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Abstract

PARTIAL REGULARITY OF WEAK SOLUTIONS OF
QUASILINEAR ELLIPTIC SYSTEMS AND WEAK HARNACK
INEQUALITIES

by
Marina Borovikova

Chair: Riidiger Landes,

In this thesis we study quasilinear elliptic systems of p-Laplacian type with
a perturbation satisfying a natural (critical) growth condition. First, using
test functions recently introduced by R. Landes we deduce Caccioppoli-type
inequality for bounded weak solutions of such systems. Then we modify the
classical approach of Giaquinta and Giusti to obtain higher integrability and
as a consequence partial Holder continuity of the above solution. Finally,
we deduce weak Harnack inequalities for subsolutions and supersolutions for

certain systems.
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CHAPTER 1

Introduction

Problem 19 posted by D. Hilbert on the occasion of the 1900 International
congress of Mathematicians in Paris was the following: Are the solutions of
regular problem in the Calculus of Variations always necessarily analytic? This
question has had a profound influence on many researchers and was a starting
point of many great results. To show the connection of this question with our
topic we consider the problem of minimizing the integral functional:

J(u) :/F(x,u, Du) dx

where @ C RY and F(z,7,() is a given functional on  x RM x RMY differ-
entiable with respect to  and (. In the Calculus of variations such integral
is called an energy functional. The goal is to prove that the minimizer of this
functional is smooth. Problems of this type are related to elliptic systems
in such way that a minimizer v is a weak solution of the associated Euler-
Lagrange equation for the energy integrand. If a sufficiently smooth function

w is a minimizer of J(u), then Euler-Lagrange equation for this functional can



be written as
(1.0.1) —div A(z, u, Du) + b(x, u, Du) = 0,
where A is a matrix and b is a vector defined by

Al (2,n,¢) = Fei(z,n,¢) and b'(z,1,() = Fy(z,1,),

a=1,....,.Nandt=1,..., M.

About 50 years ago regularity theory for linear elliptic equations was mostly
based on Schauder’s estimates which guarantee that if leading coefficients of
the equation are smooth, then solution is smooth. On the other hand, the
existence theory had been developed with using more direct methods: if F
is coercive, uniformly convex and satisfies the natural growth condition, then
the minimization problem has a unique solution. In order to consider both
the regularity and existence in the same context, the notion of solution had
to be extended from regular to the Sobolev function. So the existence theory
provided the existence of a solution (i.e. a minimizer) wu in the Sobolev space

WP and the missing step for the regularity problem to be solved was
ue W = yech

The problem for equations in the case N = 2 was solved by C.B.Morrey
in 1938, but for N > 3 it remained open until De Georgi and J. Nash solved
it independently in late 50’s. In early 60’s J. Moser in [Mos60] and [Mos61]

developed a new method which allowed him to give a new proof of De Georgi’s



theorem and establish Harnack’s inequality for linear elliptic equations. A
remarkable fact about the Harnack inequality is that the Holder continuity of
the solution turns out to be a simple consequence of it.

The methods which De Giorgi, Moser and Nash used in their work about
linear PDE’s were in general nonlinear: they come from the structure as-
sumption on the differential operator. This fact allowed for the extension to
quasilinear equations such as p-Laplacian equation.

O.A. Ladyzhenskaya and N.N. Uraltseva [LUGS] established the Hélder con-
tinuity of bounded weak solutions, extending De Giorgi’s results, and about the
same time J. Serrin [Ser64] and N. Trudinger [Tru67] obtained the Harnack in-
equality for bounded nonnegative solutions following Moser’s idea. There are a
lot of remarkable publications in this regard. We should mention here the clas-
sical books of C.B. Morrey, Jr. ”Multiple integrals in the calculus of variations”
[Mor66] and O.A. Ladyzhenskaya and N.N. Uraltseva ”Linear and quasilinear
elliptic equations” [LLU68]|, ("the bible of elliptic equation” [Urb02])). For more
history on these questions, see [Urb02].

The famous De Georgi’s example in 1968 showed that regularity result can
not be extended to systems even in a linear case. Modifying De Giorgi’s

example, Guisti and Miranda found a quasilinear elliptic system of type

div(A(u)Du) =



with analytic coefficients which has a function u = z/||z|| as a bounded weak
solution ( N > 3 ) with singularity.

We can conclude that vector-valued minimizers or weak solutions of quasi-
linear elliptic systems are in general not regular and we can only establish a
partial regularity, i.e., regularity outside a certain closed set (called the singu-
lar set). There are many open problems regarding
1) the size of the singular sets;

2) the conditions on A and B which can guarantee regularity of such solutions.

For the case p = 2 , many authors have considered systems with the
additional condition

alful] =) < OA
where 0 < € < 1 and varies in different publications. Then the Holder
continuity of weak solutions has been proved by Ladyzhenskaya and Uraltseva,
Hildebrand and Widman, Giaquinta and Giusti.

Concerning other results, K. Ulenbeck in 1977 obtained everywhere CU#-
regularity for some type of quasilinear elliptic systems, and two years later
P.A. Tvert generalized her result without the case of degeneration of elliptic-
ity. In 1983 P. Tolksdorf derived everywhere-regularity for the bounded weak
solutions of systems (1.0.1), where A is elliptic operator of the p-Laplacian

type and the perturbation b satisfies the following growth condition:

|b(x, u, Du)| < ¢ (1 + |Dul)P~1.

4



As far as applications are concerned, it is more natural to consider case of a

critical growth condition such as

b(w,u, Du)| < ¢ (1 + [Dul)?.

Problem still remains open despite many attempts to find a full answer.

