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CHAPTER |

INTRODUCTION

The battle cry of ‘algebra for all’ was spawned by the launch of Sputnik and
gained momentum along with advances in technology and concerns over global
competition. Proponents view mastery of algebra as the key to prosperity in a
technological world, both for the individual and for the nation (Katz, 2007). Algebra is
not only purported to be the gateway to success, it is also perceived by mamyilas a
rights issue (Kilpatrick & Isz&k, 2008). Proponents cite statistictail how
minorities have been underrepresented in the algebra classroom and, therédedeyuvc
of high paying careers in science and technology (Chazan, 2008; Katz, 2007). Sounding
the battle cry, Chazan decried that “to suggest that not all students need tdgethdy a
seems to be tantamount to suggesting that one does not see all students as capable
thinkers or that one is willing to curtail the economic prospects of some...” (p. 21).
Unfortunately, if the algebra that all students will be taking is the same altttrso
many students have struggled with in the past, then the efforts to reform school
mathematics will be impeded. As Kaput (2000, p. 1) assertethi8.algebra is the
disease for which it purports to be the cure! It alienates even nominally Sfu¢ces
students from genuine mathematical experience, prevents real reform,saas act

engine of inequity...” (p. 1). Indeed, algebra will continue to fail students as lohg as i
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appears disconnected from meaningful mathematics and from the lives aitietst
taking it (Chazan, 2008).

The view that algebra is both the gateway to and the gatekeeper for success has
led to efforts to reform the way algebra is taught in schools today. Researetaddiat
the lack of transition from arithmetic to algebra was responsible, in part, for the
difficulties students encountered with algebra (Kaput, 2000; Smith, 2003). In response,
the National Council of Teachers of Mathematics (NCTM) began a movement t
incorporate algebra into the elementary curriculum (Kilpatrick & 1zs@@8® The vision
for school algebra promoted by NCTM seeks to integrate algebra throughoutdbe sc
mathematics curriculum (Chazan, 2008). This vision, however, does not center on the
commonly held belief that algebra consists primarily of symbolic manipulations one
completes in order to determine the value of unknown quantities Instead, the vision of
algebra supported by NCTM endorses algebra as a way of thinking versus sorhething t
one does (Kilpatrick & lzsak, 2008).

Algebraic thinking is a more global construct of mathematics than the colym
accepted version of symbolic algebra. According to Smith (20033/debraic thinking
in contrast [to symbolic algebra], has been used in a broader sense to indicate the kinds of
generalizing that precede or accompany the use of algebra...” (p. 138). Sardents
engaged in the process of algebraic thinking when they examine patterns and make
predictions on how the pattern might be extended. Making note of how quantities in two
data sets are related and formulating a rule that defines that relationshspaoibther
example of thinking algebraically (Zarkis & Liljedahl, 2002). These dual psesesf

analyzing change and generalizing mathematical relationshipsHterbasis of algebraic



thinking (Billings, 2008). With this vision of algebraic thinking in mind, NCTM penned
the Algebra Content Standard in fRenciples and Standards for School Mathematic.
This standard “...emphasizes relationships among quantities, including functioss, way
of representing mathematical relationships, and the analysis of changB¥(N0O00, p.
37). The strands approach to curricular design allocates the extensivegmed éor
students to develop these powerful habits of mind. Summarily, the integration of algebra
throughout the pre-K to grade 12 mathematics curriculum promises to add fuel to the
engine of math reform and to open the gateway to the powerful ideas of algebra (Kaput,
2000).

One of the most powerful tools for developing algebraic ways of thinking lies in
the study of patterns (Smith, 2003). Algebraic thinking, according to Steele (2005)
envelops “...the ability to analyze and recognize patterns, to represent theadgjuanti
relationships between patterns, and to generalize these quantitationséligis” (p.
142). Patterning activities in the early grades can begin by having stuldsatibe
sequences formed by skip counting. Recognizing, for example, that the sequesck for
when counting by two’s can be extended by adding two more to the last teitatécil
the development of recursive thinking (Bezuska & Kenney, 2008). Pictorial growth
patterns also afford the opportunity to analyze change, describe how a pattg@scha
and how it can be extended. These verbal descriptions can then serve as a launching point
for finding thenth term in the pattern (Billings, 2008). As Zazkis and Liljedahl (2002) so
eloquently stated, “...patterns are the heart and soul of math” (p. 379). Unfortunately
generalizing and formalizing patterns serves as one of the oft neglegtdeds of

algebraic reasoning (Kaput, 2000).



In Kaput's view, there are five key aspects of algebra, including the side of
algebra usually seen in the high school curriculum. Generalizing and anggtiems,
along with “algebra as syntactically guided manipulation of (opaque) frsmal”

(Kaput, 2000, p. 3) form the basis of algebra, whereas the remaining three aspects
represent sub-strands or extensions of algebra. The first of these suls;straalgebra

as the study of structures abstracted from computations and relationsit,(KaR),

primarily resides in the content of higher-level mathematics coursesetbedssub-

strand views “...algebra as the study of functions, relations, and joint variatiapl{|

p. 3). The study of functional relationships has gained considerable favor inyeaest
partially due to the role of technology in the mathematics classroom {idkp& Izsék,
2008). The predominant view of function is based on the definition of a function as a
correspondence between two variables in which every value in the domain is ptired w
exactly one value in the domain. The alternative view of function as covariatissec
more on the relationship between two covarying sets (Smith, 2003). Patternintigactivi
in the elementary and middle school classroom can be used to study the relationship
between the position of a term and its value or shape to facilitate the development of
functional thinking (NCTM, 2000). Smith (2003) asserted that a covariational approach
has a greater potential of developing functional thinking than does the absti@ctofiot
correspondence.

The remaining aspect, modeling, focuses on the language of algebra and its
connections to the outside world. Kaput asserted that the study of patterns, #hotig wi
study of relationships and real-world applications of algebra, is dependent upon the

ability to reason algebraically (Smith, 2003). Kaput (2000) argued that gggation of



these three aspects of algebra illuminates the many connectionsadigelwith other
branches of mathematics, as well as other disciplines. By beginning tomltwese
connections in elementary school, the transition between arithmetic anchakyebsed
(Cai & Moyer, 2008; NCTM, 2000). However, until teachers are able to recogmizto
support the development of this type of reasoning with their own students, what Kaput
referred to as “Algebra the Institution” (p. 4) is likely to remain unchanged.
Statement of the Problem

Revisualizing algebra as a way of thinking presents numerous challenges f
elementary teachers (Kaput, 2000; Stephens, 2008). The first hurdle they must evercom
is the regime of traditional algebra. The majority of elementaryhezawiew algebra as a
set of rules and procedures used to solve equations (Billings, 2008; Stephens, 2008). This
limited view of algebra creates a roadblock in reform efforts by impdubtigthe
formation of connections between the big ideas of mathematics and the development of
algebraic thinking (Stephens, 2008). Successful integration of algebra iettenéhry
curriculum also depends upon the ability of the teacher to recognize andteutiva
seeds of algebraic thinking (Kaput, 2000). However, this competency calls foertean
adopt a view of algebra that they probably never experienced for themselvieggBill
2008; Stephens, 2008). Before teachers are able to foster algebraic thinkingawtheir
classrooms, they need to construct & personal understanding of what it means to think
algebraically” (Billings, 2008, p. 279).

Adopting an algebraic way of thinking also requires a profound understanding of
the connections between patterns, functions, and algebra. Smith (2003) voiced the

complaint that these connections are not readily apparent to elementarysteadhest



grade teacher may incorporate patterning activities in her classroomayuiewer

realize that these engaging lessons in pattern recognition pave the wayr®mfotk

with functions as a way to analyze change. Middle school teachers may provide
opportunities for students to examine change in real-world situations, but not recognize
how this connects to algebra (Smith, 2003). One the three main components of the
Connection Standard authored by NCTM (2000) states that teachers should provide
opportunities for students to “...understand how mathematical ideas interconnect and
build on one another to produce a coherent whole” (p. 64). If teachers are unable to make
these connections themselves, then surely they will not be able to help theirsstudent

build them.

Building these connections can be accomplished through professional
development, but most adherents to the visions of an integrated mathematics curriculum
would agree that the foundation for this reform lies in the preparation of pre-service
elementary teachers. The National Mathematics Advisory Panel, in aissu@d in
2008, recommended that mathematics curriculum for pre-service elemesaizngns
include a focus on introductory algebra concepts. In the executive summary060the
report on the quality of programs in elementary teacher preparation, the N&toamali|
on Teacher Quality (NCTQ) wrote that elementary teachers “...need tostare
algebra as generalization of the arithmetic they address while gjudymbers and
operations, as well as algebra’s connection to many of the patterns, properties
relationships, rules, and models that they will occupy their elementary stdent
(Greenberg & Walsh, 2008, p. 55). To meet this need, NCTQ recommended that

mathematics curriculum developed for pre-service elementary teachesgsapyreater



emphasis on algebra. Stump, Bishop, and Britton (2003) noted that this charge poses
numerous challenges for the mathematics teacher educator.

The problem of adequately preparing pre-service elementary te&clsengoort
the emergence of algebraic thinking rests on the shoulders of matheseatiosrt
educators. How can mathematics teacher educators foster the developrigetiraia
thinking in the pre-service elementary teachers’ mathematics classrovays these
future teachers can recognize the emergence themselves? Althoughdamena@rmus
studies on how pre-service elementary teachers understand ideas about numbeg there
lack of research on how these pre-service teachers conceptualize the big algelsraf
(Stephens, 2008). This lack of research hinders the development of curriculum that would
enable pre-service elementary teachers to adopt the vision of algelwaysfa
thinking. Smith (2003) asserted that the study of patterns and generalizatibuild a
bridge to functional understanding, as well as pave the way to algebraic thinking. The
purpose of this study was to investigate how pre-service elementaryrse@eperience
the concept of function, particularly through the study of patterns.

Research Questions

Elementary teachers need to recognize and support the development of algebraic
thinking in their students. Mathematics teacher educators, therefore, neést ok
ways to foster the development of algebraic thinking in pre-service elemedahers.
The purpose of this study was to examine pre-service elementary teactenstanding
of pattern and function as a way to understand how to prepare then more effectively in

supporting the development of algebraic thinking in their own students.



Research Questions:

1. How do pre-service elementary teachers communicate the idea of function
while engaged in the study of patterns?

2. How do pre-service elementary teachers demonstrate their understanding of
function while engaged in the study of patterns?

3. What is the nature of pre-service elementary teachers’ understanding of

pattern and function?

Theoretical Perspective

The theoretical framework of this study is based upon the hermeneutic d@rcle, a
described by Brown (2001). Drawing from the works of Gadamer and RicoewnBr
proposed using this model as a means for interpreting how mathematical undegstandi
evolves over time through the interplay between explaining and understanding. When an
individual engages in a mathematical activity, one must interpret the memxriirey
problem within the context of one’s prior experiences. However, this interpretation
results in new understandings of the problem at hand which, in turn, alters the original
interpretation. The hermeneutic circle is formed as the elements ofétiegpand
explaining a problem enhance each other, creating a cycle of developingtandieg.
Brown suggested that this understanding is captured, in part, by the texts produced by the
individual. These texts, whether in the form of conversation or written work, provide a
means for understanding mathematical learning from the perspectiveleduther
(Brown, 2001). The task of analyzing these texts requires the researcherge ienga
circular hermeneutic process as well. The researcher enters intteatideveloping

understanding while reading, describing, and interpreting the texts cbyaieel
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participants. When applied to qualitative analysis, the hermeneutic cirele appace
for interpreting the experiences of others (Patton, 2002).

The quest to understand and interpret human phenomenon falls under the
interpretative framework of hermeneutic phenomenology. Hermeneutic phenomenolog
combines the philosophies of both phenomenology and hermeneutics to describe and
interpret lived experiences (Van Manen, 1990). This study sought to examine the
development and communication of functional reasoning among pre-service elementary
teachers while they were engaged in patterning activities. The questiedS§@athe
mining of data from the experiences of these individuals as they were ogcurri
Phenomenology seeks to describe the nature of lived experiences from thetiperspec
the individual (Brown, 1996; Van Manen, 1990). However, this study also endeavored to
interpret how these phenomena were experienced by the individual paricipant
Hermeneutics adds another layer to the study through the task of inteopretati
(Van Manen, 1990).

According to Crotty (2003), well-grounded research consists of carefullgichos
methods which are justified by the theoretical perspective from which treckee
views such issues as the nature of knowledge. Van Manen (1990) stathdt the
guestion of knowledge always refers us back to our world, to our lives, to who we are,
and to what makes us write, read, and talk together as educators: it is what stands
iconically behind the words, the speaking and the language” (p. 46). The hermeneutic
circle is manifested in the discourse produced by individuals as they intettsiot avi
particular context which opens a space for understanding others. Cobb (2007) describe

“...a classroom mathematical practice as an emergent phenomenon that ishestabl



jointly by the teacher and students in the course of their ongoing interadipo39).
Based on these assumptions, this study took place in the mathematics classroom of a
group of pre-service elementary teachers and focused on the interactienzréies
service teachers had with each other while doing mathematics.
Significance of Study

Being able to recognize and support functional thinking among elementary
students is a vital part of efforts to integrate algebra throughout the pfeK —
mathematics curriculum. The transformation of algebra from a formal isegj0é
courses taken primarily at the secondary level to a way of thinking that begnesearly
grades necessitates corresponding changes in the curriculum of pce-ségmentary
teachers. The results of this study have the potential of affectingutarrchoices made
by mathematics teacher educators. In particular, the examination of baegrpice
elementary teachers conceptualize and communicate the concept of funetien off
insight into how we, as mathematics teacher educators, can provideleuarric
opportunities that facilitate understanding.

Limitations

Due to the qualitative nature of this study, the findings obtained are not
generalizable or replicable. The descriptions of the experiences ofdhs gfrpre-
service elementary teachers will be unique to them. Repeating the stbdydifiterent
group of pre-service elementary teachers, or even with the same parsicipaultl
likely yield different descriptions of the phenomenon under investigation. As Van Manen

(1990) stated, hermeneutic phenomenology is theéh&ory of the uniquet is interested
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in what is essentially not replaceable” (p. 7). Nevertheless, the findingseard to be a
source of ideas; a resource for mathematics teacher educators.
Definitions
A patternwill be understood as the repeating or changing structure of a sequence

of numbers or shapes (Smith, 2003). Algebraic thinkimgompasses the ability to

identify and extend patterns, as well as the ability to recognize anchieaé¢he

guantitative relationships between patterns (Steele, 2005). A functionalmshagiexists
when one associates the position of a term in a sequence with its shape or nuoeeric val
A covariational approach to the concept of funcfiocuses on how changes in the
position of a term result in changes in its shape or value (Smith, 2003).

The hermeneutic circlemerges when individuals attempt to make sense of the

mathematics they are involved with in the context in which this activity takes.pAs
the individual interprets the problem and attempts to explain it, either in symbols or i
words, the explanations they offer changes their own understanding of thesitliats
mathematical discourse creates an ever-evolving circle betwpkmation and
understanding (Brown, 2001).
Chapter Organization

In the next chapter, a review of the literature pertaining to the concept tbfunc
as well as research on the understanding of pattern and function among learners of
mathematics is presented. Particular attention was paid to researcinigtioé
mathematical understanding of the pre-service elementary teatia@te€lIIl provides a
rationale and description of the chosen methodology along with a detailed ¢xplaha

the methods of data collection and data analysis. In chapter 1V, the prejimasalts of

11



the study are presented along with descriptions of the pattern-findingesqasr of the

six primary participants in this investigation. The major themes and sgmifiindings
associated with the idea function are presented in Chapter V. The final chappterCha
VI, relates the findings back to the literature to reveal what new insightsiiezn

gained from this study. This final chapter will conclude with a discussion of the
implications of the study, along with suggestions for future considerationsskginch on

the algebraic thinking of pre-service elementary teachers.
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CHAPTER Il

A REVIEW OF THE LITERATURE

The purpose of this study was to investigate how pre-service elementdrgriea
experience the concept of function, particularly through the study of patternstddhys
of how pre-service elementary teachers conceptualize the idea of funaiobesided
within the relationship between patterns and functions. In particular, thiswstiid
examine how patterning activities provide a context for the conceptualization and
communication of functional relationships. The research questions to be addressed are
Research Questions:
1. How do pre-service elementary teachers communicate the idea of function
while engaged in the study of patterns?
2. How do pre-service elementary teachers demonstrate their understanding of
function while engaged in the study of patterns?
3. What is the nature of pre-service elementary teachers’ understanding of

pattern and function?

To develop the background necessary to address these questions, this review of
the literature examined the role of language in the development of concepte and t

various ways to conceptualize the idea of function. This chapter includes a gummar
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the approaches taken to investigate students’ conceptualizations of function and the
results of this research investigation.

The first section examines the role of language in both the communication and
construction of mathematical concepts. The works of Vygotsky and Brown are explore
to support the idea that learning in mathematics is inherently connecteduadanghe
section provides an argument for framing this study within the hermeneute cir

In the following section, the concept of function is presented in terms of its
historical development as well as theories on how individuals conceptualize the idea of
function. The theories provide a framework for examining how researchers have
investigated the conceptualization of function by pre-service teachery atutlents in
school mathematics. The rationale for utilizing patterning activitiegittyshe
conceptualizations of function is established.

The final section will explore the body of research on the development of the
concept of function. The theoretical frameworks used in previous studies on the
conceptualization of function are presented as an organizing feature foctiba.se
Particular interest is paid to studies which examine the function sensessrpice
teachers. The rationale for basing the present study on a quantitative view iohfanck
placing it within a phenomenological perspective are made.

Constructing Mathematical Concepts

The goal of this research study is to unpack the understandings pre-service
elementary teachers hold concerning the concepts of pattern and functioe. Befo
attempting to examine how pre-service teachers conceptualize thesaheeaaotion of

understanding in mathematics is explored. Sierpinska (1992) utilized a theoretical
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framework of understanding based on the works of Locke (1985), Dewey (1988), and
others (as cited by Sierpinska, 1992). Under this framework, acts of understanding can be
broken down into four categories. The first of these acts, identification, occurs when a
individual recognizes that an object is of special interest. In other wordsttsoginow
stands out as different from other objects around it. The second act, discrimination,
occurs when the individual distinguishes both the differences and commonalivegte
two objects in mathematics. Subsequently, the third act of understanding, gemanalizat
is made possible as the individual expands the notion to other settings. In the fourth act,
synthesis, a cohesive concept is formed as the individual merges the variousgsropert
and facts about objects together. Therefore, it is not possible for understandmpglyo si
arise from reading the definition presented in the textbook. Instead, the undiewtaf
a concept, Sierpinska (1992) explained, emerges after:
...we have seen instances and non-instances of the object defined, when we can
say what this object is and what it is not, when we have become aware of its
relations with other concepts, when we have noticed that these relations are
analogous to relations we are familiar with, when we have grasped the position
that the object defined has inside a theory and what are its possible application.”
(p. 26)
In such a manner, understanding appears to evolve over time through engagement in
mathematical activities.
Mathematics as Hermeneutical Understanding
Brown (2001) proposed a framework for illustrating how mathematical

understanding continually evolves through the process of reconciling presené ecge
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with prior understandings. When individuals engage in mathematical actinegs, t
initially interpret the problem in terms of what they already understaodta
mathematics. Through their attempts to explain their understandinggptaaaions
offered changes what they initially understood about the situation. A praicess
reconciliation between explanation and understanding develops to form a recursive
relationship referred to as the hermeneutic circle. Brown used the metapher of
hermeneutic circle to describe this textual relationship between understanding
explanation that fuels the development of concepts in mathematics.

Brown’s attempt to center mathematical understanding on language uselis base
primarily on the hermeneutics of Gadamer and Ricoeur (Brown, 2001). Hermeneutics
was traditionally applied to the interpretation of Biblical texts, but mezent
applications have moved beyond textual forms to include the interpretation of human
experiences (Crotty, 2003). An underlying premise of hermeneutics residesatethe r
language plays in shaping all of life’'s experiences, including the ways i wieicome
to understand our world (Crotty, 2003). Textual accounts are created as an avenue for
people to share their experiences and beliefs with each other. Social scieuesturned
to hermeneutics as a framework for interpreting these texts in waysdddabl greater
understandings. This framework typically includes the metaphor of the ‘hernteneuti
circle’ which Crotty (2003) described as a cyclical process wherg uses what one
already understands about a concept in order to deepen that understanding.

Gadamer based his view of hermeneutics on the notions that understanding is
historical and is mediated by language (Brown, 2001; Crotty, 2003). He believed tha

“hermeneutics must start from the position that a person seeking to understaridrgpmet
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has a bond to that subject matter that comes into language through [tradition]” (Rundell,
1995, p. 32; as cited by Crotty, 2003, p. 100). Gadamer envisioned language to be a part
of the historical traditions that surround us. These traditions, however, do not form some
outer entity, but rather a learning environment in which we participate. Our
understandings are a result of this participation, as we use an inheritedysebolsso

grasp a concept (Brown, 2001; Crotty, 2003). Under the framework of hermepeutics
mathematical concepts are seen as cultural artifacts that asgl¢canie symbols used to
communicate these ideas (Brown, 2001). An individual must make sense of the ideas
using an inherited set of symbols when engaging in mathematical activityalisan

which he or she approaches the problem are also dependent on prior experiences with
these symbols (Brown, 2001). Gadamer viewed the issues of past traditions and present
experiences as two opposite poles which must be reconciled in some manner to reach
what he referred to as a ‘fusion of horizons’ (Crotty, 2003). The fusing of what is known
from the past with what is experienced in the present results in a new understarding of
concept.

Brown (2001) drew on Ricoeur’s description of the hermeneutical circle to
explain how this fusion of horizons may take place. According to Ricoeur, the past
experiences within a tradition serve as “the dialectical glue betwadnexsand the
objects in her world” (Leonardo, 2003, p. 335). Through this medium of the past, the
individual seeks to understand a concept and in the process, creates a discourse that
partially captures these understandings (Brown, 2001; Leonardo, 2003). The expsanat
offered by the individual do not hold all that is understood by the person, since the

understanding is ongoing and the explanations are frozen in time. However, the ongoing
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understanding may be transformed by the explanations offered which may lead to an
even deeper understanding. This interaction between explanation and understanding, as
described by Ricoeur, forms the hermeneutic circle (Brown, 2001; Crotty, 2003).
Brown (2001) stated that the process of learning mathematics “continuously
evolves, oscillating between understanding and explanation” (p. 80). Drawing upon
Ricoeur’s idea of the hermeneutic circle, Brown viewed understanding as aidynam
process which can be partially captured in the statements produced by the learne
Sierpinska (1992) also described understanding in mathematics as a hermeoees, pr
but she rejected the cyclical nature implied by the metaphor of the hermemeilgic
Sierpinska asserted that understanding in mathematics is more likely to be a
discontinuous process, littered with instances of stagnation followed by egastin
understanding. She attributed these periods of stagnation to epistemologicaéslstdcl
occur due to misconceptions held by individuals or by certain societal groupBctSonf
between these misconceptions and new evidence that challenges them opeifioa space
new understandings to develop. Sierpinska (1992) viewed the metaphor of the
hermeneutic circle as a trap when the preexisting knowledge structeiies@rect or
inadequate. She stated “...it is possible to escape the paradox if we abandon the metaphor
of “circle” and bring forth the idea of spirality in describing cognitive psses” (p. 28).
Modifying the hermeneutic circle to incorporate the spiraling effiezted by an
evolutionary change in conceptual understanding aligns with Vygotsky’s notion of “a
higher plane of thought” (1934/1986, p. 202). Vygotsky spoke of how generalizations
lead to new levels of understanding that bring the individual to this higher ptathés |

model, concept development is not simply a matter of acquiring a fixed body of
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knowledge. As Vygotsky stated, a concept is “more than the sum of certain agsociati
bonds formed by memory, more than a mere mental habit; it is a complex and getuine ac
of thought that cannot be taught by drilling” (p. 149). The word that represents the
concept is but a generalization of the idea whose meaning evolves through the
experiences that the individual has with the idea. Vygotsky asserted tleat thes
generalizations arise out of the need to communicate one’s thought processest Wit
words, it is impossible to think in terms of concepts.
Concept Development

Thinking about a concept is part of one’s understanding and speech is used to
explain this understanding to self and to others. The meaning of the word used tzedescri
a concept evolves in the cycle between understanding and explaining thabarise fr
experiences. Vygotsky (1934/1986) described concept development as a dynamic
enterprise that engages the individual in problem-solving activities. In doijrfge
rebuked the idea of studying concept development as a fixed course, instead viesving it a
“...alive, thinking process” (p. 105).

Vygotsky (1934/1986) described three stages of concept development that arise
out of the need to communicate complex ideas. In the first stage, objects are chimped i
unorganized categories based primarily on trial and error. Through expsneitit¢he
objects, the individual formulates a set of rules for joining these objects into groups tha
Vygotsky referred to as complexes. In this second stage, the complexed raive
into “pseudoconcepts” that are held together by concrete facts the individuatiied de
from his or her experiences. The individual may adopt the same word or expression to

describe the ideas as the teacher does, but his or her “...framework is purabnsituat
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with the word tied to something concrete and the adult’'s frame is conceptugBtéky,
1934/1986, p. 133). Vygotsky asserted that to arrive at the third level of a true concept,
the individual must move beyond the concrete bonds of a pseudoconcept. The
generalizations used to formulate a pseudoconcept need to be analyzed cedsagarat
their constituent parts for conceptual understanding to occur. In this manner, Vygotsky
stated, “the connections between concepts are neither associative naraifriogt are
based on thprinciple of the relations of generalityp. 204).

Vygotsky (1934/1986) illustrated the shift from the concrete to the conceptual
with the leap taken from understanding arithmetic to comprehending algebrstudbat
of arithmetic derives concepts about number through experiences he or shiénhas wi
objects. These arithmetic concepts, in turn, lead to generalizations about ruethber t
form the basis of algebra. For example, a student counting by twos might tiealitee
counting sequence could be represented in general terms by the fonmvilewng
multiplication as repeated addition takes the individual to a higher level of undemgtandi
arithmetic because, as Vygotsky (1934/1986) stated, the one who understands the
concepts of algebra gains “...a vantage point from which he sees concepts of arithmetic
in a broader perspective” (p. 202).

The study of concept development cannot be broken down into a series of distinct
steps. The symbols used to communicate mathematical thinking and the ways in which
our experiences transform understandings complicates the analysis of concept
development. Vygotsky (1934/1986) voiced the concern that “...to understand another’s
speech, it is not sufficient to understand his words — we must understand his thought” (p.

253). The image of the hermeneutic circle offers a means to access thd ffrocgsses
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of the individual engaged in mathematical activity (Brown, 2001). Under this infege, t
thinking process undertaken to understand a concept is partially revealed in the words
used to explain these understandings while they are evolving. Brown (2001) a$serted t
such “...notions of hermeneutic understanding as applied to mathematics require a shift
in emphasis from the learner focusing on mathematics as an externakyldredy of
knowledge to be learnt, to this learner engaging in mathematical activity f&cey
over time” (p. 50).

This study focuses on the statements generated by a group of pre-service
elementary teachers as they are engaging in a series of mathéadivities. The
decision to center the study on mathematical activity is based on the view of
mathematical learning presented in this section on concept development. Intthe nex
section, the various ways to conceptualize the idea of function will be explored in light of
its historical development. The move from the idea of function as covariation to the more
generalized view of function as a correspondence will be considered to evladuettect
this switch has had on teaching the concept of function. In addition, theories on how
learners think about functions will be presented.

The Concept of Function

History of the Concept

When asked to define a function, a student of algebra is apt to recite a textbook
definition based on the relationship between members of two sets, referred to as the
domain and range. According to this widely accepted definition, a “functionded/to
setB is a correspondence frofto B in which each element &fis paired with one, and

only one, element in s&’ (Billstein, Libeskind, & Lott, 2001, p. 105). Although this
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correspondence view has been widely accepted since'theetfury, earlier views of a
function were much less precise (Ponte, 1992). The word ‘function’ did not appear in
print until the late 1600’s, however the idea of function permeated mathemalyosrear
Ponte offered examples such as counting procedures, which establish a correspondence
between a given quantity and a number word. He also described ancient Babylonian
tablets which contained representations of functions in the form of square and cube roots
Both of these examples illustrate how the notion of function was present long before th
concept was defined.

The birth of analytical geometry during theé™dentury led to a formalization of
the concept of function (Burton, 2007; Ponte, 1992). Although Leibniz (1673) is credited
with first using the word to refer to geometric objects such as the tangectiteea
Euler (1748) is responsible for penning the first formal definition of a functioriqBur
2007; Ponte, 1992). Euler’s initial definition tied the concept of function to an analytical
expression, but he later refined this definition to include any dependent relationship in
which a given set of quantities covaries with another. Burton (2007) cited Euler's
definition as follows: “If thereforex, denotes a variable quantity, then all quantities
which depend uporin any way or are determined by it are called functions of it” (p.
611).

During the period of time that followed Euler’s definitions, great advances in
analysis and the birth of set theory revealed inconsistencies in Eulinisiale of a
function as covariation. Mathematicians of the nineteenth century pushed for a broader
concept of function which led to the acceptance of Dirichlet’s (1837) correspondence

view (Burton, 2007; Ponte, 1992). Similar to the textbook definition in use today,
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Dirichlet stated that “.y is a function of the variabte..if to every variable...there
corresponds a definite value of the variail€Burton, 2007, p. 612). The
correspondence view granted mathematicians more flexibility whemdevilih
functions, but the very generality that was required for abstract algeatadia
pedagogical nightmare in school mathematics (Ponte, 1992; Silverman, 2005; Smith,
2003). Students continue to struggle to make sense of the abstract concept of a
correspondence and the symbolic expressions sometimes associated witlh i{2G03)
stated that this struggle perpetuates across generations of students ‘bedtlaigse
approach omits building relationships through an understanding of covariation” (p. 141)
Conceptualizations of Function

The historical refinement of the concept of function offers two ways to
conceptualize functional relationships (Confrey & Smith, 1995; Slavit, 1997; Smith,
2003; Billings, 2008). The first of these views is based upon Euler’s definition of a
function as a dependent relationship in which one data set covaries with anothergViewin
a function as covariation places an emphasis on how changes in one variable result i
changes with another. The second view draws upon the modern definition of function as
a correspondence between two data sets (Slavit, 1997). Under this perspective, emphasis
is placed on stating the relationship that maps members of one set, usualdg tefas
the domain, to members of another set, known as the range (Confrey & Smith, 1995;
Slavit, 1997; Smith, 2003).

The idea of function as correspondence is the prevailing view presented in school
algebra (Slavit, 1997; Smith, 2003). This perspective is often presented to eshaalg

learners as a function machine. Students examine how each input results in aparticul
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output and try to write a rule for predicting outputs based on inputs. Smith (2003) offered
the following example of how someone might analyze the functional relationship
between two data sets using a correspondence approach. In this example ddispkaye

in Table 1, the individual would look across the table in an attempt to formulate the
manner in which values in the first column, labetedre mapped to values in the second
column, labele@. Recognizing that eagh value is one more than three times its
corresponding- value might lead to the explicit formwa= 1 + 3x. The ability to

generalize a pattern in this manner is a key component of algebraic thinkpg,(Ka

2000; Smith, 2003). However, as Confrey and Smith (1995) argued, the correspondence
approach fails to develop an understanding of function as covariation since the major
focus is on writing an explicit rule.

Table 1

Example of Functional Relationship

WN PP O|X
=
B~NAPK

Note. Example appeared in Smith, 2003, p. 141

Using the same example presented here in Table 1, Smith (2003) described how
someone taking a covariational approach would look down the table instead of across the
table, attending to the manner in which changes in the first column coordirtate wit
changes in the second column. Using this approach to analyzing change, the individual
would note that each unit increasexialues corresponds to an increase of three in the
value ofy. This action differs from recursive thinking in that the individual focuses
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simultaneously on coordinating the rate of change in y with respect to x. Recurs

thinking generally involves analyzing changes within a single data set, thusglghe

element of coordination between sets (Moss, Beatty, Barkin, & Shillolo, 2008)nBalda

and Thompson (1998) and others (Carlson, Jacobs, Coe, Larsen & Hsu, 2002) suggested
that covariational analysis requires one to create an image of how twoigqesaititgnge

in relationship to each other. Thus, the emphasis in a covariational approach is placed on
the dual actions used to create the function versus the static processeatthatagl
(correspondence approach) or the singular actions that generate the vdiluresa set
(recursive thinking)By focusing on the dual actions, one is able to see the repeated
operations that created the relationship between two data sets (Confrejh&1995;

Smith, 2003).

Table 2

Developing a Correspondence through Covariation

X Process y
0 1
1 1+3 4
2 1+3+3 7
3 1+3+3+3 10
4 1+ 3(4) 13
X 1+3k-1) X-2

Confrey and Smith (1995) asserted that recognition of these actions enables one to
establish a correspondence between the two sets. For example, noting\ytvaluks
increase by three with each unit increase ias in Table 1, can be used to rewrite gach
value in terms of the repeated addition used to create it. The results of thisdepeate
addition is presented in Table 2 with the insertion of a process column. The repeated
addition can then be abbreviated as multiplication, leading to the explicit ke bft
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(x—1)3. Not only does the covariational approach offer a means of developing the
correspondence between data sets, but it also has the potential of promoting the view of
algebra as generalized arithmetic (Kaput, 2000; Smith, 2003).

Slavit (1997) and Smith (2003) argued that the covariational approach, with its
emphasis on change, leads to a more complete understanding of function. However,
Slavit (1997) asserted that each of these views is necessary for a fultamdiecs of the
idea of function. These two ideas of function, correspondence and covariation, are
manifested in the ways individuals describe patterns (Smith, 2003). Accordingtho Sm
(2003), a pattern can be defined in terms of its structure or it can be definedsotéisn
change. Attending to the structure of a pattern places an emphasis on thatinvaria
attributes of the pattern. On the other hand, examining change allows one to grasp the
dynamic actions that create the growing pattern. Smith referred to thess stasis and
change, stating that both conceptualizations were necessary for the derglopthe
idea of function.

Although the textbook definition of function seems simple enough, students still
struggle to develop a full understanding of what is meant by a functionabnslaitp
(Ponte, 1992). Sierpinska (1992) identified several epistemological obstacles to
developing an understanding of function, including the inability to analyze change and
the tendency to think of functions only as equations. Combining the ideas of function as
covariation and correspondence to create a more cohesive understanding of function was
presented as one pathway to overcoming these epistemological obstacliesl(@07;

Smith, 2003). In the next section, theories on how the concept of function develops are

presented.
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Levels of Conceptualizations of Function

The literature offers numerous frameworks for categorizing the devetaph
the concept of function. The notion that the concept of function does not merge simply
from exposure to the textbook definition permeated these theories. Instead, asaWtne
Dreyfus (1989) implied, a concept image is formed as a result of the experiences a
student has while engaging in mathematical activities. The majority ti¢bees
reviewed proposed that complex concepts such as the idea of function develop over
several stages. Kaput (1992) based his framework on the historical development of
algebra as a symbolic system. Dubinsky and Harel (1992), along with Breidenbach,
Dubinsky, Hawks & Nichols (1992), proposed a framework based on the constructivist’s
views of Piaget. Others, such as Slavit, 1997, expanded on prior frameworks in an
attempt to better understand how individuals conceptualize functions.

According to Kaput (1992), students develop the idea of function along the same
lines as the historical development of algebra. He used the results of a study on how
students constructed relationships between ordered pairs of numbers. The stddyncall
students to write rules for linear functions based on inputs and outputs. Kaput noted that
student understanding of function could be categorized as either pre-algebraic or
algebraic. He classified a student’s understanding of function as preaatgébe or she
was only able to express a functional relationship using everyday languaggperof
symbolism that reflected what had been stated verbally. Often the rulesvgtthese
students were the product of guesses based on the last ordered pair in a data set. To
Kaput, these students understood algebraic symbolism in the rhetorical sensekenuch |

the early algebraists. On the other hand, a student’s understanding wa®dlassifi
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algebraic if he or she could easily identify the nature of the relationshipdretiata sets
(i.e. linear) and write a rule using algebraic symbolism. Kaput cautibaéthe

distinction between the two classes is difficult to make when relativepytasiss, such

as linear functions, are used. This is due, perhaps, to the ease of connecting everyday
language to the operations involved in creating linear patterns.

Many of these theories on the development of the concept of function were based
on the constructivist views of Piaget, focusing on the cognitive stages expéinite
individual as a result of his or her experiences related to the concept at haiac &el
Seldan, 1992). Piaget (1977, as cited by Klanderman, 1996) described four stages in the
development of the idea of function. In the first stage, the student fails to recagpize
relationship between the two sets of variables. Once the student begins to see a
relationship between individual pairs in the data set, they enter the second stage. This
stage might correspond with what Vygotsky (1934/1986) described as theafyest st
toward concept development in which the learner tends to group objects into categories
by trial and error. The relationship between the pairs of numbers forms gptonage
of function in a haphazard fashion. The third stage is marked by the ability to view the
relationship between the two data sets in qualitative terms. For exam@ajdbat in a
problem involving rates may describe how the distance from a fixed point incesases
time elapses. In the final stage, the student would be able to quantify atisnsip
(Piaget, 1977, as cited by Klanderman, 1996).

Building on this constructivist approach and the works of Bredienbach, Dubinsky,
Hawks and Nichols (1992), Dubinsky and Harel (1992), proposed three stages of

understanding which exist along a continuum of development. At the prefunction stage,
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an individual is generally unable to make sense of the concept in any fashion whiatsoeve
This stage could be said to align with the first stage described by Piaget. mdxt

level, an individual adopts an action conception of function and is able to work with the
idea in a more procedural way. However, the individual struggles with functional
relationships which are not easily described by algebraic formulas onmthaderequire
multiple steps to evaluate (i.e. composite functions or those with split domains). Once
these struggles have been overcome, an individual can be said to hold a process
conception of function. Instead of limiting one’s focus on the steps taken to produce the
outputs of a function, the individual with a process conception is able to think about the
function in its entirety, combining it with other functions or reversing it. Thegesta

exist along a continuum and are dependent upon the context or situation. An individual
may present a process conception of function under certain conditions, such as when
dealing with linear functions, but hold an action conception of function when
encountering more complex functions. Therefore, Dubinsky and Harel (1992) cautioned
that it is difficult, if not inappropriate, to attempt to categorize individustsons along

this continuum.

