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CHAPTER I 

INTRODUCTION 

I.1 Light scattering and whispering-gallery modes (WGMs) 

The study of light scattering and the closely related phenomenon of WGMs is 

always associated with the work of three great scholars: Lord Rayleigh [1, 2], who was 

also the first to study the phenomena of sound propagation in the whispering gallery of St. 

Paul’s cathedral almost a century ago; Debye, who derived equations for the resonant 

eigenfrequencies of dielectric and metallic spheres (including WGMs) [3]; and Mie, 

whose theoretical studies on the scattering of plane electromagnetic waves by spheres can 

also lead to deriving the equations of WGMs [4]. 

The first observations of WGMs in optics were related to the operation of solid 

state lasers [5, 6].  Ironically these works did not initiate immediate scientific interest in 

WGMs, but did have some technological impact as the side surface of the laser rod was 

purposely made rough to eliminate WGMs.  WGMs in droplets were studied because of 

their strong effect on fluorescence [7, 8], Raman scattering [9, 10], and laser action [11, 

12].  Braginsky, Gorodetsky and Ilchenko [13] first showed the potential of WG 

resonators made of dielectric silica to exhibit extremely long photon storage times.  This 

initiated a great deal of subsequent research on low threshold optical effects in such 

structures.  
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I.2 Nanoparticles 

Materials with sizes greater than the size of one unit cell, but small enough to have 

properties different from the bulk material are usually considered to be nanoparticles or 

nanocrystals.  Material properties can vary significantly depending on the size.  Generally 

two different kinds of cluster-size effects can be distinguished: intrinsic effects, when the 

electronic and structural properties vary as a function of particle size and geometry, and 

extrinsic effects, which are size dependent responses to external fields or forces 

irrespective of the intrinsic effects. 

As an example of an intrinsic effect, this work will further discuss optical material 

properties of semiconductor particles as a function of size.  The quantum size effect, i.e. 

the dependence of electron energy levels on size, was discussed as early as 1937 by 

Frohlich [14].  When researchers study this effect they usually refer to nanocrystals as 

quantum dots (QDs). 

Extrinsic cluster size effects were observed much earlier.  These are the collective 

electronic or lattice excitations – also known as Mie resonances.  In this work I am 

discussing in more detail the collective electronic excitations in gold nanoparticles.  

Comprehensive reviews of the optical properties of semiconductor nanocrystals 

can be found in [15] and [16], and a review on metallic nanoparticles in [17].  

 

I.3 Quantum-dot lasers and WGM lasers 

The great benefits of lasers with QD active layers were predicted by Arakawa and 

Sakaki in the early 1980s [18].  Quantum dot lasers should exhibit performance that is 

less temperature-dependent than bulk and quantum well semiconductor lasers, and that 
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will not degrade at elevated temperatures.  Other benefits of quantum dot active layers 

include ultralow and temperature-independent thresholds and an increase in differential 

gain at room temperature − that is, more efficient laser operation [19].  Different growing 

techniques were employed in the fabrication of QD laser structures.  Metal-organic 

chemical vapor deposition (MOCVD) or molecular beam epitaxy produced QDs with 

suitable sizes, although nonradiative defects were produced during etching.  In 1994 

researchers at the Tokyo Institute of Technology reported lasing operation from an etched 

QD laser [20]. Selective growth and self-assembled growth techniques were later 

developed to avoid nonradiative defects. In 1994 researchers at the Technical University 

of Berlin and Ioffe Research Institute (St. Petersburg, Russia) reported the first self-

assembled InAs/InGaAs QD laser, showing reduced temperature dependence of the 

threshold current [21].  Since then, InGaAs/GaAs QD lasers have successfully 

demonstrated low threshold current density, high operating temperature, and high 

differential gain at room temperature.  Furthermore, QD devices have lased at 1.3 µm, 

which is an important wavelength for the telecommunications industry.  The technology 

has also been used to produce vertical-cavity surface-emitting lasers (VCSELs) [22].  

Concerns about the potential of QD lasers for high power emission, because of their small 

active volume, was ruled out by researchers in Germany.  They fabricated a MOCVD-

grown quantum dot laser that emits almost 11.7 W in "quasi" continuous-wave (cw) mode 

[23].  In normal cw mode, the maximum power is 4.7 W.  The device consisted of six 

layers of quantum dots stacked on top of each other to form the gain medium.  The laser 

was based on a gallium arsenide waveguide and indium gallium arsenide dots, and it 

emitted light at 1135 nm.  With the output power set to 1.5 W, it had a lifetime of over 
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3000 hours at room temperature.  The success of laser technology based on epitaxial QDs 

has motivated the development of laser devices based on ultrasmall, sub-10 nm 

nanoparticles fabricated via colloidal chemistry (nanocrystal quantum dots – NQD) [24-

28].  Such NQDs have been synthesized with narrow size dispersions and high 

photoluminescence quantum yield.  An additional advantage is that the emission 

wavelength of NQDs can be significantly modified by simply changing the NQD size or 

composition [25, 27, 29].  Optical gain and lasing [30, 31] in the visible part of the 

spectrum, from colloidal quantum dots, have been demonstrated.  Infrared gain has also 

been shown in quantum dot nanocrystals; in PbSe [32], in HgTe [33], and in InAs [34].  

Successful demonstrations of photoluminescence [35, 36] and lasing [37] of colloidal 

QDs in silica or polymer microspheres [38, 39] have recently been achieved.  

 

I.4 Purpose and outline of this study 

The purpose of this study is to explore the properties of high quality optical 

microsphere resonators in combination with various types of nanoparticles deposited on 

their surfaces.  Optical whispering-gallery modes of the silica microspheres were pumped 

efficiently by tapered optical fibers.  An adiabatic, extremely low loss, taper transition for 

various optical fibers was achieved.  For whispering-gallery lasing, the microspheres 

were coated with HgTe quantum dots. Lasing in HgTe was demonstrated for the first time 

and record low thresholds were measured in these devices [40].  An interesting effect, the 

enhancement of evanescent coupling, was observed with microsphere resonators with 

gold nanorods grown on their surfaces (presented at CLEO/QELS 2006).  We developed 



 5 

a new procedure [41] that uses semiconductor nanoparticles as seeds for the growth of 

gold nanorods. 

Outline: 

Chapter II begins with an outline of the derivations of the electromagnetic theory 

of light scattering from a spherical particle (Mie scattering) and presents the properties of 

WGMs as a special case of Mie resonances.  These derivations, with an extension for the 

scattering by elliptical particles, are then used for describing surface plasmon resonances.  

An original contribution is the model describing the extinction spectrum of an ensemble 

of spherical and rod-shaped gold nanoparticles.  The program was written with the help of  

Elijah Dale, an undergraduate student in the Physics department (at that time). 

Chapter III discusses the coupling mechanism using tapered optical fibers.  

Different coupling regimes are described by the ring cavity model.  A taper puller was 

designed by the author and constructed with the help of Mike Lucas and the instrument 

shop.  A LabView program for controlling the tapering process was done by my 

colleague George Farca.  A procedure for monitoring the process of tapering, in order to 

verify the adiabaticity of the tapered fibers, was implemented.  Also a dual-coupling 

configuration was realized.  Finally an experimental example of coupling dependence on 

the fiber-resonator distance is given. 

Chapter IV talks about energy band structure modifications in 3D confined 

semiconductor structures (quantum dots).  Existing models are used for calculating the 

separation between the energy levels for HgTe nanocrystals as a function of the quantum 

dot radius.  A model describing the gain spectrum of spherical semiconductor 

nanoparticles is also discussed. 
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Chapter V presents the experimental realization of a WGM laser based on a 

spherical microresonator coated with semiconductor nanoparticles.  HgTe and HgCdTe 

nanoparticles used in this work were synthesized in Dr. N. Kotov’s labs.  Capillary 

electrophoresis was used to improve the size uniformity of the gain material.  These 

experiments were carried out in the lab of Dr. El Rassi.  Lasing at ultralow absorbed 

pump power was demonstrated.  Results were published in Applied Physics Letters [40].  

The large fraction of spontaneous emission coupled to the lasing mode is discussed on the 

basis of existing quantum and classical theories, which help to explain the low threshold 

operation of these lasers.  In order to get precise measurement of the threshold in the 

excitation power we correlated the emission peak with the dip in the pump power, 

measuring the integrated scattered pump at the same time.  These results were presented 

at the CLEO/QELS 2006 conference.   Work on the selection of a single lasing mode 

using a coupled resonator system was initiated and will continue in the future.  Several 

new ideas were contributed to this work: sparse coating of the resonator surface with 

semiconductor NPs – the relatively small number of NPs in the WGM volume allows for 

high quality factors and low transparency density thus reducing the threshold power of 

the microlaser; in the process of coating a resonator, D2O was substituted for water; in 

order to get more efficient outcoupling, a second tapered fiber, optimized for coupling of 

light at the emission wavelength, was implemented in the system; correlated measurement 

of the pump, emission and scattering in a single pump WGM was introduced; and 

coupled microresonators for mode selection were used. 

In Chapter VI I investigate the properties of microsphere resonators with gold 

nanoparticles grown on their surface.  The process of growing of gold nanorods on 

different surfaces is original and was published in Applied Physics Letters [41].  It uses 
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semiconductor HgTe nanoparticles as seeds for initiating Au growth and allows for firm 

attachment of gold particles to various surfaces.  The work on synthesis was done in 

collaboration with Dr. C. Blackledge.  Furthermore, it was found that a sparse coverage of 

the surface of microresonators with Au nanorods results in a significant enhancement of 

the evanescent coupling.  These results were reported at the CLEO/QELS 2006 

conference.
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CHAPTER II 

MIE SCATTERING AND WHISPERING-GALLERY MODES 

II.1 General scattering analysis 

Mie scattering analysis gives expressions for the fields, caused by an incident 

plane wave, inside and outside of a small sphere of radius a.  The analysis can be done for 

a metal as well as a dielectric sphere.  In both cases it is necessary to find a solution to the 

vector wave equation in spherical coordinates: 

 2 2 0C k C∇ + =
� �

, (II.1) 

where the wave number k comes from:  

 2 2k igεµω µω= + . (II.2) 

Here ε is the dielectric permittivity, µ is the permeability, and g is the conductivity of the 

medium.  When it is necessary to distinguish between the regions interior and exterior to 

the sphere, these and other parameters will be labeled with a superscript in or ex. 

For an isotropic medium, the wave equation can be solved in its scalar form, 

 ( )2 2 0k ψ∇ + = . (II.3) 

For any solution ψ of the scalar equation (II.3) there are three independent vector 

solutions , , and L M N
� � �

of (II.1) defined as [42]:  
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Longitudinal part L ψ= ∇
�� ��

 (II.4) 

Transverse part 
( )

1
 .

M r

N M
k

ψ= ∇×

= ∇×

��� �� �

��� �� ���  (II.5) 

The three vector solutions form a basis in which any arbitrary wave function can 

be represented as a linear combination of these functions.  The coefficients of expansion 

can be determined because of the orthogonal properties of , , and L M N
� � �

.  

The solution of the scalar equation (II.3) in spherical coordinates has the form: 

 cos( , , ) (cos ) ( )sin
m

e l lmlo

ψ r θ φ P θ Z kr mφ= , (II.6) 

where o and e stand for odd and even; the time dependence factor i te ω−  is omitted and 

will not be carried on to simplify further derivations.  The spherical Bessel function 

( )lZ kr determines the radial transverse structure of the wave (Fig. II.1).  The angular 

transverse structure is described by the Legendre polynomial (cos )m
lP θ .  For large 

values of l and m l≃ , this function (and the corresponding field component) is 

concentrated in a narrow interval of angles θ near π/2 (Fig. II.2).  If m ≠ l the mode 

acquires an oscillating transverse structure.  The number of field extrema in the polar 

direction is l-m+1.  
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Figure II.1.  Bessel function [Zl(kr)]2 representing the radial variation of the intensity of 

TE modes of wavelength λ = 800 nm for a silica sphere with a = 10.5 µm, 
nin =1.45, nex =1 and radial order 1, 2, or 3 respectively. The red part is a 
spherical Bessel function of the 1st kind and the blue part is a spherical 
Hankel function of the 1st kind.  The grid line represents the silica/air 
boundary. 
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Figure II. 2. Squared Legendre polynomial representing the angular transverse structure 
of a mode’s intensity. The three examples have 53l =  and 

53,  52, and 51m =  respectively.  Calculations are done for the same sphere 
as in Fig. II.1. 
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The forms of ,  and L M N
� � �

in spherical coordinates are: 

( )

( ) ( )

( )

cos cos(cos )1 ˆˆ(cos ) ( )
sin sin

sin
ˆ( ) (cos )

cossin

sin cos(cos )ˆ ˆ(cos )
cos sinsin

cos( 1) 1
ˆ(cos )

sin

m
m l

e l l l
ml

o

m
l l

m
m l

e l l l
ml

o

m
e l l

ml
o

P
L Z kr P m r Z kr m

r r

m
Z kr P m

r

Pm
M Z kr P m Z kr m

l l
N Z kr P m r

kr

θθ ϕ ϕθ
θ

θ ϕϕ
θ

θθ ϕθ ϕϕ
θ θ

θ ϕ

∂∂= +
∂ ∂

∂= −
∂

+= +

�

∓

�
∓

�
∓

cos(cos ) ˆ( )
sin

sin
ˆ( ) (cos )  ,

cossin

m
l

l

m
l l

P
krZ m

kr

m
krZ P m

kr

θ ϕθ
θ

θ ϕϕ
θ

∂′
∂

′∓

 (II.7) 

where Zl (kr) stands for a spherical Bessel function of  different kinds: spherical Bessel of 

the 1st kind inside and spherical Hankel of the 1st kind outside of the sphere.  For isotropic 

media, the fields can be expanded in the basis of  and M N
� �

only.   

 The incident plane wave field (polarized in the x-direction) can be written as: 

 
0

0

ˆ

ˆ ,

ikz
inc

ex
ikz

inc ex

E E xe

k E
H ye

iµ ω

=

=

�

�  (II.8) 

or in spherical coordinates: 

cos
0

cos0

ˆ ˆˆ(sin cos cos cos sin )

ˆ ˆˆ(sin sin cos sin cos ) .

ikr
inc

ex
ikr

inc ex

E E r e

k E
H r e

i

θ

θ

θ ϕ θ ϕθ ϕϕ

θ ϕ θ ϕθ ϕϕ
µ ω

= + −

= + +

�

�      (II.9) 

Consequently the incident field can be presented as a superposition of  and M N
� �

 vectors 

with m = 1 in the form: 

 
1 1

1 1

(1) (1)
0

(1) (1)0

( )

( )

o l e l

o l e l

inc l l
l

ex

inc l lex
l

E E M N

k E
H N M

i

α β

α β
µ ω

= +

= +

∑

∑

� � �

� � �  (II.10) 
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where the superscript (1) indicates spherical Bessel functions of the first kind (because 

the field is finite at r = 0).  The orthogonality relations give expressions for the 

coefficients α and β: 

 
1

2 1

( 1)

2 1

( 1)

l
l

l
l

l
i

l l

l
i

l l

α

β +

+=
+

+= −
+

 (II.11) 

The interior and exterior fields fields in general can be written as: 

 

0

0

( ),

( ).

o o o o
ml ml ml ml

e e e e

o o o o
ml ml ml ml

e e e e

E E A M B N

kE
H A N B M

iωµ

= +

= +

∑

∑

� � �

� � �  (II.12) 

The summation is over all three indices.  If the field has a radial component and 

all mlA  are zero and all the amplitudes are represented by coefficients mlB the oscillations 

are of an electric type, also known as transverse magnetic (TM). If mlB  are zero and all 

the amplitudes are represented by coefficients mlA the oscillations are of a magnetic type, 

or transverse electric (TE). 

In the case of Mie scattering, only those components of  and M N
� �

that are in the 

incident field can be present in the resulting interior and exterior fields.  Thus these fields 

can be written as: 

r < a    

( )

( )

(1) (1)
0 1 1

(1) (1)0
1 1

2 1

( 1)

2 1

( 1)

l l

l l

l
in in in

o l e l
l

lin
in in in

o l e lin
l

l i
E E a M ib N

l l

l ik E
H a N ib M

i l lωµ

+
 = − +

+
 = − +

∑

∑

� � �

� � �
, (II.13) 
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r>a       

( )

( )

(3) (3)
0 1 1

(3) (3)0
1 1

2 1

( 1)

2 1

( 1)

l l

l l

l
ex ex ex

inc o l e l
l

lex
ex ex ex

inc o l e lex
l

l i
E E E a M ib N

l l

l ik E
H H a N ib M

i l lωµ

+
 = + − +

+
 = + − +

∑

∑

� � � �

� � � �
. (II.14) 

Continuity conditions for the tangential components of the fields give the expressions for 

the expansion coefficients al and bl.  Matching the θ components of the electric and 

magnetic fields at r = a gives: 

 
( ) ( ) ( ),

1 1 1
[ ( )]' [ ( )] ' [ ( )] '.

in in ex ex ex
l l l l l

in in in ex ex ex ex ex
l l l l lin ex ex

a j k a a h k a j k a

a k aj k a a k ah k a k aj k a
µ µ µ

= +

= +
 (II.15) 

An identical equation relates  and in ex
l lb b .  Coefficients for the resulting scattered field 

found from the equations above are: 

 
2

( )[ ( )] ' ( )[ ( )] '

( )[ ( )] ' ( )[ ( )]'

( )[ ( )] ' ( / ) ( )[ ( )]'

( )[ (

in in ex ex ex ex in in
ex l l l l
l in in ex ex ex ex in in

l l l l

in ex in in ex in ex in ex ex
ex l l l l
l in ex in

l l

j k a k aj k a j k a k aj k a
a

j k a k ah k a h k a k aj k a

j k a k aj k a k k j k a k aj k a
b

h k a k aj

µ µ
µ µ
µ µ
µ

−= −
−

−= −
2

.
)]' ( / ) ( )[ ( )] 'in ex in ex in ex ex

l lk a k k j k a k ah k aµ−

 (II.16) 

The prime means a total derivative over the argument of the spherical Bessel function i.e. 

over kexr or kinr, evaluated at r = a. 

