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ABSTRACT

One of the most significant contributors to the oil and gas industry as a
primary means of well production increase, is the hydraulic fracturing treatment. In
essence, more then a million of such treatment operations have been conducted on
over 44 % of the drilled wells. Nowadays, the costs of these operations, applied for
the stimulation of oil and gas wells, have significantly increased, along with the
increase of treatment size, pump rates and pressures, varying from fifteen thousands
to more then one million dollars per operation. Consequently, a correct calibration of
such operations is very important, and to ensure this, mini-fracture treatments are
used.

Many models, describing the mathematics and application of a mini-fracture
have been developed. However, a significant number of assumptions limit their
applicability, and consequently often times they can not be used successfully for the
delineation of fluid and reservoir properties necessary for the calibration of the actual
fracturing operation.

The present study presents a coupled model for the determination of fluid and
reservoir properties, such as fracturing fluid efficiency, leak-off coefficient, fracture
half-length, fracture width, spurt-loss coefficient, reservoir permeability and filter-
cake resistance. In essence this model can be used for the analysis and interpretation
of the fracturing fluid leak-off characteristics as well as the filter-cake reservoir flow

based on pressure decline data from a minifrac test.



New equations for the analysis of fracturing fluid spurt loss and subsequent
calculation of fracturing fluid and reservoir properties based on spurt loss, if
identified, are introduced.

In addition, a new pressure derivative equation was derived and incorporated
into the model. This is used as an alternate tool for the case in which classic minifrac
analysis techniques fails to produce reasonable means of interpretation, which if used
would result in unreliable fluid and reservoir properties sought from such a test.

A computer program was developed for the calculation of all parameters
mentioned above and also to automatically curve-fit the main output and diagnostic
plots of the model.

A step by step procedure is included and application of the model is
demonstrated on real field data obtained from minifrac tests performed on several oil
wells. The fluid and reservoir properties determined with this model, are verified by
comparison with results obtained from post-fracture tests (i.e. build up, history
matching).

Also, sensitivity analysis is performed, to enhance its applicability by
indicating which parameters are playing a major role in the interpretation of a

calibration treatment.



CHAPTER 1

INTRODUCTION

I.1 Calibration Treatments

Hydraulic fracturing plays a major role in the oil and gas industry. Often times
we hear that by applying this stimulating treatments to oil and gas wells, reserves are
being increased, when in essence that is not the case. Instead, with the help of the
hydraulic fracturing treatments, we make existent reserves exploitable, producible
and consequently add a significant number of barrels of oil and millions of cubic feet
of gas from reserves that would have otherwise not been economical to develop and
produce.

As a method of accelerating recovery, hydraulic fracturing requires a correct
calibration of the actual treatment, which implies the prediction and determination of
fluid and reservoir properties such as fluid efficiency, leak-off coefficient, spurt loss,
fracture half-length, fracture width, reservoir permeability, in-situ stress, and filter-
cake resistance. The dimensional and propagation characteristics of the hydraulic
fracture constitute valuable information for a proper design of the fracturing
treatments.

A calibration treatment is a special case of hydraulic fracturing, which is
executed without proppant before the actual stimulation treatment. Calibration
treatments are generally performed for critical stimulations or at the beginning of a
field wide program. The main objective of the minifrac is to determine the hydraulic

fracturing parameters necessary for the design of an effective fracture stimulation.



In essence, minifracs are composed of two basic injection tests, which are
conducted to ensure a reliable fracture analysis, a stress test and calibration
treatment'. As far as the stress test is concerned, a step-rate injection procedure
followed by flow-back or pressure decline analysis is used to determine the closure
pressure which is equal to the minimum in-situ rock stress. Since all subsequent
fracture analysis and proppant selection are using the closure pressure, it is very
important that it be determined as accurately as possible.

Once the closure pressure is determined, a calibration test is
performed. The test is conducted with the same fluid and at the same rate that will be
used on the actual job. After the pumping period, following the shut-in, the pressure
decline is monitored until closure is attained. The information obtained from the
injection period is used for the identification of the fracture geometry, as shown by
Nolte and Smith?>. The information is later used to determine which is the most
appropriate model to use for the decline analysis, and also to diagnose the undesired
occurrence of fissure opening and/or rapid height growth.

Fracture calibration, also known as minifrac, is used to help optimize the
hydraulic fracture treatment design, since it provides critical information pertaining to
the well to be treated. Minifrac pressure decline analysis, as presented by Nolte®*”,
first become popular in the 1980’s and is used routinely today. An excellent review
and detailed description of the theoretical framework and current application of
fracture pressure analysis is presented by Nolte>S.

Numerous papers have been written on the subject of analyzing the pressure-

decline data obtained from a calibration test, and a variety of theoretical models have



been developed and presented. They address the uncertainties derived from ideal
assumptions employed in their derivation.

Minifrac test procedure and analysis have been the subject of considerable
investigation and controversy, over the last eighteen years. In essence, despite the
extensive work on the topic, and at least two international workshc;ps7 on in-situ
stress measurement, many uncertainties remain in the interpretation of hydraulic
fracture injection tests. Several factors have been shown to influence the post shut-in,
pressure decline behavior of vertical fractures, including: fluid injection rate, fluid
rheology, reservoir permeability, fluid leak-off additives, fluid compressibility, fluid
pressure, minimum horizontal in-situ stress, and the opening of natural fractures’.

Most minifrac analysis is based on Nolte’s equations, in essence based on the
material balance during fracturing and closure. His most recent published paper®
provides a technical frame work for adding after closure fracturing pressure-decline
analysis, to the pre-treatment calibration testing sequence, that defines fracture
geometry and fluid-loss characteristics.

The basic analysis of decline data, is based on assumptions that fluid loss

depends on \/; and it is independent of pressure. Also they consider the fracture area
and closure pressure to be constants, and that the fluid is incompressible. However
such assumptions, of the basic analysis employed for the interpretation of pressure-
decline data, is seldom met in practice.

Consequently, although deviations from these assumptions have been
considered previously, he proposed a method* based on the consideration of the slope

at strategic locations on the G-plot for pressure decline, in conjunction with available



information for the fluid and reservoir, standard well logs, pressure diagnostics, and
treatment design improvements. In fact, a variety of pressure-time plots were
prepared for the minifracs, using most of the commonly applied graphical techniques
(1.e. pressure, log pressure or pressure derivative vs. square root of time, log time,
Horner time, Nolte’s time function (G-function), DeBree, etc.)

Shlyapobersky et al.’, described a new model for the design and interpretation
of hydraulic fracturing treatments and minifrac tests, using the fracture overpressure
measured at shut-in to determine the apparent field-scale fracture toughness of the
fractured interval.

The Nolte-Shlyapobersky technique can be used for the determination of fluid
efficiency, leak-off coefficient, fracture half-length, and fracture width. However, the
model has limitations and thus it is not suitable, in most of the situations, for the
following reasons:

Ideally, a plot of the net pressure versus the G-function should be a straight
line, as shown in Fig. 1 (a). However, when analyzing field data, the plot, in most
cases it is not a straight line, but rather a curve as shown in Figs. 1 (b) and Fig. 2. It is

believed, that one of the main reasons for the deviation from it’s expected linear

behavior, is the ratio of the spatial net pressure (Ap r) to the wellbore net pressure

(Ap), and known as f3,, . A deviation from the ideal expected behavior, as shown in

Nolte’s analysis*, Figs. (1.1a and 1.2) can be explained by the occurrence of fracture

geometry changes, unlike the opinion of other authors who consider the ratio of



spatial average to the wellbore net pressure, 3, =1 after shut in. If the net pressure in

the fracture were the same at all points, then a value of 3,, =1 would be valid.

ap.i. .
T (o) Heightgrowth ]
<p*
2?. 0440
--l--APp
Ap,~ 0.8480 \
0 ‘b
aay) . GaY)

Fig. 1.1 Diagnostic from pressure decline data - Net
pressure versus G(At D) (Adapted from Nolte
at al.%)

However, Nolte™* showed that during and after pumping there is fluid flow

from the wellbore region to the extremities of the fracture, and this generates a



pressure gradient until the fluid is completely lost in the formation. Figure 2.4 shows

the simulated pressure and flow rate in a fracture both before and after shut-in’. In
his study and analysis Nolte’ also shows that By prior and after pumping has

different values due to flow rate and pressure gradient reduction in the entrance area
of the fracture
Nolte**!°, developed the equation of the dimensionless G-function as an

integral for the lower and upper bounds (loss dominated and storage cases). When the

model is solved with the aid of the hyper-geometrical function''"'?, g(AtD,a), both

the dimensionless shut-in time, Af,, and the fracture area growth power law

exponent, &, are simultaneously considered, and increased accuracy is expected.
However a remarkable inconvenience can be generated if the plot of the fracture net
pressure versus the G-function is a curve, and thus making difficult or unreliable the
pressure decline analysis, Fig. 1.3. Consequently, other methods should be developed
for the interpretation of fall-off data, when the classical approach does not lead to
valid results.

In addition to that, the model does not consider the rheology of the polymer
based fluid used to perform the calibration treatment of the well. Since a minifrac test
uses an injection fluid with the same or similar properties, as the one used for the
actual fracturing job, rheological properties and fluid behavior should be included.

Finally, the Nolte - Shlyapobersky fall-off analysis assumes that the spurt loss
is zero, which in reality is expected to be approximately 80 % of the entire leak-off in

wells located on reservoirs with high permeability.



Consequently, the parameters determined from the intercept and slope of this

plots (i.e. fluid efficiency, 77, leak-off coefficient, C |, fracture half-length, X, for
the PKN and KGD geometries, and R ; for the Penny Shape or radial geometry), and

fracture width, W, are not always reliable.

Apu(psi)

G(Aty)

Fig. 1.2 Decline analysis- Net pressure versus G(At D)
(Adapted from Nolte at al.)



Mayerhofer et al.'?, developed a model that considers the total pressure drop
as a sum of pressure drops, Eq. (1.1), across the filter-cake, polymer invaded zone
and the reservoir. The main output of the model consists of two parameters, the

reservoir permeability and the filter-cake resistance.

AP(E) = A 4o (0) + AP (0 F 8D,y (1) oo (L)

Nolte-Shlyapobersky
= SPE 8341 =

4.20E+07
4.10E:07 *
4.00+07 *

L J
3.90E+07 .

Pressure, Pa
'y

3.80E+07 .

3.70E+07 * .

3.60E+07 2.
1.365 1.465 1.565 1.665 1.765

g(dtD)

Fig. 1.3 Net pressure versus G-function of a case presented by Nolte'

The method can thus differentiate between the two major factors of the leak-off

process: the filter-cake and the reservoir permeability. However, the method is

13.15,16

sensitive to deviations from its assumptions , and therefore the analysis on the



same data sets as in the case of Nolte-Shlyapobersky’s technique, indicates that not
always a straight line is obtained. Also, often times, when the straight line is well
defined, a negative intercept may occur. In this case the filter cake resistance
delineated from the intercept has no meaning (i.e. negative energy), and thus the
reservoir permeability obtained from the slope of the plot, after fitting a straight line
through zero intercept, is unreliable, since in such a case, the method does not
differentiate between the two parameters, and attributes the entire resistance to the
reservoir permeability.

Biot'” presented a method based on Lagrange’s equation, which in essence
shows the balance between work expanded and work done in the propagation of a two

dimensional crack. However he only developed it for the KGD geometry and does not

1821 " incorporated his

consider the rheology of the fracturing fluid. Later on Lee
model into the pressure decline analysis. He considers the rheological properties but
does not assume direct proportionality between the width of the created fracture and

the pressure difference between instantaneous shut-in pressure and formation closure

pressure.

1.2 Research Objectives

Research was undertaken to provide a more realistic and practical coupled
model for the analysis of the pressure decline from minifrac tests, for the
determination of the fluid and reservoir properties, as stated earlier in this chapter.

The objectives of this work are therefore:



1. To perform a critical review of the models available for the analysis of
data sets, obtained from minifrac tests.

2. To present the essential theoretical aspects of the fracture propagation,
stress analysis, and minifrac technique.

3. To develop a more realistic model for the prediction of the fluid and
reservoir properties from minifrac tests.

4. To develop equations for the determination of fluid and reservoir
properties from a minifrac test if the spurt loss is known.

5. To develop and include the pressure derivative, as an alternate method for
the fall-off analysis and interpretation.

6. To develop a computer program for the efficient applicability of the
model.

7. To apply the model to real field cases and thus assess its applicability .

8. To perform sensitivity analysis on all parameters used in the model, and
thus identify which are the most critical and how significant is their impact
on the modeling.

The objectives presented above are addressed individually in this work and

collectively produce a coupled model for the prediction of fluid and reservoir

properties from minifrac tests.

10



CHAPTER 2

CRITICAL REVIEW OF MINIFRAC MODELS

This chapter describes currently available models and methods of analysis of
the fracture calibration treatments (minifracs), used to predict the fluid and reservoir
properties.

Nolte*?** with his innovative ideas, started a new industry of minifrac test
performance and analysis and accelerated the development of fracture technology in
the 1980’s. Initially he presented the basis for interpreting fracturing pressures, that
permits identification of confined-height extension, uncontrolled height growth, and a
critical pressure. The analysis of fracturing pressure during injection shows
information of the nature of the fracture’s growth (i.e. height confinement or growth,
excessive fluid loss, or restricted extension). From pressure decline analysis, after
fracturing, information on the fluid loss characteristics, fracture dimensions, fluid
efficiency and fracture closure time and pressure can be obtained (Fig. 2.5).

The assumptions used by Nolte? are summarized bellow:

1. A continuous rate of fracture growth, Eq. (2.1), which requires a constant

injection rate.

2. A continuous change of the ratio of fracture to fluid loss would not be

violated by the subsequent penetration of an impermeable and higher -
stress zone, generally the case for shale, for which both width and fluid

loss would be relatively negligible.
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3. Spurt loss, the opening and closing of natural fractures, and pressure
dependent loss, are not explicitly considered.
4. Constant fracture area from shut-in of injection to fracture closure.

The main formulas derived, based on the above assumptions, are:

The rate of fluid loss"? through an incremental area, da, at time, £,

as shown in Fig. 2.2, and expressed by the Carter™* relation is:

ZCA

and following integration of Eq. (2.1) from zero to &, (ratio of the previous fracture

area, a, to current fracture area, A ) the following can be obtained:

_2C, 4,
d1 [2,/r/t (E s | 22)

----------------------------------------------------------------------

Where Eq. (2.2) represents the leak-off rate at the upper bound (ie. power law
exponent, € =1), and Eq. (2.3) represents the leak-off rate at the lower bound® (ie. € =
1/2).

The fracture’s rate of areal growth follows the power law,
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L 2 ) s USSR (2.4)

and can be bounded by either the assumption of negligible fluid loss into the
formation (upper bound), or predominant fluid loss (lower bound), as shown in Fig.
2.3.

Using Eq. (2.2) and assuming that the permeable fracture area, 4,, does

not change significantly, from Eqs. (2.3, and 2.4), the rate of fluid loss is expressed

as:

4C.r A, 4C,r, 4
9 A) == L 1) 0 |- 1) @9
0
2 2C,r A
C[,rpAf (Sin-l(l+t0)—l/2) \/’;— ffz(t ) .(2.6)
tO

g, (t, A)=—"2L
LL -\/Z
and by integrating the dimensionless functions, fl(to), fz(to) from f,=0 (shut-

in), to ¢, the G-function is obtained:

tp
g.(t,)= [£tp)a, =4/ 3[(1+tD | R —1] ................................. Q.7
0
for the upper bound, and
‘° /2
g.(tp)= [At, )1, =[(1+fD)Sin"(1+t,,)‘“2 +t, —7r/2] ............... (2.8)
0

for the lower bound.
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The volume of fluid loss'™'" during pumping, which can be obtained by

the integration of Egs. (2.5 and 2.6) from £=0to ¢ » (pumping time), considering the

permeable fracture area, A4,:

tp 8
Vi = quLudt=§CLAp ) ettt (2.9)
for the upper bound, and

‘p
Vo, =6[qth=n'CLAp F ) oottt ettt e (2.10)

for the lower bound.

The volume fluid loss after shut-in'""!, is found by the integration of

Egs. (2.5 and 2.6) between the time limits ¢, =0 (Af =0) and ¢, as follows:

Vig =2C, 7, A Jtolg(ts) = gt)) oo @.11)
or

Visw =2C 7, A\t 180 o) = 810 o)l oermieeeec e, 2.12)
for the upper bound, and

Visn =2CLrpAfJ7(,_[gL (to)—gw(to )] ............................................ (2.13)
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for the lower bound.

Where:

g (to) =4/3 for ¢ =1 (upperbound) ... (2.14)
and

gy (to) = /2 for a=1/2 (lowerbound) .................ccoeiiiiiiiiiei (2.15)

The fracture width'*'", as a function of the net pressure, (p,, — p,), and

compliance, Cr, is:

W, = C (D = Do) oo e (2.16)

with the compliance derived as a function of strain modulus, £ ' , ratio of the average

net pressure in the fracture to the wellbore flowing pressure, B, (iis substituted by

the fracture geometry type as shown bellow), and the fracture geometry as follows:

7 Prer Py
cfp,rav = T ..................................................................... (2.17)

for the PKN geometry, where /1 is the fracture height.

.......................................................................

for the KGD geometry with x r as the fracture half-length.
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7 Prrao (32/37:2)Rf
fraD 21E

C

for the radial geometry, where R r 1s the fracture half-length.

The ratios of the average net pressure in the fracture to the wellbore

flowing pressure, for each fracture geometry, are given as follows:

Brupn =@0" + 2121 +34+ @) oo (2.20)
for the PKN geometry,
Barcn =0 e (2.21)

for the KGD geometry, and

for the radial geometry, where nis the fluid rheology index, and 4, an exponent
which is a function of the fluid viscosity behavior (i.e. @,= 0 for the case of uniform
viscosity, and @; = 1 represents linearly decreasing viscosity from the wellbore to the

tip of the fracture).

Pressure dependent loss coe[ﬁcientm'” The above derivations assumed

that the fluid loss coefficient was constant, and independent of any variations,
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whereas is a function of the difference between the fracturing fluid pressure and

reservoir pressure, and therefore:

C.<C, (1 + —p-"—] ................................................................ (2.23)
pc - pR
where:
I=1, fore=1/2 e, (2.24)
i=2, fore=1
) 1/2, incompressible cake
=3, fore=
1/16, compressible cake

D, is the net pressure, p, the closure pressure, and p, the reservoir pressure.
Fan® also shown a relationship of the leak-off coefficient as a function of

pressure as indicated by the following equation:

¢ is the reservoir porosity, ¢, the fluid compressibility, k the reservoir permeability,
M the reservoir fluid viscosity, p, the pressure at the fracture face, and p, the

initial reservoir pressure.
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Height growth Fig. 2.1 shows that two of the models assume constant
fracture height, hf, throughout pumping and shut-in. The KGD model, assumes no
width variation in the vertical direction (Fig. 2.1), and therefore the model assumes
that the height is approximately the perforated interval with limited penetration®, or it
assumes that slip?” occurs between the formations with no transfer of shear stress. As
a result height growth for this model will not occur. However vertical height and

width changes are possible with the PKN model. Consequently, the appropriate

height, /1., to use is the height of the lower stress formation, generally the gross

reservoir section, without including any additional growth of height.

Fluid loss from spurt and opening of natural fractures In essence, two

primary effects can cause increased loss during pumping: spurt loss and the opening
of natural fractures at a specific value of the fluid pressure?’. Spurt loss occurs only
during pumping and not after shut-in, when the fracture penetration is assumed to
stop. Spurt is defined as volume lost per unit area, and thus has the dimension of
width.

Nolte?? distinguishes between fluid loss during pumping, xC . » and after

shut-in, C, , where:

=48, (e Ay + A, ) Ay (2.26)
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Several critical aspects are to be observed here:

1. The absence, in some of the field cases, of a straight line on the G-function plot,
Figs. 1.1 (b) and 1.2, makes the decline analysis unreliable.

2. Negligible spurt loss, especially in the case of high permeability reservoirs,
where the fluid loss is attributed almost 80 % to the spurt loss, becomes an

unacceptable assumption.

3. The ratio of the average net pressure in the fracture to the wellbore flowing

pressure, 3, as given by Egs. (2.20-2.22), should be unity if the net pressure in

the fracture, were the same at all points. However, ,, can not be one, regardless

of the values of @, and n', the exponent for the power-law fluid-flow model

described above. Consequently, the fluid rheology, although incorporated into the

equation, is not well accounted for, and therefore a different approach should be

employed.

Martins et al.?, presented a pressure decline analysis method, for the case of a
minifrac, which assumes the fracture to have evolved as a family of confocal ellipses
(Fig. 2.6). The concept was employed in conjunction with the principles developed
by Nolte>'*?? and used to estimate the fracture geometry, fracture dimensions, and
the loss of fracturing fluid. There are two critical key factors in this model: (1) the
technique is presented for the case of a minifrac pressure decline data obtained under
the assumption that the length of the fracture is the same order as the perforated
interval, when the fracture propagation has been unaffected by the confining strata,

and (2) that the evolution of the fracture geometry is indeed in the form of confocal
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ellipses. Both aspects are questionable. First, the model is based on laboratory
investigation only, conducted by Daneshy®®, in the absence of confining strata, and
which does not accurately resembles the reservoir conditions. Second, the assumption
that the length of the fracture is the same order as the perforated interval, is not a
certain phenomena.

Biot et al.'’, presented a new approach to the 2-D problem of fracture
propagation based on Lagrangian methods. The Lagrangian formulation is based on
the classical form of Lagrange’s equations. In essence, he produced a basic equation
that expresses the balance between work expanded and work done in propagating a
2-D crack. Existing theories, assume linear elastic behavior of the reservoir and
ignores surface energy considerations at the crack tip and plastic deformation effects.
Leak-off is treated as an independent process and merged with the fracture
propagation problem by iterative methods. The Lagrangian method, is not restricted
to elastic behavior, and leak-off can be included as a part of the formulation.
Therefore Biot includes leak-off by assuming a piston like displacement of the
reservoir fluid by an incompressible fracture fluid filtrate, with a moving boundary

between the two.

In essence, the Lagrangian formulation, from classical mechanics, states that:
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is the Lagrangian function given by the difference between the kinetic, E,., and

potential energy, £, of the system. Thus:

0 = —a—l_) F 0, e (2.29)
aq;

with Q including all forces that are not derived from a potential function, D , the
dissipation function, and (). representing all remaining forces. Substituting Eqs.

(2.28 & 2.29) into Eq. (2.27), and considering the effects given by the kinetic energy

negligible, Biot arrived at the desired Lagrangian equation for the purpose of his

analysis:

aEP + .a_Q —
dq, o,

Starting with Eq. (2.30), and introducing the fracture’s extension, b, from — L, to

+L, as
by =26, f(Li) =285 (L) oo 2.31)
f

where the function f (LD) specifies the shape of the crack, and b, is the fracture

half width as a function of the total crack volume, and assuming Poiseuille flow of a

Newtonian fluid in the fracture, as given by the following equation,
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I 2.32)

(lz(x)z"

Biot derived a model for the KGD geometry, that can be regarded as a simple energy

material balance:

V. Lop ky (v,
E——= =L f(L)dL, =—=| =& | o, (2.33)
B{ax o/ (Lp)dL, 2Lf3(,83)

The above equation, represents the basic practical result of the Lagrangian analysis,

and it can be solved numerically for Lf when the pressure distribution, (—9—2 is
X

known. Furthermore, with Lf known, the fracture width, b - and pressure, p,,

can be determined. However, the method has significant limitations, since (1) it
considers the flow Newtonian, and consequently can not account for the correct
rtheology of the fracturing fluid used to create the minifrac, (2) the model can only be
applied for the KGD geometry, and the surface energy, £, is neglected.

Lee'?! continued Biot’s work, and incorporated Biot’s energy balance
equation into the pressure decline analysis (minifrac). At that time, minifrac analysis
employed by most petroleum industry operators did not consider the rheological
properties of the fracturing fluid, nor did Biot’s model, as stated earlier in this section.
He observed, that the most severe consequence of this omission was that the
geometry determined by minifrac analysis differed from that of the fracture design

programs based on the same model.
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In essence, the method developed and presented by him, considers the
following:

. Rheological properties, and therefore the geometry determined from pressure
decline analysis is in agreement with the fracture geometry determined by the
fracture design programs.

2. The method does not consider the assumption that the created fracture width is
proportional to the pressure difference between the instantaneous shut-in pressure
and formation closure pressure. His claim is that when the pressure difference is
in the order of 1,000 psi, calculated fracture widths can be several times greater
than the width found by the fracture design program that uses the same model.

In addition to the above,

l. His derived model considers the surface energy, E, negligible.

2. The method is only applicable for the KGD geometry.

Meyer and Hagel® presented asymptotic analytical and numerical solutions
for two dimensional and three dimensional type hydraulic fracture geometries, and
investigated with them the Geertsma Deklerk (KGD), Perkins-Kern-Nordgren
(PKN), and a 3-D type model. In essence, they initially conducted model comparison
and parametric studies, and presented simplified design formulae for benchmarking
the above types of models. At that stage, they concluded that the KGD model is
generally more applicable at low confining stresses (ie. L/H >1). For large
fracture length to height ratio, the KGD model predicts wider wellbore widths and

shorter lengths than the PKN and 3-D type models.
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Later’, the same authors published a simulated minifrac analysis. Their work,
introduced the momentum conservation equation and new aspects of fluid rheology.

A new addition, was another form of G-function:

G(a,,0c,,0)={G(,a.,.0)-G(1/2,a.,,0))2a, —1)+

G5, 00300) oo (2.34)
Although, the above function is similar to Nolte’s g(f,) function, it is evaluated at
the &, and «,,, rather than fluid efficiency. On the other hand, from a numerical

method point of view, they considered the governing minifrac equations of mass and
momentum of conservation, and solved them iteratively to match the measured
closure time.

Finally, Hagel and Meyer® presented an extension of the minifrac procedures
existent at that time, to improve the quality of analysis. They introduced a
methodology based on history matching the pressure response during pumping and
closure for the minifrac treatment. Basically they coupled the traditional minifrac
analysis with a three dimensional hydraulic fracturing simulator. The fracture
propagation solution, is coupled with the post injection pressure decline analysis. The
aim is to reduce the number of parameter uncertainties, to delineate the appropriate
fracture geometry model and perform parametric studies. In essence, the fracture-
pressure analysis and procedures provided by their work, generally follow the theory
2.3.14.22,30

of minifrac analysis originally formulated by Nolte

The following aspects can be denoted from their work:
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1. Nolte’s G-function is a better choice since it accounts for the fracturing
fluid efficiency (upper and lower bounds), parameter that plays a
significant role in the pressure decline analysis.

2. Their method calis for iterations based on a guessed value for the leak-off

coefficient, and is time consuming,.

Castillo®!, introduced a modified fracture pressure decline analysis, including
pressure-dependent fluid leak-off. He assumes that the leak-off coefficient is a
pressure-dependent variable. However, his assumption is valid for the case in which
the leak-off is controlled by a compressible filter cake, with the exception where leak-
off is primarily controlled by filtrate viscosity, by an incompressible filter cake , or by
reservoir permeability and compressibility.

Also, based on pressure derivative analysis, Castillo introduced new plots

(Figs. 2.8 and 2.9), for fracture pressure decline analysis, used for the determination
of the fracture parameters( /SIP, P-, P"), required in the Nolte leak-off calculations.

The method is inconclusive, because we can not accurately delineate the fracture
parameters from these plots. One main reason is the fact that he derived the pressure
with respect to the G-function, thus making practically impossible analysis of the
pressure derivative as a function of the shut-in time. And by no means, should use of
these plots replace the stress tests (i.e. pump-in flow-back test) used for the
determination of closure stress.

Moschovidis®? developed a model for the interpretation of the pressure decline
analysis, from minifrac treatments initiated at the interface of two formations. He uses

the type curve match method introduced by Nolte?, with a definition of effective or



average leak-off coefficient and an equivalent fracture radius. In his model, the
effective leak-off coefficient is the weighted average of the each formation, relative
to the minifrac areas in both formations. Also, the equivalent fracture radius, is the
radius of a circle of an area equal to the sum of the areas of the minifrac in the two
formations.

The critical aspect here is the difficulty of establishing appropriate values for the
parameters indicated above, since a value for each formation is practically impossible
to define.

Shlyapobersky et al.>*'** proposes modifications to test procedures used in
the industry, at the time they published the paper, and presents techniques for design
and analysis of hydraulic fracture tests. The main aspect, sought in this case, was the
determination of the overpressure and the total leak-off coefficient which are
necessary for the overpressure calibrated design of hydraulic fracture stimulation. The
work claims that the test procedures account for the real in-situ conditions of the
borehole, formation and the created fracture. The benefit of the test procedure
consists of the fact that is performed as an on-site interactive process, meant to
quantify as accurately as possible for the in-situ conditions, and such optimize the
controlling test parameters , such as the pump rate and pumped volume.

The main assumptions associated with the procedure presented in this work
are:

1. The existence of a planar fracture:
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e The fracture is propagated far enough from the well, so that the initial
fracture orientation, at the wellbore, would not appreciably affect the
measurement of the minimum in-situ stress.

e The injection rate to be appropriately large to ensure that the dominant
main fracture is created rather than many small fractures.

e Non-ideal features of the induced fracture, such as roughness and
waviness of the fracture walls, are always present.

During injection the fracture area follows the power law, Eq. (2.4)

Shortly after shut-in the fracture propagation ceases and thus becomes

negligible.

Uses the theory of elasticity to establish the pressure width relation.

Carter’s leak-off model is used with power law pressure dependent fluid

loss coefficient’>!

The compressibility of fluid is considered to be constant.

The most critical assumption is the third from the above list, and thus its validity

should be always verified during the minifrac test. The reason is simply the fact that

there is no direct way to verify this assumption. Therefore, its validity and use are

justifiable only if the results of the fracture pressure decline analysis are consistent

with and agree with other observations™®.

McLellan®® presented detailed analysis of three minifracs, and small acid

fracturing. It is essential to note his findings, after applying the energy based model as

presented by Shiyapobersky®®. They are as follows:
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I. Storage effects affect, in some cases, the unambiguous determination of the
fracture closure pressure from the minifracs.

2. Multiple methods for selecting the fracture closure pressure from shut-in pressure
decline data, necessary to avoid interpreting all slope changes as fracture closure
phenomena.

Soliman et al.>> developed type curves for the analysis of minifracs in
heterogeneous reservoirs. However, the method is limited to only one model, PKN,
and in essence follows Nolte’s model with one exception, that is the leak-off
coefficient is a function of time but not as presented by Carter** (i.e. square root of
time).

Gu * outlined a 3-D fracturing numerical simulator for hydraulic fracture closure
with application to minifrac analysis. He uses the Carter’s leak-off model and
considers a variable fracture area, and variable in-situ stress, unlike the previous
models presented. Gu states that when the fracture grows out of the uniform in-situ
stress zone or stress contrasts occur inside the perforated zone, the fracture probably
does not hold a constant area and it may shrink back from the high in-situ stress zones
during the shut-in period. Therefore, the constant area assumption will not be valid.
The study shows that the simulator results in plots with dual slopes (Fig. 2.10),
instead of the ideal straight line slope.

However, the problem here is how can one accurately depict the correct slopes,
since more then just two slopes can be drawn on a plot with such a curvature (Fig.

2.10) ?
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Zhu et al’” presented a mathematical model incorporating the effects of
temperature and fracturing fluid compressibility. From a theoretical point of view, the
method has a remarkable level of interest, but in practice, how do we really account
for changes in temperature and fracturing fluid compressibility, during the minifrac
treatment? They also developed a comprehensive model of minifrac pressure
behavior with foam fracturing fluid, based on similar criteria.

Later, McLellan et al.” presented a study regarding the pressure interpretation
from minifrac tests in a naturally fractured gas reservoir. In essence, calculated
bottomhole pressures are plotted against various time functions (Fig. 2.11), to
determine the instantaneous shut-in pressure (/S/P) and fracture closure pressure
(FCP), and the leak-off behavior of various fluid systems. Valuable findings are
presented in their work. Leak-off behavior is shown to be dependent on several
factors including the choice of fluid additives, the fracture closure pressure or
minimum in-situ stress, the presence of natural fractures, and possibly the
intermediate and major principal stress. Field case study indicated anomalously high
propagation pressures observed during the minifrac test. These high pressures, are
believed to have caused either natural fractures, or secondary fractures to open,
resulting in nearly one magnitude greater leak-off coefficient than was calculated for
lower bottomhole pressures in an earlier test in the same well.

Mayerhofer et al.*>® introduced a new methodology for the estimation of the
reservoir permeability from fracture calibration treatments. The methodology derives
from the solution of the diffusivity equation for a well with infinite conductivity

vertical fracture, as a multi-rate injection, with a superimposed varying filter-cake
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skin effect. The transient reservoir response, which is the essential aspect, is then de-
coupled and used to determine the reservoir permeability. The advantage of having a
method for the determination of reservoir permeability from a calibration treatment, is
considerable. Often times, the estimation of the reservoir permeability is inaccessible
because the candidate wells either do not flow (i.e. tight gas reservoirs) or a pre-
treatment pressure transient test would be too long, and of course expensive. The
authors have shown that in a large range of reservoir permeabilities (from 0.1 md up
to 10 md), and for specific field fracture face resistances, the majority of the pressure
gradient is in the reservoir. This is in contrast to the frequently published papers
which sustain that the fracture filter-cake is predominant.

The total pressure gradient from the fracture into the reservoir is given by the

following components:

Ap(t,)=Ap e () + AP (&) H AP () o (2.35)
where:

Ap face (¢ j) is the pressure drop across the filter cake

AP (¢ ;) is the pressure drop across the polymer invaded zone

and

Ap,..(t;) is the pressure drop across the reservoir

To asses the influence of the polymer invaded zone, laboratory experiments, using
long cores, were performed'>'>*®. It was determined that this zone is negligible for

common fracturing fluids, and for cores with permeabilities up to 4md. Therefore, the
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filter-cake is the dominant component in the pressure drop across the fracture face,
and consequently the polymer invaded zone pressure drop component, the second
term of the right hand side of Eq.(2.35), is assumed negligible.

For the reservoir component, Ap_ (¢;), the Gringarten and Ramey® early

time infinite conductivity vertical fracture solution is used as the dimensionless

pressure:

0.000264x kz
Pp=+Tip, = \/ SO (236)

2
Lpcx,
Cinco-Ley and Samaniego*! fracture face skin effect was also modified to account for

a varying fracture-face resistance:

L A ) o T 237)
2x P ;

where

R () = = e, (2.38)

is a normalized resistance accounting for the approximate increase of the fracture-

face resistance,

At the end of pumping, R, =1.
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Combining Eqs. (2.36-2.39), with varying fracture area and varying leak-off rate, is

the pressure change during pumping is obtained:

Ap(t,)=p, ~p(t,)=

auri &l g, 41,1
da, Z[ L Jt"—tj_l +

k¢ C[ j:[ A A

P.J p.u-1

(zapﬂf”RO / Ap,m )RD,mqlm """"""""""""""""" (2'40)

Eq. (2.40) represents the superposition of the pressure drops in the formation resulting

from each incremental change of the leak-off velocity, g, , /A p.; during injection®’.

Dividing Eq. (2.40), after some algebraic arrangements, by (q mBRpn —4mRp., )
leads to a straight line (Fig. 2.12), when plotting the term on the left hand side vs. the

summation term divided by (anRD‘n —q,mRD‘") on the right hand side. The

reservoir permeability can be determined from the slope, 71, of this plot as follows:

ke =84.22(0/ $E, ). (2:41)
and the filter cake resistance, Ro , from the intercept, b:

Ro=b/282 8710, .\ (2.42)

A few aspects are to be noted here:
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The methodology, requires a significant level of simulations, computations and

plotting, based on estimated values for the fracture area, A > at any time during

the injection period as a function of the volume injected, of the pressure drop and
its derivative. Not only is the method difficult to apply, since often times none of
the expected behavior matches the field data, but how can one determine the
fracture area and the leak-off rate as the fracture grows? Also, there is no specific
model used for the estimation of the fracture geometry.

The permeability and the filter-cake resistance, can only be determined if the plots
of the field data match the simulated ones (see Figs. 1-8) of Mayerhofer et al."*
Nolte’s plot of the net pressure versus the G-function, (Fig. 8) of Mayerhofer et
al.”, shows once again a curve instead of a straight line, as expected from
simulation. Therefore, a correct slope can not be delineated from it.

Thompson and Church! discussed the design, execution, and evaluation of

minifracs in the field, presenting a practical approach and case study. The intend of
there paper was to discuss the basic concept of the minifrac treatment. They
suggested guidelines, on how to design a minifrac, record the bottomhole pressure

(BHP), obtain closure and interpret the data.

Dusterhoft et al.*? proposed improved minifrac analysis technique in high

permeability formations. He observed that traditional minifrac analysis techniques fail
to account for the correct fluid loss behavior of the gels used to frac reservoirs with
high permeability. Borate cross-linked fluids and linear HEC gels are by far the most
commonly used fluids for such formations. They showed that extensive laboratory

testing indicated that the fluid loss behavior of these gels differ significantly from that
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described by conventional fluid loss models. Also noted was the fact that traditional
minifrac analysis techniques fail to account for the correct fluid loss behavior of these
gels, and consequently this can lead to severe errors in the estimation of leak-off
parameters, resulting in over or under designed jobs. In the case of high permeability
formations, the spurt loss (Fig. 2.13), can be a major part of the total fluid loss. For

very high permeability (i.e. 300 md), the spurt loss may be as much as 90% of the
total fluid loss. As far as the filter-cake coefficient, Cw, is concerned, it was

suggested that the properties of the polymer filter-cake are fairly independent of the
formation permeability. Also, the authors stated that the fluid leak-off volume should
not be considered proportional with the square root of time in the case of high
permeability formations.

However, the minifrac mass balance equation allows for the calculation of
only one unknown (i.e. either spurt loss, or leak-off coefficient). Therefore, they
proposed that the leak-off coefficient be determined from the laboratory data, and the
minifrac analysis to be used for the determination of the spurt loss. Finally,
laboratory analysis indicated that the potential of minifrac using the conventional
technique is not as severe for liner gels, as it is for the crosslinked gels.

Economides et al.*® extended Mayerhofer’s technique from homogeneous to
heterogeneous reservoirs, and presented a model for the interpretation of fracture
calibration tests in naturally fractured reservoirs. The sequence of log-log diagnosis,
followed by parameter computation from specialized plots, was the primary objective
of the study. However, the work is only presenting theoretical modeling and no

practical field case for the validation of the method.
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Gu et al.**, modeled the determination of reservoir permeability from impulse
fracture injection. However, it is essential to carefully analyze this aspect. In other
words, a suggestion that impulse test analysis can be applied to injection tests in the
same manner as in the case of much shorter injection times, requires consideration of
the length of time needed to establish pseudo-radial flow. When the fracture created
by the injection test is equal or exceeds 50 ft, it may take several hours, or even days,
to observe the onset of a pseudo-radial flow. Yet, the radial flow response may occur

within minutes of closure, and in that case, analysis after closure may offer

independent confirmation of the (kx fz) B

Abousleiman et al.*’ presented a theory and its application for the post-
fracture pressure transient analysis, seeking the determination of the formation
permeability by micro or mini-hydraulic fracturing. The proposed procedure, known
as “impulse fracture test,” was employed. The benefit of the method, relies on the fact
that the hydraulically induced fracture transverses the near wellbore damaged zone,
and exposes a larger formation area to flow. Therefore, the formation permeability
and the pressure of the reservoir, are expected to be more representative. The theory
is based on the distribution of sources with variable intensity along the fracture
trajectory. The methodology presented is valuable, however it can not benefit the
requirements of a fracture job design, since this is a post-fracture pressure transient
analysis.

Vithal et al.*, continued Dusterhoft et al.*> work for the application of an

improved minifrac analysis technique in high permeability reservoirs. The main



stated objective of the methodology is the consideration of spurt loss and pressure
decline analysis that is not limited to a function of square root only. However, no
specific solution is presented for the determination of spurt loss.

Leshchyshyn et al.*” looked at minifrac analysis of shear parting in Alberta
reservoirs and its impact towards the on-site fracture design. Their objective was to

address the early sand-off problem, that can be generated by exceeding leak-off (i.e.

higher than 0.005 ftm ). The high leak-off can be attributed to two factors:

1. High permeability

2. Induced shear fracturing near the wellbore

Two types of sand-off have been identified:

1. A sand-off generated by underestimation of the reservoir permeability followed
by a leak-off that exceeds the fracture growth. Such wells tend to send-off from
the fracture tip backwards, to the wellbore, known as the “tip screen-out.”
Although this type of sand-off is usually undesirable, the propped fracture width
is maximized, and results in maximum fracture conductivity.

2. The type of sand-off is the one that takes place near the wellbore. Such wells
usually become poor producers.

From a minifrac design and analysis point of view, their work presents valuable

information. Also one additional observation, made by the authors, deserves

consideration for future modeling, that is the product fluid compressibility porosity
used in composite analysis is an essential parameter for determining the boundary

distance. No specific algorithm, or modeling is presented in their work.
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Poulsen*® presented a methodology of in-situ test for determining growth

parameters for a hydraulic fracture. The applicability of this model is questionable for

the following reasons:

I. It does not consider any form of relationship between the leak-off and pressure.

2. It assumes independence of the fracture growth behavior, when in fact it is well

known that not to be the case.

3. It does not account for the fracture height, which is an indispensable parameter for

the PKIN geometry.

Sunil et al.*’ on the subject of frac pack treatments, as one of the most effective

completion methods for the combined benefits of sand control and stimulation in the

case of high permeability formations, a calibration treatment evaluation methodology

was presented. The main suggested steps are highlighted bellow:

L.

2.

Laboratory data and log estimates of stress.

