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ABSTRACT

The d a ta  m odeling  te c h n iq u e s  w hich  a c e  c u r r e n t l y  used  

t o  c o n s t r u c t  th e  l o g i c a l  v iew  o f  d a ta  have made u se  o f  

t r e e s ,  g r a p h s ,  and s e t s ,  a s  u n d e r ly in g  d a ta  s t r u c t u r e s .  

However, t h e s e  s t r u c t u r e s  have  c e r t a i n  l i m i t a t i o n s  when th e y  

a r e  used  i n  dynam ic d a ta b a s e  r e p r e s e n t a t i o n  f o r  d a ta b a s e  

d e s ig n  p r o c e d u re s .  The t o p o lo g i c a l  a p p ro a c h  to  t h e  d a ta  

m odeling  makes u se  o f  a b s t r a c t  s p a c e s  and  to p o lo g ie s  a s
■ r -

m a th e m a tic a l s t r u c t u r e s .  The d a ta b a s e  s p a c e  w hich s e r v e s  a s  

a  l o g i c a l  view  o f  t h e  d a ta  i s  in t r o d u c e d  w ith  t h e  c o n c e p t o f  

t o p o lo g i c a l  s p a c e . T hen , th e  t o p o lo g i c a l  s t r u c t u r e  p ro v id e s  

t h e  c o n c e p t o f  e q u iv a le n c e  t e s t i n g  betw een d a ta b a s e  s p a c e s .  

F u r th e rm o re , th e  c o n c e p t o f  d a ta b a s e  sp a c e  e q u iv a le n c e  p ro ­

v id e s  t h e  fo u n d a tio n  o f  th e  d a ta b a s e  g e n e r a to r  w hich i s  an 

a u to m a tic  d a ta b a s e  d e s ig n  m ach in e .  In  th e  d a ta b a s e  s p a c e ,  

t h e  m ic ro co sm ic  s e t  r e p r e s e n t s  th e  s e t  o f  a t t r i b u t e s  and i t  

p la y s  a  m ajo r r o l e  f o r  t h e  i n t r a - r e c o r d  ty p e  r e p r e s e n t a t i o n ,  

w h ile  th e  s e l e c te d  to p o lo g y  r e p r e s e n t s  th e  s e t  o f  p seudo ­

e n t i t y  ty p e s  and i t s  p ro d u c t to p o lo g y  p la y s  a m ajo r r o l e  f o r  

t h e  i n t e r - r e c o r d  ty p e  r e p r e s e n ta t i o n  i n  th e  d a ta b a s e  d e s ig n  

l e v e l  p ro c e d u re s .
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k TOPOLOGICAL APPBOACH TO DATABASE THEORY

CHAPTER I  

INTRODUCTION

[ 1.1 ] FDNDAHENTAL APPROACHES
»

The p ro p e r  r e p r e s e n ta t i o n  o f  in f o r m a t io n  c an  be u sed  t o  

a id  human i n t e l l i g e n c e .  T h is  w i l l  c o n tin u e  to  be  one o f  th e  

m ost im p o r ta n t  p a r t s  o f  com puter s y s te m s . A d a ta b a s e ,  w hich 

p ro v id e s  in f o r m a t io n ,  n e ed s  t o  b e  o rg a n iz e d  i n  a  way t h a t  

c an  b e  p ro c e s s e d  e f f e c t i v e l y .  I t  m ust r e p r e s e n t  a s  c l o s e l y  

a s  p o s s ib le  th e  r e a l  w orld  s i t u a t i o n ,  and b e  s u i t a b l e  f o r  

r e p r e s e n ta t i o n  by c o m p u te rs . The ra n g e  o f  d a ta  s t r u c t u r e s ,  

c u r r e n t l y  used  t o  s u p p o r t  d a ta b a s e  o r g a n iz a t io n s  i s  a c r i t i ­

c a l  f a c t o r  w hich a f f e c t s  sy s tem  la n g u a g e , s to r a g e  o r g a n iz a ­

t i o n ,  and a p p l i c a t i o n  p ro g ram s. A cco rd ing  t o  th e  u n d e r ly in g  

d a ta  s t r u c t u r e s ,  d a ta b a s e  sy s te m s  a r e  c a te g o r iz e d  i n t o  t h r e e  

fu n d a m e n ta l a p p ro a c h e s  which a r e  th e  h i e r a r c h i c a l  a p p ro a c h , 

b a se d  on t r e e s ,  t h e  netw ork  a p p ro a c h , b ased  on g r a p h s ,  and 

th e  r e l a t i o n a l  a p p ro a c h , b a se d  on s e t s .  They a r e  d e s c r ib e d  

i n  D ate[ 1981 ] and T s ic h r i tz is - L o c h o v s k y [  1982].
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'  The h i e r a r c h i c a l  a p p ro a ch  and th e  netw ork  a p p ro a ch  w ere 

d e v e lo p e d  from  e a r l y  f i l e  p r o c e s s in g  and r e p o r t  g e n e r a to r  

s y s te m s . They grew  o a t  o f  e a r ly  a t t e m p ts  t o  im plem ent 

i n t e g r a t e d  d a ta  sy s te m s . They a r e  g e a re d  t o  th e  p h y s ic a l  

d a ta b a s e  w ith  l e s s  c o n c e rn  f o r  t h e  l o g i c a l  d a ta b a s e  and th e  

g e n e r a l  d a ta b a s e  u s e r  p o p u la t io n .  C odd[1970] in tro d u c e d  th e  

r e l a t i o n a l  a p p ro a c h  t o  s t r e n g th e n  th e  l o g i c a l  d a ta b a s e  and 

in c r e a s e  d a ta  in d e p e n d e n c e . T h is  i s  a cco m p lish ed  by i n t r o ­

d u c in g  a p o w e rfu l q u e ry  la n g u a g e  and u s in g  an  a x io m a tic  

a p p ro a d i f o r  d e r iv in g  th e  d a ta b a s e  d e s ig n  p ro c e d u re s .  I n  

th e  e a r l y  y e a r s  o f  t h e  r e l a t i o n a l  m odel, t h e r e  was a  g r e a t  

d e b a te  c o n c e rn in g  th e  r e l a t i v e  m e r i t s  o f  ne tw ork  and r e l a ­

t i o n a l  a p p ro a c h e s , d e s c r ib e d  i n  E u s t in [1 9 7 h ]  and H ic h a e ls -  

H i t tm a n -C a r ls o n [1 9 7 6 ]. The c o n c lu s io n  was t h a t  t h e r e  i s  no 

b e s t  ap p ro ach  su ch  a s  t h e r e  i s  no b e s t  program m ing la n g u a g e  

i n  any a b s o lu te  s e n s e .

The r e c e n t  t r e n d  in  d a ta b a s e  th e o r y  h a s  been  to  co n cen ­

t r a t e  on th e  r e l a t i o n a l  a p p ro a c h . A f te r  exam in ing  th e  r e l a ­

t i o n a l  d a ta b a s e  m odel, one r e a l i z e s  t h a t  th e  r e l a t i o n  i s  

in a d e q u a te  to  s t o r e  th e  c o m p le te  s e m a n tic s  o f  th e  d a ta .  

R e la t io n s  do n o t  p ro v id e  t h e  a p p r o p r i a te  f a c i l i t i e s  f o r  

s t o r i n g  th e  s t r u c t u r e  o f  t h e  r e l a t i o n s h i p s  betw een d a ta  

i te m s .  C h en [1976] and C odd[1979] have a t te m p te d  to  s o lv e  

t h e  problem  by in t r o d u c in g  th e  e n t i t y - r e l a t i o n s h i p  model and 

th e  e x te n d ed  r e l a t i o n a l  m odel, r e s p e c t i v e l y .  In  th e s e  

e f f o r t s ,  d a ta b a s e  r e p r e s e n ta t i o n  h a s  been  exam ined by a com­
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b in a t io n  o f  s e t s  and g ra p h s  w ith o u t much c o n ce rn  f o r  new 

d a ta  s t r u c t u r e s  su ch  a s  a b s t r a c t  s p a c e s ,  which s u p p o r t  th e  

d a ta b a s e  d e s ig n  p ro c e d u re s .

[  1 .2  ] FBOBLEB DESCRIPTION

Ne b e l i e v e  t h e  u l t im a te  g o a l  o f  d a ta b a s e  d e s ig n  th e o ry  

i s  t o  b u i ld  a  d a ta b a s e  g e n e r a to r  a s  an a u to m a tic  d a ta b a s e  

d e s ig n  m ach in e . The f i r s t  s t e p  on th e  way to  th e  d a ta b a s e  

g e n e r a to r  i s  t o  e s t a b l i s h  th e  c o n c e p t o f  e g u iv a le n c e  betw een  

d a ta b a s e s .  F o r  a  g iv e n  s e t  o f  a t t r i b u t e s ,  B e e ri-H e n d e lz o n -  

S a g iv -D llm a n [1981] have  ta k e n  an i n i t i a l  lo o k  a t  th e  c o n c e p t 

o f  e g u iv a le n c e  i n  d a ta b a s e  d e s ig n .  They have  d e s c r ib e d  an 

e q u iv a le n c e  f e a t u r e  f o r  dependency  and  r e p r e s e n ta t i o n  i n  a  

f i x e d  s e t  o f  a t t r i b u t e s .  T h is  i s  an  i n t e r e s t i n g  a p p ro a c h . 

However, we b e l i e v e ,  i n  o r d e r  to  g e t  t o  t h e  d a ta b a s e  g e n e ra ­

t o r ,  th e  c o n c e p t o f  d a ta b a s e  e q u iv a le n c e  m ust be  e x p lo re d  in  

g e n e r a l  f o r  c l a s s i f i c a t i o n  o f  d a ta b a s e s .

The p r o b le m .d e s c r ip t io n  r a i s e d  on th e  r e l a t i o n a l  model 

c a n  be d e m o n s tra te d  by a  s im p le  exam ple . L e t u s  c o n s id e r

r e l a t i o n s ,  HI and B2, g iv e n  a s  f o l lo w s :

R1: XI = [ a , b , c , d  ) ,  P1 = { [ a )— >{b) ) ,

R2: X2 = C p ,q ,u ,v  ) ,  F2 = { (u )— > (v} ) ,

w here X I, X2 a r e  s e t s  o f  a t t r i b u t e s  and F I ,  F2 a r e  s e t s  o f 

f u n c t io n a l  d e p e n d e n c ie s  on X I, X2, r e s p e c t iv e ly .  Looking a t
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t h i s  ex am p le , we can  o b s e rv e  a c e r t a i n  e g u iv a le n c e  betw een 

th e  two r e l a t i o n s .  Vhen B1 i s  decom posed i n t o  a  t h i r d  n o r­

mal fo rm , i t  w i l l  be ( a , c , d ) ,  {a,b} w h ile  B2 be  Cp#3 «u}, 

£ u ,v ) . I f  we in tro d u c e  a  b i j e c t i o n  h , su ch  a s  

h = { a— > u , b— >v, C - - >p, d— >q J

which i s  a  o n e - to -o n e  o n to  m apping, th e n  th e  two decompo­

s i t i o n s  hav e  e x a c t ly  t h e  same p r o c e s s .  H ow ever, f in d in g  an 

a p p r o p r i a te  b i j e c t i o n  h i s  n o t  e a sy  t a s k .  B ith o u t  r e g a rd in g  

t h e  d e p e n d e n c ie s , th e  num ber o f  p o s s ib l e  b i j e c t i o n s  i s  4 1 . 

In  g e n e r a l ,  t h e r e  a r e  n ! b i j e c t i o n s  i f  n = 1X1| = |X 2 |.

One e f f e c t i v e  way o f  f in d in g  a p p r o p r i a te  b i j e c t i o n s  i s  

t o  r e p l a c e  th e  s e t s  u sed  i n  th e  r e l a t i o n a l  m odel w ith  to p o ­

l o g i e s .  T h u s, we m ust t a k e  c e r t a i n  in fo r m a t io n  c o n ta in e d  in  

F I ,  F2 i n t o  X I, X2. T h is  t a s k  i s  d e s c r ib e d  a s  to p o lo g iz in g  

th e  s e t  o f  a t t r i b u t e s .  One e le g a n t  way t o  p u rsu e  t h i s  t a s k  

i s  t o  f i r s t  exam ine t h e  p r o p e r t i e s  o f  F I ,  F2 and  o rg a n iz e  

them t o  c e r t a i n  s t r u c t u r e s ,  th e n  ta k e  th e  d e r iv e d  s t r u c t u r e s  

i n t o  X I,  X2. By to p o lo g iz in g  th e  s e t  o f  a t t r i b u t e s ,  i t  h a s  

c e r t a i n  s t r u c t u r e s  w hich a r e  t o p o l o g i e s . . T h is  m a th e m a tic a l 

s t r u c t u r e  p r o v id e s  u s  w ith  an  e f f e c t i v e  means o f  g e n e ra t in g  

th e  a p p r o p r i a t e  b i j e c t i o n s .  T hus, th e  t o p o lo g ic a l  ap p ro ach  

i s  b ased  on to p o lo g ie s  a s  th e  u n d e r ly in g  a b s t r a c t  sp a c e  f o r  

th e  d a ta b a s e  d e s ig n  p ro c e d u re s .
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[ 1 .3  ]  OBGAHIZ&TIOH OF DISSERTATION

The b a s ic  c o n c e p ts  o f  to p o lo g y  and  d a ta b a s e  th e o ry  a r e  

snm m arized  i n  C h a p te r  I I .  T hen , C h a p te r  I I I  d e s c r ib e s  a  

t o p o lo g i c a l  v ie *  o f  d a ta  com bining  th e  c o n c e p ts  o f  to p o lo g y  

and d a ta b a s e .  An i d e a l  to p o lo g y , c a l l e d  an o p tim a l to p o lo g y  

i n  t h i s  d i s c u s s io n , i s  d e r iv e d  from  t h e  a x io m a t iz a t io n  f o r  

d e p e n d e n c ie s .  C h a p te r  IV d e s c r ib e s  t h e  c o n c e p t o f  d a ta b a s e  

e q u iv a le n c e  by u s in g  th e  d e r iv e d  t o p o lo g i c a l  s t r u c t u r e s .  

T o p ic s  on  th e  d e c o m p o s itio n  i s s u e s  f o r  th e  t o p o lo g ic a l  d a ta ­

b a se  m odel a r e  c o v e re d  i n  C h a p te r  V. F i n a l l y ,  th e  c o n c lu ­

s io n  and  comments on f u t u r e  r e s e a r c h  f o r  t h e  t o p o lo g ic a l  

ap p ro ach  a re  g iv en  i n  C h a p te r  V I.

The main fram e o f  th e  t e x t  c o n s i s t s  o f  DEFINITIONS, 

THEOBEHs, and EZAHPLEs. He have g iv e n  23 d e f i n i t i o n s  w hich 

a r e  v i t a l  s e e d s  o f  t h e  t e x t .  Then, th e y  a r e  su p p lem en ted  by 

th eo re m s and e x a m p le s . T h roughou t t h e  t e x t ,  we t r y  t o  u se  

s ta n d a r d  s e t  th e o r y  n o ta t i o n .  F i n a l l y ,  we l i k e  t o  f a m i l i a r ­

i z e  th e  r e a d e r  w ith  o u r  u sag e  o f  s q u a re  b r a c k e t s .  As an 

exam ple , by BASE£T], we mean th e  name o f th e  b lack b o x  i s  

BASE, t h e  in p u t  o f  t h e  b lac k b o x  i s  T, and th e  o u tp u t  o f  th e  

b lac k b o x  i s  BASE[T].



CHiPTEB I I  

PBELIBIHAfilES

T h is  c h a p te r  c o n ta in s  a l l  o f  t h e  fu n d a m e n ta l c o n c e p ts  

o f  to p o lo g y  and d a ta b a s e  th e o ry  w hich a r e  n e c e s s a ry  f o r  

i n t r o d u c in g  th e  d i s s e r t a t i o n  w ork. T erm in o lo g y  and n o t a t i o n  

s e l e c t e d  from  to p o lo g y  and d a ta b a s e  th e o r y  a r e  re v ie w e d  

b r i e f l y .  An e f f o r t  h a s  been  made t o  s t a n d a r d i z e  t h e  n o ta ­

t i o n .  C e r ta in  n o t a t i o n  i n  d a ta b a s e  th e o ry  h as  been  r e p la c e d  

w ith  s ta n d a r d  s e t  th e o ry  n o t a t i o n .

S e c t io n [ 2 .1 ]  d e s c r ib e s  th e  to p o lo g y  c o n c e p ts  t h a t  have  

b een  u sed  i n  t h e  d ev e lo p m en t o f th e  t o p o lo g ic a l  a p p ro a c h . 

T opology i s  one o f  o l d e s t  t o p i c s  i n  m a th e m a tic s . P le n ty  o f  

r e f e r e n c e s  a r e  a v a i l a b l e  t o  th e  i n t e r e s t e d  r e a d e r ,  su c h  a s  

B o u rb a k it 19Q8], O ugund ji[ 1 9 6 6 ], and C u U en [ 1968] w hich a r e  

i n t r o d u c to r y  te x tb o o k s .  A lso , S te e n -S e e b a c h [1978] p ro v id e s  

e l e g a n t  exam ples on v a r io u s  t o p o lo g ie s .  H u[1965] g iv e s  an 

advanced  p i c t u r e  o f  th e o ry  i n  to p o lo g y .

S e c t io n £ 2 .2 ]  sum m arizes th e  fu n d a m e n ta ls  o f  d a ta b a s e  

th e o r y  used in  th e  d i s s e r t a t i o n  w ork. D a tab a se  th e o ry  i s  

one  o f  v i t a l  new t o p i c s  i n  co m p u te r s c i e n c e .  D a te [ 1 9 8 1 ], 

T s ic h r i tz i s - L o c h o v s k y [ 1 9 8 2 ], and 011m an[1982] have w r i t t e n
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i n t r o d u c to r y  te x tb o o k s  t h a t  w i l l  p ro v id e  th e  i n t e r e s t e d  

r e a d e r  a d d i t i o n a l  background  i n  th e  g e n e r a l  t o p i c  o f  d a ta ­

b a s e  m odels. I n  a d d i t io n *  M a ie r[1 9 8 3 ] d e s c r ib e s  t h e  r e l a ­

t i o n a l  ap p ro ach  by  com bin ing  much o f  th e  r e c e n t  work on th e  

r e l a t i o n a l  d a ta b a s e  m odel.

£ 2 .1  3 TOPOLOGI

A m a th e m a tic a l  m odel i s  a  s e t  w ith  c e r t a i n  s t r u c t u r e s  

d e f in e d  on i t .  A s t r u c t u r e  d e f in e d  on a s e t  i s  c a l l e d  a 

t o p o lo g i c a l  s t r u c t u r e .  L e t u s  b e g in  w ith  th e  d e f i n i t i o n  o f  

t h e  t o p o lo g ic a l  s p a c e .  T h is  sp a c e  w i l l  g iv e  u s  th e  s t a r t i n g  

p o in t  f o r  th e  t h e o r e t i c a l  ap p ro ach  in  th e  d is c u s s io n  o f  th e  

d i s s e r t a t i o n  w ork . S in c e  we o n ly  t r e a t  n o n t r i v i a l  f i n i t e  

sy s te m s  in  co m p u ter s c i e n c e ,  we mean a non-em pty  f i n i t e  s e t  

by s im p ly  s a y in g  a s e t  th ro u g h o u t t h i s  d i s c u s s io n  u n le s s  we 

s p e c i f y  o th e rw is e .

DEPINITI0H£2.1 ] . TOPOLOGICAL SPACE.

A to p o lo g ic a l  sp a c e  i s  d e f in e d  a s  a  p a i r  (X,T) c o n s i s t i n g

o f  a s e t  I  and a c o l l e c t i o n  o f  s u b s e t s  o f  X, s a t i s f y i n g  th e

a x io m s: A l, A2, and A3, where

A1: y ,  I  E T,

A2: A, B £ T ==> AHB £ T,

A3: A, B £ T ==> AUB £ T. <>
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The c o l l e c t i o n  T i s  c a l l e d  a  to p o lo g y  on X. E lem en ts 

o f  T a re  c a l l e d  open s e t s .  E lem en ts  o f  X a r e  c a l l e d  p o i n t s .  

h t o p o lo g i c a l  s p a c e  (X,T) i s  som etim es r e f e r r e d  t o  a s  a  

sp a c e  X when t h e  to p o lo g y  I  i s  o b v io n s . T o p o lo g iz in g  a  s e t  

i s  t h e  g e n e r a l  p r o c e s s  o f  in t r o d u c in g  a  to p o lo g y  on th e  s e t .  

The m ost p o p u la r  p ro c e s s  f o r  to p o lo g iz in g  a  s e t  X i s  to  

s t a r t  from  th e  a r b i t r a r y  fa m ily  W o f  s u b s e t s  o f  X. The s e t  

V le a d s  t o  a  u n iq u e  to p o lo g y  c o n ta in in g  H by u s in g  th e  co n ­

c e p t s  o f b a s e s  and s u b b a s e s  trh ich  a r e  d e f in e d  a s  f o l lo w s :

D E F IH IT I0H [2 .2 ]. BASE[T].

& b ase  f o r  a  to p o lo g y  T* d en o ted  BASE[T] i s  a  s u b s e t  o f  T 

su c h  t h a t  e v e ry  e le m e n t o f  T i s  a  u n io n  o f  e le m e n ts  o f  th e  

BASEL T ]. <>

D E FIH ITI0H £2.3]. SOBBASE[T].

A su b b a sc  f o r  a  to p o lo g y  T , d e n o te d  SOBBASE[T] i s  a  s u b s e t  

o f  T su c h  t h a t  t h e  b a s e  f o r  T c o n s i s t s  o f  i n t e r s e c t i o n s  o f  

e le m e n ts  o f  t h e  SOBBASE[T]. <>

N ote t h a t  fro m  th e  d e f i n i t i o n s ,  t h e r e  a r e  q u i t e  a  few 

b a s e s  and  su b b a se s  f o r  a  to p o lo g y . The s m a l l e s t  b a se  i n  

s i z e  i s  c a l l e d  a  m in im al b a se  and th e  s m a l l e s t  su b b a se  a 

m in im al s u b b a s e . F o r a  m u l t ip le  i n t e r s e c t i o n  o r  u n io n , th e  

c o l l e c t i o n  o f  o p e ra n d s  i s  c a l l e d  an o p e ra n d  s e t .  N ote t h a t  

o p e ra n d  s e t s  m ust be f i n i t e  b u t  can  be em pty .
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EXAHPLE[ 2 .1 ] .  C o n s id e r  a  s e t ;  X = { a ,b * c ,d ,e }  and

a  s u b b a s e ;  Ts = [ [ a , b ] ,  ( b ,d ;  } .

T hen , we g e t  a  b a s e ;  Tb = ( X ,  ( a , b ) ,  {b},  (b ,d )  ) and 

a  to p o lo g y ;  T -  I S ,  X, { a ,b ) ,  ( b ) ,  £ b ,d ) ,  ( a ,b ,d )  } .

In  t h i s  c a s e ,  o b s e rv e  t h a t  Ts i s  a  m in im al su b b a se  and

Tb i s  a m in im al b a s e .  <>

TH£OBEn[2 .1 ] .  F o r an a r b i t r a r y  f a m ily  V o f  s u b s e t s  o f  X, 

t h e r e  a lw ay s  e x i s t s  a  u n iq u e  m inim al to p o lo g y  in  s i z e  co n ­

t a i n i n g  H. <>

PROOF: C o n s id e r  H = SOBBASE£T]. T hen , SOBBASE[T] fo rm s

BASE[T] by t a k in g  a l l  p o s s ib le  i n t e r s e c t i o n s  o f  e le m e n ts  and 

BASEST] f o r e s  to p o lo g y  T by ta k in g  a l l  p o s s ib l e  u n io n s  o f  

e le m e n ts .  O p e ra t io n s ,  u n io n  and i n t e r s e c t i o n  a r e  u n iq u e ly  

d e te rm in e d . <>

L et Td d e n o te  t h e  c l a s s  o f  a l l  s u b s e t s  o f  X. O bserve

t h a t  Td s a t i s f i e s  th e  axiom s f o r  a  to p o lo g y  on X. Td i s

c a l l e d  t h e  d i s c r e t e  to p o lo g y . The n o ta t i o n  Td i s  u sed  f o r  

t h e  d i s c r e t e  to p o lo g y  th ro u g h o u t t h i s  d i s c u s s io n .  The c l a s s  

£GT,X] c o n s i s t in g  o f  jy and X a lo n e  i s  i t s e l f  a  to p o lo g y  on X 

w hich i s  c a l l e d  th e  i n d i s c r e t e  to p o lo g y .

DEFINITIOH[2.4 3. PARTITION TOPOLOGY.

A p a r t i t i o n  to p o lo g y  i s  a  c o l l e c t i o n  o f  s u b s e t s  o f  a s e t  X 

s a t i s f y i n g  th e  a x io m s; A l, A2, A3, and A4, where 

A4; A C T  “ > X £ T. <>
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A p a r t i t i o n  to p o lo g y  i s  d e n o te d  by  ^  th ro u g h o u t t h i s  

d i s c u s s i o n .  R ote t h a t  a to p o lo g y  i s  a c lo s e d  c o l l e c t i o n  

u n d er s e t  o p e r a t io n s :  i n t e r s e c t i o n  and u n ion  and t h a t  a  p a r ­

t i t i o n  to p o lo g y  i s  a  c lo s e d  c o l l e c t i o n  u n d e r s e t  o p e r a t io n s :  

i n t e r s e c t o n ,  u n io n , and com plem ent. Non-empty s e t s  P and Q 

a r e  c a l l e d  a  d e c o m p o s itio n  o£ X, i£  PU Q  = I  and

c a l l e d  a  p a r t i t i o n  o f  X, i f  PU Q = X and Pf l Q = f .  

N ote t h e  p a r t i t i o n  i s  a  s p e c i a l  c a s e  o f  d e c o m p o s itio n . A 

s e t  can be r e p r e s e n te d  by a s e t  o f  i t s  s u b s e t s  th ro u g h  th e  

n o t io n  o f  d e c o m p o s itio n .

L e t T1 and  T2 b e  to p o lo g ie s  on a s e t  X. Suppose t h a t

T1 T2. We sa y  t h a t  T1 i s  c o a r s e r  th a n  T2 o r  t h a t  T2 i s  

f i n e r  th a n  T 1. O bserve  th e  c o l l e c t i o n  o f  a l l  to p o lo g ie s  on 

X i s  p a r t i a l l y  o rd e re d  by th e  i n c lu s io n  p r o p e r ty .  The

d i s c r e t e  to p o lo g y  i s  th e  f i n e s t  to p o lo g y  and  th e  i n d i s c r e t e  

to p o lo g y  i s  th e  c o a r s e s t  to p o lo g y . A ll  o th e r  to p o lo g ie s  

r e s i d e  betw een  them . T h u s, th e  bound f o r  s i z e s  o f  to p o lo ­

g i e s  on X i s  g iv e n  a s  fo l lo w s :

2 X.  1T| ^  2" ,  f o r  n = |X | .

TBEOBEH[2 .2 ] .  L e t T1 and T2 be t o p o lo g ie s  on a  s e t  X.

T hen, T i n T 2  i s  a lw ay s a  to p o lo g y  on X. <>

PROOF: F o r a r b i t r a r y  A, B 6 T1 O T 2 , o b se rv e

A n a  £ T1 and AflB E T2. Then, AOB £ T1 0 1 2 ,

The same argum en t on th e  u n ion  o p e r a t io n  w i l l  g iv e  th e  

d e s i r e d  r e s u l t .  <>
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The a n io n  o f  to p o lo g ie s  on th e  same s e t  i s  n o t  a  to p o l ­

ogy i n  g e n e r a l .  However, we can  o b s e rv e  th e  maximum s i z e  o f  

to p o lo g y  c o n s t r u c te d  by th e  un io n  o f  two t o p o lo g i e s .

THEOBEH[ 2 . 3 ] .  L e t  (X ,T 1),  (X,T2) be t o p o lo g i c a l  s p a c e s .  

C o n s id e r in g  a  to p o lo g y  T such  t h a t  T1U T2 = SOBBASE[T], we 

can  g e t  t h e  fo l lo w in g  c o n d i t io n :

|T |  ^  21T111T2I -  3IT 1I -  3 |T 2 | ♦ 6 . <>

PROOF: O bserve t h a t  new e le m e n ts  o f  T come from  i n t e r ­

s e c t io n s  and u n io n s betw een e le m e n ts  o f  T1 and 1 2 . C onsid ­

e r in g  th e  s e t  o f new e le m e n ts , I  = D U H  U T 2, w here 

D = ( P , Q I P = A in  B i, Q = A iU B i,

a i  E (T1 -  ,  Bi 6 (T2 -  CBT,X}) ] .

S in c e  |D | ±  2 ( J T l l-2 )  CIT2I -2) ,  we g e t

H i  i  2 ( |T 1 |- 2 )  (IT 2 i-2 )  ♦ i m  ♦ |T 2 | -  2 .

