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ABSTRACT

A transfer-matrix analysis is presented for determining the static
and dynamic behavior of thick, orthotropic beams of "multimodular mate-
rials" (i.e., materials which have different elastic behavior in tension
and ccmpression, with nonlinear stress-strain curve approximated as
piecewise linear, with four or more segments). Also, an exact solution
is presented for cases in which the neutral-surface location is constant
along the beam axis. Results for axial displacement, transverse deflec-
tion, bending slope, frequency, bending moment, transverse shear force,
axial force, and location of neutral surface are presented for different
load and boundary conditions. In addition, comparisons are made among
multimodular, bimodular, and unimodular models for a beam with aramid-
cord-rubber properties taken from experimental stress-strain curves.

Also, presented is a closed-form solution of the static equilibrium
equation for a bimodular composite laminate in cylindrical bending. The
resulting shear-stress distribution is used to obtain expressions for the
Timoshenko-type shear correction coefficient and the maximum dimension-
less transverse shear stress. Based on this more accurate prediction of

shear correction coefficient for bimodular materials, a new theory is

developed for the vibration of a bimodular sandwich beam with thick facings

which agrees much better with experimental results than classical sandwich

theory.
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SECTION I
INTRODUCTORY REMARKS

Composite materials, especially those in the form of fiber-reinforced
laminates, have many applications in modern engineering structures. The
major advantages include high strength/weight, high stiffness/weight, and
good corrosion resistance. In addition, there is considerable design
versatility due to the fact that by varying the fiber volume fraction,
fiber orientation, and stacking sequence, one can tailor the material to
the specific application. These characteristics have made an impressive
impact on engineering, particularly in the aerospace industry.

Predicting the behavior of thick beams and laminates becomes more
important as the use of such material steadily increases. It is now well
known that certain materials have different stress-strain behavior when
they are loaded in tension and in compression. Experimental evidence of
this behavior has been found in numerous materials including cast iron,
tire-cord-rubber, concrete, epoxies, rock, and soft biological tissues.

These materials not only have a different behavior under tension and
compression but some of them, such as tire-cord-rubber, have a drastic
nonlinear stress-strain curve which makes the analysis of these materials
much more tedious. Stress-strain curves for such materials could be

approximated to be bilinear with one modulus when the fibers are stretched

1



and another when they are compressed. However, in the present work this
approximation is extended to two segments in tension and two segments in
compression.

The analysis of laminated bimodular material is more complicated than
unimodular material (ordinary material) due to the dependency of the mate-
rial stiffness on the material properties which, indeed, depend on the
state of stress (i.e., tensile or compressive) in the laminate. Since
stiffnesses are functions of neutral-surface position and neutral-surface
location is not known é priori, an iteration procedure is needed in the
general case. But, for the special cases when the axial force is zero
(e.g., clamped-free beam), the position of the neutral surface is constant
along the length of the beam and consequently the computations are much
easier.

For these special cases, a closed-form solution can be obtained,
whereas for the general case, a numerical method must be implemented. In
the present work a transfer-matrix method is used. This method, which has
been proven to be very efficient computationally, is applied for fairly
complicated conditions of loading and boundary.

Sections II and III of the present work deal with the analysis of a
thick multimodular beam with rectangular cross section and in the last
two sections, emphasis is given to the transverse shear effect in bi-

modular laminate and sandwich beams.



SECTION II
DEFLECTION OF A THICK BEAM OF MULTIMODULAR MATERIALT

A transfer-matrix analysis is presented for determining the static be-
havior of thick beams of "multimodular materials" (i.e., materials which
have different elastic behaviof in tension and compression, with non-
linear stress-strain curves approximated as piecewise linear, with four
or more segments). To vaiidate the transfer-matrix method results, a
closed-form solution is also presented for cases in which the neutral-
surface location is constant along the beam axis. Numerical results for
axial displacement, transverse deflection, bending slope, bending moment,
transverse shear, axial force, and location of neutral surface are pre-
sented for multimodular and bimodular models of unidirectional aramid-
cord-rubber. The transfer-matrix method resuits agree very well with the

closed-form solutions.

2.1 Introduction

In 194Y Timoshenko [2.1] considered the Tiexural stresses in bimodular
material, i.e., a bhilinear material having different moduli in tension and
in compression. Ambartsumyan [2.2] in 1965, introduced the terminology,

“bimodulus", and extended the concept to two-dimensional analysis.

¥ An abbreviated version of this section will appear in International
Journal for Numerical Methods in Engineering, (Nov.,1983).
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Numerous static papers appeared after this work; Marin [2.3] gave the
effective modulus for stiffness of bimodular beam undergoing pure bending.
Small-deflection bending of Bernoulli-Euler beams of homogeneous,
bimodular material was treated in Refs. 2.4-2.12. Large static deflec-
tions of beams of bimodular material were analyzed in Refs. 2.13-2.14.
Kamiya [2.15] considered transverse-shear-deformation effects on bimodular
beams for the first time. Recently,Tran and Bert [2.16] treated bending of
thick beams of bimodular materials and obtained both closed-form and
transfer-matrix solutions. To the best of the present author's knowledge,

no previous work is available in the context of multimodular beams.

2.2 Modeling of the Stress-Strain Curve

Bert and Kumar [2.17] recently presented experimental stress-strain
curves for unidirectional cord-rubber materials. In the present work, a
stress-strain curve for aramid-rubber taken from [2.17] has been linearly
approximated by four segments (two segments in tension and two segments
in compression). For choosing the "break points" t and c¢ (see Fig. 2.1),
the area between two fitting lines and the experimental curve in each por-
tion has been minimized to achieve the "best" fit (see Appendix A.1). To
find comparable moduli for the bimodular case, one has to minimize the
area between two straight lines and the experimental curve (see Appendix
A.2). Finally, for the unimodular case, the "best" single straight line

is used (see Appendix A.3).

2.3 Theory and Formulation

Consider a rectangular-cross-section beam of thickness h and length

£ as shown in Fig. 2.2. The origin of the Cartesian coordinate system
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is located on the mid-surface of the beam with the z-axis being measured

positive downward.

2.3.1 Displacement Field
The same displacement field used in classical Timoshenko beam theory

is implemented here

U(x,z) = u(x) + zp(x) , W(x,2) = w(x) (2.1)

where U and W are displacements in the x and z directions, respectively,
u and w are corresponding displacements at the midplane, and ¢y is the

bending slope.

2.3.2 Stress Field
For a four-segment approximation of the normal stress-strain curve,
considering the general case (i.e., when - g’< a, s 3 < g), the follow-
ing stress field has been considered for the case of convex bending (see

Figs. 2.1 and 2.3).

EC "+ E,%(e, - ;) -h/2 <z <

E,Ce a_ <z<z

1 ™x c—"="n (2.2)
g, = .
X E]tex z <z<a,

£ be, b+ B, - egh) a, <z < h/2

t.. = Gy

XZ XZ

where E]c, Ezc, E]t, Ezt, G, e]c, and e]t are material constants, oy is

the axial normal stress, ¢, is the axial normal strain, Yyz is the trans-

X
verse shear strain, Tys is the transverse shear stress, and z, is the



location of the neutral surface. It is noted that this material is

linear elastic in shear. Comparison of Figs. 2.1 and 2.3 leads to

e, = x(z-2) (2.3)
)€ = ela -2,) (2.4)
&b = «la,-2.) (2.5)
eg- = x(-h/2 - z.) (2.6)
et = w(h/2 - 2,) (2.7)

c t
where €f and Ef

are the final values attained at the respective com-
pressive and tensile outer fibers and « is the curvature.

Using linear strain measure and the strain field of Egqs. (2.1), one

obtains
€y = U,x =uy + zw’x (2.8)
Yz Ut U =Wty
Comparison of Eqs. (2.3) and (2.8) gives
u, = -x2 s U TK (2.9)

’x n ,X

Note that ( ) _ denotes d( )/dx.
X

2.3.3 Constitutive Relation
For the assumed beam, the normal and transverse shear stress result-
ants and moment, each per unit width, are defined as
h/2 h/2

(N,Q) = I (ox,rxz)dz , M= J 20,d2 (2.10)

-h/2 -h/2
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Using the assumed stress and displacement field, the system of Egs.

(2.10) can be written as the constitutive relation for a multimodular

beam:
N A+cy  BECR 0 v,
My = jB+cE  p+ch 0 v (2.11)
Q i 0 0 Sn W + ¢

where A, B, D, and S denote the respective extensional, flexural-

extensional coupling, flexural, and transverse shear stiffnesses de-

fined by
h/2
(A,B,D) = (1,2,22)Ei(k)dz i=1,2
k=t,c
-h/2 ’
(2.12)
h/2
_ ye
S§=K J G dz
-h/2
Here, the stiffnesses Cﬁ, Cﬁ, Cg, and Cg are not present in linear or

bimodular materials, and are as defined in Appendix B. In Eq. (2.12), t
and ¢ denote tensile-strain and compressive-strain regions, respectively.
The quantity K2 is a shear correction coefficient which is generally taken

to be 5/6 for static loading of a rectangular-section beam.

2.3.4 Equilibrium Equations

The equilibrium equations for transverse distributed loading q(x)

can be written as

N,x =0 Q,x +q(x) =0 3 M,x -Q=0 (2.13)
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By substitution of Eq. (2.11) into Eqs. (2.13), one obtains the follow-

ing equations of equilibrium in terms of the generalized displacements

(A'u  *+B'y ) =0
[S(w +4)] = -alx) (2.14)
(B'u , + D' ), - Slw +y)=0
where
. A
A' = A+ Cy
B' = B+ Ch
(2.15)
L LI B
B" =B + Cy
- D
D' =D+ Cy

2.4 Closed-Form Solution

A closed-form solution can be obtained only when the stiffnesses
and thus neutral-surface position (zn) do not depend on x. Therefore,

neutral-surface location [2.18] must be constant

z, = -u’x/ ?x = constant (2.16)

and y _ in terms of N, M,

Using Eqs. (2.11) one is able to express u % %
9 9

and the stiffnesses as follows:

u -D' B' N
X 1
= BB A (2.17)

L BY -A' M

Combining Eqs. (2.16) and (2.17), one obtains

z = (B'M - D'N)/(A'M - B"N) (2.1%)
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It is obvious that z = const. when N = 0. Thus, for these special cases

(see Appendix C)

z, = B'/A' = constant (2.19)

Now, equilibrium Eqs. (2.14) can be simplified as follows [2.19]:

Alu x + B'w’x =0

s X X
SWayy * ¥ ) = -alx) (2.20)
B"u,xx * D'w,xx - S(w,x ty) =0

The general solution for Eqs. (2.20) can be written as follows:

u(x) = dy + d2x + %%— C4x2 + up(x)

- . 6(B'B" - A'D') _ _ 2
v(x) = -C, + K Cy - 203x - 3C,x° + y,(x) (2.21)
w(x) = C; + Cox + C3x2 + qu3 + wp(x)

where up, wp, wp are particular solutions (see Appendix D) and C], CZ’ C3,
C4, d], and d2 are arbitrary constants determined by the boundary conditions
of the beam. The following boundary conditions have been considered for

closed-form solutions:

1. Hinged-Hinged (free to move axially at x=1L)

u(0) = N(2) =0 5 MO) =M)=0 ; w0 =w()=0
2. Clamped-Free

w(0) = N(2) =0 5 w(0) =M(P)=0 ;5 w(0)=20q(P)=0
3. Clamped-Clamped (free to move axially at x=L)

u(0) = N(&) =0 5 (0) =v(e) =0 ;5 w(0)=w(e)=0

The values of constants C], CZ’ C3, C4, dl’ and dzare1isted in Appendix D.
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2.5 Transfer-Matrix Solution

As it has been shown in [2.20,2.21], in tne transfer-matrix approach,
the beam is divided into NS elements, each of which is assumed to be of
mass m and concentrated at the center of mass of the element. The mass
center of each element is called the station. The stations are separated
by fields which are taken to be massless and contain all of the stiff-
nesses of the beam. At the end points of the beam, there are two half
fields of length a%/2 (see Fig. 2.4), and between these half fields there
are NS stations separated by (Ns-1) full fields of length, a%, where -

AL = 2/NS and & is the length of the beam. By writing the equilibrium
equations for each station and each element and connecting the elements
by transfer matrices, one transfers the generalized displacements (u,w,y)
and the forces (N,Q,M) from the left side of the beam to the right side.

Since the same procedure used in [2.16] has been used here to derive
transfer matrices and state vectors (u,w,w,N,Q,M)T, the readers are
referred to this reference. Note that since the present work deals with
multimodular material, some changes in the field matrix are necessary (see
Appendix E). In the calculation of the stiffnesses for the cases where
the axial force is not zero, the neutral-surface locations and the cor-
responding distances to the "break points" in the o, Vs z curve (ac and at)

‘ - 3 . - -
are not constant and not known a priori. Therefore, an iterative technique

has been employed to compute the neutral-surface locations Zs also a. and

a,. One must first assume (2Ns-+2) sets of values of Z> s and a, and

t
then compute the stiffnesses and solve the governing equations for the
state vector. Finally, by using Eqs. (2.18), (C.3), and (C.4), compute

new values of Z.s 3. and at. Obviously, if the assumed and computed sets
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of z, 2., and a, are in sufficiently close agreement, the probiem is
solved; otherwise, assume the calculated set z s 2, and a, and repeat

the procedure.

2.6 Numerical Results

In the following, numerical results are presented for a thick beam
with a rectangular cross section and constructed of multimodular material
(see Table 2.1): unidirectional aramid-cord-rubber, which is used in the
tire industry. Various boundary conditions and loading conditions were
investigated (see Tables 2.2 and 2.3). In the transfer-matrix analysis,
twenty-five elements were used. Each element was of length 7.32 in. for
dimensional cases and dimensionless length of 0.04 for nondimensional
cases. The shear correction coefficient was taken to be 5/6.

For all cases considered, the computations are carried out for axial
elongation u (or u = u Ezt/qoz), transverse deflection W (or W = W Ezt/qoz),
bending slope v (or y = y Ezt/qo) axjal force N (or N = N/qon), shear force
Q (or 6 = Q/qoz), bending moment M (or M = M/qozz) and neutral-surface
location z (or Z_ = z /h), where u, W, ¥, N, Q, M, and z are nondimen-
sional parameters.

Due to lack of comparable results in the literature, comparisons are
made between the closed-form solution (CFS) and the transfer-matrix solu-
tion (TMS) developed here. Excellent agreement between CFS and TMS for
the twenty-five element model has been achieved and still it can be
improved by increasing the number of elements. For most of the results,
the error is less than 2%. Figure 2.5 contains the plots of the dimen-
sionless transverse deflection (W) versus dimensionless position (X=x/2)

for Case 11 for multimodular, bimodular, unimodular, and average-modular
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Table 2.1. Elastic Properties and Geometric Parameters
for an Aramid-Cord-Rubber Beam

Longitudinal Young's Modutus, Longitudinal-Thickness Shear
psi x 10-° Modulus, psi x 1073
Model Tension Compression Tension and Compression
.g M 2 1 1 2 G
o 0.580 0.420] 0.032 0.010 0.537
j=8
& B b b
55 0.470 0.018 0.537
4 E E
w u 0.275 0.275 0.537
A 0.244 0.244 0.537
oL Beam length 8.0 in.
T | Beam depth (thickness) 0.6 in.
@ 2| Beam width 1.0 in.
g«
O -
[+~
(4o 1 =W

*M ~ Multimodular, B ~ Bimodular, U ~ Unimodular, A ~ Average Modular.



Table 2.2, Summary of Cases Considered

Case § Boundary Condition and ] Case [ Boundary Condition and
No. | Load Position No. |} Load Position
4 v
1 y r L [ 4 7 ; 3
| A | |
M
3 L ) y %yy
pa » 4 t
Q)
4 A
4 T 10 Y i 4
4 4
1 y 4
5 1
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Table 2.3. Values of Km and Kq for Various Loadings

Type of Loading Ko Kq
Uniform Load
- 2
-q(x) = q q,(82)%/2 q,02
NERN
—>x
Sine Load
= ;0 AT q0£ nn qol nm
Q(x) - qO sin [} X "ﬁ"_"_' [2. cos T xj--] - ﬂ - '-n—_"— (COS T Xj
D)
+ . L 1 M - 5 D_T_l'_ - n_‘!T_
S J\LJ (sin X5 -sin 7 xj_])] cos xj_1)
! AL &
o
Cosine Load
- nm qol L nn cﬁ .. nw
q(x) = q, €0s 7 X e [- s (cos e Xj nT (sin T X:‘i
nn . nw . nn
ll’l\j J//l,l - €os - xj_]) - & sin - xj_1] - sin &~ xj-'l)

-
- - o= -

-2
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'
1 { ] |
0.0 0.1 0.2 0.3 0.4 0.5
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Fig. 2.5. Comparison among multimodular, bimodular, unimodular, and

average modular deflection distribution for closed-form and
transfer-matrix solution of clamped-clamped aramid-cord
rubber beam (i/h = 10).
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[i.e., E = (Ebt + Ebc)/z] cases, where £/h = 10.

As one can see, there is a considerable difference between transverse
deflection of multimodular and bimodular models on one hand and unimodular
and average modular models on the other. Note that Case 11 is a special
case because both ends are not free to move and one expects axial force to
be developed due to bending-stretching coupling caused by bimodular action.
However, the computed axial force is close to zero which means z, is con-
stant.

To validate TMS, in Figs. 2.6 through 2.9, a comparison is made be-
tween TMS and CFS. Behavior of Cases 1, 4, 10, and 11 was studied for the
multimodular model considering different dimensionless parameters
(2/h = 5,10, 155 M, = -1.0; N, =-1.0; Q =-1.0).

In Table 2.4, for a specific beam (see Table 2.1), dimensioned com-
parisons have been made between multimodular and bimodular models. Tables
2.5-2.9 again show the validity of TMS while they present the computed
results for Cases 3, 5, 6, 7, and 8.

Since closed-form solutions are not available for the complicated
boundary conditions considered in Cases 9, 10, and 11, only transfer-matrix
results are presented for these cases. In Figs. 2.10-2.13, the behavior
of a clamped-free beam (with applied moment and axial and shear forces
at the free end) and a clamped-clamped beam under a uniform load is in-
vestigated. See also Table 2.10. It is of particular interest to note
that in Fig. 2.10, the sign of the deflection depends upon the 2/h ratio,
the crossover point being at 2/h = 11.

For cases where axial force is zero, the neutral-surface location is

constant; otherwise it varies along the beam length. In Figs. 2.14-2.17,
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Fig. 2.6. Closed-form and transfer-matrix solutions of hinged-hinged,
aramid-cord-rubber beam with rectangular cross section
(¢/h = 5, 10, 15).
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Fig. 2.7. Closed-form and transfer-matrix sclutions of hinged-hinged,

aramid-cord-rubber beam with rectanaular crosc section
(z/h = 5, 10, 13).
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Fig. 2.8. Closed-form and transfer-matrix solutions of clamped-free,
aramid-cord-rubber beam with rectangular cross section
(¢e/h = 5, 10, 15).
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Table 2.4. Comparison Between Bfmodular and Multimodular Cases for Both Closed- %
Form and Transfer-Matrix Solutions for an Aramid-Rubber Beam (Case 2)

U x

0%, in.

wx 103, in.

v x 103, rad

H, 1b-in,

Q,

b

8.

"ﬁ

N

crst mst

CFS TMS

CFS TMS

CFS ‘™S

_CFS

™S

CFS

S

CFS

IMS

CFS

THE

CFS

TMS

CFS

™S

.90
.94
.98
.00

0.0000 0.0000
-0.0036 -0.0036
-0.0323 -0.0321
-0.0878 -0.0873
-0.1666 -0.1657
-0.2639 -0.2625
-0.3734 -0.3714
-0,4834 -0,4838
-0.6015 -0.5983
-0.7057 -0.7020
-0.7945 -0.7503
-0,8622 -0.8576
-0.9046 -0.8998
-0.9190 -0.9142
-0.9046 -0.8998
-0.8622 -0.8576
-0.7945 -0.7903
-0.7057 -0.7020
-0.6015 -0.5983
-0.4884 -0.4858
-0.3734 -0.37V4
-0.2639 -0.2625
-0.1666 -0.1657
-3.0878 -0.0873
-0.0323 -0.0321
-0.0036 -0.0036
-0.0000 0.0000

0.0000 0.0000
-0.0036 -0.0036
-0.0318 -0.0317
-0,0865 -0.08561
-0.1643 -0.1634
-0.2601 -0.2588
-0.3681 -0.3662
-0.4815 -0.4789
-0.5930 -0.5899
-0.6957 -0.6921
-0.7832 -0.7791
-0.8500 -0.8455
-0.8918 -0.8871
-0.9060 -0.9012
-0.8918 -0.8871
-0.8500 -0.8455
-0.7832 -0.7791
-0.6957 -0.6921
-0.5930 -0.5399
-0.4815 -0.4789
-0.3681 -0.3662
-0.2601 -0.2587
-0.1643 -0.1634
-0.0865 -0.0860
-0.0318 -0.0316
-0.0036 -0.0036
-0.0000 0.0000

0.0000
0.1121
0.3292
0.5256
0.6890
0.8090
0.8783
0.8924
0.8504
0.7550
0.6121

0.0000
0.1117
0.3272
0.5222
0.6844
0.8036
0.8724
0.8863
0.8446
0.7498
0.6079
0.4308 0.4278
0.2224 0.2208
0.0000 -0.0000
-0,2224 -0.2209
-0.4308 -0.4278
-0.6121 -0.6079
-0.7545 -0,7498
-0.8504 -0.8446
-0.8924 -0.8863
-0,8783 -0.8724
-0.8090 -0.8036
-0.6890 -0.6844
-0.5256 -0.5222
-0.3292 -0.3272
-0.1121 -0.1117
0.0000 0.0000

0.0000
0.1122
0.3296
0.5263
0.6899
0.8101
0.8795
0.8936
0.8515
0.7560
0.6129
0.4313
0.2227
0.0000

-0.2227

-0.4313

-0.6129

-0.7560

-0.8515

-0.8936

-0.8795

-0.8101

-0.6399

-0.5263

0.0000
0.1118
0.3277
0.5229
0.6853
0.8047
0.8735
0.8875
0.8457
0.7508
0.6087
0.4283
0.2211
-0.0000
-0.2211
-0.4284
-0.6087
-0.7508
-0.8457
-0.8875
-0.8735
-0.8047
-0.6853
-0.5229
-0.3296 -0.3277
-0.1122 -0.1119
0.0600 0.0000

-0.2277
-0.2259
-0.2117
.0.1842
i-0.1451
1.0.0969
-0,0827
0.0143
0.0704
0.1220
0.1660
0.1995
0.2205
0.2277
0.2205
0.1995
0.1660
0.1220
0.C704
0.0143
-0.0827
-0. 0969
-0.1451
-0.1842
-0.2117
-0.2259
-0.2277

-0.2264
-0.2246
-0,2105
-0,1831
-0,1443
-0.0969
-0.0423
0.0143
0.0701
0.1215
0.1652
0.1986
0.2195
0.2266
0.2195
0.1984
0.1652
0.1215
0.070?
0.0143
-0.0423
-0.0963
-0.1443
-0.18"
-0.2105
-0.2246
-0.2264

