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GENERALIZED ITERATIVE METHODS AND
NONLINEAR FUNCTIONAL EQUATIONS
BY: ANITA M. RANSDELL WALKER

MAJOR PROFESSOR: WILLIAM O. RAY, Ph.D.

Let X and Y be Banach spaces, P be a Gateaux differentiable

. mapping from X to Y and ¢ : [0,») + (0,») be a continuous nonin-
creasing function for which S c(u)du = » . If P'(x)(B(0;1)) con-
tains B(0; ¢( [x])) for each x ¢ X, then P is an open mapping
of X onto Y. If the differentiability assumption on P is removed
and instead P 1is both open and locally expansive, then P(X) = Y., 1If
A 1is a continuous mapping from X to X satisfying for each x ¢ X,
<Ax - Ay, §>2 clmax{ Ix],]yID[x-y ﬂz for some j ¢ J(x - Yy),
then A 1s a homeomorphism of X onto X. The main technique used
in establishing these results is a new fixed point theorem which in-
cludes Ekeland's Theorem as a special case.

Perturbations of nonlinear operators are also investigated. If
F'(x)(B(0;1)) > B(0; c(x])) and 1f F is perturbed by a nonlinear
operator G satisfying a boundedness condition, then F + G 1is an open
mapping from X onto Y. The case where both F and G are Gateaux
differentiable operators satisfying various coercive conditions again
yields surjectivity results for the sum F + G. These proofs rely on
the existence of contractor inequalities derived from the hypotheses.
Finally, if G is a compact operator and I - F is compact, then

F + G 18 surjective; the proof uses methods of algebraic topology.



CHAPTER I

INTRODUCTION

This thesis falls within the general framework of the study of
nonlinear operators acting on Banach spaces, a study begun in the
early part of this century in connection with certain boundary value
problems arising in partial differential equations. More specifically,
suppose P is a nonlinear mapping from a Banach space X to a Banach
space Y; there are numerous approaches to studying the normal solvabil-
ity of the equation Px = y for y ¢ Y, many of which involve local
assumptions on the operator P. This is due in large part to the fact
that P often arises from a differential or an integral operator which
has local smoothness or monotonicity properties. In this work we will
derive mapping theorems for operators satisfying each of the above local
assumptions. The theorems we present have been established as independ-
ent results in the field of normal solvability for nonlinear operators;
however, the techniques can be applied in studying the normal solvabil-
ity of nonlinear or quasilinear differential equations with nonlinear
boundary conditions. For such applications the reader is referred to
£1] and [25].

As a prelude to the results we will present a short background on
the theory of normally solvable nonlinear operators. A nonlinear map-

ping P:X > Y is Gateaux differentiable if for each x ¢ X there is an

1



operator P'(x), not necessarily linear or bounded, mapping X to Y for

which

Um t 1P(x + th) - P(x)} = P'(x)(h) (he X)
>0

If P'(x) is linear, then P 15 normally solvable if the injectivity

of the set of adjoint operators {P'(x)*} implies the surjectivity of P.

The study of nonlinear normal solvability was pi&neered by S.I.
Pohozhayev [32] who showed that P is a surjection if Y is a reflexive
Banach space, P(X) is weakly closed in Y and each P'(x)* is injective
(see [16J), F.E. Browder (see, among others, [4], [51, [6]) improved
upon and generalized these results, and eventually W.A. Kirk and
J. Caristi [22] showed that P(X) = Y if P(X) is closed in Y and each
P'(x)* is injective.

The restriction that P have closed (weakly closed) range can be
weakened by requiring that the operators P'(x)* have uniformly bounded
inverses. To investigate this case further, assume momentarily that
P'(x) is bounded and linear, and define in the manner of Browder [ 3]
the following quantity:

e () = inf (>0 : |y <drr ¥yl
If no such constant exists, then set a(P'(x)*) = o, In the case that
a(P'(x)*) < = there are three major surjectivity results (see [ 341 for
more discussion and proofs).

The first involves a uniform bound on G(P'(x)*) for all xe X:

THEOREM. Let X and Y be Banach spaces and let P be a Gateaux

differentiable mapping from X to Y having closed graph. Suppose there

* -
is a ¢” 0 such that o(P'(x) )< ¢ 1 for 211 xe¢ X. Then P is an open

mapping onto Y.
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If the bound on P'(x)* is allowed to vary as x ranges over bounded
sets, then a comparable result is obtained if P satisfies a coercive
condition. For X = R" the result is due to R.S. Palais [311; M.A.
Krasnoselskii [24] developed the result for P continuously Fréchet
differentiable. A more general version due to W.J. Cramer and W.0. Ray

[9] is:

THEOREM. Let X and Y l:_e_, Banach spaces and let P be a Gateaux

differentiable operator from X to Y having closed graph. Suppose for

each R > 0 there is a c(R) > 0 such that a(P' (©)*) < c(r)™! whenever
Ix] <R, and suppose |Px]] + = as |x] + =. Then P is an open mapping
of X onto Y.

*
If the coercive condition on P is replaced by one on a(P'(x) ),

then a similar result is:

THEOREM. Let X and Y be Banach spaces and let P b_e a Gateaux

differentiable mapping from X to Y having closed graph. Let ¢ : L0,=)>

(0,») be a continuous nonincreasing function for which f"c(u)du =,

* -
and suppose for each x ¢ X that a(P'(x) ) < c(x]) 1. Then P is an

open mapping of X onto Y.

Another approach to solving Px = y in a Banach space involves an
iteration scheme. If P'(x) has a bounded inverse, then Newton's method
provides an iteration procedure for solving the equation Px - y = 0.
However, the bounded inverse condition is often too restrictive; in
fact, it may be that P'(x)'-1 does not even exist. In this case
J. Moser [29] showed that Newton's method can be modified to still yield
a solution of Px = y if P isg continuously Fréchet differentiable. The

method has since been generalized in [35] to the case when P 1is Gateaux



differentiable. In some of our work to follow we make implicit use of
such an iteration scheme. Having the preceding discussion as a back-
ground for our results, we now proceed to present our conclusions. In
Chapter II we prove a fixed point theorem which is a generalized version
of Caristi's celebrated result. Using it we will derive two types of
surjectivity theorems. The theorems involving differentiability
assumptions rely on a Newton-Kantorovich scheme which was first devel-
oped by M. Altman [1] and further investigated by Cramer and Ray [9].
The theorem involving monotonicity assumptions extends results of
Browder using both new and standard techniques.

In Chapter III we extend some notions of nonlinear normal solvabil-
ity to perturbations of nonlinear operators. Using a result of Chapter
IT as a starting place, we first perturb a surjective Gateaux differen-
tiable operator by ''small" (in the sense of a norm condition) Gateaux
differentiable operators and then deduce some consequences of this
result. Our methods of proof employ analytical techniques such as
"contractor inequalities” pioneered by Altman [11, and our own fixed
point theorem of Chapter II, and the topological methods of a local
degree theory.

In Chapter IV we investigate the openness and surjectivity of an
accretive operator, an early version of which appears in [3]. The
techniques of proof are highly analytical and are unrelated to the
methods we use in the other chapters; hence we separate this result

from the others.



CHAPTER II
MAPPING THEOREMS FOR GATEAUX

DIFFERENTIABLE OPERATORS

1. INTRODUCTION

In 1972 I. Ekeland [14] established a variational principle that
has proven to be very ﬁsef;xl in the study of nonlinear normal solvabil-
ity (see D. Downing and W.A. Kirk [13]). Four years later J. Caristi
L7] independently established a fixed point theorem which Kirk [21]
subsequently observed is equivalent to Ekeland's Theorem.

CARISTI'S THEOREM. Let (M,d) be a complete metric space and

g : M+ M an arbitrary mapping. Suppose there is a lower gemicontinu-

ous mapping ¢ : M-+ [0,») for which
d(x, g(x)) < ¢(x) - ¢ (g(x)) (x e M).

Then g has a fixed point in M.

In Section 2 we obtain a generalized version of this result and
then apply it to derive surjectivity conclusions about three nonlinear
operators P, namely when P is uniformly surjective, when P satisfies a

pair of "contractor inequalities' and when P is locally expansive.

2. A FIXED POINT THEOREM

In this section we prove the following extension of Caristi's

Theorem.



THEOREM II.2.1. Let (M,d) be a complete metric space and let ¢ be

a lower semicontinuous mapping from M to [0,»). Let X, € M be fixed and

suppose ¢ : [0,») + (0,») is a continuous nonincreasing function for

which ch(u)du =o, Ifg: M+ Mis an arbitrary mapping which satisfies

(2.1) c(d(x, x))d(x, g(x)) < ¢(x) - ¢(g(x)) (x e M),
then g has a fixed point in M.

In Caristi's Theorem c(u) = 1. The basic tool in proving Theorem

II.2,1 18 a fundamental maximal principle of H. Brézis and F.E. Browder
(Corollary 3 of [2]):

PROPOSITION B. Let (M,d,<) be a partially ordered metric space

and let ¢ : M+ £0,») be an arbitrary function. Suppose

(2.2) if x <y and x # y, then ¢(y) < ¢(x),

(2.3) S(x) ={yeM:y2>x} is closed for each x ¢ M, and

(2.4) any nondecreasing sequence in M has compact closure.

Then there is an x e M for which S(x)) = {x}; that is, x 1s a maxi-

mal element in (M,d,<).

It is worth observing that Theorem II.2.1 can be deduced by a
direct application of Zorn's Lemma. The proposition enables us to prove
our extension by investigating the behavior of sequences in the con-
text of a partial ordering; essentially the same proof gives the
desired conclusion via Zorn's Lemma if we consider instead nets. In
either case, we obtain the existence of a maximal element which is the
essential step in the proof. The proof we present will apply the propo-

sition of Brézis and Browder, thereby eliminating any reference to the

Axiom of Choice.



PROOF OF THEOREM II.2.1. Define E = {(x,8) ¢ Mx [0p) :
d(x,xo) < s} and define a metric p on E by p ((x,8), (y,t)) = max{ le -s ',
d(x,y)} .

