
three cycle, @ = —P. Thus, there are exactly ¢ + 1 cycles of lengths three at 0.

Consequently, the trace of A3(a2) is [V|(g + 1) (by transitivity).

By Lemma A.2, there exists an a3 € FX — {—1} such that every hyperbolic
equilateral triangle with side lengths a, is nondegenerate. Starting at the vertex
0, there are g + 1 choices for the next vertex P in the three cycle. The third
vertex () in the three cycle must satisfy A(P,Q) = @ and A(0,Q) = a. In
particular, @ € { z | A(2,0) =a } N { z | A(z,P) = a }. These two circles are
distinct since one is a Euclidean circle centered at 0 and the other is not. Since
(0, P, Q) is nondegenerate, the two circles intersect in exactly two points. Thus,
there are exactly 2(q + 1) cycles of length three at 0 and the trace of A3(a3) is
V|2(q + 1).

Since the trace of the adjacency matrix is an invariant of isomorphic graphs,

I';,T'y and I's are all nonisomorphic. O

Let T(2,m,n) denote the triangle group

< poo, 710 0 7 (o)™, (p7), (07) >
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and let
T*(2,m,n) =< a, B, v|o?, B™, 7", afy >
be the orientation preserving subgroup of T(2,m,n). (Herea = o1, B = 7p,7y =
po.)
Let ¢ : T*(2,m,n) — G be a surjective homomorphism such that |¢(a)| = 2,

|6(B)| = m, and |¢(7)] = n. Then Ker(¢)\f is an orientable surface (with a

hyperbolic structure if its genus is at least two) with a T+ /Ker(¢)+ = G action

where ' 1 ) !
S? f —+=>z
m n 2
X ={ R g Lp1_1
m n 2
1 1 1
o .
if Sl T
\HR m+n<2

Le., X is the universal cover of a surface of genus 0,1 or > 2, respectively.

Let D be a triangle in X with interior angles %, -, 7. Then D is a funda-
mental domain for T. (The reflections through the sides of T are p,0,7.) Thus,

we have a tiling of X by triangles with angles 7, =,

318

Let A,B,C be the vertices of D at angles T, =, T respectively. There are
2n tiles containing A since the angle at A is . Note that D and 7(D) fit
together at C to form an angle of 7. (This is a fundamental domain for T+.)
Consequently, the union of the 2n tiles is an n-gon. (The four tiles containing
C form a rhombus, not a square, as D and 7(D) do not form an angle of 7 at
B.) Similarly, there are 2m tiles containing B whose union is an m- gon. Thus,

we have two more tilings of X , one by n-gons and one by m-gons.
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Let T be the graph whose vertices are the n-gons (or their centroids) and
with an edge between two n-gons if and only if they share a common side. Tis
an n-regular graph. Similarly, we can construct T using the m-gons. Note that
the centroids of the n-gons are the vertices of the m-gons and there is an edge

between two such centroids if and only if the n-gons are adjacent.

For example, when m = 3 and n = 6, we get a tesselation of the Euclidean
plane by hexagons and one by equilateral triangles. The centers of the hexagons
are the vertices of the triangles and vice-versa. The plane is tesselated by squares
when m = n = 4. The sphere with the dual tesselations coming from the
cases (2,3,3),(2,3,4) and (2,3,5) respectively is a tetrahedron (which is self-
dual), a cube and its dual (the octahedron) or a dodecahedron and its dual (the

icosahedron). All other cases give us a tesselation of the (classical) hyperbolic

plane.

The projection of these graphs gives us dual graphsI' =T 6= Ker(q&)\f and
r*:= Ker(¢)\f“ on the surface Ker(¢)\X; i.e., the regions of one graph on the

surface are the vertices of the dual and there is an edge between them.

The above gives a geometric construction of the Terras graph: Given any
2 < d dividing p — 1 where p is a prime and ¢ = p™ > 5, there is a surjective
homomorphism ¢ : T%(2,d, g+1) — PGL2(q) [OST]. The graph I' constructed
above for this case is the Terras graph. Given any edge {P, @} of a Terras graph,
let ¢(a) = g where g is the unique element (necessarily of order 2) in PGLy(q)
interchanging P and Q. Let ¢(y) be any generator of PGLy(F), = S, and
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d = |gh|. Thus, we can recover the epimorphism ¢ : T*(2,d, g+1) — PGLy(q).
Since the action of PGL(q) is transitive on oriented edges, choosing a different
edge has the effect of conjugating ¢ by an element of PGLy(g). Conversely,

givenI' =T s Ve will determine the value of a such that I is I',.

It is still unknown whether there are infinitely many k-regular Ramanujan
graphs for all k [L]. Given a fixed d, there are infinitely many primes p such
that d|(p—1). Our construction gives an infinite family of graphs I'* for triangle
groups T (2,d,p + 1). We conjecture that these graphs are also Ramanujan. If

this can be proved, the above problem will be settled.

200



BIBLIOGRAPHY

[B] Beardon, Alan F., The Geometry of Discrete Groups, vol. 91, Springer-
Verlag, New York Inc, 1993.

[Br] Brown, Kenneth S., Cohomology of Groups, Springer-Verlag, New York,
1982.

[D] Dickson, L.E., Linear Groups with an Ezposition of the Galois Field Theory,
Leipzig, B.G. Teubner, 1901.

[H] Hahn, Liang-shin, Complez Numbers & Geometry, Mathematical Association
of America, Washington, DC, 1994.

[J] Jacobs, Harold R., Geometry, W.H. Freeman and Company, San Francisco,
1974.

[K] Katz, N., Estimates for Soto-Andrade Sums, J. reine angew. Math.438
(1993), 143-161.

[Kr] Kra, Irwin, Automorphic Forms and Kleinian Groups, W.A. Benjamin, Inc,
Reading, Mass., 1972.

[L] Lubotzky, Alexander, Cayley Graphs: Eigenvalues, Ezpanders and Random
Walks, Survey in Combinatorics, LMS Lecture Notes 218 (Peter Rowlinson,
ed.), Cambridge University Press, 1995, pp. 155-189.

[L2] Lubotzky, Alexander, Discrete Groups, Ezpanding Graphs and Invariant
Measures, vol. 125, Progress in Mathematics, Birkhauser Verlag, 1994.

[LPS] Lubotzky, A., Phillips, R. & Sarnak, P., Ramanujan Graphs, Combina-
torica, 8 (1988), 261- 277.

201



[M] MacLane, Saunders, Homology, Springer, Berlin, 1963.

[OS] Ozaydin, M. & Simmons, C., The Geometry of PSLs(F), Preprint.

[OST] Ozaydin, M., Simmons, C. & Taback, J., The Spherical Hurwitz Problem
for PSLy(q), Preprint.

[S-A] Soto-Andrade, J., Geometrical Gel’fand Models, Tensor Quotients, and
Weil Representations, Proc. Symp. Pure Math 47, part 2 (1987), Amer.
Math. Soc., Providence.

[S] Suzuki, Michio, Group Theory, vol. 2, Berlin; New York: Springer-Verlag,
1982.

[T] Terras, Audrey, Survey of Spectra of Laplacians on Finite Symmetric Spaces,

Experimental Mathematics, 1 5 (1996).

202



IMAGE EVALUATION
TEST TARGET (QA-23)

16

14

—_—

125

IMAGE . Inc
653 East Main Stree!

~@ow H

4- a- -
LT
i ¢

<
2
E
Iy
<
3

150mm
6

APPLIED




