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CHAPTER 1
Introduction

The Korteweg-de Vries (KdV) equation is a nonlinear partial differential equa-
tion. This equation remains the focus of active mathematical research mainly for two
important reasons. Firstly, it has a very rich and interesting mathematical theory
behind it; secondly, it models many physical phenomena such as waves on shallow
water surfaces, gas dynamics, hydromagnetic, plasma physics, blood flow in arteries,

and so on.

1.1 Historical background

The KdV equation is named after the two Dutch mathematicians Diederik Jo-
hannes Korteweg and Gustav de Vries. Under the supervision of Korteweg, de Vries
wrote his doctoral dissertation and presented at the university of Amsterdam on De-
cember 1, 1894. This was where they introduced this famous equation for the first
time. It was their effort to give a theoretical treatment of John Scott Russell’s obser-
vation of the solitary wave in 1834 [39]. During these 60 years, further investigations
were undertaken by Airy [1], Boussinesq [4], and Rayleigh [38] to understand the
phenomenon observed by Russell.

The model that Korteweg and de Vries derived for the propagation of waves in

one direction on the free surface of a shallow canal was

on 3 [g0 (2 1, 1 9%
ot _2\/;(% (30‘7”277 3%

where [ is the normal depth of the canal, 7 is the surface elevation above the equilib-



rium level, « is arbitrary constant, g is acceleration due to gravity, p the density of

Tl
fluid, T is the surface tension [27], and ¢ = [> — —. This was the original version of
pPY
the KdV equation. Using the transformation
1 /g T 1 1
th=cy/=td'=——F u=—sn—<
Nt T T T 2T 3™

one obtains the standard KdV equation
Uy + 6uly + Ugpy = 0. (1.1)

The active life of the KdV equation began in 1960 when Gardner and Morikawa
[15] derived it again in an analysis of collisionless hydromagnetic waves. The results
of Fermi, Pasta, and Ulam [14] while exploring the heat transfer in crystal lattices
with nonlinear interaction motivated Zabusky and Kruskal [49] to study the KdV
equation. Similarly, Shen [41], Miura [33], Taniuti and Wei, Su and Gardner ([18]),
and other researchers have shown that KdV equation models diverse wave phenomena
in the theory of solids, liquids, gases, and plasmas.

In the last four decades, many researchers have devoted their time to the con-
struction of exact solutions of the KdV equation. Zabusky and Kruskal were the
first to give a name solitons to describe particle-like solitary waves that can collide
and preserve their identities after the collision [49]. Many methods, including per-
turbation techniques, inverse scattering transform, the Béacklund transform, and the
Lax method, were devised to study the solitonic behavior of a wide class of nonlinear
equations such as Schrodinger, Boussinesq, Burgers, KdV, and modified KAV (mKdV)
equations. For the KAV equation given in (1.1), we assume the travelling wave solu-

tion of the form u(x,t) = f(z — vt), and finally obtain a soliton solution
v 2
u(z,t) = 3 sech” (x — vt — )

which represents a single hump of elevation 7 travelling with velocity v to the right
without changing its shape , where the propagation speed is proportional to the wave

amplitude, with larger waves moving faster.



Kawahara equation is a fifth order generalized KdV equation named after the
Japanese mathematician Takuji Kawahara. He published a paper “Oscillatory Soli-
tary Waves in Dispersive Media” on 1971 [21] and investigated the steady solutions
of

on the basis of numerical calculation and concluded that both oscillatory and solitary
wave solutions are possible to exist. This type of fifth order equation was also ob-
tained in the following two cases. Kakutani and Ono [21] showed that when the angle
¢ between the propagation direction of a magneto-acoustic wave in a cold collision-
free plasma and the external magnetic field becomes a critical angle, the third order
derivative term in the KdV equation vanishes and is replaced by the fifth order deriva-
tive term, so that as the propagation nears the critical angle, one may obtain, with
proper re-scalling, an equation with both third order and fifth order derivative terms.
Hasomoto [21] also obtained such an equation for shallow water waves near a critical
value of the surface tension when the effect of surface tension is taken into account.

The complex KdV equation does not have a long history, but this equation has
recently attracted a tremendous amount of attention because of its solutions which
blow up in finite time. This equation is found to be more sophisticated than its real
counterpart. Since the complex KdV is equivalent to a system of two nonlinearly
coupled equations, the conservation laws no longer allow the deduction of global
bounds and does not lead to the global boundedness of the L?-norm of its solutions.
Many researchers also studied complex-valued Burgers and KdV-Burgers equations
to see the effect of dispersion and dissipation on the solutions of complex KdV. We
remark that the study of complex-valued Burgers and KdV-Burgers equations can be
justified both physically and mathematically. Physically, these complex equations do
arise in the modeling of several physical phenomena ([24],28],[29]). Mathematically,

these equations exhibit some remarkable features and admit solutions with much



richer structures than those of their real-valued ones.

1.2 Literature review

There is a large body of literature on the study of smoothing properties of initial
value problems (IVP) and initial-boundary-value problems (IBVP) of the real-valued

KdV equation. Consider the initial value problem

U + Uy + Uy + Upze = 0,2 € Ror T, t > 0,
(1.3)

u(z,0) = ug(x),xr € Ror T,

where T is a periodic domain. The hierarchy of infinite conservation laws provides
global time bounds for its solutions in any Sobolev space H* with k& > 0. In fact,
the recent work of Kenig et al.[23] showed that the equation (1.3) posed on real line
is locally well-posed for any initial datum uy € H*(R) with k > —%, and that the
periodic IVP for the real KdV is locally well-posed for ug € H*(T) with any & > —%.

Collinder et al. [10] strengthened the local well-posedness for the periodic IVP to

1
29

include the case k = —3, and also showed that the global well-posedness follows from
the local well-posedness through successive iterations.

The IBVP of the KdV equation has also received a considerable amount of atten-
tion as compared to the IVP. The KdV equation on the half line fits well with the
laboratory studies, wherein the waves are generated by a wave-maker at the left end
[3]. However, it is difficult to implement numerical methods in unbounded domains.
Therefore, the use of a finite interval with a suitable set of boundary conditions is
an alternative choice, and such two-point boundary-value problems can still be used
to model the laboratory studies of waves generated by a wavemaker at the left end

which propagate down the channel before the waves reach the other end of the chan-

nel. Bona et al. [3] studied the local and global well-posedness of IBVP for the real



KdV equation

U + Ugp + Uy + Upey = 0,2 € (0,1),¢ >0,
U(O,t) = hl(t)vu(17t> = h2(t>aux(1at) = h3(t)

defined in the bounded domain [0, 1], and established that the IBVP is locally well-

(14+k) (14+k)

posed for any ug € H* and (hy, ho,h3) € H 5 x H 5 X H% with k > 0. They

also solved the global well-posedness of (1.4) for ug € H*,k > 0 and more regular
boundary data.

The Kawahara equation, a fifth order KdV equation, has been studied analyti-
cally and numerically by many mathematicians ( see [7],[9],[19],[20],[22],[37],[44]). In
general, it is difficult to compute solutions of the fifth-order KdV equations numer-
ically, due to the fifth-order term. In [40], Shen proposed the dual-Petrov-Galerkin
algorithm for third and higher odd-order differential equations that involves an inno-
vative choice of test and trial functions, which allow free integration by parts without
generating boundary terms. This algorithm is equivalent to spectral-Galerkin approx-
imation in weighted spaces. Numerical experiments involving the usual third-order

KdV equation

aug + Bug + yuug + Uy = 0,2 € (—1,1),¢ € (0,77,
u(z,0) = ugp(x),z € (—1,1), (1.5)

u(—=1,t) = g(t),u(l,t) = u,(1,¢t) = 0,t € [0, T]

in [40] indicate that the dual-Petrov-Galerkin algorithm is very accurate and efficient.
In a recent work [16], Goubet and Shen studied the IBVP for the third-order KdV

equation

Uy — Py + utly + Uger = 0,2 € (—1,1),¢ > 0,

u(—=1,t) = u(l,t) = u,(1,¢t) =0



in a functional framework based on the dual-Petrov-Galerkin method. More precisely,
they established the existence and uniqueness of solutions to this IBVP in weighted
Sobolev spaces.

The dual-Petrov-Galerkin algorithm was recently further developed and imple-

mented for a fifth-order KdV equation

Uy + iy + YUy + Blzer — Uzgaee = 0, ¢ € (—1,1), t € (0,77,
u(z,0) = up(x),z € (—1,1),

u(—1,t) = g(t), ug(—1,t) = h(t),u(1,t) = ug(1,t) = uge(1,¢) = 0, t € [0, T]
(1.7)

in [48] where o« > 0, p,, and [ are rescaled parameters depending on the physical
parameters and scaling. The authors applied the above-mentioned algorithm and
provided a rigorous error analysis and demonstrated the effectiveness of the algorithm
by computing some challenging solitary and oscillatory-solitary waves.

The study of solutions of the Kawahara and modified Kawahara equations on
the whole real line in Sobolev spaces of negative indices was recently carried out by
Chen, Li, Miao, and Wu [9]. They established the local well-posedness of the IVP for

Kawahara equation

Ut + Uy + QUgzy + Bumxzx:p = 07 l’,t eR
(1.8)

u(z,0) = up(x)

in H*(R) with k > —% and the local well-posedness for the modified Kawahara
equation
Uz + UQUm + QUgzs + ﬁuzxx:m: = 07 x,t € R
(1.9)
u(z,0) = up(x)
in H*(R) with k& > —}1, and have improved the existing low regularity well-posedness
results.

As given in the historical background, complex-valued Burgers, KdV-Burgers, and

other complex-valued partial differential equations have recently attracted a good deal



of attention. A lot of effort has been devoted to the important issue of whether or not
their solutions can blow up in a finite time. In 1987, B. Birnir studied the solutions of
the complex KdV equation represented by Weierstrass P-function, and proved that
they blow up in finite time as a second order pole. He used the inverse scattering
transform to study these singularities (see [5] and [6]). In [2], J. Bona and F. Weissler
presented some criteria to imply that the solutions of nonlinear, dispersive evolution
equations lose regularity in finite time. The papers of Yuan and Wu ([45],[46],[47])
treated the complex KdV and KdV-Burgers equations as systems of two nonlinearly
coupled equations and clarified how the potential singularities of the real part are

related to those of the imaginary part. In [47], the solution of the form
u(z,t) = Z ar(t)e™™ (1.10)
k=1
was studied to the IVP of the complex KdV equation
Up + 22Uty + Ugyy = 0

defined in the periodic domain T = [0, 27, where ug is assumed to have the form

o0

uo(x) = Za%eilm. (1.11)

k=1

The authors showed that there is no regular global series solution if the first initial
mode a = a1(0) of the initial datum ug(z) satisfies a > 6. Very recently, Y. Li [30]
obtained simple explicit formulas for finite time blow-up solutions of the complex
KdV equation through Darboux transform. In fact, he constructed a solution

8exp(—12(t — 1) + (8t + 2x))
lexp(—12(t — 1) + (8 + 2x)) + 1]’

u(z,t) =i+ (1.12)
of the complex KdV equation

U — 6UUL + Upge = 0

in periodic case. Whent = 0, u(z,0) € C* and t = 1, finite-time blow up is developed

with two singularities at x = %ﬂ' —4and z = %71’ — 4.



The IVP of the complex Burgers equation

U — U, — Vuz, =0, z€R,t>0,
(1.13)
u(z,0) = up(x), = €R,

can be solved explicitly through the Hopf-Cole transform, and the solution is given

by
S0 exp [— e T O) dS} dy
u(z,t) = —3 — 7 (1.14)
ffoo exp |: 2V$t’ 2w fy dS] dy
The singularities of the solution u in (1.14) correspond to the zeros of v in the Cole-
2
Hopf transformation u = % Fory = 1, the equation (1.13) has a global smooth
v

solution u if ug € L'(R) and [, |S(uo)| < 27. But, for > 0, there exists a smooth
compactly supported uy with fR |ug| < 2m 4 § such that the solution blows up. The
continuity argument can also be used to show that u develops a singularity whenever
ug € L'(R) satisfies | [, S(uo)| > 2m and [, S(uo) is not of the form 27 + 4kw, where
k is an integer. More about this may be found in [36].

As one may expect, the behavior of solutions to the complex KdV-Burgers equa-
tions is more sophisticated due to the presence of the nonlinearity, dispersion and
dissipation. In [47], Yuan and Wu showed the finite-time bound for the L*norm of
its solutions and remarked that either increasing dissipation or decreasing L2-norm
of the initial datum lengthens the time. In the same paper, they bound the Sobolev
norm |[u(-,t)| g+ (k > 1) in terms of ||u(-,t)|/z2. This result implies that any possible
finite-time singularity must develop in the L?-norm. In another paper (see [45]), the
authors proved that when the dissipation dominates, such as in the case when v is
comparable to the size of the initial data, the solution is then global in time and de-
cays exponentially for large time. In addition, extensive numerical experiments were
performed to reveal the blowup structures.

There are several examples that show the significant differences between the real-

valued and complex-valued solutions. One important example is the Navier-Stokes



equations. It remains open as to whether or not classical solutions of the 3D incom-
pressible Navier-Stokes equations can develop finite-time singularities. However, Li
and Sinai [31] recently showed that the complex solutions of the 3D Navier-Stokes
equations corresponding to large parameter family of initial data blow up in finite
time. Their work motivated the study of Polacik and Sverdk [36] on the complex-

valued solutions of the Burgers equation, as mentioned before.