It is easy to show that (Ep) is a complete metric space, for sup-
pose {(xn,sn)} is Cauchy in (E,p). Then for every ¢ > 0 there exists
a N> 0 so that m,n > N implies p ((xn,sn), (xm,sm)) <e. By definition
of p it follows that |s - s ] < ¢ and d(x ,x ) <¢ for m,n > N. Thus
{xn} and {sn} are Cauchy in (M,d) and [0,»), respectively, and the com-
pleteness of both spaces implies that s,* 8_ and x > x. Thus
(xn,sn) > (xw,so), giving that Cauchy sequences converge.

It remains to be verified that d(xw,xo) < 8 . For every n, it is
true that d(xn,xo) < 8 - Then convergence of the sequences {xn} and
{sn} implies that d(xw,xo) < s . This completes the argument that
(E,p) is complete.

Now define a partial ordering " <" on E by saying that (x,s) <
(yst) 1f and only if
(2.5) d(x,y) €t - s, and
(2.6) Fe(du <400 - 6(3).

To show that " < " ig indeed a partial ordering we must verify
that it is reflexive, anti-symmetric and transitive. Reflexivity is
trivial.

To see anti-symmetry, let (x,s8) < (y,t) and (y,t) < (x,8). Then
(2.5) implies d(x,y)< t - s and d(y,x)< s - t. Adding gives that
2d(x,y)< O0; hence x = y. Then (2.6) implies s = t, and so (x,8) = (y,t).

To see that " < " is transitive as well, suppose that (x,8)< (y,t)

and (y,t)s (z,r). Then by the triangle inequality and (2.5),



d(x,z) < d(x,y) + d(y,z)
€t-8 +r-t¢t
=r - g,
Applying (2.6) gives that
[Fe(wdu = [fewdu + [Felu)du
< ¢(x) - ¢(y) + ¢(y) - ¢(2)
=5 (x) - ¢(z).
Hence (x,8) < (z,r), and thus " < " is a partial ordering.

We now verify the hypotheses of Proposition B. For (2.2) 1let
(x,8) < (y,t) but (x,8) ¥ (y,t). Then s ¥ t, for if s = t, then
(x,8) < (y,8) and (x,s) ¥ (y,s). Hence x ¥ y. But (2.5) implies that
d(x,y) = 8 - 8 = 0, a contradiction. Thus we may assume .gtc(u)du > 0.
Applying (2.6) yields that ¢(y) < ¢(x), and (2.2) holds.

Next observe that if S(x,s) = {(y,t) ¢ E : (y,t) > (x,8)}, then
S(x,s8) 1s a closed set. If {(yn,tn)} i8 a Cauchy sequence in S(x,s),
then {(yn,tn)} must converge to (y_,t ) in E by completeness of this
space. Then by definition of p, Yo Yo in M and tn » t, in [0,=).

Since for every n (2.5) gives d(yn,x) < tn = g, it follows that

d(y,,%) = lim d(y_,%)
nwre

Slimtn-s
n-i@

=t _-s
giving (2.5). 1In addition, for every n (2.6) implies that ét" c(u)du <
$(x) - ¢(yn). Then lower semicontinuity of ¢ implies that

gt'c(u)du = 1im ét"c(u)du
n—m



N

1lim ¢(x) - ¢(yn)

ny o«

VAN

Lm ¢ (x) - ¢ (y,)

n+ «

= ¢ (x) "Li.l.M(Yn)
nm ©

AN

¢(x) -¢(y.).
Hence (2.6) holds and (y_,t ) 2 (x,8), giving (2.3).

Finally suppose {(xn,sn)} is a nondecreasing sequence in E. Since
(xn,sn) < (xn+l’8n+1) for every n, (2.5) implies {sn} is nondecreasing
in Lo=), and by (2.6), 0 € .:"é(u)du <o (xn) -4 (xn+l)' So {¢ (xn)}
is nonincreasing and bounded below by 0, and thus converges.

Since (xl,sl) < (x ,sn) for every n, (2.6) also implies that

n

£‘s"c(u)du <é (xl) -¢ (xn) <¢ (xl) <o, Hence gmnjs’.s"c(u)du <é¢ (xl) ,

which implies that sn'* g, <® since J:;c(u)du =« by hypothesis. By
2.5) d(xn,xm) < s, - smﬂ , and so {xn} is Cauchy in (M,d) and X > X .
So again the definition of P gives that { (xn,sn)} is Cauchy and hence
convergent. Since nondecreasing sequences converge, (2.4) holds.

Hence we may apply Proposition B and conclude that there is a
(w,8) € E for which S(w,s) = { (w,s)}.

Now consider (g(w), s + d(w,g(w))). Since by the triangle inequal-
ity d(g(w) ,xo) < d(gw) ,w) + d(w,xo) < d(g(w),w) + s, it follows that
(gw), s + d(w,g(w)) €E. We will show that (w,s) < (g(w), s + d(w,g(w)))
and obtain our result.

Clearly (2.5) holds since d(w,g(w)) = s + d(w,g(w)) - s. Next using

the fact that ¢ is nonincreasing and that d(w,xo) < s, we derive (2.6)
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from (2.1):

s + d(w,g(w)) c(u)du < c(s)d(w,g(w))

£

< c(d(w,xo))d(w,g(W))

<¢ow) - ¢ (gW)).
Thus (w,8) < (g(w), s + d(v,g(¥))), and maximality implies they are in
fact equal. Hence s = g + d(w,g(w)), and so d(w,g(w)) = 0. So w = g(w)

and g has a fixed point. B

3. SURJECTIVITY RESULTS

In this section we apply Theorem II.2.1 to Gateaux differentiable
operators and local exﬁansions. We do not require the Gateaux deriva-
tive P'(x) of an operator P to be either continuous or linear; however,
the derivative is homogeneous by definition since

P'(x) (Ah) = 1lim t‘ltr(x + tAh) - P(x)]
t+0

= 11m M e MR (x + ©ah) - P(x)]
t+0

= ) 1im Ot) " [P(x + tAh) - P(x)]
t=+0

= AP' (x) (h).

Let B(w;r) denote the set {y : |y - w! < r}.

THFOREM II.3.1. Let X and Y be Banach spaces and P be a Gateaux

differentiable mapping from X to Y having closed graph. Let c : [0,) »

(0,») be a continuous nonincreasing function satisfying !mc(u)du = o,

and suppose for each x ¢ X that

(3.1) P'(x)(B(031)) > B(O;c( | x])).

Then P E surjective.
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It is worth noting that Theorem 1I1.3.1 generalizes Theorem 4 of
£38], in which it is assumed that ¢ is the constant function. Also,
Theorem 3.2 of [9] implies that P is an open mapping.

Since our assumptions in Theorem II.3.1 are infinitessimal in
character on P'(x), the result shows how global conclusions may be
derived from infinitessimal hypotheses. In the theorem we desire to
solve the equation Px = y; that is, y - Px = 0. Consider then the
Newton iterate g(x) € x + tP'(x)-l(y - Px) (the introduction of "t" is
a standard numerical analysis technique used to accelerate the conver-
gence of the iterates). It is noteworthy that g(x) = x if and only if
y - Px =0, To see this note that x = x + tP'(x)-l(y - Px) implies
P'(x)(0) = y - Px; homogeneity of P'(x) gives the result. Thus
g(x) - x = tP'(x)-l(y - Px), giving that P'(x)(g(x) - x) = t(y - Px).
Setting h = t-l(g(x) - x) gives P'(x)(h) = y - Px. Hence we are led to
consider a hypothesis of the form (3.1). In addition, the sequence
{gn(x)} is roughly speaking a sequence of Newton-Kantorovich iterates.

In Theorem I1.3.1 we avold the explicit use of the injectivity of
each P'(x)*. But observe that (3.1) implies P'(x) is surjective, and
80 ¥ = R(P'(x)) = N(?'(x)")" inplies N(P'(x)") = {0}, making P'(x)"

injective.

PROOF OF THEOREM 1I.3.1. Define a metric p on the space X by
p(x,y) = max{(3/2)]x -y, c(O)-lan - Py ]}. Since P has closed graph,
(X,p) is a complete metric space (cf. proof of Theorem II.2.l1).

Fix y ¢ Y and set ¢(x) = 3]y - Px|. Note that ¢ is continuous

from (X,p) to [0,») since P has closed graph.

We proceed by contradiction and assume y & P(X). For any x € X,
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cCIx DIy - Px |71y - Px) € B(O:e( 1x ])). By (3.1) there is a
w € B(0;1) for which P'(x)(w) = c( Jx D]y - Px | "X(y - Px). Setting
h=c( §x D"My - Px |w, 1t follows that P'(x)(h) = y - Px while
Il <cClxD Yy - ex].
By hypothesis P is Gateaux differentiable, so we can choose

t € (0,11 so small that
. (3.2) fP(x + th) - P(x) - tP'(x)(h)] < %t]y - Px].
Setting g(x) = x + th, it follows that g(x) # x (since y ¥ Px and
t > 0 by supposition) and (3.2) becomes
(3.3) [P(g(x)) - P(x) - t(y - POI<[P(g(x)) - P(x) - tP' () (h) | +

+ t]P'(x)(h) - (y - Px)]

< 5dy-~-rx].
Alsolgx) - x| =elh] €tc(Ix1)Yy-rx], or equivalently,
(3.4) c(lxDle - x] <dy-rexl.
Applying the triangle inequality to (3.3) gives
(3.5) IpCe(x)) - p(x) | < (3/2)dy - Px].

A second application of the triangle inequality to (3.3) gives
leex) -yl - Q-0lPx-y]l €5 dex-y], or
(3.6) by -ex] <lex-y] -lrPe) -v].
Now, (3.5) and (3.6) together imply that
(3.7) Teex) - P 1 <3(lex-y] 1P -y

= ¢(x) - ¢(g(x)).
Also (3.4) and (3.6) imply

(3.8) GB/2)e(IxINegx) - x1 <3(]ex-y] 1P -y
=¢(x) - ¢ (g(x)).