This thesis is devoted to studying the quasilinear elliptic systems of the
p-Laplacian type with perturbations satisfying the natural (critical) growth
condition. In Chapter 2 we assume that 1 < p < N. In the first two sections
of Chapter 2 we use specially constructed test functions recently introduced by
R. Landes [Lan00] to prove the Caccioppoli type inequality for bounded weak
solutions with the L*°-bound depending on the maximal angle v between the
direction vector of the perturbation and direction vector of the solution. In
Section 3 we discuss how the classical approach of Giaquinta and Guisti for
p =2 , can be modified to obtain (with the help of the Caccioppoli estimate
and the Inverse Holder inequality) higher integrability property. As a result
of this property in Section 4 we deduce partial Holder continuity of bounded
weak solutions and discuss the dimension of the singular set.

In Chapter 3 we prove weak Harnack inequalities for positive subsolutions
and supersolutions of some p-Laplacian systems (2 < p < N). The proof is

based on the Moser iteration method as it is presented in [Tru67] or [GTO1].



1.1. Basic notations

Below we present some basic notations, inequalities and theorems which we
use to state and prove our results.

RY is N-dimensional Euclidean space.

Q is a bounded domain in RY.

B, = B,(z,) stands for the ball in RY with radius p centered at .

Qr(zo) is a cube with the center at 1z, and the sides parallel to the
coordinate axes and of length 2R.

For a Lebesgue measurable set E in RY we use |E| to denote its Lebesgue
N — measure.

For 1 < p < oo, with LP(2) we denote the Banach space of bounded

p—integrable functions on {2 with the norm
1
||u||Lp(Q) = (/ |u|de)P.
Q

L>(Q) stands for the Banach space of bounded functions on  with the

norm
||| oo () = ess sgp .

WhP(Q; RM) is a Sobolev space, i.e., the space of vector-valued functions
u € LP(Q; RM) with distributional derivatives Dyu*(a = 1,...,N;1=1,..., M)

6



in LP(Q; RM). This is Hausdorff space with a norm

lulloe = ([ (uP +1Dup) do)?,
Q

. : : . i=1,.. M
where Du is the gradient of w, i.e., matrix (Dau'),_; " -

Wy P(Q:RM) is the closure of the space C§° under the above norm.
C%“ is the class of locally Holder continuous functions with an exponent a.

ug stands for the average of u over Bp, i.e.,

uR:][udx:m / wds.

BR BR(xo)
1.2. Basic inequalities
Here we recall some classical inequalities which will be used for the various

integral estimates in what follows.
(1) Young’s inequality (in € - form):
ab < ea? + eq/pbq,

which holds for positive real numbers a,b,€,p,q with p and ¢ sat-

isfying 1/p+1/q = 1.

(2) Holder’s inequality:

/uvdx < ul|tr) - V]| e
Q
where w € LP(Q),v € LI(Q) with pand g are the same as for

Young’s inequality.
Next three inequalities can be found, for example, in [Eva98].

7



(3) Sobolev Inequality: Let 1 < p < N. If u € WyP(Q;RM), then

u € LNn—fr(Q; RM) and there exists a constant C' = C(N, p) such that

< Cl|Dull ogey.

el 22 g
(4) Sobolev-Poincaré inequality: Let 1 < p < N. If u € WP(Q; RM)

then there exists a constant C' = C'(N,p) such that
||lu— UQ||LNL5)(Q) < C||Dul|1r ).

(5) Poincaré inequality: If 1 < p < oo,u € W'P(Bg;RM) | then we

/\u—uR\pdx < C(N /\Du|pdm

(6) Dirichlet growth Theorem|Gia83]: Let u € WP(Bg(zo); RM), 1 <

have

p < N. Suppose that for all = € Bg(zg), all 7,0 < r < d(x) =
- ‘.CE—JZ'()‘,

/ |Du|P dz < Lp(r/é)N_erW

Br(z)

holds with 0 < g < 1. Then u € C%*(B,(xo); RM) for all p < R.
(7) John-Nirenberg LemmalGTO01]: Let u € Wh(Q) where Q is
convex, and suppose there exists a constant K such that for all balls

Br

/ |Du|dz < K RN~

QNBRr



Then there exist positive constants p and C' depending only on N
such that

/exp(%\u — ug| )dx < C(diam Q)"
Q

where p = p1o|Q|(diam Q)=
(8) Reverse Holder inequality: Let ) be an N—cube. Suppose

][gwxgc( /gdm)q—i— fodere fqux

Qr(zo) Q2r(x0) Q2r(x0) Q2r(x0)

for each g € ) and each R < min{% dist(xg, 0Q), Ry}, where Ry, b, § are

constants with b > 1, Ry > 0,0 < 6§ < 1. Then g € L} (Q) for p €

loc

[g.¢+€) and
(][qu:z:)%g o( ][gdx)%—l—c( ][fpdx)%
Qr Q2r Q2R

for Qr C Q,R < Ry where ¢ and € are positive constants

depending only on b, 60, q and N.

We note here that the reverse Holder inequality was originally proved by
F.W. Gehring [Geh73] in a different setting. For purpose of this work we have
cited the above version of this inequality from [Gia83].

Finally, we want to present the Theorem of P. Tolksdorf which will be used
in Chapter 2. But first we need some background to present this result in a
context that is applicable here. Let 1 < p < N . We consider the following

9



quasilinear elliptic systems:
(1.2.1) —div A(z, u, Du) + b(x,u, Du) = f(z).
We can rewrite (1.2.1 ) in a weak form as

(1.2.2) / Z Al (2, u, Du) Dawidrl:+/bi(x,u,Du) gaidx:/fi ¢ dx
0 0

where i = 1,..., M, p € C5°(f2) and coefficient functions A’ (z,n, () are sub-

ject to the hypothesis (A) consisting of

; ;A’wm Q)¢ = A[CIP;
v i(zw ) (£ we) =

a=1
(A, i) Ay (2, Q) < Ol

Condition (A, i) is the usual ellipticity condition. The structure condition (A,

ii) is satisfied by systems in a ”strict diagonal form” such as the p-Laplacian,

for instance. For further discussion on this structure conditions the reader is

referred to [Lan00, Section 5]. The perturbation

B(u) = b(x,u, Du) = (bi(x,u, Du))iil

is subject to the natural (critical) growth condition

(B) |b(z,n, Q)| < a ([P + 1).

