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CHAPTER 1
INTRODUCTION

Whispering-gallery modes (WGMs) are the natural electromagnetic eigenmodes of
solid spheres with large radial and azimuthal indices. They are activated by external co-
herent signals and propagate around the equator of the spherical shaped object spatially
confined by total internal reflection to a narrow region near the surface. They are elemental
to understanding many of the newly defined, extremely small resonators. The origin of
WGMs isrooted in the surround sound of acoustical whisperings within old architectures
and the combination of curiosity and sequential development of first principles of physics.

There is a famous historical monument in Peking, China, called the Temple of the
Sky where “miracles’ occur. Associated with this temple is a rugged wall of stone that
roughly formsthe shape of aclosed cylinder. The miracleisthat low utterances of aperson,
spoken while facing one direction along the wall, return back moments later to that person
as if someone just behind the speaker whispered exactly the same sounds. In the 19th
century Lord Rayleigh!!! proposed a physical explanation for this whisper on the basis
of his own experiments in an ancient gallery located at St. Paul’s Cathedral in London,
England. Under the dome of this cathedral, whispers spoken in one direction returned to
the speaker after asmall delay just asin the case of the wall of stonein China. Early wave
theory explained the reflection of acoustic “rays’, but it was Lord Rayleigh who proposed
the propagation of these waves along the spherical structure. His experiment involved a
whistle as a sound source and a burning candle as a detector. The 20th century brought a
better understanding of electromagnetic waves and knowledge of their existence as spatial
structures within spherical solid objects primarily through comparison with their acoustical

counterpart.



Whispering-gallery modes are a specific class of spherica modes that are used to
study many optical problems. Understanding their operating features is important for the
development of any system that incorporates them. Mathematical representation of natural
modes in dielectric spheres is generally attributed to Miel? and Debye,” but the detailed
study of WGMs is the result of the works by Richtmyer! and Stratton.”) More recently,
L. A. Vainstein provided important new insights into the theory of WGMs. [¢!

Renewed interest in WGMss has inspired creative investigations into many different
microtechnologies." Microspheres, in particular, are very appealing objects because
of the small effective volumes of their WGMs and their high-Q factors.["™! Fused-silica
microspheres have extremely low WGM losses that make them better suited as high-Q
microresonators.®37 Such microresonators are shown to have potential use in many ar-
eas, including cavity quantum electrodynamics, ¥ laser stabilization,!'*] microlasers, 29!
nonlinear optics,!'%-2%23 and evanescent-wave sensing.[**?l The utility of a microsphere
resonator can be limited because of the morphology dependence of the resonant frequen-
cies of the WGMs —i.e., the resonant frequencies are fixed by the geometry of the sphere
and thus not easily tunable. However, experimental advances in compression tuning(**~*°!
and locking of microsphere WGM resonances!***%! have improved these conditions by pro-
viding for tuning over a greater range with faster response. Many of these optical systems
employ the technique of coupling light into and out of the WGMs of the microspheres by
using modes of tapered optical fibers (see Fig. 1.1). Although common, this technique
brings light to experimental challenges that are associated with less than ideal conditions
in the coupling process.

Tapering afiber, by any of several methods, introduces some interesting effects that
must be considered. The fiber configuration often used is the bitaper. A bitaper consists
of a non-tapered portion of the fiber at the first end. Thisis followed by a taper transition
region where the radius of the fiber decreases with distance. The portion of the fiber after
the transition is known as the taper. Thisisfollowed by a second taper transition region of
increasing fiber radius and ends with another non-tapered portion. The non-tapered portion
of a single-mode fiber is designed to support only the fundamental mode because of the

small size of the core relative to the transmission wavel ength and because of the low index
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Figure 1.1. Microsphere-Fiber System

contrast between the core and the cladding. However, in the tapered portion of thefiber, the
light is guided by the cladding-air interface and thus the tapered fiber can support multiple
modes. In an ideal adiabatic taper transition, the taper angleis small enough so that the fun-
damental HE;; mode can be considered unperturbed asit evolvesfrom being core guided to
cladding guided. Within a non-ideal or non-adiabatic taper transition, the cladding guided
HE;; mode couples to higher-order fiber modes of the same symmetry. The next higher-
order fiber mode in the same family isthe HE;, mode. Before coupling to the microsphere,
the only modes in the tapered portion of the fiber are these two modes, if the taper transi-
tion is sufficiently adiabatic. After coupling with the microsphere, other higher-order fiber
modes may be present. This is because the microsphere mode may couple to any mode
supported by the taper. The radius of the tapered portion of the fiber can be chosen to max-
imize the coupling of the fiber HE;; mode to the microsphere mode, while minimizing the
lossesincurred by the coupling of the microsphere’s WGM to the higher-order fiber modes
of different families, because the light in these fiber modes does not couple back into the
HE,; mode at the transmission end of the bitaper. Early arguments**46 assume that opti-

mal coupling is accomplished by phase matching the microsphere mode to the fundamental
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fiber mode. However, in agreement with other recent results, [*7! it is actually accomplished
by tapering the fiber to a smaller radius than that for phase matching.

Calculation of the WGM spectra for modes of different radial order ¢ and polar or-
der [ — |m| includes non-ideal factors that are present under experimental conditions. In
practice, the microsphere usually has an eccentricity. This eccentricity removes the fre-
guency degeneracy of the polar modes. Also, the fact that the tapered fiber may not be ex-
actly aligned with the equatorial plane of the microsphere increases the number of WGMs
to which the fiber may couple. With perfect alignment, only the even (symmetric) polar
modes of the microsphere are excited. With imperfect alignment, both the odd (antisym-
metric) and even polar modes are excited. Presented here are calculations that detail the
effects of varying the size of the tapered-fiber radius and explore the WGM spectra associ-
ated with the non-ideal aspects of an experiment.

Chapter 2 describes waveguides and their electromagnetic modes. In particular,
fused-silica microspheres and fibers are treated. For microspheres, the spectra of their
modes are discussed. For fibers, comparisons are made between traditional fiber modes
and the modes of tapered fibers.

Chapter 3 describes mode coupling. The discussion includes an introduction to cou-
pled mode theory. Thisisfollowed by the application of coupled mode theory to the fiber-
microsphere system, and also to the tapered fiber.

Chapter 4 describes applications of the coupled-mode analysis in the fiber-micro-
sphere system. Included are calculations of optimal fiber radius, WGM spectra, and a
discussion of microsphere lasing.

Chapter 5 concludes by summarizing the results and highlighting some of the inter-

esting physics encountered in this study.



CHAPTER 2
WAVEGUIDES

2.1 Ray Picture

The easiest way to describe the operation of a waveguide is with the ray picture.
Waveguides consist of amaterial of higher index of refraction surrounded by a material of
lower index of refraction. From Snell’s Law, it is known that if the angle of incidence of a
ray originating from the higher index side of an interface is above a certain critical angle,
then the ray will be reflected by total internal reflection. A fused-silica microsphere has
an index of 1.44 which is surrounded either by the index of air (ng, = 1.00) or by that
of aliquid (e.g., nmehano = 1.33 for use in aliquid sensing measurement). Light, once
inside a microsphere, travels around its equator by making numerous reflections. Because
amicrosphere is a cavity as well as a waveguide, the light forms a mode when the round-
trip pathlength is amultiple of the light's wavelength. Thisis shownin Fig. 2.1, where the
blue circle represents the surface of the microsphere and the red line represents the path
of the internally reflected light. In this case, the mode consists of eight reflections of the
light. A common type of optical fiber is the step-index fiber. This consists of a core of
dightly higher index and a cladding of slightly lower index. Like in the microsphere case,
light travels along the fiber by making numerous reflections at the core-cladding interface.
This is shown in Fig. 2.2. The blue lines represent the surface of the fiber and the red
line represents the path of the internally reflected light. Although the ray picture is useful
for understanding the basic operation of waveguides, it has recently been shown that it is
unreliable for performing calculations.!*®! For accurate calculations and predictions to be

made, the wave nature of the light must be considered.



Figure2.1. WGM Ray Trace. The blue circle represents the surface of the microsphere and
thered linerepresentsthe path of theinternally reflected light. n, and n, are
the indices of refraction of the microsphere and the surrounding medium,
respectively. In this case the mode consists of eight reflections of the light.

s

Nco

Figure 2.2. Step-Index Fiber Ray Trace. The blue lines represent the surface of the fiber
and the red line represents the path of the internally reflected light. n¢, and
ng are the indices of refraction of the core and cladding, respectively.

2.2 Unguided and Guided Wave Propagation

The fundamental requirement for an electromagnetic wave to propagate is that its

fields satisfy the wave equation
O*E 0°P

2
E— el =,
VE —pegm = ga

2.1)



where E, P, ¢, ¢, i, and e arethe electric field, polarization, time, speed of light, permeabil -
ity, and permittivity, respectively, in the Sl system of units. The bold variables represent
vector quantities. For amedium that is not polarized, the wave equation is

E

The simplest solution of thisisthe plane wave in vacuum,
E(r,t) = Egellwot~kor) (2.3)

where wy isthe angular frequency of the light and ko = %l} is the wave vector. However,
even in free space, electromagnetic wave profiles do vary in the plane transverse to the
direction of propagation. The electric field for awave traveling in free space is transverse
to the direction of propagation (as long as the beam diameter is large compared to the

wavelength). In this case, the electric field can be expressed as
E(x,y,2) = Eg(z,y, z)e "%, (2.4)

Substitution of this into the wave equation, and assuming that « is slowly varying in z,

resultsin

Vi — ¢2koa—w =0, (2.5)
0z

where V# is the transverse Laplacian for divergence. Gaussian modes are one particularly
useful set of solutions of the wave equation under this condition and light propagates with
these modes as Gaussian beams. Equation (2.5) has the same form as the Schrodinger
equation. Just as solutions to the Schrodinger equation are discrete in form, families of
solutions of the Maxwell wave equation are also discrete in form. Analogies between
optical systems and quantum mechanical systems are helpful in describing waveguides,
and later, the microsphere-fiber system.

The fields for a waveguide are calculated using the same basic principle as those
in free-space. However, there are two important differences. One is that the longitudinal
components cannot be assumed to be small relative to the transverse components. This

is because of the beam confinement possible in a waveguide (especialy in the case of a



tapered fiber) and also, the presence of theindex change. The other differenceisthat special
attention must be paid to the boundary conditions of the electric and magnetic fields.
Thefirst step in determining the fields of a waveguide isto write the expressions for
the boundary conditions of the fields. This is analogous to a particle in a potential well.
The particle’s wavefunction has one form for the interior region and another form for the
exterior region. The electric and magnetic fields of a waveguide also have different forms
for the interior and exterior portions. The exterior portion of the field is known as the
evanescent part. From the boundary conditions, a characteristic equation is obtained. The
roots of the characteristic equation provide the propagation constants of the allowed modes.

