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ABSTRACT

As a promising tool to characterize residual stresses in engineering structural 

components, acoustoelasticity has been the subject of a great deal of research over the 

past forty years. Although considerable achievements have been made, most approaches 

to ultrasonic stress analysis are limited in their utility due to their reliance on contact 

shear wave transducers which preclude the ability of scanning large areas, their inability 

to resolve the dependence of stress on depth, and their difficulties in taking accurate time 

delay measurements, resulting from coupling problems and the very small acoustoelastic 

effect observed for most practical materials. Recently, Drescher-Krasicka conducted a 

series of experiments to illustrate how scanning acoustic microscopy can be used to 

characterize applied and residual stresses by monitoring the peak amplitudes o f the 

resultant signals of shear waves produced by mode conversion. In this study, a theoretical 

study and numerical simulations are performed to provide a quantitative correlation with 

the experiment results so as to lay a theoretical foundation and enhance the understanding 

for this new scanning technique. Based on the theory of finite deformations and the 

equation of motion, Christoffel equations in the presence of strains are derived. They are 

solved with first order perturbation theory to determine the two quasi-shear wave 

velocities. The acoustic microscope lens is modeled as launching a strong axisymmetric 

longitudinal lobe at oblique incidence. Two shear waves polarized in the directions o f the



in-plane principal stress axes will be simultaneously generated by mode conversion at the 

water-specimen interface. Due to the constructive-destructive interference between the 

signals of the shear waves, the amplitude of the combined signal of the acoustic 

microscope turns out to be very sensitive to small changes in acoustic velocity produced 

by local stresses. The numerical simulation shows good agreement with the experimental 

results for a diametrically loaded disk case.

Another effort in this study is devoted to employing Rayleigh waves with a line- 

focused acoustic microscope to characterize the through-thickness residual stress 

distribution. Assuming the principal strain directions are known and strains are 

polynomially distributed with depth while uniform in the other directions, equations for 

the Rayleigh wave velocity change versus the initial static stress are derived with a first 

order perturbation approach. This information can be used to reconstruct synthetic bi­

plane stress distributions from frequency dependent Rayleigh wave velocity data.

XI



CHAPTER I 

INTRODUCTION

1.1 Background Review

In modem industry, NDE (Nondestructive Evaluation) procedures play an 

increasingly important role in material processing, product design, the analysis of service 

-life expectancy, and the quality control of manufectured products. The objective of 

nondestructive evaluation frequently goes beyond the detection of inhomogeneities 

because the overall strength of a component depends not only on the presence of an 

inhomogeneity and its general nature, but also on its location, size, shape, and orientation 

as well as the stress distribution (applied or residual). However, there is still a lack of a 

mature technique to characterize residual stresses in a general sense. Conventional X-ray 

techniques are only suitable for surface stress analysis. Neutron techniques are not 

feasible for in-field tests. Acoustoelasticity, which is essentially based on the relationship 

between the stress and the stress induced change in the wave propagation velocity has 

been considered one of the most promising tools for residual stress measurements and has 

been the subject of a great deal of research over the past forty years.



1.1.1 Acoustoelastic Theory

The earliest treatment of the residual stress problem with acoustoelasticity is 

attributed to Hughes and Kelly [1]. Assuming the material in stress-free state to be 

isotropic, they developed an analytical solution to the problem of wave propagation in a 

stressed solid based on the theory of finite deformations. Their approach resulted in an 

eigenvalue problem for the plane wave velocities as a function of second and third order 

elastic constants and strains. Toupin and Bernstein [2] and Thurston and Brugger [3] 

extended the analyses of Hughes and Kelly to more general cases to determine third order 

elastic constants in various crystals and isotropic materials. Their work is considered the 

early version of acoustoelasticity theory.

As acoustoelastic techniques developed, it was soon apparent that the assumption 

of initially isotropic material was inadequate to describe actual physical situations. Since 

the acoustoelastic effect is very small (typically the relative change of plane wave speed 

is lO'̂ /MPa in aluminum and lO'̂ /MPa in steel), any weak inhomogeneity and anisotropy 

in the material, which are usually neglected in the theory of elasticity, could result in 

large errors in stress measurements. Thus, since the 1970s, theoretical investigations in 

acoustoelasticity have been focused on developing methods to separate texture and stress 

induced anisotropy.

In 1973, Iwashimizu and Kubomura [4] developed a plane acoustoelastic method 

for slightly orthotropic materials, in which the orthotropy of the second order elastic 

constants are considered but the third order elastic constants are assumed to be isotropic.



In 1981, Okada [5] developed a more general plane acoustoelastic approach for slightly 

orthotropic materials. By comparing acoustoelasticity theory with anisotropic 

photoelasticity theory, he derived two equations relating the plane stress components and 

stress induced wave speed change as well as the acoustic axis rotation. The anisotropy of 

the material is characterized by three acoustoelastic constants determined by experiment. 

The breakthrough of the theory lies in the fact that the principal directions do not have to 

coincide with the texture directions as confines other methods; thus, the method can be 

used to solve general plane problems. Three years later, Okada [46] proposed adding a S 

parameter, which is essentially the summation of two shear wave velocities, so as to have 

three equations to determine three plane stress components. In his previous theory, 

numerical integration such as the shear-difference method had to be employed to solve 

for three unknowns with two equations. In 1982, Clark and Mignogna [6] derived the 

same results as Okada [5], but from a classical elastodynamic point of view.

Although these acoustoelastic theories were successfully used in the 

measurements of plane applied stresses for slightly orthotropic materials, difficulties 

remained in their application to residual stress measurements because the acoustoelastic 

constants determined by calibration samples may differ from those for the actual testing 

medium. Several other methods of separating the effects of texture and stress have been 

proposed in the literature.

Arora [7] proposed a scheme of using ultrasonic waves with different frequencies 

to solve the separation problem. He argued that the relative change in the wave speed



results from both texture and stress: Based on many experimental results, the texture 

effect is frequency dependent while the stress effect is not, thus, with different frequency 

shear waves, stress measurements can be accomplished.

A method of oblique incidence of the SH wave was presented by King and 

Fortunko [8]. With the assumption that the principal stress directions coincide with the 

principal orthotropic texture directions, the relative difference and summation of the two 

shear velocities, which are polarized perpendicularly to each other and obliquely incident 

at the same angle relative to the normal of the surface, are derived as a function of the 

principal stresses, the acoustoelastic constants, and the incident angle. Thus, texture 

effects can be separated through measurements with different incident angles.

Thompson, et al., [9] proposed a method of measuring the difference in the 

velocities of two shear waves whose directions of propagation and polarization have been 

interchanged for a material of orthotropic anisotropy. The velocity difference gives the 

principal stress difference independent of the texture anisotropy. Here, the principal stress 

directions are also assumed to be parallel to the principal orthotropic texture directions.

Allen and Sayers [10] used a relationship between the longitudinal wave velocity 

and the two shear wave velocities, both normalized by the sum of the squares of three 

velocities which is a texture independent quantity, to solve the separation problem. With 

this method, a uniaxial stress can be derived if the principal directions are aligned with 

the principal axes of the orthotropic material.



Another oblique incident technique was studied at the University of Oklahoma. In 

support of an initial proposal by Egle and Koshti [11], Sinaie [12] developed a first order 

approximate analytical solution for the separation of the texture-induced effect from the 

stress induced effect for slightly orthotropic aggregates o f cubic crystallites. With the 

conunon assumptions of additivity of texture and stress-induced effects on the ultrasonic 

wave velocities, two different solution forms were proposed. The first solution form 

employs a combination of the linearized eigenvalues for texture parameters and stresses, 

and calls for six quasi-shear wave velocity measurements at six different incident angles 

in the symmetry planes to solve for the three texture parameters and the three principal 

strains. The second solution form represents a more approximate and commonly used 

formula and requires six ultrasonic time delay measurements in two symmetry planes at 

six different incident angles.

Because residual stresses are generally developed in a body as a result of 

inhomogeneous plastic deformation, the theoretical study o f acoustoelasticity has recently 

been extended to “acoustoplasticity”. Johnson [13] developed an acoustoelastic theory for 

elastic-plastic materials. He found that the assumption that the wave velocities depend 

only on stress leads to erroneous results for plastic flow. From the theory of elastic-plastic 

deformations for finite strains, the velocities of the bulk waves propagating in a principal 

direction were derived in terms of the elastic strains, the plastic strain, and the work- 

hardening parameters. Based on Prandtl-Reuss plastic flow theory and the isotropic 

material assumption, Kobayashi [14] derived an explicit formula for plane harmonic



waves propagating in one of the principal directions. The results turned out to be very 

complicated, but the difference of two transverse wave speeds can be simply expressed as 

a function of the second and third order material constants, the difference of the principal 

plastic strains, and the difference of the principal stresses. Another approach was taken 

by Pao [15] who reviewed several theories of acoustoelasticity and acoustoplasticity. 

With proper modifications, he proposed a similar formula for anisotropic materials by 

including the effects of inherent anisotropy.

1.1.2 Experimental Techniques

The experimental study of acoustoelasticity depended on the development of 

appropriate ultrasonic measurement systems. Such a system usually consists of an 

excitation source, one or two transducers, a receiver, a display, and a processor. Since the 

acoustoelastic effect is very small, acoustoelastic techniques did not become routinely 

feasible until the 1960s when new and accurate ultrasonic velocity measurement 

techniques were developed. The most extensively used velocity measurement techniques 

are “sing-aroimd”, pulse-echo overlap, and pulse-superposition techniques. These 

techniques can provide sufficient accuracy for the measurement of various materials 

under various loading conditions. In comparison with the other key components in the 

system, the transducers are the weakest link today. Until recently, almost all 

measurements were made with piezoelectric or ferroelectric transducers attached via a 

coupling agent onto a specimen. The irreproducibility of the coupling between transducer 

and specimen was the major source of difficulties encountered in making acoustoelastic



measurement; thus, this was probably the key factor in severely limiting the utilization of 

wave amplitude and waveform measurements.

Another drawback associated with the use of contact transducers is their inability 

to be applied in a scan. To overcome these difficulties, an advance was made using 

electromagnetic acoustic transducers (EMAT). The non-contacting EMATs yielded 

dramatic improvements over contact transducer in many experiments, and they can be 

used for scan purposes. The drawback of this kind of transducers lies in its intrinsically 

low signal-to-noise ratio. The development of the water-bath coupled transducer was 

another major advance because it overcame the coupling problem and was suitable for 

large scale scans. By mode conversion, shear waves could also be generated as desired.

Recently, scanning acoustic microscopy has been used in acoustoelastic 

measurements. Some advantages are:

1. possibility one to image and scan a large area

2. coupling is well understood

3. wide firequency range

4. various types of waves can be generated by mode conversion

5. high spatial resolution

As far as the experimental study of acoustoelasticity is concerned, the first major 

advance came from the discovery of acoustic birefringence by Bergman and Shahbender 

[16] and Benson and Raelson [17] in the late 1950s. Analogous to the changing of the 

speed of light in a stressed transparent body under the influence of initial stress, the shear



wave speeds along two principal directions of polarization are slightly different from the 

wave speed in an unstressed medium. This phenomenon has was successfully employed, 

using shear wave transducers to overcome the difficulty of determining the principal 

directions in plane stress measurements [18]. In 1967, Crecraft [19] extensively compared 

photoelasticity and acoustoelasticity in a series of tests with different materials and drew 

an analogy between acoustoelastic birefiingence and photoelastic birefringence. He also 

defined the problems inherent in making acoustoelasticity measurements in the presence 

of material texture, plastic deformations, and residual stresses.

Since then, greater efforts have been devoted to the application and study of 

acoustoelasticity in practical situations. Egle and Bray [20] employed both longitudinal 

and transverse waves to measure the acoustoelastic constants and third-order elastic 

constants for rail steel. The sensitivities of the longitudinal and shear waves in different 

wave propagation directions to applied stress were tested and illustrated. This is helpful 

when selecting the proper mode and propagation direction to characterize specific stress 

states. The accuracy of “sing-around” and pulse-echo overlap techniques was also studied 

and compared. The results showed that the most consistent results were obtained by the 

latter technique. The test results also proved to be consistent with the prediction of the 

second-order theory of Hughes and Kelly.

After the development of plane acoustoelastic theory for slight orthotropic 

materials, many experiments were successfully performed to study the applied stress field 

in engineering materials and extend the work to residual stress measurements, Clark [20]



measured acoustic shear wave birefringence and acoustic axis rotation at 66 selected 

points around the crack tip of a standard notched fracture aluminum specimen. With 

Okada’s theory [5], the shear stress contours were derived and showed very good 

agreement with theoretical results.

Fukuoka and his associates are very active in conducting residual stress 

measurements. As an example for considering the anisotropy of a material [22], they 

studied the residual stresses in a wide-flanged hot rolled beam. Assuming the texture 

anisotropy to be constant along the rolling direction, they measured the texture anisotropy 

at the stress-free end sections and obtained an average value for each rolling line. 

Subtracting the texture anisotropy from the total anisotropy, they found the acoustoelastic 

birefringence due to residual stresses. For comparison, residual stresses were also 

measured by a destructive strain gage method. A comparison of the residual stresses 

measured by the two methods showed that the results were in good agreement for the 

flanges, but not for the web. This is because that the texture was fairly constant along the 

beam for the flange but fluctuated considerably in the web.

An approach for welded residual stress measurements was conducted by Wu and 

Jiang [23, 24]. In their study, they employed the general slightly orthotropic plane 

acoustoelastic theory and adopted the R parameter proposed by Toda [25]. This approach 

was experimentally shown to be insensitive to slightly inhomogeneous texture. Thus, this 

approach partially overcame the texture inhomogeneity problem in residual stress 

measurements. The acoustoelastic measurements of residual stresses in a seam welded



Steel plate showed good agreement with the results derived by a destructive strain gage 

method.

As an example of scan technology, Kino [26] used a water-bath coupling 

technique to determine the residual stress profiles in an extruded aluminum bar. He 

employed longitudinal waves at normal incidence in his measurements. Clearly, this 

approach is limited as shear information can not be obtained and will result in error if the 

thickness of the specimen is not uniform. In another approach. Blessing, et al., [27] used a 

non-contacting electromagnetic transducer (EMAT) to scan an aluminum ring-plug 

assembly. A shrink-fit residual stress with known distribution was calculated using 

elasticity theory. A comparison of the acoustoelastic stress measurements with the known 

theoretical stress distribution showed good agreement.

