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INTRODUCTION

Let E be a quadratic Galois extension of F where the characteristic of F 

is not two. We develop a hyperbohc geometry in this general set-up where 

H =  E — F is the hyperbohc plane model. When F =  R. and E =  C, we get the 

classical case except that our hyperbohc plane is really a union of the upper and 

lower half planes. It is necessary to define H in this way because P S L 2 {¥) acts 

transitively on H for many fields. In particular, this is true when F is finite, a 

case of primary importance to us. Though the classical case and the finite case 

are of the most interest to us, working in the more general set-up does prove to 

be advantageous. For instance, we get some apphcations in number theory to 

diophemtine equations when F is the field of rational numbers.

This work wa6  motivated by our desire to develop a deeper understanding of 

the group PSL^iq) (the projective linear group of 2 x 2 matrices with entries 

in the field F, with q elements where q =  and p is an odd prime). In 

an earher work [OST], we solved the Spherical Hurwitz Problem for P S L 2 {q) 

(the determination and classification of Riemann surfaces that admit orientation 

preserving symmetries isomorphic to P S L 2 {q) with quotient the sphere) where 

Ç is a prime power larger than eleven and q is odd. The Spherical Hurwitz 

Problem is equivalent to the Inverse Galois Problem for the function field C(t) 

(the determination and classification of Galois extensions of C(t) with Galois 

group isomorphic to P 5 I»2(?))- The Inverse Galois Problem is open for the field 

of rational numbers and the group P S L 2 {p) for infinitely many primes p. Our



viewpoint is that a group is what a group does-sort of an inverted Klein point 

of view. That is, one should understand a group (PSLziq)  for instance) by 

realizing it as the group of allowable transformations of a geometry and then 

studying that geometry to gain insights about the group.

The group of allowable transformations of our hyperbohc geometry is 

jPGZ,2(F), which contains P S L 2 { ^  as a subgroup (of index two in the finite 

case). The underlying space of our Euchdean geometry is E. The Ax  +  B  group 

(which is the stabilizer of infinity in PGL2(E)) acts as similarities on E. The 

projective space E U { 00} and the group P G L 2 {E) give a conformai geometry. 

P G i 2(E) acts on E  U {00} taking the set of lines and circles into itself and 

preserving ”dengles” .

The need for our notion of the ”den^e” or double exponential angle between 

two lines stems from the fact that our fields are not necessarily ordered. Con­

sequently, there are no ’’rays” in our set-up making it impossible to define the 

angle between two lines. There are, in fact, two angles, 9 and O — n, between two 

given fines. We get around this problem by defining an analog of ef** (=  g2:(^-;r) ̂  

from the classical case.

In general, much of the classical theory holds true in our set-up. However, 

we do have unexpected peculiarities. For instance, a fine may pass through 

the center of a circle without intersecting the circle. In fact, when F is finite, 

exactly half of the fines passing through the center of a circle will intersect it. 

Therefore, while most of our results are motivated by our geometric intuition



from the classical case, the proofs are algebraic. We rely heavily on group theory 

and, in particular, on group actions.

Our analog of hyperbolic distance takes values in F and is preserved by the 

group PG L2 (F). When F =  E  and the two points are in the upper half-plane, 

this analog turns out to be sinh^(|) where p is the classical hyperbolic distance. 

While the concept of the ” shortest” path between two points makes no sense in 

our context, we have ’’geodesics” which are the fixed point sets of hyperbolic 

reflections. This is also the case classically. Moreover, our geodesics turn out 

to be vertical lines and circles centered on F as one would expect. Classically, 

however, geodesics aie orthogonal to F and are all equivalent under the isometry 

group P 5 I-2 (E)- This is no longer true in this generality. There can be many 

difierent equivalence classes of geodesics since not all geodesics intersect F. In 

the finite case, there are two-those having g -t- 1 points and those having q — 1. 

We therefore lose the powerful technique of normalizing from the classical set­

up. Furthermore, the concepts of ” perpendicular” and ” orthogonal” are distinct 

in our geometry. Two geodesics can be orthogonal without intersecting. We 

reserve the term perpendicular to describe orthogonal geodesics which intersect.

We recently became aware of the work of Audrey Terras and her students. In 

[T], Terras defines finite hyperbolic space and a hyperbolic distance on the space 

which agrees with ours up to a scalai. However, we aie able to define hyperbolic 

distance without using a choice of coordinates. She also associates to every 

distance in F — {0, —1} a graph which is Ramanujan. Ramanujan graphs play a



very important role in computer science as they are the best possible expanders 

amongst graphs of fixed degree. We define a generalization of the Terras graphs 

which we conjecture are also Ramanujan. The construction of these graphs uses 

triangle groups and relates to our work on the Spherical Hurwitz Problem. It 

is an open question whether or not the Terras graphs are all nonisomorphic [T] 

but we show that there are at least three isomorphism types when q >  Z.

In Sections 4 and 5 we concentrate on P S L 2 {¥). In Section 4 we classify the 

finite subgroups of P S L 2 {F) and count the number of subgroups of P S L 2 {q). 

We do not know of any modem reference which does the latter. Both problems 

were solved by Dickson for F =  F, in the early 1900’s though our arguments are 

more geometric than his. In Section 5 we compute the Eichler cohomology of 

every subgroup of PSZ-2(p) as well as some subgroups of P S L 2 {p^).



0. N o ta tio n  an d  P relim in aries.

Let E be a quadratic Galois field extension of F with char(F) ^  2. Let 

f {x )  =  +  /3 be an irreducible quadratic in the ring F[x] of polynomials with

coefficients in F. Let ± a  be the roots of f{x)  in E. Then

E =  F[x]/ — F @ Fa.

Thus, any element of E can be expressed uniquely as a +  ba with a, 6 €  F. We 

also note that /3 =  —a^.

For example, when F =  M emd E =  C, we get the classical case of C =  

Another special case that will be of interest to us (referred to hereafter as the 

finite case) occurs when F =  Fg,q =  p”. Here E =  FgZ.

We define the projective space of dimension one over F, denoted P^, via

p i =  F"" I \ E ^ .

Since any element [u : u] G P^ can be written uniquely as [^ : 1] if u 0 or 

[1 :0] ifu  =  0, p i  can be identified with FU {oo}. Analogously, p i= E u { o o } .

Given a field K,

GL2 (K) := {  I a ,6 ,c ,dG K , a d - 6 c ^ 0  } ,

% ( K )  := { A G GLz(K) 1 det{A) =  1 }.

We wiU consider the matrix groups

PG L 2(K) := GL2 (K )/K ^I and P % ( K )  := % ( K ) / { ± I }

where K is E or F.



Given an element ^^ in GZ,z(K) (respectively 51/2(K)), we will denote 

its equivalence class in PG L2 (K.) (respectively P 5 jL2(K)) via

The elements of PGL2(K.) (respectively P 5 L2(K)) can also be viewed as lin­

ear fractional transformations via the obvious identification of  ̂  ̂̂  in GL2  (K) 

(respectively 5 I»2(1K)) with the transformation g{z)  =  We will use the

two formulations of the groups interchangeably throughout.

Viewed as linear fractional transformations, the groups PGZ,2(F), P 5 Z/2 (F), 

PG I/2 (E), P 5 'I/2(E) all act on in the obvious way. (Equivalently, the action 

is given by matrix multiplication: [% ] [%] =  )

R em ark: Given P ,Q ,R  distinct in P^, there is an element h of PGZ/2 (E) 

satisfying h{P) =  0, h{Q) =  0 0 , and h{R) =  1. If all of the points are in E, then

Otherwise,

z - Q '  P - P ’ z - Q

when P, Q, or R  respectively is 0 0 .

T h eo rem  0 .1 . PG I/2(E) acts triply transitively on P^. The action of P G i/2 (F) 

is transitive on E — F and triply transitive on P^.

P roof: Given x =  a +  ba e E - ¥ ,  let g{z) = h z  +  a. Then g e  PG I/2(F) and

gr(a) =  X .  So PGZ/2 (F) acts transitively on E — F.

PG L2(E) acts transitively on by the above Remark. If P ,Q ,P  €  P^ are

distinct then the h in the Remark is in PGL2 (F). □



The stabilizer of the set Y  in the group G  wiH be denoted G y  or Gx if 

Y  =  {®}.

An easy computation shows that

PG L 2 (F)oo =  { ax +  b \ a ,b e ¥  },

PGL2{¥)a = \ -7------— | u , 6 E F , a ÿ ^ O o r t ÿ ^ o l .
\  bz + a J

Consequently, there are exactly two orbits of the action of PG L 2 (F) on P^, 

namely F U { 0 0 } and E — F.

T h eo rem  0 .2 . P S L 2 (E) acts doubly transitively on P^ and P S L 2 {¥) acts dou­

bly transtively on P \

Proof: Given P ,Q  €  P '. g(z) =  ( j i ^ ) ( | = | )  g  P % ( E )  and g(P ) =

0,g{Q) =  o o . l £ P , Q e  Pj., then g € P % ( F ) .  □

N otation :

i) := { fc E K I fc ^  0 }.

ii) K+ := { I fe Ç i f x  }.

Note that | ker(D) | =  2 where □  : —>■ Kj. is the squaring map. In

particular, K+ has index two in when K is finite.

We can also write

P 5 Ii2(F) =  I  — I a ,6, c, d E F, ad — be e  F+ \
I cx a J

since
a b ,I T “ 2Î -j— — /  Qt 0

 J —   T det( I r 7. j ) =  1 when ad — be =
ex- \-d  c d \  e d

- x + -  \  ;  rr r



Thus, we have

PS'I/2(F)oo =  { oz -I- 6 I o €  F+ , 6  e  F },

P 5 i 2(F)« =  I  \ a , b € ¥ , a ^  - b ^ / 3 e ¥ + y

The following theorem, together with Theorem 0.2, thus says that there are 

also exactly two orbits of the action of P S L 2 {¥) on when F is finite.

T h eo rem  0 .3 . When F is finite, P S L 2 {¥) acts transitively on E — F.

P roof; Let a  +  6a  €  E — F. If 6 €  F+, then g{z) =  bz +  a Ç. P S L 2 {¥) and 

g{a) =  ba +  a. If 6 G F^ — F+, then b =  c(3~  ̂ for some c € F+ (since F® /F+ has 

degree two, 6F+ =  /3F+). Then h{z)  =  G P S L 2 {¥) and h{a) =  a+ba.  □

L em m a 0 .4 .

PC?I/2 (F) acts transitively on (E — F) x F =  { (w ,z) | w G E — F, z G F }.

P roof: Let to =  a +  6a G E  — F, z G F. Then g{a) =  w  where g{z)  =  bz +  a. 

Consequently, g~^{w) =  a . Let y  =  gf"^(z). Then y G F since g (and hence 

preserves F.

If y =  oo, then g~^[w) =  a  and y~^(oo) =  oo. If y ^  oo, then k{oo) =  y

where k{z) =  ^   G PGL2(F)^. Consequently, k~^ o g~^{w) =  a  and
z y  “

k~'  ̂ o g~^{x) =k~^{y) =  oo. Hence, we can always find an element of PGL2 (F) 

taJdng the pair (w, z) to the pair (a , oo). □

We define the con ju gate  of an element A =  a +  6a  in E to be a — ba, denoted

Â.
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Conjugation is a field automorphism of E fixing F.

Given 1 7  ̂f { x )  =  G PGL2(F), we consider the fixed points of / .  

If c 7  ̂ 0, then

f {x)  =  X -<=> cx  ̂ — {a — d)x — 6 =  0

 {a — d ) ±  y /{a  — dY  +  46c
Tc •

The discriminant A =  (a —d)  ̂+  46c =  (a +  d)  ̂— 4(ad —6c) =  tr^(/) — 4det(/). 

AG F+ i) /  has two fixed points in Pj., none in E  — F A =  0 = >

ii) /  has one fixed point in P^, none in E  — F. AG F^ — F+ = >  iii) /  has no

fixed points in P^.
F

If AG E f  in iii), then /  has two conjugate fixed points (since they axe the 

roots of an irreducible quadratic). Otherwise, /  has no fixed points.

If c =  0, then the only fixed point of /  is oo and we again get result ii).

We define the type of 1 7  ̂p G PGZ»2(F) to be hyperbolic, paraboHc or elliptic 

if g satisfies condition i), ii) or iii) respectively.

In the finite case, F^ Ç E + . (Since g — 1 divides |E+ ] =  — 1, there must be

a subgroup of E+ Ç of order g — 1. But the unique such subgroup is F^ ). 

Consequently, all elliptic elements have two fixed points in E — F in the finite 

case.

Since PG L2 (F) acts doubly transitively on P^ and transitively on E — F, 

and the type of an element is invariant under conjugation, we can conjugate a



nonidentity element of P G L 2 {¥) with nonempty fixed point set to have fixed 

point set { 0 , oo}, {oo}, or { « ,« } .

We therefore have the following proposition.

P ro p o sitio n  0 .5 . Every 1 g E P G L 2 {Tj is one of the following:

i) hyperbolic iff tr^ (y) — 4det{g) € F+

iff g is conjugate to ax for some a E

ii) parabolic iff t r ^ ( g ) = 4

iff g is conjugate to x+b, 6 E F^

iii) elliptic iff tr^ {g) — 4det{g) — F+

(iff g is conjugate to an element of the form  , a, h E F

if g has a fixed point).

Note that a similar fixed point analysis for 1 7̂  5  ̂ €  P G L 2 {¥.) shows that g 

has at most two fixed points. Consequently, if two nonidentity elements g, h of 

P G L 2 {¥) agree on three distinct points, then g =  h. {h~^ og fixes three points.) 

In view of this fact and Theorem 0.1, we now know that PGZ,2(E), PGTg (F) 

act sharply triply transitively on P^, P^ respectively.

Consider the finite case. Let P S L 2 {q) '■= P S L 2 {Fq). Then \P SL 2 {q)\ =  

I |Pp| =  ?̂  +  1) |-Fg2 — Fg|. Since the action of P S L 2 {q) is transitive 

on both P  ̂ and F„2 — F , , we have

|P S i 2(î).o l =  and |P S i , ( , ) , |  =
|P1J 2 ' 1F,= - F ,

We thus have the following proposition.

10



P ro p o sitio n  0 .6 . Every 1 ^  ^ G P S L 2 {q) is one of the following:

i) g is hyperbolic iff tr^{g) — 4 € (F ,)+

iff g is conjugate to ax, a G (F ,)+

iff o r d { g ) \ ^

ii) g is parabolic iff tr^{g) = 4

iff g is conjugate to x+b, b G (F ,)^  

iff ord(g)=p

iii) g is elliptic iff tr^{g) — 4 G (F,)^ — (F,)+

iff g is congugate to an element of the form  

az — bfi
bz +  a

, a , 6 G Fg

iff o r d { g ) \ ^

We note that the order o f an element of PGLziq)  does not determine its type 

since am element of order two could be either hyperbohc or eUiptic.

The norm map JV : F^ is defined by N { \ )  =  AA. We will say that AA

is the norm  of A.

Of course, this map is not surjective in general (e.g., F =  R, E =  C), but the 

following lemma shows that it is in the finite case.

L em m a 0 .7 . N  : (Fgz ) ̂  —¥ (Fg)^ is surjective.

Proof: A G ker(W) iff 1 =  AA =  AA* =  A®"*"̂ . So |feer(AT)| =  q+1. Thus,

= i w M = ^ 1 = 1 % ) '  I- °

Note that Im(iV) Ç E+ in this case.

11



1. E u clid ean  G eom etry .

Throughout this paper, we will assume that E is a quadratic Galois extension 

field of F with char(F) ^  2. Then E =  F © Fa where a  is a root in E of the 

irreducible polyomial +  /3 G F[z].

Given A g e , A = ^  +  ^  where ^  G F.

We call A =  the real p art of A and the im aginary  p art o f A 

(denoted Re(A), Im(A) respectively).

L e t I = { A - Â | A G E - F ^ }  =  { A G E | Â  =  -A } .

We call I the im aginary axis o f E.

Let S =  { A G Ê < 1 AÂ =  1} and T =  { A G E^ 1 AÂ =  - 1 } .

We call S the unit circle  of E and T the un it im aginary  circle  of E.

Note that I and §  axe nonempty for any E but T may be empty.

We observe the following simple but useful facts.

Facts;

i) m, n G I  — {0} = >  mn, ^  G F

ii) F^ ( I  -  {0}) =  I  -  {0}

iii) F n ( i - { o } )  =  0 =  i n T

iv) F n S =  {±1}

v)

i n s  =  F n T =  (
L 0 , otherwise.

12



We consider the B o re l group B  =  {az  +  6 ] a G , 6 € E}, the subgroup of 

PGLsCE) fixing oo. Under the action of B  on E, we note that B q =  {  az \ a € 

E^ } =  E^ . We also have the following lemma.

L em m a 1 .1 .

i) P f  =  { az +  b I a € F ^ , 6 e F }  (= P G L 2 (F)oo)

ii) BcS  =  { az 1 a G S }  for c G E ^  .

P roof; i) Clearly if a, 6, A G F, then aA +  6 G F. Conversely, assume aA +  6 G

F V A G F. In particular, A =  0 =*- 6 G F and A =  1 = >  a +  i> G F. Thus,

a =  (a +  &) +  (—6) G F.

ii) First assum ée =  1. If a, A G S, then (aA)(aA) =  (aa)(AA) =  1 . Conversely,

assume aA +  6 G S V A G § .  Then (aA +  î>)(aA +  6) =  aa +  a6A +  a b \ +  bb =  

1 V A G S.

In particular, A =  1 = >  àâ+âh+ab+bb  =  1, A =  —1 act—ab—ab+bb =

1 .

Together these two equations imply that âb =  —ah. If 6 0, then ah G I —{0}.

Since àâ+âb\-\-abX+bb  =  1 =  àâ+bbW  A G S, we also have a6A  G I —{0} V A G S. 

Then by Fact i) above, we have =  A g F V A g F .  This is a contradiction 

since F fl §  =  {± 1 }  and |S| > 2. Thus, 6 =  0 and Pg =  { a z  | a  G S}. Thus, 

r(cS) +  i =  cS ifit r§ +   ̂ =  S iff r G S and 4 =  0. □

L em m a 1 .2 . The action of B  on E is sharply doubly transitive.

Proof: It suffices to show that given P  Q G E, there is a unique element

13



g £ B  with g{P)  =  0,p(Q) =  1. Such au element g{z) =  az +  b must satisfy 

the equations aP  +  6 =  0, aQ + 6  =  1. The unique solution to these equations is 

n — h — -P na — p _ Q , o — p_Q-  L-i

D efin ition: L  is said to be a line in E iff it is the image of F under a Borel 

element. I.e., L =  a¥ +  b for some a € E^ , 6 € E.

By definition B  acts transitively on all lines in E and we therefore have

\B\ (g2 _  l)g2

|B f1 (q -  l)q =  g(g + 1)

distinct lines in E in the finite case. Moreover, |aF +  6 | =  |F| =  q. Lemma 1.2 

says that any two distinct points in E determine a unique line. We will often 

use the notation P Q  for the line passing through the distinct points P  and Q.

P ro p o s itio n  1 .3 . The following are equivalent descriptions of the line L  

through P  ^  Q in E.

i) L =  g ¥  where g £  B ,q (0 ) =  P, g{ l )  =  Q

ii) L =  { Q - P ) ¥  +  P

iii) L =  { XP +  pQ  I A,/i € F, A +  /Li =  1}.

P roof: Since the unique element of B  taking 0 to P  and 1 to Q is g{z)  =

{Q — P) z  +  P , clearly (i) +> (ii). If A,/f E F with A +  /i =  1 , then AP +  pQ  —

(1 — p ) P  +  pQ  =  {Q — P) p  +  P .

Conversely, if t 6  F then (Q -  P) t  +  P  =  (1 -  t ) P  +  tQ. Thus, (ii) (iii). □

D efin ition: L  and M  are parallel (denoted L || M) iS  LC\M =  d ot L =  M .

14



R em ark; Since two points determine a line, any two lines are either parallel 

or intersect in exactly one point.

L em m a 1 .4 . Let L =  a¥  +  b. The following are equivalent.

i) F II L

ii) L =  F +  6

iii) Q -  p  P , Q e  L.

P roof: (i) <=> (ii): If F =  L, then clearly (ii) holds. Assume F fl L =  0. Then

at +  h at  +  h W t ¥. Thus, (a — a)t  ^ 6  — & V t € F .  K a ^ F ,  then we have

that ^ F. This is a contradiction to Fact (i) since b — b,a — a €. I. Thus,

Œ G F and L =  F 6.

(ii) (i): If 3 i  €  F n L, then i  =  r +  6 for some r € F. Thus,

6 =  (r +  6 ) — r G F. So either L =  ¥  o r F n L  =  0.

(ii) ^  (iii): If L =  F +  6 , then P , Q £ L  P  =  r +  &, Q = i  +  6 for some

r, t G F. Thus, Q — P  =  t  — b £ ¥ .  Conversely, since 0,1 G F and L =  aF +  6, we

know 6, a +  6 G L. Then a =  (a +  6) — & G F. □

R em ark: It is clear from Lemma 1.4(ii) that the parabohc subgroup P  =  

{ z  +  a | o : G E } o f P  acts transitively on all hnes parallel to F. (The element 

g{z) =  z +  { j  — 13) takes F +  /3 to  F +  7 .) Thus, in the finite case there are

^  ? lines parallel to F. Since any fine L =  g¥q for some g £ B

and B  preserves parallel lines, there are therefore q hnes parallel to any given 

fine.
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L em m a 1 .5 . Let L be a line. If L n ¥  =  {0}, then L =  aF, a G E — F. In 

particular, I =  aF where a G I — {0}.

P roof: Since L fi F =  {0}, 3 Q G L — F. Then L =  {Q — 0)F +  0 =  QF where

Q g E  — F. I fL  =  Q ¥  =  I, then in particular Q =  Q (l) G I — {0}. □

R em ark s: i) In fact, since F^ (I — {0}) =  I  — {0}, I =  o F V a G l  — {0}.

ii) By Lemma 1.5, the hyperbolic subgroup H  =  {  az  \ a E E ^ }  of B  acts 

transitively on all lines through 0. In the finite case, there are =  g +  1

distinct lines through 0 (since \L — {0}| =  ç — 1 V line L).

L em m a 1 .6 .

A — B
i) B  preserves ratios of the form —— — where A  ^  B ,P  ^  Q are points

P  — Q

in E.

ii) If A  ^  B ,C  ^  D  lie on a line L and P  ^  Q ,R  ^  T  lie on a line M ,

(k i)  m =(fcl) (5 )
P roof: i) Given g{z) =  az +  h Ç; B,

9 {.A) — g(B)   {aA +  6) — {aB +  6) a(A — B ) A  — B
g{P)  — g{Q) {aP +  b) — {aQ +  b) a{P — Q) P  — Q

since a G E ^  .

ii) Since B  acts transitively on Hnes and preserves ratios by i), WMA L =  ¥.

Then A , B , C , D  G F = >  =  1 =  It thus suffices to show that

P - Q  _  R - T  
P - Q  R - T '

If F II M , then P  — Q , R  — T  G F by Lemma 1.4(iii). Therefore, =  1 =

Otherwise, |F fl M | =  1. Using i) again, WMA F Pi M  =  {0}. ThenR-T 
R - T '
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M  =  aF ,a  € E — F by Lemma 1.5. In this case, R =  a r ,T  =  at where r ,t € F. 

Thus,

R — T _ a r  — a t _  a{r —t ) _ a
R — T  âr — at a{r — t) o ’

o- -1 1 P ~ Q ® nSumlarly, „  =  j .  □

D efin ition : Let L, M  be lines with A ^  B  € L ,P  ^  Q E M .  The dengle

from  L t o  M  is € §  and is denoted den(L,M).

Lemma 1.6 says that the dengle is well-defined and is preserved under ele­

ments of B.

P r o p o s itio n  1 .7 . Let A ^  B  £ L^P ^  Q e  M  where L^M are lines. The 

following are equivalent: 

i) L \ \ M

iii) den(L ,M ) =  1 (=  den(M ,L))

iv) { A - B ) { P - Q ) £ ¥ ^ .

P ro o f:

{ P - Q ) { A - B )  =  { A - B ) { P - Q )

^  { A - B ) { P - Q ) e ¥ ^ .

Thus, (ii) (iii) (iv).

(i) (ii): Since B  preserves parallel lines and ratios, WMA L =  F. Then

A - B  e ¥  since A , B  e L  =  ¥. Thus, G F^ iff P  -  Q G F^ iff F || M  by 

Lemma 1.4(iii). □
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It is clear from Proposition 1.7 that “|| ”is an equivalence relation. 

We can now show that lines also have a parametric form.

L em m a 1 .8 . The line L through P  ^  Q is given by

{z € E I (r -  P )(z  -  Q) =  (2: -  P )(2 -  0 ) } .

P roof: By Proposition 1.3, L =  { XP +  fiQ | A, /i G F, A +  /i =  1}. If A, /i €  F 

with \  +  =  then

XP +  fiQ -  P  =  (1 -  [j,)P +  fiQ — P  =  n{Q — P),

XP +  [iQ — Q — A(P — Q).

Thus,

(AP +  f i Q -  P)(AP + f i Q - Q )  =  Xii{P -  Q){Q -  P)

=  Xii{P -  Q){Q -  P)

— (AP +  fiQ — P)(AP +  fiQ — Q).

Conversely, assume (z — P) {z  — Q)  =  (z — P )(z  -  Q).  Now z =  AP +  fxQ 

where fi =  ^2 ^ , A =  1 — fi. It suffices to check that /x 6  F. By Proposition 

1.7(iv), the fine L through z and P  is parallel to the fine M  through z and Q.  

Since { P , Q}  Ç X n M, X =  M.  Since { x , P , Q}  Ç X =  M , Proposition 1.7(h) 

gives that fi =  € F. □

D efin ition: Lines X, M  are said to be perpendiculair (denoted X J_ M)  if 

and only if den(X, M)  =  -1.
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L em m a 1 .9 . Let A  ^  B  be on L, P  ^  Q be on M,  and R ^  T  be on N  where 

L, ikf, N  are lines.

i) L J - M  iff J ^ e l .

ii) ]F J. L iff L  =  I +  5, 6 € E.

iii) Assume M  L N . Then L \\ N  iff L ±  M .

P roof: i) i  X M  iff ( |5 § )  (J^ f) =  -1 iff =  -  ( W )  '

ii) If L =  I +  6 and t Ç.1, then =  i  G I and F ±  L by i). Conversely,

F ± L = >  A - B  =  e  I. Thus, L =  { A - B ) ¥  +  B  =  1 +  B.

iii) M  1  iV = >  | e J  G I by i). Thus,

D efin ition: Any fine parallel to I will be called a v ertica l line.

By Lemma 1.9(ii,iii), we could equivalently define a  vertical line to be any 

fine perpendicular to F.

L em m a 1 .10 .

i) Given a line L and p G E, there is a unique line M  with p G M  and 

L II M .

ii) Given a line L and p G E, there is a unique line M  with p G M  and 

L I M .

P roof: WMA L =  ¥.
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i) Now L II M  iff M  =  F +  6,6 G E. But p E M  =  F +  6 ==^ p =  t +  6 for 

some t E F =>- b =  p — t =>- M  =  F + ( p  — t) =  F +  p since i  E  F.

ü) M  ±  F iff M  =  1+ 6,6 E E. Now p E 1+6 =>■ p =  i+ 6 , t E I = >  6 =  p—i, 

t E I = +  M  =  I +  6 =  I +  (p — t) =  I +  p. □

L em m a 1 .11 . Let t E  L — F. The following are equivalent: 

i) L is a vertical line. 

ü) t e L .

iii) L = 1  +  6,6 E F.

P roof: We know L is vertical iff L X F.

i) ■<+ ii): Let M  be the line passing through i,£. Since i  — £ E I, M  X F. By 

Lemma l.lO(ii), M  is the unique line passing through £ and perpendicular to F. 

Thus, L X F i f f L  =  M i f f £ E L .

i) -t» iii): Now iii) i) by Lemma 1.9(ii). If L X F, then den(X,F) ^  1. 

Thus, 3 £ E L n F ^ 0. Since I +  £ is a line passing through £ and perpendicular 

to F and L  is the unique such Hne, we have L =  I +  £. □

Note that o 71̂ 6 E  E^ He on the same vertical line if fa  +  a =  6 +  6. (I +  a =  

(0 — o)F +  a =  (6 — 6)F +  6 =  1 +  6 iff a — 6 e  I.)

Define p : E^ §  by p{z) =  z / z .  Given s E S — { —1},

\ 1 +  5 1 +  5
'’(1 + ») = TTÎ = ÏTÏ = "-

Since p(I — { 0 } ) =  { —1}, p is surjective. Also ker(p) =  F^ .

Note that den(L,M) =  p where A ^ B £ L , P y ^ Q ^ M .
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L em m a  1 .1 2 . Given a line L, p £ L and 5 Ç S, there is a unique line M  such 

that p  Ç. M  and den(L,M) =  s.

P roof; WMA L =  F and p  =  —1. If 5 =  —1, then the result follows from 

Lemma l.lO(ii). Otherwise, let M  be the line through p  and s. Then den(F,M) 

=  p  =  •s. Suppose N  is another line with —1 €  W and den(F,i\T) =  s.

Let —1 7  ̂t G i\T. Then

den{¥, M )  =   ̂  ̂ =  den(F, N)  =>- (s +  l)(t  +  1) =  (s +  l) ( i  +  1)

Therefore, M  || iV which implies M  =  N  since —1 €  M  D iV 7  ̂ 0. □

D efin ition : C  is said to be a circle in E iff it is the image of S under a Borel 

element. I.e., C = a S  +  b where a € , 6 G E.

Since B  acts transitively on all circles in E, there are

\B\ _  -  l)g2 _
=  q- - q ^

l^sl 9 +  1

distinct circles in E in the finite case. Moreover,

since p is surjective.

D efin ition : Let x ,y  G E. The len gth  of x (or the n orm  of x) is denoted by 

|xp  and is defined by |x|^ =  xx.

The d istan ce  between x and y is |x — yp.

Observe that if x ,y  G E and az +  6 G B, then

|(ax +  6) -  (ay +  5)|  ̂ =  |ax -  ayp =  |ap |x  -  yp.
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Thus, B  preserves distances only up to a scalar multiple. Nevertheless, since 

all distances change by the same scalar, we may assume P  =  0, Q =  1 (or 

P  =  —1 , Q =  1, etc.) in proving statements about |P  — with P  ^ Q .

L em m a 1.13. aS +  6 =  {z | |z — =  |ap}.

P ro o f: Given as +  b with s € § , |(as +  b) — =  |asp =  |<z| |̂s|  ̂ =  |ap since

|sp  =  1 .

Conversely, assume \z — b\  ̂ =  |ap. Let w =  Then z  =  aw +  b and

—6|wp =  =  1 . So tü € S. □

D efin itio n : The circle G =  aS +  b has cen ter  b and sqradius (denoted 

sqr(C')) àâ.

In particular, S and T are the circles centered at 0 with sqradii 1,-1 respec­

tively.

L em m a  1 .1 4 .

i) Any three distinct noncollinear points lie on a unique circle.

ii) A line and a circle can intersect at at most two points.

iii) Any two distinct circles intersect at at most two points.

P ro o f: i) Any circle C  is completely determined by its center W  and one 

point A  on the circle ( =*- sqr(C) =  \W — A^^). It thus suffices to show that 

there is exactly one point W  equidistant from P, Q and R. Now W  must satisfy

\W -  Pl"̂  =  \W -  Q\  ̂ =  |W ^-P |2 .
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B y the observation above, WMA P  =  0, Q =  1. Thus,

W W  =  W W - W - W  +  1 =  W W  -  R W  - R W  +  R R

which imphes W +  W — 1 =  0 =  R W  +  R W  — RR.  The unique solution to these 

equations is W  =  [W  exists since P  ^ F.)

ii) Let L =  aF +  6. Since

L n  § =  {a t  +  h I +  {âb +  ab)t +  (h& — 1) =  0, t €  F},

|L n §1 <  2 . Consequently, |L D Cj <  2 for any circle C.

iii) By part i), two distinct circles can’t intersect at three distinct points unless 

the three points axe coUinear. But three coUineax intersection points would give 

a contradiction to part ii). □

R em ark s: i) I f P  €  C, a circle centered at R, then (PR ) DC =  {P, 2R — P } .

I.e., a line passing through the center of a circle cannot intersect the circle in 

only one point.

ii)It is possible for a line to pass through the center of a circle without inter­

secting the circle. For instance, F passes through the center 0 of T but F flT  =  0 

when — 1 ^ E+. In fact, exactly half the hues through the center of a circle in­

tersect the circle in the finite case. (WMA the circle is S. There are exactly q-|-1 

fines through 0. Any fine passing through 0 emd intersecting §  must intersect it 

at two points by Remark i). Thus, there axe fines passing through 0 and 

intersecting S.)
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D efinition: A line L is said to be tangent to a circle C if L intersects C  at 

exactly one point.

Lem m a 1.15.

i) Given P  ^  Q, there is a unique circle -with center P  passing through Q.

ii) Given P  ^ L, there is a unique circle C -with center P  and L tangent to

a.

iii) Given a circle C and P  Ç.C, there is a unique line through P  and tangent 

to C.

Proof: i) WMA P  =  0, Q =  1. Now any circle centered at 0 is of the form

aS =  {z I \z\  ̂ =  |ap}.

Thus, 1 G aS iff [ap =  l i f f a G S i f f a S  =  S.

ii) WMA L =  ¥. Any circle centered at P  is of the form aS +  P  =  {z | |z — 

P p  =  aa}. Now

F n (aS +  P) =  {ax  +  p | æ G S, ax^ +  [P  — P )x  — a =  0}.

The quadratic equation ax^ +  [P — P )x  — â  =  0 has a unique solution iff the 

discriminant

A = (P  — P Ÿ  +  4aa =  0 <=> dâ  =   -------- —.
— 4

Thus, C  =  {z I jz — P p  =  } is the unique circle centered at P  which is

tangent to F (at
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iii) WMA P  =  0. Then C =  bS +  b =  { z  | \z — b f  =  |6 | }. Any line through 

0 must be of the form aF. Let A =  ^ . Thenao

(aF) n {bS +  b) =  {b{s +  1) I s G §, As  ̂+  (A -  l)s  -  1 =  0}.

The quadratic equation has a unique solution iff A= (A — 1 )̂  +  4A =  (A + 1)  ̂ = 0  

iff A =  —1 iff a6 G I — {0}. Now ai», c6 G I — {0} = >  ac~^ =  ^  G F =>• aF =

cF. Thus, F is the unique line through 0 and tangent to (7 if 6 ^ F. If

i> G F, then I is the unique such line. □

We win denote the unique tangent line to C at p by Tp{C).

We now show that every element of — I has a “polar coordinate represen­

tation”. That is, every element of — I can be written uniquely in the form 

tx  where f G F^ and æ G (S -|-1) — {0}.

Proposition  1.16. E^ — I =  F  ̂((§ +  1) — {0}).

P roof: Let z G — I. Let L be the line passing through 0, z. Since 

O G L n ( S - f l )  and I is the unique such line through 0 and tangent to S-j- 1 (by 

Lemma 1.15(iii)), there’s another point ® G LPl (§ - |-1). Since 0,® G L, L =  ®F. 

Thus, z =  xt  for some t G F^ . If z =  Aw where A G F^ and w G ((S +  1) — {0}), 

then w =  X  (^) G L. Since {0, ®} =  L fl (S -t- 1), w =  x and X =  t. □

Remeirk: Analogously, E — F =  F^ ((a§ -fa ) — {0}) where a G I  — {0}. Thus,

elements of E — F can also be represented by polar coordinates.

L em m a 1.17.

i) Let C =  aS +  b,p E C — F. Then 6 G F i f f p E C .
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ii) Let C' =  aS +  i>, & ^ 0 .  If x ^  y  Ç. (6F^ ) n C, then \x\  ̂ ^  [yp.

P roof: i) If & €  F, then WMA 6 =  0. So (7 =  aS and p =  as  for some s G §. 

Then p =  as =  a [s ( ^ ) j  € aS since 5, f f  G §.

Conversely, p G C = >  |p — 6p =  |p — 6p ==>-

pp — bp — pb +  bb =  (p — b)(p — b) =  (p — b)(p — b) =  pp — bp — bp +  bb.

Thus, (p — p)(6  — 6) =  0 and 6 G F since p ^ F.

ii) Now X =  br,y =  at where r , t  G F^. Thus, \x\  ̂ =  bbr  ̂ =  66t̂  =  |yp iff 

r =  ± i  iffy  =  ±®. The equation |6 —6rp =  |6 + 6rp  (1 —r)^ =  (1+r)^

r =  0, a contradiction. Thus, |zp  =  |yp since —x ^ C .  □

R em ark: In the finite case, \C\ =  q +  1 and [F| =  q. Thus, C7 — F is always 

nonempty in Lemma 1.17(i).

We now prove the analogs of some classical geometry theorems.

P ro p o s itio n  1 .18 . Let L, M, N  be lines with L n N  =  {A} and M d N  =  { 5 } .  

Then L II M  iff den(L,N) =  den(M ,N).

P roof: If A =  B, then L || M  iff L =  AT iff den(L,iV) =  den(M,AT) (by 

Lemma 1.12). Thus, WMA A f  B . Let P  f  A G f  B  G M. Then

den{L ,N )  =  ( ^ )  =

iff (A -  B)(Q  -  B) =  (A -  B)(Q -  B ) iff L II M . □
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P ro p o s itio n  1 .19 .

Assume L H M  =■ {p}, L C\ L =  {Q }, and M  C\ M  =  { i l}  where Z, _L Z,, 

M  ±  M . Then den(L,M) =  den(L, M ).

P roof: WMA P  =  0 and Z =  F. Let P  ^  P  € M ,Q  ^  F  G Î , P  #  W  G M. 

Now

^  ( ^ )  =  - I -

Therefore, d en (ï, M ) =  ( ^ )  ( ^ )  =  ^  =  den(i,A f). □

P ro p o s itio n  1 .2 0 . If P ,Q ,R  are distinct on a circle C  with center W , then 

den {W P ,W Q )  =  [d en {R P ,R Q )f .

P roof: WMA C =  S. Then W =  0. Since P, Q, P  € S,

and den(OP,OQ) =  ^  =  ^ -  O

Observe that if Z, M , N  axe lines then

den{L, N)  =  den{L, M )den{M , N).

(Let P ÿ l ^ Q £ L , R ^ S  e M . T ^ W e N .  Then

f T - W \  f P - Q \  ( R - S \  f P - Q \  [ T - W \  f R - S \  , 
\ P - Q j  \ T - W j  \ P - Q J  \ R - S j  \ R - S j  [ t - W J - ’

D efin ition: Let Z, M  be lines with L O M  =  {p}. A line N  is said to b isect 

den(Z,M ) at p if p G AT and den(Z,AT) =  den(iV,M).

If N  exists, it is unique.
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P roposition  1.21. Let L, M  be lines with L f \ M  — {p}. Let /3 =  den(L,M). 

Then /3 can be bisected at p iff fi Ç: S+.

Proof: If 3 iV s.t. den{L,N ) =  den{N ,M ),  then 

fi =  den{L, N)den{N, M)  =  [<ien.(L, N ) f  € S+.

Conversely, assume /3 =  7  ̂ € By Lemma 1.12, there is a unique line N  

with p e  JV and den{L, N )  =  7 . Then den{N, M ) — ^en(L’̂ ) ~  T also and N  

bisects /3 at p. □

The set of points in E fixed pointwise by the maps z z, z 1-4 1/z  axe F,S  

respectively.

D efinition: The refiection about a line L (denoted r^) is gzg~^ where g € 

B  sends F to L. Similarly, the inversion about a circle C  (denoted r^)  is 

h{ll'z)h~^ where h Ç. B  sends S to C.

R em arks: i) Note that B f  commutes with z i-f z and Bg commutes with 

z i-> 1 /z .

Thus, reflections (resp. inversions) are well-defined since g¥ =  L =  KF (respec­

tively gS =  C =  hS) = >  h =  g f  with f  E B f  (resp. /  € B§).

ii) The set of points in E fixed pointwise by is L ,C  respectively. We 

call this fixed point set the mirror of the reflection/inversion.

iii) Reflections and inversions have order two.
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Any reflection is of the form

{az+b)ozo{az+b)~^ =  { a z + b ) o z o f  J =  (a z+ 6) o | — j =  = z + (6—— )-
\  CL J  \  Of /  (L Cb

The mirror of this reflection is aF +  6.

Any inversion is of the form

(a z+ 6)o ( l /z )o (a z + 6)"'̂  =  (a z + 6)o (l/z )o  [ --------| =  (az+5)o^— = =  - — =+b.
\  a /  z — 0 z — 0

The mirror of this inversion is aS +  b.

We have thus shown the following.

Lem m a 1 .22 . If L = aW + b and C = aS + b, then

I o.b ̂  / \- z  +  (b - - )  and r^(z) =

Notice that interchanges the center b of C  and oo.

L em m a 1 .23 .

i) Reflections (inversions) preserve lines (circles).

ii) Reflections conjugate dengles. I.e., i f L , M , N  are lines with M O N  ^  0, 

then den(r^{M ),r^{N)) =  l/den(L ,M ).

P roof; Now =  g o z  o g~^ and r^ =  ho  (1/z) o h~^.

i) Since we already know Borel elements take lines to lines and circles to

circles, it suffices to show the statement for r^(z) =  z ,r^ (z) =  1 /z . Let L  =

a¥ +  b ,C  =  a§ +  6. Then r^(aF +  6) =  (a)F +  b and

r (a§ +  6) =  (= )§  +  = if i) ^  0 and (;z)S if 6 =  0.
 ̂ a b a
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ii) Since elements of B  preserve the dengle, it suffices to show that r^(z) =  z 

inverts dengles. Let Aÿ^ B  G M ,P  ^  Q G N . Then

( ^ )  = □

Lem m a 1.24. If L ,M  are two lines with L C \M  =  {0}, then o r^(z) =

[den(L,M)]z.