Now let X = 0 be fixed in X. Consider first if p(x,0) = (3/2) x| .
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Then | x | <(3/2)]x | implies that c((3/2)]x ) <ec( |x]) since c is
nonincreasing. Likewise if p(x,0) = c(0) ! |Px - P(0) |, (and thus
G/2x ] €@ |Px - B(0) [), then ]x] < c(® ! |x - P(O) |.
Applying c gives ele(0) ! fex - P0) 1) €c(x]). So in either case
clp(x,0)) <eCfxD.
Now, 1f p(x,g(x)) = (3/2)]g(x) - x|, then (3.8) jmplies
c(p(x,0))0(x,8(x)) < (3/2)c( [x e - x|
< o(x) - ¢(g(x)),
and (2.1) holds, while 1f p(x,g(x)) = ¢(0)™ | Px - P(g(x)) |, then since
c is noninereasing, (3.7) gives
e (0 (x,00)0(x,8(x)) < e 1x 1)e@ ™! [ex - Pg(x)) |
<lex - P(g(x)) |
< 6(x) - ¢(g(x)).
So again (2.1) holds.
Hence Theorem II.2.1 implies that g has a fixed point, a contradic-

tion. Hence our supposition is false and y € P(X). Therefore P is a

surjection. B

It is not difficult to see that the same proof, mutatis mutandis,

establishes:

THEOREM II.3.2. let X gpd Y be Banach spaces, D be a subset of X,

P be a mapping from D to Y having closed graph and c : [0,®) + (0,) be

a continuous nonincreasing function for which i mc(u)du = ©_  Suppose

for some q € (0,1), y € Y and for each x € D there is an x € D and a
t € (0,11 for which

(3.3") IPx-pPx-tiy-Px) ] <tqly - Px], and
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3.4") c(xH Jx-x] <tly-px].

Then y € P(D).

The assumptions (3.3') and (3.4') replace (3.3) and (3.4) in
Theorem II.3.1 and are motivated by differentiability assumptions on
the operator P, Assumptions of type (3.3') and (3.4') are central in
the study of normal solvability (see, for example, [41, [51, 61, [13],
[161, £211, [221, [32]). They are also central to M. Altman's theory
of contractor directions (see, for example, [11, [9]).

The next theorem deals with a locally expansive operator and

extends a result of Browder ([3], Theorem 4.10; see also [391).

THEOREM II.3.3. Let X and Y 23 Banach spaces, P be an open mapping

from X to Y having closed graph and ¢ : [0,») + (0,») be a continuous

nonincreasing function for which f“c(u)du = =. Suppose for each x ¢ X

there 1s an € > 0 such that |x - x| < ¢ implies
3.9 o IxHIx-%] <lpx-rx].

Then P(X) = Y.

In [3] it is assumed that P is a local homeomorphism and (3.9) is

strengthened to : if u, v € B(x:€), then c(max {Ju 2 lu - v

N

ﬂPu - Pv ﬂ. We note that besides obtaining a more general result, our

approach to Theorem II.3.3 is somewhat more elementary and direct than

in [3],

PROOF OF THEOREM 1I1.3.3. Define a metric p on X by p (x,y) =
max {| x - y ﬂ, ¢:(0)-1 "Px - Py ﬂ}, and observe that (X,0) is complete.

Fix ye Y and set ¢ (x) =]y - Px l. As in Theorem I1.3.1, ¢ is contin-~
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uous. We proceed by supposing y € P(X) and obtain a contradiction.
Fix x € X and choose € > 0 so small that (3.9) holds. Since P is
an open mapping,
P(B(x3e))n {tPx + (1 -t)y : 0 €<t <11} ¥ 0,
and hence there is a g(x) ¢ B(xje) such that P(g(x)) ¢ {tPx + (1 - ¢t) :
0 €<t €1}. Since
lPe)) - 2x | =lpx - y | - Ip(etx)) - ¥
= ¢(x) - ¢(g(x))
and since |x - g(x) | <e, it follows by an argument analogous to that
in Theorem II.3.1 that either
clp(x,0))p(x,8(x)) el Ix Dlx - gx) |
<lex - P(g(x)) |
= ¢(x) - ¢(g(x))
or
¢(p(x,0)p (x,8(x)) < e Ix De@ ™ T2x - 2(a(x)) |
<lrx - Pgx)) |
= $(x) - ¢(g(x)).
So in either case (2.1) holds. Thus for some x, g(x) = x, contradicting

that P(g(x)) € {tPx+ (1 - t)y : 0S¢ <1}, @

As in [3] we observe that Theorem II.3.3 has a consequence for

operators of the accretive type. This will comprise Chapter IV.



CHAPTER III

PERTURBATIONS OF NONLINEAR OPERATORS

1. INTRODUCTION

The purpose of the present chapter is to extend the notion of
normal solvability to perturbations of nonlinear operators. In the
current literature, compact perturbations of nonexpansive, identity,
monotone and accretive mappings have received much attention (see, for
example, [3], [11], [18], [19], [20]), and the results deal primarily
with the existence of fixed points or the existence of zeros of such
operators. The methods of proof vary from the application of standard
fixed point theorems to the development and application of degree
theories.

Section 2 is devoted to two different perturbations of the nonlin-
ear operator P presented in Theorem II.3.1. The proofs rely on the
fixed point result derived in Theorem II.2.1. In section 3 we perturb
a version of a surjectivity result of Cramer and Ray [9], Theorem 3.4 ,
while in section 4 we employ degree theory to obtain a result for the

compact perturbation of a fairly general nonlinear operator F.

2. BOUNDED PERTURBATIONS

In this section we begin with a surjective Gateaux differentiable
operator F which we perturb by a "small" Gateaux differentiable operator

16
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G. Again, as in Chapter II, section 3, we avoid the explicit use of
injective adjoint operators and concentrate instead on the uniform sur-
jectivity of F. Under the assumptions we make on G'(x) we demonstrate,
via a transfinite Newton's method, the surjectivity of the operator

F + G. Hence Newton's method is still sufficiently regular that small
perturbations of a differentiable operator do not hinder the convergence
of the iterates.

As before, the primary toel in deriving our results is the exten-
sion of Caristi's Theorem formulated in Theorem II.2.1. Before present-
ing our main theorems in this section we first verify a pair of "con-
tractor inequalities" (cf. [1]) that are instrumental in the proofs to
be presented. We begin with the case that G'(x) satisfies a boundedness

condition. The inequalities are given by:

LEMMA III.2.1. Let X and Y be Banach spaces and let F and G be

Gateaux differentiable mappings from X to Y. Let ¢ : [0,=) + (0,=) be

a continuous nonincreasing function for which Fe(u)du = . Suppose

for each x ¢ X that

(2.1) G'(x) is a bounded and linear operator from X to Y, and

(2.2) F'(x)(B(O;1)) > B(Os;c( x ).

Suppose, in addition, for some u ¢ (0,1) and each x ¢ X that
(2.3) c(fx “)-l e | <.
Let P : X+ Y be defined by P ® F + G. Then there is a q ¢ (u,1) such

that for each y ¢ Y there is a t ¢ (0,11 and an x € X such that

(2.4) JPx-Px-t(y-Px)] <qtfy-Px], and

(2.5) lx-x) <e(xD P ely-rx].
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We remark here that similar inequalities can be deduced from injec-
*
tivity hypotheses on P'(x) (see the survey [34] for a discussion).
It is noteworthy that the uniform surjectivity hypothesis (2.2) is some-

*
what weaker than the corresponding assumptions on the adjoint P'(x) .

PROOF OF LEMMA III.2.1, Fixy e Y and q ¢ (u,1). If y=Px for
some x, then choose x = x and the conclusions follow for any t.

So without loss of generality we may assume y & P(X). For each
xeX, e Ix iy - Px H-l(y - Px) € B(O;e( 1x 1)). By (2.2) there
exists a w € B(0;1) so that F'(x)(w) = c¢( |x )]y - Px ﬂ-l(y - Px).

Set h=c(x ﬁ)-lﬂy - Px ]-w. Then the homogeneity of F'(x) implies
that F'(x)(h) =y - Px with Jh] <c(lxD7 1y -px].

By hypothesis both F and G are Gateaux differentiable, so we may
choose t € (0,1] so small that
(2.6) IF(x + th) - F(x) ~ tF'(x)(h) | <%(q - w)t Jy - Px ], and
2.7 l6(x + th) - 6(x) - t6"(x)(h) | <3(q - Wt ]y -Px].
Setting x = x + th and combining (2.6) and (2.7) yields, via the
triangle inequality and hypotheses (2.1) and (2.3), that

lPx - Px - t(y - Px) | <|Fx - Fx - tF'(x)(h) | +

l6x - 6x - t6'(x)(h) |+¢]F' ) (h) - (y - Px) | + t ]G (x)(h) |
<k -wtly -Px] +%( -wtly-Px]
+0+tfe'() [-n]
S@-mwtly-Px] +te(Ix])uc(]x] ) Lx
*]y - px|

=qtfy-?x],
giving (2.4).
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To derive (2.5) observe that
Ix-x] =¢tln]

Sc(ﬂxn)-ltﬂy-Pxﬂ..
We now state three of our main results and then prove them.

THEOREM III.2.2. Let X and Y be Banach spaces and let F and G be

Gateaux differentiable mappings from X to Y. Let c : [0,2) + (0,=)

be a continuous nonincreasing function for which fwc(u)du = », Suppose

for each x ¢ X that hypotheses (2.1), (2.2) and (2.3) of Lemma III.2.l1

hold. If the mapping P =F + G has closed graph, then P is an open

mapping from X onto Y.

As a simple consequence it is enough to assume that F and G each

has closed graph.

THEOREM I1I1I.2.3. Let F and G be given as in Theorem 1I1I.2.2.

Define the Gateaux differentiable operator P : X+ Y by P = F + G.

If F and G have closed graph, then so does P; in particular, P is an

open mapping from X onto Y.

The proof that P is open in Theorem I1I.2.2 and Theorem 11I1.2.3
follows readily from a direct application of Theorem 2.1 of [9], while
both surjectivity and openness use Lemma III.2.1., As in Theorem 11.3.1
we desire to solve the equation Px = y, where P = F + G. So we con-
sider the iterates v(x) € x + t(F'(x))-l(y - Px) and observe that
v(x) = x if and only if y - Px = 0,

When specialized to the case that the function c(u) in Theorem
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I11.2.2 is a constant, the above result extends a result of I. Rosen-

holtz and W.0. Ray [38].