1.3 Statement of problems and results

This dissertation is aimed at studying two important issues. The first is to study

the solution of the Kawahara equation

in weighted Sobolev spaces, where (3 is related to the Bond number in the presence
of surface tension and 3 = 0 corresponds to the critical Bond number 3 (see [43]).
Attention will be focused on IBVP of (1.15) in the spatial domain I = (—1,1)

with the boundary and initial conditions

u(=1,t) = g(t), u(—1,t) = h(t), u(l,t) = uy(1,t) = uy(1,¢) =0, ¢ >0,

u(z,0) =up(x), x€l.
(1.16)

Since (1.15) and (1.16) can be reformulated as an equivalent problem with homoge-
neous boundary conditions, it will be assumed that g(t) = h(t) = 0. In fact, through
the transform

u(z,t) = v(x,t) + B(z,t)

with

Br.t) = - gy nie) - L g00) + 2000,

(1.15) and (1.16) can be converted into an IBVP with homogeneous boundary con-



dition

Uy + Byv + (v + B)vg + BUsse — Vazaze = —Br — BBy — BBy,

v(—=1,t) = v (—1,t) = v(1,t) = v, (1,t) = v..(1,¢) = 0.
In principle, this homogeneous problem can be studied in a similar fashion as (1.15)
and (1.16).

The goal here is to build a theory similar to that of Goubet and Shen, cited
earlier, on the existence and uniqueness of solutions to the IBVP (1.15) and (1.16)
in weighted Sobolev spaces. Their approach [16] will be followed, but the situation
here is more complicated. The dispersive part consists of two terms Guz., — Uzrezs

3

and its corresponding weak formulation fails to be coercive for 3 < —g (see Section

3.2 for more details). For § > —2, the IBVP (1.15) and (1.16) is shown to possess
a unique global solution for ug in weighted Sobolev spaces with increasing regularity
(Theorem 3.5). If, in addition, the L2-norm of wy is small, then the solution in these
weighted Sobolev spaces decay exponentially in time.

The IBVP (1.15) and (1.16) is also studied numerically to complement the the-
oretical results. In fact, the numerical solutions of a slightly more general problem

than (1.15) and (1.16) will be studied. This problem involves two parameters (3; and

(5, and the existence and uniqueness theory applies to the case when

Gy > —%ﬁg. (117)

The solutions of the general problem will be computed corresponding to 3, and (3,
in different ranges and plotted their standard L?-norms and weighted L?-norms. The
graphs show that a solution corresponding to (3; and [, violating (1.17) may not exist
for all time and thus the IBVP (1.15) and (1.16) with 3 violating the condition may
not be globally well-posed. Comparisons are also made between the weighted Sobolev
norms and the standard Sobolev norms.

The second aim is to study the solutions of complex-valued Burgers and KdV-

Burgers equations. This work addresses the blow up for complex-valued Burgers

10



equation

Uy — 6Uly — Vg, = 0 (1.18)

and the global regularity issue on solutions of the complex KdV-Burgers equations
Uy — OUUL + Uy — Vg = 0, (1.19)

where v > 0 and a > 0 are parameters and u = u(z,t) is a complex-valued function.
Attention will be focused on the spatially periodic solutions, namely z € T = [0, 27],

and we supplement (1.18) and (1.19) with a given initial data
u(z,0) =ug(x), zeT. (1.20)

The first major result is for the complex Burgers equation (1.18), and it asserts
that for any sufficiently large time T', there exists an explicit smooth initial data ug
such that its corresponding solution blows up at ¢ = 7' (Theorem 4.3). This result
was partially motivated by a recent paper of Pold¢ik and Sverdk [36], in which the
complex-valued Burgers equation on the whole line was shown to develop finite-time
singularities for compactly supported smooth data. Their proof takes advantage of
the explicit solution formula obtained via the Hopf-Cole transform. The finite-time
singular solutions constructed in this paper assume the form

u(z,t) =) ax(t) e (1.21)

k=1

and correspond to the initial data uy(z) = ae®®. It will be emphasized that solutions
of the form (1.21) are locally well-posed in the usual Sobolev space H* with a suitable
index k (see Theorem 4.1 for more details). For any 7" > Tj (a fixed number depending
only on v), one obtains a lower bound for |a;(7")| through a careful observation of
the pattern that ax(t)s exhibit, and the finite time singularity of (1.21) in L? then
follows if one takes a as appearing in ug to be sufficiently large. This result reveals a

fundamental difference between the real-valued solutions of the Burgers equation and

11



their complex counterparts. The diffusion in the case of complex-valued solutions no
longer dissipates the L2-norm, which can blow up in a finite time. However, if one
knows that the L?-norm of a complex-valued solution is bounded, then there would
be no finite-time singularity (Theorem 4.2).

I also explore the conditions under which solutions of (1.18) are global in time. A
simple example of the global solutions of (1.18) corresponds to the initial data
ug(r) = age™ with |ag| < 1, provided v and « satisfy a suitable condition, say

v? +4a* > 9 (see Theorem 4.5). For general initial data of the form

o0

uo(z) = Z agy e

k=1
with |ag1| < 1, (1.19) possesses a unique local solution (1.21) with ax(t) given by a
finite sum of terms that can be made explicit through an inductive relation. To show
the convergence of (1.21) for large time, it is necessary to estimate |ax(¢)|, and the
approach is to count the total number of terms that it contains. This counting problem

is closely related to the number of nonnegative integer solutions to the equation
+2p+3+ - +kik=Fk

for a fixed integer £ > 0. Using a result by Hardy and Ramanujan [17], one may
establish the global regularity of (1.21) under a mild assumption (see Theorem 4.4).
In addition, ||u(-,t)| g+ decays exponentially in ¢ for large ¢ for any k& > 0.
Inspired by a recent work of Sinai on the Navier-Stokes equations [42], a study is
undertaken for the series solution of (1.19) that can be written as
u(z,t) = > C?k—ht) etk (1.22)
ke Z\{0}
where v > 1 is a real number, and ¢(k,t) is bounded uniformly in terms of k& and t.

IfT>0and Ry= sup |c(k,O0)| satisfy
ke 7\ {0}

RoVT < C(y)\/v

12



for some suitable constant C(7), it is shown that u in (1.22) is a classical solution of
(1.19) on [0,7] (Theorems 4.6, 4.7 and 4.8). This is achieved through three major

steps. The first step establishes the existence of ¢(k,t) such that

Uk, 1) =

solves the Fourier transform of the complex KdV-Burgers equation. The second step
verifies that w in (1.22) is a weak solution, in the distributional sense, while the third

step proves the bound

C
lc(k, )] < e
where [ > 0 is any fixed integer. A combination of the last two steps especially implies

that v in (1.22) is a classical solution.

1.4 Organization of the dissertation

The organization of this dissertation is as follows. The second chapter is dedicated
to relevant notation and definitions. The main work of this dissertation will be
presented in the third and fourth chapters.

The third chapter is divided into different sections and subsections. Section 3.2

focuses on a weak formulation of the stationary and linearized equation

ﬁuzva;x — Uggazza = f

and establishes the existence and uniqueness of solutions to this formulation with any
f in a weighted L2-space (Theorem 3.1). In particular, the solution operator is shown
to be the generator of a contraction semi-group. Section 3.3 presents the existence
and uniqueness results for the full IBVP (3.1) and (3.2) (Theorems 3.5). Section 3.5
contains the numerical results.

The fourth chapter is devoted to the study of solutions of complex-valued Burgers

and KdV-Burgers equations. It is divided into three primary sections. The second

13



section focuses on the complex Burgers equation, and presents Theorems 4.1, 4.2, and
4.3. The third section details the global regularity results concerning the complex

KdV-Burgers equations for two types of series solutions of the form (1.21) and (1.22).

14



CHAPTER 2

Preliminaries

In this chapter, we briefly discuss some of the preliminaries to get equipped with
the necessary spaces and inequalities that we require for our study in the next two
chapters. The detail of the definitions and inequalities given below can be found in

[12], [13], and [35].

2.1 Notations and definitions of some spaces

Standard notations, and the definitions of some important spaces, will be dis-

cussed in this section.

Definition 2.1 (Norm and Normed Space) Let X be a vector space over R or

C. A norm is a function x — ||z|| from X to [0, 00) such that
o [z +yl <zl + 1yl
o [[Az]| < [A[flz]
o [z =0&2=0,
and the vector space X equipped with a norm || - || is called a normed vector space.

Definition 2.2 (Banach Space and Hilbert Space) A normed vector space that
is complete with respect to its norm is called a Banach space. An inner product space

that is complete with respect to the norm ||x|| = /x - x is called a Hilbert space.
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Definition 2.3 (L? Space) The LP-norm of a function on X, 0 < p < 00, is defined

1l = ( / |f|”dfv)p

and the LP space is a space of funtions defined as

by

LPX)={f:X—=C such that | f|lrx) < oo}

Assume U C R"™ is open and 0 < v < 1. A Lipschitz continuous function is a

real-valued function on U satisfying
u(z) —uy)| < Clz —y| (z,y €U).

If w satisfies

ju(z) —u(y)| < Clz —y[" (z,y €U)
for some constant C', then wu is said to be Holder continuous with exponent .

Definition 2.4 (Holder Space) The Holder space C*7(U) is a Banach space that
consists of those functions u that are k-times continuously differentiable, and whose
k-th partial derivatives are bounded and Holder continuous with exponent -y, i.e.

Ck’v([_]) ={u: HUHck’v(U) = Z HDaUHC(U) + Z [DQU]CO»W(U) < oo},

ol <k | <k

|u(x) — u(y)]
where ||u|| oy = sup |u(x)| and |[u]co. :sup( .
ey = sup u(e)] and oy = sup (P20

Definition 2.5 (Sobolev Space) The Sobolev space W*P(U) consists of all locally

summable functions u : U — R such that, for each o with |a| < k, D*u exists in the

weak sense and belongs to LP(U). If u € WP, then

P
[wllwrr@wy = Z / |D%|Pdx | (1 <p<o0).
U

lof <k
1. If p=2,W"2(U) = H*(U); therefore, if f € H*(U) then D*f € L*(U). When
k=0, H(U) is the usual L? space.
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2. The closure of C°(U) in W*P(U) is denoted by We?(U). Thus, u € WiP(U)
if and only if there exist functions u,, € C>°(U) such that u,, — u in W*?(U).
We interpret WiP(U) as consisting of those functions u € W*P(U) such that

D*u =0 on 90U for all |a] < k — 1.

3. If s € R, the Sobolev space H*(R) is defined via the Fourier transform in the

standard fashion. The function f is in H*(R) if

/1

wewy = C [ (1 PPk < o
R

4. Let X be a Banach space with norm ||+ ||. The following are the spaces involving

time.

Definition 2.6 The space LP(0,T;X) consists of all functions u : [0,T] — X

with
, :
||| 0%y = (/ ||u(t)||pdt) <oo for 1<p<oo and
0

||U||L°°(0,T;X) :=ess sup |lu(t)| < oo.
0<t<T

Definition 2.7 The space C([0,T];X) comprises all continuous functions
u: [0,T] — X with

Julleqorix = s lu(t)] < .

2.2 Some elementary inequalities

Several inequalities are used in this dissertation. Some of them are as follows.

2 b2
1. Cauchy’s Inequality ab < % + 7 (a,b € R)

2

b
2. Cauchy’s Inequality with ¢ ab < ea® + = (a,b € RT e >0)
€

17



10.

1 1
. Young’s Inequality Let 1 <p,q < oo, — 4+ — =1, then
p q

popa
ab< =+ = (a,b>0)
p q

1 1
. Young’s Inequality with ¢ Let 1 <p,q < oo, — 4+ — =1, then
P q

ba
abgea”—l—( )g . (a,b>0,e>0)
ep)rq

1 1
Holder’s Inequality Assume 1 < p,q < oo, — 4+ — =1, then
p g
ifue LP(U),v € LY(U),

| telda < s o,
Minkowski’s Inequality Assume 1 < p < oo, u,v € LP(U), then
[u+ vllewy < llullew) + [0l e @)-

Interpolation Inequality for LP-norms Assume 1 < s<r <t < oo and

1 6 1—-4
-=-+ ( ; ) Suppose u € L*(U) N L*(U). Then u € L"(U), and
ros

lellzr@y < llu )

(ZS(U)”UH};(U :

Cauchy-Schwartz Inequality |z -y| < |z|ly|. (z,y € R")

Gagliardo-Nirenberg-Sobolev Inequality Assume 1 < p < n. There

exists a constant C' depending only on p and n such that

[ull o+ @y < CllDUl Loy, (u € Ce(R™))

where px = is the Sobolev conjugate of p.

General Sobolev Inequality Let U be a bounded open subset of R with a

1 1 k
C" boundary. Assume u € WHP(U). If k < = then u € L9(U) where — = ———.

qa p n
In addition,

lullze@y < Cllullwrs -
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11.

12.

Gronwall’s Inequality (differential form) Suppose f(t) is a non-negative,
absolutely continuous function on [0, 7] whose derivative is bounded according
to

df

< 9OF(0) + h()

for some non-negative functions ¢(t) and h(t). Then f(¢) is bounded pointwise

in time according to
t t
< d 0 h(s)d
s <o ([aar) (10 + [ nejas)
forall0 <t <T.

