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ABSTRACT

Let F be a differential field with field of constants the algebraically closed
field C. Let Y;; be differential indeterminates and let R = F{Y;;}[X11,...,
Xnn] be a differential ring with derivation D(X;;) = Y i, YitXi;. We show
that the quotient field @ = F(Y;;)(X;;) of R is a Picard-Vessiot extension
of F(Y;;) for GLn(C). Moreover, we show that Q is a generic extension in
the following sense: If E D F is a Picard-Vessiot extension with differential
Galois group G=GL,(C) then E is isomorphic to F(X;;) as a G-module
and as an F-module. Under this isomorphism Dg, the derivation of E,
goes to a G-equivariant derivation which has a form similar to D with the
coefficients Y;; specialized to elements f;; from F. The differential subfield
C(fi;j)(Xij) C F(X;;) is shown to be a Picard-Vessiot extension of C(f;;)
with group GL,(C). From this, one can retrieve the Picard-Vessiot extension
F(X;j) D F by extension of scalars from C(f;;) to F.

Conversely, if given F we specialize the Y;; to f;; in F so that the cor-
responding extension C(fi;)(X) D C(fi;) has no new constants we obtain a
solution to the inverse differential Galois problem for GL,(C). In the second
part of this dissertation we show necessary and sufficient conditions for such

a specialization to exist.



Chapter 0. Introduction

The results in this thesis are aimed at solving the inverse differential Galois
problem for the General Linear Group. In the most general setting the inverse
problem consists in determining what differential field extensions are Picard-
Vessiot extensions of a base differential field with a given algebraic group over
its field of constants the differential Galois group for the extension.

We structure this introduction in three parts. The first two are quick
reviews of the main definitions and results in Differential Galois Theory and
Grobner Bases Theory that will be used in this thesis. In the third part we
explain our results.

Henceforth we will use the terminology and notation employed in [M],
which is also the source used for the summary in 0.1. For a thorough survey

on the direct and inverse differential Galois problems one may refer to [S].

0.1 What is Differential Galois Theory?

Let F' be a field. A derivation on F is an additive map D : F — F such
that D(ab) = D(a)b + aD(b) for any elements a,b € F. A differential field is
a pair (F, D), where F is a field and D is a derivation on F.

A constant in a differential field F' is an element whose derivative is zero.
The set of constants of F is a differential subfield, usually denoted by C.
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We fix a field F of characteristic 0 and assume that its field of constants

C is algebraically closed.

A differential extension field of F is a differential field E O F such that

the restriction of the derivation on E coincides with the derivation on F'.

In the same fashion one defines differential ring and differential extension
ring.
If (R, D) is a differential ring then an ideal Z C R is a differential ideal if

D(I)CI.
For an element y € F we will often use y(*) to denote D(y).

Consider a countable set of indeterminates over the differential field F', de-
noted by Y9, i =0,1,2,.... Let Y = Y(9). Define a derivation on the poly-
nomial ring F[Y,Y() Y .. ] by D(Y(®) = Y(+1) and D(f) = Dp(f), for
f € F, where Dp is the derivation of F. The ring F[Y,Y(!), Y(® . ] with
the above derivation is called the ring of differential polynomials in Y and is
denoted by F{Y'}. Y is called a differential indeterminate. Likewise one can
adjoin a finite number of differential indeterminates Y3, ..., Y, to F and con-
sider the differential ring F'/{Y1,...,Y,}. The quotient field of F{Y;,...,Y,}

will be denoted by F(Yi,...,Ys).

A linear homogeneous differential operator over F' is an operator of the
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form

L=Y® +4,,Y* D 4. 4 a0Y®

where a; € F. For an element y € E, L(y) =@ + ai1y¢™V +--- + agy®
and the set of solutions of L =0 in E is {y € E|L(y) =0}.

Given a field F and a differential operator L = Y9 + a,_; Y 4.4
agY(®) over F there is a proper differential extension field E O F in which
the equation L = 0 has £ solutions algebraically independent over F. This

differential extension can be realized as the quotient field of the polynomial

ring over F in ¢? indeterminates R = F[y ,...,¥¢,¢—1] with derivation Dp
given by
Yij+1 forj<€-1
D .Y = -1
R(y‘h.’) _ Z akyi'k for J— = e
k=0

If E is a differential extension of F and L is a linear operator over F then
the set of solutions of L = 0 in E is a vector space over the field of constants
of E.

Differential Galois Theory studies the nature of the differential extensions
generated by the set of solutions of a differential equation over a differential
base field. Picard-Vessiot extensions are the differential analogues of Galois

extensions in the classical Galois Theory of fields. They are defined as follows:

Definition 0.1.1. Let L = YO 4 g, YD) 4 ... 4 a0Y(® pe a linear
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homogeneous differential operator over F. A differential eztension field E D
F is a Picard-Vessiot extension of F' for L if:
(1) E is generated over F as a differential field by the solutions of L =0
n E.
(2) The constants of E are the constants of F'.
(3) L = 0 has ¢ solutions in E that are linearly independent over the

constants.

A differential extension satisfying only part (2) of the above definition is
called a no new constant extension. This condition guarantees that we are
not adding superfluous solutions to our extension.

Given a differential base field F' and a linear homogeneous differential
operator L = YO a1 YD 4 ... 4 gV over F there is a differential
field extension E D F that is a Picard-Vessiot extension of F' for L. It can
be constructed as follows:

Let S = Fy1,0,---,Yt,e—1][w™] be the localization of the polynomial ring
over F in £ indeterminates R = F(y0,...,¥¢,e-1] at w = detfy; ;]. As
above, one can define a derivation on R by

Yi,j+1 forj<£-1
-1

Da(y: ;) =
r(vi4) - Z aryieg forj=¢
k=0

This derivation can be extended to a derivation on S in the obvious way.
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S is called the full universal solution algebra for (the differential equation)
L(= 0) (abbreviated, FUSA-L).

Let P C S be a maximal differential ideal. Then the fraction field E =
Q(S/P) O F is a Picard-Vessiot extension of F' for L. This result is the
content of Theorem 3.4 in [M].

Moreover, Picard-Vessiot extensions of a given differential base field F for
a fixed L are unique up to isomorphism.

Next we define differential homomorphisms.

Definition 0.1.2. Let Fy, F; be differential fields with respective derivations
Dp, and Dp,. A homomorphism of differential fields is a field homomor-

phism ¥ : Fy — F3 such that Dp,(¥(a)) = ¥(Dp,(a)) for alla € Fy.

Let E D F be a Picard-Vessiot extension of F for L. The set G(E/F)
of differential automorphisms of E over F' is a group. Moreover, it has the
structure of an algebraic group over the field of constants C of F and therefore
it can be viewed as a subgroup of the general linear group GL,(C) of n x n
matrices with non-zero determinant, for some n. We take full advantage of
this algebraic group structure in our construction of a generic Picard-Vessiot
extension for GL,(C).

In Differential Galois Theory, the so-called Galois correspondence also
holds. It is the content of the following theorem:
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Fundamental Theorem of Galois Theory. Let E be a Picard-Vessiot
eztension of F for the linear homogeneous differential operator L. Then

there is a lattice-inverting bijective correspondence between
{F C K C E|Kis a differential subfield}

and

{G < G(E/F)|G is a Zariski closed subgroup}

given by
K — G(E/K) and G — ES.

Picard-Vessiot intermediate field extensions correspond to normal subgroups.

0.2 The Multivarible Division Algorithm.

The machinery of Grobner Bases provides polynomial rings in several
variables with a division algorithm that mimics the Euclidean algorithm in
the one variable case. We will present some basic definitions and results that
appear in [AL] as we introduce the algorithm.

As usual, let k[Xi,..., X,] denote the ring of polynomials f(Xj,...,Xy)

in n variables with coefficients in the field k. Let

T" = {X{*---Xf|B;eN,i=1,...,n}
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be the set of monic monomials in the X;, henceforth called power pro-
ducts. For convenience, Xf ... XP» will be denoted by X8, where 8 =
(Bry--- ,Bn) EN".

First, in order to be able to perform a division of polynomials in n varia-

bles, we need to put an ordering on T™ as follows:

Definition 0.2.1. A term order on T™ is a total order < on T™ satisfying
the following two conditions:

(i) 1 < XP for all XF € T, XB #1.

(ii) If X* < XP then XX < XP X7, for all X* € T™.

Theorem 1.4.6 in [AL] establishes that every term order on T" is a well-
ordering.

The next three definitions provide examples of term orders.

Definition 0.2.2. The lexicographical order on T™ with X; > X3 > --- >

Xr is defined as follows: For

az(aly'--aan)s ,B=(ﬂ1,-.-,ﬂn)€N"

we define

the first coordinates a; and B; in a and

X® < X? if and only i, { .
if and only if from the left which are different satisfy a; < f;

So, in the two variable case we have

<X <Xi<Xi<-<Xi<XiXa<XiX3<--<X}---.
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This order is denoted by lex.

Definition 0.2.3. The degree lexicographical order on T™ with X; > X3 >

--+> X, is defined as follows: For

a=(a1,...,an), ﬂz(ﬂl,—--:ﬂn) enN®

we define

, n n
Za;<Zﬂ;, or

i=1 i=1

X*< XPifand only if { X n
f f Za; = Zﬂ;, and X* < XP with respect to

i=1 =1

( lex with X1 > X3 > -+ > Xq.

So, in the two varible case we have

1< X< X1 <X2<XiXa<X2< X< XiX2 <X} Xo< X3 <o
This order is denoted by deglex.

Definition 0.2.4. The degree reverse lexicographical order on T™ with X; >

X3 > ---> X, is defined as follows: For

a=(ay,...,an), B=(01,...,0n) €N*

we define

n n
Za; < Eﬂg, or

i=1 =1

n n
X* < XP if and only if Za,- = E B;, and the first coordinates a;
i=1 i=1

and B; in a and B from the right, which are
| different, satisfy a; > B;.




