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Abstract 

Reservoir heterogeneities strongly affect the fluid flow in porous media. The behavior of 

transport and reaction of fluid varies at different scales, leading to the discrepancies 

between laboratory experiments and field observations. The reactive processes in porous 

media may alter reservoir properties with different spatial and temporal scale, varying 

future transport and reaction behaviors. This thesis provides an efficient probabilistic 

approach to scale up coupled transport and reaction processes in heterogeneous porous 

media to field scale based on laboratory-scale information. 

The continuous time random walk (CTRW) is a probabilistic framework which is always 

incorporating with particle tracking (PT) approach to model solute transport in 

heterogeneous porous medium. In CTRW-PT approach, the motion of solute particles is 

described as combination of random independent spatial and temporal increments in each 

walk step. The spatial and temporal increments, or normally called as transition distance 

and time, are chosen from a joint space-time probability density function by a stochastic 

process. The CTRW-PT approach simulates reactive fluid transport as non-reactive fluid. 

The modelling of reaction and dissolution is followed by in each time step, updating the 

change of porous medium and its effect on following transport and reaction.  

The characteristic probability density function (pdf) is used to simulate the transport of 

fluid. Adjusting the ensemble parameter β and ݐଶ accounts for the effects of heterogeneity 

which leads to anomalous flow behavior: the fluid propagates along the “preferential” 

pathways with short transition times and “trapped” in some zones with long transition 

times. It mimics the macroscopic behavior that fluid has the tendency to propagate in 
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high-permeability zones and bypass the low-permeability zones. Simulations of non-

reactive tracer flow and nanofluid flow under various conditions are performed at core-

scale to obtain the key parameters in characteristic pdf by matching the experimental 

results. The effect of reactive process, heterogeneity and flow rate on flow behavior is 

analyzed. The CTRW-PT simulation captures the characters of anomalous behavior of 

delayed breakthrough. The model is run at larger scale as reservoir properties are scaled 

up properly. The core-scale simulation based on the characteristic pdf agrees with the 

experimental results. The large-scale simulation is implemented by using the 

characteristic pdf to describe flow behaviors in a large-scale domain. It is shown that 

CTRW-PT approach is more effective in large-scale modeling than solving advection-

diffusion-reaction equation (ADRE) by finite difference method (FDM). The simulation 

results at large scale show that the flow response is spatial-dependent. 

Compared to solving traditional ADRE, the utilization of CTRW-PT approach to model 

reactive fluid flow captures the characters of anomalous flow behavior, especially in 

highly heterogeneous porous media. By the probabilistic framework and stochastic 

process, this approach is more computational-efficient for scaling up lab-scale results to 

larger scale. It can consolidate the lab-scale understanding with field prediction to 

optimize the field treatment design.
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Chapter 1 Introduction 

1.1 Overview 

The fluid flow in natural porous media involves both chemical and physical processes 

over different temporal and spatial scales. Most of the studies focus on verifying short-

time and small-scale laboratory experimental results by numerical simulations. Numerous 

experiments and simulations have been done to discover the mechanisms of the 

advective-diffusive-reactive transport of solution in natural porous media to optimize the 

numerical model. The small-scale predictions at different conditions then can be obtained 

from the numerical model accurately. However, the discrepancies always exist between 

laboratory observations and field responses. The recovery factor of hydrocarbon 

decreases from core floods to field processes (Singh 2014). Figure 1.1 shows the how 

recovery factor decreases from small to large scale using various EOR methods such as 

surfactant flooding, thermal recovery and in-situ chemical oxidation. The optimum 

injection rate and minimum pore volume of matrix acidizing in carbonate increases from 

laboratory results to field treatment (Panga 2003).   

 
Figure 1.1 — Recovery factor of reservoir fluids using various EOR methods at 
different volume scale (Lake et al. 2005, Leung 2009). 
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The laboratory core floods yield accurate information of flow through porous media at 

core scale, but also exhibit variations from several tests. It means the information obtained 

from single core flood may not be enough representative at field scale. Therefore, the 

variation of responses of fluid flow in porous media at different spatial scales requires an 

appropriate scaling up approach to predict the large-scale processes based on small-scale 

results. Singh (2014) indicated that the functional relationship of transport process with 

spatial scales is the reason of the discrepancies of fluid flow responses from laboratory 

scale to field scale. The functional relationship can be represented by a numerical model 

which successfully matches the flow response at laboratory scale. It is then assumed that 

the flow processes at larger scale have the same behavior as it is at laboratory scale where 

the geological settings and operation conditions are consistent at all scales. The flow 

process at larger scale then is simulated as the model parameters are scaled up properly. 

To start the work of scaling up on fluid flow the conceptual understanding of it needs to 

be specified. The scaling up analysis contains two main concepts which are upscaling and 

scale up:  

1. The upscaling which is the spatial scaling of physical properties, such as 

heterogeneities which introduce fluctuations across spatial scales. It is to substitute 

the heterogeneities variations in a geological model with fine grids with equivalent 

values and assign the values into coarse grids (Durlofsky 2003). For single phase 

flow, the effective permeability is always the interested grid property to be upscaled 

(Qi and Hesketh 2005, Salazar and Villa Piamo 2007). Permeability is intrinsic by 

nature and simple volumetric arithmetic averaging method is no longer valid. 
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2.   The scaling up which is a numerical process to represent the observed flow behavior 

at smaller scale to a larger scale. Unlike upscaling, the scaling up does not assume a 

consistent flow conditions like flow rate across different scales. A typical example of 

scaling up is to predict the recovery factor at field scale with the known responses 

from core flood experiments in the laboratory. The challenge of scaling up is always 

considered as the different flow responses induced by scale-dependence heterogeneity 

variations across different scales (Singh 2014). Berkowitz and Scher (1998) used a 

probabilistic approach to scale up the contaminant transport temporally and spatially, 

where they indicated that the heterogeneity affects the transport process significantly 

by introducing non-Fickian (anomalous) diffusion.  

This work focuses on scaling up fluid transport and reaction processes and the reservoir 

properties at larger scale is simulated from the information obtained from laboratory.  

 

1.1.1. Scale up reservoir properties 

One of the assumptions of scaling up is the consistent reservoir properties which include 

rock composition, porosity and permeability. It is assumed that all the reservoir properties 

at small scale have been obtained from core samples. Then the properties are properly 

scaled up by a consistent covariance model to a larger scale with finer scale. Finally, the 

properties are arithmetically or harmonically averaged to yield a coarse grid model at 

larger scale. 
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1.1.2. Scale up transport processes 

The flow process is spatial scale-dependent due to the variations of heterogeneities and 

boundary conditions across scales. Also, the reactive fluid flow through porous media 

associated with chemical reactions change reservoir properties with time. Therefore, the 

transport and reaction process are functions of changing reservoir properties which vary 

with time as well as space. The scale up approach needs to take care of both spatial and 

temporal variations on the transport and reaction processes to accurately predict the flow 

behavior. The popular approaches to scale up fluid flow are dimensionless groups, 

ensemble or volumetric averaging transport equations from fine to large scale and particle 

tracking approaches. Dimensionless groups are dimensionless parameters scaled using 

Shook’s dimensionless groups by flow related variables such as effective aspect ratio of 

permeability, mobility ratio, domain dimensions, flow rate etc. (Shook et al. 1992). The 

dimensionless groups can define the flow processes and to test if the flow has similar 

response assuming the groups are equal across scales (Li et al. 1996). The averaging 

transport equations can provide equivalent transport parameters as a function of scale by 

applying ensemble or volume averaging formalisms (Dongxiao and Winter 1999, 

Whitaker 2013). The particle tracking approach is to simulate flow as random particles 

being injected into the porous media and transport through it. The transport of particles 

is simulated by statistical process and partial physics. Two main approaches of particle 

tracking are 1) Random walk particle tracking (RWPT), and 2) Continuous time random 

walk (CTRW).  

The random walk particle tracking makes the particles move under a combination of 

convective and dispersive effects. The convective effect is solved by defining an 
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instantaneous flow velocity of particle. The dispersive effect is explained by a Brownian 

motion which mimics the random process of dispersion. A classic equation of RWPT 

which describes the movement of a particle (Kitanidis 1994): 

ݐሺݏ ൅ ሻݐ݀ ൌ ሻݐሺݏ ൅ ݐሻሻ݀ݐሺݏሬԦሺݑ ൅ ൫2ܦ൫ݏሺݐሻ൯݀ݐ൯
ଵ
ଶ(1.1) ߦ

where,  

 is spatial location of particle, can be in x, y and z direction in a 3-D domain ݏ

 is time ݐ

  is time step ݐ݀

 ሬԦ is velocity vectorݑ

 is dispersion coefficient ܦ

  .is independent normally distributed variable with zero mean and unit variance ߦ

The continuous time random walk is a probabilistic framework introduced by Montroll 

and Weiss (1965) which describes the movement of particle that is controlled by Monte-

Carlo sampling following a specific transition probability distribution. The transition 

probability density function (pdf) of the distribution obeys the physics of fluid flow and 

properties of porous media. The CTRW simulates the movement of particles by assigning 

independent random temporal and spatial increments to current location of each particle. 