Dubinsky and Harel (1992) cited a study conducted by Breidenbach, Dubinsky,
Hawks, and Nichols (1992) which sought to refine their epistemological theoryezknte
on three conceptualizations of function: prefunction, action, and process. The study
involved 62 pre-service teachers majoring in mathematics and consisted @éstpre
computer-based teaching intervention, and a post-test. Interviews were conduaigd dur
the teaching intervention to clarify understandings. A portion of the pre-test theke

pre-service teachers to explain what constitutes a function. Breidenbath(;1602)
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classified incomplete/missing responses at the prefunction level (40% of resispnde

They grouped responses under the category of action if the description givemofaile
include the elements of input, transformation, and output (24%). Those responses which
included all three of these elements were marked as exhibiting a process
conceptualization of function (16%). Data gathered through interviews and the post-test
indicated that the participants were able to transition from thinking of funca®astions

to viewing functions as processes. Breidenbach, et al. (1992) asserted thattyhi® abil
adopt a process view of function is an essential step towards understanding theafoncept
function.

Dubinsky and Harel (1992) concurred with Sfard (1992) that a higher level of
conception appears when the individual is able to conceive of the function as an object.
The object view of function allows one to act upon the function in its entirety. Sfard
asserted that without this ontological shift from process to object, or raifictitie
individual’s “...approach will remain purely operational” (p. 64). The action, process,
object progression described here is commonly referred to as the APO nkmew
Vygotsky’s (1934/1986) notions of the development of complexes seems to fit along the
continuum between action and process conceptions, with pseudoconcepts falling towards
the right. However, his definition of a true concept would assumedly align with thet obj
conception. At this juncture, the individual is able to generalize that which has been
generalized before; to take that which was understood in the past and estaladeait
higher plane of thought” (p. 202).

Slavit (1997) embedded a property-based perspective within the APO framework.

Under a property-oriented view of functions, students assimilate propertigsctbhs
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through experiences with various classes of function. For example, analyzttigrian

from the vantage point of covariation can lead to the recognition of various growth
properties associated with a class of functions. The recognition of thesetipsopan be
used to build a library of functions from which a more global understanding of function
can be developed. Although Slavit emphasized the wealth of functional properties that
can be derived from examining aspects of functional growth, he cautioned thiat othe
properties may need to be examined from a relational view. For this reason, Slavi
professed, “...the covariance and correspondence views of function, under the property-
oriented framework, should not be considered as contrasting or distinct viewpoints, but
rather can be considered complementary ways of thinking about the concept ohfuncti
as a mathematical object possessing various properties” (p. 270).

Each of the theories on concept development presented here emphasizes the
fundamental role the act of generalization plays in this development. This is not
surprising since functions can be thought of as the generalized relationsheetéive
data sets (Blanton & Kaput, 2004; Warren, Cooper, & Lamb, 2006). The act of
generalization can arise from examining how two data sets change ionhgti to each
other or by recognizing the correspondence between ordered pairs (Confreyh& Smit
1995; Smith, 2003). Covariational understanding is viewed as a bridge between thinking
of a function as an action and conceptualizing function as a process (Silverman, 2005).
The correspondence view aligns with Kaput’'s algebraic classificatiimofional
understanding as well as the process conception detailed under the APO flamewor
Most argued that these two ideas of function are important building blocks of atgebrai

thinking (Kaput, 2000; Slavit, 1997; Smith, 2003, Warren, Cooper, & Lamb, 2006).

31



As this review has illustrated, the concept of function is multi-faceted and svolve
as one engages in experiences with functional relationships. The task of undegstandin
how learners conceptualize the idea of function is complex and multi-faceted.ds we
the next section, approaches used by researchers to explore function understamdings ar
presented, with particular attention given to studies involving the function underggndin
of pre-service teachers.

Studies on Students’ Understandings of Function

Studies on students’ understandings of function can be organized under three
general perspectives, as noted by Lobato and Bowers (2000). For exanaalehes
may focus on how multiple representations play a role in developing students’
understanding of function. The emphasis here is placed on how students build
connections between tables, graphs, verbal models, and the symbolic representations of
functions. Alternatively, researchers have approached the study of fuahction
understanding from a quantitative perspective using tables and/or patterres. Thes
investigations were centered on the dual ideas of function as covariation and as a
correspondence, with an emphasis on how students analyzed change in order to
generalize patterns. However, Lobato and Bowers (2000) highlighted a thipegigrs
from which researchers have investigated students’ understanding of function. This
perspective focuses not only on the mathematics that is being learned but also on the
experiences of those engaged in the mathematical activity. These threetperspee
not mutually exclusive and can be combined to enhance the study of how students
develop an understanding of function (Lobato & Bowers, 2000).

Representational Perspective

32



Functions can be represented using various formats, each of which is thought to
provide accessibility to understanding the concept of function. Experienceagrea
tables and graphs, writing symbolic rules, and analyzing real-world pheacne
believed to play a crucial role in developing this understanding (NCTM, 2000).
Therefore, researchers adopting this viewpoint investigated how students make
connections between the various forms of a function (Lobato & Bowers, 2000). The
focus of the of studies using this viewpoint and reviewed for this investigatiordtende
be on secondary and higher level mathematics, therefore only those pertaining to pre-
service teachers will be presented in this review (Klanderman, 1996; Haocgime
2006).

Klanderman (1996) utilized the APO framework (action, process, object
progression) in his study on pre-service teachers’ understanding of functiens. T
purpose of his study was to evaluate levels of understanding within multiple
representations of functional relationships. The participants in the study inclugest 19
service elementary teachers and 6 pre-service secondary teachrederiian created an
instrument to evaluate levels of understanding and combined the results of this survey
with analyses of videotaped interviews and journal entries. The instrument edmsist
five problems which presented a functional relationship within either a retd-seiting
(3) or in a tabular format (2). The three real-world problems represented omgdimea
exponential, and one quadratic relationship. Only linear and exponential relationships
were presented in tabular form. Pre-service teachers were asked teefmakt value,

determine an out-of-sequence value, write a rule, and then graph thaséligtio

33



Klanderman (1996) found that the majority of pre-service elementaryetsach
were able to extend the patterns, but many had difficulties generalizindatihenship.
Pre-service teachers had the most success writing equations to refhresieetr
relationship within the real-world setting (74%), however, only 16% were stglcess
writing a rule when the relationship was presented in tabular form. The two problems
involving exponential relationships created the most difficulties for preeser
elementary teachers. Only 32% of these participants were able tolgentea
relationship inherent in the real-world setting and only 16% were succesifihe
tabular problem. The primary cause of this problem was the tendency to linkarize t
exponential relationships. Klanderman classified nine of the pre-seraceets’
understanding as mode dependent, noting that the real-world setting &tilitair
ability to extend and generalize a pattern. In addition, he suggested that a high level of
understanding functions may be dependent upon a sound understanding of the concept of
variable.

Haciomeroglu (2006) also examined pre-service teachers’ understandieg of t
concept of function within multiple representations. She focused her investigation on
evaluating both the subject matter and pedagogical content knowledge of the cbncept
function held by two prospective secondary teachers. In her discussion, Haglhmer
stated that the two participants had difficulty identifying functions when presgeither
verbally, in the form of word problems, or numerically in tables. She attributed these
difficulties to deficiencies in subject matter knowledge and noted that preeservi

teachers should be able to work flexibly with all functional representations. Howlaser
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study centered only on the subject matter knowledge needed to teach the concept of
function at the secondary level.

Welder (2007) addressed the question of what mathematical content knowledge is
needed to enable pre-service elementary teachers to become effectieested pre-
algebraic concepts. She identified nine areas of concern, involving both number concepts
and concepts related to equations and functions. Welder listed the skill set needed for
individuals to be able to understand the functional relationship between two data sets.
These skills included the ability to produce outputs, analyze rates of change, and make
connections between different representations of functional relationships. lomdditi
Welder believed that the ability to generalize patterns should be part of theirepsr
skills needed by pre-service elementary teachers. For her investjgatelder developed
a 51-item quantitative instrument to measure the depth of pre-service elgment
teachers’ content knowledge of the concepts of number and function. Forty-eight pre
service elementary teachers enrolled in a mathematics content cotigpgted in the
study by taking the pre-and post-tests created by Welder. Participdanésdourse made
significant gains (mean standardized difference of .3906, p < .001) in mathematical
content knowledge of function-related concepts. However, Welder identifiedbiitg
to work flexibly with functions within multiple formats as a key problem drea.
particular, Welder found that these pre-service teachers had diffiqyatnesalizing
pictorial patterns and identifying functional relationships presented in a wolptepr
format.

The typical library of functions recommended for K™-gsade level mathematics

includes linear, exponential, and quadratic functions (NCTM, 2000). Stump and Bishop
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(2002; also cited in Stump, Bishop, & Britton, 2003) examined pre-service eleynentar
teachers’ ability to analyze these three functions within multiple rept&sons. The 30
teachers participating in the study completed activities which focusecatyziag
change within real-world functional relationships. After completing thesgities, the
pre-service teachers answered a post-test consisting of a seriestmfigui@volving
linear, exponential, and quadratic functions. Stump and Bishop (2002) used the results of
this post-test to analyze the participants’ understanding of function withirplault
representations.

Although the majority of the pre-service elementary teachers coulgneeoca
linear relationship when presented in tabular, symbolic, or graphic form, Stump and
Bishop (2002) found that more than a third of them were unable to clearly explain how to
go about this task. When dealing with exponential equations, most of the pre-service
elementary teachers were able to write a rule to match an exponeunéiibsitbut only a
third could describe the pattern of change. Interestingly, the majority pfakservice
elementary teachers were able to recognize and describe quadratnskips when
presented in tabular or graphic form, but approximately one third of those partgipat
had difficulties working with quadratic patterns created by geomeguces. Moreover,
only half of the participants could write a rule to match the quadratic geoipattern.
Stump and Bishop (2002) voiced concern over the difficulties pre-service teachers had
with communicating their understanding of functional relationships. They shated t
“...before they can successfully promote algebraic thinking in their own classro@ns, pr
service teachers need to understand algebra as a way of thinking, a waliod wath

the patterns that occur every day” (p. 1912).
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The four studies presented here highlight several areas of concern dealing with
pre-service teachers’ abilities to generalize functional relatipaghiaciomeroglu, 2006;
Klanderman, 1996; Stump & Bishop, 2002, Stump, Bishop, & Britton, 2003; Welder,
2007). Quantitative data presented in either tabular (Haciomeroglu, 2006; Klanderman,
1996) or pictorial formats (Stump & Bishop, 2002, Stump, Bishop, & Britton, 2003;
Welder, 2007) presented the most difficulty for the pre-service teachérsgading in
these studies. The most common types of functions studied by early algebrassauelent
linear, exponential, and quadratic (NCTM, 2000). However, these pre-servicaseache
struggled to generalize exponential patterns (Klanderman, 1996; Stump & Bishop, 2002,
Stump, Bishop, & Britton, 2003) and geometric representations of quadratic relgigonshi
(Stump & Bishop, 2002, Stump, Bishop, & Britton, 2003). These reported struggles with
generalizing functional relationships point to a breach in the ability ofguéce
teachers to make the connection between quantitative data and symbolic refwasentat
Quantitative Perspective

The majority of studies examining functional understanding from a quargitati
perspective used tables and/or patterns as a venue. NCTM (2000) suggested that Pre-K
through grade 12 curricular activities designed to promote an understanding minfunct
include the study of patterns and the analysis of change. Smith (2003) reiteisated t
suggestion by emphasizing the importance of understanding change and the intpact suc
understanding has on the ability to analyze functional relationships. Severas studi
reviewed in preparation for this investigation examined the extent to whichréesne
students are capable of functional thinking as well as the effectivenessratiional

materials (Blanton & Kaput, 2004; Warren, Cooper, & Lamb, 2006). The idea of using
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patterning activities as a venue for studying the pre-service elem&dahers’
understanding of function lies at the heart of this study. For this reasonulaartic
attention will be paid to presenting the results of these types of studies.

Studies with elementary/middle school studeBitmton and Kaput (2004)
explored ways in which a group of elementary students developed and communicated
their understandings of function. Based on data collected from one problem situation
visited by a group of students in grades pre-K through 5, Blanton and Kaput looked for
ways in which students organized data, analyzed change, and communicated their
understandings in the classroom. They found that students as early as kindergarten we
capable of coordinating covarying quantities and could verbalize a correspondence
between data sets as early as first grade. By third grade, studemtsapable of
expressing these verbal rules using formal symbols. Blanton and Kaput asserttesl tha
results of their study support the view that elementary students atdecapfunctional
reasoning. However, they noted that the teachers in the study tended to engtaasize
within singular data sets which is a less effective route to functional untéirga
Blanton and Kaput (2004) argued that “...a fundamental conceptual shift...must occur in
teachers’ thinking in order to move from analyses of single variable ddtas® t
attending to two or more quantities simultaneously” (p. 141).

The results of Warren, Cooper, and Lamb’s (2006) investigation into the
functional thinking capacity of elementary students supported Blanton and Kaput's
(2004) findings. They examined the efficacy of an instructional strategghwhi
represented arithmetic as change through the incorporation of a function machine.

Warren, Cooper, and Lamb videotaped the classroom experiences of 45 nine-year olds
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and their teachers. They also conducted pre- and post-tests on student abilityze anal
change and determine outputs produced by a function machine. Prior to instruction, 46%
of the students could describe the mechanism of change produced by the machine and
50% could determine outputs based on specified inputs. Following instructions, these
percentages increased significantly to 58% and 90% respectively. Warreny,Goape

Lamb (2006) noted that the ordering of inputs played an important role in developing
functional reasoning skills. When the inputs were placed in numerical order, students
tended to focus on the sequential change in outputs. However, by placing the inputs in
random order, students were forced to look across the table for a relationshignbibisve

two data sets.

Although recursive thinking plays an important role in analyzing change and
developing algebraic thinking (Bezuska & Kenney, 2008), many students tend to rely
heavily on recursive reasoning at the expense of covariational thinking (Mo#y, Bea
Barkin, & Shillilo (2008). In a teaching experiment involving 34 fourth graders, Moss
Beatty, Barkin, & Shillilo (2008) found that the majority of these students usexsirecu
strategies in their attempts to generalize patterns. Besides identtig over-reliance on
recursive thinking when analyzing patterns, Moss, et al. also remarkeldlsatidents
had a tendency to apply proportional reasoning, or whole object reasoning, to linear
situations involving both a constant and a rate of change. A portion of their teaching
experiment included the creation of an online learning environment between two fourth
grade classrooms. Within this collaborative classroom, the students learned t
communicate their understandings of functional relationships and develop stragegies

developing a correspondence between data sets.
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Pictorial growth patterns, or geometric patterns, were commonly used irsstudie
based on the quantitative relationships inherent in functions. One such study, conducted
by Billings, Tiedt, and Slater (2007), investigated how experiences with piagoowth
patterns encouraged the development of algebraic thinking in young children. They
defined a pictorial growth pattern as “...a pattern made from a sequence es filgat
change from one term to the next in a predictable way” (p. 303). This qualitaiilye st
analyzed the responses of eight@“ grade students engaged in two task-based
interviews. Billings, Tiedt, and Slater offered a summary of the key mesesed to
complete the patterning tasks based on these students’ responses. Under the model, the
students’ analysis of change progressed from a covariational analysesdb on
correspondence. The first stage of covariational analysis began withriptimsof the
sequential change between figures followed by the application of this descriptien in t
construction of the next possible figure in the pattern. This stage culminated with the
ability to “identify what stays the same and what changes in the patterhigBjlTiedt,

& Slater, 2007, p. 304). Building upon this knowledge, the students were able to progress
to a correspondence analysis of change by connecting what changes iretimevott

the position of the figure in the pattern sequence. Ultimately, some of the stwdents

able to take that connection and think of it in more general terms. These students wer
able to visualize the construction of any figure in the sequence based on its position
(Billings, Tiedt, & Slater, 2007).

Billings, Tiedt, and Slater (2007) detailed how several aspects of pigoiath
patterns and the types of questions they posed to the students facilitated thertransi

from covariational analysis to correspondence. Encouraging students to attend to the
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structure of the figure by asking them questions about the next figure, i.e. whkaifpa

the figure will stay the same and what parts will change, helps them to extentt¢he pa

on to later figures in the sequence. In addition, Billings, Tiedt, and Slater stated the
importance of going on to ask the students to build or describe the construction of future
figures, such as the $®ne, to discourage the use of recursive strategies. They also
remarked that attending to the physical structure of a pattern was aekiestqor of

success in the task of extending and generalizing growth patterns.

The connection between the structure of figures and success in gemgralizi
patterns was also noted in a study conducted by Steele (2005). She analyzedtthef effec
a teaching experiment involving a group Bfgtaders, focusing her analysis on the
written work of eight of these students. As part of a cycle, students wereskesl to
work independently to solve a linear or quadratic patterning problem and record, in
writing, the paths they took to generalize the patterns. Following this independent
practice, the students shared their strategies in small groups. Steelpembthiwritten
reflections, transcripts of group conversations, and a series of individualemsna
assess the types of knowledge students used to solve these problems. Althoughghe detalil
of the knowledge framework she utilized in her study are beyond the scope of this
discussion, portions of the design of her study and the implications stated avenpeirni
particular, the use of written reflections on problem solving does provide an entry for
researchers to access students’ understanding (Steele, 2005). Additidealy/sStudy
illustrated how textual descriptions centered on the structural make-up ofteoncre

representations may enable students to successfully generalize patterns
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These five studies explored the functional understandings of students in the early
and middle grades (Billings, Tiedt, & Slater, 2007; Blanton & Kaput, 2004, Moss, Beatty
Barkin, & Shillilo, 2008; Steele, 2005; Warren, Cooper, & Lamb, 2006). Evidence that
even students in the early grades were capable of functional thinking was presented
(Blanton & Kaput, 2004; Warren, Cooper, & Lamb, 2006). The promotion of functional
thinking was shown to be facilitated by the study of patterns. In particular, the
examination of the structure of a pattern in terms of how each figure stasantieeand
how it changes from the previous figure enabled students to generalize patiénuys(B
Tiedt, & Slater, 2007; Steele, 2005). However, the tendency to think of change only in
recursive terms impeded growth in the understanding of function as two cavaryin
guantities (Blanton & Kaput, 2004; Moss, et al., 2008). There is a need for teachers to
have experiences describing patterns of change between two data sete ta sinida
away from recursive thinking (Blanton & Kaput, 2004).

Studies with pre-service teacheBsllings (2008) and Smith (2003) summarized
the processes used by elementary teachers to generalize pictorial gattetns. Both
reports were based on informal observations of teachers’ actions as they gageden
patterning activities. Although not presented as research, these sundthafer a few
examples of how these teachers approached the process of generaligimg.patie
such approach utilized the physical structure as a tool for generalizing therfiahctio
relationships represented in pictorial growth patterns (Billings, 2008). Tizatidn of
structure was also reported to be a valuable tool used by elementary and afiddle s
students (Billings, Tiedt, & Slater (2007; Steele, 2005). Smith (2003) noted thatebe rul

written by teachers still retained the actions used to physically conteufigures in a
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pattern. Additionally, the use of variables was mentioned as a way to keep track of how
the structure of a figure changes in a predictable way (Billings, 2008). Smith (2003)
emphasized how this focus on stasis (structure) and change are importdiatrtools
understanding functional relationships. Billings (2008) reiterated thigygthiat the
analysis of change is an important tool in generalizing patterns.

Neither of these summaries was presented as research and a seareti feweal
research-based studies on pre-service elementary teachers’ urdiegst®f the concept
of function as a quantitative relationship. However, one noteworthy study, offered by
Zazkis and Liljedahl (2002) explored the pathways taken by a group of pre-service
elementary teachers in their attempts to generalize a complex number. gdteepattern
consisted of an array of numbers whose general term could be expressed westeg a pi
wise defined function. The researchers reported that the pre-servicaseagherienced
more success extending the pattern than locating the general term. ZazkilgeaiadhlLi
attributed these difficulties in part to the use of recursive reasoning. They stat the
persistent use of recursive reasoning and additive thinking prohibited therpices
teachers from seeing the overall structure of the problem. In addition, theltinaté¢he
pre-service teachers were able to write rules for patterns generatguehbyed addition if
the patterns lacked a constant component (ng.dit not if a constant was also required.
Zazkis and Liljedahl also identified a disconnect between the particidmiisy to
verbally describe the pattern and their ability to write a symbolic rule. Hawihe
researchers considered the verbal descriptions to be the product of algebkaig thi
They argued against the push to use symbolism, stating that students “...should have the

opportunity to engage in situations that promote such thinking without the restraints of
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formal symbolism” (p. 400). In conclusion, Zazkis and Liljedahl (2002) assertepréiat
service teachers should have opportunities to engage in the study of pattergsrsmythe
see there are other ways to communicate algebraically.

There were few studies on pre-service teachers’ ability to antilgzquantitative
relationships exhibited in pictorial growth patterns. The summaries presengded her
revealed that pre-service teachers experienced many of the samatidiffielementary
and middle school students experienced when analyzing quantitative relatioRehips
example, the tendency to reason recursively was identified as a hindrancdafor bot
groups. Blanton and Kaput (2004) noted that teachers need to shift away from looking at
change within one data set to the view of change in two data sets so they can support
algebraic thinking in their own classrooms. Zazkis and Liljedahl (2002) proposdbehat
study of patterns provides the opportunity for pre-service teachers to comateunic
algebraically in ways other than through the use of formal symbols. The psasint
proposes to fill the gap in research on how pre-service teachers conceptualize and
communicate the idea of function through patterning activities. A key part of this
guestion is dependent on describing the experiences pre-service teachershthes wi
concept of function while analyzing patterns. In the following section of the,pape
studies focusing on the experience of understanding function are presented.
Phenomenological Perspective

Researchers placing an emphasis on the phenomenology of understanding
function consider how past and present experiences with the idea contribute to the
development of an individual’'s concept image (Lobato & Bowers, 2000). Whereas the

focus of analysis for research based on either a representational or juantita
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perspective is the outcome of the experiment, analysis based on a phenomenological
perspective is focused on the journey. In other works, the researcher isedtearébe

process of coming to know a concept (Lobato & Bowers, 2000). The phenomenological
approach adds another layer to the understandings of a phenomenon by considering how
individuals construct meaning within a social setting. Language, gestures, the

individual's experiences, and social interactions are all elements that pbégyin

developing an understanding of a concept (Lobato & Bowers, 2000; Radford, Bardini, &
Sabena, 2007).

Lobato & Bowers (2000) offered two examples of research they were pursuing
from a phenomenological perspective. The information provided on both examples was
geared more towards explaining the design of the studies in lieu of resudtsthc
studies were ongoing on that time. Bowers had combined a representationaltpperspe
with a phenomenological emphasis to describe how a groupgraders “come to
develop understandings of linear functions as they interact with the sofSu@4dic] in
the social setting of a classroom” (Lobato & Bowers, 2000, p. 12). Note thisatesear
guestion is centered on the process of developing an understanding and not on the level
of that understanding. Lobato also offered an example of research she wasiegnduct
with a small group of high school students. Her research was framed within both a
guantitative and a phenomenological perspective in an attempt to understand how
students’ experiences with quantitative relationships contributed to their undergtaf
covariation. Lobato noted that many of the students held misconceptions of speed based

on their personal experiences. For example, some were convinced that speed was a
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function of how fast your legs were moving based on their experiences walkiggidkon
a taller person (Lobato & Bowers, 2000).
Radford, Bardini, and Sabena (2007) embedded their study on students’ algebraic
thinking within the framework of social semiotics. Social semiotics, or sencigttural
theory, combines the works of Vygotsky and Leont’ev with the theoretical pgvepet
phenomenology. Within this theory, thinking is said to be made visible in the words,
gestures, and other socio-cultural signs adopted by the individual as he or she &btempts
make sense of a phenomenon (Radford, Bardini, & Sabena, 2007). In their investigation,
Radford, Bardini, and Sabena sought to describe how individuals come to generalize
patterns by diverting their attention away from what they referredtteegsarticular so
as to imagine the general. They analyzed the verbal, kinesthetic, and synmifatitsa
produced by the participants while they were engaged in the process of patierg so
to paint a picture of the “...anatomy of the genesis of students’ generalizg{poa€9).
Radford, Bardini, and Sabena (2007) videotaped the conversations and actions of
two small groups of®®graders as they worked on the task of generalizing a dot pattern.
The first figure consisted of two rows of circles; two circles on the toplared bn the
bottom. Each consecutive figure added a circle to each row, so the second figure
consisted of seven circles and the third given was made up of nine circles. Radford,
Bardini, and Sabena detailed several processes through which the participants
communicated their thinking. For example, one of the participants communicated his
understanding through the use of gestures and body rhythms while another student
primarily used verbal signs. Radford, Bardini, and Sabena explored the various ways

their body actions and words enabled them to transcend the particular. For example
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spatial terms or gestures referring to the top or bottom of the figureatedthow the
individual was now thinking in terms of the general structure of the pattern. Usedsf wor
related to time, such as ‘always’, was also indicative of proceeding torteeagjeerm in
the sequence. Radford, Bardini, and Sabena stated that...
...because the crux of the generalization of patterns lies in the fact that it
predicates something that holds &lirelements in a class based on the study of a
fewof them, the spatial and temporal nature of the particular has to be overcome
in the ontogenetic construction of generalization. (p. 515)
A third, less obvious strategy used to divert attention away from the visual figsre w
made evident in what was not said. In the example given by Radford, Bardini, and
Sabena, the individual avoided labeling the imagined by pausing wheneverrtedrafe
the general.
Radford, Bardini, and Sabena (2007) also gathered the written work produced by
the students in the study. Analysis of this data combined with the multi-seamatigsis
of the videotaped data revealed the manner in which the written formulas produced by the
students reflected their experiences with the activity. For example, ore paidents
had noticed that you always add one more than the figure number to obtain the number of
small circles on top, two more to obtain the quantity on the bottom row, and then add the
two amounts together to find the total number of circles for any figure in the sequenc
The parenthesis in the formula written,# 1) + f + 2), illustrated the path they took to
generalize the pattern. The other group in the study developed the fonmilat 3,
which illustrated a fourth scheme for transcending the general. In this casedt@s

attended to the structure of the pattern, noting the parts of the figure thdttsagame
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and the parts that change. Radford, Bardini, and Sabena (2007) stated that “...in order to
perceive the general, the students...have to bring to the fore some aspectsyofdhe
(emphasisand leave other aspects behidd-emphas)s (p. 522).

The studies described by Lobato and Bowers (2000) and by Radford, Bardini, and
Sabena (2007) illustrate how a phenomenological perspective can be used to add another
layer to our understanding of how students develop and communicate an understanding
of function. Embedding a study based on a representational and/or a quantitative
viewpoint within a phenomenological perspective is one way researchers can add to the
body of knowledge of concept development (Lobato & Bowers, 200@) purpose of
this study was to investigate how pre-service teachers experience teptaaifanction
through the study of patterns. In keeping with this purpose, the phenomenological
perspective was combined with the quantitative perspective so as to provide a more
complete picture of this phenomenon. The final summary section of this chaptetprese
a discussion of how the body of literature reviewed here was used to frame yhénstud
addition, a theoretical framework based on the hermeneutic circle will be proposed.

Chapter Summary

The two concepts of function used for this study are based on the definitions of
function as covariation and as a correspondence. Sierpinska (1992) stated that “...the
notion of function can be regarded as a result of the human endeavor to come to terms
with changes observed and experienced in the surrounding world” (p. 31). She
emphasized that the basis for understanding functions lies in the ability tdyidecti
changes and the relationships between them. In mathematics, this basis ef chang

translates to the covariation definition of function wherein changes in one vaable
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associated with changes in another variable (Smith, 2003). The ability to viewalsd ide
function as covariation is believed to be a crucial step in the development of algebraic
reasoning (Smith, 2003). However, the view of function as correspondence is also
believed to be a key stepping stone to understanding the concept of function (Slavit,
1997). With this view, one is readily able to see the relationship between two data set

Smith (2003) proposed using the study of patterns as a context for experiencing
function as both covariation and correspondence. He discussed two approaches to
analyzing pictorial patterns which can be used to build a framework for developing
connections between patterns, functions, and algebra. The first of these approaches
focuses on how the pattern is constructed, which he referred to as stasis. Exaommi
a pattern is constructed and noting the constant pattern between the position ofehe figur
in the sequence and how it is constructed allows one to establish a relationship or
correspondence. The dual focus on stasis and change within the context of patterns
potentially leads to generalization, a key feature of algebraic thinkingh(S2603). If
teachers are going to support algebraic thinking, they need to be able to identify and
generalize change (Bezuska & Kenney, 2008). In response to this problem, the flesign o
this study focused on how the ideas of stasis and change can be used to generalize
patterns. The pre-service teachers in this study were invited to expehendea of
function by engaging in conversations about how they construct, extend, and uftimatel
generalize patterns.

The issues explored in this literature review; the interrelationship between
communication and conceptualization in mathematics, the concept of function, and the

supporting role patterns play in developing algebraic thinking form the frarkdar
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this study. This framework draws upon the idea of the hermeneutic circle eathenb

of mathematics. A diagram of this framework is presented in Figure 1. The study of
patterns and function is embedded within the matrix of algebraic thinking which is
represented by the shaded rectangle. The study of patterns provides afoontext
developing the idea of function. Through these patterning activities, the pamtEihave
the opportunity to communicate and demonstrate their understanding of function. The
circle of arrows represents the hermeneutic circle that evolves letineeprocesses of
explaining and understanding.

The idea of mathematics as hermeneutic understanding was explored in this
chapter. The key characteristic of this idea lies in the view that matlbamat
understanding is communicated through language. Sierpinska (1992) stated that
understanding in mathematics can be linked to Ricoeur’'s hermeneutics because of the
“...relationship between the symbol side of the mathematical concept and the iolaiect s
(p- 30). For the purpose of this study, this is interpreted to mean an individual uses
traditional words or symbols related to a concept as well as the imageheehassof
that particular concept in order to communicate with others. This image is cdigtinua
shaped and refined by the experiences the individual has with the concept or idea both in
and outside of the mathematics classroom (Vinner, 1992). Brown (2001) had suggested
that mathematics “...can be seen as a subject of hermeneutic understarmting if t
emphasis is placed on interpreting mathematical activity, which itsgtitrambrace the
generation of mathematical statements” (p. 50). Thus, determining how an individua
conceptualizes a mathematical idea entails taking snapshots of this mthage i

statements produced during mathematical activity (Brown, 2001).
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Algebraic Thinking

Communicating

idea of function

-

Study of
Patterns_ -

j ;

Understanding

idea of function

Figure 1: Diagram of framework for context of study based on a model used by Paterson

& Higgs (2005) which was adapted from the works of Bontekoe (1996).

In Chapter lll, the choice of methodology and methods that were used in this
study will be explained. The chosen methods were intended to capture the discourse
produced by participating pre-service teachers during pattern soltingies Because
the concept image of function, or any other mathematical idea, evolves over sienesa
of snapshots were taken throughout the study. By collecting the snapshotsiaeoiss t
was hoped that the research results would formulate a clearer descriptionpyehow

service elementary teachers conceptualize the idea of function.
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CHAPTER IlI

METHODOLOGY

The purpose of this investigation was to understand how pre-service elementary
teachers communicate their understanding of function through the study of patterns
particular, this study endeavored to describe the nature of functionatirepamong
pre-service elementary teachers and answer the following questions:

1. How do pre-service elementary teachers conceptualize the idea of function?

2. How do pre-service elementary teachers engage in the process of generalizing

patterns?

3. What is the nature of pre-service elementary teachers’ understanding of

pattern and function?

The choice of methodology and methods used in this investigation were guided by both
the purpose of this study and the nature of these research questions. An in-depth
discussion of the theoretical perspective that guided these choices is prasémeeirst
section of this chapter. This discussion provides a rationale for choosing a igealitat
approach in the investigation. This chapter also provides a detailed description of the
research setting and participants, the overall research design, the métetds o

collection and data analysis, ethical considerations, and issues of trustessthi
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Theoretical Perspective

Lobato and Bowers (2000) presented three views through which research on
functional reasoning has been approached. The first of these views centers oiotise va
forms used to describe functional relationships. Labeled as a “multi-eapaésnal
perspective” (p. 1), this view examines how learners conceptualize functions whe
presented with different representational forms. We can consider thensihapif(x) =
2x + 1 to illustrate this perspective. Besides the symbolic form given, thienslap
between the independent variableand the dependent variablg), can be represented
in a table that displays a finite set of ordered pairs. The function can alsséstpdeas
the graph of a line with slope equal to two gndtercept of one. Studies based on this
theoretical frame would examine a student’s ability to move flexibly fronfamne to
another (Lobato & Bowers, 2000). For example, Klanderman (1996) examined pre-
service teachers’ understanding of function under different representatioatbss.
Klanderman asserted that opportunities to view functions under varying reptiessnta
allows students to form the types of connections necessary for conceptualantiegst
to develop.

Lobato and Bowers (2000) criticized the multi-representational perspédativ
failing to assess student understanding of the quantitative relationship bdteeen t
domain and range of a function. By taking a quantitative approach, researchesisan
on how students analyze change in functional relationships. The quantitative pegspect
Thompson and Thompson (1995) argued, forms the foundation of algebraic reasoning.
Failure “...to ground the development of algebraic thinking ...on understandings of

guantities and quantitative reasoning in dynamic situations, is like building a house on the
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second floor. The house will not stand” (Thompson & Thompson, 1995, p. 98).
Conceptually, the quantitative perspective aligns with the Smith’s notionsstd and
change. Billings (2008) adopted a quantitative perspective in her analysisaafythén
which pre-service elementary teachers generalize pictorial lgqmatterns. She posited
that the analysis of change is an important tool in establishing a functionialnshgb.

The first two approaches described are based on widely-held beliefs about the
nature of functions and have the tendency to ignore the meanings the individual student
assigns to the concept of function (Lobato & Bowers, 2000). A phenomenological
perspective, on the other hand, focuses on the student’s personal understanding of
function as it develops through his or her experiences with mathematics. Tloé tosl
approach is not to classify or quantify an individual’s understanding, but rather to
describe the nature of this understanding as it develops (Lobato & Bowers, 2600; Va
Manen, 1990). The phenomenological perspective, as Van Manen stated, “... is
discovery oriented. It wants to find out what a certain phenomenon means and how it is
experienced” (p. 29). Radford, Bardini, and Sabena (2007) adopted this perspective in
their research on both verbal and nonverbal cues students utilize in the process of
generalizing patterns. Their study illustrated how the use of a phenomeablogi
perspective opens a space for the researcher to examine how the individual catemunic
an understanding of the concept of function.

As previously stated, the quantitative approach focuses on how quantities change
in relation to one another, a key component of algebraic thinking. Recognizing and
promoting algebraic thinking lies at the heart of the purpose for this studyvdowhis

study was also interested in the nature of functional reasoning as it ileagpd by pre-
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service elementary teachers. Therefore, the quantitative perspedimetidn has been
combined with the phenomenological perspective to examine how pre-serviceédeache
come to understand the concept of function. In the next section, a rationale for using a
phenomenological approach for this study will be presented by examining how such an
approach can be applied to the realm of mathematics education. An explanation of how
this approach has been combined with hermeneutics to provide an avenue for interpreting
the experiences of others through discourse analysis will also be stated.
A Phenomenological Perspective

Phenomenology has been defined as both a theoretical perspective and as a
research methodology (Patton, 2002). Developed by Husserl in the early twentieth
century, phenomenology focuses on how people describe their experiences ROARty
Patton, 2002). As a general theoretical perspective, phenomenology guides tltheesear
to locate a study in the midst of those who have experienced the phenomenon under
investigation (Patton, 2002). Patton (2002) pointed out the differences between this
philosophical application of phenomenology and a methodological approach that would
center on uncovering the common threads of shared experiences. Patton (2002) argued
that “...one can employ a general phenomenological perspective to elucidate the
importance of using methods that capture people’s experiences of the world without
conducting a phenomenological study that focuses on the essence of shared eXperienc
(p. 107). This particular study is grounded within the phenomenological perspective
without adhering to the specific approaches of phenomenology as a research

methodology.
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Brown (1996, 2001) asserted that Husserl’'s phenomenology provides a
framework for characterizing how an individual conceptualizes mathe mialiéee.
Under this framework, emphasis shifts away from seeing mathematasoasrete set of

ideas. Instead, mathematics is viewed as a human activity that is shaped by

experiences of the participant (Brown, 2001; Cobb, 2007). Describing how an individual

experiences a mathematical concept requires that the researahett@ttee perspectives
the individual brings to the classroom and how these perspectives shape his or her
understandings. Phenomenology focuses on these individual reflections and the
experiential world of the participants in an attempt to describe the natine lebtning
experience (Van Manen, 1990). The phenomenological perspective does not rely on
“...an expert overview of mathematics...since it is not available to the leaBrext/Qq,
1996, p. 120). Instead, the phenomenological perspective gains its insight from the
interpretations supplied by the learner as he or she engages in matheawatitgl
(Lobato & Bowers, 2000).
Hermeneutic Phenomenology

Focusing on how individuals interpret their experiences necessarily turns to a

guestion of how language is used to communicate our understanding. Vygotsky

(1934/1986) described language and other psychological tools of discourse as a medium

in which individuals construct meaning through their social interactions with others
Under this construct, access to the meanings an individual assigns to mattlematic
concepts is gained through the discourses he or she participates in (Sfard, 2001).
Hermeneutics opens a space for the interpretation of the texts producee isoitiak

interactions (Crotty, 2003; Van Manen, 1990). Van Manen justified the combined
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approach of hermeneutics and phenomenology, stating that all accounts of an experience
are captured in texts and thus the added interpretative flavor of hermeneutics
complements the descriptive mode of phenomenology.