We have a resonant condition for TE modes when the denominator of ex
la  is zero 

and the resonant condition for TM modes when the denominator of ex
lb is zero.  These 

conditions lead to the characteristic equations.  The values of exk  for which the field is 

enhanced (or equivalently, the resonant frequencies) can be determined from them.  The 

characteristic equations are: 

for TE modes: 
( ) ( )

[ ( )]' [ ( )] '

in ex
in exl l

in in ex ex
l l

j k a h k a

k aj k a k ah k a
µ µ= , (II.17) 
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for TM modes: 2 ( ) ( )
( / )

[ ( )] ' [ ( )] '

in ex
ex in ex inl l

in in ex ex
l l

j k a h k a
k k

k aj k a k ah k a
µ µ= . (II.18) 

These equations have many roots, so they determine a large set of complex 

wavevectors (eigenfrequences) for a sphere of given radius.  The real part determines the 

eigenfrequency of the mode and the imaginary part determines the radiative decay of the 

mode.  A third index q is introduced, which indicates to which root one or another value 

of the wavevector corresponds; 1q −  gives the number of the radial nodes of a given 

mode inside the sphere.  The characteristic equations are independent of index m, which 

means that the modes of an ideal sphere are degenerate over this index. When the body 

has some ellipticity this degeneracy is removed.  

In general the structure of the electric field (TE or TM modes, not restricted to 

those that can be excited by an incident plane wave) of a dielectric sphere placed in 

vacuum is: 

TE: ( )

( )
0

0

( , , , ) 0

( , , , ) cos ( )
sin

cos
( , , , ) ( ) ,

TE
ql

TE
ql

r

i tm TE im
l l ql

m
i tl TE im

l ql

E r t

im
E r t E P Z k r e e

P
E r t E Z k r e e

ωϕ
θ

ωϕ
ϕ

θ ϕ

θ ϕ θ
θ

θ
θ ϕ

θ

−

−

=

= −

∂
=

∂

 (II.19) 

TM: 

( )

( )

( )

0

0

0

( )
( , , , ) ( 1) cos

cos 1
( , , , ) [ ( )]

cos 1
( , , , ) [ ( )] .

sin

TM
ql

TM
ql

TM
ql

TM
i tl qlm im

r l TM
ql

m
i tl TM TM im

ql l qlTM
ql

m
i tl TM TM im

ql l qlTM
ql

Z k r
E r t E l l P e e

k r

P
E r t E k rZ k r e e

k r

imP
E r t E k rZ k r e e

k r

ωϕ

ωϕ
θ

ωϕ
ϕ

θ ϕ θ

θ
θ ϕ

θ

θ
θ ϕ

θ

−

−

−

= − +

∂
′= −

∂

′= −

 (II.20) 

Inside the sphere:l lZ j= (spherical Bessel functions); and outside: (1)
l lZ h= (spherical 
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Hankel functions), and ( )TE TM in
qlk k= is replaced by 

( )TE TM
ql ex

in

k
k

n
= , where nin is the 

refractive index of the dielectric sphere. 

 

II.2 Whispering gallery resonances 

Whispering-gallery modes are those that are closely confined to the surface of the 

sphere.  They are characterized by a large index l, an index m that is close to l, and a 

radial index q that is close to 1.  Modes with q = 1 and m = l are classified as fundamental 

WGMs.  The eigenfrequencies of these modes can be determined to good approximation 

by solving the characteristic equation with the Bessel functions approximated by Airy 

functions.  The imaginary part of the wavevector for these modes is extremely small.  

This makes the quality factor, defined for the radiative losses, an astronomically huge 

number.  It rapidly decreases with increasing radial index q. 

 

II.2.1 Resonance frequencies 

The numerical solutions of (II.17) and (II.18) give the resonant frequency of a 

particular TE or TM mode respectively.  A useful analytical formula is derived in [43] by 

asymptotic expansion of the characteristic equations in powers of (l+1/2)1/3.  It is accurate 

for small radial numbers (q) and large azimuthal numbers (l) and takes into account 

perfect spherical resonators (first four terms in (II.21)).  The eccentricity dependence of 

the resonant frequency is obtained by using perturbation theory (for small eccentricity e) 

as discussed in [44]. 

The resonance frequencies of WGMs can be written as: 
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( )

( )
( )

1/3 1/32
( ) 2

2

31 2 1 2
1 2 ,

2 20 2 2

TE M
qlmTE M

qlm

qTE M
q

l ml l
l e

ω
ν

π
ζ

δ ζ
−

= =

  −+ +   = + + − ∆ + ±     
      

   (II.21) 

where 
2 in

c

n a
δ

π
=  (II.22) 

is the free spectral range for an azimuthally symmetric resonator of radius a − by direct 

analogy with Fabry-Perot cavities.  Also, ζq is the negative of the qth zero of the Airy 

function, 2/ 1TE n n∆ = −ɶ ɶ  or 2 1( 1)TM n n −∆ = −ɶ ɶ  is a polarization dependent frequency 

shift, in exn n n=ɶ  is the relative index, and 2 2 2( ) /e a a a+ − += −  is the eccentricity in terms 

of the major (a+) and minor (a-) radii, taken with the plus sign for oblate spheres and the 

minus sign for prolate spheres. 

 

II.2.2 Mode volume 

The spatial confinement of light is described by a mode volume, an important 

performance parameter that depends on the particular cavity geometry. There are several 

definitions of mode volume depending on the physical problem that is studied. 

In the scope of quantum optics, where a strong electric field per photon is 

considered, mode volume is related to the electromagnetic field distribution normalized 

to its maximum value [45]:   

 

2

2

( ) ( , , )

,
max ( , , )

Q

qlm

V

qlm

qlm

r r dV

V
r

ε ψ θ ϕ

ψ θ ϕ
=
∫

 (II.23) 

where VQ is a quantization volume.  Integration is over the space inside the sphere plus 
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the regions where the field is evanescent.  

Another definition of mode volume is used when nonlinear effects are described 

[13]:  

 

2

2

4

( , , )

,
( , , )

Q

Q

qlm

V

qlm

qlm

V

r dV

V
r dV

ψ θ ϕ

ψ θ ϕ

 
 
 
 =
∫

∫
 (II.24) 

which leads to an approximate relation for volume of modes with 1q = : 

 
3

3/ 2 11/6
1 3.4 1.

2lmV l l m
n

λπ
π

 ≈ − + 
 

 (II.25) 

As described in [45], the mode volume predicted by (II.25) is a factor of 1.8 smaller than 

the mode volume calculated by (II.23) for any l.  Here and further in this work the 

refractive index inside the resonator is designated with n instead of nin. 

 

II.2.3 Quality factor 

The complex eigenfrequencies, determined by solving (II.17) and (II.18), can be 

written in the form:  

 .ql ql qliω ω= − Γɶ  (II.26) 

The imaginary part determines the decay of a given mode. This decay is caused by the 

radiation of the wave from the sphere. For a dielectric sphere with a large l index this is a 

very small number. Cavity loss in general is expressed in terms of quality factor. The 

radiative quality factor of the modes is defined by the ratio of the real and imaginary parts 

of the eigenfrequencies,  
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 ql
rad

ql

Q
ω

=
Γ

. (II.27) 

Approximate analytical formulas for Qrad are given in [46]. 

For large l numbers (at optical wavelengths, for spheres of radius > 10 µm), losses 

related to absorption (on the surface and inside of the sphere) and scattering  (due to 

surface roughness and inhomogeneities of the material density) are much more significant 

than the radiative losses and determine the quality factor. The overall Q-factor can be 

decomposed into the following terms: 

 
1 1 1 1 1 1 1 1

total rad abs ssc Vsc coupling in couplingQ Q Q Q Q Q Q Q
= + + + + = + , (II.28) 

where the various terms are defined below.  This separation of losses is valid for weak 

loss – when only a small fraction of optical energy is lost in a round trip [47].  

The losses related to absorption by the resonator medium are given by the 

expression [13], 

 1

2abs
eff

Q
n

αλ
π

− = , (II.29) 

where α is the absorption coefficient of the resonator medium and neff is the effective 

refractive index.  In many cases the strongest absorption losses are caused by an 

absorbing layer (usually water) on the surface of the resonator.  In these cases equation 

(II.29) is modified by multiplying the Qabs by the ratio of the absorbing layer thickness to 

the effective thickness of the particular WGM, which is discussed in [46].  An 

approximation of this ratio [48] is: 

 ,
2a

δ
λ

 (II.30) 
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δ being the thickness of the layer, 2
λδ π<< . 

Losses caused by surface scattering are calculated [46] by treating the surface as 

an ensemble of independently scattering particles, much smaller than the wavelength.  An 

approximate formula for the inverse of the surface scattering related losses, Qssc, is given 

in [48],  

 
( )

( ) ( )
( )

2 1/ 22 2 7 /2

5/2 2 23 2

3 2 2

4 1
ssc

n n a
Q

h Bn

λ

π

+
=

−
 (II.31) 

where h is the mean height and B is the mean size of surface inhomogeneities. As shown 

in the same paper, experimentally measured Q-factors follow a (2a)1/2 dependence on the 

radius.  1
VscQ−  is from the loss due to scattering within the mode volume.  1

couplingQ−  

represents the energy loss due to input/output coupling.  Qin represents the effect of all 

intrinsic losses combined, and can be written as: 

 
2 eff

in
in

n
Q

π
λα

= , (II.32) 

where inα is an effective intrinsic loss coefficient.  totalQ  thus relates to the time photons 

are circulating inside the cavity, before decaying through the processes mentioned above, 

as: 

 2total ph

c
Q π τ

λ
= . (II.33) 

 

II.3 Surface plasmon resonances 

For small metal particles (high surface to volume ratio), the resonance caused by 

the collective oscillation of conduction electrons is known as the surface plasmon of the 
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particles. The position, the intensity, and the width of the peaks in the spectra of small 

metal particle assemblies depend on: the size and shape of the particles, the dielectric 

constant of the surrounding medium [49], and their proximity and orientation in the 

assembly.  The Mie scattering analysis developed in section II.1 can be applied to a 

collection of identical spheres if:  (1) the distance between spheres is much larger than the 

wavelength so that the spheres scatter independently, (2) the spheres are randomly placed 

to avoid interference effects, and (3) the optical density of the medium is small enough 

(i.e. a nonabsorbing medium) to assume the same incident intensity on each sphere.  The 

last assumption is used to apply the far field approximation to the scattered fields Eex and 

Hex, although the exact derivations are also obtainable as described in [50].  The energy 

dissipation in such a system caused by scattering and absorption is described in terms of 

extinction σext and scattering σsc cross sections.  The extinction cross section is defined as 

the rate of energy dissipation divided by the incident intensity, and relates to an easily 

measurable quantity, the extinction coefficient γ, defined by: 

 
0

,xI
e

I
γ−=  (II.34) 

with ,extNγ σ=  (II.35) 

where I0 is the intensity of the incident light beam, I is the intensity after the beam has 

traveled through a distance x of an absorbing and scattering medium, and N is the number 

of spheres per unit volume.  Using the Optical Theorem, the extinction σext and scattering 

σsc cross sections are calculated from Mie theory [50]: 

 (((( ))))
2

1

2
2 1 Re( )ext l l

l

l a b
k

πσ
∞∞∞∞

====
= + += + += + += + +∑∑∑∑ , (II.36) 
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 (((( )))) 2 2

2
1

2
2 1 ( )sc l l

l

l a b
k

πσ
∞∞∞∞

====
= + += + += + += + +∑∑∑∑ . (II.37) 

The absorption cross section is: 

 abs ext scσ σ σ= − . (II.38) 

In order to compare attenuation of light by a material in bulk with that in different 

particulate states it is useful to define a volume attenuation coefficient [51] which is the 

extinction cross section per unit particle volume: 

 .ext
v V NV

σ γγ = =  (II.39) 

This formulation gives a way to compare samples with different volume fractions (NV) of 

particles in the ensemble.  To calculate the attenuation of samples containing spheres and 

rods it is useful to express the volume extinction coefficient (for spheres) in the form 

[49]: 

 (((( ))))
3/ 2

3
1

3
2 1 Re( )m

l l
l

l a b
NV A

πεγ
λ

∞∞∞∞

====
= + += + += + += + +∑∑∑∑ , (II.40) 

where λ is the wavelength of the incident light, εm the dielectric constant of the 

surrounding medium, and 
1/ 22 ma

A
π ε

λ
==== , a being the radius of the spheres.  When the 

particle size is much smaller than the wavelength (a λ<< ) the absorption is caused 

mainly by the electric dipole oscillations, which simplifies the sum in (II.40) to the 

following equation independent of a: 

 
(((( ))))

3/ 2
2

2
2

1 2

18

2
m

m
NV

πε εγ
λ ε ε ε

====
+ ++ ++ ++ +

, (II.41) 
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where 2 2
1 nε κ= +  and 2 2nε κ=  are the components of the dielectric function of the 

particle 1 2p iε ε ε= +  defined by ( )2

p n iε κ= + , κ being the absorption index. 

 

 

II.4 Gold nanorod surface plasmon calculations 

Gans [52] extended Mie’s theory within the dipole approximation. The particles 

are usually characterized by their aspect ratio (AR − ratio between the length and the 

width of the particle).  The plasmon resonance for nanorods consists of two bands − the 

higher energy one corresponds to oscillation of the electrons perpendicular to the longer 

rod axis and is referred to as the transverse plasmon resonance; the lower energy band is 

due to oscillations of electrons along the rod and known as longitudinal plasmon.  As the 

aspect ratio increases, the energy separation between the resonance frequencies of the two 

plasmon bands increases. 

According to Gans’ theory the extinction coefficient of small, randomly oriented, 

non-interacting particles is [49]: 

 
23/ 2

2

2

2
1 2

(1/ )18

3 1

jm

j
j

m
j

P

NV P

P

επεγ
λ

ε ε ε

====
    −−−−

+ ++ ++ ++ +        
    

∑∑∑∑ , (II.42) 

where Pj is the depolarization factor corresponding to each of the axes A, B and C.  For 

elongated ellipsoids (A> B=C): 

 

2

2

1 1 1
ln 1

2 1

1

2

B

A
B C

e e
P

e e e

P
P P

− +− +− +− +    = −= −= −= −    −−−−    
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, (II.43) 
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where                                          
2

1
1

( )
e

AR
= −= −= −= − , (II.44) 

and AR (aspect ratio) is the ratio of the longer to the shorter axes of the rod. 

Calculations for the extinction coefficient of small spheres (II.41) and ellipsoids 

(II.42) are made using experimentally measured data for the refractive index n and the 

absorption index κ for gold [53].  The optical properties are described in terms of the 

complex dielectric function of the particles 1 2p iε ε ε= + .  An interpolation method was 

used to draw smooth curves, because only 30 data points were available in the 

wavelength region of interest.  This may add some error, in addition to the experimental 

one, to the calculated values of 1 2( ) and ( )ε ω ε ω .  Figure II.3 shows the calculated plots 

of the extinction coefficient as a function of wavelength. Figure II.3(a) shows that for the 

particles with a small aspect ratio in air, there is only one peak that is observable. In a 

medium with small εm (air), the two plasmon modes, transverse and longitudinal, are less 

separated.  Separation is also a function of the aspect ratio. For particles with AR < 3 in 

air, the transverse plasmon mode overlaps with the longitudinal, which has a significantly 

higher intensity.  Figure II.3(b) shows how sensitive the longitudinal plasmon mode is to 

changes in the dielectric constant of the surrounding medium.  Using the longitudinal 

surface plasmon mode as a sensor for changes in the surrounding medium has been 

proposed [54]. 



 25

 
Figure II.3. Dependence of the extinction coefficient on (a) aspect ratio (AR) for εm = 1 

and (b) dielectric constant of the medium (εm) for AR = 3. 
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in Fig. II.4 take into account the contributions of different volume fractions of 

nanospheres.   

 
Figure II.4. Ensembles of rods and spheres in solution ( 2mε = ).  (a) equal fractions of 

rods and spheres, (b) various fractions of spheres. 
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This model adequately describes the extinction spectra of low concentration 

solutions of Au nanoparticles and is comparable to many experimental results given in 

the literature [55].  A common mistake is to attribute the shorter wavelength peak to the 

transverse mode of the rods only, while it is mostly the effect of the presence of 

nanospheres. 

 

II.5  Conclusions 

This chapter describes light scattering by spherical particles.  WGM resonances 

are derived as a generalization of Mie scattering resonances in dielectric spheres.  Surface 

plasmon resonances are described on the basis of the same theory in the case of metallic 

particles.  The extinction coefficient is defined for spherical and elliptical particles.  An 

original contribution in this chapter is the calculation of the extinction coefficient for an 

ensemble of spheres and rods with a Gaussian distribution of aspect ratios.  The model 

compares well with experimental results for particles in a dilute solution.  As a 

continuation of this work, calculations of the extinction coefficient for a dense ensemble 

of particles on a surface can be developed and compared with the experimental data. 
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CHAPTER III 

COUPLING INTO MICRORESONATORS USING TAPERED OPTICAL FIBERS 

III.1 Evanescent coupling 

Evanescent coupling uses tunneling of the photons between the waveguide and the 

resonator.  Approximate phase-matching of the wavevectors is required for efficient 

coupling.  It means the velocity of the excitation wave is equal to the velocity of the 

confined wave.  Phase velocities are determined by the effective refractive index of the 

optical mode.  Evanescent coupling can be realized using total internal reflection in a 

prism or the evanescent field of an eroded, side-polished, or tapered optical fiber. Prism 

coupling has also been used for efficient excitation of surface plasmons [56] as well as to 

excite WGMs of microspheres [57]. Tapered optical fibers have proven to have several 

advantages over other evanescent couplers – low loss, small transverse dimensions, and 

more precise control over the coupling between the optical fiber and the resonator.   

