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A bstract

In m any engineering problems, such as those in petro leum  and  geotechnical en­

gineering. reservoir rocks have to be m odeled as porous m aterials sa tu ra ted  with 

fluids. In order to  acciurately predict the behaviors of the  reservoir an d  fluid flow, 

the  solid-phase deform ations and fiuid-phase flow m ust be fully-coupled in the nu­

m erical calculation. U nderstanding and quantifying two-phase flow in fractured 

porous media is im portan t for m athem atical modeling an d  num erical sim ulation of 

petroleum  reservoirs, geotherm al reservoirs, coal-beds exploited for m ethane and 

nuclear waste repositories. Both the need for abundant energy and  the dem and for 

a clean environm ent have m otivated m any studies of two-phase flow in fractured 

reservoirs. In this dissertation, a m athem atical model for two-phase fluid flow in a 

deforming fractured  reservoir has been developed.

T he naturally  ffac tiued  reservoir is trea ted  as a double-porosity m edium  con­

sisting of the prim ary  rock m atrix  system, which contains large am oim t of fluids but 

has lower perm eability, and the fracture system  which represents a sm all volume of 

fluid bu t due to its higher perm eability transm its a large portion of fluid through 

the  porous media. For the two-phase fluids, not only do bo th  fluids flow through 

the  rock m atrix  a n d  the fractures, bu t also th e  effects of the  capillary pressures, 

satu rations and the  variation of relative perm eability need to  be taken into accoimt.
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T he numerical model is based on the rigorous conservation equations of momen­

tum  and mass, in which the solid deform ations of the  fractured porous m edia are 

lum ped while the fluid pressures of the w etting and  non-w etting phases are evalu­

a ted  separately but linked th rough  mass interchange terms for the two interactive 

media, i.e.. m atrix  and  fractures. The m athem atical formulation describes a fully 

coupled governing equation system  which consists of the equilibrium  equations for 

the rock deform ations and the continuity  equations for two immiscible fluids flowing 

in a fractured porous medium.

Following the theoretical w ork is the  constniction of the niunerical schemes. 

The numerous imknowms are resolved through the finite elem ent technique, which 

enables the solutions to be ob ta ined  in the general three-dim ensional space domains 

and integration in tim e domains. In  this model, m aterial properties are represented 

by the defined eight-node block elem ents, which form a mesh th a t is d iscretized by 

the user to fit the shape of the object to be modeled. This non-linear system  of 

equations in the finite element m odel is solved using the direct iteration  m ethod, 

in which each iteration is controlled by the error analyses of the imknowns. And 

the elements of the coefficient m atrices of the highly non-linear system  are upda ted  

during each iteration in terms of the  independent variables.

The developed theoretical form ulation and num erical model are validated  against 

several cases where the analj’tic a l solutions or o ther model results are readily  avail­

able. The perform ance of the num erical code is tested  first by a couple of decoupled 

cases: elasticity and  steady-state flow. The analytical solution for a single-phase 

single-porosity trad itional consohdation problem  is then used to  verify the  num er­

ical algorithm  for coupled poroelastic systems. Finally a fully coupled two-phase 

flow and  sohd deform ation problem  is presented to compare results from  b o th  the 

developed model and  the finite difference model. The results from this case indicate
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the validity and  capability  of the  model.

Several applications including traditional consolation problem s and  sim idation 

of rock sam ple behavior in the laboratory  are presented to illu stra te  add itional per­

formance and  capability  of the model. Param etric studies, such as fracture spacing 

and the ra tio  betw een the fracture perm eability and  the rock m atrix  perm eability, 

allow b e tte r im derstanding  of the  developed model and  the physical characteristics 

in the stud ied  problem . A exam ple problem is presented to  dem onstrate  the  signif­

icant different residts from both  the single-porosity and dual-porosity  approaches. 

For sim idating the rock sam ple characteristics, a series of studies have been carried 

out which include single-phase and  two-phase fluid flow in b o th  single-porosity and 

dual-porosity approaches.

In com parison w ith  o ther existing models of two-phase flow and  solid deforma­

tion in frac tu red  porous media, the present study  offers m ore precise definition for 

the interactive response between the m atrix and  the fractiures in view of flow. In 

addition, the  com prehensive coverage of the influential m echanism s in the  present 

analysis is secured by complying w ith the rigorous theoretical derivations, rather 

than  form ulating the governing equations based on a  phenom enological fashion, as 

shown in some o ther current models.

The developed num erical model can be a  powerful tool to  solve different prob­

lems in petro leum  engineering, such as purely elasticity, s teady -sta te  flow, coupled 

problems of single-porosity single-phase, single-porosity tw o-phase, dual-porosity 

single-phase and  dual-porosity two-phase. Also it can be used to sim ulate difficult 

problems, for exam ple water-flooding, reservoir evaluation, borehole s tab ility  and 

reservoir subsidence.
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C hapter 1 

In trod u ction

Two-phase flow th rough  fractures occurs in m any subsurface flow system s th a t are of 

engineering interest in the  context of energy resources recovery (petroleum , n a tu ra l 

gas. geotherm al w ater and  steam ) and environm ental protection areas (chemical 

contam ination in groim dw ater aquifers, partially  sa tu ra te d  zones).

Experience w ith  tw o-phase flow has been considerably more extensive in the 

petrolem n engineering field than  in the field of groim dw ater hydrology. A lthough 

both fields have a com m on basis in the physics of im m iscible fluids, they address 

different sets of problem s. For example, interest in frac tu red  petroleiun reservoirs 

commonly focuses on prediction of oil displacement from  m atrix  blocks imder vari­

ous recovery plans. P red ic ted  pressure changes in each fluid phase are key variables 

in characterizing reservoir perform ance. In geotherm al system s, the phases of in ter­

est are steam  and  w ater, and  an im portant area of concern is the generation and  

m igration of steam  w ith  a decline in the reservoir pressure. In environm ental ap ­

plications. an im p o rtan t issue concerns the red istribu tion  of an organic solvent in 

a w ater-satu rated  m edium  th a t initially contains none of th is phase. In this case 

the interest is in the  spatia l extent and d istribution  of solvent in the subsurface 

(Com m ittee on frac tu re  characterization and fluid flow, 1996).

U nderstanding th e  fluid flow behavior is particu larly  essential for the  successful



developm ent of a naturally fractured reservoir. It is estim ated th a t  such form ations 

contain  a substantia l amoimt of oil. Because of the usually low p rim ary  production 

from these reservoirs and the increasing scarceness of new oil fields, the  application 

of enhanced oil recovery processes in natrurally fractured reservoirs is now receiving 

a  greater a tten tion . Yet. fluid flow phenom ena in such reservoirs a re  no t adequately 

im derstood; and  considerably more research needs to be done in th is  area.

N iunerical simulation is recognized as a valuable tool for reservoir engineering 

studies. Sim ulation enables one to  forecast field performance im der a variety  of 

p roduction  schemes. An oil-held can only be produced one tim e: and  once the 

production  scheme is selected, it is often  irreversible. The advan tage of reservoir 

sim ulation lies in the fact th a t the sim ulation model can be rim  m any tim es at 

relatively low cost, allowing engineers to  experim ent w ith several sets of inpu t data:

i.e. the  models can easily be "exercised". Observation of m odeling results helps 

engineers choose the best set of well locations and  production schemes.

Sim ulation of two-phase flow in a na tu ra lly  fractured petroleiun reservoir is nor­

m ally carried out by using the  concept o f dual continua, also called "dual-porosity". 

F in ite  elem ent, finite difference, boim dary  element and analy tical m ethods have 

been employed to solve the equations resulting from the dual-porosity  approach.

Special a tten tion  should be given to  the  reservoir deform ation or subsidence 

problem s. Numerous field studies re la ted  to reserv'oir com paction and  subsidence 

problem s have been reported in the h te ra tiu e . examples of which are  the  W ilm ington 

Oil field. Long Beach. California (Allen, 1968); the oil fields along th e  Bolivar Coast 

of Lake M aracaibo. Venezuela (M erle et al., 1976); the G roningen gas field. The 

N etherlands (Schoonbeek. 1976) an d  the  Ekofisk Field in the N orth  Sea (M arius. 

1990).

In  petroleiun engineering, rocks have to  be modeled as porous m edia sa tu ra ted



w ith  pore fluids, such as oil and  water. The analyses of the fully coupled system s of 

th e  stress-fluid-flow in the natrurally fractured reservoir have been studied for m any  

years.

1.1 O bjectives o f the Research

T he m ajo r p iupose of this dissertation is to study  the behavior of two-phase fluid 

flow th rough  deformable naturally  fractured reservoirs. Based on the objectives, the 

following goals are set:

1. T he dual-porosity concept is applied in this s tu d y  for the naturally  fractured  

reservoirs. The fractiured rock has two degrees of porosity, one corresponding 

to  the  fractiures (Assures) and the o ther corresponding to the rock pores. T he 

reservoir system  is viewed as a poroelastic skeleton inflltrated by a tw'o-state 

fluid, one flowing through the fractures and  the  o ther flowing through the  

pores.

2. T he  necessarv' m athem atical formulations for describing the tw'o-phase fluid 

flow and  reservoir deformations are proposed. The fluid flow- and reservoir 

deform ation effects are fully coupled through th is study, which means one 

process influences the  other and the overall response can not be predicted 

by considering each process independently. The m athem atical derivations of 

the  two immiscible and  compressible fluids flowing in a deformable fractiured 

sa tu ra te d  reservoir consist of the equilibrivun equation for rock displacem ents 

an d  stresses, and  the continuity equations for four fluid pressures in b o th  

rock m atrix  and  fissure, respectively. Those balance equations have taken  

in to  accoimt the effects of capillarit}', sa tu ration  and  the variation of relative 

perm eability.



3. A three-dim ensional com puter program  is developed based on th e  derived 

form ulations to sim ulate the coupled immiscible tw o-phase fluids flow in a 

deform able naturally  fractiured reservoir. The finite elem ent m eth o d  is used 

not only for solving the fully coupled system s but also for incorpora ting  dif­

ferent boim dary conditions and irregular reservoir shapes an d  heterogeneous 

reservoir properties.

4. T he two-phase flow problem  in deform able fractured reservoir is sim ulated  

using the  proposed model. Also this model offers the ab ih ty  to  s tu d y  o ther 

kinds of fluid flow problems; for exam ple, elasticity, s tead y -s ta te  flow, single­

porosity  single-phase flow, single-porosity two-phase flow, a n d  dual-porosity  

single-phase flow. The finite elem ent code is validated th rough  com parison 

w ith  analytical solutions for piure elasticity  problems, consolidation problem s. 

A nd also the  two-phase sim ulation results are com pared betw een th is m odel 

and  a finite difference model.

1.2 Problem  D efinition

1.2.1 Natui-ally Fractured R eservoirs

Fracf. lire is a term  used for all types of generic discontinuities. Folding, faulting 

and  subsidence of sediments over geologic tim e cause fracturing. X a tu ra l fractures 

affect aU phases of the petroleiun reser\'"oir life from the accvunulation of oil to 

the  techniques used to m anage oil production . T he existence of frac trues in oil 

reservoirs was known as early as the 1860’s. However, in the  last th ir ty  or forty- 

years a significant interest in the effect of fractrues on oil p roduction  has developed. 

This in terest was sparked by the discovery of the  giant fields in the  M iddle E ast and  

the  S praberry  tren d  of West Texas. T he interest aroused by these discoveries m ade 

the  industry  more aware of the  presence an d  effects of fractiues in  o th e r reservoirs



(Kazemi a n d  G ilm an. 1993).

N a tu ra lly  fractu red  reservoirs compose a  wide variety of rock m ineralogy (car­

bonate. d ia tom ite . granite, schist, sandstone, shale and coal), porosity an d  perme­

ability. C arbonates include limestone, dolom ite and  chalk. F ractu red  limestones are 

prevalent in the  giant and prolific fields of the  ^/fiddle East. F ractu red  dolom ites are 

exemplified by the San Andres form ation in m any West Texas fields, an d  fractured 

chalks are  foim d in Texas (A ustin Chalk), the  N orth  Sea (Ekofisk) and  o ther parts 

of the  world (Kazemi and Gilman. 1993).

1.2.2 T w o-P h ase F low

In this d isserta tion , the term  two-phase flow  meains th a t two immiscible fluids, such 

as oil and  w ater, coexist and  flow in the available pore space of a porous medium.

This problem  has been exam ined for several decades in an effort to enhance hy­

drocarbon  recovery from fractured reservoirs and  to assist in im derstanding  where 

petro leum  reservoirs are likely to be located. M any petroleum  reservoirs are situ­

a ted  in frac tu red  porous form ations (Pruess and  T sang. 1990). In these reservoirs, 

two- and  three-phase flow of oil. w ater and  gas occurs na tu ra lly  and in response to 

production  and  injection operations. M any n a tu ra l gas reservoirs w ith two-phase 

flow of gas and  w ater are located in tight rocks w ith predom inant fractiure perm e­

ability. A different kind of two-phase flow, namely, w ater/vapor flow w ith  strong 

phase change and  laten t heat effects, occiurs in geotherm al reservoirs an d  in hy­

dro therm al convection system s. M ost of these system s are foimd in fractiured rocks 

w ith low m atrix  perm eability. Strong two-phase flow effects of w a ter/v ap o r and wa­

ter/noncondensib le  gas are expected near geologic repositories for heat-generating 

or corroding radioactive wastes. Two-phase flow in fractures also occurs a t m any 

industria l and  waste disposal sites where organic fluids have been spilled and  are 

in filtra ting  fractvued rock as nonaqueous liquids (Pruess and  Tsang, 1990).



1.2.3 R eservoir C om paction

The te rm  com parfion  is iised to describe the reduction  of sedim ent volume as a con­

sequence of fluid extraction. In a very simplified view, a  sedim entary rock can be 

seen as being com posed of grains and  open spaces, called pores, filled with some fluid 

(water, oil or gas). W hen this rock is im der stress, the  to ta l stress applied is sup­

ported by the  grains (effective stress) an d  the pore fluid (pore pressure). T he s tudy  

of fluid flow in deform able-saturated porous m edia as a coupled flow-deformation 

phenomenon s ta r te d  w ith the work of Terzaghi (1943) who developed and  used a 

one-dimensional consolidation model. Since then . Biot (1941) has extended the 

consolidation theory  into a more general three-dim ensional case, based on a linear 

stress-strain  constitu tive relationship and  D arcy's flow law.

1.3 L iterature R eview

Simulation of fluid flow and m ultiphase flow in frac tu red  porous media is a problem  

of im portance in a num ber of disciplines including groim dw ater hydrology, petroleum  

engineering, soil, geotechnical and geotherm al reservoir engineering. Predicting the 

behavior of m ultiphase flow in natiually  fractured  reservoirs has presented a chal­

lenge for petro leum  reservoir engineers for m any years.

1.3.1 N atu ra lly  Fractured R eservoirs

For solving frac tiu ed  reservoir problems, there are two distinctly  different approaches. 

The dual-porosity  m odel approach characterizes a fractured  rock mass as a s ta tis ­

tically hom ogeneous m ediiun consisting of a com bination of fractures and  porous 

rock m atrix  (Evans. 1981). The probability  of finding a fracture at any point in 

the system  is the  sam e as finding one a t any o th e r po in t. The discrete model ap­

proach. however, a ttem p ts  to model the actual geom etry  of bo th  the fractures and



the  porous rock m atrix  (Evans. 1981). Thus, it is necessary to determ ine from the 

field the  geometry, locations, orientation, apertu re  variations and  fluid-mechanical 

properties of each firactiure. an d  to incorporate this inform ation into the m athem at­

ical model. This review will be focused on the dual-porosity approach which will be 

used in this study.

For the dual-porosity approach, the naturally  fractiured reservoirs can often be 

classified as a system  of two physical domains. The prim ary  rock m atrix  which 

contains large amoimt of fluids has a ra ther low perm eability: and  the  fractiure 

which constitu tes a small volume but has the ability to transm it a  large portion of 

flow through the porous mediixm. As a result, researchers ten d  to conceptualize the 

natu ra lly  fi-actiured reservoir as a double-porosity mediiun: one porosity  represents 

the  m atrix  blocks and the second represents th a t of the fractures and  vugs.

B arenblatt eÂ al. (1960) established the m athem atical foim dation of flow behav­

ior in dual-porosity rocks. He considered the reservoir as two overlapping continua 

—  m atrix  and  fractiues. Flow between the m atrix  and the fractures was accoimted 

for by the case of source fimctions.

Later. W arren and Root (1963) developed a radial model for well transien t test­

ing purposes (Figiue 1.1). According to them , the double-porosity m ediiun had  two 

classes of porosity. The p rim ary  porosity was controlled by deposition a n d  lithifi- 

cation. The void systems of sands, sandstones and limestones were typical of this 

class. The secondary porosity, on the o ther hand, was controlled by fracturing  and 

jo inting. Vugs, jo ints and fissiues which occiu in formations such as shale, siltstone. 

schist, lim estone or dolomite were typical of this class of porosity.

In  W arren and  Root's m odel, the m atrix  rock containing the  p rim ary  porosity 

was homogeneous and isotropic and  was contained w ithin a system atic  a rray  of iden­

tical. rectangular blocks. These blocks provided flow to the fi-actures which, in tiun .
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Figure 1.1: N aturally  fractured m edium  (after Kazem i. 1969).

transpo rted  the fluid to  the  well. Superim posed on th is  system  was an orthogonal 

system  of continuous, im iform  fractures which were o rien ted  such th a t  each fractiure 

was parallel to one of the  principal axes of perm eability. F luid flow in the reservoir 

occurred through the hractures. which were anisotropic, w ith  local exchange of fluids 

between the fracture system  and m atrix blocks, bu t flow com m unication betw'een 

m atrix  blocks did not occur.

Odeh (1965) a ttem p ted  to generalize the concept of W arren and  Root to accom ­

m odate a fractured reservoir in which the p a tte rn  of fractures was not known. In his 

paper, the m atrix  blocks acted  like sources which continuously feed the fractures. 

T he net fluid movement tow ard the wellbore occurred only in the  fractures an d  the 

fractures' flow capacity  and  the  degree of fractruring of th e  reservoir were imiform.

W arren and  Root, an d  Odeh used these conceptual m odels to develop analy tical 

solutions. These solutions were subsequently ex tended  by Kazem i et al. (1969a).

In the sam e year Kazem i (1969b) presented a "layer cake" m odel w herein the 

porous blocks and fractu red  m atrix  each occupied a different layer (Figure 1.1). O f 

significance in this m odel form ulation was the  recognition th a t porous m edium  flow



was no t only orthogonal to the fractures bu t responded as a continiuun over the 

en tire  m odel. As a result of this conceptualization, two mass balance equations 

appeared: one for the fractrures and one for the  porous blocks. T he equations de­

scribing the  layer cake model of Kazemi were solved numerically. Kazemi s model 

differed from W arren and R oot's model in th a t the reservoir consisted o f a  set of 

im iform ly spaced horizontal m atrix  layers w ith a  set of horizontal fractures as spac­

ers. T he fractures were arranged horizontally, w hereby the fracture flow converged 

rad ially  tow ards the w'ellbore.

Theories presented by Aifantis (1977. 1980). K haled et al. (1984) a n d  W ilson 

and  A ifantis (1982) provided a suitable framework in which the  flow-deformation 

behavior of dual-porosity media could be fully coupled. B arenblatt s equations can 

be recovered from  Aifantis' equations as a  special case when the  rock is assum ed 

to  be rigid. A ifantis' theory first provided an a lternative  derivation of his fissured 

rock equations through a proper extension of R iot's classical model of flow* in sin­

gle porosity  media: and. secondly, developed a finite element m ethodology for the 

num erical solution of the relevant equations. The derivation of the governing equa­

tions is done by viewing the system  as an  elastic skeleton infiltrated by a  tw^o-state 

fluid, one flowing through the fissures an d  the o th er flowing through th e  pores. 

C onstitu tive  assum ptions were m ade for both  the fluid strains and  to ta l stress. In 

conform ity w ith the  classical theory of B iot. the basic postulates are the ecpiilibrium 

equation  for the  to ta l stress and  a tw o-state  D arcy 's law specifying the flow pro­

cess in the  two types of pores. Under assum ptions of solid isotropy, sm all s tra ins, 

slight fluid compressibility, absence of m acroscopic viscosity and com plete sa tu ra ­

tion. five second-order linear partia l differential equations for five imknowms (three 

solid displacem ents and two fluid pressures) are derived.

A constitu tive  model was presented by  E lsw orth and  Bai (1992) to define the



linear poroelastic response of fissured m edia and determ ine th e  influence of dual­

porosity  effects. In their model, a  stress-stra in  relationship a n d  two equations rep­

resenting conservation of m ass in the  porous and fractured m ateria l are required. 

L ater, a series of papers were published to  study  the behavior o f dual-porosity  media 

(Bai fit aL. 1993; Bai et a i.  1994: Bai an d  Meng. 1994: Bai a n d  Roegiers. 1994: Bai 

et aL. 1995: Bai and Roegiers. 1995: Bai et al.. 1995).

Lewis and Sukirman (1993a. 1993b). Ghafouri and Lewis (1996) and  Lewis and 

G hafom i (1997) have developed a  m odel to  study the fractiured porous media via 

the  dual-porosity  concept. In the ir m odel, the  imposed external loads and  /o r  well 

production  both  create a pressi.ure gradient between the fluid w ith in  the  m atrix  pores 

and  the  fluid in the adjacent fractrures. The fluid w ithin the m atrix  is squeezed out 

into the  fissured continuiun due to  the  produced gradient. Hence, flow towards the 

producing well takes place through  the fissured network. In th e ir model, the frac­

tu red  porous media are divided into two overlapping but d istinct continua, the first 

represents flow and deform ations in the  porous m atrix while the  second represents 

flow in the flssiures. Some assiunptions in their model are questionable: within the 

first continuum , the fluid flow* is assum ed to  be coupled w ith the  m atrix  deformations 

only. It means tha t only pressmre in the  m atrix  affects the equilibriiun equation: 

and  th a t pressure in the flssiures has no influence. Also the  com pressibility of the 

fissure is ignored in their assiunptions.

1.3.2 Sim ulation o f F lu id  F low  in Fractured Resei*voirs

Models th a t simulate two-phase flow in fractiured rock system s arise in petroleiun 

reser\roir engineering, in the  analysis an d  development of som e geotherm al systems 

and  in contam inant hydrogeology. M any papers on single- a n d  tw^o-phase flow in 

na tu ra lly  fractiured porous m edia have appeared  in the literatiure and  were re\iew ed 

in the  previous Section.
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M attax  and  K yte  (1962) were the pioneers on th e  tw o-phase flow problem. T heir 

paper gave insight into the mechanism of oil displacem ent from m atrix blocks in 

a fractured porous rock. They focused on oil recover}' by w ater im bibition from 

m atrix  blocks in w ater-drive reservoirs. From experim ental d a ta  they developed 

an em pirical oil-recovery correlation in which "the tim e required to recover a given  

fraction o f oil from  a m atrix block is proportional to the square o f the distance 

between fractures " .