Here C, a and A are positive constants. This growth condition is called
"natural” since it is satisfied by the operator of Euler-Lagrange equation for

10



functional of type

J(u) = /h(u)\Du\pdx
Q
Also it is called ”critical” since the growth exponent for the gradient is the

same as the integration exponent of the Sobolev space. The inhomogeneity f

is always at least in L'(£2).

Strictly speaking the above hypotheses only need to be satisfied for the actual

range of
n=u(x) € RY, ( = Du(z) e RMxRY and pu=p(u(z)) e RM, 2cQcRY.

Since we are considering interior regularity, we define a weak solution u of

(1.2.1) or (1.2.2) to be a function v € WP(Q; R™) with the properties
Al (x,u(z), Du(z)) € LP71(Q) and b'(x,u(x), Du(x)) € L'(Q)
satisfying (1.2.2) for all
o € WhP(Q;RM) N L>=(Q; RM).

We now present the above mentioned theorem of Tolksdorf.

THEOREM 1.2.3. Let Br be a ball with radius R € (0,1] such that Bsgr C
Q. Then there are positive constants ¢ and p  which depend only on
N, M,p,\ and C such that

MP = esssup |DulP < cR™Y /(1 + |Dul|)? dx

Bsgr

11



and
|Du(z) — Du(2")| < ¢ (1 + M)R o — 2/ |*

for all solutions uw € WYP(Q) of (1.2.1) and all z,2’ € Bg.

We should mention here that this theorem was stated for a wider class of

systems [Tol83, p. 244]. h
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CHAPTER 2

Caccioppoli Inequality and Partial Regularity of Weak
Solutions

In this chapter we generalize some results of R. Landes [Lan] on the theory
of quasilinear elliptic operators of the second order. The main tool here is
specially constructed test functions introduced by R. Landes [Lan00]. Our
goal for the first two sections is to establish Caccioppoli type inequality for
bounded weak solutions of (1.2.1) with L*- norm depending on the maximal
angle between perturbation and solution. As a consequence, in Section 3 we
deduce with the help of Inverse Holder inequality the higher integrability result
for such solutions. In Section 4 we prove partial Holder continuity result for

above solutions [BLO3].

2.1. Caccioppoli type inequality

To state our main result we introduce a function

M(y) = A { (expg—v cot ) sinv)_l, i;

ISIETSIE]

vV A

N
v

13



THEOREM 2.1.1. (Caccioppoli inequality)
Suppose that the hypotheses(A) and (B) are valid and suppose that a weak

solution w of (1.2.1) is subject to the estimate

[ulle < M(),
where v 1s the maximal angle between the direction vectors of the solution and
the perturbation, i.e., v = sup{<) (u(z),b(z,u,D(v))) | z € Q}.
Then for xy € Q, Br = Br(x,) and for some R,(z,) > 0 we have the
Caccioppoli- type inequality
(2.1.2)

/ |DulP dz < Ky R7? / lu — ugg|? dx+/C2/(|f|+a)|u—u23|dx
Br

Bar Bar

where the constants K1 and Ky do not depend on R, 0 < R < R,.

For the proof we need test functions constructed by projection onto convex
sets. If K is a convex set of class C?, then for a given function u we define the

a modified function u!®! by

JKpy = Pu@), if u(z) ¢ K,
(z) { u(z), if ulz) € K

where P(u) is the nearest point of K to u. Even though we do not know an
explicit formula for P(u) the derivative of P as a mapping from RY — RM
can be determined in terms of u, P(u), and the principal curvatures of the

boundary 0K at P(u). For sets K with the property:

14



K;) The boundary 0K is a smooth manifold of class C? such that the minimal
( Y

principal curvature is positive.

It is shown in [Lan00] that u!%l(z) is in W'2(Q) and satisfies the following

lemma.

LEMMA 2.13. If z € {y € Q | u(y) ¢ K}, then we have the estimate

Z Z Al (z,u, D(u)) (Du(z) — Dul¥(2)) > () ’Du(z)}p )
where
1 1  Jule) — Pu@)] )
1+ |u(z) — P(u(x))] p(x) 1+ |u(z) — P(u(x))] u=)

and p(x) is the minimal principal curvature of 0K at P(u(x)).

In the first step of our proof we need test functions obtained by projections

™

5, with the following property:

onto sets K, for v <

(Kg) The angle between the position vector of a point v of the boundary and

the outer normal at this point is less or equal to 5 —y .

In order to choose these sets as in the best manner possible we note that
the elliptic spiral in the plane is the locus for which the position vector of
the points of the curve has a constant angle with the normal direction at the
points. Hence, in the zix5-plane, say, we consider the curve £, where L is
given for nonnegative values of x5 by two connected curves £, and L5. The

15



curve L, is part of the logarithmic spiral

)

L1(t) =|ulleo € 7 (cost, sint), for 0 < t < B + v

and L, is the vertical line connecting
_ - (E-i-w) coty m
Py = ||ul]ooe \2 COS(§+’}/>, 0

with

_ - (£+'y) cot y 7T : 7T

Py = ||u]|se™\2 COS(E +7), sin (5 +7)).

Then rotating £ about the x;-axis we obtain the boundary of a convex set. We
rotate this set about the origin until its axis is parallel to w and denote it S. It
is elementary to see ( but to verify the details is quite cumbersome) that there
are sets K, containing S and satisfying K; and K, in any neighborhood
of §. In Fig. 1 on the next page the inner curve is an example for £ with

v = %7?. We further note that the maximal xo-value M of L is given by

M = ||u||e™ 7 siny < M(y)e 7" gin~y,

and M < 2.

a
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2.2. Proof of the Caccioppoli inequality

In case v < § we obtain the first estimate for sets Byr N2,
where 0, = {z€Q | u(z)¢ K,}.