Hermeneutics was first applied to the interpretation of Biblical téxiisthe
notion has been broadened to include applications to other forms of discourse. These
forms of discourse include written texts, verbal communications, and expérientia
situations on the basis that all understanding is created and shared througbdangu
(Crotty, 2003). According to Patton (2002), “...hermeneutics provides a theoretical
framework for interpretive understanding, or meaning, with particular mtetat context
and original purpose” (p. 114). Within this framework, it is assumed that understanding
the experiences of others requires interpretation of the texts they protiedeey to
developing this interpretation lies in the idea of the hermeneutic circler(B&2001,

Crotty, 2003). Crotty described the hermeneutic circle as a recurringspraoiceoming to
understand something by employing what one already knows. These prior undegstandi
fuel our interpretation of what we are reading or experiencing, thus leadingoter dee
understandings.

This study sought to understand the nature and communication of functional
reasoning among pre-service elementary teachers while they ngargeel in the
experiences of pattern finding. The theoretical perspective employed invéssigation
should also support the research process, including the choice of methods (Crotty, 2003).
As stated previously in this section, the analysis of the texts produced by a fypoep o
service elementary teachers as they engaged in mathematic#y acdiviused to answer

the research questions posed. Hermeneutic phenomenology offered a suitable lens
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through which to read and interpret these texts. The use of this lens bringsteth it
assumption of the relationship between explanation and understanding, referred to as the
hermeneutic circle (Brown, 2001). A thorough discussion of the research desigdutili
in this study and how it adhered to these assumptions is presented in the following
section.
Research Design
Research Setting and Participants

The Setting

Based on the assumptions of a phenomenological perspective, this study took
place in the mathematics classroom of a group of pre-service elemeaizngrs and
focused on the experiences these prospective teachers shared while theyaged an
mathematical activities. In qualitative inquiry, the context, or settinghiohna study
takes place, plays a key role in the interpretation of the experiences oftttipats
(Patton, 2002). Whereas in quantitative studies, a researcher may wish to dowaplay th
role of context by controlling the environment, a researcher using qualita¢itreds
seeks to pull data from the everyday world of the researched (Patton, 2002; Van Manen,
1990). This study was interested in the experiences of pre-service elgnieathers as
they were learning about functions. Therefore, this study took place in theimmaditse
classroom during the normal course of small group problem solving.

Agee (2002) described a setting as a bounded environment in which the
inhabitants have co-created rules of behavior and membership requirements. Settings
may be embedded within other settings much like Russian nesting dolls. This

mathematics classroom was embedded within the larger setting ofliteszdehpus,
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which in turn is part of a Midwestern regional university. The nontraditionalrstigle
more the norm on this campus and many of the students hold full-time or part-time jobs
while juggling the demands of family and school. The students in this classroem wer
either seeking certification in elementary education, special edocati early childhood
education. Students in these three programs are required to take 12 hours of ncathemat
content courses, of which 9 hours are specialized courses for the elemenbaryTina
curriculum used is designed to build conceptual understanding of elementary level
mathematics through concrete models and meaningful problem-solving tasks. This
combined approach is believed to build both mathematical and pedagogical knowledge.
Teacher as Researcher

My interest in how pre-service teachers communicate their mathamatic
understandings was sparked by the everyday experiences | have in tleoolessia
mathematics teacher educator. One purpose of this study was to inform my civimgtea
practices by providing insight into how pre-service elementary teachecgptualize
and communicate the idea of function. This purpose arises from the call, as g teacher
“...to understand, through observation and inquiry, the various kinds of knowledge
individuals construct as they engage with real phenomena” (Cochran-Smitthe& Ly
1999, p. 16). Therefore, the participants selected for this study were all studerésienrol
in one of the mathematics content courses | was teaching during the spring of 2009.
Precautions were taken to help alleviate some of the issues that are inh#rent i
teacher-as-researcher relationship. These precautions are detailefbliowiag

descriptions of the selection of the participants and the methods of data collection.
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The Participants
The pre-service teachers who participated in this study were all ehirotiee
researcher’s section of Math 3433: Modeling Numeration and Operations during the
spring of 2009. This section met once a week for approximately two hours and forty
minutes. According to the catalog description, this course is a broad overview of
numeration and operations along with a focus on problem solving, logic, relations and
their properties, set and axiomatic concepts of numbers, whole number operations and
properties. Course content is explored from a modeling perspective. This is ore=of thr
required mathematics courses beyond College Algebra (or its equivalesiiydents in
Early Childhood, Elementary, and Special Education programs. The courses may be
taken in any particular order; therefore a number of the students were takirigshef
the three required courses, whereas others were taking their last. Thistuphace
near the end of the spring semester of 2009 and it may be assumed that a stable
relationship existed between the students in the class and the teacheheesearc
Forty-one students were enrolled in this course at the time of data colldtior
to beginning the study, approval was gained from the two institutional reviedsboar
(IRB) associated with the researcher and the proposed participants. Thes mirihes
study was explained the week before beginning a unit on patterns. On the day of data
collection, an invitation to participate in the investigation was extended to the 3ftstude
in attendance. Each student was given an informed consent form which described the
duration of the study, the type of data to be collected, how the data would be collected,
recorded, and stored, as well as precautions taken to insure the confidentiadly of e

participant. They were informed that all data collection would occur during thextadft
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the regularly scheduled classroom with the exception of follow-up interviews. All
students were expected to participate in the patterning activities whetiartbey

signed the consent form, since these activities were part of the curriarltimsfcourse.

An attempt was to be made to audiotape all group conversations regardless of arhethe
not all members of the group gave their consent to participate in the study. Necdata r
was to be retained on any individual choosing not to take part in the study. In keeping
with regular course procedures, none of the data collected was to be used in tlge gradin
process with the exception of written reflections. As noted in the course syllabus
students write a series of reflections during the semester which co®risttheir

grade, but do not receive points for activities completed in class. An alternatmaptpr
was offered to those students in the class who did not participate in the study. These
reflections received a completion grade of 10 points each.

These detailed instructions were provided to communicate the fact that
participating in the study was voluntary and would not play a role in evaluatingecours
performance. Peer pressure to participate was eased by requishuglatits to take part
in the activities and to record their group conversations. The fact that thegeaatiere
part of normal class activities also satisfied IRB concerns regppd@ssures to
participate (Byrdon-Miller & Greenwood, 2006). Additional measures were taken t
control the potential coercive nature of the teacher/researcher relatiamshgbudents
in the class. The lack of grades associated with the activities wasagrie wase the
effects of coercion. Additionally, each prospective participant was giventt read the
consent form and to place the consent form, whether signed of unsigned, in an envelope.

As the researcher, | did not access these consent forms until time tasalbgroup of
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participants for the purpose of follow-up interviews. However, these interviad/o

take place before final grades were due to both insure availability of intee/i@wd to
safeguard against lack of recall. To address this issue, each particifpensindy was
given a second consent form to sign that indicated participation (or lack ofpzitin)
would not play a role in determining their final grade in this course. Thesegg®mere
all made in good faith and were communicated to the participants both verbalty and i
writing. | must acknowledge, however, that the participants had to accept thesgeprom
out of trust.

All 30 students present on the day of data collection agreed to participate in the
study. These students completed an anonymous survey of demographic information prior
to beginning the patterning activities. From the results of this survey, it washdstd
that the mean age of participants was 28.37 years with a median age of 25.dofly tw
the thirty students were male. Twenty-four (80%) of the participants igehtif
themselves as White; the remaining participants identifying theesabeither Hispanic
(n=3; 10%) or Native Americam = 3; 10%). The majority of the participants were
Elementary Education majoms € 22; 73.3%). Six of the participants (20%) indicated
that they were majoring in Early Childhood Education (Pre-K through Grade 3) and the
remaining two (6.7%) stated that they were Special Education majors. A syintiae
college-level mathematics completed by the participants is displayebia 3.

An attempt was made to group the students in pairs for the shared activities;
however one student had to leave prior to participating in the shared activities. The odd
number of students remaining for these activities necessitated the torrobé one

group of three. One student arrived late from break after the groups wereg &breaed.
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Another student opted to work alone during this time, so the late student was allowed to
join his table mates to form a second group of three. In all, there were elevenafroups
two and two groups of three on the day of data collection.

Table 3

Previous College-Level Mathematics

Course Name Frequency Percent
College Algebra 22 73.3
Math Structures 8 26.7
Trigonometry 4 13.3
Math 3414: Geometry &

19 63.3
Measurement
Math 3443: Real Numbers &

4 13.3
Statistics
Other 3 10

Primary Participants

The individual responses on the first stage of data collection were used to identify
potential primary participants since these questions were answerea @y group
discussions. Responses to these two problems involving linear patterns weredanalyze
based on whether or not the individual successfully extended the pattern to detieemine
value of the 1% term and whether or not the individual wrote a verbal or symbolic rule
that could be used to find any term in the sequence. A four-point scale was used to

categorize the level of generalization with a one awarded if the indivdeihabt
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successfully extend the pattern or write a rule; a two if the individuah@atkethe pattern
but was did not write a rule; a three if the individual extended the pattern andawrote
verbal rule; and a four if the individual extended the pattern and wrote a symibalic r
The precise details of this selection process are presented in chapter four.

The following week, all students in attendance who had participated in the prior
week’s patterning activities(= 29) were given a consent form describing the purpose
and nature of the follow-up interview process. Of the 23 out of the 29 students present, 15
indicated their availability and willingness to participate in an internbg signing a
second informed consent form. Seven of these 15 students were extended an invitation
via email based on the distribution of responses on the two patterning activities
completed during the first ‘think’ session. The intent was to draw a sample that would
represent the range of understandings within this group of pre-service elgmenta
teachers. The advantages of selecting a heterogeneous sample includsithity of
not only uncovering the unique, but also unveiling commonalities that all participants
shared (Patton, 2002). Although this type of purposeful selection should contribute to the
credibility of this study, it will not lead to generalizable results due to tlad sample
size and the limited population from which it was drawn (Patton, 2002). All seven
participated in the follow-up interview; however the data record of one of these
individuals was incomplete. Therefore, the sample was limited to six primary
participants. Descriptors of the six primary participants are displayeahile #. A more

in-depth description of the primary participants is presented in chapter four.
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Table 4

Descriptors of Primary Participants

Pseudo-name Age  Gender Ethnicity Major

Tara 27 F White EE
Cathy 28 F White EE
Jill 25 F White EE
Matt 34 M White EE
Ashley 22 F White EE
Shelly 24 F White EE

Note: EE — Elementary Education
Data Collection

Under the theoretical perspective of hermeneutic phenomenology, the source of
data should come from the lived experiences of the participants. This involvegtatiem
either capture textual data while the phenomenon is occurring or to obtain dassmbt
the event from the individuals that experienced it (Van Manen, 1990). This study sought
to describe how pre-service elementary teachers conceptualize and conertheica
understanding of function while experiencing the concept through pattern-finding
activities. The data collected for this study came from three differentesounoup
conversations, written documents, and individual interviews. All three of thes@sourc
were used to create an ongoing account of the experiences these particgharitdeha
working with patterns in the mathematics classroom. This ongoing proceds of da
collection was followed to take snapshots of the evolving mathematical undergtaati

the participants.
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The primary source of data was obtained by audio-taping the group conversations
of the students as they were engaged in pattern-finding activities. The anggmalvas
to have all groups tape their conversations, but to only review those recordings in which
all members had consented to participate in the study. On the day of datacrplktti
students present (30 out of 41) agreed to participate, therefore there was no reason to
exclude any of the data collected. The written documents consisted of demographic
information, individual work on two different pattern finding tasks, student work on
group activities, as well as a reflection written immediatelyfwithg the patterning
activities. In addition, lecture notes, field notes, and my personal refleesahg
teacher/researcher were included in this written data file. Selectedtstwdze
interviewed to obtain their descriptions about the pattern-finding activitss t
participated in. These interviews were audio-taped and transcribed. Howeveravan M
(1990) cautioned that “...all recollections of experiences, reflections on exgesije
descriptions of experiences, taped interviews about experience, or transcribed
conversations about experiences are already transformations of thesenegsér(p.
54). By obtaining multiple data sources, | was able to look for both the consistencies and
inconsistencies that arose in these accounts. The employment of data tieamgtlaald
contribute to the credibility of this qualitative study (Patton, 2002).
Data Collection Format

The basic format employed on the day of data collection resembled the ‘think
pair-share’ instructional strategy advocated by McTighe and Lyman (1988 typical
‘think-pair-share’ strategy, students are given time to ponder a question or problem

posited by the teacher. After sufficient time is spent working independently on the

66



problem, the students pair up and discuss their strategies. Closure is then achieved by
having the pairs come together as a group and share their understandinge eritiré

class (McTighe & Lyman, 1988). This strategy was modified by repldbmgroup

sharing session with a cooperative problem solving activity. The studentsdrksadv
independently on two pattern finding tasks, then paired up to share their strategies.
Immediately after sharing their strategies, the students workethéode solve four

problems of a similar nature. Closure was achieved by asking the students t@ wri
reflection on their experiences during the patterning activities. Thectie® element

was also utilized by Steele (2005) in her study on the use of writing to develop algebraic
thinking. This four-stage strategy will be referred to as ‘think-paiettogy-reflect’.

The ‘think’ sessionDuring the think stage, the participants examined two
patterning problems involving arithmetic (linear) sequences. The first praldech
geometric figures (small squares) to represent an arithmetic sequenite second
problem presented a numerical sequence in tabular form. A copy of the ‘thinktyaistivi
included in Appendix A. In general, the participants were asked to determinecthe ne
figure or term in each pattern, find the fifteenth term, and then write a ruleefoth
figure or term in the sequence. One purpose of the ‘think’ session was to produce a
written text; therefore, the participants were asked to explain how oheyleted each of
these tasks. The ‘think’ session was also designed to provide a snapshot of the prior
understandings each individual brought to the classroom. This stage occurred before any
class instruction or group activities on these particular types of pattentinges had

taken place. As Steele (2005) asserted, this individual stage not only givesérehes

67



insight into how each student approached the problems, but also helps “...the students fix
firmly their own thinking about the problems” (p. 145).

The participants were allowed approximately thirty minutes to completsviin
problems. After completing the problems, the participants turned in their writtidn w
and were allowed a break before beginning the ‘pair’ session. During thks areapy
of each participant’s work was made and the original work was returned to the
participants for use during the ‘pair’ stage. This permitted the panisipa record
shared understandings on their papers while still preserving the orgpoatir

The ‘pair’ session.Each pair or triad was responsible for recording their
conversations while sharing the strategies employed during the previous ‘tttiakya
The participants were asked to explain their strategies and to make noye of an
differences in approaches and/or answers. In general, the participlowwedolhe same
line of questioning as printed on the assignment. This stage was designed to obtain a
snapshot of their understandings which were embedded within the statements offered in
their explanations.

The ‘together’ sessionAfter sharing their individual work, the participants were
given four similar pictorial growth patterns to analyze together. Tyether’ session
provided a unique opportunity to capture the participants’ evolving understanding of the
patterns in the explanations that they offered to one another. This snapshot was taken to
preserve the process of learning, which, as Brown (2001) stated, “...continuously
evolves, oscillating between understanding and explanation; that is, between angon-goi

learning process and statements generated within this process...” (p. 80). Agairthe *
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stage, each group was responsible for recording their own conversations. Copies of the
problem sets used in this session are included in Appendix B.

The ‘reflect’ sessiomt the conclusion of the ‘together’ session, the participants
were asked to respond in writing to a series of prompts. The prompts served tveb gene
purposes: 1) to gain insight into how the participant experienced the pattern-finding
activities and 2) to determine what connections the participant might be makiregehetw
this experience and their past experiences with patterns and functions. Tleesemsf
were written in class immediately after the conclusion of the ‘togetession. A copy
of the participant response sheet with prompts is included in Appendix C.

Additional Sources of Data

Interviews with Primary Participant#s described previously, individual
interviews were conducted with seven purposively-selected participantsaftass
data collection was completed. The interviews were structured around th@ainink
together-reflect activities completed in class. The participants asded to interpret
each problem and explain how they solved it. In addition, participants were asked to
complete a similar problem that they had not worked previously. An interview gugde wa
used to provide an element of consistency across all seven interviews. As Patton (2002)
stated, the use of a guide grants the interviewer the freedom *“...to build a cbomersa
within a particular subject area, to word questions spontaneously, and to establish a
conversational style...” (p. 343). A semi-structured approach meets the purpose of
gualitative research by inviting the participants to use their own words tolaegweir
experiences (Patton, 2002). A copy of the interview guide is included in Appendix D.

These interviews were audio taped and transcribed to transfer the datatibeto farm.
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Written work completed by the participant during the interviews was altected.
Following each interview, a memo was written to record my observations, immediat
recollections about the participant’s reactions to the questions, and otheivesfietes.

Demographic surveyA demographic survey was used to create a description of
the participants in the study. Students were asked to provide information on their age,
gender, ethnicity, major field of study, and prior mathematical backgroundtiénsesn
mathematical background included the name of courses taken at both the high school and
college level. The students completed these forms prior to beginning the pgtterni
activities. They were asked to report this information anonymously. The demagraphi
information obtained was tabulated and stored in an SPSS data file on a password
protected, desktop computer. The primary participants in this study were askachéhe s
demographic questions during the follow-up interview phase. This demographic
information was used only to describe each participant as the use of this irdortoat
explain why a participant exhibited or failed to exhibit a certain charsiteof the
phenomena under investigation would have been out of line with the theoretical
perspective adopted for this study.

Researcher’'s MemoBuwuring the course of this investigation, memos were written
after each of the two data collection session and each interview. Copies of the
instructional lesson plans and these memos were included in the collection af writte
documents. Brown (1996) remarked that “...in engaging in educational reseatte, we
invariably engaged in the task of capturing the experiences of the researessgn
some tangible and collectable form” (p. 262). Thus, the reflexive activityitgvr

contributed to the formation of the researcher’s circle of understanding.
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Lessons Learned on Data Collection

The primary issue faced during data collection was directly relateneo Ky
dual roles as teacher and researcher battled with the constraints tet qoaboth
instructional and data collection activities. In addition, data collection took pker the
end of the semester and time was at premium. Although the ‘together’ acthaties
already part of the curriculum, | did have to take time away from other itistrac
efforts to make room for the other three stages of data collection in the@clasSaving
time became a driving force during data collection, leading to dedex®ions that
affected what data was collected. For example, students who were not in agemtanc
the first day of data collection were not invited to participate in the studyd&hision
was made because there was insufficient time to adequately explain theoh#tere
investigation. | also chose not to take the time to explain how to operate the recording
devises used by the participants. We used a variety of digital recorders) sewedard
cassette recorders, and two mini-cassette recorders which made itilolepsgrovide
instructions to everyone at the same time. This decision also led to missing dega dur
the group conversations. One pair of students stopped their digital recordetiragery
there was a lapse in conversation. This practice left no means of capturieggtiedf
periods of silence or time spent on a particular task. Another pair of students did not
record their conversations during the ‘pair’ and ‘together’ sessions, polsidyse they
were unfamiliar with the tape recorder they were using. | also missed thé chance to
interview one of the primary participants selected due to the fact thatatesef the
study took place during the close of the semester. These lost opportunities could have

been avoided if more time had been available.
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Summary of Data Collection

In keeping with the theoretical perspective of hermeneutic phenomenology, an
attempt was made to identify sources of data that would yield textualr@soof the
experiences of pre-service teachers engaging in pattern activiteeslala obtained in
this study was used to address the questions of how pre-service eleneatheys
conceptualize and communicate the idea of function while completing thesaesctivit
Multiple data sources were identified to strengthen the design of this stodyglthihe
process of triangulation.

The group conversations took place in the classroom while the participants were
actually experiencing the phenomenon under investigation. The rationale for using this
type of data is based on the assumption that the participants would communicate their
ideas about patterns and functions while working on these activities. The intdnt was
identify and describe the relationship between explanation and understanding as
manifested in the hermeneutic circle.

Mathematical understandings are not only communicated with spoken words, but
also with the words and symbols used to our thinking on paper. The written sources
described in this section provided access to these understandings, but did leave
interpretation of the intent of the author up to the reader. The follow-up interviews
offered the possibility of reconciling the differences between the intendadings of
the author and my interpretations. A summary of the sources of data collected is
presented in Table 5. In the next section of this chapter, a description of how thedata wa

analyzed is discussed.
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Table 5

Summary of Data Collection

Source Description

Documents Demographic Survey
Written work completed during ‘think’ session
Written work from during ‘together’ session
Written work completed during interviews
Student reflections
Lesson Plans

Researcher's memos

Transcribed Data Audio-taped group conversations during ‘pair’
and ‘together’ sessions
Audio-taped interviews with individual

participants

Data Analysis
Data analysis was guided by the purpose of the study and the theoretical
perspective that informed the research process (Patton, 2002). This reedassioe
employed the interpretive lens of hermeneutic phenomenology in an attempt to
understand how pre-service elementary teachers conceptualize and comntii@ickta
of function. The use of this paradigm includes the assumption that access to
understanding is gained by reading and interpreting the texts of those who have

experienced the phenomenon under investigation (Van Manen, 1990). Hermeneutic
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analysis provides a systematic framework for interpreting theseindigst of the
purpose of the study (Patterson & Williams, 2002).
Hermeneutic Analysis

According to Brown (2001), hermeneutics views texts as an avenue to
understanding the perspectives of others. The researcher navigates this gvenue b
engaging in a circular dialogue with the text, referred to as the hermengaléc c
(Patterson & Williams, 2002). The hermeneutic circle is a metaphor for artieaal
process that entails “...understanding the whole through grasping its parts, and
comprehending the meaning of parts through divining the whole” (Crotty, 2003, p. 92).

In research, the whole is constituted by the phenomenon under investigation with the
individual data making up the parts. Analysis of the individual parts is made possible by
the researcher’s understanding of the phenomenon. These new-found interpre&tions ar
then integrated with the holistic understandings such that “...by circuitousiinge
phenomenon as a whole and as a sum of individual parts, the researcher gains knowledge
to build increasing understanding of the experience” (vonZweek, Paterson, &nBentla
2008, p. 119).

Analysis begins with the understandings the researcher brings to the phenomenon
under investigation. These understandings may have come from prior experiences and/or
a review of the literature pertaining to the phenomenon (Patton, 2002; Patterson &
Williams, 2002). Patterson and Williams described these prior understandings as the
“...scaffolding upon which knowledge is built” (p. 23). They referred to Heidegger’s
‘forestructures of understanding’ as a metaphor to describe how knowlestgmed by

prior exposure to the phenomenon. Analysis thus begins by examining the parts or data
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with the illuminating lens of what the researcher already understands abaegdhech
problem (Patton, 2002). However, it is important to understand that this analysis does not
take place at the conclusion of data collection as might occur in a quantitatlye3ata
analysis commences with the gathering of the first text and shapes fujuirgeis
(Patterson & Williams, 2002; Patton, 2002).

The initial analysis focuses on the individual level since hermeneutic
phenomenology is essentially “...a philosophyreory of the uniqgugVan Manen.
1990, p. 7). The researcher starts the analytical process, Patterson ands\i2iiag)
stated, by reading the texts produced by the individual to understand how this oelates t
the phenomenon under investigation. These understandings are then used to re-examine
the text in closer detail as the next stage in the part-whole analysisrdlbeoti
understanding at this individual level is used to identify themes and creatitea wri
interpretation of the text. Subsequent analyses of the texts produced by other irglividual
may produce similar themes or ones that had not been recognized before; thiaeefore
researcher should reexamine previously interpreted texts as appropriabeteht
cross-case analysis may be pursued if shared meanings are uncovered. Irysumma
Patterson and Williams (2002) stated that “...hermeneutics is an empiricglrsater
characterized by critical and “meaningful” thought beginning with aqudati
perspective (the forestructure of understanding) progressing through a rigorous an
systematic cyclical analysis (the hermeneutic circle) in wimtdrpretations are
evaluated and modified on the basis of the data that is then presented as evidence of th
warrants for conclusions” (p. 36). In the next section, | will explain how | intend t

follow this systematic process of analysis.

75



Steps Taken in Data Analysis

Patterson and Williams (2002) stated that the hermeneutic research prooess be
with the conceptual framework, or forestructures of understanding. This stught $ou
understand how pre-service elementary teachers communicate their undersiinding
function through the study of patterns. The researcher’s prior experieacémg pre-
service elementary teachers and the literature review conducted fdutlyidesl to the
following assumptions:
1. Understanding in mathematics is a hermeneutic process.
2. We communicate our understandings through language; therefore, access to thes
understandings is gained by interpreting texts produced by the individual.
3. The dual characteristics of patterns in mathematics, stasis and change, tep
development of algebraic thinking and functional reasoning.
4. The concept of function may be viewed as a correspondence between two data
sets, e.g. by looking across the table of values or as a covariational réiations
between two data sets by looking down both sides of the table simultaneously.
These assumptions formed the whole of what was understood about how to interpret the
conceptualization and communication of the idea of function in pre-service eleynenta
teachers.

The texts collected for this investigation were analyzed in three sEgeérst
stage was conducted to identify a pool of primary participants. This was efesbof
the three stages and took place before the follow-up interviews were conducted. The
second stage of analysis focused on the experiences of the six primarpgadicT his

in-depth analysis was cyclical in nature and, subsequently, was the mesbtisuning.
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The final stage involved re-integrating the parts with the whole through-casss

analysis. This analysis made it possible to clarify the commonalities fi@ckdces in

how these six participants made sense of the ideas of pattern and function. Each of the
three stages will be described in the following section of this report.

Preliminary analysisThe written texts gathered from the ‘think’ session were
analyzed for the purpose of selecting the primary participants in thigigatem. This
preliminary analysis took place during the week after collecting the déia
participants had completed three tasks during the ‘think’ session, two tasksngvolvi
patterns, and one follow-up question concerning the idea of function. Both patterning
tasks involved finding the next term in a sequence as well as 'thentifith terms.
Participants were asked to explain how they completed each of these thsaa tte
patterning tasks. The third ‘think’ task asked the participant to explain the meéning o
function as represented by these two patterning tasks.

A scoring system was used to describe the level of completion on each of the two
patterning task. A response was scored a four if the participant successfuflieted
each step and wrote a symbolic rule to describatthterm. The same level of
completion was awarded a three if the rule was described in verbal tereasliobt
symbolic. If only the first two steps in the task were completed correlaélg, d score of
two was applied. A score of one was given if only the first task was completed
successfully. The scoring system was applied to both patterning tasksgesutivo
scores per individual.

The third question posed asked the participants to explain the idea of function

represented in the two patterning problems they had completed. The responses to this
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guestion were copied and taped onto index cards to make it possible to uncover the
commonalities and differences between these explanations. Each individual response w
coded and then these codes were sorted into several broader categories. This process
made it possible to group the responses under several categories or thematedss

with the idea of function.

The selection of the primary participants was then based on the results of this
initial stage of analysis. The next phase of analysis focused on the texts progluced b
these primary participants during all four stages of data collection (‘fairkiogether-
reflect) as well as data harvested from the interview process.

Analysis at the individual leveThe second stage of analysis considered only the
experiences of the six primary participants while they were engagedpatteen-finding
activities. The data analyzed for this stage included the individual writtdn wo
completed during the ‘think-pair-together-reflect’ sessions and tigtisas from the
‘pair-together’ and individual interview sessions. The analysis of data fdlalae same
order as the patterning activities, in that texts associated with thk’ ‘eission were
analyzed before those texts revolving around the patterning tasks completedreiring
‘together’ session. In addition, the analysis took place at the individual ledvébdkowed
a somewhat circuitous route by considering each participant’s respossesisl with
one patterning task before considering the next task. This section describésihamute
was followed.

Under the framework of hermeneutic analysis, transcribing the dateisitiee
conversation the researcher will be having with the text (Patterson &Wsl}i2002).

Effort was taken to transcribe the data verbatim and to identify each spgakpséudo-
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name. In addition, each sentence in the transcription was numbered to create an indexing
system, as recommended by Patterson and Williams (2002). Transcribeagsdata
indexed by line number, the identifying code for the primary participant, and byesourc
For example, a line taken from the paired conversations might be ldibel&d 7TGo
indicate that this was the BTine on the transcript of the conversations between
participant number seven and his or her partner. In contrast, an item from thiewnte
might be labeledine 103_7Ito indicate that this line came from the transcript of the
interview with participant number seven. A similar indexing system wadoged to
incorporate the written data sources into the individual data records of th@patsc
These records were identified first by session, participant number, and theurds. s

For example, a written response by participant number seven from think pattern one
qguestion 1(b), was labeldd.b_7W Written responses to the two reflection prompts
were labeled in the same manner.

The records associated with the first patterning task in the ‘think’ sessien w
analyzed first. Each individual data record associated with this taskassembled and
indexed, was read and re-read to identify specific sequences that wesetedrin a
particular aspect of the research problem. For example, a segment ¢¢thiewmay
have been highlighted because it provided insight into how the interviewee explained the
construction of the next geometric figure in a problem. Each segment was then coded,
based on how the text described one or more aspects of functional reasoning, patterning,
and/or algebraic thinking. Codes generally pertained to how the individual rélated t
structure of the geometric figure to the general term or how he or she used gveryda

language to explain the relationship between the position of each term and its shape or
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value. This process of identifying and coding segments was applied to thisrecor
associated with the first think pattern at the individual level before progetdthe next
step.

After coding each segment for one individual, the next step was to create an
interpretive memo. Reflective writing is an integral part of the hermenaatoess and
enables the researcher to connect the parts back to the whole (Brown, 2001; Van Manen,
1990). This piece of writing described each aspect that had been identified th@ugh th
careful reading of the individual’'s texts. Excerpts from the transcrgafil/or examples
of written work were incorporated into the memo and presented as evidence fet@the
examine. This process was repeated with the texts produced by each of ting prima
participants, resulting in six interpretive memos associated with thgsenaf responses
to think pattern one. These six memos were then reviewed and written as a cohesive
description of the experiences this group of pre-service teachers had while captpket
first patterning task.

This systematic process was repeated with the texts assocititebdemiemaining
pattern-finding activities. Each cycle produced a series of interpragweos that were
then reviewed and rewritten as understanding of the research phenomenon continued to
evolve in the process of explanation. At this point in the analysis, organizing thesvari
codes and looking for interrelationships between them became a crucial step in the
interpretive process (Patterson & Williams, 2002). This third stage ofsasdhegan
with an attempt to sort these codes under the initial framework derived from the
participants’ descriptions of the idea of function. This attempt was made ttaasbew

this group of pre-service elementary teachers would communicate theistand@ang of
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these four ideas. The possibility of additional themes was also considered dgring thi
sorting process.

Integrating parts with wholédermeneutic analysis requires the researcher to take
a circuitous path while interpreting the data. Deciding when and how to break fnee of t
circular path and come to a conclusion can be a difficult task for the researchinal he
stage of analysis was taken with the idea of illuminating the findingsheltan this
investigation so as to exit the hermeneutic circle. A cross-case ianafysconducted
after identifying the major themes associated with how this group of preee
elementary teachers understood the ideas of pattern and function. Each interetore m
was re-analyzed in light of these four themes and the associated sub;ttesoléag in
a third account of how pre-service elementary teachers engage in the process of
generalizing patterns. This analytical procedure added another lakeritaerpretation
and led to a more holistic picture of how this group of pre-service elemerdahets
conceptualized the idea of function.

Issues of Trustworthiness

Steps were taken during this investigation to address the issues of truskegsithi
Lincoln and Guba (1985) identified the following concerns with respect to the
trustworthiness of a study: credibility, transferability, dependability,camdirmability.
This section explains how these four issues were addressed during thigatiesti
Credibility

According to Lincoln and Guba (1985), the issue of credibility can be addressed,
in part, by employing procedures that will help convince others that thesrasailt

believable. Prolonged engagement is one such procedure that adds credibility to the
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findings of qualitative inquiry. Lincoln and Guba (1985) defined prolonged engagement
as “...the investment of sufficient time to achieve certain purposes: ledhging
“culture,” testing for misinformation introduced by distortions either of theosedf the
respondents, and building trust” (p. 301). Although the actual data collection took place
within a single class period, the participants and the researcher had bexse icocitact
with each other as students and instructor. The researcher also had sp&avidle fiyur
years teaching mathematics courses designed specifically fseptiee elementary
teachers. This experience provided an opportunity to develop an understanding of the
culture of the pre-service elementary teachers’ mathematicsodassr

The triangulation of data sources employed should also increase the tyedfibili
the findings in this investigation. Triangulation was achieved by gatherirtgptaul
sources of data related to the same experience. The sources includadwark on
patterning activities, paired conversations related to each task, and followerypeiws.
Each source provided a way to clarify a participant’s response.

The interpretations of the researcher were also exposed to critique tpemrgh
debriefing. Two mathematics educators volunteered to review the inteiqprsetat the
data and offer their opinions. The debriefing sessions provided the opportunity to bounce
ideas around and consider alternative interpretations. Our discussions on thegemerg
findings also helped to clarify my understanding of how these pre-servinergbey
teachers demonstrated their understanding of pattern and function.
Transferability

Transferability refers to the extent to which the findings in this study are

applicable to other settings (Lincoln & Guba, 1985; Patton, 2002). The issue of
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transferability was addressed by providing a thick description of the seltiéng, t
patterning tasks, the primary participants, and their experiences. This thackptien
incorporated the words of the participants to communicate how they went about the
process of generalizing patterns. These detailed accounts should permit theoreade
judge whether these findings are, indeed, transferable.
Dependability

The dependability of qualitative research is analogous to the issue of itgliabil
guantitative inquiry (Lincoln & Guba, 1985). The dependability of this investigation is
supported, in part, by the detailed explanations offered concerning the steps taken in thi
endeavor. This chapter presented a thorough discussion of the research dedligaisas we
an explanation of the steps taken in data analysis. By doing so, others have the
opportunity to employ these procedures in a similar setting to investigaseptice
elementary teachers’ understanding of pattern and function. Howeverhasasé with
gualitative inquiry, even if the same participants took part in this process Hyar
experiences would likely not be the same (Patton, 2002).
Confirmability

Confirmability refers to the objectivity of the data presented (Lincofauba,
1985). Assuring confirmability can be achieved, in part, through the detailed exphanati
of the methodology and through the practice of reflexivity (Patton, 2002). The details of
the methodology adhered to during this investigation have been presented in this chapter.
The choice of methodology was guided by both the purpose of this study and by the
theoretical perspective of hermeneutic phenomenology, as Crotty (2003)tedgges

These two considerations necessitated the mining of data from the exgeoétite
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participants, a task that has been explained in this chapter. Multiple sources of data
pertaining to the same experiences were gathered to assist in the iatierpeetd
understanding of the texts produced by the participants during their pattern finding
experiences.

An explanation of the systematic process of data analysis was al$eddietdinis
chapter. Threats to confirmability may arise during this stage iegearcher permits
bias to enter into the process unchecked (Patton, 2002). Patton remarked thatemssearch
can deal with the issue of bias “...through conscious and committed reflexivityringnte
thehermeneutical circle dhterpretation and therein reflecting on and analyzing how
their perspective interacts with the perspectives they encounter” (p. 570).pakef
the analytical process employed during this study entailed the woitimgerpretive
memos at various stages of analysis. The writing of these memos provided aarogyport
to reflect on the emerging understandings associated with the resesdigmpand to
explore how these new understandings conflicted or affirmed what was already
understood.

Summary

The results of this study described aspects of algebraic thinking asdowitt
pattern recognition and functional reasoning that were present in the discoiutise
pre-service elementary teachers participating in this study. Tessks were used to
describe the nature of functional reasoning among pre-service eleyrteatzhers and to
answer the following questions:

1. How do pre-service elementary teachers communicate the idea of function

while engaged in the study of patterns?
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2. How do pre-service elementary teachers demonstrate their understanding of
function while engaged in the study of patterns?
3. What is the nature of pre-service elementary teachers’ understanding of

pattern and function?

The interpretive descriptions of these results are presented in the aekiapters of

this dissertation. These descriptions were subjected to critique and furtlysisaina

light of the literature, thus providing another opportunity to relate parts to whole. A
discussion of the relationship of these findings to the literature is provided indhe fi
chapter. Although the experiences described were unique to this group of individuals, the
descriptions and interpretations created through this research endeavorspiresigte

into the broader problem of how to support the development of algebraic thinking

through the study of patterns.
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CHAPTER IV

ANALYSIS OF DATA

The purpose of this study was to learn more about how pre-service elementary
teachers communicate their understanding of patterns and function while engtgeed |
process of generalizing patterns. This purpose necessitated the gatheitg of
produced by a group of pre-service elementary teachers while they weakyac
investigating linear patterns. The subsequent analysis of these sxtgided by the
research questions in this investigation:

1. How do pre-service elementary teachers communicate the idea of function

while engaged in the study of patterns?

2. How do pre-service elementary teachers demonstrate their understanding of

function while engaged in the study of patterns?

3. What is the nature of pre-service elementary teachers’ understanding of

pattern and function?

The texts collected in this investigation were analyzed in three stagesitidie
stage involved a preliminary analysis of the written texts associatiedhei‘think’
session to identify a pool of potential primary participants. The primary pearits
selected from this pool took part in a follow-up interview; which represented the fina

phase of data collection. The second stage of analysis focused on the experiences the
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primary participants had while engaged in these pattern-findingtessti The final stage
returned to the data set as a whole, including the body of literature, to crgateesis
of the results of this investigation. This chapter begins with the presentation of the
findings from the first stage of analysis, followed by an introduction to xhersnary
participants in this investigation. This chapter will conclude with a presentattbe of
results of the second stage of analysis by presenting a summary of the patiag-f
experiences of the primary participants.

Results from First Stage of Analysis

A preliminary examination of the written texts produced during the ‘think’
session was completed before the interview stage of data collection toyitleatif
primary participants. The selection of the primary participants was bagéeé cange of
possible understandings evidenced during the ‘think’ session. This session took place
before any group discussions (either paired or whole class), thereforettherteluced
most likely represented the prior understandings these participants brought to the
classroom.