THEOREM III.2.4. Let X and Y be Banach spaces and let F and G be

Gateaux differentiable mappings from X to Y. Suppose for each x ¢ X that

(2.8) G'(x) is a bounded and linear operator from X to Y, and

(2.9) F'(x)(B(0;1)) > B(0;6) for some § > 0.

Suppose, in addition, for some u ¢ (0,1) that

.100 s 1le'w | <.

If the operator P = F + G has closed graph, then P 1is an open sur-

jection. In particular, if F and G each have closed graph, then P is

an open surjection.

We will omit the proof of Theorem III.2.4 since it is completely

analogous to those of Theorems III.2.2 and III.2.3.

PROOF OF THEOREM III.2.2, We begin by demonstrating the surjectiv-

ity of P =F + G.

Define a metric P on X by p(x,y) = max{(1 + Q)x -y |, NORE
* “Px - Py ﬂ}. Since P has closed graph, (X,p) is a complete metric
space (cf. Theorem II.2.1).

Fixye Yand q € (0,1), Set $(x) = (1 + q)(1 - q)"1 ly -ex|.
Then ¢ is continuous from (X,P) to L0,®) since P has closed graph.

We proceed by contradiction, so suppose y & P(X). Then by Lemma
111.2.1, defining g : X * X by g(x) = x, it follows that
(2.11) Tp(g(x)) - Px - t(y - Px) | < qt |y - Px ], and

(2.12) c(“xﬂ)ng(x)-xﬂ <tﬂy-—Px“.
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Note that since y ¥ Px, it follows that g(x) # x for each x ¢ X. Apply-

ing the triangle inequality to (2.11) gives
(2.13) 1 P(e(x)) - Px | <1 +q)tfy-Px].
A second application of the triangle inequality to (2.11) gives
IP(g(x)) =y - (1-¢t) [Px-y ] <qt |y - Px] , or
2.18) tly-Px] < -7 (px-y - P& -y P.
Now, (2.13) and (2.14) together imply
2.15) | PE@) -Px ]| <A+ - ([Px-y] - [P -y
= $(x) - ¢(e(x)).
Also (2.12) and (2.14) imply
(2.16) (1 + Qe x Ple@ - x| €A+ - ([px-y] -
1P(e(x)) =y D
= ¢(x) - ¢(g(x)).
Now let x_= 0 be fixed in X. Consider first if p(x,0) = (1 + g)*
Ix . Then lx ] €1 + q)llx | implies that c((1 + lx ]) < e( (ERD]
since c is nonincreasing. Likewise, if p(x,0) = c(O)“1 1ex - P(0) |,
(and thus (1 + @)Ix | <c(®7! Jpx - P(0)]) then |x | <@} JPx - P(®) |3
80 c(c(0) > |Px - P(0) |N< el [x]). Hence in either case c(p(x,0)) <
eIz M.
Now if p(x,g(x)) = (1 + q) x - g(x) |, then (2.16) implies
e(p (x,0))p(x,8(x)) <e([x])( +q) |x - g(x) |
€¢(x) - $(g(x)),
while 1f p(x,g(x)) = c(0)™! [ Px - P(g(x)) |, then (2.15) implies
e (o (x,0))p (x,8(x)) < c([x])e(® ™ | Px - P(g(x)) |
<lex - P(g(x)) |
< ¢(x) - ¢(e(x)).



22

Thus Theorem II.2.1 applies to give a fixed point of g, a contradiction.
Hence y€ P(X) and P is a surjection.

Now to show P 1is open as well, fix we X and let §> 0. It
suffices to show that B(Pwie) c P(B(w;5)) for a sufficiently small
choice of ¢.

So let y ¢ B(Pwic); then |y - Pw | <e¢. Define a mapping P
from B(w;s) into Y by P(x) = y - Px. We will show that 0 ¢ P(B(w;s)),
thereby completing the proof of Theorem 1I11.2.2., We accomplish this
by applying Theorem 2.1 of [91,

By hypothesis, for qe (u,1) fixed, there is a t¢ (0,1] and an
X € X for which (2.4) and (2.5) hold. Hence (2.4) implies

18x - a - ofx ] =ly-2x- Q-0 -]
=1px - PX + t(y - Px) |
< qt ﬂy - Px "
= qt “?x“ ’
while (2.5) implies
2.17) Tx - x “<c(ﬂxﬂ)-1t"y-—Px 1
=c(] x| )-ltﬂfxﬂ .

Now observe that xe B(wi) implies|x -w] <&§. Solx| -|w] <
Ix -w]l ylelds that] x| <& +]w] . Applying the function ¢ gives
ce(S+]wl)< c(lx]). So (2.17) becomes
(2.18) 1% -x] < cs+]w]) e 5 |

In order to apply Theorem 2.1 of [ 9], we must verify that
(2.19) -2 Be)s<a
for appropriate choices ofa, B : L0®)+ [0®) and a. If we choose
@ =8, M= c(8+] wl )-l, B(g) =s and a=c(d8+ [w ﬂ)-lﬂ Bw ﬂel-q,

and if 0<e S$38( - q)c(5+“ wl )eq-l, then (2.19) follows:
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(1 - q)"1 {,a s"1 B(s)ds = (1 -q)-1 {;a ds
- -9
= (- les + w7 Bu el
<- et +]wD ! eel™
<-g e +]wh (1 - Qels + w*
*eq-lel—q
= §
= a.
Hence Theorem 2.1 applies to give the existence of an X, ¢ B(w:8) for

which ?x”- 0. Thus y = Pxo and y € P(B(w;8)), as required.B

Theorem III.2.3 is an easy consequence of the Mean Value Theorem.

PROOF OF THEOREM III.2.3. Let {xn} be a sequence in X for which
X + x,_ and Pxtl <+ y; that is, y =n1imwa + Gxn.
Since {xn} is Cauchy, for every ¢ > 0 there exists an N > 0 so that
m,n 2 N implies [[xn - xmﬂ <enleo)l. Applying the Mean Value
Theorem of McLeod [27] (see also [28]) to G yields that
- Py ' - - -
G(x) - G(x)) € co {6 (ex + (1 -t)x))(x -x) :0<¢e <1},
from which it follows via (2.3) that
- < - ' - .
"Gxn meﬂ < ﬂxn x Isup{ NG (tx + (1 - t)x) ] :0<e<}
< - - o
< ﬂxn x lsup{ ue( ﬂtxn-!- 1-vx [):0<t<1}
< Ix = x, Tue(®
<e,

if m,n 2 N.

Hence {Gxn} is Cauchy in Y, so the completeness of Y implies

{Gxn} converges. By assumption G has closed graph, and so lim Gx = Gx_.
n-+w
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Since Fx_ + Gx_ -+ y, it follows that Fx -+ y - Gx . But F has
n n n -
closed graph, so Fx_ =1y - Gx_. Therefore y = Fx_+ Gx_ = Px_, giving
P closed graph, as desired.

Now by Theorem IX1.2.2, P 1is an open surjection.®

Our second perturbation of Theorem II.3.1 involves a Lipschitz
operator G. An operator G : X + Y is Lipschitzian if there is a
finite K >0 such that [Gx - Gy | <K |x - y | for every x,y ¢ X. Let
16 | denote the least such constant K; then ||+ | is a seminorm on the
space of Lipschitz operators from X to Y. As in Lemma III.2.1 we obtain

a pair of "contractor inequalities" for G Lipschitzian.

LEMMA III.2.5. Let F be a Gateaux differentiable mapping from
a Banach space X to a Banach space Y, and let G : X + Y be g Lipschitz
operator. Let c¢ : [0,=) + (0,=) be a continuous nonincreasing function
for which f“c(u)du = =, Suppose for each x e X that

(2.20) F'(x)(B(0;1)) > B(0sc( [x [)).

Suppose, in addition, for some u ¢ (0,1) and each x ¢ X that

2.21) co([x ll)'1 lel <.

Define P : X+ Yby P =TF + G. Then there is g3 q ¢ (u,1) so that for
each y € Y there is a t € (0,1] and an X € X for which

(2.22) [Px -Px-tly -Px) | <qtl)y-Px), and

2.23) lx - x| <c(ﬂxﬂ)-lt“y-1’xﬂ.

PROOF. Fix ye Yand qe (u,1). If ye P(X), then there is an
x € X for which y = Px. Choosing X =x ylelds the result for all t.

So without loss of generality, assume y & P(X). For any x € X,
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cClx) ly - px ﬂ—l(y - Px) € B(03c( "x [)). By hypothesis (2.20)
there exists a w € B(0;1) for which F'(x)(w) = c¢( Ix 1) |y - Px ﬂ-l *
*(y - Px). Setting h = c¢( “x ﬂ)-l 'y - Px |+w gives that F'(x)(h) =
y-Px andfn] <cC(lxD7Mly-exl.
The operator F 1is Gateaux differentiable, so we may choose
t e (0,11 so small that
(2.24) JF(x+ th) - F(x) - tF'(x)(h) | S (q -ty -Px1.
Setting x = x + th and applying the triangle inequality gives
(2.25) JPx - Px -ty -Px) ] <IFx -Fx - tF'(x)(h) | +]6x -6x ] +
tlFm - (v - Px) |
Sl-wtly-Px] +fclx-x] +o.
Now observe that |x - x| =¢[h] <c(]x ﬂ)-lt Ty - Px ], giving (2.23).
Hence (2.25) becomes, via (2.21),
J2% - Px - ey - P | < (@ -wely-2x! +cCIx Duc(Jx 7
*tly-Px|
=qtfy-?x],
giving (2.22). B

Our main results for this class of operators follow.

THEOREM III.2.6. Let F and G be as in Lemma III.2.5. If the

mapping P = F + G has closed graph, then P 1s an open mapping from

X onto Y.

Since the proof of Theorem III.2.6 is identical to that of

Theorem III.2.2, we omit the details. Once again we observe that

Theorem III.2.6 is true if each of F and G has closed graph.
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THEOREM III.2.7. Let F and G be as in Lemma III.2.5. If F

and G have closed graph, then P =F + G has closed graph; in par-

ticular, P 1s an open mapping from X onto Y.