We have the following proposition.

PROPOSITION 2.2.1. For every 6 > 0 there are constants Ks not depending

on R such that

_ K]
P p }u U } :LL
/ }Du’ 7 Tt }u—u[Kv]},u dx

Q,\/ NBar

< 5/ n?|DulPdx + IC5 /|u—u|pdx + - /|f||u—u|dx
Baogr Baogr
where n 1s a standard smooth cut-off function with support in BQR , 1.e.,

0 <n <1, U}BR = 1, and |Dn| < Ci/R, for some constant C}.

PROOF. Because of the assumption on the angle between the perturbation
b(x,u, Du) and the solution u we have (B(u), u — u[KV]) > 0; further,
}u — u[Kw]} < |u—ugg| since usg € Fv . Using Lemma 2.1.3 and the Sobolev-
Poincaré inequality the desired estimate follows as in [Lan] replacing 2 by p.
Details follows.

O

Proposition 2.2.1 is not yet useful for our purpose since |u — P(u)| is
not bounded away from zero on 2,. But we can choose sets K, such that
dist{0K,,S} becomes small enough, without p going to zero. For instance,

18



let
1
Q, ={zeQ | dist{u(z),S} >0} with o= Z(

and choose K, such that dist{0K,, S} < %, and there is a number € > 0 such

that for x € , we have

lu— ul| g

1+ |u— ul®|p -

Hence Proposition2.2.1 implies the following lemma.

LEMMA 2.2.2.

1
| wparas<s [1pupar s s [ o=l de+Kas [ 1510wl

QoNB2r Bogr Bar Bar

for every 6 > 0. The constants K15 and K5 do not depend on R,0 < R < R,.

In order to set up the finite induction we define sets Z(r,v) C RM as
cylinders of radius r with a half ball of the same radius attached to their
faces. The rotation axis of the cylinder is on the line through the origin with
the direction of usr . The center of the cylinder is at ‘UT”mug Rr, and the centers

of the half ball are at %um, and %UQ R, respectively, where

Sr=m(y) +r and f=M(y)—r
with M(v) as defined above and m(y) some number less than
I |ooe—(%+7) coty cos(g + 7).

19



In case || = 0 the direction of the axis can be chosen arbitrarily. Fig.1 shows

A
S and S,. For v > 7, we set m(y) = —M(y) = - and define €, = ¢,
M
then we have for all v and o = w that (Q\ v (Z(M+0,0)) C

Q,. Since the sets Z(r,v) are not of class C* we cannot use them for the
construction of the test functions directly. Instead we use convex sets S, of
class C? containing Z(M + 20,v) such that the boundary of the half ball
coincides with the boundary of S, for those points which have a distance of
(M + o) or less to the axis of Z(M + 20, v). The idea of the proof now is to
construct test functions with S, moving it step by step up and down the with
step length 3, say. Roughly speaking, we will estimate | Du|P on the preimages
of the sets cut successively from S by S,+js as long as @ is in Sa4(j+1)8 -
Adjusting if necessary the step length in the last steps the remaining set will

be so small that the usual smallness argument can be applied. We define
Q) =QU{z € Q| u(r) ¢ Satjs}

for all v, where (3 is some fixed number with 0 < # < ¢, and get the following

proposition.

PROPOSITION 2.2.3.

For every 6 > 0 we have the estimate

/ |u — ulSer2sl] (M + 20)71
1+ |u— ulSes2s]] (M + 20)

— | DulPnPdx

BgRﬂ(QQ\QQ)

20



1
<90 / | Du|PnPdxz + ﬁlCl,(g / |u — ugp|Pdr + Ko /(]f\ +a)lu —u|dz.
Baor Bar Bar
PROOF. We test the equation (E) with n?(u — ul%+21) and obtain the
estimate observing that on Qs \ Q, we have |u(z) — ul®+29l(z)| < 28, and
hence the inequality

(M +20)71 1 a

> = = 5,
1+ |u — ulSet26l] (M + 20)~1 M+ 4o A

provides the result in a similar manner as in [Lan]. O

Proof of the Theorem.

First we note that there is a positive constant € > 0 such that for all

lu — ulSer2sl] (M + 20)_1
1 + |u—ulSet2sl] (M +20)

x €\ Q we have — > €,

therefore Proposition 2.1 yields the Caccioppoli estimate for this set.

For every ¢ > 0 we have

/ nP|Du|Pdx

BgRﬂ(Ql ] Qo)

1
§6/|Du|pnpdx+ﬁlC175/|u—u23|pdx+lC275/(|f|—|—a)|u—ﬂ|dx.

Bar Bar Bar

The estimate for the whole set Bsr now proceeds with a finite induction.
Suppose that the Caccioppoli estimate holds for (2 U Q) N Bsg. Then

21



testing with (u — u[5a+<k+2>ﬁ}) yields the estimate for (441 U Qy) N Bag.
Likewise we obtain the estimate for (Q_(;41) U Qo) N Bar from the one
for (Q_xUQ) N Bag. After finitely many steps, m, and m_ say, we have
w((Q, UQy,_ UQy) N Beg) C Be(u), for some arbitrarily small e, adjusting
the step length 3 in the last steps, if necessary.

Finally, we use nju — | as test function to estimate n?|Du|? on u™'(B.(u))

with the usual smallness argument. U

2.3. Higher Integrability

In this section we get the higher integrability result without further restric-
tions on the structure conditions on A(u) and B(u). Caccioppoli inequality

together with the inverse Holder inequality serves as a basic tool here.

