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Chapter 1

Introduction

The past four decades have witnessed a phenomenally rapid development
of methods in digital signal processing in mathematical, statistical, biomed-
ical, and engineering communities. Wavelets, for example, in the Euclidean
space have been proven particularly powerful for compressing images [D-J-L],
for detecting transient patterns and singularities [M-H], for estimating sig-
nals of complex structures from noisy measurements [Do], and for multiscale
dynamic modeling and forecasting of time series [L-H].

Similar applications, including data compression, singularity detection,
interpolation, function estimation, also demand methods for handling spher-
ical data that occur in computer graphics, climatology and environmental
sciences.

The direction that we took in our doctoral work was to contribute to
research in the field of digital signal processing on the sphere. Our studies
center on interpolation, equidistribution, covering and compression on the
sphere.

Because this dissertation is an interdisciplinary work in Mathematics and
Electrical and Computer Engineering, it represents a synthesis of ideas from

the described fields of science and engineering.
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First, we study the problem of interpolating data on the sphere. Data
interpolation problems, where the underlying domain is the sphere, arise in
many areas such as geophysics where the unit sphere is taken as a model of
the earth. In recent years there has been a great deal of interest in radial
basis functions (RBF’s) as a tool for interpolation. Normally, a radial ba-
sis function is the composition of a univariate function with some sort of a
distance function. That is to say, an RBF is a function of only the distance
between points on the unit sphere. The interest in RBF's was inspired by the
observation [Fr] that in the bivariate setting, they are among the most effec-
tive methods for interpolation and approximation of scattered data. Their
use was also encouraged by the fact that radial basis methods are extremely

easy to program in any number of variables [D-Mi].

The problem of interpolation on the sphere is stated in Chapter 2 of this
thesis where it is shown that it is related to the notion of strictly positive
definite functions. We give first definitions of positive definite functions in
the case of the real line and in the case of the m-sphere. Then after defining
strictly positive definite functions, we give a sufficient condition for a zonal

function to be a strictly positive definite.

In 1992, Xu and Cheney [X-C] showed that if all of the Legendre coeffi-

cients of a zonal function on a sphere are positive, then the strict positive
2



definiteness is guaranteed. However, in 1997, Schreiner [S] proved the same
result with the weakened hypothesis that finitely many Legendre coefficients
can be zero. A major result of this thesis is that we have proven the same
result as a consequence of a more general representation-theoretic result,

namely for compact groups using tools from the Representation Theory.

The other major direction of this thesis is to compress square integrable
functions on the unit sphere. The main tools used in this analysis are a
Ramanujan set of rotations and planar wavelets. Ramanujan sets of rotations
are introduced in Chapter 3 and our focus is on S}, a special set from the
Ramanujan set of rotations. Starting with a point on the digital sphere lying
on none of the coordinate axes and using SM we can generate points on the
sphere. The equidistribution of these generated points is studied in Chapters
4 and 5.

We show the uniformity of this distribution in terms of quadrature on
the sphere. Furthermore, the method of expanding a function into a Fourier
series in terms of specific functions such as spherical harmonics or radial basis
functions amounts to the problem of evaluating the expansion coefficients by
integration. Hence, an approximate integration can be simply performed
by the computation of the mean of the functional values at those points

generated by SM.



In the algorithm proposed in Chapter 8, the method of covering the sphere
by means of spherical caps of fixed radius is needed. Therefore we derive in
Chapter 5 a precise formula to cover the unit sphere with a given radius. To
find the optimal number (the minimal number of spherical caps) required is

still an open problem.

In Chapters 6 and 7 one dimensional and two dimensional wavelets are
introduced. Wavelets, simply put, are scaled and translated copies of a par-
ticular window function called the mother wavelet. They have proven to
be a powerful and flexible tool for computations and data reduction. Their
power lies in the fact that they only require a small number of coefficients
to represent general functions and large data sets accurately. This allows
for compression and efficient computations [D-J-L], [C-M-Q-W]. Classically,
wavelet constructions have been employed on infinite domains (such as the
real line R or the plane R?). Since most practical computations are con-

fined to finite domains, a number of boundary constructions have also been
developed.

The representation of a signal by means of its spectrum or Fourier trans-
form is essential in solving many problems both in pure mathematics and
in applied science. However, it is in some instances not the most natural or

useful way of representing a signal. The Fourier transform contains informa-
4



tion about the frequencies of the entire signal, but does not show how they
vary with time. In contrast, wavelet analysis provides a simple and effective

approach for dealing with the local aspects of a signal.

In particular, we will study in Chapter 6 a common problem in signal pro-
cessing which is the ability to detect abrupt changes in very short segments
that are not strictly stationary. A method based on time-frequency repre-
sentations (TFRs) for detecting abrupt spectral changes in noisy signals was
recently introduced [L-D]. The paper presents a stationarity index derived

from the spectrogram of the signal.

Our proposed method in this dissertation is an improvement to this pre-
vious method by deriving the stationarity index from the spectrogram of the
wavelet coefficients of the signal or from the coefficients themselves rather
than from the spectrogram of the signal. We have considered this modifi-
cation due to the fact that the wavelet transform is a useful tool for non-
stationary signal analysis that has found many applications in time-frequency
analysis (Fl] and transient detection [M-H]. After defining the new modified
stationarity indices, we consider two kinds of signals from [L-D], namely test
signals presenting very short frequency-hopped segments and chirp signals
corrupted with noise. Comparisons between the original method and the

new method are performed for different levels of noise.
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The problem of constructing a wavelet-like theory for the sphere in a
Euclidean space, has attracted a lot of interest in the last five years [S-S],
[F-W]. However, wavelet type constructions for more general manifolds have
only recently been attempted and are still in their infancy. Although from
a topological point of view the sphere, S2 C R3, appears to be a simple
manifold, wavelet techniques from R? do not easily extend to the unit sphere
as there is no single chart mapping it diffeomorphically onto some open

domain in R3.

A number of works extend to S? the discrete wavelet scheme based on
a multiresolution analysis, using adapted interpolation methods and splines
functions [D-D-S-W)]. This approach is in general motivated by numerical
considerations, but often leads to difficulties around the poles. Others [P-S-
T}, [F-W] exploit the geometry of the sphere, as encoded in the system of
spherical harmonics, but as a result their analyzing functions are poorly lo-
calized. However, since the construction of wavelets on general open domains
in R”® or on manifolds is still an open problem, many numerical applications
have to assume simple and often unrealistic geometries. Major difficulties
arise from the fact that no more Fourier transform techniques are available

unless the underlying domain is the entire plane R® or the torus R /Z".

We do not construct in this thesis a wavelet-like theory for the sphere
6



such as the multiresolution analysis discussed in Chapters 6 and 7. Rather,
we construct an algorithm using planar wavelets and the Ramanujan set of
rotations SH to compress functions on the unit sphere. The details about

the algorithm are to be found in Chapter 8.



Chapter 2
Interpolation on the Unit Sphere

We are motivated by the problem of interpolating scattered data on the
unit sphere using radial basis functions (RBF's) that are only functions of the
distance between points on the unit sphere. The interpolation problem can
be solved if we introduce the notion of strictly definite positive functions.

In this chapter we define strictly positive definite functions and give suf-
ficient conditions for their existence. Furthermore, we relate them to the

interpolation problem.
2.1 Positive deflnite functions
First, we recall the definition of the one-dimensional Fourier transform.

Definition 3.1.1. Let f be a real or complex function of one real variable
with f € L'(R), which means that the Lebesgue integral [*°_ |f(z)|dz eists

and is finite. The Fourier transform of f, denoted by f, is a Junction defined
by

Q0

fO=—2= [ s@e s,

where i stands for the imaginary unit.

Here we only mention the fact that if also f € L'(R), then f can be
8



recovered from f by means of the following inversion formula:

L7 jeyenta.

f@)=—7=]

The proof is usually done by a limit argument; see [R] for one.

Definition 2.1.2. A4 function f : R — R is called positive definite if we
have, for any numbers z,,...,z, €R, and 1y, ...,7, € R,
n
> rinef(z; —za) 20.
jik=1
Let us note that this concept can be related to the perhaps better known
notion of positive definite matrices. Namely, for z;,...,Z, € R, define the
n X n matrix A = A(f;z,, 23, ..., Z4) by setting a;x = f(z; — z4). Then f
being positive definite means that A is a positive semidefinite matrix for any
choice of z,...zn; that is, 77 AT > 0 for any real column vector € R™®.
(In analogy with vthe terminology for matrices, it would perhaps be more
appropriate to say “a positive semidefinite function” instead of “ positive
definite function,” but we stick to the traditional terminology.)
Nontrivial examples of positive definite functions are not obvious. The
following lemma gives a method for producing some using the Fourier trans-

form.

Lemma 2.1.3 [Sa]. Suppose that a real function ¢ = ¥ is the Fourier
9



transform of a nonnegative real function ¢ € L'(R). Then ¢ is positive

definite.

Proof. Let z,,..z4 €R, and 71, ..., 7, € R be given. We calculate
Z TiTep(T; — Tae) = \/— #’(E) ZT ™RE '(ﬂ‘ﬂ)fd{
-00

Jke=1
-=/ ¢(s)(2j:f,-e""f€)(2j:r,-e"")de.

Since all the z; and 7; are real, the sum in the second pair of parentheses
is the complex conjugate of the one in the first pair of parentheses, and we

obtain

d€ > 0.

z €€

Zr,wp(z, —zp) = \/— _ww(e)

3 k=1

Hence, the lemma is proven. 0

Example 2.1.4. The function h(z) = e~=" is positive definite as it is the
Fourier transform of the function et

Let us generalize this notion to S™. We denote by S™ the unit sphere in
the Euclidean space R™*!. The usual geodesic distance on S™ is denoted

by dm. Thus

dm(z,y) = arccos(z - y)

where (z - y) is the usual dot product in R™+!,
10



A continuous function g : [0, 7] — R is said to be positive definite on S™
if, for any n € N and for any set of n points z;,%3,...,Z, in S™, then xn

matrix A having elements A;; = g(dm(zi, z;)) is nonnegative definite:

cTAc= ZZc.-cjg(d,,.(z.-,zj)) >0, c=(c1,..vCn) ER".

=l j=1
Schoenberg [Sc] has shown that if the function g admits the uniformly con-
vergent series expansion
xR0
g(t) = Z knPp(cost), te€[0,7],
n=0
in terms of certain Legendre (or Gegenbauer or ultraspherical) polynomials, a

sufficient condition for the positive definitness of g is that k, > 0, n =0, 1, ...
2.2 Strictly positive definite functions

If the matrices A in the previous definition are positive definite for all
n and for all sets of n distinct points z,, z;, ...,Z, in S™, we say that g is
strictly positive definite on S™.

In 1992, Xu and Cheney [X-C] showed that if all of the Legendre coef-
ficients of a zonal function on a sphere are positive, then the function is
strictly positive definite. In 1997, Schreiner [S] proved the same result with
the weakened hypothesis that finitely many Legendre coefficients can be zero,

but there is a problem in the proof of lemma 4.1 [S], see [F-S].
1



We have proven the same result as a consequence of a more general
representation-theoretic result [A-P].