Gronwall’s Inequality(integral form) Suppose f(t) is a non-negative,

summable function on [0, 7] which satisfies the integral inequality

t
ft) <C+ K/ f(s)ds
0
for all ¢ in [0, 7] where C' and K are positive constants. Then

f(t) < Cexp(Kt).

At last, we state a theorem called the Fixed Point Theorem (or Contraction

Mapping Principle). This theorem is useful in showing the existence and uniqueness

of solutions of a given differential equation.

Definition 2.8 (Contraction Mapping) Let X be a Banach space. If G : X — X

satisfies

1G(w) = G(u)|| < ¢flu— vl

for all uw and v € X with 0 < ¢ < 1, then G is called a contraction mapping.

Theorem 2.1 (Contraction Mapping Principle) Let X be a Banach space and

G : X — X a contraction mapping. Then there exists a unique u € X such that

G(u)
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CHAPTER 3
The Kawahara equation in weighted Sobolev spaces

3.1 Overview
Fifth-order Korteweg-de Vries type equations
Ut — Ugggzr = F([lf, ta U, Uy, Ugg, u:(;acx)

arise naturally in modeling many wave phenomena. In particular, the Kawahara
equation

has been derived to model magneto-acoustic waves in plasmas [21] and shallow water
waves with surface tension [19]. In this equation, 3 is either negative, zero, or positive,
and is related to the Bond number in the presence of surface tension. If 5 > 0, a
solitary wave of depression or elevation appears. For § < 0, solutions of (3.1) exhibit
highly oscillatory behaviors, and # = 0 corresponds to the critical Bond number %
(see [43]).

For application and computational purposes, it is better to study the initial and
boundary-value problems rather than pure initial-value problems. So, the attention
will be focused on the initial- and boundary-value problem (IBVP) of (3.1) in the

spatial domain I = (—1,1) with the boundary and initial conditions given by

u(=1,8) = g(t), us(—1,8) = h(t), w(l,t) = up(1L,t) = upe(1,6) = 0, >0,

u(z,0) = up(x), ze€l.
(3.2)
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For application purpose, one can consider an example of waves generated by a
wavemaker naturally set on a semi-infinite interval, and (3.1) and (3.2) serve as a good
approximate model before the waves reach the right boundary. For computational
purpose, one must reduce the problem in an infinite domain to a finite domain. As
explained in the section 1.3, (3.1) and (3.2) can be reformulated as an equivalent
problem with homogeneous boundary conditions. Henceforth, it will be assumed
that g(t) = h(t) = 0. First, the weak formulation of the stationary linear equation
will be explained, and then shown the existence and uniqueness of solutions of this

weak formulation in suitable weighted spaces.

3.2 Weak formulation of the stationary linear equation
In this section, a weak formulation of the boundary-value problem for the sta-
tionary equation

6uxmm — Uggrzr = f7 HAS (_17 1)7

u(—=1) = u(1) = us(~1) = (1) = (1) = 0

(3.3)

is presented, and a theory on the existence and uniqueness of solutions to this for-
mulation is established. First, some notations are introduced, and some Hardy-type

inequalities are discussed.

3.2.1 Notations

The following notations will be used for some weighted Sobolev spaces. For the

non-negative weight w, define
I=(-1,1),

=12 ={ue i) [ e de < o},

I
V(I)={ue Hj(I): uz, €L},

w!

W(I) = {u EV(I): Upgs € L5 } , (3.4)
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where H*(I) is the usual L? based Sobolev space and HF(I) denotes the completion

of C5°(I) under H*-norm. In addition, denote the inner product in H by (-,-).

For the purpose of eliminating boundary terms, we choose w(x) = 1 i— z
. , 2 p 4 " 12
Correspondingly, w'(z) = e W) = A= Ww'(x) = Ao and
wiz)  (I+z)?
W(x) 2

3.2.2 Hardy-type inequalities

In this section, some density results and Hardy-type inequalities in weighted
Sobolev spaces will be discussed. The following lemma explains these relations in

detail.

Lemma 3.1 The space V', endowed with the norm ||u,e|/r2 , and W endowed with

the norm ||ugze|| 12 , are Hilbert spaces. The embedding relations

w’

CoP —=W—=V—H

are dense and continuous, and the following Hardy type inequalities hold:

u? 4 u2 w2 4 u2
W < — | M gy [ Y _gp< 2 g
/fu—x)”—%/fu—xv x’/fa—x)”—e)/ml—x)? T Vuel,
(3.5)

2 2 2

2 U 2 Uz, U
dx—(2 — — __dr+(1—5q+2 — dz > .
r /I(l—m)Q x—(2r+3qr Q)/I(l—x)4 z+(1-5q+ 07’)/[(1_917)6 x>0 (3.6)

for any real number r and q, and

2
/1 (1%2)2&6 < /Iuim(l +x)?dr Yu e W. (3.7)

The general form in (3.6) is very useful and can be tailored for special needs. For
example, by letting (r,q) = (%, %) and (r,q) = (%, 1), one has

w2 1 u2 7 u?
—r _dr < - 2yt~ [ ———d
/1<1—x>4 ‘”—4/I<1—x>2 “2/I<1—x>6 o

u2 1 u2 w2
—zd < = $d 4 —d
/1<1—x>4 x—6/1<1—x>2 o /fu—x)G v




respectively. The proof of this lemma follows the ideas of Goubet and Shen [16] and
Shen [40].
Proof of Lemma 3.1.

First of all, [|uaq||z2, and [|tase |2, are clearly norms in V' and W, respectively.
To show that C§° is dense in V, it m?ﬁces to show Cg°(I)*+ = {0}. To this end, let

u € C°(I)*+, namely

/umgzﬁmw/(x)dx =0 forall ¢ € C§°.
I

Since W'(x) = 5, one obtains by integration by parts the identity
—
Opx (um(l - x)_z) =0,
which implies
Uy = a(l — ) +b(1 — z)2.

Therefore, for some constants ¢ and d,

u(x) = %a(l — )’ + 1—2(1 —2)* + (1 — ) +d.

The boundary conditions u(£1) = u,(£1) = uy,(1) = 0 imply that a =b=c=d =
0, which is to say that v = 0. Similar arguments show that Cj° is dense in H and in
w.

Now the inequalities (3.5), (3.6) and (3.7) will be proved. Since C§° are dense in

W,V and H, it suffices to prove them for v € C§°. To prove (3.5), for any number a,

2
U 1
< -
0 _/1(1_$+aux) (1_$)4d:):

:/Iﬁdx—i-%/]<1u_u;>5dx+a2/l(1(7i‘”§)4dx‘

Integration by parts in the second term lead to

2

uu u
2 T _dr = — —dx.
IArer i A
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Taking a = % yields the first inequality in (3.5). Similarly, one can show

u? 4 u?
—r _dr < - e 1 A | 1uweV.
/I<1_x)4x_9/1(1_x>2x or all u

To prove (3.6), it suffices to consider

N e *“) o

2

=(1-5 +20r)/u—dx—(27"+37“— 2)/—%2” dx—i—r2/ Ui dx
B (=) R AT =2

In particular, when ¢ = % and r =

DO [

, one has

7 u? u? 1 u?
0<—- [ ——de— | —2—d - T dx.
—2/I<1—x>6’” /1<1—x>4“4/1<1—x>”

Inequality (3.7) is obtained by considering

2

u
0 < v (1 =) d
_/I(u (+a:)+1_$) x

1 2
= /uim(l + )?dx + 2/ i xumuxmdx + / T,
I rl—z r(1—x)?

and integrating by parts in the second term.

To see that V < H, one applies (3.5) to obtain

2 2
2 _ 2 < v < UL _ 2
lull2 /Iu ()w(z)dz < C/I e < C/, T ds = Clulf

This concludes the proof of Lemma 3.1.

3.2.3 Weak formulation

Consider the boundary-value problem for the linear fifth-order equation

/Bu:m:x — Ugzzax = fa YIS (_17 1)7

(3.8)
u(—1) =u(l) = up(—1) = uy(1) = uze (1) = 0.
For uw € V, v € W, consider a bilinear form defined in V' x W by
a(u,v) = /um(—ﬂ(vw)x + (VW) gz ) dx, (3.9)
I
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then the weak formulation of (3.8) using dual-Petrov-Galerkin method is:
a(u,v) = (f,v)y, for feH. (3.10)

Now, the existence and uniqueness of solutions to the weak formulation (3.10) will

be established.

3.2.4 Existence and uniqueness of weak formulation

The goal of this subsection is to solve the equation (3.10) for f € H, and define
an unbounded operator A by setting Au = f. Before stating the main theorem that
guarantees the existence and uniqueness of such solutions, the following two lemmas

will be given. The proof of the theorem relies on these lemmas.

Lemma 3.2 (The general version of Lax-Milgram Theorem) Let W C V be
two Hilbert spaces with W being dense and continuously embedded in V. Let a(u,v)

be a bilinear form on V- x W satisfying

a(u,v) < Mu|lv|jvllw YueV,veW (3.11)

a(v,v) > mlv|3, Yo eWw, (3.12)

where M > m > 0 are two constants. Then, for any f € V', there exists u € V' such
that

a(u,v) = (f,v) YveW.

If u is also known to be in W, then u is unique.
This general version of Lax-Milgram theorem is due to J.L. Lions [32].

Lemma 3.3 If ||tugpaes(1 + 2)?|| 12(1) < 00, then

1
/uimx(l + x)4dm < 1 /uimm(l + x)ﬁdx. (3.13)
I I
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Proof. For u satisfying ||teeae(1 4+ 2)?||12(1) < 00, we consider

0 < /(umm(l+x)2‘|‘ummx(1+x)3)2dx
I

= /uixm(l + ) tdx + /uimm(l + 2)%dx + /2ummuxmm(1 + x)°dx
I I I
— _4/u§,m(1 +x)'dr + /uimm(l + 2)%da, (3.14)
I I
which implies (3.13). [ |

The next work is to state and prove the main theorem of this section [25].

Theorem 3.1 For any 3 > —% and for any f € H, there exists a unique solution
u € W such that

a(u,v) = (f,v)y Yo e W. (3.15)
As a consequence, one can define an operator A: D(A) — H by
Au=f, where D(A)={ueW, Auec H}.

Proof. 1t suffices to show that a(u,v) as defined in (3.9) verifies the conditions of

Lemma 3.2. This can be checked directly. For u € V and v € W, one can write

alu,v) = / U (— 302w — BUW' + Vot + 30za’ + Bu,w” + vw”)d
1

with w” = 1=z and w" = a i2:c)4' The terms on the right can be bounded as
follows.
1/2 1/2
—6/Iumvxwdx < ;—gﬁlﬁr (/I(l2f3;)2dx) / (/Iﬁdx) /
< SI8llalvlely,
902 1/2 9 1/2
_B/Iumvw'dx < 424 </[ a gf”;)zdx> </1 “ﬁ—x)de>
< 2ldllulvlely

(3.16)
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1/2 L2\ 12
/ UpgVpgawdt < ( / uizw’dx) ( / vim—/dx)
I I I w
= [lullvliviiw,
I

2,2 1/2 2 1/2
/ Upr V" dx: ( / Yo 2dx> < / 8u; 4dm>
I r (1—2) r(1—x)

4
slullvivlly,

/u vw"dx < / 2z, dz v /ngdzv v
o - \Ur(—ux)? [ (1—x)8

< = .
> 5||U||v||U||v

IN

lullvl[ollv,

IN

IN

~

Here, Hardy inequalities of Lemma 3.1 have been applied. According to (3.7),
[vllv <2[lvflw VveW

and one has thus verified (3.11) with M = L1345 + 2

To prove (3.12), let v € W and integrate by parts to obtain

G(U, U) - /Uxx( ﬁvmw - B’UW, + Vpgew + 3vmwl + 3Uxu)// + Uu}///)d{E

= —ﬁ/ Wdr — 5/ w" dx

1
+2/1U w'dz — 2/1 2 "’dx—i—z/Ivzw(E’)da;. (3.17)

For 3 > 0, one applies (3.5) to obtain

3 2 1 /2 " / Uﬁ 8 / U%

- dr — = de > —* __dx — = —2 d

2ﬁ/lvmw €T Qﬁ va x > 30 I(l—x)2x 36 [(1—:(:)2x
1 V2

12 240
Since w"” = ———— and w® = ———— one has, for 3 > 0,

(1—.:1:)4 (1—x)8
a(v,v) > —ﬁ/ 1—95 dx—i—5/(1v_2x)d BO/Iﬁdx—i-HO/lﬁdx.

After ignoring the first term and applying (3.6) with » = 0.4 and ¢ = 1, one obtains

2
/U(I;(L’
a(v,v) > 0.2/1 = x)le’ =0.1|v[|}
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In the case when 3 < 0, apply (3.5) to obtain

§ﬁ/v2w’d:ﬁ—lﬁ/vzw'"d:c > Bﬁ/v—‘%dx
2 )" 2 1 B [ (1—x)?

v? 16
> 120 [ e 3 |

Thus, for g <0,

16 V2, v?
a(v,v) > (5+§ﬁ)/I(l_x)2dx—30/1mdx+l20/j(—

Applying (3.6) with r and ¢ satisfying
1 —5q+20r = 4(2r + 3qr — ¢*) > 0,

we have

1 2 2
a(v,v) > (5 + 366 - L) / Ve g,
I

2r + 3qr — ¢? (1—x)?