-0.2286
-0.2268
-0.2126
-0.1850
-0.1457
-0.0963
-0.0428
0.0144
0.0706
0.1225
0.1667
0.2004
0.2215
0.2286
0.2215
0.2004
0.1667
0.1225
0.0706
0.0144
-0.0428
-0.0973
~0.1457
-0.1850
-0,2126
-0.2268
-0,2286

-0.2273
-0.2255
-0.2113
-0.1839
-0.1449
-0.0973
-0.0425
0.0144
0.0704
0.1220
0.1659
0.1994
0.2204
0.2275
0.2204
0.1994
0.1659
0.1220
0.0704
0.0144
-0,0425
-0.09¢€7
-0.1449
-0.1839
-0.2114
-0.2255
-0,2273

0.0000
0.0203
0.0597
0.0953
0.1249
0.1467
0.1592
0.1618
0.1542
0.1369
0.1110
0.0781
0.0403
0.0000
-0.0403
-0,0781
-0.1110
-0.1369
-0.1542
-0.1618
-0.1592
-0.1467
-0.1249
-0.0953
-0.0597
-0,0203
0.0000

0.0000
0.0203
0.0597
0.0952
0.1249
0.1467
0.159
0.1618
0.1542
0.1369
0.1110
0.0781
0.0403
-0.0000
-0,4032
-0.0781
-0.11:0
-0.1369
-0.1542
-0.1618
-0.1%92
-0.1467
-0.1249
-0.0952
-0.0597
-0.0203
0.0000

0.0000
0.n203
0.0597
0.0953
0.1249
0.14¢€7
0.1592
0.1618
0.1542
0.1369
0.1110
0.0781
0.0403
0.0000
-0.0403
-0.0781
-0.1116
-0.1309
-0.1542
-0.1614
-0.1592
-0,1467
-0.1249
-0.0953
-0.0597
-0.0293
-0.0000

0.0000
0.0203
0.0597
0.0953
0.1242%
0.7447
0.1592
0.1618
0.1542
0.1369
6.1110
0.0781
0.0403
-0.0000
-0,0103
-0,0781
-6, 1110
-0.136)
-0.1542
-0.1618
-0.1592
-0.1467
-0.1249
-0.0953
-0.0597
-0.0203
-0.0690

0.1273
0.1263
0.1184
0.1030
0.0812
€.0542
0.0z39
-0.0080
-0.0393
-0.0682
-0.0928
-0.1116
-0.1233
-0.1273
-0.1233
-0.1115
-0.0928
-0.0682
-0.0393
-0.0080
0.0239
0.0542
0.u812
6.1030
0.1184
3.1263
0.1272

0.1273
0.1263
0.1184
0.1030
0.0812
0.5422
0.0239
-0,0080
-0.0392
-0.0682
-0.0928
-0.1116
-0,1233
-0.12713
-0,1233
-0,1116
-0,0928
-0.0682
-0.0393
-0.0080
0.0239
0,0542
0,0812
0.1030
0.1184
0.1263
0.1273

0.1273
0.1263
n.1184
0.1030
0.0812
0.0542
0.3739
-0.2080
-0.0393
-0,0682
-0.0928
-0.1116
-0.1233
-0.1273
-0.1233
-0.1116
-0.0928
-0.0682
-0.0393
-0.0080
0.0239
0.0542
0.0812
0.1030
0.1184
0.1261
0.1273

0.1273
0.1263
0.1184
0.1030
0.0812
0.0582
0.0239
-0.080
-0.0393
-0.0682
-0,0928
-0.1116
-0.1233
-0.1273
-0.1233[5
-0.1116
-0.0928
-0.0682
-0.0533
-0.0080
0.0239
0.0542
0.0812
0.1030
0.1184
0.1262
9.1273

[

] QOO LOOOOLWLULIDDTOLOCOOUOO

B8 v bimrodular and M - multimodular.

CFS denotes closed-form solution; TMS signifies transfer-matrix solution,
0.1981 in. 0 < x < ¢/2

Axial force {s zero and z, is constant for this case [z, =

-0.1981 in. 2/2 ¢ x < 2

(for multimedular) and

0.2018 in. 0 < x < 2/2

N

(for bimodular)]

" l-0.208 in. /2 <x <t




Table 2.5. Closed-Form and Transfer-Matrix Solutions
for an Aramid-Rubber Beam (Case 3)*

/2 u x 10°, in. w x 102, in. v x 102, rad M, 1b-in. [ Q, 1b

CFS** TMS** CFS ™S CFS ™S CFS & TMS| CFS & TMS
0.00 | 0.0000 0.0000| 0.0000 0.0000 | -0.1829 -0.1827| -0.0000 0.2546
0.02 | -0.0007 -0.0007{ 0.0444 0.4443 | -0.1825 -0.1823 0.0407 0.2541
0.06 | -0.0064 -0.0064| 0.1326 0.1323 | -0.1797 -0.1794 0.1215 0.2501
0.10 | -0.0177 -0.0177| o0.2186 0.2182 | -0.1704  -0.1737 0.2004 0.2422
0.14 | -0.0345 -0.0344| 0.3012 0.3006 | -0.1655 -0.1653 0.2761 0.2304
0.18 | -0.0564 -0.0563| 0.37917 0.3783 | -0.1544  -0.1542 0.3474 0.2150
0.22 | -0.0832 -0.0831| 0.4510 0.4500 | -0.1409 -0.1407 0.4133 0.1962
0.26 | -0.1143 -0.1142| 0.5157 0.5146 | -0.1252 -0.1250 0.4727 0.1743
0.30 | -0.1494 -0.1492| 0.5724 0.5711 | -0.1075 -0.1074 0.5246 0.1497
0.34 | -0.1878 -0.1876| 0.6200 0.6186 | -0.0881 -0.0880 0.5682 0.1227
0.38 | -0.2290 -0.2287 | 0.6578 0.6564 | -0.0673 -0.0672 0.6029 0.0937
0.42 | -0.2723 -0.2719| 0.6852 0.6837 | -0.0455 -0.0454 0.6281 0.0633
0.46 | -0.3170 -0.3166| 0.7019 0.7004 | -0.0229 -0.0229 0.6433 0.0319
0.50 | -0.3624 -0.3619) 0.7075 0.7059 | -0.0000 -0.0000 0.6484 0.0000
0.54 | -0.4078 -0.4073 | 0.7019 0.7004 | 0.0229  0.0229 0.6433 -0.0319
0.58 | -0.4525 -0.4519| 0.6852 0.6837 | 0.0455  0.0454 0.6281 -0.0633
0.62 | -0.4958 -0.4952 | 0.6578 0.6564 | 0.0673  0.0672 0.6029 -0.0937
0.66 | -0.5370 -0.5363 | 0.6200 0.6186 | 0.0881  0.0880 0.5682 -0.1227
0.70 | -0.5754 -0.5747 | 0.5724 0.5711 | 0.1075  0.1074 0.5246 -0.1497
0.74 | -0.6105 -0.6097 | 0.5157 0.5146 | 0.1252  0.1250 0.4727 -0.1743
0.78 | -0.6416 -0.6408 | 0.4510 0.4500 | 0.1409  0.1407 0.4133 -0.1962
0.82 | -0.6684 -0.6675| 0.3791 0.3783 | 0.1544  0.1542 0.3475 -0.2150
0.86 | -0.6903 -0.6894 | 0.3012 0.3006 | 0.1655  0.1653 0.2761 -0.2304
0.90 | -0.7071 -0.7061 | 0.2186 0.2182 | 0.1740  0.1737 0.2004 -0.2422
0.94 | -0.7184 -0.7174 | 0.1326 0.1323 | 0.1792  0.1794 0.1215 -0.2501
0.98 | -0.7241 -0.7231 | 0.0444 0.0443 | 0.1825  0.1823 0.0407 -0.2541
1.00 | -0.7248 -0.7238 | 0.0000 0.0000 | 0.1828  0.1827 | -0.0000 -0.2546

*For Case 3, axial force N is zero and z, is constant, equal to 0.1981 in.

**CFS ~ closed-form solution; TMS ~ transfer-matrix solution.
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Table 2.6. Closed-Form and Transfer-Matrix Solutions
for an Aramid-Rubber Beam (Case §5)*

x/2 u x 103, in. w x 10, in. v x 102, rad M, 1b-in. | Q, 1b

CFS** TMS** CFS TMS CFS TMS | CFS & TMS | CFS & TMS
0.00 0.0000 0.0000 0.0000 0.0000]| 0.0000 0.0000 1.0186 0.0000
0.02 { -0.0358 -0.0358 | -0.0001 -0.0001 | 0.0180 0.0180 1.0185 -0.0010
0.06 | -0.1073 -0.1072 } -0.0013 -0.0014 | 0.0541 0.0542 1.0171 -0.0089
0.10{ -0.1786 -0.1785{ -0.0038 -0.0039{ 0.0901 0.0901 1.0120 -0.0243
0.14 | -0.2493 -0.2491 | -0.0077 -0.0077 | 0.1258 0.1257 1.0009 -0.0462
0.18 | -0.3190 -0.3188}{ -0.0130 -0.0130| 0.1610 0.1609 0.9819 -0.0731
0.22 | -0.3870 -0.3867 | -0.0198 -0.0198 | 0.1953 0.1952 0.9537 -0.1035
0.26 { -0.4527 -0.4523 | -0.0280 -0.0280| 0.2285 0.2283 0.9155 -0.1353
0.30 | -0.5153 -0.5149 { -0.0376 -0.0376 | 0.2601 0.2599 0.8672 -0.1667
0.34 | -0.5743 -0.5738 { -0.0485 -0.0486| 0.2898 0.2896 0.8091 -0.1955
0.38 | -0.6288 -0.6283 | -0.0608 -0.0607 | 0.3174 0.3171 0.7425 -0,2201
0.42 | -0.6784 -0.6778 | -0.0740 -0.0740| 0.3424 0.3421 0.6689 -0.2389
0.46 | -0.7226 -0.7220 | -0.0883 -0.0882 | 0.3647 0.3644 0.5903 -0.2506
0.50 | -0.7613 -0.7606 | -0.1033 -0.1032 | 0.3842 0.3839 0.5093 -0.2546
0.54 | -0.7942 -0.7935| -0.1185 -0.1188| 0.4008 0.4005 0.4282 -0.2506
0.58 | -0.8215 -0.8208 | -0.1349 -0.1347 | 0.4146 0.4143 0.3497 -0,2389
0.62 | -0.8434 -0.8428 | -0.1511 -0.1509 ]| 0.4257 0.4254 0.2761 -0.2201
0.66 | -0.8604 -0.8599 | -0.1674 -0.1671 | 0.4343 0.4340 0.2094 -0.1955
0.70 | -0.8730 -0.8725 | -0.1835 -0.1833 | 0.4406 0.4404 0.1514 -0.1666
0.74 | -0.8819 -0.8815| -0.1995 -0.1993 | 0.4451 0.4449 0.1030 -0.1353
0.78 | -0.8877 -0.8874 | -0.2152 -0.2150 | 0.4480 0.4479 0.0648 -0.1035
0.82 | -0.8912 -0.8909 | -0.2306 -0.2304 | 0.4498 0.4497 0.0366 -0.0731
0.86 | -0.8931 -0.8928 | -0.2458 -0.2455 | 0.4508 0.4506 0.0177 -0.0462
0.90 | -0.8939 -0.8937 | -0.2606 -0.2603 | 0.4512 0.4510 0.0066 -0.0243
0.94 | -0.8942 -0.8940 | -0.2752 -0.2750{( 0.4513 0.4512 0.0014 -0.0089
0.98 | -0.8942 -0.8940 | -0.2897 -0.2895 | 0.4513 0.4512 0.0005 -0.0010
1.00 | -0.8942 -0.8940 | -0.2970 -0.2967 | 0.4513 0.4512 0.0000 0.0000

*For Case 5, axial force N is zero and z, is constant, equal to 0.1981 in.

*k

CFS ~ closed-form solution; TMS ~ transfer-matrix solution.
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Table 2.7. Closed-Form and Transfer-Matrix Solutions
for an Aramid-Cord Rubber Beam (Case 6)*

x/1 u x 102, in. w x 10, in. y x 102, rad M, 1b-in. Q, 1b

CFS** _ TMS* | CFS ™S CFS TMS CFS & TMS | CFS & TMS
0.00 [ 0.0000  0.0000 | 0.0000 0.0000 | -0.0000  0.0000 -2.0372 0.5093
0.02 | 0.0070  0.0070 [ 0.0033 0.0033 | -0.0354 -0.0354 -1.9557 0.5088
0.06 | 0.0202  0.0202 [ 0.0116 0.0116 | -0.1018 -0.1018 -1.7934 0.5048
0.10{ 0.0322  0.0322 | 0.0218 0.0218 | -0.1625 -0.1626 -1.6331 0.4968
0.14| 0.0431  0.0431 | 0.0338 0.0337 | -0.2176 -0.2177 -1.4759 0.4851
0.18 | 0.0529  0.0529 | 0.0472 0.0471 | -0.2672 -0.2673 -1.3230 0.4696
0.22 | 0.0617  0.0617 | 0.0620 0.0619 | -0.3115 -0.3115 -1.1757 0.4509
0.26 | 0.0695  0.0695 | 0.0778 0.0777 | -0.3506 -0.3507 -1.0348 0.4290
0.30 | 0.0763  0.0763 | 0.0946 0.0944 [ -0.3849 -0.3850 -0.9014 0.4043
0.34 | 0.0822  0.0822 | 0.1121 0.1119 [ -0.4146 -0.4148 -0.7763 0.3773
0.38 | 0.0872  0.0872 | 0.1301 0.1299 | -0.4401 -0.4402 -0.6601 0.3484
0.42 { 0.0914  0.0915 | 0.1485 0.1484 | -0.4616 -0.4617 -0.5535 0.3180
0.46 | 0.0950  0.0950 { 0.1672 0.1670 | -0.4794  -0.4796 -0.4567 0.2866
0.50 [ 0.0979  0.0979 | 0.1860 0.1858 | -0.4941 -0.4943 -0.370] 0.2546
0.54 | 0.1002  0.1003 | 0.2048 0.2047 | -0.5058 -0.5061 -0.2938 0.2227
0.58 [ 0.1020  0.1021 | 0.2236 0.2235 [ -0.5150 -0.5153 -0.2275 0.1913
0.62 [ 0.1034  0.1035 | 0.2423 0.2422 | -0.5220 -0.5224 -0.1712 0.1609
0.66 | 0.1045  0.1045 | 0.2609 0.2607 | -0.5273 -0.5276 -0.1244 0.1320
0.70 [ 0.1052  0.1053 | 0.2792 0.2791 | -0.5310 -0.5313 -0.0865 0.1050
0.74 | 0.1057  0.1058 | 0.2974 0.2972 | -0.5335 -0.5339 -0.0569 0.0803
0.78 | 0.1060  0.1061 | 0.3153 0.3152 | -0.5351 -0.5355 -0.0348 0.0584
0.82 | 0.1062  0.1063 | 0.3330 0.3329 | -0.5360 -0.5365 -0.0192 0.0396
0.86 | 0.1063  0.1064 | 0.3505 0.3505 | -0.5365 -0.5370 -0.0091 0.0242
0.90| 0.1063  0.1064 | 0.3679 0.3679 | -0.5367 -0.5372 -0.0033 0.0124
0.94| 0.1064  0.1064 | 0.3852 0.3852 | -0.5368 -0.5373 -0.0007 0.0045
0.98 | 0.1064  0.1065 | 0.4024 0.4024 | -0.5368 -0.5373 -0.0000 0.0005
1.00 0.1064  0.1065 | 0.4110 0.4110 | -0.5368 -0.5373 -0.0000 0.0000

-0.1981 in, 0 <x <0.222
*For Case 6, axial force N is zero and z =y 0.1981 in. 0.22% < x < 0,782
-0.1981 in. 0.782 < X < &

**CFS ~ closed-form solutions, TMS ~ transfer-matrix

solutions.
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Table 2.8. Closed-Form and Transfer-Matrix Solutions
for an Aramid-Cord Rubber Beam (Case 7)*

%/2 u x 10%, in. w x 102, in. y x 103, rad M, 1b-in. Q, 1b

CFS*™* TMS** CFS ™S CFS TMS CFS TMS | CFS & TMS
.00 0.0000 0.0000 | 0.0000 0.0000 0.0000 0.0000 | -0.5333 -0.5325 0.4000
0.02 0.1762 0.1760 | 0.0241 0.0241 -0.0889 -0.0888 { -0.4706 -0.4698 0.3840
0.05 0.4648 0.4645 | 0.0733 0.0731 -0.2346 -0.2345 | -0.3528 -0.3520 0.3520
G.10 0.6742 0.6740 | 0.1227 0.1224 | -0.3403 -0.3402 | -0.2453 -0.2445 0.3200
0.14 0.8118 0.8116 | 0.1710 0.1707 | -0.4097 -0.4096 | -0.1480 -0.1472 0.2880
0.18 0.8846 0.8844 | 0.2172 0.2168 | -0.4464 -0.4464 | -0.0610 -0.0602 0.2560
0.22 0.8999 0.8997 | 0.2603 0.2598 | -0.4542 -0.4541 0.0158 0.0160 0.2240
0.26 0.8648 0.8647 | 0.2995 0.2989 | -0.4365 -0.4364 0.0823 0.0822 0.1920
0.30 0.7866 0.7865 | 0.3338 0.3332 | -0.3970 -0.3969 0.1387 0.1395 0.1600
0.34 0.6724 0.6723 | 0.3628 0.3621 -0.3394 -0.3393 0.1848 0.1856 0.1280
0.38 0.5295 0.5294 | 0.3859 0.3852 | -0.2672 -0.2672 0.2206 0.2214 0.0960
0.42 0.3650 0.3649 | 0.4027 0.4020 | -0.1842 -0.1842 0.2615 0.2470 0.0640
0.46 0.1861 0.1861 0.4129 0.4121 -0.9392 -0,9391 0.2616 0.2624 0.0320
0.50} -0.0000 -0.0000| 0.4163 0.4156 -0.0000 -0.0000 0.2667 0.2675 -0.0000
0.54 | -0.1861 -0.1861 | 0.4129 0.412] 0.9392 0.9390 0.2616 0.2624 -0.0320
0.58 | -0.3650 -0.3649 | 0.4027 0.4020 0.1842 0.1842 0.2615 0.2624 -0.0640
0.62 | -0.5295 -0.5294 | 0.3859 0.3852 0.2672 0.2672 0.2206 0.2214 -0.0960
0.66 | -0.6724 -0.6723 | 0.3628 0.3621 0.3394 0.3393 0.1848 0.1856 -0.1280
0.70| -0.7866 -0.7865| 0.3338 0.3332 0.3970 0.3969 0.1387 0.1395 -0.1600
0.74| -0.8648 -0.8647 | 0.2995 0.2989 0.4365 0.4364 0.0823 0.0822 -0.1920
0.78 ] -0.8999 -0.8997 | 0.2603 0.2598 0.4542 0.4541 0.0158 0.0160 -0.2240
0.82 | -0.8846 -0.8844 | 0.2172 0.2168 0.4464 0.4464 | -0.0610 -0.0602 -0.2560
0.86{ -0.8118 -0.8116 | 0.1710 0.1707 0.4097 0.4069 | -0.1480 -0.1472 -0.2880
0.90 | -0.6742 -0.6740 | 0.1227 0.1224 0.3403 0.3402 | -0.2453 -0.2445 -0.3200
0.94| -0.4648 -0.4645 | 0.0733 0.0731 0.2346 0.2345 | -0.3528 -0.3520 -0.3520
0.98 | -0.1762 -0.1760 | 0.0241% 0.0241 0.0889 0.0888 | -0.4706 -0.4698 -0.3840
1.00 0.0000 0.0000 | 0.0000 0.0000 0.0000 0.0000 { -0.5333 -0.5325 -0.4000

*For Case 7, axial force N is zero and z, constant, equal to 0.1981 in.
**CFS ~ closed-form solutions; TMS ~ transfer-matrix solutions.
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Table 2.9. Closed-Form and Transfer-Matrix Solutions
for an Aramid-Cord Rubber Beam (Case 8)*
X/4 u x 10%, in. w x 103, in. y x 103, rad M, 1b-in. Q, 1b
CFS™* TMS** CFS ™S CFS ™S CFS ™S CFS ™S
0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 | -0.0949 -0.0945 0.1510 0.1509
0.02 0.0291 0.0289 0.0911 0.0908 | -0.0147 -0.0146 | -0.0708 -0.0704 0.1500 0.1499
0.06 0.0622 0.0619 0.2739 0.2723 | -0.0314 -0.0312 | -0.0238 -0.0235 0.1421 0.1420
0.10 0.0635 0.0632 0.4455 0.4426 | -0.0320 -0.0320 0.0193 0.0197 0.1267 0.1266
0.14 0.0364 0.0363 0.5926 0.5886 | -0.0184 -0.0183 0.0566 0.0569 0.1049 0.1048
0.18{ -0.0141 -0.0139 0.7042 0.6993 0.0071 0.0070 0.0859 0.0862 0.0779 0.0778
0.22| -0.0821 -0.0816 0.7717 0.7663 0.0414 0.0412 0.1061 0.1063 | . 0.0476 0.0475
0.26 | -0.1608 -0.1598 0.7906 0.7844 0.0812 0.0806 0.1162 0.1164 0.0157 0.0156
0.30 | -0.2430 -0.2416 0.7573 0.7519 0.1227 0.1219 0.1162 0.1164 | -0.0156 -0.0157
0.34| -0.3218 -0.3199 0.6754 0.6706 0.1624 0.1614 0.1065 0.1066 | -0.0445 -0.0446
0.38| -0.3906 -0.3883 0.5495 0.5456 0.1971 0.1960 0.0882 0.0883 | -0.0691 -0.0692
0.42 | -0.4440 -0.4415 0.3876 0.3849 0.2241 0.2228 0.0629 0.0629 | -0.0878 -0.0880
0.46 | -0.4778 -0.4751 0.2004 0.1989 0.2412 0.2398 0.0327 0.0327 | -0.0996 -0.0997
0.50 | -0.4894 -0.4866 0.0000 -0.0000 0.2413 0.2456 | -0.0000 -0.0000 | -0.1036 -0.1037
0.54 | -0.4778 -0.4751 | -0.2004 -0.1989 0.2412 0.2398 | -0.0327 -0.0327 | -0.0996 -0.0997
0.58 | -0.4440 -0.4415 | -0.3876 -0.3849 0.2241 0.2228 | -0.0629 -0.0629 | -0.0878 -0.0880
0.62 | -0.3906 -0.3883 | -0.5495 -0.5456 0.1971 0.1960 | -0.0882 -0.0883 | -0.0691 -0.0692
0.66 ) -0.3218 -0.3199 | -0.6754 -0.6706 0.1624 0.1614 | -0.1065 -0.1066 | -0.0445 -0.0446
0.70 | -0.2430 -0.2416 | -0.7573 -0.7519 0.1227 0.1219 { -0.1162 -0.1164 { -0.0156 -0.0157
0.74{ -0.1608 -0.1598 | -0.7906 -0.7844 0.0812 0.0806 | -0.1162 -0.1164 0.0157 0.0156
0.78{ -0.082% -0.0816 | -0.7717 -0.7663 0.0414 0.0412 | -0.1061 -0.1063 0.0476 0.0475
0.82{ -0.0141 -0.0139 | -0.7042 -0.6993 0.0071 0.0070 | -0.0859 -0.0862 0.0779 0.0778
0.86 0.0364 0.0363 | -0.5926 -0.5886 { -0.0184 -0.0183 | -0.0566 -0.0569 0.1049 0.1048
0.90 0.0635 0.0632 | -0.4455 -0.4426 | -0.0320 -0.0320 | -0.0193 -0.0197 0.1267 0.1266
0.94 0.0622 0.0619 | -0.2739 -0.2723 | -0.0314 -0.0312 0.0238 0.0235 0.1421 0.1420
0.98 0.0291 0.0289 | -0.0911 -0.0908 | -0.0147 -0.0146 | -0.0708 0.0704 1.1500 0.1499
1.00 0.0000 0.o0000 { -0.0000 -0.0000 0.0000 0.0000 0.0949 0.0945 0.1510 0.1509
-0.1981 in. 0 < x < 0.1¢
* : . =) 0.1981 in, 0.12< x < 0.52
For Case 8, axial force N is zero and zj =9_5'1081 in. 0.54< x < 0.9%
0.1981 in. 0.9%< x < ¢