The random temporal and spatial increments follow the joint space-time transition 

probability distribution. A typical form of the joint space-time pdf for non-reactive fluid 

flow is (Edery et al. 2010): 

റ௜ାଵݏ ൌ റ௜ݏ ൅ റ߫௜, ௜ାଵݐ ൌ ௜ݐ ൅ ߬௜ (1.2)

			 ሬറ௜ݑ									 ൌ
റ௜ݏ

߬௜
 (1.3)
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where, 

,௜ݏ   ௜ denotes the spatial and temporal location of particle at ith step of transitions, orݐ

walks.  

߫௜ and ߬௜ are random temporal and spatial increments assigned to a particle at ith step,   

 ሬറ௜ is the velocity of particle which can be derived by dividing the spatial increment withݑ

the temporal increment at ith step. 

CTRW-PT is efficient to simulate and scale-up fluid flow in a heterogeneous porous 

media due to it can well quantify non-Fickian (anomalous) behavior. The additional 

advantages of CTRW include that it can be applied in a grid-free system and it is 

computational efficient compared to finite difference method (McCarthy 1993). 

However, the limitation of CTRW is that the simulation process does not capture full 

physics of transport in the formalism. Instead, it uses a probabilistic framework to match 

the laboratory observations and assume the particles move in a similar way at both small 

and large scales. Though the formulism of CTRW does not incorporating full physics, it 

satisfies the conditions and requirements of this work. 

 

1.1.3. Scale up reaction processes 

Reactive flow such as nanoparticles transport involves interaction between the 

transported species and the porous medium (Abdelfatah et al. 2017a, Abdelfatah et al. 

2017b, Abdelfatah et al. 2014, Abdelfatah et al. 2017c, Abdelfatah et al. 2017d). The 

reactions occurred during the flow process is simulated separately from transport at the 

end of each time step. The reaction rate is calculated based on the condition of reservoir 
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and fluid properties at that time step. It is notable that the change in reservoir and fluid 

properties will affect the transport and reaction in the following time step.  

 

1.2. Objective of research 

The heterogeneities cause the fluid transport through porous media to vary at different 

scales. The reactions during the transport process changes the reservoir properties and 

induces following evolutions with time and space. The probabilistic formulism of CTRW 

can handle the non-Fickian diffusion induced by the scale-dependent heterogeneity. The 

primary objective is to provide an efficient approach to predict flow response at larger 

scale based on the response obtained from laboratory experiments. The approach should 

scale the spatial and temporal parameters accounting for chemical reactions in 

heterogeneous porous media. 

The CTRW framework incorporating particle tracking (PT) approach is applied to 

simulate and scale up the reactive flow process. The objective is processing following 

three steps: 

1. Use CTRW formulism to generate the characteristic transition pdf which capture the 

behaviors of transport at laboratory scale by matching the core flood results. The 

chemical reactions are modeled separately at each time step which alter the reservoir 

properties. The key parameters of the characteristic transition pdf vary as operation 

conditions such as injection concentration and flow rate change. The generate pdf 

represents the ensemble behavior and response of the reactive flow in porous media. 
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2. Scale up the reservoir properties which keeps consistent covariance as they are at 

small scale. The domain is also scaled up to greater length scales which are close to 

field conditions with finer grid blocks. The operation parameters like injection rate is 

directly increases depending on the ratio of field domain volume to core volume. 

3. By assuming the transport and reaction processes behaves in a similar way from small 

to large scales, the CTRW formulism is used to scale up the fluid transport. Using the 

same parameters for flow behavior and porous media with scaled flow rate, the 

temporal and spatial increments are scaled. The CTRW-PT model then is run at larger 

scale to predict the response at field scale. 

 

1.3. Thesis Outline 

Chapter 2 discusses the concepts and formulism of CTRW framework. The characteristic 

transition pdfs which yield characteristic probability distribution of spatial and temporal 

increments are generated for several case studies. The particle tracking algorithm to 

normalize the temporal and spatial movements of particles is presented. A non-reactive 

(tracer) flow in homogeneous and heterogeneous media is simulated by CTRW-PT 

approach by historical matching the experiment results. Sensitivity analysis is performed 

to investigate the effect of injection rate, injection concentration and heterogeneity. 

Chapter 3 presents the study of a reactive (nanofluid) flow in homogeneous and 

heterogeneous media with chemical reactions of nanoparticle deposition on rock pore 

surface occur. The same model of CTRW-PT is run to simulate the transport with the 

chemical alternations accounted. Chapter 4 demonstrates the scale-up of reservoir 

properties, the size of domain and the characteristic transition pdf. The simulations at 
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larger length scale and finer grid are run to investigate the effect of spatial scales and 

heterogeneity. The advantage of CTRW-PT approach over solving ADRE with finite 

difference method (FDM) is presented. Chapter 5 summarizes key findings of the 

research and the plan of future works. 
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Chapter 2 Modeling Non-Reactive Tracer Flow 

2.1 Introduction 

Fluid flow in porous media is always studied as a superposition of advection, diffusion 

and reaction processes. The most popular method used to model fluid flow is the 

numerical simulation using the advection-diffusion-reaction equation (LaBolle et al. 

1998). For tracer transport, the source/sink term accounting for reactive process is 

neglected and the equation is reduced to advection-diffusion equation (Mostofizadeh and 

Economides). The idea of this method is to resolve the flow velocities in each fine grid 

block of a domain to construct a concentration map with time by ADRE numerically. The 

critical assumption of ADRE is the ensemble solutions of all small-scale blocks can 

capture larger-scale behaviors. However, in some cases, the solutions of ADE fail to 

capture the macroscopic behavior of the transport in heterogeneous or even homogeneous 

media. This phenomenon is observed from lab (Silliman and Simpson 1987) to field scale 

(Boggs et al. 1992), and evidently because the heterogeneities present at all scales and 

need be counted (Berkowitz and Scher 1998). This so-called non-Fickian or anomalous 

transport where the diffusion has a non-linear relationship to time. The anomalous 

diffusion is defined as: 

ଶۧܦܵܯۦ ∝ ఈ (2.1)ݐ

where,  

 .is the mean square displacement of a particle ܦܵܯ

 .1=ߙ	is a constant to evaluate the diffusion type. For a normal or Fickian diffusion ߙ

Otherwise, the non-Fickian, or anomalous diffusion occurs.  
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The anomalous diffusion is observed to have different behaviors of fluid flow than normal 

diffusion (Figure 2.1). The concentration profile along flow direction is always 

characterized by a slowly advancing maximum concentration and a rapidly advancing 

front, resulting in the late arriving of majority of fluid (Rhodes et al. 2009). Vlahos et al. 

(2008)  conducted experiments with particles in fluid, and explained anomalous transport 

as some of particles are ‘trapped’ in some locations in porous media, where particles stay 

for ’unusually’ long times in a relatively small spatial area. It is explained that the 

particles tend to avoid slow-flowing zones and will spend more time to find a fast-flowing 

pathway to propagate. For solution transport in heterogeneous medium, the fastest path 

between two points may not be a straight line. The existence of preferential pathways 

leads to early-time arrivals or late-time delays (Berkowitz and Adler 2015). Recently, 

the CTRW framework has been proved as an efficient approach to provide general and 

effective mean to quantify anomalous transport (Berkowitz and Scher 1998). 

 
Figure 2.1 — Illustration of difference between normal and anomalous transport, in 
terms of concentration profile along flow distance with time (Berkowitz and Scher 
1998). 
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2.2 Mathematical Formulations of CTRW framework 

Non-reactive tracer flow only accounts for advective and diffusive displacement so that 

the ADRE reduces to advection-diffusion equation (Mostofizadeh and Economides) for 

non-reactive tracer flow. CTRW treat the solution in porous media as particles and the 

motion of particles undergo independent spatial and temporal transitions. The transitions 

can be explained by random walks spatially and temporally which contributed by the 

combined advective and diffusive processes. Berkowitz and Scher (1998) derived the 

CTRW transport equation in the special case of normal diffusion and illustrated that it 

has equivalent form of an ADE as a result of the ensemble average. As discussed in 

Section 1.1.2, the particle movement is governed by equations of motion (1.2) and (1.3). 