 

III.2 Ring cavity model describing coupling between the waveguide and the resonator 

A four-mirror ring cavity model, shown in Fig. III.1, was developed to describe 

the coupling to and from the microsphere cavity.   
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Figure III.1. Ring cavity model. Three of the mirrors are 100% reflecting and one is 
partially transmitting with an amplitude reflection coefficient r and 
amplitude transmission coefficient it.  Power conservation leads to 

2 21t r= − .  l is the round trip path length and α is the effective loss 
coefficient inside the cavity.  The internal power losses in one round trip 
are αl. 
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r
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The ring cavity model is a valid analog to a fiber-coupled microresonator.  Its 

results are comparable to the results of coupled mode theory with the assumption that 

only a single fiber mode is excited.  However, light coupled from the microresonator to 

the tapered fiber may excite many fiber modes, all of which, except the fundamental 

HE11, will be lost after propagating a short distance along the fiber.  Fortunately, by 

placing the resonator at the proper tapered-fiber diameter it is possible to make the losses 

into higher order modes negligible thus validating the ring-cavity model.  The ring cavity 

may have one or two partially transmitting mirrors with r and it coefficients of reflection 

and transmission.  The internal round trip loss of the cavity is αl ( 2l aπ= , the 

microresonator circumference) and 2 2 1r t+ =  (lossless mirrors). 

The reflected field Er can be written as: 

 2 2 2
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( ) ( ) ( ( 1) )( ) ,
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in the case of a cw incident field, ( ) ;i iE t E=   τrt is the round trip time and 

( )0

2 nl

c

πδ ν ν= −  is the phase detuning from the resonance ν0.  The total loss can be 

separated into internal ( )lα  and coupling 2( )t T=  losses.  The ratio of the coupling to 

internal loss is defined by 

 
T

x
lα

= . (III.3) 

In the ring-cavity model, the fiber throughput signal is the power of the reflected field 

from the partially transmitting mirror.  It is described by the reflectivity R: 
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where 
2

T l

δθ
α

≡ −
+

.  θ  is the detuning of the resonance mode from the injected light in 

units of the half-linewidth.  At resonance the fiber throughput power can be found from: 
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There are three regimes that characterize the coupling:  

Undercoupling:  Coupling between the waveguide and the cavity is weak.  Losses 

related to coupling are smaller than intracavity losses ( )1x < . In the four-mirror-cavity 

model the amplitude of the directly reflected field (first term on right hand side of (III.1)) 

is greater than the amplitude of the field transmitted out through the mirror (second term 

on right hand side of (III.1)). 

Overcoupling:  In the overcoupled regime ( )1x >  the losses related to coupling are 

greater than the intracavity losses.  The amplitude of the field transmitted out through the 

mirror in this case is greater than the amplitude of the directly reflected field.  In the case 

of strong overcoupling, it can reach twice the amplitude of the directly reflected field.  

Critical coupling:  When the internal losses are equal to the coupling losses ( )1x = , the 

two terms have the same amplitude.  However, since the field transmitted out through the 

mirror is phase shifted by π, the two fields interfere destructively and the fiber throughput 

vanishes. The power carried by the waveguide transfers completely to the cavity mode.   

The shape of the resonance dip in the tapered fiber throughput power, when the 

frequency of the exciting wave is varied, is characterized by the dip depth M as a function 
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of detuning θ: 
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is the dip depth on resonance.  

 

Cavity buildup factor 

The cavity buildup factor can be defined as the ratio of internal cavity power to 

incident power.  In the case of one coupler (or, equivalently, one partially transmitting 

mirror) it is: 
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In terms of quality factors, the cavity buildup factor is: 
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In the case of critical coupling, the cavity buildup factor is: 
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This equation shows that the circulating power can be significantly enhanced inside the 

high quality factor cavity and therefore the threshold for lasing or other nonlinear effects 

can be significantly reduced. 
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III.3 Coupling from tapered optical fibers – in space and in time 

Modes of a tapered optical fiber can be modeled as modes of a cylindrical 

dielectric waveguide.  As a single mode optical fiber is adiabatically tapered to diameters 

below the core diameter, a fraction of the propagating mode extends outside of the fiber.  

This is the part of the field that can tunnel into a WGM of the cavity.  It can be 

approximated as an exponentially decaying field.  The decay constant of the taper field is 

given by the expression [58]: 
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, (III.11) 

where K1 and K0 are modified Hankel functions of the first and zero order, βf is the 

propagation constant of the fiber mode, and rf is the taper radius. 

The propagation constant is a function of the taper diameter.  It varies with 

position along the taper transition region of the fiber.  This can be used for phase 

matching of the whispering-gallery modes of the cavity.  Figure III.2 shows the effective 

index, which is proportional to the propagation constant, of two modes in the fiber as a 

function of taper radius. 

In the taper transition region, power can transfer from the fundamental HE11 mode 

to other modes that overlap with it. Due to symmetry considerations these are modes of 

the same family, HE1m. Mode-matching requirements and the assumption of a slow (near 

adiabatic) transition leave the HE12 mode as the dominant possibility for power transfer. 
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Figure III.2. Calculated effective index neff of the HE11 fundamental and HE12 modes of 
a tapered fiber as a function of the taper radius.  The inset shows the 
evanescent fraction of the HE11 mode for three different wavelengths.   
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If the fiber is tapered adiabatically [59], only the fundamental HE11 mode 

propagates through the fiber. Conditions for adiabatic tapering of an optical fiber are 

thoroughly discussed by Love [59, 60].  If a microcavity is placed in the vicinity of the 

tapered region of a single mode fiber, where the field is evanescent, the fundamental fiber 

mode overlaps with the WGMs of the cavity.  In general, the power transfer from the 

fiber to the cavity modes is caused by a polarization current produced in the cavity by the 

field of the fiber within the cavity.  Analogously the field of the cavity produces a 

polarization current inside the fiber.  Coupling of modes is considered in time and in 

space.  A matrix model of the coupling amplitudes [61] correctly describes the coupling 

behavior, even in the case of strong coupling.  If the coupling is assumed weak, the time 

rate and the spatial rate of change of the amplitudes of coupled modes are expressed by 

first order derivatives: higher order derivatives are ignored.  Weak coupling is a good 

approximation when the rate of change per cycle or per wavelength is small, as it is in our 

applications. 

An approach to the coupling problem, which treats the coupling in space, is 

presented in [62]. It is based on the model of distributed coupling between a WGM in the 

resonator (with field amplitude A) and modes in the waveguide (Bk). If we consider 

coupling between one WGM and only one waveguide mode the system of coupled 

differential equations to be solved is: 
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where βs and βf are the propagation constants of the mode in the sphere and in the fiber, 

and κsf and κfs are the coupling coefficients.  Restrictions on κsf and κfs are imposed by 
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power conservation.  If coupling is weak the power in the two modes is evaluated 

disregarding the coupling.  Coupling from the cavity to several modes of the waveguide is 

usually allowed  (because of simultaneously satisfying near-phase-matched conditions for 

these modes).  This behavior is studied in [63].  The findings show that when the HE11 

mode is matched to a fundamental WGM, coupling from the cavity to several higher-

order fiber modes can be significant.   

Coupling in time is also found under the assumption of weak coupling.  When the 

perturbation of the cavity and the waveguide mode is small (weak coupling), then the 

slowly varying amplitude approximation can be made.  It is valid when the cavity field 

A(t) satisfies the relation  ( ) ( )rt rt

dA
A t A t

dt
τ τ+ ≈ − , where τrt is the cavity round trip time.  

This coupling-of-modes formalism is given by H. Haus in [47] and is also used in [58].  

Coupling in time between the mode of the waveguide and the mode of the cavity is 

described by two coupled first order differential equations.  Energy conservation relates 

the two coupling coefficients.  The results are equivalent to the results obtained with the 

four-mirror ring cavity model.  

 

III.4 Fabrication of tapered optical fibers 

III. 4.1 Details of the tapered-fiber equipment 

In this work tapered optical fibers were prepared from SMF-28 (for propagation of 

1550 nm light; 8.2 µm core diameter and 125 µm cladding diameter), SBA (for 

propagation of 800 nm light; 5 µm core diameter and 125 µm cladding diameter), and SE 

(for λ = 780 nm) commercially available optical fibers. The fibers were stripped ½ inch 
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(jacket removed). They were stretched while being heated, along the stripped portion, 

with a hydrogen torch. The flame was controlled by a flowmeter. To control the 

stretching a computer interfaced machine was designed. A view of the fiber taper pulling 

machine is given in Fig. III.3.  

 

 

Figure III.3. Equipment for making tapered optical fibers; the inset shows a close look 
at the taper puller. 
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A LabView program controls the motion of the machine.  As a result of that, it 

allows for control of the tapered fiber parameters (fiber waist and stretched length).  Two 

motors pull the fiber in opposite directions, which results in two gradual taper transitions 

with a region of constant diameter between them.  The motors can be actuated and 

controlled simultaneously for achieving adiabatic taper transitions for single mode 

propagation. They can also be controlled individually for a more sudden transition, which 

can be optimized for two-mode propagation.  For the experiments discussed in this 

dissertation the aim was to achieve adiabatic tapers.  The third motor, controlling the 

torch motion, was operated in constant speed mode, periodically reversing the direction of 

motion (“flame brush”) in an interval controlled by the program.  The gas flow was 

optimized depending on the composition of the different optical fibers to be tapered.   

 

III. 4.2 Method for monitoring of single mode propagation in the process of tapering 

Fibers are pulled at a constant speed of 4.4 mm/min.  The two motors are pulling 

at 2.2 mm/min in opposite directions.  The usual setting of flame brush speed is 120 mm 

/min and the brush length is Lb = 6.5 mm.  The final diameter of the tapered fiber can be 

set and it determines how much the fiber is stretched.  In the current setting of the taper-

puller program the final diameter D(= 2 rf) is calculated as: 

 2
0

b

x

LD D e
−

= , (III.13) 

where D0 is the initial diameter and x is the increase in the fiber length resulting from the 

displacement of the motors.  The optimal taper profile, such that the resultant taper 

transition is adiabatic at minimal stretching, can be achieved by making the brush length a 

function of x, and is discussed in George Farca’s dissertation [64].   
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To monitor the process of tapering we injected laser light into the optical fiber and 

recorded the output power at the other end while the fiber was heated and stretched.  If 

the stretching is done too fast to be considered adiabatic, the initial single HE11 mode in 

the fiber core is coupled to higher order modes of the same symmetry (HE12) as the light 

propagates through the taper transition.  Light coupled into the higher order modes will be 

lost in the cladding after the second taper transition, reducing transmission through the 

tapered fiber during the process of tapering.  If the power transmitted through the tapered 

fiber remains close to the power transmitted before tapering, the tapered fiber transition 

can be considered adiabatic.  Figure III.4 represents the transmitted power through four 

fibers during the process of tapering.  Fibers 1 and 2 are SBA fibers and the laser light 

that propagates through them has a wavelength of 830 nm. Fibers 3 and 4 are SMA-28 

fibers, propagating 1570 nm light.  Fiber 1 was stretched from its original diameter of 125 

µm and fiber 2 was first etched to about 80 µm  diameter and then stretched.  It was found 

that the initial reduction of the cladding diameter (e.g., by etching in a solution of HF) 

results in a more gradual transition as light goes from core guided to cladding guided.  

While a single mode is being guided by the core, the cladding diameter can be reduced 

abruptly down to diameters such that the evanescent fraction of the core-guided mode is 

still completely confined in the cladding.  The smaller core diameters of SBA and SE 

fibers require longer taper transition lengths in order to achieve the same angle of 

transition at the point when light becomes cladding guided in comparison with SMA 

fibers.   
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Figure III.4. Transmitted power through a fiber during the process of tapering as a 

function of time. 
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To have the same evanescent fraction of the mode in the air, the final diameter has 

to be smaller when the wavelength is shorter.  This also adds to the longer transition 

length of these tapers.  One solution for this is an initial reduction of the fiber diameter 

using hydrofluoric (HF) acid etching. Fiber 3 is a SMA-28 fiber.  Fibers 1-3 were 

stretched to a 2 µm final diameter using a brush length of 6.5 mm.  Fiber 4 was also an 

SMA fiber, but the transition was made more sudden, by using a brush length of 4 mm.  

The fiber broke before reaching the final diameter.  The initial power in each fiber was 

normalized to 8 (arbitrary units) and the graphs were offset for clarity.  The loss in each 

of these tapered fibers is: Fiber 1 − 2.4%; Fiber 2 − 2%; Fiber 3 − 4.2%; and Fiber 4 

(before break) − 13.4%.  The unetched SBA fiber 1 shows small amplitude sinusoidal 

variations of the power, which is characteristic for two mode propagation with a small 

fraction of the power coupled into the higher order mode.   

 

III.5 Experimental realization of coupling from a tapered fiber to a microsphere resonator 

A portable taper holder was designed to allow for the tapered fiber fabrication to 

be separate from the coupling setup.  Figure III.5 shows an image of the fiber holder and 

the precise way of attaching the tapered fiber to it.  This setting allows for perfect 

horizontal alignment of the fiber and it also allows for two tapered fibers to be placed 

parallel to each other (up to 300 µm apart).  This design significantly facilitated the 

experiments. A sketch of two fiber holders positioned close together is given in Fig. III.6. 
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Figure III.5.  Fiber attachment to the fiber holder after pulling. 
 

 

 

 

Figure III.6. Two tapered fibers placed parallel at a distance comparable with the 
microsphere diameter. 
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An example of evanescent coupling from a tapered fiber to the microsphere 

resonator is given in Fig. III.7.  The fiber was tapered to 2 µm diameter, the radius of the 

sphere was 225 µm, and the laser wavelength was 1550 nm.  The graph shows the 

throughput power as a function of scanning frequency.  Different plots are taken as the 

distance between the sphere and the fiber changes.  At large distances, only several 

undercoupled modes are observed.  These modes are of the same radial order, but 

different polar orders, because they are equally spaced in frequency.  As the distance 

decreases the overlap of sphere and fiber modes increases, so the coupling becomes 

stronger.  The dip-depth of the modes increases and the dip-width also slightly increases.  

New classes of modes with different radial orders appear in the spectra.  Modes with the 

highest Q-factor appear when the distance between the sphere and the fiber is 

significantly reduced, showing the fact that the extension of the lowest order radial modes 

outside the dielectric sphere is smallest.  When the fiber touches the sphere (last plot) the 

relative distance among modes changes, reflecting the slight change in the effective 

refractive index neff  of the microsphere modes due to the fiber presence.  
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Figure III.7. Evolution of WGMs with decrease of the distance between the 
microsphere and the fiber. 
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III. 6 Conclusions 

In this chapter I discuss the evanescent coupling between a microsphere resonator 

and an optical fiber.  A ring cavity model was used to describe the shape of the cavity 

mode in terms of cavity losses.  It was shown that the resonance dip depth is a function of 

the ratio of the coupling loss to the intrinsic loss.  This ratio was used to define the three 

coupling regimes; undercoupled, overcoupled, and critically coupled.  An expression for 

the cavity buildup factor was also found.  In the experimental part of this chapter I 

describe a fiber puller device that was designed in the course of this work for making 

tapered fibers.  We achieved low-loss adiabatically tapered fibers.  A method for 

monitoring and possibly controlling the tapering process was described, which also has 

significance for making fiber tapers that are deliberately non-adiabatic.  Finally an 

experimental demonstration of the evolution of the WGM spectrum with decreasing fiber-

resonator distance was also given. 
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CHAPTER IV 

SEMICONDUCTOR QUANTUM DOTS 

IV.1 Introduction 

Semiconductor quantum dots (QDs) are studied in this work as a gain medium for 

a WGM laser based on a high quality microsphere resonator.  This chapter discusses the 

main ideas about carrier confinement in zero dimensional structures such as quantum 

dots, provides calculations for the parameters of colloidal HgTe QDs, the semiconductor 

gain material chosen for our WGM laser, and gives some comparison to other QD 

materials used in laser design. 

When charge carriers are confined in all three dimensions in 10-nm-scale 

semiconductor structures, essentially trapped within potential wells, their motion is 

quantized.  This creates atomic-like states in semiconductors.  Quantum confinement 

gives rise to significant modification of the energy band structure and the density of states 

in these materials.  When the semiconductor dimensionality is reduced the state density 

distribution acquires sharper features (Fig. IV.1), which in the case of a quantum dot (0-D 

– zero dimensionality) become d-functions.  The energy spacing between the atomic-like 

states increases as the dot size decreases. 
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Figure IV.1 Density of states for decreasing dimensionality of the gain medium. 
(Reproduced from [65].) 

 

In our whispering-gallery microlaser stimulated recombination of electron-hole 

pairs takes place in the quantum dot region, where the confinement of the carriers and of 

the optical mode enhance the interaction between carriers and radiation.  The population 

inversion (i.e. creation of electrons and holes) necessary for lasing occurs more efficiently 

as the active material is scaled down from bulk (3-dimensional) to quantum dots (0-

dimensional).  However, the laser operation depends not only on the absolute size of the 

nanostructures in the active region, but also on the uniformity of size.  A large 

distribution of sizes broadens the density of states, producing gain spectra similar to that 

of bulk material.  As an active medium for the proposed laser we choose colloidally 

prepared HgTe nanoparticles (Fig. IV.2) because of their strong room temperature 

infrared luminescence [27] and the strong quantum confinement that can be achieved in 
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these nanoparticles.  Depending on the size distribution and the method of preparation 

these nanoparticles can show a broad luminescence spectrum (1000 – 2000 nm) over the 

range of strategic telecommunication windows.   

 

 

Figure IV.2. TEM image of colloidal HgTe nanoparticles deposited on a formvar grid. 
 

Table IV.1 shows a comparison of emission range, typical diameters, and exciton 

Bohr radius for several of the most investigated colloidal semiconductor quantum dots.  

The ratio of Bohr radius to the radius of the QD is a measure of the strength of carrier 

confinement in a dot. 

60 nm 
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Table IV.1. Comparison of emission range and exciton Bohr radius for different 
colloidal nanocrystals. 

 

Narrow bandgap materials, such as HgTe, PbSe, and InSb are desirable to 

investigate the strong confinement limit of QDs.  Among these materials, strong 

confinement for both electrons and holes is easily achievable for PbSe because the 

electron and hole effective masses are nearly equal.  For example, compare the electron 

and hole Bohr radii of these materials with the typical sizes of QDs in Table IV.1:  InSb, 

ah = 2 nm; HgTe, ah= 2.6 nm; PbSe, ae = ah = 23 nm. 