In order for a to be coercive, 3 has to satisfy

_15 612 A 15(16¢> — 18q + 5)
16 \ 2r + 3qr — ¢2 B 32(bg —2)

g

3
80

11

55, and

The optimal range > — = is reached when r = 1—10 and ¢ =

116 2 ,
o)z (3499 [z =alol}

where
1 8
LT

Lemma 3.2 then implies the existence of u € V' satisfying (3.15).

dz.

dx.

(3.18)

Now, the uniqueness of u is established. If there are u; € V and uy € V satisfying

(3.15), then

a(u; —ug,v) =0 forallveW.

(3.19)

According to Lemma 3.1, C§° is densely embededd in V, there is a sequence v,, € C§°

such that

Vp — U — Uy In V.

28



Since v, € C5° C W, one obtains by (3.19) that,

’YHUnH%/ < a(vn,vn) = alug — ug,vn) + a(ve, — (ug — uz), vy)

< Mo = (ur = wg)lv [|vallw-

Furthermore, for any v € W,

(3.20)

a(vp,v) = a(v, — (ug —us),v) < M||lv, — (ug — uo)||v|jv|lw — 0 asn — oo.

In particular, for any v € C§°,

a(vnv) = /1 (0o ( = B(00)s + (1)) di

= /I (ﬁ(vn)xm — (vn)mmx> vwdr — 0 asn — oo.

Letting
ﬁ(vn)xmz - (Un)x:p:rxx = fn

and choosing v = f,, in (3.21), one has

an’|%1:/lf3wdx—>0 as n — oo.

The identities in (3.22) and (3.23) allow us to show that

lonlliy < Clivallv (lvally + [l fullz)-

Combining (3.20) and(3.24) yields

1 1
Heally < Cllvn = (ur = u) v oall$ (loallv + 1 fall)? -

Letting n — oo, one has v,, — 0 in V' and consequently

lur = wsllv < flonflv + flon = (ur = u2)|ly — 0 asn — oo.

That is, u1 = ug in V.

To obtain (3.24), It is used the fact that if u is smooth and satisfies

6uxzz — Ugggza = f
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with the homogeneous boundary condition, then

lullfy < Cllullv(ullv + 11£1)- (3.25)
2 1 2
Lets prove this fact. Noting that w_/ = ﬂ and integrating by parts, one has
w
2 , W 1 2 1 2
ulliy = [ Uppp—dT = =5 [ UpeUpoaa(l +2)"dr + 5 [ ug, do. (3.26)
I W 2 Jr 2 Jr
Obviously,
1 9 2u?
= dr < 2 dy = ||ull}. 3.27
5 [ edr < [ e =l (3.27)
By Holder’s inequality, the first term is bounded by

1 1 1/2
3 [[toctea+ 07t <l (§ [0 0 - 02as)
I I

Applying the inequality in Lemma 3.3, one finds
1 1 1
8 Jr 2Jr 8 Jr

Since Ugppre = PUzee — f and

%/j(ﬁumz—f)z(l—l—x)ﬁdx < 52/Iu§m(1+x)6da:+/[f2(1+x)6da;
1+2x

< 1652/uim(1+x)2d$~|—16/f2 dz,
7 ;0 1—x
we find
1
§/umumm(1+$)2d$ < 4V2\8l[ullvlullw + 2lulv] flla
I
1
< §|IUI|§V+C||U||%/+QIIU||v||f||H (3.28)

Putting together (3.26), (3.27) and (3.28), (3.25) is concluded.

This uniqueness of u allows us to show that v € W. Since Cg° is dense in H,
Lets assume without loss of generality that f € C§°. Because of the uniqueness, the

corresponding solution v is smooth and satisfies

ﬁuaxa:ac — Uggazza = f

with the homogeneous boundary condition. Therefore, u € W by (3.25). This com-

pletes the proof of Theorem 3.1. |
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3.3 The full initial-and boundary-value problem
This section focuses on the full initial- and boundary-value problem

Up + Uy + ﬁuxa::c — Ugggza = 07 S <_17 1)a t> Oa
w(£1,8) = up(£1,8) = wpa(1,6) = 0, ¢ >0, (3.29)

u(z,0) = up(x), ze€(-1,1).

Its solutions are studied at two regularity levels: mild solutions and strong solutions.
For this purpose, one first examines the operator A defined in Theorem 3.1. One
shows that —A is an infinitesimal generator of a contraction semi-group e~4* by
using Hille-Yoshida theorem. First, lets discuss semigroup theory and state Hille-
Yosida theorem.

3.3.1 Semi-group theory and Hille-Yosida theorem

This section gives a brief introduction of semigroup theory and Hille-Yosida the-
orem [13]. Semigroup theory is useful to solve the above full IBVP for the Kawahara
equation.

Let X be a Banach space with the norm || - ||.

Definition 3.1 A one-parameter family {T(t)}o<i<oo 0f bounded linear operators

from X into X is a semigroup on X if
1. T(0) = I, where I is the identity operator on X.
2. T(t+s)=T(t)T(s) for every t,s >0 (the semigroup property).
3. The mapping from [0,00) into X is continuous.

Remark 3.1 {T'(t)}o<t<oo is a contraction semigroup if, in addition,

[TO <1 (t=0).
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Assume {T'(t) }o<t<oo is a contraction semigroup on X. The domain of the linear

operator A is denoted by D(A) and is defined by

D(A) ={zr e X:lim Tz =

lim exits}.

The linear operator A : D(A) — X is called the infinitesimal generator of the con-
traction semigroup if
T(t)r —
Az = lim #, x € D(A).

t—0

Remark 3.2 The domain D(A) is dense in X and A is a closed operator.
Now, lets define the resolvent set and a resolvent operator.

Definition 3.2 Let A be a closed linear operator on X, with domain D(A). The
resolvent set p(A) of A is the set of all A for which (A — A) is invertible. The

resolvent operator Ry : X — X is defined by
Ryx= (M —A) 'z for x€ D(A), X € p(A).

It is clear, by the Closed Graph Theorem [13], that R, is a bounded linear operator.
Now, one may ask: which operators generate contraction semigroup? The follow-

ing theorem gives the answer to this question.

Theorem 3.2 (Hille-Yosida) Let A be a closed, densely-defined linear operator on

X. Then A is the generator of a contraction semigroup {T(t)}o<i<oo if, and only if
1

(0,00) C p(A) and ||Ry|| < X for A > 0.

The contribution of this section to the operator defined in the last section can be
summerized in the following theorem. This result is required to write the full IBVP

in the integral form.

Theorem 3.3 Let H, A and D(A) be defined as in the previous section. Then —A

is an infinitesimal generator of a contraction semigroup e~ At
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Proof. We apply the Hille-Yosida Theorem (see [34]). It suffices to show that A is
closed, D(A) is dense in H and |[(AM + A)~ f|lg < 5| f|lg for any XA > 0. A is closed
can be established by showing that A™! is one-to-one. D(A) is dense in H since

Cs° C D(A). For f € H,let u=(A+ A)~'f. Then (\+ A)u = f and

(fw)m = (A + Aw,u)g = Nully + (Au, u)p.
Since (Au,u)y = a(u,u) > 0, we obtain that |lul|g < $[/f||z. This concludes the
proof. |

3.3.2 Mild solutions

Before giving the definition of mild solutions, lets define the bilinear form on
V xV as
B(u,v) = (uwv),, (u,v) eV xV.

Let T' > 0.

Definition 3.3 A mild solution of the IBVP (3.29) is a function v € C([0,T]; H) N

L?(0,T;V) satisfying

Z—? + Au = —B(u,u) inV’ (3.30)
u(0) = uo. (3.31)

Since — A is the generator of the semigroup e=4* | (3.30) and (3.31) can be written

in the integral form

3.3.3 Bilinear estimates

In the proof of theorem given in the next subsection, the following bilinear esti-

mate will be used.
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Lemma 3.4 For any (u,v) € V xV,

1/2

1/2
1B, 0)llv: < Cllullallollz*[[v]l/

o]l

where C' 1s a constant independent of u and v.

Proof. Let 1 € V. one obtains by integrating by parts
(B(u,v),Y)y = /(uv)xww dr = — /uvwxw dx — /umﬁu)/ dx. (3.32)
I I I
By the first inequality in Lemma 3.1,

wl/2

/u(x)v(x)ibx(z)w(x)da: = /u(z)wl/Zwm(x)w’(x)v(x)T dx

I T
wl/2 '

< el (1 —2) 7 1 sup
S

Wwl/2
v(@)—

o)

< Cllullal¥|lv sup
zel

To complete the estimate, one writes

= W@+ -2

wl/2

CL)/

v(x)

T

- / jv(y)vy@m PPy~ / )1 =g+ 40) d

It is clear that these integrals are bounded by C(||v||x||v|lv + ||v[|%). Therefore,

/ u(@)v(@)y, (v)w(z)de < Cllullllelvivl vl

I

The second term in (3.32) can be bounded similarly. In fact,

/Iuvww’ dr < Cllullal[v]la sup [P()w’ ()™ (2)].

To show that sup |[¢(z)w’(2)w ™ (z)| < C, note that
zel

J(@)w ) =21 —2) (1 +a)!

and show that

Y (x)
(1—a)t

V2 ()
(1+a)

e WH(I) and e Wh(I).
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Then the embedding W(I) € L*(I) leads to the conclusion. By the first inequality

V() V2(z) 32,
/1 (1-— x)4d:17 < 4/1 (1— a:)de < 225||?/)||v-

0, ((W(:c) ) _ 2¢(x)a(z) N 42 ()

in Lemma 3.1,

In addition,

1—x)t (1—x)* (1 —x)°
and
2 (), (2 _ _
[REED 41 < o — ) aallnlt - 2) e < CIR.
1 (I—x)
4 (x) —312 2
< — 2 < .
[ G < Cltt =) < ol
V2 (x) , . 2 (x) , -
Therefore, Aoy € WH(I) and similarly L € W(I). This concludes the
proof of Lemma 3.4. |

3.3.4 Existence and uniqueness of mild solution

In this subsection, it will be shown that IBVP (3.29) has a unique local (in time)

mild solution for any initial data ug € H [25].

Theorem 3.4 Let 3 > —2 and let ug € H. Then there exists T = T(|uo||n)
such that the initial- and boundary-value problem (3.29) has a unique mild solution

u satisfying
u € C([0,T); H)n L*(0,T; V).

In addition, u obeys the bound
t t
lu(®) 17 +7/0 Ju(P)|dr < Jluoll% +/0 () ()l dr, (3.33)

where 7 is as defined in (3.18).

Proof. To prove this theorem, one applies the contraction mapping principle to the

integral equation

u(t) = e Mg — /Ot e A B(u, u)(s) ds. (3.34)



To this end, let X = C([0,T]; H) N L?(0,T; V) and define, for u € X,
lullx = sup [lu@®)|[n + [[ullz20,7,v)-
te[0,7)

Let R = ||uo|lg and Baog = {u € X, ||ul]lx < 2R}.One shows that the right side of

(3.34), denoted by G(u), defines a contraction mapping from Bsg to Bag.
Let u € Bog. G(u) satisfies
d
EG(U) + AG(u) = —B(u,u)
and one obtains after taking the inner product of this equation with G(u) in H,
d 2
G5 +2a(G (), G(w)) = ~2(B(u, u), G(u)) .
According to the proof of Theorem 3.1 and the bilinear estimate in Lemma 3.4,
2a(G(u), G(u)) = 2[|G ()]},
2|(B(u,u), G(u)u| < 2/|B(u, w)llv [|Gu)lly < VNG + Cllullzlullv-
Therefore,
t t
IG (w7 + 7/0 Ju(T) |12 dr < [Juoll? + C/O (D) Iz u(r)lv dr.
If we choose T' > 0 such that R? + 16Cv/TR* < 2min(1,v)R?, then
|G(u)|lx < 2R.
To show ( is a contraction, first note that
t
G(u) — G(v) = — / e A=) (B(u — v,u) + B(v,u — v))ds.
0
A similar process as in the estimate of |G(u)||y yields
t
IG(u) = G(v)l[5 + 7/0 IG(u) — G(v)l[i-ds
t
< /0 (lu = vliEllullallully + [0l Ellw = vllallu = vllv)ds

< OVT|u — o5 (lulli + o]1%)-
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If T is further restricted to 4Cv/TR? < min(1,), then

|G (u) = G0)|lx < vlu—uvlx,
where 1> = (4CV/TR?)/min(1,~) < 1. Applying the contraction mapping principle
completes the proof of this theorem. |
3.3.5 Strong solution

Now, the solutions of the IBVP (3.29) are studied in a stronger sense and establish

the global existence and uniqueness of such solutions. To this end, define
Hi(I)={ue H(), u, € HI)} and Vi(I)={ueV(), u, € V(I)}.

Lets prove the following estimates that will be used to show the global regularity

of solutions of the full IBVP.

Lemma 3.5 The constants C in the bounds are absolute constants.