P roof: Since 0 € L H M, L =  aF, M  =  fF. Thus, r^(z) =  (=)z and r ^ (z )  =  

( |) z .  Thus, o r^{z) =  ( | ) ( f ) z  =  [den(L,M)]z. □

Lem m a 1.25. Let L ,M  be distinct lines, C  a circle.

i) r^(M ) = M  iff L ± M .

ii) r^ {C)  =  C  iff the center of C  lies on L.

P roof: i) WMA L =  F. Then r^{z) =  z. Note that both conditions of the 

statement imply that F D M  ^  0. (If L || M , then M  =  ¥  +  b where 6 E E — F. 

If 6 G M ,  then b — a +  h for some a G F and a =  6 — 6 g ( I  — {0}) D F =  0.) Let 

p G F n M .  Let Q G M  — Then r^{M )  =  M  iff z(PQ ) =  Pz{Q )  =  P Q  iff 

z{Q)  G M  iff M  _L F by Lemma 1.11.

ii) Now g{C)  =  S for some g G B. Since rg(£,) =  g o r ^ o  g~^ and g taJces 

the center of C  to the center of § , WMA C =  § . Let L =  aS +  b. Then 

(z) =  a +  6. If 0 G L, then 6 =  0 and r^(z) =  ( | ) z .  Given x G

§,r^(z)r^(z) =  (|æ ) (^z) =  xz =  1. Therefore, r^(z) G S and r^(S) Ç §. 

Since r^ has order two, r^(S) =  S.
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Conversely, if  r^(§) =  § , then r^(l) =  1) =  — - G S.

Now r^ (l)r^ (l) =  1 =  r ^ ( - l ) r ^ ( - l )

(fl — db +  — dh -|- <z6) (—d — db +  <i6)(—d — db +  o6)
dd dd

—2ddb +  2 aa6 — 2ddb +  2ddb =  0

=*- —db{d — â) +  db{d — 5) =  0

= >  (db — db)(d — d ) = 0  db =  db or d =  d.

If a6 =  ah, then r^(0) =  =  0  = >  0 € i .  If a =  â, then L =  aF +  6 =

F +  6 . Since r^ (l) =  1 — 6 +  6 g § ,  we have 6(6 — 6) =  0. Thus, either 6 =  0 or 

6 G F. In either case, L =  F and 0 E I/. □

L em m a 1.26. (Essential Uniqueness of Distances) Assume C  is a circle cen­

tered dt R  dnd p  ^ C ,p  ^  R. If Q ^  T  E C with \P — Q\^ =  |P  — T\^, then

T  =  where L is the line through R  and P.

Proof: WMA P  =  0. Since \Q — Op =  \T — Op, Q and T  both he on the 

circle G  centered at 0 of sqradius QQ. Since Q ^  T ,C  (IG  =  {Q, T}. But since 

L passes through the center of both C  and G, r^(C) =  C  aud r^(G) =  G  (by 

Lemma 1.25). So r^{Q),r^{T) E 0  0  G. E  r^(Q) =  Q and r^{T) =  T, then 

Q ,T  E L. This is a contradiction to Lemma 1.17(ii) since \Q — Op =  |T  — Op. 

Thus, t^(Q) =  T. □

Thus, each distance \P — Q p,Q  E C  occurs exactly twice except for the 

distances |P  — ATp, |P  — Y p where X ^Y E LC \C  (which occur exactly once).

D efin ition: Let C  =  aS +  6. An element r E B  such that r(6) =  6 and 

r{C)  =  C is said to be a ro ta tio n  with respect to C.
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L em m a 1.27. Given x ,y  Ç: C — aS+b, there is a unique rotation r  with respect 

to C with r(x)  =  y.

P roof; WMA C =  S. Consider r(z)  =  ( | )  z. Then r(0) =  0,r(æ) =  (§ ) z  =

y  and r E (since ^ E §). If t(z) =  qz €  Bg and <(æ) =  y, then g =  |  so

t =  r  and r  is unique. □

We have seen that the Borel group preserves dengles and ratios o f lengths, 

but preserves distances only up to a scalar multiple. We will now d e t e r m i n e  

what type of elements preserve | p.

D efin ition : An element  ̂: E —>■ E such that |^(®) — p(y)P =  |® — yp is said 

to be an iso m e tr y  of E.

The isometries of E form a group under composition, denoted Isom(E).

L em m a 1.28. If g : E ^  E with y(0) =  0, y ( l)  =  1 and |y(x)—y(y)P =  |x—yp , 

then g =  1 or g{z)  =  z for all z E E.

P roof: Let P  E E — {0,1}. Let

R = { z \  | z | :  =  |P |2 } ,  T  =  { z  I -  I p  =  I P  -  I p } .

Since R ^ T  (the centers are distinct) and P  E i? fl T, we know |P  fl T| =  1 or

|P n T | =  2 .

We also note that y(P ) E P  H T since g fixes 0 and 1:

U P ) ?  =  \9 (P )-g (0 )?  =  |f - O p  =  |PP and |s ( P ) - lp  =  |j ( P ) - s ( I ) P  =  | P - 1 |

C ase 1. P  =  P
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Suppose there exists P  ^  Q Ç. R C \T .  Now Q must satisfy QQ  =  P P  =  

and QQ — Q — Q +  1 — P"^— 2P  +  1. Thus, Q +  Q =  2P. But Q =  Q since 

Q Ç. R n T  (by Lemma 1.17(i)). Thus, Q =  P  and R C \T  =  {P } . In particular, 

9{P)  =  P-

C ase 2. P # P

Then R O T  =  {P, P }  so that g{P)  =  P  or g{P)  =  P .

The above shows that g{z) =  z V z E F. If g{z) =  z V z E  E, then gr =  1. 

Otherwise, 3 P  E  E — F with g{P)  =  P.  We’U show that g[z)  =  z V P  ^  z E 

E - F .

Note that ® i-4- x is in Isom(E). Thus,

|z -  P ?  =  \g{z) -  g (P )p  =  \g{z) -  g (P )p  =  \g{z) -  P \ \

If g{z)  =  z, then we have |z—P p  =  |z—P p . This is impossible since z, P  E E—F 

(because |z — P p  =  |z — P p  iff (z — z)(P  — P ) =  0). Thus, g[z)  =  z. □

T h eo rem  1.29. 7som('E )  =  (§z +  E ,z).

P ro o f: Now l(ax +  fe) — (ai/ +  6)p =  |ap |x — r/p =  jx —t/P when a E S. Thus, 

(Sz +  E, z) Ç Isom(E) since Sz +  E and z i-4- z are isometries and Isom(E) is 

closed under composition.

Let g E  Isom(E). Let
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Then h{z) G Isom(E) since it is a composition of g{z)  and two elements o f S z + E  

Also h(0) =  0, h (l)  =  1. By Lemma 1.28, h =  1 or h{z) =  z. Thus,

s W  =  ( z - s ( 0 ) ) - ' o ( - - y f — )  \ h { z ) ç { S z  +  E , z ) .  □

Corollary 1 .30 . The isometries o /E  are bijections.

R em ark: Note that B  normalizes Isom(E): Given g € Isom(E) and h{z) =  

az  +  b,

\hgh~^{w) -  hgh~''-{z)\^ =  \a\^\gh~'‘-{w) -  gh~'^{z)\^

=  \af\h  -  h ^(z)p =  |ap \w — zP =  \w — zP.

In particular, every reflection and rotation is an isometry since it can be written 

in the form gzg~^, g{kz)g~^ respectively where G S ,  fc € S.

L em m a 1 .31 . Let g G IsomfE).

i) If g fixes P  ^  Q and g then g is the refiection with mirror P Q .

ii) fixes three non-collinear points, then g  =  1.

P roof: WMA P  =  0, Q =  1. (The element h~^gh G Isom(E) fixes 0,1 where 

h E B  with h(0) =  P  and h (l) =  Q.) Then P Q  =  F. By Lemma 1.28, p =  1 or 

g{z) =  z.

i) Since g ^  l ,g (z )  =  z and is thus the reflection with mirror F.

ii) Let fi be the third fixed point. Since fi Ç:¥,fi ^  fi. Thus, g[fi) =  fi ^ f i  

and g{z)  ^  z. Hence, ^ =  1- □
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P  +  Q
D efin ition : Assume P  ^  Q € E. The unique line passing through — -—  

(the m id p oin t of P  and Q)  and perpendicular to P Q  is the perpendiculéir  

b isecto r  of P Q .

L em m a 1 .32 .

i) Assume P  Q, A ^  B  with |A —P|^ =  \B —P\^ and |A —Qp =  \B —Q\^. 

Then P Q  is the perpendicular bisector of A B  and r^^(A) =  B.

ii) Let A  ^  B  E { z  | \z — P p  =  jrp} A {z | |z — Qp =  jsp} where P  ^  Q. 

Then P Q  is the perpendicular bisector of A B  and Vp^{A) =  B.

iii) 7/ P  ^  C € E, let L be the perpendicular bisector of the line through B  

and C . Then r^(aS +  P ) =  aS +  C.

Proof: WMA A =  - 1 ,  P  =  1. Then | -  1 -  Qp =  |1 -  Qp = »  C? +  Q =  

0 Q G I. Similarly, P  G I. Thus, P Q  =  I and is therefore the perpendicular 

bisector of AB.  We have r^^(z) =  —z so that r^^(—1) =  1 .

ii) Now IA — P p  =  |P  — P p  and | A — Qp =  |P  — Qp. The result thus follows 

from i).

iii) Given ® G aS +  P , |r^(z) — C p =  |r^(z) — r^(P)p  =  |x — P p  =  aâ. □

T h eo rem  1 .3 3 . Every isometry o /E  is a product of at most three reflections.

P roof: Let (j> G Isom(E). If ̂ (0) =  0, let p := 1. Otherwise, let p := r^ where 

L is the perpendicular bisector of </(0) and 0. Then p(0) =  ^(0) by Lemma 1.32. 

Note that s := p o  ^(1) G §  since p o is an isometry fixing 0, the center of S.

Let T := 1 if s =  1 , T ;= —z if s =  —1 and t  ;=  , , ,  otherwise. In the0(5+1)
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latter case, 0(s +  1) is the perpendicular bisector of the hne Is (by Lemma 

1.32) and thus ^o(s+i)('®) ~  1- Thus, in all cases t  o p  o <f> fixes 0 and 1. Then 

T o p o < j >  =  1 or T o p o ^  =  z h y  Lemma 1.28. Hence, <j> = p o r  o r  <f> =  p o r o z . □

The above proof shows that any isometry of E fixing 0  is a product of two 

reflections.

Corollary 1.34. Every rotation is a product of two reflections.

Proof: Let p be a rotation. Then g  =  h{kz)h~^ for h € 5 ,  fe € § . Since 

kz =  r i o rg for reflections ri and T2 , g =  {hT\h~^) o {hv2 h~^). □

D efinition: Let P, Q, R  be distinct noncollinear points of E  The union of 

the three lines P Q , QR, R P  (denoted A P Q R )  is called a triangle in E.

P, Q, R  are the vertices and the lines PQ, QR, R P  are the sides of the triangle.

Q RThe vertex P  is said to be opposite the side Q R  and — - —  is the m idpoint 

of side QR.

We will use the notation A (P, Q, R) to denote the oriented t r i a n g l e  with 

vertices P ,Q ,R  and dengles den(PQ,QP), den{QR,RP), den(RP,PQ).

A dengle equal to -1 is called a right dengle. A triangle with at least one right 

dengle is a right triangle.

Notice that the product of the dengles of any oriented tr ia n gle  is one.

T heorem  1.35. (Thales) If P , Q, R  are distinct points, then den(PQ,QR) =

P  R
-1 if  and only if  Q is on the circle C with center — - —  and passing through P  

and R.
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p  +  R
P roof: WMA P  =  1 ,R  — —1. Then — -—  =  0 and C =  S. Thus,

den [P Q ,Q R ) = —\  ^  € I — {0} ■<=̂  QQ =  1 -4=  ̂ Q G S. □
Q — I

T heorem  1.36. (Pythagorean Theorem) If P, Q, and R  are distinct points, 

then den(PQiQR) =  -1 if and only if  |P  — Qp +  |Q — -Rp =  |P  — P p .

Proof: WMA Q =  0. Then

\P-Q\^ + \Q-R\^ =  | P - P p

4=^ P P  +  R R  =  P P - P R - P R  +  R R

  j f p
4=4" P R  =  —P R  4=> —=  =  —1

P R

4=4" den{PQ ,Q R) =  —1. □

P roposition  1.37. Let D, E  be the midpoints of the sides AB, AC  of A A B C .  

Then D E  || B C  and \D -  P p  =  1̂ " - ^

Proof: Since D  =  —^ —  and E  =  — ^— , D — E  =  — - — . The proof is 

therefore immediate since

D efin ition : A line through a vertex of a triangle and the midpoint of the 

opposite side is a m edian .

L em m a 1 .3 8 . In A (A , P , C7), den(BC,AC)  =  den(AC,AB) if and only if  the 

median through B  is the perpendicular bisector of AC.
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P roof: Let M  be the median through B. WMA A =  — 1 and (7 =  1. Then 

0 € M .  Now

ien i,B C ,A C ) =  den{AC ,A B ) ^  ( ^ )  ( ^ )  =  ( ^ )

B  — 1 =  — 1 '(=>• ^ =  1

-<=>' — =  ±1 <=> 5  G IU  {0} ( since 5  ^ F ). 
B

Since 0 € M  and A C  =  F, M  is the perpendicular bisector of A C  iff M  X F iff 

M  = I i f f S € l - { 0 } .  □

D efin ition: We say that A A B C  is isosceles if |A — B\^ =  \B — (7p and 

equU ateral if |A -  B\^ =  \B -  Cp =  |A -  Cp.

T h eo rem  1 .39 . The A A B C  is isosceles ( \A — 5 p  =  \B — C p  )  if and only 

if  den(B C ,AC ) =  den(AC,AB).

P roof: Let M  be the median through 5  and let D  =  If |A —B p  =  \B —

C p, then M  is the perpendicular bisector of AC by Lemma 1.32(i). Therefore, 

den(BC,AC) =  den(AC,AB) by Lemma 1.38.

If den(BC,AC) =  den(AC,AS), then r^ {B )  =  B  and '>’j^{A) =  C (again by 

Lemmas 1.38, 1.32(i)). Since is an isometry, |A —B p  =  |r^ (A ) —r ^ (B )p  =  

| C - B p .  □

C orollary  1 .40 . The A(A, B ,C ) is equilateral if and only if all its dengles are 

equal.
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Proposition  1.41.

i) Let C  be a circle centered at B , L a line and p €. L O C .  Then L  _L B P  

if and only if L is tangent ta C .

ii) Let C, D  he circles centered at A, B  respectively. Let p E C H D . Then 

den(Tp{C),Tp{D)) =  den(AP,BP).

Proof: i) Assume L is tangent to C. There is a unique line N  through 

B  and perpendicular to L. Let Q Ç. L C\ N .  If Q P , then L =  P Q  and 

R  =  2Q — P  Ç: L. Since =  Q E N , N  is the perpendicular bisector of P R .  

Therefore, r ^ (P ) =  R. But B  Ç: N  and p E G =*- R  =  r^ (P ) E  C. This 

contradicts the fact that L  is tangent to C. Thus, P  =  Q and {B P  =  N ) ±  L.

Conversely, assume L  JL B P .  Suppose there exists P  ^  Q E  L f l  C. Consider 

A B P Q .  Since P ,Q  E C  and B  is the center of B ,  |P  — P p  =  \Q — P p . Thus, 

A B P Q  is isosceles and

den{BQ ,P Q )  =  den{PQ ,B P)  =  den{L ,B P )  =  —1.

I.e., BQ A- L. This gives two distinct lines P P , BQ  passing through P  and 

perpendicular to X, a contradiction. Thus, L  is tangent to C.

ii) By part (i), Tp{C) J_ A P  and Tp(P) _L P P . Thus, den(A P,PP ) =  

den(Tp(C),Tp(P)) by Proposition 1.19. □

Proposition  1.42. If char(¥) ^  3, then the medians of A A B C  intersect at 

fcaHed the centroid of A A B C ). If char(F) =  3, then the medians are 

(distinct) parallel lines.
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Proof: Assume char(F) 7̂  3. Let M  be the median passing through B  and 

Then M  =  -  P ) F + B  and thus 4 ± |± ç  =  |  -  B) + B  € M.

By symmetry, hes on the other two medians as well.

If char(F) =  3, then 2 =  -1  and thus

A - : ^  =  .4 +  B  +  C  =  B - ^  =  C - ^ .

Thus, the dengles between the medians A  B  and C  are

aU one and they are all parallel. If A  ( =  C  then A ,B ,C  are

all coUinear. Hence, A 9  ̂ C and all three lines are distinct by

symmetry. □

P roposition  1.43.

i) The perpendicular bisectors of the sides of a triangle are concurrent at the 

center (called the circumcenter^ of the circle (called the circumcircle^ 

passing through the vertices of the triangle.

ii) Let P  ^  Q he points on a circle C . The perpendicular bisector M  of P Q  

passes through the center of C . Equivalently, when M  C\ C  ^  0, P Q  is 

parallel to the tangent lines at the intersections of M  with C .

Proof: i) Let B, Q, R  be the vertices of the triangle and D =  aS +  b the 

unique circle through B, Q, R. Let L  be the hne through b and .

Since | B— =  \Q—b\  ̂ and \P - ^ ^ - \^  =  \Q—^ ^ \ ^ ,  we know 6 is the

perpendicular bisector of P Q  by Lemma 1.32(i). So b hes on the perpendicular 

bisector of BQ and on the other two by symmetry.
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ii) Choose R  £  C  — {P, Q}  and consider A P Q R .  Then P Q  is the side of a 

triangle and B  £ M  where B  is the center of C  by i).

If M n C  ^  0, let W  £ M C \ C .  Then Tw(C') _L B W  by Prop. 1.41. Therefore 

by Lemma 1.9(iii),

P Q  II T w {C )  4=> P Q  L B W  4=> B W  =  M  <=> B  £ M.

(since M  is the unique line containing W  and perpendicular to PQ ).  □

Proposition  1.44. The three perpendiculars from the vertices to the opposite 

sides of a triangle meet at a point (called the o rth o cen ter /

Proof; Let C  be the circle through the vertices A, B, C  o f the triangle. WMA 

(7 =  S. Consider M  =  (A +  P  +  C)B.  Now

-j— — =  — =̂=— ^  -4=^ AA — C C  = —A A -{• C C  -4=> AA =  CC. 
A + C  A + C

But A ,C  £ S  =*- AA  =  C C  M  _L AC.

Thus, M  is the perpendicular from the vertex B  to A C  and it contains A  +

B +  C. By symmetry, A +  B  +  C  hes on all three of the perpendiculars from

the vertices to the opposite sides. □

Lem m a 1.45. Assume X  ^ A(A, P, (7). Let Q ,R  he the intersection points of  

the perpendiculars from X  to A B ,A C  respectively. Then the angle bisector L of  

den(AC,AB) at A exists and contains X  if and only if  |% — Q\^ =  \X  — R\^.

Proof: Assume X  £ L and den(AP,L) =  den(L,AQ). Since reflections
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conjugate dangles and r fixes L, we have

den(A(r^{R)),L)  =  den(r^(A)r^{R),L)  =  =  < i^ (^Q ,L ).

Thus, A(r^(i?)) and AQ  are both lines making the same den^e with L  and we 

must therefore have A(r^(i?)) =  AQ. So r^(A) G A B .  Similarly, R X  _L A R  

and X  Ç: L  implies ±  (^(r^(i?)) =  AB).  Since the unique line

passing through X  and perpendicular to A B  is Q X ,  we know 'i’̂ {R) G Q X .  

So r^{R) G (AB) n { QX)  =  Q. Consequently, r^(B) =  Q  emd \X  — B p  =  

\X -r^ ( ,R ) \^  =  i X - Q f .

Conversely, i î \ X  — Q ^  =  \X ~  B p ,  then the Pythagorean Theorem gives that 

|A -  Qp =  |A -  X p  -  IQ -  X p  =  |A -  X Ÿ  -  |B -  X p  =  |A -  Bp .

Let

G = { z  I | z - X p  =  | Q -  %p} and B  =  {z jjz -  Ap =  | Q -  Ap} .

Then {Q, B } =  G fl B  since G  and B  are distinct circles. Therefore, G

G n B  since preserves distance and fixes %, A. Since B  ^ A X ,  we have 

=  Q- Thus,

d.n{A R , A X )  =  .4Q)

and A X  bisects den(AB,AQ) =  den(AG,AB) at A. □

R em ark: By Proposition 1.21, all the dengles of A A B C  can be bisected if 

and only if all the dengles of A A B C  are in S+.
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P roposition  1.46.

i) If all the dengles of A, B , C)  are in §+, then the angle bisectors are 

concurrent (at a point called the incenterj.

ii) There is a unique circle (centered at the incenter and called the in­

scribed circlej which is tangent to all the sides of A (A , jB,C) if and 

only if the dengles of A(A, C) are in S+.

Proof: i) Assume/?^ =  den(AB,B(7), 7  ̂ =  den(BC7,CA), =  den((7A,AJ5) 

€ S+.

Let L, M , N  be the bisectors of at B, 7  ̂ at C, at A  respectively. Note 

that

den{L,M )  =  den{L ,B C)den{B C ,M )  =  /?7 .

Now den(L,M ) =  1 =>- =  1 . Since A ,B ,C  are noncollineax, we

therefore know den(L,M) ^  1 and there exists an z G L d M . There exist unique 

points P  e  A C ,Q  e A B , R e  B C  such that X P  1  A C ,X Q  _L A B ,X R  ±  B C .  

By Lemma 1.44,%  e L  \X - Q \^  =  \X -  R(  ̂ asid X  £ M  = >  \ X - P \ ^  =  

\X  — i îp .  Thus, \X — P\^ =  \X — Q\  ̂ and X  E N  hy Lemma 1.45 again. So 

L , M , N  are concurrent at X .

ii) Moreover, since P, Q, R  are all equidistant from X,  all three points lie 

on the circle C centered at X  of sqradius |P  — X ^ ■ Since AB  ±  Q X ,  A B  is 

tangent to C  by Prop. 1.41(i). By symmetry, C  is tangent to all three sides of 

A { A , B , C ) .

Conversely, if  G is any circle centered at Y  and tangent to all the sides of
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A(A , B , C),  then the angle bisectors must exist and be concurrent at Y  by Prop. 

1.41(i) and Lemma 1.45. Thus, all the dengles of A { A , B , C )  are in §+.

This also shows the uniqueness of the C  above since Y  ■= X.  □

D efin ition : Two triangles A(A, B,  C)  and A (P , Q, R)  are said to be iso ­

m etr ic  (denoted A { A , B , C )  =  A{ P , Q, R) )  if  there exists a gr E Isom(E) such 

that g{A)  =  P , g{B)  =  Q,g{C)  =  R.

Rem ark: Since reflections are allowed and reflections conjugate dengles, g 

may not preserve the orientation of A {A ,  P , C )  (just as in the classical case).

P r o p o s it io n  1 .4 7 . (SSS) If \P -  Q\  ̂ =  \ A -  P | \  \Q -  P p  =  \B -  C p and 

| P _ P p  =  | c -  ^ P , then A {A ,B ,  C) ^  A (P , Q,R) .

Proof: WMA that B  = Q = 0 (by applying z  z — Q to  A (P , Q, R)

and z z — B  to A (A ,B ,C )). Since \P — Op =  \A — Op, A  and P  both  

He on the circle G  centered at 0 of sqradius |P p . By Lemma 1.27, there is 

a rotation r  with respect to  G taking A  to P . Applying r  to A(A , 0, C), we 

now have t { A )  =  P, r(0) =  0, r[C)  =  C.  Now |P  — Op =  |C — Op and 

|P  -  P p  =  \C -  P p  = >  P ,C  e  H r \ K  where H  =  (P P )§  and AT =  

( |P  — P p )S  +  P . By Lemma 1.32(ii), either C  =  R  or r^^(C) =  P . In either 

case, A (A , P , C)  ^  A (P , Q, R). □

L em m a 1 .48 . Let P  ^  G, Q 7  ̂ P  6  E. Then o <f> Ç, Isom(K) where 

(f>,T £ B  with 4>{B) =  0 =  t { Q)  and (f>{C) =  1 =  t(P) iff |P  -  C p =  \Q — P p .
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Proof: Now

j.f \ z  — B  z — Q
d"':) =  c T e  "^'1 =  r 3 q -

Thus,

r   ̂ o <l>{z) =  [(A -  Q )z  +  Q] o

So

A - Q
C - B

T - ' o 4, e l s c ^ m  «  ( § T § )  ( f r f )  =  l

( A - Q ) ( : R = ^ )  = ( C - B ) { C ^ )  

^  \ R - Q f  =  \ C - B \ ^ .  □

Proposition  1.49. (DSD)

If den(AB,BC)  =  (3 =  den(PQ,QR), den(BC,AC)  =  7  =  den(QR,RP), and 

\B -  a p  =  I Q -  i2|2, (Aen A (A, B , C) ^  A (P, Q, R).

Proof: Let <I>,t Ç. B  with <(>{B) =  0 =  t{Q),<{)[C) =  1 =  t(J?). Since ^ and 

T preserve dengles, we know

den(^(A)0, F) =  (3 =  den(r(P)0,F), 

den(F, ^(i4.)l) =  7  =  d en (F ,r(P )l).

Since there is a unique hne making any specified dengle with F at 0, we must 

have that <f>{A)0 =  t(P)0 and =  t(P)1. Since 0(A)O and <l>{A)l are

distinct fines intersecting at ^{A) and r (P ), we have (j>{A) =  t(P). Thus, 

T ~ ^  0 = P, T ~ ^  o 4>{B) =  Q, and o ^(C) =  R. But r ~ ^  o  (f> Ç, Isom(E)

by Lemma 1.48. □
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Corollary 1.50. (to the proof of DSD)

i) If den(AB,BC)  =  den(PQ,QR) in triangles A (A , B, C) and A (P , Q, i2), 

then <f>{A)0 =  t (P)0 where <j>,T & B  with <f>{B) =  0 =  t ( Q) ,  <f>{C) =  1 =  

r{R) .

ii) If den(A B ,BC )  =  den(PQ,QR) and den(BC,AC) =  den(QR,RP), then 

there exists g £  B  with g{A)  =  P, g{B)  =  Q, g{C)  — R.

P roposition  1 .51. (DDS)

If den(A B ,BC ) =  ^ =  den(PQ,QR), den(B C ,AC )  =  7  =  den(QR,RP) and 

\A -  (7p =  \ P -  P p , then A {A , B, C) =  A (P , Q, R).

Proof: Now àen{AC,AB)  =  ^  =  den(PP,PQ ). Since den.{BC,AC) =  

den(Q P,PP) and \A — (7p =  |P  — P p , the two triangles are isometric by 

DSD. □

Given a triangle A (P , Q, P ), there is exactly one point P  ^  W  Ç. P Q  satisfy­

ing \W  — Qp =  |P  — Q p, namely W  =  2Q — P.

Proposition  1.52. (SDS) If den(AB,BC) =  P =  den(PQ,QR), |A — P p  =  

IP -Q p  and IB -C p  =  IQ -P p , then A (A , B, C) S  A (P , Q, P) or A {A , B , C) ^  

A ( 2 Q - P , Q , P ) .  If (3 = - I ,  then A { A , B , C )  ^  A {P ,Q ,R ) .

Proof: By Corollary 1.50(i), we know ^(A)0 =  t (P )0  where <j>,T ^ B  with 

(f{B) =  0 =  r(Q ), <I>{C) =  1 =  t (P ) . Since \B — Cp =  \Q — P p , o is an 

isometry. Now 0(A) G r(P )0  =#- o 0(A) G PQ. But

|P -  Qp =  |A -  P p  =  |T-1 o 0(A) -  T -i o 0 (P )p  =  |T-1 o 0(A) -  Q p.

46



There axe exactly two points on P Q  equidistant from Q, namely P  and 2Q — P.  

Thus, o <I>{A) =  P  or t ~̂  o < (̂A) =  2Q — P .  So o ^ is an isometry 

from A(A, P , C7) to A{ P , Q , R)  or A{2Q — P, Q, R) .  If =  —1 , then QR  is 

the perpendicular bisector of P{2Q — P) and consequently — P) =  P.

If o <j>{A) =  2Q — P , then o o <f>{A) =  P  and so A{ A^B, C)  =  

A { 2 Q - P , Q , R ) ^ A { P , Q , R ) .  □

D efin ition: A { A , B , C )  and A {P ,Q ,R )  are w eakly iso m etr ic  (denoted 

= ^ )  if there exists a, g ^ Isom(E) such that g{AB) =  PQ, g { BC)  =  QR  and 

g{AC)  =  PR.

In this terminology, the data for DSD gives that A(A, B, C)  A (P , Q, R).

P ro p o sitio n  1 .53 . (DSS) Assume den(AB,BC) =  13 =  den(PQ,QR), \B — 

C p =  I Q -  P p  and \A -  C p =  |P  -  P p . Then den(PR,QR)  € { a  =  

den {A C ,A B ),^  }. ///3  =  - l ,  then A { A , B , C )  A (P ,Q ,P ).

Proof: By Corollary 1.50(i), (f>[A)Q =  r(P)0 where ^,T G P  with ^ (P) =

0 =  t(Q ), <f>{C) =  1 =  t(P ) . If <f>{A) =  r (P ), then 

den{P R ,PQ )  =  den(r(P)l,T (P )0)

=  den{<f>[A)l,<f>{A)0) =  den[AC,AB)  =  a.

Otherwise, A ( l , r ( P ) ,  ^(A)) is an isosceles triangle since \A — C p =  |P  — P p .

Thus,

den{P R ,P Q )  =  den(T(P)l,T(P)<^(i4)) 

=  den{r{P)(f>{A),<j>{A)l) =  den{AB ,A C )  =  —.
(T

If /? =  —1, then 4>{A)Q =  t (P )0  =  I since I is the unique line through 0 and 

perpendicular to F. Since |r(P ) -  Ip  =  |^(A) -  Ip , 0 (A ) , t (P )  G I n G  where G
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is the circle centered at 1 of sqradius |r(P ) — Ip . But I fl G =  { r { P) ,  t ( P )  } by 

Lemmas l . l l ( i i ) ,  1.17(i). Thus, 4>{A) =  r (P)  or ^{A)  =  t ( P ) .  Since \B — C7p =  

\Q — R\^, A(i4, P , G) A (P , Q,P) by either 0 ^ or z 0 o □

R em ark: Consider the special case of the above proposition when A =■ P

and C  =  R. Now 4>{z) =  —— ^  and t {z ) =  ^ ^  so
U — IS O — Q

m = t ( p ) = t (a ) «

)' —B C  — AQ  +  A B  CQ =  0

•<=>■ {A — C){B  — Q) =  0 4=^ B  =  Q.

Thus, if A(v4,P, G) ^  A(v4, Q, G) then <f>{A) ^  t(A) and we always have that

den(j4.G,AQ) and den(i4G,^B) are conjugate.

T h eo rem  1 .5 4 . (Essential Uniqueness of Dengles)

Let C  be a circle centered at R  and p ^ C, p  R. If Q and W  are distinct 

points of C and den(PQ,QR)  =  den(PW ,W R), then r^^(PQ ) =  P W  and one 

of the following occurs:

i) Q, W e  P R

ii) PQ, P W  are both tangent to C and =  W

iii) (PQ)  no =  { Q ,  r^ ^ iW )  }, ( PW)  no =  { W ,  r^^(Q) } and r^^(Q)  f  

W.

P roof: Consider A (P , Q, P ) and A (P ,W ,R ).  Since \Q — P p  =  |W — P p ,  

we know from the above remark that a =  den(PP,PQ ) and den(PP,PW ‘) are 

conjugate. But den(PP,rp^(PQ )) =  den(r^^(PP), r^^(PQ )) =  L also. Thus, 

Tp^{PQ)  =  P W  since both lines make dengle ^ with P R  at P . Note that
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r^g(C ) =  C  since R  € P R .  Thus, Q € {PQ)  H C  which imphes that ^pj^(Q) €  

( P W)  n C and we have r (Q), W  € ( PW)  n  C.

C ase 1. r (Q) =  W.PÜ'

Then

p  =  d en {P W ,W R ) =  den{PQ,QR) =
den{rp^ {P Q ),rp^ {Q R ))  

1 1
den{PW, WR) )  /3 

and P =  ±1. If =  1, then P Q  |[ QR  and P W  || W R .  Since P Q  =  QR  and 

P W  =  WR,  we know Q , W  e P R . l £ P  =  - 1 ,  then P Q  1  Q R  and P W  ±  WR .  

Consequently, P Q  and P W  are both tangent to C.

C ase 2 . T-p^(Q) #  W.

Then ( PW)  n C =  { W, '"'pgiQ) }• Applying to both sides of the equation 

gives ( f Q ) n C  =  { Q ,  }. □

D efin ition : The triangles A(A, B, C)  and A (P , Q, R)  are said to be sim ilar  

(denoted A { A , B , C )  ~  Ù>.{P,Q,R)) if there exists a. g Ç. B  with g{A)  =  P , 

g{B)  =  Q, g{C)  =  R.

If m , B , C )  ~  A ( P ,e , f i ) ,  then ^  ^  and

since B  preserves ratios. On the other hand, if  —— — =  ^ ^  and ^ ^  =  

^ t h e n  den(AS,J5C') =  den{PQ,QR) and den{BC,AC)  =  den(Q P,P P).
— it

Then by CoroUary 1.50(ii), we have 

A ( A , B , C ) ~ A ( P , Q , R )  “
C - B  B - Q  

d en {A B ,B C ) =  den{PQ,QR)  and den{B C ,A C )  =  den{Q R,RP).
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Thus, B  is the trig group of E.

Consider A(A, B, C)  where 6 =  dea{AB,BC). We define

From the definition of cos^(0), we can derive the squares of the other trigono­

metric functions using the familiar identities that hold in the classical case. For 

example,

sin^(«) =  1 -  cos^(«) =  s  F,
—40 4

We therefore have the following formulas:

1) cos^(S) =

2 ) sin^(.) =

6 - 1
3) itan(^) =  - — -  £ I when 6 ^ —1

p +  1 __

4) zsin(0) cos(6) =

N o ta tio n : In A(A,B,C7), let a  =  den(CA,AB), /3 =  den(A B ,SC ), 7  =  

den(Sa,C 'A) and a =  |5  -  C | \  b =  \ A -  C | \  c =  \ A -  B\^.

P ro p o s itio n  1 .55 . (Law of Sines)

62 c2

sin2(o:) sm^{j3) s in 2 (7 )

P roof: Since sin  ̂ it suffices to show that

g2

2  — a  — â  2  — /3 — /5 2  — 7  — 7 '
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Since B  preserves dengles and ratios (and equivalent to

assume B  =  1, C =  0. Now 7  =  %, ^ =  %Er, «  =  

a2 =  1 , and ĉ  =  \ A -  Ip  =  (A -  1 ) ( Â - 1 ) .  Thus,

 ̂ J { A - 1 )  A ( % - 1 )  2 A A - J ^ - A ^
A(A — 1) A{A — 1) AA{A — 1)(A — 1) 

A A 2AA - A ^ - A ^
A A AA

Hence,

a2 _  AA(A -  1){A - 1 )  _  62 _  ^
2 - a - a  2 A A - A ^ - A ^  2 - / 3 - / ?  2 - 7 - 7

P ro p o sitio n  1 .56 . (Tow 0/  Cosines)

(ô  +  &2 — c2)2 =  4o26^cOs2(7).

+  7  +  2
P roof; Since cos2 (7 ) = -----   , we want to show that

(o2 +  62 -  c2)2 =  o262(7 +  7  +  2).

WMA B  =  0, C  =  l.Then 7  =  = , c2 =  |A — Ip  =  AA — A — A +  1, =  AA

and o2 =  1 . Thus,

a^6^(7 +  7  +  2) =  A A (^  +  ^  +  2) =  A ^+3^ +2AÂ,

(«2 +62 -  c2)2 =  (1 +  AÂ -  (ÀI - A - Â +  1))2 =  (A +  Â)2. □

D efin ition: In an isosceles triangle A (A ,B ,  C) with \A — B p  =  \B — C p,

C - B
the en g le  from A B  to B C  (denoted en(AB,BC')) is —---- —.

A — B
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If A { P , Q , R )  ~  A { A , B , C ) ,  then en{PQ,QR)  =  en{AB,BC)  since B  pre­

serves ratios.

Since \A — B\^ =  \B — C|^, en{AB,BC)  € S. Consequently,

den{AB,BC) =  =  { e n { A B , B C ) f .
en{AB ,B C )

Moreover,

J - f - S^-\-2SS-{-S 2ta\= -------   = -------  =  cos (0)

where 6 =  den{AB,BC)  and 5 =  en.{AB,BC).

Thus, for an isosceles triangle A { A , B , C )  with \A — B ^  =  \B — C7p, 6 =  

den (A S ,S C ), 8 =  en{AB,BC),  we define

tû\  ̂A 8cos{9) =  —— .

8 - 8
In this case, we also define z sin(6) =  —- —.

Let P  7  ̂Q be points on a circle with center R. Since \P — R ^  =  \Q — 5

=  en{PR,RQ)  is defined.

D efin ition : Let P i, P2, P3 , . . . ,  Pn be distinct points, no three of which axe 

coUinear.

The union of the lines P1P 2,P 2P3 , . . .  ,Pn_iPn, P^Pi is an n-gon , denoted 

P1P2 • • ■ Pn-

The points Pi axe the vertices of the n-gon and the fines making up the n-gon 

axe called sid es.
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The notation ( f i ,  Pg, . . . ,  fn )  will denote the n-gon with den(PiP2 ,-Pj-Ps), 

den(P2P3 ,P 3P4), - , den(Pn-iPn,,PnPi)-

Note that the product of the dengles of (P i, P2 , P3 , . . . ,  Pn) is one.

An n-gon with four sides is a quadrilateral, one with five sides is a p en tagon , 

etc.

P ro p o sitio n  1 .5 7 . In P Q R S ,  S — P  =  R — Q if  and only if  P Q  || R S and 

P S  II QR.  

P roof: 1Î S - P  =  R - Q ,  then Q - P  =  R - S .  Thus, =  1 =  | 5 §  G F 

and PQ  II RS, P S  || QR.

Conversely, assume P Q  || R S  and P S  || QR.  Note that S {S  +  Q — P )  || P Q  

since =  1- Thus, R S  =  S{S  +  Q — P )  and S  +  Q — P  € RS.

Analogously, 5-l-Q—P  € QR.  Since QRCiRS =  {P } , we have R  =  S-t-Q—P. □

D efin ition : P Q R S  is a parallelogram  Ü S  — P  =  R  — Q. The d iagonals

of P Q R S  are P R  and QS.  

P ro p o sitio n  1 .5 8 . P Q R S  is a parallelogram if and only if the diagonals of 

P Q R S  bisect each other.

P roof: The diagonals P R  and Q S  of P Q R S  bisect each other if and only if 

P - \ - R = Q  +  S  ^  S - P  =  R - Q  ^  P Q R S  is a

parallelogram. □

P ro p o sitio n  1 .59 . If P Q R S  is a parallelogram, then

2|Q -  P p  +  2 |P  -  Qp =  | P - P p  +  IQ -  5 p .
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P roof: Let u =  Q — P  =  R  — S, v =  R  — Q =  S  — P.  Then u +  v =  R  — P  

and u — V =  Q — S. But

\n +  up +  |ît — up =  (u +  u)(u +  u) +  (u — v){u — u)

=  2uü +  2uü =  2 l Q - P p  +  2 | i 2 - Q p .  □

P roposition  1 .6 0 . P Q R S  is a parallelogram if and only i f \Q  — P\^ =  |i2 —5 p ,  

\S — P p  =  |P  — Qp and r^(P) ^  R  where L is the perpendicular bisector of  

QS.

P roof: WMA S  =  —1 and Q =  1. Then L =  1 and r^(z) =  —z. If 

|1 -  P p  =  \ R +  Ip and |P  +  Ip  =  \ R -  Ip , then P P  -  P - P  =  R R  + R  +  R  

and P P  +  P  +  P  =  R R  — R  — R. Adding these two equations gives P P  =  R R  

and subtracting them gives P  +  P  =  —(P  +  P ). Since —P, —P  axe the roots of 

+  { P + P ) x  +  P P  and P is  a root of x  ̂— { R + R ) x + R R  =  x  ̂+  {P +  P ) x + P P ,  

we know P  =  —P  or P  =  —P. But r^(P) =  —P  P  so P  =  —P . Thus, 

5  — P  =  5  +  P  =  P —1 =  P —Q and P Q R S  is a parallelogram.

Conversely, if  P Q R S  is a parallelogram, then |1 —P p  =  |P + lp  and jP + lp  =  

|P  — Ip . If —P  =  r^(P) =  P , then —1 — P  =  S —P  =  P  — Q =  —P  — 1 and 

P  G F. This can’t happen since P, S, Q are not collineax. Thus, r^(P) P . □

Rem ark: The condition that r^(P) ^  P  is clearly necessary (see Figure 

1.60 .1).

P ro p o s itio n  1 .61 . If P S  || QR and |5 - P p  =  |P  —Qp in P Q R S ,  then either 

P Q R S  or P R Q S  is a parallelogram.
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F igure 1.60.1

P roof; Let z =  since P S  || QR. Now | 5 -  P p  =  | P -  Qp implies

that {S — P ){5  — P) =  {R — Q )(P — Q) zz =  1 and z € S. Therefore, 

z € nS = {±1}. If z =  1, then S — P =  R —Q and PQ RS  is a parallelogram. 

If z =  —1, then S — P  ~  Q — R  and PRQS  is a  parallelogram. □

In (P ,Q ,R ,S ) ,  den{PQ,QR) and den (P 5 ,5P ) are said to be opposite; 

d en (P 5 ,5 P ) and den(5P ,PQ ) are said to be adjacent.

P ro p o sitio n  1.62. {P ,Q ,R ,S )  is a parallelogram if and only if both pairs of 

opposite dengles are equal and den(PQ,RS) ^  —1.

