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Abstract

This dissertation consists of two parts. In the first part, we construct a monoidal
supercategory q,-Weby|, whose morphism spaces are superspaces spanned by ori-
ented type Q webs modulo certain relations. We prove that g,-Weby, is monoidally
equivalent to the full subsupercategory of modules over the Lie superalgebra gy,
tensor-generated by the symmetric powers .”¥(C"") and their duals 7% (C"")*,
This affords a diagrammatic presentation by generators and relations of the -
morphisms between these modules. In the second part, we prove that a related (not
monoidal) supercategory q—Web’T‘ is equivalent to the supercategory of spin permu-
tation modules M* of the Sergeev superalgebra Ser,. We develop a combinatorics
of weighted supertabloids, and identify bases for the space Homge, (M4, MH) of

Ser-morphisms between any M+, M¥, in terms of both supertabloids and webs.
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Chapter 1

Introduction

1.1. Overture

The subject of this dissertation is the representation theory of the Lie superalgebra
q, and the Sergeev superalgebra Ser; over the field C of complex numbers[] The
two are intimately related by a result called the Schur-Weyl-Sergeev duality, so it is
no surprise that they may be studied simultaneously. Roughly speaking, the prefix
"super" means "Zp-graded", where Z, = {0,1} is the group with two elements.
The axioms for superalgebras are natural Z,-graded analogs of those for ordinary
algebras, and every conceivable datum associated to the representation theory of a
superalgebra (modules, homomorphisms, tensor products, ...) has and/or respects
a Z,-grading. Lie superalgebras first appeared in the physics of supersymmetry, and
were classified into types by Kac in the 1970s [22]]. The type Q Lie superalgebra, q,,
constitutes one such type, while Sery arose decades later in the work of Sergeev [37]]
as a byproduct of the representation theory of qj,.

More specifically, this dissertation is concerned with the goal of obtaining a

complete diagrammatic description of the q,-morphismg? (resp. Ser;-morphisms)

IElsewhere in the literature, the former is called the "queer" Lie superalgebra, and the latter the
"Hecke-Clifford" superalgebra.
2We shorten "homomorphism of A-modules" to "A-morphism" for a superalgebra A.



between certain q,-modules (resp. Seri-modules). The idea is to represent each
morphism by some sort of picture, with the operations of composition and — in the
case of g, — tensor product translated into certain operations on the pictures. We
then allow linear combinations of pictures, in order to model linear combinations
of morphisms. Once a collection of modules of interest — and a basic pictorial
scheme for the morphisms between them — have been decided upon, one can ask
for a presentation of the morphisms by generators and relations with respect to the
aforementioned operations — a complete diagrammatic description. Notably, we
will make use of a single diagrammatic calculus to describe morphisms between
modules over both q,, and Sery.

There are several reasons for wanting to pursue such a diagrammatic descrip-
tion. Foremost among them is the fact that, with a little practice, it is significantly
easier to perform and interpret calculations on morphisms when they are written in
terms of diagrams instead of mathematical script. Questions like, "Are these two
morphisms actually the same?", "Is this morphism invertible?", and so on are much
easier to answer in the diagrammatic setting. With diagrams, previously hidden
aspects of the ambient representation theory can be uncovered, and connections to
the representation theories of other structures are more readily observed.

In the remainder of this chapter, we will introduce the combinatorics of oriented
type Q webs, briefly sketch their origins and development, and exhibit some of the
core ideas of the dissertation. Along the way, we will also describe the main results
of the dissertation. We conclude by outlining the organization of the dissertation

and discussing future avenues of research.



1.2. Oriented type Q webs

For the sake of exposition, we will focus in this chapter on the way oriented type
Q webs describe g,-morphisms rather than Serg-morphisms. Our g,-modules of
interest are tensor products of the symmetric powers .#% := #*(C"") and their
duals .7%* := ZK(C"M)* for k € Zo. (See Chapter for the definitions of g,, and
these modules.) We call the diagrams used to describe the g,-morphisms between
them oriented type Q webs, although we will often simply refer to them as webs.

Not allowing duals for the moment, a first example of a web is

We illustrate ., or equivalently the identity map .#* — .#¥, by 1 labeled with the
number k. The tensor product of modules is illustrated by horizontal concatenation,
and we follow the convention of reading webs from bottom to top. Hence the above

web represents a q,-morphism

S0 9. 9. — eSS e. 7.

Note that the arrowheads and numbers in a web are merely labels, so their exact
locations relative to the edges they are labeling and to any dots on those edges
are immaterial. We will use the terms "edge" and "strand" interchangeably, and
will refer to the numerical label of a strand as its "thickness", despite the fact that

all strands are drawn with the same thickness (the metaphor will nevertheless be



justified shortly). Moreover, we will refer to a strand of thickness k as a "k-strand".
The bottom-to-top convention implies that composition of webs corresponds to

vertical stacking, i.e. for webs w, w, we have

g O
g T N N VOO Wi

w1 o w2 = ] [---] [ .

If the source of wy is not equal to the target of w,, we declare wy ow, = 0. For now,

one may think of the tensor product of webs as simply horizontal concatenation,

p R P S N VOO S R O O S N S VOO M

although this is not quite the truth for reasons related to the Z,-grading on mor-
phisms (see Section {. ).

Webs which are entirely upward-oriented like the example above can be built
up by taking compositions of tensor products of four basic types of webs. For this

reason we call them the upward-oriented generators. They consist of

k k ko1 k+1
for k,l € Z-¢, which we call identities, dots, merges, and splits, respectively. Each

i1s Zp-homogeneous but only dots are of degree 1, the rest 0. Since Z,-degree is

additive across compositions and tensor products (see Section [2.1), every upward-

4



oriented web is homogeneous with degree the number of dots modulo 2 (this will
also be true for arbitrarily oriented webs). What q,-morphism each represents will
be discussed later (see Section [5.2)), but their sources and targets are clear.

We also allow C-linear combinations among webs having pairwise equal sources
and pairwise equal targets. Moreover, compositions and tensor products are de-
clared to be distributive with respect to addition.

As for (not necessarily upward-) oriented type Q webs, we adjoin the dual sym-

metric powers .#**, illustrated by | labeled with the number k, and the generators

k k

k
l W

’ VAN

k ko k

for k € Z-, called identities, cups, and caps, respectively. Each of these webs is

Zy-homogeneous of degree 0. Note that the source of every cup and the target of

every cap is the trivial q,-module .#° = C, which we draw as an empty region. This

means we are implicitly viewing the q,-isomorphisms C® V ~ V ~ V ® C for a

an-module V' as equalities.
Right-oriented cups and caps, and downward-oriented dots, merges, and splits

can all be defined in terms of the existing generators, for example,



We can even define crossings and multi-oriented merges and splits, for example,

k+1 1
k+1 1
— 1 1 1 1 +
><:=A;><‘TT’ V:: -
1 1
1 1 1 1
k k

(See Section [4.5] for the definitions of crossings between strands of arbitrary ori-
entation and thickness.) It would only make sense to define such crossings if they
satisfy the Coxeter relations of the simple transpositions in the symmetric group
Sk, which is indeed the case here. In fact, oriented Brauer diagrams (see [1]]) and

oriented Brauer-Clifford diagrams (see [8]]) fit neatly into the framework of oriented

type Q webs (see Remark[5.7).

1.3. Some history

The task of finding a complete set of relations among the morphisms being de-
scribed is usually much more challenging than finding a set of generators. Let us
clarify what is meant by "finding relations." It so happens, for example, that the

gn-morphisms represented by the webs

k+1 k+1

k+1 k+1

are equal for k,l € Z.o, where the scalar on the right is a binomial coefficient.

We should therefore declare the corresponding webs to be equal, resulting in the



relation
k+1 k+1

k+l k+l
The problem is knowing whether you have found and declared all possible relations.

This is the question Kuperberg was dealing with when he originally developed
webs in the 1990s [26]]. He was attempting to describe morphisms between certain
modules over the quantum group U, (s1,,), an associative algebra over the field C(g)
of rational functions in the indeterminate g. A 1932 result of Rumer, Teller, and
Weyl [35]], modernly interpreted, had already accomplished this for n = 2 in terms
of what are known today as Temperley-Lieb diagrams. Kuperberg’s webs subsume
the Temperley-Lieb calculus, and he achieved a diagrammatic description of the
relevant morphisms for n = 3.

As for n > 3, partial progress was made by Morrison [28]] and Kim [23}24],
but the problem remained open until 2014 with the remarkable work of Cautis,
Kamnitzer, and Morrison [9]]. They noticed that when properly viewed, a powerful
result in representation theory — the quantum skew Howe duality — provides all of
the generators and most of the relations for free. Since then, other authors have
applied this method to different types of Howe duality, obtaining similar results in
other settings. Most of these have remained in type A [33,34,42], but of note is

Sartori and Tubbenhauer’s recent foray into types B, C, and D [39].

1.4. Motivation and methods

The starting point of the work in this dissertation was an attempt to apply the meth-

ods of [9] to the type Q Howe duality discovered by Cheng and Wang [[10]. Let



us briefly explain that approach, as it will both motivate the present work and give
an indication of the methods involved. As previously, we will suppress the dual
symmetric powers at first.

Given two type Q Lie superalgebras g, and q,, there is a superspace
S =7 (C"" e

on which both can act simultaneously. (Here ® is a Z,-graded version of the tensor
product of modules, see Section[2.1]) The actions commute with each other and are
mutually centralizing |10, Corollary 3.1]; for our purposes, these statements trans-

late respectively to the existence and surjectivity of a superalgebra homomorphism
¢m: Uan) - Endy, (#)

where U (q,,) is the universal enveloping superalgebra of q,, and End,, () is the
space of g,-endomorphisms of ..

It happens that .’ is a weight module of q,,, with weights in bijection with Z,.
Moreoever, given a q,, weight 4 = (41,42,...,4,) € Z’Z”O, the associated weight

space of . is isomorphic as a q,-module to
S = ghEny g s CI) - @ LA (CM,

a tensor product of symmetric powers as seen in the previous section. The upshot

is that ¢L provides correspondences

{elements of U(q,,)} — {qn—morphisms St FSFfor du e Z’go}



{relations in U(q,,)} — {relations among the above q,-morphisms}

where in the second of these, multiplication of elements in U(q,,) corresponds to
composition of g,-morphisms. This explains our decision to focus on tensor prod-
ucts of symmetric powers in the first place. Note that since m determines the length
of these tensor products, which we want to allow to be arbitrarily high, we must
consider ¢I,, for all m € Z-y.

Let q,-Mod &~ be the monoidal category of g,-modules with objects all ten-
sor products of symmetric powers[ In categorical language, a diagrammatic de-
scription of q,-Mod » amounts to a monoidal equivalence between q,-Mod »» and
a monoidal category whose morphisms are defined diagrammatically. There is a
natural way to translate U(q,,) into webs (see Lemma [5.3)), and the above corre-
spondences tell us how to begin defining a monoidal category whose morphisms

are (linear combinations of) oriented type Q webs, q-Webq, and a monoidal functor

¥T: g-Web; — q,-Mod ;.

From the work leading up to its definition, it will be easily proved that PT satisfies
all of the properties required to be a monoidal equivalence except faithfulness. That
is, it is possible there are relations in g,-Mod & which do not come from U (q,,) for
any m, and hence have not yet been imposed in g-Web;.

This does turn out to be the case, but identifying the missing relations proves

to be a redeemably illuminating exercise. Indeed, a series of reduction arguments

3Roughly speaking, a monoidal category is one which has an operation similar to the tensor
product in the category of vectors spaces over a field.



imply that the missing relators are found in the kernels of the maps
Ey: Sery - End,, ((5/1)@’1‘)

for sufficiently large k where ()& = Y1 @ /! ® --- ® .7 (k tensorands).
Crucially, Sery turns out to be isomorphic to the space of webs in q-Web; starting
and ending in k-many 1-strands.

Further arguments involving the combinatorics of shifted tableaux prove that,
surprisingly, there exists a single element e, € Sery fork = 1+2+---+ (n+ 1)
with the property that setting the corresponding morphism of g-Web; to zero makes
W7 faithful. That is, if we define a,-Web; to be the quotient of q-Web; by the
additional relation e, = O (the only relation which depends on n), then the induced
functor ¥7: a,-Weby — q,-Mod &~ is a monoidal equivalence (Theorem . This
technique is very similar to one used in [42, §5].

Fortunately, extending ¥ to a monoidal equivalence
ph. 9,-Weby — q,-Mod & o~

where q,-Weby, includes webs of all orientations and q,-Mod, & s includes dual
symmetric powers, is comparatively easy. In particular, one does not need to apply
special methods to find missing relations a second time. It should be noted, how-
ever, that the actual layout of this dissertation follows a slightly different route to
YN than the one discussed above; rather, the idea behind its conception is what is
on display here.

A few concluding remarks are in order. First, each piece of categorical data used

in this section (e.g. category, functor) should actually be replaced by its natural

10



super analog (e.g. supercategory, superfunctor). The latter arise from the fact that
the morphism spaces being considered here are Z,-graded. (See Section [2.3] for
definitions.) For these, we follow the recent exposition of Brundan and Ellis [3], of
which the present work will be one of the first applications (another is [8]).
Second, we do not need the full power of the type Q Howe duality, namely
the surjectivity of the maps </)I,l, for our arguments to go through. On the contrary,
we need only begin with the fact that each ¢L exists to develop the machinery of
webs, and use them and the Schur-Weyl-Sergeev duality to prove that the ¢L are
surjective (Corollary [5.8). This idea was first used by Sartori and Tubbenhauer [39)]
to prove new Howe dualities using webs, in a cunning reversal of the usual Howe-
duality-to-webs program of Cautis-Kamnitzer-Morrison. This affords a rigorous
proof, using the diagrammatics of webs, of the folklore result to the effect that the

relevant Schur-Weyl duality implies the Howe duality, in type Q.

1.5. Webs for spin permutation modules

Upward-oriented type Q webs can also be used to describe Serg-morphisms be-
tween the spin permutation modules M where A = (4,...,4%) € Z’;O such that
A1+ -+ = k. (See Chapter|[6|for definitions of Ser; and these modules.) Indeed,
there are commuting actions of ¢, and Ser; on the tensor space (CMlmy®k and each
q. Weight space is isomorphic as a Seri-module to some M*. Hence we can play
the same game as before, except the appropriate webs category already exists: it is
the subcategory q—WeblT‘ of q-Web; whose webs have the property that the sum of
the thicknesses of their strands is k. The main differences here are that q-Web]T‘ 18
not monoidal and, of course, does not include downward-oriented strands; thus we

will not be modeling tensor products or duals of the M*. In particular, there are

11



only finitely many M*, whereas there are infinitely many tensor products of .#%
and 7%+,
Let Ser -Mody be the full subcategory of Sery-modules with objects the spin

permutation modules MA. Unlike the situation with T, the functor
r: q—Web’T‘ — Sery -Mody

arising from the aforementioned commuting actions is already faithful and, in fact,
an equivalence (Theorem [6.5). Consequently, it is much easier to produce a basis
for each space Homgg,, (M4, M*) of Seri-morphisms, by producing one for each
morphism space Homq_web/; (A, ) of q—WeblT‘ and applying I". We do exactly this,
obtaining a basis for these Sery-morphisms in terms of webs (Corollary [6.8)). Also
of note is the combinatorics of weighted supertabloids, which, ultimately, we de-

velop for the purpose of proving the aforementioned basis theorem.

1.6. Outline and summary of results

The dissertation is organized as follows. First, in Chapters [2] and [3] we provide all
necessary background information for the main content of the dissertation. Chapter
[2] covers basic generalities needed for studying representations of superalgebras,
while Chapter [3| discusses the pertinent representation theory of g, and Ser. Next,
in Chapter 4] we develop the combinatorics of oriented type Q webs and explore
their various properties.

Finally, in Chapters [5] and [6] we apply the method of [9] to two different sets of
commuting actions and prove the main theorems of the dissertation. In Chapter 3]

we prove the monoidal superequivalences q,-Web; = g,-Mod & and q,-Weby =

12



a,-Mod & o+ (Theorem @]}, obtaining a webs description of the g,-morphisms
between tensor products of symmetric powers .#* and their duals .#**. In Chap-
ter @ we prove the superequivalence q—Web’TC =~ Sery -Mod) (Theorem , ob-
taining a diagrammatic description of the Ser;-morphisms between spin permuta-
tion modules M*. Also in Chapter @ we establish bases for the morphism spaces

Homgey, (M4, M*) in terms of both webs and supertabloids (Corollary .

1.7. Future work

The results of this dissertation raise a number of interesting questions. Perhaps
most immediate is whether there is a version of Theorem|5.6|for the quantum group
U,(a,), a deformation (or g-analog) of U(q,) which is an associative superalgebra
over the field C(q) of rational functions in the indeterminate g. First defined by
Olshanskii [32], it has since been explored, for example, in [2,/12}/13,/15,21]]. This
matter is currently being investigated by Nicholas Davidson, Jonathan Kujawa, and
the author, and early results look promising.