/ wuwdr
I

2) For anyu € H andv €V,

1) Foranyu eV,
< Cllull gz l[ullzllellv- (3.35)

< Cllullallvlfy- (3.36)

/(uvx)wi dx
I

Proof. Integrating by parts and applying Holder’s inequality, one has

/u2u$wda: < Nlullg= [l g sup o (3.37)
I

zel

To bound sup |u,w'/?|, apply (3.5) in Lemma 3.1 to obtain
zel

v 1+ T2l
2 _ x
ug(r)w(x) = 2/1uxum—1 — dx + /1 =) dx

< 16[lus (1 — @) 2 uae (1 — 2) M2z + 8llua(l — 2) 72| 2

< Cllully-
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Inserting this bound in (3.37) yields (3.35). The bound in (3.36) can be established

similarly. In fact,

/(u%)ww der = —/uviw da:—/uvvxw’ dx
I I I

< Cllullzllvllv sup Jvs| + ClullzJolly sup [ow™"/?]. (3.38)

zel zel

The bound for sup |vw™'/?| can be obtained as in Lemma 3.4,
zel

sup [vw 2 < C|v|lv.
zel

Also, the bound for sup |v,| can be estimated as follows.

zel
vfc T :2/96 VgUpy AT < 16/x [va] [Vaz| dx
W=z L A-aP-a)
< 16]va(l = 2) 7|z flvse (1 — 2) 722
16
< gHUH%/-
Inserting these bounds in (3.38) leads to (3.36). [ ]

Theorem 3.5 Assume > —2 and ug € Hy(I) N L*(I). Let T > 0 be arbitrarily

fized. Then the IBVP (3.29) has a unique solution u satisfying
uw € C([0,T]; H N L*) N L*0,T; V).
Furthermore, if the L?-norm of ug is small in the sense that
ol z2(ry < Cy (3.39)

for some suitable constant C, then ||u(t)||g and ||u(t)||g decay exponentially in time

[25].
Proof. Since ug € H, Theorem 3.4 asserts the existence of a local solution u satisfying

u € C([0,T); H) N L*(0,T;V). (3.40)
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Thanks to ug € L*(I), u obeys the global a priori bound
||U(t)||L2([) < HUOHLQ for all t > 0. (34].)

This can be established by first noticing that smooth solutions of (3.30) satisfy

t
a1 + [ 20, 7)dr = ol
0

and then going through a limiting process. We now apply (3.41) to show that, for
t<T,

lu(®) |l < C(T)|luoll, (3.42)

where C'(T') is a constant depending only on 7'. Taking the inner product of (3.30)
with v in H and applying Lemma 3.5, one obtains

d, o 2

gplluller + 27llully < Cllullzzllullallully. (3.43)
Inserting the inequality

L o =
Clluflallullalully < Allully + 767 ullza el

in (3.43) and applying Gronwall’s inequality, one obtains (3.42). If [Jug||? satisfies
(3.39), (3.41) and (3.42) imply

d
—lullzr + 2y = Clluoll2) [[ully < 0,

where ||u|lg < ||lullv has been used. Consequently, ||u(t)|z decays exponentially in
time.

Lets further show that, for some constant C' depending only on T,
[ua(t)]|m < C(T) oz |- (3.44)

To prove (3.44), start with the equation

d
d_/lt} + Av = —(uwv),
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that v = u, satisfies. Taking then the inner product with v in H and applying Lemma
3.5, one obtains

%HUH%{ + 290l < Cllullm vl
The desired inequality then follows from Gronwall’s inequality. This concludes the

proof of Theorem 3.5. |

3.4 More general problem

Finally I want to remark that Theorem 3.4 and Theorem 3.5 can be easily ex-
tended to a slightly more general problem than (3.29). In fact, the following corollaries

can be established by modifying the proofs of Theorem 3.4 and Theorem 3.5.

Corollary 3.1 Let L >0 and J = (=L, L). Let 55 > 0 and consider

Uy + Uty + 51u$xw - ﬁ2uzzaxw$ = 07 S Ju t> Oa
w(EL,t) = uy(£L,t) = ug (L, t) =0, t>0, (3.45)

u(x,0) = up(x), x€J.

Assume ug € H(J) and
3
ﬁm>—%@. (3.46)

Then there exists T = T(||uo||m(s)) such that the IBVP (3.45) has a unique mild

solution u satisfying
u € C([0,T) H(J)) N L*(0,T; V(J)).
In addition, u obeys the bound

t t
IIU(L‘)H?{Jru/O lu(r)[IVdr < |IuO||?{+/0 () llu()llv dr,

where p = %ﬁg + %LQ min(0, ;).
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Corollary 3.2 Consider the IBVP (3.45). Assume [y and (B2 satisfying (3.46) and
ug € Hi(J) N L*J). Let T > 0 be arbitrarily fivzed. Then the IBVP (3.45) has a

unique solution u satisfying
u e C([0,T]; Hi(J) N L*(J)) N L*(0,T; Vi (J)).
Furthermore, if the L?-norm of ug is small in the sense that
[uoll L2y < C

for some suitable constant C, then ||u(t)|| g and ||u.(t)|| g decay exponentially in time.

3.5 Numerical results

This section studies numerically the behavior of solutions of (3.45) with L = 1 and
for B and (3, in different ranges. The numerical scheme is the dual Petrov-Galerkin
algorithm that has previously been developed in [40] and [48]. The results presented
here clearly indicate that solutions of (3.45) with £, and [, violating (3.46) may not

exist for all time.

First, lets compute the solution of the Kawahara equation

1 1
U + uuy + 72 e = g1 Yesees = 0, ze€(-1,1), ¢t €0,100] (3.47)

with zero boundary data and with the initial datum

w(x,0) = Ueyz(2,0), (3.48)
where
105 M 36t
= -— h4 - '4
Uez (T, 1) 160 ¢ [2\/1_3 (.7: _169)] (3.49)

is an exact soliton solution of (3.47) before it hits the right boundary.
In the table 3.1 below, listed are the L?—errors at different times with two different

time steps with M = 200 and number of modes, N = 1000 in the dual-Petrov-Galerkin
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Time | L?— error with At = 1.0E — 4 | L?—error with At = 2.0E — 4 | Rate
0.5 3.44E-7 1.374E-6 3.99
1.0 5.926E-7 2.358E-6 3.98
2.0 1.104E-6 4.389E-6 3.98
4.0 2.147E-6 8.494E-6 3.96

Table 3.1: L?-errors for solitary wave solutions in the Kawahara equation

scheme. Table 3.1 clearly indicates that the Crank-Nicholson-leap-frog scheme is of
second-order in time.

In Fig. 3.1, the computed and exact solutions for the above mentioned Kawahara
equation are plotted. The computed and exact solutions are virtually indistinguish-
able.

In (3.47), f1 = 1/M? and 3, = 1/M* and they trivially satisfy the condition
(3.46). Corollary 3.2 assesses that the IBVP given by (3.47) and (3.48) has a global
solution. Fig 3.2 shows the plots of the standard norms ||u(-,t)||z2 and the weighted
norms ||u(-,t)||z2 as functions of ¢ by taking M = 200, N = 1000, and time step
At = 0.001.

t=0 t=4

Figure 3.1: solitary wave solutions in the Kawahara equation.

The solution of (3.47) and (3.48) is the solitary wave given by (3.49) and its
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standard L?-norm remains a constant before it hits the right boundary. Its L*-
norm starts decaying after it reaches the boundary. The weighted L2-norm decays

exponentially after the time when the wave hits the right boundary.

012 T T T T T T T T T 0.45

01r

0081

0061

0.041

L L L L L L L L L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100

Figure 3.2: Left: [ju(-,t)|| 2 vs. t, Right: [[u(-,2)||z2 vs. t

Second, we examine the solution of the Kawahara equation

ut—i_uuz—i_ﬁluxzz_ﬂquzxxx:07 YIS (_171)7 te [07 10]7 (3 50)

u(z,0) = Uez(x,0)

where 3; = —0.01 and 3, = 1/M*, and the boundary conditions are set to be homo-

geneous. It is clear that 5 and (3, violate (3.46) when
1/4
M > (%) ~ 1.3916,

and the existence and uniqueness theory presented in the previous section does not
cover this case. To see how the solution behaves, lets choose M = 200 and plot both
the L*-norm ||u(-,t)|| 12 and the weighted L*-norm ||u(-,t)||z2. The graphs in Fig. 3.3
clearly show that both norms quickly grow in time after an initial decay. This is an
indication that the IBVP (3.45) may not be globally well-posed when the condition

(3.46) is not met.
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Figure 3.3: Left: ||u(-,t)|[z2 vs. t, Right: [Ju(-,t)||r2 vs. ¢
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CHAPTER 4

Complex-valued Burgers and KdV-Burgers equations

4.1 Overview

The model problem for this chapter is the IVP of the complex-valued KdV-

Burgers equations
U — BUU; + QUgry — VUgy = 0,
(4.1)
U(IE, 0) = Uo(flf),
where v > 0 and a > 0 are parameters and u = u(z,t) is a complex-valued function.
Attention will be focused on the spatially periodic solutions, namely x € T = [0, 27].

This equation reduces to the complex Burgers and complex KdV equations under

the following situation.

1. If « = 0 in (4.1), the equation reduces to the IVP of the complex Burgers

equation
Uy — 66Uty — Vg, =0, 2 €T, t >0
(4.2)
u(z,0) = ug(x),z € T.
2. If v = 0, the equation (4.1) becomes the complex KdV equation
Uy — 6uly + Qg =0, x € T, >0
(4.3)

u(z,0) = ug(x),z € T.

The next section of this chapter is devoted to the blowup for the complex Burgers
equation and the other two sections describe the regularity issue of complex KdV-

Burgers equation under certain conditions, and the Lax pairs, respectively.
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4.2 Blow up for the complex Burgers equation

This section presents three major results. The first one is a local existence and
uniqueness result on solutions of the form

u(z,t) =) a(t) e (4.4)

k=1

to the complex-valued KdV-Burgers type equation
up — 6uty + V(—A) U+ @ Uy, = 0, (4.5)

which reduces to the complex Burgers equation when v = 1 and o« = 0. The fractal

Laplacian (—A)7 is defined through Fourier transform,

—

(=A)u(8) = €[ ae).

The second result asserts that if the L2-norm of a solution of (4.5) is bounded on [0, 77,
then all higher derivatives are bounded and no singularity is possible on [0,7]. The
third result is a blowup result for the complex Burgers equation (4.2) in a periodic
domain T= [0, 27]. It states that for any sufficiently large T' > 0, there exists an initial
data ug such that its corresponding solution u blows up at ¢ = 7. This solution can
be represented by (4.4) and the blowup is in the L? sense. But before the analytical

treatment, lets discuss some computation results for the blow up.

4.2.1 Numerical solutions

In this subsection, we present some results from our numerical experiments per-
formed on the complex Burgers equation. We employed the dual-Petrov-Galerkin

algorithm developed by Jie Shen to find the solutions of the equation
(M ﬁuuaﬁ — VUgy = 07
where 3 = 2. The initial data are of the form

up(x) = ay exp (2mix) + ag exp (4wiz) + az exp (6mix)
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having three modes ai, as, and as. Appropriate modifications have been made in

the algorithm to suit the complex equation. Fixing the values of the modes at a; =

2,a9 = 4, and a3 = 6 and taking v = 0.3, the solutions are computed for different

time steps. The following graphs show the solution w(z,t) vs. z in different times.

The solid curve represents the real part of u and the dotted curve represents the
imaginary part of w.

t=0.001
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t=0.0015
20
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Figure 4.1: Left: u(x,t) vs. = ; Right: u(x,t) vs. z
t=0.002
30 - fort.22°
fort.29’

25 i
20 Lt

+

u(x,)

-15

Figure 4.2: u(z,t) vs. x

In figure 4.1, and 4.2 we plot the real and imaginary parts of u at times t =
0.001,0.0015, and 0.002 by taking the mesh number n = 256, and time step At =
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The plots clearly show that both real and imaginary parts of the solution

1076,
u(z,t) quickly lose their shapes and their peaks become unbounded. Both spatial

and temporal scales are refined again to n = 512, and At = 10~7 and solutions at

different times ¢ = 0.001, 0.002, and 0.0025 are plotted (Figures 4.3 and 4.4). Similar

results are observed and one may suspect a possible singularity in w. These results

motivated me to study the blow up solutions of complex Burgers equation rigorously.
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t=0.0025

I
02

I I
04 0.6
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Figure 4.4: u(z,t) vs. x
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4.2.2 Local well-posedness

For any s € R, the homogeneous Sobolev space H *(T) and the inhomogeneous

Sobolev space H*(T) are defined in the standard fashion. In particular, a function of

the form
u(z,t) = Z ay, e
k=1
is in H*(T) if
[ull sy = Zk2s |ak|?* < oo,
k=1
and in H*(T) if
lullzzamy = > (1 + k)" |ag|* < o0.
k=1

Clearly, L*(T) can be identified with H°(T).

This subsection establishes the following major result.

Theorem 4.1 Consider (4.5) with v > 5. Let s > 5. Assume uo € H*(T) has the

form

x) = Z agy €. (4.6)
k=1

Then there exists T = T (||ug||gs) such that (4.5) with the initial data ug has a unique

solution uw € C([0,T); H?) N L2([0,T); H*YY) that assumes the form

= Z ap(t) et
k=1

Proof. The existence of such a solution follows from the Galerkin approximation. Let

N > 1 and denote by Py the projection on the subspace {e™®, %@ ... eN*} Let

=Y e

N
k=1

where alY (t) satisfies

d
o ap (t) =3ik Y ap (t)ap (t) +ia k® af (t) — vk™ o) (1),

k1+ko=k
ary (0) = ady, = agg- (4.7)
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Here1 < ky < N and 1 < ky < N. From the theory of ordinary differential equations,
one knows that (4.7) has a unique local solution ajy (¢) on [0,T]. Lets derive some a

priori bounds for u” (x,t). Clearly, u¥(z,t) solves

o = 6Py (uNul) +auld  — (=AW, uM(z,0) = Py ug.