Identification of near wellbore pressure losses.

Closure pressure determination: the preferred method suggested is a step/flow
back rate test.

Pressure decline analysis: the traditional analytical decline analysis following
a pump-in/shut-in calibration treatment is applied to obtain estimates of the
fluid leak-off coefficient. The % rule, developed by Nolte et al? . is employed.
Reservoir flow diagnostic: if pseudo-radial flow is reached during the
calibration treatment, the specialized plots presented in this work can be used

to determine reservoir pressure and the formation transmissibility.



6. Pressure history matching: the fracture parameter estimates, are to be refined
by making use of pressure history inversion.
7. Verification and evaluation of results.

Fan™ showed an interpretation model for fracture calibration treatments for
both low and high permeability reservoirs. The model describes fluid flow into
the porous medium with consideration of a variable filter cake, non-Newtonian
invasion effects, and superposition of fracture pressure. He does not make use of
the leak-off model, instead chooses a pressure profile. The parameters determined
by the application of this model are the reservoir permeability, filter cake
resistance, and the leak-off coefficient as a function of the pressure drop across
the filter cake. In essence, the reservoir permeability and filter cake resistance are
determined in a similar manner as presented earlier by Mayerhofer'>'. Note that
the plots used for the determination of the above parameters (Figs. 2.14 and 2.15),
indicate the possibility of a negative intercept which generates the same
consequences observed earlier with regard to the Mayerhofer’s technique>'°.

Tinker et al.*® conducted minifrac tests and bottomhole treating pressure
analysis for the improvement of the fracture stimulation design and execution.
They made observations following the fracture stimulation of twenty five in-fill
wells. The step-rate test was used for the identification of fracture extension rate
and closure pressure. Minifrac tests were performed on every completion, and
significant variation of the leak-off coefficient was observed. No modeling is

presented in their work.
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Valko and Economides®® modeled the fluid leak-off delineation in high

permeability fracturing. Starting with the original concept proposed by Carter,

Howard and Fast*, their work reviewed the description of fracturing fluid leak-

off in view of modeling flow in porous media. It is shown how various linear

leak-off models have been developed and why a new radial leak-off concept is

necessary for high permeability formations. Using Laplace space methods the

radial leak-off is analyzed and compared with the linear leak-off. The following

main observations have been made:

1.

A large discrepancy in calculated leak-off volumes (in the case of radial
versus linear leak-off) is not an indication that the bulk [eak-off coefficient
approach gives unreasonable results.

The Mayerhofe et al. technique partly solves the decomposition problem
(i.e. filter-cake resistance and reservoir pressure drop component, from
which permeability is determined), for the reasons mentioned earlier in
this section. Also, the second order derivative, generates a remarkable
degree of sensitivity resulting in plots that can not be of any use.

The radial model presented, is physically more sound than previous
approaches. Ié p.-redicts more leak-off than the linear model, and it shows
an almost linear variation of the leak-off volume with time, unlike the
square-root type, or the G-function.

However in this work a rigorous procedure for the interpretation of the

minifrac, in terms of radial leak-off, was not presented.
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5. Mayerhofer et al. technique, as presented in this work, overestimates a few

fold the reservoir permeability, and thus it requires further improvement.

Ispas et al.'? continued the work developed by Valko et al.*®, and presented a
methodology of fluid leak-off analysis in high permeability fracturing. The
methodology is based on two previous published methods used for the determination
of the leak-off parameters from the pressure fall-off stage of calibration treatment.
The first method is the well known technology, Nolte-Shlyapobersky, used to
determine an overall leak-off coefficient. The second method is a modified —
improved form of the Mayerhofer et al. technique's”®, and additional details will be
later discussed in this work.

Nolte et al.’' extended the work and provided a study of after closure analysis
of fracture calibration tests. The paper provides a framework for adding the after
closure fracturing pressure analysis to the pre-treatment calibration testing sequence
that defines fracture geometry and fluid loss parameters. The after closure period
contains the pseudo-linear flow period that is the focus of this work, and the pseudo-
radial flow period that has been previously addressed in a comprehensive manner.
The primary role for the linear flow is to define spurt loss and validate information
available from other parts of the calibration treatment. Reservoir linear flow also
provides the remaining and missing link for the fracturing chain of events.

In summary, the following have been concluded based on the methodology
and analysis presented in this paper:

1. After closure analysis has applications for low to high permeability

reservoirs.
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2. The most significant contributions provided by after closure linear flow,
are the only prospect for quantifying spurt-loss, a distinct information of
closure time and pressure for a shut-in decline, and the validation of the
fluid loss analysis by reservoir analysis.

3. An outline was provided for the proposed method of application and field
cases examples were used to demonstrate the information provided and the
synergy between various periods of the calibration testing.

4. In addition to quantitative information, the after closure period provides a
significant insight into the characteristics of the fluid loss behavior. Thus,
five distinct types of behavior were identified and discussed.

Nolte’s work adds significant improvement, mainly when considering the
methodology of analysis for the after closure period. However, there is a very
sensitive aspect to be considered, that is the non-uniqueness which can generate
inconclusive results, including the determination of spurt loss. The non-uniqueness,
referred to in this work, consists of the fact that different results can be obtain for a

variety of parameters used for the simulation, as shown in their paper.
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CHAPTER 3

HYDRAULIC FRACTURING - THEORETICAL ASPECTS

3.1 Mechanics of Fracturing
The stress distribution, in an elastic medium, is based on the theory of linear
poro- elasticity as developed by Geertsma, Timoshenko, Sneddon, Griffith and

53.54,55.56,5

others 738 [ et us consider an uncased vertical wellbore, under the action of

horizontal in-situ stresses, o, and O, , as shown in Fig. 3.1. The breakdown

pressure, P, , will be given by the theory of elasticity as following’™®:

P,=3c_ -0

min max

where:

O _. = minimum In-situ stress

min

O—ma.x = maximum In-situ stress

o = tensile failure stress of the rock

The theory of liner fractures in non-porous media, or the equilibrium of fractures
in non-porous perfectly brittle materials, can help us (1) describe the stress
distribution and deformation, under various loading conditions and (2) determine the
stability of the fracture®. Thus, approximating a linear fracture with a thin elliptic
cut, and using the theory of elasticity, strains and stresses can be calculated.

Sneddon®** presented a solution of the two dimensional stress problem for a

linear fracture in a non-porous medium, loaded with fluid under pressure and
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subjected to compression at every location. For the case of uniform fluid pressure
inside the fracture, and under plane strain conditions, he derived the following

relation for the displacement in the direction perpendicular to the fracture:

w(x)= displacement in the direction perpendicular to the fracture

Xx = distance along the fracture from the fracture center

L, = fracture half-length

U
l

fluid pressure in fracture

S, = compressive stress applied at infinity
h P Y

= Poisson's ratio

E  =Young’s modulus

Eq. (3.2) represents an ellipse with maximum width at the center of the

wellbore.

Griffit, Irwin, and Barenblatt*****", presented the following methods for

the elastic stress solution for the above presented system:
a) Griffith method

Using the energy balance, he determined the stability of the fractures.

Three forms of energy work are the main components of the balance equation (1) the
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work energy, from outside the system, (2) the surface energy and (3) the elastic strain
energy of the system. If no work is performed on the system, the increase in surface
energy associated with fracture extension, is to be provided by the strain energy,
which will decrease. In the case work is done on the system, it will be absorbed by
the strain energy and the surface energy, and thus both will increase. However, in

both situations, the energy balance can be written as following5 L

oU ow
L O (3.3)
oL, oL,
Up=A8y L oh, o 3.4
n(l —v? )L h
= = (P =S, (3.5)
where:

U, = surface energy of the fracture
W, = strain energy of the fracture
h,, = thickness of the elastic material

¥ = specific surface energy of the elastic material

and substituting Eqgs. (3.1) and (3.5) into Eq. (3.3) gives the minimum pressure above

which fractures extend, or the maximum pressure bellow which fractures are stable:
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b) Irwin Method

[rwin further showed that fracture propagation conditions, as presented by
Griffith, can be related to the stress distribution in the vicinity of the fracture tip>®

(Fig. 3.2), as follows:

where:

T,= normal vertical stress

K = stress intensity factor, which is a function of fracture dimensions and loading,

and for a linear fracture is given by:

K =Py = SN Ly oo (3.8)

Also, the critical fracture toughness, K, is considered, above which the fracture is

Ier

bound to occur. Therefore, from Eq. (3.8), the fracture propagation pressure will be:

K, (3.9)

e L, e

P,=S§,+

c) Barenblatt method
Barenblatt®® presents the most desirable solution to the problem of fracture
stability, because he took into account the cohesion forces at the fracture tip, and

showed that the fracture must close perfectly at the tip and that the stress at that
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location remains finite.

For our case, a linear fracture loaded with fluid at a uniform pressure

distribution inside of it, and subjected to the compressional stress, S, he derived the

following equation that represents the fracture stability:

Lf P
f .............................................................. (3.10)
\/ 1/ -x?
where C is the cohesion modulus, also known as a material constant.
Following the integration of Eq. (3.10), the propagation pressure becomes:
C |2
pr=Sh + — T et et iiectccecmtcsccssecccsentermsssctoreononr e st st aasoacecraosono e (3-11)
T\L,

A comparison of Egs. (3.6), (3.9) and (3.11) can lead to a relationship between the

specific surface energy, ¥, critical toughness, K, and cohesion modulus, C:

3.2 Fluid Pressure Profile

On the other hand, referring at Fig. 3.4, the maximum pressure is the
initial breakdown pressure, P, , which is the pressure at which the fracture is being

induced at the wellbore. Following this, the pressure drops to a propagating pressure

and continues until the pumps shut-in. This is the time when the pressure suddenly
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drops to a lower value but it continues to falloff, due to fluid leak-off from the

fracture into the reservoir, until it finally reaches the reservoir pressure. The pressure

value, at which the fluid flow into the fracture has ceased, it’s called the instantaneous

shut-in pressure ( /S/P), which somewhat higher than the closure pressure, P. .
Yew’® indicated that Eq. (3.1) is valid for a perfectly elastic (brittle)

medium, but in reality we have a porous medium through which fluid can flow.

Using the poroelasticity theory Schmidt and Zoback®! modified Eq. (3.1) as follows:

a) for formations that are impermeable to the fracturing fluid,

_ 30— Tmax + 07

P = (3.13)
’ 1+¢
b) and for the case of permeable formations,
1-2v
30 min = Omax + 07 — Byt
P, = L e (3.14)
1-2v
l+4+a,
-V

where:

P, = pore pressure

¢ = porosity

= Poisson’s ratio for dry rock
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Bdr
B

mm

= Biot’s constant, | 2 >0 .

a=1-

3.3 Constant Height Fracture Models

If the wellbore is fractured at depths bellow 4,000-5,000 ft, then the
fracture is expected to have an horizontal profile, but since the depth at which
fractures are performed is higher than 5,000 ft, the fracture will be vertical and
perpendicular to the minimum in-situ stress (Fig. 3.1). Also, Warpinski et al.**%’
studied the main two factors that control the vertical growth of the fracture, (1) the
contrast in material properties and (2) the contrast in vertical distribution of in-situ
stress, and found the latest to be predominant. Laboratory investigation led the
authors to conclude that an in-situ stress contrast, which exceeds 400 psi, is sufficient
to contain the vertical growth of the hydraulic fracture.

Three fracture models will be considered in this work: (1) the
Khristianovic-Geertsma-de Klerk®* -KGD model (F ig. 3.5), Perkins-Kern-
Nordgren?”** -PKN model (Fig. 3.6), and the Radial model (Figs. 3.7 and 3.8). The
first two models are the basic constant height models. The radial geometry occurs
when the vertical minimum in-situ stress has a uniform distribution, and is expected
to take the shape of a circle. Mathematically is a two dimensional fracture similar to
the constant height fracture models®®. Valko'! presented a mathematical relationship
of the ratio of permeable to total fracture surface area, for a case in which the total

fracture height is higher than the permeable fracture height (Fig. 3.8).
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Fracture

Fig. 3.1 — Horizontal section of a vertical wellbore under the action of in-situ

stresses and hole pressure, adapted from Yew, C.H.®
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Fig. 3.6 — The PKN constant height fracture model, adapted from Yew™
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Fig. 3.7 — Circular fracture with dry zone, adapted from Yew®
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CHAPTER 4

A COUPLED MODEL FOR THE PREDICTION OF FLUID AND

RESERVOIR PROPERTIES FROM MINIFRAC TESTS

4.1 Introduction

Ispas et al.'? presented an improved model of an earlier version of minifrac
analysis. This paper is based on two methods, used for the determination of the lea-
koff parameters from the pressure fall-off stage of a calibration treatment. The first
method is the well known technology, which we have called the Nolte-
Shiyapobersky®'**> method to determine an overall leak-off coefficient. The second
method is an improved form of the Mayerhofer et al.'>!® technique, which attempts to
de-couple the two main elements of the leak-off process: the filter-cake resistance and

the transient flow in the formation.

4.2 Fracturing Fluid Coefficient
Carter’s Leakoff Model

Carter (see the Appendix to the work of Howard and Fast®® ), assumed that the leak-

off velocity, u;, is given by:
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where C, is the leak-off coefficient, and ¢ is the elapsed time since the start of the

leak-off process. The integration of Eqs. (4.1 and 2.1) yields:

Where V/; is the volume of fluid loss through the fracture’s surface, 4, , and the
integration constant, S »» 1s the spurt loss coefficient.

Nolte and Economides®'® showed that application of Eq. (4.2) requires the
tracking of the opening time of the different fracture elements during pumping.

Therefore, if only the overall material balance is considered:

where Vis the injected volume of fluid in one wing of the fracture, and V is the
volume of one fracture wing at the end of pumping. Note that the group 2A4S  is the

equivalent of the amount of loss volume due to spurt during treatment. This can also

be expressed as ?.Ap W, since the spurt loss is the loss volume per fracture face area,

and represents the fracture width loss due to spurt for both fracture faces.
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The distribution factor, X, is a dimensionless coefficient and multiplied with
the fracture fluid leak-off coefficient, C .- gives an equivalent fluid loss coefficient

which will produce a total fluid loss during the pumping period.

On the other hand, the volume of fracturing fluid lost during pumping can be

written as®:

V, =c24,C, 1, g (0) oo e (4.5)

Further, a relationship was derived for the determination of the opening time

distribution factor, K, as a function of the fluid efficiency as follows:

L _=n -,

...................................................................... (4.6)
2C.t,
or,
n= e, 4.7)
2kC,\Jt, +W +28,

The above shows that the term 2KCLJZ can be considered the leak-off

width, while 2S5 > the spurt width, w . Note that the spurt loss has the units of

length since it represents the ratio of the lost volume to the unit fracture face area. In
essence, spurt loss can be represented as point sources moving with the tips of the
fracture during its propagation. The spurt loss will cease as soon as the fracture
propagation stops. This differentiates the spurt loss from the fracture leak-off

coefficient, since the latest is distributed over the complete fracture surface, and stops
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when the fracture closes. Noticeable is also the fact that the opening time distribution
factor is only considered during the fluid pumping period, and it has a value of 1 after
shut-in.

There are two primary effects that can cause increased loss during pumping,
and that is the spurt loss and the opening of natural fractures, at some values of fluid
injection pressure. Nolte® addressed this in the following terms:

If the decline analysis is performed bellow the opening/closing value of
pressure, the inferred conditions for fluid loss would not reflect the increase of fluid
loss area, when the fissures were open. The actual loss for this case should be based
on the area given by the sum of the permeable or loss area, and the open fissure area.
Fluid loss to spurt occurs, as mentioned above, when a portion of the formation is
first fractured and is generally assumed to essentially occur instantaneously.
Therefore spurt loss will occur only during pumping and not after shut-in, when the

fracture penetration is assumed to stop. Nolte'' derived an equation for the

determination of the loss volume during pumping, V/,, as follows:

V= 2KC 1y A [E 8 oo (4.8)

where C, is the fluid loss coefficient without open fissures or spurt (generally

determined in the lab or from decline analysis), ¥, is the ratio of permeable to

fractured area, f, is the injection or pumping time, and g, is the G -function, at a
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shut-in dimensionless time /,=0, with it’s corresponding values for the upper and

lower boundaries®:
4/3
g, = p QT 4.9)

From inspection of Eq. (4.8) for the loss volume resulting from time dependent fluid

loss, with the effect of natural fractures opening during pumping included, it follows

that:
k=148, 0C, 80 A, + AV Ay oo (4.10)
where

In the case where spurt loss, S ,» is expected to be significant, the spurt components,

K and K, can be estimated from laboratory data for corresponding values of leak-off
and spurt, as a function of the fracturing fluid and formation. A value of x,=1
indicates the absence of spurt loss, and &, =5 a significant spurt loss (up to 80-90 %

in high permeable reservoirs)'®.
When the model is applied to the pressure fall-off stage of a calibration

treatment, some assumptions have to be postulated concerning the evolution of the
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fracture face. The widely accepted assumption due to Nolte is that the evolution in
time is according to a power law with a constant exponent, & ,Eq. (2.4).

For such a case, Valko'' developed the observed pressure equation in the
wellbore during the fall-off period. This equation is based on Nolte-

Shlyapobersky’s®'® theory:

where p_ and p_are the sand face (wellbore) pressure and the fracture closure
pressure respectively; V. is the volume of fluid injected into one wing of the fracture;
Af is the fracture face area corresponding to one wing and one face, S, is the
fracture stiffness coefficient, (inverse of the compliance), , is the pumping time

prior to the fall-off and Af, is the dimensionless ratio of the shut-in time to the

pumping time. The g(Af,,a) function is a well-defined mathematical function

related to the so- called Hyper-geometric function (later shown in this section). Note

that the above equation, as given in earlier publications“ lacks two important

parameters: (1) the ratio of the permeable to fractured areas, ¥_, and the ratio of the

spatial pressure to wellbore average pressure, [3,, . They assumed a confined fracture
(not always true), and therefore r, =1 Another assumption was that the average

spatial pressure to wellbore average pressure become equal as soon as the fracture
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ceases to propagate (i.e. immediately after shut-in). This assumption is also
questionable since the leak-off continues to take place after shut-in and until the

fracture closes, and this sustains the fact that the ratio can not be considered equal to
one.

Formulas for the computation of the fracture compliance, C,, the fracture half
length (i.e. X r» corresponding to the PKN and KGD models, and Rf , for the Radial
model) as well as the lost width, W, , the leak-off coefficient, C . and the fluid
efficiency, 77, are presented in Appendix A.

The ratio of the leak-off volume to the product 2C ,_Af\/: is denoted by

& (&) . Assuming that the fracture surface remains constant, after the fluid injection

6,14

period, Nolte™ * extended the definition as follows:

V
l(r +A!)
At 2 =—p—_. ................................................................
g( D a) ‘?'CLAle:

where ¢, is the injection time (end of pumping), Af is the shut-in time, and V/ Yo pea)

is the sum of the volume loss during the injection and shut-in times. However if the
spurt loss would be considered, the total loss could be larger. The dimensionless shut-

in time is given by:

76



Since the fluid leaks off and does not return into the fracture, g(At D,a)
should be a monotonically increasing function. Therefore, if we consider an

elementary surface, dA (Fig. 2.2) which opens at time 7, and the differential of the

leak-off flow rate as:

assuming that the history of the fracture surface growth (i.e. A(7)and or its inverse

function 7(A4)), is known'"). Next, the leak-off flow rate through both fracture faces

will be given by the summation of each flow rate corresponding to surface elements

at each other opening time, 7, as follows:

A(t) C
G, =2 | e dlA 4.16
- { Jt=7(4) 19
or,
« C, dA
=2 L o T 4.17
e {t—z‘ dt ¢ 17

Note, that not all the fluid pumped into the fracture leaks-off, and therefore the

fracture grows at the following grow rate:
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qu(w,A)=A%+w}dif— .............................................................. (4.18)

and the additional loss due to spurt corresponding to each new fracture surface,

during the injection period and until the fracture propagation will cease, will be given

Carter™ derived a material balance in terms of flow rates, showing that the
injection rate, ¢,, entering one wing of the fracture at time ¢ is given by the sum of

all the leak-off rates and the growth rate of the fracture volume as follows:

. =2 f C, d4 dw  dA dA 20
" oNt—7 dt dt dt P odt '

He found an analytical solution for Eq. (4.20), making the assumption that the

fracture width is not variable (i.e. does not increase) while the fracture propagates.

Thus the fracture face area at time £, A(¢), will be given by the following equation:

_ (2Sp + w)q,. , 28.
A= —lef—ﬂ—l:exp(ﬂc }flf(ﬂc )+ T 1] .............................. (4.21)

where:
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N T 4.22)

ﬁc=25P+w

The value of the fluid loss volume through the elementary surface, dA, is obtained by

the integration of Eq. (4.16), which between the opening time, 7, and the end of

pumping, ! > becomes:

av, dA_[

T\ /t —
where ¢ is the actual time. Integration of Eq. (4.23) over the fractured face area, from

zero to A » (Fig. 2.2), gives the volume of fluid leak-off with respect to the surface as

follows:

V Aptp CL
=2 ATAA ..o (4.24)

0 r t—f

and substituting Eq. (4.24) into Eq. (4.13), the g, () function can now be derived

as follows:

e A N O s
gO(a) {Ek-\[[——z‘)dA ................................................ (4 )

where the opening time is given by Nolte® as:
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tp = e 4.27)
tp
A, = ﬁ- .................................................................................... (4.28)
AP
T S e (4.29)
tP
A combination of Eqs. (4.25-4.29) yields:
Ll dt
@) =[] | D AApy oo (4.30)
0\ %4p tD - a‘\/ AD
or,
aNzl(a
g,(@)= (@) (431)

Using the definition of the Euler Gamma function, and the Mathematica package, the
following approximation was developed and incorporated into the program of the

coupled model:
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g.(a)= B ) (4.32)

8y (@)

Both functions, g, (&) and g,, (), are shown in Appendix A.

In the case where At # 0, Eq. (4.30) becomes:

=] | =2
g(At,, )=
7 o\ Fap l‘D—“VAD

Nolte® gave a solution of the above equation for the upper and lower bound (i.e.
a =1and % respectively, Eqs. 2.7 and 2.8). Valko and Economides'' gave a closed

solution of Eq. (4.33) for any value of & as follows:

Lo . —1
o(0t, )= dayJAL, +2\]1+ Aty ;ci‘[; ; 2;a;1+a;(1+ Aty) ] .......... @39

where:

F [1/ 2,1+« (1 + At )—l ] is the hyper-geometric function.

The program used to solve Eq. (4.33) is shown in Appendix A. Using the definition
and properties of the hyper-geometric function, presented by Abramovitz and

Stegun®’ :

F(C) l b-1 c—b-1 —a
Fla,b,c,z|= - l—tz)de................... 435
2 1[a’ >G5 ] F(b)l‘(c—b)x!t (1 t) ( L ) t ( )
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and using the Mathematica package, the hyper-geometric, HF ', and g(At D,a)

functions can be computed as follows:

1 1 ZL-Z
HF:F[l/z;a;l+a;(1+AtD)“]=rL[1i0—‘ll[jz“"dt—(1+At,,)jt 2 dt].
(24 ]

1 1 2e-3
da,]At, +2le+AthL”‘—]][jt“°‘dz—(1+AtD)jz 2 dt}
0 0

Fkﬂfh

|+ 2

g(AtD ’a) =

Approximate values of the G-function, g(AtD,a), where computed for all

three geometries (PKN, KGD, and Radial), and are presented in Appendix A. Note
that the fracture growth power law exponent,&, for the computation of the G-
function of Eq. (4.34), has the following values: 4/3 for the PKN geometry, 2/3 for
the KGD geometry, and 8/9 for the radial geometry. That corresponds to the case of a
Newtonian fluid (i.e. the fluid rheology index, n= 1). However, in practice, the
calibration treatment is performed with the same type of fluid that will later on be
used for the actual fracture job, and thus the rheology must be considered. Nolte* has
shown that for injection of a power law fluid at a constant rate, the fracture growth
power law exponent,&, can be found analytically for all three basic geometry

models. He shown that by taking a derivative with respect to time of Eq. (4.26) in the
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limit of high and low fluid efficiency, 77, will lead to the following values for « :

a = Y for the PKN and KGD models
o = Y for the radial model

for the lower bound (i.e. 77=0), and

_2n+2

a= for the PKINmodel....... ... ... . (4.38)
2n+3
n+l

a= forthe KGD model........ ... ... e (4.39)
n+2

and
2n+2 i

a= fortheradial model......... .. ... ... . (4.40)
3n+

Eqgs. (4.38-4.40) were derived for the upper bound (i.e. fluid efficiency 77 = 1)

In essence, the importance of Eq. (4.12) is valid if it leads to a straight-line
plot when pressure is plotted against the G-function. However, as mentioned earlier
in this work, that is not always the case (see Figs. 1.1 b and 1.2).

In the case when a plot of the net pressure versus the G-function is a straight
line, the slope my contains relevant information regarding the leak-off coefficient, C;.
Except for the PKN model, however, this information is not readily available,
because the fracture stiffness contains the yet unknown fracture half-length or radius

(see Appendix Eqs. A18 and A19). Therefore an additional assumption is necessary
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to obtain the fracture extent. This assumption, postulated by Shlyapobersky, states
that the spurt loss can be neglected and hence, the intercept by can be used to obtain
the fracture extent. Since the no-spurt-loss assumption is an integral part of the
methodology, the Nolte-Shlyapobersky method yields an essentially one-parameter

description of the leak-off process.

4.3 Improved pressure decline model (P,-II)

If Nolte’s assumption (i.e. that the fracture area will evolve based on the power law
model, Eq. (4.36), at a constant value of & following the shut-in time) is considered,
then the fracture volume at the end of pumping is given by the total volume of fluid

injected minus the sum of the volume due to spurt loss and leak-off, as follows:

V=V,~—(KP+VL) ...................................................................... (4.41)
or,
V=V,-2r,4,8,-2r,4,C, Jt,g(Atr,@) ..o (4.42)

where the dimensionless time, Af,, is given by Eq. (4.14), as shown earlier in this

chapter.

The actual fracture volume is given by the product of the permeable fracture face

area, A > considered constant during the fall off period, and the average width of the

fracture, W. Note that the maximum fracture width corresponds to the end of the

pumping time:
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where A r is the fracture area, and the ratio between the permeable fracture area and
the fracture area can be then written as follows:

Ay _Ehy _ By (4.45)

. =
A, xhe hy
Therefore substituting Eqgs. (4.43) and (4.4) into Eq. (4.42), the actual fracture volume

will be given by:

Aw=V,-25,r,d, —2r,A,C \tg(Aty,a) ..o (4.46)

And a combination of Egs. (4.13) and (4.46) yields:

_
W= i ~2r,8, = 2r,C Ntg(Aty,a) oo (4.47)

Note that what determines the fracture width variation is the G-function, g(At i ,a),
the pumping time, ¢, the leak-off coefficient, C, , and the spurt loss, S - We want to

find a way by which to estimate the average fracture width decrease (i.e. the fracture

closure process, or pressure decline). This can be done considering the fact that the
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average fracture width, W, is directly proportional to the net pressure, p, (i.e. this is

founded on the basic theory that describes the formation as a linear elastic medium’).

Therefore, a relationship between the average fracture with, net pressure and fracture

compliance, € r »can be written as follows:

W S DC o (4.48)
with:
pn :pw —pC

where p, is the closure pressure, or minimum in-situ stress, Eqs. (3.13) and (3.14),

and the fracture compliance is given by Eqs. (2.17-2.19) for each fracture geometry.

The fracture compliance coefficient is the inverse of the fracture stiffness (i.e.
stiffness can has the same role as Hook’s constant). Consequently, the linear
relationship given by Eq. (4.48), leads to a new form of Eq. (4.47), as a function of

the net pressure, or:

2r S 2C,r .|t
Pw[.fz(pc + v, T "]- £ p\/—p xg(AtD,a:)=
r Sy Cr
by +my X (AL, @) . oo, (4.49)

A plot of the wellbore pressure, P, 1] versus the G-function, Eq. (4.49), should

result in a straight line of slope, m, , and intercept, b, , if the fracture face area,

fracture compliance and leak-off coefficient do not vary with time. From the slope
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one can then determine the leak-off coefficient, (C,, and from the intercept the

fracture average width, w, the fracture half-length, x r (for the PKN and KGD

geometries), or Rf for the radial case, and the fracturing fluid efficiency, 7.

However, there are cases when a straight line can not be attained, Figs. (1.1b, 1.2, and

1.3), for reasons shown above and earlier in this work. Thus, if the plot is a curve,

other means (See section 4.6) of analysis and interpretation should be employed to

substitute for the above model (i.e. Eq. 4.49).

The above equation, although similar in format with the one derived earlier'?, Eq.

(4.12), has the following new components in its structure, as a part of this work:

a)

b)

The ratio of the fracture permeable to fracture height, ¥, . as shown by Eq.
(4.45)

The ratio of the spatial average to the wellbore net pressure, 5, to account
for the non-Newtonian fluid behavior. A derivative with respect to
g(At D,a) of Eq. (4.49) will lead to :

dPll  2C.\t,
d[g(AtDaa)] Cf

Where ¢, =c¢ f(ﬂ N ) This indicates that for a constant fracture face area,

the only variable that can alter the linear behavior of the pressure versus the
G-function, is f,,. Consequently a deviation from the ideal expected

behavior as shown in Nolte’s analysis®, Figs. (I1.1a and 1.2) can be explained

by the occurrence of fracture geometry changes, unlike the opinion of other
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authors'' who consider the ratio of spatial average to the wellbore net

pressure, [3, =l after shut in. If the net pressure in the fracture were the

same at all points, then a value of ,6’ ~ =1 would be valid. However, Nolte*

showed that during and after pumping there is fluid flow from the wellbore
region to the extremities of the fracture, and this generates a pressure
gradient until the fluid is completely lost into formation. Fig. 2.4 shows the

simulated pressure and flow rate in a fracture both before and after shut-in’.
In his study and analysis Nolte® also shows that /3 v prior and after pumping

has different values due to flow rate and pressure gradient reduction in the
entrance area of the fracture. Some authors erroneously consider the
pressure reduction at shut-in a part of the pressure drop through the

perforations. In this sense note that the fracture average width is constant

immediately before and after shut-in. Consequently —= is equal to the ratio

s

of the net pressure immediately before and after shut-in. In this work, the
ratio of spatial average to the wellbore net pressure after shut-in, 3, = 8y, ,
Egs. (2.20-2.22) is considered, since we analyze the decline period of the
test.

Fluid rheology consideration for the computation of the maximum fracture

width, w:nax as a function of the fracture average width, W . The index fis
used for the fracture geometry type. Pertinent equations are shown in

section 4.4 of this chapter, and Appendix A.
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d) Spurtloss, S »» which can be implemented for all three geometries as shown

in section 4.5 and Appendix A.

4.4 Non-Newtonian behavior of the fracturing fluid

A minifrac test implies the injection into the reservoir of a fluid with same or
similar properties as the one later used for the completion of the actual frac job. Since
viscosity of such fluids is one of the most important qualities associated with the
fracturing fluid, Non - Newtonian behavior must be considered. Therefore the
pressure decline model, Eq. (4.49), can be improved by incorporating the above

mentioned fluid behavior. To do so, we need to add one additional equation which
relates the equivalent Newtonian viscosity, £, with the flow rate, assuming power

law behavior.

4.4.1 Fracture width equations for the basic 2D fracture geometries

To best describe the propagation of hydraulically induced fracture, we need to
combine elasticity, fluid flow, and the material balance. Given the fluid injection
history of the minifrac test, we can predict the evolution with time of the wellbore
pressure and fracture dimensions. Since the height of a the fracture will be considered

fixed in this work, the models presented will predict the other two dimensions,

fracture half-length, x, (ie. PKN and KGD geometries) or Rf (i.e. radial

geometry), and fracture average width, W . From the elastic energy theory, the strain

. . . . 55
energy is the energy excess stored in the medium if a fracture is present. Sneddon
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formulated a mathematical expression for a pressurized line crack which has an

elliptical distribution, to evaluate the width of the crack as:

w(x)= 220

where p, is the constant pressure applied on the surface of both fracture faces from
the inside, (Fig. 3.2), cis the fracture half-length (distance from the center of the
fracture to its tip, and x is the variable distance from the center of the fracture.

The volume of one wing of the fracture, V', can be found by integrating Eq. (4.51)

multiplied with the height of the fracture:

”Pnohfcz
w=—2=~ i (4.53)
hfc E

The volume for one wing of a radial crack'' is given by:

8R;p,
3E

Re
V=lj‘2rﬂ(8p.” sz—rz)dr=
23 E
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and the volume divided by area will yield the average fracture width:

8R,p, 16p,R,
2 - )
(n:R )35. 3ItE

W =

2

Daneshy®®, Valko and Economides'!, and other authors, showed that a shape factor,

7, 1s necessary to correct the average fracture width as a function of it’s maximum

value:

y =m/5 for an elliptical cross sectional area (PKN geometry) .................... (4.56)
y = /4 for a slot cross sectional area (KGD geometry) .............ccc..oeeun... (4.57)
and

y = /4 for a radial cross sectional area (Radial geometry) ....................... (4.58)

4.4.1.1 PKN width equation

Perkins and Kern® considered zero net pressure at the tip of the fracture and
the average fluid linear velocity at any location was approximated by the ratio of the
injection rate, in one wing, and the cross sectional area. Also the pressure drop of a

Newtonian fluid in an elliptical cross sectional area is given by:

oL B (4.59)
L mw,h,

where, w_ , is the maximum fracture width and is obtained from Eq. (4.51) at the

w?
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wellbore (i.e. x = 0). Assuming c=h /2, this becomes:

Substituting Eq. (4.60) into Eq. (4.59) the following differential equation is obtained:

d 8uqgE”
pr'=—‘7% ............................................................................. 4.61)
f'n

A solution of Eq. (4.61) is obtained by its integration between the wellbore and tip of
the fracture, based on Perkins and Kern postulate that the net pressure at the tip of the

fracture is zero:

2uE?
pum i P2EEEL oo
r /2

And combination of Egs. (4.60) and (4.62) gives:

An estimated average fracture width, W, is given by the wellbore maximum width

multiplied with a shape factor'!, y =7 /5:
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4.4.1.2 KGD width equation

In a similar manner, as in the case of the PKN geometry, the maximum

fracture width at the wellbore is estimated to be:

2 2
ww=4’336’u,§1xf =322 ”,ipcf ................................................... (4.65)
r E hf E hf

In this case the shape factor is considered as ¥ =7 /4, and the average fracture

width:
1 qgx;
Womy Wo =538 L 4.66
Yy w, 4E3hf (4.66)

4.4.1.3 Radial width equation

In this case, the fracture width equation is'':

2
7 =2.664/= ?f ......................................................................... (4.67)
E°h,

and if we consider:

x,=h,/2=R,, Eq. (4.67) becomes:
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4.4.2 Equivalent Newtonian viscosity

Also know as the effective or apparent viscosity, the equivalent Newtonian
viscosity is defined by Hagen-Poiseuille law (i.e. Eq. (4.59) for an elliptical cross
sectional area). Based on this law and assuming power law fluid behavior, the
following equations of the equivalent Newtonian viscosity for each geometry have

been derived!!:

n _\n1
. =K[1+(”_1)"] (2’”J .................................................. (4.69)
n w,
-1 n A\l
7. _g?2 [1+2n} ( d J ..................................................... (4.70)
3 n w,
_Kz,,_l 1+3n g 1=n f—\n—1
Hopap = . (W, ) B (4.71)

4.4.2.1 Modified maximum fracture width — PKN geometry

The average velocity, V, of the fluid through an elliptical cross sectional area

open to flow, is given by the ratio of the injection rate, q and the average cross

sectional area, Wh I
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The fracture average width, considering the shape factor, Eq. (4.56), is:

and substituting Eqs. (4.69), (4.72), and (4.73) into Eq. (4.63), the maximum fracture

width as a function of the equivalent Newtonian viscosity is obtained:

R len(z=0)T(1Y (¢ ) |7
Wi =3.57m1 g 12.5"-‘1<x,[—n———] (;) gl —

4.4.2.2 Modified maximum fracture width — KGD geometry
The average velocity, v, of the fluid through a slot cross sectional area open

to flow, is given by the ratio of the injection rate, ¢, and the average cross sectional

area, th:
V= —__C]— ..................................................................................... 4.75)
whf

and substituting Egs. (4.70), (4.75), and (4.76) into Eq. (4.65), the maximum fracture

width as a function of the equivalent Newtonian viscosity is obtained:
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4.4.2.3 Modified maximum fracture width — Radial geometry

In a similar manner, as shown above for the other two geometries, the average

velocity, V, of the fluid through a radial cross sectional area open to flow, is given by

_\2
. .. . w
the ratio of the injection rate, ¢, and the average cross sectional area, 7:(—2-) :

and substituting Eqs. (4.71), (4.78), and (4.79) into Eq. (4.68), the maximum fracture

width as a function of the equivalent Newtonian viscosity is obtained:

—2_ i, n 2n+2
w2 =3 57 (4L imea [3 2251 K(l * 3”) Q"R}'"]
n

The above width equations, based on equivalent Newtonian viscosity, are

incorporated into the main model.
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4.5 Spurt loss estimation

Inspection of Eqs. (4.49 and 4.53:4.55), shows that it is possible to evaluate the

spurt loss as follows:

PKN geometry:
1 I. 4 T Brew My
S PEN — — — : (bN - pc) -------------------------------------- (4-81)
o, | xhy 2E
KGD geometry:
1 V., 7 Brep X,
S KGD = { : - . (bN - pC) ...................................... (4.82)
g 2r, | x,h, 2E
RADIAL geometry:
1| vV, 16RB
S oip = L TTRL By = D) e 4.83

Note that Eqs. (4.81:4.83) have two unknowns, the spurt loss and the half fracture

length. Several alternatives for the incorporation of spurt loss into the model, Eq.

(4.49), will be presented next.

4.5.1 Material balance approach

The spurt loss can be estimated if additional information could be obtained by
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coupling the end of the injection period with the instantaneous shut-in of a minifrac
test'’. If the assumption that the fracture propagation will cease at the end of the
pumping period is valid, then the average width should not change. Therefore the best

straight line fit of the pressure versus the G-function, Eq. (4.49) can be used as

following;:
ISIP = by, + My 8o (0, ) oo (4.84)
where:

ISIP is the instantaneous shut-in pressure and iis the index corresponding to the

fracture geometry type.

4.5.1.1 Spurt loss approximation — PKN geometry

From Eq. (4.48) the average fracture width after injection can be estimated as:

Wigga =(ISIP = PC)Cp oo (4.85)
Combining Eqs. (A-2, 4.63 , 4.84, and 4.85) and solving for the fracture half length,

X yields:

(b, +1.41495m,, - Pc),b’hf]4 E't,
El

X, = 0.242[

4
where: 1.41495 = g, (g) corresponding to a shut-in time, Af=0.
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Substituting Eq. (4.86) into Eq. (4.81), leads to an estimate of the spurt loss as

follows:
s L 4.13223E7V 1 _hy by — Pe)Bp
2, 3Bt (by +1.41495m,, — Pc)’ 2E

4.5.1.2 Spurt loss approximation — KGD geometry

From Eq. (4.48) the average fracture width after injection can be estimated as:

Wisp =(ISIP = PCYC 1 ..o (4.88)
Combining Eqs. (A-3, 4.65 , 4.84, and 4.88) and solving for the fracture half length,

X, yields:

, 2 /2
X, =2.594[ £ J [ ad ) e (4.89)
Bioo(by +147837m,, — Pc)| | E'h,t,

2
where: 1.47837 = g, (g) corresponding to a shut-in time, Af=0.

Substituting Eq. (4.89) into Eq. (4.82), leads to an estimate of the spurt loss as

follows:
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0.3855(b, +147837m, — Pc)'V,Besp
E?hV,u/h, Et, )"

1
SP?C?D = 3 ,:
Fo

e (4.90)

40746E,(bN —_— PcXV'ﬂ/hf Eltp )l/2
(by +147837Tm, — Pc)' By |

4.5.1.3 Spurt loss approximation — Radial geometry

From Eq. (4.48) the average fracture width after injection can be estimated as:

Wiagp =(ISIP = PC)C ;... oo (4.91)
Combining Egs. (A-4, 4.63 , 4.84, and 4.91) and solving for the fracture half length,

R yields:

, 4/3 v 173
R, =1.447{ b jl [f‘—) e (4.92)
Brop(by +137689m, — Pc)| | E't,

8
where: 1.37689 = £, (6) corresponding to a shut-in time, Af=0.

Note that the derivations above contain a G-function corresponding to a shut-in time,
At =0, since the ISIP value is read at that specific time.
Substituting Eq. (4.92) into Eq. (4.83), leads to an estimate of the spurt loss as

follows:
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1 0.152V,

SPrn = _

2rp E' 8/3 Vl# 2/3
(by +137689m, —Pc)B) | E*t,

, 4/3 v 13 7]
2.4565(b,, — Pc{ £ ] Bl =&
(by +137689m,, — Pc)p E't,

E’

4.5.2 Laboratory measurements

Perhaps the most relevant information one can obtain about spurt loss, is from

a lab test performed on a core sample taken from the reservoir selected for hydraulic

fracturing. Carter” has shown, Egs. (4.2 and 4.94), that the filtrate volume, ¥ -

through a core sample during a period of time, ¢, will lead to the determination of

spurt loss, V,p . This can be obtained as the intercept of a plot of the filtrate volume

versus the square root of time, as shown in Fig. 5.1.

Ve =MNE 4V, oo (4.94)

If the spurt loss can be evaluated, via one of the above indicated procedures or other
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methods (i.e. Fig. C-43), then the fracture half length can be evaluated for each
fracture geometry, as a function of the spurt loss. This can be obtained from Egs.