The increments ߫௜  and ߬௜  follow the spatial and temporal transition probability 

distributions and are chosen from the joint transition probability density function ߰ሺsറ,  ሻݐ

which reflects the reservoir properties such as pressure and pore structure heterogeneity. 

The joint space-time particle transition probability density function can be written in a 

decoupled form (Edery et al. 2010): 

߰ሺsറ, ሻݐ ൌ ሻ (2.2)ݐሺsറሻ߰ሺܨ

where, 

 .ሺsറሻ is the pdf of spatial incrementsܨ

߰ሺݐሻ is the pdf of temporal increments. 
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The functional form of the pdf is critical because they govern the behavior of anomalous 

transport. Edery et al. (2010) provides the equations of pdfs employing a truncated power 

law (TPL) to capture the anomalous behavior: 

ݎ݋݂	݂݀݌ :݁ܿܽ݌ݏ 										 റݏറሻ݀ݏሺܨ ൌ ߶ሺ߶ሻ݀ߗݏሻ݀ݏሺ݌ݏ (2.3)

ሻݏሺ݌ ൌ ሻ (2.4)ݏ௦ߣሺെ݌ݔ௦ଶ݁ߣ

													 																							 ሺ߶ሻߗ ൌ ࣨ ሾ0, σሿ (2.5)

  

݂݋	݂݀݌ :݁݉݅ݐ 															߰ሺݐሻ ൌ ݔ௧݁ߣ ሻݐ௧ߣሺെ݌ , (2.6)          ݈ܽ݉ݎ݋ܰ

													 																							 ߰ሺݐሻ ൌ ܥ
݌ݔ݁ ቀെ

ݐ
ଶݐ
ቁ

ቀ1 ൅
ݐ
ଵݐ
ቁ
ଵାఉ , (2.7) ݏݑ݋݈ܽ݉݋݊ܣ

where, 

 .ሺsሻ is the pdf of transition distance along the flow direction݌

 .ሺ߶ሻ is the pdf of angular vector for transition distanceߗ

߰ሺݐሻ is the pdf of transition time which follows exponential distribution for normal 

transport and a combined exponential-TPL distribution for anomalous transport. 

 .ଵ is the characteristic advection timeݐ

 .ଶ is the cut-off time to normal transport, or characteristic diffusion timeݐ

 .is the power law exponent ߚ

,௦ߣ  .are normalization coefficients ܥ	݀݊ܽ	௧ߣ	

The angular vector accounts directions of particle movement in a 2-D space. It follows a 

normal distribution with standard deviation of σ, assumed to be 
గ

ସ
. Increasing standard 

deviation increases the degree of transverse dispersion in the CTRW-PT simulation 

(Dentz et al. 2008). In heterogeneous media, the angular vector of a particle is assumed 
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to be controlled by permeability in neighbor grid blocks. A ratio of permeability in 

neighbor grid block 
௞ሺ௜,௝ିଵሻ

௞ሺ௜,௝ାଵሻ
  is added into the model to determine which direction a 

particle is most likely to advance through a stochastic process. For example, 
௞ሺ௜,௝ିଵሻ

௞ሺ௜,௝ାଵሻ
൏ 1, 

which means the block (i,j+1) has higher permeability, resulting in more possibility of 

the particle to have a vector angle greater than 0 to have a tendency of transverse direction 

to block (i,j+1).   It reflects the fact that fluid tends to flow through high-perm zone 

instead of low-perm zone. β  represents the effect of heterogeneity on the transport 

behavior. As β ൒ 2 the transport becomes normal, and more heterogeneous system yields 

a smaller value of β.	ߣ௦,  are normalization coefficients to make the integral of ܥ	݀݊ܽ	௧ߣ	

pdfs ݌ሺݏሻ and ߰ሺݐሻ equal to 1, noted that ߣ௦ଶ is used because a 2-D domain is studied. 

For modeling anomalous transport, equations 2.1 through 2.5 and 2.7 are used. We need 

to generate pdfs ܨሺݏറሻ  and ߰ሺݐሻ  appropritely to start CTRW-PT simulation. The 

treatments of tranposrt parameters are explained below: 

 ଶ can be approximately calculated byݐ .1
௦̅మ

ସ஽೘
, where ̅ݏ is the average transition distance 

and ܦ௠ is the molecular diffusion coefficient. It reflects the longest time a particle 

will take to diffuse a transition distance. While Berkowitz et al. (2006) suggests that 

it can be roughly taken as 1000 to 10000 times of  ݐଵ  from their experimental 

observations. 

 ଵ are parameters which need to be solved through some calculations basedݐ	݀݊ܽ	௦ߣ .2

on experimental results from laboratory. The mean particle velocity, ݑట , and the 
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generalized particle dispersion coefficient, ܦట, are defined as the first and second 

spatial moments of 
௣ሺ௦ሻ

௧
, respectively. 

టݑ ൌ
௫ݏ̅
̅ݐ
ൌ
׬ ݏଶ݀ݏሻݏሺ݌ ׬ ሺ߶ሻߗ cosሺ߶ሻ ݀߶

గ
଴

ஶ
଴

׬ ߰ሺݐሻݐ݀ݐ
ஶ
଴

 (2.8a) 

టܦ				 ൌ
௫ଶݏ̅

̅ݐ
ൌ
׬ ݏଷ݀ݏሻݏሺ݌ ׬ ሺ߶ሻߗ cosଶሺ߶ሻ ݀߶

గ
଴

ஶ
଴

׬ ߰ሺݐሻݐ݀ݐ
ஶ
଴

 
(2.8b)

where, 

 .is the mean transition time ̅ݐ ௫ is the mean transition distance andݏ̅

Inserting equations 2.4, 2.5 and 2.7 into 2.8a and 2.8b yields: 

టݑ ൌ
2expሺെ0.5ߪଶሻ

௦tଵߣ
 (2.9a) 

										 టܦ ൌ
1.5 ൅ 1.5expሺെ2ߪଶሻ

௦ଶtଵߣ
 

(2.9b)

where, 

 ట can be estimated from experimental results like breakthrough curves. Thenܦ ట andݑ

the transport parameters ߣ௦	ܽ݊݀	ݐଵ in ߰ሺsറ,  .ሻ can be solved by equations 2.9a and 2.9bݐ

3. β is the key parameter in CRTW formulism which controls the behaviors of plume in 

simulation. β is to be adjusted to historical match the simulated breakthrough curve 

to the one obtained from core flood.  

4. As the simulation results are well matched with experimental results the characteristic 

pdf ߰ሺsറ,  ଶ. The spatial distributions ofݐ ሻ is derived by the fitted parameters β andݐ

tracer concentration in 2-D domain are recorded to demonstrate the behavior of 

anomalous flow in heterogeneous porous media with time. The concentration profiles 
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demonstrate the effect of heterogeneity, injection rate and reactive process on 

dispersion, which are described by β and ݐଶ. 

 

2.3 Algorithm of particle tracking 

The CTRW modeling defines the motion of particles by assigning each particle a random 

spatial and temporal increment at each time step (Berkowitz et al. 2006). The particles 

injected into the porous media undergo spatial and temporal random ‘walks’, or 

transitions. In simulation, particle tracking is to monitor and record locations of particles 

inside the domain at the end of each time step. Spatial locations of particle are calculated 

and recorded by adding the random spatial increments and angular vector into its previous 

location in x-y coordinates (Figure 2.2a). The time spent is accumulated by simple 

summation of time increments at each transition. The transitions be approximately treated 

as pore-to-pore movements, where Darcy’s law is valid (Rhodes et al. 2009). However, 

there exists difficulty to track the particles at the end of each time step because each 

particle is assigned with different temporal increments chosen from stochastic processes. 

The difference between temporal increments ߬௜  and time step ݀ݐ  leads to the gap of 

particle tracking at same time (Figure 2.2b).  