P roo f: If (P ,Q ,P ,5 )  is a parallelogram, then den(PQ ,PS) =  1 -1. Also

d e n (P Q , (J f i)  =  f  ( 1 ^ )  =  P ( | t | )  =  

d e n (Q B , R S )  =  p ( f 5 | )  = P ( f r ? )  =

Conversely, assume f  ( | ^ )  =  p ( | ^ ) ,  p =  P ( | ^ )

and den(P Q ,P 5) #  -1. Then p ( § 3 ^ )  =  P ( ^ Z ^ )  P ( ^ _  p )  =
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p p '^ ' Thus, den{RS,PQ) =  den(P5,i2Ç) =  den(PÇ ,i25). Conse­

quently, den(PQ ,i25) =  ±1. Since den(PQ ,RS) ^  - 1 , PQ  || R S  and P S  || 

RQ. □

R em ark : The condition that den(PQ ,RS) ^  -1  is necessary in Proposition 

1.62. Consider the construction of Figure 1.62.1 in the classical case. Now 

/3 =  j  — a  =  7  and r  =  ir a . Since =  ê **’ê *“ =  ê *“ , opposite pairs

of dengles are equal but PQ RS  is not a parallelogram.

F igure  1.62.1

P r o p o s it io n  1 .63 . Let a  =  den(SP,PQ), =  den(PQ,QR) and 7  = 

den(QR,RS) in (P ,Q ,R ,S ).  Then {P ,Q ,R ,S ) is a parallelogram if and only if 

a 0  =  1 =  /?7 -

P roof: (P, Q, P , 5 ) is a parallelogram if and only if 

5 P  II Q P a n d P Q  || R S  <=> den{SP, QR) =  l  =  den{PQ,RS) a/3 =  1 =  0'y. □

C orollary  1 .64 . If (3 =  den(SP,PQ) =  den(PQ,QR) in parallelogram 

(P ,Q ,P ,5 ) ,  then^ =  - 1 .
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P roof: By Proposition 1.63, 0^ =  I. If /3 =  1 , then S P  =  P Q  and 5 , P, Q 

are coUinear. Thus, /3 =  — 1. □

Definition: (P, Q, P , S) is a rectangle if aU four of its dengles are equal and 

den(PQ ,P5) ^  —1. P Q R S  is a rhom bus if all four sides have equal length.

By Proposition 1.62 and CoroUary 1.64, a rectangle is a paraUelogram with 

aU dengles equal to -1.

Lem m a 1.65. A rhombus P Q R S  is a parallelogram.

P roof: By Proposition 1.60, it suffices to show that r^(P) ^  R  where L  is 

the perpendicular bisector of QS.  WMA 5  =  — 1 , Q =  1. Then L =  1 and 

r^(z) =  —z. Since |1 — P p  =  |P  +  Ip  =  |P  +  Ip , we have P P  — P  — P  =  

R R  +  R  +  R  =  P P  +  P  +  P  and thus P  =  —P . Then r^(P) =  —P  =  P  ^  R.  □

Proposition  1.66.

i) The diagonals of a rectangle (P, Q, R, S) have equal length.

ii) The diagonals of a rhombus P Q R S  are perpendicular.

Proof: i) Since 1 5 - P p  =  | P - Q p ,  A {P ,S ,R )  ^  A ( Q ,P ,S )  by SDS. Thus, 

l P - P p  =  l S - Q p .

ii) Let {T} =  Q S  n PR.  By Propositions 1.58 and 1.59,

4 |Q -P p  =  |P - P p + |( 3 - 5 p  =  |2 (P -T )p  +  |2 (Q -T )p  =  4 ( | P - T p + | Q - T p ) .  

Since IQ—P p  =  IP—Tp+IQ —r p ,  QT  ±  P T  by the Pythagorean Theorem. □

Definition: A trapezoid is a quadrilateral with exactly one pair of parallel 

sides.
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P ro p o s itio n  1 .67 . If P Q R S  is a trapezoid with P S  || QR, then 

P + Q  R + S ^ \P -  +  \ R -  +  2(P  -  S){Q -  R)

P roof:

\P +  Q - R - S \ ^  =  {P +  Q - R - S ) ( P  +  Q - R - S )  

=  { P P - P S - P S  +  SS)  +  { R R - Q R - & : Q R  +  QQ)  

+ { P Q - S Q - P R  +  RS) +  ( P Q - Q S - P R  +  RS)  

=  |P  -  S f  +  \ R -  Qp +  (P  -  S ) ( Q ^ )  +  ( P ^ ) ( Q  -  R).

But (P  -  5)(Q  -  P ) =  (P  -  S){Q -  R) since P S  || QR.  □

Let D  € E, L a side of A {A ,B ,C ) .

D efinition: The intersection of L with the perpendicular from D to L is 

called the foot of the perpendicular.

T heorem  1.68. (The Nine-Point Circle)

Let a  he the orthocenter, r  the circumcenter and G the circumcircle of 

A { A , B , C ) .  Then the following nine points all lie on the circle H centered

. A + B  B + C  A + C
2 ’  2 ’  2 

... O' -h A  O' -j- B  C +  C7
~ T ~

iii) The feet of the three perpendiculars from A to BC, B  to AC, C  to AB.

P roof: WMA G =  S so that A, B, C  Ç.S and r  =  0. Then H  has center j  

and sqradius From the proof of Proposition 1.44, we know o =  A +  B  +  C.
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Thus,

(T A  -i~ B 2 C 2
1 <7 -f A <7 2 A

2  2 2
=  -- and 

4 2  2 2
1
4"

Let A be the foot of the perpendicular from A to BC.  Then A € BC., AA _L B C  

and a  €  AA. Let /x := . Now

-r2'-BC -  A
den(f ,A,BC) =  \

- A C  +  A B -  AB +  AC _
—A C  — A B  +  A B  -j- AC

Since AA is the unique line through A and perpendicular to B C ,  /xA =  AA.

Thus, (5A  =  B C )  J- (/i<r =  AA). Since \a — B ^  =  [A +  C p — \fi —

B p , A(/x, B , A) =  A(<7,B , A) by DSS. Consequently, |/x — Ap =  |<7 — Ap and
2

A =  — since A, /x, or axe collineax. Then
<7 4-/X <7 2

P 2 B C
2  2 2 2A

1
4

and A G B . By symmetry, the other six points also lie on B . □

B  is called the n in e-poin t circle o f  th e  triangle.

The line passing through the orthocenter, circumcenter, centroid ( if chax(F) 

^  3 ) and center of the nine-point circle is called the E u ler line of

the triangle. ( If A, B , C G §  as above, the four points axe A -f B  -|-

n +  A - t -B -k CG, 0, -----------   ,----------------- --------- --------- respectively which axe clearly collineax. )

Let zi , Z2, zs,  Z4 be distinct points of S. The nine-point circles of 

A ( z 2 Z3 Z4 ), A(z iZ 3 Z4 ), A(ziZ 2 Z4 ) and A(z iZ 3 Z4 ) axe centered at Pi =

Zi Z3 -i- Z4 Z i Z3 -t- Z4 Z i -1-  Z2 -t- Z4 ^1 +  ^2  +

 2 ’ =   2 ’ =   2   =   2-------

respectively and all have sqradius | .  Thus, P i, P2 , P3, P4 all lie on the circle

2=1 +  %2 +  Z3 -|- Z4
centered at with sqradius j ,  called the n in e-p o in t circle o f

th e  qu adrila tera l Z1Z2Z3Z4 .
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Given five distinct points zi,Z2 , 23 , 2:4 , G S, the n in e-p oin t circle o f  

th e  p en tagon  Z1Z2Z3Z4Z5 is the circle centered at ^ +  Z4 +  ■̂5

sqradius  ̂ and contains the centers of the nine point circles of the quadrilaterals

Z2Z3Z4Z5, Z1Z3Z4Z5, Z1Z2Z3Z5, Z1Z2Z3Z4.

There is such a result for each n-gon. The classical version of this infinite 

sequence of theorems is due to J.L. Coolidge.

Theorem  1.69. The three perpendiculars from the midpoints of the sides of a 

triangle to the tangents to the circumcircle at the opposite vertices meet at the 

center of the nine-point circle of the triangle.

Proof; WMA that the circumcircle of A (A BC ) is S. Then the center of

the nine-point circle is |  where a  =  A  +  B  C. Let M  be the perpendicular

from ^  ^  ^  to the tangent line L of S at C. Now ( || (OC) since

C  — 0 OC
=  - ^  =  2  S  E  S in ce 0C7 1  L , ( f )  ( ^ )  X  L.  T h u s , ( f )  ( ^ )  =

2 2

M  and ^ G M .  By symmetry, the three perpendiculars are concurrent at □

Definition: The centroid of m  distinct points P i , P 2 , . . .  ,Pm is

Pi +  P2   +  -Ft?
m

when char(F) ^  m.

T h eorem  1 .70 . Assume char(F) ^  n — 1. Let n distinct points lie on a circle. 

From the centroid of n — 1 of these points, drop a perpendicular to the tangent 

to the circle at the remaining point. These n perpendiculars are concurrent.

P roof: WMA the circle is § . Let t  =  P i -I- P2 +  • • • +  Pn- Let M  be 

the perpendicular from to the tangent hne L to S at Pn- Note that
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Il (O-P™) since (  ̂ | =  n -  1 G F. Since OPn JL L, we
, n—1 71—1

kave ( ; ^ l ) ( ^ )  1  i  and ; ^  € M. □

The classical version of Theorems 1.69 and 1.70 is due to M.B. Cantor. We 

will see more of these infinite sequences of theorems in the next section.
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2 . C onform ai G eom etry .

We now consider the action of PGI<2 (E) on =  E U {oc}.

Lem m a 2.1. P G L 2 {E) =  ( E ^ z  +  E, ) and P S L 2 {E) =  <  E+z +  

E, ^  > .

Proof: Let g{z) =  G P G L 2 {E) ( respectively P S L 2 {E)  ). If c =  0,

then g{z)  €  PGLg(E)oo =  E^ z +  E ( respectively P 5 Ii2(E)oo =  E+z +  E ). If

c f  0, then g{z) =  =  (z i-> (ad -  6c)z +  f  ) o ( ^ )  o (z M-cz +  d c c-̂ z +  cd c/ \ z / ^

c^z +  cd) is in <  E^z +  E, > ( respectively <  E+z +  E, ^  > ) .  □

R em ark: Note that the action of P G L 2  (F) on commutes with conjuga­

tion. That is, if  ̂€  PGL2 (E), then g o z  =  ~zo g.

D efin ition: An exten d ed  line in is L U {oo}, denoted L,  where L isE I J ’ ’

a line in E.

A m irror is a Euchdean circle or an extended line.

L em m a 2 .2 . P G L 2 {E)^ =  P G L 2 {E).

P roof: Clearly, P G L 2 {E) Ç PGL2 (E)~. Let g{z) =  G P G L 2 {E)^.

Then for all z G F,

az -1- 6 az +  b
cz +  d cz +  d

= >  (az +  6)(cz + d) =  (az -|- 6)(cz -|- d)

= >  acz^ -h (6c -f ad)z +  b d =  acz^ -t- (âd — 6c)z -f 6d

= >  ac, 6d G F and bc +  ad =  ad — be.
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If <i =  0, then be € F. Also c ^  0 since det(^) =  ad — he ^  0. Therefore,

A similar argument works if a =  0, 6 =  0, or c =  0. Thus, we may assume

o, 6, c, (f E . Since — =  = =  = and hc +  a d = a d  — he, we have
a e h d

— (be +  =  — (acf +  be)
cd^ ’ ’

b e 
b ~ c '

Thus, z  =  z =  z  =  =- In particular, ah, âd € F and g(z) =   ̂ =
a e c d ez +  d

is in PGL2{¥). □
acz +  ad

Lem m a 2.3. The PGL^ÇE.) orbit o f ¥  eontains all mirrors.

Proof; Since B  Ç PGI»2(E) acts transitively on lines and fixes 0 0 , clearly

all extended lines are contained in the P G L 2  (E) orbit of F. Since B  also acts

transitively on circles, it suffices to note that p(§) =  I where g{z) =  - — -  €
■2 +  1

PGL2{E).  □

Lem m a 2.4 . ^(F) is a mirror for g E P G L 2 {E).

Proof: Let E P G L 2 {E) and T(z) =  Now T~^ f - )  = 0 0 ,
cz +  a V c /

r~^(oo) =  —
C

1 - 1  f^\ . . mf \ _ IT. aw +  b a w + bNow 1Ü E  T  ̂(F) •<=» T{w)  E  F
ew +  d cw +  d

{ae — ac)\w^ +  (od — bc)w +  (—ad +  be)w +  [bd — bd) =  0 
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since w  ^  If — € F, then w £ T  ^(F) if and only if A(w — k) =  A(iy — k) 
c c _
_ _  —bd

where X =  be — ad  and k =  But

AF +  fc =  { x G E |  A(x — k) — X{x — fe) } =  T “ ^(F — —) U { =  r~^(oo) }.

Since T~^  ̂ =  oo, T~^(F) =  AF +  fc. If — ^ F, then w  € T “^(F) if and only

if

+  / a d _ j c \  + /  <̂_d +  bc\ _ ^ r b ^ ^  = 0 .  
\ a c - a c j  \  ac — ac J \ a c - a c .

a d - b e  ad -  be
Letting n  =  —— —  and m  =  —— — , we see that 

a c  — a c  a c  — a c

/iS +  m =  { ® G E j  \x — TTip =  |Ap } =  { z € E | z z  — mx — m x  +  mm =  fifi }

=  T - i ( F ) U {  —  = r - ^ ( o o ) }
c

=  T -I(F ). □

D efin itio n  Let z i, zg, zg, Z4 be distinct points in E. The cross-ra tio  of 

zi, Z2, Z3 , Z4 , denoted (zi,Z2 ,zg,Z4 ) is 5(z i)  where S  is the unique element of 

PGLi{K)  such that 5 '(z2) =  1, -S(zs) =  0, 5 (z4 ) =  00 .

T h eorem  2 .5 . The PGLzi^) orbit o /F  is the set of all mirrors.

P roof: Let C be a mirror and T € PGI<2 (E). Let zj, Z2, Z3 , Z4 E G be 

distinct and (z i , 22 , Z3 , Z4 ) =  5'(zi ). Then S~^ (F) is a mirror containing Z2, zg, Z4 

by Lemma 2.4. Since three distinct points determine a unique mirror, G =  

5~^(F). Thus, T(G) =  T  0  5 “^(F) is a mirror by Lemma 2.3. The result now 

follows from Lemma 2.3. □
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L em m a 2 .6 . The cross-ratio is invariant under PG L2 (E).

P ro o f; L et T  G P G L g (E ) . A s s u m e  5  €  PGLz(E)  w ith  S{z 2 ) =  1 , 5 '(z s )  =  0 , 

a n d 5 ( z 4 )  =  o o . Then SoT~^iT{z 2 )) =  1 , SoT-'^{T{z3 )) =  0 , SoT~'^{T{zi)) =  

oo . T h e r e fo r e , ( r ( z i ) , r ( z 2 ) , r ( z 3 ) , r ( z 4 ) )  =  5  o T ~ ^ ( T ( z i ) )  =  5 ( z i )  =  

( z i , Z 2 , Z 3 , Z 4 ) .  □

P r o p o stio n  2 .7 . Let z i ,  Z2 , zs, Z4 be distinct points in E. The cross-ratio 

(zi,Z2 ,Z3 ,Z4 ) G F if  and only i f  z \ ,  Z2, Z 3 , Z4 lie on a mirror.

P roof: L e t (zi,Z2,Z3,Z4) =  S '(z i) . T h e n  5 “ ^(F) is  a  m ir r o r  c o n ta in in g  

Z2, Z3, Z4 b y  L em m a  2 .3 . I f  z i ,  Z2, Z3, Z4 G C  w h e r e  C  is  a  m ir r o r , t h e n  

C  =  5 ~ ^ (F ) . T h e n  s in c e  Z4 =  5 ~ ^ (o o ) a n d  Z4 /  z i  G 5 ~ ^ (F ) , w e  h a v e  

( z i ,Z 2 ,z g ,Z 4 )  =  S '(z i)  G F. C o n v erse ly , i f  5 ( z i )  G F , th e n  5 ~ ^ (F )  is  a  m ir ­

ror  c o n ta in in g  z i ,  zg , z g , Z4. □

^  z  — 1
T h e  m a p  flf : §  i-> I g iv en  b y  g[z)  =  ---------- d e f in e d  in  t h e  p r o o f  o f  L e m m a

2 + 1

2 . 3  is  a  u s e fu l  to o l .  T h e  fo llo w in g  illu s tr a te s  so m e  o f  i t s  a p p lic a t io n s  to  n u m b e r  

th eo ry .

A p p lica tion s

1 ) F in d  a ll P y th a g o r e a j i  tr ip le s , i .e . ,  a ll (a , 6, c) su c h  th a t  a , 6, c  are  p o s it iv e  

in te g e r s  s a t is fy in g  .

Solu tion : S in c e  {ka,kb^kc)  i s  a  P y th a g o r e a n  tr ip le  fo r  a n y  P y th a g o r e a n  

tr ip le  (a ,  fc, c) a n d  p o s it iv e  in te g e r  k,  w e  m a y  a s s u m e  a , fc, c  h a v e  n o  c o m m o n  

d iv iso r . S in c e  c  ^  0 , +  fĉ  =  =  1. T h u s ,  th e  p r o b le m

c a n  e q u iv a le n tly  b e  p h ra sed  a s  fo llow s:
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Find all X +  it/ € Q(i) lying in the first quadrant of S and with x , y  G Q in 

reduced form.

Now [h =  : I h-f S is given by h{z) =  q——  • In particular, the set
1 — z

VF =  { i r j O < r < l ,  r a positive rational } maps onto the first quadrant of §.

So let ri  € W .  Then r =  — where q >  p >  0, {p,q) =  1. Then
?

1 +  ir 1 +  2ir — r  ̂ ^  ~  . 2pg
+  r  ̂ q ^ + ' ^

T h u s , t h e  P y th a g o r e a n  tr ip le s  a re  o f  th e  fo r m  (g^ — p ^ ,2 p g , g^ +  p^) w h ere

q >  p >  0 a n d  _ a re  in  r e d u c e d  fo rm . I f  d |(g^  — p^) a n d  d |(g^  +
g  +  g  +  p^

p ^ ), t h e n  d |2 g^ a n d  d |2 p^ ( th e  s u m  a n d  d ifferen ce  o f  g^ — p^ ,g^  + P ^ ) -  S in ce  

(p , g ) =  1, d =  2. B u t  g^ — p^,g^ +  p^ a re  b o th  e v e n  i f  a n d  o n ly  i f  p ,g  are  

b o th  o d d  s in c e  ( p ,g )  =  1 . A  s im ila r  a r g u m e n t sh o w s t h a t  ^ p g , ^ ^  =  1

i f  p , g  a re  b o t h  o d d  a n d  ( 2 p g , g^ + P ^ )  =  1 o th e r w ise . H e n c e  th e  P y th a g o r e a n

/  g^ “  P^ g^ +  P^ \
tr ip le s  are  o f  th e  fo rm  I — - — ,p g , — - —  j  fo r  g  >  p  >  0 , p , g  b o t h  o d d  a n d

(g^ — p ^ ,2 p g , g^ +  p^), g  >  p  >  0 , p , g n o t  b o t h  o d d . □

T h e  a b o v e  c a n  b e  g e n e r a liz e d  a s  fo llo w s.

2 ) F in d  a ll p o s it iv e  in te g e r s  (a , b, c) su c h  th a t  +  Xh  ̂ =  w h e r e  A is  a  

p o s it iv e  sq u a re -free  in te g e r .

S o l u t i o n :  W e w a n t t o  f in d  a ll x  iy/Xy  G Q ( i \ /Â )  ly in g  in  th e  f ir s t  q u a d ­

ra n t o f  S a n d  w ith  x , y  G Q  in  red u ced  fo r m . W ith  W  =  { iy/Xr  | 0  <  

r  <  1, r  a  p o s it iv e  r a tio n a l } ,  w e  a rg u e  a s  in  1) t o  se e  t h a t  a ll so lu ­

t io n s  are  o f  th e  fo r m  (g^ — A p^,2 p g ,g^  - f  Ap^) w h e r e  g  >  y/Xp >  0  a n d
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^ - axe in  r e d u c e d  fo rm . L e t (3 =  g c d (g , A ). T h e  s o lu t io n s  
+  Xp  ̂ +  Xj/

f  2 2 2 2 \

a r e  t h u s  o f  t h e  fo r m  ( ^ "2  ̂ — , ^  -  J  w h e n  p , g ,A  a re  a ll o d d  a n d

( è ^ ,  ÿ ,  o th e r w ise  w h e r e  , > V X p > 0 .

3 ) F in d  a ll p o s it iv e  in te g e r s  (a , b, c) su c h  th a t  — Xĥ  =  w h e r e  A is  a  

p o s it iv e  sq u a re -free  in teg er .

S o l u t i o n :  W e  w a n t to  f in d  a ll ® -|- y/Xy  €  Q ( \ /X )  ly in g  in  th e  f ir s t  q u a d ­

r a n t  o f  §  a n d  w ith  x ,y  €  Q  in  r e d u c e d  fo r m . W ith  W  =  { y/Xr  | 0 <  r  <  

1 , r  a  p o s it iv e  r a tio n a l } ,  w e  a r g u e  a s  in  1 ) t o  se e  t h a t  a ll s o lu t io n s  a re  o f  t h e

fo r m  (g^ -|- Ap^, 2 p g , g^ -  Ap^) w h e r e  g  >  y/Xp >  0 a n d  \  ^  _ a re  in
q^ — Ap̂  q^ — X jr

r e d u c e d  fo r m . C o n seq u en tly , (a ,  6, c) is  a  so lu t io n  t o  — Afĉ  =  i f  a n d  o n ly  i f  

(c , 6, a )  is  a  s o lu t io n  to  - f  A6^ =  c^.

D e f i n i t i o n  L e t C , D  b e  m irro rs  w ith  C  V\D =  { P^Q }.  C h o o s e  a n  e le m e n t  

g  G P G L 2 (E )  w ith  g[P)  =  00 a n d  g[C)  =  F . T h e  d e n g l e  f r o m  ( 7  t o  D  a t  Q  

i s  d e f in e d  t o  b e  th e  d en g le  fr o m  F  to  g{D)  — { 0 0 }  a n d  is  d e n o te d  d e n ((7 ,D ,Q ) .

L e m m a  2 . 8 .  The den(C, D, Q)  is well-defined and is a  P G L 2 (E )  invariant.

P roof: Assume g, h € PGIr2(E) with g[C)  =  F  =  h{C) and g(P ) =  00 =  

h[P).  Since B  acts transitively on E, there exists k Ç. B  with k{g 0 h~^(0)) =  

0 , A:(g o /i~^(l)) =  1. Since k o g and h agree on the three distinct points 

h ~ ^ ( 0 ) , 0 0 , we know h =  k o g .  Let X  ÿ^Y £ D  — {P } . Since A; G P ,

d e n (F , h{D)  -  { 0 0 } )  =  den{¥,  k 0 g{D)  -  { 0 0 } )  =   ̂ °  9 { X)  -  k o g { Y )
k o g { X ) - k o g { Y )

=  =  den{¥ , g{D)  -  { 0 0 } ) .
g { X ) - g [ Y )
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Thus, den(C,D,Q) is well-defined.

Let T  G P G L 2 {E) and X  Ç: G — {P}-  Let g éind h he in. P G L 2 {E) with 

g{X )  =  0 =  h{T{X)),  g{Y)  =  1 =  h{T{l)) , g{P)  =  00 =  h{T{P)).  Then

den{C,D ,Q) =  den(F,^(X>) -  { 00}) =  den(F, h o T(D ) — { 0 0})

=  den{T{C) ,T{D) ,T{Q)) .  □

R em ark:

i) Distinct m irrors C, D  are tangent if and only if C7 D D  =  {Q} if and only 

if  den(C7,D,Q) =  1.

ii) If Q € i  n M  where L , M  are lines, then den{L,M,Q)  =  den(L,M). 

(Since P  =  00 is the other intersection point of L  and M , den(L,M,Q) 

=  den(gr(L),^(M)) where g G PG IsCE)^ =  B.)

L em m a  2 .9 . If P  and Q are the intersection points of mirrors C  and D, then

den(C ,D,Q) =  den{C ,D ,P) .

Proof: Let R Ç. C  — {P, Q}, W  D — {P ,Q } .  Let gr be an element of 

P G L 2(E) satisfying g{P)  =  0,g(Q) =  oo,g{R)  =  1. Then h =  -  G P G L 2 {E) 

satisfies g{Q) =  0, g{P)  =  00 , g{R) =  1 . Thus,

d ^ { C , D , P )  =  ien (F ,3 (D) -  { 00}) =  i g i  = ^
g[W ) h[W]

=  den{¥,h{D)  — {oo}) =  den(C, D , Q). □

P ro p o s itio n  2 .10 . Let L be a line and C, D he mirrors.

i) If CC\D =  {P, Q} and L f \ C  =  {P } , then den(C ,D,P) =  den( L ,D ,P ).
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ii) If P  £ LC\C and C  is a Euclidean circle with center A, then den(C ,L,P)  

=  den( Tp{C),L) =  -den(AP,L).

iii) Let P  £ CC\D and C, D  be Euclidean circles centered at A, B  respectively. 

Then den(C,D,P)  =  den( Tp{C),Tp{D))  =  den(AP,BP).

P roof: i) By Lemma 2.8, we may assume that P  =  oo, Q =  0 and C7 =  F. 

Then den(C7,D,Q) =  den( F,Z>,Q) =  den( L,D,X)  where oo ^  X  £ L f ) D  hy 

Proposition 1.18. Thus,

d en {C ,D ,P )  =  den(C7,Z), Q) =  den{ L , D , X )  =  den{ L ,D ,P ) .

ii) By i), den(C,L,P) =  den(Tp(C),L,P) =  den(Tp(C7),L). By Proposition 

1.41(i), Tp{C)  1  AP.  Thus,

den{AP,L) =  den{AP,Tp{C))den{Tp{C) ,L)  =  -den{Tp{C) ,L) .

iii) By i) and ii).

d en {C ,D ,P )  =  den{Tp{C) ,D ,P)  =  d en{D ,Tp{C) ,P )

=  4« !(T p (0),T p(C )) =  den{T^{C),T^(D)).

By Proposition l .« ( ü ) ,  den(Tp(C),Tp(£>)) =  i ea {A P ,B P ) .  □

D efin ition : The refiection  about the mirror C  is gzg~^ where g £  PGZ,2(E) 

and g{F) =  C.

R em ark s:

i) Since PGL^iF)- =  P G L 2 {¥) and P G L 2 {¥) commutes with conjugation, 

reflections are well-defined: If yF =  h¥, then /  =  g~^h 6  PG I,2(F)p =  

P G i2 (F). Thus, pzfc-" = ( s / ) z ( / - ‘s - i )  = 3 5̂ - 1.
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ii) If L is a line, then r^(z) =  gzg where g Çl B  Ç PGZ<2 (E) and ^(F) =  L. 

Therefore, the reflection about Z, is If G is a Euchdean circle, then 

T^{z) =  /lo  ( i )  o h~^ where h G B , h{S) =  G. Let Q G §  — {±1}- Then 

A:(F) =  S where k~^{z) =  +  0  easy to check that

-  =  k o z  o k~^. Thus, r^(z) =  h o  {=) o h~^ =  {hk) o z o  {hk)~^ where 

hk{¥)  =  G. Hence, this deflnition of reflection about C  agrees with our 

Euclidean definition and will be denoted r^.

iii) Since the dengle between two mirrors is a dengle between two lines (after 

a change of coordinates), reflections invert dengles.

iv) E  G PG L 2(E), then =  g  ̂ o ° g- { Let h G PG I,2(E) be such 

that h{¥) =  g{C) .  Then

g  ̂ ° ^ ^ ^o{hzh  ^ ) o g  =  {g ^ h ) o z o { g  ^h)  ̂ = r ^

since {g ^h)(F) =  C. )

Let W  be the set of all mirrors in (i.e., the PG L2 (E) orbit of F).

D efin ition : A bijection ^ is conform ai E ^{W)  =  W  and (f>

preserves dengles.

The set of all conformai maps forms a group under composition, denoted 

C onf(Py.

L em m a 2 .1 1 . Let G  be a group acting on the set X .  If  H < G  acts transitively 

on X  and Hx =  Gx for some x Ç: X ,  then H =  G.
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P roof: Let g £ G. Since H  acts transitively on X ,  there exists h £ H  such 

that h{x) =  g{x). Then k~^g Gx =  Hx and g =  h{h~^g) £  HHx =  H.  □

T h eo rem  2 .1 2 . ConffP^ )  =  PGLg (E).

P roof: Clearly, PGLg (E) <  Conf(P^). Now Conf(P^) acts on the set X  

of all triples [x ,y , z )  of elements of P^ and PGZ,2(E) acts transitively on X .  

By Lemma 2.11, if  j  =  1 ( =  ), then P G £,(E )

=  Conf(P^). Let r  £  C'on/(P^)^p  ̂ Let P  €  E — F. Since r  fixes 0,1, oo 

éind sends circles to circles, r(F) =  F. Since den( F, OP ) =  den( F, Or(P) ), 

OP =  Or(P) and thus r (P )  £  OP. Similarly, r (P )  £ IP . Since P  ^ F, OP I P  

and therefore {P }  =  (OP) fl (IP) .  Thus, r (P )  =  P  for every P  E E — F.

Let Q €  F. Now L =  I +  Q is perpendicular to F at Q. Let a  G I — {0}. 

Then a  +  Q G L  — F so  r (a  +  Q) =  a  +  Q. Since r(L) is perpendicular to F and 

contains a  +  Q, t {L) =  L.  Thus, t(Q) G F fl L =  {Q}. Hence, r  =  1 . □

It follows from Theorem 2.12 that the group of bijections of P^ that either 

preserve dengles or invert dengles is <  P G L 2 {E),z > . For if ^ G Conf(F^) 

inverts dengles, then g =  <f>oz preserves dengles.

P ro p o s itio n  2 .13 . If Ç E+, then the subgroup of <  PG L2 (E),z >  gener­

ated hy reflections is contained in <  P 5 L2(E),z >.

P roof: Let ^ e  PGL^iE).  Then g~'  ̂ =  Since z o =

g~^ 0 z ,  w e  h a v e

=  [ : 1 ]  [ Ï V ]  [ ± Z 7 l - u ]
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Note that —ab+ah, cd —cdç .1  and thus {—ah +  ah){cd — cd) € F. Therefore,

0 ^  det(^5f“ )̂ =  {ad — bc){ad — be) — {—ah +  ab){cd — cd) 6  Ç E+ and we

have gg~^ o z  £  <  P 5 Z/2(E),z >. □

D efinition: If C, D  are two mirrors with P  €  C A D ,  then C  and D  are 

perpendicular ( denoted C _L D  ) if and only if den(C ,D ,P) =  —1.

P roposition  2 .14 . Let C, D  he distinct mirrors with P  Ç. C  C\ D.

i) C 1. D  if and only if r^(D) =  D  ( i f  and only if  r^(C ) =  C ).

ii) If D  is an extended line and C is a Euclidean circle with center Q, then 

C ±  D  if and only if Q £ D.

Proof: i) Let g € PGLzCE) such that g{P) =  oo and g(D) =  F. Then 

g ( 0 )  — L  for some line L. Therefore,

r ^ ( D )  =  D  g~^ °^g{C) ° 3 {D)  =  D  < = >  =  F  r ^ (F )  =  F

L ± F ^ L ± F «  ± ^ -^ (F )  ^  C L D .

n) C  L  D  -4=^ r^(C ) =  C  4=> Q € D  by Lemma 1.25(ii). □

D efin ition : Mirrors C  and D  are said to be o rth ogon a l ( denoted C  9  D  

) if and only if o has order two.

P ro p o s itio n  2 .1 5 . Let C, D he distinct mirrors. The following are equivalent:

i) D

ii) and r^ commute

iii) r^{C)  =  C.
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P roof; i) <=> ii):

ii) <=#- iii): Since o r^  and o r^ axe both elements of P G L 2 {E),

o  0 4= ^  o  r^{z) = r ^ o  r ^ ( z )  for all z  € C.

But o T^{z) = r ^ o  r^[z)  for all z G C* iff o r^(z) =  r^(z) for aJl z €  C iff 

r^(z) G C for all z e C  iff r^(C) =  C. □

Rem ark: If C, D  are distinct mirrors with C A D  ^  0, then C ±  D  if and 

only if r^(C ) =  C if and only if C #  D.

P roposition  2 .1 6 . Xei C = aS + b and D  = cS + d be distinct. C  '9 D  if and 

only if aâ +  cc =  |6 — dp.

Proof: First assume that 6 =  0. Let A =  aâ, fi =  cc. C Ÿ D  iff (r^ o

r  Ÿ{z)  =  z for all z G P^. Nowu'  ' ' E

Thus,

{ j h  +  ^) dz +  { n - d d y

(r o r  Ÿ {z )  =  ^ [dz+(/i-dd)] _  A^(z — d) — \d {dz  +  (/x — dd))
^ U + \ 7 - % ] + ( ^ - ^ ^ )  ^A(z -  d) +  (/. -  dd)(dz +  (m -  dd)) 

(A  ̂ -  Add)z +  (Ad^d -  A^d -  Ad/x) 

(Ad 4" /id — dd^)z 4- (/t  ̂ — Add — 2/idd 4* d^d^)
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Assume C #  D . Then, in péirticulax, ( r  o r )^(0) =  0. Therefore,

Xd^d — X^d — Xdfi =  Xd{dd — X — fi) =  0.

Since A ^  0, we have d =  0 or dd  =  X +  fi. If<i =  0, then (r^ o r^)^(z) =  z 

and thus (r^ o r^)^(l) =  1 gives Â  =  Since C ^  D,  A =  —fi and so 

X +  fl =  0 =  dd  as above.

Conversely, if A +  ^ =  dd, then

( \ 2   Xd{dd — X — fl)   0  Q
C ^  fi{̂ fi — dd) +  dd{dd — X — fi) fi{fi — dd)

Since (r^or^)^ E PGI<2(E) and fixes three distinct points, (r^or^)^ =  1 . Thus, 

C Ÿ D  if and only if  A +  ft =  |dp when 6 =  0. If 6 ^  0, consider g{C)  and g{D)  

where g{z) =  z — b. Since g{C)  has center 0, sqradius A and g{D)  has center 

g{d) =  d — b, sqradius fi, the above result gives ( 7 $ D i i f A  +  // =  |6 — dp. □

D efin ition  Points wi,W 2 , . . ■ ,Wn G are cocyclic  if there is a mirror in 

containing all of them.

L em m a 2 .17 . Let C i ,C 2 ,C z ,C 4: be mirrors in P^ such that Ci C\ Cz =  

{ z i ,w x] ,  C2 n Cs =  {Z2 ,W2}, C3 n C4 =  {Z3 ,wg}, C4 n  Cl =  {24, 104} and 

z\ ,  Z2 , zz, Z4 ,w \ ,W 2 ,wz,  W4 are all distinct. Then z\ ,Z2 ,zz ,  24 are cocyclic if and 

only if wi,u>2 ,wz,W 4: are cocyclic.

P roof: We may assume all of the mirrors axe Euclidean circles. (Choose a

74



Z4 -  Z l

_Z4 — W4.

Zl — Z2

.^ 1 — W\

Z2 — Zz

— W2_

23 -  %4

.-23 — IÜ3 .

point Q not lying on any of the Ci and conjugate it to oo). Let

R \  =  (Z4,W1,Z1,W4) =

R 2 =  {z\,W2,Z2-,Wi) =

Rz  =  {Z2,V)Z,ZZ,W2) =

R4 =  {zz,w^,z^,wz) =

Note that Ri  € since z i ,w i ,Z 4 ,Wi G Ci- Similarly, R z , R z , R i  G and

t k s  t f e  € FX. But

R 2 R4

Wi — W4

Wl - ^ 1 .

W2 — Wl

W2 - Z 2 .

Wz — W2

_Wz -  Zz_

W4 — Wz

W4 -  Z4

' z i  -  Zz' Z2 -  Z4 Wl — Wz W2 — W i

[ z i  - Z 4 _ ,Z2 - Z 3 _ Wl — W4 W2 — Wz_R iR z

=  (Z1,Z3,Z2,Z4)(W2,W4,W1,W3).

Thus, (zi,Z3 ,Z2 ,Z4) G F if and only if [w2 ,w^ ,w i ,wz)  G F. □

D efin ition : We say n  lines are in general p o s itio n  if no two are parallel

and no three meet at a point.

The intersection of two nonparallel lines is their Clifford p oin t.

Given three lines in general position, we obtain (j) =  3 Clifford points. The 

(Euclidean) circle through these three points is the Clifford circle.

L em m a 2 .1 8 . Let B , C , J , K  be distinct points of E, G the circle through 

B , C , J  centered at P  and H the circle through D ,J ^ K  centered at Q. If 

B K  =  D K ,  C K  =  J K  and P K  =  Q K ,  then B C  || D J .

P roof: We may assume B  =  —1 , i f  =  1, C G S. So 5  ̂ =  §  and P  =  0. Since 

£>1 =  F and g i  =  F, D ,Q  G F. Since D , J , K  G if ,  \D -  Qp =  | J -  Qp =

|1 -  Qp. Therefore, -  2DQ =  J J  -  { J +  J)Q =  1 ~  2Q.
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Since C l  =  J l ,  J  € (C — 1)F + 1. So J  =  C i — i +  1 , f €  F. Therefore, 

J J  =  Xt^ — X t  +  1 and J  +  J  =  —X t  +  2 where X  =  2 — C  — C. Thus,

- 2DQ =  l - 2 Q  =  Xi^ +  X tQ  - X t + 1 - 2 Q .

Since D^—2DQ  =  1—2Q, we have —2Q D +(2Q —1) =  0 and thus D  =  2Q —1 .

Now 0 =  Xt^ +  X t Q  — X t  =  X t ( t  +  Q — 1) and thus t  =  l  — Q ( X  =  0 = >  

(7 =  1 and < =  0 = >  J  =  1 ) and J  =  C — CQ -h Q. Since (7 €  S,

■"■I i - i "  ■ “  I ■  °

T h eo rem  2 .1 9 .

i) Let L i , L 2 ,L z ,L i  be lines in general position. The (g) =  4 Clifford 

circles of the triples { Li ,L j ,Lk  | l < i < j < f c < 4 }  intersect at a 

point (  the Cliflford po in t o/Ti,Z-2, ^ 3 ,-t'4 )■

ii) Let L i , L 2 ,Lz,L/^,Lz be lines in general position. The (®) =  5 Clifford 

points of the quadruples { L i ,L j ,Lk ,L m  \ l < i < j < k < m < 5  } are 

cocyclic (  on the Cliflfbrd circle of L \ , L 2 ,Lz,L/^,Lz ).

P roof; i) Let {zjfc} =  LjC\Lk, 1 <  j  <  k <  A and Cimn he the circle through

Zmn, zzm- By Lemma 2.18, den(C'i34,(7234) ^  1 and thus there exists a point 

Z34 ^  z E C134 n (7234- Now

L l O L z  =  { z i2,Oo}, Li D(7 i 34 =  {zi3,Zi4 },

L 2 n C234 =  {zzZfZzi}, (7i34 n  C234 =  {Z 3 4 , z } .
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Since oo, zi3, Z23,-̂ 34 € Lz, we know from Lemma 2.17 that z iz ,z i4 ,234, z axe 

also cocyclic. Thus, z  is in C124, the unique circle containing 212,214, and 

224. Similarly, we know 00,214,234,234 E L4 and thus 2 € C123. Hence, 2 E

C123 n C124 n C134 n C234.

ii) Define Zij, Cijk as in i) for 1 <  z < j < Â: <  5. Let Zkimn be 

a point in Ckim A Cimn A Ckmn A Ckin where l < k < l < m < n <  5 . 

Now Ci23 A (7i25 =  {212,21235}, C124 A C134 =  {214,21234}, Ci25 fl C145 =

{^15,^1245}, and (/134 n C135 =  {213,21345}. Also 212,214,215,213 € L i.  If

|{ Z1235,21234,21245, Z1345 }| <  4, then 21235, 21234, 21245,■̂ 1345 are cocycfic. Oth­

erwise, they axe cocyclic by Lemma 2.17. A similar argument shows that any 

four of 21234,21235, 1̂245, ̂ 1345, -̂ 2345 are cocyclic. Hence, all five axe cocyclic. □

Given fines L i, Lz, Lz, Lz, L q in general position, the 6 Clifford circles of 

the quintuples { Li, L j,Lk,Lm , L n \  l < z < j < f c < m < 7 i < 6 }  intersect at a 

point (the Clifford point of L i,L2,Lz,L4,,Lz,Lç).  These results axe part of an 

infinite sequence of theorems by W.K. Clifford.

T h eorem  2.20. Let D £ E and P, Q, R  be the feet of the perpendiculars from 

D to B C ,A C ,A B  respectively in A {A B C ). Then P ,Q ,R  are collinear if and 

only if D  is on the circumcircle of A {A B C ).

Proof: 1£ D =  C, then C =  P  =  Q and the result holds. Thus, we may

assume D   ̂ {A, B, C}.  Since D P  _L P B  and D R  i. R B,

=  den{DP, PB)den[ RB, DR)  =  1.
r p - B i ■ p - D l r p - D i r p - p i

. P - D . [ p - b \ . R - B . . R - D .
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Thus, (P, R, B, D) =  € F and P, R, B,  P  lie on a mirror G  in P^.

Similarly, P, Q, (7, P  lie on a mirror H  in P^ since D P  ±  P C  and D Q  ±  QC.

N o w G n A B  =  { B , R } ,  H D A C  =  {C ,Q } ,  G n H  =  { D , P } ,  and A B n A C  =  

{A,oo}. By Lemma 2.17, P , Q , R  are collinear iff P ,Q ,P ,oo  are cocyclic iff 

A, B, C, D  axe cocylic iff P  lies on the circumcircle of A {A B C ) .  □

When P, Q, R  axe collinear, the line through them is the S im son  line of P  

with respect to A {A B C ) .

Lem m a 2.21. Assume the circumcircle of A {A B C )  is S, P  € S — {A ,  B, C }  

and P, Q, R are the feet of the perpendiculars from P  to BC,  AC, A B  respectively. 

Then the equation of  the Simson line of D  with respect to A { A B C )  is D z —azz  =  

| ( P ^ + < 7i P  —<72 — ^ )  where <7i =  A-\-B +  C, <72 =  AB-\-AC +  BC,  <73 =  ABC.