PROOF. Llet {xn} be a sequence in X for which X, X and

Pxn + y; then lim Fxn + Gxn =y,
n > o

Since {xn} is Cauchy, for every ¢ >0 there is an N > 0 so that
m,n 2N implies ﬂxn - x 1< eu-lc(n)-l. Then since G 1s Lipschitzian,
it follows by (2.21) that
ﬂGxn - Gx_ 1 <le ﬂ-ﬂxn - x|
< pe(0) ﬂxn - xmﬁ
<Ee.
So {Gxn} is Cauchy in Y and thus convergent. By hypothesis G has
closed graph, and so Gxn -> wa.
Now since Fxn + Gxn + vy, it follows that Fxn +y - wa. But F
has closed graph, so y - wa = Fx”. Therefore, y = wa + Gx°° = wa,
giving P closed graph.

By Theorem I11.2.6 P is an open surjection.®

We conclude this section by remarking that most of the conclusions
presented above are fairly direct consequences of earliar results which
have used inequalities such as those of Lemma I11.2.1 and Lemma III.2.5
as their main assumptions. Thus, for example, surjectivity is a
special case of Theorem 1I.3.2 while openness was inferred directly
from Theorem 2.1 of [9], The main goal of this section has been to
expose a further class of operators to which these more general results

apply. The "contractor inequalities” have come to play a central role
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in the theory of nonlinear normal solvability, and the theorems of this
gsection show that the inequalities and the mapping theorems they imply

are stable under ''small" perturbations.

3. COERCIVE PERTURBATIONS

We now return to the case where both F and G are Gateaux differ-
entiable operators. We consider a version of Theorem 3.4 of [9] in
which it is proven that an operator F is surjective if each F'(x) is
surjective and if F satisfies a coercive condition. By slightly
altering the hypotheses of this result and then perturbing F by a
"small" operator G also satisfying a coercive condition, we are able
to retain the surjectivity conclusion, this time of F + G.

To prove our main resuits we rely on the following theorem.

THEOREM III.3.1. Let X and Y be Banach spaces, Dc X, P : X+ ¥

an operator having closed graph and g : D + (0,») a mapping which sends

bounded sets to bounded sets. Suppose there is a q € (0,1) such that

corresponding to each x ¢ D, there 1s an x ¢ D and a t ¢ (0,11 for which

(3.1) JPx- (1 -1t)Px] <qt]Px], and
(3.2) fx~x] <tgx) [Px].

Suppose also that

(3.3) lim [Px] ==,
ixl+ =

Then 0 ¢ P(D).

PROOF. We will proceed by contradiction and suppose 0 ¢ P(D); so

by replacing q by any q € (q,1) we may assume that (3.1) 1is a strict
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inequality. Next, define a metric p on D by p(x,¥)= max{ Mx - y “,
Ipx - Py ]}; note that (D,p) is a complete metric space and P : (D,p) + Y
is continuous.

Now fix x € D and define A(x) = {y ¢ D : there is a t ¢ (0,1) for
which “Py - (1 - t)Px “ <tq “Px ﬂ}; since x ¢ A(x), it follows that
A(x) # @ for each x € D. Thus we can define a sequence {s(x;n)}:_o <D
recursively by s(x;0) = x and s(x3n+l) ¢ A(s(x;n)). For any such
sequence we obtain the following estimate from (3.1):
le(e(x;mt)) = PsGsa)) | €1+ 1 - D72 Petssn)) 1 - Dea(xsntin)] )
from which it follows via the triangle inequality that
Tesxsm)) -Px 1 €a+ - N Mex ! - Jecstxsn)) 1)

<a+pa- el

Thus the image of any such recursive sequence is contained in the ball
centered at Px with radius (1 + q)(1 - E)-l "Px|. Hence if Y(x) denotes
the collection of elements of D obtained by taking the union of all
such possible sequences, then P(Z(x)) is bounded, and so (3.3) implies
that Z(x) is bounded as well. Consequently, if we define

g8(x) = sup {g(y) : ye J (0},
then it follows that g(x) <= for all x ¢ D. Notice also that, since
x e Ax),

g(x) = sup {g(y) : y e [ ()}

S sup {g(y) : ye [0}

o

= E(x)’
and also that
g(x) S swp {g(y) : ye J(x)} = g(x).

We now show that E is lower semicontinuous on (D,p). We will
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use the following characterization: g is lower semicontinuous if
lin g(y) >gx).
y *x

We will need the following claim as well:

(3.4) for each x ¢ D and w € A(x) there 1s a 6§ > 0 such that w ¢ A(y)

whenever p(x,y) < 6.
If (3.4) is not true, then there is a sequence {yn} in D such that
o(x,yn) +0asn~+= but w ¢'A(yn). So, in particular,

lew - (1 - e)py | >eqfey |

for each n, where t is chosen such that ﬂPw - (1 - t)Px ﬂ < tq ﬂPx ﬂ
Since p(x,yn) + 0, it follows that Pyn + Px. Hence passing to the limit
implies that Pw - (1 - t)Px | > tq [Px ||; thus w & A(x), a contradic-
tion. This establishes (3.4).

Now fix x e Dand t > 0. Choose w ¢ Z(x) such that E(x) -t < g(w).
Since w € Z(x), w = g(x;n) for some sequence {s(x;m)}:'O. Now,
corresponding to s(x;1) there is a § > 0 such that p(x,y) < § implies
s(x;1) € A(y) by (3.4). So if p(x,y) <6, thenw ¢ X(y), and so
g(w) € g(y). Hence transitivity implies g(x) - t < g(y) whenever
p(x,y) < 8. This shows, since t was arbitrary, that g is lower

semicontinuous.

Now define a partial ordering on D by saying =x s y 1f and
only 1if
3.5 Iex-pyl <a+a-p~clex) -1ey D),
(3.6) Ix-yl <z@a -9 llex] - leyl), and
3.7 &l <gx).

Set ¢(x) = | Px | and observe that (2.2) of Proposition B of
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Chapter II, Section 2, holds via (3.6).

To see (2.3) of the proposition, let S(x) = {y ¢ D : y Zx}. Then
{xn} Cauchy in S(x) implies that X rX, in (D,p). Since P 1is con-
tinuous, Pxu -+ Px_ as well. We must show x_ ¢ S(x).

For every n, X 2x; also X, -“X+xX_-X and Pxn - Px » wa - Px.
Thus (3.5) implies

iPx - Px ] = 1im [Px_ =~ Px |
® n -+ oo n

< Un Q+DA-D(Jex] -ex D

n - oo
-+ -l - e D,
giving (3.5). Also, (3.6) implies

ﬂxw-xntlim[]xn-xg
n <+ o

<um E@Q - DI | - I

n+wo
=E@Q -DTC PP ] - P, s
establishing (3.6). Finally, the lower semicontinuity of g implies
via (3.7) that
gx) € lm (x) < lm g(x) = g(x)
X+ X, x X,

Thus x_¢ S(x) as desired; so S(x) is closed.

To verify (2.4) of the proposition, let {xn} be any nondecreasing
sequence in (D,p,<). For n <m, (3.5) implies

j=m-1
]Ime-Pxn“ <) lex, - Px

jun 3 j+1 “
j=m-1

- - =1 .
< - -
3-I=n A+ -a (Px, ] = Px,, )
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=a+a-97 e 1- e D,
Since (3.5) implies { ann 1} is nonincreasing and since the sequence
is bounded below by 0, { ﬂPxnﬂ} converges in (D,p,<); thus { ﬂPxn 1

is Cauchy. Combining (3.6) and (3.7) yields for n <m that

m-1

Ix, = =, 1 <jznllxj " % |

m-1

- - -1
< ] Bx) (1= @7 CPxy |- P ,0)

j=n

- - -1

< sGx)-q) “(]Px | -0Px ).
Hence {xn} is Cauchy in (D, ]+1). Thus {xn} is Cauchy in (D,p) also.
By completeness of (D,p), {xn} converges.
Therefore Proposition B applies to give an x € D for which

S(xo) = {xo}. Since by hypothesis there exists an 1-:0 € D for which

- _ - g " -
“Pxo (1 t)Pxo l <qt! Pxo I <qt [!Pxo 1

and

e - x | <eatx) fex | <tz I2x |,
we obtain

ﬂpio - Px ] €A+ 9t ﬂPxo i
and

(1-9gt anoﬂ <1|Px0[1 -[\Pio 1.
Combining inequalities yields
- - - -
ﬂPxo - Pxoﬂ S +q(1 -q) ("Pxoﬂ -ﬂPxoﬂ)

and

1%, - x 1 <) -7 (Iex 1 -12%_|).
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Since we have already established that E(io) < E(xo), it follows
that xo s X, and by maximality of X, it must be that Xy = X
Since q ¢ (0,1), (3.1) implies that Pxo =0.8

We will make use of the more general case of the above theorem

where D = X.

THEOREM III.3.2. Let F and G be Gateaux differentiable operators

from a Banach space X to a Banach space Y, and suppose both F and G

have closed graph. Let § : [0,») + (0,») be an arbitrary mapping

sending bounded sets to bounded sets, and define 8 : [0,) » (0,@) by

S(R) = gup {8(r) : 0 S r <R}). Suppose each of the following:
(3.8) for every x € X, F'(x)(8(0;1)) > B(0;8( |x D™D,

(3.9) for every x £ X, G'(x) is a bounded and linear operator from X

. e e ———

to ¥,

(3.10) Je') | < uS( “x“)-l for some u ¢ (0,1) f£fixed,

(3.11) lim[Fx] = », and
fxll + =

(3.12) Tmlexl =n, for some M finite.
x> =

Then 1f P=F + G, 0 € P(X) and thus P 1is a surjection.

The proof is rather straightforward in that we must verify all the

hypotheses of the Theorem I1II.3.1.

PROOF. First observe that § is a nondecreasing mapping, and set
g(x) = §(]x]). Then g : X + (0,) sends bounded sets to bounded sets
and g 1is "nondecreasing” in the sense that if x| <[y, then

g(x) = 8([x]) <8Ny ]) = gy).
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Now, to show that P = F + G has closed graph, let {xn} be a
sequence in X for which X, > X, and Pxn + y; then Fxn + Gxn+ y. Since
{xn} is Cauchy, for every ¢ >0 there is an N > 0 so that m,n 2N
implies ﬂxn -x I < eu-IS(O). Applying the Mean Value Theorem of
McLleod to G gives

Gx - Gx e co f6'(ex + (1 - t)x)(x -x) :0<t <1},
from which it follows that
(3.13)lic:xn - 6x 1 snxn - %, sup { ler(ex + (1 - ©)xf : 0 <t <1k
Simplifying (3.13) via (3.9) and (3.10) gives that

HGxn - Gx_ 1 <ﬂxn -x lsup {us( ﬂt:xn + (1 - t)x ﬂ)_l: 0<t <1}

< ﬂxn - % ﬂug(O)-l

<e.
Therefore {Gxn} is a Cauchy sequence in Y, and since G has closed graph,
we conclude that Gxn + Gx_.