Txrxr

Lets now show that

772
dtlluN| s VI[N e < C(v,8)|lu (4.8)
It follows from the equation
d y 2y N 13
e (t) + vk¥ay (t) —iak” a = 3ik Z ap. (t) ap,(t

k1+ko=k

that, after omitting the upper index N for notational convenience,

N
%Zk%mk( = —21/2]{2 T | ag (¢ —6Zk25+11 <ak Z ag, akZ) )
k=1

k=1 ki1+ko=k

where 7 denotes the imaginary part. To bound the nonlinear term on the right,
denoted by J, first, notice that the summation over k; + ko = k is less than twice the

summation over k; + ko = k with k; < ko and 2ky > k. Thus,

N
7€ 6 R ol Y ol
k=1

k1+ka=k
N
< 123 ETHal YD (2) Haw o)
k=1 k/2<ky<k

Applying Holder’s inequality and Young’s inequality for series,

2 N

S YT @ke) ™ an] lar,|

k=1 \k/2<ks<k

N
J < 12 [Zk25+l|ak|2

k=1

N I[N I N
< 12 [Z k28+1’ak|2] [Z k§s+1‘ak2‘2] Z |ak1‘-

k=1 ko=1 k1=1
N
< 122 23+1’a ‘2 [Z |k1]23|ak1]] [Z k 25]
=1 k;l 1 kl 1
< OO, lu (4.9)
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Thus, one obtains

d
—[[u”]

dt

ire 20|l e, < Cls)[u™I Ly ™|

. (4.10)

By Holder’s inequality

1

3 Nty
™ ™

N | ﬁ[s+’y

[ p < [l
2

fetd

one has

1 3-1 6y-2
T < O™ |y 10 ™ < w0y + Co,s) a7 (4.11)

[?[S+W

(4.10) and (4.11) yield (4.8). With these bounds at our disposal, the existence of a

solution u of the form (4.4) is then obtained as a limit of u" as N — oo.

Lets now turn to the uniqueness. Assume (4.5) has two solutions w; and wug
satisfying
ur, us € C([0,7); H) N L*([0,T); H*).

Then their difference w = u; — uq satisfies
wy + V(—A) W + Wy = 6WU, + Bugw,.
Applying the same procedure as in the derivation of (4.10), one finds that, for s > %,

fross < C(s) 0]

Hs+’y — ?‘1‘5<

d
el +2v]wl Jun| g+ Nzl 71)-

The fact that uy,uy € L*([0,T); ]flsﬂ) with s+7 > 1 and an application of Gronwall’s
inequality yields the uniqueness. This completes the proof of Theorem 4.1. |
4.2.3 Boundedness of H*-norm

In the case when v > 1, one can actually show that no finite-time singularity
is possible if we know that the L?-norm is bounded a priori. In fact, the following

theorem states that the L?-norm controls all higher-order derivatives.
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Theorem 4.2 Let T > 0 and let u be a weak solution of (4.5) with v > 1 on the time

interval [0,T)]. If we know a priori that uw € L>([0,T]; L*) N L([0, T]; H"), namely

T
My = sup |ju(-,t)|72 + l// A u(-,t)||32 dt < oo, (4.12)
+e[0,7] 0

then, for any integer k > 0,

T
M= sup [0l + [ A u s de < oo
te[0,7 0

Proof. Lets start with the case k = 1. It is easy to verify that

d

where
L o= 2/ s 2R (1) d,
I, = 2/R(uﬂm Ugy) AT
Here R denotes the real part. By the Gagliardo-Nirenberg type equalities,

L] < 2luallZeusllz

< Cllull lualiZe 1A ]| 2,

|15

IN

Cllullzoe lfuall 22 [0 | 22

1 3
Cllull g lluallZ2 el 2

IN

14 3 _
COllull 7™ luall 22 1Al 2™

IN

where

2y —1 d v—1
= an = 0.
2y + 2 R

T

By Young’s inequality,

VAL, 12 -2 o o
1Ll = SlIA ulze + Cvo i a2 fluall 2™

v 1+v,,112 —:,i 1112’722 1+3’Yz
1l < SIATullze + Cvo o flul] 17 fluall 2™
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Inserting these inequalities in (4.13) and integrating with respect to ¢ yields

T
sup () 4w [ ATl d
te[0,7] 0

" T 4 14279 T _3
<COMT [l F7 de+ €N [l 7
0 0
where M is specified in (4.12). By (4.12) and the Gagliardo-Nirenberg type inequality
1—1 1
[tallr2 < Cllull " [[A ]|,

one obtains

T
/O w33 dt < CMy.

Therefore,

T
sup () 4w [ ATl d
0

t€[0,T]
4v2434-1 —87v246v+8
<C)My " sup fug(- 1)l 7
te[0,T
472 43v—1 —47243v+3
+CW)My 7 sup ug( )l 7 (4.14)
te[0,7)

When v > %, 44?% +~ — 3 > 0 and consequently

—82 AR2
7—|—67+8<2 and 4~ +37+3<
4y +1 2y

2.

(4.14) then implies that

T
sup [[us (0|2 + v / JA™ 2. de < M,,
t€[0,T] 0

where M, is a constant depending on 7, v and M, alone. L?-bounds for higher-order

derivatives can be obtained through iteration. This completes the proof of Theorem

4.2. |

4.2.4 Finite-time blow up

The following theorem details the finite-time blowup solution for the complex

Burgers equation.
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Theorem 4.3 For every sufficiently large T' > 0, there exists an initial data ug of
the form

uo(z) = ae™ (4.15)

such that the corresponding solution u of (4.2) blows up at t = T in the L*-norm,

namely

|u(-, T)||L2(my = oo. (4.16)

For ug given by (4.15), the local existence and uniqueness result of the subsection

4.2.2 asserts that the corresponding solution u can be written as

t)=> ap(t) e
k=1
before it blows up. The idea is to choose large a such that

lu(- T)7> = Z |ax(T)|" = o0

Lets attempt to find an explicit representation for ax(t). It is easy to verify the

following iterative formula

t
ar(t) = ae ™, ap(t) = 3ik e_”kzt/ ek T Z ag, (7) a, (T)d7, b =2,3,--- .
0

k1 +ha=k
(4.17)

To see the pattern in ax(t), lets calculate the first few of them explicitly:
a(t) = ae™, (4.18)
ax(t) = —ia®v™' [=3e7 " +3e "], (4.19)
as(t) = —a*v? |:9€3Vt — 2?765% + geg”t] , (4.20)

27 9
as(t) = da*v3 {—27e—4”t+54e—6”— e e 8t — 18710 1 56_16Vt . (4.21)

405 405 135 135
76—71/1? + Te—Qut + Te—llut _ Te—l?wt

135 27
_?6—171/15 + §6—25Vt:| ’

as(t) = a’v? |:81€_5Vt -
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2187 729
CLG(t) — —ia6 1/75 _2436761/25 4 7296781/15 o Tefloz/t - 767121/25
81 243 243 81
24 —14vt —- 18wt &Y 20wt 27V —26uvt - —36uvt
+243e + 5 € g ° 50 + 10°

The following lemma summarizes the pattern exhibited by ay(t)’s.
Lemma 4.1 For anyt > 0,
ay(t) = aby(t), ax(t) =ia®by(t), as(t) = —a®bs(t), au(t) = —ia*by(t) (4.22)
and more generally, for k =4n+ 7 withn=0,1,2,--- and j = 1,2, 3,4,
(1) = aany;(t) = @71 by (8), (4.23)
where byt ;(t) > 0 for any t > 0.

Remark 4.1 A special consequence of this lemma is that all terms in the summation
in (4.17) have the same sign and thus

t
lay(t)| = 3ke”* / TN an (7)] |ary ()] dr (4.24)
0

k1+ko=k
Proof of Lemma 4.1. The identity (4.23) can be shown through induction. For n = 0,

(4.23) is just (4.22). By (4.17), a1(t) = ae ™" and
t
0 (t) = 6i a2e= ! / T R2(7) dr = ia?bo(t),
0

where by(t) = 6! fot e 2 (1)dr > 0. Similarly, a3(t) = —a®bs3(t) and a4(t) =
—ia® by(t) for some b3(t) > 0 and by(t) > 0.
Lets now consider the general case. Without loss of generality, lets prove (4.23)

with & = 4n + 1. Assume (4.23) is true for all k < 4n + 1. By (4.17),

t
a(t) = ik e / T ST g (1) awy(7) dr.
0

k1+ko=k

Noticing that ak, (7) ax,(7) with &y + ks = 4n + 1 assumes two forms
Q4n, (7-) CL4n2+1(7') and a4n1+2(7—) CL4n2,1(7')
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where n; > 0, no > 0 and ny + ny = n, one concludes by the inductive assump-
tions that ay, (7) ay,(7) must be of the form —i a*by 1,(7) for some positive function
b1k, (7) > 0. Therefore,
ar(t) = @y (t) = a" b(t)
with
bi(t) = 3k e F't / Z i1k, (7)dT > 0 for any t > 0.

k1+ko=
This completes the proof of Lemma 4.1.

Proof of Theorem 4.3. Without loss of generality, set v = 1. Assume

1. 3k—3
T>T,= Zk2 Sy (4.25)

and choose a such that

One proves by induction that
lap(T)| > A% for k=1,2,3,-- (4.26)
which, in particular, yields (4.16). Obviously,
la1(T)| =aet =A>1.

To prove (4.26) for k > 2, recall (4.24), namely

a ()] = 3ke / > a7l owr)l .

k1+ko=

Therefore, for t >ty = 71 In 3,
t 3
a()] =6 [ i) dr = S - ) 2 2
0
For k=3,ift >t3=t,+ +In 2,
t
las(t)] = 99 / 2y (7)| |as(7)] dr
0
t
> 9€9t/ "7 2|ay (1) ay(7)| dr

to

> 2A% (1 — e %7t)) > 43,
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More generally, for any ¢t > t, = tp_1 + k_12 In %:37

ja(t)] = 3ke ™ /0 7 (lar (7)] [ag-1(7)] + laz(7)| |ax—(7)|
+oo ot ana(7) a2 (7)| + lak—1 (7)] |ar(7)]) d7

> ghe / 57 (Jar (7)] agor (7)] + |as(7)] |ap—o(7)]

tr—1
+ e A a2 (T)|ax(7)| + lar—1(7)] as (7)]) d7
Sk(k— 1 e
> (k2 )(1 —e k:2(t tk:—l))Ak 2 Ak

If T'> Tp as defined in (4.25), then t, < T for any integer k& > 1, and thus
lax(T)| > A*.

This completes the proof of Theorem 4.3.

Lets state and prove a few specific properties for a(t).

Proposition 4.1 Assume ug is given by (4.6). For each k > 1, ax(t) is of the form

k‘2
ag(t) = Z pme” ™, (4.27)
m=k

where the complex-valued coefficients oy, satisfy

kQ
Z g =0 fork > 2, (4.28)
m=k
g = > fork <m < k2  (4.29)
km — k2 —m ALy my Oko,mo or K =M . .

k1+ko=k mi+mao=m

The indices ky, ka, my and ms in the summation above obey
1<k <k—1,1<k<k—1,k<m <k ad k <mo<k.

Proof. The case in (4.28) is a consequence of the fact that ax(0) = 0 for k£ > 2. (4.27)
follows from a simple induction. Obviously, a;(t) = ae™'. Fix k and assume (4.27)

is valid for all integers up to k. Then, for ky > 1,ky > 1, k1 +ky = k+ 1,k <my < k?
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and ]{72 S mo S k?g,

t
ak+1<t) - Sl(k - 1) Z Z akl,m1ak2,m26_y(k+1)2t/ ey((k+1)2_(m1+m2))7—d7

k1+ko=k+1mi,mz2 0

_ :E: ZE: 31%7*'1 ) Oty kg (efuhnanﬂt__efyM+iyt>'
(m1 -+ mg))

k1+ko=k+1 mi,ma

Since my +mg < ki + k3 < (k1 + ko)* = (k + 1)?, this proves (4.27) with (4.29). H
Proposition 4.2 Assume that ug is given by (4.6).

1) Let k > 1 be an integer. Then
Qg = (%)kl a*  and Qo = —ﬁ [T (4.30)
2) Let k > 1 be an integer. Then, forn =1,3,5,---,
Ok k4n = 0;
3) Let k > 1 be an integer and let k* > m > U(k) = k? — 2k + 2. Then

Qpm = 0. (4.31)

Proof. Letting m; = ky and mgy = ks in (4.29), we find

3ik
O | = E Ay kg Oy K E Oék k1 Ok—ky k—k
1,F1 2 2V(k2 _ k) 1,RF1 1 1°
k1+ko=k k‘1+k‘2

A simple induction allows us to obtain the expression for ajy. To show ajpie =

—% qyk, we set m =k + 2 in (4.29) to obtain

3ik
QAppt2 = —F5 Q11 Qg1 k1 T Q22 Qo) + Qo4 Q29
- y(k2—k—2)( S
+ o Qg2 g F Qoo Qo+ 01 Q1 fet1)- (4.32)

Inserting the inductive assumptions such as

k—1 k—2
O f— Ao = —
5 E—1,k—1; k—2,k 7

Ap—1k+1 = — A2 k-2, Q24 = —Q22
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in (4.32), one obtains
k—1

g Qe by Ok—ky k—k T Q1,1 Q1 k—1
k1=1

. B 3ik k
MR U2 —k—2) | 2

koK =k 3ik
T 2R —k—2u(k2— k) kzzl ke oy Xkt

31k
m@m Op—1 k-1

ko k?—k k -2 k
TORE R T g gtk T Ty ke

_|_

To show oy, 41 = 0, we set m = k + 1 to obtain

A 3ik :
kk+1 — V(k2 _ (]{7 + 1))

Q11 Q1+ Qoo Qo1+ -+ Q15 011),

which equals zero after inserting the inductive assumptions.

