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Abstract

This dissertation describes the results of research that covers two distinct areas relevant to
the field of physics: atomic theory and applied numerical analysis. In the first phase of this
research the avoided crossings of diamagnetic hydrogen were examined with dimensional
perturbation theory, resulting in a systematic means of understanding the appearance of
these avoided crossings and where they will occur in the energy spectrum. In the second
phase of this research we turned our attention to the field of approximation theory, develop-
ing a more accurate technique for summing divergent perturbation series at specific values
of the independent variable. The two phases of research were finally related by applying
this new techique to the diamagnetic hydrogen problem, with improved convergence and

accuracy when summing the perturbation energy series.
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above citations by an alphabetical letter, so as not to confuse the entries with those in the

bibliography.)
The following advances in research form the basis of this dissertation:

e We first extended previous results of various researchers, most notably M. Dunn,

D.K. Watson, T.C. Germann, and D.R. Herschbach, for calculating the energy levels
and branch-point structure of diamagnetic hydrogen to the odd-parity states. These
results appear in Ref. (A)

e The fact that avoided crossings appear in the energy spectrum of diamagnetic hydro-

gen while the magnetic quantum number m is held fixed and the field strength B is
swept is well-known. However, we demonstrated in Ref. (C) that avoided crossings
appear when B is held fixed and the magnetic quantum number m swept.



e Also in Ref. (C) we demonstrated that the locations of these two types of avoided
crossings (that is, the avoided crossing when B is held fixed and m is swept and the
avoided crossing when m is held fixed and B is swept) are intimately related.

o In this same article, by plotting the trajectories of the square-root branch points
(which connect the energy levels that are attempting to cross) we established a sys-
tematic means of predicting the location of avoided crossings, even hidden avoided
crossings. This technique was successful for both types of avoided crossings.

e As the field strength B is swept, the square-root branch points move on the complex-
parameter plane. We established in Ref. (D) a characterization of this motion that
is analytic for all field strengths, even through regions of field strength where the
motion is highly non-smooth.

e Avoided crossings can range from broad avoided crossings (indicative of a very
strong interaction between energy levels) to narrow avoided crossings (correspond-
ing to a very weak interaction). In Ref. (D) we explained the broadness of avoided
crossings in terms of the behavior of the square-root branch points in light of second-
order, degenerate perturbation theory.

e The summing of divergent perturbation series is an important area of research in ap-
plied numerical analysis, and has important implications in perturbation theory. In
Ref. (E) we developed a new numerical technique for summing divergent perturba-
tion series at particular values of the independent variable that is a dramatic improve-
ment over Padé summation, considered to be one of the most robust and powerful
techniques available.

o The perturbation series of diamagnetic hydrogen created by dimensional perturbation
theory is highly divergent for most field strengths and states. In many cases the
series can still be summed to a finite, and accurate, resuit using Padé summation.
In Ref. (F) we successfully applied this new numerical technique to the perturbation
series of diumagnetic hydrogen and noted its often dramatic improvement over Padé
summation.

e Because the perturbation parameter in dimensional perturbation theory is inversely
proportional to [m/, it was commonly thought that dimensional perturbation theory
would not be nearly as effective at low values of |m/. In Ref. (F) we demonstrated and
explained why dimensional perturbation theory actually increases in effectiveness as
|m| is lowered.

e Dimensional perturbation theory is a natural for studying circular Rydberg states. In
this same paper we showed that dimensional perturbation theory remains effective
for highly non-circular states as well.

So let’s get on with the show!



What the Critics are Saying about ‘Branch-Point
Structure’

Bomb! Lowest rating!
—L. A. Times

We are treated to one scene after another where the energy levels approach each other as if
to cross, only to avoid each other at the very last moment. The first time this happens may
be frightening to some readers (yeah, right!), but by the end of the dissertation all these
“terrifying” confrontations come off as big yawners.

— The Daily Grad

Two thumbs down. Waaaaaaay down.
— Siskel (or Ebert)

The scene where the branch points annihilate is completely tasteless and gratuitous. Having
the branch points co-exist in peace would have not changed the story line one iota, but gore
is what sells these days.

— Dissertation Digest

El stink-a-roo! I hope the readers kept their receipt.
— Rex Reed

This solves the mystery of what happened to Milli Vanilli.
— The Globe

Muddled plot. Halfway through the dissertation the characters of the wave functions ex-
change identities, producing a puzzling mess.
— Thesis Illustrated

The quadratic |B|2(z? + y*) [term] is unimportant for a one-electron atom.
—J. J. Sakurai, Modern Quantum Mechanics.

A beautiful piece of work, destined to enchant future generations more. John Walkup has
created a masterful dissertation. He’s good looking, too.
— An admirer of his work who wishes to remain anonymous.
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Chapter 1

The Diamagnetic Hydrogen Problem and its Applications

Those wanting a stark contrast between the words simple and easy need look no further
than the diamagnetic hydrogen problem. While simple in description — after all, it is
nothing more than a hydrogen atom placed in a constant magnetic field — such a problem
is certainly not easy to solve. In fact, the problem has defied all attempts at an analytic
solution[8, 9, 10, 11, 12, 13, 14, 15]. At large field strengths the effects of the diamagnetic
term, which is proportional to B2, begin to have tremendous effects on the wave functions
of the system. The Schrédinger equation can now no longer considered to be separable,
and once the field strength reaches roughly 10° T the effects of the magnetic field and
the Coulombic attraction between the electron and proton become comparable. At this
point even minor changes in the external field strength can have drastic effects on the wave
function characteristics.

Fortunately, recent progress has managed to illuminate some of the more dominate
characteristics of diamagnetic hydrogen, especially in the limits of very small and very
large B. In the small-field limit an approximate symmetry was discovered that allows one
to meaningfully label the energy levels, even past the point where the energy levels from
competing n-manifolds begin to mix. In the (very) large-field limit the system separates (at
least to a good approximation) so that the motion of the electron due to the magnetic field
contributions can be effectively separated from the motion due to the Coulombic attraction.

In Chap. 2 we will introduce the physics of the diamagnetic hydrogen in the weak and



strong field limits. This research, however, mostly focused on the behavior of the system
in the intermediate-field region. Therefore, in Part II of this dissertation, starting with
Chap. 4, we begin discussing our original research on diamagnetic hydrogen in this very

complicated part of the energy spectrum.

10-2

101

-E [Eu]
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Figure 1.1: The low-lying energy spectrum of diamagnetic hydrogen calculated by Ruder
et al.[6] In this figure 8 = 1 corresponds to 4.701 x 10° T. Some level crossings appear
since this spectrum includes both even and odd parity states. Note the avoided crossings
appearing between energy levels in the intermediate field-strength region (roughly 10°-10°
T). In this region, the diamagnetic hydrogen problem is particularly difficult.



1.1 How strong is “strong”?

The Hamiltonian describing a hydrogen atom in a constant, external magnetic field B can

be expressed in terms of the five most frequently discussed contributions:
Hiotat = Hgg + Heou + Hso + Hp + Hp:, (1.1)

where
e Hyg is the contribution from the kinetic energy of the electron,
e Hg,, represents the Coulombic attraction between the electron and proton,
e Hgyo is the spin-orbit coupling of the electron,

e Hp is the linear Zeeman term, which is proportional to m B, where m is the magnetic

quantum number,

e Hpg: is the diamagnetic term, which is proportional to p? B2, where p is the radial

distance to the electron from the z-axis.

Here, we are ignoring those contributions that are extremely weak in comparison to the
above terms, such as the hyperfine structure correction and the Lamb shift. Furthermore,
there are two other relativistic corrections besides the spin-orbit coupling Hgo, namely the
Darwin term and the relativistic correction to the kinetic energy, that we are ignoring for
now but are discussed in Appendix A.

In most physics textbooks the diamagnetic term, because of its inherent difficulty, is
rarely discussed in great detail. (See the quote by I. J. Sakurai in the “Critical Reviews”
section on p. 3.) Therefore, weak and strong fields are usually defined according to the
relative strengths of the linear Zeeman term and spin-orbit coupling. A strong magnetic
field is usually considered to be a field such that the linear Zeeman effect is so large that

spin-orbit coupling can be treated as a small perturbation (the Paschen-Bach effect). Weak

7



fields, on the other hand, usually denote fields where the effects of the external field can be
treated as a perturbation in relation to the spin-orbit coupling (it is in this region where the

anomalous Zeeman effect becomes apparent). This is illustrated in the upper half of Fig.

1.2.
Anamolous Zeeman Paschen-BackEffect Quadratic Zeeman
(Diamagnetic)
>
0 Weak Strong Intense
a

(Upper) Typical definitions of field strength found in the literature.

Coulombic limit nk mixing Landau limit
Complicated
Tangle of
Al Crossings
>
0 Weak c Intermediate d Strong

(Lower) Definitions of field strength used in this research.

Figure 1.2: (Upper half) Typical descriptions of field strength intensity used in many quan-
tum textbooks. The letters in the upper half refer to specific values: For (a) see Table A.2
in Appendix A. (Lower half) Descriptions of field strength intensity used in this disser-
tation. The value of field strength that corresponds to pt. (¢) is much stronger than that
corresponding to pt. (a) in the upper figure.

For a summary of the relative strengths of many of these physical effects, see Appendix
A.

In this research we focus solely on the effects of the diamagnetic term, so we will de-
scribe the strength of external magnetic fields somewhat differently. Since the linear Zee-
man term (which can also be defined to include the spin contribution of the electron) simply

shifts the energy levels without affecting their behavior as a function of field strength, we



will largely neglect this effect. This does not imply that the energy shifts of the linear
Zeeman term are so small as to be negligible. Rather, we consider the effects of the linear
Zeeman term on the energy spectrum, no matter how large they may be, unimportant for
the purpose of this research.

A weak field in this research is defined as being sufficiently small that energy levels
belonging to different n-subspaces do not mix. Roughly, this mixing can be said to occur
when the Lorentz force due to the external magnetic field is comparable to the attractive
Coulombic attraction between the two particles. For the situations where the atom is either
highly excited or is in a circular state (that is, when |m| is maximized), then we can assume
that the electron is in a roughly circular orbit and rotating around the proton at the cyclotron

frequency w, = eB/m,.. Setting the Lorentz force equal to the Coulombic force,

2
evB = E;—, (1.2)

where & is the Boltzmann constant, and noting that v = rw, = reB/m, we find

kem km km,
B2e=—3e=—3fS = B?= 32.
T agn agn

(1.3)
From the Virial theorem for a Coulombic potential energy function we can show that

1 Z
<;a>=(a37>, 4

we get (with Z = 1)

kme 1 235000

= —_— ' .5
B aj nd nd (1.3)
Therefore, in Fig. 1.1 we can define
235,000
By =~ o (n>lorn Zm). (1.6)



The special field strength B = 235000 T will become important later, as it defines the
characteristic field strength used in this research. Note that this boundary depends strongly
on the energy level of the hydrogen atom, and ranges from roughly 50,000 T for first
excited state (n = 2) down to 6 T for the excited states we are considering heavily in this
research (n = 34). (The rules of thumb for defining weak and strong fields in this research
do not really apply to the ground state, which does not undergo avoided crossings with
higher-lying states, as seen in Fig. 1.1.) Clearly, for highly-excited states, extremely strong
magnetic fields are not necessary in order to experience the complicated mixing of energy
levels of diamagnetic hydrogen.

Intermediate field strengths, therefore, begin where this mixing of different energy lev-
els begins. The onset of the strong-field region, as seen in Feg. 1.2, is gradual and difficult to
define precisely. A commonly used description relies on the applicability of the adiabatic
approximation. Qualitatively, the adiabatic approximation maintains that in sufficiently
strong fields, the coupling between the p and = degrees of freedom becomes sufficiently
weak that the frequency 2, of motion along the 2 axis due to the Coulombic attraction is
so much lower than the frequency {2, along the z,y-plane due to the force of the mag-
netic field that the former motion can be considered to be static with respect to the latter.
For highly excited states, Angelié and Deutsch[17] used a WKB approximation to derive a

condition that states the adiabatic approximation is valid when

Q. mee?
o, ~wwE b (7
which roughly means
18 000

where i = n,+n,+|m|+1 and n, and n, are the excitation levels (nodes) along the z-axis
and z, y-plane, respectively. Unfortunately, none of the states considered in this research
are sufficiently excited to where this approximation is valid. In summary, for the states

considered in this research the strong-field region is not clearly defined.
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1.2 Assumptions and justifications

At this point we consider which justifications we should make concerning certain interac-
tions that may or may not be ignorable in regards to the scope of this research. Since this
research is only concerned with fields on the order of roughly 10 T and above, we will only
concern ourselves with those terms in the Hamiltonian that are not negligible for this region

of field strengths.

1.2.1 Finite proton mass

Traditionally, the zero-field hydrogen problem is solved by assuming a separation between
the internal and external coordinates of the system. However, an external magnetic field
couples these two motions, and the question is now whether the center-of-mass motion can
still be considered negligible.

Using a variational calculation, Virtamo and Simola demonstrated that the center-of-
mass motion cannot be disregarded for astrophysically-large field strengths. However,
O’Connell disagreed[99], and it was not until Wunner, Ruder, and Herold[100] examined
the problem that the matter appeared to have been settled — the center-of-mass motion
indeed cannot be disregarded for sufficiently large field strengths, such as those found
on neutron stars. (See also Baye and Vincke, Ref. [82].) The greater the value of |m|,
the more noticeable the effect — irrespective of whether the momentum of the combined
system is nonzero[100]. Furthermore, for nonzero system momentum the motional Stark
effect appears, as was mentioned in Sec. 1.4.2. Naturally, the extreme condition occurs
with positronium in an external magnetic field, since for this system the center-of-mass is
located directly between the two particles. This situation has been discussed in great detail
by Schmelcher[84].

In this research we are mostly concerned with studying the underlying mathematical
structure of the energy spectrum of diamagnetic hydrogen. Therefore, center-of-mass cor-

rections have been ignored because, while they may shift the energy values a significant
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amount in the strong-field limit, they do not affect the dynamics of the energy spectrum to
a sufficient degree to warrant inclusion. At this time dimensional perturbation theory has
not been applied to the problem of finite proton mass and very few theoretical calculations
have been performed that incorporate these effects[100, 82, 85]. It remains an issue for

future investigation.

1.2.2 Relativistic effects

By expanding each component of the electron spinor in terms of Landau orbitals (in the rel-
ativistic treatment of the diamagnetic hydrogen problem the spin-up and spin-down states
are no longer uncoupled), Lindgren and Virtamo[86] transformed the Dirac equation into
an infinite set of ordinary differential equations, which they then solved numerically. For
the ground state in a field strength of roughly 10° tesla they found that the energy shifts
amounted to a mere 10~%. However, these energy shifts become larger for higher-excited
states. (Relativistic effects for motion parallel to the magnetic field are especially small
and can almost always be ignored for field strengths below 10'° T, well below the field
strengths considered in this research.)

We must keep in mind that relativistic effects in this research have been ignored, even
though the system is certainly relativistic for sufficiently strong magnetic fields. However,
we are mostly interested in examining the avoided crossings in the intermediate-field re-

gion, where relativistic corrections are minor.

1.3 The importance of the diamagnetic hydrogen problem

Until the 1970s there were few practical reasons to study diamagnetic hydrogen. After all,
the field strengths at the point where the diamagnetic term becomes important are roughly
200, 000 T, far beyond available laboratory strengths. (For continuous field strengths, 100 T
is considered to be on the fringes of what is possible with current technology, while the use

of explosives can only push the field strengths over 1000 T for a few milliseconds[19, 20]).
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Instead, the motivation for such research was based on the challenge of overcoming the
mathematical difficulty of obtaining a complete solution. However, since then enormous
field strengths have been discovered in the hydrogenic atmospheres of certain white dwarfs
and neutron stars. To understand the atmospheres of both objects (examples of which are
known to contain large amounts of hydrogen) an understanding of the energy spectrum of
diamagnetic hydrogen is essential.[8, 9, 10, 21]

However, despite the “impossibility” of achieving sufficiently strong field strengths,
natural laboratories have been created for studying the diamagnetic hydrogen problem. One
way to observe the effects of the diamagnetic term is to effectively “lower” the Coulom-
bic interaction between the electron and proton. Naturally, the charge of the electron and
proton are fundamental and not variable, but in solid state physics it is possible in some
situations to simulate a weak Coulombic attraction by applying a much weaker field to an
electron/hole pair (exciton). In this situation, a laboratory-strength magnetic field (roughly
a few tesla) can mimic the effects of a much larger field (say, roughly 10° T) on an isolated
hydrogen atom.[22, 23, 24, 25]

Another way to produce diamagnetic hydrogen effects is to excite the electron to very
large orbits so that the Coulombic interaction is relatively weak in comparison to the ex-
ternal field force. [This can be verified with Eq. 1.6.] In such a system, called a Rydberg
state, minor changes in the magnetic field strength can have dramatic effects on the wave
functions of the atom which means that, for all practical purposes, the diamagnetic term has
become dominant. Circular Rydberg states, which are Rydberg states with the magnetic
quantum number m increased to its maximal value, m = n — 1, have become important be-
cause they are relatively long-lived and the effects of the external field occur at even lower,
laboratory-accessible, field strengths.[26, 27, 28]

The rest of this chapter discusses these applications of diamagnetic hydrogen in more

detail, followed by a discussion of previous attempts to solve the problem. In Chap. 2 we
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will discuss the energy level spectrum in both the weak-field limit (Sec. 2.1) and strong-
field limit (Sec. 2.2).

Once the diamagnetic hydrogen problem is sufficiently discussed we begin discussing
the scope of this research, which is broken into two parts: In Part I, which makes up the
majority of this research, dimensional perturbation theory is applied to reveal important
characteristics of the mathematical structure of the avoided crossings of diamagnetic hy-
drogen. Part II examines a new technique in applied numerical analysis developed in this
research for summing divergent perturbation series. In the final chapter of Part I, a connec-
tion is made between these two disparate issues by applying this new numerical technique
to sum the perturbation series corresponding to certain energy levels of diamagnetic hydro-

gen.

1.4 Applications I: Astrophysics

The presence of magnetic fields in stellar atmospheres is certainly not unusual, but for the
most part such field strengths typically measure less than a tesla, well below the region of
interest in this research. However, there are two main astrophysical objects, white dwarfs
and neutron stars, that deserve mention here because the chemical makeup of their atmo-
spheres and the presence of enormous magnetic field strengths are directly related to this
research in diamagnetic hydrogen. Of these two astrophysical objects, white dwarfs are
the most relevant to this research, and for this reason most of the following discussion is

centered around white dwarfs.

1.4.1 White dwarfs

As of 1997 there were roughly 2000 known examples of white dwarfs[1] in the Universe.
These astrophysical objects represent the most common end-point of stellar evolution (neu-

tron stars and black holes being the other end-points). Most white dwarfs fall into two main
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types, denoted DA and DB. Both DA and DB white dwarfs have exceptionally pure atmo-
spheres; hydrogen for DA and helium for DB. The purity of their atmospheres is caused
mainly by the lack of convectional currents (such as stellar winds, convection, and cir-
culation) which allows the enormous gravitational field strengths, roughly 10® cm/s?, to
separate the elements by mass, leaving hydrogen (and helium in the case of Type DB white
dwarfs) to make up essentially the entire atmosphere.

On a small number of white dwarfs the presence of magnetic fields up to 10° T and
electric fields up to 10° V/m have been discovered, although all well-identified examples
are confined to those with hydrogen atmospheres. The idea that large electric and magnetic
field strengths exist on white dwarfs has been postulated to conserve total magnetic field
flux as the radius of the star contracts, since this flux is roughly proportional to BR?, where
R is the radius of the star. As the star shrinks towards the dimension of a white dwarf the
global field strength must increase quadratically.

Because the surface temperatures of white dwarfs is relatively low, and because there
is an absence of convective currents, the motion of the atoms with respect to the external
magnetic field is relatively unimportant. For this reason diamagnetic hydrogen research is
particularly applicable to this system. There is an important complicating factor, however,
from the fact that the magnetic field of a white dwarf is not uniform but rather, like the
Earth’s magnetic field, strengthens near the poles. This tends to broaden the spectral lines.

The large electric fields present in the atmospheres of white dwarfs are caused by free
electrons and ions in the atmosphere as well, but the overwhelming contribution from these
electric fields is due mainly to those components parallel to the magnetic field.[29] By
including only the parallel contribution of the electric field, the azimuthal symmetry (the
symmetry about the axis parallel to the magnetic field) is maintained.[30, 31] As we will

now see, this is not the case for neutron stars.
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1.4.2 Neutron stars

It was the discovery of extremely large magnetic fields on the surface of a neutron star in
the binary system of Hercules X-1 (see Fig. 1.3) by Triimper et al.[32] that prompted much
of the research in diamagnetic hydrogen. In comparison to white dwarfs, the magnetic
fields often found on neutron stars[2] are larger by many orders of magnitude, with fields
up to 10® T detected. However, unlike white dwarfs, the surface temperatures of neutron
stars are extremely high, causing the motion of the atoms with respect to the magnetic
field in the atmosphere to be considerable. Since the electron and proton are oppositely
charged, the opposing magnetic field forces caused by the motion of the atom tends to try
and separate the two particles, thus acting as if the two particles were placed in an electric
field orthogonal to the magnetic field. This effective Stark effect (called the motional Stark
effect) requires an understanding of the behavior of hydrogen in a crossed electric and
magnetic field.[33, 34] This is a complicating matter, since the additional electric field

destroys the azimuthal symmetry of the diamagnetic hydrogen problem.
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Figure 1.3: Computer simulation of a voyage around the neutron star Hercules X-1.[3]

1.5 Applications II: Solid state physics

An example of a quantum defect occurs when one atom in a crystal lattice is in an excited
state. Since the states associated with each lattice atom are strongly coupled, this negative
charge density can be effectively passed around to neighboring atoms. The hole that is left

behind also represents a state of the atom, and this hole can be passed from one lattice site
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to another as well. In this sense, the electron-hole interaction (called an exciton) resem-
bles a hydrogen atom, with similar spherical symmetry and discrete, bound energy levels.
However, in this case the Coulombic attraction between the electron and hole is typically
weaker than for the hydrogen atom. Furthermore, the effective mass of the electron and
hole are much less than their hydrogenic counterparts, so external perturbations such as
magnetic fields have greater effect on this system than on hydrogen. In this sense, the ex-
citon models the diamagnetic hydrogen problem but at much lower field strengths, which

makes it feasible to study in the laboratory.

1.6 Applications ITII: Rydberg states of atoms

Highly-excited (large n) states of atoms, called Rydberg atoms[35, 36, 37}, are natural
systems to study the effects of external magnetic fields because the diamagnetic term in
the Hamiltonian is proportional to o2, and therefore proportional to the orbital area, which
scales as n*. One of the earliest experiments on the effects of magnetic fields on hydrogen
concerned Rydberg states.[38] Furthermore, the correspondence principle states that atoms
excited to large values of n should share many properties of classical systems.{39, 40, 41]
In this research, our focus was mainly on circular Rydberg states because they are very
amenable to theoretical examination with dimensional perturbation theory, the method of

choice in this research.

1.6.1 Circular Rydberg states

When the magnitude of the magnetic quantum number |m/| is maximized for a given n shell,
the electron probability distribution takes on the shape of a torus with a radius proportional
to m2. The torus becomes more distinct as the atom is excited to higher levels of n — both
the uncertainty in the radius and angular position (that is, the spherical coordinate 6 defined
with respect to the z-axis) tend to O as n increases towards infinity. This torus is naturally

centered about the origin, so there is minimal probability that the electron will habitually
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come to within close distances of the nucleus. Therefore, in studying circular Rydberg
states we are not restricted to hydrogen alone, since the non-penetration of orbitals closer
to the nucleus means that atoms in circular Rydberg states are, for all practical purposes,
hydrogenic.

Because these states have maximal values of the magnetic quantum number |m| they are
of special interest to this research since the perturbation parameter we use in dimensional
perturbation theory is inversely proportional to |m|. However, circular Rydberg states have

some other unusual properties that have aroused much interest in general:

¢ From an experimental point of view, circular Rydberg states are relatively long-lived.
The lifetime of such a state is roughly 10~%n5 seconds[27], so even states with

n = 10 have a lifetime of 10 microseconds.

¢ Since the angular uncertainty A6 is small, circular Rydberg states are highly planar,
which means that they are highly anisotropic with respect to external perturbations.
Therefore, circular states of atoms are useful for studying the role of orientation in
collisions involving Rydberg atoms. For example, much attention has been paid to
the effect of the orientation of the two bodies in ion/atom collisions. It has been
shown for cases where the atom is in a circular Rydberg state that the cross section
for charge transfer in such a collision is maximized when the orbital plane is parallel
to the relative velocities of the two bodies (in other words, when the incoming ion

sees an “edge view” of the incident circular Rydberg target).[42, 43]

e Although the correspondence principle, which relates the behavior of systems in the
limit of small £ to classical mechanics, is well-accepted in quantum theory, experi-
mental verification is difficult. To explore this relationship it is necessary to construct
wave packets that behave like classical systems. Schridinger{44] first proposed that

hydrogenic states constructed to exhibit quasi-classical properties would travel along

19



a Kepler elliptical orbit in accordance with Ehrenfest’s theorem[45], and many re-
searchers have attempted to computationally construct such systems.[40, 41] Circular
Rydberg states, because the electronic motion is largely confined to a circular-type
orbit, are therefore important systems for studying this region where the distinctions

between classical and quantum mechanics blur.[46]

e Since the radius is proportional to m?, maximizing the magnetic quantum number m
reduces the effect of the Coulombic interaction for a given value of n. This means
that states of maximal |m| are highly sensitive to small changes in external perturba-
tions, such as an external magnetic field. (Keep in mind that the diamagnetic term
is proportional to the average orbital area, which increases as |[m| becomes larger.)
This reduces the region of field strength at which the complicated mixing of energy

eigenstates occurs to laboratory-accessible levels.

1.7 A brief review of diamagnetic hydrogen research

The numerical and theoretical research on the diamagnetic hydrogen problem is vast, and
therefore we focus in this section mainly on work that has direct implications on the re-
search discussed in this dissertation. There are two teams of researchers in particular —
the French team of Delande and Gay and the German team of Rsner, Wunner, Herold, and
Ruder — that have dominated much of the literature on diamagnetic hydrogen, so we will
discuss their contributions in separate sections towards the end of this chapter.

Perhaps the earliest work on the diamagnetic hydrogen problem was by Schiff and
Snyder[47], who applied first-order perturbation theory to the low-field limit. Other work
on the energy levels and transitions of diamagnetic hydrogen, at least for field strengths
below 107 T, was performed by, among others, Smith et al.[48], Brandi et al.[23], and
Garstang[9]. The latter is particularly important, since his contribution contains a com-

prehensive review of the previous research on diamagnetic hydrogen. The first large-scale
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calculation of energy levels was by Praddaude[49], who expanded the wave function in
Laguerre polynomials; numerical results were presented for the first 14 energy levels for
the n = 1,2, and 3 subspaces. Beginning with the zero-field case, Cabib, Fabri, and Fiorio
expanded the eigensolutions of the Hamiltonian in spherical harmonics and recast the re-
sults into a set of difference equations which were then solved numerically for the ground
and first-excited state.[25] Pokatilov and Rusanov used a variational approach, assuming
exponential dependence on the trial wave functions, that proved successful in the low field
limit for the 1s, 2s, and 2p states.[50]

Canuto and Kelly[51] extended the scope of this research for fields larger than 107 T by
relying on an adiabatic approximation, discussed in Chap. 2. By introducing a trial wave
function that combined the spherical symmetry (good at low field strengths) and cylindrical
symmetry (good at large field strengths) Rau and Spruch[52] established upper bounds for
the energy levels at arbitrary values of the magnetic field. In this same research they were
also one of the first to establish a correspondence between the low-field and high-field
quantum numbers. For large field strengths an early variational approach was performed
by Yafet, Keyes, and Adams[53] using wave functions having a Gaussian shape, which is
a good approximation in the large field limit.

As mentioned in Sec. 1.4.2, by discovering enormous magnetic field strengths in neu-
tron stars Triimper[32] deserves credit for initiating much of the next phase of research in
diamagnetic hydrogen. In 1979 Simola and Virtamo, using an approach similar to that of
Canuto and Kelly, focused on a few low-lying (n < 5) states and calculated their energy
levels and even established the correct correspondence diagram between the low-field and
high-field limits. Bender, Mlodinow, and Papanicolaouf54] used semiclassical perturba-
tion theory to derive expressions for the ground state energy levels in each |m/| subspace.
Semiclassical treatments were also used by DuVemois, Boorstein, and Uzer{55] to calcu-
late widths of avoided crossings, and by Angeli¢ and Deutsch[17] to investigate quantum

number assignments in the weak-field and strong-field limits. Starace and Webster[56]
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calculated rigorous upper and lower bounds for low-lying states using an adiabatic approx-
imation for fields below 10° T. This work was extended to fields above 10° T by Liu and
Starace[57]. Later, Shertzer and colleagues calculated highly accurate lower bounds on the
binding energies of the ground state[58] and lowest-lying excited states[59]. For Rydberg
levels of diamagnetic hydrogen in the weak-field region, Falsaperla and Fonte[60] pro-
vided rigorous bound-state error estimates for both the energy levels and wave functions.
To match the low-field and high-field regions Wintgen and Friedrich[4, 61] diagonalized
the Hamiltonian in the complete basis of two-dimensional harmonic oscillators. This work

is discussed in more detail later.