Proof: Since P  ^ { A , B , C } ,  P  ^  Q. Thus, the Simson line is P Q  and its

equation is (P — Q)z  — (P — Q)z  =  PQ  — PQ.  From the proof of Theorem 1.68, 

2P  =  P  +  P  +  C ' - ^ a n d 2Q =  P  +  ^  +  C ' - ^ .  Thus,

P (P  -  C){B -  A)
A B C D
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4 { P Q - P Q )  =  { D ^ +  B D  +  C D - B C ) { D ^ + A D  +  C D - A C )

{D^ + B D  +  C D -  BC) { D + A D  +  C D -  AC)

=  A B C D  +  A B C D  -  A B C D  -  A B C D  -  BCD^ -  A C D  +  B C D

+  ACD^ +  A C ^ - B C - A C - B C  +  2A B  -  2AB

=  { A -  B) { C -  C D )  A { A -  B){CD^ - C ) +  {AB  -  A B ){C D  +  C D - 2 )

{A -  g )(D 2 -  {B -  A)(Z>2 _  c 2) (J?2 _  _  C f
CD2 A B C  A B C D

Thus, the equation of the Simson line is

D \ { D - C ) { B - A )  
2 [ A B C D  

1

. { C - D ) { A - B ) ^
 ̂ 2D ^

{ A - B ) { D ^  - C ^ )  { B - A ) { D ^ - C ^ )  {B^ -  A^){D -  C f ^
CD2 A B C  A B C D

2A B C D
Multiplying both sides by — — .  j r  gives the desired equation. □

{D — C) [ B  — A)

T h eo rem  2 .2 2 . Let L , M , N  ^ {A,  B, C }  he three distinct points on the circum- 

circle of A {A B C ). The three Simson lines of L , M , N  with respect to A {A B C )  

intersect if  and only if  L M N  =  A BC .

P ro o f: We may assume the circumcircle of A {A B C )  is S. By Lemma 2.21, 

the equations of the Simson hnes of L, M  with respect to A {A B C )  are

L z — a%z — — +  <7iL — <72 — ^ ) ,

M z  — <73Z =  —{M^ +  (Ti M  — <72 —
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respectively, where c i =  A +  B +  C, cr̂  =  A B  +  AC +  BC, C3 =  A BC .  The 

intersection, point t  of these Simson hnes thus satisfies

Lt — — +  <tiL — —) =  M t  — +  <j\M — tt)"
2  £/ 2 M

Therefore, {L -  M )t  =  \{L'^ - M ^  +  { L -  M)(Xi +  and t =  1(1 +  M +

(^1 +  T m )-

Similarly, the intersection point of the Simson lines o f M  and N  wrt A {A B C )  

is | ( M  +  N  +  <Ti +  Thus, all three of the Simson hnes intersect if and

o n ly if  =  4̂ ^ ÿ ^ i f a n d o n l y i f L M i V  =  <T3 . □

Corollary 2.23. Let A, B , C, L, M, N  be distinct points on a circle. Then the

Simson lines of the points L , M , N  with respect to A {A B C ) intersect if  and

only if  the Simson lines of A, B , C with respect to A { L M N )  intersect. In this

P  +  Qcase, all six Simson lines meet at — - —  where P ,Q  are the orthocenters of 

A {A B C ) ,  A { L M N )  respectively.

Proof: Assume the six points he on S. Then P  =  A + B + C  and Q =  L + M  +  

N .  From the proof of Theorem 2.22, the Simson hnes of L , M , N  wrt A {A B C )  

(andof A, B ,C  wrt A(LMiV) by symmetry) is | [ I /+ M + A + B + C +  □

T heorem  2.24. Let W  be a circle, A B C D  a quadrilateral with A , B , C , D  Ç.W  

and P  G W  — {A,  B , C , D } .  Then the feet of the perpendiculars from P  to the 

Simson lines of P  with respect to A { A B C ) , A { A B D ) , A [ A C D ) , A [ B C D )  are 

collinear (  on the Sim son line of P  wrt A B C D  ).

Proof: We may assume W =  §. Then the Simson hne L of P  with respect 

to A { A B C )  is P z  — crzz =  |(P^  +  o-iP — <72 — where <7% =  A +  B +  C, <73 =
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A B  +  AC  +  BC, <xz =  ABC.  The equation of the hne M with P  Ç. M  and 

M  perpendicular to L is P z  +  A B C z  =  P^ +  — . Thus, the foot Q of the 

perpendicular from P  to  L ( i.e., L fl M ) is

1 A iD(~l
— [3P 2 +  {A +  B +  C ) P -  {AB +  A C  +  B C )  +  ^ - ] .

Similarly, the foot R  of the perpendicular from P  to the Simson line of P  wrt 

A { B C D )  is

1 F}C*r)
— [3P 2 +  ( g  +  C +  B ) P - ( B C  +  C D  +  B D )  +  - ^ ] .

The line through Q and R  has equation

P^Z 4- T4Z =  [3P® +  TiP^ -  TgP +  TZ +

where tj =  j4. +  B +  C +  D, Tg =  A B  +  A C  +  A D  + B C  4- B D  + C B, Tg =  

B C D  +  A C D  +  A B D  +  ABC,  T4 =  A BC D .  But this equation is symmetric in 

A,  B, C, D  and therefore the other two feet also he on this hne. □

Theorem 2.24 is part of an infinite sequence of theorems named for Robert 

Simson. The following result initiates yet another infinite sequence of theorems 

involving Simson hnes. This sequence was discovered by M.B. Cantor. Its proof 

is similar to the above and is omitted here.

T heorem  2.25. Let A , B , C , D , P , Q  be cocyclic points in such that 

A , B , C , D  are the vertices of a quadrilateral. Then the four intersections 

of  the four pairs of Simson lines of the points P  and Q with respect to 

A { B C D ) , A { A C D ) , A { A B D ) ,  A {A B C )  are collinear (  on the Cantor line 

of P  and Q wrt A B C D  ).
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3. H yp erb o lic  G eom etry .

D efin ition: Let H =  E —F andD  =  — S. We will call H the p lane m o d el
E

and D  the disk m o d el of hyperbolic space.

Fix 7  G I. Then 0(H) =  — S where <j>{z) =  iJzJH  Also 0 G P G L 2 { P^ )

with inverse 0 “ ^(z) =  Recall that PGLziW) acts transitively on H (The­

orem 0.1) and thus 0 JPGL2 (F)0"^ acts transitively on ID since 0 is a bijection.

R em ark: Since 0  is an element of P G L 2 {E) and FGZ,2(E)p =  P G L 2 {Tj, 

0PGL2(F)0-i =  PGL2(E)^p^ =  PGL2(E)g.

Let y  := I  I B ,C  €  E, |B p  #  |C|» I  <  f % ( E ) .

L em m a 3 .1 . 0 PG L 2(F)0 “  ̂ =  U.

P roof: Given G P G i 2(F),

r 7  r ( d —a)-)'+6 7 ^—cl _  F—S - C l
L—I'̂ J L c J [(d -a)7-6 7 ^+c (o-(-d)7-67^-c J [ C B J

where B  =  —(a -|- d)7  — (6 7  ̂+  c), C =  {a — d)'y — 67  ̂ -t- c.

Now
I5p  =  ( - { a  -I- d)7  -  (6 7  ̂ -t- c ))( (a -1- d)7  -  (67  ̂ -|-c) ) =  - 2 Ÿ { a d  -  be),

\CŸ' =  ( (a — d)7  — 67  ̂ +  c )( - ( a  — d)7  — 67  ̂ -f c ) =  2'y^{ad — he).

Since a d -h e ÿ ^  0, |P p  ^  |C p and 0 PG L2 (F)0 -^ Ç U.

Let g{z) =  —= — G C/. By the above remark, it suffices to check that 
C z +  B

g{S) =  S. Given z  G §,

g(z)p(z) =
r - ( P z  +  c ) i - { B x  +  C)
_ C x +  B  _ Cx +  B

B B xx  4- B C x  4- B C x  4- C C  
C C xx  +  B C x  +  B C x +  B B  ^
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— lz — îüp
L em m a  3 .2 . The ratio  ----- —  = r  is preserved by P G L 2 CF) where z ,w  E

[z — z)[w  — w)

P ro o f; Let g{z) =  €  PGL^iTj. Then

Since g  € PGL^iX) thus commutes with z, g{z) — g{z). Thus,

- [  (g(-g) -g (^ ))(^ (^ ) - 9 { w ) )  ] ^  - ( g j  -  6c) ( z - w ) { z - w )  ^  - | z - w j
{g{z) - F W ) W ( w ) - g W )  M - 6c)2( z - z ) ( w - w )  ( z - z ) { w - w )

D efin ition : The hyperbolic d istan ce  between z , w  EM. is

. □

(z — z){w  — w)

The hyperbolic distance between X, y  G D is A (x ,y ) := A'(<^“ ^(x),^~^(y)).

Since A ' is invariant under PGZ,2 (F), A  is invariant under ^P G L 2 {¥)^ ^.

Ij; — ÿ |2
L em m a  3 .3 . A (x ,y ) =  -  jyp) ^  ®,2/ ^ 1̂» “  { 00} and A (x ,y ) =

i ; j ^  • / “= =  - •

P ro o f: If X, y G D  — {oo}, then

Thus,

-<l)~'^{y)\^ _  4 |x - y p  4(1 -  |x p )(l -  jyp)
{ 4 > { ^ ) - m m y ) - M )  f | z  +  iP |y  +  l |2 • f | x  +  l | 2 |y +  l |2

_
( l - | x P ) ( l - | y | 2 ) -
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If X =  oo, then ^ ^(y) =  and </>" (̂x)-(?!. ^(x)

Thus,

2
7 '

M ^ , y )  =  A _  - 1  _  1 ^
7 ^ | y  +  i p /  '  V 7 ^ l î /  +  i p  /  i - | y p  | y p - i '

Note that A (z, w) € F for all z, w € H since z — z , w — tZFGl — {0}. Also 

A (z , w)  =  A(tü, z) and A (z, w) =  0 if and only if  z =  w.

D efinition: Points A ,B  € D  axe conjugate in D  if and only if

4>~^{A),<i>~^{B) are conjugate in EL

Lem m a 3 .4 .

i) A '(z ,w ) =  —1 if  and only i f w  =  z.

ii) A {A ,B )  =  —1 i f and only if A ,B  are conjugate in D  if and only if

- I -

Proof: i)

A '(z ,w ) =  —1 (z — w)[z  — îü) =  (z — z)(w — w)

<=> zz — zw  — w z  4- ww  =  0

<==> (z — w)(z — w) =  0 4=> w =  z. 

ii) Assume A ,B  G D  — {0, oo}. Then 

A (A ,B ) =  - 1  A '{< j>-\A ),4>-\B )) =  - 1

- 7 ( 5  +  1) ' ' ' ' 7 (^  +  1)

( 5 - l ) ( A  +  l)  =  - ( A - l ) ( B  +  l)  

<=+ AB  — 1 =  —AB  + 1  4=>- AB  — 1 =  0 <=+ B  =  —. 
A
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If A =  0, then

A ( 0 , B )  =  —1 A' ( — =  —1 4 = >  <j>~ {̂B) =  — <=#- B  =  oo. □

Definition: Let A € - { - ! } ,  a G H, 6 ED. The hyperbolic circle with

sqradius A and center a in H ( respectively center 6 in D  ) is { z E  HI | A '(z, a) =

A } (respectively { z  E  D  | A ( z , 6 )  =  A } ).

P roposition  3 .5 . Let A E  F^ — { —!} , 6 E  HI.

i) { z  E D  1 A ( z ,  0) =  A } =  ( S

ii) { z  E HI I A ' ( z ,  6) =  A } =  cS +  d for some c E  , d E E.

ZZ
Proof: i) A ( z ,  0 ) =  A -<=*-  ----- = =  A <=>- A =  (A +  l ) z z  z z  =

A
A +  1

ii) Let C  =  {  z  E  HI |A ' ( z ,  fe) =  A } .  Then <f{C) =  {  w  E  D  | A ( w ,  ^ (6 ) )  =  A } .  

Since ^PGL2{^)4>~^ acts transitively on D  and preserves A ,  we may assume that 

(j>{C) =  { w E D  I A (w ,0) =  A } =  S. Thus, C =  S )  is a

mirror since <j>~̂  E  PGL2(E). But C  Ç  HI and oo ^ HI, so (7 must be a Euclidean 

circle. □

Rem ark:

i) Let IV  be a hyperbohc circle in D  centered at p and Q E W . Since 

U Ç PG L 2(E) and acts transitively on D ,  Proposition 3.5(i) imphes 

that VF is a mirror. Note that it is possible for a hyperbohc circle in 

D  to be an extended line. (If p E P  and g{Q) =  o o ,  then g{W ) is a 

hyperbohc circle centered at g{P)  and containing o o .
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ii) It is possible for two hyperbolic circles with diflferent centers to be equal. 

For example, if F =  F3 , then

{ z G H I A '(z, z) =  1 } =  {1  ±  i, —1 ±  i}  =  {z G H I A '(z, —i) =  1 }.

L em m a 3 .6 . Let A, B , C he distinct points o /D , C  7  ̂0 0 .

i) A (0, .4) =  A(0, J9) if and only if A A  =  BB.

ii) If A {0 ,A )  =  A (0 , 5 ) ,  then A {C ,A )  =  A {C ,B ) if and only if  OC J_ A B .

À Â . S S _____________________ __
P roof: i) ------- =  = ------- =  if and only if AA  =  B B .

 ̂ 1 - A A  1 - B B

ii)

A (C ,4 )  =  A (C ,B ) -  ( C - A ) ( C - A )
1 — AA  1 — B B

^  - A C - A C  = - B C - B C

- C { A  - B )  =  C {A  -  B)

L em m a 3 .7 . A '(z, 4.) +  A '(z ,4 )  =  —1 for all 4  G H. 

P roof: Let J? =  (z — z )(4  — 4 )  and X  =  z z  +  4 4 .  Then

A'(z,A) = ^ Az + A ^ - X  ^

A '(z .3 ) =  l.‘ - A ) ( ^ - A )  ^  X - J z - A z ^
R  R

Therefore,

A '(z ,3 ) + A '( z ,4  =  3;  -  Az ^  (A -  3 )(z  -  z) _  a
R  R
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T h eo rem  3 .8 . Let (7 =  { z G H | A '{z ,A )  =  A } , W  =  { z € H |  A '{z ,B )  =  

fl } where ^  B  €  H and A, /i €  — {—1}- Then C =  W  if  and only if B  =  A

and fl — —(A +  1).

P roof: 1£ B =  A, then C =  W  i£ and only if /* =  —(A +  1) by Lemma 3.7. 

Suppose C  =  W  and B ^  A. Working in the disk model, WMA A =  0. Since 

C =  W, pick Since B ^  0 0 , A ( 0 , P )  =  A =  A (0,Q )

and A ( B ,  P ) =  fi =  A ( B ,  Q), we have OB  ±  PQ  by Lemma 3.6(ii). Similarly, 

OB ±  P R . But then PQ  =  P R  and P ,  Q, R  are collinear. This is a contradiction 

since P ,  Q, R  determine the Euclidean circle C. □

R em ark: If A, B  G H with A  ^ { B , B }  and A G — { —1}, then | {z G 

H 1 A '(z ,A ) =  A =  A '(z ,P ) }  I <  2. ( C =  {  z G E  |A '(z,A ) =  A }

and D =  { z G E |A'(z, P ) =  A } are distinct Euclidean circles and thus

| C n D | < 2 .  )

L em m a 3 .9 . Let a ^ h  E l — {0}, A , / i  G F^ — { —1}.

Let C  =  { z  G E  I A ' ( z ,  a )  =  A }, W  =  { z  G E  | A ' ( z ,  6) =  fi }. 

i) For X, y  G E, A ' ( x , y )  =  A ' ( —x , y )  if and only if  x  G I  — { 0 }  or 

y  G I  -  { 0 } .

ii) P  E C if and only if —P  E C .

iii) I f t E C ^ W a n d C i ^ ' W ,  then C f \ W  =  { t , - i ] .
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P roof: i)

(—X — y)(—æ -  y) = XX + x y +  ^ + y ÿ

= x x - x y - x ÿ  + y ÿ = ( x -  y)(x -  y)

(x +  x)(y  +  ÿ) =  0 <=> X e  I  — {0} o r  y 6 I  — {0}.

ii) Since a 6  I  — {0}, A '(P, a) =  A '(—P ,a ) by i).

iii) Since a, 6 € I — {0}, —t G CD W.  So { t, —t }  Ç C  D W.  Note that I is or­

thogonal to both C  and W  since C  and W  are invariant under —z.  Consequently, 

the Euchdean centers a, 6 of C , W  respectively both he on I. If r G C D W, 

T ^ { t ,  —i  },  then r , t  G 1 since | C n W  | <  2. This is a contradiction to Lemma 

1.32(h). Thus, C n W  =  { t , - t } .  □

L em m a 3 .10 .

i) PGi,(F)^={ U.6€F, »,40or i#0}.

ii) (,^PGLj(F)r‘)o =
hi) Sz  acts sharply transitively on any hyperbolic circle in D  centered at 0.

P roof: i) Let g{z)  =  G PGLgfF). If z €  H, then g{z)  =  z iff

cz^ — (a — d)z — 6 =  0 iff p[z) =  —   - z -=  0 . Thus, g ^

iff ^  is a root of p(z)  iff ^ is a root of p(z).  But the unique monic

quadratic having roots { ^ } is So y ^  iff p(z)  =  ẑ  -  ^

iff o =  d and c =  bj^. Also

det(y) = a b 
bj^ a
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Conversely, assume without loss of generality that 6 ^ 0 .  If =  6 7̂ ,̂ then 

7  ̂ =  I2 € and 7  =  G F D (I — {0}) =  0. Thus, ^  6 7̂ .̂

ii) Let g  € PGL^iW). Since <^"i(0) /  f , W ^ ( 0 )  =  0 iff p ( ^ )  =  

Thus,

{4>PGL2{f)4>-^)^ =  <j>{PGL2{ri^)(f>-^

=  {  | a , 6 e F , a # 0 o r i # 0 }

_  I I <Z,6  e  F, a j é 0 o i 6 ^ o |

=  { J&7 ] | a , 6 e F , a 5̂ 0 o r 6 # 0 } .

Since p[a +  6 7 )2  =  6  Sz and p maps onto S, (<^PGL2(F)^“ )̂q =  Sz.

iii) Let C =  { m € ID | A(w, 0) =  A } =  /iS where p  =  Since S z  =  B ^  

is the group of Euclidean rotations with respect to /xS, the result follows from 

Lemma 1.27. □

P ro p o sitio n  3 .1 1 . I f  A '{z ,w )  =  A =  A '{x ,y ), then there exists g G PG L 2 (F) 

such that g{x)  =  z, g{y) = w .  i f  A G F^ — { —1}, then g is unique.

P roof: Now z =  w , x =  y if X =  0 and w =  z, y  =  x if X =  —1 . In either 

case, there exists a. g €  P G L 2 {¥) such that g{x) =  z by transitivity. If A =  — 1 , 

then g{y)  =  g{x) = z = w  since g commutes with z. Assume A G — { —1}. 

It suffices to show there exists h G 4>PGL2{F)4>~  ̂ such that h{c) =  a, h{d) =  h 

when A (a, 6) =  A =  A(c, d). Since <f>PGL2 {¥)<f>~̂  acts transitively onD , we may 

assume a =  c =  0. Then b,d  axe in C =  { A; G D | A(fe,0) =  A }. By Lemma 

3.6(iii), there is an element h G Sz such that h{d) =  b (and h(0) =  0). □
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L em m a 3 .1 2 . Let a, 6 G M with a ^ { 6 ,6  }. The unique g € PG I/2(F) with

g{a) =  b and g{h) =  a has order two.

P roof: Since A '(a, 6) =  A '(6 , a) €  —{ —!} , there is a unique g E P G L 2 (F)

with g{a) =  b, g(b) =  a  by Proposition 3.11. Now g  ̂ €  PGL^iF) fixes the three

distinct points a ,b ,a . Thus, g  ̂ =  1. □

D efin ition : A bijection r  : H i-> M preserving A ' is said to be an iso m etry  

of (H ,A ').

The set o f aJl isometries of (H, A ') forms a group under composition denoted 

Isom (n,A ').

The group Isom(D,A) is defined analogously.

T h eo rem  3 .1 3 . Assume F ^  F s. Let a, 6 €  I — {0} such that a ^ { 6 ,6  } and 

c E H  — I . If g Isom ( H, A ') fixing both a and b, then g =  1 if  g also fixes c 

and g =  —z otherwise.

P roof: Now A '(a,^(a)) =  A '(a ,a ) =  —1 g{a) =  â. Similarly, g (6) =  6. 

Let t G I — { 0 ,a ,a ,6 ,6  }. Then A '(a ,t) =  A, A '{b ,t) =  /x G F^ — { —1}. Note 

that { t ,g{ t )  } Ç C n W where C =  { z G H j A '(z, a) =  A }, W  =  {  z  E 

H I A '(z ,6) =  /X }. Since C ^  W  and t G I — {0}, C  C\W =  { i}  by Lemma. 

3.9(iii). Thus, g{t)  =  t for every < G I — {0}.

Arguing as above, we also have that g{x) G { z, —z } for all z G H — I. Let 

h =  g if g{C)  =  C  and h =  (—z) og  if g{C)  =  —C.  Then h fixes I —{0} pointwise 

and h{C)  =  C.  Let c 7  ̂ r G H — I. Now A '{h {r),c) =  A '{r,c)  7  ̂ A '(—r, c) by 

Lemma 3.9(i). Thus, h(r) =  r and h =  1. Consequently, ^ =  1 if g{C) =  C  and
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g =  —z otherwise. □

C orollary  3 .1 4 . Assume F 7  ̂ F3 , Then Isom( H ,A') =  <  PGI-2 (F ),—z >  

and IsomCü),/S. )  =  < 4>PGL2 {̂ <f>~̂  , z  >

P roof: Both PG I/2(F) and —z clearly preserve F and thus EL Since —z 

also preserves A ', <  P G P 2(F ),—z >Ç  Isom(EI,A') by Lemma 3.2. Let g 6  

Isom(H,A'). Let a, i  be in I — {0} such that a ^ {  6, 6}. Since A'(^(a),gr(6)) =  

A '(a, 6), there exists k G PGZ,2(F) such that &(p(u)) =  a and k{g{b)) =  6. 

Thus, k o g  =  l o x k o g  =  —z by Theorem 3.13. Consequently, g =  k~^ or 

g =  k~^ o  (—z) and p €  <  P G f,2(F), —z > .

It is immediate that Isom(D,A) =  <  ^PGL2( F ) ^ , z >  since <j> o (—z) 0 

<l>~̂  =  z. □

R.emarks:

i) S in ce- 1  G PG L 2(F), <  PG L2(F ) ,- z  > =  <  P G L 2 {¥) , z  >.

ii) We will use the two models o f hyperbolic space interchangeably from 

now on.

D efin ition: A reflection is a hyp erbolic  refiection  o f  El if and only if its 

mirror is orthogonal to F.

Equivalently, a reflection is a hyperbolic reflection of H if and only if L is 

(an extended) vertical line or a Euclidean circle centered on F.

By Remark(ii) above and Proposition 2.15(iii), hyperbolic reflections are 

isometries of (El, A').
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L em m a 3 .1 5 . If g., h £ Isom (M ,A' )  and g, h ^ PGL^iX)) thengh £ f  GZ,2(F).

Proof; Now PG L2 (F) has index two in Isom(BI,A'), so g~^,h  ^ PGI<2(®’) 

implies g~^PGL2iX) — hPG L 2 {W). Consequently, gh £  P G P 2 (F). □

In particular, the product of o of two hyperbolic reflections is in

PG L2(F).

Given two distinct points a,/3  G E, there is always a Euchdean reflection 

such that namely, let L  be the perpendicular bisector of a.^. We

now determine the conditions for the existence of a hyperbolic reflection taking 

a  to

P ro p o sitio n  3 .1 6 . Let a  ^  G BI.

i) There is a vertical line L such that r^(a) =  P if and only if aP  || F.

ii) Assume t  £ a.p D F and ex. ^  p . There is a Euclidean circle C  centered 

on F such that r^ {a ) =  P if and only if  —— j  £ Im (N ).

P roof: i) If exp || F, then the perpendicular bisector L  of a/3 is perpendicular 

to F cind thus L is a vertical line with r^^a) =  p. Conversely, if r ^ (a )  =  /3 

where M  is a. vertical line, then r^(a/3) =  a/3 and M  ±  exP. Thus, a/3 || F.

ii) Since den(a^,a/3) =  1, A =  ^— -  £  F ^ . Translating if necessary, we may

assume i  =  0. Let C =  aS +  b with 6 G F. Then r J z )  =  — \- b. Now
^ z — b

r^(a) =  P and r^(/3) =  a  
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CLCL , . . aOf .
<=>- =:— -  +  0  =  \ a  and — -  +  o =  a

a  — b Aa — b

-<=#- aa  +  6ct — 6  ̂ =  Aact — Xab and àâ  +  Xbcc — b̂  =  Aac? — ab

6  ̂ — (cï +  Xa)b +  (AacF — aa) =  0 =  6  ̂ — (Act +  a)b  +  (Actct — àâ).

If 6 0, then ct +  Act =  Act +  ct and (A— l ) ( a  —â ) =  0. Since ct E H— {/?}, 6 =  0.

Thus, r^ {z) =  ^  with r^(ct) =  yS iff aâ =  Acta iff r^ {z) =  - . But C  =

(A aa)§ +  6 is a circle if and only if Actct G Im(iV) if and only if A €  lm{N) .  □

In particular, if iV is surjective, then there is always a hyperbohc reflection 

taking a  to  /3 for ct ^  E H.

T h eo rem  3 .1 7 . If N  is surjective, then every element of PGL^fF) is a product 

of two hyperbolic reflections.

P ro o f: WMA 1 ^  e  PGLziTS). Choose ct E  H with ^(a) ^  {ct,a }. By 

Proposition 3.16, there exists a hyperbolic reflection such that p(ct) =  p(a). 

Thus, p o g{a)  =  ct and p  o g{a)  =  ct. Let t  =  <f>o p o  g o <j>~̂ . Now r fixes <j>{a) 

and 4>{ôï). By transitivity, we may assume ^(ct) =  0 so that t  fixes 0 and oc.

Let z  E  D  — {0, oo}. Then z ,r (z )  E  C =  { z E  D  | A (z, 0) =  z  }, a

  ̂ j is the

perpendicular bisector of zr(z) and r^(r(z)) =  z. Since r^ oT  fixes 0 , oo, and 

z,

o{r^or)o( j> =  (^ri o r^ o  4>){p og) =  r j ^ o p o g e  PGLzfF)

fixes a ,c t and <j>~̂ {x) where M  =  a<j>~^{x). Consequently, r ^  o p o g =  1 and 

g =  p o r ^ .  Since 0,oo E L, M  contains two conjugate points and must
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therefore be either a vertical hue or a circle centered on F. Hence, r , ,  is a'  M

hyperbohc reflection. □

D efin ition : A h yp erb o lic  m irror of the plane model is a mirror o f a hyper­

bohc reflection of BI intersected with EL A hyperbohc mirror of the disk model 

is <i>{G) where G is a hyperbohc mirror of EL

For convenience, we wfll refer to a mirror C  as being hyperbohc when we 

really mean El H G  is hyperbohc. In this notation, the hyperbohc m ir ro rs of 

El axe all mirrors of which are orthogonal to F. Therefore, the hyperbohc 

m ir ro rs of D  are all m ir r o r s  of P^ which are orthogonal to § .

L em m a 3 .1 8 . Let C  be a mirror in P^.
E

i) If C  is an extended line, then C is a hyperbolic mirror o /D  i f  and only

i/ o € G.

h) I fC  =  aS+b, then C is a hyperbolic mirror o /D  if and only if  act =  66—1.

P roof: i) G Ÿ S if and only if the center 0 of §  hes on G.

Ü) By Proposition 2.16, G Ÿ S if and only if aâ -H 1 =  66. □

R em arks:

i)  If 0 G a S  4 -6, then dâ =  66. Thus, it foUows from L e m m a  3.18(h) that the 

only hyperbohc mirrors of D  passing through 0 are lines. It also follows 

that the only hyperbohc mirror of D  of the form a S  is T.

Ü) Assume F ^  Fg and let G and H  be distinct hyperbohc m ir ro rs  of EL 

Since neither G nor H  contains more than two points of F, |Fn(GUH) | <
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4. Thus, there is a point i € F — (G U H ). By a change of coordinates, 

we may assume that t  is infinity. Then G  and H  are both Euclidean 

circles centered on F. Since PGL-^i^) acts doubly transitively on F, we 

may further assume G is centered at 0 and H  is centered at 1 .

The following is a more constructive proof of Theorem 3.17 but requires the 

additional hypothesis that F Ç E +.

T h eo rem  3 .1 9 . Assume F ^  F3 and F Ç E+. Then every element of P S L 2 {¥) 

is a product of two hyperbolic reflections. If, in addition, N  is surjective, then 

every element o f PG Lzf^) is also a product of two hyperbolic reflections. More­

over, if 1 ^  g =  Is in PGL2(F) for hyperbolic mirrors C  and D , then

i) g is parabolic if and only if C ,D  are tangent (at a point inW).

ii) g is hyperbolic if  and only if C Cl D  =  Ç}.

iii) g is elliptic if and only if C  C\D intersect in H.

P roof; Let 1 ^  51 € PGZ,2(F).

C ase 1. flr is parabolic.

Working in the plane model, we may assume g{oo) =  00 so that g{z) =  z-\-b, b E 

F. Let C  =  I + | ,  D  —1. Then G and D  are tangent at oo (and r . (z) =  —z + 6 ,H-i-5

^n(^) =  )•

C ase 2. ^ is hyperbohc.

Working in the plane model, we may assume g {0 0 ) =  00 and p(0) =  0 so that 

g{z)  =  az.  Let G =  { z | z z  =  a }  and D =  S.  (Now C 7  ̂ 0 since a €  F+ Ç
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Im(AT) if 5 G P S L 2 {¥)  and N  is onto otherwise.) Then C Pi £) =  0 (and

C ase 3 . g is elliptic.

Since F Ç E +, g  has two fixed points. Working in the disk model, we may 

assume these points axe 0, oo. Then g{z)  =  sz,  s  G §  (by Lemma S.lO(ii)). Let 

C  =  {s +  1)F, D  =  F. So C n D  =  {0, oo} (and r^(z) =  sz,  r^(z) = z ) .

Conversely, let 1 ^  gr =  ^  and D  hyperbolic mirrors. We may

assume C =  { z Çl ' E \ zz — d â }  and £> =  { z G E | |z — Ip  =  66 } or 

D  =  { z G E I zz =  66 }. Since g ^  1 ,C ^  D.  If C and D  are concentric,

then (7 n jD =  0 and z is in F^ z and is hyperbolic. Otherwise,

f \ 1 \ aâ{z - 1)
= i n +1 'c ° 'D(z)= n w n  ■

Now o r^(z) =  z ifiF ẑ  +  (66 — da — l ) z  +  aâ =  0. According to the 

classification of elements of PGIf2(F), is hyperbolic iff A  G F+, parabolic

iff A  =  0 and elliptic iff A  G F^ —F+ where A is the discriminant of the quadratic 

z  ̂ +  (66 — aa — l)z  +  aa.

On the other hand, z G CC[D iff zz =  aâ and (z —Z)(z —1) =  zz —z —z+ 1  =  66. 

Together these equations imply aâ — 6 6 + l  =  z +  z and thus z  ̂ +  (66 — dâ — 

l ) z  +  aâ =  0 (z =  ^  since z 0). Consequently, C , D  intersect at two points 

in H iff A  G F^ — F+. From the equation aâ — 66 +  1 =  z +  z, we see that C

and D  intersect in at most one point (z =   E. Thus, C  and D

intersect in exactly one point in F iff A  =  0 and axe disjoint iff A  G F + . □

R em ark: Let g =  where C, D  axe hyperbohc mirrors and F Ç E + . If
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g is elliptic, let C  and D  be as in the above proof. Then g{z)  =  sz  and det(g') 

=  s. Also den(D,C) =  den(F, (s +  1)F ) =  s. Consequently, g € PSL^iJ) if

and only if den(D,C) € S+- If ^ is parabolic, then g is always in P 5 i 2 (F).

The hypothesis that F Ç F f  in the above theorem was used to guarantee that 

all elliptic elements of PGL^iT} have fixed points. We now propose another way 

of fixing this problem. We define

U := { a  E F — F | dim^ ( F[a] ) =  2 } .

PG LziF ) (and P 5 L2(F)) acts on =  F U{oo} =  (F —F) UP^ with orbits 

U and Pp. U provides an alternate model for the hyperbolic plane in which all 

elliptic elements have fixed points. If F has a unique quadratic extension (e.g., 

F =  R  or F =  Fg ) then U =  E — F =  H.

T h eo rem  3 .20 . Let a 7  ̂6 € EL

i) There is a hyperbolic reflection flxing a and b which is unique i f  a ^  h. 

U  9 ^ Isom ( EIjA'j flxing a and b and a ^  b, then g is a hyperbolic 

reflection.

P roof: I f a  +  â  =  ô + ô, then we may assume a +  a =  6 +  6 =  0. Then 

r^(z) =  —z  fixes a  and 6 and has mirror I. Otherwise, the line ab is not vertical 

and thus is not perpendicular to F. Let L  be the perpendicular bisector of ab. 

Then by Lemma 1.9(iii), L fl F 7  ̂ 0. Translating if necessary, we may assume 

L n F =  {0}. By SDS, A(0, ^ , a )  ^  A(0, ^ , 6) and thus aâ =  66 . Then 

a, 6 €C ' =  { z € E | z z = a a }  and r^  is the desired hyperbolic isometry since 

the center 0 of C hes on F.

97



Let g -=T^]î a + â  =  6 + 6  and g =  otherwise. If a 7  ̂6 and h is a hyperbolic 

isometry fixing a and 6, then h~^g G f  GZ,2(F) by Lemma 3.15. Then h~^g fixes 

a, h, a and is therefore 1. Therefore, g =  h. This argument proves both ii) and 

the uniqueness of ^ in i). □

Given a 7  ̂ 6 G H, there is a hyperbolic mirror passing through a and 6 by 

Theorem 3.20(i). If a 7  ̂ 6, this hyperbohc mirror is unique and is denoted 

M (a ,6). The analogous statement holds for æ 7  ̂ ÿ g D .

L em m a 3 .2 1 . Let A, B  G O with OA 7  ̂QB and J5 7  ̂ = .  Let G  =  { z  \ |z—T p =  

| 5 —T p } 6e the unique Euclidean circle such that A, B  G and G is a hyperbolic 

mirror o /D . Then

^  B  — A  — B B A  +  B A A  
~  B A - B A  ■

P roof: Now |S  — Tp =  \A — Tp =  T T  — 1 since G is a hyperbohc mirror.

{ B - T ) { B  - T )  =  { A - T ) { A  - T )  =  T T - l  = >  B B - B T - B T  =  A A - A T - A T  =  - 1 .

Multiplying equation B B  — B T  — B T  =  —1 by A and equation AA — A T  — A T  =

—1 by —B, we get

B B A  -  B A T  -  B A T  =  - A ,  -B A A  +  B Â T  +  B A T  =  B.

Adding these two equations gives

T { B A  - B A )  =  B - A - B B A  +  BAA.

Since den(05,0A) 7  ̂ 1 , B A  ^ F. □
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Since isometries preserve orthogonality, the image of any hyperbolic mirror 

nnder an isometry is again a hyperbolic mirror. (Two such hyperbohc mirrors 

are said to be isom etric.) Also PG L 2 {¥) preserves the dengle between any two 

intersecting hyperbohc mirrors.

Consider the finite case with F =  F ,. Hyperbohc mirrors of H which are 

vertical hnes or circles centered on F and intersecting F have cardinahty q — 1, 

while the hyperbohc mirrors that are circles centered on F but not intersecting 

F have cardinahty In particular, the classical result that all hyperbohc

mirrors are isometric does not hold.

L em m a 3 .2 2 . Let L and M  be hyperbolic mirrors of D  with A^B Ç. L and 

A (A , 5 )  E F^ — { —1}. L is isometric to M  if  and only if  there exists P ,Q  Ç: M  

with A { P ,Q )  =  A {A ,B ) .

P roof; If ^ E Isom( D ,A ) such that g{L)  =  M , then A(gr(A),g(H)) =  

A { A , B ) .  Conversely, if there exists P ,Q  £ M  with A (P Q , = )A (A , H), then 

there exists g E  PGL^IX) such that g{P)  =  A and g{Q)  =  B.  Since there is 

a unique hyperbohc mirror through any two distinct nonconjugate points and 

A , B  E  L n g{M),  g{M) =  L.  □

If foUows from Lemma 3.22 that hyperbohc mirrors L and M  are isometric if 

and only if  they are isometric by an element of PGI»2(F).

T h eo rem  3 .23 . Let A , B , P , Q  E  D with d =  A(A, B), d =  A (P , Q) E  F^ — 

{ —1 }. M { A , B )  and M{ P , Q)  are isometric if and only if and are in 

the same coset of F+ in Im (N ).
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P roof; Since U acts transitively on D, we may assume A =  P  =  0. Since 

B  E { z € D  I A (z ,0 ) =  d }  =  { z € E | z z =  ^  }, E Im(iV). Thus, 

the cosets ^2+1)  defined. Now d =  A (P , 0) =  and

2^  =  B B . Note that

A { r B , t B )  =    f f 4 w  A (oo,tB ) =  ^
{ l - r ^ B B ) { l - t ^ B B y  ' ’ ' 1 - t ^ B B

for r, t G F. Since M { A , B )  =  J5F,

M{ P, Q)  is isometric to M { A , B )

d =  A(rJ5, tB)  OT d =  A(oo, tB)  for some r, t E  F

d B B { r - t y  d 1 ^
i n = ( r i B S - l ) =  "  =

Also

, F+ = I —---- I F+ ■<=>• - — -  =  I — ) for some x G F^ .
. d + i ;  ^ \ d + i y  d + 1  \ d  +  l

If M{ P, Q)  is isometric to M { A , B ) ,  then B B  =  ( 3^ )  ®

or X =  t ^ { B B y  for some r, t G F.

Conversely, if B B  =  x  ̂ ( i ^ )  some x G F^, then d =  =

A ( ( i ) Q ,0 ) .  □

C orollary  3 .2 4 . The number o / P G i 2(F) orbits of hyperbolic mirrors in D  is 

[ Jm(JV) :F+],

In particular, there are two isometry classes of hyperbohc m irro rs  in  the finite 

case.
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L em m a 3 .2 5 . Let G be a hyperbolic mirror in D, p G G, s G S . There is a 

unique hyperbolic mirror H with p Ç: H and den( G,H,p)  =  s.

P roof; We may assume P  =  0. Then G is an extended line and the result 

follows from Lemma 1.12. □

P ro p o s itio n  3 .2 6 . Let P  Q E C D W  where G =  { z G D  | A (z, A) =  A }, 

W =  { z G D  1 A (z ,5 )  =  p } ,  A i  { B , B }  and X,p  G -  { - 1 } .  If M  

is any hyperbolic mirror through P  and Q and L =  M { A ,B ) ,  then L =  { z G 

D  1 A (z, P ) =  A { z , Q )  }, L  9  M  and r^(P) =  Q.

P roof: We may assume A =  0. Then L =  OP. Since A (0, P ) =  A (0, Q) and 

A (P ,P )  =  A (P ,Q ), OP _L PQ.  Thus,

{ z G D  — { o o }  I A (z, P ) =  A (z, Q) } =  { z G D  — { o o }  | Oz JL P Q  } =  OP

and Z, =  { z G D  I A (z ,P ) =  A (z, Q) }. Since r^(P) G G H W  =  {P , Q} and 

P i L ,  r^{P)  =  Q.

If 0 G M, then M  is an extended line. Since P P  =  QQ, OP is the perpen­

dicular bisector of PQ  and thus L ^  M  and r^(P) — Q.  If 0 ^ M , then let 

R  be the Euclidean center of M .  If P  0, then by Lemma 1.32(ii) OP is the 

perpendicular bisector of PQ . Since OP J_ P Q  we have OP =  OP. In any case, 

P  G Z and thus L Ÿ M.  □

P ro p o sitio n  3 .2 7 . Assume F ^  F$.

i) If G is a hyperbolic mirror in D  with p G G, there is a unique hyperbolic 

mirror passing through p  and orthogonal to G.
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ii) Given p €  D, there is a unique hyperbolic mirror Tp such that every 

hyperbolic mirror through p  is orthogonal to Tp. Moreover, if H  ^  Tp 

is a hyperbolic mirror, then there’s a unique hyperbolic mirror through p  

and orthogonal to H.

P roof: We may assume p =  0.

i) Every hyperbolic mirror through 0 is an extended line. Thus, given any 

hyperbolic mirror G  with 0 € C?, there’s a unique line passing through 0 and 

perpendicular to G.

ii) By i), it suffices to consider a hyperbolic mirror G with 0 ^ G. Then G is a 

Euclidean circle with Euclidean center R. "iî then the unique hyperbolic

mirror peissing through 0 and orthogonal to G is Oil. There is a unique circle 

with i l  =  0 which is a hyperbolic mirror, namely T. But every hyperbohc mirror 

passing through 0 is orthogonal to T. □

Q uestion : Given disjoint hyperbohc mirrors G and H, when do they have a 

(necessarily unique) common orthogonal?

Assume F Fg. Working in the H model, we may assume G and H  are 

circles centered on F. If G and H  are concentric with center f, then the unique 

common orthogonal is the vertical line passing through t (by Proposition 2.16).

Otherwise, the only possible common orthogonal to G and H  is the circle K

i. a? — b̂  — X +  fi f  [a — b)  ̂ +  X —
with center -----—-------------  and sqradius 7/ =   ---- - 7  —— — — A where

2(a — 0) \  2(o — b) J

G has center a, sqr(A) and H  has center b, sqr(p) (again by Proposition 

2.16). It is not clear from the formulas that K  is nonempty. Specifically, why is
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T] nonzero and in the image of the norm map?

To make computations easier, we will further assume that a =  0 and 6 = 1 .