The propagation constant 3 is basically the effective wavenumber and can be expressed as
g = :
C

where ngs is the effective index of refraction. Modes of a waveguide have a dependence

NeffW

(2.6)

of e~ in the direction of propagation. The higher the order of the mode in a waveguide,
the lower the propagation constant. This corresponds to the mode traveling faster along
the waveguide. This is because the higher-order modes have a higher fraction of their
energy contained in the evanescent part of the field. In afiber, the fundamental mode has
an effective index close to that of the core, while the highest-order mode has an effective

index close to that of the cladding.
2.3 Microsphere Modes

There are two kinds of microsphere modes - transverse magnetic (TM) and transverse
electric (TE). In the case of TM modes, the magnetic field is tangent to the surface of
the sphere and perpendicular to the direction of propagation. The electric field thus has
components normal to the surface of the sphere and parall€l to the direction of propagation.
In the case of TE modes, these properties are reversed. With the use of the scalar Debye

potentials,*>-°°! the solutions to the Maxwell equations become
0*U 1 0 < oU ) 1 0*U

— — 4+ kU=0, TMM 2.7
or? +7’2c05989 r2 cos? 6 O¢? +EU =0, odes,  (2.79)

0*V 1 0 ov G ) VA
o +r200se@(0%%)+m372“€ V=0, TEModes  (2.7b)



where U and V' are the scalar potentidlsand £ = . Here, the convention is used that the
angle 0 is zero at the equator rather than the north pole. The electric and magnetic fields

are found from the scalar potentials:

E. == H. =
' <87"2 o )U’ =0
1 0*°U 10U
- = —jk=—_ » TM Modes 2.8
Eo r Orofd’ Hy Zkr 0o’ (28)
1 09U 10U
Ed)_rcos@ar@qb’ ¢_Zk;%’ J
62 ) )
H =(— E. =
T (aTQ + k )V7 T 07
1 0°V 10V
- = ik—— TE Modes 29
O oron’ Eo Zkr 0¢’ (29)
1 0V 10V
¢ rcosf Orogp’ ¢ Zkr 09" )
The fields are separable and can be expressed as
Wi (1,0, ) = Nsth (1)109(0)104(9), (2.10)

where U is the electric field in the case of TE modes and is the magnetic field in the case
of TM modes. N, is a normalization constant. The subscripts indicate the order of the
mode (¢ is the radial mode order, found from the boundary conditions, and the difference
between [ and |m| is the polar mode order). From the above, the differential equations for

the dependences on the coordinates are

@ 2 (I +1)
e e G r=0, 2.114
dr2¢ - rdrqﬂ +( s r2 )w ( )
1 d d m2

a0 o - 55 I(l+1 =0 2.11b
cos 0 dfl (COSHdQ%) cos2 6% + 11+ 1)1y , ( )
d2¢¢ 2
ap T e =0 (2.110)

The solutions are found to be

¢7'(T) =

1(kngr), 1 < R,
{ Jilknr), (2.123)

hi(kngr), > Ry,
Yo(0) = B (sinb), (2.12b)

vs(0) = e, (2.12¢)
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where j; and h; are the spherical Bessel functions of first kind and spherical Hankel func-
tions (also known as Bessel functions of third kind), respectively. P/ are the associated
Legendre polynomials, and R, is the radius of the sphere. The characteristic equations

found from the continuity conditions are

, ¢ TM Modes (2.13a)

[(kRs)1/2JV(kRS)]/ _ (6)1/2 [(koRs)mngl)(koRs)},

(kR)'2J,(kR,) 1 (koR:)/2H (ko R.)

1/2 ! 1o | (koRs)YV2HM (ko R, /
[(kRy)Y2J,(kRy)) _ <u>/ [( ) ( )], TE Modes (2.13b)

(kR)Y2.J,(kR,) € (koR)V/2HD (ko R,)

€

where v = [ + 1/2 relates the spherical Bessel functions j, and h; to the regular Bessel
functions .J, and H,,

For the sphere sizes considered in this study, the values of [ and |m| are large. The
computation of the spherical Bessel functions and Associated Legendre Polynomials be-
comes time consuming under these conditions. The computation time is greatly reduced
by approximating the spherical Hankel function as an exponential, and the Associated L eg-
endre Polynomials with Hermite-Gauss functions. The forms of the fields as used in the

calculations arel32

jl(knsr)a r S RSJ
) = (2.149)
jl(knsRs)e_as("_Rs), r > R,
bo(0) = Hy (Vm#) e 5%, m>1>0, (2.14b)
be(9) = e, (2.14c)
where
vem—— 10+1)
Qg = 6[2 - k2nga ﬂl - T?
N =1—|m|.
For TE modes,
E@(n 97 ¢) = \Ilqlm(r> 97 ¢) (215)

Because the transverse electric field is parall€el to the surface of the microsphere, £, = 0

and the total electric field is given by
E(r,0,¢) = Ey(r,0,6)0. (2.16)
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For TM modes,

He(ﬂ 97 ¢) = \Dqlm(r> 97 ¢)7 (217)

and the electric field is given by

1 .
E(r,0,¢) = —i——V x 0H,
WeELN
1 1 d A
— i— Hy + (=Hy+ —Hy ) & ). (2.18)
we,n? \ reost r dr
The characteristic equation is found to be
[
(773045 + ﬁ) jl(kmsR8> = knsjl—i—l(knsRS)a (2.19)
where
1, TEModes,
Ns = 2
%5 TM Modes.
n

o

A plot of a microsphere TE mode is shown in Fig. 2.3. In this plot, the color change
indicates the surface of the sphere.

The propagation constant for amicrosphereis
Bm = o~ (2.20)
This can be explained using the ray picture. For afundamental polar mode, where [ = m,

an integer number of wavelengths fit along the circumference of the microsphere, or

21 R,
| = ”RA et (2.22)

where ) is the vacuum wavelength. As the value of m is decreased, the polar mode order
isincreased. In this case, under the ray picture, the path of the light travels along a “zig-
zag” path instead of directly along the greater circle of the microsphere. The propagation
constant along the actual pathis

g = YU+ (2.22)

= R

The propagation constant 3, isthe projection of 3; along the circumference.
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N

Amplitude

Figure 2.3. Fundamental Microsphere TE Mode (R, = 300 ym, A = 1550 nm, ¢ = 1,
I = m = 1730). The surface of the sphereisindicated by the color change.

The equator isat y = 0.

In perfectly spherical microspheres, the polar modes are frequency degenerate. This

degeneracy is broken by introducing an eccentricity to the microsphere. The frequencies

of WGMsin such microspheres are given by!!3:5%

. 1 12\ -
u;lmg5{l+—+aq(l+ /) _Nig(li;m‘)], (2.23)

2 2
where i denotes TE or TM, § = c¢/2mR¢n is the microsphere’s nomina free-spectral

range, a, is the absolute value of the " zero of the Airy function, AT = n/v/n2 — 1, and
A™ = (nvn? — 1)_1, where n = n,/n,; the positive sign is used for an oblate spheroid



13

and the negative sign for the prolate case, where the eccentricity is given in terms of the
ellipsoid major and minor radii B, and R_ ase? = (R2 — R%) /R%." The different
forms of A’ give the polarization shift of the WGM frequencies.

2.4 Fiber Modes

The fields of fiber modes are calculated by solving the wave equation in cylindri-
cal coordinates.”? The direction of propagation is taken to be the z-direction. The wave

equation in the longitudinal directionis

E.
(V2 + &%) ( ) =0, (2.24)
H.

where

0? 10 1 02 0?
Vi=ortio Trwton (225

Assuming that the waves are harmonic, the wave equation in the longitudinal direction is

now
? 10 10 o 9 E,
(mﬁrm+ﬂwﬂ<k‘”)(m)0 20
The solutions are separable and take the form
E, ,
( >¢(r)eﬂ”’, 1=0,1,2,.., (2.27)
H,

2 l2
-1 )v=o. (228)

which is the Bessel differential equation. For the modes to be confined and finite, the

solutions take the form
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cJi(hr), B2 >0
Y(r) = (2.29)
CKl(qr)7 ﬂ2 < Oa
where
— k2 ﬁQ
=3 — k2

Here, h and ¢ are the magnitudes of the vectorsh = k — 3 and g = 8 — k. Thus, they
indicate the deviations of the wave vectors from the propagation vector.

The fibers used in this study have a circular step-index profile

(2.30)

{ ni, for r < Ry,
n(r) =

ny, for r> Ry,
where Ry is the radius of the core. The exact solutions for the modes of such fibers are
given by (see Appendix A)

core (r < Ry):

B, = ;g (Ahjl(h ) + M’”le(h )) cos(wt + 10 — B2), (2.313)
By = 52 <”AJl(hr) ﬁ“ Bth’(hr)) sin(wt + 10 — B2), (2.31b)
E. = AJy(hr) cos(wt + 10 — (Bz), (2.31c)
H, = hﬁz (Bth(h ) — wg:lAJl(hr)) sin(wt + 10 — B2), (2.31d)
Hy = hg ( BJ,(hr) + %Ah(]l(hr)) cos(wt + 10 — (z), (2.31e)

H, = BJy(hr) cos(wt + 10 — (3z), (2.31f)
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and cladding (r > Ry):

E, - g_g <Cqu’(qr) + i‘;—’fpm(qr)) cos(wt + 16 — B2), (2.323)
By = _g <%CKl(qr) _ %“quq(qr)) sin(wt + 10 — B2), (2.32b)
E. = CEKi(gr) cos(wt + 16 — B2), (2:320)
H, = —g <Dqu'(qr) _ “"flom(qr)) sin(wt + 10 — B2), (2.32d)
Hy = g_g <%DKl(qr) + %cqfq(qr)) cos(wt + 10 — B2), (2.32¢)
H. = DEi(gr) cos(wt + 16 — B=), (2.32f)

where the convention is used that the tangential components of the electric field are red
and the longitudinal components are imaginary. This requires A and C' to be imaginary,
and B and D to bereal. A can be chosen to be imaginary, and the other amplitudes are
calculated from A using the boundary conditions.

The propagation constants are found by applying the continuity conditions for the
fields at the core-cladding interface. In general, the modes are broken down into two
classes, HE and EH. These modes are neither TE nor TM because all of their field com-
ponents are nonzero. Thus, they are often referred to as hybrid modes. The characteristic
equations for these modes are:

EH modes:

Jia(hRy)  m3+nd Kl(qRy) +( l R), (2.33)

hR;Ji(hRy) — 2n3 qR;K(qRy) (hRys)?2

and HE modes:

Jia(hRy) — ni+n3 Kj(qRy) +< ! 3)7 (2.34)

hR;Ji(hRy) —  2n} qR;Ki(qRy) (hRp)?

2
n2—n2\’>/ K/(qR;) \° 1 (B\ [ 1 1
R= . 2) (l—f) +—(—) st 5= | . (235
J( 2n? qR¢Ki(qRy) n? \ k, 2R} ¢*R; (235)
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Because h and ¢ are related to 3, the propagation constants are found by finding the roots.
When [ = 0, the EH and HE modes are reduced to TM and TE modes, respectively, and

their propagation constants are found from

TM modes,
ARy ns KalaRy) (236)
hR;Jo(hR ) ni ¢y Ko(qRy)
and TE modes
Ji(hRy) _ Ki(qRy) (2.37)

hRyJo(hRy) — qRpKo(gRy)

The number of roots to these characteristic equations (2.33-2.37) depends on how
large the fiber is compared to the wavelength. Asthe size of the fiber becomes small com-
pared to that of the wavelength, fewer modes are able to satisfy the boundary conditions.
Another way of saying thisisthat there are fewer waysthat the light can be arranged tofitin
the fiber. The HE;; mode, which is characterized by a single maximum, is the lowest-order
mode supported by a fiber. No matter how small a fiber is, the HE;; mode is supported.
This does not mean that the guiding of the field is aways strong. For very small fibers, a
large fraction of the mode is evanescent. Table 2.1 shows the arrangement of the propa-
gation constants for all the modes of a fiber of radius 1.8 ym and indices of refraction of
ny = 1.44 and ny, = 1.00. These conditions are appropriate for a tapered fiber. The table
shows the modes for guided light of 1550 nm wavelength.

24.1 Linearly Polarized Modes

For ordinary fibers, the indices of refraction of the core and cladding are very similar.
Under this condition, the modes can be approximated to be linearly polarized. This means
that the directions of the transverse components of the fields do not change with position.