B raester (1972) was also among the first to  develop analytical solutions to  the 

m ultiphase flow in fractured media problems. His conceptual model was sim ilar to 

tha t of B arenblatt et al. (1960). but his m athem atical form ulation was different. 

The source function in his model described the connection between the fractures 

and the blocks was defined in terms of the po ten tia l gradient in the fractures, the 

capillary pressure difference between the liquid in  the fractures and the m atrix  

blocks, and  the  density  difference between liquid phases.

Bossie-Codreanu et al. (1985) reported th a t the  first a tte m p t to apply the dual­

porosity approach to  sim ulate m ultiphase flow in frac tu red  reservoirs was presented 

by Reiss et al. (1973). In their approach a conventional three-dim ensional three- 

phase model was used to sim ulate the fracture behavior.

A nother early paper describing a two-phase w ater-oil flow model was published 

by Kazemi et al. (1975). This model employed a three-dim ensional finite-difference 

formulation to  solve the equations. Their model accoim ted for imbibition, gravity  

effects, relative m obility and  variations in reservoir properties. Their m odel formu­

lation generated a  conservation equation for the blocks and  one for the fractures. 

The two equations were coupled by assum ing the  m atrix  flux to the fractures to  

be proportional to  the  pressure difference between m atrix  an d  fracture. This as- 

siunption. which has been called the "pseudo steady-sta te" or "lum ped-param eter”
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assum ption, was inherent in the  early  form ulation of B arenb la tt et al. (1960) and  

used by nearly  all subsequent researchers during  th a t period.

In the  years since the above work was published, a num ber of m ore sophisticated  

models were developed. Rossen (1977) presented the sim ulation of n a tiu a lly  frac- 

tiu e d  reservoir with sem i-im plicit soiuce term s. T he model tre a ted  only the  flow 

in the  fractiue system while considering the rock m atrix  blocks as soiuce term s. 

T he soiuce term s were fimctions of the  rock m atrix  and  the fluid p roperties, w ith 

frac tiue  saturations and  pressiues defining the boimdar}"" conditions. M atrix  blocks 

siuro im ded by gas were assiuned no t to  transfer w ater from the  m a trix  rock to the 

fractiue; and  m atrix  blocks siu ro im ded  by w ater were assiuned not to  transfer gas 

from the m atrix  rock to the  fractiue .

Diiguid and  Lee (1977) stud ied  th e  flow of a single-phase fluid th ro u g h  frac tiued  

porous media. In their developm ent, the  frac tiued  porous m ediiun was tre a ted  as an 

elastic incompressible solid containing two different porosities. The prim ary' porosity 

was considered isotropic and  the  second porosity, associated w ith th e  fractures, was 

anisotropic. T he fluid was considered slightly compressible and  the  fluid velocity in 

b o th  the  primary’ pores and  the fractures was assum ed small. This la tte r  assiunption 

allowed the  nonlinear portion of th e  acceleration term  in the  eq u ation  of m otion to 

be neglected. Two sets of governing equations were required to describe flow in 

fractu red  porous media, one for each type of porosity. These two sets  of equations 

were coupled by the flow in teraction term s betn ’̂ een fluid in the p rim ary  pores and  

fluid in the fracture. T he finite-elem ent Galerkin m ethod was used to  solve this 

coupled system  of equations for tran sien t flow of w ater in a  confined leak}' aquifer. 

D uguid and  Lee's work was significant in th a t it a ttem p ted  to  m odel sim ultaneously 

the  flow in bo th  the m atrix  rock an d  the fractiues. and in the ir recognition th a t 

acceleration term s might have an effect on the  equation of m otion in th e  frac tiue .

1 2



Swann (1976, 1978) and  W illiams (1977) also stud ied  reser\''oir perform ance in 

fractured m edia by using models developed along the theories of B arenblatt et al. 

(1960) and  W arren an d  Root (1963). In Swann's first paper, he focused on relating 

the fractured reservoir properties to  the well test plots, as opposed to describing the 

flow phenom ena occurring in the rock m atrix  blocks and  the  fractures. In his second 

paper, he presented an analytical theory th a t describes waterflooding in fractured 

reservoirs.

One of the  m ost sophisticated  m ultiphase models was presented by Thom as et al. 

(1983). In their paper, the development of a three-dim ensional, three-phase model 

for sim ulating w ater, oil an d  gas flow in a na tu ra lly  fractu red  reservoir was de­

scribed. The reservoir was assum ed to be com prised of a  continuous fracture system  

filled w ith discontinuous m atrix  blocks. Therefore, flow in the  reservoir occurred 

through the fracture system  w ith local transfer of fluids between the fractures and  

the m atrix  blocks: bu t there was no commimication between the m atrix  blocks. As a 

result, the governing equations were derived from three fracture flow equations, one 

for each phase, coupled u i th  three m atrix-fracture flow term s. T he m athem atical 

form ulation was im plicit in pressmre. water sa tu ra tion  and  gas sa tu ra tion  or sa tu ra ­

tion pressure for b o th  the  fracture flow and the m atrix -fractu re  flow. A geometrical 

factor was used in th e  m atrix-fracture flow term s to  accoim t for the surface area 

of the m atrix  blocks per im it volume and a characteristic length associated w ith 

the terms. Hysteresis on relative perm eability and  capillar}' pressures as well as the 

variation of the  gas-oil interfacial tension were incorporated  into the model. Several 

examples were given to  dem onstrate  the utility  of their sim ulation model.

For cases where significant fluid flow occurs betw een m atrix  blocks, the dual­

porosity m odel has been extended to w hat are known as dual-perm eability  models. 

The fracture netw ork and  m atrix  blocks were viewed as two superim posed continua.
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w ith  b o th  th e  fractures and the m atrix  form ing continuous flow paths across the  

reservoir. A "dual-permeability'" concept was proposed by HiU and Thom as (1985). 

Their m odel differed from the dual-porosity model by the addition of interblock 

m atrix  flow term s. If these additional term s were set to  zero, the dual-porosity  for- 

mi dation was recovered. One needs to realize th a t dual-permeability- models require 

m uch g reater com puting time than  the dual-porosity  models. G ilm an and  Kazemi 

(1988) used the  dual-perm eability idealization to  develop an efficient algorithm  to 

accoimt accurately  for gravity effects both  in the  fracture and the m atrix . T hey  also 

accoim ted for \-iscous displacements in m atrix  blocks caused by pressmre gradient in 

the fracture network.

The presen tation  by Gilman (1986) was no tab le  inasmuch as it in troduced explic­

itly the  concept of using a numerical solution w ithin the  m atrix blocks to determ ine 

the flidd transfer ra te  to  the fractures. A sim ilar stra tegy  was introduced by VVu and 

Pruess (1988). T hey reported a grid refinement scheme to calcidate more accurately  

fluid m ovem ent and heat transfer in the m atrix  as a fim ction of time. An in tegrated  

finite-difference model to simulate oil recovery in a fractm ed  mediiun was formed.

1.3.3 C oupling o f  Fluid Flow and R ock  D eform ations

D uring the  last 40 years, many established oil companies and also individual re­

searchers have conducted extensive investigations into the  problem of reservoir com­

paction and  its surface subsidence. The rem arkable success of their m odeling pro­

cedures in p redicting  such a complex deform ation behaviour m ainly resu lted  from 

soil consolidation theory  developments which began in the  early 20's. T he s tu d y  of 

flow of fluids in deformable, saturated, porous m edia as a coupled flow-deformation 

phenom enon s ta r ted  w ith the work of Terzaghi (1943) who developed and  used a 

one-dim ensional consolidation model. His consolidation theory has been one of the 

m ajor incentives for the  development of soil mechanics. In petroleum  engineering,
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m any authors have observed th e  relationship between soil consolidation theory and 

the occurrence of reservoir com paction problems th a t can induce a  considerable 

am ount of subsidence at th e  surface (Lewis and Sukirm an. 1993a: Finol and Ali. 

1975). From field observations, it is obvious tha t reservoir com paction is dtie to the 

increased effective stress caused by pore pressure changes diuring the  production of 

hydrocarbons from the reservoir.

T he fundam ental work of Biot (1941. 1955) on the general th eo r\' of consolidation 

provided the constitutive stress-stra in  relationships on which th e  analysis of stress 

and  fluid flow in deformable porous elastic media was based. Solutions for fully 

coupled and non-linear behavior of consolidation were quite num erous (Zienkiewicz. 

1977: Xoorishad eJ. aL. 1982: K haled et aL. 1984: Ghafouri and  Lev.is. 1996). The 

double-porosity model together w ith the poroelasticity theory were applied widely 

to problems of consolidation, siuface subsidence, evaluation of the  stress, pressure 

and  faihure fields aroim d boreholes (D etoum ay and Cheng, 1988; E lsw orth and  Bai: 

1992: Bai and Meng. 1994: Bai et aL. 1995). Also a lot of a tte m p ts  have been 

m ade in sim ulating m ultiphase flow in a deforming porous m ediiun (Li et aL. 1990: 

Schrefler and Zhan. 1993: Lewis and  Sukirman. 1993a. 1993b).

The paper presented by Li et al. (1990) gives the theory of tw o-phase fluid flow 

in a porous mediiun. They adop t a continuiun approach, in w hich a representative 

elem ent voliune aroim d any m athem atical point considered in the  dom ain always 

contains the solid and  tw o-phase fluid flow, and the classical m icroscopic m ass bal­

ance law of continuiun mechanics will hold for each phase. B ased on th e  generalized 

Biot theory, their model takes into accoimt the effects of m a trix  an d  fluid com­

pressibilities. interphase m ass exchange and  capillary. T he fiill m a th em atica l model 

results from two non-linear m ass balance equations for the two fluid phases and one 

non-linear equilibriiun equation  for the  to ta l m ixture, sub jec ted  to  D arcy 's law for
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m ultiphase flow a n d  the  constraint defining capillary  pressure between b o th  fluids.

A lot of papers have been foimd recently s tu d y in g  the  fully coupled effect of 

m ultiphase fluid flow w ith  solid deform ation (Li a n d  Zienkiewicz. 1992: Sim  et a i. 

1997: Li and  Fan. 1997: C hin and Prévost. 1997: G aw in et a i. 1997; K lubertanz et 

al.. 1997). T he on ly  paper which considered m ultiphase flow through deform able 

fractiured porous m edia is given by Lewis and  G hafouri (1997). T heir m odel is 

based on the  th eo ry  of double-porosity an d  accoim ts for the  significant influence of 

coupling betm'een fluid flow and  solid deform ations. A G alerkin-based finite elem ent 

m ethod was app lied  to  discretize the governing equations both  in space and  tim e 

domains. The final set of equations represented a  highly  non-linear system  as the  

elem ents o f the  coefficient m atrices were u p d a ted  during  each iteration  in term s 

of the  independent variables. As discussed before, some of their assiunptions are 

not reasonable. Also the ir formulations are given from phenom enon, not from the 

theory. In such case, some parts  in their equations are questionable.

B ased on the lite ra tu re  review, it is foimd th a t  to  da te , fewer of the existing 

models have been utilized to  specifically study  the  com bined eff'ect of tw o-phase 

flow in a deform able satm rated reservoirs. Tw o-phase flow in fractured reservoirs 

is considered in m an y  papers, but the reservoir is tre a te d  as a rigid solid. Some 

published papers take  into accoimt the coupling effect between the m ultiphase flow 

and deform ations o f the  reservoir, but the  reservoir is considered as an  hom ogeneous 

porous m edia. A lthough m any models are used to  sim ulate fluid flow in deform able 

fractiured reservoirs, th e  fluid is chosen as a single phase instead of m ultiphase. 

Thus, the  work in th is  d issertation provides the  de ta iled  fim dam ental theory  and  

the m unerical solutions for the  coupled effect of tw o-phase flow in a deform able 

frac tiued  reservoirs.

W hen using th e  dual-porosity  m ethod, it should  be no ted  this approach is lim ­
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ited  and  only meaningful if the  size of elem ents (in the finite elem ent m ethod) or 

gridblocks (in the finite difference m ethod) is less than  th a t of the m atrix  block 

(M attax  and  Dalton. 1990).

1.4 Outline o f th e  D issertation

C hap ter 1 covers the general in troduction  la>*ing out the objectives for th is d isserta­

tion  and  defining the problem . A critical literatiure review of m unerical m odeling for 

the m ultiphase fluid flow and  fully coupled rock-fluid system  in natiurally fractiured 

m edia is included.

C hap ter 2 derives the  app rop ria te  expressions for two-phase fluid flow in frac­

tu red  porous media using the  dual-porosity  concept. For this fully coupled system, 

foiur equations for the fluid flow aspect and  three equations for the  solid are devel­

oped. Those equations consider the  effects of capillary pressure, relative perm eabil­

ity  and  saturation  changes.

C hap ter 3 contains the details of the  num erical im plem entation. T he  munerous 

1 unknowns are solved through  the  finite elem ent technique, which enables the so­

lutions to be derived in general three-dim ensional domains. T he considerations of 

poroelasticity. the variations of density  and  porosity . and the influence of capillary 

pressure, relative perm eability  and  sa tiu a tio n  are also explained.

C hap ter 4 focuses on the  validation of the  munerical algorithm . T h e  theoretical 

form ulations and m unerical solutions are validated against pure elasticity, steady- 

s ta te  flow and consolidation cases w here the analytical solutions are readily  available. 

Also the two-phase flow results are com pared between this m odel an d  the  finite 

difference m ethod.

C hap ter 5 investigates th e  param etric  influence. Through the  param etric  changes, 

the m odel allows to study  the  behaviors of pure elasticity, steady s ta te  flow, single­
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porosity  single-phase flow, single-porosity two-phase flow, dnal-porosity single-phase 

flow and dual-porosity tw o-phase flow. In addition, the param eter studies give b e tte r 

im derstanding of the m odel and  physical behaviors of the  examined problem.

C hapter 6 includes the  application of the  numerical model. The single-phase and  

two-phase flow characteristics of the rock sam ple and flow behaviors are num erically 

sim ulated. Through the horizontal injection and  vertical injection sim ulations in 

b o th  single-porosity and dual-porosity  approaches, the use of the model, the solid 

deform ation characteristics and  fluid flow behaviors can be b e tte r im derstood.

Finally in C hapter 7. conclusions and  recom m endations for future studies are
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C hapter 2 

T h eoretica l Form ulations

2.1 Introduction

The basic m echanism  of fluid flow in ftractiired porous m edia may be explained as 

follows: the applied ex ternal loads an d /o r well p roduction  bo th  create a pressure 

gradient between th e  fluid w ithin the m atrix  pores an d  the fluid in the fractures. 

The fluid w ithin th e  m atrix  is squeezed out into the  frac tu red  m edium due to  th is 

gradient. Subsequently, flow towards the p roducing  well takes place th rough th e  

fissured network. In this dissertation, the n a tu ra lly  frac tu red  reservoir is considered 

as two overlapping continua, one representing th e  porous m atrix  while the o ther 

representing the  defonnable fractures (fissures). B ased on the  dual-porosity concept, 

the derivations of the  seven governing equations for tw o-phase flow in a deform able 

naturally  fractured reservoir include the equilibriiun an d  the  continiiitj^ equations. 

These balance equations need also to take into accoim t the  effects of capillarity  an d  

the variation of relative perm eability and  sa tiu a tio n .

The following characteristics and assum ptions are  made:

1. The reservnir is trea ted  as a double porosity  m ediiun. O ne porosity is associ­

ated  w ith the prim ary  rock m atrix and  the second porosity  is associated w ith  

the fractures:
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2. T he rock is a poroelastic com pressible solid subject to small deform ations. 

However, o ther constitu tive laws for the  rock behavior m ay also be utilized;

3. F lu id  velocities in both  the p rim ary  rock pores and the fractures a re  assum ed 

to  be small. In such case. D arcy 's law  is valid:

4. T he  analysis is related to a m acroscopic level which contains a represen tative  

sam ple of rock m atrix  and  fractiure geometr}-;

5. T he fluid pressiures. satiurations. porosities, perm eabilities and  o th er properties 

of b o th  the porous m edia and  th e  fluids are considered separately:

6. T he two-phase fluid flow w ithin  each continuiun is independent of th e  flow in 

the  o th e r continuiun and  any coupling between the fluid flow in th e  porous 

m atrix  and  the fracture is controlled only through a interchange te rm  which 

is assiuned to be in quasi-steady s ta te :

7. T he rock m atrix  and fractiue system s are assiuned to be fully sa tiu a te d : and.

8. In the following m athem atical form ulations, subscripts 1 and  2 alw ays refer 

to the  rock m atrix  and frac tu red  system s: while subscripts o and  tv s tan d  for 

oil and  w ater phases, respectively. T he stress is defined as tension positive 

whereas the  pressiue is com pressive positive.

2.2 Prelim inary C alculations and R elationsh ips

T he m ain  objective in this sim ulation is to  determ ine the reservoir displacem ents, 

th e  tw o-phase fluid pressiues and  sa tiu a tio n s  for b o th  rock m atrix  an d  frac tiue  

system s w ith in  any given point o f th e  reservoir dom ain. As will be seen la ter, the 

coefficients o f the  determ ined non-linear p a rtia l differential equations, in  add ition
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to  being functions of the independent variables, are also functions of the depen­

dent variables. Those coefficients account for the effects of reservoir heterogeneity, 

relative permeability, rock an d  fluid compressibility factors an d  capillary  pressures. 

These param eters are either pressure- or satiuation-dependent. Therefore, all the 

existing param eters m ust be converted to  an  appropriate form  before being able to 

adequately  form ulate the equations.

2.2 .1  P orosities and Saturations

Consider a representative e lem entary  volume in a dom ain containing a sufficient 

m ixture of rock pores, frac tiue  m atrix , and  w ater and  oil phases. Pore spaces are 

represented by porosities, i.e. <pi for the rock m atrix  and 02  for the  fractiue m atrix  

part. T he voliune fraction which constitu tes rock is. therefore, given by (1— 0i — 

0 2 ). Hence, the voliune fraction occupied by the fluid is (0 i4- 0 2 ).

The to ta l voliune of the  m edium  is;

V  =  K  +  y, +  VS (2.1)

where V  represents the to ta l voliune. and  the subscripts s. I and  2 of the remaining 

voliune term s denote fluid in th e  solid, fluid in the pore spaces, and  fluid in the 

fractures, respectively. Porosities are defined for each of th e  com ponents of the 

m ediiun as:

01 =  02  =  ^  (2 -2 )

Introducing the tim e differential opera to r as:

O d d

where is the solid velocity. A pplying Equation (2.3) allows the flexibility of 

sw itching between the Lagrangian and  the Eulerian coordinate system s; the former 

being a moving coordinate system .
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Com puting the  derivatives of m atrix  and  fracture porosities w ith respect to tim e 

give;
 ̂ Dcjji I (D V y  ̂ D V \

Dt ~  V  \  D t D t )  , ^
(2.4)

D(I>2 1 fD V i  , D V \
Dt ~  V  \  D t D t )

The fraction of pore space occupied by each fluid is referred to as the  saturations. 

It is assum ed th a t the pore volume is com pletely filled up w ith a com bination of 

immiscible fluids. Therefore, the sum  of the  fluid phase satiurations m ust equal to  

I mit}' for both m atrix  and  fracture systems, i.e..

S\o + S\u, =  1
(2-5)

-r <J2w — 1

where again, are the  satiurations for oil and  w ater phases in the  m atrix ,

and  S-io- S-iw are the  equivalent satiurations for the fractiures. respectively.

2.2.2  F luid  Pressure

In a dual-porosity system , there are foiur fluid pressiures. P\o. P-io are the oil pressiues 

in the m atrix and  the fractiue systems; and  Pi,,]. P-zw are the w ater pressures in the 

m atrix  and the frac tiue  systems, respectively.

The average pressures can be weighted by the  saturations for both  m atrix  and  

fracture systems as (Lewis et aL. 1993a):

P{ =  SloPlo 4- Sl,uP\w
(2 ^ )

P-l =  S 2 0 P2 0  +  SzwP-lw

Even though rock tends to  be more w ater-wet than  oil-wet. it can be fiu ther 

assiuned tha t b o th  w ater and  oil phases are in contact w ith the solid. In the  eval­

uation  of solid deform ations in the dual-porosity poroelastic media, the  trad itional 

m ethods would consider th a t the influence of pore pressures is assessed w ith  respect 

to  the individual m ediiun, while the solid deform ations due to  the voliunetric stra in
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are e ither neglected in the  case of th e  fractures (W ilson and Aifantis. 1982); o r sep­

a ra te  deform ations are d istinguished for th e  m atrix  and for the fractures (E lsw orth 

and  Bai. 1992).

D ifferentiating Equation (2.6) w ith  respect to  time, one obtains:

dPi dPi„ , ro OPuu , „  «95’,,
— o i o —  r   r  — — ------h  P i ,

dt ‘ d t d t ‘ " d t dt

dP i ^ dPio , n  „  dS-iw
-  ^ • l o ~ 7r.------- r  t ^ 2o ~ 7r. r  J ^ w — TT-----r  P-i,,

(2.7)

2.2 .3  Capillary P ressures

C apillary pressure plays a  m ajor role in defining the initial d istribution o f fluids in  a 

reservoir and  can have a significant influence on the  fluid phase pressure variations 

and  fluid movement.

For a given rock, the w ater/o il capillary  pressiures depend not only on th e  sa tu ­

ration  bu t also on the direction of sa tu ra tio n  changes. W hen the d isplacing fluid is 

the w etting phase (e.g.. w ater d isplacing oil), the  saturation change is in th e  im bi­

b ition cycle. W hen the displacing fluid is the  non-w etting phase (e.g.. oil displacing 

w ater), the satiuration change is in th e  drainage cycle. Figure 2.1. A lthough it is 

possible to formulate a model th a t accoim ts for the hysteresis resulting  from  the 

change of direction of flow, in m ost situa tions the  directions of flow can be p red ic ted  

and  only one set of capillary pressure ciurves is required.

In a fu lly-satiuated  oil reservoir, th e  fluid pressiue values at any point a re  re la ted  

by the ir capillar}- pressiue relationships. In general, capillarij pressuTe is defined as 

the difference between the non-w etting  and  the  w etting phase pressiues. i.e..