 

IV.2 Model describing luminescence in QDs 

This model is based on the effective mass approximation. It assumes that the 

carriers in the dot behave as particles in a spherical well.  The energy eigenvalues differ 

Material Emission range 
(nm) 

Diameters  
(nm) 

Exciton Bohr radius 
(nm) 

CuCl ~ 400 3 0.7 

CdS 550 – 800 3 – 7 2.8 

CdSe 465 – 640 1.9 – 6.7 6 

PbS 850 – 2100 2.2 – 9.8 20 

InAs 800 – 1300 2 –7 34 

HgTe 900 – 2000 2 – 10 39.8 

PbSe 1200 – 2340 3.5 – 9 46 

InSb 650 – 1330 8 – 12 54 
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from the case of a free particle in a spherical potential well but can be formally expressed 

in terms of effective masses.  The equations in this section (IV.2) are written in the CGS 

system of units.  Equation (IV.1) corresponds to a parabolic band approximation used to 

describe an electron in a periodic crystal lattice: 

 
2 2
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E k

m∗= ℏ , (IV.1) 

 where m* is an effective mass, 
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To describe the electronic levels of HgTe nanoparticles attached to the dielectric 

glass surface we have used two models: a particle in an infinite spherical well and a 

particle in a finite spherical well.  We assumed a potential well depth of 5 eV for the 

finite spherical well.  The well depth is determined by the nature of the capping layer 

molecules. In all our experiments we have used thioglycolic acid capped nanoparticles.  

The nanoparticles are attached to a dielectric medium (thin PDDA layer covering 

fused silica) with a dielectric constant 2ε  less than that of the semiconductor nanocrystal 

QDε .  The dielectric confinement (caused by the difference in dielectric constants) gives 

rise to surface polarization effects [66] because of an interaction of the electron and hole 

inside a crystallite with induced image charges outside. The finite well depth results in a 

lowering of energy, compared to the energy of the same state with the assumption of an 

infinite well. 
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IV.2.1 Infinite potential well 

Quantum confinement:  In a quantum dot the electronic states are quantized 

and the energy levels become discretized.  The simplest model of a quantum dot is the 

particle in a spherical box of radius R with an infinite potential step [67]. In this model 

the Schrödinger equation is solved separately for electrons and holes: 

 ( ) ( )
2

2
*

( )
2 i i i

i

V r r E r
m

ψ ψ
 

− ∇ + = 
 

ℏ � � �
, (IV.3) 

where i denotes either electron or hole, im∗  is electron (hole) effective mass, ( )i rψ �
is the 

electron (hole) wave function, ( ) ( )0 for  and  for V r r R V r r R= < = ∞ >� �
.  This 

boundary condition implies that the wave function vanishes outside the boundary.  

Another assumption of this model is that it ignores the Coulomb interaction between the 

electron and the hole.  Solving Schrödinger’s equation (IV.3) in spherical coordinates we 

can find the eigenenergies Ei: 
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where qlα  is the qth zero of a spherical Bessel function of order l.  Therefore the energy 

separation between the two lowest energy levels  (l = 0 and l = 1) is given by: 
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E
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. (IV.5) 

In addition, carriers in the dot (electrons and holes) as charged particles interact 

via the Coulomb potential and form a quasiparticle, an exciton [68], that corresponds to a 

hydrogen-like bound state of an electron-hole pair.  Coulomb interaction between the 

localized carriers modifies the particle-in-a-box model depending on the strength of the 
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confinement in comparison to the electrostatic energy.  The Hamiltonian describing an 

exciton in an infinite well can be written as: 

 ( ) ( )
2 2 2

2 2

2 2e h e h
e h QD e h

e
H V r V r

m m r rε∗ ∗= − ∇ − ∇ − + +
−

ℏ ℏ � �
� �  (IV.6) 

where  and e hr r
� �

 are the coordinates of an electron and a hole, and QDε  is the dielectric 

constant of the nanocrystal. 

An exciton, similarly to the hydrogen atom, is characterized by the exciton Bohr 

radius  
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, (IV.7) 

where µ is the electron-hole reduced effective mass 

 1 1 1
e hm mµ − ∗− ∗−= + , (IV.8) 

and by the exciton Rydberg energy 
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For optical (interband) transitions we need to consider the energy separation 

between electron and hole states.  If the Coulomb interaction can be ignored then the 

energy separation between the electron and hole states is: 
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On the other hand, from (IV.7) and (IV.9) the exciton binding energy in the bulk 

is given by 
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. (IV.11) 
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In making the determination of how many electron and hole energy levels to be 

included in a calculation, an important parameter is the ratio of the dot radius to the 

exciton Bohr radius in bulk material.  In the strong confinement regime, the energy 

separations (IV.10) are much larger than the exciton binding energy (IV.11), which is a 

measure of electron-hole Coulomb interaction, so the exciton ground state is composed 

of the lowest-energy electron and hole states. The criterion for strong confinement is 

[66]: 

 1
B

R

a

 
 
 

≪  (IV.12) 

As the size of the QD increases and the energy separations of the quantized electron and 

hole states become equal to or smaller than the exciton binding energy, mixing of the 

states has to be considered.  The valence band in HgTe (zincblende structure) has p-like 

character (ℏ  angular momentum).  The spin of the electron interacts with the magnetic 

field produced by the orbital motion.  Due to spin-orbit interaction the valence band splits 

into a 4-fold degenerate band (with total angular momentum F = 3/2) and a 2-fold band  

(F = 1/2).  The degenerate states at the zone center are represented by different curvatures 

in the multiband effective mass approximation model and are called heavy hole (HH), 

light hole (LH), and spin-orbit split-off bands.  Mixing of the HH and LH bands described 

by a multi-band envelope-function model [69] gives more accurate predictions of the 

lowest-energy hole eigenstates. 

For HgTe ( 0 00.03 ,  0.44 e hm m m m∗ ∗= = , where m0 is the free electron mass), the 

Bohr radius and Rydberg energy are: 

aB = 39.75 nm,   and   ER = 0.86 meV. 



 54 

The static dielectric constant of bulk HgTe is 21QDε =  [70].  The electron and hole 

energy separations for a 2 nm radius HgTe spherical QD are: 

 
19

1,0

20
1,0

5.1 10  J 3.2 eV 123  and 

3.5 10  J 0.22 eV 8.4 .

e B room

h B room

E k T

E k T

−

−

∆ = × = =

∆ = × = =
 

Thus for R = 2 nm average size (HgTe nanoparticles), the strong confinement regime is a 

valid assumption.  Thermal population of the higher energy levels can be neglected if the 

separation between energy levels is large compared to the thermal energy 

2126 meV 4 10  J  at 300 KB roomk T T−= = × = .  

 

Dielectric confinement:  The dielectric confinement effect arises when the 

semiconductor QDs are surrounded by a medium with a relatively small dielectric 

constant.  The electric field lines between the charged particles inside the nanocrystal 

pass through a medium with a smaller dielectric constant resulting in enhanced 

Coulomb interaction between the electron and the hole.  This effect is more pronounced 

in QDs with a radius equal to or smaller than the Bohr radius because of the stronger 

penetration of the electric field lines into the surrounding medium.  The electron and the 

hole motion in these structures is strongly affected by the dielectric boundary. 

To take into account the surface polarization energy, which arises from the 

differences between the dielectric constants of the nanocrystal and the surrounding 

medium, the electron–hole Hamiltonian is supplemented with the potential energy of 

electron and hole interaction with the induced polarization field [71]: 
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where  and e hr r
� �

 are the respective coordinates of electron and hole, Pl is the Legendre 

polynomial of the l-th order, and  Θeh is the angle between  and e hr r
� �

.  αl is defined by 
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where 
2

QDε
ε

ε
= .   

The first two terms represent the kinetic energy, and the third term is the direct 

Coulomb interaction between an electron and a hole. The last two terms account for the 

surface polarization energy. The first of these terms is the self-energy of electron and 

hole due to their own image charges and the second is the mutual interaction energy 

between electron and hole via image charges. The expression of the dielectric 

confinement energy for an exciton is dependent on the shape of the quantum dot. This 

problem has been treated with the variational approach [72-74], and it has been found 

that in the strong confinement limit ( BR a<< ) the Coulomb term contribution to the 

ground state energy is even greater than in the bulk monocrystal.  Thus the excitonic 

energy spectra in the strong confinement regime are expected to be strongly modified 

by this dielectric confinement effect. 

 The exciton energy measured as a deviation from the bulk band gap energy Eg in 

the strong confinement limit can be written as an expansion [75] 
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with the small parameter 1BR a << .   

The first coefficient A1 corresponds to the roots of the Bessel function. The 

second coefficient A2 describes the Coulomb term and takes different values for 1s1s, 

1p1p, and other states [74]. It also contains terms that arise from the surface 

polarization energy. The third coefficient A3 is also a function of the dielectric constant 

ratio 
2

QDε
ε

 [76]. 

Taking the coefficients A2 and A3 from the literature [77] we calculated the 

energy (in eV) of the lowest exciton state as a function of the QD radius (in nm):   
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A plot of this dependence is presented in Fig. IV.2.  The 1s1s exciton state is the 

lowest energy state for a transition in a QD.  The quantum dots are assumed spherical.   

 

 
Figure IV.3. The energy of the lowest exciton energy level vs quantum dot radius.  
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The experimentally measured first excitonic peak of HgTe nanoparticles of 

average size around 2 nm radius, suspended in water, is at about 1.3 eV (see Ch. V) while 

according to the graph it should appear at 3 eV.  The deviation of the theoretical 

prediction from the experimentally measured values shows that the boundary constraint 

of the infinite well model is not valid for small size QDs. 

 

IV.2.2 Finite potential well 

Formula (IV.16) diverges in the limit RØ0, while in the real systems E should be 

bounded by the work function of the semiconductor embedded in the surrounding matrix 

material. A spherical region in which the potential is less than that of the surroundings 

( 0( )  for V r V r R= − < , and ( ) 0 for V r r R= > ) serves as a finite quantum well. The radial 

quantum number comes from the solution of the Schrödinger equation in spherical 

coordinates. The requirement that the radial part of the wave function ( )rℜ  has to be 

finite at r = 0 leaves the odd parity solution to an equivalent one-dimensional problem.   

The interior solution is ( ) ( ) for lr Aj r r Rαℜ = < ,    (IV.17) 

and the exterior solution is (1)( ) ( ) for lr Bh i r r Rβℜ = > , (IV.18) 

where jl(αr) is a spherical Bessel function and (1)( )lh i rβ is a spherical Hankel function, 

and α and β are: 
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0E <  for bound state energy levels. 

The radial quantum number and consequently the bound energy levels are 

obtained by requiring that ( ) ( )1 d drℜ ℜ  be continuous at r R= .  This condition, 

applied to interior and exterior solutions, for l = 0, 1, and 2 respectively leads to: 
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For l = 1 
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For l = 2 
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The lowest energy levels for the s, p, and d bands of HgTe nanoparticles are found 

upon graphical solution of these equations.  The results are plotted versus dot radius and 

presented in Figure IV.4.   
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Figure IV.4. Exciton energy levels vs QD radius. Energy levels for different l (angular 
momentum quantum number) are plotted assuming a finite (5 eV) depth 
quantum well. 

 

Although these results still differ from experimental photoluminescence (PL) 

spectra, they give some qualitative understanding of the nanoparticles’ behavior: 

1. The exciton binding energy depends on the size of the QD, depth of the potential well, 

and strength of the Coulomb interaction.  

2. There is a critical size of the nanocrystal (radius less than 0.63 nm) under which there 

is no confined state. The emission wavelength can be changed either by changing 

nanocrystal composition (for example HgxCd1-xTe) or by controlling the average size 

and size distribution.     
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IV.3  Optical gain in quantum dots 

The overall gain spectrum produced from an active layer of nanoparticles is 

broadened both homogeneously and inhomogeneously. The natural linewidth of a single 

transition in a given quantum dot determines the homogeneous broadening. The 

variations in size and shape among different quantum dots give rise to inhomogeneous 

broadening.  (The equations in this and the following sections are written in the SI system 

of units.)  The gain coefficient per unit time at frequency ω is related to the lineshape 

functions through the following expression [78]: 

 
2

0( , ) 2 ( ) ( ) ( ( , ) ( , ))c vG N D E E g E M f N E f N E dEω ω= − − −∫ ℏ , (IV.23) 

where ( )g E is the homogeneous lineshape; the variations in transition energy resulting 

from the varying sizes of QDs are described by the function D(E-E0), where E0 is the 

average transition energy; M is the matrix element for a transition, N is the carrier density, 

and fc (fv) is the Fermi factor for the conduction (valence) band. 

For the undoped and quasi-neutral QD:  fv = 1-fc and also N = 2fcNt, where Nt is 

the number of QDs per unit volume. 

Because of the large number of QDs in the active layer, D(E) is assumed to be a 

Gaussian distribution function [78]: 
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where γ gives a measure of inhomogeneous broadening resulting from the variations in 

QD sizes and is related to statistical variations of QD size. 

For simplicity the homogeneous broadening is also assumed to be a Gaussian: 
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where δ is a measure of the homogeneous broadening related to the finite width of the 

spectrum of a single QD. 

The gain spectrum can be written as 
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This expression shows that transparency of the active layer occurs at the excitation 

level N = Nt.  In the case of optical pumping the transparency should occur when the 

number of absorbed photons is equal to half the number of quantum dots in the active 

region.  Saturation will occur when all QDs in the active layer are excited.  For further 

calculations of the gain, an expression for |M|
2 from [79] can be used. 
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where d is the component of the dipole matrix element in the direction of the electric field 

vector. 

 

IV.4  Conclusions 

This chapter discusses 3-D confinement in QDs and shows a comparison of the 

parameters of commonly used colloidal nanocrystals.  Energy spectra for HgTe QDs were 

calculated and it was determined that the carriers in these QDs with radius below 2 nm 

are under the strong confinement regime.  Two models for calculating energy spectra 

(infinite and finite spherical potential wells) were compared and it was found that 
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accounting for the finite well gives values for the energy separations of the levels that are 

closer to those experimentally measured from absorption spectra.  The calculations 

showed a critical size for spherical HgTe QDs (radius less than 0.63 nm) under which 

there are no confined states.  Considering the nanocrystals’ deviation from the spherical 

shape should also give results that are better comparable with the experimental.  This is a 

subject of research of another member of our group, Deepak Ganta. 

Finally an expression for the gain in small spherical QDs was discussed. 
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CHAPTER V 

WGM MICROLASER 

V.1  Introduction 

In the previous chapter we discussed the properties of semiconductor quantum 

dots and calculated some parameters of colloidal HgTe quantum dots.  Because of the 

strong room-temperature infrared photoluminescence, due to the high confinement of 

carriers in this material, we found it suitable for a gain medium in the WGM microsphere 

resonator.  The quantum dots are prepared in colloidal solution and coated with a layer of 

thioglycolic acid, which prevents further growth and clustering and also gives the 

particles a net negative surface charge. 

Fused-silica microspheres have been studied extensively over the past several 

years as high-quality-factor (Q), low-mode-volume optical microresonators of wide-

ranging applicability.  Properties of the high-Q eigenmodes of a microsphere, called 

whispering-gallery modes, are discussed in Chapter II.  Part of the field distribution of a 

WGM extends outside of the microsphere. This evanescent component enables 

interaction with material on the surface or in the surrounding medium.  Recently, 

microspherical lasers employing several different techniques of introducing gain have 

been demonstrated [80-85].  We discuss a procedure for attaching the charged 
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semiconductor nanoparticles to the surface of a high quality optical microresonator.  

Having the gain medium right on the surface of a resonator allows for capturing a 

significant fraction of spontaneous emission, thus lowering the laser threshold and 

making this device promising for achieving thresholdless laser action [86].  Further 

improvement over previous WGM quantum-dot lasers that used free space coupling [37, 

80, 87] is achieved by using tapered optical fibers for efficient coupling of the optical 

pump and the microlaser emission.  The ultralow laser threshold was measured by 

following the increase of emission as the pump laser is scanned in frequency through a 

single WGM.  We have measured the scattered pump losses simultaneously with the 

pump and the laser output for a better estimate of the actual absorbed power.  Frequency 

selection of the laser emission by using coupled resonators is also discussed. 

 

V.2  Spontaneous emission and coupling between emitters and cavity modes 

Spontaneous emission is often viewed as an inherent property of matter, because it 

seems that an excited atom inevitably radiates.  Nevertheless spontaneous emission is a 

consequence of atom-vacuum field coupling.  When an electron makes a transition from 

an excited state to the ground state and a photon of energy e gE Eω = −ℏ  is emitted, the 

electron is coupled to the vacuum state of the electromagnetic field.  In free space there 

are an infinite number of vacuum states available.  However if the density of these states 

is modified it is possible to enhance or inhibit the spontaneous emission.  The coupling g 

between an atom and a single mode of the field is described by the Rabi frequency of the 

vacuum Ω [88] − the frequency at which the atom and a single mode of the field 

exchange energy: 
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 2 eg vacg d E= Ω = ℏ , (V.1) 

where deg is the matrix element of the electric dipole moment of the atom between the 

two levels (e-excited and g-ground) and Evac is the rms vacuum electric-field amplitude in 

a mode of frequency ω,   
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= ℏ
.  (V.2) 

Here V is the size of an arbitrary quantization volume.  However, in free space, the atom 

can radiate in any mode that satisfies energy and momentum conservation. 

Using Fermi’s golden rule the radiative transition rate of an atom can be written as 

[89]: 
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, (V.3) 

where d is the optical transition dipole matrix element, ( , )rρ ω �  is a position dependent 

density of photon states per unit volume and unit frequency interval, and r
�

 is the position 

of the emitting atom.  The average density of states over the cavity volume (Vc) is defined 

as: 
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In vacuum the density of states is a smooth function given by: 
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Equation (V.3) expresses the well-known and experimentally proven fact that the 

spontaneous emission rate of an atom can be reversibly changed by changing its optical 

environment.  One way to achieve a control of spontaneous emission rate is to place an 



 66 

emitter in a cavity of a size comparable with its emission wavelength.  The cavity walls 

significantly modify the density of states available for the emitted photon.  Modes are 

redistributed and concentrated at cavity resonance frequencies. 