Since G  and H  are disjoint, r r  {z) =  — — -rG H'- ' z +  -  1 )
1 “i" A — /i db ^

is hyperbohc (Theorem

3.19) with fixed points z =  

F+.

G F where =  (/x —A —1)  ̂— 4A €

C laim . The fixed "points lie on K .

P roof: We need to show that

1 +  A — /i

Let æ =  1 +  A — Then z

(1 +  A — p Ÿ
- A .

and 8"̂ =  — 4A. Therefore,

1 +  A — /X 2 X

2 ^ 2 " ^
/ X  \2

~  \ 2 ~ V  ~  T ~
xz  +  z  ,

(1 +  A -  ( i f X
— A =  —— — A. 

4

But z — xz =
(x ±  J)

-  -
x ^ ± 2 S  +  S ^ -  2x 2 ^  2Sx

x2 — 4A — x̂
=  -A . □

4 4

C orollary  3 .28 . If G and H are disjoint hyperbolic mirrors, then the unique 

hyperbolic mirror passing through the fixed points of is a common orthog­

onal of G and H.

C orollary 3 .29 . If G and H are disjoint hyperbolic mirrors, then G and H are 

conjugate to t"wo concentric circles.

P roof: Since is hyperbolic, its fixed points he on F and thus the

common orthogonal of G and H  intersects F. Thus, we may assume the common
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orthogonal is I U {0} which imphes that G and H  are both circles centered at 

0. □

Unlike the classical case, it is also possible for G  and H  to have a common 

orthogonal even if they axe not disjoint. For example, let F =  F5 axid a  be a root 

of the quadratic +  2 , irreducible over F5 . Let G  be the vertical line through 

2 ±  a  and i f  =  S. Then G  Cl H =  {2 ±  a }  and the circle centered at 2 with 

sqradius -2  is the common orthogonal.

T h eo rem  3 .30 . If G and H  are hyperbolic mirrors intersecting in H and —1 G 

Im (N ), then T  is a common orthogonal of G and H .

P roof: Working in the disk model, we may assume the fixed points o f  

are 0 and 00 (since is elliptic by Theorem 3.19). Then G and H  are

extended lines passing through 0 and both are orthogonal to T  when T  exists. □

In the finite case for instance, there axe therefore three possibilities for distinct 

hyperbohc mirrors G  and H  :

i) If G and H  axe disjoint, they have a unique common orthogonal inter­

secting F (and conjugate to IU  {0}).

ii) If G and H  intersect in EE, they have a unique common orthogonal not 

intersecting F (and conjugate to T).

iii) If G and H  intersect in F, they do not have a common orthogonal. 

(Conjugate so that G and H  axe vertical lines.)

D efin ition: Distinct hyperbohc mirrors G and H wiU be called parallel if 

they intersect in F.
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T h eo rem  3 .31 . Every hyperbolic element of PGL^IX) con he written as a prod­

uct of two hyperbolic reflections if and only if the norm map is onto.

P roof: Let o €  . Then g{z)  =  az  is hyperbolic. If g{z) =  then G

and H  are disjoint m ir rors having common orthogonal l U  { 0 } .  But rgrjr(z) =  

( — ) z  where A is the sqradius of G  and fi is the sqradius of H.  Since A and 

are in Im(N) and N is a group homomorphism from a multiplicative group, we 

have a =  — G Im(N). Hence, N  is onto.

The converse was proved in Theorem 3.17. □

For instance, z  t-4 — z is not a product of two hyperbolic reflections when 

F =  R.

Even though disjoint hyperbolic mirrors G  and H  have a common orthogonal 

K ,  K  may intersect neither G  nor H.  (If G  and H  are concentric circles centered 

at 0, ÜT =  I may not touch either circle.) Nevertheless, if G and H  are disjoint 

hyperbolic mirrors having a common perpendicular K ,  then we can recover some 

of the classical theory. We can, for instance, deflne the distance between G  and 

H  in this case.

D efin ition: Let C  and D  be disjoint hyperbolic m irrors with a common 

perpendicular K  such that K  f \ C  =  {P } , K  D  =  {Q }. Change coordinates 

so that P  =  0. Then C =  cF, D is a circle centered at A G E satisfying sqr(D) 

=  AA  — 1 and K  =  OA. We define the hyp erbolic  d istan ce  firom C to  D  at 

Q as follows:

A (C ,D ,Q ) : = A ( 0 , Q ) =
1 - Q Q
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Moreover, cosh(A(C, D,  Q)) := 1 +  2A(<7, Z), Q).

Given a field K, consider the map from GLn{K) into K. given by A

—  ■ . . Given A €  tr(AA) =  Atr(A) and det(AA) =  A"det(A). I.e., the
CLCZyA J

map A  I— >■ factors through PGjLn(K). Let <j>n : PGL„(K) — >■ K  be
det[A)

the induced map.

Since both the trace and the determinant of a matrix are invariant under con­

jugation, 4>n{o) =  4>n{^) when a  and ^ are conjugate in P G L 2 {K).

Defiinition: The inversive p rod u ct o f hyperbolic mirrors C  and D  is 

and is denoted {C, D).

L em m a 3 .3 2 . Let a  =  [A], /? =  [5] be nonidentity elements of P G L 2 {K).

i) If ^  0, then P is conjugate to a  in P G L 2 {E) if  and only if  =

ii) If <f>̂ {a) =  0, then P is conjugate to a  in PGL2 (K) if  and only if4>^{ct) =

P roof: Note that det(A) =  det(AP) =  Â  det(B) for some A € 1EL(. if and

^  ^ d w e c m g n d  

a representative B of a  with det(A) =  det(B). Consequently, 4>^{a) =  <j>̂ {P) 

implies <r^(A) — 4det(A) =  tr^{B)  — 4 d e t(5 ). I.e, a  and P are conjugate in 

P G L 2 {K) by Proposition 0.5.

ii) Since € K +, we can find a representative B  of P with det(A) =

106



det(B). Since tr^{A) =  0 =  a  and /3 are conjugate in P G L 2 {K)  by

Proposition 0.5. □

Let K =  F5. Then K+ =  {± 1}. Consider g{z)  =  ^  and h{z) =  

Then tr^{g) =  0 =  tr^{h) but g and h are not conjugate in P G L 2 {K) since 

det(gr) =  1 € K f but det(fe) =  2 ^ K+.

T h eorem  3 .3 3 . Let C and D  be distinct hyperbolic mirrors o /P 5 Z(2(F). Then

i) I f C C \ D  =  { P} ,  then {C,D)  =  4cos^('y) where 7  =  den( C ,D,P) .

Ü) If C  and D  are disjoint and have a common perpendicular K, then 

(C7, D )  =  4cosh^(A((7, D, Q)) where Q €  D  H K.

P roof: i) By a change of coordinates we may assume (7 =  AS and D  =  

fiS +  d, d G F. Then

\ { z  -  d)
dz +  (/Li — dd)

( 0 , D )  =

On the other hand, applying the Law of Cosines (Proposition 1.56) to  

A(0, P ,d) gives (A  +  / i  — dd)  ̂ =  4 A/icos^(7 ) where 7  =  den(OP, Pd). Hence,

[C,D]  =  4cos^(7) =

where 7  =  den(C,D ,P).

ii) If C n £> =  0, change coordinates so that C =  cF, P  is a circle centered at

d 6  E satisfying sqr(P) =  dd — 1, K =  Od. Now r^{z)  =  r^(z) =  ^ —2 .
c z  — d

Therefore,

dz — 1
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Since Q G Od =  QF, d =  aQ for some a G F. Therefore, sqr(£>) =  \Q -  d\  ̂ =

QQ +  l
dd — 1 QQ — dQ — dQ =  —1 QQ — 2QQa =  —1 a

and d =  —. Thus,
2Q

r^ r
=  i

{QQ  +  l)z  — 2Q 
2Q z  — {QQ  +  1)

Since ^  =  den(OC,OQ) =  den(C7,ü:) =  -1, we have <?i(r^or^) =  '
GQ  I W  “

But 1 +  2 A { C , D , Q )  =  1 + 2
' QQ_' 
.1  -  QQ.

l ± Q Q  Q  

l - Q Q

R em ark s: i) If C D D  ^  0, then the proof of part i) of the above theorem 

shows that {C,D)  =  ^  • Thus, r^or^ G P 5 L2(F) iff det(r^or^) G

F+ iff { C , D ) e ¥ +  iff A/XGF+.

ii) It foUows from Theorem 3.33(ii) that 

cosh^(A(C, £>, Q)) =  cosh^(A{C,T>, Q)) where { Q , Q }  =  K V[ D .  I.e.,

A(0,C?) +  A (0 ,Q ) =  - 1.

D efin ition : A , B , C  G H  are cocyclic in  M if there is a hyperbolic m ir ror 

of H containing A, B,  C.

D efin ition : Let A, B,  C  be noncyclic points of H. The hyp erb olic  tr ian g le  

with vertices A ,B  and C  is M (A ,B )U M (B , C) UM(C7, A) and is denoted A B C .

Mirrors M { A , B ) ,  M{ B, C) ,  M{C, A)  are the sides of the triangle.

The oriented triangle {A, B, C)  is the triangle A B C  with dengles den( M{A,  B),  

M (B ,C ), B  ), den( M{B, C) ,  M{C,A) ,  C  ), and den( M{ C, A) ,  M { A , B ) ,  A  ).
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Note that no two vertices of a triangle are conjugate. ( If B  =  A, then B  G 

)

Triangles A B C  and P Q R  are isom etric  ( denoted A B C  =  P Q R  ) if there is 

a ^ in Isom(IHI, A ' )  such that p(A) =  P, g{B)  =  Q, g{C) =  R  and wecikly 

isom etr ic  ( denoted A B C  P Q R  ) if there is an h in Isora(Il, A ' )  such that 

h{M{A, B) )  = M { P , Q ) ,  h { M { B , C ) ) = M { Q , R ) ,  h { M i C , A ) ) = M { R , P ) .

(A, B, C)  is a right triangle if  (at least) one of its dengles is —1 .

L em m a 3 .3 4 . Consider {A, B , C ) .  

i) d e n ( M { B , C ) ,  M{C, A) ,  C  ) = - 1  =  den( M{C,  A),  M{ A, B) ,  A )  if  

and only if A, C  € T.

ii) If den( M [ B , C ) ,  M{C , A) ,  C  ) = - I ,  then A ( B ,C 7 )  =  A ( A , B )  if and 

only if  A, C  € T.

Proof: We may assume B =  0. Then M (A, 0) =  OA, M {0 , C)  =  OC and 

M{A,  C)  is a Euchdean circle with center R.

i) Now den( OC, M{C, A) ,  C ) =  —1 =  den( M (C, A), OA, A ) if and only if 

R  G (OC) n (OA) =  {0} if and only if M(A, C) =  T.

ii) Since den( OC, M (C ,A ), C ) =  - 1 , r^^(M (C,A)) =  M (C ,A ). Let 

W  =  { z G D  I A (0, z) =  A(0, A) }, a Euchdean circle centered at 0. Note 

that rg(;(A) G W  f\ M{C,  A) and r^^(A), A, C are distinct. Consequently, 

A (0 ,C ) =  A (A ,0 ) CG W 4=> W  =  M {C ,A )  ^  M { C , A ) = T .  □

P ro p o sitio n  3 .3 5 . In { A , B , C) ,  A {A ,B )  =  A (A ,C ) if and only if f3 =  r  

where ^  =  den(M{A,B) ,  M { B , C ) ,  B)  and r  =  den(M{B,C) ,  M (A, C), C).
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P roof; We may assume A =  Q. Then M (0, S )  =  OS, M (0, (7) =  0(7 and 

M { B , C )  is a Euclidean circle centered at R.

1£ R  =  0, then M { B , C )  =  T and both A(0, S )  =  A (0, (7) and /? =  r  =  —1 

hold. Assume R ^  Q. Let L =  OR. Note that t^[ M{ B, C) )  =  M { B , C ) ,  that 

S ,r ^ (S ) ,(7  €  G  and that S ,r ^ (S )  E W =  { z € D  | A (0 , z) =  A (0 ,S )  }. 

Since G ^  W, A ( 0 , B)  =  A(0, (7) <=> C  E W  r^ (S) =  C. (Since

r^((7) E G n W  when (7 € W, r^(S) =  B  implies that r^((7) =  C  and 0, S ,  C  

axe collinear.)

Now P =  den( OS, M (S ,C ), S  ) and r  =  den( M (S ,C ), OC, (7 ). Thus, ^ 

=  den( (h : jS ) ,  M (S ,(7 ), r^(S) ) and i  =  den( OC, M (S ,C ), C ).

If r^(S) =  C, then ^ =  den( OC, M (S , C), C ) =  ^ and /3 =  t . Conversely, 

assume (3 =  t . If r^ (S ) ^  C, then r^(r^(OS)) =  OC by the Essential Unique­

ness of Dengles Theorem. This can’t happen since 0 , S ,  C axe not collinear. 

Thus,/3 =  r  if and only if r^(S) =  C. □

P ro p o s itio n  3 .3 6 . (SSS) / / A (S ,Q ) =  A (A ,S ) , A { Q , R )  =  A (S ,C )  and 

A ( S ,S )  =  A (C ,A ) in P Q R  and A B C , then P Q R  ^  A B C .

P roof: We may assume Q =  B  =  0. Since A(0, P) =  A (0, A), there exists a 

g E U such that ^(0) =  0, g{A)  =  P . Let

y  =  { Z E D  I A (z ,0 ) =  A (0 ,P ) }, W =  { z e D  I A (z ,P )  =  A (P ,S )  }.

Since V ^  W  and R , C  £ V fl W, Proposition 3.26 implies that R  =  C  or 

T’op(C) =  R. In either case, A B C  =  PQ R. □
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P ro p o sitio n  3 .3 7 . (SDS) If A { A , B)  =  A(P, Q), A { B , C )  =  A { Q , R )  and /? 

=  den( M  {A, B ), M{ B, C) ,  B  ) =  den( M{P,Q) ,  M{Q,R) ,  Q ) in { A , B , C )  

and (P, Q, R), then (P, Q, R) is isometric to either [A , B , C) or {D, S , C ) where

{A ^  £>} =  (AB) n { z e D \  A { z , B )  =  A { A , B )  }.

If 13 =  - 1 , then { P,Q,R)  =  { A B , C ) .

P roof; We may assume B  =  Q =  0. Since A(0, C)  =  A(0, P ), WMA C  =  R. 

Since den(OA,OC) =  den(OP,OC), we know OA =  OP.

Since P  6  (OA) n  { z G D  | A (z,0) =  A (A ,0) } =  {A ,D }, A (P ,Q ,P ) ^  

A (A , B , C)  or A (P , Q, R) ^  A (B , B , C). If /? =  - 1 ,  then OA A OC and

A ,P ,r^^{A ) e  (OA) n { z €  D  1 A (z ,0 ) =  A (A ,0) }.

Hence, fg^(A) =  P . □

P ro p o sitio n  3 .3 8 . (B55 for right triangles)

If den( M [ B , C ) ,  M{C,A) ,  € )  =  - ! =  den( M{Q,R) ,  M { R , P ) ,  R  ),

A(A, B ) =  A (P , Q),  A (B , C)  =  A(Q, P )  and A (A, B ) ^  A (B , C) in (A, B , C)

and (P ,Q ,P ), then (A ,B ,C ) ^  (P ,Q ,P ).

P roof: We may assume B  =  Q =  0 and C =  R. Since

den{ OC, M{A,C) ,  C  ) =  den{ OC, M (P ,C ), C  ),

we have M(A, C) =  M (P, C) by Lemma 3.25.

Now A, P, r^^(P) E W =  { z E D  | A (z ,0 ) =  A (0, A) }. Since den( OC, 

M (A, C), C ) =  - 1 ,  we know A ,P ,r^^(P) E M (A ,C ). Since A (A ,B ) ^  

A (B , C), W ^  M (A, C) and thus r^^(P) =  A. □
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P ro p o s itio n  3 .3 9 . (DSD)

I f d e n ( M {A ,B ) ,  M {B ,C ) ,  B  )  =  den( M{P,Q),  M {Q,R) ,  Q ) ,  den( M { B ,C ) ,  

M {C ,A ) ,  C  ) =  den( M {Q ,R ) ,  M {R ,P ) ,  R ), and A ( B , C )  =  A { Q ,R )  

in { A ,B ,C )  and {P ,Q,R) ,  then {P ,Q ,R)  is isometric to either (A, S ,  C) or

P roof: We may asstime B  =  Q =  0 and C  — R. Since den(OA,OC) =  

den(0P,0(7), OA =  OP. Also M {C ,A )  =  M {C ,P )  by Lemma 3.25 since

den OC, M {C ,A ) ,  C  ) =  den{ 6c, M {C ,P ) ,  0  ).

Thus, OA and M (C, A) are distinct mirrors ( since 0 ^ M {C ,A )  ) containing 

both A and P . Thus, P  =  A or P  is conjugate to A in D . □

Two triangles in D  satisfying the data of D D S  are not necessarily even 

weakly isometric.

D efin ition: Let P i ,P 2 , . . . ,P n  be distinct points (called vertices) o f

H, no three of which are cocyclic in H. The union of the mirrors 

M {P x,P 2 ) ,M {P 2 ,Pz),  ■.. ,M {P n- i ,Pn) ,  M {Pn,P\)  (called sides) is a h yp er­

b o lic  n-gon, denoted P 1P2 • • • Pn-

(P i,P 2, . . .  ,Pn) win denote the n-gon with dengles 

d en (M (P i,P 2),M (P2 ,P 3)),.--,d en (M (P n _ i,P n ),M (P „ ,P i)) .

P ro p o sitio n  3 .4 0 . There is no rectangle in D.

P roof: Suppose (A, B, C, P)  is a rectangle in D. We may assume P  =  0. 

Now M (A, B) and M {B ,  C)  axe Euclidean circles with centers Q, R  respectively.
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Thus,

\ B - Q \ ^  =  Q Ç - 1  and |B - i2 |2  =  | C - =  A Â - 1 .  

Consequently, B B —B Q —B Q  =  —1 a.nd B B —B R —B R  =  —1 =  C C —C R —CR.

Since den(OC, M {B ,  C),  C  ) =  - l  =  den( OA, M{A, B),  A  ), we know R  E OC
  __

and Q  E OA. Thus, den(OC,OJ?) =  —=  =  1 and C R  =  C R.  Therefore,
C R

C C - 2 C R  =  B B  -  B R - B R  =  - 1  =  B B  -  B Q  - B Q .

Since den(OC,OA) =  den(OJ?,OQ) =  —1 , we know QR  =  —QR.  Since 

- 1  =  d e n { M { A ,B ) ,M { B ,C ) ,B )  =  den{QB,BR),

{B  -  R){B - Q )  =  - { B  -  Q){B -  R).  Thus, 

B B  — B R  — BQ  +  Q R  — — B B  +  B Q  +  B R  — RQ  

= >  B B - B Q - B Q  =  - { B B  -  B R - B R ) .  

In particular, C C  — 2C R  =  B B  — B R —B R  =  B B  — B Q  — B Q  =  —{B B  — B R -

BR)  and so C C  — 2CR  =  0. This is a contradiction since C =  2 R  implies that

\ C - R \ ^  =  R R t̂ R R - 1 .  □

D efin ition: The conjugate of the product of the dengles of the n-gon 

{P1P2P3 • • • Pn) is the d erea  of (P1P2P3 • • • P„).

L em m a 3 .4 1 . Assume P  E  M {B ,  C)  — {B ,  C }  in the triangle (A, P , C). Then 

the derea of  (A, P , C) is the product of the derea of (A, P , P ) and the derea of 

(A ,P ,C ).

P roof: We may assume P  =  0. Then Af(A, C) and M (A, P ) are Euchdean 

circles with centers P , Q respectively.
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Now the derea of (A, B, C) is the conjugate of

den{OA, 0C)den{6c,  M{A,  (7 ), C)den{M{A,  C), 6 3 , A) 

=  den{OA, OC){-den{OC, C R )) { -den{A R ,  OA)) 

=  den{OA,CR)den{AR,OA) =  den{AR,CR).

The derea of (A, B, P)  is the conjugate of

den{QA, OP)den(0P, M (A, P ), P)den{M[A,  P),OA, A)

=  den{OA, 0P )(—den(OP, PQ )){—den{AQ,  OA)) 

den{OA,PQ)den{AQ,OA)  =  den{AQ,PQ).

The derea of (A, P, C)  is the conjugate of

den{M{A,  P ) , P)den(PC,  M(A, C), C)den{M{A,  C), M (A, P ), A)

(-d en (P Q , P C )) { -d en {P C ,  CR)){den{AR, AQ))  

=  den[PQ,CR)den[AR,AQ).

Therefore,

dera(AT,PQ)dera(PT,C7P)den(AP,AQ) =  den(AQ, CP)den( AP, AQ)

=  den{AR,CR).  □

The analogue of Lemma 3.41 holds for any n-gon.

Consider (A, 5 ,0 )  in D. Then M {A ,B )  is a Euclidean circle with center R. 

Since \ A —R\^ =  \B —R\^, S =  en (A P ,5P ) is defined. Recall that [en{AR,BR)]^

=  d en(A P ,5P ). The derea of (A, 5 ,0 )  is the conjugate of

den(M (A, 5 ) ,  0 5 , 5)den(05,0A )den(0A , M(A, 5 ) ,  A)

=  {—den{BR, OB){den{OB, OA)){—den{OA, AR))  

=  den{BR,AR).
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Thus, the derea of (-4., J5,0) is den{BR,AR)  =  den[AR,BR)  =

B  -  R
D efin ition : The erea  of {A, B,  0) is &a.[AR,BR) =  —---- — where R  is the

A — it

Euchdean center oi M {  A, B).

Hence, the derea of [A, B,  0) is the square of the erea of {A, B,  0).

1 - Â B
L em m a 3 .4 2 . The erea of{A ,B,Q) is

1 - A B
R - B

P roof: The erea of {A, B,  0) =  —----   where R  is the Euchdean center of
R  — A   _

M {A ,B ) .  By Lem m a3.20, R = —— ^  . Therefore,
 ̂ ^  A B - A B

_ _ A - B -  À Â B  +  A B B  -  A B B  +  A B B

 1  ----------------------
^  A{1 -  AB)  -  B { 1  -  AB) ^  [A -  B ) { 1  -  AB)

A B - A B  ~  A B - A B

Similarly, JZ -  4  =  Thus, ^  "^1. □
A B - A B  R - A  1 - A B

Lem m a 3 .4 3 . The erea o / (if(B),üC(G),G) and the erea o /(4 ., B,G) are equal 

where h{z) =  = -  ^
A z  — 1

B  — A
P roof: Now fe(G) =  A  and k{B)  =  = — . By Lemma 3.42, the erea of

AB  — 1

(fc(B), A:(G),G) is therefore

1 -  k{B)k{0)  V  4 B  -  1 J  \ A B  - 1 - Â B  +  A Â  

Â B - 1  1 - A B  _
4 B - 1  “  1 - 4 B '

I.e., the element k{z) =  = — — E U preserves the erea of (4 , S,G).
Az  — 1

D efin ition: The erea  of {P ,Q ,R)  is the erea of (g(P),p(Q),G) where g e  

U,g{R) =  0.
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L em m a 3 .4 4 . The erea of (P, Q, R) is well-defined.

P roof; Since [P ,Q ,R)  =  {Q ,R ,P ) ,  the definition of erea depends on both  

the vertex sent to 0 and the element of U sending it to 0. Let V , W  ^ {P, Q, R} .  

Let g ,h  ^ U such that ^ (y ) =  0, h[W)  =  0. If y  =  W ,  then g o h"^(0) =  0 and 

so ^ o  h~^ £ Sz  <  B.  Since B  preserves ratios, it preserves erea. Thus, h and 

g =  t  o h, t  E B  give the same erea.

If y  9  ̂ W ,  let k(z)  =  =  Then k o g o h~^ E B  and h — t o k o g
g { W ) z - l

where t E P . Thus, h and g give the same erea by Lemma 3.43. □

N ota tio n : In [A ,B ,C ) ,  let a  =  den( M {C ,A ) ,  M { A ,B ) ,  A ) ,  ^  =  den( 

M (A, P ), M (P , C),  P  ), 7  =  den(M (P, C), M{C, A),  C )  and f  be the erea of 

{A, P , C). Also let a =  A (P , C), b =  A(A, C) and c =  A (A , P ).

We define cosh(c) =  1 +  2A{A,  P ).

T h eorem  3 .4 5 . (First Cosh Law)

/n ( A , P , C ) ,

cosh(c) =  cot (a) cot(^) +  —
sin(a) sin(/3)’ 

P roof: Now

cot(a)cot(^) +  . +  +
sin(a) sin(/3) (a  -  l)(/3 -  1) (a  -  l )(/3 -  1 ) '

We may assume C =  0. Let D be the Euclidean center of M {A ,B ) .  We know 

0 #  |P  -  A|2 =  IP -  P|2 =  P P  -  1, AÂ f  1 ^  P P , A B  f  1. Also

- A { D  - A )   ̂ - P ( P  -  P )  AB
A ( D ^ )  ’ “  P ( P - P )  ’ ^ ~  Â P '
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From Lemma 3.42 and its proof,

^  I z M ,  D - B  =  D - A  =  ( d - a Ü j #
\ - A B  A B - A B  A B - A B

Thus,

A { A - B ) { 1 - A B )   ̂ B { A - B ) { 1 - A B )  , A B  +  A B
»  =  --T- -  ^ +  ̂ ---------I E —

a —1 =

/?

A { A - B ) { 1 - a b Y

{ A B - - Â B ) { \ - A l )
A{A -  5 ) ( 1  ■- A B )

A B - AB){1 - B B )

_  2A Aj l  +  B B )  -  {AB  +  AB){1  +  AA)  
A ( A ^ ) { 1 - A B )

B { A - B ) { 1 - A B ) ’ B { A - B ) { 1 - A B )

Now

i  +  2A ( a b )  - ------------------ ( i _ ^ i K i - s s ) ----------------

1  +  A A ^ - B B  +  A A B B  -  2AB -  2AB  
(1 -  A l ) ( l  -  BB)

Note that

[2A%(1 +  B B ) -  {AB  +  AB){1 +  ÀÂ)][ -2BB{1 +  Â I )  +  [AB  +  AB){1  +  BB)]

=  -4:AABB{1 +  ÀÂ ) { 1  +  BB) +  2BB{1  +  AÂ )(1  +  A l ) { A B  +  AB)

+  2AA(1 +  B B ) { 1  +  B B )(A B  +  AB)

-  2{AB +  Â B ){Â B  +  AB){1 +  AÂ){ 1 + B B )

=  [ - 4 A Â B B  -  AA^A^BB -  AAAB^B^ -  AA^Â^B^B^ ]

+  [ 2ABB^ +  AA^JBB^ +  2A^A^BB^ +  2AB^B +  AÀÂ^B^B +  2A^Â^B^B ] 

+  [ +  AAÂ^'b^B +  2 Â É B ^ B ^  +  2 A^ÆB +  AA^'ÂBB'' +  2 À^ÂB^B^ ]

+  [ - 2 Â Â B B  -  -  J^B^ -  2A^Â^BB -  ÀÂ^B^ -  A^Â{B)^

-  2AAB^B^ -  Â^B^B -  A^B~É -  2A^Â^B^B^ -  AA^B^B -  A ^ A B B %
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So

P : =  -  [ 2AÂ{1 +  B B )  -  {AB +  AB){1  +  AÂ) ]

[ - 2 B B { 1  +  AÂ)  +  (ÂB +  AB){1 +  B B )  ]

=  6 A Â B B  +  6 AAB^B^ -  SÀI^B^B -  2AÀ^B^B^ +  AÂ^B^B +  QA^Â^BB 

+  6A^Â^B^B^ -  SA^ABb"^ -  2A^A^B'^B -  2A^ÂB^B^ -  2A^ÂBB^

-  2A^Â^BB^ +  A^JBB^  +  A^ÂBB^ -  2ABB^ -  2ÂB^B -  2AJ^B

-  2A^ÂB +  ÀA^B^ +  Â^B^B -  2A^ÂB +  A^BB^ + Â^B^ +  A^B^.

Thus,

- ( a  +  l ) ( /3  +  l )

'2AA{1 +  B B )  -  {AB  +  AB){1 +  AA)' -2 B B {1  +  AA)  +  {AB  +  AB){1  +  BB)'
[ A { A - B ) { 1 - A B )  \ L B { A - B ) { 1 - Â B )

A B {A  -  B){A  -  S ) ( l  -  AB)^

New

2 { A B +  ÂB){1  -  AB)
2 (7  +  l)a(3S =

AB{1  -  AB)
2{AB  +  AB)(1 -  AB){1  -  AB)[A  -  B){A -  B)

AB{A  -  B ) { Â ^ ) { 1  -  IB )2  

{2AB  +  2ÂB)[ { 1 - A B - Â B  +  A Â B B ){A Â  +  B B - Â B -  AB) ] 
AB{A -  B ) { T ^ ) { 1  -  Z 5 )2

Q
A B {A  -  B){A -  B )( l  -  AB)2

where

Q := {2AB +  2AB)[ AA +  B B - A B - A B -  A^ÂB -  ABB^  +  2À ÂB B  +  A^B^

-  AÂ^B -  ÂB^B  +  Â^B^ +  2ÂB +  A^Â^BB +  AÂB^B^

-  Â É B ^ B  -  A ^ Â B B ^  ]
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6TT

■( g y -a v  )( a v-av  ){avz - avz - aavy + aa + vy + ) =

( ggzF -  zŜ y -  savyz )( avz -  avz -  aavy + aa + vy + i) =

^ a y z  +  ^ a a v z v z  ~  + K z S ^ y v z -

^ a a v y  -  a ^ a ^ v y  -  ^ a ^ a ^ y y z  +  ^ a a z V  -  a ^ a ^ y  -  ^ a z a y v z +

zi3)yzV-z3z^v-3a^yzvz +^gzV-z^zy-Ksyvz = x

. iav -  ay)iay -  av){aa -  i){yv -  t )  ( t - é / ) ( t - ® )

X  (^£/»)(T +  ^)z +  (T +  £/)(! +  » ) -

‘snqx

. {ay-i){a-v)aiav-i){a-v)v _ 
iaa - i){av -  ay){vy -  i){ay-av)

\aZ^~ ~ zS.zVZ +

sffgZs +  S - ^ z V - K z S ^ y  -  z S ^ y v  -  ^ a a y y  -  z iK ) y z V  ~  z ^ ^ y z v z  -  

zU.zQ̂ y  ̂+  aSzyzVz+ Kza ŷv -  Kza ŷvz -  ^gzayvz + aayvz =

d + {ay-i)d  =  X
3I3T[JS4.

ziav - i){a-v)ia - v)av
X =  i»£/»(T +  +  (T +  £/)(! +  » ) -

■[ K z S ^ y v 9  +  ^ a z a ^ y v z  +  a ^ a ^ y v z  -  ^ a ^ a y v f  -  K z a ^ y z V z  +  

S - z a ^ z y ^  -  z ^ z a y z y z  +  g g a r ^ y g  +  a a ^ y z y ^  -  ^ a a y z v z  +  

z a a ^ y z  +  a a y y ^ ^  -  f f s f f -  z a ^ " ^  ~  ^ a y z  -  z { a ) y z v z  -  

Kzayz +  âavz +  a^yyz +  avzyz +  zâ yz -  ^ayz -  ĝzvz +  â̂ yz ] =



Thus, 

1 Â.A. +  B B  4" A.Â.BB — 2AB  — ^AB 
(1 -  ÀÂ)[ \  -  B B)  

X □
(1 -  AA){1 -  B B ) {A B  -  A B ) {A B  -  AB)

Note that (a  +  +  1)  ̂ — (a — — 1)  ̂ =  4(a  +  /3)(1 +  a/3) and

=  y -

Thus,

(sinhc)^ =  (cosh c)  ̂ — 1

_  ' - ( g  +  l)(j8  +  1) +  2 (7  +  l ) a p S  ^
(a  -  1)(^ — 1)

_  (a +  1)2(/3 +  1)2 -  (a  -  l)^(/3 -  1)  ̂ -  4 (a  +  l)(/3 +  1 )(7  +  l)a ^ J  +  4 (7  +  l)2a2/)2f
( a - l ) 2 ( / 3 - l ) 2

4 [ (a +  B ) ( l  +  a/3) -  (a  +  1){0 +  1)(7 +  l)ccPS +  (7  +  1 )2 ^  j

( a - l ) 2 ( ^ - l )2 •

We therefore have the following hyperbolic trig formulas.

. .  ,  - ( a  +  W + l )  +  2 h + l M f
=  ------------( a -  i ) ( / J - l ) ------------

ii)

4 [ ( o + « ( l + a / 3 ) + { 7  +  l ) 2 ( ^ ) - ( a + l ) ( ^  +  l ) ( 7  +  l ) a / 3 i ]

The analogous formulas hold for sides a and b.

In the classical case, a hyperbolic triangle is determined (up to isometery) by 

its dengles.

N o ta tio n : In (A ,B ,C ) ,  let a i =  den( M {C ,A ) ,  M {A ,B ) ,  A ), /3i =  

d e n ( M ( A ,S ) ,M (B ,C ) ,B ) ,  71 =  den(M (B ,C ), M(C,A),  C )  and be the
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erea of {A^B,C).  In (P ,Q ,i2), let =  den( M { R ,P ) ,  M {P ,Q) ,  P  ), P2  =  

d e n {M {P ,Q ) ,M {Q ,R ) ,Q ) ,  72 =  den(M (Q,i2), M {R ,P ) ,  R )  and <̂2 be the 

erea of (P, Q, R).

If «1  =  0=2 , Pi =  P2 and 71 =  7 2 , then

(^1)̂  =  — ^—  =  — 3   =  (<̂2^-o-iPili OL2 P2 I 2

Thus, =  ±  2̂-

T h eo rem  3 .4 6 . If all the corresponding dengles of {A, B,  C) and {P, Q, R) are 

equal, they are isometric if  and only if their ereas are equal.

P roof; If =  6 2 , then

by the First Cosh Law. Similarly, A(jB, C)  =  A(Q, R) and A(A, C) =  A (P , R). 

Consequently, the two triangles are isometric by SSS.

Conversely, if the triangles are isometric then =  8 2  since isometries preserve

erea. □

If at least one of a i, Pi,  71 is a right dengle, then {A, B, C)  and (P, Q, R) are 

weakly isometric (but not necessarily isometric). For we may assume 71 =  —1 . 

Then by the First Cosh Law,

Thus, A { A , B )  =  A(P ,Q) and { A ,B ,C )  {P ,Q ,R)  by DSD.
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One can still hope that if none of the dengles of [A, B, C)  are right dengles, 

then the derea is determined by the d en ies. We now investigate this possibility.

Continuing with the notation above Theorem 3.46, we may assume C =  0 =

AB PQ
R.  Suppose that 7x = 7 2 -  Then 71 =  =  72 by (the proof

Q ~ÂBP B P
of) Lemma 3.42. Consequently, p(Q) =  =  =  - =  p(—r-)- SinceJ 'I rv-»/ Q A B f  A ’

XPB
ker(p) =  , Q =  ——  for some A G .

A

Conversely, given a triangle {A, B, O), for any O ^  P  G D, (P, O) is a 

triangle with 71 = 7 2 -

The question thus becomes

Given (A, B, O), when can we choose a P  G ID so that a i  =  « 2  hi {A, B , O)  

and (P, ^ , 0 )  but Si =  - S 2 ?

We recall from Lemma 3.42 and its proof, that the erea of A ( A , B , 0 )  is

- — and the erea of A (P , Q, 0 )  is - — Also
1 - A B   ̂  ̂ 1 -  PQ

_  A ( A - B ) ( 1 - A B )  _  P ( P - Q ) ( i - PQ )

^  ^  g ( p r g ) ( l - P Q )

B ( A - B ) ( 1 - A B ) ’ Q ( P - < 3 ) ( 1 - P Q ) '
A B  PQ

=  l B '  =  W

C laim  1. 0=2 =
' A { A - X B Y r
[ a ( I - A P ) J . 2̂ .

Proof: In ( P , Q = ^ , 0 ) ,

P ( P - Q ) ( 1 - P Q )  _  P ( P  -  Q) f l
P { P - Q ) { 1 - P Q )  P ( P - Q )  V«̂ 2 
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But

p ( p - b Ë L \  , a b  
P ( P - Q )  V A  )
P { P - Q )  p ^ p _ W A  >æ A ( A - X B ) '

C laim  2 . — (  = ----- =  ) =  = — =  if and only if Re(AB) =  AA =  B B  or
_ \ a ^ \ b 2  A - B   ̂ ’

—(2AA — AB  — AB)
2 B B  - A B - A B

- B  
B

<j=̂ > - A A + \ A B a A B - \ B B  =  A A - \ A B -  AB +  XBB

„  ,  [ A - \ B \  A -
-  [ a ^ )  =  r r

- 2 A A  +  A B  +  A B  =  \ {2 B B  -  AB -  A B )

\ { 2 B B - A B - A B )  =  - { 2 A Â -  A B  -  AB)

^  X =  or 2AÂ =  2 B B  =  A B + Â B .  □
2B B  - A B - A B

C laim  3. If O ^  P  e  B, X e  and Q =  then i l l Z £
  A  \  — PQ

— if and only if Re(AB) =  A A B B  =  1 or

P P  =
AA (1 -  AB)  +  (1 -  AB) - A A 2 - A B - A B  ■
X AB(1 -  J B )  + J B ( 1  -  AB). X 2 À Â B B - A B - A B .

_  X B P P  _  _

m  - - # 5 # # ' —

l - A B  _  - A { A  -  XBPP)
1 - A B  ~  A ( I -  XBPP)

A ( I  - A ^ B -  X B P P  +  X Â B B P P )  =  - A { A  -  A^B -  X B P P  +  X A B B P P )  

XPP[2A AB B  - A B -  AB) =  -A A [ 2  -  AB -  AB)

-  "  =  .-( M ^ B B - I b - I I )  -  ^ ^ B B  =  A B , - A B  =  2 . □

Claims 1 , 2 and 3 give the following theorem.
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T h eo rem  3 .4 7 . Let { A , B , 0 )  be a triangle in D  such that Re(AB)  ^ 

{ B B , A A B B  }. 

X B P  
Assume  O ^  P  G D, A 6  and Q =  ———. Then a i  =  03  and 5i =  — 8 2  i f and

0 „ l y i f X  =  A B - A B )
 ̂  ̂ 2 B B  - A B - A B  A

2 - A B - A B  
2 À Â B B  - A B - A B

T h eo rem  3 .4 8 . Let (A, B, O) be a triangle in D  such that Re{AB)  =  B B  =  A A  

or Re{AB) =  A A B B  =  1 . Then there is a triangle with the same dengle data 

as (A, B, O) but with a different erea.

P roof; Ceise 1 : Re(AS) =  B B  =  AA

In other words, 2AA =  2BB =  A B  +  A B .  Then — ( = ----- =  | =  = — =  by
\ A - X B J  A - B  ^

Claim 2. If 2AAJ5P =  A B + A B  =  2, then the erea of (P, O) and (A, B, O)

are negatives by Claim 3 for any choices o f 0  7  ̂P  € D  and A € . Otherwise,

we can choose any A € and any P  € D  with P P  =  — — —  _  =
A(2(AA)2 -  2AA) A

Such a  choice wiU work by Claim 3. In either case, we have a i  =  0 3  by Claim  

1. □

C ase 2 : R e(A P) =  AAB B  =  1.

Then 2 A A B B  =  A B  +  AB  =  2 . By Claim 3, =  8 2  for any O ^  P  Ç. D>

and A €  F ^ . If 2AA =  2BB  =  AB +  A B,  then a i =  0 3  by Claims 1 and 2. 

Otherwise, if

A =  —
' 2 A A - { A B  +  AB)' 2 A A - 2 '
2 B B - { A B + A B ) , . 2 5 5 - 2 .

1 -  AA 
B B - 1

then a i  =  03  again by Claims 1 and 2. □
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C la im  4 . Assume (A, B, O) is a triangle in D. Assume Q =  

2 - A B - A B

XBP  
A  ’

P P  =
2 A A B B  - A B - A B

2 - X  ■ 2BB -  X '
2 À Â B B - X . 2 A Â - X .

Then P P  1.

P roof; Let X  =  A B  +  AB.  Since A ^  0,

P P  =  AÂ

If P P  =  1, then

ÂÂ{2 -  X ) { 2 B B  - X )  =  (2AÂBB -  X ){2AÂ -  X )

= >  ÀÂ{4:BB -  2 B B X  - 2 X  +  X ^ ) =  4 { A J f B B  -  2 A Â X  -  2 À Â B B X  +  X^ 

=#> 4 À Â B B  +  AAX^ -  4 {À Â Ÿ B B  - X ^  =  0

(1 -  A J ) { 4 A A B B  - X ^ )  =  0 = >  4Â ÂB B  =  X^ =  {AB +  A B f  

=>- {AB — A B Ÿ  =  0 A B  =  A B  71 =  1.

This is a contradiction and therefore P P  ^ 1 .  □

We have now established the following theorem.

T h eo rem  3 .4 9 . Let {A, B,  O) be a triangle mD. Then there exists a 0 ^  P  G O

XBP
and A G such that {P^Q =  ^ - , 0 )  and (A ,P ,O )  have the same dengle

data but different ereas if and only if neither of the following occur: Re{AB)  G 

{ A A , B B }  but AA  ^  B B  or Re{AB)  G {A A BB, 1} but A A B B  ^  1. Moreover, 

unless Re{AB)  =  AA =  B B  or Re{AB)  =  1 =  A ABB, P P  and A are uniquely 

given by the formulas

A =
- ( 2 A A - A B - A B )  _  - A A
2BB - A B - A B

2 - A B - A B  
2 A A B B  - A B - A B
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If F =  Fs and E =  F25, there are no examples o f two triangles with the same 

dengle data but different ereas unless at least one of the dengles is -1. Write 

E =  F © Fa where a  is a root of +  2 in E. Let A  =  2, B  =  a.  Using 

the equations from Theorem 3.49 we get A =  —2 , P P  =  — 1. If we choose 

P  =  — 1 +  2a, then Ç =  — 1 +  a  and {A, B, O) and (P, Q, O) are triangles with 

different ereas ( ± ( 2  — a)) but the same dengle data (dengles 2  — a , —1 , —1).