1.2 The Objective o f The Present Work

In this background review, most of the approaches to residual stress measurement 

were based on monitoring the changes in sound velocity produced by a stress state and 

the assumption of a uniform stress distribution. These techniques were limited in their 

utility due to the use of the contact shear transducers (effectively precluding scanning 

large areas), the inability to resolve the dependence of residual stresses on depth 

(important for surface treatments), the difficulty in making accurate time delay 

measurements due to coupling problems, and the very small acoustoelastic effects 

observed for most practical materials.

10



Drescher-Krasicka [28, 29] demonstrated how scanning acoustic microscopy may 

be used to obtain qualitative images of the residual stress for a variety of materials and 

stress states. This was achieved in a novel way through the use of a spherically focused 

transducer to launch the waves necessary for complete characterization of the stress state 

in the material. Here, the shear waves were generated by a mode converted obliquely 

incident longitudinal wave. It should be noted that two distinct refracted shear waves will 

be observed at the water-specimen interface due to the stress induced anisotropy in the 

piece. The axisymmetric nature of the source insures that both shear modes will be 

simultaneously excited. Drescher-Krasicka exploited this superposition to her advantage 

by monitoring the amplitudes (not the arrival times) of the superimposed signals. Due to 

the constmctive-destructive interference between the shear wave signals, the amplitude of 

the combined signal turned out to be very sensitive to small changes in acoustic velocity 

produced by local residual stresses. In this case, the interference yields a signal reflecting 

the difference of the two principal stresses in the biaxial field. One of the major goals of 

this research is to conduct theoretical studies and numerical simulations in order to lay a 

theoretical foundation and enhance the understanding of this new scanning technique. In 

Chapter II, based on the theory of finite deformations and the equations of motion, 

Christoffel equations in the presence of stresses are derived. They are then solved with 

first-order perturbation theory to determine two quasi-shear wave velocities in Chapter

III. Modeling the acoustic microscope lens launching a strong axisymmetric longitudinal 

lobe at oblique incidence and considering the interference of two shear waves polarized in

11



the directions of the in-plane principal stress axes, a quantitative comparison between the 

simulation and the experimental results is performed for a diametrically compressed 

aluminum disk.

Most of the acoustoelastic work mentioned in the previous review involved bulk 

waves. The use of surface waves in this context has been limited. Rayleigh wave 

acoustoelasticity was first studied by Hayes and Rivlin [30]. Subsequently, Iwashimizu 

and Kobori [31] analyzed Rayleigh wave propagation in a finitely deformed isotropic 

elastic material. Martin [32] investigated the relative effects of stress and preferred grain 

orientation. Adler [33] measured the residual stress of circumferential welds in pipe. 

Recently, Lee, et al., [34] utilized line-focused acoustic microscopy to determine local 

near-surface stresses in an isotropic material. However, since a uniform strain distribution 

was assumed, these techniques were not able to evaluate the variation of the stress 

through the thickness of the material. In 1981, Hirao, et al., [35] theoretically and 

experimentally studied the dispersion of Rayleigh waves for a plate in pure bending. They 

found that the dispersion of a Rayleigh wave is prominent for relatively low firequencies 

and diminishes as the firequencies increase.

Another goal in the present study is to employ Rayleigh waves with a line-focused 

acoustic microscope to characterize through-thickness in-plane stress distributions. 

Assuming that the principal strain directions are known and strains are polynomially 

distributed with depth while uniform in the other directions, the formulas for the Rayleigh

12



wave velocity change versus an initial static stress are derived based on the first order 

perturbation approach. A detailed study will be presented in Chapter IV.

13



CHAPTER II 

THEORY OF ACOUSTOELASTICITY

To conduct further theoretical studies and numerical simulations, a basic 

understanding of current acoustoelastic theory and a relevant background are essential. 

Acoustoelasticity is the interaction of acoustic waves with elastic deformations in a solid. 

The stress or strain induced change in the propagation wave velocity is generally known 

as the acoustoelastic effect. The foundation of acoustoelasticity is a small disturbance 

wave propagating in a predeformed body. In the linear theory of elasticity, the wave 

speeds are constant and are not affected by stress or strain states. However, in 

acoustoelasticity, nonlinearity must be employed to relate stress and stress induced wave 

speed change. The nonlinearity here includes the effects from both the nonlinear 

constitutive relations and from large deformations. In Chapters III and IV, we will start 

with the Christoffel equations and the governing equations of an infinitesimal wave 

propagating in a prestressed body. In order to avoid any ambiguity in understanding these 

equations, the following sections of this chapter will serve as a theoretical basis to clarify 

the concepts.

14



2.1 Wave Motion in a Predeformed Medium

To determine applied or residual stresses in a predeformed body by ultrasonic 

techniques, one must distinguish three states of the body: the natural state, the initial 

state, and the final state. In the natural state, a body is free from any stress and strain. 

Under the action of various loadings, the body is deformed to the initial state, at which an 

ultrasonic measurement is performed. The superimposed ultrasonic wave deforms the 

body further to the final state. The kinematics and kinetics of the deformations in these 

three states are described in the theory by a small motion superimposed on a finitely 

deformed body. Three vectors X, and x are used to denote the position of a material 

point in a body at these three different states, all relative to a common Cartesian frame of 

reference. In the natural state, the particle is identified by the coordinates In

the initial and final states, the positions of the same particle are described by coordinates 

XfXijXjjXj) and x(x„x,,X3), respectively, as shown in Fig. 2.1.

In the following study, several assumptions were made:

• The predeformation is static and the body is in equilibrium at the initial state

• The superimposed dynamic motion is very small

• In the natural state, the body is anisotropic

• The material is hyperelastic

• The process of deformation is either isentropic or isothermal

In the following equations, all physical variables in the natural state are indicated

by the superscript o, those in the initial state by i, and those in the final state by f. All

15



N

Fig. 2.1 Coordinates for a material point at the natural, initial, and final 

configurations of a predefomied body.

16



incremental variables are written without superscripts. The components of a vector or 

tensor in natural coordinates, ^ are indicated by Greek subscripts, a, P, y,..., those in the 

initial coordinates, X, by upper case subscripts. I, J, K,..., and those in the final 

coordinates, x, by lowercase subscripts i,j\ k,....

2.1.1 Deformation, Strain, and Stress

The deformation is characterized by transformations of coordinates. From the 

natural state to the initial state, the transformation is static and is defined by

(2-1)

From the initial state to the final state, since the disturbance is a dynamic wave, 

the transformation becomes

X = x(Xi,X2,X3,t) (2 -2 )

where X and x are two continuous vector functions and the inverse transformations are 

assumed to exist.

From the natural state, the displacements to the initial and final states are defined, 

respectively, as

u'(:) = X -^  (2-3a)

u%) = x -^  (2-3b)

From the initial to the final state, the incremental displacement is given by

u(Ç,t) = X - X = - u* (2-4)
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In continuum mechanics theory, the deformation of a material particle is 

measured by deformation gradients. Using the polar decomposition theorem, the 

deformation gradients can be further decomposed into a rotation tensor multiplied by a 

stretch tensor. The Lagrangian strain of the body is defined by the square of the stretch 

tensor. In the initial and final states, it can be expressed as

â X jâ K j
(2-5a)

<9%; âXj
(2-5b)

In the preceding equations, is the Kronecker delta and the convention of summation 

over repeated indices is applied.

In terms of the displacement gradients, the Lagrangian strain can be expressed as

d u \ du'p 0 u \ â u \
• +

du{ dû p du{ duÇ

(2 -6 a)

(2 -6 b)

The difference of these two strain is defined as the incremental strain E,

E = E^-E'' (2-7)

Substituting equation (2-6) into (2-7) and with the aid of equation (2-4), we obtain

3u\ âu,_ du  ̂ du\
■ +

(SSL
(2-8)

to/
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Here, the high order term {̂ âu, I ) is neglected, as the superimposed

disturbance is small.

For the same reason, in the initial coordinates, the incremental Lagrangian strain 

can be simplified as

If âu, du, ôu^ ôu„ I 
"  2 ^  â X,  d X j J

where

1 f  du, duj ^

is the infinitesimal strain.

The state of stress at a material point can be represented by a Cauchy stress tensor 

or a Kirchhoff stress tensor. Cauchy stress is the force per unit predeformed area with an 

outerward normal N as shown in Fig. 2.1. In the initial state, the Cauchy stress tensor is 

denoted by cK This is the stress to be measured by ultrasonic methods. In finite 

deformation theory, however, it is more convenient to deal with the second Piola- 

Kirchhoff stress tensor, T̂ , because in terms of a strain energy fimction, it is the 

conjugate stress of the Lagrangian strain tensor. The second Piola-Kirchhoff stress lacks 

physical meaning. It represents the stress at the same material point but refers to the 

natural configuration. However, based on tensor theory, the Cauchy stress tensor can be 

expressed in terms of the second Piola-Kirchhoff stress tensor by
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ĴK -
-1

aP ( 2-11)

After the superposition of ultrasonic waves, the stress in the body is changed to cr*̂ 

in the final state, which can be converted to expressed in either initial or natural 

coordinates.

=

-I
^  ^^k rj,f~~T~ TT“  4*4— "__ TTT m  J uiâ X

( 2-12)

In analogy to Equation (2-7), the incremental stress tensor is deftned by 

T = T  ̂-T

or

ĴK ~ ĴK ĴK

(2-13)

(2-14a) 

( 2-14b )

2.1.2 Equations o f Wave Motion

One of the assumptions, the predeformation is static; therefore, there exists an 

equation of equilibrium for the initial state. There will also be an equation of motion for 

the final state. These equations can be expressed in terms of each type of stresses defined 

in the previous section.

In the literature, most of the equilibrium equations are expressed in terms of the 

Cauchy stress. The equations of equilibrium for are simply given by
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â<j‘,JK
a r .

=  0 (2-15)

From equation (2-3), we have

(2-16)

Substituting equation (2-16) into (2-11), the equilibrium equation in terms of 7%̂ 

can be derived:

(2 -1 7 )

According to the law of conservation of mass, the densities in the three different 

states are related by the following equations:

P - P

P' =P^

âS.

âu

âa

âü

(2-18a)

( 2-18b )

Then, the equations of motion for the body in the final state yield one of the three

forms:

 = P -%T-â)c,.
(2-19a)

( 2-19b )

21



+ (2 - .9 C )

Subtracting Equation (2-15) from (2-19b) and Equation (2-17) from (2-19c), we 

obtain the equations of motion for the incremental stress in the two coordinates systems:

Ô ^ . ÔU, . ^Uj
= ' 2 .2 0 a)

4? r., .m, dL:_____________ 0+ + = ( 2 .2 0 b)

In this derivation, the products {âfij / ) and Tp̂ {â/û  I were neglected

for small incremental motion.

2.1.3 Constitutive Equations

The third assumption made in this section states that the material is hyperelastic 

which means that both initial deformation and final deformation are elastic. Unlike many 

engineering materials whose stress state is characterized by an elastic-plastic response, 

the stress-strain behavior of hyperelastic materials is described by a strain energy 

potential. The strain energy potential relates the stress and strain at a point to a strain 

energy density function which is used to characterize the material. In an isentropic or 

adiabatic process, a hyperelastic body is conservative and does not depend on the load 

path.
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In the initial and final states, the internal energy function^ (E) can be expanded 

into a Taylor series about the natural state with zero strain.

P ) — 2  ̂ afirŜ aP̂ yS  ̂̂ ô Sen̂ ap̂ yŜ cit ( 2-2la )

P ) — 2  ̂ apyŜ aP̂ yB g ̂ aPyBen̂ ip̂ yŜ erj "• ( 2-2lb )

The second Piola-Kirchhoff stresses in the corresponding two states are given by

( 2 -2 2 a )
^ ̂ aP

( 2 -2 2 b )
^ ̂ aP

The second and third order moduli are obtained by taking a further derivative with respect 

to Langrange strain as

.........

or

C.M .........

or

^̂ccpracn ^   (2-24a)
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Because the derivative orders are interchangable, the symmetric property of the 

material constants can be derived. For example:

âPrS -  ŷSaP ~ P̂ayS ...... ( 2-25 )

Substituting equations (2-23) and (2-24) into (2-22) and neglecting high order 

terms, we obtain the constitutive equations for 2^̂  or 2^  as follows:

âp ~ âPyŜ yS apySetĵ y6 êtj ( 2-26a )

âp ~ âPyŜ  ̂ âpySciî iê crj ( 2-26b )

With the aid of equation (2-8), a constitutive equation for the incremental stress, 

T, is derived by subtracting 2%̂ from 2^

"̂ap âPyŜ yS âPyScrĵ yŜ crj

â^‘ du âu‘ â i.
= <̂aPyS ( py + + ̂ aPy&n  ̂ ^

where is the linear part of .

The preceding constitutive equation can be rewritten as

= C.*,, ( 2-28 )

where C is the “effective” elastic modulus of the predeformed body,

âPyS âpyâ âPyS âpyScrj ( 2-29 )
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2.1.4. Governing Equations o f  Acoustoelasticity

Substituting equation (2-27) into equation (2-20b), we obtain

+ = (2-30)

where

âPrS ~ âPrS + ̂ pPrS (2-31)

Equation (2-30) is the governing equation for acoustic waves propagating in an 

elastically deformed medium in natural coordinates. The initial stress T  and the initial 

displacement gradient dU / are related by the constitutive equation (2-26), and one of 

them can be eliminated from the equation. The 7% should be converted to as the 

latter is the initial stress to be measured by ultrasonic methods. The difference between 

7% and a'ĵ  is neglected for most applications where the predeformation is assumed 

small.

Equation (2-30) can also be expressed in the initial coordinates system. According 

to the transformation of the incremental second Piola-Kirchhoff tensor.

-1

the constitutive equation can be further expressed as

. rr. ^ 'p  . rr,Tu -  S,„Sjp[T^p{\ -  - ÿ )  + + T̂Pr ( 2-33 )
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Substituting equation (2-27) into (2-33) and considering the following equations

ÎJKL ~ l̂â Jp̂ Kr̂ LŜ ttPyd ( 2-34a )

ÛKLMN ~ l̂â jp̂ Kr̂ L̂ Mĉ NrpapySaj ( 2-34b )

we have

where

ÎJKL ~ ÛKL ~ ÎJKLMN̂MN ĴUKL

âi'j â i‘j( 3u'ĵ  ._  .
ÎMKL ^  + ̂ IJML ^  ÛKM ^  ( 2-36 )

Substituting Equation (2-35) into Equation (2-20a), we obtain the governing equation for 

acoustoelastic waves in initial coordinates as

= (2-37)

All five assumptions have been used in deriving the governing equation as shown 

above; however, it should be noticed that no assumption of uniform initial strains has

ever been invoked. Thus, the governing equation can be applied to solve non- 

homogeneously predeformed problems.