Aside from elucidating more of the representation theory of U,(q,), there is
another reason for pursuing such a result. It is known that every braided monoidal
category can be viewed as a machine for producing knot invariants, in a process we
avoid discussing further here. While the category of all U, (q,)-modules does not
admit a braiding (see [32]), there is hope that various well-behaved subcategories
do. If this is the case, then an analog of Theorem @ for U,(q,) could furnish a
machine for producing type Q knot invariants, which, to the author’s knowledge,
have not been seen before.

One could also ask for a version of Theorem 5.6] for the type P Lie superalgebra

p,. The immediate problem here is that the Schur-Weyl partner of p,, — called the

13



marked Brauer algebra by Kujawa and Tharp [27,41] and the periplectic Brauer al-
gebra by Coulembier and Ehrig [5-7] — is not semisimple, so the techniques used in
this dissertation exploiting the semisimplicity of Ser; would not carry over. (Also,
note that a quantum group U, (p,) has yet to be discovered.)

In another direction, there is a g-analog of Ser; called the (quantum) Hecke-
Clifford superalgebra, and the question arises as to whether there are versions of
Theorem [6.5] and Corollary [6.8] for it. This object also first appeared in [32]], and
has since been studied in, for example, [2,/13]]. In particular, the corresponding
analogs of the spin permutation modules M* were defined and studied in [13]]. This
matter is currently being investigated by the author, and looks promising, albeit
contingent on a basic understanding of the quantum type Q webs. A fortunate
consequence of such a theorem would be that morphisms between four different
types of permutation modules — those of the Hecke-Clifford superalgebra, Sery, Sy,
and the Iwahori-Hecke algebra .77 (S;) — would be obtainable from a single webs
calculus, by setting ¢ = 1, disallowing Clifford dots, or both.

Finally, it would be interesting if, in addition to the basis of Homs;, (M, MH)
given in Corollary there is a "semistandard" basis in the spirit of the semistan-
dard bases of the corresponding morphism spaces for S; and 77 (Sy) (see [[18, §13]
and [30, §4.3], respectively). In particular, both of the latter, letting A, u run over
the appropriate indexing set, are cellular bases of the associated Schur algebras in
the sense of [[16]]. It is an open question as to whether there is an adequate notion of
cellularity for superalgebras, but it seems one could be pursued in a manner similar
to the way monoidal supercategories generalize the notion of monoidal categories.
(See the comment about the failure of cellularity for the marked Brauer algebra

in [27, §1.3].)
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Chapter 2

General background

In this chapter, we provide general background information necessary for the main
content of the dissertation. This includes discussions of superalgebras and their

modules, (symmetric monoidal) supercategories, and locally unital superalgebras.

2.1. Basic superalgebra

First, we recall some basic facts about superalgebras and their modules. The reader
is referred to [4, §2] or [[11] for more information. All vector spaces will be over
the field C of complex numbers.

We write Z, = {0, 1} for the group with two elements, and define a superspace to
be a Z,-graded vector space V = Vj @ Vi, where V; (resp. V1) is the even part (resp.
the odd part) of V. A nonzero vector v € V is (Z;-)homogeneous if v € Vo UV, and
if v € V; we denote by v =i € Z; its (Z,-)degree, or parity. A subsuperspace of V
is a superspace W = Wy & W which is contained in V and inherits its Z,-grading

fromV,ie. Wo=WnVygand Wy =W nNV.

Remark 2.1. We adopt the convention that whenever a barred vector v occurs, it
is assumed that v is homogeneous. Similarly, whenever a definition is given in terms

of homogeneous vectors, it should be extended to arbitrary vectors by linearity.

15



The superdimension of a superspace V is sdimV := dim V) — dimV;. Up to
isomorphism, finite-dimensional superspaces are of the form C""* := C™ @ C",
which has superdimension m — n.

Tensor products V®W and morphism spaces Hom(V, W) of linear maps V — W
for superspaces V,W are each in turn superspaces. Indeed, the parity assignments
are given by

VW =TV 4w, fi=iif f(V}) C Wiy,

respectively, forv € V,w € W, f € Hom(V,W), and i,j € Z;. Even maps (resp.
odd maps) of superspaces are also called grading-preserving maps (resp. grading-
reversing maps).

Tensor products of linear maps also behave differently in the super world: for

f € Hom(V,V’) and g € Hom(W, W’) we have

(fegvew) = (=D f(v)®gw)

forv € V, w € W. Furthermore, for composable pairs f,/ and g, k of linear maps,

we have the superinterchange law

(feg)o(h®k):=(-DF(foh)® (gok). 2.1)

An associative superalgebra consists of a superspace A = Ay ® A; with an
associative, bilinear multiplication satisfying A;A; C A;y; fori,j € Z;. (In this
work, superalgebras are not necessarily unital, see §2.3]) We will use the word
"superalgebra" with no adjective preceding it to mean "associative superalgebra".
Every ordinary algebra A has the structure of a superalgebra concentrated in degree

zero, i.e. Ag = A, A; = 0.

16



A subsuperalgebra of A is a superalgebra B which is a subsuperspace of A. A
superalgebra homomorphism (which we will often shorten to homomorphism) is
a grading-preserving linear map ¢: A — B between superalgebras A, B with the
property that ¢(ajaz) = ¢(ai)d(az) for aj,a; € Aff

The linear endomorphisms End(V) = Hom(V,V) of a superspace V naturally
form a superalgebra under composition, since fog = f+3for f,g € End(V).
Furthermore, if V is finite-dimensional, say V = C™min_ then after choosing a Z;-

homogeneous basis of V we may identify End(V) with the matrix superalgebra

A B
M(m|n) = cAismxm,BismXn,CisnXm,DisnXnp,
C D

which has the superspace decomposition

A O
M (m|n) = , M(mln); =
0 D Cc 0

(One can check that this is consistent with the Z,-grading defined on End(V') above.)
In this case, we may emphasize this identification by denoting End(V) by M (V). If

additionally m = n, then we have the subsuperalgebra
A B
O(n) := C M(n|n).
B A

In this case, we may also denote Q(n) by Q(V). Note that

dim Q(n); = n* = 1 dim M (n|n);

'The reader is warned that the requirement of being grading-preserving is not always present
elsewhere in the literature.
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for i € Z; and consequently
dim Q(n) = 1 dim M(n|n).

A Lie superalgebra consists of a superspace g with a bilinear multiplication [-, -]

satisfying
* [6i,9;] € gi+j>
e [a,b] = —(~1)"[b,a], and
o [a.[b.c]] = [[a,bl,c] + (=1)@[b,[a,c]]

for a,b,c € gand i,j € Z,. The even part g is a Lie algebra in the ordinary sense.
Every superalgebra A is a Lie superalgebra under the supercommutator [a,b] =
ab — (—l)a'zba for a,b € A. For a superspace V, we say two endomorphisms
X,Y € End(V) supercommute if [X,Y] = 0. A homomorphism of Lie superalgebras
¢: g — b between Lie superalgebras g,} is a linear map ¢ satisfying [¢(x), ¢(y)] =
o([x,y]) forall x,y € g.

The universal enveloping superalgebra of a Lie superalgebra g is the unique
associative unital superalgebra U(g) equipped with a Lie superalgebra homomor-
phism i: g — U(g) satisfying the following universal property: for every super-
algebra A and Lie superalgebra homomorphism ¢: g — A, there exists a unique
superalgebra homomorphism ¢ : U(g) — A such that ¢ oi = ¢. We will use
the terms "g-module" and "U (g)-module", and the terms "g-morphism" and "U(g)-
morphism", interchangeably, as the representation theories of the two superalgebras
are equivalent.

We call M(m|n), when viewed as a Lie superalgebra, the general linear Lie

superalgebra and denote it gl,,,. Likewise we call Q(n), when viewed as a Lie
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subsuperalgebra of gl,,,,, the type Q Lie superalgebra and denote it g,. The reader

can verify that an equivalent definition of q, is

am={X¢€ gInln [X,P,] =0}

where
o I,
P, = € (8l (2.2)
-1, O

and I, denotes the n X n identity matrix. Note that P,% =-I,.

A supermodule over a superalgebra A, or an A-supermodule, consists of a su-
perspace V and a homomorphism p: A — End(V). When p is understood we will
simply write a.v in place of p(a)(v). The natural M (m|n)-supermodule is cmin,
and the natural Q(n)-supermodule is C"", where both actions are given by matrix
multiplication.

An A-supermodule homomorphism (which we will often shorten to A-morphism)

between A-supermodules V, W is a linear map ¢: V — W with the property that

$(av) = (-1)*%a.p(v)

fora € A, v € V. We denote by Homy (V, W) the space of A-morphisms V — W,
a subsuperspace of Hom(V, W). Of particular interest will be the space End4 (V) =
Homy (V,V) of A-endomorphisms of V, a superalgebra under composition.

A subsupermodule of an A-supermodule V is a submodule W C V in the ordi-
nary sense which is also a subsuperspace of V. An A-supermodule V is irreducible,
or simple, if it has no nontrivial subsupermodules. Irreducibles are further classified

into two types:
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e V is self-associate if it has a nontrivial submodule which is not a subsuper-

space (i.e. as an ordinary module, V is reducible),

e otherwise V is absolutely irreducible (i.e. as an ordinary module, V remains

irreducible).

By [4, Lemma 2.3], V is self-associate irreducible only if it admits an odd A-
involution J. Note that this necessarily implies sdimV = 0. For example, the
natural Q(n)-module C"" is self-associate irreducible, with odd Q(n)-involution
given by, for example, V-1 P, (see (2.2).

Given two superalgebras A, B, we make A ® B into a superalgebra by defining
the multiplication

(a®b)d ®b) = (=1)"Pad’ ® bl

for a,a’ € Aand b,b’ € B. If V and W are A- and B-supermodules, respectively,
then we can make the tensor product V ® W into an A ® B-supermodule, denoted

V ® W, by defining the action
(@®b).(vew) :=(-1)"ayebw

forae A,be B,veV,andw e W.
If V and W are simple A- and B-supermodules, respectively, then there are three

possibilities for the A ® B-supermodule V ® W [4, Lemma 2.9]:
1. If both V and W are absolutely irreducible, then sois VR W.
2. If exactly one of V or W is self-associate, then sois V& W.

3. If both V and W are self-associate, then V ® W is a direct sum of two isomor-

phic copies of an absolutely irreducible A ® B-supermodule.
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We explain case (3) in greater detail, as it will occur later on. In that case, the
summands of V ® W are isomorphic to the (+1)-eigenspaces of the even A ® B-
involution Jy ® Jw, where Jy and Jy are odd A- and B- involutions of V and W,
respectively. In this scenario we follow Kleshchev [25, §12.2] and denote by V@ W
the 1-eigenspace of Jy ® Jy. The reader is warned, however, that other authors
may choose V @ W to denote the (—1)-eigenspace. Either way, some authors denote

Ve Wby 2 'V W (e.g. [11]), for the reason that
dmVeWw = %(dimV W)= %(dimV)(dimW).

The kernel of a homomorphism ¢: A — B is a superideal, i.e. a two-sided ideal
I € A which is a subsuperspace of A. A superalgebra is simple if it has no nontrivial
superideals. By [11, Theorem 3.1] every finite-dimensional simple superalgebra A
is isomorphic to some M (m|n) (in which case A is called type M) or some Q(n) (in
which case A is called type Q).

Finally, we recall the Z,-graded analogs of Schur’s lemma and Wedderburn’s
theorem (see [25, §12.2]). The former states that if A is a superalgebra and V is a

simple A-supermodule, then

1 if V is absolutely irreducible
dimEnd4 (V) =

2 if V is self-associate.

The extra dimension in the self-associate case comes from the fact that P, € End4 (V)
for an appropriate choice of basis, where n = dim V) = dim V.
A superalgebra A is semisimple if every A-supermodule is completely reducible

(isomorphic to a direct sum of simple supermodules), or, equivalently, if A is iso-
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morphic to a direct sum of type M and type Q matrix superalgebras. In particular,
if A is semisimple and {V® : @ € A} is a complete set of pairwise nonisomorphic

simple A-supermodules, then we have the superalgebra decomposition

A= @ MV @ @ O(VE)

where the first sum is over all @ € A such that V¢ is absolutely irreducible and the

second is over all 8 € A such that V5 is self-associate.

2.2. Monoidal supercategories

The categories presented in this paper are (symmetric monoidal) supercategories
in the sense of Brundan and Ellis [3]]. We recall this terminology here. A helpful
source for the ordinary versions of these objects is [14].

The category SVec has as objects all superspaces and as morphisms all linear
maps between them. We declare that composition in SVec obeys the superinter-
change law (2.1). As such, because of the (sometimes) negative sign on the right
side of (2.1)), SVec is notr monoidal under the tensor product of superspaces.

The fix is to define the (not full) subcategory SVecy of SVec with the same

objects but only the even linear maps, i.e.
Homgyec, (V, W) := Homgvec(V, W)o

for V,W € SVec. No negative sign ever occurs on the right side of (2.1)) in SVecy,
and it does turn out to be monoidal. Hence we may define supercategory to mean

SVecp-enriched category, i.e. a category C such that Homc(x,y) is a superspace
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for all x,y € C and the composition maps

Homc(y,z) ® Homc(x,y) — Homc(x,z)

f®g > fog

are even linear maps for all x,y,z € C. (Note that this means fog=f+3, as was
already the case for f,g € EndV and V a superspace.)

A subsupercategory of a supercategory C is a supercategory D which is a sub-
category of C with the property that Homp(x, y) is a subsuperspace of Homc(x,y)
for all x,y € D. A subsupercategory D of C is full if it is full as an ordinary
subcategory, i.e. if Homp(x,y) = Homc(x,y) for all x,y € D.

A superfunctor is a functor of SVecy-enriched categories, i.e. a functor F': C —

D between supercategories C,D with the property that

Fyy: Homc(x,y) — Homp(F(x),F(y))

g — F(g)

is an even linear map for all x,y € C. Moreover, F is
e full if F is surjective for all x,y € C,
e faithful if F,, is injective for all x,y € C, and

o cvenly dense if for every d € D there exists ¢ € C with an even isomorphism

f € Homp(F(c),d)o.

Altogether, F is a superequivalence if it is fully faithful (i.e. full and faithful) and

evenly dense.
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A supernatural transformation B: F — G between superfunctors F,G: C — D
is a family (By)rec of morphisms where 8, € Homp(F(x),G(x)), satisfying the

supernaturality condition

By.io F(f) = (1)’ G(f) o i

for f € Homc(x,y) and i € Z,, where 5, = B0 + By 1s the Zy-decomposition
of Bx. A supernatural transformation is even if B, = By for all x € C, and a
supernatural isomorphism if 8, is an isomorphism for all x € C.

The tensor product C ® D of supercategories C,D is the supercategory with

objects all pairs (c¢,d) of objects ¢ € C,d € D, and
Homcgp((c1,d1,), (¢2,d2)) := Homg(c1,¢2) ® Homp(dy,d?)
where composition is defined using (2.1). A monoidal supercategory consists of
the following data:
e a supecategory C,
e a superfunctor (-®c —-): CxC — C,
e aunit object 1¢ € C, and

e even supernatural isomorphisms 4: (1¢c ®c —) — ld¢, p: (- ®c 1¢) — Idc

satisfying the coherence axiom p, ®c 1, = 1, ®c 4, forall x,y € C.

A monoidal subsupercategory of a monoidal supercategory C is a monoidal super-
category D which is a subsupercategory of C with the same tensor product operation

and unit object as C.
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In general, a monoidal supercategory must also satisfy some associativity con-
straints, but we omit them because all monoidal supercategories C in this work will
have (x ®c y) ®c z = x ®c (y ®c z) forall x,y,z € C. In addition, all of the webs
supercategories in this paper will be strict in the sense that the components of A
and p are identities and we have x ®c 1 = x = 1 ®c x for all objects x in those
categories.

An ideal in a monoidal supercategory C consists of a subsuperspace 1(x,y) C
Homc (x,y) for every pair of objects x,y € C, such that for all x,y,z,w € C we

have

1. hogo f € I(x,w) whenever f € Homc(x,y), g € Homc(y,z), and h €

Homc¢(z,w), and
2. f®l,el(x®z,y®z)and 1,8 f € I(z®x,z®Yy) whenever f € Homc(x,y).

The quotient C/I is the supercategory with the same objects as C and morphisms
Homc/;(x,y) := Homc(x,y)/I for x,y € C, which one can easily check is again
a monoidal supercategory. Since an intersection of ideals is again an ideal, there is
a unique minimal ideal containing a given set of morphisms X, which we call the
ideal generated by X.

A monoidal superfunctor consists of a superfunctor F: C — D between monoidal

supercategories C,D, even supernatural isomorphisms

Lry: F(x)®p F(y) = F(x ®c y)

for all x,y € C, and an even isomorphism y € Homp(1p, F(1¢))o satisfying

gx®y,z o (gx,y ® 1F(z)) = gx,y®z © (lF(x) ® {y,z) (2.3)
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for all x,y,z € C, where the subscripts C and D of the ® were suppressed for ease
of exposition (they go in the obvious places). A monoidal superequivalence is a
monoidal superfunctor which is also a superequivalence. We note that for every
monoidal superfunctor considered in this work, the maps £, , will be obvious, so
we will omit any discussion of them.