To prove (4.31), it suffices to notice in (4.29) that the second summation is over
my+my = m with k; <my; < k? and ky < my < k2. Thus, m = my+mo < kI +k3 =
(k1 + ko)? — 2k1ky < k? — 2(k — 1) and oy, with U(k) < m < k? is equal to zero.

This completes the proof of Proposition 4.2. |

4.3 Complex KdV-Burgers equation

Lets consider the initial-value problem for the complex KdV-Burgers equation

Uy — 6UUy + QUgpy — Vg, =0, €T, >0,
(4.33)

u(z,0) = ug(x), z€T,
and study the global regularity of its series-type solutions of the two forms given in

the following two subsections.

4.3.1 Special series-type solutions

Lets consider the solutions of the equation (4.33) of the type

u(z,t) = Zak(t)eikx. (4.34)
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Suppose that the initial data ug is of the form

o0

up(z) = Z agy, €** (4.35)

k=1

and is in H° with s > % According to Theorem 4.1, (4.33) has a unique local solution
u € C([0,T); H®) of the form (4.34) for some T" > 0. To study the global regularity of

(4.34), lets explore the structure of ax(t) and obtain the following two propositions.

Proposition 4.3 If (4.34) solves (4.33), then ax(t) can be written as

ag(t) = Z g, g e PO (4.36)

k<h<k?,k<I<k?

where ay p,1 consists of a finite number of terms of the form
Cla, v,k hyl, gy, -+ j) ad alsy - - &g’; (4.37)
with j1, 72 ,+ -+, Jr non-negative integers satisfying
Ji+ 252+ +kje = k. (4.38)

Proof. If (4.34) solves (4.33) , then ay(t) solves the ordinary differential equation

d . .
%ak(t) + (vE* — aik®)ag(t) — 3ik Z ag, (t) ag,(t) = 0.
k1+ko=k
The equivalent integral form is given by
t
ax(t) = e~ (Vh*—aik?)t aor + 3ik/ Wk —aik®)T Z ag, (7) ag, (1) dr | . (4.39)
0 k1+ko=Fk

It is easy to show through an inductive process that aj is of the form (4.36). In
addition, for k < h < k* and k <1 < k?, the term in (4.37) with fixed jy, jo, -, J
satisfying

it 2+ kjk=Fk

can be expressed as

Cla, v,k byl g, -+ k) ady afly -+ ab
= 3k C ki, hyl
_V(kg_h)_za<k3_l) Z Z (Oé,V, 1,741, lymla"'vmkl)
mi1+n1=j1 me+ng=jk
x Clo, v, ko, hay by, nyy - ngy) agy ™™ afy ™™ - agik (4.40)
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where the indices satisfy

1<k <k, 1<k<k k+tk=Ek,

ki <hy <ki, ka<hy<ki hi+hy=h,

by <UL <K, k<L<kE, L+bLb=I,

my+n1 =g, Mma+ng=Jz, -, Mg+ Nk =k
(m, =0 forr >k and n,=0 forr > ky)

m1+2m2+"'+k1mk1:k17 n1+2n2+"'+k2nk2:k2.
When h = k? and | = k?,

L. . 1 for (jlhj??'”7jk>:(0707"'71>7
C(Oé, V7k7k27k37]17]27"' ajk’) = (441)

—C(Oé, v, k? h7 lvj17j27 e 7]]{2) otherwise,

for some h < k? and [ < k3. To illustrate these formulas, lets list a;, for k = 1,2, 3,

a (t) = ag; e—(y—ia)t7
6, | 6i |
1) = —(2v—2ai)t . 2 —(4v—8ia)t
a2(t) = 5 Gt € T T S e M| € ’
1) = v+3ai)t
(") = B " Gai)(6r = 2407)°
18ia01a02 _ 108@%1 e(—5u+9ia)t
dv — 18ci  (2v — 6cvi)(4v — 18«vi)

4 ags — 18@@01@02 108@31 _ 108@%1
B4y —18ci | (2v — 6ai)(4v — 18ai)  (2v — 6aid) (6v — 24ai)
% 6(791/+27ai)t.

Proposition 4.4 Let k > 1 be an integer. Let U(k) = k* — 2k + 2 and V (k) =

k* — 3k* 4+ 3k. The coefficients ayp; in (4.36) have the following properties

(1) Fork <h<k? and k <1< k3,

3ik
Ut = TR i Z D ki Qnen  (442)

k1+ko=k h1+ho=h 11+12=I
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(2) For h=k* and |l = k3,

a2 s = ax(0) — Z Z A, bl (4.43)

k<h<k? k<Il<k3

(3) For U(k) <h<k? orV(k) <l<Kk?,

Ak hl = 0. (444)

Proof. (4.42) follows from a simple induction. (4.43) is obtained by setting ¢t = 0
in (4.36). To show (4.44), one notices that the second summation in (4.42) is over
hi + hy = h with k; < hy < k? and ky < hy < k3 while the third summation is over

ll +l2 = [ with k‘l S l1 S k’ij’ and k‘z S lg S k’g ThUS,

h=hy+hy <K+ k2=k — 2k ks < k2 —2(k — 1) = U(k),

l=0+1 <K+ K =k —3kk ko < k> — 3k(k — 1) = V (k).

That means, ay; = 0if U(k) < h < k* and V (k) <1 < k. |

Theorem 4.4 Consider (4.33) with v > 0. Assume ug € H*(T) with s > 3 can be

represented in the form (4.35) with
lage] <1, k=1,2,--- (4.45)
If there is the uniform bound
|C(a, v, ky byl gy -y k)] < Colay v) (4.46)

forallk > 1,k < h <k’ k <1<k and (ji,J2, - ,Jx) satisfying (4.38), then
(4.33) has a unique global solution u given by (4.34). In addition, for any s > 0,

there are Ty > 0 and § > 0 such that for any t > Ty,

C(Oé, v, S) —ovkt

S| <
a0l < T

(4.47)

where C'is a constant depending only on a, v and s.
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The proof of Theorem 4.4 involves a classical problem in number theory, namely
the number of integer solutions (ji, ja, - - ,Jx) to the equation defined in (4.38) for a
given positive integer k. This problem is not as simple as it may look like. An upper
bound and asymptotic approximation for the number of non-negative solutions are

given by G.H. Hardy and S. Ramanujan [17], as stated in the following lemma.

Lemma 4.2 Let k£ > 0 be an integer and let Ny denote the number of nonnegative
solutions to the equation

it 24+ ki =k

Then, for some constant C1,

C
N, < ?1 62m.

In addition, Ny has the following asymptotic behavior:

1 %
N, ~ ™5 oas k — oo.

A3k

Proof of Theorem 4.4. Applying (4.45) and (4.46), one obtains the following bound
for Ak h,1 in (436)

C
lag, ni| < Cola,v) Nj, < ?2€2m’

where Cy; = CyC; and Lemma 4.2 has been used. Therefore

@] < Y D laknle™™

k<h<k? k<I<k3
—vkt
< Oy (k2 —1)e2V2VE % (4.48)
_ e—l/
For any fixed ¢ > 0, we can choose K = K(v) and 0 < M = M(v) < 1 such that

an(t)] < —2

<—= M fork>K.
1—e vt

Therefore, u represented by (4.34) converges for any ¢ > 0. In addition, u(-,t) € H®

for any s > 0. To see the exponential decay of ||u(-,?)]

gs for large time, choose
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To = To(v, s) such that for any t > Ty and k > 1

—d vkt

e
(14 k%) |ax (8] < Cy MY [t

where M; > 0 and § > 0 are some constants. This bound then implies (4.47). This

completes the proof of Theorem 4.4.

Finally, a special case is considered for which (4.34) is global in time.
Theorem 4.5 Consider (4.33) with v and « satisfying v* + 4a® > 9. If
up(r) = agy € with |ag| < 1,

then (4.33) has a unique global solution, which can be represented by (4.34). In

addition, for any s >0, u(-,t) € H® for all t > 0.
Proof. One proves by induction that, for any ¢ > 0,

lap(t)] < lagi|*, k=1,2,---. (4.49)
Obviously, |a1(t)| < |ae|. To prove (4.49) for k > 2, recall (4.39), namely

t
ay(t) = ik e~ Wk =ikt / VRO Ny, (7) iy (7)
0

k1+ko=k

Since 12 4+ 4a? > 9, one has

|(12(t)| < |a01|2 (1 . e—(4y—8ai)t) S |a01|2

2v — 4o
and more generally,

3(k — 1)

) < |——=
lax ()] < vk — aik?

|ao:|* (1 - 6_(Vk2_mk3)t> < |ao:|*.

It is then clear that (4.34) converges in H® with s > 0 for any ¢ > 0. This completes

the proof of Theorem 4.5. |
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4.3.2 Fourier series-type solutions

This subsection is devoted to full series solutions to the initial-value problem for
the complex KdV-Burgers equation (4.33). Suppose that the initial data ug is of the

form

up(x) =) colk) ks (4.50)

v
il
and write its corresponding solution u = u(x,t) as the series

u(a,t) =Y a(k,t)e*”.

k40
Then the coefficient u(k, t) satisfies

t
Uk, t) = TR HRIG (1) 4 3ik / el ROk NG, s) ik — g, 5) ds
0 0,57k

k,t
and, if u(k,t) = %, then

C(k,t) _ 6(7uk2+iak3)tco(/€>

t . s
+3i k| k| / el Aok (=) Y C(j.’s) clk ‘7,’5) ds.  (4.51)
0 idory, k=g

The goal here is to rigorously establish the existence and uniqueness of such solutions
and to understand if they solve (4.33) in the classical sense. Lets first define the

functional framework.

For v > 0 and 0 < T < oo, define X, 7 to be the functional space of periodic

functions g = g(x,t) on T x [0, 7] whose fourier coefficient g(k,t) satisfies

c(k, 1)
|k

gk, t) = for k € Z\ {0}

with

llc]| = sup  sup |c(k,t)] < oo.
0<t<T keZ)\{0}

It is easily verified that X, 7 equipped with the norm

1911, = llel]
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is a Banach space. When T' = oo, we write X, for X, .

With the functional setting at our disposal, lets define the series solution.

Definition 4.1 Let v > 1 and T > 0. Assume u € X, 1 has the form

u(a,t) =Y Ak, t)e*  with (k,t) =
k0

Then u is called a series solution of (4.33) if c(k,0) = co(k) and c(k,t) satisfies (4.51)
fort e [0,T].

In this subsection, three theorems are given to guarantee the existence and unique-
ness of the series solutions and to show that they are indeed the classical solutions.

To prove these theorems, lets start with a lemma.

Lemma 4.3 For any v > 1 and any integer k # 0,

Z 1 < C(v)
itk gk =g = |k

where C(7) is a constant independent of k.

Proof. Without loss of generality, let £ > 0 and split the sum into three parts,

1 — 1 Gt >0 1
Z T = T Z— — + Z I
v — 7 Z v — 7 vy — 1Y vy — 1Y
P L e S PR R BV LR I FI ]
Obviously, for v > 1,

—1 ')
Z | 1 - C(v) and Z | 1 . 0(7)‘
: ik =g = [k] ik =g = [k]

j=—00 j=k+1

The middle part can be bounded as follows.

k—1
1 1 2 1 C(v)
e <2 : — = : __ < ,
;UM’C—JP Z [k =gl kP 2 P =4 T [k
1<i<[5] 1

<i<[s]

The last summation is bounded uniformly in k via a comparison with a suitable

integral. This completes the proof of Lemma 4.3. [ |
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The following theorem establishes the existence and uniqueness of the series solu-

tions.

Theorem 4.6 Consider the initial-value problem for the complex KdV-Burgers equa-
tion (4.38). Let v > 1 and assume ug € X, has the form (4.50). If Ry = |luo||x, and
T > 0 satisfy

C(y)VT Ro < Vv
for some suitable constant C = C(v), then (4.33) has a unique series solution
u € Xy r. In addition,

ullx, » < 2Ro.