Pf, — P n o n —w etting  P w e ttin g  ( 2 - 8 )

Therefore, for water-wet oil reservoirs, the  following expressions are used:
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Figiure 2.1: C apillary pressure w ith sa tu ra tion  

For m atrix  oil-water system .

P \ r  =  P \o  — P \w

For fracture oil-w'ater system .

P-ic =  P i o  — P-iw

(2.9)

(2 .10)

As showm in Figure 2.2. the  capillary pressure in th e  fracture declines rapidly  

w ith  increasing w ater sa tu ra tio n  (Kazem i et a i. 1975). This sets up a  pressure 

differential between the rock m atrix  and  the  fractures, causing oil to flow to the  

fractiure and w ater to  flow to the m atrix , which is th e  imbibition effect. In some 

papers, for the  fractu red  netw ork system , the capillary effect has been ignored or 

has little  influence (Lewis, 1993a).

T he capillary pressure an d  w ater sa tu ra tio n  relationship are generally known 

from laboratory  experim ents.
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Figure 2.2: Capillary pressures in a fractured reserv^oir w ith im bibition

2 .2 .4  R elative P erm eab ility

Relative perm eability relationships are influenced by the history of th e  rock/fluid 

system , such as pore geometiy. wettability^ fluid d istribution and  sa tu ra tio n  history. 

B oth  the endpoint values and  the shapes of relative perm eability fim ctions influence 

calculated reservoir sim ulation results, such as fluid pressures and  satu rations. The 

basic shapes of the relative perm eability  ciurves for the principal rock types in a 

reservoir are usually defined by labo ra to ry  tests on representative core sam ples. 

Figiure 2.3 shows a  tj’p ical oil reservoir relative perm eability curve.

2.3 Im m iscible T w o-Phase Flow  C ontinuity Equa­
tions

2.3 .1  M ass C onservation E quations

Consider the  mass of a representative elem entary voliune K in a porous medium. 

Since this volume is composed of fluid and  solid, the  governing equations for the
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Figure 2.3: W ater sa tu ration  with relative perm eabilitv'

conservation of masses of fliiid and  solid will be derived separately.

The mass of the solid com ponent of the medium can be expressed as the volume 

fraction of the  porous solid. = {1 — (p) V. times the density of the  solid, p.,.. where 

4> is the sum  of m atrix  and  frac tiue  porosities, (p =  cpx + 0 2  (D uguid and  Lee. 1977).

For a liunped solid deform ation system  of the dual-porosity medium , the mass 

conservation of the solid constituent requires th a t (Li et a i. 1990):

DAL D
Dt

dv =  0 (2.11)
dt ' dxi

It should be noted th a t  Equation  (2.11) may contain the discrete porous mediiun. 

If continuiun m echanism  is assiuned to prevail, Equation (2.11) can be simplified as:

«9(1 -  0 )p^  5 (1  -  0)p„K^
+ =  0 (2.12)

d t ' dxi

Similarly, the  mass conservation equations for the w ater and  oil phases in bo th  

rock m atrix  and  fracture system s are as follows:
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^^i^lwPXw ^4^lSlyjPluiU\uji
H  1 m =  Ud t dxi

d(f^\S\opxo_ d4>iSi„pioUu
dt dxi

déiSïwPïw  d(f>2S2wP2w ̂ 2wi 
d t dxi

^4>2S2op2o d(p2S2op2oU2m „
H----------% h i  o =  U

— To =  U

+  r,„ =  0

(2.13)

d t dxi

where Ui,ui, U\„i, a n d  ll2 m are the intrinsic phase velocities for both  fliiid phases 

in the  m atrix  and in th e  fracture system: P\w, P\o-. P2 w and  p 2 o are  the  densities of 

the  w ater an d  oil phases in the  m atrix  and  the fractures: F,„ an d  are th e  ra te  of 

fluid m ass (w ater and  oil) transferred between the porous blocks and  the fractures 

per im it bulk volume of the medimn. The interchange flux between the  m atrix  

and  fractures can be expressed as a function of both  tim e an d  space. A dopting 

the sim plified assum ption of quasi-steady s ta te  flux, suggested by B arenb la tt eÂ al. 

(1960) and  W arren and  Root (1963). the following relationship can be w ritten :

F .  = -klrx'^  (T"t% — P2tt) (2.14)

w here tt stands for oil o r w ater phases; the factor ^  is defined as (W arren and  R oot. 

1963):
4 n (n  4- 2)

(2.15)

where n  =  1, 2 .3  is the num ber of norm al sets of flssiures; and  s is the  average porous 

block dimension: or. in o ther words, the average fissure spacing.

D arcy velocities for b o th  fluid phases are defined as:

^Iwi 01‘̂ lt/j ^ni'}

=  4> \S lo  {U Icn  -  

U2wi — 02‘S’2u; {U2wi ~  ’̂ si) 

U2m =  02‘S'2o {U2m ~  U«)

(2.16)
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or.

0rj‘S';pr (Ĉ rpri ^^si) (2.1/ )

where the  subscrip t q = 1,2  stands for the rock m atrix  and  frac tu re  sv-stems. and

7T = o. w  for the  oil and  w ater phases, respectively.

S u b stitu tin g  the  first equation in Equation (2.16) into the first E quation  of (2.13).

expanding the  derivatives of E quation (2.12) and  the  first equation of Equation

(2.13). and  considering (* ); to be equal to ‘  ̂ ^ . one ends up w ith  th e  following
dxi

expressions:

“  ' ’• a T  “  +

— — fl’si<p-iPs.i ~  U^ip^cpi i — lL„i(p\Ps_i +  PsU^i.i +  U^tPs.t =  0 (2.18)

T ^Plw r ,  ^(pl

S  iw^-^siPlw,i “h ^lwPliv^^si^Pl,i ”h P\w^\wi,i “h ^XwiPXw.i f̂ 'i; 6 (2.19)

e  f J p iw  , dcpi  , _  „
 < P \ P \ w ~ ^ ^  h  ^ l w P l w ~ ^  +  f p l J l w P l w ' p H . i  +  (plPlwll-.-nP^lw.i

or.
f  ( ^ P a  A f  d ( p 2  A  , (  3 p a  \

~ 0 2  I +  ' I ' . i i P . i . i  I —  P .s  I +  • t - n i < p 2 . i  1 ~  0 1  ( +  “ ■ s i P . i . i  I

—p.s +  '^«01.i^ +  +  «aiPs.ij + {1 — (pl — (p-2) PsU.fi.i =  Ü (2.20)

,  ^  f  d p i  , a  , ^  , ,  f  d S i , ^  , ^  \  ,
T̂̂ X̂ Xw I ^ ŝiPXw.i \ 4^\P\w I 4" ^^si^XwS I P iw^^lwi,i

~ ^ ^ l w P l w  ^  “h 4 ^ l ^ l w P l w ^ d i , i  *h ^ ^ I w i P X w . i  b (2.21)

Considering E quation  (2.3). the  previous equations become:

; D p s  D ( p 2  ^  D p s
“ 02~Fn—  —  01"D t Dt D t

~P^ +  (1 — 01 — 0 2 ) P^Usi,i =  0 (2 .2 2 )

, c. ^P iir ,  ̂ O Sw  , ^  D01
01'Jiw—̂ ----1- (piPiw—^ ^ ----r  0\wP\w—̂ ~
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~^4^l^lwPlw^.ii,i Plm^lwi.i “f” ^IwiPlw.i r,„ — 0 

From  E quation  (2.22). the following expression can be obtained; 

D 0I 02 Dp^ D02 01 Dp^ 1 Dps

(2.23)

+ +  (1 — 01 — 0 2 ) Uat.i'
D t p_̂  D t D t ps D t pg D t 

S ubstitu ting  Equation (2.24) into Equation (2.23). one gets:

, c  Dpiw  ̂  ̂ DS\,ji  ̂  ̂ \ ^XwPhu Dps ^
 1-  0 l P l u , — ^ ------h  ( 1  — 0 1  — 0 2 ) -----   +  P lw 'l - lw i . i

(2.24)

+  (1 — Cp-2)Sl,vP\w“‘.n.i — •S’lti/Plt
D(p2
Dt +  WlrriPltr.t “  Tru — 0 (2.25)

However, an  equation relating the change in fracture porosity to the  change in 

fluid pressures is required. Deriving Equation (2.1) w ith respect to time, one obtains 

(P eter and  Geogre. 1983):

D V  DV, DVx DVz
 =  i  -1-----------  H---------- z
Dt Dt D t D t

Com bining Equations (2.4) and (2.26) gives: 

D(i)-i

(2.26)

Dt V
, ,01/2  . D l/i , 0 %

(1 — 0 2 )~Tn---- 0 2 —PTI-------02Dt D t Dt
(2.27)

Considering the mass conservation equations for each phase and for b o th  rock 

m atrix  and  frac tiue  system s in differential form. i.e.

r o(/,.%)
Dt 

D {̂ p ituVitu) 
Dt

DipxoVxo)
D t

D{p2w^iw)
D t

DjpzoVzo)
Dt

=  0 

=  0 

=  0 

=  0 

=  0

(2.28)
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where Vi»,, V'l .̂ V-iu, and V-m are the volumes of the water and oil fluid in the  m atrix

and  the  fractiues. respectively.

The relationship between changes in pressure and volume is given through the

concept of compressibility. C  =  — or stiffness. K  = From th e  definitions of
V d P  C

com pressibility of fluid and porosity, the following relationships for different system s 

can be w ritten:

1. rock m atrix :

DVi DP\ D{S\oPio P  S\,uPuv)
ViD t KyD t K'lDt

2. fractiues:

1 DV-j 1 DP2 1 Di^S-ioP'ln P  ^ïwP'lw)

(2.29)

(2.30)
V2  Dt K 2  Dt K 2 Dt

where K \ and K 2  are the fluid bulk moduli of rock m atrix and fractures, defined as: 

/\'i =  A'i,„ +  and K 2  =  S 2 wK 2w +  S 2 0 K 2 0  (M atthews and  Russell. 1967):

Rtw. Kio. K 2 W and  K 2n are the water an d  oil fluid bulk moduli in th e  m atrix  and  

the fracture system s.

3. w ater in rock matrix:

1 Dpiw _  1 DV[,u _  1 DP\w
Piw D t Viu! D t A. D t

4. oil in rock m atrix:

J _ £ p i i  _  _ _ L £ Y i i  = 1 DPyo
P\o D t Vi„ D t Alo Dt

5. w ater in fractures:

1 Dp2w _ 1 DVjw _ 1 D P 2W
P2w D t V2 W D t K 2W D t

6. oil in fractiues:

1 Dp2o _  1 DV2 0  _  1 DPio
P2 0  D t V2 0  D t K 2 0  Dt
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(2.32)

(2.33)

(2.34)



7. solid:

1 -R E i
p.-, D t

1 DV, 1 DP\ ^  1 DP 2  (l'a {1 — oc:i)
v ; D t K , Dt Kr^s D t 3 ( l - 0 ) / C t

where.

fr'v =  3 K,
DPi ^  1 DP-i

(2.35)

(2.36)
,D t KnS Dt

and  u i th  Kt = K ,{1  — 0 :1). Kt =  /v„.s(l —a-z): a ,  is B iot's constan t: Kt. K , and  /\„ 

are th e  bulk  m oduli of the solid skeleton, moduli of the grains an d  fractu re  norm al 

stiffriess. respectively: .s is the  fracture spacing. T he derivations of E quations (2.35) 

and (2.36) wiU be foimd in A ppendix A. then Equation (2.35) becomes:

(a .'j — cp) D P  I (ck.-j — (p) D P i

1 D p, 
p , D t

where a.j =

1 DV, K , D t
+

K n S  D t
v; Dt

aia-i
a i  4- a-2

( 1 - d . )

. R earranging Equations (2.29)-(2.34) and  (2.37). gives:

(2.37)

f  D V ] 0 , y D P ,

D t i S x w A 1 w 4" 5  If)K x o ) D t

D V i ( p i V D P i

D t [ S i w P l w  +  S i o K 2, ) D t

D  pxtii P \w D P i i v

D t K\u . D t

D p i o Plo D P x o

D t A  lo D t

D p i t u Piw D P i n ,

D t K i w D t

D p i o Plo D P i o

D t K i o D t

D p,
D t

D V,
Dt

(2.38)

(a.{ — 0 ) DPi (0-3 — 0) D Pi ! \
-I  -------- —------(1 -  Q3 ) U,i îK , D t KnS D t

= - V

(1 — 01 — 0 2 )

(0:3 — 0 ) D Pi (q3 — 0 ) D Pi
K , Dt

+
KnS
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S ubstitu ting  Equations (2.27) and  (2.38) into E quation  (2.25). it follows th a t:

{a-.i -  0 ) D P i (a:i -  cp) DP-i
  rK\,„ Dt

^  IwP lw  ^

4-^2

Dt +

(1 ~  02)02 DP-i
4-

KnS Dt

(p‘2Cpi

— (1 — a.-{)

DP,
{S‘iwf^2w i- S2of^2o) Dt {S\,uK,ui S\oKio) Dt.

D Su(ck.j — 0) D P, (a.-j — 0) D P 2  / \
------------------  4-------n ---------- — ------- (1  -  a.-{) 4- 0iPii.Dt KnS Dt 

4"(l 02)0  4* Plw^lwi.i  4“ ^^iwiPXw.i E — 0

Dt

(2.39)

To ob ta in  the final form of the  flow equation in an am enable form, neglecting

the  convective terms*, i.e. —^  ^ ^ . and  com bining Equations (2.7) an d  (2.39)
Dt dt

w ith D arcv 's law, results in:

Pipr
kvTjK {Prin.i 4” PrfTzPf^) (2.40)

where subscript q s tan d  for the rock m atrix  and  frac tiu e  systems, w^hile subscrip t tt 

are the  oil and  w ater fluid phases; A:̂  are the intrinsic perm eabilities in the  m a trix  and  

fracture system s: krrpr are the relative perm eabilities and  are the viscosities of the  

oil and  w ater phases in the  m atrix and fracture, respectively: g is the  g rav ita tional 

acceleration and  h  is the  height above a reference level. Then the governing flow- 

equation  for the w ater phase in the m atrix  can be w ritten  as the follow form:

. P i w
 71 r JiwPiw (1 — 02)dt

(«■1—0 1 —02) f  c- ^Dlo , r>
“Jio—rr:— r  ^ lo —;

dt  

+  A „ .

+  +  P2 ..

dt  

d S ^ \
d t  J

dSju, \
at J

4-

4-

/ c

(«■•{ — 01 — 0 2 )
KnS

SlwPlwj^ — 02)02
[SiwKïui 4- S 2 0 K 2 0 )

0^1 w P  lu , 0 2 0 1  I

{Si^jjKiu, 4- S i o K i o )

dt d t

‘J2o~77'2 r  C2o-dt d t

' With small solid velocity, and variable distributions in space not change dramatically, the 
convective terms may be neglected.
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I c  , p  9S\ti3 ^ Plw^X ; / p  , \
r X irL* j  ^  fcrltü (x luj j +  P iw Ü ^ ) I ^PlPXw

+  (1 — (p2)0i:iSiu,plwUni.i —  ̂ {Plw ~  P'iw) +  Qlw =  0 (2.41)
Plw

T he conserv'ation of m ass for w ater and  oil in the m atrix  an d  in the  fissures may 

be generally expressed as:

(Q:{ 4̂ -q <Pc) f  Ç, p
K , l a t  a t

^ ^ P tttt p  dS,pr\ (Q;{ (pj, 0ç) /  l9Pç—

‘S’>77rPrpr(l ^Pj"^ , p

I C ^PjT^ . p  \ ____________SrjTrPrpr^^<pTi (  ç, ^Pyjru  p  ^^r)rr

;  (:9,rrA:,rr +  :?,n;/CT=)l

( P ^ ,+ P „ g h )  , +

+  (1 — (p()a-^SjjTrPrf:zUsi.i — ( —1 ) ''- -^ ' (P|,r ~  Pirz) +  Q^pr =  Ü (2.42)
p  Itt

where q ^  ^  = 1.2  for the rock m atrix  and  fissures: tt ^  -cc =  w .o  for w ater and  oil 

phases, respectively. The injection and production of w ater and  oil in the  m atrix 

and  fracture systems are taken into accoimt by introducing app rop ria te  nodal source 

term s, i.e. Q iw  Qio- Q-iw and  Q 20, respectively.

2.3 .2  V ariation o f F lu id  D en sities and P orosities

The fluid densities in the fluid flow equations can be expressed in term s of fluid 

pressures. E quation (2.38) shows these relationships. Also these equations can be 

w ritten  as:
d-pTfz dPpr
Prpr A

(2.43)
rpr
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Integrating bo th  sides of the  above equation; an d  considering the in itial fiiiid 

densities, p'-^. and  initial fluid pressiures. P ^ .  one obtains:

i tPm = pI k exp (2.44)

The changes of rock m atrix  and  fracture porosities can be determ ined a t each 

tim estep by solving Equations (2.24) and  (2.25) in an  explicit m anner. Neglecting 

the convective term s and  regrouping Equation (2.25) gives:

d(f)2 01 dpi,u 01 dSiiu (a-5 — 01 — 02) dPi
4- — r  1-------------- r:----------— +dt d t S\,t, d t dt S I W

{an — -  (p-i) dP-2 'iiwiPiw.i r,„
+ ------------------ I T  +  -  02)u«.£ +  - T — -- T —  (2.4o)

A.n*̂  uC ^\wP\w ^iwPlw

The above equation is discretized in time as:

- a t -  =  Â T -  +  Î T -  +

, (a , -  0") -  /T  . («:, -  0") , " L u  c
-I 77~----------n —  +  (-•-*0 )K., A t  A t  67r«Pu

.4.11 the term s are known at tim e n and the term s in right-hand side of equation

at time ri 4- 1 are also known. In such case, the porosity  0%^' can be obtained.

Following the same reasoning, 0 "’*'* can also be determ ined as:

ÿ î "  -  »? ^  ( Q ; , - » " ) P r ‘ - . P r  (a:, -  f )  P f "  -  i ?
l i t  K . I t  K„s A t

+ ( ! - « - ? -  ®5) < . i  (2.47)

2.4 R ock D eform ations

2.4.1 C on stitu tive R elationships

The relationships between changes in to ta l stresses {cij) and  intergranular stresses 

cdij are given by (Terzaghi, 1943):

(Tij =  a'i - -  ctiôijPi -  aidijP-i (2.48)
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where subscrip ts 1 and  2 refer to the  rock m atrix  and  the  fractured systems:

represents th e  effective stresses, a j  and  are the  pore pressure ratio  factors, which
K  K

can be evaluated  approxim ately  as: a i  =  1 ----— . 0:2 =  1  —— . where /v„ is the
KnS

fissure norm al stiffness and  s is the  fissure spacing; Sij is the  Kronecker delta, which 

by definition is such th a t: Sij =  1. when i = j  and  %  =  0 when i ^  j .

T he linear constitu tive relationships for the system  are defined as:

^ ij   Dijkl!Zkl

A nd th e  inverse relation recovered from Equation (2.49) is:

- i j  ~

(2.49)

(2.50)

where Dijki is the  elasticity  m atrices. Cijki is the compliance m atrices for the  system, 

respectively. Those m atrices will be defined subsequently.

S ub stitu tin g  E quation  (2.48) into Equation (2.50) gives:

— Cijkl(Tkl +  CijklCt-l^klPx 4- CijklOt-i^klP'l (2.51)

or.

P i j k l i .  — k l C k l m n ^ l ^ m n P l  C k l m n ^ ' i ^ m n P ' i ) (2.32)

T he elasticity  m atrix  Dijki can be defined explicitly, in a three-dim ensional ge­

om etry  for an  isotropic m edium , as:

D i j k l

D i j k i — ( C i j k i )
- I

=

d l l d i 2 d i : i 0 0 0

d ‘i i d-i2 d ‘23 0 0 0

d.-ji ^ 3 2 d x t 0 0 0

0 0 0 ^44 0 0

0 0 0 0 0

0 0 0 0 0 d m

(2.53)
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where, the compliance m atrices are as follows:

Cut, -  g

1 —u —u 0 0 0
—u 1 —u 0 0 0
—u —u 1 0 0 0
0 0 0 2 ( 1 -b,/) 0 0
0 0 0 0 2 (1 +  w 0
0 0 0 0 0 2(1 4-

and.

Dijki 1=
2{l + u) ' 1 3,/2 2,/*'

E'  ̂ E-‘ E'-̂

E'^

_ J _ 2(1 -j- u)
7— û:v2 — E I

2(1+1 / ) ] V i
E

•>1/ 1/ 
E ‘̂

2U

d-w = d-z2 =  dxi -

di2 = d-zi = c/,.5 — d:n =  d^i =  d;,2 =

d.Ui =  ^55 =  dfi6 =

where E  is the elastic m odulus, u  is Poisson s ratio.

2.4 .2  Equilibrium  E quations

The equilibrium equation of m otion for a solid may be w ritten  as

^ i j j  "h Ei=Q

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

where is the vector of b o d y  tractions. The strain-displacem ent relationship is 

defined as:

2 (^t.i + (2.60)

Inserting Equation (2.52) in to  E quation  (2.59). the expanded  equilibrium  equa­

tion can be expressed as:

{Dijki-kl DijklCklmn^l^mnPl DijklCklmn^2^mnP2^J — 0 (161)

T he stage is now set for a  descrip tion of the general num erical solution of these 

fully coupled equations and  o f p a rticu la r finite element form ulations w hich have been
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incorporated into the  com puter programs. T he fin ite  element method  is applied to 

discretize the  governing equations both in the  space and tim e domains. How to 

solve this highly non-linear system , how to choose unknowns and  how to u p d a te  the 

coefficient m atrices diuring each iteration in term s of the independent variables are 

also presented in the  next C hapter.
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Chapter 3 

N um erical Im plem entation

In general tŵ o types of approaches can be used to ob ta in  solutions to a  m athe­

m atical model; analytical methods and  numerical methods. W hen vising analytical 

m ethods one seeks to ob ta in  a functional representation for the  solution of the par­

tial differential equations. I f  the analytical solution can be obtained, the accuracy 

is perfect and can be used to  study  reservoir behavior, to  in terpret d a ta  from lab­

oratory  and  field experim ents, and  to  verify the accuracy of solutions obtained  by 

numerical methods. The principal lim itation of analytical m ethods is th a t solutions 

can only be obtained by im posing severely restrictive assum ptions about the  reser­

voir properties, boim dary conditions, or initial conditions. In m ost field situations, 

however, the assumptions required to obtain solutions using analy tical m ethods are 

not satisfactory.