Let F =  Fii ,E  =  F121 and write E =  F © Fi where i  is a root of © 1 in 

E. Let A =  4, jB =  1 +  2z, P  =  2, Q =  5 — z. Then {A, B,  O) and (P, Q, O) have 

different ereas (±z) but the same dengle data (aH dengles equal to —5 — 3i).

T h eo rem  3 .5 0 . (Hyperbolic Pythagorean Theorem)

=  in { A ,B ,C ) ,  then cosh(c) =  cosh(a) cosh(6).

P roo f: Since 7  =  —1,

=  = ^ -

Thus,

R em ark:

cosh(c) =  cosh(a) cosh (6)

«  1 © 2A (A ,B )  =  ( 1 +  2A(B,C') )( 1 + 2 A ( A , C )  )

1 +  2A (A ,P )  =  1 +  2 A (B , C) +  2A (A , C) +  4A (B , C) A(A, C)

A ( A ,B )  =  A ( B ,C )  +  A (A ,C )  +  2 A ( B , C ) A ( A , C ) .
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Thus, the Hyperbolic Pythagorean Theorem says

7  =  - l  A {A ,B )  =  A { B , C )  +  A { A , C ) + 2 A { B , C ) A { A , C ) .

T h eo rem  3 .5 1 . (Sink Law) I n { A , B , C ) ,

sinh^(a) _  sinh^(6) _  sinh^(c) 
sinh^(a) sinh^(/3) sinh'' (7 )

( 6  — 1 )̂
P roo f: First note that sin^(0) =  ----- —— ^ 0  for 0 ^ {  a,/3,'y }  and

—W

sinh^ (x) =  [ 2A{y ,  2 ) + 1  ]̂  — 1 ^  0 for x, y, z € { a, 6, c }. Thus, it is equivalent 

to  prove

sinh^(a) _  sinh^(o) sinh^(i) _  sinh^(^)

Let

sinh^(c) sinh^(7) sinh^(c) sinh^ (7)

X  = (/3+j)( l+ff -y)  + (a + l f ( ^ ' \ - ( c , - H ) ( f l + l ) { - ,  + l)l3yS, 

Y  = ( a + 7) ( l + 07) +  (^ +  l)^ - ( a  + l )(;8 +  l)(7 +  l ) a7i,

\2 fZ  =  (a  +  /3)(l +  a/3) +  (7  +  l )  J -  (o£ +  l)(/3 +  l ) ( 7  +  l)a/?^.

Then

(sinh a)^ =  

(sinh hŸ =  

(sinh cŸ  =

4X
( / ? - 1 ) 2 ( 7 - 1)2 ’

2 -  4T
(o£ -  1)2(7 -  1)2’ 

2 4Z
(a_l)2(/3_i)2-

Thus, 
sinh^ (a) 
sinh^ (c)

sinh^(a) 
sinh^ (7)

AX r ( a - l ) 2 ( / ? - l ) 2 l [ ( c ^ - l ) ' l —4 7
L ( / 3 - 1 )2 (7 -1 )2  J AZ —4a L (7 -1 )2 J
JC(a —1)̂  _  7 (0  — 1)  ̂
Z(7 — 1)2 0 (7  — 1)2 ~Z

7
a
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Let

M =  (^ +  7 ) ( 1  +  ;3 7 ) +  (a  +  1 )̂  V

JV =  (a +  /3)(l+«/3) +  (7 +  l f

R  =  - ( a  +  l)(y3 +  1 )(7  +

T h e n  X  =  M  +  'jR, Z  =  N  +  aR.  So  

X  7  M  +  7jR 7
Z a  ■ N  +  a R  a  ' =  1'{^  +  “ 'S)

a M  +  ot'yR =  7 JV +  0 7 Jl 4=^ aM  =  7 JV.

B u t

a M  =  a[ (/3+  7 )(1 + ;0 7 ) +  (a  +  1)  ̂ ]

=  a[ +  7  +  /3^7 +  /37  ̂ ] + /? 7 (a + l ) ( a  +  1)

=  afS +  a'y +  a /?^ 7  +  a/?7  ̂+  a ^ ^ 7  +  2 a /? 7  +  /?7 , 

7 i\r =  -y[ (a  +  /3 ) ( l  +  a/3) +  ( 7  +  l)^ ]

=  0 7  +  /?7  +  a ^/?7 +  a/3^7 +  a/07^ +  2a^7 +  a(3.

s in h ^ (6 ) _  sinh^(y3 ) 

s in h ^ (c )  s in h ^ (7 )
T h e  p r o o f  t h a t  ---   ̂  ̂ i s  a n a lo g o u s . □

T h eorem  3 .5 2 . (Second Cosh Law) In {A ,B ,C ) ,

s in h ^ (a )sin h ^  (6 )0 0 3 ^ (7 ) =  [ c o s h (a )  c o sh (6 )  — c o s h (c )  ]^.

P r o o f :  N o w  (s in h  =  -t—— (s i nh 6)  ̂ =
(/3 - 1 ) 2 (7 - 1 )2 ’  ̂ ' ( a - 1 ) 2 (7 - 1 ) 2

w h ere

X  =  ( /3  +  7 ) ( l + / 3 7 ) +  (“  +  l )^ - ( a + l ) ( /3  +  l ) ( 7  +  l ) / 3 7 <J,

Y  =  ( a  +  7 ) ( 1  +  a j )  +  {l3 +  1 )^ -  ( a  +  1){P +  1 ) ( 7  +  l)c t7 ^ .
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Therefore,

2 , > ■ , i X Y ( l + l ) 2
s in h  (a )s in h  (6 )c o s  ( 7 )  =

7 (0: -  1)2(/? -  1)2 (7  -  1)4 •

Also

(a  — 1)^(/? — 1)^ (7  — 1 ) [̂ cosh(a)cosh(6) — cosh(c)

=  [—{^ +  1 )(7  +  1) +  2 (a  +  l)/?7  ̂ ] [ - ( a  +  1 )(7  +  1 ) +  2 (/? +  1)0 7  ̂ ]

-  [ - ( o  +  l)(/3 +  l)  +  2 (7  +  l )a /3<J](7- l )2  f

=  ( (a  +  1)(/? +  1 )(7  +  1 )̂  -  2 /?7 ^(a +  1)^(7  +  1 ) -  2 a'yS{P +  1)^ (7  +  1) 

+  4 7 (a  +  l)/3 +  l)  +  (a +  1)(/? +  1 )(7  -  1)^

-  2 aPS{'y +  l ) { ' y - l ) ^  f

=  ( ( a  +  ! ) ( / )  +  1 )[ ( 7  +  1 )^ +  (7  -  1 )^ +  4 7  ] -  2 J ( 7  +  1 ) [ / ? 7 ( a + 1 )^

+  “ 7(/5 +  1)  ̂ +  û!i (̂7 -  1 )̂ ] Ÿ- 

Since (7  +  1)  ̂ +  (7  -  1 )̂  +  4 7  =  2 (7  +  1)^,

(a  — l)^(/3 — 1)^ (7  — 1) [̂ cosh(a)cosh(6) — cosh(c) Ÿ 

=  4(7 +  1)2[ (a +  l) (^  +  l )(7  +  l)

- J ( / ? 7 ( a  +  l)^ +  +  +  a / 3 ( 7 - l ) 2 )  ]̂ .

Let W  =  ( /5 7 (a +  1)  ̂ +  a'y{(3 +  1)  ̂+  a /3(7  -  1 )̂  ). Then

sinh^ (a)sinh^ (6)cos^(7 ) =  [ cosh(a) cosh(6) — cosh(c)

=  7 [ ( û  +  l ) ( /5  +  1 ) ( 7  +  1 ) -

X Y  ‘i ’ 7 l ( a  +  l)"(#3 +  l)" (7  +  l f

- 2 5 { a  +  1)(/? +  1 )(7  +  l ) W  +  ].
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But

_ /  Q^\
X Y  = [(/? + 7)(l + /37) + (a + l )2 f -  (a + l )(/3 + l )(7 + l)/37<J]

* [ (o! + 7)(H-a7) +  (/) + 1)̂  ~  (a + l )(/3 + 1)(7 +  l)a7^ ]

= (a+7)(/?+7)(1+/^7)(1+ 0:7 ) + (/? + 7)(l+/?7)(/3 + 1)̂

-  ( a + !)(/? + 1)(7+1)(/?+7)(1+/?7)a7^

+ (a + l) (a +  7)(1 + 07) f —  J +  (a +  1) (/3 +  1)̂ 7 ^

-  (a + l ) » ( ^ + l ) ( 7  +  l ) ^ ^

-  (a + l )(/5 + 1 ) (7 + l ) (a +  7)(H-a7)/?7J

-  (a +  l)(^  +  l)*(7 + +  (a +  l ) V  +  l ) " ( 7 + l ) ^ ,

=  [(/?7 (a +  l)^ +  a7(j3 +  l)^ +  a / 3 ( 7 - l ) ^ ) p

= /3̂ 7^(a + l)  ̂ + a^7^(a + l )̂ (/3 + 1)̂  + a/3̂ 7 (a + 1) (̂7 — 1)̂

+ a/?7^(a + l)^(/3+ 1)̂  + 0^7 (̂̂ 5 +  1)̂  +  a /̂37(/3 + 1) (̂7 -  1)̂  

+ a/3̂ 7 (a + 1) (̂7 -  1)̂  + a^^7(/3 + 1)2(7-1)2 + a /̂3̂ (7 -  1)̂ ,

^2 ^ 2  _  ( a +  1)4 +  ^ ^ ^ ( ^  +  1)4 +

+  2 a ( / 3 + 1 ) 2 ( 7 - 1)2 +  2/3(a + 1 ) 2 ( 7 - 1)2 +  27(a  +  l)2(/3 +  1)2 ,
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7 [ {oc +  I f  {13 +  1)2 (7  +  1)2 -  2S{a +  l)(/3 +  1 ) (7  +  1)W +  ]

=  7 (a  +  l ) '( ^  + 1)^(7 + I f  -  2p^H {a +  l f { P + l ) { ' r  +  l )  

-  2 0 7 2 ^(0 +  1)(/5 +  1)*(7 +  1) -  2a/?7^(a +  1)(/3 +  1)(7 +  1)(7 -  1)  ̂

+  ( ^ )  (» +  1)'  +  { ^ y i 3 + l f  +  a ; 3 ( 7 - l ) ‘

+  2a7(/? + 1 ) 2 ( 7 - 1)2 +  2/?7(a + 1)2(7 -  1)2

+ 2^ \ a  +  l f {0  +  l f .

Thus, (1) holds if  and only if

(a  +  7)(/3 +  7 ) ( l + / ? 7 ) ( l + a 7 )  +  (/3 +  7 )(1  + /?7)(/3 +  1)2 j

-  (a +  l)(/5 +  l)(7 +1)(/3 +  7)(1+/?7)a7J
/  3 'y \

+  (a +  l ) ( a + 7 ) ( 1  +  0 7 )  ( —  )
\  Oc J

-  (a +  1)(;5 +  1)(7 +  l)(ot+ 7)(1 +  a7)/37<J

=  - +  1)̂ (/? +  1)(7 +  1) -  « 7 2 ^(0 : +  l)(/3 +  1)2(7 +  1)

-  2<»/37J(a + l ) ( ; 3 + l ) ( 7  +  l ) (7 - l )2 +  { y p \ ( a  +  l)*

+  ( ^ )  (13+ 1)* +  0 ^ ( 7  -  i r

+  2a 7 ( /3  + 1 ) 2 ( 7 - 1 ) 2  +  2 /3 7 ( 0  +  1)2(7  -  1)2 +  7 2 ( 0 +  l ) 2 ( ^  + 1)2
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Note that

- ( a  +  l)(j5 +  1 ) ( 7  +  1 )()S +  7 ) ( 1  +  /?7 )a7 ^

- ( a  +  l)(/3 +  1)(7  +  l) (a  +  7)(1 +  o c 'y )^ 'r S  

=  ~ ' y S { a  +  l)(/3 +  1)(7 +  1)[ a(/3 +  7)(1 +  / ^ l )  +  y (̂a + t) (1  +  «7) ]

=  - j S ( a  +  l)(/3 +  1 ) ( 7  +  1)[ 2a/? +  a j  + j 3 j  +  a /?^ 7  +  2 a/?7  ̂+  a ^ /? 7  ],

-/?7^J(a+1)® (/?  +  1)(7 +  1) -  a7^^(a +  1)(/? +  1)®(7 +  1)

-  2aj37^(a +  1)(/? +  1 )(7  +  1 )(7  -  1 )̂

=  -7 ^ ( û  +  1)(^ +  1)(7 +  1)[ +  1)  ̂ +  +  +  2aj3( 'y- l f ]

=  - 7 ^(a +  1 )(/? +  1 ) ( 7  +  1 )[ a^j3j + /3j + +  0 7  +  2 a/?7  ̂+  2a/? ].

Therefore, (2) holds if and only if

(a+7)(^ +  7)(1 +  /^7)(1 +  0 :7 ) +  ^ ( /?  +  7)(1 +  P ' r ) { / 3  +  i f

f  \
+ ( a  +  l ) (a  +  7 ) ( 1  +  a 7 ) f —  j

"  +  +  ( ^ )  +  +  û/5 ( 7 - 1 ) "  +  2a7(/? + 1 ) 2 ( 7 -1 )2

+  2;^7(a + 1 ) 2 ( 7 - 1 ) 2  +  7 2 (0 :4 - l)^(/? +  l)^ 

( /? + 7 ) ( 1 + /3 7 ) [  ( a + 7 ) ( l + “ 7) +  ^ ( / ?  4- 1)  ̂ ]

4- — (a 4 - l)^(a 4-7 ) ( 1  4 - 0 7 )

=  l\o L  4- l f [  ^ {a  +  1)2 +  (/3 +  1)2 ] +  07(/? 4- 1)"[ ^ { f 3  +  i f

4- 2 ( 7  -  1)  ̂ ] +  /?(7 -  1)  ̂[ a (7  -  1)^ +  2 7 (a  -  1)2 ].
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The left hand side of (3) is

(/3 +  7  +  0 '̂y +  a  +  7  +  +  «7^ +  +  2a7 +  ^  ]

+  —  [ +  a ^7 +  a ^7 +  a®7  ̂+  2a^ +  2 a 7  +  2a ®7 +  2a^7  ̂ +  a  +  7  +  a ^7 +  a'f' ]

7^ +  a/3 +  2/?7  +  20=7 +  2a7® +  2 '̂)  ̂ +  a^7  ̂+  0 '̂t  ̂+  2« 7  ̂+  2 /?7 ^

+  +  2a ĵ0 7  +  6 ajS7  ̂+  2a/3^7 +  4a/37 +
P a

+  2q/3^7^ +  a/?^7  ̂ +  2<xP̂ ^̂  +  2a^P'y  ̂+  ay0 7  ̂+  AaPq/  ̂+  a^pj^ +  2a^P'y^.

The right hand side of (3) is

7 ^(a^ +  2 a  +  1 )[ a/3 +  2/3 +  ^  +  +  2/3 +  1 ]

+  a'fiP^ +  2/3 +  1)[ )37 +  2 7  +  ^  +  2 7  ̂ -  4 7  +  2 ]

+  /3(7  ̂ — 2 7  +  1)[ a 7  ̂— 2 a7  +  a  +  2a ^7 +  4a 7  +  2 7  ]

=  7 [̂ (a'/3 +  2a^/8 +  a/3 +  a /̂3  ̂+  2a^/3 +  a^) +  (2a^/3 +  4a/3 +  2/3 +  2a/3^ +  4a/3 

+  2 a) +  [aP +  2/3 +  — +  /3̂  +  2/3 +  1)]
OL

+  a7[ (/3^7 +  2/327 +  /37 +  2 j 3 V - 4 / 3 S  +  2^^) +  (2/8^ 7  +  4/87 +  2 7  +  4/37^

-  8/87 +  4/3) +  (/37 +  2 7  +  ^  +  2 7  ̂ -  4 7  +  2) ]

+  /3[(a7^ -  2a 7 ® +  +  2a^7 ® +  4a7^ +  2 7 ®) — (2 a7  ̂+  4a7^ — 2a 7

— 4 a^7  ̂ — 8a 7  ̂— 4 7 )̂ +  (a7  ̂ — 2 a 7  +  a  +  2a ^7 +  4a 7  +  2 7 ) ]

=  7  ̂[a®/3 +  a /̂3  ̂ +  6a^/3 +  a^ +  2a/3  ̂+  lOa/3 +  2a +  /3̂  +  6/3 +  ^  +  1 ]
a

+  a7[ /3»7 +  2 ;8 S ^  +  2 / 3 2  +  4 / 8 7 2  -  2 / 3 7  +  4/3 +  2 7 2  +  I  +  2  ]

+  /3[2a 2 7  ̂ -  4 a 272 +  2a 2 7  +  aj^ — 2 a'y  ̂ +  a  +  2 7  ̂ -  472  +  2a ]. 

Expanding and simplifying the right hand side of (5), we get (4). □
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4 . T h e  G eo m etry  o f  P S L ^ i ^ )  and P S L 2 { ¥ ) .

In this section we consider the actions of P S L 2 {¥.) and P S L 2 {¥) on P^.

T h eo rem  4 .1 . An extended line L is in the P 5 L2 (E) orbit of  F if  and only 

if den( ¥, L )  E §+.

P roof; Assume g { ¥  ) =  L where g{z) =  — ad — he =  1. If flr“ ^(oo) =

—-  =  GO, then g{z) =  a?z +  — since ad =  1. 
c d

Thus, den( F, L ) =  =^= =  since â  + —, -  E T . If^"^(oo) ^  oo,
(a^) d d

then —  E F and h{z) =   j  E P S L 2 {¥). Since g o ¥  ) =  L and
c z +  -

g o h~^{oo) =  oo, applying the above argument to ^ o h~^ yields the result.

Conversely, assume den( F, T ) =  r^, r E S. If L =  F  +  6, then k{z) =

z +  6 E P S L 2 {¥) and fe( F ) =  T. Thus, we may assume 0 E T H F. Now

2

den{ F, (r — 1)^F ) =  p( (r — 1 )̂  ) =  ^ ----%------r =  r~
- 2 r  +  l  _  2

- 2r +  1

since r  € S. Since (r — 1 )^F and L — {oo} are both lines through 0  making 

dengle with F, L =  { {r — 1)^F ) U {oo} =  (r — 1)^F. □

C orollary  4 .2 .

i) F and I are in the same P S L 2 {¥) orbit if and only ; / 1 fl S 0.

ii) 7 / l n  S ^  0, then §  and I (  hence §  and F )  are in the same P S L 2 {¥) 

orbit.

P roof: i) By Theorem 4.1, F and I are in the same P S L 2 {¥) orbit if and

only if —1 E S ĵ . If a  E I Pi § , then —a  =  â  =  — and —1 =  o?. Conversely, if
a

—1 =  oP' for a  E S, then â  =  — =  —a  and a  E  I — {0}.
a
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ii) Let t  € IflS. Then —1 =  6  S+ by the proof of i). Let t ^  p £  IflS. Since

P 5 L2 (E) acts transitively on P^, there exists g € P 5 L2(E) such that g{p) =  oo. 

Thus, den( ^(I), p(§), g{t) ) =  den( I, S, t ) =  —1 and g{ I ), 5r(§) are in the 

same P 5 'Z,2(E) orbit by Theorem 4.1. □

L em m a 4 .3 . I f F i s  finite, ID  §  0 if and only if  —1 ^ F + .

P roof: Since F is finite, — 1 G F^ Ç E+. Thus, — 1 =  a^, a  G E. Then

=  —1 =  and a  =  ± a . Since —a  =  —, a  G F or a  G I  H S. Thus, if
a

—1 ^ F+, then a  G I  n S 0.

Conversely, if t G I Pi S, then =  —1. Since ±  t G I — {0} are the only roots of 

—1 in E and (I — {0}) fl F =  0, —1 ^ F-(-. □

L em m a  4 .4 . Let C be a Euclidean circle. If N  is onto and sqr(C)  G F+, then 

C  is in the same P S L ^ i ^  orbit as F.

P roof: We may assume G =  aS. Assume act — r^, r G F’̂ . Since F^ =  

Im(iV), there exists 6 G E with bb =  r. Since b^S is a circle centered at 0 with 

sqradius (66)̂  =  =  aâ, =  a§. But {z i->- b^z) G P 5 Z<2(E). □

P ro p o sitio n  4 .5 . Let C be a Euclidean circle. If F is finite and —1 ^ F+, then 

C  is in the P S L 2 {F.) orbit of F if and only if sqr{C)  G F+.

P roof: Since C  is in the P S L 2 {F) orbit of F and —1 ^ F+, there exists

g{z)  =  — wi th ad — fee =  1 and g{S) =  C.  Since P S L 2 {F) acts transitively

on E  when F is finite, (j>PSL2 {F)4 >~̂  Ç U n P 5 L2(E) acts transitively on P^ —S.

Thus, we may assumeg~^{oo) =  0 0 . Consequently, g{z) =  a^z +  3 , C  =  a^S +  -
d d

and sqr(C) =  (aâ)^ G F+. □
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D efin ition: For g{z)  =  G P 5 L2(E) with ^(oo) ^  oo, the isom etric
cz +  a

circle o f  g is I{g)  =  { z G E | \z — { ^ )  P =  } ( i.e., the circle centered

at ^ ^(oo) with sqradius ).

L em m a 4 .6 . If g ^ P 5 X2(E) with g{oo) ^  oo, then I{g) ) =  I{g  ^).

P roof: Let g{z)  =  Then I{g~'^) =  { z G E | |z -  p =  J -  }.
cz +  a \ c /  ccz +  d

If z G I {g), then |cz +  d\  ̂ =  1. Thus,

a ,o , az +  b a ,9 , he — ad  1

c CZ +  d c c(cz +  d) [cP

and 7(g) ) Ç I{g ^). Switching the roles of g and g  ̂ gives g I{g  ) Ç

/(flr), hence 7(flr“ i)  Ç flr( 7 (5 ) ). □

T h eo rem  4 .7 . Every element g of  P 5 7 /2(E) is a product of (at most) four 

reflections/ inversions.

P roof: Conjugating if necessary, we may assume flf(oo) oo.

C ase 1. 7(^) =  I{g~^) ( Equivalently, fl^~ (̂oo) =  ^(oo) )

Choose X G I  (g) such that g(z) ^  x. Let M  be the perpendicular bisector of

the line through x and g{x).  Note that M  passes through. ^~^(oo). ( Either

5 “ ^(oo) =  OT M  =  (g"^(oo)) by Lemma 1.32(i). ) Since

° =  oo, 0 î-j(^)(oo) =

andr^or^(^)(®) = r ^ ( x )  = ^ ( x ).  Thus, o g

axe elements of PGL^i^) agreeing on three distinct points. Consequently, g =

C ase 2 . 7(g) ^  7(g“ )̂.
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Let N  be the perpendicular bisector of the line through ^(oo), ^ ^(oo). Let x G 

I{g). By Lemma 1.32(iii), r^(x) G Thus, g{x) G I{g~'^).

Let p G B be the rotation with respect to I{g~^) such that p(r^ o =

g{x). Since por^or^^^^(5 -H oo)) =  00 andpor^or^^^^(oo)=p(oo), por^or^^^^ 

and g agree on three distinct points and are thus equal. But p is a product of 

two reflections by Corollary 1.34. □

We now farther investigate the structure of P 5 I/2(F).

Choose a  G I — {0}. Then —/3 =  G F — F+ { —a â  =  G F ^ .

Moreover, =  a?, a G F^ = >  a  =  ± 0  a  G F ^ , a contradiction.)

Therefore, f {x )  =  x  ̂+  ^  is irreducible over F and

E =  F [x]/^f^x)) — ^  ® Fa.

Let

P  =  { z +  6 | 6 g F }  ^  F,

A  =  PG L2 (F)q n PGLsiF}^ =  { az I a G F^ } ^  F ^ ,

A+  =  P 5 Z(2(F)g n P 5 L2(F)^ =  { az I a G F+ } =  F+

C =  PGI,2(F)^ =  -| ^ ^  | a G F ,  6 g F ,  o ^ O o r t T ^ o j - ,

C+ =  P % ( F ) ^ .

Then
PG I/2(F)^ =  { a z  +  6 | a G F x , f c G F }  =  AP,

P S L 2 {F)^ =  { a z +  b \ a Ç.F+, b e F  } =  A+P.

N o ta tio n : Let {1} IT <  B  <  G. The norm alizer of K  in H  is

denoted N ^ { K )  and the normalizer of i f  in G is denoted N{H).
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Let h  e  P  and g  G Then g h g ~ ^  G P .  In particular,

ghg~^{oo) =  oo implies h{ g~^{oo) ) =  g'“^(oo). Therefore, ^~^(oo) =  oo (and 

hence ^(oo) =  oo ) since h is paraboHc with fixed point oo. Consequently,

The arguments for the following are analogous:

Np^j.^^^{C+) =  P S L 2 {T)^^-y.

Let /  : — > GL 2 {¥) be given by f {a  +  ba) =  ’

When F is finite, F^ is cyclic and thus

Im (/) =  | ^ “ ^ ^ ^ j a , 6 GF,  a ^ 0 o r 6 ^ o |

is also cyclic. Since quotients of cychc groups are cychc, C =  and

C+ =  Z ,+ i .

Let g : P G L 2 {W)^̂  — )■ {± 1 }  be the map sending h G P G L 2 {^)^q to

1 if h fixes 0  and oo and to —1 if h interchanges 0 and oo.

- 1
Note that ker(^) =  A and that g is onto since —  G PGZ/2(F)^q

Let h : PGLg(F)^^ — V {±1 }  be the conjugation map.

Then ker(h) =  C  and h is onto since —z G P G L 2 {f)^^—y

When F is finite,

I I

—  =  I I ^ [ 9 )  I-
ker(p) I
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Therefore, PGTz has order 2 { q  — 1). Since

we know PGI»2 (®')̂ o 00} “

Similarly, P G i 2(F)^^_j =  < C ,  - z > -  D 5+ 1, P 5 p 2(F)^Q_^j =  

and P % ( F ) ^ ^ =  D ^ .

N o ta tio n  4 .8 . Let G be a finite subgroup of PG L2 (F) where F has 

characteristic p.

The parab olic  sin gu lar set of G is Ï  =  { x €  F | G* /  {1} }.

Given x G Ï ,  let P* be the set of all paxabohcs in G fixing x.

The h yp erb o lic  singu lar se t of G is A =  { {x,j/} Ç F | x ^ y ,  G^nGy ^  

{1} }■

Given {x ,y}  € A,

A^y :=  GxHGj, =  G n P % ( F ) ^  n P % (F )^ ,

Nxy ■= =  GnP5'L2(F)^^^^ =  AT^(Aiy).

G acts on A(G) := { Axy | {x,t/} G A } by conjugation.

The e llip tic  sin gu lar se t of G is 2  =  { z G H | Gz ^  {1} }.

Given z G 2 , let Cz '=  G% =  G n PSLziF)  and Nz := G ,  =

G n P S i , ( F ) ^ ^ _ j .

G acts on 2(G) := { Gz | z G 2  } by conjugation.
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R em ark s 4.9; i) Poo =  G  C\ P  { and thus every ) is a Sylow p-subgroup 

of G since P  =  F is a Sylow p-subgroup of P S L 2 {^)-

ii) Now Axy is conjugate to the finite subgroup o f the multiplicative group

A+  =  F_t_ Ç . Therefore, Axy is cyclic of order relatively prime to p. 

Moreover, J\T =  /  4 —-  \  is dihedral when —-  E G  and JV =  Aqoo
’ Ooo \  Ooo’ Z /  Z Ooo

is cyclic otherwise. Hence, Axy has index one or two in Nxy

iii) Let p be an elliptic element with fixed points z , z .  Now PSL^iW)^ =  C+.

Working in the disk model, we can conjugate so that the fixed points are 0 and

oo. Therefore, C+ =  P 5 L2 (F)^ =  =  §  Ç E^. Consequently, Cz is

conjugate to a finite subgroup of and hence cyclic of order relatively prime

to p. Now N  =  /  C , —  ) when —  € G  and A  is self-normalizing
0 \  " z /  z  0

otherwise. Hence, Cz  has index one or two in Nz-

iv) Analogous arguments to  those given in ii) and iii) show that H C\ A and 

H n C  are cyclic when H  is a finite subgroup of P G L 2 {¥). Moreover, H  Ci A { and 

similarly f f  fl C ) is either self-normalizing or has index two in its normalizer, a 

dihedral group.

v) Let Q =  Poo- Now N^{Q)  =  G fl N {P )  =  G D B+  where 

=  {a z - l - 6 | a G F + ,  6 E F } is the Borel group. Therefore, JV’̂ (Q )n P  =

G n P  =  Q. Since P, N^{Q) <  B+  with P < B + ,  the Second Isomorphism 

Theorem gives that

JVg(Q) /  Q = N g ( Q )  / p n N ^ ( Q )  S  P N ^ ( Q ) / P  < B ^ / P  s  A+.
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Consequently, N q {Q) /  0  is isomorphic to a finite subgroup of A+ and is 

therefore cychc with order relatively prime to p. In fact,

N^iQ) =  G n P A +  =  Q { G n A + )  =  QA^^.

Thus, [ 7 \ f c ( 0 ) : Q ]  =  |A^_|.

T h eo rem  4 .1 0 . Let {± 1} ^  H  be a finite subgroup of P G L ^i^ -  If H  is 

abelian, then H  is either cyclic, a subgroup of P  or a subgroup of D 2 .

P roo f: Let I f ^ h ^ H .

If h is parabohc, we may assume h{z) =  z +  6, 6 €  . Let h ^  g £ H. Since

gh =  hg, ghg~^ =  h and^ € P G L 2 {¥ )^ .  Therefore, g{z)  =  oz+c .  But gh =  kg 

imphes a =  1. Therefore, H  <  P.

If h is hyperbohc, we may assume h{z) =  az. Now g E H  and H  abehan

imphes g{ { 0 ,0 0 } ) =  {0 ,00} = »  g ^ A,  —  Therefore, g{z)  =  bz or 

g{z) =  — ■

- b
If g {z) =  — , then a =  — 1 since g commutes with h. Therefore, f f  is a finite 

subgroup of A OT H  < { ± z ,  ± - }  =  Dg.

If h is eUiptic, then by the above either H  < D 2 or all nontrivial elements

of H  are elhptic. Assume the latter holds and h(a) =  a. Since H  is abehan,

l ^ g e H  imphes g e H f \  P G L 2 {f)^^-y  =  P G L 2 { ¥ ) ^ , - z  ^

Since g and h axe in a dihedral group and h is in the cychc part of the dihedral 

group, gh =  h~^g. Thus, either H is a, finite subgroup of C or A has order 2
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since g  and h commute. In the latter case, H  is noncyclic of order 4 (hence 

isomorphic to Dg). □

We now classify the finite subgroups of P5'I»2(F). Dickson solved this problem 

for F =  F, in the early 1900’s, though our arguments are more geometric than 

his. We also count the number of subgroups of P S L 2 {q)- Modem references 

don’t seem to do this [S].

N otation  4.11. Let {1} G be a finite subgroup of P S L 2 {¥) where

the characteristic of F is p. Let Q =  P  C\G.

Let G i,G 2, . . . , Cs+t denote the distinct elements of [ A(G )/G  ] U [ E{G)/G  ]. 

Assume that for a representative Wi of Gi,

N^{Wi) =  Wi for z <  s,

[ N^{Wi) : W i ]  =  2 for z >  5 .

Let \ G \ = g ,  \Q\ =  r, [ N ^ { Q ) : Q ]  =  k, \W i\=Wi.

Lem m a 4.12. Let {1} ^  G be a finite subgroup of P S L 2 {¥). Letting s and t

be as in

4 - i i ,  one of the following holds:

i) s =  1 , t  =  0  zz) s =  1 , t =  1 zzz) 6 =  0 , t =  0

zr) 6 =  0 , t =  1 v) s =  0 , t  =  Z vi)  6 =  0 , t =  2
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P roof: The number of nontrivial elements contained in a conjugate of Wi is

=  {wi -  1) |G|
[ ] \Wi\

{wi -  l)g
Wi 

{wi -  l)fl> 
2 wi

if l < i < j  

otherwise.

Similarly, the number of nontrivial elements found in any conjugate of Q is

Since the Wi’s together with the Sylow p-subgroups of G form a partition

G - { 1 } ,

g - 1  =  |G| -  1 = (r -  l)g  ^  jwi  -  l)g  ^ { w i -  l )g

1 = 1
Wi 2 wi

Therefore

1 =  1  +  L z l  +  y  - 1 )  ^  y  K  - 1 )
g rk  Wi Z v 2 wi

t = l  1=5

Now r  =  p’” , m  € N and Wi is an integer >  2 for all i. Therefore, —— 1 >  1
Wi 2

for all i and

1 =
{wi - l ) g  ^ { w i -  l)g

-  +  4 ^  +  Eg rk ^  Wi
1=1 t=s

2wi
>0 s

- 2

t
- 4

Consequently, 1 >  ^ 4- -  =>• s <  Therefore s <  2 . But 5 =  0

implies 0 < t <  3 and 5 =  1 = >  0 <  t <  1. □
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D efin ition : The subgroups of 5 0 (3 ) of rotational symmetries of the (regular) 

tetrahedron, octahedron, and icosahedron respectively are called te trah ed ra l, 

octah ed ra l, and icosahedral groups.

Note that

Alt(4) ^  PSLziZ) ^  T+(2,3,3) 

are tetrahedral groups,

Symm(4) ^  PO T; (3) ^  T+(2,3,4)

are octahedral groups, and

Alt(5) ^  P5L2(4) ^  PSL2{5) ^  T+(2,3,5)

are icosahedral groups where T+{p,q,r)  denotes the orientation preserving 

subgroup of the triangle group

<  s, t, u 1 3 ,̂ (at)?, (tu)*, (us)’’ >  .

T h eo rem  4 .13 . Let {1} ^  G be a finite subgroup of P S L 2 {¥). Then G  is 

(isomorphic to) one of the following:

i) A cyclic subgroup

ii) A subgroup of the Borel B+

iii) A dihedral group

iv) A tetrahedral, octahedral or icosahedral group

v) P S L 2 {p )̂ where i  \ n  if  F =

vi) P G L 2 {p )̂ where 2i \ n if  F =  F^„.
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P roof: We will use the notation of 4.11. 

C ase 1. s =  1, t =  0 

Now

1 r — 1 wi — 1
1 —  — +  — :—  +  --------------g rk  wi

Therefore,

1 — ~ + —r  
g rk

o = i + i
9 k

rk wi
J _

1
rk ÎÜ1

1 , 1  1 , 1“T +  ---  =  -  +  Trk  wi g k

If r =  1 ( i.e., there are no parabolics in G ), then g =  Wi which implies 

G = W i  is cyclic.

Assume r >  1. If fe =  1, then we have

1 1 1
-  + —  = —
r Wl 9

1

< 2
1

< 2

>0

a contradiction. Therefore A: >  1. By Remark 4.12(ii), JV^(Q) =  QA^ 

Since s =  1 , is conjugate to Wi  and wi  =  |Ag^| =  k. Therefore,

g  =  r k  =  ICI [iV^(C) : Q] =  |Wg(Q)|.

I.e., G  =  N^(Q)  =  G n  B+ < B+.

C ase 2 . s =  1 , t =  1

Now 1 =  i  +
g rk wi 2 w 2

1 — —  +  -  — - — . Therefore, 
wi  2 2iü2

i  =  i  +  ^  +
g rk

(14-1)
1 1 1 1 r -  1

---  +Wl 2W2 2 + +  , 
9  rk
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r -  1 1
If r >  1, then — —  >  — . Consequently, (14-1) gives 

r k  2k

1 1 ^ 1  1 , 1  —— -I- — " — ^  — -I- —
Wl 2 w 2 ~  2  g 2 k

1 1 ^ / 1 1 \  1 1 , /  1 1 \
'4*- -----  — —— ^ I — I—  1 — —  =  — I — — —  I > 0 .

2 w 2 \ 2  g  J  Wl  g  \  2 w i  J

> 0  > 0

. Therefore, k >  W2 > 2 .  Since N^{Q) =  Q <  x >  where <  æ > is conjugate to

some Wi  but k ^  W2 ,we  must have k =  wi.  But then the equation  ------- ^  >
2 w 2  2 k

_ _  _  —  implies
2 g  Wl

1 , 1 ^ 1 , 1  1 
2 w 2 2 w i  ~  2 g  2 ’

1 1 

" 4  " 4

a contradiction. Therefore, r =  1 and there are no parabolics in G.

Then —  +  - —  =  -  +  - > %  which implies that either wi =  2 (and 
Wl  2 w 2 2  g  2  '

g  =  2 w2  ) or îüj =  3 ( =>- W2 = 2  and g  =  12).

C ase  2A . w i = 2

Now g =  2 w 2  =  [Ng(M^) : W 2 ] IW2 I =  |.Ng(14^)| and G  =  N ^{W 2 ). But 

^ q { ^ 2 ) is dihedral since [ N^{W 2 ) : W2 ] =  2 .

C ase 2B . wi  =  3.

Since |14 |̂ =  2 and [ Ng(M^) : W2  ] =  2, N^{W 2 ) =  £>2 - Now D 2  contains

12
three elements of order 2, say xi ,®2 ,®3- Also IC2 I =  [G : ATg(M^)] =  —  =  3.

Therefore, C 2 =  { <  > , <  22 >> < ®3 >  } since there is only one congugacy

class of Wi’s with cardinality two. Given g E G and Xi G £>2 , <  9 ~^^g > €  C2 

and therefore g~^Xig =  Xj for some 1 <  j  <  3. Hence, D 2 < G. Since [G : D 2] =
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3 =  |Wi| and there is only one conjugacy class of elements of order 3, G / D 2 is 

conjugate to (hence isomorphic to) W\.  Consequently, G =  D 2 'A W\.  I.e., G  =  

Alt(4).

C ase 3 . s =  0, t  =  0 

Since there is no element in G  whose order is relatively prime to p  and Q is a 

Sylow p- subgroup of G, we have G =  Q <  P  <  B.  ■

C ase 4 . s =  0, f =  1 

Now

1 r — 1 Wl — 1 I r — 1 1 1 1 1 1 r — 1

g rk 2 wi g rk 2  2 wi  2 2wi g rk

So

>0

r > 1 . Also ( ^ )  -  ( î )  ^  5 ^  Î  >  5 =*• t < 2  = >  & = 1 .

< 1

Therefore, Q =  N  {Q) and ^ =  -  +  ! — -  =#» -  +  ^
2  2wi g r  r  2wi

-  +  - . I n  particular, -  +  - —  >  -  which implies r =  2 or r =  3 . Since
2  g 2 2 wi 2

\Q\ =  P^i P =  2 or p  =  Z.

K r =  2 , then g =  2w i =  |jV^(Wi)j. Consequently, r =  2 implies that p =  2

and G  =  J\r^(Wi) is a dihedral group.

I fr  =  3, t h e n i  +  ^ > i  = >  =  l  = 4 - w, < 3 .

So 1 <  Wl < 3 =#- Wl =  2. Therefore, -  =  ^ ^ and g =  12 . Thus,
g 4 6

we have p =  3, |G| =  12 , \Wi | =  2, |Q| =  3. Arguing as in Case 2B, we get 

that G ^  Alt(4).
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C ase 5. s =  0, f =  3 

Now
 ̂ 1 r — 1 ^  Wl — 1 ^  W2 — 1 ^  wg — 1

g rk 2 w\ 2 w 2  2 wz
1 r - 1  3 1 1 1
g rk 2  2 w\ 2 w 2 2 wz

Therefore,

(14-2)
2 w 2 w2

1 1 r - 1
  — ~ "h — -{- -------
2 wz 2  g rk

r — 1 1
If r >  1 , then — —  >  — . Consequently, the left hand side o f (14-2) is 

<  3 ( J ] while the right hand side i s > ^  +  -  +  ; ^ > ^  +  This
y 4 y À Q ÂK À 6K

implies that fc >  1. But then Remark 4.12(ii) gives that k =  Wi for some Wi, 

say w\.  Then (14-2) gives that

+  +  + 1  +  J -
2 w\ 2w 2 2 w z  2  g 2 wi

1 , 1 ^ 1 , 1  1 
2 w 2  2 w z  -  2  g  2 ’

'-------- V-------- '
1

- 2

a contradiction. Hence, r =  1 and there are no parabolics in G.

We may assume wi <  W2 <  wz- Since r =  1, the right hand side of (14-2) 

is larger than one half. If tui > 3 ,  then so are W2 and wz and the left hand side 

of (14-2) is <  3 a contradiction. Hence, wi = 2 .  In particular,

Wl =  2, W2 =  2, g =  2wz or wi = 2 ,  wg =  3, wz <  5.

(The equation 7  +  7  +  7 —  >  7  imphes that wg <  6 . So wg <  3 when 
4 D 2wg 2

w\ = 2  and wg =  3. If wg > 3, then wg > 3 as well and the left hand side of 

(14-2) is less than one half.)
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C ase 5A . wi =  2, — 2, g — 2wz

Since |G| =  G is the dihedral group N^{Wz).

C ase 5B . wi  = 2 ,  tog =  3, wz =  Z

Then -  =  7  +  |  +  J -  ^ b y  (14-2) and |G| =  12. Since |G| =  2 ^ 3 ,  Wz 
p 4 6 6 2

and Wz are Sylow 3-subgroups of G and are therefore conjugate. Since this is 

impossible, Case SB can’t happen.

C ase 5C . wi  = 2 ,  wz = S ,  wz =  4

Then -  =  7  +  ^ +  7  ^ and IGl =  24 =  2»-3. Since \Wz\ =  3, N J W z )
p 4 D o 2 ^

is dihedral of order 6 and [G : jVg(M^)] =  4. Now the only (nontrivial) normal 

subgroup of N^{Wz)  is Wz. But jCzl =  [G : N^{Wz)]  =  4 ^ 1  and Wz is a 

Sylow 3-subgroup o f G. Hence, Wz is not normal in G. Therefore, N^{Wz)  

is a subgroup of G  of index 4 containing no nontrivial normal subgroup of G. 