T h is  g iv e s  th e  d e s i r e d  r e s u l t .  <>

L et ( XI , T1) ,  (X2,T2) be  t o p o lo g ic a l  s p a c e s .  A f u n c t io n  

f  from  XI to  X2 i s  c o n tin u o u s  i f  and  o n ly  i f  P £ T2 im p l ie s  

f ' [ P ]  £ T 1 . The b i j e c t i o n  f  i s  c a l l e d  a homeomorphism i f  f  

and f '*  a r e  c o n tin u o u s .  The n o t a t i o n  f*** i s  used  f o r  th e

in v e r s e  o f  t h e  f u n c t io n  f .

D EFIH ITIO N [2.5]. TOPOLOGICAL EQOIVALEHCE.

L et ( XI , T 1 ) ,  (X2,T2) be t o p o lo g ic a l  s p a c e s .  T hen , (X I,T l) 

and (X2,T2) a r e  t o p o lo g i c a l ly  e q u iv a le n t  i f  and  o n ly  i f

th e r e  e x i s t s  a  homeomorphism f :  XI — > X2. <>
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EXAHPL£[2 . 2 ] .  C o n s id e r  t h e  t o p o lo g i c a l  sp a c e s*  (Z1*T1) and 

(I2*T2) a s  f o l lo w s :

I I  = £a*b*c*d)* 1 1 — H *  £n)# £a*b*c} }*

%2 = £ p » g » tt,v ), T2 = [ jar* 12* {pj* £g)* £p*q)* Cg*u*w] J .  

A lso c o n s id e r  t h e  fu n c t io n s *  f :  XI — > 12* g :  XI — > X2: 

f =  C(a.g)# tb»u) * (c*v) * (d*u)) * 

g =  £(a*p)* (b * p )* (c* u )*  (d*w )).

The f u n c t io n  f  i s  c o n tin u o u s  s i n c e  th e  in v e r s e  o f  e ac h

member o f  t h e  to p o lo g y  T2 on X2 i s  a  member o f  th e  to p o lo g y  

Tl on X I. The f u n c t io n  g i s  n o t  c o n tin u o u s*  s in c e  £g*u*v) 

i s  i n  T2 b u t i t s  i n v e r s e  £c*d) i s  n o t  i n  T l .  <>

C o n s id e r  a t o p o lo g i c a l  sp a c e  (X*T). L e t p be a  p o in t

on (X*T). A s u b s e t  H o f  X i s  c a l l e d  a n e ig h b o rh o o d  o f  p i f  

N i s  a  s u p e r s e t  o f  an  open s e t  c o n ta in in g  p .  The c l a s s  o f  

a l l  n e ig h b o rh o o d s  o f  a  p o in t  p in  X i s  c a l l e d  th e  n e ig h b o r­

hood sy s te m  o f  th e  p o in t  p .

L et T be  a  s u b s e t  o f  X. PBOJECT[T:T] i s  d e f in e d  a s  th e  

c l a s s  o f  a l l  i n t e r s e c t i o n s  o f  Y w ith  open s e t s  i n  T. 

O bserve  t h a t  PBOJECT£T:Y] i s  a  to p o lo g y  on Y. A t o p o lo g i c a l  

sp a c e  ( Y * PBO JECT£ T: Y ]) i s  c a l l e d  a  su b sp a c e  o f  (X*T) and 

PBOJECT£ T:Y ] i s  c a l l e d  a r e l a t i v e  to p o lo g y  o f  th e  to p o lo g y  T 

on Y. O p e ra to r  PBOJECT h a s  more g e n e r a l  m eaning i n  t h e  n e x t 

s e c t i o n .  In  g e n e ra l*  PBOJ£CT£X:A] i s  th e  c o l l e c t i o n  o f  

i n t e r s e c t i o n  w ith  A o r  A-com ponent o f  e le m e n ts  i n  th e  s e t  X.
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DEFIHITIOH£2.6]. PBODOCT TOPOLOGY.

The p ro d u c t  to p o lo g y  f o r  a  to p o lo g y  T , d e n o te d  I s

d e f in e d  a s  th e  c o l l e c t i o n  o f  a l l  o rd e re d  p a i r s  (&,B) ,  w here 

â ,  B £ T . <>

T h ere  i s  an a l t e r n a t e  d e f i n i t i o n  f o r  th e  p ro d u c t  t o p o l ­

ogy i n  to p o lo g y  l i t e r a t u r e .  The p ro d u c t  to p o lo g y  T1XT2 

f o r  t o p o lo g i e s ,  T l and  T 2 , i s  d e f in e d  in  t h e  l i t e r a t u r e  a s  

t h e  c o l l e c t i o n  o f  AXB su c h  t h a t  A E Tl and B £ T2. 

However in  t h i s  d i s c u s s io n ,  we use  th e  n o t a t i o n  (A,B) 

i n s t e a d  o f  AXB. The a d v a n ta g e  o f  t h i s  n o t a t i o n  w i l l  become 

c l e a r  as we e x p lo re  th e  t o p o lo g ic a l  d a ta b a s e  m odel i n  t h e  

n e x t  c h a p t e r .

EXAHPLE[2 .3 ] .  C o n s id e r  a  t o p o lo g ic a l  sp a c e  (X ,T ):

X = ( a , b , c , d , e ] ,

T = 1ST, X, C a ,b l,  [ b j ,  ( b ,d j ,  £ a ,b ,d )  } .

A lso  c o n s id e r  a  s u b s e t  o f  X: Y = £ b ,c ,d ) .

T hen , a  su b sp ac e  (Y ,T y):

Y = £ b ,c ,d ] ,

Ty = PROJECT£T:Y] ~ i  B,  T,  ( b ) ,  (b ,d ) ) .

The p ro d u c t to p o lo g y  f o r  Ty:

Ty*- = £ { 0 , 0 ) ,  { 0 , Y ) ,  {0 ,  l b} )  ,  ( ^ , [ b , d l ) ,  (Y,0T), (Y,Y) ,

(Y, Cb) ) ,  CY, £b , d ) ) ,  [£ b ] ,m  ,  ( ( b ) , Y ) ,  ( £ b } , ( b ) ) ,  

( { b ) , C b , d } ) ,  ( £ b , d ] , m f  [ [ b , d ] , Y ) ,  C ( b , d } , ( b } ) ,  

{ { b , d j , ( b , d } )  ) .  <>
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K p a r i t y  to p o lo g y , d e n o te d  <T> th ro u g h o u t t h i s  d i s c u s ­

s i o n ,  i s  a  to p o lo g y  s u c h  t h a t  each  e le m e n t o f  an open s e t  

h a s  a  p a r i t y  a s  em i n t r i n s i c  p r o p e r ty .  P a r i t i z i n g  a  t o p o l ­

ogy  i s  th e  g e n e ra l  p ro c e s s  f o r  in t r o d u c in g  p a r i t y  i n  th e  

to p o lo g y .  T h is  p ro c e s s  c an  be in tro d u c e d  by d e f in in g  c e r ­

t a i n  p a r i t i z i n g  o p e r a t o r s .  I f  t h e r e  i s  no p o l ic y  on th e  

p a r i t i z i n g ,  a l l  p o s s ib l e  c o m b in a tio n s  o f  p a r i t y  on open  s e t  

a r e  c o n s id e r e d .  An a c t u a l  exam ple f o r  a  p a r i t i z i n g  o p e r a to r  

w i l l  be  shown in  t h e  n e x t  c h a p te r .

A r e l a t i o n s h i p  b e tw een  to p o lo g ic a l  and  g r a p h ic a l  s t r u c ­

t u r e s  can  be e x p re s s e d  by a  b a s e  g rap h  f o r  a  g iv e n  to p o lo g y . 

A m inim ax i n t e r s e c t i o n  i s  a  non-em pty i n t e r s e c t i o n  w ith  th e  

r e s t r i c t i o n  on i t s  o p e ran d  s e t  such  t h a t  any p ro p e r  s u b s e t  

o f  t h e  o p e ra n d  s e t  e x c e p t  s in g le to n  s e t s  i s  n o t  a llo w e d  a s  

an  o p e ra n d  s e t  and any e le m e n t o f  t h e  o p e ra n d  s e t  i s  n o t  a 

p ro p e r  s u b s e t  o f  th e  o t h e r s .

D B F IN IT I0N [2.7]. BASE GRAPH FOB TOPOLOGY.

L e t (Y,T) be a t o p o l o g i c a l  s p a c e .  A b a se  g rap h  f o r  th e  

to p o lc g y  T i s  d e f in e d  a s  a  p a i r  (V, E) ,  w here

V: a s e t  o f  v e r t i c e s  w hich i s  th e  c o l l e c t i o n  o f  minimax 

i n t e r s e c t i o n s  f o r  t h e  e le m e n ts  o f  m inim al b a se  f o r  th e  

to p o lo g y  T , in c lu d in g  X and  e x c lu d in g

E: a  s e t  o f  edges w hich i s  th e  c o l l e c t i o n  o f  p a r t i a l  o rd ­

e r s  o f  in c lu s io n  p r o p e r t i e s  f o r  th e  v e r te x  g e t ,  e x c lu d in g  

t r a n s i t i v e  o r d e r s .  <>
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E%AMPLE[ 2 .4 ] .  C o n s id e r  a  t o p o lo g i c a l  s p a c e  

X = [ a , b , c , d , e , f ] ,

SOBBASEf T 3 — £ £a#b*cj * £a*b^d} ,  £a*e) * £b^£) J «

T hen , a m inim al b a se  f o r  T:

C £m #b,c),  £ a ,b ,d } ,  £ a ,e } , £ b ,£ } , £ a ], £b} } •

The b a se  g rap h  f o r  I  i s  (V,E) ,  w here

V — £ X, £ a ,b ,c}  ,  £ a ,b ,d )  ,  £ a ,e } , £ b ,f} ,  £a] ,  £b} , 

(a rb )  } ,

E = £ ( £ a , b , c ) , X ) ,  C £ a ,b ,d } ,X ), ( £ a , e ) , X ) ,  ( £ b , f ] , X ) ,  

[ £a, b} ,  £a, b , c} ) ,  ( £a, b} ,  £a, b , d} ) ,  {£a) ,  £a,e} ) , 

( £ b } , £ b , f ) ) ,  ( £ a } , £ a , b } ) ,  ( £ b } , £ a , b } )  } ,  

a s  g iv e n  i n  FIGDRE£ 2 .1 ] .  <>

FI6UBE£2.1] .  An exam ple o f  a  b a se  g ra p h .
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THEOREH£ 2 . 4 ] .  L e t [%,T) be a  t o p o lo g ic a l  sp a c e  and (V,E) 

be t h e  b a s e  g rap h  f o r  T. T hen , |V | < 2 |X 1 . <>

PROOF: A s e t  V c o n s i s t s  o f  a  m in im al b a s e  f o r  T and new

v e r t i c e s  c r e a te d  by minimax i n t e r s e c t i o n s .  S in c e  each  e l e ­

m ent o f  th e  m in im al b a se  m ust have a  r e p r e s e n t a t i v e  e le m e n t 

o f  X, th e  maximum s i z e  o f  th e  m inim al b a se  f o r  T i s  | X | .  

T h en , f o r  t h e  m in im al b a s e ,  c o n s id e r  t h e  c o l l e c t i o n  o f  

o p e ra n d  s e t s  f o r  minimax i n t e r s e c t i o n s  on th e  e le m e n ts  o f  

t h e  m in im al b a s e . S in c e  each  e lem en t o f  t h i s  c o l l e c t i o n  

m ust have  a r e p r e s e n t a t i v e  e le m e n t o f  th e  m inim al b a s e ,  t h e  

maximum number o f  c r e a t i o n s  by minimax i n t e r s e c t i o n s  i s  l e s s  

th a n  |X | w hich i s  th e  maximum s i z e  o f  th e  m inim al b a s e .  

T h is  g iv e s  t h e  d e s i r e d  r e s u l t .  <>

The s i z e  o f  b a s e  g rap h  h a s  l i n e a r  bound . T h is  i s  an 

im p o r ta n t  r e s u l t  b e c a u se  t h e  c o m p le x ity  o f  an  a lg o r i th m  to  

h a n d le  a  b a se  g rap h  i s  a  f u n c t io n  o f  i t s  s i z e .  From th e  s e t  

i n c l u s i o n  p r o p e r t i e s ,  o b s e rv e  t h a t  a  b a se  g rap h  i s  an  a c y ­

c l i c  d ig ra p h  w ith  a  s i n k .  The i n t e r e s t e d  r e a d e r  i s  d i r e c t e d  

t o  R a ra ry [1 9 6 9 ]  f o r  d e t a i l s  i n  in t r o d u c to r y  g rap h  th e o r y .  

The b a se  g rap h  f o r  to p o lo g y  i s  u n iq u e ly  d e te rm in e d  s in c e  

m in im al b a se  and t h e  minimax i n t e r s e c t i o n s  o f  i t s  e le m e n ts  

a r e  u n iq u e .  The c o n c e p t  o f  t h e  b a se  g ra p h  w i l l  be u sed  to  

f i n d  a p p r o p r i a te  hom eom orphism s in  C h a p te r  IT . T h is  i s  a 

b r i e f  rev iew  o f  th e  r e l e v a n t  t o p ic s  in  to p o lo g y .
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[ 2 .2  ] DATABASE THEORY

The f i r s t  s t a n d a r d i z a t i o n  o f  d a ta b a s e  sy s te m s  was t h e  

r e p o r t  from  CODASYL DBTG£1971] w hich i s  b a sed  on g ra p h  

s t r u c t u r e s .  T hus, t h e  CODASYL te rm s  a r e  b r i e f l y  exam ined  a t  

t h e  b e g in n in g  o f  t h i s  d i s c u s s io n .  In  t h e  CODASYL a p p ro a c h , 

a view  o f  th e  c o n c e p t o f  a  r e c o r d  r e q u i r e s  t h r e e  l e v e l s  o f 

a b s t r a c t i o n :  a  r e c o r d  s t r u c t u r e ,  an o c c u r re n c e  o f  t h e  r e c o r d  

s t r u c t u r e  w ith  an  e n t i t y ,  and  an in s t a n c e  o f  th e  r e c o r d  w ith  

v a lu e s  a s s ig n e d  to  e ach  o f  th e  r e c o r d  f i e l d s .  CODASYL 

r e f e r s  t o  th e  r e c o rd  s t r u c t u r e  a s  a r e c o r d  ty p e ,  th e  r e c o r d  

o c c u r re n c e  a s s o c i a t e d  w ith  a p a r t i c u l a r  e n t i t y  a s  a  r e c o r d ,  

and  th e  s e t  o f  v a lu e s  a s s ig n e d  a s  an i n s t a n c e  o f  th e  r e c o r d .  

R e co rd s  and f i e l d s  a r e  u sed  i n  term s o f  c o n v e n t io n a l  i n f o r ­

m atio n  p r o c e s s in g .  A f i e l d  c a n  h o ld  one  u n i t  o f  in f o r m a t io n  

an d  a  r e c o rd  r e p r e s e n t s  an  e n t i t y  by u s in g  a  c o l l e c t i o n  o f  

f i e l d s .  In  t h i s  d i s c u s s i o n ,  n o ta t io n  t [ X ]  i s  u sed  f o r  a 

r e c o r d  w here X i s  a r e c o rd  s t r u c t u r e .  I f  Y ^  X, th e n  Y i s  

c a l l e d  a p s e u d o - e n t i ty  ty p e  and  t [ Y ]  i s  c a l l e d  Y -com ponent 

o f  t h e  r e c o r d  t . . R ecords p ro v id e  an  e x c e l l e n t  t o o l  f o r  p ro ­

c e s s in g  in f o r m a t io n ,  d e s c r ib e d  i n  H an so n [1 9 8 2 ]. A lso , 

K e n t[1 9 7 9 ] d e s c r ib e s  th e  b a s ic  a ssu m p tio n s  b e h in d  th e  r e c o r d  

b a se d  in fo rm a tio n  p r o c e s s in g .

The CODASYL ap p ro ach  a l lo w s  a  o n e -to -m an y  r e l a t i o n s h i p ,  

c a l l e d  an o w n ersh ip  i n  t h i s  d i s c u s s io n  and a s e t  i n  t h e  o r i ­

g i n a l  DBT6 r e p o r t ,  betw een r e c o r d s .  An o w n ersh ip  c o n ta in s
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tw o k in d s  o f  r e c o r d s :  an  owner r e c o r d  o f  which t h e r e  i s

e x a c t l y  one and any number o f  member r e c o r d s .  The CODASYL 

ap p ro a ch  d e f i n e s  an  o w n e rsh ip  ty p e  a s  a  named r e l a t i o n s h i p  

be tw een  r e c o r d  t y p e s .  The ow n ersh ip  t y p e ~  c o n s i s t s  o f  

e x a c t l y  one owner r e c o r d  ty p e  and a  number o f  member r e c o r d  

t y p e s .  T hus , t h e  c o n c e p t  o f  ow nersh ip  r e q u i r e s  t h r e e  l e v e l s  

o f  a b s t r a c t i o n :  an  o w n ersh ip  s t r u c t u r e ,  an o c c u r r e n c e  o f

t h e  r e c o r d  s t r u c t u r e  w i th  a named r e l a t i o n s h i p ,  and  an 

I n s t a n c e  o f  t h e  o w n e rs h ip ,  d e s c r i b e d  i n  011 e£19 78].  The 

CODASYL approach  r e f e r s  t o  them as  an ow n ersh ip  t y p e ,  an 

o w n e rs h ip ,  and an  i n s t a n c e  o f  o w n e rsh ip ,  r e s p e c t i v e l y .  

T h e re  i s  an  ow n ersh ip  w henever t h e r e  i s  an  owner r e c o r d .  An 

o w n e rsh ip  i s  s a i d  to  empty when t h e r e  a r e  no member r e c o r d s .  

I t  i s  i n t e r e s t i n g  t o  com pare i n t e r - r e c o r d  ty p e  w ith  i n t r a ­

r e c o r d  t y p e .  The i n t e r - r e c o r d  i s  an  ow nersh ip  w h i le  t h e  

i n t r a - r e c o r d  i s  a  r e c o r d .  The c h o ic e  o f  t h e s e  two t y p e s  f o r  

t h e  d a ta b a s e  r e p r e s e n t a t i o n  i s  one o f  t h e  m ajor r o l e s  o f  

d e s i g n e r  i n  t h e  CODASYL a p p ro a c h .

The r e l a t i o n a l  a p p ro a c h  was i n t r o d u c e d  by Codd£197D] on 

t h e  b a s i s  o f  th e  s e t  t h e o r e t i c  a p p ro a c h .  The r e l a t i o n a l  

ap p ro a ch  d e te rm in e s  t h e  i n t e r - r e c o r d  t y p e s  d y n a m ic a l ly  w h i le  

t h e  CODASYL approach  d o e s  so  s t a t i c a l l y .  T here  a r e  no 

d i f f e r e n c e s  betw een t h e  i n t e r - r e c o r d  t y p e s  and t h e  i n t r a ­

r e c o r d  ty p e s  in  t h e  r e l a t i o n a l  a p p ro a c h .  I n  t h e  r e l a t i o n a l  

a p p ro a c h ,  t h e  main c o n c e p t s  a r e  d e s c r ib e d  w ith  t h e  i n t r a ­

r e c o r d  ty p e s  and t h e  d e p e n d e n c ie s  which a r e  e s s e n t i a l l y  th e
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same a s  t h e  i n t e r - r e c o r d  t y p e s  i n  t h e  CODASYL a p p ro a c h ,  a s  

d e s c r i b e d  i n  T s i c h r i t z i s - L o c h o v s k y [  1982 ] .

A r e l a t i o n  scheme i s  a  s e t  o f  a t t r i b u t e s  w h i le  a  r e l a ­

t i o n  i s  a  s e t  o f  r e c o r d s .  An a t t r i b u t e  i s  s p e c i f i e d  by a 

domain which i s  a  s e t  o f  p o s s i b l e  i n f o r m a t i o n  v a l u e s .  

R eco rds  o f  a  r e l a t i o n  a r e  e x p re s s e d  a s  n - t u p l e s  i f  t h e  a s s o ­

c i a t e d  r e l a t i o n  schem e h a s  a  a t t r i b u t e s .  A f u n c t i o n a l  

dependency  i s  e x p re s s e d  a s  a  p a i r  (X,Y) where X and  Y a r e  

s e t s  o f  a t t r i b u t e s .  The n o t a t i o n  X r—> Y i s  r e p l a c e d  i n  

t h i s  d i s c u s s i o n  w ith  (X,Y) t o  a l lo w  th e  d i r e c t  a p p l i c a t i o n  

o f  t h e  p r o d u c t  to p o lo g y  i n  t h e  n e x t  c h a p t e r .  A r e l a t i o n  B 

s a t i s f i e s  a  f u n c t i o n a l  dependency  (X,Y) i f  w henever t h e r e  

a r e  two r e c o r d s  s  and t  i n  B su c h  t h a t  s [ X ]  = t [ X ] ,  i t  must 

a l s o  be t r u e  t h a t  s [Y ]  = t [ Y ] .  A m u l t iv a lu e d  dependency  i s  

e x p r e s s e d  a s  a  p a i r  (X,YJ where X and Y a r e  s e t s  o f  a t t r i ­

b u t e s .  Again t h e  n o t a t i o n  X -> ->  Y i s  r e p l a c e d  w i th  (X,Y) 

t o  a llo w  th e  a p p l i c a t i o n  o f  t h e  p r o d u c t  t o p o lo g y .  A r e l a ­

t i o n  R s a t i s f i e s  a  m u l t iv a lu e d  dependency  (X,Y) i f  w henever 

t h e r e  a r e  two r e c o r d s  s  and  t  i n  B su c h  t h a t  s£X] = t [ X ] ,

t h e r e  must a l s o  e x i s t  a  r e c o r d  w in  B such  t h a t

w[XUY] = s [X U Y ]  and w[XUY] = t [X U Y ] .

Two o p e r a t o r s ,  PROJECT and JOIN a r e  in t r o d u c e d  on a  s e t  

o f  r e l a t i o n s .  PBOJECT£B:X] i s  d e f in e d  a s  a c o l l e c t i o n  o f  

t h e  X-component o f  t u p l e s  i n  t h e  r e l a t i o n  B, where X i s  a 

s u b s e t  o f  t h e  r e l a t i o n  scheme a s s o c i a t e d  t o  t h e  r e l a t i o n  B.
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JO IN [R i : B 2 : . : R n ]  i s  d e f in e d  a s  a  c o l l e c t i o n  o f  t u p l e s  t  

such  t h a t  t [ X i ]  t  E i ,  i  = 1 * 2 , . . . , n ,  where Xi i s  a  r e l a t i o n  

scheme a s s o c i a t e d  t o  t h e  r e l a t i o n  E i .  JOlH o p e r a t o r  means a  

n a t u r a l  j o i n  i n  d a ta b a s e  l i t e r a t u r e .  A j o i n  dependency i s  

e x p re s s e d  a s  a  c o l l e c t i o n  o f  a t t r i b u t e  s e t s .  A r e l a t i o n  E 

s a t i s f i e s  a  j o i n  dependency  [ X 1 ,X 2 , . . . ,X n  ) ,  i f  

X = XI U X 2 U - - - U X n  and

E = J0IN[PR0JECTCR;X1]:PE0JECT[E:X2] : . . . .  :PEOJECT£E:Xn]], 

where X i s  t h e  r e l a t i o n  scheme f o r  t h e  r e l a t i o n  R.

I n  a d d i t i o n ,  we h ave  th e  c o n c e p t  o f  embedded dependen­

c i e s .  R e c a l l  t h e  r e l a t i o n  schem e i s  a  s e t  o f  a t t r i b u t e s .  

An embedded dependency  i s  s a t i s f i e d  o n ly  i n  a  s u b s e t  o f  a 

r e l a t i o n  schem e, b u t  i t  i s  n o t  s a t i s f i e d  f o r  e n t i r e  r e l a t i o n  

schem e. T here  e x i s t  embedded m u l t iv a lu e d  and embedded j o i n  

d e p e n d e n c ie s .  T hroughou t t h i s  d i s c u s s i o n ,  we w i l l  u se  mul­

t i v a l u e d  dependency and j o i n  d epend en cy  te r m in o lo g y ,  e x c lu d ­

in g  embedded d e p e n d e n c ie s .

The c o n c e p t  o f  n o rm al fo rm s  i s  i n t r o d u c e d  from  t h e  

f u n c t i o n a l ,  m u l t i v a l u e d ,  and j o i n  d e p e n d e n c ie s .  The norm al­

i z a t i o n  p ro c e s s  h a s  been  p ro p o se d  a s  a  d e c o m p o s i t io n  t h e o r y .  

The . main r e a s o n  f o r  t h e  n o r m a l i z a t i o n  i s  t o  remove th e  

a n o m a lie s  in  th e  c a s e  o f  d a t a  i n s e r t i o n ,  d e l e t i o n ,  and 

u p d a te .  Two p l a u s a b l e  c o n d i t i o n s  a r e  known a s  l o s s l e s s  j o i n  

p r o p e r ty  and dependency p r e s e r v a t i o n  p r o p e r t y  i n  t h e  decom­

p o s i t i o n  p r o c e s s e s .  I n  g e n e r a l ,  t h e  o r i g i n a l  r e l a t i o n
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s h o u ld  be  r e c o v e r a b l e  and th e  d a ta  s t r u c t u r i n g  d e p e n d e n c ie s  

s h o u ld  b e  p r e s e r v e d  a f t e r  t h e  d e c o m p o s i t io n .

The c l o s u r e  s e t  f o r  a s e t  o f  d e p e n d e n c ie s  i s  t h e  c o l ­

l e c t i o n  o f  d e p e n d e n c ie s  l o g i c a l l y  im p l ie d  by t h e  s e t  o f  

d e p e n d e n c ie s .  The n o t a t i o n  F* i s  ==sd f o r  t h e  c l o s u r e  l o g i ­

c a l l y  im p l i e d  by t h e  s e t  F o f  f u n c t i o n a l  d e p e n d e n c ie s .  L e t  

F be a  s u b s e t  o f  G, where F and  G a r e  s e t s  o f  d e p e n d e n c ie s .  

Then, F i s  c a l l e d  a  c o v e r  o f  G i f  a l l  d e p e n d e n c ie s  i n  G a r e  

l o g i c a l l y  im p l i e d  by F. L e t  X b e  a r e l a t i o n  schem e and K be 

a  s u b s e t  o f  X. Then, K i s  c a l l e d  a key i f  (K,X) £ F+̂  and 

(N ,I) X  F+ f o r  H C K.

The i n f e r e n c e  problem  i n  d a ta b a s e  t h e o r y  i s  how to  

d e c id e  w he th er  a  dependency i s  l o g i c a l l y  im p l i e d  by t h e  

g iv e n  s e t  o f  d e p e n d e n c ie s .  The i n f e r e n c e  prob lem  h as  been  

s o lv e d  by t h e  c h a s e  p r o c e s s ,  d e s c r i b e d  i n  H a ie r - l le n d e lz o n -  

S a g iv [1 9 7 9 ] .  When t h e  c h a s e  a lg o r i th m  i s  a p p l i e d  t o  t h e  

i n f e r e n c e  p ro b le m , r e  sa y  t h e  c h a se  i s  s u c c e s s f u l  i f  a 

dependency t o  be t e s t e d  c an  be d e r iv e d  from t h e  g iv e n  s e t  o f  

d e p e n d e n c ie s .

S in c e  t h e  c h a s e  p r o c e s s  i s  u sed  t o  t e s t  t h e  a x io m a t i z a -  

t i o n  f o r  j o i n  d e p e n d e n c ie s  i n  t h e  n e x t  c h a p t e r ,  we exam ine 

i t  some d e t a i l .  A s u c c e s s f u l  c h a se  p ro c e s s  f o r  j o i n  depen­

d e n c i e s  can be e x p re s s e d  a s  a  a c y c l i c  d i g r a p h ,  a s  g iv en  in  

S c i o r e [ 1 9 8 2 ] .  R e c a l l  t h a t  a d ig r a p h  c o n s i s t s  o f  v e r t i c e s
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and d i r e c t e d  e d g e s .  An a c y c l i c  d ig ra p h  c o n t a i n s  no d i r e c t e d  

c y c l e s ,  h s i n k  i s  a  v e r t e x  w hich  can  be r e a c h e d  by a l l  o t h ­

e r s .  F o r  a d i r e c t e d  edge  ( R i ,R j ) ,  Ri i s  a d j a c e n t  t o  Rj and  

Rj i s  a d j a c e n t  f rom  Ri- A v e r t e x  i s  a  n - t n p l e  i f  t h e  r e l a ­

t i o n  scheme h a s  n a t t r i b u t e s .  Each com ponent o f  a  n - t u p l e  

i s  a s s o c i a t e d  t o  e a c h  a t t r i b u t e  w i th  ev en  o r  odd v a r i a b l e .  