This order is denoted by degreviex.
In the two variable case the degree lexicographical and the degree reverse
lexicographical orders are the same. It is no longer the case, however, if there

are three or more variables:

X?X32X3 > X1 X3 with respect to deglex with X; > X, > X;

but

Xszxs < X1X23 with respect to degrevlex with X; > X3 > Xj.

We say that we have a term order on k[X},--- ,Xy,] if we have a term
order on T™.
Now, if we fix a term order on k[X},---,X,]| we can write any non-zero

polynomial f € k[X;,--- ,X,] as

f=a1 X* +a X" +--- +a,X%,

where 0 # a; € k, X% € T", and X** > X2 > ... > X . In this setting,
the following are defined:

o lp(f)=X<, the leading power product of f;

o lc(f)=a1, the leading coeflicient of f;

o lt(f)=a1 X, the leading term of f.
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Definition 0.2.5. Given f, g,k in k[Xy,...,X,], with g #0, we say that f

reduces to h modulo g in one step, written
f-Sh,

if and only if Ip(g) divides a non-zero term X = ao X that appears in f and

X
"= ae*

For f = 0 we define lp(0) = 1c(0) = 1t(0) = 0.

Definition 0.2.6. Let f, h and fi,...,f; be polynomials in k(X,,..., X,],
with f; #0 (01 < s), and let F = {f1,...,fs}. We say that f reduces to
h modulo F, denoted

f—++ h1

if and only if there ezists a sequence of indices 11,12,...,3 € {1,...,8} and

a sequence of polynomials hy,...,he—y € k[X1,...,Xp] such that

a A : fie 5
FECN L L N TSN Y
Definition 0.2.7. A polynomial r is called reduced with respect to a set of
non-zero polynomials F = {f1,...,fs} tf r = 0 or no power product that
appears in r is divisible by any one of the Ip(f;), i =1,...,s. In other words,

r cannot be reduced modulo F.
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Definition 0.2.8. If f —F>+ r and r is reduced with respect to F', then we

call v a remainder for f with respect to F.

The reduction process can be viewed as a generalization of the long divi-
sion in one variable. The Multivariable Division Algorithm (see box on next
page) is defined as a sequence of reductions. The following theorem shows

that the Multivariable Division Algorithm actually works:

Theorem 0.2.9. Given a set of non-zero polynomials F = {f1,...,fs} and
f € k[X1,...,X4,], the Multivariable Division Algorithm produces polyno-

mials uy,...,us, v € k[X1,...,Xn] such that
f=umfi+ - +ufs+m,

with r reduced with respect to F' and

Ip(f) = max{llggg, (Ip(ui)lp(£:)), Ip(r)}-

Proof. First note that the algorithm terminates: at each step, the leading
term of the polynomial h is subtracted off until it cannot longer be done.
This gives a sequence hj,hs,... of the k's in the algorithm, where h;;; is
obtained from h; by subtracting off 1t(k;) and possibly some smaller terms:
hit1 = hi — (1t(h;) +lower terms). This is because h;y1 is computed from h;
by subtracting off %—'}f} fi =lt(k;) +lower terms (in case some Ip(f;) divides
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Ip(h:)) or subtracting off 1t(h;) (in case no lp(f;) divides Ip(k;)). Thus, for
all 4, Ip(hi+1)<lp(h;). Since the term order is a well-ordering, the list of the

h!s must stop.

MULTIVARIABLE DIVISION ALGORITHM

INPUT: f, f1,...,fs € k[Xa,..., Xa] with f; #0 (1 <i < s)

OUTPUT: u,,...,us,r such that f =u f; +--- +u,f; + 7
and r is reduced with respect to {f1,---,fs} and

max{lp(u1)lp(f1), ... Jp(us)lp(fs)lp(r)}=Ip(f).
INITIALIZATION: u; :=0,u3 :=0,...,u, :=0,r :=0,h := f
WHILE k # 0 DO
IF there exist i such that Ip(f;) divides lp(k) THEN

choose i least such that Ip(f;) divides lp(h)

U = Ui+ %
hi=h— g7y fi
ELSE
r:=r+1t(h)
h := h - 1t(h)

For the second part observe that since f = h at the beginning of the
algorithm and we are subtracting off the leading power product of h at every
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stage we must have at every stage Ip(h)<Ip(f). Now, for each ¢, u; is obtained
by adding terms 11:(%)7 where %%f; cancels the leading term of h. It follows
that 1p(u:)lp(f;)<Ip(f). Since r is obtained by adding in terms lt(k), we
have that Ip(r)<Ip(f), as well.q

Examples and exercises that illustrate the algorithm can be found in [AL].

0.3 The Generic Extension for GL,(C).

As we pointed out at the beginning of this introduction the problem that
motivates our construction is the following inverse problem:

Given a differential field F with algebraically closed field of constants
C, find a Picard-Vessiot eztension of F whose differential Galois group is
GL.(C).

Let Y;; be differential inderminates. A generic Picard-Vessiot extension for
GL,(C) is a Picard-Vessiot extension of the generic field C(Y;1,--- ,Yrn),
with differential Galois group GL,(C) and the property that any Picard-
Vessiot extension of F' with differential Galois group GL,(C) is obtained
from it by first specializing the Y;; to f;; € F' and then extending scalars to
F over C.

The terminology “generic” dates back to the works of E. Noether in Galois
theory of algebraic equations [N]. Following her approach, L. Goldman [G]
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introduces the notion of generic equation with group G for a homogeneous
differential equation of order n. Briefly, given an algebraic subgroup G of
GL,(C), Goldman sought an nth order homogeneous linear differential poly-
nomial L(t,y) € C{t1,...,tn){y} where (i,...,t,) is a family of differential
indeterminates over C such that there exists a fundamental system of zeros

(y1,---,yn) of L(t,y) with the following properties:

(1) C(t1,..-,tn,¥1,---,Yn) is a Picard-Vessiot extension of C(t;,...,ts)
with group of automorphisms G.
(2) For any specialization (t1,...,ts) = (£1,...,t) over C which can be
extended to a specialization (t1,...,tn,¥1,---,¥n) = (E1,---,En, Ty
¥,) with C(t1,...,%n,¥;,.--, Yn) a Picard-Vessiot extension of C(t,,...,
t,), the differential Galois group H of C(ty, ... ,tn,¥1,---,¥y,) over C(t,
..., tn) is a subgroup of G.
(3) If § is a differential field with field of constants C and if §(A1,...,As)
is a Picard-Vessiot extension of § with group H C G, where (Ag,...,A5)
is a fundamental system of zeros of a homogeneous linear differential poly-
nomial L(y) € §{y} of order n, there exists a specialization (t,...,t,) —
(t1,...,tn) over C such that £; € § (i =1,...,n) and L(¢,y) = L(y).
Let ¢y,...,t.%1,...,t, be elements of some differential field extension of
3. In Goldman’s terminology, (¢1,..-,t) = (t1,-...,tr) is a specialization
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over § if for any differential polynomial F(yy,...,y-) € §{y1,--.,¥-} such
that F(ty,...,t.) =0 we have F(ty,...,t.) =0.

For the general linear group, Goldman constructs a generic equation as

follows:
Let
Wi(ylv'"’yn) .
P; ey = i1=1,...,n),
‘(yl, yn) WO(yli"'ayn) ( ' )
where
()
7 R
C Cia
W; = (—l)i ylt'n 1+3 T ys(:‘ "+1))
n— n—t
7 SRR '\
ygn) o ysln)

and the y; are differential indeterminates. Let t; = Pi(y1,...,yn) then

L(t,y) =™ + Pi(y1,- -, 9n )™V + -+ Pa(yn,- .-, 90 )y

is a generic equation with group GL,(C). Goldman's construction is equi-
valent to Example 5.26, p. 72 in [M].

By the second property of Goldman’s generic equation, if a specialization
(t1,...,tr) = (t1,...,% ) is found such that C(t;,...,tn,%,.--, ¥y,) is &
Picard-Vessiot extension of C(t,...,t,) the differential Galois group H of
C(ti, ..-,tn,¥1,---,9,) over C(t1,...,t,) is only a subgroup of GL,(C).
That is, Goldman'’s construction does not guarantee that after a suitable
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specialization of the ¢; an equation over § is obtained with group GL,(C).
The reason why the differential Galois group may become smaller is that
when the specialization of the coefficients of the generic equation is carried
out there is no control on the changes in the derivation of the differential field
extension associated to that equation and as a result the derivation in the
extension associated to the new equation with the coeflicients specialized
need not to be G-equivariant. Also, this approach neglects other possible

derivations that produce the same equation.

Our generic extension for GL,(C) is the quotient field of the coordinate
ring of GL,(C) with differential indeterminates Y;; adjoined together with
a “generic” derivation. The derivation is defined in such a way that after
specializing the indeterminates to elements of the base field we still obtain
a GL,(C)-equivariant derivation and therefore the full GL,(C) is preserved

as the differential Galois group of the new (specialized) extension.
We are now ready to introduce our results.

Let F be a differential field with algebraically closed field of constants
C. Let Y35, 4,5 = 1,...,n, be differential indeterminates over F. We will
consider the differential ring R = F{Y;;}{X11,...,Xnn] with derivation given
by D(Xij) = ¥_,-; YieXe;- This derivation on R extends in a natural way
to its quotient field Q@ = F(Y;;)(Xi;). We have the following (Theorem 2.1.1
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in Chapter 2):

Theorem 0.3.1. In the above notation, @ = F(Y;;)(Xi;) s a Picard-Vessiot
eztension of F(Y;;) with differential Galois group GL,(C). Moreover, Q is
a generic Picard-Vessiot eztension in the following sense:

Let E D F be any Picard-Vessiot eztension of F with group GL,(C),
then E is isomorphic to F(X;;), the function field of GL,(C) eztended to F,
as a GL,(C)-module and as an F-module and there are f;; € F such that
the derivation on E is Dg = Z?=1 fieXej and the Picard-Vessiot extension
F(X;;) 2 F is obtained from the Picard-Vessiot eztension C(f;;)(Xi;) 2

C(fi;) by eztension of scalars to F over C.