**CFS ~ closed-form solutions; TMS ~ transfer-matrix solutions.
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Table 2.10. Transfer-Matrix So]utlons for an Aramid Cord
Rubber Beam {Case 11)*

X/ u x 10", in. wx 10%, in. ¢ x 103, rad M, 1b-in. [ Q, 1b

0.00 0.0000 0.0000 0.0000 -0.4123 0.2546
0.02 0.1376 0.0157 -0.0695 -0.3716 0.2541
0.06 0.3702 0.0499 -0.1868 -0.2908 0.2501
0.10 0.5467 0.0867 -0.2759 -0.2119 0.2422
0.14 0.6689 0.1247 -0.3376 -0.1362 0.2304
0.18 0.7395 0.1626 -0.3732 -0.0648 0.2150
0.22 0.7619 0.1992 -0.3845 0.001N 0.1962
0.26 0.7403 0.2335 -0.3737 0.0642 0.1743
0.30 0.6797 0.2642 -0.3430 0.1123 0.1497
0.34 0.5854 0.2907 -0.2955 0.1560 0.1227
0.38 0.4637 0.3121 -0.2341 0.1906 0.0937
0.42 0.3210 0.3278 -0.1620 0.2158 0.0633
0.46 0.1641 0.3374 -0.0828 0.23N1 0.0319
0.50 -0.0000 0.3406 -0.0000 0.2362 -0.0000
0.54 -0.1641 0.3374 0.0828 0.2311 -0.0319
0.58 -0.3210 0.3278 0.1620 0.2158 -0.0633
0.62 -0.4637 0.3121 0.234 0.1906 -0.0937
0.66 -0.5854 0.2907 0.2955 0.1560 -0.1227
0.70 -0.6797 0.2642 0.3430 0.1123 -0.1497
0.74 -0.7403 0.2335 0.3737 0.0642 -0.1743
0.78 -0.7619 0.1992 0.3845 0.0011 -0.1962
0.82 -0.7395 0.1626 0.3732 -0.0648 -0.2150
0.86 -0.6689 0.1247 0.3376 -0.1362 -0.2309
0.90 -0.5467 0.0867 0.2759 -0.2119 -0.2422
0.94 -0.3702 0.0499 0.1868 -0.2908 -0.2501
0.98 -0.1376 0.0157 0.0695 -0.3716 -0.2541
1.00 0.0000 0.0000 0.0000 -0.4123 -0.2546

-4

*For Case 11, axial force due to bending-stretching coupling (N) is -0.3070 x 10 " 1b

(compressive), also z, = 0.1918 in.

€e



34

MULTIMODULAR BEAM* BIMODULAR BEAM

Fig. 2.14. Neutral-surface location (case 2).

Fig. 2.15. Neutrai-surface location (cases 7, 10, 11).

Fig. 2.16. Neutral-surface location (case 8).

(a) (b)
Fig. 2.17. Neutral-surface location (case 9*%).
[ ] ~ TENSION

V7] ~ COMPRESSION

*Computations are applicable to a specific beam (see Table 1).
**For Case 9: M]= -0.1 1b-in., N]= -1.0 1b, and Q1= -0.1 1b.
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the shapes of neutral-surface curves for multimodular and bimodular

models have been shown for several cases.

2.7 Conclusions

Analyses of the bending deflection of multimodular thick beams with
rectanguiar cross section based on shear-deformable-beam theory are pre-
sented. In this study, both dimensionless and dimensioned results of
transfer-matrix, as well as closed-form, solutions for a rectangular
multimodular beam of aramid-cord rubber are presented. The transfer-
matrix and the closed-form solutions are found to agree very well.

Results of analysis of bimodular and multimodular models show that
there is not a drastic difference between the two models. Although the
multimodular model is a better one for approximating the stress-strain
curve, the bimodular approximation is less complicated. Closed-form
solutions are available only for a number of loading/boundary conditions
(in which the axial force is identically zero), but the transfer-matrix
method can be applied to more complicated geometry, loading, and boundary
conditions. In this work, results for several boundary and loading con-
ditions are investigated. The transfer-matrix method is found to be very
effective in terms of computational time and also gives results which

agree quite well with the closed-form solutions.
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SECTION III

FORCED VIBRATION OF TIMOSHENKO BEAMS MADE
OF MULTIMODULAR MATERIALST

In this section, a transfer-matrix analysis for determining the
sinusoidal vibration response of a thick, rectangular-cross-section beam
made of muitimodular materials is presented. To validate the transfer-
matrix results, a closed-form solution is also presented for the special
case in which the neutral-surface location is uniform along the length of
the beam. Effects of translatory and rotatory inertia coefficients on
axial force are investigated for a clamped-clamped beam. Moreover,
natural frequencies associated with the first three modes of a clamped-
free beam are presented. Transfer-matrix results agree very well with
closed-form results for the corresponding material model (one, two, or

four segments).

3.1 Introduction

Many materials have different elastic behavior in tension and com-

pression. A few examples of such materials are concrete, rock, tire-cord-

+This section is an abbreviated version of a paper accepted by Journal of
Vibration, Acoustics, Stress, and Reliability in Design (to appear, 1984),
and presented orally at the 9th Biennial Vibrations Conference, Sept. 11-
14, 1983, Dearborn, Michigan.

39



40

rubber, and soft biological tissues. As early as 1864, St. Venant [3.1]
recognized this behavior by analyzing the pure bending behavior of a beam
having different stress-strain curves in tension and compression.
Timoshenko [3.2] originated the concept of bimodulus (or bimodular) mate-
rials in 1941 by considering the flexural stresses in such a material
undergoing pure bending. Ambartsumyan [3.3] in1965 renewed interest in
the analysis of bimodular materials, i.e., materials having different
moduli in tension and compression. Since then, there have been numerous
investigations on the static behavior of bimodular beams; these were sur-
veyed by Tran and Bert [3.4]. Recently, Bert and Gordaninejad [3.5]
studied bending of thick beams of "multimodular" materials. Only a few
studies have been made on vibration of bimodular beams. Bert and Tran
[3.6] worked on transient response of thick beams of bimodular materials.
In this section, the transfer-matrix method [3.7], which computation-
ally is very efficient, is applied. Also, the beam is modeled as a
Timoshenko beam, i.e., both transverse shear deformation and rotatory

inertia are considered.

3.2 Closed-Form Solution

The general equation of motion, if z is constant along the beam, is

Afu (¥ B o T PU L YRV 4y

S(w , + w’x) =Pw iy - q(x,t) (3.1)

o XX
(B'U 4y ¥ D' 4 ) = S(W , +0) =Ru o+ 1y oy

where h/2
(PaRaI) = I O(],Z,Zz)dz

-h/2
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and p is the density of material.
For guided-guided boundary condition, i.e.
u(0,t) = u(z,t) =0 ;5 (0,t) = y(z,t) = 0
Q(oat) = Q(R-:t) =0
if

q(x,t) = q, €OS ax cos at

(3.2)

(3.3)

then the following sets of functions satisfy the equations of motionT

u(x,t) = Usinax cos ot 3  ¢(x,t) = X sin ax cos ot
w(x,t) = W cos ax cos st
where

Q=2 , a=mr/2 (m=1,2,3,...)

-+
mn

circular frequency of the excitation, and

0, (Sa) (B'a2-Re?)

(3.4)

(3.5)

(Sa2-Pa2)[B'a?-R02) (B"a2-Ra?) - (D’ a2+5-102) (A'a2-Pa2) 1+(S5x)2(A'a

- v .2 P2 - - 1.2 _po2 -
X = Ale” -Pa® u : W N — [q. - (Se) (A PQ;)] U

B'a2 - R2 Se2-Pg2 O B'a2 - RQ2

Since from Eqs. (2.16)

= - 1
y4 U,X/u’x

then
V2 _pe2
z = Bla”-RO” _ o onctant
N A'e2 - Pg2

3.3 Transfer-Matrix Solution

2.pg2)

(3.6)

(3.7)

(3.8)

The transfer-matrix model used in the present study is the same as

1+ See page 107
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be aramid cord-rubber which is used in automobile tires (see Table 3.1).
Four different boundary conditions are investigated (see Table 3.2) and
comparisons are made between multimodular, bimodular, and unimodular
models for each set of boundary conditions. In this study, a mesh of
twenty-five elements is used with each element being of length of 0.32 in.
The shear correction coefficient is taken to be 5/6.

In order to validate the transfer-matrix solution (TMS), in Fig. 3.1,
a comparison is made between the closed-form solution {CF3) and the TMS
for a guided-guided beam with cosine load distribution (case 1). Also, a
comparison is made among unimodular, bimodular, and multimodular (static
and dynamic) cases (see also Table 3.3) for f = 100 Hz. As one can see,
there is excellent agreement between the TMS and CFS results. However,
this agreement can be improved even further by increasing the number of
elements.

For the other cases (2-4), the CFS is not available; therefore, in
Figs. 3.2, 3.4, and 3.6 comparisons between different models (one, two,
and four segment approximations) are made. As one might notice in all
four cases, there is considerable difference between transverse deflection
of multimodular and bimodular beams on one hand and that of the unimodular
model on the other hand. In contrast, there is no substantial difference
between multimodular and bimodular results.

Another interesting observation in Fig. 3.2 is that for f = 100 Hz,
the unimodular beam is in the range of its first mode, whereas the bi-
modular and multimodular beams are between their first and second modes.
The explanation for this is that, for this case (2), most of the layers of

the beam are under compression and since E c’ Ezc, and Ebc are much smaller
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Table 3.1. Elastic Properties and Geometric Parameters
for an Aramid-Cord-Rubber Beam
Longitudinal Young's Modulus, |Llonditudinal-Thickness Shear
MPa (psi x 10-©) Modulus, MPa (psi x 1073)
Model* Tension Compression Tension and Compression
k4 E,t gt | B EC G
E
5 M 4000 2896 221 Al
2 (0.580) (0.420) | (0.032) (0.01) 3.70 (0.537)
> t c
" Ep Ep
ol B 3240 124 3.70 (0.537)
i (0.470) (0.018)
5]
E E
U 1896 1896 3.70 (0.537)
(0.275) (0.275)
L =| Beam length 20.32 cm (8.0 in.)
}
'3'§ Beam thickness 1.52 cm (0.6 in.)
S | Beam width 2.54 cm (1.0 in.)
(Lo =T
*M " mu1tim6du1ar, B ~ bimodular, U ~ unimodular.

Table 3.2. Summary of Cases Considered
-
CASE BOUNDARY CONDITION CASE BOUNDARY CONDITION
NO. | AND LOAD POSITION NO. AND LOAD POSITION
. : v
1 3

]

2 H s

sEms
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Fig. 3.1. Comparison among multimodular, bimodular, and unimodular deflection
distribution for closed-form and transfer-matrix solutions of guided-gquided
aramid-cord rubber beam (f = 100 Hz)
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Table 3.3.. Comparison Between CFS* and TMS for an Aramid-Cord-
Rubber Beam (Case 1)T, f = 100 Hz

X/t N x 102, 1b Q x 10, 1b M, 1b-in.
CFS TS CFS TMS CFS TMS
0.00 -0.169 -0.164 0.000 0.000 0.203 0.203
0.02 -0.768 -0.162 -0.198 -0.200 0.201 0.202
0.06 -0.157 -0.152 -0.585 -0.587 . 0.189 0.189
0.10 -0.137 -0.132 -0.935 -0.937 0.164 0.165
0.14 -0.108 -0.104 -1.226 -1.228 0.129 0.130
0.18 -0.072 -0.069 -1.141 -1.143 0.086 0.087
0.22 -0.032 -0.031 -1.565 -1.566 0.038 0.038
0.26 0.01 0.010 -1.590 -1.591 -0.013 -0.013
0.30 0.052 0.050 -1.514 -1.516 -0.063 -0.063
0.34 0.091 0.087 -1.344 -1.346 -0.109 -0.109
0.38 0.123 0.119 -1.089 -1.091 -0.148 -0.148
0.42 0.148 0.143 -0.766 -0.768 -0.178 -0.178
0.46 0.164 0.158 -0.394 -0.396 -0.196 -0.197
0.50 0.169 0.163 0.000 0.000 -0.203 -0.204
0.54 0.164 0.158 0.394 0.396 -0.196 -0.197
0.58 0.148 0.143 0.766 0.768 -0.178 -0.178
0.62 0.123 0.119 1.089 1.091 -0.148 -0.148
0.66 0.091 0.087 1.344 1.346 -0.109 -0.109
0.70 0.052 0.050 1.514 1.516 -0.063 -0.063
0.74 0.011 0.010 1.590 1.591 -0.013 -0.013
0.78 -0.032 -0.031 1.565 1.566 0.038 0.038
0.82 -0.072 -0.069 1.141 1.143 0.086 0.087
0.86 -0.108 -0.104 1.226 1.228 0.129 0.130
0.90 -0.137 -0.132 0.935 0.937 0.164 0.165
0.94 -0.157 -0.152 0.585 0.587 0.189 0.189
0.98 -0.168 -0.162 0.198 0.200 0.201 0.202
1.00 -0.169 -0.164 0.000 0.000 0.203 0.203
*CFS ~ closed-form solution; TMS ~ transfer-matrix solution
+ 0.3305 0 < x/2 <0.22
For case 1, Z = z _/h is piecewise constant, equal to {- 0.3305 0.22 < x/2 < 0.78
n (+ 0.3305 0.78 < x/2 < 1.00
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than E (See Table 3.1), then the unimodular beam is stiffer than the other
two. Therefore, the fundamental frequency of the unimodular beam is
higher than those of the bimodular and multimodular beams.

Also, the distributions of u (axial displacement), ¢ (bending slope),
N (axial force),a (transverse shear force), and M (bending moment) are
shown graphically in Figs. 3.3, 3.5, and 3.7 for T taken to be 100 Hz.
Note that for cases 1 and 3, this frequency is less than the fundamental
frequency, whereas for cases 2 and 4, the frequency of 100 Hz is in the
range of the first and second modes. The first three mode shapes of a
clamped-free beam of multimodular material is investigated in Fig. 3.8.
For this case, the natural frequencies associated with the first three
modes are f] = 30.9 Hz, f2 = 131.1 Hz, and f3 = 278.4 Hz.

Finally, by rewriting the equations of motion in a new form (N,x =
Plu,tt’ M,x -Q-= Iw,tt’ Q,x = qu,tt - q(x,t)), the effect of trans-
Tatory and rotatory inertia coefficients on axial force for a thick
multimodular clamped-clamped beam (f = 100 H;) is studied (see Table 3.4).
The results show the significant effect of I and slight effect of P] as

one looks at it through full theory (vibration) as compared to the static

case (I = P] = P2 = Q).

3.5 Conclusions
An analysis of forced vibration of a thick beam with a rectangular
cross section and made of "multimodular" material is presented. In this
study, numerical results obtained by both the c]osed-fofm and transfer-
matrix methods are given for a beam made of aramid-cord rubber.

Comparisons are made on one hand between closed-form and transfer-
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Table 3.4. Effect of Translatory and Rotatory Inertia Coefficients on
Axial Force for a Thick Multimodular Cantilever Beam (f= 100 Hz)

Axial force, 1b x 103"

X/L 11,p,,P270 | 1=0 P1&P,70 | 18P;=0 P,#0 | Py=0 1&P,#0 | I,P,,P,=0

[Full Theory Static
0.00| 11.74 11.76 -0.1399 -0.1621 -0.0699
0.02| 11.49 11.51 -0.1399 -0.1621 -0.0699
0.06] 10.56 10.58 -0.1399 -0.1621 -0.0699
0.10| 8.%0 8.92 -0.1399 -0.1621 -0.0699
0.14] 6.69 6.73 -0.1399 -0.1621 -0.0699
0.18| 4.15 4.19 -0.1399 -0.1621 -0.0699
0.22| 1.44 1.48 -0.1399 -0.1621 -0.0699
0.26] -1.26 -1.21 -0.1399 -0.1621 -0.0699
0.30| -3.82 -3.76 -0.1399 -0.1621 -0.0699
0.3 -6.09 -6.03 -0.1399 -0.1621 -0.0699
0.38 -7.97 -7.91 -0.1399 -0.1621 -0.0699
0.42{ -9.38 -9.31 -0.1399 -0.1621 -0.0699
0.46| -10.25 -10.18 -0.1399 -0.1621 © -0.0699
0.50| -10.54 -10.47 -0.1399 -0.1621 -0.0699

*1 1b = 4.448 newtons
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matrix results and on the other hand, among unimodular, bimodular, and
multimodular models. These results show a considerable difference be-
tween the unimodular and bimodular models and a slight difference be-
tween the bimodular and multimodular models. Therefore, although a four-
segment model is a better approximation, the two-segment approximation
gives nearly the same results. This proves that the bimodular model
precision is a good approximation.

The values of the first three mode shapes for the clamped-free case
are presented. Finally, the effects of axial translatory and rotatory
inertia coefficients on axial force for a clamped-clamped beam are dis-
cussed.

The transfer-matrix method is found to be very effective in terms of
computational time and also in terms of the accuracy of results, which

agree very well with the closed-form solution.

3.6 References

3.1. Saint-Venant, B., Notes to the 3rd Ed. of Navior's Resume des
lecons de la Resistance des eorps Solids, Paris, 1864, p. 175.

3.2. Timoshenko, S., Strength of Materials, Pt. IlI. Advanced Theory
and Problems, 2nd Ed., Van Nostrand, Princeton, NJ, 1941, pp.
362-369.

3.3. Ambartsumyan, S.A., "The Axisymmetric Problem of a Circular
Cylindrical Shell Made of Material with Different Stiffnesses in
Tension and Compression," Izvestiya Akademiya Nauk SSSR Mekhanika,
No. 4, 1965, pp. 77-84; Engl. Transl., National Tech. Information
Center, Document AD-675312, 1967.



3.4.

3.5.

3.6.

3.7.

57

Tran, A.D. and Bert, C.H., "Bending of Thick Beams of Bimodulus
Materials," Computers and Structures, Vol. 15, 1982, pp. 627-642.
Bert, C.W. and Gordaninejad, F., "Deflection of Thick Beams of
Multimodular Materials," International Journal for Numerical Methods
in Engineering, to appear.

Bert, C.W. and Tran, A.D., "Transient Response of a Thick Beam of
Bimodular Material," Earthquake Engineering and Structural Dynamics,
Vol. 10, 198Z, pp. 551-560.

Pestel, E.C. and Leckie, F.A., Matrixz Methods in Elastomechanics,
Van Nostrand, Princeton, NJ, 1963.



s
K
b
+
s
‘
€
oy
Hd -
Lot
H

.

¢
‘e

-~
s

¢
.

L
’ i

Q«

- \‘ vy

SECTION IV

TRANSVERSE SHEAR EFFECTS IN BIMODULAR
COMPOSITE LAMINATEST

A closed-form solution for the Timoshenko-type shea
efficient (KZ) governing the deflection of bimodular com
in cylindrical bending is presented. The bending-stress
a laminate constructed of bimodular materials (which ha
elastic moduli in tension and compression) is used in th
equilibrium equation to obtain the transverse shear-stre
This shear-stress distribution is used to obtain express
correction coefficient (based on equivalent shear strain

Xz)max°
effects of the elastic-constant ratios on the neutral-su

maximum dimensionless transverse shear stress (7

shear correction coefficient for laminates consisting of

or bimodular materials are studied.

4.1 Introduction

Materials which have different moduli in tension an

are called bimodular materials. Rock, concrete, cord-ru

"This section formed a paper published in Journal of Com
July 1983, and presented orally at the 20th Annual Meet
Engineering Science, August 22-24, 1983, University of
Delaware.
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and certain biological tissues are examples of such materials. Even
aramid-fiber, polymer-matrix composites exhibit some bimodularity. The
analysis of laminated bimodular material is more complicated than uni-
modular material (ordinary material) due to the dependency of the mate-
rial stiffness on the material properties, which indeed depend on the
state of stress (i.e., tensile or compressive) in the laminate.

Although transverse shear deformations have been considered in the
analyses of bimodular laminates [4.1-4.4] in recent years, there has been
no effort to include the effect of bimodularity of the material on the
Timoshenko-type shear correction coefficient, Kz. In other words, it has
been tacitly assumed that the value of K2 is the same as that of an
ordinary-material laminate. The use of such a shear correction factor in
predicting the deflection of shear deformable, ordinary-material laminates
in cylindrical bending is well established [4.5,4.6]. It is noted that
Whitney [4.5] extended Chow's symmetric-laminate work [4.7] to arbitrary
laminates. Also, it can be shown that the resulting expressions in
[4.5,4.6] are algebraically equivalent.

In this paper, a straight-forward approach analogous to that used in
elementary shear theory for single-layer ordinary materials is employed.
It may be considered to be a generalization of the work of Bert [4.6]

from ordinary-material laminates to bimodular-material laminates.