In the case of weak coupling, the coupling constant between the emitter and a 

cavity mode, g (half the vacuum Rabi frequency) satisfies g << Γh (the homogeneous 

decay rate, h nr cavΓ = Γ + Γ , is a sum of the nonradiative decay rate and the radiative decay 

rate in the cavity) and g << k (decay rate of the cavity photon).  In the weak coupling case 

the spontaneous radiative decay is still irreversible but enhanced by a factor F called the 

Purcell factor: 
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λΓ =
Γ

∼ , (V.6) 

where Γ0 is the free space radiative decay rate, V is mode volume in the cavity, and Q 

(here and throughout this chapter) is the cavity mode’s Qtotal.  The Purcell factor is 

derived in detail in [89], where the position of the emitter inside the cavity is also taken 

into account.  

The case g >> Γh, k is referred to as the strong coupling regime, in which the 

emitter and the cavity can exchange energy coherently, so the spontaneous decay rate is 

reversible.  A signature for this regime is splitting of the cavity modes by the vacuum 

Rabi splitting energy Ωℏ .  The splitting has to be bigger than the broadening mechanisms 

(homogeneous broadening plus spectral diffusion or inhomogeneous broadening in the 

system) in order for this effect to be observed.   

In relation to the emission of QDs in the microsphere resonator, the coupling 

constant g is proportional to the dipole moment of the quantum dot.  QDs with large 

dipole moments are required for achieving strong coupling. Knowing the coupling 
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constant of our system is useful in determining the limits of the special quantum regimes 

that can be reached.  These special regimes are usually referred to collectively as cavity 

quantum electrodynamics (CQED). 

 

V.2.1 Calculation of the coupling constant for a silica microresonator and a HgTe QD 

From the measured radiative lifetime of HgTe QDs 15 nsradτ =  [36] we can 

determine the dipole moment d.  In the experiment described in [36] QDs were embedded 

in latex microspheres.  Because the dipole radiates inside the quantum dot placed in a 

dielectric environment the decay rate relates to that of a dipole in vacuum as [90]: 
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where εm is the dielectric constant of the embedding material, εQD is the dielectric 

constant of the QD semiconductor material, and Γ0 is the radiative decay in vacuum (the 

same as Einstein’s A coefficient): 
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where ω is the emission frequency and d is the dipole moment.  From (V.7) and (V.8) the 

dipole moment of HgTe QDs (in Debyes and in atomic units) is: 
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where the dielectric constant of the latex is 1 2.52mε = , 21QDε = , and the emission 

wavelength is 1500 nm.  With this large dipole moment HgTe QDs are very good 

candidates for experiments on special quantum regimes, such as thresholdless laser, 
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single emitter laser, and strong coupling.  Table V.1 gives a comparison with other 

materials investigated for CQED experiments. 

 

Emitter material Nd3+ ions Rb atoms QDs: InAs QDs: HgTe 

Surrounding 

material 

Embedded 

in silica 

Near silica 

surface 

Epitaxially 

grown in GaAs 

Embedded in 

latex sphere 

Dipole moment ~ 10-3 a.u. 

0.002 D 

~1 a.u. 

2.5 D 

15 a.u. 

38.3 D 

28 a.u. 

73.6 D 

Emission 1060 nm 780 nm ~1000 nm ~1500 nm 

 
Table V.1. Comparison of dipole moments of materials investigated for CQED. 
 

To go further in the calculations of the coupling constant we need to know the rms 

vacuum electric field in the case of a single QD emitting into a single WGM of a 

microresonator.  The expression is similar to (V.2) with the difference that it takes into 

account that the emitter is inside a QD, includes the dielectric constant of the resonator 

material, and uses the mode volume V of a particular WGM: 
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The coupling constant can be found from (V.1) substituting the expressions (V.9) 

for the dipole moment and (V.10) for the rms vacuum electric field. Taking into account 

that the dipole moment was measured for HgTe QDs in latex, which is designated as m1, 

and the field is applied to QDs on the surface of a silica microsphere, which is designated 

as m2, we can write an expression for the coupling constant: 
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This expression assumes that a QD on a silica surface radiates as if it was embedded in 

silica.  This assumption is justified in the next subsection.  If m1 and m2 are identical the 

expression for the splitting energy (and consequently for the coupling constant) becomes 

the same as in [91].  The volume is calculated from (II.25) for the fundamental WGM of a 

spherical resonator of radius 300 µm.   

Parameters for which the coupling constant is calculated: 

6

1/ 2
1 1

1/2
2 2

2

1

1.5 10  m

1.59 - latex index of refraction

1.45 - silica index of refraction

15 ns radiative decay time

7.5 ns total decay time based on 50% quantum efficiency of HgTe QDs

m

m

rad

n

n

V

λ

ε

ε

τ

τ

−= ×

= =

= =

=

=

312000 lm λ=

 

The coupling constant is: 8 -11.71 10  sg = ×  or 27.2 MHz
2

g

π
= . 

The homogeneous decay rate Γh can be calculated from the total lifetime and the 

cavity decay rate k from the quality factor of the resonator at the emission wavelength as 

follows: 
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Comparison between the coupling constant g and the decay rates Γh and k shows that 

strong coupling is possible in this system and that individual HgTe nanoparticles are good 

candidates for CQED experiments. 
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V.2.2. Spontaneous emission near planar interfaces 

Modification of spontaneous emission can occur also when the emitter is placed at 

the interface between two media with different dielectric permittivities.  This has been 

observed experimentally [92, 93] and is well studied in terms of classical electromagnetic 

theory [94-96] as well as quantum theory [97-99].  The findings are that the emission 

pattern differs significantly from the emission pattern of a dipole in an unbounded 

medium.  Expressions for the dependence of the lifetime on the distance from the 

interface are derived from both the quantum theory and the classical electromagnetic 

theory (through the correspondence principle stating that the power radiated by 

spontaneous emission can be found from the power radiated by an electric dipole 

calculated by the classical theory by replacing the dipole moment with the transition 

matrix element).  The classical theory [94] calculates the angular distribution of the 

dipole-radiated power.  The field of the dipole is represented as a superposition of 

radiative field and near field.  The interference of the plane waves (radiative field), 

emitted by the dipole, with their reflection from the interface determines the light 

distribution in medium 1 with the smaller refractive index, where the dipole is placed.  

Near field waves for which the wave number k is 1 2k k k< ≤< ≤< ≤< ≤ , where 

1 1 2 2 and k n c k n cω ω= == == == = , are transmitted to the denser medium 2 as homogeneous 

plane waves with angles of refraction greater than the critical angle.  In this way the near 

field carries power to the denser medium.  Power contributed from the near field is 

significant only for distances (separation between the dipole and the denser medium) 

smaller than the wavelength. 
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The emission pattern of a dipole on a flat surface is highly nonsymmetrical with 

respect to the interface.  It could be thought of as the directional probability distribution 

of an emitted photon, which shows that an emission event is most probable into the 

denser medium at an angle greater than the critical angle.  Nevertheless, there is a finite 

probability of emission into free space.  Calculations for the coupling of spontaneous 

emission from a single QD to a dielectric microsphere are done by Pelton and Yamamoto 

[100].  Coupling to a single fundamental (q = 1, m = l) TE mode is considered.  The 

analysis is similar to that in Chapter II, but in this case the incident field is the radiation 

field emitted from the dot and it takes into account also the field scattered off the sphere. 

The fields are written as linear combinations of orthogonal spherical modes and the 

coefficients are related by the boundary conditions.  Only modes of the same spherical 

symmetry can contribute to a particular WGM.  It is found that the coefficients al, which 

determine the fields of a WGM (II.13) and (II.14), are related only to the coefficients of 

the incident mode inc
la  as follows: 
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where n is the refractive index of the dielectric sphere and it is assumed that the sphere is 

placed in air ( or vacuum) so nex = 1, k0 is the free space wave vector, and kin is the wave 

vector of the interior material (fused silica in this case).  This equation determines the 

spectral selection of the coupling.  The coefficients of the incident mode are calculated as 

an overlap integral of the incident electric field and the appropriate spherical harmonic 

over the surface of the sphere: 
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where Einc is the dipole field modified by the presence of the dielectric boundary, 

calculated according to Ref. [94].  Equation (V.13) accounts for the spatial overlap 

between the incident field and the field of a WGM.  The above procedure is used to 

calculate the capture fraction β, the fraction of spontaneous emission coupled to one 

particular mode of the cavity, as a function of sphere size and the separation between the 

dipole and the sphere.  The conclusions are that larger spheres have more efficient capture 

of the radiation, which increases as the dipole is brought close to the surface.  These 

conclusions strongly support the expectations for a large capture fraction of spontaneous 

emission into a lasing mode in our microlaser system.  The large β factor allows for 

achieving lower laser threshold, as discussed in section V.4. 

 

V.3 Laser rate equations 

We assume a 3-level system for the QD-laser operation.  The rate equations are 

written in a standard form. 

 

 

Figure V.1. Three-level laser transition diagram. 
 

In the three-level diagram Φp and Φ are the pump and emission photon flux 
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inside the cavity, σp and σe are the pump absorption and laser emission cross-sections, 

and Γij are the relaxation rates between energy levels.  The population rate equations are 

as follows: 
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where Ni are excitons per unit volume in different energy levels i.  We have assumed a 

fast 3-2 ( 32 21,  eσΓ Γ Φ≫ ) transition so 3 0N ≈ .  Under this assumption the laser gain and 

pump absorption coefficients for intensity are defined as: 
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and the equations are solved for steady state. 

Below threshold the stimulated emission term can be eliminated ( 0Φ = ).  The 

populations of levels 2 and 1 are: 
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Above threshold: 
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where 1 2tN N N= +  is the total density of QDs participating in lasing.  What is interesting 

to notice at this point is that the population density of the ground level increases above 

threshold compared with its value below threshold, as long as 21p pσ Φ > Γ , which is the 

condition for population inversion, satisfied above threshold.  Increased population 

density of the ground level also means that the pump absorption above threshold is 

increased.   

The field gain per unit time is then defined as: 
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n n

σγ= = − . (V.18) 

In the case of QD laser medium the first term (2N2) represents the carrier density N and 

the second term Nt is the QD density, thus tG N N∝ − as derived in section IV.3. 

 

V.4  Laser threshold 

The condition for laser threshold can be expressed by setting the gain equal to the 

cavity loss.  On the basis of coupled-mode formalism for a fiber coupled resonator with 

the addition of gain and loss terms it is shown [101] that at threshold 
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where G is the intracavity field gain per unit time for a particular cavity mode, and ephτ  is 

the cavity photon lifetime at the laser emission wavelength.  e
phτ  is proportional to the 

total quality factor of the cavity mode at the emission wavelength.  For the gain we use 

expression (IV.26) from the discussion in Chapter IV.  Thus the intracavity field gain 

coefficient per unit time at the frequency of emission νe is: 
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where N = 2N2 is the carrier density, hν△  is the homogeneous linewidth, andinν△  is the 

inhomogeneous linewidth of the laser transition.  (Both lineshapes are assumed to be 

Gaussian.)  We can express the carrier density at threshold as a function of the cavity and 

gain medium parameters as: 
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For a three-level system the minimum power necessary to achieve laser oscillation 

is approximately [102]: 
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considering a 100% pump efficiency (each photon produces 2 carriers) and a large 

number of QDs participating in the lasing.  Here pV  is the cavity pump mode volume, 

pν is the pump frequency, and 2τ  is the total decay time of level 2.   

The following data have been used for calculation of the carrier density and the 

threshold power: 
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For the threshold carrier density we get 16 -3(2.8 10 ) mth tN N= × + , which is dependent on 

the number of QDs in the mode volume.  The two terms in Nth would be comparable when 

the number of QDs in the mode volume is on the order of 102.  Assuming 105 QDs in the 

pump mode (which would correspond to 0.1% coverage and 10% of the QDs strongly 

absorbing the pump), the threshold power is 1.6 µWthP ≈ .  To find how this threshold 

power relates to the power lost from the pump WGM we have to take into account that 

only a fraction of the power lost is absorbed (typically 0.2absη = , as discussed in section 

V.7.3), and that the input power relates to the intracavity power as in (III.9) and for a 

critically coupled mode through (III.10).  Also, the intensity at the surface is smaller than 

the average intensity by a factor approximately equal to the evanescent fraction plotted in 
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Fig. III.2, . 0.02ev frη = .  It is possible to calculate the threshold power for an 

undercoupled or an overcoupled mode if we know the coupling regime (x > 1 or x <1), 

the dip depth M0, and the total Q factor.  All of these factors can be expressed in: 
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For the case of a critically coupled mode the power is: 
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where is the quality factor of the same pump mode at critical coupling and the actual total 

input power lost needed to reach the threshold is ( ) 688 nW
c

in th
P = .  For an undercoupled 

mode of M0 = 88%, similar to one experimentally measured (shown later in Fig. V.13), 

the total input power lost at threshold is ( ) 1.04 Win th
P µ= . 

Although this is a reasonable approximation for the expected threshold power, a 

quantum analysis of the rate equations, accounting for the large capture fraction of 

spontaneous emission to the lasing mode, further lowers the expected threshold and 

reveals different laser operation close to the threshold point.  A quantum theory of near 

threshold behavior of a similar laser system is given in [86].  The model describes an 

active medium of two-level atoms resonant with a single cavity mode.  The atoms are 

uniformly coupled to the field with a coupling constant g. The model does not account for 

inhomogeneous broadening and mode competition.  However for our QD-coated 

microsphere laser this is acceptable because the homogeneous width of the transition in 

HgTe QDs (~ 21 MHz) is smaller than the cavity mode spacing (>1 GHz spacing between 

adjacent polar modes, measured experimentally).  In this case a given class of QDs (same 
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size and shape) in the inhomogeneously broadened spectrum can emit to only one mode 

of the cavity that is resonant with their transition frequency.  This way there will be no 

mode competition in such a system.  Further, the model derives an exact relation between 

the population inversion and the intensity from Heisenberg-Langevin equations written in 

the interaction picture.  The analytical treatment is based on the assumption that the 

population inversion is large enough so that its fluctuations can be neglected.  This model 

gives an analytical expression for the relation between the emission intensity and the 

pump rate, which is: 

 ( ) ( )2 2
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1 1
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where I is the emission intensity normalized to the saturation intensity, r is the pump rate 

normalized to the threshold rate, 2 1 and Γ Γ  are the relaxation rates of the two levels (Γ2 

does not include spontaneous emission into the lasing mode), and c is: 
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where 
22

2h

g

kΓ +
 is the rate of spontaneous emission into the lasing mode, Γh is the 

homogeneous decay rate, and k is the decay rate of the cavity photon. The meaning of c is 

simply the ratio of spontaneous emission into the lasing mode to the rate of all other 

upper-level decay channels.  The relation of c to the previously discussed capture fraction 

β can be approximated as: 

 
2 2
sp

c

c
β =

+ Γ Γ
, (V.27) 

where 2
spΓ  is the total radiative decay rate.  When spontaneous emission accounts for half 
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the decay of the upper level then /(1 2 )c cβ = +  and the thresholdless regime is realized 

when 1β → .  This model has been used to analyze the behavior of our laser system near 

threshold. 

 

V.5  Microsphere fabrication and coating with semiconductor nanoparticles 

V.5.1  Fabrication of high quality factor microsphere resonators 

When ultra-high Q factors are necessary, microsphere cavity losses must be 

minimized.  Fused silica optical fibers are designed to have extremely low loss in the 

near infrared region of the spectrum.  The low OH concentration in this material 

reduces the absorption losses.  This makes optical fibers an ideal material for 

microsphere fabrication.  The fiber is stripped and carefully cleaned with methanol and 

electrowash (commercially available spray for cleaning optical fibers).  We melt the 

end of an optical fiber with a hydrogen-oxygen torch.  The end bends in the direction of 

flow and the surface tension pulls the molten silica into a sphere with an extremely 

smooth surface.  If the gas flow is kept slow the formation of the sphere is slow and 

allows for the impurities left on the surface to burn out.  Keeping the optical fiber in the 

flame for 1 to 2 minutes results in quality factors greater than 108.  For fabricating 

microspheres of diameter less than 300 µm the end of a 125 µm fiber is first tapered to 

a smaller diameter.  The gas flow has to be adjusted for different sphere sizes.  Our 

microspheres typically range in diameter from 100-1000 µm.  Bigger microspheres 

have lower eccentricities, which brings them closer to the perfect sphere shape.  

Surface roughness was measured by an atomic force microscope (AFM).  A typical 
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scan is shown in Fig. V.2.  Microspheres of Q > 108 had surface roughness less than 1 

nm.  

 

Figure V.2. Section analysis of an AFM image of a surface of fused silica microsphere 
of diameter 600 µm.  

 

Losses due to surface scattering (the most significant source of loss for coated as 

well as bare spheres) are calculated for a microsphere with a radius 300 µm and average 

height of the roughness h = 2 nm and average width B = 20 nm, according to (II.31).  The 

Q factor resulting from scattering losses predicted by this calculation is 84 10×∼  for 

830 nm,λ =  consistent with the measured Q factors. 

 

V.5.2 Coating of a fused silica microphere resonator with semiconductor nanoparticles 

Our coating method simplifies control of the surface density of quantum dots 

deposited on the microsphere.  We used D2O as a solvent instead of water, in order to 

reduce the absorption of the surface coating at the long emission wavelengths.  The 

region of strong absorption in the near IR for D2O is shifted, compared with H2O, towards 

longer wavelengths (Fig. V.3).  The measurement was done with a Varian Cary 5.  
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Deionized water or high purity D2O samples were placed in a standard plastic cuvette and 

the transmission was compared to that through an empty cuvette in the reference channel.  

The experiments show that use of D2O as a solvent is necessary to achieve lasing from 

HgTe nanoparticles since it was never achieved with water as a solvent. 

