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ABSTRACT

A t r a n s f e r - m a t r i x  a n a l y s i s  i s  presen ted  f o r  de termin ing  th e  s t a t i c  

and dynamic behav io r  o f  t h i c k ,  o r t h o t r o p i c  beams o f  "mul t imodular  mate

r i a l s "  ( i . e . ,  m a t e r i a l s  which have d i f f e r e n t  e l a s t i c  behav io r  in  t e n s i o n  

and compression,  w ith  n o n l i n e a r  s t r e s s - s t r a i n  curve approximated as 

p iecewise  l i n e a r ,  w ith  fo u r  o r  more segments ) .  Also ,  an e x a c t  s o l u t i o n  

i s  presen ted  f o r  cases  in  which th e  n e u t r a l - s u r f a c e  l o c a t i o n  i s  c o n s t a n t  

along  the  beam a x i s .  R es u l t s  f o r  a x i a l  d i sp la c e m e n t ,  t r a n s v e r s e  d e f l e c 

t i o n ,  bending s l o p e ,  f requency ,  bending moment, t r a n s v e r s e  s h e a r  f o r c e ,  

a x i a l  f o r c e ,  and l o c a t i o n  o f  n e u t r a l  su r f a c e  a r e  p resen ted  f o r  d i f f e r e n t  

load  and boundary c o n d i t i o n s .  In a d d i t i o n ,  comparisons a r e  made among 

mul t imodula r ,  b imodula r ,  and unimodular  models f o r  a beam w i th  a ramid- 

co rd - ru b b e r  p r o p e r t i e s  taken  from exper imen tal  s t r e s s - s t r a i n  c u rv e s .

Also,  p r e s e n te d  i s  a c lo sed - fo rm  s o l u t i o n  o f  the  s t a t i c  e q u i l i b r i u m  

equa t ion  f o r  a bimodular  composite  laminate  in  c y l i n d r i c a l  bending.  The 

r e s u l t i n g  s h e a r - s t r e s s  d i s t r i b u t i o n  i s  used t o  o b t a in  e x p re s s io n s  f o r  the  

Timoshenko-type s h e a r  c o r r e c t i o n  c o e f f i c i e n t  and the  maximum dimens ion- 

l e s s  t r a n s v e r s e  s h e a r  s t r e s s .  Based on t h i s  more a c c u ra t e  p r e d i c t i o n  o f  

s h e a r  c o r r e c t i o n  c o e f f i c i e n t  f o r  bimodular  m a t e r i a l s ,  a new th e o ry  i s  

developed f o r  t h e  v i b r a t i o n  o f  a bimodular  sandwich beam w i th  t h i c k  fa c in g s  

which agrees  much b e t t e r  w ith  exper imenta l  r e s u l t s  than c l a s s i c a l  sandwich 

th e o ry .
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NOMENCLATURE

a p a r t i a l  e x t e n s i o n a l  s t i f f n e s s
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f l e x u r a l - e x t e n s i o n a l  coupl ing  s t i f f n e s s e s  

c core t h i c k n e s s

C ^ ( i= l ,4 )  c o n s ta n t  c o e f f i c i e n t  de f ined  by Eqs. (2.21)

pN pN
^A’^B

^B’^D

s t i f f n e s s e s  d e f in e d  in  Appendix B

d-j.dg c o n s ta n t  c o e f f i c i e n t s  def ined  by Eqs. (2.21)

D,D' f l e x u r a l  s t i f f n e s s e s

E l o n g i tu d in a l  Young's modulus

^ c c ’^ t c  core Young's moduli in compression and t e n s i o n ,

r e s p e c t i v e l y  

f  frequency

g t r a n s v e r s e  s h e a r  moduli r a t i o

g-j.gg approximated f u n c t i o n s  de f ined  in  Fig .  A.l

6  t r a n s v e r s e  s h e a r  modulus

h laminate  o r  beam th ick n ess

h^ ,h^ d i s t a n c e s  d e f in e d  in Fig .  G.l

x i i i



f a c i n g  th i c k n e s s

d e f in e d  by Eq. (G.22)

I r o t a t o r y  i n e r t i a  c o e f f i c i e n t
2
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m mode number

M moment r e s u l t a n t
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N fo r c e  r e s u l t a n t
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p c o n s t a n t  d e f ined  by Eq. (5 .23)

q t r a n s v e r s e  load

q^ am pl i tude  o f  q

q c o n s t a n t  de f ined  by Eq. (5 .23)

Q t r a n s v e r s e  r e s u l t a n t

r  c o n s t a n t  de f ined  by Eq. (5 .23)

R coup l ing  i n e r t i a  c o e f f i c i e n t
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SECTION I 

INTRODUCTORY REMARKS

Composite m a t e r i a l s ,  e s p e c i a l l y  those  in  th e  form o f  f i b e r - r e i n f o r c e d  

l a m in a t e s ,  have many a p p l i c a t i o n s  in  modern e n g in e e r in g  s t r u c t u r e s .  The 

major  advan tages  in c lu d e  h igh s t r e n g t h / w e i g h t ,  h igh s t i f f n e s s / w e i g h t ,  and 

good c o r ro s io n  r e s i s t a n c e .  In a d d i t i o n ,  t h e r e  i s  c o n s id e r a b l e  des ign  

v e r s a t i l i t y  due t o  the  f a c t  t h a t  by vary ing the  f i b e r  volume f r a c t i o n ,  

f i b e r  o r i e n t a t i o n ,  and s t a c k i n g  sequence,  one can t a i l o r  t h e  m a te r i a l  to  

th e  s p e c i f i c  a p p l i c a t i o n .  These c h a r a c t e r i s t i c s  have made an im press ive  

impact  on e n g i n e e r in g ,  p a r t i c u l a r l y  in  the  ae rospace  i n d u s t r y .

P r e d i c t i n g  th e  behav ior  o f  t h i c k  beams and la m ina tes  becomes more 

im por tan t  as  t h e  use o f  such m a te r i a l  s t e a d i l y  i n c r e a s e s .  I t  i s  now well  

known t h a t  c e r t a i n  m a t e r i a l s  have d i f f e r e n t  s t r e s s - s t r a i n  behav io r  when 

th e y  a r e  loaded  in  t e n s i o n  and in  compression.  Experimental ev idence  o f  

t h i s  behav io r  has been found in  numerous m a t e r i a l s  in c lu d in g  c a s t  i r o n ,  

t i r e - c o r d - r u b b e r ,  c o n c r e t e ,  e p o x ie s ,  rock ,  and s o f t  b i o l o g i c a l  t i s s u e s .

These m a t e r i a l s  n o t  on ly  have a d i f f e r e n t  behav io r  under  t e n s i o n  and 

compression b u t  some o f  them, such as  t i r e - c o r d - r u b b e r ,  have a d r a s t i c  

n o n l i n e a r  s t r e s s - s t r a i n  curve which makes the  a n a l y s i s  o f  th e s e  m a t e r i a l s  

much more t e d i o u s .  S t r e s s - s t r a i n  cu rves  f o r  such m a t e r i a l s  could be 

approximated t o  be b i l i n e a r  with  one modulus when the  f i b e r s  a r e  s t r e t c h e d

1



and an o th e r  when they  a r e  compressed.  However, in  the  p r e s e n t  work t h i s  

approx imat ion i s  extended t o  two segments in  t e n s i o n  and two segments in  

compression.

The a n a l y s i s  o f  laminated  bimodular  m a te r i a l  i s  more complica ted  than  

unimodular  m a t e r i a l  ( o rd in a ry  m a t e r i a l )  due t o  t h e  dependency o f  the  mate

r i a l  s t i f f n e s s  on th e  m a te r i a l  p r o p e r t i e s  which,  inde ed ,  depend on the  

s t a t e  o f  s t r e s s  ( i . e . ,  t e n s i l e  o r  compressive)  in  th e  lam ina te .  Since 

s t i f f n e s s e s  a r e  f u n c t i o n s  o f  n e u t r a l - s u r f a c e  p o s i t i o n  and n e u t r a l - s u r f a c e  

l o c a t i o n  i s  n o t  known à p r i o r i , an i t e r a t i o n  procedure i s  needed in  the  

genera l  c a s e .  But ,  f o r  th e  s p e c i a l  cases  when th e  a x i a l  f o r c e  i s  zero  

( e . g . ,  c l am ped- f ree  beam), th e  p o s i t i o n  o f  t h e  n e u t r a l  s u r f a c e  i s  co n s ta n t  

a long th e  l e n g t h  o f  t h e  beam and consequent ly  t h e  computa t ions  a r e  much 

e a s i e r .

For t h e s e  s p e c i a l  c a s e s ,  a c losed- form s o l u t i o n  can be o b ta in e d ,  

whereas f o r  t h e  genera l  c a s e ,  a numerical  method must be implemented.  In 

t h e  p r e s e n t  work a t r a n s f e r - m a t r i x  method i s  used .  This  method, which has 

been proven t o  be very  e f f i c i e n t  c o m p u ta t io n a l ly ,  i s  ap p l i e d  f o r  f a i r l y  

complica ted  c o n d i t i o n s  o f  lo a d in g  and boundary.

Sec t ions  I I  and I I I  o f  t h e  p r e s e n t  work dea l  w ith  th e  a n a l y s i s  o f  a 

t h i c k  mul t im odula r  beam with  r e c t a n g u l a r  c ro s s  s e c t i o n  and in  t h e  l a s t  

two s e c t i o n s ,  emphasis  i s  given  t o  th e  t r a n s v e r s e  s h e a r  e f f e c t  in  b i 

modular  la m ina te  and sandwich beams.



SECTION I I

DEFLECTION OF A THICK BEAM OF MULTIMODULAR MATERIAL‘S

A t r a n s f e r - m a t r i x  a n a l y s i s  i s  p re s e n te d  f o r  de te rm in ing  th e  s t a t i c  be

hav io r  o f  t h i c k  beams o f  "mult imodular  m a t e r i a l s "  ( i . e . ,  m a t e r i a l s  which 

have d i f f e r e n t  e l a s t i c  behavior  in  t e n s i o n  and compress ion ,  w i th  non

l i n e a r  s t r e s s - s t r a i n  cu rves  approximated as p ie cew ise  l i n e a r ,  w ith  f o u r  

o r  more segments) .  To v a l i d a t e  the  t r a n s f e r - m a t r i x  method r e s u l t s ,  a 

c lo sed - fo rm  s o l u t i o n  i s  a l s o  p resen ted  f o r  cases  in  which th e  n e u t r a l -  

s u r f a c e  l o c a t i o n  i s  c o n s t a n t  along th e  beam a x i s .  Numerical r e s u l t s  f o r  

a x i a l  d i sp la c e m e n t ,  t r a n s v e r s e  d e f l e c t i o n ,  bending s l o p e ,  bending moment, 

t r a n s v e r s e  s h e a r ,  a x i a l  f o r c e ,  and l o c a t i o n  o f  n e u t r a l  s u r f a c e  a r e  p r e 

sen ted  f o r  mul t imodula r  and bimodular  models o f  u n i d i r e c t i o n a l  aramid- 

c o rd - ru b b e r .  The t r a n s f e r - m a t r i x  method r e s u l t s  ag ree  very well  w i th  the  

c lo sed - fo rm  s o l u t i o n s .

2.1 I n t r o d u c t io n

In 1911 Timoshenko [ 2 . 1 ]  cons ide red  t h e  f l e x u r a l  s t r e s s e s  in  bimodular  

m a t e r i a l , i . e . ,  a b i l i n e a r  m a te r ia l  hav ing d i f f e r e n t  moduli in  t e n s i o n  and 

in compression.  Ambartsumyan [ 2 .2 ]  in  1965, in t ro d u ced  the  te rm ino logy ,  

"b imodulus",  and ex tended  the  concept  t o  two-dimensional  a n a l y s i s .

An a b b re v ia te d  v e r s io n  o f  t h i s  s e c t i o n  w i l l  appea r  in  I n t e r n a t i o n a l  
Jou rna l  f o r  Numerical Methods in E n g in e e r in g , ( Nov. ,1983).



Numerous s t a t i c  papers  appeared a f t e r  t h i s  work; Marin [ 2 . 3 ]  gave the  

e f f e c t i v e  modulus f o r  s t i f f n e s s  o f  bimodular  beam undergoing  pure  bending.

S m a l l - d e f l e c t i o n  bending o f  B e r n o u l l i - E u l e r  beams o f  homogeneous, 

bimodular  m a te r i a l  was t r e a t e d  i n  Refs.  2 . 4 - 2 . 1 2 .  Large s t a t i c  d e f l e c 

t i o n s  o f  beams o f  bimodular  m a te r i a l  were analyzed  in  Refs .  2 .1 3 -2 .1 4 .  

Kamiya [ 2 .1 5 ]  cons idered  t r a n s v e r s e - s h e a r - d e f o r m a t i o n  e f f e c t s  on bimodular  

beams f o r  th e  f i r s t  t ime.  Recen t ly .Tran  and B e r t  [2 .1 6 ]  t r e a t e d  bending o f  

t h i c k  beams o f  bimodular  m a t e r i a l s  and o b ta in ed  both c lo sed - fo rm  and 

t r a n s f e r - m a t r i x  s o l u t i o n s .  To th e  b e s t  o f  t h e  p r e s e n t  a u t h o r ' s  knowledge,  

no p rev ious  work i s  a v a i l a b l e  in  the  c o n t e x t  o f  mul t imodula r  beams.

2 .2  Modeling o f  the  S t r e s s - S t r a i n  Curve 

Ber t  and Kumar [2 .1 7 ]  r e c e n t l y  p r e s e n te d  exper imenta l  s t r e s s - s t r a i n  

cu rves  f o r  u n i d i r e c t i o n a l  c o rd - ru b b e r  m a t e r i a l s .  In t h e  p r e s e n t  work,  a 

s t r e s s - s t r a i n  curve f o r  a ram id- rubber  taken  from [ 2 .1 7 ]  has been l i n e a r l y  

approximated by fo u r  segments (two segments in  t e n s i o n  and two segments 

in  compress ion) .  For choos ing th e  "break p o i n t s "  t  and c ( see  F ig .  2 . 1 ) ,  

t h e  a rea  between two f i t t i n g  l i n e s  and th e  exper imenta l  curve in  each po r 

t i o n  has been minimized t o  ach ieve  the  " b e s t "  f i t  ( s ee  Appendix A . l ) .  To 

f i n d  comparable moduli f o r  t h e  bimodular  c a s e ,  one has t o  minimize the  

a rea  between two s t r a i g h t  l i n e s  and th e  exper imenta l  curve ( see  Appendix 

A.2 ) .  F i n a l l y ,  f o r  th e  unimodular  c a s e ,  t h e  " b e s t "  s i n g l e  s t r a i g h t  l i n e  

i s  used ( see  Appendix A.3) .

2 .3  Theory and Formula t ion 

Cons ider  a r e c t a n g u l a r - c r o s s - s e c t i o n  beam of  th i c k n e s s  h and le ng th  

I  as  shown in  Fig.  2 .2 .  The o r i g i n  o f  the  C a r t e s i a n  c o o rd in a te  system



Fig.  2 . 1 .  Mult imodular  model

h/ 2

z

Fig.  2 . 2 .  Geometry o f  beam.



i s  lo c a ted  on the  m id -su r face  o f  the beam w i th  t h e  z - a x i s  be ing measured 

p o s i t i v e  downward.

2 .3 .1  Displacement F ie ld  

The same d isp lacem en t  f i e l d  used in  c l a s s i c a l  Timoshenko beam theo ry  

i s  implemented here

U{x,z) = u(x) + z^(x)  , W(x,z) = w(x) (2 .1 )

where U and W a r e  d i sp lacem ents  in  the  x and z d i r e c t i o n s ,  r e s p e c t i v e l y ,  

u and w a re  co rresponding  d isp lacem en ts  a t  t h e  midplane ,  and 4) i s  the  

bending s lo p e .

2 . 3 . 2  S t r e s s  F ie ld  

For a four-segment approximat ion o f  t h e  normal s t r e s s - s t r a i n  cu rve ,  

c o n s id e r in g  th e  genera l  case  ( i . e . ,  when -  ^  < a^ , a^ < ^ ) ,  t h e  fo l low 

ing s t r e s s  f i e l d  has been cons ide red  f o r  t h e  case  o f  convex bending (see  

F ig s .  2.1 and 2 . 3 ) .

+ E2 =(Ex -E ,C )  -  h/ 2  < z < a^

°X " \  r- t
(2 . 2 )

El =x =n i  * t

< z < h/ 2

= Gy
^XZ XZ

where E-j^, Eg^, E-j^, Eg^, G, e-j^, and a r e  m a te r i a l  c o n s t a n t s ,  i s  

th e  ax ia l  normal s t r e s s ,  c i s  the  a x i a l  normal s t r a i n ,  i s  th e  t r a n s 

verse  shea r  s t r a i n ,  i s  t h e  t r a n s v e r s e  s h e a r  s t r e s s ,  and z^ i s  the



l o c a t io n  o f  th e  n e u t r a l  s u r f a c e .  I t  i s  noted t h a t  t h i s  m a te r ia l  i s  

l i n e a r  e l a s t i c  in  s h e a r .  Comparison o f  F ig s .  2.1 and 2 .3  le a d s  to

E j ^ = K ( z - 2 n) (2 .3 )

c _
I

t

T  ~=n) (2 .4 )

^1 = K(a^-Zj^) (2 .5 )

= K(-h/ 2  -  z^) ( 2 . 6 )

e /  = c (h /2  -  z j  (2 .7 )

c twhere and a re  th e  f i n a l  v a lues  a t t a in e d  a t  th e  r e s p e c t iv e  com

p r e s s iv e  and t e n s i l e  o u te r  f i b e r s  and < i s  the  c u r v a tu r e .

Using l i n e a r  s t r a i n  measure and th e  s t r a i n  f i e l d  o f  Eqs. ( 2 . 1 ) ,  one 

o b ta in s

= U = u + Z4<
X ,x  ,x ,x  ( 2 . 8 )

= " , X  +  " , 2  =  " . X  +  *

Comparison o f  Eqs. (2 .3 )  and (2 .8 )  g iv es

“ ,x = ■ * .x  = c (2 9)

Note t h a t  ( ) deno tes  d( ) /d x .

2 .3 .3  C o n s t i t u t i v e  R e la t io n  

For th e  assumed beam, th e  normal and t r a n s v e r s e  s h e a r  s t r e s s  r e s u l t 

a n ts  and moment, each p e r  u n i t  w id th ,  a r e  de f in ed  as 

h/ 2  h/ 2

(N,Q) = (ox»Txz)dz , M = j  zo^dz ( 2 . 1 0 )
-h / 2  -h / 2



- h / 2

h/ 2

Fig . 2 .3 .  S t r e s s  d i s t r i b u t i o n  f o r  convex bending case .

ELEMENT FIELD

STATION

F ig . 2 .4 .  Mesh f o r  t r a n s f e r - m a t r ix  a n a ly s i s .



Using th e  assumed s t r e s s  and d isp lacem en t f i e l d ,  th e  system  o f  Eqs. 

(2 . 1 0 ) can be w r i t t e n  as  th e  c o n s t i t u t i v e  r e l a t i o n  f o r  a m ultim odular 

beam:

N

M

Q

[
A + C* B + C® o '

B + e g  D +  c “  0
,X

(2 . 11)

where A, B, D, and S denote  th e  r e s p e c t iv e  e x t e n s i o n a l , f l e x u r a l -  

e x te n s io n a l  c o u p l in g ,  f l e x u r a l ,  and t r a n s v e r s e  sh ea r  s t i f f n e s s e s  de

f in e d  by
h/ 2

(A.B,D) = ( l , z , z Z ) E . ( k ) d z

-h / 2

i = l , 2
k = t ,c

(2 . 12)
h/ 2

G dz

-h/ 2

Here, th e  s t i f f n e s s e s  C^, C^, C^, and cj  ̂ a r e  n o t  p r e s e n t  in  l i n e a r  o r

bim odular m a t e r i a l s ,  and a re  as  d e f in e d  in  Appendix B. In Eq. ( 2 .1 2 ) ,  t

and c deno te  t e n s i l e - s t r a i n  and c o m p re s s iv e - s t r a in  r e g io n s ,  r e s p e c t iv e l y .
2

The q u a n t i ty  K i s  a sh ea r  c o r r e c t io n  c o e f f i c i e n t  which i s  g e n e ra l ly  taken  

to  be 5 /6  f o r  s t a t i c  lo ad in g  o f  a r e c t a n g u la r - s e c t io n  beam.

2 .3 .4  E q u i l ib r iu m  Equations 

The e q u i l ib r iu m  e q u a t io n s  f o r  t r a n s v e r s e  d i s t r i b u t e d  load ing  q(x) 

can be w r i t t e n  as

N = 0 ; Q ^ + q (x )  = 0  ; M -  Q = 0 (2 .13)jA jA jA
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By s u b s t i t u t i o n  o f  Eq. (2 .1 1 )  in to  Eqs. ( 2 .1 3 ) ,  one o b ta in s  th e  fo l lo w 

ing  eq u a t io n s  o f  e q u i l ib r iu m  in  terms o f  th e  g e n e ra l iz e d  d isp lacem en ts

(A'u X + B' v  ) = 0
j  A  y A  9 A

+ 4J] X = -q (x )

(B"u + D' « J  -  S(w + .1,) = 0
» A  , A  , A  » A

(2 .14)

where

A'

B'

B"

D'

A + c: 

B + C 

B + C 

D + C

(2 .15 )

2 .4  Closed-Form S o lu t io n  

A c lo sed -fo rm  s o lu t i o n  can be o b ta in ed  only  when th e  s t i f f n e s s e s  

and th u s  n e u t r a l - s u r f a c e  p o s i t i o n  (z^) do n o t  depend on x. T h e re fo re ,  

n e u t r a l - s u r f a c e  lo c a t io n  [2 .1 8 ]  must be c o n s ta n t

= -u  J  = c o n s ta n t  n f A J A (2 .16)

Using Eqs. (2 .11 )  one i s  a b le  to  exp ress  u and i}j in  term s o f  N, M,
>X fX

and th e  s t i f f n e s s e s  as  fo l lo w s :

,x

,x

1
B'B" -  A'D'

-D' B’ 

B" -A '
(2 .17 )

Combining Eqs. (2 .16 )  and ( 2 .1 7 ) ,  one o b ta in s

z^ = (B'M -  D 'N)/(A 'M  -  B"N) (2 .18)
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I t  i s  obvious t h a t  = c o n s t ,  when N = 0. Thus, f o r  th e s e  sp e c ia l  cases  

(see  Appendix C)

z^ = B '/A ' = c o n s ta n t  (2 .19)

Now, e q u i l ib r iu m  Eqs. (2 .14) can be s im p l i f ie d  as  fo llow s  [ 2 .1 9 ] :

A 'u .x x  + = 0

S(w,^x + 4^%) = -q (x )  (2 . 2 0 )

®"“,xx D'*,xx “ S(w,x + = 0
The genera l s o lu t i o n  f o r  Eqs. (2 .2 0 )  can be w r i t t e n  as  fo l lo w s :

■ 2C-X -  3C . x ^  +  Vp ,

u(x) = d-, + dgX + ~  C^x^ + u (x)

*(x) = -Cg + A 'D ')  _ gc^x -  3C^x^ + * (x) (2 .21 )

w(x) = + CgX + CgX  ̂ + C^x^ + Wp(x)

where Up, t|^p, Wp a r e  p a r t i c u l a r  s o lu t i o n s  (see  Appendix D) and C^, Cg, C^, 

C^, d ^ , and dg a r e  a r b i t r a r y  c o n s ta n t s  determined by th e  boundary c o n d i t io n s  

o f  th e  beam. The fo llow ing  boundary c o n d i t io n s  have been co n s id e re d  f o r  

c lo sed -fo rm  s o lu t i o n s :

1. Hinged-Hinged ( f r e e  to  move a x i a l l y  a t  x = L)

u(0) = N(£) = 0 ; M(0) = M(&) = 0 ; w(0) = w(%) = 0

2. Clamped-Free

u(0) = N (i)  = 0 ; v (0 )  = M(P) = 0 ; w(0) = Q(P) = 0

3. Clamped-Clamped ( f r e e  to  move a x i a l l y  a t  x = L)

u(0) = N (t)  = 0 ; ^ (0 )  = ^(%) = 0 ; w(0) = w(%) = 0

The va lues  o f  c o n s ta n ts  C^, Cg, C^, C^, d ^ , and dg a re  l i s t e d  in  Appendix D.
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2 .5  T ra n s fe r -M a tr ix  S o lu t io n

As i t  has been shown in  [ 2 .2 0 ,2 .2 1 ] ,  in  th e  t r a n s f e r - m a t r ix  approach , 

th e  beam i s  d iv id ed  in to  e le m e n ts ,  each o f  which i s  assumed to  be o f  

mass m and c o n c e n tra te d  a t  th e  c e n te r  o f  mass o f  th e  e lem ent.  The mass 

c e n te r  o f  each e lem ent i s  c a l l e d  th e  s t a t i o n .  The s t a t i o n s  a re  s e p a ra te d  

by f i e l d s  which a re  taken  to  be m ass le ss  and c o n ta in  a l l  o f  th e  s t i f f 

nesse s  o f  th e  beam. At th e  end p o in t s  o f  th e  beam, th e r e  a re  two h a l f  

f i e l d s  o f  le n g th  A£/2 (see  F ig .  2 . 4 ) ,  and between th e se  h a l f  f i e l d s  th e re  

a r e  s t a t i o n s  s e p a ra te d  by ( N ^ - l )  f u l l  f i e l d s  o f  le n g th ,  A£, where 

A£ = £/Ng and £ i s  th e  le n g th  o f  th e  beam. By w r i t i n g  th e  e q u i l ib r iu m  

eq u a t io n s  f o r  each s t a t i o n  and each elem ent and connec ting  th e  e lem ents  

by t r a n s f e r  m a t r i c e s ,  one t r a n s f e r s  th e  g e n e ra l iz e d  d isp lacem en ts  (u ,w ,^)  

and th e  fo rc e s  (N,Q,M) from th e  l e f t  s id e  o f  th e  beam to  th e  r i g h t  s id e .

S ince th e  same procedure  used in  [2 .1 6 ]  has been used here  to  d e r iv e  

t r a n s f e r  m a tr ic e s  and s t a t e  v e c to r s  (u ,w ,^,N ,Q ,M )^, th e  re a d e rs  a r e  

r e f e r r e d  to  t h i s  r e f e r e n c e .  Note t h a t  s in c e  th e  p re s e n t  work d e a l s  w ith  

m ultim odular m a t e r i a l ,  some changes in  th e  f i e l d  m a tr ix  a re  n e c e s sa ry  (see  

Appendix E). In th e  c a l c u l a t i o n  o f  th e  s t i f f n e s s e s  f o r  th e  cases  where 

th e  a x ia l  fo rc e  i s  n o t  z e r o ,  th e  n e u t r a l - s u r f a c e  lo c a t io n s  and th e  c o r 

responding  d i s ta n c e s  t o  th e  "break p o in ts "  in  th e  vs z curve (a^ and a^) 

a re  no t c o n s ta n t  and n o t  known à p r i o r i . T h e re fo re ,  an i t e r a t i v e  techn ique  

has been employed to  compute th e  n e u t r a l - s u r f a c e  lo c a t io n s  z ^ ,  a l s o  a^ and 

a^ .  One must f i r s t  assume (2N^ + 2) s e t s  o f  v a lu es  o f  z^ ,  a ^ ,  and a^  and 

then  compute th e  s t i f f n e s s e s  and so lv e  the govern ing  e q u a t io n s  f o r  the  

s t a t e  v e c to r .  F in a l l y ,  by u s ing  Eqs. ( 2 .1 8 ) ,  (C .3 ) ,  and (C .4 ) ,  compute 

new va lues  o f  z ^ ,  a ^ ,  and a^ . O bviously , i f  th e  assumed and computed s e t s



13

o f  z^ ,  a^ ,  and a^ a re  in  s u f f i c i e n t l y  c lo se  agreem ent, th e  problem i s  

so lv ed ;  o th e rw  

th e  p rocedure .

so lv ed ;  o th e rw is e ,  assume th e  c a l c u la te d  s e t  z ^ ,  a^ , and a^  and re p e a t

2 .6  Numerical R esu lts  

In th e  fo l lo w in g ,  num erical r e s u l t s  a r e  p re sen te d  f o r  a th i c k  beam 

w ith  a r e c t a n g u la r  c ro ss  s e c t i o n  and c o n s tru c te d  o f  m ultim odular m a te r ia l  

(see  Table 2 . 1 ) :  u n id i r e c t io n a l  a ram id -co rd - ru b b e r ,  which i s  used in  th e

t i r e  in d u s t ry .  Various boundary co n d i t io n s  and loading  c o n d i t io n s  were 

in v e s t ig a te d  (see  Tables 2 .2  and 2 .3 ) .  In th e  t r a n s f e r - m a t r ix  a n a ly s i s ,  

tw e n ty -f iv e  e lem ents  were used . Each elem ent was o f  le n g th  0 .32  in .  f o r  

dimensional c a se s  and d im ens ion less  len g th  o f  0 .04  fo r  nondimensional 

c a s e s .  The s h e a r  c o r r e c t io n  c o e f f i c i e n t  was taken  to  be 5 /6 .

For a l l  c a se s  c o n s id e re d ,  th e  com putations a re  c a r r i e d  o u t  f o r  a x ia l  

e lo n g a t io n  u ( o r  ü = u t r a n s v e r s e  d e f l e c t i o n  W (o r  W = W Eg^/gg t),

bending s lo p e  (o r  4) = Eg^yq^) a x ia l  fo rc e  N (o r  N = N /q^£), shear  fo rc e  

Q (o r  Q = Q /q^ü),  bending moment M (o r  M = M/q^ü^) and n e u t r a l - s u r f a c e  

lo c a t io n  z^ ( o r  z^ = z ^ /h ) ,  where ü , W, 3, N, Q, M, and z^ a r e  nondimen

s io n a l  p a ram e te rs .

Due to  la c k  o f  comparable r e s u l t s  in  th e  l i t e r a t u r e ,  comparisons a re  

made between th e  c losed-fo rm  s o lu t io n  (CPS) and th e  t r a n s f e r - m a t r ix  s o lu 

t i o n  (TMS) developed h e re .  E x c e l le n t  agreement between CPS and TMS f o r  

th e  tw e n ty - f iv e  elem ent model has been ach ieved  and s t i l l  i t  can be 

improved by in c re a s in g  th e  number o f  e lem en ts .  For most o f  th e  r e s u l t s ,  

th e  e r r o r  i s  l e s s  than 2%. F igure  2 .5  c o n ta in s  th e  p lo t s  o f  th e  dimen

s io n le s s  t r a n s v e r s e  d e f l e c t io n  (W) versus  d im ension less  p o s i t i o n  (X = x / t )  

f o r  Case 11 f o r  m ultim odu lar ,  b im odular ,  un im odular, and average-m odular



14

Table 2 .1 .  E l a s t i c  P ro p e r t ie s  and Geometric Parameters 
f o r  an Aramid-Cord-Rubber Beam

O

uo
CLo
w

a .

u

in
fO

UJ

Longitudinal Young's Modulus, 
psi X 1 0 -G

Longitud ina l-Thickness  Shear 
Modulus, ps i X 10"^

Model* Tension Compression Tension and Compression

M E/ E/ E , '  E/ G
0.580 0.420 0.032 0.010 0.537

0.537

0.537

0.537

B E b '

0.470 0.018

U
A

E E
0.275

0.244
0.275
0.244

(/) 
u  u  

o
s.

OJ

i i
Qj rocs o.

Beam len g th  8 .0  in .  
Beam depth ( th ic k n e s s )  0 .6  in .  
Beam width 1 .0  in .

M M ultimodular, B Bimodular, U ~ Unimodular, A ~ Average Modular.
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Table 2 .2 .  Summary o f  Cases Considered

Case Boundary C ondition  and 
No. Load P o s i t io n

Case
No.

Boundary C ondition  and 
Load P o s i t io n

7 - //r y,

U 3 .X .L X JI 10

11 / f T T x
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Table 2 .3 .  Values o f  and K f o r  Various Loadings

Type o f  Loading

Uniform Load

q(x) = q,

S ine Load

[£ cos ^  X
-  Tnïï

cos

Cosine Load 

q (x )  = q„ cos ^  X

m r
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0.15

I
o

X

I 2

zo
G
Li.
LU

to
to
u i

o
to

MULTIMODULAR 
AND BIMODULAR

i / h  = 10

UNIMODULAR AND 
AVERAGE MODULAR

DIMENSIONLESS POSITION X ( fo r  h a l f  o f  the  beam)
F ig . 2 .5 .  Comparison among m ultim odular, bim odular, unimodular, and

average modular d e f le c t io n  d i s t r i b u t i o n  f o r  c losed-form  and 
t r a n s f e r - m a t r ix  s o lu t io n  o f  clamped-clamped aramid-cord 
rubber beam ( : / h  = 1 0 ).
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[ i . e . ,  E = + E^C)/2] c a s e s ,  where £/h = 10.

As one can s e e ,  t h e r e  i s  a c o n s id e ra b le  d i f f e r e n c e  between t r a n s v e r s e  

d e f l e c t i o n  o f  m ultim odular  and bim odular models on one hand and unim odular 

and average  modular models on th e  o th e r .  Note t h a t  Case 11 i s  a s p e c ia l  

case  because both ends a r e  n o t  f r e e  t o  move and one e x p ec ts  a x ia l  f o r c e  to  

be developed due to  b e n d in g - s t r e tc h in g  coup ling  caused by bim odular a c t i o n .  