4.2 Theory and Formulation

Consider a rectangular-cross-section laminated beam of thickness h.
The origin of the Cartesian coordinate system is located on the mid-
surface of the beam with the x axis being along the length of the beam

and the z axis being measured positive downward. The same displacement
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field as used in shear deformable beam theory is implemented here:

(x,2) = u(x) + zu(x)
(4.1)
(x,2) = w(x)
The axial normal strain and transverse shear strain are given by
e, =u _ +2v SoY, TV twW (4.2)

X X X xZ ' X

where a comma denotes the derivative with respect to the quantity follow-
ing it. The longitudinal bending stress at any distance z from the mid-

plane of the laminate is
x - €y k=c,t (4.3)
Also

Txz - Yxz (4.4)
The longitudinal stress resultant and stress couple are defined as

h/2
(M) = [ (12)o, ez (4.5)
-h/2
With the aid of Egs. (4.2), (4.3), and (4.5), one can derive the

following laminate constitutive relation

N A B U
= ’ (4.6)
M B D w’x
where
h/2

(A,B,D) = j %K) (1,2,22) dz
~h/2

>~
[{]

c,t
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In the absence of body force, the two-dimensional static equilibrium

equation for forces in the direction along the length of the beam is

ax'x + rXZ.Z =0 (4'7)

Integrating Eq. (4.7) with respect to z and using Eqs. (4.3) and (4.4),
one has

(k) 2,51
vep =- [6)(AD- 82T [(Da-BOIN  + (Ab-Bal ] (4.8)

where a and b are “"partial stiffnesses" for stretching and bending-
stretching coupling defined by the following expressions for the convex

bending case (top layers in compression and bottom layers in tension)

pd
J (1,2)E° dz z, >z > -h/2
-h/2
(a,b) = (4.9)
Zn pd
f (1,2)E¢ dz + [ (l,z)Et dz h/2 >z >z
-h/2 p4

n

Multiply Eq. (4.7) by unity and z, respectively, and then inte-

grating through the thickness, one obtains the following equilibrium

equations, which coincide with those of elementary beam theory,

M,=Q , N =0 (4.10)
where
h/2
Q= v, ( 6tk) gz (4.11)
-~h/2

Therefore, Eq. (4.8) simplifies as follows:
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v = - g{av-8a)6'%) (an- 8217

2 (4.12)

Extending the definition of the shear correction coefficient as used in
[4.6], which is based on the shear strain energy, to the case of bimodular

material, one has

5.2
2 = (AD - B%)

(4.13)

h/2 h/2
[I G(k) dz][f (1/5“")(Ab~ Ba)zdz]
-h/2 -h/2

If G is constant throughout the thickness of the beam, Eq. (4.13) can

be simplified toO

52
k2 . —(AD-B) (4.18)
h/2
h [ (Ab - Ba)? dz
-h/2

By changing the coordinate from z measured from the midplane to z' measured

from the neutral-surface position, one can simplify Eq. (4.14) as follows:

e (4.15)
t 2
h[ b~ dz'

-hc

To evaluate the stiffnesses (A,B, and D), one needs to know about the loca-
tion of the neutral-surface position. A closed-form solution can be obtained
only when the neutral-surface position (zn) and thus, the stiffnesses do not

depend on x. The same criterion to define z as used in [4.4] is applied here

ex=0
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Using Eqs. (4.2) and (4.5) and assuming® that

N=0 (4.17)

one gets

4

n B/A = constant (4.18)

Equation (4.18) can be solved exp]icitTy for Z,.

It is convenient to introduce the dimensionless transverse shear

stress defined as follows:

- Tx

Tz = Q/h (4.19)

N

|

L

Combining Eqs. (4.4) and (4.12) and measuring z' from the neutral-

surface location, one obtains

T, = bh/D (4.20)

Detailed derivations for K2 and (?xz)ma are given in Appendix G.
X

4.3 Numerical Results

Three cases of laminates constructed of bimodular materials are con-
sidered here: single-layer, two-layer, and three-layer. Numerical results
obtained from closed-form solutions for the shear correction coefficient
and the maximum dimensionless shear stress for different bimodular-material
parameters are presented. Also, the effects of elastic-constant rét;os on
neutral-surface position and K2 for both unimodular and bimodular laminates

(up to three layers) are studied. The laminates are assumed to be made of

equal-thickness layers and the effect of the sign of the longitudinal normal

* . . .
Note that this assumption is made only for the bimodular case (not
unimodular).
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Table 4.1 Effect of Bimodular Ratio on
Neutral-Surface Location for Single-
Layer Bimodular Material

EC/E" hy/h
0 0

172 0.414

1 0.500

2 0.586

5 0.691

10 0.760

100 0.909

1000 0.969
- 1

Table 4.2 Effect of Bimodular Ratios on Neutral-
Surface Location for Two-Layer Bimodular Laminates

C,e t
E2 /E2 ht/h

C,e t_ C,e t_ C,e t_

0 0.411 0 0.5811
1/4 0.413 0.333 0.5816
172 0.414 0.414 0.5822
3/4 0.415 0.464 0.5827

1 0.417 0.500 0.5833

2 0.421 0.586 0.5858

-3 0.424 0.634 0.5886

4 0.427 0.666 0.5917

5 0.430 0.691 0.5955
10 0.439 0.760 0.6667
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Fig. 4.1. Effect of shear modulus ratio on shear correction
coefficient for various bimodulus ratios (E,C/E,%) for two-
layer bimodular laminates (hy/h,=1, E\C/E,t=1/2).
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Table 4.3 Effect of Elastic-Moduli Ratio on
Dimensionless Maximum Shear Stress for a Two-
Layer Unimodular-Material Laminate (h1/h2= 1)

EE,  (2/3)(F,,)
0 0
1/4 0.548
1/2 0.727
3/4 0.870
1 1.000
2 1.456
5 2.79
10 6.241
100 7.087
1000 7.897
@ 8.000

Table 4.4 Effect of Bimodular Ratios on Neutral-
Surface Location for Three-lLayer Bimodular Lamin-
ates (hy/h,=hs/h, =1, E1C/E2° = E3C/E2° =1)

t, e C

t,- C_ t,-o C_ t,. €_
E2 /E2 =1/2 E2 /E2 =1 E2 /E2 =2

0 0.724 0.833 0.609
1/4 0.643 0.722 0.573
172 0.586 0.633 0.541
3/4 0.542 0.561 0.513

1 0.508 0.500 0.488

0.418 0.333 0.414

5 0.310 0.119 0.309

0.267 0.033 0.266
10 0.250 0 0.249
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strain on shear moduli is ignored (that is, GC/Gt =1).

In the case of single-layer bimodular material (Appendix G), it is
interesting to note that both the transverse shear correction coefficient
and the maximum transverse shear stress are unaffected by the bimodular

ratio Ec/Et. However, this does not imply that the distribution of shear

stress is the same for unimodular and bimodular materials (see Fig. G.1).
The effect of bimodular ratio on the location of the neutral surface is
studied in Table 4.1. For values of EC < gt (e.g., aramid-cord/rubber),
ht falls within the lower half of the thickness; whereas for materials
such as rock (E® > Et), ht is in the upper half of the beam (for the
convex bending case).

In bending of a two-layer bimodular laminate since one of the two
layers is always in compression (or tension), only three of the four
elastic moduli belonging to these layers are pertinent [see Fig. G.2].
This means that the location of the neutral surface depends on only two
elastic-moduli ratios. The effects of these two ratios on ht are studied
for a wide range of Ez"/EZt in Table 4.2. The shear correction coeffi-
cient varies drastically with the ratio of the shear moduli of the two
Tayers (G],Gz), whereas it changes only a little for a wide range of
E,C/E," for E\S/E," = 1, as shown in Fig. 4.1,

The shear correction coefficient for two-layer unimodular laminates
increases rapidly from 50% to 98% of the classical value (5/6) as the
elastic-modulus ratio E]/E2 varies from 0 to 0.25 as shown in Fig. 4.2.
For ratios greater than 0.5, a value of 5/6 would be a good approximation
for K2. The dimensionless maximum shear stress increases from 0 to 12 as

E]/E2 changes from o to infinity as tabulated in Table 4.3.
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Three-layer bimodular laminates which have facings (top and bottom

layers) made of the same material are considered here. For the case in

which E]C/Ezc = 1, the effect of bimodular ratio EBtIEZC on hy/h for differ-
ent ratios of Ezt/Ezc (1/2, 1, and 2) are investigated in Table 4.4. As
Eat/Ezt increases from 0 to 10, ht/h decreases for all three values of

Ezt/Ezc. Also, a plot of K2

vs E;°/E," is given in Fig. 4.3 which shows the
shear correction factor as a function of the bimodularity of the material.
Finally, the effect of elastic moduli ratio E,/E; on K? and (x..)
XZ max
are studied (see Fig. 4.4 and Table 4.5) for a three-layer unimoduiar material
laminates with identical facings. For different values of G]/GZ, K2 increases
rapidly for E]IE2 less than 0.05 but after this point, K2 changes very slowly.

The maximum dimensionless shear stress varies from 0 to 40.5 for 0 < E]/E2 < o,

4.4 Conclusions

Closed-form solutions for the Timoshenko-type shear correction coefficient
and the maximum dimensionless transverse shear stress are presented for bi-
modular laminates undergoing cylindrical bending. These solutions depend on
bimodular ratio(s) for different laminations. However, it is interesting to
note that both the transverse shear correction coefficient and the maximum
dimensionless transverse shear stress ('{xz)max for a single-layer material
are unaffected by bimodular ratio, Ec/Et.

For two- and three-layer laminates, both K2

and (7,.) depend upon the
XZ'max
bimodular ratios and transverse shear moduli ratios. According to the results

presented, in some cases K2 is less than the classical value of 5/6.
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Table 4.5 Effect of Elastic-Moduli Ratio on
Dimensionless Maximum Shear Stress for Three-
Layer Laminate of Unimodular Materials

Ey/Ep (2/3)(7,,) .,
0 0
1/4 0.257
1/2 0.509
3/5 0.757

1 1.000
2 1.928
5 4.355
10 7.500
100 21.428
1000 26.316

» 27.000
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SECTION V

A NEW THEORY FOR VIBRATION OF BIMODULAR SANDWICH
BEAMS WITH THICK FACINGST

This study deals with analytical investigations of three-layer beams
with cores of polyurethane foam and facings of unidirectional cord-rubber.
Both of these materials are bimodular (i.e., having different behavior in
compression as compared to tension). The new theory presented is a shear-
flexible laminate version of the well-known Timoshenko beam theory, which,
due to the bending-stretching coupling present in the bimodular case,
results in a coupled sixth-order system of differential equations. In
this theory, a separate derivation is presented for the shear correction
factor. Due to the discontinuities in the normal-stress distribution and
the bimodularity, the shear correction factor is much different than the
classical homogeneous-material value of 5/6. Results are presented for
the frequencies of the first three modes of vibration for a pin-ended

beam without axial restraint.

5.1 Introduction
Studies on vibrations of beams were carried out as early as the

1850's. Bresse [5.1] was the first to include both the rotatory inertia

*This section is part of a paper in Journal of Sound and Vibration
(to appear, October 1983).
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and shear flexibility effects (in 1859). His theory is, however,
referred to as the Timoshenko-beam theory. Rayleigh [5.2] included the
rotatory inertia effect while later, the effect of shear stiffness was
added by Timoshenko [5.3]. The first correct boundary conditions for
the Timoshenko beam were derived by Kruszewski [5.4] in 1949. Another
equally correct form of boundary conditions was derived in 1951 by
Dengler and Goland [5.5].

The effective stiffness of a bimodular beam in pure bending was
analyzed by Marin [5.6]. Khachatryan [5.7] worked with the vibration of
Bernoulli-Euler bimodular beams. Tran and Bert [5.8,5.9] studied the
bending of thick beams of bimodular material, while more recently Bert
and Rebello [5.10] investigated thick, laminated bimodular material beams.

This analysis includes bimodular constituent materials, transverse
shear deformations, and coupling and rotatory inertia effects. The
theory developed here is a sixth-order theory which is an extension of the
fourth-order Timoshenko beam theory to the case of a three-layer laminated

beam of bimodular materials in free vibration.

5.2 The New Theory

The coordinate system used for the three-layer beam is shown in Fig.
5.1; x and z are the Cartesian position corrdinates along the length of
the beam and normal to it, measured from the midplane of the beam.

By Hooke's law for any point on the beam, the axial normal stress

and transverse shear stress are respectively given by:

E e
X X (5.1)

= G
Txz =~ Y

Q
[}
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Let the midplane displacements be u and w in the x and z directions,
respectively, and the slope function be y. Then, the displacements are
given by:

u(x,t) + zyp(x,t)

u(x,t)
H(X,t) = W(X,t)

(5.2)

In the usual notations of the normal and transverse-shear stress
resultants and stress couple, each per unit width, for a beam of total

thickness ¢ + th, one has

@fc/z
[N,Q] = lo .7, ,] d2 (5.3)
-(qfc/Z)
ch/Z
M= o, 2 dz (5.4)
-ny/Z)

For a bimodular sandwich beam, one substitutes the expressions (5.1) into

Eqs. (5.3) and (5.4) and perform the integrations to obtain:

€
2 x (5.5)

M B D K
Q = Sy (5.6)

where
midplane strain ex U,
curvature « = w’x (5.7)
Y Tutw
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and ( ) X denotes the partial derivative with respect to x. The
3
extensional, flexural-extensional coupling, and flexural stiffnesses

(per unit width) for a laminated beam are respectively defined by:

hf+C/2
[A,B,D] = [],Z,ZZJ E dz (5.8)
(he+c/2)

The transverse shear stiffness (also per unit width) is

hetc/2
S = K2 f G dz (5.9)

-(h¢ +c/2)
In the case of a bimodular sandwich beam, the integrations in
Eqs. (5.8) and (5.9) must be carried out in a piecewise fashion from
one layer to the next, taking into account tension or compression within
appropriate portions of a facing.
The equations of motion with coupling and rotatory inertias

taken into account can be written as:

=
n

Pu,tt + Rw,tt

z

,X it (5.10)

M_-Q=1Iv + Ru

Here, P, R, and I are the translational, coupling, and rotatory inertia
coefficients per unit midplane area and are defined as:
hete/2
[P,R,I] = I [1,2,22]p dz (5.11)
-(hf+c/2)
Now, substituting Eqs. (5.7) into Eqs. (5.5) and (5.6), we

obtain N, M, Q in terms of the displacements and slope:
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N = Au,x + Bw,x
M= Bu’x + Dw'x (5.12)
Q=S(v+ w,x)

Using Eq. (5.12) in Eqs. (5.10), we get the equations of motion as:

Au,xx + Bw,xx = Pu,tt + Rw,tt (5.13)

S + = .14

(¢,x w,xx) Pw,tt (5 )

B",xx + Dw,xx - S(y + w’x) = Iw,tt + Ru,tt (5.15)

The boundary conditions for a freely supported beam are as follows:
At x=0 , x=2
N=0 , w=0 , M=0

The governing equations and boundary conditions are exactly satisfied

in closed form by the following set of functions:

u=Ucos ax cos wt (5.16)

w = W sin ox cos wt (5.17)

¥ = X €0S ax coS wt (5.18)
th

where ﬁ, ﬁ, X are independent of x and t and for the m™ mode o = ma/L.
By using the first of Eqs. (5.2) along with the first of Egqs. (5.7),
we find that the neutral-surface position associated with €y = 0 has a

constant value given by:

Zn T u,x/w,x

*For normal uniaxial loading with 2 0° or a 90° fiber orientation,

2., = 2oy = % (see [5.11]).
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and by Eqs. (5.16) and (5.18),

2, = - U/X = B/A (5.19)

Thus, A, B, and D are constant and Eqs. (5.16)-(5.18) can be substi-
tuted into Eqs. (5.13)-{5.15) to obtain:

Aa2? - Py 0 Ba? - Rw? u 0 2
0 Saz— sz So. ﬁ = 0 (5-20)
Ba? - Rw2 Sa S + Da*= T2 X 0 S
which implies by Eq. (5.19) that:
. Ba? - Ruw?
I (5.21)

Equation (5.20) can be solved by setting the determinant of the

coefficients to zero. Hence, one obtains an equation in terms of the

frequency as follows:

WS+ put +qul+r =0 (5.22)
where

p = a2{R(SR+ 28P) - P(PD+ IA+IS)} - P2S
P(IP - R2)

= 202

q = a2[a2{IAS - 2BRS + P(AD + SD - B2)} + PAS] (5.23)
P(IP-R2)

= - Sa$(82 - AD)

P(IP - R2)

An iterative technique is used to find the resonant frequencies of the
beam. An initial value of z, (say z;=0) is assumed and value of the
lowest positive root, w? is determined. With this value of w2, a new

value of zZ, js calculated and checked with the previous value of z,- If
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the agreement between these two are not good within a permissible error
range, this new value of z, would be the next guess. The cycle is then
repeated until z  converges. At that stage, the lowest positive root of
the polynomial is the natural frequency for the given mode. After a
number of iterations, if no convergence is observed, the percentage error

is increased and the iterations are repeated until z, converges.

5.3 Discussion of Results

In the following, theoretical results are presented for a thick
(£/(c4—2hf)= 5.3) three-layer beam with a rectangular cross section. The
core is constructed of polyurethane foam and the facings are made of
aramid-cofd-rubber (see [5.11]). The shear correction coefficients were
taken to be: (1) 0.6913 fur the beam with 0° facings, (2) 1.0487 for the
beam with 90° facings (see Appendix H).

Comparisons are made between the closed-form solution and experi-

mental data [5.11] for a freely-supported three-layer beam.

0°-Facing Beam

For the 0°-facing beam, the present theory predicts natural fre-
quencies for the three modes measured that is in excellent agreement with
the experimental values (see Fig. 5.2). The theory predicts that the
neutral surface lies within the core and moves away from the middle sur-

face as the frequency increases (see Table 5.1).

90°-Facing Beam

In the case of the 90°-facing beam, Fig. 5.3 indicates that the
theory predicts much lower natural frequencies than the experimental

values, with the neutral axis falling within the core. Here, again the
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Table 5.1. Effect of Frequency on Neutral-
Surface Location

0° Facing 90° Facing
Freq., Hz zn/H Freq., Hz zn/H
329.6 0.19%90 108.8 0.0100
820.7 0.2002 386.8 0.0104
1301. 0.2006 756.2 0.0108

Table 5.2. Effect of Shear Correction Coefficient
on Resonant Frequencies (0° Facings)

Resonant Frequency, Hz

K2 Tst mode 2nd mode 3rd mode
0.1 163.1 341.0 516.0
0.2 218.5 474.9 724.7
0.3 254.6 572.8 881.3
0.4 280.9 651.5 1010
0.5 301.2 77.6 1122
0.6 317.4 774.7 1220
0.7 330.6 824.8 1308
0.8 341.7 869.4 1388
0.9 351.1 909.3 1462

1.0 356.8 940.3 1524
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neutral surface moves away from the middle surface of the beam as the
frequency increases (Table 5.1).

The dynamic behavior of the rubber matrix was investigated for this
orientation of the facing fibers. Rough values for the dynamic higher
resonant frequencies (at any given mode) for the 0°-facing sandwich beam
than for the 90°-facing beam.

Finally, the effect of shear correction coefficient on the natural
frequencies was studied. For the case of 90° facings, no drastic change
in frequency was found whereas for the 0°-facing case, a considerable

difference was predicted by the theory as one can see in Table 5.2.

5.4 Conclusions

The vibration of a thick sandwich beam made of bimodular material
with rectangular cross section was studied. A new sixth-order theory
based on shear-deformable-beam theory was offered for a freely supported
beam. In addition, a static shear correction coefficient was applied.
Experimental data for the first three modes agree with the closed-form
solution in the case of 0° facings. For 90° facings, the computed
resonant frequencies are considerably lower than those measured experi-
mentally. The reason for the lower predictions could be attributed to
the dynamic change in Young's modulus for rubber (facings). The effect
of static shear correction coefficient was investigated for the 0°

facings.
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SECTION VI

CONCLUSIONS

A transfer-matrix formulation of equations governing a thick,
rectangular-cross-section, multimodular beam is presented. To check the
transfer-matrix results, & closed-form solution is developed for the
special cases in which the neutral-surface location is constant along the
beam axis. It is noted that the transfer-matrix formulation presented
here does not have loading and edge condition 1limitations. The transfer-
matrix solutions are found to be in close agreement with the closed-form
solution for a twenty-five-element mesh.

Also, closed-form solutions for the Timoshenko-type shear correction
coefficient and the maximum dimensionless transverse shear stress are
presented for bimodular laminates undergoing cylindrical bending. These
solutions depend on bimodular ratio(s) for different laminations. Based
on this more accurate prediction of shear correction coefficient for bi-
modular materials, a new theory is developed for the vibration of a bi-
modular sandwich beam with thick facings. Experimental results have shown

much better agreement with this new theory than classical sandwich theory.
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APPENDIX A

LINEAR APPROXIMATIONS TO THE STRESS-STRAIN CURVE

1. Multimodular Case

Consider the nonlinear stress-strain curve shown in Fig. A.1. For
any arbitrary point (et,ot) in the tension region (¢ > 0), there are two

straight lines such that

) (ct/et)e
g(e) = RIS TR . (A.1)
The equation of a stress-strain curve as expressed in [2.17] is
ole) =Ke" 3 €20 (A.2)

where K and n are constants depending on the material. To find the pro-
per "break point" (et,ot), the area between the approximated curve g(e)
and the actual experimental curve o(e) has to be minimized. The men-

tioned area can be expressed

t t
£ ef

A= | Loyle)-oledlde + | Lgpte) - ofe)lee (.3)
0 t
€
Substitution of Eqs. (A.1) and (A.2) into Eq. (A.3) and taking the inte-

grations gives

1 n+l

+
5" eh

+ % (ofy*‘ot)(cft- et 'n_l+(1' [(eg
(A.4)

By searching in the region of o = (O,etf) X (0,0tf), one is able to find
a point (et,ot) such that A is minimized locally. Note that a few other

methods (e.g., least-squares method) have been tried but it turned out



Fig. A.1 Multimodular model.

Fig. A.2 Bimodular model.

e ()

— -
/
/

Fig. A.3 Unimodular model.
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that the absolute minimum point was outside of the region Q.

2. Bimodular Case

For this case, the least-squares method has been used. As shown in Fig.

A.2, there is a line such that R
Ef
t n 2
I-= J [Eb e~Ke'] de (A.5)
0

can be minimized in Q. Here, Ebt is the siope of that line. By taking

the derivative of Eq. (A.5) and equating it to zero, one has

Lt
f
dl

t n -
—x = I [Eb c-Ke Je de = 0 (A.6)

By solving Eq. (A.6) for Ebt, one obtains

t n-1

Kt
Ep = 7z (ef)

(R.7)

For example, for aramid-rubber in the tension region (see [2.17]), the

following parameters are found:

ng = 1.22

Ke = 1.1 x 10° psi

t.
€g = 0.029 .

t _ (3)(1.1x107) 1.22-1 _ 6 .
Ey = WFET (0.029) = 0,47 x 10" psi

An analogous calculation can be applied for the compression side of the

bend, i.e., Ebc can be found, provided that Kc’ n_, and efc are known.

c
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3. Unimodular Case

Using the same method as in Case 2 and assuming only one line, which
passes through the origin, to approximate both tension and compression

regions (Fig. A.3), one has

0 £ t
nC 2 f nt 2

1= J [Kce - Ee] de + f [Kte - Ee] de (A.8)

e? 0

and, then
0 n 8ft n

4L - 2ef|  (Ke © - Ee)e de + (Ke © - Ec)e de] = 0 (A.9)
dE € c ct €Je Qe t “ :

€f 0
Solving Eq. (A.9) for E, one obtains

K n_+1 K n_+1 2 2
£ 2y (6 C - () W) - e ()

NOTE: In the present computations, the values of efc and eft considered
are as follows:

e = -0.086 ; cf = 0.029

The constants Kc, Kt’ Nes and n, are listed in [2.17].