The fields of these modes are found to be
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TABLE 2.1. Fiber Mode Propagation Constants (R; = 1.8 um, n; = 1.44, n, = 1.00,
A = 1550 nm)

TE/TM

HE:,,

HE2,

EHy,,

HEs,

EHs,,

HE4n,

EHs,,

HEs,

B(10° m™)

HE;

5.70852

TEw

5.52879

HE;

5.50387

TMo;

5.48988

EH;

5.25528

HE3;

5.22249

HE»

5.12826

EHy;

4.92304

HE;

4.85606

TEps

4.75933

HE2»

4.66893

TMo2

4.65044

EHa;

4.52000

HE5;

4.38898

EHq»

4.23848

HE3:

4.14214

HE;3

4.13354
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for the core (r < Ry),

E, = AJj(hr)e™ expli(wt — B2)], (2.383)

E, =0, (2.38b)

E, = Zg? [Ji1(hr)e W08 gy (hr)et =) } expli(wt — B2)], (2.38¢)

H, ~ 0, (2.38d)

H, = wﬂAJl(hr)elw expli(wt — Bz)], (2.38¢)
A

H. - w_hﬁ [ ()0 1 T ()i 19] expli(wt — B2) (2.38f)

and for the cladding (r > R;),

E, = BEK;(qr)e™ expli(wt — p2)], (2.39a)
E, =0, (2.39b)
B = i85 [Kuna(an)e™ + Kis(ane P eoliwe - 52), 23%)
H, ~0, (2.39d)
H, = ;%BK;(qr)e’m expli(wt — B2)], (2.39%)
H. = L3 [Kuna(an)e ™ = Kia(an)e ™ explifet = 2. (2390

The characteristic equation used to cal cul ate the propagation constantsis

Jipi(hRy)  Kia(qRy)

h = .
Ji(hRy) K Ki(qRy)

(2.40)

The lowest-order linearly polarized (LP;,,,) modeisthe LP,; mode. The next higher-order
mode in this family is the LPy; mode. If the difference between the core and cladding
indices cannot be considered negligible, the LP,; mode must be expressed by the HE;
mode and the L Py, mode by the HE,; mode. Asisdiscussed in later chapters, the HE,; and
HE;> modes are important to understand. The following section describes these and other

modes that are considered in this study.
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242 Lower-Order Modes

There are seven fiber modes that are considered in this study. The first is the HE
mode. As was previously mentioned, this is the fundamental mode and is characterized
by a single maximum. This can be seen in Fig. 2.4. The 3-D plot is of the amplitude of
the transverse component of the electric field as a function of transverse coordinates. The
cross-section of the fiber is in the xzy-plane. The abrupt color change from blue to red
indicates the surface of the fiber. Notice that for + = 0 the electric field is continuous at
the surface and for y = 0 the electric field is discontinuous at the surface. Thisis because
of the orientation of the field. In the orientation shown here, the electric field is paralel
to the surface at * = 0. The boundary conditions require that the fields be continuous
when the field is parallel to the surface. Thefield is perpendicular to the surface at y = 0.
The boundary conditions require that the fields undergo a step change when the field is

perpendicular to achange in permittivity. Thisis given by the relation
Ein? = Efnl (2.41)

This means that the amplitude of the field is (1.44)? times larger on the outside of the
surface than on the inside. Another effect of the transverse component of the field being
perpendicular to the surface isthat the longitudinal component becomes nonzero. The lon-
gitudinal component of the field is shown in Fig. 2.5. Again, the color change indicates
the surface of the fiber. In this figure, the longitudinal component of the field is zero at
the surface where the transverse component in Fig. 2.4 is continuous, and the longitudinal
component is nonzero at the surface where the transverse component in Fig. 2.4 is dis-
continuous. The polarization of the transverse component of the electric field is shown in
Fig. 2.6, where the arrows point in the direction of the electric field and the lengths of the
arrows indicate the magnitude of the field. This plot shows that the mode is nearly linearly
polarized. For the size fiber shown here, only small distortions are seen. For smaller fibers,
the distortions become more pronounced.

The next mode is the HE;, mode. This is the next higher-order mode in the same
family as the HE;; mode and is characterized by a maximum at the center of the fiber

surrounded by a minimum ring before reaching the surface. Whereasthe HE;; mode would
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be seen as a single bright spot when viewed from a perspective perpendicular to the fiber’'s
cross-section, the HE;, mode would appear as a bright spot surrounded by a ring. The
transverse and longitudinal components of its fields are shown in Fig. 2.7 and Fig. 2.8,
respectively. The polarization of the transverse component of the field is shownin Fig. 2.9.
In this figure, near the surface of the fiber, the field is close to being linearly polarized but
not as close asin the case of the HE;; mode.

In addition to the HE;; and HE;> modes, modes that have propagation constants
between the HE;; and HE;> modes are also considered in this study. Table 2.1 indicates
the modes of interest are the TEy;, HE,;, TM¢;, EH;, and HE3; modes. The vector plots
of the transverse components of their fields are shown in Figs. 2.10-2.14. There are severa
points worth noting about the respective modes in these figures. From Table 2.1, it is seen
that the propagation constants of the TEy;, HE,;, and TM,; modes are very close. For
fibers that satisfy the L P-approximation, the superposition of these modes forms the LP;;
mode. The plots of the HE;; modes demonstrate the effect of changing the mode index /.
Thefield linesare divided into sectionsof 7/l for [ > 1. The EH;; mode hastwo dark spots
corresponding to the two locations around which thefields circulate. The TMy; modeisthe
only mode that has a discontinuous transverse field at all points on the surface. The TE(,;
mode is unique among these modes because its transversefield is continuous at every point
on the surface of the fiber. This meansthat al of its energy isin the transverse component

of the field. An effect of thisis seen in Chapter 4.
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Figure 2.4. Fiber HE;; Mode Transverse Field Amplitude as a Function of Transverse
Coordinates (R; = 2.47 um, A = 1550 nm). The surface of the fiber is

indicated by the color change.
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Amplitude

Figure 2.5. Fiber HE;; Mode Longitudinal Field Amplitude as a Function of Transverse
Coordinates (R; = 2.47 um, A = 1550 nm). The surface of the fiber is

indicated by the color change.
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2.6.

Fiber Cross-Section with HE;; Mode Tranverse Field Polarization
(Rf = 247 pum, A = 1550nm). The surface of the fiber is indicated by
the circle.



(2

Amplitude

Figure 2.7.
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Fiber HE;» Mode Transverse Field Amplitude as a Function of Transverse
Coordinates (R; = 2.47 um, A = 1550 nm). The surface of the fiber is

indicated by the color change.
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Amplitude

Figure 2.8. Fiber HE;; Mode Longitudinal Field Amplitude as a Function of Transverse
Coordinates (R; = 2.47 um, A = 1550 nm). The surface of the fiber is

indicated by the color change.
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CHAPTER 3
MODE COUPLING

There are conditions in which electromagnetic modes may couple. One is when a
singleisolated waveguide contains a perturbation, such as an imperfection in the waveguide
construction. The presence of the perturbation prevents any single mode of the unperturbed
waveguide from being a solution of the perturbed waveguide by itself. The solution is a
superposition of the unperturbed modes. The tapered fiber is another example of this.
The section of the fiber that has a varying radius is a perturbation of the cylindrical fiber.
The superposition of the cylindrical fiber modes is a solution of the non-cylindrical fiber.
Another situation in which modes couple is when separate waveguides are in close enough
proximity so that the evanescent portions of their modes penetrate the opposite waveguide.
A common example of thisis cross-talk between fibersin afiber-optic cable. In the system
studied here, it is the means by which light is coupled into the microsphere from the fiber
and vice versa. In both types of coupling described here, the perturbations result in energy
being transfered between unperturbed modes. This chapter describes coupled-mode theory
and applies it to both fiber-microsphere coupling and to coupling between modes in the
tapered fiber. This chapter also shows that the two factors that determine the amount of
coupling are the amount of spatial overlap of the modes and the phase-matching between
them. For cases where the coupling cannot be considered asmall perturbation, other means
of analysisare required. Such methods are not presented here, but an exampleisthe vector-

modal solution method. %!

3.1 Coupled-Mode Theory

Coupled-mode theory quantifies the coupling between modes by assuming the in-

teractions between the modes only result in small perturbations. By this it is meant that

32
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although energy is transfered between the two modes, the shapes of the modes are not
being significantly distorted by the interaction. The basis of coupled-mode theory is the
application of the reciprocity relation to the system of interest.>* =% The reciprocity rela-
tion for two modes is derived in Appendix B. Inintegral form, over an infinitesimal range

Az inthedirection of propagation, it is

%//(Ele§+E§xH1)-2dxdy
= iw / / (ex(2,9) — e2(,))Es - E5 dardy,

where E; and H; are the electric and magnetic fields of one mode, and E, and H,, are the

(3.1)

fields of the second mode, w is the angular frequency of thelight, and ¢; (x, y) and ex(x, y)
are the permittivity profiles of the two modes. Physically, the reciprocity relation means
that the net power flow between two lossless waveguides is symmetrical.

For the case of two parallel waveguides, a and b, each supporting a single mode, the
perturbation to the mode of waveguide a can be determined. The permittivity profiles are

given as

€1 (ZE, y) - E(ZL', y)a (32a)
€2 (.T, y) - Ea(*ra y)a (32b)
where the permittivity profilese,(x, y) and e(x, y) are for waveguide a and the composite

system, respectively. The transverse fields of the coupled system are taken to be a linear

combination of the transverse fields of the individual waveguides as follows:
E} = a(2) Ey(z,y) + b(2) Ej(z, ), (3.39)

H = a(2) Hy(z,y) + b(2) Hy(z, 1), (3.3b)

where a(z) and b(z) are the amplitudes of the modes in waveguides a and b as functions
thelongitudinal coordinate. The longitudinal fieldsare similarly expressed asalinear com-
bination of the longitudinal components of the fields
€a z € z
Ef = a(2) - Ei(z,) +b(2) ;b E:(z,y), (3.43)

HT = a(z) Hi(x, y) + b(z) Hi(x, ). (3.4D)
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Thefields of the perturbed waveguide are expressed in the usual amplitude and phase rela-
tion asfollows:
Ey = E,(z,)e ", (3.58)
Hy = Ha(z, y)e . (3.5b)
The fields and permittivity profiles are substituted into Eq. (3.1). The previous procedure
is repeated with waveguide b being perturbed. In this case, the permittivity profiles are
€1 (.I, y) - E(I, y)a (36&)
€2 ([L’, y) - 6b(xa y) (36b)
Here, ¢,(x,y) is the permittivity profile of waveguide b. The transverse and longitudinal
fields of the coupled system are the same as those with waveguide a being perturbed (see
Egs. (3.3) and (3.4)). Thefields of the perturbed waveguide are given as
E, = Ey(x, y)e Pz (3.79)
Hy = Hy(z, y>€_iﬁbz‘ (3.7b)
The result of substituting the fields into the reciprocity relation, first with waveguide a
being perturbed, and second with waveguide b being perturbed, isthat, at any z,

1a(2) = Fn(2) = 5 (Can() + Con() (B — ), @9

where
Kab(2) = %//(e(zﬂ, y) — e(z,y)) <Ei EL 4 %E;Ej*) dx dy, (3.99)
Cap(2) = %// (Y x HYY) - 2da dy. (3.9b)

kq and Cy, are known as coupling coefficients, as they quantify the amount of coupling
between two normalized modes. Coefficients x,, and C,, are calculated using Egs. (3.9a)
and (3.9b) by swapping the subscripts. Coefficient « is of primary interest here because it
determines the probability that a photon tunnels from one mode to another. Coefficient C'
represents the energy associated with the overlap of the two modes. An important fact is
that k., # ke If Ba # (. Thisis because modes with higher propagation constants have

smaller evanescent fractions than modes with lower propagation constants.
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3.1.1 Coupled-Mode Equations

Without coupling, the amplitudes of the fields of two modes, in waveguides a and b,

can be described by the differential equations

dE,(z) .
02— iBEa(2), (3.102)
dbi(z) _ —iByEy(2). (3.100)
dz
The solutions to these equations are
Eo(2) = E,(0)e " Baz+da) (3.11a)
Ey(2) = Ey(0)e~ 1 Poztd0), (3.11b)
With coupling, the modal amplitudes are
dE(';(Z> - _iﬁaEa(z) + iﬂab(Z)Eb(Z)J (3128.)
z
V) _ () + s B), (3.120)
z

These equations are known as the coupled-mode equations for two parallel waveguides.

3.1.2 Energy Conservation

A common misconception in mode-coupling theory isthat for energy to be conserved
the coupling coefficients must be equal, or ., = k.. However, according to coupled-mode
theory, these coefficients are not equal. It is roughly explained that, for unequal coupling
coefficients, energy is radiated during coupling to unbound (or radiation) modes. Thisis
not the case. The source of the confusion lies in the method used to calculate the energy.
In general, the Poynting vector Sisused to calcul ate the energy flow of an electromagnetic

wave,

S= % E x H*. (3.13)

For two modes that are not coupled, the total energy flow becomes

Saa =S +S
1
= §(E1 x H + E3 x H}), (3.19)
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where S; and S, represent the energy flow of each mode. The power as afunction of z can

be written as
P(2) = la(2)” + [b(2)|%, (3.15)

where a(z) and b(z) are the same asin Egs. (3.3) and (3.4). When the power is calcul ated
as such, the two coupling coefficients must be equal. Thisis not correct when calculating

power in a coupled system. For the coupled system the Poynting vector is

1
S(ot: 5

*
Etot X Hig

(E; + E3) x (H] +H3)

DO =N = Do

[(Ex x HY) + (E; x HY) + (B3 x H}) + (B3 x HJ)]. (3.16)
In this case, the power as afunction of z iswritten as
P(z) = |a(2)[* + [b(2)]* + (Cap(2) + Cra(2))R[a(2)b" ()], (3.17)

where, again, a(z) and b(z) are the same as in Egs. (3.3) and (3.4). Only the real part of
a(z)b*(z) represents energy flow. The imaginary part represents stored energy. Radiation
losses are ignored here because they are negligible in this study. The condition that must

be satisfied for the energy to be constant is

1

Kpa(2) — Kap(2) = §(Cab(2) + Cra(2))(By — Ba), (3.18)

which is already satisfied with coupled-mode theory. A quantum mechanical analog is
useful here. A diatomic molecule that has a shared electron between the two atoms exhibits
the same behavior as in coupled-mode theory. The atom that attracts the electron more
strongly has the electron more often than the atom that attracts the electron less strongly.
Thisisintuitively correct and isaresult of the overlap integrals of the wavefunctions being

unequal, just as they are in the case of two non-identical waveguides.
3.2 Fiber-Microsphere System

Calculations for the fiber-microsphere system involve the calculation of ., the cou-

pling into the microsphere mode from the fiber mode, and & 4, the coupling into the fiber
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mode from the microsphere mode by use of the overlap integrals. Figure 3.1 shows the
microsphere and fiber modes when the fiber is placed in contact with the microsphere.
The utility of the coupling coefficients is great when taking into account a weak coupling

condition.