However, th e  computed a x ia l  fo rc e  i s  c lo se  to  ze ro  which means i s  con

s t a n t .

To v a l i d a t e  TMS, in  F ig s .  2 .6  through 2 .9 ,  a comparison i s  made be

tween TMS and CPS. B ehavior o f  Cases 1 , 4 ,  10, and 11 was s tu d ie d  f o r  th e  

m ultim odular  model c o n s id e r in g  d i f f e r e n t  d im en s io n le ss  param eters  

(£ /h  = 5 ,  10, 15; M̂ = -  1 .0 ;  = -  1 .0 ;  = -  1 .0 ) .

In T ab le  2 .4 ,  f o r  a s p e c i f i c  beam (see  Table  2 . 1 ) ,  dimensioned com

p a r iso n s  have been made between m ultim odular and bim odular models. T ab les  

2 .5 -2 .9  ag a in  show th e  v a l i d i t y  o f  TMS w hile  th ey  p r e s e n t  th e  computed 

r e s u l t s  f o r  Cases 3 ,  5 ,  6 ,  7 ,  and 8 .

S ince c lo sed -fo rm  s o lu t io n s  a re  n o t  a v a i l a b l e  f o r  th e  com plica ted  

boundary c o n d i t io n s  c o n s id e re d  in  Cases 9 , 10, and 11 , on ly  t r a n s f e r - m a t r i x  

r e s u l t s  a r e  p re sen te d  f o r  th e se  c a s e s .  In F ig s .  2 .1 0 -2 .1 3 ,  th e  b eh av io r  

o f  a c lam ped-free  beam (w ith  a p p l ie d  moment and a x ia l  and sh ea r  f o r c e s  

a t  th e  f r e e  end) and a clamped-clamped beam under a uniform  load i s  i n 

v e s t i g a t e d .  See a l s o  Table 2 .1 0 .  I t  i s  o f  p a r t i c u l a r  i n t e r e s t  to  n o te  

t h a t  in  F ig . 2 .1 0 ,  th e  s ig n  o f  th e  d e f l e c t i o n  depends upon the  £/h r a t i o ,  

the  c ro s s o v e r  p o in t  being a t  £/h = 11.

For c a se s  where a x ia l  fo rc e  i s  z e ro ,  th e  n e u t r a l - s u r f a c e  lo c a t io n  i s  

c o n s ta n t ;  o th e rw ise  i t  v a r i e s  along th e  beam le n g th .  In F ig s .  2 .1 4 -2 .1 7 ,
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W(CFS)

Ü(CFS)

W(TMS)

Û(TMS)

- 0

X
0.8 0.8

Io

X  

I 2 î,/h = 15

o
H*O
LU-U

LU

B 0.4
- 0

LO2:
LU

0.2

0.0
1.00.80.60.40.20.0

ro

>c
I 3

CJ<L
LC

i/)
cn
U i

o

UI

DIMENSIONLESS POSITION,X

F i g .  2 . 6 .  Closed-form and t r a n s f e r - m a t r i x  s o l u t i o n s  o f  h in o e d - h in g e d ,
a r a m id - c o rd - ru b b e r  beam w i th  r e c t a n g u l a r  c r o s s  s e c t i o n
( i / h  = 5,  10,  15) .



2 0

X  

• O '

in1o
X

oQ:o
a;

to

o

LU
CLo—j
to

C3

LU
CO

to
to
LU

O
to

M(CFS)

•3{TMS)
Q(TMS)
fi(TMS)

î/h= 5 ,10 ,15

/

DIMENSIONLESS POSITION,X

F i g .  2 . 7 .  Closed-fo rm  and t r a n s f e r - m a t r i x  s o l u t i o n s  o f  h i n g e d - h i n g e d ,
a r a m id - c o r d - r u b b e r  beam w i th  r e c t a n g u l a r  c r o s s  s e c t i o n
( t / h  = 5,  10,  15) .
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1.00

W(CFS)

Û(CFS)

W(TMS)

Û(TMS)

—g

0 .80  —

_  0.15

in o

2/h = 15

o

0.10 %
o
in
to
LU

o
toto
LU

o  0.40
to — to

LUz:

2/h = 10

.05

0.20

2 /h =  5

- O 0.00
1.00.80 .4 0.60.20.0

DIMENSIONLESS POSITION, X

Fi g. 2 . 8 .  C lo se d - fo rm  and t r a n s f e r - m a t r i x  s o l u t i o n s  o f  c l a m p e d - f r e e ,
a r a m i d - c o r d - r u b b e r  beam w i th  r e c t a n g u l a r  c r o s s  s e c t i o n
( 2 / h  = 5 ,  10 ,  15 ) .
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i c r

in
5  0.8

I

i

LU
CO

o
<L
LJW
g

LU

LU

S1/1
C i

o
gca
(/)m
LU

co
g

£/h = 5,10,15

A :(CFS)

T Q(CFS)

• M(CFS)

— » .......... ü(TMS)

q(TKS)

H(THS)

z X

£/h= 15

/h =5,10,15 z/h = 10

£/h = 5

/ y
a\ - ~

0.4 0.6
DIMENSIONLESS POSITION, X

F ig . 2 .9 . Clcsed- fo rm and t r a n s f e r - m a t r i x  s o l u t i o n s  o f  c l a m p e d - f r e e ,
a r a m id - c o r d - r u b b e r  beam wi th  r e c t a n g u l a r  c r o s s  s e c t i o n
( z / h  = 5,  10, 15 ) .



T a b le  2 , 4 .  Comparison Between Bimodular and Multim odular Cases fo r  Both Closed- + 
Form and T ran s fe r-H a trlx  Solutions fo r  an Aramld-Rubber Beam (Case 2)'*’

x/t

1.00
0.02
0.05
0.10
0.14
0.18
0 . 2 2
0.26
0.30
0.34
0.38
0.42
0.46
0.50
0.54
0.58
0.62
0 . 66
0.70
0.74
0.78
0.82
0 . 8 6
0.90
0.94
0.98
1.00

u X 10’*. In .

B*

CFS:̂  TMS*

0.0000
-0.0035
-0.0323
-0.0878
-0.1666
-0.2639
-0.3734
-0 .4884
-0.6015
-0.7057
-0.7945
-0.8622
-0 .9046
-0.9190
-0.9046
-0.8622
-0.7945
-0.7057
-0.6015
-0.4884
-0.3734
-0.2639
-0.1565
-3.0878
-0.0323
-0.0036
- 0.0000

0.0000
-0.0036
-0.0321
-0.0873
-0.1657
-0.2625
-0.3714
-0.4858
-0.5983
-0.7020
-0.7903
-0.8576
-0.8998
-0.9142
-0.8998
-0.8576
-0.7903
-0.7020
-0.5983
-0.4858
-0.3714
-0.2625
-0.1557
-0.0373
-0.0321
-0.0036
0.0000

CES JU L
0.0000

•0.0036
•0.0318
•0.0855
•0.1643
•0.2601
•0.3681
■0.4815
•0.5930
•0.6957
•0.7832
■0.8500
•0.8918
•0.9050
•0.8918
•0.8500
•0.7832
•0.6957
•0.5930
•0.4815
•0.3681
•0.2601
•0.1643
•0.0865
•0.0318
•0.0036
• 0.0000

0.0000
•0.0036
•0.0317
•0.0861
•0.1634
•0.2588
•0.3662
•0.4789
•0.5899
•0.6921
•0.7791
•0.8455
•0.8871
•0.9012
•0.6871
•0.8455
•0.7791
•0.6921
•0.5899
•0.4789
•0.3662
•0.2587
•0.1634
•0.0860
•0.0316
•0.0036
0.0000

w X 103, In .

CFS TMS

0.0000
0.1121
0.3292
0.5256
0.6890
0.8090
0.8783
0.8924
0.8504
0.7550
0.6121
0.4308
0.2224
0.0000

•0.2224
•0.4308
•0.6121
•0 .7 5 4 5
•0.8504
•0.8924
•0.8783
•0.8090
•0.6890
•0.5256
•0.3292
• 0.1121
0.0000

0.0000
0.1117
0.3272
0.5222
0.6844
0.8036
0.8724
0.8853
0.8446
0.7498
0.6079
0.4278
0.2208

• 0.0000
■0.2209
•0.4278
•0.6079
•0.7498
•0.8446
•0.8863
•0.8724
•0.8036
•0.6346
•0.5222
•0.3272
•0.1117
0.0000

CFS TMS

0.0000
0.1122
0.3296
0.5263
0.6899
0.8101
0.8795
0.8936
0.8515
0.7560
0.6129
0.4313
0.2227
0.0000

•0.2227
•0.4313
•0.6129
•0.7560
•0.8515
•0.8936
•0.8795
•0.8101
•0.6899
•0.5263
•0.3296
• 0.1122
0.0000

i) X 103. rad

CFS TMS

0.0000 
0.1118 
0.3277 
0.5229 
0 .68531 
0 .0047 ' 
0.8735 
0.8875 
0.0457 
0.7508 
0.6087 
0.4283 
0 .2211  

- 0.0000  
- 0 .2211  
-0.4284 
-0.6037 
-0.7508 
-0.8457 
-0.8875 
-0.8735 
-0.8047 
-0.6853 
-0.5229 
-0.3277 
-0.1119 
0.0000

•0.2277
•0.2259
•0.2117
•0.1842
•0.1451
•0.0969
•0.0427
0.0143
0.0704
0.1220
0.1660
0.1995
0.2205
0.2277
0.2205
0.1995
0.1660
0.1220
0.0704
0.0143

•0.0427
•0.0969
•0.1451
•0.1842
•0.2117
•0.2259
•0.2277

•0.2264
■0.2246
■0.2105
■0.1831
■0.1443
■0.0969
■0.0423
0.0143
0.0701
0.1215
0.1652
0.1986
0.2195
0.2266
0.2195
0.1986
0.1652
0.1215
0.0701
0.0143

■0.0423
■0.0963
■0.1443
■0.1831
■0.2105
■0.2246
■0.2264

CFS TMS

•0.2286 
•0.2268 
•0.2126 
■0.1850 
■0.1457 
■0.0963 
•0.0428 

,0144 
.0706 
1225 
1667 

0.2004 
0.2215 
0.2286 
0.2215 
0.2004 
0.1667 
0.1225 
0.0706 
0.0144 

•0.0428 
•0.0973 
0.1457 

•0.1850 
•0.2126 
•0.2268 
•0.2286

-0.2273
-0.2255
-0.2113
-0.1839
-0.1449
-0.0973
-0.0425

0.0144
0.0704
0.1220
0.1659
0.1994
0.2204
0.2275
0.2204
0.1994
0.1659
0.1220
0.0704
0.0144

-0.0425
-0.0967
-0.1449
-0.1839
-0.2114
-0.2255
-0.2273

M, Ib - ln .

CFS IMS

0.0000
0.0203
0.0597
0.0953
0.1249
0.1467
0.1592
0.1618
0.1542
0.1369
0.1110
0.0781
0.0403
0.0000

•0.0403
•0.0781
• 0.1110
•0.1369
•0.1542
•0.1618
•0.1592
•0.1467
•0.1249
•0.0953
■0.0597
•0.0203
0.0000

0.0000
0.0203
0.0597
0.0953
0.1249
0.1467
0.1592
0.1618
0.1542
0.1369
o . n i o
0.0781
0.0403

• 0.0000
•0.4032
•0.0781
• 0.1110
•0.1369
•0.1542
•0.1618
•O.r-92
•0.1467
•0.1249
•0.095?
•0.0597
•0.0203
0.0000

CFS TMS

0.0000
O.H203
0.0597
0.0953
0.1249
0.1467
0.1592
0.1618
0.1542
0.1359
0.1110
0.0781
0.0403
0.0000

-0.0403
-0.0781
- 0 .1 1 1 0
-0.13b9
-0.1542
-0.1618
-0.1592
-0.1467
-0.1249
-0.0953
-0.0597
-0.0203
- 0.0000

0.0000  
0.0203 
0.0597 
0.0953 
0.1249 
P .1467 
0.1592 
0.1618 
0.1542 
0.1369 
0.1110 
0.0781 
0.0403 

■0.0000  
■0.0103 
■0.0781 
■0.1110 
■0.1363 
■0.1542 
■0.1618 
■0.1592 
■0.1467 
•0.1249 
■0.0953 
■0.0597 
■0.0203 
■O.OCOO

Q, 1b

CFS TMS
0.1273
0.1263
0.1184
0.1030
0.0812
C.0542
0.0239
■0.008Ü
■0.0393
■0.0682
■0.0928
■0.1116
■0.1233
■0.1273
■0.1233
■0.1115
■0.0928
■0.0682
■0.0393
•0.0080
0.0239
0.0542
0.0812
0.1030
0.1184
0.1263
0.127?

0.1273
0.1263
0.1184
0.1030
0.0812
0.5422
0.0239

•0.0080
•0.0393
•0.0682
•0.0928
•0.1116
•0.1233
•0.1273
•0.1233
•0.1116
•0.0928
•0.0602
•0.0393
•0.0080
0.0239
0.0542
0.0812
0.1030
0.1184
0.1263
0.1273

CFS TMS

0.1273
0.1263
0.1184
0.1030
0.0812
0.0542
0.0239

-0.0050
-0.0393
-0.0682
-0.0928
-0.1116
-0.1233
-0.1273
-0.1233
-0.1116
-0.0928
-0.6682
-0.0393
-0.0080
0.0239
0.0542
0.0812
0.1030
0.1184
0.1263
0.1273

0.1273
0.1263
0.1184
0.1030
0.0812
0.0542
0.0239

- 0 . 0*180
-0.0393
-0.0682
-0.0928
-0.1116
-0.1233
-0.1273
-0.1233
-0.1116
-0.0928
-0.0682
-0.0393
-0.0080

0.0239
0.0542
0.0812
0.1030
0.1184
0.1262
0.1273

8 bimodular and M -  m ultim odular.
CFS denotes closed-form so lu tio n ; TMS s ig n if ie s  tra n s fe r-m a tr ix  so lu tio n .

' 0.1981 in . 0 < X < 1 /2\ 0.
 ̂ Axial force is  zero and Zp is  constant fo r  th is  case [z^ ^

1981 i n .  t / 2  < X < I
( fo r  m ultim odular) and

0.2018 in .  0 < X < t /2  

-O .2O18 in .  t /2  < X < 1
( fo r  b im odular)]



T a b le  2 . 5 .  Closed-Form and T r a n s f e r - M a t r i x  S o l u t i o n s
f o r  an Aramid-Rubber  Beam (Case  3 )*

x / t u X 10 \  i n . w X 10 i n . X 10%, rad M, I b - i n . Q, l b
CFS** TMS** CFS TMS CFS TMS CFS & TMS CFS & TMS

0.00 0.0000 0.0000 0.0000 0.0000 -0.1829 -0.1827 -0.0000 0.2546
0.02 -0.0007 -0.0007 0.0444 0.4443 -0.1825 -0.1823 0.0407 0.2541
0.06 -0.0064 -0.0064 0.1326 0.1323 -0.1797 -0.1794 0.1215 0.2501
0.10 -0.0177 -0.0177 0.2186 0.2182 -0.1704 -0.1737 0.2004 0.2422
0.14 -0.0345 -0.0344 0.3012 0.3006 -0.1655 -0.1653 0.2761 0.2304
0.18 -0.0564 -0.0563 0.3791 0.3783 -0.1544 -0.1542 0.3474 0.2150
0.22 -0.0832 -0.0831 0.4510 0.4500 -0.1409 -0.1407 0.4133 0.1962
0.26 -0.1143 -0.1142 0.5157 0.5146 -0.1252 -0.1250 0.4727 0.1743
0.30 -0.1494 -0.1492 0.5724 0.5711 -0.1075 -0.1074 0.5246 0.1497
0.34 -0.1878 -0.1876 0.6200 0.6186 -0.0881 -0.0880 0.5682 0.1227
0.38 -0.2290 -0.2287 0.6578 0.6564 -0.0673 -0.0672 0.6029 0.0937
0.42 -0.2723 -0.2719 0.6852 0.6837 -0.0455 -0.0454 0.6281 0.0633
0.46 -0.3170 -0.3166 0.7019 0.7004 -0.0229 -0.0229 0.6433 0.0319
0.50 -0.3624 -0.3619 0.7075 0.7059 -0.0000 -0.0000 0.6484 0.0000
0.54 -0.4078 -0.4073 0.7019 0.7004 0.0229 0.0229 0.6433 -0.0319
0.58 -0.4525 -0.4519 0.6852 0.6837 0.0455 0.0454 0.6281 -0.0633
0.62 -0.4958 -0.4952 0.6578 0.6564 0.0673 0.0672 0.6029 -0.0937
0.66 -0.5370 -0.5363 0.6200 0.6186 0.0881 0.0880 0.5682 -0.1227
0.70 -0.5754 -0.5747 0.5724 0.5711 0.1075 0.1074 0.5246 -0.1497
0.74 -0.6105 -0.6097 0.5157 0.5146 0.1252 0.1250 0.4727 -0.1743
0.78 -0.6416 -0.6408 0.4510 0.4500 0.1409 0.1407 0.4133 -0.1962
0.82 -0.6684 -0.6675 0.3791 0.3783 0.1544 0.1542 0.3475 -0.2150
0.86 -0.6903 -0.6894 0.3012 0.3006 0.1655 0.1653 0.2761 -0.2304
0.90 -0.7071 -0.7061 0.2186 0.2182 0.1740 0.1737 0.2004 -0.2422
0.94 -0.7184 -0.7174 0.1326 0.1323 0.1792 0.1794 0.1215 -0.2501
0.98 -0.7241 -0.7231 0.0444 0.0443 0.1825 0.1823 0.0407 -0.2541
1.00 -0.7248 -0.7238 0.0000 0.0000 0.1828 0.1827 -0.0000 -0.2546

ro4:»

*For Case 3 ,  a x i a l  f o r c e  N i s  z e r o  and z^ i s  c o n s t a n t ,  equa l  t o  0 .1981 i n .
**CFS ~ c lo s e d - f o r m  s o l u t i o n ;  TMS ~ t r a n s f e r - m a t r i x  s o l u t i o n .



Tab le  2 . 6 .  Closed-Form and T r a n s f e r - M a t r i x  S o l u t i o n s
f o r  an Aramid-Rubber  Beam (Case 5)*

x/2 u x 10- , in . w X 10 in . ^ X 10%, rad M, I b - in . Q, lb

CFS** TMS** CFS TMS CFS TMS CFS & TMS CFS & TMS

0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1.0186 0.0000
0.02 -0.0358 -0 .0358 -0.0001 -0.0001 0.0180 0.0180 1.0185 -0 .0010
0.06 -0 .1073 -0.1072 -0.0013 -0.0014 0.0541 0.0542 1.0171 -0 .0089
0.10 -0 .1786 -0.1785 -0.0038 -0.0039 0.0901 0.0901 1.0120 -0 .0243
0.14 -0.2493 -0.2491 -0.0077 -0.0077 0.1258 0.1257 1.0009 -0.0462
0.18 -0 .3190 -0 .3188 -0 .0130 -0.0130 0.1610 0.1609 0.9819 -0.0731
0.22 -0 .3870 -0.3867 -0.0198 -0.0198 0.1953 0.1952 0.9537 -0.1035
0.26 -0.4527 -0 .4523 -0 .0280 -0.0280 0.2285 0.2283 0.9155 -0 .1353
0.30 -0.5153 -0 .5149 -0 .0376 -0.0376 0.2601 0.2599 0.8672 -0.1667
0.34 -0 .5743 -0.5738 -0 .0485 -0.0486 0.2898 0.2896 0.8091 -0 .1955
0.38 -0 .6288 -0 .6283 -0 .0608 -0.0607 0.3174 0.3171 0.7425 -0.2201
0.42 -0 .6784 -0 .6778 -0 .0740 -0.0740 0.3424 0.3421 0.6689 -0 .2389
0.46 -0 .7226 -0 .7220 -0 .0883 -0.0882 0.3647 0.3644 0.5903 -0 .2506
0.50 -0.7613 -0 .7606 -0 .1033 -0.1032 0.3842 0.3839 0.5093 -0 .2546
0.54 -0 .7942 -0 .7935 -0 .1185 -0.1188 0.4008 0.4005 0.4282 -0 .2506
0.58 -0.8215 -0.8208 -0 .1349 -0.1347 0.4146 0.4143 0.3497 -0 .2389
0.62 -0.8434 -0.8428 -0.1511 -0.1509 0.4257 0.4254 0.2761 -0.2201
0.66 -0.8604 -0.8599 -0.1674 -0.1671 0.4343 0.4340 0.2094 -0 .1955
0 .70 -0 .8730 -0.8725 -0.1835 -0.1833 0.4406 0.4404 0.1514 -0.1666
0.74 -0 .8819 -0 .8815 -0.1995 -0.1993 0.4451 0.4449 0.1030 -0.1353
0.78 -0.8877 -0.8874 -0.2152 -0 .2150 0.4480 0.4479 0.0648 -0.1035
0.82 -0 .8912 -0 .8909 -0 .2306 -0.2304 0.4498 0.4497 0.0366 -0.0731
0.86 -0.8931 -0 .8928 -0 .2458 -0.2455 0.4508 0.4506 0.0177 -0.0462
0.90 -0 .8939 -0.8937 -0 .2606 -0.2603 0.4512 0.4510 0.0066 -0 .0243
0.94 -0 .8942 -0 .8940 -0.2752 -0 .2750 0.4513 0.4512 0.0014 -0 .0089
0.98 -0 .8942 -0 .8940 -0.2897 -0.2895 0.4513 0.4512 0.0005 -0 .0010
1.00 -0 .8942 -0 .8940 -0 .2970 -0.2967 0.4513 0.4512 0.0000 0.0000

roen

For Case 5,  a x i a l  f o r c e  N i s  z e r o  and z» i s  c o n s t a n t ,  equa l  t o  0.1981 in ,
**CFS ~ c lo s e d - f o r m  s o l u t i o n ;  TMS ~ t r a n s f e r - m a t r i x  s o l u t i o n .



Table  2 . 7 .  Closed-Form and T r a n s f e r - M a t r i x  S o l u t i o n s
f o r  an Aramid-Cord Rubber  Beam (Case 6 )*

x/% u X 10%, in . w X 10 , in . il; X 10= , rad M, I b - in . Q, lb

CFS** TMS** CFS TMS CFS TMS CFS & TMS CFS & TMS

0.00 0.0000 0.0000 0.0000 0.0000 -0 .0000 0.0000 -2 .0372 0.5093
0.02 0.0070 0.0070 0.0033 0.0033 -0 .0354 -0 .0354 -1.9557 0.5088
0.06 0.0202 0.0202 0.0116 0.0116 -0.1018 -0 .1018 -1.7934 0.5048
0.10 0.0322 0.0322 0.0218 0.0218 -0.1625 -0 .1626 -1.6331 0.4968
0.14 0.0431 0.0431 0.0338 0.0337 -0.2176 -0.2177 -1.4759 0.4851
0 .18 0.0529 0.0529 0.0472 0.0471 -0.2672 -0.2673 -1 .3230 0.4696
0.22 0.0617 0.0617 0.0620 0.0619 -0.3115 -0.3115 -1.1757 0.4509
0 .26 0.0695 0.0695 0.0778 0.0777 -0.3506 -0.3507 -1 .0348 0.4290
0 .30 0.0763 0.0763 0.0946 0.0944 -0.3849 -0 .3850 -0 .9014 0.4043
0.34 0.0822 0.0822 0.1121 0.1119 -0.4146 -0 .4148 -0.7763 0.3773
0.38 0.0872 0.0872 0.1301 0.1299 -0.4401 -0.4402 -0.6601 0.3484
0.42 0.0914 0.0915 0.1485 0.1484 -0.4616 -0.4617 -0.5535 0.3180
0.46 0.0950 0.0950 0.1672 0.1670 -0.4794 -0 .4796 -0.4567 0.2866
0 .50 0.0979 0.0979 0.1860 0.1858 -0.4941 -0 .4943 -0.3701 0.2546
0.54 0.1002 0.1003 0.2048 0.2047 -0 .5058 -0.5061 -0 .2938 0.2227
0.58 0.1020 0.1021 0.2236 0.2235 -0 .5150 -0 .5153 -0.2275 0.1913
0.62 0.1034 0.1035 0.2423 0.2422 -0 .5220 -0.5224 -0.1712 0.1609
0.66 0.1045 0.1045 0.2609 0.2607 -0.5273 -0 .5276 -0.1244 0.1320
0.70 0.1052 0.1053 0.2792 0.2791 -0 .5310 -0.5313 -0.0865 0.1050
0.74 0.1057 0.1058 0.2974 0.2972 -0.5335 -0 .5339 -0 .0569 0.0803
0.78 0.1060 0.1061 0.3153 0.3152 -0.5351 -0.5355 -0.0348 0.0584
0.82 0.1062 0.1063 0.3330 0.3329 -0 .5360 -0.5365 -0 .0192 0.0396
0.86 0.1063 0.1064 0.3505 0.3505 -0.5365 -0 .5370 -0.0091 0.0242
0 .90 0.1063 0.1064 0.3679 0.3679 -0.5367 -0.5372 -0.0033 0.0124
0.94 0.1064 0.1064 0.3852 0.3852 -0.5368 -0.5373 -0.0007 0.0045
0.98 0.1064 0.1065 0.4024 0.4024 -0.5368 -0.5373 -0 .0000 0.0005
1.00 0.1064 0.1065 0.4110 0.4110 -0.5368 -0.5373 -0 .0000 0.0000

*For Case 6 , a x ia l  fo rce  N i s  ze ro  and z
(-0.1981 in .  0 < X < 0.22% 

=< 0.1981 in .  0.22% < x < 0.78% 
(-0.1981 i n .  0.78% < x < %

ro

**CFS ~ c lo se d - fo n n  s o l u t i o n s ,  TMS ~ t r a n s f e r - m a t r ix  s o lu t i o n s .



T a b le  2 . 8 .  Closed-Form and T r a n s f e r - M a t r i x  S o l u t i o n s
f o r  an Aramid-Cord Rubber  Beam (Case 7 )*

x/% u X 10*̂ , in . w X 10%, in . Ip X 103 , rad M, lb - in . Q. lb

CFS** TMS** CFS TMS CFS TMS CFS TMS CFS & TMS

0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 -0.5333 -0.5325 0.4000
0.02 0.1762 0.1760 0.0241 0.0241 -0.0889 -0.0888 -0.4706 -0.4698 0.3840
0.00 0.4648 0.4645 0.0733 0.0731 -0.2346 -0.2345 -0.3528 -0.3520 0.3520
0.10 0.6742 0.6740 0.1227 0.1224 -0.3403 -0.3402 -0.2453 -0.2445 0.3200
0.14 0.8118 0.8116 0.1710 0.1707 -0.4097 -0.4096 -0.1480 -0.1472 0.2880
0.18 0.8846 0.8844 0.2172 0.2168 -0.4464 -0.4464 -0.0610 -0.0602 0.2560
0.22 0.8999 0.8997 0.2603 0.2598 -0.4542 -0.4541 0.0158 0.0160 0.2240
0.26 0.8648 0.8647 0.2995 0.2989 -0.4365 -0.4364 0.0823 0.0822 0.1920
0.30 0.7866 0.7865 0.3338 0.3332 -0.3970 -0.3969 0.1387 0.1395 0.1600
0.34 0.6724 0.6723 0.3628 0.3621 -0.3394 -0.3393 0.1848 0.1856 0.1280
0.38 0.5295 0.5294 0.3859 0.3852 -0.2672 -0.2672 0.2206 0.2214 0.0960
0.42 0.3650 0.3649 0.4027 0.4020 -0.1842 -0.1842 0.2615 0.2470 0.0640
0.46 0.1861 0.1861 0.4129 0.4121 -0.9392 -0.9391 0.2616 0.2624 0.0320
0.50 -0.0000 -0.0000 0.4163 0.4156 -0.0000 -0.0000 0.2667 0.2675 -0.0000
0.54 -0.1861 -0.1861 0.4129 0.4121 0.9392 0.9390 0.2616 0.2624 -0.0320
0.58 -0.3650 -0.3649 0.4027 0.4020 0.1842 0.1842 0.2615 0.2624 -0.0640
0.62 -0.5295 -0.5294 0.3859 0.3852 0.2672 0.2672 0.2206 0.2214 -0.0960
0.66 -0.6724 -0.6723 0.3628 0.3621 0.3394 0.3393 0.1848 0.1856 -0.1280
0.70 -0.7866 -0.7865 0.3338 0.3332 0.3970 0.3969 0.1387 0.1395 -0.1600
0.74 -0.8648 -0.8647 0.2995 0.2989 0.4365 0.4364 0.0823 0.0822 -0.1920
0.78 -0.8999 -0.8997 0.2603 0.2598 0.4542 0.4541 0.0158 0.0160 -0.2240
0.82 -0.8846 -0.8844 0.2172 0.2168 0.4464 0.4464 -0.0610 -0.0602 -0.2560
0.86 -0.8118 -0.8116 0.1710 0.1707 0.4097 0.4069 -0.1480 -0.1472 -0.2880
0.90 -0.6742 -0.6740 0.1227 0.1224 0.3403 0.3402 -0.2453 -0.2445 -0.3200
0.94 -0.4648 -0.4645 0.0733 0.0731 0.2346 0.2345 -0.3528 -0.3520 -0.3520
0.98 -0.1762 -0.1760 0.0241 0.0241 0.0889 0.0888 -0.4706 -0.4698 -0.3840
1.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 -0.5333 -0.5325 -0.4000

ro

*For  Case 7 ,  a x i a l  f o r c e  N i s  z e r o  and Zn c o n s t a n t ,  equa l  t o  0 .1981 i n .
**CFS ~ c l o s e d - f o r m  s o l u t i o n s ;  TMS ~ t r a n s f e r - m a t r i x  s o l u t i o n s .



T a b le  2 . 9 .  Closed-Form and T r a n s f e r - M a t r i x  S o l u t i o n s
f o r  an Aramid-Cord Rubber  Beam (Case 8 )*

x/% u X 10**. in . w X 103 , in . rp X 1Q3 , rad M. Ib - in . Q, Ib

CFS** TMS** CFS TMS CFS TMS CFS TMS CFS TMS

0 .00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 -0 .0949 -0 .0945 0.1510 0.1509
0.02 0.0291 0.0289 0.0911 0.0908 -0.0147 -0 .0146 -0 .0708 -0 .0704 0.1500 0.1499
0.06 0.0622 0.0619 0.2739 0.2723 -0 .0314 -0.0312 -0 .0238 -0.0235 0.1421 0.1420
0.10 0.0635 0.0632 0.4455 0.4426 -0 .0320 -0 .0320 0.0193 0.0197 0.1267 0.1266
0.14 0.0364 0.0363 0.5926 0.5886 -0.0184 -0 .0183 0.0566 0.0569 0.1049 0.1048
0.18 -0.0141 -0 .0139 0.7042 0.6993 0.0071 0.0070 0.0859 0.0862 0.0779 0.0778
0.22 -0.0821 -0 .0816 0.7717 0.7663 0.0414 0.0412 0.1061 0.1063 0.0476 0.0475
0.26 -0 .1608 -0 .1598 0.7906 0.7844 0.0812 0.0806 0.1162 0.1164 0.0157 0.0156
0.30 -0 .2430 -0 .2416 0.7573 0.7519 0.1227 0.1219 0.1162 0.1164 -0.0156 -0.0157
0.34 -0.3218 -0 .3199 0.6754 0.6706 0.1624 0.1614 0.1065 0.1066 -0.0445 -0.0446
0.38 -0 .3906 -0 .3883 0.5495 0.5456 0.1971 0.1960 0.0882 0.0883 -0.0691 -0.0692
0.42 -0 .4440 -0 .4415 0.3876 0.3849 0.2241 0.2228 0.0629 0.0629 -0 .0878 -0.0880
0.46 -0 .4778 -0.4751 0.2004 0.1989 0.2412 0.2398 0.0327 0.0327 -0 .0996 -0.0997
0.50 -0 .4894 -0 .4866 0.0000 -0 .0000 0.2413 0.2456 -0 .0000 -0 .0000 -0.1036 -0.1037
0.54 -0.4778 -0.4751 -0 .2004 -0.1989 0.2412 0.2398 -0.0327 -0.0327 -0 .0996 -0.0997
0.58 -0 .4440 -0 .4415 -0.3876 -0.3849 0.2241 0.2228 -0 .0629 -0 .0629 -0 .0878 -0 .0880
0.62 -0 .3906 -0.3883 -0.5495 -0.5456 0.1971 0.1960 -0 .0882 -0 .0883 -0.0691 -0.0692
0.66 -0 .3218 -0 .3199 -0 .6754 -0 .6706 0.1624 0.1614 -0.1065 -0 .1066 -0.0445 -0 .0446
0.70 -0 .2430 -0 .2416 -0.7573 -0 .7519 0.1227 0.1219 -0.1162 -0 .1164 -0 .0156 -0.0157
0.74 -0 .1608 -0 .1598 -0.7906 -0 .7844 0.0812 0.0806 -0.1162 -0 .1164 0.0157 0.0156
0.78 -0.0821 -0 .0816 -0.7717 -0 .7663 0.0414 0.0412 -0.1061 -0 .1063 0.0476 0.0475
0.82 -0.0141 -0.0139 -0.7042 -0 .6993 0.0071 0.0070 -0.0859 -0.0862 0.0779 0.0778
0.86 0.0364 0.0363 -0 .5926 -0 .5886 -0.0184 -0 .0183 -0 .0566 -0 .0569 0.1049 0.1048
0.90 0.0635 0.0632 -0.4455 -0 .4426 -0 .0320 -0 .0320 -0 .0193 -0.0197 0.1267 0.1266
0.94 0.0622 0.0619 -0.2739 -0 .2723 -0.0314 -0.0312 0.0238 0.0235 0.1421 0.1420
0.98 0.0291 0.0289 -0.0911 -0 .0908 -0.0147 -0.0146 -0 .0708 0.0704 1.1500 0.1499
1.00 0.0000 o.ooon -0 .0000 -0 .0000 0.0000 0.0000 0.0949 0.0945 0.1510 0.1509

f-0 .19B l i n .  0 £  X < 0.1%

•For Case 8 ,  a x ia l  fo rc e  N 1s ze ro  and z„ =

(  0.1981 i n .  0.9%< x ^  % 
**CFS ~ c lo sed -fo rm  s o lu t i o n s ;  TMS ~ t r a n s f e r - m a t r ix  s o lu t i o n s .
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T a b le  2 . 1 0 .  T r a n s f e r - M a t r i x  S o l u t i o n s  f o r  an Aramid-Cord
Rubber Beam {Case 11)*

x / e u X 10*', in . w  X 10%, in . X 1Q3, rad M, Ib - in . Q, lb

0 .00 0.0000 0.0000 0.0000 -0.4123 0.2546
0.02 0.1376 0.0157 -0.0695 -0.3716 0.2541
0.05 0.3702 0.0499 -0.1858 -0.2908 0.2501
0.10 0.5467 0.0867 -0.2759 -0.2119 0.2422
0.14 0.6689 0.1247 -0.3376 -0.1362 0.2304
0.18 0.7395 0.1626 -0.3732 -0.0648 0.2150
0.22 0.7619 0.1992 -0.3845 0.0011 0.1962
0.26 0.7403 0.2335 -0.3737 0.0642 0.1743
0 .30 0.6797 0.2642 -0.3430 0.1123 0.1497
0.34 0.5854 0.2907 -0.2955 0.1560 0.1227
0.38 0.4637 0.3121 -0.2341 0.1906 0.0937
0.42 0.3210 0.3278 -0.1620 0.2158 0.0633
0.46 0.1641 0.3374 -0.0828 0.2311 0.0319
0.50 -0.0000 0.3406 -0.0000 0.2362 -0.0000
0.54 -0.1641 0.3374 0.0828 0.2311 -0.0319
0.58 -0.3210 0.3278 0.1620 0.2158 -0.0633
0.62 -0.4637 0.3121 0.2341 0.1906 -0.0937
0.66 -0.5854 0.2907 0.2955 0.1560 -0.1227
0.70 -0.6797 0.2642 0.3430 0.1123 -0.1497
0.74 -0.7403 0.2335 0.3737 0.0642 -0.1743
0.78 -0.7619 0.1992 0.3845 0.0011 -0.1962
0.82 -0.7395 0.1626 0.3732 -0.0648 -0.2150
0.86 -0.6689 0.1247 0.3376 -0.1362 -0.2304
0.90 -0.5467 0.0867 0.2759 -0.2119 -0.2422
0.94 -0.3702 0.0499 0.1868 -0.2908 -0.2501
0.98 -0.1376 0.0157 0.0695 -0.3716 -0.2541
1.00 0.0000 0.0000 0.0000 -0.4123 -0.2546

W
W

*For Case 11, ax ia l  fo rce  due to  b e n d in g -s t re tc h in g  coupling (N) i s  -0 .3070 x 10 ^ lb
(com press ive) ,  a l s o  = 0.1918 in .
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MULTIMODULAR BEAM BIMODULAR BEAM

(a) (b)

F ig . 2 .1 4 .  N e u t ra l - su r fa c e  lo c a t io n  (case  2 ) .