If F: C — D is an monoidal superfunctor, then its kernel is the ideal Kerg of C
given by Kerg(x,y) := {f € Homc(x,y) : F(f) = 0} for x,y € C. If I is an ideal of
C with I(x, y) a subsuperspace of Kerr(x,y) forall x,y € C (e.g. I is generated by a
set of morphisms in Kerr), then there is an obvious induced monoidal superfunctor
F: C/I — D. Furthermore, there is a "first isomorphism theorem" for monoidal
supercategories: F': C/ Kerr — D is faithful, and F: C/I — D is full (resp. evenly
dense) if and only if F': C — D is full (resp. evenly dense).

A braiding on a monoidal supercategory C is an even supernatural isomorphism
o: (-=®c -) = (- ®c —)°? where (— ®c —)°P is the superfunctor given by

(x,y) w» y ®c x, satisfying

Ox®y,z = (O-x,z ® 1y) © (lx ® O-y,z) »  Oxyez = (ly ® O-x,z) o (O-x,y ® lz)

for all x,y,z € C. A symmetry is a braiding o with the additional property of

Oyx 00y y = lygy.

A braided monoidal supercategory (resp. symmetric monoidal supercategory)
is a monoidal supercategory equipped with a braiding (resp. with a symmetry).

Examples of symmetric monoidal supercategories include SVec and SVecy, both
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via the symmetry

oyw(vew) = (—l)v'ww Qv

for superspaces V,W and v € V, w € W. One can check that the quotient of
a braided (resp. symmetric) monoidal supercategory by an ideal is again braided
(resp. symmetric).

A braided (resp. symmetric) monoidal superfunctor is a monoidal superfunctor
©),

F: C — D between braided (resp. symmetric) monoidal supercategories (C, o

(D, oP) with the property that

C _ D
F(oyy) o dey = {yx 0 Tpy py)

for all x,y € C. One can check that the induced functor F: C/I — D is also
braided (resp. symmetric) where [ is an ideal of C with I(x,y) a subsuperspace of

Kerg(x,y) for x,y € C.

2.3. Locally unital superalgebras

Some of the superalgebras A in this paper are locally unital. This means A has
a system (1,)qea Of pairwise orthogonal idempotents along which A admits the

superspace decomposition

A locally unital homomorphism is a homomorphism that takes distinguished idem-

potents to distinguished idempotents. Note that every locally unital homomorphism
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f: A — B yields superspace maps

fa/,ﬁ: 1,6’A1a - f(lﬁ)Bf(la)

for all @, 8 € A.

Advantageously, the concepts of locally unital superalgebra and supercategory,
and of locally unital homomorphism and superfunctor, are equivalent. Indeed, a
locally unital superalgebra (A, A) corresponds to the supercategory A with object
set A and morphisms

Homy (a, B) := 13Al,

for a, 8 € A, where composition in A corresponds to multiplication in A. We will
refer to A as the supercategory associated to A. A locally unital homomorphism
f: A — B corresponds to the superfunctor F: A — B with object assignment f

and morphism assignments f, g for a, § € A. It’s clear that
e f isinjective if and only if F is faithful, and
e f is surjective if and only if F is full.

We will refer to F' as the superfunctor associated to f.

2.4. Remark on terminology

Remark 2.2. For convenience, we will often omit the prefix "super" from several
adjectives and nouns, although the reader should always assume it to be in effect.
That is, every instance in this dissertation of the word "algebra" will in fact mean,

and should be taken to mean, "superalgebra”, and so on.
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Chapter 3

Representation theory of g, and Sery

In this chapter, we provide background information specific to g, and Ser;y which
will be needed for the main content of the dissertation. We refer the reader to

[11L125]] for more information.

3.1. Lie superalgebra q,

As stated in Section[2.1] the type Q Lie superalgebra is the Lie subsuperalgebra q,

of gl,|, realized in block matrix form as

On = 1 A, B are n X n-matrices
B A

Its Z,-grading is given by the superspace decomposition

A0 0 B
(an)o = > @1 = :
0 A B 0

and its bracket operation is given by
[X,Y] = XY — (-)XTyx
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for X,Y € q,, both of which it inherits from gl,,. The reader can check that an
equivalent definition of q, is 9, = {X € al,, : [X,P,] = 0} where P, is as in (2.2).
There is a Z>-homogeneous basis {A; ;,B; ;j : 1 < i,j,< n} of g, where A; ; € (q,)0
is the block matrix in which A has a 1 in the (7, j)-entry and zeros elsewhere and
B = 0; the B; ; € (q,)1 are defined similarly.

To study modules over g, we will study the equivalent concept of modules over
its universal enveloping algebra U (q,). According to [12, Proposition 2.1], U(q,)
is the associative superalgebra generated by the even elements e;, f;, h; and odd

elements e, f5, h}—. forl <i<n-1and1 < j < n, subject to the relations

hihj = hjhi = hih; = hshi = 0, hzhs + hsh; = 6; j2hi, Qb
€;j i=j _fj i=]
h,-ej—ejhi: —ej i=j+1 > hifj_fjhi: fj i=j+1 >
0 i#j,j+1 0 i#j,j+1
(Q2)
e; 1=] _f; L=1J
hie]—.—ejhi:<_ef l:_]+1 s htfj_f]_hl_<f]_ l:]+1 )
0 i#jj+1 0 i#jj+1
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6]—- L=] — ; 1=
hej—ejhi=\—es i=j+1 - Wfi=filg=9\f i=j+1 -
0 i#jj+l 0 i#jj+1
(Q3)
ej l:.]’.]+1 f] l_j’j+1
h;e; + 6;/11' = s hl_fj + f]—hl' = 9 s
0 i#jj+1 0 i#j,j+1
eifj— fiei = 0ij(hi — hit1),
e;f; + f7e; = 6ij(hi + hivy), (Q4)
eifj = fie; = 6ij(h; = hipy) = eif5 = frei
e,-e]—.— ej—.ei = €ZT€]—.+ e]—.elr = flf]—— f]—fl = fl'f; + f;fl' =0 ifi+# ] +1,
eiej—eje; = fifi—fifi=0 if|i—j|>1,
€iCi+] — €j+1€; = eje; 7+ e 7€;, €€ — € 1€ = €;€iy] — €416}, (Q5)
fifis1 = finrfi = fifiq + fia S fifmg — [ fi = fifin = fin f5
el.(z)ej —eieje; + ejel@) = eeiej — e;eje; —ejeje; +ejeje; =0 ifi=j+1,
2 2 e
[0 = Fififi+ il = ofifi = FFifi = fififo+ fifif; =0 ifi=j 1,
(Q6)
where we denote by e(J ) f; /) the divided powers
o J
o) i _, s
i ' y
J! J:
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The canonical embedding q,, < U (q,) sends
Aiiv1 e, A1 fi, Aj e hy,

Biit1 = ¢, Binii fp, Bjj— by

For the remainder of the section, we discuss some basic tools we will need in
order to study the q,-modules we define in the next section.
The universal enveloping algebra U(q;,) of g, is a Hopf algebra with coproduct

A: U(q,) = U(qy) ® U(qy) and antipode s: U(a,) — U(qy) given by
AX)=X®1+1X, s(X)=-X

for X € q,. Thus, if V,W are q,-modules, the tensor product V ® W and the dual

space V* = Home(V,C) are naturally g,-modules via

X.(vew) = AX)(v®x) = X.v®w+(—1)y'vv®X.w,

(X)) = DX (fos(X)() = —(-D¥T f(Xv)

respectively for X € q,,v € V,w € W,and f € V*. Note U(q,) is cocommutative,
i.e. flipoA = A where flip: U(q,) U (q,) — U(q,) ® U(q,) is the linear map given
by flip(X ® ¥) := (-1)XTY ® X for X,Y € U(ay).

For a superspace V and k € Z.(, we have the tensor space V& := V@V®---@V

(k tensorands). Let A*: U(q,) — U(g,)®* be the map
A= (A 1°% D)o (A@1%D)o...0A

where 1 denotes the identity map on U (q,). (By coassociativity of the coproduct
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in any Hopf algebra, A* is invariant under the choice of tensor position for each

occurrence of A in its definition.) If V is a q,-module, then V®* is also a q,-module

via
X®--®w = AN @ -0
= Xvi®@m®- - -V (3.1
+(=DX T @ Xn ® - ® vy
+H=DXOH )y @y, @ - ® Xy
for X € g, and vy,...,v; € V. By convention, we declare V20 = C to be the trivial

an-module, in which all X € g, act by zero.

Given a gq,-module V, we can form the symmetric algebra . (V) := T(V)/I
where [ is the two-sided ideal of the tensor algebra T(V) := P k>0 V& generated
by all expressions of the form v ® w — (=1)""w ® v for v,w € V. Thus .7 (V) =
@kzo Z*(V) inherits the Z-grading from 7'(V) where .7* (V) := V& /(V®* N I).
We call .7%(V) the k™ symmetric power of V, and note that from the definition of
I we have

k
V) =P s ) e A (v)

1=0
where S/(Vp) and /\k'l (V1) are the ordinary symmetric and exterior powers of Vj
and Vi, respectively.
Note that .#’! (V) = V and, again by convention, .#°(V) = C. In particular, we
have sdim.7*(V) = 0if sdimV = 0, e.g. if V = C"I",
We can also define the exterior algebra E(V') by changing the generators of / to

all expressions v ® w + (—=1)""w ® v. Continuing as before, we would obtain the
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exterior powers EX(V), which in particular have the property that

k
ey =@ s' v e A (W)

=0

However, for the q,-modules V we will be interested in, EX(V) is isomorphic to

Z5(V) for all k € Z( (see Remark , so we will not consider them further.
The standard Cartan subalgebra of q,, denoted b, consists of block matrices

with A and B diagonal. By weight module over q, we mean a g,-module V which

1s hp-semisimple, 1.e. V admits the superspace decomposition

V= @ Vi, Vii={veV:Hv=A(H)vforall H € b).
Aeb(*)

Whether or not V is a weight module, we call V, the A weight space of V for A € ;.
For A € 1, a weight module V over q, is of highest weight A if there exists
v € V) such that U(q,).v = V and v is annihilated by all A; ; and B; ; with i < j.

Note that by identifying b, with C" in the obvious way, we can rewrite each V, as

VA:{VEVZAL,'.V:/L'V,ISiSI’L}.

3.2. Symmetric powers .#%(V},)

In this section we describe our g,,-modules of interest, the symmetric powers . A
of the natural g,-module V,, and their duals .7**(V,,).

First we define the indexing sets

I(n|0) :={1,...,n}, IOln):={1,...,7}, I(n|n):=I1(n|0)UIO|n).
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There is an involution on /(n|n) interchanging /(n|0) and /(0|n) given by barring

every element, where we declare that bars cancel each other in pairs, e.g.
For i € I(n|n), leti € I(n|0) denote the unbarred version of 7, e.g. 5 =

additionally, define 6(i) € Z, tobe 0ifi € I(n|0) and 1 if i € 1(0|n).

Let V, denote the natural q,-module and V,’ the dual of V,,, both of which

are isomorphic as superspaces to C"". We denote the standard basis of Vj, by

Vi, o s Vi, Vs - - » Vi Where v; is even if i € I(n]|0) and odd if i € I(0|n), and the

dual standard basis of V,/ by g1,...,8n,&7,- - - »8&n> 1.€. &i(v;) = 6; j fori,j € I(n|n).

In particular, v; = g;. The actions of U(q,) on V, and V,’ are given by
€i.Vk = 0i k-1Vk-1>  Ji-Vk = 0ikVk+1, hj.vi = 6jkvi,
elr.vk = 51"&_1\/](?, flv.vk = (5,"ka, h;.vk = 5]3&‘};’

.8k = —0i k&k+1> [i-8k = —0ik-18k-1, hj.gx = —6; k&,
er.gk = 0 k(=1 O e, frgr = Gipo1 (1) O g,
hs.gk = 6k (1)’ W gp

forl <i<n-1,1<j<n,and k € I(n|n).

Let A(n|n) be the set of 2n-tuples A = (4y,..., 4y, A7,. .., A7) with 4y, ..

Zso and Ay, ..., A7 € Zy. For k € Z let

A(nln, k) :={1 € A(n|n) : Ay + -+ Ay + A7+ - + Az = k}.
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Then the symmetric power .7 k(V,) admits the monomial basis

By :={va: A€ A(nln,k)), vyi=vh -~-v,/ll"v;T-~~vf”

n

where we omitted the tensor product symbol ® for brevity (and will often do so).
Moreover, the dual symmetric power .& k«(v,) == (L*(V,,))* admits the dual mono-
mial basis B} := {g" : 1 € A(n|n,k)} given by g*(v,,) = 6, for A, u € A(n|n, k).

Both bases are Z;-homogeneous with

_,12g /1T++/lﬁ mod 2

for 1 € A(n|n, k), and we have sdim.*(V,)) = sdim.#**(V,) = 0 as discussed in

the previous section.

Remark 3.1. For k € Zsq the linear map P®*: V® — V® induces a q,-
isomorphism % kv = ek (V), where P, is as in (2.2). We sketch the proof
here, leaving details to the reader. First, using the fact that [P,,X] = 0 for all
X € gy, one can check that [P®*,AK(X)] = O for all X € q,, implying that P®* is a
an-morphism. Next, a direct calculation shows that the composition of Pffk with the
projection V& — EK(V,,) factors through /% (V,,). Finally, since P} = -1y, P%k

is invertible with inverse +P®*, depending on whether k is even or odd.

The actions of g, on .#%(V,,) and .#**(V,)) can be deduced from its action on V,,
using the coproduct A and antipode s of U(q,). Nevertheless, we provide explicit
formulas for these actions for the reader’s convenience. In order to do so, we require

more shorthand notation.
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For A € A(n|n,k),1 <i<n-1,and 1 < j < n, define
A+xa; = (1A,...,4; 1,/li+1 F 1,...,/15),

/lialv:: (ﬂ],...,ﬂ;i 1,A-—=F 1,...,/15),

i+1

where in each case only two entries of A have been altered. Note that these need
not lie in A(n|n, k), e.g. 1 + a; ¢ A(n|n, k) if ;51 = 0.If A = @; € A(n|n, k) then
Vize; and giie, are in the monomial bases of Z%(V,) and .7**(V,); if not we set
Vite; = &aze; = 0, and similarly for 1+ a; and A +e€;. Moreover, we allow iterations
of these "additions" in the natural way, except when passing to the monomial bases
we only set v, = 0 if the entire iterated sum g is not in A(n|n, k). For example,
while we set v 4o, = 0if ;41 = 0, we set Vitai+es = 0 only if A-— = 0.

The actions of U(q,) on .#*(V,) and .#**(V,) are given by
iva = AixtVata; * Varap  Jiva = Aiva-a; + Vieap  hjva = (4 + A5)va,

Aot A=
€;.Vy = (=D e ’(/li+1V/l+a/i—6; + V/l+a;+elf)a
P —
f;'v/l = (_1) 1+ " i-1 (livl—a[—fm + vﬂ—a;‘i’ém)?

A4+ A=
hsva = (=1)7 I (AjVa-es + Vare),

;.81 = —((Ais1 + D&a-a; + 8a-a:)s  [i-82 = —((Ai + 1)ga+va; + &a+as)s
hj.ga=—=(A; + A7)8a,

+-+ Ay

€;.81 = —(—l)ﬂﬁ ((/li+1 + l)g/l—wﬁe; + gxl—a/’f—e;.),
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fr-81 = =D (A + DVasasre - + Vasa—e )

i+1
p—
hs.ga = —(=1)" (4 + Dvire: +vi-e)

for 1 € A(nln,k),1 <i<n-1,and1 < j < n.

3.3. Categories q,-Mod »~ and q,-Mod &~ o+

We now define the categories of q,-modules whose morphisms we will describe
with webs in Chapter [3]

Denote by g,-Mod the category with objects all g,-modules and morphisms
all q,-morphisms between them. It is a monoidal supercategory under the tensor
product of g,-modules. Since U (q,) is cocommutative (see Section , the linear
maps oyw (v ®w) = (-1D)""w @ w for q,-modules V,W and v € V, w € W are q,-
morphisms. Hence they constitute a symmetry on q,-Mod, making it a symmetric
monoidal supercategory.

Let Z;O be the set of symbols {0x, 1%,2x,...}.

Definition 3.2. We define q,-Mod &~ to be the full subsupercategory of a,-Mod

with objects all tensor products of the form
yal(vn) Q- ®yal(vn)

foray,...,a) € Zsg and | € Z-y. We define q,-Mod & - to be the full subsuper-

category of q,-Mod with objects all tensor products of the form

Sy @ e LWy
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for by,...,b; € Zso U Z;O and | € Zo. Hence both q,-Mod & and q,-Mod & -

are symmetric monoidal supercategories with symmetry o.

Note that q,-Mod & is a full subsupercategory of q,-Mod &~ -; said differently,
the natural inclusion functor g,-Mod & — q,-Mod &~ - is full. By Remark @,
we lose no information by not including the exterior powers £¥(V,,) and their duals
in these categories. (This is in contrast to the situations of [9,34,42], in which

symmetric and exterior powers had to be dealt with separately.)