1.7.1 Delande and Gay

From a purely theoretical view, D. Delande and J. C. Gay have long been involved in vari-
ous approaches to the diamagnetic hydrogen problem, and their early work has been some
of the most important. Delande and Gay were one of the first, along with Zimmerman
et al.[62] and Clark and Taylor[63], to observe exponentially small avoided crossings be-
tween states originating from different n-manifolds.[64] This suggested the possibility that
there existed within the structure of the diamagnetic hydrogen problem a hidden symme-
try that allowed these energy levels to (nearly) cross. Later, they would follow the works
of Solov’ev[65] and Herrick[66] in deriving a term in the Hamiltonian that was, within a
particular n-space, a first-order invariant with respect to energy.[67] The existence of this
operator is crucial to understand these small avoided crossings in the low-field spectrum
of diamagnetic hydrogen. Their group theoretical approach is probably the most straight-
forward and robust of the three approaches, and in Sec. 2.1 and Appendix B we discuss
their approach in detail. They quickly followed this important contribution with a more
generalized treatment of the derivation which extended the application to a wider variety of
perturbing potentials.[68] In 1986 they used their group-theoretical approach to calculate
many of the energy levels of diamagnetic hydrogen, although only for very large values of
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the principle quantum number n.[13] They even applied a supersymmetric factorization of

Rydberg atoms in parallel electric and magnetic fields.[30]

1.7.2 Raosner, Wunner, Herold, Ruder

From a numerical standpoint, the contributions of Rosner, Wunner, Herold, and Ruder are
vast. After all, by expanding the eigensolutions in a spherical basis for low field strengths,
and a cylindrical basis for large field strengths, they were the first to compile a comprehen-
sive list[69] of highly accurate (low-lying) energy levels as functions of B for B < 10°
T. Ruder, Wunner, and Herold (along with F. Geyer) extended this work to a larger num-
ber of energy levels and published the seminal Atoms in Strong Magnetic Fields,[6] which
is the most comprehensive study of diamagnetic hydrogen to date. They also made an
early attempt at providing reasonably accurate energy levels in the intermediate field region
which successfully connected the energy levels at the two extremes.[70] One of the earliest
perturbation treatments of diamagnetic hydrogen was by Ruder, Wunner, Herold, and M.
Reinecke.[71] The general problem of two charged bodies interacting in a homogeneous
magpnetic field was studied by Herold.[72] This team also used an asymptotic potential en-
ergy function to find approximate solutions of the diamagnetic hydrogen problem for the
strong-field region.[73] We already mentioned the contribution of Wunner, Kost, and Ruder
in numerically computing many of the circular states of diamagnetic hydrogen.[74]

Much of Rosner, Wunner, Herold, and Ruder’s attention has concentrated on astro-
physics, especially white dwarfs. In Ref. [75] they focused their efforts on the (well-
studied) white dwarf Grw+70°8247 by comparing results derived from its energy spectrum
to wavelengths and dipole strengths of diamagnetic hydrogen in the field strength region
from 15 to 35 kT. Wunner and Ruder calculated even more properties, including oscillator
strengths, transition probabilities, and sum rules, for field strengths corresponding to neu-

tron stars.[76] At roughly the same time, these two researchers approximated their earlier,
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highly accurate, energy values with polynomial approximants. These approximants are ca-
pable of providing accurate energy values for field strengths of roughly 10° to 10° T for
the 13 lowest-lying states of diamagnetic hydrogen.[77] Using numerical wave functions,
Rosner, Wunner, Herold,and Ruder were able to calculate sum rules and energy values of

diamagnetic hydrogen and compare their results to variational treatments.[78]

1.7.3 Books and review articles

The first comprehensive review of the problem of atoms in high magnetic fields was that of
Garstang[9], followed rapidly by Bayfield[79] who expanded the focus to include excited
states of atoms in both magnetic and electric fields. Since then there have been many books
published that focus heavily on the diamagnetic hydrogen problem. The most important is
probably Atoms in Strong Magnetic Fields[6], which we mentioned in Sec. 1.7.2. Atoms
and Molecules in Strong External Fields[8] is relatively current (1998) and is especially
noteworthy for its in-depth discussions of the astrophysical applications of this research.
Friedrich’s Theoretical Atomic Physics[80] discusses the physics of the diamagnetic hy-
drogen problem for large field strengths in detail, while Rydberg Atoms[81] and Rydberg

States of Atoms and Molecules[36] extend the discussion to Rydberg states.
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Chapter 2

The Energy Level Spectrum of Diamagnetic Hydrogen

A graphical depiction of the diamagnetic hydrogen atom is shown in Fig. 2.1. Because
of the cylindrical symmetry of this system we only need to consider motion in the p and
z degrees of freedom because the quantum mechanical equations of motion are invariant
under rotations in the angle 9.

The Schrédinger equation for a hydrogenic atom placed in a constant magnetic field is

given in a.u. by[87]

R 2 2

Z
2 s—\/rr]

®(p, z,4) = E®(p, 2, ¢). 2.1

Figure 2.1: The geometry of the diamagnetic hydrogen problem. The magnetic field B
points along the z-axis. Notice that cylindrical coordinates defined by (p, z, ¢) are natural
coordinates to use in this system.



Section 2.1 addresses the challenging problem of describing the energy spectrum of
diamagnetic hydrogen in the low-field limit. In contrast, Sec. 2.2 describes the high-field
limit, which in many ways is much simpler. Finally, in Sec. 2.3 we will briefly discuss
the intermediate-field region. Once we formulate dimensional perturbation theory in Chap.
3, we will be prepared for a discussion of the original research in this dissertation, which

begins in Part II.

2.1 Energy level spectrum in the low-field limit.

In a weak magnetic field there is very little mixing between different n levels that arise from
a hydrogenic expansion of the wave function. Therefore, 7 is an approximate quantum
number in the very-weak field region. The diamagnetic term though, strongly mixes states
of the same n but different [.[88] Using Lie algebra (see Appendix B), we can demonstrate
that in a given n shell, the diamagnetic term is a first-order invariant in the Hamiltonian.

More specifically, p? in Eq. (2.1) may be replaced as follows:

2
2 n- 2 2
p —»222(11 +m*+ 3+ X), (2.2)

where

T =442 - 54, 2.3)

is the first-order invariant and A, is the component of the Runge-Lenz vector (often called

the eccentricity vector)
_ ~1i2 |1 R
A =(-2E) -2—(L xp—-pxL)+Zt (2.4)

along the direction of the external field. The three components of A are three of the six
generators of the SO(4) Lie algebra of the zero-B field hydrogen atom. (The other three

generators are the Cartesian components of the orbital angular momentum L).
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The operator ¥ was independently derived using three different methods. Herrick[66]
used a momentum-space representation of the diamagnetic hydrogen problem to derive ¥,
but this treatment is long and involved. Solovév([65], on the other hand, relied on a semi-
classical treatment. In Appendix B, I describe how Delande and Gay[67, 68] used the
isomorphism between the SO(4) Lie algebra of the Coulomb problem and the SO(2, 2) Lie
algebra of the two-dimensional harmonic oscillator to derive X, as I found their treatment
to be the most straightforward.

The diamagnetic term breaks the S0(4) group dynamical symmetry of the zero B-field
hydrogen in such a way that the quantum number ¢ associated with the angular momentum
operator L? is no longer a good quantum number. However, since £ commutes with the
zero B-field Hamiltonian, in a given n shell the operator ¥ commutes with the diamag-
netic Hamiltonian, so in the weak-field limit the eigenvalues s of ¥ afford an approximate

quantum number to replace the angular-momentum quantum number ¢.

2.1.1 Vibrator and rotator States

Classically, the Runge-Lenz vector A determines the orientation and shape of the orbit.

The length of A is directly related to the eccentricity ¢ by
e = (—2E)?|A| 2.5)

(A perfect circle corresponds to e = |A] = 0.) The direction of A is from the nucleus
towards the perihelion of the orbit.

The fact that X is constant provides a constraint on the rotation dilation of the Runge-
Lenz vector. Although the length of A, and the lengths of its components along the z, y-
plane and z-axis, can vary quite considerably, the precession of A about its average position

in the p, z-plane is rather small, as shown in Figs. 2.2 and 2.3. The eigenvalue

s =4A% —5A2 (2.6)

27



Figure 2.2: Variation of the A and A; components of the Runge-Lenz vector A forn = 18
and m = O for different values of s’ and k, where s is the eigenstate s of ¥ scaled as
s/(n? — 1). Clearly, neither A;, A;, nor |A] is even close to being constant, but the
precession of A (depicted by the small cone emanating from the origin) is very small for
all values of s’. Notice that as k gets large, corresponding to a vibrator state, A begins to
migrate towards the z-axis. From Ref. [4].
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Figure 2.3: A three-dimensional pictorial of the variation in the orientation of the Runge-
Lenz vector corresponding to three situations depicted in Fig. 2.2. Because of the azimuthal
symmetry of the system, the Runge-Lenz vector is free to rotate about the z-axis. However,
neither its length, nor the length of any of its components, can be considered close to
constant for all three situations. In (a) the precession of A about its average position in the
p, z-plane is mostly in the z-direction, whereas in the other extreme (c) this precession is
mostly in the direction perpendicular to the z-axis. In all three cases, the magnitude of the
precession of A as the tip of A rides along the surface 442 —5A4% is roughly the same, and
confined to relatively limited motion.
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need not be integral; but it is restricted by the requirements[4]

A? < —mi(jm| +1) - 1, @7

and
0<|A;] £n—|m|—1(for n — |m| even), (2.8)
1<|A;] £n—|m|—1(forn —|m| odd). (2.9)

The lower lying (s < 0) states are termed vibrator states and, not surprisingly, the wave
functions are localized along a line parallel to the field, with the result that the orbital area
is small — the diamagnetic shifts will be small as well.

The spacing between levels corresponding to different values of s are not equal. In
fact, the spacing reaches a minimum at s = 0. The transition between the two patterns of
electron localization becomes increasingly narrow as n becomes larger.

As long as states belonging to different n shells remain well-separated in energy, the
states will be dominated by a contribution from a single hydrogenic function labeled by
n and s. However, as the field is sufficiently increased, rotator states from one n-shell
will cross into the vibrator states of the n-shell above. This gives rise to avoided crossings
between rotator and vibrator states and these are seen to be narrow, particularly at higher
n.[90] In this case the region of field strength at which the states become mixed in n and
s becomes small, so on either side of the avoided crossing there is little mixing between
states of differing values of n and s. Therefore the n, s labeling of states can be continued
diabatically across avoided crossings into the overlapping n region.[4]

It is not surprising that avoided crossings between vibrator and rotator states would be
narrow, indicative of very little interaction between the two states except when they are
very close together in energy. After all, with their radically different electron localizations

(one localized along the z-axis, the other along the plane perpendicular to this axis) we
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would not expect a great deal of interaction between the two states. However, the avoided
crossings between rotator states of different n are narrow as well, and clearly this cannot
be explained in terms of electron localization.

Wintgen and Friedrich[4, 61] were the first to explain the narrow avoided crossings
between rotator states by introducing a more convenient quantum number & to label the
states in a given (m,n) shell. In many ways the £ quantum number takes on the same
role for diamagnetic hydrogen as ¢ does in the zero-field case. For example, k takes on
all integer values from O (the state of largest s) to a fixed upper bound (the state of lowest
s), although in this case the upper bound is n — [m| — 1. Conversely to s, states having
small values of k are rotator states and have relatively high energy, whereas large values
of k denote vibrator states and relatively low energy. The nodal structure remains the
same, with £ = 0 corresponding to the maximum number of nodes along the z, y-plane
and maximal k corresponding to the maximal number of nodes about the z-axis. This is
summarized in Figs. 2.4 and 2.5. The approximate respective energy shifts as functions of

field strength are given by Herrick[66] as

Bn?r9 1, ., 13
= ThA0 | AN -Nn" - —_— t i
AE 8B? [2’\()"*' 1)+ 271 3m* + 1 ] , (rotator states), (2.10)
B2n2
AE = —83#3-[2\/5n(2a+lm|+1)
-3(20 +|m| +1)* —m® + 1] , (vibrator states), (2.11)

where By =235 x 10° T, A=n—-1-kand

20=n—|m|-1-k, (foroddn-m-k), (2.12)

20=n—|m|-1-k, (foroddn-m—k). (2.13)
Also, k determines the parity of the system in a similar manner as £, that is
T =(=1)k. (2.14)
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Figure 2.4: Wave functions for various values of the (approximate) quantum number & for
n = 8, m = 0, from Ref. [5]. Notice that as k increases, there is a transfer of nodes from
the z-axis to the z, y-plane. We can see clearly why it would appear that there would be
very little overlap between the rotator and vibrator states.

32



-0.07

[ n=14 k=075
-0.075 4 :
R 6
>
3 0.08
> =V, o n
a0
i n=13 12
83
-0.085 5
-0.09
-0.095
0 50 100 150 200
B (T)

Figure 2.5: An example of how the energy levels of diamagnetic hydrogen corresponding
to particular values of the (approximate) quantum number £ spread with increasing field
strength in the weak-field region. Only the even-parity (even-k) subspace is shown. For
clarity, some & labels have been omitted.

In the weak-field region, the k£ quantum number is merely a way of relabeling the states in
a given n-manifold (however, states with different values of n but the same value of & will
have differing values of s). Wintgen and Friedrich demonstrated that the Hamiltonian for a
magnetic field that is weak but strong enough to allow n mixing is approximately separable
into blocks that are diagonal in k, and that the off-diagonal elements between blocks of
differing values of k are very small. This means that the “spectral repulsion” between
states with differing values of & arising from these very small off-diagonal elements will

also be very small, that is, avoided crossings will be very narrow. See Figs. 2.6 and 2.7
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Figure 2.6: Low-field energy spectrum of diamagnetic hydrogen for relatively small val-
ues of n. Notice the very broad avoided crossing on the lower left, and that the avoided
crossings become narrower as n increases. From Ref. [5].

Off-diagonal matrix elements connecting vibrator states whose values of k differ by 2
are the exception — they are appreciable (off-diagonal matrix elements connecting vibrator
states are generally larger than other matrix elements). Thus k£ remains a good quantum
number until the the magnetic field has risen sufficiently that vibrator states start to cross.
Wintgen and Friedrich have provided rough estimates as to when this is likely to happen,
with the result that the magnetic field at which vibrator states begin to cross is roughly five
times that at which the states of adjacent n manifolds begin to cross — well within the
region of n mixing.

At this point, we have a reasonable understanding of the low-field energy spectrum of
diamagnetic hydrogen. We have two quantum numbers, n and k, that adequately label the
characteristics of the wave functions even beyond the point at which levels from different

n-subspaces begin to mix. We now turn our attention to the strong-field limit.
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Figure 2.7: Same as Fig. 2.6, but for higher values of n.[5]

2.2 Energy level structure and continuum threshold in the
strong and infinite field limit.

In this section we will see that the energy levels in the strong field limit have a structure that
resembles that of a free electron in a magnetic field (the Landau problem). However, su-
perimposed on that structure is a Coulombic structure caused by the Coulombic attraction,
which dominates in the region along the field axis. In Sec. 2.2.1 we derive the Hamiltonians
that describe the motion along the field axis (the z-axis) and along the plane perpendicular
to that axis (the p-axis) in the limit of infinite field strength. In Sec. 2.2.1.1 we will see that
the motion in the p-plane produces a structure that closely resembles the Landau problem,
and in Sec. 2.2.1.2 we go a step further and describe the threshold energy determined by
that motion. In Sec. 2.2.1.3 we consider motion along the z-axis.

Up to this point, we will have been considering the motion along the two respective

degrees of freedom as independent of each other, which applies when the field strength is
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Figure 2.8: Evolution of the |[Nmv) = |004) large-field probability densities of diamag-
netic hydrogen at various field strengths. (From Ref. [6]. The quantum numbers N and v
are defined in Secs. 2.2.1.1 and 2.2.1.3, respectively). Note how the wave function becomes
“squeezed” onto the z-axis as the field strength increases.

infinitely large. In Sec. 2.2.2, however, we describe how lowering the field strength to finite

values couples the two degrees of freedom and affects the resulting energy spectrum.

2.2.1 The B — oo limit.

It is convenient to rewrite the Schroedinger equation in Eq. (2.1), which describes a hydro-

genic atom in a magnetic field oriented along the Z axis, as

1, B. BY? z
—5V2+ oL+ 8” - — | ®(p, 2,6) = E®(p, 2, 9) 2.15)
2/ 1+ &
pA

so that it is easier to analyze the p- and z-dependence of the potential energy ir the limit of
a large magnetic field.
As the magnetic field increases in strength it “squeezes” the wave functions towards the

z-axis, as can be seen in Figs. 2.8 and 2.9. Consequently we expect the expectation value
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(p) to decrease rapidly compared to (z) as the magnetic field strengthens. Therefore the

Coulombic potential energy

Z Z
V(p.2) = —— =+ 02 + ..

p
IZI 1+;—2-

(2.16)

as B — oo, uncoupling the p and z degrees of freedom in the potential energy. The

Schroedinger equation in this limit then separates in p and z, as

1 mB  B?%p?
[_iv’? + —2" + g J Qa,m(ﬂ) = Ea.de,m(P)1 2.17)
1
[—5V3 - l—f—l] Ry(z) = E\R\(2), (2.18)

where ®(p, z, ¢) = Q(p)R(z)e~™?, and o and ) represent the set of good quantum num-
bers (besides m) for each respective degree of freedom.
These results can be understood from a more physical approach. Since the force exerted

on the electron by the magnetic field is given by
Fg=-vxB=-Bvx3 2.19)

then the magnetic field would not normally affect the motion of the electron along the z-
axis; rather it tends to provide a centripetal force that draws the electron in closer to the
z-axis. The Coulombic interaction, which is a function of both p and z, couples the two
degrees of freedom. In the z,y-plane, the region in which the Coulomb interaction is sig-
nificant compared to the magnetic interaction shrinks to 0 as B — o0, so this coupling
disappears for infinitely strong B-fields. Therefore, as far as motion in the z,y-plane is
concerned, the system in this limit models the two-dimensional motion of an isolated elec-
tron in a constant magnetic field. Furthermore, the force acting along z is purely Coulombic
in this limit and the system along this axis is thus modeled by a one-dimensional hydrogen

atom, as implied in Eq. (2.18).
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Figure 2.9: Contour view of the nodal structure and probability density of a number of
states at low and high field strengths. (The 2s, state appears to have passed through an
avoided crossing, since its nodal structure has changed.) From Ref. [6].
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2.2.1.1 Energy spectrum related to motion in the z-y plane in the limit B — oc.

To understand the spectrum in the large-field limit it is necessary to consider the familiar
Landau problem, which we now describe.
Consider an isolated electron restricted to an z-y-plane and subjected to a constant

magnetic field B = Bk. For maximum separability of the Hamiltonian we choose the axial
gauge

A= -—%r xB= g(—yi + zj). (2.20)

The resulting Hamiltonian

3 2 2
A=tp+A@P=1Y b+ AP = 2 [(p - y—ﬁ) " (p,, ¥ %) }

i=1

1[. . N B2~2 1 . B2*2

commutes with the angular momentum operator L.. Therefore, L and H share a complete

set of eigenfunctions,

BL.|®) =mB|®), (2.22)

H|®) = E, »|®), (2.23)

(o again represents the complete set of good quantum numbers besides m) so that the time-

independent Schroedinger equation can be written

2,2

1 [4
4

- [—v§+mB+B

3 Qo.m(p) = EomSlom (P), (2.24)

which exactly matches our previous result in Eq. (2.17), thus demonstrating that in the infi-

nite B-field limit the motion along the z,y-plane is indeed modeled by an isolated electron

in a constant magnetic field.
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The Schroedinger equation in Eq. (2.17) for the isolated electron in a magnetic field is
identical to the Schroedinger equation for a two-dimensional isotropic harmonic oscillator.[80,
91] As far as motion in the x,y-plane is concerned, a hydrogen atom in an infinite magnetic
field behaves like a two-dimensional, isotropic, harmonic oscillator. The energy eigenval-

ues of this system are well-known:[80, 91]
B
ENm = ;)—(2N+Im| +m+1), N=01,2,..., N-m=0,12,..., (2.25)

where the Landau channel number N denotes the excitation of the (quantized) energy levels
corresponding to radial motion perpendicular to the magnetic field and therefore counts the
number of radial nodes in the Landau eigenfunction. As usual we drop the linear Zeeman

term mB/2:
B
Enm= E(QN +|m| +1). (2.26)

2.2.1.2 Threshold energy and energy spectrum in the B — oo limit.

The threshold energy E7 is the maximum total energy the electron can have and remain
completely bound (that is, the minimum energy an electron can have once expelled from
the atom). The total energy E of the electron has two contributions, one from the radial
motion, E ,,, and one from the Coulombic interaction, £, (we will derive the exact form
of E, in Sec. 2.2.1.3). The radial energy En ., in Eq. (2.26) increases as N increases, and
since N is unbounded the bound state spectrum extends all the way to Ey,, — 00.[92]
Therefore the electron is completely bound regarding motion along the z,y-plane. But it is
possible for the electron to escape to too along the z-axis as long as it has enough energy
to overcome the Coulombic potential energy. However, the energy contribution from the
Coulombic interaction, E., has no effect on the overall threshold energy of the electron for

two reasons:

1. E, vanishes as z — 00.



2. E, is always negative (attractive), but the threshold energy is the maximum energy of

a bound electron.

Since the energy contributions from the Coulombic interaction are always negative and
extend up to E; — 0, the overall energy levels of the system will always line up below
the Landau threshold Ey ,, for any given values of N and |m|. (See Fig. 2.10.) We can
therefore expect the Landau energy in Eq. (2.26) to also be the continuum threshold for the
system in a given {V,[m|} subspace. Furthermore, as previously stated, the solutions to
the Schroedinger equation in Eq. (2.1) are uncoupled in regards to motion along the z and p
directions in the limit B — oc. Therefore in this limit a system in an excited Landau state
(that is, N > 1) cannot de-excite simply by transferring energy to motion along the z-axis.
Therefore the Landau threshold is also the overall continuum threshold E7 for a given |mn)|

subspace; that is,
B
Er=Eym= -2—(2N + |m| +1) (B — o0). (2.27)

A state in a given Landau level N > 1 has a finite probability of de-exciting to a state of
lower N. This de-excitation can provide enough kinetic energy to motion along the z-axis
to ionize the atom, so thatany excited Landau state is also a resonant state. Therefore, the
overall threshold for completely bound energy levels has to assume N = 0. However, these
de-excitations can only occur when a potential energy exists in the system that couples
excitations in the two degrees of freedom, which we will later consider by lowering the

magnetic field strength so that the Coulombic interaction along the z-y plane is no longer

negligible.

2.2.1.3 Motion along the Z axis in the limit B — oc.

The potential energy function
Z
V(z)=—— (2.28)
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Figure 2.10: Schematic of the large-field energy spectrum of diamagnetic hydrogen at two
unspecified values of the magnetic field strength. The vertical axis represents the energy, to
no particular scale. Here, we concentrate on a particular subspace of |m| and parity. Notice
that the excited Landau levels (N > 1) rise uniformly as B increases since these threshold
energies are directly proportional to B. On the other hand, the ground state Landau level
threshold is not a function of B. As explained in Sec. 2.2.1.3, the hydrogenic levels line up
under each Landau threshold, with energy levels associated with large principal quantum
numbers v lying highest in energy.
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in the wave equation in Eq. (2.18) is singular at z = 0, so a careful analysis of the eigen-
solutions is required. A rough sketch of the wave functions can be made by considering
the qualitative solutions to the modified potential V(z) in Fig. 2.11. Since the following
arguments are qualitative, we will not concern ourselves with the exact functional depen-
dence of V(z). Note that the parameter a determines how singular the potential energy is
at the origin, with a — 0 corresponding to the true Coulombic limit, which coincides with
the one-dimensional hydrogenic atom with the potential energy in Eq. (2.28). Here, we
will observe the evolution of the wave function as a is reduced to 0. [From here on, those
variables denoted with a breve accent “.” will correspond to properties associated with the
modified potential V(2)].

Since we do not know the mathematical form of V(z) we simply write the Schroedinger

equation as
== = |V - E| &), (2.29)

where we use R(z) to denote the wave function corresponding to motion along the z-axis.
The modified potential, V'(z), has the same symmetry as V' (z) but is everywhere finite and
continuous, so we can expect the bound energy levels to correspond to even-parity and
odd-parity solutions and be finite and continuous everywhere.

We now consider the situations where the wave function has even-parity and odd-parity

separately.

Even-parity solutions

First, we consider the case where the even-parity solution to the modified potential does
not have a node at z = 0. If this is the case then [V (0) — E]R(0), where R(0) # 0, so that
as V(0) — —oo the kinetic term d2R/dz? diverges. The Coulombic wave function R(z)
in this case must therefore have a discontinuity at the origin.

Suppose instead that the even-parity state does have a node at the origin. If the wave

function is smooth, then the slope at the origin must be O, given that the state we are
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considering has even parity. If the potential energy is finite at the origin, which is the case
for the modified potential, then not only are R(0) and dR(0)/dz equal to 0, but so are all
higher-order derivatives. In this case, the Coulombic wave function remains zero (flat) as
it propagates past z = 0 in either direction, which means that the wave function is 0 at
all points — a completely unphysical result. Since we are concerned here with a physical
system, which cannot truly have a singularity at the origin, then regardless of the value of
R(0), the even-parity wave functions of the one-dimensional hydrogenic atom must have a

discontinuity in their slopes at the origin.[93]
Odd-parity solutions

The requirement that R(0) = 0 for odd-parity states means that no matter how negative
V(0) becomes, the quantity [V'(0) — £]R(0) on the right-hand side (and hence d?R/dz2)
always remains finite. Therefore odd-parity states are smooth throughout the full range of

z, even in the limita — 0.

As a is reduced the average depth of the potential energy across all values of z lowers,
so we can expect the energy levels to be correspondingly lower. This effect will be more
dramatic for even-parity wave functions because for these states the electron is more local-
ized at z = 0, the location of the largest decrease in potential energy. Therefore we expect
even-parity energy levels to lower more than odd-parity energy levels as a decreases. In
fact, as we approach the Coulombic limit, any given even-parity energy level will eventu-
ally coincide with the odd-parity energy level that was once directly below it on the energy
scale.[94] Therefore, a one-dimensional hydrogenic atom is two-fold degenerate. (This is
also shown in Fig. 2.11) This rule does not include the ground state, which will be treated
at the end of this section and in Appendix C.

In the Coulombic limit the degenerate even-parity and odd-parity wave functions at a
given energy level will take on the same form, albeit of different parity[94]. (By “same
form” I mean that the probability density associated with the two wave functions are iden-

tical, but the wave functions alone have opposite parity. See Fig. 2.11.) The inner nodes
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Figure 2.11: The role the modified potential V*(z) (denoted V(2) in the text) plays in
modeling the one-dimensional hydrogen atom. (Here V’(z) is simply a qualitative sketch
and has no specified functional dependence. Similarly, the wave functions are hand drawn,
not results of exact computation.) As a — 0 the even-parity and odd-parity wave functions
tend towards degeneracy and take the same shape (albeit of opposite degeneracy.)
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(the two closest to z = 0) of the even-parity state eventually combine to form a double node
at the origin. As a consequence, the probability density | R(2)|? for degenerate even-parity
and odd-parity states are identical for a one-dimensional hydrogenic atom.

More interestingly, in the Coulombic limit the ground state ceases to be observable[95,
96], as is shown in Appendix C.

To summarize, as the bottom of the well in the modified potential energy V' (z) drops to

—oo (thus reproducing the one-dimensional Coulomb potential):

1. The energy levels all lower until the even-parity energy levels (except the ground
state) fall to the same level as the odd-parity levels directly below them. Therefore,

the energy levels become two-fold degenerate.

2. The even-parity wave functions tend to the “same form” as their degenerate odd-
parity partners, only of opposite parity. The probability density of the two degenerate

states become identical.

3. The original ground state ceases being an observable, although this is of no conse-

quence to this research, as the B — oo limit is inherently unphysical.

We can now go back and investigate the solutions to the pure Coulombic Schroedinger

equation in Eq. (2.18). It is convenient to make the substitutions

E = ——Z—g-, T= -2£, (2.30)
22 v

where v is a dimensionless quantity.[97] The Schroedinger equation, which is now

PR v 1
Fro) + ‘I‘;I‘R(x) - ZR(x) =0, (2.31)

admits solutions[94] only if v is a positive integer; that is, v = 1,2, 3, .. .. The eigenfunc-

tions are

(odd parity) R,(2) = Aze™#/*L}(2|2|/v), (232)
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(even parity) R, (2) = Alz]e™/V L} (2|2|/v), (2.33)

where A = \/WT] is a normalization constant and Lij (z) are associated Laguerre

polynomials. We can readily see that R(z) has the same form for both odd-parity and even-

parity states, except that z in the odd state is replaced by |z| in the even state. This reaffirms

that the odd-parity and even-parity wave functions have the same form, but opposite parity.
The energy eigenvalues

Z2
_27’

E= v=1223,... (2.34)

are not only quantized but are identical in value to those of the three-dimensional hydro-
genic atom. Therefore, one-dimensional Coulomb eigenvalues form a Rydberg series, with
their own continuum threshold at E = 0. The principal quantum number v denotes the
excitation level for motion along the z axis and counts the number of nodes in the eigen-
functions in Egs. (2.32) and (2.33).