Let G be a compact group, and let H C G be a closed subgroup, such
that the quotient G/H is infinite. Let f : G = C be a continuous function,
invariant under the left and right translations by elements of H. We denote

the space of all such functions by C(H\G/H).
Definition 2.2.1. A function f is strictly positive definite if and only if
n
Y cEif(zi'zi) >0 (2.2.1)
$,)=1
for any finite set {z,, z3, ..., Tn} C G such that the cosets z, H, z3H, ...,z,H C

G/H are distinct, and any complex numbers c;, c3, ...,Cq, Dot all equal to

Let G denote the unitary dual of G, [K, 7.3). This is the set of equiva-
lence classes of irreducible unitary representations of G. For convenience, we
choose an irreducible representation for each such class, and identify G with

the set of these representations. Recall the Fourier transform

fr)=n() = [G w(@)f@)ds  (vel), (2.22)

where f is any absolutely integrable function on G with respect to the Haar

measure dz. Thus each #(f) is a linear map on the finite dimensional Hilbert
12



space M., where the representation = is realized. Let H¥ = {v € H, :
x(h)v = v, h € H} be the subspace of H-fixed vectors. Let (G/H) = {r €
G; HE # 0}. By the Frobenius reciprocity theorem, (G/H) is the subset of

G, consisting of representations which occur in L*(G/H), see [K, 8.4].

Proposition 2.2.2. A function f € C(H\G/H) is strictly positive definite
if #(f) > 0 for all * € (G/H), and w(f)|az > 0 for all but finitely many
* € (G/H).

Here “r(f) > 0” means that the operator x(f) is positive semi-definite,
ie. (#(f)v,v) 2 0, for any v € #,, and the statement “0(f)lyx > 0
means that the restriction of the operator 7(f) to H¥ is positive definite,

i.e. (x(f)v,v) >0, for any v € HH \ {0}.

Proof. With the notation (2.2.1), let 4 be a bounded measure on G defined
by

/G be) dule) = 3 [ etaman,

where ¢ is a continuous function on G, and dh is the Haar measure on H,
normalized so that the total measure of H is 1. Notice that the support of
p is contained in (J._; z;H, which (by our assumption) is a proper subset of

G.
13



The Fourier transform of u is defined as in (2.2.2):

() = fc r(@)du(z) (v eb).

Recall the Fourier inversion formula, [K, 12.2] or [H-R, 27.40):

$(z) =Y _ d(m)tr(x(¢)n(z)") (¢ € C(G), z€G),

x€CG
where d(7) = dim H,. If each operator 7(¢) is positive semi-definite (x(¢) >
0) then the above Fourier series is absolutely, and hence uniformly, convergent

to the continuous function ¢, (see [H-R, 34.9]). Hence,

fzitzy) = Y dm)tr(x(f)n(z; 'z;)*)

x€C

= z d(m)tr(x(zi)x(f)m(z;)°).

reG

Notice that n(h)x(f) = n(f) = #(f)x(h) for all h € H. Hence n(f) =
Pyun(f) = n(f)Pyu, where Pyn = [, n(h) dh is the orthogonal projection

on K. Therefore,

[z z) = Y dmtr(n(z) Pusa(f)(n(z;)Pux)®).  (2.2.3)
x€(G/H)

After multiplying both sides of (2.2.3) by ¢;¢; and summing over the indices
i, J, we see that
n
Y aif(@iiz) = Y dm)tr(x(u)Puum(f)(x(s)Pyy)”).

i,j=1 *€(G/ H')'
14



Since 7(u) = w(u) Py, the proposition shall follow as soon as we check that
x(u) # 0 for infinitely many = € (G/H). (2.2.4)

Suppose u(r) = 0 for all but finitely many 7 € (G/Hj. Then, by Fourier
inversion, [H-R, 27.40], 4 coincides with a finite linear combination of matrix
coefficients of irreducible unitary representations of G. Therefore, the space
of all left translates of u is finite dimensional. Hence, there are finitely many
elements y,,¥32, ..., ym € G, such that Ul 18upp p = G, where supp u stands
for the support of 4. Thus G = Uje1 Uiz, ¥;2iH, contrary to our assumption

that the set G/H is infinite. O

Suppose that (G, H) is a Gelfand pair, [D, 22.6.2]. Then for each 7 € G
and each f € C(H\G/H), the operator w(f) is a constant multiple of the

projection Pyu: w(f) = Ax(f)Pyps.

Corollary 2.2.3. If(G, H) is a Gelfand pair, then a function f € C(H\G/H)

is strictly positive definite if Ax(f) > 0 for all but finitely many x € (G/H).

As is well known, [D, 20.11.4, 22.6.3], (SO(n), SO(n — 1)) is a Gelfand
pair, and the quotient space SO(n)/SO(n —1) coincides with the unit sphere
in R". Furthermore, in this case, the scalars A, (f) can be expressed in terms
of Legendre polynomials. We explain this in some detail.

Consider the Euclidean space R™ equipped with the usual dot product. Let
15



en = (0,0,...,0,1) € R® be the “north pole” of the unit sphere S"~! C R",
Let G = SO(n) be the group of isometries of the dot product, and let H C G
be the stabilizer of e,,. The restriction to the first n — 1 coordinates identifies
H with SO(n - 1).

It is customary in representation theory to normalize the Haar measure
on any compact group to have the total mass 1. Then the total mass of our
homogeneous space G/H is also 1. On the other hand the dot product in
R" forces a normalization of the rotation invariant measure w on the sphere

S™~1 go that the area of the sphere |S*~!| = f¢._, dw # 1. Hence,

f 8(0) du(a) = |S™7| [ bgen)dg  (# € C(S™Y)).
Sn-1 G

Therefore the map
L*G/H)3v ¢ € L*(S™"), ¢(gen) =(S""[V?u(g) (9€G)

is an isometry. This isometry is surjective and commutes with the action of
the group G on both spaces. As is well known, [Mii], the space L3(S™~1)
decomposes into a direct sum of irreducible subspaces:

Lz(sn-l) = i Lﬂ(sn-l)m’

m=0
where L2(S™"1),, stands for the space of spherical harmonics of degree m.

Let xm denote the representation of G on the space Hy_ = L3(S™ )m.
16



Then the subspace HZ _ is one dimensional, and is spanned by the Legendre
function:

Lm(0) =Pn(en-0) (0 €S™Y),
where P, is the Legendre polynomial of degree m, (see [Mii, Lemma 2, page
16]). Notice that a function f € C(H\G/H) is uniquely determined by a

continuous function F on the interval -1, 1] by the formula
f(9)=F(en-gen) (9€Q).

Notice that f(g) = F(en - gen) = F(97 s - €n) = F(en - g7'en) = f(g72).
In these terms, the constants which occur in the Corollary 2.2.3 can be

calculated as follows (see [Mii, Lemma 1 on page 15, and formula (§4.6) on

page 29)):
) = At (f)Lm(eu) = Tm(f)Lm(en)

- / f(g)Lm(y-leu) dg = / F(ey, - gen)Pm(en ’g-le'l) dg
G G
Cime]

= /;: F(en - gen)Pm(en - gen) dg=12_1 ST / F(t)Pn(t)(1 - t3)"~3/2 4,

Thus, by the Corollary 2.2.3, the integral kernel operator on L2(S™~!) cor-
responding to the integral kernel F(n, o) = F(n-0), (n,0 € S*!), is strictly
positive definite if A,_ > 0 for all m > 0, and the inequality is strict for all
but finitely many m. Hence, the result of Schreiner [S] is generalized.

We will now list a number of examples of strictly positive definite functions

which have been studied by many authors.
17



2.3 Examples of strictly positive definite functions

Example 2.3.1. Radial basis functions (RBFs)

1 . Gaussians, Hardy multiquadratic, inverse Hardy multiquadratic, and
completely monotic functions of r? (Micchelli [Mi]).

2 . Compactly supported RBFs (Narcowich and Ward [N-W], Wendland
[We), Schaback and Wu [S-W], and Wu [Wu]).

Example 2.3.2. Periodic basis functions (PBFs)

1 . Periodic functions having positive Fourier coefficients.

Example 2.3.3. Spherical basis functions (SBFs)

1 . exp(cos(6)). Here and below 6 = (p, q) is the geodesic distance on the
m-sphere between points p and q.

2. zg "él 61,mYi,m(P)Y1,;m(q), where the ¥; ,,’s are spherical harmonics on
S™, ai;m > 0, and d; is the dimension of the space of spherical harmonics of
order [.

3. g &P (m + 1,c08(8)), a1 > 0 (Xu and Cheney [X-C]).

Example 2.3.4. Strictly positive definite functions on SO(3)
1. eveoe’0 F(v99) o > 0 (Gutzmer [Gu]). ¢,0, are Euler angles, and

F(p,9,0) := cospcosy — (1 —sinpsiny) cosd — sinf(sin ¢ +sin ¥).
18



2.4 Interpolation problem

We will see now how the notion of strictly positive definite functions is

related to the interpolation problem.

Assume that a function F : S™ — R is known at finitely many distinct
points 1, ...,N, € S™ and one looks for an interpolant F;,, of the form
N
Fine(8) = Y _ cig(dm(&:mj)), £€S™
rt
satisfying the interpolation conditions Fine(ns) = F(), § = 1,..., N. Then

the linear system to be solved is

9(dm(m,m)) ... g(dm(nn,m)) (cl) F(m)

v/ \Flaw)

y(dm(r;n ) .. y(dm(n;v. n~))

If g is strictly positive definite then the matrix is positive definite, i.e.
the interpolation problem is solvable. The numerical inversion is stable and
can be effected by a variety of well-understood methods, including iterative
procedures and the Cholesky factorization.

The problem of completely characterizing functions which are strictly pos-

itive definite on the sphere remains open [F-S].

19



Chapter 3
A Ramanujan Set of Rotations

In order to study covering, equidistribution and compression on the unit
sphere, we shall introduce a special set called the Ramanujan set of rotations

due to Lubotzky et al. [L-P-S].
Consider the three dimensional Euclidean vector space R?® with the usual

dot product, and the corresponding norm of a vector:

ZT -y =1 + T3z + Tays, |z| = VT - T,
(z = (1’1,1?2, 23), y= (yla Y2, yS) € Ra).

Let S? = {z € R?; |z| = 1} be the unit sphere and let do denote the usual

rotation invariant measure on S? defined by

/mf(:l:)d:z:=/‘0m _/;2 f(ra)dar? dr,

where f is a continuous compactly supported function on R3.
We are interested in the Hilbert space L3(S?) of square integrable func-

tions on the sphere, with the usual scalar product:
(h) = [ f@a@ds  (fig€IH(S?).

The corresponding norm of a function f € L3(S?) is || £ ||= /(f.f). The

group G = SO(3) of proper rotations preserving the dot product, acts on
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this space as follows:

pMfe)=f(r""e) (v€G, oeS? feL?(S%). (31)

Each operator p() defined in (3.1) is unitary. For any f, g € L3(S?) the func-
tion G 3 v = (p(7)f, 9) € C is continuous. Moreover, p(11)p(13) = o(71732)
for any 41,72 € G. In other words, (p, L?(S3)) is a unitary representation
of the group G, see [K]. As such, it decomposes into a Hilbert direct sum of
irreducible representations. Since this decomposition resembles the decom-
position L?(R) = Y., W;, we shall describe it briefly.