3.4. Superalgebra Ser; and duality

In this section, we discuss some of the representation theory of Sery, as well as its
relationship to g, in the form of the Schur-Weyl-Sergeev duality.

The Sergeev algebra Sery is the associative, unital superalgebra generated by

the even elements sy,. . ., sx—1 and odd elements cy,. . ., ck subject to the relations
2
ci =1, cicj =—cjq,
Si2 =1, SiSj = 8jS; ifi # ] +1,  $i8i418 = Sis15iSi+1» (3.2)

cisj=sjc; ifi#j,j+1, sici=cip15, SiCiv1 = CiS;

for admissible i, j. Two important subalgebras of Sery are the Clifford algebra Cj
generated by cy,. . ., ck, and the group algebra CS;, of the symmetric group S on k
letters, generated by s1,...,s;¢—1. (We think of s; as the simple transposition of S
interchanging i and 7 + 1.) We have canonical embeddings Sery < Ser; for k < /

obtained by mapping ¢; = ¢;and sj = sjforl1 <i<kand1<j<k-1.
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From the relations, it is easy to prove that Ser; admits the homogeneous basis

{cf'--cfolar,....a €{0,1},0 € &)

(see [25 §13]), which we will refer to as the standard basis. Also crucial to the
present work is the fact that Sery is semisimple [4, Lemma 3.6].

In order to state further results about Ser, and q,, we introduce some of the
combinatorics attached to them. A strict partition is a nonincreasing sequence of
nonnegative integers 4 = (A1, 42, 43,...) such that 4; = A;;; implies A4; = 0. If in
addition }; A; = k, we say A is a strict partition of k. We let 8P(k) (resp. SP) be
the set of all strict partitions of k (resp. all strict partitions).

For 4 € 8P(k) the size of A is || = k, and we say A has length [(A) if the
number of nonzero parts in A is [(4). For example, 4 = (4,3,1,0,...) € SP(8)
with /(1) = 3 and |A1] = 8. We will usually omit the trailing zeros of a strict
partition, e.g. 4 = (4,3,1).

To every A € 8P we associate the shifted frame [ 1], the array of squares with A;
squares in row i for 1 < i < I(A), such that row i has been shifted to the right i — 1

units from being left-justified, e.g.

[(4,3,1D)] =|

For strict partitions A, u, we write 4 € pif A; < y; for all i, or equivalently if [1] is
contained [u].

For A € 8P, let 6(1) € {0,1} be 1 if [(A) is odd and O if /(A1) is even. It is
known [11, Theorem 2.18] that for every 4 € 8P(k) with [(1) < n (hence we

may identify 4 € Z" as an element of [))), there is a unique finite-dimensional,
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irreducible q,-module of highest weight A, which we denote L, (1). Furthermore,
L, (A1) is self-associate if and only if 6(4) = 1. For example, by [10, Proposition
3.1] L,(A) where A = (k,0,0,...) = (k) is isomorphic to Sk, for k € Zsg.

There is action of Ser; on the tensor space VEF via
w1 ® - ®@wy) = (=) TNV _Tw; @ -+ ® Py(wi) @ - - Wy,

Sj.(W1®"'®Wk) = (—1)W_j'mW1®'-'®Wj+1®Wj®"'®Wk

for wi,....wx € V,, 1 <i < k,and 1 < j < k — 1, where P, is as in (2.2).
This action commutes with that of g, given in (3.1), so we have, for example, a
homomorphism

Ei: Sery — End,, (V®h).

What’s more, we have the following Schur-Weyl-Sergeev duality established by

Sergeev [37]].

Theorem 3.3. Asa U(qg,) ® Sery-module, Vn®k admits the decomposition

vek = P La(1)eD?

Ae8P(k)
[(D)<n

where each D* is an irreducible Sery-module, self-associate if and only if 6(1) = 1.
Moreover, {D* : A € 8P(k)} is a complete, irredundant set of isomorphism classes

of irreducible Sery-modules.

Corollary 3.4. The homomorphism Zy: Ser;y — End, (V®%) is surjective for all

k,n € Zo, it is injective ifand only if k < 1 +2+---+ (n+1).

Proof. Since Sery is semisimple, Theorem [3.3]together with Wedderburn’s theorem
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implies that

Sery = (P mM(dHe P o). (3.3)
1e8P(k) A€8P(k)
§(1)=0 §()=1

Also by Theorem we have

End,, (V®") = ) End,, (L) @DH = H M(DHe  omh

1e8P(k) Ae8P(k) 1e8P(k)
1(D)<n 5(1)=0 §(D)=1
I(D)<n I(D)<n

where the last isomorphism uses Schur’s lemma. Since Z; can be thought of as
quotienting Ser; by the matrix superalgebras over D* with [(1) > n, it is surjective.
For the second claim, we simply note that the unique A € 8P with /(1) > n and ||

minimalis 4 = (n+ 1,n,...,2,1), whichhas [A| =1+2+---+ (n+1). [ |

3.5. Quasi-idempotents of Sery

Lastly, we recall from [38] certain quasi-idempotents e, € Sery parameterized by
S8P(k). They are the analogs in type Q of the Young symmetrizers which project
C&y, onto a copy of the associated (irreducible) Specht module.

For1 <i < j < k - 1, define the elements s; ;,7; j,m,m; € Sery by letting

s;,j € CS be the transposition interchanging i and j and setting

b
\/__2

Tij= Gy, =0, mpE T AT+ T

The 7; are odd analogs in Ser of the Jucys-Murphy elements x; = 0, x; = s ; +
§2,jF o+ 8-l in CS;. Note that s; = Si i+l forl <i<k-1.
For A € 8P(k), let T be the tableau of shape A obtained by filling the boxes of

[4] with 1,2,. ..,k from left to right in each row, starting from the top and working
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down, e.g.

Tz = | 1

3 .
5[6]7
8]

Define a, € Sery by

& (col(z)(col(z) +)
=1 .

i=1

where col(7) is the number of the column occupied by i in T, e.g.
auan =1-B=13)(6-73)(10 - 1) (3 — 713)(6 — 12) (10 — 73) (6 — 73).

Let also b, € Ser; be

where R, C S consists of all permutations fixing the rows of 7). Finally, define
e, € Sery to be

€y .= a,lb,l.

Unfortunately, a simpler form of e, is unknown, and not for lack of trying (see
[19,20,31},38]).

By [38, Corollary 3.3.4] each e, is nonzero and quasi-idempotent, the latter of
which means eﬁ = c, e, for some nonzero ¢, € C. Further, the left ideal of Ser;
generated by e, is isomorphic as a Sery-module to an isotypic sum of copies of
D*. The exact multiplicities of these sums are known [31]], but not of consequence

here. What is material is that, in the decomposition (3.3), e, belongs to M (D?) if

5(1) =0and to Q(D?) if 6(2) = 1.
Corollary 3.5. The kernel of Z;: Sery — End,, (V®X) is the two-sided ideal of
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Sery generated by the elements ey with [(1) > n.

Proof. From the proof of Corollary [3.4] we know the kernel of Zy is exactly

@ M(DY) & @ 0(DY).

e8P (k) €8P (k)
5(1)=0 s5()=1
H(D)>n 1(D)>n

Since every summand here is a simple superalgebra, a set consisting of one nonzero

element from each summand constitutes a generating set. The claim is proved. =

There is one quasi-idempotent which will be especially useful later on. For
n € Zsq define the strict partition A(n) := (n + 1,n,...,2,1), and let e, := e )
be the corresponding element of Sery. Its utility will derive from the fact that for
every u € 8P with I(u) > n, we have u 2 A(n). Hence by Corollary [3.5] ker 2 is

generated by the elements e, with ¢ 2 A(n).
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Chapter 4

Oriented type Q webs

In this chapter, we lay out the diagrammatics of oriented type Q webs in full detail,
by defining various webs supercategories and exploring their intrinsic properties.
As in Chapter [I] we first focus solely on upward-oriented webs, and then extend

them to arbitrarily oriented webs.

4.1. Definition of q-Web;

We define a strict monoidal supercategory q-Web; as follows, under the assumption
that the reader is familiar with the contents of Section[1.2]

The category q-Weby has as objects the set (T) of all finite-length sequences with
entries in {OT,17T,271,37,... } including the empty sequence @. Tensor product of
objects is given by horizontal concatenation with @ acting as strict tensor unit, i.e.

if A =@4T,...,AT) and u = (117, .., T) are nonempty sequences in (T) then

AQ u:=T,..., 4T, 1aT,...,uT),

The element 07 is included solely for technical reasons concerning the definition of a certain
functor in Section[5.2} see Remark 4.1 and Lemma 5.3
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and if v is any sequence in (T) (empty or nonempty) then
PRV =V, VvVRD =V

Remark 4.1. It will often be convenient to omit some of the edge labels within a
web. We will do so only if no ambiguity is possible. Furthermore, we follow the
conventions of erasing edges labeled with a zero, and declaring webs containing
an edge labeled by a negative integer to be zero. (The latter occurs in some of the

formulas below as a matter of convenience only.)

The morphism spaces of q-Web; — given below by generators and relations —
are superspaces spanned by upward-oriented type Q webs modulo certain relations.
Composition of morphisms in q-Web; is by vertical concatenation of webs, ex-
tended by linearity, where we declare the composition of two webs with incompat-
ible source and target to be zero. Tensor product of morphisms is given by linearly

extending the following rule for webs wy,w»:

A A [ [H

w1

(4.1)

w

w1 ® w2 2““

(The difference in heights on the right is to respect the superinterchange law (2.1]).)
The morphisms of q-Web; are generated with respect to composition, tensor

product, and linear combination by the webs
k k k+1 k l
[ 1 & , Y 42)
k k kool K+l
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for k,l € Z-o, which we refer to collectively as the upward-oriented generators
and respectively as identities, dots, merges, and splits. We declare each generator
to be Z,-homogeneous, but only dots to have odd parity, the rest even. Since parity
is additive across compositions and tensor products (see Sections and 2.2)), the
parity w of an individual web w is the number of dots modulo 2. Hence, to respect

the superinterchange law (2.1]), we declare that

o T 4.4 1
.« .. W2 L Wl .« ..
I THIE ™
" w2
T T ] T T ]

for webs wy, wy, which we refer to as the superinterchange. In particular, within an

individual web each dot must lie at a unique height, and we have

for two dots lying at adjacent heights on different strands. For ease of illustration
we will sometimes draw multiple dots at the same height within an individual web,

resolving the resulting ambiguity by declaring that

The morphisms of q-Web, are subject to a number of relations in addition to

(4.3). We make one piece of shorthand before stating the relations. A ladder is a
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web of the form

k+j I-j
k+j -]
J o J
L 9
k I
k l
k—j I+j
k—j 1+j
k )
k 1

for j,k,l € Z-(, where dots are also allowed. We call the horizontal edge of a ladder
the rung.

In addition to (4.3), the generating webs of q-Web, are subject to the relations

h+k+l h+k+1 h k1 h k1
h+k — k+1 —
mﬁx} WW (44)
h k1 h k1 h+k+1 h+k+l
k+1 k+1
k+1
k 1 = , 4.5)
[
k+1 k+1

k k
{=(k)] (4.6)
k k
1+k 1+k 1+k 1k 1k 1k
Z(EK = %2I\~-k‘(13%, xfij\::‘xqgf + x§¥;\, 4.7)
" 1k 1k Lk 1+k 1+k
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(%) ) +(-%) L=, 4.8)

11 11 11
koL koL ko1
VA AN
k—14 A+l — k+14 -1 =(k=1) , 4.9)
N ,l N N I N
k 1 k ! ko1
k 1 k 1
N AN N AN
1 1 ko1 ko1
y -l AN
N 7
k-14 A+l — k+14 Ar-1 = - (4.10)
> <o
N N N 1 N
f . f . ko1 ko1
ko1 £ X
| 1
AN,
< e
= k-14 A+l T kg M-
N <
A i A N 1 N
M ! k 1

h+1 k -1 h+1

N N AN N
1 1
Vi
N
4 - = 4 + , (4.11)
<
N N 1 N N 1 1
h k 1 h
h+1 k -1 h+1 k -1 h+1 k -1
N N AN N N
1 1 1
Vi
N
S — = AN — AN (4 12)
<o
N N 1 N N 1 1 N
h k 1 h k 1 h k 1

for h,k,l € Z, along with the relations obtained by reflecting the webs in (4.7)
across a vertical axis, and by reversing all rung orientations of the ladders in (4.11])
and (#.12). Note that reversing rung orientations changes the target, but not the

source, of a ladder. We refer to (4.3)-(@.12)) collectively as the upward-oriented
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relations, and call (@.4)) associativity, (4.5)) digon removal (or, reading right to left,
strand explosion), (4.8) the dumbbell relation, and (4.9) square switch. Note that
setting k = 1 or/ = 1 in (4.9) and (.10) gives additional dumbbell relations by
erasing edges labeled zero.

From these definitions, it’s clear that g-Web; is a strict monoidal supercategory.

4.2. First steps in q-Web;

In this section, we prove some first results about q-Web4. For starters, we note
that both summands on the left side of the dumbbell relation are idempotent, a fact
which is easily proved by direct computation using (.3)), (4.5)), and (#.6).

Another immediate and important consequence of the relations is

x~
=~

=—1 1 (4.13)

x~
=~

for k € Z-.o, where the dots indicate that the k-strand has been completely "ex-
ploded" into k separate 1-strands by repeatedly applying (.5). By associativity,
there is no ambiguity in the web on the right. In other words, there is only one way
to split a k-strand into k-many 1-strands, and ditto for merging k-many 1-strands

into a single k-strand.

Lemma 4.2. We have

1 1 =0 (4.14)
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and, for k € Z-,

k K k
1©k1 = = k-1 1. 4.15)
k k k
Proof. For (@.14), we compute that
5 2 2 2
! ! 1 ¢l
1 1
s (2) , @ (2) SN
TEY TERY 1 ¢l
] 2 2 2
2 2
2 2
14 & 1 ¢l
@ _(%) 2 4+ 1 1 @ —(%) 2 + 1 1
1§ ¢ I i
2 2
2 2
2 2
& _, 1+ 1 1 =0
2 2

For (4.15)), we first prove the case of k = 2. We start by computing that

2 2
1@1 + 1@1 . (4.16)
2 2

| =

2
(i) (1)
1 1 -
2
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Next, we compose the left side of (.7) on bottom with $% followed by a split to

get

Using (4.14)) on the left, and superinterchange and dot collision on the right, this

becomes

Combining the above with (4.16) and symmetry, we have (.15)) in case k = 2. For

general k, we use (4.7) repeatedly to get

k k k
1¢1 = 1@1 + -+ lél (417)
k k k

where the sum is over the k different webs with a dot on a unique 1-strand. By
associativity and the k = 2 case, the summands are pairwise equal and we have, for

example,

1 1 =(k)1 1 (4.18)

where on the right, only the leftmost 1-strand has a dot. We finish the proof by
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computing that

k k k k
@ i] | @ ! 1 1 @ 1 k-1
k! (k—-1)!
k k k k

and noting that the other side of (#.13) follows by symmetry. [ ]

We introduce further shorthand for the following lemma. A 2-ladder is a ladder

with rungs between three adjacent vertical edges, for example

(see also (@.11)) and (@.12))). We define the rung swap of a 2-ladder L to be the
2-ladder L’ with the same source as L, which is obtained by moving each rung of
L from one pair of vertical edges to the other. For example, the rung swap of the

2-ladder above is

Note that, as in the above example, L and L’ may have different targets.

Lemma 4.3. For h,k,l,r,s € Z-o we have

k+r+s l-r-s k+r+s l-r-s
AN AN
s
< r+s
k+r N]—py = r+s , (419)
¢ S
A F oA

k 1 k 1
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k 1 k !
AN AN AN AN
1 1
o >
k-14 Ml + k+14 Ar1-1 =(k+1)
>e ¢
N 1 N N 1 N
k l k I
h+2 k-1 1-1 h+2 k-1 -1 h+2 k-
AN AN N N
2 1
VA
N 1
AN —_ AN + AN
<
N l N 1 N 2 N
h I h k I h k
h+2 k=1 -1 h+2 k=1 1-1 h+2 k=1 -1
AN N N N AN
1 1 1
< < 1 <
< —_— N _—
b < <o
S U ¢ L1 A 1A
h k 1 h k 1 k 1

along with the equations obtained by

k1
’
k1
-1
=0,
l
h+2 k-1
A A
1
<
P
<@
A 1 A
h k

e reversing all rung orientations of the ladders in (4.19),

e reversing all rung orientations of the ladders in (4.21)) and (.22),

e performing rung swaps on the ladders in @.21) and @.22)), and

(4.20)

(4.21)

e performing rung swaps and then reversing rung orientations of the ladders

in (@.21)) and (4.22)).

Hence (A.19) represents two separate equations, and each of @.21) and @.22)

represents four separate equations.

Proof. We leave these as exercises for the reader, but offer the following guidelines.

Part (4.19) follows from associativity and a digon removal.