The methodology above for finding the solutions to the Schroedinger equation does not

include the ground state,[94]

e"lzl
R,,_.o (Z) = lim

Py (2.35)

But as previously stated, the ground state is unphysical in the limit B — oo, although this
is of little concern since infinite magnetic field strengths are likewise unphysical. For a

detailed analysis of the ground state see Appendix C.

2.2.2 The strong (but finite) field limit

The eigenfunctions Qn m(p) in Eq. (2.17) are the so-called Landau eigenstates and are

functions of the magnetic field strength. (Their exact form is given in Appendix D.) For
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large B it is practical to solve the Schroedinger equation in Eq. (2.1) by expanding ®(p, 2)
in the Landau eigenbasis:
[« <]
®(p.z) = Y_ Qwm(p)ZEn(2), (2.36)
N=0
where we call =y(z) the Landau channel wave functions.

By substituting our expansion into the Schroedinger equation we find

[_1( 82 . 92 ) 4";)2_1 N lz2p \/pTZﬁ] ;QN'm(p)EN(z)

2\9p2 " 922
=E Y _ Qum(p)En(2), (2.37)
N

which becomes

10 _
[-gﬁw,v,m \/m} 3 inlolZn(e) = B T Onim(pIZn(2) 239

Multiplying by Q3. (), integrating over all radial space, and taking advantage of the

orthonormal nature of the Landau eigenbasis produces

2 922 ' ~ 0 /0% + 22

We then define VJy(2) so that

10°= _ °°Q'¢m ONm -
{—— N o+ Enm— ZZ:.N(z) i (P)St () pdp] = E=n(2). (2.39)

16%=
!“5 622N ZZWN'(Z)'N(Z) = (E — Enm)En(2), (2.40)
where
© O, (0)QUnm
V() = — [ Sirn@ o) 240

o \/pz-i-gz2
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In Appendix D we show that in the limit of large |2| the coupling potential V7'y.(z) be-
comes roughly diagonal, approaching that of a one-dimensional Coulombic potential, that

is,

_ 1 2
Vn(2) = Viin(2) = -l—z-l (1 - WEN,m> ; (2.42)

where Ey n, is the Landau energy. The second order correction to Eq. (2.42) above is
proportional to the Landau energy, but this correction falls off by a factor of 1/B2, so
that in the limit of large field strengths the Coulomb potential V() becomes increasingly
modeled by a one-dimensional hydrogenic atom. It is straightforward to show from the
results in Appendix D that the higher-order terms in V{7'y are inversely related to even
larger powers of B, and therefore fall off even faster as B is increased.

The appearance of the coupling potential V7'y,(z) in Eq. (2.40) means that for any
given value of |m/| the energy levels corresponding to the p and Z degrees of freedom are
directly coupled. As a result, a state excited to (say) /N = 1 can de-excite by transferring
energy into motion along the z-axis, thus allowing the possibility of pushing the electron
into the continuum if this transferred energy is great enough to overcome the Coulombic
interaction. It is well-known that any Landau channel de-excitation satisfies this condition
for a sufficiently strong B-field.[98] Therefore the threshold energy Ex for finite fields
requires that NV = 0 in Eq. (2.27), so that

Br = Eop = §(|m| +1) (2.43)

is the true threshold energy for a hydrogen atom in a strong (but finite) magnetic field.

As we previously stated, for a given [m| subspace the N = 0 energy levels are ordered
below the continuum threshold and are truly bound states. (See Fig. 2.10.) The higher
energy levels are still ordered below Ey ,,, but we have learned that for finite field strengths
these levels correspond to resonant states, that is, they tend to autoionize,[98] and this

autoionization is due solely to presence of the two coupled degrees of freedom.
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2.2.2.1 Motion along the Z axis in the strong field limit

For large B the electron is highly localized at a radial distance p,, so we can, for all practical

purposes, consider the radial variable p in the Coulomb potential to be constant.

-7 -Z

Vip,z) = ~ .
C = TR VA

If p, is sufficiently small (B is sufficiently large) then the radical

(pm = constant) (2.44)

V22 +p2 =/ (l2 + pm)?[1 — 2l2lpm/ (2] + om)?] = 12| + prm, (2.45)

since 2|z|pp, falls off faster than (|z| + pm)? as pr, becomes small. Therefore,

-Z -Z

Viom, z) = ——~ ——,
(Pm. 2) ,—_22+P12n 2] + pm

which is of the form of a one dimensional hydrogenic atom but with the potential truncated

(2.46)

to a finite depth of —Z/p,, at the origin, as shown in Fig. 2.11. The description of the
eigensolutions for this potential is similar to the modified Coulomb potential described
earlier. The larger the magnetic field strength, the smaller the value of p,,, and the more the
potential resembles the one-dimensional Coulomb potential.

The energy levels of the truncated potential,

_72
E,= z 2.47)

T op?!

still form a Rydberg-like series, except that the nonintegral principal quantum number v/ is
slightly larger than the corresponding quantum number v. We call the difference between
v and the integral quantum number v for the true Coulomb potential the quantum defect

d,. Thus 6, = v/ — v, with §, > 0. Naturally, §, — 0 as p,, — 0 (and hence B — ).
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As long as B is finite there exists a physically meaningful ground state solution[96] to

the truncated potential,

Ey~o = —42210%(Zpm) 7Y, (2.48)

where p,, = /ZB(2|m|+1)/2. In the Coulombic limit, this energy level drops to

E,_.o — —oo and becomes unphysical, as previously discussed.

2.3 The intermediate field region

The region between the weak-field and strong-field region has always been difficult to
understand because the wave functions of the system undergo rapid changes as the field
strength is adiabatically swept through the many avoided crossings that appear throughout
this region. More specifically, the physical characteristics of the wave functions, which
denote the state of the system, re-organize when the field strength is swept past an avoided
crossing, thus interchanging the nodal structures between the plane perpendicular to the
field and the z-axis. This can be seen in Fig. 2.12, where nodes that originally appeared
along the z, y-plane for low field strengths begin to appear mainly along the z-axis.

Caveat: When we speak of “sweeping the magnetic field” we are specifi-
cally talking about changing the field strength adiabatically, that is, infinitely-
slowly. In this sense, we are not really changing the magnetic field by any
finite rate, but rather independently solving the time-independent Schrodinger
equation for the system at every possible value of B. Otherwise, we would
have to consider the possibility of transitions between energy levels as the field
is swept through the avoided crossing region. This situation is discussed in
Appendix E.

In the region of dense avoided crossings, the states of the system become linear su-
perpositions of many eigenstates and are impossible to label with any sort of meaningful
quantum numbers. However, the nodal structure in the two limits of field strength can be

correlated, regardless of what takes place between these two regions. To understand how,
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=1,v=2

Figure 2.12: Transformation of the even-parity nodal structure of diamagnetic hydrogen as
a function of field strength. Here, m = 1 and the vertical axis is p|¥(g, z)|2. (a) Zero-field
limit, where n = 5 and k£ = 0 (rotator state). (b) B = 8 kT. (c) B = 35 kT. In this last case
the state is in an autoresonant state, as described in Sec. 2. From Ref. {4].

we now consider a low-lying section of the energy spectrum. For simplicity, we will focus

on the even-parity, m = 0 subspace.

2.3.0.2 The correlation between quantum numbers in the low and high-field regions.

In Fig. 2.13 we show a schematic representation of the behavior of the three lowest energy
levels of diamagnetic hydrogen. The nodal structure of the ground state (n = 1) energy
level does not change as the field strength changes because this state does not undergo any
avoided crossings with other states, so we instead concentrate on the n = 2and n = 3
energy levels.

At low fields, the n = 2 subspace only has one k-level, £ = 0 (remember that £ only

takes on values from 0 to n — m — 1, which means that k£ can only be 0). This is a rotator
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state, so the nodal structure is distinctly laid out on the z, y-plane. As B is increased, this
level rises in energy. The n = 3 subspace above it has two levels, £ = 0 and k£ = 2 (we
are ignoring the k£ = 1 level, since it belongs to the odd-parity subspace). The £ = 0
(rotator) level rises with increasing field strength to undergo avoided crossings with levels
originating above it. The n = 3,k = 2 vibrator level drops in energy until it encounters
the n = 2, k = 0 level directly below it, upon which an avoided crossing between the two

levels occurs (circled region in Fig. 2.13.

B

Figure 2.13: Evolution of a few low-lying states as the field strength is swept through the
intermediate region. The broadness of the Ak = 2 avoided crossing (large circle) is greatly
understated, since this avoided crossing is so broad as to be hard to distinguish (that is,
a hidden avoided crossing). The boxed regions group Landau levels having the same N.
Note that the nodal structure is preserved if we follow the dotted line (the diabatic curve)
from the low-field region to the high field region. This would require changing the field
strength at an infinite rate, as explained in Appendix E. The roughness of the lines owes to
the unsteady hand of the graphics artist[101].
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Since the two levels have relatively little nodal overlap (one is a vibrator state, the other
a rotator state), it would be tempting to think that the avoided crossing between these two
levels would be narrow. However, for this interaction, Ak = 2, and we saw in Sec. 2.1.1
that this avoided crossing is an exception — the avoided crossing between these two levels
is actually very broad, so broad in fact that the avoided crossing is an example of a hidden
avoided crossing. In the region of the avoided crossing the nodal structures of the two
levels interchange, so that the nodes that originally appeared on the z, y-plane at low field
strengths transfer to the z-axis at some point in the avoided crossing region. What was once
a rotator state is now largely a vibrator state, being doubly excited (v = 2) along the z-axis
at some point in the avoided crossing region. And since the excitation is now along the
z-axis, the energy lowers with increasing field strength and the state becomes completely
bound (because in this case N = 0).

The lowest-lying n = 3 state, on the other hand, has its excitation along the z-axis
transferred to the z, y-plane upon passing through the avoided crossing. It will not main-
tain this nodal structure, however, because now its energy will rise with increasing field
strength where it will undergo yet another avoided crossing with a state directly above it in
energy (small circle in the figure), switching nodal characteristics yet again. When it finally
reaches the large-field limit, after passing through these two avoided crossings, it will end
up forming the next-highest excited (v = 4) state in the N' = 0 subspace. The energy level
that it interacted with in the last avoided crossing will now have a nodal structure much like
the original n = 2 low-field state, which means its excitation is along the z, y-plane. After
passing through an infinite number of avoided crossings, it goes on to form the lowest-lying
excited Landau level, denoted N = 1, v = 0.[102]

In Fig. 2.13 the diabatic energy level is indicated with a dotted line. This would be the
progression of the energy level if we were to sweep the magnetic field infinitely fast so that

the probability of tunneling through the barrier between the two energy levels was unity. In
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this case, the nodal structure of the state would be maintained throughout the entire range
of field strength.

The example above is as simple as it gets in the intermediate field-strength region. We
can see that trying to track the nodal structure of higher-lying energy levels is going to
be exceptionally difficult, especially if we consider that not all avoided crossings in the
energy spectrum are going to be discernible. However, dimensional perturbation theory
provides a systematic means of tracking the energy levels of diamagnetic hydrogen through
the intermediate-field strength region and determining when, and where, avoided crossings
must occur, even when hidden. So in the next chapter we turn our attention to the theoreticla
basis of dimensional perturbation theory. From there we begin Part II, our discussion of the

original research in this dissertation.
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Chapter 3

Dimensional Perturbation Theory and its Application to
Diamagnetic Hydrogen

To analyze the avoided crossings appearing in the energy spectrum of diamagnetic hy-
drogen we use dimensional perturbation theory[103], which in the system we are con-
sidering is equivalent to angular-momentum (|m/|) perturbation theory[54]. However, un-
like angular-momentum perturbation theory this method is applicable to a wider range
of more complex problems. To date dimensional perturbation theory has been applied
to such diverse fields as statistical mechanics, nuclear and particle physics, quantum op-
tics, and atomic and molecular physics[103, 104, 105, 106]. In atomic and molecular
physics alone, dimensional perturbation theory has been applied to the atomic Zeeman
and Stark effects{103, 106, 107], van der Waals coefficients[108], the hydrogen atom in
parallel electric and magnetic fields[109, 110], two-electron and many-electron atoms,
ions and molecules{103, 111], quasistationary states[106, 109, 112], potential scattering
problems{107, 113], and density functional theory,{114], to name just a few. Further-
more, projects are currently underway using this theory to compute the rotational spectra
of molecules[115] and virial coefficients and phase transitions in the electronic structure of
atoms and molecules[116].

Dimensional perturbation theory is not only a potent method for calculating energies
and other properties of many quantum-mechanical systems[103, 117], but it also provides

a natural way of examining avoided crossings in diamagnetic hydrogen energy levels.
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With this method, the magnetic field and Coulomb potential are both incorporated into
the Hamiltonian at zeroth-order to such an extent that we can directly associate avoided

crossings appearing in the E-versus-B spectrum with degeneracies arising at zeroth order.

Therefore, this method establishes an orderly means of examining the compli-

cated energy spectrum of diamagnetic hydrogen.

Also, all angular momentum-dependence of the problem is contained within the pertur-
bation parameter, which we denote in this research as . Changing m merely amounts to
resumming the energy series at a different value of 4, which is considerably easier than a
new calculation required by other methods. This greatly simplifies examining energy levels

as a function of angular momentum.

3.1 Formulation of the dimensional perturbation theory

The basic steps involved in all dimensional scaling methods, including dimensional pertur-
bation theory, is to generalize the system to D spatial dimensions and subsequently scale
the physical variables to remove the leading D-dependence[103]. In the case of dimen-
sional perturbation theory the scaled Schrédinger equation is expanded in a perturbation
series about a value of D; this expansion allows an analytic solution. With diamagnetic
hydrogen (as for many systems) the infinite-dimensional limit serves this purpose well.
To find the energy corresponding to the three-dimensional system the perturbation series
is simply summed at the value D = 3 because all D-dependence is incorporated into the
perturbation parameter.

The generalization of the Schrédinger equation describing a hydrogenic atom in a con-

stant magnetic field B to D dimensions is[103]

{ 1 (62 62) k*—4k+3 B*? Z
3 + +

St )t s + 2L - 21000, = Bp 2800, 2), ()

k=D+2im|-1, 3.2)
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where the time-independent wave function ¥(p, 2) is dimensionally scaled as ®(p, z) =
p"z;l\ll(p, z). Here, p and z are the D-dimensional generalization of the usual cylindrical
coordinates, and the remaining D — 2 angular coordinates have been factored out to yield
the p~2 centrifugal potential term. Note that D and |m| only enter the Schrodinger equation
through «.

To obtain a useful infinite-dimensional limit some of the physical quantities must be

dimensionally scaled:

£ -2 E=xE, B=«B. (.3)

p=K2, [{2’

Note that the conversion between B and B in three dimensions is[118]

29375 - B

T .

B(tesla) =~

For example, 100 scaled units roughly equates to 75 T in three dimensions when |m| = 33.

With these scaled quantities the Schrédinger equation has the form H® = E®, where

H= —5(5 ('67 + 2 + Veff . 3.9)
~ 1-46+382 B2 Z
Verr = - . 3.6

Note that we introduced the perturbation parameter

1

d T D+2m|-1

3.7

1
K

into the Hamiltonian. It is important to note that, as with «, all D- and m-dependence is
accounted for in d.

As kK — 00 (0 — 0) all derivative terms in the Hamiltonian vanish, producing an “elec-
trostatic” problem; the electron settles to the minimum of the lim;_.q V. ££(P, Z) located at

(9, Z) = (pm, 2zm =0). We denote the energy in the large « limit, i.e. lims_,o ‘Z”(pm, Zm)s
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by E.c. Therefore, in the large « limit (large D and/or |m| limit) the electron of energy Eo
is constrained to a hypercircle of radius 5= p,, perpendicular to the  axis.
Using dimensionally-scaled displacements, z; and z,, the origin is shifted to this min-

imum by means of the relations

-

P=pm+0iz,, = 83z,. (3.8)

e}

The Schrédinger equation is then expanded in powers of § 1,

E=E_+ Z B8+, (3.9)
i=0
H(ﬁvz) = Eoo + Z Hi(zlszZ)J%-*'l ' (3-10)
=0
(5,2) = Bole1,22) + Y, Bilz1, 22)0% . (3.11)

i=]

By equating powers of § 7 we obtain an infinite set of coupled differential equations,
p _~ —~
Y (H;—Ej)®pj =0, Eny1=0, p=0,12,.... (3.12)
i=0

The general form of H; is given in Refs. [105, 119]. Equations (3.9)—(3.12) can then be
solved for the expansion coefficients E; and ®;(z, z2). Of immediate importance is the
solution for zeroth-order (harmonic) wave functions. When p =0 in Eq. (3.12) we obtain
(Ho — E,)®o =0, where

178 & l 9o, 145, 1
Ho = —5 (a—x%' +5.’L‘_§) + §w1z1 + 50.)2222 - E;JZ (3.13)

has been put into the same form as a two-dimensional simple harmonic oscillator (SHO)

by defining the so-called Langmuir oscillation frequencies

3 27 B?
B=—r - t—, b

=4P‘1‘n S (3.14)

Zz
=
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Both the large-« limit (p = pn, 2 = z,) and the harmonic zeroth-order wave functions
&, (which describe quantum fluctuations about the large-x limit) not only automatically
adapt as B changes, but they adapt in a way that is sensitive to the interplay between
the Coulombic and diamagnetic potentials. Therefore, dimensional perturbation theory is
applicable to the entire range of magnetic field strengths, not just to the high- or low-field
regions.

Since Eq. (3.12) for p =0 is a two-dimensional SHO equation for ®q(z,, z;), then to

this harmonic order the energy is simply

E ~ Ey, + 6Ey, (3.15)
where
E’O=E°°+J[<u1+§)w1+(uz-i-%)wg-g—’}?:}. 3.16)
We assign the ket
[v11n) =Bo(z1, Z2) = by (Vi 1) By (VW T2) (3.17)

to represent the “unperturbed” harmonic basis, where the v; are the quantum numbers of the
SHO eigenfunctions h,,(z). The quantur numbers v, and v; are the number of nodal lines
in the Z direction and nodes in the p direction, respectively. The basic topology of nodal
lines is preserved at finite x with the provision that states are traced diabatically across
avoided crossings. (Tracing the energy levels diabatically means following the dotted line
in Fig. 2.13.) Therefore we use the quantum numbers v; and v; to label the nodal structure
of the state corresponding to a particular energy level.

We are now in a position to meaningfully assign quantum numbers that describe the
nodal structure of diamagnetic hydrogen in both limits of field strength. In the low-field

limit:



e The principle quantum number n = v; + k + |m| + 1.
e In terms of v;, we have therefore v; =n — k — |m| — 1.
e Uy = k.

e Therefore, v, determines the parity of the system, 7. = (—1)“2, with even values of

vy corresponding to even-parity, and so on.

e For circular states, n = [m| + 1, so in this case v; = v, = 0. Therefore, for a given
m subspace the circular state will always be labeled |11, v5) = |0, 0). (This is true in

both limits.)
In the B — oo limit,
e The Landau channel number NV is simply N = 1.

e The Coulomb quantum number v is given by v = INT[%}}], where INT[z] denotes

the integer part of z, rounded down.

o Note that taking only the integer part will guarantee that that the odd-parity and even-
parity wave functions of the one-dimensional hydrogen problem have the same nodal
structure because v counts the number of nodes along the z-axis. For example, both
the v, = 3 and v, = 4 states correspond to v = 2, and thus have one node along the

z-axis. (See Fig. 2.11.)

The correlation between the low-field and high-field states of diamagnetic hydrogen is

summarized in Fig. 3.1.

Therefore, the quantum numbers v; and v» of the harmonic-order, dimensional
perturbation theory Hamiltonian provide meaningful labels of the wave func-

tions of diamagnetic hydrogen in both limits of field strength.
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Figure 3.1: A correlation diagram, which we originally published in Ref. [135], that demon-
strates how the quantum numbers v; and v, order the energy at the two extremes of field
strength. The upward arrows point to level crossings that correspond to Fermi resonances,

as discussed in Chap. 4.
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Figure 3.2: Same as Fig. 2.12 but labeled instead with the v, and v, quantum numbers
of dimensional perturbation theory. Again, m = 1, with even-parity. (a) Zero-field limit,
where n = 5, £k = 0. Using the prescription in this chapter for defining v; and v, we have
vy =n—k—|m|-1=3and v, = k = 0, therefore this state is the |v, 15) = |3, 0) state.
(b) B = 8 kT. This is the region of intermediate field strength, and assigning meaningful
quantum numbers is impossible. (¢) B = 35 kT. This is the high-field limit. By examining
Fig. 3.1 and following the |30) state adiabatically we find that this situation corresponds to
the |14) state, signifying one node in the radial direction and four nodes in the 2-direction.

In Fig. 3.2 we show an example of how the quantum numbers v; and v, count the nodes in
the p and z directions.

The system parity 7., which refers to reflection in the > coordinate, is determined by
the value of v, — even parity states correspond to even values of v; likewise for odd parity
states. Although we largely limit the following discussion to odd parity states, the response
of the system described by Eq. (3.1) to adiabatic changes in B, most importantly the energy
spectra and branch-point trajectories as functions of B, are qualitatively the same no matter

which parity we choose to consider.
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In the next section we discover a one-to-one correspondence between the avoided cross-
ings in the E-versus-B and the E-versus-|m| spectra. To illustrate this relationship, we only
need to look at a couple of avoided crossings in each of the E-versus-B and E-versus-|m)|
spectra in detail. Because the perturbation parameter ¢ in Eq. (3.7) is especially small
when |m| is large, dimensional perturbation theory is particularly easy to apply to circu-
lar Rydberg states[119]. For that reason, we now apply dimensional perturbation theory
to circular and near-circular states of diamagnetic hydrogen[120] and see how the system
energy E(B, |m]|) responds as both the magnetic field strength B (Sec. 4.2) and angular

momentum |m| (Sec. 4.3) independently change.



Part II

Singularity Structure and Its Relation to Avoided
Crossings of Diamagnetic Hydrogen
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Chapter 4

Avoided Crossings of Diamagnetic Hydrogen as Functions
of Magnetic Field Strength and Angular Momentum

The material in this chapter is largely derived from J.R. Walkup, M. Dunn, D K. Watson,
and T.C. Germann, Physical Review A 58, 4668-4682 (1998).

We have shown that the coupling between the two degrees of freedom in the diamag-
netic hydrogen problem creates a markedly different energy ordering in two important ex-
tremes of B: For B = 0 the energy spectrum is hydrogenic, while at sufficiently large B
the energy levels divide into a series of Landau channels. These channels are supported by
the same radial wave functions which describe motion perpendicular to a magnetic field as
found with a free electron in a magnetic field. Between these two limits of B the interplay
between the Coulombic and diamagnetic contributions creates a complicated, often highly
irregular, energy spectrum. Each energy level is perturbed from above and below by ad-
jacent levels as the system evolves from the hydrogenic to Landau limits so the response
of the system as B is increased is necessarily quite complex. Even for very low B the
diamagnetic term generates ¢-mixing in each hydrogenic n-manifold.

The most distinctive feature of the response of the energy spectrum to adiabatic changes
in the B-field is an intricate array of avoided crossings, which provide the mechanism for
state reordering with energy E as B is changed. By this we mean that the nodal structures
of the states exchange diabatically as the system is taken through the avoided crossings by
varying the external magnetic field.[121] However, the appearance of avoided crossings is

not restricted merely to variations in B. In the particular system we have chosen to study,
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the magnetic quantum number m is a conserved quantity because of the separability of the
azimuthal degree of freedom. We show that avoided crossings also appear in the energy
spectrum as m of the system is incremented in value. (Actually, m is treated in this research
as a continuous real parameter, interpolated between integer values.) As when B is varied
for fixed m, the nodal structures of the states diabatically exchange across the avoided
crossings [122].

Avoided crossings are not always easy to distinguish. Some are so narrow that energy
levels superficially appear to actually cross. (Energy levels with the same parity and m
cannot cross because of the Wigner-von Neumann non-crossing rule[123]). On the other
hand, some avoided crossings are so broad that they are not easily discernible. These are
termed hidden avoided crossings[124, 125]. Regardless of whether they are hidden or not,
the nodal structure of the states still exchange diabatically across the avoided crossings.
Because of this very important physical effect, it is important to have a strategy to predict
the existence of avoided crossings and where they occur, hidden or not. In this chapter we
offer such a strategy, which relies on understanding the mathematical structure resulting
from degeneracies between energy levels. Furthermore, we can use the same mechanism
that explains the appearance of avoided crossings in the E'-versus-B spectrum to understand
those appearing in the E-versus-|m| spectrum. Therefore, this mechanism directly relates
the response of the energy to independent changes in B and |m|.

In this chapter we examine the degeneracies of diamagnetic hydrogen for two charac-
teristic energy-level interactions, and from this information we explain the existence and
locations of some low-lying avoided crossings appearing in its energy spectrum. In Sec. 4.1
we consider a simple example in which a system parameter is varied adiabaticaily. We then
explain how the resulting avoided crossing in the energy spectrum is related to square-root
branch-point degeneracies appearing in the complex parameter-plane. Using the resulting
energy series, in Sec. 4.2 we plot energy levels as functions of magnetic field strengths at

two different orders in dimensional perturbation theory — harmonic (zeroth) order, which
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corresponds to Eq. (3.13), and higher (28th) order, which corresponds to p = 28 in Eq.
(3.12). We show that we can relate the avoided crossings appearing in the energy spectrum
to energy degeneracies appearing at harmonic order, as expected.

In Sec. 4.3 we instead fix B and plot energy levels as the angular momentum |m| is
changed. We show that the avoided crossings appearing in this situation are directly re-
lated to those appearing in the E-versus-B spectrum. As demonstrated in this chapter,
this relationship is illuminated by examining the anatomy of the branch-point degeneracies
connecting the two energy levels in question. We use this anatomy in Sec. 4.4 to predict
the appearance of avoided crossings in both types of spectra.

We expect the analysis in Sec. 4.4 to apply to all avoided crossings appearing through-
out the energy spectra (both E-versus-B and E-versus-m) of diamagnetic hydrogen. How-
ever, there is one small subset of avoided crossings that demands expanded treatment, and
we consider this subset of avoided crossings in Sec. 4.5.

This chapter focuses solely on examining the odd-parity states of diamagnetic hydro-

gen. As we explain in Sec. 4.6, all results apply to the even-parity states equally well.

4.1 Energy degeneracies and avoided crossings

To illustrate the relationship between energy degeneracies and avoided crossings, we use
an example much like the one discussed by Bender and Orszag[126]. Consider the time-

independent Schrédinger equation of a simple two-level system,

HE, = E*,, 4.1)

H—(b C) 42
“\e d/) “2)

where
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Here we consider b as a parameter that we will vary continuously while keeping all other
parameters fixed in value. (In this sense, b is analagous to B or |m] in this research, de-
pending on which parameter is varied while the other one is held fixed.) Equations (4.1)
and (4.2) model a general quantum mechanical problem in those regions where only two
states interact strongly enough to warrant consideration. If d = —b, then these equations
model a well-known Landau-Zener problem, where b is associated with a linearly-varying,
time-dependent magnetic field, and ¢ measures the splitting between energy levels caused
by a constant magnetic field oriented perpendicular to the first. (See Appendix E and refer-
ences therein.) The energy eigenvalues as functions of b are plotted in Fig. 4.1 which shows
an avoided crossing centered about b = d. As b — +o00, the energies E* and E~ and the

eigenstates ¥ and W_ limit to the ¢ = 0 solutions,

b1 = ( (1) ) “3)
o= ( (; ) (4.4)

with energy E; = d. Thus when b is sufficiently far from the avoided crossing, the en-

with energy £, = band

ergies and eigenstates are approximated by the ¢ = 0 energies and eigenstates. We use
o1 and ¢, to label the physical characteristics of the finite b eigenstates away from the
avoided crossings. Since the energy ordering of the ¢ = 0 eigenstates ¢, and ¢, is different
from one extreme value of b to the other, the states must exchange physical characteristics
diabatically somewhere in the spectrum — across the avoided crossing. If the physical
characteristic of the state defined by ¢, is associated with the upper energy level E~ when
b < d, then ¢; will be associated with the lower level E*. However, this ordering of states
reverses for b >>d, so the physical characteristics of both energy levels exchange across the

avoided crossing.
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Energy, E —

Figure 4.1: Energy levels E* (lower level) and E~ (upper level) arising from Eq. (4.1), with
b treated as a parameter. Note that the physical characteristics of the states, defined as either
@1 or ¢4, exchange diabatically as the system progresses through the avoided crossing. In
other words, if we (infinitely slowly) increase b from J to K, the state corresponding to
the E* level would transform from ¢; to ¢- in the avoided crossing region. For ¢=0 the
system becomes separable, so at this limit the energy levels (shown by dot-dashed lines)
cross at b=d. The inset shows the square-root branch points lying in the complex-b plane
that connect the two energy levels.
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In this example the avoided crossing is clearly visible in the energy spectrum, but as we
stated previously such is not always the case. Yet the existence of hidden avoided crossings
remains physically important since the physical characteristic of each interacting energy
level exchanges when the system passes through the avoided crossing. Therefore, it is
important to find a distinguishing characteristic of the system that signifies the locations of
avoided crossings, whether they are hidden or not.