93

APPENDIX B
THE BEAM STIFFNESSES FOR RECTANGULAR-SECTION
BEAMS OF MULTIMODULUAR MATERIALS
For the assumed four-segment model, there are two different bending cases
in general, convex downward and concave downward bendina. In convex down-
ward bending, the top layer of a beam is in compression and the bottom layer
in tension. Conversely, in concave downward bending, the top layer of the
beam is in tension and the bottom layer is in compression.

Depending on the location of 2> a0 and ay in a, VS Z, eight different
cases might occur. For example, for convex downward bending, consider the
case when 2.5 A0 and a, are in the range of -h/2 and h/2 (see Fig. 2.3).
Substitution of Eq. (2.2) into Eq. (2.10) and using Eqs. (2.3), (2.4),
and (2.5) leads to

a z, a,
N = ‘ [«E Cla_-2z.) + «E c(z a_)ldz + E C(z--z )dz + E t(z- z_)dz
- Kty la. -2, kb2 \e-de 5 n <& n
-h/2 ac z,
h/2
I G O R R RN (8.1)
3
and
a 2n
¢ c c ¢
M= [<E] (ac-zn) + KEZ (z- ac)]z dz+—J kE, (z-—zn)z dz
~h/?2 ac
a, h/2
t t t
+ J xE] (z-zn)z dz-fj [<E1 (at-zn) + ‘Ez (z-at)]z dz (B.2)
z a

n t
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Equations (B.1) and (B.2) can be written in the following form

a r4 a h/2
¢ c n c t t t
N = (-zzn) {[J E2 dz + J E1 dz + J E] dz + J E, dz]

-h/2 a. z, at

¢ . h/2 h/2
+ [- f E, dz + [ E,Cdz + [ E]tdz - ( E,"dz]}
~h/2 . :
h/2 a, at
2. zZ, ay h/2
+ () {[J Ezcz dz+-j E1Cz dzi-f E]tz dz+-J £t dz]
a

2
-h/2 a. zn t

aC h/2 h/2

c c t t
+ [[ E, acdz - E1 acdz + I Ey"a,dz - J E2 a,
-h/2 -h/2 a, at (8.3)

ac
dz]:

a Z a h/2
C . n_ . t 4
M= (-xzn) {[[ E2 y4 dzi-I E] z dz4-f E] 2 dzi-J

~h/2 ac zn at

t
E2 2 dz]

a a h/2 h/2
¢ ¢ ¢ ¢ t t
+ [- J E,7z dz#—f E2 dz#-J B,z dz-j E,"z dz]}
~-h/2 -h/2 ay a,
a 2z a h/2
c n t
+ (<) {[{ Ezczzdz + } E]szdz + f E]tzzdz + [ Eztzzdz]
a

-h/2 F4 a

c n t

ac c h/2 h/2
+ [[ Ezcacdz - Elcacdz + f Eltatdz - [ Eztatdz]}

-h/2 ~h/2 a, (B.4)

ay

Combining Eqs. (2.9) and (2.11), one gets
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P
"

(-xz,)A" + 8" (8.5)

=
]

(~|<Zn)B" + kD' (B.6)

Comparison of Eqs. (B.3) and (B.5) with Eqs. (B.4) and (B.6) and con-
sidering Eqs. (2.12) and (2.15), one finds that

’ac h/2
N _ c c { t t
Cy = l (E,°-E,")dz + J (E,"-E,)dz
-h/2 at
" a. h/2
_ c c t t
CB = [ (E2 -E1 )acdz + f (E] --E2 )atdz
-h/2 a,
(B.7)
a, h/2
4
-h/2 a.
" {ac h/2
o c o t t
CD = (E2 'El )acz dz+f (E1 -E2 )atz dz
-h/2 a,

As mentioned before, eight cases may occur depending on the location of z.,

3c» and a,. These cases have been analyzed as the same as the general case

as follows (for convex downward bending)

case 1:
o = it  + ENe ety b2 <z < hy2 (B.8)
A" = et
8' = ha (E,%-E,")
- (8.9)
D' = n’E,%/24
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Fig. B.1
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Stress distribution for Case 1.
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Stress distribution for Case 2.
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Case 3:

Case 4:

BI
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# it
b=
m

-

#

0

i

t t t t
E] e+ EZ (cx-s] )

(€,5-€,5)(h2/4 - 2 2)/2

2 t t
+ h at([{.l - E2 )/8

- (gt -E, ) (2 - 2,022

n(E, S+ €572 + 2 (E,C- ;)
[hz(Ezt-E]c)IZ + at(h-at)(E]t-Ezt) + zn2(51°- E]")]/z

3 <z <h/2

(B.10)

-h/2 < 2 < a,

(B.11)

[h3(E]t+ Ezt)/8 + at3(E2t- £,5)/21/3 + hzat(E]t- E,*)/8

(B.12)

(8.13)

3/ C t 3/ t t 3/ C t
{h (E-:.l i-EZ )/8 + at (E2 -51 }/2 + z, (E1 - E] Y1/3

This case is the general case (see Fig. 2.3) which has been discussed in

detail earlier in this Appendix.

Case 5:

:{ E,% -

c C

E] S] + Ezc(ex - E]c)

z, <2 < h/2
a. 222z, (B.14)
-h/2 <z<a

c



Case 6:

Case 7:

Case 8:

Al
Bl

Dl

Al
BI
Bll

_ru3/e € c
= [h (E1 +-Ez )/8 + a.

"t
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t c c t

[hz(E]t- E,)/4 + znz(E]c- E]t) +a (a_+h)(E,°-€,5)1/2

(€, - £,5)(n2/a -2 2)2

[h3(E]t+ £,C) + zn3(E1c-E]t) + ac3(E]C~E2c)/2]/3

3 o c
- h ac(E] -E2 )/8

E]cex 2, 22¢ h/2
E1c€1c +Ey (e, - E1(:) -h/2 <z < a,
hE., ©

1

(£, - E,5) (h/2+a_)%/2
0

*

E;C 1S+ E,5 (e - q) -h/2 <z < h/2
c
c c

0

3- ¢
h E2 /24

E]tsx z, <2 5_h/2

E]cex -h/2 cz iz,

c c 2 c c
Ey"-E5))/3 - h%a_(E{"-E;7)/8

(B.15)

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)
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rig. B.4 Stress distribution for Case 5.
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Fig. B.5 Stress distribution for Case 6.

-h/2 (€ & ——™

Fig. B.6 Stress distribution for Case 7.
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A" = h(E1t + E,©) + 2, (E,° - E1t)
B' = (£ - E]c)(h2/4 - 222
n (B.21)
B' = (E,* - E]c)(h2/4 -2 2)/2
[ 3 t (o4 3 c t
D' = [h3(E, " + £,5)/8 + 2 3(€,° - £, )13

For concave downward bending, one is able to derive similar equations

for stiffnesses by converting as follows:

2 t t c
Ec EZ El E] ac at
t t ¢
E,S — By B — | 8y — 3.
sX
— Zn L |
 °
/
-h/2 h/2

Fig. B.7 Stress distribution for Case 8.
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APPENDIX C

COMPUTATION OF A AND a,

For multimodular beams, the follcwing equation is not sufficient

to determine the neutral-surface location z,
s = B'M - D'N
n A'M - B"N

D
Bll (c‘])

even for cases where N = 0
z = B'/A (c.2)
Two more equations are needed for computing z because the stiffnesses

are not only dependent on z, but they are functions of a. and a_ as

t
well. Dividing Eq. (2.4) by Eq. (2.6) and Eq. (2.5) by Eq. (2.7) and

solving for a. and a,, one can get (for the convex downward case)

a_ = (e]c/cfc)(h/Z tz) -z (c.3)

[}

a, (c]t/cft)(h/z - Zn) + z, (c.a)

For the concave downward case

a (a]c/efc)(h/Z -z) + 2 (c.5)

a, = (e /e 2 + 7)) - 2, (c.6)

The system of nonlinear Eqs. (C.1), (C.3), and (C.4) for the convex
downward case, or Eqs. (C.1), (C.5), and (C.6) for the concave down-

ward case, can be solved by using iteration of the Gauss-Seidel type

[2.22].
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APPENDIX D
ARBITRARY CONSTANTS AND PARTICULAR SOLUTIONS

The values of constants C], CZ’ C3, C4, d], and d2 for the various

boundary conditions considered are listed below.

1. Hinged-Hinged (free to move axially at x=1L)

€ = - up(O)
Cp = - (C52 + Cg2) - [w(2) - w (0))/2
Cy = [¥p, 4 (2)/2] - 3042 (D.1)

Cy = EETTFTFA;ETE“T 8Ty ((2) -y (O] + D[y (=) -3, (O]

a
-
i

= - u,(0)
= - Quy (2) + (68'/A")Cpa]

[= N
n
1

2. Clamped-Free
C-l = - wp(O)
- wp x(2) - ep(2) + 4, (0)

. A'S2 (D.2)
37 wp,x(l)/i + BB -AD) [Wp,x(l) + wp(l)]

(]
'

A'S
s = FEE =AY G2~ %p(0)]

o
—
fl

- up(O)

. B'S2 . y
9 = - up’x(~) Y EEToATDT [wp,x(“) + Jp(i)]

(=8
|
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3. Clamped-Clamped ( free to move axially at x=1L)

C.I = - wp(O)
c, = G(B-g;..A-D-) Cy + ¥,(0) (D.3)
€y = [y (0) - up(2) - (BB'/A')C422]/22

SA'

G = Tz = AT (0) * wp() - 2D (0) -wp ()72

[=9
1]

1 - up(o)
2 = [u(0) = u(2) - (38'/A"),if0

Q.
]

The particular solutions for uniform and sinusoidal normal load are as
1isted below.

For uniform normal load q(x) = q_:

o
B'q
- 0 3
u,{x) = srATpT-BEY X
q A'q
S 0 3
u’p(x) - - S X 6(AnDb _BIBu) X (D.Q)
Alqo 4

Wo(X) = R gTEY X

For normal load q(x) = 9% sin ax, where a = nx/2:

B'q
- 0
up(x) = GJ(A.D. "B'B“) COSs aX
A'q
‘,‘Jp(X) = - mrﬁrofg'rgn'y COS aX (D.5)

9% (1 Al .
wo(x) = o7 [ + yapr—prery Sin ox]
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APPENDIX E
TRANSFER MATRICES FOR DEFLECTION OF

A MULTIMODULAR BEAM

The equilibrium equations for each station can be written in matrix

notation as follows:

u " (1 00000 6- u\*
W 01 000GO0O0 W
Y 0 61 00 00O 1
N = 0001000 N (E.1)
Q 000010 g Q
M 0000O0T1O M
1 | 000000 1] 1
1 i 1

where 9 is the concentrated load at each station. In more compact form

R L
[s1, = (751, Is1. (E.2)

The matrix [TS]- is known as the station matrix. In matrix notation the
i

equilibrium equation for each field under a distributed load q(x) is
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) T, o0 o Blae B'(42)2 -D'Az -B'az T (u)
Y 2y Y 2y 'm
A'(az)2 a2 A'(a2)3y -B'(a2)2 -A'(af)2 A
1 - FANE VL AN -3 -3
W 0 b% 2y [S * 4y ] 2y 4y Km 2S Kq W
-A'az -A'(az2)2 B'az A'ag
Y 0 0 1 - 2y -—-—Y-—- —ZY—Km ]
<NS =] 00 o 1 0 0 0 4N >
0 0 0 0 0 1 0 -Kq Q
M 0 0 O 0 AL 1 —Km M
1 00 0 o 0 0 1 BRQY
i+l & i i
(E.3)
where
Y E BIBII_AIDI
a2
b = | alea (€.4)
0
AL
K, = I eq(e)ds
0]

Values of Km and Kq for various loadings are listed in Table 3. Equation

(E.4) also can be written as
R
[s1° = [7,1.[s], (E.5)
i+] 1 i

The matrix [Tj]- is called the field matrix.
i
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APPENDIX F

TRANSFER MATRIX FORMULATION FOR VIBRATION
OF A MULTIMODULAR BEAM

Under harmonic exitation, the steady-state-response displacements u,

w and y are assumed to be hamonic in time. Therefore, Eqs. (3.1) can be

written as

N . =-a2PG-02Rp ; Q

= -~ 02PyW -
X Q2Pw - q(x,t)

X (F.1)
M, - Q= - o2 - 21}
where all of the barred quantities are amplitudes, i.e., N(x,t) = N(x)
sin Qt, etc. The continuity at each station implies
-R_-L - R _-~-L -R_-1L
u; = ug s Wi =W s Vs = Uy (F.2)
(R and L denote right and left, respectively)

Also, Eq. (F.1) in finite-differential form for each station i is

_R__
N.i "N_i

L L ] R_gsl L

- Q2PG." : 0.7 =0Q." - 92Pr." - Q.
Q Pu1 3 3 Q] Q PW] Q1

=R _ = L
M.i had Mi

L L

- 02Ru.- - 02lu

where Qi is the concentrated load amplitude at station i.

Equations (F.2) and (F.3) are written in matrix notation as

(AN 1 o o o o o o] ({a\*
W 0 1 0 0 0 0 O W
v 0 0 1 0 0 0 O v
q R } = |-« 0 -e2R 1 0 0 O { N > (F.4)
q 0 -2 0 0 1 0 Q Q
M -Q°R 0 -21 0 0 1 O M
\ 1/ 0 0 0o 0 0 0 1 U

i - -1
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or R L
[s] = (1] [s])
1 1 1

where [Ts]. represents station matrix at station i. It should be noted
i

that, inactuality, due to the nonlinearity of the material, the genralized

displacements are not harmonic in time.
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APPENDIX G
DETAILED DERIVATIONS

In the following, detailed derivations for unimodular and bimodular
laminates are given. Three types of lamination are considered: Single-
layer, two-layer, and three-layer. In the latter two cases, all layers
are assumed to be of the same thickness. Also, in the bimodular cases,
the effect of bimodularity on elastic-shear moduli is ignored (since for
most of materials Gt/GC = 1). Further, in the bimodular analyses, axial

force is assumed to be zero.

1. Single-Layer (Bimodular Material)

Normal and shear stress distributions for single-layer, bimodular
material are shown in Fig. G.1. Since the axial force is taken to be
zero,

ht 0 ht
N = J o, dz' =« [J E€z' dz' + I £tz dz'] =0 (G.1)

X

-hc -hC 0

Using the fact that
h = ht + hc (G.2)
one can integrate Eq. (G.1) to obtain

1 . /B
h./h = » hy/h=

1+ /8 1+ /8

(6.3)

where 8 is the bimodular elastic-moduli ratio defined as
g = EC/Et

From Eqs. (4.6) and (4.9), one has
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D= (Eh 3+t 3)/3 (G.4)
c t
Ec(z')2 - Echc2 - hc <z'<0

b = %. (6.5)
etz")? - Echcz 0<z' <h,

substitution of Egqs. (G.4) and (G.5) into Eq. (4.15) and using Eq. (G.3)

leads to

k2 = 5/6 (6.6)

Also, using Eqs. (4.19), (4.20), (G.3), (G.4), and (G.5), one has

(--rxz)max = 3/2 (G.7)

Although the maximum shear stress remains unaffected by bimodularity

ratio, the shear-stress distribution does depend on 8. Combining Egs.

(4.19), (G.3), (6.4), and (G.5) gives the following shear-stress distri-

bution
2 2 1 1
- 3 \ /8- /B (/8 +1)(z/h) - <z/h <0
Tyy = 7 /B (6.8)
Xz 2 1 2 2 ' /B
V8 - — (/B + 1)°(z/h) 0 < z/h <
/8 VB + 1

2. Two-Layer Laminates

(a) Bimodular Material

Each individual layer has different elastic moduli in tension and
compression. However, since one layer is only in either a tension or a
compression state, only three of the four elastic moduli for two-layer
analysis come into the picture (see Fig. G.2). A similar procedure to

that used for the single-layer case is used here. To determine the
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bending and the partial bending-stretching coupling stiffnesses, one is

able to obtain the neutral-surface position from the following quadratic

equation
-h +h/2 0 h,
= c ' ] c ] ' t L] ] -
N = <[f E,2%dz’ + f E,"2'dz’ + I E,"z'dz 1=0 (G.9)
-h, ~h *h/2 0

Knowing the neutral-surface location, one can easily determine the follow-

ing stiffnesses

c 3 3 c 3 t 3
D= (E] [(h/2-hc) +hc ]+ EZ (h/2-hc) + E2 ht }/3 (6.10)
and
E]C(Zl)z - E]C hCZ _hc <2 < _hc+h/2
- 1 Cron 2 t 2 '
b=5qE (2')" - E" hy -h +h/2 < z' <0 (6.11)
Ezt(z')2 - Ezt ht2 0 <2< ht

Substituting Eqs. (G.10) and (G.11) into Eq. (4.15), one has

16 g;[(a+8)(h/2-h_)3 + ohd+n]’
h(gy +1)[3(gya2 - 82)(h/2-h )5 - lO(glazhé - hi)(h/2- h.) :

2 _5,
K" =%

+ ]5(9 uzhl‘ 'hl’)(hlz-h ) + 8(9 a2h5+h5)] (G.]Z)
1 C t c 1 b t

where
_g Cyp t =g S t -
a= E] /E2 ,» B8 E2 /E2 and 9 G1/G2

Since hc/h and ht/h depend upon o« and 8, K2

is a function of 9ys as and g
for the case of equal-thickness layers. The maximum dimensionless shear

stress also is a function of the bimodular ratios (a,8)
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alhZ-(h/2-h )]

h -h/c<z'<-hc+h/2

:
a[(h/2-h.) 3+hé]+e(h/2—hc) 3+h§

1) =3
XZ'max 2

ht2 0<z'<ht'

(6.13)
(b) Unimodular Material

A similar lamination as used in part (a) is considered here. The nor-

mal and shear stress distributions are shown in Fig. G.3. Since the

flexural-extensional coupling stiffness (b) does not vanish, one must use

Eq. (4.13) in order to compute KZ. Let the transverse shear moduli be the

same for both layers (GZIG] = 1) and a = EZ/E1‘ Then, the stiffnesses

can be expressed as

A = E;h(a+1)/2
B = E;h?(a-1)/8 (6.14)
D = E;h3(at1)/28
and
[(z+h/2) , (2%-h%/8)72]  -hj2 <z <O
o0l = 6y [(ez+h/2) , (az-hZ/8)/2] 0 <z <h/2 (6.15)
Substitution of Eqs. (G.14) and (G.15) into Eq. (4.13) gives
2.5 (a2 +18a+1)" (6.16)
2[ab +12a3 + 10202 + 120 +1]

It is interesting to note that K2 as given by Eq. (G.16) gives the same

result for « = ¢ and « = 1/c, where ¢ is an arbitrary constant. Com-

bining Eqs. (4.4), (4.12), (4.19), (G.14), and (G.15), one gets
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Normal and shear stress distribution in
a single-layer bimodular material.

Figure G.1
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Figure G.2 Normal and shear stress distribution in
a two-layer bimodular material laminate.
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Figure G.3 Normal and shear stress distribution in
a two-layer unimodular material laminate.

[ 3" ey




113

(6.17)

which shows that (?xz) depends on elastic-moduli ratio (EZ/EI)’ only.
max

3. Three-Layer Laminate

(a) Bimodular Material

Consider a three-layer laminate with the top and bottom layers
(facings) made of the same material (i.e., Elc=E3c, E1t=E3t) as shown
in Fig. G.4 in the convex downward bending position. One assumes that the
neutral-surface position is within the middle layer (which happens for

most practical cases). The axial force vanishes if

-h_+h/3 0 h,-h/3 h
¢ c c t t t t
E] 2'dz' + I E2 2'dz" + f E2 2'd2’ + [ E] 2'dz'=0

-hc -hc+h/3 0 ht-h/3

(6.18)

Equation (G.18) can be used to determine the neutral-surface position.

2 with the same

Having the values of ht and hc enables one to calculate K
procedure as used for the two-layer case

EC

D= % talhi+(h/3-0.) 1= (h/3-h ) +2(h, ~h/3) ++[h, - (h,-h/3)° T3
(6.19)
K (k)
[ 6™az = gptag +113 (6.20)
-h

c
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2
c
a0k 2 o (BT g Sur 5 2,200 m v y3ap 3
67) ez = g (€97 a2 (h/3-n)  S1- ThEL(h/3h) “#h] + hhe/3)

-[%(h/B-hc)s +% Ha(h/3-h )%+ (Hg)z(hla -h)]
2 2
+18n-h/3)° + 22 W (h, - h73)” + (H2) (h - 1/3)]
-1 -1 S 5 2.2 3 3 L
+97 v2 (Lh; - (h~h/3)°1- &4 [h3-(h,-h/3) T+ hh:/3) 1

(6.21)
where

2 2 2
He™ = (h/3-h.)%(a-1) - h, (6.22)
= £,%/e.°© 6 = E, /6. = E.5/E.C, and g, = G,/G
S I T 2/F2 » Y EE3/Ep 91 7 5175

By substituting Egs. (G.19), (G.20), and (G.21) into Eq. (4.15), one can
determine KZ. Also, using Eqs. (G.19) and the foilowing expression for
bmax (the maximum value of partial coupling stiffness b) in the respective

regions, one has the maximum dimensionless shear stress by Eq. (4.19).

LE;° -h, < 2' < -h_+h/3
LES - LES + LiE, 0 <2z' <h.-h/3
LQE]t ht-h/3 <2' < ht
(G.23)
where
Ly = (h=-h)? - n? Ly = (h-h)? (6.2
L, =Ly +h? Ly = Ly - h°
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(b) Unimodular Material
Shear, bending, and partial stretching-bending stiffnesses for the
three-layer symmetric laminate with equal-thickness layers as shown in

hG
S = —3-2 (1+2g,) (6.25)

D= 08 (26a+1) , (6.26)

and

h/2 2,5
(k) 2 Ey7h

-1 v o 2 2
(67') bcdz' = 56TE0 (102« +g.l('|200 +20a+1)] (6.27)
-h/2

Substituting these stiffnesses into Eq. (4.13) leads to
2
[260+ ]] g-l
(]‘*‘29])[]0232 +'g](120a2+20u+ 1)]

K =

ojun

(G.28)

Absolute dimensionless maximum shear stress occurs at the midplane.

Using the same procedure as used before, one obtains

() = (yg) g = 3 - ety

"xz'max - ‘"xz’2=0 26a+ 1 (6.29)

and the shear stress at the interfaces is

_ 3 24a

(‘xz)z=ih/s "7 2atT (6.30)
It is interesting to note that

(z.,)

X2 BX -1 4 (1/80) (6.31)

"xz’z=+h/6
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Figure G.4 Normal and shear stress distribution in
a three-layer bimodular material laminate.
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Figure G.5 Normal and shear stress distribution in
a three-layer unimodular material laminate.
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APPENDIX H

DETERMINATION OF THE SHEAR CORRECTION COEFFICIENT

In the folleowing, a static shear correction coefficient is deter-
mined for the assumed beam. Considering the convex downward bending
(bottom layers of the beam in tension and top layers are in compression)
in which the neutral-surface position is within the core. The coordinate
system and key dimensions are as shown in Figs. H.1 and H.2.