Part (4.20) is similar to [42, Lemma 2.10(b)]. Its proof involves square switches

on the edges labeled / + 1 and k + 1 in the webs on the left, followed by two digon

removals and the dumbbell relation.
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Parts (4.21)) and (4.22) are similar to [42, Lemma 2.10(c)]. The former involves
the dumbbell relation on the parallel ladder rungs in the middle web, followed by
associativity, (.14), a square switch, and two digon removals. The proof of the

latter is similar, but it also requires (4.12). [ |

4.3. Clasp idempotents

For utility as well as for independent interest, we introduce some idempotent mor-
phisms in g-Web+. For k € Z let Tk € (T) denote the sequence (17,...,1T) € (T)

of length k.

Definition 4.4. For k € Z.( we define the k™ clasp to be

where the dots indicate k separate 1-strands. By associativity and digon removal,

Cly, is idempotent.

The following lemma shows that clasps admit a recursion similar to that of the

Jones-Wenzl projectors in the Temperley-Lieb algebra (see [43]]).
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Lemma 4.5. For k € Z-1 we have

1 1 1 1
I M
1 1 1 1 1 1 1 1
g L e M VPO Clit
k_l AN AN
Cly = | Cly_y + A - 2
I Clic

Proof. The proof is similar to that of [34, Lemma 2.12], so we leave it as an exercise

to the reader. See also [42, Lemma 2.12]. ]

Note that in case k = 2, Lemma[4.5]is equivalent to the dumbbell relation.
It will be convenient later on to have a version of Lemma which has no
dots. This is easily obtained by applying the dumbbell relation to the rightmost

web, which yields:

Corollary 4.6. For k € Z-1 we have

r 1 1 1
i
1 1 1 1 1 1
g e e r.4 1
Cl Al I 22 e
=|— 1" 2 = |— _
k k A k-1
L R

4.4. Sergeev and permutation diagrams

In this section, we prove the existence of a surjective homomorphism

&kt Sery —» Eﬂdq-WebT(Tk)
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for k € Z., which will later be shown to be an isomorphism (see Corollary [5.5).
Even without injectivity, the usefulness of & cannot be overstated, as will be seen.

We start with a definition.

Definition 4.7. For k € Z.y we define the morphisms

in Endq_webT(Tk)for 1 <i<kandl <j < k-1, where the dot is on the i"* strand

of Ci and the dumbbell merges the j™ and ( j + 1) strands of S;.
Lemma 4.8. The algebra End, wen, (Tk) is generated by Cy,...,Ci,S1,...,Sk-1-

Proof. 1t suffices to prove that every individual web w € End,.web, (1%) can be
written as a linear combination of webs containing only dumbbells of thickness 2
and dotted 1-strands. Equation (4.15) ensures that every dot in w can be moved
onto a I-strand. Next, for every merge in w, we completely explode its three edges

into 1-strands using (4.13) as follows:

1
GG
By associativity, the web enclosed by the dashed rectangle above is (h + [)! Clp4y,

which, after finitely many iterations of the recursion in Lemma [.5] (or Corollary

[.6)), can be written in the desired form. Doing the same for the edges in every split
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of w finishes the proof. [

We define an upward crossing (of 1-strands) to be

L 11 11
<= %1
b 11 1
which in particular implies that

Pie

1 1

1
5= T
1

fork € Zsgand 1 < j < k — 1, where j™ and (j + 1) strands are crossed. We are

justified in doing so by the following result.

Lemma 4.9. For k € Z.y we have a surjective homomorphism

& Sery —» Endq-WebT(Tk)
Ci B Cl'

Sjl—>Sj

for1 <i<kandl < j<k—1. Inparticular we have

1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
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1 1 1 1 1 1
1 1 1 1
§ ] T { | % ] % | (4.24)
1 1 1 1

1 1 1 1 1 1

Proof. By Lemma [.8] &, is surjective. That it is a well-defined homomorphism,
i.e. that relations (3.2)) hold in Endq_webT(Tk), can be checked by direct calculations

that we leave to the reader. [

We will abuse notation and denote an element §x(w) € Endg.web, (Tk) simply
by w for w € Sery. Moreover, we will refer to the images under & of elements
of the standard basis of Sery as Sergeev diagrams, and in particular to images of
elements of S; C Sery as permutation diagrams. Examples of a Sergeev diagram

and a permutation diagram, respectively, in Endq_webT(T6) are

E6(C103C551545355545253) = ,

E6(51545355545253) =

Lemma 4.10. For k € Z-o we have

Cly =5 Z o : (4.25)
geo

Proof. We prove this by induction on k. The base case of k = 1 is immediate
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because Cl; is a single identity strand of thickness 1; also, the case of k = 2 amounts

to the definition of an upward crossing. Assuming the lemma is true for k — 1, we

use Corollary {.6]to compute that
o111
| S B B
g L4
k-1 k-2
Cly ol et R - S e R R

—_

1
B
g
X
T k- D)2 IS
k((k= DY O_Z@;
.
T
1 1
1 1 1 1
T4 1
k-2
- = P
1 2
kk-D! &

Applying the definition of an upward crossing on the dumbbell, this becomes

1 1 1 1 1 1 1 1
ro4 1 £o4 1
g
k-1
oo 2 | T ]
K(k-DD? 24 ) )
1 1 1 1 1 1 1 1
1 1 1 1
T
k-2
T k=11 Z p
PESK-1
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Now the web inside the parentheses on the right is &x_;(o-7). Since the map o +—

o T is a set bijection S;_; — S;_; for each T € S;_;, we have

> oot =(k-1! > p

fopl ST PESK-1

and the previous becomes

—.>>—a
3 -
> —

k-1
(k- D)1)? 2

o,TeECS,_

+
e
_>

k-Dk-11 k-2
k((k —1)1)2 _k(k—l)!) Z

PESK-1

1 1 1 1

We can view the sum on the right as being over all p € S such that p(k) = k.
Meanwhile, the summands on the left are &, (o sx—17). Viewing each os;_17 as an

element p € S such that p(k) # k, we claim

Z osgT = (k=2)! Z 0.

O',TG‘Sk_l peek
o(k)£k

Indeed, it’s easy to see that every p € S, with p(k) # k can be expressed as
p = osg-1T for some 0,7 € Si_1, and that the other expressions of p in this form
are p = O'Xsk_]X_lT for any y € S such that y(k - 1) = k-1 and y(k) = k.

There are (k — 2)! such elements y, so the claim is proved. Altogether we have
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shown that

1 1 1 1 1 1 1 1
T Y WS M
(k= 1)(k-2)!
Cly - k((k —1)1)2 p;k P
1 {..-i { p(k)ikl {...{ 1
1 1 1 1
Y RS N
k—1(k-1)! -
S(Goheobr ko2 ) s ]
k((k—=1)1H)2 k(k-1)!
e T 7T
pk)=k 1 1 1 1
where the coeflicient of both sums is 1/k!. This obtains. [ |

4.5. Definition of q-Webq|

In this section, we define a strict monoidal supercategory q-Web; which contains
q-Web; as a monoidal subsupercategory. We will omit parts of the definition which
were already stated in the definition of q-Web¢, or are immediately deducible from
it.

The category q-Webq) has as objects the set (T,|) of all finite-length sequences

over the set

{OT,17,27,37,...} U {1],20,3],...},

including the empty sequence @. The morphisms of q-Weby; are generated with
respect to composition, tensor product, addition, and scalar multiplication by the

upward-oriented generators (4.2) along with

k k
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for k € Z-¢, which we call identities, cups, and caps, respectively. Each of these
three types of generators is homogeneous of even parity. Note that the source of
every cup, and the target of every cap, is the empty sequence.

The morphisms of q-Weby, are subjects to (4.3)-(@.12)) and several other rela-
tions. The first is simply the extension of the superinterchange to include the fact
that cups and caps can exchange heights with merges, splits, and dots (with whom
they share no strands) with an individual web, owing to their even parity. We will
continue to refer to the entirety of the superinterchange as merely (@.3)), since it is
the only interesting case.

We need some more definitions before stating the other relations of g-Weby,.

We define upward crossings by

for k,l € Z-¢, where each crossing of 1-strands on the right side is as defined in
the previous section. (Hence, the k = [ = 1 case here agrees with that definition.)

Using these, we define left and downward crossings by

) k
) k l k
>< - , x - (4.26)
k l k 1

for k,l € Z, respectively.

63



In addition to (.3))-(@.12), the morphisms of q-Weby, are subject to the relations

k k k k
-] pdef e
k k k k
Ik
>< is invertible, (4.28)
kK o1
% %' 4.29)
for h,k,l € Z.. Relation (4.28)) is really the statement that there is an additional
generator
Ik
X

for k,l € Z~(, which we call a right crossing, and further relations

-SR-S TR

We call the isotopy relations. Note that by applying the definition (4.26))

of a left crossing, the two equations of (#.30)) state that

k1 k1
k1 k1
) ‘[ 1\ , ) 1\ \[ '
k1 k1
k1 k1

It is clear from these definitions that q-Weby, is a strict monoidal supercategory.
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4.6. Fullness of q-Web; and symmetry

In this section, we prove q-Weby is full in g-Webq|, and that both are symmetric.

Lemma 4.11. For k,l € Z-o we have

k

k+1 [
k+1 k 1
el - Y
k l k+l1
k l k+1

and for a permutation diagram o € Endq_webT(Tk),

Proof. First we prove the third equality. We compute:

2 ) 5 2
O - Pak- A=A e
1 1 1 1 1 1 1

1

—
—_

Since every permutation diagram o is a composition of s;, this combined with as-

sociativity proves the third equation of the lemma. For example, if o = sy51 €
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End,.-web, (1*) then

3 3 3
/& 2 2 2 3
— = €30 €3 630 2
. )
111
I 11 11 11

The fourth equality is proved similarly, while the first and second follow from the

third and fourth plus associativity, once one writes them using the definition of an

upward crossing. [

Lemma 4.12. For h,k,l € Z-o we have

k ) k 1
;g = , (4.32)
k ) k )
) k h ) k h
= : (4.33)
h k ) h k 1
) 1
0
k l k k l k
Il h+k Il h+k 1 h k Il h k
h k1 h k l h+k 1 h+k 1

66



Ik Ik
>< . >< , 436)
ko1 ko1

k 1k k ! !

1 k
57 -1 A2
- - : (4.37)
VA
1 1 k l

ko k1 k
along with the relations obtained by reflecting the webs in (4.34)) and about a

horizontal axis, and by reflecting the webs in (¢.33)) and (¢.36) about a vertical axis.

In each case, any consistent orientation of the unoriented strands is permissible.

Proof. We prove (4.32)) in case both strands are upward-oriented; the other cases
can be deduced from it and the isotopy relations or from (#.30). For upward-
oriented strands, the case of k = [ = 1 is a consequence of Lemma Using

this, the computation for arbitrary k,l € Z- is as follows:
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For (4.34]) we observe that

) : )

%@M@N

kK 1 k kK I k
k1 k

and the other cases are proved similarly.
For (4.35)) we first prove the equality on the left in case the /-strand is upward-

oriented with [ = 1:
1 h+k
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(8K) 1
UK\ (h + k)]

1 h+k

ez 1 3
hkl\(h+k)! £
TEOh+k
g
Y'Y
h k 1
/1\ h+k
1/%\1

G2 1
T hkNh+ k) O_Z

ESp+k
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@11) 1
KNk + k) UZ

ESp+k

Similar proofs take care of all cases of (4.35), excepting the two equations pictured
when the /-strand is downward-oriented (because they involve right crossings). We
can prove the equality on the left in that case by composing on bottom with %< and

on top with X, both of which are invertible by (4.32)), to get the equivalent relation

I h+k
= g . (4.38)
1 hookol

Applying (4.32) to both sides here obtains a previously established case of (4.35),

I h+k
hook

so it holds. The proof of the equation on the right when the /-strand is downward-

oriented is similar.

For (4.36), we first prove the identity pictured when the /-strand is upward-

oriented. The case of k = [ = 1 is a consequence of Lemma Using this, the
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computation for arbitrary k,l € Z¢ is as follows:

T N ‘
1 1
k [

AN '
1 1 1 1 1 1 1 1
k l k )
[ k l k
1 1 1 1 1 1 1 1
e 1

AN <L e <L
k 1
) k

k'[!
1

where the two sums are over the k different webs with a dot on a unique 1-strand.
The other cases of (4.36) are proved similarly, or are otherwise easily dispatched
by direct calculation, except for the equation pictured in (4.36)) when the /-strand is

downward-oriented. In that case, a trick similar to the one used in (4.38) suffices.
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For (4.37) we compute that

and the other cases are proved similarly.

Finally for (4.33)), we leave the proof to the reader but offer the following hints.
The case of all upward-oriented strands is proved similarly to (4.32)) in the case of
all upward-oriented strands. The other seven cases are proved by direct computation

using the first case and other existing relations. The proof is complete. [

Proposition 4.13. The supercategory q-Weby is a full subsupercategory of -Weby,.

In other words, we have

Homq—WebT (17 /‘l) = Homq—Webu (/l’ /’l)

forall A,u € (T).

Proof. 1t suffices to show that every individual web w € Homg wen,, (4, 1) can be
expressed in terms of the upward-oriented generators. Suppose w contains a cap
c. Then since 1 € (T), the head of ¢ must eventually connect to the tail of a cup
¢’, after crossing finitely many other strands. Using (4.34)) and (.37), the strand
connecting the head of ¢ to the tail of ¢’ may be contracted until an application of
or (4.29) resolves it, ¢, and ¢’ into an upward identity or zero, respectively.
Finitely many iterations of this process resolves any cups and caps of w, as well as
any right crossings, since their lower right ends must eventually connect to the tail

of a cup. This completes the proof. [
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We are now ready to prove that q-Weby, and hence q-Web;, are symmetric.

For every pair of sequences 4, u € (T,]) we define the morphism

€ Homq-Webu(/l ® M’/’t ® /l)

A Am M1 Hm’

where the strands are oriented according to A and u. By Proposition .13} £, , €

Homg wen, (4 ® p, u ® ) if A, € (T).

Proposition 4.14.  The morphisms (X, ;) ue(r, |y constitute a symmetry on q-Weby,|.
Thus by Proposition the morphisms (X)) ety constitute a symmetry on

q-Weby, and both are symmetric monoidal supercategories.

Proof. For A,u,v € (T1,]), the axioms X;g,, = (X1, ® 1,) o (1, ® £,,) and
Tiuey = (1, ®Z4,) o (21, ® 1,) are true by the definition of . From (4.33) we
know X, 4 0 X, , = lagu, and each X, , is even by definition. Hence it remains to

show that X is natural, i.e. that

M1 Hm’ A4 Am M1 M’ A Am

w2

w2

A4 Am M1 Hm’ A1 Am M1 Hm’
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for individual webs w; € Endyweb, (1) and wo € End,.web,, (1), where wi,w;

denote the parities of wy,w», respectively (i.e. the number of dots modulo 2). This

is true by (#.35)-(@.37)) and the superinterchange. |
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Chapter 5

Webs for symmetric powers

This chapter constitutes the first of two applications of type Q webs, in this case
to the q,-morphisms between tensor products of the symmetric powers .7%(V,,)
and their duals .7%*(V,) := (.#*(V,))*. Recall from Definition the categories
a,-Mod & and q,-Mod & o+, both of which are symmetric monoidal supercate-
gories. The main result of this chapter is Theorem [5.6] in which we prove the

existence of superequivalences
¥T: g-Web; — q,-Mod o, ¥N: q-Weby, — q,-Mod -,

thereby obtaining webs descriptions of the aforementioned q,-morphisms.

5.1. Commuting actions and functors ®@,,

As discussed in Chapter [I] the process that ends with type Q webs describing ¢,-
morphisms begins with commuting actions of q,, and q,,, where we regard n as fixed
and m as variable. In this section we describe these actions and their consequences,
paving the way for a connection between webs and morphisms. We refer the reader
to Chapters [2and [3| for all relevant background information.

We start by considering the superalgebra U (q,,) ® U (q,,) and its module V,, & V,,.
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The latter admits the homogeneous even U (q,,) ® U (q,)-involution P given by

0 I 0 I
P:=V-iP,®P, = V-1 "l e "1,
1, ol |-1, 0

where the matrices P,, and P, are defined with respect to the standard bases of V,,

and V,,, respectively. Indeed, we have

P=P,®P,=Py+P,=1+1=0¢€17,

and P commutes with the action of U(q,;,) ® U(q,) because P,, and P, commute
with all elements of g, and q,, respectively. Thus P is an even U(q,,) ® U(q,)-

endomorphism of V,, ® V,,, and it is an involution because

P> = (V-1P,®P,)’
= V-1*(Py®P,) o (Pu® Py)
= —V-12P2 e P?

= —V-121y, ®1y,

- 1VmIZVn’

where the negative in the third line comes from the superinterchange law. We may
therefore denote by V,, ® V, the 1-eigenspace of P, which has half the dimension of

V,n ® V,, and admits the homogeneous basis

{x,-’j,yi,j i€ I(mIO),] (S I(nIO)}
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where
Xij=Vi®vi+ V=lvi®vs, yij=vi®v;— V=lv;®v,.
One can check by direct calculations that we have a U (q,,)-isomorphism

Vu® Ve = PV
j=1
x;;j + v (in the j™ summand) (5.1)

yi,j = —V-=lv; (inthe jth summand)

and a U (q,)-isomorphism

V,eV, — @vn

x;j + v (in the i summand) (5.2)

yi,j P v; (inthe i summand)

viewing U (q,,) as the subsuperalgebra U(q,,) ® 1 of U(q,,) ® U(q,) and similarly
for U(qy). It is clear from these isomorphisms that the actions of U (q,,) and U (q,,)
on V,, ® V,, commute with each other.