3.21 Weak Coupling

Assuming that one microsphere modeisinteracting with one fiber mode, the coupled-

mode equations for the fiber-microsphere system are given by

d]ifz(z) = —ifEy(2) + ik (2) By (2), (3.1%9)
dE({Z(Z) = —ifEs(z) +ikss(2) Es(2), (3.19b)

where the subscripts “s” and “ f” refer to the microsphere and fiber, respectively. Using
the coupled-mode equations in this form requires the numerical integration of these ssmul-
taneous differential equations to understand how power transfers between the modes. The
problem with thisis that it takes many passes across the interaction region before the mi-
crosphere’'s field amplitude builds up and the system comes to equilibrium. For a typical
desktop computer analysis, the amount of time the calculations take makes this method
prohibitive for general use. The method does, however, allow the z-dependences of the
fields to be known. An example is shown in Fig. 3.2. The plots show the z-dependences
of the real parts of the fields of the microsphere and fiber modes after equilibrium has
been reached. The inflection in the center of the fiber field plot indicates the phase shift
associated with coupling when there is no intracavity loss.

Assuming weak coupling, the coupled-mode equations can be approximated as

d%(Z) = —ZﬁsEs(Z> + ilisf(z>|Ef(_oo)|€_i(ﬂfz_¢f)a (3208.)
z
dE;(2) = —iBrEr(2) + mfs(z)\Es(—oo)\e_i(ﬁsz_%). (3.200)

dz
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TN

Amplitude

Figure 3.1. Mode Overlap for Fiber-Microsphere System. (R, = 300 um, R; = 2.47 um,
A = 1550nm). The WGM amplitude shown here is a fundamental TE
mode as a function of the transverse profile. The mode'sindicesareq = 1,
[ =m = 1730.



39

Microsphere Field

100
50+
o
&
N
- 0
-
=
_50,
-100 \ : : \ \ \
-0.00003-0.00002-0.00001 0 0.00001 0.00002 0.00003
. z (m)
Fiber Field
1,
0.5}
a
< ol
- 0 !\V/\UA
3 i
=
-0.5
-1¢ ‘ ‘ ‘ ‘ ‘ ‘ ]
-0.00003-0.00002-0.00001 0 0.00001 0.00002 0.00003
z (m)

Figure 3.2. Integration of the Coupled-Mode Equations. The plots show the z-dependences
of thereal parts of the fields of the microsphere and fiber modes after equi-
librium has been reached.

where ¢ and ¢, aretheinitial phase shiftsof the fiber and microsphere modes, respectively.

The solutions are

Ey(2) = |Ey(—00)|e™ %49 4 i| Ej(~o0)|e (%=~ / g ()€1 =50 ~21] g

(3.21a)

Es(z) = ‘Ef(_oo)‘e—i(ﬁfz—w) + Z"Es(_oo)‘e—i(ﬁfz—%) / Kfs(Z’)e—i[(ﬁs—ﬁf)z/—%} ds.

(3.21b)
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The behavior of the modal fields after many passesis demonstrated by choosing | E s (—oo))|
= 1 and ¢y = 0. After many passes |E;(—oo)| ~ 100 and ¢, = /2. This can be seen
in Fig. 3.2. The difference in the phases is a result of the imaginary number preceding the
coupling coefficients in the coupled-mode equations. As a comparison, it is evident that
thisis a little different from the behavior in the single-mirror ring-cavity analogy. In the
mirror cavity analogy, the phase of the reflected light is shifted by = and the transmitted
light maintains its original phase. With the coupled-mode equations, there is no phase
change in the “reflected” light, but there is a net phase shift of 7 for the transmitted light
(/2 as the light enters the microsphere and 7/2 as the light exits the microsphere). The

field in the fiber past the coupling region can be approximated by

Ey(tina) = | Ep(—00)| = [Es(=00) Ry,

—|Ef(=00)| = |Ef(—00)| — | Es(—00)|Rs,

—2|Ef(—00)| = —|Es(—00)|Rgs,
or
2|E¢(—o0
|Es(—00)| = M (3.22)
R fs
where
Ry = / kg (2)e BP0 . (3.23)

This is similar to what is obtained using a ring-cavity model with unequal transmission
coefficients (see Appendix C). The difference comes from the fact that, in the coupling
region, light can tunnel from one waveguide to another and then back again. In an ordinary
ring cavity, light does not return through a mirror once it has passed through it.

Equation (3.23) shows that the strength of the coupling is a combination of the
amount of overlap and the amount of phase-matching between the modes. The relation
between the fields implies that the coupling coefficient can be used to cal cul ate the external
quality factor (QQ) of the microsphere when coupled to afiber mode. The transmission from

the microsphere to the fiber isjust T, = | |*. This means that the quality factor due to
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coupling is

47T2Rsneff
Q=15

Aol R gs|?

2
mr (3.24)

B |"A’%“f8|27

where m isthe third index of the microsphere mode.

3.2.2 Fiber-to-Microsphere Coupling (FMC)

The coupling strength from the fiber into the microsphere is found from the overlap

integral

_f o t t* 65($,y> Z 2%

w0 = 5 [[ o - e (88 + S Bz ) aray, @29
where €(z, y) isthe permittivity profile for the composite system, € ¢(x, y) is the permittiv-
ity profilefor thefiber, ¢, (z, v) isthe permittivity profile for the microsphere, and Etf(s) and
B3, are the transverse and longitudinal components of the electric field of the fiber (mi-
crosphere). Inthiscase, the permittivity profiles are of the step-index kind and the coupling

coefficient reduces to
Ry = 3 (02 =) / / (E\-EL + E;E7) dody. (3.26)
As

Because the integration is over the interior of the microsphere, the integration over the

transverse diceis represented in polar coordinates,
_ W 2 2 = b p*
Ry = =2 (n? = n2) // (B} B+ E7ES") raras. (3.27)
As

Accounting for both phase mismatch and field overlap the strength is

™

g = [ ra(0)e e rds, (3.29)

where A5 = 3, — ;. The total coupling strength, found by combining the integrals in
Egs. (3.27) and (3.28), is
WE,

Ref = 7 (n2 —n?) /// (E? CEN 4 E;ESZ*) cos (me — rfB;sin @) v dr df de.
Vs

(3.29)
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Note that the real part of the interference term is sufficient for calculating the effects of
phase mismatch.

Because the integration is performed over the volume of the microsphere, the fiber
fields must be expressed in the microspheres coordinate system. The axes of the fiber
coordinate system are oriented so that the fiber’s y-axis points toward the microsphere and
its z-axis s parallel to the microsphere’s f-vector at the nearest point. The transverse and

longitudinal components of the fiber become

E? =7 (E]’z-’sinH — B cosflcos ¢ + E;singzﬁ)
+0 (Ef cos + EY sinf cos 9), (3.30a)
E? =0 (Ejﬁ cos0sin ¢ + E7 cos ¢) . (3.30b)

The terms of the integrand may now be expressed as.
eMicrosphere TE Mode
E'-E!" = EJ" (Ef cosf + EYsinfcos ¢) | (3.31a)
BB =0. (3.31b)
eMicrosphere TM Mode
E}-E. =E" (Efsinf — EY cosf cos ¢ + Ejsin ), (3.32a)

EiET = EY” (E? cos fsin ¢ + E cos 9) . (3.32b)

3.2.3 Microsphere-to-Fiber Coupling (MFC)

The range of the overlap integral when coupling from the microsphere to the fiber is

taken over the fiber. The coupling coefficient is calculated by evaluating
. €o * z [z — ?
Rfs = 7 (nfe —ng) /// (EZ, . E? + EJES )cos [mtan ! (;) —@z] rdrdfdz.
Vi

(3.33)

Notice that Eq. (3.33) isin cylindrical coordinates rather than spherical coordinates that

are used when going from the fiber to the microsphere. The transverse and longitudinal
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components of the microsphere fields as expressed in the fiber coordinate system are

E! =& (E*sinfs + E% cos 0>)

+7 (—Ef;2 cos B cos ¢ + E% sin 6 cos ¢ + E? sin qb) , (3.34a)

E: =2 (E{cosg), (3.34b)

wherery = r4(r, 0, z) and 0, = 6,(r, 0) are the microsphere coordinates as functions of the

fiber coordinates.

eTE Mode
E!. Ej,* = [ (Ejf* cos By + Ej{* sin 6 cos ¢) , (3.353)
BB = 0. (3.35h)

eTM Mode
EL-E}" = E*Ef*sinf, 4+ (—E.* cos 0y cos ¢ + E{sin ¢) EY”, (3.36a)
EZE7 = EJE3* cos ¢. (3.36h)

3.3 Tapered Fiber

Aswas mentioned in the introduction to this chapter, tapering of afiber can be treated
as a perturbation to the cylindrical case. In the untapered portion of the fiber, the fiber is
a single-mode step-index fiber. This is because of the small size of the core relative to
the transmission wavelength and because of the low index contrast between the core and
the cladding. In this portion of the fiber, the HE;; mode can be approximated as the L Py,
mode. In the portion of the fiber where the tapering is occurring, more of the mode extends
into the cladding of the fiber. Eventually, where the core is very small, the cladding takes
over the role of the core and the air (or liquid) outside of the fiber assumes the role of
the cladding. In the non-cylindrical section, or taper transition region, a superposition
of modesisrequired to satisfy the Maxwell equations. This means that power can transfer
from the HE;; modeto other modes. According to coupled-mode theory, the amount of this

transfer is dependent on the overlap between the modes and the phase-matching between
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them. Due to symmetry, the only modes that have non-zero overlap with the HE;; mode
are those in the same family — the HE,,,, family. If the taper transition is gentle enough,
the phase-matching effects result in the HE;; mode being the only mode that can have a
non-negligible amount of coupling.

A taper transition is considered adiabatic if its shape permitsonly anegligible amount
of coupling to the HE;, mode. Whether or not a taper transition is adiabatic is important
because of the effects in the fiber-microsphere system. If two fiber modes couple into the
microsphere, the system has many more variables and becomes more difficult to analyze.
However, it has been found that under certain conditions coupling from two fiber modes can
increase the effective absorption length in a sensing experiment, making it much better for
sensing low concentrations of a substance.°”] These considerations mean that it isimportant
to know the conditions for taper transition adiabicity.

A simple model is the length-scale criterion for taper transition adiabicity.*®%" In
this model, alocal taper-length scale is defined to be the base of the right triangle that has
the radius of the fiber as the opposite side. The local taper transition angle is given by

dr
Q(z) = tan™* [&] : (3.37)
The local taper length can be approximated as
2 & %, (3.38)
because the taper transition angle is always small. For a taper transition to be adiabatic,
the local taper length must be much greater than the local beat length (such as in acoustical

waves), or z; > z,, Where the local beat length is given by

B 2
B 511(7’) - 512(7’)7

where 3;; and [3;, are the propagation constants of the HE;; and HE;> modes. The upper

(3.39)

Zp

limit of the taper transition angle can be calculated by setting taper length equal to the beat
length. By combining Egs. (3.37)—(3.39), thisis expressed by the differential equation

dr r(Bu(r) — Bia(r))
dz tan 21

(3.40)
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This can be solved numerically by fitting expressions for the propagation constants, which
are found in the methods discussed in Chapter 2. For the section of the fiber that has a
radius large enough to only core guide the HE;; mode, the angle of the taper transition can
be steep, but not arbitrarily so. Although the HE;, and other higher-order modes are cut off,
coupling to them is till possible. Thisis because they are actually radiation modes of the
fiber. These modes have propagation constants equal to the wavenumber of the cladding,

or
B2 = kong, (3-41)

where ngy istheindex of refraction of the cladding. Asthe fiber radius decreases, it reaches
a section where the propagation constant of the HE;; mode in the core is close to when
guided by the cladding. At this point, the angle of the taper transition must be decreased.
Thisisbecause the HE;; mode undergoes the transition from being core guided to cladding
guided. At this portion of the taper transition, the cladding can easily guide many modes,
asitsdiameter islarge compared to the wavelength of the light. Immediately after the tran-
sition, the taper transition angle must be very small because the propagation constants of
the fiber modes are very close. As the fiber radius is further decreased, the angle of the
taper transition may again be increased. Thisis because the higher-order modes’ propaga-
tion constants decrease more than the propagation constant for the fundamental mode as
the fiber radiusis decreased. Asthe size of the fiber is reduced even further, the HE;, mode
is cut off. This means that it must again be treated as a radiation mode. An example of
the taper transition shape for the region where the cladding guides both the HE; and the
HE» modesis shownin Fig. 3.3. The figure shows the shape of the taper transition when
2z = z,. For the taper transition to be truly adiabatic, the length needs to be multiplied
by several orders of magnitude. Thisis useful because in an experiment the length of the
taper transition needs to be minimized. This method can be used to provide such a taper
transition.