 
     (a)                                                      (b)                          

Figure 2.2 — Schematic illustration of a) particle movement and locations in x-y 
coordinate and b) the gap between random temporal increments and time steps. 
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According to (Edery et al. 2011), a ‘midflight technique’ is employed to normalize the 

timeline to make the particle tracking at the end of each time step possible. This technique 

is to freeze a particle in mid-flight (during a transition) at the end of a time step while 

calculating the current location and transition time it spent. The tracking of current 

location and transition time are achieved by the particle velocity of current flight. Recall 

equation 1.3, the velocity of a particle during ith transition is determined. Once a particle 

is injected into the domain, its spatial and temporal transitions are recorded until each 

time step is reached. At the end of each ݀ݐ, all the particles in the domain are frozen in 

midflight. If a particle completed its previous flight before a time step ݀ݐ, new spatial and 

temporal increments are assigned to the particle and the particle can advance by the time 

was left from the ݀ݐ with new velocity during the current flight. If a particle has an 

accumulated transition time greater than the total simulation time until current ݀ݐ, the 

accumulated spatial location and transition time of this particle is reduced by whatever 

time excess from the total simulation time. The particle continues to move with the 

velocity during the uncompleted flight as simulation of next time step begins. This 

technique allows the particle motion to be tracked at the normalized time steps to avoid 

any bias that may introduced by the gap between temporal increments and ݀ݐ . The 

flowcharts of tracking the location and transition time of a particle are shown in Figure 

2.3 and 2.4. The initial and boundary conditions are set to be: 

,ݔሺܥ ,ݕ ݐ ൌ 0ሻ ൌ 0,

(2.10)														 																								 ,ሺ0ܥ ,ݕ ሻݐ ൌ  ,௜௡௝ܥ

														 																								
డ஼ሺ௅,ௐ,௧ሻ

డ௫
ൌ 0                    

where, 

,ݔ  .are the distance in longitudinal and transverse direction ݕ

 .are the length and width of the 2-D domain ܹ,ܮ
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Figure 2.3 — Flowchart of tracking spatial location of a particle in x-y coordinate. 

 
Figure 2.4 — Flowchart of tracking accumulated transition time of a particle. 
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2.4 Results and Discussions 

2.4.1 Probability density of time increments  

The temporal and spatial increments assigned to particles are chosen randomly from 

characteristic probability distributions which are considered as a stochastic process. Like 

any stochastic process, the joint time-space pdf ߰ሺsറ,  ሻ can produce an ensemble averageݐ

of all possible transitions to approximate flow behavior. For ߰ሺsറሻ, the transition distance 

increments are mainly determined by mean flow velocity and dispersion coefficient 

which can be obtained from laboratory experiments. For ߰ሺݐሻ , The transition time 

increments are controlled by the parameters of β and ݐଶ.The key parameter β and ݐଶ 

in 	߰ሺݐሻ  describes the nature of transport fundamentally by controlling the time 

probability function ߰ሺݐሻ. Smaller β and greater ݐଶ means a more heterogeneous media, 

higher level of anomalous transport which are brought by higher longitudinal and 

transverse dispersion.  

The probability density of ߰ሺݐሻ are plotted to compare the effect of Peclet Number and 

adjusted β values (Figure 2.5). The mean transition distance is assumed to be constant in 

four tests with no changes of porous media involved. ݐଶ is then set to be a constant by the 

way it is defined (
௦̅మ

ସ஽೘
). The Peclet Number is defined as  

௨ഗ	௦ഥ

஽೘
, which can be interpreted 

as the ratio of advective transport rate to diffusive transport rate. As Peclet number 

increases, shorter transition time increments have higher probability to present due to 

higher advection to diffusion rate. At the same Peclet number, increasing β makes the 

curve of probability rotate clockwise with a fixed center point. It shows higher probability 

of short time increments and less probability of long time increments. From the view of 
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particle tracking method, higher β value means more particles move with advection-

dependent velocity and less particles move with diffusion-dependent velocity. In a word, 

high β represents less anomalous diffusion and more convergence to normal transport. In 

CTRW-PT simulation, β is the key parameter to show the effect of microscopic 

heterogeneity on macroscopic flow behavior.  

 
(a) 

 
(b) 
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(c) 

 

 
(d) 

Figure 2.5 — log-log plots of ࣒ሺ࢚ሻ with Peclet Number small to large from (a) to (d) 
with various β values for each case. 

 

2.4.2 CTRW-PT simulation results  

Six laboratory experiments done by Levy and Berkowitz (2003) of tracer (NaCl) flowing 

through homogeneous and heterogeneous sand pack at low to high injection rate are 

simulated and matched by CTRW-PT approach with β. The parameters used in the 
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simulation keep the same as the experiments (Table 2.1). There are three experiments 

conducted in homogeneous sand pack and another three in heterogeneous sand pack. The 

same sand is used in homogeneous system and two kinds of sands are packed together in 

heterogeneous system. The packed pattern of sand in randomly packed heterogeneous 

system is illustrated in Figure 2.6. The heterogeneous system reproduces Silliman and 

Simpson’s (1987) ‘uniform heterogeneous’ structure to better capture the late 

breakthrough time and tail of tracer plume which are the ensemble result of anomalous 

transport. The CTRW-PT simulations are run to fit the breakthrough curves by adjusting 

value of β. The grid blocks in heterogeneous case is made based on the packing patterns 

of Sand I and Sand II. The size of each block in heterogeneous case is the size of every 

low-perm sand packed in the media. 

The simulation results with ADE fittings given by Levy and Berkowitz (2003) are shown 

in Figure 2.7 and 2.8. The ADE assumes a piston-like displacement, that the direction and 

magnitude of flow velocity is the same as injection velocity: 

߲ሺ߶ܥሻ
ݐ߲

൅ ݑ
ܥ߲
ݔ߲

ൌ ߶ܦ
߲ଶܥ
ଶݔ߲

 (2.11)

The CTRW-PT fittings match the experimental breakthrough curves well, while the ADE 

fittings deviate from the experimental results at different levels. Figure 2.9 and 2.10 show 

2-D concentration profiles of homogeneous case (a) and heterogeneous case (a) as time 

proceeds. Though the grid block sizes in two systems are different, the domain sizes are 

the same, and the concentration profiles are adjusted to the same size to be consistent with 

their true domain size. 
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Table 2.1 — Parameters used and properties of tracer and porous media. 

Domain length, cm 86 

Domain width, cm 45 

Domain height, cm 10 

Number of blocks in homogeneous case 17x9 

Number of blocks in heterogeneous case 28x30 

Initial porosity 0.3 

Sand I permeability, m2 5.10-9 

Sand II permeability, m2 1.5.10-10 

Molecular diffusion Coefficient, cm2/s 1.10-5 

Injection concentration, M 0.5 

 

 
Figure 2.6 — Schematic of heterogeneous media prepared by Levy and Berkowitz 
(2003), where the black regions are packed with high-perm sands and white parts 
are packed with low-perm sands. 
 

As discussed in Section 2.2.1, the mean velocity is obtained at dimensionless 

concentration (C/C0) reaches 0.5. Therefore, the central region of breakthrough curves is 

the basis for both of CTRW and ADE simulation. This explains that all six fittings using 

those two approaches have good convergence near the central region of breakthrough 

curves. However, at early and late time of breakthrough process, ADE fittings show more 
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breakthrough at early and late time, respectively. The CTRW-PT fittings better capture 

the late breakthrough before and after the central region which distinguish the normal and 

anomalous transport. The comparisons show the different between normal and anomalous 

transport, which are properly described ADE and CTRW approaches, respectively. The 

difference is in anomalous transport the front of plume delays the breakthrough in early 

time and the long tail of plume also delays breakthrough in late time, which is captured 

by β in CTRW. While in normal transport, the plume shows a Gaussian shape without 

delaying the breakthrough. In CTRW, the parameter β characters the feature of 

anomalous transport and the value of it indicates the level of deviation of anomalous 

transport to the normal transport.  

Figure 2.7 show the fittings of breakthrough curves by ADE and CTRW-PT in 

homogeneous media at different injection rate and measured dispersion coefficient. 

Figure 2.8 show the cases in heterogeneous media. The three cases in the same porous 

media are compared to investigate the effect of injection rate. Each case with similar 

injection rate in homogeneous and heterogeneous systems are also compared to 

investigate the effect of heterogeneity. These two effects are finally represented by β and 

) ଶ is calculated byݐ ଶ, whereݐ
௦̅మ

ସ஽೘
). The adjusted β values are labelled in each figure. 

Comparing the two (a), (b) and (c) figures in two systems, β in homogeneous cases is 

greater than it is in heterogeneous cases at similar injection rate, indicating that 

heterogeneity makes transport more anomalous. In addition, the breakthrough is earlier 

in homogeneous than heterogeneous system with greater β value at low flow rate. It 

reveals the effect of anomalous diffusion on plume shape which delays the breakthrough. 

Figure 2.7(a) and 2.8(a) show the breakthrough curves of two experiments at similar 
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injection rate in homogeneous and heterogeneous system, with a much larger dispersion 

coefficient in later one. There exists a difference about 1500 minutes between 

homogeneous and heterogeneous cases as the effluent relative concentration becomes 

unity. The reason might be the significant ‘trapping’ effect on fluid brought by the 

heterogeneity at pore scale (Berkowitz et al. 2006). Figure 2.7(c) and 2.8(c) show the 

breakthrough in heterogeneous system is earlier than it is in homogeneous system at high 

injection rate, with a smaller β. However, the late time breakthrough, which is when the 

effluent relative concentration becoming unity, is later in heterogeneous system than it is 

in homogeneous system. The front that tries to find its fastest pathway flows ahead and 

breakthrough occurs at very early time, leaving the majority of fluid to struggle in slower 

flow regions (Levy and Berkowitz 2003). This explains that the breakthrough time of 

effluent concentration reaching unity decreases with smaller β. The time in homogeneous 

case (c), 250 minutes, is smaller than it is in heterogeneous case (c), which is 400 minutes. 