2.2 Christoffel Equations for Plane Waves in a Stress Induced Anisotropic Medium
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In elastic wave propagation theory, when a plane wave is launched into an 

anisotropic medium, the wave is characterized by Christoffel equations. Solving for the 

wave modes and speeds yields an eigenvalue problem. In general, there are three distinct 

eigenvalues for the equations, each corresponding to a particular wave mode. There will 

be two quasi-transverse wave modes and a quasi-longitudinal wave mode perpendicular 

to each other. For isotropic materials, these become two pure shear waves and a pure 

longitudinal wave.

In this section, the Christoffel equations for a plane wave propagating in a stress 

induced anisotropic medium will be studied. In the following derivation, two more 

assumptions are made:

• the strain is uniform in the body

• the medium is isotropic in its natural state

With the uniform strain assumption and the equilibrium equation in the initial 

state, the governing equation (2-37) becomes

iC,jKL + )

A harmonic plane wave in the initial coordinate system can be represented by

U, = U, e\i^\ik{NjXj -  Vty\ ( 2-39 )

where k is wave number, Nj is wave normal and V is phase velocity.

Substituting equation (2-39) into equation (2-38), we have

= p ‘V̂ U,_ (2 .40)
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Based on the law of conservation of mass, for small deformations, p* can be 

converted to by

/  + (2-41 )

Substituting the above equation into (2-40) and neglecting the high order term, we

have

[(C ua^jN , + ĉjA N jN , + C^^NjN, + = p ’V'U, ( 2-42 )

Defining the Christoffel tensor in the presence of stress,

■̂ fK ~ ^UKL^J^L ^UKL^J^L ^UKL^L^NN ( 2-43 )

equation ( 2-42 ) can be rewritten as

(2-44)

and the characteristic equation becomes

= 0 (2-45)

Solving the eigenvalue problem, two quasi-shear wave speeds and a quasi-longitudinal 

wave speed can be derived. Now the only problem left is to derive the Christoffel tensor 

in terms of material constants and strains.

For isotropic materials,

ÎJKL ~ ^U^KL

+ {-X + V, + ( - //  + V, + 5ii5j^ Y'mm ( 2-46 )

+  2(2 . +  Vj )
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+  2( / /  +

where A and // are the Lamé constants, and v,, v,, and are the third order elastic 

constants.

For the wave normal, we have

Ï N , - N j = 0  i f l ^ J  
[ N , - N j = l  I  = J

Let  ̂ = N̂  4 = TV, ^ 3

Then, the components of the Christoffel tensor become

■̂ 11 “ (^ 1111̂ 1 ■*■̂ 1212^2 ■*■̂1313̂ 3 ^11 ‘*■^22 "̂ 3̂3)

(2-47)

(2-48)

+ CTj + <722̂2 ^33^3

A2 2  — (^|2lA 2̂222̂ 2 2̂323̂  )(̂  "*"̂22 3̂3) (2-49)

^1 lA ^22^2 ^33^

■̂ 33 — ( ^ 13/1 ■*■ 3̂232̂  Q3334 )(̂  1̂1 2̂2 ■*■ ̂ 3)

-f-C7,,̂ l +<722̂ 2 ■*■‘̂ 33̂ 3

Â 2 = -^ 2 1  ~ (^ 112/r  ■*■̂ 222^2 3̂23̂ 3 )(̂  ) "*" A '*‘^22^2 "̂ 3̂3̂ 3

■̂13 ~ -̂ 31 “ (^113/1 ■*■̂1232̂ 2 ■*■ 1̂333̂ 3 V̂/V )■*■ ̂ 11̂ 1 '*'̂ 22̂ 2 ' ‘̂̂ 33̂ 3 

•^23 “ -^32 ~  (^2131^1 ■*■^2232^2 ^2333^3 ^AW ) '* ’ ^ 1 / l  "*"^22^2 "*"^33^3

From equation (2-46), it is easy to obtain

C in i  = ' ^  +  2 / /  +  [ ( - 2  +  v, )  +  ( - / / + V 2 ) ] e ^  + 4 ( 2  + V j)^!!

29



+ 8(//+  V3)e,,

Q 222 = ^  + 3/ / + [{-À + V, ) + ( - / /  + V, + 4(À + V, )e22 

+ 8(//+V 3)e22

Q 333 = >̂- + 2// + [(->?, + V, ) + ( - / /  + V, )k.w + 4(/l + Vj )e33 ( 2-50 )

+ 8(//+V3)e33

Q 2I2 ~ (.~M ^2 )̂ AW 2 (// + V3 )(g,, + ̂ 22 )

1̂313 -M  + + ^2 )̂ AW + 2 (// + V3 )(g| 1 + «33 )

^2121 ~ ^1212

C2323 —  ^2  )^A W  ■*■ 2 ( / ^  +  ^  ) (^ 2 2  3̂3 )

Ql3l ~ 1̂313

Ç3232 ~ Q 323

Q 12I ~ ^1222 ~ 1̂323 “  Ql31 ~ ^

A 232 ~ 1̂333 " Qi31 “  Q 232 ~  2̂333 ~ ^

For the first order approach, the constitutive equations for an isotropic material 

are simply

C7,, = + 2 //e,,

£722 ~ ^NN 2 //S22 ( 2-51 )

£733 = -̂ jvw 2/^33

In acoustoelastic theory, the third order elastic constants are usually expressed in terms of 

Mumaghan constants (/, m, n)  :
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V, = 21 — 2m  + n

v , = / K - ^ / j  ( 2 - 5 2 )

v , = - n

After algebraic manipulation, we derive,

■̂11 “  [ ^  +  2 / /  +  ( 4 ^ - t - 1 0 / i  +  4 m )e ,,  4- ( A +  2 Z ) e ]

+  2̂ +  2//e22 -  ( 2 / /  +  — « ) %  4- ( / I  +  2 / /  4- ]

+  ( 2 / /  + —n)e22 4- 2 //B 33 4- (A  4- 2 / /  4- / n ) e 1

A ^ 2  — A 2 1  — / /  4- 2 ( ^  4- / / ) ( e , j  4 - 6 2 2 )

4- ( |  / I  -  2 ^ ) 6 3 3  4- ( 2 /  4- m ) e ^  ]

j4j3 — ^31 — -f//4-2(y?, 4 -//)(6 |] 4 - 6 3 3 )

4- -  2 /n )6 2 2  4- (214- m ) e ^ ^  ]

^ 2 2  =  +  2 / /6 ,, -  (2 / /  4- ^ n ) 6 3 3  4- (;i 4- 2 / /  4- m)6 ;^ ]

-i- ̂ 2  [2. 2 / i  4- (4A 10// 4- 4/w)622 4- (A 4- 2/)6y^ ]

1
+ ̂ 3 -  (2 // + 2»)^ I I + 2//633 + {À + 2fi + m)6̂ yy ] ( 2-53 )

^23 =  ^32 =  4- / /  4- -  2m )6,|
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+ 2 (Â + //)(ê22 + ̂ 33 ) + (2  ̂+ ]

^33  = A' [y“ + 2 //ej, -  (2 // + ̂ «)e,, + ( 2  + 2 // + ]

+  ̂ 2 -  (2 // + —»)g] 1 + 2/1022 + ( 2 +  2 /  ̂+  ]

+i^[À + 2/1 + (4/1 + 10//+4/w)e33 + (A + 2/)e^ ]

This is the Christoffel tensor in the presence of stress or strain. In Chapter in, the 

eigenvalue problem will be solved with a first order perturbation approach to obtain two 

quasi-shear wave speeds.
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CHAPTER m

A NEW SCANNING ACOUSTIC MICROSCOPY APPROACH TO 

IN-PLANE STRESS ANALYSIS

Acoustic microscopy has been designed and utilized as a tool to study the 

microstructure of materials. Since acoustic waves interact directly with the properties of 

the material in which they propagate, acoustic microscopy provides a unique cîçability 

for investigating aspects of a material that are not revealed by either light or electron 

microscopes. By using acoustic waves at frequencies in the GHz range, it is possible to 

obtain images with submicron resolution.

Recently, scanning acoustic microscopy has been applied to the field of 

acoustoelasticity. Meek, et al., [36] used a phase measuring acoustic microscope to 

measure residual stresses in electronic materials. Narita, et al., [37] studied residual 

stresses in ceramics with line focused microscopy. Lee, et at., [34] applied line focus 

acoustic microscopy to surface stress measurements in aluminum alloys and 

polymethylmethacrylate. These studies, however, were based on the stress induced wave 

speed theory. The reason why other ultrasonic wave information such as amplitude and
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wave form is rarely of interest in acoustoelasticity is the fact that these parameters are less 

affected by stress and easily influenced by many other factors, thus, are difficult to be 

determined experimentally with sufficient precision. As a new approach, Drescher- 

Krasicka [28, 29] conducted a series of experiments to characterize in-plane stresses by 

monitoring the peak amplitudes of scanning acoustic microscopy signals resulting from 

polarized quasi-shear waves. Instead of simply relating the wave amplitude and the stress, 

this method took advantage of the interference of the shear wave signals due to stress 

induced anisotropy. The experiment turned out to not only overcome the shortcomings of 

the amplitude approach mentioned above, but also to convert it into an advantage. The 

experimental results showed much higher sensitivity than the conventional wave speed 

technique, or more precisely, the time of flight measurement technique. In this chuter, a 

theoretical base is provided and the information from the previous experimental study 

[29] is quantified. A mathematical model is also presented to provide a qualitative and 

quantitative comparison between the numerical simulation and the experimental results 

for a diametrically compressed aluminum disk.

3.1 First Order Perturbation Approach to Determine Wave Velocities

In Chapter II, the Christoffel equations in the presence of strain or stress were 

developed. In explicit format, they are;
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-  p̂ V'')m  ̂+Ai2 ni2  = 0

À2 ,m, + (A2 2  -  p°y^)m2  + A2 2 fn2  = 0 (3-1)

Â jm, + ^32^ + (^ 3 3  -  p°y~ )/»3 = 0

which yields an eigenvalue problem for the phase velocities.

Sinaie [12] proposed an exact solution approach to solve these equations, 

however, numerical problems were encountered in its implementation. Thus, a new 

approximation method is employed here. The approach is based on first order 

perturbation theory for the wave propagation in anisotropic media as developed originally 

by Jech and Psencik [38] for geological media. Since the acoustoelastic effect is relatively 

small, the mathematical solutions for the stressed sample can be treated as a first order 

perturbation of the isotropic solution. Rewriting the Christoffel equations in tensor 

format, we have

( 4 , - p ' ‘y % ,)a l" '= 0  (3-2)

where m = 1,2,3, and corresponds to each of the eigenvectors.

In the perturbed medium, we may write

(A° +àA.,-p\V^"'^ = 0 (3-3)

which yields

( 4  + ( 4

+ (AX,., -  2pVo<"’>AF<'">̂ ., )a°̂ '”> ( 3-4 )

+ (AX,, -2/?VJ'">AF<'"> ,̂)Aal'"  ̂= 0
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However, the first term in this expansion must be identically zero due to equation (3-2). 

Also, the final term can be neglected as it is of higher order than the remaining two 

expressions. Thus,

« -  -  2/7 V«>A V )««-> = 0  ( 3-5 )

Multiplying this expression by , the first tetm vanishes due to the symntetry o f the 

Christoffel tensor and equation (3-5) reduces to

AA -  2p° = 0 (3-6)

since the eigenvectors are orthonormal. Then,

(3-7)

where

(3-8)

The only difficulty in applying this formula arises firom the degeneracy of the 

shear modes in the unstressed, isotropic medium as the polarization (eigen) vectors are 

arbitrary. It is only known that they are perpendicular to the wave normal and to each 

other.

For an incident longitudinal wave in water (let the z direction correspond to the 

surface normal), the wave normal for the incident wave in the x-z plane will be given by

/. =
'̂ sin̂ .,  ̂

0
.COSÔ.J

(3 -9 )
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and, upon refraction, for the shear mode

4 = 0
'^cosôj

(3-10)

when, via Snell’s law.

sin^„ sin%
r,

(3-11)

Let e ̂  = (., which is a good approximation for the case of near isotropy (i.e., small 

residual stresses). We can then form an orthonormal triad, for example:

e = (3-12)

and

e- =e^ xe '  =
 ̂ -cos^  ̂

0
I sin0„ J

(3-13)

Then, the associated shear eigenvectors can be represented by

or =a,,e = (3-14)

<̂(2) '*̂ 1 '^2  a  —â ê =
c o s O

«21

V 4 ,2  sin
(3 -15)
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but, since 5 “  ̂ and must be orthogonal,

a ,,=û !22 aiid ^1 2 = “ ^21 (3 -16)

Returning to equation (3-5) for m = 1 and multiplying through by e j , we have

« + ( M , = o ( 3 - 1 7  )

The first term must be zero as any vector in the e ' xe^ plane is an acceptable shear 

wave eigenvector as the shear eigenvalues degenerate. Since e^± , we may write the

resulting equation as

+B,,a„ -2Fo<’> A F = 0 ( 3-18 )

where

^  ( 3-19 )

Similarly, by multiplying equation (3-5) by ef for m = 1 and repeating the process, we 

obtain

R,2^„ + -  2Fô '>AF<’>Poa,2 = 0 ( 3-20 )

Equation (3-18) and (3-20) have a nontrivial solution for a,, and a ,2 if

= 0  ( 3 -2 1  )

Solving for AV̂ '̂  yields

A»'™ + %  ±V(B„ -£ ,,)=  -4 B ,i}  (3 -22)

38



A similar result holds for AV®. Hence, there are two possible shear waves in the stressed 

medium, a fast wave V,, corresponding to the positive root and a slow wave 

corresponding to the negative root. Thus, assuming axial symmetry from the spherically 

focused source with the bulk of the incident energy concentrated in a hollow cone of 

equally distributed rays about a single input incident angle, the longitudinal wave source 

will excite two shear waves of equal amplitude in the stressed medium whose velocities 

are given by

} (3-23b)

Equations (3-23a) and (3-23b) will serve as the fundamental equations to study the

interference between two shear waves differing in phase.

The eigenvectors associated with the shear waves can also be derived from 

equations (3-14) to (3-16), (3-18), and (3-20):

If 5,3 = 0 ,

a,] = 0 2 2 = 1  and 0 |2  = “0 3 , = 0 (3-24)

thus

and =  e ~  (3-25)

For B,-y # 0 ,
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Bn<2,1 -  i_
2,2

Bn=j:z
\Bn

(3-26a)

( 3-26b )

Substituting equations (3-26a) and (3-26b) into equations (3-14) and (3-15), we obtain the 

exact specification of the eigenvectors in the plane perpendicular to the wave normal /,. 