This chapter has discussed coupled-mode theory and how it applies to coupling be-

tween microsphere and fiber modes, and also how it applies to coupling between fiber
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Figure 3.3. Taper Transition Profile as a Function of Longitudinal Distance. The profile
has been found for the region where the cladding guides both the HE; and
the HE;>, modes. In this case, the taper length is equal to the beat length.

modes within a tapered fiber. The next chapter uses this development to cal cul ate the op-
timal fiber radius of a microsphere-fiber system, to calculate the WGM spectrum of the
system, and to study the lasing of a coated microsphere.



CHAPTER 4
APPLICATIONS

Coupled-mode theory as it pertains to the fiber-microsphere system was presented
in Chapter 3. Chapter 4 uses the coupled-mode theory to explain optimal and imperfect
conditions for this system. The amount of coupling between fiber and microsphere modes
is strongly dependent on the sizes of the fiber and sphere. The first section of this chapter
presents calculations of the optimal taper size for a microsphere of given size. This is
followed by calculations of whispering-gallery mode spectra with imperfect alignment of
the fiber and microsphere. The chapter concludes with a laser model that incorporates the

WGMs and some unusual effects of their presence.

4.1 Optimal Fiber Radius

The optimal taper radiusis that which maximizes coupling from the fiber HE;; mode
to the microsphere mode while minimizing coupling of the microsphere modeto the higher-
order fiber modes. Aswas discussed in Sec. 3.3, higher-order fiber modes not in the HE;,,,
family do not couple to the HE;; mode in the taper transitions. This means that power
in these modes is lost at the second end of the bitaper. Figure 4.1 shows the approximate
activation of modes along the entire system. Before thefirst taper transition, all of the light
isin the HE;; mode because the untapered portion of the fiber is only single mode. After
the first taper transition, the power is divided between the HE;; and HE;, modes. Both of
these modes couple into the microsphere mode. Light in the microsphere’s WGM can then
couple into al of the modes supported by the fiber taper. Shown in Fig. 4.1 are the modes
that have propagation constants between the HE; and HE;, modes. In order of descending
propagation constant, the modes in this second portion of the fiber taper are: HE;, TEy,
HE,:, TMy:, EH,;, HE3;, and HE;». These are the modes that are discussed in Sec. 2.4.2.

47
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Figure 4.1. Taper-Coupled Microsphere

The optimal taper radius is determined by calculating the coupling coefficient be-
tween the fiber and microsphere. Under conditions defined below for FMC, the coupling
coefficients for the HE;; and HE;, fiber modes are calculated with respect to coupling to
either the TE or TM WGMSs of the microsphere as a function of the radius of the fiber
taper. Any maxima that develop in the curves reflect optimal coupling conditions for a
given radius of the microsphere. These optimal coupling conditions can be explained in
terms of the two factors identified in Chapter 3: the amount of overlap of the respective
fiber-microsphere modes and the phase matching between them.

Figure 4.2 shows the dependence of FMC on the radius of the taper with respect
to both the HE;; and HE,, fiber modes. The conditions of the numerical calculations are
chosen such that the fiber and microsphere are placed in contact with each other and that the
microsphere size remains fixed. In Fig. 4.2, the most important feature is reflected by the
coupling of the fiber HE;; mode to the TE or TM fundamental modes of the microsphere.
Here the strongest couplings occur at maxima where the fiber radius is smaller than the
radius for perfect phase matching between modes (indicated by lines A and B). The reason
for theincrease in the coupling strength for smaller radii than for the phase-matching point

is seen directly from Eq. (3.29). Asthe taper radius is decreased (from the point of phase
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Figure 4.2. Optimal Fiber Radius. (R = 300 um, A = 1550 nm) with FMC. Thelinesthat
peak on the left are for HE;; coupling and lines that peak on the right are
for HE; coupling. Thevertical green lines A and B indicate where the fiber
HE;; modeis perfectly phase-matched to the fundamental microsphere TM
and TE modes, respectively.

matching), the spatial overlap of the fields is increased. At the same time, the increasing
phase mismatch causes destructive interference between the two modes. The increasing
effect of the spatial overlap is stronger than the decreasing effect of the phase mismatch
until the radius that maximizes the coupling coefficient isreached. For radii below this, the
decreasing effect of the phase mismatch is stronger than the increasing effect of the spatial
overlap.

TheHE;; and HE;> modes have their strongest coupling at different taper radii. Thus
by changing the taper radius, the coupling can be selected to identify either of these modes.
Similarly, at a certain radius of the taper, the coupling can be chosen to incorporate a
superposition of the two modes. See, for example, aradiusin the range of 3.0 - 3.5 umin

Fig. 4.2. Both the HE;; mode and the HE;>, mode couple less strongly to the microsphere
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TM modes than to the microsphere TE modes. This can be explained by the nature of the
microsphere TE and TM modes themselves. When coupling to the TE modes, the electric
fieldsin the coupling region are parallel to the surfaces of the microsphere and fiber. When
coupling to the TM modes, the transverse electric fields are perpendicular to the surfaces
and are discontinuous. This is accompanied by nonzero longitudinal field components.
Figure 4.2 indicates that the contributions of the transverse and longitudinal components
of the fieldsin Eq. (3.29) are opposing for both the HE;; and the HE;; modes because the
coupling is stronger to the TE mode than to the TM mode.

In the previous discussion, only the fiber-to-microsphere mode coupling is examined.
It is appropriate, however, to consider also the microsphere-to-fiber light coupling. In the
latter process, there are more taper modes available for the microsphere WGMs to excite.
The coupling strengths are calculated for all modes with propagation constants between
that of the HE;; and HE,»> modes as functions of the radius asin FMC; but, in this case,
the range of integration of the overlap integral is over the volume of the fiber, as was
shownin Chapter 3 (see Eq. (3.33)). For comparison, the fundamental microsphere TE and
TM modes are selected to be individually coupled to the taper modes (see Figs. 4.3 and
4.4, respectively). In both cases, the strongest coupling strength for a small taper radius
of ~ 1.5 umisthe HE;; mode. Close behind are the next maximal coupling coefficients
corresponding tothe TEy; (in Fig. 4.3) and the TMy; (in Fig. 4.4) with the HE,; taper mode
in third place for radii in the range of ~ 2.6 — 2.7 um. As was mentioned in Sec. 2.4.2,
a superposition of the TEy;, HE,;, and TMy, fiber modes forms the LP,;; mode in the
L P-approximation. The reason that coupling from the TE microsphere modes to the TE;
mode is noticeably stronger than to the HE;; mode is that all of the TEy;’s power isin
the transverse direction. The strength of the coupling from the TM microsphere mode to
the HE,; and TM(; modesis amost identical because both of these fiber modes have both
transverse and longitudinal components. Notein Figs. 4.3 and 4.4 that if aradiusis selected
at ~ 2.5 yum (the HE;; phase-matched point indicated by lines A and B in Fig. 4.2), the
strength of the coupling to the fiber TE(;, HE,;, and TMy; modes is very close to that of
the HE;; mode.



51

10 T T T T T
HE,;, —
TEy, —
8 | HE21 -
EH,, —
—~ HE,, —
< I 12 |
IO 6
2
(2]
(\lgq_ 4l )
2 L .
\
0 I el 1 1

1.0 1.5 2.0 2.5 3.0 3.5 4.0
Fiber Radius (um)

Figure 4.3. Coupling from Fundamental Microsphere TE mode to Higher-Order Fiber
Modes

With MFC, coupling with the higher-order modes (HE,,, HE;3;, and EH;) of the
taper occurs at larger radii (3.0 pm —4.0 xm) and is sequentially different in strength with
respect to the TE and TM modes of the microsphere. In the case of the TE mode coupling
(Fig. 4.3), the third highest coupling strength correspondsto the EH ¢, taper mode followed
by the HE;, and the HE3;. There is no unexpected behavior in the functional development
of these higher-order modes as their coupling strengths are calculated as functions of the
increase in radius —i.e., for any given range of the radius, the sequence of behavior of the
relative coupling strengths stays consistent as the radius increases. There are interesting
differencesin the case of the TM mode coupling to the higher-order fiber modes (Fig. 4.4).
First, note that the third highest coupling strength corresponds to the HE, taper mode
followed by the HE3; and the EH;, a sequence that is completely different from TE mode
coupling (Fig. 4.3). Second, not only is the order of the coupling strength between these

modes different from the TE mode coupling, but there is a functional crossing of coupling
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Figure 4.4. Coupling from Fundamental Microsphere TM Mode to Higher-Order Fiber
Modes.

strengths for these three modes within the radius range of ~ 2.5 — 3.2 um. Because the
range of the coupling strengths is small and thisis MFC, it is not clear that this crossing
behavior is physically determinable.

The dependence of the optimal taper radius on the microsphere size for FMC of
the HE;; taper mode is shown in Figs. 4.5 and 4.6.  For a given wavelength, the ratio
of the optimal radius to the phase-matched radius is weakly dependent on the size of the
microsphere. The greatest ratio occurs for a microsphere radius of ~ 100 pm for all four
wavelengths, ranging from 800 — 1900 nm, with the largest ratio reflected in the largest
wavelength of 1900 nm. (see Fig. 4.5 for HE;; FMC). Similarly, in Fig. 4.6, the ratio of
the peak coupling strength to the phase-matched coupling strength is calculated and, asin
the previous caseg, is found to be weakly dependent on the microsphere size. For all four
wavelengths, the coupling strength is roughly doubled by using the optimal taper radius

rather than the phase-matched radius. Similar results are found also when optimizing for
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the HE;, taper mode. Thisis shown in Figs. 4.7 and 4.8. The only difference is that in
the latter case of HE;, coupling the peak—to—phase-matched radius ratio is a little higher
than for HE;; coupling while the peak—to—phase-matched coupling coefficient ratio is a
little smaller. The peak-to—phase-matched radius ratio and the peak—to—phase-matched
coupling coefficient ratios are useful because the phase-matched radiusis easy to calcul ate.
Once the phase-matched radius and the corresponding coupling coefficient are calculated,
the optimal fiber radius and its coupling coefficient can be quickly determined.

The dependence of the coupling on microsphere sizeismore fully understood when a
comparison of the actual coupling coefficientsis considered in addition to only considering
the ratios. The dependence of FMC of the HE;; mode is shown in Fig. 4.9. The figure
showsthat as the microsphere size is decreased the optimal taper radius decreases whilethe
coupling strength increases. The optimal taper radius decreases because the propagation
constant of the microsphere decreases with smaller sizes. The taper size must then be
decreased for better phase matching. The coupling coefficients increase with decreasing
microsphere size because the spatial overlap of the fieldsisincreased. The sametrends are
found for HE;» MFC, asisshown in Fig. 4.10.

The dependence of the coupling strength on the wavelength is shown in Figs. 4.11
and 4.12 for FMC. These figures show that as the wavelength increases from 800 nm to
1900 nm the optimal taper radius increases as does the coupling strength. The coupling
strength increases because the evanescent portions of the modes increase. The optimal
taper radius increases because the taper size must be increased to maintain a small amount
of phase mismatch with the WGM. This is because increasing the wavelength causes a
larger decrease in the propagation constant for the fiber mode than that for the microsphere
mode, as the wavelength of the light is closer to the size of the fiber than to the size of the
microsphere.