3.1 Num erical M ethods

Numerical methods do not require the  restrictive assum ptions used in analytical 

m ethods. Several types of num erical m ethods have been used to  solve fluid flow 

problems, the two principal ones being the finite difference method  and  the  finite  

element method. A lthough th e  word 'hnethod" is singular, these term s actually  refer 

to two ra ther large groups o f num erical procedures.
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3.1 .1  F in ite  D ifference M eth od

T he finite difference m ethod was first applied, to problems of fluid, flow in the  m id- 

60's (B ruce ef. al.. 1953; Freeze and  W hitherspoon. 1966; F inder an d  Bredehoeft. 

1968; G am bolati et al.. 1973; Zam an e t al.. 1991 and  Trescott a n d  Larson. 1977). 

T he m ethod  has a num ber of advantages th a t contribute to its continued  w idespread 

use and  popularity;

1. For simple problems (e.g.. one-dimensional, s teady-sta te  flow in an  isotropic 

and  homogeneous reservoirs) the m athem atical form ulation an d  com puter im­

p lem entation  are easily im derstood by those w ithout advanced tra in ing  in 

m athem atics o r com puter program m ing;

2. G ood textbooks are available to help the beginner;

3. Efficient num erical algorithm s have been developed for im plem enting the  finite 

difference m ethod on com puters;

4. W ell-docum ented com puter program s for soKing flow problem s are widely 

available a t little  or no cost;

5. T he accuracy of solutions to steady -sta te  and transient flow problem s is gen­

erally  quite good; and.

6. Several case histories have been published tha t describe successful applications 

of th e  m ethod.

U nfortim ately  the  finite difference m ethod  also has disadvantages;

1. T he  m ethod  works best for rectangular o r prism atic reservoirs of im iform  com­

position;
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2. It is difficult to  incorporate irregular or curved reservoir boundaries, anisotropic 

and  heterogeneous reservoir properties: and.

3. T he accuracy of the  solutions to  fluid flow problem s is lower than can be 

obtained by the  finite elem ent m ethod (Istok. 1989). One of the im portant 

reasons, for exam ple, is th a t the  boundary' conditions can not be satisfied 

exactly.

3.1.2 F in ite  E lem ent M ethod

The finite element m ethod  was first used to solve groim dw ater flow problems in 

the early 70 s (Price et al., 1968: Javandel and W itherspoon. 1968: Zienkiewicz 

and Parekh. 1970: P inder and  Frind. 1972; G upta  and Tanji. 1976; Neuman and  

W itherspoon. 1970: D uguid  and  Abel. 1974. Lewis and  Schrefler. 1987). The m ethod 

has several advantages:

1. Irregular or citrv'ed reservoir boimdaries can be approxim ated  using elem ents 

w ith stra igh t sides or m atched exactly using elements w ith  ciur\'’ed boimdaries. 

The m ethod, therefore, is not lim ited to "nice" shapes w ith easily defined 

boimdaries:

2. The anisotropic an d  heterogeneous reservoir properties can be easily incorpo­

rated . This allows the  m ethod to be applied to  reservoirs com posed of several 

m aterials;

3. The size of the elem ents can be varied. This property  allows the  element grid  

to  be expanded or refined as the need exists;

4. The accuracy of solutions to fluid flow and solid deform ation problems is very 

good (exact in som e cases); and,
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5. Solutions to the transien t and solid deform ation problems are  generally more 

accurate than  solutions obtained by the finite difference m ethod  (Istok. 1989).

The principal disadvantages of the finite elem ent m ethod for solving problem s 

are:

1. For simple problems, the  finite element m ethod  requires a g rea ter am oim t of 

m athem atical and  com puter program m ing sophistication th a n  does the  finite 

difference m ethod (although this disadvantage disappears for m ore compli­

cated  problems): and.

2. There are fewer weU-dociunented com puter program s and case histories avail­

able for the finite elem ent m ethod th an  for the finite difference m ethod.

In this dissertation, the finite element m ethod  will be used an d  the  program  

struc tu re  will be based on Zienkiewicz s book (1977).

3.2 F inite Elem ent D iscretization

3.2 .1  P roblem  D om ain

T he first step in the solution of the coupled fluid flow and solid deform ations problem  

by the finite element m ethod is to discretize the  problem  dom ain. This is done by 

replacing the problem dom ain with a collection of nodes and elements  referred to  as 

the  finite element mesh  (Figure 3.1). Elem ents m ay be of any size and  the size and  

shape of each element in the mesh can be different. In this d issertation , the  elem ents 

w ith  six-, seven-, or eight-nodes are chosen for the  three-dim ensional problem  as 

showm in Figiure 3.2. The values of the m aterial properties are usually  assum ed to 

be constant w ithin each elem ent but are allowed to vary from one elem ent to  the  

next.
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W hen preparing th e  finite element mesh it is im portan t to  know th a t the preci­

sion of the solution ob tained  and  the level of com putational effort required to obtain 

a  solution will be determ ined to a great extent by the num ber of nodes in the mesh. 

A coarse mesh has a  sm aller num ber of nodes and  will give a lower precision than  

a  fine mesh. However, the  larger the num ber of nodes in the  mesh, the  greater will 

be the required com putational effort and cost.

element

Figure .3.1: D iscretization of three-dim ensional problem  dom ains

Six-nodes Seven-nodes Eight-nodes

Figure 3.2: Three-dimensional elem ents

3.2 .2  W eighted R esiduals M ethod

T he second step in the  finite element m ethod is to derive an integral formulation  

for the  governing coupled equations. This integral form ulation leads to  a system of
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algebraic equations th a t can be solved for values o f the  field variable a t each node 

in th e  mesh. Several m ethods can be used to  derive the  integral form ulation for a 

p a rticu la r differential equation. The method o f  weighted residuals is a m ore general 

approach  th a t is widely used in fluid flow and  solid deform ation modeling (Istok, 

1989).

In  the m ethod  of weighted residuals, an approximate solution  to the botm darj’’ 

or in itia l value problem  is defined. W hen this approxim ate  solution is su b stitu ted  

into th e  governing differential equations, an error or residual occurs a t each point 

in th e  problem  dom ain. T hen the weighted average of the  residuals for each node 

in th e  finite elem ent m esh is forced to equal zero.

C onsider a differential equation of the form:

L [ < ^ { x . y . z ) \ - F  {x . i j . z )  (3.1)

where L is the  differential operator: 0  is the field variable, and  F  is a  known fimction. 

An approxim ate  solution. $ . is defined as:

^  m
^ { x . y . z )  = ^ N i { x . y . z ) ^ i  (3.2)

i — I

where Ni are interpolation functions ot shape functions: are the  unknown values

at th e  nodes: and  m  is the number of nodes in th e  mesh. WTien the approxim ate

solution is su b stitu ted  into Equation (3.1), the differential equation  is no longer 

satisfied exactly  and  has the  following residual term :

$ (x ,7 /,c )  -  F  { x , y , z )  =  R { x , y , z )  = Q  (3.3)

where R  is the  residual or error due to the approxim ate solution. T he residual varies 

from po in t to  point w ithin the  problem domain. A t som e point it m ay be large an d  

a t o th e r points it m ay be small.
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In  th e  m ethod  of weighted residuals, the  weighted residuals a t the  nodes are 

forced to  be equal to zero, i.e.

j  W  (x, y, z) R  (x. y. ~) dfi =  0 (.3.4)
n

w here W  (x. y. z) is a weighting fim ction an d  represents th e  problem  domain. 

S u b stitu tin g  Equation (3.3) into E q u a tio n  (3.4) gives:

JJj W { x .  y , z )  {L {x. y. z)]̂  -  F  {x.y . z )^  dÇl =  0 (3.5)
n

In th is  dissertation. Galerkin’s Method  is used for the weighting fim ction. In 

Galerkin's Method  the weighting fim ction for a node is identical to  the  in terpolation 

fim ction (shape fimction) used to  define the  approxim ate solution

3 .2 .3  Shape Fim ction

In the  finite element m ethod, the shape  fimction. iV,. is used to  o b ta in  the  expres­

sions for the  variation of the unknow n variables within an elem ent in term s of the 

nodal values. Let 0  (x .y . z) = im known fim ction. then one can w rite:

(3.6){$  (x.7/,z)} =  [N] { x ,y . z ) i }  =

I ‘5 .

T he  elem ent. N{. of this m atrix  m ust be such that it takes on  a value of imity 

w hen evaluated  a t the geometric coordinates of the selected node and  has zero 

value a t all the  other rem aining selected nodes. Figure 3.3 shows linear shape 

fim ctions for one-dimensional elem ents w ith  two nodes. It should also be no ted  tha t 

the  sh ap e  fim ction, Ni, m ust satisfy  the  following conditions (Zienkiewicz, 1977):

I. T h e  num ber of shape fim ctions, Ni, m ust be equal to th e  num ber of nodal 

values o f the element a t the  selected  nodes;
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2. Continuity m ust be provided at nodes and  also a t elem ent interfaces:

3. The shape fim ction m ust provide com pleteness for rigid body displacements 

and  satisfy the  constant strain criterion: and.

4. T he shape fim ction m ust possess derivatives to  the  highest order appearing in 

the variational fim ctional or the differential equation  for the problem.

N

1

0
node i n o d e  j

Figure 3.3: Linear shape fimction for 1-D elem ent u i th  two nodes.

For the three-dim ensional eight-noded rectangular prism  elem ent (Figure 3.2). 

the shape fim ctions have the following form:

i =  1 .2 ........8 (3.7)

where are the elem ent normalized coordinate system . The equations used

to transform  the elem ent geom etry from the system  coordinates, (x ./ / ,- ) , to the 

element norm ahzed coordinates, are:

a

n =  (3.8)

C =

X -

a

y - V r .

h
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where ( x ^ , a r e  the  global coordinates of the center of gravity  o f th e  three- 

dim ensional rectangular prism  elem ent, which has dimensions 2a (parallel to  x- 

axis)x26 (parallel to y -ax is)x2c (parallel to  z-axis).

The partia l derivatives of the  shape fimctions are given by:

r dNi 1 d x &u d z  ■' dN i ' ' % ■
cX dx d x

dNi d x d z ayv, > = [J\ . aiv̂
8q dq dq dq

<
dy dy

dNi d x ày d z dNi dN i
I rX J rX . . d z  . . dz  ■

(3.9)

where [./] is called the Jacobian matrix  and  can be foimd explicitly in term s of the 

elem ent local coordinates. and  the  element nodal coordinates, { x . y . z )  , i.e.

dx dz  ■ 
cX

_  m  1 
^  a e  "

dx
dq dq

dz
dq

=
^  a , -

dx dy

rX
dz

X  .
E  z/.

d N i dN-i
rX X

d N i d N i
dri dq

dN i azvg
L %  a c

Equation (3.9) can be rew ritten  as:

■̂ i Ui z,

•Z'i !J2 z-2

' aAf( ' r dNi
d x X

aN (
> =  [./] ‘ «

aWf
dy dq

dNi a # (
. d z  . . X  .

(3.10)

(3.11)
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3 .2 .4  N od al U nknow ns and D iscretization  o f th e  E quations

T he finite elem ent d iscretization  of the eqijilibritun an d  flow equations may be ex­

pressed in term s of the nodal displacements, u. nodal w ater fluid pressures, and  

nodal w ater satu rations. Tw o ways can be chosen to select the nodal imknoums:

1. Nodal displacem ents, nodal w ater and oil pressures, i.e. u . Pi,„. f*io and  

P-zo'- and.

2. Nodal displacem ents, nodal w ater pressures and  w ater sa tu ra tions, i.e. u. Piw, 

P'z w ' I f/; and  Pzw •

O ther variables like Siw- Szw, Sio and in case 1. an d  Pio, Pzo- Sio  and S-zo in 

case 2 can be replaced by Piw, Pzw, Pio and Pz„ for case 1. and  P iw  Pzw, Siw and  

S-zw for case 2. respectively. The replacement considers b o th  the capillary  pressure 

and  satu ration  relations, defined in Equations (2.5). (2.9) and  (2.10). The nodal 

unknowms in case 1 are discussed in detail through this work.

Defining all quantities in term  of nodal variables as follows:

d e  =  B(9u. d P i w  =  N(9Pi,„. =  N<9P,^,

aPzu, =  N dP .zw  dP-zo =  N a P so  (3.12)
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w here N  is th e  vector of the shape function defined in E quation  (3.7): B  is the  s tra in  

displacem ent m atrix , defined as:

0 0
dNi
d x

0

dij

0
dN i
d z

0
dNi dN i  
dy  d x  

y dN i dN i

i =  1.2.... 8 (3.13)

d z  dy
dNi dN i
d z  d x

As far as the  equilibrium  equation is concerned, its m ost general form is given

as:

f  B '^ d a d V  -  <9f =  0 (3.14)
Jv

where d f  is an increm ental vector of applied boim dary tractions, and the in tegration  

is com pleted over the voiiune of the dom ain (dV).

Considering substitu ting  Equations (2.52) and  (3.12) into Equation (3.14). d i­

viding by dt.  one obtains:

=  f  (3.13)

w here the vector m  is [1 .1 .1 ,0 .0 , 0]^.

Incorporating  Equation (2.7) into E quation  (3.15) gives the  equilibrium  equation

the  following form:

I  +  P,

d V  -  f s .

dS'ic
' dt

, dPi^  , n dSiy:' 2o
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(3.16)

In Equation (3.16). the  sa tu ra tio n  derivative term s can be replaced by Equations 

(2.5). (2.9) and (2.10):

r  _ r r  d P i o  ^  d S ’u i j d P i r

iC  . P  ^ S i ^ d P u+ ‘Jlir—7T,----r  f  Idt d P u  dt y ^ - L

dt

dP-20
dt

or.

n  ^ S ‘2 w d P 2 c  , ^  d P 2 w  , „  d S 2 u j \  ^ O f

K i ù  +  L i u j P  I w + L g w P  2 w + L | ^ P  l o  +  I j 2 o P 2 o ~ f  —  Ü

(3.1T)

(3.18)

where a superscript dot identifies the tim e derivative. A detailed  explanation of the 

coefficients are given in A ppendix  B.

For four flow equations in m atrix  and  fracture media. G alerkin 's principle was 

also used to obtain the discretized forms of Equation (2.42).

For the rock m atrix  an d  for the  case of water phase. Equation (2.42) is combined 

u i th  Equations (3.12). (2.5). (2.6). (2.7). (2.9) and  (2.10) to  generate the  following

equation:

J v  J v  l ^ l w

x N ^ d V '  -h (1 -  4>2 )  N

C. ^P l-r O dSluj f  dPlo dPiu,\  , ^  ^dPio
+

(cv.l — 01 — (^2) , c, d P 2 w  n  O S 2 W  ( 0 P 2 o  d P 2 , u \
d t  ''" dP2.: V Ot ~  Ot )

d V +  f
4" {S2w^ 2 w +  S2of^2o)

X

KnS

4- (1 — S2w)
OP2 0

Ot
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X
c ry ( dP-i„ dP2m\ , ^  , OPio

 ^ 2 c T >  —  1  I  +  “  ' J 2 wat dP-in \  at <9(

rf5iu, f  aPi^ a P i^ '

at d V

N

+  f
Jv d̂ Ĵ Xr

7’ ^\wPlw(p‘ld^\

d V

N

dt

a s u .  (a P io  aPi,.
- P l . aP[.: V <9( at

d V
~  L

N
xPlwk

P-u 
(9u

-krl,

{Piw — Pzw) d'V +  ^  N ^ m ^ ( l  — (p2)PiwPuuOL:iB-^dV 4- Qiw — ü (3.19)

T he integration of the  equation listed above visually requires the use of num er­

ical techniques, and  a s tan d ard  m ethod is th a t of Gaussian quadrature, where the  

integrands are evaluated a t specific points of the  elem ent an d  boim dary surfaces and  

then  weighted and  sum m ed (Zienkiewicz. 1977).

Equation (3.19) may be w ritten  as:

K i ,uÙ 4 -(W i ,„ +  E iu) X Pi,„ — E.ijP-iuj+W viP

- |-W ^ i2 P  1 ^ 4 -W  i:(P  2 w 4 -W  | . ( P  2„ — —Q l w

bij

(3 .20 )

Repeating the same process for other conditions in  E quation  (2.42). th e  following 

discretized forms can be obtained:

M atrix  oil phase:

Kioù-f- ( W 4- Eo) X P(^ — EqP2o4-W^2iP

4-W 22P 10+ W 23P 2W+W 24P 20 — —Qio

br

(3.21)

Fracture w ater phase:

K2u;Ù4- ( W 2U, 4- E,„) X P 2U; — E ,j;P iu,4-W:uÊtu,

4 -W ^ 3 2 P lo 4 -W ^ ;5 3 P 2 tü 4 -W ^ 3 4 P 2 o  — “ Qsii (3 .22 )
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Fracture oil phase;

K 20Ù +  (W ^ 2 o  4 -  E o )  X P 20 — E o P i o + W ^ . n P i , j ,

+ W . 12P  l o + W . t ; { P 2 u , + W . t . ( P 2 „  =  — Q 20 ( 3 . 2 3 )

A detailed explanation of th e  above coefficients are listed in A ppendix  B. Equa­

tions (3.20)-(3.23) represent a  set of differential equations in tim e  and  are most 

conveniently represented in m a trix  form as:

0 0 0 0 0
0 1, ,̂ -f- E,„ 0 — Ew 0
0 0 W 4 -  Eo 0 - E .
0 ~E ,„ 0 ^ ' i w  4 -  Ei„ 0

Ü 0 - E . 0 W 2  ̂ 4 -  E o

U o L211; L ‘2o u
K„„ W u W ,2 W ,x W i4 Piw

4- K ,, W21 W 22 W z, W24 P l. =

K 2W Wx2 W;,, cLl
P  2 w

K2. w .„ W42 W.,x W44 P2.

u
E  i,u
Plo
P
P 20

d f
dt
Qiw

■Qio

■Q20 .

(3.24)

Since the discretization in space has been carried ou t. E quation  (3.24) now rep­

resents a set of differential equations in tim e. The values of u. Pi,„. Pio. P-iw and  P-m 

at different values in tim e m ay be ob ta ined  by means of ap p ro p ria te  tim e-stepping 

algorithms.

3.2 .5  D iscretization  in  T im e

Those coupled equations need to  be rearranged prior to  finding th e  solution in time. 

All term s on the right-hand side are known. The m atrix  re la tion  m ay  be in tegrated 

in tim e by using any convenient representation  of the tim e derivatives. U sing a  fully
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implicit scheme, such th a t:

^  (u ‘ -  u ‘)

p f  l- ilf  _  ^ / p £  +  A t p £  \

“ ~  A M

M :'"  = ^  (?% '" ' -  P L )  

p ‘.:'^ ‘ =  ^  ( p ‘. : ^ ‘ -  p % ) 

p ; : " '  =  ^  (p % '^ ' -  P L )

and  substitu ting  E quation  (3.25) into E quation  (3.24) gives:

1^1 Eju; ^lO
Kiw (^Vi,„ +  E,u) A i +  W ii  W^i2
K io W^2i (W i., 4- Eo) A i +  Ŵ 22
K.2w —E ^ A i 4- W;{1 W;;2
K 20 — E o A i 4- W,(2

1
A i

—E ,„A i 4- W
W 2,

(W^2ii- 4- Ew) A i  4- W ;a  
W ,,

L20 
W u  

—E o A i 4- W^24 
W ;,, 

(W^2o 4- Eo) A i  4- Ŵ .14

u
PhD
P i.  
P  2w 
P-2.

t + A£

■ K , L I,D Lio ^ 2w L20 u
£

Kiu, w „ W ,2 W ,, W ,4 PltD
K ,, W 2, W22 W.2., W24 P i . 4-
K v . w , i W:,2 W :« W ,4 P  2iu
Kio W .„ W42 w .,. W .,4 P 2 .

o £ +  A£

(3.25)

(3.26)

df  
dt

1 »» 11 »» 12 »» l:l V* hi ^  ItD _ Q
—  K,o W 21 W22 W.2., W24 P ,o  +  _%
A i ry \-KT WT XI r i-> W l.

— Q 2W
.  — Q 2 0  J

Equation (3.26) is formed for all in ternal nodes of the  problem dom ain an d  

those boundary nodes where the pore pressure values an d /o r displacem ents are 

not prescribed. T he num ber of equations is thus equal to  the  num ber of unknow n 

variables.

The complete set of equations may be used in th e  tim e-stepping procediue o u t­

lined above to  determ ine the  values of u , P i^ , Pio, P 2W an d  P 2.  a t any poin t in tim e 

relative to their in itial values (Lewis and  Schrefler, 1987).
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3.2 .6  B oundary and In itia l C onditions

The p a rtia l differential equation th a t governs the model generally will have an  in­

finite am oim t of solutions, and  in order to  select from this family o f fi m et ions the 

one th a t  describes a  particu lar physical system , it is necessary to im pose additional 

conditions on the solution. These additional conditions, boim dary and  in itial con­

ditions. serve to further characterize the system  being modeled.

Two different types of boim dary conditions are usually applied: firstly, by spec­

ifying the  values of pressure and  displacem ent or Dirichlet's houndanj condition  as:

(3.27)
U  =  Uft

or. secondly, by prescribing the flow ra te  and  loading force or N e u m a n n s  houndari/ 

condition:

'  °  (3.28)
F  =  a

where again r/ =  1.2 represents the  m atrix  or the fracture systems: an d  tt =  lu. o rep­

resents the  w ater or oil phases, respectively. The values q,prf,. are the  prescribed 

flow an d  press me values a t the boundary, respectively: u&. p , are the displacem ents 

and  loading forces on the boimdary. In the special case of a closed boundary, also 

known as an  "impermeable" o r “no-flow boim dary". the flux should be equal to 

zero. i.e. =  0.

Normally, the initial conditions of a reservoir system can be defined by specifying 

the  in itia l d istribution of fluid pressure w ithin the reservoir a n d /o r  its satiuration. 

depending  on the rmknowns used in the formulation and the u p d a tin g  procedure. 

In this work, the initial conditions for the  three-dimensional reservoir svstem  can
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be defined as follows:
n ^ i 'x .y .z )  = u ‘(x. 7/, c)

Z/r -) =  Pfoi^- y - Z) (3.29)

= Pl,u{-^-.y--)

P2o{^:lJ:-) = P L i^ - y : - )
where P{’̂ . a n d  are the water and  oil pressures in the  rock m atrix  and  

fracture for node {x. tj. z) a t tim e zero: P\,^. P\^. an d  Pjo ^ r̂e the  initial w ater 

and oil pressures in the  rock m atrix  and ftracture system s, respectively, u" and u‘ 
are the displacem ent values a t tim e zero and  the initial displacem ent values. Also, 

the initial capillary pressmres and  relative perm eabilities in rock m atrix  and fractiure 

systems should be defined. The initial satrurations may be determ ined  through the 

relationship w ith the  in itial capillary pressures.