(4.49 and 4.81:4.83) as follows:

S e L S B e R S
LEGEND :
- CORE  PERMEABILITY® Ap
MUMBER __ (md) (psi)
@ se-(3® 99.2 300
S0 ¢ ga-i3 075 900
o BA-24 5.20 900
. OBA-2 .68 400
8 8a-23 5.20 400
A BA-27 2.69 100
40— 4 Ba-29 6.20 100 =
| (a) PERMEABILITY TO Cy Cpe N
(b) BEREA SANDSTONE
30l ALL OTHER BANDERA _

SANDSTONE

n
o

TEST_CONDITIONS: i
FLOWING TEMPERATURE........125°F
ADDITIVE CONCENTRATION....4 th/bbl.

FILTRATE VOLUME THROUGH CORE WAFERS, cc
o

0 | L { ! ‘ :
0 | 2 3 4 5 6
TIME , ymin

Fig. 4.1 - Fluid loss characteristics, adapted from Carter™*
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4.5.3 Spurt loss from synergy analysis

Nolte®’! provides a technical framework for adding after-closure fracturing-
pressure analysis to the pre-treatment calibration-testing sequence that defines
fracture geometry and fluid-loss characteristics. A companion paper8 provides the
general framework for applying this analysis and for its integration with the other
parts of the testing sequence.

In his work, he shows that the after-closure period contains the reservoir
pseudo-linear flow period that is the focus, and the pseudo-radial flow period that has
been previously addressed in a comprehensive manner. Radial flow defines the
reservoir parameters. The primary roles for linear-flow are to define spurt loss, after a
calibration treatment, and to use the reservoir’s perspective of the fracture length to
validate information available from other parts of the calibration sequence. The focus
of this paper is on after-closure pseudo-linear flow. As discussed in the more general
presentation, reservoir linear-flow provides the last link for the fracturing-pressure
chain-of-events. This chain gives a continuum of increasing information about the
fracture geometry, fracturing fluid, and reservoir with feedback to validate or
question prior information. The proposed timeline of events (and information) begins
with a small-volume injection (for closure pressure) and shut-in (for reservoir
transmissibility and initial pressure); pumping the fracture calibration treatment (for
fracture geometry characteristics); the shut-in closure-decline (for total fluid-loss
coefficient and fracture length to validate geometry); the period immediately after
closure (for separating the various fluid-loss mechanisms and validating closure

pressure); after-closure linear-flow (for spurt-loss and to validate fracture length); and
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in the case of high-permeability, transitional flow (for validating various parameter
combinations) and radial-flow (for validating reservoir transmissibility and initial
pressure).

An effective and compact way of including spurt loss is to define a
dimensionless spurt coefficient that depends on the spurt value (S,, having the

dimension of length) and the total fluid-loss coefficient, as shown bellow and earlier

in this work:
=1+[s, eoc, JE )b n="22, 4.94
K’=+pgor‘/l:,7]—?i, .......................................... (4.94a)
VLP=2g0KCTA‘/;p—=(1—r])V,.;go_.g;,,_,o .............................. (4.94b)

These equations also show that the selected definition for the spurt coefficient
produces a simple multiplication with the loss coefficient. The definition also implies
that for no spurt loss, Kk =1, Eq. (4.94c) gives the interpretation for values greater
than unity; e.g., K =5 reflects 80% of the fluid loss, during pumping, coming from

spurt-loss.

Vi IV =lc~1}uc; Vo IV, = (=D =1) Ko, (4.94c)

The difficulty here consists of the fact that the spurt loss coefficient,x ,was
determined empirically(i.e. simulations®’!) and of non-uniqueness when trying to

delineate the correct slope corresponding to a pseudo-linear flow regime. However,
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the study presented by Nolte is very well documented and deserves further

consideration.

4.5.4 Fracture half-length determination as a function of spurt loss - PKN

Substituting the spurt loss in Eq. (4.81) and solving for the fracture half-length

leads to:

.- 2E',
" mhlB(by —P)+4hE'T,S,

4.5.5 Fracture half-length determination as a function of spurt loss - KGD
A similar substitution of the spurt loss in Eq. (4.82), and solving for the

fracture half-length, will result in:

' Thp

2E [‘/(hfrpsp)2 - b{ ey -RY, —hfrpSpJ

X, S e
’ 7hfp (by ~F.)

4.5.6 Fracture half-length determination as a function of spurt loss — Radial
If we substitute the spurt loss in Eq. (4.83), the following polynomial equation

will result:
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AR + BRI+ C =0 ..o (4.97)

One real and two complex solutions where found solving Eq. (4.97):

B4VaB + 274°C3C ~28° ~21.4C)" .

R =
: 3432

Y28? _ B
3ABAVAB +274°C3C —28° —742C)” 34

................ (4.98)

o = 1\3)3AVaB® + 274°C3C ~28° - 21.4%C)"
: 6432

(1+143)8° B

- Ty (4.99)
3443 AVAB + 274°C3C - 28° - 274°C)

R

_(1+ 1¥3)B4VaB + 274°CNAC - 28° ~21.4°C)”
: 6432

(1-2v3)8 B
34NA3aVaB" + 214°C3C - 28° - 21.4°C)" 34

......... (4.100)
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The real solution, Eq. (4.98), will be retained for the computation of the fracture haif

length, Rf, where:

A=167B(by — P.) oo (4.101)
B =67 1 E" .o (4.102)
C =3V mE" . e (4.103)

4.5.7 Spurt loss estimation by use of a high pressure simulator

Lord et al.” describes the results of fluid-loss tests conducted with various
hydraulic fracturing fluids through the use of a large-scale, high-temperature, high-
pressure simulator that has several unique capabilities. Among these capabilities is
the ability perform dynamic fluid loss experiments over a large surface area under
1,000 psi differential pressure. Fig. C-43 shows that significant spurt loss can be
identified (i.e. 69 gal/100 ft%) in a porous medium that has only a permeability of 6.9

md.

4.5.8 Spurt loss from empirical correlations

Ridha’ shows in his work empirical equations for the estimation of spurt loss:

S, = 0.25107 k.(P,; — P) without Matriseal
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S, = 0.5010_4/(, (P, — P) with Matriseal

ny

Inspection of the above equations clearly indicate that spurt loss is not a

negligible fluid loss component, and that is direct proportional with the reservoir

permeability.

4.6 Pressure derivative model (P“;[[ )

Castillo®!, introduced a modified fracture pressure decline analysis model,
including pressure-dependent fluid leak-off. This is an improvement indeed, since
Nolte’s initial derivations assumed the leak-off coefficient as a pressure-independent
constant. However, his assumption is valid for the case in which the leak-off is
controlled by a compressible filter cake, with the exception where leak-off is
primarily controlled by filtrate viscosity, by an incompressible filter cake , or by
reservoir permeability and compressibility.

Castillo introduced new pressure derivative plots (Figs. 2.8 and 2.9), for fracture

pressure decline analysis, that determines the fracture parameters(/SIP, P.,P"),

required in the Nolte leak-off calculations. In essence he took a derivative of the
wellbore pressure with respect to the G-function and plotted this versus the shut-in
time. His claim is that one can determine the fracture end of extension and the closure
pressure with its corresponding time. However, a closer look at these plots, (Figs. 2.8
and 2.9), show no uniqueness based on which one could infer the above parameters,
and thus the method is inconclusive, because we can not accurately delineate the

fracture parameters from these plots. And by no means, should use of these plots
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replace the stress tests (i.e. pump-in flow-back test) used for the determination of

closure stress.

Instead, if we take a derivative with respect to time, and not the G-function, of
Egs. (2.7 and 2.8), corresponding to the upper and lower limits, then the following

can be obtained:

PoIL = F(E) oo (4.104)

Eq. (4.104) should be a straight line of slope, mN given by the following

relationship:

, 4r C, |t
My == N e (4.105)
and

1/2 ( 172
F(t), =[1+—[—J —LL) ........................................................ (4.106)
t, t

for the upper bound, and

2
F), =L l(ft_) _ L+t .

2 3/2
2, [1- (1 - i) Arcsm[l - i]
[, t, 1

\ L
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1

3/2
. t
Arcsm(l + —-]
tp )

for the lower bound.

B e e e (4.107)

In the case where a plot of the pressure versus the G-function of Eq. (4.49)

leads to a curve instead of a straight line, any analysis would be inconclusive since no

correct slope, m,, , or intercept, bN, can be delineated, Figs. (1.1b, 1.2, and 1.3).

Consequently, a plot of the pressure derivative, P,II , versus F (t) , will enable us

to more accurately delineate the correct slope of a line that best fits the curve or a
section of it. This is possible since Eq. (4.51) must have a zero intercept.

Note that only the pressure derivative for the upper bound can be used, since

the lower bound F (t),_ . Eq. (4.54), is a function of ArcSin(1+¢/t,), and can not
be computed for values of ¢/t p>0. However Nolte™'* showed, Fig. 2.3, that the

difference between the two bounds is within acceptable limits (i.e. error less than 10

%).

4.7 Filtercake—Reservoir Flow Leakoff Model
Mayerhofer'>'>!® published a filter-cake reservoir flow leak-off model. In his
model he considers the total pressure drop between the fracture and the reservoir as

follows:
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AP(,)= AP () + AP,y (0)+ AP (6 oo (4.108)
where Ap, .(¢,) is the pressure drop across the fracture face dominated by the

filter-cake. It is considered steady-state in the sense, that it depends on the flow
through the filter-cake, but not on its history. On the other hand, Ap (¢ ) is the

pressure drop in the reservoir, having a truly transient nature (i.e. depending on not
only the actual flow but also on the history of the leak-off process). The third

component of Eq. (4.108) is the pressure drop across the polymer invaded zone,

AP . (L,). Tts influence was studied''*'® and found to be negligible.

In this approach the first term has one determinable parameter: the filter-cake
resistance, Eq. (4.24), and the second term contains the other determinable parameter,
the formation permeability, Eq. (4.27). While the first parameter is mostly the
property of the fracturing fluid and can be affected by the composition, the second
parameter is the property of the formation and is a given for the fracturing engineer.

From the Mayerhofer et al.">" technique two parameters are sought: the filter-
cake resistance,Ry , and the reservoir permeability. A short review of the main
components of his model for pressure transient behavior is presented in chapter 2 of
this work, Eqs. (2.35-2.42). However, the following observations are delineated in
regard to the method:

1. The methodology, requires a significant level of simulations, computations and

plotting, based on estimated values for the fracture area, A 7> at any time during

the injection period as a function of the volume injected, of the pressure drop and

its derivative. Not only is the method difficult to apply, since often times none of
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the expected behavior matches the field data, but how can one determine the

fracture area and the leak-off rate as the fracture grows? In essence, during the

fracture propagation the leak-off rates, q,,, are not exactly known. We do not
even have the correct times, ¢ It corresponding to the 1 + 1 leak-off rates. Also,

there is no specific model used for the estimation of the fracture geometry.
2. The permeability and the filter-cake resistance, can only be determined if the plots
of the field data match the simulated ones (see Figs. 1-8) of Mayerhofer et al."®
3. Another useful observation is in regard to the non-linearity of Nolte’s plot of the
net pressure versus the G-function, (Fig. 8) of Mayerhofer et al."’, which shows
once again a curve instead of a straight line. Therefore, a correct slope can not be
delineated from it.
However the concepts and basics of Mayerhofer’s model are very valuable and used
as a main platform for the derivation of the following improved filter-cake reservoir
fluid flow model.
The pressure drop in the reservoir can be found from a pressure transient
model for fluid injection into a porous medium for the case of infinite conductivity
fracture. A general solution for the case of fluid injection through a fractured

reservoir was developed and presented by Cinco-Ley and Meng®. The equation was

taken into Laplace domain, assuming equal length intervals, x, as follows:

o) =3 2T 2 [kt = NG + Ko + X W) i +

i-1
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r Jf[(‘l") +Ax(xoj—iAx)]¢7,Di(S)+(A;) T ()= T Xp,
| f7r’p

............................................................................................. ..-(4.109)
Writing this equation for every equal length interval of the fracture, a system

of nequations is obtained. The system contains #+1 unknowns. The first

n unknowns consist of dimensionless flow rates per unit of fracture length, g 1, (s),

for i=12,3,...,nand the n+1-th unknown is P, ,(s). In addition, we need to

consider the fact that the flow of a fracturing fluid passes through the filter-cake,
built-up on the fracture face, before it reaches the reservoir. Therefore, an additional

equation will describe the leak-off rate at a given time as follows:

In essence the above solution can be obtained by solving the system of Egs. (4.109
and 4.110), or making use of a type curve®.
Duhamel’s theorem enables us to treat the linearity of the diffusivity equation

by the principle of superposition, as a sequence of constant rates. The rate history is
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known while the actual leak-off rate, ¢, is not. The above mentioned principle leads

to the pressure drop across the reservoir, Ap, (f), given by the following equation:

Ap,.(t,)= ﬂ: h 2.(q,—9,-)pPp [(tn —t,--l)o] --------------------------------- (4.112)

rtp J=1
Gingarten and Ramey’s® solution for an infinite conductivity fracture can be also

written as follows:

e (Fy = E ) e (4.113)

The dimensionless pressure, Eq. (4.113), is determined with respect to a

dimensionless time which corresponds to an actual fracture half-length, x, at a time

t, and not ! j which is unknown. For the interpretation of the fall-off test, we have

(t", pn) data points after shut-in time (i.e. # >#n_ ), where #n_is the index which
corresponds to the first pair of data immediately after shut-in, and nis the
corresponding index for any other pair of data following shut-in. The data are
considered until the fracture closes (i.e. closure time [, ).

The main focus will be on Eq. (4.108), with its main components defined as

follows:

The filter-cake pressure drop term, as given by Mayerhofer”, is:
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R t
Ap...(t)=q, 2— /L ............................................................ (4.114)
rpAf tp

where g, is the leak-off rate corresponding to a time f,, and R, is the filter-cake

resistance, which was derived by Mayerhofer’> based on analogy with the fracture

face skin factor®. And the second term is the pressure drop across the reservoir, as

described by Eq. (4.112).

Substituting Eqs. (4.112) and (4.114) in Eq. (4.108) leads to:

Ap( )_ qn

2 A ﬂkhpj—l

IfEq. (4.115) is re-arranged as:

t Y7
_ / = 7 Y s 2
Ap(t,)= A q,.+Ap,¢,(t) ?_r A p q, + —

pn e

where:

S=(g, _qO)PD(tn ~1,)+(g, —ql)PD(tn ~t)+

et (qn—l - qn—Z )PD (tn - tn—z ) + (qn - qn—l )PD (tn - tn—l)

then the actual leak-off rate for one wing can be determined:
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Ap(tn)- £ li_qn-lpo (tDn _tDn-l)+il(qj _qj—l)pD [(tn _tj—l )D ]:l

- 7k, h, Z
' _R._o_ ti + #rpD [(tn —tn—l)D]
2r,4,\¢t, 7zkrhp

............................................................................................... (4.117)

Substituting Eq. (4.113) in Eq. (4.117) and re-arranging yields:

. _ Sy - o,
Ap(t,) A h [ qn—lpD(tDn tDn—l)+§(qj qj_l)J(éC,ﬂ,x: @, tj—l)J

S eoey
A, 2 V¢, wge k, /

............................................................................................... (4.118)

9n =

The above equation can be used for the determination of the actual leak-off rate
during both the propagation of the hydraulic fracture and closure. Mayerhofer'
showed that the leak-off rates are a function of the observed decline pressure.

From the net pressure definition, Eq. (4.48) the fracture width is given by:

W= Po=c (P = P) oo (4.119)

wj—l =c/‘Pn =CI(P‘2 —Pj-—l) ......................................................... (4-120)

J

And also by the ratio between the leak-off volume and fracture face area as:
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wo=—Land w,_ =— (4.121)

The leak-off rate is given by the leak-off volume divided by time:

q =Land qg., = Vi (4.122)
J Atj ]"l At!_l """"""""""""""
Combining Eqs. (4.119-4.122) it follows that:
A (p - p.)
S\ J
=, L (4.123)
1 =Cr At
A =D,
g, =c,—L (2 Pe) (4.124)
At 1

If we substitute Eq. (4.113) in Eq. (4.112), the pressure drop across the reservoir

becomes:
Hd & 7k
A f y=—r —a. Lt =) o, (4.125)
pre:( n) ‘rAp ;(qj qJ—I)J 4 “U’_ ( n j—l)

and with further substitution of the ratio of the permeable to total fracture areas, given

by Eq. (4.45), Eq. (4.125) will be:
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U 7k
A [ )=—"— .- Tt =t ) 4.126
prex( n) 7dCrrPAf ;(qj qj-l)\/ ( n j—l) ( )

To further proceed, we need to consider the fact that the leak-off rates during the

fracture propagation are not known from j =1 to n, + 1. Consequently one key
reasonable assumption must be made, and that is that the first #_ + 1 leak-off rates

are equal to an apparent leak-off rate which can be computed via the previous model,

Eq. (4.49), as a function of the average leak-off width and fracture area:

Gy = e (4.127)

From j=1to n, + 2, the reservoir pressure drop can be written as:

172

1

klle r (ﬂ':;c ) [ql _qo)(tl —[0)1/2 + (q2 _ql)(rz —tl)uz +
r e t

)2 (4.128)

(q":+2 - qn,+l )(t" - tn,+l

and from j= n_+ 3to n, substituting Eqs. (4.123 and 4.124) in Eq. (4.125) gives:
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| ( p ]1/2[ Z": . Af(pj—l —p’)—cf Af(P,--z —pj-l):l ....... (4.129)
, -1

71 ¢C J=ng+3 At

J J

Combining and re-arranging Eqs. (4.128) and (4.129) leads to:

[ —_—
T
P n

P

i/2
1 i vz, & 12
+ —q._ (@, —t, +
k:/Z 4frp (71‘5 ‘J [(ql )n ]gz(qj q,-l)( n j—l)

Cf (,U Jllz[i (pj_l—pj)_(pj—z—pj—l)(t _t—1)1/2:|

................................................................................................ (4.130)

Where the total reservoir pressure can be written as the difference between the

fracture pressure, p,, attime, f,, and the initial reservoir pressure, p;:

AD(E, )= Dy = Do (4.131)

The term in the first square bracket of Eq. (4.130) can be written as follows:
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,i(quilz + né(qj - qj—l)(tn _t,—l)uz:l =

(g.)0 + cfA{p”’“ REL ](tn i) =t~ 1) 132)

tn - tn,+l

Earlier, we made the assumption that the first 7, + 1 leak-off rates are equal to an

apparent leak-off rate, and thus:

G) = et = Qaeeeeee e e (4.133)

Substituting Eqs. (4.127, 4.131, 4.132, and 4.133) in Eq. (4.130), and rearranging,

results in the following filter-cake reservoir pressure equation:

172
p,—p,=C RO t_"pn-l—pn+ cf ( H ) p":"‘l_p”s"’z (t —t 1 /2+
n [ /2 n ng+
2rp i, At k. v, 7gc, -

$ (pa-p,) (pra=p )(t" _ tj_l)uz:l .

j=n’+3 Atj Atj—l

12
A A

+ 1/21 ( £ J [WL_ft:/Z—WL_f(tn‘tn,+1)”2:'
k. “A.r,\ mpe, t t

or,
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pn—pi At"

pn—-l - pn tptn

t, — tn_,+t

- zrptP N (krrp)u2

1/2
¢ R, c, Y7, At,
wTgc, r,

(pn—l - pn)\/tptn .

J=ng+3

At At

J

[[pn_,ﬂ ~ P2 J(t” —t,. LN i (pj—l - pj)_ (pj—z - p,-l)(tn —t,—n)m:l

oL H
(k,rp )”2 7r¢c,rp

(pn—-l _pn)‘p

3/2
tn

1/2
trlxlz - (tn - tn +1 )1/2
s A (4.134)

Following simple algebraic re-arrangements, Eq. (4.134) becomes:

Y(n)= by, + mMX(n)

where the dependent variable is given by:

Pr — P
4 — 4n i
) d, .\t t

n

the intercept is:

the slope:
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Cr
My = e e (4.138)

and the independent variable:

172 _
X(n):( 74 ] [pn_‘--bl pn,+2 J(tn _tn:H)l/Z

wge,r, t—t

n ng+l

+
r%ﬂ At

.I J-1

(pj-l p/) (pj-2 pj—l)(t J_l)”z:l w t,l,/Z ._(t,, —t,, +l)l/2 N

+4+ —
3/2 n
(pn-l pn pt

................................................................................................. (4.139)
Equation (4.135) describes a straight line of intercept b,, and slope m,, (see Figs. C-
5, C-10, C-15, C-17, and C-21).

The main output parameters of the above equation are the filter-cake

resistance, Ro, determined from the intercept, b,,, and the reservoir permeability,

k, extracted from the slope, m,,, of Eq. (4.140).

The necessary modeling equations are presented in Appendix B. They incorporate
both cases, (1) no spurt loss assumption and (2) spurt loss identified, showed earlier
in this work (i.e. section 4.5 of chapter 4). A complete set of equations is presented

for each fracture geometry.

122



CHAPTER S

METHODOLOGY AND COMPUTER PROGRAM

5.1 Methodology

Based on the algorithm presented in chapter 4 and Appendixes A and B of this

work, the following step by step procedure is recommended:

I

b)

g)

h)

i)

k)

Following a minifrac test, acquire, compute and prepare the following
required input parameters:

Pressure and time data pertinent to both the injection and the fall-off periods
of the minifrac, (P, t).

Injection flow rate, g, , and the total volume of fluid injected into the fracture,
V..
Type of fracturing fluid and its key rhelogical parameters (i.e. 7' and K').
Formation porosity, ¢ .

Reservoir total compressibility, ¢, .

Reservoir fluid viscosity, /4, .

Fracturing fluid viscosity, 4 ..

Poisson’s ratio, V.

Young’s Modulus, £ .

Fracture permeable height, 72, .

Fracture height, /2.
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H

m) Initial reservoir pressure, P, .

) Pumping time, ¢ p-

Convert the time data into shut-in time intervals (i.e. Af)

Plot, on a cartesian graph, the pressure data versus time (i.e. Figs. C-1, C-6, C-
11, and C-18).

Filter the pressure-time data if necessary (i.e. if significant noise is shown —
Fig. C-16).

Select the corresponding fall-off period from the plot (i.e. Figs. C-1, C-6, C-
11, and C-18).

Determine the initial shut-in pressure from the pressure versus time plots (i.e.
Figs. C-1, C-6, C-11, and C-18).

Compute \/E and plot, on a cartesian graph, the pressure versus \/Z , of
the fall-off period (i.e. Figs. C-2, C-7, C-12, C-19).

From Figs. C-2, C-7, C-12, C-19, identify the correct slope of the straight line
corresponding to the final closure period, and estimate the closure pressure

and closure time.

Plot on a log-log graph the net-pressure versus time (i.e. also known as the
Nolte-Smith plot - Figs. C-3, C-8, C-13).

From Figs. C-3, C-8, C-13), identify the fracture geometry which will be later

used for modeling purposes.
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5.1.1 PKN geometry

I. Compute the g(At D ,a') function corresponding to the fall-off period using Eq.
(A-47).

2. Compute g, (a) for @ = 4/5, from Eq. (A-42).

3. Compute the pressure derivative, P, /I , and F (t) functions using Eqs. (4.104
and 4.106).

4. Plot the pressure derivative function, as P, /[ - F(t) versus F(t)* ona

cartesian graph, Fig. C-22.

5. For pressure-time data corresponding to the decline period, plot the bottomhole
pressure, versus the g(At D ,a) function (i.e. Figs. C-4, C-9, C-14, C-20, C-26).
6. If the plot from the previous step is a straight line, then delineate the slope, m,, ,

and the intercept, b,, from it.

7. Ifthe plot from step S is a curve, instead of a straight line, a correct slope can not

be identified. Therefore use P.II - F(t) versus F(t)* , Fig. C-22, to determine

the pressure derivative slope, m;\, .

8. Compute the leak-off coefficient, C,, from the slope of the pressure derivative

plot, using Eq. (4.105). Otherwise, calculate the leak-off coefficient from step 6

using Eq. (A-17).
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10.

I1.

12.

13.

14.

15.

16.

17.

18.

Next, calculate the expected slopes and intercepts of Figs. C4, C-9, C-14, C-20,
and C-26, using Eq. (4.49). To complete this step, the leak-off coefficient
determined on step 8 is required.

Identify, as shown in the steps bellow, if the spurt loss is present (i.e. expected on
reservoirs with medium to high permeabilities).

Estimate the spurt loss, S o» as a function of the fracture half-length calculated at
the previous step using Eq. (4.87).

If the spurt loss value is greater then zero , then calculate the fracture compliance,

¢, fromeq. A-2.
Calculate the fracture half-length, X -, using Eq. (A-11).

Calculate the average fracture width, W, , from Eq. (A-30)

Estimate the fluid efficiency, 77, from Eq. (A-35).

From the second part of the coupled model (i.e. filter-cake reservoir transient
analysis), Compute Y (n(l)) and X (n(i )) from the fall-off period, using Egs. (B-
17 and B-20). Note that variables determined from the first part of the model, are

used here (i.e. the average fracture width, and the fracture half length).

Plot ¥ (n(l)) versus X (n(l)) on a cartesian graph (i.e. Figs. C-5, C-10, C-15,
C-17, C-21, and C-27), and from the best straight line fit determine the slope,
m,, , and the intercept, b,, .

Next, calculate the filter-cake resistance, R, from Eq. (B-18), and the reservoir

permeability, k., from Eq. (B-19).
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19.

20.

21.

22.

23.

24

25.

26.

If the spurt loss is known, from a lab test, or another method of evaluation,
compute the fracture half-length from Eq. (A-11) as a function of the spurt loss.
Next, follow steps 14 through 18 as shown above.

If the spurt loss calculated from Eq. (4.87) has a negative value, or is unavailable
from any other source, the entire algorithm will be based on a no-spurt loss

assumption, as shown in the following steps.

Calculate the fracture half-length, X -, using Eq. (A-8).

Determine the leak-off coefficient, C, , from Eq. (A-17).

Calculate the fluid efficiency from Eq. A-27.

From the second part of the coupled model (i.e. filter-cake reservoir transient
analysis), Compute ¥ (n(z)) and X (n(z)) from the fall-off period, using Egs. (B-
2 and B-5). Note that the variables determined from the first part of the model,

are used here (i.e. the average fracture width, and the fracture half length).

Plot ¥ (n(l)) versus X (n(l)) on a cartesian graph (i.e. Figs. C-5, C-15, C-17, C-
21, and C-27), and from the best straight line fit, determine the slope, m,,, and
the intercept, b,, .

Next, calculate the filter-cake resistance, R, from Eq. (B-3), and the reservoir

permeability, &,, from Eq. (B-4).
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5.1.2 KGD geometry

1. Compute the g(At D ,a) function corresponding to the fall-off period using Eq.
(A-51).

2. Compute g, (a) for a = 4/5, from Eq. (A-42).

3. Compute the pressure derivative, P, /I, and F (t ) functions using Eqs. (4.104
and 4.106).

4. Plot the pressure derivative function, as P,J7 - F(t) versus F(t)* ona
cartesian graph, Fig. C-22.

5. For pressure-time data corresponding to the decline period, plot the bottomhole
pressure, versus the g(AtD,a) function (i.e. Figs. C-4, C-9, C-14, C-20).

6. Ifthe plot from the previous step is a straight line, then delineate the slope, m,, ,

and the intercept, b,, from it.

7. Ifthe plot from step 5 is a curve, instead of a straight line, a correct slope can not

be identified. Therefore use a plot of P, I - F(t) versus F (l‘)2 , Fig. C-22, to

determine the pressure derivative slope, m,, .

8. Compute the leak-off coefficient, C, , from the slope of the pressure derivative

plot, using Eq. (4.105). Otherwise, calculate the leak-off coefficient from step 6

using Eq. (A-18).
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10.

11

12.

13.

14.

15.

16.

17.

18.

Next, calculate the expected slopes and intercepts, of Figs. C-4, C-9, C-14, C-20,
and C-26 using Eq. (4.49). To complete this step, the leak-off coefficient

determined on step 8 is required.

Identify, as shown in the steps bellow, if the spurt loss is present (i.e. expected on
reservoirs with medium to high permeabilities).

Estimate the spurt loss, S prasa function of the fracture half-length calculated at
the previous step using Eq. (4.87).

If the spurt loss value is greater then zero , then calculate the fracture compliance,

¢, from Eq. (A-3).
Calculate the fracture half-length, x 7 using Eq. (A-12).

Calculate the average fracture width, W, ; » from Eq. (A-31)

Estimate the fluid efficiency, 77, from Eq. (A-35).

From the second part of the coupled model (i.e. filter-cake reservoir transient
analysis), Compute Y (n(¢)) and X (r(i)) from the fall-off period, using Egs. (B-
22 and B-25). Note that variables determined from the first part of the model, are

used here (i.e. the average fracture width, and the fracture half length).

Plot Y (n(z)) versus X (n(l)) on a cartesian graph (i.e. Figs. C-5, C-10, C-15,
C-17, C-21, and C-27), and from the best straight line fit determine the slope,
m,, , and the intercept, b,, .

Next, calculate the filter-cake resistance, Ro , from Eq. (B-23), and the reservoir

permeability, k_, from Eq. (B-24).
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19.

20.

21.

22.

23.

24.

25.

26.

If the spurt loss is known, from a lab test, or another method of evaluation,
compute the fracture half-length from Eq. (A-12) as a function of the spurt loss.

Next, follow steps 14 through 18 as shown above.

If the spurt loss calculated from Eq. (4.87) has a negative value, or is unavailable
from any other source, the entire algorithm will be based on a no-spurt loss

assumption, as shown in the following steps.

Calculate the fracture half-length, X/, using Eq. (A-9).

Determine the leak-off coefficient, C,, from Eq. (A-18).

Calculate the fluid efficiency from Eq. A-28.

From the second part of the coupled model (i.e. filter-cake reservoir transient
analysis), Compute Y (n(l)) and X (n(l)) from the fall-off period, using Eqgs. (B-
2 and B-5). Note that the variables determined from the first part of the model,

are used here (i.e. the average fracture width, and the fracture half length).

Plot Y (n(i)) versus X (n(¢)) on a cartesian graph (i.e. Figs. C-5, C-15, C-17, C-
21, and C-27), and from the best straight line fit, determine the slope, m,,, and
the intercept, b,,.

Next, calculate the filter-cake resistance, R, from Eq. (B-3), and the reservoir

permeability, k,, from Eq. (B-4).
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5.1.3 Radial geometry

1.

(98]

Compute the g(AtD ,a) function corresponding to the fall-off period using Eq.
(A-53).

Compute g, (a) for & = 4/5, from Eq. (A-42).

Compute the pressure derivative, P‘;[[ ,and F (t ) functions using Eqgs. (4.104
and 4.106).

Plot the pressure derivative function, as P, [T - F(t) versus F (t)’ ona
cartesian graph, Fig. C-22.

For pressure-time data corresponding to the decline period, plot the bottomhole
pressure, versus the g(AtD,a) function (i.e. Figs. C-4, C-9, C-14, C-20, and C-
26).

If the plot from the previous step is a straight line, then delineate the slope, m,,,
and the intercept, b,, from it.

If the plot from step 5 is a curve, instead of a straight line, a correct slope can not

be identified. Therefore use a plot of P.II - F(t) versus F(t)*, Figs. C-22, to

determine the pressure derivative slope, m,, .

Compute the leak-off coefficient, C,, from the slope of the pressure derivative

plot, using Eq. (4.105). Otherwise, calculate the leak-off coefficient from step 6

using Eq. (A-19).
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10.

11.

12.

13.

14.

15.

16.

17.

18.

Next, calculate the expected slopes and intercepts, of Figs. C-4, C-9, C-14, C-20,
and C-26 using Eq. (4.49). To complete this step, the leak-off coefficient
determined on step 8 is required.

Identify, as shown in the steps bellow, if the spurt loss is present (i.e. expected on
reservoirs with medium to high permeabilities).

Estimate the spurt loss, S ,, as a function of the fracture half-length calculated at
the previous step using Eq. (4.87).

If the spurt loss value is greater then zero , then calculate the fracture compliance,

C, fromeq. A-3.
Calculate the fracture half-length, R, using Eq. (A-13).

Calculate the average fracture width, W, , from Eq. (A-22)

Estimate the fluid efficiency, 77, from Eq. (A-29).

From the second part of the coupled model (i.e. filter-cake reservoir transient
analysis), Compute ¥ (n(l)) and X (n(i)) from the fall-off period, using Eqs. (B-
27 and B-30). Note that the variables determined from the first part of the model,

are used here (i.e. the average fracture width, and the fracture half length).

Plot ¥ (n(z)) versus X (n(l)) on a cartesian graph (i.e. Figs. C-5, C-10, C-15,
C-17, C-21, and C-27), and from the best straight line fit determine the slope,
m,, , and the intercept, b,,.

Next, calculate the filter-cake resistance, R_, from Eq. (B-28), and the reservoir

permeability, k£,, from Eq. (B-29).
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19.

20.

21.

22.

23.

24.

25.

26.

If the spurt loss is known, from a lab test, or another method of evaluation,
compute the fracture half-length from Eq. (A-13) as a function of the spurt loss.
Next, follow steps 14 through 18 as shown above.

If the spurt loss calculated from Eq. (4.87) has a negative value, or is unavailable
from any other source, the entire algorithm will be based on a no-spurt loss

assumption, as shown in the following steps.

Calculate the fracture half-length, x -, using Eq. (A-10).

Determine the leak-off coefficient, CC, , from Eq. (A-19).

Calculate the fluid efficiency from Eq. A-37.

From the second part of the coupled model (i.e. filter-cake reservoir transient
analysis), Compute ¥ (n(i )) and X (n(l)) from the fall-off period, using Egs. (B-
12 and B-15). Note that the variables determined from the first part of the model,

are used here (i.e. the average fracture width, and the fracture half length).

Plot Y (n(l)) versus X (n(z)) on a cartesian graph (i.e. Figs. C-5, C-15, C-17, C-
21, and C-27), and from the best straight line fit, determine the slope, m,,, and
the intercept, b,,.

Next, calculate the filter-cake resistance, R, from Eq. (B-13), and the reservoir

permeability, k., from Eq. (B-14).

5.2 Computer Program for the coupled model

Based on the above methodology, a computer program, that incorporates both
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modeling techniques and is applicable for all three-fracture geometries, was
developed. The main components of the program are shown in a flow chart,
Appendix E, for each fracture geometry (i.e. PKN, KGD, and radial). The program is
written in Fortran language and reads all the input parameters from one data file. In
spite of a significant number of computations performed, a complete run takes no
longer than one minute. All the required computations are performed by this program,
including automatic curve fitting for both models (i.e. pressure decline analysis and
filter-cake reservoir flow leak-off). Based on the best straight line fit of both plots, the
pressure versus G-function plot and Y (n(l)) versus X (n(l)) plot, the program
automatically computes the values of the slope and intercept. The only parts of the
algorithm that are not incorporated in this program are the data filtering procedure,
and the pressure derivative for the following reasons:

1. Data filtering require complex mathematical algorithms capable of
processing any type of curve obtained from a pressure time data set.

2. The same is true for the computation of the pressure derivative, since
simple methods (i.e. two-point derivative or Bourdet et. Al ) are not
satisfactory (i.e. significant noise makes it difficult to interpret the
characteristics of the curve).

To complete the data filtering and pressure derivative computations, a commercial
software (Jandel Scientific) was used.

A list of the input data, for the main program, is given in the previous section,

step I (a:m). The main output parameters are:
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I. pressure time data points, p(i) .t(i ) ,and /¢ )
2. g-function, g(i), and its corresponding shut-in time pairs, t(i)

3. spurt-loss, §,, fracture half-length, x, (for PKN and KGD geometry)
and R, for the radial geometry

4. average fracture width, W,

5. fluid leak-off coefficient, C,

6. fluid efficiency, 7

7. pairs of Y (n(z)) and X (n(l)) values corresponding to shut-in times,
from the filter-cake reservoir flow model

8. filter-cake resistance, R,

b

and reservoir permeability, X,

All variables (i.e. input and output parameters) are in oil field units.



CHAPTER 6

APPLICATIONS AND SENSITIVITY ANALYSIS

6.1 Applications
In this section the methodology shown in chapter 5 will be applied to fracture
calibration treatments from five field cases. Additional information and final results,

from the analysis of each treatment, is shown in Appendix C.

6.1.1 Case M1
This is a calibration treatment applied to an oil well. The purpose of this job

is, as stated earlier in this work, to collect information about the leak-off
characteristics of the fracturing fluid (i.e. leak-off coefficient, C ., and fluid
efficiency, 77). Determination of the fracture dimensions (i.e. fracture half-length,
X, and average fracture width, W, ) and estimation of the fracture geometry model
is also accomplished by means of interpretation and analysis from a minifrac test. The
same test can enable us to compute the reservoir permeability, X, , and the filter-cake
resistance, R . As a result, it is critical that the subsequent fracturing job be

conducted with the same fracturing fluid and used during the treatment.
The test was performed by injecting 3150 gallons (75 bbl) of borate water
base fracturing fluid (no proppant), at an approximate rate of 16 bpm (pumping time

was 4.7 minutes). This is a formation described by a porosity ¢ = 20 %, reservoir
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fluid viscosity, g = 1.4 cp, initial reservoir pressure, p; = 2146 psi, and the fracture
permeable height, hp = 40 ft, and the fracture height, A =45 feet. The elastic

properties of the porous medium are known as Young’s Modulus, £ =1.00 x 10° psi,
and Poisson’s ratio, v = 0.25. Other required parameters are shown in Table C-1A,
Appendix C.

Following step one, collection of reservoir and fluid properties required as

input data, a cartesian plot of pressure versus time, Fig. C-1, was produced (see data

in Table C-1B), and from it the pumping time, £ = 4.76 min, and initial shut-in

pressure, ISIP = 3293 psi, were determined. It was found that a filtering of the
pressure time data, as required by step 4 of the methodology (section 1, chapter 5)
was not necessary. From the same plot, the corresponding fall-off period for analysis
was selected between the initial shut-in pressure and the end of the pressure decline
curve. A cartesian plot, Fig. (C-2), of the fall-off pressure versus square root of time

(data shown in Table C-1B, Appendix C), indicates that the approximate closure

pressure (i.e. the corresponding value to the in-situ minimum stress) is P, = 2503 psi

at a closure time, f,= 11.3 minutes. The selection of the closure pressure was done

based on the profile of the curve (i.e. second change of slope) and confirmed by a step
rate test (data not provided in this work).

A log-log plot, Fig. C-3, of the injection net pressure versus square root of
time (data shown in Table C-1D, Appendix C), enables us to determine that a radial
geometry most likely occurred during the treatment (i.e. a slight deviation towards a

negative slope detected at the end of the curve).
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Using Eqs. (A-42) and (A-53), the G-functions, g(At D,a), at a shut-in
timeAf, # 0, and g, (a) corresponding to a shut-in time, Af, = 0 are computed

(data are shown in Table C-1C). Following the above computations, an automated
curve-fit of the fall-off pressure versus the G-function is performed by the computer
program (see flow chart — Appendix E). The program completes the entire series of
calculations, regardless of a best or worse fit obtained at this step. Next, an inspection
of the cartesian plot, Fig. C-4, of the fall-off pressure versus the G-function, enables
us to assess if the plot is a straight line or not. In this case, with the exception of the
first 4 points, the plot indicates a straight line, and thus the application of the pressure
derivative (steps 3, 4, and 7, 8) is not necessary since the slope and the intercept can

be clearly delineated from the graph. This is also automatically performed by the

computer program, using Eq. (4.49). For our case an intercept, b,, = 3131.24 psi and

a slope, m,, =-175 psi were determined.

A next step is to determine if there is spurt loss using the equation derived in

this work, Eq. (4.93) as follows:

T T
¢ -1 | 0.152(2.832E -2)
7 2(0.352) L0756 8/3
(0.925(3131.24 + 1.37689 - (=175) ~ 2503.1)
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1

(asar - o) 2itkeztoe) 1

- 2.4565(3131.24 - 2503.1)

4/3
1.07E6
0.925(3131.24 +1.37689 - (—175) — 2503.1)
1.07E6

y (211)421.06)
’(1.07E6)4.76)

1/3
0.925[(2.252.5 -10 ] = -6.8E-03 ft = -5.8 gal/100 f?

A negative value of the above, is an indication that the spurt loss could not be
identified, and thus all computations will be performed based on a no spurt loss

assumption as follows:

The fracture half-length using Eq. (A-10):

RE 3(1.07E6)421.06) 662t
8(0.925X3131.24 — 2503.1)

The fracture compliance using Eq. (A-3):

. 16(0.925)(66.2)=9.72E_5 psi
S/ 32(1.07E6)
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The fluid leak-off coefficient from Eq. (A-19):

- 8(66.2)-(-175)) —
€= (0356 ate )1 07E6)) o il fmin

The fracture average width from Eq. A-22:

)(66.2)(0.925)(— (-175))1.377) _ —

w4l —12(5.33
s ( 7(1.07E6)

The fracture fluid efficiency from Eq. (A-29):

175(1.377)

- =61.63 %
(3131.24 —2503.1)

RAD
Nns =

The second part of the model consists of solving the main components of Eq.

(4.140), Y (n) and X (n) for the fall-off period between the initial shut-in pressure

and closure pressure. This again is automatically performed by the computer program

(Table C-1C), as in the case of the G-function, followed by an automatic curve-fit.

Then a cartesian plot of V (n) versus X (n) is produced, Fig. C-5. From the best

straight line fit, the intercept, bM =0.2, and the slope, m,, =2 439E+08. Next, the

filter-cake resistance and the reservoir permeability are computed as follows:

The filter cake-resistance using Eq. (B-13):
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_ 4(0.356)1.07E6)(4.76)0.2) _

6.97E+03 psi — mi
7(66.2) psi— min/ /i

RAD
RNS

And the reservoir permeability from Eq. (B-14):

=19.5 md

66.2 )2 1

KXP =9.431E13(
2.439E8) 0.352

6.1.2 Case M2

This is a calibration treatment applied to the same oil well, only to an upper
producing interval.