It should be noted that even though the unperturbed medium degenerated, the 

eigenvectors derived by the perturbation method are unique and they are controlled by the 

Christoffel tensor. Generally, different AAn̂  will result in different eigenvectors.

3.2 E^eriment

Scanning acoustic microscopy provides a convenient means to obtain an image of 

the residual stress distribution within a material. This can be obtained from monitoring 

the interference of shear waves traveling back and forth across the specimen which is 

generated by using acoustic microscope in an out-of-focus mode. The schematic diagram 

of the acoustic microscope’s operation is shown in Fig. 3.1. An efficient transducer is 

excited with a tone burst in order to interrogate the sample of interest. It is also used as 

the receiving transducer in order to detect the echo from the surface. The transducer 

receives the reflected signal which is rectified and filtered to give a signal proportional to 

the amplitude of the returned signal. The transducer is mechanically scanned in raster 

style in order to create a two-dimensional acoustic image. This image is then displayed on
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Fig. 3.1 Schematic diagram of acoustic microscopy.
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a high-resolution color monitor using various pseudo-color and gray-level color schemes.

The scanning acoustic microscope used in the experiment is a broad frequency 

imaging system, with the frequency range adjustable from 1 to 150 MHz. The software of 

the system provides a single data gate, which has three adjustable parameters. The first is 

a gate start which specifies a starting time to monitor the ultrasonic waveform. The 

second is the gate length which specifies the amount of time after the gate starts during 

which the software will look for the peaks in the waveform. The software searches for the 

highest value the wave form attains. The third adjustable parameter of the gate is a 

threshold which specifies a percentage of the full screen height of the oscilloscope 

waveform. The peak below the threshold will be filtered and the peak values between the 

threshold and the 1 0 0 % fiill screen height are displayed as a linearly distributed color 

value. When scanning the specimen, the software will monitor the change of the 

amplitude of the incoming signal and display certain corresponding colors in the pixels.

The specimen was an aluminum alloy (6061-T6) disk which was cut from an 

aluminum bar with both sides polished. The material properties are listed in Table 3.1. 

The disk thickness was 3 mm and the diameter was 40 mm. The specimen was 

diametrically compressed to several different load levels. The loading apparatus is shown 

in Fig. 3.2, along with the electronics used for load monitoring.

The geometry for the experiment is illustrated in Fig. 3.3. The sample was placed 

in a water tank and the acoustic scanning system was adjusted parallel to the surface of 

the specimen. The transducer launched longitudinal waves with 15 MHz of resonant
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frequency. Monitoring the peak amplitudes of the superimposed shear waves, scanning 

acoustic microscopy images can be derived.

Table. 3.1 The material properties of aluminum alloy 6061-T6.

Density 

( kg/m )̂

Lamé Constants 

(x lO ‘° Pa)

Third-Order Elastic Constants 

( X  10'° Pa)

Shear Wave Speed 

( m/sec)

P X P 1 m n Vo

2710 4.32 2.65 -32.1 -41.1 -40.8 3127

3.3 Numerical Simulation

In order to quantify the information from the acoustic images of the distribution of 

stress in a diametrically compressed disk, the understanding of such a stress or strain 

distribution is essential. For the disk under a concentrated point load, the plane stress 

components at any location can be derived from the analytical solution of elasticity [39] 

and further used to obtain the principal strains. In practice, however, the load is 

distributed over a small area rather than being applied at a point, thus, the assumption of a 

point load will result in certain discrepancies which were discussed in a previous study 

[49]. Thence, a PEA simulation was performed to provide more accurate results reflecting 

the precise load distribution in the experiment.
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3.3.1 Finite Element Analysis o f a Diametrically Compressed Disk

Here, an aluminum disk under a diametrically applied compression load was 

modeled and analyzed with the general FEA software ANSYS 5.3. Since there were 

stress concentrations near the loading areas involving plastic deformations, both material 

and geometry nonlinearities were considered. A SHELL42 element was selected with 

keyoption(3)=3 to simulate a plane stress problem. The element is defined by four nodes 

having two degrees of freedom at each node: translations in the nodal x and y directions. 

SHELL 42 is commonly used for the 2-D modeling of solid stmctures with plasticity, 

creep, swelling, stress stiffening, large deflection, and large strain capabilities.

The element mesh is shown in Fig. 3.4. Based on the symmetric properties of the 

sample and load, only a quarter of the disk was modeled. Symmetric boundary conditions 

were applied at X=0 and Y=0. The stress-strain curve was assumed to be bilinear, with a 

Young’s modulus of 69.6 GPa, a second tangent slope of 457 MPa, and a yield stress of 

240 MPa. The main difficulty in the analysis was the simulation of the loading in the 

experiment. Because the loading frame was much stiffer than the specimen, the top and 

bottom surfaces of the disk where the loads were applied would be flattened. With this 

consideration, a displacement controlled loading strategy was selected with the 

displacement load applied in several load steps. In the first load step, the node with the 

maximum y coordinate was selected and a displacement down to the y-level of its 

adjacent node was applied. In the second load step, these two top most nodes were taken 

down to the y-level of the next highest adjacent node. This procedure was continued until
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the load exceeded the maximum load of 1700 N in the test (as determined by checking 

the total nodal reaction forces). In this procedure, sufficient loading increments between 

the load steps have to be taken so that reaction forces close to the load levels in the 

experiment can be found. The loads in the experimental study were 716,910,1110,1310, 

1510, and 1700 N, respectively, and the closest load levels in the FEA simulation were 

found to be 714,908,1114, 1322, 1532, and 1728 N, respectively. Some important stress 

results of the analysis are given in Appendix B.

DIAMETRICALLY COMPRESSED DISK

ABSTS 5.3 
FEB 23 1998 
11:36:59 
PLOT SO. 1 
ELEKERT8 
TYPE BUM

Fig. 3.4 FEA model for diametrically compressed disk.
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3.3.2 Mathematical Model for Numerical Simulation

As shown in Fig. 3.3, the output of the scanning acoustic microscopy transducer 

can be modeled as having two main wave components: ( 1) a normal incidence pulse and 

(2) a strong axisymmetric longitudinal lobe at oblique incidence. The shear pulses 

indicated by S in the sample are of principal concern. Due to the presence of stresses in 

the medium, at the top of water-specimen interface, two shear waves are generated by the 

mode-converted, obliquely incident longituchnal waves. Their velocities will be slightly 

different, therefore, resulting in different redacted angles. At the bottom surface of the 

specimen, the two shear waves will produce two extra shear waves by mode conversion. 

The superimposed amplitudes of the four shear waves will be exploited for stress 

analysis. Assuming that the incident longitudinal wave and the two redacted quasi-shear 

waves generated at the top water-solid interface have velocities V ,̂ V,,, and V ,̂ 

respectively, and the corresponding directions of propagation are a ,̂ a„ and o ,̂ 

according to Snell’s law, we have

sma^ smor, sma^

Pc

After the waves travel through the specimen, the phase shifts for S, - S4 will be

(3-27)
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(3 -2 8 0
F,, cosûTi F,2 cosa,

The interference of the shear waves at the top of the sample is then given by

y  = A, exp[i'(2^ + Oj )] + ^, Gxp[f(2# + O, )] ( 3-29 )

4- A3  exp[/(2^ + 0 3 )] + ̂ 4  exp[i(2;z^ 4- 0 4 )]

Assuming

Aj = A2  = A3  = Â  = A ( 3-30 )

the amplitude of the interfered wave yields

= (3-31)

Thus, the interfered shear wave amplitude calculation can be summarized in the 

following four steps:

1) Extract the principal strains at the nodes of interest from the FEA results

2) Determine the Christoffel tensor in the presence of stress or strain

3) Solve for two quasi-shear wave velocities with equations (3-19) and (3-23)

4) Calculate the amplitude of the interfered shear wave from equation (3-31)

The only remaining problem is how to compare the simulation results with the 

experimental results quantitatively. There are several obstacles: the incident longitudinal 

wave amplitude is unknown, the amplitude change due to mode conversion is unknown, 

as are the attenuation in the water and the final signal amplification in the acoustic 

microscopy. These factors make it almost impossible to realize a quantitative comparison
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between simulation and experiment. To overcome these difficulties, a linear calibration 

scheme is employed in this study based on the following consideration: (1) the 

amplification used in the electronic circuits is usually linear and (2) the attenuations in 

water and sample are small because of short wave paths. Specifically, the procedure is as 

follows: determine the two unknowns in the linear equation by using the simulation and 

experimental results at any two locations of the disk, then use the same linear equation to 

amplify the amplitudes for the rest of the simulation results.

3.4 Experimental and Simulation Results

The experimental images o f the scanning acoustic microscopy measurements at 

six different load levels are shown in Fig. 3.5 through Fig. 3.10. They were provided by 

Drescher-Krasicka of NIST. In order to realize a quantitative comparison with the 

numerical simulations, the peak amplitude curve along the diametrical loading line is also 

shown for each of the loading conditions. The quantitative comparisons between 

simulation and experimental results are shown in Fig. 3.11 to Fig. 3.16.

49



Fig. 3.5 Scanning acoustic microscopy image of a diametrically compressed

disk (P = 716 N) (Drescher-Krasicka, NIST).
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Fig. 3.6 Scanning acoustic microscopy image of a diametrically compressed

disk (P = 910 N) (Drescher-Krasicka, NIST).
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Fig. 3.7 Scanning acoustic microscopy image o f a diametrically compressed

disk (P = 1110 N) (Drescher-Krasicka, NIST).
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Fig. 3.8 Scanning acoustic microscopy image of a diametrically compressed

disk (P = 1310 N) (Drescher-Krasicka, NIST).
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Fig. 3.9 Scanning acoustic microscopy image o f a diametrically compressed

disk (P = 1510 N) (Drescher-Krasicka, NIST).
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Fig. 3.10 Scanning acoustic microscopy im%e of a diametrically compressed

disk (P = 1700 N) (Drescher-Krasicka, NIST).
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Fig. 3.11 Quantitative comparison between theoretical and 

experimental results (P = 716 N).
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Fig. 3.12 Quantitative comparison between theoretical and 

experimental results (P = 910 N).
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Fig. 3.13 Quantitative comparison between theoretical and 

experimental results (P = 1110 N).
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Fig. 3.14 Quantitative comparison between theoretical and 

experimental results (P = 1310 N).
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Fig. 3.15 Quantitative comparison between theoretical and 

experimental results (P = 1510 N).
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Fig. 3.16 Quantitative comparison between theoretical and 

experimental results (P = 1700 N).

61



3.5 Discussion

The first question to be addressed in this discussion is the utility of the 

perturbation method to solve the problem. As reported in the paper of Jech and Psencik 

[38], for extremely anisotropic materials, the perturbation approach is less accurate in a 

degenerated unperturbed medium. In this study, the refiacted quasi-shear wave angles 

required to form the Christoffel tensor were set equal by considering only small 

differences between the two quasi-shear wave velocities. In order to analyze the errors 

introduced by using the first-order perturbation approach, a comparison between the first- 

order perturbation solution and a full field solution was conducted. To simplify the 

calculation, the analytical elastic solution for a diametrically compressed disk was used;

2P
(3 .32a ,

'2

=
2 P ( i R - y Ÿ x  ( R + y f y ^

( 3-32C )

where

ry =x^ + { R -  and = x ‘ +{R + y)'  ( 3-33 )

Here, R was the radius of the disk, t was its thickness, x and y were the coordinates along 

the X and Y axes with their origin located at the center of the disk, and P was the 

concentrated load. The principal stresses were obtained according to:
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x̂r+0-.Kv
' 2 2 } 1

x̂x ŷy + a l (3-34)

and the corresponding principal strains were calculated by Hooke’s Law.

The principal difSculty encountered in solving the eigenvalue problem for a full 

field solution stems from the fact that the direction cosines of the refracted wave cannot 

be directly determined from Snell’s law because of the directional dependence of the 

wave velocities. To overcome this difficulty, a scheme proposed by Kline [18] was 

adopted here. From equation (3-11), one may represent

sin 6L =^ sin% ,= ff% (3-35)

For each of the refracted waves

v2il/2cos^  = (1 -  sin' 6L)"' = [1 -  ]

Then, the eigenvalue problem becomes

(3-36)

0

0
3̂1

0 =  0 (3-37)

where

Ai  — [1 -  (^)^e)^][^ + 2// + (4^ +10// 4- 4m)e,, +(/?.-l-2/)e^]

+ i^ ^ r e Ÿ  “ (2// + — n)c22 + -h (/I + 2// + m)e^ ] ( 3-38a )

2̂2 + - (2 // + — M)% + (A 4-2 //4-m ) e ^ ]
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3̂3 = [1 “ i^Ke)^ + 2//g], -  (2/z + -«)e,2 +(À  + 2^  +  m)e^ ]

+ + 2fi + (4Â + lO/i+ 4m)e ĵ +(Â + 2 /)e^ ] ( 3-38c )

^ 3 = 4 , =[l-(J^K.yi(^f^r.y[^+/^+2a+ju)(e„ +e,,)

+ ( - / / -  2771)̂ 22 + (2/ + ] ( 3-38d )

With a 1700 N compressive load and a 10 degree longitudinal incident angle with 

respect to the Z axis, two shear velocities were derived by solving the eigenvalue 

problem, utilizing the symbolic software Maple V. These velocities were subsequently 

substituted into equation (3-31) to determine the superimposed wave amplitude. The 

differences between the perturbation approach and the full field solution are presented in 

Fig. 3.17. Obviously, viewing the medium as being slightly perturbed from the isotropic 

state, results in errors in the vicinities of the two loading sites. However, if  one considers 

the fact that these regions are actually in a plastic state while the elastic solutions give 

unrealistically high stresses, it is easy to conclude that the perturbation approach still 

provides satisfactory accuracy in comparison with the full field solution.

As a part of the verification of the FEA results, a stress comparison between the 

FEA solution and an elastic analytical solution along the transverse center line of the disk 

was conducted. Along this line, was a variant while stayed constant according to 

elastic theory. They were virtually the principal stresses. Six cr̂ . plots at different load
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Figure 3.17 Errors introduced using perturbation theory compared 

with full field theory.

levels and one cr̂  plot are presented in Fig. 3.18 to Fig. 3.24. The results show very good 

agreement between the FEA and analytical solutions in the center region o f the disk. 

However, it should be noted that larger stress differences are expected at locations other 

than the transverse center line of the disk because of the loading condition.