The fluid flushes uniformly through the whole media in homogeneous case so the 

complete flush is achieved early. However, in heterogeneous system, only a small portion 

of fluid flow throw the fast paths and most of the fluid undergoes anomalous transport, 

spending more time in the slow paths before the arrival to effluent point. As an overall 

description of flow, smaller β means more deviation from normal transport and 

anomalous transport becomes more important. 
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(a) 

 
(b) 

 
(c) 

Figure 2.7 — Measured breakthrough curves fitted by ADE and CTRW-PT in 
homogeneous media. Flow rates and measured dispersion coefficients are (a) 36 
ml/min, 0.037 cm2/min, (b) 53 ml/min, 0.072 cm2/min, and (c) 74 ml/min, 0.120 
cm2/min. Values of β are shown in each case. 
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(a) 

 
(b) 

 
(c) 

Figure 2.8 —	Measured breakthrough curves fitted by ADE and CTRW-PT in 
heterogeneous media. Flow rates and measured dispersion coefficients are (a) 35 
ml/min, 0.212 cm2/min, (b) 47 ml/min, 0.348 cm2/min, and (c) 70 ml/min, 0.898 
cm2/min. Values of β are shown in each case. 
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Figure 2.9 and 2.10 are concentration profiles in homogeneous and heterogeneous media 

at different time after injection, respectively. In homogeneous system, the fluid front 

advances like a piston where concentration gradient is uniform at any points at a certain 

distance along the flow direction (Figure 2.9). However, the competition of flow in 

heterogeneous system due to the difference of permeability between flow paths introduce 

the fingering-shape of fluid front (Figure 2.10). The particles tend to bypass the low-

permeable sands and thus propagate in high-permeable sands next to the low-permeable 

ones. The red regions present the propagation of particles in high-permeable sands. 

 
(a) 

 
(b) 

 
(c) 
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(d) 

Figure 2.9 — Concentration profiles of the case with injection rate of 36 ml/min in 
homogeneous system at time of (a) 50, (b) 100, (c) 200 and (d) 300 minutes. 
 

        
(a) 

 
(b) 
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(c) 

 
  (d) 

Figure 2.10 — Concentration profiles of the case with injection rate of 35 ml/min 
in heterogeneous system at time of (a) 50, (b) 200, (c) 400 and (d) 600 minutes. 

 

2.4.3 Sensitivity Analysis 

To investigate the effect of characteristic parameters β and ݐଶ on flow behaviors, several 

simulations are run with various β and ݐଶ to show the sensitivity of the two important 

parameters in CTRW-PT simulation. The flow condition used is the randomly 

heterogeneous case with injection rate of 35 ml/min.   



31 

Figure 2.11 shows simulated breakthrough curves with various β values and a constant 

 ଵ. As β decreases, the time of breakthrough delays and the curveݐ ଶ of 5000 times ofݐ

deviates more to the right, meaning the flow appears more anomalous-like. Figure 2.12 

show breakthrough results with various ݐଶ  values and a constant β of 1.71. ݐଶ  is the 

characteristic diffusion time which can be interpreted as the longest time for a particle to 

complete a transition distance. More dispersion and anomalous transport is observed with 

higher ݐଶ, which delays the time when the effluent dimensionless concentration becomes 

unity. Comparing two figures, it is found that β determines the time of breakthrough. The 

time of C/C0 reaching 0.5 increases as β decreases, indicating that the ensemble transport 

is described by β. However, ݐଶ  does not have a large influence on the time of 

breakthrough, but on the late time arrival. Greater ݐଶ brings more dispersion that leave 

the majority of plume behind the center. The delayed flush then is observed due to higher 

characteristic diffusion time ݐଶ.    

 
Figure 2.11 — Simulated breakthrough curves for tracer flow at injection rate of 
36ml/min with various β and ࢚૛ ൌ ૞૙૙૙ ∗ ࢚૚. 
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Figure 2.12 — Simulated breakthrough curves for tracer flow at injection rate of 
36ml/min with various ࢚૛ and β = 1.71. 

 

2.5 Summary and Conclusions 

The non-reactive tracer flow is simulated and fitted for the experimental results using 

CTRW-PT approach in this chapter. The joint space-time characteristic probability 

density function (pdf) is utilized as the core of this probabilistic approach. Two case 

studies of homogeneous and heterogeneous system are analyzed at different injection 

flow rate. β and ݐଶ values are compared in each case to describe the level of anomalous 

transport that how much it deviates from the normal transport. The sensitivity analysis 

shows that β is a more important parameter in CTRW-PT simulation. β describes the 

transport by controlling the range of random flow velocities of particles, which 

fundamentally represents the dispersion behavior. A smaller β stands for higher 

probability of longer transition time, smaller local flow velocity and more anomalous 

transport. It is indicated that the effect of heterogeneity and flow rate on the anomalous 

transport can be well described by β. The concentration profiles in 2-D rectangular 
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domain displays the completing of flow and significant figuring effect in heterogeneous 

media. 
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Chapter 3 Modeling Reactive Nanofluid Flow 

3.1 Introduction 

Reactive transport in porous media is always the interest in a wide range of fields such as 

environmental engineering, hydrogeological engineering and petroleum engineering 

(Singh 2014). The reaction between flowing fluid and porous media is a dynamic process 

that brings evolution of nature of porous media and further evolving the flow pattern and 

behavior. The examples of reaction include nanofluid adsorption and desorption, 

dissolution and precipitation of rock minerals due to reactive fluid flow, and the 

contamination of groundwater flow. Lopez-Chicano et al. (2001) studied drainage of 

calcium-rich surface water from springs. Berkowitz and Scher (1995) simulated 

precipitation, dissolution at core and field scales on several types of porous media by 

solving partial differential equations numerically incorporating a random walk process. 

Dentz et al. (2004) uses CTRW-PT approach to quantify bimolecular reactive transport, 

capturing the local fluctuations in concentrations at small scale and demonstrate the 

effects on the larger-scale behavior. A well-known application of reactive process is the 

matrix acidizing applied in oil and gas industry. There are many theoretical and practical 

researches on acidizing processes, with topics of modeling wormhole propagation, acid 

transport and rock dissolution and conductivity of fractures by acid fracturing (Buijse and 

Glasbergen 2005, Hill et al. 1995, Kalia 2008, Kamali and Pournik 2015, 2016). 

The flow of reactive fluids in porous media is a competing process between transport and 

reaction. The process that involves advection, diffusion and reaction varies across spatial 

scales (Panga 2003). Advection is the transport of a substance by bulk fluid along the 
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direction of flow. The ability of the fluid transport is always measured by permeability of 

porous media. In natural porous media, the heterogeneity leads to various advective 

behaviors locally. Diffusion is always considered as fluid molecules moving from high-

concentration region to low-concentration region. Both advection and diffusion occur 

over the entire domain of porous media. The local advection and diffusion are space-

dependent effects as heterogeneous porous media displays spatial variability of physical 

properties. However, the reaction which originates at nanoscale can be considered to 

occur locally around the reaction front as a relatively faster process than advection or 

diffusion (Singh 2014). Therefore, the reaction can be treated as immediate process 

compare to transport. Therefore, reaction is modelled following by transport at the end of 

each time step. To avoid the flocculation of chemical alternation which would bring errors 

in simulating the change in fluid and reservoir properties, the time step must be 

appropriately set up (Edery et al. 2011). 

In this study, the 2-D CTRW-PT approach shown in chapter 2 is utilized to simulate the 

nanoparticle fluid flow through Boise sandstone and Texas Cream limestone sand packs 

with the deposition of nanoparticles onto rock pore surface. Nanoparticles are small 

enough that they can pass through the reservoir rocks without plugging the pore throats. 

However, physicochemical interaction between the nanoparticles and the pore walls can 

adsorb nanoparticles on pore walls to bring significant retention of nanoparticles 

(Abdelfatah, Kang, Pournik, Shiau, Harwell, et al. 2017). However, the experimental data 

used to verify the validation of CTRW-PT approach are from injecting non-clustered 

small silica nanoparticles (with radius 5 to 10 nm) into sand packs (Caldelas 2010, Zhang 

2012). Therefore, it is assumed that there is no mechanical plugging or screening occurred 
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during the process. The only reactive terms are deposition and release, which are 

combined as the net deposition in the simulation. The rate of deposition and release at 

different temperature, ionic strength, and pH are calculated based on DLVO theory that 

evaluates the interaction between nanoparticles the rock minerals. The calculated rates of 

deposition and release have been validated by solving ADRE numerically to well fit the 

experimental results (Abdelfatah, Kang, Pournik, Shiau, Harwell, et al. 2017). Here, the 

rates of deposition are used in CTRW-PT approach for modeling the deposition of 

nanoparticles during its transport through sand packs. 