3.2 .7  E valuation  o f Coefficients

Equation (3.26) represents a fully coupled and  highly non-linear system  which re­

quires a sim ultaneous solution. The coefficients of the non-linear p a rtia l differential 

equations, in addition  to  being functions of the  independent variables, are also fimc- 

tions of the dependent variables.

For the present system  of equations, the coefficients accoim t for the  effects of 

reservoir heterogeneity, relative permeability, rock and  fluid com pressibility fac­

tors. and capillary pressure. These param eters are e ith e r pressure- or saturation- 

dependent. How one can  ob ta in  the  solutions when the coefficients depend on these 

solutions will now be discussed.

First, these coefficients m ay be evaluated from the  pressures or saturations of 

the previous tim estep. T his approach implies th a t these coefficients do not change 

rapidly from one tim estep  to  the  next one. This would be tru e  if pressiues and
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sa tu ra tions are  also not changing rapidly. T h a t is. the  pressures and  sa tu ra tio n s  are 

averaged in tim e between the last tim estep  values an d  the  current values. T hen , the 

coefficients are evaluated from the values, whereas the param eters such as

kr-hu- kr\o and  kr-io are evaluated from  the  an d

values. T he  current values of pressmres o r  sa tu ra tions may be com puted  from  the 

following form ulae given by S ettari and  Aziz (1975). and  Aziz and S etta ri (1979):

=  t r +  ^ = ^ ^ ( 1 7 " - 1 7 " “ ‘) (3.30)

W hereas, the  average values in tim e m ay  be ob tained  from:

r r n t - l  I j j n
^ + 1 /2  ^  — _ r —  (3.31)

Second, for an  iterative m ethod, these coefficients are evaluated from  th e  most 

current pressures or saturations of the  la st ite ra tio n  w ithin the sam e tim estep . This 

also m eans th a t iterative procedures are perform ed w ithin each tim estep to  ob ta in

the final solutions since all the coefficients are  dependent on the iunknowns (Aziz

and  S ettari. 1979). The non-linear p a ram eters  were updated  w ithin each ite ra tion  

level by using the m ost recent calculations of fluid pressures. T he new values of 

fluid sa tiu a tio n  were obtained from the saturation-capillarj" curves using the  m ost 

recent calculation of capillary pressures. In  this study, the second m ethod  is used.

E quation  (3.26) m ust provide a s tab le  solution to  be of any practical use. In 

this study, the  stab ility  of the final so lu tion  is m onitored by applying a convergence 

criterion, which is based on the m axim um  relative imknown changes since the  last 

itera tion , i.e.

< e (3.32)
u t

w here Ui is the  unknowns, e.g., u , Pio, Aiu and  P2 0 , at node i; {k +  1) and  k 

are the  new’- and  old iteration levels, respectively:
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f. is the convergence lim it value, which is chosen according to the requirem ent 

of the  solution accuracy; the  sm aller its value, the  longer th e  calculation time. In 

th is dissertation, the  value o f e is taken as 0.05. which implies th a t the relative error 

betw een two iterations is lim ited  to 5%.

3.3 C om putational Procedure

E quation  (3.26) forms the required system  of seven partia l differential equations for 

two-phase flow in deform able fractured reservoir. E xam ination of these equations

reveals th a t there are fifteen unknowns, namely, P-iw P\r>- P-zor

kr iw  krio. kr'iw k-r‘io- S u v  S\o. S 2W  and  S-io- Thus, eight auxiliary  equations are

required to ob tain  a general solution. These auxiliary equations are m erely two sets

of constitutive relations. T he first set consists of the  following relations:

kr\w — J{S\w)] kr\o =  f  {Slwr ^\o)

kr-lw =  fiS ï^uY  kr-lo =  (3.33)

S\o +  ‘S'lij; =  1.0 : b'lo 4- S ‘iw =  1-0

The second set consists o f the  relations between capillary pressiues and  satu ra­

tions. These relations m ay be w ritten  in the form:

P\C = Plo — P\w = f{S io .  Sua)
(3.34)

P-Z<: =  P2 0  — P‘Zw =  /{S-io, S-iw)

T he iterative steps to solve this problem  are thus as follows:

(1) S tart from tim e t = to, inpu tting  data  from  the  given in itia l values of pres­

sures. saturations, relatively perm eabilities and capillary pressiues:

(2) Calculate the non-linear coefficient terms in  E quation  (3.26). N ote th a t all 

non-linear param eters were u p d a ted  w ithin each ite ra tion  level by using the most 

recent calculations of fluid pressures;

(3) Solve for the  unknowms, u, Piu,, Pi„, Piw and  P 20, a t each Gaussian points;
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(4) Calcvilate new oil satu rations from saturation-capillary  relation, find capillary

pressures, and  from fluid satu rations get relatively perm eabilities:
+ l _  jjk

<  e is(5) Repeat steps (2)-(4) until the convergence condition 

satisfied at each nodal point: and.

(6) Go to  next tim estep and  repeat steps (2)-(5).

Figiure 3.4 shows a schem atic process of the sim ultaneous solution procedure for 

solving a fully im plicit form ulation of Equation (3.26).

Following the m odel developm ent, some validation cases are given in the next 

C hapter.
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convergence 
V check? y

time-step

END

START

t > L max ?

output results

iteration level

next iteration
increase one 

time-step

input data for all nodal points 
P. Sw. Kr. Pc etc.

calculate non-linear coefficient 
terms in equations

solve unknowns P_w. P_o in matrix 
& fracture systems and displacement

solve both saturations and relative 
permeabilities through the relations 
of capillary pressure with saturation 

and relative permeability with saturation

Figure 3.4: Schematic process of the solution procedure.
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C hapter 4  

M odel V alidation

T he form ulation p resen ted  in the foregoing C hapters is coded using the FORTRAN 

Language in three-dim ensional space and  in the tim e dom ain, using eight-noded 

rectangular elem ents. In order to  validate the com puter program , some analytical 

problem s should be sim ulated . However, there are no su itab le  problem s available in 

the  open literature, a n d  only a few simple analytical solutions and  some hypothetical 

problem s do exist. Som e of the  extreme lim iting cases are  validated.

Am ong those validation  problems, elasticity and  s teady -sta te  flow problems 

are the  simple tests for th e  load-deformation and fluid flow cases: while the one­

dim ensional consolidation problem  is the sim plest problem  for th e  coupled fluid-rock 

system s. Finally, th e  tw o-phase flow problem is given to  illustra te  the capabilities 

of the  model and  to  validate  th is finite element m odel w ith  a finite difference model.

4.1 E lasticity  and Steady-State F low

4.1 .1  E lastic P ro b lem

The elastic validation te s t is carried out by using different elem ent mesh arrange­

m ents. T he results from  num erical elastic solutions are th en  evaluated  by com paring 

them  w ith the available analy tical solutions. T he purposes of those examples are to 

te st the  perform ance of the  flnite element program  system , to  im derstand the influ­
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ence of different meshes and  different element shapes, an d  to check the accuracy  of 

the  num erical solutions.

A cubical block is loaded vertically by a imiformly d istribu ted  load o f rr, =  1 

M P a .  T he block has a Yoimg's modulus E  =  100 M P a  and a Poisson s ratio  

y  =  0.2 (Figure 4.1). T he influence of irregular m eshes is evaluated by considering 

two other cases shown in Figiures 4.2 and 4.3 w ith the sam e boim dar\' conditions as 

in Figiure 4.1.

The analytical solutions of the strain  components are calculated from th e  general 

stress-strain  relations (Jaeger and  Cook. 1979):

The analytical solutions of the nodal displacem ents m ay be obtained from:

Ux = f  Siidx 
J 0

«!/ =  f  ^-ndy (4.2)
J 0

"z =  /J a

where (0 .0 .0 ) is a fixed boim dary node.

The errors of the nodal displacements between the numerical and  analy tical 

solutions are defined as ||Unumerica/ — Uan«Z;/t:c»z||- T hree cases show the  errors are 

equal to zero, which m eans an exact m atch between the analytical and  num erical 

solutions was achieved.

The boim dary conditions can be either forces or displacements according to 

th e  given problem . Generally, the  displacements of the unknowns in th e  partia l 

differential equations will be foimd through force boim dary conditions. On the 

contrary, for the  displacem ent boim dary conditions, the  solved reactions are the 

applied forces. B oth  conditions are tested in the elastic example.
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Figi-ire 4.1; F inite elem ent mesh and  boim dary conditions for elastic test 1.
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Figure 4.2: Irregular element mesh for elastic test 2.
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4.1.2 Steady-state Flow

Single-phase s tead y -s ta te  confined flows of an incom pressible fluid which obey D arcy 's 

law. com pose the  sim plest class of flows in a  porous m edium . Nevertheless, th e  in­

vestigation of th is class of flows is im portant for bo th  theory  and  practice.

T he sim plest type  of flow is a parallel rectilinear flow between two drainage 

galleries w ith  a constan t pressure over each gallery. Figure 4.4 shows th e  flow is 

parallel to  th e  vertical axis w ith flow boundary  conditions a t both top and  bo ttom

surfaces, and  no flow through the sides of the  column. From Equation (2.42), the
(9 ( k - , d P \

one-dim ensional form  of the  equation for s teady-sta te  flow is simply: —  I — I =
o z  \ f i  a z  J

Ü. where k ,  is th e  perm eability  of the porous m edia in the  vertical direction, /i is 

the  viscosity of the  fluid and  P  is the  fluid pressure. In this case, the pressiure is 

d is tribu ted  linearly  over the  column; at the  top  (c =  0) P  =  P j. and a t bo ttom  

{z = L) P  = P-i- T hen  it is easy to obtain  the following relationship:

P i -  Po
P  =  P, -  -   ̂ ^  X  z (4.3)

Tw enty  elem ents are used in this test w ith L =  10 rn. P , =  10.0 M P a . P^ =  2.0 
k ,

M P a  and  —  =  0.1 rn '^/{M N  ■ s). Table 4.1 shows the exact m atch of the pressure 

d istribu tions along the  column comparing num erical and  analytical solutions.

4.2 O ne-dim ensional C onsolidation

O ne-dim ensional consolidation is one of the m ost well-known examples of poroelas- 

ticity. and  its analy tical solution is available. T h e  solid column displacem ents and  

the  single-phase fluid flow are fully coupled in  th is  problem. A cubic porous m edia 

colum n is sub jec ted  to  a  constant load F  and  confined on the  sides and b o tto m  by 

rigid, frictionless, im perm eable walls. The boundary  and  loading conditions o f the

63



P a

!■!

sO

Figure 4.4: S teady-state  flow test.

Table 4.1: Pressiire distributions.

z (m) Num erical Analytical
0.0 10.0 10.0
1.0 9.20 9.20
2.0 8.40 8.40
3.0 7.60 7.60
4.0 6.80 6.80
5.0 6.00 6.00
6.0 5.20 5.20
7.0 4.40 4.40
8.0 3.60 3.60
9.0 2.80 2.80
10.0 2.00 2.00

colum n are depicted  in Figure 4.5. T he analytical solution for the  pore pressiure in 

th is I-D consolidation problem using the B iot's poroelasticity theory (B iot. 1941) is 

given by D etoum ay and Cheng (1993) as:

(4.4)
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where.

F { X .T )  = 1 — ^ 2  ~ — sin r — exp{—rn^~^T) (4.5)

and.

\  2 j

= - w ^ f -

in which c is the m aterial compressibility. B is Skempton coefficient's (Skem pton. 

1954). L is the  column length, x  and  t are the coordinate an d  tim e, respectively: n. 

is the  instantaneously  applied force, and  is the  im drained Poisson s ratio.

At the top of the layer, the  analytically derived settlem ent is given by:

(T,L(1 — 2f/,J
u =

2G(1 — f/„) 

where.

(4.8)

f { T )  =  Y ,  — -  e x p ( - m V T ) ]  (4.9)
m= I.:{,... "

and G  is the  shear modulus.

T he  colum n, w ith L = 1 m.. is subjected, at t =  O '" .sec. to a vertical imiform 

compressive distribution of n , =  1 M P a  on the top surface: the  surface is otherwise 

free from stress an d  exposed to the atm osphere. Tw enty block elements and  eighty- 

four nodes were used in the calculations. M aterials properties are given as following 

(the im its of the  param eters are listed in Table 4.2):

u =  0.2, G  — 1.0, c =  1.0

Case 1 Incompressible fluid m aterials, 5  =  1 and  =  0.5. th a t leads:

k
E  =  2.4. ck =  1.0. M  =  oo. —  =  0.375 

K  =  1.333, Ks  =  oo. K f  = oo
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Case 2 Compressible materials. B  =  0.8 and =  0.4. that leads:

E  = 2.4. Q =  0.89286. .'V/ =  4.18133. — = 0.53811
fJ-

K  =  1.333, Ks =  12.445. K f  =  0.1183 

where the  re la ted  form ulations are listed below:

' E  = 2 G { l + u)

3 (//„ — u)
a  =

M  =

K  =

Ks =  

1
iVf

B {1 — 2u) u,i)

2G (Uu ~  
a2 (1 -  2 u J  ( l - 2 u )

E
3(1 — 2u)

K

(4.10)

1 —  Ck

a — (p
+

K , K /

.2/-, n.. \2K  _  a  (1 -  2 u )  (1 -  Ug)

2G (1 — u) {un — u)

Also th e  re la ted  param eters applied in the  analytical and  nvunerical calculations 

are listed  in Tables 4.2 and  4.3.

T he com parisons between the analytical solutions (solid lines) and  num erical 

results (sca tte red  points) are made for the  tem poral evolution of pressure and  dis­

placem ents for b o th  cases. Figures 4.6 and 4.8 show th a t the fluid pressure changes 

along the  cohunn a t different times for case 1 and  case 2. while Figures 4.7 an d  4.9 

dem onstrate  th a t the  displacements change w ith  tim e a t the column top  for case 1 

and case 2, respectively. It is seen th a t an  excellent m atch  between the  analy tical 

and num erical solutions has been achieved.
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no, flowno flow

'  no flow

Figure 4.5: C onsolidation problem and boim dary conditions.

Table 4.2: Param eters vised in consolidation case 1.

P aram eter Definition M agnitude U nits
E modulus of elasticity 2.4 M N/m'^
u Poisson s ra tio 0.2

Biot coefficient 1.0
K f fluid bulk m odulus I.OEIO M N /m ^
01 m atrix  porosity 0.2

kxti i m atrix  m obility 0.375 m V (M N -s)
K . solid grain bu lk  modulus l.OElO M N/m'^
B Skempton coefficient 1.0

im drained Poisson s ratio 0.5
CTz loading stress 1.0 M N /m ^

4.3  D ual-porosity Two-phase Flow  P rob lem

T h e  developed m odel is further vahdated  in the sim ulation o f a  poroelastic soil 

colum n w ith  two immiscible porous fluids subjected to a  step loading  as discussed 

in  th e  previous Section. The results obtained using the fiilly-im plicit fully-coupled
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Figure 4.6: Pore pressure distribution along column for case 1.
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Figure 4.7: D isplacem ent with time at top column for case 1.
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Figure 4.8: Pore pressure distribution along the  column for case 2.
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Figure 4.9: D isplacem ent w ith tim e at top colum n for case 2.
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Table 4.3: Param eters used in consolidation case 2.

P aram eter Definition M agnitude Units
E m odulus of elasticity 2.4 MN/m'^
1/ Poisson s ratio 0.2
Cl B iot coefficient 0.89286

K f fluid bulk modulus 0.1183 M N/m ^
4>\ m atrix  porosit}' 0.02

k y l n m atrix  m obility 0.53811 m '/  (MN-s)
K . solid grain bulk modulus 12.445 M N /  m^
B Skem pton coefficient 0.8

I^U im drained Poisson s ratio 0.4
(Tz loading stress 1.0 MN/m'-^

finite elem ent m odel will be com pared with those ob ta ined  from the finite difference 

model.

The height, length  and  w idth of the  cohunn are 4 m . 4 m  and  1 m . respectively. 

In the finite elem ent layout. 20 block-type elements w ith  84 nodes are used. The 

basic boim dary and  in itial conditions are identical to  th e  previous case. For the 

two-phase fluid flow.' problem , some additional conditions need to  be included in the 

calculations.

T he in itia l w ater and  oil satvurations are assum ed to  be 0.35 and  0.65 for 

the single porosity system  and  the dual-porosity  system;

The relative perm eability and  water satiuration relationship is achieved 

via s ta tis tica l analyses (least square) of the  d a ta . W ith  reference to 

M attax  and  D alton (1990). the following em pirical relationships were 

used in the  calculations:

kro =  1.96735;!. -  1.35855:! -  1.80945^ -h 1.3031
\  kru> =  1.95525^ -  1.17255,! +  0.23295^ -  0.0151 

These relationships have been graphically represented by Figiure 2.3.
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•  T he capillary pressure and  w ater satu ration  relationship is given from the 

referenced ciuves described by Dagger (1997). which can be expressed as: 

13.159 -  10.84595',,
Peu = X  6.98 X 1 0 - ‘ (iV /Pa) (4.12)

1 +  3.62625,„

This relationship is designed for the im bibition process, which is schem at­

ically shown in F igure 4.10. In general, the capillary  pressmres in the 

m atrix  and  fracture system s are not equal to  each other. T he m atrix  

capillary pressm e is generally greater than  the fracture  capillary pressure 

(Kazem i et a i. 1975). However, an identical capillary pressm e is used in 

bo th  m atrix  and  frac tu re  systems in this validation problem  (N akom thap 

et a i.  1986).

6.0E-2

5.0E.2

k  3.0E.2 ■

=  2.0E-2

1.0 E-2

O.QE+0
0.3 0.4 0.5 0.6 0.9 10 0.1 0.2 0.7 0.8

Water saturation, Sw

Figure 4.10: W ater satiuration with capillary pressure.

O th er related  param eters used in the  calculation are listed in  Table 4.4.

T he results obtained  from th e  present finite element code are shown in Figures

4.11 through  4.14 for the dual-porosity  two-phase flow case. T hose figures show

71



Table 4.4; Param eters used in two-phase validation.

Param eter Definition M agnitude Units
E m odulus of elasticity 3000.0 AIN/m^
V Poisson s ratio 0.2

a\ Biot coefficient 0.861
«2 0.722
K n norm al ftracture stiffness 30000.0 M N /m '^/m
K f fluid bulk modulus 3000.0 MN/m'"
01 m atrix  porosity 0.2
02 fracture porosity 0.05

^l/f^w-. ^ l l m atrix  mobility 9.87E-6. 6.58E-6 m'Y (MN-s)
k-i! llr, firactime mobility 9.87E-4. 6.58E-4 m V(M N-s)

s fractiure spacing 0.2 m
/ c solid grain bulk modulus 12000.0 MN/m^
(T, loading stress 2.0 MN/m'^

the comparison of the non-linear results for the  tested  soil cohunn ob ta ined  from 

the present finite element model and those presented by the finite difference model 

of Shu (1998). Figiure 4.11 dem onstrates th e  changes of surface subsidence w ith 

tim e. T he results obtained show the same trends for the two models. T he largest 

differences occur only a t the  early tim e betw een these two methods. This m ay be 

caused by the m ethods used to solve the p a rtia l differential equations in th e  finite 

elem ent and the finite difference approaches. T he implicit m ethod is used in the 

finite element approach, while the explicit m ethod  is applied for the finite difference.

T he pressure changes near the  cohunn top  (5% d istance in the to ta l height) and  

a t the  bottom  of the column for the m atrix  and  the  fractiure are illustrated in Figures

4.12 and  4.13. T he pressures a t the bo ttom  of the cohunn are larger th an  th a t at 

top siurface. This can be rationalized by the  fact th a t the bottom  stays in no-flow 

conditions and the top surface is drained. Also this figure shows tha t the  pressures 

change faster in the fracture than  in the m atrix . In  o ther words, the pressure in the
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m atrix  has a higher value than  the pressure in the fracture; inducing fluid flow from 

the m atrix  to the  fracture. T he difference between oil pressure and w ater pressure 

is actually  the  capillary pressure. The results from bo th  models m atch  well.

Figiure 4.14 shows the w ater satiuration changes a t the siurface and  bo tto m  of the 

cohunn. The w ater satiuations increase in bo th  the m atrix  and the frac tu re  system s 

in early times which indicates more oil comes out of the cohunn th an  w ater. Later, 

the w ater sa tiua tions m aintain a constant value. It can be seen th a t b o th  flnite 

elem ent and finite difference model predictions are identical; indicating the  validity 

of the present dual-porosity two-phase program  code.

2.5E-03

£  2.0E-03
Finiti: clement method

«  1.SE-03

Finite difference method

CO S.OE-04

O.OE+00
1.0E+00 1.0E+01 1.0E+02

Time, sec.
1.0E+03

Figure 4.11: Siurface subsidence w ith  time.

It is clear th a t the developed finite elem ent model has passed all the  tested  

examples. Those results indicate the validity and  the capability of the  m odel for 

sim ulating two-phase flow coupled w ith  solid deform ations in frac tiu ed  m edia in 

three dimensions. In the next C hapter, different kinds of coupling problem s will 

be solved using the  dual-porosity two-phase finite elem ent model. T hose problem s
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Figure 4.12: W ater pressure changes near the top and  a t th e  bo ttom .
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Figure 4.13: Oil pressure change near the top and at th e bottom .
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Figure 4.14: W ater saturation  changes a t the  top  and  the bottom .

include pure elastic, steady-state  flow, single-porosity single-phase, single-porosity 

two-phase, dual-porosity  single-phase and param etric  studies.
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C hapter 5 

Param etric A nalyses

T he developed model and the  program  can be easily used for o th e r problem s which 

include pture elasticity, s teady-sta te  flow, single-porosity single-phase, single-porosity 

two-phase, dual-porosity single-phase and  dual-porosity tw o-phase problems.

At first, the different kinds of problems will be discussed and  the  re la ted  formu­

lations will also be given. Those form ulations are derived from E quations (2.42) and 

(2.61) which are the basic equations for the coupling problems of solid deformations 

and  two-phase fluid flow (w ater and oil) imder the dual-porosity  concept. Later, 

some examples will be given to  dem onstrate how the code works an d  to  show the 

obvious differences in the results.

5.1 Pure E lasticity  and Steady-state F low

A lthough the niunerical results of pure elasticity and steady-sta te  flow have been 

validated in the previous C hapter, the  basic concepts and re la ted  form ulations are 

given in this Section.

For the piire elastic problem s, some parts  in Equation (3.26) should  be modified 

due to:

1. fluid pressures have no influence on the solid media;

2. no time effect; and,
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3. no fracture effect, which means the solid m ateria l is single-porosity homoge­

neous media.