The effects of immersing the entire fiber-microsphere system in afluid other than air
are also interesting and are shown in Fig. 4.13. In thisfigure, the blue lines indicate the
couplingwhen the systemisinair (ng, = 1.00) and thered linesindicate the coupling when
the systemininaliquid (njiqia = 1.33). The figure shows that the optimal taper radius for
HE;; isonly dslightly changed by the immersion. The shift of the optimal taper radius for
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Figure 4.13. Optimal Fiber Radius when Immersed for FMC (R, = 300 zm, A = 800 nm,
Fundamental TE WGM). The blue lines indicate the coupling when the
systemisin air and the red lines indicate the coupling when the system is
immersed. The vertical scale on the left and right correspond to couplingin
the liquid and air systems, respectively.

HE;» coupling is more noticeable, but still small. Also, notice for both the HE; and HE;»
modes that the coupling strengths are an order of magnitude larger for theimmersed system
(vertical axesare scaled differently). Thisisaresult of the modes having higher evanescent
fractions when the system isimmersed. These results are important because they indicate
that a fiber-microsphere system that has been designed for gas sensing can be used for
liquid sensing as well.

The discussion of optimal taper radius is not complete without some remarks about
the polarization of the modes. In FMC, the orientation of the HE;; and HE;, fiber fieldsis
used to choose whether the coupling isto TE or TM microsphere modes. For coupling to
TE microsphere modes, the orientation is chosen such that the transverse fields are parallel

to the surfaces of the fiber and microsphere within the interaction region. For coupling to
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TM modes, the orientation is chosen so that the fields are perpendicular in the interaction
region. In MFC, the orientations are chosen in the same manner. However, coupling is
possible for modes whose orientations are in-between being perfectly perpendicular and
parallel to the surfaces in the interaction region. In fact, none of the modes can be oriented
completely as in either of these situations. This is because the modes of the taper are
not linearly polarized. Although the orientation of the fields can be used to cause the
coupling to be primarily to microsphere TE or TM modes, the orientation can never entirely
eliminate coupling to either of these families of modes. Calculations, not shown here,
indicate that at best the opposite polarization has coupling as low as about two and a half
orders of magnitude less than the primary polarization.

Coupled-mode theory indicates that FM C and MFC should be equal for cases where
the microsphere mode and taper mode are phase-matched. The fact that they are equal
in these calculations indicates consistency between the integration methods. Note that, at
the optimal taper radius, FMC (Fig. 4.2) is about 10% larger than MFC (Figs. 4.3 and 4.4)
because 3, > 3y when the fiber radiusis|ess than the phase-matched radius (see Eq. (3.8)).
This means that light enters the microsphere more easily than in an ordinary ring cavity of

the same quality factor.
4.2 Whispering-Gallery Mode Spectra

The microsphere whispering-gallery mode spectra are calculated by numerically in-
tegrating the field overlap integral (Eq. (3.29)). However, in this case the fiber is offset
from the equatorial plane of the microsphere, as seen in Fig. 4.14, in order to account for
imperfect alignment in an experiment. In this configuration, non-zero overlap is possible
between the fiber mode and odd polar modes of the microsphere. Thisisin addition to the
even polar modes that are coupled to when the alignment is perfect. Also, the frequency
degeneracy of the polar modes is broken by including the eccentricity of the (oblate) mi-

crosphere. Converting Eqg. (2.23) to wavelength resultsin

(m - m) ) (41)

where ¢ isthe eccentricity, m = [, and \’ and m’ are for the higher order polar modes.
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Amplitude

Figure 4.14. Mode Overlap for Offset Fiber. (R, = 300 um, Ry = 2.47 pm, A = 1550 nm,
e =0.29, 0ot = w/76). The WGM shown hereisathird order polar mode.
The mode'sindicesareq = 1,1 = 1730, and m = 1728.
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An example of the results of calculations using Egs. (3.29) and (4.1) is shown in

Fig. 4.15, where the wavel engths are associated with the condition of misalignment of the
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Figure 4.15. WGM TE Spectrum. (R, = 300 um, Ry = 2.47 um, ¢ = 0.29, Oyt = 7/76).

taper modes with the WGMs of the equatorial plane. One free-spectral range of the mi-
crosphere is displayed. In this case, the fundamental taper mode has been phase matched
to the fundamental microsphere TE mode. The offset from the equatorial plane has been
chosen to be O+ = 7/76. The different colors indicate modes of different radial order g.
Within each color grouping, eight modes are shown, with the polar-mode order increasing
from lower to larger wavelength (i.e, [ — |m| = 0,1,...,7). Some of these modes are
not visible on the scale of the coupling selected in the figure because of their low coupling
coefficients. It is clear that for an offset fiber, higher-order polar modes can have stronger
coupling than the fundamental polar mode. In this case the polar modes with I — |m| = 2
have the strongest coupling. This is because of the choice of offset. For other offsets, dif-

ferent polar modes have stronger coupling. In the case of no lateral offset, the fundamental
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polar modes have the highest coupling. Thisis followed by weaker coupling for each suc-
cessive higher-order polar mode. For clarity, only a small fraction of the actua number
of modes is shown. Because this graph is over one free-spectral range, modes of higher
radial order, if plotted, begin again from the left with ¢ = 4. These modes continue to
wrap around the plotted wavelength range. Higher-order polar modes overlap with modes
of different radial order, if plotted, as well.

The spectrum is different when the fiber radius is chosen to optimally couple the

fundamental fiber and microsphere modes. Thisis shown in Fig. 4.16. As expected, the
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Figure 4.16. WGM TE Spectrum. (R, = 300 um, Ry = 1.68 um, € = 0.29, ot = 7/76).

coupling to most modes is stronger. Less expected are that the coupling to higher-order
radial modes does not drop off asit does when the fundamental modes are phase matched.
The reason for thisis that the higher-order radial modes have a higher evanescent fraction.
This increases the spatial overlap of the microsphere and fiber fields. The reason that
thisis not noticeable in Fig. 4.15 is that the phase mismatching between the higher-order

microsphere modes and the fiber mode has a stronger effect than the spatial overlap. For the
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conditions that produce Fig. 4.16, the spatial overlap has a stronger effect than the phase
mismatch. Also, the distribution of the coupling coefficients is different. Although it is
more noticeable for ¢ = 3, it can be seen also for ¢ = 1 and ¢ = 2. The reason for thisis
that the thinner taper for Fig. 4.16 overlaps differently with the extrema of the microsphere
mode. The last difference to point out is that within both of these figures the distribution
of the polar modes is different for each radial mode order. The reason for thisis that for

higher radial modes the polar mode distributioniswider. This can be seen from Eq. (2.14b)
be(0) = Hy (Vmb) e 27, m>1>0.

Higher-order radial modes have lower values of [ and m. Lower values of m cause the
Gaussian part of Eqg. (2.14b) to have a wider distribution. For the modes shown here,
[ =1730wheng =1, = 1713 when ¢ = 2, and [ = 1699 when ¢ = 3.

Figure 4.17 shows both the microsphere TE and TM spectra. The distribution of the
coupling coefficients are the same except that the TE modes are coupled to more strongly
than the TM modes are, as explained in the previous section. Also, there is a shift in the
wavelength due to the polarization (see Eq. (2.23).)

In an experiment, the throughput intensity at the end of the fiber is measured. There
isadipintheintensity of the throughput when the frequency isresonant withaWGM. The
depth and width of the dip depends on the total quality factor of the mode; thisincludesthe
intrinsic , which is related to losses due to absorption and scattering, and the external @),

whichisrelated to the coupling loss. The depth of the dip is calculated from

d= 4.2
(1+2)%’ (42)
where
T
r=—. (4.3)
al

The parameter z is just the ratio of the coupling loss T = |x|? to the intrinsic loss «l,
where [ is the circumference of the sphere. The value of x indicates the type of coupling
present in the system. If = > 1, then the system is overcoupled. If = < 1, the system is

undercoupled. If = = 1, then the intrinsic and external |osses balance each other, resulting
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Figure 4.17. WGM TE & TM Spectra. (R, = 300pm, Ry = 2.47pm, ¢ = 0.29,
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in critical coupling. For the critically coupled case, the throughput of the system becomes

zero, as can be seen from Eq. (4.2). Thewidth A\ of adipiscalculated from
AN 1 X[al —In(1 = T)]

w= 2 2 2ming
1 A2 [27 Ryae — In(1 — |Fge|?)]
) Am2ng R, ) (44)
The spectrum can now be plotted by defining afunction f for the throughput of the fiber,
N 4, w?
=1- . . 4,
fO=1-3 AP T (45)

=1
where ); is the resonant wavelength of the i mode and IV is the number of modesin the
range of the plot. An example of aWGM TE throughput spectrumisshownin Fig. 4.18. In
thisfigure, the intrinsic lossis chosen to be equal to the mean of the coupling losses for all
of the modes shown. The high quality factors of the mode are evident from the sharpness

of the dips. Theline shapeis plotted in Fig. 4.19.
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Figure 4.18. WGM TE Throughput Spectrum. (R, = 300 um, Ry = 2.47 um, ¢ = 0.29,
Octt = 7/ 76).

Figure 4.19. WGM Lineshape.

The spectra can be improved even more by including the frequency shift due to the
fiber perturbing the microsphere. Without the fiber present, the index of refraction outside
of the sphereisjust that of air or liquid, depending on the situation. With the fiber present,
the microsphere mode sees an effective index that includes the fiber. The value of the

effective index is found by averaging the index profile over the evanescent portion of the
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microsphere. The expression is

] 10,008 00,00 ar g a0

Noeff = ot ; (4.6)
// |Wy(r, 0, ¢)\2 r*drdfde

T‘>Rs

where the integration is performed over the entire region outside of the microsphere. In the
actual calculation, the numerator is split into two parts - the total volume and the volume

of the fiber. Making use of the step-index profile of the fiber, the numerator becomes

no// |U(r,0,¢)|?r* dr df d¢

T‘>Rs

_(no_nf)// W,(r, 0, 2)*r dr df dz, 0

T<Rf

where the second integral is performed in the fiber’s coordinate system.

For a microsphere-fiber system with R, = 300 um, Ry = 2.47 um, ny = ny = 1.44,
n, = 1.00, and the fiber placed in contact with the microsphere exactly at the equator,
the effective ambient index is found to be n, « = 1.0005 for a fundamental TE mode at
A = 1550 nm. This causes the wavelength of the WGM mode to be shifted by only 0.6 pm.

Thisisin agreement with experimental measurements.”!
4.3 Microsphere Lasing

Lasing has been demonstrated in fused silica microspheres in several different
systems??-61763 including, recently, Raman lasing,!®" using sol-gel coatings,®? and with
HgTe nanoparticle coatings.'®! Modeling the lasing of microspheres is interesting for a
couple of reasons. Oneisthat for spheres of experimental interest, there are many possible
modes for which emission can occur. This means that the different lasing modes compete
for the gain medium. The other reason is that a high fraction of the light spontaneously
emitted by particles on the microsphere’s surface is captured by a WGM. The effects of
these issues on the laser threshold are addressed bel ow.
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4.3.1 Mode Competition

Lasing in nanoparticle coated microspheresis achieved by pumping the nanoparticles
with light at a wavelength of about 800 nm. This is accomplished by coupling laser light
from a tapered fiber into a WGM of the microsphere. The emission is 1550 nm for the
numerical example presented here. In general, the threshold condition for a single-mirror

ring cavity laser isthat the net gain after a single pass be greater than one, or
ree=l > (4.8)

where r is the reflection coefficient of the mirror, ~; is the gain coefficient, and « is the

absorption coefficient. Solving for the gain resultsin
1
N=a= g In(r). (4.9)

In the case of the microspherethisis

1 _ o 1/2

Ve = — QﬂRsns In [(1 - ‘Iifs‘ ) i|
1

4dr Ryng

=

In[1—|R&gl"]. (4.10)

Equation (4.10) can be converted to find the the threshold condition for the inversion den-

sity. It isfound to be proportional to the gain, or

AN, o< o0 — In 1 — [Rgl?] . (4.11)

4T Rong

Because the different WGM s have different coupling coefficients with the fiber, each WGM
has a different threshold for the inversion density. This means that as the pump power
increases, the output at the emission wavelength does not exhibit an abrupt turn on, but a
gradual one as the different modes begin to lase. Thisisn’'t a complete picture, however,
because the lasing modes compete for the gain medium.

The reason why lasing modes compete for gain medium is that the medium can be-
come saturated. In thisanalysis, the gain medium is assumed to be homogeneously broad-
ened. This means that there are cross-saturation effects between the different modes. For

inhomogeneously broadened media, the frequency difference between the modes would
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prevent cross-saturation between the different lasing modes. Although there are many dif-
ferent modes that can lase, this system can be analyzed by considering two-mode competi-
tion and expanding to many modes.