To show that Q 2 F(Y;;) is Picard-Vessiot we use the following charac-

terization (Proposition 3.9 in [M]):

Proposition 0.3.2. Let E D F be an extension of the differential field F.
Assume that the field of constants C of F is algebraically closed. Then FE is
a Picard-Vessiot eztension of F if and only if:
(1) E =F(V), where V C E is a finite-dimensional vector space over C;
(2) There is a group G of differential automorphisms of E with G(V) C V
and EC = F;
(3) E 2 F has no new constants.
In particular, if the above conditions hold and if y;,...,yn is a C-basis of
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V, then E is a Picard-Vessiot eztension of F for

L=w(Y,yx,~-,yn)
w(y1,-.-,Yn)

and L7(0) = V.

As usual, w(fy,..., fs) denotes the Wronskian determinant of fi,..., fs,
defined by
A (1)
£, L. fs
wifi, o fo)=| . .

-1 4 1
f{-’ ) fé’ ) L fﬁ’ )
We point out that, as in classical analysis, the non-vanishing of the Wrons-

kian of fy,..., fs € E is a necessary and sufficient condition for their linear
independence over the constants of E.

In our case, (1) and (2) follow from the construction, with G =GL,(C).
However, condition (3) is highly non-trivial and the proof requires a long and
delicate argument involving the Multivariable Division Algorithm presented
in Section 0.2.

We briefly describe the steps in the proof of (3):

First, we introduce the notion of Darboux polynomial (Definition 1.2.1):

Definition 0.3.3. Let D be a derivation on the polynomial ring A = k[Y;,
.., Ys]. A polyomial p € A is called a Darboux polynomial if there is a
polynomial q € A such that D(p) = qp. That is, p divides D(p).
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The definition of Darboux polynomials is motivated by the following fact

(in Proposition 1.2.3, Chapter 1, we prove the statement for A = R):

Proposition 0.3.4. Let p1,p2 € A = k[Y1,...,Y;] with p; # 0 and p; and
p2 relatively prime. Suppose that D(%) = 0, then p1 and p2 are Darbouz

polynomials. Moreover, if 1,92 € A are such that D(p1) = q1p1 and D(p2) =

q2p2, then q1 = qa.

In other words, a new constant in Q@ = F(Y;;)(X;;) has to be the quotient
of two relatively prime Darboux polynomials in R, which satisfy the Darboux

condition for the same polynomial q.

Then we prove that there are no new constants in Q by showing that
there are no relatively prime Darboux polynomials in R. We prove this last
statement by showing that the only Darboux polynomials in R are, up to
a coefficient in F', powers of det[X;;]. This is the content of Theorem 0.3.5

(Theorem 1.3.16 in Chapter 1).

Henceforth we regard the set of power products in F[X;;] ordered with

the degree reverse lexicographical order (Definition 0.2.4).

Theorem 0.3.5. Let p and g be polynomials in R = F{Y;;}(X;;] that satisfy
the Darbouz condition D(p) = qp. Then there is a € N and £ € F such that
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p = { det[X;;]* and

The first step to prove this theorem is to show that there are no non-trivial

Darboux polynomials in F{Y;;} (Proposition 1.3.1, Chapter 1):

Proposition 0.3.6. Ifh(Y) € F{Y;;} satisfies h'(Y) = g(Y)h(Y), for some

g(Y) € F{Y;;} then h(Y) € F.

Next, we want to find an expression for ¢ in terms of p. For this purpose,
for any power product X that occurs in p we compute its coefficient in D(p)

(Proposition 1.3.5, Chapter 1):

Proposition 0.3.7. Let p =) pa(Y)X* € F{Y;;}{X;;]. Then for any a
with po(Y) # 0, the coefficient of X* in D(p) is
Pa¥) +2a(Y) DY %+ 3" Y (0 +1) Y pas (Y)Y,
i=1 j=1 i=1 j=1 i
where a;j ¢ is the ezponent vector of the power product

j
ag; —1 as;i +1 . .t
X XpiThe XEHTh L Xamn if U>d

- 3%% ai;+1 i—1 - e .
Xa.'j.t={X111 o ”.XZ?"J e Xaa i i<t
Then, we prove that if a polynomial q € F{Y;;}[X;;] satisfies D(p) = gp
for some Darboux polynomial p € F{Y;;}(X;;] then q € F{Y;;}, that is, the
X;; do not appear in ¢q. Using this fact and Propositions 0.3.6 and 0.3.7
we show that if p € F{Y;;}[X;;] is a Darboux polynomial then it does not
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contain the Y;;. This last fact is the content of the following (Proposition

1.3.6 in Chapter 1}:

Proposition 0.3.8. Let p € F{Y;;}[{X;;] and suppose that D(p) = gqp, for

some q € F{Y;;}. Then p € F[X11,...,Xnn)

So, in summary, if p,q € F{Y;;}[Xi;] satisfy D(p) = gp then p € F[X;;]
and ¢ € F{Y;;}.

We then show that such a ¢ must be a linear polynomial in the Y;;. We
give an expression for ¢ in terms of the coefficients and the exponents of the
power products of p and from it deduce that p is a homogeneous polynomial.
As a Corollary to this fact we obtain the following expression for g (Corollary

1.3.9 in Chapter 1):

Corollary 0.3.9. Letp € F[X11,...,Xnn| and suppose that D(p) = qp, for
some q € F{Y;;}. Let ip(p) = X%, a = (ai1,...,ana) be the leading power
product of p, and let £ € F' be its coefficient. Then
;, n on
9=7 +;§aﬁ¥a-

With this expression for g we proceed to show that p is, up to a coefficient
in F, a power of det[X;;]. This is done by showing that p is the sum of all
the power products in the X;; in which for each iy, 1 < 7y < n, there is one
and only one X;; in the power product with first subindex i = i3 and for
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each jo, 1 < jo < n, there is one and only one X;; with second subindex
j = jo- This characterizes the polynomial det[X;;] and its powers. For this,
the first step is to show that the leading power product of p is one of such

power products. We have (Lemma 1.3.11 in Chapter 1):

Lemma 0.3.10. Let p € F[X;j] be such that D(p) = qp,q € F{Y;;}.
Let lp(p) = X, a = (au1,...,Qnn), be its leading power product. Then
aij =0forj+i#n+1and ajn-iy1 >0, i=1,...,n, that is, Ip(p) =
Xiam Xgmn1t - Xapt. Moreover, ajn—it1 = ain, for i > 1. Thus, if we let
a = ain, then
Ip(p) = (X1nX2,n—1-- Xn1)*.
With this, we can further simplify the expression for ¢ (Corollary 1.3.12

in Chapter 1):

Corollary 0.3.11. Let p € F[X13,...,Xnn] and suppose that D(p) = qp,

q € F{Y;;}. Let a be such that
lp(p) = (XlnX2,n—1 i an)a
and let le(p) = £ € F be the leading coefficient of p. Then

¢ =
q= -[+42Yii»
i=1

The following (Corollary 1.3.13 in Chapter 1) is an obvious consequence
of the above facts:
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Corollary 0.3.12. Let p be as in Corollary 0.3.11. Then p is homogeneous

of degree na.g

Now, note that in particular Lemma 0.3.10 implies that p is not re-
duced modulo det[X;;] since the leading power product of p is lp(p) =
(X1nXa2,n-1---Xn1)* =lp(det[X;;])*. This last statement, along with the
Multivariable Division Algorithm, allows us to conclude the proof of Theo-
rem 0.3.5.

As a consequence we cannot obtain the Darboux polynomials p;, p2 as in
Proposition 0.3.4. Condition (3) in Proposition 0.3.2 then follows.

The fact that E is isomorphic to F(X;;), as a GLn(C)-module and as an
F-module follows from Kolchin’s Theorem on the structure of Picard-Vessiot
extensions, proved in [M]. The statement about the form of the derivation
Dg on E is a consequence of the fact that the partial derivatives with respect
to the X;; are a basis for the Lie algebra of GL,(C). The generic property
of our extension is hence established. This ends the proof of Theorem 0.3.1.

If we consider a different derivation on R = F{Y;;}[X;;] we obtain the
same result regarding Darboux polynomials in R (Theorem 1.3.17 in Chapter

1):

Theorem 0.3.13. Let F be a differential field with algebraically closed field
of constants C. Let Dg;j) € Lie(GLn(C)) be the derivation given by mul-
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tiplication by the matriz E(ij), with 1 in position (i,j) and zeros elsewhere.
Let Dy, s,t =1,...,n, be any other basis of Lie(GL,(C)). Define a deriva-
tion on the ring R = F{Y;;}[X11,...,Xnn] by D = 3 YDy Let p and
q be polynomials in R that satisfy the Darbouz condition D(p) = qp. Then

there is a positive integer a and a scalar £ € F, such that p = €det[X;;]* and

d n
= % + aEi:l Y.

In summary, we started with a differential field F' whose field of constants
C is algebraically closed and wanted to find the Picard-Vessiot extensions
of F' with Galois group GL,(C). With these data we constructed a Picard-
Vessiot extension for the “generic” field F(Y;;), with Galois group GL.(C),
and showed that the desired Picard-Vessiot extensions, if they exist, are
homomorphic images of the generic one, where the homomorphism is given
by Yi; — fij. In order to solve the inverse problem we need to show that

such a homomorphism can be found.

Our next set of results provide necessary and sufficient conditions for
the homomorphism Y;; — f;; to yield a Picard-Vessiot extension via the
procedure described in Theorem 0.3.1. The field F is assumed to be of finite
transcendence degree over its field of constants C, so that it can be viewed as
F =C(t1,...,tm)[21,---,2k] where the t; are algebraically independent over
C and the z; are algebraic over C(¢ty,...,¢n). The derivation on F extends

24



to F(X;;) in such a way that D(f @ X;;)=D(f) @ Xs; + f ® Zf.-d(;j on
=1
F ® C[Xy;]. First, we have (Theorem 2.2.2 in Chapter 2):

Theorem 0.3.14. Let C be an algebraically closed field with zero derivation.
Let F =C(t1,...,tm)[21,.-.,2k], where the t; and z; are as above. Let C be
the field of constants of F(X;;), where the X;; are algebraically independent
over C. ThenC = C if and only if the X;; are algebraically independent over

C.