(a )

F ig .  2 .1 5 .  N e u t ra l - s u r fa c e  lo c a t io n  (cases  7 ,  10, 11 ) .

(a)

F ig . 2 .1 6 .  N e u t ra l - s u r fa c e  lo c a t io n  (case  8 ) .

(b)

(b)

(a) (b)

F ig . 2 .1 7 .  N e u t ra l - s u r fa c e  lo c a t io n  (case  9**), 

I I 'V TENSION

V T X  ~ COMPRESSION

*
Computations a re  a p p l ic a b le  to  a s p e c i f i c  beam (see  Table 1 ). 
For Case 9: M-j = -0 .1 I b - i n . , N̂  = -1 .0  l b ,  and Q-j = -0.1 lb .
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the  shapes o f  n e u t r a l - s u r f a c e  curves  f o r  mult im odular  and bimodular  

models have been shown f o r  s e v e ra l  c a s e s .

2 .7  Conclusions

Analyses o f  th e  bending d e f l e c t i o n  o f  mult imodular  t h i c k  beams w i th  

r e c t a n g u l a r  c ro s s  s e c t i o n  based on shear-defo rmable -beam th e o ry  a r e  p r e 

sen ted .  In t h i s  s t u d y ,  both  d im ens ion less  and dimensioned r e s u l t s  o f  

t r a n s f e r - m a t r i x ,  as  well  a s  c lo sed - fo rm ,  s o l u t i o n s  f o r  a r e c t a n g u l a r  

mult imodular  beam o f  a ram id-co rd  rubber  a r e  p r e s e n t e d .  The t r a n s f e r -  

matr ix  and th e  c lo sed - fo rm  s o l u t i o n s  a r e  found t o  ag re e  very w e l l .

R esu l t s  o f  a n a l y s i s  o f  bimodular  and mul t imodula r  models show t h a t  

t h e r e  i s  n o t  a d r a s t i c  d i f f e r e n c e  between th e  two models .  Although th e  

mult imodular  model i s  a b e t t e r  one f o r  approx imat ing th e  s t r e s s - s t r a i n  

cu rve,  th e  bimodular  approxim ation  i s  l e s s  com pl ica ted .  Closed-form 

s o l u t i o n s  a r e  a v a i l a b l e  on ly  f o r  a number o f  load ing /boundary  c o n d i t i o n s  

( in  which th e  a x i a l  f o r c e  i s  i d e n t i c a l l y  z e r o ) ,  bu t  t h e  t r a n s f e r - m a t r i x  

method can be a p p l ied  t o  more complica ted  geometry,  l o a d i n g ,  and boundary 

c o n d i t i o n s .  In t h i s  work, r e s u l t s  f o r  s ev e ra l  boundary and load ing  con 

d i t i o n s  a r e  i n v e s t i g a t e d .  The t r a n s f e r - m a t r i x  method i s  found to  be very  

e f f e c t i v e  in  terms o f  computat iona l  t ime and a l s o  g ive s  r e s u l t s  which 

ag ree  q u i t e  well  w ith  t h e  c losed - fo rm  s o l u t i o n s .
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SECTION I I I

FORCED VIBRATION OF TIMOSHENKO BEAMS MADE 

OF MULTIMODULAR MATERIALS'^

In t h i s  s e c t i o n ,  a t r a n s f e r - m a t r i x  a n a l y s i s  f o r  de termin ing  th e  

s in u s o id a l  v i b r a t i o n  response  o f  a t h i c k ,  r e c t a n g u l a r - c r o s s - s e c t i o n  beam 

made o f  mul t imodular  m a t e r i a l s  i s  p r e s e n te d .  To v a l i d a t e  the  t r a n s f e r -  

m a t r ix  r e s u l t s ,  a c losed - fo rm  s o l u t i o n  i s  a l s o  p r e s e n te d  f o r  the  s p e c i a l  

case  in  which the  n e u t r a l - s u r f a c e  l o c a t i o n  i s  uniform along  the  l e n g th  o f  

th e  beam. E f f e c t s  o f  t r a n s i a t o ry  and r o t a t o r y  i n e r t i a  c o e f f i c i e n t s  on 

a x i a l  f o r c e  a r e  i n v e s t i g a t e d  f o r  a clamped-clamped beam. Moreover, 

n a t u r a l  f r e q u e n c i e s  a s s o c i a t e d  w i th  t h e  f i r s t  t h r e e  modes o f  a clamped- 

f r e e  beam a re  p r e s e n te d .  T r a n s f e r - m a t r ix  r e s u l t s  a g ree  very well w ith  

c lo sed - fo rm  r e s u l t s  f o r  t h e  co r responding  m a te r i a l  model (one,  two,  o r  

fo u r  segments) .

3.1 In t ro d u c t io n  

Many m a t e r i a l s  have d i f f e r e n t  e l a s t i c  behav ior  in  t e n s io n  and com

p r e s s i o n .  A few examples o f  such m a t e r i a l s  a re  c o n c r e t e ,  rock ,  t i r e - c o r d -

This  s e c t i o n  i s  an a b b re v ia te d  v e r s io n  o f  a paper  accep ted  by Journa l  of  
V ib r a t i o n ,  A cous t ic s ,  S t r e s s ,  and R e l i a b i l i t y  in  Design ( to  a p p e a r ,  1984), 
and p r e s e n te d  o r a l l y  a t  t h e  9 th  B ie nn ia l  V ib ra t io n s  Conference ,  S e p t .  11- 
14,  1983,  Dearborn,  Michigan.

39
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ru b b e r ,  and s o f t  b i o l o g i c a l  t i s s u e s .  As e a r l y  as 1864, S t .  Venant [ 3 . 1 ]  

recognized  t h i s  behav io r  by ana lyz ing  th e  pure bending b eh av io r  o f  a beam 

having d i f f e r e n t  s t r e s s - s t r a i n  curves  in  t e n s i o n  and compression.  

Timoshenko [ 3 . 2 ]  o r i g i n a t e d  t h e  concept  o f  bimodulus (o r  bimodular)  mate

r i a l s  in  1941 by c o n s id e r in g  th e  f l e x u r a l  s t r e s s e s  in  such a m a te r i a l  

undergoing pure bending.  Ambartsumyan [3 .3]  in  1965 renewed i n t e r e s t  in  

th e  a n a l y s i s  o f  bimodular  m a t e r i a l s ,  i . e . ,  m a t e r i a l s  having d i f f e r e n t  

moduli in  t e n s i o n  and compression .  S ince  t h e n ,  t h e r e  have been numerous 

i n v e s t i g a t i o n s  on th e  s t a t i c  behav ior  o f  bimodular  beams; t h e s e  were s u r 

veyed by Tran and B er t  [ 3 . 4 ] .  R ecen t ly ,  B e r t  and Gordan inejad  [ 3 .5 ]  

s t u d i e d  bending o f  t h i c k  beams o f  "mult imodular"  m a t e r i a l s .  Only a few 

s t u d i e s  have been made on v i b r a t i o n  o f  bimodular  beams. B e r t  and Tran

[ 3 . 6 ]  worked on t r a n s i e n t  response  o f  t h i c k  beams o f  bimodular  m a t e r i a l s .

In t h i s  s e c t i o n ,  t h e  t r a n s f e r - m a t r i x  method [ 3 . 7 ] ,  which computa t ion

a l l y  i s  very  e f f i c i e n t ,  i s  a p p l i e d .  A lso ,  th e  beam i s  modeled as a 

Timoshenko beam, i . e . ,  both  t r a n s v e r s e  s h e a r  deformation  and r o t a t o r y  

i n e r t i a  a r e  c o n s id e re d .

3 .2  Closed-Form S o lu t io n  

The genera l  eq u a t io n  o f  mot ion ,  i f  Zp i s  c o n s t a n t  along th e  beam, i s

A 'u .xx  * ® '* ,xx  = P U . t t  + * * . t t

s(w XX +  ̂ Pw - q(x,t)  (3.1)

<""“ ,xx + D ' t . x x )  -  S ( " . x  + '  " “ . t t  *  ' f . t t

where

( P ,R , I )  = J p ( l , z , z ^ ) d z  

-h /2
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and p i s  t h e  d e n s i t y  o f  m a t e r i a l .

For guided-guided  boundary c o n d i t i o n ,  i . e .

u ( 0 , t )  = u ( £ , t )  = 0 ; * ( 0 , t )  = ^ (% , t )  = 0

i f

(3 .2 )
Q ( 0 , t )  = Q (£ , t )  = 0

q ( x , t )  = Qq cos ax c o s  n t  (3 .3 )

then  th e  fo l lowing  s e t s  o f  f u n c t i o n s  s a t i s f y  th e  eq u a t io n s  o f  m o t io n t  

u ( x , t )  = 0 s i n  ax cos n t  ; <|;(x,t) = X s i n  ax cos n t
(3 .4 )

w ( x , t )  = W cos aX COS fit

where

n = 2nf  , a = m%/£ (m=l, 2 , 3 , . . . )  (3 .5 )

f  = c i r c u l a r  frequency  o f  t h e  e x c i t a t i o n ,  and

q (Sa)(B 'a^-Rn^)
U = ------------------------------------------------------------------------------ _ _ _ _ _ _ _ _ ----------------

( S o 2 - P n 2 ) [ B ' a 2 - R n 2 ) ( B " a 2 - R n 2 ) - ( D ' c , 2 + S - I n 2 ) ( A ' a : - P n 2 ) ] + ( S a ) 2 ( A ' o 2 - P n 2 )

(3 .6 )

i i . â V ^ D  ; Û = — L _  [ q  -  X M I A V ^ ]  5
B ' Sa^ -  Pfi^ B ' “ Rf2̂

Since from Eqs. (2 .16)

z_ = ^ °  ~ = c o n s t a n t  (3 .8 )

then

A'aZ-PqZ

3 .3  T ra n s f e r -M a t r ix  S o lu t io n  

The t r a n s f e r - m a t r i x  model used in  the  p r e s e n t  s tudy  i s  the  same as

t  See page 107



t h a t  em|' 

which hi] 

f o r  th e  1 ^ 1

where [1

number c

ends of

o f  the  b

fo rc e  IS

d i s t a n c e

c o n s t a n t

been emp

then  com

s t a t e  vec

the  new \

s e t s  o f  :

so lved ;  c

procedure

The 

with  a rel

t h a t  employed i n  [3, 

which here in c lu d e s  

f o r  th e  assumed bean

[s]Ng+i = n

where [T^]^ i s  th e  1 

number o f  s t a t i o n s ,  

ends o f  th e  beam. A*

[S]Ns+l '  [S ]o  a r e  s t  

o f  the  beam.

In the  c a l c u l â t  

f o r c e  i s  n o t  z e r o ,  t  

d i s t a n c e s  t o  t h e  "br  

c o n s t a n t  and n o t  kna 

been employed t o  com; 

a^ .  One must f i r s t  i 

then  compute t h e  s t i  

s t a t e  v e c t o r .  F inal  

th e  new va lues  o f  

s e t s  o f  z^ ,  a ^ ,  and ; 

s o lv ed ;  o th e rw i s e ,  a; 

procedure.

The numerical  re 

with  a r e c t a n g u l a r  cr



43

be aramid c o rd - ru b b e r  which i s  used in  au tomobile t i r e s  ( s ee  Table 3 . 1 ) .  

Four d i f f e r e n t  boundary c o n d i t i o n s  a r e  i n v e s t i g a t e d  ( see  Tab le  3 .2 )  and 

comparisons a r e  made between m ul t im odula r ,  b im odula r ,  and unimodular  

models f o r  each  s e t  o f  boundary c o n d i t i o n s .  In t h i s  s tu d y ,  a mesh o f  

tw e n ty - f iv e  e lements  i s  used w i th  each element being o f  l e n g th  o f  0.32 in .  

The shear  c o r r e c t i o n  c o e f f i c i e n t  i s  taken t o  be 5 /6 .

In o r d e r  t o  v a l i d a t e  th e  t r a n s f e r - m a t r i x  s o l u t i o n  (TMS), in  Fig .  3 . 1 ,  

a comparison i s  made between th e  c losed - fo rm  s o l u t i o n  (CF3) and the  TMS 

f o r  a gu ided-gu ided  beam with  c o s in e  load d i s t r i b u t i o n  (ca se  1 ) .  Also ,  a 

comparison i s  made among unimodular ,  b imodular ,  and mul t im odula r  ( s t a t i c  

and dynamic) c a s e s  ( see  a l s o  Tab le 3 .3 )  f o r  f  = 100 Hz. As one can s e e ,  

t h e r e  i s  e x c e l l e n t  agreement between the  TMS and CFS r e s u l t s .  However, 

t h i s  agreement can be improved even f u r t h e r  by in c r e a s in g  th e  number o f  

elements.

For t h e  o t h e r  cases  ( 2 - 4 ) ,  t h e  CFS i s  n o t  a v a i l a b l e ;  t h e r e f o r e ,  in  

F ig s .  3 . 2 ,  3 . 4 ,  and 3 .6  comparisons between d i f f e r e n t  models (one,  two, 

and four  segment approx im ations)  a r e  made. As one might n o t i c e  in  a l l  

f o u r  c a s e s ,  t h e r e  i s  c o n s id e r a b l e  d i f f e r e n c e  between t r a n s v e r s e  d e f l e c t i o n  

o f  mult imodular  and bimodular  beams on one hand and t h a t  o f  th e  unimodular  

model on the  o t h e r  hand.  In c o n t r a s t ,  t h e r e  i s  no s u b s t a n t i a l  d i f f e r e n c e  

between mul t im odula r  and bimodular  r e s u l t s .

Another i n t e r e s t i n g  o b s e rv a t io n  in  Fig.  3 .2  i s  t h a t  f o r  f  = 100 Hz, 

th e  unimodular  beam i s  in  the  range o f  i t s  f i r s t  mode, whereas t h e  b i 

modular  and mult im odular  beams a r e  between t h e i r  f i r s t  and second modes.

The e x p lan a t io n  f o r  t h i s  i s  t h a t ,  f o r  t h i s  case  ( 2 ) ,  most o f  t h e  l a y e r s  o f  

th e  beam a r e  under compression and s in c e  Eg^, and E^^ a r e  much sm a l le r
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T a b le  3 . 1 .  E l a s t i c  P r o p e r t i e s  and Geometr ic  P a ram e te r s
f o r  an Aramid-Cord-Rubber  Beam

10
0)

u
0)
Q .
O
U

o .

o

iO
#0

LU

Longi tudina l  Young's Modulus, 
MPa ( p s ix lO - G )

Londi tudina l-Thickness  Shear 
Modulus, MPa ( p s i x l O " ^ )

Model* Tension Compression Tension and Comoression

M

E , t  E , t E ,c  E,c G
4000 2896 

(0 .580) (0 .420)
221 71 

(0 .032) (0.01) 3.70 (0.537)

3.70 (0.537)

3.70 (0.537)

B
Eb=

3240
(0.470)

124
(0.018)

U
E E

1896
(0.275)

1896
(0.275)

U  U

i  £cu <g
C3 Q .

Beam l e n g th  20.32 cm (8 .0  i n . )  

Beam t h i c k n e s s  1.52 cm (0 .6  i n . )  

Beam width  2.54 cm (1 .0  i n . )

M -V mul t imodular ,  B ~ bimodular ,  U ~ unimodular .

Table  3 .2 .  Summary o f  Cases Considered

CASE
NO.

BOUNDARY CONDITION 
AND LOAD POSITION

CASE
NO.

BOUNDARY CONDITION 
AND LOAD POSITION

i
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0 . 5 0

BIMODULAR CFS & TMS

UNIMODULAR CFS 
UNIMODULAR IMS 
MULTIMODULAR CFS & TMS

0 . 10-1

z 0 . 0 5
CMO

. 0 . 0 0
i
H»W
LU

°  - 0 . 0 5

- 0 . 10—

- 0 . 2 0

0 . 2 0 . 3 0 . 0 . 50 . 10 . 0 u
DIMENSIONLESS POSITION, x / i  (FOR HALF OF THE BEAM)

Fig.  3 .1 .  Comparison among mult imodular ,  bimodular ,  and unimodular  d e f l e c t i o n  
d i s t r i b u t i o n  fo r  c losed- form and t r a n s f e r - m a t r i x  s o lu t i o n s  o f  gu ided-guided  
aramid-cord rubber beam ( f  = 100 Hz)
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Table 3 . 3 .  Comparison Between CFS and TMS f o r  an Aramid-Cord- 
Rubber Beam (Case 1)+,  f  = 100 Hz

x / t N X 1 0 2 ,  l b Ô X 10,  lb M, I b - i n .
CFS TMS CFS TMS CFS TMS

0.00 -0 .169 -0.164 0.000 0.000 0.203 0.203
0.02 -0 .168 -0.162 -0.198 -0 .200 0.201 0.202
0.06 -0 .157 -0.152 -0.585 -0.587 0.139 0.189
0.10 -0 .137 -0.132 -0.935 -0 .937 0.164 0.165
0.14 -0 .108 -0.104 -1.226 -1.228 0.129 0.130
0.18 -0 .072 -0.069 -1.141 -1 .143 0.086 0.087
0.22 -0 .032 -0.031 -1.565 -1.566 0.038 0.038
0.26 0.011 0.010 -1.590 -1.591 -0 .013 -0.013
0.30 0.052 0.050 -1.514 -1.516 -0 .063 -0.063
0.34 0.091 0.037 -1.344 -1 .346 -0 .109 -0.109
0.38 0.123 0.119 -1.089 -1.091 -0 .148 -0.148
0.42 0.148 0.143 -0.766 -0 .768 -0 .178 -0.178
0.46 0.164 0.158 -0.394 -0 .396 -0 .196 -0.197
0.50 0.169 0.163 0.000 0.000 -0 .203 -0 .204
0.54 0.164 0.158 0.394 0.396 -0 .196 -0.197
0.58 0.148 0.143 0.766 0.768 -0 .178 -0.178
0.62 0.123 0.119 1.089 1.091 -0 .148 -0.148
0.66 0.091 0.087 1.344 1.346 -0 .109 -0.109
0.70 0.052 0.050 1.514 1.516 -0 .063 -0.063
0.74 0.011 0.010 1.590 1.591 -0 .013 -0.013
0.78 -0 .032 -0.031 1.565 1.566 0.038 0.038
0.82 -0 .072 -0.069 1.141 1.143 0.086 0.087
0.86 -0 .108 -0.104 1.226 1.228 0.129 0.130
0.90 -0 .137 -0.132 0.935 0.937 0.164 0.165
0.94 -0 .157 -0.152 0.585 0.587 0.189 0.189
0.98 -0 .168 -0.162 0.198 0.200 0.201 0.202
1.00 -0 .169 -0.164 0.000 0.000 0.203 0.203

CFS ~ c losed- fo rm  s o l u t i o n ;  TMS t r a n s f e r - m a t r i x

T o r case  1 ,  Z = z^ /h  i s  p iecewise  c o n s t a n t ,  equal

s o lu t i o n  
( +  0 . 

t o  < -  0. 
1+ 0 .

3305 0
3305 0.22 
3305 0.78

£  x /z  < 0.22 
£  x /£  < 0.78 
< x/Z < 1.00
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BIMODULAR

MULTIMODULAR (STATIC)

UNIMODULAR
MULTIMODULAR

0 .  10"

o
X

0 . 0 0

^  - 0 . 0 5

- 0 . 1 0 -

- 0 . 1 5 -

- 0 . 20-1

0 . 0 0 . 30 .  I 0 . 2 0 . 4 0 . 5

DIMENSIONLESS POSITION, x / t  (FOR HALF OF THE BEAM)

Fig.  3 . 2 .  Comparison among mul t imodular ,  bimodular ,  and unimodular  d e f l e c t i o n  
d i s t r i b u t i o n  f o r  t r a n s f e r - m a t r i x  so lu t io n  o f  h inged-h inged ,  aramid-cord 
rubber  beam ( f  = 100 Bz)
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X

0 . 5 0
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o

X

0 . 7 5

1 . 0 0

0 . 5 0 . 8 1. 00 . 40 . 0 0 . 2
DIMENSIONLESS POSITION, x / i

Fig .  3 . 3 .  T r a n s f e r - m a t r i x  s o l u t i o n  o f  h i n g e d - h in g e d ,  a ram id -co rd  r u b b e r  beam
( f  = 100 Hz).
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BIMODULAR
MULTIMODULAR (STATIC)

UNIMODULAR

MULTIMODULAR

o

LUa

0 . 0 5 -

0 . 0 0 -

0 *. 0 . 50 . 40 . 2 30 . 0 0 .  I

DIMENSIONLESS POSITION, x / z  (FOR HALF OF THE BEAM)

F ig .  3 . 4 .  Comparison among m u l t im o d u la r ,  b imodu lar ,  and unimodular  d e f l e c t i o n
d i s t r i b u t i o n  f o r  t r a n s f e r - m a t r i x  s o l u t i o n  o f  c lamped-clamped a ram id -co rd
r u b b e r  beam ( f  = 100 Hz)



50

z
I

ca

o

X

GO

O
X

CD
_ J

O
X

l c r

o
§

CMO
X

mO
X

13
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DIMENSIONLESS POSITION, x / l  (FOR HALF OF THE BEAM)

F i g .  3 . 5 .  T r a n s f e r - m a t r i x  s o l u t i o n  o f  c lamped-clamped,  a ram id -co rd  ru b b e r
beam ( f  = 100 Hz)
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BIMODULAR

MULTIMODULAR (STATIC) 

UNIMODULAR

MULTIMODULAR

CMO

g
o
u .

- 0 . 6

- 0 . 8

1 . 00 . 80 . 60 . 20 . 0

DIMENSIONLESS POSITION, x / l

Fig.  3 . 6 .  Comparison among mul t imodular ,  bimodular ,  and unimodular  d e f l e c t i o n  
d i s t r i b u t i o n  fo r  t r a n s f e r - m a t r i x  s o lu t ion  o f  clamped-free aramid-cord rubber 
beam ( f  = 100 Hz)
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than  E (See Table 3 . 1 ) ,  then  th e  unimodular  beam i s  s t i f f e n  than  th e  o t h e r  

two. T h e re fo re ,  t h e  fundamental f requency  o f  th e  unimodular  beam i s  

h ig h e r  than  th o se  o f  th e  bimodular  and mult imodular  beams.

Also,  the  d i s t r i b u t i o n s  o f  ü ( a x i a l  d i s p la c e m e n t ) ,  (bending s l o p e ) ,  

N ( a x i a l  fo rce ) ,  Q ( t r a n s v e r s e  s h e a r  f o r c e ) ,  and M (bending moment) a r e  

shown g r a p h i c a l l y  in  F igs .  3 . 3 ,  3 . 5 ,  and 3 .7  f o r  f  t aken  t o  be 100 Hz.

Note t h a t  f o r  c a se s  1 and 3 ,  t h i s  f requency  i s  l e s s  th a n  th e  fundamental 

f requency ,  whereas f o r  cases  2 and 4 ,  the  f requency  o f  100 Hz i s  in  th e  

range o f  the  f i r s t  and second modes. The f i r s t  t h r e e  mode shapes o f  a 

c lamped-free  beam o f  mult imodular  m a te r i a l  i s  i n v e s t i g a t e d  in  Fig .  3 . 8 .

For t h i s  c a s e ,  th e  n a t u r a l  f r e q u e n c i e s  a s s o c i a t e d  w i th  t h e  f i r s t  t h r e e  

modes a r e  f-j = 30.9 Hz, fg = 131.1 Hz, and fg  = 278.4 Hz.

F i n a l l y ,  by r e w r i t i n g  th e  e q u a t io n s  o f  motion i n  a new form (N =

P^u M X -  Q = H  Q = PgU “ q ( X ' t ) ) '  t h e  e f f e c t  o f  t r a n s -  

1a t o r y  and r o t a t o r y  i n e r t i a  c o e f f i c i e n t s  on a x i a l  f o r c e  f o r  a t h i c k  

mult imodular  clamped-clamped beam ( f  = 100 Hz) i s  s t u d i e d  (see  Table 3 . 4 ) .

The r e s u l t s  show th e  s i g n i f i c a n t  e f f e c t  o f  I and s l i g h t  e f f e c t  o f  as

one looks a t  i t  th rough  f u l l  t h e o ry  ( v i b r a t i o n )  as compared t o  th e  s t a t i c

case  ( I  = P-j = Pg = C).

3 .5  Conclusions

An a n a l y s i s  o f  fo rced  v i b r a t i o n  o f  a t h i c k  beam w i th  a r e c t a n g u l a r  

c r o s s  s e c t i o n  and made o f  "mult imodular"  m a te r i a l  i s  p r e s e n t e d .  In t h i s  

s tu d y ,  numerical  r e s u l t s  ob ta ined  by both th e  c lo sed - fo rm  and t r a n s f e r -  

m a t r ix  methods a r e  given f o r  a beam made o f  aramid -cord  rubber .

Comparisons a r e  made on one hand between c lo sed - fo rm  and t r a n s f e r -
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Fiq .  3 . 7 .  T ra n s f e r -m a t r ix  s o lu t io n  o f  clamped-free  aramid-cord rubber  beam 
( f  = 100 Hz)
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F i g .  3 . 8 .  I n v e s t i g a t i o n  o f  t h e  f i r s t  t h r e e  mode shapes o f  t h i c k  m ult im odu la r ,
c lam ped- f ree  a ram id -co rd  r u b b e r  beam wi th  r e c t a n g u l a r  c r o s s  s e c t i o n .
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Table 3 .4 .  E f f e c t  o f  T r a n s l a to r y  and Rotatory I n e r t i a  C o e f f i c i e n t s  on
Axial Force f o r  a Thick Mult imodular  C a n t i l e v e r  Beam ( f = 1 0 0  Hz)

Axial f o r c e ,  lb  x lO^*
x/L I .P l .P z fO  

Full Theory

1=0 Pi&P2fO I&Pl=0 PzfO Pl=0 I&PzKO I»Pl»P2~0
S t a t i c

0.00 11.74 11.76 -0.1399 -0.1621 -0.0699

0.02 11.49 11.51 -0.1399 -0.1621 -0 .0699

0.06 10.56 10.58 -0.1399 -0.1621 -0.0699

0.10 8.90 8.92 -0.1399 -0.1621 -0.0699

0.14 6.69 6.73 -0.1399 -0.1621 -0.0699

0.18 4.15 4.19 -0.1399 -0.1621 -0.0699

0.22 1.44 1.48 -0.1399 -0.1621 -0.0699

0.26 -1 .26 -1.21 -0.1399 -0.1621 -0.0699

0.30 -3.82 -3 .76 -0.1399 -0.1621 -0.0699

0.34 -6 .0 9 -6 .03 -0.1399 -0.1621 -0.0699

0.38 -7 .97 -7.91 -0.1399 -0.1621 -0 .0699

0.42 -9 .38 -9.31 -0.1399 -0.1621 -0 .0599

0.46 -10.25 -10 .18 -0.1399 -0.1621 • -0 .0699

0 .50 -10 .54 -10.47 -0.1399 -0.1621 -0.0699

1 l b  = 4.448 newtons
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m a tr ix  r e s u l t s  and on the  o t h e r  hand,  among unimodular ,  b imodular ,  and 

mul t imodula r  models . These r e s u l t s  show a c o n s id e r a b le  d i f f e r e n c e  be

tween th e  unimodular  and bimodular  models and a s l i g h t  d i f f e r e n c e  be

tween t h e  bimodular  and mul t imodula r  models . T h e r e f o re ,  a l though a f o u r -  

segment model i s  a b e t t e r  approx im at ion ,  th e  two-segment approximation 

g ive s  n e a r l y  th e  same r e s u l t s .  Th is  proves t h a t  t h e  bimodular  model 

p r e c i s i o n  i s  a good approx im ation .

The va lues  o f  th e  f i r s t  t h r e e  mode shapes f o r  t h e  clamped-free  case  

a r e  p r e s e n t e d .  F i n a l l y ,  th e  e f f e c t s  o f  a x i a l  t r a n s l a t o r y  and r o t a t o r y  

i n e r t i a  c o e f f i c i e n t s  on a x i a l  f o r c e  f o r  a clamped-clamped beam a re  d i s 

cussed .

The t r a n s f e r - m a t r i x  method i s  found to  be very  e f f e c t i v e  in  terms o f  

computa t ional  t ime and a l s o  in  terms o f  the  accuracy  o f  r e s u l t s ,  which 

ag ree  very  well  w i th  the  c lo sed - fo rm  s o l u t i o n .
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SECTION IV

TRANSVERSE SHEAR EFFECTS IN BIMODULAR 

COMPOSITE LAMINATES+

A c losed- fo rm  s o l u t i o n  f o r  th e  Timoshenko-type shea

e f f i c i e n t  (K ) governing the  d e f l e c t i o n  o f  bimodular  com

in  c y l i n d r i c a l  bending i s  p r e s e n t e d .  The b e n d i n g - s t r e s s

a l a m in a te  c o n s t r u c t e d  o f  bimodular  m a t e r i a l s  (which ha

e l a s t i c  moduli in  t e n s i o n  and compression)  i s  used in  th

e q u i l i b r i u m  e q u a t io n  t o  o b ta in  t h e  t r a n s v e r s e  s h e a r - s t r e

This  s h e a r - s t r e s s  d i s t r i b u t i o n  i s  used t o  ob ta in  exp res s

c o r r e c t i o n  c o e f f i c i e n t  (based on e q u i v a l e n t  shea r  s t r a i n

maximum d im ens ion le ss  t r a n s v e r s e  s h e a r  s t r e s s  ( t  _ )
xz max

e f f e c t s  o f  th e  e l a s t i c - c o n s t a n t  r a t i o s  on the  n e u t r a l - su  

s h e a r  c o r r e c t i o n  c o e f f i c i e n t  f o r  l a m in a te s  c o n s i s t i n g  of  

o r  bimodular  m a t e r i a l s  a r e  s t u d i e d .