The test was performed by injecting 3150 gallons (75 bbl) of borate water
base fracturing fluid (no proppant), at an approximate rate of 23 bpm (pumping time

was 3.3 minutes). This is a formation described by a porosity @¢= 20 %, reservoir
fluid viscosity, ¢ = 1.4 cp, initial reservoir pressure, p, = 1768 psi, and the fracture
permeable height, A,= 32 fi, and fracture total height, h - = 46 feet. The elastic

properties of the porous medium are known as Young’s Modulus, £ = 1.00 x 10° psi,
and Poisson’s ratio, v = 0.25. Other required parameters are shown in Table C-2A,
Appendix C.

Following step one, collection of reservoir and fluid properties required as

input data, a cartesian plot of pressure versus time, Fig. C-6, was produced (see data
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in Table C-2B), and from it the pumping time, f, = 3.3 min, and initial shut-in

pressure, ISIP = 3298 psi were determined. It was found that a filtering of the
pressure time data, as required by step 4 of the methodology (section 1, chapter 5)
was not necessary. From the same plot, the corresponding fall-off period for analysis
was selected between the initial shut-in pressure and the end of the pressure decline
curve. A cartesian plot, Fig. (C-7), of the fall-off pressure versus square root of time

(data shown in Table C-2B, Appendix C), indicates that the approximate closure

pressure (i.e. the corresponding value to the in-situ minimum stress) is 2= 2923 psi

at a closure time, f,= 2.7 minutes. The selection of the closure pressure was done

based on the profile of the curve (change of slope) and confirmed by a step rate test
(data not provided in this work).

A log-log plot, Fig. C-8, of the injection net pressure versus square root of
time (data shown in Table C-2B, Appendix C), enables us to determine that a radial
geometry most likely occurred during the treatment (i.e. a slight deviation towards a

negative slope detected at the end of the curve).

Using Egs. (A-42) and (A-53), the G-functions, g(AtD,a), at a shut-in
timeAz, # 0, and g, (a) corresponding to a shut-in time, Af, = 0 are computed
(data are shown in Table C-2C). Following the above computations, an automated
curve-fit of the fall-off pressure versus the G-function is performed by the computer
program (see flow chart — Appendix E). The program completes the entire series of

calculations, regardless of a best or worse fit obtained at this step. Next, an inspection

of the cartesian plot, Fig. C-9, of the fall-off pressure versus the G-function, enables
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us to assess if the plot is a straight line or not. In this case the plot also indicates a
straight line, and thus an application of the pressure derivative (steps 3, 4, and 7, 8) is
not necessary since the slope and the intercept can be clearly delineated from the

graph. This is also automatically performed by the computer program, using Eq.
(4.49). For our case an intercept, b, = 3545.5 psi and a slope, m, =-342.83 psi were

determined.

A next step is to determine if there is spurt loss using Eq. (4.93) as follows:

T
¢ o1 | 0.152(2.832E - 2)
P 2(0.288) L0756 8/3
| (0.925(3545.5 +1.37689 - (—342.83) — 2928.7)

1

[(2.2525 B 10)(211X421.06)]1/3

(1.07E6)(3.3)

- 2.4565(3545.5 - 2928.7)

4/3
1.07E6
0.925(3545.5 +1.37689 - (—342.83) — 2928.7)
1.07E6
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1/3
0_925[(2.2525 - 10)82??3&‘3?3} = -3.31E-02 ft = -26 gal/100 &

Again, a negative value of the above, is an indication that the spurt loss could
not be identified, and thus all computations will be performed based on a no spurt loss

assumption as follows:

The fracture half-length using Eq. (A-10):

RAAD 3(1.07E6{421.06) 668

75 =3 8(0.925)3545.5 - 2928.7)

The fracture compliance using Eq. (A-3):

. _ 16(0.925)66.6)
[ 32(1.07E6)

=9.78E-5 ft/psi

The fluid leak-off coefficient from Eq. (A-19):

_ 8(e6.6)~(-175)) .
€= 3(=(0.288)W53 1.0786)) T Jifdmin

The fracture average width from Eq. A-22:
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)(66.6)(0.925)(— (-342))1.377) _ s 53E.0Lin

Wil =12(5.33
Y ( 7(1.07E6)

NS =

The fracture fluid efficiency from Eq. (A-29):

175(1.377
P =1 (1377) =23.65%

 (3545.5-2928.7)

The second part of the model consists of solving the main components of Eq.
(4.140), ¥ (n) and X (n) for the fall-off period between the initial shut-in pressure

and the closure pressure. This again is automatically performed by the computer

program (Table C-2C), as in the case of the G-function, followed by an automatic
curve-fit, and a cartesian plot of Y (n) versus X (n) is produced, Fig. C-10. From
the best straight line fit, the intercept, b,, =0.576, and the slope, m,, =2.77E+08.

Next, the filter-cake resistance and reservoir permeability are computed as follows:

The filter cake-resistance using Eq. (B-13):

RO _ 4(0.288)1.07£6)3.3Y0.2) _ 3 88E+03 psi — min i
7(66.6)

And the reservoir permeability from Eq. (B-14):
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=18.9 md

66.6 )2 1

KXP =9.431E13(
2.77E8) 0.288

6.1.3 Case M3
This is a calibration treatment applied to a gas well at another location and a

different formation type.

The test was performed by injecting 28350 gallons (675 bbl) of borate water
base fracturing fluid (no proppant), at an approximate rate of 30 bpm (pumping time
was 22.5 minutes). This is a formation described by a porosity @= 43 %, reservoir
fluid viscosity, # = 1.4 cp, initial reservoir pressure, p; = 5500 psi, and the fracture
permeable height, /1,= 95, and the fracture total height, /4, = 280 feet. The elastic
properties of the porous medium are known as Young’s Modulus, £ = 1.1 x 10° psi,
and Poisson’s ratio, v = 0.27. Other required parameters are shown in Table C-3A,

Appendix C.

Following step one, collection of reservoir and fluid properties required as

input data, a cartesian plot of pressure versus time, Fig. C-11, was produced (see data
in Table C-3B), and from it a pumping time, t, =225 min, and initial shut-in
pressure, ISIP = 6694 psi were determined. It was found that a filtering of the
pressure time data, as required by step 4 of the methodology (section 1, chapter 5)

was necessary. The reason was a data noise that produced an unreliable plot of ¥’ (n)

versus X(n), Fig. C-15. From Fig. C-11, the corresponding fall-off period for
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analysis was selected between the initial shut-in pressure and the end of the pressure
decline curve. A cartesian plot, Fig. (C-12), of the fall-off pressure versus square root

of time (data shown in Table C-3B, Appendix C), indicates that the approximate

closure pressure (i.e. the corresponding value to the in-situ minimum stress) is P, =

6388 psi at a closure time, f,= 20.94 minutes. The selection of the closure pressure

was done based on the profile of the curve (i.e. second change of slope) and
confirmed by a step rate test (data not provided in this work).

A log-log plot, Fig. C-13, of the injection net pressure versus square root of
time (data shown in Table C-3B, Appendix C), enables us to determine that a radial
geometry most likely occurred during the treatment (i.e. a negative slope of the
curve).

Using Eq. (A-42) and (A-53), the G-functions, g(AtD,a), at a shut-in
timeAf, # 0, and g, (a) corresponding to a shut-in time, Af, = 0 are computed

(data are shown in Table C-3C). Following the above computations, an automated
curve-fit of the fall-off pressure versus the G-function is performed by the computer
program (see flow chart — Appendix E). The program completes the entire series of
calculations, regardless of a best or worse fit obtained at this step. Next, an inspection
of the cartesian plot, Fig. C-14, of the fall-off pressure versus the G-function, enables
us to assess if the plot is a straight line or not. In this case, with the exception of the
first 3 points, the plot indicates a straight line, and thus an application of the pressure
derivative (steps 3, 4, and 7, 8) is not necessary since the slope and the intercept can

be clearly delineated from the graph. This is also automatically performed by the
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computer program, using Eq. (4.49). For our case an intercept, b, = 6964.64 psi and
a slope, m,, =-227.36 psi were determined.

A next step is to determine if there is spurt loss using Eq. (4.93) as follows:

T ]
1 0.152(2.832E - 2)
Sp= ‘ 8/3 |
p 2(388) L1E6
(0.925(6964.64 +1.37689 - (-227.36) — 6388) ) |

1

[(2. rs2E 1 O)(224X3789.8)j|1/ 3

(1.1E6)(22.5)

- 2.4565(6964.64 — 6388)

4/3
1.07E6
0.925(6964.64 +1.37689 - (—227.36) — 6388)
1.1E6

(224)(3789.8)
(1.1E6)22.5)

1/3
0.925[(2.2525 -10) } = -7.6E-02 ft = - 59 gal/100 ft’

A negative value of the above, is an indication that the spurt loss could not be
identified, and thus all computations will be performed based on a no spurt loss

assumption as follows:
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The fracture half-length using Eq. (A-10):

RAD 3(1.1£6)3789.8)
s =3 =143 ft
8(0.925 )6964.64 — 6388)

The fracture compliance using Eq. (A-3):

. 16(0.925)(143)=2‘04]5_04 s
/ 32(1.1E6)

The fluid leak-off coefficient from Eq. (A-19):

C - 8(143 (- (- 227.36))

" 3e(0sss)VzzsLige) T Jil~fmin

The fracture average width from Eq. A-22:

W= 12(5.33}(143)(0‘925)(1'3 77)_ 7.6E-01 in

7(1.1E6)

The fracture fluid efficiency from Eq. (A-29):
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wap _ 227, 36(1.377) _

7%
s (696464—6388) =~

The second part of the model consists of solving the main components of Eq.
(4.140), ¥ (n) and X (n) for the fall-off period between the initial shut-in pressure

and closure pressure. This again is automatically performed by the computer program

(Table C-3C), as in the case of the G-function, followed by an automatic curve-fit.
Then a cartesian plot of Y (n) versus X (n) is produced, Fig. C-15. Notice in this

case the data noise, Fig. C-16, and its direct consequence reflected in Fig. C-15. Thus,
data filtering becomes necessary. This was performed with a special two dimensional
curve fitting software (Jandel Scientific). Next, the data were again input into the
main computer program developed for the computation and analysis of minifrac tests

presented in this work. A new plot, Fig. C-17, was obtained which displays a very

smooth straight line. From the best straight line fit, the intercept, b,,=0.267, and the
slope, m, =6.66E+08. Next, the filter-cake resistance and reservoir permeability

were computed as follows:

The filter cake-resistance using Eq. (B-13):

REP 4(0.388)1.1E6)(22.5)0.2) — 171E+04 psi — min) f
7(143)
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And the reservoir permeability from Eq. (B-14):

=11.2md

2
K =9.43 1E13( 143 ) !
6.66E8) 0.388

6.1.4 Case M4

This is a calibration treatment applied to an oil well. The test was performed
by injecting 21315 gallons (507.5 bbl) of borate water base fracturing fluid (no
proppant), at an approximate rate of 15 bpm (pumping time was 35 minutes). This is

a formation described by a porosity @= 23 %, reservoir fluid viscosity, 4 = 1.6 cp,

initial reservoir pressure, p, = 3685 psi, and the fracture permeable height, hp=120

ft, and the fracture total height, A =120 feet. The elastic properties of the porous

medium are known as Young’s Modulus, E = 5.5 x 10° psi, and Poisson’s ratio, v =
0.27. Other required parameters are shown in Table C-4A, Appendix C.

Following step one (i.e. collection of reservoir and fluid properties required as
input data), a cartesian plot of pressure versus time, Fig. C-18, was produced (see data

in Table C-4B). Unfortunately the injection part is not available for this case.
However, the pumping time was reported as f, = 35 min, and the initial shut-in
pressure, ISIP = 5995 psi. It was found that a filtering of the pressure time data, as
required by step 4 of the methodology (section 1, chapter 5) was not necessary since a

plot of pressure versus the G-function, Fig. C-20, shows a perfect straight line. From

the same plot, the corresponding fall-off period for analysis was selected between the
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initial shut-in pressure and the end of the pressure decline curve. A cartesian plot, Fig.
(C-19), of the fall-off pressure versus square root of time (data shown in Table C-4B,
Appendix C), indicates that the approximate closure pressure (i.e. the corresponding

value to the in-situ minimum stress) is F,= 5225 psi at a closure time, f = 42

minutes. The selection of the closure pressure was done based on the profile of the
curve (i.e. second change of slope).

A log-log plot of the injection net pressure versus square root of time is not
available due to lack of pressure time data from the injection part of the test.

Using Eqs. (A-42) and (A-53), the G-functions, g(AtD,a), at a shut-in
timeAf, # 0, and g, (a) corresponding to a shut-in time, Af, = 0 are computed

(data are shown in Table C-4C). Following the above computations, an automated
curve-fit of the fall-off pressure versus the G-function is performed by the computer
program (see flow chart — Appendix E). The program completes the entire series of
calculations, regardless of a best or worse fit obtained at this step. Next, an inspection
of the cartesian plot, Fig. C-20, of the fall-off pressure versus the G-function, enables
us to assess if the plot is a straight line or not. In this case the plot indicates a straight
line, and thus an application of the pressure derivative (steps 3, 4, and 7, 8) is not
necessary since the slope and the intercept can be clearly delineated from the graph.

This is also automatically performed by the computer program, using Eq. (4.49). For

our case an intercept, b, = 6505.83 psi and a slope, m, =-479.36 psi were

determined.
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A next step is to determine if there is spurt loss, Eq. (4.93) as follows:

T -
__ L] 0.152(2.832E - 2)
P 2(10) 6.0E6 8/3
| |0.925(6505.83 +1.37689 - (~479.36) — 5225)

1

[(2.252 E— 10) (202X2349_ 4)]1/ 3

(6.0E6)35)

- 2.4565(6505.83 — 5225)

4/3
3.0E6
0.925(6505.83 +1.37689 - (—479.36) — 5225)
3.0E6

1/3
0.925[(2_2525 - 10)(230?15;3‘(‘;‘)’1)} =-1.01E-02 ft = - 78 gal/100 ft?

A negative value of the spurt loss is an indication that the spurt loss could not
be identified, and thus all computations will be performed based on a no spurt loss

assumption as follows:

The fracture half-length using Eq. (A-10):
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RRAD _ 3(6.0£6)(2849.4)

= =175 ft

\8(0.925)6505.4—5225)

The fracture compliance using Eq. (A-4):

. 16(0.925)175) _ 424 E-5 fpsi
f 37(6.0E6)

The fluid leak-off coefficient from Eq. (A-19):

8(175X- (- 479.36))

3(r(1l35 6.0£6))

C, = =201 E-03 f¢/~/min

The fracture average width from Eq. A-22:

Wil = 12(5.33)(175)(0'925)(1‘377) =3.64 E-Ol in

7(6.0E6)

The fracture fluid efficiency from Eq. (A-29):

(479.36)1.377) _

b = 48.48%
(6505.4 — 5225)

Mvs =1-
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Note that the ratio of the permeable to fractured height, ¥, used in this case,

is one, since the fracture is contained in the permeable area.

The second part of the model consists of solving the main components of Eq.
(4.140), ¥ (n) and X (n) for the fall-off period between the initial shut-in pressure

and closure pressure. Again, as mentioned earlier, this step is automatically

performed by the computer program and the output data are shown in Table C-4C. At
this stage an automatic curve-fit follows. Next, a cartesian plot of Y (n) versus
X (n) is produced, Fig. C-21. From the best straight line fit, the intercept, b,,=1.89,
and the slope, m, = 4.0SE+08. Next, the filter-cake resistance and reservoir

permeability were computed as follows:

The filter cake-resistance using Eq. (B-13):

RXP = 4(1)6.0£6)3502) 3.05 E+05 psi —min/ ft
7(175)

And the reservoir permeability from Eq. (B-14):

2
75
K2 —9 431513 )1=17.7md
405E8) 1



Pressure derivative

To test the reliability of the pressure derivative model, developed as part of this
work, we need to select a case where a plot of the fall-off pressure versus the G-
function is a straight line. Another aspect to be considered, for validation purposes, is
the selection of a data set where pressure time data from a minifrac test were analyzed

previously. The data set selected and presented here as case M4, is from an oil well.

In that study, using Nolte’s technique, a leak-off coefficient, C,=1.91 E-03
ft/Nmin was found. The results obtained with model presented in this research,

indicate a leak-off coefficient, C, =2.01 E-03 ff/~/min , as expected. A next step is

to make use of the pressure derivative model, Eqgs. (4.104 — 4.107), and analyze the
data assuming the pressure versus G-function plot was not a straight line, as shown in
Fig. C-20, but rather a curve (i.e. Figs. 1.1 b, and 1.2). In such a case, a correct
delineation of a slope and intercept is impossible, and a simple straight line fit trough
the curve is unacceptable.

Using Eqgs. (4.104 — 4.106), the derivative of the pressure data with respect to

time was computed (see data in Table C-4D) and a cartesian plot of P'(t)- F (t)

versus F (t‘)2 produced, as shown in Fig. C-22.
Next, a straight line was fit through zero intercept (note that this is a known

point) and the leak-off coefficient , C, , was calculated using Eq. (4.105) as follows:

156



cpt,my  (424E - 05B5(=33)

) IOV

=2.06 E-03 ft/~min

Noticeable is a good agreement between the value of the leak-off coefficient
obtained by the use of the pressure derivative and the one obtained from the pressure
versus G-function shown in this work earlier.

Also, as a result of post-fracture analysis, the following could be concluded
regarding the results obtained from the minifrac tests and their interpretation with the

coupled model presented here:

6.1.5 Case M5

This is a calibration treatment applied to an oil well at another location and a
different formation type.

The test was performed by injecting 23000 gallons (547.6 bbl) of borate water
base fracturing fluid (no proppant), at an approximate rate of 30.4 bpm (pumping

time was 18 minutes). This is a formation described by a porosity @= 41 %, reservoir
fluid viscosity, & = 1.6 cp, initial reservoir pressure, p, = 4930 psi, and the fracture
permeable height, /,= 130, and the fracture total height, /2, = 130 feet. The elastic

properties of the porous medium are known as Young’s Modulus, £ =6.5 x 10° psi,
and Poisson’s ratio, v = 0.27. Other required parameters are shown in Table C-5A,

Appendix C.
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Following step one, collection of reservoir and fluid properties required as

input data, a cartesian plot of pressure versus time, Fig. C-23, was produced (see data

in Table C-5B), and from it a pumping time, ¢ p = 18 min, and initial shut-in pressure,

ISIP = 6040 psi were determined. A cartesian plot, Fig. (C-24), of the fall-off
pressure versus square root of time (data shown in Table C-5B, Appendix C),
indicates that the approximate closure pressure (i.e. the corresponding value to the in-

situ minimum stress) is £, = 5816 psi at a closure time, f,= 19.26 minutes. The

selection of the closure pressure was done based on the profile of the curve (i.e.
second change of slope) and confirmed by a step rate test (data not provided in this

work).

A log-log plot, Fig. C-25, of the injection net pressure versus square root of
time (data shown in Table C-3B, Appendix C), enables us to determine that a KGD
geometry most likely occurred during the treatment (i.e. almost a flat slope of the
curve).

Using Eq. (A-42) and (A-47), the G-functions, g(At D,a), at a shut-in
timeAf, # 0, and g, (a) corresponding to a shut-in time, Af, = 0 are computed
(data are shown in Table C-5C). Following the above computations, an automated
curve-fit of the fall-off pressure versus the G-function is performed by the computer
program (see flow chart — Appendix E). The program completes the entire series of
calculations, regardless of a best or worse fit obtained at this step. Next, an inspection
of the cartesian plot, Fig. C-26, of the fall-off pressure versus the G-function, enables

us to assess if the plot is a straight line or not. In this case the application of the
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pressure derivative (steps 3, 4, and 7, 8) is not necessary since the slope and the

intercept can be clearly delineated from the graph. This is also automatically

performed by the computer program, using Eq. (4.49). For our case an intercept, b,, =

6338.2 psi and a slope, m,, =-207 psi were determined.

A next step is to determine if there is spurt loss using Eq. (4.90) as follows:

1 || 0.3855[(4.37 +1.47837(~ 0.143) — 4)E7]?87.06(0.9)?

s = <
2(1.0 1/2
P 2) (4.4859)%(28.5 (87.06)0.256)
' 7/ (39.6X4.48E9)1080 |

(87.06)(0.256) -
(4.076)4.48E£9)](4.37 - 4)57{(39_6)(4‘48 Eo1 080)] 3937-

[(437 + 1.47837(~ 0.143) - 4)E7]*(0.9)

73 al
_ 0059 —44_8

Ni% 100 /2>

This time, a positive value of the above is an indication that there is spurt loss
and thus all computations will be performed based on spurt loss analysis. Using the

new equations derived in this work, the following can be calculated:

The fracture half-length, as a function of spurt loss, using Eq. (A-12):
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26.5E5
z(130)0.9)6338.2 - 5816)

2(755{\/ [(130)1X0.0059)F + 7(130)0.9(6338.2 - 5)816)(3074‘7) - (130X1X0.0059)]
LKGD _
AL

=139 ft

The fracture compliance using Eq. (A-3):

c,.= ”—(O—'?m= 3.02 E-04 ft/psi
f 2(6.5E5)

The fluid leak-off coefficient from Eq. (A-18):

CL = (1)\’/}(52 ES)(_ I(- 207))=8.21 E-03 fi/\/min

The fracture average width, as a function of spurt loss, from Eq. A-31:

whab - { 0747 5[(1)0.0059) + (1)8.21E - 03)\/1_8(1.478)]} 12=

S (139X130)

=6.62E-01 in

The fracture fluid efficiency from Eq. (A-36):
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wp _, 207(1.478)—2(1)(0.0059) _
Na =1- 30747 = 45.7%

(139X130)(3.02E — 04)

The second part of the model consists of solving the main components of Eq.
(4.140), Y (n) and X (n) for the fall-off period between the initial shut-in pressure

and closure pressure. This again is automatically performed by the computer program

(Table C-5C), as in the case of the G-function, followed by an automatic curve-fit.
Then a cartesian plot of Y(n) versus X (n) is produced, Fig. C-27. From the best
straight line fit, the intercept, bM =0.871, and the slope, m,, = 1.33E+09. Next, the

filter-cake resistance and reservoir permeability were computed as follows:

The filter cake-resistance, as a function of spurt loss, using Eq. (B-23):

pian _ 4-44(1(6.5£5)18Y0.871)
X6D
T

[(130)Y0.9)6338.2 - 5816)]

2(6.555{\/ [130)1)0.0059)F +Z 130)0.9(6338.2 - 5816)3074.7) _ (130)(1)(0.0059)]

2(6.5E5)

= 1.03 E+05 psi —min/ f

Finally, the reservoir permeability, as a function of spurt loss, is given by Eq. (B-24):
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KGD _ 1 _
K, = (9.43 1E13(1)(0.871)

[ 265 ES{ \/[(130)(1)(0.0059)12 , 7(130p0.5(6338.2 - 5816)3074.7)

2(6.5E5)

- (130)(1)(0.0059)} \

=1.03 md

7(130¥0.9X6338.2 - 5816)

g

Let us now see the results had no spurt loss been identified. To evaluate this, the

computation of the above parameters (i.e. fluid and reservoir properties) will be

repeated for the case of no spurt lose as follows:

The fracture half-length using Eq. (A-9):

=1440ft
NS

KGD _ \/ 2(6.5£5)(3074.7)

“ms T\ (1300963382 — 5816)

The fracture compliance using Eq. (A-3):

~70X14) 1 s s
[~ 2(65E5) P

The fluid leak-off coefficient from Eq. (A-18):

162

2



o x(ee) N e
CL—4(1)JT§(6.555)( I(- 207))=8.51 E-03 ft/~/min

The fracture average width from Eq. (A-21):

_KGD 3074 7 .
1A8.51F — 03N 8{1. 478 12 =6.86 E-01

The fracture fluid efficiency from Eq. (A-28):

kap _ 207(1.478)
Tvs = 3074.7

(144)130)3.13E - 04)

=472 %

And from the second part of the coupled model, the filter cake-resistance is obtained

from Eq. (B-8):
oKD _ 444(1X6.5E5)18)0.871) 2(6.5E5) ]” 2
s 7 #(130)0.9(6338.2 — 5816)3074.7)

=9.98 E+04 psi — min/ ft

The reservoir permeability is given by Eq. (B-9):

12
KﬁgD =(9_43 1E13(%)(0.871). l:\/ 2(6.5E5)3074.7) J — 111 md

7(130)0.9X6338.2 — 5816)
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In this case, the identification of spurt loss provides the opportunity for a complete
evaluation of the final results, when compared with those obtained assuming no spurt
loss. If the calculations were made based on no spurt loss assumption, the following
observations could be made for this specific case:

a) The reservoir permeability is overestimated with 7.2 %

b) The fracture half-length is 5 ft longer

c) And the fracture width and fluid efficiency are 3.5 % wider, and 10.5 %

greater than in the case when spurt loss is present

These results are as expected since the spurt loss in this case is not significant (i.e.

al
only 4.4 &
100

5 )- Therefore, if the fluid and reservoir properties were evaluated as if

no spurt loss was present, the errors would not be significant. Another observation
consists of the fact that the spurt loss found in this case is low. This is in agreement

with the reservoir type (i.e. low permeability).
Following the analysis and interpretation of all five field cases presented above,

the following can be concluded:

1. The reservoir permeabilities obtained from cases M1 and M2, are in good
agreement with each other (i.e. 19.5 md for case M1 and 18.9 md for case
M2). Note that both cases represent two productive intervals of the same
well. They were also confirmed by results obtained from subsequent build-
up tests performed at a later time following the actual fracturing job and a

significant production time.
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As far as the third case is concerned (i.e. M3), well tests analysis and history
matching of several wells, from that reservoir, indicated permeability values
between 8 and 12 md. The permeability obtained from the minifrac test with
the model presented in this study is 11.2 md, and is in good agreement with
the above.

For the fourth application, case M4, the permeability could not be confirmed
from independent tests. However, excellent agreement is shown between the
results (i.e. leak-off coefficient) obtained from both the pressure and
pressure derivative models.

The analysis of the last data set, case MS, led to permeability values of 1.03
and 1.11 md respectively, (i.e. based on spurt and no spurt loss analysis).
This was confirmed by results obtained from build up tests and history
matching analysis which indicated permeabilities from 1 to 4 md for that
specific reservoir.

As stated earlier, parameters obtained from the first part of the model (i.e
fracture width and fracture half-length, which in turn are functions of the
leak-off coefficient), are used in the second part (filter-cake reservoir flow).
Their validity was indirectly confirmed by a good agreement of the reservoir
permeability values obtained from both the coupled model presented here
and from post-fracture tests.

A significant advantage of the improved Mayerhofer technique is that it
differentiates between the filter cake and the reservoir permeability. Note

that not one case, out of five presented in this work, developed a negative
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intercept of the diagnostic cartesian plot of ¥ (n) versus X (n) A negative
intercept, produced by the application of the original technique introduced
by Mayerhofer, would imply a negative energy which is unrealistic.
Comparative diagnostic plots are shown in Appendix C (see Figs. 33-42).
Negative values of the spurt loss, lead us to perform analysis based on no
spurt loss assumption. If the spurt loss can be estimated, as shown in case
MS5, or from a lab test, then the new equations presented here can be
successfully used for the estimation of more accurate fracture dimensions
(ie. fracture width and fracture half-length), and fluid and reservoir
properties (i.e. leak-off coefficient, fluid efficiency, filter-cake resistance and
reservoir permeability).

Although this coupled model has significant improvements, as opposed to
its earlier versions'>'*'®, there are situations in which the pressure-time data
set shows relatively considerable noise (i.e. Fig. C-16). If that is the case, a
filtering operation of the original pressure-time data is recommended to aid
the applicability of the second part of the model. This can be done by
various methods. In this work, the data were filtered making use of a 2-D
commercial filtering and curve-fitting software (Jandel Scientific). The
results presented in Fig. C-17, clearly show the benefits of these data
processing, which are reflected by the reservoir permeability value obtained
in this specific case.

The new pressure derivative equation, proved to be a reasonable alternate of

the current pressure decline analysis, where a plot of the pressure versus the
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10.

I1.

G-function is a curve instead of a straight line. For a better evaluation of the
applicability of the pressure derivative equation, analysis were performed for

all five filed cases. Cartesian plots of the pressure derivative equation (i.e.
P'(t)- F(¢) versus F(t)’) are shown in Appendix C (see Figs. C-28
through C-32) as well as the computations of the leak-off coefficient, C, .

Additionally, the final results obtained from both pressure and pressure
derivative analysis is shown in Table-5G. Inspection of these results indicate
that they are in good agreement, with the exception of the first two field
applications (i.e. cases M1 and M2). This due to non-linearity generated by
the first few points of the fall off pressure data, following the initial shut-in
pressure.

Consideration of the ratio of the permeable fracture area to the total fracture
area is also essential. Nolte included this in his original derivations, but the
later developed model, based on Nolte-Shlyapobersky’s technique, did not.
This parameter can affect results considerably (i.e. more than 50%) if the
permeable fracture height and the fracture height are not the same (i.e.
unconfined fracture).

The same is true regarding the ratio of the spatial to wellbore average
pressure ratio. This was also part of the original Nolte’s derivations with
consideration for the elastic properties of the formation (i.e. fracture
compliance). However, for reasons presented earlier in this research, some

authors believe it has a value of one as soon as the fracture ceases to
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12.

propagate. This assumption is not realistic since the leak-off continues to
take place after shut-in and until the fracture closes. Consequently, this was
incorporated into the equations derived for the coupled model presented in
this work, to ensure a more realistic and accurate interpretation of the
pressure decline analysis obtained from a minifrac test. Non-Newtonian
aspects is also incorporated via this ratio (see Egs. (A-5, A-6, and A-7)).
Also modified relationships, for the estimation of the average fracture width
during the propagation, were derived in this work (Eqs. (4.73, 4.74, and
4.77)) as a function of the equivalent Newtonian fracturing fluid viscosity.
They are valid only for the fracture propagation (i.e. during injection).

Finally, the improved model derived for the filter-cake reservoir flow part,
proves to be more accurate than its earlier versions. One of the most
significant achievements of this improvement, consists of a correct
separation between the effects of the pressure drop across the filter-cake (i.e.
the filter cake resistance) and the pressure drop across the reservoir, thus

enabling us to obtain reasonable values of the reservoir permeability.

6.2 Sensitivity Analysis

In addition to the decline data smoothing procedure described above, sensitivity

analysis was applied to investigate the impact of the uncertainty of the input reservoir
and treatment parameters. Accurate formation parameters are critical weather
designing a stimulation or analyzing a calibration treatment. Shown in this research,

are a few representative plots, Figs. D-1 — D-8, for Case M1. The Poisson’s ratio, U
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and Young’s Modulus, E, affect the estimation of the fracture extension, x  as shown

in Figs. D-1, and D2. For example, if Young’s Modulus is chosen to be E = 1.0E+6
psi, the fracture extension is approximately 66 ft, while for E = SE+06 psi, the

fracture half length increases to about 100 ft. It was found that Young’s Modulus is
critical for the estimation of the leak-off coefficient, C .- not only because it affects

directly the interpretation of the slope, but also because it has a secondary effect via
the fracture extent. (Fig. D-3) and even a tertiary effect via the r, ratio. Similarly, the
estimate of the reservoir permeability, &, is also very sensitive to the elasticity
modulus (Fig. D-4.)

Figures D5-6 show sensitivities of the estimated parameters with respect to other
input variables. It was also observed, that the reservoir initial pressure, Fig. D-7,
formation fluid viscosity, Fig. D-8, porosity, and closure pressure are as critical as
any other parameter in the model. While the sensitivity analysis results shown here is

valid for one particular field case, similar trends were found in the other cases.
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CHAPTER 7

CONCLUSIONS AND RECOMMENDATIONS

7.1 Conclusions

This research was undertaken to address the study of minifrac tests for the
determination of fluid and reservoir properties. The main objective of the minifrac is
to determine the above mentioned hydraulic fracturing parameters necessary for the
design of an effective fracture stimulation. Therefore a fracture calibration, also
known as a minifrac test, is used to help optimize the hydraulic fracture treatment
design, since it provides critical information pertaining to the well to be treated.

The potential niche for the application and interpretation of such test consists in
the determination of fluid leak-off characteristics, (i.e. leak-off coefficient, spurt loss,
fracturing fluid efficiency, and filter cake-resistance) , fracture dimensions (i.e.
average fracture width and fracture half-length), and also a very valuable parameter,
the reservoir permeability.

To overcome significant operational and economic constraints, generated by
conventional well testing, the fracture calibration is used to achieve robust application
with a minimal amount of incremental cost or operational delay time. In essence, it is
remarkable the fact that such a test does not require special equipment beyond that
generally available on a drilling rig, or pumping operation and testing requirements of
less then three to five hours. Not only that the conventional tests require considerable
length of time, but short time tests such as a drill-steam or impulse test, often provide

only small range (local estimates) of the formation properties, which in addition may
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very well be contaminated by local formation damage effects. One key parameter, the

reservoir permeability, is expected to be more reliable when determined from a the

fall-off analysis of a minifrac test, since the fracture breaks the barriers formed by the

near wellbore damage, and the area of investigation is obviously greater than just the

borehole area itself.

L.

Based on the results of this research, the following conclusions are offered:
An improved coupled model for the determination of fluid and reservoir
properties from minifrac tests was developed. The model has two main
components in its structure: (1) the pressure decline analysis based on Nolte-
Shlyapobersky technique®!''** and (2) the filter-cake reservoir flow (transient

151639 The improved model

flow analysis) based on Mayerhofer’s technique
correctly delineates the separation of the filter-cake component from the reservoir
transient flow, and consequently reliable values of the filter-cake resistance and
reservoir permeability are obtained. Not a single case, out of the five field
minifrac tests presented in this work and analyzed by the improved model, show a
negative intercept which would lead to erroneous values of the above two
parameters (i.e. as is the case when using earlier versions for such analysis).

Spurt loss analysis is introduced in this research. New equations were developed
for the determination of the fluid and reservoir properties from minifrac tests,
when the spurt loss can be identified.

A new pressure derivative equation was developed. This can be used to correctly

delineate the slope of a straight line from a plot of the pressure derivative versus a

function of the shut-in time. From this slope, the leak-off coefficient can be
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determined and once this is known the rest of the fluid and reservoir properties
can be calculated from the pressure equation.

4. Sensitivity analysis was performed to asses the most sensitive parameters and
how they can affect the final interpretation of the minifrac test when using this
coupled model.

5. Five field cases were used to demonstrate that the coupled model presented in this
research is a versatile and simple tool, which can be used for the determination of

fluid and reservoir properties from minifrac tests.

7.2 Recommendations

Following a review of the published technical papers and also work in the area of
fracture calibration treatments, the following recommendations for future research
are made:

A. Research and extend the interpretation of fall-off analysis based on Biot’s
approach to the 2-D problem of fracture propagation based on Lagrangian
methods. The Lagrangian formulation is based on the classical form of
Lagrange’s equations, Eqs. (2.27-2.30). In essence, he produced a basic equation
that expresses the balance between work expanded and work done in propagating
a 2-D crack. Existing theories, assume linear elastic behavior of the reservoir and
ignores surface energy considerations at the crack tip and plastic deformation
effects. Leak-off is treated as an independent process and merged with the
fracture propagation problem by iterative methods. The Lagrangian method, is

not restricted to elastic behavior, and leak-off can be included as a part of the
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formulation. Therefore Biot includes leak-off by assuming a piston like
displacement of the reservoir fluid by an incompressible fracture fluid filtrate,

19.2021 -ontinued Biot’s work, and

with a moving boundary between the two. Lee

incorporated Biot’s energy balance equation into the pressure decline analysis,

Eq. (2.33).

He solved Eq. (2.23) numerically for a KGD geometry and incorporated the
correct rheology of the fracturing fluid used to create the minifrac. However his
solution as well as Biot’s, assumes that the surface energy, £, can be neglected. On
the other hand, the method should be extended for the other two geometries as well

(ie. PKN and Radial). Consequently two essentials steps need to be taken for the

continuation of their work:

1. consideration of the crack shape function, f (LD) of Eq. (2.23) and also of a
comresponding definition of the fracture width. As far as the crack shape is
concerned, the preceding analysis assumed that this was given. However this is
not a prerequisite of the Lagrangian formulation'’. The crack shape can be
determined by methods based on various assumptions, and for strict analysis
Barrenblatt® conditions at the tip must be considered. He showed that to avoid
infinite stress at the tip of the fracture, the fluid flow can not extent all the way to
the tip. The exact shape of the crack at the tip and over the rest of its length is
determined by the fluid pressure distribution'”.

2. Regarding the PKN model, the fracture width has an elliptical shape on a vertical

direction, Fig. 3.6, and can be written as®:
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w(x,f,t)z w(x,O,tXl - f)”z ............................................................ a.n

where:
w(x,é’,t) is the fracture width at any position, £, §=2z/h, and w(x,0,t) is the
maximum fracture width at the centerline at any X position. Further, this width can be

expressed as a function of the fracture opening pressure as follows:

w(x,0,t)= r”—(lG_—U)h PP (7.2)

n

where [', is a width opening pressure coefficient, U is Poisson’s ratio, G the stress

modulus, and P, the net pressure®.

3. For the radial geometry, this can be approximated with a parabolic shape, in

which case the fracture width is given as follows:

w(r, )= w0, 6 1= F/R)™ oo (7.3)

where the gamma coefficient varies from ' (i.e. low fluid efficiency) to 1 (for high

fluid efficiency)®.

4. Regarding the neglected surface energy term, E, of Eq. (7.1), Griffith®” showed
an equation for the stability of the fracture using the energy balance, Eq. (3.3).

From this equation, the surface energy is:
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U r = surface energy of the fracture (noted £ in Eq. (2.23))

hf" = thickness of the elastic material (fracture half-length in our case)

¥ = specific surface energy of the elastic material
The only unknown in Eq. (7.4) is the surface energy of the elastic material.
This can be estimated approximately from the elastic constants or from the specific

energy of evaporation. Experimental determinations of » have been made by

measuring the force needed for propagating a crack of known dimensions and then
applying Griffith energy argument. For cases not complicated by local plastic
deformations (which of interest to us since we consider the reservoir an elastic
medium), or by multiple fracturing at the crack tip (therefore not applicable in the
case of naturally fractured reservoirs), the experimentally derived values of ¥ agree
reasonably well with theoretical predicted values, thus lending support to Griffith’s

theory. Typical values fory of the order of 10 Jm™ have been reported for ceramics

and rocks.

Therefore, knowing ¥ and following substitution of Eq. (7.4) in Eq. (2.23),

Biot’s energy equation for the KGD geometry becomes:

V. Lop kr (v, Y
4v L h, — =2 | = L)AL, =——| == | . (7.5)
Vv Leng ﬁai‘a—x oJ( p)aL, 2Lf3(ﬂ8)

And from a numerical solution of the above equation, a more accurate fracture half-
length can be determined. A similar procedure needs to be employed for the other

geometry types (i.e. PKN and Radial).
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B. Extend the pressure decline analysis between the shut-in and closure pressure, to
the after-closure period. The latest published works known are by Valko'' and
Nolte®*'. Nolte provides a technical framework for adding after-closure
fracturing-pressure analysis to the pre-treatment calibration-testing sequence that
defines fracture geometry and fluid-loss characteristics. A companion paper®
provides the general framework for applying this analysis and for its integration
with the other parts of the testing sequence. In his work, he shows that the after-
closure period contains the reservoir pseudo-linear flow period that is the focus,
and the pseudo-radial flow period that has been previously addressed in a
comprehensive manner. Radial flow defines the reservoir parameters. The
primary roles for linear-flow are to define spurt loss, after a calibration
(“minifrac”) treatment, and to use the reservoir’s perspective of the fracture
length to validate information available from other parts of the calibration
sequence. His work shows a valuable approach based on Carslaw and Jaeger’'
formulation of heat conduction through a solid medium. The critical aspects with
the methodology presented in Nolte’s work® is non-uniqueness when trying to
identify the correct slope for both the linear and the radial flow regime, and an
empirically determined spurt loss coefficient. Valko'', claims that once the leak-
off from the fracture into the reservoir stops, the fracture “remembers” the actual
geometric distribution of the leak-off history less and less. Therefore the
wellbore pressure can be calculated assuming an equivalent radius and applying

the radial leak-off law. He solves this in a Laplace space with the convolution
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method. However, the work does not present a rigorous procedure to the problem
of interpreting a calibration treatment in terms of radial leak-off.