Let P = P(R3) denote the space of complex valued polynomial functions
on R3. A polynomial f € P is called homogeneous of degree n if f(rz) =
rf(z) forall r € R and all z € R®. Let A = 525 + 325 + %5 denote the
Laplacian. A polynomial f € P is called harmonic if Af = 0. Let #P, C P
denote the subspace of harmonic polynomials which are homogeneous of
degree n = 0,1,2, .... Let H,, denote the space of functions on S? obtained
by restricting the elements of #P, to S2. The theory of spherical harmonics
asserts that L?(S?) is a Hilbert direct sum of the finite dimensional subspaces
Hn:

(%) = Ha,
n=0

and that the restriction p, of the representation p to #, is irreducible, for
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each n =0,1,2,.... Moreover, dim#,, = 2n + 1. For more details and proofs
see [Mii].

Let S C SO(3) be a finite symmetric set. In other words, the number
of elements of S, denoted by |S| = 2N, is even and v € S if and only
ify ! €S. Let (Tsf)(z) = Y .es f(vz), where f € L?(S?). We would
like to approximate the projection Py, by ﬁTTs for suitable S. The first
problem is to agree on a way to measure the error for such an approximation.
For an operator T : L3(S?) — L?(S?) let || T || be the operator norm of T.
Explicitly, || T || is the supremum of the numbers || T'(f) ||, where f € L3(S?)
and || f ||= ([|f(z)]*dz)* = 1. We agree that our approximation is best
when the norm

1
I I—S—ITS — Py ||

is minimal. Furthermore, let u(z) = 1, z € S?, denote the unit function.

Thus H = Cu. The orthogonal projection Py, : L2(S?) — H, is given by:

Puof = (3 [ f@dz)u (1 €IS,

Theorem 3.1 [L-P-S]. For any finite symmetric set S C SO(3)

1 VIST=1



A set where the equality holds is called a Ramanujan set. Let p be
a prime, equal to 1 modulo 4. Then there exists in [L-P-S] an explicitly
described Ramanujan set, Sp, with |Sp| =p+ 1.

Let S, be a Ramanujan set, S, = {71,...,74:_;,7,:'1, ...,'y;;é}, and let
SM C SO(3) denote the set of reduced words of length at most M = 1,2,3,...
in S, (by reduced we mean all the obvious cancellations such as yy~! have

been carried out). We shall verify that

Proof.
We prove the fact by induction.
For M=1,|S}| = 1’—'-"‘;&_‘12-‘—1=&'—1)-=p+1.

p—1

Suppose that |SM| = EX+27=p=1 T4 construct SM*! from SM, we

p—1
multiply the elements of S} of length M by elements of S without redun-

dancy. This amounts to adding p new elements to S)M. Therefore,

|Sp“+H =2 (1] = 53] + Sp°]

But,
pe (|-t mpe (PR - (R
_ MR M g —p M M+ +p
-1
=pu+2_pu. d

p—-1
3



Hence,
|S:‘+1| _ pM+2 _ pM . pM+l L pM _p_ 1
p—-1 p—-1
—pM+2+pM+1_p_1
= p=1 .
Consequently, the fact is proven. 0O

Theorem 3.2 [L-P-S].

1
Tom sk ~ o

log(|Sp])
|SM|

< const

Example 3.3. For p = 5, the construction can be described quite concisely.
Ss = {A,B,C,A™Y,B~},C~!}, where A, B, C are rotations about the X,
Y, and Z axes, each through an angle of arccos(—3). So |[SM| = 3(5¥ -1).
SM = {A,B,C,A~',B~',C~', AA,AB, AC,AB~!,AC™!,...}. The set S¥
contains 3(5¥ — 1) elements of rotations.

This construction is just the simplest one from an infinite family; for each
prime p congruent to 1 modulo 4, there is a construction involving p + 1
generator rotations, which corresponds to ways of writing p as the sum of

four squares of integers with the first addend being positive and odd [L-P-S].
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Chapter 4
Equidistribution on the Unit Sphere

Of practical importance is the problem of generating equidistributed points
on the sphere. The problem of generating a large number of points on the
sphere has many applications in various fields of computation such as quad-
rature, placing grids on S2, tomography, coding theory, etc. See [Sl], [C],
and [T], for example.

The advantage of an equidistributed points system lies in the fact that
relatively few samplings of the data are needed, and approximate integration

can be performed by computation of a mean value, i.e. the arithmetical

mean.

4.1 Equidistribution via a Ramanujan set of rotations

We will use the set SM discussed in Example 3.3 to generate points on
the unit sphere. A stereographic projection can be used to relate points in
the complex plane C to points on the sphere. To every point & = (&1, £2,&3)T
on the unit sphere, except the north pole (0,0, 1)T, we associate a complex

number
= t¥2
1-&

Under this stereographic projection the fractional linear transformations in
25



the complex plane correspond to rotations on the sphere. Taking this into
account, it is convenient to actually compute with points in C and to use
fractional transformations instead of rotations. The A, B, C correspond to

the linear fractional transformations defined by the matrices:

‘4':%(1;2‘ IBZi)’B":_\;'E(-12 i)’c’=’\;§(2li 21')
The process of projecting our points onto the complex plane and then pulling
them back to the unit sphere goes as follows:

Let ¢ = (£1,£3,£3)7 be a point on the unit sphere, except the north pole
(0,0,1)T. We associate to it by means of the stereographic projection

_&+i&
z—_l—fa .

The rotation group SO(3) is mapped onto SU(2), with homographic action

onC:
az+b a b
m, (c d)eSU(2)
So z transforms to Z as
i_az-i-b
T ez+d

The final step in the process is to project Z back to the unit sphere via the
inverse stereographic projection.
We get then the rotated point € = (&, &, &3)T where

2R(Z) 29() |z2°-1

-~ e - T= ~7_ < ).
(GHINY (1 +132 1+132 1+ 22
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FIGURE 1. 200 points generated using S¥

In order to visualize the distribution of the points on the sphere, we made
sample plots of these points for the initial point (:}5, 715, 715) € S3. Using

the stereographic projection, this point correponds to 1} € C.
3

If the initial point lies on one of the coordinate axes, then the resulting
distribution of points displays an undesirable amount of symmetry. There-
fore, we need to fix a starting point p € S? lying on none of the coordinate

axes.
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FIGURE 2. 1000 points generated using S

Theorem 3.2 gives the quadrature error bound for the Ramanujan set and
it is near-optimal for the numerical integration of functions on §3, as we will

see in the next two examples.

4.2 Numerical results

Example 4.2.1.



We discuss the integration of a discontinuous function, namely the char-

acteristic function given by
1if h<é-&<1,

xn(&-&) = {
0 elsewhere

for fixed & € S2.
The exact value of the integral is the area of the spherical cap (the inter-

section of S? with half spaces) of radius 1 — h, so
[ xn(€- &) du() = 21 - ).

To test our distribution, we choose different values for h and & = (J5, 75, 75)"-

Using the Ramanujan set of rotations SM to approximate the integral, we

have
1 1 1-h
oM Y xn(rE o) = [, xn(€-&o) dw(§) = ——.
8
No.ofpoints (h=095| h=08 | h=05
) 0.02 0.08 0.18
100 0.02 0.14 0.19
150 0.02 0.14 0.1533 |
200 0.02 0.15 0.19
250 0.02 0.152 0.184
300 0.0233 0.15 0.1933
350 00229 | O0.14 0.1971 |
400 0025 | 0.1425 | 0.205
" Exactvelue | 0.028 (X) 025

TABLE 1. Example 1
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Table 1 gives an impression of the numerical results. The smaller the
radius 1 — A is, the better results we get. Even though the function is
discontinuous, we are getting acceptable results using only a few generated
points.

This example deals with the integration of the function

81n(f)

[ co8(€ - réo) dw(€) = 4

Using the set S we approximate the integral by

sm(r)

Z cos(v€ - r€o) & — / cos(§ - rép) dw(§) =

1
For the numencal tests, we take three different values for r and & = (0,0,1)7.
Table 2 shows the results. The function is smooth for small r and that

explains the good results for r = 0.1.

No.ofpoints | r=1 r=.5 r=.1
50 0.8419 | 0.8587 | 0.9983

100 0.8548 | 09622 | 0.9985

150 08509 | 0.9612 | 0.9084

200 0.8477 | 0.9603 | 0.9684

250 0.8497 | 0.9609 | 0.9884

300 0852 | 09609 | 09984
 Exactvalue | 0.8415 | 0.9587 | 0.9083

TABLE 2. Example 2
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Chapter 5
Covering of the Sphere

The material that follows had as its inspiration two sources. One is the
fact that covering the unit sphere with n spherical caps that possess the
smallest possible radius is still a challenging and unsolved problem. The
centers of such an extremal system of caps are then the positions for the n
fuel depots that may be placed on any spherical planet so that the distance
of any point on the surface from the nearest depot is as small as possible.

The other source for thinking about covering the unit sphere with spherical
caps of radius A is the multiresolution analysis on S?, especially if one wants
to have a nested sequence of covers with a specific radius.

This led to the investigation of the general question: how many spherical
caps of radius h do we need to cover the unit sphere? We are looking for
an explicit formula for the number of spherical caps needed and an exact
positioning of the centers of the spherical caps that cover the whole unit
sphere without giving any preferences to any region on the sphere.

We will use in this dissertation the Ramanujan set of rotations only in
the case when p = 5. Let A C S? be a spherical cap with center y € S? and
radius h.

The area |A| = 2rh. Denote by x4 the characteristic function of A. In
3



order for the set{yA},esn to cover the whole unit sphere, one has to make
sure that for every z € S, there exists at least one spherical cap, say YA,

where v € S¥, such that z € 7A.
Theorem 5.1. Let Cy = 5% (M +1+ ), and let k = 41%%£YZ), Then,

Jor every cap A C S? and for all £ € S? we have

|A| - E X'yA(x)

YESM

i
" (4«)% [ls“l ] (5.1)

Proof. Here we follow an argument in [L-P-S] making it more precise at
various points.

Let A C S? be a spherical cap with center y € 52 and radius h. The area
|A| = 2wh. Denote by x4 the characteristic function of A. Let A;, Az be
two spherical caps about y with the radii A — 2¢ and h + 2¢, respectively.

Therefore, |A,| = 2n(h — 2¢), and |A3| = 27(h + 2¢). We have
l|Ay| = |A|| =27 |(h£2c) - h|=4me, (¥ =1, 2).

For € > 0 let k.(2,£) be the point-pair invariant

1
ke(2,€) = 27(1 — cos(¢))

0 otherwise.

if d(z,¢) <e,

Define k * f(z) by

ke f(2) = [s, Kz ) f(€)dz.