From Eqgs. (4.1) and (4.2) we can write the secular equation in the form
(E-EYWE~E)=E*-(E*+E)E+E*E™ =0, 4.5)

where

E*Y+E-=b+d and EYE- =bd-c%. (4.6)

The avoided crossing occurs when the parameter b, restricted to the real line, passes closest
to the complex value of b where the two eigenenergies are degenerate. According to Egs.

(4.6), in order for E+ = E~ the parameter b must satisfy > —2db+4c>+d? =0, that is
bt = d + 2ic. 4.7

Note that the degeneracies occur at complex values of b; physical (real-valued) energies
cannot cross as b is held on the real line and swept past the degeneracy points. (The Schwarz
Reflection Principle{127] ensures that degeneracies occur at complex-conjugate values of
b.) Rather, as shown in Fig. 4.1, we see an avoided crossing centered about b = d because
the energies come closest to degeneracy when b is closest to d.

The analytic solutions for the eigenenergies are

Ey = [b-i-d:t VT =2db + 42 +d2] , 4.8)

PO =
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thus we find square-root branch-point singularities at the points where the energies are
degenerate[128]. In other words, the two square-root branch points provide a signature for
the appearance of avoided crossings. (See the inset in Fig. 4.1.)

A square root appeared in Eq. (4.8) because we considered an interaction between only
two levels. When three levels interact, one might think that the degeneracies would be
marked by both cube-root as well as square-root branch points. However, as explained by
Bender and Orszag, higher-order, three-state degeneracies at which cube-root singularities
can occur are extremely unlikely[126]. This reasoning applies to degeneracies and higher-
order singularities involving more than three states as well. Therefore, as a general rule
avoided crossings will be marked by the nearby presence of square-root branch points no
matter how many states effectively interact[129].

Naturally, we cannot properly describe diamagnetic hydrogen with a simple 2x2 ma-
trix equation; rather we require an infinite-dimensional matrix equation, limited to finite di-
mensions for practicality. Dimensional perturbation theory, when formulated in the matrix
method[ 105] (the method used for large-order calculations in this research), automatically
furnishes matrix equations of finite dimension at finite order. But as we increase the rank of
the matrix equation it is natural to question what happens to the square-root branch-point

structure of the system. There are at least four possibilities[126]:

1. The square-root branch points stabilize and

(a) remain well separated from each other or

(b) form a sequence that becomes denser and denser towards some limiting point.

2. The square-root branch points coalesce to form more complex singularities in the

limit of infinite-dimensional matrices.
3. The square-root branch points move to infinity.

4. A square root branch point present when the matrix equation is of a certain dimen-

sionality is not present at other dimensionalities.
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We are only interested in avoided crossings which stabilize as the dimension of the matrix
equation is increased, and thus we rule out square-root branch points which behave as in
items 3 and 4. As we shall see, for the energy level interactions considered in this research
the nearby square-root branch-point degeneracies behave as in item la.

Finally, we note that for simple two-level systems Eq. (4.7) requires that real-valued
branch points must exist at the same location on the real axis.[130] However, for higher
ranking matrix equations this requirement no longer applies — real-valued branch points

can exist at two different points on the real line.

4.2 Energy as a function of magnetic field strength

We saw in Chap. 3 that in the harmonic limit the Hamiltonian of the diamagnetic hydrogen
atom reduces to

1

1/ 8% 092
Ho = ( T

1 1
3 (g7 + 3 ) + golat + guied -

a2 T o 5 (4.9)

This harmonic limit (that is, the limit corresponding to the zeroth-order Hamiltonian H;)
is not only mathematically useful but incorporates many features of the three-dimensional
system. In fact, the harmonic Hamiltonian incorporates the effects of B to such an ex-
tent that the ordering of states, with respect to energy, correlates exactly with that in three
dimensions in both the small-B and B — oo limits. This is a key result, because if the
harmonic energy spectrum has the same basic structure as the exact spectrum, then we
maintain the same energy-level ordering as higher-order corrections are incorporated, mak-
ing the spectrum easier to examine. This is a major advantage of dimensional perturbation
theory over many traditional methods.

The harmonic Hamiltonian H, is also completely separable in 5 and 2, that is the  and
% degrees of freedom are uncoupled. This has important consequences for the harmonic

energy spectrum which results from Eq. (3.13). As shown in Fig. 4.2 (for odd-parity states):
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1. The harmonic energy levels do not interact and actually cross.

2. The most distinct characteristics of the harmonic spectrum are the numerous Fermi
resonances[131, 132] (degeneracies), that appear at certain values of B, some of
which we indicate with vertical lines in the figure. (See also Fig. 3.1 in Chap. 2.)
These values of B are determined by the Fermi resonance condition w; = kws,
where ¢ and k are any two integers[124]. For example, as highlighted in the figure,
the [11) and [05) states are degenerate at harmonic order near B = 320, where the
ratio w; /w, = 4. Therefore, we say that these two states, even at converged orders,
are related through a 4:1 Fermi resonance (see below). To determine which states co-
incide with a given Fermi resonance, consider two states |a b) and |c d) (the variables
b, ¢, and d here are unrelated to the same variables in the previous section). The har-
monic energy levels of these two states cross at the X:Y Fermi resonance provided
that Xa+Y b= Xc+Yd. For example, the |15) and |41) harmonic levels cross at the
4:3 Fermi resonance, since 4-1+3-5=4-443-1. We show more examples in Table
4.1. In Figs. 4.2 and 3.1 we highlight energy-level crossings at two particular Fermi
resonances — a 2:1 Fermi resonance (w; = 2w») between the |03) and |11) states,
and a 4:1 Fermi resonance (w; = 4w,) between the |05) and |11) states. Although
the |11) and |03) states are not the only states that interact through a 2:1 Fermi reso-
nance, we will only consider these two states when we discuss this particular Fermi
resonance. Along the same lines, we will only discuss the interaction between the

[11) and |05) states when we focus on the 4:1 Fermi resonance.

At finite |m/|, terms in the Hamiltonian which couple the 5 and Z degrees of freedom are
no longer negligible. Therefore level crossings become forbidden by the von Neumann-
Wigner non-crossing rule and are replaced by avoided crossings. The avoided crossing
center at finite [m| is displaced from the harmonic crossing because of the |m|-dependence
of the energy levels. As an example, in Fig. 4.3 the 4:1 crossing highlighted in Fig. 4.2
is displaced from B = 320.8 (the harmonic level crossing) to B = 138.4 (the avoided

74



1
W
T
&
~
4
VAR
4 s
S 7
7 :
Py
A
7K
1 1

LT |11) R (SR .

L — Other states 21 BN S ~

L RO 3

b "\.\ \'"\ -
-10 r 3:1 ‘\_\\‘:

4:1

.20 1 L L Lt L L Ll L 5 L 1 1 1t L L L Lt 1 L 1

| 10 30 100 300 500 1000

(Scaled) Magnetic Field Strength, B

Figure 4.2: Harmonic (zeroth-order) energy levels as functions of B for diamagnetic hy-
drogen. The vertical axis measures binding energy in mRyd for |m| = 33. The vertical
lines denote some prominent degeneracies (Fermi resonances) appearing in the spectrum.
The crossings explicitly discussed the most in this chapter are highlighted in bold circles;
one associated with a 4:1 Fermi resonance at B = 320.8 and the other with a 2:1 Fermi
resonance at B = 32.1. Only levels corresponding to the ten lowest hydrogenic (E =0)
shells are shown.
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Table 4.1: Fermi resonances and corresponding interacting states appearing in the
harmonic-order energy spectrum in Fig. 4.2, with the lowest energy interactions appearing
highest in the table. The (scaled) magnetic field strength at which each resonance appears
is given in parentheses, rounded to the nearest whole number. Each entry corresponds to an
individual interaction, many of which involve more than two states. Any even-parity states
that are degenerate to those listed were omitted. Also, some of the higher-lying Fermi
resonances in Fig. 4.2 were omitted for brevity.

8:7(5) 6:5(6) 4:3(9) 3:2(13) 85(16) 12:1(32) 83 (79) 3:1 (118) 4:1 (321)

[09){71)  {07){51} [05){31)  [07}|41)  [09){51) [03)j11) [09}{31)  [07)]21) [05}{11)

[19)[81) |17)|61) [15)[41) [17)[51)  [19){61)  (0B)j21)  [19)[41)  09)[23)  [07){13)

09)[53)  |07)33)  [09)[43) 107){15) 117)131) 09)
[23)[31) [15)|21)

127){71)  |25)I51)  |27)[61) |09)[17) 119)133)  |17)[23)
25)[33)}41)

119)i63) |17)|43)  [19)|53) 119)]27) [27)l41) 119)
35)[43)[51) |25)[31)

crossing). In Fig. 4.4 we show the avoided crossing in Fig. 4.3 in more detail. We can see
that the two energy levels do not cross. Despite this shift in location, we can still associate
the avoided crossing with the 4:1 Fermi resonance because the location of the avoided
crossing gradually shifts to the location of the level crossing (associated with the 4:1 Fermi

resonance) as [m| — oo.

Therefore, even though the spectrum of diamagnetic hydrogen contains a
complez arrangement of avoided crossings, we can use the harmonic energy

spectrum to assign each avoided crossing to a particular Fermi resonance.

We now turn our attention to the avoided crossings that appear between two energy
levels when we plot the energy as a function of angular momentum. We show that not only
is there a clear relationship between the E-versus-B and the E-versus-|m| spectra, but that
we can understand this relationship by examining the branch points that connect the two

energy levels.
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Figure 4.3: Harmonic (p = 0) and convergent (p = 28) energy levels of the |m| = 33 |05)
and |11) states related to the 4:1 Fermi resonance degeneracy highlighted in Fig. 4.2. Note
the shift of the minimum energy separation to lower B in the convergent spectrum.
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4.3 Energy as a function of angular momentum

InFig. 4.4 an avoided crossing in the E-versus-B spectrum appears[133] at B=138.4when
the angular momentum is fixed at |m|=33. From Eq. (3.4) this corresponds to B =103.4
tesla.[134] We now consider [m/| as a continuous real parameter and see how the system

energy responds as B is held fixed at 103.4 tesla and |m]| is changed.

T T 1 T L | ¥ i 3 1 ¥ 1 J ¥ L T

4:1 Fermi Resonance
Imi = 33

105)

138.4(103.4 T)

Binding Energy, E (mRyd)

| 11)

IS

T

80 90 100 150 200 250
(Scaled) Magnetic Field Strength, B

Figure 4.4: Detail of the converged (p = 28) energy levels shown in Fig. 4.3. The nodal
structure of the wave function, which is represented by |v15), is exchanged diabatically
as the magnetic field sweeps past the avoided crossing. Note the avoided crossing center
occurs at B=138.4, which is equivalent in this case (|m|=33) to B=103.4 tesla (noted in
parentheses).

Consider Fig. 4.5, which shows the same two energy levels for the 4:1 Fermi resonance
as |m| is changed. With B =103.4 tesla, the avoided crossing occurs near |[m| = |mq| = 33,

rounded to the nearest integer. Therefore, there is a strong correspondence between avoided
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crossings appearing in the E-versus-B spectra and those appearing in the E-versus-|m)|
spectra — if |m] is fixed at |mo| while B is swept, an avoided crossing appears at some
value B = B,. Correspondingly, if B is fixed at B, while |m| is swept, an avoided cross-
ing appears at (or very near) |mq|. This correlation between the avoided crossings in the
E-versus-B and the E-versus-|m/| spectra points to the existence of nearby degeneracies
which cause an avoided crossing whether we sweep B or |m|. We discuss this in detail in
the next two sections.

Before moving on, we should note that the avoided crossings that appear in the E-
versus-|m/| spectrum are harder to find than those appearing in the E-versus-B spectrum.
One reason for this is the leading Ex in Eq. (3.9) which does not affect the dynamics of the
problem (that is, which state is associated with each energy level), but because of its |m|-
dependence tends to mask the appearance of the avoided crossing. Therefore subtracting
this term from the energy series does not affect where an avoided crossing appears, but
rather makes the avoided crossing more visible. The subsequent energy series has a leading
d that is also a function of || but, as in Ex, does not affect the dynamics of the problem.
Therefore, we factor this term out of the series as well. The result is a rescaling of the series
as E(Rescaled) = (E — Eq)/8 whenever we calculate the energy with respect to changes
in |m|. Also, for these cases we use total energies, not binding energies. Therefore, the

vertical axes on such plots change accordingly.

4.4 Energy level characterization and avoided crossings

In the next chapter we argue that the behavior of the branch points as functions of B for
both the 4:1 and 2:1 Fermi resonance indicates that the energy levels of a two-state Fermi

resonance has the following analytic form:

E.(0,B) = B, B) £ B, B)6 -6, (B)6-5.(B). @10
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Figure 4.5: In contrast to Fig. 4.4, here we plot E as a function of |m/|, not B, with B held
fixed at 103.4 tesla. Note that the avoided crossing is centered about |m| =33 (rounded to
the nearest integer). Note the change in scaling for the vertical axis.
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For the rest of this discussion keep in mind that § is directly related to |m/ in three dimen-
sions through the relation § = 1/(2 + 2|m|). The branch-point locations §,.(B) and §_(B)

are solutions of the equation
AE(8,B)=E,(5,B)-E_(6,B) =0 @.11)

for fixed B. (See Sec. 4.1.)

The branch-point trajectories in the complex 4-plane are shown for a 4:1 and a 2:1
Fermi resonance in Figs. 4.6 and 4.7, respectively. Notice that the branch points for the 4:1
Fermi resonance in Fig. 4.6 are initially complex conjugates of one another and approach
the origin as B increases towards the value B =320.8. (This is the same value of B which
corresponds to the 4:1 Fermi resonance.) As B increases beyond this value the branch
points form on the negative real axis and head towards —oo, although at slightly different
rates.

The branch-point structure of the 2:1 Fermi resonance in Fig. 4.7 looks more com-
plicated. Here, the branch points are complex-conjugate until B =~ 25.1, at which point
they coalesce onto the negative real axis. As B further increases one of the branch points
will head towards —oo while the other will head towards the origin, reaching that point at
B~32.1. (This value of B corresponds to the 2:1 Fermi resonance.) From there the latter
branch point reverses direction and both branch points will then be moving towards —oo.

As required, when d equals either 5+(§) or 5-(§) the energies E, and E_ become
equal (degenerate). Note that o= (5+)‘ unless the branch points lie on the real axis (again,
a consequence of the Schwarz Reflection Principle.) Thus when ¢ lies on the real axis (the
physically relevant situation) and the branch points lie off the real axis in the complex
plane, § is symmetrically placed between the complex conjugate pair of branch points and

the term \/ § —58.(B) \/ & — 6_{B) in Eq. (4.10) is just the distance in the complex plane

from the point § to either of the two branch points.
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Figure 4.6: Branch-point structure of diamagnetic hydrogen in the complex d-plane relating
to the 4:1 Fermi resonance involving the |11) and |05) states{7]. The numbers near each
branch point refer to the corresponding value of B. Note that the locations of the branch
points are particular to a given value of B, and that they move to the left as B increases.
Due to the scaling of the axes, the branch points on the negative real axis appear to be
located at the same point. They are however separated, and this separation increases for
increasing B.
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Figure 4.7: Branch-point structure of diamagnetic hydrogen relating to a 2:1 Fermi reso-
nance involving the |11) and |03) states, for field strengths up to B = 30. As in Fig. 4.6,
the numbers near each branch point refer to B. The number in the parentheses refers to
the corresponding value of B in tesla for |m| =33 and D = 3. The arrows on the real axis
indicate the direction the branch points move with increasing magnetic field strength. The
arrow closest to the origin will reverse direction once that branch point reaches the origin
(at B = 32.1). The unmarked branch points close to the origin correspond to (from left to
right) B =28 and B =30. The points on the real axis correspond to (from left to right)
[m| =44, |m|=33, and |m|=17, and are referenced in Table 4.3.
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In Sec. 4.1 we argued that avoided crossings will occur close to complex-conjugate,
square-root branch-point degeneracies present in the complex parameter-plane. We will
now use the energy level characterization in Eq. (4.10) to sharpen our understanding of the
relationship between the locations of avoided crossings and the branch-point structure of
diamagnetic hydrogen. First we consider in Sec. 4.4.1.1 avoided crossings as [m| is swept
while the magnetic field strength is fixed. Dimensional perturbation theory is naturally
formulated in terms of the scaled field strength B and so automatically provides results for
fixed B. From an experimental point of view, investigating the response of the system to
changes in |m| for fixed B would appear to be quite feasible, although obviously [m| is
limited to integer values. As |m| is changed, the unscaled field strength will have to be
appropriately altered [see Eq. (3.4)].

In Sect. 4.4.1.2 we also consider the case of avoided crossings as |m/| is swept while the

unscaled field strength B is held constant.

4.4.1 The 4:1 Fermi resonance: Avoided crossings as |m/| is swept

4.4.1.1 Scaled field strengths held constant

—~— o~

We define the center of the avoided crossing A°4(B) to be the value of  where AE is a
minimum. While there is no reason to believe that the E’b term in Eq. (4.10) should remain
constant over any appreciable range of angular momentum or magnetic field strengths, the
avoided crossing for the 4:1 Fermi resonance is so narrow in both spectra that we can expect
E,, not to vary significantly from one side of the avoided crossing to the other. (We will
see that this assumption fails for the broad avoided crossings of the 2:1 Fermi resonance.)
Therefore, the center of the avoided crossing occurs when the distance from the summation
point § (that is, the value of d at which we are evaluating the perturbation series) to the

branch points is a minimum, that is

AS3(B) = Re(6:(B)). (4.12)
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Therefore, as long as the branch point is held fixed (that is, when B is held fixed) and

|m| is swept, we can state the following:

Since E;, is roughly constant over the avoided crossing region, the avoided
crossing appears whenever the summation point 4 reaches the vicinity of ¢4 (E),

the real component of the branch-point locations on the complex-4 plane.

We now use this result to predict the locations of avoided crossings appearing in the E-
versus-|m/| spectrum. In Fig. 4.8 the energy levels of the |11) and |05) states are plotted
as functions of [/, but this time for fixed B, not B. Now consider the summation point
P in Fig. 4.9, which corresponds to [m| =26 in three dimensions. (Figure 4.9 is the same
as Fig. 4.6, but for lower values of B.) If we sum the energy series about this point, we
determine the resulting energies by referring to the energy levels in Fig. 4.8 that intersect
line P. In fact, with the use of Eq. (4.12) we can understand the entire dependence of £ on
|m| by fixing B and sweeping the summation point J (therefore sweeping |m|) along the
real axis in the complex d-plane. For example, suppose we fix B = 140, therefore fixing
the branch-point locations at points C in Fig. 4.9, and sweep |m| from point P to point R.
An avoided crossing occurs when we reach point Q, because at that point Re(d:) coincides

with the summation point §. We can verify this result by referring to Fig. 4.8.

4.4.1.2 Unscaled field strengths held constant

As stated earlier, the locations on the complex J-plane of the branch points that connect
the two energy levels are purely functions of B. However, since the relationship between
B and B in Eq. (3.4) involves |m/|, the branch points cannot be fixed in location in the

complex d-plane while |m]| (that is, d) is swept with B constant.
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Figure 4.8: Energy as a function of angular momentum for the 4:1 Fermi resonance. Here,
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axis.
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However, it turns out that Eq. (4.12) also applies when the unscaled field strength B,
is held fixed, with B replaced by B in the equation. To see this, Eq. (4.10) needs to be

re-expressed in terms of B (rather than 5), and the solutions §.(B) of the equation
AE(4,B)=0 4.13)

calculated for fixed B [rather than the oy (E), the solutions of Eq. (4.11) for fixed E]. This

is done in Appendix F with the result

E.(6, B) = E.(6, B) £ Ey(8, B)V/§ - 6.(B) /6 - é_(B). (4.14)

Compare this with Eq. (4.10). Analogously to Eq. (4.10), when ¢ lies on the real axis and

the branch points lie off the real axis in the complex plane, the term /¢ ~ 8..(B) /8 — 6_(B)
in Eq. (4.14) is just the distance in the complex plane from the point § to either of the two
branch points with B held fixed.

Thus assuming that E,(é, B) in Eq. (4.14) is constant under changes in |m/| throughout
the region spanning the avoided crossing, then the center of the avoided crossing occurs

when the distance from the point § to the branch points 4. (B) is a minimum, that is
AC§(B) = Re(d+(B)) . (4.15)

Therefore, as long as the branch point is held fixed (B is held fixed) and |m| is swept, we

can make the following assertion:

If Ey is roughly constant, the avoided crossing appears whenever the sum-
mation point § reaches the vicinity of *°4(B), the real component of the

branch-point locations on the complez-§ plane. [See Eq. (4.12).]

A good approximation for Re(d;(B)), the real part of the solutions of Eq. (4.13)

for fixed B, may be obtained from the positions of the branch points in the complex
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Table 4.2: Avoided crossing locations in the E-versus-B spectrum for the 4:1 Fermi reso-
nance. The summation points corresponding to |m| =26, 33, and 50 are illustrated in Fig.
4.9. The Re(d*) that corresponds to each |m| assumes D=3.
4:1 Fermi Resonance
Im| Re(6*) B¢ BM*> B! BT

26 0019 120 179 1167 174.1

33 0015 140 105 1384 1034

50 0.010 180 40 180.0 399

2 Predicted value from scanning Fig. 4.6.
b Computed value from Padé summing Eq. (3.9) for the two energy levels.

plane for fixed B, the solutions 51(5) of Eq. (4.11). In Appendix F we show that since
IERe(Sﬂ:(E))I > lS‘m(&(ﬁ))l, Eq. (4.15) implies the approximate relationship

rcg ([?Re(&(g))r é) ~ Re(5.(B)), (4.16)

where we remind the reader that B = §B. Therefore, we can predict the locations of
avoided crossings in the E-versus-|m| spectrum for fixed B by merely glancing at the
branch-point structure connecting the two energy levels in the complex §-plane for fixed
B. For example, in Fig. 4.9 we see that the real part of the branch-point locations corre-
sponding to B=140is at roughly the same location as the summation point corresponding
to |m| = 33. At this value of |m| and B, the physical field strength is B = 107.6 tesla.
Therefore we would expect an avoided crossing to appear at B = 107.6 tesla when |m| is
fixed at 33. This is close to where the avoided crossing appears in Fig. 4.5, at B =103.4
tesla.

Next we consider avoided crossings as the magnetic field strength, either scaled or

unscaled, is swept while [m| is unchanged.
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Figure 4.9: Another view of the data in Fig. 4.6, the branch-point structure of the 4:1 Fermi
resonance, plotted at lower values of B. The values of |m| shown correspond to D=3 and
are referenced in Table 4.2 and the text. The numbers near each branch point refer to the
corresponding values of B. The number in parentheses refers to the magnetic field strength
B in tesla for [m|=33. The vertical line at |m|=33 is referred to in the text.
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4.4.2 The 4:1 Fermi resonance: Avoided crossings as the magnetic
field strength is swept

Let us hold [m| (or equivalently d) constant on the real line and sweep B. An avoided
crossing appears at that value of B for which AE(4, §) is a minimum. Suppose Ejyin Eq.

(4.10) is constant under changes in B throughout the region spanning the avoided crossing.

Thus from Eq. (4.10) the avoided crossing occurs when the branch-point

trajectories in the complez plane pass closest to the summation point §.

By examining the horizontal and vertical scaling in Figs. 4.6 and 4.9 we see that the
gradient of the branch-point trajectories remains quite small, so to a good approximation

the point of closest approach occurs when
Re(d.(B)) =4. 4.17)

Therefore if E, is roughly constant over the avoided crossing and the slope of the branch-
point trajectories to the real line is small, I%e(&(é))’ > l&‘fm(&(g))l, then when the
real part of the branch points, éRe(gi(E)), reaches the summation point J the separation
between the two energy levels is close to a minimum. To a good approximation we can say
that the center of the avoided crossing has been reached. For example, if we fix [m| =33
(point Q in Fig. 4.9) and sweep B, we should get an avoided crossing near B =140. The
crossing actually occurs at B=138.7, as we saw in Fig. 4.4.

As seen in Eq. (3.3), any result for which |m| is held fixed equally applies to either
sweeping B or B, since B and B are then directly proportional.

In Table 4.2, we predict the locations of avoided crossings for both scaled and physical
magnetic field strengths for three different fixed values of [m|. From this table we see
that the branch-point structure of the 4:1 Fermi resonance provides a convenient way of
accurately determining such avoided crossing locations.

To conclude:



It is possible to predict the locations of avoided crossings in the E-versus-|m)|
spectrum for fixed B (or B) and the E-versus-B (or B) spectra for fixed [m/| by
merely glancing at the branch-point structure connecting the two energy levels

in the complex d-plane.

4.5 The 2:1 Fermi resonance

Having established the relationship between avoided crossings and branch-point structure
by focusing on the 4:1 Fermi resonance, we now direct our attention to the 2:1 Fermi
resonance. By examining Figs. 4.10 and 4.11 we can see that the same correspondence
between the two spectra that exists for the 4:1 Fermi resonance applies to the 2:1 Fermi
resonance as well: (1) An avoided crossing appears at B=14.0 T for [m/| fixed at |m| =33.
(2) With B fixed at B=14.0 T an avoided crossing appears at |m| = 34. Notice that since
the avoided crossing appears at |m| =234 and not [m| =33, the correspondence between the
two plots is not as precise as it was for the 4:1 Fermi resonance. More on this below.

The repulsion between the |11) and |03) states is quite strong, therefore the avoided
crossing is actually spread out over a large region of magnetic field strength. Therefore
we should not expect E, in Eq. (4.10) to remain nearly constant throughout the avoided
crossing region. However, our previous discussion relied on a roughly constant E», so we

now see how our results apply to the 2:1 Fermi resonance.

4.5.1 Avoided crossings as |m/| is swept

4.5.1.1 Scaled field strengths held constant

In Fig. 4.12 energy is plotted as a function of |m/|, with the scaled magnetic field strength
fixed to B = 15. According to the argument in the previous section, an avoided crossing
should appear when the summation point reaches the real part of the branch points corre-
sponding to B = 15. According to Fig. 4.7, this should be near |m| =233 (note the vertical

line that runs through the || =33 summation point and the branch point corresponding to
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Figure 4.10: Detail of the interaction between the |03) and [11) states, associated with a 2:1
Fermi resonance, at higher order (p=28) in perturbation theory. As in Fig. 4.4, the number
in parentheses refers to the magnetic field strength in tesla when |m|=33.
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Figure 4.11: Same as Fig. 4.5, except for a 2:1 Fermi resonance. Here we fix B = 14.0
tesla. The avoided crossing here is close to |m| =234, rounded to the nearest integer. As in
Fig. 4.5, we rescaled the vertical axis.
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B =15). However, Fig. 4.12 shows that the avoided crossing appears at || =19.0. The
only approximation that went into Eq. (4.12) was that E, was nearly constant, so at this
point we can conclude that for the 2:1 Fermi resonance E, changes significantly over the

region of the avoided crossing. This means that the first term

dAE) _OE, Ey(26 — (6, +6-))
=2 82— (8, +0_)0+0,0-+ . (4.18
LY 86\/ (+ ) + \/62—(5++6_)6+5+6_ ( )

is appreciable in comparison to the second.

E(Rescaled)

34

Angular Momentum, Iml

Figure 4.12: Energy levels corresponding to a 2:1 Fermi resonance as |m| is swept. Here
we hold the scaled magnetic field B fixed. The dashed line is the difference between the
two energies, scaled to fit on the same plot. The minimum (avoided crossing) occurs at
|m|=19.0. Note that even though the vertical axis has been rescaled, this avoided crossing

is still very hard to distinguish.
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For B =15 the fact that E, varies significantly over the avoided crossing region is easily
shown. From a plot of E, as a function of § (that i, |m|) over the avoided crossing region

(see Fig. 4.13) we see that E, roughly has the form
E,=-Ci6+Cy, (4.19)

where C| =~ 344 and C,~65.3. Substituting this expression into Eq. (4.18) and noting that
d+=.0147 £ .0393 for B =15, we find that the ratio of the first term to the second term in
Eq. (4.18) lies roughly anywhere between .25 and I from one end of the avoided crossing
to the other. Therefore the first term in Eq. (4.18) containing 8E, /36 cannot be ignored, so
E, is not sufficiently constant throughout the avoided crossing region.

With the linear approximation of Eq. (4.19), the relationship in Eq. (4.18) shows that
O(AE)/35 = 0 places the avoided crossing center at [m| ~ 19.3, which is very close to
the exact value of |m|=19.0 (see Fig. 4.12). Therefore by merely taking into account the
next term of the Taylor series expansion of E, with respect to 4, we accurately obtain the

position of the avoided crossing at the 2:1 Fermi resonance.

4.5.1.2 Unscaled field strengths held constant

In the previous section we found that the same relationship for predicting the appearance of
avoided crossings for fixed scaled field strength also applied to fixed unscaled field strength
because the approximation |Re(6+(B))| > |Sm(6+(B))| applied. In Fig. 4.7 we can see

that such an approximation does not apply to the 2:1 Fermi resonance.