THEOREM 2.3.1. Let f € LY(Q) withl > p/t ,t=p—1+p/N and N > 3. If
u satisfies the hypothesis of Theorem 2.1.1, then there are positive constants e

and K not depending on R such that u € W,29(Q) for all g € [p,p + €) and

(2.3.2) ][yDuyqdﬁg { ][\Du\pdx )7 + (R [][(\fy+a) F ] 7Y }

Br/2

[

PROOF. The proof is based on application of the reverse Holder inequality
(see, for instance,[Gia83, p.122]). From the Caccioppoli inequality and Sobolev
- Poincaré inequality it follows that
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][\Du\pdx < Ks( ][]Dulf\]fvﬁ) dx)% + K, ][(]f\ +a)|lu—a|dx.
Br

Bry2 Br

N
Let g = \Du\NT?P , then we can rewrite the last inequality in the form

Np N+p
][gNﬂvd:chICg( ][gdx) N+ ][(\f]—l—a)\u—ﬂ\dx.

Bry2 Br Br

Applying at first the Holder inequality, then the Sobolev - Poincaré inequality
and Young’s inequality to the last integral and setting r = Np/(N — p) , we
get

1

o [0+ a)lu = aldo < Kol [ fu = o do)t([(51+0)77 do)'s

Br Br Br

<ol [ Dul )P ([ 1+ 0)7 )

Br

<0 [ |DulPde+Ks@0)( [ (If] +a)7T dz) + 1
/ /

:9/gNN+”dx+/FNN“’dx,

Br Br
where 0 < # < 1, and the function F' is given by

P 14N

F = [l +a)75 ([ 151+ @) ) 7 7]

Br

= Kallf+ ¥ ([ (1f1+0)f )i

Br
Nps
N+p

p N+p p p
][gN;dx §IC3( ][gdx) v +0 ][gNIGde—i- ][FN;dx.

Bry2 Br Br Br

for s and ¢ with ¢ = . Consequently,
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By Proposition 1.1[Gia83, p.122], there is an € > 0 not depending on R such

that g € L () for s € [F2 22 4 ¢) and

( ][gsdx)iglG{( ][gwdx)NNﬂ’—i-( ][Fsdx)i}.
Bry2 Br Br

The latter can rewritten in the terms of Du as

( ][|Du|wx)ég/c8{( ][\Du|pdx)é+( ][Fsczx)é}.

Br/2 Br Br

Now we estimate the last integral using the Holder inequality:

frar=ri fusi+atar ([s1+ a0t a)ie

Br Br Br
q q b RN P P9t
< K§ ][(’f“"a)tdﬂﬁ{[/(lf\—l—a)t d]}}q(RN)Q(/dx)l q}P(l)—l 1)
Br Br Bnr
S’Cg{[/(’f\—l-a)zdx}él%}p%l
Br

and the Proposition follows.

2.4. Partial Regularity of Bounded Weak Solutions

In order to obtain the Holder continuity for p = 2 the solution locally is
compared to the solution of the unperturbed system with constant coefficients
for which regularity properties are known from the classical theory [Gia83,
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p.167]. The argument is based on the fact that for systems with constant

coefficients the ellipticity implies an inequality of the type

|D(u—v)P < Z Z (A¥(z,u, D(u)) — Af (z,v, D(v)))(Du(z) — Dv(z)(z)),

with p = 2. Such a condition is often referred to as a strict monotonicity con-
dition. However, it is not satisfied even for the p-Laplacian, if p < 2. Instead
of employing such a strict monotonicity condition we have an argument based
on the assumption of the convexity of potential of the elliptic operator. That,
of course, is satisfied by the p-Laplacian for all p > 1. In order not to intro-
duce further technical details we assume in the following that A(u) actually
is the p-Laplacian. Our argument immediately applies to more general oper-
ators as long as the regularity result of Tolksdorf is available [Tol83]. We have

the following theorem.

THEOREM 2.4.1. Let u be a weak solution of the p-Laplace system.:
—div(|Du|’"?Du) + B = f

with w, B, and f as in Theorem 2.3.1. If, moreover, f € L*(Q2) for s > N/p,

then for every 0 < p < R < Ry(z,) for some Ro(x,) we have

/(1 +IDuP)de < C{[(2)" + x(xo, R)) /(1 + | Dul)de
(24.2) B B

@B 1+ x (o, B)] }
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with

1 /N N
azmax{g,s}, a=min{l - ——(—-1),1-—}>0
t p—1‘o op

and

V(2o R) = (RPY / Dul? dz)’57.
Br

PROOF. Since (2.4.2) is obvious for p > R/2, we assume p < R/2 and

consider a weak solution of the unperturbed system

div (|[Dv[P=>Dv) =0, on Bgp,

v=mu, ondBg;.

For the p-Laplacian we have the maximum principle that the values of the
solution are in the convex hull of its boundary values, hence

[vl|zoo(BRys) < [lullL(e) (see, [Lan]). Since a weak solution of the homoge-
neous problem is the unique minimum of the associated functional we have

/|Dv|pdx§ /|Du|pdx

Br/2 Br/2

and from [Tol83] we infer
/\Dv[p dx < const (p/R)" / (14 |Dv|P)dx .
B, Bry2

For w = u — v, we have w € Wy (Bg/s), and

/|Dw|pd1‘§ const /(|Du|p—|—|Dv|p)d1‘§ const / | Dul? dz .