To check whether the X;; are algebraically independent over C, we let
X (k) denote the set of power products in the X;; of total degree k or less.
We then have that the X;; are algebraically independent over C if and only
if, for each k, the set X (k) is linearly independent over C. Fix any ordering
in X (k) and let W} denote the Wronskian of X (k) relative to that ordering
(of course a Wronskian computed using any other ordering of the elements
of X (k) will only differ from this one by a sign). The condition of Theorem
0.3.14 is equivalent to requesting that W is non-zero for all k.

We need to find a specialization (homomorphism) F{Y;;}[X;;] = F[Xi;],
with Y;; — fij, so that the differential extension F(X;;) O F, with the
derivation induced by the specialization, has no new constants. Letting Wi
be the Wronskian of X (k) in F{Y;;}(X;;] we have (Theorem 2.2.3 in Chapter
2):
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Theorem 0.3.15. Let F be as in Theorem 0.3.14. There is a specialization
Yi; — fij with F(X;i;) D F a no new constant eztension if and only if there

are fij € F such that all the W map to non-zero elements.

In Chapter 4 of this dissertation, we offer an example of how to compute
a new constant if the condition of Theorem 0.3.15 fails.

Unfortunately, Theorem 0.3.15 gives an infinite set of conditions and so
far it remains an open question whether there are f;; such that the images
of all the W, are simultaneously non-zero.

Finally, in our proofs of Theorems 0.3.14 and 0.3.15 the fact that the
group under consideration is GL,(C) does not matter. The only property of
this group that is used is that it is a connected algebraic group and thus we

generalize the results for such groups.
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Chapter 1. Preliminary results

In this chapter we set up the notation and establish the first results that

will be used in our construction of the generic extension for GL,(C).

1.1 The differential field F(Y;;)(X11,.--,Xan)

Let F be a differential field with algebraically closed field of constants C.
Let Y;;, i, = 1,...,n, be differential indeterminates. For convenience,
(k+1)

denote Y;

iJ by Yij,k for &k 2 0. SO, in this setting, D(K],k) = Yij,k-{-l

for k > 0. As usual, Y;jo = Y;;. For k = 0 we will omit the k-subindex
in our notation and simply write Y;;. We will consider the differential ring
R = F{Y;;}{X11,...,Xnn] with derivation D(X;;) = 3., YieX¢;. This
derivation extends to the quotient field @ = F(Y;;)(X11,...,Xnn) of R in

the obvious way: if p,q € R, ¢ # 0, then

D (g) - D(p)q;;pD(q)_

Henceforth we will regard the field Q) as a differential field for the above
derivation.
It is convenient to use single letters to abbreviate the subscripts of the

coefficients of the power products in a polynomial. Thus, an expression like

a =
aaxllll - k[kl
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means “aq,,. .auXi1t o0 X :,"‘". We will also write X to denote the power
product “X 3. X3 ... X8t ... X3nn?  ag before. So a typical term of
a polynomial in the X;; will be denoted by “a,X*". We will also use this
abbreviated notation for differential polynomials in the Y;; or in both the
Xi; and the Y;;.

The ring F[X;;] is assumed to be ordered with the degree reverse lexi-
cographical term order (degrevlex, Definition 0.2). That is, the set T =
{XP|X = (Xi), B = (Bij) € N""} of the power products in the X;; is

ordered by X3 > - > Xin >+ > Xp1 > -+ > Xpn, and
;, noon n n
2D i <) By or
j=1i=1 j=11=1
n n n n
X® < XP if and only if ¢ ZZa.-,- = Z Zﬂij, and the first coordina-
=1 i=1 =1 i=1
tes a;; and f;; from the right which are different

\ satisfy a;; > B;;.

1.2 Darboux polynomials

and constants in F(Y;;)(X11,...,Xnn)

Our main goal through the rest of this chapter is to show that the field of
constants C of @ = F(Y;;)(X11,-..,Xnn) coincides with the field of constants
C of F. In this section we will show that this can be reduced to showing
that the only Darboux polynomials in R are, up to a coefficient in F', powers
of det[X;;].
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Definition 1.2.1. Let D be a derivation on the polynomial ring A = k[Y1,
...,Y,]. A polyomial p € A is called a Darboux polynomial if there is a

polynomial q € A such that D(p) = qp. That is, p divides D(p).

Darboux polynomials correspond to generators of principal differential
ideals in A. In Chapter I of J.A. Weil's Ph.D. Thesis [W95], the author
discusses constants and Darboux polynomials in Differential Algebra. In

particular, the following property is given (Lemma 12, Section 4.1):

Lemma 1.2.2. If p;,p2 € A are Darbouz polynomials for the derivation D
then p1ps is also a Darbouz polynomial for D. Conversely, if p is a Darbouz
polynomial for D, then all its irreducible factors are Darbouz polynomials as

well.

Proof. If D(p1) = ¢1p1 and D(p2) = qap2, with q1,q2 € A, then

D(p1p2) = D(p1)p2 + p1D(p2) = (@1 + 92)p1P2-

Conversely, suppose that D(p) = gp, with ¢ € A and p = p["*p2, where p,
is irreducible and p; and p; are relatively prime. If we replace D(p"p2) with

its equivalent expression qpl*p2, we get

gp7p2 = (m — 1)p* "' D(p1)p2 + pI*D(p2).

Since p* divides both terms on the right hand side of the above expression
and p; and p; are relatively prime, p has to divide D(p;). For the same
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reason, we have that p» must divide D(p;). Applying the same argument,
one gets by induction that all the prime factors of p need to be Darboux
polynomials as well.q

The following proposition gives a necessary condition for the existence of

new constants in the extension Q D F in terms of Darboux polynomials:

Proposition 1.2.3. Let p1,p2 € R = F{Y;;}[X11,...,Xnn] with p2 # 0
and p1 and p, relatively prime. Suppose that D(%) =0, then p; and p2 are
Darbouz polynomials. Moreover, if q1,q90 € R are such that D(p1) = qip;y

and D(p2) = qops2, then 1 = qa.

Proof. We have

D (@_) _ D(p1)p2 —sz(Pz) o,
p2 P2

thus D(p1)p2 — p1D(p2) = 0, that is

D(p1)p2 = ;1 D(p2). (1)

Since p; and p; are relatively prime, the last equation implies that p; divides
D(p1) and p, divides D(p,).
Now, let ¢1,92 € R be such that D(p1) = q1p1 and D(p2) = ¢q2p2, respec-

tively. Then it follows from (1) that

q1P1p2 = 2p1P2-
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Hence, g1 = g2.00
1.3 Finding the Darboux polynomials of R

Let p = £det[X;;]* € R, with £ € F. We have
D(p) = €' det[X;;]* + £(a det[X,-j]“"lD(det[X;j])).

But,

D(det[X;;]) = trace[Y;;] det[X;;].

Thus,

D(p) = €' det[X;;]* + £(a det[X;;]* ' trace[Y;;] det[X;;]
= (%' + atrace[Y;;]){ det[X;;]°.

That is, p = £det[X;;]* with £ € F is a Darboux polynomial in R. Our next
step is to show that the only Darboux polynomials in R are exactly those
of this form. Hence, no two Darboux polynomials in R are relatively prime.
Then, by Proposition 1.2.3, there are no new constants in Q.

First we show that there are no non-trivial Darboux polynomials in the
ring of differential polynomials F{Y;;}. In order to simplify the notation we
will use R’(Y) instead of D(h(Y')), for a polynomial A(Y) € F{Y;;}.
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Proposition 1.3.1. Ifh(Y) € F{Y;;} satisfies b'(Y) = g(Y)h(Y'), for some

g(Y) € F{Yi;} then h(Y) € F.

Proof. The subindices of Y;;» = D*(Y;;) are ordered triples {ij, k} of natu-
ral numbers. Order them with the lexicographical order, namely, {i151, k1} >
{2272, k2} if and only if the first coordinates s; and s from the left, for
s =1, j,k above, which are different satisfy s; > s;.

Let {mn,t} be the largest subindex such that Y;n, ¢ occurs in h.

Let h(Y) = Y _ aaY{3* -+ Yms*. Then

! - ! ayy QAmn,t aiy—lyra11,1+1 QAmn,t
R(Y) = Z a Y1t - Ymn,t + § : aqan1 ¥y Yll,l Tt Ymn,t
a a
a -1

+---+ E aaamn,tyﬁu e Ym:‘,'t‘" Ymn,t41

a
a Q. R -1
= hl(Yllv v men,t) + ( E :aaamn,tYnn s Ym:': ‘ )Ymn,t-(-l
@

=g(Y)h(Y).

For Yin t+1 = D(Ymn,t) we have {mn,t + 1} > {mn,t}, thus it does not
occur h(Y') by the choice of {mn,t}. Also, it does not occur in hy(Y11,---,
Ymn,). Thus the above equation implies that Yimp ¢+1 must occur in g(Y).
Let g:+1(Y') be its coeflicient in g(Y') and put h2(Y') = Z GaQmn,tY(1" -+ Y:,’:’t‘"-l,
a

then we have

h(Y)9t+1(Y)Ymn.t+1 = hz(Y)Ymn,t-i»l
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or

h(Y)ge4+1(Y) = ha(Y).

But the total degree of hy(Y) is strictly less than the total degree of h(Y).

This forces h(Y) € F.q
Remarks.