The participantsn(= 29) were asked to complete two patterning activities
involving arithmetic (linear) sequences. After completing the two patig@ativities,
the participants were asked to describe the idea of function as represetited by
problems they had just encountered. The first patterning activity was (@ s
sequence of geometric figures formed by joining small squares togettigipBats
were asked to draw the fourth figure in the model and then describe how the model
changes or grows. They were also asked to describe fHggliBe without drawing it and

then to write a rule for describing théh figure in the sequence. The second pattern was
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presented in a t-table with sequential values pfovided up to the"4term. The
participants were asked to complete the table by finding the next t@)naﬁﬁwell as the
15" andnth terms in the sequence. In both activities, the participants were asked to
explain how they determined these values and rules. A copy of the form completed by t
participants during the ‘think’ session is available in Appendix A.

A scoring system was developed to describe the four possible levels of responses.
The scoring system was based on the final outcome of each problem. For example, a
response on the first patterning problem was awarded a two if a corregptias of
how many squares it would take to draw the fifteenth figure was provided butraotcor
rule (verbal or symbolic) was stated. A summary of the scoring systigplayed in
Table 6.
Table 6

Scoring System for Linear ‘Think’ Problems

1 2 3 4

Pattern was not Pattern was Pattern was Pattern was
extended or was extended correctly extended correctly, extended correctly,
extended incorrectly or, if incorrect, the or if incorrect, the  or if incorrect, the

with incorrect or explanation was explanation was explanation was
missing explanation. correct. No rule or  correct. Supplied a correct. Supplied a
No rule or an an incorrect rule correct rule using  correct rule using
incorrect rule provided. words instead of symbols.

provided. symbols.

Note. There was no case in which a participant wrote a correct rule, but failed to extend
the pattern.

The First ‘Think’ Pattern
The first of the two patterning activities required the analysis of a pictpaath
pattern. The first figure in the pattern resembled a symmetric crds®métcenter square

and one square adjoined to each of the four sides of the center square. The figure grew by
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adding one square to each arm of the cross for a total of four squares. The participants
were asked to draw th&4igure in the pattern. All 29 were successful with this task. If
students were able to correctly identify the number of squares needed to cahetiufft
figure (61) or verbally describe this quantity, then they were clagsiéable to extend

the pattern.” All but three of the 29 participants were successful at extendiregtéra p

in this manner. Errors in arithmetic or failing to include the center squéne in

description were considered to be ‘successes’ instead of failures sincedhptib® of

‘how you know’ made it clear that these errors were unrelated to abilitygndeitie
pattern. For example, one participant wrote 15 x 4 = 80 and then offered 81 as the
number of squares. This is obviously an arithmetic error and does not indicate itability
extend the pattern. Another student wrote 60 squares, explaining YHaure had 1
square each leg™igure 4, 18" would have 15 each leg...15 x 4 = 60.”

After extending the pattern, the participants were asked to write a rule for
determining thenth term of the sequence. This question was somewhat open-ended in
that it did not specify the format for a rule. Sixteen of the 29 participants wrole @at
could be used to correctly determine the number of squares needed to construct any
figure in the pattern. Of these 16 rules, three were written in verbal fornmand t
remaining thirteen were written in symbolic form. Ten of the participahtswere
successful at extending the pattern either did not write a rule or gaveoarabcule.

The remaining three who did not write a correct rule had not been successfaliegt

the pattern to find the Yserm.
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The Second ‘Think’ Pattern

The second ‘think’ pattern presented the first four terms of an arithmageu()i
sequence in a t-table. The participants were required to complete theytdeletmining
the 8", 15", andnth terms. All but one participant correctly identified the value of the 5
term as 12. This participant did not complete any portion of the table nor did she answer
any of the questions associated with the table. Five of the participants (ngclbeione
describe preciously) did not extend the table to find tf{etdsn or offered an incorrect
response with an incorrect explanation. The remaining 24 offered either a correct
response or an incorrect response with a correct explanation. Fifteerppatici
completed the table by writing a rule that could be used to determine the valuatbf the
term. Two wrote a verbal rule and the remaining 13 wrote symbolic rules. Aayrom
these results are compared with the results from the first pattern problefien/Ta
Table 7

Cross-Tabulation of End-Result

Think 2
Did not Extended Verbal Symbolic
Score extend Pattern Rule Rule Total
Think Did not
1 extend 0 2 1 0 3
Extended
Pattern 4 5 0 1 10
Verbal
Rule 0 2 0 1 3
Symbolic 0 1 11 13
Rule
Total 5 9 5 13 29

Note. The first linear problem appears on the left, labeled as Think 1. The second linear
problem appears along the top of the table, labeled as Think 2.
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The Idea of Function
After completing the two patterning activities, the participantewsked to write
a response to the following prompt:
Each of these problems represented functional relationships. How would you
explain what a function is to someone who may have not have had experiences
with these types of problems?
Eleven of the 29 participants either did not respond to this prompt or simply wrote “not
sure” or “don’t know” in the space provided. The eighteen valid responses were copied
and taped onto index cards before being read/re-read to obtain a feel for how the idea of
function was represented in each written response. The responses weratoften i
categories after several different attempts.
Function as a patterrSeven of the respondents described a function as a pattern.
This response was not unexpected since they had just completed the two patterning
activities when this question was posed. The responses classified as ‘funetion as
pattern’ are listed below.
“Functions are patterns that you have to determine to finish sequential problems.”
“It's a pattern you must find then put into an equation so you could find any
number to the pattern.”
“A function is a pattern that is used to solve the rest of the problems, where the
problems are related to each other somehow.”
“I would tell them that you have to find the pattern in the problem so you know

how to find the sum.”
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“In these problems the relationship is a pattern made up of mathematical functions

repeated over with each change of the variable.”

“A function would be a pattern..."'GommentFirst part of a particular response)

Function as a ruleResponses in which the author made direct reference to a
function as a rule or as an equation were grouped under the category of ‘Function as a
rule’. Three of the eighteen responses were placed in this category.

“A function is a formula that represents a pattern.”

“A function is a basic rule that show us how things work. It helps to understand

how problems are solved. It also makes it easier to calculate answers to one

problem using a variety of different numbers.”

“A function is an algebraic equation that you sometimes have to figure out. You

put a number into an equation and get an answer.”

Function as a relationResponses in which the author referred to a function as a
relationship between two data sets were grouped under the category oot asch
relation’. Four of the eighteen responses were placed in this category.

“I would explain that there is an input and output number and somehow they are

related.” “I'd ask them to take a look at the numbers to see if they notice any

patterns, if they do what it is. Functions are fun and hard to explain any other way
than by modeling.”

“I think the best way to show this would be a physical representation, such as

using apples and oranges.”

“I would lay out blocks to demonstrate the concept and explain after they have

looked over examples. Then reinforce the relationship.”
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“...when something goes with anothelCommentLast part of a particular
response)
Function as a procesd he final category, ‘function as a process’, included those
responses that referred to a function as how the relationship or pattern wed io€tead
of referring to the idea as the thing (relationship, rule, or pattern) itselbf 8ve
responses were grouped under this category.
“A function is the course numbers take when put in relations with other numbers.”
“A function is a way of figuring out a pattern for a set of values. To find the
equation in the pattern, examine the first few figures or numbers in the set and
evaluate similarities and differences to arrive at an equation for corgithe
pattern.”
“You can look at the problem and realize what these numbers have in common
(how each number advances).”
“Functions are steps that you use to get answers to different steps in a problem.
You have to be able to answer each step in order to get a final answer.”
“I would explain that you have to experiment with numbers to see how they relate
to each other.”
“A functional relationship is where you apply the same action and get a similar
result. Such as (n x 2) plus 2.
The Primary Participants
Selection of primary participants was based on the reported results to the three
guestions associated with the ‘think’ session. The results were not analyzgd af the

research questions at this time. Instead, the individual records of the saxyprim
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participants were examined to address the research questions of how peetsaohers
conceptualize and communicate functional relationships as represented ie@eithm
sequences.
Descriptions of the Primary Participants
Tara. Tara was 27 years old at the time of this study and attending college on a
full-time basis. She was a junior, majoring in elementary education. Tara hatetamn
one of the three required courses in mathematics for elementary teaaimegdiee fall
semester (Modeling: Geometry and Measurement) and had receivedareditege
algebra while still in high school. During our follow-up interview, | asked Tesha had
ever had experiences working with pictorial growth patterns and she repledhat |
can remember...maybe a long time ago...back in high schodl gradle or something.”
Assumedly, the experiences she brought to the classroom were not specife tiypes
of problems although they may have supported the processes she used to gdmeralize t
patterns. On the day of data collection, Tara was paired with two other feoddats in
the class. This triad of students had worked together as a team for most of thersemes
Cathy.Cathy also wrote symbolic rules for both patterning problems. As a 28-
year old elementary education major, Cathy had an unusually strong background in
mathematics. She had originally planned to major in accounting and had completed a
course in business calculus. She also had taken two semesters of regular calaukes be
she ‘just really liked math” as well as one of the three required matlesroatirses for
elementary majors. Cathy related her past experiences with pattactviies during
our follow-up interview, stating, “Well, | definitely did some in high school...but other

than that it's been ten years.” She did not recall having worked with physicalsnoode

94



tables, stating that “they were more sequences.” Cathy’s pastesqasrin the
mathematics classroom assumedly provided exposure to both the ideas of patterns and
function, as well as the related concept of rates of change. Like Taraptirtuojty to

work with pictorial growth patterns was a new experience for Cathy. Durenghtared
activities, Cathy teamed up with the two other students that she was used to working
with.

Ashley Both Tara and Cathy wrote a symbolic rule for each of the patterns
presented in the ‘think’ session. Ashley, another female student, had also written
symbolic rules for these two patterns. At 22, Ashley was one of the younger sindents
the class and had recently transferred to the university from out of state. Shkdmad t
three mathematics courses for elementary majors at her former ugiMeusihad been
required to also take the three analogous courses at this institution. One cée¢he thr
courses she had already taken was very similar in nature to the presen{Modedeng:
Numbers and Operations) and had included the study of patterns. These past esperienc
benefited Ashley during the patterning activities completed in class, Astdsy stated
during the interview, “that’s also why some of this stuff came easy to naready had
been through some of the struggles.” Ashley also explained the gains shenegokerie
from re-taking the course.

Sometimes when it comes to math like | can't really talk it out...l have to think it

out so when it comes to when | have to explain it to someone...it's hard...and so

then that’s something that | did learn this semester with my group is that how do |
tell them without just giving them the answer...like how do | teach them...to

think of some examples to use...so that was a tough...but good experience.
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Matt. Ashley was partnered with Matt, another primary participant in the study.
One of only two males enrolled in the course, Matt was 34 years old at the timee of t
study and majoring in early childhood education. When asked if he had ever worked with
pictorial patterns before, Matt replied, “no...probably just Tetris.” Mati plefessed to
having had difficulties with algebra, stating, Y.eah when | took algebra in the ninth
grade...l didn’t do so well in algebra.” He reported having taken both Algebra 1 and
Geometry in high school, but substituted a mathematics course in critical thioking f
College Algebra. Matt successfully wrote a verbal rule to describaghHigure in the
first pattern, but failed to write a rule for the second pattern of the ‘thinkisedViatt
confessed that he struggled with writing symbolic rules because he “..dceatfi¢ ‘a +
b’ type thing.”

Jill. Jill, a 25-year old elementary major, also wrote a verbal rule to describe the
nth figure in the first ‘think’ pattern; however the rule she wrote was incomméten
asked if she had analyzed pictorial growth patterns in her prior mathenwatise<; Jill
responded by saying, “| remember seeing things like this before but it hasninbeg
college experience...not since I've had...you know like public school math classds have
seen anything like this...so it...so | was a little rusty.” When asked if sherpedf
having the opportunity to explore patterns with shapes, Jill explained why shequtefe
to work with the pictorial patterns.

Yes...l definitely prefer having the shapes there...because it helps...I think I'm

just very much a visual learner and when | can see how the pattern is growing it

does so much more for me than just seeing a set of numbers...sometimes it you
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know something really simple will you know...I'll fail to catch it...you know

when it’s just numbers...so | definitely prefer the shapes.

Although Jill had completed three years of high school mathematics (Algebra 1,
Geometry, and Algebra 2) she admitted that she “never really understooda®®gebr
After having taken a course in intermediate algebra, Jill explained, “n’tl ghink | was
really ready for college algebra...but the college algebra teacherallgtwent above
and beyond...and he was really good...and | used to say I didn't like math but | found
that | am really kind of good at it.” Jill and her partner worked together on a régsia
in this mathematics classroom.

Shelly.The sixth primary participant, Shelly, was a 24-year old elementary
education major. Shelly was teamed with another female student for the tpgether’
stages of data collection. About her partner, Shelly stated, “I've nevehsee
before...ever...ever in our class...so...um...I can’t...| can’'t even think of her name.”
However, Shelly stated during our interview that the lack of familiarity dichae¢ a
negative effect on the learning experience. She remarked, “...for the most part ...the
majority we were able to figure out...and then if | didn’t understand somethingcashé w
understand it or vice versa.”

At the time of the study, Shelly was taking the second of the three required
courses in mathematics for elementary teachers. She admitted to havirakenlyhie
minimum number of required mathematics courses in high school and had to take two
remediation courses in college before taking College Algebra. Shellgiesglthe

reasons behind the need for remediation during the follow-up interview.
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339. S: Wellin high school | uh didn'’t really take a whole lot of math...I took
what was required basically

340. R: okay

341. S:andltook...um...Ilost a lot of it because | um...I'm bad at math...I'm
awful at math...as you can probably tell.

342. R:...and that’'s why you made an A (in this course)

343. S:lam...I mean I'm awful at math...1 just ah...I just don'’t like
math...and so um...it just takes me longer to understand something than most
people | guess...but...um so in high school | just took mainly what was
required and then like...

The courses Shelly took at the community college assumedly included the study of
arithmetic sequences and linear functions. During our interview, | askeidsherhad
ever had experiences with pattern finding problems before. She replied, “Natardges
writing a rule but | remember having to write like the next numeral that would go i
sequence with the others.” Shelly did not write a rule for either of the twermsitt
presented during the ‘think’ session. She extended the first pattern to find"theerh5
but did not find the correct entry for the"&rm in the table on Think Pattern 2.
Results from the Second Stage of Analysis

The next stage of analysis centered on the texts produced by the six primary
participants while engaged in the process of pattern finding. This stage involved the
hermeneutic analysis of the texts produced by the primary participanisgEhis
analysis, a series of interpretive memos were written which deschibgadttern-finding

experiences of each participant. For organizational purposes, the memastegreted
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to form two detailed accounts of the experiences these six pre-servientgm
teachers had while engaged in pattern-finding activities. The fireesétdescribed the
pattern-finding experiences of Tara, Cathy, and Ashley and is included imdipe
All three of these participants wrote symbolic rules for each of the patteey analyzed.
The second account, located in Appendix F, presents detailed descriptions of the
experiences of Shelly, Matt, and Jill; the three who did not always make use of the
symbolic. Summaries of the pattern-finding experiences of the sikipartts are
presented in this section.
The Pattern Finding Experiences of Tara, Cathy, and Ashley

Three of the primary participants (Tara, Cathy, and Ashley) wrote sienbtds
for both of the patterning problems completed during the ‘think’ session of data
collection. In addition, these three played an active role in the genecalinthe
patterns encountered during the ‘together’ session. The ‘together’ sessi@tetbosi
four patterning problems which combined both a geometric form and a t-table to
represent an arithmetic sequence. Participants were generally askeshtbthe pattern
to determine the number of cubes needed to construct the next term, two or three non-
sequential terms, as well as titd. These problems are included in Appendix B.
Summary descriptions of how these three went about the process of generaligirg the
arithmetic sequences used in this study are presented next.

Summary of responses to ‘think’ pattern ohlee pathway Tara took en route to
generalizing the first of these patterning problems (Appendix A) bedartivei process
of attending to the structure of the figures illustrated in the table. Whifeiexay the

structure, she began to analyze the changes that occurred in the constfusgiguential
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figures. Through this analysis of change, Tara noticed how the figure chartgbdva

the figure stayed the same. She used these dual ideas of stasis andocbapigénthow

she drew the fourth figure in the table. When asked to describe'tHigate though,

Tara noticed the connection between how the figure is constructed and the positon it ha
in the sequence. By linking the position of the term to its value, Tara was able to derive
an efficient way of finding the 15(or any term) in the sequence of figures. She was able
to make this connection by thinking about what she was thinking. Tara then used a
variable and linked the variable to the position to arrive at the general termylertiaat

she understood has to work all the time. Tara effectively used a spedaifi(inghis

case, the 1%figure) to perceive the general.

Cathy communicated her understanding of the general term by explaining the
arithmetic required to find out many squares it would take to build any figuine
sequence. She connected the rate of change to the coefficient of the variaidethe
constant to the middle square. In a similar fashion, Ashley made use of depaditeon
to explain the connection between her rule and the construction of the figure (*and then
the four...each time you have the four sides and each time... you add four more...so two
times four...three times four...yeah.”

Summary of responses to ‘think’ pattern tWwhe strategies these three pre-
service elementary teachers used to generalize the second think (@gtfeendix A)
were similar to the processes they utilized on the first one. All three saahalysis of
change to locate the fifth term in the table, but began to look for a relationship heross t
table to find the 18 term. Each sought to establish a correspondence across the table,

because, as Tara stated, they “knew to make a rule it had to pertaimtiofthare.”
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Ashley’s desire to find a shorter way to find th&"té&rm provided the push for her to
look for a correspondence across the table. She uncovered that route by inserting a
column of differences between the two data sets. Tara and Cathy said th@ysivaibée
to “see” the numerical relationship between the two data sets. All threesuezessful,
in part, because they knew that to make a rule, “it had to pertaintththgure.”
Summary of Tara’s experiences during the ‘together’ ses$ama. was the more

vocal member of her group and also the first one to state a way to descnbietdmm of
the patterns the trio analyzed together (Appendix B). The second patterningrmproble
seemed to be the most challenging for the group based on the amount of time spent as
compared to time spent on the other two problems completed. Although Tara noted how
the model was changing with the addition of each red cube, she actively sougtitao fi
pattern that would connect the number of red cubes to the number of yellow cubes in
each figure. Once she arrived at a verbal way to connect the two parts aidéle she
struggled to find a way to express that relationship symbolically. However, thtiogig
process of explaining how to apply her verbal rule, Tara noticed a connection between
the number of red cubes and the corresponding number of sides “all the way around the
red cubes”.

Summary of Cathy’s Together Sessioathy adopted the role of leader throughout
the ‘together’ session with her two partners. Initially, Cathy tried to helpdrémers,
Jesus and Daniela ‘see’ the relationship between the two data sets by notatiiegreaii
what arithmetic could be used to connect the two data sets. This strategy lifinggua
the arithmetic relationship between the two data sets had proven to be a slooetesf

for Cathy until she encountered Identifying Patterns 2. This time, thenatic of six
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more than twice the number was not as easy to ‘see.” By examining the domsioéic
the physical representation of this sequence, Cathy noticed the constant poéfeace
six cubes on the sides. She wrote in her reflection that once she “...realizée that t
blocks on each end were constant in every figure, this became much easier.to solve
Cathy then connected the rate of change to the variable part of the modektataiie
rule, 2h + 6. From that point forward, Cathy encouraged her partners to determine the
constant feature of the model as a way to visualize the general term.
Summary of Ashley’s ‘together’ sessibor her reflection, Ashley chose to write
about the third pattern (Identifying Patterns 3).
On the chair model, there are 3 squares that are always the same no matter how
high the legs are. Therefore +3 is a constant. Next there are 3 factors tiugg, cha
the legs (2) and the back (1). Those are affected by A1.33
Like Cathy, Ashley tuned into the relationship between how the model stayed #he sam
(the constant) and how the model changed (the variable part). What is not known is
whether or not she noticed this connection after Matt explained how he foundthe 85
term in the second pattern. Ashley admitted that Identifying Patternséhfgds greater
challenge for her. This might have been due in part to the fact that she cdedemtra
one of the figures in the model as she sought to establish a relationship between the
number of red blocks and yellow blocks. This focused view on only one figure in the
model may have made it difficult to identify the part of the model that nevegeban
as Cathy phrased it, the part that’s “always going to be there.”
Tara’s explanations of functioifara initially described a function as a pattern but

later on combined the ideas of function as a relation and as a process to desddba
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as “...how this was related to this figure.” Tara responded to the ‘think’ question on the
idea of function by stating that “...a function could be the pattern that is used to solve the
rest of the problems, where the problems are related to each other somehow.” While
sharing her response with her partners, Tara professed that she “...waamre fwhat a
function would be.” At the conclusion of the patterning activities though, Tara wrote the
following in response to the second reflection prompt (Appendix C):

This activity helped me learn the meaning of a functional relationship! lohad t

analyze & compare each figure & numbers in the chart to figure out their

relationship to each other. It helped me understand patterns, relations, & functions
in a hands-on-way.
She explained her response during the interview, stating, “Like | said... we hetl a ha
time deciding what a functional relationship waand you know I just kind of figured
out that it was how this was related to this figure.”

Cathy’s explanations of functio@athy’s explanation of function was fixed upon
the idea of function as a rule. She explained that “...a function is a formula that
represents a pattern” in her written response to the third ‘think’ question.ptietad¢he
second reflection prompt reiterates this idea of function:

| think this activity helps students see that every pattern can be expressed as

formula. If students have significant opportunities to analyze different patter

and understand the relationship, it will become easier for them to see the

relationships.

During the interview, Cathy was asked to explain what is meant by a functional

relationship in everyday terms. She responded to this question by describing a functional
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relationship as objects that are “...related...that you couldn’t have one with tihé othe
However, her mathematical definition refined this idea by restrietifumction to “...a
formula that expresses the relationship between two points.”

Ashley’s explanations of functioshley also linked a function with the idea of a
rule, describing a function as “...an algebraic equation that you sometime® Higyed
out. You put a number into an equation and get an answer.” She used a similar
description of a mathematical function during the interview, stating that tngibn is
like...l don’'t know...it's like an equation and you have to figure out what goes into the
equation.” Her response to the second reflection prompt brings clarity to plas&on
of function.

To understand finding a pattern, you have to see the relationship between

numbers. We were given a starting numingrafid a value and we had to figure

out, analyze how we got that. Which is a function.

SummaryThe successes experienced by Tara, Cathy, and Ashley did not come
without some struggles. All three ran into difficulties generalizing tbersepattern in
the ‘together’ session despite having had no problems prior to this. Success seemed to be
dependent in part on their intent to forge a relationship between the two data sets,
whether they were examining that relationship in terms of the physicatwdrst of
concrete models or in terms of the numerical relationship between ordered pairs.
The Pattern Finding Experiences of Shelly, Matt, and Jill

This section will present descriptions of the experiences the other three
participants had during these pattern-finding activities. These threapearts, Shelly,

Matt, and Jill, had varying degrees of success in the process of geneiaditergs.
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Summary of responses to think pattern &@leelly evaluated how the model
changed from one term to the next in ‘think’ pattern one (Appendix A). She applied her
understanding of how the model grew to jump from the fourth to the fifteenth term.
However, she did not perform the arithmetic required to answer the question of how
many squares it would take to actually construct that figure. Shelly gitedathe
process of change to write a recursive rule for constructing ang figtine pattern. She
admitted to being confused about what was meant bytthterm of a sequence, stating
that she didn’t understand the concept “to the fullest extent.”

Matt began the process of generalizing the first ‘think’ pattern by anglylze
incremental changes occurring from the first figure to the fourth. Whed &slexplain
how the figure grows, Matt identified how the figure stayed the same and then elgscrib
how the figure changed by linking the position of the figure to its constructien. T
description Matt wrote about how the model changed contains much of the same
language as the verbal rule he wrote forrttiefigure. He effectively used the visual
construction of the figure to describe the general term, but did not make use of the
symbolic. Matt had explained, in part, why he chose to write a verbal rule during the
follow-up interview. In particular, Matt was asked to comment on the ldstistat that
he wrote concerning the first patterning activity.

34.R: ...you said that the figure is a visual...it's a visual of it...where the rule is

an explanation...do you feel the same way about the symbolic one...is that
still an explanation? Like hens+ 17?
35.M: Yes but | think that just some people would have more trouble

understanding that (symbolic rule) than just reading it (verbal rule).
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36.R: uh huh...... than reading it...okay...they would wonder maybe...what

would be the problems...what would be the trouble that someone might have?

37.M: Well someone may not recognize what n is...

Jill also wrote a verbal rule that explained how to construct any figure in the
model. Her description of the fifteenth figure was very similar to Sketithat she did
not complete the arithmetic necessary to state the total number of squarestheed i
construction of that figure. However, she did make the link between the position of the
figure and the number of squares on each leg, as did Matt. Her verbal rule fouaay fig
in the model is similar to her description of thd'16rm. She linked the number of
squares on each leg to the positimyut does not include the presence of the center
square. The missing center square and the lack of arithmetic resulted in an @eeompl
picture of the general term.

Summary of responses to think pattern t8belly sought to establish a
correspondence between the two data sets in ‘think’ pattern two (Appendix A) by
locating a pattern of differences. However, she did not coordinate the chaogesgc
in the values oh (from 5 to 15) while applying this pattern. This lack of coordination,
along with an arithmetic error, made it difficult to find “a pattern in the nusibEer
experience with think pattern 2 illustrates how looking across the table (seeking
correspondence) can actually be a roadblock in the process of generalizings piatie
individual does not also coordinate the changes in each data set with one another.

Matt was also unable to write a rule for tith term in the table, despite having
successfully written a verbal rule to describe the first pattern. Homdehink pattern

forced the individual to use a variable by requesting the value of a quantity oghthe ri
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when the quantity on the left was Matt had been able to use the visual representation
of the first think pattern to write a verbal rule, but struggled with the secondpatter
Matt's experiences with the second think pattern illustrate how the use oéblearan
present a roadblock in the process of generalizing patterns for individualsnalgantt
recognize whan is.”

Jill, on the other hand, was more successful with the second think pattern than she
had been with think pattern 1. Although she seemed to stumble upon a rule for
connecting the two data sets, she was able to express that rule in symbolighereas
her rule for think pattern 1 had been written using everyday language. Jilinexplaow
she “only saw the relation for each column and not how the columns related to each
other.” However, Jill persisted in her pursuit to figure out the correspondence between
the two data sets, or as she stated, “what do | do to this to get these.”

Summary of Shelly’s experiences in the ‘together’ sesSlwelly approached the
majority of the problems in the ‘together’ session (Appendix B) by focusingeon t
numerical data displayed in the table instead of using the physical models to look for a
connection between position and construction. When faced with the task of jumping
ahead to a non-sequential term, Shelly would look for some type of numerical
relationship between the known values in both data sets. Whether she applied
proportional reasoning, as in ldentifying Pattern 4, or the rate of changddastifying
Pattern 2, Shelly usually limited her analysis to one specific pair in theelata

Shelly frequently sought verification for the answers or suggestions she made
during both the ‘together’ session and during the interview. For example, whilziagaly

Identifying Pattern 4 in the interview, Shelly asked, “is that right” afteviding an
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answer for the number of squares needed to construct thiédge in the pattern. She
also asked, “Does that make sense?” after providing an explanation for how ste got
answer.

Summary of Matt’s experiences in the ‘together’ sessilatt described himself
as a visual problem solver and was successful in the task of generalizengdttesns
when he made use of the pictorial representation. In Identifying Pattévtatdeparted
from the physical representation and focused on the values recorded in the t-table. He
attempted to find a numerical relationship of some sort and, in that search, tried to use
proportional reasoning to determine the value of a non-sequential term. He would have
noticed that the relationship between the two data sets was non-proportional if he had
examined the relationship between known data pairs.

Matt did make use of the physical models in Identifying Patterns 2 and deBesi
noting what parts of the model stayed the same, Matt was also able to connect the
variable part of the model to its position. Matt was then able to use the relationship
between the position of the figure and its construction to describe a non-sequgial fi
in the model. Although he referred to a specific term in each sequence, he was just one
step away from describing the general term.

While analyzing the pattern of H’s (Figure XX), Matt demonstrated that he
understood that a general rule would be dependent on the position of the figure
(“probably want to take...um... the numbers consistent with eight.” Later on in the
interview, Matt explained how his recent experiences with patterning helpeddrn to

think algebraically.
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389. M: seeing the whole picture first...you gotta take it step by step...you
know look at the pattern and then go from there...well obviously like this | took 8
plus 2 plus 8 times 4 and then | took 15 plus 2 plus 15 times 4 and then | took it to
then...algebraically...

390. R: Yeah...you can see it algebraically...so what's the...what do you think

was the difficulty for you getting the symbolic rule...why was that hard?

391. M: Well it goes back to adding numbers with letters...
392. R: ...numbers and letters...yeah
393. M: You know it was just the turning point when you were learning

math...you know you were so used to adding, subtracting, dividing,
multiplying...then somewhere along the way growing up...now we’re going to
puta andb in this...and it's like you already learned it in EngliSloth laugh

394. R: So it's getting that variable...throwing in that variable.

395. M: Yeah...

Summary of Jill's experiences in ‘together’ sesskeor. Identifying Patterns 1, Jill

described how she used the physical model to determine the number of faces to paint on

ann-cube high tower. However, Jill struggled with Identifying Patterns hampsr

because she “could...see how this one changes and...see how this one changes but...”

not how the two sets changed together. When faced with this type of situation, Jil usual

resorted to the method of guess and check so as to find some rule that would work all the

time.

Shelly’s explanation of functio®helly described the idea of function as both a

pattern and a relation. In response to the third think question, Shelly wrote that “...a
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function would be a pattern or when something goes with another.” During the follow-up
interview, Shelly explained a function in an everyday way as “...how something works
maybe...how something functions...how something...um...how something goes together
maybe.” At that time, Shelly also professed that her mathematicaltaefiof a function
would be”...kind of like my everyday definition...how something goes together.” She
wrote in her reflection that being with a group helped her to “...understand the patterns
relation, and function of the problenShelly also mentioned how the activity
strengthened her “understanding of these concepts by having examples to sebyand g
or follow before actually beginning the activity.”

Matt’s explanations of functioMatt also aligned the everyday use of the word
function with its mathematical meaning by referring to a function as samyetiat
“works together.” During the ‘pair’ session, Matt described a function.aes pghysical
representation such as using...say apples and oranges.” His intent was to use this
representation as a way to explain the idea to someone who may not have had
experiences with functions. At the time of the interview, | asked Matt toiaxplet is
meant by a functional relationship in everyday life. He responded that wherhsamst
a function of something else “...it means it’s clicking...it's working...it's. ujre
working together ...you know you're understanding it.” Matt went on to define a duncti
in mathematical terms, stating that “...it would be about like one number plus another
number equals...it gives you the answer so obviously the function works together.”

Jill's explanation of functionwhile sharing her response to the third think
guestion during the ‘pair’ session, Jill said, “I would explain that you have to egueri

with numbers to see how they related to each other just because that’s how | found it...1
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had to sit there...mess around with it until it came.” During the interview, Jilageu a
functional relationship outside the world of math as “...something that works...that
would be my personal definition of it anytime somebody said you know the function of
this...it's how it works...it's kind of how | see it.” When asked to explain her
understanding of function in the mathematical sense, Jill replied:

| guess....the way | kind of understand it as sort of like a formula but it applies to

a pattern | guess...it's kind of how | see it you know...it’s just sort of like a way

you can put in a certain number and get out a certain number.

In some ways, her mathematical definition is in agreement with her evergapia
function as “something that works.”

The second question posed in the ‘reflect’ session prompted the participants to
explain how the experiences they had just had with pattern finding strengthened thei
understanding of patterns, relations, and functions. Jill's written responsedstpces
Figure 2.
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Figure 2. Jill's reflective response to prompt two.
Jill had explained how she was a ‘little rusty’ at generalizing pattemsetr, through

these experiences and the need to explain her reasoning to her partner Kristen, Ji
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surmised that she had a better understanding of the behavior of these typesnsf patte
She talked about the value of these experiences during the follow-up interview.

Having us talk with our peers...definitely made me realize that maybe | didn’t

understand it as well as | thought | did because when somebody would ask me

how'd you get that...l don’t know...I just did...and so actually having to
verbalize it made me...it made me understand it better because | had to show
somebody else you know...

SummaryThis section presented the experiences of Shelly, Matt, and Jill as they
engaged in the process of pattern finding. Unlike the experiences of Tara, &athy
Ashley, these three were not always successful in the task of gengrphtterns,
especially when it came to writing a symbolic rule.

Chapter Summary

This chapter presented a summary of the first two stages of analysiBrst
stage involved a preliminary analysis of the written responses of all 28pents in the
study. This preliminary analysis was subsequently used to select the siryprima
participants. A summary of the experiences these six primary partipattwhile
engaged in the process of pattern finding was also presented in this chapter. Their
experiences were used to gain insight into how preservice elementary segzhbout
the process of generalizing patterns.

The process of generalization was assisted by various strategietos fac
employed by this group of pre-service elementary teachers. Tlsesfar catalysts,
will be summarized in the next chapter. In addition, the failure to describertbebe

term could be explained, in part, by other factors or strategies that\effesterved as
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roadblocks in the process of generalization. These roadblocks will be summarized in
Chapter V as well. The elements of catalysts and roadblocks will sernfeaaseavork

describing the nature of pre-service teachers’ understanding of pattetmatairf.
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CHAPTER V

SUMMARY OF RESULTS

The purpose of this study was to describe the nature of preservice elementary
teachers’ understanding of pattern and function. The texts produced by six pte-servi
elementary teachers engaged in the process of generalizing pateersnalyzed to
address this purpose. Particular attention was paid to the ways this groupeire-s
elementary teachers communicated their understanding of function whileiagalyz
patterns. Descriptions of their experiences with pattern finding were prdsarthe
previous two chapters. This chapter presents a summary of the resultsriiyraptoe
major themes associated with the research questions posed in this ineestigati
primary research question focused on the nature of pre-service elenteatdsrs’
understanding of pattern and function. This research question was addressed through the
positing of two sub-questions that examined the pattern-finding experiences of pre
service elementary teachers.

Research Questions:

1. How do pre-service elementary teachers communicate the idea of function

while engaged in the study of patterns?

2. How do pre-service elementary teachers demonstrate their understanding of

function while engaged in the study of patterns?

114



3. What is the nature of pre-service elementary teachers’ understanding of

pattern and function?

This chapter begins by presenting the idea of function as communicated by the
participants in this investigation followed by the approaches taken by this group of pre-
service elementary teachers while engaged in the process of gemgaditerns. The
chapter concludes with descriptions of how the conceptualizations of function and the
approaches adopted by these pre-service elementary teachers seited estalysts or
roadblocks in the process of generalizing patterns.

Communicating the Idea of Function

The ideas of function generated by the original group of pre-serviceriam
teachers (18 of 29) in response to the third think question formed the initial framework
for how preservice elementary teachers describe the idea of function. Tlidefmiof
function, as presented in chapter IV, included the idea of function as a pattern, a rule, a
relation, and a dynamic process.

A system of open coding was used during the initial analysis of the statements
generated by the primary participants. After coding the statementsearpattas made
to sort these codes under the initial framework derived from the participastsipdiens
of the idea of function. This attempt was made to ascertain how this group of meservi
elementary teachers would communicate their understanding of these feur idea
However, the possibility of additional themes was considered during this Somicgss.
The following section presents the definitions of each of these themes and theiragentify
codes that fell under each theme. Exemplary statements from each of theary pr

participants are provided to illustrate each theme and/or sub-theme.
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The Idea of PatterrA function is a pattern you must find

Seven of the eighteen respondents to the third think question associated the idea
of function with “...a pattern you must find.” For the purpose of this study, a pattern was
defined as the repeating or changing structure of a sequence of numbers or $teapes. T
theme ofpatternemerged from the statements made by the six primary participants
which communicated the constant features of the sequences they examined. Since these
were all linear patterns of a non-proportional type, they involved both a constaot rat
change and the presence of a constant term. In other woeddea of pattern
encompassed both how the model changed and how the model stayed the same. These
two ideas of pattern emerged as descriptions of the changing structurdigfitée used
in this study (“how many are we adding each time”) and the repeating das tha
“...always going to be there.”
References ttHow many are we adding each tim&Vhile examining Identifying
Patterns 4, Cathy asked her partners, “How many are we adding eaeh t#ihsix of
these participants, at one time or another, made statements that expresaed how
particular model was changing. These statements usually included the vauidsifiee”
or “each figure” which implied that this rasédwaysapplied to this particular sequence of
figures or numbers. A sample of statements associated with ‘how many are aztded ea
time’ is provided.

Tara: “...so one red block and two yellow blocks each time you go down.”

Cathy: “..and then the four that you’re multiplying by is the number that it

increases with for each term.”

116



Ashley: “...each time you have the four sides and each time... you add four

more...so two times four...three times four...yeah...”

Shelly: “One to the top...one to the bottom...and one over to the other leg. | think

that’s three blocks each time...yeah.”

Matt: “The changgic) was adding two blocks to the left and right of each side for

the model to balance correctly.”

Jill: “There is 1 block added to each leg of the shape each step.”
References tbit's always going to be thereThe constant part of a non-proportional
linear situation was visible in the pictorial representations of these sequé&hee
following statements express ways this group of preservice elemezdahets described
the constant term. Each of these statements references the part of ththatodas
“always going to be there...those there that don’t change.”

Tara: “And it's off your base...like you've got your middle...your center lzdise

the way across...”

Cathy: “...that’s the constant...it doesn’t change”

“You're always going to have three in the center...so on the same principle

you're always going to have those there that don’'t change”

Ashley: “On the chair model, there are 3 squares that are always the@ame

matter how high the legs are. Therefore +3 is a constant.”