4.5.2 Avoided crossings as the magnetic field strength is swept

When sweeping the magnetic field strength (scaled or unscaled) for the 4:1 Fermi resonance
we simplified the predictions of avoided crossings by noting that the trajectories of the
branch points were nearly parallel to the real axis. Therefore, for this interaction the closest

distance between the branch point and the summation point simply coincided with the
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Figure 4.13: The E, term in Eq. (4.10) plotted as a function of § over the range of the
avoided crossing in Fig. 4.12. The corresponding values of |m| are shown for reference
(D = 3). The extreme left of the plot corresponds to [m| = 50, whereas the extreme right
corresponds to |m|=10.
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summation point located at the real part of the branch point. A glance at Fig. 4.7 shows that
this simplification will not hold for the 2:1 Fermi resonance. However, finding the branch
point that is closest to the summation point from a plot of the branch-point trajectory is not
too difficult as long as the real and imaginary axes are scaled the same, as in the figure.
Here we can see that for |/m| = 33 the branch point coinciding with B ~ 23 is closest to
the summation point, so we expect to find an avoided crossing at roughly B =23 if we fix
|m|=233. However, Fig. 4.10 shows that the avoided crossing actually appears at B=18.T.
By plotting E, as a function of B in Fig. 4.14, and noting that E}, increases by roughly a
factor of 4 over the range of the avoided crossing, we can verify that E, varies considerably

over the region of the avoided crossing for this interaction, so such a discrepancy is not

unexpected.

E,

10t 2:1 Fermi Resonance
09
0.8
0.7
0.6
0.5
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9

L I L I L _— L

15 20 25 30 35 40 45 50
(Scaled) Magnetic Field Strength, B

03

Figure 4.14: The E, term in Eq. (4.10) plotted as a function of B over the range of the
avoided crossing in Fig. 4.10. Clearly Ej is not constant over this range of field strengths.
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Table 4.3: Avoided crossing locations in the E-versus-B spectrum for the 2:1 Fermi reso-
nance. The summation points corresponding to |m| =17, 33, and 44 are illustrated in Fig.
4.7. The Re(6%) that corresponds to each [m/| assumes D=3.
2:1 Fermi Resonance
Im| Re(d*) B° BM* B® BT)?
17 0.028 19 96 13.0 655

33 0.015 23 17 18.7 14.0
44 0.011 25 8 216 70

2 Predicted value from scanning Fig. 4.7.
b Computed value from Padé summing Eq. (3.9) for the two energy levels.

Just as for the 4:1 Fermi resonance between the |11) and [05) states, we summarize
in Table 4.3 comparisons between expected and calculated results corresponding to those
summation points shown in Fig. 4.7, the branch-point structure of the 2:1 Fermi resonance
between the |11) and |03) states. Despite the discrepancy in assuming a constant E,, the
predicted values are still fairly close to those found by our computer calculations (by sum-

ming the energy series with the matrix method) for a wide range of |m|.

4.6 Even parity states

All calculations in this chapter focused on odd-parity states. However, even-parity energy
levels and branch-point trajectories are essentially the same as for odd-parity states. As
examples we show the even-parity branch-point structure of a 4:1 and 2:1 Fermi resonance
in Figs. 4.15 and 4.16. Comparing these figures to Figs. 4.6 and 4.7 it appears that, except
for slight shifts in locations, the branch-point structures are essentially the same. Therefore,

the energy level characterization in Eq. (4.10) applies to both even- and odd-parity states.
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Figure 4.15: Same as Fig. 4.6, except this time we show the even-parity branch-point struc-
ture involving the [10) and [04) states.

This is not surprising, since dimensional perturbation theory shows that at harmonic
(zeroth) order the location of the Fermi resonances, which determines the location of de-
generacy at higher order and thus the location of branch points, is the same for either
parity. (Watson et al. include a plot of the harmonic-order even-parity energy levels as a
function of B, although at a different value of |m|[135]). Because of this similarity in the
harmonic-order spectra between the two parities, the even-parity energy levels share the
same qualitative features as their odd-parity counterparts. Some examples of even-parity
counterparts to the odd-parity E-versus-B spectra are shown in Watson et al., again for a

different value of |m]|.
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Figure 4.16: Same as Fig. 4.7, except this time we show the even-parity branch-point struc-
ture involving the |10) and |02) states. The branch points close to the origin and lying on
the negative real axis correspond to (from left to right) B =28 and B=30.

4.7 Discussion

Although we have explicitly analyzed only the situation involving two strongly interacting
states (two-state Fermi resonances), Table 4.1 shows that three and more strongly interact-
ing states (three- and more-state Fermi resonances) are common in the eigenvalue spectrum
of diamagnetic hydrogen. Heiss and Steeb[136] have studied the analytic characterization
of branch points of the eigenvalues associated with avoided crossings of three and more
strongly interacting states in finite-dimensional matrix eigenvalue problems. They find that
in this case Eq. (4.10) correctly characterizes the branch-point structure of the eigenval-
ues in the neighborhoods of the branch points. Thus although infinite-dimensional matrix

equations can in principle involve more complex branch-point characterizations involving
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states with complex energies (resonances)[137], we expect that Eq. (4.10) will still cor-
rectly parameterize the energy involving three and more strongly interacting states in the
neighborhood of branch points that will produce avoided crossings. Therefore the analysis
performed in this chapter should apply to all avoided crossings of diamagnetic hydrogen.
The ability to predict and understand the appearance of avoided crossings is aided by the
assumption that the E, termin Eq. (4.10) is constant over the range of the avoided crossing.
The avoided crossing pertaining to the 4:1 Fermi resonance was sufficiently narrow to
satisfy this assumption, but we saw that because of the broad avoided crossing in the 2:1
Fermi resonance this condition failed. Therefore, predicting the positions of the avoided
crossings for the 2:1 Fermi resonance is somewhat involved. However, the broadness of
the 2:1 Fermi resonance is the exception rather than the rule. The quantum numbers v,
and v», denoting the nodal structure of the states, are related to the low-field quantum
numbers n and k by |11, 1) =|n — k — |m| — 1, k), where k orders the states with respect
to energy in each n hydrogenic manifold in the low B-field limit. As we stated in Sec.
2.1, Wintgen and Friedrich[15, 4, 61] find that only states with k£ (= v») quanta that differ
by 2 can exhibit a broad avoided crossing. In this case the Fermi resonance condition
associated with these avoided crossings implies that, for the X:Y Fermi resonance, the
ratio 2X/Y must be an integer. Since X must be larger than Y (w; must be larger than w,),
the only allowed Fermi resonance[ 138] that satisfies the | Ak| =2 condition is the 2:1 Fermi
resonance. Note from Table 4.1 that not even all 2:1 Fermi resonances satisfy this condition.
Therefore, not all 2: 1 Fermi resonances are expected to be broad. Furthermore only avoided
crossings involving two vibrational states (large k) are broad; this condition further reduces
the number of broad avoided crossings of the 2:1 Fermi resonance. Therefore the ability
to predict the locations of avoided crossings based only on examining the positions of the
branch points that connect the two levels should have broad applicability throughout the

spectra of diamagnetic hydrogen.
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Chapter §

Branch-Point Structure of Diamagnetic Hydrogen

Largely derived from J.R. Walkup, M. Dunn, D.K. Watson, J. Math. Phys. 41, 218-239
(2000).

Until now we have been mostly concerned with the avoided crossings that appear in the
energy spectrum of diamagnetic hydrogen. But avoided crossings in energy level spectra
as system parameters are adiabatically varied are prevalent in all areas of quantum physics.
They are often viewed as the result of a residual interaction which couples states which
would otherwise cross. When the interaction is introduced, the degeneracies move off the
real line into the complex parameter-plane. Therefore, as the parameter is varied along
the real line, a near-degeneracy occurs in the vicinity of these degeneracies in the complex
plane; that is, an avoided crossing appears. Nevertheless, the states diabatically exchange
physical characteristics across an avoided crossing, so the ordering of the states with respect
to their physical characteristics still follows the pattern set when the residual interaction is
turned off.

Near an avoided crossing, if we can ignore the perturbing influence of all other states
on the two states involved in the crossing, the problem reduces to a two-dimensional, ma-
trix eigenvalue equation. This naturally produces a square-root branch-point structure in
the eigenvalue at the degeneracy points; that is, the energy is a two-branched function of
the parameter, with the physical energies lying on the real axis of a two-sheeted Riemann
surface. Analytic continuation of the system parameter by 27 around a square-root branch

point takes one onto the other sheet. If one starts on the real axis of one of the sheets, the
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physical energy of one of the states transforms in a continuous fashion into the energy of
the other state — the energies interchange.[136, 124] Since the eigenvalue determines the
eigenvectors, the wave functions also interchange under the transformation. As more dis-
tant states are included, the size of the matrix-eigenvalue problem increases, so the order of
the secular equation increases as well. This raises the possibility that higher-order branch-
points/degeneracies may appear. However, Bender, Happ, and Svetitsky[139] demonstrated
that this is extremely unlikely. Therefore, as a general rule avoided crossings are signaled
by square-root branch points.

Hidden avoided crossings[124, 125, 140, 141, 142, 143, 144] are nearly impossible to
spot in the energy spectrum, yet the physical characteristics of the states still exchange
diabatically across these avoided crossings.[124] However, hidden crossings are easily
identified by the presence of nearby branch-point degeneracies in the energy function for
complex values of the system parameter. Therefore, important information is obtained by
studying the branch-point degeneracies for complex values of the system parameter — ex-
amples include the works of Solov’ev, Ovchinnikov, and others in low-energy heavy-ion
collisions[125, 145]). This information could be missed or more difficult to obtain through

other approaches.

5.0.1 Distribution of branch points on the complex parameter-plane

With the energy real-valued for real values of the system parameter, the Schwartz reflection
principle[ 127] has an important consequence for the branch-point distribution of the single-
parameter system: Branch-point degeneracies must appear as complex-conjugate pairs.
Therefore, avoided crossings in single-parameter problems result from nearby complex-
conjugate, square-root branch-point degeneracies.

If a system has more than one parameter, however, the extra degrees of freedom in the
combined parameter space make it possible to find specific real values for all parameters

(a conical section) for which neighboring states are degenerate for real energy. However,
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this seldom occurs. If one of the parameters does not correspond to one of these specific
values, then at least one parameter must be complex-valued for neighboring states to be
degenerate (albeit at a complex energy).

Consider the situation where one parameter is varied while the others are held constant.
Furthermore, consider u as a parameter that has been continued off the real axis into the

complex plane. Regarding the avoided crossings caused by these degeneracies:

1. If u is the parameter being adiabatically varied, then the situation is the same as the

one-parameter problem discussed above.

2. If a different parameter v is being varied, then the degeneracies in the complex u-
plane move in response to adiabatic changes in v. When they pass close to the point
on the real axis at which u has been fixed, then the nearby degeneracy causes a near-
degeneracy to appear in the energy levels for real values of all parameters. In other
words, at this value of v an avoided crossing between energy levels appears at real

values of all system parameters.

In Chap. 4 we showed specific examples where both situations occur.

The avoided crossings as one parameter is varied depend on the values of the other pa-
rameters, which are held constant. Since avoided crossings are the result of nearby degen-
eracies for complex values of the parameter, we can study this dependence by examining
the trajectories of the degeneracies, with the other parameters held to physical (real) values.
These degeneracies have a square-root branch-point structure for the same reasons as the

single-parameter problem considered above.[146]

5.0.2 Emergence of an alternative branch-point structure

Heiss and Steeb determined the square-root branch-point structure of the symmetric-matrix
eigenvalue problem, which only permits real eigenvalues.[136] The analytic form of the

square-root branch points uncovered by Heiss and Steeb conforms to this requirement, in
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that the branch points only connect states with real energy to other states with real energy
when the branch points are off the real axis. However, this same analytic form of the
symmetric-matrix eigenvalue problem permits the square-root branch points to connect
states with real energies to those with complex energies, but only when the branch points
are on the real axis (which does not occur with real-valued, symmetric-matrix, eigenvalue
problems). This situation corresponds to a bound state in a short-range potential crossing
into the continuum to become a resonant state as the parameter u is varied along the real
axis around a branch point at the continuum threshold.[147] This does not correspond to
the case of interest here where two branch points are complex-valued, causing avoided
crossings between two bound states.

The existence of complex energies for the “infinite-dimensional” problem, and the pos-
sibility that square-root branch points connect states with real energy to states with com-
plex energy opens up another possibility for the analytic structure of the energy that is
not present for the finite-dimensional problem limited to real eigenvalues. It represents
an additional analytic structure that the “infinite-dimensional” problem can have over the
ﬁﬁite-dimensional problem, and as we will see in Sec. 5.1, the branch points which connect
states with real energies to states with complex energies can also cause avoided crossings
between two states with real energies.

We derive the two analytic structures in the next section and determine which is present
in a particular quantum-mechanical problem in Sec. 5.4. This is explored through our
example of a dimensional perturbation treatment of diamagnetic hydrogen. Given the two
possible analytic structures for the general quantum-mechanical problem, one way to see
which is correct is to traverse a path around a branch point that is away from the real u-axis
by 2, beginning and ending on the real u-axis. If, starting with a real energy, we obtain a
complex energy, then this alternative analytic structure must be present near the square-root
branch point. That such an alternative branch-point structure connecting states with real

energies to states with complex energies exists within quantum mechanics is demonstrated
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by the example of the H} problem in the Born-Oppenheimer approximation, as studied by
Solov’ev, Ochinnikov, and others.[145] Defining the distance between the two hydrogen
nuclei as R, they found that taking a path in the complex R-plane around the branch point
at the ends of the S-series of branch points in the complex R-plane does indeed take one

from states with real energy to states with complex energy.

However, one is not always in a position to traverse such a path in the Riemann sheet
structure of the problem. An example occurs with perturbation theory in the parameter u.
The analytic structure does not immediately emerge from a power series, since partial sums
of the series are single-valued functions of u, and may not converge even if they are asymp-
totic series. Asymptotic series are often “summable” with Padé approximates, but they too
are single-valued functions and *“sum” multi-valued functions by limiting themselves to a
single branch through the introduction of branch cut discontinuities.[124] Furthermore, to
sum a perturbation series with maximum accuracy and/or for all branches of the original
function one needs to know the analytic structure of the original function beforehand so
that one can choose an approximate that possesses the same analytic structure.

In Sec. 5.4 we use quadratic Padé approximates and analytical methods to determine

from a perturbation series which of the two analytic structures is present in a given problem.

5.1 Analytic structure of degeneracies

Consider an atomic system whose energy E is a function of at least two variables u and v,
where u is the parameter that is continued off the real axis and v is the external, real-valued,
parameter. (Note that this is exactly Situation 2 in Sec. 5, with the same nomenclature.) We
define the branch points to be located at values u;(v) and uy(v) on the complex u-plane.

Near the branch point u; we expand and resum the energy series about u; as

E(u,v) = ch(v) (u—u)?=a+byvu—u, ;.1
k=0
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where a and b are sums over even and odd powers of c(u — u, )*, respectively, and u is a
function of v. One branch point is paired with another, so expanding a and b about u(v)

and resumming the series we obtain

E(uv)=A+CvVu—u1+ FVu—uy +GVu—uJu—uy, (5.2)

where the coefficients A, C, F, and G are functions of u and v.

This function has four branches connected by square-root branch points, so here the
energy is defined on a u-domain consisting of a four-sheeted Riemann surface. Near the
avoided crossing caused by the branch points at «; and u,, the energies of the states are
real on the positive, real u-axis. Therefore, if Eq. (5.2) is to represent the functional form

of the energy of the two states involved in an avoided crossing, then on at least two of the

four sheets the energy must be real on the positive, real u-axis. Note that \/u — u;/u — us
is real-valued when u is on the positive, real axis and when the branch points are either
complex conjugate or both lie on the negative real axis. Therefore the first and last terms
are real on the positive, real u-axis of all four sheets if A and G are real on the positive, real
u-axis. The sum of the second and third terms is real on the positive, real u-axis of two of

the four sheets, with

F(u,v) = C*(u,v) (5.3)

when u; and u, are complex conjugate{ 148] and with C and F real when the branch points

lie on the negative real axis. Given these criteria, we obtain the general energy structure

Ef(uv)=A% [C'\/u —u; + F\/u—ug] +GVu—uJu—1uy. (5.4)

The energies on the other two branches are complex for positive, real © and complex-

conjugate values of u; and u,.
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An exception to the four-sheeted structure outlined above occurs if C(u, v) and F(u, v)
were identically 0. Then Eq. (5.2) defines a two-sheeted energy function. The energies of

the two interacting states are then given by the reduced energy structure

E*(u,v) = A+ G Vu—uVu — u,, (5.5

evaluated on the positive, real u-axis. This has the analytic form we expect from a finite-
matrix problem. With a Hamiltonian that is self-adjoint for real u, the eigenenergies must
be real for positive, real u. As discussed in the introduction, avoided crossings arise from
the proximity of nearby branch points at which the two states are degenerate in energy.
However, for the general energy structure, Eq. (5.4), the branch points represent degenera-
cies between two states, but only one of which has a real energy on the positive, real u-axis.
Despite this, the general energy structure can also feature avoided crossing-like structures
near the branch points,[149] as shown by the solid lines in Fig. 5.1.

It is important to note that a high-order examination of the perturbation series will not
differentiate between the two analytic structures because both structures have the same
high-order behavior.[150]

We have shown that there are two different possible analytic structures of the energy
near an avoided crossing in “infinite-dimensional” matrix problems. The functional forms
of both structures provide a means of determining which structure is correct for a given

avoided crossing:

1. IfEq. (5.4) is correct, then E* + E~ is a function with two branches and two branch
points. On the other hand, if Eq. (5.5) is correct then E* + E~ is a function with

only one branch and no branch points.
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Figure 5.1: Avoided crossings occurring between energy levels resulting from the general
energy structure, Eq. (5.4), for A = 1, G = 0.1, and 6* = 1.0 £ 0.02i. The solid lines
correspond to C = 1+ and F' = 1 —4, whereas the dashed lines correspondtoC = F = 1.
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2. One characteristic feature of Eq. (5.5) is that at the coalescence point v., where the
two branch points are at the same location (that is, the point v, where u,(v.) =

ua(ve) = u,), the energy reduces to
Ex(u,v.) = A(u,v.) £ Glu,ve) (u —u,). (5.6)

Therefore, we lose the square-root nature of the energy function; the two branch
points annihilate at v.. In Eq. (5.4), however, square-root branch points at v, remain
in the second and third terms. Therefore, we can also distinguish between these two
possibilities by the presence or absence of branch-point annihilation at the coales-

cence point.

To see how this may be implemented in a specific example, we now reconsider our

dimensional perturbation treatment of the diamagnetic hydrogen problem.

5.2 Diamagnetic hydrogen

In a recent paper[ 124] we examined some branch-point degeneracy trajectories for the Bar-
banis Hamiltonian, which has two nontrivial parameters.[151] In Chap. 4 we examined
in detail a similar situation with the diamagnetic hydrogen problem. With Z held con-
stant this is not normally regarded as a two-parameter problem. However, in dimensional
perturbation theory (see Chap. 3) the dimensionality of space is regarded as a continu-
ous parameter.[119, 103, 107, 152] For two-particle problems, dimensionality and angular
momentum enter the problem in equivalent and interchangeable ways. Therefore we can
consider the diamagnetic hydrogen problem as a function of two parameters, the external
(scaled) magnetic field B and the magnetic quantum number |m)|.

In dimensional perturbation theory, the magnetic field and Coulomb potential are both
incorporated into the zeroth-order Hamiltonian to such an extent that we can directly asso-

ciate avoided crossings appearing in the E-versus-B spectrum with degeneracies arising at
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zeroth order (Sec. 5.3). Therefore, this method establishes an orderly means of examining
the complicated energy spectrum of diamagnetic hydrogen.

In Chap. 4 we used the positions of the branch points in the complex m-plane,[153]
together with the analytic structure imparted by the branch points to the energy function in
the complex m-plane, to determine the position of the avoided crossings, whether hidden
or not. One purpose of this chapter is to establish this analytic structure.[154]

As with the Barbanis system, the branch-point trajectories in the complex m-plane as
a function of field strength exhibit nonanalytic behavior where the branch points coalesce
onto the real axis (Sec. 5.5). (Here, m is the parameter continued off the real line, whereas
the field strength is the parameter not continued off the real line.) A second purpose of this
chapter, once we have determined the analytic form of the energy in the complex m-plane,
is to find a smooth parameterization underlying the nonanalytic behavior of the branch
points (Sec. 5.6), that is, to uncover the nature of the singularity in the trajectory of the
branch points as a function of field strength. As we will see in Sec. 5.6, the singular behav-
ior of the branch-point trajectories in the complex m-plane as a function of field strength
arises quite naturally from the analytic form of the energy in the complex m-plane. There
is no need to further invoke any additional singular behavior. Despite the common singu-
larity at the coalescence points, the branch-point trajectories and their behaviors through
the coalescence points can be markedly different. In Sec. 5.7 we study this dissimilarity by
deriving analytic expressions for the motion of branch points as a function of field strength
near the coalescence points. For the two branch-point-pair trajectories studied in detail in

this chapter, we show that, despite the differences in their trajectories, they share a common

structure.

5.3 Avoided crossings and Fermi resonances

At small & (which is the same as large D and large |m|) the Coulombic, diamagnetic, and

kinetic terms of the Hamiltonian all contribute, so the small-d solution is sensitive to the
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interplay between these terms as B is changed. Therefore, we can understand much of the
basic structure of the avoided crossings from the behavior of the small-d solution, as we

will see shortly. Note that much of the following has been discussed in more detail in Chap.

4.

Energy
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! 10 30 100 300 500 1000 2000

Figure 5.2: Harmonic-order energy levels of diamagnetic hydrogen. Note that the 2:1 and
4:1 Fermi-resonance degeneracies involving the |11) state, extensively discussed in this
chapter, are circled. For clarity, we only show the lowest-lying states. The |11) energy level
(solid line) crosses even more higher-lying energy levels (at 6:1, 8:1, . . . Fermi resonances)
as it rises toward the continuum. For a more complete spectrum, see Fig. 4.2 in Chap. 4.

As we stated in Chap. 4, there is a clear relationship between the E-versus-B and E-
versus-|m| spectra. Consider the situation where B is held constant at some value By. As
d is adiabatically varied the avoided crossing occurs at some value 4 = dy. Now if 4 is held
constant at §o while B is adiabatically varied, the avoided crossing will occur at roughly

~

By. This relationship was explained in Chap. 4 from the analytic structure of the branch
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points and the positions of the branch points in the complex d-plane. In the next section we
establish the analytic structure of these branch points. We focus on the same two avoided

crossings that we focused exclusively on in Chap. 4 (see Fig. 5.2):
e The 4:1 Fermi resonance (wp =4 w;) between the [05) and |11) states near B =3208.
e The 2:1 Fermi resonance (w, =2 w;) between the |03) and [11) states near B=32.1.

Both are the lowest-lying crossings for their respective field strengths. These are also the
first two crossings that the |11) state encounters as it rises toward the continuum as B
increases. They are markedly dissimilar. The avoided crossing for the 2:1 Fermi reso-
nance is a good example of a hidden avoided crossing, whereas the 4:1 avoided crossing
is so narrow as to look almost like a level crossing. Furthermore, we already know that
although both avoided crossings have different branch-point structures, underlying their
branch-point structures is a common characterization between the branch-point trajectories

as functions of field strength and the resulting avoided crossings.

5.4 Analytic Energy structure of diamagnetic hydrogen

In Sec. 5.1 we derived two basic criteria for determining the analytic energy structure of
an avoided crossing. We now apply these criteria to determine whether the general energy
structure or the reduced energy structure applies to the avoided crossings of diamagnetic
hydrogen we consider in this chapter. At this point, we remind the reader that the parame-
ters & and B of the diamagnetic hydrogen problem correspond to the parameters u and v in

Sec. 5.1, respectively.

5.4.1 Quadratic Padé analysis of the 2:1 and 4:1 Fermi resonances

We can use quadratic Padé approximants, which can naturally approximate functions with
one or two branches[155] (see Appendix G) to distinguish which of Egs. (5.4) or (5.5) is

correct. Like linear Padé approximants, quadratic Padé approximants are more accurate
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when the branch points are closer to the origin, so to ensure that the quadratic Padés pick
up any branch points that may be present in E*+ (8, B) + E~ (8, B) one should look for these
branch points when B is such that they are close to the origin. As shown in Appendix H, at
least one of the branch points is close to the origin when B is close to the Fermi resonance.
However, after examining the quadratic Padé approximants for the E+(0, B) + E~(0, B)
series near both Fermi resonances, we find no branch points which converge on the origin
as the Fermi resonance condition is approached. Therefore, according to Criterion ! in
Sec. 5.1, this indicates that the reduced, and not the general, energy structure correctly

parameterizes the energies of the states involved in both the 2:1 and 4:1 Fermi resonances.

5.4.2 Analytic investigation of the energy structure of the 4:1 Fermi

resonance

Upon applying degenerate perturbation theory to the 2:1 Fermi resonance states at exact
degeneracy in Appendix H, we obtain a series in powers of §/2; this leads us to conclude
that the energies have a square-root branch point at the origin. Naively, we would expect the
same result and conclusion to hold for the 4:1 Fermi resonance. In Appendix I, however,
we show that this is not so, since the zeroth-order states turn out not to be a superposition
of the |11) and |05) harmonic states, but rather either the |11) or the |05) harmonic state
individually. Therefore, in this case the coefficients of the odd powers of §'/2 in the energy
series are 0, just as the coefficients of the odd powers of §*/2 in the energy series derived
from nondegenerate perturbation theory are O (see the text following Egs. (3.9) and (3.11)).

Although the coefficients of the nondegenerate energy series rise without bound, indi-
cating that at least one branch point is converging onto the origin at exact resonance (see
Sec. 5.4.1 above, as well as Sec. 5.5.2 below), using degenerate perturbation theory we find
no branch points at the origin at exact degeneracy. The two branch points must therefore
annihilate at the origin, as in Eq. (5.6). Therefore, according to Criterion 2 in Sec. 5.1, this

rules out Eq. (5.4) for the energies of the 4:1 states.
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Hence the independent arguments of Secs. 5.4.1 and 5.4.2 both agree and we conclude
that the reduced energy structure, Eq. (5.5), rather than the general energy structure, Eq.
(5.4), correctly describes the analytic energy structure of the states for both Fermi reso-

nances.

5.5 Branch-point trajectories of diamagnetic hydrogen

We determined that Eq. (5.5) correctly characterizes the branch-point structure of the ener-
gies of the 2:1 and 4:1 Fermi resonances states. Now we apply quadratic Padé approx-
imants, which naturally approximate functions with two branch points connecting two
branches (see Appendix G), to determine the branch-point trajectories of this energy struc-

ture in the complex d-plane as we adiabatically vary B along the real axis.

5.5.1 2:1 Fermi resonance

In Fig. 4.7 we show the branch-point trajectories of the 2:1 Fermi resonance involving the
|11) and |03) states. (We denote the branch points as §%.) Here, the branch points are
complex conjugate until B reaches roughly 25.1, at which point the branch points coalesce
onto the negative real axis. From there one branch point travels toward —oo, while the other
travels toward the origin. In Sec. 5.4.1 and Appendix I we demonstrated through degenerate
perturbation theory the existence of a branch point at the origin at the 2:1 Fermi-resonance
degeneracy. The branch point that travels toward the origin from the coalescence point
reaches the origin at B = 32.1, the value of B at the 2:1 Fermi-resonance degeneracy.
Once we increase B beyond this value both points travel toward —oo (this last step is not

demonstrated in Fig. 4.7).

5.5.2 4:1 Fermi resonance

In Fig. 4.6 we show the branch points that connect the |11) and |05) states, associated with

a 4:1 Fermi resonance, for various values of B. If we start out with B < 320.8, we see
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that the branch points initially are complex conjugate and lie in the positive half-plane of
the complex 4-plane. As we increase B, the branch points sweep toward the left in the
complex plane until they simultaneously reach the origin at roughly B =320.8; this value
of B corresponds to the 4:1 Fermi-resonance degeneracy. As we saw in Sec. 5.4.2, there
are no branch points at the origin at the exact 4:1 Fermi resonance condition, so the branch
points annihilate when they reach this point (denoted by an open square in the figure). This
means that the two energy levels at the 4:1 Fermi-resonance degeneracy are not actually
connected by square-root branch points. For B > 320.8 the branch points reappear and

separate on the negative real axis, all the while traveling toward —oo as we increase B.

5.6 Smooth parameterization of the branch-point trajec-

tories through the coalescence points

Section 5.5 clearly shows that the branch-point trajectories display nonanalytic behavior
at the coalescence points. In this section we identify a parameterization of the energy
function which is smooth and apparently analytic through these coalescence points; this
in turn provides a smooth parameterization for the branch-point trajectories and makes

explicit the nature of the singularity in the branch-point trajectories.