We now form the symmetric algebra
S =LV adV,)

by quotienting the tensor algebra T'(V,,®V,) = P keZao (Vin®V,)®* by the two-sided

ideal generated by all expressions of the form w®z— (-1 YWiz@w forw,z € V,,®V,.
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The algebra . is a U(q,,) ® U(q,)-module via the coproduct

1®swap ® 1o (Ay ® Ay): Uam) ® U(an) — (U(am) ® U(q,))*?

where A, and A, are the coproducts of U(q,,) and U(q,), respectively, and 1 ®
swap ® 1 denotes the signed transposition of the middle two tensor factors. From
isomorphisms (5.1)) and (5.2), the actions of U(q,,) and U(q,) on . commute and

we have, for example, a homomorphism

¢m: U(am) — End,, (). (5.3)
Lemma 5.1. For A = (Ay,...,4,) € Z’;O, the q,, weight space of . associated

to A is isomorphic as a q,-module to
V= SNV) @@ S (Vy).

Proof. Denote by .7 the q,, weight space of . corresponding to A € ZZ so that
we are trying to prove .#; ~ . as q,-modules. By definition, .#; consists of all
v € % such that A; ;.v = A;v for 1 < i < m. This combined with the definition of
the g,,-action on .’ implies that a pure tensor in .3 is a product of x; ; and y; ; in
which the number of tensorands with first subscript i (and any second subscript j)
is ;. Using the relation w ® z = (-1)"Zw ® z in .7, we can reorder the tensorands
of each pure tensor by their first subscripts. The isomorphism ., — .#% is then
given by sending x; ; = v; and y; ; & v and then extending these assignments

across tensor products. ]

From the proof of Lemma it’s clear that .7 = P 1ezm 2. Hence .7 is a
>0
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am weight module and we have

End, (%) = Endqn(@ 5&)

/leZ'Z”O

@ Hom,, (L2, yp)

/l,ueZ’gO

= @ n, 0 Endg, () o my
A ez
where 7,: .¥ — ., denotes the projection of . onto its v weight space for
v € Z7,. Since the 7, are pairwise orthogonal idempotents, the above implies that
End,, () is locally unital with distinguished idempotents (ﬂv)veZ'gO- By Lemma
the supercategory associated to End,, (.*’) in the sense of Section is iso-
morphic to the full subcategory of g,-Mod o with objects the .74 for A € L.

In light of the last paragraph, we’d like to replace U(q,,) with a locally unital
superalgebra in such a way that the ¢,, become locally unital homomorphisms.
Such an algebra exists, and is called the idempotented version U(q,,). Let €; € Z™
for 1 <i < m be the m-tuple (0,...,0,1,0,...,0) with 1 in the jth spot and zeros
elsewhere, and let ¢; = €; — €j41 = (0,...,0,1,-1,0,...,0) be the ™ simple root
for 1 < j <m— 1. We adjoin to U(q,,) the homogeneous even weight idempotents

1, for A € Z™, and let I be the two-sided ideal generated by all relations of the form

Laly=d6aula, hila=2;1a, ela=1ig6, fila = la-g, fis
5.4

hily = 1ahs,  ela = lava,ep fila = lacaifi
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for]l1 <i<m-1and1 < j < m.Then U(q,,) is defined by

U(am) ::( $ lﬂU(qmm) / I.

A uezZm

From this we immediately have

Ulam) = €D 1,014
A uEZm
as superspaces, so this combined with the first equation of implies U(q,,) is
locally unital with distinguished idempotents (1,),ez=. Note that as a consequence
of the second equation in the first line of (3.4), we need not include the 4; in a list
of generators of U(q,,).

Knowing as we do the distinguished idempotents (nv)yezrgo of End,, (.*), we
will be more interested in the quotient U ()0 of U(ap) obtaining by setting 1, =
0 for all A € Z™ containing a negative entry; it is locally unital with distinguished
idempotents (1,) Aezm -

Since . is a weight module over q,,, ¢,, can be adapted to a locally unital
homomorphism

Om: U(Qm)zo — End,, (),

by sending 1, +— m, for 4 € Zlgo- Indeed, the relations of U(q,,) are designed
precisely for this purpose. Denoting by U(q,,)>0 the supercategory associated to

U (a,)s0 in the sense of Section we have established the following.

Proposition 5.2. For m € Z. there exists a superfunctor

(Dm:U(CIm)ZO - Qn'MOdY
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1/1'\/\95”/1

Lxly ~ ¢u(x): St — FH

for A€ Z™  x € U(qp).

>0’

Note that by postcomposing with the inclusion q,-Mod &~ — q,-Mod & -, we

can view @,, as going U(qm)zo — qp-Mod o o+

5.2. Functors I1,, and ¥™

We now factor ®,, through q-Weby, by defining superfunctors II,, and monoidal

superfunctors T and ¥ so that the diagrams

) D, ) D,

U(qm)ZO _— qn_MOdY U(qm)ZO — q”_MOdy,y*

I, ., (5.5)
P! g

q-Web; q-Weby,

commute for m € Z.g. The II,, on the right is obtained from the II,, on the left
by postcomposing with the inclusion q-Web; — q-Weby,. Also in this section, we
prove that the homomorphisms & : Sery — Endyweb, (Tk) are isomorphisms.

For A = (A1,...,4,) € Z’:O, let AT denote the sequence (41T,...,4,T) € (T).

Lemma 5.3. For m € Z. there exists a superfunctor I1,,: U(qm)zo — q-Web4

given on objects by 1, ~> AT for A € ZZ, and on generating morphisms by

k+j I-j k—j I+j

Ma(e 1) = = , M1 = :
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k
Hm(ez(j)l/l) = > Hm(f;(j)lfl) = . ’ Hm(h?l/l) B {
k I k I k

where k := A;, | := A;y1, and each of the five webs has the appropriate identity

strands to its left and right. Moreover each 11,, is full.

Proof. To show II,, is well-defined, we must show that the relations (QI)-(Q6)
of U(q,,) hold in q-Web;. The first two equations in are easily obtained from
by composing with various dotted and undotted merges and splits to obtain the
appropriate ladders. The rest are proved by the superinterchange law, by relations
@.3), (4.6), and @.9)-@.12)), and by Lemmat.3]

As for fullness of I1,,, it suffices to show that every web w € Homg.web, (4, 1),
where A, u € (T) are sequences of length at most m, can be expressed as a compo-
sition of images under I1,, of the generating morphisms of U(qm)zo. Since merges

and splits can be realized as ladders with certain edges labeled zero, thisis clear. ®

As with @,,, we may view I, as going U(q,,)s0 — q-Web,, by postcomposing
with the inclusion q-Web; — q-Weby,.

In order to define Y™, we identify some particular morphisms of q,-Mod & o
Recall from Section the monomial basis By = {vy : 1 € A(n|n,k)} of .Z*(V,)
and its dual basis B, = {g': A € An|n,k)} of % (V). For k € Z- we define

the k" evaluation and coevaluation maps by

evi: Sk - C

g/l®v/1 = g/l(Vy):(S/I,/,z
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for A, u € A(n|n, k) and

coevg: C — kg ok

I - Z v, ® gt

AeA(n|n, k)

respectively.
Recall from Section [3.3] the symmetry o on q,-Mod & -, which is given by

ayw (@ w) = (=1)""w @ w for V,W € q,-Mod.»,_ - andv € V, w € W.

Proposition 5.4. There exists a monoidal superfunctor
il q-Weby; — q,-Mod & o+,
which restricts to a monoidal superfunctor
. q-Web; — q,-Mod o,

given on objects by extending the assignments (kT) ~» . kv, (k) ~ L5V,

across tensor products for k € Z(, and on morphisms by extending the assignments

k k+1

gyl { = Oy (h7l k), ph 7& :(I)z(eil)l(k,l)),
K k 1
g U

gl v =(D2(f1(l)1(k+l,0)), ywhi = coevy,
k+1
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Ik
il = evy, Pl >< =0 gk gl

f\ k1

ko k
across tensor products for k,l € Z-o. Moreover, diagrams (5.5) commute, both

functors are symmetric, and both functors are evenly dense.

Proof. First we note that (5.3)) will commute automatically if ¥™ is well-defined
because of the natural embeddings q,,, < q,, for m" < m. Next we argue Pl s
well-defined, i.e. that the images of the relations of g-Weby hold in q,-Mod & _o-.
By Lemma the upward-oriented relations (@.3)-@.12) hold in g,-Mod & -
because they are images under I, of relations in U(qn)s0 (for m sufficiently large),
which hold in g,-Mod &~ - by Proposition [5.2] The remaining relations, (#.27)-
(#.30), amount to straightforward calculations; we perform said calculation in the
case of the left side of (4.27), leaving the others to the reader. We do so by checking
that (1; ® evg) o (coevg ®1x)(vy) = v, for a basis vector v, € .#*(V,) where

A € A(n|n,k), k € Z-o, and 1} denotes the identity map on LEWV,):

(1 ® evy) o (coevy ®1,)(v))

(1x ® evy) Z vu® gl e,
HEN(n|n, k)

Z g#(vxl)vu

ueAN(nln, k)

Z 5'[1’/1\/#

HEA(n|n, k)

= V).

To show PN is symmetric, we claim lI’“(E,W) = 091 _gu for A,y € (T,1).
Comparing the definitions of £ and o, it suffices to prove that Y™ maps a single

crossing of strands of arbitrary thickness and orientation to the appropriate . One
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of the four cases is dispatched by the definition of ¥™; we prove the most illumi-

nating of the remaining three, namely that of

for k,l € Z, leaving the others to the reader.

First we need a bit of notation. For A € A(n|n,k) and p € S, letv,a) € Vn®k be
the pure tensor obtained by first mapping v, along the inclusion .#%(V,) < V&
which simply forgets the symmetric structure, and second acting on the resulting
pure tensor by p in the sense of Section In particular we have v,1) = v,. We
check that YT(X; ) = o 7k« Dy mapping a basis vector g'® v, through it in
stages for 4 € A(n|n,k) and u € A(n|n,l), simplifying as we go. Reading from

bottom to top, and ignoring the 1/k!/! for the moment, we have

cup
g/l®vﬂ — Z g’1®vﬂ®vw®g“’
welA(n|n, k)
splits 1
— 0, 819 ) v |9 2 vuw | @s”
weA(n|n, k) TES PESK

= Z g'® Z Ve(u) ® Vo(w) | © 8%

welA(n|n, k) TES
PESK
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crossings

—— ), &8 ) DT @ (@8

welA(n|n, k) 7€
PECSK
= Z (-D)"7gt® Z Vo) | ® Z Ve | © 8¢
welA(n|n, k) PECK TES
merges —
—_——> Z (-1)'Vegt g Z Vo | ® Z v |®g”
weA(n|n, k) PESK TES

=k Y Dt ev, @1, ¢

weA(n|n, k)

cap —

s Z (1) T (v, )v, ® g
weA(n|n, k)

= K="y, @ g

= kMo gre (81 ® V).

Scaling this by 1/k!l! proves the claim.

To show YN is evenly dense, we note that for every 4 € (T,|) we have the
canonical even q,-isomorphism .4 — .#1" = YN(A*) where A* is the result
of deleting every entry of 07 in A. This proves the proposition for P™; similar
arguments prove it for T, except we must note that VT is symmetric because ¥

is and Proposition #.13] holds. |

Using the definitions of ®,, and WT above, we can give explicit definitions of
the images under ¥ of merges, splits, and dots. To do so, we introduce some new

notation. For k,l € Z.y, A € A(n|n,k), and u € A(n|n,l), define the pure tensor
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Vs € Z**(V,) to be the concatenation of v, and vy, le.

AT A A KT e

Vip = Vs " VEVE VT v, "vanr,
The tensorands of v, , can be reordered using the relation u ® w = (-D)""w @ u
of % (V,) for u,w € V,, so that, up to a negative sign, v 4, is equal to some
monomial basis vector. Then using the isomorphisms (5.1)), (5.2), one can verify

that

k
n
v { (va) = Z(—l)ﬂﬁ“'ﬂﬁ( V=1Aivae; = V=1vaie),
i=1
k

k+l
gt & (Va®Vvy) = Vasu
ko1
ko1
' v (vy) = Z Vi ® vy
1 e

Va+pu = Vo

forw € A(n|n,k +1) (see Sectionfor the definition of A + ;).

Recall from Sections [3.4]and 4.4|the homomorphisms Z; : Ser; — End,, (V%)
and &x: Sery — Endgwen, (T k ) for k € Z.¢, respectively. By Corollary and
Lemma both are surjective. Let ‘P,I > Endy web, (Tk) — End,, (Vn®k) denote the

homomorphism induced by the functor ¥7.

Corollary 5.5. For k € Z-¢, the homomorphism & : Sery — Endq_WebT(Tk) is an

isomorphism, and the linear map ‘I’]I : Endq_webT(Tk ) — End,, (Vn®k) is surjective.
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Proof. We claim we have the commutative diagram

—

Sery ——» End,, (V&)

é
i

End,-web, (1%)

where & is given by ¢; - G, si—> =Sjforl <i<k,1<j<k-1 Itisclear
from the relations of Sery, that &, is a well-defined homomorphism. Commutativity
of the diagram follows from an examination of the definitions, Proposition [5.4]
and the above discussion. This implies ‘P,t is surjective, being the last map in a
composition which is surjective.

To show & is an isomorphism it remains to show it’s injective, which we do
by proving the equivalent statement that £ is injective. To do so, we note that the
above diagram commutes for all n € Z.(, and that Z; is an isomorphism for n
sufficiently large by Corollary [3.4, Thus commutativity of the diagram for such an
n implies & is injective, being the first map in a composition which is injective.

Hence & is also injective and therefore an isomorphism. [

5.3. Main theorem

In this section, we prove the first main theorem of the dissertation, which obtains
webs presentations of q,-Mod & o+ and q,-Mod &~ by generators and relations.
Recall from Section [3.5] the quasi-idempotent e, € Ser; where k = [A(n)| =

1+2+---+ (n+1). We define the supercategory q,-Weby; (resp. q,-Web;) to be
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the quotient of q-Weby (resp. q-Web,) by the extra relation

viewing e, as its image under the homomorphism & : Ser;y — Endgwen, (T k). Thus
a,-Webq, and q,-Web, are symmetric monoidal supercategories, and we have the
induced functors ¥™: q,-Weby; — q,-Mod o and ¥1: q,-Web; — q,-Mod .

From the proof of Corollary [5.5] we have the commutative diagram

—

Sery, —— End,, (V®%)

2" .
¥y

End,,-web, (1°)

for all k € Z.0, where the original &, has been postcomposed with the quotient map

End,.wep, (1) = Endq, -wen,; (1%).

Theorem 5.6. The superfunctors
Pt a,.-Weby; — q,-Mod & o+, gl a,-Weby — q,-Mod &~

are superequivalences of symmetric monoidal supercategories.

Proof. We focus on P, as its proof will subsume the proof for ¥T. By Proposition

¥ is symmetric monoidal and evenly dense, so it remains to show that it’s
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fully faithful, i.e. that the linear maps
\le;Lp. Hqun-Web”(/l, /l) — Homqn (y/l’y,u)

are isomorphisms for all A,u € (T,]). We do this by first proving that the above

maps are isomorphisms if and only if the maps
¥ Endy,-web, (1¥) — End,, (V)

are isomorphisms for all k € Z.
To do so, we start by forming the webs sort|1(1) and sorty| (u) defined by the

following properties:

[a—y

. Both sort;(4) and sorty (1) consist only of crossings,

2. the target of sort;1(A) is A and the source of sorty; (u) is y,

3. the source of sort|1(A) has all down strands to the left of all up strands,

4. the target of sorty; (1) has all up strands to the left of all down strands, and

5. sort1(A) and sorty) (1) have the minimal number of crossings necessary for

(3) and (4).

Property (5) simply ensures well-definedness. We can then transform an individual

web w € Homyg, -web,, (4, 1) into the web w’ whose edges along the bottom and top
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are all upward-oriented via

By (4.27) and (4.32)), the assignment w — w’ has a natural inverse and is therefore
one-to-one. This combined with Proposition [@.13] implies we have reduced the

problem to showing that
‘I’Tl”u : Homg, -web, (1, ) — Hom,, (L1, M)

is an isomorphism for all A, u € (7).
Next, given an individual web u € Homg, web,(4, 1), we can form the web

u” € Homg, -web, (1111, 11#1) defined by

1 1 1 1
X‘ B X)ﬂml
”

u = u

%#m
1 1 1 1
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where || := A1 + -+ - + A,y € Zp and similarly for |u|. By (4.3), the assignment
u +— u” has a natural inverse and is therefore one-to-one. Further, if [1| = k # [ =
|| then Homyg, -web, (4, ) = 0 and by Theorem 3.3|we have Hom,, (V,E, V&) = 0.