Br/2 Br/2 Br/2
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. 1 (N
Setting & =1 — ——(

~ — 1) we want to show now that

(1 + |DulP)|w| dx
(2.4.3) Pz

< const x(ao. R)| [ (L+[Dup)do -+ RY 77 | ] (0

Br

Indeed, applying at first Holder inequality and then Proposition 2.3.1, we get

][(1+|Du|p)|w|dx§ ( ][|w|ﬁdx)% [ ][dx)§+( ][|Du|qu)§]
BR/2

Br/2

Br/2 Br/2
<o ][yw\ﬁ dz) " [1+ ][\Du\pdx n {R(][(m o)t do)ty).
Br/2 Br Br
Since ||wl|Loo(By,) < 2[[ullL=(), We can write
lw|TF = |w|77 |w| < const|w]|
and obtain (2.4.3) with the help of Poincare’s inequality:
a-p qa-p qa-p
q q rq rq
( ][|w|qp dx) < 02( ][|w|pdx) < (Rp ][|Du|p dx) .
Br/2 Bry2

Br/2

To prove (2.4.2), we use the convexity of the map £ — [£|P, as in [LM] to get

1
/]Du]pdx < i/lDu]pdx—i—c/]Dv\pdx

By

B, B,
N M
+p Z Z / | DulP~2 Dyu' Dyo(u — v)" do
o=l i=lp |
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Since the trivial extension of w = uw — v also can be used as a test function for

the original equation, that yields

1
/]Du]pdx < 5/\Du\pdx+c/]Dv\pdx

Bp Bp BP
+ap/<1+|Du|p>|w|dx+ /|f||w|dx.
Br/2 Br/2

We further note

[ 11l de < 7y B0 = | ey R P00,

Br/2

Using the facts gathered at the beginning of the proof we conclude that

/[Du]pdx < const{(%)"/(l 1 Dul?) dz + X(xO,R)[/(l +|Dul) dx

B, Br Br

RN o] + \!f!\Lam)RN“p“} ]

Now from Theorem 2.4.1 we obtain the local Holder continuity.

Before we state a corollary we need to recall the definition of a Hausdorff
measure. Let X be a metric space and F be a family of subsets of X with
() init. Let h:F — [0,00] be a function such that h()) = 0. For any

positive € and any E C X we define
pe(E) = inf{> " h(F)|E C | JFy, Fy € F,h(Fy) <€},
5=0 0
Since pe > pg for 0 <e <9,

u(E) = lim pe(E) = sup pe(E).

e—0T e>0
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The set functions p is called the Carathéodori constraction for F and h.
It is easy to see that g is an outer measure for which all Borel sets are
measerable.

To define k- dimensional Hausdorff measure in R¥, let X = RY and F
the family all open sets in RV .
h(F) = hy(F) = 27%w,(diam F)* where wy is the Lebesgue measure of the
unit ball in R¥ and &k =0,1,... . The Carathéodory constraction yu for the
choice of F and hy, is called the k-dimensional Hausdorff measure in RY
which we denote here by H*. We define the Hausdorff dimension of E

by
dimy E = inf{k > 0|H*(E) = 0}.

We will use the following theorem:

THEOREM 2.4.4. Let Q be an open set in RN, Letv € L} (2),0< 8 < N

loc

and

E ={a€ Qllimsup R’ / lv| dz > 0}.
R—0+
Br(a)

Then HP(E) =0 and hence dimy E < .

We say here that wu is partially regular if u is Holder continuous in an
open subset Qy C Q such that the Hausdorff measure HY~7(Q\Qp) =0 for
some ¢ > p.
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COROLLARY 2.4.5. (Partial Regularity)
With the assumptions of Theorem 2./4.1, there is an open set €2, C 2 such that
u € C*%(Qy), where ~y is the same as in Theorem 2.4.1 and (N —q)-dimensional

Hausdorff measure HY=4(Q\ ©,) = 0 for some q > p.

PROOF. Let

#(R) = RP—N/(l + | DulP) dx

Br

and p = 7R with 0 <7 < 1. It follows from (2.4.3) that
¢(TR) < C(TRP™M{[T™ + x(R)] R*PH(R) + || fll 1o () (1 + x(R)) R 7P}

= C{(m" + X(R) 7"™) &(R) + 7" M[| fll () (1 + x(R)) R}
Let now o < 8 < 1 and choose 7 in such a way that 2C7P~?% = 1 (we may

assume 2C > 1 and so 7 < 1.) Defining
Qo = {zo € Q| 3Ry < min{1, dist(zo,00Q)}: sup x(zo, R) <7V},
R<Rg

we get for xyp € Qp and R < Ry, analogous to those in [Gia83, p170] the

estimate
O(rR) < C{ (7 + 7)9(R) + [ fll (o (1 + 7) B}
< 2CTP PP G(R) + 2C| fll o) B = 777 ¢(R) + CRP™.
By iteration we obtain

(" R) = ¢(r(*'R)) < PPp(r" 'R) + C(r T R)™
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k
< Tkpﬂ¢(R) +C (Tk—lR)pa Z Fp(B=7)

=0
< {6(R) + CR™ (77 — 77P) ) ke
< const(7*)" = const(p/R)**,

and hence for any p < R, we have ¢(z, p) < const (p/R)P?, yielding

PP /(1 + [Dul?) dx < const pP*
By
or

/ | Du|P dz < const p™ 1P,
By
Morrey’s classical criterion which we stated above as Dirichlet Growth Theo-

rem provides the local Holder continuity with exponent a. O
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CHAPTER 3

Weak Harnack Inequalities

In this chapter we consider quasilinear elliptic systems of the p-Laplacian
type (2 < p < N) with the perturbation satisfying the natural growth
condition. We prove weak Harnack type inequalities for weak subsolutions

and supersolutions of this system.

3.1. Preliminaries and the main results

Classical Harnack inequality for nonnegative harmonic function v in an
open set ) C RY says that for every zo € Q and for every ball B,(z,) with
3r < dist{x,, 00} there exists a positive constant C' independent of r such

that

sup u < C inf u
Br(w0) Br(zo)

It is natural to try to extend this result to a wider class of equations and
even systems. In 1961 J. Moser proved Harnack’s inequality for linear elliptic
equations [Mos61] which made no use of the traditional proof of the Holder
continuity of the solution. It was a significant contribution since continuity
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became a consequence of this inequality as Moser showed in his paper. In
1967 N.Trudinger was able to successfully apply Moser’s method to quasilinear
elliptic equations, but for systems there is no such result yet. In this work we
were able to prove only weak Harnack inequality for subsolutions. We also
proved weak Harnack inequality for subsolutions but in a rather special case.