5.6.1 The parameterization

If we define two functions

8*(B) +46-(B)

> ., 7(B)=\/§*(B)é-(B), G.7)

B(B) = -

we can re-express Eq. (5.5) as

EX(6,B)=A+ G\ +286++2, (5.8)

where the coefficients A and G are functions of § and B.
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A priori there is no more reason to expect 3 and v to be smooth — or even analytic
— functions of B than there is for the branch-point locations 4%(B); we saw that §+(B)
are indeed nonanalytic at the coalescence point. However, we plot 3(B) and ~(B) in Figs.
5.3 and 5.4 and we see that, for both the 4:1 and 2:1 Fermi resonances, both functions
are smooth, apparently analytic, functions of B even as the branch points move through
the coalescence point and Fermi-resonance degeneracy. This means that the branch-point

positions in the complex 4-plane are given by the roots of the quadratic equation
2 +206++*=0, (5.9)

where the nonanalytic behavior of the roots with Bis solely determined by the quadratic
nature of the equation rather than any nonanalytic behavior of the parameters in Eq. (5.9).
Therefore, Eq. (5.5) automatically determines the positions of the branch points from the
last term of the reduced energy structure, Eq. (5.9); that is, the nonanalytic behavior of the
branch points at the coalescence points is naturally explained from the analytic structure
of the energy in the complex d-plane in terms of smooth, apparently analytic, functions
and v. The analytic structure of the energy in the complex J-plane alone determines the
nonanalytic behavior of the branch points as a function of B!

Note that if the general energy structure, Eq. (5.4), correctly parameterized the analytic
structure of the energy, then the above economy of explanation would not hold since the
terms in the brackets on the right side of Eq. (5.4) could not be expressed in terms of 5 and

+ without the introduction of additional singularities.

5.6.2 Determining branch-point trajectories by the smooth parame-
terization of the energy

The solutions of Eq. (5.9),

54(B) = —B(B) =\ [B(B)2 - (B2, (5.10)
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Figure 5.3: Branch-point parameters 8 = —(6% + 0~)/2 and y = £/§+4~, where §* are
the branch points in Fig. 4.7, plotted as functions of B for the 2:1 Fermi resonance. Note
the smooth trajectories of both parameters through the coalescence point and the Fermi
resonance.

allow us to understand the trajectories of the branch points in Figs. 4.7 and 4.6 in Chap.
4 from the behavior of the smooth parameters ﬂ(E) and 7(5) in Figs. 5.3 and 5.4. Since
both 3 and v are real, the branch points % either both lie on the real axis or are complex
conjugate. This also means that 42 and (% are always positive, regardless of the field
strength. The field strength B. at which the branch points coalesce onto the real axis
corresponds to 3% = 2. Across the branch-point singularity in Eq. (5.10) at §c, the branch
points 6% discontinuously change their behavior as 32 — 42 changes sign. Therefore, for
the purposes of this analysis it is convenient to divide the branch-point trajectories into two

separate regions of field strength: B<B.and B>B..
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Figure 5.4: Same as Fig. 5.3, except for the 4:1 Fermi resonance. As in Fig. 5.3, both
parameters are smooth functions of B, even through the Fermi resonance (which coincides
with the coalescence point for this interaction).

We initially consider B < B, and allow it to increase adiabaticaily. For the 2:1 Fermi
resonance in Fig. 4.7, 3° <+v? when B < B,. Therefore, the branch points form complex-
conjugate pairs straddling the positive real axis. Initially, 3 < 0, so the branch points lie
in the positive half-plane. As 3 increases to 0 as we increase B, the value of 42 — 2
approaches O but remains negative. Therefore, the branch points approach the imaginary
axis with a falling imaginary component, crossing the axis when 3 = 0. The parameter 3
becomes increasingly positive as we increase B, while ~ continues to fall, so the branch
points continue to sweep toward the left in the negative half-plane. During this time the
imaginary component continues to shrink until 5=+ at B., at which point they coalesce

onto the negative real axis.
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When B > B, the quantity 8% — 42 > 0, so from Eq. (5.10) the branch points §*
lie on the real axis. Since 8 > 1/B% — 42, both branch points must be negative. The
parameter 7y continues to fall as B increases past Ec, ) \/[37—7 rises in value faster
than 3. Therefore, while 4~ travels in the negative direction from the coalescence point,
d* initially travels toward the origin. However, 4> has a minimum value of 0 at the Fermi
resonance, so 4+ bounces off the origin at the Fermi resonance and then follows 4~ in the
negative direction.

The nonanalytic behavior of the 4:1 Fermi-resonance, branch-point trajectories of Fig.
4.6 is similarly explained from the plots of ﬁ(§) and ~( E) in Fig. 5.4. In this case the
coalescence point, 8 = 9, coincides with the Fermi resonance, v = 0. The parameters
0 and « are almost straight lines passing through the origin with opposite gradient, so
B% —4* = (B8 - v)(B + 7) in the radical of Eq. (5.10) is not readily determined from
Fig. 5.4. The quantity (8 — ) is close to a straight line, but with twice the gradient of (.
Therefore (3 — v) < 0 for B < B., whereas (B—7) > 0 for B > B.. The quantity
(8 +7v) = 0, with a minimum of O at the coalescence points (see Fig. 5.5). Therefore,
since 32 — v* < 0 for B < B,, the branch points of the 4:1 Fermi resonance, as for the
2:1 Fermi resonance, are complex conjugate in the complex J-plane for these values of B.
Because 5% — 72 > 0 when B> §c, both branch points of the 4:1 Fermi resonance lie on
the negative real axis for these values of B. Since (8 +7) < B, both branch points travel

in the negative direction more or less as a pair centered around the point —2.

5.7 Analytic behavior of the branch points at the coales-

cence points

Although we found a common singularity structure in the branch-point trajectories of both
the 2:1 and 4:1 Fermi resonances, the trajectories of Figs. 4.7 and 4.6 differ significantly.

Given the above smooth parameterization we can investigate this further and determine
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Figure 5.5: Plot of the sums 8+~ and (G +7)/ (E - E) as functions of B for the 4:1 Fermi
resonance.

from Eq. (5.10) the precise nonanalytic behavior of the branch points through the coales-
cence points. At the coalescence point B=B,andB(B.) = 7(§c) = a, SO we can expand

G and « as
B=a+b(AB)+c(AB?+---, y=a—e(AB)+f(AB?+---, (5.11)
where AB = B - B.. Substituting 3 and + into Eq. (5.10) we find to lowest order that

5 = —a —b(AB) - c(AB) £ (AB)*{2a[(b +€) + (c — N)(AB)]

+(AB)[(8? - ¢) + 20bc + ¢ f)(AB’)}}” ’ 5.12)
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Therefore to second order in (AE)I/ 2 the branch points of the 2:1 Fermi resonance in the

neighborhood of the coalescence point behave as
6= = —a—b(AB) £ (AB)2\/2a(b + ¢). (5.13)

Now we consider the 4:1 Fermi resonance. Figure 5.4 shows that a = 0. From Egs.

(5.11) we get
B+
AB
from which Fig. 5.5 shows that b = e. Therefore, to fourth order in (AB)!/2 Eq. (5.12)

=(b—e)+(c+ f)(AB)+---, (5.14)

becomes

5 = (AB)[~b - ¢(AB) £ (AB)* (e + )| (5.15)

for the 4:1 Fermi resonance in the neighborhood of the coalescence point/Fermi resonance.

Equations (5.13) and (5.15) reveal the square-root branch-point singularities which ac-
count for the nonanalytic behavior at B, of the branch-point trajectories in the complex
d-plane for the 2:1 and 4:1 Fermi resonances, respectively. They also make it clear where
the differences in the branch-point trajectories develop. Surprisingly, the right side of Eq.
(5.15) has the same form as the right side of Eq. (5.13) except that it is multiplied by
AB = (E - Ec). Hence the plot of 3*(5) / (E - Ec) for the 4:1 Fermi resonance should
look similar in structure to the plot of 5*(5) for the 2:1 Fermi resonance. Comparing Figs.
5.6 and 4.7 we see that this is indeed the case; the branch points travel in opposite directions
along the real axis as B is raised past the coalescence points. The branch point traveling
in the negative direction then reverses direction and follows the other branch point in the

positive direction.[156]
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Figure 5.6: Plot of 6% (E) / (§ - Ec) for the 4:1 Fermi resonance, for field strengths up
to B = 329. The coalescence point here occurs at the 4:1 Fermi resonance, which occurs
roughly at B = 320.8. The unmarked branch-point locations for 4~ (open cxrcles) on the
real axis are, from left to right, B= 323, 321, 325, 327, 329. Note that at B = 321 the
branch point 4~ lies practically on top of the coalescence point, whereas the other branch
point has already moved a significant distance to the right. Once the field is strengthened
beyond B., the &~ branch point initially travels toward the left, subsequently reversing
its direction and traveling in the same direction as §*+. Compare to Fig. 4.7 and note the
similarity in the branch-point trajectories.
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Part I11

Local Optimization of the Summation of Divergent Power

Series: A New Approach in Applied Numerical Analysis
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Chapter 6

Local Optimization of Economized Rational Approximants

Until now this dissertation has focused mainly on states of large |m/|, and one question re-
maining is whether dimensional perturbation theory can produce meaningful calculations
of energy at much lower |m| for a given scaled field strength B. Upon further investiga-
tion, simple Padé summation proves effective in summing the energy series of diamagnetic
hydrogen, but for some states and field strengths this summation diverges. The attempt to
find a better approximant resulted in an entirely new technique in applied numerical anal-
ysis. This new technique not only sums the perturbation series of diamagnetic hydrogen in
many instances where Padé summation fails, but its effectiveness transcends our scope of
research in atomic physics to include general problems in numerical analysis.

This chapter describes the problem of summing divergent perturbation series, and how
this new technique often can overcome this problem. In the next chapter, we will see how

this technique was successfully applied to the perturbation series in this research.

6.1 The problem of summing a divergent power series

The bulk of the following was accepted for publication in Journal of Mathematical Physics
and will appear in the July or August, 2000 issue.

The divergence of perturbation series is an important hindrance to progress in many
fields of physics. Fortunately, there are many methods[126, 157, 158, 159] available that

can often transform perturbation series into approximants that converge to accurate results.
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Padé approximants[160] can incorporate singularities into their structure that the original
perturbation series cannot, and for this reason have long been a favored method of approx-
imation. They tend to have remarkable short-range accuracy (that is, when the distance
from the origin to the point of evaluation is small), but somewhat poorer long-range ac-
curacy. Therefore, although they almost always yield better results than directly summing
the perturbation series and often converge when direct summation completely fails, we will
see shortly that they can still produce frustratingly poor or meaningless results at larger dis-
tances away from the origin. An example is discussed in detail later in this chapter, namely
the exponential function f(z) = 1/(1 + €*) evaluated at z = 6000. In this case, not only
are the Padé approximants inaccurate, they do not even appear to converge to the correct
value. (We will see how this research rectifies this situation later.)

Various extrapolation methods can extract accurate results from poorly converging se-
quences by extrapolating the sequence out to infinity,[126] but these frequently fail with
poorly convergent Padé sequences since they tend to be quite irregular in their conver-
gence. Other rational polynomial approximants[157] can perform significantly better than
Padé approximants, but rarely share their rugged versatility.

In the field of applied computing one is usually interested in evaluating a function re-
peatedly within a certain range of the independent variable z. Because computers can only
add, subtract, multiply and divide, rational functions of polynomials are the most complex
functions which can be directly evaluated on a computer.[162] Therefore computers use
rational polynomial approximants to approximate more complex functions to a high degree
of accuracy. The Padé approximant, being one example, is hampered by its relatively poor
long-range accuracy. Fortunately, there are methods that transform Padé approximants by
sacrificing their superior short-range accuracy so as to lower the maximum error over the

entire evaluation range. One such method is economization. Padé approximants can be
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economized[162, 163] to produce an approximant, called an economized rational approx-
imant (ERA), that guarantees a lower maximum error throughout a specific range of the
independent variable.

With perturbation theory, however, one is usually more concerned with evaluating the
perturbation series at a particular value of z which is known beforehand. In such cases it
is beneficial to minimize the error at that specific value of z, rather than to minimize the
maximum error over the entire range. In this chapter, we introduce a method for optimizing
ERASs[164] to minimize the error at a specific value of the independent variable. We chose

to optimize ERAs because:

L. They are capable of providing a more accurate summation of the perturbation series

than Padé approximants when the point of evaluation is far from the origin.

2. They contain a parameter that allows one to change the convergence of the resulting

sequence in a continuous fashion.

In Sec. 6.2 we review the economization of power series and in Sec. 6.3 we briefly review
the process of economization of Padé approximants. In Sec. 6.4 we demonstrate how to
optimize ERASs to produce a convergent sequence which reduces the error at a specific value
of the independent variable, even when the original Padé sequence behaves erratically. We
then test this method on six basic functions in Sec. 6.5. Finally, in Sec. 6.6 we discuss
various details of the numerical procedure used in optimization and suggest an explanation

for its success.

6.2 Economization of a power series

In approximation theory one often derives an approximate representation of a function (an
approximant), specified by N + 1 parameters, that have been derived from the first N + 1
coefficients of the power series. Such a representation may be, for example, the original

power series truncated at the N'th order, Sy, or a Padé approximant P, (z), where m and
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k are the respective orders of the numerator and denominator polynomials and m+k = N.
Economization involves finding an alternative representation for the function containing
N + 1 parameters that possesses the same functional form as the initial approximant, but
also incorporates information present in the higher orders of the original power series to
minimize the maximum error of the new approximant over a specified range of z. In
other words, one has an economy of representation: An accuracy is obtained which would
otherwise be achieved by taking the original approximant to higher order, which would
require more than /N + 1 parameters to specify.

In this section we consider the economization of a power series representation. This
may be achieved by subtracting from Sy, (the original power series truncated at order

N + 1) a suitable polynomial Py, of the same order such that the leading orders cancel.

In other words,
N+1 N
Snet = Z art = Syu = Pya = Zc;:l:’, (6.1)
=0 i=0

where ¢, denotes the resulting expansion coefficient of z*. Naturally, the goal is to pick
Py so that the maximum error of the new Nth order series representation over a speci-
fied range z is significantly reduced. We can satisfy this requirement with the Chebyshev

polynomial Ty, such that{161, 162, 163]

aN+1 2N+I (.'L’

N+1
Pyr = 2CN~HWTN+I y Tyn(z/a) = 5 ;) + py(z/a), 6.2)

where py(z/a) is a polynomial of order NV and « is an arbitrary scaling parameter.[165] If

we apply the transformation

N+1 N+1
. «
Sne1 = E gt => Cy=Syn-— 2CN+IW Tyii(z/a)
=0

N N
=Yz’ —pu(z/a) = ) da, (6.3)

i=0 . i=0
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we produce an economized power series representation Cy, of order N provided « is chosen
sufficiently small and z lies within the region —a < z < a. When a = 0 we recover the
original representation Sy .

The maximum error of this new Nth-order polynomial, Cy, for finite « is nearly the
same as the maximum error of the (/N + 1)th order polynomial Sy, and considerably
less than Sy. In Fig. 6.1(a) the errors for the power series and economized power series
expansion of f(z) = e are shown for values throughout the range —1 < z < 1. Here we
have set o = 1, which guarantees that the economization principle will apply throughout
the range shown in the figure.[162] As we can see, the maximum error of C; is only slightly
larger than Sy, but is considerably smaller than S;. However, we emphasize that in certain
regions, especially near the origin, even S provides a better representation of the function.
Again, the errors we discussed previously correspond to maximum errors throughout a
specified range, and do not indicate in any way how the errors will compare at a specific
value of z. Economizing the power series represents a trade-off; the error will be larger in
some regions, but there is a guarantee that the maximum error of the entire region will be
lower.

For those interested in finding an analytic approximation for a function in power series
form that is valid for a specific range of the independent variable z and is as economic in its
expression as possible, insuring that the maximum error is as small as possible is essential.
However, in most applications of perturbation theory it is desirable to minimize the error
at a particular value of ihe independent variable z, irrespective of the effects this has on
the maximum error throughout the range. We will denote this value z,. The fact that the
parameter « is arbitrary and continuous allows us, in principle, to raise o from 0 until it
reaches a value that minimizes the error at z,. This is illustrated in Fig. 6.1(b), which is a
closeup of Fig. 6.1(a) near zo = 0.42. At this z, the error in C3 for a = 1 is significantly
larger than S;. However, if we had instead increased « to the value a: = 0.61, the resulting

error in C; would have been considerably lower than S;.
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Figure 6.1: (a) Comparison between the error of the third and fourth order power series
expansions, S3 and S,, and the third order economized representation Cz for the function
f(z) = €%, where we have highlighted a specific value of the independent variable z, at
z = 0.42. The maximum error of C; is considerably lower than S3, and compares favorably
with S;. However, the error is larger in some regions of z, especially near the origin. (b) A
closeup of the circled region in the first figure. When o, approaches 0.61 we see that the
error of C3(z) reduces dramatically at zo. Notice that increasing o further to a = 1 leads

to considerable error at 3. (S3 not shown.)
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From here on, we designate the value of « that reduces the error at z, to a minimum as
ap. Finding oy when the original function is not known is the goal of this research, but we
first describe how the process of economization is applied to problems where the function

is approximated by a Padé approximant.

6.3 Padé and economized rational approximants

When the original power series Sy diverges it is often beneficial to replace it with a more
suitable representation such as a Padé approximant:

Pr(z) ag+a1z+a+---+apz™

Qk(x) - 1+b1$+b2:c2+b33:3 +"'+bk$k, (6.4)

Se(z) = Ppuilz)=

where the order N = m + k. The coefficients are chosen so that the Padé approximant
and its first /V derivatives coincide with those of the original power series representation at
the origin. We can economize the Padé approximant in much the same way as we econ-
omized the power series in the previous section. The corresponding economized rational

approximant C, 1 is[162]

N-1
Pn(z) + 'Zo Yi+1P:(z) + Y0
J:

Svai(z) = Chuplz) = N1 ' (6.5)
Qx(z) + ;) Vi+1Qj-i(T)
]=
where
dyp NI dy.i0V .

Vit = d—jff—zrtjﬂ, Y= ———f?v—, (7=0,1,....,N-1), (66)

and t; is the Chebyshev coefficient of z*. The coefficients {d;} are given by

k

di =Y cisbj, 6.7)

j=0
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where {c;} are simply the expansion coefficients of the original power series and & is the
power of the leading coefficient of Q. As for the Padé approximants P, ;(z), m and
k are the orders of the polynomials of the numerator and denominator respectively and
m+k = N. To calculate the ERA from Eq. (6.5) Padé approximant of the form in Eq. (6.4)
must be chosen and generated, producing the terms P,, @;, and b;. From the coefficients
{b;} we can determine the coefficients[166] {d;} and, therefore, calculate the parameters
Yo and Yj41-

Like Padé approximants P, ;, the ERAs Cy, ;. are specifiedby (m + 1)+ k=N +1
parameters. When a is reduced to O, the ERA C,, . is identical to the Padé approximant
P, - The ERAs are economized in the same sense as for the economized power series Cy
of Section 6.2. For the Padé approximants P, x, these N + 1 parameters are derived from
the first V + 1 coefficients of the power series; however, the N + 1 parameters specifying
Cn i, are derived from the first IV + 2 coefficients of the power series so that the maximum
error over —a < z < « is minimized. The (N + 2)th coefficient, cy,,, of the power series
is needed to calculate the ;. (A proof that C,; ;. economizes the Padé approximant Py,
for sufficiently small « is given in Ralston{162].)

In Fig. 6.2 we compare the error between a Padé approximant and the corresponding
ERA for the function f(z) = log(l + z) when a = 1. As expected, the ERA has a lower
maximum error throughout the range —1 < z < 1, and for some values is significantly
more accurate.

As in Section 6.2, instead of using ERAs to minimizing the maximum error over a range
of z specified by a, we can use ERAs to minimize the error at some specific value zg of
the independent variable z by choosing a suitable value for . We now turn our attention

to finding the appropriate value of a.
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Figure 6.2: The error of the Padé approximant P, 4(z) and the corresponding economized
Padé approximant (ERA) C, 4(z) for the function f(z) = log(1 + z). Here, @ = 1. Notice
that the overall maximum error of Cj 4 is much lower than P, 4, at least over the interval
shown. Outside this interval the error in Cj 4(z) diverges as well.

6.4 Optimizing the scaling parameter

There appears to be no definitive prescription in the literature for determining the optimal
value of a, which we denote a2, of an ERA, that minimizes the error at a point zo. We

based our method for finding ag(m, k) on three assumptions:

1. If the optimized ERA provides a good representation of the original function at a
particular point, then, for sufficiently large NV, the value of the optimized ERA will
converge smoothly towards the correct value as the order is increased towards the
maximum order, N, of the power series. Therefore the values of the sequence of

optimized ERAs will fit closely to the function of the form G4(N) = A(1 — e~9M),
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where g(N) is a smooth function such that g(N) — oc as N — oo and A is the fully

converged (N — oo0) value of the summed power series.

2. We also require that limy_. exp [-vN] g(N) = 0 for all v > 0. Therefore, in the

vicinity of N = N, we can expand g(N) in a Taylor series about Ny and write

Ga(N) = A (1—e ™) exp[—g'(N) v, AN{1+[g"(N)/(24'(N))]vyAN +.. .}])
~ A(l-e~*¥B), (6.8)

where AN = N — Ny, B = exp [Nog'(N)|n, — 9(MNo)], s = g'(N)|w,» and the
approximation holds when Nj is sufficiently large and N is in the vicinity of Np.
Hence we determine the value of @ = ao(m/, k') which optimizes the accuracy of
each C, i in a sequence of approximants m’ = (m + 1), k&’ = (k + i), where i is an
integer, as follows. We require that the values of a sequence of optimized ERAs at

large N = m' + K’ locally fit close to a function of the form

Faps(N)=AQl-e"B), (6.9)
where A, B, and s are arbitrary fitting parameters, regardless of the nature of the
original series (convergent, or divergent).

3. If a for the [m, k] approximant is optimized when a = ag(m, k), then the opti-
mal value of o for all approximants [(m + i), (k + i)] of the same sequence near
[m, k], where ¢ can be positive or negative and not too far from zero, will be close
to ag(m, k). Therefore, when locally fitting a sequence to a function of the form

Fa.B,s(N), each approximant may be assumed to have the same value of a.
The basis for optimizing « can now be easily summarized:

The optimal value of a is that which produces the closest fit to the function
of the form Fp g <(N) where A, B and s > 0 are determined by the fit.
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Since the functional form F4 g (V) for the optimal convergence emerges locally at large
orders, F4 p,s(N) should be fitted to the last available terms of the sequence where this be-
havior is most strongly manifested. Four terms of the sequence are the minimum necessary
to determine the four quantities o, A, B and s specifying the optimal fit. At this point we

can detail an algorithm for optimizing c::

1. Select a sequence of ERAs specified by the integer p, where p = m — k, for some

initial value of c.

2. For this value of « find the value of A, B and s which maximizes the fit of 74 g ;(V)

to the last four terms of the ERA sequence.

3. Choose a new value for a and repeat Step 2.

The value of oo which maximizes the fit is designated g, from which the last and most
accurate approximant in the sequence is generated. In the rest of the chapter we refer to

this last approximant of an optimized sequence as the optimized ERA and denote it by

Qo
mk*

In practice we perform step 2 through a least-squares fit to the last four terms of the
sequence by minimizing 3°°_ [C2_; ._; — (A — e=*(¥=2) B")]2 with respect to the linear
parameters A and B’,where B' = AB. We use the coefficient of determination R to
quantify the accuracy of the fit, where R? is the square of the multiple correlation coefficient
R, and is given by

R = Zf:O(A - e—s(N—2i)B')2 1o Z?:O[an—i),ék—i) -(A- e—s(N—2i)Br)]2
= 3 ~
Z:i=0 (C "n_i)v(k—i))2 Zi=0(can—i)v(k—i) )2

. (6.10)

The coefficient of determination R? clearly runs between 0 and 1, and a perfect fit corre-
sponds to R? = 1. The maximizing of the fit with respect to the non-linear parameter s is
achieved by maximizing R? with respect to s. The optimal parameter o is that value of
for which the maximum value of R? with respect to s, is maximized.[167] In Appendix J,

[ provide the source code (written in Mathematia) for the optimization process.
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Figure 6.3: The role optimization plays in reducing the error of an ERA to a minimum.
The function here is f(z) = 1/(1 + €%) in the asymptotic region. As « is swept across ag
we see that the error reduces to a minimum at a value very close to c. This minimization
of error occurs in much the same way as choosing an optimal value for « reduces the error
of a power series, as we found by comparing Figs. 6.1(a) and 6.1(b).

As in Fig. 6.1 and the discussion in Sec. 6.2, we can see in Fig. 6.3 [in this case, for
f(z) = 1/(1 + €*)] how optimization reduces the error of the ERAs: As « is swept from
0, the error reduces until it reaches a (near) minimum at «p, corresponding to a sequence
having the closest fit to an exponential function. Beyond o the error begins to increase.

This procedure is illustrated in Figs. 6.4(a)—(d) for f(z) = tanh(z). Ata = 0 (the
Padé sequence) the highest-ordered term appears to be reasonably accurate, but the lower-
ordered terms do not converge towards the correct value in a smooth fashion. As a is

increased, the lower-ordered terms begin to drop in value so as to create a monotonic se-

quence that ultimately fits very closely to an exponential line. Finally, at some value of a
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the terms line up very precisely to the exponential line. Once this point is reached the corre-
sponding value for « is designated o and we can then determine whether this (optimized)

ERA is more accurate than the original Padé approximant.
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Figure 6.4: (a)-(d) Economized rational sequences as the parameter « is varied from 0
(equivalent to the Padé sequence) to 4.662 (corresponding to the optimized economized
rational sequence). Note the change and refinement of the vertical axis. The function being
approximated here is f(z) = tanh(z) at o = 6, with the actual value represented by the
horizontal solid line. For each «, the second solid line corresponds to the best exponential
fit Fa_g,s(N). The coefficient of determination, R, is maximized at crg.

Before we summarize our results in the next section, we should note that ERAs which

originally (that is, when a = () have oscillatory convergence do indeed tend towards
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monotonic convergence as « is increased towards its optimal value. This can be seen in

Figs. 6.4(a)~(d). (For a discussion of similar behavior, see Ref. [168].)

6.5 Results

We tested this method for determining ag on the Padé approximants generated from power

series of six known functions:

f(z)=1/(1+¢€%); (6.11)
= ragm); 6.12)
f(z)=¢€"; (6.13)
f(z) =log(1 + z); (6.14)
f(z) = arctan(z) ; (6.15)
f(z) = tanh(z). (6.16)

The power series of the second function is an asymptotic series. We now summarize the

results.

|. Enhanced accuracy and convergence. The most dramatic improvement over Padé
approximants involved the test function f(z) = 1/(1 + €*), which has a radius of
convergence of 7 (there are poles at z = Xim). At zo = 6000 the optimized ERAs
were more accurate at 2nd order (m = k = 1) than the Padé approximants at [6th
order. From the results shown in Fig. 6.5 and the right-hand columns of Table 6.1, the
Padé approximants do not even appear to be converging to the correct value. The op-
timization of the asymptotic series in Eq. (6.12) improved the accuracy to nearly the
same extent, as shown in Table 6.2 and Fig. 6.6. As we see in Table 6.3 and Fig. 6.7,
improvement in convergence of f(z) = e* at zop = 8 — where the low-order Padé
approximants are essentially worthless — was also remarkable. Even at 16th order

(Table 6.4 and Fig. 6.8, for z, = 10) optimization produces an ERA with an absolute
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error of only 5 x 1073, compared to the Padé approximant error of 1837. Even more
noteworthy in the table and figure is the improvement over dual-parameterized Euler
transformations, considered to be highly effective for summing the power series of
this function.[169] We also show in Tables 6.5 and 6.7 the optimization results for the
functions f(z) = log(1 + z) and f(z) = arctan(z), respectively. In these cases the

improvement over Padé approximants is less dramatic, but nonetheless significant.

Precision. Nearly all the fits were very precise, larger than R? = 0.999999 9999 in

some cases. (The coefficient of determination, R, is noted in each table.)

Transformation of alternating sequences towards monotonic sequences. We already
saw in Figs. 6.4(a)—(d) how the optimization process transforms an alternating Padé
sequence into a monotonic sequence. Analogous behavior was noticed by Le Guil-
lou and Zinn-Justin when they optimized (using a different method) sequences of
Borel-Leroy transformations.[168] In each case where the Padé approximants were
alternatingly convergent, the optimization process found a value for o,y which coin-
cided with a monotonically convergent sequence. For example, the Padé sequence
for f(z) = arctan(z) converges alternatingly towards the correct value. Yet there
exists a value oy that not only produces a sequence that is monotonically convergent,
but as seen in Table 6.7 and Fig. 6.9 the error of each approximant is significantly
lower than the Padé approximant at all orders. This behavior was repeated for the

test functions f(z) = e (Table 6.3) and f(z) = tanh(z) (Table 6.6).

Stability with respect to the point of evaluation. The optimization method appears
to offer significant improvement no matter which value of z; is chosen, up to the
point where both Padé approximants and optimized ERAs fail to converge. Table
6.1 shows that in some cases the improvement in accuracy (as measured by the num-
ber of additional decimal places of accuracy), in comparison to the original Padé

approximant, actually increases for larger z,.
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5. Stability with respect to order. 1t is important that this optimization method not be

confined to a few select (and subjective) choices of order. In each test the optimized
ERAs provided significant improvement over Padé approximants no matter which
maximum order is chosen. An example is found by comparing the data in Table
6.3 for f(z) = e*, as well as Table 6.4 for the same function. Upon individually
optimizing each ERA for each order near N, the resulting values converge smoothly
to the correct value, as seen in Table 6.8 and Fig. 6.10 for the tanh(z) function
and in Fig. 6.11 for the asymptotic series generated from Eq. (6.12). This indicates
that optimizing the ERAs at each order produces a sequence that reflects the global
behavior of the fit. Table 6.8 clearly shows how the parameters of the local fitting
functions F4 g s(/N) adjust to provide a local approximation to G4(N) for different
values of N. This characteristic is especially evident when examining the optimized

sequence of the atomic perturbation series in the next section.
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Table 6.1: Dramatic improvement in low order convergence and accuracy of a Padé ap-
proximant P, ;. by optimizing the corresponding economized rational approximant (ERA)

k- The function here is f(z) = 1/(1 + &%), evaluated at the two points, o = 6 and
Zo = 6000. (See also Fig. 6.5.) The last row in the table designates the error of the highest
ordered approximant.