Thus we may assume | 1| = |u| = k, and have reduced the problem to showing that
¥ Endy,-web, (1°) — End,, (V,25)

is an isomorphism for all k € Z., as claimed. By Corollary[5.5]each is surjective.

Now fix k € Z.o; we'll show ker®] = 0. Ifk < [A(m)] = 1 +2+ -+
(n + 1) then Z; is injective by Corollary which in turn implies ‘I’,I is injective
by commutativity of (5.6). Hence, assume k > |1(n)|. By commutativity of (5.6)
and surjectivity of & : Sery — Endqn_webT(Tk), it suffices to show ker Z; C ker &;.
By Corollary ker Zj is generated by the quasi-idempotents e, for v € 8P(k)
with I(v) > n, so it suffices to show & (e,) = O for all such v. By Corollary [5.13]
which we prove in the next section, the simple highest weight q,,-module L,,(v) is
isomorphic to a direct summand of L,,(1(n)) ® V,fl where [ := |v| —|A(n)|, for any

m > [(v). Choosing one such direct summand, this implies
Ek(ey) = 7y 0 (i (en) ® 1)) € End,,, (V7

where 7, is the projection of V®* onto the direct summand and 1,, is the identity

map of V,,. By Corollary [3.4] Z is an isomorphism for m sufficiently large, so that
e, = E;l(ﬂy) o e, € Sery

by applying E;l to both sides of the previous equation. Here we’re viewing e, €

Sery by taking its image under the canonical embedding Ser|,(,) < Serx. Apply-
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ing & to both sides here yields

&xey) = & (B (m) o &i(en) = E(E' (1)) 00 = 0.

Thus ker E; C ker & and ‘PII is injective for all k € Z~. The proof is complete. =

‘We conclude this section with some corollaries of Theorem which are of

independent interest.

Remark 5.7. We note that there exists a symmetric monoidal superequivalence
®: OBC — q-Weby,

where OBC is the oriented Brauer-Clifford supercategory of [|§], and q—Web% | is the
full subsupercategory of q-Weby| with objects all sequences in (T,]) whose strands
all have thickness 1. Indeed, © is the obvious assignments on objects and mor-
phisms, and the only assertion not immediately evident is that © is fully faithful. By
an argument similar to one in the proof of Theorem|5.6] @ is fully faithful if and only
if the linear maps Endpge (Tk ) — Endq-Web}l(Tk ) induced by ® are isomorphisms
for k € Z~y. By [|8, Corollary 3.5] and Proposition both source and target of

each is isomorphic to Sery, and under these identifications each is the identity map.

Recall from (5.3)) the locally unital homomorphisms ¢,,: U(q,,) — End,, ()
where . is the symmetric algebra . := . (V,, ® V,;). We can now recover the
following result of Cheng-Wang [10, Corollary 3.1], which may be thought of as a
type Q Howe duality. (The original Howe duality concerns commuting actions of

gl,, and gl,, on S(C"™ ® C"); see [17]] for more information.)
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Corollary 5.8. For m € Z the locally unital homomorphism
(pm: U(Qm)ZO - Endqn (y)

is surjective.

Proof. Recall the functor ®@,,: U(q;)s0 — a,-Mod & from Proposition which
is the superfunctor associated to ¢,, in the sense of Section By Lemma|[5.3]and
Proposition we have ®,, = V7 o I1,, with both ¥ and T1,, full, so ®,, is also

full. This is equivalent to ¢,, being surjective. [

5.4. Appendix on shifted tableaux

In this section we prove Corollary which was used in the proof of Theo-
rem 5.6 The subject of the corollary is the composition multiplicities of certain
an-modules, but the corollary itself is a consequence of the shifted Littlewood-
Richardson (LR) rule [40, Theorem 8.3]. The latter is a statement about the Schur
P-functions P, for 4 € 8P. These are symmetric functions in n variables over
Z which arise in the study of projective representations of symmetric groups, and
which turn out to (almost) be the characters of the highest weight irreducible g,,-
modules (see [29]). The shifted LR rule is stated in terms of the combinatorics of
shifted tableaux, so we begin by describing said combinatorics, referring the reader
to [40]] for details.

Let A denote the ordered alphabet A := {I’ < 1 < 2" <2 < ---}. We say
the letters 17,27,3’,. .. are marked, and use the notation |a| to denote the unmarked

version of any a € A.
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Definition 5.9. For A € 8P, a shifted tableau of shape A is a filling of the boxes of

the shifted frame [ 1] with elements of A in such a way that

e the entries in each row are nondecreasing,

e the entries in each column are nondecreasing,

e cach row has at most one a’ fora = 1,2,3,..., and

e cach column has at most one a for a = 1,2,3,.. ..

An example of a shifted tableau of shape (4,3,1) is

1[2]3]3]
Y44
El

Given a shifted tableau of shape A and i € Z.¢, let v; be the number of entries
a in R such that |a| = i. The content of T is then defined to be v := (v{,v2,...),
although trailing zeros may be suppressed. For example, the content of the shifted
tableau above is (1,2,2,2,1).

If A C u are strict partitions, then the skew shifted frame [u/A] is the array
of boxes obtained by removing [4] from [u]. For example, if © = (4,3,1) and

A = (3,1), then we have

[u/A] =

A shifted tableau of shape u/ A is a filling of the boxes of [/ A] with elements of A
in such a way that the four conditions of Definition [5.9] are satisfied.
To state the shifted LR rule, we still need a few more definitions. The word

w = w(T) = wiwy--- associated to a (possibly skew) shifted tableau 7 is the
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sequence of elements of A obtained by reading the rows of T from left to right,
starting with the bottom row and working up. For example, the word of the shifted
tableau above is 5'2'4’412'33. Let |w| := |wi]||wz]| - - - denote the unmarked version
of a word w.

Given a finite-length word w = wy - - - w,, in the alphabet A, we define a series

of statistics m;( j) fori € A as follows:
e m;( j) = multiplicity of i among wy,_j41,...,w,, for0 < j < n, and
e m;(n+ j) = m;(n) + multiplicity of i” among wy,...,w;,for0 < j < n.

In particular, m;(0) is defined to be zero for all i € A. Here is a way to conceive
of these multiplicities. Read the word w twice: first from right to left, and then
from left to right. In the first reading, m; monitors the accumulation of i, and in the
second, the accumulation of i’. Note, however, that the count is not reset between

the first and second reading.

Definition 5.10. We say a word w = wy - - - w,, has the lattice property if whenever

m;i( j) = mi-1(j) we have
(1) wy—j # 1,1 if0 < j <nand
(2) Wi—ps1 #i— 1" ifn < j <2n.
Note that either w,_; or wj_,1 is the letter of w to be read after the j™ step.

Without going into unnecessary detail, we simply reiterate that for every 4 €
8P with I[(1) < n there is a Schur P-function P, = P,(xy,...,x,), a symmetric
function in the variables x1,. .., x, variables over Z. Let { ff , AV E 8Py cZ

denote the structure constants of the Schur P-functions under multiplication in the
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ring of symmetric functions, i.e.
PP, = Z 2 Py
u
Theorem 5.11. [Shifted LR rule] For A, u,v € 8P the coefficient f ﬁ‘ , is the num-
ber of shifted tableaux T of shape u/A and content v such that
(a) the word w = w(T) satisfies the lattice property, and

(b) the leftmost i of |w| is unmarked in w for 1 <i < [1(v).

We call a shifted tableau T satisfying (a) and (b) a shifted LR tableau, so that f j{ )

is the number of shifted LR tableaux of shape u/A and content v.

Recall from Section [3.5] the strict partition A(n) := (n + 1,n,...,2,1), which

has shifted frame

)] =

Note that every u € 8P with [(u) > nhas u 2 A(n).

Corollary 5.12. For every u € 8P with [(u) > n, there exists v € 8P such that

I(v) < 1(u) and ff(n)y > 0.

Proof. We prove this by constructing, for every u € 8P, a shifted LR tableau 7}, ,,
of shape u/A(n) whose content v is a strict partition with [(v) < I(u).

First, we define a hook to be a left-justified array of boxes in which only the first
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row may have more than one box:

Given the shape of [1(n)], the skew shape [u/A(n)] can be thought of as consisting
of a series of hooks wedged inside each other. For example, if 4 = (8,5,4,2) and

n = 2 then

[1/A(2)] =

where A(2) has been blacked out for convenience. Here is a picture showing the

hooks of [/ A(2)] and how they’ve been wedged together:

We number the hooks of [u/A(n)] 1°1,27,3™ . from the upper left to the lower
right. Arranged in this order, it is clear that the number of boxes in each hook must

be strictly decreasing.

We define T}, , to be the shifted tableau of shape [u/A(n)] whose i™ hook has
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the form

il [i]

~.

~.

~.
~

-] ..
|N.| \|

The unmarked i at the very bottom takes priority over all of the i, so that if the i
hook has only one row then every entry will be i. (This is to ensure that property
(b) of the shifted LR rule is satisfied.) Returning to the example of u = (8,5,4,2)

and n = 2, we have

Ult[1]1]1]
'[2|2
1[2']3
1]2

Tyo=

whose corresponding word is w(7),2) = 121'2'31'2'21’1111.

Clearly T, satisfies the conditions of Definition [5.9] and is a shifted tableau.
Since v; is just the number of boxes in the i™ hook, the content v = (v1,va,...) of
T}, 1s a strict partition with /(v) < I(u). And, as was previously observed, property
(b) of the shifted LR rule is satisfied.

It remains to show that 7, , has the lattice property. That condition (1) of Def-
inition [5.10] is satisfied is easy to see: reading w(7},,) from right to left, the first
i — 1 always appears before the first i, and at no point have as many i been passed as
i — 1 (except at the very start). In particular, m;(n) < m;_1(n) — 1. This inequality,
combined with the facts that between every pair of i’ in w(T') is an (i — 1)’, and
that every i’ is followed by an (i + 1)” or i when reading left to right, ensure that

condition (2) is also met. This completes the proof. [

Recall from Section [3.4]the simple highest weight g,-modules L, (1) for A € 8P
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with (1) < n, and that 6 (1) € Z; is defined to 0 if /(1) is even and 1 if /(A1) is odd.

Corollary 5.13. Suppose v € 8P with m := [(v) > n. Then the q,,-module L,,(v)

is isomorphic to a direct summand of L,(1(n)) @ an’l where | := |v| — |A(n)|.

Proof. First we note that since m = [(v) > n, we have [(1(n)) = n+ 1 < m and
L,,(A(n)) is a well-defined q,,-module.
We’d like to compute ch(L,,(1(n)) ® Vn?l ). The character of a weight module

M = @ leb) M, over g, is the formal power series

chM = Z dimMﬂ-xf1-~-x;}"
A=(A1....0,)EZ"
in the variables x1,...,x, over Z (although clearly the coefficients all lie in Z5().
We omit a rigorous discussion of the character theory for g, but refer the interested
reader to [11]. We do note, however, that for weight modules M, N over q,, both

M ® N and M & N are in turn weight modules and we have
ch(M@N)=chM-chN, ch(M@&N)=chM+chN.

Furthermore, there exists a q,-isomorphism M =~ N if and only if ch M = ch N.

Now by [[11, Theorem 3.48] we have

L(AD)=6()

chL,(1):=2""2 (0,

for A € 8P with (1) < n, where Q) = Q. (x1,...,xy,) is the Schur Q-function,

another symmetric function in n variables over Z. On the other hand, It is well
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known (e.g. [40, §6]) that O, = 210 P, for A € 8P, so we have

LD+

chL,(1) =272 P,.

Returning to the statement of the corollary, recall from Theorem[3.3|the U (q,,) ®
Ser;-isomorphism

Vil= D Lu(w e D"
ueSP(l)
I(w)<m
where D is an irreducible Ser;-module. Viewing both sides just as U (q,,)-modules,

we have an isomorphism

AL @ 279 (dim D)Ly (1)
uesP(l)
(u)<m

Under the assumptions in the statement of the corollary, we can now calculate that

ch(Ln(A(n)) ® V)

= chLy(A(m))-ch| @ 27°®(dim D*) Ly (k)

uesSP(l)
I(wy<m

= Z 279 (dim D*) ch L,y (A(n)) - ch L, (1)

ueSP(l)
(uw)<m

LQA@)+6(Am) _ L(p)+5(p)
2

- Z 2790 (dim D)2

uesSP(l)
I(wy=m

Pam)Pu
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L(Am)+6(A(n)) L)—6(p)
— e e : ny\ £V
=2 2 > 2 dim D £, L, Pr-
veS8P
nes8P)
1Go<m

Consequently, for v € 8P with m := [(v) > n the coefficient of ch L, (v) =

I+ )
272 P, in the above is

LA+ H G +8 (1) =L (1) =5 ()
5 . Hy £V
E 2 (dim D )fﬂ(n)’ﬂ.

uesSP(l)
I(w<m

Now L,,(v) is isomorphic to a direct summand of L,,(1(n)) ® V,S’l if and only if
this coefficient is positive, which occurs if and only if fﬂv(n) u > 0 for at least one
u € 8P with [(u) < m. This indeed happens by Corollary (although the roles

of u and v have interchanged), so the claim is proved. [
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Chapter 6

Webs for spin permutation modules

In this chapter, we use our existing theory of type Q webs to investigate the spin
permutation modules M* of Ser. To the author’s knowledge, these first appeared
in [38], and have since appeared in [13,/44] ( [13]] actually concerns a quantum
analog of M*). But in each case they were used to study other objects, and have yet
to be explored in their own right.

In particular, we prove a superequivalence q-Web* = Ser; -Mody where

° q—Web’T‘ is the full (not monoidal) subsupercategory of q-Web; whose webs

have total thickness k, and

e Sery -Mod,, is the full subsupercategory of Sery-modules with objects the

spin permutation modules M*.

This obtains a diagrammatic description of Ser; -Mod,,, as was done previously
for g,-Mod & and q,-Mod &~ . Along the way, we develop the combinatorics of
A-supertabloids to describe the elements of M*, and of A-supertabloids of weight u
to describe Serg-morphisms M4 — MH. We then identify bases for the morphism
spaces Homq_Webz; (4, 1), which in turn produces bases for Homger, (M4, MH) via

the superequivalence, both in terms of webs and of weighted supertabloids.
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6.1. Projective representations of symmetric groups

The subject of this chapter may actually be thought of as the projective, or spin,
representation theory of the symmetric groups. We give a brief explanation of this
connection here, which will serve as further motivation for studying representations
of Sery.

A projective representation of a finite group G is a choice of vector space
V and group homomorphism p: G — PGL(V). Here GL(V) is the group of
linear automorphisms of V and PGL(V) is the projective general linear group
PGL(V) = GL(V)/C*. In pioneering work [36], Schur established that studying
projective representations of S is equivalent to studying ordinary representations
of its twisted group algebra, the associative algebra J; with generators ¢q,...,fx—1

and relations

2=1, titj=—tjt; ifi#j+1l, titpt; = tisititisr. (6.1)

The reader is referred to Stembridge’s excellent treatment [40, §1] for details in this
direction.

Unfortunately, the method of parabolic induction — used to great effect in the
representation theory of S; — is not easy to define for Ty (see [40, §4]). However, a
solution to this problem was found by Brundan and Kleshchev [4]. They viewed T
as an associative superalgebra, declaring the generators ¢1,. . .,#x— to be odd. They
then established a "super Morita equivalence" between T; and Sery [4, Corollary
3.5], and subsequently focused on representations of Sery instead. The latter is
ripe for parabolic induction (see [25, §13]). Hence, altogether, studying projective

representations of Sy is equivalent to studying ordinary representations of Sery.
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We follow the convention of replacing the word "projective"” in this context with
"spin", partly to avoid confusion with projective modules in the homological sense.
The spin permutation modules M* of Ser; and their A-supertabloids introduced
in this chapter may be thought of as spin analogs of the permutation modules M+
of S and their A-tabloids, hence the naming conventions. The reader is referred

to [[18,, §4] for more on the latter.

6.2. Spin permutation modules of Sery

For m € Z+ let
k
A(m,k) ={A € Z’:O A =k}, A(k) = U A(m, k)
m=1

be the sets of compositions of k of length m and of compositions of k, respectively,
where in the latter we treat compositions as equal up trailing zeros, e.g. (3,2,0) =
(3,2,0,0). Since the actions of q,, and Ser; on V,;?k commute (see Section , the
am weight space (V,ff’k) 11s a Seri-module for A € A(m, k). From now on we denote
this Ser;-module

M = (V7

and call it the spin permutation module of shape A.
By an argument similar to that used in Lemma M* has a monomial basis
consisting of all pure tensors v; := v, @ -+ - ® v, t 1= (t1,...,t;) € I(n|n)*, with

the property that the number of #; with #; = jis 2; for 1 <i < k and j € I1(n[0).

Remark 6.1. Let A" denote the result of deleting all entries of A which are zero,

e.g. if 1 = (4,0,0,3,0,1) then A* = (4,3,1). From the action of Sery on M4, it’s
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clear that we have an even Sery-isomorphism M4 ~ M* if and only if A* and u*
are equal up to a rearrangement of their entries (in particular, only if |A*| = |u™|).
Hence, when speaking of spin permutation modules M*, MH, . . ., no information is

lost by assuming that A, u,. .. have only nonzero entries.