 
 

Figure V.3. Absorption spectra of H2O and D2O.  Clearly D2O shows less absorption 
between 1300 nm and 1800 nm, where the peak of HgTe luminescence is 
expected. 

 

A bilayer coating method was used to functionalize the surface of the silica 

microsphere, in a manner similar to the layer-by-layer method previously used for 

preparation of both multilayers [103] and (sub)monolayers [104] of semiconductor 

nanoparticles.  First the microsphere was dipped in a 0.5% D2O solution of 

poly(dimethyldiallylammonium) chloride (PDDA) for 30 minutes to obtain a positively 

charged layer of polyelectrolyte on the surface.  It is washed with D2O for 1 minute to 

wash away the Cl ions and leave the surface slightly positively charged.  Examining the 
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surface with an AFM shows that the PDDA layer does not add any significant change to 

the surface roughness of the microsphere.  Next the microsphere was dipped in a D2O 

solution of negatively charged HgTe nanoparticles long enough to produce a fraction of a 

monolayer between 0.1% and 1%, as determined by AFM of a coated microsphere.  The 

typical molar concentration of HgTe nanoparticles in D2O solution was varied from 10-6 

to 10-7 and the dipping time from 5 to 30 sec.  The negative charge of the HgTe 

nanoparticles originates from the organic stabilizer coating their surfaces, which was 

thioglycolic acid.  The organic coating has the function of limiting the growth process.  

The microsphere is washed again in D2O for 1 min to remove particles that are not 

attracted to the surface.  Further washing with D2O helps also to exchange water adsorbed 

on the surface.  As can be seen from the AFM image in Fig. V.4, the polyelectrolyte 

macromolecules adjust their coverage on the silica surface to form transparent shells 

(collars) around the HgTe nanoparticles, reducing photoinduced corrosion [104] and 

improving their adherence to the microsphere.  Figure V.5 shows another example of a 

coated microsphere surface. In this case the nanoparticle solution was ~10-6 M and 

although the microsphere was kept in it for a shorter time the resultant surface coverage is 

denser. This figure also shows the typical size dispersion when using the nanoparticle 

solution as prepared without further size selection.  The size dispersion of different 

batches of nanoparticles ranges from 5% to more than 30%.  It slowly deteriorates as 

HgTe particles have the tendency to ripen (grow in size) in time despite their organic 

coating. 
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Figure V.4. Surface of a 450 µm diameter sphere coated with a bilayer of PDDA and 
HgTe nanoparticles.  Scan is 300µ300 nm and the vertical scale is 5 
nm/div.  The diameter of the particles is 3 to 4 nm.  The concentration of 
the nanoparticle solution was ~ 10-7 M.  The microsphere was dipped for 
10 sec. 
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Figure V.5. Surface of a 650 µm diameter sphere coated with a bilayer of PDDA and 
HgTe nanoparticles.  The concentration of the nanoparticle solution was ~ 
10-6 M.  The microsphere was dipped for 5 sec.  The scan is 1µ1 µm and 
the vertical scale is 10 nm/div.   
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The section analysis in Fig. V.6 gives an idea of the size dispersion in the sample.  

The highest object selected on the section analysis appears to be two particles stacked 

together vertically. 

 

Figure V.6. AFM image and section analysis of a bilayer of PDDA and HgTe NPs 
coated on a surface of a microsphere.  

 

To improve the size uniformity of our samples we have used capillary 

electrophoresis.  A concentrated solution of HgTe NPs is run through a coated 50 cm 

long, 50 µm diameter, open tube capillary, which has different potentials at the ends.  It 

was prepared as follows: first rinsed with 1.0 M sodium hydroxide for 15min, then 

flushed with 0.1 M HCl and rinsed with water for 15 min, and finally rinsed with running 

buffer.  The separation method employs a single buffer (20 mM phosphate buffer pH 7) in 

the solution. The particles have different velocities based on differences in mass-to-

charge ratios.  Both mass and charge are functions of particle size.  By collecting particles 

at different time intervals it is possible to select groups with more uniform size 

distributions.  This method has improved the size dispersion on the coated surfaces.  The 

difference is evident comparing Fig. V.4 with Fig. V.5.  The coating shown in Fig. V.4 
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was made with an NP solution processed with capillary electrophoresis and separated into 

two fractions with respect to the particle size.  The fraction with the smaller average size 

particles was used for coating.  The method is effective when low concentration samples 

(10-8 M – 10-7 M) are needed, but it is extremely time consuming and ineffective for more 

concentrated samples. 

 

V.6 Experimental setup and emission measurements 

V.6.1  Experimental setup, excitation, and emission outcoupling 

The experimental setup is shown in Fig. V.7.  As a pump source we use a tunable 

cw Ti:sapphire laser.  The laser is stabilized and has a very narrow emission line of width 

40 kHz.  The laser mirror set currently in use allows lasing in the wavelength interval 

between 770 nm and 860 nm, tunable by rotating the birefringent filter inside the cavity.  

The intracavity etalon and the electronics unit allow for fine tuning and scanning the laser 

frequency over a range of up to 40 GHz.  The optical isolator after the pump laser output 

is a Faraday rotator that prevents backscattered light from entering the laser.  The pump is 

coupled into a WGM of the microsphere via a biconical tapered fiber.  The fiber diameter 

is optimized [105] for efficient coupling of the pump wavelength.  That fiber continues to 

detector P1, a Si photodiode (Newport 818-SL).  The pump WGM resonances are 

observed as the pump frequency is scanned.  The lock-in amplifier is used when pump 

and emission measurements are made simultaneously.  A short-pass filter removes any 

microlaser emission coupled out into this fiber.   
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Figure V.7. Experimental setup.  Light from a frequency-scanned cw Ti:sapphire laser 
(blue) is launched into a bitapered fiber to excite WGMs of the 
microsphere and pump the quantum dots, which produce microlaser 
emission (red).  LP and SP denote filters that pass long (> 900 nm) and 
short (< 900 nm) wavelengths respectively.  Detector P2 and the filter can 
be exchanged with a spectrometer for measuring the emission spectrum. 
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A second tapered fiber, optimized for the microlaser emission wavelength, also 

couples light out of the microsphere; any pump light is filtered out by a long-pass filter 

and the microlaser emission goes to detector P2, a Ge photodiode (Newport 818-IR).  The 

signal from detector P2 is amplified by a second lock-in and an emission peak is 

displayed on the oscilloscope.  Detector P2 in Fig. V.7 can be replaced with a scanning 

monochromator (SpectraPro-300) to determine the microlaser emission spectrum.  The 

scattering losses of the pump are measured with detectors P3 and P4, Si photodiodes 

(Newport 818-ST).  Detector P4 is actually above the plane of the figure.  Detector P2 

and the long pass (LP) filter in front of it were replaced by another detector (Newport 

818-SL) to verify that outcoupling of the pump through the second fiber made only a 

small contribution (about 1%) to the total pump loss.  A microscope sits above the plane 

of the figure, and looks down on a pole of the sphere.  It is used for visual alignment of 

the couplers.  In addition, the light scattered from the periphery of the sphere could be 

captured through the microscope with a detector.  This is either a Si detector for 

measuring scattered pump light or a Ge detector (with long-pass filter) for observing 

scattered microlaser emission.  The two tapered fibers are attached to holders as shown in 

Fig. III.6.  The holders are mounted on 3D stages (Newport 561) with angular alignment 

(Newport 561 TILT).  The microsphere is mounted on a chuck, attached to a lens holder, 

which allows for vertical and horizontal adjustments.  A view of the microsphere and the 

fibers through the microscope is shown in Fig. V.8.   

The setup is kept in a Plexiglas box to eliminate air currents and reduce dust 

contamination. 
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Figure V.8. The IR viewer image of the pump radiation at 834 nm.    
 

 

V.6.2 Spectral measurements 

In most of our experiments we chose to scan the laser slowly over a small 

frequency range (1-2 GHz at a 1 Hz repetition rate), rather than trying to stay on a 

particular pump WGM.  This scan rate is slow enough that we can say with confidence 

that continuous (cw) laser emission was observed; the time scale for changes in the 

emission due to pump scanning is far longer than the cavity or material lifetimes.  Higher 

pump power heats the microsphere and results in shifting the WGMs in one direction.  

When the pump laser is scanning in that direction the modes are broadened and when the 

scan is in the opposite direction the modes appear sharper. This effect is referred to as 

thermal bistability.  To avoid it we kept the pump power incident on the microsphere 

lower than a few mW.  Observing continuous wave laser emission was done as we tune 

the laser frequency to a WGM and stop the scan at this point.  For measuring the emission 
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spectrum we use the experimental setup of Fig. V.7 with a spectrometer (SpectraPro-300) 

replacing the detector P2. 

Spectral measurements typically suggest multimode laser operation over a narrow 

portion of the photoluminescence spectrum.  An example is given in Fig. V.9.  The 

photoluminescence is measured from a solution of the same batch of nanoparticles, but in 

a separate experiment.  The limited spectrometer resolution (0.1 nm) does not allow us to 

distinguish individual lasing WGMs.  The pump laser was scanned in frequency while the 

emission spectrum was measured.  Different spikes in the emission are actually different 

pump scans through a mode.   

 

 

 

 

 

 

 

 

 

 

Figure V.9. Broad photoluminescence and narrow laser emission spectra from the 
same batch of HgTe nanoparticles prepared in D2O solution.   

 

Continuous emission has been verified by stopping the pump laser scan in the 

middle of a pump WGM while acquiring a microlaser emission spectrum with the 

spectrometer, as shown in Fig. V.10. 
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Figure V.10. The frequency of the pump laser is kept at the resonant frequency of a 
particular WGM.  Increasing the pump power (black trace to red trace) 
produces the takeoff of the lasing modes. 

 
 

The observed microlaser emission wavelengths, using different batches of 

nanoparticles having different semiconductor cores but similar organic coatings, are in the 

1240-1780 nm range.  Fig. V.11 shows an example of emission lines for several different 

batches of nanoparticles.  Longer wavelengths are produced by HgTe and shorter by 

HgCdTe.  The blue shift of the lasing wavelength for HgCdTe is consistent with the 

increase of absolute energy of the conduction band when Cd atoms are added to the 

crystal lattice, thereby widening the bandgap [27, 33].   
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Figure V.11. Emission spectra of different samples of HgCdTe and HgTe NPs, coated 
on different microspheres.  Intensity is normalized. 

 

The first sample from the shorter wavelength side is Hg0.8Cd0.2Te with average 

size 3nm in diameter.  In the second some content of Cd, less than 10%, was traced by 

energy dispersive X-ray analysis (EDX) – average size 3 nm.  These two samples were 

treated with capillary electrophoresis for narrowing the size dispersion as described in 

section V.5.2.  The last three samples are HgTe NPs of different average size (orange – 3 

nm, red – 5 nm, and brown – 6 nm).  The absolute values of intensities are significantly 

lower for the wavelengths above 1600 nm, because of the strong water absorption in this 

spectral region.  For the first three samples the emission peaks, from the NPs coated on 

high Q-factor microresonators, coincide with the peaks of broad luminescence spectra, in 
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a manner similar to that shown in Fig. V.9.  For the last two samples luminescence 

spectra were not available. 

 

V.7. Input-output characteristics and threshold measurements 

V.7.1 Input-output measurements  

For measuring the increase of output power as a function of the laser pump power 

we used the setup shown in Fig. V.7.  The pump laser was scanned 1GHz per second. 

Snapshots of pump dips and emission peaks were taken simultaneously from the 

oscilloscope display of detector P1 (measuring the pump throughput) and P2 (measuring 

the laser output) readings.  One pump WGM was chosen and followed through the 

snapshots, simultaneously with the corresponding emission peak, as the pump off-

resonance throughput power was increased from about 5 µW to higher power.  Three 

examples of microlaser output power are shown in Fig. V.12 as a function of total pump 

power – the portion of the incident power that is lost, absorbed as well as scattered from 

the nanoparticles on the surface of the microsphere.  Each experimental point has a 

horizontal coordinate corresponding to the minimum of the resonance pump dip and 

vertical coordinate corresponding to the maximum of the emission peak.  The detectors’ 

responsivities for different wavelengths were taken into account.  
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Figure V.12. Measured microlaser output (one fiber, one direction) versus total pump 

power.  The inset shows the region near the origin.  The lines are linear fits 
to the data. 

 

In Fig. V.12 two of the microsphere resonators are coated with HgTe NPs.  One 

had a diameter of 650 µm, pump Q of 2×106, and lasing Q of about 107 (around 1620 nm, 

estimated from measurements made on the microsphere before coating); a linear fit to the 

data gives a threshold total pump power of Pth = 9.41 ± 2.35 µW.  The other had a 

diameter of 950 µm, pump Q of 2×107, and lasing Q of about 108 (around 1670 nm); the 

linear fit gives Pth = -0.06 ± 2.18 µW.  The third microsphere was coated with 

Hg0.8Cd0.2Te.  It had a diameter of 600 µm, pump Q of 1×107, and lasing Q of about 

6×107 (around 1250 nm); the linear fit gives Pth = -5.62 ± 4.85 µW.  The thresholds and 

their uncertainties are overestimated, by about a factor of five, because the total pump 
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power includes losses due to scattering and to outcoupling via the second fiber.  The 

measured slope efficiencies of 2×10-4 – 4×10-4 are likewise underestimated by about an 

order of magnitude.  The overestimate of pump power also contributes to this, as do 

measurement of just a fraction of the output power (one fiber, one direction) and water 

absorption of the microlaser emission.  (With time, the D2O in the coating is replaced by 

water; rinsing with D2O after several days of use can increase the microlaser power by 

more than a factor of two.)   

The extremely low laser threshold cannot be measured precisely with the 

presented technique.  In order to improve precision of the input-output measurements and 

get a good estimate of the actual absorbed pump power, we developed a new technique 

described in the next subsection. 

 

V.7.2  Input-output measurements in a single pump WGM 

In this method of data collection, the emission is correlated with the dip in the 

pump signal instead of varying the pump power and comparing peaks.  As the pump 

scans across a WGM dip, the intracavity intensity varies; emission occurs when threshold 

is crossed.  The off-resonance power for these measurements was kept low (less than 100 

µW) to avoid distortions of the pump mode shape because of thermal bistability.  The 

experimental setup is as shown in Fig. V.7.  The precision is enhanced by lock-in 

amplification.  An important point in this measurement is to have the two signals, pump 

and emission, amplified equally, which ensures the same time delay in the compared 

signals.  To have the two signals measured at the same scale we have used a neutral-

density (ND) filter before detector P1 to attenuate the pump throughput signal.  Another 



 96 

consecutive measurement of the same throughput dip without the ND filter gives the 

scaling factor to determine the true total pump power.  This improved method of data 

collection allows acquiring many data points and thus improving the error analysis. A 

typical threshold curve determined using this technique is shown in Fig. V.13. 

 

Figure V.13. An example of input – output characteristic of the laser emission. 
The threshold measurement of Fig. V.13 shows a threshold of the total pump 

power at 2.5 µW. As was said earlier, the pump power is overestimated mainly because it 

includes the scattered power loss, which does not contribute to excitation of the NPs.  To 

find the actual pump power absorbed by the active medium we have performed a 

simultaneous measurement of the scattered pump signal along with the pump throughput 

and laser emission, described in the next subchapter. 
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V.7.3 Measuring the scattered losses and estimating the absorbed pump power 

Scattered pump light was measured with detectors P3 and P4 from Fig. V.7.  

Detector P3 stays on one side of an imaginary cube (Fig. V.14) surrounding the 

microsphere and P4 stays on the top (or bottom).  

 

 
Figure V.14. The microsphere is placed in an imaginary cube for measurement of the 

integrated scattering losses. 
 

A side surface of the cube is 1 cm2, corresponding to the surface of the active area 

of each of the detectors.  We assume equal scattering losses for each of  the four sides and 

equal losses for the top and bottom (which are different from the side losses).  It was 

experimentally verified that the top and bottom sides have very similar scattering losses 

and also that the losses measured on the sides parallel to the fiber are similar.  The 

readings from all detectors, P1 (pump throughput power in black in Fig. V.15), P2 (laser 

emission in red), P3, and P4 (scattered losses) were taken simultaneously.  The total 

scattered power was estimated to be 3 44 2P P× + × .  A plot of this integrated scattered 

power is shown in Fig. V.15 in blue. The scattered pump power is different for each 

pump WGM.  For the sphere whose WGM spectrum is shown in Fig. V.15, it ranges 

 



 98 

between 80% and 64% of the total pump power.  The difference between the total pump 

power and the sum of the scattered pump power plus the pump power outcoupled through 

the second fiber, mentioned earlier, gives an estimate of the actual absorbed pump power. 

 

 
Figure V.15 The pump throughput (upper, black), the microlaser output (middle, red) 

and the integrated scattering loss (lower, blue) measured simultaneously as 
the pump is slowly scanned in frequency. The pump and scattered signals 
are on the same scale, while the emission signal is magnified. 

 

-0.5 0.0 0.5

0.0

0.1

0.2

0.3

0.4

P
ow

er
 (

ar
b.

)

Frequency  (GHz)

 Pump
 Emission
 Scattered



 99 

An input-output curve with a horizontal axis showing the actual absorbed pump 

power is given in Fig. V.16.  Measurement of pump scattering loss permits determination 

of the fraction (in the case in Fig. V.16, 20%) of the input pump loss that is actually due 

to absorption by the laser medium.  This means that the threshold in terms of the absorbed 

pump power can be as low as a few hundred nanowatts. 

 

 

Figure V.16. Microlaser threshold determination.  Pump dip depth = 68%, pump WGM 
Q = 4 × 106, scattering = 80% of total pump. 
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V.7.4.  Slope efficiency 

The efficiency is defined as the ratio of the increase of emission power versus the 

increase of pump power in percent.  Slope efficiency depends on several factors: 

1. Coupling of the laser emission to the fiber:  The second fiber in our 

experimental setup (Fig. V.7) is a 1550 nm standard optical fiber (SMA28) tapered to a 

diameter that is optimized for efficient coupling of the longer wavelength of emission.  In 

a series of experiments, however, it is hard to ensure optimal coupling because one fiber 

will be used for multiple microspheres, the emission wavelength varies between different 

batches of NPs, coupling depends on the WGM, and the fiber may be misaligned and 

become contaminated with time.  Quantitive analysis of a slope efficiency dependence on 

the coupling conditions is given in [101].  The parameter used in this analysis is the gap 

width between the microresonator and the fiber.  The highest slope efficiency is reached 

for a gap close to the optimal gap for critical coupling and rapidly drops at overcoupled 

and undercoupled conditions. 