F o r  a  s e t  G o f  e d g e s  su ch  t h a t

G = { (Di,X) I D i E D, D: a  v e r t e x  s e t ,  X: a v e r t e x  } ,

D i s  a s s o c i a t e d  t o  a  j o i n  dependency and X i s  a s s o c i a t e d  

t o  a  d e r i v e d  t u p l e .  I n i t i a l l y ,  a  s e t  o f  v e r t i c e s  i s  g iv e n  

by a j o i n  dependency  t o  be t e s t e d .  A v e r t e x  a s s o c i a t e s  a  

member o f  j o i n  d ep endency . A component o f  v e r t e x  h a s  even  

v a r i a b l e  i f  t h e  member o f  j o i n  dependency a s s o c i a t e d  w i th  

t h e  v e r t e x  h a s  t h e  a t t r i b u t e  a s s o c i a t e d  w i th  t h e  com ponent, 

odd v a r i a b l e  o t h e r w i s e .  Even v a r i a b l e s  a r e  u n iq u e ly  

a s s ig n e d  to  each  a t t r i b u t e  w h i le  odd v a r i a b l e s  a r e  a s s ig n e d

one f o r  e a c h .  I f  t h e  r e l a t i o n  scheme h as  n a t t r i b u t e s  and

t h e  j o i n  dependency  t e s t e d  h a s  k members, th e n  t h e r e  a r e  n 

even  v a r i a b l e s  and a t  most n (k -1 )  odd v a r i a b l e s .  A d e r iv e d  

v e r t e x  i s  c o n s t r u c t e d  i n  t h e  way t h a t  f o r  an  a t t r i b u t e  Xi i n  

t h e  member X o f  a p p l i e d  j o i n  dep en dency , X i-com ponent o f

d e r iv e d  t u p l e  i s  t h e  same a s  X i-com ponent o f  t h e  v e r t e x

a s s o c i a t e d  t o  t h e  member X. F i n a l l y ,  th e  s i n k  h a s  a l l  even  

v a r i a b l e s .

EXAI1PLE[ 2 . 5 3 .  C o n s id e r  a  s e t  0 o f  a t t r i b u t e s :

0 = { a ,b , c ,d , e }  and a s e t  W o f  j o i n  d e p e n d e n c ie s :
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W = ( J 1 , J 2 , J 3 , J 4 ) ,  where

—  ( r & f b f C ) ,  C C f d f G j ] ,  J 2  —  ( ( a *  ( h * c * e ) } f  

J 3  — (  ( b  f  d ) ,  ( & * b # c , e ) } ,  JU — ( [ & # b f e ) *  

and a j o i n  dependency which we want t o  d e r i v e :

J 8  = ( ( a , b , c ) ,  [ b ,d 3 ,  [ b , e ] ,  [ a , e ] ,  £ a ,c } } .

Rote t h a t  n o t a t i o n s  J5* J 6 ,  and  J 7  a r e  r e s e r v e d  f o r  i n t e r ­

m e d ia te  j o i n  d e p e n d e n c ie s  i m p l i c i t l y .  T h en , we g e t  a  s e t  ? 

o f  v e r t i c e s  g iv e n  i n i t i a l l y  a s  f o l l o w s :

V = (V 1 ,V 2 ,V 3 ,?4 ,? 5 ] ,  w here

VI = (a1 , a 2 ,  a 3 ,  b 1 ,  b2 ) ,

V2 = (b3, a 2 ,  b h ,  a t t ,  b 5 ) ,

V3 = (b6, a 2 ,  b 7 ,  b 8 ,  aS ) ,

V4 = (a1 , b9,  b i o ,  b 1 1 , a5 ) ,

V5 = [a1, b12 , a 3 ,  b13, b 1 4 ) .

Rote t h a t  a 1 , a 2 , . . . , a 5  a r e  ev en  v a r i a b l e  and b 1 , b 2 , . . . , b 1 4  

a r e  odd v a r i a b l e .  Re g e t  a  s e t  D o f  v e r t i c e s  d e r iv e d  by V:

D = £D1,D2,D3,DU), where

DI = (b6 , a 2 ,  b7 , a h ,  aS ) ,

D2 -  (a1 , b 9 , a 3 ,  b 1 3 , a5 ) ,

D3 -  (b6, b 9 ,  a 3 ,  a h ,  a5 ) ,

Dh = [ a l ,  a 2 ,  a 3 ,  a h ,  a5 ) .

DI i s  d e r iv e d  from V2, V3 by u s in g  J 3 ,  D2 from Vh, V5 by

J h ,  D3 from 01 , D I, D2 by J 2 ,  and f i n a l l y  Dh from V I, D3 by

3 1 .  R ote  Dh i s  t h e  s i n k  f o r  t h e  s u c c e s s f u l  c h a s e  p r o c e s s .

The d e r i v a t i o n  g rap h  i s  g iv e n  i n  F IG 0B E [2 .2 ] .  <>
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FIGURER2 . 2 ] •  & s u c c e s s f u l  c h a s e  p r o c e s s .

I n f e r e n c e  r u l e s  a r e  a  s e t  o f  r u l e s  by which new depen­

d e n c i e s  can be d e r iv e d  from t h e  g iv e n  s e t  o f  d e p e n d e n c ie s .  

A s e t  o f  i n f e r e n c e  r u l e s  i s  c o m p le te  f o r  a  s e t  o f  dependen­

c i e s  i f  any dependency which i s  im p l ie d  by t h e  g iv e n  s e t  o f  

d e p e n d e n c ie s  can b e  d e r iv e d  from  t h e  g iv e n  s e t  o f  dependen­

c i e s  by u s in g  t h o s e  i n f e r e n c e  r u l e s .  The c o m p le te  a x io m a t i -  

z a t i o n s  f o r  i n f e r e n c e  r u l e s  on f u n c t i o n a l ,  m u l t i v a lu e d ,  and 

j o i n  d e p e n d e n c ie s  have been  e x p lo r e d  by A rm strong£1 9 7 4 ] ,  

B e e r i - F a g in -  Howard[1977 ] ,  and S c io re [1 9 B 2 ] ,  r e s p e c t i v e l y .  

I s s u e s  on t h e  c o m p le te  a x io m a t i z a t i o n  f o r  d e p e n d e n c ie s  w i l l  

be exam ined in  g r e a t  d e t a i l  i n  t h e  n e x t  c h a p t e r .  T h is  

r e p r e s e n t s  a b r i e f  rev iew  o f  t h e  r e l e v a n t  t o p i c s  i n  d a ta b a s e  

t h e o r y .  The i n t e r e s t e d  r e a d e r  can  lo o k  a t  th e  c i t e d  r e f e r ­

e n c e s  f o r  more d e t a i l  on a p a r t i c u l a r  s u b j e c t .



CHAPTER I I I  

TOPOLOGICAL APPROACH

The p r im a ry  p u rp o se  o f  d a t a  m odeling  t e c h n iq u e s  i s  t o  

p r o v id e  a  r e p r e s e n t a t i o n  f o r  i n f o r m a t io n  and m a n ip u la t io n  

o p e r a t o r s  f o r  such  a r e p r e s e n t a t i o n .  A d a ta b a s e  r e p r e s e n t a ­

t i o n  b a sed  on t h e  t o p o l o g i c a l  v ie *  i s  t h e  p r im a ry  c o n c e rn  o f  

t h i s  c h a p t e r .  The d a ta b a s e  u n i t  f o r  t h e  d a t a b a s e  r e p r e s e n ­

t a t i o n  i n  t h e  t o p o l o g i c a l  model i s  an a b s t r a c t  s p a c e ,  c a l l e d  

a d a ta b a s e  s p a c e .  A d a ta b a s e  sp a c e  i s  c h a r a c t e r i z e d  by t h e  

c o r r e s p o n d in g  t o p o l o g i c a l  s p a c e .  A p p r o p r i a t e ly  s e l e c t e d  

t o p o l o g i e s  p r o v id e  t h e  f a c i l i t y  to  s t o r e  t h e  s e m a n t ic s  o f  

t h e  d a t a  c o n s t r a i n t s  su c h  a s  f u n c t i o n a l ,  m u l t i v a lu e d ,  and 

j o i n  d e p e n d e n c ie s .

The d e f i n i t i o n  o f  t h e  d a ta b a s e  s p a c e  i s  in t r o d u c e d  i n  

S e c t i o n [ 3 . 1 ]  by assum ing  an  a r b i t r a r y  to p o lo g y .  I n  t h e  f o l ­

lo w in g  s e c t i o n s ,  we w i l l  t r e a t  i s s u e s  s u r r o u n d in g  t h e  s e l e c ­

t i o n  o f  t h e  to p o lo g y .  The o b v io u s  method f o r  t h e  s e l e c t i n g  

t h e  to p o lo g y  i s  t o  b a se  t h e  to p o lo g y  on t h e  d a ta  s e m a n t ic s  

o f  t h e  a p p l i c a t i o n  such  a s  t h e  d a ta  c o n s t r a i n t s .  The p r o ­

p e r t i e s  o f  f u n c t i o n a l ,  m u l t i v a lu e d ,  and j o i n  d e p e n d e n c ie s  

a r e  exam ined and t h e  c o m p le te  axiom sy s te m  o f  th e  r e l a t i o n a l
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model cire e x te n d ed  t o  t h e  t o p o l o g i c a l  s p a c e  by a ssum ing  t h e  

d i s c r e t e  t o p o lo g i e s  i n  S e c t i o n £ 3 .2 ] .  They can  be g e n e r a l ­

i z e d  i n  t h e  c a s e  o f  a r b i t r a r y  t o p o l o g i e s .

I n  S e c t i o n [ 3 . 3 ] ,  me m i l l  examine t h e  t o p o l o g i z i n g  p r o ­

c e s s ,  r e g n i r e d  to  s e l e c t  an o p t im a l  to p o lo g y .  S e c t i o n [ 3 . 4 ]  

i n t r o d u c e s  s t r u c t u r e s  b a se d  on t h e  o p t im a l  to p o lo g y  t o  

a x io m a t iz e  t h e  c o n c e p ts  o f  f u n c t i o n a l ,  m u l t i v a l u e d ,  and  j o i n  

d e p e n d e n c ie s .  A s e r i e s  o f  a lg o r i th m s  t d  compute t h e  s t r u c ­

t u r e s  a r e  i n c l u d e d .

[  3 .1  ] DATABASE SPACE

The d a ta b a s e  r e p r e s e n t a t i o n  i n  t h e  t o p o l o g i c a l  model i s  

g iv e n  by an a b s t r a c t  s p a c e ,  c a l l e d  a d a t a b a s e  s p a c e .  L e t  u s  

b e g in  m ith  t h e  d e f i n i t i o n  o f  t h e  d a ta b a s e  s p a c e .  O r i g i n a l l y  

t h e  d a ta b a s e  sp a c e  mas d e f in e d  by B a i k - H i l l e r [ 1983] th ro u g h  

t h e  c o n c e p t  o f  t h e  t o p o l o g i c a l  s p a c e  a s  f o l l o m s :

DEFIHITI0N£3.1]. DATABASE SPACE (DBSP) .

A n - d i a e n s i o n a l  D a ta b a se  S p a c e ,  u s u a l l y  d e n o te d  by D" i s  a 

n - d im e n s io n a l  sp a c e  c o n s t r u c t e d  by t h e  n a t t r i b u t e s  a s  t h e  n 

c o o r d i n a t e s  such  t h a t  t h e  s e t  o f  n c o o r d i n a t e s  i s  a  t o p o lo g ­

i c a l  s p a c e .  <>
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Hote t h a t  t h e  m ost i m p o r t a n t  p o r t i o n  o f  d a ta b a s e  s p a c e  

i s  t h e  to p o lo g y  i n  t h e  s e n s e  o f  s t o r i n g  d a t a  s e m a n t ic s .  

S in c e  we have n o t  e x p lo r e d  t h e  a p p r o p r i a t e  to p o lo g y ,  we 

assum e a n  a r b i t r a r y  to p o lo g y  i n  t h i s  d i s c u s s i o n .

h p o i n t  i n  t h e  n - d im e n s io n a l  DBSP, e x p re s s e d  by a  n -  

t u p l e ,  r e f l e c t s  a  r e c o r d  f o r  an  e n t i t y .  I n  any i n s t a n c e ,  i f  

d a t a  f o r  a  r e c o r d  i s  a v a i l a b l e  th e n  t h e  p o i n t  a s s o c i a t e d  

w i th  th e  r e c o r d  i s  a v a l i d  p o i n t ,  o th e r w i s e  i t  i s  an i n v a l i d  

p o i n t ,  h s u r f a c e  i n  t h e  DBSP r e f l e c t s  a r e c o r d  f o r  which 

in f o r m a t io n  i s  p a r t i a l l y  a v a i l a b l e .  K s u r f a c e  i s  a r e c o rd  

w i th  n u l l  v a lu e s .  T h u s ,  th e  number o f  n u l l  v a l u e s  i n  t h e  

r e c o r d  i s  t h e  d e g re e  o f  freedom  o f  t h e  s u r f a c e .  The s e t  o f  

a l l  v a l i d  p o i n t s  i n c l u d i n g  s u r f a c e s  i n  t h e  d a ta b a s e  s p a c e  

r e p r e s e n t s  a v a i l a b l e  i n f o r m a t io n  f o r  t h e  c u r r e n t  i n s t a n c e  o f  

t h e  d a t a b a s e .

I CITY I STATE | POPULATIOH

I Borman ; OK | 71500
I Miami |  OK I 14200
1 Miami | TX | 800
I A u s t in  I TX i BOLL

F I6U R E [3 .1 ] . A sam ple  d a t a  s e t  I .
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EXARPLE[3 . 1 ] .  C o n s id e r  a  s e t  X o f  a t t r i b u t e s :

X = £ C IT I ,  STATE, POPULATION } .

A 3 - d im e n s io n a l  DBSP i s  fo rm ed by t h e  3 c o o r d i n a t e s :

CITY, STATE, and POPULATION.

The C IT T -c o o rd in a te  r e p r e s e n t s  a  domain o f  t h e  a t t r i b u t e  

CITY, a s e t  o f  c i t i e s .  The ST A T E -coord inate  r e p r e s e n t s  a  

domain o f  t h e  a t t r i b u t e  STATE, a  s e t  o f  s t a t e s .  The 

POPULATION-:' x j r d i n a t e  r e p r e s e n t s  a  dom ain o f  t h e  a t t r i b u t e  

POPULATION, a  s e t  o f  p o s i t i v e  i n t e g e r s .  I f  ve i n t r o d u c e  an 

a r b i t r a r y  to p o lo g y  T:

T = £ J0T, X, £CITY,STATE) ,  £POPULATION) ) ,  

th e n  (X,T) i s  a  t o p o l o g i c a l  s p a c e .  I n  a  c e r t a i n  i n s t a n c e ,  

i f  t h e  i n f o r m a t i o n  o f  t h r e e  c i t i e s  which a r e  Norman, OK w ith  

p o p u la t i o n  71500 , Miami, OK w ith  p o p u l a t i o n  14200, and 

Miami, TX w ith  p o p u l a t i o n  80 0 , a s  g iv e n  i n  PIGUEE[3.1 ] ,  i s  

a v a i l a b l e ,  t h e n  t h r e e  p o i n t s  i n  th e  DBSP, (Norman,OK,7 1 5 0 0 ) ,  

(Miami,OK,1 4200 ),  and (M iam i,TX,800) a r e  v a i i d  p o i n t s  i n  th e  

i n s t a n c e .  I n  t h e  3 -d im e n s io n a l  c a s e ,  t h e  DBSP i s  e x p re s s e d  

by t h e  E u c l id e a n  S p a c e ,  a s  g iv e n  i n  FIGUBE£3.2]. I n  a n o th e r  

i n s t a n c e ,  i f  we know a c i t y ,  A u s t in ,  TX w ith  unknown p o p u la ­

t i o n ,  th e n  i t  i s  r e p r e s e n te d  a s  a  s u r f a c e ,  (Austin,TX,NULL) 

which h a s  t h e  f i r s t  d e g re e  o f  freedo m . T h u s ,  t h e  s u r f a c e ,  

(Austin,TX,NULL) w i l l  be a  s t r a i g h t  l i n e  i n  t h e  c o n v e n t io n a l  

E u c l id e a n  Sp ace . <>
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DIMENSION OF DATABASE SPACE

POPOLAIIGH-coordinate
71500

(Norman,OK,71500)

ST A T E -coordinate

OK

Norman

C lT T -c o o rd in a te

TOPOLOGY OF DATABASE SPACE

CITY
STATE

POPDLATION

INSTANCE OF DATABASE SPACE

(Norman,OK,71500) 
(Miami,OK,14200) 
(M ia m i,T I ,800) 
(Austin,TZ,NOLL)

F IG 0 E E [3 .2 ] .  An exam ple  o f  a D a ta b a se  Space.
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I g n o r i n g  t h e  d i m e n s i o n a l i t y  o£ d a ta b a s e  s p a c e ,  t h e  

d a ta b a s e  s p a c e  i s  s im p ly  d e n o te d  by 0  w i th o u t  s p e c i f y i n g  i t s  

d i m e n s i o n a l i t y .  For a  d a ta b a s e  sp a c e  D, t h e  d im e n s io n  o f  D, 

d e n o te d  DIH[D] i s  t h e  s e t  o f  c o o r d i n a t e s ,  t h e  to p o lo g y  o f  D, 

d e n o te d  TOP[D] i s  a  to p o lo g y  on OIH£D], and an  i n s t a n c e  o f  

D, d e n o te d  IHS[D] i s  t h e  s e t  o f  v a l i d  s u r f a c e s  and  p o i n t s .  

Then, a  d a ta b a s e  s p a c e  0 can  be s p e c i f i e d  by DIH£D], 

TOP[D], and IN S[D j. The t o p o l g i c a l  sp a c e  f o r  t h e  d a ta b a s e  

sp a c e  D i s  g iv e n  a s  p a i r  [DIH[D],TOP[D]). Sometimes when 

t h e  i n s t a n c e  o f  d a ta b a s e  s p a c e  i s  ig n o r e d ,  a  d a ta b a s e  sp a c e  

D i s  s im p ly  e x p re s s e d  a s  a  t o p o l o g i c a l  s p a c e  ( 1 , 1 ) ,  where 

X = DIH[D] and T = TOP£D]. He w i l l  u se  b o th  n o t a t i o n s  

(Z,T) and (DIH£D] , TOP£D]) ,  th ro u g h o u t  t h i s  d i s c u s s i o n .

He n eed  t o  pay  a t t e n t i o n  on t h e  d im en s io n  o f  a  d a ta b a s e  

s p a c e .  The d im e n s io n ,  DIH£D] i s  c o n s t r u c t e d  by th e  s e t  o f  

c o o r d i n a t e s .  A c o o r d i n a t e  i s  d e f in e d  by t h e  domain o f  an 

a t t r i b u t e .  The domain o f  an a t t r i b u t e  a i ,  d e n o te d  DOM£ai] 

i s  a s e t  o f  v a l u e s .  T hen , t h e  s i z e  o f  a  d a ta b a s e  sp a c e  i s  

d e te rm in e d  by t h e  s i z e  o f  i t s  dom ains. By assum ing  

DIN£D] = £ a 1 , a 2 , a 3 , .< . a n )  f o r  a  d a ta b a s e  s p a c e  D, 

th e  s i z e  o f  D:

|D | = lD0H£a1]| X |D 0H £a2]| X . . . .  X |DOM£an]|, 

where |DOM£ai]| i s  t h e  s i z e  o f  DOB£ai].

Note t h a t  DOH£ai] must be  a f i n i t e  s e t ,  s i n c e  i t  must be 

r e p r e s e n t e d  by c o m p u te r s .  The s e m a n t ic s  o f  t h e  dom ains i s  

d e te rm in e d  by gue ry  la n g u a g e  f o r  u s e r s .  C e r t a in  domains can
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be t h e  same s e t  o r  a  domain can  be a  s u b s e t  o f  a n o th e r  

dom ain . The in f o r m a t io n  p r o c e s s in g  c a p a b i l i t y  o f  d a ta b a s e  

s p a c e  i s  l i m i t e d  by d e te r m in in g  th e  c o o r d i n a t e s  and t h e i r  

p ro p e r  d o m ain s .

£ 3 .2  ] AXIOMATIZATION FOB DEPENDENCIES

The b e s t  to p o lo g y  f o r  o u r  p u rpose  can  be s e l e c t e d  by 

exam in ing  t h e  d a ta  s e m a n t ic s  o f  t h e  a p p l i c a t i o n .  The d a ta  

c o n s t r a i n t s  imposed on t h e  d a ta b a s e  by t h e  f u n c t i o n a l ,  mul­

t i v a l u e d ,  and  j o i n  d e p e n d e n c ie s  a r e  t h e  p l a c e  t o  i n i t i a t e  

o u r  d i s c u s s i o n .  The d e p e n d e n c ie s  a r e  d e f in e d  i n  te rm s  o f  an 

a b s t r a c t  s p a c e  u s in g  t h e  d i s c r e t e  to p o lo g y  i n  t h i s  s e c t i o n .  

A x io m a t iz a t io n  p r o c e s s  f o r  a  s e t  o f  f u n c t i o n a l  d e p e n d e n c ie s  

v a s  f i r s t  e x p lo re d  by A rm strong£1974]. By assum ing  a  

d i s c r e t e  to p o lo g y  Td, A rm strong  axiom sys tem  f o r  a s e t  o f  

f u n c t i o n a l  d e p e n d e n c ie s  on Td, can be g iv e n  a s  f o l l o w s :

TBEOHEH£3 . 1 ] .  A c o m p le te  axiom sys tem  f o r  f u n c t i o n a l  depen­

d e n c i e s  on a  d i s c r e t e  to p o lo g y  Td i s  g iv e n  a s  f o l l o w s :

F I :  t Q l  = >  (X,Y) E P£Td],

F2: [X,Y) E F [T d] ==> (XUZ, YUZ) E F [T d ] ,

F3: (X ,Y ), (Y,Z) £ F£Td] ==> (X,Z) £ F £T d],

where X, I ,  Z £ Td,

F£Td]: a  s e t  o f  f u n c t i o n a l  d e p e n d e n c ie s  on Td. <>

PROOF: See APPENDIX£A. 1 ] .  <>
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N ote t h e  c o l l e c t i o n ,  F [T d ]  i s  a  s u b s e t  o f  t h e  p r o d u c t
a.

to p o lo g y  Td o f  t h e  d i s c r e t e  to p o lo g y  Td. A ls o ,  F [T d] i s  a  

c lo s e d  c o l l e c t i o n  on Td, in t r o d u c e d  by u s in g  t h e  c o m p le te  

axiom s y s te m .  I n  t h e  c a s e  o f  a n  a r b i t r a r y  to p o lo g y ,  t h e  

c lo s e d  c o l l e c t i o n  P [T ]  f o r  a  to p o lo g y  T can  be  g e n e r a l i z e d ,  

b e c a u s e  i f  X, I ,  Z E T th e n  X U Z , YUZ & T.

The a d v a n ta g e s  o f  t h e  g e n e r a l i z a t i o n  t o  an  a r b i t r a r y  

to p o lo g y  w i l l  become c l e a r  when ve a r e  t o  s e l e c t  an  o p t im a l  

to p o lo g y  i n  t h e  n e x t  s e c t i o n .  I n  t h e  c a s e  o f  t h e  d i s c r e t e  

t o p o lo g y ,  F [ I d ]  = F+ where F+ i s  th e  c l o s u r e  f o r  t h e  s e t  F 

o f  f u n c t i o n a l  d e p e n d e n c ie s .  A x io m a t iz a t io n  p r o c e s s  f o r  a 

s e t  o f  m u l t iv a lu e d  d e p e n d e n c ie s  v a s  e x p lo r e d  i n  th e  p a p e r  

g iv en  by B e e r i -F a g in -H o v a rd [1 9 7 7 J .  By assum ing  a  d i s c r e t e  

to p o lo g y  Td, a c o m p le te  axiom sy s te m  f o r  a  s e t  o f  mul­

t i v a l u e d  d e p e n d e n c ie s  on T& can  be g iv e n  a s  f o l l o w s :

TH£OBEH£3 . 2 ] .  A c o m p le te  axiom sy s te m  f o r  m u l t iv a lu e d  

d e p e n d e n c ie s  on a d i s c r e t e  to p o lo g y  Td i s  g iv e n  a s  f o l lo w s :  

Ml: (X ,I) £ F [T d ]  ==> (X ,I)  £ H£Td],

M2: (X,Y) £ M [Td], (XUY, Z) £ F [T d]

==> (X, T n Z )  £ F [T d ] ,

M3: (X,Y) £ M[Td] ==> (X, XUY) £ M[Td],

M4: (X,Y) £ M[Td] ==> (XUZ, YUZ) £ M[Td],

MS: (X ,Y ), (Y,Z) £ M[Td] ==> (X, YOZ) £ M£Td],

w here X, Y, Z £ Td,

H£Td]: a s e t  o f  m u l t iv a lu e d  d e p e n d e n c ie s  on <>

PBOOF: See APPENDIX£ A-2 ] .  <>
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Axioms, Ml and  M2 s t a t e  t h a t  f u n c t i o n a l  d e p e n d e n c ie s

a r e  th e  s p e c i a l  c a s e  o f  m u l t iv a lu e d  d e p e n d e n c ie s  by t h e i r

d e f i n i t i o n s .  Hote t h a t  H£Td] i s  a s u b s e t  o f  t h e  p r o d u c t  
%

to p o lo g y  Td o f  t h e  d i s c r e t e  to p o lo g y  I d .  A ls o ,  M[Td] i s  a  

c lo s e d  c o l l e c t i o n  on $&, i n t r o d u c e d  by u s in g  t h e  c o m p le te  

axiom s y s te m  f o r  m u l t i v a lu e d  d e p e n d e n c ie s .  I n  t h e  c a s e  o f  

an a r b i t r a r y  p a r t i t i o n  to p o lo g y ,  t h e  c l o s e d  c o l l e c t i o n  M[T] 

f o r  a  to p o lo g y  T can  be  g e n e r a l i z e d ,  b e c a u se

i f  X, T , Z £ T t h e n  l U I ,  Y U Z , YHZ £ Y .

S in c e  axiom s M3 and MS in v o lv e  a complement o p e r a t i o n ,  

t h i s  axiom sys tem  c a n  be g e n e r a l i z e d  t o  an  a r b i t r a r y  p a r t i ­

t i o n  to p o lo g y  which i s  a  c lo s e d  c o l l e c t i o n  u n d e r  t h e  com ple­

ment o p e r a t i o n .  Again h e r e ,  t h e  a d v a n ta g e s  o f  t h e  g e n e r a l i ­

z a t i o n  t o  an a r b i t r a r y  to p o lo g y  w i l l  become c l e a r  when we 

s e l e c t  a n  o p t im a l  to p o lo g y  i n  t h e  n e x t  s e c t i o n .  I n  t h e  c a s e  

o f  t h e  d i s c r e t e  t o p o lo g y .  I d  = I& and M[Td] -  M+ where M+ 

i s  t h e  c l o s u r e  f o r  t h e  s e t  M o f  m u l t iv a lu e d  d e p e n d e n c ie s .

The a x io m a t i z a t i o n  p r o c e s s  f o r  a  s e t  o f  g e n e r a l i z e d  

j o i n  d e p e n d e n c ie s  was exam ined by S c i o r e £ 1 9 8 2 ] .  However, i n  

t h i s  d i s c u s s i o n ,  by i n t r o d u c i n g  t h e  c o n c e p t  o f  p a r i t y  t o p o l ­

ogy , t h e  c o m p le te  axiom  sy s tem  i s  c o n s t r u c t e d  and a c lo s e d  

c o l l e c t i o n  G £Id] on a p a r i t y  d i s c r e t e  to p o lo g y  <Id> i s  

d e r iv e d .  S in c e  t h e  c o m p le te  axiom sys tem  i s  g iv e n  on a p a r ­

i t y  d i s c r e t e  to p o lo g y ,  we need  t o  d e f i n e  p a r i t i z i n g  p r o c e s s .  

C o n s id e r  t h r e e  f u n c t i o n s  g iv e n  a s  f o l l o w s :

EVEH£X] = a  s e t  o f  even  members o f  a  s e t  X,
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ODD[%] = a s e t  o f  odd members o f  a  s e t  X, and  

ROOT[X] = a  s e t  I  w i th o u t  p a r i t i e s .

Now, we can  d e f in e  a  p a r i t i z i n g  o p e r a t o r  a s  f o l lo w s :  

PARITI£A3 = { Di I A = ( I  | X = HOOT£Di] ) ,

HOOT£E¥EN£Di33nBOOT£ODD£Dj]] = ST } ,  

where D i ,  Dj a r e  e le m e n t s  o f  <Td> and  an o p e ra n d  A i s  a 

s e t  o f  open s e t s  i n  a  d i s c r e t e  t o p o lo g y .  One can s e e  from  

t h e  d e f i n i t i o n  t h a t  an e le m e n t  o f  t h e  s e t s  o f  o p e ra n d  A w i l l  

p ic k  up e i t h e r  an even  o r  odd p a r i t y  and r e t a i n  i t  

th ro u g h o u t  t h e  p a r i t i z i n g  p r o c e s s .  Ne u se  n o t a t i o n  a+ t o  

d e n o te  even p a r i t y  and a -  t o  d e n o te  odd p a r i t y  f o r  an e l e ­

ment a  i n  t h i s  d i s c u s s i o n .