1.3.2. f X* = X\ .- XJim ... X2pt ... X2nn is an X-power product

then
D(X*)=(D_ Y ai¥u) X*

i=l j=1
n on

+ Z Z (Za.'jYichl“ . ~Xg-‘j -t X"""H - XZnn

i=1j=1 ¢>i
+) @YXt Xt X5 X,
(241
1.3.3. Given a power product X*, we want to know which are the X-
power products in whose derivatives appear a Y-multiple of X*. That is,
if

X Xﬂu Xam Xam. X:'!:n

then we need to find the power products X? such that D(X?) contains a

power product of the form

Yo X3t oo Xiam - X0 - XSnm
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From the expression obtained in Remark 1.3.2 for D(X?), we see that the

only such power products are the ones of the form

au .. +1,...xo-1l, Ya i
o { X3 X X Xgm  if r<t
Xt Xgeml Xl Xann  if 5> ¢

forr,s=1,...,nand t #r, and X* itself.
n
1.3.4. Let p € R. Since D(X;;) = Z Yi¢e X, then the total degree of p
=1

with respect to the X;; does not change after differentiation. Therefore, if

D(p) = qp then we must have q € F{Y;;}.

Proposition 1.3.5. Let p = Z Pa(Y)X® € R. Then for any a with
[« 4

Pa(Y) #0, the coefficient of X* in D(p) is
n n n n
Pa(Y)+2a(Y) DD aii¥u+ D) (@i +1) D pay.(Y)Yie,
i=1 j=1 i=1 j=1 t#i
where a;j,¢ is the ezponent vector of the power product

ij

” . =1 p .
Yo X XGF . Xps T X if i<
- i—=1 si+1 . .
Xpt e Xpi ™ XEFT o Xgan df €

3

as in Remark 1.3.3.
Proof. This is a direct consequence of Remarks 1.3.2 and 1.3.3.

Proposition 1.3.6. Let p € R and suppose that D(p) = qp, for some q €
F{Yt]}' Then PE F[Xlla sy Xnn]—
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Proof. Let p = ) po(Y)X*. Then
D(p) =) pa(Y)X* + pa(Y)D(X?)
=4qp

=Y a(Y)pa(Y) X"
By Proposition 1.3.5, for each a such that the coeficient of the X-power

product X in p is po(Y) # 0 the corresponding coefficient of X* in D(p) is

D(p)a = Pa(Y) +Pa(Y) Y Y aii¥i

=1 j=1
+ 3 (@i + 1)) pa; o (Y)Yt
=1 j=1 t£i

Since D(p) = gp, it must be D(p)o = q(Y )p«(Y). That is, for each a, we

have

aY)Pa(Y) =pL(Y) +pa(Y) ) ) aii¥u

=1 j=1
n n
+ Z Z(aij + 1) E ij,g (Y)Yzl
=1 j=1 ¢4

Therefore, for every a, the coefficient po(Y) of X* in p divides
p:x(Y) + Z Z(aif + 1) Epaij,t (Y)Yfl'
i=1 j=1 t#i
Thus, for each a, there is uo(Y) such that
Pa(Y)ua(Y) =po(Y) + D Y (aij +1) Y Pay;.o(Y)Yie-
i=1 j=1 i
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As in the proof of Proposition 1.3.1, order the triples of natural numbers
with the lexicographical ordering. Let {mn,t} be the largest subindex such
that Yn,¢ occurs in p. We have D(Ymnt) = Ymn,i+1 and {mn,t +1} >
{mn,t}.

Now, for each a such that Y., : occurs in po(Y) we have that Yiun 141

will occur in p/,(Y) but not in p,(Y) or in

Z Z(ai:f + 1) Z Pa;;,. (Y)Yit

i=1 j=1 t#i

by the choice of {mn,t}. Therefore, it must occur in p, (Y )uq(Y). Let
Pa(Y) = ) ap¥fiu¥ie - Yoo,
Then
P(Y) = Y ap¥fi - v
+ Z ERTCTS £l €t URRTED seia ol S
+ 3 agBmn Y - Yo ™ Yomm,1.-

So Ymn,¢t+1 occurs in pl(Y) only in

mn -1
E :aﬁﬂmn,‘quu o 'Yvﬁﬂ.,t't Yonn,t+1
mn -1
= (X 9Brmn Y - Yori ™ ) Yomn,ea

- v(Y)Ymn't+1-
Since Ymn 41 occurs in po(Y )uq(Y) and not in p,(Y') it must occur in
ug(Y). Let uq,e+1(Y) be the coefficient of Yn t+1 in uo(Y). Then it has to
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be

pG(Y)ua.t+1(Y)Ymn,t+1 = ‘”(Y)Ymn.t-f-l—

The above equation implies that p,(Y') divides v(Y). But this is impos-
sible since the total degree of v(Y') is strictly less than the total degree of

Pa(Y). This contradiction yields the result.q

Lemma 1.3.7. Let p € F[Xy,,...,Xnn| and suppose that there is q €
F{Y;;} such that D(p) = gqp. Let XP be any power product in p. Then

n
the coefficient of Y;; in q is Zﬂgj, fori=1,...,n. In particular, the sums
i=1

n
Eﬂ‘f’ fori=1,...,n, are independent of the choice of XP.
=1

Proof. We have p = 3 ag X?, with ag € F.
Thus,

D(p) = apX? + agD(XP)
=qp

= Z q(Y)agX?.
By Proposition 1.3.5, the coefficient of X? in D(p) is
n n n n
ag+ag) Y BiYu+d D (Bii+1))_ eg; . Yie
i=1 j=1 i=1 j=1 (£ 231
Hence, it must be
n n n n
oY)ag =ag+as(D ) Bi¥u+ ) ) (B +1))_ ag,;.Yie).
i=1 j=1 i=1 j=1 &£
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From this,

oY) = SZ‘ +3 N B+ ) Bi+1)) %Ya.

=1 j=1 =1 j=1 #i

n

The coeflicient of Y;; in the above expression is Zﬂij, fori=1,...,n.
=1

Since this expression for q is valid for any index 3, the “in particular” part

follows immediately.

Corollary 1.3.8. Let p be as in Lemma 1.5.7. Let X* be the leading power
product of p. Let XP be any power product with non-zero coefficient in p.

n n
Then Zﬂij = Za;j, fori =1,...,n. Thus p is homogeneous of degree
i=1 i=1

Corollary 1.3.9. Let p € F[X11,...,Xnn] and suppose that D(p) = gp, for
some q € F{Y;;}. Let X* be the leading power product of p, and let £ € F
be its coefficient. Then
e, n n
¢=7+ Z Zaijyii—
i=1 y=1
Proof. By Proposition 1.3.5 and since D(p) = gp, the coefficient of X< in

D(p) is

lg= ¢+ (Z Z a;‘j}’ii + z E(aij + 1) ZPG.‘,’,:YM) - (1)

i=1 j=1 i=1 j=1 t£i
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The pa,;, are the coeflicients of the power products in p, different from
X<, whose derivatives involve it. By Remark 1.3.3, these other X-power
products are those of the form

a’»’»,,, [« ¢ +1_’. o —1... o .
Xoret = { Xll X"" X-g_," Xm"“‘ if r<t
- - . '
Xﬁu"'X:" 1-~'X,9§"+1-»-X,‘:;" if r>¢

all of which violate Corollary 1.3.8 for i = r and ¢ = t. Therefore it must be
Pa;, =0, forall i,j = 1,...,n; k # i. But now, substituting back in (1),

we see that then
=0+ ez Za.‘jyﬁ.
i=1 j=1

Hence,

4

n n
+ 2 Z ai;Yii.o

=1 j=1

~| MR

q —
In order to show that the Darboux polynomial p as in the previous results
has the desired form we will first show that it is not reduced with respect to

det[X;;]. For that we show that the leading power product of p is a power

of the leading power product of det[X;;]. The first step is the following:

Lemma 1.3.10. Let p € F[X;;] be such that D(p) = qp,q € F{Y;;}. Let
Ip(p) = X* be its leading power product. Then a;; =0 forj #n—i+1 and

. . a -
@in-i+1 >0, i=1,...,n. That is, Ip(p) = X{3" X, 527" --- X7t

Proof. To prove that a;; = 0 for j # n —1 + 1 we first show that a;; =0

forj>n—k+1,t 2k k=2,...,n Indeed, for k =2 we have j >n —1,
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so j =n and
n-1
D(lp(p)) = Qpp Z Y. kxau . Xahn+1 X:,":"-l +...
k—

Since g has no Y;; with ¢ # j, each term in D(lp(p)) containing such a Y;;

must be cancelled. In particular we need to cancel the terms containing

a a; +1 -1
Yo, XSt oo X2 Xamn

mn

for j=1,...,n —1 above. For that we can only use the derivative of power

products of the form

Xanl.j —

ay aje—1 ajntl ani1 | ane+1 Qnn—1
Xort - X4 X Xapt e Xt - X, £ <nm,

Jﬂ.

all of which are strictly greater than lp(p). Thus they may not occur in p.
As a consequence, it has to be ap, = 0. Now let £ > 2 be such that a;, =0
for it > k. Then

lp(p) =

a1y Oh ln LY Shn-1l p&Rr41,l Y Rhtln—1l  y@n.n-1
X X : Xk,n—l k+1,1 Xk+1,n—1 Xn,n—l

and

—_ ya ain+1 ag—-1,n—1 Qn,n—1
D(p(p)) = @k—1,n( Y Yeop, Xt - Xginth.. XPATHn"0oo. Xonny
1<k—1

Yo ak-1,n—1 .. XYSQintl | yOnin-1
+ Z Ye1,: X0 - X 20 m Xin" Xano1
i>k—1

+..
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Likewise, we need to cancel all the terms in D(lp(p)) involving Yi_, ;, for

t # k — 1. In particular, we need to cancel the terms of D(lp(p)) involving
: - n"l n,n—
Veoa X Xt X X

with ¢ < k—1. In order to do it, we can only use power products of the form

Xh-rti =
XEp oo X X X X X
fort <k -1
But all of them are strictly greater than lp(p) and therefore they cannot
occur in p. Thus, it has to be ag—1,» = 0. Since this argument is valid
for any k > 2, it follows that az, = 0, for k = 2,...,n. This makes the
statement that a;; =0for j >n—k+1, ¢ 2>k, true for k = 2.