The stress distribution is

(Ec)(x23 - h < 2'< - he + 1

.. - (E..) (x2) -h.+h<z'<0 )
(E, ) (x2) 0 <2'<hg -h
(Et)(x25 hy - h < 2'< hy

Let us neglect the axial force, which would be small due to the absence

of axial restraint. Then,

Q
(=%
N
i}
o

. (H.2)

Substitution of Eq. (H.1) into Eq. (H.2) gives

2 2
(Ec-Ec)h-hl)™ + (Ep -E)(h -h) + Ephy

2
- Eh =0 (H.3)

Also,
hc + ht =2h + ¢

Equations (H.3) and (H.4) form a quadratic equation to evaluate h, or

ht‘ Using the definition of static shear correction coefficient from
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Fig. H.1. Geometry and stress distribution for sandwich beam
when the neutral surface is within a facing.
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Fig. H.2. Stress distribution for sandwich beam when the
neutral surface is within the core.
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[5.12], for this particular probliem one has

h
t
p° I 6 dz'
‘h
K2 = ¢ (H.5)

hy
he J 6b° dz'
“h

where 2!
E z'dz' - e
f cZ 92 hc<“< hc+h
'hc
-h, + h 2!
1 ] 1 1 ]
, ECZ dz' + I ECCZ dz -hc+h<z <0
' 'hc -he +h
b=) E, d2'= ¢
~h. -he + h 0 z!
) ) ] ] ]
Ecz dz'+ J Eccz dz+J Etcz'dz' 0<z<ht-h
-hC -hC + h
mc+i1 0 ht-h r
' ' [P | gt [ '
Ecz dz' + Eccz dz+~[ Etcz dzi-f Etz dz
--hc -hc+h 0 ht-h

hy-h<z'<h, (H.6)

Note that -b/H is the dimensionless transverse shear stress, the distri-
bution of which is shown in Fig. H.3 for the case of 0° facings.
For the material used in [5.11], the resulting values of shear
correction factor are:
1. For 0° facings, k2= 0.6913

(H.7)
2. For 90° facings, K2 = 1.0487
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z'/(c + 2h.)
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Fig. H.3. Distribution of transverse shear stress for the
beam having 0° facings.
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APPENDIX I

COMPUTER PROGRAMS



convtoN
Y108
~94 0N
coN108
covMoN
co%v0N
CCMTON
co%H0N
COM10%
covsoN
COMMON
rov1aN
crvv0y
coyeny
“0%0y
cHY0N
CIMOR
cowNoy /TS0LG/ U(27), V(2T), €(2T),
COMMON /SANDWR/ EBECP, ETP, EIT,
9ATA =CP?, ETP, ECC, ETC, GP, GC
£65., 634, /
JaTA ST, 3B), S8L
7AT\ E22, TiC, EI1T,
«522+36, ,536€2+03 /
8T rs, 201, ETY, XFT /-.086 , -.011,
J3TA XZTIC, YTIT /_18Fe0S , .572+06 /
naTA Q0 , Y41, X=?, WE / .1,
7274 XA,X3, Z§,7HB £0.04 , 23.273,
95T 39, BL /3.f&, 8.0/
naTy P 7.2/
I3TA AT /.07
DATA BZ21T, BTIC /5.193T405,
JATA M3, DIe, SCL ., SWM
2PS = 0306001
AY = 5./6.
3.7817

/ANON/ P
/XM0NNT/
/X8COTL/

X11,x192
Xeic, xoir

/BYONIL/ BEIC, BPIT

/DISTAN/ X127, Y(27),XZN(27)

/ ABD / A1 ,8% ,D1 ,CAN,CBN ,CBN
/ALM/ AMX(2T7), QX (27),ANX(27)
/N0B/ NE2, XE1, NE

/ DINEN , BD,BL
/ AMQDIL / BAC,
/8% / NBC, NBI,
/8% / A, B, 2%, 2%R,XA,XB

/ STAIN s XFC, BCt, ETI, XPT
/STI®/ A1, B11, 1312, D1

/ FIASTN / C, T
/ ToFI/ C1, C2,

¢ S, 20,AF
E1v,82C , ®2T,G
scL, DIY ,SWY ,

c3 ,Tu

ETC, &GP,

1
/.0625% ,1.25,
227, G /13.3E+03
1

0.19,

1.7302+33/
020 1o, 2.

uoa

e
i

e

cwe

2 ) THEN DO

XBI1Z/XENT
1.

Gu= \VeDe3
e1=
=1

/227
21T/°27
TIC/EIT
©2C = 22C/W2T
=2T = 1,
Sft= AX#D#3
nTIC =
as1=
°NOTF

TF OIY  LE2,
pPEINT 499,31,
30 *n 529
CONTINGZ
PRINT 411,
500 CONTTNOZ

wuonu

/88T
= REIT / "ET

= 1.

30 T0 598
AP,NE

2. )

eo,

58

P, AF, NE

122

/32.E+03,

+CDH,XL,XY

BPS

DX1, DX2
/30137 3P(27), VO(27), WP(2T), 3IPX°2T), VPX‘2T),
BX(27),

W20 027
VX(27), WX{2T)
5C

41.2+J4, 75%.,8%4.,

6.656 /
¢ 31.32¢03 ,

+428¢J6

.

0%, 029 /

.0, .0, 25/

0.227

/
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g11

330

129

n

a1

413

109

PETNT 437, X212, fPI1T,
vooeAT (1491, ///, 20X,

1'% = v, ¥10.5, /2, 20X,
PORYAT /77, 201,

1y =+, P10.5, /, 20X,
vagwAT /7, 20X,

1/,20%,'ET =v,212.4, /,
BRINT 120
7ORMAT (//,20X,

297, '41
100 NB
110 LD
'SE¥Y L EQ.
.6

snn

SFL

ED/2 - STT

X3 = YA

§ = AVs‘ 5Fs’on

TF ¢ 2ZN9 _LT.

=3C = 2CF

21¢ = 2CC

£1* = ECP

€™ = zTp

5C "9 91

cryTINgS

B1T = 2TC

T1Cc = =CC

P2C = EBCF

237 = 2TF

CONTINDE

[
L4

1
0o
n0
r
INm
8)
3L
A¢|

’

3
2
)

1'
1,
1.

o ou ot

8

2.%XR)

IF ( DIY .T7.
CALL 7ZNCIM
CALL EXPSN ‘AVY, B3,
2PINT 410,°27, TIC, EIT,
vICMAT fy/, 20X,
1212.4, 7, 20X,
2vm2T=0 , BI2,4, /,22X,
3*FT1 =+, FY2.4, /, 20X,
CALL COEFFI (aA1% ,317
CALL FIZISOL ‘A1Y ,B1%
CALL WRITES
TF ‘SUWY .TQ.
et 2

TF ¢ nIY .89, 2.) S
CALL ZHCT™(HRD,HEBD,IZN ,
CALL 2YPSY ( A1, B,
CMLL COEZFFI?Z AT1, BT,
CALL PEYSOL{ AYY, B1Y,
CALL W@RITPS

CONTTNTIE

A= XA

) X

N TNB

SCL SCL + 1.

CONTIVYE

2.) S
‘A, B,IN ,

re1C=",

-~
£l

*BINODULUS PROPERTIES:', //, 20X,
211,
. Qn, x%1, xA2

"APPLIED
F10.5, /, 20X,

THEN

'MOLTIMONULUS PROPERTIES:*, /7, 23X,
-4

L=,
NE=1
o =l’
NE="

’

P10.5, /.,
, IS

F10.5, 7,

I5 )

20x, ' F13.5, 7, 20x,

201,
g 'EC =', B12.4,
16 =1, B12.8)
PORCE:Y |, s/, 20X,
'y2 =%, F10.5

*20 =*, F10.5./,
e 177)

20

+ GT*2.%XA7)
) GO TO 90

SN
e2¢c,

eIC,
B12, 511y

©2T, G

21T, E2T)

., BCY, BT, XPC, XPT

122029,
20X, *E1T=¢, E12.4, /, 20X,

4,77,20X,"ECY =1,%12.4,/,20X,
212.3, /, 20X, 'ET2 =', 212.3)

12,4, 7,
15z, 012

“lae

122 =,

,812 ,D11 )
.312 ,D11)

1.y GO TH 109

SB

xz1s,
312,
312,
812,

XEIC, YEIT,
L ARYY
D11 )
D11 )

IE1T )

123
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281

292

Qg

806

1

1

COMTINTE

STOP

TN

SURTQONTINE 2ZNZCY (A, B, 2B ,B2C, B1C, EIT, %27 )

CHY40% /DISTAR/ XV1(2T), Y(27),XZK(27)

COMMON / ABD ,/ AT ,B1 ,DV ,CAN,CBX ,CBM ,CDHN,IL,IN

COMY0N /NOB/ NE2, WE1, NE

CO%%ON / DINEN / BD,BL , S, 00,AP

cOM%ON /8C / NBC, NBI, SCL, DIN ,SVH , BPS

£ONM0N /X1000L/ XFIC, X217

COM®ON / PRASIN / C, T

COM%ON / STAIN / XPC, BC1, BT1, XFT

2704v0N /STIP/ A1, B1Y1, 312, D11

cONTTIRNR

CALL STIPF ( A, B, B2C, ®2'C, B1T, EB2T, ZN, BD)

I ( (N2Z .E0Q. 2) .AND. (STL .BQ. 1.} L.AND. (SWH .EQ.
) THEN D0

CALL STIP® ( R, A, ©27, BT, BIC, B2C, ZN, BD)

Te (SWH .NE. 0. ) GO TO 285

A1l = A1 ¢ CAN
211 = 31 & CBR
B2 = B1 + CB™
n11T = 31 ¢+ CDY
30 T0 2845
CONTINT®

111 = A1

n11 = "1

R12 = w1

T = 3
CoONTINIE

TNY = BRI/ 1
IT IR ,EN, ) .3JP. SW? . NB. 0.) ) 30 T 27)

AR = C* ( "23/2. ¢+ ZN ) - 2N

A= A

a" = T# (ED/2. - ZN ) ¢ 2N

A = B3

IP  ((NBC .22. 2) .AND. (SCL .EQ.'.) } THEN DO
Ad = Ce ¢ 8D/2, - ZIN ) ¢+ 2VW

I = AA

RE = Ts ‘On/2, & IN ) - 2N

7 = bo

ZNDTF

CONTINGZ

IF 7 ABS7ZN - ZINV) LB, ZPS ) GO To 282
ZN¥ = IN?

3070 29

TONTINIE

NeTIRY

END

SnNeeQYTIN® STITY ¢ A . B , ¥2C , BI1C, E1T, E2T, IN , BJ}
COMMOY / ARD s At ,B%Y ,D1 ,CAN,CBN ,CBM ,CDXN,XL,XY

cNnevOoN /8 , N3C, YBI, SCL, DIM ,SWH , EPS

COMMON /SANDW'l/ ECP, BTP, ECC, BTC, GP, GC

COMMON /STIP/ A1%, B11, B12, D11

1 4.4 (s¥4 .29. 0) GO TO 802

IF 'z .GT. B) GO TO 808

IP ( (2% .LBE. B) .AND. (20 .GT. =-i) ) 3O T 802
T (Z¥ .L®%. -A}) GO TO A00

“ONTINUE

IT ( (KBC .BQ. 2) .A#D. (SCL .20. 1.) .AMD. (SW8 .EQ.

) GO TO 805
CONTINTIE
v2C = ®=CY
£1C = 2CC
21T = BCT
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100

310

339

150

EER
)

noy‘r ) 811 *Qn) /'2.%DEN) X=X

VPX(I ) = =(20/5) = (1% 300) /(2%DEN) seY*X
WPY'T ) = (AV118)Q0) /(6.0%DEN) sX&XeX

X = X ¢ BL/NE

TF * I .EQ. 1) X = BL/'2.%K%)

IF(T .2Q0. NBE1) X = 8L

CONTINGE

50 "0 320

CONTINUE

X = 0.

AL = 2.%3,141592654/BL
DO 330 I = 1,NE2
I % 7 'NBC .®Q. 1) .DOR. INBC .BQ. 3) )} LARD. (SEH .®22.

0.) -AND. 'YX .GT. BL/2)) THEN DO
A = XA
B = x®
IN = 7N°
I¥ *NBI .E0. 2) GO 7O 330
TP (R®C .22. N X2 = 1,
Y® ruwaz PR, 3}y XZ = 3.
AT = 2
ScL = 1,
CTALY  INCCM (A, B,2N , ®E2C, B'C, B1T, E2T)
SCL = 2.
TE (Y? L.P2. 1.) NOuC = 1
T Y2 ,Fl. 3.) NBC =1
30 "N 3159
CONTTIYTIT

CRLL  ZINTTM(49D,®BD, 2N , XEIT, XEVT, XEIC, XEWT )
coNTINg®
TYNTP

I¥ 7 7 NBEC .TQ. M) b 8BC .E22. 1 ) LAND. (SWHE .E).

.n -

1) .AND. T L.5T. 3L/2))  THEE DO
1T (¥ .P2. M) XTI = 1,
It NPz LE0. 3y XZ = 3.
NOT = 2
ezL = 1,
©3LL  INCZM (A, B,ZN , ©2C, BiC, BIT, E2T)
ecL = 2.
TP (X .37, 1.) NRF = 9
IF 'Y~ .®Q. 3,) NEC =
syaTP
e =1,
APy = ATTeD1Y - ’511.312
197 T ) = ‘P11 ®Q0) SINS’ALSX) / ‘ALSALSALDEN)
V2’ T ) =< ‘AT1  ®)0) $CIS'ALSX) / ‘ALSALSALSDEN)
HP( I ) = O09SIN(AL®X) / (AL®AL) $(1./5 ¢ A11/(AL®ALeD2Y) )
IPY'T ) = ='R11  Q0) SSIN‘AL®X) / ’ALSALSALSIEN)*AL
VOX(I ) = (311 #20) $SIN(AL®X) / (AL®AL®AL®DEN)sAL
VPY’I ) = 0O%COS(AL®Y) / (AL®AL) *(1./5 + AVV/(AL*ALDEN) ) *AL
X = Y & BL/NE

TE I .0, 1) X = BL/’2.%NP)

IT (T .%3. NBV) X = BL

coNTIvge

coutrme

ReTIRY

Sup

SHEPAYTIND  CABPFI ‘A11, B11, B12, D11)
COYM0N /XMONNT/ XM1,X%2

Co9“nY /NOT/ NZ2, NB1, N©

TC4%0N / DIMEN / BD,BL , S, 20,AP

CAweny s32 s 9BC, N8I, SCL, DIM ,SWH , TIPS
roe%QN s C9PI/ CY, €2, C3 ,C4 , DXV, DX2
TCeNaN /SOLT/ MP°2Ty, VR'27), WPY2T), IPX(27), VRX(27), €PX(2M)
374 = 311sp11 - Biyenl2

IT (N8C .TN. 2) GO =0 709
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I¥ °SEH  .BQ. 1. ) GO TO 590
IP ( W3I .E2. 2 ) GO TO S90
PPINT 420 ,A, B
829 TORWAT(//,20X,'A = ', P10.5, / , 20 , 'B =", ®10.5)
IP °NBC .2Q. 2} GO TO 500
I¥ ‘N3C .BQ. 3) GO To 533
IF (SCL .BQ. 2 )GO TO 511

POINT 510
€13 VIRMAT ( 41, // , S0X , 'CLAMPED~-CLANPED.....UNIPORN LOAD* , / ,
T 508, *-- e mmm e e —e = cmmte—— Y,/ , 60X,
2 ' wM7ILTINODULOS * , ///)
30 TO 515
511 CoNTINUS
IBTNT 512
S12 PIRWAT ™Y, // , 50X , 'CLAYPED-CLANPED.c.c....SINE LOAD' , 7/ ,
1 50Y , tecmcccaceu- e e e .~ - ——— ' v/ o 60X,
2 ' MOLTIMODULNE ¢, s/
50 TD 515

807 CONTINU®
TF'SCL .52 2 )60 TO 52

BETNT §29
520 °©IRYAT ¢ 4%, s/ , 50X , *CLAMPED-FRPZ........UNIFORY LOAD' , / ,
1 59X , Pemmmmmecemmmmcceeeae wemeemnee 4/ BOX ,
2 v WILTINODULIS ¢, ///)
50 70 515

521  CONTINUE
PBINT 522
522 FIRAT ( 191, // , 50X , 'CLANPED-FREE........ SINZ LDAD' , /,

1 91 Y v L ettt em————- ' P Vé ’ 60X ')
2 v NULTINODULUS v, //7)
32 T 515

533 coNTINg®
TE (STL .F2. 2 150 TO 536

2EINT 537
537 FoewaAT ( 1®1, s/, 50X , *HINGED-HINGED.......UNIPDRY LOAD' , / ,
1 59X , tememmeemeee oo ‘', /., 60T,

2 v mALTINOIULIS ', //7)
56 D 6§16
536 cnyTINGE
PRINT 518
€39 Pp2PYAT ¢ WHY, s/ , 59X , 'SINSED-HINGED....... SINZ LOAD' , 7 ,
1 50 , 'eeemmcccecacocae rsemmee e ————— v,/ , 60X,
2 v NnLTINODULIS 0, /N
515  CONTINYZ
CALL w®PITEY
TP ( NBI .E2. ) 30 TO 540
500 coyTIvnE
IF { ¥BC .BJ. 2) 50 TO S50
Iv ¢ ¥8C .F9. 3) 30 TO 530
I® (SCL .E2. 2 )GO TO 592
PPINT 560
563 ©rawAT ( 181, s/ , 50T , 'CLAMPED-CLAMPED.....UNIFORN LJAD* , / ,
1 50Y , 'eeeesccoccercececremrccecce—————- ', s, 60T,
2 'arN0dILYs * , //7)
56 TO 591
502 CONTINYGZ

DPINT 593

533 FPrOWAT ¢ VHY, // , SOX , 'CLASERD-CLABEED...0e.--5I8E 020 , /7 ,
1 50X , Mo mmeeaemees I Y Y 3
2 *3IY020LUS * , //7)
30 TO 591

55) CONTINI®
T® *SCL .FD. 2 )G0O TO 57

22INT §7)
577 c©apes™ ¢ 141, s/ , 50X , 'CLAMPED-FREE........0NIPORS LOAD' , 7 ,
1 597, temcmmmcccceaeoo e R Y 't
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S

572

EEA

51a

€91

542

£

19
€30

64)

620

£ 11

2 YRINMODILUS * , /7))

30 <0 591

CONTINI®

2RINY™ 572

FORMA™ ( 141, // , S0X , 'CLAMPED-PREZ.ceesceceeeasSING LIAD' , / ,

1 53Y , 'mermmerer e r e r e —————— v , 7, 80x ,

2 *BINODULYS * , //7)

52 7O 531

CONTINT®

TT® (SCL .%2. 2 }GO TO 531

pPRIN™ §32

FCRYAT ( 141, // , SOX , 'HINGED=HINGED.......TNIFIR® LDAD' , / ,
1 59, 'eeme——- e T et t .,/ ., 60¢,
2 *BYNODILIS Y, //7)

30 Tn 501%

cou~Ime

nEIyT 534

TowpT 21U, 7/, SOX , 'HINGED-HINGED..eceae...SINZ LOAD' , / ,
LS L G B v L,/ ., 63X,

2 1aINONOLIS Y, ///)

SONTINGS

cALL WRITED

CONTYNIZ

rrTOY

ZND

S7JEDATINE  §PITE?

rReMON /DTSTANYZ X1(27), Y(27) ,XIN(27)

cosMAY uNY s A, 3, 2%, Z%3,XA,X8

coNMEgY /ATy ANY (2T, DC({2T) ,ANX(2T)

COY“ON /7 DINFN / 37,BL , S, 2D,AF

ToMMON /3T / N2C, NBY, SCL, DIY ,SWH , 3PS

CrYNON NSD/ NT2, NZ21, NP

C2MvON /PSOLY/Z (0T, VI(27), W(2T, IX(2T), VX'2T), MYX‘27)
TELOI® .20, 02) 30 TN 1)

DETNT 00

SoTeaT( 7Y, v X/L Y, 1, * T 14X , ' W ', tuy , ' v ¢,
1 15, v v 123 , 0 D ¢ 12X, *' N Y, 12X, ' ZIN )
3% "0 A4D

ranTINg T

TN 659

snowpv ¢ 7T, Y X/L Y, 10T, ‘UsLY , 10X, YEsLY , 12X, ' V¢
1 av , v y/qnszer v, 5Y , % Q/008L ', 9Y , ZNsL ')

coumINge

Y (1) =

AN 610 T = 1,472

Y* (T ) = ¥(I) /9L

Y787y = 29

IF ( ( (¥3€C .%2.1 ) .02
1. 1 .om. (¥Bl L.ZQ. 2)
TP Y Y1°T) .L®. .50) .A
130 XZN(TY = -2N

IF ¢ * ¥177) 1T, .50) .AND. ‘SCL .B2Q. 2.} .AND. (SWH .72.
1 1)) xzN'I) = -2ZN

b

PIINT A2, XV(I), (T}, W(I), V(I), ASX‘I), 2X'I), ANX'I),XZN°T)
raner~ (,, 3x , F10.5, 5¢r , Bi2.4 ,5%r , 212.4 ,5% , Z12.3 ,
* st , £10.5 , SY ,F10.5 ,5r , F10.5 , SX, F10.5 )

I® (I .Z2. N2 ) GO TO 610

Y T+ 1) =Y T ) + BL/NE

IPCT .3 1) Y(2) = BL/(2.%NB)

TF ¢ I .IZQ. NT1) Y (§P2) = PL

fTNSTINTE

oITNOY

L0

« (¥4BT .EQ. 3) ) ..AND. 83T .T
} ) THEN DO
HD. /S5CL  .EC. 2.) .AND.  '5WH L 2Q.
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31

1

12

30

49

CARTING®

LoD7TY"=3

LO97TYP=2

Lon7TY?2=1

RN=0.9

q0=0,137%0.32

RuAS=N,

IRAS=0%2T/(12.0%32.20)
TIYAS="R0%'8T*%3) /12,)/712.%32.20)
NOT™="NSTAT*2) +1

NOSU=N3Te

®EAS5,200) ‘ZA‘I),I=1,NOSV)

R¥AD (5, 200) (XCr(I) ,1=1,505V)
PEAD’5,200) ‘XTA!I),I=1,Y0SV)
AX=5./6.

NZA=1

NOTRI=1

TT=1

N=1

YH=NSTAT+1

Ir=1

NSYM=NSTAT/2) ¢ 1

ITNCT==1

DO 37 I=1,N0SV

ST3N2(I)=0.

eTINI‘ Iy =1,

CONTING®

COMDATE TRANSFER MATERICPES

L1=7

€ 1=

y1="

1r=7

Ta="

Iin=7

XTTYe=0.