EXAKPLE[ 3 . 2 3 .  C o n s id e r  a  s e t  A: A = [ A1, A2, A3 } ,

where A1 = ( a ,d } ,  A2 -  { a ,e 3 ,  A3 = ( b , c , e } .

Then, an exam ple o f  t h e  a p p l i c a t i o n  o f  PARITY i s :

PARITI£A3 = [ D I, D2, D3 } ,  where
/

DI = £ a - ,d + ) ,  D2 = £ a - ,e + 3 ,  D3 = £ b - , c + ,e + ) .

A lso ,  exam ples o f  i n t r o d u c e d  f u n c t i o n s  a r e :

R00T£D13 = A1, E7EH£D13 = £d+) ,  0DD£D13 = £a-3 .  O

O bserve  t h e  o p e r a t o r  PARITY d e te r m in e s  t h e  m u l t i p l e  

r e s u l t s  o f  th e  o p e r a t i o n .  A l l  p o s s i b l e  r e s u l t s  sh o u ld  be 

c o n s i d e r e d .  The d e p a r i t i z i n g  p r o c e s s  i s  t o  s im p ly  remove 

t h e i r  p a r i t i e s .  Ne have  exam ined th e  p r e l i m i n a r i e s  f o r  

i n t r o d u c i n g  a c o m p le te  axiom sys tem  f o r  j o i n  d e p e n d e n c ie s  on 

a p a r i t y  d i s c r e t e  to p o lo y .  Assuming a p a r i t y  d i s c r e t e
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to p o lo g y  <Td> and t h e  o p e r a t o r  PABITZ, a  c o m p le te  axiom s y s ­

tem f o r  j o i n  d e p e n d e n c ie s  on <Td> i s  g iv e n  a s  f o l lo w s :

THEOREHC3 . 3 3 .  A c o m p le te  axiom sy s te m  f o r  j o i n  dependen­

c i e s  on a  p a r i t y  d i s c r e t e  to p o lo g y  <Td> i s  g iv e n  a s  f o l l o w s :  

G1: (X,Y) £ H[Td] ==> ( X U I ,  XUT} £ G [Td],

G2: C P ,  Q } £ G [T d], BOOT£ P ]  naOOT[ Q] /  jBT

==> (fiOOT(P]nBOOT(Q], BOOT£Q]) £ M£Td], 

G3: D £ G£Td] ==> D U (Q) £ G£Td],

GU: DU{P,Q3 £ G£Td], P C  Q ==> DU(Q} £ G£Td],

G5: DUCQ) £ G£Td], E £ G£Td],

Vk = c a I a  £ E V E H £E inE j] , O D D £E inE j]  = ST, 

f o r  a l l  p a i r s  E i ,  E j £  E , i  j  } , 

ROOT£ Yk] OB00T£0DD£Q]3 = ST,

V = ( P 1 P = EpOCQU Yk), Ep £ E )

==> DUV £ G£Td], 

w here  X, T £ T d , P , Q € <Td>, D, E C < ia > ,

Td: a d i s c r e t e  to p o lo g y ,

<Td>: a p a r i t y  to p o lo g y  o f  t h e  d i s c r e t e  to p o lo g y  Td,

G£Td]: a s e t  o f  j o i n  d e p e n d e n c ie s  on <Td>- <>

PBOOF: See APPENDIX£ A.3 ] .  O

EXAHPLE£ 3 . 3 ] .  C o n s id e r in g  EXAMPLE£2.5], we have  a s e t  0 o f  

a t t r i b u t e s :  D = £ a ,b ,c ,d , e }  , and

an i n i t i a l  s e t  W o f  j o i n  d e p e n d e n c ie s  f o r  R C G£Td]:

W = £ J 1 , J 2 , J 3 , J h ) ,  where

J1 = ( £ a , b , c ) ,  £ c , d , e ) ) ,  J2 = ({ a ,d } ,  ( a , e ) ,  £ b ,c ,e } } .
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J 3  = l ( b , a ) ^  t a f b , c , e } } ,  = [ [ a , b , e ] ,  ( a , c , d } } .

Then, ve can  d e r i v e  j o i n  d e p e n d e n c ie s ,  J 5 ,  J 6 ,  J 7 ,  and  J 8 

by t h e  f o l lo w in g  a p p l i c a t i o n s  o f  t h e  axiom s y s te m .  By 

a p p ly in g  axiom 65 t o  J2  and J 3 ,

PABITY[J2] = ( [ a - , d + ) ,  C a - ,e* } ,  [ b - , c + ,e + } } ,

Q = £ a - , d ^ J ,

E = PARITY£J3] = £ [b + ,d + ] ,  £ a - ,b + ,c + ,e + } ) ,

Vk = £b+],

V = ££b+,d+}, £ a - , b + ) ) ,  and th en  

J5  = DUV

= ££b+,d+}, £ a - ,b + ) ,  £ a - , e + ) ,  £ b - ,c + ,e + ) } .

By a p p ly in g  axiom  65 t o  J5  and J 4 ,

J 6 = DUV

= ££b+,d+}, £ a - ,b + ) ,  £ a - ,e + ) ,  £ a + ,b - ,e + J ,  £ a + ,c + ) ] -  

By a p p ly in g  axiom 63 and 64 to  J 6 ,

J7 = £ £ b+ ,d+ ),  £ a - ,b + ,e + } ,  £ a + ,b - , e + ) ,  £ a + ,c + ] ] .

By a p p ly in g  axiom  65 t o  J1 and J 7 ,

PARITY[J1] = £ £ a + ,b + ,c + } ,  £ c + ,d + ,e + ]} ,

Q =  £ c+ ,d + ,e+ } ,

E = J 7 ,

Vk = £ a + ,b + J ,

V = £ £b+ ,d+ ], £ b + ,e + ) ,  £ a + ,e + ) ,  £ a + ,c + ) ) ,  and th e n

J 8 = £ £ a + ,b + ,c + ) ,  £ b + ,d + ) ,  £ b + ,e + ] ,  £ a * ,e + ) ,  £ a + ,c+ } ) .

S in c e  6 [T d ]  i s  g iv e n  on a p a r i t y  to p o lo g y ,  d e p a r i t i z e d  

j o i n  d e p e n d e n c ie s  from J 5 ,  J 6 ,  J 7 ,  J 8 r e p r e s e n t  a s e t  o f  a l l  

p o s s i b l e  p a r i t i z e d  j o i n  d e p e n d e n c ie s  by a p p ly in g  t h e  PARITY 

o p e r a t o r .  F I6 0 B E [3 .3 ]  g iv e s  t h e  d e r i v a t i o n  p r o c e s s .  <>
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a+
c+

J3

J 2

'  b* '  
a* c+

' d+ > 
c+ e+

 ̂ a+  ̂
b*- c+ 
d+ e+

F I6U B E [3 .3 ] .  A s u c c e s s f u l  d e r i v a t i o n  p r o c e s s .

Axioms, 61 , 62 s t a t e  t h a t  m u l t iv a lu e d  d e p e n d e n c ie s  a r e  

a s p e c i a l  c a s e  o f  j o i n  d e p e n d e n c ie s .  6 [T d ]  i s  a  s u b s e t  o f  

t h e  power s e t  o f th e  p a r i t y  d i s c r e t e  to p o lo g y -  A lso ,  6 [T d ]
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i s  a  c l o s e d  c o l l e c t i o n  on t h e  p a r i t y  d i s c r e t e  to p o lo g y  

in t r o d u c e d  by  u s in g  t h e  c o m p le te  axiom sys tem  f o r  j o i n  

d e p e n d e n c ie s .  In  t h e  c a s e  o f  an  a r b i t r a r y  p a r t i t i o n  t o p o l ­

ogy t h e  c lo s e d  c o l l e c t i o n  G[T] f o r  a to p o lo g y  I  c a n  be gen­

e r a l i z e d ,  b e c a u se  Vk £ <T> i n  t h e  axiom G5. Ve have  exam­

in e d  th e  c o m p le te  axiom sy s te m s  f o r  f u n c t i o n a l ,  m u l t i v a lu e d ,  

and j o i n  d e p e n d e n c ie s  and a r e  r e a d y  to  lo o k  a t  t h e  p r o c e s s  

o f  u s in g  t h e  d e p e n d e n c ie s  i n  t h e  c o n s t r u c t i o n  o f  t h e  t o p o l ­

ogy f o r  an a b s t r a c t  s p a c e .

[ 3 .3  ] TOPOLOGIZING THE SET OP ATTHIBOTES

I n  t h e  p r e v io u s  s e c t i o n ,  we exam ined th e  c lo s e d  c o l l e c ­

t i o n s :  F [ T d ] ,  M[Td], and G[Td] w hich a r e  g iv e n  on a  d i s c r e t e  

to p o lo g y  Td. Note t h a t  F£Td] i s  a  s e t  o f  f u n c t i o n a l  depen­

d e n c ie s ,  M[Td] i s  a  s e t  o f  m u l t iv a lu e d  d e p e n d e n c ie s ,  and 

G[Td] i s  a  s e t  o f  j o i n  d e p e n d e n c ie s .  A lso  n o te  t h a t  th e  

c lo s e d  c o l l e c t i o n s  c an  be g iv e n  on a r b i t r a r y  t o p o l o g i e s .  An 

i d e a l  to p o lo g y ,  c a l l e d  an o p t im a l  to p o lo g y ,  i s  m in im al i n  

s i z e  b u t  f i n e  enough t o  accommodate t h e  c lo s e d  c o l l e c t i o n s .  

Ve d e s c r i b e  a way to  i n t r o d u c e  an  o p t im a l  to p o lo g y  in  t h i s  

s e c t i o n .  R e c a l l  t h a t  f o r  a g iv en  s e t  F [T ]  on an a r b i t r a r y  

to p o lo g y  T, a s u b s e t  F s [T ]  o f  F [T ] i s  c a l l e d  a c o v e r  o f  F [T ] 

i f  F£T] i s  im p l ie d  by F s£T ]. From th e  c o n c e p t  o f  minimal 

c o v e r ,  niHCOVEEs f o r  F [T ] ,  M[T], and G[T] a r e  i n t r o d u c e d  i n
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s u c h  a  v ay  t h a t  t h e  HXHCOVEB. i s  a  m in im al c o v e r ,  as. g iv e n  i n
. ■ ' ' ' : . -

t h e  f o l lo w in g  d e f i n i t i o n s .

DEPIH ITI0H [3-2]. HIHCO?EB£F[T]].

HIHC07EB£F£T]] i s  d e f i n e d  a s  a  s u b s e t  o f  P£T ], s a t i s f y i n g  

t h e  f o l lo w in g  c o n d i t i o n s :  ■

1- (XUZ, I U 2 )  vE' HIHC0VEB£F£T]] f o r  Z /  JBT,

2 . (Z ,I)  jET MINCOTEB£F£T]] i f  (X,Y) 6 F£T] f o r  X C Z,

3 .  (X,Y) X  HIHCOVEB£F£T]] i f  (X,Z) £  F£T] f o r  Y C  Z,

» . F£T] i s  im p l i e d  by HIBCOVEB£F£T]],

where X, Y, Z £ T , T ; an a r b i t r a r y  to p o lo g y .  <>

EXAHPLE[ 3 , 4 3 .  C o n s id e r  a  t o p o l o g i c a l  s p a c e  (ü ,T) :

0 = £ a , b , c , d , e } ,

T: an a r b i t r a r y  to p o lo g y  which accommodates t h e  i n i t i a l l y  

g iv e n  s e t  o f  f u n c t i o n a l  d e p e n d e n c ie s ,  such  t h a t

( £ a , b ) , ( b , c ) ) ,  ( { c ) , £ d } ) ,  ( £ b ,c 3 ,£ d j )  £  F £T ],

Then, ( ( a , b ) ,  £c,d}) ,  (£ c } ,£ d ) )  £ HINCOVEH£P£T]]. <>

DEPINITI0H£3.3]. MINCOVEB£M£T]].

HIHC07EB£H£T]] i s  d e f in e d  a s  a s u b s e t  o f  H£T], s a t i s f y i n g
Î

t h e  f o l lo w in g  c o n d i t i o n s :

1. (XUZ, YUZ) ^  HIHC0YEH£H£T3] f o r  Z /  fT,

2 .  (Z,Y) JET flIHC07EB£a£T]] i f  (X,Y) £  H£T] f o r  X C Z,

3. (X, YÜZ) flIHC0VEB£B£T3]

i f  (X ,Y ), (X,Z) £ «IHCOVEB£B£T33,

4 . M[T3 i s  im p l ie d  by HINC07EB[M£T3 3,
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where I ,  T , Z E T ,

Y: a  p a r t i t i o n  to p o lo g y  o f  an  a r b i t r a r y  to p o lo g y  T. , 0

EIAM#LE[3.5]. C o n s id e r  a  t o p o l o g i c a l  sp a c e  (0#T) :

0  = [ a , b , c , d , e ) ,

T: an a r b i t r a r y  to p o lo g y , which accomm odates t h e  i n i t i a l l y  

g iv e n  s e t  o f  m u l t iv a lu e d  d e p e n d e n c ie s ,  su c h  t h a t  

( C a ,b ) ,C b ,c } ‘) ,  ({ c } ,  £ d ) ) ,  ( C b ,c ) ,{ d l )  £

Then, we c a n  g e t

( C a ,b } ,{ c ) ) ,  ( C c ) ,C d ) ) ,  ({ a ,b } ,{ d } )  £  HINCOVEE[a[T]]. <>

Both HINCOVEE[P[T]] and  HIHC07EECH£T] m in im ize  t h e  l e f t  

s i d e  w h i le  MINCOVEE[P[T]] m axim izes t h e  r i g h t  s i d e  and 

MINCOVEB[M[T]] m in im izes  t h e  r i g h t  s i d e  from t h e  c o n d i t i o n s  

g iv e n  i n  t h e i r  d e f i n i t i o n s .  I n  t h e  r e l a t i o n a l  d a t a b a s e ,  

assum ing th e  s e l e c t e d  to p o lo g y  i s  a d i s c r e t e  to p o lo g y y  Td, 

t h e  c o n c e p ts  o f  e le m e n ta ry  f u n c t i o n a l  dependency and  e lem en­

t a r y  m u l t iv a lu e d  dependency  w ere  i n t r o d u c e d  i n  t h e  p a p e r  by 

Z a n i o lo - H e l k a n o f f [ 1981]. A f u n c t i o n a l  dependency i s  c a l l e d

an  e le m e n ta ry  dependency i f  i t  h a s  t h e  form

(X, CpJ )  where p ^ X  and. (Y, {p} ) ^  P£Td] w here  I  C  X.
# •

A m u l t iv a lu e d  dependency (X,Z) i s  c a l l e d  an e le m e n ta ry  

dependency  i f  Y i s  d i s j o i n t  from X and

CA,B) ^  H£Td] w here  A C  I  and  B C Y.

Both e le m e n ta ry  f u n c t i o n a l  d e p e n d e n c ie s  and e le m e n ta ry  

m u l t iv a lu e d  d e p e n d e n c ie s  have  •minimum l e f t  s i d e  and minimum 

r i g h t  s i d e .  Thus, t h e  c o l l e c t i o n  o f  e le m e n ta ry  m u l t iv a lu e d
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d e p e n d e n c ie s  computed from  H+ i s  MIHCOVEB[M[Td]]. However, 

MXNCOV£B[F£Td]j c an  be computed by m axim izing t h e  r i g h t  s i d e  

from  t h e  c o l l e c t i o n  o f  e le m e n ta ry  f u n c t i o n a l  d e p e n d e n c ie s  

from  P+.

D 2F IN IT I0N [3 .4 ]. HINCOVHE[G[T]].

HINC07EE[G[T]] i s  d e f in e d  a s  a  s u b s e t  o f  G£T] ,  s a t i s f y i n g  

t h e  f o l lo w in g  c o n d i t i o n s :

1- AU CX) ^  HIHC0?EE[G£T3]

i f  A U £1,2} e  G£I] f o r  I  = l U Z ,

2 .  A JET HIHC07EE£G£T]] i f  B £ HIHC07EE£G£T]] f o r  B C  A,

3 . G£T] i s  im p l ie d  by MIECOVEE£G£I]], 

where X, Y £ T, A £  “t ,

't : a  p a r t i t i o n  to p o lo g y  o f  an  a r b i t r a r y  to p o lo g y  T . <>

The f i r s t  c o n d i t i o n  m in im izes  t h e  s i z e  o f  eac h  e le m e n t  

o f  a  j o i n  d ep endency . The seco n d  c o n d i t i o n  m in im iz es  th e  

s i z e  o f  a  j o i n  dependency . T hus, i n  t h e  s e n s e  o f  m inim al 

s i z e ,  MIECOVEE£G£T]] i s  a  m in im al c o v e r  o f  G£T].

EXAMPLE£3.6]. C o n s id e r  a  t o p o l o g i c a l  sp a c e  (B,T) :

0  = ( a , b , c , d , e } ,

T: an a r b i t r a r y  to p o lo g y  which accommodates t h e  i n i t i a l l y  

g iv e n  s e t  o f  j o i n  d e p e n d e n c ie s ,  su c h  t h a t

££&, b ,c )  ,  { c ,d ) ,  £c,e} } ,  { £a, b ,c}  ,  ( c , d , e } } ,

£ £a ,b ,c}  , £b,c} ,  £ c ,d ,e } } t  G£T]«

Then, £ £ a ,b ,c )  ,  £c,d) ,  ( c , e ) )  £ HINCOVEH£G£T]].
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Note t h a t  t { a ,b ,c }  , ;{ c ,d ,e} }  v i o l a t e s  c o n d i t i o n  1 and 

( { a ,b ,  c} ,  ( b ,c )  ,  { c ,d ,e} }  v i o l a t e s  c o n d i t i o n  2 .  <>

HIHCOVBB[F[T]], MINC07EE[H[T]], and  aiHCOVEB£G£T]] a r e  

u n iq u e  m in im a l  c o v e r s  o f  F £ I ] ,  H£T], an d  G£T], r e s p e c t i v e l y ,  

s i n c e  th e y  a r e  c o n s t r u c t e d  by m in im iz a t io n  and m a x i m iz a t i o n . . 

The u n iq u e n e s s  c a n  be  d i r e c t l y  r e c o g n iz e d  by ex am in in g  t h e  

c o n d i t i o n s  g iv e n  i n  t h e i r  d e f i n i t i o n s .  Only r e m a in in g  con­

s i d e r a t i o n  i s  t h a t  . t h e  c o u n t e r p a r t  o f  an open s e t  must be 

in c lu d e d  f o r  t h e  u n iq u e  m in im al c o v e r . o f  m u l t i v a lu e d  depen­

d e n c i e s .  Nov, we can  d e f i n e  o p t i m a l i t y  f o r  t h e  s e l e c t i o n  o f  

t h e  to p o lo g y  a s  f o l l o w s :

DEFIMITI0N£3.5]. OPTIMAL TOPOLOGY.

For t h e  g iv e n  F £ T ] ,  N£T], and  6£.T] on an a r b i t r a r y  t o p o l ­

ogy T, t h e  s u b b a s e  f o r  an o p t im a l  to p o lo g y  To i s  d e f in e d  a s  

f o l lo w s :

(X,Y) £ MINCOVEB£F£T]] ==> X, I  t  SDBBASE£To],

(X,Y) X HINCOVEB£B£T]] ==> X, I  £ SOBBASE£To],

£ A 1 ,  A 2 ,  . . . ,  An } 6 HIMCOVEB£G£T]]

==> A1, A2, . . . ,  An t  SDBBASE£To]. <>

EXAHPLE[3.7]. C o n s id e r in g  EXAMPLE£3.4], *

(£ a ,b )  ,  £ c , d ) ) ,  ( ( c ) ,  £d)) £ MINCOVEB[F£T]].

T hus, ( a , b ) ,  £ c ,d } ,  { c j ,  £d) £ SOBBASE£To]. <>

Note t h a t  from t h e  d e f i n i t i o n ,  an o p t im a l  to p o lo g y  i s
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f i n e  enough to  accommodate t h e  c lo s e d  c o l l e c t i o n s .  T hus , 

t h e  s t r u c t u r e  o f  c lo s e d  c o l l e c t i o n s  cam be  i n t r o d u c e d  i n t o  

t h e  o p t im a l  to p o lo g y .  , O bserve  t h a t  u n d e r  t h e  a s s u m p t io n ,  

t h e  o p t im a l  to p o lo g y  i s  t h e  f i n e s t  ■ to p o lo g y ,  which i s  a  

d i s c r e t e  to p o lo g y ,  t h e  t o p o l o g i c a l  d a ta b a s e  w i l l  be  e x a c t l y  

t h e  same a s  t h e  r e l a t i o n a l  d a t a b a s e .  In  t h e  n e x t  s e c t i o n ,  

we exam ine  a s e t  o f  s t r u c t u r e s  in t r o d u c e d  on t h e  o p t im a l  

to p o lo g y .

[ 3 .4  ] STBUCIÜBES OH TOPOLOGY

[ 3 .4 .1  ] COHSTBBIHT STHQCTOBES

A f t e r  o b t a i n i n g  t h e  o p t im a l  to p o lo g y  f o r  t h e  s e t  o f  

a t t r i b u t e s ,  s t r u c t u r e s  c a l l e d  s t r o n g ,  weak, and j o i n  con­

s t r a i n t s ,  can  be i n t r o d u c e d  on t h i s  t o p o l o g i c a l  s p a c e .  The 

t h r e e  t y p e s  o f  c o n s t r a i n t s  a r e  a b s t r a c t  s t r u c t u r e s  r e d e f i n e d  

from t h e  f u n c t i o n a l ,  m u l t i v a lu e d ,  and j o i n  d e p e n d e n c ie s .  Be 

f o r m a l i z e  th e  d e f i n i t i o n  o f  t h e  c o n s t r a i n t  s t r u c t u r e s  

th ro u g h  t h e  n o t io n  o f  c o m p le te  axiom  s y s te m s .

DEFIHITION[3.6]. STROHG COHSTBAIHT ON OPTIMAL TOPOLOGY.

A s t r o n g  c o n s t r a i n t ,  d e n o te d  S [T o ]  on t h e  o p t im a l  to p o lo g y  

To i s  a s u b s e t  o f  th e  p ro d u c t  to p o lo g y  o f  To, s a t i s f y i n g  t h e
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c o m p le te  axiom sy s te m  f o r  t h e  s e t  o f  f u n c t i o n a l  d e p e n d e n c ie s  

on t h e  o p t im a l  to p o lo g y .  . <>

EXAHPLE[3 . 8 ] .  C o n s id e r in g  E Z A H P 1 E [3 .7 ] ,u e  h ave

H1NC0VER[F[T]] = [ ( { a , b ) , [ c , d ] ) ,  ( ( c ) , ( d ) )  } and 

SUBBASE[To] = I ( a , b ) ,  ( c ^ d ) ,  { c j ,  {d} ) -  

T hen , ve g e t  an  o p t im a l  to p o lo g y  T o : .

To = £ D, £ n , b , c , d ) ,  £& fb ,c} , £ a ,b ,d } , £ a ,b } ,  £ c ,d ) ,

£c} , £d) ) and  

a s t r o n g  c o n s t r a i n t  S£To] on To:

S£ To ] — C ( 0 # 8 ) ,  (D, £a, b,'C, d } ) ,  (0 ,  £d} ) ,

( £ a ,b ,c ,d }  ,  £ a , b , c , d } ) ,  . . . . .  ( C a ,b ,c ,d J  ,  £d}) ,  

( { c , d ) , £ d ) ) ,  ( £ a , b ] , £ c , d ) ) ,  ( £ a , b j ,  (cJ) ,  ( £ a ,b } .  £d}) , 

{ { c j , £ d ) ) r  C O ,0r), (flr,ar) ) .  < >

D E FIH ITI0H [3.7]. WEAK COHSTBAIHT OH OPTIMAL TOPOLOGY.

A weak c o n s t r a i n t ,  d e n o te d  H[To] on th e  o p t im a l  to p o lo g y  

To i s  a  s u b s e t  o f  t h e  p r o d u c t  to p o lo g y  o f  p a r t i t i o n  to p o lo g y  

o f  To, s a t i s f y i n g  t h e  c o m p le te  axiom  sy s tem  f o r  t h e  s e t  o f  

m u l t i v a lu e d  d e p e n d e n c ie s  on t h e  o p t im a l  t o p o l o g y . . <>

DEFIHITIOH£3.8]. JOIH COHSTBAIHT OH OPTIMAL TOPOLOGY.

A j o i n  c o n s t r a i n t ,  d e n o te d  J [ T o ]  on th e  o p t im a l  to p o lo g y  

To i s  a  s u b s e t  o f  t h e  power s e t  o f  th e  p a r t i t i o n  to p o lo g y  o f  

To, s a t i s f y i n g  t h e  c o m p le te  axiom  sy s te m  f o r  t h e  s e t  o f  j o i n  

d e p e n d e n c ie s  on t h e  o p t im a l  to p o lo g y .  <>
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C o n s t r a i n t s ,  ^ T o ] ,  B [T o ] ,  and J[.To] a r e  t h e  r e d e f i n i ­

t i o n s  on an o p t im a l  to p o lo g y  from  t h e  s e t  o f  d e p e n d e n c ie s  i n  

t h e  r e l a t i o n a l  d a t a b a s e .  The a d v a n ta g e  o f  t h e s e  . r e d e f i n i ­

t i o n s  i s  t h e  f a c t  t h a t  th e y  do n o t  u se  t h e  e n t i t y  l e v e l  

r u l e s .  In  o t h e r  w ord , th e y  a r e  d e f in e d  w i th o u t  u s in g  t h e  

c o l l e c t i o n  o f  t u p l e s .  The d e f i n i t i o n s  a r e  g iv e n  d i r e c t l y  by 

t h e  c o m p le te  axiom s y s te m s  on t h e  t o p o l o g i c a l  s p a c e  w i th o u t  

c o n c e rn in g  t h e  i n s t a n c e s .  B e c a l l  t h a t  a  d a t a b a s e  s p a c e  0  i s  

c o m p le te ly  s p e c i f i e d  by DIM[D], TOP[D], and XNS£D]. Con­

s t r a i n t  s t r u c t u r e s  a r e  d e f i n e d  on t h e  t o p o l o g i c a l . s p a c e  

(DIH[ D ], TOP£ D}) , i g n o r in g  INS£D] f o r  t h e  d a ta b a s e  s p a c e  D. 

Dependency c l o s u r e s ,  P £T ], a£T]»  and G£T] a r e  i n t r o d u c e d  on 

an a r b i t r a r y  to p o lo g y  T. T h u s ,  i n  th e  c a s e  o f  T = To,

S£To] = B£To], H£To] -  M£To], and J£ T o ]  = G£To].

From now o n ,  we w i l l  u s e  t h e  n o t a t i o n s ,  S £ T ] ,  B£T], and

J£ T ]  f o r  s t r o n g ,  weak, and j o i n  c o n s t r a i n t .  I n  t h i s  c a s e ,  

we assum e t h a t  t h e  to p o lo g y  T i s  a lw ay s  o p t im iz e d  u n l e s s  we 

s p e c i f y  o t h e r w i s e . .

£ 3 . 4 . 2  ] COMPUTING THE STRUCTURES

I n  t h e  p r e v io u s  s e c t i o n ,  we exam ined t h e  b a s i c  c o n c e p t  

o f  m inim al co v e r  f o r  P£T ], M£T], and  G£T] on an a r b i t r a r y  

to p o lo g y  T. An o p t im a l  to p o lo g y  To was com puted from  t h e  

MINCOVER which was shown t o  be a m in im al c o v e r .  For any 

g iv e n  s e t  o f  W o f  f u n c t i o n a l  d e p e n d e n c ie s ,  F£Td] i s  computed
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on t h e  d i s c r e t e  to p o lo g y  Td. By i n t r o d u c in g  an o p t im a l  

to p o lo g y  To f o r  ? [ T d ] ,  S [T o ]  can  be com puted on t h e  o p t im a l  

to p o lo g y  To. From t h e  d e f i n i t i o n  o f  HINCOTEB[F[T]] f o r  an  

a r b i t r a r y  to p o lo g y  T« ve  c a n  g e t  t h e  f o l lo w in g  r e s u l t  f o r  

t h e  s e t  i :

BIHC07EE[F[Td]] = HIHCOYEB[S£To]].

T h is  a rg u m e n t  s a y s  t h e  f a c t  t h e r e  a r e  a lg o r i t h m s  t o  com­

p u t e  th e  HIHCOVBBs o f  S [ T o ] ,  H£To], and  J [ T o ]  on t h e  o p t im a l  

to p o lo g y  To, when a  s e t  o f  d e p e n d e n c ie s  i s  g iv e n  on t h e  

d i s c r e t e  to p o lo g y  Td. The f o l lo w in g  a l g o r i t h m s  f o r  t h e  m in- 

c o v e r s  a r e  c r e a t e d  d i r e c t l y  from  t h e i r . d e f i n i t i o n s .