2. Measuring the emission signal from only one port:  In principle microlaser 

emission may occur in both directions, as it is sketched in the experimental setup of Fig. 

V.7 (red arrow inside the sphere).  In this case it will couple out into both fibers and in 

both directions.  In practice we have measured emission in both directions; however, the 

more common outcome is to have emission only in the pump direction.  Why there is a 

preferred direction is a subject of further investigations. 

3. We have found experimentally that the efficiency of the laser emission 

depends on the excitation wavelength.  The emission efficiency increases if the pump 

wavelength is changed towards the peak associated with the first excited state.  If the size 
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dispersion in the nanoparticle solution is very low it is possible to identify the excitonic 

transition wavelengths from an absorption spectrum at room temperature (Fig. V.17).  

The positions of these peaks depend on the average size of the NPs in the solution.  The 

peak at 960 nm corresponds to the measurements for absorption of HgTe presented in the 

literature (between 900 nm and 1100 nm, depending on the average size) [27]. 

 

Figure V.17. Absorption of five bilayers of HgTe/PDDA deposited on a glass slide. 

 

The dependence of emission efficiency on the pump wavelength is shown in Fig. 

V.18.  In this figure, the efficiency is based on the total pump power.  Because of this and 

the factors mentioned above, the measured slope efficiency is always smaller than the 

optimal and it differs significantly between experiments.  For this experiment we used a 

size-selected sample produced by capillary electrophoresis.  Particles were collected in 

two selections.  The first (which was used for coating the microsphere resonator) was 

around the average size in the prepared NP solution – 3 nm.  The second consisted of 

larger particles formed during the growth process, or as a result of ripening or clustering. 
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Figure V.18. Efficiency of the laser emission as the pump wavelength is changed 
towards the absorption maximum of the first excited state. 

 

 

V.7.5 Polarization dependence 

There is not significant dependence on polarization.  We have found that either 

pump polarization produces emission of both TE and TM polarizations with similar 

powers.  Polarized photoluminescent spectra of CdSe QDs have been studied and 

attributed to deviation from the spherical shape.  Theoretical analysis [106] shows that 

this asymmetry leads to splitting of the degenerate ground hole state into a doublet.  This 

leads to a conclusion that our NPs must be nearly spherical. 
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V.8  Analysis of the microlaser threshold behavior 

The experimental results are analyzed with the theory of a thresholdless laser 

discussed in Section V.4.  The results of the input-output measurements presented in Fig. 

V.13 and Fig. V.16 were normalized and fitted to (V.25), in which 1Γ  is taken as a large 

number (relaxation rate of the lower level is fast), so that 

 ( ) ( )21 1
1 1 4

2 2
I r c r c cr= − − + − − + , (V.28) 

and the normalization is done as: 

  and  out in

sat th

P P
I r

P P
= =  (V.29) 

where Pout is the measured emission power, Psat the saturation power, Pin pump power, 

and Pth the threshold pump power.  Pin and Pth refer to the total pump power and not to 

the actual absorbed pump power.  For pump rates far above threshold ( 1r c++++≫ ), (V.28) 

becomes 

 1I r= −= −= −= −  (V.30) 

From this equation the saturation power can be expressed as: 

 ,out
sat th

in

dP
P P

dP
=  (V.31) 

so it is given from the measured slope of the input-output dependence far above threshold 

and as a function of Pth. 

The fitted parameters were Pth and c.  The results are shown in Fig. V.19.  The 

experimental results from Fig. V.19(a) were fitted to the theoretical curve with: 

0.16 0.05 or 0.24 0.07, and

2.4 .th

c

P W

β

µ

= ± = ±

=
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Similarly the results from Fig. V.19(b) were fitted with: 

0.25 0.10 or 0.33 0.14, and

2.5 .th

c

P W

β

µ

= ± = ±

=
 

The threshold power obtained from the fit is consistent with the one measured directly 

from the input-output dependence.  The high capture fraction of spontaneous emission (β) 

is consistent with expectations for this type of laser, but the results are valid under the 

assumption that at low pump power emission is either single mode or multimode with 

equal threshold powers. 

It is important to remember that the theoretical input-output dependence was 

derived for a single mode laser.  The results will be relevant for our system if all QDs of 

the same size and shape contribute to only one lasing mode and all lasing modes have 

very similar threshold powers.  For the second assumption to be valid the losses of the 

modes have to be similar, which is true for modes of different polar orders.  No mode 

competition is expected since the homogeneous linewidth is on the order of the cavity 

linewidth and smaller than the mode spacing at the lasing frequencies. 
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Figure V.19. Experimental results of (a) Fig. V.16 and (b) Fig. V.13 fitted to the 

thresholdless laser model. 
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V.9  Changes in pump dips as the laser emission turns on 

The laser threshold can also be observed based on the effect of lasing on the pump 

resonances (throughput dips) (Fig. V.20).   

 
Figure V.20.  Effect of lasing on pump throughput.  The upper oscilloscope traces are 

pump throughput (left axis) and the lower are microlaser output (right 
axis), recorded simultaneously as the pump scans in frequency.  The time 
scale is shown at the bottom and the relative pump frequency is shown at 
the top.  Left:  undercoupled pump mode; right:  overcoupled.  The dotted 
curves are fits showing approximately what the pump dips would look like 
in the absence of lasing-enhanced absorption. 

 
 

When microlaser emission occurs, the pump absorption increases due to lasing-

enhanced recombination, as shown in section V.3.  When the pump WGM is overcoupled 
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system closer to critical coupling, increasing the dip depth.  This was observed for the 

HgTe QD laser of Fig. V.12 (experimental points in red), where the dip got 2.5% deeper 

as the total pump power increased from 7.2 µW to 470 µW.  For an undercoupled WGM, 

the pump dip depth decreases when a laser mode turns on.  Examples of both 

undercoupled and overcoupled pump modes are shown in Fig. V.20. 

The effect of lasing on the pump dips was also measured simultaneously with the 

scattered signal.  Results are given in Table V.2. 

 
Input 
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(µW) 
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Absorbed 
(µW)  
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% 
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Ploss  

47.05 13.88 10.17 3.70 29.50 0.307 0.26 
75.04 22.72 16.47 6.25 30.20 0.307 0.27 
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Table V.2. Changes in dip depth with increase of input power for overcoupled and 
undercoupled modes.  All measured parameters are sketched in Fig.V.21.  
Dip Depth represents the ratio Ploss/Pin. 

 

The changes in two pump dips at different coupling regimes were observed.  The 

input power is off-resonance throughput measured by detector P1; power loss is the on-

resonance drop in the throughput (total pump); power scattered is the integrated power 

measured by detectors P3 and P4; power absorbed is essentially the difference between 

the power loss and the power scattered.  The sketch in Fig. V.21 represents the measured 

parameters from Table V.2.  P*
sctr/Pinput gives the ratio of the total scattered power to the 
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off resonance input.  Measurements show that it stays constant as the input power 

increases.  On the other hand the ratio of the absorbed power to the power loss at 

resonance increases, while the dip depth increases in the case of overcoupled mode and 

decreases if the mode is undercoupled. 

Figure V.21. Representation of the measured parameters included in Table V.2. 

 

The results in Table V.2 show that while the scattered signal is proportional to the 

input power, the absorbed fraction increases.  This results in an increase of the dip depth 

in the case of an overcoupled mode and a decrease of the dip depth in the case of an 

undercoupled mode.  This may also explain why some of our input-output curves (using 

the total pump) look nonlinear at relatively low incident pump powers (above 200 µW), 

since the absorbed power is actually not linearly scaled with the power lost (total pump).  

Measurements of the threshold power (as in Fig. V.13 and Fig. V.16) were taken from 

scans at low input powers and their validity is justified also by the comparison with the 
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fitted values from Fig. V.19.  Table V.2 along with the results in Fig. V.20 leads us to the 

conclusion that the onset of lasing can also be seen in the change of the pump WGM dip 

depth. 

 

V.10  Mode selection using coupled resonators 

From the relatively wide laser emission peak (~10 nm FWHM) it can be inferred 

that it is multimode emission.  In order to observe a single mode we use a second passive 

resonator (2 in Fig. V.22) coupled to the coated microsphere (1) to provide mode 

selection.  Only modes that are coresonant in both spheres would couple energy 

efficiently to the second fiber (see the experimental setup in Fig. V.7).  The optical 

behavior of coupled passive resonators was previously studied in our group [107]. 

Figure V.22 shows the spectrum from a single resonator with gain (in black) and 

20 times magnified spectrum of the coupled-resonator system (in red).  The spectral width 

is significantly reduced and the spectral feature is symmetric.  Single mode emission 

however has to be verified by a spectrum analyzer, a high quality scanning Fabry-Perot 

resonator.  The power in a single mode is very low, which makes this measurement 

challenging and requiring further work. 
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Figure V.22. (a) Schematic of coupled-resonator system.  Resonator 1 is active (coated 
with HgTe NPs) and resonator 2 is passive.  (b) Comparison between the 
spectrum of a single active resonator (in black) and that of a coupled-
resonator system (in red). 
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room temperature emission.  The calculations give a large dipole moment for HgTe QDs 

in comparison with other gain materials.  This contributes to the low threshold and also 

shows the suitability of the material for CQED.  (2) The high quality resonator was coated 

with a submonolayer of the gain material, which reduces the absorption and scattering 

losses and ensure low transparency density.  Also the use of D2O as solvent eliminates the 

strong water absorption in the emission wavelength range.  (3) Placing the gain material 

at the interface between high and low index media allows for a large capture fraction of 

spontaneous emission into a lasing mode and thus reduces the laser threshold. 

The most interesting result that was achieved is the ultralow lasing threshold (one 

of the lowest in this type of laser).  We prove lasing by observing several different 

effects:  threshold in the input-output curve; spectral measurements showing the take off 

of the lasing modes; and the effect of lasing-enhanced absorption on the pump WGM.  

For better precision in threshold determination we measured the scattered pump light.  

We also developed a method for obtaining the input-output characteristic by following the 

increase in the pump power while scanning a single pump WGM.  The possibility of 

mode selection using coupled resonators was also shown. 

The future work on this project could go in two directions – fundamental and 

technological.  Further examination of the threshold dependence on the surface coating 

density will help to understand better the laser dynamics as well as to approach the 

regime of CQED.  Experimenting with other suitable gain materials, such as PbSe NPs, 

has already started in our lab. 

Obtaining a single mode laser emission is essential for applications.  For this it is 

important to further optimize the laser parameters such as minimizing the size dispersion 

in the gain material and optimizing the pump wavelength in accordance with the average 
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particle size.  Using a second microsphere for mode selection, and optimizing the 

coupling between the two resonators, such that only a single mode is resonant in the 

coupled system is one way of achieving single mode laser.  Another way would be using 

novel single mode WGM resonators as described in [108].   
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 CHAPTER VI 

GOLD NANOROD SURFACE PLASMON EFFECTS ON WGM RESONATORS 

VI.1 Introduction 

The properties of colloidal gold solutions have fascinated people for a long time. 

For example, gold nanoparticles have been used in ruby-colored stained glass.  Specific 

physical and chemical properties of metallic nanoparticles have been studied from a 

fundamental point of view as well for their practical applications.  First, in 1908, Mie [4] 

gave a rigorous theoretical explanation of the optical properties of metal clusters based on 

the absorption and scattering of electromagnetic radiation by spherical particles as 

discussed in Chapter II.  Gans [52] developed an extension to Mie’s theory that deals with 

particles with an elliptical shape.  Only recently the properties of non-spherical particles 

have been utilized through control of the geometry of the particles in the process of their 

synthesis.  

Solution-phase colloidal preparation of gold nanorods (NRs) provides a simple 

way of fabricating materials with tunable optical properties.  The size and shape of these 

metallic NRs, together with the dielectric permittivity of the surrounding medium, tune 

the plasmon resonance of the Au NRs from the visible to the near infrared (500 nm to 

1500 nm) [109, 110] spectral region.  These particles have enormous extinction 
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coefficients that depend on their composition [55] and on the ratio of length to width, i.e., 

aspect ratio (AR) [111].  Unlike organic dyes or quantum dots, the Au NR plasmons do 

not bleach or blink [112]. 

Au NRs are yielded when Au nanoparticles (NPs) with various capping agents are 

added to an aqueous solution containing anionic gold (I) dichloride (AuCl2
-), ascorbic 

acid, and cetyltrimethylammonium bromide (CTAB).  At room temperature the reaction 

does not proceed at an appreciable rate until NP seeds are added because of the free 

energy barrier of forming a new interface.  The mechanisms for Au NR nucleation and 

growth are currently under intense investigation [113, 114]. 

To utilize these particles in chemical and biological sensors, as well as in other 

optical devices, immobilization is required.  Two different approaches have been used:  (1) 

immobilizing Au nanorods from solution by using one or a few intermediate layers, such 

as self assembled monolayers of mercaptohexanoic acid (MHA-SAM) or polyelectrolytes, 

on the substrate surface [54, 110], and (2) direct growth on the surface.  In the second 

approach, gold NP seeds are attached to the surface prior to immersing the substrate in the 

growth solution [115-118].  

The contribution of this work is that it utilizes semiconducting HgTe NP seeds 

capped with thioglycolic acid (TGA) to nucleate gold NRs with morphology comparable 

to previous work [117, 118], which uses Au NP seeds.  There are advantages to using 

HgTe NPs to initiate Au growth.  Our method is a simple way to coat surfaces having 

different electrical and optical properties with a submonolayer of semiconducting NPs 

using an intermediary polyelectrolyte layer [104], initiating growth of rods directly on the 

surfaces.  The poly(dimethyldiallylammonium) chloride (PDDA) layer serves not only to 

attach seeds and NRs to the surface, but also assists in the one-dimensional growth 
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process.  Thus, we achieve growth of Au NRs directly on the surface of high quality 

optical resonators [41].  Another reason for the use of semiconducting HgTe NP seeds is 

that they have electronic states in the same spectral region (500 nm to 2000 nm) [33, 119] 

as the longitudinal mode of the metallic Au NR plasmon.  This offers a possibility of 

synthesizing composite nanomaterials with unique optical and electrical properties.  

Finally, nanorods have significantly lower plasmon dephasing rates in comparison with 

those of small nanospheres [120] due to a suppression of interband damping. A WGM 

optical resonator can further amplify and modify the local fields. It was shown that 

surface propagating modes transmit energy between pairs of dipoles on the surface and 

thus modify dipole-dipole interaction [121].  The interactions between strong local fields 

and semiconductor nanoparticles are also expected to enhance the nonlinear effects. 

 

VI.2 Synthesis 

VI.2.1 Two stage coating process 

This section describes a synthesis of gold nanorods directly on different dielectric 

surfaces. It is based on the solution seeded nanorod synthesis protocol developed by 

Murphy and coworkers [122], but uses a reduced CTAB concentration [114]. The 

technique consists of two major stages (Figure VI.1) – first, coating the surface with a 

submonolayer of semiconductor nanoparticles (HgTe), and second, immersion in growth 

solution.  
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Figure VI.1. Schematic of the surface coating of the substrate. 
 

The three-step procedure for growing Au NRs from HgTe NPs bound to surfaces 

is depicted in Fig. VI.2(a)-(c).  In the first step, based on the layer-by-layer technique 

[104], the surface is dipped in an aqueous solution of poly(dimethyldiallyammonium) 

(PDDA) chloride for ~30 minutes (Fig. VI.2(a)).  This polyelectrolyte coating is applied 

to glass, mica, fused silica, and silicon surfaces.  After washing with deionized water, the 

substrate is dipped in an aqueous solution of thioglycolic acid (TGA)-capped HgTe NPs 

for ~5 s to deposit a fraction of a monolayer of HgTe particles (Fig. VI.2(b)) [40].  The 

concentration of seeds on the surface was kept low, approximately 20-40 NPs/µm2, to 

enable the growth of well-separated Au rods.  The negatively charged carboxylate group 

of the HgTe NP capping agent is electrostatically bound to the quaternary amines of 

PDDA, and the interaction is strong enough to withstand washing with water.  Next, the 

substrates are immersed in a gold growth solution of 1.3 µ 10-4 m (molal) tetrachlorauric 

acid (HAuCl4 - 99%, Sigma-Aldrich), 8.0 µ 10-3 m cetyltrimethylammonium bromide 

(99%, Sigma-Aldrich), and 1.9 µ 10-4 m ascorbic acid (99%, Sigma-Aldrich).   

The ascorbic acid reduces AuCl4
- to AuCl2

- and other Au+ species before the 

substrate is dipped into the solution.  Further reduction to metallic Au is enabled by the 

heterogeneous nucleation induced by the HgTe NP seeds.  Originally transparent samples 

begin to turn pink in approximately 5 minutes, indicating Au deposition on the surface.  

glass, fused silica, or silicon 

PDDA 
HgTe seeds Au nanorods 
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As a control, a glass slide coated only with PDDA was immersed in the growth solution 

and kept there for 3 hours.  No surface changes or coloration of the solution was 

observed.  Figure VI.2(c) depicts one possible outcome, in which the HgTe seed induces 

rod growth in such a way that it remains at one end of the NR.  It is also possible that Au 

growth occurs on two opposite sides of the HgTe crystal.   