Hence Fxn - Pxn - Gxn converges to y - Gx”, and since F has
closed graph, Fx = y - Gx_. Therefore, y = Fx_+ Gx = Px_, giving
P closed graph.

We now verify the contractor inequalities (3.1) and (3.2) To this
end let q € (u,1) be fixed. If O ¢ P(X), then choose x = x, where
0 = Px, and the inequalities hold for all ¢t.

So without loss of generality, suppose 0 ¢ P(X). Fix x ¢ X and
observe that 0 # Px. Since 8( lx “)-1 ﬂPx ﬂ-l(-Px) € B(O;g( 1= ﬂ)-l),
(3.8) implies there 1s a w e B(0;1) for which F'(x)(w) = &( I x ﬂ)-l*
* || px ﬂ'l(-Px). Setting h = 8( Tx1)1Px]-w and applying F'(x)
gives F'(x)(h) = -Px and fh] < E(Hxﬂ) Tex].

By hypothesis both F and G are Gateaux differentiable, so we
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may choose t € (0,1] so small that
(3.14) [F(x + th) - F(x) - tF'(x)(h) | <%(q - wt |Px ], and
(3.15) ]6(x + th) - G(x) - tG"(x)(h) | <%(q - wt [Px|.
Setting X = x + th and combining (3.14) and (3.15) via (3.9) and (3.10)
gives that
fpx - @ -o)px | <IFr-Fx - eF' ) | +lox - 6x - 6" (x)(w) | +
tlF'@m - e | +ele"om |
Shg-welex] +%@-welexl + 0 +
tle'x I-1n
Sq-wetlrx] +ws[xN (= ]) Jox]
=qtlex],
giving (3.1).
Inequality (3.2) is immediate since
Ix-x] =tfin]
<es(1x!) IPx |
= tg(x) [Px].
To complete the proof, let [|x] + ». Then (3.11) and (3.12)
imply that [Fx] + o and ]Gx ] +» M. Since [Px] >]Fx] -]6x]
and since |Fx|] -[6x] + = as well, it follows that |Px|] + =. So

1im |Px ]| = =, establishing (3.3).
Ixl + =

Hence O ¢ P(X) and P is a surjection. @

If we replace (3.11) and (3.12) with two other coercive conditions,
the result of Theorem III.3.2 is still valid. Since the proof of the
following theorem follows that of Theorem III.3.2 verbatim up to the

verification of hypothesis (3.3), we will omit the repetition.
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We begin with a definition. An operator G 1is gquasibounded if G
maps bounded sets to bounded sets and 1if ||| G ||| -, 1”1m Ix ﬂ—l fex |
Xl oo
< =, The quasinorm of G is denoted by |||-]|]|. We now state our

second result.

THEOREM 11I.3.3. Let F and G be given as in Theorem III1.3.2 and

— e —— O——  ————

suppose hypotheses (3.8), (3.9) and (3.10) hold. In addition suppose
(3.11") 1im [x ﬂ-l lFx | = =, and

ﬂxﬂ-v:»

(3.12') G is quasibounded.

Then 0 ¢ P(X) and thus P 1is a surjection.

PROOF. We will only verify hypothesis (3.3) of Theorem 11I1.3.1,
To this end let nx “ + o, and let ¢ > 0 be given. Since G 1is quasi-
bounded there exists a R_ >0 for which flex ] < (|]] 6 ||| +&) Ix]
for all x € X with ﬂx H 2 Re' Since we are interested in ﬂx ﬂ large,
assume without loss of generality that Re 2 1.
For [x] = Re’ observe that
lex] >[rx ] -fJox ] >/ ] - CH| 6 ||| +e) [x].
Dividing through by nx ﬂ gives
EX it EY I Yl Y RGN TN
Since the right-hand side diverges as ]x | + », so must |x ﬂ-l Tex .
Since we can assume ﬂx H 21, it follows that ﬂx ﬂ-l €1, and so
fexl 2 Ix ﬂ-l IPx]. Thus as x| + =, Jpx] + = by comparison.
Therefore (3.3) holds.

Thus Theorem III.3.1 applies to give that O ¢ P(X), making P a

surjection. @
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4, COMPACT PERTURBATIONS

In this section we prove a compact perturbation result using the
Leray-Schauder local topological degree for mappings of the form
I1-T where I 1is the identity transformation from a Banach space X
to itself and T : X + X is a compact transformation.

Let D denote the closure of a bounded open set in X, let
£ : D+ X be continuous and let p € D be such that p ¢ £(D - D);
that is, p 1s not in the image of the boundary 3D of D under f.
We will denote the Leray-Schauder degree by d[f,D,p]. The properties

of the degree which we shall require are summarized below (cf. [111):

~

PROPOSITION L-S 1. The Leray-Schauder local degi’ee satisfies the

following properties of any local degree:

(4.1) the local degree of the identity mapping relative to D at any

point xe D is +1;

(4.2) the local degree of the constant mapping with range value y

relative to D at any point x#y is 0; and

(4.3) if £ and g defined on D are homotopic via a homotopy H

with domain D x [0,1] and 1f y ¢ H(x,t) for all (x,t) ¢

aD x [0,1], then the local degrees of f and g relative

to D at y are equal.

We now state our result.

THEOREM I11.4.1., Let F and G be continuous mappings from a Banach

space X to itself and let I : X+ X denote the identity operator.

Suppose each of the following:
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(4.4) G is a compact operator,

@s [l el = s tx 17 fex ] <1, and

xll » «

(4.6) I -F 1s a compact operator.

Suppose, in addition, there is a R>o0 so that

.7 Jx] <R implies (X1 -F+6)(x) ! <R,

Then 0 € (I ~G)(X) and 0 € (F-G)(X); hence I ~G and F -G

are suriections.

In proving the result for I

G we will need the following defi-
nition: let X be a Banach space, D c X a closed set with nonempty
interior, P : D+ X and w ¢ int(D). Then P satisfies the Leray-

Schauder condition on the boundary 38D of D if

Px -w=2A(x-w) for xe dD implies A <1.
This condition is known to imply the existence of fixed points for a
wide range of mappings, among them being compact operators.

We will also need several definitions and properties before we can
proceed with the proof of Theorem IXI.4.1. We credit the following
definitions and properties to J. Cronin [11],

Let H be a mapping from [0,1] into the set of compact trans-—
formations of a subset of a normed linear space X into X; that is,
corresponding to each t ¢ [0,1] there is a compact transformation
H(t) of a subset E of X into X. The mapping H is a homotopy

of compact transformations on E if: given e > 0 and an arbitrary

set McE, there s a § > 0 such that ltl - t2| < & implies
"H(cl)(x) - H(tz)(x) | <e for al1 x e M.

We now further characterize the Leray-Schauder degree.
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PROPOSITION L-S 2. Let D be a bounded open set in X, and let

3D denote the boundary of D. If T is a compact operator from X

to X and if 0 ¢ (I - T)(3D), then the Leray-Schauder degree

dl1 - T,D,0] satisfies two properties.

(4.8) 1f dl1 - T,D,0] # 0, then there is an x € D for which
(I - T)(x) = 0. (Note this property implies the existence
of a fixed point for T.)

(4.9) Invariance under homotopy ¢ If H(t) is a homotopy of compact
transformations on D and if for all x ¢ 3D and for all
t e [0,1], (I - H(t))(x) # 0, then for all t ¢ [0,1] the

degrees dlI - H(t) ,D,0] exist and have the same value.

For a discussion of local degree theory and for proofs of the

above propositions, see [11]. We now prove Theorem III.4.1.

PROOF OF THEOREM III.4.1. We begin with I - G. First observe
that 0 e (I - G)(X) 4if and only if G has a fixed point. We will
show that G satisfies the Leray-Schauder condition on 4D where
D={x: [x] <R} for an appropriate choice of R > 0.

By hypothesis IH G IH <1, 880 fore =1 - IH G Hl > 0 there
exists an R > 0 for which
(4.10) lex] <[]l 6]l +e) x| forallllxﬂ;Re.

So choose R 2 Re and let D be as defined above. Suppose for x € dD
that Gx - 0 = A(x - 0). Since x| = R, clearly (4.10) holds. So
substituting Gx = Ax into (4.10) gives

(4.11) =l <l el +e)x]

Since ﬂxﬂ > 0, divide (4.11) through by ﬂxﬂ to get
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A< el +e =1
So clearly A £ 1 and G satisfies the Leray-Schauder condition.

Hence there exists a fixed point of G, giving the result.

Now let D = B(0;K) be the open ball centered at 0 of radius R.
Define H : [0,1] » {compact transformations from D into X} by
H(t)(x) = t(I - F + G)(x). Then H(t) defines a homotopy between the
zero operator and I - F + G, We will verify that H(t) satisfies the
conditions of (4.9); this will suffice to give the desired conclusions.
To see why, observe that I - H(0) = I ~ 0 = I, wvhere 0 is the zero
operator. Then by (4.1) it follows that d[I - H(0),D,0] =+ 1. So

an application of (4.9) gives that

0% 1= dCI - H(0),D,0]
= d[1 - H(1),5,0]
= d[I - (I - F + G),D,0]

= d[F - G,D,01.
Hence (4.8) implies the existence of an x € D for which (I - H(1))(x) = 0.

But this translates to (F - G)(x) = 0. Thus O ¢ (F - G)(X), making

F - G surjective as desired.

We must therefore verify each of the following:
(4.12) H(t) : D+ X is compact for every ¢t ¢ [O,Ii;
(4.13) H 4s a homotopy of compact transformations on D; and
(4.14) O & (I - H(t))(OD) for each t e [0,1].