Now assume that k is such that a;; =0for j >n—k+ 1,7 2 k. So

Ip(p) =
iy, Y QXn ,, YERen—ktl pRhtbl,l | el -kl An,n—-k4l
Xll in k,n—k+1 Xk+1,1 k+1,n—k+1 Xn,n-k+l
and, for all z > k,

i g oz ® SN QAin . Qh,n-h+l+1 .. Qi n—k41l -1 .. QAn n—hi1
at.n-k-i-lythn 1n Xk,n—lc+1 Xi,n-k-i-l Xn,n-lz-{-—l

occurs in D(lp(p)). Thus we need to cancel it. For that we can only use the

derivative of power products of the form

X ik —

air | yai—l  ypOkn—kprtl  paigtl  yp@ia-kbi—l | pOnn—k4r
Xll kj k,n—k+1 Xij Xi,n-k-{»l Xu,n—k+1
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with j <n —k + 1 since axj =0 for all j > n —k +1 by hypothesis. But all
such power products are strictly greater than lp(p) and therefore they cannot
occur in p. This forces a;n—k+1 = 0 for ¢ > k. We can repeat this process
until k = n and get that a;;j =0forall j >n—-k+1,i 2k, k=2,...,n,

that is,
Ip(p) = X3t - X XGP  XER0T G - KO X

Now we show that a;; =0forj<n—k+1,k=1,...,n—1,2< k. The
process is analogous to what we just did. First we show that a;; = 0 for

t < n. Indeed, for each ¢ we have for £ > i that
@ Vi X3 - X5t Xﬁ““ - X5

occurs in D(Ip(p)). So, in order to cancel it, we need to use the derivative of

power products of the form
X ¥t —
Xxo .. Xfiex—l o XL Xau-H . X:u: -1 Y
i ij ] n
with j > 1, all of which are strictly greater than lp(p) if £ < n,andfor£=n
we cannot simply have one of those since an; = 0 for j # 1. Thus such power

products cannot occur in p and it has to be a;; =0 for i < n.

Let k < n —1 be such that a;; =0 for j <n—k+1, 1 < k. We have

. Yo n—-k4l ag Qe n—fetl QAni
Ip(p) —X1,n-k+1 Xin" - X n—k+1 - Xl
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and for all ¢ < k, £ > i, we have that

XL n—hil Xai.n—h-i»l-l .. X°£.n-h+1+1 QAnl

ai.u—k+1YitX1,n-k+1 A n—k+1 ¢En—k+1 " nl

occurs in D(lp(p)) and in order to cancel it we only have the derivative of

power products of the form
X i —

1,n—k+1 """ Min—k+1l ij tn—k+1 T T4l
with j >n —k + 1since a;j =0fori <k, j<n—Fk+1.

Xorm—htl |y ®in—kil -1 Xgij-i-l .. YaLn—ksrtl ag—1 Qn

For ¢ < k, all this power products are strictly greater than lp(p) and
therefore they cannot occur in p. For ¢ > k we cannot simply have such
power products since for £ > k, agj =0 if j > n — k + 1. Thus it has to be
Qin—k+1 =0fori<k~1.

We can repeat this process until k = n — 1 and get that a;; = 0, j <
n—k+1,i<k,k=1,...,n—1. This completes the proof for the first part
of the Lemma.

To prove that a; n—i+1 # 0, for all i = 1,...,n, suppose that there is ¢
such that a; n—i+1 = 0 and let j # i be such that a; n_j+1 # 0 then D(Ip(p))

will contain
a ajn—j+1—1 a o s s
-+ YiiXip® - XG0T T K - Xt - ifi>]

or

. . .Yya . R @i n—j+1—1 a ep v .
@jn—i+1ViiXip" - Kinojrr - XGRZ00 - Xt 4o ifi<j.
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As noted above, since q does not contain any Y;; with ¢ # j, we need to
cancel the terms in D(p) involving either of the above. But that is impossible

since a;;j = 0 for all j and by Corollary 1.3.8 all the power products
X KB X
in p must have §;; = 0 for j = 1,...,n. In particular, we cannot have in p
the power products of the form X®i.»~i+1.¢ of Remark 1.3.3.5
Next we show that the a,; in the exponents of the X,; in lp(p) are all
equal:
Lemma 1.3.11. Let p € F[X;j| be such that D(p) = qp, q € F{Y;;}. Let
blp) = X5 XEans - X3
be its leading power product. Then ajn—i+1 = ain, for i > 1, that is, if
a = ayn, then
ip(p) = (X1a Xz n—1 -~ Xn1)*
Proof. Let £ be the coefficient of Ip(p) in p. We have

n
a azn—1 QAn1y L ) yo azn—1 a
D(eXyp" X 221" - - Xt (zat.n—zﬂeYu)Xﬁ" 21 " Xnl
i=1

-1 Qh,n— n
baunt P TG X Kan K3

az —igpr—=1 i, n—h41 a
HY n_.+12x,,x1 B2 i e RIS &
1<i k>
a Qfe,n—h+$1 &, n~itt—1 a
03 aimeinr 3 Vi XEn o Kipoirr - XERIgst - Xinsia ™l X o
1<s k>t
Iy ay az,n—1 QAnt
+£X1nn 2n-1 an *



In order to cancel
ainlYi X~ Xt K- X0, R £,
above, we can only use the derivative of the power product
Xernheih = Xy nopy oo Xfan T X n iR T X - X,

since for j # n — k + 1 we have ax; = 0.

Let aq, ... be the coefficient of X*.»~*+t in p. Then

Qs pontr e = —Lay, (2)
On the other hand, in order to cancel
Ch,n— —1
Ak n-k+18Y01 X1 nekt1 - X1 o X ':,':k‘.':f ~Xart, k#1
above, the only power product that we can use is, again,
-1 Qg n—k+1—1
X&kn.l — Xl,n-k+1 Xam Xk,n:k-:l .. X .. ,onnz
= X ®rn—htik
since a;; = 0 for j # n. Thus it must be

Aoy poiegrhe — -eak,n—k-iv-l (3)

as well.

From (2) and (3) it follows that, for k # 1, ain = ak,n—k+1.0

As a consequence of the above results we obtain the following expression
for q:
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Corollary 1.3.12. Let p € F[X11,...,Xnn] and suppose that D(p) = qp,

q € F{Y;;}. Let a be such that
Ip(p) = (X1nX2,n-1--- Xn1)*

and let £ € F be the coefficient of lp(p). Then

¢ =
q= 7+GZY;’£~

i=1

Proof. This is a consequence of Corollary 1.3.9 and Lemma 1.3.11.

It is worth noting the following:

Corollary 1.3.13. Let p be as in Corollary 1.3.12. Then p is homogeneous

of degree na.;

Proof. This is a consequence of Corollary 1.3.8 and Lemma 1.3.11.0
Lemma 1.3.11 implies that p is not reduced with respect to det[X;;]. Since
this is a key point in the proof of our main result we restate the Lemma in

order to record this fact as the following theorem:

Theorem 1.3.14. Let p € F[X;;] be such that D(p) = qp, q € F{Y;;}.
Then

Ip(p) = (X1nX2,n-1"-- Xn1)® = Ip(det[X;;])*.
Thus p is not reduced with respect to det[X;;].

Proof. This is just a restatement of Lemma 1.3.11.
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Remark 1.3.15. Let p1,p2 € F[X;] be two polynomials such that lp(p;) =
X =lp(pz). Then we can write p; = fps +r where f € F and r is reduced
with respect to p,. Indeed, since Ip(p;) = Ip(p2), we have that lp(pa) divides
Ip(p1). So pi1 is not reduced with respect to p; and, using the Multivariable
Division Algorithm (Chapter 0, Section 0.2), we can write p; = fps +7, with
0 # f € F[Xij], r reduced with respect to p, and lp(p1) = lp(f)lp(p2). The
last equation implies that Ip(f) = 1. Hence, f € F.

We are ready to prove our main result on the form of Darboux polynomials

in R:

Theorem 1.3.16. Let p € F[X;;] and q € F{Y;;} be polynomials in R that

satisfy the Darbouz condition D(p) = qp. Then there isa € N and L € F

such that
p = € det[X;;]°
and
' id
=7 + a; Y.

Proof. Let ¢, = Y1, aYj;, so that,
el
D(det{Xis]*) = g1 det{Xis]* = (g — ) det X1

By Remark 1.3.15 we can write p = £det[X;;]* + r, with r reduced with
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respect to det[X;;]*. Now,

D(p) = D(£det[X;]*) + D(r)
= ' det[X;;]* + €(q — %) det[X;;]* + D(r)
= €' det[X;;]* + gl det[X;;]* — €' det[X;;]* + D(r)

=qf det[ng]° + D(r).

On the other hand, we have
D(p) = gqp
= gl det[X;;]* + qr.

Therefore, it has to be D(r) = gr. But r is reduced with respect to
det{X;;]*. It follows, by Theorem 1.3.14, that r = 0. The statement about
the form of q is just the content of Corollary 1.3.12.q

Next we show that the result in Theorem 1.3.16 does not depend on the

GL,(C)-equivariant derivation chosen on R.