Consequently, G  is isomorphic to a subgroup of Symm(4). But since the order 

of G equals the order of Symm(4), G is isomorphic to Symm(4).

C ase 5 D . wi  =  2, wz = Z ,  wz =  5

Then -  =  7 4 - — - ! - - -  — -  and |G| =  60 =  2̂  3 5. Choose an element 1 ^  
g 4 o 10 2

g G iV^ (̂Wx) =  Dz- Given an element h of order 3 in G, \gh\ G {2 ,3 ,5 }  because 

<  g h >  is conjugate to one of the Wj. ff \gh\ =  5, then <  g , h >  =  T+(2,3,5). 

If \gh\ =  3, then <  g ,h  >  is T +(2,3,3), a subgroup of index 5 in G. Since 

Dz  is a Sylow 2-subgroup of G  and |Gi| =  [G : N q {Wi )] =  15 7  ̂ 1 , Dz is not 

normal in G. Since Dz  is the only nontrivial normal subgroup of Alt(4), |Gj is 

isomorphic to a subgroup of Alt(5) (hence isomorphic to Alt(5)). Consequently,
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G =  Alt (5) in either case.

We now want to show that there is an h 6  G with |h| =  3 and \gh\ ^  2. If 

|x| =  3 and \gx\ =  2 , then <  g ,x  > =  Dz- Moreover, <  g >  normalizes <  x >  

since gxgx =  1 9 ~ ^ ^ 9  =  G <  x >.  By the argument given below,

<  g >  normalizes exactly two subgroups of order three. Consequently, there 

are four elements o f order 3 in G such that \gx\ =  2 ( <  æ > = <  x~^ >  ). But 

G contains [Gs] =  [G : D 3] =  10 elements o f order 3 and thus such an h 

always exists.

Let the cyclic subgroups of G of orders 2 and 3 be the vertex set of a  graph 

where subgroups of order 2 axe colored red and subgroups of order 3 are colored 

green. Then there are 10 green vertices and |Gi| =  15 red ones. There is an 

edge between a red vertex < u >  and a green vertex <  v >  if and only if 

u~^ < v  >  u =  < v  >.  G acts on this graph by conjugation.

Let U, V,  and E  denote the number of red vertices, green vertices, and 

edges respectively.

Given a green vertex u, N^{< v >) =  Dz contains exactly 3 elements o f order

2 . Thus, each green vertex forms an edge with exactly three red ones. Thus, 

E  =  ZV =  3(10) =  30.

On the other hand, G acts transitively on the red vertices and thus all red 

vertices have the same degree. Thus, E  =  U (degee of each red vertex) and each 

red vertex has degree 30 -r 15 =  2.

C ase 6 . s =  0, t =  2
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Now
1 T — 1 W l  —

g rk 2 wi
1 r - 1  1 1
— —- -4- — —
g rk 2  2 wi

1 W 2 - 1

2 w 2  

1 1 
+  2 " 2 w 2

Therefore,

(14-3)
1 1 1  r - 1

    — — -j--------------
2wi 2 w 2  g rk

Since g > 2wi  =  |JV_(Wi)|, (14-3) implies that r >  1 and thus — - ^
^ rk 2 k

If A =  1, then the right hand side of (14-3) is larger than This is a contra­

diction since the left hand side of the equation is <  —. Thus, A: >  1 and k =  Wi 

for some i by Remark 4.12(ii). We may assume k =  w i .  Therefore,

(14-4.)
1 ^  J. 1_

2 wi  2 w 2  g Wl rwi

Clearing the fractions in (14-4), we get

( ^  +  ^ )  =  ( i  +  ±  (2ŵ w,rg)

W 2 r g  +  w i r g  =  2 w i W 2 r  - |-  2 w 2 r g  — 2 w 2 g

=  2 w i W 2 r  -I- 2 w 2 g { r  — 1 ) .

Define a hy ag =  2 wiW2 r. Then cancelling g from the above equation we 

have w ir  =  a +  wgr — 2 w 2 or

(14-5) Wir =  a +  W2 {r — 2 )

Let X E Q — {1}. Then Q =  C^(x)  where C^(x)  is the centralizer of G in 

X.  (Given y  distinct from x in C g(z), < x , y  >  is abelian and thus contained 

in Q by Theorem 4.10. Thus, the number of elements in N^{Q)  congugate to
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X is [ Nq{Q)  : Cq{x)  ] =  [ Nq{Q)  : Q ] =  k. Thus, k =  wi  divides r — 1 . 

By (14-5), w ir  =  (a —W2) +  (r — l)w 2- Consequently, since wi | (r —1), wi  

also divides a —W2 -

Since 2u72 is the order of N g {W 2 ), g =  2 w 2 Z for some z  E Z"*". Therefore, 

2 wiW2 T =  ag =  2 aw 2 Z =>- az  =  wjr.  I.e., a divides w \ t .

Now o =  wiT — W2 {r — 2). Say jQ| =  p^.  If p* divides a for some s < m ,  

then p̂  also divides W2 (r —2 ). Since W2  and p are relatively prime, p® | (p”  ̂— 2 ) 

which implies p =  2 and s =  1. Thus, gcd(a,r) =  2 if p =  2 and 1 otherwise. 

Consequently, the fact that a | w ir  implies that a \ wi  or ^ \ w \ .  In either 

case, a | 2 w\.

i  =  2^  +  Q  -  ;:èr) <  S T  ^

<0

Finally, note that a € Z"*". Therefore, w\ =  — ^  .
r T

> 0

C ase 6 A . Assume r  >  4.

— 2 )
Since r >  4, tui >  ------------------- 2wi >  W2 - Since w\  divides W2  — a.

r

and a divides 2u;i, write W2 =  a +  iw \  and 2zt;i =  aw. But

w\ < W 2 <  2 wi  = >  Wl <  +  iw i  <  2 wi  1 <  — +  i  < 2 .
w

> 0

Hence, i  — 1 and W2  — a +  wi .

Now by (14-5), w i r  =  a +  (o +  w i)(r — 2 ) =#- wi  =  ^  a.

1 2 wiW2 T f r { r ^ - l ) \
Moreover, W2 =  a +  wi  = 1  —- — j  a and g =  ----------  =  I —— ----   j  a.
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Since — =  -— -  and wi  | (r — 1), we know that — E Therefore,
a  Wl  a

a =  1 or a =  2 .

Consequently, when r >  4 one of the following occurs:

r — 1 r +  1 r(r^ — 1)
’ «  2-----

tüi =  r — 1, ÎÜ2 =  r +  1, 9 —  — 1)-

Note that r  2 since wi  divides r — 1. Moreover, if r =  3 then

71)2 (7* — 2 )
Wl =  2  and 2 =  Wl <  W2 - Since we also know that wi >  ------------ - ,

T

2  <  ZÜ2 <  6 . But gcd(w2 , 3 ) =  gcd(w2,r ) =  1 . Consequently, either 

r >  4 or r =  3, Wl =  2, and W2  € {4 ,5}.

C ase  6 B . r =  3, w i =  2, W2 =  4 

Note that w \  =  r —1, W2 =  r +  1, and g =  r(r^ —1 ). I.e., this is a special 

case of 6 A.

C ase 6 C . r =  3, wi =  2, W2 =  5 

Now a =  wiT — (r — 2 )w2 =  1 and thus g =  2 wiW2 T =  60. Now

G  acts transitively on its Sylow 2-subgroups by conjugation. Now the Sylow 

2 -subgroups intersect only at the identity. ( If 1 ^  E £>2 H D 2  , then D 2 <  

N [ < h  > ). But N [<  h > ) has order 4 since s =  0. Thus, D 2 =  N { <  h > ) and 

similarly D 2 ' =  N [ <  h > ). ) Therefore, there are 5 Sylow 2-subgroups of G  

since G contains 15 elements of order two. Thus, we have a group homomorphism 

4> : G  — )■ Symm(5). Let g E ker(^). Then g~^Ü2 g =  £>2 and g E ^(£>2 ) for 

all £?2.
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Now |p| € { 1 ,2 ,3 ,5  }. Since there are 5 Sylow 2-subgroups, b =  [G : 

N g (D 2 )] and I N ^ {D 2 ) I =  1 2 . Thus, \g\ f  5.

If 1̂ 1 =  2, then pick not containing g and consider H =  <  D 2 ,g  >- 

Since g  G D 2 < H  and thus the Third Isomorphism Theorem gives

< g > =  <  g >  j  < g >  C\ D2 — H I D 2 = < g > D2 /  D 2

Consequently, \H\ =  8 , contradicting that |C?j =  60.

Thus, g G ker(^) = >  |g| G { 1 ,3  }. Given a Sylow 5-subgroup

K ,  I N ^ { K )  1 =  10. Since the Sylow 5-subgroups have prime order and

thus intersect only at the identity, there are 6 Sylow 5-subgroups and thus 24

elements of order 5. Consequently, there are 60 —1 — 15 — 24 =  20 elements

o f order 3 in G. Since the Sylow 3-subgroups must also be disjoint, there are

fin
10  Sylow 3-subgroups. If \g\ =  3, then | 5  ̂ > ) | =  —  =  6 .

Consequently, there is an element h G N g (<  g > ) with |h| =  2.

Now h G N ^{<  g >)  = >  hgh~^ — g or hgh~^ =  g~^. 1Shgh~^ = 9 ,

then g  and h commute. But N ^ [<  k  > )  =  D 2  =  { l ,h ,  x ,y  } for some

D 2 which g  normalizes. Since < g >  acts on { } by conjugation, the

orbit of X in <  ^ >  contains either 1 or 3 elements (since its cardinality divides 

the order of <  g >  ). Thus, g commutes with x and hence all of D 2 '. But then 

D 2 ' <  N g (<  ^ > ), a contradiction since 4 does not divide 6 .

If then iV^(< p >) =  <  g ,h  >  =  D 3 . Since g and h

don’t commute, the orbit of h in < ^ >  contains 3 elements, namely h ,x ,y .  I.e., 

D 2 ' <  N q { <  9  >)  =  Dzi a contradiction since 4 does not divide 6 .

154



Consequently, ker(^) =  { !} . Thus, G =  <I>{G) <  Symm (5) and |^(G)| =  

|G| =  60. Hence, <f>{G) =  Alt(5).

( Note; An argument similar to this one could have been used for Case 5D

but we chose to give a different proof for variety. )

It remains to determine the structure o f G in Case 6A. Conjugating if neces­

sary, we may assume Q =  G  D P.  Then N^{Q) =  Q <  w z  >  where <  w z  >  

=  G n A + ,  w € F+. Also —-  E G  since N ^ (<  w z >)  =  ^ G fl A+, —-

7* X  7* X
If Wl =  —- — , then |w| =  wi =  —- — and <  w  >  =

Consequently, { az | a € (Fr)^ } =  G fl A+ <  G. Likewise, if w i =  r — 1 ,

then |w| =  r — 1 and < w >  =  (F^)^. Consequently, { az ] a €  (Fr)^ } =

G n A +  <  G.

We now show that Q =  { z - f f e j b G F r } .  For then P G L 2 {r) =  

^ B (r), ^ <  G when wi =  r — 1 where B(r) =  { z  +  b \ b Ç.

Fr } {  az I a 6  (Fr)^ } is the Borel group in f  GLg(r). Since G and P G L 2 {t) 

both have order r(r^ —1), G =  P G L 2 {r). Likewise, G =  ^ B +(r), —-  ^ =  

P S L 2 {r) when wi = —^  where B+{r)  is the Borel group in P S L 2 {r).

Let M  denote the double coset

^G^Q) Q =  { {a^z +  b) (z -f d) I a G (F,.)" ,̂ 6,d  G F  ̂ }.

C laim : G =  N^{Q) U M.

P roof: Now M  contains [ Q : Q fl (t ) ] cosets of N  {Q).

But g{z)  G = >  9 {z) =  (a^z +  b) =
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Either g does not fixoo, ( 6 ^ 0 )  or^(z) =  — is hyperbolic ( fixing
-hz +  a a

0 and oo ). In either case, g ^ Q and thus Q D '
z ( t

0 .

Hence, M  contains \ Q \ = r  cosets of N^{Q),  each of which contains |# g (Q )| 

elements. Therefore,

\M\ =  r|ATg((3 )| = r (  % { Q )  : Q||Q| ) =  T^k =  r^wi.

If Wl =  r — 1, then |J\T^(Q)| +  \M\ =  rwi  +  r^wi = r ( r  —1) +  r^(r —1 ) =  

r{r^ — 1) =  |G|. Since N^{Q)  D M  =  0, we have the desired result ( 

(a^z +  6) ^ ^  [z +  d) =  — ^— - never fixes o o  ). The other case is 

analogous. □

Now let 1 7  ̂ z +  c E Q. By the lemma, ^ (z +  c) ^ =

(a^z +  6) (z +  d) for some a €  (F^)^, 6,d  € Fr. The corresponding

matrix equation is

0  l \ f l  c \ f O  - 1 \  _  f l  b \ f a  0 \ f 0 d \
- 1  o A o  1 ^ 1  0  J  Vo i j  Vo l A i  0 J V o  V

/  b bd
1 ON _  ( ;  - “ + 7

-C  i j  1 1 d
' a  a

Consequently, c =  ±  — € (Fr)^ and Q is contained in ( hence equal to since

both have order r )  { z +  6 | 6 E Fr }. □

L em m a 4 .14 .

i) If g ^ P G L 2 {¥) commutes with both (o  i )  t 0 ,

then g =  1 .
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ü) ^  p E PGL^iX) commutes with both  ̂ E PG L2(F) where

îü  ̂ ^  1 and a matrix of the form  ̂% where x,y , l3  G F^, then

g =  1 .

iii) If g Ç.U commutes with both € (7 where ww  =  l ,w^ ^  1 and a

matrix in U of the form  ̂ _y  ̂ where y  ^  Q,z 0, then g =  1.

P roof: Let g =  ( c i )  ad — hc^  0.

i) Since g commutes with z +  t, g must fix oo. Thus c =  0 and we may 

assume d =  1 .

For A g F^,

(: :){; ■.’) ■ >(: v)(: :)
=*■ ( l  ~ o )  =  ( a1 X i )

Consequently, 6 =  0, Aa =  1 and a =  A. Therefore, =  1 and g(z) =  ± z . 

But —z o ( z  +  t) =  —( z + t )  =  —z — t  while (z +  t ) o ( —z) =  —z +  t. Hence, 

g =  1 .

ii) Since g commutes with ^ , we have

aw _  /  Xaw Xbw \

where A 7  ̂ 0. Since aw =  Xaw and — =  — , a — d =  0 or A =  l .  If
w w

a =  d =  0, then 6 7  ̂ 0, c 7  ̂ 0 since ad — bc ^  0. Since — =  Xbw and
w

cw =  — , we have A =  =  —. Hence, Â  =  1 and =  ±1 . This is a
w  A

contradiction since 7  ̂ 1. Thus, a 7  ̂ 0 or d 7  ̂ 0. In either case, it foUows that 

A =  1.
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If 6 7  ̂ 0 or c ^  0, then we again get the contradiction that =  1. Hence, 

g =   ̂0 d}  with a 7  ̂ 0 or 6 7  ̂0 .

Since g  commutes with  ̂z ^  ̂  we have

/ a x  a/3 \  _  / iiax ti/3d \

I f  - ^ )  '  V T

where /i 7  ̂ 0. Since z  7  ̂0, we have a =  fia and d  =  fid. Since a  and d  axe not 

both zero, fi =  1. Since /? 7  ̂ 0, the equation a/3 =  fj,(3d thus gives a =  d so that 

g is the identity.

iii) Since g E U, we have d =  —a and c =  —b. Since g  commutes with  ̂ ,

we have

/  aw W  \  /  Xaw Xbw
y —bw —aw J y  —Xbw —Xaw

for some A 7  ̂ 0. If 6 0, then Aw =  w.  Write w =  u +  a v  where u ,v  G F.

Then Au +  Aav =  u — av. Consequently, Au =  —v and u =  0. This imphes that 

w =  u G F, contradicting that 7  ̂ 1 (since ww  =  1). Hence, 6 =  0. It follows 

from the equations 66 — aâ 7  ̂ 0 and a =  Xa that a 7  ̂ 0 and A =  1. Thus, g is of 

the form ( j ^ ) -

Since g  commutes with ^

/  ay az \    /  pajr y.az \
^ -Ô2 - â y  j  ~  \  )

where /i 7  ̂ 0. Since y  and z axe both nonzero, the equations ay =  fiay and 

az  =  fmz  give that /x =  1 and â  =  a. Hence, g =  1. □
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L em m a  4 .15 . Let 1 ^  g =  [A] € P S L 2 {¥).

i)  1^1 =  2  if and only if  tr (A) =  0.

ii) If p >  3 , |p| =  Z if  and only if  tr[A)  =  ±  1.

iii)  Is'l =  4  if and only if  t-P{A) =  2 .

iv )  If p ^  5, IpI =  5 if and only if  ti^{A)  ±  tr{A)  — 1  =  0.

P r o o f :  L e t ~  w ith  a d  — b c = l .

T h e  c h a r a c te r is t ic  p o ly n o m ia l %^(A) o f  A  is  — tr (A )A  +  1 . T h e  e ig e n v a lu e s  

o f  A  a re  th e r e fo r e  x ,  — w h e r e  x  +  — =  tr (A )  (a n d  x  ^  0 ) .
X X

T h e  e ig e n v a lu e s  o f  A  are  d is t in c t  i f  a n d  o n ly  i f  tr^ (A ) ^  4  w h ic h  h a p p e n s  i f  

a n d  o n ly  i f  1 ^  ^  is  n o t  p a ra b o lic . S in c e  in  a ll c a se s  o f  th e  le m m a  w e  a re  a s s u m in g  

A  i s  n o t  p a r a b o lic , A  is  c o n ju g a te  t o  D  =  ^ ^  a n d  |gf| =  ] [D] |.

M o r e o v e r , £>” =  ± /  i f  a n d  o n ly  i f  x ’  ̂ =  ± 1 .

Consequently, |g| =  2 4=> x  ̂ =  —1, | |̂ =  3 x  ̂ =  ±  1, |g| =

4 <=4>- x  ̂ =  —1, 1̂ 1 =  5 -4=  ̂X® =  ±  1 (x^ =  1 =>- y =  1 , x  ̂ =

1 = >  1 <  b l  <  2 ).

i)  t r (A )  =  X H—  =  — —— =  0 <==> x^ =  —1.
X X

a;2 , 1
ii)  ------------- =  ±  1 4 =>- x^ + 1  =  ±  X < = >  x^ qp X +  1 =  0 . S in ce

X

X ±  1 , x^=px +  l  =  0 '<=>' x ® ± l  =  ( x ± l ) ( x ^ q = x  +  l )  =  0 -4= ^  x^ =  q: 1 .

iii)  ( ^ x q - - ^  = 2  4 =#^ x^ +  - ^ q - 2  =  2  4= ^  +  \  =  0  4 = >  ^ ^  ^
\  xJ  x  ̂ x2

=  0  x^ =  - 1 .

i v )  ^  —1 =  0  4= 4 - x ^ + x ® + x ^ q -x q - l =  0  4= >  x ^ —1 =
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{x — l)(z^ 4- +  r  +  1) = 0 .

Sim ilarly, ^ z  H ^ — ^ z  4— ^ —1 = 0  <=>  Z® +  1 =  (z  +  l) (z ^  — +

z^ — z +  1) =  0. □

D e f i n i t i o n :  G iv e n  1  7 ^ 5 1 , 5 2 , 5 3  €  PSLz{q)^  le t  mi =  |5^|. X ( m i , m 2 , m 3 )  : =

{  ( a , ^ , 7 )  I 7  =  ( ^ / 3 ) ~ \  | a |  =  m ,  | / ) |  =  m 2 , 17I =  m 3 } .

P G L 2 {q) a c ts  o n  X ( m i , m 2 , m 3 )  b y  c o n ju g a tio n .

L e m m a  4 . 1 6 .  P G L 2 {q) acts freely and transitively on X{2,p ,Z).

P r o o f :  W e  f ir s t  c h o o se  a n  e le m e n t 5  in  P S L 2 {q) o f  o r d e r  2 . A n y  e le m e n t  h

o f  o rd er  p  is  p a r a b o lic . I f  h sh a res a  f ix e d  p o in t  w ith  5 ,  t h e n  5  a n d  h g e n e r a te

a  d ih e d r a l g r o u p  (a n d  th u s  |5 h | =  2  ) . U s in g  t h e  fa c t t h a t  P G L 2  (5 ) a c t s  tr ip ly

tr a n s it iv e ly  o n  F ,  i f  5  is  h y p e r b o h c  a n d  th e  fa c t  th a t  PGL2{q)  a c ts  tr a n s it iv e ly

—1
o n  (F^2 — Fg ) X Fg i f  5  is  e llip tic , w e  m a y  a s s u m e  g{z) =  —  a n d  h{z) =  z  +  6 

( b y  c o n ju g a t in g  th e  f ix e d  p o in ts  ) . B u t

^  =  ( i  ”o O '  -® =  ( 0  1 ) ’ "  ( 1

T h e r e fo r e , |5 h | =  3  t r ( A B )  =  6 =  ± 1 .

—1
C o n se q u e n tly , w e  c a n  a lw a y s c o n ju g a te  g t o  —  a n d  h  t o  z  ±  1. S in c e  —z 

_ 1
s e n d s  —  to  i t s e l f  a n d  z  +  1 to  z  — 1, P G L 2 {q) a c ts  tr a n s it iv e ly  o n  A T ( 2 ,p ,3 ) .  

I t  fo llo w s fr o m  L e m m a  4 . 1 4 (i) th a t  th e  a c t io n  is free . □

T h e o r e m  4 . 1 7 . P G L 2 [q) acts freely and transitively on X ( 2 , 3 , 3 ) and 

X ( 2 , 3 , 4 ) and freely on X ( 2 , 3 , 5 ) . Moreover, the cardinality of X {2, Z, 5) is 

2 q{q  ̂ — 1) when 5 5".
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P roof: We first consider the action of P G L 2 {q) on Jt(2 ,3,5). When q =  5” , 

the result follows from Lemma 4.16.

C ase 1 5 I (g — 1)

We first choose an element g of order 5. Since there are ^ —- choices for 

the fixed points of g and 4 choices for a generator of < g >  =  Z5, there are 

4 =  2g(g +  l)  choices for 5 . We may assume g =

where A =

We now compute the number of elements h such that |h| =  2, \gh\ =  3. 

Now

' * = ( “  - a ) ’ - p - ^ c )

where det(h) =  —a^ — (3j =  1  and ti{gh) — a{p^ — p~^) =  1. ( I f  

tr(i4) =  —1 , tr(—j4) =  1 and ± A  represent the same matrix in P S L 2 {q). ) 

Thus, a  =  {p^ — p~^)~^ and / ?7 =  —1 — (p^ — p~^)~^.

If {p^ — p~^)~^ =  —1, then w — 2 +  w~^ =  —1 where w  =  p^ .̂ Thus, 

^ =  1 —w  and v P - w - \ - \  = 0 . Since tn® +  1 =  (w +  l)(iu^ — w +  1), we 

have w® =  —1 and tw® =  1 . But < w >  =  < p ^ >  and w  has order 5. We thus 

get the contradiction that 1 =  u;® =  ww^ =  w. Consequently, P j  ÿé Q and

— 1 — (p^ — p- ^ ) - 2
7  =  ---------------^---------- . Hence, there are g — 1 choices for /3 (and therefore

for h). Thus, |X | =  2g(g +  l)(g -  1) =  2g(g^ -  1).

C ase 2 5 ] (g +  1)

Since elements of order 5 are elliptic, there are 4 =  2g(g — 1)

choices for such a g. Working in the disk model, we may assume the fixed points
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0 \  9 + 1of g axe 0 and oo. Thus, 9 = 1   ̂ —m ) where m  —
0 r ” y 5

If |h| =  2 and \gh\ =  3, then

z —y  J \ —zx —yx

where det(^) =  (s®)’” = 1  =  —y  ̂ +  zz =  det(h) and tr(^h) =

y {x ^  — x ^ )  =  1. Therefore, y  =  (x”  ̂— x^)~^ is determined. Moreover,

|z|2 = z z  = l + 2/2 = 1 + (x”"-®"")“2 ^ 0

(since |x™ | =  5 ). Since the norm map N  : — y is surjective with

kernel S, there are 9 + 1  elements z with |zp  =  1 +  (x”* — x ^ )“2. Thus, 

there are g +  1 choices for h and \X\ =  2g(g2 — 1).

In either case, we therefore have | X ( 2 ,3 ,5) | is 2g(g2 — i)  when q ^  5". The 

fact that the action is free follows from Lemma 4.14 (and the proofs of cases 1 

and 2 above).

If g =  3*̂ , P G L 2 {q) acts freely and transitively on %(2,3,3) by Lemma 4.16. 

Let X  be either %(2,3,3) when g 3*̂  or X ( 2 , 3,4). The arguments given in 

cases 1 and 2 above show that PGLziq)  acts freely on X  (using Lemma 4.14) 

and |X | =  g(g2 — 1). ( Define A =  respectively and note that

there are g(g +  1 ) choices for g since Z 3 and Z4 each have only two generators.) 

Since P G L 2 {q) acts freely on |AT| and |PG L2(g)| =  it follows that the

action is transitive. □
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C orollary  4 .1 8 . Assume q is odd.

i) P S L 2 {q) contains a tetrahedral group.

ii) If P S L 2 {q) contains an element of order four, then it contains an octa­

hedral group.

iii) If P S L 2 {q) contains an element of order five, then it contains an icosa­

hedral group.

P roof: The result follows from the proofs of Lemma 4.16 and Theorem

4.17. □

T h eo rem  4.19. Let q =  p” . There exists a subgroup of P S L 2 {q) isomorphic 

to

i) P S L 2 {p^) if and only if m  \ n.

ii) P G L 2 {p^) if and only if 2 m  \ n when q is odd.

iii) a tetrahedral group except when q =  2 ”, n odd.

iv) an octahedral group if and only if q =  ±  1  [mod 8 ).

v) an icosahedral group if and only if q[q  ̂— 1 ) =  0 [mod 5 ).

P roof: i) and ii) If m | n, then Ç and thus P S L 2 [p^)  Ç

PSL(p^).  Since 2m | n, P S L 2 [p̂ ™') Ç P S L 2 [p^) by the above. Since 

Ç E+, P G L 2 [¥) Ç P S L 2 [E). Analogously, P G l 2 [p^)  Ç 

Therefore,

P G L 2 [p^) Ç PS L 2[p^ n  Q P S L 2 [p^).

Conversely, if P S L 2 [p' )̂ contains a subgroup isomorphic to P S L 2 [p'^), it follows 

from the proof of Ceise 6 A of Theorem 4.13 that F „  Ç F „. Thus F „ is a
T V  P
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vector space over of dimension d. Consequently, =  |F^„ [ =  =

pdm Hence, n  =  dm  and m | n.

If P 5 X2(p”) contains a subgroup isomorphic to P G L 2 {p^)  when is odd, 

then p ^ { p ^ ^ - l )  divides Since Ç P G L z ip ^ )  Q

P S L 2 {p^), m  divides n. Let A: > 0 and consider the ring R  =  Z/2*^Z. 

Then

2*= I ±  1 ^  p ^  =  =Fl(mod 2*=) (p’”)2^+i =  q:l (mod 2*=).

Define  ̂ by ^2^+i(®) ~  where denotes the units of

R.  Clearly,  ̂homomorphism since R^ is a. multiplicative group. If 1 ^

X €  ker(gg^^^), then =  1 and thus the order of x divides 2  ̂+  1 and is odd. 

Since R^  consists of the equivalence classes of the odd integers, |i?^| =  2^~ .̂ 

Thus, the order of x is even, giving a contradiction. Hence ker(gg^^  ̂ =  {1} 

and ^2^+1 ^  automorphism of . Consequently, if (p’̂ )^^+  ̂ =  ±  1 in R ^ ,

then

p" =  (s,< + i)-'(s«+ .(P ” )) =  =  ( 9 ,„ , ) - ‘ ( ± l )  =

(since fl'2^+i ±  1 )- Hence, (p”‘)^^+l =  q:l (mod 2*") = >  p’” =

=Fl(mod 2*=). Consequently, 2  ̂ | p’” ±  1 2  ̂ | (p” (̂2^+i) ±  i) . Hence,
m(2«+l)/’ 2m(2^+l) _  i \

p” (̂p -  1) does not divide --------------- -̂------------- -. Therefore, n  =  md

where d is even and 2m divides n.

iii) If p 7  ̂ 2, then there exists a g € P S L 2 {q) such that ^ p(z), —-  ^ 

=  Alt(4) by Cor. 4.18. If p =  2^ with n even, then Alt(4 ) <  Alt(5)

=  PSL2{2^) <  PSL2{2^).
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Conversely, if Alt(4) < P 5 L2(2 ’̂ )j then an analysis of the proof of Theorem  

4.13 shows that Alt (4) =  Q-^qoo' Now there is an element p of order 3 in Alt (4), 

hence in Thus, g  is hyperbohc emd 3 divides 2"’ — 1 . Consequently, n

is even.

iv) If Symm(4) <  P S L 2 {q)i then 8 divides | P S L 2 {q) | since the Sylow

2-subgroups of Symm(4) are dihedral of order 8 . Since the Sylow p-subgroups of 

Symm(4) are conjugate to Q and thus abehan, p 7̂  2. Thus, 8 | ^

8  I ^ 2  ̂ since q is odd 8  [ (g ±  1 ) since either or  ̂  ̂  ̂ is

odd.

Conversely, if q =  ±  1 (mod 8 ) then g is odd and there is an h € P S L 2 {q) 

with ^ h{z),  —-  ^ =  Symm(4) by Corohary 4.18.

v) If A lt(5) <  P S L 2 {q), then 5 divides | P S L 2 {q) \ and thus 5 | q{q  ̂— 1). 

If q{q  ̂ — 1) =  0 (mod 5) then 5 divides the order of P S L 2 {q). If g is

odd, then there exists a fc 6  P S L 2 {q) with ^ fc(z), —-  ^ =  A lt(5) by 

Corollary 4.18. If g is even, then 5 divides 2 "̂ — 1 and therefore n  must be even. 

Consequently, A lt(5) =  P 5 I/2(4 ) Ç P 5 I/2(2 "). □

L em m a 4 .2 0 .

i) Iret /3 7  ̂ 7  € AZt(4) such that \(3\ =  I7 I = 3 .  If |/?7 | =  3, then 

l/?7-i| = 2 .

ii) If Alt{A) < G <  P G L 2 {q), |G| =  24 and G acts freely on %(2,3,3) fl 

Alt{4), then G =  Symm(4).

P roof: i) Without loss of generahty, we may assume /3 =  (123) and 7  =
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(243). Then ^  =  (123)(243) =  (124) but =  (123)(234) =  (12)(34) 

has order two.

ii) Since Alt (4) < G, G acts by conjugation on the Sylow 3-subgroups of Alt (4) 

giving a homomorphism <j> : G — Symm(4). Since |Symm(4)| =  24 =  |G|, it 

suffices to show that (j> is 1-1. Suppose {1} ^  k e  ker(^). I.e., every Sylow

3-subgroup of Alt(4) is invariant under conjugation by k.

Let (a , /3, 7 ) € W(2,3,3).  Since k~~^pk G and k~'^'fk € { 7 , 7 "  ̂ },

we must have k~^/3k =  and k~^'yk =  7 ~^. (Since G acts freely

on W(2,3 ,3),  k~^pk =  j3 and k~^'yk =  7  is impossible. The other two 

possibihties are ruled out by i) above.) Since a /?7 =  1, a  =  (/?7 )“  ̂ =

Now (a , /3 7 “ ^,7 )̂ is in W(2,3,3) also ( |;5 7 | = 2  =  3 by part

i) ). By the same reasoning as above, k~^{l3j~^)k =  =  7 /?“ ^

and k~^'y^k =  (7 ^)“  ̂ =  7 . But {k~^ak)l3~^'>f~  ̂ =  1 which implies

k~^ak =  7 /3. Consequently, {'yl3){'yl3~ )̂'y =  1 thus implying that 7^87 =  7 " /̂? 

and ^ 7  =  7~^/3  =  7 /?. This is a contradiction since <  a ,/3 ,7  >  is not abehan. 

Hence, ker(^) =  {1}. □

T h eo rem  4 .2 1 . P S L 2 {q) contains the following conjugacy classes of subgroups 

where g =  | P S L 2 {q) \ and q =  p^ is odd.

i) There is one conjugacy class containing — - Zfc’s for each k >  1

dividing — and one conjugacy class containing ^ ^ ^ 2  '^k’s for

q — 1
each k >  1  dividing —- — .

ii) There are ^  D k ’s for each k >  2 dividing which form two
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ç db 1 .
conjugacy classes when —- — is even and one otherwise. There are 

^  D 2 ’s which form two conjugacy classes when g =  ±  1 (mod 8 ) 

and one otherwise.

iii) There are ^  tetrahedral groups forming two conjugacy classes when 

g =  ±  1 (mod 8 ) and one otherwise. If q =  ±.1  (mod 8 ), there are 

two conjugacy classes of octahedral groups, each containing copies. 

There are ^  icosahedral groups which form two conjugacy classes if 

g =  ±  1 (mod 5). If q = 5 "  there are ^  icosahedral subgroups 

forming one conjugacy class when n is odd and two when n is even.

P roof; Let F =  F ,.

i) For each pair x ^  y  € F, < g >  is conjugate to F+z =  where

g is a hyperbolic element fixing x and y. Thus, there are conjugate

copies of Z ^ .  Each such Z ^  contains a unique cyclic subgroup of order k
2 2

g — 1
for each A: >  1 dividing —- —.

(g  ̂ — ?)
Similarly, there are ----    conjugate copies of Z ^  =  P S L 2 {q) , one

A 2 y

fo r  e a c h  7  G E  — F.

ii) Each Z ^  =  P S L 2 {q)^^^y determines a unique

where g^  ̂ is an element of order two interchanging x and y. Thus, there

? ( 9 + l )  r nare ----    conjugate copies of .
2  2

For m  >  2 dividing — , there are —-  copies of Dm within each
2  2  77%
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Dq_i and thus {̂ 2 m  ^ ~  copies of Dm- ( No

Dm  is contained in more than one D ^ ^  since there is a unique subgroup hm

contained in Dm-) Moreover, there are two conjugacy classes of Dm within 

g -  1
if —----  is even and one otherwise. ( The normalizer of Dm in Dn is

2 2 t71.

D 2 m when ^  is even and Dm is self-normalizing in Dn otherwise. )

Similarly, we get the result for D ^  =  N  ^PSL 2 {q)^  ̂ and its dihedral 

subgroups of order larger than 4.

(J ~~~ 1 Q — 1
Assume 2 divides —- — . Now there are —- — Dg 's per D ^ ^ .  Say that 

i ?2 =  { 1,3, y ,z  }. Since the fixed point sets of x ,y  and z  are distinct, D 2  

is contained in exactly three copies of D ^ ^  . Thus, there are

9 - 1

9
3 12

distinct Dg's. Now JV’(I?2 ) =  D 2 >4 Z 3 =  Alt (4) unless Symm(4) exists, in 

which case N { D 2 ) =  Symm(4). Hence, there are two conjugacy classes of D 2  

when g =  ±  1 (mod 8 ) and one otherwise.

The case when 2 divides  ̂^  is analogous.

iii) Assume g =  ± 1  (mod 5) and fix one copy of Alt(5) <  P S L 2 {q)- Let

W ( 2 ,3,5) be the subset of jf(2,3 ,5)  with a,/3 G A lt(5 ).

Note that G  =  Symm(5) acts by conjugation on W (2 ,3 ,5). Let (a,/?,7 ) 

and (o ' ,^ ',7 ') be in W^(2,3,5). Now 1 ^  g G ^ g '^ ag  =

a , g~^!3g =  /?, and g~^jg =  7  which imphes g is in the centraliser of <

o:,/3,7 > =  Alt(5). Since the centraliser of Alt(5) is trivial, so is  ̂ y
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Define h : A lt(5) — )■ A lt(5) by ft.(a) =  a', h[(3) =  /?', 71.(7 ) =  l ' ■ 

Since h ta ies a set of generators of Ait(5) to a set of generators of Alt(5) and 

preserves the relations, 7t is a group homomorphism (hence an automorphism) 

of Alt(5). But every automorphism of Alt(5) acts by conjugation. Thus, there 

exists a e  Symm(5) such that a'  =  h{a)  =  g~^ag,  =  7i(/3) =  

g~^0g, 'y' =  7̂ (7 ) =  g~^'yg. I.e., Symm(5) acts transitively on W (2 ,3,5).  

Consequently,

|Symm(5)|
I M 2 , 3,5)1 =  IG.I =  =  120

where Gx denotes the stabilizer of x =  (a ,/3 , 7 ).

Analogously, we can prove that Symm(4) acts freely and transitively on 

W{2,Z,3)  and W(2,3 ,4) and thus |W^(2,3,3)1 = 2 4  =  | iy(2 ,3 ,4 ) | .

The number of distinct icosahedral subgroups of PSLziq)  is thus 

1̂ ( 2 ,3,5)1

1̂ 2 ,3,5)1

= i -  if ,  = 6»,
120  60

2g(g^ - 1) 9=  — otherwise.
120 30

The number of distinct tetrahedral and octahedral subgroups of PSLziq)  is

1^(2,3,3)1 ^  ^  ^  M 2,3 ,4 )1

IM 2,3 ,3 ) |  12 "  |W (2 ,3 ,4)r

Since |W(2,3,4) | =  24 and AT^^^^^^^(Symm(4)) preserves W (2 ,3,4),

^  24. But Symm(4) <  AT^^^^^^^(Symm(4 )) so 

that -^pQ2,2(,)(Sym™(4)) =  Symm(4). Consequently, Symm(4) is

also self-normalizing in P S L 2 {q). Since each conjugacy class contains
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=  ^  subgroups, there are two conjugacy classes of oc-

tahedral groups.

Similarly, |J\r^^^^^^^(Alt(4))| <  24 since iVp^^^^^^(Alt(4)) preserves

W‘(2,3,3) which has cardinality 24. Since Alt(4) <  iVp^^^^^^(Alt(4)), we 

have that 12 <  ^^^(Alt(4))| <  24 which imphes that either Alt(4) is self-

normalizing in PGLziq)  or Alt(4) has index two in its normalizer in P G L 2 {q). 

In the latter case, Alt (4)) =  Symm(4) by Lemma 4.20. Consequently,

the normalizer of Alt(4) in PSL^^q) =  Symm(4) when Symm (4) <  P S L 2 {q) 

and is Alt (4) otherwise.

Let N  ;= ^^^(Alt(5)). Since N  preserves W (2,3,5) which has cardinal­

ity 120 and Alt(5) Ç N ,  we know that 60 < \N\ <  120.

Assume p 5. Given an element g G Alt(5) of order 5, we may conjugate so 

that the fixed points of g are 0 and oo and thus

Zs =  ^ 1 , A^z, A^z, ^   ̂ .

We can conjugate A ẑ to (and A^z to by an element of order two which 

interchanges 0 and oo. Since the trace of a matrix is invariant under conjugation 

and

‘ ' ( o  i )  +  +  F  =  & ) '

A^z and A^z are not conjugate. Thus, there are exactly two P G L 2 {q) conjugacy 

classes of elements of order 5 in Alt (5).

Fix an element g of order 5 in Alt(5) and let W  be the subset of W (2 ,3,5)
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consisting of all (a,/?,7 ) with 7  conjugate to g. Then |W| =  (

There axe 2 (not 4) choices for a generator of each Z5.) Since N  <  P G L 2 {q) 

acts freely on W,  |iV| <  60. Consequently, Alt(5) is also self-normalizing in 

PSL^^q) and there axe thus two conjugacy classes of icosahedrals in PSL^iq).

Assume q =  5” . We observe that in the proof of Lemma 4.16, we showed 

that given (a,/3,'y) in X(2 ,3 ,5 )  we can conjugate so that <  > =

^ —- , z  4- 1^ =  P S L 2 {5 ). Thus, Alt(5) =  P S L 2 {5 ) < P G L 2 {5 ) which imphes 

that PGI»2(5 ) is contained in (hence equal to) N.  So

I" P 5 L2(5") if n is odd,

( PGI<2 (5”) if n is even.

Hence, there are two conjugacy classes of icosahedrals when q =  5^ and n is

even and one when n  is odd. □
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5. T h e  E ichler C oh om ology  o f PSL^^p)-

Let V^(F) be the vector space of polynomials (in one variable) of degree 

at most n  with coefficients in F and ffn(F) the vector space of homogeneous 

polynomials (in two variables) of degree n with coefficients in F.

Let p{z ,w)  =  anZ^ -{■ an-\z^~^w -\ oqw'̂  € iîn(F) and E

5 L2 (F) acts on ifn(F) via

{pg){z^w) := an(az  +  bw)”̂ +  a„_i(az +  bw)”'~^(cz +  dw) H h oo(cz +  dw)”'.

Since p(Xz,Xw) =  X’̂ p(z,w) for A 7  ̂ 0, there is an induced action of PSLsiF)  

on Ifn(F) when n  is even. Unfortunately, we see than an analog of this action 

for P G L 2 (F) is not so obvious.

Given n  =  2r — 2, p E 14%. and g E P 5 Z»2(F), define

(*) {P9){z) =  p{g{z)){g'{z)Ÿ-^.

Consider the following diagram where the vertical maps are given by deho- 

mogenizing the polynomials of Pn(F) (setting w =  1 ):

H ^ f )  Hn(F)

Pn(F) P„(F)

This diagram commutes and the top map defines an action. Since the vertical 

maps are isomorphisms, (*) also defines an action of P 5 L2(F) on %i(F).
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Let G <  PS L ^if ) ,  n  an even positive integer. We define the n -coch ain s o f  

G w ith  coefficien ts in  Vn{Tj where n € {0 ,1 ,2} as follows:

C °(G ,7n(F )) := Vn{¥),

C \ G ;  7„(F)) : = { F : G ^  V .( F )  1 F ( l)  =  0 },

:= {F : G X G  K(F) | F {g , l )  = 0 = F(l,g) }.