There is also a combinatorial interpretation of M+, which we now construct.
Recall from Section [5.4] the ordered set A := {1’ < 1 <2’ < 2 < ---}, where
we say the letters 1,2/,3’,... are marked, and use the notation |a| to denote the
unmarked version of any a € A. There is an involution on A given by marking
every element, where we declare that a” = a for an unmarked a € A. For k € Z.

let Ay :={1,1',2,2",...,k,k"} C A.

Definition 6.2. For A € A(k), a supertabloid of shape A, or a A-supertabloid, is

an arrangement T of k-many elements of Ay into () left-justified rows, such that
1. for1 <i <I(A), the i" row of T has A; entries, and
2. for 1 < j < k, exactly one element of {j,j'} C Ay appearsinT.

We define the parity a € Zy of an entry a in T to be 0 if a is unmarked and 1 if a
is marked. The parity T € Z» of T is defined to be sum of the parities of its entries

modulo 2. By the i entry of T we mean the entry a of T with |a| =i for 1 <i < k.

Below are some examples of (2, 1,3)-supertabloids.

36 6 3 4 6 35
2 2 I 4
1 45 514 325 621

We declare two A-supertabloids 7,7” to be equivalent if they are identical up to

permutations of the positions of the entries which stabilize the rows. Thus the two
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leftmost (2, 1,3)-supertabloids above are equivalent, otherwise they are pairwise
inequivalent. For convenience, we will usually display supertabloids such that the
entries of each row are arranged in the increasing order of A, as in the leftmost
(2,1,3)-supertabloid above.

There is a parity-preserving bijection between elements v, of the monomial basis
of M* and equivalence classes of A-supertabloids. Indeed, we construct the A-
supertabloid T associated to v, by placing an i (resp. an i’) in row #; if #; € 1(n|0)
(resp. if t; € I(0|n) for 1 < i < k, and then rearranging the entries of each row into

the increasing order of A. An example of this correspondence for k = 6 is

36
V3VaVivzV3vy e 2 .
145

That these assignments are bijective is clear, and we have established the following.

Proposition 6.3. For A € A(m, k), M* is isomorphic as a superspace to the span

of the equivalence classes of A-supertabloids T.

We can use the above isomorphism to express the action of Sery on M+ in terms
of supertabloids. Let A € A(m, k) and T € M* be a A-supertabloid. For 1 <i < k
define 6(i) € Z, to be 0 if the i entry of T is unmarked and 1 if it’s marked.
Let 7;_,; denote the A-supertabloid obtained from T by marking the i entry of T,
and for I < j < k — 1 let T} ;4 denote the A-supertabloid obtained from T by
interchanging the positions of the j™ and ( j + 1)* entries. Then one can check that

the action of Sery on A-supertabloids is given by

Ci.T — (_1)(5(1)+~~~+(5(i)+1 1/_1 ’Ti—ﬂ"’ S]T - (_1)5(])6(]+1)'1"]<_>]+1
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For example, if kK = 6 and m > 3 then

36 36 36 35
cq.l 2 = -V-12 , S5.1 2 = 2 .
145 1 45 145 1 46

We conclude this section by highlighting two key examples of spin permutation
modules, namely M!“ and M® . The former is isomorphic to Sery itself. Indeed,

we have a Serg-isomorphism Sery =S ot by sending a standard basis element

ai Aak

| e o towTy where T} is the lk-supertabloid with entries 1,2,...,k

w = C

from top to bottom. For example, if k = 3 then
1 3
c(13) B c(13). 2| =- V—lzi' .
3 1

Meanwhile M®, known in the literature as the basic spin module, is isomorphic to

the Clifford algebra C; when the latter is thought of as a Serg-module via
ci-cilciz et = Cicilciz T O—-Cilciz e = cO’(i])CO'(iz) te

for 1 < i,iy,iz,--- < k and o € S;. Indeed, a Serg-isomorphism Cy = M® g

given by w — w.T| where T is the (k)-supertabloid with entries 1,2,. ..,k from

left to right. For example, if k = 3 then
- 2 -
cies o e (123 )=(-V-1) 23 =-123.

It’s straightforward to see that both maps are isomorphisms of superspaces which

preserve the actions of Sery [T

IThe interested reader may also verify that M) is irreducible, and is none other than D) i.e.
the submodule of Ser; which is the left ideal generated by the quasi-idempotent e ).
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6.3. Functors Q,, and I'

From now on we regard k as fixed and m as variable. In this section, we de-
fine a (not monoidal) subsupercategory q—Web’T< of q-Web; and a superequivalence
I: q-Web]T‘ — Sery -Mod; where Ser; -Mod,y is the category of spin permutation
modules M* of Ser;. In order to do so, we must first consider the type Q Schur
superalgebra.

Following [12], we define the type Q Schur superalgebra to be
Q(m, k) := Endser, (V,2*) = Homger, (V& V).

Since V2 is a weight module over g, with weights in bijection with A(m, k), we

can rewrite the above as

Q(m, k) D  Homser, (V)1 (V25,0

ALUEA(m k)

@ HomSerk (MA,MIJ)'

AueN(mk)

By the Schur-Weyl-Sergeev duality (see Theorem , U (qy,) surjects onto Q(m, k),
so the latter can be viewed as a quotient of the former. Further, Q(m, k) admits an
idempotented presentation Q(m, k) which embeds as a locally unital subalgebra of

U(ay)s0 [12, Theorem 4.10]. Indeed, we have

U(am)zo = D Q0m. k), Q(ch)z( $ 1uU<qm)>ou),

k>0 ApeA(mik)
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and in particular, this combined with the definition of Q(m, k) implies
1,0 (am)012 = Homser, (M, MH).
To summarize, we have canonical superspace isomorphisms
g 1,U@m)s011 — Homger, (M4, MH)

for A, u € A(m, k) by letting an element x € I#U(qm)l,l act on Vﬁk.
Let Sery -Mod,, be the full (not monoidal) subsupercategory of Sery-modules
with objects the M* for A € A(k). Let also U(qm)’;0 be the supercategory associ-

ated to the locally unital subsuperalgebra

Uanio= P 1.U@ms0l1 = Qm k)
AueA(mik)

of U(qm)0 in the sense of Section In other words, U(qm)g0 is the full subsuper-
category of U(q,,)>0 with objects 1 € A(m, k). In light of the previous paragraph,

we have established the following.
Proposition 6.4. For m € Z there exists a fully faithful superfunctor
Q. U(Qm)io —  Sery -Mody
A o M
Lyxly = wau(x): M — MH
for A, € Am, k), x € U(an)k,.
Let q-Web’T‘ be the full (not monoidal) subsupercategory of q-Web; with objects
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thesetofall A = (A1T,..., 4T) € (I)suchthat A1 +---+ A; =kand ! < k.

Theorem 6.5. There exists a superequivalence T : q—Web’T< — Sery -Mody given

on objects by 1 ~> M* for A € q-WebX, and on morphisms by

M1 MHi-1 Hi Hi+l Hm

r TW { {T - i),

M1 MHi-1 Hi Hi+l Hm

M1 Mi-1 MitMir1 Hiv2  Hm

(T AT e

M1 Mi-1 Hi Hi+l Hiv2  Hm

M1 Mi-1 Hi Mi+1l Mi+2 HMm

T )l‘)l\ \{ )l\)l\ :Qm(luf,'(ﬂi+l))-

M1 Hi-1 MitHi+1 Hi+2  Hm
Proof. First, we argue that I is well-defined. Since, up to the obvious isomorphisms

in Ser; -Mody (see Remark[6.1]), we have the commutative diagram

o
U(C'm)zo — Sery -MOdM

i

q—Web’Tc

for m < k, this is true by an argument similar to the one for PT in Proposition
Since each Q,, is full by Proposition [6.4] commutativity of the diagram implies T
is full as the last functor in a composition which is full. Also by Remark [6.1] T is

evenly dense, so it remains to show I is faithful. By an argument similar to that in
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the proof of Theorem[5.6] I is faithful if and only if the homomorphism
[t End, yyayt (1) - Endser, V)

induced by T  is injective (it is surjective because I' is full). By Corollary [5.5] and
the fullness of q—Web/T‘ in q-Weby, the source of I'y is isomorphic to Sery; mean-
while the target is isomorphic to Endse,, (Sery) via the isomorphism M~ Sery
as Serg-modules (see the discussion at the end of the previous section). From basic
representation theory we know the dimensions of A and End4(A) are equal for a
finite-dimensional algebra A, so this combined with the surjectivity of I'; implies

I'x 1s injective. This completes the proof. [ |

Using the definitions of €, and I" above, we can give explicit descriptions of
the images under I of merges, splits, and dots. To do so, we introduce some new
notation.

For 1 € A(m,k) and T € M* a A-supertabloid, let merge;(T") be the su-
pertabloid of shape (A41,...,4;-1,4; + Ai+1,dit+2,. . . , A;y) Obtained by merging rows
iandi+1of Tforl <i <m-—1.Let splitf”l(T) be the sum of supertabloids of
shape (A1,...,4;-1,h,1,Ai+1,...,4,) obtained by splitting row i of T into (on top)
a row of length /4 and (on bottom) a row of length [, for h,l € Z.o with h + [ = A;.
Recall also the notation 6( j) € Z; and the supertabloid 7;_,;- for 1 < j < k from

the previous section. One can check that

A -t A iy Am

ry ... (T) = (=1)oM+=+oli=Dp.
L) 2 -

At A A i Am jorj’inrow i
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A il i+ i Am
r [T TT (T) = merge,(T),
A et A iy i Am
A -1 h I Aiva Am
r WT Y TT (T) = split'(T).
A1 i A Ais2 Am
For example, if k = 6 and m = 3 then
faar[36 36 36 36
(iRR] EE P S S
2013 145 V4 5 1 45 1 45
3 3 7 g
. Y6 )\ 236
2 = )
r 1 45
5 1 3 1 45
2 01 2 1 Ed 326 326 ;6
r 2 + + ,
- 1 4 15 4 5
2 1 3 ﬁ 5 4/ 1

6.4. A basis for Homge, (M*, MH)

In this section, we develop the combinatorics of A-supertabloids of weight u for

A, 1 € A(k), and prove that they index a basis of Homge, (M4, MH).

Definition 6.6. For A,u € A(k), a A-supertabloid of weight u is similar to a

A-supertabloid T except that, for 1 <i < k,
1. the number of entries a in T with |a| =i is A;, and

2. for every row of T, no more than one marked i can occur in that row.
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In particular, what were previously called A-supertabloids are also A-supertabloids

of weight 1%.

Below are some (2,1,3)-supertabloids of weight (4,2), (1,1,1,2,1), (6), and

(1,3,2), respectively.

1”2 45 11 2 3
1 4 1 3
1172 123 1 11 1”2 2

We declare two A-supertabloids 7,7” of weight u to be equivalent if they are iden-
tical up to permutations of the positions of the entries which stabilize the rows. We
denote by M the superspace spanned by all equivalence classes of A-supertabloids
of weight u, where the parity of each is again the sum of the parities of its entries
modulo 2. In particular, M is the spin permutation module M*.

Recall that for A = (A4,...,4,,) € Z™"

>0’

AT denotes the sequence (41T,...,4,T) €

(1). For m,n € Zsg, A € A(m,k), u € A(n, k), and a supertabloid r € M*#, define
M1 Hn
wr
K
A1 Am
where wr is the Sergeev diagram defined as follows. Let us refer to the webs

i\ i\
, ,

e Am

A () =

€ Homq_web/; (AT, uT)
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as the A-clamps and the webs

as the p-clamps. Reading from bottom to top, every strand of wr starts in one of
the A-clamps and ends in one of the u-clamps. We think of the strands beginning
in the i A-clamp as representing the entries in the i row of T, for 1 < i < m. For
every entry a in the i row of T with |a| = [, a strand of wr ends in the /™ y-clamp
for I <1 < n. By Lemma.11] this determines a unique (S,,3,)-double coset of
Gk, where G, 1= G, X --- xS, 1is the Young subgroup of S associated to u and

similarly for ©,. We do this for every strand of wr in the unique way such that

e there are no crossings of two strands starting in the same A-clamp, and

e there are no crossings of two strands ending in the same p-clamp.

In other words, the permutation diagram part of wr is the ($,,&,)-double coset
representative of minimal length, which is well known to be unique (see [30, §4.1]).
Finally, we place a dot at the top of every strand of wr representing an odd entry
of T, placing it on the leftmost strand which starts in the same A-clamp and ends in

the same p-clamp as it. For example,

1 3 )
2 3
Aoamasza| 3 | =
22

From the definitions it’s clear that if 7,7’ € M** are equivalent then A au(T) =
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A4, (T"). Hence we get a linear map A, ,: MAH — Homq_Web;Tc (AT, uT), which is

by definition a Z;-homogeneous map of even parity.

Theorem 6.7. For A,u € A(k), the map Ay ;: MAH — Homq_web/; (AT, u7) is an

isomorphism of superspaces.

Proof. First we prove that A, , is surjective. Consider the map

Endq—Web’T‘ (Tk) - Homq—Web’; (AT, uT)

ui Hn

o &&

Tt 7T i N N
w

e 4
1 1 1 1

A1 Am

By (@.5)), every morphism in the target has an obvious preimage under this map, so

it is surjective. We claim that every web in Homq_webz; (AT, uT) of the form on the
right above is equal to A, ,(T') for some T € M4 up to a scalar (possibly zero),
which would imply that A, , is surjective. Indeed, crossings of strands ending in
the same y-clamp can be untied by Lemma[4.T1] as can crossings of strands starting
in the same A-clamp, and the heights of dots can be permuted up to a sign by the
superinterchange. To satisfy property (2) of Definition [6.6] we must consider the
possibility that there are two strands which begin in the same A-clamp, end in the

same pu-clamp, and both have a dot. In that case the entire web is actually zero, as
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in the following example for arbitrary h,l € Z.:

This proves the claim and A, ,, is surjective.

For injectivity, we define

ips

(1T ES, |
(P15--Pm))ESQ

and completely split every strand on top and bottom of A, ,(T') to get a map

MM = End, yepe (1)

T — Ry.
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We make the following claims.

1. When expressing Rr in the standard basis of Serg, the coefficient of wr is a

positive integer.

2. For inequivalent 77,7 € M4, the coefficient of wy- in the expression of Ry

in the standard basis is zero.

These together would imply that the map given by T +— Ry has trivial kernel and is
injective, implying that A, , is injective as the first map in an injective composition.
Indeed, a linear combination Y ey by T # 0 of pairwise inequivalent 7 € M*#

with coeflicients by € C would then map to

ZbTRT = Z(lTbT)WT

TeX TeX
+ a linear combination of w € Ser; with w # wy for all T/ € MY

for some positive integers /7, which is nonzero.

For shorter notation, let 7 := (71,...,7,) € S, p := (p1,...,pm) € S, and

TWr p = wr = R;.

A pair (7, p) with Twr p = wr can only permute strands of wr starting in the same

A-clamp and ending in the same u-clamp (although the clamps aren’t present), and
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further must consist of pairs (7;, p;j) which cancel each other out. Since the total
number of dots on each grouping of these strands is O or 1, no negative signs are
incurred when sliding them to the top of 7wz p in order to write it in the standard
basis of Sery. This combined with the fact that lgﬂ wrlg, = wr proves claim (1).
Now suppose 7,7 € M are inequivalent. If wy and wy- don’t have equivalent
underlying permutation diagrams (i.e. ignoring dots they are still inequivalent), then
based on the previous paragraph there is no pair (7, p) with Twyp = wr. Likewise
if wr and wy differ only in their dots, then there is no pair (7, p) with Twrp = wr
because (7, p) can only cross/uncross groupings of strands where at most one dot is
present and which (if present) lies on the leftmost strand. This proves claim (2) and

the theorem. u

Corollary 6.8. For A,u € A(k), the set
{Ayu(T) : T € MMH)

is a Zy-homogeneous basis of the morphism space Homq_web;; (AT, uT). Hence by
Theorem|6.3] the set
(C(Aau(D) : T € M)

is a Zy-homogeneous basis of Homger, (M4, MH). Explicitly, the former consists of
M1 Mn
1&1 1&1
w
IS\)“ lg)“
A Am

all webs of the form
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where w is a Sergeev diagram such that
1. no two strands cross which start in the same A-clamp,
2. no two strands cross which end in the same u-clamp, and
3. forevery (A-clamp, u-clamp) pair, there is at most one strand connecting them
which has a dot, which is the leftmost strand.

For example, a basis of Homq_Web? (27, 11,27),(17,37,17)) is given by the webs
1 3 1

b 9

—_
(98]
—_

b b 9

1 3 1 1 3 1
2 1 2 2 1 2
1 3 1 1 3 1
2 1 2 2 1 2 2 1 2
I 3 1 1 3 I
2 1 2 2 1 2
where the symbol O denotes a location where a dot is permissible. Thus we have

dim Homser, (M, MUD) = dim Hom, e ((21,11,21), (11,31, 11))

2(2%) +6/(2*) = 160.

It is a fulfilling exercise to determine what Serg morphisms these webs represent.
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