First observe that hypotheses (4.4) and (4.6) imply that I - F + G
is a compact operator. Certainly I - F + G is continuous éince its
constituent parts are continuous. Now let {xn} be a bounded sequence

in D. Then for each ¢t ¢ fo,113, {H(f)(x )} = {t(x -Fx + Gx)}.
n n n n
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Since G 1is compact by (4.4), there exists a subsequence {xn'} for
which {Gxn'} converges to some y € X. Now by (4.6) I - F is compact,
and since {xn'} is necessarily a bounded sequence itself, there is a
subsequence {(xn')'} - {xn"} for wvhich (I - F)(x'") +z ¢ X. (It is
worth notice that Gxn" + y.) Hence xn" - Fxn" + Gxn" +z+yeX
Since t ¢ [0,1], it follows that t(I - F + G)(xn") +t(z+y) eX
as weli. Thus {H(t) (x“)} is precompact, establishing (4.12).

To see (4.13) let e >0 be given and let M be an arbitrary
bounded subset of D, Then there exists an R (< R) such that
fx] <R for every xe M. Soby (4.7) |x-Fx+6Gx] <R for every
x € M. Choose § = e(ﬁ)-} Then It:1 - t2| < § 1implies

TaCe ) () - H(e)) () [ =Nt (x ~ Fx + 6x) = t,(x - Fx + Gx) |

=|tl-t Ix - Fx + 6x |

ol

<e@®I®
=c,
So by definition, (4.13) is valid.
Finally, let x € aD; then [x[ = R. Since for t ¢ [0,11,
(I - H(t))(x) = x - H(t)(x) = x - t(x - Fx + Gx), taking the norm of
both ends and applying the triamgle inequality gives
(4.15) T -aeNE ] =[x - tlx - Fx + 6x) |
2x] - t]x~Fx+6x]
=R-t]x-Fx+06x].
By (4.7), Jx-Fx+ 6xl] <R, so (4.15) becomes
1@ -8N@E ) >R-tR= Q1 - 0)R

As t ranges from 0 to 1, (1 - t)R ranges from R to 0. So for
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every t e [0,1], ﬂ (I - H(t))(x) ﬂ > 0. Therefore, (I - H(t))(x) # O
for all x ¢ 3D, This establishes (4.14) and concludes the proof of

Theorem III.4.1. B

We end this section by remarking that the use of analytical
methods of proof such as the application of modified Newton iterates
used in the earlier sections failed to give any conclusions about our
compact perturbation problem. Thus we resorted to topological tech-

niques to derive our result.



CHAPTER IV

APPLICATIONS TO ACCRETIVE OPERATORS

In this chapter we prove a version of Theorem II1.3.3 for operators
of the accretive type. We begin with several definitions and facts
about accretive operators that will prove useful in our result.

Let X be a Banach space and let J : X » ZX,, where 2xt is
the power set of the dual space of X, be defined by

I ={4eX : <x3>= Ix]%= 1301%.
Here <+ ,+> denotes the "duality pairing"; that is, for x ¢ X and
je X*, <x,§ > = j(x). An operator A : X + X is accretive if for each
x,y € X, there is a j € J(x - y) for which < Ax - Ay,j > > 0. Since
the operators P for which P - wI are accretive have important appli-
cations to a wide range of nonlinear problems arising both in ordinary
and partial differential equations, there has been considerable
interest in mapping theorems for operators of this type (see, for
example, [3]1, [10], [263, £27], [37]). Our theorem for accretive

operators belongs to this latter class of results.

THEOREM IV.1.1. Let X be a Banach space, P be a continuous

mapping from X to itself and c : [0,») + (0,») be a continuous

nonincreasing function for which I c(u)du = », Suppose for each

X,y € X that there is a j € J(x - y) for which

42
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(1.1 <Px—Py,j>>c(max{ﬂxﬂ,|',yﬂ})ﬂx-}'ﬂ2-

Then P 1is a homeomorphism of X onto X.

An earlier version Theorem IV.1l.l1 appears in [3], Theorem 4.11,
where it is assumed that P 41s locally Lipschitzian and where (1.1)
holds locally. Theorem IV.1.1 is an immediate consequence of Theorem
I1.3.3 and the fact that P is an open mapping, the proof of which

will follow.

THEOREM IV.1.2, Let X be a Banach space, P be a continuous
mapping from X to itself and c¢ : [O,») + (0,») be a continuous

nonincreasing function for which f “c(u)du = =, Suppose for each

X,y € X there is a J e J(x -y) for which

(1.2) <Px-Py,j>>c(max{nxﬂ,}]yﬂ})ﬂx-yﬂ2

Then P 1is an open mapping of X into X.

Before proving this latter result, we prove Theorem IV.1.1

assuming Theorem IV.1.2.

PROOF OF THEOREM IV.l.1. To see that P is onto, fix € > 0 and
set c(u) = c(u+ €). Then by (1.1), if Jx -y <€, then
(1.3) lex - Py Jellx -y ><Px -2y, §>
> clmaxl |x ], Iy 1H Ix -y ]2
Now observe that |x -y | < e implies Jy] <]x] + €. so if
max{ x|, ]y ]} =]x], then Jy ] <]x] <x|] + ¢, while if
max{ Jx ], 0y ]} =0y, then |x] <ly ) €1x] +¢c. So in etther

case c(max{ [x ], ]y} >ec(x] + ¢ ), since ¢ is nonincreasing.

Hence (1.3) becomes
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“Px-Pyn'nx-yﬂ> c(nxn+e)nx-ynz,
and so
lex - Py N> c( 1 ﬂ) Tx - y ].

Thus (3.9) of Theorem II.3.3 follows from (1.1) and P is a surjection.

Relation (1.1) clearly implies that P is injective since j 1is
a linear functional and since c¢ 1is nonzero for all u 1in the domain
of «c.

Finally, let U be open in X, the range space of 1’—1 : X + X,
Then since (P-l)m1 = P, it follows that (P-l)-l(u) = P(U) is open.

Thus P-1 is continuous, completing the proof. B

We now proceed to verify that P in Theorem IV.1.1 is an open
mapping. The techniques involved are unrelated to those in the
previous chapters; thus we present the material separately. The
methods rely heavily on ideas of K. Deimling [12] and R.H. Martin [27].

Before beginning the actual proof we collect some more facts that
will be of later use. If A : X + X 1is continuous and accretive, then
the initial value problem

u = -Au u(0) = x
has a unique solution u(t,x) on [0,) for all x e X (see, for
example, Theorem 6.1, p.247 of [27]),
If X 18 a Banach space we can define for x,y ¢ X

m,_[x,yl = 1im t~1 fx+eyl -1x1)
t+0

and

m_[x,y] = lim t_l{ Tx+eyl =1x]}
t+0

It is routine to verify that for each x € X, j € J(x) and each y e X
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lx ﬂ-m_ [x,y1 < <vy,1><lx ﬂ-m+ [x,yl
and
n_ [x,-y] = -m_ [x,y].

We next present three lemmas which we will use in the proof of
Theorem IV.1.2, For x ¢ X, take u(t,x) to be the solution to the
initial value problem above. We will examine the asymptotic behavior
of the solution. The first two lemmas are extensions of well-known

facts about accretive operators, and the proofs are based upon that of

Theorem 6.1, pp. 247-248 of [271].
e .13, | Sue,m | < Jax ] exnl ~ffe(Fu(s,x) |)as).
dt

PROOF. Fix h > 0, and for t > h define p(t) = lu(t,x) - u(t-h,x) [ .
Then for t 2 h, the upper negative derivate p:(t) of p(t) 1is

given by

p'(t) = Tm s lLp(t) - p(t - 8)3
s v+ 0

- rﬁo -s lpp(r - 8) - p(t)7.

g +
Since p(t -~ 8) - p(t) = Juce - 8,x) - u(t - h - s,x)“ - ﬂu(t,x) - u(t-s,x) “,
adding and subtracting u(t,x), u(t - h,x) and s(Au(t,x) - Au(t - h,x))

inside the first pair of norms and then applying the triangle inequality
yields

p!(t) Sm_ Lu(t,x) - u(t - h,x), =(Au(t,x) - Au(t - h,x))]

+ T 187 luce - 8,3 - u(t,x) 7 - Aule,x) |
s +0

+ 1im ﬂs-ltu(t -h-38,x) - u(t - h,x)] - Au(t - h,x) ].
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Since the last two terms vanish by the initial value problem (u = -Au),
p'(t) € -m+[u(t:,x) - u(t-h,x), Au(t,x) - Au(t-h,x)]
= - Ju(t,x) - u(t-h,x) "~1< Au(t,x) - Au(t-h,x), j >
< - Jut,x) - u(t-h,x) | e(max{ JuCt,x) |, Jult-h,x) | *
* Ju(t,x - u(t-h,x) 12
= ~c(max {Ju(t,x) |, lu(e=h,x) | }).p(L).
Multiplying this differential inequality through by
exp{{;t c(max {Ju(q,x) |, [ ulq-h,x) | })dq}
gives
£'(t) = [p(t)exp{gt c(max {} u(q,x) ], Julg~h,x) | 1dq}1' <O
for all t 2 h.
If we can show that f(t) < £(0) for all t > 0, then the proof
will be complete. To this end let ¢ > 0 be arbitrary and define

g(t) = f(t) - et. Then g'(t) = £f'(t) - < - ¢ for all t. Thus

Tim -~s lg(t-s) - g(t)] < -¢.
s+ 0

Now fix T> 0 and set S={t e [0,7] : ¢t <8 <T implies
g(8) > g(T)}. Then it is straightforward to verify that
S is closed and
if t€S and t > 0, then there is a § > 0 for which
t-8es,
Finally, let o0 = inf S. Since S 1is closed, 0 € S. Then O ™= 0,
for if o > 0, there is a § > 0 for which ¢ - § ¢ S, a contradiction.
Therefore g(t) < g(0) for every t > 0. Then £(t) - ¢t < £(0)
as well, and since ¢ 1s arbitrary, £(t) < £(0) as desired. Thus

p(t) exp{ ﬁt c(max{ | ulq,x) ||, | u(q-h,x) | Pdq} <

p(0) exp{ éo c(max{ [ u(q,x) 1, Ju(q-h,x) | })dq}
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Dividing by h and letting h decrease to zero gives the result. B

Since the proof of the following lemma is completely analogous to

that of Lemma IV.1.3, we only sketch it.