N> 1389 ¥3=1,NTSTEP

INCn=T

NELT=YDELT’KD)

DELT=Y,

CONTTINYE

XY 1=0,

2=,

N57= 1

CONTINTZ

XLO==SLOF (N)

CALY STI®TeNZA, AY,BT,A11,B11,812,01%,5,ZAV3,XCAVS, TTAVS,S5AI)
TP (N.53T. 1) GO To 30

CALL PPMAT/XLN®,A11,B11,812,D11,5,080,XX1,XX2,ALFA,LCDTYR)
CALL COPY’IX,?w)

32 70 40

CALL FEVAT'ILNZ,AY1,B11,B12,711,5,Q80,XX1,XX2,ALPA,LODTYP)
CTALL VYIL®P (FY,WN, LT, %1, N1,IP,IRN,PH,1ID0,1IER)
CALL COPY'IY,D%)
TE(VN.ST.NSTAT.ARD.N.BQ.NN) GOTO 20
XLA2D3=9.

TP (N.T2.L0ADP) XLOAD=XLOAD¢ALOAD

CALL STHAT’XLOAD,PMAS,RYAS,XINAS,NST,DELT)
CALL VNQLPP (SH,¥WN,LI,H7,N7,IP,IV,PY,1IP,IER)
CALL COPY(IIXI,PW)

IT® 'NN,EQ.NSTAT.AND.N.2Q.K%) GO TO 20
Nz=Ns1

50 To 12

CONTINDO®

IY“PNET BOUNDARPY CONDITION
IF(MRC.22.%) 30 TO SO

IF '¥8C,.20.2) 50 TO 60
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I (NBC.22.3) GO TO 916
IF’NBC,?Q.4) GO TO 900
IF(XN®Z.22.51 <0 TO 900
IT'48C.202.6) 30 TO 906
80 CONTINUP
20 70 I1=1,4
12=11+3
ng 70 J1=1,4
J2=31+3
70 B891°I1,31) =2%'12,32)
DO °0 Tu=1,3
o0 90 IS=1,4
T€=I5+3
90 BeNIL,T5)=PY'T4,16)
I (YMN.NT.D.0.0R.XQN.N2.0.0.OR.XKN.NE.D.0) GO TO S4
HLOT=SL0P (1)
PLO®=HL0OZ~0.001
CALL FZMAT(XLOZ,AT1,B71,9312,01%,5,QN2,IX1,XX2,ALFA,L0DTY2)
4T1='N0SV-2) *7
20 52 IE=1,7
4T2=4T141
20 52 JE=1,7
82 Hd%’TP Ju)= TH'MT2,J%)
ALL V4GLPP (Fw, Ww, LY, ,%1,H1,TP,IV,ENP4,1IP,IER)
50 T0 740
54  CONTINUT
BDABY *1) =X"N
ADACY (2)=XIN
DAY °7) =XNN
BNARY (4) =1,
33 7N 760
A)  CONTINUT
A w1,
an &2 NS=1,4
NA=Y5e+]
RY oMY N5)=DY(M,N6)
70 3 NNY=1,4
NT7= NNY+3
63 8®1'4, NNY)= PW'T, NT)
DO KF NB=1,1
NPS=NRe ]
nn 66 N9=1,4
N"Gz=4%e 3
66 MNuY(NT,N09)= DPM(NPS,NPI)
50 ~0 760
Q%€ CONTINU®
2% 907 I=1,4
T9)7=T+1
TF'T.3%.3) I397=1+3
oL 907 J=1,4
JonT=J+3
907 9%1(I,J) =PM(I307,3907)
ne 918 1=1,3
1930=T
IF'I.537.1) 1998=1+2
"o 909 J=1,4
JaQa=J+3
908 B"YN(I,J)=P%(1998,J908)
50 "0 760
Q16 CONTINDE
A 917 1=1,4
1917=142
IF'T.30.4) T1917=1I+3
D0 917 3=1,4
JO 1723+ 2
TP(1.3T. 1) J917=]J+3
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a17

CAL

ROO

219

120

999

919

a2
769

139

Be1°Y,J)=P¥°1917,3917)
D0 %18 1=1,3

I12813=2% 'I~-1}) +1

no 918 J=1,4

JO11=J¢2

IF(1.5T. 1) J918=J+13
AwY’Y,J)=PY 1917, J21R)
30 T0 760

coN=Ivge

20 210 1=1,3

IR10 =I

IF(7.EQ.3) IB810= I+t
TF'I.E0.4) I810= I+3
no 310 J=1,4
IP71.20.7) J810= Je2
IP(J.52.2) J810= J+3
A41’71,3)=241210,J310)
70 221 1=1,3

IF‘T.TR.1) I820= Ie2
TF(T.72.2) T1920= I3
79 920 J=1,5

JA20 = J+2

BuN*I,J)= P¥'IR20,382M)
ANARY (1) = =-XN1eDPNM{1,4)
BIRTY (2)= -(4T*P%(2,4)
DAY ) = XUN-XH41%DY Y, 4
BNYRY(d) = 1-X21¢PY(7,4)
39 "1 7A0

TCYTINIZ

W 210 I=1,1%

1619= I

I I.T2.2) I91D0= I+1
TP (TeT2.3) IT1)= T2
IFIT,TR.4) I%10= e
A3 011) J:"ﬂl
TE2.T0.Y J910= Je
IT(J.%2.2) J919= Je2
ITI.38.3) J913= 13
INI(T,I)= P (I910,391D)
N 20 1=1,3

IFT(T.32).7) IB2] = 149
TEIT.E0.2) 1920 = Ie2
TP(T.T2.3) 1920 = Te3

820 J=1,4

TE(J.TILT) J920= T

I¥*3.09,.2) JG20= Je2

TF(J.52.3) J920= Je3

Ry I, J)= 9%11920,3920)

CONTINUS

yn=g

To=4

In37=1

CALL LINVIT (BT, NR,IB,BMINV,INGT,WAREA,IER)
IO (NBC.NDL3.AND.NBC. 8P, 1) 30 TO 840

IFtMN.20.0.0.AND.YQON. B0, 0. 0. ANDLXKNHL2Q.0.0) GO TI 340

I0537=1

CALL "WILFT *3IYV,RDARY, N3, IR, IDGT,NB,NB,BNINV2,NB, IZE)

TF(YRCT.22. %) <0 TO 56
WSV {2,1)1= 11

an 930 I=1,4

1039=1

Iv’7,.3%.2) IAI9=I+1
ASV(I230,1) = 3INTNV2(I)
L2=1

12=5

N2=1
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59

aun

a0

941

ga

50 TO 841
CONTINAE

%0 SR I=1,8

WSV 'I, 1) =BNIVY2'T)
L2=13

12=4

y2=19

3N ~0 841
CONTINUZ

LCZ? 30 IS USEZD POR KBC=1,2,3,5,6 WRICH ARE HOROGENEOUS BC

%0 80 13=%,4

WST I3, 1) =BNINV ‘T3, 4)
1L2=1

42=4

y2=1

CONTINGg®

CALL VMIJLPP (BMN,WSV,L2,82,N2,1P,1IW,PY,IP,IER)
NOESV=NNSYsT
¥OIW1=N0ZSV-T
NDJM2=ND"117+43
NDUN3I=NDIM2+2
NDIe3=NDINT1+4

KDT¥G5= NDUYT+2

ND19h= NDUMIeh

LMOLLES BILAR R

1y =1

yY=1

£L79° 100 TAKZ TAPEZ OF STAT® VECTORS AT BO'INDARIES
DO 100 T8=1,NOESV
IF*unC,.©2.3) GO TO 98
TE(NAT.T2.4) 50 TO 850
ITNBC. 2.5 30 70 339
TF(NC.TZ.F) B0 T2 123
I=T18.L7.7.AND. IR G L) GO TD 109
TF(NRT.322.7) GO TO 92
TTNRTLZ0.2Y 50 TO 94
CONTINYE

IF IR, GT.NDIYI AND.IB.LE.NDU%2) 50 1D 110
TF(T8.57.NPIY2) GO TO 111
57 TO0 95k

couTINGE

IF‘I6.57T.N0UY2) G0 TO 110
CONTINNE

Sv'iay =3,

30 TO 100

SY IRy =dSV N, 1)

MY=uY+?

50 <0 199

SY(T8)= DM (NX,V)

Y=Y+l

59 70 109

CONTINTZ

SY(ND42+ 1) =X4K

SY°NDIN2e2) = XQN
SV (NDNY2+3) = XEBN
SYYYMN2en) = 1,
50 "0 100
CONTINYZ

SV(TR) =9,

17°18.20.3) SV(I8)= USV'1,1)
IF(TA.32.5.490.18.L8.7) SV(IB)= WSV ‘(I8-3,1)
TE(T2,23,80090) SV (IR)=PN(1,1)
TE'TQ_EQ.NDON2Y SV 'IR)=P%’2,1)
IT(79.20.ND0U43) SV (18)=pn(3, 1)
TErra_ 5 NDUNE)  SVIR) =V

3770 100
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)

[

123 CONTINUE
sv(I8)=0.
IF'TA.GE. 4. AND. T8.LE.7) SV (I8) =85SV (I8-3,1)
TP°79,523.NDUNO) svrIa)=28'1, N
IF(I19.20Q0.5ND04Y) SY(I8)=Pu(2, M)
IP/10,20.ND0%3) SV(IB)=P1!3,1)
IF(I8.GT. NDUNGY SV(IB)=1.
GO TO 100
850 CONTING®
Sv‘Isy= 0.
IP(I8.5%.3.AND.IB.LE.7) SV(IB)=HSV(18-2,1%)
TP(TI?,.EQ.NDUN2) SV(I9)= PN(1,1)
TP’IR.52.NDUNI) SV’IS)= PM!IS-NDON2,1)
T (IR.EQ.NDIUML) SV(I8)= XAR
GO T0 100
930 CONTINOR
SvV‘I%y = 0.
IP(T8.E2.2) SV(I8) = WSV (1,1}
IF*I9,BQ.48) SV'I= BSY'2, V)
TF(TN.EQ.6) SV (IB)= WSV (3,V)
YF!TELED.T) SV'I8)= WSV’4, V)
IT(TA, 29, NDN4S) SV (I%)= PH(1, 1)
IF/IR.20.N00M4) SV/IB)= PMI2,1)
IF(*9.FEQ.NDUNE) SV(IBY= PN(3, V)
IF*I2.53T.NDUNE) SV/IBY =1,
109 TONTINUZ
CNYITE POEC® AND DISPLACENENT
DO 120 19=1,7
120 WSV1'19)=SY'1I9)
J.1=9
DA 131 LP=1,NDSY
RES®T A,2,D,TO COMPTITE UX,DSAIX,HYENCE ZN
311=A570 ‘LY
T11=85TOYV (L P)
212=RETO2LP)
D11¥=DSTO (LP)
LAT5V='LP=1) 87
IF’LP.22.1) 30 TO 150
ITI{LP.ED.NCSV.AYN.NBC.32%.2) GC TO 150
TF'LP.T0.V2SV,AND.NRC.B0. 1) 50 TO 153
Do 43 17=1,7
JI=3Je
N0 40 L7=1,7
140 PrEAT’LR,LT) =TY ‘33, LC)
N1=1
CALL VYULPP 'RCHAT, WSV, L%,%V,N3,iIP,IW,P%,IP,1IER)
20 14 X=1,7
LOPSY=10FSVe1
181 SV(LOPSV) =P (K, 1)
50 T0 1581
COYPITE NEZTRAL SIRPACE LOCATION
150 MLSV=L072SVe+q
NL37¥=L025V+6
30 TO 152
151 MLS7=L0%SV-]
NLSV=LOESV=-1
152 OX{(LP)==(B3I1sSVY (MLSV)=DV11&SY(RLSV))
PSATX(LDP) = (AV1*5V (MLSV) ~B12¢SY (NLSV))
50 TO 130
153 CONTINUE
IP YN, N, 0.0.0°9,XQN. N2, 0.0.0R.XNN. NE.0.0) GO TO 150
CALL VMILPP (RNDY,USVI, LY,%7,63,1IP,IN,2,1P,IER)
NX(LP)=+(B11eDN(4,1) ~DI1eDXN(6,1) )
PSAIX’L?) == 'A118DN (1, 0)~BI29pN!6,1))
130 CONTINGZ
Ter/ueT _T2.3) 32 TO 137
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ZT(L2)==-UX(LP) /PSATX (LP)
G0 TO 138
137 ZT(LP)= BI1SALFASALPA/(AVISALFASALFA - PMASSOMEGA®INESN)
138 CONTINOT
yT=u1/2.
IT'SIGNTLP) . LT.0.) GO 70 132
YTC(LP) = ETI/XPT* (HT-2C(LP)) +2C(LP}
LCT(LPY=~BC1/XFC* (HT+ZC{LP)) ¢+ZT(LP)
30 TO 131
132 CONTINU®
YTTLP) ==PT1/YPT® ‘HT+ZC 'LP) ) +2Z'LP)
XCC(L?) = EC1/XFCs (HT-2C(LP) ) ¢+ZC(LP)
131 CoONTINOR
CONVERSENCE CPITERIA
7D 1R0 TI10=1,80SY
160 PPR=TZPR4*IZCTI0)~ZAT10)) /20 110)) *#2
/MS=SINT(ERRY
a0 191 I=1, N385V
101 IELZ (1) =ZT{IV-ZA (]}
NZA=1
TT=
y=1
CALL SISGN(NOSV,STZST)
IF’STEST.G57.0.001,0R.STPST,. LT.-0.031) 30 TD 133
IP(®9S5,1%.9.005) 50 TO 1890
193 CONTTINT®
TP (NOTRI.IT.WNITPI) RC TO 188
IFT'MSTAN.ZD. TLAND NTTAL.2D2.0) 30 T0 170
TE(NTTAL.ED.T)Y 30 TO 172
IF'MNITEI.FQ.7) GO TO 179
TINT 28/7),84S5,NOTRY
DETNT 211, 7T3'TY) NBLIIY) ,IX=1,N0SV)
~HLL TNSYM({ZA,ZC,TZ,NOSV,IZNCT)
CALL ZINSYM'XCA,XCC,IZ,N05V,IZNCT)
CALL ZNSYY(XTA,YTC,YIZ,NOSV,IZNCT)
T12=17+1
IFIIZ.53T.N5Y1Y G0 T2 170
30 Tn 122
172 CONTINGT
NETIRT 230,345, ,NOTRY
70 174 T11=1,405V
XCyIV)=Y"C’'T1 Y
XTA(TINN=YTC(IY)
174 7A'TIN) =221
192 NOTRTI=NOTPL e+t
530 TN 10
179 CONTINYE
1221
ToNTT==1
20 INT 290,845, ,NOTRI,XTINE,SV/177) ,2NI,ZA(25),TCA(25) ,XTA(25)
DETNT 211, ZA'IX) ,DRIT"TX) ,XCA‘IX),XTA/IX}, IX=1,NOSV)
IT(NSTCAN.22.3) 50 T0 171
oA 5,200) ‘*ZAI) ,ZANOSV-1+41),1=6,7)
84D (5,2000 (YCA(I) ,XCA(NOSV~-1I+¢1) ,I=6,7)
PrADS_200) ETAIY LATA'ROSY~Ie1) ,1I=6,T)
211 POOMAT(/,1X,212.4,12X,292,4,12X,E12.4,12X,£12.4)
171 NOT2I=NOTPIMNY
30 To 19
130 COANTINTE
YTIMZ=XTINF+DZLT
POINT 200,045 ,NOTPY,XTINT,SVIT7T) ,AND,ZA(25) ,XCA(25) ,XTA(25)
NNTIAT=NOTRI+?
199 CNN™INGY
NOTRI=NOT?I-1T
PPINT 2041
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291
233
202

191

400

440

4¢3

241
242
247
49
2449
260
260
229
210
201
330
250
289

212

PRINT 242,%9L,8T

®pINT 29%1,KBC,RO,XTINE
FPCRYAT(/,5X,°*%¥BC=',15,5X,'R0="*,PB.5,5X,*TINE=",F10.7,/)
poINT 263,X%1,IAK,IQN,XNN
PORMAT(/,1X,%41=? PS5, 2,2X, " MN=",P5.2,2X,"Q2=",P5.2,2X,'5=",F5.2,/)
PRINT 292,LODTYP,ALFA

PORMAT(/,5X,'LODTYP=",15,10X, *ALPA=?,P10.5, /N

I®(VRC.NR.4) 30 TO 187

OB INT 247,7N0

DATNT 249,NSTAT

porYT™ 250

PEINT 3993, (SLOE(IV,I=1,NXLOE)

PRINT 240

poINT 248

IF’NRER™_P0.1) GO TO 400

onINT 390, (SV(KX),KX=1,HOESV)

30 TN 44d

YEIV=T

NCADT="'NOS5V=2) /2) +2

CALL AVZIPASG (NCAOT,NBIV,SV)

NPITN=NCADTENEIV

PRINT 300, (5V(I),I=1,%PRIN)

CONTINGT

IF(NPE2T.E2.%) GO TO 420

DRINT 240

DOYYT 213, (ZA(TX) ,DBLZ(IX),XCA(IX),XTAIX), IX=1,ND5Y)

30 70 46D

NoTV=1

PEINT 2711, /ZA°IX),DBLZIX),XCA'IX) ,XTA(IX), IX=1,NOSV)

DOTNT 24&9)

CALYL AVE2aR5 NCANT,N®IV,ZC)

NPPIN=NCACT*NZIY

BETVT 21), *SY’T),I=1,9PRIN)

CONTINIZ

DOINT 230,FXS,v0TRT

PODMAT(YTY 1Y, *MATERYAL IS ARAYID RUB3ER')
PYRMAT(/, 1Y, "2TAN LENGTU=*,PE_3,5X, "BEAY THICKNESS=',1Y¢,F5.3)
POINAT/, 1X,'LOAD TYPZ.~ DISTRIBUTZD L3AD P/X)=',F1).13)
FATMAT(/,5X, 0 13X, '), 13X, P PSATY, 12X, "N, 13X, 727, 13X, ' NT)
TADWAT /1Y, ' NJU32R OF TL3ZM2NTS=',1X,IS5)
PORWAT*/,1X,'STATE VECTORS U,V,PSAI N,Q,N')
eNAYAT(/,5Y,'¥~S LOCATIONS')

TOPYATTILTS)

POOYNT (/, 1Y, 511, 4)

FIWATFTI12.4,6F10.4)

FO2YAT(/,T(1X,E11.48,3Y) ,/

POPEAT /,1X,"NISTANCES BETWEEN STATIONS')

PI0MAT /) .5, tANS= 31,910,5,5X,'N.0,T=*, 3X,I5,F10.5,13X,P10.6,
1I,u(711,4,3%), /)

PAPYAT IR 15, 10)

STO?

L4 )

SUROQUTING STIPF(NCA,AK,BT,A11,811,B12,011,S,2AY5,XCAV3,XTAVS,501
CnYY0N /PPPTY/R2C,21C,S17,22T7,5,IPC,BCT,ETY XPT

COMMON /ZNVEC/ZA(52),2C(368) ,XCA(52) ,XTC(364) ,XTA(52),XTC364)
COMMNK /STIPST/ASTN(52) ,BSTO1(52) ,85T02(52) ,DSTO(52),S5TN(52)
COMMON/YSIGN/SIGN1°52) ,S51IGK2°52)

STTAL=0.0

XCT™aL=0.0

XTTAL=0.0

SAI=N.D

0 10 I=1,2

SAI=SAT+SIGNTINZ))

2= TA(NZ2A) /BT

TC=XCA‘NZ)A) /BT

YT=XTA(NZA) /BT
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20

19

30

490

59

30

uo

59

0

0

STTAL=ITTA
XCTAL=XCTA
XTTAL=XTTA
SSTO(NZA)
5=SSTI(NIA
TEISISNTIN
CALL STIF
188702/4ZA)
30 "0 10
CONTINgS
CALL sSTIP
18STC2(NA)
NTA=NZA+1
7ZAVGS=s ZTTA
YCAVG=XCTA
XTAYS=XTTA
IF{~aAl.5%.
TP (5AT.5E.
CONTTNTZ
CALL STIIF
50 TN 3)
CONTINYT
TALL  STIF
CONTINIZ2
PE™TPY

EXD
|nNaErNITING
TF(YC .LT.
Iv(TC .L7.
IF’YC .17,
IF(IC .5T.
IT(c .s5%.
Iesern LT

IT{¥C .5%.
if‘Yxc .LE.
CONTINUGE
11

11

212

n11

30 =N 1)
CONTING®
311

211

n12

P11
1 (17877
30 TC 19
FOANTIND®
A11

o111
1 -TIT))
"1

D11

1 1) +pTeely/0

30 T0 10
TONTINDZ
AN

a1

1 =317} +XCe
21

211

1 yJsYCes s
3¢ ™M 1
COGNTINGE
AT

1+2
L+XC
L+XC

=5¢BTEAK

)
ZM) JLT.0.0)50 TO 20

FC(2,XC,XT,E2C,21C,B1T, 22T, ASTO(NZA) ,BSTO1 (NZA),

+DSTO INZA) ,BT)

*C{z,1T7,XC,%27,21T,21C, B2C, ASTO?NZA) ,35TIV/NCA),

»ISTO (RZA) ,RT)

L/2
L/2.
L/2.
0.9y 50 7o 130

FC(Z,XC,X7,22C,21C,F17,22T, A11,511,312,D11,3I)

®Cc’7,XT,XC,E27,%17,51C,B2C, A11,B11,B12,211,B0)

STIFFPC'Z,XC,XT,52C,B12,817,E2T,A11,B11,812,D11,RT

-5 JAND. 2 JLT. =.5 .AND. YT .LE
-.5 JAND. 7 .L2. ~-.5 .AND. IT -LA.
-.5 JAND. ? .53T. ~.5 .AND. XT .LT.
=5 LAND. T .3T. ~.5 JAND. XT .LT.
-.5 JAVD. 7 .LT. +.5 .AND. XIT .3%.
*.S LAND. 2 .BF. #.5 AND. XT 5T,
4.5 LAND. 2 .5T. +.5 JAND. XT .3T.
-5 LAND, 7 .5T. +5 LANDJ. XT .S5E.
=RTEEIT
=Tee2eX T+ '21T-R2T)
=9.
=aTes I8EIT /0,
=ATeIIT
=2Tee2 /2 1, /2.-1T) #8224 '22T-81T7)
=0.