Exact Value: ~ 10-2606

o =6; Exact Value: 0.002472623157 | zg = 6000 ;

[m/k| Pk Cok” [m/k Prn i C:z?ks
[1/1] —1.0000000 0.24105856 | [1/1 —-1499.5 0.41447
[2/2] 0.12500000 0.021910077 | ([2/2] 0.49950 0.26411
[3/3] —0.021739130 0.0011931096 | [3/3] —249.50 0.11724
[4/4] 0.0050761421 0.0024686256 | [4/4] 0.49833 0.035395
[5/5] 0.0022727273  0.0024781024 | [5/5] —99.501 0.0076689
[6/6] 0.0024837600 0.0024726212 | [6/6] 0.49650 0.0012793
[7/7] 0.0024721536  0.0024726186 | ([7/7) -53.073 0.00015866
(8/8] 0.0024726386  0.0024726231 | [8/8] 0.49400  0.000025680
Error -1.54602(—8) 1.68212(—12) —0.49400029 -—0.000025680

3 ap=8.757, R?=0.999 9995, F, g ,(N)=0.0024726209+0.1049650717 exp(—sN), s=9.860.

B a0=529.71, R2=0.999 96, F1 5..(N)=—0.000030701+0.045665 exp(—sN), s=L1.78.

Table 6.2: Padé and ERA values for the asymptotic power series generated from Eq. (6.12)
at o = 5. The errors are plotted in Fig. 6.6, and in Fig. 6.11 we show the results when the
Padé approximants are optimized individually at each successive order. Note that a partial
sum of the asymptotic series is optimally truncated at the zeroth order term, and so is unity.

3 a9=1.089, R?=0.999 99999, Fa,g,,(N)=1.3796669—0.0006082153 exp(~sN), s=0.176.

Exact Value: 1.380290405

[m/k| Pk ok
[5/5] 1.4354227 1.3865357
[6/6] 1.3220338  1.3753524
[7/7] 1.4236428  1.3794838
[8/8] 1.3335364 1.3786878
[9/9] 1.4163588  1.3789340

[10/10] 1.3409803  1.3790855

[11/11] 1.4113652 1.3791569

[12/12] 1.3462210 1.3792392

[13/13] 1.4077065 1.3793082

(14/14] 1.3501264 1.3793661
Error 0.030164 0.00092430
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Figure 6.5: Errors of the Padé approximants P, » and optimized ERAs C°, for the asymp-
totic region of f(z) = 1/(1 + €*) derived from Table 6.1. The vertical axis is log scaled,
so the differences in error are enormous. The conversion from an alternating sequence to
a monotonic sequence is very clear. Note that the Padé approximants do not appear to be

even converging to the correct value.
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Figure 6.6: Same as Fig. 6.5, except for the asymptotic series generated by the Gamma
function in Eq. (6.12) at o = 5. Again, the vertical axis is log scaled, so the differences in
error are considerable. These error results were calculated from the data in Table 6.2.
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Table 6.3: Another comparison between Padé approximants and optimized ERAs. Here,
f(z) = € at 7y = 8 and both the diagonal and off-diagonal sequences are tabulated. The

errors for the diagonal sequence are plotted in Fig. 6.7.
Exact Value: 2980.957987

[m/k] P, Cox” | [m/k] Pk C:Skb
[0/0] 1.00000 1.00000 [ [1/0] 9.00000 25.5324
[1/1] -1.66667 8.12615 | [2/1] -10.2000 241.537
[2/2] 4.44286 192.552 | [3/2] 23.9333 1603.42
[3/3] —18.0769 2988.20 | [4/3] -99.3871 2982.66
[4/4] 101.952 2995.58 | [5/4] 486.046 2985.83
[5/5] —1212.05 2979.09 | [6/5] 7444.92 2980.62
Error  4193.01 1.87293 —4463.96 0.334190

d ag=8.123, R?=0.99997, Fa,p,,(N)=2987.62—3.36136x 10° exp(—sN), s=14.
b a0=8.132, R2=0.99999, F . 5.,(N)=2983.23~3.33404x 10° exp(—sN), s=7.790.

Table 6.4: Same as Table 6.3, except at higher order and at zo = 10. (See Fig. 6.8.) Since

o here differs somewhat from that in Table 6.3, the resulting sequence at all orders differ

as well. Yet, the error remains significantly lower at nearly all orders than the Padé approx-

imants, demonstrating that the optimization method is stable with respect to order. Here,

we include the results from applying a dual-parameterized Euler transformation (PET).
“Exact Value: 2202646579

N S, [N.N+2]  PEI® [m/k Pk cor
2 61.000000 [2,4] —32.750000 | [1/1] —1.5000000  5.2913740
4 644.33333 [4,6] (complex) | [2/2] 3.3076923  91.029420
6 2866.5556 [6,8] (complex) | [3/3] —10.428571  8427.3527
8 7330.8413 [8,10] 201718.49 | [4/4] 45.375000  19093.040
10 12842.305| [10,12] 29468.144 | [5/5] —269.64516  22106.611
12 17435192 | [12,14] 23450497 | [6/6] 1866.0847  22026.513
14 20188.171 | [14,16] 22325434 | [7/7] —205032.75  22026.360
16 21430.835 | [16,18] 22085476 | [8/8] 20189.229  22026.471
Eror  595.631 59.010 1837.2370 —4.908(—3)

2Computed from the algorithm discussed in Appendix K.
ag=10.064, R?=0.999 998, Fy g,,(N)=22026.415+65608.939 exp(—sN), s=6.707.

b
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Figure 6.7: Errors for f(z) = e® at £, = 8 (see Table 6.3. In this example, the best
exponential fit of the ERA sequence is not completely monotonic, which explains the rise
in error (exaggerated by the vertical log scaling) at N = 8. Again, the vertical axis is log
scaled so the difference in accuracy between the two approximates is considerable.
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Figure 6.8: A comparison of the dual-parameter Euler transformation (PET[N,N+2]), Padé

approximants, and optimized ERAs for f(z) = e* at o = 10. The horizontal line corre-
sponds to the exact value of f(z). Notice that if P; 7 were taken to be the converged result
(a seemingly converged result at low orders) the error would be considerable. On the other
hand, the optimized ERAs are significantly more accurate for nearly all orders, even when

compared to PETs. See Table 6.4.
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Table 6.5: Here, f(z) = log(1 + z) at z, = 5. The error is halved.

Exact Value: 1.791759469

[m/k]  Pmg Cok’
[1/1] 14285714 1.5060643
[2/2] 17213115 1.7404539
[3/3] 17787115  1.7829493
[4/4] 1.7893952  1.7902805
[5/5] 1.7913354 1.7917137
[6/6] 1.7916838  1.7917189
[7/7] 1.7917460 1.7917528
[8/8] 1.7917571  1.7917594
Error  2.3912(—6) 1.0988(—6)

2 ap=1.141, R?=0.999 999996, F 4 g .(N)=1.7917595-0.0014867123 exp(—sN), s=1.800

Table 6.6: The function tanh(z) at z, = 6. Note the precise fit, which is surprising given

the low-order erratic behavior of the original Padé approximants.
Exact Value: 0.99998772

/K] Pk o

[[/1] _ 6.000000 -10.524225
[2/2] 0.4615384 0.57148464
[3/3] 1.3246753 0.87461628
[4/4] 0.9235352 0.96829300
[5/5] 1.0174904 0.99718535
Error —0.0175028  0.0028023

2 ap=4.065, R2=0.999 999993, F g ,(N)=1.0101293—1.4199726 exp(—sN), s=1.1747.
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Table 6.7: Here, f(z) = arctan(z) at o = 4. Notice that optimizing C;, ;. again trans-
forms the alternating Padé sequence into a monotonic sequence, which is apparent when

examining the errors in this data in Fig. 6.9.
Exact Value: 1.3258177

[m/k] Pk ::ka
[1/1] 4.0000000 2.3315173
[2/2] 0.6315789 0.9129322
[3/3] 1.9874214 1.2911074
[4/4] 1.0236425 1.2023396
[5/5] 1.5443095 1.2721575
(6/6] 1.2058444 1.2873382
[7/7] 1.4038412 1.3008169
[8/8] 1.2800401 1.3126944
Error 0.045777579 0.013123226

 ao=1.582, R2=0.9999994, Fy p,,(N)=1.4040869—0.14911241 exp(—sN), s=0.1224.

0»3 F L] L L
f(x) = arctan(x); xg =4
5 02p oy = 1.582 4
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Figure 6.9: Error comparison between Padé approximants and optimized ERAs for f(z) =
arctan(z) at zo = 4. The conversion from alternating to monotonic convergence here is
very apparent. The relevant data is tabulated in Table 6.7.
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Table 6.8: A comparison of the convergence of the optimized ERAs as the parameter ¢
is individually optimized at each order, for f(z) = tanh(z) at zo = 6. Notice that ay,
s (the exponential fitting parameter), and R? are roughly the same at all orders, and that
the values of the resulting approximants converge asymptotically towards the correct value,
suggesting that this method of optimizing the ERAs is stable with respect to order. This
data is plotted in Fig. 6.10. The errors for the Padé approximants at each order are also
tabulated. The numbers in parentheses correspond to powers of 10.

Exact Value: 0.99998772

(m/k] CRo, A B s R? Error(Pp,x) Error(C;0,
[5/5] 0.9971854 1.010129 -1.42033 1.175 0.9999999872 ~1.8(-2) 2.8(-3)
[6/6] 0.9991068 1.000052 —1.23328 1.793 0.9999999988 3.0(-3) 8.8(~4)
{7/7] 0.9998925 1.000050 -0.205655 1.795 0.999 999 999 5 -4.0(—-4) 9.5(-5)
[8/8] 0.9999752  0.9999930 -0.0549783 2.010 0.999999999 1 4.5(-5) 1.2(-5)
{9/9] 09999869 0.9999880 -—0.00798239 2.189 0.999 999 9984 —4.1(~6) 9.4(-7)
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Figure 6.10: A comparison of the convergence of the optimized economized rational ap-
proximant s (solid circles) with Padé approximants (open circles) for f(z) = tanh(z) at
zo = 6. Here, each term of the optimized economized rational approximant sequence has
been optimized individually (see item 5 of Sec. 6.5). The value of o corresponding to each
order is shown in parentheses, The exact value of f(z) is shown by the horizontal line. The
data appears in Table 6.8.

6.6 Discussion

One means of determining whether a result is likely to be accurate is to examine the con-
vergence of the sequence of approximants as the order is increased to its maximum value.
Erratic behavior in convergence is a good indication that the highest-ordered approximant
may not be a satisfactory representation of the function at the point it is being evaluated.

In this case, accurate results could merely be the fortunate result of a numerical artifact.
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Figure 6.11: Another example of individual optimization, but for the asymptotic series
generated by the Gamma function [see Eq. (6.12)]. Again, the numbers in parentheses
correspond to the aq for each particular order. In this case, the exponential fit is not only
precise locally, but also appears to apply globally as well. The equation of the line shown
is given by 1.37942898 — 0.0008876041 exp[—0.641N].
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In optimizing the economized rational approximants (ERAs), the resulting sequence is re-
quired to be almost smooth and monotonically convergent, which raises confidence that the
optimized ERA is providing a satisfactory representation of the system.

A few remarks on the numerical process are in order. We used the minimum number of
points needed to determine A, B, s and c. As can be seen from Fig. 7.2 in Chap. 7 we can
sometimes take many more than four points and still provide an accurate exponential fit.
Generally though, the more terms that are included, the lower R? and the less accurate are
the results at the relatively low orders considered in this chapter. This is to be expected since
in general, as we noted above, the fitting function F, g (V) will be valid only locally, not
globally, around N = Nj. Since the least-squares fit used in this chapter weights all points
equally, any additional terms of the sequence used in the fit could lower R? and result in
a less than optimal a for the last approximant of the sequence. Even if the fitting function
happens to be globally appropriate [as appears to be the case for the log (1 + z) function],
there is the possibility that the earlier terms of a sequence have non-negligible finite-V
corrections to the large-V exponential behavior of the error. Again since the least-squares
fit weights all points equally, any additional earlier terms of the sequence used in the fit
could lower R2. Keeping the number of terms of the sequence used in the fitting fo the
minimum number of four guards against these errors.

In general, the fitting parameter A [that is, limy_ Fa.5,s(/V)] will not be the con-
verged value of the sequence since F4 g (V) is valid only locally, not globally. However,
if R? is exceptionally large as with the function f(z) = log (1 + z) (see Table 6.5), A can
be more accurate than the last approximate, implying that the fitting function, 4 g s(NV),
may well be globally valid for this function.

As « is increased there will usually be multiple regions of a where the last four ap-
proximants line up close to an exponential line. As an example, in Table 6.9 we tabulate
the values of the diagonal optimized ERAs for the function f(z) = exp(z) at the next and

slightly larger value of « at which this occurs. Again, the optimized ERAs converge to the

152



correct answer, somewhat more slowly than at the smaller value of o (see Table 6.3), but
still significantly better than the performance of the Padé approximants. We have found
that the smallest value of o for which the last four points line up close to an exponential
line yields the largest value of R? and the most accurate results. This is perhaps to be
expected since ERAs “spread the error” without systematic favor in the region from the
origin to z = a. The larger the value of «, the larger the region the error is “spread” over,
so the larger the average error becomes for z < a. Therefore one would expect the best
results to be obtained for the smallest value for which the last four points line up close to
an exponential line. However, as the above discussion makes clear, this smallest value of
o cannot be much smaller than the value of z at which the series is being summed. As
Padé approximants sometimes appear to converge to the wrong value (an example appears
in Fig. 6.5) it would not be surprising if this were true of optimized ERAs as well. Indeed,
if one chooses an “optimal” value of a which is too large, even though the last four points
are lining up around an exponential line, the sequence of ERAs appear to converge to the
wrong result.

In order to further understand what is taking place during the optimization process we
examined the effects the optimization process has on the singularity structure of the ERAs.
As seen in Fig. 6.12 for the entire function f(z) = e, at ag the poles appear to be located
such that the distance of the closest pole to the point of summation is roughly maximized.
Since e* has no singularities except at infinity, the poles mark isolated regions at which
the ERAs locally fail. Therefore the optimization process moves the poles so that they
are, as a whole, sufficiently far from the point of evaluation that their disturbing effects are
minimized. If a is chosen large enough, then the poles in Fig. 6.12 move far to the right
of the summation point and we might imagine that yet better results would be obtained.
However, as we have noted above, the overall error at the summation point, zq, of an ERA
generally becomes very large when o >> 1o, and this works against the reduction of the

error resulting from moving the poles well away from the summation point.
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Table 6.9: Diagonal Padé approximants and optimized ERAs for the function f(z) = e* at
zo = 8. However, here the next largest value of & which optimizes the convergence is used.
This table should be compared with the results of Table 6.3 and Fig. 6.7 where the smaller
and most optimized value of « is used. Note that the convergence, though still better than
for Padé approximants, is significantly worse than for the optimized ERAs at the smallest
value of o at which the last four terms of the sequence line up close to an exponential line.

Exact Value: 2980.957987

m/k Pk ,‘:,?k“
[0/0 1.00000 1.00000
[1/1] -1.66667  3.97462
[2/2] 4.44286  97.3388
(3/3] —18.0769 1877.56
[4/4] 101.952 2658.54
[5/5] —1212.05 2999.70
Error  4193.01 -—18.7424

2 ag=9.541, R*=0.99999992, Fa g, ,(N)=3266.61-7232.74 exp(~sN), s=0.8251.
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Figure 6.12: The [5/5] poles of the Padé and economized rational approximants. Those
poles joined by common movement as a is changed are joined by a solid line. The zeroes
of the approximants all lie in the negative half-plane and have been omitted. The function
f(z) = e was chosen here since it is an entire function for which the optimization process
is especially effective. As we can see, as « increases from 0 the poles sweep towards the
right. In this case, it seems as if ag corresponds to the instance when the poles are, on
average, the farthest distance from the point at which we are evaluating the series.
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Chapter 7

Physical Application: Summing the Dimensional
Perturbation Energy Series of Diamagnetic Hydrogen at

Low |m)|

We now demonstrate the effectiveness of the procedure as it pertains to a physical problem,
when the original function is not known beforehand. The majority of the following results
were submitted for publication by J. R. Walkup, M. Dunn, and D. K. Watson and accepted

for publication by Physical Review A.

At the beginning of this dissertation I mentioned that circular Rydberg states of dia-
magnetic hydrogen are useful because they provide insight into the theoretical framework
of Rydberg atoms at laboratory-accessible values of B. Dimensional perturbation theory
has been shown[135, 170] to be highly effective for calculating energy levels of circular
Rydberg states in this region of B. Since all m-dependence for a given Bis incorporated
into a perturbation parameter that varies inversely with |m|, we would expect dimensional
perturbation theory to be especially effective for large values of [m|. However, this princi-
ple only applies when comparing states having the same scaled field strength B. Fora fixed
physical field strength B the perturbation series coefficients corresponding to a lower value
of |m]| are, in general, smaller than those corresponding to larger values of |m/|. Therefore,
despite the fact that the perturbation parameter is larger for small values of [m|, the smaller
coefficients may result in better convergence. After all, for a given state, the perturbation

series coefficients are purely functions of B, and not |m|. However, fixing the physical
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Table 7.1: Strong convergence of partial sums Sy and Padé approximants P, . for the
ground state and lowest-lying m = —2 state (3d_;) energies (in a.u.) of diamagnetic
hydrogen at B = 470 T. All four states were chosen because they are examples of circular
states. The Padé approximants belong to the diagonal sequence, so m = k = N/2. The
energy values By of Ruder et al. [8] are tabulated at the bottom.

m =0 (1s) m = —2 (3d) m = —4 (59) m = —24 (n = 25)

N SN Pm,k SN Pm,k SN Pm,k SN Pm.k

0| 1.00L999 1.001998 | 0.1170302 0.1170032 | 0.0493843 0.0492663 0.01307608 0.01307608

1} 1.001998 — | 0.1170032 — | 0.049 2652 _ 0.0127 3243 —_

21 1.001998 1.001998 | 0.1170033 0.1170033 | 0.0492663 0.0492663 0.01274333 0.01274300

3 | 1.001998 — | 0.1170033 — | 0.049 2663 —_ 0.01274298 —

4 | 1.001998 1.001998 | 0.1170033 0.1170033 | 0.0492663 0.049 2663 0.01274299 0.0127 4299
Eg | 1.001998 0.1170033 0.049 2663 (none given)

field strength B and varying |m/| requires varying B. [See Eq. (3.3).] Therefore, for a given
fixed value of B these coefficients become functions of |m|.

In Table 7.1 we show that not only does dimensional perturbation theory remain effec-
tive as m is reduced for fixed B, but that its effectiveness slightly improves. For example,
at this field strength the partial sums and Padé approximants for the 1sq and 3d_, states
actually converge to 12 significant figures by second order. (!) For the same field strength
the convergence at [m| = 24 was roughly seven digits by fourth order.

Large n states are “more elliptical” when m is small, so we would expect dimensional
perturbation theory to be effective for a smaller number of states at low values of [m)|.
However, in Table 7.2 we show that, even for |[m| = 0, at sufficiently low field strengths
dimensional perturbation theory remains effective for highly noncircular states. Note from
Fig. Al.2a in Ref. [6] that the field strength represeﬁted in the table is just below the region
of significant n-mixing of states.

In Table 7.3 we show that the perturbation series for diamagnetic hydrogen can be
summed quite effectively for m = 0 for most values of B, especially for smaller field

strengths.[171] In the large field region, the perturbation series often fails to converge
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Table 7.2: The first six excited states of the m = 0 manifold. Again, B = 470 T. Since the
partial sums diverge for these states, only the Padé approximants P, ; are listed.
im / k 280 3d0 36‘0 4do 4.5‘0 5 Jo
[0/0] | 10019990 1.0019990 1.0019990  1.00199900  1.00199900  1.00199900
(1/1] | 0.2019918 0.0019949 0.0009891 -0.08891664 —0.08892133 —0.1408 6285
[2/2] | 0.2519807 0.1130958 0.1130690  0.06447038  0.06444002  0.0419 7663
(3/3] | 0.2519729 0.1130406 0.1122709  0.06483287  0.06468243  0.04205545
[4/4] | 02519720 0.1130710 0.1120648  0.06436796  0.06417057  0.04188974
[5/5] | 0.2519720 0.1130697 0.1129545  0.06435124  0.06396809  0.04175191
[6/6] | 0.2519720 0.1130698 0.1129548 0.0643 5178 0.0639 8137 0.0417 7365
(7/7) | 0.2519720 0.1130698 0.1129547  0.06435189  0.06398127  0.04177746
(8/8] | 0.2519720 0.1130698 0.1129547  0.06435167  0.06398170  0.04177553
Egr | 02519720 0.1130698 0.1129547 0.0643 5166 0.0639 8170 0.0417 7604

even using Padé approximants. However, the sequence of Padé approximants can be
economized[162, 163] into a new sequence of approximants (economized rational approx-
imants, hereafter denoted ERAs) which can be optimized by adjusting a parameter to mini-
mize the error for particular values of the physical parameters B and [m|. As seen in Table
7.3 and Figs. 7.1 and 7.2, the values of these optimized ERAs provide reasonably accurate
energy values, even when the original Padé approximants fail to converge. (See Chap. 6.1
and Ref. [172].)

Finally, we note that the precision of the Padé approximants in Table 7.3 is defined
by the number of digits that agree with the next lowest-ordered approximant, whereas the
precision of the optimized ERAs depends largely on the fit of the ERA sequence to an
exponential line (as explained in Chap. 6.1). It is difficult, therefore, to compare the pre-
cisions of these two methods, so the results found using optimized ERAs were expressed

using seven significant figures in all cases.
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Table 7.3: Energy levels for |m| = 0 at various field strengths. Here, § = 1 corresponds
to 4.7 x 10° T. The energies of Ruder, et al. are given in parentheses. To the left of
each value the summation method is noted, with partial summation denoted Sy, Padé sum-
mation P, x, and optimized economized rational approximants ,‘,",‘fk, where ag and the
optimization method is described in Chap. 6.1. The indices indicate the minimum order at
which convergence was achieved. Padé summation was used once partial summation failed
to converge to seven significant figures by 50th order (quadruple precision). Similarly, the
optimization method was used once Padé summation failed to converge to seven significant
figures by the same order. (For practical reasons optimization was always performed using
the largest-ordered economized rational approximant available, in this case Cos 25, given
the limited number of power series coefficients at hand.) For a discussion of the precision

of the results found using optimized ERAs, see Sec. III.

I} 1so/]000)® 2s0/|002) 3dP /]004)
5(-4) | Si 1.001000(1.000999)  Pj 4 0.2509930 (0.2509930)  Ps.s 0.1121008 (0.1121008)
5(=3) | Sa 1.009950(1.009950)  Ps.g 0.2593031 (0.2593031)  Po,g 0.1200958 (0.1200958)
5(-2) | Ss 1.095053(1.095053) Piz12  0.2961494 (0.2961783)  Cigge’’’  0.1500983 (0.1498760)
5(-1) | Pua 1.662338(1.662338) — (Not found) (0.3209379) — (Not found)® (0.13202)

5| Pogo  3.495504(3.495594) Ci395Y  0.4178979 (0.41777) —_ (Not found)® (0.154286)
50 | Pisas  7.579610(7.5781)  Ciggs?  0.5120457(0.512339)  Ciogs "  0.1749461 (0.1737679)
500 | Py 16.32482(15.3241) CiooY)  0.5772800(0.5917089)  Cigge’")  0.1975335 (0.1887047)

%The asymptotic large-field state has the form [nmv), where n and m are the principle and magnetic
quantum numbers and v counts the number of nodes along the field axis. See Ref. [8], Sec. 3.1.2.

bFor this state, Ruder et al. used a linear combination of the 3dq and 3so states as their initial state. On
the other hand, all initial states in this research were pure states.

€At this field strength neither Padé approximants or optimized ERAs successfully converge. This does
not appear to be due to a limitation of optimized ERAs, but rather due to a limitation of the non-
degenerate perturbation series evaluated at a finite number of decimal places. We think that the method
of almost-degenerate perturbation theory will greatly improve the results. This is an avenue of future

investigation.
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Figure 7.1: The energy of the lowest-lying m

= -2 state of diamagnetic hydrogen for
B = 329 MT. The horizontal line corresponds to the multi-configurational Hartree-Fock
calculation of Ruder (Ref. [17]). Note that the ERAs have been optimized individually.
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Figure 7.2: Same as Fig. 7.1, but for the ground state at B = 705 kT. Here we show that
we can often incorporate many elements of the sequence into the optimization process. The
horizontal line corresponds to the energy calculated by Ruder, et al. As in the other figures,
the optimized ERAs are shown by solid dots, with the best-fitting exponential fit shown by

a solid line.
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7.1 Summary

In the largest part of our research we examined two types of spectra. In one, the magnetic
quantum number |m| was held constant while the magnetic field B changed adiabatically,
and in the other the magnetic field was held constant while the angular momentum changed
adiabatically. We found that the location of the avoided crossings appearing in the E-
versus-B spectra are directly related to the locations of those appearing in the E-versus-
|m| spectra, and that this correspondence points to a degeneracy in the energy levels that
provides the mechanism for the appearance of avoided crossings in both spectra.

The branch points that connect the energy levels are the mathematical basis of such a
mechanism[129], and by understanding this basis we have found it possible to predict the
locations of avoided crossings in both spectra. By successfully characterizing the energy
levels in terms of these branch points through Eq. (4.10), a simple relationship that merely
requires visually examining the branch-point trajectories of the system as functions of B
was found that could be used to predict the locations of avoided crossings in both spectra.

The new technique for summing divergent power series developed in this research was
found to improve upon Padé approximants in every test case considered. In many instances
the improvements over Padé approximants was dramatic. We have shown that such im-
provements appear when summing the perturbation series of physical systems (in this case,

diamagnetic hydrogen) as well.

7.2 Future endeavors

My dissertation research is just the start.

Probability transitions of diamagnetic hydrogen for time-dependent fields

My first goal is to extend my research on diamagnetic hydrogen to compute transition

probabilities when the external field B varies with time across an avoided crossing. Such
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research is largely unexplored, so the ability to calculate such transition probabilities would
be a significant step in research involving diamagnetic hydrogen, which has numerous ap-
plications in such fields as solid-state physics and astrophysics. Using a semi-classical
treatment, Landau and Lifshitz[173] proposed a useful way of making such calculations
when the field strength varies sufficiently slow in comparison to the classical period of the
electron. This method requires integrating around the square-root branch point on the com-
plex B plane at which the two interacting energy levels are degenerate. (See Appendix E
for a more detailed discussion.)

Dimensional perturbation theory should be ideal for making such calculations. First,
using dimensional perturbation theory we have an analytic means of precisely determining
the locations of such avoided crossings, even when their approaches are so shallow as to
make the crossings imperceptible. Dimensional perturbation theory also provides a simple
way to find the exact locations of these square-root branch points on the complex B plane.
Furthermore, since all m-dependence is incorporated in the perturbation parameter, where
m is the magnetic quantum number, transition probabilities for a given value of m can be
easily extended to other value of m — the energy series for a given field strength are the
same, changing m only requires summing the series at a different value of the perturbation
parameter.

I have already made progress in performing these calculations, and the remaining work

appears to be straightforward.

Avoided crossings in the Stark spectrum of Rydberg atoms

Another goal is to examine the avoided crossings that appear in the Stark effect for Ryd-
berg atoms when the excited electron interacts with the core electrons. With diamagnetic
hydrogen we were able to establish a correlation diagram that allows one to track a par-
ticular energy level as it is adiabatically swept from very low to very high field strengths,

even through the complicated tangle of avoided crossings in the intermediate field region.
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Dimensional perturbation theory, which has been successfully applied to the Stark effect,
should prove useful in finding a similar correlation diagram for the Stark effect as well.
Such a correlation diagram can help establish the location of hidden avoided crossings in

the energy spectrum.