We have the following coboundary maps: If p G Vii(F) =  G°(G; %i(F)) and

9 ^ G ,

do* : G°(G; Vn{¥)) G'(G; K (F )) via do*{p){g) : = p g - p

1£ F  e  C^{G; 1̂ „(F)) and p, h G G,

di* : C \ G ;  y„(F)) —  ̂ C2(G; Kt(F)) via di*{F){g,h)  := F{g)h -  F{gh)  +  F{h)

Let

Z^G-, l^ (F )) := ker(di') =  { F  : G — > K (F ) | F ( l )  =  0,F(^h) =  F{g)h +  F{h) }, 

B^(G; V"n(F)) := Im (4") =  { F  : G %,(F) | F(^) =  -  p for all p G G }.

Elements of Z^{G;Vn{¥)) (respectively F^(G;Ki(F))) are called 1 -cocycles  

(respectively 1 -cob ou n d aries) o f  G w ith  V'n(F) coefficients. The E ichler  

coh om ology  o f  G w ith  V'n(F) coefficien ts is

H \G - ,V 4 ¥ ) )  := Z '(G ;K (F )} /F '(G ;K (F )).

In other words, the Eichler cohomology of G is the first group cohomology of G 

(see [M],[Br]).
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Given g Q. G, let Res|<j> denote the restriction map from V'n(F)) to

The parab olic  1-cocycles o f  G  w ith  14i(F) coefficients is

PZ\G-,Vr,{¥))  = F  € Z \G - ,  F„(F)) I f  € f |  ker (R *s|°,> )
gÇ.G

^parabolic

I.e., a parabolic cocycle is a cocycle which is a cobonndary when restricted to  

every paxaboHc element of G.

The p arab olic  coh om ology  o f  G  w ith  coefficien ts is

PH^G;K(F)) = P^1(G;F„(F))/BMG;K(F)).

Let g{z)  =  — € P5I<2(F) and p{z)  =  tt?  s z  t  € V2(F). Then
cz +  d 

g'{z)  =  {cz +  d)~^ and

{P9){z) =  p{g{z)){g'{z))  ̂ =  p{g{z)){cz +  d)

(**)

=  r{az  +  6)  ̂ +  s{az +  b){cz +  d) +  t{cz +  dŸ

=  (ra + s a c  +  t c ) z  +  {2rab +  s{ad +  be) +  2tcd)z  +  {rb  ̂ +  sbd +  td^).

Let := { p € V2(F) | pgr =  p for all  ̂ E G } and let := .

R em a rk  5.1

i) If p(z) =  —-  (a =  0 =  d,6 =  —l , c  =  1), then (pp)(z) =  t z ^ —sz  +  r

and =  { rz^ +  r | r G F  }.

ii) I f l ^ p ( z )  =  z +  6 ( a  =  l = d , c  =  0), then (pgr)(z) =  rz^ +  {2rb +

s)z  +  {rb  ̂ + s b  +  t) and =  { t | t E F }.
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iii) If g{z) =  A^(z),A^ (a =  A, 6 =  0 =  c, <i =  A^) ,  then (p^)(z) =  

rA^z^ +  5z +  tA“  ̂ and =  { sz | 5 G F }.

iv) If g{z) =
a b 
0 a~^

and a ^ {0,1},6  ^  0, then {pg){z) =  ra^z^ +  

(2raf> +  s)z +  {rh  ̂ +  sa~^h +  ta~^). If p G V®, then 2rah +  s =  s which 

imphes that r =  0.

We also must have sa~^h+ta~^ = t o x  equivalently, t(a“  ̂— 1) =  —sa~^h.

If a =  —1, then we get s6 =  0 s =  0. Otherwise, t  =   ------  ̂ =
1 — ct

ahs

Therefore, =  { f | t G F } i f p  =  3 and V® =  { s z +  | s  G F }

otherwise.

Note that every ehiptic element of PSL^iq) is a hyperbohc element in 

P5L2(?^)- Consequently, every hyperbohc or ehiptic element in PSL^^q) is 

conjugate to an element of the form A^z, A G (F,: ) ̂ . Moreover, if F =  Fg and

E =  F,2 ,

d im ^(P'(PSL2(F);yn(F)® EE)) =  d im ^ (jT i(P % (F );l^ (F ))).

(Changing coefficients from ln(F) to V^(E) is equivalent to applying the exact 

functor ®fE to the cochain complex {C'*’(G; V'n(F)), dfc*}:

  ̂ C^(G;%,(F)) ^  C^+:(G; 14(F)) — f •••

  ̂ C \ G \  Fn(F)) ®F E ^  K (F )) E .

The coboundary map dt* of both chain complexes is given by the sam e matrix 

since F Ç E and thus the dimension of cohomology wih be the same no matter 

which chain complex we use.)
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R em ark  5 .2  In particular, to find the dimension of ff^(G;V2 (F) (or of 

PH^{G\  I^(F)) for any maximal nonprojective subgroup G  of P S L 2 {q), it suf­

fices to compute the dimensions of the cohomology of the following groups:

i) <  > , A € ( F , 2 ) ^ , A 2 ^ 1  (Cartan)

ii) ( A ^ z ,^  | ( ^ o A 2 z ) 2  = 1  ) , A g ( F , 2 ) ^ , A V 1  (dihedral)

iii) ( z - H , A 2 z ) , A e ( F , ) ^ , A 2 ^ 1  (Borel)

iv) a tetrahedral, octahedral, or icosahedral subgroup of PSLziq).

In addition, we will compute the dimension of the cohomology of the following 

groups:

v) <  z -H 1 >  (cychc parabohc),

vi) { z -t- 6 I 6 G Fg } (full parabolic),

V Ü )  (  ^ , r  +  l  )  ( P S i 2 ( p ) ) .

We wiU therefore have computed the dimension of 17^(0; Vz(F) (and 

PH^ (G; I^(F)) for any subgroup G of PSL^^p). For the remainder of this chap­

ter, let F =  Fg where ç =  is odd, E =  FgZ, V  =  p2 (F), and G <  P 6̂ 2,2(F).

If G is an excep tion a l subgroup of P S L 2 {q) (i.e., a tetrahedral, octahedral 

or icosahedral subgroup), then we may assume G =  ^ A =  —- ,  P  =  ^

where -  a -1- 1 =  0 and 6 =  1 if G is tetrahedral, 6̂  =  2 if G is octahedral, 

6̂  — 6 —l  =  O i f G is  icosahedral. (It follows from Lemma 4.15 that |B| =  3 and 

\AB\ G {3,4 ,5}  so that <  A, R > is an exceptional subgroup. We are also using 

the fact that every elliptic element of order 3,4, or 5 is hyperbohc or parabohc 

in Fg2 (so that a and b exist in Fg2 ).)
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R em ark  5.3; i) It follows from Remark 5.1 that =  { t 1 i  €  F } for the 

full parabohc subgroup and the cychc subgroups hsted above and that Vq =  {0} 

for all the others.

Ü) Note that Remark 5.1 and i) above show that p € for g  G PSL^iq)  

if and only if the fixed points of g are the roots o f p (where p is thought of 

as a homogeneous polynomial). In particular, =  {0} for every noncychc 

subgroup G  o f P S L 2 {p).

We have

0 — > C°(G; V) ^  C^{G; V) ^  G^(G; V).

Since G°(G; V) =  F  is a vector space and do* is a linear map,

dim(Im(<io)*) =  dim(V) — dim(ker(do*)) =  3 — dim(ker(do*))-

Now p G ker(do*) -<=*- do*(p) =  0 -4=^ do*{p){g) =  pg — p  =  0 for all p G 

G p  G V®. Therefore, ker(do*) =  V^.  Consequently, B^{G\V)  has

dimension 2 for the full parabohc and the cychc subgroups on the hst and 

dimension three for all the others.

Assume F  : G  — > V  such that F ( l )  =  0 and F{gh)  =  F{g)h +  F(h). Then

0 =  jP(I) =  F{gg~^) =  F{g)g~^ +  and therefore F{g~^) =  -F{g)g~'^.

—1 —1 
If g{z)  =  —  G G,  let F { ——) =  rz^ +  s z  +  t. Since g"̂  =  l ,g~^  =  g and

0 =  F ( l )  =  F{g)g +  F{g) =  {tz^ -  sz +  r) +  {rz^ +  sz  + 1) =  (r +  t)z^ +  (r +  t).

Therefore, t  =  —r. Consequently,

(5-4)
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E 1 ^  g[z) =  z +  6 €  G, let F{g)  =  rz^ + s z  +  t. Since g is parabolic, g  ̂ =  1. 

Therefore,

0 =  f  (1) =  f ( g ' )  =  =  f  =  F (s )s ’’- * + f ( s a ' - “)

=  +  F(g)gr-^  +  ^ (3 !-= )

=  F { g W ^  +  +  • • • +  s  +  1)

Since chax(F) =  p, (1 — g Y  =  1 — =  (1 — p)(l  +  p +  • • • +  g^~^) and thus

(1 -  gY~^ =  l + g - \ - g ^  -\-------h g^~^- Therefore, 0 =  i^(flr)(l -  gY~^-

For any p(z) G V, [■pg)[z) =  p(z +  6) and p (l -  g){z) =  p(z) -  (pp)(z) =

p(z) — p(z +  6) heis degree one less than the degree of {pg){z). Thus, p (l — g){z)  

has degree at most one.

Since p (l -  g Y  =  [p(l -  ^)](1 -  5r), deg(p(l -  g Y )  <  0. Consequently, 

deg(p(l — g)^) =  0 for fc >  3. In particular, E j { z )  =  F{g) G V, then 0 =  

j { l  — g)^ =  F (p )(l — g)'‘ for all fc >  3. Thus, the equation ”0 =  i^(p)(l — g)^~^” 

is always true for p — 1 >  3 ( p 3) and F{z  +  6) can be any element of V.

E  p =  3, then 0 =  F{g){ l  — g)^ implies

0 =  [ - ^ ( 5 ) ( 1 - ^ )  =  [-P'W) -F (p)gr](l - p )

=  [rz^ +  sz  +  t — r(z +  6)  ̂ — s(z  +  6) — t](l — p) =  [—(2rz +  b^r +  5&)](1 — g) 

=  —(2rz +  b^r +  sb) +  2r(z +  6) +  b^r +  sb =  2rb.

Therefore, r =  0.

(5-5) F(z  +  b ) = s z  +  t i£ p  =  3, F (z  +  b ) = r z  +  sz +  t otherwise

178



If g{ ẑ) =  \^z  € G  and ^  1, let F[}?z)  =  rz^ +  sz  +  t- Assume g has order 

m.  Then

0 =  F ( l )  =  F{g^)  =  F{g){l  +  p +  5 " +  • • • +  g " " ')

=  F{g) +  F{g)g +  F{g)g'  ̂ +  - • • +  F{g)g-^~\

Since g^{z) =  F[g)g^{z) =  rA^ ẑ  ̂+  sz +  fA~^* by Remark 5.1. Therefore,

0 =  ( r z 2 + 5 z  +  i )  +  ( r A ^ z ^ + s z  +  tA~2) +  . . .  +  5z +  iA"2(”^-i))

=  r ( l  +  Â  +  A'* H +  A2(’”-i))z^ +  m sz  +  i ( l  +  A"  ̂+  A“'̂  +  • • • +

/ l _ A 2 m \  / I —A“ ”̂^\
Therefore, 0 =  r ( —— ^  j  ẑ  +  m s z  +  t f —— =  1 =

A -2m gjjicg g ijas order m. Therefore, m s  =  0. Since m  <  p, we must have 

5 =  0. Consequently,

(5-6) F(A^z) =  r z ^ + t

We have shown that dim(Z^(< z +  1 >;V) =  2 if p =  3 and 3 otherwise 

and that dim(.^^(< A^z > ;V )  =  2. Consequently, IT^(< z +  1 >;V) is one 

dimensional if p 3 and trivial for p =  3. Likewise, ff^(< A^z >; V) (=  

PH ^{< y?z  >; V)) is trivial. Since every element of < z +  1 >  is parabohc, 

f a - ^ ( <  z +  1 > ; y )  = g i ( <  z +  1 > ; 7 ) .

R em ark  5 .7  Suppose F  €  PZ^{G]V).  If G contains a parabohc element, 

then we may assume g{z) =  z  +  b e  G. Then F(z +  5) =  p(z +  6) — p(z) for some 

p € V. I.e., F{z  +  6) has at most degree one.
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R em ark 5.8 Let G =  { z  +  b \ b Ç.F }. We know that dim(B^(G; V)) =  2. 

Since G has n generators and F{z  +  6) can be any element of V,  dim(Z^(G; V)) 

=  ndim( V) =  3n. Therefore, (G; V)  has dimension Zn — 2. J£ F  G PZ^ (G; V), 

then F{z  +  6) =  s z  +  t for some G F. Therefore, PZ^{G-, V)  has dimension 

2n  and PH^{G] V)  has dimension 2n — 2.

Lem m a 5.9 . -^  | ( ^  oX^z)^ =  1 } ; V  ) for  7̂  1 is trivial.

P roof: Let h{z) =  —  and g{z)  =  A^z. Then hg =  g~^h. We know that 

F{h)  =  rz^ +  sz  — r and F{g) =  kz^ +  w.

F{hg) =  F{h)g +  F{g)  =  KA^z)^ +  ^(A^z) -  rjA'^ +  { k z ^ + w )

=  rX^z^ +  s z  — rX~^ +  kz^ +  w =  (rA  ̂+  k)z^ +  sz +  (to — rA“ ^).

w

F{g-^h)  =  F{g-^)h +  F{h) = —kX  ̂ ( —- 1  — wX? ẑ  +  (rz  ̂ +  sz — r)

=  (r — wA )z + s z  +  (—r —feA ).

In particular, we have k =  r — wX? — rX^. Since F{h) =  rz^ +  s z  — r and 

F{g)  =  [r — A^(r +  w)]z^ +  w, dim(Z^(G; V)) <  3. The result follows since 

B^(G; V) has dimension 3. □

L em m a 5 .1 0 . If G is a Borel subgroup of PSL-^ijP) and p  ^ 3 ,  then H^{G; V) 

is one dimensional if p  =  5 and trivial otherwise. The parabolic cohomology of 

G with V  coefficients is trivial.
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Proof: Let ti =  1 +  p+p^ H hp” .̂ We may assume G = <  z +  1, >

where <  A > =  (F ,)^. Note that <  A“ > =  (Fp)^.

Let g{z) =  A^z and h(z) =  z +  1. Then g^h =  g^. Moreover, F{g)  =

mz^ +  w  and F{z  +  1) =  rz^ +  sz +  i.

Now g^{z) =  Â “(z). As in the proof of (5 - 6) we get

f ( s " )  =  ■F(j) +  F (« )s  +  J=’( j ) / + - - - + - P ( « ) s “‘ ‘

=  + ”' ( T 3 1 F r j -

A l s o =  z +  fc and F{h){h’‘) =  rz^ +  {2rfc +  a)z +  (rfc  ̂+  sfc +  i)  by 

Remark 5.1. Let £ =  Â “ .

Now

F{h^) =  F{h) +  F{h)h  +  F{h)h^ +  . . .  +

=  ( r z ^ + s z  +  t) +  (rz^ +  (2r +  s)z +  (r +  s +  t))

+  . . .  +  (rz2 +  (2r(£ -  1) +  s)z +  (r(^ -  1)2 +  s(£ -  1) +  4)) 

=  frz= +  (̂ £s +  2r
2

+ ^̂ i + f5L_il+r(i+22 +32 + ... + (^_l)2)^

= irz^ +  {is + r£{£ -  l))z + (̂ £t +  + r f ( f - l ) ( 2 f - l ) ^
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F{g^h) =  F{h) +  F{g^)h

=  (tz  ̂ +  sz +  f) +  (^m  (  Y T ^ )  I I (k)

=  (rz^ + s z  +  t] +  (m  ( y r V )  ( t ^ )

. . .   ̂ . I - 1=  r +  m
1 - A 2  

- 1

+  ( ‘ + ™ ( ^ ) + " ' ( r i 4 = î ) ) -

F(h‘g ' )  =  W )  +  F(h‘)g'‘

—

s l { l  -  1) , r t ( l  -  1)(M -  1) ,

Equating the coefficients of in F[h^g^) and F{g^h) gives i^r =  r which 

implies that =  1 or r =  0. Since p ^  3 and A“ has order p—1, (A“)̂  =  =  1

if and only if p =  5. Therefore, r =  0 unless p =  5.

Assume p ^  5. Equating the constant terms of F{h^g'^) and F{g'^h) gives

 ̂ =  m  which implies that s =  Thus, F{g)  =

182



mz^ +  w and F {z  +  1) =  ^ ^  z +  t. Consequently, dim(Z^(G; F )) <  3. 

But d im (Bi(G;F))  =  3. Hence, F i ( G ; F )  =  {0} =  f f r ^ ( G ; F ) i f p f  3 an d  

p ^  5.

Assume p  =  5. Equating the coefficients of z  in F{h^g'^) and F[g^h) gives

Is +  r t { i  -  1) =  s +  2 m f  ̂  

_

2m
=!■ « =  + ' .

Equating the constant terms of F{h^g'^) and F{g ‘̂ h) gives

_  5 ( ^ - 1 )  r ( ^ - l ) ( 2 ^ - l )
A 2 - 1  ~  2 6

or equivalently.

m r(2^ — 1) m  r
-  +   7  +A 2 - 1  6 A 2 - 1  ' 2
_  TO ^  r( l  +  )̂

A 2 - 1

Since p =  5, -£̂  =  1 and therefore £ =  —1. Consequently, the above equation 

doesn’t give any further restrictions on to or r. So F[g) =  mz^ +  w and F{K) =  

rz^ +  2 + 1. Then dim(Z^(G;F)) =  4 and dim(PZ^(G; F )) =  3 by

Remark 5.7. Hence, dim(ff’̂ (G; F )) =  1 and PH^(G; F) is trivial. □

We win now compute the cohomology of any exceptional subgroup G of 

PSL2 {f)- As noted above, we may assume G =   ̂ A =  —- , B  =  ^
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where — a +  1 =  0 and 6 =  1 if G is tetrahedral, 6̂  =  2 if G is octahedral, 

6^—6 — l = O i f G i s  icosahedral.

We note the following simple but useful facts for future reference:

=  a — 1, +  1 =  a, c? — a =  —1, a +  a  ̂ =  1

c? =  —1 =  a ,̂ â  +  l  =  0 =  a ^  +  l ,  a ^  +  l = a - 1

a~^ + a  =  0, a~^ +  2a~^ =  a~^ +  a~^

If 6̂  — 6 — 1 =  0, then 6̂  =  6 +  1 and

6* = 2 b  +  1, 5̂  =  36 +  2, 6® =  56 +  3, 6® =  86 +  5

6* = 2 1 6 + 1 3 ,  6̂  +  1 =  6 +  2, 6̂  -  1 =  6, 1 - 2 6 ^  =  - ( 2 6 + 1 )

64 _  62 +  2 =  26 +  3, 6̂  -  6̂  -  1 =  26.4 l 2

F{A) =  kz^ + m z  — k. Let F{B)  =  rz^ +  sz  +  t. Using (**), we have 

F{B^)  =  F{B)  +  F {B )B

=  { r z ^ + s z  +  t) +  {ra^z^  +  (2ra6 +  5)z +  (r6  ̂ +  s6a“  ̂ +  ta“ )̂ ) 

=  r(a^ +  l)z^ +  2(ra6 +  s )z  +  (r6  ̂ +  sha~^ +  t{a~^ +  1))

=  raz^ +  2(a6r +  s)z  +  [rb  ̂ +  sa~^b+ a~^t).

Now B^ = a2 6(a +  a  ̂) a2 6
0 a~2 0 a “2 . Therefore, by (**)

F{B^) =  F{BB^) =  F{B^) +  F{B)B^

=  ra{a^ +  l)z^ +  (2r6a(a +  1) +  3s)z +  (2r6^ +  sb{a~^ +  a~^) 

+  ta-^( l  +  a-3))

=  (2ra(a +  1)6 +  3s)z +  (2t’6̂  +  s6(a~^ +  a~^)).
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Since =  1, we have F{B^) =  F ( l )  =  0. Note that a =  —1 if and only if 

p =  3.

If p =  3, then B{z) — z — b is parabohc and therefore r =  0. In this case, 

F{B^) =  0 gives no further restrictions. Thus,

F{B) =  sz + t  when p =  3

If p ^  3, then 2ra{a +  1)6 +  3s =  0 s =
_  -2 ra (a  +1 )6

. Then

2r6^+s6(a“ 2 + a “ )̂ =  2rh^-
2 2rh^{a  ̂ +  l ) (a  +  1)

2r6  ̂ — 2rb  ̂ =  0 (since a +  a  ̂ =  1).

So we get no further restrictions on F{B)  and

We therefore have dim(Z^(G; V)) is at most 4 and dim(5^(G; V)) =  3. Con­

sequently, if there are any further relations between the coefficients o f F{A)  and 

F{B),  then H^(G-,V) is trivial.

Now

F{AB)  =  F{A)B  +  F{B)

=  -t- [2kab -|- m )z  4- (66  ̂ 4- ma~^b — ka~^) 4- F{B).

Thus,

F{AB)  =  {ka 4- r)z 4- (2A:a6 4 - 4 - s)z 4- {kb 4-rna b — ka   ̂ 4 - t)
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where r =  0 and a =  —1 if p =  3 and s =  -------—— if p ^  3.

Let F{AB)  =  uz^ + v z - \ - w .  Let F((AB)” ) =  PnZ  ̂ +  QnZ +  Rn for 

71 =  2 ,3 ,4 ,5 .  Since ylB =  gives

F ( (A 5)" )  =  F{{AB)^-'^){AB) +  F{AB)

=  (i? n _ ia ^ z ^  +  ( 2 i l t i_ ia 6  — Q t i - i ) ^  +  ( P n - i®  ^ — a  ^ b Q n - i R n - i i > ^ ) )  

+  {uz^ A v z A w )

which gives F{{ABY^) =

[Rn-\0^ +u)z'^ +  {‘2'Rn-làb — Qn-l -\-v )z  + (P „_ia   ̂— Qn-\Ci ^h-\-Rn-ih^ A w )

u

m

IV

Rem eirk 5 .11  We obtain the following values of Pi, Qi, Ri  by reiteration:

P2  =  u A c?w 

Q 2  =  2abw

R 2 = w  A  a~^u — a~^bv Ab^w

Pz =  2u — abv A {b  ̂ A  l)w

Qz — 2a~^bu A v { l —2b^) A2ab^w  

Rz = a~^{b^ A l)u  — a~^b^v A {b  ̂ — b̂  A 2)w  

P4 = {b  ̂ A  2)u — ab^v A o?{b‘̂ — b̂  A 2)w

Q 4 = 2a~^b^u + 26^(1 — b^)v + 2ab[b^ — 2b^ + 2)w

Ra — 0, — b̂  A  2)u — a ^b(b^ — 2b^ + 2)u + (6® — 36  ̂+ 36  ̂+ 2)rt;

P5 =  {b  ̂ —b̂  A 3)u — ab{b^ — 26  ̂ +  2)v +  a^(6® — 36  ̂+  36  ̂ +  2)w  

If 6  ̂ — 6 — 1 =  0, then P5 =  2(6 +  2)u — a{3b +  l)u +  2a^(6 +  2)w.
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xi) Qs =  -  26  ̂+  2)u -  (2&G _  66  ̂+  66  ̂-  l ) r  +  2a6»(&4 _  46  ̂+  5)w

If 6̂  — 6 — 1 =  0, then Qs =  2a“^(36 +  l)u  — (46 +  3)r +  2a(36 +  l)w.  

xü) Rs =  a - ^ b ^ -3b^+3b^ +  2 ) u - a - H ^ { b ^ - 4 b ^ + 5 ) v  +  { b ^ - 5 b ^ + 8 b ^ -  

Zb‘̂  +  3)tü

If 6  ̂— 6 — 1 =  0, then %  =  2a~^ {b +  2)u — a~^ (36 +  l)t7 +  2(6 +  2)w.

If G is tetrahedral, then [ABŸ  =  1 and 6 =  1. Since 0 =  i^((.<45)^) =

0 =  Pz =  2u — av -\- 2a^w

=  2{ka^ +  r) — a{2ka +  m +  s) +  2a^{k +  ma~^ — ka~^ + 1)

=  2a^k +  a m  — os +  2r — 2fe +  2o^t.

Therefore, s =  2ofc +  m +  2a~^r — 2a~^k +  2at. This gives a nontrivial relation

for all p and thus H^{G', V )  =  {0} in all cases.

If G is octahedral, then {AB)^ =  1 and 6  ̂ =  2. Therefore,

0 =  P4 =  4u — 2abv +  4o^w

=  2a^k +  ohm — abs +  2r — 2 fc 4- 2a^t.

Therefore, s =  2ab~^k +  m +  2ra~^b~^ — 2a~^b~^k +  2ab~^t. This gives a 

nontrivial relation for aU p  and thus (G; V) =  {0} in all cases.

If G is icosahedral, then 0 =  P5 =  Q5 =  P 5 and 6  ̂ — 6 -  1 =  0. Note that

6 =  —2 if and only if p =  5.

If p =  5, we see from Remark 5.11 that P5 =  Q5 =  independently of 

what u, V, and w  axe. I.e., these give no further restrictions on P(A) and F{B).
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Consequently, dim(2’̂ (G; V)) =  4 and V) is one-dimensional. Since p =  5

and \AB\ =  5, AB  is a parabolic element. Thus, if F  6 PZ^[G',V),  then the 

coefficient of in F{AB)  must be zero. Therefore, kcF -t-r =  0 r  =  —ko?. 

Hence, dim(PZ^(G; V)) =  Sand PH^{G-,V)  =  {0}.

If p 5, then

0 =  Ps =  2(6-f-2)(fca^-|-r)—a(36-|-l)(2ifeah-}-m-F5)-4-2a^(6-t-2)(A:6^-i-7na~^&—

Since 2a^{6 -1- 2) ^  0, we can write t in terms of k , r , m , s , a  and b. Hence, 

(G; V) is trivial if  p 5.

We have proved the following theorem.

T h eorem  5 .12 . The Eichler cohomology of every exceptional subgroup of  

P S L 2 {q) with coefficients except the icosahedral subgroups whenp =  5 is

trivial. The cohomology of the latter is one- dimensional.

T h eorem  5 .13 . The Eichler cohomology of P S L 2 {p) with coefficients in 

is one-dimensional if p =  5 and trivial otherwise. The parabolic cohomology of  

P S L 2 {p) with I^(Fg) coefficients is trivial for all p.

Proof: We may assume G := P S L 2 {p) — ^ z -t-1, —

Let g{z)  -  —  and h{z) =  z -1- 1. Then {ghY =  h~^g. Moreover, F[g)  =  

rz^ -H sz — r and P (z  -h 1) =  kz^ 4- m z  -f- n.
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- 1
Note that h T ^ { z )  =  z — 1 and g h { z )  =  j-y. Therefore,

F{h~^) =  —F[K)h~^ =  —kz^ +  [2k — m )z  +  {m — k — n),

F{gh) =  F{g)h +  F{h)  =  (r +  k)z ‘̂  +  (2r +  5 +  m )z +  (s +  n), 

F ( ( g h f )  =  F(gk)(gh) +  F(gh)

=  (r +  fe + 5 + n ) z ^  + 2(5 +  n ) z  +  (—r + fe — 771 +  5 +  2tz.).

On the other hand,

F(k~^g) =  F(k~^)g  +  F(g) =  (r +  m  — k — n)z^ +  (5 —2A: +  7n)z +  (—r — &).

In particular, r +  fc +  s +  re =  r +  m — fc — n  which implies that s =  m  —2k — 2n. 

The equations 2(s +  n) =  5 — 2fc +  m and —r +  k — m  +  s +  2n =  —r — k are 

then trivially satisfied. Therefore, we have F{g)  =  rz^ +  (m — 2k — 2n)z — t  and 

F{h) =  kz^ 4 - rnz +  n. Hence, the dimension of Z^{G] V) is at most 4. We also 

know that (G; V)  is three- dimensional.

If p =  3, then k =  0 since h is parabolic. Therefore, the cohomology of G  is 

trivial.

Assume p ^  3. Note that PH^{G;V)  =  {0} (k must be 0). Suppose 

dim(iï^(G; V)) =  1. Since the parabolic cohomology of G is trivial, there must 

exist a [T] G H^{G;V)  such that T is not a coboundary when restricted to 

parabolic elements. Consequently, 0 ^  [T|g] G H^{B-,V) where B  is a Borel 

subgroup of G  containing T. This is a contradiction to Lemma 5.10 unless p =  5. 

Hence, (G; V) is trivial unless p =  5.
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When p =  5, P S L 2 {p) =  f % ( 5 )  =  Alt{b). Therefore, àim{H^{G]V))  =  1 

by Theorem 5.12. □
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Summaxy;

The dimension of H^{G; V) is one for the following subgroups of P S L 2 {q)

i) ( z +  1 ) when p ^  3

ii) ( z  +  1, A^z ) when p =  5

iii) icosahedral subgroups when p =  5

iv) P S L 2 {p) when p =  5

The dimension of ({ z +  6 | 6 G F, }; V) is 3n — 2.

The dimension of PH^{{  z +  6 | 6 € F , }; F ) is 2n — 2

The cohomology and parabolic cohomology with l^(Fg) coefficients of every 

other subgroup listed in Remark 5.2 is trivial.
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Addendum

We recently became aware of the work of Audrey Terras and her students. In 

[T], Terras defines the fin ite  P o in care  u p p er  half-p lane as

Hq =  { z =  z  +  yVS  1 z , y G Fg and y ^  0 }

where g is an odd prime and <  S > =  (Fg ) ̂ . Moreover, she defines the P o in care  

d ista n ce  between z , w  ^ Hq to  be

where z  =  x+yy/S, Rez  := z , Imz := y, z := x —yy/S  and N z  =  N o rm  o f  z  :=  

zz.

Our definition of hyperbohc distance agrees with this one up to a scalar. 

However, we define distance using only conjugation which does not require a 

choice of coordinates (6).

For a fixed a G Fg, Terras defines the fin ite  u p p er-h a lf p lan e grap h  Pg(f, a) 

with vertex set Hq and with edge set { (z ,w )  | d(z ,w)  =  a }. If a ^ {0,4J}, she 

proves that Pq(S,a) is a connected graph of degree g +  1. This is accompHshed 

by realizing Pq(S,a) as the Cayley graph of the Borel group { ( q i )  | z , y  € 

Fg,y ^  0} with respect to the set Hq(S,a) =  { z G iïg  | d(z,y/S) =  a } (which 

is closed under inversion and is a generating set when a ^ {0,45}).

Here again, these graphs require only one parameter (a) using our definition 

of hyperbolic distance. Let To denote the graph with vertex set H and edge set 

{ ( z ,w )  1 A '(z ,w )  =  a }. Terras’ case a =  4S corresponds to a =  —1 in our 

set-up.
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Let X  =  E)  be a finite fe-regtdar connected graph.

The ad jacen cy  m a tr ix  A of X  is indexed by V  and has entries
' 1  if {%,;} G

dij =  <
 ̂ 0 otherwise

Reordering the vertices corresponds to conjugating A by a permutation matrix.

Note that A  is symmetric with all diagonal entries equal to 0. Moreover, 

A^{v,w)  (the entry of A^ indexed by v  and w)  is the number of paths o f length 

n from v  to w.

Fix an orientation on the edges of X  and let X  be the set of oriented edges. 

Let e =  (eo,ei) E E.

Let D  be the matrix with rows indexed by V,  columns indexed by E,  and

entries
- 1

Qfve — ^

V =  6q

V =  ei

Note that DD* =  k l  — A.

Even though D  depends on the choice of orientation, DD^ does not. DD^ is 

called the com b in atoria l L aplacian o f X .

D  is the matrix of the operator d : defined by (d/)(e) =  / ( e i )  —

/(eo) .  (Here C can be replaced by R.)

Since DD^ is symmetric it has real eigenvalues and the eigenspaces are or­

thogonal with respect to the standard (hermitian) inner product on :

< f , 9 > =  ^ / ( i ; ) ^ ( 4 -
vev
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In fact, the eigenvalues are nonnegative.

The eigenspace of the eigenvalue 0 is exactly the constant functions on V.

If A is any other eigenvalue of DD* and /  is an eigenvector for A, then ( k l  — 

A ) f  =  A/. Assume f {v )  > \f{w)\ for all w E V.  Then

Xf{v)  =  kf{v) -  {Af){v) <  \kf{v) -  {Af)v\

<  kf{v) +  \{Af){v)\

<  kf{v)  +  kf{v)  =  2kf{v).

Thus, 0 <  A <  2fe. In fact, 2k is an eigenvalue if and only if X  is bipartite.

X  is a R am an u jan  graph if every eigenvalue of DD* other than 0 and 2k 

satisfies |A — <  2y/k — 1 [L2].

X  is a c-expand er (for c G (0, oo)) if for every subset Y  of X , \dY\ >  

c 1̂ 1 where d Y  =  { z E X  | d(z, T) =  1 } is the b o u n d a ry  of Y .

A fam ily  o f  expand ers is a family of fc-regulax graphs (for fixed k and with 

the number of vertices going to infinity) which are aU c-expanders for the same 

c.

A family of (n, fe, c)-expanders where the number of vertices n goes to infin­

ity, k and c axe fixed and c is as laxge as possible play a very important role in 

computer science. They are used in building communication networks among 

other things. It is known that expemders exist [L2] but explicit construction of 

these graphs is necessary for applications. Ramanujan graphs axe known to be
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the best possible expanders for graphs of fixed degree. The first exphcit con­

structions of fc-regulax Ramanujan graphs were given by Lubotsky, Phillips and 

Saxnak [L2]. Following the work of Soto-Andrade and Katz, Terras’ conjecture 

that Fa is Ramanujanfor a € (F,)^ — { —1} has been estabhshed.

Let F =  Fg for the remainder of this section.

It is still an open question whether the q — 2 graphs Fa, a G F^ — { —1} 

are isomorphic or not [T]. Terras mentions that there are three nonisomorphic 

graphs when q =  5. We will now show that there are always at least three 

nonisomorphic graphs when q >  Z.

L em m a  A . I .  Given a 6  F^, there are three possibilities:

i) There is no hyperbolic equilateral triangle with side lengths a.

ii) Every hyperbolic equilateral triangle with side lengths a is degenerate.

iii) Every hyperbolic equilateral triangle with side lengths a is nondegenerate.

Moreover, all three possibilities occur if q >  Z.

P roof: Let a G F’̂  — { —1}. Suppose there exists an equilateral hyperbohc 

triangle with side lengths a. Working in the disk model, we may assume the 

triangle is (0, P, Q). Since §z acts transitively on the circle { z € D> | A(0, z) =  

a }, Q =  s P  where s G S — { !} .

Now s =  — 1 if and only if (0, P, Q) is degenerate.

A(O.P) =  ^ ,  A ( P , « P ) = £ H ^ .

Therefore, A (0, P) =  a =  A (P , sP ) if and only if P P  =  (s-f-s) —1.
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Thus, (0, P, Q) is degenerate if and only if s =  — 1 if and only if a =  ^ .

Consider the map <̂ : S — {±1}  — > F given by s i-> 5 +  J.

J£ s +  s =  t  +  t ,  then s — t =  t — s =  -------. This implies that s =  t  or s =  t.
st

Q — 1
Consequently, <f>~̂ {s +  s) =  {s ,s} .  There are therefore — — pairs each

of which corresponds to a unique element s +  s o f F .  I f s  +  s — 1 ^ {0 , 1}, then 

there exists a P  € D  so that P P  =  s +  s — 1 and (0, P, sP)  is a nondegenerate

P Phyperbolic equilateral triangle with side lengths a =  - —

Now s +  s —1 ^ 1  since 5 ^ 1. Moreover, s +  s — 1 =  0 if and only if s +  s =  1 if

and only if  P P  =  0 =  a. So one of the pairs {s,5}  wiU yield a =  0. Thus, there

are ------1 =   ̂  ̂  ̂ a ’s in F^ — { —1} for which there exists a nondegenerate

hyperbolic triangle with side lengths a and one û (=  ^ )  for which there exists

Q — 1a degenerate hyperbohc triangle with side lengths a. Since q — 2 >  —- — when 

g > 3, there must exist an o €  F^ — { —1} for which there is no hyperbohc 

equilateral triangle with side lengths a. □

T h eo rem  A .2 .  There are at least three nonisomorphic graphs Fa, a €  F^ — 

{ —1} when q >  Z.

P roof: Let a G F^ — { —1}. Let A(a) denote the adjacency matrix of Fa- 

Now the diagonal entries of (a) count the number of cycles of length 3 in 

Fa- Note that Fa has a cycle of length three if and only if there is an equilateral 

hyperbohc triangle with side lengths a.

By Lemma A.2, there exists an ai 6  F^ — { —1} for which no equilateral 

hyperbohc triangle with side lengths a\ exists. Consequently, the trace of A®(ai)
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IS zero.

By Lemma A.2, there exists a n a 2 € F ^ —{ —1} such that every hyperbohc 

equilateral triangle with side lengths 02 is degenerate. Working in the disk 

model, we may assume 0 is a vertex. If we start at the vertex 0, there are 

q +  1 choices for the next vertex P  in the three cycle (since the degree of Faj 

is q +  1 ). Since (0, P, Q) must be degenerate where Q is the third vertex in the 

three cycle, Q  =  —P.  Thus, there are exactly ç +  1 cycles of lengths three at 0. 

Consequently, the trace of A^(a2) is \V\{q +  1) (by transitivity).

By Lemma A.2, there exists a n a s ^ F ^ —{ —1} such that every hyperbohc 

equilateral triangle with side lengths 02 is nondegenerate. Starting at the vertex 

0, there are ç +  1 choices for the next vertex P  in the three cycle. The third 

vertex Q in the three cyde must satisfy A (P , Q) =  a  and A(0, Ç) =  a. In 

particular, Q €  { z | A(z,  0) =  a } D { z | A(z ,  P)  =  a }. These two circles are 

distinct since one is a Euchdean circle centered at 0 and the other is not. Since 

(0, P, Q) is nondegenerate, the two circles intersect in exactly two points. Thus, 

there are exactly 2(g +  1) cycles of length three at 0 and the trace of A*(as) is

M 2 (g  +  i) .

Since the trace of the adjacency matrix is an invariant of isomorphic graphs, 

F i , r 2 and F3 are all nonisomorphic. □

Let T(2, m, 7i) denote the triéingle group

< P, r, r |  r \  (pa)'^, (pr)” , { a r f  >
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X  =

1 1
5 2 if +  -m n

if
1
m n

K if
1

m n

and let

T ^ { 2 , m , n )  =  <  a ,  /3 , 7  | a ^ , /?*” , 7 ” , a /? 7  >

be the orientation preserving subgroup of T(2,m,ra). (Here a  =  ur, (3 =  rp,'y =  

pa.)

Let <j> : T'^{2,m,n)  —  ̂ G be a surjective homomorphism such that |^(a)| =  2, 

\(t>{P)\ =  rn, and 1<̂ (7)| =  n. Then K er(^)\X  is an orientable surface (with a 

hyperbohc structure if its genus is at least two) with a T'*'/Ker(^)+ =  G  action 

where
1 
2 
1 
2 
1 
2

I.e., X  is the universal cover o f a surface of genus 0,1 or >  2, respectively.

Let D  be a triangle in X  with interior angles f , Then D  is a funda­

mental domain for T. (The reflections through the sides of T  are p, a, r .) Thus, 

we have a thing of X  by triangles with angles f , f  •

Let A , B , C  be the vertices of D  at angles f  respectively. There are

2n tiles containing A  since the angle at A is Note that D  and t ( D )  fit 

together at C  to form an angle of tt. (This is a fundamental domain for T+J  

Consequently, the union of the 2n tiles is an ra-gon. (The four tiles containing 

C  form a rhombus, not a square, aa D  and r{D)  do not form an angle of tt at 

B.)  Similarly, there are 2m tiles containing B  whose union is an m-  gon. Thus, 

we have two more things of X , one by n-gons and one by m-gons.
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Let r  be the graph whose vertices are the n-gons (or their centroids) and 

with an edge between two n-gons if and only if they share a common side. F is 

an n-regular graph. Similarly, we can construct F* using the m-gons. Note that 

the centroids of the n-gons axe the vertices of the m-gons and there is an edge 

between two such centroids if and only if the n-gons are adjacent.

For example, when m =  3 and n =  6, we get a tesselation of the Euclidean 

plane by hexagons and one by equilateral triangles. The centers of the hexagons 

are the vertices of the triangles and vice-versa. The plane is tesselated by squares 

when m =  n =  4. The sphere with the dual tesselations coming from the 

cases (2,3,3), (2,3,4) and (2,3,5) respectively is a tetrahedron (which is self­

dual), a cube and its dual (the octahedron) or a dodecahedron and its dual (the 

icosahedron). AH other cases give us a tesselation of the (classical) hyperbohc 

plane.

The projection of these graphs gives us dual graphs F =  F^ := K er(0)\F and 

F* := Ker(^)\F* on the surface Ker(^)\J^; i.e., the regions o f one graph on the 

surface are the vertices of the dual and there is an edge between them.

The above gives a geometric construction of the Terras graph: Given any 

2 < d  dividing p — 1 where p is  a prime and q =  > 5, there is a surjective

homomorphism^ : T+(2, d, g-f-1) — > P G L 2 {q) [OST]. The graph F constructed 

above for this case is the Terras graph. Given any edge {F, Q}  of a Terras graph, 

let ( j ) { a )  =  g where g is the unique element (necessarily of order 2) in P G L 2 {q) 

interchanging P  and Q. Let ^(7 ) be any generator of FGZ,2(F)^ =  S, and
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d =  \gh\. Thus, we can recover the epimorphism 0  : T'*‘(2, d, g+1) — v P G L 2 {q). 

Since the action of P G L 2 {q) is transitive on oriented edges, choosing a different 

edge has the effect o f conjugating ^ by an element of P G L 2 {q). Conversely, 

given r  =  r^, we will determine the value of a such that F is Fa-

It is still unknown whether there are infinitely many ^-regular Ramanujan 

graphs for all k [L]. Given a fixed d, there are infinitely many primes p  such 

that d|(p — 1). Our construction gives an infinite family of graphs F* for triangle 

groups T"*"(2, d ,p +  1). We conjecture that these graphs are also Ramanujan. If 

this can be proved, the above problem will be settled.
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