&LG0BITHM[3.1 ] .  HI»COVEB£S[To]].

INPUT: a s e t  o f  f u n c t i o n a l  d e p e n d e n c ie s ;

OUTPUT; MINCOVEB£S£To]];

PROCESS:

£13 TEMP < INPUT;

£ 2 ]  w h i le  t h e r e  e x i s t s  an  e le m e n t  (X (JZ , TUZ) 

o f  TEHP

do d e l e t e  (X U Z , TUZ) from  TEMP,

i f  T /  JBT i n s e r t  (XÜ Z, Ï )  i n t o  TEMP;

£ 3 ]  w h i le  t h e r e  e x i s t s  a  p a i r  (X ,X),  (Z,X) o f  TEMP

where X C Z 

do d e l e t e  (Z,T) from TEMP;

£ » ]  w h i le  t h e r e  e x i s t s  a  p a i r  (X ,Y ), (V,Z) o f  TEMP

where V C  Y 

do i n s e r t  (X,Z) i n t o  TEMP;
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[ 5 ]  w h ile  t h e r e  e x i s t s  a  p a i r  (X#Z) o f  TEMP

do d e l e t e  (X#Z) from  TEHP,

i n s e r t  (X, TU Z) i n t o  lEBP;

[ 6 ]  w h ile  t h e r e  e x i s t s  a  p a i r  (X ,T ) , (X,Z) o f  TEBP

w here T C Z 

do d e l e t e  (I,Y ) from  TEBP;

[ 7 ]  OOTPDT <-----  TEBP;

[ 8 ] h a l t ;

EHD OF BIHCOVEB[S£To]]. <>

EX&BPLE[ 3 .9 ] .  C o n s id e r in g  EXABP1E[3.4] i n  S e c t i o n [ 3 .3 ] ,  we 

c a n  exam ine ALGOBITHfl[3 .1 ] .  Then, th e  s e t  o f  f u n c t i o n a l  

d e p e n d e n c ie s ,  g iv e n  i n i t i a l l y ,  i s

£ ( £ a , b ) , £ b , c ] ) ,  ({ c3 ,C d )> , (£ b ,c ) ,C d )>  } .

T h ese  a r e  an  i n p u t  o f  AL6GBITHH£3.1]. T hen , i n  s t e p  £ 2 ] ,  

d e l e t e  [£ a ,b ]  ,  £b ,c ) ) and  i n s e r t  ( £ a ,b } ,£ c } > . In  s t e p  £ 3 ] ,  

d e l e t e  C £ b ,c } ,£ d } ) . T hen , i n  s te p  £ 4 ] ,  i n s e r t  (£ a ,b } ,£ d } > . 

In  s t e p  £ 5 ] ,  d e l e t e  ( £ a ,b } ,£ c } ) ,  C £ a ,b } ,£ d )) and  i n s e r t

( £ a ,b ) ,  £ c ,d ) ) .  I n  s t e p  £ 6 ] ,  d e l e t e  n o th in g .  F i n a l l y ,  we 

g e t  an o u tp u t  o f  AL60BITHB£3.1 ] :

MINCOVEB£S£To]] = £ ( £a ,b ) ,  £ c ,d )) ,  (£ c ) ,£ d } )  ) .  <>

A1G0BITHB£3.2]. BIHCGVEB£ H£ To ] ] .

INPOT: a s e t  o f  m u lt iv a lu e d  d e p e n d e n c ie s ;

GOTPUT: ■ BIHCOVEB£H£To]];

PBOCESS:

£ 1 ]  TEMP <— INPUT;
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[ 2 ]  f o r  a l l  e le m e n ts  (X,Y) o f  TEHP

do i n s e r t  (X, XU I)  i n t o  TEHP;

£ 3 ]  w h ile  t h e r e  e x i s t s  an  e lem en t [X U Z, TUZ)

o f  TEMP

do d e l e t e  (X U Z, TUZ) from  TEHP,

i f  T f  *  i n s e r t  (X U Z , T) i n t o  TEHP;

£ 4 ]  w h ile  th e r e  e x i s t s  a  p a i r  (X ,T ),  (Z,T) o f  TEHP

where X C  Z

do d e l e t e  (Z,T) from TEHP;

£ 5 ] w h ile  th e r e  e x i s t s  a  p a i r  (X ,T ), (X,Z) o f  TEMP

do d e l e t e  (X, TUZ) from  TEHP;

£6 ] OOTPDT <------ TEMP;

£ 7 ]  h a l t ;

EHD OF HINCOVEB[W£To]]. <>

ALGORITHME 3 . 3 ] .  HIHCO¥EH£ J£To ] ] .

IHPOT: a  s e t  o f  j o i n  d e p e n d e n c ie s ;

OOTPDT: HINCO¥EE[J£To]];

PROCESS:

£ 1 ]  TEHP <------ IHPOT;

£ 2 ]  w h ile  t h e r e . e x i s t s  an  e lem en t J i  o f  TEHP

su ch  t h a t  ACB f o r  A, B C J i

do d e l e t e  J i  from  TEHP,

i n s e r t  J i  -  £A) i n t o  TEHP;

£ 3 ]  w h ile  th e r e  e x i s t  e le m e n t J i ,  J j  o f  TEHP

su ch  t h a t  a Q b ,  B £ J j  f o r  a l l  A £ J i

do d e l e t e  J j  from  TEHP;
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[ 4 ]  OOTPDT <-----  TEHP;

[ 5 ]  h a l t ;

EHD OF HIHCOVEBC J [ T o ] ] .  <>

THEOREH[ 3 .U ] . AlGOBlTHHs [ 3 . 1 ] ,  [ 3 . 2 ] ,  and [ 3 . 3 ]  com pute 

c o r r e c t l y  t h e i r  HIHCOTEBs. <>

PROOF: C o n s id e r in g  &LG0BITHH£3.1 ] ,  each  s t e p  d o e s  n o t

v i o l a t e  th e  c o n d i t io n  b e in g  a c o v e r  f o r  th e  in p a te d  s e t  o f  

f u n c t i o n a l  d e p e n d e n c ie s .  The s te p  [ 3 ]  m in im izes l e f t  s i d e .  

The s t e p s  [ 4 ] ,  [ 5 ] ,  and [ 6 ] m axim ize r i g h t  s i d e .  T hus, th e  

r e s u l t  i s  a  m in im al c o v e r  f o r  th e  im p u te d  s e t  o f  f u n c t i o n a l  

d e p e n d e n c ie s . . R e c a l l  t h a t  an o p t im a l  to p o lo g y  i s  g iv e n  by 

th e  HIHCOVEB[F[T]]- C o n s id e r in g  t h e  HIHCOVER[F£ T ] ]  i s  a 

s u b s e t  o f  F [T ] ,  ve r e c o g n iz e  th e  a lg o r i th m  c o r r e c t l y  g iv e s  

t h e  r e s u l t  flIHCOV£B[S[To]]. The same argum en t can  be 

a p p l ie d  t o  ALG0BITHH[3.2] and ALG0BITHH[3.3 ] .  <>

C o n s id e r  an a r b i t r a r y  s e t  o f  d e p e n d e n c ie s  w hich i s  i n i ­

t i a l l y  g iv e n .  ALG0RITHH[3.1 ] ,  ALG0BITHH[3.2], and ALGO­

RITHME 3 .3 ]  com pute HIHCOVEB[S[To]], H IH C 07EB [i[To]], and 

H IN C 07£B [J[T o]], r e s p e c t i v e l y .  T h en , an  o p tim a l to p o lo g y  

c an  be g iv e n  by t h e  m in co v ers  from th e  d e f i n i t i o n .  R e c a ll  

t h a t  a s u b b a se  o f  o p t im a l  to p o lo g y  can be d i r e c t l y  c h o sen  by 

th e  m in c o v e rs . T h u s , a  g iv en  a r b i t r a r y  s e t  o f  d e p e n d e n c ie s , 

an o p t im a l  to p o lo g y  To f o r  th e  s e t  o f  d e p e n d e n c ie s  can  be 

com puted th ro u g h  th e  m in co v ers  a s  f o l lo w s :
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ALG0RITHH[3,t»]. SOBBASE[To].

IHPOT: HIHC07BH[S[To]3, HIHC0T2E[H[To]],

HIHCOVEH£ J£ T o J3 ;

OUTPUT: SUBBAS2£To];

PROCESS:

£ 1 ] TEHP < HINCOVER£S£To]], HINCOVEB£H£To]];

£ 2 ] w h ile  t h e r e  e x i s t  an  e le m e n t (I#Y) o f  TEHP

do i n s e r t  1 ,  T i n t o  SUBBASE£To], 

d e l e t e  (X,T) from  TEHP;

£ 3 ] TEHP < HIHCOVER£J£To]];

£ 4 ] w h ile  t h e r e  e x i s t  an  e le m e n t

£ A1, A2, An } o f  TEHP

do i n s e r t  A1, A2, .  An i n t o  SOBBASE£To], 

d e l e t e  £ A l, A2, .  An } from  TEHP;

£ 5 ] OUTPUT <------  SUBBASE£To];

£6 ] h a l t ;

EHD OF SUBBASE£To]. ; O

THEOBEH£3 . 5 ] .  AL60BITBH£3.4] co m p u tes c o r r e c t l y  a su b b a se  

o f  o p t im a l  to p o lo g y  f o r  th e  g iv e n  c o n s t r a i n t s .  <>

PROOF: O bvious by DEFIHITI0H£3.5 ] .  <>

S in c e  a l l  o f  b a s i c  f e a t u r e s  f o r  th e  d a ta b a s e  d e s ig n  

u n i t  i n  th e  t o p o lo g i c a l  d a ta b a s e  m odel a re  d e f in e d ,  we c lo s e  

t h i s  c h a p te r  by g iv in g  a co m p reh en s iv e  exam ple o f  a  d a ta b a s e  

s e l e c te d  from  g e o g ra p h ic a l  d a t a ,  i n  o rd e r  t o  i l l u s t r a t e  th e  

t o p o lo g ic a l  d a ta b a s e  model a s  f o l lo w s :



n
eSJ
M r—t
W
•

(/)
PB•a
(D
Pé
P

tnQrf
MH
*

! R iver 1 M etro p o lis
I 1 1 1 1 } } 1
1 R iver 1 Length 1 Discharge 1 O utflow 1 M etrogpl 

1
I S ta te  1 
1 1

Area 1 
1

P o£U lati

M is s i s s i 2550 642000 G ulf 1 S t-L o u is  
1

1 M issou ri I 
1 1

258O 1 
1

2216000

1 Memphis 
1

1 T e n n e sse 1 
1 1

820 1 843000

1 New-Orle 
1

1 L o u is ia n  1 
1 1

810 1 117J 000

1 Minneapo 1 M in n eso t• 
1 1

2140 1 
1

12.78000
1
1 M issou ri 2500 76000 M is s i s s i  1 Kansas-C 1 M issou ri 1 1490 I 1254000

1 Omaha 1 Nebraska I ____42 0 L 2.48000

Ohio 1300 258000 M is s i s s i 1 L o u is v il 1 Kentucky j 990  1 881000

1 C incinna 1 Ohio 1 1820 1 1476000

1 P it t s b u r 1 P en n sy lv  1 2330  1 2165000

Arkansas 1450 45000 M is s i s s i 1 W ich ita 1 Kansas | 470 1 367000

1 T u lsa 1 Oklahoma 1 1170 1 569000

I L it t le - R  ̂ Arkansas ! 610 1 380000

I
U1
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EZftHPLE[3 .1 0  ] .  & d a ta b a s e  sp a c e  D i s  d e f in e d  from  th e  geo­

g r a p h ic a l  d a t a ,  a s  g iv e n  i n  F IG 0 E E [3 .4 ], in  th e  fo llo w in g  

way. DIM[D], th e  d im e n sio n  o f  th e  d a ta b a s e  sp a c e  0 ,  i s  

g iv e n  by a  s e t  o f  a l l  a t t r i b u t e s  a s  f o l lo w s :

( H# 1 # c ,  0 ,  H, s ,  h ,  P 3 ,  w here 

B: a  s e t  o f  r i v e r s ,

L: a  s e t  o f  p o s i t i v e  i n t e g e r s  ( le n g th  o f  th e  r i v e r ) ,

C: a  s e t  o f  p o s i t i v e  i n t e g e r s  (d is c h a rg e  o f  th e  r i v e r ) ,

0 : a  s e t  o f  o u tf lo w s  o f  th e  r i v e r s ,

H: a  s e t  o f  m e tr o p o l i s e s  lo c a te d  on th e  bank o f  th e  r i v e r ,

S: a  s e t  o f  s t a t e s ,

A; a  s e t  o f  p o s i t i v e  i n t e g e r s  (a re a  o f  th e  m e t r o p o l i s ) ,

P : a s e t  o f  p o s i t i v e  i n t e g e r s
' i

(p o p u la t io n  o f  th e  m e t r o p o l i s ) ,

T h is  d a ta b a s e  sp a c e  i s  a  8- d im e n s io n a l  s p a c e . FIG 0B E [3.5] 

show s th e  d im ension  o f  a  8-d im e n s io n a l  s p a c e .  The s e m a n tic s  

o f  t h e  d a ta  c o n s t r a i n t s  g iv e s  u s  f u n c t i o n a l  and m u ltiv a lu e d  

d e p e n d e n c ie s ,  such  t h a t

( [ R I , ( 1 ,C ,0 ] ) ,  (£H ,S },{A ,P )) £ F [T ] ,

({H ),{ H ,S ,A ,P J) e H [T ].

T hen , we have  HIHCOVEB[S£To]] by ALG0BITHH[3.1 ]:

£ ( £ B ) ,£ L ,C ,0 ) ) ,  C £«,S ),£A ,P}) } ,

MIHCOVEB£H[To]] by ALG0BITHH[3.2]:

£ C£B),£h, s , a , p }) } .

N ote t h a t  we c o n s id e r  o n ly  th e  o r i g i n a l  members o f  M[T] i n  

t h i s  c a s e .  From t h i s  f a c t ,  an o p t im a l  to p o lo g y  To i s  com­

p u ted  by a su b b a se  o f  t h e  to p o lo g y , su c h  t h a t
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(B ) , CL,C,0}, (A,P) 6  SOBBASE[To].

TOP[D], a  to p o lo g y  o f  th e  d a ta b a s e  sp a c e  D, i s  com puted by 

th e  SOBBASE[To] a s  f o l lo w s :

(  a ;  DIM[D], ( R ) ,  ( L , c , 0 } ,  { A , p j ,  [ E , L , C , P ) ,

( B , A , P ; ,  [ L , C , 0 , a , S ) f  ( L , C , 0 , A , P ) ,

( a , S , A , P ) ,  ( E , 1 , C , 0 , H , S } ,  [ R , 1 , C , 0 , A , P ) ,  ( E , H , S , A , P ) ,  

[ L , C , 0 , H , S , A , P )  } .

Note t h a t  TOP[D] i s  an o p t im a l  to p o lo g y  To and SOBBASEfTo] 

i s  a  m inim al b a se  o f  TOP[D], g iv e n  i n  PIG D E££3.6]. IN S [D ], 

a  s e t  o f 12 p o in ts  i n  th e  d a ta b a s e  sp a c e  D* i s  g iv e n  i n  FXG- 

0 E E [3 .7 ] .  F i n a l l y ,  a  s t r o n g  c o n s t r a i n t  S [T o )  i s  g iv e n  a s  

fo l lo w s :

C C £ E } , [ L , C , 0 } ) ,  ( C H , S ) , £ A , P ) ) ,  ( { B , H , S } , £ L , C , 0 , A , P } ) , .

( £ M , S , A , P ] , £ M , S ) ) ,  t £ H » S , A , P } , £ A , P ) ) , . . . . -------

( £ L , C , 0 ,  H,S} ,  £A,P} ) ,  ( £ E ,L ,C ,0 }  ,  £ L , C , 0 } )

(DIH£D],DIH£D]), (DIH£D], £H,S,A^P) )  ....................

(2r ,sr ) ,  ( D I M [ D ] , P ) ,  ( £ E ) , f l f ) , ...............   (£H,S,A,P},BT) ) .

W[To] can  be com puted i n  a  s i m i l a r  m anner. <>

Eec£ü.l t h a t  we assum e a  d i s c r e t e  to p o lo g y  i n  th e  c a s e  

o f  r e l a t i o n a l  d a ta b a s e  m odel. I n  t h e  exam ple a b o v e , f o r  t h e  

d i s c r e t e  to p o lo g y  T, we have F£T] a s  f o l lo w s :

P [ T ]  = S [ T o ]  U  £ ( ( I . , C , 0 ] ,  £ L , C } ) ,  ( £ L , C , 0 ) , £ C , 0 ] ) ,

( £ L ,C ,0 )  ,  £1 ,0}  ) ,  ( £1#C,0} ,  £1} ) , . . . . .

( £ 1 , 0 ,  £1}) ,  ( £ 1 , 0 ,  £1} ) ,  ( £ 1 , 0 . t O ) #  ) •

Com paring F£T] t o  S £T o], we can  o b se rv e  t h a t  F [T ] in c lu d e s  

l o t s  o f  t r i v i a l  d e p e n d e n c ie s .
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FIG0RE£3. 5 ] .  h S - d ln e n s io n a l  D a ta b a se  Space.

1   1 I ------------ 1
I H I J L C 0 I 
I ------------ 1 I --------— j

I H S I I & P 1

FIG0RE£3.6 ] .  A S ab b ase  o f  a T opology.
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(M is s is s ip p i ,2 3 5 0 ,6 4 2 0 0 0 ,G o lf ,
S t - l o u i s ,M i s s o u r i , 2380,2216000)

( H is s is s ip p i ,2 3 5 0 ,6 « 2 0 0 0 ,G u lf ,
M em p h is ,T e n ae ssee ,820,843000)

( M i s s i s s i p p i ,2 3 5 0 ,6 4 2 0 0 0 ,G o lf ,
H e v -O r le a n s ,L o u is ia n a ,810,1175000)

( M i s s i s s i p p i ,2 3 5 0 ,6 4 2 0 0 0 ,G u lf ,
M in n e a p o lis ,M in n e s o ta ,2140,1978000)

(M is s o u r i ,2 5 0 0 ,7 6 0 0 0 ,M i s s i s s i p p i ,
K a n s a s - C i ty ,M is s o u r i ,1490,1254000)

(M i s s o  u r i , 2 5 0 0 ,7 6 0 0 0 ,M i s s i s s i p p i ,
O m aha,H ebraska ,470,548000)

(O hio, 1 3 0 0 ,2 5 8 0 0 0 ,M i s s i s s i p p i ,
L o u is v i l l e ,K e n tu c k y ,990,881000)

(O h io ,1 3 0 0 ,2 5 8 0 0 0 ,M i s s i s s i p p i ,
C i n c in n a t i ,Q h io ,1820,1476000)

(O hio , 1 3 0 0 ,2 5 8 0 0 0 ,M i s s i s s i p p i ,
P i t t s b u r g h ,P e n n s y l v a n i a ,2330,2165000)

(A rk a n s a s ,1 4 5 0 ,4 5 0 0 0 ,M i s s i s s i p p i ,
W ic h ita ,K a n s a s ,470,367000)

(A rk a n s a s ,1 4 5 0 ,4 5 0 0 0 ,M i s s i s s i p p i ,
T u lsa ,O k la h o m a ,1170,569000)

(A r k a n s a s ,1 4 5 0 ,4 5 0 0 0 ,M i s s i s s i p p i ,
L i t t le - R o c k ,A r k a n s a s ,610,380000)

F IG 0B £[3 .7 ] .  An I n s ta n c e  o f  a D atabase  S p ace .



CHAPTER IV  

DATABASE EQUIVALENCE

T o p o lo g iz in g  th e  s e t  o f  a t t r i b u t e s ,  t h e  s e t s  u sed  i n  

t h e  r e l a t i o n a l  m odel have been r e p la c e d  w ith  th e  t o p o lo g i e s ,  

i n  t h e  t o p o lo g ic a l  m o d e l ._ He w i l l  exam ine th e  c o n c e p t o f  

d a ta b a s e  e g u iv a le n c e  i n  th e  t o p o lo g i c a l  m odel th ro u g h  t h e  

f a c i l i t y  o f  t o p o lo g ie s  i n  t h i s  c h a p t e r .  S in c e  th e  d a ta b a s e  

sp a c e  was in t r o d u c e d  f o r  th e  m a th e m a tic a l t r e a tm e n t  o f  th e  

t o p o lo g i c a l  view o f  t h e  d a ta ,  o u r  t a s k  i s  t o  f in d  a p p r o p r i ­

a t e  b i s e c t i o n s  b e tw een  th e  d a ta b a s e  s p a c e s . .

The s t r u c t u r e  o f  a  d a ta b a s e  sp a c e  i s  s p e c i f i e d  by th e  

c o rre s p o n d in g  t o p o lo g i c a l  s p a c e .  O b se rv in g  th e  w ellknow n 

p r o p e r ty  o f  t o p o lo g i c a l  e g u iv a le n c e ,  a p p r o p r i a t e  b i j e c t i o n s  

w hich we need t o  f i n d  become hom eom orphism s. T hus, b e in g  a 

homeomorphism i s  a  n e c e s s a ry  c o n d i t io n  f o r  th e  b i j e c t i o n  o f  

o u r  t a s k .  F o r d a ta b a s e  s p a c e s  t o  be  t o p o lo g i c a l ly  

e q u iv a le n t  i t  i s  a  n e c e s s a ry  c o n d i t io n  t h a t  th e y  a r e  s t r u c ­

t u r a l l y  e q u iv a le n t .  The o p tim a l  to p o lo g y  in tro d u c e d  i n  

C h a p te r  I I I  r e f l e c t s  th e  s t r u c t u r e s  on th e  s e t .  T hus, th e  

p ro c e d u re  t o  f in d  a p p r o p r i a te  b i j e c t i o n s  o f  o u r  t a s k  can  be 

s e p a r a t e d  in to  two t a s k s .  The f i r s t  t a s k  i s  t o  d e te rm in e
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hom eom orphism s. The se co n d  t a s k  i s  t o  s e l e c t  th e  a p p ro p r i ­

a t e  b i j e c t i o n s  among th e  hom eom orphism s. An a lg o r i th m  f o r  

d e te rm in in g  homeomorphisms show ing t h e  d a ta b a s e  e g u iv a le n c e  

i s  g iv e n  i n  ALG0BITHB[4.1].

I n  S e c t i o n [ * .1] we in t r o d u c e  th e  d e f i n i t i o n  o f  d a ta b a s e  

e g u iv a le n c e .  D e f in i t i o n s  f o r  t h e  t o p o lo g i c a l  e q u iv a le n c e  

and  c o n s t r a i n t  e q u iv a le n c e  a r e  d e s c r ib e d .  The b a se  g ra p h s  

f o r  th e  to p o lo g ie s  a r e  u sed  to  c o n s t r u c t  th e  a p p r o p r i a te  

hom eom orphism s t o  show th e  t o p o lo g i c a l  e q u iv a le n c e .  I n  S e c -  

t i o n [ 4 . 2 ] ,  we exam ine th e  b a se  g rap h  f o r  a  to p o lo g y  t o  f i n d

t h e  a p p r o p r i a te  hom eom orphism s. At t h e  end o f  t h i s  c h a p t e r ,
'

we b r i e f l y  l a y  th e  fo u n d a t io n  f o r  th e  d a ta b a s e  g e n e r a to r .  

He b e l i e v e  th e  c o n c e p t o f  d a ta b a s e  e q u iv a le n c e  i s  th e  c r i t i ­

c a l  f i r s t  s t e p  i n  a c h ie v in g  d a ta b a s e  d e s ig n  a u to m a tio n .

£ 4 .1  j  EQOITALEHCE OF DATABASE SPACES

The c o n c e p t o f  d a ta b a s e  sp a c e  e q u iv a le n c e  i s  f o rm a l ly  

d e f in e d  in  t h i s  s e c t i o n .  R e c a l l  t h a t  w henever two to p o lo g i ­

c a l  s p a c e s  a r e  t o p o lo g i c a l ly  e q u iv a le n t  t h e r e  e x i s t s  a  s e t  

o f  hom eom orphism s. S in c e  th e  c o n s t r a i n t  s t r u c t u r e  i s  g iv e n  

on th e  o p tim a l  to p o lo g y , th e  c o n c e p t  o f  e q u iv a le n c e  o f  co n ­

s t r a i n t  s t r u c t u r e s  can  be d e f in e d  by u s in g  th e  a p p r o p r i a te  

homeomorphism a s  f o l lo w s ;
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OEFINITION[(|.13. COHSTB&IHT EQUIVALENCE OF DATABASE SPACES.

D a tab a se  s p a c e s ,  D1, 02 a r e  c a l l e d  s t r o n g  c o n s t r a i n t

e q u iv a le n t  f o r  s t r o n g  c o n s t r a i n t s ,  S 1 [T 0 P [D 1 ]], S2[T 0P[D 2]] 

i f  and  o n ly  i f  t h e r e  e x i s t s  a  homeomorphism:

h : DIH[D1] — > DIH£D2]

f o r  t h e  t o p o lo g i c a l  s p a c e s :

(D IM [D 1],T0P[D 13), (D IM £D 2],T0P[D 2]), su c h  t h a t  

i f  (A1,B1) £ S 1[T 0P[D 1]]

th e n  (h [A 1 ],h [B 1 ]) £ S2[T 0P[D 2]] and 

i f  (A2,B2) £ S2[T 0P[D 2]]

th e n  (h ‘ t A 2 ] ,h ‘[B 2]) £ S 1 [T 0P [D 1]]. O

F o rm a lly  in  th e  same n a n n n e r , weak c o n s t r a i n t  and jo in  

c o n s t r a i n t  e g u iv a le n c e  c an  b e  d e f in e d .  O bserve  t h a t  i f  

d a ta b a s e  s p a c e s ,  D1, D2 a r e  c o n s t r a i n t  e q u iv a le n t  th e n  th e  

c o rre s p o n d in g  two t o p o lo g i c a l  s p a c e s ,  (DIH[D1],T0P[D1]) and 

(DIM [D2],T0P[D2]) a r e  t o p o lo g i c a l ly  e q u iv a le n t  s i n c e  t h e r e  

e x i s t s  a hom eom orphism , .

h : DIM[D1] — > DIH£D2].

In  t h i s  d i s c u s s i o n ,  l e t  u s  c a l l  d a ta b a s e  s p a c e s ,  D1, D2 

a r e  t o p o lo g i c a l ly  e q u iv a le n t  i f  t h e  c o rre s p o n d in g  to p o lo g i ­

c a l  s p a c e s  a r e  t o p o lo g ic a l ly  e q u iv a le n t .  T hus, f o r  th e  

g iv e n  d a ta b a s e  s p a c e s ,  b e in g  t o p o lo g i c a l ly  e q u iv a le n t  i s  a 

n e c e s s a ry  c o n d i t io n  f o r  b e in g  c o n s t r a i n t  e q u iv a le n t ,  b u t  i t  

i s  n o t  a  s u f f i c i e n t  c o n d i t io n .  T h is  n e c e s s a ry  c o n d i t io n  

g iv e s  us an  i n te r m e d ia te  s t e p  f o r  th e  c l a s s i f i c a t i o n  o f  

e q u iv a le n t  d a ta b a s e  s p a c e s .  The c o n c e p t o f  t o p o lo g ic a l
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e g u iv a le n c e  o f  d a ta b a s e  s p a c e s  p la y s  im p o r ta n t  c o le  i n  t h e  

a lg o r i th m  f o r  t e s t i n g  th e  c o n s t r a i n t  e g u iv a le n c e  o f  d a ta b a s e  

s p a c e s  i n  t h e  n e x t s e c t i o n .

C 4 .2  ] DETERMINING THE HOMEOMORPHISMS

A p ro c e d u re  f o r  f in d in g  th e  a p p r o p r i a t e  homeomorphisms 

i s  based  on th e  base  g ra p h s  f o r  to p o lo g ie s .  R e c a l l  t h a t  th e  

d e f i n i t i o n  o f  base  g ra p h  i s  g iv e n  i n  D E FIN ITI0N £2.7]. I t  i s  

b r i e f l y  reex am in ed  h e r e .  C o n s id e r in g  a  t o p o lo g i c a l  sp a c e  

(Z ,T ) ,  l e t  B be th e  m in im al b a se  and  C be t h e  c o l l e c t i o n  o f  

i n t e r s e c t i o n s  f o r  e le m e n ts  o f  B. T hen, th e  s e t  { I)U B U C  

c an  be e x p re s s e d  a s  a c o n n e c te d  a c y c l i c  d ig r a p h ,  c a l l e d  th e  

b a se  g ra p h  f o r  to p o lo g y  T , i n  th e  fo l lo w in g  way. The v e r te x  

s e t  i s  a s e t  {X}(JBUC and  th e  edge s e t  i s  a  s e t  o f  th e  

p a r t i a l  o r d e r s  o f  i n c l u s i o n  p r o p e r t i e s  f o r  th e  members o f  

s e t  {X}UBUC e x c lu d in g  th e  t r a n s i t i v e  o r d e r s .  The w e ig h t 

o f  a v e r t e x  i s  th e  s i z e  o f  s e t .  The b a s e  g rap h  h a s  o n ly  one 

s o u rc e  w hich i s  X. A lso , n o te  t h a t  t r a n s i t i v e  e d g e s ,  such  

a s  A1«>A3 in  t h e  c a s e  o f  A1->A2, A2 >A3, a r e  e l im in a te d  

from  th e  ed g e  s e t .