Here we consider systems of the p-Laplacian type, i.e.,
(3.1.1) —div(|Du|P"2Du) +b =0
with perturbation b satisfying for some constant «a the following growth con-
dition
(3.1.2) |b] < a|Dul?.
In the case of a single equation (N = 1) N. Trudinger proved that any bounded
weak solution of such an equation satisfies the strong form of Harnack in-
equality [Tru67]. In the case of systems we could prove only weak Harnack
inequalities under additional conditions on perturbation b.

We say that a function u € WHP(Q; RM) is a subsolution (supersolution )

of (3.1.1) if it satisfies the following inequality

M N M
/|Du|PZ > Do Dacpidl‘—i-/Zbi(pideO (>0)
0 i=1 a=1 o =1

for all

e WHP( Q) NL>®(Q), ¢ >0,i=1,..., M.
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THEOREM 3.1.3. If u € WIP(Q RM) N L>®(Q,RM) is a weak nonnegative

subsolution of (3.1.1) in B(2R) C Q and if for some positive constant ~

(3.1.4) b-u<(1—7)Dul?,

then

(3.1.5) sup [ul < cl|ully,per) - B~
B(R)

for all ¢ > p, where ¢ is a constant that does not depend on R.

THEOREM 3.1.6. If u € WHP(Q RM) N L>*(Q,RM) is a weak nonnegative

supersolution of (3.1.1) in B(4R) C Q and if for some positive constant -y

(3.1.7) b-u > (147)|Dul,
then

1. inf |uf > R
(3.1.8) é?R)|U|_C||U||q,B(2R) R

for all g < pN/(N —p), where ¢ is a constant that does not depend on R.

3.2. Proof of the main results

PROOF. We assume initially that R =1, B = B(2) for subsolutions and

B = B(4) for supersolutions. Let ¢" = (u’ + k)¢, k is a positive constant,

e e W(B)NL¥(B), >0 and k= (k,...k) € RM.
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When u is a subsolution of (3.1.1), we have

N

1 . _

5/ | Du P2 E Dy|u+ kI*Dyyp dx < —/ | DuPy da:+/b- (u+k)p dx
B a=1 B

B

:_/ |Du|p<pdm—l—/(b-u)cpdx%—/(b-l_ﬂ)(pdx

B

< —/ | Dul|Pyp dx—i—(l—v)/ | DulPyp dx—l—(ak‘\/ﬁ)/ | DulPp dx
B B B
:—(’y—@k\/ﬁ)/ |DulPp dz.
B

If we choose k so small that akvV M <~ , we get

N
(3.2.1) / | DulP~2|u + k| ZDa\u + E|?Dyyp dr < —5/ |DulPy dx
B a=l B
with 6 =~ — akv M.
Similarly, if u is a nonnegative supersolution of (3.1.1), we deduce that

N
(3.2.2) / DU+ K| S Dl + K2 Dagp der > 5/ \DulPe da
B

B a=1
with the same k and § as above.
We define for non-negative function n € C3(B) the test function ¢ = |u|?n?,

where 3 > 0 for subsolutions and § < 0 for supersolutions. Then it follows

from (3.2.1) and (3.2.2) that

|ﬁ|/ \DulP~?| Dlu + F2[u + %y dx+5/|pu|p|u+12|%p dr
B B
gp/ \Du\p’Q\D\u—i-/_€Hu+/ﬂﬁ“77p’1\D77\ dx
B
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and hence

5/|Du|p|u+E|ﬁnp dx
B

§p/ \DulP2|Dlu + Flu + k|| Dy| da
B

B+p

- / ([P~ P~ u+ K75 ) (p| Dnlu ") da
B

1) _ _
<5 [ Dulls kP do+ K(6p) [ Ju K| DoP
B B
Then

- 2K (6 -
/|Du|p|u+ k|PnP dx < % / lu+ k|?TP|Dn|P dx
B B
and since |D|u + k|| < |D(u + k)| = |Dul, we have

(3.2.3) /[Du]p\u + R d < e / P Dnl? da
B B

with ¢; = 2K(6,p)/0.

We'll follow Moser iteration method as in [Tru67] and [GTO01]. Define

<)

+p .
Py Zf ﬁ 7£ -Pp,
ln|u+l§;|, if B = -p.

Letting 0 = 3 + p, it follows from (3.2.3) that

lu + k|

erlof? / WDyl de, if 8 4 —p,
B

(3.2.4) /|7]Dw|p dr <
5 o [1Dup s, i B = .

\ B

By Sobolev inequality we have
il o < constl| D),
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and hence

el < s [ (nDul? + fwDiP) da

N—p
B

Choose n € C5°(B(r2)) as a standart cut-off function for B(ry),
where 1 < ry < ry < 2 for subsolutions and 1 < ry < ry < 4 for supersolutions,

n=1on B(ry),n =0 outside B(rs) and |Dn| < const/(ry — r1). Then

ViT N—p
(/wNp dx) Y <H7]w||pr B(T2)§c3|a|p / wP|Dnl? dx
v
B(r1) B(r2)
calo]
< (20 ) 10l s
Set x = Ni_p. Then
calo|
(3.2.5) lwllxp, By < ———=llwlly, Bera)-

For r < 2 for subsolutions or r < 4 for supersolutions we introduce the quantity

(3.2.6) O(q,r) = (/ lu + K| dx)l/q.
B(r)
If o > 0, then from (3.2.5) we deduce that
/ lu + kX dx < Q0 / lu+ k|” dx
To —T1

B(r1) B(r2)
Then

/ ot B ) _( DON ([ et Rl )

B(r1) B(r2)
and hence
(3.2.7) O(xo,r) < ( calol ); O (a,13).
To —T1



For o < 0 we have

p 1

/|u+k|><0 )_“_ C4|"| E /|u+k|"dxg
7“2—7“1

B(Tl B(TQ

and hence

calo] )FP\
T2 — T

(3.2.8) ®(0,72) < ( O(xo,71).