We get

15 S“| Y- (xa, *ke)(yz) - 4] < l Z (xa, * ke)(v2) - [Au]| + [|Au] - |A]
7€83¢ '765“'
< | Ml Z (X v #k¢)(‘7~‘b‘) - IAl'l + 4we.
yes§!
Let
= Z (XA,*kg)(’Yz)_lsg‘“Aul .
1S
Then
] “I 2 (xa,+ke)(yz) = 4 < 1 S“l gHple Hame. (52)
YESH
The Legendre polynomials P,(z) are defined as
Pa(z) = 5o o 2~ D"
Also P,(1) =1 and
/ Pa@)Pa(o)dz = z——bmn-

Now, we need to estimate I,,. By (2.9) in [L-P-S], we have

Y- ke(m)ka,(m) 3 0im@) Y ¢im(r2)

ma=1 lil<m Y€Sg!

where ka,(m) = 2% [ Pm(z)dzand F(m) = =L [o.. Pm(2)dz. Fur-

Iy=

thermore, the y; , are simultaneous eigenvectors for the averaging operator
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Ts, and for the operator defined by k.. We now use the inequality (see {L-
P-S], page 161)

Z ®j.m(17)

v€Sg¢

Therefore,

I, <Cn z; Ee(m)ka, (m)| I{; [5.m(2)05m(u)]-
ji<m

By the Cauchy-Schwartz inequality, we obtain

i i
Y 9im@)eim®)| < (Z l05,m ()] ) (Z I%,m(y)l) .

151€m ljlsm lilsm
Furthermore,
Y lpim(a) = 2’"* ! forallze S
l3|Sm
Consequently,

2m+1

I, <CNZ

The next step in the proof is to bound k4, (m) and k, (m) from above. Recall

ke(m)ka, (m)|

that
(2m +1)Pp(z) = m+1(z) Py (z).

Using the above equation, k4, (m) and k.(m) can be rewritten as

b (m) = 52

[Pm+1(cos pv) = Pm—1(cos py)]

bm) = G 1):1 sy Prsa(e08e) = Pruos(ooue].

To bound k4, (m) and k_(m) from above, we need the following lemma.
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Lemma 5.3. For 0 < 0 <, we have the following inequality

| Pm—1(c08(8)) — Pr1(cos(8))| < —= \/_ |8m(0)|

Proof. Recall a result of Stieltjes ([Sz}, Theorem 7.33, page 165)

v/ 8in(0) | Py (cos(8)| < —ﬁ (0<8<n). (5.3)

Bernstein’s theorem ( [Sz], Theorem 1.22.1, page 5) states that for any

trigonometric polynomial g(#) of degree n, we have

lg’(0)| <n. max |g(f1)] (0<0<2m). (5.4)

0<9 <2r

Let 0 < 0p < §. We see from (5.3) that

@ <0<3). (55)

2
[Fa(cos(8)] < \/_\/_ \/sm(ﬂ \/_ \/sm(ao

Let cos(f) = cos(fp) cos(u). Then by (5.5) for all real u

1Pa(co0(80) on(u)| |/ 7 s (56)
Hence, (5.4) and (5.6) imply
(o) snu) P (e con(u) < |/ 2~ (57

Equivalently, for 6y <8 < %,

Ve ). el |2 69
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Given 0 <y < § set 6p = , 8 =+. Then (5.8) implies

(5.9)

) Vv 1
|Pa(cos(v))] < \/; V<083 (%) — coe?(7) 1/5in(3)

But

cos?(3) - cos?(x) = sin®(y) - sin?(}) = sin(]) (4cos*(]) ~ 1) 2 sin’ ().

Hence, by (5.9),

Aot < 2o (510
2

From ([Sz], (1), page 360) we have

2n+1

n(n+1)
By combining (5.10) and (5.11) we get

P, 1(.'12) - Pn+1 (z) (1 :Bz )P’ (12) (5.11)

| Pa—1(co8(7)) = Pa+1(cos(7))] <

iy )\/—(sm(l))i

_2n+11 [2 sin?(7)
S om+l ﬁ\/:(sin(%»i'

But
sin() = 2sin(7) cos(3).
So
1 2cos(1) <_2 2
sin(7)  sin(y) - sin(y)’
Therefore

2n+11 1

[Pa-1(con(1)) = P (con(r)) < 455 Z=—=/am).

(5.12)



Consequently, for 0 <+ < %,

[Pac(008(7)) — Pas(con(r)) < = B (sag)
Hence, the lemma is proven. 0

Using the previous lemma and setting ¢ = ;3;, we have the following
inequalities

: lsin(py)| 2mt
Ik‘"('")| SamriV m = @m+ivm

Similarly

- 1 v/sin(e)
)| < G v

5¢(m)| < 1 for all m, to conclude that

L<Cum )

1<m<1

t2/sin(e) 1
sCn [ > \/— + Z « (T—cos(e)) @m + l)m]

1<m<}

_ \/sm(e
=Cpnt L 2 \/“ (1 - cos(e)) Z  (2m+ l)m]

<mg<!

Also,

2m+1

Ee(m)ka, (m)| 252 + Cur Py

e(m)ka, (m)| =5

Notice that for the first part of the sum we have

sl i
Furthermore, for the second part we have the following two inequalities:

V/sin(e) _\/_'
T cos(e)) = £
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: m>¢ (4)-1
Hence,
11 le 1 1
< - cww— —— — —4 — — 5014
I, < Cpt [2 7z +2t€§ 2] Cut(2 +t)\/§ (5.14)

By combining (5.14) with (5.2) we get

Z: (xa, * ke)(7z) — |A]| <

t( +t)—= + 4ne.
.5 |S“l 7

Set k = t(; +¢t) = 45&‘3@. It is easy to verify that, for any zi, ..., T, € S3,

we have
Z(XM * ke)(zr) < ZXA(zr) < Z (X, * ke)(zr)-
r=1 r=1
In conclusion,
|A] - 154 725‘:“ xa(vz)| < ISMI \/- —= +4re.

The previous inequality is valid for every ¢, such that 0 < ¢ < 1, so the

following inequality
|4 - M Z xa(yz)| < Cﬁ k—= +4me) (5.15)
still holds.



FIGURE 3. The graph of J(z) for k; =1 and k3 =1

Lemma 5.3.

$
B[k e+ 479 = gy un [IS“I]

Proof. Let J(e) = kie + %, where € > 0. The graph of J(¢) is shown
in figure 3. The minimum of J(¢) occurs at o = (ikkz{)i' and minJ(e) =
J(eo) = f;lék,* . In our case, k; = 47 and k3 = ]—-g:,{-rk. Therefore, the
lemma follows. O

Combining (5.15) and Lemma 5.3, Theorem 5.1 is proven. O
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Furthermore, in order to use Theorem 5.1 to guarantee the covering of the

sphere, we need the following Lemma 5.4.

Lemma 5.4.

4] - I P X @)

-yes"

<|Al=> |J v4=8
veS¥

Proof. As vA C S?, then Uyesy 1A C S2. Now, letting z € 5? we have

<|Al= ) xya(@) #0.

yeSM

|A| - I Ml Z Xva(T)

veSY

So, we can see that there exists a v € SM such that x,4(z) = 1. This is

equivalent to saying that z € yA. As YA C U, ¢ S the lemma follows. O

Based on this fact and on Theorem 5.1, we reach a covering if

14 M
STMA1+ ) e :‘/’?)] <2rh.  (5.16)

3

~_(4m)}

4% (4) [ |SM|
Asn = 3(5™ — 1), then M = logs(2 +1), and 5% = /2n + 1. Inequality

(5.16) can be simplified as follows

Vin+l [1 + (1 + ) logs (3 + 1)] .1 \/5 x3 " 617

n 16+\/-

The left hand side of (5.17) is less than
v3/3vA 201 + Jg) loggn

n

and so we have proven the following Proposition 5.5.
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Proposition 5.5.

If n satisfies the following inequality

logn _ v5(log 5)x3 .
v 12v2(V5 +1)(16 + /)

then the sphere covering

|J 4=5%

YESY

18 guaranteed.
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Chapter 6

One Dimensional Wavelets

Digital signal processing requires mathematical tools to transform multi-
frequency (multiresolutional) time-varying signals for data compression, pat-
tern recognition, and digital filtering.

Domain transforms such as the Fast Fourier Transform (FFT) and the
Discrete Cosine Transforms (DCT) had been at the forefront of signal trans-
formation and analysis until the introduction of the wavelet transform in the
early 1980s.

Wavelet theory involves representing general functions in terms of simpler,
fixed building blocks at different scales and positions. This has been found
to be a useful approach in several different areas.

In the early 80’s, Stromberg discovered the first continuous orthogonal
wavelets [St]. This was done in the context of trying to further understand
Hardy spaces, as well as other spaces used to measure the size and smoothness
of functions. And long before this were results by Haar [Ha], Franklin [F],
and others.

Lemarié and Meyer [L-M], independent of Stromberg, constructed new
orthogonal wavelet expansions. With the notion of multiresolution analysis,

introduced by Mallat and Meyer, a systematic framework for understanding
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these orthogonal expansions was developed [M]. It also provided the connec-
tion with quadrature mirror filtering. Daubechies [Da] gave a construction
of wavelets, nonzero only on a finite interval and with arbitrarily high, but
fixed, regularity.

Unlike the Fourier transform, which decomposes a signal into component
frequencies, a wavelet transformation uses template matching to choose a
waveform closely matching the original signal. The end-result of the pro-
cess, if not the mechanics, is similar to using look-up table functions. Far
fewer terms are required to represent a signalwhile retaining a high degree

of accuracy.
6.1 Wavelets on the real line

Let L?(R) denote the Hilbert space of complex valued square integrable

functions on the real line R. The scalar product in this space is defined by

(fr9) = /. fOa0dt  (f.g € L3R)). (6.0.1)

Definition 6.1.1. A wavelet is a function y(t) € L3(R) such that the family
of functions

ik = V292t - k),
where j and k are arbitrary integers, is an orthonormal basis in the Hilbert

space L*(R).



A multiresolution of L(R) is & sequence V;, j € Z, of closed subspaces
V; € L3(R), such that

(a) f(t) belongs to Vg if and only if f(t — 1) belongs to Vp,
(0) V; CVjyy foralljeZ,
(c) F(t) belongs to V; if and only if f(2t) belongs to Vjy, for all j € Z,

+00
@ () vi={o}

f= 00

+00
(€) the closure of U V; = L*(R),
j==—00

(f) there is a function ¢ € Vp, such that the set

{#(t — k)}, k € Z, is an orthonormal basis of Vj.
(6.1.2)

The function ¢ is usually called the scaling function. Clearly the functions
$in(t) =VV(@t—k)  (ke2Z) (6.1.3)

form an orthonormal basis of V; for each j € Z.

It will be good to give at this point some interesting examples of multires-

olution analyses.

Example 6.1.2. Haar System (1910)
Let V; = { All functions in L?(R) constant on all intervals [k2~7, (k + 1)279],
for k € Z). And let



1if te(o,1),
-

0 otherwise.

{¢(t - k)}kez is an orthonormal basis for Vp, and {V;};ez is a multireso-

lution analysis.

Example 6.1.3. Splines System, due to P. Lemarié and G. Battle.

The vector space Vp is the set of functions which belong to C? N L?(R)
and equal to a cubic polynomial on each interval (k,k + 1], k € Z. It is well

known that there exists a unique cubic spline ¢(t) € Vp such that for every

ke

1 if k=0,

é(k) =

0 if k#0.