For the steady-sta te  flow problem, the following item s need to  be considered in 

order to use Equation (3.26):

1. no tim e effect:

2. no fracture influence;

3. the solid m aterial is an  homogeneous media:

4. no fluid exchange between rock m atrix and  fracture;

5. single-phase fluid flow; and.

6. no volumetric stra in  effect on the fluid flow.

Under all the above assiunptions. the m atrix  (3.26) can be w ritten  as:

■ K , 0  0  0  0 ' u /
0 Wi,„ 0 0 0 Pin; Q w
0 0 0 0 0 P i. = 0
0 0 0 0 0 P ‘2u; 0
0 0 0 0 0 P2. 0

(5.1)

Equation (5.1) allows to  solve the pure elastic and  steady-sta te  flow problem s.

5.2 Single-porosity Single-phase

For the traditional single-porosity (no fracture) porous media, the developed m odel 

can also be used to sim ulate the coupled processes between the solid rock deform a­

tions and single-phase fluid flow.
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On neglecting the  contribution from the  fracture fluid pressure, the fracture 

pressiure term  in the solid equilibrium  equation disappears. B ut care has to  be 

taken w ith  the solid deform ation effects on the  fluid flow equations. Based on the 

single-porosity-single-phase concept, the  following changes need to be considered:

1. no fractiure influence on the porous media:

2. the  fluid interchange between the  rock m atrix  and the fractiures does not exist: 

and.

3. single-phase fluid flow, which m eans the  changes of capillary pressure, sa tu ra ­

tion. relative perm eability have no effect on the final equations.

T he case of single-phase fluid flowing a t sa tu ra ted  conditions is considered here: 

thus E quation  (3.26) can be fu rther simplified. T he related form ulation is expressed

as:

1

■ K , L [ti; 0 0 0 ■ u

W i ^ A t + W u 0 0 0 Plu;
0 0 0 0 0 Plo
0 0 0 0 0 P  2w
0 0 0 0 0 P-Zo

£ + A£

I
A t

■ K i  L i,, 0 0 0 ' u £ r #  1
dt

K i„ W u  0 0 0 Pit/; ~Qlt/;
0 0 0 0 0 P i . + 0
0 0 0 0 0 P  2w 0
0 0 0 0 0 P 2 0 0

£+A£

(5.2)

It is no ted  th a t if and  Ki„, are equal zero, the solid deform ations and  the 

fluid flow are not coupled; and  th e  solutions include two parts: one is the  elastic 

solution and  the  o ther is the transien t flow solution.
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5.3 S ingle-porosity  Two-phase

In the case of an  im m iscible tr^'^o-phase fluid flow (w ater and  oil) problem , more con­

siderations should be given th a n  w hat was m entioned in th e  previous Section. Those 

considerations include th e  influence of capillary pressure due to  the  pressure differ­

ence between two fluids, sa tu ra tio n  changes because the pore space occupied by the 

fluid is changed and  the  relative perm eability changes. Also the relations between 

capillary pressiue an d  sa tu ra tion , between relative perm eability  and  saturation play 

a very im portan t role in tw o-phase flow problems.

At this stage, th e  coefficients in the  equations are dependent on the  unknowns; 

hence, non-linearity is introduced.

Equation (3.26) will be modified according to  the changes listed below:

1. no fracture influence on the porous media; and.

2. fluid interchanges betw een rock m atrix and  fracture do not exist for the two- 

phase fluids.

The coupled equations for solid deform ation and tw o-phase fluid flow become:

1
Â7

■ K, L Itj; L u 0 0  ■ u
K w W u . A t  +  W n w , , 0 0 Plu;
K,o W21 W \ „ A t  4- Ŵ 22 0 0 Plo

0 0 0 0 0 P'iu;
0 0 0 0 0 P20

J _

A t

K[ Lju, Li^ 0 0 u t r f  1

dt
Ki,„ W x̂i Ŵ i2 0 0 Plu, —Qiu,
Klo Ŵ 2I Ŵ 22 0 0 Plo + —Qio

0 0 0 0 0 P 21U 0
0 0 0 0 0 P20 0

t + A t

(3.3)
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Again if K i„  and  Ki^ are equal zero, the  results represent b o th  elastic

and  transien t two-phase flow solutions.

5.4 D ual-porosity Single-phase

One m ethod  to  represent the naturally fractured reservoirs is the dual-porosity ap ­

proach. M any studies have been carried out using this concept in which different 

properties have been a ttrib u ted  to the pores and  fissures: and  this has proved to  be 

a  m ore reliable m ethod when dealing w ith heterogeneous porous media.

Even for the  single-phase fluid flow problem, there  exist two fluid pressiures in the 

reservoir: in the fractures and in the rock m atrix . Thus, the solid rock deform ations 

are affected not only by the loading conditions b u t also by those two fluid pressures.

For the  fluid flow equations, one term  will be added  to  the single-porosity single­

phase problem  to  take into account the fluid interchange between the fractures and  

the m atrix .

E quation  (3.26) needs to ignore the effect of the  capillary pressure, sa tu ra tio n  

and  relative perm eability  because the problem is single-phase.

T he finite elem ent approxim ation will be ob ta ined  as follows:

« + A£

1

■ Ki L lu; 0 Lzu; Ü ■ u

Kiti; W ,^ A ( - b W n 0 W , , 0 P  Im
0 0 0 0 0 P l o

W ;„ 0 Wzu;Ai -r W.53 0 P  2w
0 0 0 0 0 P-Zo

1
~K i

■ K , Llur 0 ^2w 0 ■ u £ r d f  1

K i„ W n 0 0 Pirn
CL [

— Qlu;
0 0 0 0 0 P i . 4- 0

W ;„ 0 W 33 0 Pgw — Q,2w
Ü 0 0 0 0 P2. 0

t+ A t

(5.4)
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As discussed in previous Sections, if Li,„. Ki,^, and  equal zero, the

results will show both  the e lastic  solution as well as the transien t fluid flow solution 

in a  dual-porosity system.

5.5 D ual-porosity Two-phcise

The detailed formulations a n d  physical explanations have been given in C hapters 2 

and 3. The final coupled solid deform ations and  two-phase fluid flow (w ater and  oil) 

equations are expressed in th e  finite element form shown in E quation  (3.26). Differ­

ences from the previous Section are the introduction of capillary  pressiures. satura­

tions and  relative perm eabilities effects. Also those capillary pressiures. satvurations 

and  relative permeabilities ex ist in bo th  the fractures and  the m atrix  systems.

The following Section will show some results calculated for these different prob­

lems.

5.6 Examples

5.6 .1  Single-phase for Single-porosity and D u al-p orosity

A coliunn loaded a t the top surface (Figure 4.5) is considered as the first example. 

The height, length and w id th  of the column are 7m. 2m a n d  Im . respectively. 

Tw enty block-type elements a n d  eighty-four nodes are used in th is  problem . The 

fluid pressures are equal to zero a t the top surface; everywhere else, the surface of 

the column is assum ed to be sealed and  insulated.

Table 5.1 shows the m ateria l properties used in the exam ple for bo th  the single­

porosity  single-phase and  the  dual-porosity single-phase cases.

The coliunn top siurface settlem ent versus time is shown in Figure 5.1. It may 

be observed tha t for the dual-porosity  model a more rap id  surface displacem ent is 

predicted. Also Figure 5.2 dem onstrates the fluid pressure changes a t the  bottom
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Table 5.1: Param eters used in the  example.

P aram eter Definition Values (A* /  B*) Units
E m odulus of elasticity 3000.0 /  3000.0 M N/m^
u Poisson s ratio 0.2 /  0.2

OL\ Biot coefficient 0.861 /  0.861
Ot-i 0.0 /  0.861
Kn norm al fractm e stiffness 40000.0 /  40000.0 M N /m ^/m
K f fluid bulk  modulus 3000.0 /  3000.0 MN/m^
01 m atrix  porosity 0.2 /  0.2
02 fracture porosity 0.0 /  0.05

kxj[i m atrix  m obility 9.87E-6 /  9.87E-6 m‘‘/(M N-s)
E ilii fracture mobility 0.0 /  9.87E-5 m V(M N-s)

s frac tiue  spacing I.OEIO /  0.3 m
K , solid grain  bulk m odulus 12000.0 /  12000.0 MN/m^

loading stress 0.2 /  0.2 MN/m2
A*=Singie-porosity single-phase case; 
B *=D nal-porosity  single-phase case.

of the  colvimn. Again the  fluid pressures in the  dual-porosity  model changes faster 

than  for the  single-porosity model. This may be a ttr ib u te d  to the presence of a 

fracture netw ork w ithin the  porous m edium  which results in a more rapid drainage 

of the  fluid and . consequently, a faster ra te  of pore pressiure dissipation and  siurface 

settlem ent.

Figiure 5.3 shows the displacements along the coliunn for both  the single- an d  

dual-porosity  m ethods a t different times. Again the siurface displacements from th e  

dual-porosity  approach are larger than  the displacem ents from single-porosity a t 

the sam e tim e. T he  pressiure changes along the colum n are illustrated in Figiure 5.4. 

It is shown again  th a t the pressures along the colum n in the dual-porosity system  

changes faster th a n  the  pressiures in the single-porosity system .

T he physical characteristics of single- and  dual-porosity  models are essentially 

contrasting  since, in dual-porosity, the fractures have low porosity and high perm e­

ability, w hereas in b o th  single- and dual-porosity th e  m atrix  shows high porosity
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Figure 5.1: Sturface displacem ent response for single- and dnal-porosity  approaches.
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Figure 5.2: Pressiure changes for single- dual-porosity approaches.
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Figiure 5.3: Displacements along the coliunn.
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Figure 5.4: Pressiue changes along the column.
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an d  low permeability. As a result, in dynam ic conditions, the fracture  netw^ork will 

exhibit a small storage capacity, an d  thus, a very short transient tim e owing to its 

high permeability, whereas in single-porosity the  m atrix will exhibit a large storage 

capacity  associated w ith a long transien t tim e resulting from its low perm eability.

M oreover, it may be observed th a t  the  final settlem ent and  fluid pressures pre­

d icted  by this model are precisely the  sam e values for both dual-porosity  and  single­

porosity  approaches. Actually, the  final settlem ents have the same values as th a t  of 

the  piure elastic solutions: while th e  final fluid pressures are equal to  the  values of 

the  in itial fluid pressiures of the  frac tu red  porous medium.

Figure 5.5 depicts the top siurface subsidence for different k f / k j ^  ra tios in which 

km.  the  rock m atrix  perm eability, is kept constant and equal to 9.87E—6 m ‘̂ / { M N  ■ 

■s). while k f .  the fracture perm eability, changes. As expected, the  h igher ra tio  will 

cause a more rapid consolidation. It is shown tha t the final values of th e  surface 

subsidence are the same for all perm eability  ratios. The bottom  pressiure changes 

are dem onstrated  in Figure 5.6. In  this figure it is clear th a t the pressiure drops 

faster for higher ratios k f / km-  Also Figure 5.6 shows th a t in fractured  m edia the 

pressure is either higher in the m a trix  th an  in the fracture w ith higher ratio  of 

k f l k m  or closer in both  systems w ith  lower ratio  of kf /km-  which m eans th a t more 

flow interchanges take place from th e  rock m atrix  to the fracture regions for higher 

k f j k jn  ratios. This will cause the  fluid w ithin the fractures to be depleted rapidly, 

especially w ith  higher ratios k f l km-

For highly fractured form ations, a m ore rapid rate of the colum n to p  surface 

subsidence is indicated in Figure 5.7. Different fractiue spacing values, s* =  0.1, 

0.2 and  0.3 m, are considered in th e  calculations. Smaller values of spacing m ean 

m ore fractures in the media and  show faster consolidation rates. T he  behavior of

* Fracture spacing is defined as the distance between two parallel fractures of a fracture set.
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Figure 5.5: Surface subsidence for different frac tu re  perm eabilities.
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Figure 5.6: B ottom  pressiure for different fracture perm eabilities.
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b o tto m  fluid pressures is displayed in  Figures 5.8 and  5.9. It may be no ted  th a t a t 

early  tim es the pressrues in bo th  m atrix  a n d  fractrure systems w ith sm aller frac tu re  

spacing values are higher; while a t la te r tim es, this situation is reversed because 

w ith  sm aller spacing values (i.e. m ore fractures) the  perm eability per im it volum e 

is higher, then the fluid will be rapidly  depleted.

4.5E-04

4.0E-04

s=0.1
E  3.5E-04

C
O  3.0E-04

0)u
«  2.5E-04
Q.
W
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5=0.3

8= 0.2

1.5E-04

1 .OE-04
1.0E+00 1.0E+01 1.0E+02

Time, sec.
1 .OE+03

Figure 5.7: Surface subsidence for different fracture spacings.

5 .6 .2  T w o-phase for Single- and D ual-porosity

Using the  same example as shown in the  previous Section with sim ilar bo im dary  

and  in itia l conditions, the relationship betw een the relative perm eability an d  w ater 

sa tu ra tio n  is obtained using E quation (4.11), and  shown in Figure 2.3. T h e  rela­

tionship  betw een the capillary pressure a n d  the  w ater saturation is expressed by 

E quation  (4.12), which is represented in Figure 4.5. O ther related param eters  used 

in th e  calculation are listed in Table 5.2.
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Figure 5.10 dem onstrates the changes of surface subsidence with tim e for both  

single- and  dual-porosity system s imder two-phase fluid flow conditions. It is ob­

served th a t  for the dual-porosity  model a more rap id  surface subsidence occurred. 

This behavior is sim ilar to  w hat was discussed in Section 6.1 due to the  presence of 

a  fracture network w ith in  the porous medium.

Figi-ue 5.11 shows the  fluid pressure changes a t the  bo ttom  of the column. Again 

the w ater and  oil pressrues in a dual-porosity system  change faster than the  pressrues 

in a  single-porosity system .

The w ater satruation  changes at the colrunn b o tto m  and a t the top surface are 

illustra ted  in Figiues 5.12 and  5.13. It is shown th a t, a t the  bottom , sa tiua tions 

change faster for the dual-porosity  system, especially a t early  times, com pared to the 

single-porosity system, which is relative stable in the early  tim e and only changes 

a t la ter times. Also in the  dual-porosity system , the satu ration  changes in the 

fractures are faster th an  the  satiuation  changes in  the  m atrix . At the top surface, 

the sa tiu a tio n  values change a  little w ith higher values in the  fractures. The w ater 

sa tiu a tio n  values increase in both  siuface and bo ttom  of the column, w'hich means 

more oil moves out of the  colum n than water.
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Table 5.2: Param eters used in tw o-phase case.

P aram eter Definition Values (A* /  B*) U nits
E m odulus of elasticity 3000.0 /  3000.0 MN/m'-"
i> Poisson s ratio 0.2 / 0.2

B iot coefficient 0.861 /  0.861
a-i 0.0 /  0.815
fin norm al shear firactmre stiffness 30000.0 /  30000.0 M N /m ^ /m
f<I fluid bulk modulus 3000.0 /  3000.0 MN/m'-"
(pl m atrix  porosity 0.2 /  0.2
02 fracture porosity 0.0 /  0.05

m atrix  w ater mobility 9.87E-6 /  9.87E-6 m ‘*/(M N-s)
k\l f lo m atrix  oil mobility 0.0 /  6.58E-6 m‘V (M N -s)
EijfJ-w fractu re  w ater mobility 9.87E-4 /  9.87E-4 m‘7(M N -s)
Ez/iio fractiure oil mobility 0.0 /  6.58E-4 m‘‘/(M N -s)

•S' fracture spacing l.OElO /  0.3 m
A', solid grain bulk modulus 12000.0 /  12000.0 \E Si/nP

loading stress 0.2 /  0.2 \IN /m 2
A*=Single-porosity tw o-phase case;
B*=D iial-porosity tw o-phase case.

For the  analysis of the capillary pressure influence, two different sets of capiUar>' 

pressiure d a ta  were used in the calculations of the  dual-porosity system . Those d a ta  

are expressed in th e  following equations and  graphically  represented by Figiure 5.14 

(Dagger. 1997).

l " l ' " - 1 0 - ^ ' " ^ - . x 6 . 9 8 x l O - ( M P a )
(5.5)1 +  3.62625,^

P'n =  X  6.98 X  10-"(iV /Pa)
1 -t- 2.62625„

where superscrip ts 1 and  2 represent first an d  second capillary pressiure d a ta , re­

spectively.

The siurface subsidences for both  cases a re  p lo tted  in Figure 5.15. Same tren d s  

are observed for th e  two cases, except the  d isplacem ent values for case 1 is sligh tly  

higher.
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Figure 5.10: Surface subsidence w ith time.
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Figure 5.11: B ottom  pressure changes with tim e.
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Figure 5.13: W ater saturation changes a t the surface with time.
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Figure 5.14: W ater satviration w ith two sets of capillary pressures.

F igure 5.16 shows the w ater sa tu ra tion  changes at the bo ttom  of th e  column. 

The changes of w ater satu ration  in the  fracture are faster th an  in the  m atrix  for both  

cases. Figure 5.17 represents the w ater sa tu ration  changes near the  surface of the  

column (5% distance in the to ta l height) and  shows the sam e behavior com pared  to 

the sa tu ra tio n  changes a t the bottom . After passing the transition  period, the  values 

of the  w ater saturations rem ain stable a t the bottom  and near the  top surface of the  

column. For bo th  the fracture and  th e  m atrix , the  satu ration  values keep higher for 

capillary pressure case 2.

T he w ater and oil pressure changes near the  column top and  a t the  b o tto m  of 

the colum n for the m atrix  and fracture are illustrated  in Figures 5.18. 5.19, 5.20 and  

5.21. T he pressures at the bo ttom  of the  column are larger th an  th a t n ear the  top 

surface because the bottom  rem ains undrained, causing the  pressures a t th e  bo ttom
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to  reach higher values. Also those figirres show th a t th e  pressures in the  m a trix  have 

a higher value th an  the values of the  pressure in the  fractures. T he  effects of the 

capillar}' pressiue are lim ited  for the  pressiue changes. For case 1 a n d  case 2 o f the 

capillary pressiues. the pressiue changes are ver}* close to  each o ther.
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Displacement for 
capillary pressure case 14.5E-04

4.0E-04

3.SE-04

3.0E-O4

Displacement for 
capillary pressure case 2

2.0E-04

1.5E-04
1.0E+02 1 .OE+041.0E+01 1.OE+03

Time, sec.

Figiue 5.15: Surface subsidence w ith  time for different capillar}' pressures.

Next C hapter will show th e  applications using this dual-porosity  m odel to  sim­

u la te  the single- or two-phase flow problem s in the laboratory .
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C hapter 6 

M od el A p p lications

T he capabilities of the finite elem ent m odel have been dem onstrated  in several prob­

lems presented  in the previous C hap ters . For prac tica l purposes, the m odel is used 

here to  sim ulate the  behavior o f a rock sam ple which m ay be tested  in the  laboratory' 

in an  a tte m p t to  measure the fluid flow, perm eability  and rock properties.

T he developed model m ay also be used to predict fluid flow behavior and  to 

s tu d y  the  effect of anisotropic perm eability . In addition, the present w ork is capable 

of study ing  the  in tact rock an d  fractiured rock characteristics under single- or two- 

phase fluid flow conditions.

6.1 Laboratory T ests

Because o f the  direct relationship w ith  p roduction  rate, the s tudy  of form ation 

perm eability  is of great concern to  petro leum  engineers. In the  cases o f in tact 

and  frac tu red  m edia, the perm eabilities should be considered as stress-dependent in 

response to  stress variations.

D uring  fluid in jection/w ithdraw al, various stress states occur ranging from com­

pression to  tension. These induced  stresses cause the  joints or fractures to  open or 

close which in tu rn  strongly affects the  m agnitude of the permeability.

T he rock sam ple perm eability  can be m easured in the laboratory. In  general,
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labora to ry  perm eability tests are perform ed based on constant head  (AI-Dhahir 

and  Tan. 1968). transien t or pnlse-decay (Brace et ai .  1968) and  constan t flowrate 

(M orin and  Olsen. 1987) m ethods. D uring such tests, e ither flowrate o r pressure can 

be controlled a t the injection poin t. W hile, a t the observation point, e ith e r pressure 

or flowrate may be m easured. It is assum ed th a t the sample is fully jacketed  excepn 

at the  injection and observation points.

There are two m ethods to  o b ta in  the  relative permeability. One m ethod  relies 

on analy tical expressions which m ust be determ ined experimentally. A nother possi­

bility  is to  determ ine the relative perm eability  directly via laborato ry  experim ents.

Two t}-pes of laboratory  experim ents are used for the determ ination  of relative 

perm eability; steady flow experim ents an d  vmsteady flow experim ents (B ear. 1988). 

The m ost commonly used m ethods are based on steady flow. The tested  sample, or 

core, is m oim ted either in a  plexiglass tu b e  or in a pressurized rubber sleeve, and a 

steady  flow of the two fluids is estab lished  through it. The two fluids used in the ex­

perim ent are introduced sim ultaneously a t the inflow end. a t a  certain  ra tio , through 

separate  piping systems. W hen steady  flow conditions are reached, th e  pressures 

in the  two fluids a t e ither end of the  sam ple, the rates of flow and th e  satiua tion  

are determ ined. The relative perm eability  corresponding to this sa tiu a tio n  state 

can then  be calculated. The in jected  ra tio  is then increased, rem oving m ore of the 

w etting phase, until once again s tead y  s ta te  conditions are established. T he process 

is repeated  imtil a com plete relative perm eability  ciuve is obtained  (B ear. 1988).

6.2 F inite Elem ent Schem e

Flu id  flow through rock samples can  be sim ulated by using the  developed finite 

elem ent model. Figiue 6.1 shows a  configuration used for m easuring th e  horizontal 

rock perm eability in the laboratory. T he cylindrical sample is 0.2 rn in  height and
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0.1 m in diam eter. Vertical perm eability  can also be m easured through the vertical 

injection.

Fixed boundary A No flow boundary

0.1 m 0.1 m

B -B A—A

Figure 6.1: Rock sample configuration.

T he finite elem ent mesh arrangem ent is depicted in Figure 6.2. Because of the 

sym m etries of the  sample geometry, boim dary conditions and  apphed  flow ra te  or 

pressiure conditions, the  calculation needs only to  be carried out in half of the sample. 

A to ta l of fomr layers are considered in the vertical direction. 42 elements and  54 

nodes in each horizontal plane. Eight-node isoparam etric elem ents are used in this 

s tu d y  case. The to ta l nodal and  elem ent num bers are 270 and  168. respectively. 