«

4.1 I n t r o d u c t i o n  

M a te r i a l s  which have d i f f e r e n t  moduli in  t e n s i o n  an 

a r e  c a l l e d  bimodular  m a t e r i a l s .  Rock, c o n c r e t e ,  c o rd - ru

This  s e c t i o n  formed a paper  pub l i she d  in  Journa l  o f  Com 
J u l y  1983, and p r e s e n te d  o r a l l y  a t  th e  20th  Annual Meet 
Engineer ing  S c ience ,  August 22-24 ,  1983,  U n iv e r s i t y  o f  
Delaware.
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and c e r t a i n  b i o l o g i c a l  t i s s u e s  a r e  examples o f  such m a t e r i a l s .  Even 

a r a m i d - f i b e r ,  po lym er-matr ix  composites  e x h i b i t  some b im o d u la r i ty .  The 

a n a l y s i s  o f  lam ina ted  bimodular  m a te r i a l  i s  more compl ica ted  than  u n i 

modular  m a te r ia l  ( o r d in a r y  m a t e r i a l )  due t o  the  dependency o f  t h e  mate

r i a l  s t i f f n e s s  on t h e  m a te r i a l  p r o p e r t i e s ,  which indeed  depend on th e  

s t a t e  o f  s t r e s s  ( i . e . ,  t e n s i l e  o r  compressive)  in  t h e  lam ina te .

Although t r a n s v e r s e  shea r  deformations  have been cons ide red  in  the  

a n a ly s e s  o f  bimodular  laminates  [ 4 . 1 - 4 . 4 ]  in  r e c e n t  y e a r s ,  t h e r e  has been

no e f f o r t  to  in c lu d e  the  e f f e c t  o f  b im odu la r i ty  o f  th e  m a te r i a l  on the
2

Timoshenko-type s h e a r  c o r r e c t i o n  c o e f f i c i e n t ,  K . In o t h e r  words,  i t  has
p

been t a c i t l y  assumed t h a t  the  va lue  o f  K i s  t h e  same as t h a t  o f  an 

o r d i n a r y - m a te r i a l  l a m in a t e .  The use o f  such a s h e a r  c o r r e c t i o n  f a c t o r  in 

p r e d i c t i n g  th e  d e f l e c t i o n  o f  s h e a r  deformable ,  o r d i n a r y - m a te r i a l  l am ina tes  

in  c y l i n d r i c a l  bending  i s  well e s t a b l i s h e d  [ 4 . 5 , 4 . 6 ] .  I t  i s  no ted  t h a t  

Whitney [ 4 .5 ]  ex tended  Chow's symmetr ic - laminate  work [ 4 .7 ]  to  a r b i t r a r y  

l a m in a t e s .  Also ,  i t  can be shown t h a t  th e  r e s u l t i n g  ex p re s s io n s  in

[ 4 . 5 , 4 . 6 ]  a re  a l g e b r a i c a l l y  e q u i v a l e n t .

In t h i s  p a p e r ,  a s t r a i g h t - f o r w a r d  approach ana logous  to  t h a t  used in 

e lem en ta ry  shear  t h e o ry  f o r  s i n g l e - l a y e r  o rd in a ry  m a t e r i a l s  i s  employed.

I t  may be cons ide re d  t o  be a g e n e r a l i z a t i o n  o f  t h e  work o f  Ber t  [ 4 .6 ]  

from o r d in a r y - m a te r i a l  l am ina tes  t o  b im odu la r -m a te r ia l  l a m in a t e s .

4 .2  Theory and Formulat ion 

Consider a r e c t a n g u l a r - c r o s s - s e c t i o n  lamina ted  beam o f  t h i c k n e s s  h. 

The o r i g i n  of  t h e  C a r t e s i a n  c o o rd in a te  system i s  l o c a t e d  on the  mid

s u r f a c e  o f  the beam w i th  the  x a x i s  being along th e  l e n g th  o f  t h e  beam 

and the  z ax i s  be ing  measured p o s i t i v e  downward. The same d isp lacem en t
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f i e l d  as used in  shea r  deformable beam theo ry  i s  implemented he re :

( x . z )  = u(x) + zo(x)

( x , z )  = w(x)

The ax ia l  normal s t r a i n  and t r a n s v e r s e  shea r  s t r a i n  a r e  given by

S  = \ x  + : * , x  ’ Yxz = * + " , x

(4 .1 )

(4 .2 )

where a comna denotes  the  d e r i v a t i v e  with  r e s p e c t  t o  the  q u a n t i t y  fol low

ing i t .  The lo n g i tu d in a l  bending s t r e s s  a t  any d i s t a n c e  z from the mid

plane o f  th e  lam ina te  i s

c?x = k = c , t  (4 .3 )

Also

(4 .4 )

The lo n g i tu d in a l  s t r e s s  r e s u l t a n t  and s t r e s s  couple a r e  de f in e d  as

h/2

(N,M) = ( l . z )G x  dz (4 .5 )
-h /2

With t h e  a i d  o f  Eqs. ( 4 . 2 ) ,  ( 4 . 3 ) ,  and ( 4 . 5 ) ,  one can d e r iv e  the 

fol lowing la m ina te  c o n s t i t u t i v e  r e l a t i o n

N

M

A B 

B D fcl (4 .6 )

where
h/2

(A,B,D) = E ( k ) ( l , z , z Z )  dz k = c , t

- h / 2
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In th e  absence o f  body f o r c e ,  the  two-dimensional s t a t i c  eq u i l ib r iu m  

equat ion  f o r  fo rce s  in  th e  d i r e c t i o n  along the  length  o f  the  beam is

a x ,x  ^xz .z  “ ® (4 .7 )

I n t e g r a t i n g  Eq. (4 .7 )  w ith  r e s p e c t  to  z and us ing Eqs. (4 .3 )  and ( 4 . 4 ) ,  

one has

= -  [GC^)(AD-B^)]^ [(Da-Bb)N ^ + (Ab-Ba)M (4 . 8 )XZ I.' '  ,x  ,x"

where a and b a r e  " p a r t i a l  s t i f f n e s s e s "  f o r  s t r e t c h i n g  and bending- 

s t r e t c h i n g  coupl ing  d e f ined  by the  fo l lowing express ions  f o r  the  convex 

bending case  ( top  l a y e r s  in  compression and bottom la y e r s  in  t e n s ion )

I  ( l , z )E =  dz z^ > z > -h /2

-h /2
(a ,b )  =< (4 .9 )

^n z
I  ( l , z ) E =  dz + I  ( l , z ) E ^  dz h/2  > 2 > 2 ^

-h /2

Mult ip ly  Eq. (4 .7 )  by u n i t y  and 2 , r e s p e c t i v e l y ,  and then  i n t e 

g r a t i n g  through th e  t h i c k n e s s ,  one o b ta in s  th e  fo l lowing  e q u i l i b r i u m  

e q u a t io n s ,  which c o inc ide  with  those  o f  elementary  beam th e o ry .

M = Q , N = 0 (4 .10)* A » A

where
h/2

Q = Yxz f s (k)  dz (4 .11)
-h /2

There fo re ,  Eq. (4 .8 )  s i m p l i f i e s  as  f o l lo w s :
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YXZ

Extending the  d e f i n i t i o n  o f  the  s h e a r  c o r r e c t io n  c o e f f i c i e n t  as used in

[ 4 . 6 ] ,  which i s  based  on the  s h e a r  s t r a i n  energy ,  t o  th e  case  o f  bimodular  

m a t e r i a l ,  one has

2 ,2
1̂ 2 ,  _________(AD-B^)

(4.13)
h/2 h/2

C| Q(k) d z ] [ |  ( l / s ( k ^ { A b .  Ba)Zdz]

- h / 2  - h / 2

I f  G i s  co n s ta n t  th roughout th e  th i ck n es s  o f  the  beam, Eq. (4 .13)  can 

be s i m p l i f i e d  to

k2   i M z A   (4 .14)
h/2

h |  ( Ab- Ba ) 2  dz 

- h / 2

By changing the  coo rd in a te  from z measured from th e  midplane to  z '  measured 

from the  n e u t r a l - s u r f a c e  p o s i t i o n ,  one can s im p l i fy  Eq. (4 .14)  as fo l low s :

^  ^ ----------  (4 .15)

I  ^ b^ dz'h

-h

To eva lua te  the  s t i f f n e s s e s  (A,B, and 0 ) ,  one needs to  know about the  loc a 

t i o n  o f  the n e u t r a l - s u r f a c e  p o s i t i o n .  A c losed-form s o lu t i o n  can be ob ta ined 

only when the  n e u t r a l - s u r f a c e  p o s i t i o n  (z^) and t h u s ,  the  s t i f f n e s s e s  do not  

depend on x. The same c r i t e r i o n  to  de f ine  as used in [ 4 .4 ]  i s  a p p l i e d  here
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Using Eqs. ( 4 .2 )  and (4 .5 )  and assuming* t h a t

N = 0 (4.17)

one gets

Zn = B/A = c o n s t a n t  (4 .18)

Equation (4 .18 )  can be so lved  e x p l i c i t l y  f o r  z^.

I t  i s  conven ien t  to  in t roduce  the  d im ens ionle ss  t r a n s v e r s e  shea r  

s t r e s s  de f ined  as fo l lows:

Combining Eqs. (4 .4 )  and (4 .12) and measuring z '  from th e  n e u t r a l -  

s u r face  l o c a t i o n ,  one o b ta in s

^xz bh/D (4 .20)
2 _

D eta i led  d e r i v a t i o n s  f o r  K and ( t„ , )  a re  given in Appendix G.
XZ max

4 . 3  Numerical R esu l t s  

Three c a s e s  o f  l am ina tes  c o n s t ru c t e d  o f  bimodular m a t e r i a l s  a r e  con

s id e r e d  h e r e :  s i n g l e - l a y e r ,  tw o - la y e r ,  and t h r e e - l a y e r .  Numerical r e s u l t s

ob ta ined  from c losed- form s o l u t i o n s  f o r  the s h e a r  c o r r e c t i o n  c o e f f i c i e n t  

and the maximum d im ens ion le ss  shear  s t r e s s  f o r  d i f f e r e n t  b im odu la r -m ate r ia l

parameters  a r e  p re sen te d .  A lso ,  the e f f e c t s  o f  e l a s t i c - c o n s t a n t  r a t i o s  on
2

n e u t r a l - s u r f a c e  p o s i t i o n  and K fo r  both unimodular and bimodular  laminates  

(up to  t h r e e  l a y e r s )  a re  s t u d i e d .  The lam ina tes  a re  assumed to  be made o f  

e q u a l - th i c k n e s s  l a y e r s  and th e  e f f e c t  o f  t h e  s ign  of  the  l o n g i tu d in a l  normal

*Note t h a t  t h i s  assumption i s  made only f o r  the  bimodular  case  (no t  
unimodular) .
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Table 4.1 E f f e c t  o f  Bimodular Rat io  on 
N e u t ra l -S u r fa c e  Location f o r  S in g le -  
Layer Bimodular  M ate r ia l

E=/Et h t / h

0 0

1/2 0.414

1 0.500
2 0.586

5 0.691

10 0.760

100 0.909

1000 0.969

1

Table 4.2 E f f e c t  o f  Bimodular Rat ios  on N e u t r a l -  
Surface  Loca tion f o r  Two-Layer Bimodular Laminates 
(h^ /h2 = 1)

EgC/Eg t h^/h

E i V  = 1/2 E^‘̂ /E2^ = 1 E^C/E^t = 2

0 0.411 0 0.5811

1/4 0.413 0.333 0.5816

1/2 0.414 0.414 0.5822

3/4 0.415 0.464 0.5827

1 0.417 0.500 0.5833

2 0.421 0.586 0.5858

3 0.424 0.634 0.5886

4 0.427 0.666 0.5917

5 0.430 0.691 0.5955

10 0.439 0.760 0.6667
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Fig .  4 .1 .  E f f e c t  o f  s h e a r  modulus r a t i o  on shea r  c o r r e c t i o n  
c o e f f i c i e n t  f o r  var ious  bimodulus r a t i o s  (E2C/E2+) f o r  two- 

l a y e r  bimodular  la mina tes  (h^/h2 = l ,  E i^ /E:  = 1 / 2 ) .
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Fig,  4 .2 .  E f f e c t  o f  l o n g i tu d in a l  Young's modulus r a t i o  on 
shea r  c o r r e c t i o n  c o e f f i c i e n t  f o r  tw o - lay e r  unimodular  

m a te r i a l s  (h^ /h 2 = 1,  G^/Gg = l) .
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Table 4 .3  E f f e c t  o f  E las t ic -M odul i  Rat io  on 
Dimensionless Maximum Shear S t r e s s  f o r  a Two- 
Layer Unimodular-Material  Laminate (h ^ /h 2 = l )

E1/ E 2 ( 2 / 3 ) ( ? )
max

0 0

1/4 0.548

1 / 2 0.727
3/4 0.870

1 1 .0 0 0

2 1.456
5 2.791

10 6.241

100 7.087

1000 7.897

8 . 0 0 0

Table 4 .4  E f f e c t  o f  Bimodular Rat ios  on N e u t r a l -  
S urface  Location f o r  Three-Layer  Bimodular Lamin
a t e s  (h-j/hg = h2 / h 2 = 1 , E i‘-/E2 '  ̂= E3 ‘̂ /E2 ‘- = 1 )

E a t /Eg : h , / h

Ej V e j '  = 1/2 6 2 ^ / 6 2 == 1 Eü ' / E z '  = 2

0 0.724 0.833 0.609

1/4 0.643 0.722 0.573

1 / 2 0.586 0.633 0.541

3/4 0.542 0.561 0.513

1 0.508 0.500 0.488

2 0.418 0.333 0.414

5 0.310 0.119 0.309

8 0.267 0.033 0.266

10 0.250 0 0.249
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C ts t r a i n  on s h e a r  moduli i s  ignored  ( t h a t  i s ,  G /G = 1 ) .

In the  case  o f  s i n g l e - l a y e r  bimodular  m a te r i a l  (Appendix G), i t  i s

i n t e r e s t i n g  t o  no te  t h a t  both t h e  t r a n s v e r s e  s h e a r  c o r r e c t i o n  c o e f f i c i e n t

and th e  maximum t r a n s v e r s e  s h e a r  s t r e s s  a r e  u n a f f e c t e d  by the  bimodular  
c tr a t i o  E /E . However, t h i s  does n o t  imply t h a t  t h e  d i s t r i b u t i o n  o f  shea r  

s t r e s s  i s  the  same f o r  unimodular  and bimodular  m a t e r i a l s  ( see  F ig .  G . l ) .  

The e f f e c t  o f  bimodular  r a t i o  on th e  l o c a t i o n  o f  t h e  n e u t ra l  s u r f a c e  i s  

s tu d ie d  in  Table 4 . 1 .  For va lues  o f  E^ < E^ ( e . g . ,  a r a m id - c o r d / r u b b e r ) , 

h^ f a l l s  w i th in  th e  lower h a l f  o f  t h e  t h i c k n e s s ;  whereas f o r  m a t e r i a l s  

such as  rock (E*" > E^) ,  h^ i s  in  t h e  upper h a l f  o f  t h e  beam ( f o r  the  

convex bending c a s e ) .

In bending o f  a tw o - la y e r  bimodular  lamina te  s in c e  one o f  t h e  two 

l a y e r s  i s  always in  compression ( o r  t e n s i o n ) ,  on ly  t h r e e  o f  th e  f o u r  

e l a s t i c  moduli be longing  t o  th e s e  l a y e r s  a r e  p e r t i n e n t  [ see  F ig .  G .2] .  

This  means t h a t  th e  l o c a t i o n  o f  t h e  n e u t r a l  s u r f a c e  depends on only  two 

e l a s t i c - m o d u l i  r a t i o s .  The e f f e c t s  o f  th e s e  two r a t i o s  on h^ a r e  s tu d ie d  

f o r  a wide range o f  in  Table  4 . 2 .  The s h e a r  c o r r e c t i o n  c o e f f i 

c i e n t  v a r i e s  d r a s t i c a l l y  with  t h e  r a t i o  o f  the  s h e a r  moduli o f  t h e  two 

l a y e r s  (G^/Gg), whereas i t  changes on ly  a l i t t l e  f o r  a wide range o f  

EgC/Egt f o r  E^C/Egt = i ,  as  shown in  Fig .  4 .1 .

The s h e a r  c o r r e c t i o n  c o e f f i c i e n t  f o r  tw o - la y e r  unimodular  l am ina tes  

in c r e a s e s  r a p i d l y  from 50% to  98% o f  the  c l a s s i c a l  va lue  (5 /6 )  as  the  

e l a s t i c -m o d u lu s  r a t i o  E^/Eg v a r i e s  from 0 to  0.25 as  shown in  F ig .  4 .2 .  

For r a t i o s  g r e a t e r  than  0 . 5 ,  a va lue  o f  5 /6  would be a good approximation 

f o r  K . The d im ens ion less  maximum s h e a r  s t r e s s  i n c r e a s e s  from 0 t o  12 as 

E-j/Eg changes from o to  i n f i n i t y  as  t a b u l a t e d  in  Tab le  4 .3 .
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T h re e - l a y e r  bimodular  lam ina tes  which have f ac ings  ( to p  and bottom 

l a y e r s )  made o f  the  same m a t e r i a l  a r e  cons ide red  h e re .  For the  case  in

which = 1,  the  e f f e c t  o f  bimodular  r a t i o  Eg^/Eg^ on h^/h f o r  d i f f e r 

e n t  r a t i o s  o f  Eg^/Eg^ ( 1 / 2 ,  1 ,  and 2) a re  i n v e s t i g a t e d  in  Table 4 . 4 .  As 
t  tEj /Eg in c re a s e s  from 0 t o  10 ,  h^/h dec reases  f o r  a l l  t h r e e  va lues  o f

Eg^Eg^ .  Also ,  a p l o t  o f  vs E^^/Eg^ i s  given in Fig .  4 .3  which shows th e

s hea r  c o r r e c t i o n  f a c t o r  as  a fu n c t io n  o f  t h e  b im o d u la r i ty  o f  the  m a t e r i a l .

F i n a l l y ,  th e  e f f e c t  o f  e l a s t i c  moduli r a t i o  E . /E ,  on and ( t )
^ ' XZ max

are  s tu d ie d  ( s ee  Fig .  4 .4  and Table 4 .5 )  f o r  a t h r e e - l a y e r  unimodular m a te r i a l
2

laminates  with  i d e n t i c a l  f a c i n g s .  For d i f f e r e n t  va lues  o f  G^/Gg, K in c re a s e s

ra p id l y  f o r  E^/Eg l e s s  th a n  0 .05  b u t  a f t e r  t h i s  p o i n t ,  K changes very s lowly .

The maximum dim ens ionle ss  s h e a r  s t r e s s  v a r i e s  from 0 to  40.5  f o r  0 < E-j/Eg < <=».

4 . 4  Conclusions

Closed-form s o l u t i o n s  f o r  the  Timoshenko-type s h e a r  c o r r e c t i o n  c o e f f i c i e n t  

and th e  maximum d im ens ion le ss  t r a n s v e r s e  s h e a r  s t r e s s  a r e  p re sen te d  f o r  b i 

modular lam ina tes  undergoing c y l i n d r i c a l  bending .  These s o l u t i o n s  depend on 

bimodular r a t i o ( s )  f o r  d i f f e r e n t  l a m in a t io n s .  However, i t  i s  i n t e r e s t i n g  to  

note t h a t  both th e  t r a n s v e r s e  s h e a r  c o r r e c t i o n  c o e f f i c i e n t  and the maximum

dimensionless  t r a n s v e r s e  s h e a r  s t r e s s  (ï» _) f o r  a s i n g l e - l a y e r  m a te r ia l
XZ max 

c ta re  una f fec ted  by bimodular  r a t i o ,  E /E .
2 _

For two- and t h r e e - l a y e r  l a m in a t e s ,  both K and ( t„ , )  depend upon the
XZ max

bimodular r a t i o s  and t r a n s v e r s e  shea r  moduli r a t i o s .  According to  the r e s u l t s
2

p re s e n te d ,  in  some cases  K i s  l e s s  than  th e  c l a s s i c a l  va lue o f  5 /6 .
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Table 4 .5  E f f e c t  o f  E las t ic -M odul i  Rat io on 
Dimensionless Maximum Shear S t r e s s  f o r  Three- 
Layer Laminate o f  Unimodular M a te r i a l s  
(h^/h2 = h3/h2 = 1, E^/E3=l)

E1 /E2

0 0

1/4 0.257

1/2 0.509

3/4 0.757

1 1.000

2 1.928

5 4.355

10 7.500

100 21.428

1000 26.316

27.000
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SECTION V

A NEW THEORY FOR VIBRATION OF BIMODULAR SANDWICH 

BEAMS WITH THICK FACINGS?

This s tudy  d e a l s  w i th  a n a l y t i c a l  i n v e s t i g a t i o n s  o f  t h r e e - l a y e r  beams 

w i th  cores  o f  po ly u re th an e  foam and f a c i n g s  o f  u n i d i r e c t i o n a l  c o rd - ru b b e r .  

Both o f  th e se  m a t e r i a l s  a r e  bimodular  ( i . e . ,  having d i f f e r e n t  behav io r  in  

compression as  compared t o  t e n s i o n ) .  The new theo ry  p r e s e n te d  i s  a shear -  

f l e x i b l e  lamina te  v e r s io n  o f  t h e  well-known Timoshenko beam t h e o ry ,  which,  

due to  the  b e n d i n g - s t r e t c h i n g  coup l ing  p r e s e n t  in  th e  bimodular  c a s e ,  

r e s u l t s  in  a coupled s i x t h - o r d e r  system o f  d i f f e r e n t i a l  e q u a t io n s .  In 

t h i s  th e o ry ,  a s e p a r a t e  d e r i v a t i o n  i s  p re sen te d  f o r  t h e  s h e a r  c o r r e c t i o n  

f a c t o r .  Due t o  t h e  d i s c o n t i n u i t i e s  i n  th e  n o r m a l - s t r e s s  d i s t r i b u t i o n  and 

th e  b im o d u la r i ty ,  t h e  s h e a r  c o r r e c t i o n  f a c t o r  i s  much d i f f e r e n t  than th e  

c l a s s i c a l  homogeneous-material va lue  o f  5 /6 .  R esu l t s  a r e  p re sen te d  f o r  

t h e  f r equenc ie s  o f  t h e  f i r s t  t h r e e  modes o f  v i b r a t i o n  f o r  a p in -ended 

beam w ithou t  a x i a l  r e s t r a i n t .

5.1 I n t r o d u c t io n  

S tud ies  on v i b r a t i o n s  o f  beams were c a r r i e d  ou t  as  e a r l y  as th e  

1 8 5 0 ' s .  Bresse [ 5 . 1 ]  was the  f i r s t  t o  inc lude  both th e  r o t a t o r y  i n e r t i a

^This  s e c t i o n  i s  p a r t  o f  a paper  in  Jou rna l  o f  Sound and V ib ra t io n  
( t o  appear ,  October 1983).

74
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and s h e a r  f l e x i b i l i t y  e f f e c t s  ( i n  1859).  His t h e o ry  i s ,  however, 

r e f e r r e d  t o  a s  t h e  Timoshenko-beam theo ry .  Rayleigh [ 5 .2 ]  in c luded  the  

r o t a t o r y  i n e r t i a  e f f e c t  w hi le  l a t e r ,  the  e f f e c t  o f  s h e a r  s t i f f n e s s  was 

added by Timoshenko [ 5 . 3 ] .  The f i r s t  c o r r e c t  boundary c o n d i t io n s  f o r  

t h e  Timoshenko beam were d e r iv e d  by Kruszewski [ 5 . 4 ]  in  1949. Another 

e q u a l ly  c o r r e c t  form o f  boundary c o n d i t io n s  was de r iv e d  in  1951 by 

Dengler and Goland [ 5 . 5 ] .

The e f f e c t i v e  s t i f f n e s s  o f  a bimodular  beam in  pure bending was 

analyzed  by Marin [ 5 . 6 ] .  Khachatryan [ 5 .7 ]  worked with  th e  v i b r a t i o n  o f  

B e r n o u l l i - E u l e r  bimodular  beams. Tran and Ber t  [ 5 . 8 , 5 . 9 ]  s t u d i e d  the  

bending o f  t h i c k  beams o f  b imodular  m a t e r i a l ,  w h i le  more r e c e n t l y  Ber t  

and Rebel ! 0 [ 5 .1 0 ]  i n v e s t i g a t e d  t h i c k ,  laminated  bimodular  m a te r i a l  beams.

This a n a l y s i s  in c lu d es  b imodular  c o n s t i t u e n t  m a t e r i a l s ,  t r a n s v e r s e  

s h e a r  d e fo rm a t io n s ,  and c oup l ing  and r o t a t o r y  i n e r t i a  e f f e c t s .  The 

theory developed  here  i s  a s i x t h - o r d e r  theory  which i s  an ex t e n s io n  o f  the 

f o u r t h - o r d e r  Timoshenko beam th e o ry  t o  the  case  o f  a t h r e e - l a y e r  laminated 

beam o f  bimodular  m a t e r i a l s  i n  f r e e  v i b r a t i o n .

5 .2  The New Theory 

The c o o r d in a t e  system used f o r  t h e  t h r e e - l a y e r  beam i s  shown in  Fig.  

5 . 1 ;  X and z a r e  th e  C a r t e s i a n  p o s i t i o n  c o r r d i n a t e s  along the  l e n g th  o f  

th e  beam and normal to  i t ,  measured from the midplane o f  the beam.

By Hooke's  law f o r  any p o i n t  on the  beam, t h e  a x i a l  normal s t r e s s  

and t r a n s v e r s e  s h e a r  s t r e s s  a r e  r e s p e c t i v e l y  g iven  by:

^ ( 5 .1 )

’ xz =
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BIMODULAR
FACING

FOAM CORE

Fig.  5 . 1 .  Three-layer sandwich beam.
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Let th e  tnidplane d isp lacem en ts  be u and w in  th e  x and z d i r e c t i o n s ,  

r e s p e c t i v e l y ,  and the  s lope  f u n c t io n  be Then,  th e  d isp lacem ents  a r e  

given by:

U ( x , t )  = u ( x , t )  + zti»(x,t)

W (x , t )  = w{x , t)
(5 .2 )

In th e  usual  n o t a t i o n s  o f  the  normal and t r a n s v e r s e - s h e a r  s t r e s s  

r e s u l t a n t s  and s t r e s s  coup le ,  each p e r  u n i t  w id th ,  f o r  a beam o f  t o t a l  

t h i c k n e s s  c + 2h^,  one has

[N,Q] '  I

f^+c/2

-(f^+c/2)
(5 .3 )

M = I  0 ^ z dz
-(f^+c/2)

( 5 .4 )

For a bimodular  sandwich beam, one s u b s t i t u t e s  the  express ions  (5 .1 )  in to  

Eqs. ( 5 .3 )  and (5 .4 )  and perform the  i n t e g r a t i o n s  t o  o b t a in :

where

N f A B

M j  B D

Q = Sy

midplane s t r a i n  = u 
^ »x

curvature K = if,

Y = ij; + w

(5 .5 )

(5 .5 )

( 5 . 7 )

,x
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and ( ) denotes  t h e  p a r t i a l  d e r i v a t i v e  w ith  r e s p e c t  to  x.  The

e x t e n s i o n a l ,  f l e x u r a l - e x t e n s i o n a l  co u p l in g ,  and f l e x u r a l  s t i f f n e s s e s  

(p e r  u n i t  wid th )  f o r  a laminated  beam a re  r e s p e c t i v e l y  d e f ined  by:

h^+c/2

[A,B,D] = I  [ l , z , z 2 ]  E dz (5 .8 )

- (h f+c /2 )

The t r ansve r se  shea r  s t i f f n e s s  ( a l s o  per  u n i t  width)  i s

. h .+c /2
S = I  G dz (5 .9 )

- ( h f  +c /2)

In the  case  o f  a bimodular sandwich beam, th e  in t e g ra t io n s  in  

Eqs. (5 .8 )  and ( 5 .9 )  must be c a r r i e d  ou t  in  a p iecew ise  f a s h io n  from 

one la ye r  to  the  nex t ,  tak ing  in to  account  tension  o r  compression w i th in  

appropr ia te  po r t ions  o f  a fac ing .

The equations  of  motion with coupling and r o t a t o r y  i n e r t i a s  

taken in to  account  can be w r i t t e n  as :

'  ’’“ .t t  + R».tt 

Q_, .  (5 .10 )

" . X  -  0 = ' * . «  *  " “ . t t

Here,  P, R, and I a r e  the  t r a n s l a t i o n a l ,  coupling ,and r o t a t o r y  i n e r t i a  

c o e f f i c i e n t s  per  u n i t  midplane a rea  and are  defined as :

.h f+c/2

[ l , z , z 2 ] p d z  (5 .11)

(hf+c /2 )

Now, s u b s t i t u t i n g  Eqs. (5 .7 )  i n t o  Eqs. (5 .5 )  and ( 5 . 6 ) ,  we 

ob ta in  N, M, Q in  terms of  the displacements and slope:
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N = Au + B-4*
j  A jA

M = Bu + Di (5 .12)
jA  # A

q = s(v + w )
Using Eq. (5 .12)  in  Eqs.  ( 5 .1 0 ) ,  we g e t  th e  eq u a t io n s  o f  motion a s :

A".XX * B*.x% '  P u . t t  + R * . t t  (5 ' 3 )

S (* .x  *  “ .xx> = ’’" . t t  <3.14)

3“ ,xx + 0» .xx -  3<* + " ,x> = ' ♦ . t t  * K " , t t  <3-’ 3)

The boundary c o n d i t i o n s  f o r  a f r e e l y  suppor ted  beam a r e  as f o l l o w s :

At X = 0 , X = £

N = 0 , w = 0 , M = 0

The govern ing e q u a t io n s  and boundary co n d i t io n s  a r e  e x a c t l y  s a t i s f i e d  

in  c lo sed  form by th e  fo l low ing  s e t  o f  f u n c t i o n s :

u = U cos a x  cos wt (5 .16)

w = W s in  ax cos wt (5 .17)

i/i = X cos ox cos  wt (5 .18)

-  -  -  • f h

where Ü, W, X a r e  independen t  o f  x and t  and f o r  t h e  m mode a = mn/L.

By us ing  the  f i r s t  o f  Eqs. (5 .2 )  along  with  the  f i r s t  o f  Eqs. ( 5 . 7 ) ,  

f i n d  t h a t  the  n e u t r a l -  

c o n s t a n t  value  given by:

we f in d  t h a t  the  n e u t r a l - s u r f a c e  p o s i t i o n  a s s o c i a t e d  with  = 0 has a

C  = -  " . x / * . x

*For normal u n ia x ia l  load ing  with  a 0° o r  a 90° f i b e r  o r i e n t a t i o n ,  
" rx  = "„y  '  ( see
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and by Eqs .  ( 5 . 1 6 )  and ( 5 . 1 8 ) ,

= -  U/X = B/A ( 5 . 1 9 )

Thus,  A, B, and D a r e  c o n s t a n t  and Eqs. ( 5 . 1 6 ) - ( 5 . 1 8 )  can be s u b s t i 

t u t e d  i n t o  Eqs.  ( 5 . 1 3 ) - ( 5 . 1 5 )  t o  o b ta in :

Aa^ -  Püi- 0 Ba- -

0 Sa^ -  Pdj  ̂ Sa

Ba2-Ru)2 So S + Do^-Iaj2

which im plies  by Eq. (5 .19)  t h a t :

,  _  Ba: -  Rw2
n Aa- -  Pu-

U

W

X

0

0

0

(5.20)

(5 .21)

Equation (5.20) can be solved by s e t t i n g  the determinant  of  the 

c o e f f i c i e n t s  to  ze ro .  Hence, one obta ins  an equation in terms o f  the 

frequency as fo l lows:

where

ii)° + + qu- + r  = 0

g = o2{R(SR+2BP) -  P ( P D + I A + I S ) }  -  P^S 

P ( IP - R 2 )

Z = o2[a2{IAS _ 2BRS + P(AD + SO - B ^ ) } 4 PAS]

(5 .22)

P ( IP -R 2 )
(5 .23)

~ _ Sa°(B- -  AD)

P ( IP -R 2)

An i t e r a t i v e  techn ique  i s  used t o  f in d  the r e s o n a n t  f r e q u e n c i e s  o f  the  

beam. An i n i t i a l  value  o f  z„ (say  2 ^ = 0) i s  assumed and va lue  o f  the  

lowes t  p o s i t i v e  r o o t ,  i s  de te rmined .  With t h i s  va lue  o f  w^, a new 

value o f  z^ i s  c a l c u l a t e d  and checked with  th e  p rev ious  va lue  o f  z^ .  I f
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t h e  agreement between th e s e  two a r e  n o t  good w i th i n  a p e r m i s s i b l e  e r r o r  

r ange ,  t h i s  new va lue  o f  would be t h e  nex t  guess .  The cy c l e  i s  then  

rep ea ted  u n t i l  converges .  At t h a t  s t a g e ,  t h e  lowes t  p o s i t i v e  r o o t  o f  

th e  polynomial i s  t h e  n a t u r a l  f requency  f o r  th e  given mode. A f t e r  a 

number o f  i t e r a t i o n s ,  i f  no convergence  i s  obse rved ,  the  p e rcen tage  e r r o r  

i s  inc re ased  and the  i t e r a t i o n s  a r e  r e p e a te d  u n t i l  converges .