The competition of two lasing modes can be analyzed by studying the stability of

the rate equations. 4796 The rate equations for two competing modes in the conventional

notation are
d/
d—tl = (Oél — ﬁljl — 912[2) X Il7 (412a)
dr.
d—t2 = (g — foly — 091 11) X Iy, (4.12b)

where the I’sare the intensity of the modes, the o’s are the unsaturated gains minus losses,
the 3’s are the self-saturation coefficients, and the §’s are the cross-saturation coefficients.
Because this notation can be confusing for the fiber-microsphere system, a few changes
are made. The unsaturated gains minus losses are proportional to the self-saturation coef-
ficients, so both are replaced by afactor F'. The calculation of the cross-saturation coeffi-
cientsis similar to that of the coupling coefficients, so the symbol is changed to . In this

notation, the rate equations become

dr@

5 — (F(l) B ACO) €0 R(L?)[(?)) % [(1)’ (4.13q)
dr®
= — (F(2) _ @@ _ ,i(ll)](l)) % ](2)7 (4.13b)

where 1) and F® are the intensity and self-saturation coefficients of the i mode, re-
spectively. (/) are the cross-saturation coefficients between the ;™ and ;™ modes. For

steady-state solutions, either the intensity has to be zero or the saturated gain must be zero,

or
(1.2)
W=1_ <“F(1) ) 1@, (4.143)
@2.1)
7@ ('}(2) ) 10, (4.14b)

If the solutions of Eq. (4.14) do not intersect, then only one of the modes lases. If the

solutions do intersect, then both modes can lase simultaneously. In this case, the saturated
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gains of the modes are given by

W _ FO 4.15

s T 1 X FOIO + g0 (4.159)
2

2) (4.15b)

s T 1+ FOIO + gD [0

The intent of this model is to get a qualitative, rather than a quantitative demon-
stration of the threshold behavior of a microsphere laser. The unsaturated gain and the
self-saturation coefficient of a given lasing mode are found by calculating the overlap be-
tween the pump mode and the lasing mode. For simplicity, only the polar dependences of

the modes are considered. The value isthen

Fl) = \/ / (0l (0)] a0, (4.16)

where 1/;(§p) (#) and w(f) () are the polar dependences of the pump mode and the i lasing
mode, respectively. Thisisdifferent from the overlap integral used to calculate the coupling
coefficients because it integrates over magnitude. In the case of field coupling, sign effects
can prevent two modes from coupling if their symmetries conflict. In the case of optical
pumping, the signs of the fields do not determine whether the nanoparticles are excited. To
determine the cross-saturation coefficients, it is useful to define the integrand of Eqg. (4.16)

as a separate function
BPD(9) = KPP () (), (4.17)

where K ) isanormalization factor. The cross-saturation coefficients are now

(i) \/ FOFG) / ‘qup’“(e)ngp’”(e)‘ do. (4.18)

The power in the i mode as a function of the pump photon density N, is given by
FON,
N(i)

t

+ | 10°MdSel[i (F(’)N —N(’)> | +1
( d P\ 1001 22 kG PO)

« UnitStep[ F Ny — N7, (4.19)

P(i)(No) _ (1 — UnitStep [F(i)NO - Nt(i)D
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where the computer functions UnitStep and MdSel are used to turn the lasing on and off.
UnitStep isjust the normal step function in Mathematica. The user-written function MdSel
is a function of the pump power and is determined from the stability anaysis. It is equal
to unity when no other lasing mode cuts it off and is equal to zero when any of the other
lasing modes cut it off. The factor of 106 is the ratio of the slope of the mode power when
the mode islasing compared to when it isnot. The factor of 0.01 determines the amount of
saturation of the gain medium. Thetotal power in the laser isfound from the superposition

of all of the modes,
24
P*(No) =Y PO(N). (4.20)
=1

A demonstration of multimode lasing is shown in Fig. 4.20. The different colors
refer to pump modes of different polar order N = | — |m/|. The lasing modes are taken
from the spectrum of Fig. 4.15. It isclear from Fig. 4.20 that mode competition can result
in nonlinear threshold behavior. The difference between the lasing with different pump
modes can be explained by the confinement of the pump modes. The fundamental polar
mode N = 0 hasthetightest confinement. Thisenablesthe threshold to be lower than when
using a higher-order pump mode. Using a higher-order pump mode does have a different
advantage, however. The higher-order pump mode, being more spread out spatialy, is able
to activate more lasing modes with less saturation. Thisis seen in the crossing of the laser

output curvesfor the different modes N = 0, N = 3,and N = 6.

4.3.2 Spontaneous Emission Capture Fraction

Experiments3*—*1.61763] indicate that the threshold of microsphere lasers can be very
low. Thisindicates that a high fraction of the spontaneous emission is captured by alasing
WGM. Thisfraction is calculated!™ for a single quantum dot placed near the surface of a
sphere using a generalized L orentz-Mie scattering theory.**l Using this method for calcu-
lating the capture fraction of spontaneous emission, it isfound that a high capture fraction
is expected.l®” Furthermore, it is found that the emission pattern of a dipole placed on the
surface of a dielectric is pulled into the medium of higher refractive index.[8! A topic of

current and future research is to better understand and quantify the amount of spontaneous
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Figure 4.20. Laser Threshold. (R, = 300 um, Ry = 2.47 um, ¢ = 0.29, O = 7/76). The
different colorsrefer to pump modes of different polar order N = [ — |m].

emission captured by a WGM for a microsphere under conditions used in lasing experi-

ments where HgTe nanoparticle coatings are used.



CHAPTER 5
CONCLUSIONS AND PERSPECTIVES

Coupled-mode theory is used to calculate the coupling between modes of a tapered
fiber and whispering-gallery modes of a fused-silica microsphere. The two important fac-
torsthat determine the amount of coupling are the spatial overlap of the fields and the phase
matching between them. These coupling coefficients are calculated by numerically evalu-
ating the field overlap integrals where the interference due to phase mismatch is included.
The method is applied to determine the optimal taper radius for coupling to a microsphere
and to calculate WGM spectra that include non-ideal conditions so that they can be com-
pared directly to experiment. The calculated spectra are then used to model multimode
lasing in a microsphere.

The calculations of optimal fiber radii indicate that the highest coupling from afun-
damental taper mode to a microsphere mode is achieved with afiber that has a radius about
30% smaller than for perfect phase matching. For these fiber sizes, the coupling is about
twice as strong as for the phase-matched condition. Thisis not the traditionally held belief,
however. Common reasoning led to the belief that the effect of phase-mismatch prevents
significant coupling between two modes. The reason that thisis not correct is that this ar-
gument does not consider the changes in spatial overlap of the fields when the fiber radius
is atered from the phase-matched radius. The numerical calculations in this study show
that for tapers smaller than for phase matching there are two regimes of behavior. In one
regime, the spatial overlap hasalarger effect than the phase-mismatch. In the other regime,
the phase-mismatch has a larger effect than the spatial overlap. An additional advantage
of using the smaller taper radii is that lossesto higher-order fiber modes are substantial for
phase-matched taper radii. Calculations also show that changing from TE to TM micro-

sphere modes does not change the overall conclusion. However, the calculations indicate

72
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that coupling to the microsphere TE modes is stronger than to the TM modes. Thisis a
result of the longitudinal field overlap present when coupling into TM modes. The con-
tribution of the longitudinal field overlap opposes the contribution of the transverse field
overlap.

The calculation of WGM spectra shows that there are many possible modes that can
be coupled within one free-spectral range of the microsphere. The calculated values of the
coupling coefficients are consistent with experimental data.[®*) With the fiber taper laterally
offset from, but still parallel to the equatorial plane of the microsphere, the coupling to the
fundamental polar mode is not as strong as to some of the higher-order polar modes. This
isin agreement with experimental data and is a result of higher-order polar modes having
more polar extent. The inclusion of eccentricity and lateral offset enables the numerical
calculations to be directly compared to experiment. These calculations are then valuable
both for designing experiments and interpreting the resulting data. In particular, WGM
spectra can be used to model multimode lasing in a microsphere.

The lasing model presented here allows for lasing of multiple modes. Each lasing
mode has a different threshold value. One reason for thisisthat the different lasing modes
have different coupling coefficients, taken from the calculation of WGM spectra. This
means that the quality factor may not be the same for all modes. The other is that each
lasing mode has a different amount of spatial overlap with the pump mode. In addition to
each mode having a different threshold, the lasing modes compete for the gain media. This
is taken into account by using two-mode stability analysis and applying it to all pairs of
modes. The results of thismodel are that the threshold behavior is nonlinear, as modes are
activated and then cut off by other modes. The model indicates that the lowest threshold
is attained when using a pump mode of fundamental polar order. This is because of the
narrow confinement of the mode along the equator of the microsphere. The highest laser
output is found when pumping with a higher-order polar mode. Thisis because the larger
gpatial distribution of the pump mode allows more modes to lase with less saturation.

In the process of performing this research several topicsin basic physics have come
to the surface. One is that the wave nature of light dominates on the size scales used

here. This means that the behavior of the fiber-microsphere system is different from that
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of a cavity that can be described by classical ray optics. The most obvious difference is
in the fact that light can actually couple between the fiber and microsphere. In the ray
picture the light stays in the waveguide unless the angle of incidence of aray isto hit the
surface at an angle less than the critical angle. The coupling of light is atunneling process
that violates Snell’s Law. This is analogous to a particle tunneling out of a potential well
in guantum mechanics. Even so, with a taper-coupled microsphere the term “frustrated
total internal reflection” is barely applicable if used to describe the coupling phenomenon.
In prism-coupled microspheres, the light ray is actually directed toward the microsphere.
In this case, there is a small probability that a photon tunnels across the refractive index
barrier between the prism and microsphere. In fiber-coupled microspheres, the situation is
different. In ataper, the light does not actually travel by bouncing in a zig-zag path within
the fiber. The light travels straight down the fiber, with most of the light contained in the
taper and a small portion of it in the taper’s surroundings. The spatial distribution of the
modes does not change along the direction of propagation. The sameistrue for whispering-
gallery modes in a microsphere. This means that in the coupling region light in the fiber
and the microsphere are actually going in the same direction. Thus, the coupling occurs
perpendicular to the direction of propagation. One effect of thisis that, unlike in the case
of a classical resonator, a photon that tunnels from one waveguide to another may tunnel
back into the first waveguide within the interaction region.

Another aspect of coupling between a fiber and a microsphere is that the coupling
coefficients are not the same for FMC and MFC unless the propagation constants of the
two modes are identical. This raises questions about the intracavity intensity and energy
conservation. Both of these questions are resolved by the fact that tunneling is perpendic-
ular to the direction of propagation. The intracavity intensity as calculated in a classical
resonator but with directionally dependent transmission coefficients is not equal to the in-
tensity as calculated with coupled-mode theory. This is because of the fact that a photon
that tunnelsfrom one waveguide to another may tunnel back into the first waveguide within
the interaction region. The question about energy conservation liesin how the power flow
remains a constant and how time reversal is not violated when the coupling coefficients

are unequal (ks # Kys). Again, thisis not a problem because the tunneling is not in the
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direction of propagation. In fact, the difference in coupling coefficients is necessary when
the propagation constants are unequal.

The results of this study lead to new research pursuits. As was mentioned in the
applications chapter, calculations of the capture fraction of the spontaneous emission of a
dipole on the surface of a microsphere by a WGM will greatly improve the understand-
ing of microsphere lasing. Also, this research is being extended to the coupling between
two microspheres for application to coupled-resonator induced transparency (CRIT) and
absorption (CRIA) theory!® and experiments.[™” These phenomena are seen by coupling
a second microsphere to a microsphere that is already coupled to atapered fiber. The real-
ization of CRIT and CRIA isstrongly dependent on the fiber-microsphere coupling and the
microsphere-microsphere coupling. Adding data from microsphere-microsphere coupling

to the dataaready calculated in this study will greatly facilitate coupled-resonator research.
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APPENDIX A

STEP-INDEX FIBER MODES

The fields of step-index fiber modes are calculated by solving the wave equation in

cylindrical coordinates. Step-index fibers have the index profile

ny, for r< Ry,
n(r) = (A.D)

ny, for r > Ry,
where R; is the radius of the core. The following development closely follows that of
Yariv.[’? The direction of propagation is taken to be the z-direction. The wave equation in

the longitudinal directionis
E,
(V2 + k) =0, (A2

where

”# 19 1 0 o

2 _ 7 - o _
V= or? + ror + r2 002 + 022" (A-3)
The solutions are assumed to have the harmonic form,
E(r,t E(r, 0 ,
COR I I GO I "
H(r,t) H(r,0)
The Maxwell equations can then be expressed as
o —if 0 wp 0
E, = w2u€ 7 ( E, +— 3 8«9HZ) (A.53)
o —ip 0 wi 0
Ly = w2pe — 32 ( E,. - ?EHZ) ) (A.5b)
= 0 we 0
Hr = w2,u6 (3?2 (EHZ B I} r(‘?@EZ) ' (A-50)
—if3 0 we 0
Hy R (raeﬂz + E@rEZ) ) (A.5d)



The wave equation in the longitudinal direction is now

# 10 1 s By
(ﬁ*@*ﬁw”k‘ﬁ)) L7 (A-0)

The solutions of the separable equation take the form,

E.