Shelly: “yeah...there’s always four...because the block has four sides”

Matt: “In model number 4, the four blocks stayed consistesicegcross the top

of the model”
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Jill: “Um...1 think usually the four is going to represent the row that'saalye

there”

A Function is a RelationiVhen something goes with another

Four of the eighteen responses to the third think question were initially
categorized as ‘function as a relation.” In mathematics, a relation redefs an ordered
pair while in everyday language, a relation may be considered to be a set of bhjects t
somehow go together. The ways that these preservice elementary teaohamicated
the idea of function as a relation were by describing a function as “tbasiqadir’ or by
describing the relationship between the position of a term and its corresponding
construction or value.

References to “Basically a pairShelly explained that a function was “...when
something goes with anotherReferences to a function as a relationship between two
sets were coded as ‘basically a pair.” A sampling of statements male &ix primary
participants coded under this category is presented.

Cathy: “I guess | would explain that they were related...that you coildwe

one without the other.”

Ashley: “...there has to be a variable there...there has to be another part.”

Shelly: “...a function...when something goes with another...so basically a pair.”

Matt: “I just said it was a physical relationship such as using say apyules a

oranges.”

Jill: “...something that relates to both things.”

References to “the figure numbeRyan had described how the construction of

each figure in the first think pattern was based on the position of the figure in the

118



sequence, or figure number. Statements associated with pictorial pattemsatie
specific references to the connection between the position of each figure andvagw it
constructed. These types of statements could be broken down into two categories;
references to a specific term and references to the general ternplExane given for
statements coded under each of these two categories.

References to the specific:

Tara: “...like in the first figure there was one in the middle...with one on each

side...the second figure there was one in the middle with two on each side...and

then one in the middle with three on each side.”

Cathy: “...well the first one...1 and 5 is what? It's one times four plus one. The

second one...2 and 9...so that would be two times four plus 1...”

Matt: “85 times 2 plus 6...because you have 85 red blocks so you have one on

the top and one on the bottom...”

Jill: “15 squares on each leg. | know this because there is 1 in the first figure, 2 in

the second, and so on.”

References to “whatever&dditional references made while describing the
relationship across the table were stated in more general terms. The indiNidkral e
made an explicit reference to the position of the figure or used words such avavhate
or “however many” to indicate position. The following statements illustrate ot e
participant described the construction or value of ‘whatever’ term in the sequence

Tara: “Well the n was whatever number figure...like the first figure and then

times four would be four sides that you're adding on to.”

Cathy: “...so it’s red times that and that”

119



Ashley: “I'm trying to figure out what this has to do with this.”

Shelly: “Well it would have two legs and two in the middle.”

Matt: “You have a center tile and with each figure you add tiles based on the

number of the figure to the top bottom left and right of the center.”

Jill: “...however many blocks you have you multiply that by 4.”

The Idea of RuleA function is a basic rule

Three of the eighteen respondents to the third think question had described a
function as a rule or formula. For example, Ashley explained that “a function is an
algebraic equation that you sometimes have to figure out. You put a number into an
equation and get an answer.” There were two sub-themes under the idea on faseti
rule; references to a formula and references to how the respondent understoed a rule
something that “always works.”

References to “a formula.The idea of function as a rule was often
communicated by the direct reference to a rule or algebraic equation. @encefto
function as a rule could be communicated using everyday language, such as when Ma
referred to a function as “one number plus another number”, or it could be expressed
using a combination of symbols and words.

Tara: “...and then my rule was one plus n times four equals the number of squares

in the model.”

Cathy: “...a function is a formula that expresses...the relationship...between two

points.”

Ashley: “A function is like an equation...and you have to figure out what goes

into the equation and what comes out.”
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Matt: “ | said that the model is like a visual and in a way the rule is just an

explanation written down.”

Jill: “The way | kind of understand it as sort of like a formula but it applies to a

pattern | guess...”

References to “it always worksA rule can be defined as an equation or method
that, when applied, produces a specific outcome. Jill had described a function as “...sort
of like a way that you put in a certain number and get out a certain number.” Thé idea o
a function as a rule, therefore, encompassed the understanding that a rule hiastio wor
the time. Several references were made to how the rule used to describ&etheéhpdtto
always work. To verify whether or not a rule would work, the individual would substitute
known values into the proposed equation to see if the expected output was obtained.
Examples of statements made that were coded as references to howyst\atwis”
include the following:

Tara: “...just kind a back tracked to figure out how we could get it...to

work...each time...”

Cathy: “So...let me make sure that works out. So two times 4 plus 6 is 14. Okay.

S0...2 times 85 plus 6.

Ashley: “So... 3n plus 3...times 3 plus 3...s0...3 times one...but that doesn’t

work.”

Jill: “...you know then try it out for each one and it always works and I'll say

Yes!...There we have it.”
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Shelly: “I don’t think um 36 times three is correct because if you multiply & by
each time...this doesn’t work..see 2 times 3 is this over here...3 times 3 is
that....3 times 4 is that...so that...that's not going to work.”

A Function as a Dynamic Procestow do we get a pattern?

Six of the eighteen responses to the third think session were classified under the
idea of function as a process on the basis that these responses reteoartbedpattern,
rule, or relationship was forged versus the presence of these three features.
Understandably, the idea of function as a process overlapped with the ideas ohfascti
pattern, rule, or relationship. General statements associated with the ideetioifas a
process as uttered by the primary participants are provided.

Tara: “...so what could be our pattern...if we have n red blocks...how do we get

a pattern?”

“Okay we got that but how do you get a relationship...for like a rule...from your

red block to your yellow block.”

Ashley: “We were given a starting number (n) and a value and had to figure out,

analyze how we got that. Which is a function.”

Shelly: “...you have to find a pattern in the numbers.”

Summary

The four ideas of function (pattern, rule, relation, and process) were presented i
this section as a way of describing how preservice elementary teaschemainicate the
idea of function. The words of the participants were used to illustrate each ofcilnese
ideas. All four ideas played a role in the process of generalizing lineangaited by

the six primary participants in this investigation. In addition, this group ofprese
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elementary teachers also employed numerous strategies as theyaugithalprocess of
generalizing patterns. These approaches are introduced in the next sestibrtlzemes
associated with the idea of function as a process.

Process of Generalizing Patterns

The task of generalizing patterns was accompanied by the employment of
numerous approaches which, along with the four ideas of function described in the
previous section, served as catalysts or roadblocks in this task. A total of gsleven s
themes within the idea of function as a process were uncovered. Each of these sub-
themes is described in this section.

The Process of Visualization: Do you see it?

The visual representations of the sequences analyzed in this investigation
provided a visual that Jill explained “...did everything (for her)...because it réaliys
you why it's going to be that way.” Matt also espoused the virtues of having iagdhys
model, stating that this representation made it possible for him to “...see them all
visually.” The participants either communicated how they wegeeng the relationshipr
how the relationship or pattern wiaard to see

Seeing the relationshigeveral of the participants referred to how they were able
to visualize the quantitative relationships between data pairs. Usuallyottesgrof
visualization involved looking for the pattern or relationship between the terms of a
sequence.

Tara: “l looked at the first figure and | could see there’s four on the outsitle of t

middle and if you add one all the way around the outside then it goes to two on
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the outside and so if you add one all the way around each side as you go across
that becomes your pattern.”
Cathy: “Um...1 just kind of saw it”
Ashley: “To understand finding a pattern you have to see the relationship between
numbers.”
Matt: “...seeing the whole picture first...you got to take it step by step...you
know look at the pattern and then go from there.”
Jill: “...somehow just looking at how the pattern is growing it just kind of made
you see that it was going to grow by 4 each time.”
Jill: “You know the whole thing of seeing the relation between two sets of
numbers”
It's hard to seeThe participants also described how they struggled to see the
relationship between the position of a term and its value or construction. Jilhexpla
how she struggled with seeing a pattern, stating, “I can see how that oneschaege
how this one changes but | don’t see how they change together.”
Tara: “...staring at it you know we were kind of getting somewhere but we could
not figure out the rule and | think we were getting frustrated as to therpatter
Cathy: “I'm not seeing it”
Ashley: “It's hard to see...like | mean obviously you know what changes...but
it's hard to think of the formula for that like...how do you come about what
makes that change or whatever...”
Shelly: “And um...I'm very visual...so it's hard to see that...this is really red or

this is supposed to be green or whatever.”
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Jill: “...a lot of times what happens is | can see the relationship between these
numbers and | can see the relationship between these but | can’t really see it
between the two of them.”
The Process of “thinking”
At times, a participant explained how the process of thinking about it made it
possible to arrive at a way to describe the general term. These explangtenseterred
to the singular act of thinking or to the act of thinking about what one was thinking.
Tara: “Well we came to that and then we kind a back tracked...and then we
thought okay now how did I get that...”
Tara: ‘just thought about it and compared the numbers in the chart to each other.”
Matt: “I just thought well 5 goes into 15 three times so | just took twelve and
times that by three.”
The Process of looking for a pattern of differences
Three of the participants inserted a column of differences between teantebie
to try and establish a relationship between the corresponding entries. Thidgrartic
approach examined the quantitative relationship between the two data sat$ afiste
making use of the visual. The successful application of this particular gtrassg
somewhat dependent upon the individual’s ability to generalize the relationshiip wit
this column of differences.
Ashley: “...the difference...so one plus two equals three which is the difference
between four and one. See that’s how | did it because 5 + 2 equals 7 so 5 plus 7
equals 12.”

Shelly: “Four is six away from ten, so twelve will be seven away from’five.
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Matt: “Starting with one, if you add 3 you get 4...”
The process of using proportional reasoning

The application of proportional reasoning was another approach taken by some of
the primary participants in this study. Since these patterns weneeat Bequences with
both a variable and a constant part, the use of proportional reasoning should only be
applied to the part of the model that was changing. Without first separating the
contribution made by the constant, the use was proportional reasoning was not
appropriate. Statements which indicated the application of proportional reasaning ar
provided.

Cathy: “...so it’s red times that and that”

Shelly: “So it would double...cause one to four is double...6...12...6 plus 6 is

12...so04 plus4is 8 and 12 plus 12 is 24.”

Matt: “Because 4 goes into 36 nine times...so 9 times 17~

Matt: “ ...because you have 85 red blocks so you have one on the top and one on

the bottom...”
The process of using the rate of change

In a similar fashion as the two previous strategies, applying the ratarmje
could be viewed as a roadblock or as catalyst in the process of generalizngspatt
Once again, success was somewhat dependent on the ability to recognize theioantribut
of the constant feature in the model as well as the ability to coordinate thexhrange
both data sets.

Tara: “R plus one...equals yellow plus two...”
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Ashley: “and each time you have the four sides and each time...you add four

more...so two times four....three times four....that's why it's always four”

Shelly: “...the 4 figure has 4...blocks on each side...so you would add one

for...on each one for each figure...so you add 11 for tHe. 15

Matt: “So to get the Bone...since number 4 had a ten next to it...| added two to

ten to get the twelve.”

Jill: “There was a 10-number jump between 5 and 15, so | assumed there would

be a 20-number-jump between 12 and the next number since the value column

seems to go by twos”
The process of “guessing”

Jill described the process of generalizing patterns as being a “gues®ekd ch
thing.” The success of guessing was dependent upon understanding the ideaanf functi
as a rule that “always works.” Other contributions made by Jill placed undeatieigory
are provided.

Jill: “...the only reason | even came about it...was how...um...just kind of by

luck...I started doubling things”

Jill: “...a lot of times it's a guess and check thing...I'll say you know what do |

do to this to get these”

The process of using a variable: “the a + b thing”

At some point in the process of generalizing patterns, the participants usually
attempted to make use of the variabldn most cases, the variable was used to represent
the position of the figure in the sequence. However, attempts to understand and make use

of the symbolic were also described as an area of struggle. For exarafilepoMmented
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on his struggle to make use of the symbolic, stating that “...most of the...the math
problems sheAshley came up...especially with thre..you know the adding of the
n's...” Examples of the ways these participants used a variable are provided.

Tara: “1 + (1 x 4) = # of squares whergs the number of the figure.”

Cathy: “...two times the red plus six and if the red.isthen it would be 2 + 6.”

Ashley: “Replace 1 witm, second # is + 2. Therefore, the answer is

n+Mn+2).”

Shelly: “I didn’t really understand what tim¢h term meant until | asked you right

before the test.and so | don't think that | completely understood it to the fullest

extent.”

Matt: “I can’t do that + b thing.”

Jill: “Okay. | think it's 3n + 3.”
Summary

These seven subthemes under the idea of function as a process illustratgsthe w
“of figuring out a pattern for a set of values” employed by the participartgs study.
These approaches, coupled with the ideas of function presented in the previous section,
could serve as either catalysts or roadblocks in the process of generaditergs. The
final section of this chapter describes the relationship between these ifigastioh and
the approaches adopted by this group of pre-service elementary teachethayhiere
engaged in pattern-finding activities.

Summary of the Pattern Finding Process
The elements involved in the process of pattern finding were categorized under

four ideas of function and seven ways pre-service elementary teacheracigplr the
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task of generalizing a pattern. These elements acted in conjunction to senedyatsaar
roadblocks in the process of generalizing patterns. Those factors which contributed to
success were labeled catalysts and factors which impeded progress towards
generalization were labeled roadblocks. The final section of this chaptedgs
examples of the catalysts and roadblocks experienced by the six primayaats in
this investigation.
Catalysts and Roadblocks in Generalizing Patterns

An approach was labeled a catalyst if its use seemed to direct the indsszidual’
thinking towards the general term. These catalysts were not stand-algsmtowa about
the process of generalizing patterns. In most instances, the successfutiapplica
catalyst was dependent upon the understanding of one or more ideas of function. Without
this coupling, the approach employed often acted as a roadblock to generaliziegna patt

The process of visualizatiohhe process of visualization served as a catalyst
when the individual was able to “see the relationship” between position and coastructi
of a term in the sequence. In Identifying Patterns 1, Cathy initiatedstheftpattern
finding with her partners by asking them if they “...could see any sort of
relationship...between the number of faces and the numbers of cubes...” Cathy
demonstrated her understanding of function as a relation and a rule by explaining how
“...1 and 5 is one times four plus one...3 and 13...would be three times ....four plus 1.
So your formula isd plus 1.”

However, the process of visualizing the relationship was somewhat of a roadblock
in Identifying Patterns 2 because, as Ashley described it, the relaomas “hard to

see.” While examining this particular pattern, Cathy admitted that shenatiseeing it.”
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The breakthrough came when she “realized that the 6 blocks on each end were constant
in every figure.” Understanding the idea of function as pattern helped Catlsydac

what part of the model stayed the same and to separate the variable lparhotel

from the constant. She was then able to use the two parts of the model to write the rule,
2n + 6, which reflected the facts that “for every red block that was added, 2 y#tioks

were added, 2, and the 6 constant yellow blocks on the end.”

The Process of Thinking AboutTara explained that she was able to write a rule
after she thought about how she determined tHedBn. The process of ‘thinking about
it helped her to generalize the relationship between the position of eachifigheefirst
think pattern and the manner in which it was constructed. In this way, ‘thinking about it’
served as a catalyst along with the idea of function as a relation.

The process of looking for a pattern of differenéeshley, Shelly, and Matt all
looked for a pattern of differences between the two data sets displayed in tabular f
the second think pattern. Ashley was able to use this pattern as a catalyst bheaus
understood both the ideas of function as relation and as a rule that “always work.” She
described how to generalize the pattern of differences in her written respamsédaist t
guestion on think pattern 2: “Replace 1 witrsecond # is + 2. Therefore, the answer is
n+n+2).”

Shelly and Matt were not able to locate the general term in Think Pattern 2 using
the same pattern of differences. Shelly failed to coordinate the changath idata sets
while determining the differences and Matt applied the pattern of differafteegrying
to use proportional reasoning to find thd"18rm. Although he tried to describe the

relationship across the table, his rule formnhbeterm only applied to changes in the
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values ofn. This also indicated a misunderstanding of function as a pattern due to a lack
of coordination of the changes in both data sets.

The process of using proportional reasonimbe use of proportional reasoning
served as a catalyst when coupled with the idea of function as a pattern. To enake us
the proportional relationship imbedded in these linear patterns, the individual had to
focus on the variable part of the model. Cathy achieved this goal by first yoemtif
which part of the model stayed the same. As she explained, “I think it's easret tod
constant first...and | think once you realize...once you find out what's not changisg...it
easier to find out what is changing.” The connection between the variabtd et
model and the position of the figure could then be explained using proportional
reasoning, as Matt applied to Identifying Patterns.2because you have 85 red blocks
so you have one on the top and one on the bottom.”

Proportional reasoning became a roadblock when applied to the quantitative
relationship represented in a table. Both Matt and Shelly attempted to use a knos¥n pair
guantities in the table to determine the missing value for a specific, non-selcpeemtia
For example, Matt tried to use the last known ordered pair in the table displayed in Think
Pattern 2 (5, 12) to determine thé"1Brm, stating, “I just thought well 5 goes into 15
three times so | just took twelve and times that by three.” His way of thinkangodli
apply to the non-proportional relationship between the two data sets. Ashley described
the process Matt applied as, “Okay so basically you were doing like tki®typ
thing...um... 15 equals kinda like ...well kind of setting it up that way...and then what
does it take to get to here...it takes three and so it has to take three to get to there.”

Although Matt was considering the idea of function as a relation, he did not vetify tha

131



the proportional relationship would work for all pairs in the relationship (function as a
rule).

The process of using the rate of chandggng the rate of change as a way to
generalize a pattern was a catalyst when acting along with thefiflezction as a
pattern. The recognition of repeated addition as multiplication, for example, @tiadle
individual to see “...the algebra...the math in it” as Jill's partner had explainedeyAshl
also made the connection between the constant rate of change and the rule she had
written for Think Pattern 1, stating “...and each time you have the four sides dnd eac
time...you add four more...so two times four....three times four....that's why it'syalwa
four.”

Shelly successfully applied the rate of change to write a recursieéilyed rule
for Think Pattern 1, but did not describe how to find the general term. Shelly focused on
how the model changed from one term to the next but did not apply the idea of function
as a relation to look across the table for a way to link the rate of changéeviibdition
of a term. During the ‘together’ session (Identifying Patterns 3),\sagdmpted to use
the position of the 3%term to determine the value of théhaﬁﬁtry. She explained her
idea for using the 35term to find the 38to her partner, stating, “cause we’re trying
to go up to 36 so we could go one number lower...wouldn’t this be 387...because three
plus 35 is 38.” Using the rate of change can be a roadblock when the individual doesn’t
understand how to describe the relationship across the table.

The process of guessintill explained how she was often able to arrive at a way
to describe the general term “just kind of by luck.” The idea of function as @atle t

‘always works’ caused her to test the “little theories” she came up withshetfound
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one that “worked all the time.” The idea of function as a relation was alscsaegésr

the successful application of guessing. Although Jill had complained thairdfiesaw

the relationship for each column but not how the columns related to each other,” she was
trying to figure out what to “...do to this to get these.” For Jill, the processessgg

served as a catalyst because she also understood the ideas of functiortiag amdlas

a rule that “always” works.

The process of using a variableara, Cathy, Ashley, and Jill consistently used a
variable to represent the position of a term in a sequence. Even when Jill wrotd a verba
rule for think Pattern 1, she usedo represent “...the number of boxes on each leg.” The
process of using a variable was a successful catalyst to writing a symib®when the
individual understood the idea of function as a relation, that is, théyéw that to
make the rule it had to pertain to thé figure.”

Shelly professed that she ‘didn’t really understand what tim¢h term meant.”

The use of a variable presented a roadblock for her because she didn't realliandders
the connection between the variabland thenthterm. This lack of understanding the

idea of function as a relation between position and value prevented her from expgrienc
consistent success in generalizing these patterns.

Although the use of variable was a roadblock for Shelly, Matt achieved a degree
of success in generalizing patterns despite not being able to “do+tHathing.” His
success was limited to those concrete models where Matt was able “...sedlthem
visually.” Matt explained the process as, “...seeing the whole picture .fp@t got to
take it step by step...you know look at the pattern and then go from there.” He was abl

to make use of the idea of function as a pattern to describe how each model was
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constructed and in turn, describe the construction of any specific figure in thaseque
without making use of the variabie,
Summary

The examination of approaches used while attempting to generalize a pattern
revealed that an approach represented a roadblock when it was applied without also
considering the ideas of function as a pattern, relation, or a rule. An approachaseaved
catalyst when coupled with these other ideas of function. For example, the use of
proportional reasoning led to a rule for describing a relation only when the individual
separated the variable part of the model from the constant. Without the analysis of the
patterns of constant and change, the use of proportional reasoning served as a roadblock
to generalizing patterns.

The overall process of generalizing a pattern followed a similar routeasd
either assisted by catalysts or hindered by roadblocks. The individual would $cabde
how the model was changing and would usually apply that rate of change to find the next
term in the sequence. The quest to locate a non-sequential term usually einéonatid
the relationship across the table. At this point, Matt and Shelly would usually focus on
describing the construction or value of that specific term. The others gereeallio
find a way to describe any term in the sequence and then apply their rule to edhmplet
table.

Chapter Summary

This chapter presented the findings as an integration of the individual expgrience

this group of pre-service teachers had while they were engaged in patictivities.

Cross-case analysis revealed four common ideas of function and seven appwaches f
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generalizing patterns. The dependent relationship between these ideagiohfand the
approaches adopted to generalize patterns was explored in the concluding secton of thi
chapter.

The final chapter of this dissertation discusses these findings in lighoof pr
research on the understanding of the ideas of pattern and function. A model for
describing the levels of understanding pattern and function is proposed based on the
findings presented in Chapter VI. The chapter concludes with a description of the
implications raised from this research investigation along with sugge$tiohgure
research in the area of pre-service elementary teachers’ understanditigrofaal

function.
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CHAPTER VI
DISCUSSION OF FINDINGS
The purpose of this study was to unpack the understandings pre-service teachers
have pertaining to the ideas of pattern and function. The intent was to bring ingght int
how mathematics teacher educators can use patterning activities to prepseevice
elementary teacher to support the development of algebraic thinking in their future
students. The research questions guiding this endeavor were as follows:
1. How do pre-service elementary teachers communicate the idea of function
while engaged in the study of patterns?
2. How do pre-service elementary teachers demonstrate their understanding of
function while engaged in the study of patterns?
3. What is the nature of pre-service elementary teachers’ understanding of

pattern and function?

The previous chapter summarized the findings related to the ideas of padtern a
function as experienced by six pre-service elementary teachers énmgaige study of
patterns. Four themes associated with the idea of function were describethesimgds
of the participants. In addition, seven approaches or subthemes involved in the process of
generalizing patterns were identified. The ways in which these appraaived as

either roadblocks or catalysts in the process of generalizing pattesrexamined.
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The first section of this discussion on the significance of these findingssaddre
the first research question on how pre-service elementary teachers coatetime idea
of function. A model of the relationship between the different ideas associatetiavith t
concept of function is explored. The next section addresses the question of how pre-
service elementary teachers demonstrate their understanding adritthebugh the
process of generalizing patterns. The interplay between the ideas of function and the
approaches used is explained. The answers to these two questions were then applied to
offer an explanation of the nature of pre-service elementary teachersStamdieng of
pattern and function.

Communicating the Idea of Function

The primary participants in this investigation communicated four ideas of
function; function as a pattern, function as a relation, function as a rule, and function as a
dynamic process. These four ideas overlapped to form the idea of function asnexperie
by these pre-service elementary teachers. This section summargseefotiradeas and
relates each back to the concepts of function reviewed for this study. The section
concludes with an illustration of the concept image formed by these four overlapping
ideas of function.
The idea of function as a pattern

The participants communicated the idea of function as “a pattern you must find”
by referencing how the model changed and how the model stayed the same from one
term to the next. In general, statements associated with change, ‘dronane added
each time,” were made before the individual noted the constant part of the model that

“always going to be there.” The identification of the constant part often madsiileos

137



to generalize the relationship between position of the term and the variabletpart of
model.

Cathy explained the advantage of identifying the constant part by stating tha
“...once you find out what’s not changing...it's easier to find out what is changing.”
Sierpinska (1992) cited the identification of the source of change as a centfpainsn
of understanding the idea of function. She also asserted that a roadblock to understanding
change emerges when one focuses “...on how things change” (p. 36) instead of what
changes. The application of recursive reasoning builds on the idea of how things cha
and was described by numerous researchers as a roadblock to generalizing patte
(Blanton & Kaput, 2004; Moss, Beatty, Barkin, & Shillilo, 2008; Zazkis & Liljedahl,

2002).

Saldanha and Thompson (1998) stressed the need to coordinate the changes in
both data sets instead of relying solely on recursive reasoning. They edplasme
coordination as the ability to note the changes in one data set without losing sight of how
the other set was also changing. Shelly’s approach to finding the®8 in Identifying
Patterns 3 exemplifies how the failure to coordinate change interfereheipindcess of
generalizing patterns. She proposed to add the rate of change t8 teen350 as to find
the value of the 36 Since the 38 term was also an unknown quantity, Shelly
mistakenly assumed that it would be 35 and proceeded to add three more to come up with
a value of 38 for the 36term. Not only did she seem confused about the meaning of the
35" term, but she also failed to consider how the jump from the last known pair of

guantities (4, 15) would come into play.
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The theme of pattern centered on the idea of covariational analysis that Smith
(2003) avowed was central to the development of the concept of function. Smith
explained that individuals began the process of pattern finding by first exanhieing t
changes exhibited as one moved down the table. If the individual attended to both sides
of the table simultaneously, he or she might begin to note patterns in variationtlaeross
table (Saldanha & Thompson, 1998; Smith, 2003). In such a manner, the analysis of
covariation potentially facilitates the formation of a correspondence bethedénd data
sets. Tara began to analyze the sequence of figures in Identifyingn 2aktg noting how
“you add 1 red block and you add two yellow blocks each time you...you go down.” Her
analysis of the rate of change corresponds with the idea of function as comafiatia’s
later comment on “...what could be our pattern...if we haved blocks...how do we
get a pattern?” illustrates the transition from looking down the table to lookiagsaite
table for a pattern of correspondence.

The ldea of Function as Relation

The idea of function as a relation was manifested in references to a fursction a
“basically a pair” or in attempts to relate the position of a term to itegponding
construction or value. The attempt to formulate this correspondence often made it
possible to describe the construction or value of the general term. For examplakin Thi
Pattern 1, Matt described how to construct any term in the sequence by stating that
“...you have a center tile and with each figure you add tiles based on the nuntieer of t
figure to the top, bottom, right, and left of the center.”

Billings, Tiedt, and Slater (2007) described the progression from an analysis of

change to the analysis of correspondence achieved by a group of second and third
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graders. They noted that the first stage, analysis of change, culminttetdenability to
describe how the figures in a pictorial growth model changed and what parts of the
figures stayed the same. This particular phenomenon was described in theahszussi
the idea of function as a pattern. The transition to the analysis of correspondsnce wa
marked by the connection of position to a particular figure, as Matt had achigked w
Think Pattern 1.

The idea of function as a relation aligns with the correspondence view of function
in that the emphasis is on the relationship between the two data sets (Slavit, 1i897; Sm
2003). The analysis of correspondence seeks to describe the relationship thaemaps t
members of one set to members of another set (Confrey & Smith, 1995; Slavit, 1997,
Smith, 2003). While analyzing the first pattern presented in the ‘togetlssibse Cathy
asked her partners to see the relationship between the number of faces and the number
of cubes.” The recognition of the correspondence between two data sets leads to the
ability to perceive the general term (Radford, Bardini, & Sabena, 2007; Smith, 2003), as
Cathy attempted to help her partners do.

Smith (2003) described the subsequent ability to generalize a pattern as a key
component of algebraic thinking. For some of the participants, the relationshigbetwe
position and value was something that they “just thought about” or “just saw.” For
example, while sharing her answers to Think Pattern 2, Tara explained ttuagét.the
relationship between theand the value... (she)realized you have to go n times 2 plus
2 to get the value.” For others, the correspondence between the two dates seitsea
transparent. Jill described this lack of transparency, stating that “...atiotesf what

happens is | can see the relationship between these numbers and | can semtishigelat
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between these but | can't really see it between the two of them.” Ponte (1992hiéimd S
(2003) stated that the struggle to see the relationship was due to the abstradfribeur
concept of correspondence, along with the symbolic expressions sometimesessoc
with it.

The Idea of Function as a Rule

Ashley described a function as “...an equation...and you have to figure out what
goes into the equation and what comes out.” This idea of function as an equation or a rule
was communicated through direct references to a rule or through statements that
indicated the individual understood that a rule “always works.” The idea of function as a
rule that always works often operated in conjunction with the idea of function as a
relation. Jill applied both ideas to test her little theories on the relationdipdre
position and value in a table. This potential connection between the idea of function as a
rule and as a relation was also exemplified in Tara’s statement that &new to make
a rule, it had to relate to tlmh term.” Recursive rules, like the one Shelly wrote to
describe think pattern 1 (“You always draw or add an additional square to eaah side t
complete the next figure”), are also rules that “always work but thesedmlest
consider the idea of function as a relation.

Jill had described a function as “...sort of like a way that you put in a certain
number and get out a certain number.” The idea of function as a rule describémithe ac
of a function machine, a model that is often used to introduce the concept of function in
school mathematics. Breidenbach, Dubinsky, Hawks, and Ni¢h@@®) defined an
action as “...any repeatable physical or mental manipulation that transfbjecss (e.g.,

numbers, geometric figures, sets) to obtain objects” (p. 249). Smith (2003) noted that the
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rules written by teachers retained the actions used to construct the figpretorial
growth patterns. This phenomenon was most pronounced in the rules written to
generalize the second ‘together’ pattern. Matt and Ashley worked indaggndn this
particular pattern and both seemed to arrive at a rule around the same timg washie
the process of stating a rule based on the third term in the sequenace«&)2 plus 4)
when Matt described a way to find thé"@8rm (85 times 2 plus 6). After listening to
Matt's explanation, Ashley exclaimed, “That is so simple now!” Each had édous
different aspects of the same model to arrive at equivalent expressitims g@neral
term. Matt viewed the constant part of the pattern (the two sets of three blocké& on eac
end) in the same way as Cathy who had stated the rute62 His partner, Ashley, on
the other hand, noticed that the four corner blocks around the middle were always there.
These differences in perceiving which part of the model stayed the sarallédrent
ways of expressing the general term.
The ldea of Function as a Process

The idea of function as a process was communicated through references to how
an individual might find a pattern, rule, or relation. For example, after Tara hathddscr
the rate of change in Identifying Patterns 2, she asked, “...what could be our.pdftte
we haven red blocks...how do we get a pattern?” Her question of how to get a pattern
was not referencing how to find the rate of change, instead Tara wasgefer‘how to
get a relationship...like a rule...from (the) red block to (the) yellow blockse’ T
approaches taken by these pre-service elementary teachers in theio quegtt a

pattern...get a relationship...get a rule...” constituted the idea of functioprasess.
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As they engaged in the process of generalizing patterns, the pre-service
elementary teachers identified patterns of stasis and change and thdressquhtterns
to extend the sequence and locate a non-sequential term. Using the idea of gattern al
opened a space for viewing the relationship across the table and made it possiiée to wr
a rule for describing this relationship. All of the acts these pre-sepackers engaged
in while pattern finding are included under Smith’s (2003) definition of algebraic
thinking. Smith defined algebraic thinking as “...the kinds of generalizing that precede or
accompany the use of algebra...” (p. 138). Zazkis and Liljedahl (2002) explained that
students are engaged in the process of algebraic thinking when they exatnax¢ead
patterns, make note of how two data sets are related, and formulate a ruléribattdes
relationship. These explanations make it possible to view the idea of function asss proce
as a form of algebraic thinking.
Summary: How Pre-service Elementary Teachers Communicate the Idea tbirunc

Examining the idea of function as a process revealed the interdependercy of al
four ideas communicated by this group of pre-service elementary teahers.
illustration of the interdependency of these four ideas of function, displayed e Bigu
can serve as a model for understanding the nature of algebraic thinking. The idea of
function as a process is represented by the outer circle and was equated wababe pr
of algebraic thinking. The approaches used while generalizing patterns necmbth
the other three ideas of function constitute this idea of function as a dynamissprboe
process of examining patterns usually began with the analysis of changendlyss of
change is depicted by the largest of the three inner circles and represedéstof

function as a pattern. The user operating under the idea of function as a pattermonside
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how changes in position relate to changes in the figures used to represequéres.
This coordination of change, or analysis of covariation, often led to the idea of function

as a relation.

Dynamic Process

Pattern

9

Figure 3. Model of the interdependency of the ideas of function as represented in
algebraic thinking.

The two overlapping, inner circles represent the ideas of function asmelat
as a rule. The attempt to forge a relation between the two data sets did netraludty
in a rule, such as in the misapplication of proportional reasoning sometimes usatt.oy M
In the same manner, not every rule described the relationship across the ialtleg as
recursively-defined rule Shelly wrote for think pattern 1. Therefore, thesaleas of
function, though not disjoint, are not subsets of each other. The region where all four
ideas intersect represents the kernel of algebraic thinking, the ideaeolggation as
stated by Kaput (2000) and Smith (2003). Radford, Bardini, and Sabena (2007) described
the “...idea of generalization as a shift of attention that leads seetbe generah and
throughthe particular” (p. 525 — 526).

The idea of generalization incorporates the ability to describe the value or

construction of any term in a sequence. With pictorial growth patterns, this would mean
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one is able to visualize the construction of any figure based on its position. With
guantitative relationships, one would need to be able to visualize the arithmetic or, as
Jill's partner described it, see “...the math in it.” The next section discusséatet of
generalization by explaining the approaches adopted by this group of yice$eachers
that either enabled or blocked them from visualizing the general term.
The Process of Generalizing Patterns

The pre-service elementary teachers participating in this studysérated their
understanding of function by engaging in the process of generalizing patterns. The
specific approaches they adopted in this process were examined in the previcers chapt
so that comparisons could be drawn between successful and unsuccessful applications of
a specific approach. Successful applications were labeled catalysts indbgsspof
generalizing patterns whereas unsuccessful uses were determiaptesent roadblocks.
This section categorizes the application of catalysts and roadblocks as invahvenge
integrated approach or an incomplete approach to generalizing patterns.
An Integrated Approach to Generalizing Patterns

The process of generalizing pictorial growth patterns usually begarnheit
analysis of how the model was changing from one term to the next. These chamges wer
often described as a unit rate of change such as in Tara’s descriptiopafténa of
change in Identifying Patterns 2 (“...so one red block and two yellow blocks each tim
you go down”). The impetus to switch from analyzing sequential change to asiaiwdly
correspondence was provided by the push to find an “easier way” to locate a non-
sequential term. The primary participants in this study described looking &asser

way as “what to do to this to get these.”
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Formulating a relationship across the table was achieved using various
approaches. Jill resorted to checking “little theories” for connecting tbhesvacross the
table. Her approach was based on the idea of function as a relation and operated as a
catalyst because Jill understood that her rule had to work for all data paipartther
sometimes looked for a pattern of differences across the table, as did. Astdgywere
successful because they were able to visualize the connection between ¢jregchan
pattern of differences and the position of the term in the table. Both of these exampl
illustrate how the successful application of a specific approach was dependent upon an
understanding of function as a pattern, as a relation, and as a rule.

With pictorial growth patterns, the pre-service elementary teacheryusua
attended to the construction of the model. They analyzed how the figures changed from
one term to the next and how they stayed the same. By identifying how the model stayed
the same, they were able to separate the variable part of the model fromt thataas
always there.” They could then look for a connection between the position of the figure
and the part that always varied. For example, Tara thought about how she had determined
the 18" term in think pattern 1 to visualize what any term in the sequence would look
like. Others applied proportional reasoning to describe the variable part of theamodel
evident by Cathy’s explanation that “it's red times that and that” in regaidentifying
Pattern 2.

The analysis of the structure of a pattern as a way to visualize thalgenar
was described by Radford, Bardini, and Sabena (2007) as one of four potential schemes
the participants in their study used for transcending the general. The hesgarc

explained that “...in order to perceive the general, the students...have to bring tethe for
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some aspects of the figurenjphasisand leave other aspects behidd-€mphas)s (p.
522). The verbal rule that Jill wrote for the first think pattern omitted the presetiee o
constant center square, perhaps because she was focusing on the variableeart of t
model. While describing thé"@erm in the pattern of H's, Jill explained that she was
“...just kind of forgetting about these guys...that's where the little plus two would come
from if you're writing the rule.” Her focus was on the unit of change and ndteon t
constant part of part of the model.

SummaryThere were numerous other examples in the literature linking the
analysis of the construction of a figure to the successful generalizationeshpatt
(Billings, Tiedt, Slater, 2007; Billings, 2008; Smith, 2003; Steele, 2005). Smith (2003)
and Billings (2008) emphasized how this focus on structure (stasis) and patterns of
change are important tools in generalizing patterns. The analysisisfastdshange
often resulted in the identification of the differences and similaritiesdsgtwach figure.
This analysis incorporated the idea of function as a pattern. The quest to forge a
connection between position and construction involved looking for a relationship across
the table. This process enveloped the idea of function as a relation and sometil@es a r
The application of an integrated approach to analyzing change and the @mnecti
between position and construction made it possible for these pre-service efgmenta
teachers to describe the general term.
An Incomplete Approach to Generalizing Patterns
Several of the strategies employed under the idea of function as a prvecessbeled as
both catalysts and roadblocks to generalization. The label of roadblock was marked by

the failure to incorporate the ideas of function as both a pattern and a relation. F
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example, Shelly’s rule for think pattern 1 generalized the pattern of changethbée
relationship across the table (“You always draw or add an additional square tadeach si
to complete the figure.”). Her recursively-defined rule emerged frowalyeshe
determined the construction of thé"t&rm in the table through the repeated application
of the rate of change. In the second think pattern, Shelly attempted to look across the
table to describe a pattern of differences between the two data sets. Hahevanitted
the idea of function as a pattern by neglecting to coordinate the changes in actbtslat
The over-reliance on recursive reasoning was identified as a roadblock to
generalizing patterns in the literature (Moss, Beatty, Barkin, &il8hR2008). Shelly’s
application of recursive reasoning was present in her description of think pattern 1, as
well as in her attempt to generate th& 8&m in Identifying Patterns 3 described in the
previous chapter. Although Shelly utilized the idea of pattern as a rate of change, she di
not “...really understand what timth term meant...to the fullest extent.” As a result, her
approach to generalizing pattern 3 lacked the idea of function as a relatitdn(Z183)
and others (Ponte, 1992) identified the abstract nature of the idea of function as a
correspondence between two points as a source of struggle for students af &getir
(2003) asserted that this struggle is perpetuated by the emphasis on function as a
correspondence at the expense of developing an understanding of function as@ovariat
Shelly’s lack of understanding what théh meant was often marked by the steps
she followed while analyzing these patterns. Shelly would first descrilzetuential
terms in the table and then focus on finding the value of the non-sequential term that
appeared next. In her attempts to find this value, Shelly focused on the quantitative

relationships represented in the table and did not analyze the general construbgon of t
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figures used to represent these relationships. This difficulty relating et
relationships to other representations was identified as a common roadblock to
generalizing patterns experienced by preservice teachers (Stungh&BR002; Stump,
Bishop, & Britton, 2003).