5 .3  D iscuss ion  o f  Resu l t s

In the  fo l l o w i n g ,  t h e o r e t i c a l  r e s u l t s  a r e  p re sen te d  f o r  a t h i c k  

( t / ( c + 2 h ^ ) = 5 .3 )  t h r e e - l a y e r  beam w i th  a r e c t a n g u l a r  c ro s s  s e c t i o n .  The 

core  i s  c o n s t r u c t e d  o f  po lyure thane  foam and th e  f a c i n g s  a r e  made o f  

a ram id -co rd - ru b b e r  ( see  [ 5 . 1 1 ] ) .  The s h e a r  c o r r e c t i o n  c o e f f i c i e n t s  were 

ta ken  to  be: (1)  0.6913 f u r  the  beam w i th  0° f a c i n g s ,  (2)  1.0487 f o r  the

beam with  90° f a c i n g s  ( see  Appendix H).

Comparisons a r e  made between t h e  c lo sed - fo rm  s o l u t i o n  and e x p e r i 

mental da ta  [ 5 .1 1 ]  f o r  a f r e e l y - s u p p o r t e d  t h r e e - l a y e r  beam.

0°-Facinq  Beam

For the  0 ° - f a c i n g  beam, t h e  p r e s e n t  theo ry  p r e d i c t s  n a t u r a l  f r e 

quencies  f o r  t h e  t h r e e  modes measured t h a t  i s  in  e x c e l l e n t  agreement with  

the  exper imenta l  va lues  ( s ee  Fig .  5 . 2 ) .  The th e o ry  p r e d i c t s  t h a t  th e  

n e u t r a l  s u r f a c e  l i e s  w i th in  th e  co re  and moves away from th e  middle s u r 

f a c e  as the  f requency  i n c r e a s e s  ( see  Table 5 . 1 ) .

90°-Fac inq Beam

In the  c a s e  o f  t h e  9 0 ° - f a c in g  beam. Fig.  5 .3  i n d i c a t e s  t h a t  the  

th e o ry  p r e d i c t s  much lower n a t u r a l  f r e q u e n c i e s  than  the  exper imenta l  

v a l u e s ,  with  th e  n e u t r a l  a x i s  f a l l i n g  w i th in  t h e  c o re .  Here,  aga in  the
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Table 5 . 1 .  E f f e c t  o f  Frequency on N eu t r a l -  
Surface Location

0° Facing 90° Facing
F r e q . , Hz Zn/H F req . ,  Hz z^/H

329.6 0.1990 108.8 0.0100
820.7 0.2002 386.8 0.0104

1301. 0.2006 756.2 0.0108

Table 5 . 2 .  E f f e c t  o f  Shear Correct ion C o e f f i c i e n t  
on Resonant Frequencies (0° Facings)

k2
Resonant Frequency, Hz

1 s t  mode 2nd mode 3rd mode

0.1 163.1 341.0 516.0

0.2 218.5 474.9 724.7

0 .3 254.6 572.8 881.3

0 .4 280.9 651.5 1010

0.5 301.2 717.6 1122

0.6 317.4 774.7 1220

0.7 330.6 824.8 1308

0.8 341.7 869.4 1388

0 .9 351.1 909.3 1462

1.0 356.8 940.3 1524
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ne u t ra l  s u r f a c e  moves away from th e  middle s u r f a c e  o f  the  beam as the  

frequency i n c r e a s e s  (Table 5 . 1 ) .

The dynamic behav ior  o f  th e  rubber  m a t r ix  was i n v e s t i g a t e d  f o r  t h i s  

o r i e n t a t i o n  o f  th e  fac ing  f i b e r s .  Rough v a lues  f o r  the  dynamic h ig h e r  

r e sonan t  f r e q u e n c i e s  ( a t  any given mode) f o r  the  0 ° - f a c i n g  sandwich beam 

than  f o r  th e  9 0 ° - fa c in g  beam.

F i n a l l y ,  th e  e f f e c t  o f  s h e a r  c o r r e c t i o n  c o e f f i c i e n t  on th e  n a t u r a l  

f r e q u e n c i e s  was s t u d i e d .  For th e  case  o f  90° f a c i n g s ,  no d r a s t i c  change 

in frequency was found whereas f o r  the  0 ° - f a c i n g  c a s e ,  a c o n s id e r a b l e  

d i f f e r e n c e  was p r e d i c t e d  by th e  th e o ry  as one can see in  Tab le  5 .2 .

5 .4  Conclusions

The v i b r a t i o n  o f  a t h i c k  sandwich beam made o f  bimodular  m a te r i a l  

with  r e c t a n g u l a r  c ro s s  s e c t i o n  was s t u d i e d .  A new s i x t h - o r d e r  theo ry  

based on shear-deformable -beam th e o ry  was o f f e r e d  f o r  a f r e e l y  suppor ted  

beam. In a d d i t i o n ,  a s t a t i c  s h e a r  c o r r e c t i o n  c o e f f i c i e n t  was a p p l i e d .  

Experimental  d a t a  f o r  th e  f i r s t  t h r e e  modes agree  with t h e  c lo sed - fo rm  

s o lu t i o n  i n  t h e  case  o f  0° f a c i n g s .  For 90° f a c i n g s ,  th e  computed 

resonan t  f r e q u e n c i e s  a r e  c o n s id e ra b ly  lower than  those  measured e x p e r i 

m en ta l ly .  The reason f o r  the  lower p r e d i c t i o n s  could be a t t r i b u t e d  to  

the  dynamic change in  Young's modulus f o r  rubbe r  ( f a c i n g s ) .  The e f f e c t  

o f  s t a t i c  s h e a r  c o r r e c t i o n  c o e f f i c i e n t  was i n v e s t i g a t e d  f o r  t h e  0° 

f a c in g s .
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SECTION VI 

CONCLUSIONS

A t r a n s f e r - m a t r i x  f o rm u la t io n  o f  eq u a t io n s  governing a t h i c k ,  

r e c t a n g u l a r - c r o s s - s e c t i o n ,  mul t imodula r  beam i s  p re s e n te d .  To check the  

t r a n s f e r - m a t r i x  r e s u l t s ,  a c lo sed - fo rm  s o l u t i o n  i s  developed f o r  the  

s p e c ia l  c a se s  in  which t h e  n e u t r a l - s u r f a c e  l o c a t i o n  i s  c o n s t a n t  along the  

beam a x i s .  I t  i s  noted t h a t  th e  t r a n s f e r - m a t r i x  fo rm ula t ion  p resen ted  

here  does n o t  have load ing  and edge c o n d i t io n  l i m i t a t i o n s .  The t r a n s f e r -  

m a t r ix  s o l u t i o n s  a r e  found t o  be in  c lo se  agreement with  th e  c losed- form 

s o l u t i o n  f o r  a tw e n t y - f i v e - e le m e n t  mesh.

Also,  c lo sed - fo rm  s o l u t i o n s  f o r  the  Timoshenko-type s h e a r  c o r r e c t i o n  

c o e f f i c i e n t  and th e  maximum d im ens ion less  t r a n s v e r s e  shear  s t r e s s  a re  

p resen ted  f o r  bimodular  l a m in a te s  undergoing c y l i n d r i c a l  bending.  These 

s o l u t i o n s  depend on b imodular  r a t i o ( s )  f o r  d i f f e r e n t  l a m in a t io n s .  Based 

on t h i s  more a c c u r a t e  p r e d i c t i o n  o f  shea r  c o r r e c t i o n  c o e f f i c i e n t  f o r  b i 

modular  m a t e r i a l s ,  a new t h e o ry  i s  developed f o r  the  v i b r a t i o n  o f  a b i 

modular  sandwich beam w i th  t h i c k  f a c i n g s .  Experimental  r e s u l t s  have shown 

much b e t t e r  agreement w i th  t h i s  new theory  than  c l a s s i c a l  sandwich th e o ry .

8 8
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APPENDIX A

LINEAR APPROXIMATIONS TO THE STRESS-STRAIN CURVE

1. Mult imodular  Case

Cons ider  the  n o n l i n e a r  s t r e s s - s t r a i n  curve shown in  Fig .  A . I .  For 

a r b i t r a r y  p o in t  (e^ ,c  

s t r a i g h t  l i n e s  such t h a t

any a r b i t r a r y  p o in t  in t h e  t e n s i o n  reg ion  (e 0 ) ,  t h e r e  a r e  two

The equa t ion  o f  a s t r e s s - s t r a i n  curve as expressed  in  [ 2 .1 7 ]  i s

o( e ) = ; e ^  0 (A.2)

where K and n a re  c o n s t a n t s  depending on th e  m a t e r i a l .  To f i n d  the  p ro 

per  "break  po in t "  the  a rea  between the  approximated curve g(e)

and the  ac tu a l  exper imenta l  curve o (e )  has to  be minimized.  The men

t ioned  a r e a  can be expressed

A =
f f

Cg-lCc) - o(E ) ]de  + j [gigle) -  o ( e ) ]d e  (A.3)

S u b s t i t u t i o n  o f  Eqs. ( A . l )  and (A.2) i n t o  Eq. (A.3) and t a k in g  th e  i n t e 

g r a t i o n s  g ives

n+1 1 * t/ ^ n+1 n+1_ 1 t  t  K , t
n+1 ( g^) + ^  + -  ( g^) ]

(A.4)

By se a rc h in g  in  the  reg io n  o f  n i  x ( 0 ,o ^ ^ ) ,  one i s  ab le  to  f in d

a p o in t  ( e^ , o^) such t h a t  A i s  minimized l o c a l l y .  Note t h a t  a few o t h e r  

methods ( e . g . ,  l e a s t - s q u a r e s  method) have been t r i e d  bu t  i t  tu rned  out
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Fig .  A.l Multimodular model.

Fig.  A.2 Bimodular model.

F ig .  A .3 Unimodular  model .
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t h a t  the  a b s o lu t e  minimum p o i n t  was o u t s id e  o f  t h e  reg ion  n.

2.  Bimodular Case

For t h i s  c a s e ,  th e  l e a s t - s q u a r e s  method has been used.  As shown in Fig .  

A .2 ,  t h e r e  i s  a l i n e  such t h a t

I =

t

2
b 

0
[ E . -  Kc"]  de  ( A . 5)

can be minimized in n .  Here,  i s  the  s lope  of  t h a t  l i n e .  By ta k ing  

t h e  d e r i v a t i v e  o f  Eq. (A.5) and equa t ing  i t  t o  z e r o ,  one has

t

[E^j^e -  K e " ] e  de = 0 (A.6)

^ f

By solv ing Eq. (A.6) f o r  E^^, one o b ta in s

E b '  = a i r  ( = f ' ) " " '  (A'7)

For example, f o r  a ramid-rubber in  the  ten s ion  reg ion  (see [ 2 . 1 7 ] ) ,  t h e  

fo l lowing parameters  a re  found: 

n^ = 1.22

= 1.1 X 10® psi 

e^^ = 0.029

(0.029)1-22-1  = 0.47x10® psi

An analogous c a l c u l a t i o n  can be app l ied  fo r  the compression s ide  of  the  

bend, i . e . ,  Ê "" can be found, provided t h a t  K^, n^ ,  and a re  known.
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3. Unimodular Case

Using th e  same method as in Case 2 and assuming only  one l i n e ,  which 

passes through the  o r i g i n ,  to  approximate both t e n s i o n  and compression 

regions  {Fig.  A.3 ) ,  one has

0 E t

I = [ [K E ^ -  Eg] de + [ [K.c ^ -  Ee]^de (A.8)

and, then

t0 E,

dE
G.

f " r  r f
2e[J (K^g -  Ec)e de + j (K^g -  Ee)e dc]  = (A.9)

' f

Solving Eq. (A.9) f o r  E, one o b t a in s

E = 2 [ H ^  ^  (A.10)

NOTE: In th e  p r e s e n t  computa t ions ,  the  values  of  g^^ and e^^ considered

are as fo l low s :

G^^ = -  0.046 ; = 0.029

The co n s tan t s  K^, K^, n^ ,  and n^ a re  l i s t e d  in [ 2 . 1 7 ] .
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APPENDIX B

THE BEAM STIFFNESSES FOR RECTANGULAR-SECTION 

BEAMS OF MULTIMODULUAR MATERIALS 

For the  assumed four-segment model, t h e r e  a re  two d i f f e r e n t  bending cases 

in g e n e ra l ,  convex downward and concave downward bending.  In convex down

ward bending,  the  top  l a y e r  o f  a beam i s  in compression and the  bottom la y e r  

in  t e n s io n .  Converse ly,  in  concave downward bending,  the  top l a y e r  of  th e  

beam i s  in  t e n s i o n  and the  bottom l a y e r  i s  in  compression.

Depending on th e  l o c a t io n  of  z^ ,  a^ ,  and a^ in vs z ,  e i g h t  d i f f e r e n t  

cases might occur .  For example, f o r  convex downward bending,  co n s id e r  the 

case when z^ ,  a^ ,  and a^ a re  in the  range of  -h /2  and h/2  (see Fig .  2 . 3 ) .  

S u b s t i t u t i o n  o f  Eq. ( 2 .2 )  i n t o  Eq. (2 .10)  and us ing  Eqs. ( 2 . 3 ) ,  ( 2 . 4 ) ,  

and (2 .5 )  l e ads  to

N =

- h / 2
[<Ei*'(ac -  Zn^ + c E 2 ^ ( z - a ^ ) ] d z  + :E, (z  -  z „ ) d z  + *KE^^(z-z^)dz

h/2

I  [ icE ^^ (a^ -z^ )  + kE2 ^(z -  a^ ) ]dz (B . l )

and

®c / n
M = I [<E^‘̂ ( a ^ - z ^ )  + KE2 ‘̂ ( z - a ^ ) ] z  d z + J  <E^*^(z -  z ^ ) z  dz

-h /2  a^

h/2

<E-| ( z  -  z ^ ) z  dz + [<E^^(a^-Zj^)  + <E2 ^ ( z - a ^ ) ] z  dz (B.2)
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Equations (B . l )  and (8 .2 )  can be w r i t t en  in the  fol lowing form

= ( - < z^ )  { [ j   ̂ Eg^dz + I  " E^Cdz + j   ̂ E^^dz

h/2

-h /2

f c c 
+ [ -  Ep dz +

i h / 2

Eo^dz]

“n “t

h/2 h/2
E^Cdz +

+ (<) {[ Eo z dz +
-h /2

-h /2

E^'-z dz +

E^^dz - Eg^dz]}

t
h/2

^ E ^ S d z + l  Eg^z dz]

+ [ Eg^a^dz - I E^^a^dz + | E^^a^

-h /2  -h /2  a .

h/2 h/2

dz - Eg^a^dz]}

(B.3)

M = ( - K Z j  {[ Eg^z d z +

-h/2

h/2
E^^z dz +

+ [- Eo z dz +

\ ^ ^ z d z  + |  Eg^z dz]

'n H

h/2 h/2

E,^z dz +

-h /2  -h /2
E ^ ^ z d z - j  E g ^ z d z ] }

a z a. h/2

+ (<) { [ |  Eg^z^dz + I  E^Cz^dz + I  E^^z^dz + |  E g V d z ]
-h/2

+ [ EgC^^^z -  E^^a^dz + 
-h /2  -h /2

h/2 h/2
E^^a^dz - I Eg^a^dz]}

(B.4)

Combining Eqs. (2 .9 )  and ( 2 . 1 1 ) ,  one get s
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(B.5)

(B.6)

Comparison of  Eqs. (B.3)  and ( 8 .5 )  with  Eqs. (B.4)  and (B.6) and con

s i d e r i n g  Eqs. (2 .12)  and ( 2 . 1 5 ) ,  one f i n d s  t h a t

' a = 1 - E z ' td z
-h /2

-h/2

/ c

h/2

(E

+
h/2

‘t

h/2

, ‘ - E 2 ‘ )

(E , ‘ - E 2 ‘ )a^d2

(E
-h /2

_E2 C)z dz+ I  (E^t - E g t j z  dz

(B.7)

M c CCq = J  (Eg: .E ,C)acZ  dz +
-h /2

( E i ^ - E 2 ^)a^z  dz

As mentioned b e fo re ,  e i g h t  cases  may occur depending on the  l o c a t io n  of  z^ ,  

a^ ,  and a^ .  These cases  have been analyzed as t h e  same as th e  general  case 

as  fo l lows ( f o r  convex downward bending)

Case 1:

e E ^ ^ l ^  + E2^ ( c j ^ - c / )  -h /2  < z < h/2

t

(B.B)

A' = hE1
B' = h a t ^ E ^ t .  Egt) 

B" = 0

O' = h^Egt/ZA

(B .9)
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h/2-h /2

Fig .  B.l  S t r e s s  d i s t r i b u t i o n  f o r  Case 1

h/2
-h /2

Fig .  8 .2  S t re s s  d i s t r i b u t i o n  f o r  Case 2.

z

h/2-h /2

F i g .  8 . 3  S t r e s s  d i s t r i b u t i o n  f o r  Case 3,



97

Case 2:

^1 + ^2 (=x -= 1  ) * t  -  z :
H  (B.IO)

E X  - h /2  < Z < 3 ;

A' = hE^

1

t

B' = -  ( E ^ ^ - E 2 ^ ) ( h / 2 - a ^ ) 2 / 2  ( B . l l )

B" = 0

D' = [h^(E ^^+E 2^) /8  + a^ .^ (E 2^ -E ^^ ) /2 ] /3  + h ^ a ^ ( E / -  E2^)/8

Case 3:

h \^  + C2*^=x -  =1^) -  z -  h/2

a =<! < z < a^ ( 8 . 1 2 )

£ ] %  - h / 2  1 =  1  =n

A* = h(E^^+ E^^) /2  + z^ tE^C- E^t)

B' = [hZfEgt  - E , C ) / 2  + a ^ ( h - a ^ ) ( E ^ ^ - E 2 ^  + z^2 _ 2 ^ t j ^ ^ 2

B" = ( E ^ ^ - E ^ ‘̂ ) ( h 2 / 4 - z ^ 2 ) / 2  (8 .13)

D' = [h^(E^‘̂  + E2^)/8 + a^ ^ (E 2 ^ -E ^ ^ ) /2  + z^^(E^‘̂  - E^^)] /3  

+ h 2 a^ (E ^ ^ -E 2 ^ ) /8

Case 4:

This case i s  th e  general case  ( see  Fig. 2 .3 )  which has been d i s c u s s e d  in 

d e t a i l  e a r l i e r  in t h i s  Appendix.

Case 5:

=n 1 z 1 h/2
c ,  = ^ E , %  - 3 ;  1  2 1  z ,  ( B . 1 4 )

El^=l^ + -G ]^ )  -h /2  < z < a^
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A' = h ( E i t + E , C )  + - E ^ t )

B' = [h2 (E ^ t_  E2C)/4 + z / ( E ^ ' = - e / )  + a ^ ( a ^ + h ) ( E ^ ' ' -  E2‘" ) ] /2  

B" = (E^t _ E^‘̂ ) ( h 2 / 4 - z^2 ) /2  (^ .15)

D' = [ h 3 ( E , t +  EgC) + z ^ ^ fE ^ C -E ^ t )  + -  E2^ ) /2 ] /3

-  hSacfE^c -E^Cj/B

Case 6:

 ̂ '-1 *c -  ^ -Ei^E^ au < z < h/2
O; =< (B.16)

^1 h  ( : x - = l  ) -h /2  1  Z 1

A' = hE^c

B' = ( E , c -  E 2 = ) ( h /2 + , c ) 2 / 2  ( g . , , ,

B" = 0

O' = [h3(E]C + E2C)/8 + -  h^a^CE^'^ -  E2‘̂ )/8

Case 7;

Gx = El*" + EgCfe,  -  -h /2  < Z < h/2  (B.18)

A' = hE,c

B- = h a c ( E , c .  Eg:) (B.19)

B" = 0

D' = ^^82^/24

Case 8:

=n 1  :  1  h/2

- h / 2  2  z ^  z^

(B.20)
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-h /2 h/2

Fig. B.4 S t r e s s  d i s t r i b u t i o n  f o r  Case 5.

2

-h /2 h/2

Fig. B.5 S t r e s s  d i s t r i b u t i o n  f o r  Case 6.

-h /2
h/2

Fig .  B.6 S t r e s s  d i s t r i b u t i o n  f o r  Case 7.
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A'

B‘

B'

D'

= h ( E /  + E,C) + Zn(E,c -  E ^ )

= (E^ t  _ E,C)(hZ/4 -  z ^ ) / Z  

= (E^ t  .  EiC)(hZ/4 -  z / ) / 2  

= [h 3 (E ^ t  + E ,C)/8  + z^^fE /c  _ E^ * ) ] /3

(B.21)

For concave downward bending,  one i s  ab le  t o  d e r i v e  s i m i l a r  equa t ions  

f o r  s t i f f n e s s e s  by conver t ing  as  fo l low s :

1 1

-h /2 h/2

z

Fig .  8.7 S t r e s s  d i s t r i b u t i o n  f o r  Case 8.
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APPENDIX C

COMPUTATION OF z^ ,  a^ ,  AND

For mul t imodula r  beams,  th e  fo l low ing  eq u a t io n  i s  n o t  s u f f i c i e n t  

t o  de termine  th e  n e u t r a l - s u r f a c e  l o c a t i o n  z n

2 = B'M -  D'N / r
^n A'M -  B"N

even f o r  c a s e s  where N = 0

z^ = B ' /A '  (C.2)

Two more eq u a t io n s  a r e  needed f o r  computing z^ because th e  s t i f f n e s s e s  

a r e  n o t  only  dependent  on z^ b u t  they  a r e  fu n c t i o n s  o f  a^ and a^ as 

w e l l .  D iv id ing  Eq. ( 2 .4 )  by Eq. (2 .6 )  and Eq. (2 .5 )  by Eq. (2 .7 )  and 

s o lv in g  f o r  a^ and a ^ ,  one can g e t  ( f o r  t h e  convex downward case)

= (c iC /C fC )(h /2  + z^) -  z^ (0 .3 )

a t  = ( e ^ V t / ) ( h / 2  -  z^) + z^ (0 .4 )

For the  concave downward case

= (c^ ‘̂ / e ^ ) ( h / 2  -  z j  + (0 .5 )

a^ = ( e - , V e ^ ) ( h / 2  + z j  -  z^ (0 .6 )

The system o f  n o n l i n e a r  Eqs. ( 0 . 1 ) ,  ( 0 . 3 ) ,  and (0 .4 )  f o r  t h e  convex 

downward c a s e ,  o r  Eqs. ( 0 . 1 ) ,  ( 0 . 5 ) ,  and ( 0 .6 )  f o r  the  concave down

ward c a s e ,  can be so lved  by us ing  i t e r a t i o n  o f  the  Gauss-Seidel  type  

[2 .22].
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APPENDIX D

ARBITRARY CONSTANTS AND PARTICULAR SOLUTIONS

The va lues  o f  c o n s t a n t s  C^, Cg, Cg, C^, , and dg f o r  the  v a r io u s

boundary c o n d i t i o n s  cons ide red  a r e  l i s t e d  below.

1. Hinged-Hinged ( f r e e  to  move a x i a l l y  a t  x = L )

(=1 = -  Up(0)

Cg = -  (Cgt + C^£^) -  [Wp(z) -  Wp(0)]/i

C3 = [ t p , x ( i ) / 2 ] -  ( 0 . 1 )

^4 " 6£(A‘D‘^-B’ B“ y (B ' [Up ,x (% )-  " p , x ( ° ) ]  + D ' [ t p , x ( z )  -  * p ,x (0 ) ] )

d-, = -  Up(0)

dg = -  [Up x ( i )  + (SB ' /A ' jC ^ i ]

2. Clamped-Free

Ĉ  = - Wp(0)

^2 " '  Wp,x(%) - *p(%) + 4^(0)

^3 2(B’B" -  A'D')  [*p ,x (^ )

^4 6 [ F T ' : & W T  ^^2 ■

(0 .2)

di = -  Up(0)

^2 ^ " " p ,x ( " )  * B'B" - A'D' [*p ,x (^ )
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3. Clamped-Clamped ( f r e e  t o  move a x i a l l y  a t  x=  L)

Cl = -  Wp(0 )

Cg = c ,  + , p ( o )  (D.3)

C3 = [Up(G) -  Up(z) -  ( 3 B 7 A ’ )C ^ t^ ] /2 t

C4 = sA 'z -  -^Î2{B‘B" - A ' D ‘ ) t^p(O) -  2 [W p(0)-W p(£)] / i}

d-, = - Up(0)

dg = [Up{0) -  Up(z) -  ( 3 B 7 A ‘ )C4Z^]/Z

The p a r t i c u l a r  s o lu t i o n s  f o r  uniform and s in u s o id a l  normal load are  as 

l i s t e d  below.

For uniform normal load q(x) = q^:

B 'q .  3
"p(*) " 5(A'D'°- B'B") *

X -  6 (A“'D‘°- B'B") (0-4)

A'q^ 4

Wp(x) = 24(A‘D' -  B'B") ^

For normal load q(x) = q^ s i n  ax,  where a = n%/Z:

B'q
"p(*) “ o ^ l A 'D ' -  B'B")

A 'q .
»p(*) '  -  a ' ( A ' D ' - B'È") “

1 A ^
Wp(*) " ?^{A'D‘ -B 'B 'T  a*]

(D.5)
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APPENDIX E

TRANSFER MATRICES FOR DEFLECTION OF 

A MULTIMODULAR BEAM

The e q u i l i b r i u m  e q u a t io n s  f o r  each s t a t i o n  can be w r i t t e n  in  m a t r ix  

n o t a t i o n  as  fo l l o w s :

U

W

N

' q I

M

1

1 0 0 0 0 0 0 / "
0 1 0 0 0 0 0 1 w

0 0 1 0 0 0 0

0 0 0 1 0 0 0 / N

0 0 0 0 1 0 As jo
0 0 0 0 0 1 0 1
0 0 0 0 0 0 1 11

( E . l )

where q i s  the  conce n t ra te d  load a t  each s t a t i o n .  In more compact form

R L
[S ] .  = [ T s ] . [ S ] ,

1 (E.2)

The m a t r ix  [T^],  i s  known as the s t a t i o n  m a tr ix .  In m a tr ix  n o t a t i o n  the

equ i l ib r iu m  equat ion  f o r  each f i e l d  under a d i s t r i b u t e d  load q(x) i s
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' u ' 1 0 0 B'At
Y

B'(AZ)2
2y

-0'A2
Y

-B'AÎ. 1, 
2y m

'  U '

w 0 1 -ÛÎ, A'(A£)2
2y

rA£,.A'(AJc)3T 
*-5 4y J

-B'(A%)2
2y

-A ' (A t ) :
4y m

At 
~ 25 ^q

w

0 0 1 -A'At
Y

-A '(At)2
2y

B'At
Y

A'A£ » 
2y m 'i'

N >. = 0 0 0 1 0 0 0 < N I

Q 0 0 0 0 1 0 Q

M 0 0 0 0 A% 1
-Km M

•+i
0 0 0 0 0 0 1

-
i

. 1 >
i

where

Y E B'B" -  A'D'

M

q ( s ) d r
G

LZ
5q(c)d5

0

(E.3)

(E.4)

Values o f  and f o r  var ious  loadings  are l i s t e d  in Table 3. Equation 

(E.4)  a l s o  can be w r i t t e n  as

The matr ix  [T . ]  i s  c a l l e d  th e  f i e l d  m a tr ix .  
J ^

( E .5 )



106

APPENDIX F

TRANSFER MATRIX FORMULATION FOR VIBRATION 

OF A MULTIMODULAR BEAM

Under harmonic e x i t a t i o n ,  t h e  s t e a d y - s t a t e - r e s p o n s e  d i sp lacem en ts  u,  

w and V a r e  assumed to  be hamonic in  t ime .  T h e re fo re ,  Eqs. (3 .1 )  can be 

w r i t t e n  as

N V ■ ■ -  n^R^ ; Q ^ -  nZPw -  q ( x , t )
f A  j A

M -  Q = -  n^Rü -  n%I^
» X

( F . l )

where a l l  o f  th e  ba r red  q u a n t i t i e s  a r e  am p l i tu d es ,  i . e . ,  N (x , t )  = N(x) 

s i n  n t ,  e t c .  The c o n t i n u i t y  a t  each  s t a t i o n  im pl ie s

0,'* = , = î i ' ( F . 2)

(R and L denote  r i g h t  and l e f t ,  r e s p e c t i v e l y )

Also ,  Eq. ( F . l )  in  f i n i t e - d i f f e r e n t i a l  form f o r  each s t a t i o n  i  i s

N-*̂  = N >  -  nZpü.L ; Q.R = Q.^ -  cfPw.L -  Q.

M.^ = M ^  -  ofRUjL _

(F.3)

where i s  th e  c o n ce n t ra te d  load  ampli tude a t  s t a t i o n  i .

Equa tions  (F .2 )  and (F .3 )  a r e  w r i t t e n  in  m a tr ix  n o t a t i o n  as

w

'f'
R > = 

Q 
M

U V

" l 0 0 0 0 0 o ' fô] I
0 1 0 0 0 0 0 w
0 0 1 0 0 0 0 4̂

-&2p 0 -nfR 1 0 0 0 < N r
0 -nzp 0 0 1 0 Qi Q

-nZR 0 - n ^ i 0 0 1 0 M
0 0 0 0 0 0 1

i
1

V i

(F .4 )
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R L
[ S ] .  = [T^].  [ S ] .

where [T ]  r e p r e s e n t s  s t a t i o n  m a tr ix  a t  s t a t i o n  i .  I t  should be noted 
^ i

t h a t ,  in  a c t u a l i t y ,  due t o  t h e  n o n l i n e a r i t y  o f  th e  m a t e r i a l ,  t h e  g e n r a l i z e d  

d i sp lacem en ts  a r e  no t  harmonic in  t ime.
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APPENDIX G

DETAILED DERIVATIONS

In the  fo l l o w in g ,  d e t a i l e d  d e r i v a t i o n s  f o r  un imodular  and bimodular  

la m ina tes  a r e  g iven .  Three types  o f  lam ina t ion  a r e  c o n s id e re d :  S i n g l e 

l a y e r ,  tw o - la y e r ,  and t h r e e - l a y e r .  In the  l a t t e r  two c a s e s ,  a l l  l a y e r s  

a re  assumed to  be o f  the  same t h i c k n e s s .  Also,  in  t h e  bimodular  c a s e s ,

the  e f f e c t  o f  b im o d u la r i ty  on e l a s t i c - s h e a r  moduli i s  ignored  ( s in c e  f o r
t  cmost of  m a t e r i a l s  G /G = 1 ) .  F u r t h e r ,  in  th e  b im odula r  a n a l y s e s ,  a x i a l  

f o rce  i s  assumed t o  be z e ro .

1. S ing le -Layer  (Bimodular  M a te r i a l )

Normal and s h e a r  s t r e s s  d i s t r i b u t i o n s  f o r  s i n g l e - l a y e r ,  bimodular  

m a te r i a l  a r e  shown in  Fig .  G . l .  S ince  the  a x i a l  f o r c e  i s  taken to  be 

z e ro ,

h t  0 h^

N = j  0% d z '  = K [ j  e S '  d z '  + I  E^z' d z ' ]  = 0 (G . l )

-he 0

Using the  f a c t  t h a t

h = h^ + hj. (G.2)

one can i n t e g r a t e  Eq. (G . l )  t o  o b ta in

hL/h = — !-----  , h j h  = (G.3)
^ 1 + /g  ^ 1 + /g

where g i s  the  bimodular  e l a s t i c - m o d u l i  r a t i o  d e f in e d  as

g = E^/Et

From Eqs. (4 .6 )  and ( 4 . 9 ) ,  one has
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D = {e\ ^  + E^h^^)/3 (G.4)

(  EC( z ' ) 2  -  -  h < z ' < 0

b = l  (G.5)
(  E ^ ( z ' ) ^  -  0 < z '  <

s u b s t i t u t i o n  o f  Eqs. (G.4) and (G.5) i n t o  Eq. (4.15)  and us ing  Eq. (G.3) 

le ad s  to

= 5 /6  (G.6)

A lso ,  u s ing  Eqs. ( 4 . 1 9 ) ,  ( 4 . 2 0 ) ,  (G .3 ) ,  (G .4 ) ,  and (G .5 ) ,  one has

( ; _ , )  = 3/2  (G.7)
max

Although t h e  maximum s h e a r  s t r e s s  remains u n a f f e c t e d  by b im o d u la r i ty  

r a t i o ,  t h e  s h e a r - s t r e s s  d i s t r i b u t i o n  does depend on g. Combining Eqs. 

( 4 .1 9 ) ,  (G .3 ) ,  (G .4 ) ,  and (G.5) g ives  t h e  fo l low ing  s h e a r - s t r e s s  d i s t r i 

bu tion

o (  /g  -  /g  ( / g  + l ) 2 ( z / h ) 2 -------------------—  < z)h  < 0
?xz " F  < -  (G'8)

/g  > J _  ( / ë +  l ) 2 ( z / h ) ^  0 < z>h < / g

*/g / g  + 1

2.  Two-Layer Laminates

(a)  Bimodular M ate r i a l

Each in d i v id u a l  l a y e r  has d i f f e r e n t  e l a s t i c  moduli in  t e n s i o n  and 

compression.  However, s in c e  one l a y e r  i s  on ly  in e i t h e r  a t e n s i o n  o r  a 

compression s t a t e ,  only  t h r e e  o f  th e  f o u r  e l a s t i c  moduli f o r  tw o - la y e r  

a n a l y s i s  come i n t o  the  p i c t u r e  ( see  F ig .  G .2 ) .  A s i m i l a r  p rocedure  to  

t h a t  used f o r  th e  s i n g l e - l a y e r  case  i s  used h e re .  To de te rm ine  the
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bending and th e  p a r t i a l  b e n d i n g - s t r e t c h i n g  coup l ing  s t i f f n e s s e s ,  one i s  

a b l e  to  o b ta in  th e  n e u t r a l - s u r f a c e  p o s i t i o n  from th e  fo l low ing  q u a d r a t i c  

equa t ion

-hg+h/ 2  w
N = < [ f  E^^z'dz'  + J  Eg^z'dz" +  J  Eg^z 'dz ']  = 0

-h_ -h_+h/ 2  0

(G.9)
-hg+h / 2

Knowing the  n e u t r a l - s u r f a c e  l o c a t i o n ,  one can e a s i l y  determine the  fo l low

ing s t i f f n e s s e s

D » ( E , C [ ( h / 2 -  hc)3 + hg3] + E2'^(h/2 -  h^.)^ + Eg^h^^}/] (G. 10)

and

E ,= (z ' )Z  -  h; •h^ < z '  < - h ^ + h / 2

b = }  { E2 = ( z ' ) 2  -  E2 ^ h^2

E2^(z ‘ )2 _ E2^ h /

-hg + h/ 2  < z '  < 0 

0  < z '  < h.