Introduce the effects of the reservoir temperature on the analysis and
interpretation of a minifrac test where incompressible fracturing fluids are used
for injection. Zhu Ding’? presented a comprehensive model to simulate pressure
and temperature behavior and their interference in a minifrac test for the case

when foams or other compressible fluids are injected during the test.
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Nomenclature

(04 = exponent of fracture area growth, dimensionless
Qap = apparent leak-off rate, f7° / min
Ap(t) = total pressure drop in the reservoir, psi

G(a,,a.,,0)= a function similar to Nolte’s G-function, developed by
gt,) =  glp=0)

ag = Biot’s constant, | > >0

By = Biot’s shape constant

By = Nolte’s ratio of average spatial pressure to wellbore average net
presure, psi

P, = breakdown pressure, psi

C cohesion modulus (material constant)

¢, = compliance, psi/ fi

S, = compressive stress applied at infinity, psi

a, = constant, 141.2, (oil field units)

Q, = constant, 264x107 (oil field units)

c, = corrected value of the leak-off coefficient, f7/~+/min

K correction factor for C while pumping, dimensionless

Ky = critical toughness, psi

L, = dimensionless distance along the fracture

flp)= dimensionless loss rate ratio

gltpy) = dimensionless loss volume function

Iy = dimensionless shut-in time

w(x) = displacement in the direction perpendicular to the fracture, in

D = dissipation function

R = filter-cake resistance, psi—min/ ft

P, = fluid pressure in the fracture, psi

0. = forces not derived from a dissipation function

0, = forces not derived from a potential function, /bf

q, = fraction of g, =g,, contributing to leak-off only

A, = fracture area, f1°

s fracture face skin

b s = fracture half width, at the end of fracture entrance, in

PﬁJ = fracture propagation pressure, psi
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b, = fracture width as a function of x and ¢, used by Biot, in
q. = general coordinates for the system

aA = general variable for the area

F [1/ ZLl+a;(1+As, )_l] = hypergeometric function

t, = injection time, min

b, = intercept, Nolte-Shlyapobersky model

E, = kinetic energy of the system, f7-/bf

L = Lagrange’s function given by difference between kinetic and potential
qc. leak-off rate during closing, f7° / min

u, leak-off velocity, Carter’s model, f#/min

COpax = maximum in-situ stress, psi

Cin = minimum in-situ stress, psi

Ty = normal vertical stress, psi

Ry(t)= normalized filter-cake resistance, dimensionless

Ay, A= open fisure area, f1*

A,4,= permeable or loss area, fi’

4, = permeable or loss rate, f12

v = Poisson’s ratio

E, = Potential energy of the system, f7-/bf

AP e (1) = pressure drop across the filter-cake, psi

AP iy () = pressure drop across the polymer invaded zone, psi
Ap,,. (1 = pressure drop in the reservoir, psi

Yii = ratio of average to wellbore net pressure, dimensionless
f » = ratio of permeable are to the fracture area, dimensionless
E = separation energy of the system, f7-/bf

m, = slope, Nolte-Shlyapobersky model

14 = specific surface energy of the elastic medium, /bf/ ﬁ2
S, spurt loss coefficient

W, strain energy of the fracture, f7-Ibf

K = stress intensity factor

U, = surface energy at the fracture face, fi-/bf

oy = tensile failure stress of the rock, psi

h, = thickness of the elastic material, in

T = time to create the fracture area, min
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viscosity degradation coefficient (a, =1, linear viscosity; a, =0,

volume of fracture from entrance to L e x.)

wellbore pressure at shut-in, psi

fluid efficiency, dimensionless
Poisson ratio, dimensionless
porosity, dimensionless
viscosity of reservoir fluid, cp

fracture half length, f7

fracture shape function

leak of rate during pumping, fi*/min
intercept, Improved Mayerhofer’s technique
intercept, Nolte-Shlyapobersky method
Carter leakoff coefficient, f7/ Jmin

total reservoir compressibility, 1/ psi
dimensionless

Young’s Modulus, psi

plane strain modulus, psi, E'=E/(1-V?)
energy of the system

fracture height, ft

permeable height, f

injection rate per one wing, gal/min
reservoir permeability, md

Meyer’ 8

slope, Mayerhofer et al. method

slope, Nolte method

index of time step

generalized flow behavior index,
number of time steps during pumping
closure pressure, psi

reservoir pressure, psi
leakoff rate from one wing through two faces, f7*/min
radius of a radial fracture, ft

reference filter-cake resistance at the end of pumping, psi —min/ f

ratio of permeable to fracture area

fracture stiffness (proportionality constant in the pressure vs. width

relationship psi/ ft

spurt loss coefficient, fi°/ fi2
time, min
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Lo Im
fa

SIS

Wn

Xt

¥

]

time at end of pumping, min

time at (end of) step n, min

uniform viscosity)

volume of one fracture wing, gal

volume of injected fluid into 1 wing, gal
average fracture width at end of pumping, in
leak-off width, in

average fracture width at time step n, in
fracture half length at end of pumping, fi

fracture half length, f7

181



References

L.

10.

11.

12.

13.

Thompson J.W_, and Church D.C: “Design, Execution, and Evaluation of Minifracs
in the Field: A Practical Approach and Case Study,” SPE 26034, 83-93, May 1993

Nolte, K.G. and Smith, M.B.: “Interpretation of Fracturing Pressures,” JPT 1767,
Sep. 1981.

Nolte, K.G.: "Determination of Proppant and Fluid Schedules from Fracturing
Pressure Decline," SPEPE, pp. 255-265, (July) 1986. (originally SPE 8341, 1979)

Nolte, K.G., Mack, M.G, and Lie, W.L.: “A Systematic Method for Applying
Fracturing Pressure Decline,” SPE 25845, Rocky Mountains Regional Low
Permeability Symposium., Denver, April 12-14, 1993.

Hagel M.W., and Meyer B.R.: “Utilizing Minifrac-Data to Improve Design and
Production,” Petroleum Society of CIM, 1992

Gidley, L.J. et al.: Recent Advances in Hydraulic Fracturing, SPE Monograph,
Vol.12, 309

McLellan, P.J., and Janz H.J.: “New Insghts into Dracturing Pressure Interpretation:
Case Study of minifracture tests in a naturally fractured gas reservoir,” JCPT, Vol.
30, No.6, Dec. 1991

Nolte, K.G.: “Background for After-Closure Analysis of Calibration Tests,”
unsolicited SPE 39407 July, 1997.

Shlyapobersky J., Wong G.K., and Walhaug W.W.: “Overpressure Calibrated Design
of Hydraulic Fracture Stimulations,” SPE 18194, 133-148, Oct. 1988

Economides, M.J. and Nolte, K.G. “Reservoir Stimulation (2nd ed.),” Prentice Hall,
Englewood Cliffs, NJ. 1989.

Valké P. and Economides, M.J. Hydraulic Fracture mechanics, Wiley, Chichester,
England. 1995.

Ispas, LN, Tiab, D., Britt, L.K.,Valko, P., Economides, M.J. “Methodology of Fluid
Leakoff Analysis in High-Permeability Fracturing,” SPE 39476, Feb. 1998

Mayerhofer, M.J., Economides, M.J. and Ehlig-Economides, C.A.: “Pressure

Transient Analysis of Fracture Calibration Tests,” SPE 26527 presented at 68th
Annual Technical Conference and Exhibition, Houston, Texas, 3-6 Oct, 1993.

182



14

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28

Nolte, K.G.: “Determination of Fracture Parameters from Fracture Pressure Decline,”
SPE 8341 presnted at the 54® Annual Technical Conference, Las Vegas, Sept. 1979

Mayerfofer, M.J., and Economides, M.J.: “Permeability Estimation From Fracture
Calibration Treatments,” SPE 26039, 117-128, 26-28 May 1993

Mayerfofer, M.J., and Economides, M.J.: “Field Cases for Permeability
Determination from Minifracs,” SPE 26999, 111-117, 27-29 April 1994

Biot M.A., Masse L., and Medlin W.L.: “A Two Dimensional Theory of Fracture
Propagation,” SPEPE, 17-30, January 1986

Lee W.S.: “Study of the Effects of Fluid Rheology on Minifrac Analysis,” SPE
16916, 377-386, Sept. 27-30, 1987

Lee W.S.: “New Method of Mini-Frac Analysis Offers Greater Accuracy and
Enhanced Applicability,” SPE 15941, 231-238, Nov. 1986

Lee W.S.: “Mini-Frac Analysis Based on Ellipsoidal Geometry,” SPE 15369, Oct.
1986

Lee W.S.: “Pressure Decline Analysis With the Christianovich and Zheltov and
Penny-Shaped Geometry Model Fracturing,” SPE/DOE 13872, 227-237, May 1985

Noilte, K.G.: “A General Analysis of Fracturing Pressure Decline with Applications to
Three Models,” SPEFE 571-583, Dec. 1986, and also Chapter 14 and Appendix J of
the SPE Monograph: Recent Advances in Hydraulic Fracturing Vol. 12, 1989.

Nolte, K.G.: “Fracturing Design Considerations Based on Pressure Analysis,” paper
SPE 10911, 1982 [and published as two papers in SPEPE 22, Feb. 1988].

Carter, R.D.: Appendix. of: “Optimum Fluid Characteristics for Fracture Extension,”
Drilling and Prod. Prac. AP1 1957.

Fan, Y.: “A new Interpretation for Fracture Calibration Treatments,” SPE 37401,
107-115, March 1997

Martins J.P., and Harper T .R.: “Mini-Frac Pressure Decline Analysis for Fractures
Evolving From Long Perforated Intervals and Unaffected by Confining Strata,”
SPE/DOE 13869, 203-210, 1985

Nordgren, R.P.: “Propagation of a Vertical Hydraulic Fracture,” SPEJ, 306-314, June
1970

Daneshy, A A.: “On the Design of Vertical Hydraulic Fractures,” JPT, 83-97, 1973

183



29.

30.

31.

32.

33.

34.

35.

36.

37.

39.

40.

4]1.

Meyer B.R.: “Design Formulae for 2-D and 3-D Vertical Fractures: Model
Comparison and Parametric Studies,” SPE 15240 1986

Nolte, K.G.: “Fracturing Pressure Analysis for Non-Ideal Behavior,” JPT 210, Feb.
1991.

Castillo, J.L.:’Modified Pressure Decline Analysis Including pressure -Dependent
Leak-off,” SPE 16417 presented at the SPE Rocky Mountain Regional Low
Permeability Reservoirs Symposium, Denver, CO, May 18-19, 1987.

Moschovidis Z.A.: “Interpretation of Pressure Decline for Minifrac Treatments
Initiated at the Interface of Two Formations,” SPE 16188, 15-27, 1987

Shlyapobersky J., Walhaug, W.W_, Sheffield. R.E., Huckabee, P.T.: “Field
Determination of Fracturing Parameters for Overpressure Calibrated Design of
Hydraulic Fracturing,” SPE 18195, 63rd Annual Technical Conference and Ex.
Houston, TX, Oct 2-5, 1988.

McLellan, P.J., and Janz, H.J.: “Analysis of Minifrac Shut-In Pressures,
Limestone/Burnt Timber Area, Alberta,” CIM/SPE 90-44, June 1990

Soliman M.Y., Kuhlman R.D., and Poulsen D.K.: “Minifrac Analysis for
Heterogeneous Reservoirs,” CIM/SPE 90-5, June 1990

Gu H., and Leung K.H.: “Three-Dimensional Numerical Simulation of Hydraulic
Fracture Closure With Application to Minifrac Analysis,” SPE 20657, 403-415, 1990

Zhu, D., and Hill A.D.: “The Effect of Temperature on Minifrac Pressure Decline,”
SPE 22874, 569-581, Oct. 1991

. Valko, P. and Economides, M.J.: “Fluid Leakoff Delineation in High Permeability

Fracturing,” SPE 37403, Production Operations Symposium., Oklahoma City, OK,
March 9-12, 1997.

Mayerfofer, M.J., and Economides, M.J.: “Interpretation of Early and Late-Time
Transient Filtration Phenomena of Cross-linked Polymer Cackes in Front of Long
Cores,” SPE 25489, 1933

Gringarten, A.C., Ramey, H.J., Jr, and Raghavan, R..: “Unsteady-State Pressure
Distributions Created by a Well With a Single Infinite-Conductivity Vertical
Fracture,” SPEJ 347, March 1974.

Samaniego, F.V. and Cinco-Lay H.: “Transient Pressure Analysis for Variable Rate
Testing of Gas Wells”, SPE 21831, 249-258 , April 1991.

184



42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

Dusterhoft R., Vithal S., and McMechan D.: “Improved Mini-Frac Analysis
Technique in High-Permeability Formations,” SPE 30103, 265-274, May 1995

Eligh-Economides, C.A., Fan Y., and Economides, M.J.: “Interpretation of Fracture
Calibration Tests in Naturally Fractured Reservoirs,” SPE 28690, 217-227, Oct. 1994

Gu, H. et al.: “Formation Permeability Determination Using Impulse-Fracture
Injection,” SPE 25425, March 21-23, 1993

Abousleiman, Y., Cheng, A H-D. and Gu, H.: “Formation Permeability
Determination by Micro or Mini-Hydraulic Fracturing,” J. Ener. Res. Tech. 104, Jun.

1994.

Vithal S., McMechan D., Walters, H., and Dusterhoft R.: “Application of Improved
Minifrac Analysis Technique in High-Permeability Formations,’Proceedings
Indonestan Petroleum Association, 24" Annual Convention, Oct. 1995

Leshchyshyn, T.H., Seffari, A., and Ali, F.: “Minifrac Analysis of Shear Parting in
Alberta Reservoirs and its Impact Towards On-Site Fracture Design,” CPS, Paper 96-
79, June 10-12, 1996.

Poulsen, D K.: “Equilibrium Minifracturing Test and Analysis,” SPE 36438, 225-233,
6-9 Oct. 1996.

Sunil, N.G., Tibbles, R., and Nolte, K.G.: “Evaluation of Calibration Treatments, for
Frac Pack Completions, in Offshore West Africa,” SPE 38192, 459-474, June 2-3,
1997

Tinker, S.J., Baycroft, P.D., Ellis, R.C., and Fitzhugh, E.: “Minifrac Tests and
Bottomhole Treating Pressure Analysis Improve Design and Execution of Fracture
Stimulations,” SPE 37431, 369-380, March 9-11, 1997

Noilte, K.G., Maniere, J.L. and Owens K.A.: “After-Closure Analysis of Fracture
Calibration Tests” SPE 38676 presented at ATCE, San Antonio, TX, Oct 5-8, 1997.

Geertsma, J., Klerk, F.: “A Rapid Method of Predicting Width and Extent of
Hydraulically Induced Fractures,” JPT, 1571-1581, Dec. 1969

Sneddon, [.N.: “The Distribution of Stress in the Neighbourhood of a Crack in an
Elastic Solid,” Proceedings of the Royal Society A, Vol. 187, 23-54, Dec. 1946

Sneddon, I.N., and Lowengrub, M.: “Crack Problems in the Classical Theory of
Elasticity,” 1996

185



55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

Barenblatt, G.I.: “The Mathematical Theory of Equilibrium Cracks in Brittle
Fracture,” Advances in Applied Mechanics, Vol. 7, 285-359, 1962

Irwin, G.R.: “Analysis of Stress and Strains Near the End of Crack Traversing a
Plate,” Journal of Applied Mechanics, Vol.24, 361-364, Sept 1957

Griffith, A.A.: “The Phenomena of Rupture and Flow in Solids,” Philosophical
Transactions of the Royal Society of London, Vol. A221, 60-95, 1921

Yew, C.H.: “Mechanics of Hydraulic Fracturing,” Gulf Publishing Co., 1997
Timoshenko, S., and Goodier, N.J. Theory of elasticity, 2™ ed. McGraw Hill, 1951

Hagoort, J.: “Waterflood-Induced Hydraulic Fracturing,” Thesis at University of
Delft, PB81-248262, 1980.

Scmidt, D.R., and Zoback, M.D.: “Poroelasticity Effects in the Determination of
Minimum Horizontal Principal Stress in Hydraulic Fracturing Tests — A proposed
Breakdown Equation Employing a Modified Effective Stress Relation for Tensile
Failure,” IIRM, MSGA, vol. 26, no. 6, 499-506, 1989.

Warpinki, N.R., Schmidt, R.A., and Northrop, D.A.: “In-situ Stresses: The
Predominant Influence of Hydraulic Fracture Containment,” SPE/DOE 8932, May
1980.

Warpinki, N.R.,Clark, J.A., Schmidt, R.A., and Huddle, C.W.: “Laboratory
Investigation on the Effect of In-situ Stress on Hydraulic Fracture Containment,”
SPEJ, 333-340, June 1980.

Khristianovic, S.A., and Zheltov, Y.P.: “Formation of Vertical Fractures,”
Proceedings Fourth World Petroleum Congress Section II/T.O.P., 578-586

Perkins, T.K., and Kern, L.R.: “Widths of Hydraulic Fractures,” AIME, 937-949,
Sept. 1961

Howard G.C. and Fast, C.R.: "Optimum Fluid Characteristics for Fracture
Extension," Drilling and Production Prac., API pp 261-270, 1957. (Appendix by
E.D. Carter)

Abramovitz, M., and Stengun, I.A.: “Handbook of Mathematical Functions,” Dover,
NY, 1972.

Cinco-Ley, H., and Meng, H.Z.: “Pressure Transient Analysis of Wells with Finite

Conductivity Vertical Fracture in Double Porosity Reservoirs,” SPE 18172 presented
at the 63rd Annual Technical Conference and Exibition, Houston, Oct. 2-5, 1988.

186



69.

70.

71.

72.

73.

74.

75.

76.

71.

78.

79.

80.

81.

82.

Gringarten, A.C. and Ramey, A.J,, Jr.: "Unsteady State Pressure Distributions
Created by a Well with a Single-Infinite Conductivity Vertical Fracture," SPEJ, 347-

360, Aug. 1974.

Cinco-Ley, H., and Samaniego-V.F.: “Transient Pressure Analysis: Finite
Conductivity-Fracture Case vs Damaged-Fracture Case,” SPE 10179 presented at the
1981 SPE Annual Technical Conference and Exibition, San Antonio, Oct. 4-7

Carslaw, H.S. and Jaeger, J.C.: “Conduction of Heat ir Solids,” 2" Ed. 1959, Oxford
University Press, Great Britain.

Zhu, D.: “Modeling of Minifracture Pressure Behavior for a Compressible Fluid,”
PhD Dissertation University of Texas at Austin, 1992

Lord, D.L., Vinod, P.S., Shah, S.N., and Bishop, M.L.: “An Investigation of Fluid
Leak-off Phenomena by use of a High Pressure Simulator,” SPE 52394 presented at
the 1995 SPE Annual Technical Conference, Dallas 22-25 October.

Ridha, M.O.: “Modeling of Fracture Closure During Calibration Treatment,” MS
Thesis, University of Oklahoma 1999.

Gu, H,, Elbel, J.L., Nolte, K.G., Cheng, A.-H-D. and Abousleiman, Y.: “Formation
Permeability Determination Using Impulse Fracture Injection,” SPE 25425,
Production Operations Symposium., Oklahoma City, OK, March 21-23, 1993

Ayoub, J.A., Bourdet, F.P. and Chauvel, Y.L.: “Impulse Testing,” SPEFE 534, Sept.
1988.

Earlougher, R.C.: “ Advances in Well Test Analysis, “ SPE Monograph, Vol. S, 1977

Raghavan, R., Reynolds, A.C., and Meng, H.Z.: “Analysis of Pressure Buildup Data
Following a Short Flow Period,” JPT, 904, April 1982.

Van Everdingen A F, and Hurst W.: “The Application of Laplace Transformations to
Flow Problems in Reservoirs,” Transactions, p. 305, Dec . 1949

Ehlig-Economides C.A., and Ramey H.J. : “Pressure Buildup for Wells Produced at
Constant Pressure,” SPEJ, p. 105, Feb. 1981

Bennett C.O.: “ Analysis of Fractured Wells,” PhD Dissertation University of Tulsa,
1981.

Tinker, S.J.: “Mini-Frac Tests and Bottomhole Treating Pressure Analysis Improve
Design Execution of Fracture Simulations,” SPE 37431, 369-380, 1997

187



83.

84.

85.

86.

87.

88.

89.

90.

91.

93.

94.

95.

96.

Poulsen, D.K.: “A general Theory of Minifracturing,” SPE 37407, 177-187, 1997

Gulrajani, N.S., Mack G.M., and Elbel J.: “Pressure History Inversion for
Implementation of Fracture Treatments,”SPE 63439, 1996

Meyer B.R., and Hagel M.W.: “Simulated Mini-Frac Analysis,” Petroleum Society of
CIM, June 12-16, 1988

Zhu, D, and Hill A.D.: “A Comprehensive Model of Mini-Frac Pressure Behavior
With Foam Fracturing Fluids,” SPE 25846, April 1993

Warembourg P.A.: “New Analysis Technology for Determining Fracture Parameters
from Calibration Treatments: Case Histories, Rocky Mountain Area,” SPE 17502,
273-287, May 1988

Gulrajani S.N., Tibbles, R.J., and Nolte, K.G.: “Evaluation of Calibration Treatments,
for Frac Pack Completions, in Offshore West,” SPE 38192, 459-474, June 1997

Abe, H., Mura, T., and Keer, M.: “Growth Rate of a Penny-Shaped Crack in
Hydraulic Fracturing of Rocks,” Journal of Geophysical Research, 5335-5340, Oct.
1976

Gringarten, A.C., Ramey, H.J., Jr.: “Unsteady-State Pressure Distributions Created by
a Well With a Single Horizontal Fracture, Partial Penetration, or Restricted Entry,”
Transactions Vol. 257, 1974

Hubert, K. and Willis, D.G.: “Mechanics of Hydraulic Fracturing,” AIME, Vol. 210,
153-163, 1957

. Perkins, T.K., and Gonzales, J.A.: “Changes in Earth Stress Around a Wellbore

Caused by Radially Symetrical Pressure and Temperature Gradients,” AIME, 129-
137, Apr. 1984

Alekseenko, O.P., Vaisman, A.M., and Zazovsky, A.F.: “A New Approach to
Fracturing Test Interpretation Using The PKN Model,” Int. J. Rock Mech. & Min.
Sci. 34:3-4, No. 356, 1997

Haimson, B., and Fairhurst C.: “Initiation and Extension of Hydraulic Fractures in
Rocks,” SPEJ, 310-318, 1967

Shah, SN, Lord, D.L., and Tan, H.C.: “Recent Advances in the Fluid Mechanics and
Rheology of Fracturing Fluids,” SPE 22391, 621-636, March 1992

Dobkins, T.: “Procedures, Results, and Benefits of Detailed Fracture Treatment
Analysis,” SPE 10130, Oct. 1981

188



97. McGowen, J.M., Vithal, L., Parker, M.A., Rahimi, A., and Martch Jr., W.E.: “Fluid

Selection for Fracturing High Permeability Formations,” SPE 26559, Oct. 1993

98. Hedayati, S., Abass, H.H., Soliman, M.Y_, Boyd, D.: “Review of Prefracturing

Testing and Effect of Measured Parameters on Fracture Design,” Southwestern
Petroleum Short Course — 92, 116-150

99. Ahmen, U, Kelkar, S., and Schatz, J.: “Minifrac: An Aid to Formation In-Situ Stress

100.

101.

102.

103.

104.

105.

106.

107.

108.

109.

110.

and Permeability Measurements,” 24" U.S. Symposium of Rock Mechanics 3 19-
326, June 1983

Hopkins, C.W.: “The Importance of In-Situ Stress Profiles in Hydraulic-Fracturing

Applications,” JPT, 944-948, Sept. 1997

Wright, C.A., Minner, W.A., and Snow, D.M.: “Robust Technique for Real-Time
Closure Stress Determination,” SPE 30503, 543-553, Oct. 1995

Pater, C.A.: “Physical and Numerical Modeling of Hydraulic Fracture Closure,”
SPEPF, 122-128, May 1996

Bowie, O.L.: “Analysis of an Infinite Plate Containing Radial Cracks Originating at
the Boundary of an Internal Circular Hole,” Journal of Mathematics and Physics,
Vol. 35, 61-72, 1956

Midd!ebrook, M.L., Aud, W.W _, Harkrider, J.D., and Hansen, J.T.: “An Evolving
Approach in the Analysis of Stress Test Pressure Decline Data,” SPE 29599, 549-
566, March 1995

Woodland, D.C., and Bell, J.S.: “In-Situ Stress Magnitudes From Minifrac Records
in Western Canada,” CIM/SPE No. 88-36-67, June 1988

Rosepiler, M.J.: “Determination of Principal Stresses and Confinement of Hydraulic
Fractures in Cotton Valey,” SPE 8405, Sept. 1979

Detournay, E., and Cheng, H.D.: “Poroelastic Response of a Borehole in a Non-
Hydrostatic Stress Filed,” Int. J. Rock Mech. Min. Sci. & Geomech. Abstr., Vol. 25,
171-182, 1988

Detournay, E., and Carbonell, R.: “Fracture Mechanics Analysis of the Breakdown
Process in Minifrac or Leack-off Tests,” Eurok’94, 399-407, 1994

Hayashi, K., and Ito, T.: “Determination of the Minimum Horizontal principal Stress
from Pressure Decay After Breakdown in Hydraulic Fracturing,” Geothermal
Resources Council Transactions, Vol.15, 483-486, Oct. 1991

Koning, E.J.L., and Niko, H.: “Fractured Water Injection Wells: A Pressure Falloff

189



Test for Determining Fracture Dimensions,” SPE 14458, Sept. 1985

111. Mukherjee, H., Larkin, S., and Kordziel, W.: “Extension of Fracture Pressure
Decline Curve Analysis to Fissured Formations,” SPE 21872, April 1991

190



Appendix A

191



Modeling Equations (Pressure Decline Analysis)

Pressure variation during the shut-in period:

2r.S 2C t
Pw[[=[pC+A[/’ - rp p)_( Ler_P_]xg(AtD’a)z

r¢r Cr Cr

By + My X (AL, Q) oo (A-1)

Fracture compliance, C . corresponding to each fracture geometry'®:

7 Bew 1y

e (A-2)
PKN 2E

for the PKN geometry, where A r is the fracture height.

T PropXs
€ rvan T (A-3)
for the KGD geometry with x r as the fracture half-length.

/4 32/3x?

Brol : R L e e, (A-4)

for the radial geometry, where R r s the fracture half-length.

The ratios of the average net pressure in the fracture to the wellbore

flowing pressure, for each fracture geometry, are given as follows:
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Bupw =@n" +2)/(20" +34a)) oo (A-5)

for the PKIN geometry,

Brtcn =09 oo (A-6)

for the KGD geometry, and

for the radial geometry, where nis the fluid rheology index, and @, an exponent
which is a function of the fluid viscosity behavior (i.e. @, =0 for the case of uniform
viscosity, and @, = 1 represents linearly decreasing viscosity from the wellbore to the

tip of the fracture).

Fracture half-length from the intercept, b,,, of Eq. (4-1):

L-1 No spurt loss case'" ?

PKN geometry

Pl 2EV, (A-8)

ms —ﬂfl;ﬂp‘w( ;;?, —pc) ............................................................

KGD geometry

KGD

s Jd’ fﬂAGD b D — Pc )

.........................................................
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RADIAL geometry

3E'V
RZD — e, (A-10)
s S:BRAD (bﬁs“w - pc)
L-1 Spurt loss case
PKN geometry
X =——3 P;EV" = SSSUUU SRRSO (A-11)
7T B2 Boey (B ~ P)+4h,E'r,S,
KGD Geometry
, Th.pB .
2E [\/(h S, J+ —-zj—E—fGi(b;fD -PY, -k ,rpsp}
xR0 — _ e (AS12)
i 7 by Brop (ba® — P.)
Radial geometry
/3
o (BAVEB +274°C3C —28° - 21.4°C)
REP = 4
3432
3 2
L B e (AF13)

3434VAB +274°C3C - 28° - 4°C)” 34

where:
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B=67?S 1 E" oo, (A-15)
Cm3V I E oo (A-16)

Leak-off coefficient from the slope, m,, , of Eq. (A-1):
The leak-off coefficient, C, can be computed from Eq. (A-1) as follows:

PKN geometry

Fracture average width, W, and fluid efficiency, 11, as a function of both the slope,
m,,, and the intercept, b,,, of Eq. (4-1):
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E-1 No spurt case

From Eqs. (4.46, and 4.47) the average fracture width is given by the

difference between the maximum fracture width and the leak-off width, as follows:

PKN geometry:

_ V.

W = T 7, 2,C L\, 80(475)...
Xws Ar

KGD geometry:

Wl = KGDh -2r,C,\t,8,(2/3)...
X s

Radial geometry:

Wil = —— L _2r C,.Jt.g,(8/9)

NS JI(R};‘ZS? )2 P L\/j 0

where the leak-off width is:

wi =2r,C, Jt,8,(4/5)
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WP =2r,Ct,80(273) oo (A-24)

Wi =21, C Lt 80(879) oo, (A-25)

The fluid efficiency is given by the ration between the volume of the fracture

created and the volume of fluid injected:

Dividing Eqs. (A-20: A-22) by the fracture compliance, C r»and combining with Eqs.

(A-1) and (A-26), it follows that for the:

PKN geometry
v, 2n,C\1,8(4/9)
PKN
X s hrC ¢ PRV o (415
N, =L % ! —1+ Das f/"( ) (A-27)
] m H
Xps hpcy X s Pcy
KGD geometry
v, 2r,C\1,8(2/3)
i KGD py KGD
mieP = T8 Ty % o =+ 28 §°(2/3) ............... (A-28)
X hec, xhs hoc,
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Radial geometry

v _ 2rpCLJZgo(8/9)
wo_ z (R Ve, . °r 1+ mﬁgpf;(S/g).............(A-29)
x(RE2Y <, 7 (R e

where from Eq. (A-1):

2
W=b£§o/ — D, from Eq. (A-1) and
NS T
v, G
s ~O P and
SACY e
v,
=bys’ — P,

E-2 Spurt loss case

From Egs. (4.46, and 4.47) the average fracture width is given by the
difference between the maximum fracture width and the sum of spurt width and leak-

off width, as follows:
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PKN geometry:

W = x,,—ﬂV\,T ~ 2[r,,S,, +r,Coftg@) o (A-30)
NS
KGD geometry:
Wal = KCI;h [r S, +r,C J—go(a)] ......................... e (A-31)
Radial geometry:
wm——z— [rS +r,C \/—g (a) ................................... (A-32)
SL ( R 0

where the spurt width is:

and the leak-off width is given by Egs. (A-23:A-25).
The fluid efficiency is given by the ration between the volume of the fracture

created and the volume of fluid injected:

Dividing Eqgs. (A-30: A-32) by the fracture compliance, ¢/, and combining with Eqs.

(A-1) and (A-34), it follows that for the:
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PKN geometry

v ~ 2r,C, \/tjgo (4/5) ~ 2r,S, —m””" (4r5) 2r,S, ]
P.C’Vh SL gO
pv _ Xst Sy ¢r ‘r Cr
lg = v =1+ %
xg ke, I xg o hec, ]
............................................................................................. (A-35)
KGD Geometry
Vi _ 2rPCL \/t—;go (4/5) _ 2rPSP rmKGD (2/3)__ 2rPSP ]
KDy - - sz 8o c
kGp __ *st "rCr A I __1 !
Nse = 7 =1+ 1%
xg hsc, I xg  hsc, ]
................................................................................................. (A-36)
Radial geometry
v G J1,8,(8/9) 2,8,
wo_ 7 (RES) e, °r s
773[. - 74 =
T (R;'ASD )ch

200



| e e el I

Where for the PKN and KGD geometries: 7, =7,/ h, (or 1, =1 if the fracture is

contained in the permeable layer) and for the RADIAL geometry

0.5

2
h h h
",,=% [ £ J[l— "J + Aresin—2—%
z||\2&, ) | " 2R, 2R,

(or r, =1 if the fracture is contained in the permeable layer.)

G-function solution and approximations:

1112,

A) The following program, written in Mathematica language, was used to solve the

G-function'!, Eq. (4.33):

(*Program GFUNCTION *)

H1=Simplify[-Integrate[1/Sqrt[tD-tauD],{tD,1+dtD,tauD}]]/.tauD

->AD"(1/alpha)
H2=Integrate[H1,{AD,0,1}]
G[x_,y_]:=H2/.{dtD->x,alpha->y}
GO[y_l:=g[0,y]

Where:
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and the following solutions were found:

22a[Ta]f
(1+2a)2a]

go(a)z

for a dimensionless time (i.e. ratio of shut-in to injection time) Af, =0, and

M+ea]|t .. L 2223
4a[ At +2J1+Atox———] [t dr = (1 + Az )[r 2 dt
0 0

Tl

1+ 2

g(AtD,a)z

................................................................................................

for a dimensionless time (i.e. ratio of shut-in to injection time) Af, # 0.

Note that Eq. (A-48), given by Valko and Economides'’ is identical with Eq.
(4.31) based on the special properties of the Gamma function.

The G-function values at a zero dimensionless shut-in time (i.e. Af,=0),
used in the above equations are computed with Gamma function for each geometry

as follows:
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PKN geometry

5 5
= 1.41495

“ @«-z@ﬂz{ JJ

22@ %[FEH | = 1.47837

RADIAL geometry

8 2
j@§r§
g (8 ) oL L9 1.37689
ol 5 |T =1L
) (14 z(ﬁ) r 2(§)
9 9
B) For a dimensionless time (i.e. ratio of shut-in to injection time) Af

the definition of the Euler Gamma function®’, and the Mathematica package,

p =0, using

approximate computational values for the G-function are given as follows

For a dimensionless time (i.e. ratio of shut-in to injection time) At, =0
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gy (@) =19+1.96458¢ +0.5141989¢x*>+0.0286518a> .......................... (A-44)

and

g, (@) =0.95+1.565315¢ +0.7015294 x> +0.0873 14215 > +

LA2022x10° @t (A-45)
where:
go(a) =§% ........................................................................... (A-46)
M

and for a dimensionless time (i.e. ratio of shut-in to injection time) At # 0:

4
)
g(Al‘D ,—) iV T O U RNV (A-47)
5 4
gy (At D> E)

for the PKN geometry, where:

4
gy (Ato,§)= 1.3442025+75.441875d +600.83415d > +1228.4165d° +

725.0305d*+89.360515d°> - oo (A-48)

4
g (AtD,-§}= 0.9+52.11073 d*+363.9545d> +513.3249d * +159.35395d° +

6.1667255d 8 o (A-49)

204



s | (A-50)
2’3 2
gM A[D b 3
for the KGD geometry, where:
2
En (Ato , 5) = 1.4044325+77.8472775d +603.5863 d*+1188.9535d> +
681.8245d % +82.50085c" ... oo o i e (A-51)

2
8u (At[)’§)= 0.95+51.572175d +353.78d* +486.7553d> +148.22945d* +

5.6615725d° -0.066205975d® ... (A-52)
and
2 gN(AtD,—g-)
g(AID,- ............................................................. (A-53)
? At S
M 0’9

for the RADIAL geometry, where:

8
gN(AtD,-g—)= 1.3080455+73.96738 d +598.728 d > +1251.492d° +

751.165d4+93.527215d> <o oo (A-54)

8
Eu (Ato ,5)-—- 0.95+52.432875d +370.06015d*+529.359d> +166.1455d*+

6.47786d° -0.076790115dS . o (A-55)
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Modeling Equations (Filter-cake — Reservoir Flow Leak-Off Transient Analysis)

The following main formulas are incorporated into a computer program (see
chapter 5 of this work).

In essence here we have both cases (1) no spurt loss and (2) spurt loss.

B-I No spurt loss

If no spurt loss is identified (see section 4.5), then the following equations are used:

PKN geometry

Eq. (4.134) can be written as follows:

Y(n)ys =byroe + My X(1)s ooeveeeeeieiece st (B-1)

where the independent variable is:

Y(n ;{?’ _ pn _pi Atn (B_z)

- pn-l _ pn _J—[pT" ..............................................................

A combination of Egs. (2.17), (2.20), and (4.137), yields the filter-cake resistance:

4E'rt,[2n'+3+a
RN — PP LD e, -3
NS ﬂ'hf l: 2n’+2 :l MNs (B )

Combining Eqgs. (4.138), (4.139) and (A-2) gives the reservoir permeability:
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2
1 &
ks =r—[m,,£w ] ........................................................................ (B-4)

and the independent variable:

172
R P a I [ STBVAS

2E'2n' +3 +a,) dc, t, —t

n ne+l

j=n‘ +3 Atj Atj—[

$ (p,=p,) (po-p.) . - tj_l)uz:! .

o [0 =l =1, )"
th;[— (pn—l - pn ptglz "

.................................................................................................. (B-5)
B-1 KGD geometry
Eq. (4.134) can be written as follows:
Y(n)as =bg2 + mf X(n)ys wveeeemeeeeeeeeeeeeeeeeeeee e (B-6)
where the dependent variable is:

-p, At
Y(n)< = P, — P n (B-7)

NS Doy — D, \/;z: ..........................................................

A combination of Egs. (2.18), (2.21), (4.137) and (A-9), yields the filter-cake

resistance;
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‘ - 1/2
RXCD _ 444 L, (ﬂhfﬂKGD (bzﬁgD - Pc) preoo B-9)
NS T L 2E'V, Mg -t

Combining Egs. (4.138), (4.139), (A-3), and (A-9), yields the reservoir permeability:

e L[ 2L, J ®-9)
@ Vo, Broo R — )
and the independent variable:
1/2
X( GD _ 0.45 g 2 Pngt = Prgsa (tn s +l)1/2 +
' ¢ Ct tn - tn,+l ’
Z”: (pj-l -—pj)_ (pj-z _pj-l)(t —t )1/2 +
f="s+3 Atj Atj—l " ~
WA],(;;D trlvlz —(tn —tn ~1~l)”2 A
= t
27| -
................................................................................................. (B-10)
B-I Radial geometry
Eq. (4.134) can be written as follows:
Y(n)is =b Mg +mMNSX(n)f,§D .................................................... B-11)

where the dependent variable is:
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-p. At
() =B B n e (B-12)

pn—l —pn \/Ean

A combination of Egs. (2.19), (2.22), (4.137), and (A-10) yields the filter-cake

resistance:
I4 1/3
R2P = AET, (8Brp (bzﬁgD - Pc) preo ®B-13)
NS T 3E'I/I Mg "7 e s

Combining Eqs. (4.138), (4.139), (A-4), and (A-10), yields the reservoir permeability:

2/3
1 3E V.
KA = T e, (B-14)
" (mMNS )z ( ,BRAD — Pc )J

and the independent variable:

/72 p -p
' ng+l ng+2 (t” "t" " /2 +
2E ¢ C, el ¢

2": (pj—l = pj)_ (P,--z - pj—l)(t" _tj_l)x/z:l_*_

X(n)ys =

j=n3+3 Atj Atj—l
— 1/2 12
wAIZ'lD tn - (tn - Z‘rxs+1)l At
RAD 3/2
RJNS (pn-l - pn ptn !
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B-I Spurt loss

If spurt loss is identified (see section 4.5), then the following equations are used:

PKN geometry
Y(n)g =bie +miy X(n)g i, ...(B-16)

where the dependent variable is:

-p, M
Y(n) = Bu— P Ll (B-17)

pn_l _pn \/fp—[n ...............................................