Matt's use of proportional reasoning was a roadblock in some instances, but a
catalyst under other circumstances. Like Shelly, Matt’s intent was nosc¢alokethe
general term but to find a way to produce the requested non-sequential term lhethe ta
When Matt focused on the physical construction of the figures in a pattern he usually
found a direct way to describe a non-sequential term. By making use of the visual, Matt
was able to identify the constant and varying parts of the model. He was then able to
apply proportional reasoning to forge a connection between the position of the figure and
the part of the model that was changing. When Matt successfully applied proportional
reasoning to describe a specific term in the sequence, his description \as easi
transcribed into a general rule. Although Ashley usually re-stated hisptestias a
general rule, Matt did demonstrate his understanding of any figure in the segoeit
be constructed. Billings, Tiedt, and Slater (2007) identified how attending to thieglhy
structure of a model was a key predictor of success in the process of extending and
generalizing patterns.

On the other hand, when Matt only focused on the quantitative relationship
represented in a t-table, his tendency to apply proportional reasoning faildd these
cases, he would simply work with the last known pair in the table in his attempt #o find
non-sequential term, a tendency Kaput associated with a pre-algebraic undegstandi

function. Although Matt was working across the table to establish a relationshigebet
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position and value, he did not consider how the patterns of stasis and change did not
create a simple proportional relationship. His application of whole objectiegsvas
identified as a common tendency among fourth graders in their attempts twedmedgr
situations such as this which involved both a constant and a rate of change.
SummaryBoth Matt and Shelly usually began the task of generalizing patterns
with the intent to describe a specific term instead of the general term. 3hiso
necessarily a roadblock to generalization if they were able to use theipties of a
specific term to explain the construction of any term in the sequence. Matt aist@upl
this task on his own with the first think pattern, primarily because he was abik tbdi
position of the figure with its construction. Shelly also extended this pattern to find a
specific term, but her use of the single process of analyzing change did nanrasul
general rule. This incomplete approach to generalizing patterns lackeshthi&utions
of the ideas of function as a pattern and as a relation. As a result, the individual was not
able to effectively use a specific term in their attempt to explain theadene
Summary: How Pre-service Elementary Teachers Demonstrate Their Undemgtahdi
Function
This group of pre-service elementary teachers demonstrated their andergt
of function through the idea of function as generalization. This idea of function was
formed by the overlapping ideas of function as a process, a pattern, a refatiarrude.
The successful application of the idea of function as a process to generalizeravpas
dependent, primarily, on the understanding of function as a pattern and a relation. The
idea of function as a rule that “always works” often acted in conjunction with dunas

a relation to explain the construction of the general term.
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An integrated approach entailed the coupling of a strategy for generaizing
pattern with the ideas of function as a pattern, a relation, and sometimes a rule. The
incomplete approach omitted one or more of these three ideas of function, most notably
the ideas of function as a pattern and function as a relation. These two ideasi@f funct
as a pattern and as a relation, correspond with the concept definitions of function as
covariation and correspondence, respectively. Slavit (1997) and Smith (2003) asserted
that the combination of these two concepts of function create a more cohesive
understanding of function.

Smith (2003) explained that a covariational approach places an emphasis on the
dynamic actions that create a pattern. Attending to these actions madesilile to
visualize the repeated operations that created the relationship betweemawetsia
(Confrey & Smith, 1995; Smith, 2003). On the other hand, attending to the invariant
features of a pattern makes it possible to consider the similaritiesdreterms in a
sequence. The fusion of these two ideas of function works in tandem to flush out the
image of the general term which can then be described either through thesysdolls
or words. The acts of understanding the ideas of pattern and function were vidiele in t
pathways taken to describe the general term. The next section describextaesd
connects them to theory on the nature of understanding in mathematics.

Pre-service Elementary Teachers’ understanding of Pattern andoRunct

The primary goal of this study was to explain the nature of pre-sereiceeptary
teachers’ understanding of function as manifested in the ways they comnmuiaicdte
demonstrated their understandings while engaged in pattern-finding astiVhie

decision to use pictorial growth patterns in the investigation was based oknthen
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potential for supporting the development of algebraic thinking (Billings, Tiedt, &iSlat
2007; Smith, 2003; Steele, 2005). The analysis of how pre-service elementarysteache
communicate and demonstrate their understanding of function while studying patterns
revealed the presence of a major avenue towards generalizing a pattenesdPatang
this avenue was either assisted by catalysts in an integrated dpprdacdered by the
roadblock of an incomplete approach.
Identification and Discrimination: Analysis of Covariation

The entry point along the avenue began with the analysis of change. Through the
analysis of change, the participant was usually able to make note of how the shape
changed from one figure to the next. For example, Tara explained the change in
Identifying Patterns 2 as “...one red block and two yellow blocks each timeoyou g
down.” This identification of a pattern of differences usually led to the examination of
the commonalities between all figures in the sequence, as when Tara notedttieat
corners are always going to be four.” Their attention shifted to the os#tatture of
each figure as they began to consider how they could construct a non-sequential te
This shift initiated the analysis of the relationship between position and cdiustraicus
keeping them on track towards generalizing a pattern.
Generalization and Synthesis: Analysis of Correspondence

The analysis of relationship, or correspondence, was independent of time or
sequencing, unlike the analysis of change. Instead, the focus was on how the overall
structure related to the position of the figure in the sequence. Progress alomnte a
was made possible by employing an integrated approach which enabledrttee us

discriminate how the ways in which the model changed and how it stayed the same
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contributed to the construction of any figure. Through this act of discrimination, the
individual was able to describe the general term.

Although some of the participants, like Matt, described this relationship through a
particular term, others (e.g., Tara, Cathy, and Ashley) expressed theinghimla more
general way.

Billings, Tiedt, and Slater (2007) described a similar progression towards
generalizing pictorial growth pattern in their study of elementary stsidemalyses of
patterns. They explained how these students began with a description of the dequentia
change between figures which they used to describe the construction of thgurexh
the pattern. This stage, which they equated with the analysis of covariatromated
with the description of the differences and similarities between eacle figuiding
upon this knowledge, the students were able to progress to the analysis of the
correspondence between position and construction of the figures in the pattern. This
analysis made it possible to take that connection and express it in more ggnesal t
Four Acts of Understanding Linear Patterns

The progression along this avenue towards generalizing a pattern wasl foark
three key levels of understanding the nature of the relationship representegatyehe
The first level of understanding involved the identification of the pattern of civalmiga
often led to the second level of discriminating between how the model changed and how
the model stayed the same. This level of discrimination pointed towards the stafctur
the relationship, culminating with the generalization of the pattern. These tef
understanding a pattern were described by Sierpinska (1992) as represehthgve

nature of understanding in mathematics.

153



According to Sierpinska (1992), there are four acts of understanding in
mathematics. The first act of understanding, identification, occurs when arduaivi
recognizes that an object is of special interest. In the case of explagag piatterns, the
individuals in this study first attended to the constant rate of change. The setond a
discrimination, occurs when the individual distinguishes both the differences and
commonalities between two objects in mathematics. The two objects, in thd tasaro
patterns, represented the elements of stasis and change. Sierpinska nttedtirdtact
of understanding, generalization, was made possible as the individual expands these
notions to other settings. This act of understanding a linear pattern was marked by the
shift from recognizing the elements of stasis and change in specificttethes
perception of how these elements were represented in the general. Ksemuhsled a
fourth level of understanding in mathematics; the level of synthesis. At thistleve
individual formulates a cohesive concept by noticing the properties shared bthall of
objects under study. Someone who recognized the properties shared by all ohdagse li
patterns and applied them in their analysis of patterns, would have developedaecohesi
concept of linear patterns and function.

In the pictorial models used in these patterning activities, the constant part of
linear equation was visible and could be separated from the variable part. Byimgnt
the constant and the rate of change, the individual at the synthesis level could quickl
generalize the pattern using the properties of a linear function. Catmggsed from the
level of generalization to that of synthesis after her experiencesdetttifying Pattern
2. She explained how she arrived at that point in her written response to the first

reflection prompt:
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“Once | realized that the 6 blocks on each end were constant in every figure, this
became much easier to solve. | then realized that for every red block that was
added, 2 yellow blocks were add@d, and the 6 constant yellow blocks on the

end, making the formula, 2n + 6.

After that point, she stopped trying to get her partners to just see thenghgi between
position and construction and instead asked them to identify the constant and the rate of
change. She then used the constardnd the rate of change®, to help them write the
general rule for a linear pattern as the rate of change timesnnauerber plus the

constant.

Under Slavit's (1997) property-oriented view of functions, students assimilate
properties of functions through their experiences with different classes tibhsicThe
recognition of these properties creates a library of functions which lmotetsi to the
formation of a more complete understanding of the concept of function. The experiences
this group of pre-service elementary teachers had with linear pattdiaiedcthe
assimilation of the properties of linear functions, one of the basic building blodies in t
library of functions. In many ways, the assimilation of these propemnesged through
the interplay between explanation and understanding as represented by the hermeneut
circle. Jill explained this phenomenon in her response to the second reflection prompt
(Figure 22), stating how her experiences not only strengthened her abilitgl frafterns,
“...but also to EXPLAIN how...(she)...found them.” She went on to offer the example
of how she discovered “what basic components the sequence should follow.” Like others

in the group, Jill had begun to notice the properties of a linear sequence.
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Summary

Understanding a linear pattern begins with the identification of the pattern of
change. The shift from the analysis of change to the study of struaurettee ability to
coordinate both the variable and invariant features of the model. This act of
discrimination often led to the ability to generalize the pattern of stasishande. One
of the secondary participants described this progression from identification t
generalization in her definition of a function: “To find the equation in the pattern,
examine the first few figures or numbers in the set and evaluate similantes
differences to arrive at an equation for continuing the pattern.” Through thkiplen
experiences with linear patterns, some the pre-service elementdrgrieangaged in
these activities were also able to recognize the properties of tseotlaswear patterns.
The assimilation of these properties could be assembled so as to create theafonce
linear function.

Summary of Findings

The purpose of this study was to examine pre-service elementary teachers’
understating of pattern and function so as to better understand how to prepare then for
supporting the development of algebraic thinking in their own students. To address this
purpose, the texts produced by six pre-service elementary teachers whietbey
engaged in pattern finding were collected and analyzed. The design of thigvagidy
based on the assumption that understanding in mathematics is a hermeneutical proces
that evolves through the recursive relationship between explanation and comprehension.
This assumption implied that access to pre-service elementary teacttknstanding of

pattern and function could be obtained, at least in part, by analyzing the explanations
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each offered while engaged in pattern-finding activities. These textsawalged under
the same assumptions of hermeneutics, so that the researcher’s understandiag evolv
over time through the interplay between explaining what was understood and intgrpreti
what was explained.

The first research question asked how pre-service elementary teachers
conceptualize and communicate the idea of function while engaged in patteng-f
activities. Four overlapping ideas of function emerged through the analysis of their
conversations and written texts associated with the task of pattern findntigerF
examination of these four ideas revealed that the intersection of all foeseaped the
kernel of algebraic thinking, the idea of generalization. All five of theses iffracess,
pattern, relation, rule, generalization) formed a model of algebraic thinking.

The second research question addressed how pre-service elementarg teacher
demonstrated their understanding of function while engaged in the process of
generalizing patterns. The approaches taken by the six primarygeantgein this study
were identified and categorized as either catalysts or roadblocks. An approaategys
served as a catalyst when coupled with the ideas of function as patternatoavpri
relation (correspondence), and rule. This combination of a strategy with two or more
other ideas of function was labeled an integrated approach to pattern finding. Roadblocks
occurred when one of these ideas was missing form the explanations offered by an
individual, particular the ideas of function as a pattern or a relation. The engribgia
roadblock was labeled an incomplete approach to pattern finding due to the missing
elements of pattern and relation. In summary, successful generalizgieareghto be

predicated upon the adoption of an integrated approach versus an incomplete approach.
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The primary intent of this investigation was to explain the nature of pre-service
elementary teachers’ understanding of pattern and function. This intent was
accomplished, in part, through the analysis of how pre-service elementagrseach
communicate and demonstrate their understanding of function while engaged in the
process of pattern finding. The understanding of linear patterns followed a radge m
possible by the understanding of function as a pattern (covariation) and a relation
(correspondence). The first act of understanding a pattern involved the ia¢ofifiof
the pattern of change. This was often followed by the discrimination betweén wha
changes and what remains the same within the structure of each figyratiera.
Through the coordination of these two features of a pattern, the individual is able to
visualize the construction of the general term. The repeated act of gangrpditterns
makes it possible for the individual to begin to notice the properties that connewtall |
patterns. In this final act of synthesis, the individual formulates a cohasiMstanding
of liner patterns.

The interpretations offered in this discussion paint a picture of how preeservi
elementary teachers communicate their understanding of pattern and furigteon w
analyzing linear patterns. This picture includes a model of how the ideas tdmsnc
communicated by this group of pre-service elementary teachers incorporated the
important features of algebraic thinking. A description of how pre-servicesatany
teachers demonstrated their understanding of functions while analyzinppattes also
offered, including a critique of the approaches taken to complete the task. Thertinal pa

of this picture described four acts of understanding linear patterns, as egpeéixy this
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group of pre-service elementary teachers. The next section of this chapigeisotie
implications of the findings discussed here.
Implications

The purpose of this research endeavor was to develop an understanding of how to
better prepare pre-service elementary teachers for the task of supgwetorevelopment
of algebraic thinking in their own students. Stump and Bishop (2002) had warned that the
success of this task was dependent upon pre-service teachers’ understanding of
“...algebra as a way of thinking, a way of working with patterns that occur everymay
1912). The idea that experiences with patterns would lead to an understanding of algebra
as a way of thinking was one of the assumptions made while designing this study. The
study first sought to understand how pre-service elementary teachers contenamita
demonstrate their understanding of function while engaged in pattern-findinigjexcti
The findings were then used to describe the nature of pre-service elenteattsrs’
understanding of pattern and function.

Much of what was learned from this investigation confirmed what other
researchers have noted about the processes elementary students empleratiage
patterns. The common pitfalls to generalization that were identified dislog&s in this
investigation were also identified as problem areas for the students thesevpre-s
elementary teachers will have in their future classrooms. The fact thak prat-service
elementary teachers are equipped with the profound understanding of function that is
necessary to support algebraic thinking has also been documented by other research.

However, the results of this study did lead to a potential model of the components

of algebraic thinking that are involved in the study of patterns. This model can be used as
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a curriculum guide for designing productive experiences with patterns and furmetion f

the pre-service elementary teacher. The model could also be used as aepagsint

the relationships between the ideas of function that are involved in pattern-finding
activities. For example, this illustration of algebraic thinking might be uséaoain a
mathematics methods class to openly discuss the ways algebraic thinking can be
supported in the elementary classroom. Smith (2003) noted that elementary t&&ches o
fail to connect the study of pattern with the idea of function and other big ideas of
algebra. This model provides a way to make bring these connections forward and discuss
how to support their formation in the elementary classroom.

The four acts of understanding linear patterns may also be used to guide curricular
decisions. Progression through these four acts was assisted by the use off griotutiia
patterns and made possible by the coordination of both the changing and the invariant
features of the models used to represent a linear pattern. Therefore, the gtaitisros
undertaken as part of the pre-service elementary teachers’ mattseocoatient courses
should include opportunities to work with physical representations of numeric sequences.
Too often, the study of patterns includes identifying classes of sequences and using
memorized formulas to describe the general term. Not only is the application of
substituting values into a pre-specified formula beyond the scope of elementary
mathematics, the procedures used do little to develop conceptual understanding of
patterns and function.

The progression through these acts of understanding also forms a guide for the
types of questions one might pose while students are engaged in pattern-finding

activities. For example, Billings, Tiedt and Slater (2007) suggested agpkasgjons
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about the construction of the next figure in the model and how it will differ or be the

same as the previous figure. They also suggested that teachers ask studddta to bui
non-sequential term without applying recursive strategies. Asking these af

guestions can help the student find a way to describe the construction of any figure in the
pattern. However, to assist the pre-service elementary teacher inktoé bagding a

library of functions, it would also be important to ask them to notice the properties that

all patterns of a particular class had in common. By synthesizing the pespsrtiarious
classes of functions, they will be prepared to help their students make the same
connections for themselves.

Finally, the experiences these pre-service elementary teachersitad w
analyzing the second pattern in the ‘together’ session indicate a need to \awelioé
difficulty in patterning tasks. This particular problem posed a challengbkifogrioup of
pre-service elementary teachers because the patterns of stasis gedvedran‘kind of
hard to see.” As a result, the participants arrived at multiple ways oflalagdte
general term. The use of pictorial growth problems that encourage multiple
interpretations can become a source for discussion of topics such as equivalency of
expressions and the relationship between the constant and the rate of change in a linear
expression.

Recommendations for Further Study

The results of this investigation open the door to more questions about how the
study of patterns can be used to support the development of algebraic thinking,
particularly in regards to understanding the idea of function. This present study only

considered the ways pre-service elementary teachers communicateramsitate their
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understanding of function while examining linear patterns. Other classasotibh were

not included in this investigation due to possible interactions between the type arfuncti
and level of understanding. This study also adopted a quantitative perspective and did not
consider how different representations of the same class of function might infthence
process of generalizing patterns.

Further research on how pre-service elementary teachers assiondperties of
functions is recommended. For example, the question of whether or not the four acts of
understanding identified here would apply to the study of other classes of function, suc
as exponential and quadratic, should be investigated. If the process of understanding
other classes of functions does follow a similar route, then the interplayeoetyye of
function and level of understanding could also be examined.

The pictorial growth patterns employed in this study made it possible for the
individual to identify both a constant and a variable part of a model. The question of
whether or not the same four acts of understanding would be distinguishable given a
different representation of the same sequence is one that should be pursuednpla, exa
are there differences in the approaches taken to generalize a patterthevtata is only
presented in a table or when the situation is represented in the form of a word problem
instead?

The question of whether or not the traditional approach to studying sequences
taken in most algebra textbooks equips pre-service elementary teachdirsewdols to
support algebraic thinking in their own classrooms was raised in the discussioreof thes

research findings. The answer to that question could be pursued through a comparative
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study between groups using a traditional approach to studying sequences and groups
using a multi-representational approach that includes geometric figures.

These suggestions for future research are made with the goal of finderg bett
ways to prepare pre-service elementary teachers for the task of supgmting t
development of algebraic thinking in the elementary grades. The layer-caka@ppr
studying algebra has been blamed for blocking the way to future careers inhthe hig
paying fields of science and technology for too many students (Chazan, 2008; Kaput,
2000; Katz, 2007; Kilpatrick & Iszak, 2008). The solution to this dilemma lies in the
development of algebra as a way of thinking beginning in the early gradema(Cha
2008; Kilpatrick & Iszak, 2008). The success of this solution lies in the ability of
elementary teachers to abandon the traditional view of algebra and adopt the view of
algebra as a way of thinking. This view requires a profound understanding of the
connections between patterns, functions, and algebra (Smith, 2003). Therefore, the
guestions raised here should be pursued by those who are instructed with the task of
preparing the pre-service elementary teacher of mathematics.

Conclusion

The task of preparing pre-service teachers to become effective geather
mathematics is a daunting one. Identifying what mathematics content knovdedge
necessary to teach elementary mathematics, along with the depth of peslagwodgent
knowledge required, are hot topics among teacher researcher charged with this
responsibility. This present study explored these two issues in regardsdeatef
pattern and function through the lens of hermeneutic phenomenology. The use of this

perspective entailed the mining of data while a group of pre-service elesntgdchers
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where actively engaged in the process of generalizing patterns. Thasaobtiie texts
they produced while engaged in these activities yielded a rich portrait of kesemice
elementary teachers communicate and demonstrate their understandirigrofgrat
function.

This portrait of pre-service elementary teachers’ understanding evolvetinoge
as individual records were analyzed and interpreted by the researcher. @ach ne
interpretation was examined in light of what was understood about how others in the
group had described their experiences with patterning. This integration o&parts
whole was presented in chapter VI in the form of common themes associated with the
idea of function and common approaches to generalizing patterns. However, the final
analysis did not take place until the researcher re-considered what others hadwgaid a
how individuals conceptualize the ideas of pattern and function. This integration of the
parts understood from the present study with the whole of what is understood by others
made it possible to complete the picture of pre-service elementary teachers
understanding of pattern and function.

A model of how the ideas of function generated by this group of pre-service
teachers overlap to form the basis of algebraic thinking composed part of thas portr
understanding. The re-examination of the literature made it possible to rectgzore
of algebraic thinking, the idea of generalization, as represented by the overidgping
of function communicated by these pre-service elementary teachers. I$jrithiauacts of
understanding patterns and function were made explicit by reviewing how ottlers ha
described the nature of understanding in mathematics. This final step in the

hermeneutical analysis of the texts produced by these six participantst ipaskble to
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escape the trap of the hermeneutic circle and bring this particular pieseafcteto a

conclusion.
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APPENDIX A
Title of Project: Preservice Elementary Teachers’ understandingf Pattern and
Function

Principal Investigator(s): Valerie Sharon, Northeastern State University
Academic Advisor: Dr. Patricia Jordan, Oklahoma State University

Think #1: Pattern Recognition

1. Examine the pattern of small squares below.

1% Figure 2" figure 3" Figure 4™ Figure

a) Draw the 4™ figure in the pattern in the space provided.

b) Describe how the model changes (grows)?

c) If you were to draw the 15" figure in this pattern, how many squares would you need
to draw? Explain how you know.

d) Write a rule for determining the nth term of the sequence.

e) What is the connection between how each figure in the model is constructed and the
rule that you wrote (1c¢)?
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Think #2: Pattern Recognition
2. Complete the table.

Value

4

6

8

10

S GuD|wiN=S

a) Explain how you determined the 5" value in the table
(when n=5).

b) Explain how you determined the 15" value in the table
(when n = 15).

¢) Explain how you determined the rule for finding the ntAterm in the table.

Think #3: What is a function?

3. Each of these three problems represented functional relationships. How would you
explain what a function is to someone who may not have had experiences with these
types of problems
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APPENDIX B

Identifying Patterns 1

Term Numerical
Number 5 e Value

# of Model Written Description Process Column (affices

cubes) to paint)

A 1 cube-high

1 @ tower has 5 faces to 5
paint.

2
A 2 cube-high
tower has 9 faces to 9
paint.

A 3-cube high

3 : tower has ? faces to ?
} paint.
4
36
100
n

Adapted from material received at Algebra for All workshop, Fall 1999.
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Identifying Patterns 2

Term Numerical
Number Value
(# of Model Written Description | Process Column (# of
red yellow
blocks) blocks)
= 8 yellow blocks are
1 needed to surround 8
\ 1 red block
2,
= 10 yellow blocks
\ are needed to 10
\ surround 2 red
blocks
e 12 yellow blocks
3 are needed to 12
surround 3 red
blocks
4
85
100
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Identifying Patterns 3

Term Numerical
Value
Number ; s
Model Written Description |  Process Column (# of
(# of :
chairs) block.s in
chair)
Chair with 1 block
1 high legs and 1 6
gl block high back.
) =
P —
Chair with 2 block
high legs and 2
block high back.
N
=
: . :
4
36
100
n
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Identifying Patterns 4

Numerical
Term
Number : 5 Yawe
(# of Model Written Description |  Process Column (# of
by blocks in
bridges)
fonali el
2
oot e (| oo PR
e e e
3 i | i R
: B e
g S e [
4
58
100
n
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APPENDIX C

Title of Project: Preservice Elementary Teachers’ understandingf Pattern and
Function

Principal Investigator(s): Valerie Sharon, Northeastern State University
Contact Information: 918.449.6501 or sharon@nsuok.edu

Academic Advisor: Dr. Patricia Jordan, Oklahoma State University
Contact Information: 405.744.8142

Reflect #1:

Please write a reflection on the activities that you and the membesarofnpup

completed today. Before writing your reflection, please read each of th@tsrom

provided and then write a response to each prompt. You will receive a completion grade
of 10 points for your reflection per the syllabus. If you agreed to participate stulthg

then I, Valerie Sharon, will make a copy of your reflection before returhiogyou.

Your name will be covered before any photocopies are made. An identifying number will
be recorded on the copy and the original will be returned to you.

Prompt 1: Choose one of the problems you worked on today in class. Explain how you
were able to determine a rule for finding titke term in the sequence. Include a

discussion of any difficulties you and/or the members of your group experiended whi

working on this problem.
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Prompt 2: In reference to the remaining prompts: NCTM (2000) states theifglow

standard for Algebra in tHerinciples and Standards for School Mathematics:
Instructional programs from pre-kindergarten through grade 12 should enable all
students to — Understand patterns, relations, and functions; represent anel analyz
mathematical situations and structures using algebraic symbols; usnm#tal
models to represent and understand quantitative relationships; and analyze change
in various contexts (p. 158).

In what ways did the activity strengthen your understanding of the concdptieithen

this standard?

182



APPENDIX D

Project Title: Preservice Teachers’ Understanding of Pattern and Function
Primary Investigator: Valerie Sharon
Faculty sponsor: Dr. Patricia Jordan
Protocol: Interview
1. What prior experiences have you had working with patterns like the ones that you
completed in these patterning activities?
2. Which types of patterns did you think was the easiest one to work?
3. What features about these patterns made them easier than the others?
Let's look at the problems that you completed on the survey.
4. Explain how you were able to determine the next figure in this pattern.
5. Explain how you were able to determine the fifteenth entry in this model.
6. If able to determine explicit rule, ask:

a) What features about this model made it possible for you to determine a
rule or formula? And/or: Explain how you were able to write a rule for finding
the nth entry in this model.

If not, ask:

b) What features about this model made it difficult for you to determine a

formula for the nth entry?

7. The activity focused on patterns that formed arithmetic sequences
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e Explain how you and/or the members of your group were able to work each
of these problems.
e What strategies did you use to determine the pattern rule?
¢ What connections do you see between the rule you wrote and how each figure
is constructed?
8. Explain the methods you used in looking for patterns and writing algebraic
expressions to generalize your findings.
9. Describe how you felt when you are asked to work on problems like these?
10.How would you define a functional relationship in everyday terms?
11.How would you define a functional relationship in mathematical terms?
12.How are these two ways of thinking about functions related?
13.How can a teacher build on students understanding of function in everyday terms
to develop a concept of function?
Algebraic thinking includes the ability to identify and extend patterns, hasvithe
ability to recognize and generalize the quantitative relationships betwiempa
14.What experiences during this unit on patterns did you find most helpful for
developing algebraic thinking? Explain.
15.How did the experiences you had with patterns contribute to your understanding
of functions?
Let's look at the other problems that you worked on:
16.If able to determine extend the pattern,:ask

a) How were you able to find the next term?
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If not, ask:

b) What features about this model made it difficult for you to find the next

term?
17.1f able to determine the fifteenth term, ask

How were you able to find the fifteenth term?
18.What features about this model made it difficult for you to find the next term?
19.1f able to determine explicit rule, ask:

a) What features about this model made it possible for you to determine a
rule or formula? And/or: Explain how you were able to write a rule for finding
the nth entry in this model.

If not, ask:
b) What features about this model made it difficult for you to determine a

formula?
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APPENDIX E

Descriptions of the Pattern-finding Experiences of Tara, Cathy, andyAshle

Detailed descriptions of the pattern-finding experiences of Tara, Caithy, a
Ashley are presented in this section. This group of participants wrote symbesidor
the linear patterns they examined during this investigation. Summaries of their
experiences were presented in Chapter IV.

The first think problem required the analysis of an arithmetic sequence
represented by a collection of small squares arranged to form a ‘plusigign’.
participants were asked to draw the next figure and then describe how the haodgc
Following this description, the participants were requested to predict how nzemes it
would take to draw the i"a‘igure. The patrticipants were also asked to write a rule for
determining theath term in the sequence and then to explain the connection between their
rule and how each figure in the model was constructed.

Tara’s Responses to Think Pattern 1

1. Examine the pattern of small squares below.

[ 1% Figure 1 2" figure 39 Figure 4% Figure ‘
| I | | [
| @j | - [
| | O I .

| - [T TT173 4
’ | = | e

| H

a) Draw the 4" figure in the pattern in the space provided.
b) Describe how the model changes (grows)?

. - i
Thare is ane sguare addedl 7o all four

o < pas
AXLS ERF

¢) If you were to draw the 15% figure in this pattern, how many squares would you need to
draw? Explain how you know. %

o L s“:j he SQen es QoA RaF (1 TAg //‘l@;?(_/é//
Y e Wouidg o< ¥e y he
/ﬂw 4 { SZuis > Hil Y s ihes

breause thave

ST TR )
with linThemiddle

Figure 4. Tara’s written response to first ‘think’ pattern
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Tara extended the pattern to determine the number of squares it would take to
draw the 15 figure and wrote a symbolic rule for determining titieterm. Her written
response to the first three questions is displayed in Figure 4. Tara’s dessrgithow
the model grows focused on the sequential changes in the model in terms of itsestructur
Tara described how she uncovered this pattern during our follow-up interview:

“Okay...um...l looked at the first figure and | could see there’s four on the

outside of the middle and if you add one all the way around the outside then it

goes to two on the outside and so if you add one all the way around each side as
you go across that becomes your patternling(45_17)
Tara’s description illustrates how she analyzed sequential change shakehow the
figure varies from one to the next. In addition, Tara also tuned in on the one constant
feature of the model or what she referred to as “the middle.”

Tara’s written response to the third question does not indicate the route she took
to determine how many squares it would take to draw tﬁéigﬁre in the model.

Although she indicated there would be 15 squares coming off each side of the center
square, it is unclear whether she made that connection based on the position of the figure
or if she simply noted that there would be 11 additional squares added to each end of the
figure from the 4 to the 18\ The interview provided an opportunity to clarify how she
arrived at the answer.

Okay...now that one there we didn’t know your...uh formula at the time...to plug

in...so we were thinking that um...there was automatically going to be...like in

the first figure there was one in the middle...with one on each side...the second

figure there was one in the middle with two on each side...and then one in the
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middle with three on each side. So we were thinking on tfidig6re there

would be one in the middle with 15 on each sitiee$ 49, 51, 53, 55-58 1)7I
Her statements indicate that Tara developed a correspondence betweertitreqidbe
figure and the shape while coordinating the change in structure from one figure to the
next. She commented on the presence of the constant one in the middle and stated the
connection between the position of the figure in the sequence and the number of squares
on each end of the center square.

Her written rule (Figure 5) makes the connection between the vaniaipie the
position of the figure in the sequence explicit. In addition, Tara also stated thetamnec
between the structure of the figures and her choices for both the constant and the
coefficient in her explanation of the rule she wrote. Thus far, Tara described the
construction of the figures, noting which parts of the model changed from one figure to
the next and which parts stayed the same. She was then able to connect the pattern of
change to the position of each figure in the model and made appropriate use of the
variablen to write a symbolic rule. However, her description of how she arrived at that
rule offers insight into two additional factors that made generalizationb@ssi
Write a rule for determining the nth term of the sequence.

] +(n w{) oF Sgetddes WALre n |S7he. humber ﬁ‘!H\,ﬁ%(ﬁ{Kﬁ
"“—~—ﬂ mary sioles axoird the cente Crsguare,

a‘: ¢ center ozfl/
Figure 5. Tara’s symbolic rule for think pattern 1
During the interview, Tara responded to the question of how building the 15
figure helped her go on to write a rule for tith term.
Well we came to that and then we kind a back tracked...and then we thought okay

now how did I get that...and we did one...which is like the center square...and
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then we did plus and then parenthesighich would be your...figure...yourth

figure...and then times four cause you’re going to be adding four around...one on

each side.lines 66-70_17I
Tara explained how thinking about how she determined tHeetm helped her to write
a rule for thenthterm in the sequence. Tara had also referred to the act of thinking when
she described how she determined the number of squares it would take to build the 15
figure (“...so we were thinking on the “1Sigure there would be one in the middle with
15 on each side”). Tara went on to clarify the rule the rule she had written during our
interview, stating:

And then...then we tested it to see if it would work...So the one was always there

because the center one and then however many times four. Does that make sense?

We just kind a back tracked to figure out how we could get it...to work...each

time...” (lines 72, 74, 80, 82_1yI
Along with metacognition, the idea of ‘testing it to see if it would work each totag'ed
a role in the process Tara used to generalize this pattern.

An interesting side note emerged from the descriptions Tara offered during the
interview. At this point in the interview, only her written work over the first think
guestions was being reviewed. This written work was recorded prior to any group
interactions and thus represented her efforts alone at generalizing this.gdttwever,
in the interview, Tara switched agency from the singular voice to the codléat’. She
continued to use the collective voice as she explained how she succeeded in wwrlgng a
for thenthterm of the sequence. The interview took place approximately three weeks

after she had completed the first ‘think’ problems; therefore, it is understartiabtime
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may have blurred the distinctions between which problems she completed on her own
and which problems were completed with her partners.
Cathy and Ashley’s Responses to Think Pattern 1

Like Tara, Cathy and Ashley made use of the variable write a symbolic rule
by directly linking the variable to the position of each term in the pattern. Theseawe
few differences and/or distinctions in how they went about the process of fohisng t
correspondence that are worth noting.

Cathy’s responses to the questions associated with the first ‘think’rpateer
displayed in Figure 6. In her explanation of how many squares it would take tchéraw t
15" figure in the model, Cathy recorded the arithmetic required to determine tiemnum
of squares it would take to build the first, third, and fifteenth figures in the sequéwce. T
rule she wrote is symbolic and is directly linked to the arithmetic shown. Gathy’
explanation of the connection between the rule she wrote and how the model was
constructed breaks the rule down into two parts: a variable part based on how the figure
changed (incremental change) and a constant part based on how the figaréhstaye
same. She summarized the connection between the two parts of her formula during the
follow-up interview, stating “Well...the plus one is the initial center square.. ghat i
repeated every time and then the four that you’re multiplying by is the numbér tha
increases with for each termiinfes 24, 26_181 This explicit connection to the rate of
change (slope) and constant of the linear pattern was also evident in the texpdasiee
offered to her partners, as Cathy stated, “...and then the connection was you add four

squares for every figure and then one square for the celmer27_18TG.
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b) Describe how the model changes (grows)?
otk crm L&c\‘.nb |

Pedice r'.\-;::a‘\e*'z, AR of

c) If you were to draw the 15" figure in this pattern, how many squares would you need to
draw? Explain how you know.

(o'l Squares

Frguel = [xed 41 Figure 152 (Sxd t]

fiquce 3 ° st d )
¢) Write a rule for determining the nth term of the sequence.
neX LI % l

d) What is the connection between how each figure in the model is constructed and the rule
that you wrote (1c)?

: Py th | Squere
Witn every Giguee 1T gains 4 squares  with pel’s e

4w cenler

Figure 6. Cathy’s written responses to think pattern 1

Ashley’s responses to the questions associated with the first ‘think’ patéern
displayed in Figure 7. Her explanation of how to draw tHefidiire is more specific in
terms of spatial directions than those offered by Tara or Cathy. Ashleyadit@agram of
the fifteenth figure to explain her response to how many squares it would takklto bui
that figure. She also used the general structure of the figure to explain how she
determined the rule. Ashley expounded upon her explanation in the follow-up interview.

Let's see...well the plus one is because you always have the one in the

middle...um and then the four...each time you have the four sides and each

time... you add four more...so two times four...three times four...yedihes(

23, 25_25).
The responses of Cathy and Ashley illustrate how the process of determspiagfic
term can lead to the development of a rule for findinghthéerm. Cathy actually

recorded the arithmetic used to determine the number of squares needed to construct the
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15" figure and then replaced the variable part of ttEr@ssion used with the symtn.
Ashley used a labeled diagram for th¢" figure which included the number of squa
on each end of the center square. The rule shewrbodies this diagrany replacing
the quantity of squares with a variable. Their gssowvas fueled by their illustrations

the entire process needed to construct a speigticef.

1. Examine the pattern of small squares below.
1% Figure ‘ 2" figure J 3" Figure ‘
|
|
1

EETFJ ’ o

[ [ T1]

=1
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lea]
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a) Draw the 4" figure in the pattern in the space provided.

b) Describe how the model changes (grows)?

Thawre o A block added fo cach  enof

¢) If you were to draw the 15 figure in this pattern, how many squares would you need to
draw? Explain how you know. _
4 in The middly, 15 on Aop,)Scq

| e Gl Sguweams.