( G . l l )

S u b s t i t u t i n g  Eqs. (G.IO) and ( G . l l )  i n t o  Eq. ( 4 . 1 5 ) ,  one has

.2 = 5 . 16 g-[ [ ( g  8 ) (h / 2  -  h^) 3 + ghg + h^]
6 h(g^ + l ) [ 3 ( g ^ a 2 - 8 2 ) ( h / 2 - h ^ ) 5 - 1 0 ( g , a 2 h 2 .  h‘ ) ( h / 2 - h ^ )

+ 15(g,o2h%, - h % ) ( h / 2 -  h^) + 8(g,o2h5 + h | ) ] (G.12)

where

“ = E^C/E^t , 6 = Eg ' /E g t  and g-, = 6 ^ / 6 2

Since h^/h and h^/h depend upon a  and B, K i s  a func t ion  o f  g ^ ,  a ,  and g 

f o r  the case o f  e q u a l - th ic k n e s s  l a y e r s .  The maximum dim ensionle ss  shea r  

s t r e s s  a l so  i s  a func t ion  o f  the  bimodular  r a t i o s  ( a , 6 )



m

( a [ h ‘ - ( h / 2 - h j " ]
( ;  ) = 1 ----------------------- tî-----------------------   )  - h / c < z '< - h  +h/2

xz max ^ o [ ( h /2 -h r )3 + h 3 ]+ 6 (h /2 -h r )  +hf j
U w L  ^  I u  2

V  0<z'<h^

(G.13)

(b)  Unimodular M ate r ia l

A s i m i l a r  la m ina t ion  as used in  p a r t  (a)  i s  cons ide red  here .  The n o r 

mal and shea r  s t r e s s  d i s t r i b u t i o n s  a r e  shown in  F ig .  G.3.  Since the  

f l e x u r a l - e x t e n s i o n a l  coup l ing  s t i f f n e s s  (b) does n o t  v a n i sh ,  one must use 

Eq. (4 .13 )  in  o r d e r  t o  compute K . Let  the  t r a n s v e r s e  shea r  moduli be the  

same f o r  both l a y e r s  (Gg/G^ = 1) and a = Eg/E^. Then,  th e  s t i f f n e s s e s  

can be expressed  as

A = E ^h(a+ l ) /2

B = E ^ h Z (a - l ) / 8  (G.14)

D = E ,h 3 (a + l ) /2 4

and

[ ( z  + h /2 )  , ( z 2 - h Z / 4 ) / 2 ]  - h /2  < z < 0

■ ^1 1 [ ( a z  + h/2)  , ( a z - h ^ / 4 ) / 2 ]  0 < z < h/2

S u b s t i t u t i o n  o f  Eqs. (G.14) and (G.15) i n t o  Eq. (4 .13)  g ives

k2 = I  .  (a2 + 1 4 a + l ) f ------------  (G.16)
^ 2 [ o ^ +  12o3  + 102^2  + 1 2 a + 1 ]

2
I t  i s  i n t e r e s t i n g  t o  no te  t h a t  K as given by Eq. (G.16) g ives  the  same 

r e s u l t  f o r  a = c and a  = 1 / c ,  where c i s  an a r b i t r a r y  c o n s t a n t .  Com

b in ing  Eqs. ( 4 . 4 ) ,  ( 4 . 1 2 ) ,  ( 4 . 1 9 ) ,  (G .14),  and (G .15) ,  one ge t s



112

7 '

xz

Figure G.l Normal and shear  s t r e s s  d i s t r i b u t i o n  in 
a s i n g l e - l a y e r  bimodular  m a t e r i a l .

i
1
h

1 - ---------
* ^  ^  /

Y
z '

F igure G.2 Normal and shear  s t r e s s  d i s t r i b u t i o n  in 
a tw o- laye r  bimodular  m a te r i a l  laminate.

f
h

i 6 ^
\ f

Figure  G.3 Normal and shea r  s t r e s s  d i s t r i b u t i o n  in 
a tw o- laye r  unimodular  m a te r i a l  laminate .
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( t  )  =  y  • B a ( a + 1 )

max 2 a2 + 1 4 a + l (G.17)

which shows t h a t  t^xz^nax ^^P^nds on e l a s t i c -m o d u l i  r a t i o  (Eg/E-j)» on ly .

3.  Three-Layer Laminate

(a)  Bimodular Mater ial

Consider a t h r e e - l a y e r  l am ina te  with the  top  and bottom la y e r s  

( f a c i n g s )  made o f  t h e  same m a te r i a l  ( i . e . ,  E^^ = E2 ^ .  E,^ = Eg^) as shown 

in  Fig .  G.4 in th e  convex downward bending p o s i t i o n .  One assumes t h a t  the 

n e u t r a l - s u r f a c e  p o s i t i o n  i s  w i th in  the  middle l a y e r  (which happens fo r  

most p r a c t i c a l  c a s e s ) .  The ax i a l  fo rce  van ishes  i f

-h^+h/3  L

E^Cz'dz" + I
-h

Eg^z 'dz '  +
-hg+h/3

h^-h /3
E g ^ t 'd z '  + E^^z'dz* = 0

ht*h/3

(G.18)

Equat ion (G.18) can be used to  determine the  n e u t r a l - s u r f a c e  p o s i t i o n .  

Having the  values  o f  h^ and h^ enab les  one to  c a l c u l a t e  K with the  same 

procedure  as used f o r  the  tw o - la y e r  case

E c
D = ^  ( c x [ h ç + ( h / 3 - h j . ) ^ ] -  ( h / 3 - h j . ) ’ + £ ( h ^ - h / 3 ) '  + 7 [ h ^ -  { h ^ . - h / 3 ) ' ] }

G^kldz = GghCZg^ + l ] / 3

(G.19)

(G.20)
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K  r 2
^ (k) ,  (E,C)

(G b dz = —  {{9 i ^ a 2 { ^ ( h / 3 - h j . ) ^ + h ^ ^ ] - | - h ^ [ ( h /3 - h j . )  +h^] + hh^/3}

+ J  H^{h/3 -  hg)  ̂+ (H^) (h/3 -  h^)]  

+ [ ^ h ^ - h / 3 )  -  h/3) + (H^) ( h ^ - h / 3 ) ]

+g-j\^{'g{h^ -  (h^-h/3)^] -  ^ h ^  [h^- (h^-h/3) ] + hh^/3} }}

where

(G.21)

h/  = (h /3  -  h c )2 (a  -  1) -  h^2 (g .22)

a = E^C/EgC , 6 = Egt/EgC , Y = Egt/EgC, and = G^/Gg

By s u b s t i t u t i n g  Eqs. (G .19) ,  (G .20) ,  and (G.21) i n t o  Eq. ( 4 .1 5 ) ,  one can 

de te rmine  K . A lso ,  us ing Eqs. (G.19) and the  fo l lowing  exp re s s ion  f o r  

^max ( the  maximum va lue  o f  p a r t i a l  coup l ing  s t i f f n e s s  b) in  the  r e s p e c t iv e  

r e g i o n s ,  one has t h e  maximum d im ens ion less  shea r  s t r e s s  by Eq. (4 .1 9 ) .

L^E," - h ,  < z '  < -h ;+ h /3

^ -  LgEgC -hc+h / 3  < z '  < 0

^ '  L ,E,c _ L^E-C + LiE^t  0 < z '  < h»-h /3
r i  "2"2 "3"2 "  " " t
gE^t h^ -h /3  < z '  < h ;

(G.23)

where

L, = ( h - h / - h /  L j M h - h /  ( G . 2 4 )

L; = L, + "c k ,  = I 3 -  \
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(b) Unimodular t i a t e r i a l

Shea r ,  bending,  and p a r t i a l  s t r e t c h in g - b e n d i n g  s t i f f n e s s e s  f o r  the 

t h r e e - l a y e r  symmetric lamina te  w i th  e q u a l - t h i c k n e s s  l a y e r s  as shown in 

Fig.  G.5 a r e  (g^ = G^/Gg , o= E^/Eg)

S = ^  (1 +2g^)  . (G.25)

E-h^
0 = (26a + l )  , (G.26)

and

(k) E /h ®  g 2
J (G ) b dz '  = 29160 +g-j(120a + 2 0 a + l ) ]  (G.27)
-h /2

S u b s t i t u t i n g  t h e s e  s t i f f n e s s e s  i n t o  Eq. (4.13)  l e a d s  to

2 5 [26q + 1] g,
i  . -------------------------------------- !--------------------------------  / g  281

(l+2g-j ) [102a^ + g^ (120or + 20a + 1 ) ]

Absolute d im ens ion le ss  maximum s h e a r  s t r e s s  occurs  a t  the  midplane.  

Using th e  same procedure  as used b e f o r e ,  one o b t a in s

‘ " « ' m a x  ° ‘ ' x2>2.0  ° t  ■ 4 1 # ^  (G.29)

and the  s h e a r  s t r e s s  a t  the  i n t e r f a c e s  i s

\ _ 2  24a
xz^2 = + h/6  ■ 2 * 26a+ 1 (G.30)

I t  i s  i n t e r e s t i n g  t o  note  t h a t

 = 1 + ( l / 8 a )  (G.31)
l ^ x z ' z  = + h /6
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h/3

t
Figure G.4 Normal and shea r  s t r e s s  d i s t r i b u t i o n  in 

a t h r e e - l a y e r  bimodular  m a te r ia l  laminate .

1

t h/3

/  / / / 4 / . t

" \ /  / /  / / / f /  /  , /

1

f
> t

Figure G.5 Normal and sh ea r  s t r e s s  d i s t r i b u t i o n  in 
a t h r e e - l a y e r  unimodular  m a te r ia l  la mina te .
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APPENDIX H

DETERMINATION OF THE SHEAR CORRECTION COEFFICIENT

In the  fo l lowing ,  a s t a t i c  shear  c o r r e c t io n  c o e f f i c i e n t  i s  d e t e r 

mined f o r  the  assumed beam. Consider ing the convex downward bending 

(bottom la y e r s  o f  the  beam in t e n s i o n  and top l a y e r s  a re  in compression) 

in which th e  n e u t r a l - s u r f a c e  p o s i t i o n  i s  with in  t h e  co re .  The coord ina te  

system and key dimensions a re  as shown in F igs .  H.l  and H.2.

The s t r e s s  d i s t r i b u t i o n  i s

(Eg)(<z") -  h^ < z ' <  -  h^ + h

(E )(<z1 -  h + h < z '<  0
= < K (H . l )

^ ' (Etc)(<z^ 0 < z ' <  h^ -  h

( E ^ ) ( kz ') h^ -  h < z ' <  h^

Let us n e g le c t  the  a x i a l  f o r c e ,  which would be small  due to  th e  absence 

o f  ax i a l  r e s t r a i n t .  Then,

A  ,I 0 * dz = 0 (H.2)

c

X
-h.

S u b s t i t u t i o n  o f  Eq. (H . l )  i n t o  Eq. (H.2) g ives

( E c - E ^ c X ' ’ - ' ’ c>^ *  ( E t , - E j ) ( h j - h )  + E^hj^ .  = 0 ( H . 3 )

Also,

he + h t  = 2h + c

Equat ions (H.3) and (H.41 form a q u a d ra t i c  equa t ion  t o  e v a lu a te  he or  

h^. Using th e  d e f i n i t i o n  o f  s t a t i c  shear  c o r r e c t i o n  c o e f f i c i e n t  from
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- ( h f + c /2 )

MID-SURFACE

c/2
hf + c /2

Fig.  H . l .  Geometry and s t r e s s  d i s t r i b u t i o n  f o r  sandwich beam 
when th e  n eu t ra l  s u r face  i s  w i th in  a fac ing .

Fig .  H.2. S t r e s s  d i s t r i b u t i o n  f o r  sandwich beam when the  
n e u t r a l  su r face  i s  w i th in  the  co re .
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[ 5 . 1 2 ] ,  f o r  t h i s  p a r t i c u l a r  problem one has

h.
I  G dz '

= (H.5)

where

hf j  ^ Gb^ dz '  

..
j Eĉ 'dz'

b =

' d z ' +  I E cc f 'd z '
-h^ + h

-hg < z < -h^ + h

-hg + h <z '< 0

I EcZ d z '+  j  EccZ'dz '+j  EtcZ'dz '  0 < z ‘< h j -
-h -h^ + h

-he + h

I  EcZ' dz' + I  E^cZ' dz '+1 * Ej^z '  dz'+ I  E(Z' dz'
-h_ - h e + h  0 hz. -  h

0

h^ -  h 

0 h t - h

h ^ - h < z ' < h ^  (H.6)

Note t h a t  -b/H i s  the  d imensionless t r a n s v e r s e  shear  s t r e s s ,  the  d i s t r i 

bution o f  which i s  shown in Fig.  H.3 f o r  the  case  o f  0° f a c i n g s .

For th e  m a te r i a l  used in  [ 5 . 1 1 ] ,  the r e s u l t i n g  va lues  o f  shea r  

c o r r e c t io n  f a c t o r  a re :

1. For 0° f a c i n g s ,  = 0.6913

2.  For 90° f a c i n g s ,  = 1.0487
(H.7)
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NEUTRAL
SURFACE

Fig.  H.3.  D i s t r i b u t i o n  of  t r a n s v e r s e  shear  s t r e s s  f o r  the 
beam having 0° fac ings .
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APPENDIX I 

COMPUTER PROGRAMS



C O mOH / A N O N/  P
C0N10N / I N O N N T /  IN 1 , 1 . 1 2
r n i l O N  / X I C D O t /  XE 1C,  X»1T
C 0 1 1 0 N  / B S O n t /  B E 1 C ,  B E I T
C 0 1 1 0 S  / D I S T A N /  XI ( 2 7 1 ,  I ( 2 7 ) , XZ H( 2 7 )
COI-ON /  ABO /  A1 , B 1  , 0 1  , CAN,CBN , C B a  , C D H , X L , X S  
CC110H / A L " /  A H X ( 2 7 ) ,  QX( 2 7 ) , AHX ( 2 7 )
C01B0H / N O E /  «JE2,  K E l ,  NE
C 0 1 1 0 H  /  DI.1EN /  BD, BL ,  S ,  3 0 , AF
COi aOH /  AIOD'IL /  E t c ,  E 1 ” , E 2 C  ,  E 2 T , G
CC110N / 5 :  /  NBC,  N B I ,  S C I ,  O i l  , S B H  ,  EPS
C 0 1 1 0 N  / I N K  /  A ,  B ,  ZN,  2 S P , X A , X B  
C r i l O N  /  STAIN /  XFC,  E C 1 ,  E T 1 ,  XPT 
C 0 1 10 N / S T I F /  A l l ,  B 1 1 ,  3 1 2 ,  O i l  
CO««ON /  P3ASTN /  C ,  T
C ' l l l O N  /  2 0 * 1 /  C l ,  C 2 ,  C3 , = «  ,  0 X 1 ,  0X2
C 0 1 1 0 N  / S O L O /  3 P ( 2 7 ) ,  V O ( 2 7 ) ,  M P ( 2 7 ) ,  I P X  ; 2 7 )  ,  V P X ; 2 7 ) ,  W?X ; 27 )  
C r i " O N  / F S O L O /  0 ( 2 7 ) ,  7 ( 2 7 ) ,  W ( 2 7 ) ,  OX ( 2 7 ) ,  V X ( 2 7 ) ,  i lX (2 7)
C 0 1 1 0 N  / S A S 0 B 3 /  E C P ,  E T F ,  E T C,  E T C ,  5 P ,  SC
OATA ECP,  E TP ,  ECC,  ETC,  G P ,  GC / 3 2 . E * 0 3 ,  « 1 . B * 3 U ,  7 5 0 . , 8 1 4 .  

1 5 5 5 . ,  6 3 U .  /
OATA S * ^ ,  3 3 0 ,  5 3 L  / . 0 6 2 5  , 1 . 2 5 ,  6 . 6 5 6  /
OATA E P S ,  E 1 C ,  E 1 T ,  Z 2 T ,  G / 1 3 . 3 E  + 03  ,  3 1 . 9 E + 0 3  ,  . f » 2 S * 3 b

1 . 5 0 * * 3 6 ,  . 5 3 6 ( E * 0 3  /
OATA XFC,  E C 1 ,  E T 1 ,  XPT / - . 0 U 6  ,  - . O H ,  . 3 1 4  ,  . 0 2 9  /
OATA XE1C,  T F I T  / . 1 9 P * 0 5  ,  . 4 7 E * 0 6  /
DATA 0 0  ,  X I I ,  X " ? ,  HE /  . 1 ,  . 0 ,  . 0 ,  2 5  /
OA-A X A , I 3 ,  Z S , T N P  / 0 . 0 4  ,  0 . 2 7 0 ,  0 . 1 9 ,  0 . 2 2 /
OATA 3 0 ,  3 L / O . f ,  8 . 0 /
OATA ?  / . 2 /
OATA AF / 3 . 0 /
OA-A P E I - ,  3 F 1 C  / 5 . 1 9 3 F * 0 5 ,  1 . 7 4 0 3 * 0 3 /
OATA N B C , O i l ,  SCL ,  .FBH / I  , 2 . ,  1 . ,  3 .  /
E PS = . 0 0 0 0 0 0 1
AK = 5 . / 6 .
AF = 0 . 7 3 1 7  
C = FC1 /XF C 
T = E - 1 / X F T  
HP’'  = P O / 2 .
S = AF«PO*S
:j * i  = n e  * 1
N*2 = N2 * 2
I P  '  O i l  . F O .  2 ) THEN 0 0  
n n  = ?
PL = 1.
H*0  = 9 0 / 2 .  
n o  = 1.
XE1T = XF 1 C/ XE 1T  
X * 1 T  = 1 .
S " =  A r * ? * S  / E 2 T  
p i -  = E 1 T / F 2 T  
E1C = F 1 C / E 2 T  
E2C = S 2 C / F 2 T  
F 2 T  = 1 .
S P = AK»P*S / 9 E 1 T  
P P i C  = PE1C /  3 E 1 T  
P * 1 -  = 1 .
ENOIP
T f  ' O i l  . p o .  2 .  ) 3 0  TO 5 9 8  
PPTNT 4 0 0 , P L ,  ED,  AP,HE 
■SO "O 5 9 9  

5 9 9  CONTINUE
9 F I N T  « 1 1 ,  P ,  AF,  HE 

5 99  c n s - T N t i z
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m o .  x: i=,  xhit, o
0 0 0  " 3 9 0 X T  ( 1 H 1 ,  / / / ,  2 0 X ,  »L = * ,  P 1 0 . 5 ,  / ,  2 0 X ,  »H = « .  F 1 0 . 5 ,  / ,  2 0 1 ,

I ' s  = n o . 5,  / ,  2 0 1 ,  ,  IS )
0 11  POO'IAT t  / / / ,  2 0 1 ,  • ?  = ' ,  F t O . S ,  / ,  2 0 1 ,  

i «H = • ,  n o . 5 ,  / ,  2 0 X,  ' N : = '  ,  I S  >
0 3 0  POROAT ; / / ,  2 0 X ,  'BIMOOOLOS P P O P E H T I S S ; • ,  / / ,  2 0 X ,  » EC = ' ,  2 1 2 . 0 ,  

1 / , 2 0 X , ' E T  = ' , E 1 2 . 0 ,  / ,  2 1 1 ,  *G = ' ,  E 1 2 . 0 )
PRI NT  1 2 0  ,  QO,  XN1,  XM2 

1 2 0  EOP-AT ( / / , 2 0 X ,  ' A P P L I E D  P 0 9 C E : '  ,  / / ,  2 0 X ,  ' 3 0  = ' ,  F 1 0 . 5 , / ,
1 2 0 1 ,  ' N 1  = ' ,  n o . 5 ,  / ,  2 0 X ,  ' N 2  = ' ,  F 1 0 . 5  ,  / / / )

DO 100  HP = 1 , 3
0 0  1 1 0  LD = 1 , 2
I F  ' SP H . E Q .  1 .  ) THEN DO
CNO = . 6
50  = ?nO
3L = S F L
XA = E O / 2  -  SFT
X3 = TA
S = AK.«: 0 F * : P 0  -  2 . TXR1 ♦ GC* 2 .  *XA)
T  '  ZN3 . L T .  X3 ) GO TO 90
F2C = ECF 
2 1C = ECC 
E l ?  = ECF

GC •"0 91
90 CONTINUE 

E1T = ETC 
E1C = ECC 
P2C = ECF

91 CONTINUE 
? NOI F
A = XA 
3 = XP 
: N = EH3 
• IPI  = 1
I F  f DIN . EQ.  2 . )  S = SN
CALL INCCN : R ,  B , ZH ,  E 2 C ,  S I C ,  E 1 T ,  E2T)
CALL EXPSN ' A l l ,  3 1 1 ,  3 1 2 ,  O i l )
P P I N T  4 1 0 , EEC,  F 1 C ,  E 1 T ,  E 2 T ,  G,  S C I ,  E T 1 ,  XFC, XFT 

0 1 3  "OENA" ' / / ,  2 9 X ,  ' ROLTINOOOLU5 P R O P E R T I E S : ' ,  / / ,  2 3 X ,  2 2 : = ' ,
1 E 1 2 . 0 ,  / ,  2 J X ,  * E 1 C = ' ,  E 1 2 . 0 ,  / ,  2 0 1 ,  ' E 1 T = ' ,  E 1 2 . 4 ,  / ,  2 J X ,  
2 ' - 2 T = '  ,  E 1 2 . 0 ,  / , 2 2 X ,  ' G = ' , E l 2 . o , / / , 2 0 X , ' EC 1 = ' , E l 2 . 4 , / , 2 0 X ,
3 ' F T I  = * ,  E 1 2 . 0 ,  / ,  2 0 X ,  ' EC2 = ' ,  E 1 2 . 0 ,  / ,  2 0 X,  ' ET2 = ' ,  E 1 2 . 0 )  

CALL C O E F F I  ( A l l  , 5 1 1  , 3 1 2  , 0 1 1  )
CALL F E I S D L  :A11 , B H  , 3 1 2  , D 1 1  )
CALL WRITES
TF '5WH . E Q .  1 . 1  GO TO 1 0 9  
: r i  = 2
TF t DIN . E Q .  2 . )  S = SB
CALL Z N C C N ( H 9 3 , R 3 D , Z H  ,  XZ1 C,  XE1C,  l E l T ,  XS1T )
CALL EXPSN { A l l ,  3 1 1 ,  3 1 2 ,  D i l l  
CALL C O E F F I :  A l l ,  3 1 1 ,  9 1 2 ,  O i l  )
CALL F 2 T S 0 L (  A l l ,  3 1 1 ,  3 1 2 ,  D l l  I 
CALL WRITES 

109 CONTINUE 
A = XA 
9 = X3 
I N = ZNB 
SCI. = SCL ♦ 1 .

1 ID CONTINUE 
A :  XA 
3 = X"
: N  = I N S  
NFC = NPC ♦ 1 
SCL = 1 .
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■too CPtîTIVOS 
STOD

SU9«OOTIKE 2HCC1 (A, B,  ZH ,Z2C. E1C, E1T,  22T )
COItOS /3 IETAN/  XI ( 2 7 ) ,  T (27) , XZM (27)
COSMOS /  APD /  A1 , 3 1  , 0 1  ,CAS,CBH ,CBB , COB,XL,IB 
COMMON /NOE/  ME2, BEI ,  BE 
COMMON /  OIBEH /  BP,BL ,  S ,  QO,AF 
COMMON /9C /  BBC, NBI,  SCL, DIB ,SHH ,  EPS 
COMMON /XMOOOL/ XE1C, X E U  
COMMON /  ESASIN /  C,  T 
COM'ON /  STAIN /  XFC, EC1,  ET1,  XFT 
COMMON / S H E /  A11,  B11,  3 1 2 ,  O i l  

281 CON-TNOE
C»LL STIFF ( A, B, E2C, S IC ,  E1T, E2T, ZH, BD)
I ' '  r (NBC . E g .  2) .ABO. (SCL .  EQ. 1. )  .ABO. (SHH .EQ.  0 . )  

1 ) THEN 00
CALL S T I P r  ( P ,  A, E2T. E U ,  S IC ,  E2C, ZN, BD)
FVDTF
t r  (SWH . N E .  0 .  ) 0 0  TO 2 0 5
A l l  = A1 ♦ CAN 
B 1 1 = 31  * CBN 
B1 2 = 51  ♦ CBM 
O i l  = 0 1  + COM 
SO TO 2 P 6  

? 8 S  CCNTINOE 
M l  = A1 
n i l  = n 1 
8 1 2  = n 1
1 1 1  = 31 

2=6 CO N' I ’IOE
ZS'l = P i l / A l l
i r  '  'N»!  .EO.  2) . 0 2 .  tSW8 .HE.  0 . )  ) SO TO 287
AS = C* ( = 0 / 2 .  ♦ ZN ) -  ZN
A = AA
nn = T» ( 5 0 / 2 .  -  ZN ) ♦ ZN
B = 8B
I F  ((NBC . E g .  2) .AND. (SCL . 2 3 . 1 . )  ) THEN 00
AS = C* : BO/2 .  -  ZN ) * ZN
A = AA
PS = T* ^ 5 0 / 2 .  ♦ ZN ) -  ZH 
n = SB 
EVOTF 

290 CONTINUE
I F  : A5S:ZN -  I NI )  . L E .  EPS ) GO TO 292
ZS = :N t  
G" TO 291 

292 CCN-INOE 
pn-URN 
ENO
S n n n O U - I N P S T I F F  ; A ,  B ,  E2C ,  E 1C, E 1 T , E 2 T ,  ZN ,  EDI
COMMON /  ABD /  Ai  , B 1 , D 1  , CAB,CBN , C 3B , C D S , X L , x a
COMMON / 5 : /  NBC,  NBI ,  SCL, DIB , SH H , EPS
COMMON / 5 A NOW)/  E C F , E T F , ECC, E TC ,  GF ,  GC
COMMON / S T I F /  A l l ,  B1 1 ,  B12 ,  D l l
I F  (SHH . 2 3 .  0 )  GO TO 80 2
I F  ;ZN . C T .  B) GO TO 8 0 *
I F  ( (2N . L E .  B) . A N D . ( 2 1 . G T . - A )  1 3 0  TO 8 0 2
T *  (ZN . L E .  - A ) GO TO 8 0 0

BO'4 CONTINUE
I F  ( (NBC . E Q .  2) . A ND. (SCL . E Q . 1 .» . A ND.  (SH9 . 2 3 .

1 ) 3 0  TO 8 0 5
8 0 6 CONTINUE

F2C = ECF
E1C = ECC
E1T = ECC

1-1
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n p x *1 ) = : b 11  « q O) / ; 2 . * D E » )  * % * !
V P T d  ) = - ( 3 0 / S )  -  ( l i t  # 0 0 )  / ( 2 » D E N )  * 1 * 1
w r x ' l  ) = ( 1 1 1 * 3 0 )  / ( 6 . 0 * D E W )  *%*%*!
X = X ♦ P t / H E
I F  '  I  - E 3 .  1) X = B L / ! 2 . * B S )
I ?  ( I  . 5 3 .  NE1) X = PL

100  COSTr*rOE 
0 0  " O 3 2 0  

3 1 0  COSTINOE 
X = 0 .
I L  = 2 . * 3 . 1 4 1 5 9 2 6 5 1 * / B L  
DO 3 3 0  I  = 1 , N E 2
I -  : : : *BC . e q .  1) . O B .  ; »BC . e q .

1 0 . )  . A 5 D .  :X . G T .  E L / 2 ) )  THEN DO
A = XI

3) ) . A ND .  (SBH . 5 3 .

E 2 C ,  E t c ,  E 1 T ,  E 2T)

SBC = 
NBC =

I E 1 T ,  X E 1 T ,  X E 1C ,  X E t r  )

!SBC . 5 3 .  
TH5H DO

3) ) , AND. (SNH . 5 3 .