Theorem 1.3.17. Let F be a differential field with algebraically closed field
of constants C. Let Dg;jy € Lie(GLn(C)) be the a derivation given by mul-
tiplication by the matriz E(ij), with 1 in position (i,j) and zeros elsewhere.
Let Dy, s,t =1,...,n, be any other basis of Lie(GLn(C)). Define a deriva-
tion in the ring R = F{Y;j}[X11,...,Xan] by D =) _YyDye. Let p and
q be polynomials in R that satisfy the Darbouz condition D(p) = qp. Then
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there is a positive integer a and a scalar £ € F, such that p = €det[X;;]® and

n
‘l=%+azYﬁ-

=1

Proof. Since the Dgy;;) are a basis of Lie(GLn(C)) we have
Dy = Z est,ijDEB(ij)»

with cs,i; € C. Thus,

D=) YuDu

st

= Z Yy z cst,ii D B(ij)
st i,
= Z z Cst,ij Yot DE(ij)

3,7 St

= Z Z:;Dg(ij),

]

where Z;; = Zc,t,g,-Y,t. Now, [c.t,ij] is a matrix of change of basis so it is
s,t
invertible. Also the ¢, ;; are contants for D, thus the map Z;;r — Yi;x is a

differential bijection. In other words, the differential rings

R= F{},ij}[xlla .. 7Xun]’D

and

R = F{Zij}[xlla v :Xnn]: D

are isomorphic and therefore we can apply Theorem 1.3.16 to R'.g
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Chapter 2. A Generic Picard-Vessiot Extension for GL,(C)

and some specialization properties

In this chapter we construct a Picard-Vessiot extension with differential
Galois group GL,(C) for the differential field F(Y;;). The inverse differen-
tial Galois problem for GL,(C) consists in determining, given a differential
base field F' with algebraically closed field of constants C', what differential
extensions of F' are Picard-Vessiot extensions with differential Galois group
GL,(C). We prove that if such a Picard-Vessiot extension of F exists then
it has to be a homomorphic image of the one for F(Y;;). We also provide

existence conditions for such a homomorphism.

2.1 Generic Picard-Vessiot extension for GL,(C)

and the inverse problem

Let F be a differential field with algebraically closed field of constants C.
Consider the previously defined differential ring R = F{Y;;}[X11,..., Xnn]
with derivation D(X;;) = Y°,_, YieXe; where the Y;; are differential inde-
terminates over F. Let Q = F(Y;;)(X11,...,Xnn) be the differential field

resulting from extending the derivation on R to its quotient field. We have:

Theorem 2.1.1. @ D F(Y;;) is a Picard-Vessiot extension with differential
Galois group GLn(C). Moreover, Q is a generic Picard-Vessiot eztension in

50



the following sense:

Let E D F be any Picard-Vessiot exztension of F with group GL,(C),
then E is isomorphic to F(X;;), the function field of GL,(C) eztended to F,
as a GL,(C)-module and as an F-module and there are f;j € F such that
the derivation on E is Dg = Y,_, fueXsj and the Picard-Vessiot eztension
F(Xij) 2 F is obtained from the Picard-Vessiot extension C(fi;}(Xi;) 2

C(fij) by extension of scalars to F over C.

Proof. To show that @ D F(Y;;) is Picard-Vessiot we will use the charac-
terization of Proposition 0.3.2. We have:

(1) @ = F(Y;;)(V), where V C Q is the finite-dimensional vector space

over C spanned by the Xj;;

(2) There is a group G=GL,(C) of differential automorphisms of Q with

G(V) C V and Q% = F(Y;;). This follows from the fact that Q is the

function field of GL,(C) extended to F(Y;;).

(3) @ 2 F(Y;;) has no new constants.

To see (3) notice that an element of @ can be written as ﬁ, with p1,p2 € R
relatively prime. By Proposition 1.2.3, if such an element is a constant, that
is D(2) = 0, then both p, and p; are Darboux polynomials for the same
polynomial ¢ (D(p1) = gp1 and D(p2) = qp2). By Theorem 1.3.16, the only
Darboux polynomials in R are those of the form p = £det[X;;]* with £ € F,
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a € N, which are not relatively prime. Therefore, if ¢ € @ is such that

D(c) =0 then ¢ € F(Y;;). In fact, by Propositions 1.2.3 and 1.3.1, c€ F.

By Kolchin’s Structure Theorem for Picard-Vessiot extensions (Theorem
5.12 in [M]), we have that if E D F is any Picard-Vessiot extension of F'
with group GL,(C), then E is isomorphic to F(X;;), the function field of
GL,(C) extended to F. On the other hand, the partial derivatives with
respect to the X;; are a basis of the Lie algebra of GL,(C) extended to
F. Thus, the derivation Dg on F(X;;) can always be given by Dg(X;;) =
Y 7= fieXy; for some f;; € F. Since E D F is a Picard-Vessiot extension for
GL,(C), then sois C(fi;)(Xi;) O C(fij), the derivation on C(f;;)(X;;) being
the corresponding restriction of Dg. From this Picard-Vessiot extension we

retrieve F(X;;) D F by extension of scalars to F over C.g

Thus, solving the inverse differential Galois problem for GL,(C) can be
reduced to finding f;; € F such that the constants of C(f;;)(Xi;) are the
constants of C(fi;). Then we can construct a Picard-Vessiot extension of F

with group GL,(C) by extension of scalars on C{f;)(Xi;) D C{fij)-

2.2 Specializing to a Picard-Vessiot extension of F

Let F and C be as above. In this section we give necessary and sufficient
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conditions for the differential homomorphism Y;; — fi;, with
C(fii{(Xij) O C(fij)

a Picard-Vessiot extension, to exist. We restrict ourselves to the case that F
has finite transcendence degree over C.

We consider first the case F = C(t), where ¢ is transcendental over C.
The derivation on F is given by D(t) =1, D(c) =0, for c € C.

On F(Y;;)(Xi;) consider the derivation given by D(X;;) = 2": YieX.j. We
are looking for a specialization (homomorphism) from C {Y,,;=tlo C(t) given
by Yi; — fi; so that C(fi;)(Xij) O C(fi;), with the derivation induced by

this homomorphism, has no new constants. We have:

Proposition 2.2.1. Let X;; be algebraically independent over C(t). Define
a derivation on C(t)(Xi;) by D(Xij) = Y fuXej, with fu € C(t), and
D(t) = 1. Let C be the field of constants of C(t)(Xi;). Then, C =C if and

only if the X;; are algebraically independent over C.

Proof. First note that ¢ is algebraically independent over C since for every

m we have that the Wronskian determinant

1 ¢ tm
01 ... mm™1

w(,...,t") = .. . =0ll---m!#0
0 0 ... m!
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Now we use a transcendence degree count argument. Suppose that the
transcendence degree of the extension C C C is at least one. For the tower
of fields C C C C C(X;j) C C(t)(Xi;) we have that the transcendence
degree of the extension C C C(X;;) is n? and the transcendence degree of
C C C(t)(Xi;) is n® + 1. So, in particular, the transcendence degree of
C C C can be at most one. If that is the case then C(t)(X;;) is algebraic

over C(X;;j). This means that there are f;, g € C(X;;) with g # 0 such that

m , fm-1(Xij) oy fo(Xij)
t™ + Tt =0.
9(Xi;) 9(Xi;)
Let a € C™* be such that g(a) # 0 then
gy Imo1(@ s, fola) g
g(a) g(a)

which contradicts the fact that ¢ is algebraically independent over C. This
shows that C = C.

For the converse we only need to point out that by construction the Xj;
are algebraically independent over C.q

We can generalize this proposition as follows:

As before, let C be an algebraically closed field.

Theorem 2.2.2. Let F = C(ty,...,tm)[21,--.,2k] where the t; are alge-
braically independent over C and the z; are algebraic over C(ty,...,tn).
Assume that the derivation on F has field of constants C and that it eztends
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to F(X;j) so that D(f ® X;;) = D(f) ® Xi; + f ® Zfa.Xg,’ on F @ C[Xij].
=1
Let C be the field of constants of F(Xi;). Then C = C if and only if the X;;

are algebraically independent over C.

Proof. Since the ¢; are algebraically independent over C for every s the
Wronskian of the set of power products of total degree s or less in the ¢; is
different from zero (this Wronskian is determined up to a sign). Therefore,

they are also algebraically independent over C. We have the tower of fields
C CC CC(X;j) C F(Xij)

where the transcendence degree of C C C(X;;) is n? and the transcendence
degree of C C F(X;;) is n? +m. Suppose that the transcendence degree r of
C C C is at least one. Then the transcendence degree £ of C(X;;) C F(X;;)
has to be £ < m. But this implies that there is an algebraic relation among

the ¢; over C(X;;). Let g(Xi;), fi(Xi;) € C(Xi5), 9(Xij) # 0, be such that

f_"-l(ij) LI v fO(X'J)
G Lt )

If « € C** is such that g(a) # 0, then

o +

fs-1(a )t"'-1+ +f0(a) -0

a8,
Pt ) 9(a)

is an algebraic relation among the ¢; over C. This contradiction shows that
c=C.
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For the converse, once again, we point out that by construction the X;;
are algebraically independent over C.o

Now to check whether the X;; are algebraically independent over C, we
let X (k) denote the set of power products in the X;; of total degree k or less.
Then we have that the X;; are algebraically independent over C if and only
if for each k, the set X(k) is linearly independent over C. Fix any ordering
in X (k) and let W; denote the Wronskian of X (k) relative to that ordering
(of course a Wronskian computed using any other ordering of the elements of
X (k) will only differ from this one by a sign). So the above condition means
that in turn W} is non-zero for all k. Now go back to C{Y;;}[X;;] and let
Wi be the Wronskian of X (k) here. Then, the condition of Theorem 2.2.2
for finding a specialization Y;; — f;; so that C(fi;)(Xi;) O C(fi;j) has no

new constants can be expressed as follows:

Theorem 2.2.3. There is a specialization of the Y;; with no new constants

if and only if there are f;; such that all W map to non-zero elements.
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Chapter 3. The theorems for an arbitrary

connected algebraic group G
3.1 Specializing to a Picard-Vessiot extension

The proofs of Theorems 2.2.2 and 2.2.3 in Section 2.2, Chapter 2, do not
make any particular use of the fact that G = GL,. If we replace the X;;
by X; and the Y;; by Y; we can formulate the following more general results
for an arbitrary connected algebraic group G whose function field is C(G) =
C(X1,...,Xn). Let {D1,..., Dy} be a basis for Lie(G), D = Y _ YiD;. Let
Wi be the Wronskian of the monomials of degree k or less in the X; for a

given ordering. We have:

Theorem 3.1.1. Let C be as above, let F = C(ty,...,tm)[21,...,2:] where
the t; are algebraically independent over C and the z; are algebraic over
C(t1,...,tm). Let C be the field of constants of F(X1,...,Xn). ThenC =C

if and only if the X; are algebraically independent over C.