From e le m e n ta ry  g rap h  th e o r y ,  r e c a l l  t h a t  a  b ig ra p h  i s  

a  g raph  whose v e r te x  s e t  V can  be p a r t i t i o n e d  i n t o  two su b ­

s e t s  VI and V2 su ch  t h a t  e v e ry  edge o f  th e  b ig ra p h  j o in s  VI
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w ith  T2. A b ig ra p h  i s  n o n t r i v i a l  i f  

2 i  IV II and 2 ^  |T 2 | .

I f  a  b ig r a p h  c o n ta in s  e v e ry  edge jo in in g  VI and  V2, th e n

th e  b ig ra p h  i s  a  c o m p le te  b ig ra p h . F o r ex am p le , a  g rap h

(V ,E ), w here  V = £A1,A2,B1,B2) and

E = £ (A 1 ,B 1), (A 1 ,B 2), (1 2 ,B 1), (A 2,B 2)} , i s  a  co m p le te  

b ig ra p h . T hen, th e  p r o p e r t i e s  o f  a  b a se  g rap h  f o r  a  to p o l­

ogy c an  be sn m n a riz ed  i n  th e  fo l lo w in g  rem a rk .

EEMARK[4.1]. L e t (X,T) b e  a  to p o lo g ic a l  s p a c e .  T hen , th e  

b a se  g ra p h  (V,E) f o r  T h a s  th e  fo l lo w in g  p r o p e r t i e s :

(1) I t  i s  n n ig n e  f o r  th e  to p o lo g y  T .

(2) The s i z e  o f  v e r t e x  s e t  i s  bounded by 2 |X | .

(3) I t  d o es  n o t  i n c lu d e

a n o n t r i v i a l  c o m p le te  b ig ra p h  (V s,Es) 

a s  a  su b g rap h  su c h  t h a t

Vs = V1UV2, V i n v 2 =BT, and 

f o r  (a ,b ) £ E ,

a  £ VI i f  and  o n ly  i f  b £ V2.

(4) I t  d o es  n o t  in c lu d e  t r a n s i t i v e  e d g e s . <>

PROOF:

(1) B ecau se  a  m in im al b a s e ,  i n t e r s e c t i o n s ,  and i n c lu s io n  

p r o p e r t i e s  o f  s e t s  a r e  u n ig u e  i f  t h e  s e t s '  a r e  f i n i t e .

(2) By THEOREME 2 .4 ] .

(3) Assume t h a t  a  su b g ra p h  (V s,Es) s a t i s f y i n g  th e  g iv e n  

c o n d i t io n s  e x i s t s .  L e t

VI = ( a 1 , a 2 , . . . . , a i  ] and
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V2 = { b 1 ,b 2 ,_____ , b j  } .

Then, b i n  b2 n .  . . .  n b j  = a 1 U a 2 ( J . . . .  U a i  and

b1 n b 2 0  . .  . .  O b j  i s  a  n in ia a x  i n t e r s e c t i o n .

T hus, (V s,Es) do es n o t  e x i s t .

(4) By th e  d e f i n i t i o n ,  t r a n s i t i v e  o r d e r s  o f  i n c lu s io n  a r e  

e l im in a te d .  <>

S in c e  t h e  b a s e  g rap h  f o r  a  to p o lo g y  i s  u n iq u e , to p o lo g ­

i c a l  s p a c e s  a r e  t o p o lo g i c a l ly  e q u iv a le n t  i f  and  o n ly  i f  t h e  

b a se  g ra p h s  f o r  t o p o lo g ie s  a r e  e q u iv a le n t .  B oth th e  v e r te x  

s e t  and t h e  ed g e  s e t  have l i n e a r  bound by th e  p r o p e r t i e s

( 2 ) ,  (3) ,  and (4 ) . C o n s id e r in g  two t o p o lo g i c a l  s p a c e s  and 

two c o rre s p o n d in g  b a s e  g ra p h s , a n  isom orph ism  f o r  th e  two 

b a se  g ra p h s  i s  a  homeomorphism f o r  th e  two t o p o lo g i c a l  

s p a c e s ,  b e c a u se  t h e  v e r te x  s e t  o f  b a se  g rap h  i s  a b a se  o f  

th e  c o rre s p o n d in g  to p o lo g y . An a lg o r i th m  f o r  t e s t i n g  th e  

e q u iv a le n c e  o f  b a se  g ra p h s  i s  n o t  h a rd  t o  be  found  from  

BEHABK£4.1 ] ,  a s  d is c u s s e d  b r i e f l y  b e lo w .

Two b a se  g rap h s  ( V I ,E l ) ,  (V2,E2) a r e  iso m o rp h ic  i f  

t h e r e  e x i s t s  a b i j e c t i o n  h mapping VI t o  V2, su c h  t h a t ,  f o r  

any p ,q  (  V I, (p ,q )  £ El i f  and o n ly  i f  [ h [ p ] ,h [ q ] )  £ B2- 

An autom orphism  o f  a  g rap h  i s  an isom orph ism  o f  th e  g rap h  

o n to  i t s e l f .  The au tom orphism  p a r t i t i o n  o f  a  g rap h  c o n s i s t s  

o f  c e l l s  s a t i s f y i n g  th e  c o n d i t io n  t h a t  two v e r t i c e s  a r e  in  

th e  same c e l l  i f  and o n ly  i f  t h e r e  e x i s t s  an isom orph ism  

from  th e  g rap h  to  i t s e l f  m apping t h e  f i r s t  v e r t e x  t o  th e
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s e c o n d . The g raph  isom orph ism  problem  i s  e q u iv a le n t  t o  th e  

g raph  autom orphism  p a r t i t i o n  p ro b lem , a s  g iv en  in  F o v le r - e t  

a l [ 1 9 8 3 ] .  To s e e  t h i s ,  f i r s t  c o n s t r u c t  a  g rap h  w hich i s  th e  

d i s j o i n t  u n io n  o f  th e  two g iv e n  b a se  g ra p h s  w hich  a r e  t o  be 

t e s t e d  f o r  iso m o rp h ism . T hen , c o n s t r u c t  th e  g ra p h  au tom or­

phism  p a r t i t i o n  f o r  th e  d i s j o i n t  u n io n .  The o r i g i n a l  two 

b a se  g ra p h s  a r e  iso m o rp h ic  i f  and o n ly  i f  t h e r e  e x i s t s  one 

c e l l  o f  th e  autom orphism  p a r t i t i o n  c o n ta in in g  a  v e r te x  from  

each  o f  th e  o r i g i n a l  b a se  g ra p h s . T h is  i s  a . b r i e f  d i s c u s ­

s io n  on th e  g raph  au tom orphism  p a r t i t i o n .  I n t e r e s t e d  r e a d e r  

can  lo o k  a t  th e  P o w le r - e t  a l[1 9 8 3 ]  p a p e r  f o r  d e t a i l s  o f  t h e  

g e n e r a l  a lg o r i th m .

A p ro c e d u re  f o r  th e  b a se  g raph  au tom orphism  p a r t i t i o n  

i s  d e s c r ib e d  b r i e f l y  b e lo w . V e r t i c e s  i n  th e  same c e l l  a r e  

s a i d  t o  be  i n d i s t i n g u i s h a b l e  w h ile  v e r t i c e s  i n  d i f f e r e n t  

c e l l s  a r e  s a id  to  b e  d i s t i n g u i s h a b l e .  Edges ( p ,g ) ,  (u ,v ) 

a r e  s a id  t o  be i n d i s t i n g u i s h a b l e  i f  b o th  v e r t i c e s  p , u a r e  

i n d i s t i n g u i s h a b l e  an d  v e r t i c e s  g , v a r e  i n d i s t i n g u i s h a b l e .  

O th e rw is e , th e y  a r e  s a i d  t o  be  d i s t i n g u i a h a b l e .  D i f f e r e n c e s  

o f  v e r t i c e s  a re  d e p th ,  w e ig h t, t h e  num ber o f  d i r e c t  e d g e s , 

and th e  number o f  i n v e r s e  e d g e s . I n i t i a l l y ,  v e r t i c e s  o f  th e  

b a se  g ra p h  a r e  p a r t i t i o n e d  i n t o  th é  d i f f e r e n t  c e l l s  by t h e i r  

d i f f e r e n c e s .  Then, a  r e c u r s i v e  p a r t i t i o n  p ro c e d u re  can  be 

a p p l ie d  by th e  d i s t i n g u i s h a b l e  e d g e s  a s  f o l lo w s :
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p ro c e d u re  âüTOHORPHISH-PAHTITIOH (g raph) ;

( COMMEHT: In p u t  i s  t h e  d i s j o i n t  u n io n  o f  th e  tw o g iv en  

b a se  g ra p h s  w hich a r e  t o  be t e s t e d  f o r  e g u iv a le n c e .  } 

p ro c e d u re  GEAPH-PABTITION(cells, d i s t i n g u i s h a b l e - e d g e s ) ; 

do GBAPH-PABT1II0H1H6 by d i s t in g u i s h a b l e  e d g e s ; 

i f  g rap h  p a r t i t i o n e d  

th e n  m ark d i s t i n g u i s h a b l e  d i r e c t  ed g es

c a l l  GRAPH-PAETITION(cells, d i r e c t - e d g e s )  

m ark d i s t i n g u i s h a b l e  in v e r s e  ed g es  

c a l l  GRAPH-PARTITIOH(cells, in v e r s e -e d g e s )  

e l s e  n u l l ;  

end o f GBAPH-PARTITIOH; 

main p ro c e d u re

do  GRAPH-PARTITIONING by v e r t e x  d i f f e r e n c e s ;  

c a l l  G RAPH-PARTITION (v e r t e x - s e t - c e l l s ,  e d g e - s e t ) ; 

ch eck  sy m m etric  r i n g  g ra p h ; 

end o f A nTO aORPH ISH-PA RTITIO N .

EXAHPLE[U.1]. L e t (X,T) be  a  t o p o lo g ic a l  s p a c e ,  w here 

X = { a ,b ,c ,d ,e ,£ }  and

BASEST) — ( [u) * (e#b) ,  ( a ,b ,c )  ,  ( d ,e )  ,  ( d , e , f )  ) .

T hen, a  b a se  g rap h  (V,E) f o r  T:

V = { X, ( a ) ,  ( a , b ) , C a , b , c ) ,  C d ,e ), { d ,e ,f}  )

E = ( ( ( a , b , c ) , X ) ,  ( £ d ,e , f } ,X ) ,  ( ( a ,b )  ,  £ a , b , c ) ) , 

( ( a ) , ( a , b } ) ,  (£ d ,e } ,  £ d ,e , f ) )  } .

C o n s id e r in g  o n ly  t h i s  b a se  g ra p h , AUTOHGRPHISH-PABTITION 

w i l l  g iv e  th e  fo l lo w in g  c o m p u ta tio n s .
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I n i t i a l  c e l l s  o f  v e r t i c e s :

m ,  C ( a ,b ,c } ,  C d ,e , f } ) ,  [ { a ,b } ) ,  £ { d ,e ) ) ,  { { a )} .

A f te r  p a r t i t i o n i n g r  f i n a l  c e l l s  o f  v e r t i c e s :

[%), £ { a ,b ,c ) ) ,  { £ d ,e , f } } ,  ££a> b)} , £ £ d ,e )} , C£a}).

Hote t h a t  t h e  c e l l  £ £ a * b ,c ) , £ d ,e , f ) ]  was p a r t i to n e d  i n t o  

th e  two c e l l s  £ £ a ,b ,c l}  and  £ £ d ,e ,f ]}  by th e  d i s t i n g u i s h a b l e  

e d g e s  ( £ a ,b } ,£ a ,b ,c ] )  and ( £ d , e } , £ d , e , f ) ) .  <>

N ote t h a t  i f  a  g rap h  in c lu d e s  a n o n t r i v i a l  co m p le te  

b ig ra p h  a s  a  su b g ra p h  a s  g iv en  in  P IG nE E £4.1], th e n  t h i s  

p a r t i t i o n  p ro c e d u re  f a i l s .  N ote t h a t  a  b a s e  g raph  c a n  n o t  

in c lu d e  a  n o n t r i v i a l  c o m p le te  b ig r a p h .  The o th e r  i n t e r e s t ­

in g  problem  i s  th e  i n c l u s i o n  o f  a sy m m etric  r in g  g ra p h  a s  a 

su b g rap h  o f  th e  b a se  g ra p h . An exam ple o f  in c lu d in g  sym­

m e tr ic  r i n g  g rap h  i s  g iv e n  i n  FIG D B E[4.2]. The p a r t i t i o n  

p ro c e d u re  a l s o  f a i l s  i n  t h i s  c a s e .  T h is  c o n d i t io n  c a n  e x i s t  

f o r  base  g ra p h s  and a f t e r  a p p ly in g  th e  p a r t i t i o n  p ro c e d u re , 

t h i s  s i t u a t i o n  m ust be ch eck ed . S in c e  e ac h  p a r t i t i o n i n g  

p ro c e s s  h a s  n a s  a bound and th e  maximum number o f  r e c u r s iv e

c a l l s  i s  n ,  t h e  c o m p le x ity  o f  th e  p a r t i t i o n  p ro c e d u re  h as an
. . . .

n bound. Ne have d e s c r ib e d  a p ro c e d u re  t o  d e te rm in e  th e  

hom eom orphism s betw een tw o t o p o lo g i c a l  s p a c e s .  A to p o lo g i ­

c a l  s t r u c t u r e  o f  a  t o p o lo g i c a l  sp a c e  can  b e  i d e n t i f i e d  by 

i t s  b a se  g ra p h . The autom orphism  p a r t i t i o n  p ro c e d u re  g iv e s  

a  p a r t i t i o n  o f  a b a se  g rap h  to  show i n d i s t i n g u i s h a b l e  v e r ­

t i c e s .  The c o r r e c t n e s s  o f  t h i s  p ro c e s s  can  be sum m arized in  

t h e  fo l lo w in g  th eo rem .
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o ô o ô ô ô
F IG nB E [4 .1 ]. I n c lu d in g  n o n t r i v i a l  c o m p le te  b ig r a p h s .

PIGUBE[4.2 ] .  I n c lu d in g  sy m m etric  r i n g  g ra p h s .
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THEOBEH£ 4 . 1 ] .  The b a s e  g rap h  au tom orphism  p a r t i t i o n  p ro ­

c e d u re  c o r r e c t l y  d e te rm in e s  hom eom orphism s. <>

PROOF: L e t G1, 6.2 b e  b a se  g ra p h s  f o r  t o p o lo g i e s ,  T1, T 2,

r e s p e c t i v e l y  to  be  t e s t e d  f o r  homeomorphism. By a p p ly in g  

th e  g ra p h  autom orphism  p a r t i t i o n  p ro c e d u re  t o  th e  d i s j o i n t  

un ion  o f  t h e  b a se  g r a p h s ,  6 1 , 6 2 , we h av e  a  s e t  o f  c e l l s .  

R e c a ll  t h a t  a  c e l l  i s  a  s e t  o f  i n d i s t i n g u i s h a b l e  v e r t i c e s  

w hich m eans t h a t  tw o v e r t i c e s  a r e  i n  th e  same c e l l  i f  and  

o n ly  i f  t h e r e  e x i s t s  an isom orph ism  from  th e  g rap h  t o  i t s e l f  

m apping th e  f i r s t  v e r t e x  t o  th e  s e c o n d . F o r e a c h  c e l l ,  i f  

we c r e a t e  an au tom orph ism  m apping a v e r te x  i n  61 t o  a  v e r te x  

in  6 2 , th e n  t h i s  au tom orph ism  i s  an isom orph ism  mapping 61 

to  6 2 , b e c a u s e  two v e r t i c e s  i n  th e  same c e l l  a r e  i n d i s t i n ­

g u is h a b le .  S in c e  a v e r t e x  i s  an  open s e t ,  an isom orph ism  

m apping 61 t o  62 i s  a  homeomorphism m apping T1 to  T2 by th e  

d e f i n i t i o n  o f  homeomorphism. T hus, t h e  au tom orphism  c r e a te d  

i s  a  hom eom orphism . <>

Re have d e te rm in e d  a s e t  o f  homeomorphisms by th e  v e r ­

t e x  p a r t i t i o n i n g  o f  b a s e  g ra p h s .  Those homeomorphisms show 

o n ly  th e  t o p o lo g ic a l  e g u iv a le n c e  o f  d a ta b a s e  s p a c e s .  To 

show t h e  c o n s t r a i n t  e g u iv a le n c e  o f  d a ta b a s e  s p a c e s ,  we need 

t h e  a p p r o p r i a t e  b i j e c t i o n s  f o r  i n d i s t i n g u i s h a b l e  v e r t i c e s  

which a r e  in  th e  same c e l l .  A p p ro p r ia te  b i j e c t i o n s  can  be 

d e te rm in e d  by  in t r o d u c in g  th e  s t r u c t u r e  o f  s c o p e s e t  i n t o  th e  

p a r t i t i o n e d  b a se  g ra p h . A s c o p e s e t  f o r  a s t r o n g  c o n s t r a i n t  

S [T ] , d e n o te d  by SCOPESET[S£T]] ,  i s  a s e t  o f  s c o p e s  f o r  S [T ]
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su c h  t h a t  a  sc o p e  i s  X U Ï i f  (X^I) E HINCO?EB[S[T]].

The fo rm a l d e f i n i t i o n  o f  th e  s c o p e s e t  i s  g iv e n  i n  th e  n e x t  

c h a p te r .  N o te  t h a t  a  head  o f  sc o p e  and a  t a i l  i s  a  s e t  o f  

v e r t i c e s  by t h e i r  d e f i n i t i o n s .  S copes a r e ' i n d i s t i n g u i s h a b l e  

i f  b o th  h ead s  and  t a i l s  a r e  i n d i s t i n g u i s h a b l e .  O th e rw is e , 

th e y  a r e  d i s t i n g u i s h a b l e .  I n i t i a l l y ,  a  s c o p e s e t  c an  b e  p a r ­

t i t i o n e d  by p u t t i n g  i n d i s t i n g u i s h a b l e  s c o p e s  i n t o  t h e  same 

c e l l .  S in c e  v e r t i c e s  a r e  d i s t i n g u i s h a b l e  i f  th e y  b e lo n g  t o  

d i s t i n g u i s h a b l e  head  o r  t a i l ,  th e  p a r t i t i o n e d  s c o p e s e t  p ro ­

v id e s  a  way f o r  f u r t h e r  p a r t i t i o n i n g  th e  p a r t i t i o n e d  b a s e  

g ra p h . T h u s, we, h av e  an a lg o r i th m  t o  d e te rm in e  t h e  

hom eom orphism s show ing  th e  s t r o n g  c o n s t r a i n t  e g u iv a le n c e  o f  

d a ta b a s e  s p a c e s  a s  f o l lo w s :

ALGORITHH[4 . 1 ] .  D&TABASB-SPACE-EQOITALEHCE.

INPUT: b a s e  g r a p h s ,  6 1 , 62 f o r  t o p o lo g ie s ,  T1, T 2 ,.

s t r o n g  c o n s t r a i n t s ,  S 1 [ I 1 ] ,  S 2 [T 2 ];

OUTPUT: f a l s e  o r

t r u e  w ith  homeomorphisms

show ing  s t r o n g  c o n s t r a i n t  e g u iv a le n c e  o f

d a ta b a s e  s p a c e s ,  (X1,T1) ,  (X2,T2) ;

PROCESS:

[ 1 ] c r e a t e  g rap h  by d i s j o i n t  u n io n  o f  6 1 , 62 ;

[ 2 ]  c a l l  AUTOHORPHISH-PABTITIOH(graph);

[ 3 ]  c r e a t e  u n io n  o f  SC0PESET£S1£T1 ] ] ,  SC0PESET£S2£T2]];

£ 4 ]  do SC0PESET-PARTITI0HIN6

by d i s t i n g u i s h a b l e  s c o p e s ;
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[ 5 ]  mark d i s t i n g u i s h a b l e  v e r t i c e s ;

[ 6 ] do GHAPH-PAHTITIOHIHG

by d i s t i n g u i s h a b l e  v e r t i c e s ;

[ 7 ]  i f  e x i s t

th e n  ODTPDT <—  c r e a t e  isom orphism

mapping G1 t o  G2 

w ith  c o n c e rn in g

SC 0PESET[S1[T1]], 

SC 0PESEI[S2[T2]] 

e l s e  ODTPDT <—  f a l s e ;

[ 8 ] h a l t ;

END OF DATABASE-SPACE-EQDIVALEHCE. <>

THE0EEM[4.2]. ALGOBITHH[h.1 ] d e te rm in e s  c o r r e c t l y  e x i s t i n g  

homeomorphisms show ing t h e  s t r o n g  c o n s t r a i n t  e g u iv a le n c e  o f  

t h e  d a ta b a s e  s p a c e s . . <>

PROOF: By a p p ly in g  th e  g rap h  au tom orphism  p a r t i t i o n  p ro ­

c e d u re ,  we have  a s e t  o f  c e l l s . . A c e l l  i s  a  s e t  o f  i n d i s ­

t in g u i s h a b le  v e r t i c e s  i n  th e  s e n se  o f  th e  b a se  g rap h  s t r u c ­

t u r e  by THE0EEM[4.1 ] . A pplying f u r t h e r  p a r t i t i o n  by th e  

s c o p e s e t  s t r u c t u r e s  f o r  s t r o n g  c o n s t r a i n t s ,  v e r t i c e s  i n  th e  

same c e l l  a r e  i n d i s t i n g u i s h a b le  i n  t h e  s e n s e  o f  b o th  th e  

b a se  g rap h  s t r u c t u r e  and th e  s c o p e s e t  s t r u c t u r e .  T h u s, th e  

c r e a te d  au tom orph ism , a s  g iv e n  in  THE0EEM[4.1], i s  a 

homeomorphism show ing th e  s t r o n g  c o n s t r a i n t  e g u iv a le n c e  o f 

d a ta b a s e  s p a c e s .  <>
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EXABPLE[4 . 2 ] .  C o n s id e r  d a ta b a s e  s p a c e s ,  0 1 , 0 2 , w here 

DIH£01] = £ a , b , c , d , e , f  , g , h , i }  ,

0 IB [0 2 ]  = ( p ,g , r , s , t , u , v , w , % } .  

and s e t s  o f  f u n c t io n a l  d e p e n d e n c ie s , F I ,  ? 2 , w here 

FI = { ( { a ) , £ b , c , d ) ) , ( { b } , C c ) ) , ( ( e } , C f , g , h , i } ) , ( { f } , C g l ) l ,  

F2 = C ( (Pi ,  C g ,r ,s ]  ) ,  ( £gj ,  ( r )  ) ,  ( [ t ]  ,  £ u ,v , w,x) ) ,  ( £uj ,  £v) ) ) .  

Then, we h av e

SOBBASB[TOP[Ol]] = ££a} ,  £ b ,c ,d }  ,  £b) ,  £c} ,  £e) ,

£ f , g , h , i } , £ f ] , £ g ) } ,

SOBBASE[TOPCD2]] = £ £ p ] , £ g , r , s ) , £ g ] , £ r ] , £ t ] ,

£ u ,v ,w ,x } , £u}, £ v lJ .

The d i s j o i n t  u n io n  o f  b a se  g ra p h s  f o r  th e  au tom orph ism  

p a r t i t i o n  i s  g iv e n  i n  FIG nB E£4.3].

A f te r  g ra p h  p a r t i t i o n ,  we have 5 c e l l s :

££a) # £®) t  £p) t  £b) } » ££ b ,c ,d )  ,  £ g ,r  , s ) } ,

££b} ,  £c) ,  £g) ,£ r } } ,  £ £ f ,g # h ,i )  ,  £ u ,v ,w ,x ))  ,

£ £ Q ,£ g ) ,£ u ) ,£ v ] ] .

A f te r  s c o p e s e t  p a r t i t i o n ,  we have 3 c e l l s :

£ £ a :b ,c ,d ]  , £ p : g , r , s ) )  ,

£ £b: c) ,  £ f :  gj ,  £g: r j  ,  £u : vj } ,

£ £ e : f , g , h , i )  ,  £ t :u ,v ,w ,x ) } .

Note t h a t  n o t a t i o n  £ h e a d : ta i l}  i s  u se d  f o r  a  s c o p e .

By r e p a r t i t i o n i n g  th e  c e l l s  o f  g r a p h ,  we have 8 c e l l s :  

£ £ a l.£ P ) )»  £ £ e ) , £ t j ) ,  £ £ b ) ,£ g ) ) ,  £ £ c ) ,£ r ) } ,

£ £ f )» £ u ) ] ,  £ £ g ] ,£ v ) ) ,  £ £ b ,c ,d )  ,  £ g , r , s )  ) ,

££f# g # b , i ]  ,  £u ,V ,w ,x}} .

F i n a l l y ,  w ith  c o n c e rn in g  th e  s t r o n g  c o n s t r a i n t ,  we have



— 70 —

iso m o rp h ism s sh o v in g  th e  s t r o n g  c o n s t r a i n t  e g u iv a le n c e :  

Ca} — > [p ] ,  {b) — > [ g ) ,  Cc) ~ >  CE),

{dj —> {si, {el —> {tl, {fl —> {u),

{gl — > { v l, { h f i l  — > { v ,x } . .

Our t a s k  i s  done# <>

dummy

F IG 0B E [4 .3 ]. An exam ple o f  a g rap h  f o r  p a r t i t i o n .
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Hote t h a t  &I60BITBH[4 .1 ]  shows o n ly  th e  s t r o n g  con­

s t r a i n t  e q u iv a le n c e .  However, t h i s  a lg o r i th m  c o n c e p tu a l ly  

can  be e x te n d e d  t o  i n c lu d e  th e  weak c o n s t r a i n t  and  th e  j o i n  

c o n s t r a i n t .

£ 4 .3  ] REH&BKS OH A DATABASE 6EHEBAT0B

The u l t im a te  g o a l  o£ d a ta b a s e  d e s ig n  a u to m a tio n  i s  t o  

b u i ld  a d a ta b a s e  g e n e r a to r  w hich i s  an  a u to m a tic  d a ta b a s e  

d e s ig n  m ac h in e . A d a ta b a s e  g e n e r a to r  i s  an  a lg o r i th m  su c h  

t h a t  in p u t  i s  a v a i l a b l e  in f o r m a t io n ,  l i k e  d a ta  and  s t r u c ­

t u r e s ,  and  o u tp u t  i s  a  d a ta b a s e  d e s ig n  which p r e s e r v e s  th e  

a v a i l a b l e  in f o r m a t io n .

D a ta b a se s  a r e  c l a s s i f i e d  i n t o  th e  e q u iv a le n t  c l a s s e s  

f o r  t h e  c o n s t r u c t io n  o f  d a ta b a s e  g e n e r a to r  by u s in g  th e  con­

c e p t  o f  d a ta b a s e  e g u iv a le n c e .  T h u s, th e  f u n c t io n  o f  d a ta ­

b a se  g e n e r a to r  can  be r e p r e s e n te d  a s  a  4 -d im e n s io n a l  s p a c e , 

c a l l e d  a  d a ta b a s e  g e n e r a to r  s p a c e .  The c o o r d in a te s  o f  th e  

d a ta b a s e  g e n e r a to r  s p a c e  r e p r e s e n t  t h e  d a ta b a s e  c l a s s  which 

i s  c l a s s i f i e d  i n t o  t h e  e q u iv a le n t  c l a s s .  The 4 c o o r d in a te s  

a r e  ATTRIBUTES, TOPOLOGIES, COHSTBAIHTS, and DECOHPOSITIOHS. 

ATTRIBUTE S -c o o rd in a te  i s  a s e t  o f a t t r i b u t e s ,  TOPOLOGIES- 

c o o rd in a te  i s  a s e t  o f  to p o lo g ie s ,  CONSTRAINTS-coordinate i s  

a s e t  o f c o n s t r a i n t s ,  and  DECOHPOSIIIOHS-coordinate i s  a s e t
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o f  d e c o m p o s itio n s .

D a ta b a se s  a r e  c l a s s i f i e d ,  f i r s t  by t h e  num ber o f  a t t r i ­

b u t e s ,  seco n d  by th e  in tro d u c e d  t o p o lo g i e s ,  t h i r d  by th e  

g iv e n  c o n s t r a i n t s ,  f i n a l l y  by t h e  a p p l ie d  d e c o m p o s itio n  

p r o c e s s e s .  In  g e n e r a l ,  t h e  th e o r y  o f  a d a ta b a s e  g e n e r a to r  

i s  t o  s tu d y  th e  p r o p e r t i e s  o f  d a ta b a s e  g e n e r a to r  s p a c e .  