Any function f(t) € Vj can be decomposed in a unique way,
o0
f6)=S cdlt-F).
k=-00

But, as ¢(0) =1 then f(k) = ci. Therefore f(t) can be written uniquely as
&)=Y fk)ét—k).
k=—o00
One can easily show that the sequence of vector spaces {V;}jez built with

property (c) of (6.1.2) is a multiresolution analysis of L2(R).
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Let W; denote the orthogonal complement of Vj in Vj4.1, so that for each
j€d,

Vin=V;eW; (6.1.4)

is an orthogonal sum decomposition. The main result of the theory of
wavelets is that given any multiresolution, there is a function ¥ € Wy such
that for each j € Z, {y(t — k)},k € Z is an orthonormal basis for Wp.

Moreover,

Vialt) = VYt —k)  (keZ) (6.1.5)

is an orthonormal basis of Wj. Thus in effect the set

Yix(t) = V2y(2it — k) (G, k € Z) (6.1.6)
is an orthonormal basis of L2(R).

It has been shown that one can derive a wavelet orthonormal basis from
any multiresolution analysis. However, the converse is not true. Let ¥(t) be

the function whose Fourier transform is given by

. 1 if g5|w|5w0r41r5|wl54w+%{,
$w) =
0 otherwise.
The translates and dilates

(V2Y(2t - B)) s jyeze
16



form an orthonormal basis of L3(R). This counterexample due to Y. Meyer

is a wavelet that is not related to any multiresolution analysis.
The beauty of the subject is that the functions ¢ and ¢ are completely
determined by a single sequence of numbers A[k], k € Z, which in the most

interesting cases has finitely non-zero terms. The relevant relations are the

“two-scale dilation equations”:
1 +00
0= ,,Z.:m hik]g(2t — k)
1 Ly (6.1.7)
E'I’(t) = bgmy[klfﬁ(?t — k)

glk] = (-1)*~*h[1 - k], keZ.

The sequences h(k] and g[k] , k € Z, are, respectively, the low-pass filter
and the high-pass filter of a two-channel multirate filter bank [Ma}, and the
function v is called a wavelet.

Next we process the signal in terms of a given multiresolution. A digital
signal is a sequence of real numbers ag(k], k € Z, which is identified with a

function f(t) in Vp by the formula:

+00
FO =Y aoklé(t — ). (6.1.8)
h=-00
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Let the projections of f onto V;41 and onto Wj,, be given by

+00
Py f(O) = Y ajnlkldisrn(t)
"T: (6.1.9)
P S®) = ) disa Rl n(t).
k=-—00
Then the relations between the sequences involved are very simple:
+00
(@) aslpl = ) Alk —2plaji[k],
k=-00
+00
®) dslpl = Y glk - 2plaj4i[K], (6.1.10)
k=-00
400 +00
(©) ajnalpl = Y hlp—2klaj(k]+ Y glp— 2k]d;[K].
k=-—00 k=-00

The first formula (6.1.10.a) describes the projection Vj41 3 Py, ,f = Py, f €
Vj. The difference Py;,,f — Pv,f = Pw,f is the “detail” signal described
in (6.1.10.b). The formula (6.1.10.c) describes the reconstruction of Py, , f
from Py, f and Pw,f. In the case when the low-pass filter Alk], k € Z,
has finite support, the operations (6.1.10) can be precisely implemented for
computation. The computations are relatively simple and can be performed
quickly. Given a particular application, one designs an appropriate multires-
olution, i.e. chooses the correct filter bank.
Now, we take a look at some important properties of wavelets.

Orthogonality: Orthogonality is convenient to have in many situations,

e.g., it directly links the L2-norm of a function to the norm of its wavelet
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coefficients by

Il = ‘ /203 .
ik

In the biorthogonal case these two quantities are only equivalent. Another
advantage of orthogonal wavelets is that the fast transform is a unitary trans-
formation (i.e., its adjoint is its inverse). Consequently, its condition number
is equal to 1, which is the optimal case. This is of importance in numeri-
cal calculations. It means that an error present in the initial data will not
grow under the transformation, and that stable numerical computations are
possible.

Compact support: If the scaling function and wavelet are compactly sup-
ported, their corresponding filters H and G are finite impulse response filters,
so that the summations in the fast wavelet transform are finite. This obvi-
ously is of use in implementations. If they are not compactly supported, a
fast decay is desirable so that the filters can be appraoximated reasonably by
finite impulse response filters.

Symmetry: If the scaling function and wavelet are symmetric, then the
filters have generalized linear phase. The absence of this property can lead
to phase distortion. This is important in signal processing applications.
Smoothness: The smoothness of wavelets plays an important role in com-

pression applications. Compression is usually achieved by setting small co-
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efficients c;x to zero. If the original function represents an image and the
wavelet is not smooth, the error can easily be detected visually. Also, a
higher degree of smoothness corresponds to better frequency localization of
the filters. Finally, smooth basis functions are desired in numerical analysis
applications where derivatives are involved.

As could be expected, it is not possible to construct wavelets that have

all these properties and there is a trade-off between them.

6.2 Two wavelet-based indices for abrupt changes detection

In this section, we will develop a new method based on the wavelet trans-
form (WT) to detect abrupt changes in non-stationary noisy signals. We
will show that the wavelet transform alone or when combined with the short
time Fourier transform (STFT) provides a more accurate index of stationar-
ity than the STFT alone (as given in [L-D)), especially for very noisy signals.

One common problem in signal processing is the ability to detect abrupt
changes in very short segments of not strictly stationary signals. A method
based on time-frequency representations (TFRs) for detecting abrupt spec-
tral changes in noisy signals was recently introduced [L-D)]. This paper presents
a stationarity index derived from the spectrogram of the signal. They show

that the Kolmogorov distance is the best choice for a stationarity index. If
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there is no change in the frequency content of the signal the index of station-

arity is close to zero, but if a change occurs, then the index of stationarity

sharply peaks.

We propose in this section an improvement to this previous method by
deriving the stationarity index from the spectrogram of the wavelet coef-
ficients of the signal or from the coefficients themselves rather than from
the spectrogram of the signal. We have considered this modification due
to the fact that the wavelet transform is a useful tool for non-stationary
signal analysis that has found many applications in time-frequency analysis
[Fl], transient detection [M-H] and speech processing [K-B]. After defining
the new modified stationarity indexes, we consider two kinds of signals from
[L-D], namely test signals presenting very short frequency-hopped segments
and chirp signals corrupted with noise. Comparisons between the original

method and the new method are performed for different levels of noise.

The short time Fourier transform (STFT) is most suitable for time-frequency
analysis of narrow-band signals whose frequencies are subject to strong but
slow time-evolution. However, most of the signals of interest to scientists
and engineers, from cardiograms and seismograms to stock market quota-
tions and turbulent velocity fields, do not resemble simple tunes and have a

much richer structure which often includes the appearance of a wide range
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of scales [S-W].
The STFT and the wavelet transform (WT) are subject to the same time-
frequency constraint, namely the Heisenberg uncertainty relation

1
4

At-Af >
where At and Af represent uncertainty in both time and frequency. The
fundamental difference between these two approaches is how the resolution
properties vary throughout the time-frequency plane. There is a classical
time and frequency resolution trade-off that underlies the structure of the
spectrogram: the choice of an analyzing window of short duration ensures
a good time localization, but at the expense of a poor frequency resolution
(by Fourier duality), and vice-versa. Moreover, once an analyzing window
has been chosen, the resolution capabilities of the spectrogram remain fixed
for all time and frequency parameters [F-V-R]. One major advantage of the
WT is that it has a high frequency resolution at low frequency and a high
time resolution at high frequency.

Let U be the signal generated from the wavelets coefficients of the original
signal. Denote by SPEC the spectogram of U. For each time ¢, two sub-
images SPECI(t;r, f) and SPECII(t; 1, f) are extracted from SPEC as
follows:

SPECI(t;r,f) = SPEC(t —w +, f)
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SPECII(t;r, f) = SPEC(t + T, f)

where w is the width of the subimages and 7 € [0, w]. After normalizing the
obtained subimages, define the modified stationarity index as follows:
N M
MSI(t) =YY" ||SPECI(t;4,5)| - |SPECII(t;, )|
i=1 j=1
where (N, M) = size (SPECI) = size (SPECII).

The major drawback of the original and the proposed hybrid method
is that a spectrogram is used to determine the distances between the sub-
images. Therefore we consider as a direct method the stationarity index as
the wavelet level 1 coefficients of the signal (without invoking the spectro-
gram of the wavelet transform of the signal).

In all test series, 512 data length signals have been generated via MAT-
LAB with a sampling frequency f, = 1 kHz. The signal-to-noise ratio was
varied from 0 dB to 6 dB.

A. Test signals generation:

The first series contains signals presenting three frequency-hopped bound-
aries at time samples 180, 210, and 240 (30 samples per segment). The
signal in each segment is composed from a single tone. Let us define a fi-

nite tone as s(f; [t1,¢2]), where f is the normalized frequency and [t;,¢;] the
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time duration. Hence, the signals with abrupt changes consist of four tones:
5(0.2; [1, 179]), 5(0.3; [180, 209]), 5(0.25; [210,239]), and 5(0.2; [240,512]). In
the second series, finite duration oscillating tones were generated. Define a
finite duration oscillating tone as s(f.;[t1,t2]), where f. is the central fre-
quency and [t;, t3] the time duration. The signals with abrupt changes consist
then in three oscillating tones: 8(0.2; [1, 179)), s(0.3; [180, 209]), 8(0.25; [210, 239]),

and 8(0.2; [240,512]).

FIGURE 4. Test signals with SNR=6dB and their corresponding station-

arity index.



B. Results:
Figure 4 and Figure 5 present the spectograms of the first series that has

the abrupt frequency changes at 0.18, 0.21, and 0.24 with SNR of 6 and 0

dB respectively.
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FIGURE 5. Test signals with SNR=0dB and their corresponding station-

arity index.

All three methods show good detection and localization of the frequency-
hopped times at 6dB SNR. But with 0 dB SNR, the hybrid and the direct

method (using the Daubechies-4 wavelets) show a much better ability to
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detect the frequency-hops by forming higher peaks in the stationarity index

around the time of the abrupt frequency change.
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FIGURE 6. Stationarity index of the second series with SNR=0dB.

In the second series, the signals with abrupt changes consist of three os-
cillating tones. The original method fails to detect the time positions of the
sudden changes. In direct contrast, our hybrid and direct methods show

peaks in the SI at the times of abrupt changes even with an SNR of 0dB
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Mean 1 Mean2 | Mean3 Sd1 Sd2 Std3
___Hybﬂd method 180.5 209.3 240.2 39 35 38
Original method 1797 209.9 240.2 54 52 46

TABLE 3. Statistical Results: Mean Values and Standard Deviations of
the Boundaries Localization {100 records}
(see Figure 6). We observe that the hybrid and direct methods have lower

variance than the original method of Laurent and Doncarli.
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Chapter 7
Two Dimensional Wavelets

To pass from the one-variable situation to a multivariable situation, we
can form tensor products. This is a very general concept which we will use
in its most simplest form.