\QZ)HI)/"\/ 5 on ri‘*f),/‘-‘}‘(}S on fe -FT,‘
v

) Write a rule for determining the nth term of the sequence.
In+l fBr Jotal =t oF  shing

d) What is the connection between how each figure in the model is constructed and the rule

that you wrote (1¢)? . VRN
Vou srerk  colth Hhe middl ;{‘:”/‘f ot /\Gj(}‘ the aowns ( hy

\ do4t [ e b,
Yo e Jro.\o, boftom, et and 7’1/-"'{

Figure 7. Ashley’svritten responses to think patter
Descriptions of Experiences: TSecond Think Patte
The second ‘think’ problerdisplayedan arithmetic sequence in-table.
Participants were asked to determine the valubehext term (), as well as the valt
of the 18" andnth terms of the sequen. A description of Tara, Cathy, and Ashle

responses in regartts this patterning activity presented in this sectio
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Tara’s Responses to Think Pattern 2

Tara’s written responses to the questions associated with the table agedispl
Figure 8. Her written work shows the application of the general term to find' thiecs
15" terms of the sequence.

a) Explain how you determined the 5% value in the table
(when n= 5)

INx 2)+a= Noduw
(ox;z) +2=10+2 =12

b) Explain how you determined the 15" value in the table
(when 1 = 15). l’\)(él) + 2= value

(I5%Q) 2= 30+2 =32

¢) Explain how you determined the rule-for finding the nzh term in the table. e
1, ot +\Qm!h aloout-T %(LQWLpO\r od Hha rumbers
nthe. (,}M + ,"gm\jr.ﬂmlf’,
Figure 8. Tara’s written responses to think pattern 2
From Tara’s written responses, it is clear that she establishidianship
between the position of the term in the table and its value. However, the reasons why she
sought to establish this relationship had to be reconstructed from her conversations during
the ‘pair’ session and the follow-up interview. For example, when describing henthinki
to her partners, she said:
Okay | got mine...by... | first tried out doing 4 + 2 is 6 and then 6 + 2 is 8 but
then to get the relationship between hhend the value | realized you have torgo
times 2 plus 2 to get the value. So one times 2 is 2 plus 2 is four or five times 2 is
10 plus 2 is 12... on times 2 plus 2 is your valukife 4_17TG.

Her response indicates that initially Tara noted the changes that wardraggas she

moved down the table along one data set. However, as she moved down the table, she
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realized that she had to “get a relationship between #mel the value.” To come up
with a rule, Tara wrote that she ‘just thought about it and compared the numbers in the
chart to each other.” The interview offered an opportunity to ask her to explairhehy s
started to look across the table instead of just down the table.
123. R:yeah...Can you kind of see ...can you remember what maybe made
you realize that it'’s ...how to ...how to make that go across the table?
124. T:Um....Okay...
125. R: how you go from here to here...why you said that you have to double it
and add two.
126. T:right...um because we knew that to write a rule...or...I was assuming
to write a rule it had to have something to do withrttrefigure
127. R: Okay...
128. T:so | was trying to make it make sense to do it witmthdigure so and
how they would all work out each time...so | was thinking okay 4 times 2
plus 2 works and then 3 times 2 plus 2 works and | think | just reasoned it out
that way because | knew that to make the rule it had to pertainiththe
figure...
129. R:right...it had to pertain back to tih figure
130. T:. Solhadto be able to...... and this way | couldn’t make a rule...
131. R:No
132. T:Tosay6 plus 2 and 8 plus 2...1 was saying that but | couldn’t get the

rule so I had to see that it related this way
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133. R:Uh huh...yes...so | assume you noticed that this is like two more than
double?

134. T:yeah

As in the ‘think’ pattern 1, the knowledge that a rule had to “work out each time”
played a role in the process of generalizing the pattern in ‘think’ pattern 2. Tara
abandoned the task of looking down the table because, as she stated, that way she
“couldn’t make a rule.” Instead, she began to look for the relationship across thestable a
she “knew that to make a rule it had to pertain tanthdigure.” As in the first ‘think’
problem, Tara linked the position of the term with its value by using specificeorder
pairs, i.e. the second and third terms, to determine a correspondence. She then made
appropriate use of the variabte to write a symbolic rule for the general term.
Cathy and Ashley’s Responses to ‘Think’ Pattern 2

Cathy and Ashley also used algebraic symbolism to write a rule fottitierm
in the second ‘think’ pattern. Cathy did not share the process she used to arrive at a rule
for describing the second think pattern with her partners, Jesus and Daniela. However
she did try to help Daniela complete the table based on the pattern of differenaenbetw
terms in the table that Daniela had recorded.

37. C: Okay well if you look at (laughs)...okay you...you’re going in the right

direction but what is seventeen in relationship to the fifteen?

38. D: Two.

39. C: Yeah...so you're adding two...so you're taking the original number and

you’re adding itself.

40. D: Uh huh.
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41. C: And then you'’re adding two...so if you put that as an equation and simplify

it then you get two times the original number...plus two.

During the interview, Cathy tried to explain how she came up with the rule $or thi
pattern during the ‘think’ session.

28. C: yeah (laughs) um well the...the term number is multiplied by 2 and then

you just add two

29.R: okay...do you think you just kind of played around with that a little bit or

just saw that it was two more than double

30.C: I kind of just saw it

31.R: okay...so good number sense.

Perhaps Cathy was able to arrive at her rulenaf 2 by trial and error or perhaps by
‘good number sense’.

Ashley looked for a way to connect the values on the left to those on the right as
well. Her written responses to the second think pattern are displayed in Figure 9. She
clarified her response to the first question of how she determinedf &g in the table
during her paired conversation with Matt.

Okay. Um...I wrote that when the first number is added to two you get the second

number...mmm...I wrote that weird. | should have said the difference ...the

difference... so one plus two equals three which is the difference between four

and one. See that’'s how | did it because 5 + 2 is...equals to 7 so 5 + 7 equals 12

(line 33_25TG.
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Instead of looking for a direct way to connect the values in each data sedr&and
Cathy, Ashley inserted a column of differences in the center of the tablenkieat éach

corresponding pair together.

GBI N =
A

‘1’ 22

fury
wv

3
3
4
=~
Lrg
1=

N+
a) Explain how you determined the 5% value in the table

(when nn=5). -L i g{éond:#
\JQ\/\M'_h\L ‘P\fﬁ = s added '\V 7 ZUM 1L

<K (l i£] = 3 Pl 1{:”1 oud&uz 7 57;7" 12

b) Explain how you determined the 15" value in the table
(when n = 15).

Vot 2= T 15+ 11=727

()] Explam how you determined the rule for finding the n¢/ term in the table.

Goace | with n, Second H (S Nt Thortfrre,
Tle answer s N+ (yw?.),
Figure 9. Ashley’s written responses to think pattern 2
In her description of how she determined the rule, Ashley used a specific term, in
this case, the first, to explain her rule. Further insight into how she arrivedgartael
term may be obtained from a segment of the follow-up interview when shebaesicaw
she filled in the table.
40.R: when you just had to get the fifth one did you do it the same way that you
were doing it...
41.A: | think | just added two
42.R: just added two...which would be the obvious thing to do
43.A: yeah

44.R: okay...so was it trying to find the ©®ne...
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45.A: yeah

46.R: that made you jump to this other idea...of looking

47.A: yes

48.R: across the table...

49.A: yes (laughs)

50.R: okay...all right...sounds good

51.A: | didn't want to be doing this to get the™ 5 there has to be a shorter way

52.R: okay...and you kind of showed me that there...yeah instead of you doing
the brute force method which you could have done.

53.A: yeah

54.R: just add two and add two and add two...okay...and | guess you could kind
of tell me where this formula comes form

55.A: oh then + n + 2?

56.R: Yes...

57.A: yeah...causaeisthe 12 34...

58.R: mmhmm

59.A: then there was see....I just subtracted one from 4 and two from six and
three from 8 and | found that these were also going up by two.

60.R: Oh! Okay!

61.A: Okay so | tookn + 2 which was three and then | adated n plusn plus
2...s0 when | add these two numbers...that gets me this number...

Ashley sought a correspondence across the table because she knew tleebe laas

shorter way. Knowing to look for a shortcut provided the impetus to look across the table
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for a relationship between the two data sets. The pattern that Ashley findsteya @it
differences and is based on the recognition that the pattern is consisteintdbres in
the table (“it works all the time”). Once she established the pattern, sti¢hesvariable
n in place of the specific value on the left to generalize the arithmetic.
The ‘Together’ Session: Tara

Tara and her partners, Anna and Christy, completed three of the founipatter
problems during the time available (approximately 30 minutes). IdentiBatigrns 1
asked the participants to determine the number of faces they would have to paint on a
tower made of a varying quantity of cubes. The first tower consisted of one cube;
therefore one would need to paint five faces of the cube. The second tower consisted of
two cubes meaning there would be nine faces to paint. Tara described a rule for the
general term shortly after the group began taping this session (withirstt&0f
seconds). Tara simply stated, “Okay on identifying patterns one...if you take...each
amount of cubes and you times it times four plus one you get the value...” She asked her
partners, “Do you see that too?” Her partners did not question her response and she
offered no further explanation on how she arrived at the rule. The rule she recorded on
paper, (4 ) + 1 =v, is similar to the verbal rule she stated to her partners. The group
spent approximately six minutes completing the table before moving on to the second

pattern (Figure 10)
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Identifying Patterns 2

Term Numerical
Number Value
(# of Model Written Description Process Column (# of
red yellow
blocks) blocks)

8 yellow blocks are
needed to surround 1 8
red block

10 yellow blocks are
needed to surround 2 10
red blocks

:\H:

12 yellow blocks are
needed to surround 3 12
red blocks

Figure 10. Identifying patterns 2
In contrast to the first problem, Tara and her partners spent almost 15 minutes
tackling Identifying Pattern 2, with the first nine minutes devoted to deterghanway to
describe the general term. Tara initiated the task by explaining how the waslel
changing.
If you have two in the middle so you add those to make 10 and when you have
three in the middle...so you add 1 red block and you add two yellow blocks each
time...right?
So one red block and two yellow blocks each time you go down...so what could
be our pattern...if we have...n red blocks...how do we get a pattern...hang
on...let's back up...maybe we should do the first one first (laughs)...trying to
jump ahead herdifes 93, 94 17TH
Tara described the rate of change as ‘one red block and two yellow blocksresaghu

go down’, but indicated that this is not the pattern she is looking for.
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One of her partners, Anna, came up with an idea about three minutes into the

discussion.
107. A: Or you just add two to the outside of it. Two look...
108. T: Two columns to the outside...

1009. A: yeah...
110. T: yeah...
111. A: Cause you’d have to scoot that over... cause this one would be shaded
in and then this one wouldn’t. And then you just add two blocks to the outside.
112. T: Mmhmm...two yellow blocks. Okay so we got that but how do you get
a relationship...for like a rule...from your red block to your yellow block. What is
the rule for that?
At this point, Tara demonstrated her understanding of function as correspondence by
stating “how do you get a relationship...like a rule...from your red block to your yellow
block™? She communicated her understanding as a ‘relationship...like a rule’ that would
map one set to another set, in this case, red blocks to yellow blocks. In contrast, her
partner, Anna, continued to consider how the rate of change might help the trio analyze

the pattern.

120. T: Let me think...

121. A: You're gonna add two...you're adding 2 to each

122. T: It's R plus 1...equals yellow plus two...l don’t know...I don’t know
how to...

123. A: There’s gotta be a simpler... easier...R plus 1 plus....
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Tara asked for time to think, but her partner persisted with the idea of using the rate of
change to establish a rule. Tara incorporated that idea in the relationshipcheedes
line 122. This rule mimics her initial description of the rate of change as “dridaek
and two yellow blocks each time you go down” (line 98). Anna pushed for a simpler way
to describe the pattern.

126. T: Okay...so if we have red blocks...n times...oh...hello! Figured it

out...look right here 1..2 ..3..4..5..6..7..8..9..10..11..12..13..14... okay....hang

on....eight...
127. A: Wouldn't this one be like this one right here?
128. T: It's the number of sides all the way around the red...

Earlier in the conversation, Anna had tried to compare the second pattern to the previous
tower problem, but quickly realized that this pattern was not the same. Here sheé pointe
out the similarity between this particular pattern and the second ‘think’patdyoth

sequences grew by the addition of two.

134. A: ...it's the same thing that this one’s doing...you have to add two in
between ...

135. T: sontimes 2?

136. A: so if your number is the number of red blocks then you're adding two

to get your value.

137. C: Right.
138. T: But there’s already some around it though.
139. A: I know...but look...there... but say this is your original number...your

number of red blocks. And let’s say there’s 8 ...you have to add 2 to 8 to get 10...
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140. C: (to get ten). Yeah...

141. T: yeah...but what's your rule fgrthough? | mean...

142. A: Well y...the number of yellow blocks is yourin this thing and the
value is your number of yellow blocks around it...your red blocksasd then

your value is this so it would be the same thing aises 2 plus 2...

143. T: ntimes 2 plus 27?
144. A: yeah..ntimes 2 plus 2.
145. T: Okay...so let’s try it out...if we have 2 red blocks that would be 2

times two that’s four sa times 2 plus 2 is only 6 and it's actually 10 yellow
blocks.

146. A: Okay...never mind...(whispered)

Anna tried to apply the same rule that worked on the second think pattern since the

rate of change was the same. Tara tested to see if the rule would work when the

number of red blocks was two, but quickly discovered the rule did not apply. She
returned to her idea that the rule had something to do with the number of sides around
the red blocks in the center.

147. T: I'm sorry...I know...l was thinking along those lines but | was trying to
count the yellow blocks but it extends...but it's all the way around the sides plus
four...lthink...see if you do 1...2...3...4...5...6 7..8.. 9..10 plus four whereas if
you do this 1.. 2 ..3..4..5..6..7..8 plus four is twelve. That'’s it. It's the number of
sides all the way around the red cube plus four.

148. A: Oh...hmm
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149. T: See what | mean? If you try the two there’s 1...2...3...4...5...6 plus four
for the corners... is ten.

150. A: so how do you put that in a thing...it would belus...

151. T: nis the number of red blocks so it's the number of sides around the red
block...so um...how would you word it or like in a formula for the number of
sides around

Tara has arrived at the general term in a verbal way but struggled ésker rule

symbolically. Anna tried to assist Tara make use of the symbolic.

152. A: You'd putr...ur...y...you're saying that the number of red blocks
you'd haver...
153. C: right
154. A: Plus the number of yellow blocks...that would be
155. T: No I'm not saying the number of red blocks...I'm saying the number of

sides outside the red blocks. See there’s one red blocks it’'s got four sides...there’s
two red blocks it has six sides...oh but that’s plus two...six..seven..eight plus
2...that’s it! It's um...you were really close...look at that. It's yotimes 2 plus

2 in parentheses plus 4. Try it out. Let’s go. Or let'sidacause it's gonna go

times 2 in parentheses plus 2 in brackets plus 4. Let’s try it. Okag.weald

be 4 red blocks...right?

156. A: uh huh

157. T:times 2 is 8 plus 2 is 10 plus 4 is 14. Yeah!
158. A: Yeah
1509. C: yeah
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160. T: We got it...that’s it! (Pause) Right?
161. C: I think so. Youm is your number of...
162. T: red blocks...times 2 plus 2 plus 4 equals your number of yellow blocks.
Tara made specific reference to the first figure to describe the cdiwstratany term in
the sequence when stating her verbal rule of “...the number of sides all theowag ar
the red cube plus fourtife 117 _17TG The additional four yellow blocks, Tara
explained in the follow-up interview, were necessary because “...the cornats/ays
going to be four”ljne 244 _17). Although the rule is still dependent upon the
construction of a particular figure, it does separate the variable part obtted from the
constant part. However, Tara struggled to state the rule in a more genardhftre
process of explaining her rule to Anna and Christy, Tara offered specific esample
noting that when “there’s one red block it's got four sides...there’s two red bldtis it
six sides...” [ine 155 17T In this process of explaining, Tara realized a way to
connect the number of red cubes to the “number of sides all the way around.” She states
this quantity asr‘times 2 plus 2 in parenthesis.”
The trio took less than six minutes to complete the third patterning problem, but
did not have time to tackle Identifying Pattern 4. In the interview, Tara exglaihg
she thought the second problem was more difficult than the other two the group had
completed.
Well because that one you can see that you automatically add one to each end
(references Pattern 3)...similar to the first...but this one right here \easrore

difficult because you're adding to the center and you're still making it gheall t
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way around...so we had a harder time coming up with that rule...and that...that
whole thing was more challenging...it took us a lot more tifimee 209_17).
She also chose to write about the second patterning problem in response to the first
prompt on the reflection piece. The participants were to explain how they wer® abl
determine a rule for one of the patterning problems, including a discussion of any
difficulties they experienced while working on this problem. Tara responded to the
prompt, writing:
Out of the problems that | worked on today, | felt like the most challenging one to
get the rule for finding thath term in the sequence was the Identifying Patterns 2.
| could figure out how to get the yellow blocks fast & easier by just adding 2 all
the way down, but to actually get the rule for titleterm it took more thinking.
We determined that [(n x 2) = 2] = 4 would get it and then we shortened it (& it
still worked) for the rule to be (n x 2) + 6 equals the number of yellow blocks,
where n equals the number of red blocks. | really enjoyed these problems. They
made me think & they were fun! | think that these would be great to use in an
upper elementary classroom.
The ‘Together’ Session: Cathy
Cathy was also partnered with two pre-service teachers in the cladsrodm
‘together’ session. One of her partners, Jesus, had successfully writteria the first
‘think’ pattern, but not for the second. The other partner, Daniela, had not written a rule
for either of the two patterns. When the trio first paired up to share their respotises t
two think patterns, Daniela suggested that Cathy go first, stating “...you’sertie

one.” Cathy adopted the role of leader, replying, “Okay, so what did we think about the
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first one?” While engaged in the pattern-finding activities of the ‘togeslession, Cathy
continued in this leadership role.

As the trio began to analyze the first pattern, Cathy initially direatteation to the
rate of change.

56.C: Okay...okay we all know a cube has 6 faces...right?

57.J: Yeah

58.C: And apparently we’re not painting the bottom face....so that'’s five for one.

59.J: Oh...okay.

60.C: When you add a cube...you're adding???

61.J: Four faces
After the trio determined the number of faces to paint on a four-cube high towey, Cat
then directed their attention to the relationship across the table.

75.C: Okay...are you seeing any sort of relationship?

76.J: Yeah...we keep adding four...

77.C: Okay.

78.J: for every cube we add

79.C: ...but are you seeing the relationship between the number of faces and the

number of cubes?

Jesus correctly described the relationship between the two data sets@astaown
the table, but Cathy wanted him to consider the relationship across the table. She
communicated this by asking Jesus to look for a relationship between the numbes of face

to paint and the number of cubes. When both Jesus and Daniela indicated that they did
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not see a relationship between the two data sets, Cathy took the initiative to ekl
she was seeing.

82. C: Um...well the first one... 1 and 5 is what?...is 1 times (pause) 4 plus 1. The
second one is 2 and 9 so that would be 2 times (pause) 4 plus 1. The third one...3
and 13... so it would be 3 times

83.J: 4plus1

84.C: Right. Three times 4 plus 1. So your formula is 4n + 1.

Cathy used specific examples to explain how to generate the ‘forraulaentifying
Patterns 1. Much like her explanation on the first think pattern, she detailed theeacithm
used to generate the first four terms of the sequence and then generalizeththati@
to write the rule.

Identifying Patterns 2 took the trio approximately 5 minutes to describe the
general term, about twice as long as the previous problem. There were nuna@irs g
the conversation when either statements made were incomplete or no one was.speaking
About a third of the way into the conversation, Cathy asked the group, “Are you seeing

anything here?”

112. J: I don’t know. That's like the two and the fivego.in by five

113. C: Okay...

114. J: And the three and the four goes by four. | don’t know what that means.
115. C: So...Okay...um...Well we can know the number of red blocks because

the number of red blocks is given. (pause of 29 sec)
116. J: Yeah

117. D: Umm (pause of 21 sec)
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118. C: I'm not seeing it.(pause)

110. J:n+2?

120. C:n+2...

121. D: Okay...

122. J: (laughs)...

123. C: Okay...s0...(8 sec) so...okay...okay (5 sec)...three times (5 sec)...2

times ..... 6 (muttering under breath)

Jesus suggested a rule that is built on the rate of charg®)(Wwhich Cathy
seemed to ignore as she continued to study the pattern. Unlike the previous problem they
had just completed, Cathy complained that she was “...not seeing” the relaionshi
between the number of red blocks and the number of yellow blocks in each figure. After
having spent almost five minutes pondering the problem, Cathy softly stated s*&alit’
times...that and that plus...six....so it's...” Her voice then rose as she blurted out,
“Okay...red times two plus 6. Okay ...now let me explain my reasonihige’s(133,
135_18TG

Cathy first described the variable part of the relationship as “red tintesnitha
that” which she then translated into “red times two.” She used the phrase “that and that
to indicate the row of yellow cubes above and below the center row of red cubes.
Although Cathy is referring to a particular figure in the model, she usedadézrens to
describe the relationship instead of specifying quantities as she did in tx@ptoas of
how to write a rule for the previous pattern. Once she is satisfied with It walle, she
explained her reasoning to her partners.

124. C: On the first one...um...you have three on each side.
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125.

126.

I’'m doing?

127.

128.

J: Uh huh

C: And then three in the center. One of them is red. ...kinda seeing what
J: yeah.

C: Like...you're always gonna have those...the ones in the middle that are

above and below the red...are always gonna be two times the red...but then

you're always gonna have those six on the end that don't really...do you see it?

129.

130.

131.

132.

133.

134.

135.

136.

137.

138.

139.

140.

141.

142.

143.

J:

D:

D:

C

Sored...
Okay... Say it again.
: Like the ones above and below ...the red...
: Okay
. Like this is the red...it's always gonna be two times the red.
: Okay...
: Cause you always have one above and one below the red.
- Yes.
: And then you’re always gonna have...one group of three on each end.
2 Yes
: Which is six.
: Okay.
: So it would be... two times the red plus six and if the red is n
Okay.
: then it would be 2n + 6. So...let me make sure that works out. So two

times 4 plus 6 is 14. Okay. so...2 times 85 plus 6...
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As she explained her reasoning, Cathy pointed out the way the model changes (“you're
always gonna have those...the ones in the middle that are above and below the red...are
always gonna be two times the red”) and the way the model stayed the saoe (*y
always gonna have those six on the end that don't really...”). She used this pattern of
stasis and change to describe how she arrived at the rule, “two times the réxi'plus s
Cathy described how she was able to make the connection between these twotparts of t
model in her reflection.
Once | realized that the 6 blocks on each end were constant in every figure, this
became much easier to solve. | then realized that for every red block that was
added, 2 yellow blocks were added, 2n, and the 6 constant yellow blocks on the
end, making the formula 2n + 6.
The trio turned the page to begin analyzing the third of the four patterning
problems. The third pattern was shaped like a chair. The first chair has arstatated
with three cubes and one cube on each of the two legs as well as the back of the chair.
The seat remains constant and the pattern grows by the addition of one cube fo each o
the two legs as well as the back. Jesus began describing how the model wasychangi

from one chair to the next.

181. J: Aren’t we just like basically adding one to each leg...to each leg
182. C: Yeah...we're adding one to each leg and one to...the back

183. J: (back) So this would be...there’d be 12 for the three.

184. D: What about two? Did you do two?

185. J: Yeah... nine.

186. C: Nine.
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187. J: So it would be something like...3 n plus one?
188. C: Look at what's not changing. The set of blocks that doesn't really

factor into what changes. Do you see it?

189. J: 1 do.

190. C: Yeah.

191. J: Okay

192. C:. Soyou added 3 n + ...

193. J: plus 3.

194. C: Right. 3n + 3.

195. J: Alright...Mr. Jesus...you're smart

In the first two patterning problems the trio tackled together, Cathy fochsed t
attention on trying t@eethe relationship between the two data sets. After her experience
with Identifying Pattern 2, Cathy, broke that relationship down by asking tteSosk
at what'’s not changing.” Evidently, Jesus sees that the seat of the dhalways have
three blocks and completes the rule he had initiated.

Identifying Pattern 4 was described as a bridge or table (Appendih8Jirst
bridge was one block high and four blocks wide. The bridge grew only in height by the
addition of two blocks, one to each leg of the bridge. After having just described how the
100" chair (Identifying Patterns 3) would take 303 blocks to build, Jesus jokingly state

“So...for a big chair we need a big table and here welg® 234 _18TG

237. C: Okay...so what's the constant?
238. J: Oh here we go. See that...
239. C: Do you see the constant?
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240.

241.

J: yeah...there

C: Right. So that’s what we're going to be adding to...at the end. That's

what we’re going to be adding. That's the constant...it doesn’t change.

242.

243.

D: yep.

C: It's always going to be there. There’s always going to be four blocks. If

you didn’t have any legs there would always just be those four blocks.

This is the first time that Cathy used the word ‘constant’ to describe thefgae model

that never changes. After her partners identify this part of the model, Catsgg@rfor

them to explain how the model changes.

251.

252.

253.

254,

C: And how many are we adding each time?
D: Two.
C: Right. So what is our formula?

D: 2n + 4.

Although Daniela had struggled with writing rules up to this point in the activity, she now

comes up with the last one with just a little guidance from Cathy. Right befatr@othe

started working on the ‘together’ patterns, Daniela had voiced the opinion thatv@eth

“...really good with formulas in mathlie 52_18TG and used that opinion to explain

why Cathy had experienced more success with the ‘think’ problems than eitloer she

Jesus had (“...so these worked perfectly for yoime(54 18TG). By the end of the

together session, Daniela was experiencing the same success.

Part of Daniela’s success may be attributable to the assistanceo@atby to both

of her partners during the ‘together’ session. During the interview, Cdthiytad that

she was trying to be helpful.
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72.R: ...it seemed to me like you were trying to help...to help them along...do you
remember doing that

73.C: yes

74.R:Okay... cause you were trying to point those things out and you were
successful | thought...

75.C: | was?

76.R: that was working so um...I just | think once you got past this one in particular
(Identifying pattern 2)...when you moved on to these last two...

77.C: yeah

78.R: you started pointing out you know parts of it...do you remember what you
were using....what rationale...or what you were trying to call theintie to

79.C: the constant

80.R: the constant...okay...and that helps to...what role does that constant end up
playing...say in a formula like this one

81.C: well whatever term you have you're always gonna add that constant to it

82.R: okay

83.C: I think it’s easier to find the constant first...

84.R: Mmh

85.C: and I think once you realize...once you find out what's not changing...it'’s
easier to find out what is changing

The ‘Together’ Session: Ashley

On identifying patterns one, Ashley and her partner, Matt, quickly recognized tha

the addition of one cube translated to “another four...another flooe"{5_13 &25 TG}
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faces to paint. They used this information to find the number of faces to paint in a tower
four cubes high.
54.M: Three...It would be four to 17 wouldn't it?
55.A: yes...So if we have 36...I'm not going to use 36...this is where we’d have to
figure out...
56.M: the pattern
As in the second ‘think’ pattern, Ashley knew “there has to be a shorter way.” When Ma
suggested the 8&erm would be 153, Ashley takes that into consideration.
Well...let's work with this...thirty-six is 153...There has to be a pattern. l&fiyre
that you already decided here you're adding.... four...four...four...I'm trying to
figure out...what this has to do with this...Ohl...three...Okay so 4 times whatever
this is plus 1. Yeah...four times n plus one.
Ashley remarked on how they had already figured out how the pattern of change, but now
she sought to find the pattern in “what this has to with this.” In this case, her idea of
pattern has to do with the relationship across the table instead of down the table.

They spent less than a minute studying the second patterning problem before
moving on to ldentifying Pattern 3. Ashley stated a possible rule for the chaiemprobl
shortly after the pair turned the page ¢hree...nine...twelve...fifteen...so what is three
times three?...So... 3n plus 3...times 3 pluslBig(119 13 &25TG She approached
the fourth problem in the ‘together session” by noting “Okay...so it’s just theHags t
are different. So the one leg...the one high whatever you call it ...you have
1...2...3...4..5... 6...6 blocks...so the two high leg...you have 4...eigh{line

129 13 & 25TGQ. Matt suggested they could determine the number of blocks needed to
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build the 58' bridge by taking “...like 58 times 2 plus a ...plus 4(line 136_13 &
25TQ. Ashley responded to his suggestion, stating, “Oh...okay so 3 times 2 is 6 plus 4 is
10...so 4 times 2 is 8 plus 4 is 18... mean 12...s0 2n + 4. So ...2 times 58 plus 4?” In
this response, she verified the rule would work for known valuasaotl then re-stated
his expression for finding the $8erm in a general way.
The pair returned to ldentifying Pattern 2. During this time, Ashley cdreasl

muttering numbers under her breath but Ryan is silent. As Ashley verbalizedhivayat
she was taking towards finding the general term, Matt suddenly blurted hovetmichet
the number of cubes needed to build th® fgure.

149. A: 6 plus...n—2...s0...3is 6 plus 2 plus £quals 12....How do we do 4?

6 plus 4 — 2 times 2 plus 4...2...4...so there’s fourteen...

150. M: 85 times 2 + 6

151. A: 6 plus..minus 2 plus 4...plus 4 is 8...0kay...

152. M: 85 times 2 plus 6

153. A: Eighty-five times 2 plus 6?

154. M: uh huh

155. A: 85 times 2 plus 6? Why do you say that?

156. M: Cause you have 85 red blocks so you have one on the top and one on

the bottom...and it takes 6 to build your sidegbree on each side.
157. A: three times two is 6 plus 6 is 12...or three ...one times 2...oh...That is
S000 simple now.
Ashley restated his rule using the variablan place of the specific quantity, 58, that

Matt had used to describe his rule. As she compared his rule to hers (“six plus n minus 2
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times 2 plus 4”l{ne 167_13 & 25T( she is amazed at how simple it is now. She

attempted to explain her thinking to Matt.
So you got the four corners...which is where you get the plus four from...I guess.
And then...so...l just add the two sides...there’s 6...that's where the six comes
from and the middle...however many blocks umm...three minus two...or like n —
2 because the two blocks stay the same...and then this times two... That sounds
so confusing now that I've seen yours...This is really confusing. Now that | know
| never would have done it this way..okay...so 6

During the interview, Ashley tried again to explain how she came up with the rule for

Identifying Pattern 2. When asked if she worked with the numbers in the table or used the

pictorial representations, Ashley replied, “I think | worked with the modieié (

105_25). She pointed to the third figure in the model and said, “I think that’s what |

used...this one...and | looked back and checked it with the other liwe”1(19_25).

Ashley went on to explain why the second pattern was more difficult to geecitzin

the other three patterning problems.
| think just finding the formula to like get you know 85 and 100 and n...1
don’t...cause...it’s hard to see...like...I mean obviously you know what
changes....... but it's hard to think of the formula for that like...how do you come
about what makes that change or whatever...well these ones...these ones...the
change is obvious...like it’s just right in front of you like... right...like....hey

that’'s what changing it’s...
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APPENDIX F

PATTERN FINDING EXPERIENCES: SHELLY, MATT, AND JILL

Detailed descriptions of the pattern-finding experiences of Shelly, Mdttlithn
are presented in this section. This group of participants experienced some roadblocks
with generalizing patterns due, in part, to the use of variables. Summahe# of t
experiences were included in Chapter IV.

The ‘think’ session took place prior to any discussion on patterns or sequences in
this particular classroom. The participants worked independently as they responde
writing to a series of questions associated with two arithmetic sequénoesdiately
afterwards, the participants shared their responses with one or two parheers.
researcher also conducted follow-up interviews to clarify the written aneidshar
responses. The assumption was made by the researcher that these enplassticiated
with the ‘think’ session best represented the understandings this group of pre-service
elementary teachers brought to their mathematics classroom. Dieseripitthe
explanations offered by Shelly, Matt, and Jill are presented in the ftigirse
Shelly’s Responses to Think Pattern 1
Shelly’s responses to the first three questions on Think Pattern 1 are displaygden Fi
11. Shelly used the construction of the figure to describe how the model grows, stating
that “it expands by one block on each side.” She did not state the total number of squares

needed to construct the fifteenth figure, but did provide sufficient information to
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demonstrate that she could extend the pattern by building this particular figure. Her
explanation of how she knew included reference to the sequential change from one figure
to the next, but it is unclear whether or not she was making a connection between the
position of the figure and the total number of squares on each end of the center square or
applying recursive reasoning to determine that quantity. The interview datdgatovi
insight into the question of whether she was linking the position of the figure to its value
or analyzing sequential change.
Okay...well...um...like...um...three four...you would add...um...so it would be
4 plus...no...I don't know...um...the"figure has 4....4...blocks...on each
side....So you add one for...on each one for each figure...So you would add 11
for the 1%"...is that correct?lihes 19-23_20|

1. Examine the pattern of small squares below.
1% Figure 2" figure 3" Figure

! I =
] 1

a) Draw the 4" figure in the pattern in the space provided.

b) Describe how the modei changes (grows)’

\ AT .:-,_,gg\
1 {/w h onL block- 0N LA0N Bl

c) If you were to draw the 15" figure in this pattern, how many squares would you need to
draw? Explain how you know.

46 (6 mun ol
Thue wowd fud 1 ~Foure, Uru odd onb.
Q0N S0 Decawse, For tath Fgui, You Gad

Figure 11. Shelly’s written responses to first think pattern.
Shelly generalized the pattern of change between sequential terms indiekidgthe

position of the figure with the number of squares on each end of the center square. She
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applied recursive reasoning to make the jump from thie 4he 15'. She applied the

same type of reasoning to write a verbal rule to describatiiterm in the sequence

(Figure 12). The rule Shelly wrote makes reference to the sequentigleciham one

figure to the next and is built on recursive reasoning. Although she coordinated the
change in both data sets by noting that ‘you always draw or add an additional square to
each side to complete the next figure,” she did not analyze these changess iofte

correspondence.

Write a rule for determining the nth term of the sequence

el /
utu (Mf\fﬁ& 1 Wy OY \mw QJ} \J\{ fLonas /JIUCTJ >
"4 wch S T Conglo U T Jh Wi

!
L4

Figure 12. Shelly’s rule for first think pattern.

The request to write a rule was worded in a somewhat open manner in that the
type of rule was not specified. Shelly wrote a verbal rule, but her rule cannot keslappli
to find any term in the sequence. The question of why she wrote a recursivestege i
of a general rule for theth term was addressed during the follow-up interview.

31.R: Okay when you were asked to write a rule...let’'s see you wrote “you always
draw or add an additional one to each side to complete the next figure”...which is
um...which is a rule for finding the next one

32.S: but you're wanting... like n...

33.R: Yeah...

34.S: You're wanting the...n...

35.R: Yes...was it the question...were you not sure what | was asking for or was that

what you thought | meant at the time?
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36.S: Well | think um...l don’t know...I didn’t really understand what tik term
meant until | asked you right before the test...
37.R: Okay
38.S: And So | don't think that | completely understood it to the fullest extent so
um...
39.R: Okay
40.S: thenthterm would that be n...um...l1 don’t know...n plus one? I mean | don’t
think that's it...that doesn’t sound right...cause you're adding one to every...
41.R: To every part...
42.S: Right.
Shelly confessed that she was confused about whathierm meant. She attempted to
write a rule during the interview (line 40:+ 1), but quickly recognized that the rule
would not work since the figure grows by four squares each time. Shelly atiynatit
not fully understand what threh term meant.
Matt's Responses to Think Pattern 1
Matt did not make use of the symbolic when writing a rule fonthdigure in
the first pattern problem, but did write a verbal rule for describing the construdithe
general term. His written responses to the first three questions in ThieknPaare

presented in Figure 13.
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1. Examine the pattern of small squares below.

1** Figure 2" figure 3" Figure 4™ Figure
= ] [
b e e m L
b [T | CoEE
Lisi) | | I
n | ﬁ
a) Draw the 4* figure in the pattern in the space provided.
b) Describe how the model changes (grows)? ok col R T glar .
g Hhave N (CEn et dnlg - andia T Wwopr sl Hhe
. oy \ , LW i ¥y LY s
"wouw add €S loosed;or s Yhe @ R 2T o |
T i = " - 1l Y & e | R
”’%’j!‘o U e \"C 4 !;"\E:.‘ ¥ C'J\“':‘ | leorie M, 4. J g
bt B e conter

c) If you were to draw the 15% figure in this pattern, how many squares would you need to

draw? Explain how you know. . \
| center 15 toP, S b@\L}-Qr‘v-”:, (S t/lﬁf’?h E i—ﬁi—{"

Figure 13. Matt’s written responses to think pattern 1

During the ‘pair’ stage of pattern-finding activities, Matt and his paséiey
discussed how they went about each task. For the first task of drawing the fough figu
Matt explained to his partner that “...basically | did an extra tile to the top botfom |
and right (ine 10_13T@.” From this response, it can be inferred that Matt initially
analyzed the changes that were occurring from one figure to the nextwirittes
description of how the model grows, Matt made specific references to thesroicthe
figure, noting the presence of the constant center tile. He used spatialuemas $op
and bottom to indicate where the additional tiles were located around the center squa
Most notably, Matt made a direct link between the position of the figure and number of
tiles needed to construct it.

Matt's description of how to draw the Sigure further illustrates how he applied
his understanding of how the model changes and how the model stays the same. He made

note of the constant center tile and then linked the variable part of the model to the
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position of the figure in the pattern. All along, Matt referred to how the figure is
constructed using spatial terms. Matt made these connections expliciveribaérule he

wrote in response to next question on the activity (Figure 14).

¢) Write a rule for determining the nth term of the sequence.
Tou BVers numbpered »:?w(n

halse o g%—o\y.}y\ﬂa C@f?’L@r 3: tLe

GBIV Ly “! Je’ufhm dn ‘LU{ At T ' i
d) What is the connection between how each figure in the model is constructed and the rule
that you wrote (1c)?