-.5) 30
|Om- ho
+.5) GO
+.5) 30
+.5) 30
+.5) 30
+.5) 30
+.5) 30

T3
TI
2
rd
Td
0
o
r

u)
10
59
59
70
32
<0
130

cHTeE3 /3, ® I ICITHE2T) /B, ¢ XTH43/2,.¢ 'EQT=-R1T) ) ¢8T7e¢3 /9 exT

e

=DTa ¢ ‘TICHTITY /2.42% (B1C-21T) )

SRT®¢2 /7, ¢ 22T=-21C) /4. ¢XT® 71 ,=LT)* E1T=-22T)

=RTes/2.01,/4,-2¢2) ¢ 'E1T-EIC)

+ze20 0212

=0Te43 /3, 8 ((E1C+22T) /8, 41Tes3 /0. & 'EQT-RIT) ¢80 1217-217

S*YTHTIT-E2T)

=BTS I "RICeTIT) /2. 478 (BIC-RIT))

=BTee2/2 o0 r22T-B2C) /8, ¢XT* 1, ~XT)* (E1T-2

(1.+XC) *(E1C-22C))
=BTee2/2,.8°1,/9.-2¢7) ¢ 21T=-E1C)

27)

A NS R b

=ATSe 3/, ¢ ((D2C+T2T) /8. +XTe83 /2,6 (E2T-217) ¢2083s (212217
XZ* (E1C-R2C))

TIC~Z2C) /2) +BTeeI /B, # (XT* (B1T-22T) ~

=BT TYICHETIT) /2,420 (R1C-21T) )
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211 SBT#$2/2.% *'E1T~B22) /8. +1ICS (1. +XT) 8 'E1C -B2T) +2¢28 '212

1 -z17y)
212 =8Tes /2,81, /0. ~282) ¢ IE1T-B1C)
D1 =8T#63/3,8 ((E1T+B2C) /8. +IC883/2.% (R1Z-E27) +263s *212~21T
1)) -BTe*3/8, X% (E1C-E2C)
%0 70 10
80 CON™INO®T
A1 =RTeRIC
311 =37682/2,% (1, /2. +XC) *##2% (B1C-E2C)
B12 =0.
n11 =8T#%3/3.¢ ((B1C+22Z) /8. +XCs%3 /2.4 'E12-B2T) ) ~BT*¢ 3 /8, #XC
1 +(T1C-220)
30 T2 19
80  CONTINIU®
a1t =gsE1C
n11 =3T*¢2¢YC* (R1C-22C)
R12 =9.
211 =3Tee38F2C/24.
50 70 10
107 ©DITINIZ
211 =BT PBITARIC) /2,42 (BIC-ET1T))
n19 =nTesde 1 su_-T%2)s '21T-E1C) /2.
311 =RTee2% (1,/0, -Z*Z)* (21T-21C) /2.
211 =3Tes /3, $ 7 *R1THTIZ) /B, +2%% 3¢ JEIC-EIT))
19 cosTIuiE
pETTRN
E“j

S1BTOUTINE PPeAT *XLOE,A,B,82,9,5,2Y0,XX1,XX2,ALFA, LO2TYD)
COYMON/TYAT/PH 7, T
19 T=1,7
9~ 10 3=1,7
I7(1.%0.3) F1(T, =1,
1) TFeT_NELJ) £%°I,J)=0.0
334A= (PeR2)=3en
Fu(1,8) = (32 TLAT) STAYA
Twr1,5) zRe(LCTeR2) /2. FANA)
Tu{1,€)s - (YLOZ*D) /3ANA
rer2,3) = -YLOP
BY(2,8) =A% (XLOE®$2) /(2. #5A4R)
oM (2,5) = A% (XL1Z%¢3) /(4.*3AMA) ¢XLOB/S
PY’2,F) ==328'XLOE**2) /2. *GANA)
o {3,d4) = - (A*XLOZ) /GA%A
Twe, 5y = —ASYLOTERD) /72 &GANR)
FH(1,6)=(52¢XL0Z) /GATA
Tw(4,5) = YLOB
IF'LONTYD.TO.2.0R.10DTYP.B2. N GO TO 23
TY(1,7)= -PeCNO® (YLOZe®3) /(4. *GANA)
PWeI Ty = QNN AS 'YLOE®=y) /8. *GANA) + 'XLOB*22)/ '2, ¢5))
MY, Ty= Ae’y1326#3) SQONO/ ‘4. *GANA)
Twiy,T) = -0NOE (XLOZEED) /2,
w5, Ty = ~aNOSXLOE
50 T0 50
20 CONTINIT
XY¥2=¢X24XLOE
Xtz XY2-YLO®
CX1=COS (ALFASXX 1)
~X2=C0S5 ‘ALFA®XY2)
SY1=STN (ALPAYY 1)
5Y¥2= SIN/ALFA*XY2)
ZONST=ONO/ALPA
TFYLODTYP.E2.2) GO TO 22
TF(LODTYP.EQ.3) GO TO 24
22 can-runs
SIT® = CONSTS (XLOE®CX T~ (1./ALPA) #(5X2-5X1))
SI%0= ZONTTS (CX2-CX1)
%0 ~n 24
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26

50

20
10

39

CONTINUE
SI530=-CORST*’'5X2-511)

SI5M = CONST* (-XLOE®SY1-(1./ALPA) *'CX2-CX1))

CONTINTE
PY(1,7)= - (B*ILOB*SIGH )/ (2.*GAN])

PR (2,7)= ~A*SI3H ¢ (XLOEB**2) /(4,.%GANA)+» (SIGQ*XLIOE) /(2.%5)

Pu*3,7)= IA*SISN*XLOR)/12*GANA)
PH(L,7) =~S1I3N

Py5, Ty = SIGQ

CONTINTP

RETNRN

2%)

SNRoQJTINE COPY LN, MTC)

sEAL HTC(7,7)
CNYMON/COP/WN T, 7Y, TR 164, T)
¢ 10 I1=1,7

o0 217 J=1,7

W (LN, J) =MTC(I,J)

LN=LN+1

ns 30 X=1,7

50 30 L=1,7

UY (X,L) =9TC (X, L}

RTTIRN

zND

SMRENNTIN® STAT 'YLOAN,PYAS,RMAS,XINAS,NST, DELT)
~OMMON/SMAT/SN T, T)

COYNON/TINR /XN 1(25) , XAN2 (25) , XKONQ (25) , XINMA (25) , TWNAL (23) , X250 (
125),11,Y5

1m

20

TONMAN/UDAV /UDISN (25) ,TACN (25) ,TVELN (25)
COMMON/WDAV/HDISN 225) ,WACY ¢25) ,WVZLN125)
COYMON/PDAV/PIISN (25) ,PACN (25) , PVELN (25)
nueta= 72.%3,1415927)278.5

o0 13 I=1,7

o 10 1=1,7

IF(I.=2.0) SH(I, =1,

TRIINE.DY S®I, N =0.

S%(5,7)=XLOAD

NTYAR=1

NTMAR=0

arTANMz 1.5

SAYANN=0.5

RTTANN=0.6

19TS= UDISN (NST)

JAC = TACKNINST)

NDIS= WDISN(NSTY

v2L= VLN INST)

FAT=GUACN(NST)

WVZL= WVILN 'NSTY

BPTS=DDISN (NST)

P1C= PACNINST)

oyYeY = PVELN (NST)

TP NEUAR.E2.1) 50 TN 20

SM({3,%) = -FHASS (OMEGA*ED)

S*(4, = ~XTIAS* (ONEGA**2)

SRH*5,2) = =DAASEONDGAS*Y)

SH(h,1) ==-DMASS (ONBGA**2)

S®M‘’6,3) ==RMNAS* "ONEGA**2)

50 TO 30

CONTINTE

X1=R2TANN® (DELT ##2)

¥2= BETANY®DELT

X3= 1./2.*RETANR) -1,

X4= (V.-3ANANY) *D2LT

¥5= SAMANWSDELT

TENT(NSTY= (ODIS/X 1) ¢ (UVEL/X2) + (UAC*X])
(TN PHSTY = 'PDIS /Y1) 4 (PVEL/X2) ¢ (PAC*X DY
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30

a0

19
L)

1

20

XKIX¥9°NST)= ‘UDIS/X1)+ QVEL/I2)+ UACSII)
XIKYA (NST) = TMVEL+XGSTAC

YUNYA'NST) = WVEL+XGSHAC

XPNNA(NST) = BVEL+ X4®PAC

Sw(u,t) = RNAS/XI

S$%°4,3) = XIMAS/X1

Sn(8,7)= -RUASSXAET (NST) -XINASSINK2 (§ST)
SH’5,2) = PHAS/XY

Sw(5,7) = -XXONQ (NST) #D4AS

S®'6, 1) = PHAS/X1

SE(€,3) = RMAS/X?T

SYIE, Ty = ~PHASSINRY (NST) —RIASSINN2 ‘NST)
NST=NST+1

coNTINg®

PETIRN

BND

STPROUTINE AVERAG (FCAOT, NZIV,3TAV)

OTAL MTAV364)

COMMON/AVE/SV (364)

1ST SY TO STOR® BOTH S7 AND ZA AFITER AVERAGING

NSV=1

NuTAT=1

20 1) N20V¥=1,NZAQT
TT’NPOV.20. 1. OR.NPOV.RQ.NCAOT) GO TO 23
D20 30 K=1,NEIV

SY’YSV) = ‘MTAV'NYTAV) +4TAV ‘NNTAVeNEIV)) /2.

HYTAV=NMTAT+Y

NSV=NSVe1

CONTINTIEZ

NYTAV=NYTATV#NDDY

36 TO 1)

¢ 10 O=1,K°1IV

SV (NSVY=MTAV (NNTAV)
NSV=NSV+

LYTRT=NYTAT )

CCONTINT®

CONTINUE

RETIRN

4. 50]

SHRROUTING  INSYM™2A,2C,I2,NDOSV,I2NCT)
DIYZNSION TA(2I),2C(20)
UNZ=NNSY-I2+1

IP(I2.57T. 1) GO TO 1)

ZA'IYV=s 22112)
ZA(NNZ) =ZC (NND)

GO T0 20

CONTINTZ

N=12

IP({IZ7.GT.2) N=NeIZNCT
I®/12.67.2) NNZ=NNZ-I7NCT
ZA (N =2ZC(N)

Z3'Ne 1) =TT 'Ne )

ZA(NNZ) =ZC(NNZ )

TAINNT=T1) =ZCINNZ~-1T)

CONTINUE

TINCT=IZNCTH?

ROTURN

Y7

SUBESOUTINE SIGH (NOSV,STEST)
COMYON/XSISN/SIGNT(52) ,SIGN252)
COMYOR/AVR/S5Y (I64)

=2

Do 0 I=1,40SV

IT’'SYV*'Y) . LT.0.0) SIGN1'T)=-1,
TF(SV(M) .52.0.0) SIGNY(I)=1,
H=veT

141



10

20

30

19

ST3INT(I)=1.

CONTINUE

STE2ST=0.

DO 20 I=1,N0SV

STEST=STEST+(SIGNT(T) ~SIGN2(T))

CONTINU®

STEST=0.

920 30 I=1,NO0SV

SISY2(T)= SIGHN1(I)

CONTINTE

RETOEN

LT E)

SNYDOUTINE NEYARK (NSTAT,TNCR)
COMNON/AVE/SV /3604)

COMMON/TINE/XANT (25) ,XH2(25) ,XKIND (25) , XUNMA °25) ,XKNMA *25) ,XPNAA "
125),%1,Y5
TOMON/UDAV/IDISH “25) ,OACN *25) ,OVELN [25)
COYRON/HOIAV/4DISH (25) ,WACN (25) ,UVELE (25)
COMON/PDAV/PDISK °25) ,PACN °25) , PVELN 125)
90 10 I=1,NSTAT

UDISN'I)= SY’INCR+Y)

WPISH(T) =57 (INCR+2)

PDISN'I) = SY(TNCP+3)

TAZH (I) = (ODISN (T) /X 1) -X1H1(T)

WACYW *T) = *§DISN 'T) /X 1) ~XKONQ 'T)

DACN(I) = (PDISN (I)/X1)-XIMN2(I)

JYPLN'I) = TIN®A ) +XS*NACY 'T)

WYSLYIV= XWNYACI) + XS®WACN 'I)

PYTLN(I) = IPNSA(I) + XS5PACN(I)
INCR=INCP+ 14

CONTINDE

PETIRY

BN9
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NN anNn

nanan

ENEEF R t1€Y 1) YY) 1))

(2]

N’y

SRS RENE NS

066

170

156

605

139

161

012

P20%3AM TO PIND THE FIRST THREE NATURAL FREQIEMCIES 3Y THE
SIYTH - ORDER THEORY

N T3 THP DOSITIONW OF THE HERUTE

prd —aasatt Arsas asiaw

~

REAL T

2 IS TRZ D2PRCENTAGE ERROP PERAITTED IN EVALUATIRS 2N
L 1S TH? NUMBZR OP ITE2RATIONS FOR ZN

4% IS THE NJMBRR OF ITERATIONS PFOR THE ZRROR, E

GR TS THE ATTELPRATION "UOF TO GRAVITY, IN/SEC SET
ADD IS THTZ INCREYENT IN B

®EAD5,066)%, L, GR,N",ADD
TCREAT(F10.4,15,F10.1,I5,F10.8)

TL I5 THE LENSTH OF THE BTaM
BO®=)ENST™Y DOP “ACING,LRP/7IN IN IN)
POC=D2FNSITY 0P CORE,LB/(IN IN IN)

’TAn (5,167 4,C,TL,30F,70C
v~owyT*3r10.5,2F10.7)

T= 172 TH® THICYNFSS OF BEAY
T=HeC/2.

AL2YA = N®D2I/TL AND FOP 4=1
ALPHA=3.1416/TL

I = MASS ¥.I. NF REAM, LB S®C SEC/IN

Tz ?1, /3E) #PICECOCIC/12.42. 20T/ ) *(TeT8T=(T/2.) #(l/2.) *
£ T2

= TUICYNZISS SHEAP STITFNESS, LB/IN
INDLANE COTPF, L3 SE2C/7IN IN)
£ THMIS CAST OF IDENTYCAL THITKXNESS PACINGS, §=3.0

3=0.3
NENOTT NORMAL CCIFP,P BY PI, LB SET SEC/7IN IN IN)

FI=(1./32) ¢ (POCeC+2,sPOP*Y)
427Te (6, 156)
POPMAT//30X,*1-01R°CTTON IMPLYIES PIBERS LONSITUDINAL'/
19X,*?=DTIRECTION IMPLIES FIBERS TRANSVIPSE'/)
WoIT2 ‘6,605)
FOPYAT (10X,'JOR=0 I®PLIBS IN IS WITHIN CORZ'/10X,
£ vJ08=1 IMPLIBS 2N IS WITHIN FACING'//)
Wo1TE 5,138y ¥,C,TL,ROP,ROC
eNNYAT (10X, 'H=*,78.5,2X,'C="',P6.3,2X,*'Ti=*,P6.3,2X,'20P=",
F10,7,2Y,'ROC=',F10.7)
q4PITE (6,761 I1,P,PT
eNPEAT 3T, 'POTATOPY TNPRTIA COBFP, I=',213.6/3I,
& '"CUPLING INPPTIA, R=',%29,2/3X,°'TRANSL INERTIA, 2=9,213,6/)
WPITE (f,01Q)
n.leru.ﬂ\uns CEREEESSENSER RS USSR RREREEE ST EREE SRS RSN S S SN ERNERERS
m...QQ.IQQQI....Q.I....'.Q...Q’..QQQ..\—

[Sed

-

2=Y21%3S 40DILY, T CORRBSP TO TENSILE, C CORVRESP COMPRE5S5IVE
1 ~roo250 TIBER DIRN, 2 CORRESP THANSVERRSE DIRN, C CORRESP JORE
3=SYEAR 4ODJL!, C CORRESP CORE
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rPy2(5,501) ET?1,BEC1,®T2,BC2,BIC,2CC
501 PORMAT/6P10. 1)

RSAD (5,502 &P,G
50?2 TNOPYAT '2%v10,2)

70 565 JA=1,Mn

2=2+ADD

WRIT® (6,81 E
o1 PORYAT!//12X,'2 = ¥ ,P7.4//)

N=1 IS FOR FIBERS IN LONGITUDINAL
N=2 IS POR PIBPRS IN TRANSVERSE

Yyt

Xk=0,0
20 333 xx=1,10
XE=YXX+0.1
nD 150 N=1,2
IF(N.20.2) 50 TO 606
PT=ET
2r0=2C1
30 TN 607
6J€ 27=707
2C=2T2
f07 TA=EC+ET
PA=PBC~Z7
€D="T~32C+2,*ECC
EF=BTC+VCC

%3=ETC-ECC

CH3CY I¥ IN FALLS #ITHIN CO®R?, IE. 12B=0

pryey

Jne=)

Mm=-75/3.

J0=HePAS (C/2.) 2P

Jro=He (HeT) €TR- (S6C/4, ) $T5
ZA=-*2,80B) /¢ sD))
=3=ZA®TIA=NC/ (%, *DA)
IT°7B.L7.3.7) 30 70 602

2°=S22T (28)

Z¥=2A-"1

T8 (AF3(2¥) .37, (C/2.)) GO TI 603
IN=23+2P

IF (RBS(IZ9).5T. (C/2.)) 50 T2 602
30 T0 603

IN WITRIN TACIRS IP.JO0B=1

(e R o N

€02 Ing=1
7Cc= (2, 848T 4CeTD) / (2, #23)
29= (ZC*20-TeT)
TN=§2RT2D)
7N=ABS (2C-2D)
IT'2H.LT.T.AND.2N.37. 'C/2.)) GO TO 603
242185 (2C42ZD)
£073 ¥°ITE6,155) 1,7§,JOB
155 ®IPYAT (//15X, 'FIBEPS IN *,I2,'-DIRECTION',2X,
'YITH INITIAL 2N¥=',F7.4/15X,'2N POLLOWS JOB=',12/)
491T®'6,599) £©T,BC,27C,EBCC
509 tIRAT (73X, 'YOINSS MODILI, EBT=',F8.1,3X,'EC=',P8.1,3%,
£ °7C=v,2,1,3X,72CC=,Fq. 1)
¥2IT®'6,511) GP,RC
511 PAR®AT (3X,'SHPAR MODULI, GP=',P6.1,3X,'GC=',F8.1/)
¥2ITZ '6,712)
#3172 (6,95)
ag TIRYAT /15X, 'HY,UX,'K*,6%,*A%,10X,"E",10X,'D?,9X,IN2GA HZ'
£ ,5X,'ZN' /N
APITE (6,01D)

R
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16) 0

RERREER RS

1¢3 0y

ey )

579

701

100 3=1,3

AL= JSALPHA

91 10 K=1,L

I? (ABRS(2ZY).5T. (C/2.)) GO TO 701
1n8=n

DA=-EG/3.

JR=Hs2p+ /C/2,) *PF

DC=u* /H+C) sPB-'C*C/0.) *EG

M= (1,73 )¢ (H* (H*H+ 1. 58HeCe_TS5SCEC) SEA+EP *C*CeC/3,)
Ad=3.%2)

AR=NB

IA==1,5%N)

38=-D8

<==-2C/2.

30 T3 578

JoB=1

IF 7Y FALLS WITEIN A PACINS, IT %05T BE DOSITIVE (SFE APPENDIX II)

578

To

7N=A8S "IN}
AA=%3
AB=4*3h+'C/2,)*2D
By=_,5%%8
ga=0,n
AC= (-.5) sZ0sTeT
na=’1./3.)*t8
29=3.1
97=0.0

0= (1./73. )¢ (He (sHe 1,588 Cs TS8CeC) sBA¢ (T /3,) ¢8))
A=AASZV+AB
B=RAsN*TH+RD*TNeBC
D NISINEINETN +NASZRETN eI INDD

=0, ¢913ul: CeCe2, *HESY)
I” (N.B2.2) S5=5¢1,.2487/2.69134

PI=FIs’IsFI-PsR)

\L?=\L‘AL

ALA=AL2#3L2eAL2
D= (BL2% (Fe (T6De2_ SASPT) -PIe(PTeD+ S+ IES5) ) -FTePIsS) /2"
2=AL2% (AL2® (S*(I%A-2_%B887) +TI* (A¢DeS*D=-B*B) )+ FI*A*5) /P
§1=Cs\LEe 'ReR-D*d) /PT

FIND 2DOTS OF HesgeDsYseye)eyes2481 = 0

OR 223TS OF Y*s] = GeX+HI

WHE

b 38 ~lad
- .

LFT

15

PE X = Wee2eD/3 AND 5 AND HI ARE DEFINED BZILOW

3 =F*p/3.-0
UI=PeQ/2,=-2.%psDep /27, -1
1=5/3.

V=u1/3,

CT=ysedatise]

CT=vVsy=-Usje]

I (CI) 15,2),25

Y = ‘OMEGA)*¢2 HPNCE Y = X-P/3

SI=APC2SIV/'TE5QRT M)

Y1=2,#5QRT (J) *COS'TT/3.)-P/1.
Y‘-..'SQRT(?)‘COS('I/3.0 3.1416%2./73.)-?/1.
Y3=2.%S03T "M *CIS'TI/3. ¢3.14V6%4,/3.)-P/3.
I® (Y1.LT.0.0.AND.Y2.LT.0.0) 50 TO 70

IT *Y1.59.0.0.AND.72.5E.9.0) GO TO 75

re (Y’.SE.0.0) =11

TF 172.62.0.0) Y=Y2

0 T2 en
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nnan

nererey N

75

as
a0

70

20

0

65
25

30

us

721
50

10
46

5%

&
[ IS4}

109

153
333
565

I® °Y1.L2.Y2) GO TO 85

=712

30 T0 80

=11

1t *Y3I.GE.0.0.AND.YI.LE.Y) Y
30 TO 30

IT Y3 LT.0.0)
1=73

50 To 10
Y1=2.%(Vs*_333)-p/3.
Y2=- (Vvee_133) -2 /3,
83

30 TO0 35

=Y3

‘Y1.LT.0.0.AND.Y2.17.0.0) GO TO 35

IT (Y1.52.90.0.A8D.Y2.5E.9.00 GO TO 60

IF °Y1.57.0.0y Y=T1
IF (Y2.6E.0.0) Y=Y2
30 T0 3

T? (T7.LE.T2)
Y=v2

3077 1
=11

50 TO 39

50 TO 65

V='V+SORTCY) ) *%,333+'V-SORT [CI}) *+.333-P/3.

e

‘Y.LT.2.0) GO TO 35

TO FIND TERUE ZN
NENOTE NEBW VALY® OF ZN BY 2vEW

TNTE= /3€AL2-08Y) /IACAL2-FIsY)

TP IATSYITN-INZN) /2N -T)

45,45,50

i?(ZVEU.GT.T.ﬂR.ZNEU.LT.(-C/Z.))

3TN ub

STATINENT ATTER

3U2SS IT TN TJIBS NOT FALL

I® 77 FALLS &ITHIN A FACING, IT
IFIT_T0.L) 82 TY 35
TNEW=-TNEN/S,

TY=TNTY

TF(X.E2.L) 30 7O 35
CONTINIGT
0423423QRT (V) /(2. %3.1416)
A°ITZ (6,55 J, K, A, 8, D,

721 1S PERPPNINED INIRIER
WITHIN ITS LINITS

3USsT

NM33A, ZN°4,

33 TO0 721

TO CHANSGE THE INITIAL

BE POSITIVE (S®T APPENDIX II)

Jog

ryrezT’19x, 12,2X, I4,2Y, ¥8.0,2X, P3.0,3X,

30 7O 100

WeITE (6,42 J, K, Y, INEW

PA_.",3Y, PR.1,3X, F7.4,2Xx,'*s JOB=',12/)

“9%eAT'//10X, *END ITEPATION POR 4=',I2,' WITH'/20X,'K=',I4

~n -
tio ao

IT("N"W,

CINTTNIE

WPTTE (65,012)

TANTINYR
CONTINIE

CONTINT®
sTaP

TN
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/29,0 00MEG) =92=0 ,P14,0/20X,*ZN=",P10.4/)
O7.INBW.LT. (~C/2.)) ZR=-ZNEW/4.