T he  boim dary and initial conditions used in th e  cylindrical sam ple are as follows:

(a), displacement boim daries

' U:^{x,y,0,t)  =  Uy{x,y,Q, t)  =  u , { x , y , 0 , t )  =  0 

Ux{x , y . -Q.2A)  =  Uy{x,y , -Q.2 , t )  =  u ^ ( x , y , -0 .2 ,  t) =  0 

Uy{x,0 , z , t )  =  0
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o

Top view
Vertical plane

Figure 6.2; Mesh vievi in b o th  horizontal and  vertical planes.

(b). how boundaries

Xo flow is allowed through the sam ple boim daries. except at the injection and  

withdrawal points.

(c). initial conditions

Fluid pressures are set to zero at i =  0. For the  two-phase flow case, the  in itial 

w ater satu rations are S,u =  0.35 and So =  0.65. respectively.

The applications of sim ulating the perm eability  tests  are listed in Table 6.1. T he 

detailed explanations for each application are discussed in the follow Sections.

6.3 Single-porosity A pproach

In this Section, the  sim ulation is carried ou t by using the  single-porosity approach. 

B oth single-phase and two-phase fluid flow cases are considered in the study, in
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Table 6.1: Different m ethods used in the  sim ulation of the  perm eability  test.

S ingle-porosity approach
Single-phase, horizontal injection 
Single-phase, vertical injection 
Tw o-phase, horizontal injection

D ual-porosity  approach
Single-phase, horizontal injection 
Single-phase, vertical injection 
Tw o-phase, horizontal injection, no loading 
Tw o-phase, horizontal injection w ith loading

which the  w ater is injected a t one side and  withdrauTi a t o ther side of the  sam ple 

for the  horizontal injection case, an d  injected a t the  top  and  w ithdraw n a t the  

b o tto m  of the  sam ple for the vertical injection case.

6.3 .1  S ingle-phase F luid  F low

For th e  case of a  single-phase fluid in a single-porosity problem , there are two cases 

to  study: horizontal and  vertical injections.

H orizon ta l In jection

In the experim ent to  test rock sam ple perm eability, single-porosity single-phase 

fluid flow test is com m only used for its simplicity. The single-phase fluid (w ater) 

is in jected  through  one side of the rock sam ple by controlling the flowrate or fluid 

pressure, and  the pressiures or flowrate are  also controlled on the other side of the  

sam ple. T he param eters used in th e  horizontal injection sim ulation are shown in 

Table 6.2.

F igure 6.3 shows the  changes in fluid pressures and  displacem ents in the  x- 

d irection  w ith  tim e a t some points o f th e  rock sam ple shown in Figiure 6.4. T he 

fluid pressiures decrease w ith time. H igher pressure values ap pear near the injection 

area and  decrease w ith  the positions from  injection to  w ithdraw al areas.

Figiures 6.5, 6.6, 6.7 and  6.8 dem onstrate  the  contoiurs of the  fluid pressiures and
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Table 6.2: Param eters used in single-phase single-porosity case.

P aram eter Definition M agnitude Units
E m odulus of elasticity 3000.0 M N/m ^
1/ Poisson's ratio 0.2

Biot coefficient 0.861
K f fluid bulk modulus 3.0E3 M N/m2
01 m atrix  porosity 0.2

k i l f i m atrix  mobility 9.87E-6 mV(M N-s)
Ks solid grain bulk m odulus 1.2E4 M N/m2

injection w ater flow ra te o.OE-7 m'Vs

the displacem ents a t th e  cross-sections of cen tral vertical plane (y =  0 a t F igure 6.4) 

and  central horizontal plane (z =  -0.1 m  a t F igure 6.4) at the beginning of the  fluid 

injection. W hile the  changes of fluid pressvures and  displacements after 5 tim estep  

are shown in Figures 6.9, 6.10 and  6.11. C om paring w ith Figure 6.3. Figiures 6.5. 

6.6. 6.9 and  6.10 also show the  changes of fluid pressures w ith higher values aro im d 

the  injection area and  the  pressures decreasing w ith time. The displacem ents show 

th a t the rock voliune increases w ith the larger values near both  the injection a n d  the 

w ithdrawal areas. It is no ted  th a t the sam ple volume change is due to the  pressirre 

increase which results in the pore volume expansion.

V e r tic a l  I n je c t io n

T he fluid is injected th rough  the center of the  sam ple top surface by controlhng the 

flowrate o r fluid pressures, an d  also the fluid pressiures or flowrate are controlled 

a t the w ithdraw n area which is located in th e  center of the sample bo ttom . For 

the  vertical injection experim ent, the perm eability  along z-direction of the  sam ple 

(Figure 6.2) can be obtained . The param eters used in the sim ulation are sim ilar to 

the  previous case and  shown in Table 6.2.

Figure 6.12 dem onstrates the  changes of fluid pressures and displacem ents along 

x-direction w ith  tim e in  some points of the  rock sample (Points B, C an d  D in
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Figure 6.3: Fliiid pressures and displacements w ith tim e.

Honzontal plane, z=-0.1 m

Figure 6.4: Cross-sections and points for the analysis.
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Figure 6.5: F luid pressure distributions at vertical plane, t =  1 sec.
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Figure 6.6: Fluid pressure distributions at horizontal plane, z =  -0.1 m, t =  1 sec.
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0.0-

0-02.02 3.01-0 IS \ -0.04 -0

-0 31

-0.

Figure 6.8: D isplacem ents along x-axis at horizontal plane, t =  1 sec.
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Figure 6.9: F luid  pressure contoius a t vertical plane, t  =  5 sec.
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Figure 6.10: F luid  pressure contours at horizontal plane, t =  5 sec.
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Figure 6.11: Displacements along x-axis at horizontal plane, t =  5 sec.

Figure 6.4). respectively. Together with Figures 6.13. 6.14. 6.15 and 6.16. which 

show the fluid pressure distributions around both  the sam ple central vertical plane 

and  central horizontal plane a t two different tim esteps; it can be seen th a t the  fluid 

pressures decrease as tim e elapses.

The changes of displacem ents along the x-axis across the vertical planes are 

shown in Figures 6.17 and  6.19 for two different tim esteps. Figures 6.18 and  6.20 

represent the  displacements along radial direction a t the  horizontal plane. T he 

displacem ents decrease w ith rime and show th a t the rock sam ple volume increases 

w ith fluid in jected  from the top.
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Figi-ire 6.12: F luid presstires and displacem ents along x-axis w ith  tim e.

109



-0.00-

-0.02-
10

-0.04

-0.06

— -0.1»

-0.12

-0.14-

-0.16

-0.18-

-0.20-
-O.M -0.02 0.00 0.02 0.04

X (m)

Figure 6.13: F lu id  pressures a t vertical plane, t =  1 sec.
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Figi-ure 6.14: Fluid pressures at horizontal plane, t =  1 sec.
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Figure 6.15: Fluid pressures a t vertical plane, t =  5 sec.
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Figiixe 6.17: Displacements along x-axis at vertical plane, t  =  1 sec.
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6.3.2 Two-phase Fluid Flow

For the two-phase fluid flow sim ulation, th e  relationships between the relative per­

m eability  and  the  w ater sa tu ration  rem ain th e  sam e as predicted by E quation  (4.11). 

Also the relationship based on the sam e expression as Equation (4.12) an d  Figure 

4.5 is used for the  capillary pressure and  w ater sa tu ra tion  curves. T he param eters 

used in the  tw o-phase sim ulation are listed  in Table 6.3.

Table 6.3: Param eters used in tw o-phase single-porositj' case.

P aram eter Deflnition M agnitude Units
E modulus of elasticity 3000.0 MN/m'^
u Poisson s ratio 0.2

o.\ Biot coefficient 0.861
K f fluid bulk modulus 3.0E3 M N/m'"
01 m atrix  porosity 0.2

k y / n m atrix m obility 9.87E-6 m ‘V(MN-s)
Ks solid grain bulk m odulus 1.2E4 M N/m ^
Q . injection w ater flow ra te 5.0E-8 m ’*/s

Figures 6.21 and  6.22 illustrate the changes of w ater pressures and  displacem ents 

along the x-direction. and w ater satu rations as a  function of time for po in ts A, B. C 

and D of the  rock sample (Figure 6.4), respectively. T he water pressures decrease 

w ith  tim e when the  locations are close to  the  injection area and when the  analyzed 

points are near w ithdrawal area the w ater pressures increase a little a t the  beginning 

then  decrease. In  th is case study, the  fluid (w ater) is instantaneously in jec ted  in to  

the rock sample. In  such case, the  changes of the fluid pressures will reach the 

highest values im m ediately after the  injection, then decrease to  the  in itia l fluid 

pressure values a t the  locations close to  injection area. W hile a t the  points near the  

w ithdraw al area, the  fluid pressures will increase a t the  beginning tim e, a n d  then  

decrease. This is due to the fact th a t  the  fluid pressures will achieve the  highest
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values a fte r a  period of tim e of injection.

T he  w ater saturations show a faster increase when close to  the  injection area. The 

displacem ents indicate th a t the  rock sample volume increases aroim d the injection 

area because the  w ater fills the  pore volume, while a t the w ithdraw al area the sample 

volume shrinks a t the very early  tim e, then expands due to the fact th a t fluid s ta r t 

to flll the  pore space.

Figures 6.23. 6.24. 6.25 and 6.26 show the w ater pressrure distributions aroim d 

the sam ple central vertical plane (y =  0 a t  Figure 6.4) and  central horizontal plane (z 

=  -0.1 m  a t Figure 6.4) a t two tim esteps. It also can be seen th a t the w ater pressures 

are higher a t the beginning th an  a t la te r times, and  higher a t the injection than  

w ithdraw al areas.

T he changes of w ater satu ration  across the vertical and  horizontal planes are 

shown in Figures 6.27. 6.28. 6.29 and 6.30. The displacing process (e.g.. w ater 

displacing oil) can be clearly seen along the moving front of the injected water.

T he displacem ents depicted in Figures 6.31. 6.32. 6.33 and  6.34 dem onstrate 

th a t th e  rock sam ple volume increases due to the fluid filling the pore volume of the 

sample.
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Figure 6.21: W ater pressures and displacem ents w ith time.
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Figure 6.23: W ater pressures a t central vertical plane, t =  1 sec.
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117



-aoo

-tttt»

-ai»

-a 10

-a 12

-a 14

-a 16

■0.1S

•0.(M -a02 0.00 0.02 0.04
X (m )
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Figure 6.29: W ater saturations a t central vertical plane, t =  5 sec.
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Figure 6.31: Displacements along x-axis a t  vertical plane, t =  I sec.
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6.4 D ual-porosity Approach

For the fractured  rock sample, the more reasonable m ethod for the sim ulation is 

to use the dnal-porosity  approach. Single-phase and  two-phase fluid flow cases are 

involved in the  examples. Also for the tw o-phase horizontal injection case, b o th  

considering the  ex ternal loading and w ithout ex ternal loading cases are com pared. 

For the  no ex ternal loading case (only fluid injection), the fixed boimdaries on the  

top and  bo ttom  of the  specimen are designed. A nd for the  loading case (external 

loading and  fluid injection), the uniaxial load is im posed on the top of the  sam ple, 

which allows the compression of the sample in th e  vertical direction.

6.4.1 S ingle-phase Fluid Flow

This case is stud ied  using the dual-porosity approach in which horizontal an d  vertical 

injections are considered. The parameters in the  sim ulation are listed in Table 6.4.

It should be no ted  th a t in general. Qj and  in Table 6.4. are not equal to  each 

other (Bai et ai .  1993). Based on an experim ental study. Walsh (1981) suggested 

tha t 0 .2  varies between 0.5 and  1.0. In th a t work it was determ ined tha t 0 2  =  0.9 for 

joints w ith  polished siurfaces and og =  0.56 for a jo in t m ade from a tension fractiure. 

How’ever. for this particu lar simulation, it is assum ed th a t these two param eters 

were equal.

H orizontal In jection

Figure 6.35 dem onstrates the changes of w ater pressures in bo th  the rock m atrix  an d  

the fracture w ith tim e a t some points of the  rock sam ple (Figure 6.4), respectively. 

Both pressures in  the  rock m atrix and  the  fractures decrease w ith tim e. At the  

early tim e, the  pressures in the fractures are h igher th an  the pressures in the  rock 

m atrix. W hile a t positions not close to  the  injection area, it can be seen th a t the  

water pressiures are higher in the rock m atrix  th a n  in the fractures.
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Table 6.4: P aram eters used in single-phase dual-porosity  case.

Param eter Definition M agnitude U nits
E m odulus o f elasticity 3000.0 M N /m ^
u Poisson's ratio 0.2

a,,Q 2 Biot coefficient 0.861
Kn norm al firacture stiffness 1.2E5 M N /m ^/m
K f fiuid bulk  m odulus 3.0E3 M N /m ‘̂
01 m atrix  porosity 0.2
(p2 fractiue porosity 0.05

ki / f i m atrix  mobility'- 9.87E-8 m'Y (A'lN-s)
k-l/tl fractiue m obility 9.87E-6 m*/(A/lN-s)

s fractiue spacing l.OE-2 m
Ks solid g rain  bulk m odulus 1.2E4 MN/m'^
Qw injection w ater flow ra te 5.0E-7 m'Ys

The changes of the displacem ents along the  x-direction in Figiure 6.36 indicate 

th a t the rock sample volume increases aroim d the injection area because the water 

fills the pore voliune. and the expansion of the voliune decreases w ith  time. While 

a t the  withdrawal area the  voliune also expands, but w ith a sm all value compared 

w ith the voliune change in injection area. This is the fact th a t higher fluid pressiues 

exist in the injection area th an  in the w ithdraw al area.

W ater saturations show m ore faster increase when the locations are close to 

injection area. This is because th e  injected w ater moves from the  injection area to 

the withdrawal area. G radually the  injected w ater fills the whole sam ple.

Figiues 6.37. 6.38. 6.39 and  6.40 show the w ater pressiue d istributions aroimd 

the sample central vertical plane and  central horizontal plane a t two tim esteps. It 

can be seen th a t the w ater pressrues are higher a t the beginning th a n  the  la ter time, 

and also higher at the injection area th an  wnthdrawal area.

The displacements depicted in Figures 6.41, 6.42, 6.43 and  6.44 also show the 

increase of the changes of the  sam ple volume.
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Figure 6.42: Displacements along x-axis at horizontal plane, t = 1  sec.
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V ertical Injection

In this case, the fluid is in jected  th rough  the center of the sam ple top  surface and 

w ithdraw n from the a rea  which is located  in the center of th e  sam ple b o ttom . The 

param eters used in the  sim ulation  are shown in Table 6.4.

Figure 6.45 dem onstrates the  changes of fluid pressures a n d  displacem ents along 

the  x-direction as a fim ction of tim e a t some points of the rock sam ple (Points B. 

C and D in Figure 6.4). respectively. T he fluid pressures in b o th  the  rock m atrix  

and  the fracture decrease w ith  tim e except in locations far from  th e  center, like 

point D. where the pressiures in the  m atrix  increase a t the very early  tim e. The 

pressiures are higher w hen th e  analyzed points are close to th e  cen ter of the  sample 

than  those located far from  the  center. W hen com paring th e  d isplacem ents along 

the x-direction in points B. C and  D, it can be seen th a t the largest value appears in 

point D. and  the sm allest value in point B. This indicates th a t th e  largest changes of 

the  displacements along th e  x-direction which represent the rock sam ple expansion 

wiU appear a t the boundary  of the  sample.

Figures 6.46. 6.47. 6.48 and  6.49 show the m atrix  fluid pressure d istributions 

aroim d both the  sam ple cen tra l vertical plane and  central horizontal p lane a t two 

different tim esteps.

The changes of displacem ents along x-axis across the vertical planes are  shown in 

Figiures 6.50 and 6.51 for two different tim esteps. Figures 6.52 an d  6.53 represent the 

displacements along the  rad ia l d irection in a horizontal plane. T he  displacem ents 

decrease with tim e an d  show the rock sample volume increases w ith  fluid injected 

from the top.
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6 .4 .2  T w o-phase F luid Flow

In order to sim ulate two-phase fluid flow in frac tu red  rock samples, th e  relationships 

between the relative perm eability and  the w ater sa tu ration  are assum ed to  rem ain 

the  same as expressed by Equation (4.11); an d  E quation (4.12) an d  F igure 4.5 are 

used. The param eters used in the two-phase sim ulation are listed in  Table 6.5.

Table 6.5: Param eters used in tw o-phase dual-porosity case.

Param eter Definition M agnitude U nits
E modulus of elasticity 3000.0 M N /m ^
u Poisson s ratio 0.2

Biot coefficient 0.861
normal fracture stiffness 1.2E6 M N /m ^ /m

K f fluid bulk m odulus 3.0E3 M N /m 2
(i>i m atrix porosity 0.2

fracttue porosity 0.05
k ^ ln m atrix m obility 9.87E-8 m'Y (^IN-s)
k-ilii fractiue m obility 9.87E-6 m V (M N -s)

.s fractiue spacing l.OE-2 m
K , solid grain bulk m odulus 1.2E4 M N /m ^
Q,u injection w ater flow ra te 5.0E-8 m'Vs
rr. uniaxial loading stress 10.0 M N /m ^

Figi.ue 6.54 dem onstrates the w ater pressure changes in the rock m atrix  for 

points A. B. C and D shown in Figure 6.4. At the very early tim e, th e  pressures 

increase w ith the w ater injected into the sam ple; then the pressures decrease w ith 

tim e. The w ater pressures in the  fractiures, com pared w ith the w ater pressures in 

the  rock m atrix , show an overall decreasing tre n d  as tim e elapses (F igure  6.55). T he 

oil pressures in the rock m atrix  and  the  fracture  system s are very close to  the  w ater 

pressures in each system.

T he w ater satu ration  chzinges in the rock m atrix  and  the fractvue system s are 

depicted in Figures 6.56 and 6.57, respectively. B oth systems show th e  w ater s a t­

u ra tion  changes faster at points close to th e  w ater injection area. In  add ition , the
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Figiire 6.54: M atrix  w ater pressure changes w ith  tim e a t different locations.
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Figure 6.55: Fracture water pressure changes w ith  tim e at different locations.
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water sa tu rations in the  fractu re  system  increase faster th an  the sam e positions in 

the rock m atrix  system  due to  the  higher m obility characteristics of the  fractiure 

system.

The displacem ents along the  x-axis for those four points (A. B. C and  D in 

Figure 6.4) are illu stra ted  in Figure 6.58. W ater is injected into the rock sam ple 

which causes the  sam ple volume to  expand. Again, the largest expansion takes 

place in the beginning close to  the  water injection area, then the sam ple volvune 

shrinks w ith tim e due to the  pore pressiue decreasing. While in the  w ithdraw al 

area, the sam ple volume will expand at early tim es until it reaches a m axim um  

before shrinking w ith  time.
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Figure 6.56; M atrix  w ater sa tu ra tion  changes w ith  tim e a t diflterent locations.
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Figure 6.58: Displacement changes w ith tim e along x-axis at different locations.
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The rock m atrix  w ater pressure distributions in the cen tra l vertical plane (y =  

0, Figure 6.2) and  horizontal plane (z =  —0.1 m. Figure 6.2) are shown in  Figiues 

6.59. 6.60. 6.61 and  6.62 a t two different tim esteps. F ig iues 6.63. 6.64. 6.65 and 

6.66 show the fracture w ater pressure distributions in b o th  the  central vertical and  

horizontal planes.

The w ater satvuation distributions in the rock m atrix  in bo th  the  central vertical 

and horizontal planes a t  two different tim esteps are dep icted  in Figiues 6.67, 6.68. 

6.69 and  6.70. respectively. The figiues show th a t the w ater sa tiu a tio n s  increase w ith 

tim e in bo th  cross-sections. The w ater satu ration  moving from  the  right side of the 

figures (w ater injection areas) to  the  left side of the figiues is clearly dem onstrated 

in those figiues. Figiues 6.71. 6.72. 6.73 and 6.74 show th e  frac tiu e  w ater satvuation 

distributions in both  vertical and horizontal planes. T he  w ater satu ration  changes 

in the fractiue system  not only dem onstrate  the values increasing with time, but 

also show a larger value th an  the w ater saturation  changes in the rock m atrix  a t the 

same point and a t the  sam e time. This is again because the  injection w ater moves 

faster in fractiue system  which has a  higher m obility th a n  the  rock m atrix  system.

T he displacements along the x-axis are shown in F ig iues 6.75. 6.76. 6.77 and 

6.78. respectively. The values in the  figures represent the  sam ple volume expansion 

after the w ater injection. The largest expansion values occur a t the injection points. 

A nd the changes of sam ple expansion decrease w ith tim e. F igiues 6.79 and  6.80 

show the displacem ents along y-axis in central horizontal p lane for two tim esteps. 

At the  beginning, the  largest displacem ents appear near the  injection point. T hen 

as tim e elapses, the  largest values move up to the top an d  bo ttom  sides of the 

horizontal plane.

140



-o.oo-

-0.02-

-0.04

-O.Ofr

-0.08-

-0.10-M
-0.12-

-0.14-

-0.16-

-0.20-
-0.04 -0.02 0.00 0.02 0.04

X (m )
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Figure 6-61: M atrix w ater pressure distributions in vertical plane, y  =  0. t =  5 sec.
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Figure 6.71: Fracture w ater satu ration  distributions in vertical plane, t =  1 sec.
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Figure 6.72: Fracture water saturations in horizontal plane, t =  1 sec.
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Figure 6.73: F ractu re  w ater saturation  distributions in vertical plane, t =  5 sec.
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Figure 6.74: Fracture water saturations in horizontal plane, t =  5 sec.
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The rock sam ple is fu rther considered to be subjected  to an  r mi axial loading at 

the  top surface. T he boim dary  and  in itial conditions are exactly  sam e as previously, 

except the top siuTace moves in the  vertical direction. The loading stress is equal 

to  10 MPa.

Figures 6.81 and  6.82 com pare the  results of the  w ater pressiures in both rock 

m atrix  and  frac tiue  system s w ith tim e for no-loading and loading cases. B oth cases 

dem onstrate the  same tre n d  in pressiue changes. A larger pressiue value is obtained 

in the loading case th a n  in the no-loading case, which is reasonable because the 

loading stress wiU increase the  pore pressiues inside the  rock sample.

The displacem ents along the x- (horizontal) and  z- (vertical) directions are rep­

resented in Figiues 6.83 and  6.84, respectively. As expected, larger displacem ent 

values are shown in Figure 6.83 im der loading condition. T he  rock sample also 

shows larger expansions im der loading condition.
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Figure 6.81: M atrix  w ater pressures w ith tim e in no-loading and  loading cases.
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Figi-ire 6.82: Fracture water pressures w ith tim e in no-loading and loading cases.
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Figure 6.83: Displacements along x-axis with time in no-loading and  loading cases.
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F igire 6.84: D isplacem ents along z-axis with time in loading cases.