Given n functions of one variable fi(z) for j = 1,...,n we will form the
function of m variables f!® f2®...® f* = ’é f? defined as

j§1 F (21, 2d) = [[ F(z5)-

j=1
Furthermore, if we have n closed subspaces X; C L3(R) for j = 1,2,...,n we
can form a closed subspace of La(R") denoted by ’élx,- orby X;2 X2 ®
... ® X, and defined as the closed linear span in La(R™) of all functions of
the form f(z,)-...- f®(zn) where fi € X; for all j = 1,2, ...,n.
Before we introduce 2D wavelets, let us use the following example as an
introduction.
Example 7.1. Two-dimensional Haar wavelet
A natural choice is to use squares in the plane R2. Let V; be the space of
all functions in La(R?) which are constant on each square (n, n+1) x (k, k+1).
When we divide each square into four equal squares we obtain the space

V1 of all functions in Ly(R?) which are constant on all squares (3, 2f*) x
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%* &%i) Thus to complement Vp to V; we need three functions on each
square (n, n+ 1) x (k, k+ 1). These three orthogonal functions can be given

¢1(.’L‘, y) = ¢(z)°¢(y)a
¥a(z,y) = 6(z)-¥(v),
¥3(z,y) = ¥(z)-¥(v),

where ¥(z) and ¢(z) are respectively the Haar wavelet and scaling function
defined in the previous chapter. Clearly these functions are in V;. The
functions ¥;(z — k,y ~1) for all k, | € Z and j = 1, 2,3 form an orthonormal
system.

We will follow the procedure indicated in the previous example for the
general setting.

Suppose that on R we are given two multiresolution analyses, say ... C
V3, c V§ c V§ C ... with scaling functions ¢;(z) and corresponding wavelets

¥i(z) where i = 1,2. The subspaces F; C Ly(R?) are defined [Woj] as

The sequence of subspaces (Fj)jez has the following properties:

wCF4CFCFC.. (7.1)
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UF=1*®) (7.2)

jez
) F; = {0} (7.3)
Jj€Z
f(z,y) € F; & f(2z,2y) € Fja (7.4)
f(z,y)EF‘)%f(I—l,y—l)EFo (75)

The system {¢1(z — k)¢a(y — )}z
is an orthonormal basis in Fy. (7.6)
If we write V§ = V§ @ W} for i = 1,2 then we infer that
F=Vi eV =(Vy W) ® (Vg W)
= (Vo ®Vg) @ (Vg @ Wg)(Ws ® V) @ (W @ Wp)
=Foo (Vo ® W3) @ (W; @ V) @ (W @ Wg).
We also infer that

{¥1(z — k)¥a(y — ) }a ez is an orthonormal basis in W3 ® W3
{¥1(z — k)é2(y — 1)}x,icz is an orthonormal basis in Wy ® V
{¢1(z — k)¥a2(y — )},ez is an orthonormal basis in Vg ® Wg

Using (7.1)-(7.6) we get three functions §; = ¥, ® ¢, Y3 = ¥1 ® ¢2 and
¥3 = ¢1 ® ya such that the system {;(2z - k, 29y — 1)} with j, k,{ € Z and

i = 1,2,3 is an orthonormal basis in La(R?).
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Chapter 8

Compression on the Unit Sphere

One of the most common applications of wavelet theory is data compres-
sion. There are two kinds of compression schemes: lossless and lossy. In
the case of lossless compression one is interested in reconstructing the data
exactly, without any loss of information. We consider here lossy compres-
sion. This means we are ready to accept an error, as long as the quality after
compression is acceptable. With lossy compression schemes we potentially

can achieve much higher compression ratios than with lossless compression.
8.1 Image compression

Let us take the case of digitized images. The compression ratio is defined
as the number of bits the initial image takes to store on the computer divided
by the number of bits required to store the compressed image. This is easy to
understand when we consider the fact that to store a moderately large image,
say a 512 x 512 pixels, 24 bit color image, takes about 0.75 MBytes. This is
only for still images; in the case of video, the situation becomes even worse.
Then, we need this kind of storage for each frame, and we have something like
30 frames per second. This is just one reason why compression is important.

First, let us define, somewhat mathematically, what we mean by an image.
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Let us for simplicity discuss an L x L gray scale image with 256 = 28 gray
scales (i.e., 8 bit). This can be considered to be a piecewise constant function

defined on a square
J(z,y)=p;; €N, for i<z<i+1l and j<y<j+1 and 0L4,5<L,

where 0 < p;; < 255. Let us fix an orthogonal wavelet ¥. Given an integer

M > 1, we try to find the "best” approximation of f by using a representation

fu(@y) =) cixdin(z,y)
ik

with M nonzero coefficients c;.

The basic reason why this potentially might be useful is that each wavelet
picks up information about the image f essentially at a given location and
at a given scale. Where the image has many interesting features, we can
expand many coefficients, and where the image is smooth we can use fewer
coefficients and still achieve a high quality approximation. In other words,
the wavelet transform allows us to focus on the most relevant parts of f. Now,
to give this a mathematical meaning we need to agree on an error measure.
Ideally, for image compression we should use a norm that corresponds as
closely as possible to the human eye [D-J-L]. However, let us make it simple

and discuss the case of L3.
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So we are interested in finding an optimal approximation minimizing the

error ||f — fal|, 2. Because of the orthogonality of the wavelets,
O 1 9im) — el ¥
ik

is an equivalent measure. A moment’s thought reveals that the best way
to pick M nonzero coefficients c;x, making the error as small as possible, is
by simply picking the M coefficients with largest absolute value, and setting
cjk = (f,¥ji) for these numbers. This then yields the optimal approximation
.
We can summarize wavelet image compression using the L2 norm in three
steps:
1. Compute coefficients c;,...,cn representing an image in a normalized
two-dimensional wavelet basis.
2. Sort the coefficients in order of decreasing magnitude to produce the se-
qUence Cy(1); - - -, Co(m)-
3. Starting with /s = m, find the smallest 7 for which 3 % ;. .1 (co(i))? < €,

where ¢ is the allowable L2 error.
8.2 Pseudocode for compression

The pseudocode below outlines an efficient method that uses a binary

search strategy to find a threshold below which coefficient sizes are deemed
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negligible. The procedure takes as input a one-dimensional array of coef-
ficients C (with each coefficient corresponding to a two-dimensional basis
function) and an error tolerance €. For each guess at a threshold T, the algo-
rithm computes the square of the L? error that would result from discarding
coefficients smaller in magnitude than 7. This squared error s is compared
to €2 at each iteration to decide whether the binary search should continue in
the upper or lower half of the current interval. The algorithm halts when the
current interval is so narrow that the number of coefficients to be discarded
no longer changes.
procedure Compress (C: array [1..m] of reals; e: real)
Tmin ¢ min{|C[i]|}
Tmaz — maz{|C[i]|}
do
T & (Tmin + Tmaz)/2
s«0
fori—1tomdo
if |C[i]| < T then s « s + (Cfi])?
end for
if 3 < € then T4 — T else Tz — T

until Tin = Tinasz



fori < 1tomdo
if |C[i]| < 7 then C[i] « 0
end for

end procedure

However, DeVore et al. [D-J-L| suggest that the L! norm is best suited

to the task of image compression.

8.3 An example of data compression

on the unit sphere

The most well known spherical wavelets, namely by Freeden and Wind-
heuser [F-W] and Schroder and Sweldens [S-S] assume regular gridpoints. In
practice, the observed data are often irregularly distributed. Such scattered
data are often encountered in global environmental studies, based on ground
stations or on satellites [Le], [V-G-L]. To overcome this problem of irregular-
ity, one can use the strictly positive definite functions studied in Chapter 2
to interpolate the scattered data in order to have regular data available.

In applications such as climatology, the earth is often regarded as a sphere
of unit radius so that a meteorological variable T'(n), such as the sea level
pressure or the surface air temperature, can be treated as spherical field. In

this expression, n := [cos ¢ cos 8, cos ¢ sind, sin¢]T denotes the unit vector
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that points to a location on the earth from the center of the sphere, with ¢

and 6 being the latitude and longitude of the location.

In many applications, the field T'(n) is observed only at a finite number
of observing sites. If the observations denoted by {(Tj,n;)}L,, are free
of measurement error, then T; = T(n;). A more realistic model is T; =
T'(n;)+e¢;, where ¢; represents the additive noise. We will ignore the additive

noise because it does not affect the presentation of the proposed methodology.

The data contains the monthly sea-level pressure (SLP) from January 1871
to December 1994 in millibars. The monthly grid resolution is 5 degrees x
10 degrees (longitude, latitude). Therefore there are 72 x 36 = 2592 grid-
points. The data are organized in full 360 degree latitude circles beginning
at 90S and stepping northward to 90N. Along each circle (there are 36 cir-
cles) there are 72 points, the first value on a latitude line is matched to OE

longitude, and the last value is 355E (or equivalently W) longitude.

Let us briefly review some basic facts about the SLP. The pressure mea-
sured at each weather station is adjusted to the corresponding temperature
at sea level in order to monitor properly horizontal changes in pressure. For
any site above sea level, this adjustment is performed by assuming that a col-
umn of air, with a particular temperature profile, exists between the elevation

of the station and sea level. Using this temperature profile, the conversion
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to sea level pressure is calculated by increasing the station pressure by 10
millibars for every 100 m of elevation. Therefore, the approximate equation

to reduce the measured pressure at a station to sea level is

10mb
P(sea level) = P(observed) + Toom h

where h is the height above sea level.

FIGURE 7. Sea-level pressure across the United States

The chart in figure 7 is useful for finding regions of high and low pres-
sure systems. The solid contours represent pressure contours (isobars) in
millibars. The isobars have an interval of 4 millibars. The wind speed is

directly related to the distance between the isobars. The closer they are
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together, the stronger the pressure gradient, and the stronger the wind. Low
and high pressure systems can also be located from the map above. Low
pressure systems are located in the regions of the lowest pressure, while
high pressure systems are located in the regions of highest pressure. A high
pressure center is where the pressure has been measured to be the highest
relative to its surroundings. That means, moving in any direction away from
the “High” will result in a decrease in pressure. A high pressure center also
represents the center of an anticyclone and is indicated on a weather map by

an “H”

A low pressure center is where the pressure has been measured to be the
lowest relative to its surroundings. That means, moving in any horizontal
direction away from the “Low” will result in an increase in pressure. Low
pressure centers also represent the centers of cyclones. A low pressure center
is indicated on a weather map by an “L” and winds flow counterclockwise
around a low in the northern hemisphere. The opposite is true in the southern
hemisphere, where winds flow clockwise around an area of low pressure.

January 1986 and August 1986 will be the two cases used in the analysis.

After this brief introduction of SLP, our attention will be on compressing
the available SLP data. A compactly supported biorthogonal spline wavelet

“Bior3.9" is used in this analysis. After compressing our data, we show the
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surfaces and contours of the original and approximated data; we have plotted

also the surface of the details.

FIGURE 8. SLP surface plots for January 1986

For the case of January 1986, 69% of the wavelet coefficients are set to zero,
and the percentage of the original signal’s energy preserved is 100%. For the
case of August 1986, the percentage of the wavelet coefficients that are set
to zero is 70%, and the percentage of the original signal’s energy preserved is
100%. Note that, even though the compressed signal is reconstructed using
only 30% of the original signal, there is almost no detectable deterioration
in the image quality of the two surfaces or the contour plots. The detail

projection surfaces are very low compared to the original surfaces.
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Sutuce of the detad progrion

FIGURE 9. SLP detail surface for January 1986
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FIGURE 10. SLP contour plots for January 1986

As one can see from the figures and percentages, the previous analysis
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FIGURE 11. SLP surface plots for August 1986
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FIGURE 12. SLP contour plots for August 1986

gives satisfactory results, however this approach is practical only when the
g8



Sustuw of the detesl propecion

FIGURE 13. SLP detail surface for August 1986

data are grided and no concentrations around the poles are observed. In the

next section we discuss this issue.