We are going to iterate inequalities (3.2.5) and (3.2.6). When u is a subsolu-
tion, then (> 0 and hence ¢ > p. Hence by taking any ¢, ¢ > p, we set

= x'pand r; = 1+ 27%. Then from (3.2.5) we deduce that

CI)(XiJrlyTi—l—l) < (2i+lc4xiq) v @(Xiq,ﬂ‘) = (05(2)()1‘)% cp(Xiqn“z‘)

Py —i . By—(i-1)

< CSqX (2X)§ ix Cg (QX)g(i—l)X_(i_l)q)(Xifl’TZ;l)

N
Since xy = N
2 X7 and Ry
j=1 j=1
are bounded and hence
(3.2.9) sup |u + k| = (00, 1) < const|lu + k||, ()

B(1)
Since the last estimate is valid for any k£ < W , then letting & — 0 for ¢ > p

we obtain the following inequality

(3.2.10) sup |u| < const||ullg,52)-
B(1)

Now, using transformation » —— % , we can show that (3.1.5) follows from

(3.2.10).
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Indeed, for any R such that B(2R) C Q and ¢' € WJ(B(2R)), we may

rewrite (3.1.1) in a weak form

N
(3.2.11) / \Du\pQZDauiDa<pdx:/ Vol de  (i=1,...,m).

a=1

B(2R) B(2R)

Let = Ry and v(y) = u(Ry). Since D, v'(y) = £D,.v'(y), we have

N N
/ | DulP~? E Dou' Do dz = / ﬁ|DyU|p_2 E Dy, v" Dy, p(Ry) cRY dy.
a=1

B(2R) a=1 B(2)

On the other hand,

/ b dx:/ V' (Ry)¢'(Ry)cRY dy.

B(2R) B(2)

Hence, letting @'(y) = ¢'(Ry), we obtain that (3.2.11) is equivalent to

N
(3.2.12) /\DUV’QZDM Das"?dyz/ bt dy,

B(2) a=1 B(2)

where b(y) = RPb(Ry). Hence u is a subsolution of (3.2.11) if and only if v is

subsolution of (3.2.12). Moreover
b-v = RPb(Ry) - u(Ry) < R(1 = )| Dyu(Ry)|”
= RI(1 = )1/ R Dyol” = (1 = 7)|Dyol?
and
bl = RP|b(Ry)| < aR” | Dou(Ry)l” = a| Dyol?.

By (3.2.10) we have

sup [o(Ry)| < cllo(By)llgpe  for  q=p.
B(1
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Since

sup [v(Ry)| = sup [u(z)|
B(1) B(R)

and

HU(R?J)HZ,B@):/ u(Ry)|* dy = / u(@)|? (er/RY) dw = cr R~ [[ull? poy

B(2) B(2R)
we obtain (3.1.5).
For the case when wu is a supersolution, that is when g < 0 and o <p
we will next show that for any ¢ and ¢y with 0 < ¢y < ¢ < px = NN—SD the

following inequalities hold.

(3.2.13) P(q,2) < c®(go,3)
and
(3.2.14) D(—qp,3) < c®(—00, 1),

where ¢ = ¢(N, p, q, qo, ||t]|s). To prove (3.2.13), we take o = ¢o. Then there
exists | € Z, such that x'"'qo < ¢ < x!qo. Letting r; = 2 + 1/2% and using

(3.2.5), we have

(2,2) = D ao(—),2) < s (®(x'90,2)* "< cv®(x'q0,2) < co®(x'g0, )
) OXlQO, > GPIX 9o, > C® X oy 2) > CPAX o, 71

» lil iX?i
< C9(C5X) s (b(qo’ 3) < C(I)(Q(]: 3)7
where ¢ depends on N, p, ¢, qo and ||u||oo-
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To prove (3.2.14), we take o = x'qo,7o =3 and r; = 1+1/271 i =1,2....

Then it follows from (3.2.6) that

C4q P p 2
)0 < (eaqo) ™ (2eixa0) 0 B(—x2q0,3/2) < ...

w
|
)

p
< (caqo)® (2caxqo) 0 ... (2'cax’qy  P(—x +1QO: Tit1)

S (2x) " D(—xT g0, riga).
By letting 7 tend to oo in the above estimate and since
®(—o0,r) = inf |u + k|, Zx_j and ij_j
B(r) j=1 j=1
are bounded, we conclude that (3.2.14) is valid.

We will finish the proof of Theorem 3.1.6 if we can show that
é(qm 3) S c CI)(—QOa 3)

for some gy > 0. But this follows from the John-Nirenberg Lemma.
Indeed, to apply this Lemma it is enough to show that for any ball B(2R) €

B the following estimate is valid

/ |Dw| dv < const RN,
B(R)

For 0 =0 in (3.2.4) we have the estimate

(3.2.15) / InDw|P dx < cl/ |Dn|P dx
B B
with B = B(4) and w = In|u + k|.

Choose the cut-off function 7 so thatn =1 in B(R), n =0 outside B(2R) and |Dn| <
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¢/R. Then from (3.2.15) with the help of Holder inequality we obtain

/ |Dw| dz < / n|Dw| dz < e / |nDwl? dx)% RNO-

B(R) B(2R) B(2R)

1 -p
< 0102( / | Dn? dx)” RN—% < 03RNT RN-T = cs RN

B(2r)

By John-Nirenberg Lemma, there is a positive constant ¢o = p/c3 such that

/ etolw—wol 7. <C
B(3)

where

Wy = ][w dz.

B3
Hence we have the following inequalities:

/ el (w=wo) o <(C
B(3)

and

/ e®wo=w) gg < (.
B(3)
Multiplying two last inequalities, we get

/ e dx / e dr < )

B(3) B(3)

and since e = |u + k|* and e %% = |u+ k|7® |

/|u—i—k|q°d9vq1 /|u—|—k| ~% dg) o

®(qo,3) < ¢ P(—qp,3)

or equivalently
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as required.
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