7.2.1 Approximation theory

Initially, I would like to build multi-point Padé approximants of a perturbation series by
minimizing the error at many values of the independent variable. If successful, this will
create a Padé-type approximant having reasonably small errors for an extensive range of the
independent variable. Then I would like to apply the same optimization technique that we
found to be successful with Padé approximants to other types of approximants that employ
“arbitrary convergence parameters,” such as Borel-Leroy transformations. Finally, I would
like to investigate the role such optimization plays when summing asymptotic series. For
the asymptotic series we considered in this research, this optimization technique provided
dramatic improvement over Padé approximants. (In fact, the Padé approximants appeared
to be converging to the wrong value, whereas the optimized ERAs not only converged to the
correct value but also very strongly.) Neither research project should employ formidable
mathematics, so students of either physics or mathematics may be able to take the lead in

such research.
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Appendix A

A Brief Review of Important Quantum-Mechanical
Corrections to the Energy Spectrum of Hydrogen

When discussing such effects as fine structure, the anomalous Zeeman effect, and so on,
few textbooks provide calculations for large values of the quantum numbers. The purpose
of this appendix is to provide the reader an understanding of how these effects compare
in magnitude for the values of quantum numbers used in this research and to understand
at which values the field strengths become dominant. Many of our calculations involve
circular Rydberg states having |m| = 33, so in this appendix we will consider the cases
where n = 34, ¢ = 33, and m = £33, as well as many of the quantum numbers associated
with low-lying states. However, we will not discuss how these energy shifts are derived,
since many textbooks do so in quite adequately.[174]

We must keep in mind that the following does not incorporate the effects of an enor-
mously strong magnetic field. For field strengths of the order 10'° T the Dirac equation
for diamagnetic hydrogen must be solved numerically, as discussed in Sec. 1.2.2. In the
weak-field region, the following serve as a rough guide for the energy corrections due to

these effects.
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A.1 Fine Structure

The fine structure is composed of three effects, the first of which is the relativistic correction

to the kinetic energy,
4

p
Hye =

- Smgcz y (A' l)

where p and m, are the momentum and mass of the electron and c is the speed of light. The

correction (in eV),

(AE)kg = 13.6

Z%? (3 n

_— ] :(eV .
L)
always lowers the energy by a small amount (it can never be 0). Its greatest contribution
occurs when n is small and Z is large.

The Darwin term

(M) = gy (=) dle)i 6V, A3)
only shifts the energy when the atom is in a £ = 0 state. This energy shift is given by (in
eV)

(AE)p = 13.6Z—:;i ; (eV). (A4)

If nonzero, this term always shifts the energy up.

The spin-orbit coupling is now calculated independently because its relative strength
in comparison to the Zeeman effect determines the field region at which the anomalous
Zeeman effect becomes dominated by the Paschen-Back effect. (There is little point in
tabulating the energy shifts for the other two interactions, since they are never much larger
in magnitude than the spin-orbit coupling, whereas the spin-orbit coupling can dominate

for those atoms that feature strong coupling between the two angular momenta.)
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Table A.1: Energy corrections due to spin-orbit coupling. The asterisk denotes the max-
imum shift possible for any set of quantum numbers. Energies are measured in electron-

Volts, with wavenumbers (cm™!) in parentheses.
n £ my j (AE)s
T 0 0 12 *L5x10-50.122)
34 0 0 12 3x 10_9(2 X 10'5)
34 33 33 672 8x10'2(7 x 10~%)

A.l.1 Spin-orbit coupling

The third relativistic effect we consider is the spin-orbit coupling term,

(H)so = E(IL -8, 6() = 5= 7

rdr’
which shifts the energy by

Z4a?
238+ 3)(L+1)

(AE)so =13.6

forj =€+ %and
Z4%a?(e+1)

AE = —136
2nf(e+ 3)(€ +1)

(A.5)

(A.6)

(A7)

forj=¢-— % Notice that depending on the value of j, this energy shift can go either up or

down.

The energy shifts for various quanta are tabulated for the spin-orbit coupling in Table

(A.1).

A.1.2 The relative importance of the spin-orbit effect

If the field strength is much weaker than the spin-orbit coupling term in Eq. (A.5) then the

Zeeman effect can be treated as a perturbation. In Table A.2 the field strengths at which

threshold is crossed (denoted By, in Fig. 1.2) are tabulated for various quantum numbers

of interest. Note that even the largest threshold field strength possible is far below the field
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Table A.2: The field strength at which the effects of the external magnetic field become
stronger than spin-orbit coupling. The data in this table determine the value of (a) in Fig.
1.2. For the lowest lying (n > 3) states and the states of special interest in this research
(n = 34) only those quantum numbers are shown that produce the smallest and largest
values of B,).

n { m; Ba)(T)
2 1 12 80.0624
3 2 512 50.0008

34 1 12 2®6.4x107°
34 33 652 P3.5x10°2

strengths of interest in this research, showing that for our purposes spin-orbit coupling is
completely negligible. This especially applies to circular Rydberg (large 7, maximal |m|)

states.
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Appendix B

Lie Algebra and Group Theory of the Hydrogenic Atom

The low-field energy spectrum we are attempting to understand pertains to fixed |m|. Un-
fortunately, although it does commute with the Hamiltonian and therefore preserves n un-
der all operations, the SO(4) Lie algebra does not conserve m under all operations because
not all the operators contained within this algebra commute with L.. There is, however,
a different Lie algebra that does conserve m under all operations, the SO(2, 2) Lie al-
gebra. Unfortunately, the SO(2, 2) Lie algebra does not conserve the principle quantum
number 7 under all operations because it contains operators that do not commute with the
Hamiltonian.[176] However, there exists in both algebras a subset of operators that preserve
both n and m, and there is an isomorphism between these two subsets of operators. As we
will see, this isomorphism allows us to express the perturbation Hamiltonian H' o p? as a

first-order invariant operator which is diagonal in each n-subspace.

B.1 Lie algebra

If we consider elements A, B, and C of a vector space we can denote a “product” between
these two elements as [A ® B]. In general, a Lie algebra of a vector space containing

elements A, B, and C is defined according to the following conditions[177}:
1. If we define D = [A ® B, then D is also a member of the same vector space ,

2. [(aA+bB) © C] = a[A ® C] + b[B ® C] for any constants a and b,
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3. [A@A] =0,
4 [AG[BOC]|+[BO[COA|+[CO[AGB]|=0.

In this appendix the elements A, B, and C will be quantum-mechanical operators,
and therefore these elements do not necessarily commute. Therefore, we now define the

product [A ® B] to be the commutator of the operators A and B,
[A,B] = AB - BA. (B.1)

Note that we do not have to worry about items 2, 3, and 4 any longer since they are auto-

matically satisfied when the product [A © B] is defined as the commutator [A, B].

B.2 The SO(4) Lie algebra

A Lie algebra is defined according to the commutator relationships obeyed by the operators
that form the basis of the algebra. The most important for our purposes is the SO(4) Lie

algebra. The operators that comprise the basis of an SO(4) Lie algebra are given as[178]
D]‘k = -l’jal‘k + Ikal'j (] <k=123,4,5, 6), (B.2)

where dz; = d/9z;, so that we can define

[, = Doz = —1,0z3 + 73013, (B.3)
—I'y = Di3 = —~1,0z3 + 2301, , (B.4)
3= D,y = —1,0z7 + 2201, , (B.5)
-2 =Dy = —-1,024 + 14071, (B.6)
== = Dy = —z9014 + 14015, B.7)
—Z3 = D3y = —23074 + 140713 . (B.8)
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(The numerical subscripts and negative signs above are assigned to make the following as
simple to follow as possible.) We can show that these operators form a basis for a Lie
algebra by applying the conditions in Sec. B.1. Our work is simplified because we now
generate a rule that can be applied to nearly all possible commutator relationships formed
by the operators ['; and Z; defined above (those that it cannot are clearly 0 by inspection).

We begin with

[DAB; DAC] = [—Z’Aa.’l,’g + 0T, —TA0Zc + zca.’lIA] f
= [anzB,anxc]f + [.’L'Ca.’L'A,an.’UB] f

+ [Z'Aa.’l,'c, 1'361‘,4] f+ [.’L‘BaIA, l‘cal'A] f (B.9)

where f = f(z,,zp,zc). The first and last terms in Eq. (B.9) are 0. For the first nonvan-

ishing term we get

[zcOza, £40zB) f = zc [0z, T40ZB] f + [Tc, Ta0ZB]|OzAf
= —z¢ [240zp,0z 4] f — [40zB, Ozc] Oz A f

=—IcTa [6z3,8zA]f—zC [zA,BxA] 3I3f (BlO)

For the second nonvanishing term in Eq. (B.9) we get (using similar operations) zcdzg —
zgdzc. Therefore, we now have a general rule that will prove very convenient for comput-

ing the commutation relationships satisfied by the operators in Egs. (B.3)-(B.8):
[DABy DAC] = —zg01c + Tcdzp. (B.11)

The above rule defines the nontrivial part of the Lie algebra. It is not a general rule for all
Lie algebras, only the Lie algebra pertaining to Egs. (B.8).

Using Eq. (B.11) we can immediately write down the commutation relations

[[1,T2) =T3, [[o05]=Ty, [[5,T]=T,, (B.12)
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[E1, 2] =T3, [E2,55) =T, [E3,21]=Ts, (B.13)
[, 52 = -85, [[2,55]=-21, [[3,31]=-5,, (B.14)

BT =55, [Eo,[8 =21, [E5[1]=2. (B.15)

Note that there was no real need to write down the commutation relations in Eq. (B.15)
since they are a direct result of those in Eq. (B.14). Those commutation relationships that
do not have the pattern of subscripts in Eq. (B.11) can be deduced by mere inspection of

the subscripts in the commutation relationships:

[Fl, 51] =0 s [rz, Eg] = 0, [Fg, 53] =0. (B16)

Clearly, unless an index is repeated on the left-hand side of Eq. (B.11), the commutator
will be 0. We can represent the above commutators in terms of the Levi-Cevita tensor €

and, therefore, cross products:

[F,-,I"J-]=e,~,-k[‘k, r XF=P; (Bl7)
[.::.i, Sj] = e,-,-ka y ExE= F; (B.lS)
[E.,-,I‘j] = e,-jkEk, ExI'=E (B.lg)
Finally
[[,Z]=0, T-E=0, (B.20)

which can be deduced by inspection.

We can see from Eqgs. (B.12)~(B.16) that the set of operators = and I satisfy the first
condition for a Lie algebra in Sec. B.1, and therefore provide a basis for an SO(4) Lie
algebra as well. We will later see that the hydrogenic problem, under certain limitations
which we will discuss, contains the appropriate generators to produce operators that satisfy

the above commutation relations and, therefore, provide a basis for an SO(4) Lie algebra.
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B.3 The Casimir operator

All semi-simple[179] Lie algebras, which include all the Lie algebras considered in this
appendix, contain one or more Casimir operators, which commute with all other operators
in the Lie algebra. Casimir operators are important because they are guaranteed, according
to Schur’s lemma[ 180}, to have a fixed numerical value in a given Lie algebra. Even more
importantly, the set of Casimir operators of a Lie algebra completely characterize the Lie

algebra. For the Lie algebra above the Casimir operators are I - Z and I'2.

B.4 The direct-sum representation of the SO(4) Lie algebra

By a quick look at the commutation relations in Eq. (B.12) we can verify that the set of
operators [; form an SO(3) algebra of their own (a subalgebra) because the product of any
two members of I produces a member of I' (remember, that “product” here is defined as the
commutator). However, by examining the commutators in Eq. (B.13) it is clear that, based
on the same condition, the operators = do not form a Lie subalgebra. However, we can
recast the operators I" and = to produce a new set of operators A and T that form individual
SO(3) subalgebras and the direct sum of these subalgebras form an SO(4) Lie algebra.

Consider the operators

A =3 +3 +ily +4i5,), (B.21)
Aa=3 (T +5 — il —iSy) , (B.22)
As=4(T3+53), (B.23)
Y =3 (01 =5+l —i5y) , (B.24)
Yo=4 (T -5 —il2 +i5y) , (B.25)
Yi=4 (s —55) . (B.26)
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The commutation relations involving A; are
Az, Al = A1, [Ag,As]=As, [A,Ag] =2A;. (B.27)

so that the operators A; clearly form an SO(3) Lie algebra which we denote A, which is a

subalgebra of the SO(4) Lie algebra. Furthermore,
(T3, o] =T1, [T, T3]=Tz, [T1,T5]=275. (B.28)

so the operators T; also form another SO(3) subalgebra of SO(4) , which we call Ay. More

importantly, since
[Ai, ;] =0 for all possible 7 and j (B.29)

then the two subalgebras A, and Ay are completely independent of each other. In this

situation, we say that the two subalgebras directly sum to produce an SO(4) Lie algebra:
Ap & Ay = SO(4). (B.30)

Note, however, that neither set of operators A; nor T; are angular momenta, that is, they do

not obey angular momentum-like commutation relationships.

Note: In this disseration I define an angular momentum operator as any Her-
mitian operator, generally denoted J, that obeys the commutator relationships
defined by J x J = J. The physical (that is, orbital) angular momentum oper-
ator is usually denoted L and satisfies the relationship L x L = iL. Notice the
sudden appearance of the imaginary number ¢. For a more detailed discussion
of what constitutes angular momentum see Ref. [181].
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B.5 The hydrogenic problem

It is well-known to students of quantum physics that the hydrogenic Halmiltonian (with £

and the reduced mass of the electron  set equal to 1)
p?
H=—'§'+Z/T (B.31)

commutes with the orbital angular momentum operators L., L,, L.. What is not as widely
known is that A also commutes with the three components of the Runge-Lenz vector of
Eq. (2.4),
1
A= (-2E)-1/2 |:§(L XP—PpPX L) +Zt (B.32)
Note that we are using the dilated (energy-scaled) Runge-Lenz vector. Many
authors, such as Englefield[178], do not include this energy dependence because
they are interested in deriving the energy eigenvalues of hydrogen that force
the operators that form the basis of the Lie algebra to obey the commutator
relationships of angular momenta. That is not the aim here, so by applying the
knowledge that the zero-field energy of hydrogen is E = —1/(2n?) and scaling

the Runge-Lenz vector accordingly, we will produce a basis of the SO(4) Lie
algebra that consists of angular momentum operators.

In quantum mechanics A is a (Hermitian) vector operator because it satisfies the com-

mutation relations

[Jiy Aj] = iAg (B.33)

with any angular momentum operator J, which for our specific purposes is the orbital

angular momentum operator L:

[Li, Ai] =0, (B.34)
[Li, Aj] = iAy, (B.35)
[Ai, Aj] =iLy . (B.36)
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(A complete derivation of this commutator is given in Englefield[178], Appendix A.) We
know that L satisfies [L;, L;] = iL so L is analogous to I in Sec. B.2. From Egs. (B.13)-
(B.15) it is clear that A is analogous to E.

From our earlier discussion we should be able to form operators from L and A that are
analogous to A and Y and that form SO(3) subalgebras of SO(4). However, we can go
one step further and derive two Hermitian operators, which we call F and G, that not only
form SO(3) subalgebras of SO(4), but also individually satisfy the commutation relations
of angular momentum operators.

First let us assume (using hindsight) that F and G have the basic form
F=3(L+A), G=3(L-A). (B.37)
We can start with the commutator

[Fe, Fyl = 3Lz + 4 Az, 4Ly + 1A
1
=7 (L= Ly] + [Lz, Ay = [Ly, As] + [Az, A)])
i
= §(Lz + Az)

=1iF;. (B.38)
Performing the same operations on the other compenents of F' leads to the general relation
F x F =1F. (B.39)

The same relationship as Eq. (B.39) holds for G as well. Therefore, the components of F

are generators of an SO(3) Lie algebra.

Therefore, the components of F and G are generators of an SO(3) Lie algebra.
Most importantly, F and G are both angular momenta, so we know beforehand

that the Casimir operators of each subalgebra are F and G2, respectively.
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It is straightforward to show that
[Ei G1] =0 ’ [Ex GJ] =0. (B'40)

Therefore, all elements of F commute with all elements of G, so the subalgebras of F and

G directly sum to an SO(4) Lie algebra of the hydrogenic atom:
SO(3)r ® SO(3),; = SO(4). (B.41)

We mentioned earlier that although this SO(4) Lie algebra does not preserve the mag-
netic quantum number m, it does preserve the principal quantum number n. It should then
be possible to construct a set of raising and lowering operators that allow one to step up
and down in m while, at the same time, keeping the quantum number n fixed. Since F and
G are angular momenta, they have the same form of raising and lowering operators as L,

that is,
FE=(F. £ F), G*=(G:%G,). (B.42)

Note that F* and G* commute with the Hamiltonian, which coincides with our statement
that when acting on a state of the system all four operators preserve .

We are also in a position to now establish the relationship between the two quantumn
numbers of interest, n and m, and the generators of the SO(4) Lie algebra. Since F is an
angular momentum, the corresponding Casimir operator F? has an eigenvalue f(f + 1) [in
the same way that the eigenvalue of L? is £(¢ + 1)]. Furthermore,

2 __ 2 2__1 _L_
Fe=4L°+A°) = 4<2E 1)

=i(n®-1)=f(f+1). (B.43)
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Clearly, the same relationship applies for G2. So we now have a prescription for relating

the principle quantum number n with the operators of the SO(4) Lie algebra:

F2=G*=4(n"1), (B.44)
ne2f +1, (B.45)
ne29+1. (B.46)

For m, we have simply F;, + G, = L,. Therefore

ne2f+l, F,+G,om. (B.47)

B.6 The SO(2,1)Lie algebra

So far, we have only considered the zero-field hydrogenic problem. This system was de-
scribed using the commutation relationships pertaining to the SO(4) Lie algebra, which is a
symmetry algebra of the zero-field hydrogenic atom since all of its elements commute with
the Hamiltonian. However, inserting the hydrogenic atom into a magnetic field produces
an extra term in the Hamiltonian, the diamagnetic term, that breaks the SO(4) symmetry
because a particular direction (usually defined as the z axis) is singled out, so many of the
generators of the SO(4) Lie algebra no longer commute with the Hamiltonian. Further-
more, even in the zero-field case many of these operators do not commute with L., so the
SO(4) Lie algebra does not preserve the magnetic quantum number m either.

As we mentioned at the start of this appendix, we will find it convenient to express
the Schrédinger equation in a basis that can be generated by operators that preserve m.
Consider the transformation of the Schrédinger equation in dilated (scaled according to the

energy) semi-parabolic coordinates

ime
p=(2EVMVTFE, ve (BT, b=kt ey
/4
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The resulting Schrédinger equation

# 10 m* , & 18 m* , 4
(5[:2--*.;5;—7!.—2——# +‘a—yz'+;a—y—-u—2—l/ +\/.—ﬁ)‘1’([l,ll)—0.(3.49)

In introductory physics it is well-known that the Schrodinger equation of a two-dimensional

simple harmonic oscillator (SHO) is

? 1 m* |,
+-— -T2y

2
5;5 pap p2 \/—-2_E) \Il(p) =0, (B.50)

so the Schrédinger equation of a hydgrogenic atom, in dilated semi-parabolic coordinates,
behaves exactly like two independent particles bound in a two-dimensional simple har-
monic oscillator potential. The diamagnetic term mixes the two coordinates x and v, but
we will concern ourselves with this later.

For the two-dimensional SHO of Eq. (B.50), Englefield[178] derived the set of Hermi-

tian operators

1/ 10 m* |,
(o 1o m B.
5 4(3ﬂ+u3n u2+“)’ B-1
1/ 8 10 m* .,
s=i(-mmtEtH) (£:52
i 7]
Ss==(1+ —), (B.53)

that generate the SO(2, 1) Lie algebra, defined by
[S]_, 33] = —'ZSg s [53, Sg] = ’I.Sl y [Sz, 51] = &Ss . (B54)
The Casimir operator is given by

S? =82+ 8- 82=4(1-m?). (B.55)
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Although a bit pedantic, we will also note that for the coordinate v:

1/ 190 m* ,
T1—z(—au+;—ay——uz +V), (B.56)
1/ 8 18 m* ,
Tﬂ-z(“a;‘;a;*'?z‘*")’ (B.57)

(1 + u—) . (B.58)
The corresponding Casimir operator is clearly
T?=T}+T}-T?=3(1—m?). (B.59)

The two Lie algebras in this section clearly commute — they directly sum to produce

the SO(2, 2) Lie algebra.

B.7 TheSO(2,2) Lie algebra and its application to diamagnetic
hydrogen

Going back to earlier in the chapter we noted that because [F;, L;| # 0 for all ¢ (nor
does [G,-, L.] for that matter), we could not expect the operators corresponding to the
SO(4) Lie algebra to conserve m. However, we would like to examine the energy spectrum
of diamagnetic hydrogen in a single m-subspace, and the important point to note about the
SO(2,2) Lie algebra that we just determined is that it is a representation of the zero-field
hydrogen problem, expressed in dilated semi-parabolic coordinates, that preserves m under
all operations.

At this point we have reached a crossroads. On the one hand, we have a SO(4) Lie
algebra representation of diamagnetic hydrogen that preserves n under all operations, but
not m. On the other hand, we have a SO(2, 2) representation of the same problem that

preserves m under all operations, but not n. However, there is an overlap between the two
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Lie algebras that consists of a subset of operators that preserve both m and n. It turns out

that this subset describes an isomorphism between the two subsets of operators:

SETF o —F*G7, (B.60)
S, +T,on=2f+1, (B.61)
S,-T.-~F,-G,, (B.62)

me F,+G,. (B.63)

In terms of the SO(2, 2) Lie algebra the diamagnetic term is given by

32 9
(WP + p?t) = BH(S: + Se)(Te + Te)(S: + T + S: + T2). (B.64)

V(g,v)= B

Note that all operators in V' (u, v) preserve m, but not n. However, we now apply first-order
perturbation theory to the Hamiltonian. By expanding V' (u, v) and discarding all terms that
do not preserve n, the result will be guaranteed to be a first-order invariant. So to first-order
in B2, we have

B'Z

g S+ T.)(S*+T?+6S.T. +2S*T~ +2S°T*). (B.65)

Vi, v) —

This expression for the diamagnetic term, although not exact, preserves both quantum
numbers. Since there is an isomorphism between the operators in Eq. (B.65) and the m,
n-preserving operators in the SO(4) Lie algebra, we can simply re-express the potential

energy in Eq. (B.65) in terms of those operators:

202

Vinv) =" 1? (3n2 +1—4F% - G2 +4F.G, —4F*G~ —4F~G*) (B.66)
n2B?

=T (n? +3 4+ m? +4A%? — 542). (B.67)

Finally, we have derived the first-order invariant of the diamagnetic hydrogen problem,

which is expressed in Chap. 2 as Egs. (2.2) and (2.3).
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Appendix C

Description of the Ground State of the One-dimensional
Hydrogenic Atom.

Suppose we are given a normalizable function x(z) defined over the interval (0, c0). We
will now show that the scalar product (R|x) of this function with the ground state of the
one-dimensional hydrogenic atom vanishes. The following follows the treatment of An-

drews. (Ref. [96].) Here we use the shorthand notation (setting the Bohr radius aq = 1)

.1 g
leﬂ(’):’l‘lB‘l)—\/—k_;e Ik, (C.1)

We first break the integration over all space into two parts by choosing a positive value a

such that
(Rizolx) = (h-’-lc--.ol)():.M + (Rk—-OIX):/p (C2)

where the notation (- - -); means to integrate from b to c.

Next we label each integral term as
I = (R o|x)”, I = (Ri_oX)Zn- (C3)
The Schwarz inequality states that for each integral,

I [* < (Reeol Riola” {XIx%" |L? < (RewolReo)Zs (XIX)Z2-  (C4)
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Since

R, o|R )"“"—liml " kg = Loy = 120 oL s
<k—.0I k=0/o —k—oOk‘o € z—z( —€ )_5_2 <§7 (')
then
1
FARES 5 (XIX)”- (C.6)
Also, since
1 [ 1 _,
(Riol Riolip = lim + /2 “ds = g (oh)
then
2 1 —-a =) 1 -a
2|* < 57 (X% < 57 (xx)- (C.8)

Now consider the |I;|2 term. Since x(z) is normalizable, (x|x) = N, where N > 0 is
finite. Therefore, we can always find a sufficiently small value of e and a sufficiently large

value of a = A such that

N
L2 < -i-e"‘ < ie, (C.9)

no matter how small we choose e. With a = A then & can always be made small enough

(remember that £ — 0) so that
9 _ 1 |
|L]* < §(xlx)o <7® (C.10)

Now we can consider the square of the scalar product (R, _,|x),

(ReealX)* = |1 + L] (C.11)
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However, by examining our previously determined results
L+ L = |LP+ |G £2L)|G| < —;-e +L||L| < € C.12)
we can see that
(Rl < €. (C.13)
Since we are free to choose ¢ as small as we wish we therefore have found that
(Reolx) — 0, (C.14)

which means there is no overlap between the ground state of a one-dimensional hydrogenic
atom and any normalizable function.

The consequences of this result are two-fold:

l. In a one-dimensional Coulombic basis, the expansion coefficient ¢, of a normalizable

function x(z) is given by
co = (Re—olX) - (C.15)

Therefore ¢y = 0, regardless of the choice of x(z) so the ground state is not needed

for completeness in the set of one-dimensional hydrogenic wave functions.

2. Since any operator O in Hilbert space operates on normalizable functions to produce

other normalizable functions; that is
Ox(z) = X'(z), (C.16)

then the matrix element

(Rk~0lOIX> = (Ri-o|X’) — 0, (C.17)
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so the matrix element of any Hermitian operator taken between the ground state and

any normalizable function vanishes.

With the above results in mind, we can safely conclude that the ground state of the one-
dimensional hydrogenic atom is nonphysical. However, we must keep in mind that this
result does not hold for finite B-fields, since the potential energy function describing motion

along the z-axis in finite fields is not truly Coulombic.
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Appendix D

The Coupling Potential.

The following is a detailed derivation of the results found in J. Simola and J. Viertamo, J.
Phys. B 11, 3309 (1978) and H. Friedrich, Phys. Rev. A 26, 1827 (1982).

Here we study the coupling potential [Eq. (2.41) in Sec. 2.2.1], which links the excited
states corresponding to motion along the z,y-plane and along 2, in the limit of large |z].
We will find that for large |2| the coupling potential assumes a diagonal form approaching
that of a one-dimensional Coulombic potential

1
V(z) = aE (D.1)

This means that the coupling potential becomes asymptotic to the z-axis as |z] — oo, which
implies an infinite number of bound states for motion along the z-axis. Furthermore, we
will see that V(z) models the behavior of the electron more effectively as the magnetic
field strengthens.

We rewrite the coupling potential as

2 ® Prrm(€)PNm Im|o—€
Vyin(z) 5—\/; wn(z) = /0 wim(8) EN_'+(3E ° (D.2)

where £ = Bp%/2, z=1/B/2 z, and Py ,(€) is related to the Landau wave function by[183]

Qu.m = VBe 2emi2py . (€). (D.3)
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The exact form of Py ,,(€) is[183]

min{S,N)

( ]. N! S! min(S,N)—k
Pum(€) = Z H (N -RG-RC
min(S,N)
Y. ApymERENE D4)
k=0

where S = N—m.

For large |z| (in other words, large |z|) we can expand the denominator in Eq. (D.2) as

VT lrlz( Vo () lxlz () ®-3)

where we let C. = (—1)¥(2k—1!1)/2kk!. We note that Co =1 and C; = —3. Now the

coupling potential is
1 o0
Viw(e) = ;Z [ck( ) / Prvin(€) Pym(€) €™gke™¢ de] (D-6)

The polynomials Py ,,(£) are orthonormal when integrated with the factor £™le~¢, thus

/ Pr1m(€) Prm(€) E™eC dE = bpr v (D.7)
0

If we fix the value of N’ we can find the values of V for which V} (z) is nonzero. With

N’ fixed the only way for integral

I= / Prim(€) Py, (€) Emigke¢ dE = / Pyim(€)Frm(€)E™le~tde, (D.8)
0 0

in Eq. (D.6) to be nonzero is for Py:,(£) to be of equal or higher order than Py ,,(£) &=
Fx m(&). The polynomial Py:,,(€) is of the order O(N') =min(S, N')—k and Fy (§) =
Py m(€) € is of the order O(N) =min(S, N). Therefore we require

min(S, N) <min(S’, N')—k. D.9)
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If m <0 then min(S, N)=N and min(S, N')=N'. Thus
(for [#0) k>N —N. (D.10)

Now suppose m >0 so that min(S, N)=S=N-m and min(S’, N') = N'—m. We find the
same result as above.

We could just as easily focused on N rather than N'. In this case Py ,(£) must be of
equal or higher order than Py, (€)£*. Since N' and N are essentially dummy variables,

we can see that in this case
(for I #0) k>N-N'. (D.11)
We can combine these two results to find that Vi, y(z) #0 only if

IN' = N| > k. (D.12)

} . (D.13)

Now it is desirable to change back to the original p and =z coordinates so that

this means the summation in Eq. (D.6) can be started at k=|N'—N|:

=]

k roo
Ven@ =l 3 (Ce(Z) [ Prim(€Pun(e) emihe< e
N'.N le .’B2 0

k=|N’= N}

2 1 . C. [™
Vi n(z) = -\/—%VQ,N(Z) = H I: Z ‘22—2/(; P2kQN',m(p)QN,m(P)pdp]

k=|NT=N]|
1 = C
= [ Y. ZT:(QN’IP%[QN):I . (D.14)
k=INT- |
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D.1 Diagonal approximation

In the diagonal (adiabatic) approximation (/N = N’) the first two terms are

Vi) = -1 [Cotai) + S| = -2 1- ] @)

|| |2l

If we factor 8/B? out of the p? expectation value in the last term we note that this

transforms into the expectation value of the Landau potential energy function

B2
Thus
Vite(z) =~ Q)] = 1 1 —4 |4 17
T(2) ~ — || 1= 5 mn(O I 7|) = (1= maen). ®m

The virial theorem states that for time-independent Hamiltonians, (V') = (T) = (T + V)

if the potential energy function V is of second order.[184] Therefore

i x - (1= g+ ) =~ (1= grfen) - @19
Remember that the Landau ener