Proof. The approach of the proof is the method of successive approximation. For

each k € Z \ {0}, define forn =1,2,-- -,
C(O)(k’, t) _ 6(_Vk2+mk3)t00(k‘),
C(n)(k’, t) _ e(—uk2+iak3)tco(k)

t n—1)(, —1 .
+33 k‘|k|7/ 6(—uk2+iak;3)(t_s) Z cl ?(]7 5) cln )(k _ 7, S) i
0 §#0,j#k |j|7 ‘k’ - ]|V

It suffices to show, for some 6 € (0, 1),

™| < 2Ry, (4.52)

) = crD) < e - 2. (4.33)

One proves (4.52) by induction. Assume (4.52) holds for all n < m. Then

C 1
|C(m+1)(k,t)| < eﬂ/k% Ry + — |/{Z|771<1 _ e*]/|k|2t> ||C(m)||2 Z -
v idor 1Pk =3
Applying Lemma 4.3 and the inductive assumption, one has
C
™ (k1)) < e R Ry + ) k|71 (1 — e VM) R2. (4.54)

v
It is easily verified that, for any k£ # 0 and ¢t > 0,

6|71 (1 = M) < (w2,
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Consequently,

1) < Ry + S rig2
V2
I
1
T3 Ry < —— (4.55)
C(v)’
then

||| < 2R,

To prove (4.53), consider the difference

1) (k, ) — D (k, )| = 3|k e VR

/t 2 V(5 8) "D (k — 4, s) — "D (4, 8)c" D (k — j, s)|
X e - - ds.
0 i |k =g

J#0,j#k

Writing
C(n_l) (j’ 8) c(n_l)(k - j7 S) - C(n_2) (]7 S) C(n_Q)(k - jv S)
- [C(n_l) (.]7 S) - C(n_Z) (.]7 S)] C(n_l)(k - j7 S)

+ "G [k = Gos) = D (k — i)

and estimating as in the proof of (4.52), one obtains

C(v)

14

e (k, £) — D (k, )] < =75 82 Ryl — )|

SIS

When (4.55) is satisfied, then

||C(n) _ C(n—1)|| < 9||C(n—1) _ C(n—2)||

with
C(v)

1
V2

0 = T*R, < 1.

Inequalities (4.52) and (4.53) allow to construct the limit of ¢ (k,t) as

ek, t) = D (k,t) + i (" (kyt) — ™ (K, ) .

n=1
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Going through a simple limiting process, one can show that c(k, t) satisfies (4.51). In

addition, by letting m — oo in (4.54), one obtains

C
el )] < e By + O g1 (456)

which forms the basis for further regularity estimates. This completes the proof of

Theorem 4.6. [ |

One now proves that for any ¢ > 0, the series solution u = u(x,t) in Theorem
4.6 is actually a classical solution. Lets divide this process into two steps. First, lets

show that it is a weak solution in the standard distributional sense.

Theorem 4.7 Assume the conditions of Theorem 4.6 and let u be the series solution

obtained there. Then u is a weak solution in the sense that

T
/ /u (pr — 6UDy + APy — Vo) dx dt — /uo(:p)qb(x, 0)dxr =0
o Jr

T

for any ¢ € C3°(T x [0,T)).

Proof. Recall that

u(a,t) =Y Ak, t)e™ with a(k,t) =
k0

Let N > 0 be an integer. Consider

uy(z,t) = Yk, t) e

|k|<N,k£0

1
To derive the equation for uy, multiply (4.51) by W and differentiate with respect

to ¢ to get
d
(k1) = (~vk® +iak®) (k. 1) + 3ik S ag,oatk - 4.0
70,57k

Multiplying this equation by €** and summing over |k| < N (k # 0), one has
Ouy — 6uy (un)z + a(un)zze — V(UN)ze = Ry, (4.57)
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where Ry is given by

Rz, t)=3 Y (ik)e™ Y a(j.t)a(k — j,t).

k| <N k0 iI>N

Multiplying (4.57) by ¢ € C3°(T x [0,7)) yields

T
/ / (6 — Guundy + Abuan — Vba) drdt
0 T

—[ruo(x)gb(x,()) dx:/OT[rRN¢d$dt-

Since uy(+,t) — wu(-,t) in L? uniformly for ¢ € [0, T], one obtains by letting N — oo

T
0 T

- /1r wo(2)d(z,0) dx = lim / / Ryédadi.  (4.58)

N—oo

To show the limit on the right is zero, lets use the basic inequality

/TRN¢dx§(/R2 mtdaz) </¢xtdx>

and show ||Ry|[z2 — 0. This can be done as follows. Because of the bound

/R2 ni)de <0 ZkQ Z |J|2”|J IQVJr Z e Z |J|27|J k>

k=1 [j|>N k=—N  |j|>N

for some constant C', it suffices to consider

N

1 k? 1
Z '3 T S TR i VT X, T

= J>N =1 j>N+1

The last summation can be bounded as in

1 o0 1 N—-k+1
Zj—NWSH/ Tz p@=l+t——
J>N+1 (1+N7k+1) o (I+5= i

Thus,

) C() < k2 C(7)
Z’“ wa— S (N4 1 z;<N—f<:+1>2v—1 = Nt

= j>N

For v > 1, it approaches zero as N — oo. It then follows from (4.58) that u satisfies

the weak formulation. This completes the proof of Theorem 4.7. [ |

70



The following theorem asserts the regularity of w.

Theorem 4.8 Assume the conditions of Theorem 4.6 and let u be the series solution

obtained there. Then, for any ty > 0 and nonnegative integer m,
u € CY([to, T); H™). (4.59)

In particular, this reqularity result with Theorem 4.7 implies that u is a classical

solution of the complex KdV-Burgers equation (4.33).

Proof. Obviously u € L*([0,T); L?). Fix t € (0,T). Inserting the simple inequality

1

et < T e " for any k € Z\ {0}
in (4.56), one finds
c(k,t
c(k,t) = % (4.60)

with

&(k,t)| <Ry forallk#0and0<t<T.

Then u(x,t) can be represented as

In particular, u(-,t) € H*(T). An iterative process will allow to show

(k,t (ko t)
clk,t) = |<k|m), u(x,t)zzw{fmiek. (4.61)
k#0

for any positive integer m, where ¢ may not be the same as in (4.60). Thus u(-,t) €

H™(T). To show the regularity of w in ¢, lets turn to (4.51), which implies that c(k, t)

is differentiable in ¢ and

L eho1) == (k4 iok?) clh, 1) — ikl Y

dt 0,57k

j,t)C(k _]7t)
g [k — [
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It then easily follows from (4.61) and Lemma 4.3 that

d C
—c(k, )| < —.
0] <

This together with u(-,t) € H™(T) guarantee (4.59). This completes the proof of

Theorem 4.8. [ |

4.4 The Lax pairs and Darboux transformation for finite-time blow up

The combination of the Lax pairs and Darboux transformation can lead one to
find the blowup solution of the complex-valued equations in the context. These two
mathematical terms will be briefly introduced and an example will be given to show

how their combination leads to finding the blowup solution of complex KdV equation.

4.4.1 The Lax pairs

In 1968, Lax developed a method for solving nonlinear partial differential equa-
tions. We consider the initial-value problem for u(z,t) which satisfies the following

nonlinear equation

uy = N(u)
u(z,0) = f(z)

where u € YV, Y is an appropriate functional space, and N : Y — Y is a nonlinear

(4.62)

operator involving x or derivatives with respect to x. To express the equation (4.62)
in operator form, Lax found two linear nonconstant differential operators L and M
such that

Lo = Ao

o= Mo

where L and M depend on an unknown function u(z,t) [11]. L describes the spec-

(4.63)

tral (scattering) problem, with ¢ the usual eigenfunction, and M describes how the
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eigenfunction evolve in time. One obtains

2o = 0o - 1%
= 2.0) - LM
= %¢ + A% ~LMé
- %aﬁ Y AM— LMo
o\

= 5, &+ MLo— LMo

Thus, the spectral parameter A is constant if, and only if

L
(?97 + (LM — ML) =0. (4.64)

The equation (4.64) is known as the Lax equation and L and M are called the
Lax pairs. This equation contains the nonlinear equation for correctly chosen L and

M. The nonlinear equation (4.62) can be expressed as a Lax equation (4.64), and if

Lo =MX¢ fort > 0 and x € R, then % = 0, and ¢ satisfies % = M¢.

There is no systematic way of finding operators L and M that satisfy the above
conditions. The main difficulty is how to check for a given PDE whether or not it

has a Lax equation, and if so, how to find the Lax pairs L and M.

Example 4.1 L = —0,, +u, and M = —40,,, + 6ud, + 3u, are the Lax pairs of the

standard complex KdV equation
Uy — 6UUy + Upyy = 0. (4.65)

To show this, we simply follow the routine work.

4.4.2 The Darboux transformation

In 1882, G. Darboux studied the eigenvalue problem of a linear second order

partial differential equation, known as the Schrodinger equation given by

Guz +u(x)d = A, (4.66)
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where u is a given function. If u(z) and ¢(z, \) are two functions satisfying (4.66)
and f(x) = ¢(x, \g) is the solution of (4.66) for A = \g, where )¢ is fixed, then U and
® defined by

U=u—2(n(f)ee and BN =6, — Lo,

f
satisfy

O, +UD = \D.

The transformation (u, ¢) — (U, @) is called the Darboux transformation.
Finding Darboux transformation of a given equation is not an easy process. The
following example gives the Darboux transformation of the standard complex KdV

equation.

Example 4.2 Let u be a solution of the standard complex KdV equation, and ¢ be a

solution to the Lax pair for a particular uw and \. The transformation

U=u—20,,(In(¢)), U =1, —(9,(In(p)))e,

where 1 solves the Lax pair at uw and an X, is the Darboux transformation of the the

standard KdV equation.

In fact, u; — 6uu, + vz = 0 is the integrability condition of the Lax pairs

discussed in example 4.1. The first equation is a Schrodinger equation, so the trans-
formation W hold the first equation V,, + UV = AV invariant. U and ¥ also satisfy
second equation as well. Therefore U = u — 20,x(In(¢) is another solution of KdV.

4.4.3 Blowup of complex KdV equation

Using the Lax pairs and Darboux transformation of the complex KdV equation,

Y. Charles Li [30] derived a simple explicit formula for the solution of the complex
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KdV in periodic domain that blows up in finite time. Consider the periodic boundary
condition

u(z + 2w, t) = u(z,t).
For any complex constant a = a, + ia;, where a, and a; are real and imaginary part
of a, u(x,t) = a is a solution of (4.65). By using the Laplace transform, the Lax pair
(4.67) has two independent solutions at u = a and A = a + k?, for any k € Z. These

solutions are given by
Yy = exp(wt + tkx) and 1y = exp{—(wt + ikzx)}
where w = 6iak + 4ik3. The real part and imaginary parts of w are given by
w, = —6a;k and w; = 6a,k + 4k>.

The next solution ¢ of (4.67) can be obtained by the linear combination of these

two solutions, as in
¢ = 11 + cathy = ¢y exp(wt + tkx) + co exp{—(wt + ikx)}.

c
where ¢; and ¢, are two arbitrary complex constants. Let — = exp(p + iy) with p
C2

and ~ two arbitrary real constants. To use the Darboux transformation, lets evaluate

0;(In(¢)). Now,

2 21 y) — 1
0, (In(6)) = ik exp(2wt + z‘k::r—l—p%-zlv) and
exp(2wt + 2tkx + p+ivy) + 1
exp(2wt + 2ikx + p + i)
(exp(2wt + 2ikz + p+i7) + 1)°

Applying the Darboux transformation, one obtains

202(In(9)) = —8K*

exp(2wt + 2ikx + p + i)

U = a + 8k . - 5
(exp(2wt + 2ikx + p+ivy) + 1)

The choice k = 1,a =7, p = 12, and 7 = 0 gives the explicit formula for the solution
of the complex KdV

exp(—12(t — 1) + (8t + 2x2))

) = S G — 1) 1 i3t 22)) + 1P
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When t = 0, u(x,0) is C*°. When t = 1, the solution u(z, 1) develops two singularities

_3 _5
at v =357 —4and v = 57w — 4.

This idea of finding explicit formula for the blow up solutions may be useful for
other complex-valued equations as well. The main difficulty is to find Lax pairs and

the Darboux transformation for the specific equation.
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CHAPTER 5
Conclusions

The main objectives of this dissertation are to study the solutions of the Kawahara
equation in weighted Sobolev spaces, prove that the solution of the complex Burgers
equation blows up in finite time, and show the regularity of solutions of complex
KdV-Burgers equation for suitable initial data.

The presence of higher order terms in the Kawahara equation makes it difficult
to solve. In this work, the weak formulation of the dispersive part of the IBVP of
Kawahara equation is first considered and shown that the formulation possesses a
unique solution for § > —%. Using this result, the full IBVP is solved in weighted
Sobolev spaces and proved that the solutions are well-posed globally in time and if
the L2-norm of w is small, then the solutions in these weighted Sobolev spaces decay
exponentially in time. Two numerical experiments are performed to complement
the theoretical observations: first one satisfying the condition on 3 and second one
voilating the condition. Numerical results show that the solutions may not be globally
well-posed if the condition on [ is not met. The theoretical treatment of this problem
is still open. This work opens door to study the solutions of several integrable and
non-integrable fifth-order KdV type equations.

Motivated by the fact that complex KdV has solutions that blows up in finite time,
the solution of complex-valued Burgers equation is investigated for potential singular-
ities. The work in this dissertation asserts that the spatially periodic solutions of the
IVP of the complex Burgers equation blows up in finite time for an explicit smooth

initial data. The special series type and Fourier series type solutions of the complex
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KdV-Burgers equation are studied to find the conditions under which they are regu-
lar for all time. The main results examine how the dispersion and dissipation should
interact and what condition that the initial data should satisfy for the complex KdV-
Burgers equation to have a unique global solution. This dissertation produces some
significant results related to complex-valued Burgers and KdV-Burgers equations and

directs one to think for several open problems concerning these equations.
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