One of the most important issues to be clarified in this study was the physical 

meaning of the peak amplitude o f the interfered shear wave signals or, more specifically, 

how these signals relate to the residual stress to be measured.
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Fig. 3.18 Stress cr̂  comparison between FEA and analytical solution 

for 716 N compressing load.
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Fig. 3.20 Stress cr̂  comparison between FEA and analytical solution 

for 1110 N compressing load.
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Fig. 3.21 Stress C7̂. comparison between FEA and analytical solution 

for 1310 N compressing load.
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Fig. 3.23 Stress <r̂ , comparison between FEA and analytical solution 

for 1700 N compressing load.
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Since the acoustoelastic effect is small, for small incident angles, one may neglect

the refracted angle difference between the two shear waves. Then, we have = ^ 4  = 0

in equation (3-30), hence, the wave amplitude in equation (3-31) becomes

0 , - 0 ,  iT^d I tM
,  = 2 4 cos( ^ )  = 2^ cos( ^ - ^ ^ )  (3-35)

This can be further simplified to yield

y  = lA  c o s [ -^ ^ (^'-"^^)] = 2A c o s [ -^ ^ (^' )] ( 3-36 )
'c o s a / 'c o s a /

where is the shear wave velocity in the stress-free isotropic material.

For an incident angle close to the normal direction of the disk plane, one may

assume
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fI = ^2 = 0 and ̂ 3 s  1 ( 3-37)

in equation (2-53). Solving the eigenvalue problem, one obtains [1]

1
N (A + m)% + 4^33 + 2/fg,, -  -  ne,,

[1 + ------------------- — ----------- -̂-----] ( 3-38a )

1

[1 + ------------------- — ------------  ] ( 3-38b )
'A /

where Vj, and are the shear wave velocities polarized in the x, and X; principal 

directions.

From equation (2-51), one has

1̂1 -«22 ~^22) (3-39)

With the aid of equations (3-37) to (3-39), (3-36) yields

y  =  2 X c o s [ ^ ^ ( 2 / f + ^ n X e „  - « 2 2 ) ]

= 2^ c o s [# (^ ^ ^ -)((T,, - (T;,)] ( 3-40 )
4// ^0

Define

Au + n
(3-41)

Here, D(a,, - ct;;) is on the order of 10"̂  to 10'̂  based on an approximate calculation, thus, 

it is small. Then equation (3-40) can be expanded into a Taylor series about zero

70



y  = A[l-D-{<J,,-  a-,2 f  + HOT} ( 3-42 )

and equation (3-42) may be further simplified as

y = C,-C,(cr„-<7,2 )- (3-43)

where C, and Q are constants.

Hence, it can be concluded that, when the incident angle is small, the information 

about the amplitude of the interfered shear wave yields the square of the principal stress 

difference. It should be noted that this is a nonlinear relationship instead of a linear 

relationship as predicted by Drescher-Krasicka [28].

From Fig. 3.11 to Fig. 3.16, it is seen that, at the stressed area, the wave shows a 

decrease in amplitude; in other words, the higher the difference of the principal stresses, 

the lower the wave amplitude. This phenomenon can be well understood from equation 

(3-43). One point needs to be addressed here: Since the stress induced phase shift is 

small, one will not see a harmonic wave format change of the amplitude even with very 

large differences in the principal stresses. This will secure the single valued relationship 

between the amplitude and the difference in the principal stresses or the maximum in­

plane shear stress. As far as a quantitative comparison is concerned, considering the 

experimental error, the correspondence of simulation and experimental results is quite 

satisfactory. It is noticed that the experimental results show certain levels of noise in the 

images. This may be due to the inhomogeneity of the sample material, unsatisfatory 

specimen surface conditions, and other possible sources of error.
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CHAPTER IV

USING RAYLEIGH WAVE DISPERSION TO CHARACTERIZE

IN-PLANE STRESSES

In the past forty years, bulk wave acoustoelasticity has been the subject of a great 

deal of research. One of the shortcomings, however, associated with the use of bulk 

waves is the resulting inability to detect surface stresses and the variation in stress 

through the thickness. In many applications, knowledge of the surface stress and the bi­

plane stress distribution in the depth direction are highly desired; thus, Rayleigh wave 

acoustoelasticity is suggested. Rayleigh waves travel at the free surface of a solid half 

space and the amplitudes decrease rapidly with depth. The depth of penetration into the 

solid is approximately one wavelength. In a stress-free isotropic material, the phase 

velocity of Raylei^ wave propagation is a constant and independent of wave frequency; 

thus, it is not dispersive. When stresses or strains are applied to the material, they cause 

(via the acoustoelastic effect) a slight change m the elastic properties. This, in turn, is 

responsible for changes in the elastic wave propagation. If an isotropic half space is 

subjected to a static, pure homogeneous deformation, it has been shown that the wave
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motion does not differ substantially from that formulated in linear wave theory and there 

is no dispersion. However, when the initial deformation has a distribution in the direction 

of the depth, the degree of change in the elastic properties also varies with depth. In this 

sense, the material subjected to such a deformation is qualitatively similar to that of a 

layered or stratified material. In this case, Rayleigh waves are known to be dispersive. 

This effect has been studied both theoretically and experimentally by Hirao, et al., [35] 

where the dispersion of Rayleigh waves for a plate in pure bending was investigated. 

They found dispersion to be pronounced for relatively low frequencies and to diminish as 

the frequency increased. In this Chapter, their study will be extended to the case in which 

the stress distribution in the depth direction can be expressed as a polynomial series so as 

to investigate surface residual stress in a more general sense. As scanning acoustic 

microscopy is feasible for a broad range of frequencies and can effectively excite 

Rayleigh waves in the defocused mode, this technique will be a powerful tool to study 

surface residual stress fields.

4.1 Theory

First, let us consider Rayleigh wave propagation on the free surface of a semi- 

infinite homogeneous isotropic material which is initially under static deformation. The 

coordinate system for the half space is shown in Fig. 4.1. From the governing equation 

(2-37) in Chapter 11 and with the aid of equilibrium equation (2-15), we have:
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Fig. 4.1 Surface wave over a deformed half space.
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In the study of this Chapter, several assumptions were made as follows:

• the principal directions are known and aligned with the coordinate axes

• the strain is uniform in the half space other than in the direction Xj

• a  22 = 0, as the region of interest is close to the free surface

• Rayleigh waves propagate in a straight line in the direction.

With the above assumptions, the Rayleigh wave displacement components have the form

M, = / ,  (% 2  ) exp[/A:(A'i -  Vt)] ( 4-2a )

«2  = / 2  ( - ^ 2  ) exp[/Â:( AT, -  Vt)] ( 4-2b )

«3=0  ( 4-2c )

Equation (4-2c) represents a conventional treatment since this mode corresponds to the 

shear wave in the half space which is not related to the Rayleigh wave. In the preceding 

equations, k denotes the wave number, V the phase velocity, and^ the amplitudes 

which decay with depth.

Substituting equation (4-2) into equation (4-1) leads to 

[ îV  ̂ I -(<T„ + C ,.„ ) + D(C,2,3£>)l/i

^ ( ^ 1 2 1 2  ^ 1 1 2 2 ) ^  ^ ^ 2 1 2 1 / 2  ~  ^

/ F/ -(CT„ + C,2,2) + AC2222 )̂1/'2

+ ̂ (^212 Q1 2 2 ^ ^ 2 1 2 1/Î

(4-3a)

(4-3b)

where

75



Vt = .JJTTp ( 4-4 )

D = d/d{kX^) (4-5)

We define

f — 4(C,2]2+ Ci ,22 )-D + £>0 2̂12]^ (4-6a)

/2 + c„ „ )+ d (c,2.2z>)]f  (4-6b)

Substituting equations (4-6) into equations (4-3), equation (4-3a) is automatically 

satisfied and equation (4-3b) leads to a fourth order governing differential equation given 

by

-((T„ + C„„) + D(C,2,2D)]CuF' / -((Tn+C,2,2) + D(C2222D)]F

"̂ "[(Qziz  ̂ ( 4 - 7 )

As far as boundary conditions are concerned, in the initial state, the surface tractions T, 

are given by

7) = cr,jlj = 0 at^2 =0 ( 4-8 )

where /, are the direction cosines of the normal to the surface.

In the final state, the surface tractions become

T,+T; = {(T^+a',j){lj^Vj) = 0 atX2=0 (4-9)

where ct,j + a',j and Ij + Ij are the stress components and direction cosines of the normal 

to the surface, respectively. Since the superimposed disturbance wave is very small, 

(j\j and Ij are small terms. Neglecting the multipliers of the high order terms, we obtain 

r/ = a'jjlj + (jjjlj = 0 a t^  = 0 ( 4-10 )
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It has been shown that [30]

di
âK

K^  d i j  d i ,  ^  â u
( 4 - 1 1 )

and

 A£_ (4-12)

Taking note of the fact that Uj and Uj are not functions of Xj and, in the initial state.

" o '

0 )
(4-13)

we have

I! =
di 2

'W,
(4-14)

and

l{ = 1 ^ = 0 (4-15)

Thus, the boundary conditions yield

<722 — 0 (4-16a)

di 2 ( 4-16b )

<722 ~ 0 ( 4-16c )

<7j2 = 0 (4-16d)
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on the surface X? = 0. As = 0 if I J, the last equation (4-16d) is automatically 

satisfied. Equations (4-16b) and (4-16c) are relevant to Rayleigh waves. This leads to 

[30]

âu, âu,,

and

âu, âÀj
= 0 (4-17b)

With the aid of equations (4-2), the boundary conditions ( in term of and^ ) 

can be rewritten as

D/,+z/2 =C (4-18a)

^^unfx ^7 3rJ^f ! ~ 0 ( 4-18b )

Since a general solution which satisfies both the governing equation (4-7) and boundary 

condition (4-18) is not readily available, we seek a first order perturbation solution forF. 

Let

F  = F °+ F ' (4-19)

where F° is the zeroth order solution when the initial stress is absent and F ’ is the first 

order solution corresponding to a small perturbation from F° because of stress. With the 

same scheme, the differential operator in equation (4-7) can be written as

L, — Lq + ( 4-20 )

From equation (2-46), with 0 = , we have
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c , 1 ], — À + 'lu  + (—À —2//+V, + 2 ^2)^  + 4(,^ +  2 // + Vj + 2 Vj )e,,

C 2222 — +  1 /J .  +  ( —^  — 2 / /  +  V, + 2 ^ 2 ) ^ + 4 ( y î .  + 2 / / +  v ,  4- 2  ^2 )^2 2  (  4 - 2 1  )

C ,2 I2  = / ^  +  ( - / ^ + 1 ' 2 ) ^  +  2 ( / / + V 3 ) ( e „  4 - 6 2 2 )

C i,2 2  = / l 4 - ( - > î . 4 - v , ) ^ 4 - 2 ( / l 4 - V 2 ) ( e , ,  4 - 6 2 2 )

Define

C ,'ii, =  ( —̂  — 2 / z 4- vj 4 - 2 i ^ ) ^ 4 - 4 ( ^  4 - 2 / / -f- Vj 4- 2 1 /3 ) 6 ,,

C°222 = A4-2//

0^222 — ^  — 2 / / - f  V, 4 - 2 1/2 ) ^ 4 - 4 ( 2 ^ - * - 2 / / 4 - Vj - f 2 v 3 ) 6 2 2  ( 4 - 2 2  )

^ 2 = / /

C , 2 I2  =  ( - A 4- V2 ) ^ 4 - 2 ( / / 4 - V3 ) ( 6 , , 4 - 6 2 2 )

- 2  '-'1122 — ^

Then

Q ‘i2 2  =  ( - ^  +  V j ) ^ 4 - 2 ( A  4- V-2 ) ( 6 , , 4 - 6 2 2 )

c  — r'° -4- r*''-'llll “ '-1111 ^ 1̂111

^ 2 2 2 2  “  Q 2 2 2  "I" Q 2 2 2  ( 4-23 )

^  _ ^0 , 1̂ 
*-1212 -  -̂1212 ^ -̂1212

C  =  _L r - t  *-1122 *-1122 ^ *-1122

Thus, equation (4-7) yields
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{ L , + L , ) { F ^ + F  ) = 0 (4-24)

In explicit form, this is

{MVilVf, +/E-(CT„ +<?,„ +C;,„) + Z)[(Cf;,; +C;,,,)Z)]}

X { p V -  /  K ' ,  + / E - ( C 7 „  + C ; 2 „ )  +  £ > [ ( C ? „ ,  + C j j , , ) Z ) ] } ( f - “ + f )

+ K C 2 +C;,„+C°,,  +C;,^)D + D(Cl’„, + C , (4-25 )

x [ ( C :  + C :  +C°^ +C;„j)D + Z)(Cr„j +C,'j,,)](F” + F ') = 0 

where

AWo
z = 2 - ^  (4-26)

Collecting the zeroth order terms in the above differential equation, we have

LoF  ̂ = 0  (4-27)

or

+CJ:,,Z)=]F“ (4-28)
r̂o r̂o

Applying equation (4-22) and letting

(4-29)
’' to

where
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(4-31)

equation (4-28) can be simplified to

-(« f  +nl)D-F° +n]nlF^ =0 (4-32)

The general solution to this fourth order differential equation is

= Ë Af exp(-«;̂ AT2 ) + Z F, exp(n,ÆX'2 ) ( 4-33 )
i=l 1=1

However, since F should tend to zero as X2  tends to infinity, Bi must be zero. We then 

obtain the zeroth order solution

F° = i  A, exp(-/z,.fcY2 ) ( 4-34)

Collecting the first order terms in equation (4-25), we obtain

ZoF‘ + I ,F ° = 0  (4-35)

or

I ^ { K D U D ‘ {(K + V , ^ - 2 K ] + { ^ - K ) ( ^ ~ \ ) ) F '
T̂O T̂O T̂O

+ (F^2 ~ Qlll 1̂212̂  )(/^ ~ 1̂1 1̂212 2̂222̂  ^^2222^)^
• ' to

0

+ (CL+Cf,22)D[(C;2,2+C,',22)D + DC,'2,2]F° ( 4-36 )

+ [(C.'2,2 +C,',22)^ + Z)C'22][(C°,2 +C°22)Z)]F°

+ [ ^  -  (CT„+ c;, „ ) + C jD" + z)c;,,jZ )][/i^  -  c f , , ,+ 1 ^ ,0 =  ]F“ =0
r̂o
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We define

In

n = -
— >?, +  V]

r, = —1 + — ( 4-37 )n

À +  V2

r, = 1 + —

Substituting equations (4-22) and (4-37) into equation (4-36) and taking into account the 

following equation

^ 2 2  ~ 2 / ^ 6 2 2  ~ ® ( 4-38 )

or

Û = — ^ 6 2 2  = ( 4-39 )

after complicated algebraic manipulation, we have

K[D* +(nf +nl)D^ + {z[n? - n ]  +K{n^ -n])]