A combination of Eqgs. (2.17), (2.20), and (4.137), yields the filter-cake resistance:

4E'rt, [2n" +3+a
R = £ BN -18
SL Th, [ 2+ 2 ] Msz (B-18)

Combining Eqs. (4.138), (4.139) and (A-2) gives the reservoir permeability:

2
1 h
i —[ fJ ...................................................................... (B-19)
o miy

From Eq. (4.134):

’ 172 _
X(n)g" =[ 2n +2 :|7z' ”’J (p"‘” p"‘”}(tn-tmﬂ)”%

2E'(2n' +3+a,) pc, t,—t

n ne+l
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Z": (pj-l - pj)_ (pj—z _pj-l)(tn —tl-l)llz:l+

J=ng+3 At J At J-1
WS];,AW t'lr/z - (tn —tn_,+l )U2 At
3/2 n

hf-\/—— (pn—l -
................................................................................................. (B-20)
B-I1 KGD geometry
Y(n)g” =i + M X (Y™ oo (B-21)
where the dependent variable is:
P(r)s® = LB Ll (B-22)

N

A combination of Eqs. (2.18), (2.21), (4.137) and (A-12), yields the filter-cake

resistance:
KGD _ 444E'r,t, 7 hBreo ) P
SL e Mg
[\/( S, F+ zfgf“”’ (bE> —p Y, —hfrpSpjl

Combining Eqs. (4.138), (4.139), (A-3), and (A-12), yields the reservoir permeability:
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Gives the reservoir permeability:

( Y
2E’[\[(h p)z + £ hfﬁKOD (bLGD PC)Vi - hfrPSp]

KD _ _1_
* Fp m:}cg;f”hfﬁmo (bs[iGD -P)

.................................................................................................. (B-24)
and the independent variable:
172
X(n)KGD 0 45 U, Prest = Pagsa (t _¢ o
* ¢ C tn - [n,+l ’ e
z": (pj-l ’Pj)_ (pj—Z —pj—l)(t —r )2 |+
/="S+3 Atj At]-l " J_l
Wsliao trlxlz _ (tn _ tn,+1)u2 N

o Vr| G- P
................................................................................................. (B-25)
B-I Radial geometry
Y(n)g =b52 + mio X(n)g oo (B-26)
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where the dependent variable is:

Y(n)¥° = Ln " P A e (B-27)

Pny = Pn \/?pt_,,

A combination of Eqs. (2.19), (2.22), (4.137), and (A-13), yields the filter-cake

resistance:
AE'rt,( DD +D]
RMP — “’( 12 3 DA (B-28)
SL T Dl Mg

Combining Eqgs. (4.138), (4.139) and (A-4) gives the reservoir permeability:

2
1|\ DD, +D
A = ) T s | -29
S rpl: Dmg? ] (529

and the independent variable:

“2E'\ 4, t —t

n ng+l

X(n)RSfD ) \/7?(/1_,)”2 I:[p,,,u ~ Phngs2 J(tn "tn,+1)”2 +

3 _

J=ns+3 At - At N

(pj—l _Pj) (pj-Z _pj—l)(t" —t,-l)m]'*'

J J-1
w6~ =t | |
RRAD (pn-l - pn ptr::/z ! J
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where:

D, = 6A{3AJ(4B3 +27A4°CBC -2B° - 27A2c]}'3 ........................ B-31)
D, =428 - 28{4J4B" + 274°CBC ~28° ~21.4°C}" @3
and

D, =32* {3AJ(4B’ +274°CBC -2B° - 27A2C]}m ..................... (B-33)

Parameters 4, B, and C are shown in Appendix A, Eqgs. (A-14), (A-15), and (A-

16).
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Applications-Input and Output Data

Table C-1A - Input parameters - case M1
Parameter | Description Units Value

] Reservoir porosity fraction 0.2

c, reserve total compressibility 1/psi 7.69E-05

u, reservoir fluid viscosity cp 1.4

75 fracture fluid viscosity cp 211

V. vol. of injected fluid gal 3150

hp permeable height ft 40

h y fracture height ft 45

, pumping time min 4.76

Z, fracture closure time min 11.3

P closure pressure psi 2503.1

P Initial reservoir pressure psi 2146

ISIP Initial shut-in pressure psi 3293

E Young's Modulus psi 1.0E+06

v Poisson's ratio fraction 0.25

E' Plain-strain modulus psi 1.07+06
Fracture area - power law
exponent

a RAD Model 8/9

n' flow behavior index fraction 0.5

K' Ratio of shear stress to shear rate [Ibfs"~/f&* [0.071

Average pressure ratio (wellbore- 0.925

Brao

tip)
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Table C-1B Fall off time - pressure data - case M1

t At fall-off \/E P, t At fall-off \/d—t P,
min min \/-mmeSi min min \/EJ—IT Psi
33.717\ 0.717{ 0.846{ 2911.201} 53.333| 20.333 4.509|2378.481
34.116 1.116] 1.057| 2788.290| 53.733{ 20.733 4.55312373.190
34.516 1.516| 1.231| 2744.804| 54.133| 21.133 4.597/2367.972
34917 1.917f 1.390| 2705.542| 54.533| 21.533 4.640(2362.791
353331 2.333] 1.527| 2670.278] 54.933| 21.933 4.683|2357.653
35.733 2.733} 1.653} 2655.856} 55.333] 22.333 4.726|2352.521
36.133 3.133| 1.770] 2652.025| 55.733| 22.733 4.76812347.483
36.533| 3.533| 1.880| 2647.234| 56.133| 23.133 4.810{2342.428
36.933 3.933] 1.983| 2641.118] 56.533] 23.533 4.8512337.344
37.333 4.333] 2.082| 2635.042| 56.933| 23.933 4.892(2332.298
37.733 4.733] 2.176| 2628.585| 57.333] 24.333 4.933|2327.344
38.133 5.133| 2.266| 2615.313| 57.733| 24.733 4.97312325.375
38.533 5.533] 2.352| 2608.689( 58.133]| 25.133 5.013{2317.784
38.933 5.933] 2.436| 2600.928{ 58.533| 25.533 5.053]2313.133
39.333 6.333} 2.517| 2593.764] 58.933] 25.933 5.092|2308.260
39.733 6.733] 2.595} 2585.988| 59.333] 26.333 5.132{2303.702
40.133 7.133] 2.671| 2578.937| 59.733| 26.733 5.170}2298.905
40.533 7.533| 2.745| 2571.202] 60.133] 27.133 5.209(2294.410
40.933 7.933| 2.817| 2564.018{ 60.533| 27.533 5.247|2289.749
41.333 8.333| 2.887{ 2557.210{ 60.933| 27.933 5.28512285.273
41.733] 8.733} 2.955| 2551.132| 61.333| 28.333 5.323|2280.679
42.133] 9.133| 3.022| 2544.665| 61.733{ 28.733 5.360(2276.193
42.533| 9.533| 3.088| 2538.022| 62.133}] 29.133 5.398{2271.653
42.933| 9.933| 3.152| 2532.241| 62.533| 29.533 5.434{2267.185
43.333| 10.333] 3.215} 2526.230{ 62.933] 29.933 5.471]2262.701
43.733| 10.733| 3.276] 2519.609{ 63.333( 30.333 5.508(2258.285
44133 11.133| 3.337| 2513.068| 63.733] 30.733 5.544{2253.879
44.533} 11.533} 3.396| 2507.066] 64.133| 31.133 5.580]2249.461
44.933| 11.933| 3.454| 2500.952| 64.533| 31.533 5.615/2245.029
45.333| 12.333] 3.512| 2494.939| 64.933| 31.933 5.651(2240.709
45.733| 12.733] 3.568] 2488.931| 65.333| 32.333 5.686{2236.420
46.133] 13.133| 3.624| 2482.848{ 65.733] 32.733 5.721{2232.170
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46.533| 13.533| 3.679| 2476.817| 66.133] 33.133 5.756|2227.978
46.933| 13.933{ 3.733| 2470.710{ 66.533| 33.533 5.791|2223.775
47.333| 14.333| 3.786| 2464.465| 66.933| 33.933 5.825/2219.627
47.733] 14.733| 3.838] 2458.385| 67.333] 34.333 5.859{2215.507
48.133| 15.133} 3.890| 2452.496| 67.733] 34.733 5.895{2211.407
48.533| 15.533| 3.941| 2446.505] 68.150| 35.150 5.9292207.166
48.933( 15.933] 3.992| 2440.555| 68.550{ 35.550 5.9622203.120
49.333] 16.333| 4.041| 2434.719| 68.950[ 35.950 5.996/2199.088
49.733] 16.733| 4.091| 2428.868| 69.350] 36.350 6.029{2195.058
50.133] 17.133| 4.139| 2423.058| 69.750| 36.750 6.062|2191.078
50.533| 17.533| 4.187| 2417.303} 70.150| 37.150 6.095/2187.163
50.933] 17.933| 4.235| 2411.645| 70.550{ 37.550 6.128{2183.250
51.333] 18.333| 4.282] 2405.962| 70.950| 37.950 6.160(2179.401
51.733| 18.733| 4.328| 2400.282] 71.350{ 38.350 6.19312175.554
52.133| 19.133( 4.374] 2394.712 71.750| 38.750 6.225(2171.716
52.533] 19.533| 4.420] 2389.255] 72.150| 39.150 6.257{2167.917
52.933] 19.933| 4.465| 2383.805] 72.550{ 39.550 6.289|2164.138
72.950] 39.950{ 6.321| 2160.358| 92.550| 59.550 7.717|2002.980
73.350f 40.350] 6.352| 2156.558| 92.950{ 59.950 7.74312000.167
73.750] 40.750| 6.384| 2152.797] 93.350{ 60.350 7.769|1997.432
74.150( 41.150] 6.415| 2149.060| 93.750[ 60.750 7.79411994.719
74.550{ 41.550| 6.446| 2145.374] 94.150{ 61.150 7.820(1991.976
74.950] 41.950| 6.477| 2141.744| 94.550| 61.550 7.84511989.260
75.350| 42.350] 6.506] 2138.156| 94.950; 61.950 7.871|1986.541
75.733] 42.733| 6.537| 2134.729} 95.350] 62.350 7.8961983.827
76.133] 43.133| 6.568| 2131.141] 95.750{ 62.750 7.921|1981.136
76.533| 43.533| 6.598] 2127.636| 96.150] 63.150 7.947{1978.470
76.933| 43.933| 6.628| 2124.101{ 96.550| 63.550 7.972}1975.807
77.333] 44.333| 6.658| 2120.643| 96.950{ 63.950 7.997|1973.167
77.733] 44.733| 6.688] 2117.178] 97.350| 64.350 8.022|1970.554
78.133| 45.133) 6.718] 2113.751] 97.750| 64.750 8.047(1967.943
78.533] 45.533| 6.748] 2116.327| 98.150] 65.150 8.075/1965.333
78.933] 45.933| 6.781] 2106.928] 98.600| 65.600 8.099(1962.408
79.383] 46383} 6.811] 2103.129] 99.000] 66.000 8.12411959.838
79.783| 46.783| 6.840| 2099.769| 99.400| 66.400 8.149{1957.261
80.183| 47.183} 6.869] 2096.357| 99.800| 66.800 8.173{1954.700
80.583| 47.583| 6.898| 2093.008| 100.200| 67.200 8.199|1952.149
80.983| 47.983| 6.927) 2089.708} 100.616| 67.616 8.221{1949.543
81.383| 48.383| 6.956] 2086.413| 100.983! 67.983 8.245|1947.234
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81.783| 48.783| 6.985| 2083.072| 101.383; 68.383 8.269(1944.748
82.183| 49.183f 7.013| 2079.791] 101.783] 68.783 8.294/1942.264
82.583] 49.583| 7.042} 2076.552| 102.183| 69.183 8.318]1939.772
82.983] 49.983| 7.070| 2073.356{ 102.583] 69.583 8.342)1937.283
83.383| 50.383| 7.098} 2070.207| 102.983| 69.983 8.366|1934.830
83.783| 50.783| 7.126{ 2067.074| 103.383| 70.383 8.389{1932.388
84.183| SI1.183| 7.154| 2063.954| 103.783| 70.783 8.413{1929.947
84.583| 51.583) 7.182{ 2060.871| 104.183{ 71.183 8.437(1927.482
84.983| 51.983| 7.210( 2057.765| 104.583| 71.583 8.461(1925.017
85.383| 52.383| 7.238| 2054.680{ 104.983| 71.983 8.484|1922.607
85.783| 52.783] 7.263| 2051.650] 105.383} 72.383 8.5081920.222
86.150| 53.150] 7.290( 2048.905| 105.783( 72.783 8.531{1917.847
86.550| 53.550( 7.318{ 2045.923} 106.183} 73.183 8.555{1915.480
86.950| 53.950| 7.345| 2042.980| 106.583] 73.583 8.578|1913.137
87.350] 54.350 7.372! 2040.057| 106.983| 73.983 8.601|1910.787
87.750] 54.750] 7.399] 2037.156{ 107.383| 74.383 8.625(1908.472
88.150] 55.150| 7.426| 2034.236| 107.783] 74.783 8.648|1906.161
88.550| 55.550f 7.453| 2031.317| 108.183| 75.183 8.671|1903.844
88.950] 55.950; 7.480| 2028.434{ 108.583| 75.583 8.694|1901.554
89.350f 56.350f 7.507{ 2025.550| 108.983| 75.983 8.717(1899.295
89.750| 56.750| 7.533| 2022.652| 109.383| 76.383 8.740(1897.052
90.150| 57.150] 7.560; 2019.772| 109.783{ 76.783 8.763(1894.815
90.550{ 57.550| 7.586] 2016.947| 110.183| 77.183 8.785|1892.570
90.950| 57.950| 7.612| 2014.171| 110.583| 77.583 8.808}1890.351
91.350| 58.350] 7.639| 2011.414{ 110.983{ 77.983 8.831(1888.121
91.750; 58.750| 7.665] 2008.611| 111.383 78.383 8.853|1885.925
92.150{ 59.150| 7.691| 2005.790| 111.783| 78.783 8.876{1883.728
112.183( 79.183( 8.898| 1881.560| 118.183| 85.183 9.229|1850.147
112.583} 79.583} 8.921} 1879.375| 118.583] 85.583 9.251|1848.118
112.983| 79.983| 8.943| 1877.215| 118.983| 85.983 9.273]1846.088
113.383| 80.383| 8.966] 1875.055{119.383| 86.383 9.294|1844.072
113.783| 80.783| 8.988| 1872.904| 119.783| 86.783 9.316|1842.047
114.183| 81.183| 9.010| 1870.777| 120.183f 87.183 9.337|1840.061
114.583| 81.583| 9.032| 1868.664| 120.583] 87.583 9.359/1838.082
114983 81.983| 9.054| 1866.538| 120.983| 87.983 9.3801836.108
115.383| 82.383| 9.077| 1864.472| 121.383] 88.383 9.401/1834.139
115.783| 82.783| 9.099| 1862.405|121.783| 88.783 9.42211832.192
116.183| 83.183| 9.120| 1860.358| 122.183| 89.183 9.444|1830.261
116.583{ 83.583( 9.142| 1858.318] 122.583| 89.583 9.465|1828.345
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116.983| 83.983| 9.164| 1856.288} 122.983| 89.983 9.486| 1826.442
117.383| 84.383| 9.186| 1854.255| 123.383] 90.383 9.507| 1824.655
117.783] 84.783| 9.208| 1852.188] 123.783| 90.783 9.528}1822.702

Table C-1C G-function and diagnostic functions - case M1

Glap.a) | P, PFIT |x(n) |r(n) |[r(n)
Psi Psi

0 3131.24 {3131.24 |0 0.176310{0.17631
2.07794 |[2911.2 |2766.44 |6.5E-10 [0.453 0.33474
2.15877 |2788.29 |2752.25 |3.1E-09 |1.0064 [0.9438
2.23646 (27448 |2738.61 |4.5E-09 |1.31031 (1.28103
231143 |2705.54 (2725.45 |5.7E-09 [1.56065 |[1.55585
2.3869 2670.28 |2712.21 |6.7E-09 |1.78952 {1.80227
2.45699 [2655.86 [2699.9 [7.6E-09 [1.99189 (2.01987
2.52511 |2652.03 (2687.94 [8.4E-09 |2.18054 {2.22009
2.5914 2647.23 |12676.3 |9.2E-09 (2.35871 |2.40656
2.65596 |2641.12 [2664.97 |9.9E-09 |2.52844 [2.58167
2.71891 [2635.04 |12653.92 |[1.1E-08 {2.69136 |2.74735
2.78038 |2628.58 {2643.13 |1.1E-08 |2.84874 (2.90509
2.84053 (2615.31 |2632.57 |1.2E-08 {3.00168 {3.05614
2.89944 |2608.69 [2622.23 |1.2E-08 |3.15071 (3.20123
2.95712 {2600.93 {2612.1 1.3E-08 [3.29647 {3.34113
3.01365 [2593.76 |12602.18 |[1.4E-08 13.43961 (3.47661
3.06911 [2585.99 |12592.44 |{1.4E-08 [3.58044 {3.6081
3.1236 2578.94 |12582.87 |1.SE-08 {3.71937 |3.73607
3.17718 |2571.2 |2573.47 (1.5E-08 |3.85653 |(3.86078
3.22982 [2564.02 |2564.23 |[1.6E-08 |3.9924 [3.98273
3.28159 [2557.21 |2555.14 [1.6E-08 |4.12719 |4.1022
3.33254 [2551.13 |2546.19 {1.7E-08 [4.2611 (4.21944
3.38273 [2544.67 |2537.38 |[1.7E-08 |4.39405 [4.33445
3.43222 |2538.02 |2528.69 |1.8E-08 [4.52656 |4.44774
3.48096 [2532.24 |2520.14 |[1.8E-08 [4.65888 (4.55961
3.52901 2526.23 |12511.7

3.5764 2519.61 [2503.38

3.62319 |2513.07 |2495.17

3.6694 2507.07 |2487.06
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Table C-1D Net pressure during injection - case M1

At

wny

P

n

min

psi

0.0565

2089.03

0.35655

3699.41

0.75646

3765.53

1.15636

3772.03

1.5565

3770.97

1.95653

3778.57

2.35655

3877.42

2.75645

3761.2

3.15636

3755.04

3.5565

3735.86

Table C-1E Synthesis of computed fluid and reservoir properties - case M1

S, c, R, W C, n R, k,
i3 St/ psi N in Iy [min | % (psi—min)/ﬁ md
-6.8E-03 9.72E-05 | 66.2 2.81E-01 1.18E-02 | 61.63 6.95E+03 19.5
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Table C-2A - Input parameters - case M2
Parameter | Description Units | Value
@ Reservoir porosity fraction [0.2
c, reserve total compressibility 1/psi 7.69E-05
)78 reservoir fluid viscosity cp 1.4
7 fracture fluid viscosity cp 211
V. vol. of injected fluid gal 3150
hp permeable height ft 32
h ’ fracture height ft 32
t, pumping time min 33
t fracture closure time min 2.7
P closure pressure psi 2928.7
P Initial reservoir pressure psi 1768
ISIP Initial shut-in pressure psi 3298
E Young's Modulus psi 1.00E+06
v Poisson's ratio fraction |0.25
E' Plain-strain modulus psi 1.07E+06
Fracture area - power law
exponent
a RAD Model 4/5
n' flow behavior index fraction |0.5
K’ Ratio of shear stress to shear rate |Lbf 0.071
Sadlie
Average pressure ratio (wellbore- 0.925

Brap

tip)
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Table C-2B Fall off time - pressure data - case M2

t

Jadt

P

w

t

At fall~off

Jat

P

w

min

min

Vmin

Psi

min

min

Jmin

Psi

2147.66

0.65771

0.811

3189.73

2150.62

3.62451

1.90382

2904.57

2147.69

0.69092

0.83121

3173.5

2150.66

3.65771

1.91252

2903.83

2147.72

0.72437

0.8511

3031.94

2150.69

3.69092

1.92118

2903.09

2147.76

0.75781

0.87052

3028.56

2150.72

3.72437

1.92986

290231

2147.79

0.79102

0.88939

3025.57

2150.76

3.75781

1.93851

2901.62

2147.82

0.82446

0.908

3022.79

2150.79

3.79102

1.94705

2900.88

2147.86

0.85767

0.9261

3020.06

2150.82

3.82446

1.95562

2900.15

2147.89

0.89111

0.94399

3017.72

2150.86

3.85767

1.96409

2899.49

2147.92

0.92432

0.96141

3015.42

2150.89

3.89111

1.97259

2898.78

2147.96

0.95776

0.97865

3013.21

2150.92

3.92432

1.98099

2898.08

2147.99

0.99121

0.9956

3011.2

2150.96

3.95776

1.98941

28974

2148.02

1.02441

1.01213

3009.11

2150.99

3.99121

1.9978

2896.67

2148.06

1.05762

1.02841

3007.16

2151.02

4.02441

2.00609

2896.02

2148.09

1.09106

1.04454

3005.22

2151.06

4.05762

2.01435

2895.34

2148.12

1.12451

1.06043

3003.16

2151.09

4.09106

2.02264

2894.71

2148.16

1.15771

1.07597

3001.3

2151.12

4.12451

2.03089

2894.11

2148.19

1.19092

1.09129

299934

2151.16

4.15771

2.03905

2893.47

2148.22

1.22437

1.10651

299733

2151.19

4.19092

2.04717

2892.84

2148.26

1.25781

1.12152

2995.47

2151.22

4.22437

2.05533

2892.19

2148.29

1.29102

.13623

2993.42

2151.26

4.25781

2.06345

2891.52

2148.32

1.32446

.15085

2991.47

2151.29

4.29102

2.07148

2890.97

214836

1.35767

2989.52

2151.32

4.32446

2.07953

2890.36

2148.39

1.39111

1
1
1.16519
1.17945

2987.4

2151.36

4.357¢7

2.0875

2889.75

2148.42

1.42432

1.19345

2985.51

2151.39

4.39111

2.0955

2889.24

2148.46

1.45776

1.20738

2983.58

2151.42

4.42432

2.10341

2888.68

2148.49

1.49121

1.22115

2981.58

2151.46

4.45776

2.11134

2888.02

2148.52

1.52441

1.23467

2979.74

2151.49

449121

2.11925

2887.36

2148.56

1.55762

1.24805

2977.79

2151.52

4.52441

2.12707

2886.71

2148.59

1.59106

1.26137

2975.95

2151.56

4.55762

2.13486

2886.15

2148.62

1.62451

1.27456

2974.2

2151.59

4.59106

2.14268

2885.55

2148.66

1.65771

1.28752

2972.32

2151.62

4.62451

2.15047

2884.95

2148.69

1.69092

1.30035

2970.62

2151.66

4.65771

2.15817

2884.4

2148.72

1.72437

1.31315

2968.93

2151.69

4.69092

2.16585

2883.78

2148.76

1.75781

1.32583

2967.17

2151.72

4.72437

2.17356

2883.23
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2148.79

1.79102

1.33829

2965.56

2151.76

4.75781

2.18124

2882.76

2148.82

1.82446

1.35073

2963.86

2151.79

4.79102

2.18884

2882.23

2148.86

1.85767

1.36296

2962.25

2151.82

4.82446

2.19647

2881.77

2148.89

1.89111

1.37518

2960.72

2151.86

4.85767

2.20401

2881.28

2148.92

1.92432

1.3872

2959.09

2151.89

489111

2.21159

2880.69

2148.96

1.95776

1.3992

2957.64

2151.92

4.92432

2.21908

2880.22

2148.99

1.99121

1.4111

2956.16

2151.96

495776

2.2266

2879.73

2149.02

2.02441

1.42282

2954.6

2151.99

499121

2.2341

2879.23

2149.06

2.05762

1.43444

2953.2

2152.02

5.02441

2.24152

2878.76

2149.09

2.09106

1.44605

2951.68

2152.06

5.05762

2.24891

2878.23

2149.12

2.12451

1.45757

2950.18

2152.09

5.09106

2.25634

2877.75

2149.16

2.15771

1.46892

2948.79

2152.12

5.12451

2.26374

2877.22

2149.19

2.19092

1.48017

29473

2152.16

5.15771

2.27106

2876.68

2149.22

2.22437

1.49143

2945.92

2152.19

5.19092

2.27836

2876.19

2149.26

2.25781

1.5026

2944.53

2152.22

5.22437

2.28569

2875.69

2149.29

2.29102

1.51361

2943.09

2152.26

5.25781

2.29299

2875.22

214932

2.32446

1.52462

2941.76

2152.29

5.29102

2.30022

2874.78

2149.36

2.35767

1.53547

29404

215232

5.32446

2.30748

2874.23

2149.39

2.39111

1.54632

2939.07

215236

5.35767

2.31466

2873.8

214942

2.42432

1.55702

2937.87

215239

5.39111

2.32188

2873.38

2149.46

2.45776

1.56773

2936.59

2152.42

5.42432

2.32902

2872.95

2149.49

2.49121

1.57836

2935.4

2152.46

5.45776

2.33619

2872.48

2149.52

2.52441

1.58884

293424

2152.49

5.49121

2.34333

2872.04

2149.56

2.55762

1.59926

2933.01

2152.52

5.52441

2.35041

2871.62

2149.59

2.59106

1.60968

2931.92

2152.56

5.55762

2.35746

2871.18

2149.62

2.62451

1.62003

2930.81

2152.59

5.59106

2.36454

2870.77

2149.66

2.65771

1.63025

2929.69

2152.62

5.62451

2.37161

2870.43

2149.69

2.69092

1.6404

2928.68

2152.66

5.65771

2.3786

2870.08

2149.72

2.72437

1.65057

2927.57

2152.69

5.69092

2.38556

2869.61

2149.76

2.75781

1.66067

2926.56

2152.72

5.72437

2.39256

2869.24

2149.79

2.79102

1.67063

2925.59

2152.76

5.75781

2.39954

2868.87

2149.82

2.82446

1.68061

2924.55

2152.79

5.79102

2.40645

2868.49

2149.86

2.85767

1.69046

2923.61

2152.82

5.82446

2.41339

2868.12

2149.89

2.89111

1.70033

2922.67

2152.86

5.85767

2.42026

2867.75

214992

2.92432

1.71006

2921.7

2152.89

5.89111

2.42716

2867.36

2149.96

2.95776

1.71982

2920.83

2152.92

5.92432

2.43399

2866.98

2149.99

2.99121

1.72951

2919.9

2152.96

5.95776

2.44085

2866.55

2150.02

3.02441

1.73908

2919.02

2152.99

5.99121

2.4477

2866.25

2150.06

3.05762

1.7486

2918.2

2153.02

6.02441

2.45447

2865.9




2150.09

3.09106

1.75814

291731

2153.06

6.05762

246122

2865.57

2150.12

3.12451

1.76763

2916.5

2153.09

6.09106

2.46801

2865.28

2150.16

3.15771

1.777

2915.68

2153.12

6.12451

2.47478

2864.97

2150.19

3.19092

1.78631

29148

2153.16

6.15771

2.48147

2864.67

2150.22

3.22437

1.79565

2914.04

2153.19

6.19092

2.48816

2864.35

2150.26

3.25781

1.80494

2913.21

215322

6.22437

2.49487

2863.99

2150.29

3.29102

1.81412

2912.39

2153.26

6.25781

2.50156

2863.73

2150.32

3.32446

1.82331

2911.65

2153.29

6.29102

2.50819

2863.33

215036

3.35767

1.83239

2910.82

2153.32

6.32446

2.51485

2863

2150.39

3.39111

1.8415

2910.06

2153.36

6.35767

2.52144

2862.69

2150.42

3.42432

1.85049

2909.28

2153.39

6.39111

2.52807

2862.45

2150.46

3.45776

1.85951

2908.47

2153.42

6.42432

2.53462

2862.32

2150.49

3.49121

1.86848

2907.71

2153.46

6.45776

2.54121

2862.08

2150.52

3.52441

1.87734

2906.91

2153.49

6.49121

2.54779

2861.74

2150.56

3.55762

1.88616

2906.13

2153.52

6.52441

2.55429

2861.53

2150.59

3.59106

1.89501

29054

2153.56

6.55762

2.56078

2862.24

Table C-2C G-function and diagnostic functions - case M2

G(AID ,a)

P

w

P.FIT

X(n)

Y(n)

Y(n)FIT

Psi

Psi

0

3545.5

35455

0.00

5.76E-01

5.76E-01

1.51462

3031.94

3026.24

3.07E-09

1.49759

1.42E+00

1.5204

3028.56

3024.26

3.80E-09

1.64654

1.63E+00

1.5261

3025.57

30223

4.12E-09

1.71745

1.72E+00

1.53181

3022.79

3020.34

4.56E-09

1.85967

1.84E+00

1.53745

3020.06

3018.41

5.03E-09

2.02461

1.97E+00

1.5431

3017.72

3016.48

5.23E-09

2.07558

2.02E+00

1.54867

3015.42

3014.56

5.63E-09

2.21881

2.13E+00

1.55426

3013.21

3012.65

5.80E-09

2.2676

2.18E+00

1.55981

3011.2

3010.74

5.90E-09

2.28526

2.21E+00

1.5653

3009.11

3008.86

6.16E-09

2.37398

2.28E+00

1.57076

3007.16

3006.99

6.05E-09

2.30947

2.25E+00

1.57623

3005.22

3005.12

6.17E-09

2.34043

2.28E+00

1.58167

3003.16

3003.25

6.32E-09

2.38462

2.32E+00

1.58705

3001.3

3001.41

6.14E-09

2.29539

2.27E+00
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1.5924 [2999.34 [2999.57 |[6.33E-09 |2.35574 |2.33E+00
1.59777 |2997.33 |2997.73 |6.26E-09 (2.31508 |2.31E+00
1.60311 |2995.47 [2995.9 6.15E-09 [2.25552 |2.28E+00
1.60839 [2993.42 12994.09 [6.32E-09 |2.30594 (2.32E+00
1.61368 [2991.47 |2992.28 [6.09E-09 |2.20187 |2.26E+00
1.61891 |2989.52 [2990.48 |6.20E-09 |2.2276 |2.29E+00
1.62416 |2987.4 [2988.69 |6.51E-09 |2.33094 |2.38E+00
1.62934 12985.51 |2986.91 [6.37E-09 |2.26627 (2.34E+00
1.63454 |2983.58 [2985.13 [6.50E-09 (2.3033 |2.37E+00
1.63972 |2981.58 [2983.35 |6.57E-09 (2.31764 |2.39E+00
1.64484 |2979.74 [2981.6 6.60E-09 |2.31891 {2.40E+00
1.64994 12977.79 {2979.85 [6.98E-09 {2.44935 |2.51E+00
1.65505 |2975.95 |2978.09 |6.88E-09 [2.40576 {2.48E+00
1.66015 (29742 [2976.35 |6.95E-09 |2.42309 |2.50E+00
1.66519 |2972.32 {2974.62 |7.34E-09 (2.56024 |2.61E+00
1.67021 [2970.62 |2972.9 7.24E-09 |2.51707 |2.58E+00
1.67524 |2968.93 [2971.17 |7.38E-09 |2.56006 |2.62E+00
1.68026 |2967.17 |2969.45 |7.50E-09 [2.59828 {2.65E+00
1.68522 (2965.56 |2967.75 |[7.49E-09 |2.59058 (2.65E+00
1.6902 |2963.86 |2966.05 |7.87E-09 |2.72288 [2.75E+00
1.69512 ]2962.25 |2964.36 |[7.81E-09 |2.69759 |2.74E+00
1.70006 |2960.72 [2962.66 |8.00E-09 [2.76018 |[2.79E+00
1.70495 |2959.09 (2960.99 |8.41E-09 {2.90378 [2.90E+Q0
1.70985 |2957.64 (2959.31 (8.07E-09 |2.78014 |2.81E+00
1.71474 |2956.16 [2957.63 |8.24E-09 [2.83673 |[2.85E+00
1.71958 |2954.6 |2955.97 |8.36E-09 [2.87817 |(2.89E+00
1.7244 12953.2 |2954.32 |[8.12E-09 |2.78505 |2.82E+00
1.72923 12951.68 |2952.66 |[8.42E-09 |2.89142 |2.91E+00
1.73406 12950.18 |2951.01 |8.41E-09 |{2.88305 |[2.90E+0Q0
1.73882 {2948.79 |2949.37 |[8.46E-09 |2.89562 |2.92E+00
1.74358 |2947.3 (2947.75 |[8.76E-09 |3.00268 |3.00E+00
1.74835 (294592 (2946.11 (8.54E-09 [2.92043 |2.94E+00
1.75311 |2944.53 |2944.48 [8.71E-09 |2.97565 |2.98E+00
1.75781 |2943.09 |2942.86 |8.94E-09 [3.05561 (3.05E+00
1.76254 |2941.76 |2941.24 |8.92E-09 |3.04775 {3.04E+00
1.76722 |2940.4 [2939.64 |9.44E-09 |3.23236 (3.19E-+00
1.77191 |2939.07 [2938.03 |9.60E-09 |3.28837 (3.23E+00
1.77656 |2937.87 |2936.44 |[9.64E-09 (3.30514 [3.24E+00
1.78122 |2936.59 |2934.84 |1.01E-08 |3.45303 |3.36E+00




1.78587 (29354 {2933.24 |9.82E-09 |3.37407 {3.29E+00
1.79048 1293424 [2931.67 |1.01E-08 {3.4795 |3.38E+00
1.79507 (2933.01 |2930.09 (1.01E-08 |3.4795 (3.38E+00
1.79968 |2931.92 (2928.51
1.80427 }2930.81 |2926.94
1.80882 |2929.69 {2925.38

Table C-2D Net pressure during injection - case M2

At

inf

P

n

Aty

P

n

At

inj

P

n

min

psi

min

psi

min

psi

0.016602

2654.35

2.81665

3189.82

5.616699

3171.08

0.050049

2878.4

2.850098

3188.8

5.649658

3170.54

0.083252

3113.15

2.883545

3188.62

5.68335

3171.01

0.116699

3136.7

2.916748

3188.52

5.716797

3171.17

0.149658

3113.92

2.949707

3187.68

5.75

3170.6

0.18335

3113.36

2.983398

3188.05

5.783203

3171.1

0.216797

3117.76

3.016602

3187.59

5.81665

3170.96

0.25

3120.1

3.050049

3187.69

5.850098

3171.09

0.283203

3119.77

3.083252

3187.42

5.883545

3170.4

0.31665

3118.44

3.116699

3186.86

5.916748

3170.83

0.350098

3119.02

3.149658

3187.24

5.949707

3170.13

0.383545

3120.45

3.18335

3185.9

5.983398

3170.48

0.416748

3119.68

3.216797

3184.93

6.016602

3171.41

0.449707

3117.71

3.25

3183.57

6.050049

3171.83

0.483398

3119.12

3.283203

3183.58

6.083252

3171.33

0.516602

3121.35

3.31665

3182.94

6.116699

3171.44

0.550049

3122.71

3.350098

3183.57

6.149658

3172.7

0.583252

3123.99

3.383545

3182.86

6.18335

3172.4

0.616699

3124.67

3.416748

3182.65

6.216797

3172.07

0.649658

3125.05

3.449707

3182.68

6.25

3173.25

0.68335

3125.29

3.483398

3182.83

6.283203

3173.14

0.716797

3125.64

3.516602

3182.39

6.31665

3172.35

0.75

3126.23

3.550049

3180.56

6.350098

3171.66

0.783203

3127.5

3.583252

3178.99

6.383545

3172.52

0.81665

3129.25

3.616699

3176.51

6.416748

3172.67

0.850098

3129.72

3.649658

3173.3

6.449707

3172.93

0.883545

3130.16

3.68335

3170.4

6.483398

3173.68

0.916748

3131.3

3.716797

3166.55

6.516602

3173.66
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0.949707

3132.14

3.75

3163.25

6.550049

3173.77

0.983398

3133.38

3.783203

3160.18

6.583252

3173.11

1.016602

3135.01

3.81665

3159.37

6.616699

3173.5

1.050049

3136.12

3.850098

3160.75

6.649658

3173.96

1.083252

3136.49

3.883545

3161.58

6.68335

3173.85

1.116699

3137.76

3.916748

3161.52

6.716797

3173.75

1.149658

3140.38

3.949707

3161.27

6.75

3174.45

1.18335

3141.11

3.983398

3161.42

6.783203

3175.13

1.216797

3142.52

4.016602

3161.33

6.81665

3175.15

1.25

3142.95

4.050049

3161.45

6.850098

3175.37

1.283203

3143.77

4.083252

3160.44

6.883545

3175.47

1.31665

31443

4.116699

3160.37

6.916748

3175.77

1.350098

3145.11

4.149658

3162.22

6.949707

3176.41

1.383545

3145.98

4.18335

3163.89

6.983398

3175.75

1.416748

3147.16

4.216797

3164.35

7.016602

3175.93

1.449707

3149

4.25

3165.03

7.050049

3176.2

1.483398

3150.31

4.283203

3165.28

7.083252

3175.26

1.516602

3153.12

4.31665

3165.25

7.116699

3175.49

1.550049

3155.12

4.350098

3165.22

7.149658

3175.83

1.583252

3155.98

4.383545

3165.56

7.18335

3176.09

1.616699

3158.14

4.416748

3165.45

7.216797

3176.49

1.649658

3160.81

4.449707

3166.25

7.25

3176.93

1.68335

3162.14

4.483398

3166.52

7.283203

3177.07

1.716797

3163.56

4.516602

3166.66

7.31665

3178

1.75

3165.82

4.550049

3167.03

7.350098

3177.46

1.783203

3166.62

4.583252

3167.16

7.383545

3177.43

1.81665

3167.51

4.616699

3167.63

7.416748

3178.39

1.850098

3168.39

4.649658

3167.99

7.449707

3179.43

1.883545

3169.8

4.68335

3167.78

7.483398

3179.72

1.916748

3170.89

4.716797

3167.54

7.516602

3179.49

1.949707

3171.57

4.75

3168.17

7.550049

3180.76

1.983398

3170.99

4.783203

3167.62

7.583252

3181.49

2.016602

3172.33

4.81665

3167.83

7.616699

3181.19

2.050049

3173.89

4.850098

3169.12

7.649658

3182.04

2.083252

3175.15

4.883545

3169.02

7.68335

3181.72

2.116699

3176.7

4.916748

3168.78

7.716797

3182.69

2.149658

3177.85

4.949707

3168.93

7.75

3183.02

2.18335

3178.7

4.983398

3169.32

7.783203

3182.57

2.216797

3180.02

5.016602

3169.79

7.81665

3183.63

2.25

3181

5.050049

3169.38

7.850098

3184.58

2.283203

3181.8

5.083252

3170.4

7.883545

3183.54

2.31665

3183.14

5.116699

3170.17

7.916748

3184.26

2.350098

3184.85

5.149658

3170.58

7.949707

3184.36

2.383545

3185.45

5.18335

3170.8

7.983398

3184.82
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2.416748

3186.75

5.216797

3170.45

8.016602

3185.34

2.449707

3187.77

5.25

3170.59

8.050049

3185.1

2.483398

3188.46

5.283203

3170.67

8.083252

3184.99

2.516602

3189.14

5.31665

3169.63

8.116699

3185.53

2.550049

3189.16

5.350098

3170.75

8.149658

3185.03

2.583252

3189.53

5.383545

3170.8

8.18335

3188.62

2.616699

3190.47

5.416748

3170.13

8.216797

3190.44

2.649658

3190.16

5.449707

3170.49

8.25

3186.15

2.68335

3188.88

5.483398

3171.34

8.283203

3189.12

2.716797

31893

5.516602

3171.28

8.31665

3182.55

2.75

3189.04

5.550049

3171.04

8.350098

3181.2

2.783203

3189.61

5.583252

3170.83

8.383545

3189.73

Table C-2E Synthesis of computed fluid and reservoir properties - case M2

S, c, R, w C, n R, k,
St St/ psi St in fil ,min % (psi—min)/ﬂ md
-3.31E-02 | 9.78E-05 | 66.6 5.53E-01 3.4E-02 23.65 3.88E+03 18.9
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Table C-3A - Input parameters - case M3

Parameter | Description Units Value
@ Reservoir porosity fraction |0.43

c, reserve total compressibility 1/psi 6.5e-6
U, reservoir fluid viscosity cp 1.4

Ky fracture fluid viscosity cp 224

V. vol. of injected fluid gal 28350
hp permeable height ft 95

h ’ fracture height ft 95

t, pumping time min 22.5

L, fracture closure time min 20.94
P closure pressure psi 6388
P Initial reservoir pressure psi 5500
ISIP Initial shut-in pressure psi 6694
E Young's Modulus psi 1.0E+06
v Poisson's ratio fraction |0.27
E' Plain-strain modulus psi 1.1+06

Fracture area - power law exponent

(04 RAD Model 8/9

n' flow behavior index fraction 0.5

K’ Ratio of shear stress to shearrate  |Lbfs’~/ft*| 0.0728

Average pressure ratio (wellbore-tip) 0.925

Brao
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Table C-3B Fall off time - pressure data - case M3

¢ At fall—off «/E P, t At fall-off \/Z P,

min min ‘/'mE Psi min min m Psi

119.083 |0.0833 0.28861 [6622.2 122.167 |3.1666 |[1.77949 |6590.15
119.167 |0.1666 |0.40816 |6677.93 (122.25 [3.25 1.80278 |6591.68
119.25 (0.25 0.5 6728.13 [122.333 |3.3333 |1.82573 |6591.68
119.333 [0.3333 ]0.57732 |6660.69 [122.417 |3.4166 |(1.84841 [6590.46
119.417 |0.4166 [0.64545 |6642.19 |122.5 35 1.87083 [6590.46
119.5 0.5 0.70711 |6666.83 [122.583 {3.5833 [1.89296 |6587.67
119.583 |0.5833 [0.76374 |6661.6 122.667 |3.6666 |1.91484 |6586.76
119.667 |0.6666 [0.81645 |6644.36 |122.75 |3.75 1.93649 (6586.45
119.75 0.75 0.86603 [6644.67 |122.833 [3.8333 1.95788 (6587.98
119.833 (0.8333 (0.91285 [6647.15 (122917 |3.9166 |1.97904 [6585.54
119.917 |0.9166 [0.95739 |6638.52 [123 4 2 6581.84
120 1 1 6634.82 {123.083 |4.0833 |2.02072 |6583.06
120.083 [1.0833 ]1.04082 |6633.56 |123.167 |4.1666 [2.04122 [6581.84
120.167 [1.1666 [1.08009 (6633.26 ([123.25 (4.25 2.06155 [6579.05
120.25 1.25 1.11803 [6631.12 |123.333 |4.3333 [2.08166 |6580.31
120.333 |1.3333 |1.15469 [|6627.42 |123.417 |4.4166 |2.10157 |6578.14
120.417 |1.4166 |[1.19021 [6623.42 {123.5 4.5 2.12132 [6580.31
120.5 1.5 1.22474 [6622.5 123.583 (4.5833 |2.14086 |6579.05
120.583 {1.5833 1.25829 |6616.02 [123.667 |4.6666 [2.16023 [6578.14
120.667 |1.6666 [1.29097 [6618.5 123.75 |4.75 2.17945 |6576.61
120.75 1.75 1.32288 16613.88 (123.833 [|4.8333 [2.19848 [6577.83
120.833 |1.8333 1.35399 |6611.1 123917 149166 (2.21734 [|6572.91
120.917 |1.9166 (1.38441 [6612.32 |124 5 2.23607 [6574.13
121 2 1.41421 (6606.17 {124.083 (5.0833 {2.25462 |6573.21
121.083 [2.0833 |1.44336 |6608.92 [124.167 [5.1666 [2.27301 |6572.91
121.167 |2.1666 [1.47194 [6605.26 |124.25 |[5.25 2.29129 |6571.65
121.25 |2.25 1.5 6602.78 [124.333 |5.3333 {2.30939 |{6571.99
121.333 (2.3333 |1.52751 |6604 124.417 |54166 [2.32736 [6566.73
121.417 |2.4166 |[1.55454 16603.69 [124.5 5.5 2.34521 |6570.43
121.5 25 1.58114 |6602.47 {124.583 |5.5833 [2.3629 [6567.03
121.583 |2.5833 [1.60726 [6597.55 [124.667 |5.6666 |2.38046 |6568.29
121.667 (2.6666 {1.63297 |6601.56 (124.75 |5.75 2.39792 [6566.73
121.75 |2.75 1.65831 |6595.38 [124.833 |5.8333 |2.41522 [6568.29

232




121.833 [2.8333 |1.68324 |6596.6 124 917 |5.9166 |2.43241 |[6563.33
121917 29166 |1.70781 [6597.55 |[125 6 2.44949 (6562.11
122 3 1.73205 |6591.68 |125.083 |6.0833 [2.46643 |6564.29
122.083 |3.0833 |1.75593 [6591.68 [125.167 [6.1666 |2.48326 [6563.03
125.25 16.25 2.5 6559.33 |128.667 [9.6666 |3.10911 [6525.15
125.333 16.3333 [2.5166 [6556.89 |128.75 |9.75 3.1225 |6522.4