 

VI.2.2 The interpretation of the Au rod growth mechanism 

When Au NPs are used as seeds, multifaceted particles up to a size of 

approximately 20 nm form before anisotropic rod growth begins [123].  At this size, rod 

growth begins because the crystal is large enough for the preferential binding of CTAB to 

(110) or (100) crystal faces [118].  This hinders growth asymmetrically, allowing faster 

growth along directions free of CTAB.  The positively charged quaternary amines of 

CTA+ are attracted to the Br- layer that is adsorbed to the lateral faces of the NRs.  A 

bilayer of CTAB forms that shields the aliphatic tail of the surfactant from the aqueous 

environment (not shown in Fig. VI.2(c)) [110, 114, 122, 124].  Both HgTe and Au form 

face-centered cubic structures, but the lattice constants are 0.65 nm and 0.41 nm, 

respectively.  This implies that the elastic strain and defect density in the first few layers 

of Au atoms to deposit is greater when HgTe seeds are used and suggests that anisotropic 

growth could start even earlier than in the synthesis that uses Au seeds.  The PDDA-

derivatized surfaces may play a similar or competitive role to CTAB in the growth 

mechanism because the quaternary amines of PDDA are also electrostatically attracted to 

the Br- layer.  This interaction attaches the NR to the surface without an intermediary 

CTAB layer.  Figure VI.3 presents the structural formulas of all organic compounds used 
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in the proposed synthesis of Au NRs.  The addition of AgNO3 increases the yield of rods.  

Fast growth is likely to produce more spheres than slow growth.  Full control of the 

process has not yet been achieved.  

 

Figure VI.2. (a) The substrate is coated with a monolayer of PDDA, washed with 
deionized water and dried.  (b) A submonolayer of HgTe NPs, capped with 
TGA, is formed on top of the PDDA layer.  (c) The sample is immersed in 
Au growth solution, where one-dimensional growth is assisted by the 
presence of CTAB and the PDDA layer.   
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Figure VI.3. The organic compounds used in HgTe NP-Au NR formation. 
 
 

VI.3 Results and discussion of growth technique 

Gold rods were grown on several different surfaces (glass, fused silica, silicon, 

mica, and Ni formvar-coated TEM grids) as the two-stage procedure described in section 

VI.2.1 was followed.  Many different experimental techniques were used to prove the 

claims made in this work.  Transmission electron microscopy (TEM), scanning electron 

microscopy (SEM), atomic force microscopy (AFM), visible and near infrared extinction 

spectroscopy, energy dispersive atomic x-ray spectroscopy (EDX), and x-ray 

photoelectron spectroscopy (XPS) are used to characterize the samples.  TEM is 

performed with a JEOL (JEM 100 CX II) at 100 kV and SEM with a JEOL (JXM 6400) 
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at 30 kV.  AFM results are from a Digital Instruments Nanoscope IIIa.  The extinction 

spectroscopy experiments are carried out using a Varian Cary 5.  EDX measurements are 

from an EVEX Analytical System.  Finally, XPS measurements are performed with an 

Mg anode and a PHI double-pass cylindrical mirror analyzer with a pass energy of 50 eV. 

 

VI.3.1 Growth of gold nanocrystals on different surfaces 

The technique discussed in section VI.2 is amenable to many surfaces with 

different electronic and optical properties.  Substrates used for growing gold nanorods 

were formvar-coated grids (Fig. VI.4), mica (Fig. VI.5), glass (Fig. VI.6), fused silica, 

and silicon (Fig. VI.7). TEM (Fig. VI.4), SEM (Fig. VI.5), and AFM (Fig.VI.6 and VI.7) 

images were acquired to observe the morphology of single gold nanocrystals, as well as 

to estimate the yield of nanorods versus other shapes. 

 

 

Figure VI.4. TEM images of Au rods nucleated with HgTe NPs on TEM formvar-
coated grids.  Rod size:  (a) 128.5 ä 35.7 nm; (b) 270 ä 62.9 nm; (c) 262 ä 
55.2 nm; (d) 333 ä 66 nm. 

 

a b 

c 
d 
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Figure VI.5. SEM image of gold rods and spheres on a mica surface. 
 

 

 
Figure VI.6. AFM height (A) and amplitude (B) images of gold rods grown on a 

microscope glass slide.  The scan size is 1.18 µm and the maximum height 
on the brightness scale is 80 nm. 
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Figure VI.7. AFM height (A) and amplitude (B) images of gold rods grown on silicon.  

The scan size is 3.33 µm and the maximum height on the brightness scale 
is 80 nm.  Average length is 150 to 200 nm; aspect ratio is 2 to 3. 

 

Growth occurs on all these surfaces after applying the same procedure.  The 

presence of gold on the surfaces was confirmed by several different methods.   

1. Backscattered electron images of the surface (Fig. VI.8) taken with JEOL (JXM 

6400) show bright objects, which is an indication of metal surfaces, i.e., gold nucleated 

by HgTe NP seeds.  Samples were coated with carbon to prevent accumulation of charge 

on the surface. 

2. Energy dispersive X-ray analysis (EDX) (Fig. VI.9) on the same surface shows 

an Au peak. The problem with this technique is that the peak of EDX for Hg overlaps 

with the Au peak. The resolution capabilities of the instrument are not enough for 

resolving the two peaks.  

3. X-ray photoelectron spectroscopy gave clear evidence of Au presence (Fig. 

VI.10).  With increasing immersion time in the growth solution, the intensity of the Au 

doublet (4f7/2 and 4f5/2 transitions) increases relative to the intensity of the Si (2p3/2 
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transition) peak, which comes from the substrates.  All samples in this experiment were 

prepared on glass slides. 

 

 

Figure VI.8 SEM images after immersion in Au growth solution.  (a) HgTe seeds 
present;  (b) no HgTe seeds. 

 

 
Figure VI.9 EDX taken on the surface of the fused silica microsphere of Fig. VI.8(a) – 

identification result:  Si, 1.763 keV;  Au, 2.230 keV. 

(a) (b) 
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Figure VI.10. XPS of glass slide surface coated with HgTe seeds only (black), and after 
immersion in gold growth solution for various times.  (a) The Au doublet 
is at about 84 eV and the Hg peak at 99 eV overlaps the Si peak at 102 eV.  
Relative growth of the Au peak in comparison with the Si peak is evident.  
(b) Position of the Te 3d5/2 transition for different samples. 

 

4. Absorption spectra of the surfaces were taken with the Varian Cary 5. As a 

reference we used a PDDA coated glass slide.  Figure VI.11 shows the peak of Au 

plasmon absorption. The samples are the same as those used in the XPS measurements, 

except for the first, which was a glass slide coated with PDDA and immersed in gold 

growth solution for 45 min.  Only one surface plasmon peak was detected, which was 

expected in air for particles with a small aspect ratio. AFM measurements show the 

presence of spheres (radius of 20 to 50 nm) and rods with AR < 3. The 45-minute sample 

resulted in an almost complete monolayer of gold particles on the surface.  Figure VI.12 

shows spectra of samples immersed in different batches of Au growth solution. Although 

the presence of rods is indicated by the shoulder above 600 nm, spheres are dominating 

rods in all samples.  
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Figure VI.11. Absorption measurements of glass slides coated with PDDA and HgTe 

NPs kept in gold growth solution for different times. The first scan (black) 
is a control sample initially coated only with PDDA. 

 

Figure VI.12. Absorption measurements of glass slides coated with PDDA and HgTe 
NPs. Different batches of growth solution (slightly different concentrations 
of CTAB and AgNO3) were used. 
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VI.3.2 Role of HgTe nanoparticles in initiating Au growth 

Although the exact mechanism of Au growth on HgTe nanocrystals is not yet 

clear, the possible mechanism that was discussed in section VI.2.2 and shown in Fig. VI.2 

is well supported by our experimental data.  As control experiments, clean glass 

substrates, PDDA coated glass slides, and PDDA coated silica microspheres of ~500 µm 

diameter are exposed to the gold growth solution.  No change of color is observed on the 

sample or in the solution during 45 minutes of exposure.  Further examination of the 

initially PDDA coated samples with SEM and absorption spectroscopy does not show 

growth of gold particles on the surface.  Also no color change is observed in 45 minutes 

when PDDA or the sodium salt of 2-thiobenzoic acid (sodium mercaptobenzoate) are 

added separately or together with the gold growth solution.  In conclusion, bare 

substrates, PDDA, and water soluble thiol-containing species like TGA do not induce 

nucleation of nanoparticulate Au.   

Additional evidence that Au NRs are nucleated by HgTe NPs is provided by XPS.  

Figure VI.10(b) shows the intensity of the Te 3d5/2 peak (which overlaps the less intense 

Hg 4p3/2 peak).  The intensity of the Te peak was compared with the intensity of the Si 

and Au peaks from Fig. VI.10(a).  The ratio of the Te to Si peaks remains constant, while 

the ratio of Au to Si peaks grows with time.  The relatively low Au/Te ratio (below 10) 

suggests that not all the seeds are contributing to the nucleation of gold.  The position of 

the Te 3d5/2 peak suggests that Te is in an oxide form in all the samples prior to 

immersing in Au solution.  This might be caused by the large surface to volume ratio of  

HgTe NPs (3 nm in diameter).  The position of the Te peak does not change with the 

increase of time of immersion, indicating that Te does not react with the components of 

the gold growth solution.  The position of the Hg 4f7/2 transition also does not change 
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during the process of growth, but it is harder to compare because it overlaps with the Si 

2p3/2 transition (Fig. VI.10(a)). 

 

VI.4 Enhancement of evanescent coupling to whispering-gallery modes caused by Au 

NRs grown on a microresonator surface 

 
Incident light on the interface of a thin metal layer and a dielectric surface can 

cause free charge oscillations, called surface plasmons (SPs).  Surface plasmon resonance 

occurs when the momentum of the incident light matches that of the SPs.  In general, a SP 

can be excited by a plane-wave coupler, which can be a prism [125, 126], a grating 

structure [127-129] or random surface roughness [130].  Applications of the evanescent 

field of a waveguide for the resonant excitation of SPs are described extensively in the 

literature [131, 132]. The presence of the metal layer on the waveguide surface converts 

the waveguide mode into a waveguide-surface plasmon coupled mode, which highly 

enhances the evanescent field [133]. Such structures are used as sensors because they can 

combine the SP-enhanced evanescent field with simple surface functionalization 

techniques [133, 134].  One advantage of using a layer of a metal nanorods instead of a 

metal film is the possibility to tailor the spectral position of the surface plasmon 

resonance by controlling the aspect ratio, as shown in Chapter II.  Further optimization of 

the sensitivity of waveguide-surface plasmon coupled sensors was proposed by using 

metal nanoparticles deposited on the surface of the fiber [135, 136].  

We have investigated optical properties of a dielectric microresonator coated with 

gold nanorods.  The surface plasmon resonances of Au nanoparticles are excited by the 

evanescent field of a WGM supported by the microsphere resonator.  Enhancement of the 
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evanescent field caused by resonant excitation of the SPs produces changes in the 

coupling of light from the resonator to a tapered optical fiber.  Our measurements show 

coupling enhancement by a factor greater than 200.  This is a result of the significant field 

enhancement that can be realized in these structures. 

 

VI.4.1 Gold rods on the surfaces of fused silica microspheres 

Permanent attachment of gold nanorods with controllable density on the surface of 

a dielectric microsphere resonator was achieved using the growth technique described 

above. Nanorods were nucleated using thioglycolic acid-capped HgTe nanoparticles 

adsorbed to a polyelectrolyte intermediary layer directly on the surface of a high-quality 

optical microresonator [41].  This technique results in about 30% rod-shaped particles 

with variable aspect ratios and about 70% spherical particles on the surface of the 

resonator.  The initial Q factor of the resonators at 830 nmλ =  before coating the surface 

is typically more than 108.  After growth, the quality factor is reduced but still on the 

order of 105-106 if the nanoparticles (nanorods and nanospheres) are only a fraction of a 

monolayer.  Figure VI.13(a) is a photograph of a 450-µm (diameter) sphere.  Gold growth 

on the surface causes the pale pink color.  Figure VI.13(b) shows a scanning electron 

micrograph of the surface of a microsphere coated with gold nanoparticles.  The vertical 

trace was left by an optical fiber used to couple light into the sphere.  
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Figure VI.13. (a) Microsphere coated with Au NRs.  The smallest division on the scale is 

50 µm.  (b) Scanning electron micrograph of the surface of a coated 
microsphere. 

 

 

VI.4.2 Experimental setup and results 

A simplified schematic of the setup is shown in Fig. VI.14.  Light from a cw laser 

(Ti-sapphire with a wavelength tunable from 780 to 850 nm or diode with a wavelength 

of 1550 nm) is launched into a single-mode optical fiber that is tapered for coupling.  The 

polarization incident on the microresonator can be selected by a polarization controller 

(PC), and a polarization analyzer (PA) reads the polarization of the light coupled back to 

the fiber.  From the tapered part of the fiber, light is evanescently coupled to the 

whispering gallery modes (WGMs) of the microresonator. As the input light is scanned in 

frequency, dips in throughput correspond to WGM resonances.  The WGMs are classified 

by the ratio x of coupling loss to intrinsic (absorption and scattering) loss:  overcoupled, x 

> 1; undercoupled, x < 1; critically coupled, x = 1, as discussed in Chapter III.   

 

 

a b 
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Figure VI.14. Light (polarization controlled by PC and analyzed by PA) is evanescently 

coupled to the whispering gallery modes (WGMs) of a microresonator on 
which Au NRs have been grown.  The second fiber is brought into contact 
with the microsphere to probe the coupling regime of the resonator. 

 

An important step is to have a method to check the WGMs for their coupling 

condition.  Bringing a second fiber close to the microsphere effectively increases the 

intrinsic loss.  Adding this extra loss makes the dip of an overcoupled mode deeper, and 

that of an undercoupled mode shallower.   

The laser wavelength was scanned several GHz around 830 nm.  The 

microspheres ranged between 400 and 700 µm in diameter.  Using the test fiber, we 

verified that the modes of a bare sphere can range from undercoupled through critically 

coupled to overcoupled.  The microsphere resonator was tested again after coating it with 

a polyelectrolyte layer (PDDA).  Because of additional losses introduced with this layer, 

such as absorption and scattering, the intrinsic quality factor of the coated resonator drops 

by about an order of magnitude.  Therefore, the PDDA coated microresonator coupled to 

the tapered fiber (keeping similar coupling conditions – fiber and sphere in contact) 

resulted in mostly undercoupled modes (Fig.VI.15(a)).  After growing gold NRs on the 

surface of the same resonator, it was tested again using the same setup.  As Fig. VI.15(b) 

shows, almost all the modes are strongly overcoupled.  Although adding some intrinsic 
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losses (about 50%) because of the absorption and scattering from Au NRs at the 

wavelength of excitation, the coupling losses appeared to be more than 200 times greater.   

 

 
Figure VI.15. TE and TM whispering gallery modes of (a) a microsphere coated with a 

PDDA monolayer, and (b) after growing Au nanorods and nanospheres on 
its surface. 
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WG modes excited with longer (1550 nm) wavelength showed undercoupled 

behavior.  Figure VI.16 shows the WGM spectra of a microsphere resonator, with Au 

nanoparticles grown on its surface, at two different excitation wavelengths 800 nm (Fig. 

VI.16(a)) and 1550 nm (Fig. VI.16(a)).   

 

 
Figure VI.16. WGMs of a sphere with Au nanorods and nanospheres grown on its 

surface excited with two different wavelengths (a) 800 nm and (b) 1550 
nm. 

 

The wavelength dependence of the coupling enhancement suggests that it is 

caused by the surface plasmon related enhancement of the local fields.  The WGM can 

excite the nanorods’ SPs as well increase the interaction between individual 

nanoparticles. 

 

VI.4.3 Calculation of the coupling enhancement 

To quantify the enhancement, we have used a simple four-mirror model of a ring 
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resonator described in Chapter III, which gives us relations between the measured WGM 

dip depth (M0) and the ratio of coupling to intrinsic losses (x) and between the dip width 

and the total round trip loss ( )T lα+ , where T is proportional to the coupling losses and 

lα is proportional to the round trip intrinsic losses.  From the dip depth (III.7) and 

knowledge of whether it is overcoupled or undercoupled, the loss ratio (III.3) can be 

found.  

The loaded Qtotal is inversely proportional to the total loss ( )T lα+ , and thus to 

the dip width.  Qin is likewise related to the intrinsic loss lα , and Qcoupling to the coupling 

loss T, so Qcoupling and Qin can be found from Qtotal and x: 
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After coating the microsphere resonator with a polyelectrolyte layer (PDDA), 

most WGMs are undercoupled.  M0 (from dip depth) and Qtotal (from dip width) are 

measured for a strongly undercoupled mode, because only these are likely to survive after 

coating the resonator with Au NRs.  Since the mode is undercoupled, only the root with 

1x <  is considered in (III.7). 

After growing Au NRs on the surface of the resonator, the same measurements are 

made.  Now, however, because the WGMs are strongly overcoupled, only 1x >  is 
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relevant. Comparing coupling losses before ( )IT  and after ( )IIT  adding Au NRs gives 

the coupling enhancement C resulting from the field enhancement due to the Au NR 

surface plasmon resonance: 
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A similar ratio between the intrinsic losses before and after can give the increase 

in the intrinsic losses: 
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Coupling enhancement factors C between 200 and 500 with an increase of only 

about 50% in the intrinsic loss have been measured for the WGMs of a 500-µm-diameter 

sphere shown in Fig. VI.15.  This order of magnitude is typical for Au NR-coated 

spheres.  No significant difference in the enhancement of TE and TM modes was found.  

 

VI.5 Conclusions 

In conclusion, the synthesis of Au NRs using HgTe NPs as nucleation seeds is 

demonstrated.  The method provides a simple way to permanently attach gold nanorods 

on surfaces with different electrical and optical properties.  Further work can be done to 

determine the nanometer-scale composition distribution, and optical properties of metal 

NR − semiconductor NP composites.  It was shown that synthesis of Au NRs on a high 

quality factor microresonator leads to an increase in evanescent coupling between a 

coated microresonator and an optical fiber.  Strong overcoupling suggests enhancement of 
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the evanescent field of the WGMs, caused by the surface plasmon resonance of the Au 

NRs.  Comparison of the coupling loss before and after Au NR growth indicates coupling 

enhancement by a factor of 10
2
 to 10

3
.  Gold nanoparticle coated resonators are expected 

to enhance the sensitivity of WGM evanescent-wave chemical sensors.  These resonators 

are also good candidates for surface-enhanced Raman scattering experiments.  Future 

work on device fabrication is feasible.   

.
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