W hile th e  e x a m in a tio n  o f  t h e  d e t a i l s  o f  th e  d a ta b a s e  g e n e ra ­

t o r  a r e  beyond th e  s c o p e  o f  t h i s  d i s c u s s io n ,  t h e  c o n c e p t  i s  

im p o r ta n t  to  p o in t in g  o u t  o u r i n t e r e s t  d a ta b a s e  e g u iv a le n c e .



CHAPTER V 

DATABASE DECOMPOSITION

A c e n t r a l  id e a  o f  th e  d a ta b a s e  d e s ig n  i s  t h e  n o t io n  o f  

d e c o m p o s itio n  in  th e  r e l a t i o n a l  d a ta b a s e  m odel. I n  g e n e r a l ,  

com plex in fo rm a tio n  i s  t o  be e x p re s s e d  a s  a  s u p e r p o s i t io n  o f  

s im p le r  com ponents w ith o u t  m is s in g  in f o r m a t io n .  He d e s c r ib e  

t h e  n o t io n  o f  d e c o m p o s itio n  f o r  th e  t o p o lo g ic a l  d a ta b a s e  

model in  t h i s  c h a p te r .

S e c tio n [W .1 ]  in c lu d e s  th e  c o n c e p t o f  su b s p a c e  f o r  th e  

d e c o m p o s itio n  p r o c e s s e s .  S e c t i o n [ 4 .2 ]  in t r o d u c e s  m an ip u la ­

t i o n  o p e r a to r s  to  h a n d le  th e  s u b s p a c e s . I n  t h e  decom posi­

t i o n  p r o c e s s ,  two p la u s a b le  c o n d i t io n s  a r e  known a s  l o s s l e s s  

j o i n  and dependency p r e s e r v a t io n  p r o p e r t i e s .  S e c t io n [ 4 .3 ]  

d e s c r ib e s  t h e  c o n c e p ts  o f  s c o p e s  and n e ig h b o rh o o d s  f o r  con ­

s t r a i n t  p r e s e rv in g  d e c o m p o s itio n s . F i n a l l y ,  s c o p e s e t  s t r u c ­

t u r e s  h e lp  th e  t i e  b re a k in g  t a s k  f o r  th e  sy m m etric  v e r t i c e s  

o f  th e  b a s e  g raph  when we a r e  t r y in g  to  show c o n s t r a i n t  

e g u iv a le n c e .
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[ 5 .1  ] SDBSPACE

R e c a l l  th e  c o n c e p t o f  s u b s p a c e ,  g iv e n  i n  S e c t io n £ 2 .1 ] .  

F o r t h e  r e a d e r s  c o n v e n ie n c e  t h e  b a s ic  n o t a t i o n  i s  reex am in ed  

h e r e .  F o r  a  d a ta b a s e  sp a c e  D, i f  t  € IN S [0 J and % ^  DIM[D] ,  

th e n  t [ I ]  i s  used t o  r e p r e s e n t  th e  I-co m p o n e n t o f  th e  t u p l e  

t  and PBOJECT£INS£D]:X3 i s  u sed  to  r e p r e s e n t  t h e  c o l l e c t i o n  

o f  t h e  I-co m p o n en t o f  th e  t u p l e s  i n  IHS£D]. The n o ta t i o n  

PHOJECT£ TOP£D]:X] i s  u sed  f o r  a  r e l a t i v e  to p o lo g y  o f  TOP£D] 

on X, a s  g iv e n  in  S e c t io n £ 2 .1 ] .  T h u s, t h e  n o t a t i o n  PROJECT 

i s  d e f in e d  a s  f o l lo w s :

PROJECT£TQP£D]:X] = £ Xi | Xi = Y iO X , T i  6  TOP£D] ) .

. By u s in g  t h i s  n o t a t i o n ,  th e  c o n c e p t o f  a  su b sp a c e  o f  a 

d a ta b a s e  sp a c e  i s  in tro d u c e d  a s  f o l lo w s :

DBFIN ITI0N £5.1]. . SDBSPACE OF DATABASE SPACE.

L e t D be a d a ta b a s e  s p a c e ._ T hen, a  d a ta b a s e  sp a c e  S i s  a  

su b sp a c e  o f  D i f  and o n ly  i f

DIH£S] C  DiH£D3 and

TOP£S] = PEOJECT£TOP£D]:DIM£S]]. <>

EXAHPLE£5 .1 ] .  C o n s id e r  a d a ta b a s e  sp a c e  0 :

DIH£D] = ( a ,b , c ,d )  ,

TOP£D] = isr, DIH£D], (C ), £d},  £ c ,d } , £ a ,b ) ,

£ a ,b ,c}  ,  £ a ,b ,d } } .

T hen, c o n s id e r in g  a d a ta b a s e  s p a c e  S :

DIM£S]  = ( a , b , c ) .
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T O P [S ]=  (gr, DIM [S], t c ) ,  £ a ,b )3 , 

ve  can  o b se rv e  s  i s  a  sn b sp a c e  o f  o .  <>

S in c e  i f  n = | I |  th e n  a  d a ta b a s e  s p a c e  (X,T) i s  a  n -

d in e n s io n a l  s p a c e , a  sn b sp ac e  a lw ay s h a s  a  d im en sio n  s m a l l e r  

th a n  o r  e q u a l  to  t h e  d im en sio n  o f  o r i g i n a l  s p a c e .  R e c a l l  an

in s t a n c e  o f  a n -d im e n s io n a l  d a ta b a s e  s p a c e  i s  a  s e t  o f  n -

t u p l e s .  I f  an i n s t a n c e  o f  a  d a ta b a s e  s p a c e  D, IN S[D ] i s  

c a r r i e d  i n t o  a  sn b sp a c e  S o f  i t ,  th e n  an  i n s t a n c e  o f  th e  

d a ta b a s e  s p a c e  S , IHS£S] i s  g iv e n  a s

IB S [S ] = PE0JECT£IHS£D3:DIH£S]],

EXAHPL£[5 . 2 ] .  C o n s id e r in g  EXAUPLE£3.1 ] ,  an exam ple o f  su b ­

sp a c e  S i s

DIH£S] = {CITY, ST ATE], TOP£S] -  {*,DIM £S]}.

F o r t h i s  sn b s p a c e  S , a  2 -d im e n s io n a l  f i g u r e  and IH S£S] a r e  

g iv e n  in  FIG0RE£5. 1 ] .  <>

S u b sp ac es  p la y  th e  m ajo r r o l e  in  d a ta b a s e  d e s ig n  s in c e  

th e y  a r e  th e  b a s ic  d a ta b a s e  u n i t .  C o n s id e r in g  a  to p o lo g y  T 

on th e  u n i v e r s a l  s e t  0 ,  sp a c e  (0,T) i s  c a l l e d  a m ic ro co sm ic  

d a ta b a s e  s p a c e .  The fo rm a l d e f i n i t i o n  f o r  th e  m ic ro co sm ic  

d a ta b a s e  sp a c e  w i l l  be g iv e n  i n  th e  n e x t  s e c t i o n .  The m ajo r 

p rob lem  o f  d a ta b a s e  d e s ig n  i s  t o  f in d  th e  way t o  r e p r e s e n t  a 

m ic ro co sm ic  d a ta b a s e  sp a c e  by u s in g  a  s e t  o f  s u b s p a c e s  o f  

t h e  m icrocosm ic  s p a c e . R e c a l l  t h a t  a d a ta b a s e  sp a c e  D i s  

c o m p le te ly  s p e c i f i e d  by th r e e  th in g s :  DIM£D], TOP£D], and
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INS£D]. In  t h e  a s su m p tio n  o f  a  m ic ro co sm ic  d a ta b a s e  s p a c e ,  

s p e c i f i c a t i o n  o f  DIM and TOP i s  n e c e s s a r y  s i n c e  j o i n  con­

s t r a i n t s  on th e  m ic rocosm ic  d a ta b a s e  s p a c e  must b e  p ro v id e d  

t o  t h e  u s e r  f o r  t h e  d e s ig n  l e v e l .  However, s p e c i f i c a t i o n  o f  

IHS[D] i s  n o t  n e c e s s a r y  s i n c e  d a ta  c o n s t r a i n t s  a r e  d e f i n e d  

by t h e  n o t io n  o f  t h e  a t t r i b u t e  s e t  w i th o u t  u s in g  t h e  n o t io n  

o f  th e  r e c o r d  l e v e l  i n s t a n c e .

R e c a l l  t h e  c o n c e p ts  o f  i n t r a - r e c o r d  ty p e  and i n t e r ­

r e c o r d  t y p e ,  a s  g iv e n  i n  S e c t i o n £ 2 .1 ] ,  f o r  d a ta b a s e  

r e p r e s e n t a t i o n .  For t h e  r e a d e r s  c o n v e n ie n c e ,  an  exam ple  o f  

t h o s e  t y p e s  from EX&HPLE£3.10], i s  g iv e n  i n  F I6U R E£5.2]. 

Now, we want t o  ta k e  th o s e  c o n c e p ts  i n t o  t h e  d a ta b a s e  s p a c e  

r e p r e s e n t a t i o n .  In  t h e  d a ta b a s e  s p a c e  D, i n t r a - r e c o r d  t y p e  

c a n  be r e p r e s e n t e d  by DIM£D] and i n t e r - r e c o r d  ty p e  c a n  be  

r e p r e s e n t e d  by T0P£0]. S in c e  th e  o p t im a l  to p o lo g y  i s  c o n ­

s t r u c t e d  from  d a ta  c o n s t r a i n t s  su ch  a s  d e p e n d e n c ie s ,  t h e  

i n t e r - r e c o r d  ty p e s ,  d e r iv e d  from d a t a  c o n s t r a i n t s ,  m ust be 

in c lu d e d  i n  TOP£D]. The u s e f u l n e s s  o f  TOP a s  i n t e r - r e c o r d  

t y p e  check  cam be shown i n  t h e  f o l lo w in g  exam ple .

EXAHP1E£ 5 . 3 ] .  C o n s id e r  DIH£0] = { a , b , c , d , e , f }  and  

f u n c t i o n a l  d e p e n d e n c ie s ,  ( [a] ,  (b>c, d} ) ,  ( £d} ,  £ e , f ]  ) .

Then, a  to p o lo g y  TOP£D] i s

TOP£D] = (J3T, X, ( a ) ,  £d}, £ b , c , d ] ,  £ e , f ] ,  { a ,d } ,  ( a , e , f ) ,  

£ a , b , c , d j ,  ( d , e , f ) ,  £ b , c , d , e , f ) ,  £ a , d , e , f ) } .

Now, we can  o b se rv e  t h a t  £ a ,b ,c ,  d} and £ b ,e , f )  a r e  a  poor
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d e c o m p o s i t io n  i n  t h e  s e n s e  th e y  do n o t  have l o s s l e s s  j o i n  

p r o p e r ty  s i n c e  [ a f b , c , d } f l [ b , e , f }  = ( b ) T O P [ D ] -

In  th e  n o t io n  o£ r e l a t i o n a l  d a t a b a s e ,  me c an  o b se rv e  t h a t  

t h i s  i m p l i e s  t h a t  ( {b} ,  ( a , b , c , d } ) and ((b) ,  £ b ,e ,£ ) )  a r e  

n o t  f u n c t i o n a l  d e p e n d e n c ie s .  .<>

Note t h a t  TOP g i v e s  a  n e c e s s a r y  c o n d i t i o n  t o  c h eck  f o r

a p o o r  d e c o m p o s i t io n ,  a s  g iv e n  i n  t h e  exam ple a b o v e .  He

w i l l  exam ine t h i s  f e a t u r e  i n  more d e t a i l  i n  S e c t i o n £ 5 .3 ] .
.

The o t h e r  i n t e r e s t i n g  f e a t u r e  i s  t h e  c o m p ar iso n  b e t s e e n  t h e  

o p t im a l  and t h e  d i s c r e t e  to p d lo g y  i n  t h e  p r a c t i c a l  d a ta b a s e  

e n v iro n m e n t .  I n  t h e  p r a c t i c a l  d a ta b a s e  d e s i g n ,  i n c r e a s i n g  

t h e  s i z e  o f  i n t r a - r e c o r d  ty p e  i s  i n c r e a s i n g  t h e  s i z e  o f  open 

s e t  i n  t h e  o p t im a l  t o p o lo g y .  T h is  s t r u c t u r e  i s  q u i t e  common 

i n  a p r a c t i c a l  d a ta b a s e  e n v iro n m e n t ,  w i tn e s s e d  by em ployee 

i n f o r m a t i o n .  For ex am p le ,  we have f u n c t i o n a l  d e p e n d e n c ie s ,  

su c h  a s

(em ployee, em ployee  nam e),

(em ployee , a d d r e s s )  ,

(em ployee , e d u c a t i o n a l  b a c k g ro u n d ) ,

(em ployee, d e p a r tm e n t)  ,

(em ployee, s a l a r y ) .

I n  t h i s  c a s e ,  a  s e t  (em ployee name, a d d r e s s ,  e d u c a t i o n a l  

b a c k g ro u n d ,  d e p a r tm e n t ,  s a l a r y }  c an  be an  i n t r a - r e c o r d  

t y p e ,  making i t  an open s e t  i n  th e  o p t im a l  to p o lo g y .  T h is  

r e d u c e s  th e  number o f  open s e t s  r e q u i r e d  i n  th e  o p t im a l  

to p o lo g y  f o r  many p r a c t i c a l  a p p l i c a t i o n s .
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DIM[ S] CITY

STATE 
—»

TOP£S]
CITY
STATE

# -

IHS[S]
(Noraan,OK) 
(Miami,OK) 
(Miami,TX) 
(A astin ,T Z )

FIGÜRE[ 5 . 1 ] .  An example o f  a S u b sp ac e .
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FISU R E [5 .2]. I n t r a - r e c o r d  and i n t e r - r e c o r d  ty p e s .
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[ 5 . 2  ] H&NIPnL&TION OPERATORS

I n  t h e  p r e v io u s  s e c t i o n ,  by i n t r o d u c i n g  t h e  c o n c e p t  o f  

s u b s p a c e ,  v c  i l l u s t r a t e d  t h a t  th e  t o p o l o g i c a l  d a ta b a s e  can  

be r e p r e s e n t e d  by a  s e t  o f  d a ta b a s e  s p a c e s .  To m a n ip u la te  

t h e  s e t  o f  d a ta b a s e  s p a c e s ,  m a n ip u la t io n  o p e r a t o r s  must be 

d e f in e d .  S in c e  d a ta b a s e  s p a c e s  have  n e v  f a c i l i t i e s  such  a s  

TOP v h ich  a r e  n o t  a v a i l a b l e  i n  th e  r e l a t i o n a l  d a t a b a s e ,  new 

o p e r a t o r s  a r e  n eed ed . The d a ta  o p e r a t o r  OOP and t h e  s t r u c ­

t u r e  o p e r a t o r  SOP a r e  d e f in e d  a s  b a s i c  m a n ip u la t io n  o p e ra ­

t o r s .  N ote  t h a t  o u r  i n t e n t i o n  i s  n o t  i n  t h e  s y n ta x  o f

o p e r a t o r s  b u t  in  t h e  s e m a n t ic s  o f  o p e r a t o r s  a t  t h i s  moment.

DEriNXTI0H[5.2]. DATA OPERATOR (OOP).

S y n tax :

DOP[ ACCESS/ CREATE/ FILTER ]

ACCESS: £ D1, D2, D3, ...................... D1 )

CREATE: £ a 1 ,  a 2 ,  a3 ,  . . . . . .  am )

FILTER: £ C l ,  C2, C3, . . . . . .  Cn }

S em an tic s :

ACCESS: a s e t  o f  d a ta b a s e  s p a c e s ,

CREATE: a s e t  o f  a t t r i b u t e s ,

FILTER: a  s e t  o f  c o n d i t i o n s ,

DOP£ ACCESS/ CREATE/ FILTER ]: d a ta b a s e  s p a c e ,  where

DIHCDOP] = CREATE,

SUBBASE[TOP£DOP]] = £ X | I  = PROJECT£TOP[Di]:Si],

S i  = CREATE nO IH C D i], Di € ACCESS ) ,
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IHS£DOP] = £ t  I t [ S i ]  £ PROJBCT£IHS£Di]:Si],

S i  = CREATE n D If l£ D i] ,  Di 6 ACCESS,

t  s a t i s f i e s  FILTER ) .  <>
. . .

DEFINITI0H£5.3]. STRUCTURE OPERATOR (SOP)- 

Syntax  :

SOP[ ACCESS/ OBJECT/ SQUERÏ ]

ACCESS: £ D I ,  D2, D 3 ,    DI }

OBJECT: £ a 1 ,  a 2 ,  a 3 ,  am )

SQUERY: £ Q1, Q2, Q3,    Qn }

S e m a n t ic s :

ACCESS: a  s e t  o f  d a ta b a s e  s p a c e s ,

OBJECT: a  s e t  o f  a t t r i b u t e s ,

SQUERY: a  s e t  o f q u e r i e s ,

SOP£ ACCESS/ OBJECT/ SQUERY ]:  a  s e r i e s  o f  t r u e s  and 

f a l s e s  s e l e c t e d  from  e le m e n t  o f  SQUERY a s  f o l lo w s :  

T ru e :  i f  OBJECT h a s  t h e  p r o p e r t y  i n d i c a t e d  by SQUERY, 

F a l s e :  i f  OBJECT d o e s  n o t  h a v e .  <>

C o n s id e r in g  a m a n ip u la t io n  o p e r a t i o n  Hi where

ACCESS£Hi] = £ D I, D2, D3,    Dn } ,  t h e  domain o f

t h e  o p e r a t i o n  H i, d e n o te d  DOM£Hi], i s  d e f in e d  a s

DOM£Hi] = DIH£D1 ]U D IH £D 2]U  lJDIM£Dn]. T hen ,

CREATE£Hi] o r  OBJECT£Hi] CpOM CHi]. /

C o n s id e r in g  a s e t  H o f  o p e r a t i o n s  where

H = £ H i, U2, H3, ..............  Um } ,  th e  domain o f  t h e  s e t  H,

d e n o te d  DOM[H], i s  d e f in e d  a s
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DOM[W] = D 0M [W 1]U D 0M [W 2]Ü .....U D 0a[W m ].

For a  c o l l e c t i o n  H o f  o p e r a t i o n s ,  v e  can  i n t r o d u c e  t h e  

c o n c e p t  o f  m ic ro co sm ic  d a ta b a s e  s p a c e  a s  f o l lo w s :

OEFIHITZOH[5.4]. MICROCOSMIC DATABASE SPACE (MDBSP).

C o n s id e r in g  a d a ta b a s e  s p a c e  U and  a  s e t  V o f  m a n ip u la t io n  

o p e r a t i o n s ,  t h e  d a ta b a s e  s p a c e  D i s  a  m icrocosm ic  d a ta b a s e  

s p a c e  f o r  t h e  s e t  H o f  o p e r a t i o n s  i f  and  o n ly  i f  

D0H[W ]jCDIM [0]. <>

O p e r a to r  OOP h a s  t h r e e  o p e ra n d s :  ACCESS, CREATE, and

FILTER. ACCESS i s  g iv e n  a s  a  s e t  o f  d a ta b a s e  s p a c e s ,  CREATE 

a s  a s e t  o f  a t t r i b u t e s ,  and  FILTER a s  a  s e t  o f  c o n d i t i o n s .  

G e n e ra l  d e s c r i p t i o n  on th e  p r o c e s s  o f  t h e  OOP o p e r a t i o n  i s  

e x p re s s e d  in  th e  f o l lo w in g  way. F i r s t  OOP w i l l  a c c e s s  a l l  

r e l e v a n t  d a ta b a s e  s p a c e s  from  t h e  o p e rand  ACCESS, t h e n  

c r e a t e  new d a ta b a s e  s p a c e  0 ,  su c h  t h a t  a  d im e n s io n  o f  D, 

DIM[D] i s  d e f in e d  by o p e ra n d  CREATE. A to p o lo g y  o f  D, 

TOP[D] i s  computed by a  su b b a se  o f  TOP[D] which i s  th e  u n ion  

o f  a l l  t o p o l o g i e s  from t h e  s u b s p a c e s  D IM [D ]no iM [D i]  f o r  

a l l  Di i n  o p e ran d  ACCESS. An i n s t a n c e  o f  D, INS[D] i s  a 

c o l l e c t i o n  o f  a l l  t u p l e s  s a t i s f y i n g  t h e  c o n d i t i o n s  i n  

o p e ra n d  FILTER, su ch  t h a t  DIM[D]flDIM[Di] com ponent o f  t h e  

t u p l e  i n  IN5[D] i s  e g u a l  t o  t h e  same component o f  c e r t a i n  

t u p l e  in  IN S[D i] f o r  i n s t a n c e s  o f  a l l  d a ta b a s e  s p a c e s  i n  

o p e ra n d  ACCESS. C o n d i t io n s  i n  o p e rand  FILTER can  be 

e x p re s s e d  by u s in g  co m p ariso n  and b o o le a n  o p e r a t o r s  such  a s
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> , <. - ,  u n io n ,  i n t e r s e c t i o n ,  and com plem ent.

£XAHPLE[5 . 4 ] .  As i l l u s t r a t i o n  o£ t h e  DOP o p e r a t o r ,  t h e  

f o l lo w in g  exam ples  can  a p p ly  t o  t h e  d a ta b a s e  s p a c e  D, g iv e n  

i n  EXAHPLE£3.10];

E = DOP£ {D}/ £ R ,L ,C ,0 ) /  0  ] ;

F = DOP£ CD}/ £ B ,H ,S ,P ) /  £ 2000000<P } ];

G = DOP£ {E ,F}/ {H,L,H}/ { 2000<L ) ] .

For t h e  r e a d e r s  c o n v e n ie n c e ,  d a ta b a s e  s p a c e s ,  £ ,  F , and G 

a r e  g iv e n  a s  f o l lo w s :

DIH£E] = £ R ,I ,C ,0 )  ,

TGP£E] = [J0T, DIH£E], (R) ,  £ L ,C ,0 ) ) ,

1HS£E] = £ ( H i s s i s s i p p i , 2 3 5 0 ,6 4 2 0 0 0 ,G u l f ) ,

( M is s o u r i ,2 5 0 0 ,7 6 0 0 0 ,M i s s i s s i p p i ) ,

(O h io ,130 0 ,2 5 8 0 0 0 ,M i s s i s s i p p i ) ,

( A rk a n s a s ,1 4 5 0 ,4 5 0 0 0 ,M i s s i s s i p p i )  } ,

DIH£F] = £ R ,H ,S ,P ) ,

TOP£F] = £F, DIN£F], £R},  £M,S], £P) ,  £R,M,S] ,  £R,P) ,  

(M,S,P) } ,

IHS£F] = £ ( M i s s i s s i p p i , S t - l o u i s , M i s s o u r i , 2216000),

( O h io ,P i t t s b u r g h ,P e n n s y l v a n i a ,2165000) } ,

DIH£G] = £R ,L ,H ),

TOP£G] = £jer, DIH£G], £R) ,  £L),  £H), £R,L),  £L,M),  £R,M) ) ,  

INS£G] = £ ( M i s s i s s i p p i , 2 3 5 0 ,S t -L o u is )  ) .  <>

In  o r d e r  t o  exam ine w he th er  DOP can m a n ip u la te  f u l l y  

d a ta b a s e  s p a c e s ,  o p e r a t o r  DOP can  b e  compared w ith  t h e  r e l a -
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t i o n a l  a l g e b r a  a s  g iv e n  be low . IHS[DOP] i s  

c a r t e s i a n  p r o d u c t  i f  D iH D j 

n a t u r a l  j o i n  i f  D iO D j X £T, and 

i n t e r s e c t i o n  i f  Di = Dj f o r  D i ,  Dj ACCESS.

T hus, IBS£DOP} o p e r a t e s  i n  t h e  same power a s  t h e  power o f  

r e l a t i o n a l  a l g e b r a .  However, i n  o r d e r  t o  m a n ip u la te  t h e  

f a c i l i t y  o f  t o p o l o g i e s ,  an  o p e r a t i o n  IOP[DOP] i s  i n t r o d u c e d .  

T h is  i s  t h e  main r e a s o n  f o r  n o t  s im p ly  a d o p t in g  r e l a t i o n a l  

a l g e b r a .

The r e s u l t  o f  a n  o p e r a t o r  SOP i s  a b o o le a n  v a r i a b l e . . 

Examples o f  SQUEBT a r e :  * I s  OBJECT c a n d i d a t e  key ? * ,  ' I s  

OBJECT l o s s l e s s  j o i n  ? ' .  The o p e r a t o r  SOP c a r r i e s  o u t  t h e  

r e s u l t  w h e th e r  o p e ra n d  OBJECT s e l e c t e d  from  t h e  o p e ra n d  

ACCESS s a t i s f i e s  t h e  c o n d i t i o n  s p e c i f i e d  by o pe ran d  SQOERT.

[ 5 .3  ] DEPEHDEHCT PRESERVATION

The c o n c e p t  o f  a dependency  p r e s e r v i n g  d e c o m p o s i t io n  i s  

one o f  th e  m ajo r  t o p i c s  i n  d a ta b a s e  t h e o r y .  T h is  s e c t i o n  

i n t r o d u c e s  t h e  m a t t e r  i n t o  t h e  t o p o l o g i c a l  d a t a b a s e .  L e t  us  

b e g in  w ith  t h e  p r e c i s e  d e f i n i t i o n  o f  a c o n s t r a i n t  p r e s e r v i n g  

decompos i t i o  n.
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DEPIHITIOHC5.5]. S [T ]  PRESERVING DECOMPOSITION.

L e t  S[TOP[D]] be  a  s t r o n g  c o n s t r a i n t  on a  d a ta b a s e  sp a c e  

D, S[T O P[P]] on  P ,  and  S£TOP£Q]] on  Q. T hen , P and  Q i s  

c a l l e d  a S£TOP£D]] p r e s e r v i n g  d e c o m p o s i t io n  o f  D 

i f  and o n ly  i f  DIM£D] = DIN£P]UDIN£Q] 

and t h e r e  does n o t  e x i s t  a  s e t  A su c h  t h a t

A e TOP£D], kJ^  TOP£P], B C TOP£Q], B C  c ,  

and (A,C) £ TOP£D]. O

EXABPLE£5 . 5 ] ,  C o n s id e r  a  d a ta b a s e  s p a c e  D:

DIH£D] = ( a , b , c , d } r

TOP£D] = ( £f, X, [ a , b ) ,  ( c j ,  £ a ,b ,c )  }

. and an e le m e n t  o f  S£TOP£D]]: (£ a ,b } ,£ c } )  € S£TOP£D]].

Then, d e c o m p o s i t io n  DIH£P] = {a ,c)  and DIH£Q] = £b,d]

i s  n o t  a s t r o n g  c o n s t r a i n t  p r e s e r v in g  d e c o m p o s i t io n ,  b e c a u se  

i n  t h i s  c a s e

TOPfP] = (* , DIM£P], [ a ] ,  £ c ) ) ,  {cJ € TOP£P], 

b u t  {a ,b )  ÂT TOP£P]. <>

For a more m a th e m a tic a l  t r e a tm e n t  on t h e  e x i s t a n c y  o f  

dependency  p r e s e r v i n g  d e c o m p o s i t io n ,  th e  c o n c e p t  o f  n e ig h ­

borhood  on t h e  d a ta b a s e  s p a c e  i s  i n t r o d u c e d  a lo n g  t h e  same 

f a s h io n  a s  i n  t h e  t o p o l o g i c a l  s p a c e .  A n e ig h b o rh o o d  i s  

d e f in e d  th ro u g h  t h e  c o n c e p t  o f  scop e  f o r  t h e  c o n s t r a i n t ,  

i n t r o d u c e d  a s  f o l lo w s :
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DEPIHITION[5.6]. SCOPESET£S[T] j .

k s e t  SCOPESET[S[T]] i s  a  s e t  o f  s c o p e s  f o r  S [T ]  su c h  t h a t

SCOPESET[S[T]] = ( S Î S = %UY,

(1 ,1 )  £ HIHCO?EB£S[T]] } .

In  t h i s  c a s e ,  X i s  c a l l e d  t h e  head  o f  S and X i s  c a l l e d  

t h e  t a i l  o f  S . <>

B e c a l l  i f  (X,Y) E S [T ]  th e n  t h e  s c o p e  f o r  i s  XUY

i n  r e l a t i o n a l  d a ta b a s e  t h e o r y .  Then, a  SCOPESET[S[T]] i s  a  

s e t  o f  a l l  s c o p e s  which a r e  d e r iv e d  from  t h e  m in im al c o v e r  

o f  S [ T ] .  S in c e  SCOPESET[S[T]] i s  a  s u b s e t  o f  to p o lo g y  T, 

s c o p e s  c an  b e  t r e a t e d  a s  a n o th e r  s t r u c t u r e  on t h e  t o p q lo g y .