L e e, ¢ ) 4 ! } H
[he “iyure tn rre  wiad e/ s a visual i Jhepy
os i .f be Faly P ' f: ) ji f'fe.a‘f = B /.{ o pram A T
[U?”'}ffpf’? A 2y

Figure 14. Matt’s rule for first think pattern.
Matt clarified what he meant by ‘the same amount of squares’ in our intervie
19.M: So for every...you know...it’s just like that...for every number figure you
should...you should have a starting center square...
20.R: Okay.
21.M: ...and then the same amount of squares on top bottom left...you know.
22.R: And how do you know how many go on top...why did you have four up here?
23.M: Because of the corresponding figure...the first one started with first and then
there was one square on the top and on the right...and left and then on the bottom.
24.R: Okay
25.M: But you had your center square and it just continued on the second so
obviously on the fourth one you have your center with four tiles on the top right
left and bottom.
26.R: So if | had the hundredth figure | would the square here and how many going

up this way?
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27.M: you would have a hundred on top...
28.R: Okay
29.M: hundred on the bottom...and a hundred on the left a hundred on the right.
Matt was able to write an explicit, verbal rule that will work all the tikie was
able to apply his rule to determine the construction of any figure in the seqgagnce,
evidenced by our conversation about the™figure. During our interview, Matt
explained why he chose to write a verbal rule unlike his partner, stating, tldcattie a
+ b thing...but | can try and explain it into words instead...it's basically where that
comes from” [jnes 15, 17_13I
Jill's Responses to Think Pattern 1
Jill's written response to how many squares it would take to draw thigle
is incomplete (Figure 15). Jill made the connection between the position of thesifigur
the sequence and its construction, but does not apply the arithmetic needed to completely
answer the question. Her response even omits the presence of the center sifjtiaee, as
assumption is made that it is always present or perhaps a ‘hole’ in the shaperbdé
rule also omits the presence of the center square. The rule is incompletews it w
require one to be familiar with the structure of the model for it to be used to borrect

construct any figure in the pattern.
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b) Describe how the model changes (grows)?

| There 4 4 block addad 1o ench leg oF dhe Ei%'\a{zp_
for each %JMLE‘

c) If you were to draw the 15™ figure in this pattern, how many squares would you need to
draw? Explain how you know.

=) s tin ech gy T knowdhis kool Here
e I widhe firgt Blgure ) 9N dhe wiend, , & 8D er.

c) Write a rule for determining the nth term of the sequence.

N = number of lboxes on each \&y .

d) What is the connection between how each figure in the model is constructed and the rule
that you wrote (1c)?

The connection i Yhot Yhe numboer of <t ps ™M
he pdtern vefiecks dhe numboor of boXes in e
o oF Jhe <app.

Figure 15. Jill's written responses to first think pattern.
During her paired conversation, Jill made note of the fact she did not complete the
problem.
5. J: Okay...on the front side...you know it's funny is you know how you said that
you add four for each step

6. P:uh huh

~

J: I totally didn’t even do that.

8. P:yes.

9. J: ldidn't...1 said that you add one to each leg for each step that you do.

10.P: Oh see like I did that but then | was just like..oh you just add...you’re adding
four

11.J: yeah...l never said anything about four...I just said one

12.K : | saw one but then | realized okay it's that and then | realized it justuapdds

too so that’s how | got this 15 times 4 equals 60 plus one for the middle one
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13.J: yeah...yeah...Yep...l didn’t do that...I just said um add one block for each leg
for each step
14.P: (didn’t do that)...uh huh...that’'s what | said too...just add a square each time
to each end
15.J: You just took it further
16.P: (Laughing) Yeah...
17.J: ...which equals four!
18.P: and then | saw the algebra....Yep | saw the math in it.
19.J: Okay.... Wow....Bout all I've got to say on that one.
20.P: yeah...then | got my equation and | was done.
Her partner generalized the arithmetic she had used to calculate the nustperes it
would take to build the 15figure so as to arrive at the general term. The arithmetic she
recorded on paper provided a pathway to write the rule using symbols by allowing her to
see “the math in it"line 18_7TQ. Jill, on the other hand, confessed that she “totally
didn’t even do” the arithmetic that would have allowed her to visualize the algebra.
Descriptions of Experiences: The Second Think Pattern
The second think pattern lacked the visual representation provided in the first
problem. An arithmetic sequence was displayed in a table and the participantsieat
to complete the table by filling in the values of tffe $8", andnth terms of the
sequence. As with the first patterning problem, participants were also askgdgia the
processes they used to complete the table. Descriptions of the explanagoet lojf

Shelly, Matt, and Jill are presented in this section.
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Shelly’s Responses to Think Pattern 2

Shelly’s responses to the second think problem are displayed in Figure 16. She
was able to find the next term in the table, but did not locate theet® correctly or
write a rule for theth term. Shelly used a pattern of differences to determine'the 5
term, but when she applied this same pattern of differences to locatdtteerhShe
made two errors. The first mistake is an arithmetic error. She corrbdadistake while
sharing her responses with her partner, Pam.

a) Explain how you determined the 5% value in the table
(when /7= 5).

A s U oaway Somo 1o
oo il o T away G 9.
4, Wil by o

b) Explain how you determined the 15% value in the table
(when 7= 15).

&, g, Mporworp ! 12

3 UE a3
| Groen YO

20, 74 © B way

J

©) Explain how you determined the rule for finding the nz/7 term in the table.

@t

Hnding G ;‘) atn 10 U oo
Ag A
4

Figure 16. Shelly’s written responses to second think pattern.
26.P: um...how did you determine the™Balue in the table...because you got
...different answer than | got.
27.S: Okay... I'm not sure how to explain it...um...there are....seven numbers in
between 5 and 12...so there’s seven spaces in between 5 and 12 so... | put ...24
next to 15 because there’s eight spaces in between 15 and 24...Does that make

sense?...Eight spaces means like eight numbers.
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28.P: And then you added it together? | kind of did the same thing but it confused
me when it did a jump because ...|I was adding two to the value which would also
be the same as if you like for your n column here.

29.S: | just continued the pattern ...see...it goes 3, 4, 5, 6, 7 and then | did 8...8
spaces in between 15 ... like...it would be the same thing...don’t you think?

30.P: yeah...what I...l assumed that they were just skipping so if you added two to
five...to six through 14...

31.S: If you added 8 to 15.

32.P: yeah...

33.S: that would be 23...23...yeah...I'm sorry

Unlike her partner, Shelly did not take into consideration the jump fronftkeri® to
the 18" term. Although she did look across the table to establish a correspondence
between the two data sets, she failed to coordinate the changes thamutemsously
occurring in the vertical direction. Shelly did not complete the table bynfythenth
term, but did indicate that one could determine a rule by “finding a pattern in the
numbers.” (Figure 16) During the ‘pair’ session, Shelly remarked to her partner,
“...really...it was one of those questions | didn’t know how to explain so |
put...um...you have to find a pattern in the numbelige(40_20TG.
Matt’'s Responses to Think Pattern 2

Matt wrote a verbal rule for the first pattern that was based on the physical
construction of the figures. His responses to the questions associated with tire table
think pattern 2 are displayed in Figure 17. Matt’s response to the first question (a)

indicates that he looked down both sides of the table to analyze change in each data se
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He clarified how he extended the pattern to find theebm during the paired
conversation with his partner, Ashley, by stating, “...so to get'than®...since number
4 had a 10 next to it...l took five and | added two to ten to get the twéine” (

32 _13TG).

1+3 4
2v 4 6
3-< 8
4l 10

5tF (2
1ISHFH 32—
n

a) Explain how you determined the 5% value in the table

(when n = 5). T
e nuwibes on the el odds wp single mbers

where as Hhe  yviwmn by on Lthe 1 1'3 & adds A
HAmberS
b) Explain how you determined the 15" value in the table )
(when 7= 15). \ o 5= )&~ thel
HEnS = 1D, S0 '
o B Es

¢) Explain how you determined the rule for finding the ntA term in the table.

= Ly X H g0 = sW=R| !
SlovHn j) it I B g% Q ‘ac)UL &C‘!c:] 5 ‘%C‘Jw iju, + 'l
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Figure 17. Matt’s written responses to second think pattern.
Matt inserted a column of differences between the two data sets. This column of
differences could have been used to determine theets in the table, but Matt
described something quite different in his response to question b. He explained his
reasoning to his partner, Ashley, during the ‘pair’ session.
39.M: Well because 5 times 3 is 15 okay so that’s... that’s... you know so | took

okay and then that gave me that...so five....so five equals that...so 12 times 3
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40. A: Okay so basically you were doing like this type of thing...um... 15 equals
x kinda like ...well kind of setting it up that way...and then what does it take
to get to here...it takes three and so it has to take three to get to there. So you
can use that for...Wow that is way complex thinking. | just said that 15 + 2
equals 17 so 15 +17 is 32.
41.M: Well because it tripled...here see...(both laugh)
42.A: | really don’t understand. | mean | understaroav where you got it from
but
43.M: | just thought well 5 goes into 15 three times so | just took twelve and
times that by three.
44.A: 1 get you now but | don’t think I'd ever...ever done that...l don’t think |
would ever do it like that.
His use of proportional reasoning is not only inappropriate in this case, but he also made
an error in the arithmetic. Whether Matt inserted the column of differeftese
applied proportional reasoning to find thé"térm, or whether he simply came up with
an incorrect explanation to verify the results recorded in the table was unclear.
Matt attempted to write a verbal rule to describe how to finditihéerm in the
table (Figure 17). From Matt’s rule, it appears he was attempting évaiieze the
pattern of differences between the two data sets. However, the conclusiatete st
simply described how the values in the column on the left were changing. isthtotr
explain how to apply his rule to his partner, Ashley.
45.M: Starting with one, if you add three you get 4 so using algebra we can see

that n is increasing by one number at a time.
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46.A: Yeah, but how did you find the value...

47.M: Well...l uh | added. One plus three equals four

48.A: But what was your...the value of yonth term

49.M: Well, n would equal 1. Well n would equal ... corresponding number
starting with 3...4..5... sort of in increasing order well | don’t know...

50.A: That’s where | used this rule...the n plus n plus 2 ...and that’s how you'd
getit... | don’t know...l mean that's how...cause yours ...you'd have to
know what nis so you could compare it to something. You’d have to compare
it to something. | mean it works if you have the numbers...

Matt’s success at generalizing the second think pattern was quite limitexterdded the
pattern to locate the 8erm, but wrote an ineffective verbal rule. Matt's rule simply
described the changes occurring in the data set on the left and does not include a method
for determining corresponding values on the right.

Jill's Response to Think Pattern 2

Jill had written an incomplete verbal rule for the first pattern but wrote aaion

rule for think pattern 2. Her written responses to think pattern 2 are displayediia Fig

18.
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a) Explain how you determined the 5% value in the table

;{ (when n=5). T Ck&d@@ﬁ 9 +0 “Lh@ pr‘QMiSng MU iile;

i b) Explain how you determined the 15% value in the table
' (when n = 15).

B ore a% & \D-numioer ump between S ond 15
an T pssumead Were would e & 50— numlay= jUmp -
woteere 13 and the nOXx+ numleer SN he valug
COlLMNN Soomg oo b\(’f Twos.

in how you determined the rule for finding the /¢ term in the table.

T gesch o chackal o 4heory,
Figure 18. Jill's written responses to second think pattern.
Notice that she began by applying recursive reasoning to find"tteers and then
coordinates the changes in both data sets to jump to theerts. In her written
description, Jill explained that she “guessed and checked a theory” to detdraninke t
for thenth term in the table. Jill described her process of guess and check to her, partner
Kristen, during the ‘pair’ session.

25.J: Um...l didn’t get it at first.

26.K: So what did you get?

27.J: 1 only saw the relation for each column but not how the columns related to
each other and then it just clicked halfway through (laughs) and | was
surprised (laughs). It's all the sudden like Ohhlilaughing)

28.K: Well...like with me whenever I...l see a pattern | automaticallyt star
adding.

29.J: yeah.

30.K: So | say what did this add...like a complete habit

31.J: Yeah
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32.K: Like I don’t even say multiply or anything | have to say add.
33.J: Yeah... I divided...like | made it way more difficult than it had to be. |
made them into fractions and said how was 1 over 4 similar (K: Wow) to 2
over 6 and | was dividing to see how the uh decimals came out (K: mmhmm)
and they had... they were absolutely random you know (K laughts). | mean
they were getting...the decimals were getting bigger (K: yeah)..@hd s
noticed that. But...but it was like you know point four one three seven five
and
34.K: And you were like whatever that means...
35.J: yeah...yeah...
Jill explained that she was struggling to describe the relationship betwearottata
sets when “it just clicked halfway throughing 27_7TG). She explained this to her
partner:
The only reason | even came about it halfway through after writing this
description about how | didn’t get it was how um...just kind a by luck...l was... |
started doubling things...and then | was like okay it's that times two plus
two...pretty much. And ...That’s... it was just lucKings 45, 47_7TG)
During the interview, Jill repeated the problems she was having in her atterfiige a
correspondence between the two data sets, stating, “Well a lot of timesappans is |
can see the relationship between these numbers (right column) and | can see the
relationship between these (left) but | can’t see it between the twonof'tfime 69_7)
During the follow-up interview, Jill expanded on her method of guessing and checking a

theory.
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69. J: and a lot of times it's kind of a guess and check thing...I'll say you know
what do | do to this to get these and then you know it’s all of the sudden I'll
try something out and I'll realize you know that if you double this and add
two that’s exactly what it is and you know then try it out for each one and it
always works and I'll say Yes...there we have it.
70.R: that was good...that’s interesting...and | noticed you erased this at the
top...
71.J: yeah...
72.R: and you erased all this stuff
73.J: yeah...sometimes | get you know little theories and they’re just not...I
realize that after the fact you know so | guess that’s kind of a downfall to just
kind of taking a stab in the dark it would the relation could be wrong
sometimes
74.R: yeah...but this time it was just perfectly right
Jill made comments about how she tried so many little theories and none of them seeme
to work. She first tried to uncover a pattern by dividing pairs of numbers, but when the
relationship proved to be non-proportional, she tried other little theories until she found
one that “always works.”
Summary of Responses to Think Pattern 2
Shelly sought to establish a correspondence between the two data sets by locating
a pattern of differences. However, she did not coordinate the changes occurring in the
values ofn (from 5 to 15) while applying this pattern. This lack of coordination, along

with an arithmetic error, made it difficult to find “a pattern in the numberngjufe 18).
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Her experience with think pattern 2 illustrates how looking across the tablen@a
correspondence) can actually be a roadblock in the process of generalizings piatie
individual does not also coordinate the changes in each data set with one another.
Matt was also unable to write a rule for tith term in the table, despite having
successfully written a verbal rule to describe the first pattern. Matt¢pdaireed, in part,
why he chose to write a verbal rule during the follow-up interview. In paaticMatt
was asked to comment on the last statement that he wrote concerning thééinsinga

activity (Figure 14).

38.R: ...you said that the figure is a visual...it's a visual of it...where the rule is

an explanation...do you feel the same way about the symbolic one...is that

still an explanation? Like hen4+ 17?
39.M: Yes but I think that just some people would have more trouble
understanding that (symbolic rule) than just reading it (verbal rule).

40.R: uh huh...... than reading it...okay...they would wonder maybe...what

would be the problems...what would be the trouble that someone might have?

41.M: Well someone may not recognize what n is...

The second think pattern forced the individual to use a variable by requesting the

value of a quantity on the right when the quantity on the lefrwadatt had been able
to use the visual representation of the first think pattern to write a verbal rule, but
struggled with the second pattern. Matt’s experiences with the second thimk patte
illustrate how the use of a variable can present a roadblock in the process dfzyegera

patterns for individuals who “may not recognize wihat” (line 37_13).

235



Jill, on the other hand, was more successful with the second think pattern than she
had been with think pattern 1. Although she seemed to stumble upon a rule for
connecting the two data sets, she was able to express that rule in symbalwheneas
her rule for think pattern 1 had been written using everyday language. Jilinexpleow
she “only saw the relation for each column and not how the columns related to each
other” (ine 27_7TG. However, Jill persisted in her pursuit to figure out the
correspondence between the two data sets, or as she stated, “what do | do gethis t
these” (ine 69_7).

Descriptions of Experiences: The ‘Together’ Session

The ‘together’ session offered an opportunity to examine how pre-service
elementary teachers communicate their understanding of function whilgeehiga
pattern-finding activities. Each pair or trio joined forces to complete fdterpang
activities that combined both a pictorial representation and a t-table for dhigpéay
arithmetic sequence. These activities are included in Appendix B. Destsijoti the
experiences Shelly, Matt, and Jill had while engaged in these patterningjescte
presented in this section.

The ‘Together’ Session: Shelly

Shelly and her partner completed two of the four patterning activities in this
session; the first and the third. They attempted to complete the second problem, but
encountered difficulties when asked to describe tHet@&3n. The first pattern consisted
of a tower built out of a single column of cubes (Appendix B). Participants were asked t

determine the number of faces they would have to paint on towers constructed of a
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varying quantity of cubes. Shelly and her partner seemed to work through the problem in
conjunction.
52.P: Okay...it's a tower though...that's what it is...So you can’t paint the bottom
53.S: ah...
54.P: cause it's on the ground. So there’s fours sides and a top
55.S: yes that’s right
56.P: okay...so a tower two cubes high would have...nine...yeah...because you're
covering up one of the tops...yeah.
57.P: ....thirty-six... So if you took....so it would be 36 times 4 right?...36 times
47...
58.S: So 144 sides and one top...is that right?
The pair broke the arithmetic needed to determine the number of faces to paiwmbinto t
steps by separating the number of lateral faces to paint (which varietdrete
number of cubes) from the constant top of the tower. They were then able to find both the
36" term and the 10bterm in the table without having to apply recursive reasoning. The
next value on the left, after 100, was represented by the symbol,
59.P: so it would be 145. So 100 cube high would be 400 sides and one top that
would be 401 total.
60.S: Is that 11?
61.P: ...Ithink it'sn...
62.S:n?
63.P: yeah...so basically.... it would be ...it wouldi&mes 4 ...plus 1

64.S: n times 4? | don’ know how you're getting that.
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65.P: Because basically they just want you torpint place of a number. So instead a
100...they’re just saying it could be any number...it could be 105 or 120 ...

66.S: Okay.

67.P: ...but either way we would always multiply it by 4 and add one

68.S: Oh...okay...yeah that makes sense.
Although Shelly had been following along with her partner while determining thberum
of faces to paint as the tower grew, she was caught off guard when her p&ered the
rule, n times 4 plus 1. Her partner interpreted her question of how she arrived at the
formula as a question on the role of the variablder partner described this role as “any
number” (ine 78_20TG; an explanation that Shelly agreed “makes sense.”

The two briefly worked on the second pattern, Identifying Patterns (AppBjdix
Shelly offered an initial analysis of the problem to her partner before theydrave
Identifying pattern 3.

If three were in the middle...3... 6...12?7 Then...14...yeah so you increase it by 2

for every red block you add in the middle. Now they want to do the big

numbers...and we have to figure out how we can do that...so that would be...I
always have problems figuring out how to write itin€s 90, 92 20T}
Shelly correctly identified the rate of change in the number of yellow bleclteea
number of red blocks increases by one. She recognized that she must now make a jump
from describing sequential terms to thd'&®e and admits to having problems figuring

that out. In her reflection, Shelly identified the issue as a problem for her apdrtresr.
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The most problem that we had as a pair or group, was when the number jumped
from 5 to 36 or a really low number such as a single digit number to a two digit
number in which it took longer to find the patteR1L( 20WY
She explained why they decided to move on to the third pattern during our interview.
| don’t remember....I think we had a hard time because we... we didn’'t have
enough of the right colored blocks...So...... um it was kind of hard to see when
you had a couple of yellow...a couple of green ...red... or whatever...And
um...Yeah...I'm very visual...so it's hard to see that...this is really red or this is
supposed to be green or whatevelines 132 — 136_20I
The third pattern was shaped like a chair. The first chair has a seat ciaalstru
with three cubes and one cube on each of the two legs as well as the back of the chair.
The seat remained constant and the pattern grew by the addition of one cube to each of
the two legs as well as the back. Shelly described how the model changed to leer partn
122. S: One to the top...one to the bottom...and one over to the other leg. |
think that’s three blocks each time...yeah.
123. P: Okay...So the next one would be 15....(pause)
124. S: okay....(pause)
Shelly communicated her understanding of how the model changes from one term to the
next by stating, “...that’s three blocks each time.” The use of the word “eadilcates
that she knew she could always add three to find the next term in the sequence. She then
applied this understanding in an attempt to jump from thierin to the 36th.
125. S: okay...I've got a question. If the number was 35 and we added three

legs to the 35 it would be 39... right?
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126. P: Mm hhmm
127. S: So would this number be 39...no it would be 38....right? If the number

was 35...and you added 3 legs...it would be 38 maybe?

128. P: you lost me.

129. S: If this number here was 35 instead of thirty-six...

130. P: mmhmm

131. S: cause we’re trying to go up to 36 so we could go one number

lower...wouldn’t this be 387...because three plus 35 is 38?

Shelly communicated her understanding of the recursive relationship betwasrirter
the table by attempting to go backwards to determine how many squares it woudd take t
build the 36" chair in the model. The incomplete nature of Shelly’s understanding of
function is visible in her explanation of how one might go about the process of
determining the number of squares it would take to construct thet@ér. Using the
single process of analyzing change, Shelly tried to build on from a previouénehis
case the 39) to describe the next chair. However, she used the term number itself as the
value on the left side of the table in the process. Her partner tried to point out why this
process did not make sense to her.

138. P: 1 don’t think so...because... those are way too close together...see....

on the third one it was 12 and the fourth one was 15...s0 we need to be a lot

bigger.
139. S: Oh...that’s right
140. P: 1 think we should be able to multiply by something
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Although Shelly agreed with her partner's concerns about the applicationucsivec
reasoning, she returned to the idea of backtracking while re-examining &ra patt
144. S: Okay...so...if there was...three...... nine...fifteen...that’s right...wait a
minute...you add three each time.
145. P: Yes...yes
146. S: So if our number was 35 up here... and we add 3 to that ...it would be
38. See how it goes...... one two ...
147. P: Huh?
148. S: If this was thirty five and you went to 36...36 is really close together so

| don't know if that's correct or not

149. P: 36 times 3...108.

150. S: Wait...wouldn’'t we do 36 times...4? Because there’s...oh...oh well
151. P: No...that wouldn’t be right cause it's times three every time

152. S: So it would be 1087

153. P: 1 don’'t know...yeah..Okay...let's see if that works...let’s try like

five...If we did five...then it would be... five blocks...
154. S: I don’t think... um..36 times three is correct because if you multiply it
by 3 each time...this doesn’t work..see 2 times 3 is this over here...3 times 3 is

that....3 times 4 is that...so that...that's not going to work

155. P: three times four is that...so it's three numbers more than that...hold on
156. S: so it would be 111.

157. P: What?

158. S: Yeah...because 3 times 4is 12 ...plus 3 is 15 and that’s that number
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159. P:Okay so if we took 36 times 3 and add 3

160. S: it should be 111.

161. P: So 36 times 3 plus 3 is 108 plus 3...111

162. S: Like do we know where the three is from?

163. P: it's just part of the pattern...we don’t really see it...like on the chair
right

164. S: Um...I don’t know

165. P: Okay...so 100 times 3...plus 3...so that would be 303?

166. S: right

167. P: so that would be times 3 plus 3.

The two arrived at a description for the general term after Shelly’sgpaame up with

the idea to multiply the term number by three. Shelly recognized that mulgdyi

three did not work for the given values and the two recognize the need to add three
additional cubes. Her partner described the generalrtilaes 3 plus 3. However,

neither of them connected the need to add three more than n times three to the constant
presence of the chair’s seat.

Immediately after the together session, the participants wrote respomses t
prompts in reflection over the patterning activities. In response to the seconat,prom
Shelly wrote about the advantages of being paired with a partner.

Being with a group, | was able to better understand the patterns, relations, and

function of the problem. | was also able to better understand further in detail the

sequence and functionality of the problem by being paired up and having a

partner R2_20W.
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The paired conversations offered an opportunity to capture the understandings of the
speakers in the explanations that they offered to each other, but it is difficuliyto t
separate these understandings from one speaker to the next. The intervidedoaovi
opportunity for Shelly to demonstrate her understanding of patterns at thatlpartic
point in time while hopefully limiting the effects of someone else’s statesn8ince the
two did not have time to analyze th® gattern, | asked Shelly to take a look at this
pattern (Figure 19). She first described the pattern in terms of itswdigtrand then
began to look for a way to describe tffet&rm without building the preceding terms.

Identifying Patterns 4

Numerical
Value
Model Written Description Process Column (# of
blocks in
bridges) |

Term [
Number
(#of
bridges)

e S A e~ ESER
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3 ) R 1o
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Figure 19. Identifying patterns 4
194. S: So you're wanting me to tell you how many blocks it would take to

build the & one?

194. R: yeah...but | want to build it...

195. S: Okay

196. R: So you're going to have to tell me what it looks like...
197. S: Like how many blocks it would have in it?
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198.

199.

200.

201.

202.

203.

204.

205.

206.

207.

208.

2009.

210.

211.

212.

213.

R:

S

: Yeah...just what it looks like...what its structure would look like
: Well it would have two legs and two in the middle

: Okay...and so | have two in the middle and then how long are the legs?
: Oh...

: How many blocks would it take to build each leg?

: Let's see here...for thd'®ne...1 keep looking back at these...

: Well you can probably figure it out from those...

Um...

: Remember | can’t see them is the only thing

: So it would be double...so it would be 24...

1 247

: Yeah...is that right?...because...

: So like...

: No..because one to four is double... 6...12...6 plus 6 is 12
Okay

: Does that make sense?

Shelly offered a short-cut for finding a non-sequential term that does rotlygetorrect

answer, 20. She recognized that the number of squares used to construct the bridge

doubled from the first to the fourth and made the assumption that the number would

double again from the™to the &'. Although Shelly did look down both sides of the table

in search of a short-cut, she did not look across the table to forge a connection.

Summary of Shelly’s experiencé&be previous example illustrates the way Shelly

approached the majority of the problems in these patterning activitiesadnst using
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the physical models to look for a connection between position and construction, she
generally focused on the numerical data displayed in the table. When faoddentsk
of jumping ahead to a non-sequential term, Shelly would look for some type of numerical
relationship between the known values in both data sets. Whether she applied
proportional reasoning, as in Identifying Pattern 4, or the rate of changddasitifying
Pattern 2, Shelly usually limited her analysis to one specific pair in theelata

Shelly frequently sought verification for the answers or suggestions she made
during both the ‘together’ session and during the interview. For example, whileiagaly
Identifying Pattern 4 in the interview, Shelly asked, “is that right” afteviding an
answer for the number of squares needed to construct tiédge in the pattern. She
also asked, “Does that make sense?” after providing an explanation for how st got
answer.
The ‘Together’ Session: Matt

Matt wrote a verbal rule for the first think pattern, but did not generalize the
second think pattern. The first think pattern had been presented as a pictorial growth
pattern whereas the second only displayed the sequence in a numerical fashion. The four
patterns to be analyzed during the ‘together’ session combined both a geometric
representation of the pattern and a table. The first of these patterns was baged on t
number of exposed faces on a n-cube high tower. Shortly after beginning this session,
Matt offered a short-cut for determining how many faces to paint on a towevab&6
cubes high.

57.M: | get 153.

58.A: How'd you come up with that?
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59.M: Because it's 4 goes into 36 nine times.

60.A: Nine times?

61.M: So nine times 17 (laughs)

62.A: Okay....s000....0kay...so 17 times nine is what?

63.M: 153...Don’t quote me on this though.
Matt applied proportional reasoning to jump from the fourth term to thetss
apparently worked down the table, concentrating only on how the values on the left might
be related and did verify whether or not his idea would work for known pairs in the
relationship.

As described in the previous chapter, Ashley considered his answer but persisted
in looking across the table to find a way to connect the values in both data sets. She stated
a rule for ldentifying Pattern 1n4+ 1, and demonstrated to Matt that the rule worked for
the first four pairs in the table. The duo briefly attempted to complete the second
patterning problem before moving on to the last two patterns. Ashley quickly detgérmine
the rule for the third pattern, but Matt was the first to find a way to connect a value on the

left with its output on Identifying Patterns 4 (Figure 19).

129. M: so the first one has one down and four across?
130. A: yes...so

131. A: Four... its six is four..so 12 | mean 18..

132. M: Well..I think...I think

133. A: It has to be...

134. M: Would it be like 58 times 2 plus a ...plus 4...
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In response to the first prompt in the ‘reflect’ session, Matt explained howivedaat
this conclusion (Figure 20). Matt explained how he used the physical represeotati
the pattern to determine the construction of tHefiiire. He noted that “the first one
has one down and four across” and realized that th@88 would have 58 cubes on
each end and four across. Although Ashley had verbalized the rule in termsitof the
figure as 2n plus 4, Matt explained that the coefficient represented ‘how measyyou

multiply the legs’ and the constant, 4, represented the top of the bridge.
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Figure 20. Matt’s reflective response to prompt.one
When the duo returned to Identifying Patterns 2, Matt used the general

construction of the model to describe th& &&m.

153. M: 85 times 2 plus 6

154. A: Eighty-five times 2 plus 6?

155. M: uh huh

156. A: 85 times 2 plus 6?7 Why do you say that?
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157. M: Cause you have 85 yellow blocks so you have one on the top and one
on the bottom...and it takes 6 to build your sides...three on each side.
As on Identifying Patterns 4, Ashley substituted the variahler the specific value
Matt used, stating “...so n times 2 plus 6h¢ 163 13T

Whether or not Matt would have made use of the symbolic on his own is difficult
to say due to his interaction with his partner. In the interview, Matt explainddys
contributions to the problem solving process.

| can see them all visually um...most of the...the math problems she came
up...especially with the n...you know the adding of the n’s you know and ...: except
for that one...(pointing to identifying patterns 2)...Where she had this elaborate idea
drawn out and | was like...okay...simplicity here...Um...cause...(laughs)...I...1

don’t do longevity...and so um...it was just a matter of talking them all out and just
seeing the formula...but most of them like | said she came up haids 229 -

237_13).

The interview offered the opportunity for Matt to work on a pattern finding
activity without Ashley’s input. He was shown the first three figures in a patfdt’s
(Figure 21) and asked to describe the construction of'ttiig@re.

s0...since it's saying constructing th® gure...and it looks like the pattern there

was one two three...so you have the 8 in the middle... and then obviously you'll have
your ends so it would make a total of nine going horizontally...no...8...9...you

would have 10 going horizontally...with one on each end...but your 8 are still going
to remain in the middle...and then...you have....8 more on the top of the...on each

end....and 8 more on the bottomlinés 338 — 348 13}l
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Figure 21. Pattern of H’s
After describing the construction, Matt determines that it would take 42 cubes to
construct the 8‘H’ in the pattern.
355. R: 42...0kay...all right...so you'd have 42...s0 let’s see...now they ask
for the 18" ...but I'm okay with that...1 think you can explain the™5so what

would the rule be?

356. M: Probably want to take um...the numbers consistent with the 8

357. R: mmhmm

358. M: (silence) I'm not sure how | would write that.

359. R: well why don’t you write down what you did with the 8...you had...the

8 plus 2....s0 go ahead and write that out...anywhere you want to....it doesn’t

matter

360. M: 8 plus 2...

361. R: and then you described how you got that part of it...so what did you
have there

362. M: are we looking for the total or are we looking for the...

363. R: well how did you get those though...because you told me

verbally...verbally you told me you would have 8 here and 8 here and 8 here and

8 here and then we took what?
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364. M: 8 times 4...
365. R: yeah...8 times 4 so | would write that out here....8 times 4...and

S0...can you now...can you think about...what if | was doing tfedt®?

366. R: let’s go ahead and do that one...what would that same stuff look like?
367. M: well there you have 15 plus 2

368. R: uh huh

3609. M: and then 15 times 4

370. R: okay...so what if you were doing théh one? Or any one?

371. M: silence(writing rule)

372. R: there you go!

373. M: n plus 2 plus n times 4

Matt recognized that he would need to connect the rule to the position of the figure, but is
unsure how to write that out. With some prodding, he wrote down the arithmetic that he
used to determine the number of cubes it would take to build"thedthe 1% terms.

He then used this arithmetic to write a rule for any figure in the sequehts. dflatt’s

rule reflected his verbal description of particular figures in the model. He hisé&d to
describe how to construct th® 8nd knew that the rule would “take the numbers
consistent with 8.” With additional prodding, Matt backtracked to describe the ‘nsimber
consistent with 8’ as the ‘8 plus 2’ for the horizontal span and ‘4 times 8’ for the four
vertical sections of the model. The symbolic rule he wrote, “n plus 2 plus n times
4’communicates his understanding of the relationship between the position of tke figur
and the value it takes on. Moreover, the symbolic rule is entrenched in the everyday

words he used to describe the construction of specific figures in the model.
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The ‘Together’ Session: Jill

Jill had written a verbal rule for threh term in pattern one, even making use of
the variable n in her description (n = the number of squares on each leg). Her rule was
incomplete in that she failed to include the constant part of the model (the cgnara)s
When her partner, Kristen, explained her rule for pattern one, Jill reméudieshe
“totally didn’t even do that’l{ne 7_7TQ and recognized how Kristen “just took it
further” (line 17_7TG). Jill did notice the need to take “it further” when faced with the
familiar t-table in Think Pattern 2. She arrived at a rule for describmgetiationship
between the two data sets in the table by a process of guess and check. As they
progressed to the ‘together’ session, the need to write a symbolic rule foh tbem
became more explicit. The problems in this session combined the pictorial négtiese
of a pattern along with a table. Jill's written response to the first patteproblem is
displayed in Figure 22.

Identifying Patterns 1
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Figure 22. Jill's written response to Identifying Patterns 1
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Note in the process column, Jill has written out instructions for finding the
number of cubes needed to build tiktdwer in the model in general terms. She
communicated her understanding of function as a general way of expressing a
relationship between two data sets using a combination of words and symbols (# of cubes
x 4 + 1). She then replaced the words to write a symbolic rule ©f14 Originally, Jill
and Kristen had thought they would be painting the top and the bottom of the tower, but
then Kristen noticed that they were building a tower and would not need to paint the
bottom. Jill made a ‘minor adjustmenting 84)to account for the missing face on the
tower. She responded to her partner’s inquiry of “how did you dolit® 79 _7TG)

Well what | got was that however many blocks you have you multiply that by 4

for however many blocks you have and then you add two because that’s to

account for the top and the bottom. So you just multiply by 4 and add 1 if you're

just doing the top...so it's the same thing only with one instead of kwes (80,

82_7TG)

Jill's explanation of how she determined the rule is stated in terms sfrtioture of the
model which illustrates how she made use of the visual to connect the two data sets.

The two of them had completed work on Identifying Pattern 1 within the first 4
minutes of sharing. The pair began to analyze the second pattern (FiyyaredIight
away, Jill shared with her partner, “I don’t even know with that one. I've trie@ $itthe
theories but they're wrondirfe 88_7TG@. Jill figured out that the rate of change and used
that to determine how many squares it would take to buildmeotiel, stating, “It's
2...and then plus 2 more would be 14h¢ 101 _7TG. The two then began the task of

describing a non-sequential term.
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103. J: so it’s just gonna be two more every time (pause).

104. J: Hmm...so that’s kinda the same number | came up with the other one. |
see how that one changes ...l see how this one changes and | see how this one
changes but | don’t see how they change together

105. K: mmhmm

106. J: Like the equation that you’d write. So...so then for 85 of those bad boys
how many would you need?

107. K: So we have...so | have to find a relationship still between those two.

108. J:Hmm

Although Jill made the comment about not seeing how they change together, she was not

referring to the rate of change because she acknowledged to her partnés tjuest “i

gonna be two more every timding 103 _7TG. Instead, Jill was communicating the

problems she had with analyzing the relationship across the table. She explageed the

difficulties in reference to this patterning problem (ldentifying Patt2jns the

interview.
Yeah...that happens to me a lot of times...you know | can see how this one...you
know...each term is going to be one higher than the next...and | can the pattern in
this one but a lot of times | just have a...I will be completely blocked off from
seeing what does one have to do with eight...you know and it will really bother
me...you know...um.. so that's when | will just have to start guessing at it...and
I’'m sure that other people have different methods of going about it but usually
whenever it’s just not really plain and obvious to me to start with... | just have to

start...oh let’s try thisline 132_7)
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After several long pauses in the conversation, Kristen comes up with timetrhe 2) +

6 which she built by looking for a pattern of differences between the number of red cubes

and the number of yellow cubes used to construct the figures. During the interdiew, Jil

explained why the second patterning problem was not as easy as the first one.

| think because even though they're both three-dimensional, this one seems more

so... like it's definitely got more meat to it...instead of just being a single

row...it's the whole huge...you know...the whole cube is growing...And I think

that made it...maybe made it harder to visualize...you know the numbers are

increasing more rapidly or something like that to where you know...like hold on a

second...and so it seemed a little you know slower to come to a conclusion on

that one.l{nes 108, 110_7l

When the two move on to pattern 3, Jill comes up with the rule before her partner.

109.

110.

111.

112.

113.

J: Okay I think it's 3n + 3.

K: Huh?

J: It works for all the other ones
K: Okay

K: Number 6...nine is plus three...yeah it is. The number of times...|

made the three connection too.

114.

J: Yep! | think it's good!

Jill recognized that her rule was correct because it worked “for all of tbe atles,” but

she doesn’t explain if she used the physical model to write the rule or if shd fooke

and applied a process of guess and check to connect the data pairs in the table.
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The interview offered another opportunity for Jill to demonstrate how she went
about the process of analyzing these patterns. She completed the samegaitéxmiy

that Matt had worked on during his interview session (Figure 21).

185. J: okay | would tell you to start...let’s see...okay...with um...8 blocks in
the middle
186. R:okay
187. J: and...let’'s see...and then one more on either side of the middle and then

eight on each leg of the H
188. R: okay
1809. J: ...1think... because I'm just going by the fact that this is the third term
and it has three in the middle and three here, three there, three there, and three
here. And | guess I'm just kind of forgetting about these guys...that's where the
little plus two would come from if you're writing the rule...probably
She goes on to state the rule, 5n plus 2, and remarked, “Awesome...that one came real
easily” (ines 201, 203 _7I Jill thus communicated her understanding of function as
correspondence by making the connection between how the position of the term relates to
its construction. She used a specific figure, the third, to make this connection and then
applies that to her instructions on how to build the eighth figure. By doing so, Jill
communicated her understanding of the relationship across the table byimiaterm

“...what do | do to this to get thesdihge 69_7).
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