 

3.2 Mathematical Model and CTRW Formulations  

Like tracer flow, the transport of nanofluid flow is also modelled by CTRW-PT approach. 

Same formulations are used to model nanofluid transport in heterogeneous porous media. 

Recall the joint space-time particle transition probability density function discussed in 

Section 2.2: 

߰ሺsറ, ሻݐ ൌ ሻ (3.1)ݐሺsറሻ߰ሺܨ

:݁ܿܽ݌ݏ	ݎ݋݂	݂݀݌		 								 റݏറሻ݀ݏሺܨ ൌ ߶ሺ߶ሻ݀ߗݏሻ݀ݏሺ݌ݏ (3.2)

ሻݏሺ݌ ൌ ሻ (3.3)ݏ௦ߣሺെ݌ݔ௦ଶ݁ߣ

													 																							 ሺ߶ሻߗ ൌ ࣨ ሾ0, σሿ (3.4)

݂݋	݂݀݌		 :݁݉݅ݐ 													 ߰ሺݐሻ ൌ ܥ
௘௫௣ቀି

೟
೟మ
ቁ

ቀଵା ೟
೟భ
ቁ
భశഁ , (3.5)          		ݏݑ݋݈ܽ݉݋݊ܣ

where, 

 .ሺsറሻ is the pdf of spatial incrementsܨ

߰ሺݐሻ is the pdf of temporal increments. 

 .ሺsሻ is the pdf of transition distance along the flow direction݌
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 .ሺ߶ሻ is the pdf of angular vector for transition distanceߗ

߰ሺݐሻ is the pdf of transition time which follows exponential distribution for normal 

transport and a combined exponential-TPL distribution for anomalous transport. 

 .ଵ is the characteristic advection timeݐ

 .ଶ is the cut-off time to normal transport, or characteristic diffusion timeݐ

 .is the power law exponent ߚ

,௦ߣ  .are normalization coefficients ܥ	݀݊ܽ	௧ߣ	

 

3.3 Modeling reactive processes  

The CTRW-PT approach models the transport of nanoparticles. Now the reaction 

between nanoparticle and rock pore surface is incorporated into CTRW-PT approach to 

simulate the reaction dynamics depending on the rate of deposition and release. In each 

time step, the simulation of transport is conducted first, followed by the simulation of 

reaction. It is worth mentioning that the conceptual ‘particles’ to tack in the CTRW-PT 

simulation is not the physical nanoparticles. In Chapter 2, each particle for simulation is 

assigned a share of certain mole of NaCl. Here, each particle carries a certain mass of 

silica nanoparticles. Because the concentration of nanofluid is given in the unit of 

volumetric percentage, each particle is assigned a volume based on the flow rate and time 

step. As discussed in section 2.3, all particles are frozen at the end of each time step. At 

this moment, a stochastic process is conducted to determine the fate of particles, in other 

words, which particle is going to be deposited on rock pore surface and disappear from 

the flowing system. The reaction dynamics of nanoparticles as a function of net rate of 

deposition is expressed in equation 3.6: 
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ௗ௘௣ܥ߲
ݐ߲

ൌ ௗ௘௣ܭ ∗  ௣௔௥௧௜௖௟௘ (3.6)ܥ

where, 

 ௗ௘௣ is net concentration of particle deposited on rock surfaceܥ

 .ௗ௘௣ is net rate of depositionܭ

 .௣௔௥௧௜௖௟௘ is the concentration of particle in the block at the end of current time stepܥ

A stochastic process is utilized in modeling the reaction dynamics. The simulation steps 

of reactive process of nanoparticle deposition are: 

1. According to equation 3.1, the ratio of particle that will be deposited during current 

time step is 
஼೏೐೛

	஼೛ೌೝ೟೔೎೗೐
ൌ ௗ௘௣ܭ ∗  ݐ݀

2. Then the possibility of a particle to deposit at the end of each time step is defined as 

ௗ௘௣ܭ ∗  .which is dimensionless ,ݐ݀

3. For each particle, a random number between 0 and 1 following uniform distribution 

is generated; 

4. A stochastic process is proceeded to determine whether a particle deposits or 

continues to flow: if the generated random number is greater than ܭௗ௘௣ ∗  this ,ݐ݀

particle is safe to stay in the system; otherwise, the particle loses its location in the x-

y coordinate to disappear. 

5. A mass balance check is conducted to ensure the summation of retention and effluent 

equal to the total injection. 
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3.4 Results and Discussions  

3.4.1 CTRW-PT simulation results 

Four sets of experimental results are fitted to evaluate the effect of injection rate and rate 

of deposition. Table 3.1 show the parameters used in the experiments and simulations. 

The permeability profile of the sand pack is assumed to normally distribute with a 

standard deviation of 50. Different standard deviations yield different level of 

heterogeneities. In this case, it is set to be small because the sand pack is prepared by the 

same meshed sand.  

Table 3.1 — Parameters used in the experiments and simulations. 

Nanoparticle type Nexsil 20K Silica 3M Fluorescent Silica

rock Texas Cream Limestone Boise Sandstone 

Nanoparticle radius  10 5 

Reference and experiment number 
(Caldelas 2010) 

#33 and # 45 

(Zhang 2012) 

#102 and # 107 

Injection rate, cm3.min-1 1 1 and 10 

Low rate of deposition, m.s-1 1.03.10-8 2.74.10-4 

High rate of deposition, m.s-1 3.16.10-3 2.74.10-4 

Dispersion Coefficient, cm2/s 0.025 and 0.075 0.018, 0.152 

Domain length, cm 30 

Domain width, cm 5 

Domain height, cm 0.2 

Number of blocks  30x5 

Initial porosity 0.4 

Initial permeability, md 800 

Molecular diffusion Coefficient, cm2/s 4.37.10-7 
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Experiment #33 and #45 conducted by Caldelas (2010) are simulated and fitted. 

Experiment #33 has a low rate of deposition and experiment #45 has a much higher rate 

(Figure 3.1). The two simulated breakthrough curves have similar shape where the one 

with higher rate of deposition has an about 150 seconds delay. CTRW-PT simulation 

results show similar transport behavior of those two experiments because of the same 

porous media and flow pattern. The smaller estimated mean flow velocity causes the 

delay of the one with higher rate of deposition. A smaller β value demonstrate that the 

macroscopic transport behaves more anomalous (Berkowitz et al. 2000), which is due to 

the retention of nanoparticles. Figure 3.2 show the concentration profiles of the above 

two cases. Due to the deposition of nanoparticle, the peak of plume in high-rate-of-

deposition case is way behind the one in low-rate-of-deposition case. The heterogeneity 

in porous media leads to concentration gradient in the porous media, especially for the 

high-rate-of-deposition case. The anomalous transport is more severe with a high rate of 

deposition. After 2 pore-volume injected (PVI) or 1100 minutes, the sand pack is flushed 

by nanofluid. Comparing Figure 3.2 (a) and (b) at 1100 minutes, there is more anomalous 

behavior shown by concentration gradients in high-rate-of-deposition case (b).   

   
         (a)                                                                      (b) 

Figure 3.1— Fitted breakthrough curves for experiment a) low rate of deposition  
and b) high rate of deposition at the same injection rate of 1 ml/cm3. 
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        (a)                                                              (b) 

Figure 3.2 — Concentration profiles of simulation of (a) experiment #33 with low 
rate of deposition and (b) experiment #45 with high rate of deposition at 200, 
300,400 and 1100 minutes from top to bottom. 

Experiment #102 and #107 which both have a moderate rate of deposition conducted by 

(Zhang 2012) are simulated and fitted to learn the effect of injection rate. With a ten times 

of injection rate, simulation of experiment #102 gives a much smaller β than experiment 

#107. However, this value is not as small as the heterogeneous cause analyzed in chapter 

2. Figure 3.3 show the fast breakthrough with high injection rate has a steeper shape than 

low injection rate, with a smaller β. There is more anomalous transport occurring at high 

injection rate. Figure 3.4 show the concentration profile of the equivalently conversed 2-

D domain from the 3-D cylindrical sand pack. The sand packs are prepared with the same 

types of rock grains and so the permeability is assumed to follow a normal distribution. 