OEFIN1TXON£5.7]. HEIGHBOBHOOO.

C o n s id e r in g  a  t o p o l o g i c a l  s p a c e  ( Z ,T ) ,  

i f  G € SCOPESET£S£T]] and p £ G,

th e n  G i s  c a l l e d  a  s c o p e  n e igh bo rho od  o f  p .  k s u b s e t  H o f  

X i s  c a l l e d  a  n e ig h b o rh o o d  o f  p i f  H i s  a  s u p e r s e t  o f  a l l

s c o p e  n e ig h b o rh o o d s  o f  p .  The c o l l e c t i o n  o f  a l l  n e ig h b o r ­

hoods o f  p £ X, d e n o te d  Bp i s  c a l l e d  t h e  n e ig h b o rh o o d  s y s ­

tem o f  p .  <>

Hote t h a t  each  a t t r i b u t e  h a s  one n e ig h b o rh o o d  s y s te m . 

C o n s id e r in g  two p o i n t s  p ,  g £ X, p and g a r e  s e p a r a b l e  by 

t h e  f u n c t i o n a l  dependency  p r e s e r v in g  d e c o m p o s i t io n  i f  t h e r e  

e x i s t s  M £ Hp su c h  t h a t  p £ H and gjE ' N. T h is  means 

t h a t  two a t t r i b u t e s  p and  g can  be s e p a r a t e d  by a c e r t a i n
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f u n c t i o n a l  dependency p r e s e r v i n g  d e c o m p o s i t io n .  Re c l o s e  

t h i s  c h a p t e r  by r e v ie w in g  t h e  g e n e r a l  d e c o m p o s i t io n  t h e o r y .  

h t o p o l o g i c a l  d a ta b a s e  i s  r e p r e s e n t e d  by a  s e t  o f  d a ta b a s e  

s p a c e s .  A d a ta b a s e  s p a c e  can  be r e p r e s e n t e d  by a  s e t  o f  

s u b s p a c e s  th ro u g h  t h e  n o t io n  o f  d e c o m p o s i t io n .  The s t r u c ­

t u r e s  o f  SCOPESET and  HEIGHBOBBODD p r o v id e  a p p r o p r i a t e  

in f o r m a t io n  f o r  t h e  d e c o m p o s i t io n  p r o c e s s .  R e c a l l  t h a t  

t o p o l o g i e s  a r e  t h e  c lo s e d  c o l l e c t i o n  u n d e r  s e t  o p e r a t i o n s .  

D ecom po sit ion  th e o r y  c an  be  g e n e r a l i z e d  by a p p ly in g  t h e  s e t  

o p e r a t i o n s  on th e  c h o sen  to p o lo g i e s  and  by decom posing t h e  

d a ta b a s e  s p a c e  i n t o  t h e  a p p r o p r i a t e  s u b s p a c e s .



CHAPTER VI 

COHCLOSION

£ 6 .1  ] C0NCLU0IH6 REMARKS

A t o p o l o g i c a l  d a ta b a s e  approach  i s  p r e s e n t e d .  The 

d a ta b a s e  u n i t  o f  t h i s  model i s  a  d a ta b a s e  s p a c e .  The d a t a ­

b a s e  s p a c e  r e p r e s e n t s  t h e  t o p o l o g i c a l  view o f  t h e  d a t a .  A 

s e r i e s  o f  s t r u c t u r e s  on th e  d a ta b a s e  s p a c e  i s  a l s o  

p r e s e n t e d .  The d e f in e d  s t r u c t u r e s  i n  t h i s  d i s c u s s i o n  a r e  

o p t im a l  to p o lo g y ,  s t r o n g  c o n s t r a i n t ,  weak c o n s t r a i n t ,  j o i n  

c o n s t r a i n t ,  s c o p e s e t ,  and n e ig h b o rh o o d .

The t a s k  to  t o p o l o g i z e  t h e  s e t  o f  a t t r i b u t e s  c r e a t e s  

t h e  t o p o l o g i c a l  s t r u c t u r e  t o  t h e  r e l a t i o n a l  d a ta b a s e  by t h e  

r e s u l t  o f  d a t a  s e m a n t ic s  a n a l y s i s .  T hu s , th e  t o p o l o g i c a l  

a p p ro a c h ,  b a sed  on t o p o l o g i e s ,  i s  e x p e c te d  a s  more g e n e r a l  

ap p ro ach  th a n  th e  r e l a t i o n a l  a p p ro a c h ,  b a se d  on s e t s .  I n  

g e n e r a l ,  to p o lo g y  p r o v id e s  h i g h e r  l e v e l  m a th e m a tic a l  s o p h i s ­

t i c a t i o n  th a n  t h a t  o f  s e t  t h e o r y .  Under t h e  a s su m p tio n  o f  

t h e  d i s c r e t e  t o p o lo g y ,  t h e  t o p o l o g i c a l  d a ta b a s e  w i l l  be  

e x a c t l y  t h e  same a s  t h e  r e l a t i o n a l  d a t a b a s e .  One s i g n i f i ­

c a n t  b e n e f i t  o f  t o p o l o g i c a l  s t r u c t u r e  i s  t o  p ro v id e  an  a lg o ­

r i th m  to  t e s t  t h e  e g u iv a le n c e  o f  d a ta b a s e  s p a c e s .  We
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b e l i e v e  t h a t  t h e  c o n c e p t  o f  d a ta b a s e  e q u iv a le n c e  p r o v id e s  

t h e  c r i t i c a l  f i r s t  s t e p  to w a rd s  th e  d a t a b a s e  g e n e r a t o r .

£ 6 .2  ]  POTOBE RESEARCH

He can  a n t i c i p a t e  f o u r  a r e a s  f o r  t h e  f u t u r e  r e s e a r c h  on 

t h e  t o p o l o g i c a l  d a ta b a s e  a p p ro a c h .  T hese  a r e a s  a r e  b r i e f l y  

d e s c r ib e d  in  t h e  f o l lo w in g  s e c t i o n s .

£ 6 - 2 .1  ] TOPOLOGICAL HEPHESEHTATION OF IHTEH-RECOHD TYPES

The p r o p e r ly  s e l e c t e d  to p o lo g y  p r o v i d e s  t h e  f a c i l i t y  t o  

s t o r e  a p o r t i o n  o f  t h e  s e m a n t ic s  o f  t h e  d a t a .  T o p o lo g ie s  

a r e  a b le  t o  r e p r e s e n t  i n t e r - r e c o r d  t y p e s  i n  t h e  t o p o l o g i c a l  

d a t a b a s e .  The p ro p e r  r e p r e s e n t a t i o n  o f  r e c o r d  based  i n f o r ­

m ation  can  be  a cc o m p lish e d  by th e  c o m b in a t io n  o f  i n t r a ­

r e c o r d  ty p e  and i n t e r - r e c o r d  ty p e  i n  t h e  d a ta b a s e  d e s ig n  

l e v e l .  F o r  a d a ta b a s e  s p a c e  (DIM£D],TOP£D]), t h e  f a c i l i ­

t i e s ,  DIH£D], TOP£D] a r e  a b l e  t o  r e p r e s e n t  t h e  c o m b in a t io n  

o f  t h e  two t y p e s .  An i n t r a - r e c o r d  ty p e  c an  be r e f l e c t e d  by 

an open s e t .  Hhen we s e l e c t  th e  c o l l e c t i o n  o f  i n t r a - r e c o r d  

ty p e s  a s  a s u b s e t  o f  th e  to p o lo g y ,  th e  t o p o l o g i c a l  d a ta b a s e  

model w i l l  be a model f o r  d e s ig n  l e v e l .  He b e l i e v e  f u t u r e  

s t u d i e s  must pay much c o n c e rn  to  t h i s  a b i l i t y  o f  t h e  to p o ­
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l o g i c a l  d a ta b a s e  m odel.

[ 6 . 2 . 2  ] ClASSIFICATIOH OP DATABASE SPACES

Many p r o p e r t i e s  o f  a  t o p o l o g i c a l  s p a c e  depend on t h e  

d i s t r i b u t i o n  o f  t h e  open  s e t s  i n  t h e  s p a c e .  I f  t h e r e  a r e  

few  open s e t s ,  t h e n  t h e  s p a c e  i s  more l i k e l y  t o  be s e p a r a b l e  

and  an  a r b i t r a r y  f u n c t i o n  on th e  s p a c e  t o  some o t h e r  s p a c e  

i s  more l i k e l y  t o  be c o n t i n u o u s .  T h is  . f a c t  s u g g e s t s  t h a t  

t h e r e  i s  a  c e r t a i n  m ethodology  f o r  t h e  c l a s s i f i c a t i o n  o f  

d a ta b a s e  s p a c e s . , The c l a s s e s  o f  s p a c e s  f o r  i n f i n i t e  s e t s  

have  been  v e i l  d e v e lo p e d  i n  to p o lo g y  l i t e r a t u r e .  Nov, ve 

a r e  f a c i n g  t h e  c l a s s e s  o f  s p a c e s  f o r  f i n i t e  s e t s .  Ne can  

s u g g e s t  some u s e f u l  t o o l s  from to p o lo g y  l i t e r a t u r e  a s  f o l ­

lo w s .  A t o p o l o g i c a l  p a i r  (X,A) i s  d e f in e d  a s  a t o p o l o g i c a l

s p a c e  X and a s u b s p a c e  A o f  X. A r e l a t i v e  homeomorphism i s

d e f in e d  a s  a  map

f :  (X,A) ~ >  ( ï ,B )

o f  a t o p o l o g i c a l  p a i r  (X,A) i n t o  a  t o p o l o g i c a l  p a i r  (Y,B) 

su c h  t h a t  f  maps X O T h o m eo m o rp h ica lly  o n to  I  O B . T h is  i s  

a  r e l a x a t i o n  o f  t h e  c o n t i n u i t y  c o n d i t i o n .  A r e t r a c t i o n  o f  a  

s p a c e  X o n to  a  s u b s p a c e  A o f  X i s  a map 

r :  X - - >  A

such t h a t  r [ a ]  = a  f o r  a £ X. A su b s p a c e  A o f  a  sp a c e

X i s  a r e t r a c t  i n  t h i s  c a s e .  The p r o j e c t  o p e r a t io n  i n  a

d a ta b a s e  can be  a c c o m p lish e d  by a  r e t r a c t .  The c l a s s i f i c a ­
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t i o n  p r o c e s s  c a n  be p r o v id e d  by e s t a b l i s h i n g  t h e  s e p a r a t i o n  

ax io m  s y s te m .  We b e l i e v e  t h e  s e p a r a t i o n  ax io m  s y s te m  f o r  

f i n i t e  s p a c e s  c a n  b e  c o n s t r u c t e d  th r o u g h  t h e  c o n c e p t s  o f  

t o p o l o g i c a l  p r o p e r t i e s  s u c h  a s  r e l a t i v e  hom eom orphism  a n d  

r e t r a c t i o n .

[ 6 . 2 . 3  1 HETBIZATIOH OF DATABASE SPACE

I n  a  t o p o l o g i c a l  s p a c e  (%,T), o rd e re d  p a i r s  o f  e le m e n ts  

i n  X i s  c a l l e d  a m e t r i c  on X i f  and o n ly  i f  i t  s a t i s f i e s  t h e  

t r i a n g u l a r  p r o p e r t i e s  f o r  e v e ry  e le m e n t  i n  X. I f  ve  d e f i n e  

c e r t a i n  o r d e r s  on dom ains and d im e n s io n s  o f  a  d ad ab ase  

s p a c e ,  t h e n  ve a r e  a b l e  t o  i n t r o d u c e  a  c e r t a i n  m e t r i c  t o  

e x p r e s s  th e  r e l a t i o n s h i p  b e tv e e n  p o i n t s  on th e  s p a c e .  A 

dependency c a n  be r e p l a c e d  v i t h  a  s e t  o f  f u n c t i o n s .  Be 

b e l i e v e  t h e  s e t  o f  f u n c t i o n s ,  w hich i s  g iv e n  by a  depen­

d en cy , p r o v i d e s  p ro p e r  i n f o r m a t io n  f o r  t h e  m e t r i z a t i o n  p r o ­

c e s s .

[ 6 .2 .4  ] DOMAIN ORGANIZATION

I n  a d a ta b a s e  s p a c e ,  a c o o r d i n a t e  a s s o c i a t e s  a domain 

which i s  a f i n i t e  s e t  o f  v a l u e s .  A domain can  be o rg a n iz e d  

i n  p ro p e r  way. I f  t h e r e  i s  m an y - to -o n e  r e l a t i o n s h i p  mapping 

a domain a i  t o  a domain a j ,  th e n  t h e  domain a i  c an  be c l a s -
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s i f i c d  by  t h e  domain a j .  F u r th e rm o re ,  by maps

f 1 : Cai) — > {aj} and f 2 :  {ai} — > {ak},

th e  domain a i  i s  c l a s s i f i e d  i n  tw o l e v e l s  by a j  and a k .  

I n  g e n e r a l ,  by maps

g1 :  { a i ,a j}  — > {am} and  g 2 : { a i,ak }  — > {an},

we have  t h e  r e s u l t  t h a t  {ai} = { a i , a j }  n { a i , a k }  h a s  two 

l e v e l s  c l a s s i f i c a t i o n .  The domain c l a s s i f i c a t i o n  p r o v id e s  

f a s t  a c c e s s  f o r  c e r t a i n  g roup  o f  q u e r i e s .  T opology p r o v id e s  

t h e  c l a s s i f i c a t i o n  l e v e l s  f o r  dom ains.
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APPEHDIXCâ . 1} PROOF OF THE0BEM[3.1]

Au o r i g i n a l  work o f  t h e  p ro o f  i s  i n  A ra s tro n g C 1974}. The 

p r o o f  i s  a cc o m p lish e d  by t h e  f o l lo w in g  4 s t e p s .

(I) D e f in e  n o t a t i o n s  a s  f o l lo w s :

P s [T d ] :  a  s e t  o f  f u n c t i o n a l  d e p e n d e n c ie s

f o r  t h e  d i s c r e t e  to p o lo g y  Td,

F + [T d ]:  a  s e t  o f  f u n c t i o n a l  d e p e n d e n c ie s  which a r e

l o g i c a l l y  im p l i e d  by F s [ I d ] ,

F * [T d ] :  a  s e t  o f  f u n c t i o n a l  d e p e n d e n c ie s  which a r e

d e r iv e d  from  t h e  axiom  sy s te m  by F s [T d ] .

T hen , f o r  t h e  s e t  o f  ax iom s {F 1 ,F 2 ,F 3} ,

we want t o  p ro v e  F*[T d] = F + [T d].

( I I )  P ro v e  F*£Tdj C  F*£Td]: S o u n dness .

C o n s id e r in g  a r b i t r a r y  X, T , Z C Td and t 1 ,  t 2  C R, 

t1£X ] = t2£X] ==> t1£X ] = t2£X ] f o r  Ï  ^  X,

t1 £ X U Z ]  = t2 £ X U Z ]  “ > t1£X ] = t2 £ X ] ,  t1 £ Z ]  = t2 £ Z ]  

==> t1 £ T ]  = t 2 £ I ] ,  t1 £ Z ]  -  t2 £ Z ]

[ b e c a u se  (X,Y) £ F£Td] )

==> t1 £ X U Z ] = t 2 £ l U Z ] ,  

t1£X ] = t2£X ] ==> t 1 £ I ]  = t2£Y ]

( b e c a u se  (X,Y) £ F£Td] )

==> t1 £ Z ]  = t2 £ Z ]

( b e c a u se  (Y,Z) £ F£Td] )

T hus, by t h e  d e f i n i t i o n  o f  f u n c t i o n a l  d epen d en cy , we g e t

F*£Td] ^ F + £ T d ] .
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( I I I )  P rove  P+[Td] G  ? * [!& ] :  C o m p le te n e ss .

For an a r b i t r a r y  Z € Td, d e f i n e  T*, Dz, a s  f o l l o w s :

T* = { Y I (X ,I)  £ F*[T d] ) ,

Dx = { y I y  £ Ï ,  I  £ T* 1 .

C o n s id e r  a  s e t  o f  r e c o r d s  { t 1 ,  t 2  } ,  su c h  t h a t  

t1 [D x ]  = t2 [ D z ]  and  t1 [D x ]  /  t 2 [ D z ] .  ,

T hen , £ t 1 ,  t 2  } s a t i s f i e s  F s [ T d ] ,  b e c a u se  

f o r  an a r b i t r a r y  (Y,2) £ F s [ T d ] ,

i f  Y jE Dz t h e n  Z C by axiom F3-

C o n s id e r in g  an a r b i t r a r y  ( I ,Z )  Sf F * [T d ] ,

( I ,Z ) J &  F * [T d ]  ==> Z T$

==> Z O D x  /

==> t 1 [ Z ]  X t 2 [ Z ]

==> (X,Z) /  F + [T d] .

T hus , we g e t  F+[Td] C ^F*[T d].

(IV) F i n a l l y ,  by t h e  r e s u l t s  o f  ( I I )  and ( I I I ) ,  we g e t

F*[T d] = F + [T d ] .  <>

APPEHDIXC 1 - 2 ]  PROOF OF THEaBEH£3.2 ]

B e e r i-F a g in -H o w a rd £ 1977] g i v e s  an  o r i g i n a l  work o f  t h e  

p r o o f .  He w i l l  c o n s i d e r  o n ly  a  s e t  o f  m u l t iv a lu e d  dep en den ­

c i e s .  T hen , t h e  c o m p le te  axiom sy s te m  i s  in v o lv e d  by 

a x io m s ,  B3, H4, and H5. The p ro o f  i s  a cc o m p lish e d  by t h e  

f o l lo w in g  4 s t e p s .
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(I) D e f in e  n o t a t i o n s  a s  f o l lo w s :

Hs£Td]: a  s e t  o f  m u l t iv a lu e d  d e p e n d e n c ie s

f o r  t h e  d i s c r e t e  to p o lo g y  Td,

H+[Td]: a  s e t  o f  m u l t iv a lu e d  d e p e n d e n c ie s  which a r e

l o g i c a l l y  im p l i e d  by H s[T d ] ,

M*[Td]: a  s e t  o f  m u l t iv a lu e d  d e p e n d e n c ie s  which a r e

d e r iv e d  from  t h e  axiom sy s te m  by Hs£Td].

Then, f o r  t h e  s e t  o f  ax iom s (H i ,3 2 , 8 3 , 8 4 , H5} , 

we want t o  p ro v e  8 *£Td] = 8+£Td].

( I I )  P ro v e  8*£Td] C 8 +£Td]: Soundness .

C o n s id e r in g  a r b i t r a r y  X, I ,  Z C Td and

t l ,  t 2 ,  t 3 ,  t 4  £ R, 

t l £ X ]  = t2£X ] -=> t1 £Y ] = t2£X ]

( b e c a u se  (X ,I)  £ F£Td] )

= =>  t 2 £ X U Y ]  =  t 1 £ X U Y ]  and t 2 £ T Û Ÿ ]  = t 2 £ x T J 7 ] ,

t 1 £ X ]  =  t 2 £ X ]  = = >  t 3 £ X U Y ]  =  t 1 £ X U Y ]  and

t3 £X U Y ] = t2£X U Y ]

( b e c a u se  (X,Y) £ 8£T d] )

==> t3 £ X U lU Y ]  = t1 £ X U X T Jf]

( b e c a u s e  XUXUX = T O C X U X ) G  XUY ) and 

t3£X U X U Y ] = t 2£XU*xTjY]

( b e c a u se  t3£X ] = t1£X ] = t2£X ] ) ,  

t1 £X U Z ] = t2 £ X U Z ]  ==> t3£X U Y ] = t1 £ X U Y ] and 

t3 £ X D T ] = t2£XLTf]

( b e c a u se  t1 £ X ] = t2 £ X ],  (X,Y) £ 8 £Td] )

==> t3 £ X U Y U Z ] = t1 £ X U Y U Z ]
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( b e c a u s e  t 1 [ Z ]  = t2 [  Z] = t 3 [ Z ]  ) and

t 3 [ X U ï Ü Z ]  = t2 [% U Y O Z ]

( b e c a u se  X U Y U Z ^  XUY ) ,  

t1 [X ]  -  t2 [ X ]  ==>

t 3 £ I U Y ]  = t1 [X U Y ] and t3 [X U Y ] = t2£X U Y ] 

( b e c a u s e  (X,Y) E H£Td] ) and

t4 £ Y U Z ]  = t3 £ Y U Z ] and tQ £Y U Z] = t1 £ Y U Z ] 

C b e c a u se  t3£Y ] = t1 £ Y ],  (Y,Z) E H£Td] )

==> t4 £ X U Y n Z ]  = t3 £ X U Y n Z ]  -  t2 £ X U Y O Z ]

( b e c a u s e  X U Y O z ^  Y U Z , T Ü T O z  C*x1J F  ) 

and t4 £ Y U Y ] = t 1£ Y u T ]

( b e c a u se  t4£Y ] = t1£Y ] )

==> tfl£XU (YHZ) 3 = t2 £ X U  (T n z )  ]

( b e c a u se  t4£X ] = t2£X] ) and

tH £XU (YOZ) ] = t1 £ X U  (Y nz) ]

( b e c a u se  XUCYOZ) = X H (YUZ) C  r u z  ) . 

Thus, by t h e  d e f i n i t i o n  o f  m u l t iv a lu e d  dependency ve g e t

M*£Td] C ,h+£T].

( I l l )  P rove  a+£Td] £  H*£Td]; C o m p le ten ess .

F o r an a r b i t r a r y  X C Td, d e f in e  T», Bx, a s  f o l lo w s :

T* = C » I (Y,Y) i  M*£Td], H = YOY ) ,

Bx = £ Z i ,  Z j ,  Zk I P , Q C T*, Z i ,  Z ] ,  Zk /  y ,

Z i  = P f lQ , Zj ="P D Q , Zk = PD Q J .

Then, f o r  a r b i t r a r y  Z i ,  Z j £ Bx,

z i n z j  = js, ziOx = jar, z j o x  = sf.
C o n s id e r  a  s e t  o f  r e c o r d s  ( t l ,  t 2 ,  . . . ,  t n  ) and
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z 1 ̂  z  2^ * * * y Zb € Bx

where m = |B x |  and  n = 2 ^  su c h  t h a t

t1 [ X ]  = t2 [% ]  =  -------  = t n [ I ] ,

t1 [Z 1 ]  = t2 [ Z I  ] =  ........... = tn /2 [Z 1  ] ,

tn /2 + 1 [Z 1 ]  = t a /2 + 2 [ Z 1 ]  = _______   = t n [ Z 1 ] ,

t1 [Z 2 ]  = t 2 [  Z2] = ....................= t n / 4 [ Z 2 ]  = tn /2 + 1 [ Z 2 ]

= tn /2 + 2 [ Z 2 ]  = ..................= t 3 n /4 [  Z 2 ] ,

tn /h + 1 [Z 2 ]  = tn /4 + 2 [ Z 2 ]  =  = tn /2 £ Z 2 ]  = t3 n /4 ^ 1 £ Z 2 ]

= t3 n /a ^ 2 £ Z 2 ]  =  .......... = tn £ Z 2 ] ,

t1£Z n] = t3£Zm ] = t5£Zm] -  . . . . . . . .  = tn -1 £ Z m ],

t2£Zm] = t4£  Zm ] = t 6£Zm] = . . . . . . . .  = tn£Zm ].

Then, { t 1 , t 2 , . . « . , t n }  s a t i s f i e s  Ms£Td], b e c a u se  

f o r  an a r b i t r a r y  (Y,Z) 6  Ms£Td ] ,

i f  fT /  z  n z i  /  Z i f o r  Zi t  T», th e n  Y O Z i /  Ŝm 

C o n s id e r in g  an a r b i t r a r y  [Y,Z) jB' M*£Td],

( I ,Z )  H$[Td] = >  Z^ETT*

= >  Z /  £ z I z  6  Z i ,  i  £ k )

==> (X,Z) jgr M+£Td],

where k i s  an a r b i t r a r y  s u b s e t  o f  s e t  £1,2,3, . . . . , b }.
T hus, we g e t  M+£Td] ^ H * £ T d ] .

(IV) F i n a l l y ,  by t h e  r e s u l t s  o f  ( I I )  and ( I I I ) ,  we g e t

N*£Td] = M+£ T d ] .  <>
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&PPEMDIX[&.3] PROOF OF THE0EEH[3.3]

An o r i g i n a l  work o f  t h e  p ro o f  i s  from  S c i o r e £ 1 9 8 2 ] .  Me 

w i l l  c o n s i d e r  o n ly  a  s e t  o f  j o i n  d e p e n d e n c ie s .  Then, th e  

co m p le te  axiom sy s te m  i s  in v o lv e d  by ax io m s, 6 3 ,  6 4 ,  and 6 5 . 

The p ro o f  i s  a cc o m p lish e d  by t h e  f o l l o w in g  4 s t e p s .

(I) The i n f e r e n c e  prob lem  h a s  been  so lv e d  by  t h e  c h a s e  

p r o c e s s .  R e c a l l  t h a t  a  s u c c e s s f u l  c h a se  p r o c e s s  f o r  j o i n
V . . ,  . ■

d e p e n d e n c ie s  can  be  e x p re s s e d  a s  an a c y c l i c  d ig r a p h  w ith  a  

s i n k .

( I I )  A s u c c e s s f u l  d e r i v a t i o n  p r o c e s s  by t h e  axiom  sys tem  

c an  be e x p re s s e d  a s  an a c y c l i c  d ig r a p h  w i th  a  s i n k ,  a s  

d e c r ib e d  b e lo w . I n  t h e  s u c c e s s f u l  d e r i v a t i o n  p r o c e s s ,  each  

v e r t e x  a s s o c i a t e s  t o  one o r  more e le m e n ts  o f  j o i n  dependen­

c i e s .  F o r  an  edge s e t  6 ,  such  t h a t

6  = [ ( D i , I )  I D i £ D, D: a v e r t e x  s e t ,  X; a  v e r t e x  ) ,  

t h e  v e r t e x  s e t  D a s s o c i a t e s  t o  a  j o i n  dependency and t h e  

v e r t e x  X a s s o c i a t e s  t o  a  s u b s t i t u t e d  v e r t e x .  I n i t i a l  v e r t e x  

s e t  i s  g iv e n  by a j o i n  dependency  t o  b e  t e s t e d .  The s u b s t i ­

t u t i o n  p r o c e s s  i s  g iv e n  by t h e  a x io m s , 6 3 , 6 4 ,  and 65 i n  

su c h  a way t h a t  s u b s t u t u t e s  

D t o  D U £Q) r 

DU£P#Q) t o  D U £0 ), and 

DU£Q) to  DUT,  

r e p e c t i v e l y .  The s i n k  i s  a j o i n  dependency which i s  a 

s i n g l e t o n  s e t .
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( I I I )  A s u c c e s s f u l  d e r i v a t i o n  p r o c e s s  can  s i m u l a t e  a  s u c ­

c e s s f u l  c h a s e  p r o c e s s  i n  t h e  same o r d e r ,  o n ly  c o n s i d e r a b l e  

s i t u a t i o n  i s  t h e  c a s e  t h a t  c e r t a i n  a t t r i b u t e  a p p e a r s  more 

th a n  once  i n  a  j o i n  dependency  b u t  i t  does n o t  a p p e a r  i n  t h e  

s u b s t i t u t e d  v e r t e x .  Axiom 65 s t a t e s  t h a t  t h i s  a t t r i b u t e  

m ust be p a r i t i z e d  v i t h  an  even  p a r i t y  i f  t h e  a s s o c i a t e d  com­

p o n e n t  o f  a s s o c i a t e d  v e r t e x  i n  t h e  s u c c e s s f u l  c h a s e  p r o c e s s  

h a s  even v a r i a b b l e  b e f o r e  p r o c e s s in g  t h e  s u b s t i t u t i o n .  I n i ­

t i a l l y ,  a l l  a t t r i b u t e s  mere p a r i t i z e d  v i t h  odd p a r i t i e s .  

T hus, axiom 65 can  s i m u la t e  t h i s  s i t u a t i o n .  In  t h e  o t h e r  

s i t u a t i o n s ,  a  d e r i v a t i o n  p r o c e s s  s im p ly  s u b s t i t u t e s  a  v e r t e x  

s e t  by u s in g  a  j o i n  dependency  v h i c h  i s  u sed  i n  th e  c h a se  

p r o c e s s .

(IV) F i n a l l y ,  by t h e  r e s u l t  o f  ( I I I )  ,  f o r  a  g iv e n  j o i n  

dependency  t o  be t e s t e d ,  t h e r e  i s  a  s u c c e s s f u l  c h a s e  p r o c e s s  

i f  and o n ly  i f  t h e r e  i s  a  s u c c e s s f u l  d e r i v a t i o n  p r o c e s s  by 

t h e  axiom s y s te m .  T h us , t h e  axiom  sys tem  i s  a  com p le te  

axiom sy s tem  f o r  j o i n  d e p e n d e n c ie s .  <>