+ , + I f  >e,2 + }F° =0 (4-40)

where

ÜP =2Kr,nf + 2 n f [ { -^ -4 ) r , -Æ (l + 2 /: ,) - l-2 r J
T̂O
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+ 2/zj" (1 +  2 3̂ +  4r  ̂) +  2K(1  +  )»2 

= « /[ro (r , + 2 r ,)+ 4 (r 3  +2r^) +  Kir^r^, + 2 r J ]

V~
+  (n +  3r2 ) +  4rj +  lOr  ̂] +  2Æ[1 -  -  2 r J  (4 -4 1  )

'TO

+  2[2 - 7̂ 7-, - 27-Q7-2 - 2 r J } - K n \ ( 2 - - 2 r ^ ) ~ n \ (2  - 7̂ 7s - )

A //’> =271,[(7if -/S :7 if)r ,-(Æ -l)(7 -3  + r j ]

= - n ,  {[/b(''i +27^)+4(7^ + 2r4>]7ï /  + ( 7̂ 7̂  -^2r^){Knf - n ] )  

+27^)+4(7^ -i-2 r4)]7Z2 + (J ^ - l) [ (r , + 7̂ )7̂  +2(7^ + ^ ) ] }

Let

^ ,(^ 2 ) = K ' -n ]  +K{n] -n\)-\z + i(^Lfe„+ Mf^De,) (4-42)
/= i

Then, equation (4-40) becomes

+(nf +nl)D^ 4-7%̂ 7,̂ ]F' = -R.iX,)F^ ( 4-43 )

Since

[D''4-(7Z^4-77^)D"+7Z^77^]F'

= (D-77, )(D -H 7Z, )(D -  7I2 )(D + 712 ) = G(D)F ' (4-44)

and

1____________1______  7?2 7%2 7%, 77,

G(Z)) 2/Z|/Z2(wf D  — Z) +  /2j D  — TI2

the first order solution is obtained as
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Jüf, tv,
F' = J dt -   ̂ dî ( 4-46)

tv , tv,

0 0

where

h = [2F«,«2 {n̂  -  «2" )]"' ( 4-47 )

Thus, we have the solution

F = F °+ F ' = 1 /4 . expiriikX )̂

2  kXl kX2

+ AZ A.ln̂ e'"̂  ̂ J dt - j d t  ( 4-48 )/=i 00

tV; tV;

0 0

Applying solution F  to boundary condition (4-18a ), it turns out to be

-D/[(C,2,2 + C„22)D-kDC,2n]F (4-49 )

-  (<T„ 4-C„„)-H D(C,2,2D)]F = 0 at Â  = 0

With the aid of equation (4-23), the above equation becomes

-[(C°,2 +C°22)D^ +DCl,,,D + iCl,,,+Cl,,,)D^](F,+F,)

+  [ M ^ 0  / F / o  - ( C T , ,  + C , ' , , , ) - 1 - D C , 2 i 2 - D  +  C , ° , 2 ^ ^  + Q 2 1 2 - ^ ^ ] ( F o  + F , )

-[DC,'2,2D + DC,%22D+D'C,'2,2 ](f;, +F,) = 0 at A!̂  = 0 (4-50)

Neglecting the second order terms, we have

[ - ^ 2 - ( K - 2 )nf
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- {K -2 )D -F ^ -K n lF '  De,, +V,f^De.:,-W,f^D^e„-W,f^D^e,, = 0  (4-51 )

where

UlP = 2 + 4rj + 8r̂  + 2 nfr^

Ul p  = - 2  +  (r, + 2r  ̂X  +  (r,r  ̂+  2r^)nf

V , ]^^=2(r ,+r jn .  (4-52)

= '*0 (n +  '* 2  )  + 2(rj + a-4 )n,- 

= 2r̂

= '■q' 2 + 2 r ^

and the bars over the strains and their derivatives indicate values at the free surface 

%2 = 0-

Substituting F into the boundary condition ( 4-18b ), we obtain

Q 122 [(̂ 1212 ^1122)-  ̂■̂ ■̂ 1̂212

+ C2222^//F' /^ro- ia „ + C , ,„ )  + DiC,„^D)]F = 0 (4-53 )

Similar to the first boundary condition, the above equation can be expressed as

(^I122 1̂122 )[(̂ 1212 1̂122 ( 2̂12 2̂12 "*■ -̂ 1̂212 K-̂  )

+ (C,°222 + C2222)[M̂  ̂ / T̂o -(cr, +C,,,,)

+ 2DCl^,,D + C°,„D^+Cl„,D^]D{F, + F,) (4-54)

+ (̂ 2222 2̂222 )[~-̂ (<̂ l 1 1̂111 ) ^  1̂212-̂ K-̂ O ■*" ̂ 1 ) “ ^

For the first order approach, equation (4-54) yields

85



-  n-Xî k -  l ) ( t  -  2 ) -  K-nl +K z + Knf ]F °  + [[/(!> g,, +  t/f:> e^.

+ K,(') De,, + Dê ,_ + De, ,+W^f  ̂De,, ]F° (4-55)

+[(K-l)(K-2)-K^n^]DF'+KD^F'  =0

where

C/̂ P = 2«, [Æ(l + 3rJ + (3r, + 2r, )] -  2JCr,n,̂

= - « /  {i-Kn\  +  )['b  (n  +  2^2 )  +  4(r3 4- 2r^ )]

+ '̂ ô('"i — ̂ ) + 2 (2 /̂  +r») + 2 ] 

= 2[-K{\ + 2 /3) 4. r,(2i&jf - 3ü:-2 ]

Vv  ̂=ir,r, +2r,)(2Knf + K - 2 )  + K[2-r, ir ,  +2r,)] (4-56)

W,̂ P =-2Kr,n, 

W,f =-K{r^r, +2r )̂n.,

From equation (4-46), the derivative to the first order solution F' yields

2 kX2 kX.
DF  ̂=hLAXn,n,e'"’̂ '- J R,e'̂ '"̂ '‘̂ ‘̂dt-n,n,e"^-'^- \ R,e-̂ ''‘*'"‘ '̂dt

i — \  CO 00

kX. kX̂
+ n,n,e'"’̂ '- \R,e-^"‘-’''̂ 'dt - n,n,e'"-’̂ '- 

0 0

+ n, R.e-”‘'̂ - -  n, -  n,R.e-’'‘'̂ - + n , ( 4-57 ) 

2 w , a ,
= hZAXn,n,e'"' '̂- J R.e- ’̂"̂ ”'-̂ 'dt - n,n,e'"-‘̂ -̂

Wf, w,
+M,M2g'"̂ : \R.,e- ’̂''-'" '̂dt-n,n,e''-' '̂- IR.e'^’''-’"-̂ 'dt] 

0 0
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For the second order derivative, we have

kX, kX.
Z ) ' F ' J  dt -

/=! 00 00

0
t

0

+ n.n̂ R̂ e-''̂ ^̂  - .5“'’'"'= - +  n,n^R,e”‘'̂ '- ( 4-58 )

2 k X - ,  k X 2

--hLAXn]n ê'"'^̂ - f R.,e-̂ ’"̂ ’"-̂ ‘dt-n,nle'"-'^ -̂ \R,e^''‘*'"-̂ 'dt
I~1 00 00

kXi

0
\R,e-^"‘-"'̂ ‘dt + n,nle”̂ '̂  ̂ \R,e-^”‘~"'-̂ ‘df\ 
0

Continuing, the third order derivative becomes

k X - , k X ,

D^F' =AZv4,[n^M2g'" :̂ \R,e'^”‘*''̂ ‘̂dt
1 =  1 00 00

kX-. 

0
T

0

w. *Af,

f—I 00 00

k X . k X ,

From the above equations, we obtain

(K -2 )D V  -K n;F '  = Zn,hiK-l)A,[(nf +1)1.  ̂ -2n,nJ,^]

{K - \ ) {K -2 )D F '  -K^nlDF^ +KD^F'

(4-60)
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where

/ ,  = [ n f  - n ^ + K i n f  - n l ) ] [ n .  H-nJ"'

+ i:{-M^'U„ +[LT +(«,- +nj)Ml‘̂ ]E\P} (4-62 )/=i

and

£ f  = ? (  4-63 )
0

Then, the boundary conditions become

' L y K n l - ( K - 2 ) n f  + z  + U P e , ,  + U ^ e ^  +Fj')Dg„ + V , P D e 2̂

+ wpD^e,, +W,PD^e^ + A (Æ -lx { ( l+ » ') /« -2n,n,I., }]4. = 0  (4-64)

and

Z H ( K - l X K - 2 ) - K n "2 + K n f  +Kz]n.  +

De,, -tKZf'JCkis + PP?:'2):,,% (/USS )

+ h(K -  l)/i,«2 [2//1 -  (1 + nf )/;2 ]}^i =0  

The preceding equations can be further expressed in matrix form as

(Gy + ü y Z  + by ) Aj = 0 ( 4~66 )

where



G,, = -Knl - ( K -  2)nf = - ( K  -  l)(nf +1)

G, 2 = -Kn; - ( K - 2)»; = - 2 { K - 1)»;

G,, = -[{K -  Ï){K -  2) -  K^n; -  i&if ]n, = 2{K -  l)n,

Gj2  = -[(i^ - 1)(4: -  2) -  K^nl -  Knl ]«, = ( K - 1)(1 + nf )n̂

, , 1 + nf
-  ' + 2 K

6u + C D e „  +V<l>De^+W,^;^D^e,, + W l^ D \,

+ h(K - 1 ) « 2  [(1 + ni )/(:) -  2/z,/i2/,T ]

è.2 =C//i’e„ +G ‘2">e22 D \ , + W , f ü \

+ h{K - 1)«2[(1 + n] )/^f -  2n,n^lf^ ]

22

2̂, =G<î>e„ +Gj:)g22 +Vÿ^De,, De.,+Wl^ D'e,, +Wÿ^D'^e,

+ /z(Æ -  1X2,2 [2 /,? -(1 +  »')/,T]

22

622 =G<]>e„ +G( )̂g22 +^22’^ ^ 2 2  +Wll^D^e,

+ h{K - \ )n M ' 2 -I?:̂  - i }  + nl)K^]
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r(/) (0
/=i

The nontrivial solution for Aj requires

Gy+ayZ+by =0 (4-68)

Here, z  and è âre of the order of the initial strains and are small in comparison with Gy ;

thus, z  can be determined with the first order perturbation approach.

The zeroth order solution, which represents the stress-firee case, requires

C?12
Gj, Gj2

=  0 (4-69)

Solving this equation, the Rayleigh wave velocity for an isotropic medium can be 

derived. In explicit format, equation (4-68) becomes

1̂1 ■*■̂11̂  ■*■̂11 1̂2 ■*■̂ 12̂ '*'̂ 12 
2̂1 "̂ 2̂1̂  ■*■̂21 2̂2 ■*■̂22̂  ■*■̂22

=  0 (4-70)

Neglecting second order terms and with the aid of the zeroth order equation, we obtain 

1̂ 22 + ̂ 22̂ 11 ~ ̂ 12̂ 21 “ 2̂1̂ 12

Then

1̂1̂ 22 2̂2̂ 11 1̂2̂ 21 2̂1̂ 12

AV zP%,

(4-71)

(4-72)

Obviously, a,y and G,y are functions of the second and third order elastic moduli, and, 

thus, are constants. It is 6- that reflects the acoustoelastic effect.
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If one models the strain distributions through the thickness as an nth order 

polynomial, then

and

6|] — Ü.Q + a^X2  +Û.2 X 2  +

^ 2 2  ~^o ■*■̂ 1-̂ 2 +^2-^2 '^b^X^+'-.+b^X^

(4-73a) 

( 4-73b )

^11 — ^ 0

De,, = a j  k

D^e,, =^2 

From equation (4-63), we have

^22 ~bo

D b22 = b ^ l  k

D'Bjy = 6 3 /^^

(4-74)

0 0 <n=0

= Jite„e-‘”'̂ '’̂ "̂'=cüf2 = f t (  i:6,% r düT;
0 0 m=0

(4-75)

(4-76)

Since

(4-77)

we obtain from equations (4-75) and (4-76)

= z
" a„mi

n5)(2n,)"+'t'"
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: o ( n , + n , ) " * ' i "

ô„m!

Eg' = 2

»S)(2n2)"'̂ 'Æ'' 

b^m\
m“ o(2w2)"'̂ 'A:'"

Thus, the velocity change from the unstressed state may be expressed as 

=/%«o+>^a, Ik-^^a^lk^ I A - ^ „ a „  Ik ”

+ / A  + y\b\ / ̂  + 72̂ 2 / + 73̂ 3 / ^^+-+7„6„ / ( 4-79 )

where and / , are functions of the second and third order elastic constants listed in 

Appendix A.

It is noted that the relative change of the velocity of the Rayleigh wave is a 

function of the wave number A:. By definition, the Rayleigh wave is dispersive. Thus, by 

measuring the relative change of the phase velocity of different frequency Rayleigh 

waves, it will be possible to reconstruct a stress field by measuring these relative velocity 

changes.

4.2 Numerical Simulation

To further explore the application of Rayleigh wave dispersion to strain 

reconstruction, consider a special case:
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^11 -  ^22 — ^

e, 1 = 2̂2 = ûf + + Ĉ 2

( 4 - 8 0 )

(4-81)

For a mild steel with the material constants listed in Table 4.1, we have

A F/Fq = V  + + (4-82)

;io=-0274 Àt=-0214 À, = -255  (4-83)

Rayleigh wave dispersions corresponding to different strain fields are shown in 

Fig. 4.2 through Fig. 4.4. Since there are three constants a, b, and c to be determined, 

three different frequency Rayleigh waves should be employed. In this simulation, two 

sets of Rayleigh waves for the reconstruction are utilized: a first set of 1, 5,10 MHz and a 

second one of 2, 3, 5 MHz. Reconstruction results are shown in Fig. 4.5 through Fig. 

4.10.

Table. 4.1 Material properties of a mild steel.