B = X*
ZN = 7N2
I P  t N B I  . E Q .  2) GO TO 3 4 0
TF ( » » C  . 5 3 .  1) XZ = 1 .
TP ' V ^ c  . 5 3 .  3) XZ = 3 .
•:?c = 2
SCL = 1 .
CMT,  ZNCCM (A,  E , Z N  
SCL = 2 .
" P  (X? . 5 3 .  t . )
I P  'XZ . 5 3 .  3 . )
i n  -"0 3 50  

3 40  C 0 N - T T T 5
CULL Z S C C " ( H “ D , 5 3 D , Z N  

350 C 0 N - I " 0 5  
E'JOTF
T r  ,  T ' N9 C . P Q .  1) . f ' P .

1 1 . )  . I N D .  :X . G T .  P L / 2 ) )
TP (N“ C . 5 3 .  1) XZ = 1 .
I P  ' N ? C . 5 3 .  3) XZ = 3 .
N = C = 2 
p~L  = 1 .
CALL ZNCCN (A,  B , ZN  ,  5 2 C ,  E 1 C ,  E 1 T ,  E2T)
PCL = 2 .
TP (XI  . 5 3 .  1 . )  s n r  = 1
I P  ' X -  . 5 3 .  3 . )  NBC = 3
PNOTF 
X* = 1 .
DFN = A11*D11 -  5 1 1 * 3 1 2
0 5 '  I  ) = ; p i i  *301 *cr ts tAL*x)  /  ; a l * a l * a l * d e n )
V ? '  I  ) = -  t A i t  * 3 0 )  *COS : a L*X) /  (AL*AL»AL*3EN)
Wt>( I  ) = QO*SIN ( A L * I )  /  (AL*AL) * ( 1 . / S  ♦ A 11 /  ( AL* AL* D5N) *
oD X ' i  ) = - ' P i t  *3 0 ) * s i h ; a l * x )  /  ; a l * a l * a l * d e n ) * a l
V ? X ( I  ) = ( i l l  * 3 0 1  *SXN(AL*X)  /  ( AL*AL*AL*D5 N) *AL
W P X ’J  ) = no*CP3(AL*X) / (AL*AL) * ( 1 . / S  ♦ A 11 / (AL*AL*DEN) |*AL
X = X ♦ BL/NE
TP '  I  . P Q .  1) X = B L / ' 2 . * N F )
TP (T . 5 3 .  NE1 ) X = PL 

3 3 0 CONTINUE 
3 2 0  CONTINUE 

PPTOPV 
5«D
SOBpn- JTINE C 0 5 F F T  t A I I ,  B 1 1 ,  B 1 2 ,  D l l )
C03N0N / X 5 0 5 N T /  I M 1 , X 5 2
COB-ON / N O E /  N E 2 ,  N 5 1 ,  N5
TCB-ON /  DI5EN /  5 D , B L  ,  S ,  3 0 , AF
C^BBON / 5 :  /  NBC,  N B I ,  SCL,  DIM ,SHH .  TPS
roBBON /  C O F T /  C l ,  C 2 ,  C3 , C 4  ,  0 X 1 ,  0X2
CC-BON / S O L O /  O P ' 2 7 ) ,  V P ; 2 7 ) ,  HP ( 2 7 ) ,  3PX ( 2 7 )  ,  VPX ( 2 7 )  ,  H ? X ( 2 7 l  
35N = A1 1*D11 -  P 1 1 * “ 12
TP (NBC . P O .  2) GO - 0  7 0 0

1 2 6
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I F  . 2 0 .  1 .  ) GO TO 5 9 0
I P  { 9 3 1  . 2 0 .  2 ) GO TO 5 9 0  
O P I S T  9 2 0  B 

0 2 0  PORTAT{ / / , 2 0 X , M  = P I O . 5 ,  /  .  2 0 1  ,  *B = • ,  P 1 0 . 5  »
I P  ' SBC . E Q .  2J GO TO 5 0 0
I P  "NBC . E Q .  3) GO TO 5 3 3
I F  (SCL . E Q .  2 ) G 0  TO 5 H
PPIN"* 5 1 0

5 1 0  * o a « A T  ( 1 H 1 ,  / /  ,  50X ,  • CLAHP ED -CLA «?E D.......OBI POBS LOAD" ,  /  ,
1 5 0 1  ,  • --------------------------------------------------------------   • ,  /  ,  6 0X ,
2 • n L T I T O D O L O S  • ,  / / / )  

o n  TO 5 1 5
5 1 1  C 0 R - I 9 0 2  

? = I H T  5 1 2
5 1 2  PORTAT ; 1 = 1 ,  / /  ,  50X ,  • CLATPED- TLAHPED............... S I N E  LOAD* ,  /  ,

1 5 0 T  ,  • ----------------------------------------------------------------------  • ,  /  ,  60X ,
2 * TOLTIIOOULOS • ,  / / / I  

GO TO 5 1 5
5 0 0  CONTTSOE

T F t S C L  . E Q .  2 I GO TO 5 2 1  
? = I N T  5 2 0

5 2 0  *"1PTAT : 1 H 1 ,  / /  ,  5 0 T  ,  ' C L A T P E D - F B E E ..........................UHIFORT LOAD* ,  /  ,

2  * T 0 LT I N0 DU L 3S  * ,  / / / )
GO - 0  5 1 5

5 2 1  CONTINOE 
2 P I R T  5 2 2

5 2 2  PORTA*- ( 1 R 1 ,  / /  ,  50X ,  *C LAT PE O- FBE E......................... S I N E  LOAD* ,  /  ,

2 • T' JLTITOD'JL' JS * ,  / / / )
GO TO 5 1 5  

5 3 3  COri - ' ITOE
TF (S' -L . F Q .  2 ) G 0  TO 5 3 6  
n c i v -  5 1 7

53-* PORTAT ( 1 = 1 ,  / /  ,  5 0T  ,  * P I N G E D - 3 I H 3 E D  UNIFORM LOAD* ,  /  ,

2 '  MflLTIMODUL-JS • ,  / / / )
GO TO 5 1 5

53 5  r n i T I V O E
PR INT  5 3 3

= 39 FOPTAT ; 1 = 1 ,  / /  , 50X ,  * S I . N3 ED- HI NGED  S I N E  LOAD* ,  /  ,
1 50X ,  • -----------------------------------------------------------------------  * ,  /  ,  60X ,
2 * TOLTIMODOiaS * ,  / / / )

5 1 5  C0N- TNU2
CALI B P I T E 1
TP ( NBI . E Q .  11 GO TO 5 9 0

5 9 0  CONTI =nE
I F  { NBC . E Q .  21 GO TO 5 5 0
1 =  t NBC . P Q .  31 GO TO 5 3 0
I P  (SCL . E Q .  2 IGO TO 5 9 2  
P P I N T  5 6 0

5 6 3  =?"»TAT ( 1 9 1 ,  / /  ,  50X ,  *CLAMPED-CLATPED UNIFORM LOAD* ,  /  ,

2 * = I M 0 3 3 L D S  * ,  / / / )
GO TO 5 91

5 9 2  C ON ' I NGE  
PR IN T  5 9 3

5 9 3  PORTAT : 1 H 1 ,  / /  ,  50X ,  * C L f t 9 ? P 0 - C L i a ? E S  S I N E  LOAD* ,  /  ,

2 * 3 I T 0 D 0 L 0 S  * ,  / / / I
GO TO 5 9 1

5 5 0  CONTINUE
T= ' SCL . F Q .  2 I 0 0  TO 57 1 
PRI NT  5 7 0

5 7 0  = 0 = " A -  '  1H1 ,  / /  ,  5 OX ,  *CL AT PE D- FBE E DNIPOH.T LOAD* ,  /  ,
1 5 0 r  ,  *...................................... - -------------   * ,  /  .  60X ,

128



2 ' B i s o D a t n s  • ,  / / / )
1 0  - 0  5 9 1

5 7 1  C S T I S ' J *
? R : T "  5 1 2

5 7 2  F O P I v r  ( 1 9 1 ,  / /  ,  50X ,  • CLK. IPED- PBES S I N :  LOAD' ,  /  .
1 5 0 T  , •   • ,  /  ,  50X ,
2 'BTSODOL'JS • ,  / / / )

5 3  TO 5 9 1
5 1 0  CONTI NO:

T ?  (SCL , : q .  2 ) C 0  TO 5 3 1  
P 9 I V  5 3 2

5 3 2  F C 9 ’* \ T ( 1 9 1 ,  / /  ,  SOT ,  • 9 I N 5 E D - 9 I H G E D  UHIFDRS LOAD' ,  /  ,
1 5 0 t  ,  ' ----------------------------------------------------------------------  • ,  /  ,  6 0 T  ,
2 ' BT 9 O D0 I . 7 S  '  ,  / / / )

1 0  “ 0  5 ° 1  
5 3 1  C 0 ! | - I " 9 :

•’ r l N T  5 3 9
5 1 9  F 3 3 - A -  '  I ' M ,  / /  ,  5 0 1  ,  ' H I B 3 E D - H I S 3 E D ..............................SIME LOAH* ,  /  ,

2 ' B I E O O O L I S  '  ,  / / / )
B91 COHTTBJ"

CALL rfOITEI  
5 9 0  CON'TBOE 

F F T ' I ° F  
SSO
E’T ' o i ' J r i B E  WPITE1
CCEIOB / D 7 S 7 A V /  1 1 ( 2 7 ) ,  T ( 2 7 )  , X2S ( 27)
C C « T - \  / ' J S F  /  A,  3 ,  ZM, Z 1 3 , X A , X B
CC. FOB / A L E /  A r X ( 2 7 ) ,  2X ( 2 7 )  ,  A9X ( 2 7)
COEEOB /  1 I S F N  /  3 0 , EL ,  5 ,  3 0 , AF
c o i n s  n z  /  K2 C ,  s b i ,  s c l ,  d i i  , s h h  ,  e p s
C C 1 10 S / S O I /  S F 2 ,  S Z 1 ,  HP
r o i - o s  / F I O L ' J /  n c ’ 7 ) ,  V ( 2 1 ) ,  « ( 2 7 ) ,  O X ( 2 7 ) ,  V X ! 2 7 ) ,  U X : 2 7 ,
T F ( D I P  . 2 3 .  2) 1 0  TO t I O  
C r T S T  hOO

5 9 :  m r « A - (  7X ,  '  X / L  '  ,  1 ' X  ,  '  C • ,  19X ,  '  H '  ,  19X ,  '  V '  ,
1 15X ,  ' 1  '  ,  12X ,  '  3 ' , 1 2 X ,  '  N '  ,  1 2 X ,  '  Z.H '  )

1 1  - 0  5 9.0 
5 10 ' ' O i - I ' " ! ?

i - " T T  6 5 0
f 5 i  ■" ' " ' 'AT '  7T  ,  • X / L  • ,  10X ,  * U / L '  ,  10X ,  ' « / L *  ,  12X , '  /  '

1 I T  ,  '  1 / 3 : " L * L  '  ,  5X ,  '  3 / 3 0 * L  '  ,  9T ,  ' 2 N / L  '  )
6 9 0  C C m V J F

Y ( 1 ) = 0 .
o r  6 1 0  I  = 1 , S " 2
XI ( T ) = T ( I )  /  BL
T7S ' : )  = : H
TF ( ( (S3C

1 .  1) . O S .
TF • : X I : I )  . L P .

1 0 . )  ) XZH(T)
I F  '  '  X I ; i )  .

1 1 . )  ) X Z N : D  = - 2 H
T S I T F
PTTHT 6 2 0 ,  X1 ( I ) ,  0 ( 1 ) ,  « ( I ) ,  V ( I ) ,  A SX' . I )  ,  3 X ; i ) ,  ASX [ I )  ,XZN : D

6 2 0  n P I A -  ( /  ,  3X ,  F 1 0 . 5  ,  5X ,  E 1 2 . 9  , 5 X  ,  2 1 2 . 9  , 5 1  ,  2 1 2 . 4  ,
1 5X ,  F 1 0 . 5  ,  5X , F i n . 5  , 5 1  ,  F 1 0 . 5  ,  5 X ,  P I O . 5  )

I "  ( I  . 2 3 .  N22 ) GO TO 6 1 0
T ' I  ♦ 1 ) = Y ' I  ) ♦ BL/HE
I ? (  I  . 2 3 .  1 ) 1 ( 2 )  = P L / ( 2 . * M E )
I F  '  I  . 2 3 .  NF1)  Y ( 9 2 2 )  = SL 

5 10 C^ STI HOE
o-TOPH 
2 S0

S 3 . 1 1 . O S .  (NBC . E 3 . 3) ) . AND. t ' .NBI  . 2 3
( B B I . 2 0 . 2 ) 1  ) THEN DO
. L P . . 5 0 ) . AND.  :SCL . E C . 2 . ) . AND. ' 5 « H  . 2 3 .
) = -•ZN
.  L E . . 5 0 ) . AND.  ; s c L . 2 0 . 2 . ) . AND. (ÎHH . 2 3 .
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u C'1K"'T«t’J ?
L 0 3 T T " = 3
L 0 3 T T P = 2
L 0 3 T T ? = 1
F n = 0 . 0
9 0 = 0 . 0 3 7 * 0 . 3 2  
R * H S = n .
? H \ S =  = 0 * ? T / ( 1 2 .  0 * 3 2 . 2 0 )
T I * ! » S = : F 0 * ; 3 T * * 3 )  / 1 2 . ) / ; i 2 . * 3 2 . 2 0 )
H0T * '= ! HS T» T *2 )  *1 
' I0SV=M3T' !*1
9 5 * 3 : 5 , 2 0 0 )  : Z * ' I ) , 1 = 1 , NOS?)
9 9 * 3  ( 5 , 2 0 0 )  (XC* ( I )  , T = 1 , 5 0 S T )
9 5 * 0 : 5 , 2 0 0 )  :XT* ; i )  , I = 1 , 5 0 S T )
* K = 5 . / 6 .
s r * = i
N0T9Î=1
11=1
H= 1
SN=SSTAr*1
12=1
9571=*957*7/2) ♦1
I 2 9 r T = - 1
DO 31 1 = 1 , NOS?
5 T 5 N 2 ( I ) = 0 .
5 T 5 9 1 : D  = 1 .

31 CONTINU?
CO“ ? n T ?  T F * 9 S F ? 9  1XT9TCES
L 1 = 7
9 1 = 0
• J I sT
T ? = ?
T3 = ?
!?=■'
X - T 9 ? = 0 .
n o  1 9 5  ? 0 = 1 , H T S T E P  
I N C 9 = 7
n ? L - = T D Z I . T : K 3 )
0 5 1 . 7 = 1 .

10 CONTINUE 
X X 1= 0.
XT2 = 0 .
NS7= 1 

12 CO N TN U E
XLO?=SI .O?( H)
C*LÎ.  S T : ? ' ’ : ? ? * ,  * r , B T , * 1 1 , B 1 1 , 9 1 2 , D 1 1 , S , Z S V ' ; , T C * 7 3 ,  X T A V 3 , S * I )  
T E t N . O T . l )  GO 7 0  3 0
C*LL ? ? 9 A7 : X L n r , * i i , B i i , e i 2 , 0 1 1 , S , Q N O , I I 1 , X X2 , * L F * , L O O : T ? l  
CALL C 0 P ï : I I , ? 9 )
GO “O 90

3 0  CALL F E 9 A T * X L O E , A 1 1 , B 1 1 , B 1 2 , n l 1 , S , Q H D , X I 1 , X X 2 , A L P A , L O O r Y P )  
CALL V 9 U L F F ( F 9 ,  WN, L 1 , 9 1 , H1 , I P , I B , P U , I P , I E 3 )
CALL C O P T * 1 1 , 0 9 )
T F ( N 9 . 3 T . S S 7 A T . A N D . N . S a . H N )  GOTO 20 

no X L n » 0 = 0 .
T F ( H . F 3 . L 0 A D ? )  XLOAD=XL0AD*ALOAD
CALL S T 9 A 7 : X L n A n , P 9 A S , H 9 A S , X I B A S , M S T , D B L 7 )
CALL V 9 U L P P ; S M , W M , L 1 , M 1 , N 1 , I P , I B , P 9 , I P , 1ER)
CALL C O P T ( I I , P 9 )
l o  : 9 9 . E a . N S 7 A T . A X D . N . 2 Q . N 9 )  GO TO 2 0  
N = N*1 
GO 7 0  12 

20 CONTINUE 
:  I 9 P 0 S ?  9O0N0APT

I F ( N B C . 2 0 . 1 )  GO 
I 9 * 9 9 C . 2 0 . 2 )  GO

CONDITION 
TO 5 0  
7 0  6 0
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I ' - < N B C . S a - 3 l  RO TO 9 1 6  
T F ' H S C . F Q . U )  GO TO 9 0 0  
T F ( N F C . 2 ) . 9 1  GO TO 9 0 0  
I F ; H 9 C . 2 2 . 6 )  s o  t o  9 0 6  

SO COITTBUF
DO ■’ 0 1 1 = 1 , 4  
I 2 = T 1 * 3  
no ■»/) j i = i , «
J 2 = J i * 3  

•’ O D l l ' l l , J 1 )  = ? - ' I 2 , J 2 )
DO ^0  T U = 1 , 3  
DO no  1 5 = 1 , 4  
1 6 = 1 5 * 3  

90 E - H ' I 4 , T S ) = P ! 1 : T 4 , I 6 )
I * - ( T n H . S F . 0 . 0 . O 9 . I Q S . H E . 0 . 0 . D P . X K N . H E . 0 . 0 )  GO TO 54  
91.02=51.0= ( 1 |
: L 0 2 = " I . O Z - 0 . 0 0 1
CALL ? 2 * ! H r ( t t n ; , A 1 1 , B i 1 , 9 1 2 , D 1 1 , S , a . ' I O , I . t 1 , X I 2 , A L F A , L O D r T ? l  
9 T 1 = ' 4 0 S V - 2 ) * 7  
DO 52 1 2 = 1 , 7  
9T2 = '1T1*1 
DO 5 2  J E = 1 , 7  

52  4 “ ' T F , J 2 ) =  T9 : 2 T 2 ,  J : |
CALI 795M.FF ( F " ,  WH ,  L 1 ,  9 1 ,  H1 ,  T F ,  IH ,  k S ? B ,  I P ,  1ER)
SO " 0  7 6 0  

54 C0NT ISU 2
E D \ o y  M ) = X " N  
nDA = Y(2)=X0;j 
1DA=Y' 3 ) =XNN 
9rA9Yiï)=1.
SO - 0  7 6 0  

63 rcS'ISUF
DO (.2 9 = 1 , 3  
DO ‘>2 S 5 = 1 , 4  
N 6 = V 5 * 3

62 =«1 n . S 5 )  = P 9 ( “. , S 6 )
DO 6 3  N 4 X = 1 , 4
SD= HMX*3

6 3  E91 ' 4 , ( I S X )  = P9  t 7 , S 7 )
DO <̂ 6 9 8 = 1 , 3
S p 4 = w a * 3
DO 66  9 9 = 1 , 4  
9 7 9 = 9 9 * 3  

6 6  n . > 9 ( H 8 , S 9 )  = P H ( H ? 3 , 9 P 9 )
SO ” 0  7 6 0

9 0 6  C 0 9 T I 9 0 :
DO 907 1=1,4 
1937=1*1
T F ; : . 3 2 . 3 )  1 9 0 7 = 1 * 3  
DO 9 0 7  3 = 1 , 4  
3 " 0 D = J *  3

9 0 7  P 9 1 ( 1 , 3 )  = ?B  ( 1 9 0 7 , 3 9 0 7 )  
nr 909 1=1,3
T 9 3 9 = I
I F ^ r . S T . I )  1 9 0 9 = 1 * 2  
DO 9 0 S  3 = 1 , 4  
3 = 0 9 = 3 * 3  

9 0 9  9 9 . 9 ( 1 , 3 )  = 9 9 ( 1 0 0 8 , 3 9 0 8 )
SO " 0  7 6 0  

0 16 C09 TI NOE
DO o n  1 = 1 , 4  
1 9 1 7 = 1 * 2
I F * r . 2 Q . 4 )  1 0 1 7 = 1 * 3
DO 9 1 7  3 = 1 , 4  
, j o n = 3 * 2
T F ( 1 . 5 T . 1) 3 0 1 7 = 3 * 3
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0 1 7  B « 1 ' T ,  J )  = P "  J 9 1 7 )
DO 9 1 3  1 = 1 , 3
XOi q = 2 * * I - H  * 1
n o  “ 19 j = i , u  
j o n = j * 2
T F ( I . O T . I )  J 9 1 3 = J * 3  

013 B"9'I , .n =P3;i91o,J9iq,
0 0  TO 7 60 

9 0 0  C 0H -T « fJ 3
DO 9 1 0  1 = 1 , 4
1 9 1 0  = r
i r i T . E 3 . 3 l  1 9 1 0 =  1 * 1  
T F : : . E 0 . 4 |  1 3 1 0 =  1 * 3  
DO 3 1 0  J = 1 , U  
T F M . F Q . I )  J 9 1 0 =  J * 2  
TF ( . 1 . 0 5 . 2 1  J 3 1 0 =  J * 3  

3 1 0  3 " 1 ' I , J 1 = ? 1  : i 9 1 0 , J 3 1 0 1  
DO 9 2 0  1 = 1 , 3  
T F r . = 2 . l |  1 3 2 0 =  1 * 2  
T F ( T . d e . 21 TO?0= 1 * 3  
DO 9 2 0  J = 1 , 5  
J 9 2 0  = J * 2  

3 2 0  3 “. H ' T , J 1 =  P3  ; i 9 2 0 , J 8 2 0 |
ODSDT (11 = - X . 3 1 » ? S  ( 1 , 4 )
3 D 3 " T  ( 2)  = - X < ! 1 *? 3  ( 2 , 4 )
3 D 3 3 T ' 1 ) =  X M 9 - X 3 1 « P 3 ' 4 , 4 )
" D 1 2 Y ( 4 ) =  1 - X r 1 * P 3  ( 7 , 4 )
10  - O  7 6 0  

9 0 0  r C N T I S D F
o n  7 10 1 = 1 , 4  
1 9 1 0 =  I
I 9 ; i . F 3 . 2 )  1 9 1 0 =  1 * 1  
T F ( ' . F 3 . 3 |  T 0 1 0 =  T*2  
: = ' t . ^ 3 . 4 )  1 7 1 0 =  : * 3
DO 9 1 0  J = 1 , 4  
T ^ ' J . F D . I )  3 9 1 0 =  J * 1  
T ^ ( J . E D . 2 l  J 9 1 0 =  J * 2  
I ' V 1 . 1 E . 3 )  J 9 1 0 =  1*3 

9 1 0  9 H ( T , J ) =  ? ! 1 ( T 9 1 0 , J 9 1 0 )
7 0  1 2 0  T = 1 , 3 
I F ( T . E D . 1) T 9 2 0  = 1 * 1
T F : T . F 0 . 2 1  1 9 2 0  = 1 * 2  
T i - ( T . F 0 . 3 1  1 9 2 0  = 1 * 3  
7 0  9 2 0  . 1 = 1 , 4  
T 9 ( J . F D .  1) .1920= J * 1  
I ’̂ M . * ^ 7 . 2 )  . 1920= .1*2 
T F ( 1 . 1 2 . 3 1  J 9 2 0 =  J * 3  

9 2 0  n « N ' T , J 1 = ?«. : i 9 2 0 , J 9 2 0 )
7 6 0  TOSTTHOE 

99 = 4 
T °  = 4 
T O O " : !
r X L L  I .TSV2F ( B F 1 , Î » 9 , I 3 , B ! 1 I H V , I D 0 T , H A B E A , I E R )  
TF(V9C. .S’E . 4 . A V D . N 9 C . ! » F .  1) 3 0  TO 8 4 0
I P t t O N . E O . O . O . A S D . T Q H . E O . O . O . A H D . X N M . E D . O . O )  GO TO 3 4 0  
TP3 T=1
C A l l  " F O L F F : 3 3 T S 7 , P D A P T , ? I 3 , I B , I 0 G T , N B , N B , B n i N V 2 , N B ,  l E E l
T F ( 9 9 C . £ 3 . 1) 1 0  TO 56
W.1 V ( 2 , 1 ) =  T31
DO 9 3 0  1 = 1 , 4
1 9 3 0 = 1
I « ^ ' T . 3 E . 2 1  1 3 3 0  = 1 * 1  

3 3 0  a S V ( 1 3 3 0 , 1 ) =  3 f THV2( I1  
L 2=3  
3 2 = 5  
9 2 = 1

133



GO TO 8U1 
56 CON- INO»

DO "R 1 = 1 , a 
5R W 5 V ' I , H = B n i ' * V 2 ! I )

L3=1
5 2 = a
H2=1
3 0  - 0  9 a 1 

Rao CONTINU»
LCC? 90 I S  USED FOB K 2 C = 1 , 2 , 3 , 5 , 6  HHICH ARE H0R03ENE0US 3 :  
3 0  9 0  1 3 = 1 , a 

90 » S 7 ' 1 3 ,  1) =B.HNV ; i 3 , U )
12=1 
N?=U 
S ? = 1  

9 a 1 COS~INOE
C»LI.  7.NJLFP ( B N N , H S V , L 2 , B 2 , N 2 , I F , I « , P S , I P , I S B )
• I0ESV=NnST»7 
N 3 a " l = N 0 E S V - 7  
ND’I ' 1 2 = N 3T 1 1^ 3  
ND'JN3 = N3 0 B 2 * 2  
S3ora=S30Bi*a 
N31N5= N O U I I » ?
N 3 7 1 6 =  S O U " 1* 6 
3r ' J " .0  = NDJ»1 + 1 
11 = 1 
NT=1
LOO» 100 TAKE CAPS O r  STATE VECTORS AT B07NDARIE3 
DO 100 1 9 = 1 ,NOESV 
I F ' N P C . E Q . 3) CO TO 99  
T F t N P C . E 2 . a )  GO TO 9 5 0  
I E ' N B C . E 0 . 5 3  3 0  " 0  9 3 0  
I ? ( N ? C . E 3 . 6 )  GO TO 1 2 1  
I " ' T 9 . L » . 7 . A N O . I R . G S . a )  GO TO 1 0 9  
" r  ( N P C . S O - 1) GO TO 9 2  
t ' - ; n p c . e o . 2 3  g o  t o  9 a  

92 CONTINUE
I K : I  = . G T . N 3 0 9 1 .  A N 3 . I 9 . L E . N 3 0 B 2 )  3 0  TO H O  
T F ( T 8 . 3 T .  NDUNE) GO TO H I  
GO - 0  9 6  

9a CONTINUE
I F : I R . G T . N D 9 - 1 2 )  g o  TO H O  

96 CONTINUE 
SV t t 9 )  = 5 .
GO •'■0 100

109  s v r i a j  = a s v t s x , n  
9X=NT*1
GO - n  100

110 S V ( T 9 )  = 1’N (NX ,1J  
NT=NT*1
GO TO 100

111 CONTINUE
SV (NDUN2*1)=XBK 
S V : N 3 U 1 2 * 2 )  = XCN
SV i N 0 n i 2 * 3 |  = XHH 
s v ; N U T * 2 * a j  = 1 .
3 o ' ’’0 100 

9« CONTINUE 
SV ( T f l ) = 0 .
I F Î I 0 . 2 O . 3 )  s v ; i 9 ) =  B s v ; i , i )
I F d P . G E . S .  A N D . I O . L B . V )  S V ( I B ) =  WSV ; i R - 3 ,  1|
IF (TR.EO.NOmO) S V (I 9 3 = P B ( 1 ,1 )
TF'TR.E3.NDU!l2t  SV ;iP1 =PB [2 ,  1)
: » ( : 9 .  Z'1. NDUN3) SV ( I P )  = P 9 ( 3 ,  1)
IK " ■ 9 . 3 - . S D U N 6 )  SV ' I P )  = 1 .
GC - 0  100
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1 2 3  CONTINUE 
S V ( I 8 ) = 0 .
T F r i H . G E . U .  A N t ) . T 9 . L E . 7 )  5 7  ; i 8 )  = i S 7  ( 1 9 - 3 , 1 )
T ? ' T 9 . E 3 . N 0 0 9 0 )  SV ( 1 9 )  = ? H ' .1 ,  1) 
i r l i e . E Q . N D n n a )  s t  ( i 9 ) = p h ( 2 , i )  
l E ' T P . E O . N O n n B )  S V ( I 8 ) = ? 9 : 3 , 1 )
I F ( Î 9 . G T . H D O n e )  5 7 ( 1 8 ) = 1 .
GO TO 1 0 0  

9 9 0  CONTINUE 
5 7 * 1 9 )  = 0 .
I F  ( I 9 . G E . 3 . X H D . I B . L E - 7 )  5 7 ( 1 8 ) = 9 5 7 ( 1 8 - 2 , 1 )  
I F ( I 9 . E Q . H 0 0 9 2 )  5 7 ( 1 9 ) »  P H ( 1 , 1 )
I F ' I 8 . G H . N 0 U H 3 )  5 7 ( 1 8 ) =  PH ( I 3 - N D 0 H 2  , 1 )
I ' i l P . E Q . N O U B U )  5 7 ( 1 8 ) =  X9B 
GO 7 0  100 

9 3 0  CONTINUE
5 7 * 1 9 )  = 0 .
I F ( I 9 . E 3 . 2 )  5 7 ( 1 8 )  = W S 7 ( 1 , 1 )
T F * î 9 - E 3 - « )  5 7 ( 1 9 ) =  9 5 7 ( 2 , 1 )
I F ( T 9 . E 0 - 6 )  5 7  ( 1 8 )  = 9 5 7 ( 3 , 1 )
I F ( i e . 5 0 . 7 )  5 7 ( 1 9 ) =  9 5 7 ( 4 , 1 )
l ' T T O . E Q . N n U N S )  5 7 ( 1 9 ) =  P N ( 1 , 1)
I F ( I ° . E 0 . N ’)UN4) 5 7 ( 1 8 )  = P M ( 2 , 1 )
I F ( ^ 9 . E 3 . N D U n 6 )  5 7 ( 1 8 ) =  P S ( 3 , 1 )
I F ( I 9 . G T . S D U a 6 )  5 7 ( 1 8 ) = 1 .

1 0 0  CONTINUE 
:  CO“ ’>U’-E FDFCE AND DIEPLACENENT

DO 12 0 1 9 = 1 , 7  
1 2 0  9 5 7 1 ( 1 9 ) = 5 7 ( 1 9 )

J.T = 9
0 "  131 L P = 1 , N n S 7  

:  9E 5TT  A , 9 , D , 7 0  COMPOTE H X , ? S A I X , HENCE ZN
A11=A5T0 (LP)
•’ 11 = 9 5 7 0 1  (LP)
9 1 2 = 9 5 7 0 2 (LP)
D11=DST0 (LP)
L 0 7 5 7 = ( L P - 1 )  « 7  
I F * L ? . E 3 . 1) GO 7 0  150
I F f L P . E 3 . N 0 5 V . A N n . H B C . 3 E . 2 )  5 0  TO 1 5 0  
I P ( L P . ' O . N O O ? . A N D . N 9 C . E 3 . 1 )  3 0  TO 1 5 3  
DO ’ 40 L * l = 1 , 7  
J.1 = J J * 1  
0 0  14 0 L C = 1 , 7

1 4 0  F CM AT (L9 ,L C)  = 7 9  (J . T, LC)
N3 = 1
CALL 7 N 0 L P F ( 9 C N A T , 9 5 7 1 , L 1 , N1 , H 3 , I E , 1 9 , P S , I ? , 1 E R )
0 0  141 X = 1 , 7  
L Ç F 5 7 = L 0 E 5 7 * 1

1 4 1  5 V ( L 0 F S 7 ) = P K N , 1 )
3 0  70  151

C COMPOTE NETRAL SURFACE LOCATION
1 5 0  ML 5 V= L0 9S7* 4 

HL3V=LOHS7*6 
3 0  7 0  1 5 2

151 . MLS7=L0ES7- 3 
NL S7 = L 0 E S V - 1

1 5 2  U X ( L P ) = - ( B 1 1 * 5 7 ( H L S 7 ) - 3 1 1 * 5 7 ( H L S 7 ) )
PS A ' X  (LP) = ( A l  1 * 5 7  (Î1L57) - 3 1 2 * 5 7  ( NL S7 )  )
5 0  7 0  1 30  

1 5 3  CONTINUE
I P ( T N N . N E . O . O . O « > . T 3 N . N E . O . O - O H . X H H . S E . O . O )  GO 7 0  150 
CALL V " 7 L P P ( E H P N , U S 7 1 . L 1 , S 1 , N 3 , I F , I H , ? 3 , I P ,  1ER)
UX(LP)  =♦  ( 8 1  1*PN ( 4 ,  1) - D 1 1 * P . N ( 6 ,  1) )
? 5 A I X * L ? ) = - ( A 1 1 * P H ( 1 , 4 )  - 3 1 2 * P M ( 6 , 1 )  )

1 3 0  CONTINUE
I P ( N = 7 . E 3 . 3) 3 0  7 0  1 3 7

135



( L ? ) = - 0 X ( L P l  / P S A I X ( L P )
GO TO 1 3 »

1 37  z r ( L P ) =  ? 1 1 * A l F A * A L P » / ( A T « * A L r A » A L F A  -  PnAS*0SBGA«3HE3A)
133  COS ' THOE 

H T = ' » T / 2 .
I ' - ^ S I G M I  t L P )  . L T . O . )  GO TO 1 3 2  
T - ^Cr t P)  = E T V X P T * { H T - Z C ( L P )  ) ♦ 2 C ( L P )
X C T ( L P ) = - E C 1 / X F C * ( H T + 2 C ( L P ) ) * 2 T ( L P )
3 0  TO 13 1 

1 3 2  CONTINUE
T T C ' L ? )  = - ? T 1 / T ' T * : H T * Z C " L P ) ) * Z C JL P)
X C C ( L ? ) = E C 1 / X F C * ( H T - Z C ( L P ) ) ♦ 2 C ( L P )

131 CONTINUE
CONVEFGENCE CPITERTA 
®FR=0.
3 0  1*;0 1 1 3 = 1 , N0S7 

ISO "P ' )  = ZFR* T ^ Z C ' H O )  - 2 A ; H 0 )  ) / 2 C ; H 0 )  ) **2  
SN S= SO RT (£ P R)  
n o  1P1 I = 1 , N 0 ? V  

101 OELT ( I )  = 2 T ( H - 2 A ( I )
N7A=1 
11  = 1 
N=1
CALL S I G N ( . N 0 S 7 , S T E 5 T )
I F : ? T E S T . 3 T . 0 . 0 0 1 . O B - S T E S T . L T . - 0 . 0 3 1 )  3 0  T3 103  
T F ( F N S . l e . O . O O B )  GO TO 1 80  

1 93  CONTINU®
1 - F ( S 0 T 3 I . 3 T . « N 3 T P I )  GO TO 1 9 8  
I F  : » S T A N . E n . 1 . A N n . w T T A L . E J . O )  3 0  TO 17 3 
I’F ( N T T A L- E T .  1) 3 0  TO 1 7 2  
I F ' T N O ^ F I . F Q . I )  GO TO 1 7 0  
n ® I ' : T  2 8 3 , F N S , N 0 T R I
? r T . , -  2 1 1 ,  ; : A  ' I X )  , 3 S L Z : i T )  , I X = 1 , N 0 3 7 )
' • ' L L  T N 3 Ï - f : A , Z C , I Z , N 0 5 V , I 2 N C T )
CALL I N F Y N ' XCA, X C C , I 2 , N 0 S 7 , I Z N C T )
CALL ZNGYN ( X T A , X T C , 1 2 , NOSV, IZNCT)
1 2 = 1 2 * 1
I F ( I 2 . 3 T . N S T N )  3 0  TO 1 70  
3 0  TO 1 9 2

1 7 2  CFNTI NO’
PFTS— 2 ? 0 , - N F . , S O T B I  
3 0  111* 1 1 1 = 1 , N3S7 
X r A ' I 1 1 ) = T ' - C ' T 1 1 )
X T A { T 1 1 1 = X ? C ( I 1 1 )

171» 7A ' ’•11)  = 2 2  ' I 1 1)
1 9 2  N O T B I = N O T F i * l  

3 0  - n  10
173 CONTINUE 

12  = 1
I 2 N T T = - 1
n P I N T  2 “ 0 , B n 5 , H 0 T R T , X T I N E , S 7 M 7 7 )  , Q N 3 , 7 A ( 2 5 )  ,XCA ( 2 9 )  , XTA ( 2 5 )  
PFTNT 2 1 1 ,  !ZA ' I X )  , O E I  2 :TX) ,  XCA ' .IX) ,  XTA : IX)  ,  IX = 1 ,  N3S7)  
I ® ( N 5 C A N . 2 g . 3 i  GO 1 0  171 
= ® A 3 ' 5 , 2 0 3 )  ; 2 A t l ) , Z A t N 0 S 7 - I * 1 ) , 1 = 6 , 7 )
P ® A 3 ( 8 , 2 0 0 )  (XCA ( I )  , I C A ( N 0 S 7 - I * 1 )  , 1 = 6 , 7 )  
n F A 3 ' F , 2 0 0 )  ' X T A t l ) , X T A t S 0 S 7 - I * 1 ) , 1 = 6 , 7 )

211 F C N A T ) / ,  I X , E  12 . 1» ,  1 2 1 , 2 1 2 . 9 ,  1 2 X , E 1 2 . 9 ,  1 2 X , E  1 2 . H)
171 N 0 T 7 I = N 0 T P I * 1  

3 0  TO 10 
180 C 3 N- I NU E

r T I E 2 = X T I 1 F * D £ L T
POI NT 2 8 0 , P N S , N O T P I , T T I N E , S 7 t 1 7 7 ) , Q N 0 , Z A ( 2 5 ) , X C A ( 2 5 )  , X 2 A ( 2 5 )  
NO T BI = N 0 T R I * 1  

188 C nN - I N U E
N 0 T 8 I = N 0 T = I - 1  
P P I N T  29 1
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P P I NT  2 4 2 , 5 1 . , s r  
P P I NT  2 9 1 , H B C , B O , X T i a E  

29 1 F C P N A 7 ( / , 5 X , ' H B C = ' , 1 5 , 5 1 , ' B O » ' , P 8 . 5 , 5 r , ' T I S E = ' , r i 0 . 7 , / |
POINT 2 9 3 , i a i , I ! I B , % 0 H , % B B  