8.4 A general method for spherical compression

Let us briefly review recent constructions of wavelets on manifolds with
special emphasis on the sphere.

The approach of Schroder and Sweldens [S-S] is based on a quasi-uniform
icosahedral triangulation of the sphere. It allows a fast wavelet transform
with computational cost growing linearly in the number of grid points. Nu-
merical experiments show very good results for applications concerning the

compression and fitting of data. Nevertheless, the scaling functions in their
72



approach cannot be evaluated exactly unless at the grid points, and it is not

clear whether their construction yields a stable L3-basis.

Jaffard and Meyer [J-M] construct orthonormal wavelet bases on very
general class of domains in R®. This idea applies as well to manifolds, but it
uses an explicit orthonormalization procedure which requires Gram matrices
to be inverted. The wavelets have good global support but do not allow for

a fast wavelet transform.

To our knowledge, up to now the only discrete construction that exploits
the topological structure of the sphere, in particular its rotational invari-
ance, and requires neither a fixed coordinate system nor triangulation, has
been undertaken by Freeden and his co-workers (see [F-S] and the references
therein). They construct radially symmetric wavelets with arbitrary smooth-
ness. A fast wavelet transform is described in [Sc]; the extension to closed
surfaces is given in [F-S]. Dahlke et al. [D-D-S-W] follow a tensor product
approach using exponential splines. Their construction is based on a fixed
chart for the sphere. It yields C'-wavelets, but suffers from some problems at
the poles when projecting functions onto the wavelet spaces, and the com-
puter implementation seems to be difficult. This approach is extended to
stable biorthogonal spherical wavelets in Weinreich’s Ph.D. thesis [Wei]. In

a similar spirit, Potts et al. [P-S-T] use tensor products of trigonometric
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and algebraic polynomials to construct interpolatory spherical wavelets with
global support that allow a fast wavelet transform. Again the poles are ex-
ceptional points since the underlying grid accumulates there. Hence, as in

[D-D-S-W), these wavelets are not able to detect singularities at the poles.

Dahmen and Schneider [D-S] developped a very powerful, but abstract
method for the construction of wavelet bases on smooth manifolds. The
concept of stability and efficiency of mutiscale transforms is discussed there
in great detail, but their construction of wavelets relies on some prerequisites
that are hard to realize for general manifolds. The theoretical background

for their work can be found in [Da]; also in [C-D-P] some applications are

given.

In addition to the discrete constructions, there are some papers on contin-
uous wavelet transforms on the sphere. Dahlke and MaaB [D-M] construct
wavelets on tangent bundles of spheres. Torresani [To] exploits the Weyl-
Heisenberg group representation. Finally, Holschneider’s approach [Ho] is

based on dilations and rotations using stereographic projections.

We propose a method for compressing functions on the sphere based solely
on a Ramanujan set of rotations and planar wavelets. This method was
inspired by the fact that a rigourous method needs to perform uniformly

well independently of the location of the support of the function on the
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sphere, and for functions supported in a small (relatively flat) subset of S2,
this method should be similar to the one obtained from the theory of wavelets
on R?, which is described in chapter 7.

The 2-sphere S? can not be embedded homeomorphically into the Eu-
clidean plane R2. For, if a topological mapping of S? onto a subset M of R3
existed, then M would be, like S2, compact and simply connected and conse-
quently isomorphic to the closed disk. The Euler number of the disk (x = 1),
however, differs from that of the sphere (x = 2). Thus there is no atlas of
S? which consists of only one chart. To put it another way, every chart of
the sphere has a singularity. This fact, known to cartographers for many
centuries, complicates the positioning of points on the sphere considerably.

Let

SP : S\ {North Pole} - R?

be the stereographic projection, (see [Mii]). Let ¥ be an orthonormal basis of
L?(R?) constructed using tensor products of some orthogonal wavelet basis
of L2(R), (see Chapter 7). Let SP*(¥) C L?(S?) be the orthonormal basis
of L?(S?) obtained by pulling back the functions from ¥ to the sphere,
and normalizing them appropriately, using the Jacobian of the stereographic
projection. Then SP*(¥) is an orthonormal basis of L3(S?). However, the

members of this basis supported near the South Pole look very different
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than the members supported near the North Pole as the North Pole is a
singular point. In order to avoid this singularity we shall rotate the North
Pole, using a well distributed set of rotations, namely a Ramanujan set of
rotations discussed in Chapter 3 of this thesis. What follows is a description
of our new method for compressing functions on the unit sphere.

Let F(&,£2,&3) be a function belonging to L3(S?). We project it onto
the complex plane via the stereographic projection SP. Let us find first the
Jacobian J of this transformation, taking into consideration the fact that

+8+6=1

FeHe

K

Furthermore, we have

o _ 6 ., % _
% -6 e &

Using this fact we have the following expression for J

1
J= a .
o
1-§s 1-£s 2
- [3
-_-?i(_ly 1—5,-§
1-§&s 1-§s

After simplification we get

-1

T &-&)7
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The previous expression can be written in terms of z = 5{%%‘;3 If we write

&3 in terms of z as
|z* -1
1+ |22

&=
then an expression of |J| in terms of z is

41 - lzl |

V@)=

The new function on the complex plane is

2z 2y |2 -
1+ |z 1+ |2 1+ |3

where z =z + iy and |z| = /22 + 3.

Using the two dimensional wavelets on the plane we can therefore expand

f(z,y)= (

z) |9 (2)|%

J in terms of the wavelet basis in L?(R?). For any function f € L3(R?) we

have

3
f(:B, y) = Z Z(f) 'Z’i(2jz - k’ 2jy - ‘))'5;(2’1' - k1 2jy - l)

=1 j, ki
where ¥ = ¢, ® ¥, ¥2 = ¥1 ® ¢2 and Y3 = ¢, ® Y3 with j, k, | € Z. Refer
to Chapter 7 for the definition of ¥;, ¢, ¢1 and ¢3.

Decomposing the function we get

f(zv U) = A’m(zi y) + D‘Yo(za y)

where A,, and D.,, are respectively the approximation function and the

detail function on the plane. As no rotation is performed, we have used
7



70 = id. The next step in the algorithm is to rotate the function F on the
unit sphere and then project it to the complex plane, but as the rotation
group SO(3) is mapped onto SU(2), with homographic action on C:

zHaz+b (a b

cz+d’ \c¢ d)ESU(z)

we will project F first onto the plane and then use the above transformation
which is much easier to implement than the regular 3 x 3 rotations on the

sphere. The scheme goes as follow:

az+b 1
F(El:f?sf!i)—’f(z) _-)f(cz+d)' lcz+d|§

where z = 5{-}%? Furthermore, the matrix (Z 3) belongs to € SU(2)
and it corresponds to reduced words formed by A,, By, and Cp discussed in
4.1.

We decompose this new rotated function into the wavelet basis functions
to get this time the approximation and detail functions A.,; and D,; where
7; belongs to the Ramanujan set S}. We choose the set S} and not any
other arbitrary set of rotations for the main reason that this set generates a
uniform distribution on the sphere. Moreover we derived a precise formula in

Proposition 5.5 that provides us with the number of spherical caps of radius

h needed to cover the whole unit sphere. We have then

F(R(2), 3(2)) = Ay, (R(2), 3(2)) + D, (R(2), 3(2))
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where

a,~z+b,-
c,—z-i-d,-’

zZ=

% “)esuz.
(c:' d; @
Suppose that we stop this process at level M, then we need to pick the

rotation that will assure the best approximation, say 7v;,- We may choose

Yjo 80 that

| Ay;, (R(2), S(2))[| = max || Ay, (R(2), ¥(2))l.
73 €Sy

Using the following decomposition

F(R(2), 3(2)) = Ay, (R(2), F(2)) + Doy, (R(2), 3(2)),

the details and approximations at the first level of resolution are at hand,
we can compress now the function on the plane based on the procedure of
8.2 to get f((R(Z), S(Z)) as the compressed function.

The original F(§;, &3,£3) is defined on the unit sphere, hence the com-
pressed function needs to be projected and rotated back on the sphere. This
time, the rotation will preceed the projection because we are still processing

signals on the complex plane. If

az+b

Nt
Il

38
+
"



then

_ —di+b
cZ-a

The rotation ~;, ! is associated with (g’b o ) which satisfy
jo %o

(2 )-(2 %)
o djo CGo  —Gjo

where (Z’:° 3’° ) is the matrix associated with v;,. Note that both matri-
J0o 20

ajo bjo ) (5,’0 5'0 )
ces and { [ J° ) belong to SU(2).
(c.‘io dj Cjo djo ne ( )
The function f is now a function of R(z) and I(z) where z = =desh,

The final step in the algorithm is to use the inverse stereographic pro-
jection to pull back the function f to the unit sphere. The Jacobian of the

inverse stereographic projection is

= —£(1 - &)

N

Finally, the compressed function F on the unit sphere is

W(z)  29(z) -1, 1
1+ 2z 1+ 2 1+ 12 a()

F(§1,62,63) = f(

For the algorithm to perform uniformly well independently of the location
of the support of the function on the sphere we shall show that functions
supported on a small region Q of S? benefit from the proposed algorithm.

This will follow from the next theorem.
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Theorem 8.4.1. The algorithm described above is based on a finite set of
numbers ( finite impulse response filters). Suppose a function f € L*(S?)
is supported in a spherical cap Qp, of radius h centered at £ € S3. let
denote the spherical cap of radius 2h centered at the south pole (0,0, -1)T.
Let M > 0 be the smallest integer satisfying the following inequality:

logn < v5(log 5)n®
v 12v2(V5 +1)(16 + /7)

Then there is a rotation vo € SM such that v%Q, C Q. In particular, our

h%, where n=g(5M—1).

algorithm will approzimate the function f as well as if f was supported in
2. As a consequence, the performance of the algorithm does not depend on

the location of the support of the function f.

Proof. The main components of our algorithm are the three matrices Ay,

By, and C,, described in 4.1, and the wavelet finite impulse response filters

on the plane. Therefore, the algorithm is based on a finite set of numbers.
We have shown in Proposition 5.5 that if M is the level of rotations of

SM | then it suffices that n satisfies the following inequality for the covering

of the unit sphere to be achieved
logn v/5(log 5)x3 3
< hi, wh = 2(5M - 1).
vn S 12V2(B+1)16+vm) L e 3¢ )
So
U 7 =52
v€SYH
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Hence

QcC U Y.
yeS¥

Since the radius of 2 is twice larger as the radius of 2, we see that there is
a 7o € SM such that

708% C Q.

Therefore, the performance of the algorithm is checked for any arbitrary

region on the unit sphere. [



Chapter 9
Concluding Remarks

This dissertation presents contributions to research in the field of math-
ematics and digital signal processing on the sphere. The main goal is two
fold: (i) Study interpolation, equidistribution and covering on the sphere
using mathematical tools such as the representation theory. (if) Develop an
algorithm using planar wavelets and the Ramanujan set of rotations S¥ to
compress functions on the unit sphere.