125417 16.4166 |2.5331 [6557.19 [128.833 ([9.83331 [3.13581 |[6521.15
125.5 6.5 2.54951 [6559.33 [128.917 [9.91658 |3.14906 }6523.93
125.583 |6.5833 (2.56579 |6554.71 |[129 10 3.16228 {6522.71
125.667 |6.6666 ([2.58198 |6559.67 |{129.083 {10.0833 (3.17542 |6517.75
125.75 |6.75 2.59808 [6557.19 |129.167 |10.1666 |3.18851 |6517.44
125.833 |6.8333 [2.61406 |6553.49 [129.25 (10.25 3.20156 |[6519.01
125917 16.9166 [2.62994 6553.49 |129.333 [10.3333 |3.21455 [6517.75
126 7 2.64575 |6551.97 |129.417 [10.4166 |3.22747 |6516.53
126.083 |7.0833 |2.66145 |6552.27 [129.5 10.5 3.24037 |6520.23
126.167 |7.1666 |2.67705 [6553.49 |129.583 [10.5833 |3.2532 [6515.31
126.25 |7.25 2.69258 |6551.97 [129.667 {10.6666 |3.26598 [6515.31
126.333 |7.3333 [2.70801 [6552.27 [129.75 |10.75 3.27872 |6516.22
126.417 |7.4166 |2.72334 |6546.09 |129.833 |[10.8333 [3.2914 [6512.83
126.5 7.5 2.73861 |6548.57 {129.917 |10.9166 |[3.30402 |6512.83
126.583 (7.5833 |2.75378 [6548.57 |130 11 3.31662 [6512.52
126.667 |7.6666 (2.76886 [6547.01 |130.083 |[11.0833 (3.32916 [6510.08
126.75 |7.75 2.78388 [6543.65 |130.167 |11.1666 |3.34165 |6511.61
126.833 (7.8333 |2.7988 [6543.35 |130.25 |11.25 3.3541 {6506.69
126.917 |7.9166 [2.81365 |6542.39 [130.333 |11.3333 (3.3665 |6506.69
127 8 2.82843 |6544.57 [130.417 [11.4166 [3.37884 |6505.43
127.083 (8.0833 |2.84311 {6541.17 |130.5 11.5 3.39116 {6508.82
127.167 |8.1666 [2.85773 |6538.39 |130.583 |11.5833 [3.40343 |6504.21
127.25 |8.25 2.87228 |6542.39 [130.667 [11.6666 |(3.41564 (6504.21
127.333 |8.3333 |2.88675 (6541.17 |130.75 |11.75 3.42783 (6502.68
127.417 |8.4166 |2.90114 (6536.25 |130.833 [11.8333 |3.43996 |6502.99
127.5 8.5 291548 16537.17 |130.917 [11.9166 {3.45204 |6501.42
127.583 |8.5833 |2.92973 |6535.94 |[131 12 3.4641 [6498.98
127.667 |(8.6666 (2.94391 [6535.03 |131.083 |[12.0833 (3.47611 (6499.29
127.75 |8.75 2.95804 16533.47 |[131.167 [12.1666 [3.48806 |6500.51
127.833 {8.8333 {2.97209 |6532.25 [131.25 (12.25 3.5 6500.51
127917 [8.9166 |2.98607 }6531.02 (131.333 {12.3333 |3.51188 |6496.81
128 9 3 6533.77 |131.417 |12.4166 |3.52372 [6494.36
128.083 {9.08331 (3.01385 ([6531.33 |131.5 12.5 3.53553 |6494.36
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128.167 [9.1666 |3.02764 {6529.77 [131.583 |[12.5833 |3.5473 6494.06
128.25 |9.25 3.04138 [6530.07 [131.667 |12.6666 ]3.55902 |6495.59
128.333 [9.33331 {3.05505 |6531.02 [131.75 |12.75 3.57071 |6489.44
128.417 |9.41658 [3.06864 [6526.06 {131.833 |12.8333 [3.58236 |(6489.14
128.5 9.5 3.08221 |(6528.85 |[131.917 12.9166 |3.59396 [6486.66
128.583 [9.58331 [3.09569 |6523.62 |132 13 3.60555 |6488.19
132.083 [13.0833 |3.61709 {6490.67 |135.5 16.5 4.06202 [6448.78
132.167 |13.1666 |3.62858 |6486.96 |[135.583 [16.5833 [4.07226 |6442.6

132.25 |13.25 3.64005 [6486.66 [135.667 [16.6666 {4.08247 [6442.6

132.333 |[13.3333 |3.65148 |6481.74 |[135.75 |[16.75 4.09268 |6439.85
132.417 {13.4166 {3.66286 |6482.04 |135.833 |16.8333 }4.10284 [6438.59
132.5 13.5 3.67423 [6484.18 |135917 {16.9166 |4.11298 6439.85
132.583 {13.5833 |3.68555 [6480.82 {136 17 4.12311 |6439.85
132.667 |[13.6666 |3.69684 [6478.34 |136.083 |[17.0833 [4.1332 [6439.85
132.75 [13.75 3.7081 [6479.56 |136.167 |17.1666 |4.14326 |6438.9

132.833 |13.8333 (3.71932 (6477.12 |136.25 }17.25 4.15331 [6433.98
132.917 [13.9166 |3.73049 [6479.26 [136.333 |17.3333 [4.16333 |6432.45
133 14 3.74166 |6478.34 |136.417 |17.4166 |4.17332 |6433.67
133.083 {14.0833 {3.75277 |6475.86 |136.5 17.5 4.1833 |6431.23
133.167 {14.1666 |3.76385 {6471.86 |136.583 |17.5833 |4.19325 (6432.76
133.25 |14.25 3.77492 (6470.94 [136.667 [17.6666 (4.20316 (6431.23
133.333 |[14.3333 [3.78594 |6473.12 |136.75 |17.75 421307 |6427.84
133.417 [14.4166 |3.79692 [6468.5 136.833 |17.8333 |4.22295 6426.58
133.5 14.5 3.80789 (6470.94 |136.917 (179166 |4.2328 [6423.83
133.583 |14.5833 (3.81881 [6469.72 (137 18 4.24264 [6426.27
133.667 |14.6666 [3.8297 |6468.5 137.083 |18.0833 (4.25245 (6427.84
133.75 |14.75 3.84057 [6464.8 137.167 |18.1666 |4.26223 |6423.83
133.833 {14.8333 (3.8514 [6463.54 |137.25 |18.25 4272 6420.44
133.917 |14.9166 |3.8622 |6466.94 (137.333 |18.3333 |4.28174 |6420.13
134 15 3.87298 (6464.8 137.417 |18.4166 [|4.29145 |6421.66
134.083 |[15.0833 [3.88372 |6463.54 |[137.5 185 430116 |6419.22
134.167 |15.1666 |3.89443 |6459.84 [137.583 |18.5833 ({4.31084 [6416.74
134.25 |15.25 3.90512 [6458.62 |137.667 [18.6666 |4.32049 {6417.96
134.333 |15.3333 |3.91578 |6457.4 13775 (1875 433013 |6414.26
134417 {15.4166 {3.9264 |6458.62 [137.833 [18.8333 |4.33974 |6414.26
134.5 15.5 3.937 6459.84 |137.917 (189166 [4.34932 |6414.26
134.583 |15.5833 (3.94757 |6453.4 138 19 43589 |6413.95
134.667 |15.6666 [3.9581 [6453.7 138.083 [19.0833 (4.36845 [6412.73
134.75 |15.75 3.96863 |6452.17 |138.167 {19.1666 (4.37797 |6412.73
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134.833 |15.8333 [3.97911 |6452.17 |138.25 {19.25 438748 |6409.03
134917 [15.9166 [3.98956 [6454.92 [138.333 |19.3333 [4.39697 [6408.11
135 16 4 6453.7 138.417 |19.4166 (4.40642 |6409.34
135.083 |16.0833 [4.0104 |6452.48 |138.5 19.5 441588 6406.59
135.167 [16.1666 [4.02077 |6450.92 [138.583 [19.5833 [4.4253 |6405.64
135.25 {16.25 4.03113 |6448.47 |138.667 |[19.6666 |4.4347 |6401.63
135333 [16.3333 [4.04145 |6447.22 |138.75 |19.75 44441 |6401.94
135.417 [16.4166 [4.05174 (6445.08 |138.833 [19.8333 [4.45346 (6400.71
138.917 (199166 [4.4628 |6400.71 [142.333 |23.3333 [4.83046 (6362.53
139 20 447214 16401.94 (142417 |{23.4166 |4.83907 [6362.23
139.083 |20.0833 [4.48144 [6399.49 |142.5 235 4.84768 |6361
139.167 |20.1666 {4.49072 [6395.49 |142.583 [23.5833 {4.85627 [6360.05
139.25 (20.25 4.5 6395.79 [142.667 {23.6666 [4.86483 [6360.05
139.333 120.3333 [4.50925 |6394.57 (142.75 |23.75 4.8734 6361
139.417 (20.4166 [4.51847 [6397.01 |142.833 |23.8333 |4.88194 |6358.83
139.5 20.5 4.52769 1639331 142917 [23.9166 [4.89046 |6358.83
139.583 ]20.5833 |4.53688 |6392.09 [143 24 4.89898 [6358.83
139.667 [20.6666 [4.54605 [6388.39 |143.083 |24.0833 |4.90748 |6356.35
139.75 |20.75 4.55522 [6393.01 |143.167 [24.1666 [4.91595 [6356.35
139.833 |20.8333 |4.56435 |6390.87 ([143.25 [24.25 4.92443 |6352.69
139917 |20.9166 |4.57346 |6387.17 |143.333 [24.3333 |4.93288 |6356.04
140 21 4.58258 [6388.39 |143.417 [24.4166 |4.94131 [6354.82
140.083 |21.0833 [4.59166 |6383.47 {143.5 24.5 4.94975 [6351.12
140.167 21.1666 |4.60072 [6384.69 |143.583 [24.5833 |4.95816 |6352.69
140.25 [21.25 4.60977 [6385.95 |143.667 [24.6666 |4.96655 [6353.91
140.333 |21.3333 |4.6188 |6383.17 |[143.75 |[24.75 4.97494 [6348.68
140.417 |21.4166 [4.62781 (6382.25 |[143.833 [24.8333 |4.9833 [6348.99
140.5 21.5 4.63681 |6378.25 (143.917 |24.9166 [4.99165 |6352.34
140.583 [21.5833 14.64578 |6379.77 {144 25 5 6346.51
140.667 [21.6666 [4.65474 [6378.25 |144.083 [25.0833 [5.00832 [6346.2
140.75 |21.75 4.66369 |6376.99 |144.167 [25.1666 {5.01663 [6347.42
140.833 |21.8333 [4.67261 |6375.77 |[144.25 (25.25 5.02494 |6348.99
140917 ]21.9166 [4.68151 |6378.55 |[144.333 |25.3333 (5.03322 |6346.51
141 22 4.69042 |6377.29 [144.417 |25.4166 [5.04149 |6344.98
141.083 |22.0833 [4.69929 |6377.29 [144.5 255 5.04975 (6344.98
141.167 [22.1666 |4.70814 |6374.85 |[144.583 [25.5833 |5.05799 [6344.03
141.25 |22.25 4.71699 |6370.85 [144.667 |25.6666 [5.06622 [6342.81
141.333 122.3333 |4.72581 [6374.55 |{144.75 |25.75 5.07445 [6341.59
141.417 |22.4166 |4.73462 [6369.63 (144.833 |25.8333 |5.08265 |6339.11




141.5 225 4.74342 [6370.85 [144.917 |25.9166 [5.09083 (6339.11
141.583 |22.5833 [4.75219 |6368.37 (145 26 5.09902 16340.37
141.667 |22.6666 [4.76094 [6367.15 |[145.083 |26.0833 |5.10718 |6338.8
141.75 |22.75 4.7697 |6371.15 [145.167 |26.1666 |5.11533 [6337.58
141.833 |22.8333 (4.77842 |6369.93 (145.25 |26.25 5.12348 [6337.58
141.917 [22.9166 |4.78713 |6368.67 |145.333 |26.3333 (5.1316 [6337.89
142 23 4.79583 |6368.37 [145.417 |26.4166 |5.13971 [6337.89
142.083 |23.0833 |4.80451 [6367.45 |145.5 26.5 5.14782 [6337.58
142.167 |23.1666 |4.81317 |6367.15 [145.583 ([26.5833 |5.1559 |6334.19
14225 ]23.25 4.82183 |6361 145.667 |26.6666 |5.16397 [6333.88
145.75  |26.75 5.17204 16335.1 149.167 (30.1666 [5.49241 |6305.84
145.833 26.8333 (5.18009 |6332.66 |[149.25 {30.25 5.5 6304.32
145917 26.9166 |5.18812 (6332.66 |{149.333 |30.3333 {5.50757 [6300.62
146 27 5.19615 [6334.19 ([149.417 }30.4166 |5.51512 |6303.1
146.083 {27.0833 |[5.20416 |6328.96 (149.5 30.5 5.52268 {6304.62
146.167 |27.1666 |[5.21216 [6330.49 |149.583 (30.5833 |5.53022 |6298.44
146.25 |27.25 5.22015 |6330.49 ([149.667 |30.6666 [5.53774 |6300.92
146.333 |27.3333 |5.22813 [6329.27 {149.75 [30.75 5.54527 |6298.14
146.417 |(27.4166 |[5.23608 [6326.79 |[149.833 (30.8333 |5.55278 [6300.62
146.5 27.5 5.24404 |6326.48 149917 |30.9166 |5.56027 |6296.92
146.583 |27.5833 |5.25198 [6326.79 (150 31 5.56776 [6299.7
146.667 |27.6666 |5.2599 |6325.26 |150.083 |31.0833 (5.57524 |6297.22
146.75 [27.75 5.26783 [6325.56 |150.167 |31.1666 |5.5827 [6299.7
146.833 [27.8333 |5.27573 |6325.56 {150.25 |31.25 5.59017 [6299.7
146917 [27.9166 [5.28361 (6325.56 |150.333 {31.3333 [5.59762 [6294.48
147 28 5.2915 |6321.56 [150.417 |31.4166 |5.60505 [6294.48
147.083 |28.0833 |5.29937 |6321.56 |150.5 31.5 5.61249 (6296
147.167 |28.1666 |5.30722 |6324.34 |150.583 |31.5833 [5.6199 |6293.52
14725 |28.25 5.31507 |6321.86 |150.667 [31.6666 |5.62731 [6292.3
147.333 |28.3333 |5.3229 |6320.34 |150.75 |31.75 5.63471 (6292
147.417 |28.4166 |5.33072 |6320.34 [150.833 (31.8333 |5.6421 |6294.48
147.5 285 5.33854 |6321.56 (150.917 {31.9166 |5.64948 |6289.82
147.583 128.5833 [5.34634 (631542 |[151 32 5.65685 {6292
147.667 |28.6666 [5.35412 {6315.72 |151.083 |32.0833 (5.66421 (6290.77
147.75 (28.75 5.3619 |6319.08 [151.167 [32.1666 [5.67156 [6291.08
147.833 128.8333 |5.36967 |6316.64 |[151.25 ([32.25 5.67891 |6289.52
147917 |28.9166 [5.37741 [6315.72 |151.333 {32.3333 [5.68624 [6286.12
148 29 5.38516 |6316.64 |151.417 |32.4166 |5.69356 [6289.82
148.083 [29.0833 [5.39289 [6314.46 |[151.5 325 5.70088 (6289.82
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148.167 {29.1666 (5.40061 {6312.94 {151.583 {32.5833 |5.70818 {6287.38
148.25 ]29.25 5.40833 [6314.46 |151.667 [32.6666 |5.71547 |6284.9

148.333 |29.3333 ([5.41602 [6310.46 |[151.75 |32.75 5.72276 |6282.15
148.417 |29.4166 |[5.42371 |6309.54 |151.833 (32.8333 |5.73004 |(6287.07
148.5 29.5 5.43139 [6309.24 |151.917 [32.9166 |5.7373 |6284.6

148.583 |29.5833 |5.43905 (6308.02 (152 33 5.74456 [6282.15
148.667 129.6666 [5.4467 |6309.24 |152.083 |[33.0833 ([5.75181 [6282.46
148.75 |29.75 5.45436 |6308.32 [152.167 (33.1666 [|5.75904 |6283.37
148.833 (29.8333 |5.46199 [6309.24 [i52.25 |33.25 5.76628 (6281.2

148917 |29.9166 {5.46961 |6309.54 |152.333 (33.3333 |5.7735 [6281.2

149 30 5.47723 16305.84 [152.417 |33.4166 (5.78071 |6281.2

145.083 |30.0833 |5.48483 |6304.32 {1525 335 5.78792 |6279.67
152.583 |[33.5833 |5.79511 |6277.5 156 37 6.08276 [6257.51
152.667 [33.6666 |5.80229 {6278.76 (156.083 |37.0833 [6.08961 [6256.56
152,75 {33.75 5.80948 |6279.98 [156.167 [37.1666 |6.09644 |6254.12
152.833 [33.8333 [5.81664 (6277.5 156.25 |37.25 6.10328 [6259.04
152.917 (33.9166 [5.82379 |6277.19 [156.333 |37.3333 [6.1101 {6258.73
153 34 5.83095 |6279.98 |156.417 (37.4166 |6.11691 ]6255.34
153.083 {34.0833 |5.83809 |6276.28 {156.5 37.5 6.12372 |6255.03
153.167 |34.1666 |[5.84522 [6275.06 |156.583 |37.5833 |6.13052 [6255.03
153.25 |34.25 5.85235 [6275.97 |156.667 |(37.6666 [6.13731 |6255.03
153.333 |34.3333 |5.85946 (627597 [156.7S |[37.75 6.1441 [6254.12
153.417 |34.4166 {5.86656 (6273.49 |156.833 {37.8333 |6.15088 |6254.12
153.5 34.5 5.87367 [6275.06 |[156.917 |37.9166 |6.15764 |6251.64
153.583 |[34.5833 |5.88076 |6271.05 (157 38 6.16441 |6253.81
153.667 [34.6666 |5.88783 [6273.84 |157.083 |(38.0833 [6.17117 [6250.42
153.75 |34.75 5.89491 [6273.49 [157.167 |38.1666 [6.17791 (6250.42
153.833 |34.8333 }5.90198 |6272.58 |157.25 |38.25 6.18466 [6248.85
153.917 {34.9166 |5.90903 [6268.88 |157.333 |38.3333 |6.19139 |6250.11
154 35 5.91608 [6271.05 [157.417 |38.4166 |6.19811 [6247.63
154.083 (35.0833 |5.92312 [6271.05 (157.5 38.5 6.20484 [6250.11
154.167 |35.1666 |5.93014 |6271.36 [157.583 |[38.5833 |6.21155 |6249.19
154.25 [35.25 5.93717 (6268.57 [157.667 [38.6666 [6.21825 [6247.63
154.333 (35.3333 |5.94418 (6266.13 [157.75 |38.75 6.22495 (6249.19
154.417 |35.4166 [{5.95118 |6267.66 (157.833 |38.8333 |6.23164 |6247.63
154.5 355 5.95819 [6265.18 |157.917 |38.9166 |6.23832 (6246.41
154.583 |35.5833 |5.96518 |6268.88 [158 39 6.245 6243.01
154.667 [35.6666 (5.97215 |6267.66 {158.083 [39.0833 |6.25166 [6243.01
154.75 {35.75 597913 |6263.65 |158.167 |39.1666 |6.25832 (6244.23
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154.833 [35.8333 [5.98609 [6267.66 (158.25 |39.25 6.26498 [6245.49
154917 [35.9166 [5.99304 [6263.96 |158.333 |39.3333 |6.27163 16247.63
155 36 6 6265.18 |158.417 |39.4166 |6.27826 [6241.79
155.083 [36.0833 |[6.00694 (6265.18 |[158.5 395 6.2849 [6241.49
155.167 |36.1666 |6.01387 [6259.95 [158.583 {39.5833 |6.29153 |6240.53
155.25 {36.25 6.0208 [6261.17 [158.667 [39.6666 [6.29814 [6241.49
155.333 |36.3333 |6.02771 |6262.74 |158.75 |39.75 6.30476 |6238.09
155.417 [36.4166 |6.03462 |6262.74 |158.833 |39.8333 [6.31136 |6240.53
155.5 36.5 6.04152 [6262.74 |[158.917 |39.9166 [6.31796 |6239.31
155.583 [36.5833 |6.04841 (6259.04 (159 40 6.32456 (6240.23
155.667 [36.6666 [6.05529 |6257.82 |159.083 |40.0833 [6.33114 [6239.01
155.75 |36.75 6.06218 |6260.26 |159.167 |40.1666 {6.33771 |6238.09
155.833 [36.8333 [6.06905 {6260.2¢ [159.25 }40.25 6.34429 16235.61
155917 [36.9166 |6.0759 [6259.95 [159.333 [40.3333 [6.35085 [6236.57
159.417 |40.4166 (63574 1623439 |[162.833 [43.8333 |6.62067 [6219.59
159.5 40.5 6.36396 [6237.79 [162.917 (43.9166 |6.62696 |6216.85
159.583 |40.5833 |6.3705 [6236.57 |163 44 6.63325 |6219.59
159.667 |40.6666 |6.37704 |6236.87 [163.083 |44.0833 |6.63953 |6216.85
159.75 |40.75 6.38357 [6236.87 [163.167 |44.1666 [6.6458 [6214.37
159.833 (40.8333 [6.39009 623531 ([163.25 144.25 6.65207 (6218.07
159917 [40.9166 |6.39661 |6233.17 [163.333 |44.3333 |6.65833 |6218.07
160 41 6.40312 16235.61 |[163.417 |44.4166 |6.66458 |6214.67
160.083 |41.0833 |6.40963 |6234.09 [163.5 445 6.67083 |6214.37
160.167 |41.1666 |6.41612 [6232.87 |[163.583 |44.5833 |6.67707 |6215.93
160.25 |41.25 6.42262 16234.39 |163.667 [44.6666 16.68331 [6214.67
160.333 |41.3333 [6.4291 [6231.91 [163.75 [44.75 6.68954 (6215.93
160.417 |41.4166 |6.43557 |6233.17 [163.833 |44.8333 |6.69577 |6214.37
160.5 41.5 6.44205 [6229.47 [163.917 (449166 |6.70198 |6214.67
160.583 (41.5833 |6.44851 [6230.69 |164 45 6.7082 |6212.23
160.667 |41.6666 |6.45497 [6234.00 [164.083 [45.0833 [6.71441 [6215.93
160.75 |41.75 6.46142 |6231.91 [164.167 [45.1666 [6.72061 |6213.45
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Table C-3C G-function and diagnostic functions - case M3

6arp.a)

P

w

P.FIT

X(n)

Y(n)

Y(n)FIT

Psi

psi

0

6.96E+03

6.96E+03

0

0.267164

0.267164

1.3968

6.67E+03

6.65E+03

4.74E-10

0.59032

0.5827846

1.403172

6.67E+03

6.65E+03

6.38E-10

0.656819

0.6915174

1.409452

6.66E+03

6.64E+03

7.32E-10

0.71551

0.7542616

1.415658

6.66E+03

6.64E+03

8.12E-10

0.768329

0.8072574

1.421783

6.66E+03

6.64E+03

8.82E-10

0.816438

0.8541919

1.427843

6.65E+03

6.64E+03

9.46E-10

0.860906

0.896801

1.43385

6.65E+03

6.64E+03

1.01E-09

0.902366

0.9360617

1.439793

6.65E+03

6.64E+03

1.06E-09

0.940885

0.972342

1.445684

6.64E+03

6.64E+03

1.11E-09

0.977368

1.0064393

1.451531

6.64E+03

6.63E+03

1.16E-09

1.011757

1.0384601

1.457324

6.64E+03

6.63E+03

1.2E-09

1.044122

1.0685602

1.463073

6.64E+03

6.63E+03

1.25E-09

1.075213

1.0973271

1.468786

6.64E+03

6.63E+03

1.29E-09

1.10479

1.1246505

1.47445

6.63E+03

6.63E+03

1.33E-09

1.132936

1.1506421

1.480076

6.63E+03

6.63E+03

1.36E-09

1.159866

1.1754823

1.48567

6.63E+03

6.63E+03

1.4E-09

1.185957

1.1994773

1.49122

6.63E+03

6.63E+03

1.44E-09

1.210819

1.2223715

1.496735

6.63E+03

6.62E+03

1.47E-09

1.23484

1.244459

1.502223

6.62E+03

6.62E+03

1.5E-09

1.257899

1.265676

1.50767

6.62E+03

6.62E+03

1.53E-09

1.27992

1.2859811

1.513086

6.62E+03

6.62E+03

1.56E-09

1.301477

1.3058111

1.518476

6.62E+03

6.62E+03

1.59E-09

1.32261

1.3252025

1.52383

6.62E+03

6.62E+03

1.62E-09

1.342683

1.3436914

1.529154

6.62E+03

6.62E+03

1.64E-09

1.36198

1.3614981

1.534456

6.61E+03

6.62E+03

1.67E-09

1.380727

1.3788064

1.539723

6.61E+03

6.61E+03

1.7E-09

1.399205

1.3958337

1.544963

6.61E+03

6.61E+03

1.72E-09

1.417219

1.4124285

1.550182

6.61E+03

6.61E+03

1.74E-09

1.434271

1.4282199

1.555368

6.61E+03

6.61E+03

1.77E-09

1.450803

1.4435628

1.560529

6.61E+03

6.61E+03

1.79E-09

1.466981

1.4585775

1.565671

6.61E+03

6.61E+03

1.81E-09

1.483463

1.4737713

1.570783

6.60E+03

6.61E+03

1.83E-09

1.498473

1.4877811

1.57587

6.60E+03

6.61E+03

1.86E-09

1.513665

1.5018887
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1.58094

6.60E+03

6.6 1E+03

1.88E-09

1.528847

1.5159437

1.585981

6.60E+03

6.60E+03

1.9E-09

1.54232

1.5286384

1.590999

6.60E+03

6.60E+03

1.91E-09

1.556257

1.5416664

1.596001

6.60E+03

6.60E+03

1.93E-09

1.570032

1.5545341

1.600976

6.60E+03

6.60E+03

1.95E-09

1.583194

1.5668927

1.605929

6.60E+03

6.60E+03

1.97E-09

1.596463

1.5793045

1.610867

6.59E+03

6.60E+03

1.99E-09

1.608843

1.5909928

1.615778

6.59E+03

6.60E+03

2.01E-09

1.620877

1.602393

1.620669

6.59E+03

6.60E+03

2.02E-09

1.632982

1.6138284

1.625546

6.59E+03

6.59E+03

2.04E-09

1.644827

1.6250362

1.630397

6.59E+03

6.59E+03

2.06E-09

1.65652

1.6361049

1.63523

6.59E+03

6.59E+03

2.07E-09

1.667451

1.6465534

1.640049

6.59E+03

6.59E+03

2.09E-09

1.678578

1.6571429

1.644843

6.59E+03

6.59E+03

2.1E-09

1.689079

1.6672233

1.649619

6.58E+03

6.59E+03

2.12E-09

1.699636

1.6773349

1.654383

6.58E+03

6.59E+03

2.13E-09

1.710304

1.6875178

1.659123

6.58E+03

6.59E+03

2.15E-09

1.720135

1.6970225

1.663846

6.58E+03

6.59E+03

2.16E-09

1.730017

1.7065591

1.668557

6.58E+03

6.59E+03

2.18E-09

1.73916

1.7154988

1.673245

6.58E+03

6.58E+03

2.19E-09

1.748812

1.7248404

1.677917

6.58E+03

6.58E+03

2.2E-09

1.758045

1.7338339

1.682577

6.58E+03

6.58E+03

2.22E-09

1.767388

1.742904

1.687216

6.58E+03

6.58E+03

2.23E-09

1.776612

1.7518696

1.691838

6.57E+03

6.58E+03

2.24E-09

1.784407

1.7596844

1.69645

6.57E+03

6.58E+03

2.26E-09

1.792886

1.768051

1.70104

6.57TE+03

6.58E+03

2.27E-09

1.801754

1.7767218

1.705615

6.57E+03

6.58E+03

2.28E-09

1.809662

1.7846098

1.710181

6.57E+03

6.58E+03

2.29E-09

1.817682

1.7925851

1.714725

6.57E+03

6.57E+03

2.3E-09

1.82594

1.8007487

1.719255

6.57TE+03

6.57E+03

2.32E-09

1.833206

1.808105

1.723775

6.57E+03

6.57E+03

2.33E-09

1.84068

1.815631

1.728276

6.57E+03

6.57E+03

2.34E-09

1.847866

1.8229241

1.732761

6.5TE+Q03

6.57E+03

2.35E-09

1.855133

1.8302797

1.737239

6.56E+03

6.57E+03

2.36E-09

1.862535

1.8377405

1.741696

6.56E+03

6.57TE+03

2.37E-09

1.868922

1.8443773

1.74614

6.56E+03

6.57E+03

2.38E-09

1.876544

1.8520132

1.750575

6.56E+03

6.57E+03

2.39E-09

1.88326

1.8589062

1.754991

6.56E+03

6.57TE+03

2.4E-09

1.888953

1.864972

1.759394

6.56E+03

6.56E+03

2.41E-09

1.896514

1.8725586

1.763789

6.56E+03

6.56E+03

2.42E-09

1.902462

1.8788221

1.768166

6.56E+03

6.56E+03

2.43E-09

1.907799

1.8845963

1.772529

6.56E+03

6.56E+03

2.44E-09

1.91446

1.8914561

1.776885

6.56E+03

6.56E+03

2.45E-09

1.920789

1.8980357

1.781223

6.56E+03

6.56E+03

2.46E-09

1.926538

1.9041388
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1.785547

6.55E+03

6.56E+03

2.47E-09

1.931795

1.9098439

1.789866

6.55E+03

6.56E+03

2.48E-09

1.937867

1.9162198

1.794166

6.55E+03

6.56E+03

2.49E-09

1.943833

1.9225039

1.798454

6.55E+03

6.56E+03

2.5E-09

1.943674

1.9278636

1.802736

6.55E+Q03

6.55E+03

2.5E-09

1.953807

1.9334721

1.807

6.55E+03

6.55E+03

2.51E-09

1.958864

1.9390228

1.811252

6.55E+03

6.55E+03

2.52E-09

1.964749

1.945251

1.815498

6.55E+03

6.55E+03

2.53E-09

1.969536

1.9505721

1.819726

6.55E+03

6.55E+03

2.54E-09

1.974101

1.9557154

1.823944

6.55E+03

6.55E+03

2.55E-09

1.97952

1.9615676

1.828155

6.55E+03

6.55E+03

2.55E-09

1.983926

1.9665785

1.832349

6.54E+03

6.55E+03

2.56E-09

1.988835

1.972012

1.836533

6.54E+03

6.55E+03

2.57E-09

1.993259

1.9770442

1.84071

6.54E+03

6.55E+03

2.58E-09

1.997939

1.9822907

1.844872

6.54E+03

6.55E+03

2.58E-09

2.002295

1.987271

1.849023

6.54E+03

6.54E+03

2.59E-09

2.006869

1.9924323

1.853167

6.54E+03

6.54E+03

2.6E-09

2.011124

1.9973314

1.857296

6.54E+03

6.54E+03

2.61E-09

2.014373

2.0013999

1.861414

6.54E+03

6.54E+03

2.61E-09

2.019274

2.0068501

1.865528

6.54E+03

6.54E+03

2.62E-09

2.023053

2.0113618

1.869625

6.54E+03

6.54E+03

2.63E-09

2.027133

2.0161285

1.873713

6.54E+03

6.54E+03

2.63E-09

2.030712

2.0204818

1.877795

6.54E+03

6.54E+03

2.64E-09

2.03473

2.0252019

1.881861

6.53E+03

6.54E+03

2.65E-09

2.039853

2.0308437

1.885918

6.53E+03

6.54E+03

2.66E-09

2.042244

2.0341967

1.88997

6.53E+03

6.53E+03

2.66E-09

2.044986

2.0378639

1.894007

6.53E+03

6.53E+03

2.67E-09

2.049459

2.0429866

1.898035

6.53E+03

6.53E+03

2.67E-09

2.052872

2.0472142

1.902057

6.53E+03

6.53E+03

2.68E-09

2.056401

2.0515382

1.906065

6.53E+03

6.53E+03

2.69E-09

2.059436

2.055457

1.910063

6.53E+03

6.53E+03

2.69E-09

2.062554

2.0594476

1.914057

6.53E+03

6.53E+03

2.7E-09

2.066785

2.0643753

1.918037

6.53E+03

6.53E+03

2.71E-09

2.069391

2.0679333

1.922005

6.53E+03

6.53E+03

2.71E-09

2.072081

2.0715719

1.925972

6.53E+03

6.53E+03

2.72E-09

2.074934

2.0753529

1.929924

6.53E+03

6.53E+03

2.72E-09

2.079103

2.080246

1.933866

6.52E+03

6.52E+Q3

2.73E-09

2.081764

2.0838592

1.937804

6.52E+03

6.52E+03

2.73E-09

2.083191

2.0864422

1.941729

6.52E+03

6.52E+03

2.74E-09

2.086905

2.0909713

1.945644

6.52E+03

6.52E+03

2.75E-09

2.089911

2.094894

1.949556

6.52E+03

6.52E+03

2.75E-09

2.092322

2.0983116

1.953455

6.52E+03

6.52E+03

2.76E-09

2.09601

2.1028173

1.957343

6.52E+03

6.52E+03

2.76E-09

2.098152

2.106008

1.961229

6.52E+03

6.52E+03

2.77E-09

2.0999

2.1088745
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1.965102

6.52E+03

6.52E+03

2.77E-09

2.102248

2.1122668

1.968964

6.52E+03

6.52E+03

2.78E-09

2.104717

2.1157589

1.972824

6.52E+03

6.52E+03

2.78E-09

2.108319

2.1202127

1.976672

6.52E+03

6.52E+03

2.79E-09

2.110609

2.1235458

1.98051

6.52E+03

6.51E+03

2.79E-09

2.11217

2.1262626

1.984345

6.52E+03

6.51E+03

2.8E-09

2.114228

2.1294153

1.988167

6.51E+03

6.51E+03

2.8E-09

2.116835

2.1330398

1.99198

6.51E+03

6.51E+03

2.81E-09

2.11871

2.1360421

1.995791

6.51E+03

6.51E+03

2.81E-09

2.12092

2.1393326

1.999589

6.51E+03

6.51E+03

2.82E-09

2.123458

2.1429066

2.003378

6.51E+03

6.51E+03

2.82E-09

2.125264

2.1458503

2.007165

6.51E+03

6.51E+03

2.83E-09

2.127629

2.1492792

2.010939

6.51E+03

6.51E+03

2.83E-09

2.128704

2.1516086

2.014704

6.51E+03

6.51E+03

2.84E-09

2.130823

2.1548398

2.018468

6.51E+03

6.51E+03

2.84E-09

2.133333

2.1584092

2.022219

6.51E+03

6.50E+03

2.85E-09

2.134312

2.160658

2.025962

6.51E+03

6.50E+03

2.85E-09

2.136353

2.1638354

2.029702

6.51E+03

6.50E+03

2.86E-09

2.139015

2.1675438

2.03343

6.51E+03

6.50E+03

2.86E-09

2.140286

2.1700503

2.037149

6.51E+03

6.50E+03

2.86E-09

2.140806

2.1719184

2.040868

6.50E+03

6.50E+03

2.87E-09

2.142685

2.174974

2.044574

6.50E+03

6.50E+03

2.87E-09

2.144777

2.1782099

2.048271

6.50E+03

6.50E+03

2.88E-09

2.147053

2.1816022

2.051966

6.50E+03

6.50E+03

2.88E-09

2.148138

2.1839615

2.055651

6.50E+03

6.50E+03

2.88E-09

2.149599

2.1866577

2.059326

6.50E+03

6.50E+03

2.89E-09

2.151243

2.1895129

2.063

6.50E+03

6.50E+03

2.89E-09

2.152449

2.1919887

2.066663

6.50E+03

6.49E+03

2.9E-09

2.153802

2.1946036

2.070318

6.50E+03

6.49E+03

2.9E-09

2.1544

2.1965657

2.07397

6.50E+03

6.49E+03

2.9E-09

2.156676

2.1999899

2.077612

6.50E+03

6.49E+03

2.91E-09

2.158319

2.2028591

2.081244

6.50E+03

6.49E+03

2.91E-09

2.158243

2.2042368

2.084877

6.50E+03

6.49E+03

2.91E-09

2.159678

2.2069435

2.088498

6.50E+03

6.49E+03

2.92E-09

2.162182

2.2105794

2.092111

6.50E+03

6.49E+03

2.095722

6.49E+03

6.49E+03

2.099323

6.49E+03

6.49E+03

2.102914

6.49E+03

6.49E+03
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Table C-3D Net pressure during injection - case M3

At

mnj

P

n

Aty

P

n

At

]

P

n

min

psi

min

psi

min

psi

0.016602

2654.35

2.81665

3189.82

5.616699

3171.08

0.009972

6983.486

7.926598

7149.807

15.8433

7133.785

0.0933

6990.581

8.010002

7142.102

15.9266

7133.479

0.176636

6977.307

8.0933

7151.027

16.01

7132.564

0.259972

7008.129

8.176605

7147.327

16.0933

7131.344

0.3433

7018.887

8.260002

7154.728

16.17661

7129.779

0.426628

7063.251

8.3433

7153.507

16.26

7133.785

0.509972

7070.957

8.426598

7148.281

16.3433

7133.785

0.5933

7118.717

8.510002

7154.423

16.4266

7133.785

0.676636

7118.717

8.5933

7159.648

16.51

7128.559

0.759972

7110.401

8.676605

7151.981

16.5933

7130.085

0.8433

7127.337

8.760002

7149.502

16.67661

7128.864

0.926628

7131.344

8.8433

7151.981

16.76

7133.785

1.009972

7132.259

8.926598

7153.507

16.8433

7127.644

1.0933

7138.706

9.010002

7150.723

16.9266

7131.038

1.176636

7143.322

9.0933

7148.586

17.01

7131.344

1.259972

7147.022

9.176605

7149.502

17.0933

7119.938

1.3433

7153.202

9.260002

7148.586

17.17661

7123.638

1.426628

7155.644

9.3433

7148.281

17.26

7128.864

1.509972

7153.507

9.426598

7150.723

17.3433

7129.779

1.5933

7158.428

9.510002

7147.327

17.4266

7131.344

1.676636

7167.965

9.5933

7142.406

17.51

7122.685

1.759972

7171.665

9.676605

7146.106

17.5933

7122.685

1.8433

7169.528

9.760002

7145.802

17.67661

7127.644

1.926628

7168.308

9.8433

7143.322

17.76

7129.779

2.009972

7179.371

9.926598

7143.665

17.8433

7132.564

2.0933

7183.071

10.01

7141.186

17.9266

7128.559

2.176636

7177.845

10.0933

7148.281

18.01

7126.385

2.259972

7181.851

10.17661

7139.965

18.0933

7121.464

2.3433

7183.071

10.26

7139.965

18.17661

7124.857

2.426628

7184.292

10.3433

7135.958

18.26

7125.164

2.509972

7189.251

10.4266

7143.665

18.3433

7127.644

2.5933

7185.551

10.51

7151.027

18.4266

7118.717

2.676636

7187.992

10.5933

7148.281

18.51

7129.779

2.759972

7187.992

10.67661

7139.66

18.5933

7126.079

2.8433

7184.292

10.76

7142.406

18.67661

7122.685

2.926628

7189.251

10.8433

7143.665

18.76

7125.164

3.009972

7185.551

10.9266

7144.886

18.8433

7123.943

3.0933

7189.251

11.01

7135.958

18.9266

7122.685
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3.176636

7186.466

11.0933

7138.706

19.01

7124.857

3.259972

7188.907

11.17661

7136.265

19.0933

7123.943

3.3433

7188.907

11.26

7143.665

19.17661

7126.385

3.426628

7182.766

11.3433

7137.485

19.26

7119.022

3.509972

7181.851

11.4266

7135.006

19.3433

7120.243

3.5933

7192.913

11.51

7133.785

19.4266

7119.022

3.676636

7183.986

11.5933

7136.265

19.51

7120.243

3.759972

7182.766

11.67661

7144.581

19.5933

7122.378

3.8433

7187.992

11.76

7142.40¢6

19.67661

7129.779

3.926628

7184.292

11.8433

7135.006

19.76

7132.564

4.009972

7184.292

11.9266

7137.485

19.8433

7125.164

4.0933

7181.851

12.01

7137.18

19.9266

7127.337

4.176636

7180.286

12.0933

7143.322

20.01

7124.857

4.259972

7181.851

12.17661

7135.958

20.0933

7127.644

4.3433

7178.15

12.26

7133.785

20.17661

7128.559

4.426628

7180.592

12.3433

7132.564

20.26

7123.638

4.509972

7178.15

12.4266

7139.965

20.3433

7122.685

4.5933

7176.624

12.51

7141.186

20.4266

7124.857

4.676636

7174.145

12.5933

7139.965

20.51

7127.644

4.759972

7175.671

12.67661

7136.265

20.5933

7125.164

4.8433

7176.624

12.76

7135.958

20.67661

7119.022

4.926598

7178.15

12.8433

7139.66

20.76

7124.857

5.010002

7170.444

12.9266

7141.186

20.8433

7122.378

5.0933

7171.97

13.01

7136.265

20.9266

7128.864

5.176605

7170.749

13.0933

7138.706

21.01

7116.237

5.260002

7171.97

13.17661

7138.706

21.0933

7121.464

5.3433

7169.224

13.26

7138.706

21.17661

7115.017

5.426598

7168.308

13.3433

7136.265

21.26

7121.158

5.510002

7164.607

13.4266

7133.785

21.3433

7121.158

5.5933

7170.749

13.51

7137.485

21.4266

7123.638

5.676605

7171.97

13.5933

7137.485

21.51

7122.378

5.760002

7166.744

13.67661

7138.706

21.5933

7115.017

5.8433

7164.303

13.76

7140.881

21.67661

7119.022

5.926598

7166.744

13.8433

7135.958

21.76

7122.378

6.010002

7162.128

13.9266

7138.706

21.8433

7120.243

6.0933

7161.823

14.01

7133.785

21.9266

7125.164

6.176605

7165.523

14.0933

7134.7

22.01

7119.938

6.260002

7163.044

14.17661

7134.7

22.0933

7116.543

6.3433

7154.728

14.26

7138.706

22.17661

7116.543

6.426598

7149.807

14.3433

7140.881

22.26

7122.685

6.510002

7148.281

14.4266

7133.785

22.3433

7123.943

6.5933

7154.423

14.51

7132.259

22.4266

7123.943

6.676605

7149.502

14.5933

7133.479

22.51

7115.322

6.760002

7143.322

14.67661

7135.006

22.5933

7115.322
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6.8433

7142.406

14.76

7136.265

22.67661

7112.843

6.926598

7143.322

14.8433

7136.265

22.76

7115.322

7.010002

7138.706

14.9266

7135.006

22.8433

7111.622

7.0933

7146.106

15.01

7131.038

22.9266

7115.322

7.176605

7147.022

15.0933

7135.006

23.01

7108.836

7.260002

7142.406

15.17661

7134.7

23.0933

7107.922

7.3433

7135.958

15.26

7130.085

23.17661

7103

7.426598

7142.102

15.3433

7133.479

23.26

7103

7.510002

7143.665

15.4266

7127.644

23.3433

7099.3

7.5933

7141.186

15.51

7129.779

23.4266

7098.995

7.676605

7144.581

15.5933

7130.085

23.51

7094.378

7.760002

7143.665

15.67661

7132.259

7.8433

7148.586

15.67661

7132.259

7.926598

7149.807

15.76

7137.485

Table C-3E Synthesis of computed fluid and reservoir properties - case M3

S, c, R, Iz C, 7 R, k,
S filpsi | f in fi/Nmin |7 (psi - min ) 5| md
-7.6E-02 2.04E-05 143 7.61E-01 1.36E-02 45.7 1.71E+04 11.2
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Table C-4A - Input parameters - case M4
Parameter | Description Units Value
] Reservoir porosity fraction |0.23
C, reserve total compressibility 1/psi 5.6e-6
o, reservoir fluid viscosity cp 1.6
y’y fracture fluid viscosity cp 202
|4 vol. of injected fluid gal 21315
hp permeable height ft 120
h p fracture height ft 120
L, pumping time min 35
t, fracture closure time min 42
Pe closure pressure psi 5225
P Initial reservoir pressure psi 3685
ISIP Initial shut-in pressure psi 5995
E Young's Modulus psi 5.56E+06
v Poisson's ratio fraction ]0.27
E’ Plain-strain modulus psi 6.0E+06
Fracture area - power law exponent
a RAD Model 8/9
n' flow behavior index fraction |0.5
K’ Ratio of shear stress to shear rate  |Lbfs ~/ft*| 0.064
Average pressure ratio (wellbore-tip) 0.925