2 9 3  F r ) R N A r ( / , 1 X , * H  = ' , r 5 . 2 , 2 X , ' ! ! l l  = ' , P 5 . 2 , 2 X , * 3 = ' , P 5 . 2 , 2 X , * N  = ' , F 5 . 2 , / )  
P P I N T  2 9 2 , LODTTP,ALFA 

2 ° 2  ? O S a A T ( / , 5 X , ' L 0 D T T P = ' , I 5 , 1 0 X , » A L F A = * , F l 0 . S , / )
I O ' ( N P C . H E - « )  9 0  TO 131  

1=1 OPINT 2 U 7 , 3 M O  
P P I NT  2 i » 9 , H S T A r  
p o i N T  2 5 0
P P I N T  3 0 0 ,  ( S L O E d l  , I = 1 , H X L 0 E )
P P I N T  2 4 0  
P P I N T  2 4 3
I F ' N P P R - . F Q .  1) 0 0  TO 4 0 0  
P P I N T  3 0 0 ,  (SV ( K X ) , K X = 1 , M 0 E S 7 )  
o n  TO 4 4 0  

4 0 0  N E I 7 = 7
NCAOT=: : n o S V - 2 ) / 2 ) * 2
CALL AV2PAG ( H C A 0T , NE I V, S V1
S P?T N= NT AOT* SEI V
P P I NT  3 0 0 ,  ( 3 7  ( I )  , I = 1 , S P B I . N )

4 4 0  r O N - I V O E
I F ( N P 5 ? T . E 3 .  H  r.O TO 4 2 0  
P P I N T  2 6 0
3 » I N T  2 1 1 , ( Z A ( I X ) , O E L Z ( I X ) , X C A ( I X ) , X T A t l l ) , I X = 1 , H0S7)
9 0  • '0 4 6 0  

4 2 0  NETV=i
P P I N T  2 1 1 , ; ta  : I X ) , O E L Z ; i I ) , X C A  ( IX)  , X T A ( I X J , I X = 1 , N 0 S 7 )
“ " T N T  2 6 0
CALL AV"“ A 9 t N C A n T , H F I V , Z C )
N?t>TN = NCACT* NTI 7
? F t « T  2 1 0 ,  137 d )  , I  = 1 , N P P I N )

4 6 0  CONTINOZ
P P I NT  2 3 0 , P N S , N O T R I

2 4 1  F T ? "  A T ( ' i ' ,  I X ,  M A T E R I A L  I S  ARANIO P ' J E B E H ' )
2 4 2  F n R N A - ( / , 1 X , ' 3 E A E  LEN 9TH =* , F 6 . 3 , 5 X , • BSAS T H I C K N E S S : ' , I X , F 5 . 3)
2 4 7  " O P N A T : / , I X , ' L O A D  T I P S . -  DI S T B I S O T E D LOAD P J X ) = • , P i 0 . 3 )
2 4 9  F n 2 ’lA’’ ( / , 5 T , ' ! I ' , 1 3 X , ' 9 * , 1 3 X , ' ? S A I ' , 1 2 X , ' n ' ,  1 3 X , ' 3 ' , 1 3 X ,  ' N ' l  
2 4 4  » “ " « • » - ; / ,  I X , ' 4 0 5 3 5 8  OF 5 L E 5 2 N T S = '  , 1 1 , 1 5 )
2 4 0  PORTAT V , I X , ' S T A T E  VECTORS D , W , P S A I , n , 3 , N ' )
2 6 0  F 0 ? - A T ( / . 5 X , ' N - S  L OCAT IONS' )
2 2 0  F n P N A ? : i 4 I 5 )
2 1 0  P O R T A T ( / , I T , E l l . 4)
2 0 0  F 3 R " A - : 5 1 2 . 4 , 6 F 1 0 . 4 )
1 0 0  F 0 = X A T ( / , 7 ( 1 X , E 1 1 . 4 , 3 X )  , / )
2 5 0  " O P " A T : / , I X , ' “ I STANCES 3ET9S EN S T A T I O N S ' )

2 3 0  " 0 = 5 A T V / / / , 5 X , ' R H S = ' , 3 X , P 1 0 . 5 , 5 X , ' N . O . T = ' , 3 X , I 5 , F 1 0 . S , 3 X , f 1 0 . 6 ,
1 1 X , 4 ( " 1 1 . 4 , 3 X ) , / )

2 1 2  ? n p 1 A ” ; 6 5 l 5 . 1 0 )
STO*»
"NO
S 0 5 » O U T I N E  S T I F F ( N : A , A K , B T , & 1 1 , 9 1 1 , 8 1 2 , 0 1 1 , S , Z A 7 9 , XCA7 9 , X T A 7 9 , S A l l  
CPNSON / ? P P T r / E 2 C , E 1 C , S 1 T , E 2 T , 3 , X F C , E C l , E T 1 , X F T  
CONNON / C N 7 E C / Z A ( 5 2 ) , 2 C ( 3 6 4 ) , X C 1 ( 5 2 ) , X C C ( 3 6 4 ) , X T A ; 5 2 )  , X T C ; 3 6 4 )  
CONNOR / S T I ? S T / A S T 0 ( 5 2 ) , B S T 0 1 ( 5 2 ) , 9 S T 0 2 ( 5 2 ) , D S T O ( 5 2 ) , 3 3 1 0 ( 5 2 )  
C O N N 0 R / T S I 9 N / S I G N 1  ^52)  , S I 9 N 2  ' .52)
Z T T A L = 0 . 0
X C ' » L = 0 . 0
X T TA L= 0. 0
S A I = 0 . 0
n o  10 1 = 1 , 2
S A I = S A I * S I 9 R 1 t N Z A )
Z= C A ( N Z A ) / 3 T  
XC=XCA:N2A) / S T  
Xi"=XTA (NZA) / 3 T
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» 1 1  = B T * * 2 / 2 . * ! : E 1 T - 2 2 C ) / 0 . * x c * •  ; e i C - E 2 C » ♦ 2 * 2 *  ; s i c

1 - H i “ n
- . 1 2  = 9 7 » * 2 / 2 . *  : i . / 0 . - Z * 2 )  •  [ E I T - E I C )
D i < = 3 T * * 3 / 3 . » ( ( E 1 T * S 2 2 ) / 3 . ♦ X C * « 3 / 2 . « ( E 1 2 - E 2 2 )  * 2 * * 3 * ; E 1 : - 2 l r

1 ) ) • B T * * 3 / 9 . * X C * f E 1 C - E 2 r )
'TO TO 10  

BO COH“ I S O E
X I I  = 3 T * S 1 C
3 1 1  = 3 T * * 2 / 2 . * ( 1 . / 2 . * X C ) * * 2 * ( B 1 C - E 2 C J
3 1 2  = 0 .
r » i i  = 3 T * * 3 / 3 . * (  ( E 1 C * 2 2 C J  / 8 . * X C * * 3 / 2 . *  ; E 1 : - E 2 2 |  ) - 3 T * * 3 / 8 . * X C

1 * ( * ' 1 C - E 2 C 1  
3 0  TO 1 0  

9 0  C O S T I V O E
X I I  = 3 T * E 1 C
9 1 1  = 3 T * * 2 * t C * C E 1 C - E 2 C »
9 1 2  = 0 .
O i l  = 3 T * * 3 * F 2 C / 2 0 .
3 0  TO 10  

1 0 3  r .OOTTSOE
& i 1 = 3 - * ' : E 1 T * 9 1 C )  / 2 . * 2 * ; e i c - e i t i )
n i ?  = 3 T * * 2 * ' l . / 9 . - 2 * 2 ) * t E 1 T - E l C ) / 2 .
0 1 1  = B T * * 2 * ( 1 . / 0 .  - 2 * 2 ) * ( E 1 T - S 1 C ) / 2 .
o n  = 3 T * * 3 / 3 . *  t  : E 1 T * T 1 C ) / 8 . * 2 * * 3 *  ; E 1 C - E 1 T ) )

1 0  CO ST 1:10 3
e f - ^ T p u
«•«JO
c O B T O T I W E  P ? « X -  ; X L 0 E , A , 3 , B 2 , 0 , 5 , 2 S 0 , X r i , I T 2 ,  A L FX . ' -O O TT P )  
C C I O N / r S A ' / B " .  ; 7 , 7 )
o r  1 0  1 = 1 , 1
D "  1 0  0 = 1 , 7
1 ^ ( 1 . « ^ ] . J )  F 9 ( T , . T ) = 1 .

10 " F ^ T . s z . J )  r o : I , J ) = 0 . 0  
3X*A= ( P *  = 2 ) - A * 0  
r *  ( 1 , » 1  = ( 0 * T L T S ) / 3 A 0 A  
«■r ; i , 5 )  = ? •  : % L 0 ' * * 2 )  / : 2 . * 3 A 3 A )

( 1 , 6 ) =  -  ( X L 0 2 * D ) / 3 A 3 A  
r * ' 2 , 3 ) =  - X 2 0 F
P.o ( 2 , « )  =A*  ( X 2 0 E * * 2 )  / ( 2 . * 0 A 3 A )

( 2 , 5 )  = A* ( X L 0 E * * 3 ) / ( ' 4 . * , 3 A H A )  * X L O E / S  
P n : 2 , f )  = - 3 2 * ' X I . 0 E * * 2 ) / ; 2 . * G A 3 A )
* 3 ( 3 , 1 )  = - ( A * X L O * ) / r . A * A  
* " t 3 , 5 ) =  - A * ' * L 0 E * * 2 ) / ! 2 . * 3 A S A )
P 3 ( 3 , 3 ) = ( S 2 * X L 0 H ) / G A 3 A  
* " ( 9 , 5 ) =  Xt OE
I F : L O O T Y ? . 2 0 . 2 . 0 3 . L O D T T ? . E 0 . 1 )  GO TO 2 3  
P * ( 1 , 1 ) =  - P * C S O * ( X t O E * * 3 ) / ( U . * G A O A )
P "  ' 2 , 7 )  = - O S O * ' . A *  : X L 0 E * * 4 ) / ; 8 . * 3 A n A )  ♦ ; X L 0 E * * 2 ) / ; 2 . * S )  )
P -  ' 1 , 1 ) =  A * ' X 1 3 E * * 3 ) • 0 N O / : u . * G A S A )
* - ( u , i ) =  - c v n *  ( X L 0 * * * 2 ) / 2 .
* * : s , 7 ) = - 0 S 0 * X t O *
3 0  TO 5 0  

20  C O S T I S O *
XX2 = XX2*XI .OE 
XX1= XX2 -XT. 0*
CT1  = C 0 S  (ALPA*XX1)
C X i  = COS ' A LP A* XX 2 )
5 X 1 = S I S  ( A l P A ' X X l )
S X 2 =  SIM ; AL FA*XX2)
C 0 H S T = 2 S 0 / A L P A  
I F ' I . O D T T ? . * 0 . 2 |  GO TO 2 2  
I F ( L 0 D T Y ? . E 3 . 3) GO TO 2 1  

2 2  COMTTMO*
S I i -  = C O N S T * ( X L 0 E * C X 1 - ( 1 . / A L F A ) * ( 5 X 2 - S X 1 ) )
5 1 3 ? =  C O S P T * ( C X 2 - C X 1 )
3 0  - n  2 5
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3» CONTINUS
S I 3 0 = - C O H S T «  : S T 2 - S X 1 >
5TTN = CONST» ( - X L 0 E * S T 1 - ( 1 - / A L P i ) • 'C X2 -C X 1)  )

26 CCN- INUE
F N C , 7 ) =  -  <B*XLOE*SIGB ) / ( 2 . » G l S » )
F ! » ( 2 , 7 ) =  • ( X L 0 E * * 2 ) / { t t . » G A f ! X ) * ( S I G Q * X L 0 E ) / ( 2 . « 3 )
F i : 3 , 7 J =  ; A * S I 3 a * X L 0 E ) / ; 2 » G » n A )
F M ( 0 , 7 ) = - S I 3 M  
F N : 5 , 7 »  = SI GQ 

S3 CONTINU?
PETUBN
END
SU==OUTINE COPY ; LR, ET C)
P F M  ETC ( 7 , 7 )
C ' i ' i a 0 N / C 0 P / W N : 7 , 7 )  , T N ; 1 6 U , 7 )
0 0  10 1 = 1 , 7  
0 0  2 0  J = 1 , 7  

23 T ? I ( L N , J )  = B T C ( I ,  J )
10 t N= LN* 1

DO 30 K = 1 , 7  
DO 30 L = 1 , 7  

30 WNCF,!.)  =NTC ( K , L )
P^TURN
END
S U S P O U - I N "  STEAT ;XI.OAD, PB AS,  HN A S ,  X I S A S ,  NST,  DELT)  
T D Î 1 S 0 N / S B A T / S B : i , 7 )
C C N E O N / T I B E / X I N I  ( 2 S)  ,XMN2 ( 2 S )  , XK0N3 ( 2 5)  .XUNîlA (2 5) , X Ï H B \  ( 23)  , X?SNA ( 

1 2 S ) , T 1 , X 5
TONBON/ UDAV/ UDI SN( 2 5 ) , U A C H ( 2 5 ) , U ? E L H ( 2 5 )
COBNON/WDAV/HDISN ; 2 5 )  , HAC n ; 2 5 )  ,WYZI .N(25)
C O N N O N / P D A 7 / P D I S N ( 2 5 ) , P A C N ( 2 5 ) , ? 7 E L N ( 2 5 )
nBEGA= ; 2 . * 3 . 1 U 1 5 9 2 7 ) * 2 7 0 . 5
0 0  13 1 = 1 . 7
30  10 . 1 = 1 , 7
1 1 ^ ( 1 . E 2 . J )  SB ( : , J )  = 1 .

10 I I - ' I . N E . J )  S B ' I , . î ) = 0 .
SB ( S , 7 ) =XLOA0  
N7*AP=1  
N="1.1R = 0 
P ’— ANB= 0 . 5  
- a b a n b = o . s  
P ’"TANB = 0 . 6  
!IOTS= O D I S N ( N S T )
UAC = UACN' .NST)
WOTS= WOI SN( NST)
UVEL= OVELN ; n ST)
ÏSC=WACN(HST)
WVEI.= Ï VS LN ;NST1 
» r T S = ’ D I 5 N ( N S T )
p i c =  ? a c n ; n s t )
PVEÎ, = PVEL N( SST )
I F ' N E B A H . E D . 1 )  GO TO 20  
SB ( 3 , 1 ) =  - F B A S »  (0BEGA**2)  
s r ( U . 3 ) =  - X I B A S *  (0BEGA**2)
S B ' 5 , 2 ) = - P B A S »  : 0 B? G A* » 2 )
SB ( 5 , 1 )  = - ? B A S *  ( 0BEGA**2)
SB { 6 , 3 ) = - R B A S *  ;0 f lEGA**2)
10  - O  30 

20 CONTINUE
X1=?ETANR* ( D E L T* * 2)
T2= BETANB*OELT
T3= M . / 2 . * 0 2 T A N B )  - 1 .
XU= ( 1 . - G A S A N B ) * D E L T  
T5= . lABANB*DELr
TBNl ( N S T ) = ( 3 D I S / X 1 ) ♦ ( UX EL /X2)  ♦ ( 0 A : * I 3 l  
( ■ N T ' N S T ) = ' P O I S / T l ) * ( P V 2 L / X 2 I * (PAC*X3)
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t K O N Q ' H S T ) = ; W D I S / X 1 ) ♦ t B V E L / Z 2 J  * :B»C*X3)
X3HS» (NST) = l J7 EL»Xa*0AC 
T BNNA tN ST )= B7EL*X0*BAC 
X P N E A f S S T ) = PTEL* X««PAC 
S 5 ( t t , 1 ) = RMA S / 1 1  
S M ; o , 3 |  = XI MAS/X1
SM( 4 , 7 ) =  - R MA S ' X MN I ( HS T ) - X I H AS » X MH 2 ( H S T )
SM ' 5 , 2 ) =  PMAS/X1 
S " ( 5 , 7 ) = - X S O N O ( H S T ) «PMAS 
S " ; 6 , 1 )  = PMAS/X1 
S M ( € , 3 ) =  B H A S / n
S'*. ! 6 , 7 )  = -PBAS*TMH1 ?HST) -RMAS*XMH2 '.HST) 
NST=HST+1 

30 CONVINOE 
PETORN 
END
STTPBOOTINE AVER AG (HCAOT, S E I 7 ,  MTA?)
“ E A i  M T A V ; 3 6 4 )
C 3 M M 0 H / A V F / S 7 ( 3 6 4 )
n S '  5 7  TO STORE BOTH S 7  AND ZA AFTER AVERAGING
N57=1
NNTA7=1
DO ID N ? 0 7 = 1 , N T A 0 T
T F ' N P O V . E O .  1 . 0 P . . N P 0 7 . E Q . N C A O T )  CO TO 2 3  
DO 40  K = 1 , N E I V
SV t V S V ) = 'MTAV^NMTAV)♦HTA7 ; NMTA7*NEI V) ) / 2 .  
NMTA7=NMTA7*1 
4 S 7 = N S 7 * 1  

40 CDNTTSDF
N«-A7=NMTA7*NE:7 
GO TO 10 

20 DC 10 J = 1 , N E I 7
SV(NSV)=MTAV(NHTAV)
N S V = N S 7 f 1 
hT* Aï=NMTAV*1 

10 CCNTTN'IE 
ID CONTINUE 

PCTURN 
END
SUPBOBTINE 2NSTH : Z A , 2 C , r Z , N 0 S V , I Z N C T )  
DIMENSION ZA ( 2 0 ) , 2 C ( 2 0 )
N N E = N n s V - I Z * 1  
I P d Z . G T .  1) GO TO 10 
2 A ' I Z ) =  z c ; i 2 )
Z A( NN Z) =2C( NNZ )
GO TO 2 0  

13 CONTINUE 
N = IE
I F ( I 2 . G T . 2 )  N=N*IZNCT 
I ' ' I 2 . G T . 2 )  HN 2= N N2 - I7 NC T  
Z A ( N ) = 2 C ( N )
EA ' N*1)  = Z C ' N * 1 )
Z A ( N N Z ) = 2 C ( N N 2  )
Z A ' N N " - 1 ) = Z C t N N 2 - 1 )

20 CONTINUE
T Z N C ' = I Z N C T + 1
RETURN
END
SUBROUTINE S I G N ( N 0 S 7 , S T E S T )
C 0 M M 0 N / X S I 3 N / S I G H 1 ( 5 2 ) , S TGH2  (5 2)
COMMOH /A 7E/ S7( 3 6 4 )
M = 2
DO 10 I = i , H 0 S 7
I F ' S V ( M ) . L T . 0 . 0 )  S I G N 1 ( I ) = - 1 .
T F ( G V ( M ) . 3 E . 0 . 3 )  S T G N I ( I ) = 1 .
M = M + 7
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S Î 3 S 1  ( I ) = 1 -  
10 C OH TI HO S  

5 T * S T = 0 .
DO 2 0  1 = 1 , 1 0 5 ?
S T 5 S T = S T 2 S T * ( S I G H 1 ( I ) - S I S H 2 ( I )  »

2 0  C 0 N T I H 0 2  
S T E 5 T = 0 .
DO 20  1 = 1 , HOST 
snH2(r)=  SIGH1 (I)

1 0  C O S T I H O E  
3 E T 0 H H  
SHD
S 0 9 P O O T I H E  H E 1 * H K ( H S T A T , T H C B )
C 0 1 H 0 H / A 7 E / S T ; 3 6 0 )
C O I I O H / T I I E / X . I H I  ( 2 5 )  , X H H 2 ( 2 5 )  , X K 3 N ]  ( 2 5 )  ,XOKBA t 2 S )  ,  XBHHA ; 2 5 )  , X ? H î l A t  

1 2 5 ) , X 1 , T 5
C O I I O N / U D A V / D D T S H ; 2 5 ) , O A C H ; 2 5 ) , O T E L N ( 2 5 )
C 0 1 B 0 H / B 0 A 7 / W D I S H ( 2 5 ) , W A C H ( 2 5 ) , H T E L H ( 2 5 )
C 0 5 1 0 H / P D A V / P D I S H ( 2 5 ) , P A C H ( 2 5 ) , P T E L K  ( 2 5 )
DO 1 0  I = i , H S T A T  
O D I S H ( I ) = S T ( I N C R * 1 )
W r i S H  ( I ) = 5 7  ( I H C 9 * 2 )
P D I 5 N ( I ) = 5 7 ; T H C P * 3 )
D A O H ( I ) = ( O D I S H ( I ) / X I ) - X H H 1 ( I )
B A C H ( I )  = ( H D I S K ( I ) / X I ) - X K O H Q  ( I )
P A C H ( I )  = ( ? D I S H ( I ) / X 1 ) - X n H 2 ( I )
D 7 " L N ' I )  = T t l H H A ' I )  ♦ X 5 * 0 A C H  ( I )
W 7 Z L H ( I ) = X B N H A ' I )  ♦  X 5 * «AC H ( I )
P V E L S ( T )  = X P H H A ( I )  ♦ X 5 * P A C H ( I )
I H C 9 = I S C F * 1 U  

10  COH TI HOS 
P ' T ' I P H  
END
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'’ «’ . \ D ( S , 5 0 1 )  E T 1 , E C 1 , » T 2 , K C 2 , E T C , 2 C C  
‘.0 1  F O R M K T ; 6 F 1 0 . n

9 2 & D ( 5 , 5 0 2 )  5 ? , SC 
5 0 3  r n p 1 A 7 : 2 * ’1 0 . 2 )

1 0  5 6 5  J A = 1 , n i  
S=E*ADD 
W R ITE ( 6 , 9 1 )  E 

= 1 < ' 0 B 1 » T ; / / 1 2 X ,  • *  = ’ , P 7 . 0 / / )

:  »= 1 1 5  TOR F I B E R S  I N  LONGITODIHAL
: N=3 I S  FOR F I B E R S  IN T R A S S 7E SS E

TK=0.0
0 0  3 3 3  K K = 1 , 1 0  
xr:=XK*Q.  1

00  1 5 0  s = 1 , 2  
I F ( S - S 0 . 2 )  SO TO 6 0 6  
FT=ST1 
Er =E C1  
10 TO 6 0 7  

6 3 6  R T =T r 3  
SC = ?T 2 

f , ( j t  E». = EC*ET 
E 5 = E C - E T  
E 0 = T T - H C » 2 . * E C C  
E ' ‘=BTC*TCC 
? 1 = E T C - E C C

:  CREC5 I F  ZH FALLS WITHIN CORF,  I E .  J J B = 0

JOP = 0 
n = - r s / 3 .
3 ? = H » E A * ( C / 2 . ) * E F
3 C = H * ( H + C ) « F B - ( C * C / W . ) # F S
IA = - : 2 . * 0 3 ) / ; o . « 0 k ,
I 3 = " A * ” A - 0 C / ( 5 . * 0 A )
I'=‘ : Z B . L T .  3 . 3 J  3 0  TO 6 0 2  
Z ^ - S T R T  (Z3)
2 N = 2 A - ” B
T*̂  (AI'S (2N)  . L ’- .  ( C / 2 . )  ) GO TO 6 0 3  
2N = 2A *2 P
I "  ( A B S ( 2 N ) . S T .  ( C / 2 . ) ) SO TO 6 0 2  
SO TO 6 0 3

C ZN B I TR IN  F A C I N l  I F . J 0 B = 1
C

6 0 2  10B=1
Z r  = -  ( 2 . * H » E A * C * T D ) / ( 2 . * E 3 )
2 0 = ( 2 C * 2 C - T * T )
I 1 = S 2 S T ' : 0 )
"N = AB S ( Z C - Z O )
I ' ^ ' Z N . L T . T . A N O . Z N . I T .  ; C / 2 . )  ) GO TO 6 0 3  
2N=A3S (ZC*ZO)

6 0 3  B = I T E ' 6 , 1 5 5 )  N , Z N , J O B
1 5 5  ' 0 P N A T ( / / 1 5 % ,  ' E I B E P S  I N  ' , 1 2 , ' - D I R E C T I O N ' , 2 1 ,

r. ' WI TH I N I T I A L  Z N = ' , F 7 . « / 1 5 X , ' Z N  FOLLOWS J 0 8  = ' , I 2 / )
W I T E  ' 6 , 5 0 9 )  E T , E C , E T C , E C C  

5 0 9  r O R N A T ( / 3 X , ' T O t J N 3 S  BOOOL I ,  ET= '  ,  F 8 .  1 ,  3 X,  '  E C = ' ,  F 8 .  1 ,  3Z ,
S ' E T C = ' , F 9 . 1 , 3 X , ' E C C = * , F R . 1 )

WRITE ; 6 , 5 1 1 )  S F , S C  
5 1 1  ( " i R " A T ( 3 X , ' S H P A R  HODULI ,  GP= '  ,  F 6 .  1 ,  3 X ,  '  GC = '  , F 8 .  V )

WRITE ; 6 , 0 1 2 )
W R I T E ( 6 , 0 5 )

0 5  ^ O R « A -  : / 1 5 X , ' H ' , i » X , ' K ' , 6 X , ' A ' , 1 0 I , ' E ' , 1 0 X , ' D ' , 9 X , ' 3 R S 3 A  HZ'  
E , 6 X , ' 2 S ' / / 1  

W=ITE ( 6 . 0 1 2 )
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D? 1 0 0  0 = 1 , 3  
AI.= J*ALPHA 
n  10 K = 1 , L
I " < A S S ( 3 H ) . G T . ( C / 2 . ) )  CO TO 7 0 1  

5 7 9  JOB=0
0 A = - E G / 3 .
3 P = H » E A * ; C / 2 . )  « E F
D c = “ * ; h * C ) * e b - t c » c / a .  ) « bg
0 0 = ( 1 . / 3 . ) • ( H * ( H * H » 1 . 5 « H * C * . 7 5 « C * C ) * E A * E F * C * C * C / 3 . )
A A = 3 . * 0 A  
A9 = 0B
3 A = - 1 . 5 » O A
3 P = - D B
9 C = - D C / 2 .
7 0  TO 5 7 8  

7 0 1  3 0 8 = 1

:  TF 7 1  FALLS WITHIN A FACI NG,  I T  SOST BE P O S I T I V E  (SEE APPBSOIX I I )

7 S = A 3 S ; i S )
AA = B3
A3 = H*BA» t C / 2 . )  * E n
B \ = . 5 * E 3
B 0 = 0 . 0
9C= ( - . 5 ) * B P * T * T  
0A= ' 1 . / 1 . ) * 5 3  
0 ' i = 6 . 0  
0 ' ' = 0 - 0
0 0 = ( 1 . / 3 . ) • ( H * ( 3 * H * 1 . 5 * 8 * C * . 7 5 * C * C ) * E A » ( C * C * T / 3 . )  * 3 0 )

5 7 8  A=AS*IV*AB
8 = ? A « : N * : N * n 3 * Z N + 8 C  
0 = 0» *2N *2 N *7 K» 0 2* 2 N* Z ' I « -O C* 2N * DO  
3 = 0 . 6  9 1 3 « *  t 7 C * C * 2 . * H » G E )
I F  ( V . F 2 . 2 )  5 = 5 * 1 . 0 9 8 7 / 0 . 6 9 1 3 9  
P1 = F I *  ' I * F I - R * P )
AL2=AL*AL
A L 6= A I 2 * AL 2 * A L 2
2= ( » L 2 *  ( ? •  ( G * ° * 2 . * 9 * F I ) - F I * ( P I * 0 » I * A » I * S )  ) - F T * F I * S )  / ? 1  
: = A L 2 *  (AL2* ( 5 * ( I *  A - 2 . * B * 2 ) * F I * ( A * D » S * D - B * B )  ) * F I * A * S )  / P 1  
5 1 = 5 * AL 6 *  ' B * B - 0 * A ) / P 1

T TO FI ND POÜTF O*' W * * 6 * P * W * * 9 * ] * W * * 2 * S 1  = 0
r  OS FOOTS n*’ x**i = s * x * h i
:  WHEBB T = W * * 2 * ? / 3  ANO S AHO HI ARE OEFINED BELOW

-  = F * ? / 3 . - 5
“ I = P * Q / 3 . - 2 . * P * P * P / 2 7 . - n i
7 = C / 3 .
7 = 8 1 / 2 .

:  LET C I = V * * 2 - 8 * * 3

CT = 7 * V - U * - J * 0  
I F  ( C l )  1 5 , 2 0 , 2 5

C LET I  = : O H E 3 A ) * * 2  H*’HCE I  = X - P / 3

1 5  - I  = A P C 0 5 ' 7 / " i * S C ! S T ; 0 )  ) )
T 1 = 2 . * S 3 S T ; - J )  * C 0 S  : t t / 3 . ) - P / 3 .  
r 2 = 2 . * S 0 B T ( ’I) * C 0 S ( T I / 3 . *  3 .  1 9 1 6 * 2 . / 3 . ) - P / 3 .
* 3  = 2 .  * S 2 a T ; * l )  * C 0 S : T I / 3 .  * 3 .  1 9 1 6 * 9 . / 3 . ) - P / 3 .
I -  ( Y 1 . L T . 0 . 0 . A N D . T 2 . L T . 0 . 0 )  GO TO 70
I -  " I I . I F . O . O . A N O . T 2 . C E . O . O )  GO TO 75 
" F  ( T 1 . 3 E . 0 . 0 )  1 = 1 1
I F  : ? 2 - G F . 0 . 0 )  T =T 2
7 0  TO =0
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7 5  I "  : r t . L ? . r 2 )  3 0  TO 9 5
T = T2
3 0  - 0  90 

9 5  T=T1
9 0  I "  t T T - G E . O . O - A M O . T I - L E . I )  T = T 3

3 0  TO 3 0  
7 0  I T  ' T 3 . L T . 0 . 0 )  3 0  TO 35

T =T 3
3 0  TO 30  

2 0  Y 1 = 2 . * ( V * * . 3 3 3 ) - P / 3 .
T 2 = - ( V « » . 3 3 3 ) - P / 3 .
I F  ' T 1 . L T . O . O . A N D . T 2 . t T . O . O )  GO TO 35  
I F  ( T 1 . 3 F . 0 . 0 . A S D . T 2 . 3 E . 0 . 0 )  GO TO 6 0  
!*• ^ T I . G ^ . O . O )  T = T 1  
I F  ( Y 2 . 3 E . 0 . 0 )  I = T 2  
3 0  TO 33  

^ 0  I F  ( T 1 . L E . T 2 I  3 0  TO 6 5
T = T2
3 3  TO 3 0  

6 5  r = r i
3 0  TO 30

2 5  Y= 'V + S 0 R T ; c I 1 ) « * . 3 3 3 * ' V - S O R T  I C I ) ) « « .  3 3 3 - P / 3 .
: «  : T . L T . 0 . 0 )  GO TO 3 5

T TO F I  S3  TRUE ZH
C OESOTF SEW VAL'JF OF ZH 3T ZHEH
C

3 0  ' 3 « A L 2 - ? « T S  / ! A « A L 2 - F I « T )
Tr ;A' ’5 " T H - Z S E W ) / Z » ) - F )  4 5 , 4 5 , 5 0

4 5  I F ( Z * I E W . 3 T . T . o p . Z S E « . L T .  ( - C / 2 . ) )  3 3  TO 7 2 1
3 0  7 0  4 6

C 5 T 3 " S « S N T  A F -E R 7 2 1  I S  P E P P O P F E D  I N 3 R 3 E S  TO T H AS 3 E  THE I N I T I A L  
T 3 I J 7 5 S  I ' -  ZN : 0 E 5  NOT FALL W I T H I N I T S  L I 1 I T S
T I *  ? ' I  F » L L S  S I T H I N  A F A C I N 3 ,  I T  3 0 S T  BE P O S I T I V E  ( S E E  A P P E N 3 I X  I I )

7 2 1  I F E 9 . L )  GO TO 3 5
Z'.'EW = - T N 5 W / 4 .

5 0  T N = " N ^ U
T F ( F . E 3 . L )  3 0  TO 3 5  

10  CONTISOT
4 6  0 M E 3 A = 3 3 R T ( F ) / ( 2 . » 3 . 1 4 1 6 )

W = I - E  ( 6 , 5 5 )  J ,  K ,  A ,  9 ,  D ,  0 N E 3 A ,  ZHEW, JOB 
5 5  F 3 F « A T ; 1 4 X ,  1 2 , 2 1 ,  1 4 , 2 1 ,  F 9 . 0 , 2 X ,  P 3 . 0 , 3 X ,

C F 9 . 0 , 3 X ,  » R . 1 , 4 X ,  F ? . 4 , 2 Z , ' « «  J 0 3 = ' , I 2 / )
33  TO 100 

3 5  W » I T E  ( 6 , 4 3 )  J ,  K ,  T ,  2NEH
4 0  ^ O E " A T ' / / 1 0 I , ' E N D  I - E P A - I O H  FOR 3 = ' , 1 2 , »  K I T H * / 2 3 X ,  • K = ' ,  1 4

0 / ? 3 7 ,  '  ; 0 3 EG A )  • • 2 = ' , » » 1 4 . 0 / 2 0 X , ' Z H = ' , P 1 0 . 4 / )
i r C N E W . 3 T . T . 0 P . T N E W . L T . ( - C / 2 . ) ) Z N = - Z N E W / 4 .

1 0 0  CONTTNOE
WPTTE ( 6 , 0 1 2 )

1 5 3  TON-IN' JE
7 3 3  r O N T T N ’J t  
5 6 5  C ON TI NOF

STOP 
END
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