Density 

( kg/m̂ )

Lamé Constants 

(X 10'° Pa)

Third-Order Elastic Constants 

(X 10'° Pa)

Rayleigh Wave Speed 

( m/sec)

P k P V, V2 V3 Vo

7837 10.74 8.19 -1.3 -20.0 -20.0 3109
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Fig. 4.2 Dispersion of Rayleigh waves for different surface strains.
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Fig. 4.3 Dispersion of Rayleigh waves for different linear 

coefficients of strain distribution.
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Fig. 4.4 Dispersion of Rayleigh waves for different quadratic 

coefficients of strain distribution.
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Fig. 4.5 Surface strain field reconstruction using Rayleigh 

waves of 1, 5, and 10 MHz.
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2 0 0 .0 0

  Theoretical result

□  Reconstruction result160.00

3=100
b=5000^  120.00

5
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b=-5000
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0.000 0.002 0.004 0.006 0.008 0.010
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Fig. 4.6 Linear strain field reconstruction using Rayleigh waves of 1, 5, and 10 MHz.
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  Theoretical result

□  Reconstruction result
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3=100
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0.000 0.002 0.004 0.006 0.008 0.010
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Fig. 4.7 Quadratic strain field reconstruction using Rayleigh waves of 1,5, and 10 MHz.
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Fig. 4.8 Surface strain field reconstruction using Rayleigh waves of 2,3, and 5 MHz.
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  Theoretical result
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Fig. 4.9 Linear strain field reconstruction using Rayleigh waves of 2,3, and 5 MHz.
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Fig. 4.10 Quadratic strain field reconstruction using Rayleigh waves of 2,3, and 5 MHz.
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4.3 Discussion

From equation (4-79), it is found that the extent of the Rayleigh wave dispersion 

is determined by the nature of the strain field and the Rayleigh wave frequency. This 

means that the details of the changes in the strain field with depth and the proper selection 

of the Rayleigh wave frequency will be crucial for this technique. For a uniform strain 

case, as U; = è,- = 0, when i > 0, all the k terms will vanish in equation (4-79); thus, there 

will be no dispersion. This conclusion has been verified in Rayleigb wave 

acoustoelasticity. It should be noted that the lower the firequency of the Rayleigh waves, 

the higher the dispersion. Thus, low firequency Rayleigh waves are preferred for 

reconstruction purposes. In many problems, however, the sample thickness limits the 

frequencies which can be used. Since the penetration depth for Rayleigh waves is about 

equal to their wave length, care must be taken to ensure that the basic assumptions for 

surface wave propagation are still met. Generally speaking, there is no absolute half space 

in practice. Only if the sample thickness is much larger than the penetration depth can 

Rayleigh waves be well defined. The wave length of several different firequency Rayleigh 

waves propagating in the mild steel used for the simulation are listed in Table 4.2.

Fig. 4.2 shows the relative change of the Rayleigh wave speeds when the surface 

strains are different The polynomial strain distribution pattern remains the same. The 

surface strains were assumed to be 100,400, and 800 micro strain, respectively. It is seen 

that these three curves are almost parallel to each other and follow the same trend. 

Dispersion is prominent at low frequencies and diminishes as the frequency goes up. In
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the high firequency range, the curves asymptotically approach a constant level as in the 

uniform strain case. This is due to the fact that the penetration depth of the Rayleigh 

waves is small; therefore, these waves are virtually insensitive to small changes in 

material properties with depth. An observation in Fig. 4.3 is that the relative change of 

the Rayleigh wave speed due to dispersion is small in comparison with the surface strain. 

If the surface strain difference is 300 micro strain, for example, as in the first two curves, 

the relative change of the Rayleigh wave speed will be 0274*300* 10”* = 0.822 *10^. 

However, even when using very low firequency Rayleigh waves, the relative changes of 

speed are still less than 05* 10"̂  in each of the three cases.

Table 4.2 Wave lengths of Rayleigh waves corresponding to certain fi-equencies.

Resonant Frequency ( MHz ) Wave Length (mm)

1 3.11

2 1.56

3 1.04

5 0.62

10 0.31
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Fig. 4.3 and Fig. 4.4 reflect Rayleigh wave dispersion when only b (Fig. 4.3) and 

c (Fig. 4.4) are different, respectively, in equation (4-81). In Fig. 4.3, dispersion is 

obvious for frequencies below 5 MHz. Here, the three curves gradually approach to a 

constant after 10 MHz. This actually agrees with the conclusions drawn previously. As 

the frequency increases, the relatively change of the Rayleigh wave velocity is only 

affected by the strain at the surface, i.e., the coefficient a in equation (4-81). In Fig. 4.4, 

the curves show the same tendency as in Fig. 4.3. However, the threshhold of the 

frequency at which dispersion begins to disappear reduces to about 5 MHz. It can be 

predicted that, for the higher order coefficient cases, the threshhold firequencies that 

reflect the Rayleigh wave dispersion will become smaller and smaller.

Fig. 4.5 shows the surface strain reconstruction results using Rayleigh waves of 1, 

5, and 10 MHz. Since there is no dispersion, the three different measurements give the 

same relative changes of the Rayleigh wave speeds, thus, b and c are zero. In Fig. 4.6, 

two different linear strain distributions are reconstructed with both quadratic coefficients 

set to zero. In Fig. 4.7, three different quadratic strain fields are reconstructed. In Fig. 4.8 

to Fig. 4.10, using Rayleigh waves of 2, 3, and 5 MHz, the strain field reconstruction 

results are almost identical to those derived by using Rayleigh waves of 1, 5, and 10 

MHz. These reconstruction results show satisfactory agreement with the theoretical strain 

distributions.

In order to determine the coefficients of the strain field as expressed in nth order 

polynomial form in equation (4-79), Rayleigh wave measurements for 2(n+l) different
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frequencies are needed, and one must solve2(« + 1) linear equations. Two approaches can 

be used: exact or approximate. In order to avoid a singularity in the coefficient matrix, 

only one frequency beyond the threshhold frequency can be selected to determine the 

surface strain atA  ̂= 0. Fortunately, the frequency range of scanning acoustic microscopy 

can be easily adjusted to suit this limitation and the quadratic assumption for strain 

distribution is sufficiently accurate for many engineering applications.

Finally, as part of the theoretical study, let us consider equation (4-69) which 

represents the stress-free case to deduce the conventional equation for determining the 

velocity of the Rayleigh wave in an isotropic material. With the aid of equation (4-67), 

equation (4-69) yields

-  (1 + nf Ÿ  «2  {K - 1)' + An,n\ ( K - \ f  = 0  ( 4-84 )

The equation can be further simplified to

(l+«f)-=4n,«2 (4-85)

Substituting equations (4-29) to (4-31) into the above equation and taking the square of 

both sides, we have

After algebraic manipulation, we obtain 

or
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This is the familiar Rayleigh wave equation from basic elastic theory. It can be shown 

that only one of the six roots will meet the requirements for the Rayleigh wave from 

which the Rayleigh wave velocity can be derived.
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CHAPTER V 

CONCLUSIONS

In the previous abaters, two different ultrasonic approaches for in-plane stress 

analysis were introduced. In contrast to conventional acoustoelastic techniques, which 

measure stress-induced wave speed changes, the first approach, introduced in Chapter III 

employs a new concept, utilizing amplitude information of the ultrasonic wave to 

characterize in-plane stress. The theoretical study shows that the shear wave interference 

amplitude yields information about the difference of the principal stresses or, in other 

words, the maximum shear stress in the plane stress problem. The second approach, 

discussed in Chapter IV, is a surface wave technique based on the fact that an isotropic 

medium becomes dispersive for surface waves when subjected to a non-uniform strain or 

stress. Thus, different frequency surface waves can be utilized to characterize the stress or 

strain. Even though these two approaches fall into different categories in 

acoustoelasticity, two common points should be noted: (1) Both of the approaches 

employ scarming acoustic microscopy to avoid the coupling problems encountered in 

conventional acoustoelastic techniques and both are suitable for scanning purposes.
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(2) First-order perturbation methods are successfully utilized to derive the phase 

velocities o f shear waves and surface waves, respectively.

As far as the first amplitude approach was concerned, it was experimentally 

proven to be more sensitive than the conventional time delay measurement techniques 

[29]. However, lack of a sound theoretical base, or more specifically, the explanation of 

how the resulting scanning microscopy signal relates to the stress to be measured was 

missing. This study provides an analysis of the problem and quantitative comparisons 

between the model and experiments. The numerical simulation results are in good 

agreement with the scanning acoustic microscopy experimental results after a linear 

calibration. In an effort to provide more realistic stress or strain results in the simulation, 

a nonlinear FEA study with displacement controlled loading scheme was conducted. For 

the first-order perturbation approach to solve the Christoffel equations, this study 

followed a well-known procedure that is equivalent to expanding eigenvalues and 

eigenvectors into perturbation series due to the perturbation of the corresponding 

eigenvalue problem, and keeping the leading terms of these series. However, as the 

unperturbed medium was degenerated (the eigenvalues corresponding to the two shear 

waves were equal), special care had to be taken to derive the two quasi-shear wave 

velocities. It should be noted that although the unperturbed medium was degenerated, the 

specification of the polarization vectors was unique. It was controlled by the Christoffel 

tensor. This procedure was selected because of its mathematical conciseness and 

elegance.
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The theoretical study of the Rayleigh wave dispersion approach was rather 

complicated and tedious because inhomogeneous strains in governing equations were 

considered. Even with a first-order perturbation approximation, the full expressions of the 

solution still appear to be cumbersome. However, formulas for the Rayleigh wave 

velocity change induced by nonuniform stress or strain in depthwise direction can be 

somewhat simplified after certain acoustoelastic constants are defined. From the Rayleigh 

wave dispersion plots, it was concluded that low frequency Rayleigh waves are preferred 

for stress reconstruction purposes. Care must be taken, however, to ensure the plate 

thickness to be large enough to avoid Rayleigh-Lamb type guided waves from being 

evoked. The simulation showed good results in reconstracting synthetic in-plane stress 

distributions from frequency dependent Rayleigh velocity data.

Obviously, the study of these two new acoustoelastic approaches remains in a 

preliminary stage. In the first approach, to simplify the problem, an axisymmetric 

assumption was imposed on the incident longitudinal wave and the two refracted shear 

waves had to be assumed of the same amplitude. A detailed algorithm for acoustic 

microscopy is also still unknown. All of the unknown factors have to be compensated for 

by linear calibration. In the second Rayleigh wave approach, experimental support is still 

missing to verify the theoretical predictions. Much more research is needed to mature the 

techniques into a practical residual stress measurement tool.
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APPENDIX A 

RAYLEIGH WAVE DISPERSION EQUATIONS

If the strains in the thickness direction of a plane stress problem may be expressed 

in an nth order polynomial as in equation (4-73), the relative change of the Rayleigh 

wave velocities is obtained;

AP" / Pq = 4^0 +PiCi2 / / k”

+ Y A  + yA  fk  + y2̂ 2 / k̂  + + ...+ // , Ik ” (A -  1 )

where

A  =  c , s “ + C j S ™  +  c , s ™ + Q s ” ’ ( A - 3 )

; 6 i = C , s ; i > + Q S » > + C : S ' ' , > + C . S J l ’ ( A - 4 )

A  =  c , s , < i > + +  C j S ' ? + c . s ™ ( A - 5 )

A  =  C , s , ‘j > + Q S ®  +  C,SS +  Q S “ ( A -  6  )

A  =  C . S , ? + c , s ®  +  C A , ™ + C , S ® ( A - 7 )

r „  =  C , s , ? + C ; S « >  +  c , s " >  +  c , s " > ( A - 8 )

y ,  =  c , s , ‘ f> + C ; S ®  + c , s « > + c , s < : > ( A - 9 )

n  =  c , s , ' | ’ + Q S “ > +  C j S g ’ +  c.s'» ( A - 1 0 )

n =  c , s , ' | ’ + c , s “ > + C j S ' | >  +c.sS> ( A - 1 1 )
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APPENDIX B

STRESS RESULTS OF PEA SIMULATION

Along the transverse center line of the disk, the stress components for a 716 N 
compression load were:

)DE SX SY SZ SXY SYZ s x z
2 -164.69 -293.05 .00000 4.2739 .00000 .00000

43 -141.11 -287.85 .00000 8.6066 .00000 .00000
44 -82.167 -265.66 .00000 24.109 .00000 .00000
45 -20.373 -222.62 .00000 27.750 .00000 .00000
46 -5.6094 -179.78 .00000 18.516 .00000 .00000
47 -.49097 -146.42 .00000 13.630 .00000 .00000
48 1.7352 -120.54 .00000 9.8830 .00000 .00000
49 2.7717 -101.08 .00000 7.2719 .00000 .00000
50 3.2762 -86.268 .00000 5.4721 .00000 .00000
51 3.5329 -74.724 .00000 4.2080 .00000 .00000
52 3.6674 -65.537 .00000 3.3015 .00000 .00000
53 3.7394 -58.082 .00000 2.6363 .00000 .00000
54 3.7784 -51.930 .00000 2.1381 .00000 .00000
55 3.7995 -46.778 .00000 1.7576 .00000 .00000
56 3.8106 -42.410 .00000 1.4621 .00000 .00000
57 3.8161 -38.667 .00000 1.2292 .00000 .00000
58 3.8185 -35.429 .00000 1.0430 .00000 .00000
59 3.8191 -32.605 .00000 .89243 .00000 .00000
60 3.8189 -30.124 .00000 .76965 .00000 .00000
61 3.8182 -27.932 .00000 .66924 .00000 .00000
62 3.8170 -25.985 .00000 .58706 .00000 .00000
63 3.8154 -24.250 .00000 .51911 .00000 .00000
64 3.8139 -22.697 .00000 .46147 .00000 .00000
65 3.8128 -21.304 .00000 .41137 .00000 .00000
66 3.8119 -20.049 .00000 .36720 .00000 .00000
67 3.8113 -18.916 .00000 .32799 .00000 .00000
68 3.8107 -17.894 .00000 .29298 .00000 .00000
69 3.8101 -16.969 .00000 .26154 .00000 .00000
70 3.8095 -16.134 .00000 .23313 .00000 .00000
71 3.8089 -15.380 .00000 .20731 .00000 .00000
72 3.8083 -14.702 .00000 .18367 .00000 .00000
73 3.8076 -14.094 .00000 .16188 .00000 .00000
74 3.8069 -13.552 .00000 .14161 .00000 .00000
75 3.8061 -13.072 .00000 .12258 .00000 .00000
76 3.8053 -12.654 .00000 .10451 .00000 .00000
77 3.8044 -12.295 .00000 .08713 .00000 .00000
78 3.8035 -11.996 .00000 .07015 .00000 .00000
79 3.8027 -11.757 .00000 .05325 .00000 .00000
80 3.8019 -11.581 .00000 .03614 .00000 .00000
81 3.8013 -11.472 .00000 .01849 .00000 .00000
42 3.8010 -11.434 .00000 .09249 .00000 .00000
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The stress components for a 1110 N compression load were:

)DE: SX SY SZ SXY SYZ s x z
2 -161.48 -301.83 .00000 2.0002 .00000 .00000

43 -152.97 -299.29 .00000 4.5636 .00000 .00000
44 -142.75 -290.39 .00000 9.0460 .00000 .00000
45 -87.965 -270.41 .00000 18.284 .00000 .00000
46 -23.957 -235.54 .00000 20.596 .00000 .00000
47 -7.8874 -202.73 .00000 15.144 .00000 .00000
48 -1.3279 -175.57 .00000 12.369 .00000 .00000
49 2.0272 -151.30 .00000 9.9463 .00000 .00000
50 3.7824 -131.00 .00000 7.8173 .00000 .00000
51 4.7259 -114.48 .00000 6.1857 .00000 .00000
52 5.2449 -100.96 .00000 4.9396 .00000 .00000
53 5.5381 -89.798 .00000 3.9911 .00000 .00000
54 5.7071 -80.478 .00000 3.2624 .00000 .00000
55 5.8064 -72.614 .00000 2.6966 .00000 .00000
56 5.8654 -65.911 .00000 2.2519 .00000 .00000
57 5.9007 -60.144 .00000 1.8984 .00000 .00000
58 5.9219 -55.142 .00000 1.6142 .00000 .00000
59 5.9345 -50.771 .00000 1.3833 .00000 .00000
60 5.9420 -46.926 .00000 1.1944 .00000 .00000
61 5.9462 -43.524 .00000 1.0395 .00000 .00000
62 5.9480 -40.500 .00000 .91249 .00000 .00000
63 5.9481 -37.802 .00000 .80732 .00000 .00000
64 5.9476 -35.388 .00000 .71802 .00000 .00000
65 5.9471 -33.219 .00000 .64030 .00000 .00000
66 5.9468 -31.266 .00000 .57172 .00000 .00000
67 5.9464 -29.503 .00000 .51080 .00000 .00000
68 5.9460 -27.910 .00000 .45637 .00000 .00000
69 5.9455 -26.470 .00000 .40747 .00000 .00000
70 5.9448 -25.169 .00000 .36327 .00000 .00000
71 5.9441 -23.995 .00000 .32307 .00000 .00000
72 5.9432 -22.938 .00000 .28627 .00000 .00000
73 5.9423 -21.990 .00000 .25232 .00000 .00000
74 5.9412 -21.145 .00000 .22075 .00000 .00000
75 5.9400 -20.398 .00000 .19110 .00000 .00000
76 5.9388 -19.745 .00000 .16295 .00000 .00000
77 5.9374 -19.186 .00000 .13585 .00000 .00000
78 5.9361 -18.719 .00000 .01093 .00000 .00000
79 5.9348 -18.347 .00000 .08304 .00000 .00000
80 5.9336 -18.072 .00000 .05636 .00000 .00000
81 5.9327 -17.902 .00000 .02884 .00000 .00000
42 5.9321 -17.844 .00000 .01442 .00000 .00000
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The stress components for a 1310 N compression load were:

)DE SX SY SZ SXY SYZ SXZ
2 -171.64 -302.27 .00000 1.7106 .00000 .00000

43 -163.22 -299.76 .00000 4.6544 .00000 .00000
44 -149.63 -291.54 .00000 8.0105 .00000 .00000
45 -102.94 -274.78 .00000 15.399 .00000 .00000
46 -37.525 -245.34 .00000 18.092 .00000 .00000
47 -15.668 -215.79 .00000 14.321 .00000 .00000
48 -6.8589 -190.05 .00000 11.975 .00000 .00000
49 -1.7060 -166.48 .00000 9.9454 .00000 .00000
50 1.3554 -146.12 .00000 8.0267 .00000 .00000
51 3.2368 -129.11 .00000 6.4925 .00000 .00000
52 4.4281 -114.88 .00000 5.2814 .00000 .00000
53 5.2059 -102.92 .00000 4.3337 .00000 .00000
54 5.7273 -92.781 .00000 3.5886 .00000 .00000
55 6.0853 -84.117 .00000 2.9985 .00000 .00000
56 6.3361 -76.653 .00000 2.5270 .00000 .00000
57 6.5151 -70.174 .00000 2.1467 .00000 .00000
58 6.6449 -64.513 .00000 1.8371 .00000 .00000
59 6.7405 -59.533 .00000 1.5830 .00000 .00000
60 6.8120 -55.130 .00000 1.3731 .00000 .00000
61 6.8658 -51.216 .00000 1.1998 .00000 .00000
62 6.9064 -47.724 .00000 1.0568 .00000 .00000
63 6.9370 -44.598 .00000 .93777 .00000 .00000
64 6.9606 -41.792 .00000 .83614 .00000 .00000
65 6.9795 -39.265 .00000 .74727 .00000 .00000
66 6.9947 -36.985 .00000 .66850 .00000 .00000
67 7.0069 -34.923 .00000 .59824 .00000 .00000
68 7.0167 -33.056 .00000 .53527 .00000 .00000
69 7.0244 -31.367 .00000 .47851 .00000 .00000
70 7.0305 -29.839 .00000 .42707 .00000 .00000
71 7.0352 -28.458 .00000 .38018 .00000 .00000
72 7.0388 -27.213 .00000 .33715 .00000 .00000
73 7.0415 -26.097 .00000 .29739 .00000 .00000
74 7.0433 -25.100 .00000 .26034 .00000 .00000
75 7.0444 -24.219 .00000 .22549 .00000 .00000
76 7.0450 -23.449 .00000 .19236 .00000 .00000
77 7.0451 -22.788 .00000 .16044 .00000 .00000
78 7.0449 -22.237 .00000 .12921 .00000 .00000
79 7.0443 -21.797 .00000 .09812 .00000 .00000
80 7.0436 -21.473 .00000 .06661 .00000 .00000
81 7.0429 -21.272 .00000 .03408 .00000 .00000
42 7.0425 -21.203 .00000 .01705 .00000 .00000
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The stress components for a 1510 N compression load were:

)DE SX SY SZ SXY SYZ sxz
2 -181.18 -302.11 .00000 1.5236 .00000 .00000

43 -172.53 -299.78 .00000 4.5159 .00000 .00000
44 -155.02 -292.50 .00000 6.9338 .00000 .00000
45 -115.85 -278.67 .00000 12.353 .00000 .00000
46 -52.826 -255.52 .00000 16.010 .00000 .00000
47 -23.008 -228.49 .00000 13.790 .00000 .00000
48 -12.444 -203.26 .00000 11.488 .00000 .00000
49 -5.5568 -180.56 .00000 9.8348 .00000 .00000
50 -1.1863 -160.37 .00000 8.1603 .00000 .00000
51 1.6493 -143.03 .00000 6.7451 .00000 .00000
52 3.5295 -128.21 .00000 5.5850 .00000 .00000
53 4.8052 -115.54 .00000 4.6484 .00000 .00000
54 5.6889 -104.65 .00000 3.8938 .00000 .00000
55 6.3128 -95.234 .00000 3.2843 .00000 .00000
56 6.7607 -87.050 .00000 2.7893 .00000 .00000
57 7.0871 -79.892 .00000 2.3846 .00000 .00000
58 7.3283 -73.597 .00000 2.0515 .00000 .00000
59 7.5088 -68.033 .00000 1.7755 .00000 .00000
60 7.6456 -63.091 .00000 1.5459 .00000 .00000
61 7.7502 -58.683 .00000 1.3550 .00000 .00000
62 7.8303 -54.737 .00000 1.1967 .00000 .00000
63 7.8918 -51.195 .00000 1.0642 .00000 .00000
64 7.9400 -48.010 .00000 .95073 .00000 .00000
65 7.9785 -45.136 .00000 .85108 .00000 .00000
66 8.0095 -42.538 .00000 .76245 .00000 .00000
67 8.0344 -40.185 .00000 .68317 .00000 .00000
68 8.0545 -38.054 .00000 .61190 .00000 .00000
69 8.0705 -36.122 .00000 .54753 .00000 .00000
70 8.0834 -34.372 .00000 .48906 .00000 .00000
71 8.0937 -32.791 .00000 .43567 .00000 .00000
72 8.1017 -31.365 .00000 .38659 .00000 .00000
73 8.1080 -30.084 .00000 .34118 .00000 .00000
74 8.1128 -28.941 .00000 .29881 .00000 .00000
75 8.1163 -27.929 .00000 .25892 .00000 .00000
76 8.1187 -27.045 .00000 .22094 .00000 .00000
77 8.1202 -26.286 .00000 .18433 .00000 .00000
78 8.1210 -25.652 .00000 .14849 .00000 .00000
79 8.1213 -25.147 .00000 .11278 .00000 .00000
80 8.1211 -24.774 .00000 .07657 .00000 .00000
81 8.1206 -24.543 .00000 .03918 .00000 .00000
42 8.1202 -24.463 .00000 .01961 .00000 .00000
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The stress components for a 1700 N compression load were:

)DE SX SY SZ SXY SYZ s x z
2 -189.39 -301.46 .00000 1.6353 .00000 .00000

43 -180.25 -299.47 .00000 4.0669 .00000 .00000
44 -159.01 -293.39 .00000 5.8341 .00000 .00000
45 -128.81 -282.36 .00000 10.218 .00000 .00000
46 -67.373 -263.89 .00000 13.932 .00000 .00000
47 -30.246 -239.61 .00000 13.062 .00000 .00000
48 -18.171 -215.17 .00000 10.898 .00000 .00000
49 -9.5643 -193.57 .00000 9.6211 .00000 .00000
50 -3.8620 -173.75 .00000 8.2280 .00000 .00000
51 -.04899 -156.22 .00000 6.9509 .00000 .00000
52 2.5391 -140.92 .00000 5.8548 .00000 .00000
53 4.3266 -127.61 .00000 4.9377 .00000 .00000
54 5.5827 -116.02 .00000 4.1795 .00000 .00000
55 6.4796 -105.90 .00000 3.5545 .00000 .00000
56 7.1296 -97.037 .00000 3.0388 .00000 .00000
57 7.6070 -89.233 .00000 2.6119 .00000 .00000
58 7.9621 -82.334 .00000 2.2570 .00000 .00000
59 8.2294 -76.209 .00000 1.9604 .00000 .00000
60 8.4328 -70.750 .00000 1.7119 .00000 .00000
61 8.5889 -65.866 .00000 1.5043 .00000 .00000
62 8.7093 -61.483 .00000 1.3313 .00000 .00000
63 8.8024 -57.542 .00000 1.1861 .00000 .00000
64 8.8755 -53.991 .00000 1.0611 .00000 .00000
65 8.9339 -50.783 .00000 .95112 .00000 .00000
66 8.9808 -47.879 .00000 .85300 .00000 .00000
67 9.0186 -45.246 .00000 .76501 .00000 .00000
68 9.0490 -42.858 .00000 .68576 .00000 .00000
69 9.0736 -40.693 .00000 .61404 .00000 .00000
70 9.0933 -38.731 .00000 .54880 .00000 .00000
71 9.1091 -36.956 .00000 .48914 .00000 .00000
72 9.1217 -35.354 .00000 .43424 .00000 .00000
73 9.1316 -33.915 .00000 .38337 .00000 .00000
74 9.1393 -32.631 .00000 .33587 .00000 .00000
75 9.1452 -31.493 .00000 .29112 .00000 .00000
76 9.1495 -30.499 .00000 .24848 .00000 .00000
77 9.1525 -29.645 .00000 .20735 .00000 .00000
78 9.1543 -28.933 .00000 .16706 .00000 .00000
79 9.1554 -28.364 .00000 .12690 .00000 .00000
80 9.1557 -27.945 .00000 .08616 .00000 .00000
81 9.1555 -27.684 .00000 .04409 .00000 .00000
42 9.1551 -27.595 .00000 .02207 .00000 .00000
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The coordinates of the listed nodes were as follows:

NODE X Y Z THXY TOYZ THZX
2 ■ 12246E-14 20.000 .00000 .00 .00 .00

43 • 12124E-14 19.800 .00000 .00 .00 .00
44 • 11996E-14 19.591 .00000 .00 .00 .00
45 .11863E-14 19.374 .00000 .00 .00 .00
46 .11724E-14 19.148 .00000 .00 .00 .00
47 .11580E-14 18.911 .00000 .00 .00 .00
48 .11429E-14 18.666 .00000 .00 .00 .00
49 .11272E-14 18.409 .00000 .00 .00 .00
50 .11109E-14 18.142 .00000 .00 .00 .00
51 -10938E-14 17.864 .00000 .00 .00 .00
52 • 10761E-14 17.574 .00000 .00 .00 .00
53 .10576E-14 17.271 .00000 .00 .00 .00
54 -10383E-14 16.956 .00000 .00 .00 .00
55 .10182E-14 16.628 .00000 .00 .00 .00
56 ■99720E-15 16.286 .00000 .00 .00 .00
57 •97536E-15 15.929 .00000 .00 .00 .00
58 •95261E-15 15.557 .00000 .00 .00 .00
59 ■92889E-15 15.170 .00000 .00 .00 .00
60 ■90418E-15 14.766 .00000 .00 .00 .00
61 .87842E-15 14.346 .00000 .00 .00 .00
62 •85158E-15 13.907 .00000 .00 .00 .00
63 .82361E-15 13.451 .00000 .00 .00 .00
64 .79446E-15 12.975 .00000 .00 .00 .00
65 •76409E-15 12.478 .00000 .00 .00 .00
66 -73243E-15 11.961 .00000 .00 .00 .00
67 ■69944E-15 11.423 .00000 .00 .00 .00
68 .66506E-15 10.861 .00000 .00 .00 .00
69 -62923E-15 10.276 .00000 .00 .00 .00
70 •59189E-15 9.6663 .00000 .00 .00 .00
71 .55298E-15 9.0308 .00000 .00 .00 .00
72 -51242E-15 8.3685 .00000 .00 .00 .00
73 -47016E-15 7.6783 .00000 .00 .00 .00
74 •42612E-15 6.9591 .00000 .00 .00 .00
75 •38023E-15 6.2096 .00000 .00 .00 .00
76 •33240E-15 5.4284 .00000 .00 .00 .00
77 •28255E-15 4.6144 .00000 .00 .00 .00
78 •23061E-15 3.7661 .00000 .00 .00 .00
79 ■ 17647E-15 2.8820 .00000 .00 .00 .00
80 • 12006E-15 1.9607 .00000 .00 .00 .00
81 •61268E-16 1.0006 .00000 .00 .00 .00
42 .00000 .00000 .00000 .00 .00 .00
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IMAGE EVALUATION 
TEST TARGET (Q A -3 )
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