Brao
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Table C-4B Fall off time - pressure data - case M4

At Sfall-off ‘\/E P w

min /min Psi

0.9 0.948683 {5963
3.7 1.923538 |5882
6.5 2.54951 5811
9.2 3.03315 |5748
12 3.464102 |5694
13.8 3.714835 |5659
15.7 3.962323 {5626
17.5 4.1833 5594
19.4 4404543 5564
21.2 4604346 {5534
23 4.795832 (5504
249 498999 |[5474
26.7 5.167204 |5447
28.6 5.347897 |5418
30.4 551362 {5392
32.3 5.683309 (5364
341 5.839521 {5338
36 6 5314
37.8 6.14817 |5291
39.6 6.292853 |5269
41.5 6.442049 {5247
43.3 6.580274 (5228
46.1 6.789698 (5200
48.9 6.992853 [5174
51.6 7.183314 |5148
54 4 7.375636 |5126
57.2 7.563068 |5106
59.9 7.739509 {5087
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Table C-4C G-function and diagnostic functions - case M4

Glacp.a)| P, PFIT |X(n) |r(n) |Y(n)FIT
Psi psi

0 6745.498(6745.498 [0 1.828608 [46508570
1.37689 [5989.999|5960.788 |1.00E-09 |2.303078 46508570
1.421438 [5963.001[5935.4  |1.47E-09 [2.41817 [46508570
1.542574 |5882 5866.363 |1.68E-09 |2.504679 46508570
1.650304 |5811 5804.966 [1.79E-09 [2.479944|46508570
1.746017 [5748 5750.417 |1.93E-09 [2.53840846508570
1.838923 [5693.999[5697.469 |2.09E-09 [2.659932[46508570
1.895852 [5659 5665.024 [2.28E-09 [2.78311 [46508570
1.953901 [5626 5631.941 [2.42E-09 [2.849542 (46508570
2.007165 [5594 5601.585 [2.48E-09 |2.810671 46508570
2.061743 |5564  |5570.481 |2.66E-09 [2.951774[46508570
2.112029 |5533.999[5541.822

2.161051 [5504 5513.883

2.211533 |5474 5485.113

2.258248 [5447 5458.489

2.306472 |5418 5431.006

Table C-4D Pressure derivative data — case M4

F@e) |F@? (B -FEPFQ) [FE? |B,-F@)
0.85242| 0.72662| -22.116| 0.43499| 0.18921] -6.0366
0.72639| 0.52765| -17.759| 0.42602| 0.18149] -5.6786
0.65796| 0.43291| -15.159] 0.41803| 0.17475] -5.3635
0.61107| 0.37341] -13.295| 0.41009| 0.16818] -5.0538
0.57328| 0.32865| -11.754] 0.40299| 0.1624] -4.7802
0.55288| 0.30567| -10.911| 0.39625| 0.15702] -4.5243
0.53381| 0.28495] -10.118] 0.38951| 0.15172] -4.2716
0.51764| 0.26795| -9.4443| 0.38344| 0.14703| -4.0475
0.50221f 0.25221] -8.8008| 0.37455| 0.14029] -3.7257
0.48889( 0.23901| -8.2466| 0.36626| 0.13415| -3.4332
0.47666| 0.2272 -7.739| 0.35878| 0.12873| -3.1759
0.46475| 0.216] -7.2477] 0.3515| 0.12355| -2.9321
0.45431| 0.2064| -6.8195| 0.34466| 0.11879] -2.7092
0.44405| 0.19718] -6.4023| 0.33843] 0.11453] -2.5122
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Table C-4E Synthesis of computed fluid and reservoir properties - case M4

S, c, R, w C, n R, k,
St St/ psi fi in S/ min |7 (st - min )s | md
-1.OIE-02 | 4.24E-05 | 175 3.64E-01 [20LE-02 |48.48 3.05E+05 17.7

249




Table C-5A - Input parameters - case M5
Parameter | Description Units Value
] Reservoir porosity fraction [0.41
c, reserve total compressibility 1/psi 6.1e-6
U, reservoir fluid viscosity cp 1.6
y fracture fluid viscosity cp 208
V. vol. of injected fluid gal 23000
hl7 permeable height ft 95
h r fracture height ft 95
t, pumping time min 18
r, fracture closure time min 19.26
P, closure pressure psi 5816
P Initial reservoir pressure psi 4930
ISIP Initial shut-in pressure psi 6040
E Young's Modulus psi 6.0E+05
v Poisson's ratio fraction [0.27
E' Plain-strain modulus psi 6.5+05
Fracture area - power law exponent
a KGD Model 2/3
n' flow behavior index fraction |0.55
K’ Ratio of shear stress to shear rate  [Lbfs"~/ft*| 0.0618
Average pressure ratio (wellbore-tip) 0.9

Brap
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Table C-5B Fall off time - pressure data - case M5

¢

Jdt

P

w

t

At fall-off

Jar

P

w

min

-

min

Vmin

Psi

min

min

Vmin

Psi

196.078

0.07843

0.28005

5970.25

220.085

24.0851

490766

5742.93

196.25

0.25009

0.50009

6030.99

220.245

24.2451

4.92393

5740.41

196.412

0.41174

0.64167

6105.07

220.417

24.4168

494133

5737.75

196.583

0.58347

0.76385

6056.7

220.577

24.5767

4.95749

5735.14

196.743

0.74342

0.86222

6034.18

220.749

24.7485

4.97479

5732.29

196.915

0.91509

0.9566

6030.75

220.918

249185

499184

5729.75

197.087

1.08675

1.04247

6019.69

221.078

25.0785

5.00784

5731.45

197.247

1.24676

1.11659

6017.2

221.25

25.2501

5.02495

5726.48

197.418

1.41843

1.19098

6020.38

221.41

25.4101

5.04084

5724.33

197.578

1.57845

1.25636

6014.13

221.582

25.5818

5.05784

5720.86

197.75

1.75011

1.32292

6010.1

221.73

25.7301

5.07249

5718.7

197.912

1.91174

1.38266

6006.58

221.913

25.9134

5.09052

5716.39

198.083

2.08345

1.44342

6003.38

222.085

26.0851

5.10736

5713.49

198.255

2.25511

1.5017

6000.27

222.245

26.2451

5.123

5710.86

198.415

2.41507

1.55405

5998.52

222.417

26.4168

5.13972

5708.2

198.587

2.58673

1.60833

5994.41

222.577

26.5768

5.15527

5705.89

198.747

2.74675

1.65733

5992.17

222.748

26.7484

5.1718S

5705.68

198.918

2.91841

1.70834

5991.39

222918

26.9184

5.1883

5701.45

199.078

3.07845

1.75455

5987.37

223.078

27.0784

5.20369

5698.99

199.238

3.23846

1.79957

5985.2

223.25

27.2501

5.22016

5695.94

199.41

3.41013

1.84665

5983.27

22341

27.4101

5.23547

5692.88

199.582

3.58179

1.89256

5981.13

223.582

27.5818

5.25184

5694.87

199.743

3.74342

1.93479

5979.22

223.753

27.7534

5.26815

5688.71

199.915

3.91508

1.97866

5976.95

223913

279135

5.28332

5686.78

200.087

4.08675

2.02157

5974.8

224.085

28.0851

5.29954

5682.97

200.247

4.24676

2.06077

5973.12

224.245

28.2451

5.31461

5680.29

200.418

441843

2.10201

5971.15

224 417

28.4167

5.33074

5677.65

200.578

4.57843

2.13973

5969.44

224.587

28.5868

5.34666

5674.71

200.75

4.75009

2.17947

5967.52

224.747

28.7467

5.3616

5671.87

200.91

491011

2.21588

5965.41

224918

28.9184

5.37759

5669.85

201.082

5.08177

2.25428

5963.55

225.078

29.0784

5.39244

5670.86

201.253

5.25343

2.29204

5961.72

225.25

29.2501

5.40833

5666.32

201.413

5.41345

2.32668

5960.39

225.41

29.4101

5.42311

5663.45

201.587

5.58673

2.36363

5958.09

225.582

29.5817

5.43891

5659.93
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201.747

5.74676

2.39724

5955.85

225.753

29.7534

5.45467

5657.12

201.918

5.91843

2.43278

5953.82

225913

299135

5.46932

5654.81

202.078

6.07844

2.46545

5951.92

226.083

30.0834

5.48484

5651.06

202.25

6.25011

2.50002

5949.91

226.255

30.2551

5.50046

5647.79

202.41

6.41013

2.53182

5948.37

226.415

30.4151

5.51499

5645.03

202.582

6.58179

2.5655

5946.15

226.587

30.5868

5.53053

5642.23

202.753

6.75345

2.59874

5944.14

226.747

30.7468

5.54498

5641.77

202.913

6.91347

2.62935

5942.22

226.918

30.9184

5.56044

5640.08

203.085

7.08513

2.66179

5942.48

227.078

31.0785

5.57481

5636.23

203.245

7.24509

2.69167

5938.75

227.248

31.2484

5.59003

5633.45

203.417

7.41675

2.72337

5936.85

227.42

31.4201

5.60536

5630.52

203.578

7.57843

2.7529

5934.91

227.58

31.5801

5.61962

5627.75

203.75

7.75009

2.7839

5932.77

227.752

31.7518

5.63487

5626.71

203.922

7.92175

2.81456

5930.79

227912

31.9117

5.64905

5622.8

204.082

8.08177

2.84285

5928.8

228.083

32.0835

5.66423

5620.73

204.253

8.25343

2.87288

5926.6

228.243

32.2434

5.67833

5617.85

204.413

8.41345

2.9006

5924.7

228.413

32.4135

5.69328

5615.8

204.585

8.58512

2.93004

5924.71

228.585

32.5851

5.70834

5613.41

204.745

8.74507

2.95721

5921.37

228.745

32.7451

5.72233

5611.11

204.917

8.91673

2.98609

5919.13

228.917

32.9167

5.73731

5608.57

205.077

9.07676

3.01277

5917.15

229.077

33.0768

5.75124

5607.25

205.248

9.24841

3.04112

5914.63

229.248

33.2484

5.76615

5608.32

205.42

9.42007

3.06921

5912.57

229418

33.4185

5.78087

5605.32

205.58

9.58011

3.09518

5613.89

229.578

33.5784

5.79469

5603.31

205.752

9.75175

3.12278

5908.54

229.75

33.7501

5.80948

5600.88

205.913

9.91346

3.14856

5907.37

22991

33.9101

5.82324

5598.8

206.085

10.0851

3.17571

5905.29

230.082

34.0818

5.83796

5596.41

206.245

10.2451

3.2008

5903.42

230.253

34.2534

5.85264

5594.67

206.417

10.4167

3.2275

5901.39

230413

344134

5.8663

5592.84

206.577

10.5768

3.25219

5899.89

230.583

34.5834

5.88077

5590.56

206.748

10.7484

3.27848

5899.02

230.743

34.7434

5.89436

5588.76

206.92

10.9201

3.30455

5896.74

230915

349151

5.9089

5586.32

207.08

11.0801

3.32868

5894.85

231.087

35.0868

5.92341

5584.58

207.252

11.2518

3.35436

5892.58

231.247

35.2468

5.9369

5585.34

207.412

11.4118

3.37813

5890.63

231417

35.4167

5.9512

5582.18

207.583

11.5834

3.40345

5888.8

231.577

35.5768

5.96463

5580.63

207.755

11.7551

3.42857

5887.42

231.748

35.7485

5.979

5578.45

207.903

11.9034

3.45013

5885.63

231.92

35.9201

5.99334

5576.21

208.087

12.0868

3.4766

5883.77

232.08

36.0801

6.00668

5574.71
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208.247

12.2467

3.49953

5881.8

232.252

36.2518

6.02095

5572.84

208.407

12.4068

3.52232

5880.08

232.41

36.4101

6.03408

5571.16

208.578

12.5784

3.54661

5877.97

232.582

36.5818

6.04829

5569.22

208.75

12.7501

3.57073

5876.27

232.753

36.7534

6.06246

5568.24

208.922

12.9217

3.59468

5876.07

232913

36.9135

6.07565

5566.08

209.083

13.0834

3.61711

5873.64

233.085

37.0851

6.08976

5564.85

209.243

13.2435

3.63916

5871.79

233.243

37.2435

6.10274

5563.38

209.415

13.4151

3.66267

5869.73

233.415

37.4151

6.11679

5561.9

209.587

13.5868

3.68602

5867.91

233.587

37.5868

6.13081

5560.13

209.747

13.7468

3.70766

5866.83

233.747

37.7467

6.14384

5558.69

209.918

13.9185

3.73075

5864.66

233918

37.9185

6.1578

5557.01

210.078

14.0784

3.75212

5863.09

234.077

38.0767

6.17064

5555.82

210.25

14.2501

3.77493

5860.8

234.248

38.2485

6.18454

5553.99

210.41

14.4101

3.79606

5860.65

234.42

38.4201

6.1984

5552.71

210.582

14.5818

3.81861

5858.05

234.58

38.5801

6.21129

5551.25

210.753

14.7534

3.84102

5855.97

234.752

38.7517

6.22509

5549.76

210.913

149134

3.86179

5853.86

23491

38.9101

6.2378

5548.39

211.085

15.0851

3.88395

5852.02

235.082

39.0818

6.25154

5546.84

211.245

15.2451

3.9045

5849.77

235.253

39.2535

6.26526

5545.5

211.417

15.4168

3.92642

5848.21

235413

39.4134

6.27801

5544.17

211.577

15.5767

3.94674

5850.62

235.585

39.5851

6.29167

5542.67

211.748

15.7485

3.96843

5845.1

235.743

39.7434

6.30424

55413

211.92

15.9201

3.99

5843.75

235915

399151

6.31784

5540.11

212.08

16.0801

401

5841.89

236.087

40.0867

6.33141

5538.62

212.252

16.2517

4.03134

58393

236.247

40.2468

6.34403

5537.28

212.412

16.4118

4.05114

5837.56

236.417

40.4167

6.35741

5535.76

212.583

16.5834

4.07228

5835.41

236.577

40.5768

6.36999

5534.26

212.743

16.7434

4.09188

5833.47

236.748

40.7484

6.38345

5532.75

212915

16.9151

4.1128

5835

236.92

40.9201

6.39688

5531.48

213.087

17.0868

4.13361

5830.4

237.08

41.0801

6.40938

5530.04

213.247

17.2468

4.15293

5828.84

237.25

41.2502

6.42263

5528.8

213.418

17.4184

4.17354

5826.61

237.398

41.3985

6.43416

5527.02

213.578

17.5785

4.19267

5824.52

237.582

41.5818

6.4484

5525.98

213.75

17.7501

4.21309

5823.42

237.753

41.7534

6.46169

5524.6

213.91

17.9101

4.23203

58203

237.913

41.9135

6.47406

55233

214.082

18.0817

4.25226

5818.37

238.072

42.0718

6.48628

5522.15

214.253

18.2535

4.27241

5816.53

238.243

42.2434

6.4995

5520.81

214.413

18.4134

4.29109

5814.16

238.415

424151

6.51269

5519.7

214.585

18.5851

431104

581221

238.587

42.5868

6.52585

5518.16
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214.745

18.7451

4.32956

5809.93

238.745

42.7452

6.53798

5517.03

214917

18.9167

4.34934

5808.96

238917

429167

6.55109

5515.63

215.077

19.0768

43677

5811.22

239.077

43.0768

6.56329

5514.4

215.248

19.2484

43873

5806.54

239.248

43.2484

6.57636

5513.08

215.42

19.4201

4.40682

5804.75

239.418

43.4184

6.58927

5511.77

215.58

19.5801

4.42494

5802.78

239.567

43.5667

6.60051

5510.65

215.752

19.7518

4.4443

5800.39

239.75

43.7501

6.61439

5509.17

2150912

199117

4.46226

5800.57

23991

43.9102

6.62648

5508.07

216.083

20.0835

4.48146

57953

240.08

44.0801

6.63929

5506.4

216.243

20.2434

4.49927

5793.27

240.252

44.2518

6.6522

5505.5

216.415

204151

451831

5790.65

240.412

444118

6.66422

5504.25

216.587

20.5867

4.53726

5787.9

240.583

44 5834

6.67708

5503.18

216.747

20.7468

4.55486

5787.57

240.743

447434

6.68905

5501.99

216918

209184

457367

5783.93

240913

449135

6.70175

5500.66

217.078

21.0784

4.59113

5781.82

241.085

45.0852

6.71455

5499.62

217.25

21.2501

4.60978

5779.23

241.245

45.2452

6.72645

5498.48

217.41

21.4101

462711

5777.09

241.415

45.4151

6.73907

5497.33

217.582

21.5818

4.64562

5774.45

241.587

45.5868

6.7518

5496

217.753

21.7534

4.66406

5773.12

241.747

45.7468

6.76364

5495.02

217913

21.9135

468118

5770.29

241918

45.9185

6.77632

5493.94

218.083

22.0834

4.6993

5767.95

242.079

46.0785

6.78812

5492.88

218.243

22.2435

4.7163

5765.66

242.248

46.2484

6.80062

5491.44

218.415

22.4151

4.73446

5763.21

242.42

46.4201

6.81323

5490.51

218.587

22.5868

4.75256

5762.438

242 .58

46.5801

6.82496

5488.85

218.747

22.7467

4.76935

5760.31

242.75

46.7501

6.8374

5488.05

218.918

22.9185

4.78732

5758.2

24291

46.9101

6.8491

5486.98

219.078

23.0784

4.804

5755.95

243.082

47.0818

6.86162

5485.83

219.25

23.2501

482183

5753.37

243.253

472534

6.87411

5484.46

219.41

23.4101

48384

5751.23

243.412

474118

6.88562

5483.54

219.582

23.5818

4.85611

5748.79

243.583

47.5835

6.89808

5482.39

219.753

23.7534

487375

574739

243.744

47.7435

6.90967

5481.36

219.913

23.9134

489014

5745.29

243 915

479151

6.92208

5480.07
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Table C-5C G-function and diagnostic functions - case M5

Glacy.a) | P, P, FIT |X(n) Y(n) |Y(n)FIT
Psi psi
0 0| 6346.16 0 0] 0.87115
1.4685] 6055.22) 6037.32| 6.76238E-10] 1.91699| 1.77113
1.48302| 6049.69| 6034.27| 8.76065E-10 2.0353| 2.03706
1.49633| 6044.88| 6031.47| 9.75881E-10| 2.13874] 2.16991
1.51038] 6040.03] 6028.52] 1.0558E-09| 2.23553| 2.27626
1.52423] 6035.45 6025.6{ 1.12917E-09| 2.32789} 2.37391
1.53696 6031.38| 6022.93| 1.19091E-09{ 2.40825| 2.45607
1.55044| 6027.21f 6020.09{ 1.25113E-09 2.4886| 2.53621
1.56285] 6023.48] 6017.48{ 1.3035E-09] 2.55953| 2.60592
1.576{ 6019.62| 6014.72| 1.35531E-09| 2.63093| 2.67487
1.58824| 6016.11| 6012.14| 1.40258E-09] 2.69589| 2.73778
1.6011| 6012.51f 6009.44| 1.44651E-09 2.7584| 2.79624
1.61382| 6009.02( 6006.76{ 1.48919E-09{ 2.81865| 2.85304
1.62554| 6005.86 6004.3( 1.52721E-09| 2.87266| 2.90364
1.638| 6002.55| 6001.68| 1.56573E-09{ 2.92768] 2.95491
1.6495| 5999.55| 5999.26] 1.59984E-09| 2.97636{ 3.0003
1.66172| 5996.41| 5996.69| 1.63361E-09{ 3.02547| 3.04524
1.67301| 5993.55] 5994.31] 1.66587E-09| 3.07135} 3.08818
1.68421} 5990.75] 5991.96] 1.69666E-09| 3.11507] 3.12915
1.69611| 5987.81| 5989.46{ 1.72648E-09 3.15854| 3.16884
1.7079| 5984.93{ 5986.98| 1.75561E-09| 3.20055| 3.20761
1.71892| 5982.27| 5984.66| 1.78269E-09{ 3.23912| 3.24364
1.73052] 5979.5! 5982.22} 1.80909E-09| 3.27774} 3.27877
1.74203| 5976.78 5979.8| 1.83501E-09 3.3152| 3.31327
1.75268| 5974.29| 5977.56] 1.85846E-09| 3.34905| 3.34449
1.76401| 5971.66] 5975.18| 1.88236E-09| 3.38344| 3.3763
1.77449] 5969.25| 5972.97| 1.90394E-09] 3.41437| 3.40501
1.78566] 5966.7f 5970.62| 1.92659E-09| 3.44706| 3.43516
1.79599| 5964.36] 5968.45| 1.94733E-09{ 3.47636| 3.46275
1.807] 5961.89| 5966.13] 1.96764E-09| 3.50571| 3.48979
1.81793] 5959.45| 5963.84] 1.98805E-09| 3.53488| 3.51694
1.82805| 5957.21] 5961.71] 2.0066E-09 3.5614] 3.54163
1.83894| 5954.82| 5959.42| 2.02578E-09| 3.5888| 3.56717
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1.84892| 5952.64| 5957.32| 2.04286E-09| 3.61293] 3.5899
1.85957| 5950.33| 5955.08| 2.06069E-09| 3.63814| 3.61362
1.86942| 59482} 5953.01 2.07679E-09] 3.66075] 3.63505
1.87993| 5945.95 5950.8{ 2.09352E-09| 3.68423| 3.65732
1.88967] 5943.87| 5948.75| 2.10902E-09| 3.70552| 3.67795
1.90005{ 5941.67| 5946.57| 2.12482E-09| 3.72794| 3.69897
1.91037} 5939.49 5944 4| 2.14043E-09| 3.74973| 3.71974
1.91993| 5937.49| 5942.39| 2.15451E-09{ 3.76923| 3.73848
1.93012| 5935.36{ 5940.24] 2.16902E-09 3.7892| 3.75779
1.93957| 5933.39] 5938.25 2.18221E-09| 3.80719{ 3.77535
1.94965] 5931.31| 5936.13| 2.19605E-09| 3.82609| 3.79376

1.9591| 5929.36{ 5934.15| 2.20894E-09| 3.84333| 3.81093
1.96906| 5927.31] 5932.05{ 2.22187E-09] 3.86108; 3.82813
1.97898( 5925.29| 5929.97| 2.2348E-09| 3.87857; 3.84533
1.98817] 5923.42] 5928.03| 2.24629E-09| 3.69386| 3.86063
1.99798| 5921.43f 592597 2.25813E-09{ 3.90947| 3.87639
2.00707| 5919.6] 5924.06{ 2.26972E-09| 3.92504| 3.89182
2.01678| 5917.64] 5922.02] 2.28105E-09| 3.93985| 3.90689
2.02578| 5915.84] 5920.12| 2.29198E-09 3.9543| 3.92143
2.03538| 5913.92 5918.1] 2.30299E-09| 3.96863| 3.93609

2.0443| 5912.15] 5916.23] 2.31241E-09| 3.98008| 3.94862
2.05381| 5910.26] 5914.23] 2.32345E-09; 3.99483| 3.96332
2.06327| 5908.39] 5912.24| 2.33372E-09] 4.00795; 3.97699
2.07206| 5906.66] 5910.39{ 2.34285E-09 4.0193| 3.98914
2.08143| 5904.82] 5908.42] 2.35294E-09] 4.03213| 4.00257
2.09022 5903.1f 5906.57| 2.36174E-09| 4.04299| 4.01427

2.0995] 5901.28| 5904.62f 23711E-09| 4.05457| 4.02673
2.10812| 5899.6] 5902.81| 2.3799E-09] 4.06549| 4.03845
2.11732{ 5897.82| 5900.87| 2.38888E-09| 4.07643| 4.05039
2.12586| 5896.16] 5899.08] 2.3970SE-09| 4.08595| 4.06127
2.13498] 5894.4| 5897.16] 2.40573E-09| 4.09668| 4.07281
2.14405| 5892.65| 5895.25| 2.41407E-09; 4.10656( 4.08391
2.15248] 5891.04] 5893.48| 2.42154E-09] 4.11519| 4.09386
2.16147| 5889.31] 5891.59| 2.42942E-09| 4.12427| 4.10435
2.16983| 5887.71] 5889.83 2.43679E-09| 4.13242| 4.11415
2.17875] 5886.01| 5887.95| 2.44514E-09] 4.14295| 4.12526
2.18763| 5884.32| 5886.09] 2.45254E-09| 4.15096] 4.13512
2.19527| 5882.87| 5884.48| 2.45852E-09| 4.15702| 4.14308
2.20468 5881.09 5882.5| 2.46698E-09] 4.16746| 4.15433
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2.21286] 5879.54| 5880.78; 2.47337E-09| 4.17401| 4.16284
2.221| 5878.01| 5879.07) 2.47938E-09| 4.17984| 4.17084
2.2297| 5876.37| 5877.24] 2.48675E-09] 4.18806{ 4.18065
2.23837| 5874.74] 5875.41| 2.49336E-09| 4.19523( 4.18944
2.247| 5873.12 5873.6| 2.49988E-09 4.2023| 4.19812
2.2551] 5871.6 5871.9] 2.5061E-09| 4.20856] 4.2064
2.26308| 5870.111 5870.22| 2.51217E-09| 4.21455| 4.21448
2.27161f 5868.52| 5868.42f 2.51812E-09] 4.22062| 4.22239
2.28011| 5866.94] 5866.64| 2.52403E-09| 4.22633| 4.23025
2.288| 5865.47) 5864.98| 2.53016E-09| 4.23274| 4.23842
2.29643] 5863.91 5863.2} 2.53564E-09| 4.23773| 4.24571
2.30426| 5862.46| 5861.56] 2.54117E-09] 4.24307| 4.25306
2.31263| 5860.91 5859.8| 2.54722E-09| 4.24907| 4.26113
2.32041| 5859.48| 5858.16] 2.55174E-09] 4.25237| 4.26714
2.32872| 5857.95| 5856.41| 2.55742E-09( 4.25797| 4.27469
2.33699| 5856.43| 5854.67) 2.56288E-09| 4.26292| 4.28196
2.34468| 5855.02] 5853.06| 2.56752E-09 4.26675| 4.28814
2.3529| 5853.51| 5851.33] 2.57322E-09| 4.27211| 4.29572
2.36054( 5852.11 5849.72( 2.57811E-09| 4.27638| 4.30223
2.3687] 5850.62 5848| 2.58298E-09] 4.28033( 4.30872
2.37628| 5849.24| 5846.41f 2.5871E-09| 4.28296 4.3142
2.38439| 5847.76] 5844.71| 2.59224E-09( 4.28762( 4.32103
2.39246| 5846.29| 5843.01| 2.59698E-09| 4.29132| 4.32734
2.39996| 5844.93| 5841.43] 2.60074E-09] 4.29363| 4.33235
2.40798| 5843.47| 5839.74] 2.60568E-09| 4.29767| 4.33892
2.41544| 5842.12 5838.18| 2.61021E-09| 4.30129| 4.34495
2.4234( 5840.68 5836.5| 2.61431E-09 4.3039| 4.35041
2.43081] 5839.34] 5834.94] 2.61835E-09| 4.30638| 4.35578
2.43872| 5837.91| 5833.28( 2.62279E-09] 4.30983| 4.36169
2.44661| 5836.49| 5831.62| 2.62662E-09| 4.31197| 4.36679
2.45394| 5835.16| 5830.08| 2.63108E-09| 4.31545| 4.37272
2.46178| 5833.75| 5828.43| 2.63512E-09] 4.31795 4.3781
2.46906| 5832.45 5826.9| 2.63872E-09 4.31998{ 4.38289
2.47685) 5831.05] 5825.26
2.48408| 5829.75| 5823.74
2.49182( 5828.36] 5822.11
2.49954| 5826.98| 5820.49
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Table C-5D Net pressure during injection - case MS

At

tnf

P

n

Aty

P

n

At

iy

P

n

min

psi

min

psi

min

psi

0.075012

1004.56

6.405014

1000.6

12.90001

977.5801

0.235031

959.3398

6.565033

1005.9

13.06003

980.7695

0.406693

944.5996

6.736694

1001.01

13.23337

980.2998

0.568329

969.8398

6.898315

999.2495

13.40503

981.5498

0.73999

970.0498

7.069977

996.8696

13.56667

980.5898

0.899994

968.7598

7.241638

997.8496

13.73833

982

1.071655

972.3799

7.403351

992.6094

13.89835

979.3696

1.233368

968.9697

7.575012

991.1494

14.07169

980.1094

1.405029

966.8999

7.735031

990.4697

14.23166

982.0498

1.564987

961.9199

7.908356

988.4497

14.40337

982.3198

1.736649

968.8599

8.068329

990.3296

14.565

983.9497

1.898346

973.48

8.23999

986.3999

14.73666

982.6694

2.070007

979.48

8.401688

988.5801

14.89838

988.1494

2.241669

983.4399

8.573349

987.2695

15.07004

983.96

2.401688

991.1494

8.733368

986.9097

15.23166

986.4897

2.575027

990.8599

8.906647

985.6094

15.40332

983.04

2.734985

994.1797

9.066666

986.9297

15.57498

986.7295

2.906647

997.4697

9.238327

987.02

15.73669

986.0801

3.066666

993.3198

9.400024

987.5898

15.90834

986.3896

3.240005

997.0298

9.571686

988.2695

16.06999

986.6094

3.40004

1003.22

9.731644

986.6494

16.24165

987.5698

3.571686

999.9199

9.904984

987.46

16.40167

991.2896

3.733322

1000.2

10.065

989.8296

16.575

995.2197

3.904984

997.48

10.23666

990.1895

16.73503

991.3696

4.065002

993.98

10.39836

987.8198

16.90837

990.2798

4.236664

986.02

10.57002

983.52

17.06833

996.3096

4.398376

982.54

10.74168

985.1196

17.24167

995.7397

4.570023

975.5698

10.90332

983.8198

17.40169

996.4697

4.741684

970.6797

11.07498

981.8799

17.57333

993.4297

4.901642

966.6494

11.235

977.6494

17.73499

997.2197

5.074997

960.1494

11.40836

978.0698

17.90665

997.8599

5.235016

958.1396

11.56838

977.1797

18.06834

999.4697

5.406677

955.4297

11.74004

980.2798

18.24001

994.8398

5.566681

961.3896

11.90166

977.5801

18.40166

995.2397

5.740021

972.1494

12.06168

973

18.57336

997.3496

5.899979

978.7695

12.23503

976.1597

18.735

991.9297

6.07164

985.54

12.40669

979.98

18.90666

992.9697

6.233353

992.3096

12.56665

977.0098

19.06838

993.2998

6.405014

1000.6

12.73999

980.1597

19.24004

986.1597
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Table C-5E Synthesis of computed fluid and reservoir properties - case M3

S, ¢, X, w C, Y R, k,
. i o,
gatrioo | AP | S in fi/min | % (pst = min )1 | md
SPURT LOSS IDENTIFIED
4.4 [ 2.83 E04 | 139 1 6.62E-01 [821E-03 [42.2 | 1LO3E+05 [ 103
NO SPURT LOSS ASSUMPTION
0.0 | 2.83 E-04 | 144 | 6.86 E-01 | 8.51E-03 | 47.2 [ 9.98E+04 [ L1l

Table C-5F Synthesis and comparison of computed fluid and reservoir properties
obtained from the old and new model

S, c, X, w C, n R, k,
,gal/lOOﬁZ St/ psi St in St /Y min % (psx —min)/ﬁ md
Case M1 — New Model
NO SPURT LOSS ASSUMPTION
6.8E-03 | 8.99E-05 | 66.2 | 2.81E01 | .LIBE02 ] 61.6 | 6.95SE+03 | 19.5
Case M1 — Old Model
NO SPURT LOSS ASSUMPTION
0 | 972 E-05 | 52.5 | 224 E01 [ 646E-03 [ 615 | <0 | 6.9

Case M2 - New Model

NO SPURT LOSS ASSUMPTION

-3.31E-02 | 9.05E-05 | 66.6

| 5.53E-01 [3.4E-02 [23.7

| 3.88E+03 | 18.9

Case M2 - Old Model

NO SPURT LOSS ASSUMPTION

0 | 9.78 E05

| 52.8

] 44E-01 [149E02 [23.5

4 13E+04 ] 103

Case M3 — New Model

NO SPURT LOSS ASSUMPTION

-7.6E-02 | 2.83 E-04

[ 143

| 7.61E-01 | 1.36 E-02 | 45.7

[ 1.71IE+04 | 112

Case M3 ~ Old Model

NO SPURT LOSS ASSUMPTION

0 | 2.68 E-04

| 120

| 6.56 E01 | 1.25E-02 [ 34.6

[<o 163

Case M4 — New Model

NO SPURT LOSS ASSUMPTION

-1.01E-02 | 4.53 E05

| 175

| 3.64E-01 | 2.01E-02 | 484

[ 3.05E+05 | 17.7

Case M4 - Old Model

NO SPURT LOSS ASSUMPTION

0 | 4.77 E05

| 127

[34E01 [4.12E-03 [584

| 1.3E+6 [ 20

Case M5 — New Model

SPURT LOSS IDENTIFIED

4.4 | 3.02E-04

| 139

| 6.62E01 | 821 E-03 [ 42.2

[1.03E+05 | 1.03

NO SPURT LOSS ASSUMPTION

0 | 3.13E-04 | 144

| 686 E01 | 851 E03 [45.7

[998E+04 | L1l

Case M5 - Old Model

NO SPURT LOSS ASSUMPTION

0 | 3.14 E04

1 108

| 5.47E01 | 986 E-03 [ 41.7

[13.6E+5 | 145
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Fig. C-1 Injection and fall-off of 2 minifrac - Case M1
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Fig. C-2 Identification of closure from the fall-off of a minifrac - Case M1
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Fig. C-3 Net pressure versus time — Case M1
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Fig. C-4 G-function of a minifrac test — Case M1
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Fig. C-5 Filtercake —reservoir flow diagnostic plot — Case M1
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Fig. C-6 Injection and fall-off of a minifrac - Case M2
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Fig. C-7 Identification of closure from the fall-off of a minifrac - Case M2
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Fig. C-8 Net pressure versus time — Case M2
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Fig. C-10 Filtercake —reservoir flow diagnostic plot — Case M2
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Fig. C-11 Injection and fall-off of a minifrac - Case M3
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Fig. C-12 Identification of closure from the fall-off of a minifrac - Case M3
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Fig. C-13 Net pressure versus time — Case M3
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Fig. C-14 G-function of a minifrac test — Case M3
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Fig. C-15 Filtercake —reservoir flow diagnostic plot (significant noise)— Case M3
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Fig. C-16 Filter cake —teservoir flow diagnostic plot (data filtering)— Case M3
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Fig. C-17 Filter cake —reservoir flow diagnostic plot (after data filtering)—~ Case M3
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Fig. C-18 Fall-off of a minifrac test - Case M4
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Fig. C-19 Identification of closure from the fall-off of a minifrac - Case M4
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Fig. C-20 G-function of a minifrac test - Case M4
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Fig. C-21 Filter cake —reservoir flow diagnostic plot - Case M4
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Fig. C-22 Pressure derivative - Case M4
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Fig. C-24 Identification of closure from the fall-off of a minifrac - Case M5
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Fig. C-25 Net pressure versus time — Case M5
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Fig. C-26 G-function of a minifrac test - Case M5
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Fig. C-27 Filter cake —reservoir flow diagnostic plot (after data filtering)— Case M5
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Fig. C-28 Pressure derivative — Case M1
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Fig. C-29 Pressure derivative — Case M2

0.8

mN=-233

Soo
AL
L)

F2

Fig. C-30 Pressure derivative — Case M3
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Fig. C-31 Pressure derivative — Case M4
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Fig. C-32 Pressure derivative — Case M5
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Leak-off coefficient from pressure derivative analysis

Using the slope, m;v , from the pressure derivative plot, Figs. C-28 — C32 and

Eq. (4.105), the leak-off coefficient, C,, can be calculated for each data set as

_(9.72E - 05)(4.76 - 20) _ C297E03 fi/udn

=1.93 E-02 fi/+/min

=1.45E-02 ft/~/min

follows:
Case M1
C, = c t,my
a(r, X\/’") 4(0.356 W4.76
Case M2
¢, = cit,my  (9.18E —05)3.3)-125)
a(r, JJe, )" 4(0.288)V3.3
Case M3
_egtmy (2048 —04)22.5)(-233)
alr, N7 Jt ) 4(0.38822.5
Case M4

_(424E-05)35(-33) _ 206 E-03 ft/in

4(r XJ_ )

4(135
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Case M5

cit,my  (2.83E - 04)18)~25.8)

T o) TON TS

=7.74 E-03 ft/~/min

Table - 5G

Evaluation of the leak-off coefficient obtained from pressure and pressure derivative

analysis

Case Pressure Pressure derivative
CL CL
ft/+/min ft/min

Ml 1.18E-02 2.97E-03

M2 3.40E-02 1.93E-02

M3 1.36E-02 1.45E-02

M4 2.01E-03 2.06E-03

M5 8.21E-03 7.74E-03
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Fig. C-34 New filtercake — reservoir flow model - Case M1
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Fig. C-36 New filtercake — reservoir flow model — Case M2
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Fig. C-37 Old filtercake — reservoir flow model - Case M3
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Fig. C-38 New filtercake — reservoir flow model — Case M3
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Fig. C-39 Old filtercake — reservoir flow model - Case M4
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Sensitivity Analysis

Sensitivity Analysis
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Fig. D-1 Fracture half-length — Poisson’s Ratio
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Fig. D-2 Fracture half-length — Young’s Modulus
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Fig. D-4 Reservoir permeability — Young’s Modulus
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( Main Program >
4

Read data file:
By Coothps 51, KV, 0, E
h h.t .t ISIP,P,P, a,

p(i\.t(i\n.
Yes
PKN
No
= >
No
g Yes
y
Spurt
Loss
Yes N Yes N Yes Ni

bbb b
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Input my by

Subroutine
GSER

vl

No
> Dol=1,n : Subroutine
GF
A y
At (iy=0Ri )/t
b ( ) PRd Subroutine
g(i) = g(AzD ()4 ;5) FITG
' Y
b .
End Srouine
y Subroutine
GCF
Spurt loss
known
No
Calculate xq
Ea. 4.86
Calculate S,
Ea. 4.87

No

Subroutine
GAMLN

Yes




13

Calculate
x¢ [Eq- A-8]

w [Egs. A-17, A47]
Cu [ A-23]

77[Eq. A-34

Rearrange template
Do [=3, np-2

!

t(1-2)=t+(T)
p(I-2)=t,+p(I)

v

v

Do =1, np-2

Enddo

v

DD

Enddo

v

Initialize SUM
Do I=1, np-2

Create template
Do I=1.np-2

v

Y(n(D))=0.0
X(n(1))=0.0

v

Enddo

y

Rearrange template
Do I=3, np-2

[

y

SUM=0.0

Yes

No

™ Do J=3,np
Calculate
] Y@(D)
X(n(D)
SUM()
v
l Enddo
Enddo
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Print t(I), p(I), g(I)
p(D) FIT, g(I) FIT, Y(n(D))
X(n(D), Y(n(D) FIT

Pl’iIltSP,X£WLCL
?71 RO’ kf

Fig. E-1 Flow chart of the modeling program

The above flow chart is for a PKN geometry. For the other two geometries, KGD and

Radial, the flow chart is the same.
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