=(r)e®  1=0,1,2,... . (A7)
H,
Then the wave eguation becomes
Py 10y P B
W_‘_;E—i_(k —ﬁ—r—2)¢—0, (A8)

which isthe Bessel differential equation. In general, the solutions are of the form
c1Ji(hr) + eYi(hr), k* — % >0, inthecore,

U(r) = (A.9)
eili(qr) + coKy(qr), k*— 3% <0, inthecladding,

where

Here, h and ¢ are the magnitudes of the vectorsh = k — @ inthecoreandq = 8 — k in
the cladding. Thus, they indicate the deviations of the core and cladding wave vectorsfrom
the propagation vector. The Bessel functions are labeled as follows

Ji(z) = first kind,

Y (z) = second kind,

I;(z) = modified first kind,

K;(z) = modified second kind.

For the modes to be confined and finite, the solutions take the form,

cJy(hr), k*—p(3*>0,
5 = (A10
cK;(qr), k*—p3?<0.
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The longitudinal components of the fields are now

AJy(hr)el@tH0=52) - < Ry
E, = (A.118)
OKl(q’f‘)ei(wH_le_ﬁz), r> Rf,
BuJy(hr)e@H0=02) - < Ry,
H, = (A.11b)
DK, (qr)e!@t6=52) > R,.

The tangential components can be found using the Maxwell equations. Hereisthe work for

the fields inside the core:
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Wiee, — 3 = niwlue, — f*=n? < ) — 32
— n2k2 _ 52 — h2,
— ﬁ AhJ (hr ZC&J,UZBJ h z (wt+160—pBz)
= Tr [(hr) + B () :
B wp 0
E@(T < Rf) = h2 (WEZ - %51{2)
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B wer 0
Hr('r < Rf) = h2 <0_Hz - FlmEz)
L 1weql i(w ;
= —3 <thl(h ) — o AJl(hr)) (WtHO—Fz)
1o
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The fields outside of the core are found in the same manner using

¢ =3 —wpe. (A.12)
All of thefields are
for the core (r < Ry),

B, = ;g (Ath(h )+ MMZBJl(h )) cos(wt + 10 — B2), (A.134)
Ey = /f? (ZZAJl(hr) - FBth(hr)) sin(wt + 10 — B32), (A.13b)
E, = AJy(hr) cos(wt + 10 — (Bz), (A.13c)
H, = /f? (thl(h ) — mllAJl(hr)) sin(wt + 10 — B2), (A.13d)
Hy = 252 ( BJy(hr) + FAth(hr)) cos(wt + 10 — (z), (A.13¢)
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and for the cladding (r > R;),

Eﬁlfchﬁ()+%%DM@@)%W%+W—&% (A.14a)
E@z—g(dOm@ﬂ ;Dﬂﬂ@ﬂ)mWJ+w—ﬁ@, (A.14b)
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H, = —g (DqK;(qr) “gzlom( )) sin(wt + 10 — Bz), (A.14d)
Hy = qf ( DK (qr)+ FCQKI (qr)) cos(wt + 10 — (z), (A.14e)
H, = DEK(qr) cos(wt + 16 — 32), (A.14f)

where the convention is used that the tangential components of the electric field are real and
the longitudinal components are imaginary. Thisrequires A and C' to be imaginary, and B
and D to bereal. A can be chosen to be imaginary, and the other amplitudes are cal culated

from A using the boundary conditions.
A.1 Boundary Conditions

The boundary conditions that are used to calculate B, C, and D from A are the

continuity of the # and z-components of thefields.

Ee‘r—»R E9|r—>R}'7

i
h2

z ; , z
ﬁ;fBJl(hRf)) - ;—f (Oqu(qu) + —’uDKl(qu)) ,

(Ahjl(hRf) i

A <hj;f Jl(hRf)) +B ( % Jl(hRf))

+C (qul(qu)) +D (—%Kl(qz%f)) 0. (A.15)

EZ|T—>RJ? = EZ‘T—>R;T7

AJl(hRf) = CKl(qu),
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AJl(hRf) - CKl(qu) =0. (A16)
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From Eq. (A.16),
O _ Alhiy) (A.19)
A Ki(gRy)
From Eq. (A.18),
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Now, combining Egs. (A.15), (A.19), and (A.20)
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A wp ((hRf)2 i (qu)Q) (hRle(hRf) * quKl(qu)) : (A.21)

Finally, the equations used to calculate B, C', and D from A are

§:%<(1 L )( Ji(hBy) K{(qu)))_l7 (A.228)

A hRf)?  (qRs)?) \hRyJi(hRy) = qR;Ki(qRy
C  J(hRy)
¢ | A.22b
A Kl(qu) ( )
D Ji(hRy)

A.22c
B Ki(qRy) ( )

A.2 Propagation Constants

Modes occur when all the boundary conditions are met. Thisrequiresthat the bound-
ary condition matrix has a determinant of zero. In matrix form, the boundary conditions

are

e ihRy) =55 J(hRy) S Ki(aRy) —25Ki(qRy)

J(hR 0 K (qR 0
(hRy) (aBy) —0. (A3
TRy SRy S2K(qR) e K(Ry)

o Q & =

0 Jl(hRf) 0 —Kl(qu)



Setting the determinant to zero and dropping the arguments of the Bessel functions:

_JK,uw%lJ’K’_JKuwQeQJ’K’ JPK?1? JPK?

32hq 32hq i Rih4 o Riq!
N 22K K e J”  JPuwleK” .
R? h2q? 32h2 32q2 ’
_M( + )+M i+i+i
32hq €17 € R? \ Rt R2¢2 |
((5)+(3)°)
Jiw? K26, J?%  J2e K"
- 32 12 e =0,
JK pw? J' K’ 2 (K% J?  J?eK'?
—g(:hq (€1 + €) + ,uﬁu; ( 212 + 6;2 )
T2 ((1)2 (1)2>2
- T p2 7 + | - )
R} h q
2 71 171 2 712 2 1712
pw*J K 9 9 9 niJ ny K
TKhql® (i +m) + 1\ GREE Y GR PR

() () )

Because
1R
CTNE T pwfk)? T
this becomes
J K’ 9 9 n%J’2 n%K’2
TKhqR2 (i +m2) + GRyeE * R PR

() ()
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2
J N K’ n J N ngK/ B l2 L 2 N L 2 ﬁ 2
hRfJ quK hRfJ quK N hRf qu ko .

With the argumentsiit follows that

( J{(hRy) Ki(qRy) )(nlJ{(hRf) nsz'(qu))
hRpJi(hRy) — qRsKi(qRy) ) \hRyJi(hRf) — qReK(qRy)

() ) ) () o

Because h and ¢ are dependent on the propagation constant 3, EQ. (A.24) can be used
to calculate the propagation constants. The solutions are found and classified by solving

Eq. (A.24) for

Ji(hRy)
WR;J(hR;)

Slightly rewriting Eq. (A.24) as
J! 2 K’ J! K’ 2
2 2 2 2
. <hRfJ) + ) qRs K <hRfJ) o <quK)

() i) ) (@) =0 s




and solving Eq. (A.25) resultsin

J' (ni+n3) K’

hRyJ  2n2  qRyK

J (ni+n3) K
hR;J 2n?  qR;K
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1 K\ 2 5\
+ 2”%\] (nf — 2nin3 + n3) (quK) + 4nil? (k‘_o) (

J (n+n3) K

hRyJ 202 qRyK

L n} — 2n2n3 + nj K’ 2+ﬁ B 2 N
4nf qR;K n3 \ k, h?R?

J (ni+n3\ K
hR;J 2n? ) qR;K

n2—n2\>/ K \° 2 /B\°( 1
+ 5 Tl ) ez
Using the recurrence relations

H(@) = —Jin(@) + L (),

H@) = Jia(e) — ),

the solutions are for the EH modes,

2
q2R§> ‘

Jii(hRy) — ni+nd Kj(gRy) +( !
hR;Ji(hRy) 2nt  qRpKi(qRy)

(hRf)2

7).

2
QQRf

(A.26)

(A.28)
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and for the HE modes,

Joa(hRy)  mi4n Kl(gRy) +< l R), (A.29)

hR;Ji(hRy) — 2n} qR;Ki(qRy) (hRs)2

where

2
n2—ni\>( Ki(qR;) \> 12 [/(B\ [ 1 1
R= ! 2) (l—f) +—(—) e I
J( 2n? qR¢Ki(qRy) n3 \ k, h?R}  ¢*R} (A-30)

When [ = 0, the EH and HE modes are reduced to TM and TE modes, respectively, and

their characteristic equations are

TM modes,
Ji(hRy) _ ng Ki(qRy) | (A3D)
hRyJo(hRy) — niqRpKo(qRy)
and TE modes,
J(hRy)  Ki(qRy) (A32)

hRpJo(hRp) —  qR;Ko(qRy)’



APPENDIX B

RECIPROCITY RELATION

Thereciprocity relationisatool for relating the fields of two electromagnetic modes.
In this derivation, the modes are allowed to have different permittivity profiles e¢; and es.

Maxwell equationsin general form,

V x E =ik, |"2H, (B.1)
€o
V x H = J — ike, | 22E, (B.2)
€0

and the vector identity in general form,
V- (AxB)=B:-(VxA)—A-(VxB), (B.3)

are used to find the reciprocity relation.

€0 €o

— ik, [2OH, HE — E, <J; + ikey 6—OE;)
€o 0

=ik —H1H2—Zl€ —€2E1E2—E1'J2. (B4)
€0 \/ o
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H1)
(E§ X %\/%(V X El))

‘\/gwx B (VB + By (VX %\/%W El))
\/a

V- (E5 x
:—V-
_
Tk
_— <—zk1/u0H)-<zk,/uoH)+E* (VXQ/G—O(VXEI))

k' 1o
Z €0 —«
Ay TR B (VX V x Ey)
Ho Ho
—i ,/ POH H + ‘/EOE* (VX(zk,/@Hl))
Ho €0
v €0 \IMO

= —ik PO HE + ik, [ e ELE; — B - ). (B.5)
€0 o

The reciprocity relation, found by combining Egs. (B.4) and (B.5), is

ENdIEE

WIN

V- (El X H; + E; X Hl) = iw(el — Eg)El . E; — (E; . Jl + E1 . J;) (B6)
For a source-free system, the reciprocity relation reduces to
V(El X H;—f—E; X Hl):iW(El—Eg)El'EZ. (B?)
This can be expressed in integral form over an infinitesimal range Az in the direction of
propagation:
0 . . .
g (Ey x H; +E; x Hy) - 2dzdy
z

—iv [[(@le.) - el )E - Brdody,

(B.8)



APPENDIX C

RING CAVITY MODEL

The fiber-coupled microsphere may be modeled as a ring cavity with one reflecting
mirror. Because the coupling coefficients x and « 4, are generally not equal, the intracavity
field must be calculated in a dlightly different way than usual. The field strength in the

microsphere after /V passesis given, on resonance, by

Eszt#Ef(1+rﬁe”+wfﬁd% o+ (rpe”) ), (C.1)
—— —— ——
incident one two round trips

wheret,; isthe transmission coefficient when light passes from the fiber into the sphere, r
is the reflection coefficient when light inside of the sphereisinternally reflected when inci-
dent with thefiber, and ¢ isthe phase shift upon refection. Because the coupling coefficients
indicate the probability of a photon to tunnel between waveguides, they are equivalent to
transmission coefficients. The microsphereisfield iscalculated by summing over aninfinite
number of round trips and by replacing ¢ with || and 7y, with /1 — | ,[2. Assuming,
with no loss of generality, that there is no phase shift upon reflection, the result is

E, = i)(msfmf) (m)]v

N=0

1—/1—Jkg?

For small coupling coefficients, the binomia expansion may be used to approximate the

field. The microsphere field then becomes
|Fs| Ey
1—(1—-%[Rsl)
~ [ 2lFy]
= < (2) E;. (C.3)

| £

E, =
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