LEMMA IV.1.4. Ju(t,x) - u(t,y) | <lx -y ﬂexp{—gt c(max{ Ju(s,x) },*

* Ju(s,y) | has .

PROOF. Fix h 20 and for t 2h define p(t) = Ju(t,x) - u(t,y) .
Proceeding as in the previous lemma, it follows that

p'(t) = 1im -1 p(t - 8) - p(t)]
s+ 0

Sm_ Cu(e,x) - u(e,y), -(Au(t,x) - Au(t,y))]
< —c(max{ Ju(t,x) [, Jule,y) | Hep(e).

Solving this differential inequality gives the result. B

LEMMA IV.1.5. Let g : [0,») » [0,») be a continuous nonincreas-

ing function for which /"g(s)ds = @ , and let 6 > 0. Then

(1.4) ¢ solves the initial value problem

) § =6-/gas 40 =0

if and only if ¢ solves the initial value problem

(%) ¢'(t) = sexpl ~[" g(o(e))ds}  ¢(0) = O;

(1.5) if M(8) > 0 satisfies 6 = {)‘M(G) g(s)ds, then all solutions to

(*) satisfy ¢(t) < M(§); and

(1.6) the problem (*) has a unique solution on [0,=).

PROOF. First observe that the Picard Existence Theorem implies

that (*) has a unique solution ¢ since the function F(y) = § - {)y g(s)ds
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is Lipschitz continuous. To see this use the fact that g 1s contin-

uous and nonincreasing to get for x <y that

IF) - B | =[5, g(e)ds |

< gx) Ix -~y
< g Jx-y1.
Now let [0,0) be the maximal interval of existence for ¢. In view
of (*) ¢'(t) is differentiable, and so ¢''(t) = -g(s(t))¢'(t); that
is, ¢''(t) + g4 (t))$'(t) = 0. Multiplying this equation through by

exp{ £t g(¢(s))ds} and integrating the resulting equation
&5 Texpl % g(6(s))ds)é"(£)1 = 0

from 0 to t gives that ¢ solves (*%),

For the reverse implication of (1.4) let 4 solve (**). (Note
there is at least one such solution since the solution of (*) solves
(**) as well.) By (**), ¢'(t) is differentiable and

51 () = g (e))exp % g(F(s))ds}
= -g($ ()" (¢).

Integrating both sides from 0 to t gives that

§1(e) - 6 = [ -g(F())F"(s)ds,

and performing the change of variable u = §(s) yields that ¢
solves (%),

Now, to show (1.5), let M(6) > 0 satisfy ¢ = £M(6) g(s)ds and
let ¢ be a solution to (*). Then (**) implies ¢'(t) > 0 and (1.4)

implies ¢'(t) =6 ~ £¢(t)g(s)ds. Thus, since g is nonincreasing,

0<4'(t) =6 - £¢(t)g(s)ds = IM(G)g(s)ds - f¢(t)g(s)ds = f!(s)g(s)ds.
0 () Yy
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Therefore ¢(t) < M($).
Finally, (1.5) shows that ¢ is bounded on [0,0), and so ¢ ex-

tends to [0,«), giving (1.6). 8
We now prove Theorem 1IV.1.2,

PROOF OF THEOREM 1V.1.2. For w e X it suffices to show that if
§,e > 0 are sufficiently small, then B(Pw;ef) c P(B(w;e)). So for
8§ >0 take €(8) to be the number in (0,8) such that 1f Jw - x | < e(9),
then ﬂPw - Px “ € (1 - ¢)6. Let M(8) be the unique solution to the
equation AM c(s + e(6) + nw n)ds = § ., Now choose & so small that
(1.7) 8 = c(M(8) + (&) + [w]) <O.
We will show for such a & and e = €(8), that B(Pw;ed) c P(B(w;e)).
So fix 2z ¢ B(Pw;e8) and set Ax = Px - z. Note that (1.3) holds
with A replacing P since
<Ax - Ay, § >= <Px-z-Py+2z,J>=<Px-Py, j>
Algo 1f |x-w ] <€, then [Ax] <[Px-Pw | +|Pw -2z ] < (1 - )6+
e = § ,
Fix x € B(w;e) and consider the system
u = -Au u(0) = x;
let u(t,x) be its solution. Set g(t) = c(t +¢ +[w]), a continuous
nonincreasing function, and let ¢ be the gsolution to
(%) ¢'(t) = sexpl ~/% g(o(s))ds}  4(0) = O.
Set
P(t) = th exp{ _!o.s g( Julp,x) - x| )dplds

8o that

V' (t) = dexpl -£t g( Julp,x) - x 1)dpl.
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By Lemma IV.1.3 and the initial condition u(0,x) = x,

JuCt,x) - x | =| £t 3— (u(s,X))dSn
8

< s 1d_u(s,x)| ds
° 4

<fot lax lexp{ -gs c( Ju(p,x) [)dplds

< 6]‘°t exp{ _{’s c( fulp,x)] )dplds.
(1.8)
By the triangle inequality, [u(p,x) | <fulp,x) = x ]+ |x~-w [ + v ]

< Julp,x) - x | +e+ flw | and since ¢ is nonincreasing, it follows
that
=c( Ju(p,x)] )< =c( Julp,x) -~ x| + e+ w])
= g lutp,x) - =l ).
So in particular,
fuCt,x) - x | <6£t exp{ _gs g( Ju(p,x) - x !)dplds
= y(t).
Since g is nonincreasing, applying g to this inequality gives
-g( Ju(t,x) - x N< -g(e)),
and thus
v'(t) < sexpl =% g(y(p))dp}.
Hence ¥(t) S 4(t). Thus, by transitivity,
(1.9) lutt,x) - x| <o)
when [x - w] <e.
We obtain slightly more information from the above argument if
X = w, First redefine y(t) = ec{f exp{ -58 g lup,w) - w)dplds

so that

v' () = csexpl L% g Jutp,w) - wl)ap}.



Then by Lemma IV.1.3 and the fact that [Aw] <6 , it follows that

| u(t,w) = w|} = ﬂé’t %_u(s,w)ds“

< eGé‘t exp { -JS c(l ulp,w) ] )dpls.

By the triangle inequality,
Tup,w)] € Jutp,w) =w] + Jw] < Jup,w) -w] +¢ +]w]
and so
-c( Ju(p,w)] ) €-c( Jup,w) ~w |+ e+ w ]

= ~g( Julp,w) - w |).
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Thus, [u(t,w) - w] < es gt exp{ -gs g( [ulp,w) - w |)dplds = y(t).

Applying g ylelds -g( Ju(t,w) - w] )< =-g(y(t)), and thus
V' (£) < €8 exp{ -£° g(¥(p))dn}).

Now let E£E(t) be the solution to

(1.10) £'(t) = etexp{ ~£* g(£(s))dsl,

Then ¥(t) € E(t), and thus [u(t,w) - wﬂ € g(t) as well.
Since 0 <¢ <1 4s small, ef(t) <E(L), so E(t) <e “£(t).

Applying g gives that -g(E(t)) €-g(e-1£(t)). Thus (1.10) implies
elEr (¢) = Sexpl -4 g(E(e))ds)

< sexpl ~£% g(c7'e(s))ds),
and so comparing the solutions £ and ¢ gives that e-ls (t) < ¢(t);
that is, £(t) < ed(t). Hence
(1.1 Jute,w) = wl <) <e(e) <ed(D),
and we have a better estimate than when =x # w.

Hence, for x,y € B(wie), (1.8) and (1.9) together imply that
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luCe,x) | < o) + e+]w].
Note that the right~hand side is independent of the choice of x. Now
apply c¢ to get
~c( Ju(t,x)] )< -c(4(t) + e+ W )
= ~g(¢(r)).
Applying this observation and Lemma IV.1.4 gives

(1.12) Ju(t,x) - u(t,y)] < [x -y Jexp{ -gt c(max{ [u(s,x) [, Ju(s,y) [}ds}

< Ix -y Jexol -f% g(s(s))ds)
for x,y € B(w;e).

Now since the exponential factor is less than or equal to 1, and
since [x -y | €e¢ <1, it follows that {u(t,-)} is a semigroup of
contraction mappings. Finally, this semigroup leaves B(w;e¢) invariant:
for x e B(w;e), it follows from (1.11) and (1.12) that
(1.13) futt,x) - w ] <Ju(t,x) - u(t,w) 1+ fu(t,w) -w]

< eexp{ -gt g($(s))ds} + e¢(t)

<eslor () + e ()
= 87 (e (2) + So(e)).
If £(t) = ¢'(t) + 8¢(t), then £(0) = § by Lemma IV.1.5, and
£1(t) = ¢''(t) + 64" (¢)
= —g(b(t))e'(t) + 86" (¢)
=6¢'(t) [§ - c(d(t) +e+]w])
o'(t) I8 - c(M(8) +e +]w])I.
By (1.7) the last quantity is nonpositive, and so £'(t) <0 for t > 0;
thus f£f(t) <& for t > 0. Hence (1.13) becomes

Jute,x) ~w] <e¢ if |x-w] <5,
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Hence the Contraction Mapping Theorem of Banach~Cacciopoli implies
the existence of a unique fixed point x, € B(wie) for each u(t,s) with
t 2 0. Indeed, X, = X, for every 8 and t. To see this, let

u(t,xt) =x, and let s 2 0. Then the semigroup property implies

u(s,xt) = u(s,u(t,xt)) - u(s+t,xt) - u(t,u(s,xt)).

Thus u(s,xt) is a fixed point of u(t,), and by uniqueness it follows
that u(s,xt) = X.. But, Xg is the unique fixed point of u(s,-), and

80 x_ = X, by uniqueness. So call this unique fixed point X.

Since U = -Au, it follows that d u(t,X) = -Au(t,x) = -Ax.
dt

Then since u(t,x) 1s constant, ~Ax = 0. Thus Px -z =0 by defini-
tion of A. Since 2z € B(Pw;e§) was chosen arbitrarily, we have showed

that B(Pw;ed) c P(B(w;3e)), establishing that P is an open mapping. B

Consequently, the proof of Theorem IV.l1.1 is complete.
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