The profiles show the level of anomalous transport is less than randomly heterogeneous 

case and greater than homogeneous case discussed in chapter 2. After two pore volumes 

have been injected and the sand pack is flushed, there are still anomalous transport 

occurring through the sand pack.    
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                                 (a)                                                                  (b) 
Figure 3.3 — Fitted breakthrough curves for experiment (a) low injection rate of 1 
ml/cm3 (# 107) and (b) high injection rate of 10 ml/cm3 (# 102) with similar rate of 
deposition. 

 

 
         (a)                                                              (b) 

Figure 3.4 — Concentration profiles of simulation of (a) low injection rate of 
1ml/cc (#107) and (b) high injection rate of 10 ml/cc (#102) at same PVI (Pore 
volume injected). 
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breakthrough to late-time flush. As β decreases, the breakthrough delays due to longer 

transition time increments and thus smaller random transition velocities. Figure 3.6 show 

breakthrough results with various ݐଶ values and a constant β of 1.7. Without delaying 

early-time breakthrough, greater ݐଶ leads to more dispersion which delays the late-time 

flush. Comparing to the tracer simulation, varying β and ݐଶ with same amount for reactive 

flow shows more deviation from results of the reference case. The deposition of 

nanoparticles which disappear form flow system contributes to the ensemble anomalous-

like flow behavior.    

 
Figure 3.5 — Simulated breakthrough curves for nanofluid flow experiment #45 at 
injection rate of 1ml/min and high rate of deposition with constant ࢚૛ ൌ ૞૙૙૙ ∗ ࢚૚. 

 
Figure 3.6 — Simulated breakthrough curves for tracer flow experiment #45 at 
injection rate of 1ml/min and high rate of deposition with constant β = 1.7. 
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3.5 Summary and Conclusions 

The reactive nanofluid flow is simulated and fitted for the experimental results using 

CTRW-PT approach in this chapter. The transport of nanoparticle is simulated Using the 

same procedures of CTRW-PT approach. The modeling of reaction between nanoparticle 

and rock pore surface is incorporated into the transport modeling. A stochastic process is 

used to determine the fate of nanoparticle and the validation is check by mass balance of 

deposition and recovered nanoparticle equaling to the total nanoparticle injected. The 

effect of different conditions like rate of deposition and injection rate are studied. It is 

concluded that higher rate of deposition and higher flow rate make the fluid flow more 

anomalous. In addition, β values are compared in each case and it is found that the 

heterogeneity has more influence on β. The sensitivity analysis shows reactive flow 

behaves more anomalous than non-reactive flow with the same β due to the loss of solute.  

The value of β, describing level of anomalous transport, is more dependent on the nature 

of porous media. It is hypothesized that not only the heterogeneity, but also the length 

scale which may bring scale-dependent heterogeneity, has effect on anomalous behavior. 

This hypothesis will be studied and discussed in Chapter 4. 
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Chapter 4 Scale Up Tracer and Nanofluid Flow  

4.1 Introduction 

Due to the gap between well understanding and practices of fluid flow in laboratories and 

deviated observations of field responses, an appropriate and efficient method of scaling 

up is always interesting area of research. Mostofizadeh and Economides (1994) proposed 

a simple volumetric method to directly scale up laboratory results to filed scale. 

(Bitarafhaghighi 2015) scaled up acidizing process using ADRE to simulate the acid 

transport and reaction and statistical approach to treat the reservoir properties. Singh 

(2014) scale up the CO2 injection using particle tracking approach to simulate transport 

and scaling up reaction parameters spatially. In petroleum engineering, the predictions of 

treatments always depend on information obtained from the small-scale laboratory 

experiments, such as core flooding tests. However, discrepancies of results are always 

observed between different scales. The recovery factor during the injection of reactive 

fluids decreases from core flooding, pilot tests to field processes (Singh 2014). It shows 

that the simple volumetric method of scaling-up may not yield accurate results, especially 

when the porous media is heterogeneous (Li et al. 1996). In real world, the particles move 

through pore spaces along continuous paths, the CTRW assigns temporal and spatial 

transition increments to particles is considered as a computational discretization of the 

pore-to-pore path and corresponding time spent on the path. Dentz et al. (2008) suggest 

that CTRW-PT approach is highly effective in quantifying bimolecular reactive transport 

with capture the large-scale behavior. Edery et al. (2011) simulated and scaled up 
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Dissolution and precipitation dynamics during dedolomitization using CTRW-PT 

approach.  demonstrate pore-to-field-scale simulations for single-phase flow based on the 

same approach. They develop 2D to 3D lattice models with nodes denoting pores and 

only focus on time transition probability distribution. The approach of scale-up transport 

and reaction process based on small-scale information and the simulation results are 

presented in this chapter.   

 

4.2 Scale-up approaches 

4.2.1 Scale up reservoir properties 

The permeability and porosity which may be changed by the reactive processes is the 

target reservoir properties to be scaled up. The change of nature of porous media may 

bring bias to the following transport and reaction processes. The simulations in section 

3.4 show deposition of nanoparticles does not change porosity very much. The volumetric 

averaged method can be used to scale up porosity (Whitaker 2013). Recalling the 

objective of this research which is to predict flow behavior at large scale based on the 

flow response obtained at small scale, it is assumed that the information of permeability 

and porosity at small scale are accessible, which may come from mercury injection or CT 

scan. Then the objective becomes to represent large-scale heterogeneity based on small-

scale data. Singh (2014) introduces a covariance model to scale up the reservoir properties. 

Because the small-scale geologic structures are embedded within the larger scale 

structures, it is assumed the characters of reservoir properties keep consistent across 

scales, for conventional reservoir rocks. Therefore, the properties in coarse grid blocks at 

small scale can be scaled up to large scale by downscaling the grid blocks (Figure 4.1). 
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The heterogeneity in finer grid blocks shows spatial variability at large scale with 

consistent covariance. In this model, the consistency of reservoir properties from small 

scale to large scale is described by matching the covariance of fine grid blocks, ݒ݋ܥሺ݅, ݅ᇱሻ 

to the covariance of their corresponding coarse grid blocks, ݒ݋ܥሺܫܤ,  .ሻܬܤ

 
Figure 4.1 — Schematic of a reservoir property at two scales (Singh 2014). 

As shown in Equation 4.1, the difference between covariance of coarse grid blocks         

(BI, BJ) and fine grid blocks (݅, ݅ᇱ) must be minimized to achieve the consistency across 

scales (Singh 2014): 

݉݅݊ሼݒ݋ܥሺܫܤ, ሻܬܤ െ ,ሺ݅ݒ݋ܥ ݅ᇱሻሽଶ (4.1) 

The procedures of scale up and downscaling is explained using the sample shown in 

Figure 4.1. In the schematic, coarse grid blocks BI through BIX represent the 

measurements of a physical property of a 3cm x 3cm sample with 9 grid blocks. Before 

downscaling, it is expected that it would be scaled up to a 9cm x 9cm region with 81 grid 

blocks. During downscaling, the properties in blue and pink blocks have the same 

covariance as it of grid blocks BI and BII. After the downscaling, consistent features are 

maintained between small and large scales, which are 3cm x 3cm domain with 9 grid 

blocks and 9cm x 9cm domain with 81 grid blocks, respectively. Arithmetic and harmonic 
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averaging methods are applied to control the size and number of grid blocks if the 

downscaled grid is too fine.    

 

4.2.2 Scale up transport using CTRW-PT approach 

The proposed CTRW approach let us to select spatial and temporal discretizations, which 

provides a direct access to scale-up the transport process. As the domain with finer grid 

blocks which represents larger scale heterogeneity and length scales, the CTRW-PT 

model is run with the scale-up domain, keeping the parameters that best fits the 

experimental data unchanged. To maintain the character of the flow, the parameter β is 

not changed. This guarantees the flow has consistent behavior at large scale as it is at 

small scale. The injection rate is increased as the same times the domain volume 

increases, which can be simply calculated from new domain volume divided by previous 

domain volume. Solving Equation 2.9 with corrected injection rate and estimated	ܦట 

yields new ݐଵ,  ଶ for the flow at larger scale. The dispersion coefficient is assumed to beݐ

consistent to represent the same flow behavior in fine grid blocks at smaller scale. The 

estimated dispersion coefficient can be roughly estimated from the experiments with 

similar injection rate. It is interested that how length scale and scale-dependent 

heterogeneity change the final response of flow at large scale if the flow behavior at small 

scale has been captured. 
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4.3 Results and Discussions 

4.3.1 Scale up tracer flow in homogeneous system 

The tracer flow of homogeneous case at injection rate of 74 ml/min is chosen to scale up 

by 5 and 10 times, respectively. The domain at lab scale has a size of 86-cm long and 45-

cm wide with grid blocks 17 x 9. To scale up 5 times the grid block becomes 85 x 45, 

representing a 4.3 m x 2.25 m domain. Scaling up 10 time yields grid block of 170 x 90 

which representing 8.6 m x 4.5 m domain. The height of the domain does not change 

because the simulation is run in a 2-D model. The injection rates are increased 25 and 

100 times to be consistent with the increasing in domain size. Figure 4.2 shows the 

breakthrough curves which the delay is observed at larger scale. However, the shapes of 

breakthrough curves are similar, which means the flow behavior at small scale is captured 

at large scale. 