154



C hapter 7 

C onclusions and 
R ecom m endations

7.1 Conclusions

This dissertation addressed the two-phase fluid flow problem s in deformable n a tu ­

rally fractiued  reservoirs. Theoretical and niunericai approaches were piusued. T he 

dual-porosity system  was used to describe the fractiured porous medium in which 

different properties had  been a ttribu ted  to the rock m atrix  and the fractiues. T he­

oretical and  num erical efforts culminated in the developm ents of a fully coupled 

three-dim ensional finite element code. It is believed th a t the developed num eri­

cal tool gives a m ore powerful means to solve different and  difficult problems in 

pet role run engineering as well as in other engineering areas. T he m ajor conclusions 

and contributions of this study  can be sum m arized as follows:

1. The derivations of the developed munerical m odel are based on the rigorous 

theory of the  conservations of m om entum  a n d  m ass, ra ther than form ulating 

the governing equations in a phenomenological backgroim d as shown in some 

current models. In comparison w ith the ex isting  models for two-phase flow 

and solid deform ation in fractured porous m edia, the  present model offers 

more precise definition for the interactive responses between the m atrix  an d
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the fractures w ith  respect to  fluid flow.

2. A three-dimensional finite elem ent code has been developed which properly 

simulates the coupled behaviors of the  poroelastic solid an d  the  two immis­

cible fluids in a  deform able sa tu ra ted  fractiured reservoir. T he  dual-porosity 

concept was applied to th e  fractiured porous media, w hich m eans th a t the 

porous m ediiun comprises fractrures. w ith higher perm eability  and  lower stor­

age. as well as solid m atrix , w ith  lower perm eabihty an d  h igher storage.

3. The non-linear system  of equations in the finite elem ent m odel has been solved 

using the direct itera tion  m ethod , in which each ite ra tio n  is controlled by the 

error analyses of the unknow ns. The elements of the m a trix  coefficients of 

the highly non-linear system  are upda ted  diuring each ite ra tio n  in term s of the 

independent variables.

4. The performance of the  developed numerical code has been extensively val­

idated in three different categories. The first contains th e  sim plest tests of 

the pure elasticity  and  the steady-sta te  flow. T he second sim ulates the con­

solidation problem  for the  coupled rock-fluid system s. A lthough those tests 

only involve single-phase flow and single-porosity they  can. how^ever. serve as a 

partial check for the  p resent code. Finally, the problem  of th e  two-phase flow 

in the deforming fractiured porous medium was investigated. AU the tested 

examples dem onstrated  th e  validity, stability and  capab ility  of the  developed 

code.

5. The presented model gives m ore opportim ities and  choices to  sim ulate differ­

ent problems including uncoupled and  coupled situa tions. T he  pure  elastic 

problem and steady-sta te  flow cases are typical exam ples of im coupled prob­

lems. While several cases a re  involved in the coupled problem s, for example
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single-phase fluid flow in both single-porosity and  dvial-porosity media, and  

two-phase fluids flow also in both  single-porosity an d  dual-porosity media.

6. T he surface subsidence w ith dual-porosity presents more fast changes than the 

results ob ta ined  from single-porosity m ethod . T he fractured porous m edia 

behaviors depend on a large extent on the  fractrure properties. Two most 

im portan t properties are the fracture perm eability  and  fracture spacing which 

are negligible in single-porosity approach. Therefore, a  dual-porosity model 

is more realistic in such cases th an  those w ith  a conventional single-porosity 

model.

7. W ith  increasing fracture permeability, bo th  surface subsidences and fluid pres- 

svues change faster. Those behaviors dem onstra te  th a t if fractiue perm eability 

is higher, th e  fluid will flow faster in the fractrure system  which causes the fluid 

pressvue to  drop faster and subsidences increase faster. On the other hand, 

the sm aller the  fractiue spacing is. the faster th e  subsidence occurs.

8. T he stud ied  examples in the param etric analysis show th a t for the fractured 

porous m edia the fluid presslues in the rock m atrix  are higher than  the pres­

sures in the  fractiue  system, which may be explained as the fluid within the 

rock m atrix  is squeezed out into the fractiue system  due to the  pressiue dif­

ference. For the column problem, bigger difference between the rock m atrix  

pressure an d  the  fractiue pressiue is observed near the top surface than a t the 

bo ttom  of th e  column, which is a ttr ib u ted  to  the  fact th a t the top surface is 

drained. In  addition, the fluid interchange is also the  frmctions of the fractiue 

geometry.

9. For the  tw o-phase flow in fractured porous m edia, the  w ater satiuations demon­

s tra te  larger changes in the fracture system  th a n  in the  rock m atrix . More oil
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will flow into the fracture system so th a t  the w ater sa tu ration  in th e  rock m a­

trix  will increase. From the fracture point of view, although oil flows into the 

fracture from the rock m atrix, much m ore oil will move out from the  drainage 

area leading to increase water satiuration in the fractures. I t is also no ted  th a t 

the  capillary pressures will affect th e  satiuration changes.

10. For all practical piurposes. the developed m odel was used to  sim ulate the  be­

havior of laboratory rock samples. Several cases were studied  which includ­

ing com binations of horizontal injection, vertical injection, single-phase, two- 

phase. single-porosity, dual-porosity, no-loading and loading situations. Those 

sim ulations may be used for the  futiure studies in stress-dependent perm eabil­

ity.

11. T he developed model will be of great u tility  in sim ulating tw o-phase flow in 

deform able sa tiu a ted  oil reservoir. O ne typical example is waterflood. It 

also gives the opportim ities to study the  problems including single-phase fluid 

flow, reservoir subsidence, reservoir heterogeneity, groundw ater flow and  im- 

sa tu ra ted  zone problem in soil m echanics, and  contam inant tran sp o rt pollution 

in environm ent area.

7.2 Recom m endations

T he rigorous theoretical formulations and the  finite element m unerical schem e have 

been dem onstrated  through this dissertation. Yet only a few case studies were car­

ried out. T he followings are some im plem entation issues th a t need fiurther research 

and  developments:

1. additional m aterial balance checks are  needed after the convergence has been 

checked so th a t the model conserves m ass a t all times. This balance check
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requires th a t the ra te  of fluid accumulation m inus the divergence of velocity 

must be equal to the  ne t flow of the reservoir system , i.e. to ta l flow from any 

external soiuce m inus the to ta l outflow from the reservoir;

2. the influence of choosing different element sizes needs fiu ther study, especially 

in the case of non-linear problems:

3. the convergence criterion may be influenced by th e  choice of the m ethod to 

solve the non-linear equations, such as direct m ethod , successive overrelax­

ation (SOR) and N ew ton-Raphson methods. Hence, this convergence criterion 

might probably be fiurther optimized;

4. in the simulation, the  value of A t  is assumed to  be 1.0 second. In such case, 

the changes of the unknowns in the period of 0 to  I second need to be fiu ther 

investigated. One m ethod  to deal with this problem  is to  take smaller value 

of A t. such as 0.1 second and see how it influences the  various pressiue and 

displacement graphs;

5. conduct more case analyses for the actual frac tiued  reservoir production prob­

lems;

6. extend the ciurent m odel to sim ulate three-phase fluid flow problems;

7. examine the fracture properties, such as the effect of non-D arcy flow;

8. extend the presented theory  to elastoplastic m odel to  solve o ther problems like 

sanding control and  borehole stability;

9. enable the model to  s tu d y  the stress-dependent perm eability; and.

10. improve the code interface.
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N  om enclature

B = strain displacement m atrix

C = compressibility

Cijki — elasticity compliance m atrices (i. j, k. 1—1

Dijki — elasticity m atrices (i. j. k. 1=1.........3)

E — Yoimg's modulus

F. = body force vector

J = Jacobian m atrix

K = stiffness

Kt = bulk moduli of the solid skeleton

t<t = bulk moduli of the frac tu red  m edia

K . = bulk moduli of the solid grain

Kn = fracture norm al stiffness

E.sii = fracture shear stiffiiess

Kx = fluid bulk moduli of rock m atrix

l<2 = fluid bulk moduli of fractu re

K\w = water bulk moduli of rock m atrix

Eio = oil bulk moduli of rock m atrix

= water bulk m oduli of fracture

E-io = oil bulk moduli of fractu re

^Iro = oil relative perm eability  of rock m atrix
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k-iro =  oil relative perm eability  of firactiire

Azinr =  w ater relative perm eability of rock m atrix

Ar-inu =  w ater relative perm eability of fracture

L =  differential opera to r

M  =  mass

Ni =  in terpolation  functions or shape functions

ri =  niunber of norm al set of fractures

P\ =  average pressure in rock m atrix

P-i =  average pressiure in fractrure

P\o =  oil pressure in rock m atrix

P-io =  oil pressure in fracture

P\,u =  w ater pressiure in rock m atrix

P-iw =  w ater pressiure in fracture

Pr =  capillary pressiure

P\r =  capillary pressure of rock m atrix

Pin =  capillary pressure of fractiure

R  =  error

Sir, =  oil satiuration of rock m atrix

Sio =  oil sa tu ra tio n  of fracture

S'i,„ =  w ater sa tu ra tio n  of rock m atrix

S ‘i,u — w ater sa tu ra tio n  of fracture

•s =  fracture spacing

t =  tim e

u  =  velocity

Uiu, =  D arcy w ater velocity in rock m atrix

U2u, =  Darcy water velocity in fracture
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Ui^ = D arcy oil velocity in rock m atrix

U2 0  =  D arcy oil velocity in fracture

Uiu) =  intrinsic w ater velocit}' in rock m atrix

U-iw =  intrinsic w ater velocit}' in fracture

U\n = intrinsic oil velocity in rock m atrix

U‘io =  intrinsic oil velocity in fracture

V  =  to ta l volume of the fractured porous medium

=  solid volume of the fractured  porous medium  

Vi =  pore volume of the fractured porous medium

V-i =  fracture volume of the fractiured porous medium

Vp =  to ta l pore volume

IV  — weighting frmction

x . y, z  =  X . !j, z directions in a cartesian coordinate system

G re e k s

£■ =  Strain

=  stra in  tensor (i, j = l .  . . . .  3)

=  strain  com ponent I 

=  stra in  com ponent II 

=  stra in  com ponent III 

Skk =  voliune stra in

u  =  Poisson s ra tion

q. Ç directions in a local coordinate system

01  =  rock m atiix  porosity

02  =  fracture m atrix  porosity

0^ =  solid m atrix  porosity

1 6 2

-V
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Ps = density of solid

P l w = density of w ater in rock m atrix

Pl o = density of oil in  rock m atrix

P'lw = density of w ater in fracture

p2o = density of oil in fracture

r,„ = rate of w ater transferred  between the  rock m atrix  and  the frac­
ture per imit volume

r . rate  of oil transferred  between the rock m atrix  and  the  fracture 
per unit volume

p \  w = water viscosity in rock m atrix

P'lw = water viscosity in fracture

P lo = oil viscosity in rock m atrix

P'lo = oil viscosity in fracture

f. = convergence lim it value

a = stress

rxij = stress tensor (i. j = l .........3)

^'iJ = effective stress tensor (i, j = l ........ 3)

à — mean stress

Ci = Biot's constant

6 = Kronecker D elta

n = domain

= unknown values a t the  nodes

A t = time-step

V = Laplace operator

Sub scrip ts

1 = rock m atrix  system

2 = fracture system
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b = b o undary  dom ain

I' = volum e dom ain

s = solid system

lü = w ater

o = oil

n = I for rock m atrix  ;

7T = w  for w ater and  o

S u p e rs c r ip ts

0 = initial values

- 1 = inverse

k = ite ra tio n  level

T = transpose

n — tim e
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A p p en d ix  A  

D erivations o f V olum e Chemges

These basic derivations are based on Charlez s book (1991).

A .l  D ecom position  o f  th e  State o f  Stress

The constitu tive  law of the  equivalent m aterial can be determ ined  easily by de­

com posing the  actual s ta te  of stress into three elem entary com ponents according to 

Figmre A .I.

-Pi -R2 Oi+Pi+Pz

;Pi :Pi
0 2

111 111 111 111
Component I Component II Component III

Figure A .l: D ecom position of the stress s ta te .

Hooke’s law is w ritten  as:

1 + u u
- i j  =  g  ~  - ^ ( ^ k k O i j
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where E  is Young's m odulus: u  is Poisson's ratio; cr^k =  +  <̂,jy 4- (Tzz k r  the

three-dim ensional stress conditions and (5̂  is the Kronecker delta.

•  Component I corresponds to  the hydrostatic loading of the  m atrix  and  leads

to a deform ation s ta te  z{j :

where is the bulk m odulus of the solid grain.

Component II corresponds to the hydrostatic loading of the  fractiure an d  leads 

to a deform ation s ta te  :

hij (A.3)

where 2Kn is the  fracture stiffness and  s is the fracture spacing.

•  Component III corresponds to  the loading of the d ry  equivalent m ateria l and  

leads to a deform ation s ta te  :

^ +  Pï^ij) — "g {^kk +  3Pi -I- 3 / 2) 6ij (A.4)

T he overall strain  is ob ta ined  by adding Equations (A.2). (A.3) and (A.4) which 

leads to:

l  + u
-rj -  g  -'To

where Kt is the bulk m odulus of the  equivalent dry  m aterial.

The effective stress can be w ritten  as (Niur and  Byerlee. 1971):

'Tjj =  'Ttj 4- a\P \6 ij 4- (A.6)

w ith.

- + (i: “ ftb)

1,a, = l - -

"0:2 =  1 —
(A.7)

KnS
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fTf-k ~  ^kk +  3 a iP i  4- 30=2^2 ( A.8)

S ubstitu ting  E quations (A.6). (A.7) and  (A.8) into Equation (A.5). it follows:

1 + U I 1/ , f K n\
-ij -  —g  ^ ij ~  (A-9)

It shows th a t the  effective stresses and  not the  to ta l stresses govern the s tra in  of a

fractured porous elastic material.

A .2 B u lk  Volume Variations

The bulk volum e variations can easily be obtained  from Hooke's law (E quation  

(A.5)). The volum e stra in  Skk is such tha t:

A .3 V ariation in Total Pore Volum e

It is clear th a t  the  variation of to ta l pore volume is generated by norm al stress 

components. T h e  norm al total stress can be decom posed into tw’-o parts w ith  7f =
^kk
3 ■

(Tij =  cr6ij 4- {(Tij — (TÔij) (A .11)

The analysis of the  variations in to ta l pore voliune also can be divided into two

parts:

1. the  pore volume variations due to  m ean stresses and  pressiues. i.e. 7r. Pi and  

P2 ; and,

2. the pore volume variations due to  deviatoric stresses, i.e. aij — Ifbij.
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A .3 .1  P ore V olum e C hange D u e to  M ean S tresses and  P res­
sures

T he to ta l pore volume is the sum  of the  m atrix  pore volume and the fractiure volume. 

i.e. Vp = V’l + V2 . T he to ta l pore volume and  the bulk volume are ass;uned to be 

a fiinction of the m ean stress <t and  pressures Pi and T he relative variations in 

to ta l pore voliune will, therefore, be such th a t:

To elim inate j  from E quation  (A .1 2 ). consider the stress p a th  d â  = —dPi — 

dP-2 . Then Equations (A .2). (A.3) and  (A.IO) lead to:

Since dVp = d V  — dV^. tak ing  accoimt of E quation  (A. 13) one gets:

(g  * s ) - { f *  a
Equations (A.13) and (A. 14) lead to  the  identity  with d â  =  —dPi — dP^:

d V  dV, dVp dPi dP-2
(A.15)

VC 1̂ , fc,

Since d â  =  —dPi — dP i, E quation  (A.12) will be w ritten by tak ing  accoim t of 

E quation  (A.15) as:

dip, 1 „ 1 /.9T4A . , 0  , 1 , i iff)!/;,'
K , Kns V p y d â ) " ^ ^ '  V p \ d P i ) '^ ^ '" ^  V p \d P 2 ) '^ ^ ' '

(A .1 6 )

B y elim inating and between Equations (A.12) and  (A.16). th e  following 
o r  1

equation  is obtained:
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A .3 .2 B e tty ’s R ecip ro city  T heorem

T he final expression o f the  variation  in to tal pore volume for a  m aterial su b jec ted  to  

an  increm ent d& of m ean to ta l stress and to the  variations dPy and  dfg  of pressures, 

is ob tained  by applying B etty 's  reciprocity' theorem  to two transform ations: on one 

h an d  the case in which the  m ean to ta l stress varies between a  and  Tf 4- d â  w hereas 

the  press rues rem ain constan t and. on the o ther, th a t in which â  rem ains constan t 

whereas the  pressiues vary  from {Pi +  P2 ) to {Py + dP y  4- / 2 +  d fg ). B e tty 's  reci­

p rocity  theorem  will be w ritten  as:

d V
d  {dPy 4- d / 2)\ d â

Also Equation (A. 18) m ay be w ritten:

dPy 4- dP-î d â

d{dPy 4 -d / 2) X d û  (A.18)

d V  dVp
(A.19)

Taking accoimt of E quation  (A.IO), the left side of above equation  can be expressed

as:

/ I   ̂ (A.20)r91/ ■ a y  y f ± _ ± ]  M  y  Vr., ' a . J
A :,/ I  AT, ATns/

T he right side of E quation  (A.19). therefore, can be w ritten  as:

dVp V  «1^2
(/L21)

d â  KtCti +  «2

T he final expression of the  relative variation of to ta l pore voliune. Equation  (A. 17), 

will be in the  following form:

dVp ( dPy d /^  \  1 / 1  a i0 2

A  3.3  P ore V olum e C hange D u e to  D ev ia to ric  S tresses

T he same reasoning w ith  the  deviatoric com ponents of E quation  (A. 11) leads to  the  

expression:
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( ■ ^ S T + ï )  =  0 (A-23)

From the  above derivation, it is clear th a t the  to tal pore volume variations are 

caused by m ean stresses and  pressures, not by deviatoric stresses. E quation  (A.22) 

rem ains valid in the general case for the  pore volume change.

A .4  Variation in Solid Volume

The relative solid volume change can be expressed as:

dv; d { v - V p )  d v  dVp 1 d v  4, dVp
14 V - V p  ~  V - V p  V  - V p ~  1 - c p  V  I -  <i> Vp 

S ubstitu ting  Equations (A.IO) and  (A .22) into Equation (A.24) leads to:

(A.24)

. «102 where a.-j =
Ql +  0:2

A fter considering Equation (A.IO), — +  d P i  +  d P 2  = d s k k K t  4— ‘ 4----- ^
O / V  ̂ n 5

the variation of relative solid density  can be w ritten  as:

dps dVs 1
Ps Vs 1 — 4)

-  ■i’.dP, +  -  (1 -  « , )  a . , . (A.26)
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A p pend ix  B

Terms in F in ite  E lem ent M atrices

K i =  y  B ^D B dV '

= - J ^  a .B ^ r a N  4- d V

L ,. =  -  a .B ^ m N  -  5 i^  -  d V

U „  =  -  y ^ n ^ B ^ m N  ^ 6 2 .  +  d V

L-2.  =  -  y^^ Q2B ^ m N  -  52^. -  P‘2 r . ^ ^  d V

Ki,„ = J  ̂ N ' ^ { l — ( p 2 ) a 3 S i u , P i w T n a 7 " B d V

W , ,  =  -  /
J  V  p i ^

E., =  - /
J  V  P lu j

W n = f  N d V  -  f  /  N ^ ( i - ,^ ) x
J  V  K i w  V  v '  d F i c  J  y

( s , „  +  N ^ y -
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W , 2 = / '  N ^ 0 ,^ p „ „ N < iV + /'  N^(l-0;)S|,„pi ~ ~
J  v̂  cjF ir^ J  V  K y

N d V - f  n T ^  6 y , . W :  )
J  V* 1 w I w 1 o ^  Io

W y , =  4- NrfV'+

w,., =  J  ~ p ~  ^1 -  S2„ -  N dV +

+  /  f l  -  S.,„ -  N dV
-/ ^ 2 w ‘'^2w 4- J 2 0 K 2 0  \  <9rgc /

K i« =  J ^  JST(l-02)a :{  (1 -  5 1™)

W „  =  -  /* V N ^ - h l^ p i^ V N f f y
•I V Mlo

E , =  -  /̂
 I" jUlo

w,, = /■ /■ N^(l-02)̂ !,/),ô ' ~ f; ~ -
J \/ dP\r. J V  /C

o -------------   X

X N d V  -  INT-
dPir. )  J  V S l ^ K l ^  +  S \o K \o
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W 2 J = /  N < i V - /  H ^ 4 , , ^ p , „ N d V +  f  N ^ ( l - M
J  V  l ^ l o  J  V  Cj± If. J  V

S io p \o ( p \ ( p 2  ( ,  a  n
-  N ’ ' s - 4 r r ^ V  1 -  5 , .  -  p „ dPyr

W .  .  / „  I ^ n - . i » , . , , . ' - ( s . .  / . . g f )  » . >

W.;,, =  f  f 1 -  52„ -  NrfV+
J  K K „5 \  oP-Zn J

* / ,  ( ■ - ■ - -  ' . & )

=  [  N ^(l-(pi)o;;j52u,P2w ni^Bc/y  
J

w ,^ =  -  f  V N ^ ^ ^ ^ p 2 f . V l S l d V

W;„ = N ^(l-.»| )S2.P-i. ( s , .  + P i , § ^ )  NrfV+

aP ir
N (fy +

w , ,  =  /  N rfy  -  /  N r fK +  /  ] > r ( l - 0 i ) x
J  V  K i w  J  V  dP o r J  V
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W : » =  [  N ' ^ 0 2 ^ P 2 u. N d V  +  f  N ^(1-0i)52^P2..—  " f '  '
7 V' (Jt̂ 2n J V KriS

( ,  _  5 . .  -  a % )  N.V- -  / ' ^  N T -

"  ( '  -

M . ^

K j , f  N '^ { l —(l)i)a:iS2oP-iotn^BdV  
J  V

W 2 0  =  -  [  V N '^ ^ ^ ^ P i o ^ N d V  
J  K P20

W .„ =  ( s , .  +  N ^ y +

W.,2 =  N ’~(1-»i)S2,P2.—  ( 1  -  g , .  -  NrfV+

w , ,  =  /  ^ c f j 2 ^ P 2 o N d V +  f  N ' ^ { l - c P i ) S 2 o P 2 o —  ~ P  ~  X  
i  K a / 2  ̂ J V KnS

(» -* « .ê )" - - / .~ 'â S T & -  
« ( s . . » p . ^ ) ~ i '
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