We give first definitions of positive definite functions in the case of the
real line and in the case of the m-sphere. Then after defining strictly positive
definite functions, we give a sufficient condition for a zonal function to be a
strictly positive definite. A major result of this thesis is that we have proven
Shreiner’s result as a consequence of a more general representation-theoretic
result, namely for compact groups using tools from the Representation The-
ory.

The other major direction of this thesis is to compress square integrable
functions on the unit sphere. The main tools used in this analysis are a
Ramanujan set of rotations and planar wavelets. Ramanujan sets of rotations
are introduced and our focus is on S, a special set from the Ramanujan set

of rotations. Starting with a point on the digital sphere lying on none of the
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coordinate axes and using S2 points on the sphere are generated. Examples
showing the performance of the uniformity of the equidistribution of these
generated points is studied in terms of quadrature on the sphere.

An important application to time-frequency representations is presented.
The proposed method is to detect abrupt spectral changes in noisy signals.
The performance of the proposed method is shown in different experiments.
The results clearly justify the new approach. A precise formula to cover the
unit sphere with a given radius is derived. Furthermore, using this formula,
an algorithm to compress functions on the unit sphere is developed.

For further research, completely characterizing functions which are strictly
positive definite on the sphere needs to be investigated. Furthermore, an
optimal formula for covering the sphere should be targeted. Moreover, the
algorithm needs to be implemented for practical problems. Addressing these
types of questions using the available algorithm will possibly generate insight

and help compress signals on the unit sphere efficiently.
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APPENDIX A

CODE; FOR GENERATING POINTS ON THE UNIT SPHERE

function x=Ips(n)
% This program generates points on the unit sphere
% using SM. It uses the matrices Ap, By and Cp,
% defined in section 4.1.
n=input('How many levels?’)
% Produces matrices Ap, By and Cp and their inverses.
R(:,:,1)=(1/8qrt(5))[1+2i 0;0 1-2i];
R(:,:,2)=(1/sqrt(8))#[1 2;-2 1);
R(:,:,3)=(1/sqrt(5))[1 2i;2i 1;
R(:,: 4)=inv(R(::,1);
R(:,:,5)=inv(R(:,:,2));
R(:,:,6)=inv(R(:,:,3));
% Starting point
x(1)=(1+i)/(sqrt(3)-1);
% Generates points up to level n
for m=1:(6" — 1)/5.0
for j=1:6
if mod(m-1,6)==0
k=6;
else

k=rem(m-1,6);



if abe(k-j)==3

x(6+m-5+j)=0;
else
a=R(1,1,j)sx(m)+R(1,2,));
b=R(2,1,j)*x(m)+R(2,2,});
x(6+m-5+j)=a/b;
Mag=1-+(abe(x(6+m-5+j)))?;
a=(2+real(x(6+m-5+j)))/Mag;
=(2+imag(x(6+m-5+])))/Mag;

c=(Mag-2)/Mag;
y(:,:,6#m-5+j)=(a,b,cl;

end

end

end



APPENDIX B

CODE FOR FREQUENCY-HOPPED SIGNALS

function si=hopp(p)

%This program measures the stationarity index of discrete data.
% The signal is frequency-hopped signal at t = 180, 210 and 240.
% SS = output

% t = time

% £ = frequency

% create a set of data with abrupt changes—frequency hopping
1=0:1000;

k=linspace(0,pi,512);

y1=sin(.2+k+1000);

y2=sin(.3+k+1000);

y3=38in(.25+k+1000);

s1=(y1(1,1:179) zeros(1,(512-179))];

82=[zeros(1,179) y2(1,180:209) zeros(1,(512-209))];
s3=[zeros(1,209) y3(1,210:239) zeros(1,(512-239)));
sd={zeros(1,239) y1(1,240:512)];

ss=81+82+83+84;

% We introduce here Gaussian noise.

wn=randn(size(512)); %white noise

ssl=ss/norm(ss);

wnl=wn/norm(wn);

Pas=88l+881’;
g1



Pwn=wnlswnl’;
SNR=10+}og10(Pss/Pwn),disp(‘dB’)

% The signal is corrupted with noise

SS=ssl+wnl;

% Plot the spectrogram of the signal
subplot(2,2,1),specgram(8SS,512,1000,boxcar(15),12)
title(‘Spectrogram");

xlabel(*Time’)

ylabel(‘Frequency’)

% Calculates Kolmogorov distance

[B,F,T)=specgram(SS,512,1000,baxcar(15),12);

m=size(F)
n=size(T)
disp(‘Wait.........")
Bn=B/norm(B);
disp(‘Wait.........")
if p==

for i=2:n

d1(:,1) =abs(abs(Bn(:,i))-abs(Bn(:,i-1)));
si(i,1) =sum(d1,1);
end
size(si)
else

for i=p:n-p



for k=1:p
d1(:,1)=abe(abs(Bn(:,i+k))-abe(Bn(:,(i-p+k))));
dl1sum(k,1)=sum(d1,1);
end
si(i,1)=sum(d11sum,l);
end
size(d11sum);
[u,v]=size(si);
end
subplot(2,2,2),plot(T/(25:(u-5)),8i(25:(u-5),1))
axis tight
title(‘Original Method’)
xlabel(*Time’)
ylabel(‘Index of Stationarity’)
% Continuous wavelet analysis
% Uses “Daubechies-4”
M=cwt(SS,1:6,'db4’);
% perform Kolmogorov on wavelet coefficient d1
[b,f,t|=specgram(M(2,:),512,1000,boxcar(15),12);
ml=gize(f);
nl=sgize(t);
disp(‘In the process of calculation. Wait......")
ba=b/norm(b); %normalize each row

if p==1



for i=2:n1
d1(:,1)=abs(abs(bn(:,i))-abs(bn(:,i-1)));
si(i,1)=sum(d1,1);
end
size(si);
else
for i=p:nl-p
for k=1:p
d1(:,1)=abe(abs(bn(:,i-+k))-abs(bn(:,(i-p+k))));
d11sum(k,1)=sum(d1,1);
end
8i(i,1)=sum(d11sum,1);
end
size(d11sum);
[u,v]=size(si);
end
subplot(2,2,3),plot (t(25:(u-5)),8i(25:(u-5),1))
axis tight
title(‘Hybrid Method’)
xlabel(*Time’)
ylabel(*Index of Stationarity’)
b=cwt(SS,1:1,'db4’);
(m1,n1]=size(b);

disp(‘In the process of calculation. Wait......")
“



ba=b/norm(b); %normalize each row
if p==1
for i=2:n1
d1(:,1)=abs(abe(bn(:,i))-abs(bn(:i-1)));
si(i,1)=sum(d1,1);
end
size(si);
else
for i=p:ml-p
for k=1:p
d1(:,1)=abs(abs(bn(:,i+k))-abs(bn(:,(i-p+k))));
d11sum(k,1)=sum(d1,1);
end
si(i,1)=sum(d11sum,1);
end
size(d11sum);
[u,v]=size(si);
end
subplot(2,2,4),plot((20:(u-5)),si(20:(u-5),1))
axis tight
title(‘Direct Method’)
xlabel(“Time’)
ylabel(‘Index of Stationarity’)

axis tight



disp(‘press enter to continue’)
pause

end



APPENDIX C

CODE FOR CHIRP SIGNALS

function h=chirp1(p)

% This program measures the stationarity index of discrete data.

% The signal is a chirp with abrupt changes at t = 180, 210 and 240.

% SO = output

% t = time

% £ = frequency

% creates a set of data with abrupt changes—chirp

£t=0:0.001:4;

yl=chirp(t,100,1,200,q");

¥y2=chirp(t,200,1,300,'q’);

y3=chirp(t,250,1,400,’q’);

81=[y1(1,3001:3179) zeros(1,(512-179))];

82=[zeros(1,179) y2(1,3001:3030) zeros(1,(512-209))};
=[zeros(1,209) y3(1,3001:3030) zeros(1,(512-239))];

s4=(zeros(1,239) y1(1,3240:(3240-+511-239))];

ss=81+82+s3+84;

% to vary the SNR of the data

for i=1:2

wn=randn(size(512));

ssl=iss8/norm(ss);

wnl=wn/norm(wn);

Pss=sslsssl’;



Pwn=wnlswnl’;

SNR=10slog10(Pss/Pwn),disp(‘dB’)

% The signal is corrupted with noise

SO=ssl-+wnl;

% calculates the Kolmogorov distance [B,F,T]=specgram(S0,512,1000,boxcar(15),12);
m=size(F)

n=size(T)

for i=2:n
d1(:,1)=abs(abs(Bn(:,i))-abs(Bn(:,i-1)));
si(i,1)=sum(d1,1);
end
size(si)
else
for i=p:m-p
for k=1:p
d1(:,1)=abe(abs(Bn(:,i-+k))-abs(Bn(:,(i-p+k))));
d11sum(k,1)=sum(d1,1);
end
si(i,1)=sum(d11sum,1);
end



size(d11sum);

[u,v]=size(ei);
end
subplot(2,2,2),plot(t(25:(u-5)),si(25:(u-5),1))
axis tight
title(‘Original Method’)
xlabel(‘Time’)
ylabel(‘Index of Stationarity’)
% Uses “daubechies-4”
M=cwt(SO,1:6,'db4’);
subplot(2,2,1),specgram(M(1,:),512,1000,boxcar(15),12);
title("Spectrogram’)
xlabel(*Time’)
ylabel('Frequency’)
% perform Kolmogorov on wavelet coefficient d1
[b,f,t]=specgram(M(1,:),512,1000,boxcar(15),12);
nl=size(T)
disp(‘In the process of calculation. Wait......")
bn=b/norm(b); %normalize each row
ifp==1

for i=2:n1

d1(:,1)=abs(abs(bn(:.i))-abs(bn(:,i-1)));
8i(i,1)=sum(d1,1);

end



size(si);
else
for i=p:nl-p
for k=1:p
d1(:,1)=abe(abs(bn(:,i+k))-abs(bn(:,(i-p-+k))));
d11sum(k,1)=sum(d1,1);
end
gi(i,1)=sum(d11sum,1);
end
size(d11sum);
[u,v]=size(si);
end
subplot(2,2,3), plot (£(25:(u-5)) 8i(25:(u-5),1))
axis tight
title(‘Hybrid Method”)
xlabel(*Time’)
ylabel(‘Index of Stationarity’)
[b.f;tj=specgram(M(2,:),512,1000,boxcar(15),12);
bn=b/norm(b); %normalize each row
if p==1
for i=2:n1
d1(:,1)=abs(abs(bn(:,i))-abs(bn(:,i-1)));
si(i,1)=sum(d1,1);

end
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size(si);
else
for i=p:nl-p
for k=1:p
d1(:,1)=abs(abs(bn(:,i+k))-abs(bn(:,(i-p+k))));
d11sum(k,1)=sum(d1,1);
end
si(i,1)=sum(d11sum,1);
end
size(d11sum);
[u,v]=size(si);
end
subplot(2,2,4),plot(t(25:(u-5)),8i(25:(u-5),1))
axis tight
title(‘Direct Method’)
xlabel(*Time’)
ylabel(‘Index of Stationarity’)
disp(‘press enter to continue’)
pause

end
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