Theorem 3.1.2. There is a specialization of the Y; with no new constants

if and only if there are f; such that all Wi map to non-zero elements.

For the proofs of Theorems 3.1.1 and 3.1.2 we only need to replace the
X;; with X; , the Y;; with Y; and n? with n in the proofs of Theorems 2.2.2
and 2.2.3.
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Note. Observe that the proofs of Theorems 3.1.1 and 3.1.2 do not use the
fact that C(Xj,...,X,) is the function field of G. However, this hypothesis
is used in the following theorem to show that F((Xj,...,X,) D Fis a Picard-
Vessiot extension with group G.

Under the hypothesis (and notation) of Theorems 3.1.1 and 3.1.2 we have:

Theorem 3.1.3. Let F = C(t1,...,tm)[21,...,2k] where the t; are alge-
braically independent over C and the z; are algebraic over C(ty,...,tm).
Then F(X,,...,Xn) D F is a Picard-Vessiot eztension with Galois group G
if and only if the X; are algebraically independent over the field of constants

C of F(Xy,...,Xn)-

Proof. By Theorem 3.1.1, F(X;,...,X,) D F is a no new constant ex-
tension. On the other hand, we obtain F(Xj,...,X,) by the extension of
scalars:
F(Xi,...,Xn) = ¢.f.(F®c C(X1,...,Xn))
=q.f.(F ®c C[G])

and G acts on F ®¢ C[G] fixing F. So, G C G(F(Xa,...,Xn)/F). Counting
dimensions we get that G = G(F(Xji,...,X,)/F) since C(Xy,...,Xa) =
C(G). Finally, F(X;,...,Xn) = F(V), where V is the finite-dimensional
vector space over C spanned by the X;. This proves the converse implication.
For the direct one we have that if F(X;,...,X,) D F is a Picard-Vesiot

58



extension then the field of constants of F(Xj,...,X,) coincides with the
one of F. So we can apply Theorem 3.1.1 and get the result. o

Applying Theorems 3.1.2 and 3.1.3 we also obtain:

Theorem 3.1.4. There is a specialization of the Y; such that F(X;,...,Xn) D
F is a Picard-Vessiot eztension if and only if there are f; such that all Wi

map to non-zero elements.
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Chapter 4. Computing new constants

Let C be an algebraically closed field with trivial derivation. Let F =
C(ti1,..-,tm)[21,..., 2] where the ¢; are algebraically independent over C
and the z; are algebraic over C(t1,...,tn). Assume that the derivation on F
has field of constants C and that it extends to F(X;;) so that D(f ® X;;) =
D(f)®Xi; +f® Z": fieXej on F @ C[Xj], for certain f;; € F. By Theorem
2.2.2 in Section 2.;:;1&' there is an algebraic relation among the X;; over the
field of constants C of F(X;;) then C properly contains C. In this section we
will produce a new constant from such an algebraic relation. We will restrict
ourselves to the case n = 2 and use a particular linear dependence relation.

Extend the derivation on F to F(X11, X12, X21, X22) by letting D(X;;) =
Z§=1 fieX ¢, where the f;; are such that the Wronskian W) = W(Xy;, X1a,
X21,X22) = 0, that is, the X;; are linearly dependent over C. Further-

more, assume that the linear relation among the X;; is such that there are

P12, P21, P22 € C with
X11 = B2 X12 + B21X21 + B2 X2z (1)

and that Xij, X, and X2 are linearly independent. In order to simplify
the computations we will also assume that det[f;;] = 0.
We want to find a,b, c such that p = aXi3 + bX3; + ¢Xa2 is a Darboux
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polynomial in F[X;;], that is D(aX13+bXa; +cX22) = q(aX12+bX321+¢X32)
for certain q € F.
We have,
D(aXis + bX31 + cX22)
= a(fu1 X1z + fiaX22) + b(faa Xu1 + fo2 X21) + e(fa1 Xa2 + f22X22)
=bfnX11 + (afu1 + cfn1)X12 +bf2aXo1 + (afr2 + cfa2) Xa2
= bfa(Br2X12 + B21X21 + P22 X22) + (afi1 +cfa1) X1z + bfaa X1
+ (afi2 + cfa2) X2z
= (afu1 + bfa1fr2 + cf21)X12 + b(fa2 + fa1812) X1
+ (afi2 +bf21822 + cfa2) X22

= qaX12 + ¢bX2 + qeXa3.

Therefore,

[a(f11 — @) + bf21P12 + cfa]X12 + b(faz + f1512 — @) X1
+(afiz + bfa1fPaz2 + c(fr2 — ) X22 = 0. (2)
Since we are assuming that Xji, X3; and X5, are linearly independent

their coefficients in (2) must be equal to zero. So we have the following

homogeneous linear system in a, b, c:

(fu—qla +f21512b +farc =
(fa2a + fa1Pra — q)b =0
fraa +f21P220 +(faz —q)e =0
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In order for the above system to have non-trivial solutions we need that

fu—gq f21B12 fa
det 0 fo2 + fa1P12 — ¢ 0 =0.

fi2 f21P22 faa—q
But,
fu—-gq Ja1612 fa
det 0 fa2 + fa1812 — ¢ 0
h2 J21B22 faa—gq
= (fo2 + f21612 — q) det [f1}1; 1 fzfz_l_ q]
= (fo2 + fa1Pra — q)(det[f;;] — trace[fijlq + ¢°)
=0.
This gives,
fo2 + fa1P12a—q=0
or

det(f;;] — trace[fi;lg +¢* = 0.
From (3) and (4)we get
q = fa2 + fa1Pna

or

= trace(f;;] & \/trace[fi;]? — 4det|f;;]
- 2

Since we are assuming that det([f;;] =0, (5.2) becomes:

_ | trace(fij]
a={4
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Choose ¢ = trace(f;;] and assume that ¢ # 0, fa2 + f21812. Then the
second equation in the system implies that b5 = 0. So we have the equivalent

system:

—fa2a +fnc =0
fiza —fue =0’

If fas # 0 then the above system has the general solution

Ja1

a==—c, whereceC.
22
In particular, if we choose ¢ =1 then p = %;—X 12 + X2 satisfies
D(Iz—an + Xp2) = trace[fij](ﬁxlz + Xa2).
f22 fa2

On the other hand we also have that

D(det[X;;]) = trace[f;;] det[X;].

Let
_ f:L;Xn + Xaa
det[X;]
We have,
X, + X

I~ St 22
D(B) - D( det[X{j] )

_ D(%Xw + Xzz) det[X,-,—] - (%Xlz + Xzz)D(det[ngD

det[X;;]?

B trace[f;j](‘f:L;Xn + Xn) det[X;;] — (%Xu + Xn)trace[f,-j] det[X;;]

- det[X;;]?

=0.
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That is, 6 is a new constant in F(Xj;).

Now we show that under the restrictions that we imposed on the f;; it is
possible to find a non-zero fa;.

Since we have a linear dependence relation among the X;;, the Wronskian
W1 must be equal to zero. This Wronskian can be expressed, up to a sign,

as the following product of determinants:

1 0 0 1 Xu X12 0 0

Wi = fii fiz fa fo2f{Xaa X2 O 0
= B E F||0 0 Xu Xu
D G HIlo 0 Xn Xn

) = M(f;;) det[X;[,
c
where
A= fli + fi + hafa,
B = fi3 + fufra + fiafa
C=fuA+fuB+A
=3fufiy +2fufafa +2fafu + fiy + fufa + fir,
D= finA+ fuB+ B’
=2f1fiz + fafia + fiafar + farfaa + 2flafe2 + fi1 fla
+ frafas + fiy + fufrafa,
E = fo + fufu + faa fa,
F = fio+ frafo1 + fia,

G=fuE+ fmF+FE
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=2fhfu + fafh + fafafu +2f fa + fiafh
+ fhfa + fa1 + fafiy + fa2 fas

H = foaF + il E+ F'
= farfunfiz + 2feaforfiz + +3f22fae + 2f12f5 + fiafor

+ f3 + fao-

and
1 0 0 1

M(fij) = f;l fg %1 f;? .
¢C D G H

We have after simplifying using the hypothesis that det[f;;] =0,

M(fi;) = (fa2 = fu)(fia f21 — far fia) + (fa2 — fl1)(Flafar — frafa1)
— flafa1(fi1 — f22)? — frafar(fly — f22)

+ fiafa1(fiifiy + foafaa — flifoa — Frafas + fan — fiy + Frafay — flafa1)
+ flafa(fir fiy + foafaa — flafaza — fuifaa + A1 — Foz2 + flafar — frafay)-

Of course, computing M(f;;) involved a great deal of computations. First
we computed the determinant directly and then we checked the result using
Dogson’s method ([D], [RR]).

The Wronskian Wi = 0 if and only if M(f;;) = 0. Now, observe that if
fi2 = 0 then f{, = 0 which implies that B =0 and D = 0 as well. Therefore
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M(fi;) = 0. So, if we let M(Y;;) be the differential polynomial in the Y;;
whose specialization to the f;; is M(f;;) then M(Y;;) is in the differential
ideal
T = {det[Y;;], Y12}
= {YuYa; — Y12Yay, Y12}
= {YuYas, Y12}

of C{Y11, Y12, Ya1, Yas}. It is easy to see that Yas is not in Z. Indeed, suppose

that

Y22 = pY11Ya2 +qY12 + 7, (6)
where C{Y1, Y12, Ya1, Y22}, r = i(Y11Y22)® Y9 d
p,q € 11, Y12, Ya1, Y22}, (ri(Y11Y22)' + ¢;Y13’) an

iJ
Di, q; € C{},lly Ylﬁi 1’217 Y22}'

Now, consider the map
¥ : C{Y11, Ya1, Y2} = C[Y11, Ya1, Y2
Y2 » Yoy
Y;j 0 for i, j # 2.
Let = ¥(p), § = ¥(q),7 = ¥(r). We have that ¥ = 0 and (6) becomes
Ya2 =0. (7)

which is impossible.
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