It is found that the flow characters of concentration profiles with fine grids are hard to 

tell due to the concentration flocculation brought by anomalous transport and 

uncertainties due to stochastic process. Instead, I simulated the flow by injecting from a 

single block at the inlet to better evaluate the dispersion visually at large scale. Figure 4.3 

show the concentration map at lab scale and 5-time greater scale with time. More 

dispersion and observed at all time for the large-scale simulation. The amount of 

dispersion increases along the flow direction, which explains the delay tendency at larger 

scales observed in Figure 4.2.  
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Figure 4.2 — Simulated breakthrough curves of tracer flow with injection rate of 74 
ml/min, scaled up with 5 and 10 times. 

  

   

   
                               (a)                                                              (b) 
Figure 4.3 — Concentration maps of tracer flow injected through one block at lab 
scale (a) and scaled up with 5 times (b) at time of 50, 100 and 200 minutes from top 
to bottom. 
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4.3.2 Scale up nanofluid flow in heterogeneous system 

The nanofluid flow of heterogeneous at injection rate of 74 ml/min is chosen to scale up 

by 2 and 4 times, respectively. The domain at lab scale has a size of 30-cm long and 5-

cm wide with grid blocks 30 cm x 5 cm. To scale up 2 times the grid block becomes 60 

cm x 10 cm, representing a 0.6 m x 0.1 m domain. Scaling up 4 time yields grid block of 

120 x 20 which representing 1.2 m x 0.2 m domain. Figure 4.4 show the scaled-up 

permeability map by two and four times. Figure 4.5 show the simulated breakthrough 

curves from small to large scale. With only two and four times of scale-up compared to 

the homogeneous case which are five and ten times, the delay of breakthrough is more 

severe. The simulated case is experiment #45 by Caldelas (2010) with a high rate of 

deposition.   Figure 4.6(a) shows the concentration map at lab scale. Unlike to straight 

breakthrough shown in Figure 4.3(a) in homogeneous system, the heterogeneity and high 

rate of nanoparticle deposition lead to the concentration gradient all over the media. 

Figure 4.6(b) shows the concentration gradient distributed with more transverse 

dispersion at large scale. The heterogeneity at larger scale increases the competition of 

fluid flow and thus delays the breakthrough. 
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Figure 4.4 — Relative permeability map at different spatial scales (a) lab scale, (b) 
scaled up for two times and (c) scaled up for four times. 

 
Figure 4.5 — Simulated breakthrough curves of nanofluid flow experiment#45 at 
injection rate of 1 ml/min and high rate of deposition, scaled up with 2 and 4 times. 
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       (a)                                                          (b) 

Figure 4.6 — Concentration profiles of simulation of nanofluid flow experiment #45 
injected through one block (a) at lab scale and (b) scaled up with 4 times at 200, 500 
and 1500 minutes. 
 

 
4.3.3. Computational time of CTRW-PT and FDM approaches 

Table 4.1 displays CPU time costed for simulating nanofluid flow with grid blocks 60 x 

10 using CTRW-PT approach and solving ADRE by Finite Difference Method (FDM). 

The codes are run in Python 2.7.0. Comparing the two approaches, CTRW-PT saves more 

computational time than FDM. The results of CTRW-PT show that the computational 

time is more sensitive to number of particles tracking than size of grid blocks. It is due to 

the CTRW-PT model can be applied into a grid-free heterogeneous system if the 

concentration profile is not the objective, or into a grid-free homogeneous system with 

generation of the concentration profile. However, the memory needs to record large 

number of particle in each step will accumulate with time steps, resulting in more and 

more demand to calculate and store the spatial and temporal data for all particles. Large 

number of particles chosen to track in each time step decreases the uncertainty during the 

stochastic process, while it requires more computational resources. To choose an 

appropriate number of particles to track in each time step is critical to the quality of 

CTRW-PT simulation.  
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Table 4.1 — Recorded CPU time in seconds using CTRW-PT and Finite Difference 
Method in Python 2.7.0, with a grid size of 60 x 10. 

 CTRW-PT 
ADRE-FDM

Time Step Inject 100 particle/time step Inject 500 particle/time step 

1000 879 2252 3028 

600 496 928 1214 

300 175 386 576 
 

4.4 Summary and Conclusions 

A downscale modeling is applied to scale up the reservoir property. The permeability 

distributed in finer grids equivalently represents the scaled-up region with consistent 

covariance. Non-reactive tracer flow in homogeneous system is scaled up by 5 and 10 

times. The dispersion and anomalous behavior is shown in the simulation case of injecting 

through a single centered grid block at inlet. More dispersion at larger scale is observed 

in the concentration profile when the parameters of CTRW-PT model are not changed. 

The reactive nanofluid flow in normally distributed permeability field is scaled up by 2 

and 4 times. Comparing to the flow in homogeneous system, the heterogeneity at greater 

spatial scale leads to more delay of breakthrough, and more anomalous transport. 

Simulations between two simulation approaches in various conditions are run to compare 

the efficiency of CTRW-PT approach over solving ADRE by FDM. The CTRW-PT is 

more computationally effective than ADRE, especially in the scale-up cases. The 

computation efficiency of is more sensitive on number of particles tracked than the 

number of grid blocks because the particle tracking method can be applied in a grid-free 

system. Time step is always critical to the computation time for both CTRW-PT approach 

and ADRE-FDM. 
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Chapter 5 Conclusions and Future Work 

5.1 Conclusions 

The objective of this research is to scale up reactive flow to larger scale and predict the 

response based on the small-scale information. It is achieved by employing the CTRW-

PT approach. Non-reactive tracer and reactive nanoparticle fluid flow have been 

simulated and matched to validate the model at laboratory scale. In several case studies, 

experiment results are fitted and CTRW approach shows the ability to capture anomalous 

behavior of late breakthrough which convectional ADRE does not achieved. The particle 

tracking approach is applied so that the flow front and shape are visible with time. The 
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CTRW framework incorporating PT method give rise to the realization of simulate fluid 

flow at various scales. A model is proposed to simply scale up reservoir permeability so 

that small-scale information can represent large scale region. Assuming the microscopic 

fluid transport and reaction behaves similar at macroscopic scale, CTRW-PT is used to 

scale up the fluid flow. The simulation results investigate the effect of flow rate, scale-

dependent heterogeneity, chemical alternation and length scale on the behavior of fluid 

flow: 

1. Spatial-dependent heterogeneity at large scale introduces more anomalous transport 

which delays the breakthrough of fluid. The delay can be estimated by two 

appropriate parameter β and characteristic diffusion time ݐଶ at small scale, in which 

the former parameter is more important in CTRW-PT simulation. 

2. More heterogeneous system leads to more anomalous transport, which is well 

captured by smaller β and greater ݐଶ in CTRW-PT approach. 

3. High flow rate brings higher dispersion and anomalous transport. However, the 

breakthrough will not delay much if the system is homogeneous.  

4. The deposition of nanoparticle results in significant concentration gradient and late 

breakthrough, which are always evaluated by a small β as an ensemble. 

 

The transport processes in reservoirs associated with chemical reactions are contributed 

by the fluid movement and reaction in terms of space and time in addition to geological 

heterogeneity. Coupled physical transport and chemical reaction processes have been 

described and simulated by the probabilistic approach of CTRW-PT. The transport of 

fluid is contributed by the superposition of spatial and temporal transitions, which are 
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chosen from the characteristic probability density function of CTRW during a stochastic 

process. The characteristic pdf lies the basis of the modeling by successfully represent 

the ensemble average of flow behavior in porous media. The advantages of this approach 

include: 

1. It can better capture the anomalous behavior than solving ADRE numerically, 

especially in heterogeneous porous media. 

2. It is an efficient approach to scale up the flow to larger scale based on the information 

obtained in laboratory. 

3. It is more computationally efficient than solving convectional ADRE using Finite 

Difference Method or other similar numerical methods. 

4. It can model reactive process which incorporates the transport process explicitly. 

5. It used stochastic process in controlling the motion of fluid flow, which is more 

flexible in explaining unexpected results. 

5.2 Plans for future work  

A new model will be developed base on the CTRW-PT approach to simulate and model 

carbonate matrix acidizing. The large change on flow pattern and porous media and 

brought by acid reaction and rock dissolution is the major challenge which needs to be 

treated properly.  
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